
MASTERARBEIT / MASTER’S THESIS

Titel der Masterarbeit / Title of the Master‘s Thesis

„Stochastic Filtering and Parameter Estimation in
Infinite Dimensions“

verfasst von / submitted by

Fabian Kai Parzer, B.Sc.

angestrebter akademischer Grad / in partial fulfilment of the requirements for the degree of

Master of Science (MSc)

Wien, 2020 / Vienna 2020

Studienkennzahl lt. Studienblatt /
degree programme code as it appears on
the student record sheet:

UA 066 821

Studienrichtung  lt. Studienblatt /
degree programme as it appears on
the student record sheet:

Masterstudium Mathematik

Betreut von / Supervisor: Univ.-Prof. Dipl.-Ing. Dr. Otmar Scherzer





Abstract

In this thesis, we present aspects of the theory of infinite-dimensional stochastic filtering, with an
additional focus on parameter estimation. After giving an overview of the necessary background on
probability distributions and stochastic calculus in Banach and Hilbert spaces, we derive the infinite-
dimensional versions of the Kalman filter, the Kalman-Bucy filter, and the Kalman smoother.

Furthermore, we present approximate filters for the nonlinear filtering problem, in particular the
(iterated) extended Kalman filter and the ensemble Kalman filter/smoother. We also discuss their
applications to real-time parameter estimation in dynamical systems.

Moreover, we discuss recent applications of filtering methods to the solution of inverse problems,
in form of the ensemble Kalman inversion method. We also show that the reduced approach for
parameter estimation in partial differential equations using a regularized Gauss-Newton method can
be interpreted as a dual iterated extended Kalman filter.

Finally, we present two possible applications of the methods presented in this thesis. First, we show
how a dual ensemble Kalman filter can be applied to a stochastic potential identification problem.
Second, we estimate the initial conditon in a stochastic wave equation using the ensemble Kalman
smoother.

Zusammenfassung

Diese Masterarbeit stellt Auszüge aus der Theorie der stochastischen Filter in unendlichdimension-
alen Räumen dar, mit einem zusätzlichen Fokus auf Parameterschätzung. Nach einer Zusammenfas-
sung der notwendigen Vorkenntnisse zu Wahrscheinlichkeitsverteilungen und stochastischer Analysis
in Banach- und Hilberträumen leiten wir die unendlichdimensionalen Versionen des Kalman-Filters,
des Kalman-Bucy Filters und des Kalman-Glättungsfilters her.

Außerdem präsentieren wir näherungsweise Filter, insbesondere das (iterierte) Extended Kalman
Filter sowie das Enbsemble Kalman Filter/Glättungsfilter. Weiters erörtern wir die Anwendung dieser
Methoden für die Echtzeit-Parameterschätzung in dynamischen Systemen.

Zusätzlich erläutern wir neuere Anwendungen von Filtermethoden zur Lösung von Inversen Prob-
lemen, die Ensemble Kalman Inversion. Darüber hinaus zeigen wir, dass man die reduzierte Meth-
ode zur Parameterschätzung in Partiellen Differentialgleichungen mittels Gauß-Newton-Verfahren als
duales iteriertes Extended Kalman Filter auffassen kann.

Schlussendlich stellen wir zwei mögliche Anwendungen der vorgestellten Verfahren dar. Als Er-
stes zeigen wir, wie das duale Ensemble Kalman Filter auf ein stochastisches Potentialidentifikation-
sproblem angewendet werden kann. Zweitens schätzen wir den Anfangswert in einer stochastischen
Wellengleichung mittels Ensemble Kalman Glättungsfilter.
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Chapter 1

Introduction and basic probability
theory

1.1 Introduction

Most real-world problems can be formulated as inference or control of dynamical systems in the pres-
ence of uncertainty. Filtering is concerned with the former problem. In all areas of science and
technology, it is important to estimate the state of a system from observations. These observations
are usually incomplete and noisy. Furthermore, there usually is uncertainty about the system itself.
This uncertainty might either be classified as parametric uncertainty, meaning that the exact behavior
of the system is unknown and any model is only a likely candidate among many others, or intrinsic
uncertainty, which means that the system shows behavior which cannot be consistently predicted.

Filtering methods try to estimate the state of a system in the presence of uncertainty, given a set
of noisy and incomplete observations. Since this problem is of an inherently stochastic nature, it is
approached using probability theory.

Classically, filtering theory was developed in finite dimensions where both the state Xk of the
system and its observation Yk at a discrete time k can be represented by vectors

Xk =

X
1
k

...
Xd
k

 , Yk =

Y
1
k
...
Y mk

 .
First mathematical treatments of the filtering problem considered the linear case, where the future

state Xk of the system is a linear function of the past Xk−1, and each observation Yk is a linear function
of the current state Xk:

Xk = FkXk−1,

Yk = MkXk, k ∈ N.

Intrinsic noise in the system is modelled by adding a random vector Wk, such that the future state is
now a random function of the past. Noise in the observation (for example resulting from an inexact
measurement procedure) can be modeled similarly by an additive random noise vector Vk, such that
the observed dynamical system is modeled by

Xk = FkXk−1 +Wk,

Yk = MkXk + Vk.

The seminal article by Kalman [Kal60] then showed that the optimal linear estimator of the state
Xk given the available measurements Y1, . . . , Yk of this system can be computed in a recursive way:
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The optimal estimator at time k is a linear function of the optimal estimator at time k − 1 and the
new measurement Yk. This allows for a very efficient real-time computation of optimal estimates. The
simplicity of this method, which came to be known as the Kalman filter, revolutionized the field of
control theory and engineering. The Kalman filter played in particular a vital role in the success of
the Apollo Moon project (see [GA10]).

Moreover, extensions of the Kalman filter to alternative filtering problems have been studied ex-
tensively. On a practical side, the extended Kalman filter and the more recent ensemble Kalman
filter are two classes of methods that are based on the Kalman filter and yield approximate solutions
to the nonlinear filtering problem. On the theoretical side, consideration of more and more general
problems led to the development of the theory of stochastic filtering, which culminated in the work of
Stratonovich [Str60], Kushner [Kus67] and Zakai [Zak69].

In this thesis, we will discuss how the Kalman filter and its continuous version, the Kalman-Bucy
filter, can be formulated for filtering problems in infinite-dimensional spaces. This possibility was
suggested quite soon after the conception of the Kalman filter [Fal67].

Infinite-dimensional filtering problems are relevant when the dynamical system of interest is mod-
elled by a partial differential equation. If we also want to model intrinsic noise in the system, this
leads to stochastic partial differential equations. In the functional-analytic approach, partial differen-
tial equations are treated as evolution equations where the state takes values in an infinite-dimensional
space of functions. Similarly, stochastic partial differential equations can be understood as stochastic
differential equations in Hilbert spaces.

In the rest of this chapter, we will present the necessary prerequisites from probability theory to
allow the abstract formulation of stochastic filtering with partial differential equations that we will
present in chapter 2. In particular, we will then see that the infinite-dimensional Kalman filter can
be derived as solution to the linear discrete-time filtering problem in separable Banach spaces. From
then on, we will concentrate on the continuous-discrete filtering problem, where the state evolves
continuously but is observed at discrete timepoints. We will derive a variant of the Kalman-Bucy filter
that solves the linear continuous-discrete filtering problem in Hilbert spaces. Furthermore, we will
show that this filter also leads to a solution of the smoothing problem, i.e. the problem of sequentially
updating the estimate of a past state given new measurements of the future trajectory.

In chapter 3, we will then further discuss the extended Kalman filter and the ensemble Kalman
filter, show how they can be formulated in Hilbert spaces, and present further extensions of these basic
approaches. In particular, we will see how the ensemble Kalman filter can be applied even to inverse
problems that are not of a sequential nature.

The problem of parametric uncertainty in our state model is adressed in chapter 4, where we will
see how the methods of the previous chapter lead to general algorithms for real-time simultaneous state
and parameter estimation in dynamical systems. We will compare these approaches with deterministic,
optimization-based methods in chapter 5, and in fact demonstrate that both the extended Kalman
filter and its ensemble version can be interpreted as regularized optimization methods.

Finally, we will demonstrate in chapter 6 how the application of ensemble-based filtering methods
to stochastic partial differential equations could look like in principle. In particular, we observe that
these methods lead to derivative-free algorithms that can cope with high-dimensional problems.

1.2 Notation and basic terminology

Usually, we will consider separable Banach or Hilbert spaces. Given a Banach space E, we will use
the symbol E∗ to denote its topological dual, i.e. the space of all continuous linear functionals on E.
Elements of the dual space will usually be denoted by u∗, v∗ ∈ E∗. We will use the duality brackets

〈u, u∗〉 := u∗(u),

to denote the action of a linear functional u∗ ∈ E∗ on an element u ∈ E. For the inner product in a
Hilbert space H, we will use round brackets (·, ·) : H ×H → R.

We will denote with Lin(E1;E2) the set of linear maps from a Banach space E1 to a Banach space
E2, and denote with L(E1;E2) ⊂ Lin(E1;E2) the space of all bounded linear operators, equipped with
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the operator norm. We will furthermore use the shorthand L(E) := L(E;E). For an unbounded linear
operator A from E1 to E2, we will denote its domain by domA and its range by ranA.

We will call an operator R : E∗ → E symmetric if 〈Ru∗, v∗〉 = 〈Rv∗, u∗〉, for all u∗, v∗ ∈ E∗,
and positive if 〈Ru∗, u∗〉 ≥ 0, for all u∗ ∈ E∗. For an operator R : H → H in a Hilbert space, this
definition reduces to the conditions (Rh, g) = (Rg, h) and (Rh, h) ≥ 0 for h, g ∈ H.

Recall the definition of the Fréchet derivative (or total derivative) of a function F : E1 → E2

between Banach spaces [Lan93]: If existent, DF (x) is the unique linear operator such that

lim
‖h‖→0

‖F (x+ h)− F (x)−DF (x)h‖
‖h‖

= 0.

It can be computed throught the identity

DF (x)h =
d

dε
F (x+ εh)

∣∣∣
ε=0

.

We call F a C1 function if DF : E1 → L(E1;E2) is continuous. The term DF (x)h can also be
interpreted as the directional (or Gâteaux) derivative of f along h at the point x. Recall also that
classical results from multivariate calculus (like Taylor approximation or the mean value theorem) also
hold for general Fréchet derivatives (see e.g. [Lan93]).

In the following, we will use the notation Dx[f(x, y)](x0) to denote the total derivative of the
function Fy(x) := f(x, y) at the point x0, meaning

Dx[f(x, y)](x0) := DFy(x0).

Given a measure space (Ω,A, µ), Lp(µ) := Lp(Ω,A, µ) will denote the space of p-integrable func-
tions, modulo equality µ-almost everywhere. For a given Banach space E, Lp(µ;E) := Lp(Ω,A, µ;E)
will denote the Bochner space of all Bochner measurable functions f : Ω→ E with

‖f‖Lp(µ;E) :=

(∫
Ω

‖f(x)‖pµ(dx)

)1/p

<∞,

again modulo equality µ-almost everywhere (cf. [DS88] or [Kre15]). We will also use the notation
M(µ;E) for the space of allA-measurable functions from Ω to E, modulo equality µ-almost everywhere,
and M(E1;E2) to denote the space of all Borel measurable functions between the spaces E1 and
E2. Recall also that on separable Banach spaces, the notions of Bochner measurability and Borel
measurability are equivalent.

Furthermore, we will use the tensor product notation. Let E1 and E2 be Banach spaces. For
u ∈ E1, v ∈ E2, we define a linear operator u⊗ v ∈ L(E∗2 ;E1) by

〈(u⊗ v)v∗, u∗〉 := 〈u, u∗〉〈v, v∗〉.

Clearly, ‖u⊗v‖ ≤ ‖u‖‖v‖, so that the tensor product always yields a bounded operator. In the Hilbert
space case, h⊗ g yields for all h ∈ H1 and g ∈ H2 an operator in L(H2;H1), given by

h⊗ g(f) := h · (g, f), f ∈ H2.

Finally, for finite sequences of natural numbers we will sometimes use the notation

[N ] := {1, 2, 3, ..., N} N ∈ N.

And we will use the symbol

R+ := [0,∞)

to denote the set of nonnegative real numbers.
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1.3 Abstract random elements

Let P(Ω,A) denote the space of probability measures on a measurable space (Ω,A). If Ω is a topological
space and A = B(Ω) is its Borel σ-algebra, we will use the brief notation P(Ω) := P(Ω,B(Ω)) to denote
the same space. Next, we define what we mean by calling an element of a measurable space random.

Definition 1.3.1 (Random element). Let (S,S) be a measurable space. A random element X of S
consists of a probability space (Ω,A,P) and a measurable map X : Ω→ S. We define its distribution
PX ∈ P(S,S) as the pushforward of P by X,

PX(B) := P(X−1(B)), B ∈ S.

For a Bochner measurable function f : S → E into a Banach space E, we define the expectation of
f(X) as the Bochner integral

Ef(X) :=

∫
Ω

f(X(ω))P(dω) =

∫
S

f(x)PX(dx).

By Bochner’s integrability theorem [Kre15, theorem 2.5], the expectation exists if and only if
E‖f(X)‖ <∞.

It is common to identify a random element with its defining map, and hence we use the notation

X : (Ω,A,P) −→ (S,S)

to mean that “X is a random element of S defined on the probability space (Ω,A,P)”. Usually,
however, we will simply write “Let X be a random element of S...” without explicit reference to the
associated probability space, and where we will assume that S is a topological space equipped with
its Borel σ-algebra, S = B(S), if not stated otherwise. Nevertheless, we will always assume that all
random elements are defined on a common probability space.

Since all relevant properties of X are uniquely determined by its law, we will also use the notation

X ∼ µ

with a probability measure µ ∈ P(S) to mean that X is a random element of S with distribution
PX = µ. It is a basic fact of probability theory that given any probability measure, such an element
can always be constructed. We will also denote equality in distribution of two random elements X and
Y with

X
d
= Y,

meaning that PX = PY .
Often, we will work with S = R or S = Rd equipped with the respective Borel σ-algebras. A random

element of R is usually called random variable, and we will reserve the term random vector for
random elements of Rd. Recall that we say a measure µ on (Ω,A) is absolutely continuous with
respect to another measure ν on (Ω, A), and write

µ� ν,

if

ν(N) = 0 =⇒ µ(N) = 0,

for all N ∈ A. If µ and ν are σ-finite, the Radon-Nikodym theorem (see e.g. [Kal02, theorem 2.10])
states that there exists a measurable function dµ

dν ∈M(ν;R+) such that∫
f(x)µ(dx) =

∫
f(x)

dµ

dν
ν(dx),
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for all functions f ∈ L1(µ). If µ is a probability measure, dµ
dν is called the probability density

function of µ with respect to ν. The most relevant application is of course the case where S = Rd
and ν is taken to be the d-dimensional Lebesgue measure λd. In that case, we will also use differential
notation, where

µ(dx) = p(x)dx

means that p ∈ L1(λd) is the probability density of µ with respect to the Lebesgue measure. If X is a
random vector and PX << λd(x), we define the probability density function of X by

pX(x) :=
PX(dx)

dx
.

Moreover, given a probability space (Ω,A,P), we use the word almost surely if an event holds with
probability 1 or, equivalently, P-almost everywhere. For example, for a random element X : Ω → R,
the formula

X > 0,

has to be read as

P({ω ∈ Ω : X(ω) > 0 }) = 1.

Note that random processes also fall under definition 1.3.1: A random process is a random element
of a function space. To be more precise:

Definition 1.3.2 (Random process). Let (S,S) be a measurable space and T a totally ordered set.
Then, an S-valued random process on T is any random element X of (ST ,ST ), where ST is the
σ-algebra on ST generated by the point evaluations πt : ST → S, ω 7→ ω(t). We will denote the point
evaluations of the random process X with X(t) := πtX.

If X is almost surely in some subset F ⊂ ST , we also say that X has paths in F .

Random processes (more frequently called “stochastic processes”) are useful models in a multitude
of problems in science and engineering. They also provide a theoretical framework for the probabilistic
approach to parameter identification in dynamical systems.

Example 1.3.3 (Wave equation with uncertain parameters). Consider the wave equation on a domain
D ⊂ R3.

∂2
t u(x, t) = ∆u(x, t) x ∈ D, t ∈ [0, T ],

u(x, t) = 0, x ∈ ∂D, t ∈ [0, T ],

u(x, 0) = f(x), x ∈ D,
∂tu(x, 0) = 0, x ∈ D.

Suppose the initial pressure f is unknown. We can model it as a random variable F : Ω→ H1
0 (D) on

some probability space (Ω,A,P). In this model, the solution of the wave equation is a H1
0 (D)-valued

stochastic process U = U(t, ω) on [0, T ], which satisfies for P-almost every ω ∈ Ω

∂tU(t, ω) = ∆U(t, ω), t ∈ [0, T ],

U(t, ω)
∣∣∣
∂D

= 0, t ∈ [0, T ],

U(0, ω) = F (ω),

∂tU(0, ω) = 0.

Usually, we suppress the dependence of U on ω and simply write

∂tU(t, ω) = ∆U(t, ω), t ∈ [0, T ],

U(t, ω)
∣∣∣
∂D

= 0, t ∈ [0, T ],

U(0, ω) = F (ω),

∂tU(0, ω) = 0,

keeping in mind that U(t) is still a random element.
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In example 1.3.3, one could then try to infer the unknown parameter F from measurements of
the solution U . In the probabilistic approach, this question would be formulated as the problem of
determining the conditional distribution of F given U . In order to deal with this rigorously, we need
to formalize the notion of conditional probabilites and conditonal expectation for abstract random
elements that may take values in infinite-dimensional spaces. The traditional approach constructs the
conditional expectations first, and then defines the conditional probability through the basic identity

E1A = P(A),

where 1A is interpreted as a random variable on the probability space (Ω,A,P).

Theorem 1.3.4 (Conditional expectation). Let (Ω,A,P) be a probability space, E a Banach space, and
B ⊂ A a sub-σ-algebra. Then there is a unique linear operator EB : L1(Ω,A,P;E) → L1(Ω,B,P;E),
called the conditional expectation given B, such that∫

B

X(ω)P(dω) =

∫
B

(EBX)(ω)P(dω), ∀B ∈ B,

for all random elements X ∈ L1(Ω,A,P;E).

Proof. [VTC87, proposition 4.1].

It is important to keep in mind that EBX is again a random element, but now on the smaller
probability space (Ω,B,P).

Suppose we are given a random element Y of some measurable space (T, T ).
Then, we define the conditional expectation of X given Y as

E[X|Y ] := Eσ(Y )X,

where σ(Y ) denotes the σ-algebra generated by the sets Y −1(B), with B ∈ T . Furthermore, we
can give formal meaning to “the expectation of X given Y = y”. This is achieved through Doob’s
functional representation lemma, which states that any σ(Y )-measurable function can be written as a
deterministic function of Y (cf. [Kle13, chapter 8]).

Lemma 1.3.5. Let (Ω,A) and (T, T ) be a measurable spaces. and let Y : Ω → T be a measurable
function. Suppose X : Ω → S is a function into a measurable space (S,S). Then X is σ(Y ) − S-
measurable if and only if there exists a measurable function F : T → S with

X(ω) = F (Y (ω)),

for all ω ∈ Ω.

Proof. See [Kal02, theorem 1.13]

Applying this result to the function E[X|Y ] leads to a functional representation.

Corollary 1.3.6. There exists a measurable function F : Ω→ E such that

E[X|Y ](ω) = F (Y (ω)),

for all ω ∈ Ω. We then define for y ∈ T the conditonal expectation of X, given Y = y, by

E[X|Y = y] := F (y).

Proof. By theorem 1.3.4, E[X|Y ] is σ(Y )-measurable. Hence, by lemma 1.3.5, there exists a T -
measurable function F : T → E such that E[X|Y ] = F (Y ).

6



This definition corresponds to intuition, since we have indeed for any measurable function f :
E × E → R

E[f(X,Y )|Y = y] = E[f(X, y)], ∀y ∈ E,

if the integrals exist (see [PZ14, chapter 1]).
Now, we can list some basic properties that are useful for computing conditional expectations in

practice.

Proposition 1.3.7 (Properties of the conditional expectation). Let X and Y be random elements of
a Banach space E, with E‖X‖ <∞. Then:

i) ‖E[X|Y ]‖ ≤ E‖X‖.
ii) If X is independent of Y , then E[X|Y = y] = EX, for all y ∈ E.

iii) If X is σ(Y )-measurable, then E[X|Y ] = X.

iv) Tower property: E[E[X | Y ]] = EX.

v) X − E[X|Y ] is independent of Y .

Proof. See [VTC87, p. II.4.1].

The next example shall help to demonstrate the distinction between expectation and conditional
expectation.

Example 1.3.8. Let X be a random element of a Banach space E with expectation EX = 0. Consider
the random vector Y defined by

Y = MX + b,

where M ∈ L(E) and b ∈ E. Then, the expectation of Y is

EY = ME[X] + b = b.

But the conditional expectation of Y , given X, is

E[Y |X] = ME[X|X] + b = MX + b,

and we furthermore have for a given x ∈ E

E[Y |X = x] = Mx+ b.

In particular, E[Y |X] is again a random vector, while EY and E[Y |X = y] are determistic.

Next, we define the conditional probability of an event {X ∈ A} ∈ A for a random element
X of a measurable space S, given Y = y.

P(X ∈ A | Y ) := E[1A(X)|Y ].

However, in general this does not yield a probability measure (cf. [Kal02, chapter 6]). But if we
assume a little additional topological structure on the space S, the following theorem states that we
can always find a version of P(X ∈ · | Y ) that yields a probability measure when evaluated at a point
ω ∈ Ω. Such a measure (or rather, the associated probability kernel) is called a regular conditional
distribution. A sufficient condition on Ω is that it is a Polish space. Recall that we call a topological
space Polish if it is separable and completely metrizable (see [Bog07, chapter 6]).

Theorem 1.3.9 (Regular conditional distribution). Let X : (Ω,A,P) → (S,B(S)) be a random ele-
ment of a Polish space S and let B be a sub-σ-algebra of A. Then, there exists a unique function

PX|B :B(S)× Ω→ [0, 1],

(A,ω) 7−→ PX|B(A)(ω),

such that
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i) for any ω ∈ Ω, PX|B(dx)(ω) is a probability measure on (S,B(S)),

ii) for any A ∈ BS, PX|B(A) is a B-measurable function, and

iii) PX|B(A) = EB1A(X) almost surely, for all A ∈ B(S).
We call PX|B the regular conditional probability distribution of X given B.

Proof. Follows from [Kal02, theorem 6.3].

Here, the notation PX|B(dx)(ω) denotes the measure A 7→ PX|B(A)(ω). Objects of this form
(meaning bivariate functions that are measurable in one argument, and measures in the other) are
called probability kernels (or also “Markov kernels” or “transition kernels”).

Similar to the conditional expectation, we define for a random element Y of an arbitrary measurable
space (T, T ) the conditional distribution of X, given Y , as

PX|Y := PX|σ(Y ).

Example 1.3.10. In the situation of example 1.3.3, the distribution of the solution U(t) is a probability
measure on H1

0 (D), and the distribution of the whole process U is a probability measure on the space
L1([0, T ];H1

0 (D)). The unknown initial pressure F is a random element of H1
0 (D), which is certainly

Polish. Thus, a regular conditional distribution PF |U of F given U exists.

Then, as before, it follows from theorem 1.3.9 above and lemma 1.3.5 (Doob) that PX|Y can be
written as a deterministic function of Y . This means that we can always find a map M : S → P(S)
into the space of probability measures, such that

PX|Y = M(Y ).

It might be helpful to keep in mind that both sides of the identity denote regular conditional probabilites
(i.e probability kernels). For a given y ∈ T , we can then define the conditional distribution of X,
given Y = y by

PX|Y (·|y) := M(Y ).

This functional representation motivates the following shorthand:

X | Y ∼M(Y )

means that for all y ∈ S, PX|Y (·|y) is identical to the probability measure M(y).

Example 1.3.11. For the one-dimensional normal distribution N : R× (0,∞)→ P(R),

N (m,σ2) :=
1√

2πσ2
e(x−m)2/2σ2

dx,

the expression X|Y ∼ N (Y, σ2) means that for any y ∈ R, the conditional distribution of X, given
Y = y, is normal with mean y and variance σ2.

Bayes theorem

The most important formula for conditional probabilities is Bayes’ theorem, which relates a conditional
probability P(A|B) with its likelihood P(B|A), for any two events A, B with P(A),P(B) > 0:

P(A|B) = P(A)
P(B|A)

P(B)
.

For random vectors, there is a well-known density version.

Proposition 1.3.12 (Bayes’ theorem for probability densities). Let X and Y be random vectors with
joint probability density function pX,Y . Then the conditional probability density functions pX |Y and
pY |X exist and are related by

pX |Y (x|y) = pX(x)
pY |X(x|y)

pY (y)
. (1.3.1)
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Proof. As in [Kle13, example 8.31], we have

pY |X(y|x) =
pX,Y (x, y)

pX(x)
,

pX|Y (x|y) =
pX,Y (x, y)

pY (y)
.

Combining the two identities yields

pX|Y (x, y) =
pX(x)pX,Y (x, y)

pY (y)
,

for PX -almost every x and PY -almost every y.

Now, we are ready to give an extension of Bayes’ rule that is suitable to our general setting (see
[Hel18]).

Theorem 1.3.13 (Bayes). Let X and Y be random elements of Polish spaces S and T respectively.
Let, moreover, µ be a σ-finite measure on T and assume that

PY |X(dy|x)� ν(dy), for PX-a.e. x ∈ S,

and denote the corresponding density with

pY |X(y|x) :=
PY |X(dy|x)

ν(dy)
.

Then, PX|Y (dx|y)� PX(dx) for PY -a.e. y ∈ T , and

PX|Y (dx|y)

PX(dx)
=
pY |X(y|x)

Z(y)
, (1.3.2)

where Z(y) :=
∫
pY |X(y|x)PX(dx) ∈ (0,∞) PY -a.e.

The proof of this result is essentially analogous to the proof of the most basic form of Bayes rule,
where one simply notes that

P(B)P(A|B) = P(A ∩B) = P(A)P(B|A), (1.3.3)

and then divides by P(B) if it is nonzero. The measure-theoretic analogon of this identity is provided
by the following lemma:

Lemma 1.3.14 (Product rule for measures). Let X and Y be random elements of Polish spaces S
and T respectively. Then,

PX,Y (A×B) =

∫
A

PY |X(B|x)PX(dx)

=

∫
B

PX|Y (A|y)PY (dy),

for all A ∈ B(S), B ∈ B(T ).

Proof. See [Bog07, chapter 10].

In differential notation, the similarity to (1.3.3) becomes even more obvious:

PY (dy)PX|Y (dx|y) = PX,Y (dx, dy) = PX(dx)PY |X(dy|x).

Then, similarly, one wants to “divide by PY (dy)”, which means formally that we desire to take the
Radon-Nikodym derivative. The proof then executes this informal argument:
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Proof of theorem 1.3.13. We follow [Hel18]. First, we note using Fubini’s theorem that we have for
any B ∈ B(T ):

PY (B) = PX,Y (S ×B)

=

∫
PY |X(B|x)PX(dx)

=

∫ ∫
B

p(y|x)ν(dy)PX(dx)

=

∫
B

Z(y)ν(dy). (1.3.4)

and so in particular PY � ν. We first need to show that Z(y) ∈ (0,∞) for PY -almost every y ∈ T .
This follows, since

PY (Z = 0) =

∫
Z=0

Z(y)ν(dy) = 0,

which means Z > 0 ν-almost everywhere and thus PY -almost everywhere. Also

1 ≥ PY (Z =∞) =

∫
Z=∞

Z(y)ν(dy),

which implies first ν(Z = ∞) = 0 and then PY (Z = ∞) = 0. Having established that, it remains to
prove (1.3.2). We have on one hand

PX,Y (A×B) =

∫
A

PY |X(B|x)PX(dx)

=

∫
A

∫
B

pY |X(y|x)ν(dy)PX(dx)

=

∫
B

∫
A

pY |X(y|x)PX(dx)ν(dy), (1.3.5)

and on the other hand, using equation 1.3.4,

PX,Y (A×B) =

∫
B

PX|Y (A|y)PY (dy)

=

∫
B

Z(y)PX|Y (A|y)ν(dy). (1.3.6)

Comparing (1.3.5) and (1.3.6) which hold for arbitrary sets B ∈ B(T ), we necessarily have∫
A

pY |X(y|x)PX(dx) = Z(y)PX|Y (A|y)

for ν-almost every y ∈ T , and thus PY -almost every y ∈ T . Dividing by Z(y) and taking the Radon-
Nikodym derivative then yields equation (1.3.2).

Note that in the setting of Bayesian inference, PX would be called the prior, PY |X the likelihood,
and PX|Y the posterior. Note also that the σ-finite measure ν in the proof plays the role of a base
measure with respect to which we derive densities for the other measures, similar to the Lebesgue
measure in Rd. And indeed, if one applies this result with ν = λd, one can quickly recover proposition
1.3.12.

1.4 Random elements of separable Banach spaces

The characterization of probability measures is a central question for both pure and applied probability
theory. A central concept related to this problem is the characteristic functional of a measure [VTC87,
chapter 4]:
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Definition 1.4.1 (Characteristic functional). Let E be a Banach space and µ ∈ P(E). Then, we
define the characteristic functional of µ as

µ̂(u∗) :=

∫
ei〈x,u

∗〉µ(dx), u∗ ∈ E∗.

Let X be a random element of E. Then, we define the characteristic functional of X as:

φX(u∗) := E[ei〈X,u
∗〉], u∗ ∈ E∗.

Obviously, for any random element X, we have φX = P̂X .
A large class of measures can be uniquely characterized by their characteristic functionals. In

particular, this holds for the special case that will be relevant to us, namely Borel measures on separable
Banach spaces.

Lemma 1.4.2. Let E be a separable Banach space and µ1, µ2 ∈ P(E). If µ̂1 = µ̂2, then µ1 = µ2.

Proof. [VTC87, IV.2.1, corollary 1] states that all Radon measures are uniquely determined by their
characteristic functionals. But Borel measures on separable Banach spaces are always Radon (see
[Sch74]).

The definition of the covariance of a random element is again an extension of the finite-dimensional
case, but less straightforward than the definition of the expectation. It is based on the fact that given
a probability measure µ on a Banach space E we can regard elements of E∗ as random variables on
(E,B(E), µ). Then, the covariance is defined as the bilinear form (which can then be identified with
a linear operator) that maps any two dual elements u∗, v∗ ∈ E∗ to their (one-dimensional) cross-
covariance:

Proposition 1.4.3 (Covariance and cross-covariance). Let X : (Ω,A,P) → (E1,B(H1) and Y :
(Ω,A,P)→ (E2,B(E2) be random elements of separable Banach spaces E1 and E2, with E‖X‖2 <∞
and E‖Y ‖2 < ∞. Let B be a sub-σ-algebra of A. Then, there exists an essentially unique random
linear operator ΣXY : (Ω,B,P)→ L(E2;E1) such that

〈ΣXY |Bv∗, u∗〉 =

∫
〈x, u∗〉〈y, v∗〉PX,Y |B(dx, dy)− 〈EBX,u∗〉〈EBY, v∗〉, u∗ ∈ E∗1 , v∗ ∈ E2.

We call ΣXY |B the conditional cross-covariance of X and Y , given B and also write

Cov[X,Y |B] := ΣXY |B.

In the case E1 = E2 and X = Y , we call Cov(X|B) := ΣXX|B the conditional covariance of X,
given B.

Proof. Follows from [VTC87, III.2.1, proposition 2.1 and corollary 2].

In the Hilbert space case, we can also express the cross-covariance operator in terms of the tensor
product. This leads to the more elegant formula

ΣXY |B = EB[X ⊗ Y ]− EB[X]⊗ EB[Y ].

Given a further random element Z, we can repeat the procedure that we are already familiar with
from the conditonal expectation and define

Cov[X,Y |Z] := Cov[X,Y |σ(Z)].

And by setting B = A, we recover the (unconditional) cross-covariance

Cov[X,Y ] := Cov[X,Y |A].

Covariance and cross-covariance operators tend to be very regular. For example, they are always
nuclear.
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Definition 1.4.4 (Nuclear). Let E1 and E2 be separable Banach spaces. We call an operator A ∈
L(E∗2 ;E1) nuclear if there are sequences (xn) in E1 and (yn) in E∗∗2 with

∑
n‖xn‖‖y∗∗n ‖ < ∞ such

that A has the representation

Ay∗ =

∞∑
n=1

〈y∗, y∗∗n 〉xn, y∗ ∈ E∗2 .

We then define the nuclear norm ‖A‖nuc as the infimum of
∑
n‖y∗∗n ‖‖xn‖ over all such representa-

tions.

Proposition 1.4.5 (Properties of the cross-covariance). Let X,X1, X2 be random elements of a sepa-
rable Banach space E1, and Y, Y1, Y2 be random elements of a separable Banach space E2, and assume
that they all have finite second moments. Then, for any random element Z:

i) Cov[X,Y |Z] is a nuclear operator with ‖Cov[X,Y |Z]‖nuc ≤ E[‖X‖‖Y ‖|Z].

ii) Cov(X|Z) is positive and symmetric.

iii) Cov[AX1+X2, BY1+Y2|Z] = ACov[X1, Y1|Z]B∗+ACov[X1, Y2|Z]+Cov[X2, Y2|Z]B∗+Cov[X2, Y2|Z],
for any A ∈ L(H1), B ∈ L(H2).

iv) Let U :=

[
X
Y

]
. Then:

Cov(U |Z) =

[
Cov(X|Z) Cov[X,Y |Z]

Cov[Y,X|Z] Cov(Y |Z)

]
.

Proof. The first statement is [VTC87, III.2.4, theorem 2.5]. The second statement is [VTC87, III.2.2,
proposition 2.2].

The third statement follows directly from proposition 1.4.3. Assuming without loss of generality
that E[X|Z] = 0 = E[Y |Z], we have

〈Cov[AX,BY |Z]v∗, u∗〉 =

∫
〈Ax, u∗〉〈By, v∗〉PX,Y |Z(dx, dy)

=

∫
〈x,A∗u∗〉〈y,B∗v∗〉PX,Y |Z(dx, dy)

= 〈Cov[X,Y |Z]B∗v∗, A∗u∗〉 = 〈(ACov[X,Y |Z]B∗)v∗, u∗〉,

and thus, Cov[AX,BY |Z] = ACov[X,Y |Z]B∗ by uniqueness. The more general case follows analo-
gously.

The fourth statement can be found in [VTC87, section III.2.4].

Before we go on, we look at the Hilbert space case. Here, the concept of a nuclear operator reduces
to what is more frequently called a trace-class operator:

Definition 1.4.6 (Trace class). Let H and U be separable Hilbert spaces with orthonormal bases (hn)
and (un). Then, for an operator A ∈ L(H;U), we define its trace

trA :=
∑
n

〈Ahn, un〉.

We say that A is in the trace class if ‖A‖1 := tr((A∗A)1/2) <∞.

And indeed, the two concepts nuclearity and trace-class are equivalent.

Lemma 1.4.7. Let H be a separable Hilbert space and Σ ∈ L(H). Then Σ is nuclear if and only if it
is in the trace class, and we have

‖Σ‖nuc = ‖Σ‖1.
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Proof. See [VTC87, section III.1., proposition 1.9]

A related concept that will also be extremely useful in later chapters is that of a Hilbert-Schmidt
operator:

Definition 1.4.8 (Hilbert-Schmidt operator). We call an operator A ∈ L(H;U) Hilbert-Schmidt if

‖A‖2 :=
∑
n

‖Ahn‖2 <∞.

We denote the space of Hilbert-Schmidt operators by L2(H;U).

Clearly, definition 1.4.6 reduces in finite dimensions to the familiar concept of the trace of a matrix.
And indeed, the trace as defined above shares a lot of properties with its finite-dimensional analogon:

Proposition 1.4.9 (Properties of the trace). Let H and U be separable Hilbert spaces.
i) The trace is linear: tr(αA+ βB) = α trA+ β trB, for all α, β ∈ R, A,B ∈ L1(H;U).

ii) For h, g ∈ H, 〈h, g〉 = tr(h⊗ g).

iii) Let A ∈ L1(H) and T ∈ L(H). Then tr(TB) = tr(BA).

iv) | tr(TA)| ≤ ‖T‖‖A‖1, for all A ∈ BL1(H) and T ∈ BL(H).

v) ‖·‖1 defines a norm on BL1(H;U).

vi) ‖·‖2 defines a norm on L2(H;U).

vii) Every trace-class operator is compact.

Proof. [Con94, chapter 9.2].

Finally, in the Hilbert space case we can strenghten proposition 1.4.5 a bit.

Proposition 1.4.10 (Properties of the cross-covariance). Let X,X1, X2 be random elements of a
separable Hilbert space H1, and Y, Y1, Y2 be random elements of a separable Hilbert space H2, and
assume that they all have finite second moments. Then, for any random element Z:

i) Cov[X,Y |Z] is a trace-class operator with ‖Cov[X,Y |Z]‖1 ≤ E[‖X‖‖Y ‖|Z].

ii) tr(Cov(X|Z)) = E[‖X‖2|Z].

Proof. The first statement is a follows from proposition 1.4.5 and lemma 1.4.7. The second statement
is given in [VTC87, section III.2.4].

1.5 Fractional powers of operators and pseudoinverses

Let A : domA ⊂ H → H be an unbounded self-adjoint linear operator. For the subsequent analysis,
it will be necessary to give a rigorous meaning to the objects A1/2, A−1/2, and more generally, to As

for any fractional power s ∈ R. This will be useful in the case when A is the covariance operator of a
Gaussian measure on a Hilbert space, and in chapter 6 when A is a partial differential operator. We
give a construction that is based on the following consequence of the spectral theorem for self-adjoint
unbounded operators.

Theorem 1.5.1 (Spectral representation). Let H be a separable Hilbert space and A : domH ⊂ H →
H a self-adjoint linear operator. Then there is a σ-finite measure space (Ω,A, µ), a unitary map
operator U : H → L2(µ), and a measurable function φ ∈M(µ) such that

A = U−1MφU,

where Mφ : domMφ ⊂M(µ)→ L2(µ), Mφf := φf , is the multiplication operator with domain

domMφ = { f ∈M(µ) : φf ∈ L2(µ) }.
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Proof. By [Con94, theorem X.4.19], the statement holds for normal operators with a possibly complex-
valued function φ. However, if A is self adjoint, Mφ must be self-adjoint, which is the case if and only
if φ = φ̄. Hence, φ must necessarily be real-valued.

The theorem says that every linear self-adjoint operator is unitarily equivalent to multiplication
with a corresponding measurable function φ. We can then define positive powers of A as the operators
corresponding to positive powers of φ. If in addition A is positive, we necessarily have φ ≥ 0, so that
this construction can be extended to negative powers. We summarize in the following definition (cf.
[Tay10, chapter 8]).

Definition 1.5.2. Let A : domA ⊂ H → H be a self-adjoint unbounded linear operator.
i) For all s ≥ 0, we define

As := U−1MφsU,

domAs = U−1 domMφs ,

where Mφsf = φsf .

ii) If A is positive, we define in addition

A−s := U−1Mφ−sU,

domA−s = U−1(domMφ−s),

for all s > 0.

In particular, note that if A ∈ L(H) is a bounded self-adjoint positive operator, then A−s : H → H
is the Moore-Penrose pseudoinverse of As, for all s ∈ R, because it is self-adjoint and we have

AsA−sAs = U−1MφsMφ−sMφsU = As,

A−sAsA−s = U−1Mφ−sMφsMφ−sU = A−s.

Moreover, the construction of A−1/2 for self-adjoint positive operators allows for the definition of
operator-weighted norms on Hilbert spaces.

Corollary 1.5.3 (Covariance-weighted norm). Let A : H → H be a self-adjoint positive operator.
Then, domA−s = ranA−s is a Hilbert space under the inner product

(u, v)s := (Asu,Asv), u, v ∈ domAs.

In particular, if Γ is a covariance operator, we define

‖u‖Γ :=

{
‖Γ−1/2u‖, if u ∈ dom Γ−1/2,

∞, else.
(1.5.1)

1.6 Gaussian measures on separable Banach spaces

Gaussian measures play also in infinite-dimensional probability an as central role as they do in finite
dimensions. Maybe even more so because one cannot define a Lebesgue measure on an infinite-
dimensional space1, and so the Gaussian measures takes its place as basic reference measure. Recall
the definition of Gaussian measures on the real line.

Definition 1.6.1. We call a probability measure γ ∈ P(R) a Gaussian measure on R if it is Dirac,
i.e. γ = δx for some x ∈ R, or if it is absolutely continuous with respect to the Lebesgue measure λ
and there exist m ∈ R and σ2 > 0 such that its density can be written as

γ(dx)

λ(dx)
=

1√
2πσ2

e−
(x−m)2

2σ2 .

We call a random variable a Gaussian random variable (or normally distributed) if its law is a
Gaussian probability measure.

1The only translation-invariant and locally finite measure on an infinite-dimensional Banach space is the trivial
measure µ = 0.
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In infinite dimensions, this definition through the probability density function is substituted with
a functional definition. For a probability measure µ on a topological vector space E, we can consider
any continuous linear functional u∗ on E as a random variable u∗ : (E,B(E), µ) → (R,B(R)). In the
finite-dimensional case where E = Rd, it can be shown that µ is a multivariate Gaussian distribution
if and only if all u∗ : (Rd,B(Rd), µ) → (R,B(R)) are Gaussian random variables (see [Gal16, chapter
1]). In infinite dimensions, this property is used as a definition.

Definition 1.6.2. i) We call a measure γ ∈ P(E) on a topological vector space E a Gaussian
measure if, for all u∗ ∈ E∗, the random variable X(x) := u∗(x) on (E,B(E), γ) is Gaussian.

ii) We call a random element X of a topological vector space E a Gaussian random element if
for all u∗ ∈ E, u∗(X) is a Gaussian random variable.

On a Hilbert space, this definition reduces to the following.

Proposition 1.6.3. Let X be a random element of a Hilbert space H. Then X is Gaussian if and
only if for all h ∈ H, (X,h) is a Gaussian random variable.

Proof. Follows from definition 1.6.2 and the Riesz representation theorem.

It is immediate that a random element is Gaussian if and only if its law is a Gaussian probability
measure, and vice versa. One of the most important regularity theorems for abstract Gaussian measures
is Fernique’s theorem.

Theorem 1.6.4 (Fernique). Let X be a Gaussian random element of a separable Banach space E.
Then, there exists λ > 0 such that

Eeλ‖X‖
2

<∞.

In particular, X has finite moments: E‖X‖p <∞, for all p ≥ 0.

Proof. See [PZ14, theorem 2.7].

In particular, this result guarantees that every Gaussian measure has a mean and a covariance, and
that the characteristic functional is well-defined.

Proposition 1.6.5 (Characteristic functional). Let X be a Gaussian random element of a separable
Banach space E, with mean x̄ and covariance ΣXX . Then, its characteristic functional is

φX(u∗) = ei〈x̄,u
∗〉− 1

2 〈ΣXXu
∗,v∗〉.

Proof. [VTC87, IV.2.4, proposition 2.8].

Hence, by lemma 1.4.2, any Gaussian measure is uniquely determined by its characteristic func-
tional. This motivates the notation

X ∼ N (x̄,ΣXX), (1.6.1)

if X is a Gaussian random element of a separable Banach space with mean x̄ ∈ E and covariance
ΣXX ∈ L(E∗;E). Similarly, we will use the notation mγ and Σγ to denote the mean and covariance
of a Gaussian measure γ. Furthermore, we recover the multivariate Gaussian distribution.

Corollary 1.6.6. Let γ ∈ P(Rd) be a Gaussian measure with mean m ∈ Rd and positive definite
covariance Σ. Then, γ is absolutely continuous with respect to the d-dimensional Lebesgue measure
λd, and its density is given by:

γ(dx)

λd(dx)
= (2π det(Σ))−d/2e−

1
2 (x−m)>Σ(x−m).

Proof. [Bog15, proposition 1.2.2]
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Moreover, there is a complete characterization of the class of covariance operators of Gaussian
measures on a separable Hilbert space.

Theorem 1.6.7 (Mourier). Suppose H is a separable Hilbert space. Let m ∈ H, and let Σ ∈ L(H) be
a symmetric positive trace-class operator. Then there exists a Gaussian element X of H with EX = m
and Cov(X) = Σ.

Proof. See [PZ14] or [VTC87, theorem IV.2.4].

Motivated by this result, we say that a linear operator C ∈ L(H) is a covariance operator if it
is symmetric, positive, and in the trace-class. There is, however, no corresponding generalization of
Mourier’s theorem to Banach spaces. It is not clear whether every positive symmetric nuclear operator
on a Banach space is the covariance operator of a Gaussian random element. However, in our case
this problem will not be relevant since we will always know beforehand that the involved covariance
operators correspond to Gaussian distributions.

We now present a list of useful properties of Gaussian measures that will be vital for the filtering
theory we develop in chapter 2. At first, we note that as in the finite-dimensional case, independence
of Gaussian random elements is equivalent to uncorrelatedness.

Lemma 1.6.8 (Independence). Let X and Y be Gaussian random elements of separable Banach spaces
H1 and H2. Then, X and Y are independent if and only if Cov[X,Y ] = 0.

Proof. Follows from proposition 1.6.5 and the fact that two random elements X and Y are independent
if and only if

φX,Y = φX ⊗ φY ,

a statement that holds in great generality (e.g. for Radon measures on normed spaces [VTC87, IV.2.2,
proposition 2.2]).

One of the most useful properties of Gaussian distributions is their compatibility with linear trans-
formation, a property that generalizes to arbitrary Hilbert spaces.

Lemma 1.6.9 (Linear combinations of Gaussian random elements). Suppose X ∼ N (x̄,ΣXX) and
Y ∼ N (ȳ,ΣY Y ) are independent Gaussian random elements of separable Banach spaces E1 and E2.
Let A ∈ L(E1;E3), B ∈ L(E2;E3) and c ∈ E3, where E3 is a separable Banach space. Then,

AX +BY + c ∼ N (Ax̄+Bȳ + c, AΣXXA
∗ +BΣY YB

∗).

Proof. This follows again from the characteristic functional (proposition 1.6.5). Letting without loss
of generality c = 0, it follows by independence:

φAX+BY (x) = φX(A∗x)φY (B∗x)

= ei〈x̄,A
∗x〉− 1

2 〈ΣXXA
∗x,A∗x〉ei〈ȳ,B

∗x〉− 1
2 〈ΣY Y B

∗x,B∗x〉

= ei〈Ax̄+Bȳ,x〉− 1
2 〈AΣXXA

∗+BΣY Y B
∗x,x〉,

and thus the statement follows by lemma 1.4.2.

Lemma 1.6.9 leads to the useful property that many probabilistic operations on Gaussian measures,
like computing the joint distribution, marginalization over a nuisance variable, and computing the
conditional distribution with respect to another Gaussian random element, reduce to simple operator
formulas.

Lemma 1.6.10 (Joint normal distribution). Suppose X ∼ N (x̄,ΣXX) and Y | X ∼ N (MX+b,Γ) are
Gaussian random elements of separable Banach spaces E1 and E2, respectively, where M ∈ L(E1;E2),
and b ∈ E2. Then [

X
Y

]
∼ N (

[
x̄

Mx̄+ b

]
,

[
ΣXX ΣXXM

∗

MΣXX MΣXM
∗ + Γ

]
).
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Proof. First, note that Y can be written as Y = MX + η, with a random element η ∼ N (b,Γ) of E2

that is independent of X. [X, η] is then a Gaussian random element of E1×E2. By independence, we
have [

X
η

]
∼ N (

[
x̄
b

]
,

[
ΣXX 0

0 Γ

]
).

Thus, using lemma 1.6.9, we arrive at[
X
Y

]
=

[
Id 0
M Id

] [
X
η

]
∼ N (

[
x̄

Mx̄+ b

]
,

[
ΣXX ΣXXM

∗

MΣXX MΣXXM
∗ + Γ

]
).

Lemma 1.6.11 (Marginalization over nuisance variable). Suppose X ∼ N (x̄,ΣXX) and Y | X ∼
N (MX + b,Γ) are Gaussian random elements of separable Banach spaces E1 and E2, respectively,
where M ∈ L(E1;E2), and b ∈ E2. Then

Y ∼ N (Mx̄+ b,MΣXXM
∗ + Γ).

Proof. Applying lemma 1.6.10, we have[
X
Y

]
∼ N (

[
x̄

Mx̄+ b

]
,

[
ΣXX ΣXXM

∗

MΣXX MΣXM
∗ + Γ

]
).

Taking the projection Π2 : E1 × E2 → E2, it follows from lemma 1.6.9 that

Y = Π2(X,Y ) ∼ N (Mx̄+ b,MΣXXM
∗ + Γ).

Before we can describe the conditional distribution of a Gaussian random elements with respect to
another Gaussian random element, we need the following elementary lemma.

Lemma 1.6.12. Let X,Y1, Y2, . . . , Ym be random variables with finite second moments, where Y1, . . . , Yn
are independent and Cov(Yi) > 0 for all i ∈ [m]. Then,

E[X|Y1, . . . , Yn] =

m∑
=1

E[XYj ]

Cov[Y 2
j ]
Yi.

Proof. Note that the conditional expectation E[·|Y1, . . . , Yn] is the orthogonal projection in L2(P) on
the space spanned by {Y1, . . . , Yn} ⊂ L2(P). Hence, there must exist x1, . . . , xn ∈ R such that

E[X|Y1, . . . , Yn] =

n∑
i=1

xiYi.

Now, independence of Yn implies L2-orthogonality. Hence, we have

xi =
(X,Yi)L2(P)

‖Y ‖2
=

E[XYi]

E[Y 2
i ]

.

This lemma is directly applied in the proof of the next assertion, which is fundamental for the rest
of this thesis.
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Lemma 1.6.13 (Conditioning of Gaussian measures). Suppose X is a random element of a separable
Banach space E and Y is an m-dimensional random vector, and suppose that X and Y are jointly
Gaussian distributed with [

X
Y

]
∼ N (

[
x̄
ȳ

]
,

[
ΣXX ΣXY
ΣY X ΣY Y

]
).

Then, the regular conditional distribution of X, given Y , is

X | Y ∼ N (x̄+ ΣXY Σ−1
Y Y (Y − ȳ),ΣXX − ΣXY Σ−1

Y Y ΣY X). (1.6.2)

Proof. The fact that (X|Y ) is Gaussian distributed is easy to see. Let x∗ ∈ E∗. Then, 〈X,x∗〉 and Y
are finite-dimensional random vectors with joint Gaussian distribution,[

〈X,x∗〉
Y

]
∼ N (

[
〈x̄, x∗〉
ȳ

]
,

[
〈ΣXXx∗, x∗〉 x∗ΣXY

ΣY Xx
∗ ΣY Y

]
).

Hence, (〈X,x∗〉|Y ) has a conditional Gaussian distribution, and since this holds true for all x∗ ∈ E∗,
we have that (X|Y ) is conditional Gaussian distributed. Thus, it remains to show that the conditional
expectation and covariance are as in (1.6.2).

We assume without loss of generality EX = 0 and EY = 0. Excluding the degenerate case Y = 0,
let λ1 ≥ λl > λl+1 = · · · = λm = 0 be the eigenvalues of ΣY Y with corresponding eigenvectors
e1, . . . , em. Let

Y i := (Y, ei),

so that Cov(Y i) = E(Y i)2 = λi, and Y1, ..., Yl are uncorrelated, and thus by lemma 1.6.8 independent.
Then, for any x∗ ∈ E∗, we have

E[X|Y ] = E[X|Y 1, . . . Y m]

= E[X|Y 1, . . . Y l]

=

l∑
i=1

E[〈X,x∗〉Y i]
λi

Y i,

where the last equality is due to lemma 1.6.12. From the definition of the conditional covariance, we
then obtain

E[〈X,x∗〉|Y 1, . . . , Y m] =

l∑
i=1

〈ΣXY ei, x∗〉
λi

Y i

=

l∑
i=1

〈ΣXY Σ−1
Y Y eiY

i, x∗〉

= 〈
l∑
i=1

ΣXY Σ−1
Y Y eiY

i, x∗〉. (1.6.3)

Now, since the conditional expectation is linear, we have

E[〈X,x∗〉|Y 1, . . . , Y m] = 〈E[X|Y 1, . . . , Y m], x∗〉.

Therefore, since (1.6.3) holds for all x∗ ∈ E∗, we obtain

E[X|Y 1, . . . , Y m] =

l∑
i=1

ΣXY Σ−1
Y Y eiY

i

= ΣXY Σ−1
Y Y

l∑
i=1

Y iei

= ΣXY Σ−1
Y Y Y, (1.6.4)
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where the reader should keep in mind that Σ−1
Y Y denotes the Moore-Penrose pseudoinverse if l < m.

For the covariance, we define

η := X − E[X|Y ].

Then, by proposition 1.3.7, η is independent of Y , and so by proposition 1.4.5, we have

ΣXX = Cov(E[X|Y ]) + Cov(η).

Using (1.6.4) and proposition 1.4.5, we obtain

Cov(η) = ΣXX − ΣXY Σ−1
Y Y ΣY Y Σ−1

Y Y Σ∗XY

= ΣXX − ΣXY Σ−1
Y Y ΣY X .

This finishes the proof.

Lemma 1.6.13 is important because it yields the following version of Bayes’ theorem that provides
the fundamental relation on which our later derivations of the Kalman filter will be based on.

Corollary 1.6.14 (Bayes’ theorem for Gaussian random elements). Suppose X is a Gaussian random
element of a separable Banach space E, with X ∼ N (x̄,ΣXX), and Y is an m-dimensional Gaussian
random vector with Y | X ∼ N (MX + b,Γ), where M ∈ L(E;Rm) and b ∈ Rm). Then:

X | Y ∼ N (x̄+K(Y −Mx̄− b),ΣXX −KMΣXX),

where K := ΣXXM
∗(MΣXXM

∗ + Γ)−1.

Proof. First, apply lemma 1.6.10 to obtain the joint distribution of

[
X
Y

]
. Then, we obtain the condi-

tional distribution of X, given Y , through use of lemma 1.6.13.

1.7 Stochastic calculus in Hilbert spaces

Continuous-time filtering problems are defined through stochastic differential equations. Recall that a
stochastic differential equation (SDE) of the form

dX(t) = f(X(t), t)dt+G(X(t), t)dW (t), (1.7.1a)

X(0) = X0 (1.7.1b)

is just a formal notation for a corresponding stochastic integral equation, in this case (see [Kal02,
chapter 21] or [Jaz70])

X(t) = X0 +

∫ t

0

f(X(s), s)ds+

∫ t

0

G(X(s), s)dW (s). (1.7.2)

Equation (1.7.1) is called an equation with additive noise if G is independent of X, and else an
equation with multiplicative noise. In this thesis, we will restrict ourselves on the former case.

Stochastic partial differential equations (SPDEs) can then be formulated as stochastic differential
equations in infinite-dimensional spaces, e.g. where X(t) is a random element of a function space, and
where f is a partial differential operator with respect to space. We will restrict ourselves to the case
where X takes values in a separable Hilbert space, and not deal in this thesis with stochastic differential
equations in Banach spaces. The reason for this choice is that, while there exist constructions of
stochastic differential equations on Banach spaces (see section 1.8, the Hilbert space theory is at the
moment much more developed, and suffices already for a lot of applications.

First of all, we need to clarify how to construct the Hilbert-space-valued noise process W in (1.7.1).
In this thesis, W will always denote Hilbert-space-valued Wiener process defined as follows:
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Definition 1.7.1 (Hilbert-space-valued Wiener process). Let H be a Hilbert space and Q a symmetric
positive trace-class (see definition 1.4.6) operator. We call an H-valued random process W on R+ a
Q-Wiener process if

a) W has paths in C0(R+;H) (cf. definition 1.3.2),

b) W (0) = 0 almost surely,

c) W has independent increments, i.e. for all t ≥ 0 and ε > 0, W (t+ ε)−W (t) is independent of
(W (s))s≤t, and

d) W (t)−W (s) ∼ N (0, |t− s|Q), for all t, s ≥ 0.

On separable Hilbert spaces we can guarantee existence of Q-Wiener processes for arbitrary covari-
ance operators.

Proposition 1.7.2 (Existence of Q-Wiener processes). Let H be a separable Hilbert space and Q a
symmetric positive trace-class operator. Then, there exists an H-valued Q-Wiener process.

Proof. [PZ14, proposition 4.4].

Note that in the case H = R and Q = 1, the process W coincides with the standard Brown-
ian motion (cf. [Kal02, chapter 13] or [Gal16, chapte 2]). However, there strictly does not exist a
“standard” Wiener process on infinite-dimensional Hilbert spaces, since in that case Id is not in the
trace-class, because it is not compact (see proposition 1.4.9). So, there cannot exist a Wiener process
with covariance Id. A remedy for this is the concept of a generalized Wiener process.

Definition 1.7.3 (Generalized Wiener process). Let H be a Hilbert space. We call a random map
W : H → C0(R+), h 7→ Wh a generalized Wiener process if for all h ∈ H, Wh is a real-valued
Wiener process with

lim
hn→h

E|Wh(t)−Whn(t)|2 = 0, ∀t ≥ 0.

We call W a cylindrical standard Wiener process if

E[Wh(t)Wg(s)] = min(s, t)(h, g), ∀t, s ≥ 0, h, g ∈ H.

We also have a corresponding existence theorem.

Proposition 1.7.4 (Existence of generalized Wiener processes). Let H be a separable Hilbert space
and Q ∈ L(H) a self-adjoint positive operator. Then, there exists a generalized H-valued Wiener
process W with

E[Wh(t)Wg(s)] = min(s, t)(Qh, g), ∀t, s ≥ 0, h, g ∈ H.

Proof. See [PZ14, section 4.1.2].

In this thesis, however, we will solely deal with Wiener processes in the strict sense. However,
extensions of our results to generalized and even spatially homogeneous Wiener processes (see [PZ14,
section 4.1] should be possible mutas mutandis.

Having defined the noice process in (1.7.1), it is necessary to extend the stochastic integral in (1.7.2)
to the Hilbert space setting. In the following, we will only list some useful results from the theory of
Hilbert space stochastic calculus and stochastic partial differential equations that will be used in the
formulation of the infinite-dimensional Kalman-Bucy filter (section 2.4). For more details, see [PZ14],
[Cho07] or [Hai09].

Lemma 1.7.5 (Properties of the stochastic integral). Let U and H be separable Hilbert spaces and let
W be a U -valued Q-Wiener process on [0, T ]. We define the inner product

(u, v)0 := (Q−1/2u,Q−1/2v), u, v ∈ Q1/2U,
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under which Q1/2U is a Hilbert space. Let G ∈M([0, T ];L2(Q1/2U ;H) with∫ T

0

‖G(t)‖22 <∞

almost surely. Then:
i) E

∫ t
0
G(s)dW (s) = 0, for all t ∈ [0, T ].

ii) E‖
∫ t

0
G(s)dW (s)‖2 =

∫ t
0
‖G(s)‖22ds, for all t ∈ [0, T ].

iii) The stochastic integral is linear: Let A ∈ L(H). Then

A

∫ T

0

G(s)dW (s) =

∫ T

0

AG(s)dW (s),

almost surely.

iv) If X and W are independent, so are X and
∫ t

0
G(s)dW (s), for all t ∈ [0, T ].

Proof. See [PZ14, chapter 4.3]

Definition 1.7.6. Let (Ω,A,P) be a probability space.
i) We call a collection F = (F)t∈[0,T ] of σ-algebras a filtration if

Fs ⊂ Ft ⊂ A

for all 0 ≤ s ≤ t ≤ T . A random process X on [0, T ] is called adapted if X(t) is Ft-measurable
for all t ∈ [0, T ].

ii) We define the predictable σ-algebra PT to be the σ-algebra generated by sets of the form
(s, t)× F , where F ∈ Fs, i.e.

PT := σ ({(s, t]× F : F ∈ Fs} ∪ {{0} × F : F ∈ F0}) .

A random process X on [0, T ] is called predictable if the map (t, ω) 7→ X(t)(ω) is PT -measurable.

iii) We say a Wiener process W is a Wiener process with respect to the filtration F if it is
adapted and if W (t+ h)−W (t) is independent of Ft, for all h ≥ 0 and t ∈ [0, T ].

iv) We call a filtration a normal filtration or say that it satisfies the usual conditions if it is
complete, i.e. have A ∈ F0 for all A ∈ A with P(A) = 0, and it is right-continuous, i.e.

Ft =
⋂
h>0

Ft+h.

The notion of a filtration is important for modeling how much information we have availabe at a
certain point in time. For example, it would not be desirable that the solution of the SPDE (1.7.1) at
time t depends on the noise at time t + ε for some ε > 0. This motivates the notion of predictability
as defined above. It is more intuitive to think of the σ-algebra Ft as the knowledge of a set of random
elements. These are precisely those random elements that are Ft-measurable. Similarly, for a process
to be adapted to a filtration means that at time t, we have knowledge past trajectory of the process
and its present value, simply all the information that would be available to use from observing the
process in the time interval [0, t].

We can also define a filtration in terms of a given random process. For example, a Wiener process
W generates a filtration by letting FWt represent knowledge of the trajectory of W up to and including
time t. Formally, this means

FWt := σ(W (s) : s ≤ t), t ∈ [0, T ].

For this thesis, it will suffice to always take the filtration

Gt := σ(X0,W (s) : s ≤ t),

so that X0 is always included.
It is obvious from definitions 1.7.1 and 1.7.6 that W is a Wiener process with respect to G. In order

to obtain a normal filtration, we have to make the usual augmentations.
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Lemma 1.7.7. For every filtration F there exists a smallest complete and right-continuous extension,
called the augmented filtration.

Proof. See [Kal02, lemma 7.8].

Hence, we can assume without loss of generality that G is normal.
Next, we introduce the classical concept of a strong solution. It will usually be necessary for the

operator G in to be a Hilbert-Schmidt operator. However

Definition 1.7.8 (Strong solution). Let U and H be separable Hilbert spaces and T > 0. Suppose
we are given an U -valued Q-Wiener process W , a map F ∈ M(H × [0, T ];H) and an operator G ∈
L2([0, T ];L2(U ;H)). Suppose A : domA ⊂ H → H is an unbounded linear operator. Finally, let X0

be a random element of H. Then, we call an H-valued predictable (with respect to G) process X on
[0, T ] a strong solution to

X(t) = (AX(t) + F (X(t), t)) dt+G(t)dW (t), t ∈ [0, T ],

X(0) = X0,

if

X(t) ∈ domA,

trG(X(t), t) <∞,
∫ T

0

‖AX(s) + F (X(s), s)ds‖ds <∞,

and

X(t) = X0 +

∫ t

0

(AX(s) + F (X(s), s)) ds+

∫ t

0

G(X(s), s)ds

almost surely, for all t ∈ [0, T ].

Similarly to the theory of partial differential equations, the concept of a strong solution is usually
too restrictive for a lot of examples. Hence, in analogy to the deterministic case, one introduces the
concept of a weak solution. As a preparation, recall the definition of a strongly continuous semigroup.

Definition 1.7.9. A family (S(t))t≥0 of bounded linear operators on a Banach space E is called a
semigroup if

S(t+ s) = S(t)S(s), ∀t, s ≥ 0,

S(0) = Id.

It is called strongly continuous, if for every x ∈ E the map t 7→ S(t)x is continuous.

Definition 1.7.10 (Weak solution). Let U and H be separable Hilbert spaces and T > 0. Suppose
we are given an U -valued Q-Wiener process W , a map F ∈ M(H × [0, T ];H) and an operator G ∈
L2([0, T ];L2(U ;H)). Suppose A : domA ⊂ H → H is an unbounded linear operator that generates a
strongly continuous semigroup. Finally, let X0 be a random element of H. Then, we call an H-valued
predictable random process X with paths in L1([0, T ];H) a weak solution to

dX(t) = (AX(t) + F (X(t), t)) dt+G(t)dW (t), t ∈ [0, T ],

X(0) = X0,

if ∫ T

0

‖F (X(t), t)‖dt <∞ almost surely,∫ T

0

‖G(t)‖L2(Q1/2H;H)dt <∞ almost surely,
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and

(X(t), w) = (X0, w) +

∫ t

0

(X(s), A∗w) + (F (X(s), s), w)ds+ (

∫ t

0

G(s)dW (s), w),

almost surely, for all t ∈ [0, T ] and all w ∈ domA∗.

Note that there is also the slightly different concept of a mild solution (see [PZ14]) of a SPDE.
However, in the linear case we do not have to worry about the distinction (see [Hai09]).

Similarly to the semigroup theory of parabolic PDEs [EN06], we have the following variation of
constants formula for linear SPDEs.

Theorem 1.7.11 (Weak existence and uniqueness for linear problems). Let U and H be separable
Hilbert spaces and T > 0. Consider the SPDE

dX(t) = AX(t)dt+ f(t)dt+G(t)dW (t), t ∈ [0, T ], (1.7.3a)

X(0) = X0 (1.7.3b)

Suppose that

• W is an U -valued Q-Wiener process and G ∈ L∞([0, T ];L2(Q1/2U ;H)).

• X0 is a random element of H.

• A : domA ⊂ H → H is linear and generates a strongly continuous semigroup S.

• f ∈ L1([0, T ];H).

Then, there exists exactly one weak solution to equation (1.7.3), given by

X(t) = S(t)X0 +

∫ t

0

S(t− s)f(s)ds+

∫ t

0

S(t− s)G(s)dW (s), t ∈ [0, T ].

Proof. See [PZ14, theorem 7.1].

1.8 Comments and further references

As we will see in the next chapter (see theorem 2.2.2), the key ingredient for deriving the Kalman
filter is corollary 1.6.14, which is in turn an immediate consequence of lemma 1.6.13 (conditioning).
For both results, we assumed the measurement Y to be finite-dimensional. However, both results can
be generalized to the case where the measurement variable Y is also a Gaussian random element of a
separable Banach space. This was shown for Hilbert spaces in [Man84], and then for Banach spaces
in [Lus96]. The key ingredient is the following factorization lemma (see [Vak94] and [VTC87, section
III.1.2]), which allows to apply Hilbert-space techniques to Gaussian measures on more general spaces.

Lemma 1.8.1 (Canonical factorization). Let X : (Ω,A,P) → (E,B(E)) be a Gaussian random ele-
ment of a separable Banach space E. Then there exists a separable Hilbert space HX and an operator
AX ∈ L(E;HX) with dense image, such that

ΣXX = AXA
∗
X . (1.8.1)

In that case, ranA∗X ⊂ E, and AX is unique up to unitary equivalence. The space HX is called the
Cameron-Martin space of X.

Proof. Sketch. One defines the map AX : E → L2(P),

AXu
∗(ω) := 〈X(ω)− EX,u∗〉, ω ∈ Ω,

and then defines HX to be the closure of ranAX under the L2(P)-norm.
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The operator AX is a so-called γ-radonifying operator (see [Lus96]). An operator A : E → H
into a separable Hilbert space is called γ-radonifying if AA∗ is the covariance of a Gaussian random
element. If E is Hilbert, it follows from theorem 1.6.7 (Mourier) that A is γ-radonifying if and only if
it is Hilbert-Schmidt.

A major complication in the case of infinite-dimensional measurements is that since covariance
matrices are compact, Σ−1

Y Y will always be unbounded in the infinite-dimensional case. The operator
K in corollary 1.6.14 will then only be bounded on a set of probability zero (see [LPS89]). It will
not even be linear anymore, but only linear on a set of probability 1. In this thesis, we circumvented
these problems by assuming finite-dimensional measurements. Note that we did not have to rely on
regularity properties of the distribution of the state X in the proof of lemma 1.6.13. This suggests that
the result might hold in even greater generality, for example if X is a random element of an arbitrary
locally convex space. The finite dimensionality of the measurements has a naturally regularizing effect
for the inference problem.

Regarding section 1.7, there exists a theory of stochastic integration on Banach spaces extend-
ing some of the results presented there. The objects of integration are in that case opertor-valued
measurable functions Φ : [0, T ]→ L(H;E) that satisfy∫ T

0

‖Φ(t)∗u∗‖2Hdt <∞,

for all u∗ ∈ E∗, and for which the map Iφ ∈ L(L2([0, T ];H);E),

〈IΦf, u∗〉 :=

∫ T

0

(Φ(t)∗u∗, f(t))Hdt, f ∈ L2([0, T ];H),

is a well-defined, γ-radonifying operator. A corresponding formulation of optimal linear filters in
Banach spaces seems to be missing from the literature.
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Chapter 2

Stochastic filtering

In this chapter, we present some parts of the theory of stochastic filtering on infinite-dimensional
spaces. We present some general aspects in section 2.1. Then, we derive the optimal filter for the
linear Gaussian filtering problem in discrete time — the Kalman filter — in section 2.2. In section 2.3
we then rederive the Kalman filter as the solution to the linear filtering problem with non-Gaussian
noise. Then, in section 2.4 introduce the continuous-time version of the Kalman filter, the Kalman-
Bucy filter. At the end of this chapter we turn in section 2.5 to the smoothing problem and derive the
linear fixed-point smoother and the Rauch-Tung-Striebel smoother.

2.1 The general filtering problem

In general, the filtering problem can be subsumed as the problem of inferring the state of a dynamical
system from noisy measurements. Such a system can be deterministic or stochastic. Since the latter
approach is more general, we will assume it in the following. In any case, the problem is governed by
two models. First, the state model which describes the time-evolution of the state. In discrete-time,
we will study the Markov state space model with additive noise

Xk = fk(Xk−1) +Wk, k ∈ N,

where Xk is a random element of a Banach space E, f1, f2, ... : E → E each are measurable func-
tions of the state, and W1,W2, ... are random elements of E, representing the state noise, or intrinsic
uncertainty, of the system. In the following, we will always assume that W1,W2, ... are mutually
independent.

Second, it is often not possible to measure the whole state of a system. Instead, one measures
an observable Yk which is a (possibly random) function of the state Xk. We will assume that Yk
only depends on the current state Xk, not on the whole trajectory, and that the randomness can be
represented by additive, independent noise vectors V1, V2, ... (the measurement noise). Furthermore,
we will assume finite-dimensional measurements. Thus, we arrive at the discrete measurement
model

Yk = mk(Xk) + Vk, k ∈ N,

where mk ∈ M(E;Rm), for k ∈ N. In continuous time and given a separable Hilbert space H, the
corresponding state model can be written as a stochastic differential equation

dX(t) = f(X(t), t) +G(X(t), t)dW (t), t ≥ 0, (2.1.1)

X(0) = X0, (2.1.2)

where X is an H-valued stochastic process on R+,f ∈M(H×R+;H) and G ∈M(H×R+; Lin(U ;H))
denote deterministic functions, while W is an U -valued stochastic process on R+, where U is some
separable Hilbert space. Classically, this situation is only treated in the finite-dimensional special case
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where X is assumed to be a strong solution of equation (2.1.1) (see for example [Jaz70]). Since we will
be interested in applications to (stochastic) partial differential equations, we will aim to derive results
for the case where X is a weak solution (see definition 1.7.10) that takes values in a Hilbert space.

2.2 The Kalman filter

We will start with a fairly elementary situation, the linear discrete-time filtering problem with Gaussian
noice. Since we are in discrete time, we can still stay in the more general Banach space setting. The
fundamental algorithm is the famous Kalman filter, an on-line method that yields a complete solution
of the Gaussian linear discrete filtering problem that is defined as follows.

Problem 2.2.1 (Gaussian linear discrete filtering). Let E be a separable Banach space. Consider the
linear state-space and measurement models

Xk = FkXk−1 +Wk, (2.2.1a)

Yk = MkXk + Vk, (2.2.1b)

where for all k ∈ N we assume Fk ∈ L(E), Mk ∈ Lin(E;Rm) and Gaussian noise Wk ∼ N (0, Qk)
in E and Vk ∼ N (0, Rk) in Rm, and an initial distribution X0 ∼ N (x0, P0). We also assume that
X0,W1, V1,W2, V2, . . . are all independent.

Given a sequence of measurements Y1 = y1, Y2 = y2, ..., the filtering problem is to determine the
conditional probability distribution

PXk|Yk=yk

of Xk, given Yk = yk, for all k ∈ N. Here

Yk :=
[
Y1 . . . Yk

]
,

yk :=
[
y1 . . . yk

]
∈ Rm×k,

denote the collections of all measurements and their realizations, respectively, up to and including time
k.

Given the setup (2.2.1), we can formulate all inference on the state X as the problem of deter-
minining the conditional distributions

PXn|Yk=yk , n ∈ N0, k ∈ N.

Usually, one distinguishes between the case n > k (called prediction), the case n = k (called filtering)
and the case n < k (called smoothing).

For problem 2.2.1, the Kalman filter gives a recursive algorithm to calculate the conditional ex-
pectations E[Xk|Yk] and the conditional covariances Cov(Xk|Yk). Since X1, X2, ... are Gaussian by
lemma 1.6.9 and a Gaussian measure is uniquely determined by its mean and covariance (cf. section
1.6), this is all the information one needs to construct the probability distributions PXn|Yk=yk . This is
what we mean when we say that the Kalman-filter provides a complete solution to the linear discrete
filtering problem 2.2.1.

The derivation of the Kalman filter equations in the setting of problem 2.2.1 is based on the
fundamental facts about Gaussian measures in Banach spaces, presented in section 1.4.

We define

xn|k := E[Xn|Yk = yk], n ∈ N0, k ∈ N. (2.2.2)

We call the special case xk|k the analysis estimate and xk+1|k the forecast estimate 1 to denote a

1We will call a random element X̂ = f(Y ) that estimates X, given a random measurement Y , an estimator at
time k, while we call the value x̂ = f(y) of the estimator given a particular realization of the measurement, Y = y, an
estimate.
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random element. We denote the corresponding covariance matrix by

Pn|k := Cov(Xn|Yk = yk) , n ∈ N0, k ∈ naturals. (2.2.3)

(2.2.4)

Sometimes, it will be useful for the theoretical analysis to consider the measurements random and
correspondingly treat the analysis and forecast estimates as random elements. We define

Xn|k := E[Xn|Yk], n ∈ N0, k ∈ N. (2.2.5)

It will be important to keep in mind that xn|k and Pn|k are deterministic, while Xn|k is random,
because it depends on the random measurements Yk.

With all these preparations, the proof of the following theorem becomes rather simple.

Theorem 2.2.2. (Kalman filtering) Given the linear discrete filtering problem 2.2.1, we have for
k ∈ N the following recursive relations (with x0|0 = x0, P0|0 = P0):

xk|k−1 = Fkxk−1|k−1,

Pk|k−1 = FkPk−1|k−1F
∗
k +Qk,

(2.2.6)

(2.2.7)

called the time update, and

xk|k = xk|k−1 +Kk(yk −Mkxk|k−1),

Pk|k = (Id−KkMk)Pk|k−1,

(2.2.8)

(2.2.9)

called the measurement update,

Kk := Pk|k−1M
∗
k (MkPk|k−1M

∗
k +Rk)−1. (2.2.10)

is called the Kalman gain.

Proof. By lemma 1.6.9, all Xk and Yk are normally distributed, and by lemma 1.6.13, the same holds
for the distribution of (Yk | Yk−1, Xk) and (Xk | Yk). Taking into account the definitions of the
forecast and analysis estimate ((2.2.2) and (2.2.3)), we then have by construction

(Xk | Yk−1 = yk−1) ∼ N (xk|k−1, Pk|k−1), (2.2.11)

(Xk | Yk = yk) ∼ N (xk|k, Pk|k). (2.2.12)

To derive the time update, recall that Xk = FkXk−1 + Wk, with Wk ∼ N (0, Qk). From lemma 1.6.9

applied with X
d
= (Xk−1 | Yk−1) and Y = Wk−1, we obtain the conditional distribution

(Xk | Yk−1 = yk−1) ∼ N (Fkxk−1|k−1, FkPk−1|k−1F
∗
k +Qk).

Comparing with (2.2.11), this yields the recursive identities

xk|k−1 = Fkxk−1|k−1,

Pk|k−1 = FkPk−1|k−1F
∗
k +Qk.

For the measurement update, we have since Yk = MkXk + Vk and Vk ∼ N (0, Rk) that

(Yk | Yk−1, Xk)
d
= (Yk | Xk) ∼ N (MkXk, Rk). (2.2.13)

Using Bayes’ theorem for Gaussian distributions (corollary 1.6.14) with X = Xk|k−1 (and thus x̄ =
xk|k−1 and ΣX = Pk|k−1), Y = Yk,M = Mk, b = 0 and Γ = Rk, we obtain

(Xk | Yk−1 = yk−1, Yk) ∼ N (xk|k−1 +Kk(Yk −Mkxk|k−1k) + xk|k−1, Pk|k−1 −KkMkPk|k−1),
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with Kk = Pk|k−1M
∗
k (MkPk|k−1M

∗
k +Rk)−1. Hence, inserting the realization Yk = yk, and comparing

again with the definitions of xk|k and Pk|k ((2.2.2) and (2.2.3)), we have

xk|k = xk|k−1 +Kk(yk −Mkxk|k−1),

Pk|k = Pk|k−1 −KkMkPk|k−1.

The statement then follows by induction over k ∈ N.

The time update is also known under the terms “forecast update” or “state propagation”. Similarly,
the measurement update is sometimes called “analysis update” or “state update” (see [Eve03]).

It is also remarkable that at time k, the Kalman filter not only provides us with an optimal estimate
xk|k of the current state xk given all available measurements at this time, but through the time-update
equation (2.2.6) also gives optimal predictions xk+1|k, xk+2|k, . . . of the future evolution of the system.

2.3 The optimal linear filter for non-Gaussian noise

Originally (see [Kal60]), the Kalman filter was not derived in the simple setting of problem 2.2.1, but
for the more challenging problem of filtering with not necessarily Gaussian noise. In that case, there is
in general no analytic formula for the optimal filter. However, it can be shown that the Kalman filter
still provides the optimal linear filter. For the rest of this section, we will assume for simplicity that
the state space is a separable Hilbert space. We then formulate the problem of finding the optimal
linear filter in the discrete-time case:

Problem 2.3.1 (Minimum mean-square linear filtering). Let H be a separable Hilbert space. Consider
the linear discrete filtering problem

Xk = FkXk−1 +Wk,

Yk = MkXk + Vk,

where Fk ∈ L(H), Mk ∈ L(H;Rm), Wk is a random element of H, and Vk is an m-dimensional
random vector. Suppose that X0, Wk and Vk all have finite second moments, with

EX0 = x̄0,

EVk = 0,

EWk = 0,

Cov(X0) = P0,

Cov[Wk, X0] = 0,

Cov[Vk, X0] = 0,

Cov[Wk,Wn] = Qkδkn,

Cov[Vk, Vn] = Rkδkn,

Cov[Wk, Vn] = 0,

for all k, n ∈ N. Let

L(Xk|Yk) := {AYk + b : A ∈ L(Rm×k;H), b ∈ H },

denote the set of linear estimators for Xk given measurements Yk =
[
Y1 ... Yk

]
. Then, the minimum

mean-square linear filtering problem is to find the optimal linear filter X̂k ∈ L(Xk|Yk) in the sense
that

X̂k = argmin
X∈L(Xk|Yk)

E‖Xk −X‖2.

In order to solve this problem, we need to build on the results from the elementary theory of linear
estimation. On Hilbert spaces, we have the following central result.
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Lemma 2.3.2 (Optimal linear estimator). Let X be a random element of a separable Hilbert space
H, and Y an m-dimensional random vector, with

EX = x̄, EY = ȳ,

Cov(X) = ΣXX , Cov(Y ) = ΣY Y , Cov(X,Y ) = ΣXY ,

(cf. proposition 1.4.3) and let

L(X|Y ) := {AY + b : A ∈ L(Rm;H), b ∈ H } (2.3.1)

denote the set of linear estimators of X, given Y . Then, the optimal linear estimator

EL(X|Y ) := argmin
X̂∈L(X|Y )

E‖X − X̂‖2,

is given by

EL(X|Y ) = x̄+ ΣXY Σ−1
Y Y (Y − ȳ). (2.3.2)

Proof. The proof is straightforward. We simply take derivatives with respect to b and A and set them
equal to zero, in order to find the optimum. For b, this gives

Db

[
E‖X −AY − b‖2

]
(b) = 2E(X −AY − b),

and thus equating with zero yields b = EX −AEY = x̄−Aȳ.
For determining A, recall that

DA[(h,Ag)](A)B = (h,Bg),

DA[(Ah,Ah)](A)B = 2(Ah,Bh).

With this, we have

DA[E|X −AY − b|2](A)B = DA [E[(X,X)− 2(X,AY )− 2(b,X) + 2(AY,AY ) + 2(b, AY ) + (b, b)]]B

= −2E(X,BY ) + E(AY,BY ) + 2E(b, BY ).

Inserting b = x̄−Aȳ then yields

DA[E‖X −AY − b‖2](A)B = −2E(X,BY ) + E(AY,BY ) + 2E(x̄−Aȳ,BY )

= −Cov[X,BY ] + Cov[AY,BY ]

= −2ΣXYB
∗ +AΣY YB

∗

where the last equality is due to lemma 1.6.9. Equating this expression with zero for all B ∈ L(H2;H1)
implies the necessary condition

AΣY Y − ΣXY = 0,

and hence A = ΣXY Σ−1
Y Y .

The estimator from lemma 2.3.2 is also called the minimum mean-square error (MMSE)
estimator. Its covariance is equal to the minimum of the mean-square error it attains, and is given
in the following corollary.

Corollary 2.3.3. Cov(X − EL(X|Y )) = ΣXX − ΣXY Σ−1
Y Y Σ∗XY .

Proof. Follows by inserting the identity (2.3.2) in the left-hand side.

Note also the obvious but important property that EL is linear,

EL(X1 +X2|Y ) = EL(X1|Y ) + EL(X2|Y ).
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Lemma 2.3.4 (Orthogonality principle). E[(X − EL(X|Y ), X̂)] = 0 for all X̂ ∈ L(X|Y ) (as defined
in (2.3.1)).

Proof. Consider E‖X − X̂‖2 for X̂ ∈ L(X|Y ). Since EL(X|Y ) is by definition the minimum of this
expression, its directional derivative in any direction X̂ must necessarily equal zero. This means, that
for all X̂0 ∈ L(X|Y ) we have

0 = DX̂

[
E‖X − X̂‖2

]
(EL(X|Y ))X̂0

= E
[
(X − EL(X|Y ), X̂0)

]
.

Lemma 2.3.5 (Properties of EL). Let Y = [Y1, Y2]> with

Cov[Yi, Yj ] = Qiδij , i, j ∈ [2],

Cov[X,Y ] = ΣXY :=
[
ΣXY1

ΣXY2

]
.

Then,
i) EL(X|Y1, Y2) = EL(X|Y1) + EL(X|Y2)− x̄.

ii) Cov(X − EL(X|Y1, Y2)) = Cov(X − EL(X|Y1))− ΣXY2
Σ−1
Y2Y2

ΣY2X .

Proof. (i): Note that for ΣY Y := Cov(Y ), we have by the above assumption

Σ−1
Y Y =

[
Σ−1
Y1Y1

0

0 Σ−1
Y2Y2

]
.

Then, applying lemma 2.3.2, we obtain

EL(X|Y1, Y2) = EL(X|Y ) = ΣXX − ΣXY Σ−1
Y (Y − ȳ)

= x̄− ΣXY1
Σ−1
Y1Y1

(Y1 − ȳ1)− ΣXY2
Σ−1
Y2Y2

(Y2 − ȳ2)

= EL(X|Y1) + EL(X|Y2)− x̄,

again by lemma 2.3.2.
(ii) Follows similarly from corollary 2.3.3.

Recall our specific dynamical setting:

Xk = FkXk−1 +Wk,

Yk = HkXk + Vk.

In order to use lemma 2.3.5, we would like to have independent (or at least uncorrelated) measure-
ments. This can be achieved by defining the so-called innovation vectors

Ỹk := Yk − EL(Yk|Yk−1).

With this definition, note that EỸk = 0 and EL(Xk|Yn) = EL(Xk|Ỹn).
In analogy to theorem 2.2.2, we define

X̂n|k := EL(Xn|Yk),

X̃n|k := Xn − X̂n|k,

P̂k|n := Cov(X̃n|k).

Then, we can formulate the Hilbert-space version of Kalman’s original solution to problem 2.3.1.
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Theorem 2.3.6. The solution to problem 2.3.1 is given by the Kalman filter equations. For k ∈ N,
with initialization X̂0|0 = EX0 and P̂0|0 = Cov(X0),

X̂k|k−1 = FkXk−1|k−1,

P̂k|k−1 = FkP̂k−1|k−1F
∗
k +Qk,

Kk = P̂k|k−1M
∗
k (MkP̂k|k−1M

∗
k +Rk)−1,

X̂k|k = X̂k|k−1 −Kk(Yk −MkX̂k|k−1),

P̂k|k = (I−KkHk)P̂k|k−1.

The optimal linear filter is then given by X̂k = X̂k|k.

Proof. Similar to theorem 2.2.2, we determine X̂k|k in a recursive way: Given X̂k−1|k−1, note that

X̂k|k−1 = EL(Xk|Yk−1) = EL(Xk|Ỹk−1)

= EL(FkXk−1 +Wk|Ỹk−1) = FkX̂k|k−1 + EL(Wk|Ỹk−1)

= FkX̂k−1|k−1,

since Wk is independent of Ỹk−1. For the covariance matrix, we have

P̂k|k−1 = Cov(Xk − EL(Xk|Yk−1))

= Cov(FkXk +Wk − EL(FkXk−1 +Wk|Yk−1))

= Cov(Fk(Xk − X̂k−1|k−1) +Wk)

= FkCov(Xk − X̂k−1|k−1)F ∗k + Cov(Wk)

= FkP̂k−1|k−1F
∗
k +Qk.

Then, for the measurement update, we proceed in the same way

X̂k|k−1 = EL(Xk|Yk−1) = EL(Xk|Ỹk−1)

= EL(Xk|Ỹk, Ỹk) = EL(Xk|Ỹk) + EL(Xk|Ỹk)− EXk,

by lemma 2.3.5. Inserting the identity (2.3.2), we have

X̂k|k = EL(Xk|Ỹk) + Cov(Xk, Ỹk)Cov(Ỹk)−1Ỹk.

Straightforward computations and an application of the orthogonality principle (lemma 2.3.4) yield

Cov[Xk, Ỹk] = P̂k|k−1M
∗
k , (2.3.3)

and

Cov(Ỹk) = MkP̂k|k−1M
∗
k +Rk, (2.3.4)

which gives

X̂k|k = X̂k|k−1 + P̂k|k−1M
∗
k (MkP̂k|k−1M

∗
k +Rk)−1(Yk −MkX̂k|k−1),

since EL(Yk|Ỹk−1) = MkX̂k|k−1. Finally, the recursion formula for P̂k|k follows through an application
of lemma 2.3.5, ii.

P̂k|k = Cov(Xk − EL(Xk|Ỹk))

= Cov(Xk − EL(Xk|Ỹk−1, Ỹk))

= Cov(Xk − EL(Xk|Ỹk−1))− Cov[Xk, Ỹk]Cov(Yk)−1Cov[Ỹk, Xk]

= P̂k|k−1 − P̂k|k−1M
∗
k (MkP̂k|k−1M

∗
k +Rk)−1MkP̂k|k−1,

where the last line is due to equations (2.3.3) and (2.3.4).
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2.4 The Kalman-Bucy filter

We consider now the problem of filtering a continuous-time dynamical system given discrete measure-
ments. As discussed at the beginning of section 1.7, we will only consider the case where the state
takes values in a separable Hilbert space. The corresponding continuous-discrete filtering problem is
formulated below.

Problem 2.4.1 (Nonlinear continuous-discrete filtering problem). Let H and U be separable Hilbert
spaces. Consider the state model

X(t) = f(X(t), t)dt+G(t)dW (t), t ∈ [0, T ],

X(0) = X0,

where the initial value X0 ∼ N (x0, P0) is a Gaussian random element of H, f ∈ M(H × R+;H),
G ∈ M(R+ → L(Q1/2U ;H)) and W is an U -valued Q-Wiener process. We consider discrete finite-
dimensional measurements

Yk = mk(X(tk)) + Vk, k ∈ N,

with measurement function mk : H → Rm and Gaussian measurement noise Vk ∼ N (0, Rk).

Due to the generality of this problem, we can not expect to find a simple solution formula for the
nonlinear continuous-discrete filtering problem. Therefore, as in section 2.2, we concentrate on the
linear case.

In analogy to the discrete-time case, we define

X(t|τ) := E[X(t) | Yτ ], (2.4.1)

x(t|τ) := E[X(t) | Yτ = yτ ], (2.4.2)

P (t|τ) := Cov(X(t) | Yτ = yτ ), (2.4.3)

for t ≥ 0 and τ ∈ {t1, t2, . . .}. We will also denote the state estimates at the times of measurement
t1, t2, ... by

Xn|k := X(tn|tk), (2.4.4)

xn|k := x(tn|tk), (2.4.5)

Pn|k := P (tn|tk), , n ∈ N0, k ∈ N. (2.4.6)

We can then derive equations for the evolution of x(·|·) and P (·|·) for the linear Gaussian special case
of problem 2.4.1, defined as problem 2.4.2 below.

Problem 2.4.2 (Linear continuous-discrete filtering). Consider the linear SPDE

dX(t) = AX(t)dt+G(t)dW (t), t ∈ [0, T ] (2.4.7a)

X(0) = X0, (2.4.7b)

with measurements

Yk = MkX(tk) + Vk, k ∈ N.

We assume the following:

• A is a linear unbounded operator that generates a stronlgy continuous semigroup.

• G ∈ L∞([0, T ];L2(Q1/2U ;H))..

• W is a U -valued Q-Wiener process.

• Mk ∈ Lin(H;Rm).
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• X0, W and V1, ..., VK are independent.

It is clear from the definition of problem 2.4.2 that the process X is Gaussian, and so the linear
continuous-discrete filtering problem is solved by determining X(t|τ) and P (t|τ) for all t, τ ≥ 0, as in
the linear discrete-time case.

Since the system is now assumed to be linear, X(tk) is a linear function of X(tk−1). Hence, the
problem could be reformulated as a linear discrete filtering problem of the form of problem 2.2.1 by
taking Fk = Φ(tk, tk−1), where Φ is the fundamental matrix generated by F . Theorem 2.2.2 then
implies that the measurement update will again be given by equation 2.2.8. For the time update,
however, instead of using equation 2.2.6 with the evolution semigroup, we can simply apply Itô’ s
lemma (section 1.7) and arrive at a more elegant continuous-time description of the evolution of the
conditional expectation x(·|τ) between measurement times.

This leads to the Kalman-Bucy filter for linear continuous-discrete filtering problems:

Theorem 2.4.3 (Kalman-Bucy). Suppose we are given problem 2.4.2.Then, between observations, the
conditional expectation x(t|tk−1) and covariance P (·|tk−1) (cf. (2.4.1)-(2.4.6)) satisfy the initial value
problems

Dtx(t|tk−1) = Ax(t|tk−1), t ∈ (tk−1, tk),

x(tk−1|tk−1) = xk−1|k−1,

(2.4.8)

and

DtP (t|tk−1) = AP (t|tk−1) + P (t|tk−1)A∗ +G(t)QG(t)∗, t ∈ (tk−1, tk),

P (tk−1|tk−1) = Pk−1|k−1,

(2.4.9a)

(2.4.9b)

where x0|0 = x0 and P0|0 = P0. The measurement update is

xk|k = xk|k−1 +Kk(yk −MkXk|k−1), (2.4.10a)

Pk|k = (I−KkMk)Pk|k−1, (2.4.10b)

where

Kk := Pk|k−1M
∗
k (MkPk|k−1M

∗
k +Rk)−1.

Proof. Recall that by theorem 1.7.11, the unique weak solution to (2.4.7) satisfies

X(t) = S(t− tk−1)X(tk−1) +

∫ t

tk−1

S(t− s)G(s)dW (s), (2.4.11)

where S is the strongly continuous semigroup generated by A. Taking the conditional expectation
E[·|Yk−1 = yk−1] of both sides, this yields:

x(t|tk−1) = S(t− tk−1)xk−1|k−1, (2.4.12)

where the second term on the right-hand side vanished by lemma 1.7.5, because W is assumed to be
independent. Equation (2.4.12) can then again be brought into differential form, leading to the ODE
(2.4.8).

Similarly, recalling that the conditional covariance is a bilinear form (see proposition 1.4.3), we
have by (2.4.11):

P (t|tk−1) = Cov[X(t), X(t)|Yk−1 = yk−1]

= Cov[S(t− tk−1)X(tk−1) +

∫ t

tk−1

S(t− s)G(s)dW (s), S(t− tk−1)X(tk−1) (2.4.13)

+

∫ t

tk−1

S(t− s)G(s)dW (s) | Yk−1 = yk−1]. (2.4.14)
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Using again lemma 1.7.5 and the independence of W , (2.4.14) reduces to

P (t|tk−1) = S(t− tk−1)Cov[X(tk−1, X(tk−1)|Yk−1 = yk−1]S(t− tk−1)∗ (2.4.15)

+

∫ t

0

S(t− s)G(s)QG(s)∗S(t− s)∗ds

= S(t− tk−1)Pk−1|k−1S(t− tk−1)∗ +

∫ t

0

S(t− s)G(s)QG(s)∗S(t− s)∗ds. (2.4.16)

Taking the derivative with respect to t of (2.4.16) and using Leibniz’ integral rule, we obtain a differ-
ential equation for P (·|tk−1)

DtP (t|tk−1) = AP (t|tk−1) + P (t|tk−1)A∗ +G(t)QG(t)∗,

with the initial condition P (tk−1|tk−1) = Pk−1|k−1.
After this, the measurement equations follow in the same way as in theorem 2.2.2, namely as a

simple application of Bayes’ theorem. Given measurement Yk = yk, we apply corollary 1.6.14 with

X = Xk|k−1
def
= X(tk|tk−1) (such that x̄ = xk|k−1 = x(tk|tk−1) and ΣXX = Pk|k−1

def
= P (tk|tk−1)) and

Y = Yk (such that M = Mk and b = 0). Then, we have exactly as in theorem 2.2.2(
Xk|k−1 | Yk = yk

)
∼ N (xk|k−1 +Kk(Yk −MkXk|k−1), Pk|k−1 −KkMkPk|k−1),

with Kk = Pk|k−1M
∗
k

(
MkPk|k−1M

∗
k +Rk

)−1
. The update (2.4.10) then follows from the definitions

of xk|k and Pk|k.
The assertion then follows by induction over k.

2.5 Linear smoothers

While the Kalman-Bucy filter solves the filtering and the prediction problem in the continuous-discrete
setting, there are situations where we also want to infer past states of the system. For example,
one might be interested in estimating only the initial state X(0) in real-time based on incoming
measurements Y1, Y2, . . .. Solutions of this smoothing problem are called smoothers, and we will
present two versions in the following. The first variant is the fixed-point smoothing problem,
where one wants to estimate a state X(τ) at a fixed time τ ≥ 0 given measurements Yt with t ≥ τ . In
fact, a simple modification of the Kalman-Bucy filter suffices such that it solves the linear smoothing
problem.

Proposition 2.5.1 (Fixed-point smoother). Consider the setup of problem 2.2.1, and let τ ∈ [0, T ].
Then, for all t > τ , the smoothed estimates x(τ |t) and P (τ |t) can be determined through the recursion

x(τ |tk) = x(τ |tk−1) + K̃k(yk −Mkxk|k−1),

P (τ |tk) = P (τ |tk−1)− K̃kMkΓ(τ, tk|tk−1)∗,

with

K̃k = Γ(τ, tk|tk−1)∗M∗k (MkPk|k−1M
∗
k +Rk)−1.

Γ(τ, ·|tk−1) satisfies for tk−1 ≤ τ < tk

DtΓ(τ, t|tk−1) = Γ(τ, t|tk−1)A∗, t ∈ (τ, tk),

Γ(τ, τ |tk−1) = P (τ |tk−1),

where P (τ |tk−1) is as in (2.4.9). For τ < tk−1, Γ(τ, ·|tk−1) satisfies

DtΓ(τ, t|tk−1) = Γ(τ, t|tk−1)A∗ t ∈ (tk−1, tk),
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and

Γ(τ, t|tk) = Γ(τ, tk|tk−1)− K̃kMkPk|k−1.

The values of xk|k−1 and Pk|k−1 are given by the Kalman-Bucy recursion (theorem 2.4.3).

Proof. We derive the fixed-point smoother through an augmented-state approach, as in [Sim06, chapter
9]. We keep track of our estimates for the state X(τ) by adding an additional state variable X̃(t) with
the trivial dynamics

DtX̃(t) = 0, t ∈ (τ, T ),

X̃(τ) = X(τ),

such that X̃(t) = X(τ) for all t > τ . Then, we define the augmented state

Z(t) =

[
X(t)

X̃(t)

]
.

It has the dynamics

dZ(t) = AzZ(t)dt+Gz(t)dW (t)

=

[
A 0
0 0

] [
X(t)

X̃(t)

]
+

[
G(t) 0

0 0

]
dW (t).

Correspondingly, we can represent the measurements by

Yk = Mz
kZ(tk) + Vk

=
[
Mk 0

] [X(tk)

X̃(tk)

]
+ Vk.

Applying then the time-update of the Kalman filter, we obtain the forecast estimates[
xk|k−1

x̃k|k−1

]
=

[
x(tk|tk−1)
x̃k−1|k−1

]
, (2.5.1)

where x(tk|tk−1) is the solution to

Dtx(t|tk−1) = Ax(t|tk−1), t ∈ (tk−1, tk),

x(tk−1|tk−1) = xk−1|k−1.

Writing for the covariance estimates

P z(t|tk) =

[
P (t|tk) Γ(τ, t|tk)∗

Γ(τ, t|tk) P̃ (t|tk)

]
,

we can write the time update of the covariance operator as

DtP
z(t|tk−1 = AzP z(t|tk−1) + P z(t|tk−1)Az∗ +Gz(t)QGz(t)∗

=

[
AP (t|tk−1) + P (t|tk−1)A∗ +G(τ, t|tk−1)QG(t)∗ Γ(τ, t|tk−1)A∗

AΓ(τ, t|t∗k−1 0

]
. (2.5.2)

Note that Γ(τ, t|tk−1) is therefore (proposition 1.4.5) precisely the conditional cross-covariance of X̃(t)
with X(t), given Yk−1 = yk−1. Recalling that by construction X̃(t) = X(τ), we have in particular

Γ(τ, t|tk−1) = Cov[X(τ), X(t)|Yk−1 = yk−1], (2.5.3)
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(2.5.2) reduces to the component operator updates

DtP (t|tk−1) = AP (t|tk−1) + P (t|tk−1)A∗ +G(t)QG(t)∗, t ∈ (tk−1, tk)

P (tk−1|tk−1) = Pk−1|k−1,

Γ̈(t|tk−1) = Γ(t|tk−1)A∗,

Γ(t|tk−1) = Γk−1,

P̃k|k−1 = P̃k−1|k−1.

The Kalman measurement update is[
xk|k
x̃k|k

]
=

[
xk|k−1

x̃k|k−1

]
+Kz

k(yk −Mkxk|k−1), (2.5.4)

where the Kalman gain Kz
k for the augmented state is given by

Kz
k = P zk|k−1M

z
k
∗(Mz

kP
z
k|k−1M

z
k
∗ +Rk)−1

=

[
Pk|k−1M

∗
k

Γ(τ, tk|tk−1)∗M∗k

]
(MkPk|k−1M

∗
k +Rk)−1

=:

[
Kk

K̃k

]
.

Thus, we obtain from (2.5.4):

x̃k|k−1 = x̃k|k−1 + Γ(τ, tk|tk−1)(MkPk|k−1M
∗
k +Rk)−1(yk −Mkxk|k−1).

The measurement update for the covariance is

P zk|k = (Id−Kz
kM

z
k )P zk|k−1

=

[
Id−KkMk 0

−K̃kMk Id

] [
Pk|k−1 Γ(τ, tk|tk−1)∗

Γ(τ, tk|tk−1) P̃k|k−1

]
=

[
(Id−KkMk)Pk|k−1 (Id−KkMk)Γ(τ, tk|tk−1)∗

Γ(τ, tk|tk−1)− K̃kMkPk|k−1 P̃k|k−1 − K̃kMkΓ(τ, tk|tk−1)∗

]
.

Hence, we have the component updates

Pk|k = (Id−KkMk)Pk|k−1,

P̃k|k = P̃k|k−1 − K̃kMkΓ(τ, tk|tk−1)∗,

Γ(τ, tk|tk) = Γ(τ, tk|tk−1)− K̃kMKPk|k−1.

Note that the recursion for the estimates xk|k and Pk|k coincides, as expected, with the Kalman updates

from theorem 2.2.2. Now, we recall that, by construction, X̃(t) = X(τ) for all t ≥ τ . Hence, we have
in fact

x̃(tk|tk) = x(τ |tk),

P̃ (tk|tk) = P (τ |tk).

And so we arrive at the desired smoothed estimates for X(τ).

We will call the corresponding algorithm the linear fixed-point smoother.
As a second variant of the smoothing problem, we consider the case where we are interested

in a complete smoothed trajectory, which means that given measurements Y1, . . . , YK , we want to
estimate the whole evolution (X(t))t∈[0,tK ] of the system up to the time tK of the latest measurement.
One possible solution of this problem in the linear case is provided by the Rauch-Tung-Striebel
smoother. It solves this problem in two passes: In the forward pass, it applies the Kalman-Bucy
filter up to time tK to obtain an estimate. Then, in a backward pass, it computes recursively the
smoothed estimate xk|K for k = K − 1,K − 2, . . . , 0, using the following backward recursion (cf.
[Sar13]):
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Theorem 2.5.2 (Rauch-Tung-Striebel). Given problem 2.2.1, we have the backward recursion

xk−1|K = xk−1|k−1 + Lk(xk|K − xk|k−1),

Pk−1|K = Pk−1|k−1 + Lk(Pk|K − Pk|k−1)L∗k,

for all k ∈ N, where

Lk := ΓkP
−1
k|k−1,

and Γk := Γ(tk−1, tk|tk−1) is as in proposition 2.5.1.

Proof. Firstly, observe from (2.5.3) in the proof of proposition 2.5.1 that the conditional cross-covariance
of X(tk−1) with X(tk), given Yk−1 = yk−1, is simply

Cov[Xk−1, Xk|Yk−1 = yk−1] = Γ(tk−1, tk|tk−1).

For brevity, let us set Γk := Γ(tk−1, tk|tk−1). We then have

(

[
Xk−1

Xk

]
|Yk−1 = yk−1) ∼ N

([
xk−1|k−1

xk|k−1

]
,

[
Pk−1|k−1 Γ∗k

Γk Pk|k−1

])
. (2.5.5)

Now, we note that because of the assumed independence of the noise, the state Xk−1 is conditionally
independent of Yk, Yk+1, . . . , YK , given Xk. Thus

(Xk−1|Xk,YK = yK)
d
= (Xk−1|Xk,Yk−1 = yk−1)

Applying lemma 1.6.13 (conditioning) to 2.5.5, we obtain, with the definition Lk = ΓkP
−1
k|k−1,

(Xk−1|Xk,Yk−1 = yk−1) ∼ N (xk−1|k−1 + Lk(Xk − xk|k−1), Pk−1|k−1 − ΓkP
−1
k|k−1Γ∗k)

= N (xk−1|k−1 + Lk(Xk − xk|k−1), Pk−1|k−1 − LkPk|k−1L
∗
k). (2.5.6)

We also have by (2.4.5) and (2.4.6):

(Xk|YK = yK) ∼ N (xk|K , Pk|K). (2.5.7)

Applying lemma 1.6.11 (marginalization) to the distributions in (2.5.6) and (2.5.7) we obtain

(Xk−1|YK = yK) ∼ N (xk−1|k−1 + Lk(xk|K − xk|k−1), LkPk|KL
∗
k + Pk−1|k−1 − LkPk|k−1L

∗
k).

Thus, by definition of xk−1|K and Pk−1|K , we obtain the backward recursion

xk−1|K = xk−1|k−1 + Lk(xk|K − xk|k−1),

Pk−1|K = Pk−1|k−1 + Lk(Pk|K − Pk|k−1)L∗k.

Lemma 1.6.13 (conditioning) guarantees that all resulting operators are operations are well-defined.

2.6 Comments and further references

Most of our presentation, in particular the proof of theorem 2.4.3, follows the classic treatment by
Jazwinski [Jaz70], which gives a thorough description of discrete- and continuous-time stochastic fil-
tering in finite dimensions. In general, it is hard to find modern treatments of stochastic filtering in
infinite dimensions, although considerable work in this direction has been done (see [Cur75a], [Cur75b]
and [OS89]).
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However, the extension in sections 2.2 and 2.4 of the finite-dimensional results from [Jaz70] to
separable Banach or Hilbert spaces were rather straightforward and follow the spirit of [Cur75b] and
[Fal67]. Section 2.3 is based on Kalman’s original paper [Kal60], where the results were proved in finite
dimensions.

The derivations of the linear fixed-point smoother and the Rauch-Tung-Striebel smoother are simple
modifications of the proofs in [Sim06, chapter 9] and [Sar13], where the finite-dimensional discrete-time
case was treated.

Note that we did not formulate an optimal filter for the nonlinear filtering problem 2.4.1. In theory,
however, it is possible to describe such a filter. Consider the finite-dimensional case first. Then, under
sufficient regularity assumptions, the information on the state can be represented by a conditional
probability density function. A description of the evolution of this conditional density can be obtained
from the Fokker-Planck equation (see [Jaz70]), as the following result shows.

Theorem 2.6.1 (Evolution of the densities). Consider problem 2.4.1 with U = H = Rd. Assume that
the state equation

X(t) = (AX(t) + f(X(t))) dt+G(t)dW (t), (2.6.1)

admits a unique strong solution X, and suppose that there exist densities

PX(t)|Yk(dx|yk) = p(x, t|tk)dx,

PX(0)(dx) = p0(x)dx,

PYk|X(tk)(dy|x) = q(y|x)dy.

with p0 ∈ C1 and p twice continuously differentiable in space and once continuously differentiable in
time. Then, p satisfies

Dtp(x, t|tk−1) =
1

2

∑
i,j

∂i∂j

[
p(x, t|tk−1)

(
G(t)QG(t)>

)i
j

]
−
∑
i

∂i
[
(f(x, t)p(x, t|tk−1))i

]
, t ∈ (tk−1, tk),

(2.6.2)

and

p(x, 0|0) = p0(x), (2.6.3)

p(x, tk|tk) = p(x, tk−1|tk−1)
q(yk|x)∫

Rd p(x̃, tk−1|tk−1)q(yk|x̃)dx̃
, (2.6.4)

for k ∈ N.

Proof. The proof follows simply from the Fokker-Planck equation for the SDE (2.6.1) combined with
proposition 1.3.12. See [Jaz70, theorem 6.1].

This result provides the optimal nonlinear filter for the continuous-discrete filtering problem in
finite-dimensions, since all the necessary information is contained in the conditional probability densi-
ties p. For example, if we want to estimate the state of X(t), at time tk, we simply have to compute
the integral

x(t|tk) =

∫
Rd
xp(x, t|tk)dx. (2.6.5)

However, the actual computation of this filter might be very difficult in practice, since it involves,
even in this finite-dimensional case, the sequential solution of the partial differential equation (2.6.2).
Furthermore, the actual computation of estimators for the state, either for its mean or its covariance,
involve the numerical computation of d-dimensional integrals. This can be very computationally
expensive in practice, especially if the state dimension d is large.
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In infinite dimensions, the situation is similar. It is possible to show that the distribution µt := PX(t)

of a weak solution X of a stochastic partial differential equation

dX(t) = (AX(t) + F (X(t), t))dt+G(t)dW (t), (2.6.6)

X(0) = X0,

satisfies a corresponding Fokker-Planck equation (see [BPR11]),

Dtµt = L∗0µt, t ∈ (0, T ), (2.6.7)

µ0 = PX0 , (2.6.8)

where L0 is the Kolmogorov operator associated to the SPDE (2.6.6), given by

L0φ(x, t) = Dtφ(x, t) +A∗Dxφ(x, t)x+Dxφ(x, t)f(x, t), x ∈ H.

Equation (2.6.7) has to be intepreted in a weak sense, meaning that we have for all functions φ in an
appropriate test space (see [BDR09]),∫

H

φ(x, t)µt(dx) =

∫
H

φ(x, 0)PX0(dx) +

∫ t

0

∫
H

L0φ(x, s)µs(dx)ds, t ∈ [0, T ].

Based on this equation, one could then derive a description of the evolution of the conditional dis-
tribution PX(t)|Yk , analogous to theorem 2.6.1. However, this again leads to untractable evolution
equations. Therefore, practical approaches do not try to calculate the optimal nonlinear filter, but
rather find good approximations for which computation is feasible. One of the most successful of these
methods is the extended Kalman filter, presented in chapter 3.

Of course, there are still a lot of possible formulations of stochastic filtering problems we did not
address. Similar to the discrete-time case (section 2.3), there exist results on the linear optimality
of the Kalman-Bucy filter (see [KB61] or [AT67]). Furthermore, we did not address the continuous
filtering problem, viz. where the state and the measurement are both continous stochastic processes
(see [Cur75b], [OS89] and [BC09]). In that case, there is for example a Hilbert space result by R.
Curtain [Cur75b], which considers the following filtering problem.

Problem 2.6.2 (Optimal linear continuous filtering). Let H be a Hilbert space. Consider the state
model

dX(t) = A(t)X(t)dt+G(t)dW (t), t ∈ [0, T ],

X(0) = X0,

where W is an U -valued Q-Wiener process, and X0 is a random element of H with

EX0 = x0,

Cov(X0) = P0,

where x0 ∈ H, and P0 ∈ L(H;H) is a symmetric positive trace-class operator. We are given finite-
dimensional continuous-time measurements

dY (t) = M(t)X(t)dt+ C(t)dV (t), t ∈ [0, T ],

Y (0) = 0,

where Y (t) is m-dimensional, and V is an m-dimensional R-Wiener process. Assume furthermore:

• For all t ∈ [0, T ], A(t) is a linear, closed, unbounded operator.

• A generates a semigroup Φ s.t.

– Φ : [0, T ]× [0, T ]→ L(H) is strongly continuous.
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– Φ(·, s) is strongly differentiable, with

d

dt
Φ(t, s) = A(t)Φ(t, s).

– Φ(t, s) = e−(t−s)A(t) +N(t, s), and there exist c > 0 and θ ∈ (0, 1) such that

‖A(t)N(t, s)‖ ≤ c|t− s|−θ ∀t, s ∈ [0, T ].

• G ∈ L∞([0, T ];L2(Q1/2U ;H)).

• M ∈ L∞([0, T ];L(H;Rm)), and C,C−1 ∈ L∞([0, T ];Rm×m).

• X0, W and V are independent.

Then, given a realization Y = y ∈ C0([0, T ];Rm), let

L(X|y) := { x̂ : [0, T ]→ H : x̂(t) =

∫ t

0

K(t, s)y(s)ds, K(t, ·) ∈ L2(I;L(Rm;H)),∀t ∈ I }

denote the class of all linear estimators for X.
Then, the problem is to find a linear estimator that is pointwise optimal in the sense that

x̂(t) = argmin
x̂∈L(X|y)

E‖X(t)− x̂(t)‖2, t ∈ [0, T ]. (2.6.9)

Curtain showed that under all these assumptions the above problem is well-posed, meaning that
there always exists a linear estimator x̂ that is optimal in the sense of equation 2.6.9.

Theorem 2.6.3 (Curtain, 1975). Problem 2.6.2 admits a unique solution given by

x̂(t) :=

∫ t

0

U(t, s)K(s)ẏ(s)ds,

where K is given by

K(t) := P (t)M(t)∗(C(t)RC(t))−1,

with P being the solution of the Riccati equation

DtP (t) = A(t)P (t) + P (t)A(t)∗ +G(t)QG(t)∗ − P (t)M(t)∗(C(t)RC(t)∗)−1C(t)P (t), (2.6.10)

P (0) = P0,

and U being the evolution semigroup generated by A(t)−K(t)M(t).
Equivalently, x̂ satisfies the initial value problem

Dtx̂(t) = A(t)x̂(t) +K(t)(Dty(t)−M(t)x̂(t)),

x̂(0) = x0
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Chapter 3

Approximate filters

In this chapter, we return to the nonlinear Hilbert space continuous-discrete filtering problem (problem
2.4.1) and discuss practical algorithms. First, we derive an approximate nonlinear filter to adress
problem 2.4.1. Then, we discuss the practical application of the Kalman filter to high-dimensional
problems. This will lead us to ensemble-based versions of the Kalman filter and the linear fixed-point
smoother.

3.1 The extended Kalman filter

Recall the governing equations of the general continuous-discrete filtering problem:

dX(t) = f(X(t), t)dt+G(t)dW (t), (3.1.1a)

X(0) = X0, (3.1.1b)

Yk = mk(X(tk)) + Vk, (3.1.1c)

where X0 ∼ N (x0, P0). A direct approach to this problem would be to use the general theory of
nonlinear filtering (see [Jaz70] and [BC09]) to derive optimal nonlinear filters. Such filters are usually
analytically intractable, so one has to work with numerical approximations, often of Monte Carlo type
[Kus11]. A different approach is to approximate not the resulting filter but the nonlinear system
(3.1.1), and then to apply an exact linear filter. The most popular example of this type of methods is
the extended Kalman filter (EKF). This filter is derived by linearizing the state and measurement
functions f and m around a deterministic trajectory x̄ = x̄(t) for t ∈ (0, t1). Then, the Kalman-Bucy
filter from theorem 2.4.3 is applied to the linearized system to give an estimate x1|1 with covariance
P1|1. A new reference solution is computed on (t1, t2) based on this estimate, and the procedure is
repeated to produce a sequence of estimates (xk|k, Pk|k)∞k=1.

In more detail, we start with a reference trajectory x̄ around which we will develop a Taylor
approximation of the process X. The idea is to start with the initial guess x0, and then to simulate
the deterministic dynamics up to the first measurement time t1. Using the first measurement Y1 = y1,
we then compute an approximate estimate for the state, given y1, denoted by x̃1|1 ≈ E[X(t1)|Y1 = y1],
and compute the reference trajectory up to time t2 using that estimator as an initial guess, and so on.

This means we want x̄ on [0, t1] to be the solution of the deterministic initial value problem

Dtx̄(t) = f(x̄(t), t), t ∈ (0, t1), (3.1.2a)

x̄(0) = x0. (3.1.2b)

Then, we define the random state deviation

δX(t) := X(t)− x̄(t), t ∈ [0, T ]. (3.1.3)
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It then follows from the definitions in problem 2.4.1 and equation 3.1.2 that δX satisfies the SDE

d(δX)(t) = (f(X(t), t)− f(x̄(t), t))dt+G(t)dW (t)

≈ ∂1f(x̄(t), t)δX(t)dt+G(t)dW (t), t ∈ (0, t1),

δX(0) = X(0)− x0 ∼ N (0, P0),

where the second line is a Taylor approximation around x̄. This motivates us to define the approximate
state deviation δX̃ as the solution of the linearized system

d(δX̃)(t) = F (t; 0)δX̃(t)dt+G(t)dW (t), t ∈ (0, t1),

δX̃(t0) ∼ N (0, P0),

where F (t; t0) := ∂1f(x̄(t), t). Since we have X = x̄+ δX by definition, this in turn leads to the state
approximation

X̃ := x̄+ δX̃ (3.1.4)

We then define

P̃ (t|tk) := Cov(X̃(t)|Yk = yk)

= Cov(δX̃(t)|Yk = yk). (3.1.5)

Defining the nominal measurement

ȳ1 := m(x̄(t1), t1),

and the measurement deviation

δY1 := Y1 − ȳ1 = m1(X(t1))−m1(x̄(t1)) + V1

≈ Dm1(x̄(t1))︸ ︷︷ ︸
=:M1

δX(t1) + V1,

=: δỸ1, (3.1.6)

we can approximate the measurement function at t1 by its linearization M1. To summarize, the
linearized system is then

d(δX̃)(t) = F (t; 0)δX̃(t)dt+G(t)dW (t), (3.1.7a)

δX̃(0) ∼ N (0, P0), (3.1.7b)

δỸ1 = M1δX̃1(t1) + V1. (3.1.7c)

In order to compute the estimates x̃1|1 and P1|1, we apply one time update and one measurement
update of the Kalman-Bucy filter (theorem 2.4.3) to the linearized filtering problem (3.1.7) and obtain
the measurement update equations

δx̃1|1 = δx̃1|0 +K1(δỹ1 −M1δx1|0), (3.1.8)

P̃1|1 = (I−K1M1)P̃1|0,

where P̃1|0 := P̃ (t1|t0) is determined by the initial value problem

DtP̃ (t|0) = F (t; t0)P̃ (t|t0) + P̃ (t|t0)F (t; t0)∗ +G(t)QG(t)∗, t ∈ (0, t1),

P̃ (0|0) = P0,

and K1 := P1|0M
∗
1 (M1P1|0M

∗
1 + R1)−1. Using the definitions of X̃ (see (3.1.4)) and δỸ (see (3.1.6)),

and using the approximation δỹ1 ≈ δy1 = y1 − ȳ1 we can rewrite equation 3.1.8 as

x̃1|1 = x̃1|0 +K1(y1 −m1(x̄(t1)),
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and since Cov(X̃) = Cov(δX̃), we have for the covariance estimate

Cov(X̃(t1)|Y1 = y1) = P̃1|1.

For the time update of the approximate state estimator X̃ we simply have

EX̃(t|0) = x̄(t), t ∈ [0, t1], (3.1.9)

so that in particular x̃1|0
def
= EX̃(t1|0) = x̄(t1). For the next interval [t1, t2], one repeats this procedure

using the current estimate x̃1|1 as initial value for the reference trajectory, so that x̄ is given on [t1, t2]
as the solution of the initial value problem

Dtx̄(t) = f(x̄(t), t), t ∈ (t1, t2),

x̄(t1) = x̃1|1,

and then proceeds as above. Repeating for k = 2, 3, ... leads to algorithm 1.

Algorithm 1 Extended Kalman filter

Given problem 2.4.1, with measurements Y1 = y1, Y2 = y2, ....

1: Initialize x0|0 = x0, P0|0 = P0;
2: for k = 1,2,... do

Time-update

3: Solve

Dtx(t|tk−1) = f(x(t|tk−1), t ∈ (tk−1, tk),

x(tk−1|tk−1) = xk−1|k−1;

4: Set xk|k−1 = x(tk|tk−1);
5: Solve

DtP (t|tk−1) = F (t|tk−1)P (t|tk−1) + P (t|tk−1)F (t|tk−1)∗ +G(t)QG(t)∗, t ∈ (tk−1, tk),

P (tk−1|tk−1) = Pk−1|k−1,

with F (t|tk−1) := ∂1f(x(t|tk), t);
6: Set Pk|k−1 = P (tk|tk−1);

Measurement-update

7: Set Mk = Dmk(Xk|k−1);
8: Set Kk = Pk|k−1M

∗
k (MkPk|k−1M

∗
k +Rk)−1;

9: Set xk|k = xk|k−1 +Kk(yk −mk(xk|k−1));
10: Set Pk|k = (Id−KkMk)Pk|k−1;

In practice, the solution of the evolution equations (lines 3 and 5) in Hilbert space would be
achieved through a numerical approximation. In principle, any numerical method for partial differential
equations (see e.g. [Gro07]) could be applied here, depending on the particular problem. For more
discussion of the EKF and its variants introduced below, see section 3.6.

3.2 The iterated extended Kalman filter

Since the extended Kalman filter is only a first-order approximation, the theoretical optimality results
of the Kalman-Bucy filter (theorem 2.4.3) do not apply. Hence, the estimate xk|k from the extended
Kalman filter can be improved upon. For example, we can relinearize the measurement equation
around xk|k and then reapply the measurement update in order to get a new estimate x1

k|k . Iterating

this procedure leads to the iterated extended Kalman filter (IEKF). In the following, let xk|l and
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Pk|l denote the mean and covariance estimates generated by the EKF applied to the filtering problem
2.4.1. Suppose we are given a deterministic guess xnk|k ∈ H of the state X(tk). As in the derivation of
the EKF, we can linearize the measurement equation around this estimate: Defining

δYk := Yk −mk(xnk|k),

we have

δY nk = m(X(tk))−mk(xnk|k) + Vk (3.2.1)

≈Mn
k (X̃(tk)− xnk|k) + Vk =: δỸ nk , (3.2.2)

where

Mn
k := Dmk(xnk|k)

and

X̃ := x̄+ δX̃ (3.2.3)

is the linearization of the state around the reference trajectory x̄, where δX̄ is the solution to

d(δX̃(t)) = F (t; tk−1)δX̃(t)dt+G(t)dW (t), t ∈ (tk−1, tk), (3.2.4)

δX̃(tk−1) ∼ N (0, Pk|k−1), (3.2.5)

with F (t; tk−1) := ∂1f(x̄(t), t) (see section 3.1). Let us set

∆Xn
k := X̃(tk)− xnk|k, (3.2.6)

∆xnk|l := E[∆Xn
k |Yl = yl].

Note that ∆Xn
k is by definition Gaussian (since X̃(tk) is Gaussian), and for all n ∈ N0:

∆xn+1
k|k−1 = E[X̃(tk)− xnk|k|Yk−1 = yk−1]

= x̄(tk)− E[δX̃(tk)|Yk−1 = yk−1]− xnk|k
= x̄(tk)− xnk|k
= xk|k−1 − xnk|k. (3.2.7)

where the second line follows from the definition of X̃ in (3.2.3), the third line follows from (3.2.5) and
the fourth line follows from the definition xk|k−1 = x̄(tk) in the extended Kalman filter (see (3.1.9)).
Let furthermore

Pn+1
k|l := Cov(∆Xn+1

k |Yl = yl). (3.2.8)

Note similarly to (3.2.7) that

Pn+1
k|k−1 = Cov(X̃(tk)|Yk−1 = yk−1)

= Cov(δX̃(tk)|Yk−1 = yk−1)

= Pk|k−1, (3.2.9)

where the second line follows again from (3.2.3) and the third line follows from the definition Pk|k−1 =

Cov(δX̃k|Yk−1 = yk−1) in the extended Kalman filter (see (3.1.5)). Treating the measurement Yk = yk

as new, we can do a Bayesian update for ∆Xn
k . This means we apply corollary 1.6.14 with X

d
=

(∆Xn+1
k |Yk−1 = yk−1), Y = δỸ nk (and thus M = Mn

k ) and obtain

∆xn+1
k|k = ∆xnk|k−1 +Kn

k (δY nk −Mn
k ∆xnk|k−1),

Pn+1
k|k = (Id−Kn

kM
n
k )Pk|k−1,
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where

Kn
k = Pk|k−1(Mn

k )∗(Mn
k Pk|k−1(Mn

k )∗ +Rk)−1 (3.2.10)

(we used that Pn+1
k|k−1 = Pk|k−1, see (3.2.9)). Using yk−mk(xnk|k) as realization of δY nk (see (3.2.1) and

(3.2.2)), we obtain for the estimate ∆xn+1
k|k :

∆xn+1
k|k := ∆xn+1

k|k−1 +Kn
k (yk −mk(xnk|k)−Mn

k ∆xnk|k−1)

= xk|k−1 − xnk|k +Kn
k (yk −mk(xnk|k)−Mn

k (xk|k−1 − xnk|k), (3.2.11)

where the second line is due to equaton (3.2.7).

Since ∆Xn+1
k

def
= X̃(tk)− xnk|k, this suggests the updated state estimate

xn+1
k|k := E[X̃(tk)|Yk = yk] = xnk|k + ∆xn+1

k|k , (3.2.12)

for E[X(tk)|Yk = yk]. If we insert (3.2.11) in (3.2.12), we obtain

xn+1
k|k = xk|k−1 +Kn

k (yk −mk(xnk|k)−Mn
k (xk|k−1 − xnk|k)) (3.2.13)

Correspondingly, by (3.2.6) there holds Cov(∆Xn+1
k ) = Cov(X̃(tk)). This suggests through (3.2.8)

to estimate the covariance of X(tk), given Yk = yk, by Pn+1
k|k .

The iteration (3.2.13) can then be repeated until convergence (see algorithm 2). Furthermore, it
can be checked that if we only compute one iteration of (3.2.13), the estimates x1

k|k and P 1
k|k coincide

with the EKF estimates xk|k and Pk|k as computed through algorithm 1.

3.3 The ensemble Kalman filter

While the EKF and its variants have experienced widespread use in practical applications (see for
example [Aug+13]) there are still a lot of problems where they are computationally infeasible. In the
case where the state space H is very high-dimensional (or even infinite-dimensional), the need to store
and compute the covariance estimates makes the EKF as described above impractical. In the following
section, we discuss a Monte Carlo approximation that circumvents this problem, called the ensemble
Kalman filter. We will introduce it in the simple situation of linear discrete filtering, and then present
a few extensions and modifications to more challenging problems.

The ensemble Kalman filter (EnKF) is a Monte Carlo approximation of the classical Kalman fil-
ter. We will focus on the continuous-discrete case. However, the purely discrete and purely continuous
cases are quite similar (see [Eve03] and [Tag+18], respectively). Recall the linear continuous-discrete
filtering problem (see problem 2.4.2)

X(t) = AX(t) +G(t)dW (t), (3.3.1)

X(0) = X0,

Yk = MkX(tk) + Vk, (3.3.2)

where X0 is a Gaussian random element of a separable Hilbert space H, W is an independent (gen-
eralized) Q-Wiener process, and V1, V 2, . . . are independent Gaussian random vectors. Suppose the
Kalman-Bucy filter (theorem 2.4.3) is applied in a practical, finite-dimensional setting. Explicitly
calculating the covariance Pk|k with formula (2.4.9) can become very costly if the problem is high-

dimensional. For state dimension d (i.e. H = Rd in problem 2.4.2) and measurement dimension m, the
computational complexity will be of order O(md2) [Man06]. The ensemble Kalman filter circumvents
this problem by generating an ensemble (Xj)Nj=1 of random elements such that its mean empirical
distribution converges towards the distribution of X(tk), given Yk = yk, in the limit. Even though the
ensemble Kalman filter was originally [Eve94] developed in the setting of finite-dimensional filtering, it
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Algorithm 2 Iterated extended Kalman filter

Given problem 2.4.1, with measurements Y1 = y1, Y2 = y2, ....

1: Initialize x0|0 = x̄0, P0|0 = P0;
2: for k = 1,2,... do

Time-update:

3: Solve

Dtx(t|tk−1) = f(x(t|tk−1), t), t ∈ (tk−1, tk),

x(tk−1|tk−1) = xk−1|k−1;

4: Set xk|k−1 = x(tk|tk−1);
5: Solve

DtP (t|tk−1) = F (t|tk−1)P (t|tk−1) + P (t|tk−1)F (t|tk−1)∗ +G(t)QG(t)∗, t ∈ (tk−1, tk),

P (tk−1|tk−1) = Pk−1|k−1,

where F (t|tk−1) = ∂1f(x(t|tk−1), t);
6: Set Pk|k−1 = P (tk|tk−1);

Measurement-update

7: Set x0
k|k = xk|k−1;

8: Set n = 0;
9: repeat

10: Set Mn
k = Dmk(xnk|k);

11: Set Kn
k = Pk|k−1(Mn

k )∗(Mn
k Pk|k−1(Mn

k )∗ +Rk)−1;

12: Set xn+1
k|k = xk|k−1 +Kn

k (yk −mk(xnk|k)−Mn
k (xk|k−1 − xnk|k));

13: n← n+ 1;
14: until convergence
15: Set xk|k = xnk|k;

16: Set Pk|k = (Id−Kn
kM

n
k )Pk|k−1;
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can be formulated in our more abstract, infinite dimensional Hilbert space setting (see also [KM17]),
as we will show now.

The core idea of the EnKF is to store the information on the conditional distribution of the state
X, given measurements Yk , in form of an evolving ensemble (Xj(t)). This means that we aim to
define an interacting stochastic dynamical system of particles in such a way that we have (at least
approximately) the equality in distribution

Xj(t|tk)
d
= (X(t) | Yk = yk).

Let us assume inductively that Xj
k−1|k−1

d
= (X(tk)|Yk−1 = yk−1). Then, let Xj

k|k = Xj(t|tk) be the

solution to the SPDE

dXj(t|tk−1) = AXj(t|tk−1)dt+G(t)dW j(t),

Xj(t|tk−1) = Xj ,

at time tk, where for each j ∈ [N ], W j is an independent copy of the Wiener process W . We have by
(3.3.1) that

Xj
k|k−1

d
= (X(tk)|Yk−1 = yk−1),

as desired. If we set

Y jk := MkX
j
k|k−1 + V jk , (3.3.3)

with V 1
k

d
= · · · d= V Nk

d
= Vk mutually independent, we have by equation (3.3.2):

Y jk
d
= (Yk|Yk−1 = yk−1).

By linearity, Yk and X(tk) are jointly Gaussian distributed. Then, recall from lemma 1.6.13 (condi-
tioning) and definition 2.4.5 of xk|k−1 that we have

(X(tk)|Yk−1 = yk−1, Yk = yk) ∼ N (xk|k−1 − ΣX(tk),Yk|k−1(ΣYk,Yk|k−1)−1(yk − ȳk),

ΣX(tk),X(tk)|k−1 − ΣX(tk),Yk|k−1(ΣYk,Yk|k−1)−1ΣYk,X(tk)|k−1), (3.3.4)

where we defined

ΣX,Y |k−1 := Cov[X,Y |Yk−1 = yk−1]. (3.3.5)

Motivated by this, we would like to update the ensemble by

Xj
k|k = Xj

k|k−1 + ΣX(tk),Yk|k−1Σ−1
Yk,Yk|k−1(yk − Y jk ), (3.3.6)

because then we would have from (3.3.4):

EXj
k|k = xk|k−1 + ΣX(tk),Yk|k−1Σ−1

Yk,Yk|k−1(yk − ȳk)

= E[X(tk)|Yk = yk].

However, in practice we do not have access to the covariances, so we need to estimate them. We use
the standard estimator

ΣXY ≈
1

N − 1

N∑
j=1

(Xj − X̄)⊗ (Y j − Ȳ ).

To this end, let

X̄k|k−1 :=
1

N

N∑
j=1

Xj
k|k−1
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be the (random) ensemble mean, and let

Dk|k−1 :=
[
X1
k|k−1 − X̄k|k−1 . . . XN

k|k−1 − X̄k|k−1

]
,

denote the collection of ensemble deviations1 and

Bk :=
[
Y 1
k − Ȳk . . . Y Nk − Ȳk

]
(3.3.7)

the corresponding measurement deviations, with

Ȳk :=
1

N

N∑
j=1

Y jk .

Then, we estimate

ΣX(tk),Yk|k−1 ≈
1

N − 1
Dk|k−1 ⊗Bk,

and

ΣYk,Yk|k−1 ≈
1

N − 1
Bk ⊗Bk.

Thus, the ideal update (3.3.6) can be approximated by

Xj
k|k = Xj

k|k−1 +
1

N − 1
Dk|k−1 ⊗Bk(

1

N − 1
Bk ⊗Bk +Rk)−1(yk − Y jk ). (3.3.8)

Note, however, that this introduces an interaction in the ensemble: The updated ensemble member
Xj
k|k depends not only on Xj

k|k−1 and Y jk , but through Dk|k−1 also on all other ensemble members.

A very convenient property of the EnKF is that, in contrast to the Kalman-Bucy filter, it does not
involve direct computations with the evolution operator A and the measurement operator Mk. It only
requires direct evaluations of these operators on concrete ensemble members. This has two advantages:
On one hand, it makes it suited for high-dimensional problems in which direct manipulation of large
operators might not be practical (see [HM01]). On the other hand, it means that the algorithm can
be applied to nonlinear problems without relying on any linearizations. In that case, the time update
is simply computed by solving the nonlinear SPDE

dXj(t|tk−1) = f(Xj(t|tk−1), t)dt+G(t)dW j(t), t ∈ (tk−1, tk),

Xj(tk−1|tk−1) = Xj
k−1|k−1,

for each ensemble members. Correspondingly, the simulated measurements are now simply generated
using now the nonlinear measurement function. This means that (3.3.3) is substituted with

Y jk := mk(Xj
k|k−1) + V jk .

Apart from that, the same algorithm applies without change (see 3).
In order to guarantee that the expression

1

N − 1
Dk|k−1 ⊗Bk(

1

N − 1
Bk ⊗Bk +Rk)−1(yk − Y jk )

in (3.3.8) is always well-defined, it is recommended to choose Rk to be a positive definite matrix. In the
case of Hilbert-space-valued measurements (which we do not treat in this thesis), Rk would have to be
lower-bounded in order to guarantee well-definedness of this term (see [KM17]). This requirement leads
to conceptual difficulties, since covariance operators are trace-class and thereby not lower-bounded.

1These deviations are usually called “anomalies” in the EnKF literature and denoted by A. However, since A already
denotes the linear operator in (3.3.1), we use an alternative notation.
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Algorithm 3 Ensemble Kalman filter, EnKF

Given problem 2.4.1, measurements Y1 = y1, Y2 = y2, ..., and ensemble size N ∈ N.

1: Generate independent samples x1
0|0, ..., x

J
0|0 ∼ N (x0, P0);

2: for k = 1, 2, ... do
3: For all j ∈ [N ], solve

dxj(t) = f(xj(t), t)dt+ dwj(t), t ∈ (tk−1, tk),

xj(tk−1) = xjk−1|k−1,

and set xjk|k−1 = xj(tk);

4: Compute x̄k|k−1 = 1
N

∑
j x

j
k|k−1;

5: Assemble Dk|k−1 = [x1
k|k−1 − x̄k|k−1, . . . , x

N
k|k−1 − x̄k|k−1];

6: Generate independent samples v1
k, . . . , v

N
k ∼ N (0, Rk);

7: Set yjk = mk(xjk|k−1) for all j ∈ [N ];

8: Compute ȳk = 1
N

∑
j y

j
k;

9: Assemble Bk = [y1
k − ȳk, . . . , yNk − ȳk];

10: Set xjk|k = xjk|k−1 +Dk|k−1 ⊗Bk (Bk ⊗Bk + (N − 1)Rk)
−1

(yk − yjk) for all j ∈ [N ];

One can implement the finite-dimensional EnKF with a computational complexity of O(m3 +
m2N + mN2 + dN2). If the measurement dimension m is large, an alternative implementation that
has complexity O(N3 +mN2 + dN2) might be better suited [Man06].

Since the whole point of the ensemble Kalman filter is to provide a Monte Carlo approximation of
its exact counterpart, one is automatically confronted with the question of convergence. Theoretical
analysis is then complicated by the fact that, in general, the random vectors X1

k|k, ..., X
N
k|k are neither

independent nor normally distributed. This can be seen by comparing equation (3.3.8) to equation
(2.2.8). In the former, Dk|k−1 and Bk are now also random elements with nontrivial distributions,
such that the linear combination lemma 1.6.9 does not apply anymore. Nevertheless, convergence can
be proven with rather elementary methods, for example in the following result:

Proposition 3.3.1 (Convergence of the EnKF in the large-ensemble limit). Consider the linear Gaus-
sian discrete filtering problem 2.2.1 with H = Rd. Let k ∈ N and (Xj

k|k)Nj=1 constructed by the ensemble

Kalman filter method above. Then, we have:

X̄k|k
Lp−→ Xk|k,

P̄k|k
Lp−→ Pk|k,

as N →∞, where Xk|k and Pk|k are as in theorem 2.2.2.

Proof. See [MCB11] and [KM17].

Of course, one can not expect that a similar result holds in the general nonlinear case. For once,
the fact that the EnKF is derived in the linear Gaussian setting means that applying it without mod-
ification to nonlinear problems correspond to consecutive Gaussian approximations of the probability
distribution of the state. In complex scenarios, such an approximation may of course be very poor.

3.4 Ensemble smoothers

The ensemble approach can also be applied to the smoothing problem from section 2.5. For example,
we can revisit the linear fixed-point smoother (proposition 2.5.1) with the recursion

x(τ |tk) = x(τ |tk−1) + K̃k(yk −Mkxk|k−1). (3.4.1)
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Recall furthermore that we had

K̃k = Γ(τ, tk|tk−1)∗Mk

(
MkPk|k−1M

∗
k +Rk

)−1
. (3.4.2)

Since we had (see the proof of propositon 2.5.1)

Γ(τ, tk|tk−1) = Cov[X(τ), X(tk)|Yk−1 = yk−1],

we can rewrite (3.4.2) as

K̃k = Cov[X(τ), Yk|Yk−1 = yk−1] (Cov(Yk|Yk−1 = yk−1) +Rk)
−1
.

Applying the same reasoning as in the previous section, we can make an ensemble approximation of
(3.4.1). We define an ensemble (Xj(τ |tk−1))Nj=1 to represent our knowledge on X(τ), given Yk−1 =
yk−1, and set

Xj(τ |tk) = Xj(τ |tk−1) +Dτ |k−1 ⊗Bk (Bk ⊗Bk + (N − 1)Rk)
−1

(yk − Y jk ), (3.4.3)

where Y jk and Bk are as in (3.3.3) and (3.3.7), respectively, and Dτ |k−1 is defined as

Dτ |k−1 :=
[
X1(τ |tk−1)− X̄(τ |tk−1) · · · XN (τ |tk−1)− X̄(τ |tk−1)

]
.

In order to have access to all the quantities that are needed in the computation of (3.4.3), we have
to keep track of two ensembles: On one hand, we have to evolve a fixed-time, smoothed ensemble
((Xj(τ |tk)) with respect to new measurements. On the other hand, we have to evolve a filtering
ensemble (Xj

k|k) in order to generated new innovations (yk − yjk). We call the resulting algorithm

the ensemble Kalman smoother (cf. [Raa16]). Similar to the EnKF, it can also be applied as an
approximate algorithm for nonlinear filtering problems (see section 3.1). The details of the method
can be taken from algorithm 4. Similarly to proposition 3.3.1, it can be shown (see [BGM19]) that
in the linear case, the ensemble Kalman smoother converges to the linear fixed-point smoother (from
proposition 2.5.1) in Lp , for all p ∈ [1,∞), as N →∞.

3.5 Ensemble Kalman inversion

The ensemble Kalman filter can also be applied to inverse problems that do not directly fit into the
dynamic systems framework from chapter 2. Note that it was observed quite early (e.g. in [Fra70]
and [Lar72]) that ill-posed inverse problems can be reformulated as parameter estimation problems in
infinite-dimensional spaces, which gave rise to the probabilistic approach to inversion (see e.g. [Stu10]).
For example, consider the following linear inverse problem in Hilbert spaces:

Problem 3.5.1. Let H1 and H2 be separable real Hilbert spaces, A : H1 → H2 a linear operator,
µ0 ∈ P(H1), and let η ∼ N (0,Γ) be a Gaussian random element of H2. Given the forward problem,

Y = AU + η, (3.5.1)

with U ∼ µ0, determine PU |Y=y.

The basic strategy for applying the ensemble Kalman filter (or any other filtering technique) to
this problem is to define an artificial dynamical system, for example like the following [ILS13]:

Definition 3.5.2 (Artificial dynamics for problem 3.5.1). Given problem 3.5.1, we define H = H1×H2,
and denote elements x ∈ H with

x =

[
u
p

]
, u ∈ H1, p ∈ H2.
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Algorithm 4 Ensemble Kalman smoother, EnKS

Given problem 2.4.1, measurements Y1 = y1, Y2 = y2, ..., and ensemble size N ∈ N.

1: For all k ∈ N0 with tk < τ , evolve the ensemble (xjk|k) using the EnKF (algorithm 3);

2: for all j ∈ [N ], solve

dxj(t) = f(x(t), t)dt+G(t)dwj(t), t ∈ (tk−1, τ),

xj(tk−1) = xjk−1|k−1,

and set xj(τ |tk−1) = xj(τ);
3: for tk−1 > τ do

EnKF step

4: For all j ∈ [N ], solve

dxj(t) = f(x(t), t)dt+G(t)dwj(t), t ∈ (tk−1, tk),

xj(tk−1) = xjk−1|k−1.

and set xjk|k−1 = xj(tk);

5: Compute x̄k|k−1 = 1
N

∑
j x

j
k|k−1;

6: Assemble Dk|k−1 = [x1
k|k−1 − x̄k|k−1, . . . , x

N
k|k−1 − x̄k|k−1];

7: Generate independent samples v1
k, . . . , v

N
k ∼ N (0, Rk);

8: Set yjk = mk(xjk|k−1) for all j ∈ [N ];

9: Compute ȳk = 1
N

∑
j y

j
k;

10: Assemble Bk = [y1
k − ȳk, . . . , yNk − ȳk];

11: Set xjk|k = xjk|k−1 +Dk|k−1 ⊗Bk (Bk ⊗Bk + (N − 1)Rk)
−1

(yk − yjk) for all j ∈ [N ];
Smoothing step

12: Compute x̄(τ |tk−1) = 1
N

∑
j x

j(τ |tk−1);

13: Set Dτ |k−1 = [x1(τ |tk−1)− x̄(τ |tk−1), . . . , xN (τ |tk−1)− x̄(τ |tk−1)];

14: Set xj(τ |tk) = xj(τ |tk−1) +Dτ |k−1 ⊗Bk(Bk ⊗Bk + (N − 1)Rk)−1(yk − yjk), for all j ∈ [N ];
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Let

Ξ : H → H, Ξ(x) := Ξ(u, p) :=

[
u
Au

]
,

and, given the initial point x0 =

[
u0

Au0

]
∈ H, define the corresponding linear dynamical system

Xk = ΞXk−1

Yk = MXk + Vk,

where M :=
[
0 Id

]
, such that M

[
u
p

]
= p, and with V0, V1, ... ∼ N (0, R) independent.

Note that we have Uk = U for all k ∈ N, so that the dynamical system is mainly a tool to provide
a sequence of randomized measurements (Y )∞k=1. A tuning parameter is the choice of the covariance R
for the perturbation of the artificial measurements. Usually, one sets R = Γ. However different choices
are possible and lead to algorithms with different properties (see [SS17] [SS18]). Applying the discrete
version of the EnKF algorithm from section 3.3 to this dynamical system, using however the prior µ0

on u for the generation of the initial ensemble, leads to the following algorithm (cf. [ILS13]):

Algorithm 5 Ensemble Kalman inversion

Given ensemble size N ∈ N, a prior probability measure µ0 on H1, and a measurement y ∈ H2.

1: sample u1
0|0, ..., u

N
0|0 ∼ µ0 independently;

2: xj0|0 :=

[
uj0|0
Auj0|0

]
, for all j ∈ [N ];

3: Set P0 = 1
N−1

∑N
j=1(xj0|0 − x̄0|0)⊗ (xj0|0 − x̄0|0);

4: for k = 1, 2, ... do
5: Set xjk|k−1 = Ξ(xjk|k−1), for all j ∈ [N ];
6:

7: set Pk|k−1 := 1
N−1

∑N
j=1(xjk|k−1 − x̄k|k−1)⊗ (xjk|k−1 − x̄k|k−1);

8: Generate independent samples y1
k, ..., y

N
k ∼ N (y,R);

9: Kn = PnM
∗(MPnM

∗ +R)−1;
10: xjn|n = xn|n−1 +Kn(yjn −Mxjn|n), for j = 1, ..., N ;

11: Assemble Dk|k−1 = [x1
k|k−1 − x̄k|k−1, . . . , x

N
k|k−1 − x̄k|k−1];

12: Generate independent samples v1
k, ..., v

N
k ∼ N (y,R);

13: Set yjk = Mxjk|k−1 + vjk for all j ∈ [N ];

14: Compute ȳk = 1
N

∑
j y

j
k;

15: Assemble Bk = [y1
k − ȳk, . . . , yNk − ȳk];

16: Set xjk|k = xjk|k−1 +Dk|k−1 ⊗Bk (Bk ⊗Bk + (N − 1)R)
−1

(yk − yjk) for all j ∈ [N ];

An important property for the theoretical analyis of algorithm 5 is that all generated estimates
remain in the linear subspace spanned by the initial ensemble (uj0|0). Write

xjn|n−1 =

[
ujn|n−1

pjn|n−1

]
,

xjn|n =

[
ujn|n
pjn|n

]
,

Then, we have:

Theorem 3.5.3 (Invariant subspace property). Let G ⊂ H1 be a linear subspace. Suppose that in
algorithm 5, we have u1

0|0, ..., u
N
0|0 ∈ G. Then, we have ujk|k−1, u

j
k|k ∈ G, for all j ∈ [N ] and all k ∈ N.
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Proof. Induction, see [ILS13].

As a consequence, if G is a finite-dimensional subspace, this theorem guarantees (by linearity of G),
that all ensemble members xjk|k stay in a finite-dimensional subspace of H. For the present algorithm,

we can trivially guarantee that the initial ensemble lies in a convenient finite-dimensional subspace G,
simply by setting

G = span{uj0|0 : j ∈ [N ] }. (3.5.2)

After iteration n, one can estimate Uk = U by the current ensemble mean, and hence we obtain a
sequence of estimators

ūk :=
1

N

N∑
j=1

ujk|k. (3.5.3)

The invariant subspace property then trivially yields a first lower bound.

Corollary 3.5.4. Assume that in algorithm 5 the initial ensemble satisfies u1
0|0, ..., u

N
0|0 ∈ G. Then:

‖u− ūn‖ ≥ inf
v∈G
‖u− v‖,

for all n ∈ N.

Proof. Obvious from theorem 3.5.3.

Moreover, ensemble Kalman inversion can be shown to converge in the sense of classical regular-
ization (for example as in [EHN00]). Consider the Tikhonov-Phillips regularized error functional (cf.
[ILS13]):

I(u) := ‖y −Au‖2Γ + ‖u− ū‖2Σ, (3.5.4)

where Γ is as in problem 3.5.1, and where ū and Σ denote the mean and covariance of µ0 (which we
assume to exist in the following). We denote the corresponding minimizer with

uTP := argmin
u∈H1

I(u).

Then, there exists a relation between uTP and the ensemble Kalman estimators ūk. One has the
following result:

Theorem 3.5.5 (Large ensemble limit). Given problem 3.5.1, let µ0 = N (ū,Σ), and let ujk|k denote

the ensemble members generated by a realization of algorithm 5 using R = Γ, for j ∈ [N ] and k ∈ N0.

Let ūk := N−1
∑N
j=1 u

j
k|k. Then

ū1 −→ uTP , as N →∞,

in Lp, for all p ∈ [1,∞).

Proof. One can show that in the linear Gaussian case, the Kalman filter estimate u1|1 minimizes the
regularized cost functional I (see [ILS13], and section 5.1), meaning that

u1|1 = uTP .

In our case, the Kalman filter estimate is given by (cf. (2.2.8)

u1|1 = ū+ ΣA∗(AΣA∗ + Γ)−1(y −Aū).

On the other hand, we have by proposition 3.3.1

ū1 −→
N→∞

u1|1 = uTP ,

in Lp, for all p ∈ [1,∞).
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3.6 Comments and further references

Our presentation of the EKF and the IEKF is largely based on [Jaz70] (where the iterated EKF is also
called “local iteration”). There exists a whole number of modifications and further extensions of the
Kalman filter that we did not address: The iterated linear filter-smoother [Jaz70] further builds on the
idea of the IEKF by improving also the time-update xk|k−1 in every iteration through a Rauch-Tung-
Striebel-smoothing step (cf. theorem 2.5.2), which yields better performance in the presence of strong
state nonlinearities.

Theoretical analysis of the extended Kalman filter and its relatives is still an active area of research.
It is not clear how to give a rigorous interpretation to the Taylor-like approximations made in the
derivation of the EKF (section 3.1) and the IEKF (section 3.2). This prohibits a clear interpretation
of the EKF beyond the fact that it coincides with the Kalman-Bucy filter if both the state and the
measurement model are linear. General convergence results for the iterated extended Kalman filter
are still missing from the literature. Most articles on the convergence analysis of the extended Kalman
filter do this only restricted to special cases (see e.g. [Kre03], [Gou+18], [SG07], [AF05], or [Alo+15]).
On the theoretical side, it has been shown in [Pic91] that the EKF is a good approximation of the
optimal nonlinear filter if knowledge on the initial state is precise, and if the system is “almost linear”
in a specific sense. Similarly, it was shown in [Rei+99] and [Rei+00] that the estimation error of the
EKF remains bounded if the initial guess is good and the disturbing noise is small. Recently, the
extended Kalman filter has also been investigated from an information-geometric point of view, where
it has been shown to be equivalent to online natural gradient descent [Oll18].

However, if one considers the iterated EKF purely as an optimization method, one can show that
it is equivalent to the regularized Gauss-Newton algorithm (see section 5.1). Thus, if one is only
interested in a purely deterministic analysis, the convergence theory of the Gauss-Newton method
applies.

The lack of rigorous theoretical results notwithstanding, the EKF is an extremely successful nu-
merical technique. Its use is widespread in electrical engineering and especially in control and autom-
atization. For example, the EKF has been applied to satellite control [CTL00], autonomous driving [],
and sensorless control ([Jan06] and [Alo+15]), to name a few. Further applications exist to economics
(see e.g. [Wal02]), finance [Nir], computational biology [CP16], chemical engineering [KK15], and even
to tomography [Pin+18] and other branches of medicine [MA08].

Finally, an alternative to the EKF is the unscented Kalman filter [JU97]. In practice, it has
been observed to perform better for nonlinear systems while having the same computational complexity
[WV00]. It is based on the idea of “sigma points”. A finite-dimensional Gaussian probability density
can be fully represented by a finite number of well-chosen vectors. Instead of evolving expectation and
covariance estimates using a linear approximation of the system, the unscented Kalman filter applies
the nonlinear state and measurement equations to the sigma-points and then estimates the expecta-
tion and covariance by sample averages. In particular, differentiation of the state and measurement
functions is not needed.

The ensemble Kalman filter was developed for oceanographic problems (see [Eve94]), where the
underlying state system is notoriously high-dimensional. Since its conception, the EnKF has been
very successful in the numerical weather prediction literature, where filtering methods can be found
under the name “data assimilation” (see e.g. [HZ16] and [BEW03]). However, due to its generality
and practicality, the EnKF had soon left its original field of application. Nowadays, there exist ap-
plications in the oil industry (see [AS06] and [CTS10]), signal processing [Rot+17], economics [KS12]
and tomography [But+09].

For highly nonlinear systems, combinations of the ensemble Kalman filter with variational methods
have been studied (see [SOB12], [SHB18], [Oli17], [Eve+19], [ER13], [CO12], and [RSE19]). Usually,
the basic ensemble approach is combined with an iteration such that state and measurement nonlin-
earites can better be accounted for. Recall the measurement iteration for the IEKF,

xn+1
k|k = xk|k−1 +Kn

k

(
yk −mk(xnk|k)−Mn

k (xk|k−1 − xnk|k)
)
,
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with

Kn
k = Pk|k−1(Mn

k )∗(Mn
k Pk|k−1(Mn

k )∗ +Rk)−1.

A first idea would be to use the IEKF iteration (see section 3.2) on each ensemble member sepa-
rately, meaning that we introduce the iteration

xn+1,j
k|k = xk|k−1 +Kn,j

k (yjk −mk(xn,jk|k)−Mn,j
k (xk|k−1 − xn,jk|k)), (3.6.1)

for each j ∈ [N ] separately, where

Kn,j
k := P̄k|k−1(Mn,j

k )∗(Mn,j
k Pk|k−1M

n,j
k +Rk)−1,

P̄k|k−1 :=
1

N − 1
Dk|k−1 ⊗Dk|k−1,

(see section 3.3) and

Mn,j
k := Dmk(xn,jk|k−1).

This method is originally known as “randomized maximum likelihood”. This name stems from
the interpretation of the IEKF as Gauss-Newton method as described in section 5.1. For the finite-
dimensional Gaussian filtering problem (problem 2.4.1 with H = Rd), sequential minimization of the
regularized cost functional

Φk(x) = ‖yk −mk(x)‖2R + ‖x− xk|k−1‖2Pk|k−1

can be interpreted as finding the maximum a-posteriori (MAP) estimator x̂k := argmin Φk(x) of the
state X(tk) given measurements Yk = yk. The cost functional Φk itself corresponds to the logarithmic
probability density of Xk given Yk = yk.

The iteration (3.6.1) can then be interpreted as Gauss-Newton iteration for the “randomized log
posterior”

Φ̃k(x) = ‖yjk −mk(x)‖2R + ‖x− xjk|k−1‖P̄k|k−1
,

where we use the perturbed measurement yjk ∼ (yk, Rk) instead of the actual measurement y and

the ensemble forecast xjk|k−1 instead of the conditional mean xk|k−1 = E[X(tk)|Yk = yk].

In an application, the iteration (3.6.1) would then be repeated until convergence for each ensemble
member separately. Note that this includes having to evaluate the gradient Mn,j

k = Dmk(xn,jk|k−1) in

each iteration for each ensemble member separately. If the computational cost of evaluating Dmk is an
issue, this might be impractical. Due to this, Gu and Reynolds [GO07] proposed to use in each update
(3.6.1) the same ensemble-based approximation M̄n

k (to be defined below) instead of Mn,j
k . They called

the resulting iterative ensemble Kalman filter the ensemble randomized maximum likelihood (EnRML)
method.

Suppose after the (n− 1)st iteration we have the ensemble (xn,jk|k−1). Define

mn
k :=

[
mk(xn,1k|k) . . . mk(xn,Nk|k )

]
,

and

Xn
k|k :=

[
xn−1,1
k|k − x̄nk|k . . . xn,Nk|k − x̄

n
k|k

]
,

where x̄nk|k := N−1
∑
j x

n,j
k|k is the corresponding ensemble average. We then define the estimator

M̄n
k := Mk(Xn

k|k)+, (3.6.2)

where for a matrix A, A+ denotes the Moore-Penrose pseudoinverse (see e.g. [TI97]).
It can be shown that this estimator is asymptotically consistent [RSE19, theorem 1].
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Chapter 4

Real-time parameter estimation

4.1 Filtering of uncertain systems

In the preceding chapters, we always assumed that our uncertainty about the system

dX(t) = f(X(t), t)dt+G(t)dW (t),

X(0) = X0,

only comes from the uncertainty about the initial state X0 and the intrinsic noise G(t)dW (t). However,
we are often faced with a situation where the we have an additional model uncertainty, represented by
an unknown parameter θ. That is, we assume that our state model is

dX(t) = f(X(t), θ, t)dt+G(t)dW (t),

X(0) = X0.

Similarly, we can also assume uncertainty in our measurement model by letting the measurement
functions mk also depend on θ, such that the measurement equation becomes

Yk = mk(X(tk), θ) + Vk.

Hence, in this new system all inference on the state X is influenced by our uncertainty on the parameter
θ. And all inference on the parameter θ is influenced by the uncertainty in the state, that comes for
example from the intrinsic noise G(t)dW (t). Thus, we are faced with the problem of simultaneous
estimation of the state and parameter in dynamical systems.

Problem 4.1.1 (Filtering in an uncertain system). Let H, U be separable Hilbert spaces, and Θ be a
separable Banach space. Consider the observed system

U(t) = f(U(t), θ, t)dt+G(t)dW (t), (4.1.1a)

U(0) = U0, (4.1.1b)

Yk = mk(U(tk), θ) + Vk, k ∈ N (4.1.1c)

where the initial value U(0) ∼ N (x0, P0) is a Gaussian random element of H, θ ∼ N (ϑ̄,Γ) is a Gaus-
sian random element of Θ, f ∈M(H×Θ×[0, T ];H) is a measurable map, G ∈M([0, T ];L2(Q1/2U ;H))
is a function of operators, W is an independent U -valued Q-Wiener process on [0, T ], and for each
k ∈ N, mk : H × Θ → Rm denotes the measurement function, with independent Gaussian noise
Vk ∼ N (0, Rk). The filtering problem is then to determine the conditional distributions of U(tk) and
θ, given measurements Yk = yk,

PU(tk),θ|Yk=yk ,

for k ∈ N.
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As in the standard filtering problem, exact solution of the dual filtering problem is usually infeasible,
except for a few special cases. Therefore, in general one settles for finding suboptimal filters, for
example by computing approximations for the mean and covariance. In the following sections, we will
present how the methods from chapter 3 can be modified in order to yield approximate solutions to
the dual filtering problem 4.1.1.

4.2 The joint extended Kalman filter for parameter estimation

With the extended filtering techniques like the EKF (section 3.1) and the IEKF (section 3.2) in mind,
an obvious approach is to consider the parameter simply as an additional, constant state, with the
trivial dynamics Dtθ(t) = 0 (cf. [Jaz70, section 8.4]). This means we define a new state variable

X(t) =

[
U(t)
θ(t)

]
and then consider the extended system:

dX(t) =

[
f(X1(t), X2(t), t) 0

0 0

]
dt+

[
G(t)

0

]
dW (t), (4.2.1a)

X(t0) =

[
U0

θ0

]
, (4.2.1b)

Yk = mk(X1(tk), X2(tk)) + Vk. (4.2.1c)

Note that while we assumed in the derivation of the EKF and IEKF that the state space is Hilbert.
However, this was only in order to deal with stochastic evolution of the state in continuous time. The
discrete-time Kalman update holds for separable Banach spaces (see section 2.2. Since the parameter
θ has the deterministic dynamics Dtθ(t) = 0, the algorithms from chapter 3 still apply, even though θ
takes values in a Banach space.

Thus, we can simply apply the EKF or IEKF to the system (4.2.1). This is also known as the
augmented state approach [NS76]. After every step, it provides approximations of the mean and the
covariance for the state and parameter

xk|k =

[
uk|k
θk|k

]
,

Pk|k =

[
Σk|k Ck|k
C∗k|k Γk|k

]
,

where

uk|k ≈ E[U(tk)|Yk = yk],

θk|k ≈ E[θ|Yk = yk],

Σk|k ≈ Cov(U(tk)|Yk = yk),

Ck|k ≈ Cov[U(tk), θ|Yk = yk],

Γk|k ≈ Cov(θ|Yk = yk).

4.3 A dual iterated extended Kalman filter

A different approach is provided by so-called dual methods, which solve the dual filtering problem by
separating it into two coupled filtering problems (see [NS76], [Nel00], and [WN01]).

In the following, we present a dual iterated extended Kalman filter. In this method, we consider
the system (4.1.1) as an inference problem purely on the unknown parameter θ. We choose a strictly
sequential approach (in contrast to the dual EKF in [Nel00] that leads to a global recursion). Suppose
after the first k − 1 measurements, we have a deterministic estimate ϑk−1 for the parameter (in the
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following, we will use θ to denote the parameter as a random element of Θ, and ϑ ∈ Θ for its possible
realizations), and uk−1|k−1 for the state U at time tk−1, together with respective covariances Tk−1 and
Σk−1|k−1. The state U(tk) at the next timepoint can be considered simply as a random function of θ:

U(tk|θ) = U(tk−1) +

∫ tk

tk−1

f(U(t|θ), θ, t)dt+

∫ tk

tk−1

G(t)dW (t). (4.3.1)

For a practical algorithm, we need a deterministic estimate (an estimate that is a deterministic function
of θ) of U(tk|θ). This can be achieved by applying the time update of the extended Kalman filter to
the filtering problem

dU(t) = f(U(t), ϑ, t)dt+G(t)dW (t),

U(tk−1) = Uk−1,

Yk = mk(U(tk), ϑ) + Vk,

where ϑ ∈ Θ is considered as a given, fixed parameter, and Uk−1 ∼ N (uk−1|k−1,Σk−1|k−1) represents
our information on U(tk−1) based on the first k − 1 measurements. The EKF time update then
yields an estimate uk|k−1(ϑ) of U(tk|ϑ), depending on ϑ, with corresponding covariance Σk|k−1(ϑ) ≈
Cov(U(tk)|Yk−1 = yk−1, θ = ϑ) (see section 3.1). Substituting U(tk|θ) with uk|k−1(θ), we obtain a
deterministic (given θ) approximation of (4.1.1c):

Yk ≈ mk(uk|k−1(θ), θ) + Vk.

Thus, we can formulate a continuous-discrete filtering problem in θ:

d

dt
θ(t) = 0, (4.3.2)

θ(0) = θ0,

Yk = mk(uk|k−1(θ(t)), θ(t)) + Vk,

with θ0 ∼ N (ϑ̄,Γ). Similarly to section 2.2, we set

ϑn|k := E[θ(tn)|Yk = yk] = E[θ|Yk = yk],

Γn|k := Cov(θ(tn)|Yk = yk) = Cov(θ|Yk = yk),

where in both lines the second equalities are due to (4.3.2).
Due to (4.3.2), the time update for the parameter is trivial:

ϑk|k−1 = ϑk−1|k−1, (4.3.3)

Γk|k−1 = Γk−1|k−1.

Applying the IEKF (see 3.2.13) to the filtering problem 4.1.1, we obtain the iteration

ϑn+1
k|k = ϑk|k−1 +Gnk

(
yk −mk(uk|k−1(ϑnk|k), ϑnk|k)−Nn

k (ϑk−1 − ϑnk|k)
)
, (4.3.4)

where

Gnk := Γk−1|k−1(Nn
k )∗(Nn

k Γk−1|k−1(Nn
k )∗ +Rk)−1 (4.3.5)

denotes the Kalman gain for the parameter θ, and

Nn
k := Dmk(uk|k−1(ϑ), ϑ)

∣∣∣
ϑ=ϑn

k|k

(4.3.6)

denotes the linearization of the measurement function at θ = ϑnk|k (see below). After convergence, the
covariance estimate can be updated through the formula

Γk|k = (Id−GnkNn
k )Γk|k−1,
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using the highest available n.
Since it is also necessary to calculate the EKF estimates uk|k, this leads to a two-stage method,

where one alternates between estimating the state U and the parameter θ. Of course, the dual filter
can be combined with an iterated EKF for the state. The resulting dual iterated extended Kalman
filter (dual IEKF) is described in detail in algorithm 6. The algorithm looks complicated but is able
to adress nonlinear dependence of the measurements both on the state and parameter. For a new
measurement Yk = yk, the parameter is updated using an IEKF. Since the k-th measurement depends
implicitly on the parameter through the state U(tk), it is necessary to recompute the state prediction
uk|k−1(ϑnk|k) for each parameter update ϑnk|k. Even if the measurement function mk is linear, the state
may depend on the parameter in a nonlinear way, which is a reason for why it might be a good idea to
do multiple EKF-updates for the parameter. Then, if the parameter estimate has converged, the state
is updated through a second IEKF, where the latest parameter estimate is fixed. If the measurement
function is linear in the state, only one iteration is necessary here.

Let us take a closer look at how to compute the matrices Nn
k needed in the parameter update

(4.3.4). We have by the chain rule

Dϑmk(uk|k−1(ϑ), ϑ)
∣∣∣
ϑ=ϑn

k|k

= ∂1mk(uk|k−1(ϑnk|k), ϑnk|k)Dθuk|k−1(ϑnk|k) + ∂2mk(uk|k−1(ϑnk ), ϑnk ).

In order to compute the derivative of the state forecast uk|k−1 with respect to the parameter, note
that we have from the EKF time update (3.1.9) that uk|k−1(ϑ) = u(tk|tk−1, ϑ) is given by

u(tk|tk−1, ϑ) = uk−1|k−1 +

∫ tk

tk−1

f(u(t|tk−1, ϑ), ϑ, t)dt.

Thus, we have

Dϑu(tk|ϑ, tk−1)
∣∣∣
ϑ=ϑn

k|k

=

∫ tk

tk−1

[
∂1f(u(t|ϑnk|k, tk−1), ϑnk|k, t)Dϑu(tk|ϑnk|k, tk−1) + ∂2f(u(t|ϑnk|k, tk−1), ϑnk|k, t)

]
dt,

Equivalently, Λ(tk|ϑnk|k, tk−1) := Dϑu(tk|ϑ, tk−1)
∣∣∣
ϑ=ϑn

k|k

can be obtained as solution of the initial value

problem

DtΛ(t|ϑnk|k, tk−1) = ∂1f(u(t|ϑnk|k, tk−1), ϑnk|k, t)Λ(t|ϑnk|k, tk−1) + ∂2f(u(t|ϑnk|k, tk−1), ϑnk|k, t), t ∈ (tk−1, tk),

(4.3.7a)

Λ(tk−1|ϑnk|k, tk−1) = 0. (4.3.7b)

Note that the simplifications in this approach lead to the behavior that the update ϑk−1|k−1 → ϑk|k
of the parameter only depends on the change of the system in the interval [tk−1, tk]. Thus, this approach
only works if the parameter θ affects the behavior of the system in this time interval. Otherwise, we
have ϑk|k = ϑk|k−1 = ϑk−1|k−1. This makes the approach for example ill-suited for the estimation
of initial conditions. However, the dual IEKF (or its single-update version, the dual EKF) has the
advantage that by modifying the parameter dynamics (4.3.2) it is even applicable to time-varying
parameters (see also section 4.5).

4.4 A dual ensemble Kalman filter

The dual ensemble Kalman filter (dual EnKF) tries to apply the ideas from section 3.3 to the dual
filtering problem. The difference to the standard ensemble Kalman filter as described in algorithm
3 is that we now have to evolve two ensembles (U jk|k)Nj=1 and (θjk|k)Nj=1 to represent the conditional

distributions of the state and the parameter, respectively. Apart from that, the idea is mostly the
same.
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Algorithm 6 Dual iterated extended Kalman filter

Given problem 2.4.1 with measurements Y1 = y1, Y2 = y2, ....

1: Initialize u0|0 = u0, Σ0|0 = Σ0, ϑ0 = θ̄, Γ0|0 = Γ;
2: for k = 1,2,... do
3: Set ϑ0

|k = ϑk−1|k−1;
4: Set n = 0;
5: repeat

EKF time update for the state:

6: Solve

Dtu(t|tk−1) = f(u(t|tk−1), ϑnk , t), t ∈ (tk−1, tk),

u(tk−1|tk−1) = uk−1|k−1.

and

DtΛ(t|ϑnk|k, tk−1) = ∂1f(u(t|ϑnk|k, tk−1), ϑnk|k, t)Λ(t|ϑnk|k, tk−1) + ∂2f(u(t|ϑnk|k, tk−1), ϑnk|k, t), t ∈ [tk−1, tk],

Λ(tk−1|ϑnk|k, tk−1) = 0,

simultaneously, and set unk|k−1 = u(tk|tk−1) and Λnk|k−1 = Λ(tk|ϑnk|k, tk−1);
IEKF measurement update for the parameter:

7: Compute Nn
k = ∂1mk(unk|k−1, ϑ

n
k|k)Λnk|k + ∂2mk(unk|k−1, ϑ

n
k|k);

8: Set Gnk = Γk|k−1(Nn
k )∗(Nn

k Γk|k−1(Nn
k )∗ +Rk)−1;

9: Set ϑn+1
k|k = ϑnk|k +Gnk

(
yk −mk(unk|k−1, ϑ

n
k|k)−Nn

k (ϑk|k−1 − ϑnk|k)
)

;

10: n← n+ 1;
11: until convergence
12: Set ϑk|k = ϑnk ;
13: Set Γk|k = (Id−GnkNn

k )Γk|k−1;
Recompute the time-update for the state using the final parameter estimate:

14: Solve

Dtu(t|tk−1) = f(u(t|tk−1), ϑk|k, t), t ∈ (tk−1, tk),

u(tk−1|tk−1) = uk−1|k−1,

and set uk|k−1 = u(tk|tk−1);
15: Solve

DtΣ(t|tk−1) = F1(t|tk−1)Σ(t|tk−1) + Σ(t|tk−1)F1(t|tk−1)∗ +G(t)QG(t)∗, t ∈ (tk−1, tk),

Σ(tk−1|tk−1) = Σk−1|k−1,

with F1(t|tk−1) = ∂1f(u(t|tk), θk, t), and set Σk|k−1 = Σ(tk|tk−1);
IEKF measurement update for the state:

16: Set u0
k|k = uk|k−1;

17: Set n = 0;
18: repeat
19: Set Mn

k = ∂1mk(unk|k, ϑk|k);

20: Set Kn
k = Σk|k−1(Mn

k )∗(Mn
k Σk|k−1(Mn

k )∗ +Rk)−1;

21: Set un+1
k|k = uk|k−1 +Kn

k

(
yk −mk(unk|k, ϑk|k)−Mn

k (uk|k−1 − unk|k)
)

;

22: n← n+ 1;
23: until convergence
24: Set uk|k = unk|k;

25: Set Σk|k = (Id−Kn
kM

n
k )Σk|k−1;
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As in the dual IEKF, we assume the model

dU(t) = f(U(t), θ(t), t)dt+G(t)dW (t), (4.4.1a)

U(0) = U0, (4.4.1b)

d

dt
θ(t) = 0, (4.4.1c)

θ(0) = θ0, (4.4.1d)

Yk = mk(U(t), θ(t)) + Vk. (4.4.1e)

Suppose we have

U jk−1|k−1

d
= (U(tk−1)|Yk−1 = yk−1),

θjk−1|k−1

d
= (θ|Yk−1 = yk−1).

Then, if we evolve U j according to (4.1.1a) by solving

dU j(t) = f(U j(t), θj , t)dt+G(t)dW j(t),

U j(tk−1) = U jk−1|k−1,

and set U jk|k−1 := U j(tk), we have

U jk|k−1

d
= (U(tk)|Yk−1 = yk−1).

Similarly, we set

θjk|k−1 = θjk−1|k−1

as in (4.3.3).
In correspondence to section 3.3, we generate perturbed measurements

Y jk = mk(U jk|k−1, θ
j
k|k−1) + V jk ,

where V 1
k

d
= · · · d= V Nk

d
= Vk are mutually independent. Now, we make the strong assumption that θ,

Yk and U(tk) are jointly Gaussian distributed.
Then, we have in analogy to (3.3.4):

(θ|Yk−1 = yk−1, Yk = yk) ∼ N (ϑk|k−1 − Σθ,Yk|k−1(ΣYk,Yk|k−1)−1(yk − ȳk),

Σθ,θ|k−1 − Σθ,Yk|k−1(ΣYk,Yk|k−1)−1ΣYk,θ|k−1),

where we used definition (3.3.5) and recalled ϑk|k−1 = E[θ|Yk−1 = yk−1]. This motivates us to define
a Monte Carlo approximated ensemble update (cf. (3.3.8))

θjk|k = θjk|k−1 +Dθ
k|k−1 ⊗Bk (Bk ⊗Bk + (N − 1)Rk)

−1
,

where the collection of measurement deviations Bk is defined as in (3.3.7) and

Dθ
k|k−1 :=

[
θ1
k|k−1 − θ̄k|k−1 . . . θNk|k−1 − θ̄k|k−1

]
are the deviations of the parameter ensemble, with the ensemble mean

θ̄k|k−1 :=
1

N − 1

N∑
j=1

θjk|k−1.

Combining this with an EnKF update for the state ensemble (U jk|k−1) leads to a dual version of the

ensemble Kalman filter, described in algorithm 7.
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Algorithm 7 Dual Ensemble Kalman filter, dual EnKF

Given problem 2.4.1, measurements Yk = yk, and ensemble size N ∈ N.

1: Generate independen samples u1
0|0, ..., u

N
0|0 ∼ N (u0,Σ0);

2: Generate independent samples ϑ1
0|0, . . . , ϑ

N
0|0 ∼ N (ϑ̄,Γ);

3: for k = 1, 2, ... do
4: For all j ∈ [N ], solve

duj(t) = f(uj(t), θj , t)dt+G(t)dwj(t), t ∈ (tk−1, tk),

uj(tk−1) = ujk−1|k−1,

and set ujk|k−1 = uj(tk);

5: Set ϑjk|k−1 = ϑjk−1|k−1 for all j ∈ [N ];

6: Compute ūk|k−1 = 1
N

∑
j u

j
k|k−1;

7: Compute ϑ̄k|k−1 = 1
N

∑
j ϑ

j
k|k−1;

8: Set Du
k|k−1 = [u1

k|k−1 − ūk|k−1, . . . , u
N
k|k−1 − ūk|k−1];

9: Set Dϑ
k|k−1 = [ϑ1

k|k−1 − ϑ̄k|k−1, . . . , ϑ
N
k|k−1 − ϑ̄k|k−1];

10: Generate independent samples v1
k, . . . , v

j
k ∼ N (0, Rk);

11: Set yjk = mk(ujk|k−1, ϑ
j
k|k−1) + vjk for j ∈ [N ];

12: Compute ȳk = 1
N

∑
j y

j
k;

13: Set Bk = [y1
k − ȳk, . . . , yNk − ȳk];

14: Update ujk|k = ujk|k−1 +Du
k|k−1 ⊗Bk(Bk ⊗Bk + (N − 1)Rk)−1(yk − yjk);

15: Update ϑjk|k = ϑjk|k−1 +Dϑ
k|k−1 ⊗Bk(Bk ⊗Bk + (N − 1)Rk)−1(yk − yjk);

4.5 Comments and further references

We have presented only a few possible methods to approach the dual filtering problem. Of course, one
could design a wide range of methods for dual filtering by combining any of the ideas from section
3. For example, one could obtain a simple joint ensemble Kalman filter by applying the EnKF to
the augmented state (4.2.1). For high-dimensional and nonlinear systems, it might be necessary to
combine the dual EnKF with an iterative procedure (cf. section 3.6).

The idea of solving the dual filtering problem using two separate filters seems to have originated in
adaptive control [NS76]. The dual IEKF as given in algorithm 6 is a modification of the dual EKF as
described in [Nel00] and [WN01], where it is discussed in the context of nonlinear time series analysis
and neural networks.

As noted above, the filtering approach to parameter estimation also allows to treat parameters that
might be time-varying in a random way, i.e. by letting the parameter evolve in time according to a
stochastic equation,

dθ(t) = G2(t)dW2(t).

Some authors (e.g. [Gel74]) recommend to use this technique in non-Gaussian scenarios even if the
parameter is constant, in order to avoid underestimating parameter uncertainty.

Note, however, that the dual filters in this chapter have been designed with applications to on-line
filtering in mind. If one is only interested in post-hoc parameter estimation, there are approaches
which are better suited. For example, if we have a deterministic system with parametric uncertainty,

d

dt
u(t) = f(u(t), θ), t ∈ [0, T ],

u(0) = u0,

Yk = mk(u(tk)) + Vk, 0 ≤ t1 < . . . < tK ,
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one can use for example a Markov chain Monte Carlo method (see e.g. [BGJ11], [LLC10], [RR04],
[Mar+12]), to approximate the moments of the posterior distribution Pθ|YK by Birkhoff averages (see
e.g. [Dou+19] or [Mey09]) over a Markov chain (θn)∞n=1, i.e.

E[f(θ)|YK = yK ] ≈ 1

n

n∑
i=1

f(θi),

for some f ∈ L1(Pθ|YK=yK ). This type of methods can be more flexible for uncertainty quantification
(since it allows to estimate properties of the posterior distribution beyond the mean and covariance)
and nonlinear problems, where the involved probability distributions can be multimodal or have an
otherwise complex geometrical structure.
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Chapter 5

Comparison with deterministic
methods

We illustrate that the iterated extended Kalman filter is equivalent to a regularized Gauss-Newton
method. First, we look at a simplified setting, that was originally treated in [BC93]. Then, we extend
the result to the inverse problem of parameter identification for PDEs, by showing that the reduced
approach using a regularized Gauss-Newton method is equivalent to the dual iterated extended Kalman
filter. Note that all results in this chapter hold for separable Hilbert spaces.

5.1 Regularized Gauss-Newton method and the extended Kalman
filter

Consider the following Gaussian discrete-time filtering problem:

Xk = f(Xk−1),

X0 ∼ N (x0, P0),

Yk = m(Xk) + Vk, Vk ∼ N (0, Rk),

where the state space is a separable Hilbert space H and we have a differentiable measurement function
m ∈ C1(H;Rm).

Let us look at the first IEKF update for this problem. The time update is simply

x1|0 = f(x0), (5.1.1)

P1|0 = F1P0F
∗
1 , (5.1.2)

where F1 := Df(x0). The iteration for the measurement update is then

xn1|1 = x1|0 +Kn
1 (y1 −m(xn−1

1|1 )−Mn
1 (x1|0 − xn−1

1|1 ))

= f(x0) +Kn
1 (y1 −m(xn−1

1|1 )−Mn
1 (f(x0)− xn−1

1|1 ))

= f(x0) + P1|0(Mn
1 )∗(Mn

1 P1|0(Mn
1 )∗ +R1)−1(y1 −m(xn−1

1|1 )−Mn
1 (f(x0)− xn−1

1|1 ))

= f(x0) + F1P0F
∗
1 (Mn

1 )∗(Mn
1 F1P0F

∗
1 (Mn

1 )∗ +R)−1(y1 −m(xn−1
1|1 )−Mn

1 (f(x0)− xn−1
1|1 )),

(5.1.3)

with Mn
1 := Dm(xn−1

1|1 ), where we used (5.1.1) in the second line, (3.2.10) in the third line, and (5.1.2)

in the fourth line.

On the other hand, consider the inverse problem of estimating X1 given Y1 = y1, where

y1 = m(x1) + V1.
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Our initial guess x0 induces the initial guess x1
0 := f(x0) for x1. We introduce the cost functional

Φ(x) = ‖y1 −m(x)‖2R + ‖x− f(x0)‖2Σ. (5.1.4)

where R ∈ Rm×m is a symmetric positive definite matrix and Σ ∈ L(H) is a symmetric positive
trace-class operator. Recall the Gauss-Newton update.

Lemma 5.1.1. Let F : H → Rm be a C1 map between separable Hilbert spaces, let R ∈ Rm×m be a
symmetric positive definite matrix, and Σ ∈ L(H) be symmetric positive trace-class operators. Then

xn+1 := xn + Σ1/2(Σ1/2DF (x)∗R−1DF (x)Σ1/2 + Id)−1
[
Σ1/2DF (x)∗Γ−1(y − F (x)) + Σ−1/2(x0 − xn)

]
,

minimizes the functional

Φ(x) = ‖y − F (xn)−DF (xn)(x− xn)‖2R + ‖x− x0‖2Σ,

where we assume xn − x0 ∈ dom Σ−1/2.

Proof. First of all, we recall from the definition of the covariance-weighted norm in (1.5.1) that we
have

‖x− x0‖Σ <∞⇐⇒ x− x0 ∈ dom Σ−1/2 = ran Σ1/2.

Hence, it suffices to minimize over all x = Σ1/2z+x0, with z ∈ H. We insert this in the cost functional
and obtain

Φ̃(z) = Φ(Σ1/2z + x0) = ‖R−1/2(y − F (xn)−DF (xn)(Σ1/2z + x0 − xn))‖2 + ‖z‖2.

Taking the Fréchet derivative, we have for h ∈ H:

DΦ̃(z)h = −(R−1/2(y − F (xn)−DF (xn)(Σ1/2z + x0 − xn)), R−1/2DF (xn)Σ1/2h) + (z, h)

= (z − Σ1/2DF (xn)∗R−1(y − F (xn)−DF (xn)(Σ1/2z + x0 − xn)), h). (5.1.5)

Since (5.1.5) holds for all h ∈ H, we have necessarily

z = Σ1/2DF (xn)∗R−1(y − F (xn)−DF (xn)(Σ1/2z + x0 − xn)).

Reordering yields

(Σ1/2DF (xn)∗R−1DF (xn)Σ1/2 + Id)z = Σ1/2DF (xn)∗R−1(y − F (xn))

− Σ1/2DF (xn)∗R−1DF (xn)(x0 − xn)

= Σ1/2DF (xn)∗R−1(y − F (xn))

− (Σ1/2DF (xn)∗R−1DF (xn)Σ1/2 + Id)Σ−1/2(x0 − xn)

+ Σ−1/2(x0 − xn).

Since the operator on the left-hand side is invertible, we obtain

z =− Σ−1/2(x0 − xn) + (Σ1/2DF (xn)∗R−1DF (xn)Σ1/2 + Id)−1

·
[
Σ1/2DF (xn)∗R−1(y − F (xn)) + Σ−1/2(x0 − xn)

]
.

Finally, inserting back into x = Σ1/2z + x0 gives

x = xn + Σ1/2(Σ1/2DF (xn)∗R−1DF (xn)Σ1/2 + Id)−1
[
Σ1/2DF (xn)∗R−1(y − F (xn)) + Σ−1/2(x0 − xn)

]
.
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Hence, in our case, this means that the Gauss-Newton iteration corresponding to the cost functional
(5.1.4) is given by

xn+1
1 = xn1 + Σ1/2(Σ1/2(Mn

1 )∗R−1Mn
1 Σ1/2 + Id)−1

[
Σ1/2(Mn

1 )∗R−1(y −m(xn1 )) + Σ−1/2(f(x0)− xn1 )
]
,

(5.1.6)

where Mn
1 := Dm(xn1 ). If we choose x0 = f(x0), we have xn1 − f(x0) ∈ dom Σ−1/2 by induction, so

that the assumptions of lemma 5.1.1 are always satisfied.
We now use the following elementary operator identity which provides us with an alternative way

to write the Kalman gain.

Lemma 5.1.2. Let Σ be a symmetric positive operator and R ∈ Rm×m a symmetric positive definite
matrix. Then

ΣM∗(MΣM∗ +R)−1 = Σ1/2(Σ1/2M∗R−1MΣ1/2 + Id)−1Σ1/2M∗R−1 (5.1.7)

and both expressions are well-defined.

Proof. Since R is positive definite and Σ is positive, all the involved inverses exist. Then, we simply
note that

Σ1/2(Σ1/2M∗R−1MΣ1/2 + Id)−1Σ1/2M∗R−1(MΣM∗ +R)−1

= Σ1/2(Σ1/2M∗R−1MΣ1/2 + Id)−1(Σ1/2M∗R−1MΣM∗ + Σ1/2M∗)

= Σ1/2(Σ1/2M∗R−1MΣ1/2 + Id)−1(Σ1/2M∗R−1MΣ1/2 + Id)Σ1/2M∗

= ΣM∗.

Corollary 5.1.3. Let Σ be a symmetric positive operator and R ∈ Rm×m a symmetric positive definite
matrix. Then

xn + Σ1/2(Σ1/2MR−1MΣ1/2 + Id)−1Σ−1/2(x0 − xn) = x0 − ΣM∗(MΣM∗ +R)−1M(x0 − xn).

Proof. We rewrite equation (5.1.8):

x0 − xn = Σ1/2(Σ1/2MR−1MΣ1/2 + Id)−1Σ−1/2(x0 − xn) + ΣM∗(MΣM∗ +R)−1M(x0 − xn).

This holds true if we have

Id = Σ1/2(Σ1/2MR−1MΣ1/2 + Id)−1Σ−1/2 + ΣM∗(MΣM∗ +R)−1M.

Applying lemma 5.1.2, the right-hand side becomes

Σ1/2(Σ1/2MR−1MΣ1/2 + Id)−1Σ−1/2 + Σ1/2(Σ1/2MR−1MΣ1/2 + Id)−1Σ1/2M∗R−1M

= Σ1/2(Σ1/2MR−1MΣ1/2 + Id)−1(Σ−1/2 + Σ1/2M∗R−1M)

= Σ1/2(Σ1/2MR−1MΣ1/2 + Id)−1(Id + Σ1/2M∗R−1MΣ1/2)Σ−1/2

= Id,

as desired.

First using lemma 5.1.2, the Gauss-Newton update (5.1.6) can be rewritten, as

xn+1
1 = xn1 + Σ(Mn

1 )∗(Mn
1 Σ(Mn

1 )∗ +R)−1 (y −m(xn1 )) (5.1.8)

+ Σ(Mn
1 )∗(Mn

1 Σ(Mn
1 )∗ +R)−1Σ−1/2 (f(x0)− xn1 ) . (5.1.9)

Then, using corollary 5.1.3, this becomes

xn+1
1 = x0 + Σ(Mn

1 )∗(Mn
1 Σ(Mn

1 )∗ +R)−1 [y −m(xn1 )−Mn
1 (x0 − xn1 )] .

Comparing the expressions (??) and (5.1.3), we see that they coincide if we put Σ = F1P0F
∗
1 and

R = R1. Hence, by induction over the measurement number k, the IEKF is equivalent to the regularized
Gauss-Newton method.
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5.2 Reduced approach and the dual iterated extended Kalman
filter

Now, we consider the more advanced problem of parameter identification in PDEs. We are given

Dtu(t) = f(u(t), θ), (5.2.1a)

u(0) = u0, (5.2.1b)

Yk = mk(u(tk)) + Vk, k ∈ N, (5.2.1c)

where u ∈ U is an element of some space of functions that take values in a separable Hilbert space U ,
and has derivatives in a space W of functions that take values in another separable Hilbert space W .
Furthermore, assume u0 ∈ U , that θ ∈ Θ is an unknown parameter that takes values in a separable
Hilbert space Θ, that f ∈M(U ×Θ;W ) is a deterministic function, and mk ∈ C1(U ;Rm) is a Fréchet
differentiable measurement function. We assume measurement noise given by independent Gaussian
vectors Vk ∼ N (0, Rk). Furthermore, suppose we have the initial guess θ ∼ N (θ,Γ).

In the following we consider incremental approaches. Instead of solving the parameter identification
problem for the whole sequence of measurements (y1, y2, ...) at once, we consider sequentially solving
multiple inverse problems, one for each new measurement. The estimate of θ from the previous
measurements is then used as the initial guess for the estimator of θ based on the new measurement.
The advantage of such an approach is that it lends itself to on-line estimation and to problems where
the number of measurements is so large that it might be impractical to incorporate all datapoints at
once in the parameter update. The reduced approach [KNS19] formulates then an associated inverse
problem by considering the solution map

S : Θ→ U ,

S(t;ϑ) = u(t) :⇐⇒
{
Dtu = f(u, ϑ),

u(0) = u0.

which maps a solution u ∈ U to each parameter value ϑ. Then, the forward problem (for the k-th
measurement) is given by

Yk = Fk(θ) + Vk,

where Fk(θ) := mk(S(tk; θ)). For each measurement yk, we define a regularized cost functional

Φ(ϑ) := ‖yk −mk(S(tk;ϑ))‖2Rk + ‖ϑ− ϑk−1‖2Γk ,

with Γk ∈ L1(Θ) being symmetric positive definite trace-class operators, and ϑk−1 ∈ Θ the best guess
for θ after the first k − 1 measurements. The regularized Gauss-Newton iteration (see lemma 5.1.1)
for this problem is then

ϑn+1
k = ϑnk + Γ

1/2
k (DF (ϑnk )∗R−1

k DF (ϑnk )Γ
1/2
k + Id)−1(Γ

1/2
k DF (ϑnk )∗R−1

k (yk −mk(S(tk;ϑnk ))) (5.2.2)

+ Γ
−1/2
k (ϑk−1 − ϑnk )), (5.2.3)

ϑ0
k = ϑk−1.

For calculating the required Jacobians DF (ϑ) = Dmk(S(tk;ϑ)DϑS(tk;ϑ), we need to calculate the
parameter derivative of the solution operator. We have

S(tk;ϑ) = u0 +

∫ tk

0

f(S(t;ϑ), ϑ)dt.

If we do not want to solve the forward problem for the whole time horizon [0, tk] in every step, we can
make the approximation

S(tk;ϑ) ≈ uk−1|k−1 +

∫ tk

tk−1

[∂1f(S(t;ϑ, ϑ)DϑS(t;ϑ) + ∂2f(S(t;ϑ), ϑ)] dt,
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where uk−1|k−1 is our estimate of U given Yk−1 = yk−1. We obtain after differentiating

DθS(tk; θ) =

∫ tk

0

[∂1f(S(t; θ), θ)DθS(t; θ) + ∂2f(S(t; θ), θ)] dt.

Comparing this with (4.3.7) from section 4.3, we note that DF (ϑnk ) corresponds to Nn
k . Hence we can

rewrite the update (5.2.3) as

ϑn+1
k = ϑnk + Γ

1/2
k (Γ

1/2
k (Nn

k )∗Γ−1
k Nn

k Γ
1/2
k + Id)−1

(
Γ

1/2
k (Nn

k )∗Γ−1
k (yk −mk(S(tk;ϑnk )) + Γ

−1/2
k (ϑk−1 − ϑnk )

)
.

(5.2.4)

Using lemma 5.1.2 and corollary 5.1.3, this is equivalent to

ϑ+1
k = ϑk−1 + Γk(Nn

k )∗((Nn
k )∗ΣkN

n
k + Γk)−1

(
yk −mk(S(tk; θn−1

k ))−Nn
k (ϑk−1 − ϑnk )

)
. (5.2.5)

Recall now the measurement update (4.3.4) for the parameter from the dual IEKF:.

ϑn+1
k|k = ϑk|k−1 +Gnk

(
yk −mk(unk|k, ϑ

n
k|k)−Nn

k (ϑk|k−1 − ϑnk|k)
)
, (5.2.6)

where in our case

Gnk = Γk|k−1(Nn
k )∗(Nn

k Γk|k−1(Nn
k )∗ +R)−1,

m(unk|k, ϑ
n
k|k, tk) = mk(S(tk;ϑnk|k))

unk|k = S(tk;ϑnk|k),

so that the update (5.2.6) becomes

ϑn+1
k|k = ϑk|k−1 + Γk|k−1(Nn

k )∗(Nn
k Γk|k−1(Nn

k )∗ +Rk)−1
(
yk −mk(S(tk; θnk ))−Nn

k (ϑk|k−1 − ϑnk )
)
,

(5.2.7)

which coincides with (5.2.5) if we identify Γk = Γk|k−1. This shows that the reduced approach to pa-
rameter identification using a Gauss-Newton method is equivalent to the dual iterated extended Kalman
filter.

5.3 Comments and further references

The equivalence of the IEKF and the Gauss-Newton method was originally shown for the finite-
dimensional discrete-time setting in [BC93], but already seems to have been noticed in [Jaz70, chapter
9.7]. The equivalence of the reduced approach and the dual IEKF is a straightforward extension of
this argument.

In general, variational regularization techniques for filtering or inverse problems can often be given
a probabilistic interpretation. Any cost functional can be exponentiated and interpreted as an unnor-
malized probability density. Consider for example a finite-dimensional, nonlinear inverse problem

y = F (u) + v,

with F : Rd → Rm. We can give this problem a probabilistic treatment by modelling the noise as
Gaussian random vector V ∼ N (0, R) and assigning a prior probability U ∼ N (ū,Σ). Assuming that
R and Σ are positive definite, all densities exist and we have by proposition 1.3.12 (Bayes)

pU |Y (u|y) = pU (u)
pY |U (y|u)

pY (y)

∝ e− 1
2 (‖y−F (u)‖2R+‖u−ū‖2Σ).
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Since maximization of a function is equivalent to minimizing its negative logarithm, we have that

û(y) := argmax
u

pU |Y (u|y)

= argmin
u
‖y − F (u)‖2R + ‖u− ū‖2Σ.

û(y) is called the maximum a posteriori (MAP) estimate of U given Y = y (see [Gel+13, chapter
13]). Thus, any instance of Tikhonov regularization can be given a probabilistic interpretation as
finding the maximum of the conditional probability density (called the posterior density), given Y = y.
In linear Gaussian problems, the MAP estimator coincides with the posterior mean E[U |Y = y].
Since the EKF and the IEKF approximate the posterior mean of the state, this provides an intuitive
explanation for the equivalency of Kalman-type methods and variational regularization techniques.

However, in nonlinear or non-Gaussian problems, the MAP estimator and the posterior mean do not
coincide, because in that case, the posterior might be multimodal or not symmetric at all. Therefore,
the MAP estimator has no probabilistic meaning in general [Gel+13, chapter 13]. Nevertheless, its
use — whether explicitly or implicitly — is widespread and has seen a lot of success even for mildly
nonlinear problems (see e.g. [Fat+12]).
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Chapter 6

Applications

In the following, we discuss two applications. First, we demonstrate how the dual EKF and the joint
EKF look on a concrete potential identification problem. After that, we will consider the inverse
problem of estimating the initial condition of a wave equation from consecutive measurements. For
this problem, we will first look at a direct method based on a forward-backward approach. Then we
contrast this to simply applying the dual EnKF from section 4.4.

6.1 Potential identification

As a first application, we look at a potential identification problem. Classically, one is posed with
determining an unknown potential θ : D → R from measuring the solution of the diffusive Malthus
equation on a domain D ⊂ Rn:

∂tu(t, x)−∆u(t, x) + θ(x)u(t, x) = ϕ(t, x), t ∈ (0, T ), x ∈ D, (6.1.1)

u(x, t) = 0, t ∈ (0, T ), x ∈ ∂D,
u(x, 0) = u0(x), x ∈ D,

We will consider the noisy version, i.e. where we assume that there is also intrinsic noise in the
evolution equation (6.1.1). Formally, we consider the stochastic partial differential equation:

∂tu = ∆u− θu+ ϕ+ ∂tW,

where W = W (x, t) is some random noise process. We will assume in the following that W is a
Q-Wiener process with values in a Hilbert space H that we will specify later.

Let us formulate the problem as a linear SPDE

dU(t) = (∆ + θ)U(t)dt+ dW (t),

U0 = 0,

where U0 ∈ H and we identify θ with the multiplication operator u 7→ θu. Before considering potential
identification, we have to adress well-posedness of the forward problem. This follows from the basic
existence theorem 1.7.11. The conditions of that theorem can easily be verified in our case, such that
existence and uniqueness follow.

Proposition 6.1.1. For all θ ∈ Cb(D), equation (6.1.2) admits a unique weak solution in H1
0 (D).

Proof. We apply theorem 1.7.11 with H = L2(D). The linear operator Au := ∆u− θu defines for all
θ ∈ Cb(D) an analytic (and in particular strongly continuous) semigroup S (see [Lun95, chapter 3.1]).
Moreover, we have by proposition 1.4.9:

|
∫ T

0

tr[S(t)GQG∗S(t)∗]dt| ≤ ‖G‖22‖Q‖1
∫ T

0

‖S(t)‖2dt.
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By assumption and because S(t) is contractive for all t ∈ [0, T ] [Eva10, section 7.4], the right-hand
side is finite, so that all conditions for theorem 1.7.11 are satisfied.

Since Cb(D) is a separable Banach space, the methods from chapter 4 can be applied. Finally, we
can formulate the potential identification problem.

Problem 6.1.2 (Potential identification). Given a bounded domain D ⊂ Rn with C2 boundaries, let
ϕ ∈ L1([0, T ];L2(D)) and u0 ∈ H1

0 (D). Given the noisy Malthus equation

dU(t) = (∆U(t)− θU(t) + ϕ(t))dt+ dW (t), t ∈ (0, T ), (6.1.2a)

U
∣∣∣
∂D

= 0, (6.1.2b)

U(0) = u0, (6.1.2c)

where W is a L2(D)-valued Q-Wiener process (whose existence is guaranteed by proposition 1.7.2).
We assume discrete measurements at times 0 < t1 < ... < tK ≤ T given by

Yk = m(U(tk)) + Vk, k ∈ [K],

where m ∈ M(L2(D);Rm) and Vk ∼ N (0, Rk). The problem is then to estimate the potential θ in
Cb(D), s > n/2, with prior mean Eθ = ϑ̄ and covariance Cov(θ) = Γ, given measurements Y1 =
y1, ..., YK = yK .

Now, we can apply any of the methods from chapter 4 to this problem. In order to get a practical
algorithm, we have two choices:

1. We can apply the Hilbert space version of the joint or dual EKF to the infinite-dimensional
filtering problem 6.1.2, and then discretize by projection to finite-dimensional subspaces in order
to obtain a practical algorithm.

2. We can discretize first, and then apply the finite-dimensional versions of the joint or dual EKF
to the discretized problem.

We will follow the latter approach and discretize first. We choose a simple Galerkin approximation
(see [DL00] or also [Tho06] for the deterministic, and [Yan04] for the stochastic case):

Consider the weak formulation of equation (6.1.2).

(dU(t), φ) = (−∇U(t),∇φ)− (θU(t), φ) + (ϕ, φ)) dt+ dW (t), φ ∈ H1
0 (D),

U0 = u0.

Let (Sh) be a sequence of finite-dimensional subspaces Sh ⊂ H1
0 (D). Suppose Sh has a basis (φi)

dh
i=1 of

piecewise polynomials of degree 1 or less, and let Πh : L2(D) → Sh be the L2-projection on Sh, with
basis expansion

Πhu =

dh∑
i=1

uihφ
i, u ∈ L2(D).

Furthermore, let (Vh) be a sequence of finite-dimensional subspaces Ph ⊂ Cb(D), with corresponding
basis (pi)

rh
i=1. We then make the finite-dimensional approximations

U(t) ≈ Uh(t) := ΠhU(t) =

dh∑
i=1

U ih(t)φi,

θ ≈ θh := Πhθ =

rh∑
i=1

θihpi.
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Inserting the expressions for Uh and θh in the weak formulation and putting φ = φk leads to the
discretized problem

∑
i

dU ih(t)(φi, φk) =

−∑
i

U ih(t)(∇φi,∇φk)−
∑
i

∑
j

θjhU
i
h(t)(piφi, φk) + (ϕ, φk)

 dt+ (dW i(t), φk),

ΠhU(0) = Πhu0.

for k = 1, . . . , dh. Together with the initial condition, this can be rewritten in matrix form:

BhdUh(t) = Ah(θh)Uh(t)dt+ ϕh(t)dt+ dWh(t), (6.1.3)

Uh(0) = u0,h,

where

Ah(θh)ij := −(φi, φj −
∑
k

θkh(pkφi, φj),

(Bh)ij = (φi, φj , ),

ϕih(t) := (ϕ(t), φi),

Wh(t)i = (W (t), φi),

u0 ≈ u0,h(t) := Πhu0 =

dh∑
i=1

ui0,hφi.

Note that the terms (pkφi, φj) are finite because we assumed Vh ⊂ Cb(D). It also follows from the
definition of Gaussian random elements (definition 1.6.2) that Wh is a Rdh-valued Wiener process. As
a last step, we note that B is a Gram matrix and therefore invertible. Hence, we can rewrite (6.1.3) as

dUh(t) = Ãh(θh)Uh(t) + ϕ̃h(t)dt+ dW̃h(t),

where Ã := B−1Ã, ϕ̃ := B−1ϕh and W̃h(t) := B−1Wh(t). Furthermore, let Q̃h be the covariance of
W̃h, and let ϑ̄h = Πhϑ̄ and Th = ΠhTΠ∗h.

Finally, we have brought the problem into the form of a finite-dimensional filtering problem. Fur-
thermore, it has been shown in [Yan04] that the Galerkin approximation converges. For the homoge-
neous case ϕ = 0, the following estimate is available:

Theorem 6.1.3. Let A := ∆− θId and Ḣ1 := domA1/2, with inner product

‖v‖Ḣ1 := ‖A1/2v‖2.

Then, we have

‖Uh(t)− U(t)‖L2(P;L2(D)) ≤ Ch
(
‖u0‖Ḣ(D) + tr(Q)1/2

)
.

Proof. This is a consequence of [Yan04, theorem 1.1] (c.f. [Bar10]).

We can then simply apply the dual EnKF (algorithm 7) from above. This leads to algorithm 8.
It produces with each incoming measurement Yk = yk an updated parameter estimate ϑ̄k|k with a

corresponding covariance estimate given by 1
N−1D

ϑ
kD

ϑ
k

∗
.

6.2 Stochastic wave equation

Consider the wave equation on a domain D ⊂ R3.

∂tu(x, t) = ∆u(x, t), x ∈ D, t ≥ 0,

u(x, t) = 0, x ∈ ∂D, t ≥ 0,

u(0, x) = θ(x), ∂tu(x, 0) = 0, x ∈ D,
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Algorithm 8 Dual EnKF for real-time potential identification

Given u0, ϕ, measurements Y1 = y1, Y2 = y2, ...,K, and inital guess θ ∼ N (ϑ̂,Γ)

1: Compute discretizations ϕ̃h, u0,h, ϑ̄h,Γh and Q̃h;
2: Initialize ϑ1

0, . . . , ϑ
N
0 ∼ N (ϑ̄h, Th);

3: for k = 1, 2, . . . do
Time update

4: For all j ∈ [N ], solve

duj(t) = (Ãh(ϑjk−1)uj(t) + ϕ̃h(t))dt+ dwj(t), t ∈ (tk−1, tk),

uj(tk−1) = ujk−1|k−1,

with wj being independent Q̃h-Wiener processes, and set ujk|k−1 = u(tk|tk−1);
Measurement update

5: Sample v1
k, . . . , v

N
k ∼ N (0, Rk);

6: Set yjk = m(ujk|k−1) + vjk for j ∈ [N ];

7: Compute ϑ̄k−1 = 1
N

∑
j ϑ

j
k−1;

8: Set Dθ
k−1 = [ϑ1

k−1 − ϑ̄k−1, . . . , ϑ
N
k−1 − ϑ̄k−1];

9: Compute ȳk = 1
N

∑
j y

j
k;

10: Compute ūk|k−1 = 1
N

∑
j u

j
k|k−1;

11: Assemble Du
k|k−1 = [u1

k|k−1 − ūk|k−1, . . . , u
N
k|k−1 − ūk|k−1];

12: Set Bk = [y1
k − ȳk, . . . , yNk − ȳk];

13: Set ϑjk = ϑjk−1 +Dθ
k−1 ⊗Bk(Bk ⊗Bk + (N − 1)Rk)−1(yk − yjk) for all j ∈ [N ];

14: Set ujk|k = ujk|k−1 +Du
k|k−1 ⊗Bk(Bk ⊗Bk + (N − 1)Rk)−1(yk − yjk) for all j ∈ [N ];

with the initial pressure θ ∈ H1
0 (D) being the unknown quantity to be estimated (cf. example 1.3.3).

We will assume that our initial information about θ is well represented by a Gaussian distribution on
H1

0 (D), θ ∼ N (θ̄, T0) (see section 1.6). For brevity, we will write u(t) := u(·, t), and correspondingly
u̇(t) := ∂tu(·, t), ∆u(t) := ∆u(·, t).

In the following, we want to investigate the noisy counterpart of the wave equation, which might
be written informally as

∂tu(x, t)−∆u(x, t) = ∂tN(x, t),

for some appropriate function-valued noise process N . In order to write this as a proper stochastic
equation, we transform this in a first-order system by defining:

z(t) :=

[
u(t)
Dtu(t)

]
.

Furthermore, we will assume that the noise process is of the form N(t) =
∫ t

0
G(s)dW (s), for an

appropriate Wiener process W .
For the observation process, we assume boundary measurements at points x1, ..., xm ∈ ∂D and

times t1, t2, ... of the form

Y ik =

∫
R3

U(x, tk)h(xi − x)dx+ V ik ,

where Vk ∼ N (0, Rk) are independent m-dimensional Gaussian random vectors, and the measurement
kernel h is a Gaussian function with variance σ2 > 0:

h(x) = (2πσ2)−3/2e|x|
2/2σ2

.
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We will write this in vector form:

Yk = MU(tk) + Vk, (6.2.1)

where Yk is now a m-dimensional random vector, and M : H1
0 (D)×L2(D)→ Rm, M(u, v)i := u∗h(xi),

for i = 1, ...,m.
The rigorous formulation of this problem is then the following.

Problem 6.2.1 (Estimation of the initial condition). Let D ∈ R3 be a domain with smooth boundary,
W be a L2(D)-valued Q-Wiener process and let G : [0, T ] → L2(L2(D)). Let θ be a random element
of H1

0 (D) with Gaussian distribution θ ∼ N (ϑ̄, T ). Given the stochastic wave equation,

dZ(t) = A(t)Z(t)dt+ dW̃ (t), (6.2.2a)

Z|∂Ω = 0, (6.2.2b)

Z(0) = f, (6.2.2c)

where

A(t) :=

[
0 Id
∆ 0

]
,

W̃ (t) :=

[
0∫ t

0
G(s)dW (s)

]
,

f :=

[
θ
0

]
∈ H1

0 (D)× L2(D),

and measurements

Yk = MZ(tk) + Vk, k ∈ [K],

with M : H1
0 (D) × L2(D) → Rm defined under equation (6.2.1) above and Vk ∼ N (0, Rk), estimate

the conditional expectation and covariance of θ,

θk := E[θ|Yk = yk],

Tk := Cov(θ|Yk = yk),

for k ∈ [K].

First, we observe well-posedness of the forward problem.

Proposition 6.2.2 (Well-posedness of the stochastic wave equation). Assume G ∈ L2([0, T ];L2(L2(D)))
and W is a L2(D)-valued Q-Wiener process. Let θ = ϑ ∈ H1

0 (D). Then, there exists a unique weak

solution Z =
[
U DtU

]>
of the stochastic wave equation (6.2.2) with U ∈ L2(P;C([0, T ];H1(D))) and

DtU ∈ L2(P;C([0, T ];L2(D))) which satisfies:

E sup
0≤t≤T

‖U(t)‖2H1
0
≤ C(T )

(
‖ϑ‖2H1

0
+ 2

∫ T

0

‖G(t)Q‖22dt

)
.

Proof. Follows from [Cho07, chapter 5, theorem 3.5].

For the further analysis, we bring the system in weak form.

d(Z(t), w) = a(Z(t), w)dt+ (G(t)dW (t), w), ∀w ∈ H1
0 (D)× L2(D),

where

a(v, w) =

[
(v2, w2)
−(∇v1∇w1)

]
, v, w ∈ H1

0 (D)× L2(D).
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From here, we proceed analogously to section 6.1 by choosing a finite element approximation (Sh)

of suitable (e.g. piecewise constant) polynomials, with a basis (φi)
dh
i=1 and such that Sh

h→0−→ H1
0 (D).

Eventually, we obtain the space-discretized problem

dZh(t) = ÃhZh(t)dt+ dW̃h(t),

Zh(0) = fh,

where Zh is a 2dh-dimensional random process and

fh :=

[
θh
0

]
,

θh := Πhθ,

Ãh := B−1Ah,

Bij := (φi, φj), i, j ∈ [dh],

Ah :=

[
0 I
A2 0

]
∈ R2dh×2dh ,

(A2)ij := −(∇φi,∇φj), i, j ∈ [dh],

W̃h := B−1Wh,

Wh(t)i := (

∫ t

0

G(s)dW (s), φi), i ∈ [dh].

Similarly, for the measurement equation we have

Y ik =

dh∑
j=1

Zj(tk)φj ∗ h(xi) + V il , j ∈ [dh], i ∈ [m],

which can again be written in vector form,

Yk = MhZh(tk) + Vk,

with (Mh)ij = φj ∗ h(xi) for j ∈ [dh], i ∈ [m], and (Mh)dh+k
j = 0 for k ∈ [dh], i ∈ [m]. Finally, we

discretize the initial guess

ϑ̄h := Πhϑ̄,

and the covariance operator

Th := ΠhTΠ∗h,

so that Πh ∈ Rdh×dh .
Eventually, we can formulate the corresponding finite-dimensional stochastic system

dZh(t) = ÃhZh(t)dt+ dW̃h(t), tin(0, T ),

Zh(0) = fh,

Yk = MhZh(tk) + Vk,

with fh ∼ N (f̄h, T̃h), where f̄ = [ϑ̄h, 0]> and

T̃h =

[
Th 0
0 0

]
.

Similar to section 6.1, it has been shown in [KLS10] that the Galerkin approximation converges.
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Moreover, note that the relation of fh and Zh(t) is linear. In fact, it is given by the formula (see
[PZ14]):

Zh(t) = S(t)f +

∫
S(t)dW̃h(t),

where S is the semigroup generated by A. Taking expectations, we have

zk|k := E[Z(tk)|Yk = yk] = S(t)θk (6.2.3)

For a post-hoc estimate of θ we can simply compute zK,K using the Kalman-Bucy method, and then
solve the deterministic system

Dtz(t) = Ah(t)z(t), (6.2.4a)

z(tK) = zK|K , (6.2.4b)

backwards. Then, θK = z(0). Similarly, the posterior covariance TK can be calculated from ΣK|K =
Cov(Z(tK)|Yk = yk) by solving backwards the system

DtΣ(t) = Ah(t)Σ(t) + Σ(t)Ah(t)> +Ql(t), (6.2.5a)

Σ(tK) = ΣK|K , (6.2.5b)

and then setting TK = Σ(0).
For a practical approach that can cope with large dh, we use the ensemble Kalman smoother. The

resulting algorithm is described in algorithm 9. It provides an on-line algorithm for updating the
mean and covariance estimates for the initial value z(0) given consecutive, real-time measurements
Y1 = y1, . . . , YK = yk. Note that θh can then be estimated by projecting on the first dh components.

Algorithm 9 Ensemble Kalman smoother for the wave equation

Given measurements Y1 = y1, Y2 = y2, . . . and ensemble size N .

1: Compute discretizations ϑ̄h, Th;
2: Sample z1

0|0, . . . , z
N
0|0 ∼ N (f̄h, f̃h);

3: for k = 1, 2, . . . do
EnKF step

4: For all j ∈ [N ], solve

dzj(t) = Ahz
j(t)dt+ dwj(t), t ∈ (tk−1, tk),

zj(tk−1) = zjk−1|k−1,

where wj are independent samples of W̃h, and set zjk|k−1 = zj(tk).

5: Compute z̄k|k−1 = 1
N

∑
j z

j
k|k−1;

6: Set Dz
k|k−1 = [z1

k|k−1 − z̄k|k−1, . . . , z
N
k|k−1 − z̄k|k−1];

7: Sample v1
k, . . . , v

j
k ∼ N (0, Rk);

8: Set yjk = Mhzk|k−1 + vjk for j ∈ [N ];

9: Compute ȳk = 1
N

∑
j y

j
k;

10: Set Bk = [y1
k − ȳk, . . . , yNk − ȳk];

11: Update zjk|k = zjk|k−1 +Dz
k|k−1 ⊗Bk(Bk ⊗Bk + (N − 1)Rk)−1(yk − yjk);

Smoothing step

12: Compute z̄0|k−1 = 1
N−1

∑
j z

j
0|k−1;

13: Set Dz
0|k−1 = [z1

0|k−1 − z̄0|k−1, . . . , z
N
0|k−1 − z̄0|k−1];

14: Update zj0|k = zj0|k−1 +Dz
0|k−1 ⊗Bk(Bk ⊗Bk + (N − 1)Rk)−1(yk − yjk);
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Chapter 7

Conclusion

In this thesis, we have demonstrated how a selection of methods from stochastic filtering can be
generalized in Hilbert spaces. This allows them to be applied to very general models in a wide range
of applications.

The theoretical foundation for our infinite-dimensional filtering results in chapter 2 were given by
the observation that all the important properties of Gaussian distributions on which classical, finite-
dimensional linear Gaussian filtering is based, generalize to infinite-dimensional Hilbert spaces. This
gave rise to a simple derivation of the infinite-dimensional Kalman filter as the solution to the linear
discrete filtering problem.

Similarly, using the definition of the stochastic integral in Hilbert spaces, a simple derivation of the
Kalman-Bucy filter for continuous-discrete filtering was presented. The Kalman-Bucy filter was then
used as a basic inspiration for all the other filtering methods we presented in this thesis.

In chapter 3, we presented a few approximate filters for nonlinear filtering problems. They can
be organized into two main ideas: linearization and ensemble approximation. The extended Kalman
filter and its iterated version fall in the former category. They are based on sequential linearization
of the state and measurement dynamics. The resulting methods have the advantage that they are
conceptually simple, derive their intuition from the Kalman filter, and are in practice compatible with
any deterministic solver of the state equation. Next, we presented the ensemble approach to filtering,
which represents the posterior distribution of the state using a finite ensemble. Historically, the main
motivation for this approach was that the Kalman filter is impractical for high-dimensional systems.
But as we showed in sections 3.3 to 3.5, ensemble-based methods also have the advantage that they
lead to derivative-free algorithms, and that they are very flexible and can be adapted to a wide range
of problems. In particular, we discussed the method of ensemble Kalman inversion, which applies
the ensemble Kalman filter to a very general class of estimation problems. This turns the ensemble
Kalman filter basically into a black-box Monte Carlo method. This type of application is still an area
of active research [Gar+20].

The fact that filtering can also be applied to dynamical parameter estimation was demonstrated
in chapter 4. We presented a modification of the dual extended Kalman filter to continuous-discrete
filtering problems in Hilbert spaces, and also outlined an ensemble-based version that solves the dual
problem in a very economical way, without requiring derivatives with respect to the parameter and
thereby circumventing the need to solve an adjoint equation.

Furthermore, in chapter 5, we noted that if we extend the classical equivalence of the iterated
extended Kalman filter with the regularized Gauss-Newton method to dual filtering in Hilbert spaces,
we can recover already existing approaches for parameter estimation in partial differential equations.
In particular, we noted that the dual iterated extended Kalman filter from section 4.3 is actually
equivalent to the sequential version of the reduced approach to parameter identification, as described
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for example in [KNS19]. This correspondence can take fruits in two directions: On one hand, by
interpreting iterative filtering methods as minimization of a suitable cost functional, we can apply other
iterative optimization methods, like the Levenberg-Marquardt method or the Landweber iteration, to
solve filtering problems. On the other hand, the probabilistic interpretation of regularization methods
yields natural suggestions for the choice of regularization parameters. Furthermore, it allows to combine
deterministic regulariziation methods with stochastic filtering techniques, for example with ensemble-
based methods. This can, and does (see e.g. [MBG16]) lead to effective methods that combine the
“best of two worlds”.
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[BDR09] V.I. Bogachev, G. Da Prato, and M. Röckner. “Fokker–Planck equations and maximal dis-
sipativity for Kolmogorov operators with time dependent singular drifts in Hilbert spaces”.
In: Journal of Functional Analysis 256.4 (Feb. 2009), pp. 1269–1298.

[BEW03] Laurent Bertino, Geir Evensen, and Hans Wackernagel. “Sequential Data Assimilation
Techniques in Oceanography”. In: International Statistical Review 71.2 (2003), pp. 223–
241.

[BGJ11] Steve Brooks, Andrew Gelman, and Galin Jones. Handbook of Markov Chain Monte Carlo.
Boca Raton: CRC Press, May 13, 2011. 619 pp.

[BGM19] El Houcine Bergou, Serge Gratton, and Jan Mandel. “On the convergence of a non-
linear ensemble Kalman smoother”. In: Applied Numerical Mathematics 137 (Mar. 2019),
pp. 151–168.

[Bog07] Vladimir I. Bogachev. Measure Theory. Berlin Heidelberg: Springer-Verlag, 2007.

[Bog15] Vladimir I. Bogachev. Gaussian Measures. Providence, RI: American Mathematical Soci-
ety, Mar. 13, 2015. 433 pp.

[BPR11] Vladimir Bogachev, Giuseppe Da Prato, and Michael Röckner. “Uniqueness for Solutions of
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