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Abstract

We study models of a Taffy-pulling machine described in the work of J. T.
Halbert and J. A. Yorke. The action of this machine and first model is given
by a 1-dimensional map constructed with a family of chaotic maps on the
interval [0,1]. We describe the invariant density of this model and prove
some statistical properties like mixing and ergodicity. Further abstraction
leads to a 2-dimensional model, an area-preserving map on a region of the
plane, we represent this map as the natural extension of the 1-dimensional
map. We continue the study of the 2-dimensional model and follow the work
of J-L. Thiffeault to describe the map as a linear function on the torus and
as a pseudo-Anosov map on the a punctured sphere.






Kurzfassung

Diese Studie befasst sich mit dem Model der Taffy-pulling Maschine von J.
T. Halbert und J. A. Yorke. Jenes Model konstruiert die 1-dimensionale
Funktion aus Funtkionen der Chaostheorie mit dem Intervall [0, 1]. Es wird
die invariante Dichte dieses Models behandelt und der Beweis fiir einige
statistischen Eigenschaften, wie zum Beispiel die Mischung und die Ergodiz-
itdt, hergestellt. Die Weitere Untersuchung beschéftigt sich mit dem 2-
dimensionalen Model. Dieses Model folgt der Arbeit von J-L. Thiffeault
und beschreibt die Funktion als eine Pseudo-Anosov Funktion.
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Chapter 1

Introduction

The aim of this work is to describe the mathematics behind the 4-rod taffy
puller machine. The hearth of this work is the paper of J. T. Halbert and J.
A. Yorke [3], but we will also follow very closely the combined work of F. D.
Matthew and J-L. Thiffeault [2] and the paper of Thiffeault [1]. Before we
start developing the mathematics of this work, we will give a short explana-
tion of what taffy is and a brief summary of historical facts about the Taffy
puller machine.

Salt Water Taffy in USA or chews in UK is a candy made of boiling
sugar, butter or vegetable oil, flavourings, and colourings. The taffy is made
by pulling and stretching the aforementioned candy mass. The pulling and
stretching process is an important part of making taffy. Without this process,
the candy would be hard and would not be as delicious as it could be. Pulling
and stretching the mass allow tiny air bubbles to be captured within the
candy. Those tiny air bubbles help to make the taffy soft and chewy. There
are special machines that make this pulling and stretching process, which are
mesmerizing to watch.

Before these special machines appeared (the first registered patent belongs
to P. J. G. Firchau (19/12/1893)), taffy was made by hand. This was a
difficult job to perform, since candymakers had to pull a huge mass of candy
with their bare hands. They repeated the process of pulling and stretching
over and over again until the taffy got the desired consistency.

The taffy candy in the USA is known by the name "Salt Water Taffy".
Although the origin of the Salt water Taffy is unclear, rumor has it that
everything began in New Jersey at the end of the 19th century. According
to [14] and [15], the most popular story is that of a young girl who was on
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holidays with her family in Atlantic city. The young girl entered to a candy
store, which was flooded during a storm in 1883. The girl asked to the owner
if he had any taffy for sale. Since the entire merchandise of taffy was soaked
with salty water, the owner in form of a joke offered the young girl some
"salt water taffy". The owner’s mother overheard what happened and loved
the name "salt water taffy", and the name remains until today.
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Chapter 2

Basic concepts

In this chapter we will introduce some of the basic concepts, definitions and
results that we will use through this work.

2.0.1 Notation. Through this work I will denote the unit interval and all
our functions will be continuous unless stated otherwise.

2.0.2 Definition. Let f : X — X be a continuous function where X s a

topological space, I and J subsets of X. We will say that I f-covers J if
J C f(I) and will be denoted as I — J.

2.0.3 Definition. Let I? be the unit square, the space obtained by identifying
the opposite edges of I? is the so called torus, and it will be denoted as T2.

2.0.4 Observation. T? can be considered as S' x S' or as R?/Z>.

2.0.5 Definition. Let X and Y be topological spaces, we denote the space of
all continuous functions from X to'Y by C(X,Y).

2.0.6 Definition. Let X and Y be topological spaces and f € C(X,Y).
We will call f and embedding if it is injective and f~' : f(X) — X is

continuous.

2.0.7 Definition. An Homotopy is a function H : I x X — Y which is
cONtiNUOUS.

2.0.8 Definition. Let f and g € C(X,Y). We say that f is homotopic to g,
and denoted by f ~ g, if and only if there exists an homotopy H : [ x X — Y
with H(0,z) = f(x) and H(1,z) = g(x) for every x € X.
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2.0.9 Observation. In the case where f and g are embeddings, we will say
that f is isotopic to g if the homotopy H 1is an isotopy, i.e., for each fized
tel, H(t,z) gives an embedding.

The following definitions and results concerning Thurston theory on sur-
faces can be found in the work of Fathi et al. [4]

2.0.10 Definition. For a closed, orientable surface M (2—dimensional man-
ifold) of genus g > 1, we will denote by S the set of isotopy classes of simple
closed curves in M that are nolt homotopic to a point or homotopic to a
boundary component of M.

2.0.11 Definition. Let M be a surface with x(M) < 0 (here x is Euler
characteristic). Let H denotes the set of all metrics on M with constant
curvature K = —1 such that every component of the boundary of M is a
geodesic. Let Diffo(M) be the group of diffeomorphisms isotopic to the iden-
tity, with the C™ topology. The orbit space under the action of Diffo(M) on
H, equipped with the quotient topology, is called Teichmdiller space and it
will be denoted by T(M) = 7.

2.0.12 Definition. Let M be an m—manifold. An p—dimensional foli-
ation F of M is a collection {M;};c5, where I is an index set, of pairwise-
disjoint, connected, immersed p—dimenstonal submanifolds of M, called the
leaves of the foliation, such that for every x € M, there is a chart (U, )
with U homeomorphic to R™ containing x such that every leaf, M;, meets U
in either the empty set or a countable collection of subspaces whose images
under ¢ in ¢(M; NU) are p—dimensional affine subspaces whose first m — p
coordinates are constant.

2.0.13 Definition. A measured foliation F on an m—manifold M is a
foliation with isolated singularities, equipped with a positive measure on each
transverse arc that is equivalent to the Lebesque measure of a closed interval
of R, where an arc in M is a homeomorphic image of the unit interval.

2.0.14 Definition. Let X be a topological space, f € C(X,X) and A C X.
We will sat that A is f-invariant or just invariant if f(A) C A, and
completely invariant if f~1(A) = A.

2.0.15 Definition. Let M be an m— dimensional manifold. A compact, com-
pletely invariant subset A C M is called hyperbolic if there are A € (0,1),
C >0, and families of subspaces E*(x), E*(x) € T, M with x € A, such that
for every x € A,
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(1) T.M = E*(x) @ E"(x),
(2) ldf2(v®)|| < CX™||v¥|| for every v¥ € E*(x) and n > 0,
(3) |df " (v")]| < CX™||v*]] for every v* € E"(x) and n > 0,

(4) df+E°(x) = E°(f(x)) and df. E" () = E"(f(z)).

The subspace E*(x) (respectively, E"(x)) is called the stable (unstable)
manifold at x, and the family {E*(x)}ren ({E"(x)}sen) is called the stable
(unstable) distribution of f|,.

If M = A, then f s called Anosov diffeomorphism.

2.0.16 Observation. Let T : T?> — T? be a linear map such that A has
integer entries and det(A) € {1,—1}, where A is the matriz representation
of T. Then T is and Anosov diffeomorphism.

2.0.17 Example. The cat map given by

f(z) = (? } >~xmod1,

3+v5
2

the matriz has eigenvalues \; o = , which means that [ is an Anosov

map.

2.0.18 Definition. A homeomorphism f : M — M where M is a m—
manifold is called pseudo-Anosov if there exists a transverse pair of mea-
sured foliations on M, F° (stable) and F* (unstable), and a real number A > 1
such that the foliations are preserved by f and their transverse measures are
multiplied by % and A. The number X is called the stretching factor or
dilatation of f.

Let ¢ € Diffo(T?). Up to isotopy, ¢ € SL(2,Z). There are three distinct
possibilities for the eigenvalues A; and Ay of ¢ as follows:

(a) A; and Ay are complex. In this case, ¢ is of finite order.

(b) A1 = A2 = 1 (respectively \; = Ay = —1). Up to a change of coordi-

nates,
1 a . -1 a
o= ( 1 ) , respectively, ¢ = ( 0 -1 ) ,

¢ leaves invariant a simple curve.
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(c) A1 and A, are distinct irrationals. Then ¢ is an Anosov diffeomorphism.
This analysis is generalized by Thurston to any compact surface:

2.0.19 Theorem. Any diffeomorphism ¢ : M — M is isotopic to a map
do : Ty M — Ty M satisfying one of the following conditions:

(1) do fizes an element of T(M) and is of finite order.
(2) do is "reducible”, in the sense that it preserves a simple curve.

(8) there exists X > 1 and two transverse measured foliations F*(x) and
Fu(z) such that

do(F(z)) = A%Cff"s(yc) and

dp(F*(x)) = AT ().

The equalities in (3) mean that the underlying foliations are equal, and
the measures are scaled. Note that a pseudo- Anosov diffeomorphism satisfies
condition (3).

2.1 The braid group and the Burau represen-
tation

Let X be a topological space and n a positive integer. Let P,(X) = X" — A,
where A is the big diagonal of X™, that is the set of n—tuples (xy,...,z,)
such that for some i # j, z; = ;. The symmetric group Sym(n) acts freely
on P,(X) and we define B, (X) = P,(X)/Sym(n). One thus has a regular
covering

Sym(n) —= Fu(X)

|

B (X)

2.1.1 Definition. The group m (P, (X)) is called the pure braid group of
X onn strands, and 7 (B, (X)) is called the braid group of X on n strands.
The classical braid group of Artin is the braid group 71 (B,(R?)) and we will
denote it as B,,.
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An element of B,, may be represented in the following fashion: fix a set of

n distinct points x4, ..., x, in the interior of D?, where D? is the unit disk.
An element of B, is a system of arcs in D? x I, going from (z1,...,2,) x {0}
to (z1,...,x,) X {1}, transverse to every horizontal slice D? x {t}. The arcs

do not meet 9D? x I, and everything is defined up to isotopies that leave
invariant the boundary of the cylinder and respect the projection D?x 1 — I.
The pure braids are those for which the arc leaving z; x 0 ends at z; x 1.
Figure represents an element of B,,.

o —

D2 x {1} fj D
J -

-

D? x {0}

Figure 2.1: A element of B,,.
The next paragraphs are just a short summary of what can be found in [5]

and [7]. Now we will define B,, in a purely algebraic way as the subgroup of
right automorphisms « of the free group F,, = (x1,...,x,) which verify:

(zi)a = Ajzyya;t, 1< <,

(331372 .o xn)a = 1Ty Ty

where (p1, ..., tn) is a permutation of (1,...,n) and A; is an element of F,.
This group is of finite type with generators oy,...,0,_1, where
(zi)oi = xi$i+1$i_17
(Tiy1)o: = i,

(I’j)O’i = $jj 7& Z,Z + 1.
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and relations
0i0i410; = 0110041, 1 <1< n — 2,

0,05 = 0404, |Z —j| Z 2.

( (

0i0;410; 0i+10i0i+1

b)

Figure 2.2: a) the generators o; and a[l, b) the relation o;0;110; =

0i+10i0541-

2.1.1 Free differential calculus

Let ZF,, be the ring of F}, with integer coefficients. For j = 1,2,... n, there
exists a well-defined map: £ : ZF,, — 7ZF, called free derivative and
Lj

verifying:
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0 0 0
—(Cl -+ CQ) = —(Cl) + —(CQ), C1,Co € ZFn

8xj 8xj 81’]'
0 0 0
il - —_ F
0 (9192) oz, (1) + o oz, (92), 91,92 € I'n
0 ,
— (1) = & 1 <¢<n.
o, (z5) = 6 <i<n

Finally, let (t) be the free group with one generator ¢ and
F, — (t)
7 zi—t, 1<i1<n

¢ extends into a morphism ZF, — Z(t) = Z[t,t~'] that we will continue to
call ¢.

2.1.2 Definition. Consider an element o € B, and define the n—square
matric B, = (b;) by:

One can show the relation B.g = B,Bg. The map B : B, —
GL(n,Z[t,t71]) given by a — B, is the Burau representation of the braid
group B,,.

19
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Chapter 3

Ergodic theory concepts and
results

3.0.1 Definition. A measure u is called absolutely continuous with re-
spect to a measure A, and denoted by u < A, if N(A) = 0 implies p(A) = 0.
If both < X and A\ < p then we will say that p and \ are equivalent.

3.0.2 Definition. A measurable function T : (X, A,\) — (X, A, XN) is
called measurable preserving (m.p) if \oT™1 = ).

3.0.3 Definition. (X, A, u,T) is a measure preserving system if T is a
measure preserving function from (X, A, ) to itself. Sometimes we will say
that the measure p is T-tnvariant

The following Theorem is known as the Radon-Nikodym theorem and it
can be found in any book of measure theory see for example [8].

3.0.4 Remark. recall L' (v) is the space of all integrable functions with re-
spect the measure v.

3.0.5 Theorem. If i is a probability measure and p < v then there is a
Junction h € L'(v) such that p(A) = [, h(z)dv(z) for every measurable set

A, h is called Radon-Nikodym density. Sometimes we use the notation

_ du
h=d

3.0.6 Proposition. Let T : U — U be (piecewise) differentiable function
where U C R", and p < \ where X is the Lebesque measure. Then p is
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T-invariant if and only if its density h = fl—g satisfies
; h(y)
Th(x) = ———— = h(x 3.1
€= 2 Taorpy " &y

for every x. We will called T the transfer operator.

Proof. the T-invariance means that du(z) = du(T'(z)), but we need to
beware that 7! is multivalued. So we will split U into pieces U,, such that
the restrictions T, := T'|y, are diffecomorphism (onto their images) and write
Yn =T, (z) = T~ (z) N U,. Then using change of coordinates we obtain

h(z)de = du(r) = dup(TN(z)) =Y duo T, (v)

B B h(yn)
_ ; h(yn)|det(DTY) (2)|dyy, = ; md‘%’

and the statement follows. Conversely, if (2.1) holds, then the above compu-
tation gives du(z) = dp o T~'(z), which is the required invariance. O

3.0.7 Definition. Two measure preserving system (X, A, u,T) and

(Y, B,v,S) are called isomorphic if there are X' € A, Y' € B and ¢ : X' —
Y’ such that

1- p(X) =1, vY")=1;

2.- ¢: X' =Y is a bi-measurable bijection;

3.- ¢ is measure preserving; i.e., u(¢~1(B)) = v(B) for every B € B;
J- ¢poT =So¢.

3.0.8 Definition. Let (Y,B,v,S) be a measure preserving system. A system
(X, A, u, T) is called a natural extension of (Y, B, v, S) if there are X' € A,
Y' € B and ¢ : X' =Y’ such that

1- w(X) =1 v =1;

2.- ¢: X' =Y is a measurable surjection;
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3.- ¢ is measure preserving; i.e., u(¢~(B)) = v(B) for every B € B;

4.- poT =50¢;
5.- T : X' = X' is invertible

We will use the following kinds of convergence in L,()) spaces

3.0.9 Definition. 1) Norm or strong convergence: f, — f in L,(\) if
and only if

1 = £ll, = 0 as n = oo, where | f]|, = (f |f<x>|pdx)”;

2) Weak convergence: f, — f weakly in L,(\) 1 < p < oo if and only if
for every g € Ly(N), [ fagd\ — [ fgdA, where S+ ¢ =1;

3 almost everywhere convergence (a.e.): f, — f if and only if
fo(x) = f(x) for almost all x € X.

The following result is known as Holder’s inequality and we will make use
of it later. For a proof please consult any book in measure theory like [8].

3.0.10 Theorem. Let (X, A,\) be a measure space and p, q € [1,00] with
5+ 2 =1. Then for every f € L,()) and q € Ly(\) we have

p
1S - glly < [I£11, lgll -

Let (X, A, i, T) be a measure preserving system. If T-'A = A for some
A € A, then T7'A° = A° and the study of T split into two parts: T
and T'|4c. It is useful to have a concept of indecomposability for measure
preserving functions, so that if 7" has this indecomposable property then
the study of T' cannot be split into separate parts. This property is called
ergodicily.

3.0.11 Definition. We call a measure preserving transformation
T:(X,A,u) = (X, A, n) ergodic if for any A € A, such that T"'A = A,
wu(A) =0 or u(A€) = 0. We define J(T) = {A € A; T7'A = A}.

The following results are well known and can be found in any book of
ergodic theory. We will not give a proof, for more details please see for
example [9] or [11]
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3.0.12 Proposition. Let T : (X, A, pu) — (X, A, u) be a measure preserving
function. Then the following are equivalent:

1) T is ergodic
2) If f€Lq(pn) and foT = f a.e., then f is constant a.e.

Let T be like above and A € A. For z € X, a question of physical interest
is: With what frequency do the points of the orbit {x, Tz, ...} occur in the
set A?

Clearly, T'z € A if and only if 1,4(7T°2) = 1. Thus, the number of
points of {z,Tz,...,T" 'z} in A is equal to ZZ;& 14(T*z), and the relative
frequency is %ZZ;& 14(T*z). So we define the Birkhoff sum of f € L;(u)
as S,(f) = S2p—y f o T*. The following Theorem is known as the Birkhoff
ergodic Theorem.

3.0.13 Theorem. Let T : (X, A, u) — (X, A, u) be measure preserving sys-
tem. Then for every f € Ly(p),

%Sn(f) — " ae, frely(p).

Furthermore, f* oT = f* a.e. and if u(X) < oo and T is ergodic, then

The next Theorem is known as the L, (1) ergodic Theorem.

3.0.14 Theorem. Let T : (X, A, u) — (X, A, p) be measure preserving sys-
tem. If T is ergodic, and f € L,(p) for some 1 < p < oo then there exists
[ e Ly(p) with f*oT = f* a.e. such that

n

— 0 as n — oo.
p

3.0.15 Proposition. Let T : (X, A, u) — (X, A, 1) be measure preserving
system on a normalized measure space. Then T s ergodic if and only if for

all A, B€ A,

n—1

ST HTHAY A B) > p(A)u(B).

k=0
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3.0.16 Definition. We say that measure preserving function T : (X, A, ) —
(X, A, p) is weakly mizing if for all A, B € A

%i \(T*(A) N B) — uw(A)u(B)| — 0 as n — oc.
k=0

T is strongly mixing or mixing if for all A, B € A,
w(T(A)NB) = w(A)u(B) as n — oo

3.0.17 Proposition. Let (X, A, u,T) be a measure preserving dynamical
system. Then, T is mizing if and only if

/f-goT”du%/fdu/gdu,
X X X

for every f € Ly(u) and g € Loo ().

3.0.18 Definition. We say that measure preserving function T : (X, A, ) —
(X, A, n) is exact if the tail o-algebra T(A) = (50T "A consists of the
sets of measure 0 or lji.e., for every A € T(A) we have that u(A) = 0 or
pu(A) = 0.

3.0.19 Proposition. We have the following implications:
miring —> weakly mixing —> ergodic.

3.1 Functions of bounded variation
Let [a,b] C R be a bounded interval and let A denote Lebesgue measure on
[a,b]. For any sequence of points a = ap < a; < ... < a, = b, n > 1, we

define a partition P = {I; = [a;_1,a;); i = 1,...,n} of [a,b]. The points
{ao, . ..,a,} are called endpoints of the partition P.

3.1.1 Definition. Let f : [a,b] — R and let P be a partition of [a,b]. If
there exists a positive number M such that

Z |flax) — flax—1)| < M

for all partitions P, then T is said to be of bounded vartation on [a,b].
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If f is increasing or if it satisfies the Lipschitz condition

|f(z) = f(y)] < K|z -y,
then it is of bounded variation.

3.1.2 Definition. Let f : [a,b] — R be a function of bounded variation. The
number

Vi f = s { S ) - f<ak1>|}
k=1

is called the total variation of f on [a,b].

3.1.3 Proposition. Let f be a function of bounded variation such that
[1[]; < oo. Then

/11y

|f(2)] < Viay f+ P

for all x € [a,b].

Proof. We claim that there exists y € [a, b] such that |f(y)| < |I|)f_|b If not,
then for any z € [a, b]

(b= a)lf (@) > [If1];-

Hence,

b b
I = [ @laxe) > [ i < 1,

and we have a contradiction.

Since |(2)] < | F(x) ~ F(s)| + 1) we have
£ < Vi £+ 120

O

We present a result due to E. Helly that we will use later. For a proof of
the theorem please see [10] page 220

3.1.4 Theorem. Let an infinite family of functions F be defined on an in-
terval [a,b]. If all functions of the family and the variation of all functions
of the family are bounded by a single number, i.c., |f(z)] < K, Vigy f < K
for every f € F, then there exists a sequence {f,}n>1 C F that converges
pointwise to some function f* of bounded variation and Vi, f* < K.
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We now make the space of functions of bounded variation into a Banach
space. Let

BV ([a,b]) = {f € Li(\); flzi?fa.e\/[mb] fi < oo}

Note that the infimum is taken over all functions a.e equal to f. For
example the function

n,ife=% n=12...

0, otherwise,

clearly has infinite variation but f € BV([0, 1]) since f; = 0 is a.e equal to f
and V[Ojl} f1 =0.
We define a norm on BV([a, b]) as follows: For f € BV([a,b]),

= + inf Vi,
[ £llsv = I£1ly+  inf Vi fi

Without L;(A)-norm, [|-||5, would not be a norm, since a function that
is not 0 A a.e. could have 0 variation. Now we give some properties of the
space BV([a, b]), all proofs can be found in [9)].

3.1.5 Proposition. BV([a, b)) is dense in Li(N).

Proof. Since C'([a, b]) is dense in L;(A) and since C'([a, b]) € BV([a, b]) the
result follows. O

The following Theorem make a connection between weakly convergence
and norm convergence in L;(A). Recall Definition 3.0.9, for the definition of
weakly and norm convergence.

3.1.6 Theorem. If f, — f weakly in 1,(N\) and almost everywhere, then
fo — f strongly in Li(X\)

3.1.7 Proposition. A bounded set in BV([a,b]) is relatively compact in
Li(A);i.e., every sequence in such bounded set has a convergent subsequence

Proof. 1t { f;}ics € BV([a, b]) is bounded, there is K; < oo such that
| fillgy < K for every i € J.

From the definition of ||-||gy if follows that {f;};cs is uniformly bounded;
i.e., there is Ky < oo such that |f;(z)] < K, for every i € J. Let K =
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max (K7, K3). By Helly’s Theorem 3.1.4, there exists a subsequence {f;, }
such that f;;, — f* everywhere. Since { f;}icy is weakly compact (it is uni-
formly bounded) and f;; — f*, Theorem 3.1.6 implies that f;, — f*in L;(A).
Hence {f;}iey is strongly compact in L (). O

3.1.8 Proposition. If V.3 f, < K for all n and f, — [ in Li(X), then
Vien f < K

Proof. Since f, — fin L;(\), we can assume that some subsequence f,, — f
everywhere after changing the functions on a set of measure 0. Consider the
partition a = ag < ... < a,, = b. Then we have

Z ‘fnk(a’i) - fnk(ai—l)’ < K, k= 1,2, e
=1

Taking limit as k goes to infinity, we obtain

Z |f(ai) = fai-1)] < K.

Since the partition was arbitrary, we have Vi, f < K. [

3.2 The Frobenius-Perron operator

The following definitions, results and ideas are taken from the work of Bo-
yarsky and Gora, for more details please consult |9].

Let’s start with some motivation. Let X be a random variable on the
space I = [a,b] having the probability density function f. Then for any
measurable set A C I,

Prob(X € A) = / fd,
A

where A is the normalized Lebesgue measure on I. Let T : I — [ be a
continuous and non-singular map (for this part of the work we will always
assume that our functions are non-singular unless otherwise stated). Then
T(X) is also a random variable and it is reasonable to ask: What is the
probability density function of T(X )7 We write

Prob(T(X) € A) = Prob(X € T7'A) = / fdA.

T-1A

28



To obtain a probability density function for 7'(X), we have to write the

last integral as
| oax
A

for some function ¢. We note that if such function exists it will depend on f
and T'. Define

ua) = [ g

where f € Li(\) and A is an arbitrary measurable set. If A\(A) = 0, then
AMT71A) = 0, which in turn implies that u(A) = 0. Therefore p < A, by
the Radon-Nikodym Theorem 3.0.5, there exists a ¢ € L;(A) such that for
all measurable sets A we have

u(4) = [ oar

¢ is unique up to sets of measure zero and depends on T and f. Set
Pr f = ¢. Thus, the probability density function f has been transformed to
a new probability density function Py f. Pr is referred to as the Frobenius-
Perron operator associated with 7', which leads us to the next definition

3.2.1 Definition. Let (I, A, \,T) with \ the normalized Lebesque measure
on I. We define the Frobenius-Perron operator Pr : Li(\) — Li()\)
as follows: For any f € Li(\), Pr f is the unique (up to a.e equivalence)
function in Ly (\) such that for any A € A

/APde)\:/T_lAfdA.

The validity of this definition, i.e., the existence and the uniqueness of
Pr f, follows by the Radon-Nikodym Theorem 3.0.5.

The following Theorem states some properties of the Forbenius-Perron
operator Pr f. Before going to the Theorem recall that the Koopman op-
erator Uy : Lo(\) — Ly()) is defined by Upg = g o T and that for
feLi(N), g € Lo(N), we denote [, fgd\ by (f,g).

3.2.2 Theorem. Let (I, A, \,T) and Pr : Li(A\) — Li()\) be the Frobenius-
Perron operator then we have that
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1) Pr is a positive (if f >0, then Py f > 0) and linear operator;
2) Preservation of Integrals: fI Pr fd\ = fl fdX
3) Contraction property; i.e., |Pr fll; < || fll; for any f € Li(\);

4) Composition property: Let S : I — I. Then Pros f = ProPgf. In
particular, Prn f =Py f;

5) Adjoint Property. If f € Li(\) and g € Loo(A), then (Prf,g) =
<f7 UTQ);.

6) Pr f* = f* a.e if and only if the measure p = f*- A, defined by u(A) =
[4 [rdX, is T-invariant for all A € A, where f* >0, f* € Li(\) and
1l =1

Proof. 1) Let f € Li(A) and assume f > 0, we will show that Pr f > 0.
For A measurable,

/Pde)\:/ Fd\ > 0.
A T-1A

Since A was arbitrary, it follows that P f > 0.
Now let o and (3 be constants. Then if f, g € Li(A),

/PT(af+ﬁg)dA :/ (af + Bg)d :/ afdr+ [ Bgdr
A T-1A4 T-14 T-14

= Py fd) Pr gd)
O‘/A . f +5/A rg
=/<aPTf+5PTg>dA-

A

Since is true for any measurable A, the conclusion follows.

2) Since
/PT fdX\ = fd\ = /fd)\,
I 11 I

the result follows.
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3) Let f € Ly()\), recall that f = f* — f~ with f* and f~ € L;()\) and
|f| = fT 4 f~. By linearity of the operator we have

Prf=Prft—Prf.
Hence,
|Pr f| < |Pr fT|+|Pr f7|=Pr fT+Pr [~ =Prlf],

and

1Pz £, < /I\PTf!dA < /IPTm - /Imdx — £l

4) Let f € Li(\) and define the measure p(A) = f(Tos),l(A) fa.

Since T and S are nonsingular, ;1 < A and there exists a function
Pros f such that pu(A) = [, Pros fdX. Now

/PTPS fd)\:/ fdA
A S—1(T—1A)
and

/PTPSfd)\:/ ngdA:/ fd.
A T-14 S—1(T-1A)

Hence Pros f = PrPg f a.e. By induction, it follows that P« f =
P f.
5) Let A be a measurable set and g = 1,4. We will show that

/I(PTf)'gd)\:/]f'Ung)\.

The left hand side of the above equality is

/APde)\:/TlAfdA

and the right hand side is

/]f-(IlAOT)d)\: /If-ILT—lAd)\z /TlAfd)\.
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Hence the result it is verified for characteristic functions. Since the
linear combination of characteristic functions are dense in Ly, (), the
result holds for any f € L;(A).

6) Assume that u(T-1A) = u(A) for any measurable set A. Then

/TlAf*dA:/Af*d/\
/APTf*dA:/Af*d)\.

Since A was arbitrary, Pr f* = f* a.e.
Assume Pp f* = f* a.e. Then

/A Py frdA = /A Frax = p(A)

and therefore

by definition,
/ Pr frdX\ = / frd\ = p(T71A)
A T-14

and so p(T71A) = u(A).
[l

Let T(I) de class of functions T : I — [ that satisfy the following condi-
tions:

1 T is piecewise expanding, i.e, there exists a partition P = {I; = [a;_1, a;]
i=1,...,q} of I such that T|;, is C', and |T/(z)| > o > 1 for any i
and for all = € (a;_1,a;), where T; =T

I;s
2 g(z) = m is a function of bounded variation, where 7"(z) is the
appropriate one-sided derivative at the endpoints of P.

For each n > 1, we define the partition P as follows:

n—1
P = NTHP) = {L,NT L, - NT 5 L € P
k=0

It follows that T™ is piecewise expanding on P™ if T"is piecewise expanding
on P.
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3.2.3 Example. The doubling map T : [0,1] — [0,1] given by Tax = 2x
mod 1. Figure 2.3 shows the graph of the doubling map.

1

e}
(Sl
p—

Figure 3.1: Doubling map
3.2.4 Theorem. Let T € T(I). Then it admits an absolutely continuous
wvariant measure whose density is of bounded variation.

Consider two complex Banch spaces (X, |||-|[|) and (£, -]|) with X C L.
A linear operator P : X — X is bounded with respect to both ||-|| and |||,
where

[Pl = sup {M,f cxX, f# 0}.
£l

Assume that

1) If foeX, fel, im, | fn—fll =0, and ||f.]| < C for all n, then
feXand [[f]l < C;

2) H = sup,> [[P"[[x < o0
3) There exists k > 1, 0 <r < 1, and R < oo such that for f € X,

IP% £ < I+ RI£I (3.2)

4) If Xy is a bounded subset of X, then the closure of PF X, is compact in
L.
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For any complex number 7, let

D(n) ={feX; Pf=nf f#0}

that is: 7 is an eigenvalue of P if and only if D(n) # 0.
We state the Ionescu-Tulcea and Marinescu Theorem

3.2.5 Theorem. Under conditions 1) — 4), the intersection of the spectrum
of P with the unit circle is a set G of eigenvalues of P of modulus 1 which has
only a finite number of elements. For eachn € G, D(n) is finite-dimensional.
Furthermore, there exist bounded linear operators Q, and S on X such that

P"=>"n"Q,+S", (3.3)
e
Q,Q, =0ifn#n, Q:=Q, (3.4)
Q,8=5Q, =0, (3.5)
Q, X = Cl(D(n)), (3.6)
p(S) < 1, (3.7)

where p(S) = lim,,_, HS”H% is the spectral radius of S.

The properties (2.3) — (2.7) of P constitute one of equivalent definitions
of a quasi-compact operator.

We shall use this theorem in the following setting: £ = Li(\), X = BV(I)
and P = Py is the Frobenius-Perron operator.

The following Lemma will help us in the proof of Theorem 3.2.7. The
proof can be found in [9], page 100.

3.2.6 Lemma. Let T € T(I). Then there exists constants 0 <r <1, C >0
and R > 0 such that for any f € BV(I) and any n > 1,

IP7 fllgy < Cr" [|fllgy + RIS,

3.2.7 Theorem. Let T' € T(I). Then the Frobenius-Perron operator Pr is
quasi-compact on the space BV(I). In particular,
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1) T has a finite number of ergodic absolutely continuous invariant mea-
sures: py = fiX, -+ pin = fu, where fi,--- f, € BV(I).

2) For each 1 < i < n, there exists a finite collection of disjoint sets
{agl)}f‘“{ such that sup p; = Uz(zz)l Ag), and such that for f]@ = fiﬂAy)’

J]=

j:1727"' 7n(i>7

Pr i = £ (n(i) +1=1),

and the dynamical system (Ag-i),T"(i), f](i))\) is exact.
Proof. We will proof that all condition 1) —4) of Theorem 3.2.5 are satisfied.

1) Let {f,} € BV(), [|fllgy < C and || f, — f|l; = 0 as n — oo, where
f € Li(A). We must show that f € BV([) and || f||gy < C. For this,
let € > 0. Since f,, — f in Li()\), for n sufficiently large,

11l — e < [[fully < NIl + e

Then,
A\ fn = ||anBv - an”1 < C— ||f“1 + e

By Proposition 3.1.3,

A1l + €

N0 + €.

1
Wl < Vi fo+ W/jmw <C—Ifl,+

Thus, we can apply Helly’s Theorem (Theorem 3.1.4) to obtain a sub-
sequence {f, } and a function f* such that f, (z) — f*(z) for any
x € I. But f,, — fin Li(\). So f* = f a.e. For any partition
a=ayg<...<a,;=>b, we have

D 1) = fHai)| = ljl_{goz [ fu (i) = far(aic)] < C = [ f]l; + €
im1 i=1

Thus, Vi f* < C — || f|l, + € and
Hf*HBV <C- Hf||1 + e+ ||fH1 =C+e.

Since € was arbitrary 1) is proven.
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2) Since ||Pr f]|; < 1, the second condition is satisfied.
3) Note that by Lemma 3.2.6, kg > 1 can be chosen so that Cr* < 1.

4) Let B C BV(I) be bounded. Using the same argument as in 1), we can
show that B is compact in Li(A). Since Pr is a continuous operator,
Pr B = Pr B is also compact in Ly ().

]

3.2.8 Remark. We invoke Theorem 8.2.5, which provides a spectral rep-
resentation of the operator Pr : BV(I) — BV(I), for the particular case
that we will work with, we have an invariant density p, then we know that
Prp=p. Set Qu = flu-pd)\ and Su = Pru— Qu, then Pru=Qu+ Su
for every uw € BV(I). We have that Q is the projection onto the space
H = {c- p| cis a constant} and both operators Q and S fulfil the proper-
ties stated in Theorem 3.2.5. From this properties we can deduce

Pru=Qu-+S"u,
for every n > 1 and every u € BV(I).

Now we state a Theorem which connects our ergodic concepts like mix-
ing and erodicity with the Frobenius-Perron operator. For a proof of the
Theorem see [9]. Let D((X, A, u)) denote the space of probability density
functions on the measure space (X, A, )

3.2.9 Theorem. Let T : (I, A,pn) — (I, A, 1) be a measure preserving sys-
tem. Let 1 denote the constant function equal to 1 everywhere. Then,

1) T is ergodic if and only if for any f € D((I, A, pn))

n—1

1 n
E Z PT f — 1,
k=0
weakly in Ly(p) as n — oo;
2) T is weakly mizing if and only if for any f € D((I,A, p))

1n—1
k=0

weakly in Li(p) as n — oo;
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3) T is mizing if and only if for any f € D((I, A, p))
P f—1,
weakly in Ly(p) as n — oo;
4) T is exact if and only if for any f € D((I, A, pn))
Prf—1,

in the Ly (p)-norm as n — oo.
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Chapter 4

The two dimensional 3-rod tafly
puller

In this chapter, we will use the ideas of . D. Matthew and J-L. Thiffeault [2]
and the paper of Thiffeault [1], where the two dimensional 3-rod taffy machine
is represented by a linear map on the Torus to itself and by a pseudo-Anosov
function on a punctured sphere. The representation of the linear map is
obtained by using the braid group representation of the machine and the
pseudo-Anosov representation is obtained by projecting an Anosov map to a
punctured sphere.

We see the schematics of the 3-rod machine shown in Figure 4.1. Note
that the first and second rods are interchanged clockwise, then the second
and third are interchanged counterclockwise.
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Figure 4.1: a) Motion of the taffy. b) The motion of the rods.

In [1], Thiffeault described the 3-rod taffy machine by projecting the
Asonov map given in Example 2.0.17 (the cat map) to a pseudo-Anosov map
on Sp4, where Sy, is a topological sphere (it has genus zero) and it has 4
identified points.

So.4 is obtained by considering the function ¢ : T? — T2, given by
(z) = —rmod 1, and making the quotient T?/s; i.e., Sp4 = T?/t.

We observe that (2 = id and has four fixed points on T?,

Po = (070) p1 = (%70) P2 = (%a %) Pp3 = (Oa %)7

which corresponds to the 4 identified points on Sy 4.

Under the action of the Cat map f the special points (p1,p2,p3) are
permuted; i.e., f maps (pi,ps,ps) to (ps,p1,p2). This points will play the
role of the rods of the taffy machine. As we can see in Figure 4.2, the action of
the map f after being projected to Sy 4 behaves like the 3-rod taffy machine.

40



Figure 4.2: a) Two curves on T?, the projected curves onto Sp4. b) The two
curves transformed by the Cat map of Example2.0.17 and projected onto
So.a-

Now we will use the ideas of F. D. Matthew and J-L. Thiffeault in [2]
to represent the 3-rod machine by a linear map on T? using the braid group
representation.

We use the algebraic description of braids introduced in Definition 2.1.1.
We order the 3 rods of the taffy machine from left to right. The generators o,
t = 1,2 denotes the clockwise interchange of the i—th rod with the ¢ + 1—st
rod along a circular path, where ¢ is the position of a rod counting from left
to right. The counter-clockwise interchange is denoted by o; . A sequence
of generators is an element of B, and is called braid word. The Burau
representation (see Definition 2.1.2) allow us to associate a 2 x 2 matrix to
each generator. Since we are working with Bs3, we have two generators and
their Burau representation is given by,

= (41 ) =1 0). (L)

[07'] and [0, '] is obtained by matrix inversion. Then we have that

o=y 3 ) = (1 9) 12
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We obtain the Burau representation of a braid word by multiplying the
corresponding matrices together. To see in more detail the Burau represen-
tation of a braid generator see [5].

Matthew and Thiffeault in [2] used the braid word w = 20, ? (see Figure
4.3) to represent, the motion of the 3-rod machine.

3

Figure 4.3: Braid group generators for three rods.

The Burau representation of the braid word w is given by,

-G HEDEN-(G)

Then the linear map on the torus that describes the 3-rod taffy machine
is given by,

g(@) = ( - ) Czmod 1, (4.4)

which has spectral radius A = 3 + 2v/2.
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Chapter 5

The 4-rod taffy puller machine

In the previous chapter we introduced the standard 3-rod taffy puller ma-
chine. In this chapter and for the rest of this work we will study the standard
4-rod taffy puller machine. The model of the 4-rod machine that we work
with is obtained by following the model of J. T. Halbert and J. A. Yorke
presented in their paper [3].

In Figure 5.1 the schematic of the 4-rod taffy machine is shown. The
machine consists of two independent arms. They are rotating around a fixed
axle, and has two rods on which the taffy hangs. We will denote by S the
length of the short side of the arm and by L the longer side of the arm. We
can assume without loss of generality that the rescale width of the machine
in resting position is 1; hence, S, L € [0, 1]. Nonetheless, only S and L can
be allowed to take specific values, as we will see later on.

taff
A Y cams

Lmerorf symmetry

A
axle
cams axle

Figure 5.1: Schematic of a 4-rod taffy puller machine.
An important assumption we are going to make is that the stretching
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process preserves area and is linear between each pair of rods. The time is
scaled so that one full revolution of the machine has period 1.

5.1 1-dimensional model

We want to preserve some topological properties of the taffy map. First, the
distance between the interior rods (I, Figure 5.2) has to be positive. This,
and the fact that the total length is 1, implies

L+S5<3. (5.1)

We will also need an overlap after the arms rotate 180° see Figure 5.2.
For the taffy to be mixed as it is required we see that the overlap is necessary.
To ensure this overlap we ask for L > S + g which means we need

L> 1. (5.2)

Equations (5.1) and (5.2) give us the area of correct parameters (see in
Figure 5.2). Since S+ L < 3 and L > 1, we can deduce that S < 1.

1+ L+S<1i
L> 3

M=

AR

Figure 5.2: Correct values for S and L.

As we will see later on Section 4.2.2, if we change the values of the pa-
rameters S and L, we get some bad behaviour of our taffy function. In order
to avoid such behaviours, we require that our parameters S and L satisfy the
following inequality

L<—"2 (5.3)



in the particular case when S = 0 that means i <L< % Figure 5.3 shows
the new space of good parameters.

In order to understand what is happening physically in the taffy machine,
we will consider the case when S = 0. Then the reason why we ask L to be
less than %, is to avoid self-intersections; in other words, we want to avoid
the situation when the length of the rotating arms (L) is big enough such
that the drawn circle by the arms intersects the opposite arm, like we can
see in Figure 5.4 a).

1 L+5<3
L>3

Q N A/

) b)

Figure 5.3: (a) the first space of parameters, (b) the new space of parameters
after discarding the values for which the function 7" behaves badly.
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1 1 2
3 2 3
a)
— D —
1 2
3 3

Figure 5.4: (a) Motion of the taffy machine for S =0 and L > £, (b) Motion
of the taffy machine for S =0 and L < %

As we can see in Figure 5.5, ¢; = 0, ¢ and r; correspond to the first
cam, second cam and the axle (rotation point) of the left arm, respectively.
The corresponding points of the right arm will be ¢c3 = 1 — ¢, ¢4 = 1 and
ro = 1 —ry. T1(0) and Ti(cy) are the images under the first map 7 of
the first and second cam of the left arm, respectively. The images of the
cams of the right arm are Ti(c3) = Ti(c2) and T1(1) = T31(0), respectively.
The map T) shows the transition from the position where the machine is
maximally extended. The map T,, shown in Figure 5.6, begins 180° later,
when the machine is minimally extended. The map T = T5 0T} describes the
movement of the horizontal coordinate of a point in the taffy under rotations
of 180°.
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O\

o 71 Co

Figure 5.5: Taffy map T with triangles to calculate the value of the points.

C2

l Tl(le) lT](l) l

Figure 5.6: Taffy map 7T5.

In order to have the equations of the maps T7 and 75, we have to calculate
the values of ¢y, r; and T3 (c3), since both maps are piecewise linear.
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Since ¢y and r; are the right most cam and the axle of the left arm,
respectively, and since we know that the length of the arms are S + L, then
we can conclude that ¢o =S+ L and r; = L. Making the slope of the graph
of T} in [0, ¢a] equal to —1, we can conclude that T (cy) = L — S. Hence we
can give an explicit formula for 7). Using the equation of the map we can
also find out that 77(0) = 2L, and with this value we are ready to give an
explicit formula for the map 7. Note that we have the following order:

0< Tl(CQ) <r < Tl(l) < <ceg < Tl(()) <Tro < Tl(Cg) < 1.

Now that we know all the points through which the graphs of the maps T}
and T, pass, we can give explicit formulas as piecewise monotone functions.
Therefore the formulas of T} and T3 are the following:

(2 + 2L, if 2 € [0, c0);
Ti(x) = ﬁgg:gfz - 17225572L’ if z € [e2, ¢3);
k—x+2(1—L), if z € [es3,1],

and

( 1_q_ _ _I2 .
LoS-Lp 285200 it g € [Th(eo), Ta(1));

Ty(x) = § 2% — 7257, if v € [Ty(1),T1(0));

_S— 2(L—SL—L? .
|k - <HHL ) ifx e [Ty(0), Ty(cs)].
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. . . . . . . . .
b 14 1

Figure 5.7: Taffy map T with points b and ¥'.

Now for T we need to consider the values b = 4L —1 and ¥ = %

which satisfy T1]jo.c,)(0) = Til[es,e5)(b') = T1(1) (see Figure 5.7). Then the
map 71" is given by:

[ if z € [0,b);

S+L—1 + 2L4+2S—4L%2—4SL

S—3L+1 s Hz e b o);

1+S—3L—25242L2 T+
1—3:9—51;2—2522+6L2—E4SL2

_ ) 4L3—252_21248SL24+4S2L—4SL .
T(x) o s osrraiirast o € [e,b);

1-20+2S
T=6L48L° 25— LT
41244SL—2L—2S : 11y,
1—6L+8L2+25(4L—1)° ifzelt,3);

(1-T(1—=), if x € [5,1].

Figure 5.8, 5.9, 5.10, 5.11 and 5.12 show the graphs of the maps T3, T5
and T for different values of S and L. As we can see in the figures, the slopes
of the map T tend to be equal as S goes to 0 and L goes to 1 — \/75

49



(c)

Figure 5.8: (a) The map T} for S = ¢ and L = (1 — ‘/75) — 755, (b) The map

TgforS:%andL:(1—‘/75)—ﬁand(c)ThemaprorS:éand
L=(1-%)— .
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(c)

Figure 5.9: (a) The map T} for S = & and L = (1 — ‘/75) — 165 (b) The map

TQfOTSZ%aHdLZ(l—g)—l—(lmand(c)ThemaprorSzlioand

_ V2 1
L=(1-%)- L.
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. (b)

(©)
Flgur; 5.10: (a) The map T} for S = 55 and L = (1 — ¥2y _ L (b) Th
ma, f = L = : s e
p Ts for S 30andL—(l—‘/Ti)—ﬁand(c)ThemapTOEO S =3
and L = (1 — %) — ;L. o
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@ o

(©)
Figure 5.11: (a) The map T} for S = 5 and L = (1 — g) — 155, (b) The
mapTgforSzl—(lmandL:(l—\/Ti)—ﬁand (¢) The map T for S = 5
and [ =1—¥2) - L.
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(ﬂé) e Y= a,(b)uﬂ

(c)

Figure 5.12: (a) The map T} for S =0and L=1— ‘/75, (b) The map T for
Sannszl—‘/Tiand (c) ThemaprorSannszl—\/Ti.

From now on we will work with the values for which the taffy map 1" has
the same slopes, namely, S =0and L =1 — ‘/75 For this values of S and L,
we get that b = 3 — 2v/2, 02:1—‘/75, ¥ =+v2—1and o =3+ 22, where
o is the slope of the map 7. Hence we obtain the following equations for the
map 1.

(

ow, if z € [0,b);
2— o, if z € [b,cy);

24+vV2—ox, ifze b’,%);

[
[

T(x) =< ox — /2, if € [cg,b);
[

-T(1—x), if v € [3,1].

\

To define the Markov Partition of the map T', we set Iy = (0,¢9), I =
(co,c3) and Iy = (c3, 1) as it is shown in Figure 4.13. From the graph of the
map 7' in Figure 5.13, we can see that Iy — I, Iy — Iy, Iy — I3, 15 — Iy,
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Iy — Iy and I, — I; twice each. We also have that Iy — Iy and I, — Is.
Last but not least, we have that I; — [, thrice.

1

I

Figure 5.14: Diagram of Markov partition for 7.

So in Figure 5.14 we can see the diagram that we obtain for the Markov
Partition. From this we can calculate the associated transition matrix which
is given by:



2

|
DO N
CRVCIIN
— N N

We can find out that det(A) = —1 and tr(A) = 5, then the characteristic
polynomial of A is p(\) = 5A2+5X — A3 — 1 and the eigenvalues are \; = —1,
Ao =3+2v2and Ay =3 —2v2.

5.2 Invariant density for the taffy map T

For the invariant measure we will use the technique exposed for Yorke et
al. [6]. We will use the transition matrix A of the Markov partition calculated
in the previous section, we will multiply A by the inverse of the dilatation
rate, which is the slope of the map T, and we will denote the new matrix
by A’. The new matrix A’ has eigenvalue 1 and the eigenvector associated
to this eigenvalue corresponds to the invariant measure after normalization.
Thus what we have is

Q090 Q =
Qo9 |wQw
SEEESHINESHIN

The eigenvalues of A" are \; = 1, Ay = 2v2 — 3 and \3 = 17 — /288.
The corresponding eigenvectors are e; = (1,v/2,1), ea = (—=1,0,1) and e5 =
(1, —+/2,1), respectively. The normalization will be given by dividing e; by
4 — 24/2. Hence we have the invariant density

o) = 1ya2 ifz €[0,L)U[l— L,1J;
V20 +¥2), ifz e (L1 - L)

The density p shows the relative thickness of the taffy rescaled so that
fol p(x)dx = 1. We finally notice that the density is v/2 times higher in the
middle segment than on the end segments. Figure 5.15 shows the density p.
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'~/§ h
h

0+ = . *1
L V2L L

Figure 5.15: Invariant density p where h = % Y2 and L=1-— i

5.2.1 Theorem. p is an invariant density

Proof.
1 1— 22 72 1 .
1 2 1 2 1 2
0 0 1,7 =
1-¥2 v2 )
bt i 34 e = & [ VB e = b and flg 3+ SRde =
2

So we can conclude that indeed fol p(x)dx =1 and p is a density. Now,
for A = [a,b] we will verify that the measure u(A) = fab p(x)dx is invari-
ant, i.e., p(TrA) = p(A). Set Ay = [2,2), Ay = ((2+\£§)7b7(2+\f)—a]7
AS — [a+f b+f) A4 — (Q—b 2—@] A5 _ ((a—l—ﬂ)—b (U—l—ﬁ)—a] AG o

[to=ls V2 bio-l- f) (" Db (o ; %] and Ag = [¢t2=1 bto=l) Note

that Al, A2 C [O,L) A4, A5, AG C [L 1-— ) and A;, Ag C [1 - L, 1],
therefore ju(A;) = <A2> = u(A7) = p(As) = ©U (5 + ) and p(As) =
w(Ay) = p(As) = p(4g) = @(5 + %) We will consider the following

Cases!:
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(1) AC|0, L], then u(A) =

(b—a)(5+ \/TE) For this case we have

T'A=A,UA;UAgUA; U Ag,

and so we get

WITA) =

(2) AC[1—L,1], then u(A) =

p(Ar) + pu(As) + 1(Ag) + p(Az) + p(As) = p(A).

(b—a)(%—i—‘/Ti). This case is analogous to the

previous one, we just have to notice that 7' A = A;UA,UA3U AL U Ag.

— L), then we have that u(A) =

V2(b—a)(:+ ‘/Ti) For this

TilA:A1UA2UA3UA4UA6UA7UA8,

(3) AcC|[L,1
we have
thus
4+ 3\/_
T'A
g )= 3+ 2\/_
4) AcClo,L)Nn][L,1—

Lyor AC[L,1-L)N

) = V2(b— a)( +g> = 1(4)

N | —

[1 — L, L], both cases can

be treated in the same fashion. We will work with the former case, for

this we have u(A) =

T'A= A UA;UAgU A7 U Ag U (QWj)_bv (2+\/U§)—L

therefore

1

(b—a)(5

wT'A) = 5

(V2b —

We can conclude that indeed the measure p(A

(V2b—a+2—

225 +9)

+\/T§)+/b —+—d +/\/_ +— =
ar2- 22 )

f p(z)dz is invariant.

Hence the density p(z) is an invariant density. Another way to see that p(z)
is invariant will be using the Proposition 3.0.6. First note that if x € [0, L),

then 7!
€ [1 - L,1], then T7!

() = {vyo, Y1, Y2, Y3, ya} with yo € Iy, y1,y3 € I; and yo,ys € L. If
() = {vo, Y1, Y2, Y3, ya} With yo € I, y1,y5 € I, and

o8



Yo, Y4 S [0- If T e [Lal - L); then T_l(x) = {y07y1ay2>y37y47y5>y6} with

Yo, Ys € Lo, Y1,Ys,y5 € Iy and Y2, ys € L.
Now we will consider that x € [0, L) (the case where z € [1 — L, 1] is

analogous). Then we have to show that

|det(DT (y))|’

yeT~(x)

note that |det(DT(y))| = 3 + 2v/2 for every y € T~'(z), since all the slopes
of T" are the same. Then the above is equal to

LG+ D) raval + ) ol V2

3+2f(( + ) + )25 ) =
f 1 V2
T f<3+2f( T =5t =)

Now for € [L,1 — L), note that (3 + 2v/2)(3 —2v/2) = 1 and (4 +
3v2)(3 — 2v/2) = V2. Then if we do the corresponding calculation as the
previous case we get

! 1\/_+3\/_( V2 L, V2

ENGLCOR Y2+ 0) =
LVE sl VB
A VR + ) = VaG + ) = o)

Therefore by Proposition 3.0.6 we can conclude that p is invariant.

5.2.1 Changing the partition

Now lets consider a different partition. Let Iy = [0,b), I = [b, c2), Is = [co, 1)
and I3 = [V, 3] and note that S UL = 1. Figure 5.16 shows the Markov
partition for the above defined intervals. To simplify some later calculations,
we will rescale and assume that Z?:o I(1;) = 1. For simplicity, we just write
I; instead of [(1;).
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I() b ]—1 Co ]—2 /[3; 1

Figure 5.16: Markov partition

The associated transition matrix of this Markov partition is

2 2 2 2
11 2 2
A= 112 2
1 111

The purpose of using this Markov partition is to consider the general case
when the slopes of the taffy function are different. So we will divide the
first row by the first slope of our taffy function sy, the second row by the
second slope sy and in the same way the third and fourth rows. Then the
new matrices that we get are

50

s0 S0 S0

i 1 2 2

I s1 s1  S1 S1
A= i 1 2 2
s2 S22 S22 S2

i1 01 1

s3 83 83 83

Consider w = (1o, I, I3, I3)T, we make the observation that the lengths of
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the intervals depend only in our parameters L and S. If we compute A" - w
we obtain nice formulas for the slopes in terms of the length of the intervals,

namely

2

S0 = 7, 31

Iy

we get

A =

RESES

I
Replacing the slopes in A’ by the new formulas obtained in Equation 5.4,

14D+ 1

(5.4)

S3 =

Iy Iy Iy I
I I 21 21
1+Ia+13  1+I2+13  1+I2+13  1+12+13
1P 1o 21> 21>
1+I2+13  1+I2+13 1+I2+13  1+12+13
I3 I3 I3 I3

We are trying to find the invariant density with respect to the transition
matrix of the new Markov partition, like in the previous section, we will use
the technique developed in [6] to find the invariant density. We know that 1
is an eigenvalue for the matrix A’, and the left eigenvector corresponding to
the eigenvalue 1 is the density after normalization.

Now, by performing C, — Cy — C}, Cy — C3 — Cy, Cy + aC; — (s,
03 + aCi — 037 Cy +dCy — Cg, 03 + dCy — 03, Cg — 205 — 03 and
Cs 4+ C3 — C5 where the left hand side of the arrow represent the operations
we made in the columns C}, i = 1,2, 3,4, and the right hand of the arrow tells
us in which column we substitute, then we reduce A" — Id to the following

matrix

—1

0 0
I
s 27D
I
1+122+13 -1 —(1+1)
0 0
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we note that

I I
l+——2 =2, and 2

S R —— . A 5.5
1+ I+ I3 1+ I+ Iy (1+1s) (5:5)

The corresponding left eigenvetor is p = (1+ I3, 14 13,2 — Iy, 2 — Ip). Indeed,
if we compute p - A’ we have

L Iy

L(l+L)+— 1+ L)+—2
oL+ 1) 1+5+g( 3 1+ L+ 15

(2—1y)+ I3(2—1y), (5.6)

using the equalities from Equation 5.5 we get that Equation 5.6 is equal to

Io(1+1I3) + 1+I (14 13) + 1+I +13(1 + 1+1 ) T+ 1+111+I )=
I
[0(1 + I3) + 1+12+I3 (1 + 1+122+I3 + 2[3) H‘[ +[ + [3
Lo(1+ 1I3) + 1+I +I (14 13) =

(IO + 1+[ +[ )(1 + 13) =
1+[37

for the first two columns of A’, which correspond to the first two entries of
the vector p. For the remaining two columns, which correspond to the last
two entries of p, we get

20
1+ 1L+ 13

26

L(l+I)+ ———
of 3) 14+ I+ I

(1+1I3) + (2—1Iy) + 32— 1), (5.7)
again using the equalities from Equation 5.5 we get that Equation 5.7 is equal

to

1+%ih<2_“h)+]5@'_ﬂﬁ*‘%(1_1+glh)+d+%im( _1+h+k):
21 Iol 21 I _
Io + 1+1211-13 - 1+I()Qj-]3 + 1+12113 (2—1— ﬁ) +13(2—1o) =
(2—10) + 52— 1) + 32— 1) =

ey )

(2—1I)(1+ I3+

1+12+13
2 — 1.
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Let u=p-w=(14+13)(Io+ 1) + (2 — Ip)(Iy + I3). Then, the density
will be p = (ML Ll 2-Mo 2-lo). 4 o

u ? u ? ou ) ow

(5.8)

(z) %, ifx e IyUIq;
€T =
P b ifge Ul

5.2.2 Theorem. p(x) is an invariant density.

Proof. We will first see that fol p(z)dx = 1. Indeed, we have that

/0 () = Iy(- ZI?’) a2 _UIO) _
%((1 +I3)(Io+ L) + (2= To)(Iy + I3)) = 1.

Therefore, p(x) is a density. Now we will make use of Proposition 3.0.6 to
prove that p(x) is an invariant density. First notice that for any = € Iy U I,
then T7'(2) = {yo,y1, 2 ys, ya} With yo,ys € Io, y1 € ©1, yo € I and

Y3 € 13- Ifl’ S [2UI37 then T71<ZL’) = {90>y17?/2ay3>y4795ay6} with Yo, Ys S [07
y1,Ys € I, y2,ys € Iy and y3 € I3. From Equation (2.1) and the above

observation, for x € Iy U I} we get

Tp<$>:2_101+]3 I 1+ 15 I 2—[0+]32—]0 _
2 u 1+]2+13 u ]_+.[2+]3 u u

L+ B o+ )+ Q= (I ) =
u 1+[2+]3 1—|—]2+]3

1—{-]3

U )

the last equality above is just the calculation we did for Equation 5.6. In the
same way for x € I, U I3 and using the calculation we did for Equation 5.7
we get

. 201+ I3 21 1+ 15 21, 2— 1 2— 1y
Tp(z) = —- + I =
2w 1+L+13 u 1+4L+13 u U
1 21 21,
—-((1+L) L+ ——)+2—-L)Is+ ———)) =
U+ 1)+ 1) + = s+ o)
2— 1

u
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Therefore, p(x) is invariant. O

5.2.3 Remark. With the work we just did now, given any good value for
our parameters S and L we can calculate the invariant density of our taffy
machine.

Let’s check what we just did. If we consider the case where all slopes are
the same, namely o = 3+ 2v/2, we find out that I = 3—2v/2, I, = %\/ﬁ— 2,
I, = %\/5 -2, I3 = % — /2, we have that Z?:o I, = %, so we rescale by
multiplying by two each I;. So we get that I = 6 — 4v/2, I} = 3v/2 — 4,
I, = 3v2 — 4 and I3 =3— 2v/2. Lets consider the vector w whose entries
are the lengths of the intervals of our partition after rescaling; i.e., w =

(Lo, I1, I, I3)T. According to what we just did

u=(4—2v2)(2 - V2) + (4V2 - 4)(vV2 — 1) = 8(3 — 2v2),

= = -+

1+ 1 4— 22 1@
u 8(3—-2v2) 2 4

and

241,  42—-4 1 2
u _8(3—2\/5)_\/§(§+_)'

4
Hence, the invariant density p(x) is given by

p(x)z{%_i_\/?i’ ifx € lyUL;

5.2.2 Changing the slopes

For this part we will work with different values for the parameters S and L
which will produce that our taffy function 7" has different slopes in each of
their pieces of monotonicity. Let’s consider S = 1 and L = L. Then the

10 3
taffy function T is given by
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3z, if z € [0,0);

17 130 . .
—gr+ =, ifr e )
3 18

13 : 1y.
—12.]7-'-?, lfl' € b/,a),

[
[

T(x) = By — 169 if € [e2,0);
[

(1 -T(1—-=), ifze]

T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.17: Graph of the taffy function for S = % and L = %

1 _ 13 ;11 el S U4 . _ 68
where b= 3, ;o = g5 and V' = 5. Let s = s7 =3, 51 = 8¢ = 5, 53 = 85 = 3

and s4, = 12 be the absolute value of the slopes of each of the 7 pieces of
monotonicity of the function 7', in Figure 5.17 we can see the graph of the
taffy function. Like in the previous subsection, we will consider the partition

I() = [0,b>, ]1 = [b, 02)7 12 = [CQ, b/) and ]3 = [b/, %] Note that I() = %7 Il = %),
I = 5. I3 = 5; and Zf’zol(],») = 1. We rescale again by multiplying by
two each I;, we get Iy = %, I = %, I, = %, I3 = % also we have that
w= (31,5157 and u = L. So the invariant density for this case is given

by
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o) = {% ?fx cL,UI;
67 ifx e IQ U Ig.

As we mentioned at the beginning of this chapter, we can find bad be-
haviour in the taffy function when the parameters do not fulfil the Equation
5.3. As an example of this bad behaviour if we consider S = ﬁ and L = %,
the taffy map is given by

5, if x € [0,b);
29, 82 if z € [b, e0);
T(I) _ _2347? — %7 if x € [Cz,b/)v
_g_?x_i_%, ifx e [bl7%)7
1-T(1-a), ifzels1],

Figure 5.18: (a) The map Tj for S = - and L = 2, (b) The map 75 for
S:l—(l)oanszéand(c) ThemaprorS:ﬁan ng
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Figure 5.18 shows the graph of the taffy function, we can observe that
the map changes the order of the points b and b’ and the sign of the slopes.
The partition Iy = [0,b), I} = [b,¢c2), [ = [c2, V) and Iy = [/, 3] does not
work any more for the calculation of the invariant density.

We will prove the last result of this chapter, namely, the mixing property
of the taffy function.

5.2.4 Theorem. The taffy function T is exponentially mixing

Proof. To prove that T is mixing we will make use of the Proposition 3.0.17.
Let f € Ly(u) and g € Loo (1), where pu(A) = [, p(x)dz, we will show that

/If.goT”d,u—/Ifdu/lgd,u%O, (5.9)

using invariance of the measure u, we have that Equation (5.9) is equivalent
to

/If-goT"du—/i(/Ifdu) -goT"duz/](f—/Ifdu) ~goT"du, (5.10)

now let v = f — f] fdu and using property 5 of Theorem 3.2.2, we have that
Equation (5.10) is equivalent to

/ (P v) - wdp.

I
Now using Hélder inequality (Theorem 3.0.10), we see that

b[ﬂ?ﬂﬁ-wmiSHP%UMHWHm-

We notice that Qv = 0 since Prv = [, fdu, where Q is as in Remark
3.2.8. Using the above observation and the decomposition of the operator
Pr that we have in the Remark 3.2.8, we get the following

Pz vlly [wlle = 1P7v = Qully [wll = 15" vlly lwlly < ISllEy vl lwll
<" ol [lwll ,
where 1 € (0,1). What we have then is the following
[t o) -w <o ol

Therefore, we can conclude that [, f-goT"du— [, fdu [, gdp — 0. Hence,
the map 71" is exponentially mixing. O]
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Chapter 6

2 dimensional map

In this section we describe the model of the taffy machine in two dimensions
as the natural extension of our 1-dimensional taffy map 7" and as a linear
map on the Tourus. First, we will describe the space on the plane where the
2-dimensional map acts, this construction is taken from the work of J. T.
Halbert and J. A. Yorke |3]. As shown in Figure 6.1, we cut the taffy at each
rod and eliminate the holes that are produced by the rods. The cut edges
are put back together. Next, we identify the points along the cut edges and
rescale the vertical coordinate so that the height is the same as the width.
The cuts are vertical edges in the taffy and in the limit we get the lower right
picture. The points located at the center of the four vertical edges are the
four rods of the machine.
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Figure 6.1: Creating the Taffy block map. Each rod is treated as shown on
the left.

The proportions of the block in Figure 6.1 can be shown in Figure 6.2. The
dynamics behave according to the 1-dimensional map 7" in the x coordinate.
The points located near a rod do not separate from the rod under the action of
the map map; hence, in the limit the rods become fixed points. The described
process produces the action of the map shown in Figure 6.4. The thickness of
the taffy and the invariant density p are proportional to each other. We will
denote by X the subset of the plane shown in Figure 6.2. We construct the
topological space X by making the identifications (red semi-circles in Figure
6.3) of the sides of X.
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Sl

L V2L L

S

Figure 6.2: The set X, vertically rescaled taffy, where L =1 — 3.

Before we continue with the study of the 2 dimensional taffy map we will
give a description of the invariant domain. The continuity of the taffy is
preserved by identifying the vertical segments above and below each external
fixed point (f1, fo, f1 and f5 in Figure 6.4). We can see this identification
in Figure 6.3. We make the observation that the two-dimensional map is
one-to-one except on the edges where the map is two-to-one.
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Figure 6.3: The semi-circles connect points that are identified with each
other. The black dots represent fixed points. We write X for this set after
making the identifications shown here.

Let F' denote the taffy map shown in Figure 6.4. It acts piecewise linearly
on each coloured region. As we already mentioned the points fi, fo, f3, f1
and f5 are the fixed points of the map F. We know that in the z-coordinate
the map F' behaves according to our 1 dimensional taffy map 7T, the fixed
points of T are 0, L, %, 1 — L and 1. We also know that the fixed points
of F' correspond to the cams of the taffy machine. Therefore, the height of
the points (the y-coordinate), by the construction of the block, are located
at the center of the four vertical edges. Hence we have that f; = (L,1 — £),
Ja = (171 - #ﬁ): fa = (%7%)7 Ji = (Oaﬁ) and f; = (\/L@%) Since F' is
piecewise linear in each of the regions we can give an explicit formula for F
namely,
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(D)o (Gylo+ 1) =), ifye (L 55
Flo,y) = (T(x), 07 (%" + ). ity € (515, 1

It has derivative

DF:i(g 091), (6.1)

everywhere except at the external fixed points, where o = 3 + 2v/2. Since
we have rotations of 180° in some regions an in others not, we need the plus
and minus sign. Heuristically F' stretches the green region horizontally away
from fi, stretching here means following the identifications.
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Figure 6.4: The action of the 2 dimensional map. The coloured strips in the
lower half of the figure are thinner by a factor of o.

We show in Figure 6.5 the transition graph of the 2-dimensional map. It
shows how many times each rectangle stretches across the others. We note
that this partitions is actually a Markov partition.
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Figure 6.5: Transition graph for 2 dimensional taffy map. The numbers with
the bent arrows represent how many times the image of a region stretches
across the region the arrow points to.

6.0.1 Observation. The 2 dimensional taffy map described above just cor-
responds to the case where all the slopes of the 1 dimensional map are the
same; i.e., the case where S =0 and L =1— ‘/75 (see Section 1 of chapter 4).
It remains to work the general case of the 2 dimensional taffy map, a work
that can be done in the future.

6.1 The 2 dimensional map as the natural ex-
tension

Let us recall the definition of natural extension (Definition 3.0.8). A system
(X, A, \, F) is called a natural extension of a measure preserving system
(Y, B, u, T) if there are X' € A, Y’ € B and ¢ : X’ — Y such that

- MX) =1, u(Y') =1;

2- ¢: X' =Y’ is a measurable surjection;

3.- ¢ is measure preserving; i.e., A\(¢p~'(B)) = u(B) for every B € B;
4- poF =To¢

5- F: X' — X' is invertible

)



6.1.1 Example. The baker transformation is given by

(22, %), ifr € [0,%);
B(z,y) =
(2—22,5Y), ifzeli 1),

being the natural extension of the doubling map (Ezample 3.2.3).

The two dimensional taffy map (X, A, A, F') is the natural extension of
the 1 dimensional taffy map ([0, 1], B, u, T'), where X is the set described in
Figure 6.2, A is the Borel g-algebra of the unit square restricted to X, A
is the Lebesgue measure in the unit square restricted to X and normalized
such that A\(X) = 1, B is the Borel o-algebra of the unit interval and pu is the
measure with density p described in Theorem 5.2.1. The sets of full measure
that we will use are the whole spaces;i.e., X’ = X and Y = Y’ and the
function ¢ is the projection 7 : X — [0,1]. So we have that the following
diagram commute;

F
D

X X
|
0,1] —= 1[0, 1]

Therefore, all points 1 to 5 described above are satisfied. Hence, the 2
dimensional taffy map F' is the natural extension of the 1 dimensional taffy
map 7.

6.2 Description as a linear map on the torus

For the 2 dimensional case, we will describe it with a linear map on the torus
as it was done with the 3-rod taffy model. We will give the braid group
representation of the 4-rod machine.

Let’s think about the 4-rod taffy machine now. Figure 6.1 shows the rod
motion of the machine. A full period of the puller requires all the rods to
return to their initial position.
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Figure 6.6: Rod motion

As we did in Chapter 4, we will use the algebraic representation of braids.
For this case we are going to work with B;. Then we have three generators,
namely, o1, 09 and o3 and their inverses. Using the Burau representation
again (see Definition 2.1.2) we associate a 3 x 3 matrix to each generator.
Hence we have the following,

0
0.2
1

For the 4-rod taffy machine the braid word that represent the action of
the machine is w = 0,03030,03 see Figure

® L J L
g3
g1
I .
g2
\K 0—'3
NG -
E L ] L ]

Figure 6.7: The braid representation of the 4-rod machine.
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As we performed in Chapter 4, we have that the Burau representation of
the braid word w is given by multiplying the the matrices associated to the
generators. Therefore we have that;

1 -2 2
w = -2 -3 2 |, (6.3)
2 2 -1

its has eigenvalues A\ = 1, Ay = —342v/2 and A3 = —3—2v/2 with associated
eigenvectors (1,0,1), (=1,v/2,1) and (=1, —v/2, 1), respectively.

Now we want to reduce this 3 X 3 matrix to a 2 x 2 matrix. We first note
that since [w] is symmetric, its eigenspaces are mutually perpendicular. Let’s
call F; to the eigenspace corresponding to the eigenvalue A = 1. Then F, =
span{(1,0,1)T}, observe that dim £y = 1. Thus we will restrict our matrix
[w] to the orthogonal complement of E; i.e., to Ef = span{(1,1,—1)T} =
span{(1,0,—1)7,(0,1,0)7}, note that dim E;- = 2.

Using the basis {(1,0,—1)7,(0,1,0)7}, we have that the restriction of [w]
to Ei, denoted by [w]|p., is given by

et = Z5 53 ) (6.4)

which has eigenvalues A = 3 + 2v/2, the desired eigenvalues.
We can conclude that the 4-rod taffy machine is represented by the linear
map on the torus

h(z) = ( B ) Crmod 1. (6.5)

6.2.1 Observation. We conclude this work with the observation that the
4-rod machine and the 3-rod machine are conjugated. We have the following

conjugacies:
(Eig):(}(l))@?)(—ﬂ?) (6.6)
(-5 0D0) e

Therefore we have that;

and
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