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Abstract

This paper discusses the use of the Cutting-and-Stacking procedure of certain
rank one transformations. Throughout the chapters we establish some important
properties of such transformations, starting with basic ergodic properties as in-
variance and (uniquely) ergodicity and going further with more advanced ones
like mixing properties. This whole Theory was kicked-off by R. V. Chacén in
1969 and S. Kakutani in 1972. Both published independently an explicit con-
struction of rank one transformations which, in case of Chacén, is in fact weakly
mixing. For the construction of a strongly mixing rank one transformation, T.
M. Adams proved in 1998 an assumtion by M. Smorodinsky that every staircase
transformation is strongly mixing.

In Chapter 1 we recall some basic ergodic theory and already introduce the two
main Cutting-and-Stacking constructions of S. Kakutani [16] and R. V. Chacén
[10]. We also study some first mixing properties.

In Chapter 2 we establish Bratteli diagrams [9], which are a useful tool in
the field of Cantor minimal systems. It was shown in [15] that every minimal
homeomorphism is topologically conjugate to a Vershik map of an ordered Bratteli
diagram. The main theorem (Theorem in this Chapter will show that
result.

In Chapter 3 we discuss ergodic invariant measures on Bratteli diagrams. We
will give an answer to the question of the number of ergodic invariant measures
for a given Bratteli diagram. Here we follow mainly a quite recent Paper of
J. Kwiatkowski, S. Bezuglyi and O. Karpel [4]. We define the class of exact
finite rank Bratteli diagrams which implies finite rank Bratteli diagrams since it
adds the requirement of having only towers of positive measure to the definition
of finite rank Bratteli diagrams. It will turn out that every exact finite rank
Bratteli diagram has a unique ergodic measure.

In Chapter 4 we introduce a new type of rank one transformations, the so
called Staircase transformations. T. M. Adams had shown in [1] and [2] that this
type of transformation is in fact strongly mixing.



Zusammenfassung

Diese Arbeit diskutiert die Verwendung eines sogenannten ” Cutting-and-Stacking”-
Prozess von bestimmten Abbildungen, die Rang-1 besitzen. Im Laufe der Kapi-
tel, behandeln wir die wichtigsten ergodischen Eigenschaften solcher Abbildungen
und gehen speziell auf die Konstruktion dieser ein. Den Beginn machten die zwei
Mathematiker R. V. Chacén, 1969 und S. Kakutani, 1972, als sie unabhéangig von
einander die explizite Darstellung von Rang-1 Transformationen entwickelten.
Ziel war es, eigenschaften wie Mischung an solchen Abbildungen nachzuweisen.
Chacén beweiste mit seiner Konstruktion die Existenz von schwach mischenden
Rang-1 Abbildungen und etwas spéter in 1998 gelang es T. M. Adams zu be-
weisen, dass sogenannte (Rang-1-) Stufentransformationen stark mischend sind.

In Kapitel 1, wiederholen wir einige wichtige Konzepte der Ergodentheorie
und liefern die ersten beiden Beispiele des ” Cutting-and-Stacking”-Prozesses.

In Kapitel 2 definieren wir Bratteli-Diagramme. Es wird sich herausstellen,
dass jeder minimale Homeomorphismus, topologisch gesehen, isomorph zu soge-
nannten Vershik-Abbildungen ist, die auf Bratteli-Diagrammen leben.

Kapitel 3 handelt von (eindeutigen) ergodischen, invarianten Mafen auf Bratteli-
Diagrammen und gibt Aufschluss iiber die Anzahl an ergodischen, invarianten
Mafen, die ein bestimmtes Bratteli-Diagram besitzt.

In Kapitel 4 fithren wir schlussendlich die Stufentransformation ein, und be-
weisen nach dem Text von T. M. Adams, dass diese stark mischend sind.
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1 Introduction

1.1 Prerequisites in Ergodic Theory

In this section, we are mainly following lecture notes on the course ”Ergodic
Theory I and II” of Professor Zweimueller, held in 2018/2019 at the University
of Vienna [24, |25]. We will mention the important definitions and theorems, we
will need in order to prove later statements.
Definition 1.1.1. Null- and measure-preserving transformation.
Let (X,.A,T) be a measurable dynamical system (short: measurable DS), where
X is a measurable space, A a o-Algebra and T a measurable map such that
T:(X, A\ — (X, A \) with X\ some "natural” reference measure. Then

(i) T is null-preserving if Ao 77! < A\ ie. VA e A: NA) =0 =

MT1A) =0

(i) T is measure-preserving if Ao 7! = )

Remark 1.1.2. (a) Every measure-preserving transformation is also null- pre-
serving.

(b) Any null-preserving transformation induces two operators:

(i) The Pullback (or Koopman) operator Urf is defined such that
T pulls back any function f in L, f : f — foT. This operator is
linear, positive and has norm 1.

(ii) The Push-forward (or Transfer) operator 7 is defined such that

T pushes forward measures or densities; T : £1(X, A, \) with Tu :=

d(u®N)oT ! . .
=& Where u® A means the density u with respect to the measure

A. This operator is measurable and defined for all v > 0.

Proposition 1.1.3. Duality of the operators.
Ur is the dual of T', in other words,

VueLl(A),erLoo()\):/(foT)ud)\:/fTudA.
Urf

Proof. For f use the indicator function f = 14 for a set A € A and fix a density
u € L1(N). We get

/fTud/\ Déf/fd((u@A)oT—l) T2y o NT1A)

_ / ud)\:/(]leT)udA.

T-1A
The last equality holds since 1p-14 =1401T. O
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Definition 1.1.4. Recurrent sets.

Let S = (X, A, u,T) be a measure-preserving dynamical system and let pu be
o-finite. Define A € A with u(A) > 0 to be our reference set. Then

A is recurrent for S if almost every z € X returns to A and the first hitting
time of A is defined as p4 : X — {1,2,...,00} with p4(z) :=inf{n >1:T"x €
A},

Remark 1.1.5. S is recurrent < S is conservative i.e. if W € A is a wandering
set, then A\(W) = 0.
Note: W is wandering if A(W N (JT™") = 0 or equivalently (77"W),>o are

n>1
pairwise disjoint (mod \).

Theorem 1.1.6. Poincaré recurrence theorem.
If S = (X, A, 1, T) a measure-preserving dynamical system and j1(X) < oo, then
S is recurrent.

Proof. Let W € A be wandering. It follows that (77"),>0 are pairwise disjoint
(mod p). Hence

u( U T*”W) =3 u(TW) N (W)
and
N —
u(X) Zu(UT’”W) = VN > 1:pu(W) s%jmm—o

Definition 1.1.7. Ergodicity.

Let § = (X, A, u,T) be a measure-preserving dynamical system. S is called
ergodic, if T7'A = A = 0 € {u(A),u(A°}. In other words, X cannot be
decomposed in any non trivial way.

Proposition 1.1.8. FErgodicity of constant functions.
S is ergodic if and only if Vf € Li(u) : foT = f = f = constant (mod 1)

Proof. (=) Suppose f : X — R such that foT = f u—almost everywhere and
assume f is not constant. Hence there exists a € R such that A := f~*((—o0, a])
and A := f~!((a,0)) have positive measure. Since T is invariant, it holds that
T71'A = A (mod p) which contradicts the assumption on ergodicity.

(<) Suppose there exists a set A € A such that pu(A) > 0 and T-'A = A. Define
f to be the indicator function of A. Then f = 14 is still T-invariant since A is.
By assumption, f is constant pu—almost everywhere. For x € A¢ we get f(z) =0,
therefore pu(A¢) = 0. O
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Theorem 1.1.9. L,-FErgodic-Theorem.
Let § = (X, A, u, T) be a measure-preserving dynamical system. Then

n—1
VP € Lalp) s Aulf) = 2 S,(F) = - S foTH = Tu(f) im La(s),
k=0

where y(f) is the orthogonal projection of f onto the subspace of T-invariant
functions in Lo(p).

If additionally, (X) = 1, i.e. p is a probability measure, then it holds that
My(f) = E[f|Z], where T is the smallest o-algebra, containing all invariant sets
Ac A

The proof is left to the reader. For literature take any book on basic ergodic
theory as for example [24] or [22].

Theorem 1.1.10. Birkhoff-Ergodic-Theorem.
Let S = (X, A, 1, T) be a measure-preserving dynamical system. Then

Ve Li(p): Ay(f) = f ae, where f € Li(u) and f = foT a.e..

If additionally n(X) = 1, then f = E[f|Z] and if S is ergodic f = E[f]. Sum-

merized we get for measure-preserving, ergodic systems with (X)) =1,

———

time average

VieLli(p): AJf) — /fd,u a.e..
—

space average

The proof is again left to the reader. For literature take any book on basic
ergodic theory as for example [25] or [22].
An important characterization of ergodicity is the following Propostition.

Proposition 1.1.11. FErgodicity vs. mizing properties.
Let S = (X, A, 1, T) be a dynamical system with p(X) = 1. Then

n—1

S is ergodic <= lim 1 Z,u(T_kA NB) =pu(A)u(B) VA,Be A.
k=

n—oo M,

Proof. (=) Suppose S is ergodic then by Proposition m it follows that f is
constant a.e. and f = [ fdu. Now suppose f = xa, where A is A-measurable.

X
We get by Theorem [1.1.10

n—1

1
lim — E xa(T*2)xp(x) = p(A)xp(z) for pa.e. 2 € X and for all B € A.
n—oon,
k=0
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Integrating with respect to p and using dominated convergence, we get

Jim ~ Z/XA (T"z)xp(x)dp(x JggonZu T"AN B) = u(A)u(B).

(<) Suppose we have lim 1 Z wW(T*AN B) = p(A)u(B) VA, B € A. Let

n—>oo

T1(C)=C and set A= B = C’. Consequently

n—1 n—1
.1 _ .1
lim = p(TFCNC) = lim — > (€)= p(C) = (u(C))*
k=0 k=0
Hence p(C) € {0,1} and S is ergodic. O

Definition 1.1.12. Mizing.
A measure-preserving system S = (X, A, p, T') with p(X) =1 1is

n—1
(i) weakly mixing if lim £ > [uW(ANT*B) — uw(A)u(B)|=0 VA, Be A

(ii) strongly mixing if lim u(ANT*B) = u(A)u(B).
n—oo

In other words, a system is mixing, if { Xy € A} and {X,, € B} are asymptotically
independent as n — oo.

The definition of a weakly mixing transformation is a naturally stronger re-
quirement on the transformation than the ergodicity property [23]. By Proposi-
tion it follows that every weakly mixing transformation is also ergodic. It
is also worth to mention, that there are more than this types of mixing, such as
mald mixing, light mixing or partial mizing.

1.2 Mixing Properties

Concerning Definition[I.1.12] we will now investigate mixing and especially weakly
mixing properties. As done in [22], we give a Characterization of weakly mixing
transformations in terms of the Cartesian products.

First, we focus on another connection with ergodicity and mixing, namely the
Cesaro convergence. If we write for two measurable sets A and B,

a; = a;(A, B) = p(T~'(A) N B),

then ergodicity can be expressed by

n—1

Y a4, B) = a(AuB)

)
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and mixing can be expressed by
ai(A, B) =5 p(A)u(B).

Both expressions using the convergence of sequences, hence the Cesaro conver-
gence

n—1
1
lim — E a;, —a=20
n—oo 1
i=0
and the strong Cesaro convergence

lima; —a =0
i—00

respectively. Using this convergence, it is easy to show the following relations for
a probability-preserving transformation 7"

T mixing = T weakly mixing = T ergodic. (1.1)
Also important is the notion of density-zero sets.
Definition 1.2.1. (1) A set D in N is if density-zero if

n—1
1
lim — > "1p(i) = 0.
=0

n—oo N,

Conversely, if

then D is of positive density.
(2) A sequence {a;} in R converge in density to a if there exists a density-zero
set D C N such that

Ve>03aNe€Z : Yi>N,i¢ D, |a; —al <e.

We write lim a; = a.
i—00, 1¢D

Lemma 1.2.2. Let {b;} be a bounded sequence in RT. Then {b;} converges
Cesaro to 0 if and only if {b;} converges in density to 0.

Proof. The result follows by applying the definition of Cesaro convergence.  [J
A direct consequence from this, is the next Proposition.

Proposition 1.2.3. Let T be measure-preserving on the probability space (X, A, 11).
Then the following are equivalent:
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(a) T is weakly mizing.

(b) Let (A, B) be a pair of measurable sets. Then there ezists a density-zero set
D = D(A, B) such that

lim (T (A) N B) = u(A)u(B).

i—00, ¢ D

(c) Let (A, B) be a pair of measurable sets, then
1 n—1 ‘ 9
Tim Z (W7 (4) 1 B) = p(A)u(B)) =0,

Proof. Applying Lemma to b; = |u(T7(A) N B) — u(A)u(B)| gives the

statement. OJ

Definition 1.2.4. § is said to be a sufficient semiring on X if

AceA = p(A)= inf Y u(S.), S.€8

n=1

Having this definition, the next Lemma underline Proposition [1.2.3b) in a
stronger way.

Lemma 1.2.5. Let (X, A, n) be a probability space. If there exists a countable
sufficient semiring S and a sequence {ny} such that for all elements I,J € S

lim p(T7" (1) N J) = p()p(J),

n—oQ

then for all A, B € A,
lim ((T"(4) 1 B) = p(A)u(B). (12)

Note that if the sequence {ny} satisfy (1.2), the sequence is called mizing se-
quence.

The proof is left to the reader. For more details see for example Chapter 6 of
C. E. Silva’s book, [22].

Now we are able to give the characterization theorem of weakly mixing trans-
formations in terms of the Cartesian products.

Theorem 1.2.6. Assume T to be a measure-preserving transformation on a
probability space (X, A, p). Then the following are equivalent:

(a) T is weakly mizing.
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(b) T x T is weakly mizing.
(¢) T x T is ergodic.
Proof. (a) = (b) Suppose T is weakly mixing and A, B,C,D € A. There exist
density-zero sets D; and Dy such that for all n ¢ Dy U D,
lim u(T7"(A)N B) = p(A)u(B) and

n—o0

lim p(T7"(C) N D) = u(C)u(D).

n—oo

If we define ps to be the product measure px o on X x X, then for all n ¢ D;UDy
and for all elements of a sufficient semiring, it holds:

lim 1o [(T x T)™(A x C) N (B x D)] = n(Ax O)ua(Bx D) (1.3)

n—00

From Lemma [1.2.5 it follows that (1.3)) holds for all sets in .A. Finally by Propo-

sition [1.2.3| we conclude that T x T' is weakly mixing.

(b) = (c) Follows directly by (1.1)).
(¢) = (a) We assume that 7" x T is ergodic and show that Proposition |1.2.3(c)
is satisfied. First of all, by expanding the coefficients, we get

n—1

lim 1 Z (u(T‘i(A) NB)— M(A)ﬂ(B)>2

=0

= tim > (W(T(4) N B))2 (1.4)

2 lim 37 (4(T(4) 1 B)) (A B) + (w((B)

Computing the terms on the right hand side, we get our result: Since we assume
T x T to be ergodic, T is also ergodic (we let this result unproven since it can be
easily checked by just applying the basic definitions from the introduction part).

Thus by Proposition [1.1.11],
1 n—1
lim ~ Z_; (T~ (A) N B) = p(A)u(B).
For T' x T and the sets A x A and B x B, the same Proposition gives

n—1

T}Lrgo%zm [(T % T)"(A x A)N (B x B)] — 11s(A x A)pa(B x B)

= i LS (T () 0 B)) = (A
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Hence the left hand side of (1.4) equals

(A u(B)? = 2u(A)u(B) - p(A)u(B) + p(A)*u(B)* = 0,
which is the condition we needed to prove. O

We close this section with more equivalent properties to weakly mixing. Those
equivalences are important to characterize weakly mixing transformations. We
introduce a new property:

Definition 1.2.7. Doubly ergodic transformation.

A measure-preserving transformation is doubly ergodic, if VA, B € A such that
p(A) > 0 and p(B) > 0 then there exists n € N such that u(77"(A)NA) >0
and u(T""(A)N B) > 0.

Note: T is doubly ergodic = T' is recurrent and ergodic.

Remark 1.2.8. A measure-preserving transformation 7" has a continuous spec-
trum if their induced operators have a trivial point spectrum, equivalently if T’
is ergodic and A = 1 is its only eigenvalue.

Theorem 1.2.9. Assume T to be an invertible measure-preserving transforma-
tion on a Lebesgue probability space (X, A, ). Then the following are equivalent:

(a) T is weakly mizing.
(b) T has continuous spectrum.
(c) T is doubly ergodic.

(d) T x S is ergodic for any ergodic, finite measure-preserving transformation

S.

Proof. (a) = (b): By assumption 7" is weakly mixing. Then by Theorem [1.2.6]
T and T x T are ergodic. For f eigenfuction of T" and A its eigenvalue such that
f(T(x)) = Af(z), we get [A| =1 by

AP [1rPdn = [ PLPdn = [17oTPau= [1PoTdu= [15Pds

and |f| constanct and without loss of generality |f| = 1 by

Al

[floT = |foT| = A=Al = 1]

ergodicity of T" and normalizing. For ahowing that A = 1 is the only eigenvalue,
we define

g: X x X — C with g(x,y) = f(z)f(y).
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Then

9(T(2), T(y)) = f(T(x) F(T(y)) = M (2)Af(y) = f(2)f(y) = g(z,y).

Thus g is an eigenfunction of T'xT" and therefore constant a.e., hence f is constant
a.e.

(a) = (c):Suppose T is weakly mixing and A, B € A with u(A) > 0 and
p(B) > 0. Then there are two density-zero sets D; and D such that by definition

of weakly mixing, lir%D (T~ (A)N B) = u(A)u(B) and linzw w(T(A) N
1—>00,1 1 1—00,1 2

A) = p(A)u(A). Since A and B have positive measure, there exists ¢ € N such
that u(T-"(A) N A) > 0 and u(T(A) N B) > 0. Hence T is doubly ergodic.

(b) = (d): Showing this, needs more functional analysis then we want to
present here. Since it is not our aim, we refer to [20, p.67-71] for the complete
proof.

(c) = (b): By assumption 7" is doubly ergodic. This implies that 7" is ergodic.
Again there exists an eigenfunction f € L? and an eigenvalue X such that [\ = 1,
|f| =1 and f(T(x)) = Af(x) a.e. As before, we need to show that A = 1 is the
only eigenvalue. Let us assume that there exist different eigenvalues on the unit
circle. Parametrization gives

A= e and f(z) = €@ for a € [0,1) and g : X — [0,1) measurable.

Now for R : [0,1) — [0,1) with R(t) = t+«, we have goT = Rog. We construct
a factor of the probability space by defining v to be the measure on [0,1) such
that v(A) = u(g~'(A)). Then g is a factor map from T to R. Since T is ergodic
and R a factor of T, R is ergodic. We can now identify two cases for R: On the
one hand, if « is rational, v has to be atomic and concentrated on finitely many
points. This implies that R is not doubly ergodic (take A, B two sets containing
only one point). On the other hand, if « ir irrational, v has to be the Lebegue
measure. This implies that R is not doubly ergodic (take A = [0, %), B =[5, 3),
then p(A) > 0 and pu(B) > 0 but for every n € N : R"(A) N B # 0 and
R"(A)N A =0). Hence our assumption of different eigenvalues is false.

(d) = (a) Apply Theorem toT =S. O

1.3 Two prominent Examples of Cutting and
Stacking constructions

The concept of Cutting and Stacking describes a construction of a measure pre-
serving transformation, to guarantee certain properties as mixing properties and
(unique) ergodicity. Kakutani and Chacén introduced this method independently,
which are now famous examples of constructable transformations which satisfy
one or more of those properties.
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Cutting and Stacking is based on the Kakutani-Rokhlin-Lemma [3], which
states that every aperiodic, measure preserving dynamical system can be written
as a tower of arbitrary height plus a small remainder of arbitrary small measure,
in the following called spacer.

To begin with, we give two examples of rank one transformations, one con-
struction which is neither weakly nor strongly mixing but invariant and ergodic,
the other which is weakly mixing but still not strongly mixing. Rank one trans-
formations describe transformations which are constructed with one stack. More
general, in this sense the rank of a transformation will be defined as the number
of necessary stacks or towers to construct the transformation. In [23], Yassawi
shows that there exists also rank one transformations which are strongly mixing.
But for now we start with two examples we actually can construct.

1.3.1 Kakutani, Odometer, Dyadic adding machine

This rank one transformation is named after Shizuo Kakutani, a Japanese- Amer-
ican mathematician, born 1911 in Osaka and died in August 2004. This section
is following the Paper of Kakutani [16], published in 1972, as well as a book of
C.E. Silva [22].

Example 1.3.1. Kakutani or Dyadic adding machine.

Let us look at the unit interval I = [0, 1). Kakutani uses the idea of replication
to construct an invariant transformation by cutting and stacking intervals with
endpoints of the form 2% Because of this reason, this construction is also called
the dyadic adding machine or Odometer. However let us get more precise:

To get the first stack S; we cut the interval I into two intervals, I; = [0, 3), I, =
[%, 1), of same length. Then take the second interval and stack it above the first

(see Figure [L.1).

i |
T
cutting I into half : : .
| TQ\
) A
1 ‘ T1I ! Ty
0 l 1 0 1 ! 0— 11

Figure 1.1: Construction of Kakutani’s Example

In this first step, we got a tower of two levels. Let us define T} the transfor-
mation, represented by S;.
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To get Sy act inductively and cut Sy into half. Again stack the right half of the
intervals above the left to get a new transformation 75, represented by S; with
now four levels (again see Figure [L.1). Continue like this to construct S, for
n € N and T, the transformation described by S,. Since we are cutting again
and again into half, it is not surprising, that 7,, is linked to the dyadic numbers,
numbers of the form 2%, where k and n are integers. In this sense, we define D
to be the set of left-closed, right-open dyadic intervals, i.e. intervals in [0, 1) with
dyadic numbers as their endpoints. Then for fixed n € N, D™ C D is the set of
k

intervals in [0, 1) with endpoints of the form 7.

Having now constructed this transformation, we are interested in the proper-
ties. Spoiler: it will turn out, that this transformation is invariant and ergodic,
however not weakly mixing.

Definition 1.3.2. The dyadic adding machine.
By the previous construction, we define the dyadic adding machine by the piece-
wise function C on [0, 1):

Ti(xz): z€ [O,%)
. TQ(JL’) T € [%, %)
RS P S

where T),, n € N are the transformations, defined by the construction.
Note: for given n € N, IC coincides with T}, on the domain of the latter.

For showing that this transformation is invariant and ergodic on [0,1), we
need to work a little bit more and show the following lemma.

Lemma 1.3.3. The dyadic adding machine K is a measure-preserving transfor-
mation of intervals in D.

Proof. The fact, that IC is measure-preserving, follows directly from the con-
struction of the transformation, since it is measure preserving in every step of
the construction. Going further it also holds for infinitely many steps. For more
details see for example [17]. O

We are not only interested in showing this on D, even more we want to show
this statement on all of the domain of I, i.e. on [0, 1).

Theorem 1.3.4. Let (X, A, u) be a finite measure space and S a sufficient
semiring on X. Suppose T : X — X such that u(T~*(S)) = u(S) VS € S.
Then T is an invariant transformation on all of X.

The proof is done in |17, p.10-12] by using some ”approximation techniques”.
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Lemma 1.3.5. D is a sufficient semiring on [0, 1).

Proof. First of all, looking on D := {[a,b) : a,b are dyadic numbers in [0,1)}, we
see

1)VD1,D2€DID1HD2€D
2)301,...,Cn€D1D1\D2:UCZ'
=1

= D is a semiring.

To show D is also a sufficient semiring, let us show that it is possible to approx-
imate any open interval in the unit interval [0,1) by a union of finitely many
intervals in D. Let us assume that I = (a,b) is an arbitrary interval in [0, 1).
For € > 0, choose n € N such that 2% < 5. Note that all numbers of the form

2%, k=0,1,...,2" —1 partition the interval [0, 1) into smaller intervals of length
2%. Hence there exists [ € Ny s.t. 2% <a< l;—nl (for a = 0, define without loss

of generality a as the left end of the interval) as well as there exists m € Ny s.t.

7”2;1 < b < 5 (for b = 1,define without loss of generality b as the right end of the

interval).
Define now Dy := D" N[5, 2). It follows

1 1
IC U and u(I) < U pD) <p)+ — + — <p()+e.
2n 2n
DeDy DeDy N~~~ N~
<3 <3

Note that for measurable sets A there exist open intervals [, in [0,1) s.t. p(A) <

2 i) < p(A) +e.
As long as ¢ is arbitrary, D,, := D;, and it holds that

plln) < U (D) < p(lp) + (u(A) 4+ ¢ — Z w(L)) - Qin

DeD,, m=1

=Y > wD) < p(A)+e (1.5)

n=1 DeD,
Now define p.(A) := inf > w(D,), D, € D. By definition u(A) < u.(A)
Ac U D, =1

and by ([L.5)) we get that ju*(A) < u(A) + e. Therefore p.(A) < u(A). Hence D
is a sufficient semiring on [0, 1). O

Combining the above three statements, we conclude that K is invariant. For
ergodicity we need again some additional tools.

Theorem 1.3.6. The dyadic adding machine K is ergodic on [0, 1).
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Remark 1.3.7. For proving this theorem, let A € A be a K-invariant set of
positive measure. Let D € D,,, where D, is the set of all dyadic intervals in [0, 1)
of length 27". Hence [0,1) is partitioned into |D,| intervals of length 27" or in
other words |D,| is the number of dyadic intervals of length 27", [0, 1) is cut into.
Then

u(4) = 3 p(AND) = [D,|- u(AN D) and
L= u() = u(0,1)) = 3 p(D) = [Du|u(D)

DeD,,

oAy = MA) _ PAAND) _ p(An D)

u((0,1))  [DAIu(D) p(D)

Hence the measure of A is equal to the proportion of A in D. Showing K being
a ergodic transformation means, there exists D? for arbitrary given § € (0,1) s.t.
w(D?) > (AN DY) > (1—8)u(D?), since it follows that u(A) = 1.

To show that such a D? actually exists, we prove the next two lemmas.

Lemma 1.3.8. Let (X, A, p) be a finite measure space and S a sufficient semir-
ing on X. Then for any set A € A and any € > 0, there exists GA = |J S;, S; €
i=1
S s.t. p(ANGA) < e, where AN B is the symmetric difference of A and B.
Proof. Choose 6 := £ and H° = |J S;, where S; € Ss.t. A C H° and p(H°\A) <
i=1

e. The existence of H® follows di;ectly by the definition of the sufficient semiring
S. Let N < M then

n

Ljvjsicfjsi;»r}ggo#(ugi) Z/L<[OJSZ'> = dn e Nsit. u(Hé\OSi) <e

=1 =1 i=1 i=1 i=1
~——
=HS

Define now G2 := [J S;. Then it follows that

=1

WAL GE) = ((ANGE) + M(E/;‘;\A) < p(HO\GZ) + p(H\A) < 2.

CH?Y CHS <e <e
[

Lemma 1.3.9. For all A € A with u(A) > 0 and 0 < § < 1 arbitrary, there
exists S° € S s.t. u(ANS%) > (1—06)u(S°), where S again is a sufficient semiring
on a finite measure space.
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N
Proof. Choose € between 0 and 525 and 8 := ¢ - u(A). Define G := G4 = ) S;.
i=1

Then note that G = (GNA)U(G\A)) C (AU(A\G)U(G\A))(= AUG). Hence
(@) < p(G\A) S (AU(AAG)) < p(A)(1+¢)

where the second inequality follows by Lemma/|l.3.8/and the definition of 5. Same
for A= ((ANG)U(A\G)) C (ANG)U(AAG)). Hence

p(A) < W(ANG) + p(A) - & == (AN G) > (1 —e)u(A)

again by the last lemma and the definition of (.
Contrary to the claim, assume there is no S° € S s.t. u(ANS%) > (1 —8)u(S°),
i.e. thereisno S; € Ss.t. u(ANG) < (1-0)u(G) < (1—=0)(14+¢)u(A) and since

(1—@MA%<MAmGy¢a_f%<ﬂ_®a+£R$1—5

T <1-4. (1.6)

But by definition of e:

2-20 2(1-0) 1-¢

1 < = =
te 565  2-5 1+c

and (1 —¢) > >1-—4,

2—90
which is a contradiction to (1.6]). ]

Now we can prove the Theorem and show that the dyadic adding machine is
ergodic.

Proof. (of Theorem |1.5.6) By Lemma we know that D is a sufficient
semiring on [0,1). Additionally, by the last lemma, there exists D° € D s.t.

—“%?;) > (1 —§) and hence by Remark |1.3.7, u(A) = 1. ]

Having now an invariant and ergodic transformation X, the missing statement
is the one regarding its mixing properties. As we mentioned in the beginning of
this section, this transformation is not weakly mixing.

Remark 1.3.10. From Theorem [1.2.9 we know that weakly mixing and doubly
ergodicity are two equivalent properties.

Theorem 1.3.11. The dyadic adding machine is not weakly mizing, i.e. is not

doubly ergodic by Remark|1.3.10.

Proof. We show that IC is not doubly ergodic. To prove this, we pick two levels A
and B in (), which are precise the top and the bottom levels of C), respectively.
Then A is clearly h, — 1 levels below B. Let us define the set I;, to be the copies

of alevel I in C,,, if for I € Cy, [ > n it holds that I = |J I;. Suppose we have
keN
our copies of the levels A and B, then each copy of both, A and B are h,, levels
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apart. Looking at the illustration in Figure this statement is anyway quite
obvious.

By
777777777 7
>C’n—copy
A,
2 J LB N
I >C-copy
A | A1
Cn CTL+1

Figure 1.2: Copies of two levels A and B

Moreover, if u(T™(A)NB) > 0, then m = rh,, — 1 for r € N and if u(7™(A)N
A) > 0, then m = rh, for r € N. Since there exists no such r and s such that
rh, = shy, + 1, we can conclude that pu(7™(A) N A) and p(7T™(A) N B) cannot
be both positive for m € N. Hence by the definition of doubly ergodic, 7" is not
doubly ergodic consequently not weakly mixing. O

1.3.2 Chacdn’s transformation

This transformation is an example for a rank one transformation which is weakly
mixing but not strongly mixing. It is named after R.V. Chacén, who published
this constructive example in his 1969’s Paper [10].

Example 1.3.12. Chacon.

Again, as in Example , Chacén is working with the unit interval I = [0, 1].
The construction auf Chacén’s transformation is somehow comparable to Kaku-
tani, in the sense that again it uses cutting and stacking of some smaller intervals
contained in the initial interval I.

e Cutting step 1: Cut the interval I into two pieces [0, 2) and [2,1]. The
second interval will now be the so called ”spacer or reservoir” [22]. The first
interval will again be cut into three smaller intervals of same length %. To
get the correct length of the spacer, cut the spacer at % from the left of the

spacer (see Figure [1.3).
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wn NeJfes

NeJ] ]

ol - -
ole - - -

Figure 1.3: Cutting Step 1

e Stacking step 1: Now stack these intervals in the following fashion: First,
take the second most left part and stack it over the most left part. Second,
take the interval of same length, starting left, from the spacer and stack it
on top. Last, take the right interval and stack it on top. Together we get
a tower of 4 levels plus a remaining spacer [3, 1] (see Figure [1.4). Since the
most upper level and the remaining spacer have no image, we need another

iterate of this two construction steps.

wiN

-+

I

I

I

I

I

I

I

I

I

I

I

|
NeJlog]

Ol

Figure 1.4: Stacking Step 1

e Iteration of Cutting and Stacking: The further construction, is illus-

trated in Figure[I.5] We cut the tower in Figure[I.4]again into three intervals
with same length, this time, 237 and the remaining spacer is again cut into
an interval of same length 2% starting on the left end of the spacer-interval.

We get a new Tower with 13 levels and a remaining spacer (%, 1].
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O O INXO [

OO | O |00 [N

Figure 1.5: Cutting and Stacking; Step 2

Repeat this n times, n € N, to get a transformation 7" which is defined on all
levels except for the upper most one and the remaining spacer. Hence the
transformation is defined on a subset of [0, 1] of measure 1 — 37 —2(3)"*! =
1— 3,1%, where the first subtrahend equals the length of the remaining spacer
and the second subtrahend equals the length of the top interval. Hence the
domain of the transformation 7" increases by increasing the number of steps,
n — o0o. Therefore the limiting transformation is defined on all of [0, 1] with
measure ([0, 1]) = 1.

Theorem 1.3.13. The Chacon transformation is not strongly mixing.

Proof. Remember, T is strongly mixing < lim pu(T""A N B) = p(A)u(B).
n—oo
Equivalently, T" is not strongly mixing < 3A € A, pu(A) > 0: limsup u(7-"AN
n—oo
A) # (u(A))?. Note that

W(TPANA) "L (TTPANA) ™= (T(TA)NT"A) T2y (ANT"A).

Hence we show that there exists A € A, p(A) > 0 : limsuppu(T"ANA) #

n—o0
(u(A))?. For proving this, fix a step ko in the construction of Chacén’s transfor-

mation and define the transformation, which is representing the stack Sy, in this
step ko, to be Ty,. For A we choose the base of the stack and the height of T},
should be hg,. Now we claim

w(Th AN A) > ~u(A). (1.7)

Wl
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Then for the strong mixing property, we need (u(A))? > zu(A) = p(A) > 1.
But since by construction each level has length < 2pu(A), it follows (u(A))? <
%u(A), hence we get a contradiction. Proving , we choose again A to be
the base of the stack Si,. In step ky + 1, one more time we cut A into three
subintervals A, Ay, A3 and apply the stacking process to get the transformation
Tk,+1 representing the stack Sk 1. Then for step kg + 1:

TMo AN A=T"o(A UAyUAz)N A
= (Tho Ay M A)U (T Ay N A) U (T Az N A).

Here only (T"0A; N A) is a non-empty set, i.e. pu(T™0A; N A) = 2u(A) but
w(Tho Ay N A) = u(2) = 0. We cannot find an estimate for p(T"0 A3 N A) so
we stay with p(T"0A; N A) > 2u(A). For step ko + 2: Ay will be cut into three
parts and again only one will intersect A; under T"*o+1. Similarly for A, and As.
Hence we get

p(Tho+1 Ay N Ay) > % : %u(A) = %M(A) and
p(Tho+1 Ay N Ag) > %,u(A) and
p(T" Ay 1 Ag) > S p(A)

— p(TM AN A) > 3+ gu(A) = Su(A).

Now by induction follows for each step n > k:
We have 3"% parts of A, each with length === 1(A). Hence p(T"" AN A) >

3o gk i(A) = h(4).
Following [11], the next Lemma shows a stronger statement of ((1.7)).

O

Lemma 1.3.14. Letn > 0. Then is holds that
(a) Vk>n: p(TINI) > su(l)
(b) VI >0: 3H = H(n,l) such that W(THINJ) > (5)'1(J)

where I and J are two levels of the stack Sy which are at most | > 0 apart, I is
stacked above J and hy is the height of Sk.

Proof. (a) is done in the proof of Theorem [1.3.13] (1.7)).

For (b) we use the fact that 7"~ (I) intersects T~*(I) in measure at least 3 times
MNTYI)) = X(I). Additionally, T"(I) intersects I. Now let Iy, I, I be the
copies of the level I in C),. Then it holds that

T (Iy) = I, and T"(I,) = T7(1).
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From this and since 7" (I) contains two (full) levels in the next tower C,,,, we
get that 7"+ +1(1) intersects I and T7'(I) and T2(I) in measure at least ()
times the measure of each of the two intervals. By using induction, it follows that
-1
the stated H = > h,; satisfies the Lemma. O
i=0
As we mentioned before, weakly mixing and doubly ergodic are two equiva-
lent properties, which we will now use, to prove that Chacon’s transformation is
weakly mixing.

Theorem 1.3.15. The Chacon transformation is doubly ergodic.

Proof. Choose Aq, B; to be two sets of positive measure and levels I, I5 in some
stack S, such that p(l;y N Ay) > 2u(ly) and p(Jy N By) > 2u(Jh), I lies above J;
and I is [ apart from J;, 0 <[ < h,, — 1. Define ¢ := (%)l Now we can take two
subintervals I and J of I; and J; respectively such that

p(INA)>(1- g)u([) and p(J N By) > (1 - g),u(J)

Let A=1NA; and B=JN By. Then by Lemma [1.3.14] it holds that
1\! 1\ !

H > (= H > (= .

W(TiIn Jg) > (3) u(J) and p(THINT) > (3) (1)

Hence

w(TPANB) > w(T?IN J) — p(I\A) — u(J\B) > 0 and
N e’ N e N’
>0u(J) <u(I) <2u(J)

w(THANA) > w(THINT) — p(I\A) — u(I\B) > 0.
O

Note: Since ergodicity follows from the weakly mixing propertie, Chacon’s
transformation is certainly ergodic.



2 Bratteli diagrams

Remembering the construction of such (unit) interval maps, we can as well see
those transformations as mappings on the Cantor set C.
Recall:

e A Cantor set C is a zero-dimensional compact metric space with no isolated
points.

e A homeomorphism 7" is aperiodic if every T-orbit is infinite.
e A homeomorphism T : C — C is minimal if every T-orbit is dense in C.

Over the last years, minimal homeomorphisms of Cantor sets have been stud-
ied in plenty Papers. In the next part of this text we are dealing with so called
Bratteli diagrams, introduced in 1972 by O. Bratteli in his Paper [9]. They are
a useful tool in the field of Cantor minimal systems. It was shown by R. H. Her-
man, I. F. Putnam and C. F. Skau in [15] that every minimal homeomorphism is
topologically conjugate to the Vershik map of an ordered simple Bratteli diagram
(see Theorem . Bratteli diagrams of its simplest form are stationary Brat-
teli diagrams and it was shown for example in [14] that this class is generated by
the minimal substitutional system and Odometers (see Remark [2.1.6(d)).

2.1 Basic Notation

Definition 2.1.1. Ordered Bratteli diagram.
A Brateli diagram B = (V| F) is a infinite graph such that V' = |J V; is the

i>0
Vertex-set and E = J E; is the Edge-set, where V' and E are partitioned into
i>1
disjoint subsets V; and E; satisfying the following:

(1) Vo = {w,} is a single point,
(2) V; and E; are finite,

(3) there exists t (target map) and s (source map) from E to V such that
t(E)=V;, s(E;)=Visyand s ' (v) £ 0 Vv € Vand t71(v)) £ 0 W' € V\Vj
and

(4) for each v € |J V; there is a total order < between the incoming edges to v
i>1

(see Definition and Definition [2.2.2]

For convenience we will give some additional notation
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- (Vi, E;) or just V; is called the i-th level of B.
- (e; : e; € E;) such that t(e;) = s(e;41) is called the path of B.
- e(v,v') is the path going from v to v'.

- Xp is the set of infinite paths, starting in vg. Xpg is equipped with the
topology, generated by cylinder-sets U( ey, -+ ,e, ) = {x € Xp : x; =
—_——

finite path in B
e, i=1,--- ,n}

Definition 2.1.2. Incidence matriz of a Bratteli diagram.

To each Edge-set F; we identify a incidence matrix M (i) = (my (7)) vev,_; wev;,
a |Vi_1| x |V;| matrix whose entries m, (i) are equal to the number of edges
between the vertices v € Vi_; and w € V;, ie. my,(i) = |{e € E; : s(e) =
v, t(e) = w}|.

Definition 2.1.3. Height vector of a Bratteli diagram.

Let B = (V, E) be a Bratteli diagram. The number of n-paths from vy to v € V,,
is defined by the height vector (h,(n)),cv, with h,(n) = [{z1, -+ , 2, : s(z1) =
vo, t(z,) = v}

So far we considered the collection of edges E; separately. If we take all paths
from V;_; to V; for some j > ¢ instead, we define E;; the collection of paths
from V;_; to V;. Observe that the product matrix M (i) - - - M(j) is the incidence
matrix M (i, j) of the edge set E; ;. This process, where we put vertices and levels
together, is called telescoping. The reversed process, where we add more levels
of vertices and edges, is called microscoping.

Example 2.1.4. Telescoping a Bratteli diagram.
Let B be the Bratteli diagram illustrated below. Telescoping the first and second
level away corresponds to the following computation from Figure 2.1}
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Yo Yo Vo
Vi telescoping V; telescoping V5,
v, away v away
Vs Vs Vs
M(1)=(1 1)
M(1,2) = (1 2)

0 1

M(2) = (1 1) M(1,3) = (3)

Figure 2.1: Telescoping a Bratteli diagram

Through telescoping (and/or microscoping), we transform Bratteli diagrams
into equivalent diagrams. It produces isomorphic Bratteli-Vershik systems. It
is used to transform the incidence matrices in such a way, that all their entries
are strictly positive. This is only possible, if the Bratteli diagram is simple (see

Remark [2.1.6{a)).

Definition 2.1.5. Simple Bratteli diagram.
We call a Bratteli diagram B = (V, E) simple, if the following two conditions
are satisfied:

(1) The set of vertices and edges (V, E') is non-trivial and

(2) B can be transformed via telescoping to a diagram, such that it has full
connectivity between any two consecutive levels.

Remark 2.1.6. Let B = (V, E) be a Bratteli diagram.
(a) B is called simple if Yn 3m > n : e(v,w) # 0 Vv € V,, and Yw € V,,.

(b) If M(n) = M(1) ¥n > 2, in other words, the diagram repeats itself after
each level, then B is stationary.

(c¢) If |V,] < dV¥n > 1 then B is said to be a finite rank diagram. Let d be
the smallest number such that there exists infinitely many levels in B with
d vertices, then the rank of B is d.

(d) If B has rank one, i.e. |V,| = 1 ¥n then B is called a minimal Can-
tor dynamical system. Note that every Odometer is a minimal Cantor
system.
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2.2 Ordering of Bratteli-Vershik Systems

As already mentioned in Definition 2.1.1(4), B is totally ordered on the set of
N-paths ending in v € V. Showing this, we take two finite edge-labeled paths
v=wv---vy and w = wy - - - Wy, v, w; € E;. Suppose v and w have the same
endpoint in Vi1, we can find m < N such that m is the largest index where
U, and wy, differ, i.e. t(vy,) = t(w,,). The ordering follows by defining v < w
if v,, < w,,. This construction is also a partial order on the set of arbitrary
N-paths.

Definition 2.2.1. Minimal and maximal path.

We call a path = (21,2, ...,2;,...) minimal, respectively maximal, if every
z; is minimal (maximal) amongst all elements from ¢~ (¢(x;)) (according to the
introduced lexicographic order above). For every vertex v € V;, i > 0 there
exists a unique minimal, maximal respectively, path in E(vg,v). The collection
of (infinite) minimal, respectively maximal, paths in X is denoted by Xin, Xmax
respectively.

Definition 2.2.2. Ordered Bratteli diagram.
Let B = (V, E) be a Bratteli diagram. B together with a partial order < on FE is
called an ordered Bratteli diagram B = (V, E, <).

One can see, that there are infinite long paths 2’ € Xpgy such that the initial
N-path z = (1,...,,) is minimal among all N-paths with the same endpoint.
The same holds again for maximal N-paths. Additionally, every v € Vi can just
have one minimal incoming path x with v being the endpoint. If the set of all
(infinite) minimal paths X, is a single element, we call x™" the unique minimal
path in Xp. Again same is true for the unique (infinite) maximal path z™**. The
next Example, Example [2.2.3] by [1§] shows an ordered Bratteli diagram with
two (infinite) minimal and one (infinite) maximal paths.

Example 2.2.3. Minimal and mazimal paths of a Bratteli diagram.[18]

Let B = (V, E, <) be an ordered Bratteli diagram as constructed below. (Note
that by telescoping the levels 2, 4, ... one could transform B into a simple Bratteli
diagram B’ where each vertex from one level is connected to each vertex from the
next level, see right hand side of Figure[2.2]) For B, we can see (left hand side of
Figure , that X, consists of two paths, whereas X,,.x consists of one unique
path. The two minimal paths are the dashed lines and the maximal path the
dotted line. For B’ there are again two minimal paths and one unique maximal
path.
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B alo
Vioorl "y Vi
: SO telescoping
vty 2+ !
! o V5 and V, away
1 .2 1]
|23 o t Vs
11 ORI
Vi Tt 2+
Vs L2 jt Vi

Figure 2.2: Minimal and Maximal Paths of a ordered Bratteli diagram

Definition 2.2.4. Properly ordered Bratteli diagram.
A Bratteli diagram B = (V, E, <) is called properly ordered if

(1) (V, E) is a simple diagram and

(2) Xumin = {2™"} and X, = {2}, i.e. each X5, and X, contains only
one unique path.

Since we have now a propertly ordered Bratteli diagram B, we define a minimal
homeomorphism V : Xg — Xp on it. This homeomorphism will be called the
Vershik map. The resulting system (Xp,V) is then a Cantor minimal system
and called Bratteli- Vershik system (compare to the beginning of this chapter).
The Vershik map V is defined as follows:

° V(xmax) — xmin‘

o If x = (eg,€e9,...) # 2™, choose i to be the smallest number such that e;
is not a maximal edge.

e Let f; be the successor of e;, i.e. t(e;) = t(f;).

e Then V(.fll') =y = (fl, ceey fifl, fi7 €it1,€i42, .- ), where (fl, Ce fifl) is the
minimal path connection vy with s(f;).

This map is also called the Vershik adic transformation.
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2.3 Kakutani-Rokhlin partitions and the
Bratteli-Vershik model theorem

The fact, that every minimal homeomorphism is pointedly isomorphic to a Bratteli-
Vershik system, is now presented below. First we introduce the concept of
Kakutani-Rokhlin partitions by R. Herman, F. Putnam and F. Skau in [15].

Definition 2.3.1. Kakutani-Rokhlin partition.
Let X be a Cantor set and T a continuous map on X. A Kakutani-Rokhlin
partition is a partition

P ={T"(B;)|i € Aand 0 < j < h; for A a finite set and h; € N}

of X into clopen sets (i.e. open sets with open complement) that are pairwise

disjoint and cover X. The base of a Kakutani-Rokhlin partition is B = |J B;
i€A
and h; are the heights.

Remark 2.3.2. Cutting and Stacking systems as we discussed in the first chap-

ter can now be represented as such Kakutani-Rokhlin partitions by taking the

stacks constructed in the n-th step of the Cutting and Stacking process. In

the sense of Kakutani-Rokhlin partitions, this stacks are represented by the sets
i h;(n)—1

{T9(Bi(m)}5 "

J=0

Definition 2.3.3. Essentially minimal dynamical system.
A pointed dynamical system (X, T, z) is called essentially minimal if the fol-
lowing holds:

U T"(U) = X, for every open set U, x € U.

neN

Remark 2.3.4. Minimality of a dynamical system implies essentially minimality
of the dynamical system. Unlike for minimal systems, essentially minimal systems
are also such systems containing a fixed point. For an example see the Image on
the left of Figure [2.4]

The next Theorem will now show, that we can in fact interpret every Cutting
and Stacking system as a Bratteli-Vershik system.

Theorem 2.3.5. The Bratteli-Vershik model theorem ([15, Theorem 4.7]).

For every (pointed) Cantor minimal system (X, T, x), where X is the Cantor set,
T an essentially minimal homeomorphism and x an element in X, there exists a
propertly ordered Bratteli diagram B = (V) E, <) such that (X, T, x) is pointedly
conjugate to (Xp,V,x™"), with V the Vershik adic transformation and x™" the
unique minimal path in Xpg.



2.3 Kakutani-Rokhlin partitions and the Bratteli-Vershik model theorem 27

Proof. Let (P,)n>0 be a sequence of Kakutani-Rokhlin partitions, where
P, = {1"B,;|li € A,, A, a sequence of finite sets and 0 < j < h,,;},

Py = {X} and with base B, = |J B,,;. Further let (P,),>o satisfy the following
i€An
conditions:

(KR1) P, is nested, i.e. B,y1 C B,.
(KR2) P41 refines P, i.e. Pyi1 = Py.
(KR3) () B, is a single point.

n>0

(KR4) {A € P, : n € N spans the topology of X}.

Ad (KR1): Take an ordered Bratteli diagram B = (V, F, <) and identify it
with the nested sequence (P,),>0 in the following way:

1) There is a 1-1 correspondence between the number of towers |A,,| in P,, and
Vy, the set of vertices at level n, i.e. each vertex v, ; € V,, corresponds to a

tower S,,; = {T?B,,;|0 < j < h,;} by Remark

2) S, will cover towers in P,_;. This will happen in a certain order, lets say
Sn—1k1> -3 On—1km, i-€. Sy, is partitioned into m different parts. We link
the m edges, ordered such that e;; < ey; < -+ < ey, with t(e;;) = vy,
and s(ej;) = Un—1k;. Ey is then the disjoint union over i € A, of the edges
with endpoint v, ;.

The two constructed systems (X, T, z) and (Xp,V, x™") are pointedly isomorphic
for B = (V, E,>) a properly orderes Bratteli diagram with unique minimal path
2™ More precisely, we can define the isomorphism F : X — X3 in such a way,
that for y € X, the path F(y) goes through the vertex in V,, which corresponds
to the tower P,, where y is located. Suppose F(y) goes through w € V,,_; and
v € V,, each corresponds to the tower S, € P,_1, S, € P, respectively. Hence
F(y)(n) is the k-th edge among the ordered edges e with ¢(e) = v and the k-th
time, S, covers one of the towers at level n —1,where y is being " picked up”. Note
that S, will cover S, the k-th time here. From this we see that F(z) = z™". Now
choose a nested sequence (B, ),en of clopen sets, shrinking to z, i.e. B,y1 C B,
and (B, = {z}, i.e. a single point. Thus we get P, by building towers over B,

by considering the return map (or hitting map, see Definition [1.1.4) to B,. [
This proof is as well done in more detail in [15].

Example 2.3.6. Bratteli diagram of the dyadic Odometer.
Looking back to the first chapter, where we constructed the Kakutani-transformation
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or dyadic Odometer according to the Cutting and Stacking process, we can iden-

tify this transformation by Theorem with a Bratteli diagram of rank one.
Remember the dyadic Odometer or dyadic adding machine from Definition[I.3.2]

Suppose (X, K) is this transformation. We already now the Cutting and Stack-

ing process from Example [1.3.1] Let us as well suppose that we have a properly

ordered Bratteli diagram B = (V, E, <).

Then we define the map v : E — {0, 1} such that Ve € E:

0 if e is a minimal edge
(e) = e .
1 if e is a maximal edge.

Hence we get a conjugacy between v and V, the Vershik map, such that

V((er,ea,...)) = (y(e1),v(ea),...).

In other words, we identify the dyadic Odometer (or dyadic adding machine) with
the Bratteli diagram shown in Figure 2.3

Vo

1 2
Vi

1 2
Va

1 2
Vs

Figure 2.3: Bratteli diagram of the Odometer

Example 2.3.7. Bratteli diagram of Chacon’s transformation.

Not only the Kakutani example, also the Chacén-transformation can be iden-
tified with Bratteli diagrams. Even though it is much harder. This is done in
Park’s Paper [19]. The reason why it is harder, is by the fact, that Chacén is
using a spacer. He showed there is a isomorphism between the Bratteli-Vershik
system (Xp,Vp) and (X, T¢) for an ordered Bratteli diagram B and Chacén’s
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transformation T¢ (|19, Theorem 5]). The easiest way of imaging Chacén’s trans-
formation (see Figure , left hand side) is in fact not properly ordered, since it
has two minimal paths x = SSS--- and y = 000--- and two maximal paths z
and z = 333---. Taking T'(z) = 2 and T'(z) = y, we see that z is a fixed point
but by Remark [2.3.4] (X¢, T, ) is at least essential minimal. Still 7' cannot be
extended continuously to X,,... Park found a way to fix this problem by finding
a Bratteli diagram with unique minimal and maximal paths (see right part of
Figure . To conclude, we will give a nudge by illustrating what Park did in
his Paper.
Chacédn’s transformation is a substitution system, defined by

0 — 0010
1— 1.

Alternatively we may interpret the Chacon’s transformation by successive
blocks B where

BO == 0, Bl - OOlO, Bk+1 == BkBlek

Vi

Figure 2.4: Bratteli diagram of Chacén’s transformation
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2.4 Cutting-and-Stacking versus Bratteli-Vershik
systems

We already saw how to transfer certain Cutting-and-stacking transformations into
Bratteli diagrams (Figure [2.3] and Figure [2.4)). In this section, we are giving an
algorithm how to turn Bratteli diagrams into cutting-and-stacking.

Suppose we have an orderes Bratteli diagram B = (V, E, <). Beginning at
level Vj = {wo} of the Bratteli diagram, we declare the first stack Sy of the
cutting-and-stacking transformation as single stack of height 1. The ordering of
B will be transferred to a coding at each stack. For Vj, we code Sy with the empty
code ¢. In the following, we assume the stacks of each cutting-and-stacking step
to be S, for v e V,,_;.

1) For each level V,, of the Bratteli diagram, cut the stack S, for v € V;,_; into
#{e € E, : s(e) = v} pieces S, .

2) Coding each piece S, . means copying the symbol of each edge e to S, .. If
in the first step, i = 1 with M (1) = (1 --- 1), in other words there exists
just one edge e € E; with t(e) = w, w € Vi, we again take the empty code
e for slice Sy .

3) If there exists, take now the direct successor ¢, ¢’ € V,,_; and s(¢') = v, of
e among all edges in F),, such that they have the same target vertex v € V,,
to get Sy . To conclude the first run, put S, on top of S, .

Example 2.4.1. Recall Figure[2.2] the Bratteli diagram B with two minimal and
one maximal path. Applying the algorithm from above, we get a cutting-and-
stacking transformation where two minimal paths corresponds to the bottom of
each stack and the maximal path corresponds to the top of one part of the split
stack. Again minimal and maximal paths are illustrated in dashed and dotted

respectively in Figure [2.5]
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/ A
/ N
/ N
/ AN
/ \

/ AY
i v »

| |

1 1

1 1

1 1 2

1 2 a1

! e 11
Vo oo e

| |

: : 2

! !

11 9 1 L2

1 1

Vs e . 1

Figure 2.5: Bratteli diagram with equivalent cutting-and-stacking

For ordered Bratteli diagrams, this algorithm produces stacks, which represent
the minimal and maximal path of the Bratteli diagram at each step n. The bottom
level of the stacks show the minimal n-paths whereas the top level of the stacks
show the maximal paths. From this, it follows that the number of minimal and
maximal paths is bounden by the smallest number of pieces a stack is cut into,
hence by the smallest number of vertices at one particular level such that there
exists infinitely many levels with this many vertices, hence bounded by the rank
of B (by Remark [2.1.6)).

As seen in the beginning of this text, cutting-and-stacking procedures are used
for constructing interval maps 7" : [0,1] — [0,1]. If we have given a Bratteli
diagram, we cannot say something about the width of each stack at first. For
this, we need a Bratteli-Vershik system (Xpgy,V) equipped with a V-invariant
measure p. Even having a ordered Bratteli-Vershik system is not enough. We
need an order <; of each outgoing edge e € E,, such that s(e) =v, v € V,,_; for
all n € N. With this we get a total lexicographical order < on Xpy (unlike the
partial order < of incoming edges). For  # 2’ € Xpgy, we can find the smallest
m € N such that z,,, # x/, but s(x,,) = s(z,) and set x < 2/ <= x,,, <; 2.

We want to prove the following Proposition:

Proposition 2.4.2. (Xpy,u, V) is isomorphic to the cutting-and-stacking sys-
tem ([0,1], A\, T"), where X is the Lebeque-measure.
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First we define a weight function w : | | E,, — [0, 1], where

n

pllzs - - - zpel)

)= )

for an arbitrary path x; - - - x,, such that ¢(x,) = s(e) € V.
By our assumption on V-invariance of u, every such path x; -- -z, with #(z,) =
v € V,, and any other path with target vertex v € V,, has equal mass. We also
notice that

Z wle)=1Yn=0,1,2,...,v € V,.

s(e)=v

Then we can define ¢ : Xgy — [0, 1] such that

o(x) = Z w(e) + iu([xl = -xn,1]> X Z w(e).

s(e)=vo,e<sr1 s(e)=s(zn),e<sxn

Using this function, we define a semi-metric on Xpgy. For x and 2’ two paths
in Xgy:
d(z,2') = |p(z) — p(a’)|.
Now we can define the transformation 7" : [0,1) — [0, 1) by

T(y) =¢poVoy (y).

Proof. (of Proposition|2.4.9) Let x = x; - - - x,, be a n-path starting in vy in Xpy .
Let 2™" and 2™ be the minimal respective maximal path in the cylinder [z]
corresponding to the lexicographical order <. Then

p(a™) — (™) = p([x]). (2.1)

Now suppose 7 is another n-path starting in vy succeeding x with respect to <,
then

p(a™) = p(F™). (2.2)
Hence ¢ is not injective, but identifies pairs of point and turns the Cantor set
Xpy into the unit interval o(Xpy) = [0,1). Since there are just countable many
pairs ™ and ™", they have total y-measure zero and without these points, ¢
is injective. From and it follows that ¢ is an order-preserving isomor-
phism from (Xpgy, i1, <) to the unit interval ([0, 1), A, <) with A being the Lebegue
measure and < the standard ordering. Thus also T = @ oV o ¢! is injective
but for countably many points where we have an one-to-two correspondence as
in (2.2):
Suppose we have r = 1+ -z, and T = Ty - - - T,, with (™) = p(Z™") = y as
before. If there exists m < n such that x; = Z; Vj < m and x,, is not a maximal
incoming edge, then

V($max) — ,Umax and V(jmax) — {}max
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for two consecutive n-paths v = V(z) and v = V(&). For this paths, it follows
that

T(y) = p(u™™) = p@™™"),
hence T is well-defined, and even more, T is continuous at y. From this it follows

that there are at most > m;;(n) pairs ™ and z™" for every n (they correspond
7:7j

to the total number of slices after the n — 1-st cutting step to create the n-th

level stack C,) such that T can be discontinuous at p(z™) = @(z™") = y.

Except of those points, T" acts as a local isometry, in other words, exactly as a

cutting-and-stacking map. O]



3 Unique ergodicity

Since we have discussed Bratteli diagrams in the last chapter, we now focus on
ergodic invariant measures for Bratteli diagrams. We are trying to answer the
question: what is the exact number of ergodic probability measures on B such
that they are invariant with respect to the tail equivalence relation £ (see Defini-
tion [3.0.1)), for a given Bratteli diagram B. This is done in [4]. In this section, we
will follow this Paper by Bezuglyi, Karpel and Kwiatkowski. We study the set
Mr(X), the set of all T-invariant Borel probability measures where X is a com-
pact space and 7' : X — X a continuous mapping. By the Kakutani-Markov
fixed-point theorem, this set is always non-empty and each extreme point is a
ergodic measure.

To start with, we need to specify some notation and definitions. First of all,
as in [4], we are working with invariant probability measures with respect to the
tail equivalence relation £ on the path space Xpg of a Bratteli diagram B, denoted

Definition 3.0.1. Tuil equivalence relation .
To paths in Xp are tail equivalent (i.e. (z,y) € &£) if 3k € N such that for
x = (z,),y = (y,) it holds that x; = y; Vi > k.

Remember Definition 2.1.5] and observe that a Bratteli diagram is simple if £
is minimal. With this in mind, we should mention that telescoping preserves Xp,
& and M;(B). Secondly, we combine the information of the incidence matrix
(Definition and the height vector (Definition to get the sequence
F(n) of stochastic matrices. Those will be needed to work with measures. This
stochastic version of the incidence matrix of B is defined by:

F) = (ol et fow) = ()™ (3
3.1 Bratteli diagrams and their invariant measures

Let p be a measure in M (B), which means p is a Borel probability non-atomic
E-invariant measure on Xp. If we suppose that e, ¢’ are two edges in E(v,v) for
v € V,, n>1, then p is an £-invariant measure if and only if

w(le]) = u([e']), where [e], [¢'] are the cylindersets of the infinite paths e and ¢'.

Let us determine the measure by the vector

p(n) = (pu(n) : v € V,,), n > 1 such that p,(n) = p([e(vo, v)]).
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In other words, p,(n) is the measure of the cylinder set, containing the finite path
e(vp,v). Keeping this in mind, we see for a vertex v € V, that the cylinder set
[e(vg, v)] is equal to the union of [e(vg, v)] and all other possible paths going from
v to any vertex w in the next level, hence

ewo, )l = |J  [e(vo,v), e(v,w)]. (3.2)
e(v,w),wEVn41

If we pick one particular w € V,,;1, we obtain that
[e(vo, w)] C [e(vo, v)]- (3.3)
Thus we get the vector p(n) by the formula

~ i(Xu(n))

puw(n) = OB where X, (n) = U le], w e V,. (3.4)

e€ E(vo,w)

By |15], given a vertex w, X,,(n) is the corresponding tower in the Kakutani-
Rokhlin partition. We can define the measure of the tower by

:U/(Xw(n)) = hw(n>pw(n) = Qw(n>‘
Note that so far, p(n) was not a probability vector in general, but ¢(n) is.

By (3.2) and (3.3]) we obtain that
p(n—1) = M(n)p(n), (3.5)

since M (n) gives us the incidence matrix going from level n — 1 to n. Trying to
get the analogous result for ¢(n) we see,

qu(n—1) = hy(n = Dp,(n— 1) B hy(n—1) 3 myu(n)pu(n)

> bl = D= B S w)au(o)
Hence " n
aln 1) = Fln)a(n). 36)

Lemma 3.1.1. ([t Theorem 2.9]) Every F(n) is a column-probability matriz,
i.e. the entries in a column add to 1.

Proof. By the calculations above, we get

> ) = 3 () s S (it )

VEVH 1 vEVh 1 VEV 1
# {paths from vg to w}
1
= hy(n) =1
ha (1)
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Next, we give an important definition:

Definition 3.1.2. Standard simplex.

AM = {(ng))weVn;: > 20 = Land 28 > 0,w € V,} are the standard
weVn

simplices in RI'?l with |V,| vertices {e™(w) = (0,...,0,1,0,...,0) : w €
V, and e’ (w) =1 < u = w}

The next Proposition is for example done in [6] as well as in [5].

Proposition 3.1.3. The number of ergodic invariant measures of a Bratteli-
Vershik system is bounded by its rank.

Proof. Suppose p is a E-invariant probability measure on X g with values ¢, (n) =
u([e(vo,v)]) for v € V,,,n € N which, by the Kolmogorov Extension Theorem,
determine the measure completely and satisfy (3.6). Thus we can interpret
as infinite decreasing sequence of linear maps between RIV»|

R £O) pivil £&) pival £G) pivs) £&)

As we mentioned in the beginning of this chapter, the ergodic measures are exactly
the extreme points of the set

A = (Fn+1)F(n+2)---F(n+j)(A™M).
j=>1 ‘r(m
::Aj

If we now suppose that the Bratteli-Vershik system is of rank r, i.e. |[V,| = r

infinitely often, then AP cannot have more than r extreme points for each n,
hence (X, T') has not more than r ergodic measures. O]

3.2 Condition for unique ergodicity of Bratteli
diagrams

In this part, we are following [4] to give a proof for a condition of unique ergodicity,
i.e. for a Bratteli diagram with just one invariant measure or more precise we are
talking about the situation where M;(B) consists of just one element.

Theorem 3.2.1. Unique erqgodicity of Bratteli diagrams(|4), Theorem 3.1]).
Suppose B = (V, E) is a Bratteli diagram and (Xp, V') the corresponding Bratteli-
Vershik system. Then (Xp,V') is uniquely ergodic if and only if, after appropriate
telescoping,

tim max (Y [fowln) = fowr(n)]) 0. (3.7)
’UEanl
Remember f,.,(n) denotes the entries of the stochastic incidence matriz F(n),

defined by B.
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Before we are able to prove this theorem, we may talk about those extreme
points of convex sets which corresponds to the ergodic measures and how we can
interpret these convex sets as decreasing sequences. First define

Gn,n+m)=F(n)-Fin+1)---F(n+m), m>0,n> 1.
For uw € V,,_y and v € V,,,,, the elements of G(n,n + m) are defined by

Gup(nsntm) = Z fupr () fon o (ntm—=1)- fy,, o (n+m)

(V1,025 ,0m ) EV XX Vi gym—1

As defined above, the set Ay = Fin+1)F(n+2)---F(n+m)(AM) form
a decreasing sequence of convex polytopes in A, The vertices of Agn) are
elements of {g,(n,n+m) :v € V,1,,}, where

go(n,n+m) = (guu(n,n+ m))uevni1 = Z Guo(m,n+m)e™(u) (3.8

uEVn_1
By definition, the simplex A" is the convex hull of the vectors {go(n,n +
m)}’UEVn+m'

Remark 3.2.2. We define the metric d* by

k
d*(xz,y) = Z |z; — y;| for © = (24, ... ,q:k)T,y = (y1,... ,yk)T e R”.
i=1

We notice that d* is equivalent to the euclidean norm | . || on R¥.

Proof. (of Theorem [3.2.1])
First of all, we notice, that being uniquely ergodic means A is a singleton for
all n.

(<) It is sufficient to show that diam(Agg)) 20, Let v,V € Vi, € Vie_y
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and use (3.8)) to calculate:

d*<g“(”>”+m),gv/(n,n+m)> _ Z

ueVn—l

-3 3 Fain () oy (= 1) - fo (4 )

UEVn—1  (V1,0ee,m)EVa X..Vitm—1

gu,v(na n—+ m) - gu,v’(na n+ m)

7

Ju,w (Mn4+m—1)- fu, »(n+m)

WEVn4m—1
— Z Jupi(n) -+ for o (n+m—1) fur (0 +m) ’
(V] sV )EV X Vi1
> guvw(n,;jrmfl)-fww/(n+m)

wWEVn4tm—1

=Y | Y st im0 (fuslntm) — fulntm)]

uEVy 1 wGVn+m,1

< Z fwyv(n~|—m)—fw,vf(n+m)‘ Z Guw(n,n+m —1)

WEVntm—1 u€Vn_1
N

J

~
=1 by definition of g

= d*<fv(n+m) — fu(n +m)> 0.

Thus we get diam(Agg)) 2% 0 and therefore A% contains one single element.
Hence B is uniquely ergodic.

(=) Suppose B is uniquely ergodic, thus AW is a singleton. It holds for
n € N:

max d*(gu(n,n+m), gu(n,n+m)) < diam(AG) "5 0,
’U,’U/E n+m
n—oo

by assumption. Hence we can find a convergent sequence (&,,),ey — 0 and for
every n we find a m large enough such that

€ Z ‘S 71;(77/,77/ m) .9’[1,,7.}’(”7” m)‘ < ‘EYL
U,’Ul V’n m
uein—l

It follows that there are sequences (n;);>1 and (m;);>1 with entries in N such that

max E
v,u'€Vp,

UEV,_1

Gu,v (ni7 n; + mz) — Gu (n’ia n; + ml) S En, (39)

withl<ni<ni+mi=ny<ng+me=ng<ng+mg=mnyg<...

We have now an ordering on the levelset of our Bratteli diagram. If we tele-
scope B with respect to this order ny < no < ng < ngy < ..., we get a new
Bratteli diagram B’ = (V’, E’). The corresponding stochastic incidence matrices
are G(n;,n; +m;), i € N. Thus we get the result since it follows directly from

B9). 0
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The authors in [4] showed the importance of finding an appropriate telescoping
and the use of stochastic matrices by the following two examples:
Example 3.2.3. Suppose B = (V, E) is a Bratteli diagram with incidence ma-
trix M(n) = Tll L
trix F'(n), we observe that M(n) has Equal Row Sums (short "ERS’) r(n) (this
property is introduced in [4]). Obviously the entries of F(n) are obtained by

Jow(n) = —m;{;gn) Hence

For finding the corresponding stochastic incidence ma-

n+1 n+1

T R
F(”):( " 1f+i>'

Calculating the limit (3.7)), to get a result about unique ergodicity, we get a limit
converging to 2. At this moment B would not be uniquely ergodic.

Z” 2”), a ERS-matrix. Similar to the

proof of Theorem [3.2.1 we take G(n,n+m) = (gw(n, n+m)> and by induction,

S(n,m) = Z

UEVy 1

Now suppose more generally, F,, = (

gu,v(”a n+ m) - gu,v’(n7 n+ m)‘ =2 H ‘(an+i - bn—H) .
i=0

Applying this to B, we get S(n,m) =2 [] (1 — ﬁ) 2% 0. To get the correct
i=0

order of the telescoping, again as in the proof, construct for &, —3 0:

For €1, let n = ny then Im; such that S(ny,m;) < 1 and define ny = ny + my.

For 9, 3my such that S(ng, my) < e9 and define ng = ngy + mo.

— Telescoping with respect to (n) gives that B is uniquely ergodic.
The same does not hold for diagrams where S(n,m) does not converge to 0.
Hence there is no telescoping such that (3.7)) is satisfied. For example, take the

L _ 2
Bratteli diagram B = (V, V) with incidence matrix M (n) = (7; 732>

Example 3.2.4. Suppose C' has incidence matrix M(n) = (le g) Without
using stochastic incidence matrices, we would get that C' is not a uniquely ergodic

matrix by calculating (3.7)) for the entries of M (n). Nevertheless, C' is uniquely
0
)

If we now want to close the circle to our two prominent Kakutani- and Chacéon
transformations, we obtain the next to examples rather easy by applying Theo-

rem [3.2.1k

ergodic since for the corresponding stochastic incidence matrix F(n) = (

(13.7) is satisfied.

SIS
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Example 3.2.5. Looking back to the Kakutani transformation, we see, that
we already had an example for a unique ergodic transformation. In Theorem
Theorem|[1.3.6, we proved, that the dyadic adding machine K is ergodic. Including
what we know about Bratteli diagrams, K has an isomorphic Bratteli diagram
B = (V, E) with incidence matrix M(n) = (2). And since the stochastic version
of M(n) satisfies (3.7), we obtain that the dyadic adding machine is uniquely

ergodic.

Example 3.2.6. As constructed in Section Chacén’s transformation is as
well uniquely ergodic. We already have seen that this transformation is station-

ary with incidence matrix M(n) = ? (1)) (compare to the left hand side of

Figure 2.4). Hence we apply Theorem and conclude that the stochastic
version of M (n) satisfies again (3.7)).

3.3 Exact finite rank diagrams

Even more general, it is shown in [5] that every transformation of exact finite rank
(see Definition is uniquely ergodic. This fact is not only used for Bratteli
diagrams and finite rank transformations, it is actually used in some other areas
as well. Giving an example, it is used as a version of Boshernitzan’s theorem 3]
in the field of symbolic dynamics and recently to prove the uniform convergence
in the multiplicative ergodic theorem (for both, one can read for example a pa-
per by David Damanik and Daniel Lenz [13]), which in turn has applications in
quantum mechanics as for example the spectral properties of Schrodingers oper-
ators. Following the Paper of S. Bezuglyi, J. Kwiatkowski, K. Medynets and B.
Solomyak [5], we will give an introduction to what it means being an exact finite
rank Bratteli diagram.

Definition 3.3.1. FExact finite rank Bratteli diagram.
A Bratteli diagram B has exact finite rank if there exists a finite invariant
measure 4 and a constant ¢ > 0 such that, after appropriate telescoping,

u(Xy(n)) >0 for alln € N and v € V,.

X,(n) denotes the set of all n-paths going through v € V,,. In other words, exact
finite rank adds the requirement of having only towers of positive measure to the
definition of finite rank diagrams.

Recall the definition of finite rank diagrams, we can transfer them into a
canonical block-triangular from, such that Xp is decompositioned into a finite
number of tail-invariant subsets. The proof of the next Theorem can be found
for example in |5, Theorem 2.6] or [4].
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Theorem 3.3.2. Let B = (V, E) be a Bratteli diagram of finite rank. Then B
can be isomorphically transformed to a diagram with incidence matrices { F(n) },>1
such that

F(n) = 0 0 <o Fy(n) . :
Xot11(n) Xsy12(n) -+ Xeprs(n)  Foa(n) -+ 0
Xna(n)  Xpa(n) - Xps(n) Xpspi(n) - Fa(n)
(3.10)
FEach matriz F;(n), i = 1,...,s, n > 1 has strictly positive entries and each
matriz Fy(n), i =s+1,...,m, n > 1 has either strictly positive or zero entries.

Also there is at least one matrix X;,(n), k=1,...,7 -1, j=s+1,....m—1
which is non-zero.

In the next part, we want to show that we can derive ergodic measures from
extending measures of simple, pairwise disjoint subdiagram. For this, we intro-
duce Bratteli subdiagrams and give an overview how to extend measures from a
subdiagram.

Definition 3.3.3. Subdiagram of a Bratteli diagram.

Let B = (V, E) be a Bratteli diagram. Then S = (W, R) is a subdiagram of
B if it is constructed by taking a subset W of V' and then considering all the
edges of B, which connect the vertices in W. This set of edges, called R, is then
a subset of F.

Let us mention here that a generated subdiagram is in general not invariant
under the telescoping since one can add some edges to the subdiagram S which
are not contained in the diagram B.

If we take the set Y, the set of all infinite paths of a certain subdiagram S
of B, it is natural to say Y is a subset of Xg. Now we denote the set of paths
x € Xp that are £-equivalent to a path y € Y with Xg. Hence Xy is E-invariant.
We can also find an extension of the measure p to Xg if we consider i on Xg such
that i induced on Y coincides with p. Obviously [ is then E-invariant as well.
For extending the measure, we take a finite path e € E(vg,v) from the edge set
that belongs to the subdiagram S and from the vertex vy to v € V,,. Let us now
define the cylinderset [e]s to be the set of all paths in Y that coincide with € in
the first n edges. Then we identify each finite path € from the diagram B where
t(¢') = t(e) with the same measure, i.e. [i([€']) = u([€]s). Defining it like this,
is extended to the o-algebra of Borel subsets of Xp generated by [z|, where T is
a finite path, ending in a vertex of S. The support of the measure i is the set of
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all paths which are cofinal to paths in Y. In fact we get a formula to compute
1(Xs).

Define W,, = W NV, and Xg(n) = {x = (z;) € X : t(z;) € Wi, Vi > n}.
Then it holds

(1) Xs(n) € Xg(n+1) and

A~

(2) A(Xs) = Tim p(Xs(n)) = lim 5> hu(m)u([es(vo, w)])

n—00 wEWn

where h,(n) is the height of the tower X,,(n) in the diagram B and eg(vy, w) is
the path in S which goes from vy to w. This measure [i(Xg) may be either finite
or infinite.

Let us clarify that from now on, finite rank Bratteli diagrams B have the
structure of (3.10). We define a subset on {1, ...,m}, denoted by A, such that the
corresponding incidence matrices F'(n), n € A are non-zero. Then take v € A and
define B, as the subdiagram of B which has incidence matrices {F,(n)},. Since
F,(n) is strictly positive we can imply that B,, is simple. Let the subdiagram B,
have a path space Y, and X, = £(Y,). The next theorem describes the structure
of ergodic invariant measures (with respect to some subdiagrams).

Theorem 3.3.4. Let B = (V, E) be a Bratteli diagram of finite rank m. Then
it holds

(1) Each finite ergodic measure on Y, extends to an ergodic measure on X,.
The measure extension can be finite or infinite.

(2) Each ergodic measure (not necessarily finite) on X, is obtained as an ezx-
tension of a finite ergodic measure from Y,.

(8) The number of ergodic measures is not greater than m.

(4) B can be telescoped in such a way, that for every probability ergodic measure
p there exists a subset W, of vertices from {1, ..., m} such that the support
of v consists of all infinite paths that eventually go along the vertices of W,
only.

(4-1) Let v be a second ergodic measure. Then W, N W, = 0.

(4-11) Let p be a probability ergodic measure. Then there exists 6 > 0 such that
for any v € W, and any level n

,u(Xv(n)> >0

for X, (n) the set of all paths going through the vertex v at level n.
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(4-13) The subdiagram generated by W, is simple and uniquely ergodic. The unique
ergodic measure on the path space of the subdiagram is precisely the restric-
tion of the measure L.

Proof. Since we want to mention a nice consequence of the statements of part (4),
we will refer for (1) and (2) to [5], Theorem 3.3 and for (3) to Proposition [3.1.3]
from the beginning of this chapter. For proving part (4), we define the probabil-

ity ergodic measures on Xg by pq,..., t,. Without loss of generality, we may
assume that each p; is restricted to a simple subdiagram B,,. In the following,
we only construct Wy for pq, since we find the corresponding sets W, ..., W, for
o, . .., by DY repeating the same arguments as for Wp and p;. For pq,

Z lim sup g4 (Xv(n)) > lim sup Z i (Xv(n)) =1

Thus, there exists a vertex v; such that

lim sup pi4 <)CU1 (n)) =04, > 0.
n—oo
Then we can telescope the diagram such that j <Xv1 (n)) > %1 for all levels n.

Taking now a new vertex Vo # v it follows for d > 0

lim sup i (XU2 (n)) =0y > 0.

n—oo

Again we telescope the diagram such that p (sz (n)) > %2. Going along like

this, we get a set of vertices W; such that

1 (Xv(n)> >0>0,Vn>0andve W.

Note that § = %min d; and lim sup (Xv(n)> =0, for all v ¢ W;. Let |4 define

the disjoint union, we telescope the diagram once more, to get

f:,ul( L—U Xv(k)> < %, for all n.

k=n vgEWh

If we denote the set of all paths, that eventually go along the vertices of W,
only, by Si, then Sj is the support of p; since for a set Ry := X\ S =

N U W X(k),

n>1k>n vgWy

p1(R) :nh_,IEO/“”( U H‘J Xv(k>) < T}g{)loim( H‘J Xv(k?)> = 0.

k>n vg¢Wh k=n vgWy
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As said before, the sets W, ..., W,, will be constructed the same way. Now we
claim that for two sets W;, W; with ¢ # j, their intersection is empty. We prove
by contradiction that if we have two probability ergodic measures p and v and a
vertex w it does not hold

p(Xw(n)> >~ and V(Xw(TL)) >v,V¥n€Nand y= %min (5(;1),5(1/)) > 0.

By ergodicity follows for a set C'= (| |J Xw(n) that u(C) = v(C) = 1. Since by
k>1n>k
assumption p and v are distinct ergodic measures, we apply the Radon-Nikodym

derivative which satisfies

dp

W(ZL‘) =0 for v-a.e. T € XB.

Then for hy,()(n), the number of n-paths from vertex v,(xz) € V,,, such that
xr € Xpg goes through this vertex, to the top vertex, we calculate

L

O:dw+V)

0.

v

= lim

> 7
n:vp (z)=w M(Xw(n + V(Xw(n)) -2

Hence we get the contradiction and proved (4-1) and (4-ii).

For (4-iii) we denote the subdiagram generated by the vertices of W, by B,,.
Since B, is again a subdiagram of corresponding simple diagram B,,, we can
telescope the original diagram such that for consecutive levels, there exists at
least one edge between any pair of vertices. Thus B, is simple and by the same
arguments as before, B,, cannot admit any other probability ergodic measure. [

Example 3.3.5. Let us assume the Bratteli diagram B with incidence matrix

0
F(n)=

O ===
_ O = =
— NN OO

0
1
2

Then the incidence matrix is of the form of (3.10]), containing two subdiagrams

By and B, with incidence matrices F} = (} }) and Fy = (; }) respectively.
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For o € {1, 2}, each B,, has a path space Y, and X, = £(Y,). On the path space
Y1, the subdiagram is not invariant since a path can possibly reach Y; from the
right subdiagram Y. On the other side, we have invariance on the path space
Y5. This is illustrated in Figure (dotted lines for Y} and dashed lines for Y3).
The measures of both subdiagrams are finite since for a certain vertex v in B; we
can choose the measure of each path, ending in v in such a way, that they sum
up to 1. Doing this in every step, it also holds for the limit. Analogously for Bs.
Extending the measure from Y; gives an invariant ergodic measure on the path
space Xp of the original diagram B.

/U:.’

Figure 3.1: Bratteli diagram B with its subdiagrams Y,

As a direct consequence of Theorem [3.3.4] (4-iii), we get a version of Bosher-
nitzan’s theorem [8].

Corollary 3.3.6. A Bratteli diagram B of finite rank is uniquely ergodic if it is
of exact finite rank.

Note that we can apply the definition of exact finite rank only to Bratteli
diagrams, not to the Bratteli-Vershik systems since there exists Bratteli diagrams
with different Vershik-maps, one with exact finite rank and one without.

Example 3.3.7. The definition of exact finite rank diagrams, suggest that trans-
formations constructed by the cutting and stacking procedure without adding
spacers with corresponding Rokhlin towers which do not asymptotically vanish,
i.e. the measure of ever tower is always bigger than some a > 0 are of this class.
Hence for example the Kakutani transformation or Odometer is of exact finite
rank.

Still the notion of exact finite rank is rather poor. Although it is a class of
transformation which is automatically uniquely ergodic, the converse is not true.
It also excludes strongly mixing. A. Rosenthal showed in 1984 that ergodic trans-
formations of exacts finite rank are partially rigid which means by Definition [4.1.1]
that they cannot satisfy the mixing property.



4 Construction of strong mixing
rank one transformations

In this chapter, we are mainly refer to [1] a Paper of Adams, proving that many
staircase transformations are strongly mixing. Note that in the reference litera-
ture, we will only read mixing instead of strongly mixing. Adams proved in his
1998’s Paper the theorem which was originally stated by M. Smorodinsky. A
little bit earlier, in 1992, Adams and N. Friedman [2] gave an algorithm includ-
ing cutting-and-stacking constructions, with which (strongly) mixing rank one
transformations can be produced. We are also following a Paper of D. Creutz
and C. E. Silva [12], who showed mixing for polynomial staircase transformations.

Staircase transformations are a simple class of rank one transformations, in
fact the simplest class which is strongly mixing. They are basically cutting-
and-stacking transformations such that at each step n, the stack is cut into r,
pieces for a given sequence {r,} of non-negative integers. Before the stacking
step, the spacers are put above each subcolumn (i.e. the resulting slices after
cutting) increasingly by 1. While proving that Staircase transformations are

T

mixing, Adams assumed that %—>O for n — oo, where h,, is the height of
the n-th stack. This result implies the finite measure-preserving property for
the mixing staircase transformation and is called "restricted growth”. Asking
for the somehow other implication, Ryzhikov proved in [21] that all staircase
transformations are mixing hence every finite measure-preserving is.

First, let us recall some ergodic properties:

Remark 4.0.1. (1) By Theorem [1.1.10] =

\ﬁ i w(T™*"AnB) — M(A)M(B)‘ = \% 5 pw(ANTEB) — u(A)u(B)\
- [ S o (Tt0) - (B) |y
- H%"ffxB(T—m —u(B)|| —0

by ergodicity of 7.
(2) An ergodic sequence {a,} is defined by

n—oo

n—1
lim /‘%;XB(T_“fx)—M(B)‘duzo VB € B,
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where B is the Borel o- algebra.
(3) A transformation is power ergodic if all powers of the transformation are
ergodic, i.e. the ergodic averages A,, converge uniformly. In other words if VB €

B:

n—oo leN

n—1

. 1 -

lim sup/ ‘ﬁ E xs(T™Mx) — w(B)|du = 0.
k=0

This notion comes from the property of being uniform Cesaro (as used in [1] and

[2])-

Talking about mixing sequences as well as ergodicity on sequences, we should
mention the theorem of Blum-Hanson [7].

Theorem 4.0.2. The Blum-Hansen theorem.
Assume T to be an ergodic transformation. T is mixing if and only if every
strictly increasing sequence of integers is ergodic with respect to T

4.1 Staircase transformations

Using the notation from [1], we define (and illustrate in Figure for the stair-
case transformation 7™

® {sn;}{r,} the spacer sequence, where n and j describe the step n and
subcolumn j respectively. The classical staircase transformation is defined
by the spacer sequence s, ; = j for 0 < j <r, — 1.

e {r,} the cut sequence. As in [1], we may assume from now on that
limr, = oo, since otherwise the transformation automatically cannot be
mixing. This is because of the partial rigidity of a transformation satisfying
liminf r, < oo:

Definition 4.1.1. Partially rigid transformations.
A transformation 7' is partially rigid, if there exists a constant ¢ > 0 such
that

limsup u(T"ANA) > cu(A)

n—o0

for all sets A of finite measure.

Every transformation with lim inf r,, < oo is partially rigid and hence cannot
be mixing.

e {h,} the height sequence, corresponding to the number of levels in each
rn—1
stack: hg =1, hpi1 = mhn + D Snj.
j=0



4.1 Staircase transformations 48

e [, the i-th level in the n-th stack with 1, ¢ the bottom level and

hn—1

Cn — U In,i-
1=0

e 5, the set of spacers added in the n-th step, i.e.

rn—1

S = Cns1 \ Cu, Su = | sns.

J=0

° I,[Lﬂ the j-th sublevel of the i-th level of the n-th stack.

32

[n,hnfl

: stacking

1 1 1
[0] 1 1 1
Ino | ; ; ; Lo Lo =1

T T Cn T T Cni1
1 1 1 1
Tn Tn Tn Tn

Figure 4.1: One construction step of a staircase transformation

Linking this to what we have seen in the previous chapters, we note that T'
o0

is only defined on a finite measure space if and only if > p(S,) < co. As we
n=0
working on the interval [0,1) in general, we need this assumption to guarantee

that T is isomorphic to the transformation defined on the unit interval constructed
through cutting-and-stacking, with the only difference that Cy = [0, %) with L
the measure of the domain of the original 7.
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4.2 Staircase transformations are strongly mixing

For the moment, we investigate the idea of mixing by looking at the construction
of the staircase transformation. Suppose we have a staircase transformation T’
in the known cutting-and-stacking fashion presented above. Let us take a level
I of the stack C;, which is ¢ > r, above the bottom level. If we now apply h,
times our transformation to the j-th sublevel of I, say ]T[i }Z-, it will be mapped to
the next subcolumn j + 1 and j levels below the j 4+ 1-st sublevel of I. This is
because of the j added spacers above the subcolumn j (see Figure .

][0]

0

Figure 4.2: Idea of mixing on staircase transformations

Each length of such I Ul is exact % and I contains 7, sublevels. Hence 7T"»

n,%

maps the level I to a sequence of r, succeeding smaller levels of length %, which
means that the characteristic function of T"»(I) is of the form

rn—1

=3 (ulr ) - (). (11)

k=0

By ergodicity of T this term converges to 0, thus the sequence {h,,} will be mixing.
Making this whole construction more concrete, we obtain the next lemma.

Lemma 4.2.1. LetneN,ie€{0,1,...,h,}, 7€ {0,1,...,7,} where h, andr,
are positive integers and B a union of levels in C,,. Then

rn—1 X
(a) L, = U 17,
j=0
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(b) Tkthrijr%k(kfl)[T[LJ;}i _ [}ijk} and

(¢) (1Yt N B) = L (L0 B).

Proof. (a) is obvious by the construction, see Figure .

(b) follows by applying k times Thn+J Ilf]l = [Ej”, hence by adding the new
spacers in each step.

(c) Since B is a union of levels in C,,, it follows that I,,; C Bor I,,,NB=10. O

Our next goal is to show that the ergodic sum in actually converges to
zero. The next Lemma, called the Block Lemma [12], shows that an ergodic type
average as in (4.1)) is dominated by an ergodic type average with proportional
fewer terms.

Lemma 4.2.2. Block Lemma.
Let T be a measure-preserving transformation and B € B. Then for any positive
integers R, L and q,

/ ‘% I,%Z_IXB(T%) - “(B)’dﬂ(“’) < / ’% §XB(TZ%) — w(B)|dp(zx) + %.

Proof. This is a basic statement about measure-preserving transformations. The
name of the Lemma comes from the idea to split the sum into blocks of size L - p
and each of these blocks again into L blocks. Applying the measure-preserving
property, we can combine the terms. L]

Now we set up a bounded sequence p,, and prove in the next Proposition, that
Pn 1S & MixXing sequence.

Proposition 4.2.3. [1/ Suppose T is a staircase transformation and let B be a
union of levels in some stack C,,. Then for all sequences p,, of posilive integers
there exists a sequence [, of positive integers, both converging to infinity with
hy < pn < 2h,, such that

l,—1
. 13 i
M [ ZEZOI XB(T ") — u(B)|dp(x) = 0.

Before we proof this Proposition, we shall need the next Lemma by Blum-
Hansen [7].

Lemma 4.2.4. Let {C;;, i,j > 1} be a bounded sequence of numbers such that

li—jl—o0
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Proof. We define the supremum of the sequence C; ; by C' = sup |C; ;|. For e > 0,
.3
we take M € N such that |C; ;| < e for |[i — j| > M. Then for n > M it holds

% Z ’Cz‘,jl = ﬁ Z ‘Ci,j| + ﬁ Z ‘Ci7j‘

7,7=1 i,j=1,li—j|<M i,j=1,li—j|>M
<e
(2M + 1)nC
S - 5 +e.
n

M, it follows for n > N,

If we now choose N > ¢
1 n
E Z |Ci,j’ S 26.

1,j=1

Proof. (of Proposition[{.2.5) Let ¢ > 0. Take j € N such that

Then define D; to be the union of the top ¢ levels of (), and D5 be the union of
the lower h,, — t levels. Then obviously C,, = D1 W Ds.

spacer {
/
D, I By t
D, h, —t
Ch,

Figure 4.3: Partition of C,, into Dy and D,

Define further:
(i) B1 = BN D; and By = BN Dy where B is by assumption a union of levels in
some stack.
(i) By =

By \ {{bottom (j+1)-r, levels of Dy }U{(5+1) rightmost subcolumns of Cn}}
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Then the symmetric difference of By and B satisfy

(]+ )T +]+ 1

n r’I’L

0.

u(By & By) <

Tnj].

(iii) Let I be a level in B, which is only a part of a level in C,.

Then by applying 7% to I, I will be mapped (7 + 1) times through the
staircase on C), by the construction of By in (ii). Hence 7% is intersecting with
(r, — (j + 1)) levels of C,. Even more, we see that T%n ] intersects the levels of
C,, in an arithmetic progression {k +i(j +1)}?* as we see in Figure .

Now suppose that I* is the highest of such levels and define Bf = J I*. It

I'cB;
follows that
rn—j—2
u(T%" B N B) Z w(T7F0+Y B N B). (4.2)
Analogously we define B}, C By and Bj such that
rm—j—2
(T By N B) w(T~ B3N B). (4.3)
" =0

By ergodicity of 77 and T-U*Y, we can apply Proposition [1.1.11|to get
w(T BN B) — u(B)? for n — oo.

Therefore for different i # j, we combine (4.2)) and (4.3)) (this is okay since B
and B are disjoint), and get

w(T* BN T B) — u(B)? for n — oo.

Now by taking an integer L and applying Cauchy-Schwarz and T-invariance of
w, we get

BS T iPn B)|d ’
(/ Zi:OXB( x) — pu( )‘ N)
1 L—1 ' 9
< [ 7 X xalr70) - ()| du

(xB(T™"mx) — u(B)) (xs(T~7""x) — u(B)) ‘du

I

—
-
g

[en]

&

o~
[

-

xB(T~ ") xp(T ") = u(B)?|dp.

I
—
)=
o

-
&,
Il
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For the last line, we can now apply Lemma [4.2.4] if we identify
Oi,j = XB(T_ipnl‘)XB(T_jp"l‘) _ ,u(B)z.

Thus for ¢ > 0 and p,, = oo we can take L such that

[z §XB<Tipnx> — 1u(B)|dp(x) < <.

Hence for p, — oo fast enough, there exists [, — oo such that
lim sup /
n—oo

As we mentioned in the beginning of this chapter, Adams observed that for

ln—1

= s (1) — (B () < <
L, “

O

. 2 . .
any staircase transformation, = — 0 if n — co. Before, we are observing that

2 2
hnfl _ Tn—lhnfl Tn-1hn-1 hn_1

= — OQ.
hn Tn—lhn hn Tn—1
S—
—1 —00

Now we are ready to prove the main theorem (see [1, Theorem 2.3]):

Theorem 4.2.5. Let r, be the cutting sequence such that limr, = oco. Then
2

the staircase transformation T is mizing if lim ;= = 0, where h,, is the height
n—oo "

sequence of each stack C,.

Proof. Remembering the construction once more, we start with a single interval
Cp and a certain number of spacer. For the induction step, we assume C,, to
be the tower of height h,. Then we cut C, into r, subcolumns and place ¢ — 1
layers of spacers at each subcolumn ¢. To get the new tower C),; we stack all the
subcolumns ¢ onto ¢ — 1 for 2 < ¢ <r,. We obtain for the height of tower C),

1
e N 57‘”(7“” —1).

The "restricted growth” condition 2—’21 — 0 implies that

1 n
57"”(7’” —-1) < :—O for large enough n.

In the limit, we get a measure-preserving and invertible (up to sets of measure
zero) transformation 7' : X — X.
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Suppose A, B are subsets of X. Then we have to show that

lim [u(T™(A) 0 B) = p(A)u(B)| = 0. (4.4)

m—0o0

For € > 0, we can take n large enough and A’, B’ union of full levels of C,,, such
that u(A A A’) < ¢ and u(B A B') < . Hence if holds for A’, B’ then it
holds for A, B. Therefore we can assume without loss of generality, that A, B are
two unions of full levels of C), for every n > ny.

Similar to what we have done in the last proof, we choose a positive integers
m such that

h, <m = k,h, +t, < hyyq where 1 <k, <r,and 0 <t, <h,.

Again we can assume that m is large enough to satisfy n > nq.

We will split our stack C), in three disjoint parts and investigate the mixing
property for each part independently. The parts are chosen in the following way
(see Figure with r, =12, k, = 3 and t,, = 4): First cut C, in r, subcolumns,
each subcolumn has length % Then define

(i) D to be the set of the (k,, + 1) rightmost subcolumns of C,,
(ii) Dy = {top t, levels of C},} \ Dy and
(i) D3 = {bottom h,, — t, levels of C,,} \ D;.

Obviously (), is partitioned into three disjoint sets.

7, — k, — 1 subcolumns ky + 1 subcolumns
Dy, set of t,, levels
Ds, set of h, —t, levels
[N —7
D
Cy, !

Figure 4.4: Partition of C,, with r, =12, k, =3 and t,, =4

Part 1 (Mixing on D;): By placing the layers of spacer above the tower C,,,
D, occupies the top (k, + 1)h, + (rn — 1) + (1 —2) + -+ (rp, — k, — 1) =
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(kn + 1)h, + %(/{:n + 1)(2r, — k, — 2) levels of C,;1. Define further a subset of
Ch41 by

Dy = D;\ ({bottom hy+ 1y levels of C), 41} U{right-most subcolumn of Cnﬂ}).

Let A} = AND,. Then A, consists of levels of C,,,;\{right-most subcolumn of C,,;;}
and u((AND;) A Ay) < ﬁ — 0 as n — oo. Assume [ to be one of those levels

in A;. If we apply T™, I gets pushed through the roof of the stack C,, where it
splits up into 7,1 — 1 intervals that intersect r,,1 — 1 consecutive levels of C), ;1

(for illustration see Figure [4.5] the gray part in the right sketch). Each of this

intersections has length T“L

n+1 -1
spacer!{
IcA —
Dr
D,
spacer
JC A - B —— —_—
D2 _— '
D2 and D3 —_—
D, mixed
Dy
Cn Cn+1

Figure 4.5: Staircase-construction for C,, (left) and C,41 (right)

Now we define I* to be the highest level which 7 (I) intersects. Then

Tn4+1—2

>, wWT (I N B),

1=0

1

Tn+1 — 1

W(T"(1) N B) =
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and u(I*) = rril“l,u(]). Let A; = |J I*. We obtain by summing over all
ICA;
IC 14_1i
(T (A1) N B) — u(A)pu(B)] =
Trn4+1—2
| Y (T N B) — p(AD(B) + — (A u(B) | = 0
Tper — 1 =0 ! ! Iny1 — 1 ! B

N g

~
—0 by ergodicity (see Proposition [1.1.11]). —0 for n—o0

This proves (4.4]) for the set A; C A.
Part 2 (Mixing on Ds): Define

Ay = AN Dy \ {bottom 72 levels of Dy in C,}.

It follows that u((A N Dy) A Ay) < % — 0 for m — oo (and hence n — oo

by definition of m). Let J be a level in Ay. Obviously, J has length ‘a=fa=l k"_l in
C,. Applying T™ to J, it pushes it through the roof k, + 1 times, leldmg into

— k,, — 1 smaller intervals which intersect r,, — k,, — 1 levels on C,,. As we see in
the left part of Figure the intervals, shown in blue, intersect in an arithmetic
progression {j4i(k, +1)}:"g" 2. As for Part 1, define J* to be the highest level
which 7™ (.J) intersects. Then

Tn—kn—2
m ]' BN —1 *
uI"(J)NB) = —— > (T N B),
n n i—0

and u(A;) = m wu(A3), for A3 = |J J*. From this, we can assume that
JCAQ
Batl <1 — ¢, since otherwise |u(T™(Az) N B) — pu(A2)u(B)| < e immediately.

Summing up over all J C A, gives

|u(T™(Az) N B) — pu(Az)p(B)] =

Tn—kn—2
rn _ k:n _ 1 1 n n » . .
S X T A A B) — p(Au(B)|

=0

By assumption, T' is measure-preserving and invertible (mod p). Hence we can
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estimate the factor in the absolute value bars in the following way:

rn—kn—2
1 R —1 * *
PR A— Z p(T7 0+ (A5) N B) — u(As)u(B)
n " i=0
1 rn—kn—2
S — Z p(A; N T+ (B)) — u(A3)u(B)
" " i=0
rn—kn—2
e D DI EPTE S I
1=0 *
1 rn—kn—2
<l X el T uB)de. (45)
Tn — Rp — .
=0

If we are able to show that (4.5]) tends to 0 as n — oo, we get the required result
for Ds.
To show this, we take p € N such that h,_; <k, + 1 < h,. Then we have

(rn — kn — 1) (ky, + 1) S erp(kn + 1) S hz%fl

hp N hp =° h’p
rp—lhp—l hp—l
hp Tp—1

Now we choose k/, > 1 minimal such that &/, (k,+1) > h,,. Then clearly =2=te=1 —
oo as well. Applying Proposition we choose a sequence [, — 00 in such a

way, that a,, := L”L’f&‘lj — 00, but

=
Z]lBoT ik (knt1) _ (B)‘du—>0forn—>oo. (4.6)

= goS

For simplicity, we abbreviate S by T**! and g by 1z — u(B). By S-invariance

of u,
1 ln—1 1 I,—1
" =0 =0

for 0 < j < k],. Taking the average of this expression over j, we get

lnl

Zgos ik,

n—1 lnl
Z Zgoszk-f—]

k;zn—l

1 )
goS™

dp =

g,

dps. (4.7)

/
n
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Remembering how we defined the sequence a,,, we have r,, — k, — 1 = a,k/l,, + b,
where b,, is a sequence of integers such that 0 < b, < k,l,,. Therefore

X k2 1 anklln+bn—1
- [ |— §7ildp= [ | 57d
/ T — Ky —1 ; ° 8 / nkiyln + n ; . '
ank! lp—1 anklln+bn—1
an k] 1 S iy '
_ n'vn'n S_Z S_Z) d
/ o L + by ank;zn< Z et i:;;z a '
ankll
< St d Z7m g oo
< [l 2 0o T,
an—1 Fepln—1
L (i4gklln) Z J e
< [la X 2 008 RS
]:0 1=0
kL ln—1
1 n'n 77: 2 || g ||OO
< Iz 2 oS

The last inequality uses the other direction of (4.7). Hence by combining the
arguments from and , we can conclude the convergence for , in
other words, — 0 for n — oo and we proved the mixing property on Dj.

Part 3 (Mixing on D3): Here we can again use the same argumentation as
in Part 2 if we adjust in such a way that 7™ (J) goes through the roof only k,
times.

]
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