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1 Preamble

1.1 Abstract

In the age of digitalized data, dimension reduction is a necessary tool to compress and combine
high-dimensional data. The lower dimensional representations shall enable the feasibility of
computations, but at the same time preserve essential information for subsequent tasks. In
this thesis I derive new mathematical results regarding dimension reduction with orthogonal
projections and connect them to problems arising in clinical medical routine, enabling new
analyses and improving performances in (deep) learning tasks.

Orthogonal projections are important linear methods in that framework, since the dimension
reduction itself is just based on a matrix multiplication, allowing fast computation on large
data sets. We derive new results on point sequences that sample the space of orthogonal
projections, called the Grassmannian. In particular, we prove that a specific class of sequences
covers the space in an asymptotically optimal manner. Our numerical experiments illustrate
the theoretical results, validating further analyses and experiments in applications with such
point sequences.

To measure the adequacy of a dimension reduction method, the preservation of diverse as-
pects of information must be considered. The orthogonal projection arising from the well
known principal component analysis (PCA) maximizes the total variance within the projected
data. Especially tasks that work with noisy data benefit from this method, since the influence
of noise can be reduced by cutting off the eigendirections that correspond to the smaller prin-
cipal components. On the other hand, random projections ensure with high probability the
preservation of all pairwise distances within a data set. This property is especially important
for tasks that rely on small changes within the data. Whether one or the other kind of infor-
mation is of main importance depends on further objectives and the condition of the given
data. We provide a mathematical proof to show that these two objectives strongly correlate
and usually cannot be achieved at the same time. Numerical experiments are designed to il-
lustrate these results. Moreover, we determine specific projections on input data in a standard
classification problem. The highest classification accuracy was achieved by projections that
balance the two objectives, preservation of variance and pairwise distances.

Dimension reduction and orthogonal projections are useful in plenty diverse imaging prob-
lems. In the applied part of my PhD project I work with clinical optical coherence tomography
(OCT) and magnetic resonance imaging (MRI) data. This research emerged from collabora-
tions with the Vienna Reading Center (VRC), Department of Ophthalmology, Medical Uni-
versity of Vienna as well as the Laboratory of Mathematics in Imaging (LMI), Brigham and
Women’s Hospital, Harvard Medical School, Boston, MA. Automated image segmentation is
especially important and necessary for disease identification, since daily routine of doctors



usually does not allow enough time to look through all scans of patients. Based on annotated
OCT data we develop image segmentation methods using (deep) learning algorithms that in-
clude dimension reduction and orthogonal projections. Our methods improve the accuracy of
baseline methods and could serve as future guidelines for doctors. Moreover, in an analysis
on MRI reconstruction accuracy, we use orthogonal projections to linearly compress higher
dimensional signal arrays and conclude the beneficial impact of PCA.

1.2 Introduction

The technological development of the last decade has enabled fast detailed acquirement and
storage of high-dimensional digitalized data. Massive amounts of data are collected daily in
numerous different areas of modern life and need to be analyzed. This created not only the
occupational field of data scientists, but also revolutionized and expanded traditional research
fields immensely, such as mathematical data analysis. The fast technological evolutions open
constantly lots of new possibilities and challenges in different areas that work with digitalized
data. One of the areas that has highly benefited from the technological developments is medi-
cal imaging, including the acquirement of patient data in hospitals itself as well as subsequent
analyses.

Medical image analysis is of main importance for several clinical applications, such as
disease recognition, identification and quantification of abnormalities, as well as tracking of
disease progression. Automated tools have the potential to help doctors make much faster
and more precise diagnoses and decisions. It is often very challenging and time consuming
to manually annotate and evaluate data, even for medical experts. Moreover, studies have
shown that inconsistencies between trained graders are normal to a certain percentage (see
e.g. [36]). Therefore, sufficient automatization of annotation tasks, such as classification
and quantification, is very important to gain more consistency and enable the evaluation of a
large amount of patient data. Arising problems with clinical data are usually highly complex
and applying standard imaging methods are often not very successful. Convolutional neural
networks (CNN) have become the standard choice in many medical image contexts, such
as segmentation tasks [32]. The training of a neural network is based on a loss function
that is optimized. Besides the choices of hyperparameters (number of hidden units, dropout
rate, regularization, ...), an adequate adaption of the loss function itself can improve the
performance in complicated medical tasks, see e.g. [30, 19].

In this thesis I aim to establish theoretical results on orthogonal projections for dimension
reduction that shall be illustrated by numerical experiments. Moreover, the mathematical
insights shall be applied in clinical settings with medical image data, enabling new analyses
and improving automated image segmentation.

Computational cost of many data analysis methods, such as various machine learning tools,
depend on the dimension of the data. Therefore lower dimensional representations are needed
that enable the feasibility of computations, but at the same time preserve or even augment
essential information for subsequent tasks. Linear dimension reduction is a powerful tool for
the preprocessing of high-dimensional data to compress and combine important data features



[12]. In contrast to nonlinear approaches (such as [34, 33, 16, 13]), the use of orthogonal
projections is computationally cheap, since it corresponds to a simple matrix multiplication.

We aim to identify orthogonal projections that preserve essential information and complex-
ity within a more compact representation. The preservation of pairwise distances is one kind
of information property that can be measured within the projected lower-dimensional data
set. The Johnson-Lindenstrauss Lemma ([23]) yields that there exists such an orthogonal pro-
jector that preserves all pairwise distances up to some small error margin. Its proof reveals
that the random choice of projectors works with high probability, cf. [14]. Methods with
random projections have been advantageously used to reduce the dimension on image data,
see e.g. [18, 2]. On the other hand, variants of the principal component analysis (PCA) are
widespread and have been successfully applied in many tasks, including numerous medical
imaging problems [28]. PCA directly gains another kind of information preservation, since it
yields an orthogonal projection that maximizes the variance within the projected data [26]. It
also reveals a denoising effect, which can act beneficial on noisy image data, see e.g. [15, 27].
Regarding computational costs, the use of random projections is especially favorable for large,
high-dimensional data ([35]), since the construction is independent from the actual data. The
computational complexity is just O(dkm), e.g. using the construction in [1], with d,k € N
being the original and lower dimensions and m € N the number of samples. In contrast, PCA
needs much more operations, i.e. O(d*m)+ O(d>), cf. [20]. However, it is not obvious what
kind of information preservation is generally most beneficial. Both objectives, preservation
of either pairwise distances or variance, appear useful and as stated above, act beneficially in
different settings. The question arises how the two preservation properties interact and in what
sense they are competing.

In order to study orthogonal projections for dimension reduction in numerical experiments,
we need a finite point sequence (i.e. finite covering) that well represents the underlying space.
For fixed d and k the space of orthogonal projections is called the Grassmannian. One way
to measure the efficiency of a covering is by analyzing its covering radius in relation to its
cardinality. The covering radius describes the biggest hole in a given point set and therefore
we aim for its minimization. To enable further usage in experiments, we want to determine
theoretically optimal covering sequences that also can be constructed numerically.

Building upon our theoretical results, we aim to connect to medical imaging tasks via
derivation of new analysis schemes and adaption of automatization methods. In collabora-
tion with the Vienna Reading Center (VRC) at the Department of Ophthalmology, Medical
University of Vienna, we work with clinical optical coherence tomography (OCT) images of
the human retina. In addition to the patient scans they provided manual annotations performed
by trained graders, serving as ground truth and enabling supervised learning. Important tasks
in clinical OCT images are photoreceptor segmentation and the quantification of retinal fluid.
The photoreceptors are a single cell layer that is capable of visual phototransduction. Disrup-
tions within this layer highly correlate with focal vision impairment and can be caused by reti-
nal fluid. Thereby, OCT provides good visualization, enabling identification and registration
of fluid appearance between patient visits, which is important for therapy. Moreover, direct
photoreceptor segmentation and in particular the identification of disruptions can highlight ab-
normalities. Segmentation models with standard convolutional neural networks often do not
yield sufficient results on pathological patient data. We aim to improve the automatization



with dimension reduction tools, orthogonal projections, and the incorporation of important
target data characteristics.

In collaboration with the Laboratory of Mathematics in Imaging (LMI) at the Harvard Medi-
cal School, we work with magnetic resonance images (MRI). Signal acquisition from multiple
coils/receivers is nowadays commonplace in clinical MRI routine, asking for array combina-
tion in the image reconstruction pipeline. We aim to analyze this step in terms of standard
methods and linear compression. Random orthogonal projections enable a correlation analy-
sis of important performance measures, investigating the impact of linear compression on the
final image quality.

The described mathematical and medical objectives lead to the following key questions that
I studied within my PhD project:

(A) Can we numerically construct coverings in the Grassmannian that are optimal in some
sense?
(A1) Derive theoretical tools suitable for numerical constructions.

(A2) Develop numerical experiments supporting the theoretical results.

(B) Can we use specific orthogonal projections for dimension reduction in a beneficial way?

(B1) Identify important information preservation properties in dimension reduction and
derive theoretical results that connect these properties.

(B2) Design associated numerical experiments with Grassmannian coverings and clas-
sical learning tools.

(C) Can we use dimension reduction and data compression with orthogonal projections in
medical imaging tasks?
(C1) Use dimension reduction and learning tools for automated retinal fluid quantifica-
tion.

(C2) Improve photoreceptor segmentation in retinal images with CNNs through adap-
tion of the loss function including orthogonal projections.

(C3) Apply orthogonal projections to coil combination in multidimensional reconstruc-
tion of magnetic resonance brain imaging data.

In the following subsection I will briefly describe the content of the individual papers that are
contained in this thesis (P1 - P5), followed by the conclusion section that discusses how the
key questions (A), (B) and (C) have been answered within the papers.

1.3 Synopses of the publications
P1 Points on manifolds with asymptotically optimal covering radius [8]

Journal of Complexity, Elsevier
The covering radius of a finite set of points can quantify their covering properties: the



P2

smaller the radius the better is the underlying space covered. The worst case quadrature
error in Sobolev spaces bounds the covering radius for points on the Euclidean sphere.
Here, we extend the results to points on compact smooth Riemannian manifolds. More-
over, the terminology of asymptotically optimal coverings is defined. We show then,
that specific points on compact smooth Riemannian manifolds achieve this asymptoti-
cally optimal covering radius. The Grassmannian serves us as an important example for
a compact smooth Riemannian manifold. We aim to numerically construct such asymp-
totically optimal covering sequences to enable numerical experiments that demonstrate
our theoretical findings in the Grassmannian. However, the numerical computation of
the covering radius for a given point set is generally infeasible, since it asks for combi-
natorical optimization over the whole Grassmannian. We overcome this issue by using
a very large amount of random points to represent the whole space. To show that this
choice is sufficiently accurate, we combine the known asymptotics for the covering ra-
dius of random points and the canonical volumes induced by the Euclidean metric to
explicitly compute their covering radius. With that we can choose the amount of ran-
dom points such that the random covering reliably represents the whole Grassmannian.
Finally, together with the asymptotically optimal covering sequences, we can provide
numerical experiments that illustrate our theoretical results.

On orthogonal projections for dimension reduction and applications in augmented
target loss functions for learning problems [10]

Journal of Mathematical Imaging and Vision (JMIV), Springer

In this paper we investigate the relation between two important information preservation
properties in dimension reduction: preservation of pairwise distances and preservation
of total variance (which is equivalent to total variance maximization of the projected
data). The Johnson-Lindenstrauss Lemma tells that with high probability all pairwise
distances within a randomly projected data set will be preserved. Hence, random pro-
jections yield this kind of information preservation with high probability. On the other
hand, one of the most frequently used linear dimension reduction methods, principal
component analysis (PCA), maximizes the total variance within the projected data set.
Now the question occurs if it is possible to gain both preservation properties. In the main
theorem we determine the correlation between those two properties and the asymptotics
imply that usually it is not possible to achieve both preservation properties at the same
time. In a toy classification experiment we reduce the dimension of the input data with
different projections and compare the results. The best results were achieved with a
projection that balances both properties. This suggests that the choice of information
preservation should be included in the decision of the dimension reduction method.

In the second part of the paper we introduce the framework of augmented target (AT)
loss functions for learning problems. Conventional loss functions in supervised learn-
ing with neural networks compare the outputs in each iteration with some given ground
truth. Often, there are known characteristics about the target space that are fairly un-
used, since their representation in the target data is not predominant. Therefore other
characteristics are favored in the optimization process. The AT loss functions incorpo-
rate prior knowledge via transformations of the target space. Comparing the outputs and



P3

P4

PS5

targets in this transformed spaces adds new information to the optimization problem that
can enhance the performance of the neural network training. Which transformations are
meaningful depend on the particular tasks and orthogonal projections can help to weight
them. Here we show two experiments: an image segmentation problem with medical
data and a musical instrument classification task. In both cases the adjusted AT loss
function can enhance the performance.

Supervised learning and dimension reduction techniques for quantification of reti-
nal fluid in optical coherence tomography images [6]

Eye (Journal), Springer Nature

Dimension reduction, traditional image segmentation, and supervised learning methods
are used in this paper to create a pipeline for retinal fluid quantification in clinical opti-
cal coherence tomography (OCT) images. Serving as ground truth, the image volumes
are annotated manually in each cross-section by human expert graders of the Vienna
Reading Center (VRC). Automated fluid quantification can help doctors to accelerate
evaluations in every day use, where the identification of fluid and the tracking of pro-
gression between two visits of a patient is of high importance.

Our fully automated pipeline is based on good pre-segmentation results from applying
an energy optimization model to vector-valued feature images. These feature channels
were chosen as a texture enhancing and a smoothed image, resulting from another vari-
ational energy minimization. In the last step of the pipeline, a threshold is learned based
on the ground truth and identifies the region of retinal fluid. The beneficial interplay
of the methods yields good results, visually and in numbers. It appears well-suited for
integration into actual manufacturer’s devices, facilitating image segmentation in daily
clinical routine.

An amplified-target loss approach for photoreceptor layer segmentation in patho-
logical OCT scans [9]

Ophthalmic Medical Image Analysis (OMIA), Lecture Notes in Computer Science, Springer

In this paper we apply an adjusted augmented target loss function, that we introduced
in a general framework in P2, to photoreceptor layer segmentation with convolutional
neural networks (CNN).

Supervised deep learning models trained with standard loss functions are usually able to
characterize only the most common disease appearance from a training set. This often
results in suboptimal performance and poor generalization when dealing with unseen
lesions. Our newly designed loss function explicitly penalizes errors within the central
area of the input images, based on the observation that most of the challenging disease
appearance is located in this area. The increased performance in the clinical test set
suggests that our adapted loss function improves the identification of photoreceptors in
highly pathological scenarios.

On the reconstruction accuracy of multi-coil MRI with orthogonal projections [11]
Preprint, arXiv



We study the reconstruction accuracy regarding linear compression of magnetic reso-
nance images (MRI) from multiple coils/receivers. Signal acquisition from multiple
receivers is nowadays a standard setting in clinical routine, due to better and faster imag-
ing. The whole reconstruction pipeline from the signal of the scanner to the final images
includes a sampling step on the measured data. Some standard reconstruction methods
yield multidimensional signal arrays that have to be combined in one final image. Op-
timal array combination relies on information from the scanning process, which is not
always available. To overcome the dependence on prior knowledge, often the root sum
of squares (rSOS) is used to combine the image channels. Although this straightforward
method yields relatively good results for low noise levels, data that contains artifacts and
a high amount of noise is usually poorly reconstructed.

The covering property of random orthogonal projections enables us to numerically ana-
lyze the reconstruction quality when including linear compressions in the coil combina-
tion step. To evaluate the reconstruction of the adjusted coil combination, we consider
diverse measures of accuracy: L, reconstruction error, variance, signal-to-noise-ratio
(SNR) and visual evaluation. In numerical experiments we study the coil combination
with two data sets, a simulated with varying noise levels and an in-vivo data set. The re-
sulting reconstructions show strong correlation between variance and L, reconstruction
error, but do not necessarily relate to the visual assessment. The SNR as a measure of
quality relates more accurately to the visual evaluation. Benefiting from the denoising
effect, PCA yields the highest SNR in all experiments. These results suggest to include
linear compression of image space data with PCA.

1.4 Conclusion

The key question (A) has been fully answered in P1 ([8]). (A1) was examined by extending
results of asymptotically optimal coverings for quasi-Monte Carlo points on the Euclidean
sphere to points on compact smooth Riemannian manifolds. On the Euclidean sphere it was
shown in [4] that the worst case error of integration bounds the covering radius. Moreover,
quasi-Monte Carlo integration points on the sphere have been connected to the worst case er-
ror of integration, cf. [S]. We combine these results with general findings in [3] on the worst
case error on compact smooth Riemannian manifolds. This leads to our theorem, stating
that quasi-Monte Carlo integration points on compact smooth Riemannian manifolds provide
asymptotically optimal covering radii. In particular this holds for the space of our further
interest, the Grassmannian. Following the numerical construction through minimization in
[17, 7] provides such asymptotically optimal sequences of orthogonal projectors. The worst
case error of integration can be calculated analytically on specific reproducing kernel Hilbert
spaces, cf. [7, 21, 29] . This enables the computation of the point sequences for further numer-
ical experiments. Based on properties of random projections, we newly design experiments
that illustrate and approve our theoretical findings, solving (A2). The mathematical and nu-
merical results on the covering radius indicate that the asymptotically optimal coverings of
the Grassmannian can yield finite sequences of orthogonal projections that well represent the
whole underlying space. This serves us as a basis for the subsequent research on dimension



reduction with orthogonal projections, including applications to medical data.

In P2 ([10]) we studied important information preservation properties in dimension reduc-
tion with orthogonal projections. Popular choices thereby are variants of PCA , see e.g.
[28, 15] and random projections, see e.g. [2, 35], with their underlying characteristics to
closely preserve total variance and pairwise distances respectively, cf. [26, 23]. We introduce
quantities that describe these two information preservation properties. Known characteristics
of orthogonal projections enable the computation of statistical relations between these quanti-
ties and yield correlation bounds and asymptotics. The results indicate that both information
properties usually cannot be achieved at the same time and one has to favor or balance the ob-
jectives. With that (B1) is answered, focusing on these two important examples of preservation
properties. Next, we provide numerical studies that compare different lower dimensional in-
put representations in classification experiments on a popular publicly available data set. In
particular, relying on the optimal covering property observed in P1, we use a finite asymptoti-
cally optimal covering sequence to choose specific orthogonal projections. The classification
results, after applying these projections to the input data, suggest projections that balance the
two preservation objectives. With that (B2) is addressed, solving the problems occurring in
(B). Generally, the theoretical and numerical results indicate that sufficient linear compression
needs to take care of an appropriate choice of information preservation properties. Since not
all kinds of preservation can usually be achieved at the same time, balancing projections can
give a beneficial alternative in scenarios where different properties are needed and conven-
tional methods would loose too much information.

The applications in medical imaging with clinical data (C) ask for advanced automatization
and analysis methods. This involves improvement of complicated retinal image segmentation
tasks with OCT data. Supervised deep learning techniques are state of the art for medical
image segmentation [25], particularly with fully convolutional neural network architectures
such as the U-Net [32]. A loss function has to be optimized to train the neural network and
affects the outcome directly. Adapted loss functions that include target features have been
succesfully applied to different imaging tasks, such as super-resolution [24], transfer learning
[22] and image segmentation [30, 19]. We introduced in P2 a framework of augmented target
loss functions that enable the incorporation of prior knowledge via transformations. Orthog-
onal projections can weight these transformations, that serve as additional target information
features. For photoreceptor segmentation with a convolutional neural network, we formulate
such a loss function that emphasizes edge detection by projected features. This new loss func-
tion improves the accuracy of the segmentation in pathological image patient data. This solves
(C2) together with P4 ([9]), where we designed an augmented target loss function that ampli-
fies important retinal regions and applied it to photoreceptor segmentation on OCT volumes
with three common macular diseases. The new loss function improved especially the seg-
mentation of those parts in the image volumes where the most disease related abnormalities
appear. Furthermore, we used dimension reduction tools to quantify retinal fluid successfully,
see P5 ([6]). Our fully automized segmentation pipeline seems well-suited for integration in
daily clinical routine to support the evaluation of patient data, answering (C1).

Orthogonal projections for linear data combination were studied in PS5 ([11]) in the context
of magnetic resonance imaging (MRI), addressing (C3). Following the ideas of good covering
in P1 and the correlation analysis of important compression properties in P2, we use random



orthogonal projections as a basis to analyze the reconstruction accuracy. We include linear
compression in coil combination for multi-coil MRI data, where root sum of squares (rSOS)
is the standard method when no detailed knowledge about the coils is available ([31, 37]). This
additional weighting yields new representations of the coil images, following our idea of fea-
ture combination in P2. We observe the results with diverse image quality measures, including
visual evaluation. Our numerical analyses on simulated and in-vivo data with different noise
levels affirm to incorporate PCA as linear compression in the image domain.

Summing up, I connected our mathematical results on orthogonal projections to applica-
tions in medical imaging, enabling improvements and better understanding in complicated
clinical tasks. The mathematical basis provides new possibilities and views, as well as chal-
lenges in direct applications. Future research shall include the deterministic finding of projec-
tions that balance different information preservation properties. Beyond the studied informa-
tion properties, we aim to investigate in cooperation with clinicians more closely how diverse
quality measures can describe medical image data. Amongst others, this shall serve as a basis
for unbiased and accurate evaluation of dimension reduction methods in clinical applications.

Our framework of augmented target loss functions gives the possibility to incorporate prior
knowledge in learning tasks. Problems arising in medical imaging are usually highly complex
and data representations that facilitate important characteristics can be incorporated in our
loss function’s framework. Following the great potential and the success in photoreceptor
segmentation, we plan to apply augmented target loss functions to other medical imaging
tasks, such as retinal fluid quantification in OCT or brain tissue segmentation in MRI data.
This shall be investigated in the future by continuing and extending current collaborations.
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1. Introduction

Many discretization schemes in numerical analysis are based on finite samples that cover the
underlying space sufficiently well, i.e., the sampling points have small covering radius. One way to
measure the efficiency of a family of coverings is to determine the asymptotic behavior, specifically,
the rate of convergence of the covering radius as the cardinality of the coverings tends to infinity.

According to [8] the covering radius of an n-point set on the unit d-sphere is bounded above by a
power of the associated worst-case error for equal weight cubature for functions in Sobolev spaces.
Furthermore, so-called sequences of Quasi-Monte Carlo (QMC) designs for certain Sobolev spaces have
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the optimal covering property, i.e., the underlying sequence of point sets has asymptotically optimal
covering radii.

Here, we extend these results from sequences of QMC designs for Sobolev spaces on the sphere to
sequences of weighted QMC designs for Sobolev spaces on compact smooth Riemannian manifolds.
These theoretical results are derived by combining the ideas in [8] with the general findings on
cubature points on compact smooth Riemannian manifolds in [7]. In the second part of the present
manuscript, we numerically construct a sequence of QMC designs for Sobolev spaces on the Grass-
mannian manifold and illustrate numerically that their covering radii indeed behave in accordance
with the theoretical results.

The special classes of cubature points in Grassmannians as studied in [2-5] from a theoretical
point of view yield examples of sequences of (weighted) QMC designs for Sobolev spaces, see [19]
for the construction through numerical minimization. For related results on cubature points in more
classical settings, see [18,25,26,28,32,35,37] and, for further results, see [9,14,15,21,22,24,29-31] and
references therein.

The outline of our paper is as follows. In Section 2, we briefly discuss the concept of asymptotically
optimal covering radii. Low-cardinality weighted design sequences are introduced in Section 3, where
we also state our main theoretical result. In Section 4, we state the bound on the covering radius by the
worst case error of integration for Sobolev spaces. Section 5 is dedicated to the proof of this bound.
In Section 7, we illustrate our theoretical results by numerical experiments for the Grassmannian
manifold G, 4.

2. Optimal asymptotics of the covering radius

Let M be a compact smooth d-dimensional Riemannian manifold. We denote its normalized
Riemannian measure by u and its Riemannian distance by dist. Given any finite collection of points
{xj}j=1 C M, the covering radius p is

p = p({x}_;) = sup min dist(x, x;).
xeM 15j<n

We denote the ball of radius r centered at x € M by B.(x) := {y € M : dist(x, y) < r}. The covering
radius p of {x; }1:1 satisfies M = UJ'.;pr(xj). By compactness of M we have'
uB(x)=<r?, xeMm, 0<r<l, (1)

where the constants neither depend on x nor r. Hence, the chain of inequalities (M) < 2}1:1 W(B,(x;))
< np? yields the lower bound

n

al—

Sp. (2)

Note that we shall keep using the notation {xj}]'?:1 throughout the manuscript but allow for multiple
copies of the same vector.

Definition 2.1. Given a sequence of n;-point sets {x]’i}'l1 CcCM,i=1,2,...,withn; - o0, we say

that the associated sequence of covering radii (p;)7°, 1s asymptotically optimal if the lower bound (2)
1

is matched, i.e., if p; < ni_ ¢ and the constants do not depend on i.

According to [33], the expectation of the covering radius p of n random points, independently
distributed according to u, satisfies

Ep = n~ log(n)d, (3)

T We use the symbols < and > to indicate that the corresponding inequalities hold up to a positive constant factor on the
respective right-hand side. The notation =< means that both relations < and > hold. If not explicitly stated, the dependence of
the constants on other parameters shall be clear from the context.
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where the constant is independent of n but may depend on M (and hence on d). Thus, independent
uniformly distributed random points have optimal expected covering radius up to a logarithmic factor
log(n)!/¢.1t should be noted that the asymptotic behavior in (3) for the sphere was already conjectured
in [10] and then proved in [33].

3. Optimal coverings from low-cardinality cubatures

Let {¢,}72, be the collection of orthonormal eigenfunctions of the Laplace-Beltrami operator A on
M with eigenvalues {—X,}7  arranged by 0 = Ao < A < ---. Without loss of generality, we choose
each ¢, to be real-valued, in particular, g = 1. We denote by L,(M), 1 < p < oo, the Banach space of
complex-valued p-measurable functions on M, whose pth power of the absolute value is integrable
(with the standard modifications when p = c0).

The space of diffusion polynomials of bandwidth t > 0 is

I1; == span{g; : A, < t%}. (4)

Given a set of points {x;};_; C M and a set of associated weights {w;};_; C R, we say that {(x;, »j)}_
is a weighted t-design if

n
/ fX)dux) =" wyf () forallf € IT. (5)
If (5) is satisfied with weights w; = 1/nforj =1, ..., n, then we call {x;};_, a t-design.

Weyl's estimates on the spectrum of an elliptic operator yield
dim(/7,) =< t9,

cf. [27, Theorem 17.5.3]. Therefore, any sequence of weighted t;-designs {(x}, w]’:)}f; necessarily
satisfies n; > td as t; — oo.

Definition 3.1. A sequence of (weighted) t;-designs {(x}, @})}[;,i = 1,2, ... with t; - oo is called a
low-cardinality (weighted) design sequence if

n; < t¢ (6)

1

and the constants are independent of i.

Note that there exist sequences of weighted t;-designs {(x}, w})}iL;, i = 1,2, ..., with positive

weights satisfying (6), cf. [17]. We now state our main theoretical result.

Theorem 3.2. The sequence of covering radii of any low-cardinality weighted design sequence with
positive weights is asymptotically optimal.

The remaining part of the present paper is dedicated to prove Theorem 3.2 and to numerically illus-
trate our results on the Grassmannian manifold. We conclude this section with a remark concerning
the weights.

Remark 3.3. There exist low-cardinality design sequences for the unit sphere M = §¢ ¢ R%! and
the Grassmannian manifold, cf. [6,20]. For general M, however, we only know that t-designs with
arbitrarily large t exist, cf. [34], but it is still an open problem whether or not the asymptotics (6) can
be achieved.

4. Worst case error of integration

To prove Theorem 3.2, we follow the approach for the sphere in [8]. We shall first introduce
the worst case error of a cubature method for Sobolev spaces and shall check that it provides an
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upper bound on the covering radius. Next, we consider the concept of sequences of weighted QMC
designs for Sobolev spaces, analogous to [11], and verify that the sequence of associated covering
radii is asymptotically optimal. It follows from [7] that low-cardinality weighted design sequences
with positive weights are indeed sequences of weighted QMC designs for Sobolev spaces.

The worst case error of a cubature method with integration nodes x4, ..., x, € M and associated
weights wq ..., w, € R for functions in the unit ball of a Banach space H of complex-valued functions
on M is

n
weel((. o)y 70= sup | [ foodut0 — 3" wts) . 7)
||ffHZH<1 M =1

Although suppressed by our notation, (7) depends on the particular norm || - ||+, which shall always
be clear from the context in the present manuscript. For most parts, we take # to be a Sobolev space,
which we define next. The Fourier transform of f € L,(M)with1 <p < oo is

fe) = f f®eex)dux), €=0,1,2,...,
M

and extends to distributions on M. The Sobolev space H;(M) for 1 < p < coands > 0 is the set of
all distributions on M with (I — AY/2f € Ly(M), i.e.,, with

o0

D (A +r) P (0

£=0

Ifllg = (1 = AY7F ], = < . (8)

Lp
Note that H}(M) is contained in the space of continuous functions on M provided thats > d/p, cf. [7]
and [36, Theorem 7.4.5, Section 7.4.2]. We shall stick to this range throughout the present paper.

It turns out that the covering radius is bounded by the worst case error. The following result has
been derived in [8] for M being the sphere S and constant weights wj = 1/n.

Proposition 4.1. et 1 < p < coands > d/p be given. Then for any n-point set {xj}J’?:1 C M and any
associated weight set {w; }]T'zl C R the covering radius p of {x; }]T':l satisfies

1/(s+d/q)
p < [wee(x;, oy, Hy(m)] 7, (9)
where 1/p 4+ 1/q = 1. The constant may depend on M, s, and p.

We shall postpone the proof of Proposition 4.1 to Section 5. In the following we turn to sequences
of points whose worst case error of integration satisfies suitable decay conditions. This decay connects
to the covering radius via the bound (9). The case of the sphere with constant weights in the following
definition is due to [11]:

Definition 4.2. Given 1 < p < oo ands > d/p, a sequence {(x}, w})}}il, i=1,2,...,of nj-point sets
{x}}}il C M and n;-weight sets {a)} };’;1 C Rwithn; — oois called a sequence of weighted QMC designs

for H;(M) if

Qlwx

wee({(x}, o))}

L Hy(M)) sy 2. (10)

According to [7], low-cardinality weighted design sequences with positive weights satisfy the
conditions in Definition 4.2:

Proposition 4.3 ([7]). Any low-cardinality weighted design sequence with positive weights is a sequence
of weighted QMC designs for Hy(M) withs > d/pand 1 < p < oo.

Dueto (8),for1 < p < p’ < o0, the space H;/(M) is continuously embedded into H;,(M) with
||f||H; < If lls, for f H;,(/\/l). Thus, any sequence of weighted QMC designs for Hj(M) withs > d/p

is also a sequence of weighted QMC designs for H;,(M). Therefore, p = 1is the strongest requirement.
Note that, for the sphere, the above embedding properties have also been stated in [8, Theorem 4.2].
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Remark 4.4. If {(x]':, w})}}il is a sequence of weighted QMC designs for H;(M) for some p > 1, then
Proposition 4.1 yields that the covering radius p; of {X;};L is bounded by

_l(é)
o<, d\sraa=1/p)
~ 1 *

Thus, any sequence of weighted QMC designs for Hj(M) provides

1/s

i < [wee({(x, o), B < my 9

so that Theorem 3.2 is a consequence of Propositions 4.1 and 4.3. Hence, to complete the proof of
Theorem 3.2, it only remains to verify Proposition 4.1, which is the topic of the subsequent section.

5. Proof of Proposition 4.1

The proof of Proposition 4.1 relies on findings in [7]. We recapitulate the following localization
result, which is one of the key ingredients.

Lemma 5.1. For s € Rand h : R — R a smooth function supported on the interval [%, 2], the kernel

sty)_Zh )1+ 2e) ™ ouX)pe(y) (11)

is bounded by

H/ [K:C.y)ldum)| v >0, (12)
M

Loo

where the constant does not depend onr.

Proof. According to [7, Lemma 2.8], the estimate
IKS(x, y)| < 19751 + rdist(x, y)) "D, r >0,

holds and leads to the desired assertion

sup / K (%, y)lduy) < v sup [ (1 + rdist(x, )" Vdu(y)
xeM J M XeM J M

Srsup | rd(1 4 rdist(x, y)) " Vdp(y)
xeM J M

<r? 0

We shall make use of Lemma 5.1 to verify the following result.

Lemma 5.2. Let R,s > 0,and 1 < p < oo be fixed. Forany 0 < r < Rand z € M, there is a function
f = frz € C°°(M) with support in B.(z) such that

Wfllgg S 754, rd g / flodp(x (13)
where the constants neither depend on z nor r.

Proof. As in [7, Proof of Theorem 2.16], for any radius 0 < r < Rand z € M, there is a function
f = [, € C°°(M) with support in B,(z) such that

\|A@f\}Lm <r? fort=0,1,2,..., rd 5/ F(x)du(x), (14)
M

where by compactness of M the constants neither depend on z nor r.
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Similarly as in [7, Proof of Theorem 2.16], we bound the norm ||f||Hs = I — A)s/2f||Lp by
using a dyadic decomposition of unity of the Fourier domain, see, for mstance [37]. That is, we set
h(x) .= g(x) — g(2x) for some smooth function g : R — R satisfying

and obtain supp(h) C [1/2, 2] with

o0

—moy 1, x>0,
Z h(27"x) = {O, else.

m=—o0

Using the Fourier expansion f = Z[ 0f £)p, we arrive at

(I — AYf = f(0 +Z Z 27" )1+ A )PPF (g

=0 m=-—o0

Fixing an integer L > s/2 and applying (11) w1thf fM du(y)lead to
(- 2y =fo)+ Y f e
2m<1/r

Yy /M K25, )T — AV )y,

2M=1/r

We shall now bound the three terms of the right hand side separately. First, the Holder inequality
with (14) for £ = 0 yields

of = || swauw

where the last estimate is due to r being bounded from above and s > 0. To bound the second term,
we apply Lemma 5.1 and derive

S I lomM) ST ST,

3 f ey = Y ‘ f KyiColdu)| 1l
2m<1yr L, 2= Lo
<y f Kl >‘
2m<1/r Leo
< Yy 2w
2m<1/r
Lemma 5.1 also leads to a bound on the third term by means of
3 / KE-S(, y)I — A F0)du(y)
2> 1/r .
< 3| R+ aYouu)
amsqp VM Loo
< X | g a-a],
M Lo

2m=1/r
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< Z 2—(2L—s)mr—2L

2m=>1/r
2L—s .—2L —s
§ r r =T -,

where we have also applied (14) and r being bounded from above.
Thus, we obtain

o - ayr], <r, (15)

where the constants neither depend on z nor r. To cover the range 1 < p < oo, we recall that f is
supported on B;(z), so that the Holder inequality with (1) yields

[0 —AyPF} < rPu(Bi(2)) < (16)
which concludes the proof. O

We are now prepared to complete the proof of our main theoretical result.

Proof of Proposition 4.1. For a given point set {x] ., C M with covering radius p, let z be a center
of a maximal hole, i.e.,

B,(z) N {x}, =0, (17)

where B »(z2) = {x € M : dist(x,z) < p} denotes the interior of B,(z). Note that p is bounded by
the dlameter of M.Letf =f,, € C®(M ) be as in Lemma 5.2, ie, supp(f) C B,(z )and (13) holds
with r = p. Since f must vanish outside of B »(z), (17) implies f(x;) = Oforallj = 1, ..., n. Thus, the
definition of the worst case error of integration yields

UM fx)du(x) — 0‘ > p! _ s+d/q

S
ch({(xj7w])] ]9H (M)) ||f||HS ~ p_s+d/p - p
p

with 1/p 4+ 1/q = 1, and the constant neither depends on z nor p. O

6. Worst case error by means of reproducing kernels

Before we can provide numerical experiments, we need to discuss a strategy to compute the worst
case error of a cubature method in the Hilbert space H3(,M) with inner product

o0

(F. &8s = Y _(1+ 1) f(OB(E), f.g € H(M). (18)

=0
Fors > d/2, the Bessel kernel K : M x M — R defined by

K3(x, y) = Z(er A (19)
£=0

is the reproducing kernel for H3(M) and induces the inner product (18) and the associated norm.
For later reference, we shall express the worst case error by means of the reproducing kernel. If
K : M x M — Risareproducing kernel for some reproducing kernel Hilbert space Hy of continuous
functions on M, then the worst case error of integration is

wee({(x;, wj)}y., Hy )? ijwj/K Xi, X;) ZZwJ / K(x;, x)dpa(x

Jj=1

+ / f K(x, y)du(x)du(y), (20)
M JM
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cf.[23, Theorem 2.7], see also [32]. Note that the norm in Hg is uniquely determined by its reproducing
kernel K. If K has the Fourier expansion

= > K(L)pu(X)euy) (21)
=0
with I%(E) € Cfor¢ =0,1,..., then(20) becomes

n
wee({(x, oy, H Z wjorK (%), x7) 1%(0)(1 2 ij), (22)
Jij'= j=1
where we have used ¢y = 1. For the Bessel kernel K3, we observe I%g(ﬁ) = (14 A¢)~* with I?;(O) =1

We conclude this section by the following result on the worst case error of uniformly distributed
random points, for which constant weights w; = 1/n are the natural choice.

Proposition 6.1. If K is a reproducing kernel on M and X1, . .., X, are random points on M, indepen-
dently distributed according to u, then it holds
1
\/E[ch({(xj’ E)}}l:]a HK)Z] = Cn_% ) (23)
where
Cz:f K(x, x)dp(x / / K(x, y)du(x)du(y). (24)
M

By applying (21), the constant in (24) is c? Ze 11( ). For the Bessel kernel K3, the condition
s > d/2 implies that fj > 2, so that on average sequences of weighted QMC designs for Sobolev
spaces indeed perform better than random points for sufficiently smooth functions. For the proof of
Proposition 6.1, we refer to [23, proof of Corollary 2.8], see also [32]. Eq. (23) is derived in [ 11] for the
sphere.

7. Numerical experiments for the Grassmannian manifold

This section provides numerical results that illustrate Proposition 4.3 and Theorem 3.2 for the case
of the Grassmannian manifold, i.e., the collection of k-dimensional linear subspaces in R™. We identify
the Grassmannian with the set of orthogonal projectors on R™ of rank k, denoted by

Gim = {P € R™™:PpT =P, p?> =P, trace(P) = kj. (25)

Hence, the Grassmannian Gy, is ad = k(m — k)-dimensional submanifold of the Euclidean space
R™ 2 RM™M Moreover R™ induces a Riemannian metric, which in turn yields the canonical
probability measure and the canonical geodesic distance on the Grassmannian Gy , denoted by (i m
and disty n,, respectively. In particular, the geodesic distance disty (P, Q) between P, Q € Gy is
proportional to the 2-norm of the corresponding principal angles 6., ... 6, between the subspaces
associated to P and Q, respectively. More precisely, the distance can be computed by

dist m(P, Q) = v/2,/6% + - - + 62, (26)

where 6; = arccos(,/y;) and y1, ...,y are the k-largest eigenvalues of PQ (counted with multi-

plicities). Note that the factor +/2 is often omitted in the literature but accounts for the particular
embedding (25) since then

distem(P, Q) = [P —Qllr +o(IP — QlF),  P,Q € Gkm, (27)

where || X || is the Frobenius-norm of X € R™*™,
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7.1. Numerical construction of t-designs

Theorem 3.2 tells us that the sequence of covering radii of a low-cardinality design sequence is
asymptotically optimal. To illustrate this result, we first construct a sequence of t;-designs. It is known
that any collection of points {Pj}J'?:1 C Gk.m Satisfies

— Z trace(P;, Py )’ / / trace(P, Q)'duym(P)dik.m(Q) (28)
gkm gkm

Jii'=1

fori=1,2,...,cf.[5]. According to [12], equality in (28) yields a t;-design with t; = i%k, see also[19].
Hence, (28) enables a simple approach to numerically compute designs by minimization and checking
for equality.

Our numerical experiments shall focus on G, 4, which has dimension d = 2(4 — 2) = 4, so that for
low-cardinality design sequences the cardinality n; of its t;-designs must satisfy n; =< i* < t;*, see (6).
Indeed, we have chosen

n; = H(iqt 12(1 4+ + %iZ)J

and computed points {P.i}?;1 C Gy, fori=1,..., 14, by a nonlinear conjugate gradient method on
manifolds, cf. [1,12,23], such that

f(PYdp2.4(P) — —Zf P <107 (29)

G2.4

forall f € I, with |If|l, < 1. Although the left-hand side of (29) may not be zero exactly, we shall
refer to {Pj’};';1 as t;-designs in the following.

7.2. Integration

In view of bounding the covering radius, we would like to provide numerical experiments on the
worst case error of cubature methods for Sobolev spaces H,(Gk.m) for p = 1. However, determining
the worst case error is a tough task in general. For p = 2 and s > k(m — k)/2, on the other hand, we
are dealing with reproducing kernel Hilbert spaces, in which case we can invoke (22) provided that
its reproducing kernel is numerically accessible.

Our first numerical experiments are about integration in H27/ 2(92,4), so that the worst case error
is indeed given by (22). However, the infinite series of the Bessel kernel Kj in (19) is numerically
cumbersome, so that we consider the positive definite kernel

Ki(P, Q) = kq(trace(PQ)), P,Q € G4,

where

ki(r)=+/(2—r1)+2r, 0<r<2.

According to [12], see also [7], its reproducing kernel Hilbert space Hy, is the Sobolev space H27/2(g2,4)
equipped with an equivalent norm, i.e., the two norms || - || W2 and || - ||k, are comparable. This implies
2

wee({(P, IV, Hy%(G2.4)) = wee({(Py, 1)}y, Hi,),
where the constants are mdependent of the particular point set {P}” C  Gz.4. According to

Proposition 4.3, the error wce({( )}] 1» Hk,) decays like n; ~/% for low- cardinality design se-
quences. Hence, we expect a linear behav10r with slope —7/8 in logarlthmlc error plots.

In a second numerical experiment on integration, we shall consider a second positive definite
kernel K, given by

K>(P, Q) = ka(trace(PQ)), P,Q € Gy 4,
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where
ka(r)=3exp(—(2—r)), 0=<r=<2.

Its reproducing kernel Hilbert space Hy, satisfies

Hi, C () H3(G2.)- (30)

s>2

According to Proposition 4.3, a low-cardinality design sequence is a sequence of QMC de51gns for
H3(Gy,4) for all s > 2. Due to (30), we expect a super linear behavior of wce({(P' )}J 1» Hi,) in

logarithmic plots.
We now further specify the worst case error in Hy, and Hy, via (22).

Lemma 7.1. The worst case errors in H, and Hy, are

1 n
wee({(P;, DMLy, He,)* = FZIIQ(PJ-,PJ-/) (31)
Jj=

74 2
—(2+ %ﬁ— : log(1+ v/2)),

1 n
wee({(Py, )HLr Hiy)* = — ) Ka(Py, Py) — 3 exp(=T)shi(1), (32)
=1

respectively, where Shi(x) = f; Sinh(®) 4t is the hyperbolic sine integral.

Proof. In view of (22) it remains to compute the 0-th Fourier coefficients
(0) = f K(P. Q)2 a(Pjiaa(@).  i=1,2.
G4

According to [16, Example 4.3], the orthogonal invariance of K; and K; with the variable transforma-
tion &1 = cos(0; + 6,), where 64, 6, are the principal angles between P and Q, yield

1 1
/ K(P, Q)dpua.4(P)dji.4(Q) = / / k(146 E)derde.,  i=12.
G4 -1 J]&—|

The symmetry of the function (§_, &, ) — £_&, leads to

1 1
= 1/ f ki(l + s_§+)dé+d%‘_, i= 1, 2.
4 -1J-1

Fori = 1, this yields
R 1 1 1 3
o= [ [ (-seatvaee v 2
—1J1

‘ 5 3
:2+/ Q0= de
-1

The assertion (31) is then checked by a computer algebra system.
For i = 2, we obtain

R(0 / / exp(£_&, — 1)d&, dE_

= — 1 Md,
- exp(- )/_1 ot g

so that (32) follows immediately. O
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Fig. 1. Integration by random sampling vs. t-designs. Dots refer to the worst case error in Hg,, triangles to H,. Big symbols
correspond to t;-designs, small symbols to n; random points. The black line is the expectation of the worst case error and has
slope —1/2, cf. Proposition 6.1, and the blue line’s slope is —7/8. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Fig. 1 shows logarithmic plots of
ch({(Pji, nli)},lp Hg, ), wee({(P;, nli)};il, Hg,)

for the t;-designs {Pf};il C Gaa, 1 = 1,...,14, from Section 7.1. For comparison, it displays

the worst case error of integration for random points, independently distributed according to 1, 4,
cf. Proposition 6.1. Indeed, we observe the superior integration quality of the t;-designs over ran-
dom points. The theoretical results in Propositions 4.3 and 6.1 are in perfect accordance with the
numerical experiment. The integration errors of the random points scatter around the expected
integration error with rate n; "% in both cases, Hg, and Hg,. The worst case error of low-cardinality

design sequences achieves the optimal rate of n; ’/% for functions in the Sobolev space H27/ 2(g2,4).
Due to Hg, C (\s=2H5(G2,4), we observe the super linear behavior in the logarithmic plots for
wee({(PL 1. Hy,).

To conclude this section, we point out that Lemma 7.1 provides analytic expressions for the
worst case errors in particular reproducing kernel Hilbert spaces. If we go beyond Hilbert spaces,
then numerically computing worst case errors in Sobolev spaces becomes very challenging, which is

illustrated by the following remark.

Remark 7.2. Let I, denote the 4 by 4 matrix with two ones in the left upper diagonal entries and
zeros elsewhere. We shall consider the integration error with respect to a sequence of low-cardinality
weighted design sequence {(Pj’, w})}}l] for I, in G, 4. Without loss of generality we assume P} = I,

fori = 1, 2,.... The function f;(P) := Ky(I, P), for P € G, 4, is contained in H;/Z(QM), so that its
integration error decays at least as fast as n=7/8. Numerical experiments suggest that it decays exactly
at this rate, so that f; seems to be a single representative for the worst case error of integration in the
reproducing kernel Hilbert space H27/ 2(92,4).

Now, we point out, although f; € Hg’o(g2,4) with f; € H§O+é(g2,4), for all ¢ > 0, its integration error
decays faster than the worst case error in H2 (G, 4), which is just n=3/4

7.3. Approximating covering radii by random points

Given a sequence of n;-point sets {Pf}}L C Gkm, fori=1,2,...,itis a tough task to numerically
determine the exact covering radii p;. In order to obtain a reasonable approximation, we generate
n > n; independent random points Ry, ..., R, € Gk, and determine

Pin = max min disty (Ry, PY). (33)

1<j'<n 1<j<n; 7
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Fig. 2. Covering radii of random points vs. t-designs. Big dots correspond to t;-designs, small dots to n; random points. The blue

line’s slope is —1/4. The black curve corresponds to 4 log(n)% , which relates to the covering radii g, via (38).

Note that p; is sandwiched by

Pin < pi < Pin + On, (34)
where g, is the covering radius of {Ry }]’3:]. Supposed that g, is sufficiently small, p; , is a decent
approximation of p;.

We aim to provide evidence that the computed approximation p;, is sufficiently accurate to
numerically illustrate Theorem 3.2. To ballpark g;, recall that the covering radius g, of n random
points, independently distributed according to (., on Gk, behaves asymptotically as stated in (3)
with d = k(m — k). More precisely, [33, Corollary 3.3] yields together with the relation (27) that

1 1
) n k(m—k) Vol(gk m) ) k(m—k)
lim E —_— = ——— , (35)
¢ ”<1og(n>> (vol(Bk(m_k))

where By, is the unit ball in RX™K) and vol are the canonical volumes induced by the Euclidean
metric. Thus, for large n, we expect that o, behaves like

1
VOl(gk m) n )k(m_k)
~ : . (36)
o (vol(Bkm_k))log(n)

The volume of the Grassmannian is

vol(Gm) = %(Zn)"(m—")/z, (37)

cf. [13, Section 1.4], where I} is the multivariate Gamma function

k
1
_ _k(k—1)/4 o - .
LX) = Hr(x+(1 0/2). x> k=1
Note, the formula (37) differs by a factor of «/ik(m_k) from [13, Eq. (1.4.11)] due to our scaling with v/2
in the geodesic distance, cf. (26). The volume of By _) in RX™X) js

n,k(m—k)/z
(kim —k)/2 + 1)

Hence, for k = 2, m = 4, the expression (36) reduces to

VOl(Bym—k)) = T

on ~ 20~ 1 log(n)?. (38)

For n = 107, we obtain on average o, ~ 0.0713, which is significantly smaller than any of the
computed p, ;. According to these considerations, we argue that our numerical computations of the
covering radius are sufficiently reliable in view of (34).
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Fig. 2 shows logarithmic plots of the estimated covering radii for the design points {Pj" 1";1 i =

1, ..., 14, from Section 7.1. For comparison it also displays estimated covering radii for independent
random points. We observe the desired relationship p; < n; Y 4 cf. Theorem 3.2. The estimate (38) of
the expected covering radius for random points becomes more accurate for large n, and our numerical
experiments support our theoretical results.
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Abstract

The use of orthogonal projections on high-dimensional input and target data in learning frameworks is studied. First, we
investigate the relations between two standard objectives in dimension reduction, preservation of variance and of pairwise
relative distances. Investigations of their asymptotic correlation as well as numerical experiments show that a projection does
usually not satisfy both objectives at once. In a standard classification problem, we determine projections on the input data
that balance the objectives and compare subsequent results. Next, we extend our application of orthogonal projections to
deep learning tasks and introduce a general framework of augmented target loss functions. These loss functions integrate
additional information via transformations and projections of the target data. In two supervised learning problems, clinical
image segmentation and music information classification, the application of our proposed augmented target loss functions
increases the accuracy.

Keywords Orthogonal Projection - Dimension reduction - Preservation of data characteristics - Supervised learning - Target

features

1 Introduction

Linear dimension reduction is commonly used for prepro-
cessing of high-dimensional data in complicated learning
frameworks to compress and weight important data features.
In contrast to nonlinear approaches, the use of orthogonal
projections is computationally cheap, since it corresponds
to a simple matrix multiplication. Conventional approaches
apply specific projections that preserve essential information
and complexity within a more compact representation. The
projector is usually selected by optimizing distinct objec-
tives, such as information preservation of the sample variance
or of pairwise relative distances. Widely used orthogonal
projections for dimension reduction are variants of the prin-
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Department of Ophthalmology, Medical University of
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cipal component analysis (PCA) that maximize the variance
of the projected data [37]. Preservation of relative pairwise
distances asks for a near-isometric embedding, and random
projections guarantee this embeddings with high probabil-
ity, cf. [5,15] and see also [1,6,12,27,30,35]. The use of
random projections is especially favorable for large, high-
dimensional data [48], since the computational complexity
is just O(dkm), e.g., using the construction in [1], with
d,k € N being the original and lower dimensions and
m € N the number of samples. In contrast, PCA needs
0(d*m) + 0(d?) operations [24]. Moreover, tasks that do
not have all data available at once, e.g., data streaming, ask
for dimension reduction methods that are independent of the
data.

In the present manuscript, we study orthogonal projections
regarding the interplay between

(O1) preservation of variance,
(02) preservation of pairwise relative distances,

aiming for a sufficient lower-dimensional data representa-
tion. We shall consider the Euclidean distance exclusively
since it is most widely used in applications, especially

@ Springer
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for error estimation. On manifolds, the geodesic distance
is locally equivalent to the Euclidean distance. The two
objectives (O1) and (O2) are directly addressed by PCA
(O1) and random projections (O2). We achieve the fol-
lowing goals: First, we clarify mathematically and numer-
ically that the two objectives are competing, i.e., PCA
and random projections preserve different kinds of infor-
mation. Depending on the objectives, we discuss bene-
ficial choices of orthogonal projections and numerically
find a balancing projector for a given data set. Finally,
we define a general framework of augmented target (AT)
loss functions for deep neural networks that integrate
information about target characteristics via features and
projections. We observe that our proposed methodology
can increase the accuracy in two deep learning prob-
lems.

In contrast to conventional approaches, we study the joint
behavior of the two objectives with respect to the entire set of
orthogonal projectors. By analyzing the correlation between
the variance and pairwise relative distances of projected data,
we observe that (O1) and (O2) are competing and usually can-
not be reached at the same time. In classification experiments
with support vector machine and shallow neural networks,
we investigate heuristic choices of projections applied to the
input features.

In view of learning frameworks, we utilize features and
projections on target data. The class of augmented target
loss functions incorporates suitable transformations and pro-
jections that provide beneficial representations of the target
space. It is applied in two supervised deep learning problems
dealing with real-world data.

The first experiment is a clinical image segmentation prob-
lem in optical coherence tomography (OCT) data of the
human retina. Related principles of dimension reduction for
other clinical classification problems in OCT have already
been successfully applied in [9]. In the second experiment,
we aim to categorize musical instruments based on their spec-
trogram; see [19] for related results. Our utilized augmented
target loss functions can increase the accuracy in both exper-
iments.

The outline is as follows. In Sect. 2, we address the anal-
ysis of the competing objectives and Theorem 2.5 yields
the asymptotic correlation between variance and pairwise
relative distances of projected data. Section 3 prepares for
the numerical investigations by recalling z-designs as con-
sidered in [10], enabling subsequent numerics. Heuristic
investigations on projected input used in a straightforward
classification task are presented in Sect. 4. Our framework
of augmented target loss functions as modified standard loss
functions for deep learning is introduced in Sect. 5. Finally, in
Sects. 6 and 7 we present classification experiments on OCT
images and musical instruments using aligned augmented
target loss functions.

@ Springer

2 Dimension Reduction with Orthogonal
Projections

To reduce the dimension of a high-dimensional data set x =
{xi}, C R?, we map x onto a lower-dimensional affine
linear subspace x + V, where x := % Y xi is the sample
mean and V is a k-dimensional linear subspace of RY with
k < d.This mapping is performed by an orthogonal projector
D € Gk.a, where

Gra :=1{peR> : p? =p, p'=p, rank(p) = k}

denotes the Grassmannian, so that the lower-dimensional
data representation is

X+ pxi —O)L, Cx+V, 2.1
with range(p) = V. A suitable choice of p within Gi 4
depends on further objectives, i.e., which kind of informa-
tion preservation shall be favored for subsequent analysis
tasks. In the following, we consider two objectives associated
with popular choices of orthogonal projectors for dimension
reduction, in particular, random projectors and PCA. We will
first observe that the two objectives are competing, especially
in high dimensions, and then discuss consequences.

2.1 Objective (01)

The total sample variance tvar(x) of x = {x;}/L, C R? is
the sum of the corrected variances along each dimension:

R )
tar(x) = —— >l — x (2.2)
i=1

PCA aims to construct p € Gy 4, such that the total sample
variance of (2.1) is maximized among all projectors in Gi 4.
For other equivalent optimality criteria, we refer to [49].

The total sample variance of px = {px;}i*, C V coin-
cides with the one of (2.1) and satisfies

tvar(px) < tvar(x)
forall p € Gi 4. Thus, PCA achieves optimal variance preser-

vation. The total variance (2.2) can also be expressed via
pairwise absolute distances:

1
tvar(x) = m ; Hxi —Xj ”2 . (23)
Equally, it holds that
1
var(px) = o 3 o) - e 2.4)

i<j
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which reveals that PCA maximizes the sample mean of the
projected pairwise absolute distances.

2.2 Objective (02)

In contrast to pairwise absolute distances, the Johnson—
Lindenstrauss lemma targets the global property of preser-
vation of pairwise relative distances:

Lemma 2.1 (Johnson—Lindenstrauss, cf. [15,35]). For any
O<e<l,anyk <d,m e N, with

4log(m)
€2/2—€3/3 =7

and any set {x;}"_, C RY, there is a projector p € Gy g such

that

(=€) [ = x;[* = ¢ [ pGi) = pCep|* = (A0 i = ;]
=7 i J = i J

(2.5)

holds for alli < j.

For small € > 0, the projector p in Lemma 2.1 yields that
all of the w pairwise relative distances

{c_znp(x» P&l :l.<j} 2.6)

ko llx — xj|?

are close to 1, i.e., the projection p preserves all scaled pair-
wise relative distances well. A good choice of p inLemma2.1
is based on random projectors1 P ~ A q,where A; 4 denotes
the unique orthogonally invariant probability measure on
Gk .a- The following theorem is essentially proved by follow-
ing the lines of the proof of Lemma 2.1 in [15] after replacing
the constant 4 with (2 4 7)2 in the respective bound on k.

Theorem 2.2 Forany 0 <€ < 1,anyk < d,m € N and
any 0 < T with

(2 4 t)2log(m) -
€2/2 —€3/3

and any set {x;}7" | C R4, the random projector P ~ Ae.d
satisfies

{c_z 1P (i) = PGyl 2.7)

T i —xiIP .i<j}e[l—e,l+e]
i J

with probability at least 1 — # + m,ﬁ

! We use lower case letters for samples and upper case letters for random
vectors/matrices.

2r * 1

3 . | . .
-3 -2 -1 0 1 2 3

Fig.1 A trivial example of PCA distorting smaller distances. Choosing
the first principal component, PCA projects the two-dimensional data
points * onto the plane of the first eigendirection (— —). The Euclidean
distances of the points lying on the diagonal are preserved, whereas the
two points with smaller distances are projected onto a single point (the
origin)

The theorem tells that the preservation property of pair-
wise relative distances is achieved with high probability when
choosing a random projection according to k;d. Note that the
random choice is completely independent from the actual
data set.

2.3 Competing Objectives

A projector p satisfying the near-isometry property (2.5)
implies

(1 — )% tvar(x) < tvar(px) < (1 + €)% tvar(x),

so that the total variance of the projected data px is not
preserved for k < d. In particular, with high probability
a random projector P ~ A 4 does not suit the objec-
tive of maximizing the total variance, and we even observe
Etvar(Px) = % tvar(x); see (A.2) in the Appendix. PCA
does not guarantee any local geometric property, and dis-
tances between pairs of points can be arbitrarily distorted
[1]; see [39] for more robust PCA. The preservation of larger
distances is favored since PCA maximizes (2.4) among all
p € Geaand [[p(x) — pp)Il < llxi — x;]l holds for all
i < j.Close but distinct points could even be projected onto
a single point, which violates the preservation of pairwise
relative distances; see Fig. 1.

To more quantitatively understand the relation between
the two competing objectives, we consider the sample mean

@ Springer
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Fig.2 Competing properties: 50 50
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and the uncorrected sample variance of the pairwise relative  set {x;}/_; with x; € RY fori = 1,...,m and m = 100,
distances (2.6): d = 50. We then compute PCA, for k = 10, 20, 30, 40,
as well as n = 10,000 random projections p distributed

. 2 d ||p(xi —x)|?
Mp,x) = m(m — 1) e ko lxi —xjl? 2:8)
. 2 d?* || pCxi —xp)|I* 2
V(p,x) = m g k—zm — M(p,x) .
(2.9

Recall that good preservation of the relative pairwise dis-
tances in (2.6) asks for M(p, x) being close to 1 and the
variance V(p, x) being small. In the following, we analyze
tvar(px), M(p, x) and V(p, x) and their expectations for
random P ~ A 4.

In Fig. 2, we see a simple numerical experiment, where
we first create an independent, normally distributed fixed data
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according to Ax so. In Fig. 2a—d, we can see that the more the
k differs from d, the more the PCA and random projections
differ concerning tvar(px) and M (p, x). Those differences
may lead to diverse behavior in subsequent data analysis.
Moreover, we compare M (p, x) and V(p, x) in Fig. 2e-h
for the different k. We can see that again when k is much
smaller than d, random projections and PCA differ more
concerning the variance of pairwise distances V(p, x). For
k = 10, the variance for PCA is higher in comparison with
random projections (Fig. 2e); for k = 40 vice versa (Fig. 2h).
Note that the theoretical bounds stated in Theorem 2.1 are
much higher than the dimensions k used in the experiments,
but the projections still preserve relative pairwise distances
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very well. In [7], similar observations were made on empiric
experiments with image and text data.

The amount of variance kept in the principal components
comparing real-world and random data has been experimen-
tally studied, e.g., in [29] and [46]. Both studies determine
that the difference occurs mainly in the first principal com-
ponent.

Remark 2.3 In the numerical example, we compare random
projections and PCA directly, serving as the correspond-
ing projections to the objectives (O1) and (O2). We observe
that even for not so high-dimensional (d = 50) data x and
k < d/2, PCA severely loses information in terms of total
variance, i.e., more than 50% for k = 10, and more impor-
tantly loses much more information on pairwise relative
distances than random projections. If both types of infor-
mation are of interest, pairwise relative distances and high
total variance, one should therefore favor random projections
over PCA for k <« d/2 to balance the two objectives (O1)
and (02) and vice versa. Note that with a large amount of data
one might still want to favor random projectors since their
construction is computationally much cheaper and indepen-
dent from the data. On the other hand, if objective (O2) is
negligible, e.g., tasks with very noisy data, then PCA would
be the favorable choice for all k.

Information of data can be quantified and expressed in
different ways. One crucial part in dimension reduction is
the decision of what kind of information shall be kept, which
depends on several parameters including the quality of the
data and the analysis task. Variants of PCA, focusing on the
preservation of variance, have been widely used in real-world
problems with big success, especially in denoising, when the
preservation of all pairwise relative distances may be counter-
productive, e.g., in dMRI imaging [51] and color filter array
images [56]. Drawbacks are the necessity for all data being
available from the start and the high computational costs.
For very high-dimensional and large data sets, the computa-
tion of PCA is often not feasible. Besides the huge benefit of
data independence and low computational cost when using
random projections, the near-isometry property often allows
to establish that the solution found in the low-dimensional
space is a good approximation to the solution in the original
space [1,34].

Algorithms in machine learning often need or benefit
from sufficient estimates of pairwise distances, e.g., approx-
imate nearest-neighbor problems, supervised classification
[27] and subspace clustering [26]. In [32], algorithmic appli-
cations of near-isometry embeddings have been introduced.
In [7], random projections have been successfully applied to
noisy and noiseless text and image data. The experimental
studies include the comparison of preservation of pairwise
distances between random projections and PCA. The results
coincide with our observations that for k > d/2 PCA is able

to preserve the pairwise distances sufficiently, whereas for
k < d/2 PCA distorts them. The smaller the &, the worse the
distortion, whereas random projections preserve similarities
still well for very small k, while being computationally much
cheaper than PCA. One should point out again that favoring
preservation of pairwise distances relies on the accuracy of
the original distances.

PCA and random projections are orthogonal projections
favoring two different aims. We want to study in the context
of the whole set of orthogonal projections if the two objec-
tives (O1) and (O2) could be reached at the same time. We
will see that the objectives act competing, and therefore we
suggest a balancing projector for tasks that benefit from both
objectives.

2.4 Covariances and Correlation Between
Competing Objectives

For further mathematical analysis, we first introduce a more
general class of probability measures on G 4 that resemble
Ak,q sufficiently well:

Definition 2.4 A Borel probability measure A on Gi 4 is
called a cubature measure of strength t if

Fdrea(p) = [ f(p)di(p), forall f € Pol,(RY),

k.d k.d

where Pol; (Rdz) denotes the set of multivariate polynomials
of total degree ¢ in d° variables.

Existence of cubature measures is studied, for instance, in
[17]. Forrandom P, we now determine the expectation values
for our three quantities of interest: tvar(Px), M(P, x) and
V(P,x).If P ~ X and A is a cubature measure of strength
at least 2, the identities (A.2) and (A.3) in the Appendix and
a short calculation yield

Etvar(Px) = Stvar(x), (2.10)
EM(P,x) =1, (2.11)
2
_ 4 Xi—Xj X[ —Xr
EV(P,x) = “k,d<1 ~ =1 Z(nxi—x_],-n’ ||xf—xr||> )
i<j
I<r
(2.12)

where ay 4 = %. The expected sample variance in

(2.12) satisfies
for d — oo.

2
EV(P, x) < axqg — a

This asymptotic bound relates to Theorem 2.2 and alludes to
a near-isometry property of the type (2.7) for k sufficiently
large.

@ Springer



Journal of Mathematical Imaging and Vision
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The following theorem provides a lower bound for random
P on the population correlation

Cov(M(P, x), tvar(Px))

Var(M(P, x))+/Var(tvar(Px))
(2.13)

Corr(M(P, x), tvar(Px)) =

Theorem 2.5 Let x = {x;}*, C R be pairwise different
and let P ~ X, with A being a cubature measure of strength
at least 2. Ford > w, the correlation (2.13) is bounded
from below by

_ omm=1)  maxiz; [lxi—x;||
2d

. 2
min;; [|xi —x; ||

(2.14)

max; || xi—x; || min; || xi = {|*
If{x)7L, C R are random points, whose entries are inde-
pendent, identically distributed with finite 4-th moments that
are uniformly bounded in d, then (2.14) converges towards
1 in probability for d — oo.

The strong correlation for large dimensions d in the second
part of Theorem 2.5 suggests that increasing tvar(Px) may
also lead to increasing M(P, x); see Fig. 3 for illustration.
Thus, large projected total variance tvar(Px) and the preser-
vation of scaled pairwise distances, i.e., M (P, x) being close
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to 1, are competing properties. As discussed in Sect. 2.3, the
choice of which kind of information is favorable to preserve
depends on the data and the task, e.g., denoising (O1) and
nearest-neighbor classification (O2). PCA and random pro-
jections are extreme in preserving either (O1) or (02). We
will heuristically study the behavior of orthogonal projec-
tions balancing both objectives in the next section and will
state a numerical experiment where a balancing projector
yields the highest classification accuracy.

Remark 2.6 The second part of Theorem 2.5 relates to the
well-known fact that random vectors in high dimensions are
almost orthogonal [4], and standard concentration of measure
arguments may lead to more quantitative statements, cf. [52].

3 Preparations for Numerical Experiments

For the numerical experiments, we need finite sets of pro-
jectors that represent the overall space well, i.e., cover Gi 4

properly.
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3.1 Optimal Covering Sequences

Let the covering radius of a set {p;};_; C Gi,q be denoted
by

o({pi}j—;) == sup ]mlinn lp — pillr. (3.1

p€Gra ==

where || - || is the Frobenius norm. The smaller the covering
radius, the better the set {p;}]_, represents the entire space
Gk.4, 1.e., there are smaller holes and the points {p;};__, are
better distributed within G 4. Following Lemma 2.1, we can
connect finite sets of projections and their covering radius to
the near-isometry property:

Lemma3.1 Let {p;};_; C Gk.q and denote ¢ := o({p1}]_))-
Forany0 < e < 1,anym, k,d € N with

4log(m) <k <d
€22 —€3/3 —  —

and any {x;}* | C RY, there is Iy € {1, ..., n} such that

% | iy (xi) — pzo(xj)”2
A+8) |xi — x| i < J,

(1=8) | —x;]?

IA

A

(3.2)

where § = € + 2Q,/—<1+k€)d + %Qz.

Proof Given an arbitrary projector p € Gy 4, there is an index
lp € {1, ..., n} such that
Ipiox — pxll < llpiy — pllelxll < ellxll, x € R

From here, standard computations imply Lemma 3.1. We
omit the details. O

The accuracy of the near-isometry property in (3.2)
depends on the covering radius. Therefore, a set {p;};_, €
G4 with a small covering radius ¢ is more likely to contain
a projector with better preservation of pairwise relative dis-

tances. According to [11], it holds that? o > n_ﬁ and we
shall see next how to achieve this lower bound.

A set of projectors {p;}j_; C Gy 4 is called a r-design
if the associated normalized atomic measure % Yo 8y is
a cubature measure of strength ¢ (see Definition 2.4); see
[44] for general existence results. Any sequence of #;-designs
{PI}/L, C Gk.a with t; — oo satisfies

0i <17, (3.3)

2 We use the symbols < and 2 to indicate that the corresponding
inequalities hold up to a positive constant factor on the respective right-
hand side. The notation < means that both relations < and = hold.

and moreover, the bound n; 2, tl.k @-h holds, cf. [11,17]. To
relate n; to o; via t;, a sequence of #;-designs {p; }7;1 C Gk.a
is called a low-cardinality design sequence if t; — oo and

n; < tl.k(d_k),

i=1,2,.... 3.4
For their existence and numerical constructions, we refer to
[21] and [10,11]. According to [11], see also (3.3) and (3.4),
any low-cardinality design sequence {p; }7;] covers asymp-
totically optimal, i.e.,

1

R =)
0i X n; .

Benefiting from the covering property, we will use low-
cardinality design sequences as a representation of the overall
space of orthogonal projectors Gy 4.

3.2 Linear Least Squares Fit

With the linear least squares fit, we can directly gain infor-
mation about the relation between M (p, x) and tvar(px) for
a given data set x = {x;}7" | C R? when p varies. Given the
two samples

{M(plv x)’ IR M(Pn’ x)}a
(3.5)

{tvar(p1x), ..., tvar(p,x)},

the linear least squares fitting provides the best fitting straight
line,

tvar(pix) ~s - M(p;,x)+y, [=1,...,n,

where s and y are determined by the sample variances and
the sample covariance. If { p;};_, is a 2-design, then the sam-
ple (co)variances coincide with the respective population

(co)variances for P ~ A 4; see Appendix A.3 for further
details. It follows that

_ Cov(M(P, x), tvar(Px))
B Var(M(P, x))
y = %tvar(x) — 5.

with P ~ A 4, 3.6)

3.7

The quantities s and y can be directly computed, where
tvar(x) is given by (2.2) and the covariances are stated in
Corollary A.1. Note that (3.6) and (3.7) are now independent
of the particular choice of {p;}]_,.

The correlation between the two samples (3.5) yields addi-
tional information about their relation. As before, if {p;};_;
is a 2-design, then the sample correlation coincides with the
population correlation (2.13) for P ~ Ak 4, cf. Appendix
A.3. High correlation for a specific data set x suggests that
random projections and PCA preserve competing properties,
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whose benefits need to be assessed for the specific subsequent
task.

4 Numerical Experiments in Pattern
Recognition

We investigate the impact on classification accuracy when
applying specific orthogonal projections to input data. The
chosen real-world data yields a straightforward classification
task, serving as a toy example for comparing the accuracy of
several projected input data in simple learning frameworks.
Projectors are chosen from a ¢-design in view of tvar(px)
and M(p, x). For all computations made in this section,
the ‘Neural Network’ and ‘Statistics and Machine Learning’
toolboxes in MATLAB R2017a are used.

We use the publicly available iris data set from the UCI
Repository of Machine Learning Database suitable for super-
vised classification learning. It consists of three classes with
50 instances each, where each class refers to a type of iris
plant. The instances are described by four features result-
ing in the input samples {xi}}i()l C R* and target samples
{y,-}l-li% C {0, 1}3. For comparison, we classify the diverse
input data with support vector machine (SVM) and three-
layer neural networks (NN) with 5 and 10 hidden units (HU).

4.1 Choice of Orthogonal Projection

In the experiment, we use projections p € G 4 reducing the
original dimension from d = 4 to k = 2. As a finite repre-
sentation of the overall space, we use a t-design of strength
14 from a low-cardinality sequence (see Sect. 3.1) consist-
ing of 8475 orthogonal projectors. Note that the dimension
reduction in practice takes place by applying g € Vi 4 with
g'q=pe Gk.a4, where

denotes the Stiefel manifold. When taking norms, p and ¢
are interchangeable, i.e., ||¢(x)||*> = || p(x)||%, forall x € RY.
Therefore, we can use w.l.o.g. the theory developed for p.

The projections are chosen in a deterministic manner
viewing the previously described competing properties. In
Fig. 4, the quantities tvar(px) and M (p, x) are pairwise plot-
ted for all projectors in { p;}?fls . For comparison, we choose
the following projections p € { pz}lgfl5 C G,4; see Fig. 4a
for a visualization.

px closest to the expected values 1 and § tvar(x) (see
(2.10) and (2.11)),

po preserving M(p, x) ~ 1 and maximizing tvar(px),
po preserving M(p, x) ~ 1 and minimizing tvar(px),
Do tvar(px) & tvar(pox) and maximizing M(p, x),
P« minimal tvar(px),

psx maximal tvar(px) (PCA).

4.2 Results

In Fig. 4b, we see the linear least squares fitting line, com-
puted directly and via the slope and intercept as stated in
(3.6) and (3.7). The correlation coefficient (2.13) is 0.98,
which suggests that preserving the two properties is highly
competing and needs to be balanced.

In Table 1, the classification results of the iris data are pre-
sented. We can see that in this comparison the projector po,
which corresponds to preserving M(p, x) ~ 1 and maxi-
mizing tvar(px), yields the highest and most robust results.
It even yields better results than working with the original
input data. The projections that preserve M(p, x) ~ 1 but
do not take care of the magnitude of the total variance yield
much worse results. On the other hand, the projections that
just focus on high total variance still do not yield as high
results as the projection p¢ that balances both properties.

Remark 4.1 Given a data set x, the projector p¢ is a good
choice to balance both objectives (O1) and (O2). It can be

Via =1{q € RK*4 . qu =1} computed by directly analyzing {tvar(pix), ..., tvar(p,x)}
Fig.4 Projections 5 5 7
{pz}?ff C Gy.4 from a t-design 45 * 45 4
of strength 14 evaluated on the . 4 /
iris data set x ¢ R#+>*150
35 35 /
x 3 x 3
g o o g -
g 2.5 & g 25 /
2 o 2 //
1.5 1.5
A5
1 1
0.5 0.5
u
00 0.5 1 1.5 2 00 0.5 1 1.5 2
M(p,x) M(p,x)

(@) {M(p, ), tvar(piz) } 727
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Table 1 Classification results of iris data, when using projected input
data in support vector machine (SVM) and shallow neural networks
(NN)

Input/method NN (10 HU) NN (5 HU) SVM

X (97.6, 1.25) (97.5,2.29) (96.7, 0.15)
PoX (984, 0.42) (98.3,2.15) (97.3, 0.06)
Py X (88, 1.73) (87.9,1.92) (87.6,0.63)
pPox (87.3,9.56) (86.9, 10.81) (87.7,0.42)
P.X (96.8,2.74) (96.7, 1.77) (96, 0.17)
p.x (PCA) (96.9, 1.36) (96.5, 4.07) (96, 0.37)
P.X (62.1, 44.30) (58.9,70.78) (56, 0.61)

Mean and variance (x 10~%) of 1000 independent NN runs and 100
independent runs with tenfold cross-validation in SVM

Bold values indicate corresponding to the highest (= best) classification
accuracy

and {M(p1, x), ..., M(pn, x)} of a finite covering {p;};_,
of Gi 4. For higher dimensions, an accurate representation
of Gy 4, in order to heuristically select p¢, requires large
computational costs. The least squares regression line for a
2-design, as stated in 3.7, can be directly computed with low
computational cost. This offers helpful information about the
interplay between (O1) and (02).

5 Augmented Target Loss Functions

In the previous section, projectors were applied to input
features of shallow neural networks. In more complex archi-
tectures, such as deep neural networks, the adaption of
weights can be viewed as optimization of input features,
e.g., arising features can be used for transfer learning [54].
Whereas the input data are processed and optimized in each
iteration, the target data stay usually unchanged during the
whole learning process, serving as a measure of accuracy. The
representation of the target data is one key property for suc-
cessful approximation with neural networks. Here, we will
introduce a general class of loss functions, i.e., augmented
target (AT) loss functions, that use projections and features
to yield beneficial representations of the target space, empha-
sizing important characteristics.

In optimization problems, additional penalty terms are
used for regularization or to enforce other constraints. In
deep learning, weight decay (i.e., Tikhonov regularization) is
a standard adaption of the loss function to that effect. Incor-
porating additional underlying information via features of
the output/target data has been studied in diverse settings
tailored to particular imaging applications. Perceptual loss
functions have been used in [31] for image super-resolution,
incorporating the comparison of high-level image features
that arise from pretrained convolutional neural networks, i.e.,
the VGG network [45]. Deep perceptual similarity metrics

have been proposed in [20] for generating images, compar-
ing image features instead of the original images. In [28], a
similar approach was successfully used for style transfer and
super-resolution, adding a network that defines loss func-
tions. Anatomically constrained neural networks (ACNN)
have been introduced in [40] and applied to cardiac image
enhancement and segmentation. Their loss functions incor-
porate structural information by using autoencoders to gain
features about lower-dimensional parametrization of the seg-
mentation. Brain segmentation was studied in [22], where
information about the desired structure has been added in the
loss function via an adjacency matrix. It was used for fine-
tuning the supervised learned network with unlabeled data,
reducing the number of abnormalities in the segmentation.

The information of certain target characteristics can be
very powerful and even replace the need of annotations in
some tasks. In [47], label-free learning is approached by
using just structural information of the desired output in the
loss function instead of annotated target values.

In the following, we will define a general framework of
loss functions that add information of target characteristics
via features and projections in supervised learning tasks.

5.1 General Framework

Let the training data be input vectors {x;}7, C R” with
associated target values {y;}7; C R’. We consider training
a neural network

fg :R" —>RS,

where # € R" corresponds to the vector of all free parame-
ters of a fixed architecture. In each optimization step for 6,
the network’s output {y; = fo(x;)}/L; C R* is compared
with the targets {y;}/_; via an underlying loss function L.
In contrast to ordinary learning problems with highly
accurate target data, complicated learning tasks arising in
many real-world problems do not yield sufficient results
when optimizing neural networks with standard loss func-
tions L, such as the widely used mean least squares error

m aam . 1 = ~ 12
Lise((yilis;, il = — ; lvi =5 (5.1)
The training data may include important information that
is obvious for humans, but poorly represented within the
original target data and therefore lacks consideration in the
learning process. To overcome this issue, we propose to add
information tailored to the particular learning problem rep-
resented by additional features of the outputs and targets.

First, we select transformations

Ti:R' >R, j=1,....d,
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to enable error estimation in transformed output/target
spaces. Note that the transformations T are not required to
be linear. However, they should be piecewise differentiable to
enable subsequent optimization of the loss function with gra-
dient methods. We shall allow for additional weighting of the
transformations 77, ..., T, to facilitate the selection of fea-
tures for a specific learning problem. The previous sections
suggest that orthogonal projections can provide favorable
feature combinations, which essentially turns into a weight-
ing procedure.

To enable suitable projections, we stack the d output/target
features

Ti(yi) "

T(yi) = e R,

Ta(i) "

so that applying a projector p € Gy 4 to each column of 7 (y;)
yields p(T (y;)) € R?*! We now define the augmented tar-
get loss function with projections by

Lp({yi). (1)) == L(vi}, Gi) + @ - L(p(T i)} Ap(TG))Y),
(5.2)

where & > 0 and L and L correspond to conventional loss
functions. Apparently, L, depends on the choice of p €
Gk.a- The projection p(T (y;)) weighs the previously chosen
feature transformations 7 (y;). Standard choices of L and L
are Lvsg, in which case L, becomes

. 1 — . l &
Ly({yi}. (97}) = ~ Sy =5 e —~ > (T (i)
i=1 i=1

(TG (5.3)
Remark 5.1 For k = d, the projector p is the identity. In this
case, the transformations can map onto different spaces, i.e.,
Tj:R*—>RY, j=1,....d,

and we can now write the standard augmented target loss
function by

d
Lar((i}. (5i)) = Y _aj - LY ({IT;00) AT G0)Y). (5.4)
j=l1
where T corresponds to the identity function, L', ..., L¢ are
common loss functions and oy, ...,y > 0 are weighting
parameters.

It should be mentioned that o resembles a regulariza-
tion parameter. The actual minimization of (5.1) among 6
is usually performed through Tikhonov-type regularization
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in many standard deep neural network implementations. The
formulation (5.2) adds one further variational step for bene-
ficial output data representation.

Remark 5.2 Our proposed structure with target feature maps
Ti, ..., Ty asin (5.4) relates to multitask learning, which has
been successfully used in deep neural networks [13]. It han-
dles multiple learning problems with different outputs at the
same time. In contrast to multitask learning, we aim to solve
a single problem but also penalize the error in transformed
spaces enhancing certain target characteristics.

For the projected feature transformations in the augmented
target loss function, it is not possible to identify a balancing
projection p heuristically (such as p¢ in Sect. 4), because
the output y changes in each iteration when the loss func-
tion is called. In the following clinical numerical experiment
we overcome this issue by choosing random projections in
each optimization step and compare it to prior deterministic
choices of projections, including PCA.

6 Application to Clinical Image Data

The first experiment is a clinical problem in retinal image
analysis of the human eye, where the disruptions of the so-
called photoreceptor layers need to be quantified in optical
coherence tomography (OCT) images. The photoreceptors
have been identified as the most important retinal biomarker
for prediction of vision from OCT in various clinical publica-
tions, see e.g., [23]. As OCT technology advances, clinicians
are not able to look at each slice of OCT themselves. (In mean,
they get 250 slices per patient and have 3—5 minutes/patients
including their clinical examination.) Therefore, automated
classification of, for example, photoreceptor status is neces-
sary for clinical guidance.

6.1 Data and Objective

In this application, OCT images of different retinal diseases
(diabetic macular edema and retinal vein occlusion) were
provided by the Vienna Reading Center recorded with the
Spectralis OCT device (Heidelberg Engineering, Heidelberg,
Germany). Each patient’s OCT volume consists of 49 cross
sections/slices (496 x 512 pixels) recorded in an area of
6 x 6 mm in the center of the human retina, which is the
part of the retina responsible for vision. Each of the slices
was manually annotated by a trained grader of the reading
center. This is a challenging and time-consuming procedure
that is not feasible in clinical routine but only in a research
setting. The binary pixelwise annotations serve as target val-
ues, enabling a supervised learning framework (Fig. 5).

The objective is to accurately detect the photoreceptor
layers and their disruptions pixelwise in each OCT slice by
training a deep convolutional neural network with a suitable
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Fig.5 OCT provides
cross-sectional visualization of
the human retina

(¢) Disrupted photoreceptor region

loss function. The learning problem is complicated by poten-
tially inaccurate target annotations, as studies have shown
that inconsistencies between trained graders are common,
cf. [50]. Moreover, the learning task is unbalanced in the
sense that there are many more slices showing none or very
little disruptions. We shall observe that optimization with
respect to standard loss functions performs poorly in regards
to detecting disruptions. The augmented target loss function
proposed in the previous section can enhance the detection.

6.2 Convolutional Neural Network Learning

We implemented our experiments using Python 3.6 with
Pytorch 1.0.0. A deep convolutional neural network fy is
trained by applying the U-Net architecture reported in [43]
with a sigmoid activation function and Tikhonov regulariza-
tion. A set of 20 OCT volumes (980 slices) from different
patients with corresponding annotations are used for train-
ing, where four volumes were used for calibration (validation
set). Another two independent test volumes were identified
for evaluating the results, one without any disruptions in the
photoreceptor layers, whereas the other one includes a high
number of disruptions.

Each OCT slice is represented by a vector x; € R” with
r = 496 - 512. The collection {x;}]’; corresponds to all
slices from the training volumes, i.e., m = 20 - 49. Further
matching the notation of the previous section, we have r = s
and fp : R” — R’ with binary target vectors y; € {0, 1}".
We observe that disruptions are not identified reliably when
using the least squared loss function (5.1). To overcome this
issues, we use the proposed augmented target loss function
with least squared losses as stated in (5.3).

To enhance disruptions within the output/target space, we
heuristically choose d = 4 local features of the original rep-

(d) OCT slice plus manual annotation

Table 2 Comparison of AUC values for photoreceptors segmentation
and disruption detection

Loss function Photoreceptors Disruptions
Lwmsg 0.9720 0.4399

Lp

p=1L 0.9736 0.4686
Dioa 0.9746 0.4720
PPCA 0.9716 0.5331

P12 0.9755 0.5558

Bold values correspond to the highest AUC value, which serves us as a
measure of accuracy

resentation. They are derived from convolutions with two
edge filters, 77 (Prewitt) and 7> (Laplacian of Gaussian),
and from two Gaussian high-pass filters, yielding 73 and Tj.
Note that these feature transformations keep the same size,
ie,T; :R" — R"for j =1,...,d. See Fig. 6 for example
images.

We can derive several augmented target loss functions L
by choosing different p € Gy 4. In this experiment, we use
the following projections:

p =1,

{pi }}i 1» all projections from a t-design of strength 2 C
Ga.4 (see [10]),

e ppca € Ga 4, projection determined by PCA on the train-
ing data,

Py 4» Tandom projection chosen according to A2 4 in each
mini-batch.

@ Springer
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Fig.6 Features on output and
targets that enhance edges in
different ways. It is not obvious
which transformations are of
most importance; weighting by
projections can overcome this
issue

(a) Prewitt

(b) Laplacian of Gaussian (LoG)

(¢) Gaussian highpass (threshold = 40)

6.3 Results

Since the detection problem is highly unbalanced, we use
precision/recall curves [16] for evaluating the overall perfor-
mance of each loss function model. The area under the curve
(AUC) was used as a numerical indicator of the success rate
[41]. The higher the AUC, the better the classification.

The results of the different loss functions on the inde-
pendent test set are stated in Table 2. Due to the imbalance
within the data, the photoreceptor region is identified well,
but disruptions are not identified reliably when using the least
squared loss function (5.1). For « = 0.1, all proposed aug-
mented target loss functions L, clearly increase the success
rate of the disruption quantification. Note that all projections
are independent from the actual data set, except PCA that
was computed beforehand on the training data.

The features itself (i.e., p = I4) improve the quantifica-
tion, and weighting them by projections increases the results
even more: using the fixed projection pi, from the t-design
sequence {p;} zli , on the output/target features yields the
highest accuracy for photoreceptors and disruptions. This

@ Springer

(d) Gaussian highpass (threshold = 100)

corresponds to the results of the previous sections, stating
that depending on the particular data there are projections
in the overall space acting beneficially. Since this projection
generally cannot be found beforehand, using random projec-
tions in each loss function’s evaluation step is easier, possible
in practice, and independent from the data. The computation
is efficient and randomization can have regularization effects
that yield more robust results, cf. [34]. In the following, we
will view a second classification problem based on spectro-
grams, where augmented target loss functions with random
projections can improve the accuracy.

7 Application to Musical Data

Here, the learning task is a prototypical problem in Music
Information Retrieval, namely multi-class classification of
musical instruments. In analogy to the MNIST problem in
image recognition, this classification problem is commonly
used as a basis of comparison for innovative methods, since
the ground truth is unambiguous and sufficiently many anno-



Journal of Mathematical Imaging and Vision

tated data are available. The input to the neural network is
spectrograms of audio signals, which is the standard choice
in audio machine learning. Spectrograms are calculated from
the time signal using a short-time Fourier transform and tak-
ing the absolute value squared of the resulting spectra, thus
yielding a vector for each time step and a two-dimensional
array, like an image, cf. [18].

Reproducible code and more detailed information of our
computational experiments can be found in the online repos-
itory [25].

7.1 Data and Objective

The publicly available GoodSounds data set [42] contains
recordings of single notes and scales played by several sin-
gle instruments. To gain equally balanced input classes, we
restrict the classification problem to six instruments: clarinet,
flute, trumpet, violin, alto saxophone and cello. Note that the
recordings are monophonic, so that each recording yields one
spectrogram that we aim to correctly assign to one of the six
instruments.

After removing the silence [3,38], segments from the raw
audio files are transformed into log-mel spectrograms [36],
so that we obtain images of time—frequency representations
with size 100 x 100. One example spectrogram for each class
of instruments is depicted in Fig. 7.

7.2 Convolutional Neural Network Learning

We implemented a fully convolutional neural network fy :
R — [0, 17%, cf. [33], where r 100 x 100 and s = 6,
in Python 3.6 using Keras 2.2.4 framework [14] and trained
it on the Nvidia GTX 1080 Ti GPU. The data are split into
1,40, 722 training, 36,000 validation and 36,000 indepen-
dent test samples. We heuristically choose d = 16 output
features arising directly from the particular output class.
The transformations 71, ..., Ti¢, with T : R® — R for
j = 1,...,16, are then given by the inner product of the
output/target and the feature vectors. Among others, the fea-
tures are chosen from the enhanced scheme of taxonomy [53]
and from the table of frequencies, harmonics and under tones
[57]. We use the proposed augmented target loss function L,
(5.2), where L corresponds to the categorical cross-entropy

8192 8192
5 4096 i~ N 4096
L L L
O 2048 o 3 2048
[ C C
() (0] (0]
o o o
S 1024 5 S 1024
— 1 1.
[N [N [N
512 512
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0.25 0.5 0.25 0.5 0.25 0.5
Time [s] Time [s] Time [s]
(a) Clarinet (b) Flute (¢) Trumpet
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™ 409 o 4096 ~ 4096
& = o)
T 2048 J 2048 > 2048
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Fig.7 Log-mel spectrograms of the six different instruments. Intensities range from 0 (black) to 1 (yellow) (Color figure online)
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Table 3 Classification results with different parameter choices

o B P Training Test data
0 0 - 0.5541 0.5716
0.01 0 L6 0.5650 0.5683
0.01 0 Pis1e 0.7722 0.7657
0 0.05 - 0.9771 0.9729
0.01 0.05 L6 0.9849 0.9802
0.01 0.05 P16 0.9857 0.9833

The standard inbuilt Tikhonov regularization (£2-norm of ) is weighted
by B.For o > 0, the feature transformations {7; } 16 -, are used in the loss
function, either directly or weighted by a random projection p;, .. The
accuracy of the model is measured by the number of correctly classified
samples divided by the number of all samples

Bold values correspond to the highest classification accuracy

loss [55] and L, to the mean squared error as in (5.3). We
consider here two choices of p: the identity /14 and random
projectors p ~ Ag. 16 in Gs_16.

The deep learning model is sensitive to various hyper-
parameters, including @ and p, in addition to conventional
parameters, such as the number of convolutional kernels,
learning rate and the parameter B for Tikhonov regulariza-
tion. To find the best choices in a fair trial, we utilize a random
hyper-parameter search approach, where we train 60 models
and select the three best ones for a more precise search over
different « in the augmented target loss function and g for
Tikhonov regularization. This results in 212 models that are
evaluated on the training and validation set. Finally, we select
the best model based on the accuracy of the validation set and
evaluate it on the independent test set. For comparison, we
also evaluate this model with no Tikhonov regularization,
i.e., B = 0; see Table 3.

7.3 Results

Table 3 shows that no regularization and no features provide
the poorest results. It seems that adding features with random
projections has a regularizing effect and improves the results
significantly. As expected, it is important to include Tikhonov
regularization on 6. Further enhancement happens by adding
features via the modified augmented target loss function with
or without additional weighting from projections. All results
are very stable and are generalizing very well from training
to the independent test set; see [25] for further details.
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Appendix A: Proof of Theorem 2.5

A.1 Proof of (2.14) in Theorem 2.5

For {yl}Ml CcRYand p € Gk.a, we define

M

Fo i) =Y 4pod P (A.1)

i=1

Given two sets, {y,}l_l, {z]}/_z1 c R4, suppose that P €

Gk.q 1s a random matrix, distributed according to a cubature
measure of strength at least 2. The covariance is given by

Cov(f(P. (i}, F(P.{z)} -:21))
=E[(f (P, {yi}) —ELF (P {yiDD(f (P {zi})
—E[f (P, {zi})]

Using the identity, cf. [2],

dE[IPyI*] = llyl? (A.2)

directly yields

Cov(f (P, {yi}il)), £(P, {2} 12))

My My
=E (ML D UPONN =3 ||yl-||2>
i=1

i=1
M> M,
1 d 2 1 2
(m S APEHIP = 555 D Nzl )] :
i=1 i=1

Following [8, Theorem 2.4, Sect. 3.1], we use that

1
E[IPyl? | Pz|*] = gml IyI2 IzI? + a2y, 2%, v,z € RY,
(A.3)

holds, where ¢ = (d — 1)d(d +2), ay = (d + )k* — 2k
and oy = 2k(d — k). This leads to the explicit formula of the
population covariance

Cov (f (P {yl}l_1> f (P {Zj}/—1>)

My M

Aak,d
= gy 2o 2

i=1j=1
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M
_ Gkd ! ?
( z I ||2> i lal). @
j=1
) _ _2d(d—k)
withag g = kd—D@d+2)" i
For y := {Yi}iﬂil C Rd\{O}, Ve set i = II;_i-H’ o

i = 1,..., M. The identity (A.4) enables us to compute
the population correlation

COV(f(Ps )’)» f(ij}))

V/Var(f(P, y))y/ Var(f (P, 3))
(A.5)

Corr(f(P, y), f(P, ) =

by the explicit formulas

M
Cov[f(P.y). f(P.5)] = 55 D (3. 5))?
i j=1

ey 1 M
_ ke e
] M;:I llyi l

M
Cov[£(P.y). (P )] = Varl F(P.y)] = T8 D" (i)
ij=1

“k"( Znylu)

M
Cov[f(P.5). F(P.5)] = Varl (P §)] = T4 3" (30, 57)
i,j=1

dk,d
d

Since the variance is always nonnegative and a’jT’d > 0, the
denumerator of Corr(f (P, y), f(P, y)) in (A.5) satisfies

VVar(f (P, y)y/Var(f(P, 3))

hd M M
V,z (i YJ Z i, YJ
ij=1 ij=1

ax.d M 1 M
> . 2 . 2
=0 || 2200 |\ e 2,0

i,j=1

Ak.d
57 Vi Yj)
min; (|| y; [)> M? Z v

The enumerator of Corr(f (P, y), f(P,y)) in (A.5) is esti-
mated by

Ak,d

P . me L ya)2
CoVF(Py) f(P ) 2 =iy iJZ_1<yl, vi)

Ak.d 2
— —— mna i .
S max (i )

Ford > M, ashortcalculation yields Cov(f (P, y), f(P, y))
> (), so that we obtain

. min; (1 I
max; ([1yi )2
~ ming ([ly: D* max; (i)

M
%Zi,j:l()’i’yj)z

Corr(f(P,y), f(P.§

The lower bound Y, _, (v y;)? = M min; (||y[})* yields

. . X 2
Cor(f(P, y), f(P, 5 > =i (il
max; (|| yi |l

M max;(|ly: )

d  min;(|ly:[D?"

Since the correlation is scaling invariant, the choice y =
{xi —xj 1 <i<j<m)with M = 2= implies (2.14)
in Theorem 2.5. Incorporating the correct scaling yields the
following corollary:

Corollary A.1 For a given data set x = {x;}/_, and for

random P € Gy 4 the (co)variances of tvar(Px) (2.4) and
M(P, x) (2.8) are given by

Cov(M(P. ), tvar(Px)) = - (a” HUE

i<jl<r

X X — Xr >2
Pl = x|

—M-*lexl x| )

l<]

2
Xi — Xj,X] fx,->

Var(tvar(Px)) = — (ak L ZZ

i<jl<r

2

S ?
— [lxi — x;l
(M i<j

2
akd Xi — Xj X] — Xp
Var(M(P,x)) = )
P 0= ZZ<HX;‘*X;’II IIXI*xr||>
i<jl<r
_ak‘d
7d s

2d(d—k)

where M = and Ak.d = m

m(m—1)
2

A.2 Proof of the Second Part of Theorem 2.5

For fixed parameters y > 0, o2 > 0, that do not depend on
d,letY] e R4 be a random vector, whose squared entries are
independent, identically distributed with mean EYﬁ ;=M
and variance Var(Yﬁl) =02 forl =1,...,d. We immedi-

ately observe

2y Y2y -
E<ﬁ)—ﬁu, Var<ﬁ>_a.
For any ¢ > 0, Chebyshev’s inequality yields
Y11 1
P gl —Vdu|>co) < —.
Vd c?
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Suppose that Y3, ..., Yy are copies of Y7, not necessarily
independent. Then, the union bound

Y: 112 M
P(‘u—ﬁu > co, forsomei = 1,...,M) <3
Vd ¢
implies that
in. 112 . 11)2
Viu —co < min; (]| ;1) - max; (|| ¥; ) < Vdu+co

va o T Jd

holds with probability at least 1 — % Provided that v/dp #
coand 0 < «/E,u — co, we deduce

Vdp —co _ mini(I1;[)> _ Vdp+co
Vdu+co ~ max(|1Y;i)?* T Vdu —co

o — o °

4 .
‘We can choose ¢ = g d,since) < c <

directly yields
— L . L
g minqyi® 't g
1+ 3/#5 ~max; ([YiD? 71— 3/%7
. o _ uzM
and holds with probability at least 1 ot

min (||¥; )2

It follows directly that maxs (17, 1)

probability for d — oo,
The choice (Y1, ..., Yy} =1{X; —X;: 1 <i < j <m}
implies the second part of Theorem 2.5.

converges toward 1 in

A.3 Calculations for Population Covariances

We notice that || p(x; — xj)||2 = tlrace(px,-xiT — pxjij) isa
polynomial of degree 1 in p. Hence, tvar(px) in (2.4) is also
a polynomial of degree 1 in p. If {p;}]'_, is a 1-design, then
the sample mean of {tvar(p;x), ..., tvar(p,x)} satisfies

1 n
— Ztvar(pzx) = Etvar(Px),
n

=1

which is the population mean of tvar(Px), with P ~ A 4.
Similarly, the term || p(x; — x;) ||4 is a polynomial of degree
21in p, so that (M(p, x))?in (2.8)is a polynomial of degree
2in p. If {p;}}_, is a 2-design, then we derive

2
n

> M1, x)* = [ Y Mpr,x)
=1 j=1
2

=EM(P.x))* —E| > MP.x) | .
j=1

@ Springer

with P ~ Xt 4. In other words, the sample variance of
{M(p1,x),..., M(pn,x)} coincides with the population
variance Var(M (P, x)). Analogously, we deduce that the
sample covariance of (3.5) coincides with the population
covariance Cov(M (P, x), tvar(Px)) with P ~ Ay 4.
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Supervised learning
and dimension
reduction techniques
for quantification of
retinal fluid in optical
coherence
tomography images

Abstract

Purpose The purpose of the present study is
to develop fast automated quantification of
retinal fluid in optical coherence tomography
(OCT) image sets.

Methods We developed an image analysis
pipeline tailored towards OCT images that
consists of five steps for binary retinal fluid
segmentation. The method is based on feature
extraction, pre-segmention, dimension reduction
procedures, and supervised learning tools.
Results Fluid identification using our
pipeline was tested on two separate patient
groups: one associated to neovascular age-
related macular degeneration, the other
showing diabetic macular edema. For training
and evaluation purposes, retinal fluid was
annotated manually in each cross-section by
human expert graders of the Vienna Reading
Center. Compared with the manual
annotations, our pipeline yields good
quantification, visually and in numbers.
Conclusions By demonstrating good
automated retinal fluid quantification, our
pipeline appears useful to expert graders
within their current grading processes. Owing
to dimension reduction, the actual learning part
is fast and requires only few training samples.
Hence, it is well-suited for integration into
actual manufacturer’s devices, further
improving segmentation by its use in daily
clinical life.

Eye advance online publication, 21 April 2017;
doi:10.1038/eye.2017.61

Introduction

Spectral-domain optical coherence tomography
(OCT) is nowadays the most frequently used

Eye (2017), 1-9
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retinal imaging technique in ophthalmology.

It provides good visualization of subretinal

and intraretinal cystoid fluid. Especially
distinguishing between fluid and no fluid or a
fluid increase or decrease between two visits is
important for the administration of anti-vascular
endothelial growth factor therapy. However,
automated quantification of retinal fluid in OCT
images goes beyond evaluation algorithms
provided by manufacturers. When considering
that a regular OCT raster scan has between 128
and 1024 B-scans, this can be tedious and
beyond possibilities of every day clinical routine
( ¢f. Schmidt-Erfuth et all).

Owing to increased computing power, state-
of-the-art methods for several learning tasks
related to image analysis in the applied sciences
are deep neural networks (NNs).2 Deep
convolutional NN, in particular, have already
been applied to fluid quantification in OCT
images (cf. Schlegl®). Deep learning models have
several drawbacks, such as the need for huge
amounts of training data, high training time,
large memory usage, and the complicated
design of a suitable network. A semi-supervised
technique was developed by Zheng et al.*

(see also Chen ef al,® Xu et al,® and Wilkins et al;”
for general learning techniques, we refer to
Grady,® Czaja and Ehler,® Schélkopf and
Smola,!? and Roweis and Saul'!). Here we shall
provide an efficient method with a fast learning
part and low memory needs based on dimension
reduction techniques. Moreover, it shall be easy
to implement, requires only few training data,
and yields good fluid quantification. To meet
clinical needs, we present a fully automated
image analysis pipeline tailored to fluid
quantification in OCT raster image sets. The

(@)
_
=
o
>
-
(7))
|
S
<

"Department of
Mathematics, University of
Vienna, Vienna, Austria

2Vienna Reading Center
and Christian Doppler
Laboratory for Ophthalmic
Image Analysis,
Department of
Ophthalmology, Medical
University of Vienna,
Vienna, Austria

Correspondence:

BS Gerendas, Vienna
Reading Center and
Christian Doppler
Laboratory for Ophthalmic
Image Analysis, Department
of Ophthalmology, Medical
University of Vienna,
Waehringer Guertel 18-20,
Vienna 1090, Austria

Tel: +4314040079310;
Fax: +4314040079320.
E-mail: bianca.gerendas@
meduniwien.ac.at

Received: 26 February 2017
Accepted in revised form:
15 March 2017



Automated identification of retinal fluid
A Breger et al

pipeline is built by five steps that are guided by the
principle of dimension reduction. Our resulting binary
segmentations are compared with the manual annotations
of the expert graders visually and in numbers, illustrating
the strengths and weaknesses of our approach. The
innovative aspect of our approach is the combination of
local and global features in dimension reduction
techniques together with learning methods. Our approach
presents a model applicable for clinical routine and could
be implemented into a OCT device for its every day use.

Methods

The method is designed for a collection of 3D OCT
volumes. For training and evaluation purposes, retinal
fluid was annotated manually in each cross-section by
human expert graders of the Vienna Reading Center
(VRC). Guaranteeing unbiased evaluation, the data were
annotated before the development of the pipeline and
hence independently analyzed. As manual annotation is
very time consuming (~15h per volume), there are few
training data available, that is, binary annotations of
retinal fluid in few cross-sections, which enable the
application of supervised learning techniques.

Our image analysis pipeline is built up from five steps.
To reduce computation costs and minimize required
training data, we focus on the extraction of the necessary
image information contents before entering the learning
stages. More specifically, (1) we compute local features for
each B-scan that enhance specific image characteristics,
while inheriting effective denoising. For each OCT B-scan,
we compute two local features. One results from Gabor
filtering!? and the other one as the solution of a
variational minimization problem!3 resulting in a
piecewise smooth image. These two local features form a
vector-valued image (cf. Local features). (2) We replace
each B-scan with the piecewise constant solution of
another variational energy minimization problem,!*
whose input is the vector-valued image. This solution is
considered as a pre-segmentation, in which darker
piecewise constant areas appear to be associated with
retinal fluid (¢f. Dimension reduction I: pre-
segmentation). We now aim to select those areas by
automated learning an appropriate threshold for each
cross-section, such that segments with pixel values
underneath the threshold represent the fluid. To minimize
computation costs and reduce the required training data
in the learning process, (3) we compute four global
parameters of each cross-section (cf. Dimension
reduction II). (4) We now apply three standard learning
tools (regression, decision trees, and NNs) to estimate the
thresholds from these parameters based on few randomly
selected manual annotations of expert graders serving as
training samples (cf. Supervised learning of the
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thresholds). We then evaluate the trained learning models
on the global parameters of each B-scan of the remaining
test samples. (5) Once the thresholds are estimated, we
use them to threshold the piecewise constant pre-
segmentation images obtaining the final identification of
retinal fluid areas (cf. Thresholding). Steps 2 and 3 are
significant dimension reduction processes enabling faster
learning with fewer training data. We run through these
five steps for each 2D cross-sectional image
independently, yielding the following analysis pipeline:

e Local features (pixel-level):
Compute two features for each B-scan, yielding
vector-valued images.

o Dimension reduction I (pre-segmentation):
Use these vector-valued images to replace each B-scan
with the piecewise constant solution of an energy
minimization problem.

o Dimension reduction II:
Represent each B-scan by few global features (image
level).

e Learning thresholds:
From these global features estimate the thresholds via
standard learning tools.

o Thresholding:
Each piecewise constant B-scan is thresholded to
obtain the final classification of the fluid spaces.

Local features

We extract two local features of each B-scan (see the

first two images in Figure 1). One feature image is
obtained from Gabor filtering (see Supplementary
Equation 1). Gabor filters are well-suited for texture
analysis;'? see also Soares et al'® for applications in retinal
image analysis. The second feature is obtained from the
Rudin-Osher-Fatemi variational energy minimization'®
(see Supplementary Equations 2 and 3). Its solution is a
piecewise smooth image, that is, edges are preserved and
regions between interfaces are smoothed.

Dimension reduction I: pre-segmentation

We now use the vector-valued feature images to replace
each B-scan with the piecewise constant solution of another
variational energy minimization problem, (see Supple-
mentary Equation 4 and ¢f. Mumford and Shah,'® and
Potts.!” We minimize a discrete domain version (see
Supplementary Equation 5) by using the Pottslab matlab
code from the website http:/ /www.pottslab.de (cf. Storath
and Weinmann'4), where an alternating direction method of
multipliers is used.
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Piecewise constant Binary segmentation

Figure 1 Example image showing results after Step 1 (a and b), 2 (c), and 5 (d) of the pipeline (described in Local features, Dimension

reduction I: presegmentation, and Thresholding).

Figure 2 The first and third images show original cross-sections, and the second and fourth the corresponding piece-wise constant
images, which are the basis for the supervised learning (see Dimension reduction I: pre-segmentation).

It is noteworthy that the minimizer is again a vector-
valued image. We use the second channel of the piecewise
constant image, which corresponds to the Rudin—Osher—
Fatemi model, see Figure 2. Indeed it yields
pre-segmentations in which retinal fluid appears as dark
regions and boundaries seem preserved well. Thus, it
seems reasonable to threshold the piecewise constant
image to divide the piecewise constant images in two
regions: white (presence of retinal fluid) and black
(absence). As annotations from human graders are
available, supervised learning techniques can be used to
estimate the magnitude of appropriate thresholds.

Dimension reduction 11

In order to learn the thresholds, we need to specify the
parameters of the piecewise constant image that actually
characterize the thresholds magnitude. We observed that
the threshold is mainly influenced by few global image
parameters (mean, variance, infimum, and median).
Therefore, we associate just these four global features of
the region of interest (ROI) with each piecewise constant
image that are used as input for subsequent learning.

Supervised learning of the thresholds

We split our cross-sections into training and test samples.
As training data, we use few randomly chosen 2D slices

and test it on all remaining cross-sections. First, we
manually determine thresholds f; € [0, 1] as target values,
based on the optimal fit with the graders” annotations.
To estimate thresholds from four global features (see
Dimension reduction II), we make use of three learning
techniques: regression, random forest, and three-layer NNs
(¢f. Bishop,'® and Witten and Frank'® for more details). The
target thresholds {#;} are used to train these learning models.
We obtain the remaining thresholds for the test data set,
which is disjoint from the training data, by evaluating the
trained learning model on the global features of the test
samples. The machine learning and NN toolbox of
MatlabR2015a is used for the learning computations.

Thresholding

The last step of our pipeline is to threshold all the computed
pre-segmentations (see Dimension reduction I: pre-
segmentation) of the test set by the evaluated thresholds.
Those segments with values less than the threshold are
classified as retinal fluid (see right image in Figure 1).

Test data

Our proposed analysis pipeline is tested on imaging data
provided by the VRC. The VRC has analyzed millions of
images, mainly from OCT, recorded in multi-center

clinical trials with many hundred different study sites all
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Table 1 Evaluation of classification and volume quantification for the different learning methods and the random training data sets

Classification (image-wise) ADM data DME data
Regression ~ RF (12 trees) NN (20 HU)  Training  Regression — RF (7 trees) NN (5 HU)  Training
Correctly classified (mean) 72% 70% 73% 88% 75% 72% 76% 87%
Sensitivity 0.69 0.66 0.72 0.83 0.77 0.74 0.77 0.95
Specificity 0.75 0.74 0.74 0.95 0.63 0.67 0.70 0.65
Quantification (pixel-wise)
Dice coefficient 0.54 0.50 0.53 0.63 0.41 0.47 0.50 0.59
Difference vol in mm? (0.22,0.15)  (0.24, 0.10) (0.24, 0.12) (0.47,0.18) (0.25,0.07) (0.31, 0.03)

(mean, variance)

Abbreviations: ADM, age-related macular degeneration; DME, diabetic macular edema; HU, hidden units; NN, neural network; RF, random forest.

over the world in a standardized manner over the past
decade. We shall work here with two separate OCT data
sets, the first corresponds to 38 patients suffering from
neovascular age-related macular degeneration (AMD),
where OCT images are taken at the very start of the
treatment initiation (ie, all are baseline images). The
second data set relates to 16 patients suffering from
diabetic macular edema (DME) with different severity of
edema selected randomly from a trial database within the
VRC. All OCT images were recorded by a Cirrus OCT
camera (Carl Zeiss Meditec, Dublin, CA, USA). We will
test the pipeline on both data sets independently.

Results

For each patient of the two data sets, the recorded retinal
image data yields a three-dimensional (1024 x 512 x 128)
matrix, that is, the volume data consists of 128 cross-
sectional images of one patient’s retina of one eye each of
the size (1024 x 512). We cut out scaled images of the size
(512 x 512) that include the RO], that is, the region between
the inner limiting membrane and the pigment epithelium
cells, which is the retina (see Garvin et al20 and Haeker et al?!
for retinal layer segmentation). This halves the amount of
pixels of each 2D image without loosing any information.
Retinal fluid was annotated in each of the 4864 =38*128
and 2048 =16*128 cross-sections manually by human
expert graders of the VRC, provided as binary image sets.
Using professional drawing tablets, all annotations were
performed B-scan-wise. The time required to annotate a
typical OCT volume was ~ 15 h. In total, five readers and
three board-certified supervisors, who corrected errors if
required, participated in the annotation procedure. Each
reader underwent a standardized training before annotating
the study data set (see Waldstein et al?*> and
Varnousfaderani et al?® for more details).

The results of our fully automated quantification of
subretinal and intraretinal cystoid fluid highly depend on
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the quality of the piece-wise constant pre-segmentation.
Table 1 shows good binary segmentation outcomes for both
data sets when we use the optimal threshold on the piece-
wise constant training data and compare it with the graders’
annotations. It is noteworthy that sensitivity, specificity, and
dice coefficients from the training sets (see Table 1) serve as
the baselines for evaluations on the test data.

Qualitativelvisual evaluation

In Figure 3, we show original OCT images on the left, next
to the same images with the retinal fluid annotated by
human expert graders in the center. On the right, we
provide the output of our image analysis pipeline, which
is our resulting binary segmentation. In these selected
cases, retinal fluid locations are relatively unambiguous
and graders” annotations are consistent with the visual
impressions. Our segmentations coincide well with the
graders’ annotations.

The human expert graders annotate each cross-section
separately, which leads to inconsistencies in few subsequent
cross-sections that appear almost identical.

In Figure 4a, we see that similarly looking cross-sections are
annotated differently by human graders, whereas our
algorithm identifies retinal fluid consistently in both cases.
Which is clinically correct in this case remains unclear,

as the fluid can be hidden by other pathologic structures
and the human annotations always leave a little room

for subjectiveness and interpretation, even when high
standards for objectivity are set. In any case, a consistent
result is important and this can only be achieved by the
algorithm. Retinal vessels cast shadows in OCT, attenuating
the signal underneath and yielding darker regions in the
original images. It should be noticed that, without further
substeps involved, such regions get marked incorrectly by
our pipeline (cf. Figure 4b).
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Figure 3 Final binary segmentation results are shown: (left) original image, (center) graders” annotations, and (right) pipeline output.

Quantitative evaluation Two types of quantitative evaluations are considered.

. . We refer to classification when we aim to detect cross-
In Table 1, we compare our resulting binary

. . . i h i inal fluid, that i h 2D -
segmentations with the manual annotations of the expert sections that contain retinal fluid, that s, eac cross

graders serving as the reference of quality. section is globally classified into either presence or

absence of retinal fluid. We refer to volume

Eye
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Figure 4 Some challenges of the processing: (a) similar looking images are annotated differently by human graders, whereas our
algorithm identifies retinal fluid consistently in both cases. Row 1 and 2: (left) original image, (center) graders” annotations, and (right)
pipeline output. (b) Shadows from vessels are marked wrong by our pipeline. Row 3: (left) original image, (center) graders” annotations,

and (right) pre-segmentation.

quantification when comparing the pipelines output in
the ROI pixel-wise with the graders” annotations in each
cross-section. Classification and volume quantification
are compared for the two data sets separately.
Comparing the three different learning techniques
sensitivity and specificity for classification are at the
same level. The NNs are above the 70% bound for both
data sets. For volume quantification, regression lacks
behind on the DME data. NNs, on the other hand, yield
good success rates with dice coefficients bigger than 0.5
for both data sets.

We also provide mean and variance difference between
the manual annotations and our quantified retinal fluid
volume in mm?®, where camera specifications yield that
one pixel translates to ~#10~°® mm?®. The corresponding
Bland-Altmann plot in Figure 1 of the Supplementary
Material shows reasonable agreement between
annotations and computed segmentation for the volume
quantification using the NNs.

Eye

Computational resources

The run-time in MatlabR2015a for one OCT volume
(128 B-Scans) on a 2.2 GHz Intel Core i7 processor with
16 GB RAM is ~45 min. The vector-valued minimization
(Supplementary Equation 5) is the most time-consuming
part (43 min), which is independent from the actual
learning taking less than a second.

Discussion

The development of our pipeline was guided by the idea
of dimension reduction in order to simplify the actual
learning part. Although the pre-segmentation is the first
dimension reduction by significantly quantizing the
intensity range of the image, the most extensive
dimension reduction stems from learning the thresholds
from four global features per cross-section. It seems that
the threshold effectively only depends on global statistics



of the pre-segmentation, enabling cheap and fast learning.
The second step covers the essential image information.
Gabor filtering takes care of texture and the Rudin—
Osher—Fatemi model enhances edges, while denoising
between interfaces. The subsequent piecewise constant
energy minimization yields a pre-segmentation and is
the basis for final binary segmentation through
thresholding. We have seen that this pre-segmentation is
sufficiently rich, so that optimal thresholding on the
training data yields regions that coincide well with the
provided manual annotations. The pre-segmentation is
time-consuming relative to the other pipeline steps.
Faster pre-segmentation methods are availabe but the
piecewise constant minimizer of (Supplementary
Equation 4) yields the best results for our concerns

at the moment.

There is a beneficial interaction between features, pre-
segmentation, dimension reduction, and threshold
learning, which yields convincing results. For each
patient set, we used only 100 randomly selected B-scans
as training samples for evaluating the pipeline on the
remaining cross-sections yielding 4764 (AMD) and 1948
(DME) test samples. It is a big benefit that only few
manually annotated training data are needed in our
pipeline, as large amounts of manual annotations are
often not available. Our image analysis pipeline for
quantification of retinal fluid in OCT has the potential
to significantly support human expert graders. By our
automated classification into presence or absence of
retinal fluid, graders can disregard a large subset of
B-scans speeding up the manual grading process.

Our results for the detection yield sufficient sensitivity
and specificity rates, so that its integration into the
grading process seems useful. Especially considering
the growing number of B-scans and details in each
B-scan due to higher resolution in all scan directions,
automated analysis methods will be needed in
ophthalmology. Here, it is of greatest importance to
have semi-automated segmentation tools for the
validation of proposed automated methods. Our
method will speed up the annotation in a reading
center setting by giving a fast first attempt as the
basis for manual annotation correction, or within the
frame of clinical routine, giving the ophthalmologist a
quick first result for the interpretation of the scan. When
compared with other commonly used computerized
evaluation in biomedicine, such as automated
interpretation of electrocardiograms, our pipeline
appears definitely competitive (cf. NAMEstes?* and
Wetherell?).

Concerning our automated quantification of retinal
fluid, we saw in Results that visual comparison of our
results with the graders” annotations appear convincing.
For high-quality manual annotations, our segmented
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regions coincide well. However, earlier studies have
shown that inconsistencies between graders are normal
to a certain percentage and we can only aim at the
same inter-grader reproducibility such as the reported
human inter-grader variability (cf. Varnousfaderani®?).
In Figure 4a, cross-sections appear similar but graders’
annotations differ. Medical experts confirm
inconsistency and our automated approach delivers
consistent segmentations in that case. Taking away
subjectivity by using automated segmentation is of
particular importance when it comes to tracking retinal
fluid changes in patients over time. Such deviations from
the annotations also contribute to the error rates in the
quantitative evaluation (Table 1). Further falsely
segmented areas are due to vessel shadows, which can
easily be removed by human graders” when our pipeline
is used as a supporting tool as indicated above. For a
fully automated quantification, vessel shadows should
be taken care of in additional processing steps (cf. Girard
et al2® Wu et al,%” and Ehler et al).28 When our pipeline is
tested on a larger consistently annotated data set and
adapted to the removal of false positives due to vessel
shadowing, it could be used as an analysis tool in an
OCT device. Many of today’s device algorithms (eg, for
retinal thickness segmentation) can show errors in severe
pathologic cases and clinicians” feedback corrections of
the device software are needed. Owing to our fast
learning time, we can even envision to improve our
algorithm by using segmentation corrections of
clinicians for new learning sets centrally at the device
manufacturer further improving by its use in daily
clinical life.

In comparison with other automated retinal fluid
quantification attempts in the literature, our pipeline’s
learning step is exceptionally efficient due to dimension
reduction. In Chen ef al,® k-nearest neighbor learning
with #50 dimensional feature vectors is combined with
graph cuts for voxel-based fluid segmentation. Our
dimension reduction methodology combined with
learning is pixel based and requires only two features.
In contrast to Xu et al,® we do not require a full retinal
layer segmentation and reasonably smooth fluid
boundaries are guaranteed by thresholding our specific
pre-segmentation. As opposed to Zheng et al * we do
not require any human interaction during the analysis
procedure. Cystoid macular edema has been identified
in Wilkins et al” by an automated segmentation based
on bilateral filtering and thresholding. The bilateral
filtering shares similarities to the Rudin—-Osher-Fatemi
model, but we do not directly threshold; instead, we
make a detour by computing a reasonable pre-
segmentation. The algorithm in Wilkins et al” uses
orders of magnitude more training data and is more
empirically tailored to their specific data set. Their test
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data are few manually selected cross-sections and

the results were evaluated afterwards manually,

so that there seems a chance that the expert annotations
are not fully unbiased from the computational results.
Our pipeline works well on two independent data

sets with different retinal diseases and we just use
about 2 and 5% of the data sets for training,
respectively. Any potential bias in graders’” annotations
from our computational results is avoided in the

first place as the pipeline development was started
after the annotations were performed. In addition,

the VRC, as an independent and unbiased institution
for the standardized evaluation of many multicenter
clinical trials (including drug licensing trials) is

used to blinding of image graders and supervisors

to the purpose of their evaluation when

needed.

Deep convolutional NNs have been successfully
applied to detect subretinal and intraretinal cystoidal
fluid.® However, deep learning requires large amounts
of training data. In Lee et al,? central OCT scans are
linked to electronic medical records enabling the
application of deep convolutional NNs. There, 80 839
training samples are used to distinguish between normal
and AMD scans in 20 163 validation samples. Beyond
classification, our target is fluid quantification. As the
amount of accurate pixel-wise fluid annotations is
often limited, we aimed to learn efficiently and use
only 100 training and 4764 validation samples in AMD
patients.

In conclusion, we have demonstrated that our image
analysis pipeline yields good automated retinal fluid
quantification in OCT images and our visual results
could be useful to expert graders within their current
grading processes. The pipeline is based on dimension
reduction techniques with a fast learning part and low
memory needs. Furthermore, it requires exceptionally few
training data and is sufficiently versatile for further
adjustments in the sense that current steps allow for
modifications and additional steps can easily be inserted.
The successful interplay of enormous dimension
reduction with relatively elementary learning techniques
is remarkable.

We envision several aspects for future work; for
instance, we will incorporate artifact removal from
vessel shadows by integrating ideas from Girard
et al?627 and Wu et al?” Moreover, so far, graders at the
VRC annotated each OCT cross-section separately,
dismissing the full spatial correlations of the 3D
volumes. All of our pipeline steps are either already
available or can be implemented in higher dimensions,
so that we plan to perform segmentation in 3D directly.
However, suitable 3D annotations are needed (cf.
Figure 4a), but are not easy to consistently annotate

Eye

even for an experienced grader or retinal specialist.
Both, vessel shadow removal and 3D implementations
are work in progress.

Summary

What was known before
e Automated OCT image analysis is the future in
ophthalmology.
® Fluid regions are regions of interest for macular OCT
evaluation.
® Many algorithms published until now use large
computational time and are not feasible in clinical routine.

What this study adds
e Validated algorithm for retinal fluid identification in the
two main retinal diseases (neovascular AMD and DME).
o Comparison with standardized reading-center controlled
manually annotated OCT data.
® Fast learning part allows use in clinical routine.
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Supplementary Material: Supervised learning and dimension reduction techniques
for quantification of retinal fluid in optical coherence tomography images

1. LOCAL FEATURES

1.1. Gabor filter. For x € R?, a Gabor filter is given by
) I, (x) = §(DgRex)e H(10) Ra)

2., . . . .

where g(x) = e~ MI” is the Gaussian window function, A is a frequency (wavelength) pa-
rameter, and &, ¢ correspond to rotation (orientation) and anisotropic dilation with the
rotation and dilation matrices

cos(a) —sin(o o2 0
Ro = (sin((oc)) cos(Sx))) ’ Do = < 0 aé) ’
respectively. The 2D Gabor filter can be viewed as a Gaussian window modulated by a
complex sinusoidal plane wave of particular wavelengths and orientations. By choosing
different wavelengths and orientations one creates a filter bank, in which each channel re-
lates to different textures of the image. Here, we choose the maximum across all channels,
while using 3 wavelengths A and 5 orientations & with the scaling 6 = 1/A yielding one

single feature image. For further mathematical background on Gabor and time-frequency
analysis, we refer to [1], [2].

1.2. Rudin-Osher-Fatemi variational energy minimization [3]. For some initial image
z:Q — R on a continuous region Q C R? and y > 0, we aim for

@ argminy- |Duli+ | (ulx) =)

where the minimization is over all functions # with bounded variation and Du denotes the
weak derivative. The second term provides approximation to the original data and the first
term enforces smoothness between interfaces. The parameter y controls the balance be-
tween the two penalties. To actually process images, a suitable discretization is necessary.
Indeed, for a given discrete n x m image z with values in R, the discrete domain version is
given by

3) arg min Y % (uij —zi)* + Y\/(éju)?j + (Syfu)%j + B2,

ij

ucRm>m

with B > 0 small and discrete differential operators (8, u);j := (u(;41y; —uij) and (8, u);; :=
(ui(j+1) — uij), see [4] for further details and a suitable fixed point iteration for the actual
minimization.

2. DIMENSION REDUCTION I: PRE-SEGMENTATION

For some initial image z : Q — R” on a continuous region  C R? and y > 0, find the
piecewise constant minimizer of

4) argmin y.||Vu||0+/Q(u(x)—z(x))zdx,

where u : Q — R’ denotes a bounded piecewise constant function and ||[Vul|o the total

boundary length of its partitioning, cf. [5], [6], [7] for details. The second term provides

approximation to the original data and the first term enforces the partitioning. Again the

parameter Y controls the balance between the two penalties. In [7] a fast strategy for solving
1



a discretization of (3) is presented. For a given discrete n x m image z with values in R”
the discrete domain version is given by

(5 argmin - Y Y 0w (Ui # ivajin) + Y i —zijel?,
ueRmmxr 5 pen ik

where ; ; . denotes the label vector of u at the pixel (i, j), N denotes a neighborhood system
with nonnegative weights @ and the Iverson bracket [-] equals one if the expression in the
bracket is true and zero otherwise.

3. BLAND-ALTMAN PLOT
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FIGURE 1

Bland-Altman plots of the volumes for the NN quantification results (left) AMD, (right)
DME with lines showing the bias (blue) with 42 standard deviations (red).
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Abstract. Segmenting anatomical structures such as the photoreceptor
layer in retinal optical coherence tomography (OCT) scans is challeng-
ing in pathological scenarios. Supervised deep learning models trained
with standard loss functions are usually able to characterize only the
most common disease appearance from a training set, resulting in sub-
optimal performance and poor generalization when dealing with unseen
lesions. In this paper we propose to overcome this limitation by means
of an augmented target loss function framework. We introduce a novel
amplified-target loss that explicitly penalizes errors within the central
area of the input images, based on the observation that most of the
challenging disease appearance is usually located in this area. We exper-
imentally validated our approach using a data set with OCT scans of
patients with macular diseases. We observe increased performance com-
pared to the models that use only the standard losses. Our proposed loss
function strongly supports the segmentation model to better distinguish
photoreceptors in highly pathological scenarios.

1 Introduction

Supervised deep learning techniques have revolutionized the field of medical
image segmentation [1], particularly with fully convolutional neural network ar-
chitectures such as the U-Net [2]. To learn these networks, a loss function L is
optimized using gradient based approaches and backpropagation. This function
is usually defined in terms of metrics that quantify the discrepancies between a
trustworthy /ground truth labelling and the predicted segmentation.

In this typical framework a loss function is not explicitly tailored to aim for
a specific feature in the target space. Hence, the network firstly learns the domi-
nating characteristics of the target images in the training set, and its remaining
capacity is gradually devoted to characterize other less prevalent target features.
This becomes an issue when dealing with highly pathological data, where lesions
or disease appearance might significantly differ between patients. To overcome

* equal contribution
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this limitation, some authors proposed to train segmentation models using a lin-
ear combination of different losses such as cross-entropy and Dice [3]. However,
these metrics are still computed from the same target representation, so they do
not enhance a specific target feature. In this paper we propose to extend this
idea by using the framework of augmented target loss functions, introduced in [4].
Rather than relying on a single or a linear combination of loss functions defined
on the original prediction and target space, Breger et al. [4] proposed to compute
the loss on alternative representations of the predictions and targets, obtained by
applying differentiable transformations 7" that enhance specific characteristics.

This paper focuses on the application of an augmented target loss function
for photoreceptor layer segmentation in retinal optical coherence tomography
(OCT) scans of patients with macular diseases. OCT is the state-of-the-art tech-
nique for imaging the retina, as it brings volumetric information through a stack
of 2D scans (B-scans) at a micrometric resolution [5]. Ophthalmic disorders such
as diabetic macular edema (DME), retinal vein occlusion (RVO) and age-related
macular degeneration (AMD) gradually affect photoreceptors while progressing.
The abnormal accumulation of fluid due to these diseases significantly alters
the retina, eventually leading to photoreceptor cell death. This last characteris-
tic can be noticed through OCT imaging: first as a pathological thinning of the
photoreceptor layer, and more lately as complete disruptions on it (Fig. 1, right).
It has been observed that these abnormalities are highly correlated with focal
vision impairment [6] and visual acuity loss when located at the central area of
the retina [7]. Hence, the automated characterization of the morphology of the
photoreceptor layer is relevant for efficient quantification of functional loss.

In this paper we build on top of the architectural innovations proposed in [8]
by training such a model using an augmented target loss function. Fitting the
framework we introduce a novel amplified-target loss that induces further penal-
ization to errors within the central area of the B-scans. As the most challenging
pathologies are usually observed at the central area of fovea-centered OCT scans,
our hypothesis is that incorporating this loss function as a kind of regularizer
enforces the network to better characterize disease appearance. We validate our
approach using a series of OCT scans of patients with AMD, DME and RVO.
Our results empirically show that the proposed loss functions improve the perfor-
mance within the central millimeters of the retina compared to using traditional
losses without compromising the performance in the entire volume.

2 Methods

2.1 Augmented target loss functions for image segmentation

In a supervised learning problem we aim to learn a function f with fy(z) =~ y,
where 6 denotes the free parameters and S = {(z,y)?},1 < i < N is a given
training set with pairs of inputs z and ground truth labels y. In the context
of image segmentation, x corresponds to an input image, y and ¢ are manual
and predicted segmentations and fy is some segmentation model (e.g. a fully
convolutional neural network such as the U-Net [2]).
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Fig. 1. Left: scanning laser ophthalmoscopy (SLO) of a patient with RVO. The square
indicates the area captured by the OCT volume and the rings represent the central
subfield (CSF) and the 3 and 6 central millimeters (3 CMM and 6 CMM). The blue line
highlights the B-scan showed in the right side. Right: CSF B-scan with photoreceptor
layer annotation (green) with (a) disruptions and (b) abnormal thinning. The red
heat map represents the weighting strategy applied in our loss function. The central
coordinate of the image is indicated with the yellow dotted line, and a profile of the
weighting strategy is illustrated on top of the B-scan.

To adjust the weights 0 from the chosen network structure fy, a loss function
L is minimized using gradient based optimization. L is a piecewise differentiable
loss function, e.g. cross-entropy (CE) or mean squared error (MSE), that mea-
sures the pixel-wise differences between § and y. In standard settings no specific
areas of the images are penalized more than others. Thus, the parameters 6 are
mostly adjusted to characterize those features from the training set that have
the most impact on the overall loss. Although this might be helpful to segment
healthy anatomy, in pathological scenarios the network will overfit the prevalent
features unless explicit regularization is imposed during training.

Here, we propose to use the framework of augmented target (AT) loss func-
tions, introduced in [4]. These losses take into account prior knowledge of target
characteristics via error estimation in transformed target spaces. The framework
can be applied to any supervised learning problem based on loss optimization
where additional information about the target data is available, provided it can
be formulated as a transformation function 7'. The transformation may corre-
spond to any piecewise differentiable function on the target space that yields a
more beneficial representation of some known target characteristic.

Following [4], the AT loss functions Lat is a linear combination of losses
applied to transformed targets. Its general form is:

d
Lar =Y N L ({T5(ya) b {T5(5:) 1), (1)

Jj=1



4 Orlando & Breger et al.

where A; > 0 corresponds to some weight, T; to a specific transformation and
L7 to some loss function, for all j € {1,...,d}.

Setting typically T} to the identity and L' to a standard loss, the additional
terms in the Lar loss act as amplified target information, yielding a new opti-
mization problem:

d
0= argemin{)\l Ly ({yitis {8:}:) + Z/\j D (T ()} AT5(00)}:), - (2)

where the weights A; and {)\j}?:Q control the balance between the main loss
and the regularization terms respectively.

2.2 Amplified-target loss functions for photoreceptor layer
segmentation

We experimentally study the AT loss function framework in the context of pho-
toreceptor layer segmentation in pathological OCT scans. We tailor a so called
amplified-target loss in which a transformation T is designed to bring an in-
creased penalty to errors within the central area of the images. This loss is
intended to incorporate the prior knowledge that abnormalities such as patho-
logical thinnings and disruptions of the photoreceptor layer are more common
in the central millimeters of the foveal area. To do so, we define a transforma-
tion T'(y;) = W ® y;, where ® denotes the Hadamard (entrywise) product, y;
corresponds to the given binary targets and W represents a weighting matrix
that encodes a penalization weight for errors. This operation can analogously
be applied to the predictions ;. Fig. 1 graphically illustrates the design of the
weighting matrix W. Formally, we define W = G, * V', where G, stands for a
Gaussian filter with standard deviation . We define V' as:

3)

vl for 79 < i <4y and all j,
s 1 otherwise,

where w denotes the maximum weight assigned to the central area and [ig, i1] is
the horizontal interval of the image that is amplified. The Gaussian filter G, is
used to smooth the penalization factor within the edges of the interval.

Following the formulation in (2), we can then redefine our empirical risk
minimization problem as

0= argemin{/\l L ({yidi Aids) + 22 - L2({W 0 widi AW © 3:},)}, (4)

where we choose A1, A2 € R and L' = L? as CE or MSE losses.

3 Experimental setup

3.1 Materials

Our method was trained and tested on an in-house data set with 53 Spectralis
OCT volumes of patients suffering from DME (16), RVO (27) and AMD (10).
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Each image comprises 496 x 512 pixels per B-scan, 49 B-scans per volume. All the
B-scans were manually annotated by certified readers under the supervision of
a retina expert, who modified the labels when necessary to obtain ground truth
segmentations. The set was randomly divided into a training, a validation and a
test set, each of them with 34, 4 and 15 scans, respectively, with approximately
the same distribution of diseases and percentages of disrupted columns per B-
scan (or A-scans).

3.2 Network architecture and training setup

We used the photoreceptor segmentation network described in [8] in our experi-
ments (note that any other architecture could be applied within our framework).
We used as baselines CE and MSE comparing it to the adapted AT loss.

Every configuration was trained at a B-scan level with a batch size of 2 im-
ages, using Adam optimization and early stopping. Hence, training was stopped
if the validation loss did not improve for the last 45 epochs. The learning rate
was set to n = 0.0001, and divided by 2 if the validation loss was not improved
during the last 15 epochs. Data augmentation was used in the form of random
horizontal flippings. Binary segmentations were retrieved as in [8] by threshold-
ing the softmax scores of the photoreceptors class using the Otsu algorithm.

4 Results and Discussion

We evaluated the performance for segmenting the photoreceptor layer using the
volume-wise Dice index, at the CSF, the 3 CMM, the 3-1 ring and the full volume
(Fig. 1, left). All the experiments with our AT loss functions were conducted
using fixed values for o = 11—6X, ip = +X and i; = 3X (with X = 512 being
the horizontal size of the B-scans, in pixels), without optimizing them on the
validation set. Different configurations for w = 2,k € {1,...,5} and A\; and A €
{0.001,0.01,0.1,1,2,4,8 } were analyzed, and the best configuration according
to Dice index on the validation set was then fixed to allow a fair comparison on
the test set. From this model selection step, we observed that w = 8, \; = 1 and
Ao = 8 reported the best performance for the AT loss with categorical cross-
entropy (CE), and w = 32, Ay = Ay = 1 for the AT loss with mean square error
(MSE).

Fig. 2 depicts boxplots with the quantitative performance of each model on
the test set, compared with their corresponding baselines trained only with CE
and MSE, for each evaluation area. The mean and standard deviation values of
the Dice index are presented in Table 1. The incorporation of the AT loss allows
to perform consistently better in all the cases, with the best results reported
by the MSE loss. Statistical analysis using one-tail Wilcoxon sign-rank tests
at a significance level @ = 0.05 showed that the model trained with MSE +
AT loss reported significantly higher Dice values in the CSF area compared to
using CE + AT loss or only MSE (p < 0.0171). These differences were not
statistical significant with respect to the model trained with CE (p = 0.1902).
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Fig. 2. Volume-wise Dice values for all the evaluated models and our proposed approach
in each evaluation area. Circles indicate mean values. CSF: central subfield (1 central
millimeter). 3 CMM: three central millimeter. 3-1 ring: area between CSF and 3 CMM.

Table 1. Volume-wise mean + standard deviation Dice values in the test set for each
photoreceptor segmentation model and the different areas.

Method | CSF | 3CMM | 3-1ring [Full volume
CF loss 0.622 0.691 0.708 0.820
+0.271 + 0.242 + 0.242 +0.118
CE + AT loss 0.656 0.718 0.732 0.828
(CE,w=8 XA =1, =8 | +0.256 | +0.218 + 0.218 + 0.100
0.560 0.707 0.727 0.835
MSE loss +0.303 +0.223 +0.223 + 0.096
MSE + AT loss 0.708 0.749 0.760 0.821
(MSE, w =132, A\ =X =1) | +0.254 | =+0.215 + 0.213 +0.102

When comparing the Dice values at the 3-1 ring, the MSE with AT loss model
reported statistically significant better results than using only CE or MSE (p <
0.0042), which is consistent with its behavior in the 3 CMM (p < 0.0416).
No statistically significant differences in performance were observed at the full
volume level (two-tails test, p > 0.0730).

We qualitatively analyzed the segmentation and score maps using the CE
and MSE combined with the AT loss. Fig. 3 depicts segmentation results in a
central B-scan from the test set, with score maps represented as heatmaps. Using
MSE produces noisy scores within the lateral areas of the B-scans, and therefore
spurious elements in the segmentation. CE, on the contrary, results in smoother
score maps, although with few false negatives in the vicinity of subretinal fluid.
This behavior is linked to the one observed in Table 1, where the MSE + AT
loss model reported higher Dice in the central area than using CE, and smaller
values in the full volume. The model trained with only MSE performs poorly in
the CSF, the 3 CMM and the 3-1 ring, which indicate that it struggles to deal
with pathologies. Similarly, the high performance at a volume level indicates that
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Fig. 3. Qualitative effect of the loss selection in the pixel score values. From left to
right: manual annotation (green), score map (orange) and binary segmentation (yellow)
obtained with MSE + AT loss (MSE, w = 32,A\1 = A2 = 1) and CE + AT loss (CE,
w=28, A1 =1, A2 =38).

it can better characterize normal appearances. When using MSE + AT loss, a
significant reduction in the amount of false negatives occurs at the central areas.
However, as mentioned before, the score maps are noisy at the borders of the
B-scans, which causes a drop in the full volume Dice. The model trained with
CE + AT loss is less accurate at the center than the one trained with MSE +
AT loss, but it still outperforms the baseline approaches. Moreover, at a volume
basis the CE + AT loss remains competitive with respect to the one trained only
with CE loss.

Finally, Fig. 4 presents qualitative results in exemplary central B-scans from
our test set obtained both by the models trained with CE only and with CE
+ AT loss. Our approach produced more anatomically plausible segmentations
than the standard CE loss in pathological areas with subretinal fluid (Fig. 4 (a)
and (b)) or large disruptions (Fig. 4 (c)).

5 Conclusions

In this paper we proposed to use the framework of augmented target loss func-
tions for photoreceptor layer segmentation in pathological OCT scans. We define
an amplified-target loss incorporating a transformation that weights the central
area of the input B-scans to further penalize errors committed in this region.
We experimentally observed that this straightforward approach allows to sig-
nificantly improve performance within the central millimeters of fovea-centered
OCT scans, without affecting the overall performance in the entire volume. These
results indicate that the proposed AT loss function acts as a form of regulariza-
tion, better characterizing photoreceptors appearance within highly pathological
regions. We are currently exploring new alternatives to identify the regions to
weight and to learn their corresponding weights. Further experiments are also
performed to evaluate our approach in the context of other OCT based applica-
tions such as fluid segmentation and using OCT scans from other vendors.
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Fig. 4. Qualitative results in central B-scans from the test set. From left to right:
manual annotations (green), results with only CE loss (blue) and results with CE +
AT loss (CE, w = 8, \1 = 1, A2 = 8).
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Abstract

MRI signal acquisition with multiple coils in a phased array is nowa-
days commonplace. The use of multiple receiver coils increases the signal-
to-noise ratio (SNR) and enables accelerated parallel imaging methods.
Some of these methods, like GRAPPA or SPIRIT, yield individual coil
images in the k-space domain which need to be combined to form a final
image. Coil combination is often the last step of the image reconstruction,
where the root sum of squares (rSOS) is frequently used. This straight-
forward method works well for coil images with high SNR, but can yield
problems in images with artifacts or low SNR in all individual coils. We
aim to analyze the final coil combination step in the framework of linear
compression, including principal component analysis (PCA). With two
data sets, a simulated and an in-vivo, we use random projections as a
representation of the whole space of orthogonal projections. This allows
us to study the impact of linear compression in the image space with di-
verse measures of reconstruction accuracy. In particular, the Ls error,
variance, SNR, and visual results serve as performance measures to de-
scribe the final image quality. We study their relationships and observe
that the Lo error and variance strongly correlate, but as expected min-
imal L2 error does not necessarily correspond to the best visual results.
In terms of visual evaluation and SNR, the compression with PCA out-
performs all other methods, including rSOS on the uncompressed image
space data.



1 Introduction

Magnetic Resonance Imaging (MRI) is a unique medical imaging modality that
provides excellent image quality without ionizing radiation, but on the other
hand is relatively slow. The acquired data, sampled in the k-space domain,
corresponds to the Fourier transform of the spatial-domain MR image. To
reconstruct an accurate MR image, the total amount of k-space data that must
be acquired to avoid reconstruction artifacts is dictated by sampling theory.

A turning point in MRI reconstruction was the implementation of phased-
array coils in the acquisition pipeline. With phased-array coils, the k-space data
is acquired in multiple receivers/coils simultaneously. On top of increasing the
signal-to-noise (SNR) ratio, a phased-array coil acquisition allows accelerating
the total acquisition time [22]. These methods, known as Parallel Imaging
(PI) methods, exploit the fact that there exist complementary k-space data
information in each coil/receiver. In PI, the k-space data set is undersampled,
but the multiple measurements allow missing k-space samples to be recovered
through an inverse problem reconstruction framework. See [14] for an overview
of basic reconstruction algorithms for PI and their history.

The computational costs and required memory of the reconstruction algo-
rithms highly depend on the dimension of the phased array, i.e. the number
of receiver coils. Several coil compression methods have been developed that
reduce to a smaller set of virtual channels without a significant loss of SNR,
see e.g. [29],[8],[26]. Moreover, PCA-based methods have shown to even have a
beneficial denoising effect, e.g. [6]. In [5], the optimal linear projection for coil
compression based on the resulting SNR is derived. Note that this is related to
our analysis approach, but we work in the image domain instead of the k-space
domain.

After the obligatory compression step, PI reconstruction methods can be
applied and generate results in different output spaces. Some of the methods
operate in the image domain, e.g. SENSE [20]. Other methods operate in the k-
space domain and generate a fully-sampled k-space array per each receiver/coil,
e.g. GRAPPA or SPIRIT [15, 19]. To form a spatial-domain image that can be
used for analysis, quantification, or visualization purposes, the k-space domain
data is inversely Fourier transformed and the resulting individual coil images
need to be combined into a single final image.

In [22], optimal methods to combine the arrays from phased array elements
have been developed. These methods rely on detailed knowledge of the receive
sensitivity of each coil. In practice, the exact position and sensitivity of each
coil is not always known or not possible to estimate because of physical lim-
itations. To overcome this issue, a method that combines the data without
detailed knowledge of the coils, while preserving a high SNR, is desirable. Be-
cause of this, the root sum of squares (rSOS) method has become the standard
method of combining multi-coil images in MRI [22, 25]. For arrays with high
SNR, the rSOS yields nearly optimal reconstruction, whereas problems arise
if all coils yield low SNR. Especially data with artifacts are problematic since
rSOS weights them equally to the non-defective parts.



Noise is ever present in MRI imaging and is dominated by two sources: ther-
mal noise in the receiver apparatus and the physiological noise from patient’s
body itself. Moreover, the SNR in the coil images depends highly on the field
strength, scanner hardware, and data acquisition modality (e.g. T1/T2/diffusion
weighted). Extensive statistical noise analysis can be found in [1]. In [24, 18],
PCA was used to jointly reconstruct multi-coil data from diffusion MRI exploit-
ing the expected redundancy of data acquired with different gradient directions.
Under the framework of random matrix theory, authors derived practical rules
to accurately nullify noise-only principal components. This way, dMRI data can
be effectively denoised while preserving the important information.

In this work, we aim to analyze the coil combination in a comprehensive way
by comparing different performance measures. To address coil combination in-
dependent of prior knowledge, we will study the rSOS in the framework of linear
compression via orthogonal projections. Random projections will serve us as a
tool to study the correlation between Lo reconstruction error and voxel variance
of the varying reconstructions. Correlation analysis with random orthogonal
projections has been studied in a related context in [4], yielding an underly-
ing understanding of the relation between important information preservation
features in data combination and compression.

Besides the correlation analysis, we observe that optimal Lo reconstruction
error, i.e. mean squared error (MSE), does not necessarily correspond to optimal
visual evaluation of the reconstructed images. This corresponds to described
problems when measuring image quality by the MSE, see e.g. [27, 13, 28].
Nevertheless, the often used peak signal-to-noise ratio (PSNR) is based on the
computation of the MSE. Here, we will additionally evaluate the reconstructions
regarding the SNR and visualization of the images. The results confirm an
improvement by compressing image space data with PCA.

The outline is as follows: first we will explain how rSOS can be interpreted
in the context of orthogonal projections. Moreover, we will describe samples
of random orthogonal projections, that shall serve us as coverings enabling nu-
merical experiments. Then we describe the two data sets, a simulated and an
in-vivo, that we use for experimental investigations. The simulated data set
allows us to compare the behavior with different noise levels in the coils. In
the results section, we show scatter plots describing the relation between the Lo
reconstruction error and the voxel variance in reconstructed magnitude images,
as well as comparing it with the SNR and visual outcomes. Finally, we will
interpret and discuss the results in Section 5.

2 Methods

We aim to study the impact of linear compression in coil combination with
rSOS. Such a combination step is necessary for phased-array data that has been
processed with GRAPPA | SPIRiT, or other PI methods in k-space. Before
combining the fully sampled, multidimensional image space data as the final step
of the reconstruction pipeline, we include linear compression with orthogonal



projections.
The common reconstruction pipeline including our linear compression can
be summarized as follows:

0; € Cd CRATPA, pog Cd EEDtebs, o g RE Projection, px; € RF 1395, |lpzill, € R

where ¢; corresponds to an undersampled k-space voxel, &; is fully sampled
in k-space after some PI reconstruction (e.g. GRAPPA) and x; is the image
space data. Our analysis takes place on the image space data in R¢ that is
subsequently projected to R* with k < d.

2.1 Framework of orthogonal projections

As the basis of our analysis we will use random orthogonal projections yielding
different linear coil compressions. We will work with image data consisting of
d channels that shall be combined into one final magnitude image. To do so,
we study the space of k-dim linear subspaces of R?, which can be identified by
orthogonal projections

Gra={p e R™:p* =p p" = p, rank(p) = k}, (1)

called the Grassmannian.

Let z = {z;}™, € R? be an image space data set with m voxels measured by
d coils. Then, the final image volume is given by ||pz||, with p in G 4, where d
is the fixed number of channels and k < d varies. This corresponds to projecting
the d coil channels to different dimensions k and computing root sum of squares
(rSOS) subsequently. Note that we can study the rSOS itself in this context,

since rSOS(z) = ||z||, and it holds for all p € Gy, 4 that the expectation value
Ellpilly) = ¢ zill, Vo € RY, (2)

with ¢ = (F(%)P(%))/(F(%)F(%)), where I' denotes the Gamma function.

This is based on the Chi distribution and the fact that the length of a
random unit vector projected onto a fixed k-dimensional subspace has the same
distribution as the length of a unit vector in R? being projected onto a random
k-dimensional subspace (see e.g. [12]).

Remark 2.1 The equality (2) allows us to analyze the rSOS itself in the frame-
work of orthogonal projections, i.e. mo added coil compression in the image
space. Summing up the projected voxels obtained by a reasonably big sample set
of random orthogonal projections p = {pi}}_y € Gr.a, yields approximately the
rSOS combined voxel up to the constant c, i.e.

n
22 lpewilly = e ailly - 3)
=1

Since we linearly rescale the final image volumes between [0,1] to enable error
estimation with the ground truth, the constant is negligible. Note that also prin-
cipal component analysis (PCA) yields an orthogonal projection that lays in the



Grassmannian manifold and therefore can be studied in that context. Moreover,
we will use random orthogonal projections, i.e. projections p € Gy, q distributed
according to the orthogonally invariant probability measure py 4, as samples of
orthogonal projections, see e.g. [2], [3].

2.2 Measures of performance

The L4 error will serve us as a measure of accuracy, when comparing the ground
truth data with the final reconstructions, i.e. the combined image space data
r = {z;}7, € R% Note that w.l.o.g. z contains here just the voxels in the
region of interest (discarding the background) and not the full image volume.
For a fixed projection p € Gy, 4, the error between some provided ground truth
y = {yi}]~, and the combined magnitude image voxels ||pz||, := {||pzill5}ixy,
is then given by

1 & 2
En(y, [pally) == — > (v = Ipaill,)". )
i=1

We aim to study the relation between the reconstruction error and the variance
in the reconstructed magnitude images, which can be interpreted as contrast in
noise-free images. The variance of the final magnitude images depending on the
projection method can be computed by

Var (el = s 3 (ol = o ) o)

i<j

Moreover, we will use the mean signal-to-noise ratio to interpret the perfor-
mance. Note that in MRI it is common to use the non-squared version, i.e.

1 = [l
SN (pel) = 5 3 1P, ©

where o corresponds to the estimated standard deviation of the noise, see e.g.

).

2.3 Random projections as coverings

To enable a numerical analysis, we need a finite set of orthogonal projections that
represents the overall space well, i.e. covers the Grassmannian Gy, 4 properly.
To measure how well a set covers the underlying space, we use the definition of
the covering radius.

Definition 2.2 Let the covering radius of a finite set {p1,...,pn} C Gia be
denoted by

p{p}iey) == sup min fIp — pilfe, (7)
PEGK, 11<l

where || - ||z is the Frobenius norm.



Note that the smaller the covering radius, the better the finite set of projections
{pi}7-, represents the entire space Gy 4: it yields smaller holes and the points
are better spread.

Let py,q denote the normalized Riemannian measure on Gy, 4 as before. Ac-
cording to [21], the expectation of the covering radius p of n random points
{p;j}}—1, independent identically distributed according to pix,q, satisfies 1

Ep ~ n”~ @5 log(n) @ 8)
Following the definition of asymptotically optimal covering in [3], the expec-
1

tation yields an optimal covering radius up to a logarithmic factor log(n)*(d—&)
To remain flexible in the dimension of Gy, 4, i.e. the choice of k and d, and the
number of projections n, we will work here with random projections distributed
according to p.q rather than constructing optimal covering sequences as in
[3]. These random orthogonal projections can be efficiently computed by the
QR decomposition of a matrix M = QR with independent standard normal
distributed entries [7, Theorem 2.2.2].

In the following we will use finitely many samples of random projections for
the experimental analysis.

3 Data

We will run our numerical analysis on two different MR data sets: a simulated
T1-weighted data set from brainweb ([10], [17], [11]) and an in-vivo data set
from a head coil receiver.

3.1 Simulated data set

Simulation experiments were conducted to assess the quality in image recon-
struction for different types of projections in a controlled, rigorous manner. To
do so, first, a ground-truth volume was created with the popular numerical
simulator BrainWeb [9]. A (magnitude) multi-slice T1-weighted volume was
simulated with a Spoiled Fast Low Angle Shot (SFLASH) sequence with the
following parameters: TR/TE = 20 /10 ms, flip angle of 90 degrees and ETL
= 1. Matrix size: 181 x 21 x 76 with isotropic voxel size of 1 mm.

Next, simulated images with 32 channels, mimicking a 32-channel coil ac-
quisition, were created. First, synthetic coil sensitivity profiles were simulated
assuming a smooth Gaussian profile [1]. Voxel-wise multiplication of those coil
sensitivities by the simulated ground-truth image creates the 32 coil-based im-
ages. Uncorrelated complex Gaussian noise with zero mean and standard de-
viation o was added. Finally, to simulate a magnitude-based acquisition, the
absolute value of 32 noisy images were taken. The value of o was chosen differ-
ently to recreate experiments with different noise levels.

IWe use the symbol ~ to indicate that the corresponding equalities hold up to a positive
constant factor on the respective right-hand side.



3.2 In-vivo data

MR data was acquired in-vivo from a healthy volunteer using a Siemens (Erlan-
gen, Germany) 3T Prisma equipped with a 32-channel head coil receiver. An
Echo-Planar diffusion sequence was employed to acquire 24 slices in a 2mm iso-
tropic volume, with slice-thickness 2mm (TR=3.2 sec, TE=85ms, flip-angle=90,
matrix size 128x128, FOV: 256mm by 256mm). A T2-weighted volume was
acquired, with no diffusion weighting (a ”b=0" image), followed by 62 vol-
umes acquired using a single repeated diffusion vector and diffusion setting
of b=1000. The measured EPI data was reconstructed using Dual-Polarity
GRAPPA (DPG) to minimize Nyquist ghosts, see [16]. In-plane acceleration of
the original data was R = 2. The ground-truth image was formed by motion-
correcting the 62-volume diffusion-weighted series, using the Advanced Normal-
ization Tools (ANTs) library [23], and averaging across time. The first diffu-
sion direction was studied regarding linear coil combination and compared to
the computed the ground-truth. Few outliers have been removed by using the
99.99th percentile and setting the remaining 0.01% to the maximum of the used
percentile.

4 Results

Both studied image volumes consist of phased-array data with 32 channels,
therefore we work with projections p in Gy 4 with d = 32 and varying k. In the
following scatter plots we see how the Ly reconstruction error (4) relates to the
voxel variance (5) and state corresponding mean SNR values in the visualization.

Each point in the plots represents a reconstruction with linear compression
and rSOS, yielding a final magnitude image volume as described in the previous
sections. The symbols + correspond to a projection p € Gy 32, i.e. ||pzl,, and
the colors to the different dimensions k:

+p€Gi32, +PEGsas, ~ DE G232, + P E G2, + P E Gagza, + PEG3132.

As described in Section 2.3 the projections p serve as a covering of the underlying
space and are chosen randomly according to the orthogonally invariant proba-
bility measure py 4. For the simulated data set (see Section 3.1) n = 500 pro-
jections are randomly chosen for every space G 32 with k € {1,4, 12,20, 28,31},
for the in-vivo data set (see Section 3.2) n = 1000.

In the scatter plots the symbol O corresponds to the rSOS, i.e. ||z||,, and o
to the compression with the orthogonal projection provided by PCA. The colors
correspond to the different spaces Gy, 32 as stated above.

Figure 1 contains the scatter plots for 4 different noise levels in the simulated
data set and Figure 2 shows corresponding image cross-sections. Figure 3 shows
the scatter plot and image cross-sections of the in-vivo data set.
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Figure 1: Scatter plots for the simulated data set with different noise levels,
showing the Lo reconstruction error (4) and variance (5) of the final images ob-
tained by combining the coils with rSOS and compression by random projections
and PCA in Gy 32. A varying amount of Gaussian noise was added in each coil
assuming no correlation [1]. The SNR value corresponds to the mean over all
voxels in the reconstructed rSOS image volume without the linear compression.



Coil Image Minimal +

Figure 2: Cross-sectional image corresponding to the scatter plots in Figure 1
for the simulated data set with different noise levels. The left column shows the
first channel of the simulated noisy 32-dim coil array before the coil combination
step. The second column shows the final image obtained by rSOS including
compression with the random projection p € Gog 32 that yields the minimal Lo
reconstruction error (4). The third column shows the image provided by rSOS
without compression. The second last columns show the final images when using
PCA in Gy 32 and G432 for compression, yielding the highest mean SNR. We
can directly see that the lowest Lo error does not directly correspond to the
highest SNR. Moreover, the visual evaluation suggests that the SNR describes
the image quality more accurately.
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Figure 3: Left - Scatter plot for the in-vivo data set showing the reconstruc-
tion error (4) and variance (5) obtained by combining the coils with rSOS and
compressing with random projections and PCA in G 32. Right - Final cross-
sectional images corresponding to the compression methods in the scatter plot.
The SNR value corresponds to the mean over all voxels in the reconstructed
image volume, see (6).

5 Discussion

In Figure 1 and 3 we illustrate the scatter plots of the described linear com-
pression methods regarding the two data sets. To simplify the visualization we
display the spaces Gy 32 only for k € {1,4,12,20,28,31}. In all plots we can
see that the smaller the dimension k, the more the projections are spread re-
garding Err(y, ||pz|,) and Var (||pz|, ); the reconstructions including random
projections from G 32 are widely distributed, whereas using the projections in
G332 are clustered closely around the rSOS. The smaller the k, the more orig-
inal information can be randomly dismissed: the preservation and loss of the
original information varies less for image space data compressed by a random
projection p € G'z1,32 in comparison to compression by p € G 32.

For lower noise levels in the simulated data, Figure 1 (a)-(b), we can directly
see that the correlation between the Lo reconstruction error and the variance
within the final combined images is very strong. Since variance can be inter-
preted as contrast in images with high SNR, it shows that high contrast directly
relates here to a good reconstruction in the Lo manner. However, the higher
the noise level, the more noise is also described in the measured variance and
therefore it cannot directly be interpreted as contrast any more. In the simu-
lated data set, Figure 1 (c)-(d), this can be seen in the change of correlation
behavior, where higher variance does not relate for all dimensions k to a lower
reconstruction error. In Figure 1 (d) the projections from the spaces Gy 32 with
k = {12,20,28,31} do not show any connection between the variance and Lo
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error. This might happen because the high noise level in the original data in-
fluences the measure of variance strongly, merging the underlying meaning of
contrast. Interestingly, for £ = 1 there is still some negative correlation, indicat-
ing that the randomization leads to several poor reconstructions where noise is
secondary in comparison to issues with contrast. The scatter plot corresponding
to the in-vivo data (Figure 3) shows similar behavior. Because of this varying
behavior, the variance itself does not act as a useful measure of reconstruction
accuracy in this experimental setup.

We can see that in all experiments rSOS itself, as well as including PCA
compression, yield low Ly reconstruction errors, but are always outperformed
by some random projections. Nevertheless, regarding SNR and visualization,
these reconstructed images with random compression cannot compete with PCA
compression or rSOS. That indicates some contradicting behavior, when mea-
suring the reconstruction performance with the Ly error versus the SNR. Indeed,
when using PCA for the simulated data set, the Ly error is the lowest in G332,
whereas highest SNR is always achieved by PCA in G4 32, which contradictory
yields the worst Lo error. Also in the in-vivo data set the highest SNR was
achieved by using PCA in G4 32, which again does not correspond to the low-
est Lo error. Following the visual results it seems that the SNR describes here
the visual performance better than the Ly error. The compression with PCA in
G 4,32 yields the highest SNR in all experiments and therefore outperforms rSOS
without compression consistently. Compression with the standard PCA in G 32
yields predominantly better results than rSOS, but yields an insufficient visual
result on the in-vivo data. Just using the first eigendirection yields a strong
compression that looses too much important information here.

6 Summary

Based on random orthogonal projections we have shown a numerical investi-
gation on reconstruction accuracy regarding rSOS coil combination with linear
compression. Two different MR data sets were used for our experiments; a
simulated T1 weighted data set with varying amount of noise and an in-vivo
diffusion weighted data set. We used diverse measures of performance to eval-
uate the image quality of the reconstructions. For the lower noise levels in the
simulated data, the Lo reconstruction error yields strong correlation with the
variance, but the behavior changes for higher noise levels and the in-vivo data.
Moreover, measuring Lo error and SNR acts contradictory in terms of optimal-
ity and in these cases we observe that the visual evaluation corresponds more
to the SNR. The highest SNR values were achieved by incorporating PCA as
compression before using rSOS, outperforming rSOS with no compression in
all experiments. This clearly suggests to use PCA on image space data before
computing the final coil combination with rSOS, yielding a beneficial denoising
effect with higher SNR.

Future work shall include related experiments in the k-space before PI re-
construction, where linear compression is highly beneficial to save subsequent

11



computational costs.
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A Appendix

A.1 Zusammenfassung

Im Zeitalter der Digitalisierung ist Dimensionsreduktion von grofler Bedeutung um hochdimensionale
Daten zu komprimieren. Eine niedrigdimensionale Datenreprisentation ermdglicht effiziente Berech-
nungen, soll aber gleichzeitig essenzielle Informationen fiir nachfolgende Bearbeitung bewahren. In
meiner Dissertation leite ich mathematische Ergebnisse zu orthogonalen Projektoren und Dimensions-
reduktion her und verwende diese in medizinischen Bildverarbeitungsproblemen mit klinischen Daten.
Die theoretischen Grundlagen ermdglichen neue Analysen und die Verbesserung von Lernalgorithmen
mit neuralen Netzen.

Orthogonale Projektoren sind eine effiziente lineare Methode zur Dimensionsreduktion. Fiir die
Berechnung wird nur eine Matrixmultiplikation bendtigt und dadurch wird effiziente Dimensions-
reduktion auf grofen und sehr hochdimensionalen Datenmengen moglich. Wir leiten neue theore-
tische Resultate fiir Punktfolgen her, die den Raum der orthogonalen Projektoren (die Grassmann-
Mannigfaltigkeit) asymptotisch optimal abdecken. Durch die numerische Konstruktion kénnen wir die
theoretischen Resultate illustrieren und verwenden diese Punktfolgen auch in den weiteren Analysen
und Experimenten.

Um die Eignung einer Dimensionsreduktionsmethode zu evaluieren, miissen verschiedene Aspekte
des Informationserhalts beachtet werden. Der orthogonale Projektor gegeben durch die populédre Haupt-
komponentenanalyse (PCA) maximiert die Totalvarianz innerhalb der projizierten Daten. Besonders
Aufgabenstellungen mit verrauschten Daten konnen von PCA profitieren, da das Rauschen durch das
Entfernen von den Eigenrichtungen reduziert werden kann, die zu den niedrigeren Hauptkomponenten
korrespondieren. Hingegen erhalten zuféllige Projektoren mit hoher Wahrscheinlichkeit alle paarweisen
Distanzen innerhalb einer Datenmenge. Diese Eigenschaft ist von Bedeutung fiir Probleme in denen
kleine Veridnderungen innerhalb der projizierten Daten wichtig sind. Ob die eine oder andere Eigen-
schaft wichtig ist, kommt auf die jeweilige Anwendung und den Zustand der Daten an. Wir beweisen,
dass normalerweise die gleichzeitige Erhaltung der Totalvarianz und der paarweisen Distanzen nicht
moglich ist. Numerische Experimente illustrieren die theoretischen Ergebnisse.

Im angewandten Teil meiner Dissertation arbeite ich mit klinischen Bilddaten von optischer Kohérenz-
tomographie (OCT) und Magnetresonanztomographie (MRT). Die Forschung fand in Kollaboration mit
dem Vienna Reading Center (VRC), Fakultit fiir Ophthalmologie, Medizinische Universitit Wien und
dem Laboratory of Mathematics in Imaging (LMI), Brigham and Women’s Hospital, Harvard Medical
School, Boston (MA), statt. Automatisierte Bildsegmentierung ist besonders wichtig fiir Krankheits-
erkennung, da in der Regel der #rztliche Alltag nicht genug Zeit ldsst um alle Bildaufnahmen von
Patienten zu evaluieren. Wir entwickeln basierend auf manuell annotierten OCT Daten verschiedene
Methoden zur Bildsegmentierung mit Lernalgorithmen, die Dimensionsreduktion und orthogonale Pro-
jektoren verwenden. Unsere Methoden konnten die Quantifizierung in pathologischen Daten verbessern
und konnten in Zukunft als Richtlinien fiir Arzte dienen. In einer Rekonstruktionsanalyse mit MRT
Daten verwenden wir orthogonale Projektoren um multidimensionale Bilddaten zu komprimieren. Wir
vergleichen die resultierenden Bildrekonstruktionen und folgern Verbesserung durch die zusitzliche
Anwendung von PCA.
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