Lniversitat
wien

MASTERARBEIT / MASTER’S THESIS

Titel der Masterarbeit / Title of the Master's Thesis

»Notions of Locality in Quantum Processes*

verfasst von / submitted by

Stefan Lukas Ludescher, BSc

angestrebter akademischer Grad / in partial fulfilment of the requirements for the degree of

Master of Science (MSc)

Wien, 2020 / Vienna, 2020

Studienkennzahl It. Studienblatt / A 066 876
degree programme code as it appears on
the student record sheet:

Studienrichtung It. Studienblatt / Masterstudium Physik
degree programme as it appears on
the student record sheet:

Betreut von / Supervisor: Univ.-Prof. Mag. Dr. Caslav Brukner



Abstract

In the last few years, the idea of indefinite causal structure has received an enormous amount
of attention. The idea is to formulate very general processes that relate local laboratories into a
global structure, producing correlations between the local actions. With the formalism of process
matrices, a mathematical framework has been found that captures this idea under the assumption
that quantum mechanics holds locally. In the definition of process matrices, every local laboratory
has well-defined input and output Hilbert spaces. However, in ordinary quantum theory, states do
not a priori include any information about the factorization of the global Hilbert space. This raises
the question of what were to happen if this assumption was relaxed - that is, if the local laboratories
were assumed to be spatially separated, but without fixing the factorization beforehand. Would
this lead to a modified set of possible processes? This thesis answers this question, by showing
that the only quantum processes compatible with the relaxed formulation are the quantum states.

In the second part of the thesis, a thought experiment involving a Bell-like scenario in a super-
position of temporal orders is introduced. At first sight, the scenario seems capable of allowing
nonsignalling correlations that are more general than quantum - so-called “almost quantum cor-
relations”. However, for several versions of the scenario, it is shown that this initial conjecture
does not hold up: all correlations are quantum. Additionally, a theorem is proven which gives a
necessary conditions for such Bell-like scenarios to generate almost quantum correlations.



Zusammenfassung

In den letzten Jahren bekam der Gedanke von indefiniten kausalen Strukturen viel Aufmerksam-
keit. Die ldee ist es, sehr generelle Prozesse zu beschreiben, welche lokale Labore in eine globale
Struktur einbetten und dadurch die Korrelationen zwischen den Laboren bestimmen. Mittels des
Prozessmatrizenformalismus wurde ein mathematischer Formalismus gefunden, der genau diese
Idee, unter der Annahme, dass die Quantenmechanik lokal Giiltigkeit besitzt, verwirklicht. In der
Definition von Prozessmatrizen ist bereits jedem lokalen Labor ein Eingangs- und Ausgangshilber-
traum zugeordnet. Im Gegenteil dazu, beinhaltet ein Zustand in der normalen Quantenmechanik
keine Information beziiglich einer Faktorisierung des globalen Hilbertraumes. Daher stellt sich die
Frage was es fiir Auswirkungen hatte, wenn man diese Annahme lockert und stattdessen bloB
fordert, dass alle Labore lokal separiert sind, man jedoch keine Faktorisierung fixiert. Fiihrt dies zu
einer modifizierten Menge an erlaubten Prozessen? Diese Arbeit beantwortet diese Frage, indem
gezeigt wird, dass Quantenzustande die einzigen Quantenprozesse beschreiben, welche kompatibel
mit der gelockerten Annahme sind.

Im zweiten Teil der Arbeit wird ein Gedankenexperiment prasentiert, welches ein Bell-artiges Szena-
rio in Superposition von zeitlichen Abldufen beschreibt. Auf den ersten Blick scheint es, dass dieses
Szenario Non-Signaling-Korrelationen zuldsst, welche allgemeiner sind als Quanten-Korrelationen
- sogenannte Almost-Quantum-Korrelationen. Jedoch wird fiir verschiedene Konfigurationen des
Szenarios gezeigt, dass die urspriingliche Vermutung nicht halt: alle Korrelationen sind Quanten-
Korrelationen. Zusatzlich wird ein Theorem bewiesen, welches eine notwendige Bedingung fiir
Bell-artige Szenarien darstellt um Almost-Quantum-Korrelationen zu generieren.



Acknowledgments

First of all | want to thank Dr. Markus Miiller, who introduced me to the topics of indefinite
causal structures, process matrices and many more. He always found time for lively discussions
and supported me with a lot of ideas and explanations. Thanks to him my understanding of
physics and mathematics grew a great deal in the past year.

Furthermore, | want to thank Dr. Flaminia Giacomini from Perimeter Institute of Theoretical
Physics for all the thought-provoking discussions we had. She really aided my understanding of
process matrices and greatly supported me during the development of my thesis.

| want to thank Univ.-Prof. Mag. Dr. Caslav Brukner not only for supervising my thesis, but also
for being the first one to arouse my interests in the field of quantum foundations. Through his
lecture "Modern Foundations of Quantum Mechanics” | got in touch with the field for the first
time and because of the seminar " Quantum Foundations - (Journal Club)" | decided that | want
to pursue a career in this field.

Moreover, | want to thank my parents for giving me the opportunity to study physics.

Last but not least | want to thank Sophie Steinbrenner. She supported me in many aspects
throughout my time as a physics student, not only those concerning physics. Without her | would
not have been able to pursue my goals (again in- and outside of physics) in the way | did.



Contents

1 Introduction

2 Preliminaries

2.1
2.2

Operations, Channels and Instruments . . . . . . . .. .. ... ... .. .....
Cl-lsomorphism . . . . . . . .

3 Processes and Causal Structures

3.1
3.2

Processes . . . . ..
Causal Structures . . . . . .
3.2.1 Bipartite Processes . . . . . .. ...

4 Process Matrices

4.1
4.2
4.3

4.4

Definition of Process Matrices . . . . . . . . . . . ... ... ... ... ...
Allowed Terms Appearing in a Process Matrix . . . . . .. ... ... .. .....
Quantum Switch . . . . . .
4.3.1 An Example for an Application of the Quantum Switch . . . . . . . . . ..
Non-Signaling Bipartite Process Matrices . . . . . . . . .. .. ... ... ....

5 Tsirelson’s Problem

51
5.2

Preliminaries . . . . . . . .
Tsirelson's Problem in Finite Dimensions . . . . . . . . . . . . ... .. ... ...

6 Second Kind Process Matrices

6.1
6.2
6.3

6.4
6.5

Local Laboratories . . . . . . . . . ..
6.1.1 ClJ-representation for a Pair of Local Operations . . . . . . . ... .. ...
Definition of Second Kind Process Matrices . . . . . . . . . . ... ... .....
Continuous SWAP . . . . . . .
6.3.1  From the SWAP Operator to the Continuous SWAP . . . . . .. ... ..
6.3.2 Continuous SWAP of Alice's and Bob’s Laboratories . . . . . . ... ...
Per ZS(H1) o o o o
Conclusion . . . . . L

7 Bell Scenario in a Superposition of Causal Orders

7.1
7.2
7.3

Quantum Correlations vs. Almost Quantum Correlations . . . . . . . . . . .. ..
A Generalized Bell-Like Scenario . . . . . . . . . .
Measuring the Control-Qubit . . . . . . . . . .. .. ..

11
11
12
13

15
15
16
20
22
26

28
28
36

42
42
43
44
45
45
47
49
54



7.3.1 Utilizing Postselection First Attempt . . . . . . . . ... .. ... .. ... 64

7.3.2 Utilizing Postselection Second Attempt . . . . . . . ... ... ... ... 66

7.4  Measuring the Control-Qubit (Revisited) . . . . . .. ... .. ... .. ...... 69
7.4.1 Utilizing Postselection Third Attempt . . . . . . . . .. ... ... .... 69

7.5 Conclusion . . . . . . 72

A Action of the Continuous Swap on 0, ® 1 76



Chapter 1

Introduction

In this master thesis we will investigate different notions of locality in quantum processes. For the
simplest case of a quantum processes, namely quantum states, there are three different possibilities
to implement local separation of two (or more) experimenters. In quantum information theory local
separation is usually implemented by associating a Hilbert space to every experimenter and then
these spaces are added together via tensor product [1]. In quantum field theory local separation
is typically invoked by linking a subalgebra of a measurement operator to every experimenter and
demanding that all the subalgebras commute [1, 2]. More recently a third way of implementing
local separation was introduced in [3]; it concerns Bell-like scenarios. Instead of demanding that
the subalgebras commute in general, it is just demanded that the commutator of two measurement
operators belonging to two different experimenters vanishes, if it acts on the state associated with
the experiment at hand.

In this thesis we will explore, if we can find analogies between those three notions of local separation
for states and more general quantum processes. Especially, we will focus on process matrices
introduced in [4] and processes, where different time orderings are brought in superposition.

We are first going to set the stage by recapitulating some concepts such as channels, operations,
CJ-representations etc. Those concepts will accompany us throughout the whole thesis.
Afterwards we will concern ourselves with the concept of processes in general and subsequently we
will spend some time on introducing and understanding process matrices. Next, we will analyze
Tsirelson's problem (see [5]) in finite dimensions.

After that, all well established concepts, which we will need later on, will be introduced and we
will start with the part of the thesis where we are going to tackle some new questions. First we
will concern ourselves with the following:

The results of [5] imply that for two locally separated experimenters not the state p € B(#), but
the subalgebras associated with the experimenters give a partition of the Hilbert space A into
HA @ HE. In the standard definition of process matrices (see [4]) the situation is different. In the
definition of a process matrix it is already assumed that the localization of the laboratories of the
experimenters is given and with that the partition of the Hilbert space H = HA @M1 @H P @M B2
is given as well. This leads to the question: if we do not assume that the localization of the
experimenters is given, but only that they all reside in different local laboratories, do all process
matrices still produce valid probability distributions for all possible choices of operations held by
the experimenters? If not, can we find a subset of process matrices, which produce valid probability
distributions under this new assumption?

After answering these questions we will turn our attention to a thought experiment, which is



inspired by the quantum switch (see [6]). For this thought experiment we will utilize two control-
qubits to create a superposition of different temporal orders. We will explain the exact experimental
setup later. However, the question we will try to answer is, if it is possible to find correlations
within our setup, which are outside the set of quantum correlations but inside the set of almost
quantum correlations (see [3])? Furthermore, if we use postselection, is it possible to find any
other correlations than quantum correlations?

In many parts of the thesis we will use the Dirac formalism. For an introduction to the formalism
see [7], for example. Furthermore we will use mathematical methods which are common in physics
(see for example [8] or [9]). Additionally, we will also use techniques and notations which are
typical in the field of quantum mechanics and quantum information theory (see for example [10]
or [11]).



Chapter 2

Preliminaries

We start things off by introducing some mathematical concepts and definitions, which we will need
throughout the thesis. We will only consider finite-dimensional Hilbert spaces in the whole thesis.
However some of the definitions and statements can be easily generalized to infinite dimensions.

2.1 Operations, Channels and Instruments

Most parts of this section (including definitions and main ideas) are adopted from the
book [10] and only extra information will be cited explicitly.

We first define what we mean when we say that a map M is positive or completely positive:

Definition 1. [11] We say that that M : L(H?) — L(HP) is positive iff M(p) is positive
semi-definite for all positive semi-definite p € L(H™).

Definition 2. [11] We say that M : L(H?) — L(HP) is completely positive iff (T ® M)(A) is
positive semi-definite for all positive semi-definite A € L(H* @ HT) and all auxiliary systems R
with associated finite-dimensional Hilbert space H, where T is the identity map on system R.

The most general allowed transformation acting on a quantum system is called an operation and
is defined in the following way:

Definition 3. A mapping M : L(H?) — L(HP) is called a (quantum-)operation if the following
properties hold:

1. M is linear,

2. M is completely positive,

3. M is trace non-increasing.
Operations are the most general transformations, which take a quantum system as an input and
return a quantum system as an output. However these transformations are not deterministic in
general. The probability of the appearance of an operation is given by Tr(M(p)). A deterministic

operation i.e. a transformation appearing with probability Tr(M(p)) = 1 is called a quantum
channel and is defined as follows:



Definition 4. An operation M is called a (quantum-)channel if it is trace preserving.

Before defining what we mean by the notion of an instrument we have to do some preparatory
work. In this section, when we talk about effects we think of operators E € L(#), which are
bounded, self-adjoint operators satisfying O < E < I. Furthermore, we will denote the space of
all effects by

EH)={EcL(H)|O<E<Iand E=E'}, (2.1)

where ET is the adjoint operator.
Next we want to introduce the notion of a positive operator-valued measurement (POVM), but
before we can do this we have to establish a couple of definitions first:

Definition 5. A o-algebra on ), where ) is a non-empty set, is a collection F of subsets of €2,
which satisfies the following conditions:

1. ) e FandQ € F,
2. if X € F then Q\X € F,
3. if X1,Xs,... € F then UzXl e F.

We call the pair (€2, F) a measurable space, the sets X € F events and F the collection of all
events.

Definition 6. A map p: F — [0, 1] is called a probability measure if the following is satisfied:

1. p(0) =0,
2 p(@) =1,
3. p(U; Xi) = >, p(X;) for any sequence {X;}, where X; € F and

X;NnX; =0, Vi#j.
Now we have the tools to define POVMs:

Definition 7. A POVM is a map A : F — E(H), for which

1. A(0) =0,
2. AQ) =1
3. AU, Xi) = >, A(X;) (in the weak topology) for any sequence {X;}, where X; € F and

holds.

The last definition is equivalent to the statement that A : 7 — £(H) is a POVM if and only if
X = (W] A(X) |¢) =Tr(|v) (| A(X)) is a valid probability measure for every unit vector ¢ € H.
This statement can be generalized to every state p € S(H), by the observation that every state p
is a pure state of the form |¢) (1| or a convex combination of pure states and thus, A : F — E(H)
is a POVM if and only if X — Tr(pA(X)) is a valid probability measure for every p € S(H),
where

SH)={pe€ LH)|p>0and Tr(p) =1}, (2.2)



is the state space.
Moreover, the measurable space (€2, F), on which the POVM A is defined, will be called the
outcome space, while 2 will be called the sample space.
We can now define for every POVM A, with associated outcome space (€2, F), a map ®4 :
S(H) — Prob(Q) by

D 4(p) == Tr(pA()), (2.3)

where Prob(f) is the space of all probability measures on the outcome space (€2, F). The map
® 4 can be considered as a device, which maps states to probability distributions.

This is not the end of the story. We could also think of a more sophisticated device not only
capable of returning some measurement outcomes / probability distributions after acting on some
input system, but also provides access to the system itself after the measurement process.

We can think of such a measurement process in the following way:

First the system couples to a second system, the probe system. In this step, the system and the
probe system become correlated. In a second step the system decouples from the probe system
and the probe system alone is measured. By the coupling between the system and the probe in
the first place, we also gain information about the initial state of the system by measuring the
probe. The whole process blue describes a measurement corresponding to some observable A.
Now let us put our recent considerations into a mathematically rigorous context.

Definition 8. Let A be a POVM, with outcome space ({2, F), acting on a system with an
associated Hilbert space H. Furthermore, let K be the Hilbert space of the probe and & the
initial state of the probe. Moreover, let V : L(H @ K) — L(H ® K) be the channel describing
the interaction between the system and the probe and finally, let F be a POVM acting on the
probe, having the same outcome space (2, F) as the POVM A. Then, we call the quadruple
N = (K,&,V, F) a measurement model of A iff

Tr(pA(X)) = Tr(V(p @ §)(I ® F(X))) (2.4)
for all p € S(H) and X € B(Q), where B(Q2) denotes the Borel algebra.

Equation (2.4) is called the probability reproducibility condition and states that the probabilities
obtained for the POVM F' acting on the probe are the same as the probabilities we would obtain
by performing a direct measurement of the POVM A on the system.

It is also possible not to predetermine a POVM A, but rather a quadruple (KC,&,V, F') and then
find an unique POVM A via the probability reproducibility condition given by equation (2.4). After
the detour of defining and understanding POVMs and general measurement models we have finally
acquired all the means we need for defining and understanding the concept of instruments. But
before writing down the definition of instruments we will motivate this notion.

As already previously mentioned we could also think of measurement devices, which do not merely
return a measurement outcome, but rather in addition some state, which might depend on the
input state. In this scenario we could perform another measurement on the system, obtained after
the first measurement, to get more information about the initial state.

Moreover, it is possible to prepare a conditional state via the measurement procedure described
above.

However, in both scenarios we have to find a way to characterize the influence of the first mea-
surement on the initial state. We will see that the concept of instruments is a compact form of
describing such influences.



Let us consider the following description of two consecutive measurements. We characterize the
first measurement associated with a POVM A by a measurement model ' = (K, £, V, F), but
the second measurement we merely describe by a direct measurement of the POVM B on the
system obtained by the first measurement and we do not write down a measurement model for B.
Depending on the input state we will find some joint probability distribution for A and B denoted
by p,(a € X,b € Y), which is the probability of observing measurement outcomes from the sets
X and Y for the observable A and B respectively and we can write:

ppla€ X,beY) = Tr(V(p )(B(Y) ® F(X))), (2.5)
which is valid for arbitrary X and Y. For now we will fix the set X and rearrange

polae X;beY) = Tr(V(p@(BY) @ F(X)))
BY)Trie(V(p @ © F(X))))
(

= Tr(/\/l (p)B(Y)), (2.6)

—

r

where we have defined
MY (p) = Tre(V(p ® E)(I ® F(X))). (2.7)

The last expression is uniquely determined by requirement that
ppla€ X,beY) =Tr(MY (p)B(Y)) (2.8)

holds for all B and for all Y. From the definition of M% (p) given by equation (2.7) it can be
shown that the following properties hold:

il MJ)\(/ is an operation VX,
i2 M) (p) = O and Tr(M{ (p)) =1Yp € S(H),

i3 For every sequence of mutually disjoint sets {X;} and p € S(H) the following holds

TrM () = 30 T (MY, ()

Next, let ' be the sample space of B. We observe
ppla € X) = ppla € X,b € Q) = TH(MY (p) B(Y)) = TH(MX (p)). (2.9)

Our last observation before defining the notion of an instrument is that for a fixed set X, p,(a €
X,b €Y) = Tr(MY(p)B(Y)) implies that the expression M% (p) can be considered as the
(non-normalized) conditional state after the first measurement, on which B subsequently acts.
Hence, the map X — Mj)\([(p) includes not only information about the measurement associated
with A, but also about the updated state after the measurement conditioned on the set X. This
finally motivates our definition of an instrument:

Definition 9. We call a mapping M from the outcome space (2, F) to the set of operations
acting on L(H) an instrument iff it satisfies the relations (i1)-(i3).



2.2 ClJ-Isomorphism

In this section we will introduce the Choi-Jamiotkowsky-isomorphism (CJ-isomorphism). We will
present two versions. The first version is only defined for linear operators over pure states and the
second one is more generally defined for maps over density matrices [12]. The CJ-isomorphism
will be used later when we introduce the process matrix formalism [4, 6, 12].
We start with the version for linear operators over pure states. In this case the CJ-isomorphism
for an operator K € L(H*, HP) gives us a vector of the space H* @ HE i.e.

Cl: LCHAHE) > HA @ HE (2.10)
and is defined by
CIK) = T4 ® K* [1))A4 = [K*))A, (211)
where |1))44 = Z?ﬁl |77). Furthermore, {|j) ?21 is a freely chosen orthonormal basis (ONB) of
the Hilbert space H4. The dimension of H* is denoted by d4 and with K* € L(HA, HP) we
identify the complex conjugate as

K*=Y Kk gl (2.12)
ki

where {]j>A};lil is the same chosen ONB of H* as before, {|k>B}Z}i1 is a freely chosen ONB of

HPB and K}, € C are the coefficients of K in the chosen bases [6, 12].
The map

(W' 15 |K)AP] = ;%@K*Iﬁ KLl =K (@1)

gives us the inverse CJ-isomorphism [12].

We will now consider the case where the dimensions of H4 and H? coincide i.e. d4y = dp = d.
Instead of the non-normalized maximally entangled state |1))44, we will consider the normalized
maximally entangled Bell state |¢") .5 = 33", |id) 45 and we will prove the following:

Theorem 1. [12] The state 14 @ Up |¢T) 45 is maximally entangled iff U is unitary.

Proof: For the proof we will need the entanglement measure for bipartite pure states

E(l¢) {¢l) = S(pa) = S(pB), (2.14)

where p4 is the reduced state for system A, pp is the reduced state for system B and S(p) =
—Tr(plogs(p)) is the Von Neumann entropy [13]. The entanglement measure has the property

0 < E(|p) (¢]) < logy(d), (2.15)

where E(|¢) (¢]) = 0 iff |p) is separable and E(|p) (¢|) = logy(d) iff |¢) is maximally entangled
[13]. Moreover, S(p) = log,(d) iff p is the maximally mixed state [11]. Therefore, |p) is maximally
entangled iff pg = 14/d and pp = 1g/d.



We will use the last fact to prove theorem 1. We first assume that U is unitary. From this it
follows that

, (2.16)

SHI

pa=Trg(1a®Up)|oT) A5 (fiﬁJr|(]lA®UJr dZ’ (- Tr(Up i ><j|UT):
=5y

and

UplpUl, 13
d  d’

Hence, if U is unitary then 14 ® Up|¢™) 45 is maximally entangled. To show that the converse

is also true, we assume that 14 ® Up |¢) 45 is maximally entangled and calculate

pp=Tra(la® Up) |6%) 45 (67| (14 @ UE)) = (2.17)

1p

7 =P8 =Tra((La @ Up) 167 45 (67 (La @ Up) =

UgUL

ﬂ) (2.18)
d

and thus

UpUL, = 14, (2.19)

which implies that U is unitary. O

Obviously, theorem 1 implies that (1®U* |1))44) is maximally entangled iff U is unitary [12],
since the only difference between |1))44) and |¢T) , 5 is that |1))A44) is non-normalized and U*
is unitary iff U is unitary.

Before we turn our attention to the ClJ-representation of operators, which cannot only act on
pure states but also on mixed states, we will give an example for an operator in its CJ-vector
representation. More explicitly, we want to find the CJ-vector-representation of an operator,
which describes a measurement in the direction of |¢) € HA followed by a preparation of a state
) € HE. The according operator is given by |¢) (| [12]. We find

() (BN = T (1) () 11)) = 3 1) @ )" én (k| J)
ik
= S ol o) =6 © )" (2.20)
J

by plugging the operator [¢) (4| into equation (2.11) [12].

Now, we turn our attention to the CJ-isomorphism for maps acting on density matrices. Hence,
we consider linear maps of the form M : L(HA) — L(HP) and define the CJ-isomorphism for
such maps as follows

MAP = (o M(D) (L))", (2.21)
where [1)) = [1))44, T: L(HA) — L(HA) is the identity map and MAB € L(HA @ HP)[4, 12].



Furthermore, we find that the inverse isomorphism is given by

T
[Tra (oMM = Tea | 3o li) (il @ 1K) (] © MUR) ()"
= S [T (pu i Glet- () @& k) tnl )]

ij...

= [Z k€3 k) (n| €7

nks

= ngpgg - M(ﬂ)? (2'22)

T T
= [Z S ]

s

where we have used the Kraus representation of M(p) = >, E,pEL [12]. Furthermore we have
used that the basis {|i) , ® |j) g} of H* @ HP was chosen such that every element of the basis is
given by a tensor product of an element of a basis {|i) 4} of the Hilbert space % with an element
of a basis {|j) 5} and therefore the following properties for the transpose map hold

T T
KT = | Kyl Glek) Al | = &™) =Y Kjinli) (Gl @ k) (]
7kl ijkl
= > Kjiwli) Gle k) (1], (2.23)

ijkl

where K € B(H”A @ HP) is an arbitrary operator.
To find the connection between the two introduced CJ-isomorphisms defined by equation (2.11)
and equation (2.21), we consider operators of the form M 4(p) = ApAT. A calculation yields

MAB = (e Ma(UET = Y (k) o Ak @ aT)

kl
= Y IR U AN k) @1 (A7) =" k) (Ul © A" [k) 1] (A7)
kl kl
= <(11A © AT \ll>> ((Z (kk[) (14 © (A*)T>
l k
= [AT)) (AT, (2.24)

and therefore M“% reduces to a projection onto the CJ-vector |A*))[12].

Next, we want to present a condition, which can be used to identify whether a map M is completely
positive or not by looking at its CJ-matrix defined by equation (2.21). To see if a linear map M
is completely positive we just have to check if the CJ-isomorphism MAB yields a positive semi-
definite matrix i.e. if MAB > 0. This is a necessary and sufficient condition, a fact we will not
prove[12, 14].

Working with density matrices, the conservation of probabilities under a transformation is taken
care of by the condition that the transformation is trace preserving [11]. For the CJ-isomorphism



this condition translates to the condition that M is trace preserving iff Trg(MAB) =14 [12].
Proof:(if part):
T
Trs(M(p) = Trg ([TrA(p® g - MAB)] ) =Tra (Tra(p @ 15 - MAB))
= Tra(pla) = Tra(p), (2.25)

where we took the trace on both sides of equation (2.22) [12].
(only if part):

=0jk

Tre(MAP) = Trp((Z @ M(|1)) ZU (k| Trs ((M(15) (K1)T)

= i) Gl =14, (2.26)
J

which completes the proof. [
Similarly, we find that the CJ-matrix of a trace non-increasing map M has to satisfy

14— Trp(MAP) >0, (2.27)

which is a necessary and sufficient condition[12].

We will finish this section by giving a couple of examples of CJ-isomorphisms. We begin with an
example of a trace preserving map. We define M(o) = Tr(o)p, with Tr(p) = 1. This describes
just an input independent preparation of the state p (with some pre-factor for unnormalized states).
The CJ-ismorphism is then given by

M7 = e MO = 3 61 T )
=1y
= Z|j)<j\®pT:]l®pT. (2.28)

J
Our next example is the CJ-isomorphism of an element of a POVM M(p) = Tr(pE), which has
a trivial output space i.e. H? = C,

T T
MAB  _ Z\] THE) KD | = | D] By i) (k] - Tr(d) (&)
ijk
- ZE’W' 15) (k| = E, (2.29)
ik

which is an example of a trace non-increasing map. Finally, we combine our last two examples
i.e. we consider a map where we first measure a POVM element and then independently prepare
a state p. This map is then given by M(o) = pTr(Eo) and its CJ-matrix

T

MAR = 3 1) Gl @ pTHE L) G) | = Byl (il @ " = B, (230)

ij

which is what we had expected [12].

10



Chapter 3

Processes and Causal Structures

In this chapter we will elaborate on what we mean by a process and we will give a precise definition
of what we mean by a causal structure. Both definitions will be adopted from [15].

It is anticipated that a theory of quantum gravity includes dynamic and probabilistic causal struc-
tures [16]. We will see that the definition of a causal process is compatible with the idea of
probabilistic causal structures [15].

3.1 Processes

We will study a general framework, in which we can describe local laboratories, which we call parties
and we label them by Alice, Bob, Charlie, . ... The framework describes situations where quantum
mechanics does not necessarily have to hold globally or locally. Furthermore we are not assuming
that the local laboratories are embedded in a global space time or any other form of a prefixed
global causal structure i.e. we only assume a fixed order of events inside the laboratories, but no
global causal order between the laboratories. The only exchange of information between a specific
laboratory and the outer world is by means of an input and an output system. Furthermore, we
assume that every laboratory only opens twice. Once, when the input system enters the laboratory
and once, when the output system exits the laboratory. Every party is allowed to perform some
operations on the input system. Since we are dealing with situations where quantum mechanics
does not necessarily have to hold, we will give a more general definition of operations than the
definition of quantum operations. However, we will come back to the case where we assume
that quantum mechanics holds locally and therefore the case where we only consider quantum
operations, when we discuss process matrices [4, 15].

We describe every local experiment by a set of inputs {x 4} and a set of outputs {a4}, where the
subscript A indicates that the settings and outputs belong to Alice’s experiment. We call the pair
of one setting and one output {4, a4} an event, and a set of possible events {{x4,a4}},, fora
given setting x 4 an operation. The appearance and circumstances of an experiment might depend
on some variable w45 € Q4B where Q45 denotes the set of all possible w5 [15]. Now
we can define what we mean, when we talk about a process.

Definition 10. [15] For a given set of measurement parties {A, B, ...} we say that a process W
is a set of conditional probabilities

W= {P(as,ap...|z4,25 ..., 0w PV} aran. onzs. . (3.1)
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for a given wB-.

From now on we will assume that for every considered process the variable w5 is obtained

without any post-selection. Even though every process is conditioned on a variable w5 that
defines the initial circumstances, henceforth, we will not write the variable explicitly when we write
down a process[15].

3.2 Causal Structures

In this section we will introduce the notion of causal structures and we want to clarify what we
mean by saying that a process is causal.

Recall that we have not assumed that a process must be embedded in a space time or any other
structure that yields a natural causal structure. However, one could ask if a process at hand is
compatible with a causal structure. A causal structure is defined via a strict partial order (SPO)
on the set of experimenters {A, B...}. The SPO gives us relations between the experimenters
i.e. it tells us if, for example, A is in the absolute past of B (or equivalent, if B is in the absolute
future of A). However, for some parties there is no relation between them and then we say that
they are in the absolute elsewhere of each other[15]. More precisely:

Definition 11. [15] A SPO is a binary operation < on the set {A, B ...} that satisfies
1. A < Ais not allowed (irreflexivity)
2. if A< B, then B < A is not allowed (anti-symmetry)
3. if A< B and B < C then A < C (transitivity).

For A < B we say that A is in the absolute past of B and equivalently we say that B is in the
absolute future of A. Furthermore, instead of A < B we might write B = A. Moreover, we
introduce the notation A A B, which means A # B and A £ B. Similarly, A % B means A # B
and A % B. The last notation we will use in this context is A A% B, which means A £ B and
A B. In this case we say that A and B are independent of each other or that they are in the
absolute elsewhere of each other. If the set {A, B ...} is equipped with a SPO and two elements
of the set A and B are taken, then always one of the four relations A < B, A = B, A A} B
or A = B holds. Therefore, we can equally describe a SPO by a list k(A, B...), which lists all
pairwise relations between the elements of {A, B,...}. Note that we do not have to explicitly
quote the relation between an element with itself in the list (A, B...), since X = X holds for
every SPO[15].

Most generally, for the notion of causality we will not impose that the process at hand is compatible
with one fixed SPO, but that it is consistent with a random choice of a SPO from a set of plausible
SPOs. Causality should cover the idea that the chosen settings for a local experiment are not
allowed to influence the occurrence of events in the absolute past or the absolute elsewhere, neither
does it effect the experiments or the SPO in the absolute past or absolute elsewhere[15].

The above can be formalized in the following way:

Definition 12. [15] We call a process W = {P(aa,aB...|24,2B...)}ar,ap...x0,05... causal iff
there is a probability distribution P(k(A, B ...)aa,ap...|xA,25...) S.t.

12



Plaa,ap...|za,xp...) = Y ap.)P(E(AB..Jaa,ap...|za,2p...), where the sum runs
over (A, B...)s describing possible SPOs for {A, B ...} and for every local experiment (e.g. A)

P(k(A,X),A AL X, ax|za,2p,...) = P(k(A,X),A 4L X, ax|zp,...), (3.2)

holds for every subset X C {B, ...} of parties besides A. Furthermore, ax describes all outcomes
corresponding to X. The condition A A X states that all events of X are in the absolute past
or absolute elsewhere of A. Moreover, we receive the probability distribution P(k(A,X), A A
X,ax|xa,zp,...) from P(k(A,B...)aa,ap...|xa,xp...) by, on the one hand side, summing
over all cases where k(A, B...) is compatible with A £ X and k(A, X), and on the other hand
side, summing over all possible outputs corresponding to the experiments {A,B...} /X .

Of course it is possible that a process is compatible with a fixed causal order.

Definition 13. [15] We say that a process W = {P(aa,aB...|TA,ZB-..)}asap...x0,25.. 1S @
fixed-ordered causal process if it is compatible with a deterministic causal configuration, that is,
it obeys equation (3.2 )for a k(A, B ...) that satisfies

P(k(A,B...)aa,ap...lxa,zp...) = 0
iff
ke(A,B...) # k(A B...),
Vea, Vg ... Vay,Vag...

which means that (A, B...) takes one specific value k.(A, B...) with unit probability for all
settings.

3.2.1 Bipartite Processes

In this section we want to make a connection between the no signaling condition and the notion
of a causal bipartite process. We start by defining a no signaling condition for bipartite processes:

Definition 14. [15] We say that a bipartite process VW allows no signaling from Alice to Bob iff
the probability distributions seen by Bob do not depend on the settings of Alice i.e.

P(aplza,xp) = Y Plasaplza,zp) = Plaplzp), (3.3)
aa
must hold Vx 4.
(A generalization to more than two parties is not straightforward and we refer to [15] for further
details.)
In [15] it was shown for a fixed-ordered causal bipartite process that, if A < B there is no signaling
from B to A, if B < A there is no signaling from A to B and if A A% B there is no signaling in

neither direction. Moreover, it was shown that every causal bipartite process W, can be written
in the form

We = p(A < BYWA=E 4 p(B < A)WE=A 4 p(A 44 BYWARED (3.4)
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that is, as a probabilistic mixture of three process WA=B WB=4 and WAZLB compatible with
the causal structures A < B, B < A and A A% B, respectively. This form is not only necessary
but also sufficient. Furthermore, it was shown that (3.4) can be rewritten as

We = gWA2E 4 (1 — g WB#4, (3.5)

where 0 < ¢ <1, WAZB s 3 process that allows no signaling from A to B and WE#A is a process
that allows no signaling from B to A. However, the split up of W, into two processes WAZEB and
WB#A might not be unique. Process W, which cannot be rewritten in the form (3.5) are non
causal. To check if some process is non causal one could construct a causal inequality and check
if the process at hand can be used to break the inequality. If the answer is yes, we know that the
process is non causal[4, 15]. An example for a causal inequality and a process that breaks this
inequality can be found in [4].
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Chapter 4

Process Matrices

Now we will come back to the case where we assume that local quantum mechanics holds. This
will be implemented by assuming that every laboratory is equipped with an output Hilbert space,
an input Hilbert space and a set of quantum mechanical instruments which are mappings from
the input to the output space. These instruments will be represented via the CJ-isomorphism[4].
A formalism based on the CJ-ismorphism, which describes maps that take quantum circuits as
an input and depending on the input gives back another quantum circuit, was introduced via
quantum combs. Furthermore, every quantum circuit board can be associated with a comb.
However, quantum combs always have a definite causal order [17, 18].

In [4] the process matrix formalism was introduced, which is capable of describing situations where
locally quantum mechanics hold, but a priori no causal order is assumed and even more so it was
shown that the framework can be used to break causal inequalities.

Moreover, the formalism can be used to describe situations, where two (or more) processes can
be brought in superposition via a control system. An example for a process matrix describing
such a situation is given by the quantum switch, which was already experimentally implemented
[6, 12, 19].

4.1 Definition of Process Matrices

In the previous chapter we did not specify which operations Alice, Bob, etc. are allowed to per-
form on their systems. In this section we will assume that local quantum mechanics holds i.e.
all operations that Alice, Bob, etc. perform on their system must obey the rules of quantum
mechanics[4, 15].

We will assume that Alice, Bob etc. each hold an instrument. Furthermore, we will just con-
sider the case where the sample space OX is finite, where X = A, B, ... is the label for Alice,
Bob,.... If Alice uses her instrument M she denotes here outcome by the label i = 1,...,n,
with i € Q4. Every i € Q4 corresponds to an operation M : L(HA1) — L(HA2), where HA1 is
the d4,-dimensional Hilbert space corresponding to the system which enters the laboratory, while
HA2 is the da,-dimensional Hilbert space associated with the system exiting Alice’s laboratory.
Every operation MZ-A, when acting on a p € L(HA1), can be written in its Kraus representa-
tion M#A(p) = Z?ZlEgkaik, with m = da,da, and Y ;" EikEiTk < 14, Vi, where Ej, is a
da, % da,- dimensional matrix. For the complete set of operations {M#}" | we notice that
Ma(p) = Méﬂ(p) =S MAp) =33, Ejkazk is a channel and therefore trace preserving,
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which implies 3., Bl Eip, = 1.4 [4, 10, 11].

Henceforth we will use the CJ-ismorphism defined by equation (2.21) to represent the operations in-
cluded in the instruments of Alice, Bob,. ... The probability for Alice's i-th, Bob's j-th,. . . outcomes
is then given by

PMAMEP ) = Tr(wAAB B (A% @ (BB ), (4.1)

where MX'X* is the CJ-representation of MK and WAABIB?... o E(’HA1 QHA 9HE o HP @

..) is a process matrix which describes the causal structure outside of the laboratories [4, 15, 20].
Obviously, we do require that WA A?BIB?... only leads to positive probabilities independent of
the choice of the set of completely positive maps MA /\/lB . Furthermore, we demand that in
every laboratory the experimenter is allowed to hold an aUX|I|ary system, which might be entangled
with the other auxiliary systems in the other laboratories. Every experimenter can act on the
original system plus his auxiliary system. Therefore, we also demand that the probabilities obtained
from Tr((WA A*B1B%.. @ pATBLy (At ATA% o \fB'BB® @ ) are all positive, independent
of the choice MX'X" XX It can be shown that this requirement leads to the fact that
WAAZBIB®... has to be positive semi-definite [4, 15]. We have already mentioned in a previous
section that channels i.e. completely positive trace preserving (CPTP) maps do correspond to
deterministic transformations.[10]. Moreover we have seen that M:* is CPTP iff MinX2 >0 and

Tre (MinX2) = 1 x1[4, 12]. All this motivates the definition of a valid process matrix:

Definition 15. [4, 15] We call the matrix WA BB ¢ p(A o HA o 1B 9 HB ®...) a
process matrix iff the requirements

1. WAIAQBlBQ... > 0,

2 Tr(wAlAzBlBQ.. (]\4’141./42 ® MBIBQ ®. )) 1
VMAY VBB >0 and Tra, MAA* — 1,1 and Trp, MB'5* — 1, and ...,

are fulfilled.

4.2 Allowed Terms Appearing in a Process Matrix

For now we will focus on a bipartite scenario, where Alice and Bob are located in two separated
laboratories. Therefore, we have to consider process matrices of the form WAA’BIB® \\hich can
be written as
WA A*BlB? wakl ®0k1 ® o, B2 (4.2)
igkl

where w;ji € R (because WA A*B'B is hermitian) and we demand that the Hilbert-Schmidt-

basis {O‘X fXO ! satisfies the properties o = 1x, Tr(cX) = 0 for i = 1,...,d% — 1 and

Tr(oi* ) = dx0;j [4]

Terms of the form 0 P @ Lyest will be called X, terms, while terms of the form o; X ®a ® Lyest
will be referred to as XY, terms and so on. For example an A; term can be seen as a term
where Alice holds some state, while a state shared by Alice and Bob corresponds to an A1 B; term.
Also signaling terms are allowed, for example an A5 B; term can be interpreted as a channel from
Alice's output to Bob's input. We will see shortly that right from the definition of process matrices
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it follows that not all kinds of terms are allowed. For example A1 As terms are not allowed, these
kind of terms could be interpreted as local loops [4].
Before turning our attention to the bipartite case we investigate which terms are allowed for a
single-party scenario. First we consider the CJ-Matrix M4142 of an operation written in the
Hilbert-Schmidt basis
MAA2 = Z MpgOp @ O, (4.3)
Pq

where m,, € R. If we assume that M“142 is the CJ-matrix of an channel, the condition
Tra, (MA142) = 14, then yields

Tra, (MAlAQ) = Tra, (Z MpgTp @ 04) = Mmool a, + Z miooZA1 =14, (4.4)
pq 1>0

from which it immediately follows that mgy = 1/da, and m;y = 0 Vi > 0. Therefore, every
CJ-matrix of a CPTP map can be written in the general form

1
MAlAQ:J Ta,4, + Na Zai]lfh@UlAQ"i‘ ZtijU;h@O—JAQ ’ (4'5)
2 i>0 1,§j>0

where a;,t;; € R are arbitrary and N4 € R must be chosen such that MA1A42 > [4].
Now it follows from the second condition of definition 15:

1

Tr(WArA2 pp Ay = Tr< y <prqo;j‘l®o§2>
Ao

pq

Lajay + Na | Y ailla, @02 + ) tijoit @0l

>0 7,7>0
= dA1 woo + NA Z wo;A4 + Z wijtij = 1, (46)
>0 15 >0

which holds Va;, t;; € R and therefore wyy = l/ddA1 and wg; = 0 Vi > 0 and w;; =0 Vi > 0 and
j > 0. Hence, every process matrix in the single-party case is of the form

1
WA1A2 - a <]lA1A2 + ZviUAl & ]1A2> - pAl ® 1 4,, (4'7)
1

>0

which together with the first requirement of definition (15) that 4142 > ( can be interpreted as
a state [4]. Now we come back to the bipartite scenario, therefore the process matrix 1¥ 41425152
can be written in the form given by equation (4.2). Again Alice and Bob are each acting on their
system with a CPTP map. Therefore we write for Alice’s CPTP map

1
MAA2 — Ta,4, + Na ZaﬂlAlQ@UZAQ"F ZtijU;h@U{% ) (4.8)
da, i>0 4,5>0 ’
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where a;,t;; € R are arbitrary and N4 € R must be chosen such that MA142 > () and for Bob's

1
MBIBQZE 1,8, + NB Zbi]lBl(X)O'iBQ—F ZSijUZBI@JUjB2 ) (4.9)
2 i>0 4,j>0

where b;, s;; € R are arbitrary and Np € R must be chosen such that MB1B2 > (.
First we set MP152 = 15 p /dp, and from this we get the condition

Tr (WA1AgBle (MA1A2 ® MBlB2)) = dan <w0000 + Ny <Z wW0;0004
>0

+ Z wijo()tij =1. (4.10)
i7>0

Similarly, we find

Tr (WA1A2BlBQ (MAlAz ® MBle)> = da,B (woooo + Np (Z Woo0ib;
>0

+ Z wo()ijsij = 1, (4.11)
15 >0

by setting MA4142 = 14, 4,/d4,. By recognizing that equation (4.10) and equation (4.11) hold
for arbitrary ai,bi,tij,sij € R we find that wgggg = 1/(dA1dB1>y W00 = wooo; = 0Vi # 0 and
Wooi; = Wij00 = 0OVi>0andj>0 [4]

Now let us consider any CPTP maps MAA given by equation (4.8) and MB'B? given by equation
(4.9) and notice that

Tr(WA1A2BlB2 (MA1A2 ® MBlBZ)) —1
= a;bjwoioj + Q; SEIWOikl
da,dp, NaNp l;) I i;ﬂ Z Z
+ > betigwior + D tigSkwik
kij >0 ijkI>0
= 0. (4.12)

Again this is true for arbitrary a;, b;, t;5, s;j € R and therefore wp;0; = woijx = wijor = Wijr = 0
Vi >0 and Vj > 0 and Vk > 0 and VI > 0 [4].
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Hence, every bipartite process matrix is of the form

1
WAL1A2B1By y 14, 4,8,B, + ino.fl @14, ®1p Q1p,
A1By i>0
+ ZyﬂlAl @14, ®o'jBl ®1p, + Z ZijalAl ® 14, ®0.j31 ® 1,
>0 ij>0
+ Z Cij]lAl ® 0';.42 ® o'jBl X ]132 —+ Z eijko';‘Al ® 0-;12 ® O-kBl ® ]lBg
15>0 ijk>0

+ Z SijO',LAl @1y, ®1p, ®U}B2 + Z fiijiAl ® 14, ®a;31 ®052
ij>0 ijk>0

1
= — (]1,41,423132 +0AjB —‘rO’BjA —i—O’Aﬁ%B) , (4.13)
dAldBl

where we have defined

B = N wio @14, @1, @1, + Y yila, ® 14, @07 @ 1p,
>0 >0
+ Z 2500 @14, ® UjBl ® 1p,, (4.14)

i7>0

cA3B = Z cijla, ® 0242 ® afl ®1p, + Z eijkafh ® 03-42 ® a,’fl ®1p,, (4.15)
ij>0 ijk>0

P = N st @la, @l @02+ Y kot @14, @07 @02, (4.16)
ij>0 ijk>0

where x;,y;, 2ij, Cij, Sij, €ijk, fijk € R[4]. Now, let us interpret the allowed terms of a process
matrix WA4142B1B2  First we can distinguish two classes of allowed terms by their causal order,
namely terms with causal order B ﬁ Aand A ﬁ B. Terms of the form A3 Bjand A AsB; belong
to the class B ;ﬁ A, while terms of the form A1 By and A;B1DB> belong to A ﬁ B. Moreover,
terms of the form Ay, By, A1 By can be assigned to both classes B £ A and A £ B[4].

As already mentioned earlier the terms Ay, B; and A;B; do describe states, while terms of the
form As By and A;1By are channels. Furthermore, terms of the form A;A3B; and A1B1 B>y are
channels with a memory. That is, for example the term A;A5B;, describes a process where not
only the output system of Alice influences the input system of Bob, but also the input system of
Alice influences the input system of Bob [4].

Next let us focus on the not allowed terms of a two partied process matrix. First of all, the
process matrix formalism does not allow post selection i.e. terms of the form As, Bs and As, Bs.
Furthermore, any loops are prohibited. We talk about a loop if the output system influences the
input system of the same laboratory. We distinguish between local loops i.e. terms of the form
A1 A5 and By, B, local loops with a channel i.e. terms of the form A1 A;By and A3 B1Bs and
global loops i.e. terms of the form A; A3 B1 Bs. However, none of these just mentioned loop terms
appear in a two partied process matrix|[4].
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4.3 Quantum Switch

The idea of the quantum switch traces back to [19]. However, in this paper the process
matrix formalism was not used. We will discuss the quantum switch and the notion of
causal separability based on [12] and only extra information will be cited explicitly.

For the construction of the quantum switch we consider a three-partite scenario. However, we
restrict ourselves to the case, where no-signaling from third parity C to the other two parties A
and B is allowed and furthermore, we only consider situations where the output space from party
C is one-dimensional. Taking all this into account, we call a process matrix causally separable if
it can be written in the form

WAIAZBIBQClc2 _ qWA<B<C + (1 _ q)WB<A<C, (417)

where 0 < ¢ < 1 and WX=Y=C is a process matrix compatible with the causal structure X <Y <
C. We should notice that processes matrices, which satisfy the two-way no-signaling condition
between A and B, are compatible with the causal structure A < B < C and the structure
B < A < C. This leads to the fact, that the splitting of a causally separable process matrix
WALA2B1B2C1C2 ino the process matrices WA=B=C and WB=4=C is not always unique [4]. (We
refer to [15] for an introduction to the topic of signaling and non-signaling process and process
matrices. )

Furthermore, we should notice that the causal separability condition (4.17) is not equal to the
condition (3.5) that a process is causal. A process matrix might be causally non separable, but
still causal. For a causally non-separable process matrix YV there are no two process matrices
WARB=C and WB=A<C guch that W can be written as a convex combination of WA=B=C
and WEB=4=C " Since not every process can be written as a process matrix there might be two
processes WA=B=C and WH=A=C gch that W can be written as a convex combination of
WA=B=C and WH=A=C[15]. Indeed, there are causally non-separable processes, which cannot
be used to break a causal inequality. An example for such a process matrix is the quantum-switch
which we will introduce in a moment [15]. However, there are also process matrices, which are
not only non-causally separable, but also non-causal. In [4] the biparite process matrix

Wocs = % (]1A1A23132 + \}i (1M @oleocP o1+ el 01 @ 052)) (4.18)
was introduced and it was shown that Wocp can be used to break a causal inequality.

We want to point out some analogies to entanglement theory. The first one is the analogy between
Bell inequalities and causal inequalities [4]. If a Bell inequality can be broken given a specific state,
we know that the state must be non-local and that it must be entangled [21, 22]. Likewise, we
know that, if a process matrix can be used to break a causal inequality it must be non-causal
and therefore non-causally separable [4]. There are situations where we have a Bell inequality
and an entangled state at hand and we cannot use the state to break the bell inequality [22].
Similarly, there are causally non-separable process matrices which cannot break causal inequalities.
To detect the causally non-separability of these process matrices a causal-witness might be used.
A causal witness S is a hermitian operator which has the property that Tr(W,S) > 0, for every
causally separable process matrix W,. Furthermore, it is always possible to find a causal witness
S for a given causally non-separable process matrix Wisep, such that Tr(W,,scpS) < 0 holds. An
entanglement witness [10] can be considered as the analogy in entanglement theory.

For the quantum-switch we consider a total system containing two qubits, one control qubit and
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one target qubit. Alice and Bob both hold a unitary operator U4 and Up, respectively. The state
of the control qubit determines the order in which Alice and Bob apply their operators to the
target qubit, that is, if the control qubit is in the state |0) Alice applies U4 before Bob applies
Up and for |1) Alice and Bob apply their operations in the reverse order. To formalize this, we
first recognize that an identity channel from an input space H'™ to an output space HOUt \yritten
in its CJ-vector is given by |1))'™ OUt [6]. Furthermore, we consider the target qubit to be in an
arbitrary initial state |¢).

If the control qubit is in the state |0) we write

jwo) = )™ @ [1))2P @ 1) @ |0) (4.19)

where C. and C} are the respective labels for the control and the target qubit received by party C.
Similarly, we find that for the case where the control qubit is in the state |1)

jwn) = [9) 7t @ 1)) 24 @ [1)42% @ 1) (4.20)

However, concerning the quantum switch we consider the control qubit to be in the state (|0) +
|1))/+v/2. This leads to a superposition of the order of the application of Alice’s and Bob's
operations. The corresponding process vector is then given by

) = w0 + o). (4.21)
V2
From this we can construct the process matrix WV given by
W = |w) (w]. (4.22)

The process matrix W is causally non-separable, which follows directly from the fact, that W is a
projection on the vector |w), which is a vector in superposition of the vector |wg), compatible with
the causal structure A < B < C' and the vector |w;), compatible with the structure B < A < C.
Sometimes one is just interested in situations where party C' conducts a measurement on the
control qubit [6]. In such cases, we consider the reduced density matrix

Wswiren = Tre, (W) = Tre, (Jw) (w]). (4.23)

Just by construction it is not clear if Wswircy is causally separable or not. It can be shown (see
section 5 in [12]) that one can construct a causal witness to prove that Weswircn is causally non-
separable.

The question arises, whether the third party is needed to obtain a causally non-separable process
matrix, or if we can actually discard the control qubit as well. For this purpose we first observe

Tre, (|1 ¥ (@) = §ju KITH15) k1) = 31K (k1 = T (4.24)
This can be used to calculate
W= Tro(w) (ul) = Tre, Tre, (jw) (w])
1
= 5 (™ @ @ )P (P @ Tre, (1) P20 ((1]7)

)P @l @ )PP @ Tirg, ()0 (1)) )
= 2 (1 i o YRR B o 1,
)

P @l e ) PAP @ 1), (4.25)
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which implies that if we discard party C' we obtain a causally separable process matrix, because
W is of the form

W= SWAB 4 B4, (4.26)

where -
WASE = ) (01 o 1) (1P @ 1, (4.27)

and N
WEA — 19)21 (1 & [1) P41 (1|54 © 1. (428)

4.3.1 An Example for an Application of the Quantum Switch

In [23] it was shown that a quantum process with an indefinite causal structures can be used to
distinguish a channel including only commuting Kraus operators from a channel that only includes
anti-commuting Kraus operators with a single query. However, we will only concentrate on unitary
channels. This restriction was also made in [24]. We will base our discussion in this section
on [24] and only extra information will be cited explicitly.

In this paper the process matrix formalism is not used. Our goal is to translate the ideas from
[24] into the process matrix formalism.

We consider again a three-partite scenario. Alice and Bob both are holding unitary operators
U4 and Up, respectively. We demand that U4 and Up commute or anti-commute i.e. that
UaUp =UgUy or UsUp = —URU 4, but else U4 and Up are arbitrary. Our goal is to determine
if Ug and Up commute or anti-commute. Furthermore, we only allow Alice and Bob to use their
transformation once. We will see that using the quantum switch it is possible to determine with
just one single run of the experiment, whether U4 and U commute or anti-commute.

Alice and Bob both apply their transformation to the target qubit, while Charlie acts only on the
control qubit. Charlie holds an instrument, which first applies the Hadamard gate to the qubit
and then performs a protective measurement of the qubit in the {|0),|1)}-basis. The Hadamard

has the form )

H = —=(]0) (0] + 10) (1] + [1) (O] = [1) 1)), (4.29)

I~

2
if it is also written in the {|0),|1)}-basis [11]. While the projectors P; are given by

Py = 1) (il (4.30)

for i € {0,1}. Furthermore, we introduce the operators

%:aﬂ:;ﬂww+mun (431)
and )
By = P = = (11) (0] = 1) 1), (432)



Charlies instrument then consists of the two operations Mg, (p) = Tr(EopE}) and Mg, (p) =
Tr(ElpEI). For the CJ-matrix representation of Mp, we calculate

T
VS = (e M, (D)) = | 1 Gl Tr (Bo li) (1 EY)
= 5 | 2 Gdio + 8 + o + 8550 19 G- Te (o 0) o)
= 5010} 0]+ 10) (1] + 1) (0] + 1) (1] Z\w (433)

and similarly for Mg,

MCe = %(yo> (0] — 10 (1] — [1) (O] + 1) (1)) = %Z(—l)“*" ) (- (4.34)

]

The operation associated with a unitary operator is given by My (p) = UpUT [10] and using
equation (2.24) we find the CJ-matrix

MXXe = U = S 10 (k| @ U2 |s) (¢]0) (k) (m] U
lkstmn
= > ULUpi |1y (k| @ |s) (m] . (4.35)
slmk

All in all, for the CJ-representation of the product of Alice's, Bob's and Charlie's operations we
can write

M 6 MBS = 37 (UA)(Ua)ra(Un), (Upa
af...
0} (Bl © 1) (7] @ |o) (w] ©16) @ © m) (o], (4.36)

if Charlie applies Mg, on his system, and

1

~(=1)"(UA)%0(Ua)75(UB) (U)o

MA42 o prB1B2 g MlC'c — Z 5

af...
@) (Bl @ |7) {r] @ |o) (w] @ [§) (2 @ |m) (n|,  (4.37)

if he applies Mg, .
Since Charlie only acts on the control qubit we will work with the process matrix Wswiren. For
further calculations we will write out Wswircn explicitly. For that purpose we first observe

|w) Z%U D [2) 4, @ ), @ |y} B, @ 1Y)c, ®[0)c,
+ szla ® [6) 4 ®!i>Bl®la>B2®|b>ct®1>cc>- (4.38)
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This can be used to calculate the explicit form of Wewiren = Tre, (|w) (w]), namely

Wawren = ;(Z%’wzjﬂk®$><l®w><l®y><y®0><0

jk...

+ Y L) (sl @ la) (yl ® |z) (n] @ [y) (s @ 10) (1]
Jn...

+ Y il (Kl @ [b) (Il @) (Ul ® |a) (b © [1) (0]

+ Z bithy |a) (s| @ [b) (b] @ [4) {n| @ [a) (s| @ [1) <1!> : (4.39)

Our next goal is to calculate the probabilities P(My,, My,, Mg,) and P(My,, Mu,, MEg,)
given by the generalized born rule, which is defined by equation (4.1). To achieve this goal some
preparatory work is required.

For each line of Wsw rrcn given in equation (4.39) we build the product with M 4142 @ MP1B2 @
MOCC given by equation (4.36), then we take the trace of each independent product. We start
with the first line

Tr ((; D it i) (kl @ ) (1| @ |2) (1| © 1 [0) <0) (MA1A2 o MPB g M(?C))

jk...

=T ((;waz ) (k] |2) @ |2) (@] @ 1 @10) <0>

jk...

(Z %(UA)Tya(UA)Tﬁ(UB)EU(UB)Qw “la) (Bl @ ) (r| @ o) (w] @ [€) (2 @ |m) <77)>

apf...

jk...

- %Tr (Z Vi Vk(Ua)3(Ua)rs(Us)e, (Us)aw 1) (]

®z) (1] ® |2) (W] @ [€) (2 & |0) <77\>

k...

- % (Z d’:(UA)%(UB)EW(UB)QT(UA)U@Z)J') = % W UNULUBU A |4)

1 1
=1 (YY) = T (4.40)
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where, in the second step of the last line, we have used that U4 and Up are unitary. Similarly, we
find that for all other lines

Tr (; (Z vy 1) (sl @ |2) (y] @ |z) (n| @ |y) (s| ©0) <1>
(s apm Mooc>> = L WIURULUSUALS) , (4.41)
Tr (; (Z it |a) (k| @ [b) (1] @ [d) (1] ® |a) (b @ 1) <0!>

(MA1A2®M3132®MCC)> L UL UBUAUs ) (4.42)

| =

i

In the same manner, we build the product of each line of Wew rrcn with P(My,, My, ME,)
given by equation (4.37), then we take the trace of each independent product. Similar calculations
as before yield

<Z¢Z¢n|a (s|@1® i) (n|®|a) (s| @ 1) ( )(MA1A2®MBle®MCC>

(4.43)

1
=4 (@l ULULUAUB |v) =

Tr ((; > vk ld) (kl @ |x) (1] @ |x) (1] @ 1 @ |0) <0>

jk...

=, (4.44)
4’

. (MA1A2 Q@ MB1B2 g Mf)) — (¥ UAUBUBUA V) =
1
T (2 (Z D 13) (51 © la) ] @ [2) (n] @ Iy) (o] 2 [0) 1)
Jn...

.(MA1A2®MBlBQ®MICC)>_ 1 WIULULUBUA W), (4.45)

Tr (; (Z by a) (k| @ [b) (1] @ i) (1| @ |a) (0] @ [1) <0l>

1
. (MA1A2 ® MBP g MICC)> — (WIULULUAUB [¢) , (4.46)

N =

il

(Z Y la) (5] © 1@ |i) (n] @ |a) (s| @ |1) <1|> (artite @ P2 )

N

_ i W ULUNUAUR [4) = ~. (4.47)
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From equations (4.40), (4.41), (4.42) and (4.43) we can directly calculate the probability

P<MUA7MUB7MEO) = Tr <WSWITCH (MA1A2 & MB1B2 ® MOCC))

1 1 1
= 5+ WURULUBUA ) + ; W UULUAUS [4), (4.48)

and from equations (4.44), (4.45), (4.46) and (4.47) we find

P(MUA7MUB7ME1) = Tr (WSWITCH (MAlAQ ® MB1B2 ® MICC)>

11 1
= 5= WIURULUBUA ) — ; W UULUAUS [4). (4.49)

Up to now we have not used the fact, that we just consider commuting or anti-commuting operators
U4 and Ug. We start with the investigation of the case where U4 and Ug commute i.e. when
UaUp = UgU4 holds. Hence, we can rewrite equation (4.48):

1 1 1
P(Mu,, Muy, Me) = 5+ 3 (W URUUBUA|6) + 7 (| UNURUAUB |4)

1 1
+ 7 WIULULUAUE [9) + 7 W ULURUBUA 1)

1 1

= —+- - = 1.

S+ )+ 7 WlY)
At this point, we can notice that the last result is independent of the initial state of the target
qubit.
Similarly, we find that the probability P(My,, My,, Mg,) =0, if UsUp = UgUj4 holds.
The probabilities for the case where U, and Upg anti-commutes i.e. where UqsUpg = —UgU 4 holds,
can be found in a similar fashion as for the case where U4 and Up commute. The probabilities
from both cases can be summarized

NN

L if UsUp = UglUa
PMuy, Mup, M) = {0 f Uslp — ~Unls (4.50)

0 if UsUp = UU
PMu,, Mug, Mey) - = {1 Uiy = ~Usla (+51)

This implies that, if Charlie observes the result 0, associated with Mg,, we can be sure that Uy
and Up commute, while, if Charlie measures 1, associated with Mpg,, we know that U4 and Up
anti-commute.

4.4 Non-Signaling Bipartite Process Matrices

In this section we are going to prove that if we constrain a bipartite process matrix to be non-
signaling, we end up with normal quantum states.
For this purpose we write down a n-partied process matrix WA1428182C1C2- i 3 Hilbert-Schmidt
. x1d%-1,
basis {0 },%, :
WA1A231320102... _ Z wz’jklmn...afh ® 0.342 ® O'kBl ® UZB2 ® O_TC"ll ® 0.52 . (452)
ijklmn...

where we demand that 05( =1x and Tr(aiXaX) = dxoj;. Furthermore, we will need the following

two theorems, which were introduced and proven in [15].
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Theorem 2. [15] The condition Tr(WArA2B1B2C1Caee(rardz \pBiBa preiCe | )y = |

VMAAz NpBiB2 NCC2 >0, where Tra,(MA142) = 1 4,, Trp,(MP1B2) = 1p,,
Tre,(M1C2) = 1¢,, ..., for an operator WA142B1B2C1C2. of the form (4.52) is met iff besides
the identity term all other terms are of the form, such that there is at least one party X €
{A,B,C...} for which there is a non-trivial o', with i € {1,2,3} and a trivial 03> = 1,

Theorem 3. [15] A n-partied process matrix WA1A2B1B2C1C2with parties {1,2,3,...,n} allows
no signaling from parties {1 and 2 and ... and k} to {k+ 1 and k + 2 and ... and n} iff
WAL AB1B2C1Co - jpcfydes only terms, whose restrictions on 1115 ... k1ko are still of the allowed
forms for process matrices as specified in Theorem 2. The restriction of a term 7" ®a}2 ®... afl ®

U§2 ® U§k+1)1 ® UI(,k—H)Z Q... U;Ll ®ol? to111la...k1ka is given by Uih ® 0;2 Q... Jfl ® 052.

We will use the same nomenclature for the different kinds of terms as before. For example we
will call a term of the form UZAl ® 14, ® UjBl ® afz ® ... ® 1y,, with 4,5,k € {1,2,3}, an
A1 By Bso-term.
To start the proof that a non-signaling bipartite process matrix is just a normal quantum mechanical
state, we write down a list of the allowed terms (additionally to the identity term) for a general
bipartite process matrix W414281B2  Thjs list can be easily found by using Theorem 2 or by
looking at the general form of a bipartite process matrix (4.13) and is given by terms of the
following forms

Al,Bl,AlBl,AlBQ,AlBlBQ,AzBl,AlAgBl. (453)

Similarly we find that a single-party process matrix W4142 only includes terms (additionally to
the identity term) of the form A;.

Now using theorem 3, we can easily check that if we assume no signaling from A to B our initial
list (4.53) of allowed terms reduces to

Ay, B1,A1By, A1 By, A1 B1 Bs. (4.54)

Furthermore, we see that this list reduces even more, if we additionally assume no signaling from
Bob to Alice. Then our final list is given by

Al,Bl,AlBl. (4.55)

This implies that a non-signaling bipartite process matrix WélA?Blm must be of the form

1
WrﬁlAﬁlBQ = 1a,4,8,B, + Zwmfh @1y, @1 ®1p,
daydp, i>0

+ Y pila, @14, @00 @lp,+ Y 2ot @14, @0 ® 1, | (4.56)
i>0 ij>0

where z;,y;,2; € R,Vi,j. But, WélA?BlB? being of this form together with the condition
WALA2B1B2 > () allows us to interpret WA1425152 35 3 quantum mechanical state. [
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Chapter 5

Tsirelson’s Problem

Since the work of Bell in 1964 [21] we know that quantum mechanics cannot be explained by
local hidden variable models. He used correlation functions to show this fact. These correlation
functions require some notion of local separation of different experimenters. In 1993 Tsirelson
stated that the two different ways of implementing local separation in quantum mechanics give
the same set of correlations. He stated that the first way of implementing local separation is via
a tensor product structure and for the other implementation he required that the measurement
operator belonging to two different experimenters does commute [25]. However he gave no proof
of the statement. In 2006 Tsirelson revoked his statement and listed it as an open question [26].
At the same time he provided proof that his statement holds in finite dimensions. Eventually,
it was shown by Slofstra [27] that in infinite dimensions the set of correlations obtained by the
implementation of local separation via commuting algebras is bigger than the set obtained via
tensor product structure. Before going into more detail concerning the Tsirelson’s Problem in
finite dimensions, we will first set the groundwork by giving some mathematical definitions and
theorems.

5.1 Preliminaries

In this section we want to explore some basic properties of C*-algebras. An introduction to this
topic can be found in [28] for finite-dimensional C*-algebras and in [29] for general C*-algebras.
We will concentrate on finite-dimensional C*-algebras. We start with some basic definitions.

Definition 16. [28] Let A C B(H). We define the commutant A’ by
A :={T € B(H)|Ta = aTVa € A}. (5.1)
Definition 17. [28] Let A be a x-algebra. The center of A, denoted by Z(.A), is given by
Z(A) ={z€ A|za=azVae€ A} (5.2)

Definition 18. [28] Let A be a x-algebra. We say that a map w : A — B(H) is a representation
of A if the following requirements are fulfilled:

1. w(Aa + pb) = Aw(a) 4+ pm(b) Va,b € A and VA, u € C,

2. m(ab) = w(a)mw(b) Va,b € A (multiplication preserving),
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3. w(a*) = w(a)* Va € A (involution preserving).

Additionally, we say that 7 is unital, if A is unital and w(1) = 1 holds. Furthermore, we call 7 a
faithful representation, if w is injective.

Definition 19. [28] A subspace K C H is invariant under W € B(H) iff (if and only if) WIC C K.

Definition 20. [29] We say that the subspace K C H is invariant under the action of the
representation 7 of an algebra A iff m(a)K C K for alla € A .

Definition 21. [28] We say that a representation 7 of A is irreducible iff the only invariant
subspaces are {0} and H itself.

Definition 22. [~30] Let AC A bea subalgebra. Then we call A a left ideal iff .,ZlLA C A and a
right ideal iff AA C A. Furthermore, we call A a two-sided ideal or just ideal iff A is a left and
right ideal.

Definition 23. [31] Let A be a x-algebra.We call A a simple algebra iff A has no non-trivial
two-sided ideal.

Lemma 1. [28] The center of M, (C) is given by Z(M,,(C)) = C1, where M, (C) is the algebra
of the complex n x n matrices.

Proof: We want to show the following equivalence:
ne€ Z(My(C)) <= n=cl,withc e C. (5.3)

(«<): trivial.

(=): Consider m = e;j; € M,(C), where e;; is the matrix, which has a 1 in the (i,j)th entry
and all other entries are 0. The set {e;;} forms a basis of M, (C) i.e. we can write every element
m € M,(C) as m = Zij myjei;, where m;; € C. Furthermore, the relation

eijerl = 0jkeil (5.4)

holds. Then for n € Z(M,(C))
€ijn = Z Ngt€ijCst = Z Nstjs€it = Z njt€it = Ne;j = Zntietj7 (5.5)
st st t t

by comparing the coefficients of

D njeei =Y niiey, (5.6)
t t
we find that ny = 0Vt # i and nj; = 0Vt # j. Thus (5.6) reads
niiezj = njjeij, (5.7)

which holds Vi, j and therefore n = cl, with c € C. O
Next we want to prove the following theorem:

Theorem 4. Consider a finite-dimensional algebra A, which is the direct sum of two finite-
dimensional algebras Ay and As i.e. A= Ay @ A, then also the commutant A’ is given by the
direct sum of the commutants A} and A i.e. A" = A & A,
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Proof: (D): Let A=A ® Ay € A=A ® Ay and let X = X; & Xy, with X; € A} and A),
then

XA=(X10X2)(A1®A) = (X141 @ X24s) = (A1 X1 @ A2 Xp) = (A1 D A) (X1 @ X)) = AX.

(C):Let A= A1 ® Ay € A= A1 ® Az. Thus we can write A in the matrix form

(A0
= (v a)

where A1 is a n X n-matrix and As is a m X m-matrix.
Furthermore, let X € A’. We can write X in matrix form too

(X Xs
+= <X3 X4) ’
where X7 is a n X n-matrix, Xs is a n X m-matrix, X3 is a m x n-matrix and X, is a m X m-matrix.
Now we can write
XA — X1 X2 ) A1 0 . X1A1 X2A2 i
- X3 X4 0 A2 - X3A1 X4A2 -

AX = A1 0 ) X1 Xo i A1X1 A1X2
o 0 AQ X3 Xy o A2X3 A2X4 '

Thus,
X141 = A1 Xy,
XoAy = A1 Xo,
X3A1 = A X3,
X1Ag = As Xy.

This holds VA;, Ay and therefore X3 = X3 = 0 and X € A} @ A}, which completes the proof. [J

Theorem 5. Consider the direct sum of m-copies of the matrix algebra M, (C) i.e. &7, M,(C) =
1y, ® My(C) € Mypn(C), then X € (1,, ® M, (C)) iff X = X @ 1,,, where X € M,,(C).

Proof: («<): We observe that

X1poM) = (XoL,)(1,oM)=XeM
= Lp@M(Xe1,) =1, M)X,

holds for every M € M,(C).
(=): Let M € M,,(C) and X € (1,;, ® M,,(C))" C My, (C). We can write

X1 ... Xim
X = : . :
Xm1 - X
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where X;; is a n x n-matrix Vi, j. Then we can calculate

X1 oo Xim M XuM ... XimM
XAmoM) = [ = o | - =+ ]
Xm1 - Xom M XouM ... XpmM
M X1 ... Xim MXy ... MXin,
(1, @ M)X = o DT = : . :
M Xm1 oo Xom MXp1 .. MXom

From this we find that M X;; = X;; M Vi, j and VM € M, (C). The matrix X;; itself is an element
of M,,(C) and thus, must be in the center of M,,(C). We have already seen that Z(M,,(C)) = c1,,.
Therefore X;; = ¢;;1,, where ¢;; € C. Hence we can write

X11 e le Cll]ln e Clm]ln C11 ... Cim
X=|: = -~ i f=l: i |eL
Xm1 - Xmm cmily ... cmmln Cml +-- Cmm
C11 Cim
where : € M,(C). O
Cm1 Cmm

Lemma 2. [28]The canonical representation of M, (C) is irreducible.

Proof: We denote the canonical representation as well as the abstract algebra by M,,(C) and say
explicitly, whether we mean the algebra or the representation, if it is not already clear from the
context.

Let M,,(C) be the canonical representation and let S C H an arbitrary non-empty linear subspace,
which is not equal to H itself. Furthermore, let |¢) € S be a normalized vector and |¢)) € H, but
|) ¢ S. We find for the operator |¢) (¢| € M, (C) that

(Iv) (@) |9) = ), (5.8)

which implies that S is not an invariant subspace. Therefore, the only invariant subspaces of
M, (C) are {0} and H and thus M, (C) is irreducible. [

Lemma 3. The canonical representation is the only irreducible representation of M, (C).

Proof: For the proof we use the fact that simple algebras possess exactly one irreducible repre-
sentation [32]. Therefore, we only have to show that M, (C) is a simple algebra. To show that
M, (C) is simple we follow a proof given in [33].

We assume that there is a two-sided ideal fl which contains at least one non-zero matrix. That
is, there is a matrix M € A, which we can write as

M = Zaklekl, (59)
kl
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that has at least one non-zero entry a;;. Since e;; and e;; are both in M,,(C) and M is an element
of a two-sided ideal, we know that

cA
—
eiM e = eii(z apiekl)ej; = Z agdikeies; = Zaiz5lj6ij = ajj€ij, (5.10)
cACHA(C) Kl %l !

is also element of A. Similarly, we can use Y knsens € Mp(C), >, cimeim € My(C) and
ajjeij € A to find that

( § knsens> A;5€4j (Z Clmelm> = Z knsaz’jclm(sjlenseim = Z knsaijcjm(ssienm
S l K

sl

kniaijcimenm, (5.11)
is an element of A for all n,m € {1,...,d} and ky;,cjm € C. This implies that by énm, is an
element of A for every n,m € {1,...,d} and by, € C. Since A is a linear subspace, every

> sm bnmenm is an element of A for all by, € C and thus A = {3 m bumenm|bum € C} =
M, (C). To sum up, we have seen that a two-sided ideal A that includes a non-zero matrix must
be M, (C) itself and therefore the only two-sided ideals are 0 and M,,(C) and thus M, (C) is a
simple algebra and possesses only one irreducible representation. [

Next, we will clarify what we mean when we talk about isomorphisms in the context of algebras.
For this purpose we first define what an *x-homomorphism is:

Definition 24. [34] Let A and B be x-algebras. We call a map ¢ : A — B a x-homomorphism if
@ is linear and p(zy) = p(z)p(y) Vz,y € A and p(z*)=p(x)* holds.

Definition 25. [34] Let A and B be algebras. We call a map ¢ : A — B a *-isomorphism if the
following two conditions hold:

1. ¢ is a x-homomorphism,
2. ¢ Is bijective.

We will often call a *-isomorphism an isomorphism if it is clear from the context what we mean.
Furthermore, if a *-isomorphism from A to B exists, we say that A is isomorphic to B, which we
denote by A = B.

To close this section we will elaborate some properties for isomorphisms. First we notice, that for
two unital algebras A and B the unit element 14 of A is mapped to the unit element 15 of B by
any isomorphism ¢ : A — B. We observe

p(a) = p(laa) = p(la)p(a), (5.12)
Va € A, which implies
¢(la) =15 (5.13)
Next, we want to show that
ola™) = p(a), (5.14)
for all a € A if a—! exists. We calculate
15 = ¢(14) = p(aa™") = p(a)p(a™), (5.15)
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which implies equation (5.14).

Next, we want to show that any element of the spectrum of an operator a € A C B(H4) is also
an element of the spectrum of ¢(a) € B C B(Hp), where ¢ : A — B is an isomorphism. For
that reason we make the following definition:

Definition 26. [28] Let a € B(H). We say that the set

Spec(a) = {\|(a — A1) is not invertible and \ € C},
is the spectrum of a.
Now we can formulate the previous claim in a more rigorous way:

Lemma 4. Any X\ € C is element of Spec(.A) iff X is also element of Spec(p(a)), where ¢ is an
algebra-isomorphism, a € A C B(H 4) and p(a) € BC B(Hg) -

Proof: Let A\ € Spec(a). This implies that a — A1 4 is not invertible. From equation (5.14) we
find that ¢(a — A1 4) is also not invertible. Furthermore, p(a — A1l 4) can be rewritten as

pla—ALa) = p(a) — Ap(La) = p(a) — Mg, (5.16)

and therefore p(a) — Al g is not invertible. Thus, A is also an element of Spec(y(a)).

The other way around, if we assume that A € Spec(g(a)), we can use equation (5.16) to see that
w(a — A1 4) is not invertible, and therefore, again using equation (5.14), we find that a — A1 4 is
not invertible and therefore A € Spec(a). O

We should be aware of the fact that the multiplicity of the element A € Spec(a) is not necessarily
conserved under isomorphisms. This can be seen by the following example. Let A C B(C?) be an
algebra and let us consider the algebra-isomorphism given by ¢ : A — B C B(C*)

pla)=1a®a=a®a, (5.17)

where we have defined B as the image of ¢. Let us briefly check that ¢ defines an isomorphism.
First we notice that ¢ is bijective, because B = Im(y(a)) and the inverse function is given by

¢ (12 ®a) =a. (5.18)
Furthermore, linearity can be easily shown
p(prar+ p2az) = Lo @ (par + poaz) = p(L@ar) + p2(le ®@az) = prp(ar) + pep(az), (5.19)

Yai,as € A and V,ul,ug e C.
Obviously,

p(araz) = (12 ® (a1a2)) = (12 ® a1)(12 ® az) = p(a1)p(az), (5.20)

Yai,as € A. Furthermore, it should be clear that B3 defines an algebra as well. All together we
have shown that ¢ defines an isomorphism.

Now assume that a given by
- 10
a= <0 2) , (5.21)
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is element of A. Obviously, a has the eigenvalues 1 and 2 and both eigenvalues have multiplicity
1, while

(5.22)

1
o@)= ¢

o N O

0
0
1

o O O

0 0 0 2

also possesses the eigenvalues 1 and 2, but this time both eigenvalues have multiplicity 2.
Furthermore, the fact that the multiplicity of the eigenvalues of an element of a matrix algebra is
not necessarily conserved under an isomorphism, implies that also the trace and the determinant
are not necessarily conserved. Notice that for our example Tr(a) = 3 but Tr(yp(a)) = 6 and
det(a) = 2 and det(p(a)) = 4.

The last thing we want to show before we concern ourselves with Tsirelson’s problem is the
following theorem:

Theorem 6. Every x-automorphism ¢ : B(C%) — B(C?) is of the form ¢(A) = UAUT, ifd > 3.

Proof: For the proof we use that any normal preserving linear map (5 on M,, where n > 3, has
one of two forms:

p(A) = UAUT + f(A)1 VA € M, (5.23)
p(A) = cUATUT + f(A)1 VA e M,, (5.24)

where ¢ € C, U is a unitary, f(A) is a linear functional, M,, denotes the algebra of n x n complex
matrices and AT denotes the transpose of A with respect to some a priori fixed basis of C"[35, 36].
Since ¢ is an automorphism it is linear, thus we only have to check that ¢ is normal preserving to
see that ¢ is either of the form (5.23) or (5.24). We assume that [N, NT] = 0, where N € B(C?%)
and we calculate

S(NNT) = ¢(N)p(NT) = ¢(N)(N)T, (5.25)
and
S(NNT) = ¢(NTN) = p(N1)p(N) = 6(N)Tp(N). (5.26)

Comparing the last two equations we find [N, NT] = 0 = [¢(N),#(N)T] = 0. Moreover, by
noticing that ¢! is an automorphism as well, by a similar calculation as before it can be easily
shown that [¢p(N), ¢(N)T] = 0 = [N, NT| = 0 and therefore [N, NT] = 0 < [¢(N),p(N)T] =0 .
First we will assume that ¢ is of the form (5.23). By setting ¢ = 0 we get that

¢(4) = f(AL, (5.27)

but this is a mapping from a d?-dimensional space to a 1-dimensional space, which is in conflict
with ¢ being an automorphism and therefore ¢ # 0.
Next we consider the action of ¢ on arbitrary orthogonal projectors P. On the one hand we notice
that

¢(P) = cUPU' + f(P)1 (5.28)

and on the other hand we calculate

$(P) = p(PP) = ¢(P)p(P) = CUPU" + 2¢f(PYUPU' + f(P)1. (5.29)

34



By comparing (5.28) with (5.29) we find

f(P) = f(P) (5-30)

and
& +2cf(P)=c. (5.31)

Equation (5.30) implies that f(P) € {0,£1} for all projectors P. Moreover we can rewrite (5.31)
as {—c
where we have used that ¢ # 0. Since equation (5.32) holds for all projectors P, we observe that
f(P) is constant for all projectors P. Now, we consider a rank two projector P, which we can
rewrite as a sum

(5.32)

P=P + P, (5.33)

such that
PP,=PP =0, (5.34)

where P; and P, are two rank one projectors [10]. Next, we observe

l1—-¢ 1-c¢
+

1—Cff(p):f(P1+P2):f(P1)+f(P2): 2 2

<= (5.35)

and therefore we find that ¢ =1 and
f(P)=0 (5.36)

for all projectors P. Furthermore, we recall that we can write every hermitian operator A as a
weighted sum of projectors

A= Z i |pi) (il (5.37)

where \; are the eigenvalues and |g;) are the corresponding eigenvectors of A[10]. Therefore, we
find

-0
f(A) = f(Z i lpi) (pil) = ZM f(wi) {pil) =0, (5.38)

which holds for all hermitian operators A. Finally, we recall that any operator C' € B(C?) can be
written as a sum
C=A+:iB, (5.39)

where A and B are both hermitian[37]. Eventually, we find
f(C)=f(A+iB)=f(A)+if(B) =0, (5.40)
which holds VC' € B(C?) and thus ¢ must be of the form
p(A) = UAUT, (5.41)

where it is trivial that every ¢ of this form also respects the requirements of being an algebra
automorphism.
Next, we want to investigate if ¢ is always of the form (5.41), or if there are also ¢'s of the form
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(5.24) . To this end, we assume that ¢ is of the form (5.24). Furthermore, we observe that P7
is again an orthogonal projector if P is an orthogonal

PT = (P = (PP)T = PTPT (5.42)

nd
i (PH)t = ((P")")* = P* = PT. (5.43)

This being said, one can follow a similar discussion as before to end up with the result that ¢ must
be of the form
p(A) =UATUT, (5.44)

but this time ¢(A) does not describe a valid autmorphism, because it does not preserve multipli-
cation. This can be easily seen

#(AB) = U(AB)TUT = UBTATUT, (5.45)

but
¢(A)¢(B) = UA"BTUT, (5.46)

and therefore ¢(AB) # ¢(A)p(B) in most cases. O

5.2 Tsirelson’s Problem in Finite Dimensions

This section is based on section 2 from [5] and only extra information that was added
will be cited explicitly.

We consider two parties Alice and Bob. Both are acting on parts of a shared system. Alice
possesses a finite collection of devices, which she can use to conduct different measurements on
her part of the system. We denote the set of Alice’s measurement devices by I and a specific
device by i. We will often refer to ¢ € I as the measurement setting chosen by Alice. For each
setting there are a finite number of fixed measurement outcomes and we will denote the set of
outcomes for the setting ¢ € I by A; and a specific outcome by «. Likewise, Bob holds a finite
set of measurement devices, which he uses to act on his part of the system. We will denote his
set of devices, his measurement settings, his set of outcomes corresponding to a specific setting
and a specific outcome by J, j, B; and 3 respectively.

We will just consider situations where Alice’s and Bob's measurements are independent of each
other i.e. we want them to commute independent of the settings they choose and the results
they obtain. Furthermore, we will assume that quantum mechanics hold. The most general
way to formulate this in a mathematical framework is as follows: We will associate each of the
measurement devices ¢ € I with a collection of positive operators acting on a finite-dimensional
Hilbert space. Every single operator corresponds to a specific outcome. We can write {X}; o C
B(H), withi € I, a € A; and X;o > 0 VX € {X}iq, for the set of Alice's devices. Furthermore,
we demand that if we take the sum of the operators corresponding to a specific setting over the
outcomes we get the identity, that is, Za Xia = 1. Similarly, we can describe Bob's measurement
devices by the set {Y'}; 3 with j € J and 3 € B;. Again we demand that {Y'}; 5 has the same
properties as {X}; .

For the next discussion we will first consider just one party (Alice) and then generalize our findings
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to two parties. We want to describe how to find the possible probability distributions of a specific
outcome « given the setting i i.e. we are looking for a way to describe P(«ali). The system
Alice is acting on, is in a specific state and this state determines the probability distributions Alice
can find for any possible measurement she can conduct. Mathematically a state is a positive,
linear functional w : B(H) — R, which maps the identity to one i.e. w(1) = 1. Positive in this
context means that w(o) > 0, if o € B(H) is positive semi-definite. In quantum mechanics every
state can be associated with a density matrix via the Hilbert-Schmidt-inner product. A density
matrix p € S(H) is a positive semi-definite operator with trace 1. The state w is then given by
w(Z) = tr(pZ). We say that a system is in a state w, if the probability of getting a given the
setting ¢ is given by

P(ali) =w(Xia) Viel,ac A, (5.47)

with X@a € {X}i,a-
Now we will generalize the above to two parties. We still want to describe the probability distri-
bution P(«, i, j) by means of states w.
According to the postulates of quantum mechanics a system consisting of two subsystems has
an associated Hilbert space % = HA @ HZ, where HA and HP are the Hilbert spaces of
the subsystems. Furthermore Alice’'s measurement operators only act non-trivially on H* i.e.
Xia = X@a ® 1g, with Xi,a € B(H4). Similarly, Bob's operators only act non-trivially on H?
and we write Y; 3 =14 ® ffjg with ffjﬁ € B(HP?). Obviously, every Xi.o commutes with every
Y; 5 Vi,j,a,3. The state w is then acting on B(H* ® HPB) and returning a real number. The
joint probability that Alice obtains outcome « and Bob obtains /3 given the settings ¢ and j is
then described by )

P(a, pli,j) = w(X;, @Y 4). (5.48)

This is not the only imaginable approach to describe the separation of the two measurement
parties Alice and Bob. Instead of assuming that we can decompose H we can also just demand
that [X; o, Y] 3] = 0Vi, j,«, B. Then the wanted probability distributions are given by

P, Bli,j) = w(Xia - Yjp)- (5.49)

Naturally the question arises, whether the two approaches are equivalent. It should be clear that
the latter approach includes all scenarios of the first approach. The other way around, it is far
from trivial that all scenarios covered by the latter approach are included in the first one. It was
recently shown in [27] that, if the underlying Hilbert space H is a general infinite-dimensional
Hilbert space the two approaches do not coincide.

However, if we restrict ourselves to finite-dimensional Hilbert spaces it was shown by Tsirelson
[26] that the two approaches coincide. In the rest of this section we will explain why the two
approaches coincide, if the underlying Hilbert space is finite-dimensional. To this end, we start by
proving the following theorem:

Theorem 7. [5] Let {X}; o C B(H) and {Y'}; 3 C B(H) be finite and let them describe sets of
measurement operators as described above. Moreover, let the underlying Hilbert space H be finite-
dimensional. Furthermore, we assume that {X}; . and {Y}; 3 commute, that is, [X;.,Y; 3] =
0 Vi,j,a,B. From these assumptions it follows that a finite-dimensional decomposable Hilbert
space H = Ha ® Hp exists, such that the von Neumann algebra generated by {X};, can be
mapped isomorphically into B(H ,) and correspondingly the von Neumann algebra generated by

{Y'}; 3 can be mapped into B(Hy).
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Proof: We denote the Von Neumann algebra generated by {X}; , as Ax and the Von Neumann
algebra generated by {Y'}; 3 as Ay. Since every element of the algebra .Ay- commutes with every
element of Ay, the algebra Ay lies in the commutant A’

The algebra Ax C B(H) is isomorphic to the decomposition

Ax =2 My, (C)® ... ® M, (C), (5.50)

where the right hand side is a direct sum of abstract nj x ny matrix-subalgebras [28]. Furthermore,
the Hilbert space decomposes into a direct sum H = @, _, Hj, as well. To decompose every Hy,
even further, we consider the representation (1, (C)) of M, (C) on the associated Hilbert space
Hj. The representation 7(M,, ) on Hj, is not necessarily irreducible, but every representation can
be written as a direct sum of irreducible representations. We have already seen that the only
irreducible representation of M, (C) is given by the canonical representation also denoted by
M, (C). Thus, we find that the representation of k-th subalgebra on #, is given by mj, copies
of the irreducible representation M, (C) i.e. it is given by

ﬂ-(Mnk (C)) = %Mnk ((C) =1Ly, @ My, (C) (5'51)
j=1

Therefore, we have a further decomposition of each Hilbert space Hy = Hi @ H}., where 7(M,,, )
only acts non-trivial on H}Lk
Using the fact that Ay is in the commutant of Ay, as well as theorem 4 and theorem 5, we find

Ay © My = (é L, @ Mnk<<c>> = B, © My (©)

k=1 k=1

- @ M, (C) @ Ly, - (5.52)
k=1

Since every X € Ax = @;_; 1, ® M,,(C) can be written as

<

X=01,, o X" (5.53)
k=1

we can define the *-isomorphism px : Ax — B(D H},) in the following way

Px (@ L, ® X(’“)> =P x®. (5.54)
k=1

k=1

Let us briefly check that this defines a x-isomorphism. First we show linearity

. ( (@ s ®5<<k>> b (@ L, ®z<l>>> o ((@ L, @aw)
k=1 =1 k=1

- (@ Ly, ®b2(l>>> = px (@nmk (aX(k A )) (aX REA )

=1

=a (éfc(k)) +b (@ZU)) = apx (EBllmk ® X( ) +box (énml ® Z¢ ) (5.55)
k=1 =1

k=1 =1
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where a,b € C and X*, Z* € M,, (C). Next we show that @x is product preserving

(@) o))
_ @X(k S0 _ (EB %® ) (@ Z“))
= ox (@ Ly, ® X(’“)) Px (@ Ly, @ 20 >> (5.56)

k=1

Finally we show that ¢ x is involution preserving

T T T T
- T T
(@ Ly, © X(k)> = ¥x (@ Ly, © >
k=1 k=1

1

T T T
<@X(k)> —(px<< T, © X )) . (5.57)
k=1 k=1

The corresponding map from Ay into B (D;_, H2)) is given by

vy (@ Yhe llnk> =P~ (5.58)
k=1 k=1

In a final step we have to embed the Hilbert space H = €, H% & ’H}C into the Hilbert space
(B, H?) @ (B, H;) and we identify Ha = @, Hi and Hp = @, H3. 0

We can also extend the above theorem 7 to more than two parties. For example consider the three
sets of operators { X }; o, {Y'}; gand {Z}; ., C B(H) all commuting pairwise. In this case we would
first look at the two algebras Ay generated by {X};, and Ay 7 generated by {Y'}; 53U {Z}; 5.
Now using Theorem 7 we find that there is a Hilbert space H = H4 ® Hpc, such that {X}; o
can be isomorphically mapped into B(#H4) and respectively {Y'}; s U {Z}; - into B(Hpc).
Next, we can concentrate on {Y'}; 3, {Z};~ and Hpc. Again, using Theorem 7 we find that
there is a Hilbert space Hpc = Ha ® Hp, such that {Y'}; 3 can be isomorphically mapped
into B(Hp) and respectively {Z}  into B(H¢). In summary, we have found a Hilbert space
H =Hs®Hp®Hc, such that we can isomorphically map {X};.q to B(H), {Y},;5 to B(Hp)
and {Z}y 4 to B(Hc).

From the above, it should be clear how all this can be extended to n-sets of operators.

Next, we will show that both approaches to implement local separation of two measurement parties
can be used to describe the same probability distributions.

Theorem 8. Let H, H= Ha Q@ Hp, {X}@a - B(H), {Y}ng C B(H), ox Ax — B(HA) and
vy : Ay — B(Hp) be the Hilbert spaces, sets of measurement operators and the maps described
in theorem 7 and in its proof.
For every state w : B(H) — R a state @ : B(H) — R exists, that produces the same probabilities
for oy (Y;3) ® ox(Xia) = Y B8® Xm as w produces for X; o - Yj 3 i.e.

P(a,Bli,j) = w(Xia - Yip) =0V 5@ X;a), (5.59)

Vi?j?a7ﬁ'
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Before we prove this theorem we will prove the following lemma:

Lemma 5. Let p € S(H) be a density matrix given by

P11 Pin
p=1: Cl (5.60)
Pnl Pnn
where n. € N\{0}, and pjy, is a lj x lj,- matrix, then
pi1 0 ... ... 0
0 p2 :
p=1|: - (5.61)
; 0
0 ... ... 0 pun
is a density matrix as well.
Proof: Since p has the same diagonal entries as p, it follows that
Tr(p) = Tr(p) = 1. (5.62)

Next, we will show that the positive semi-definitness of p follows from the positive semi-definitness
of p. For this purpose we define the following vector

01
Oj_l
W) = V; : (5.63)
0j+1
On
where 9, € Cli is a vector with l; entries and 0y, € CF is the 0-vector. Now, we calculate
01
p1ir .. P1j Pin : P1iYj
e : 051 :
plj)=|{pin - pj Pin Yj = | Pij¥; (5.64)
RN : Oj+1 5
Pnl Pin Pnn pnjz;z)j
On
and since p > 0, we find
p1Y;
Wilploy = (of . ofy wl ofy o) | et | =l =0, (5.69)
Pnﬂ[}j
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which holds for every j € {1,...,n} and every ¥»; € CY and therefore p;; is positive semi-definite
for every j € {1,...,n}. Moreover, p = @?:1 pjj is a direct product of positive semi-definite
matrices and therefore itself positive semi-definite. This completes our proof that p defines a
density matrix as well. O
Proof of theorem 8: We will use that every state w : B(H) — R can be associated with a density
matrix p € B(H) via

w(K) =Tr(pK), (5.66)

where K € B(H), vice versa every density matrix p € B(H) defines a state via (5.66) [10].
We calculate

P(Q,B|Z,]) = (X’L aY’ ) Tr le aY B

() (rion)
s R N )

_ (@pkk< ® o xH) )) (5.67)

where we have obtained the density matrix p = @}._, prr € S(H) from p as described in lemma
5. Next, we define the density matrix o € S(H)

o= ou, (5.68)

k=1
where o, € B(H; ® H}) such that
_pee it k=1
"’“Z_{ 0 if k£l (5.69)

We find for the associated state

w(Vjp® Xia) = @(py(Yip) @ ox(Xia)) = Tr(o(ey (Yje) ® ox(Xia)))

By comparing equation (5.67) and equation (5.70) we find
P(a7ﬁ|7;7j) = W(Xi,ay}75) = (D(Y/j,ﬁ ® XZ',O&)7 (5'71)

which holds for all 7, j, « and . O
Both approaches to implement local separation can be considered equivalent, since they can be
used to describe the same probability distributions and therefore the same correlations.
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Chapter 6

Second Kind Process Matrices

In this section we want to introduce the notion of second kind process matrices.

For the definition of process matrices (which we will call first kind process matrices from now on)
we assumed that Alice holds a set of instruments all of the form {MZA} : HAY — HA2, while Bob
holds a set of instruments all of the form {/\/lf”} : HBY — 7P2 and this was how we included the
notion of separated local laboratories.

However, for second kind process matrices we will introduce the notion of local laboratories in a
different way. Then we will define second kind process matrices in such a way that they yield valid
probability distributions for all operations held by Alice and Bob, if Alice’s and Bob’s laboratories
are locally separated in the new sense.

6.1 Local Laboratories

We look at the input space H; = HA! @ HP' and the output space Hy = HA2 ® 152, where we
assume that HA1 = HA2 = HB1 = 1{B2> = C? and therefore H1 = Hy = c?,
We say that Alice's and Bob's laboratories are standardly located, if Alice holds the subalgebra

Ay =L(CH @1, ={A®1p|A e L£L(CH)} (6.1)
and Bob's subalgebra is given by
By =14, ® L(CY = {14, ® B|B € L(CH)}. (6.2)

We will see later on that these subalgebras indeed correspond to the laboratories in the definition
of first kind process matrices.

However, for second kind process matrices we do not only consider such subalgebras, but instead
we will state more generally that Alice and Bob each hold a d?-dimensional subalgebra A C £(H1)
and B C L(H1), respectively, such that

A=UAU! (6.3)

and
B=UBUT, (6.4)

where U € L(H;) is an arbitrary unitary. Obviously, [A,B] = 0 holds and therefore we can
consider Alice and Bob as locally separated. This gives us a connection between unitaries and a
more general notion of local laboratories:
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Definition 27. For some given unitary U € L(H1), Ao defined in (6.1) and By defined in (6.2),
we call the pair {.A,B} a pair of local laboratories, where the two subalgebras A and 3 are defined
in (6.3) and in (6.4), respectively.

Definition 28. Let A € L(H;1) be a subalgebra of dimension d?. We call an operation
MM p) =3 AP pAT, (6.5)
k

an A-operation if every Agk) is element of A. Furthermore, we call an instrument including only

A-operations an A-instrument.

6.1.1 ClJ-representation for a Pair of Local Operations

We start this section with the calculation of the CJ-representation for a combination of two
standard seperatated operations Mfo o M?O,where MZ-AO and Mfo are Ag-operation and Bp-
operation, respectively i.e.

M (p) =" P prrT, (6.6)
k

where all Mi(k) € Ao, that is Mi(k) = Mi(k) ® 1 and

B _ (k) (k)T
Mjo(p) = ZN]' pNj ) (6.7)
k

where all N](k) € By, hence N;k) =1® N;k).
We calculate

Mk = (2@ Mo MM () (1))

k s k s
= Z |ab>A1B1 <Cd|A1B1 ® (Mi( ) ® N]( )) |ab>A131 <Cd|A181 (Mi( 1 ® NJ( )T)
a,b,c,d,k,s
T

k‘ S k * S *
= | SN ap (M5 (N): g labpa) 4, a5, (€dBT| 4, 5, 0,
k,s,

k S k * S *
= [ S (N ap (M) 5 (N2 4 1edBTY 4, 5, ay 3, (AOPE] 4, 5, 0y,
k,s,

_ MiAlAQ Q MjBlB2’ (68)

where in the last step we have changed the ordering from A;B1A2B to A~1AgBlBg and we
introduced the CJ-representations ]\4{41‘42 € L(HA ® HA?) of the operator /\/(iA0 P HA — HA2
given by
~ k k
M) = > M p (6.9)
k
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and the CJ-representations MJB132 € L(HB @ HPB2) of the operator M}BO : HBY = B2 given
by

MP(p Z NN (6.10)

Next, we want to calculate the CJ-representation for a combination of local operations /\/ljBo./\/lf‘,
where /\/lg4 and M}B are A-operation and B-operation, respectively i.e.

M) =S vnPutpumMiut, (6.11)
k

where all M ) e Ap, that is M( ) = Mi(k) ® 1 and

=S uNPutpun Pt (6.12)
k

where all N ( ) € By, hence N( ) =1 ®N( and U € L(H1) is a unitary.
We find

T
Mz‘?B = (I®M}B OM? (|]l>><<]l|)) = Z ’0@,41131 <Cd|A131
a,b,c,d,k,s

k s k s T
© UM NJ( hut |ab) 4, B, (cd| 4, B, v(M e NJ( )T)UT)

k S *
= Z an”BJra(Mi( ))Wx(Nj( ))UnUab xnUCd )\M(M( ))e)\( ( ))UJNU’YT ew
a,b,c,d,a,,...

T k s
‘abaﬁ)AlBlAQBZ <CdﬂyT|A1B1A232) = Z Uaﬁ,?TU(Mi( ))WX(N]( ))OT)
a,b,c,d,a,3,...
* k S *
Uab,xr]UCd )\M(M( ))E)\( ( ))UJMU’YT ew |Cd’77—>A1B1A2B2 <aba6|A1B1A2B2
(R B ME (U & (UREYY), (613)

where in the last line we have to be careful with the ordering of the Hilbert spaces, because
MArA2 ¢ £(H4142) is the CJ-representation of an operator acting on H' and having an output
space HA42, MB1B2 ¢ [(HP152) is the CJ-representation of an operator acting on H?' and
having an output space HP', U4151 acts on the input space H; = HA' @ HB' and (UB1B2)*
is the complex conjugate of U481 | but acts on the output space Hy = H42 @ HB2. Thus,
the ordering of the Hilbert spaces concerning U451 @ (UA282)* and (UA1B)) @ (UA2B2))T is
A1B1AsBs |, but concerning (]\4141‘42 ® MB1B2) it is A1 AyB1Bs .

6.2 Definition of Second Kind Process Matrices

Now, we are ready to define second kind process matrices.

Definition 29. A linear functional W is called a second kind process, if it assigns a real number
to every operator M such that for every pair of local laboratories (A, B) the following holds:
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1. W(MAo MJB) > 0, for every A-operator M#* and B-operator M%,

2. )/\/(/\/l;4 o MJB ) = 1, for every completely positive trace preserving A-operator Mf‘ and
every completely positive trace preserving B-operator M}B )

Furthermore, when a second kind process W(M# o Mf ) is rewritten as
WM o MP) = THW MP), (6.14)
where M{?B is the CJ-representation of M#* o M JB, then W is called a second kind process matrix.

We denote the set of all first kind process matrices by Pg and the set of all second kind process
matrices P..

It is not obvious, whether every second kind process matrix is already positive semi-definite. In
the following chapters we are only interested in the set of all positive semi-definite second kind
process matrices, which we denote with P.y. Clearly, P.y C P. and P, C Pg.

6.3 Continuous SWAP

Before turning our attention to the case where we allow all kinds of pairs of local laboratories
{A, B} and explore which consequences this will have on the set of all first kind process matrices
Pg, we will only consider the local laboratories, which are generated by a continuous swap of
the two standardly localized laboratories { A, Bp} and address the question if we can find some
restrictions on Pg, if we assume that W € Pg should still yield valid probability distributions for
all laboratories just described.

6.3.1 From the SWAP Operator to the Continuous SWAP

The operator

1 0 0 O
0010

SWAP=10 1 o o (6.15)
0 0 0 1

is the so called SWAP-operator acting on two qubits[38]. We immediately observe that SW AP
is symmetric and it is easy to check that it is unitary as well. Since SW AP is unitary we can find
a one-parameter family of unitaries

Uswap(t) = e, (6.16)
where H is hermitian and ¢ € R [39], such that
Uswap(0) =1 and Uswap(l) = SWAP.

Our first goal in this section is to find the one-parameter family just described.
To this end we first want to find H. We start by diagonalising SWAP. The eigenvalues of
SW AP are given by A1 34 =1 and Ay = —1 and the according normed eigenvectors are given by

0
(6.17)

[—
O = = O
_ o O
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and

0
1 |-1
v 6.18
=11 (6.18)
0
We can use this eigenbasis to diagonalise SW AP:
1 0 00
0 -1 0 0
—T. LTt —
SWAP; =T -SWAP-T o0 1 o0l (6.19)
0 0 01
with
1 0 0 0
0 —— L o
T=|, Y2 V2 0 =Tt (6.20)
V2 oV2
0 0 0 1
Now, we can find the diagonalised version of H
et 0 0 0 1 0 00
: 0 € 0 0 0 -1 00
— 'LHd: . =
SWAFs = ¢ 0 0 e 0 00 10 (6.21)
0 0 0 e 0 0 01

This gives us E; = 2mn;, with n; € Z, where i € {1,3,4} and Ey = 7 + 27ng, with ng € Z. We
are only interested in one particular H; and therefore we make the choice n; = 0 Vi € {1, 2, 3, 4}.
This gives us

0 00O
0O = 0O
Ha=1, 4 0 o (6.22)
0 00O
Furthermore, H = TTHdT and thus,
1 0 00
it
_ itH _ _tT'H,T _ ot itHggr _ ot |0 €770 0
Uswap(t) e e TTe™dT =T 0 0 10 T
0O 0 01
1 v 0 0
0 1+S'Lt7r 1 S'Lt‘n 0
= |_pitm |y gitw (623)
0 5 % 0
0 0 1
For further use of Ugsy ap(t) we rewrite it as
3+€itw 1_eit7r 3
Uswap(t) = —— 1@ 1)+ — ;aj@@aj, (6.24)

where 1 is the 2 x 2-identity matrix and o; are the Pauli matrices.
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6.3.2 Continuous SWAP of Alice’s and Bob’s Laboratories

Now, we are ready to describe a continuous swap between the two standardly localized laboratories
of Alice and Bob.

We consider that Alice and Bob each receive a qubit, that is, we assume that the input space
Hy = HA @ HB' is four-dimensional and HA1 and HE! are both two-dimensional.

Furthermore, we consider the family of unitaries Ugw ap (), which we found in the last section.
This family of unitaries describes exactly the continuous swap of Alice's and Bob's laboratories
(see figur (6.1)).

Uswap(0) Usyap(t) Uswap(1)
pice  Bo

Alice Bob Bob Alice

w w W

Figure 6.1: lllustration of Ugw ap(t). On the left side ¢ = 0 and U(0) is just the identity map,
therefore Alice and Bob reside in their “normal” laboratories. In the middle, U(t) contentiously
swaps Alice's and Bob's laboratories. On the right side ¢ = 1 and the swap is completed. Alice’s
and Bob's laboratories are exchanged i.e. U(1) = SWAP.

We will need that

1+ cos(tm 1 — cos(tr
Uswap(t)(op © ]l)Ug'WAP(t) = 2()% ®1+ 2()11 ® oy
sin(tm)
5 D k01 @ T (6.25)
Ik
and
X -~ 1 + cos(tm) 1 — cos(tn)
Uswap()(op @ 1)U ) g ap(t) = s »® 1+ f]l ® op
in(t
Sm; ™ prlk(fl & O (6.26)
1k

The calculations for the last two equations can be found in appendix A. Next, we say that Alice
holds a measurement instrument given by the CJ-representation

1
A1As A A A A
M4 = SN @14 4 ot @ oyl?), (6.27)

and Bob holds )
MBB2 = 5]131 ® 152, (6.28)
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if Alice and Bob reside in standardly located laboratories. Thus the CJ-representation M 4050 is
given by

1
MAOBO — MA1A2 ® MBlBQ _ Z(]1141 ® ]lBl ® ]1A2 ® ]132
+ o 1P el 1) (6.29)

Now, we want that Alice's and Bob's laboratories are continuously swapped. The corresponding
family of CJ-representations M 4B (t) is given by

MAB(t) = Uswap(t) ® Ugy ap(t) M50 U;WAP(t) ® (Uswap)' ()

- %[HAI 215 @142 g 15

+ Uswar(t)(op" @ 1) Uswap(t)' ® Uy ap()(042 @ 172) (UG ap) ' (1))

(1 + cos(tm))?

1 ]1A1®]131 ®]1A2®]132+ 1

4
1-— tr))? 1 — cos?(t
(1= costm)) 41 g o 1 g e+ L= 0 0)

in(t
+ ]lAl ®O'pBl ®O.z]42®]]_32)_81ni71')

ot @ 1P @ ol @17

(01?1 1B 911 @ 052

A B
Zeplkeqnmo'l ®0k1®0 2 ® 0,7

lkmn

1 t t
( +cos(7r sin(tm) <Z€plkall®gkl®a © 152

1 — cos(tm)) sin(tm
_ Zeqnmaz‘?l ® ]lBl ® 0.;32 ® Uﬁz) + ( ( 4)) ( )

nm

(Z fplkal '® U 19142 @ O.qu _ qunm]lAl ® O.pBl ® 0;?2 ® U£2> ] . (6.30)

Lk nm

We have already mentioned that P.; C Pg and therefore we can write every positive semi definite
second kind process W € P, in the form

1
- ((nAl 217 @1* @17+ ac @17 1M @15

da,dp,

7
+ Y 1Mo 91”2 @1% + ) ot @ o @14 @ 172
7 Zj
+ Y it @o @ot 1P+ sot @17 @ 1% @ o)
- ~
+ Y gt @oP wo2 01+ Y et @ o @1 0o (6.31)
ijk ijk

Since we are dealing with a 4-dimensional input space the prefactor is given by 1/(d4,dp,) =
1/4. Furthermore, every W € P., must produce valid probability distributions for M4B(t) i.e.
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Tr(WMAB(t)) = 1 Vt. Thus, we calculate

1 — cos?(tr)

TOWMAB@®) = 14 (590 + ) + (1 + cos(tm)) sin(tm) Z ——

4 4
Ik
1 — cos(tm) sin(tw
( 4) (t) > epikling = 1. (6.32)
lk
The last equation must hold V¢ and therefore we find the following conditions
Spg = —tpg VD4 (6.33)
> eikgikg = 0 b, q (6.34)
lk
and
Z epiklieg =0 Vp,q. (6.35)
lk

Condition (6.33) implies (at least in 4 x 4-dimensions) that process matrices representing a channel
from Alice to Bob or a channel from Bob to Alice are not within the set P, . Furthermore, we note
that we have found conditions on terms associated with channels and channels with memories,
but not on terms which are associated with states. Until now we only used one specific family
of unitaries and one specific set of instruments held by Alice and Bob and we have already got a
lot of conditions for the allowed process matrices W € P.,. Therefore we conjecture that P,
consists only of states and even more so we conjecture P = S(H1).

6.4 PC—|— = S(Hl)

In this section we want to prove our last conjecture that P.y = S(H1). To this end, we will first
find a symmetry which the set P,y must satisfy and then, to finish the proof, we will use similar
arguments as in [20], where it was shown that the only continuous and reversible process matrix
transformations are local unitaries.

To start things off we show that every process matrix W € Pg representing a state i.e.

1
W= 7 <(1A1 217 @1 @17+ ac @17 1M @15
A1U4By -

7
+ Y it ed w1t 1P +) o @ ot @1 @152
i ij
pP @142 @ 152, (6.36)
where pA1B1 € S(H;) is also in P.,. (Note that obviously every p4181 € S(H;) defines a valid

process matrix via (6.36).)
From

TV MAR) = Te(W(UA @ (A8 Ao (A1) g (UA282)1))
= TH((UAB) @ (U)W (U g (UA2E)) A, (6.37)
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we find that, if W € P., then (U418 @ (UA2B2)\NW(UA1B1 @ (UA2B2)*) must be in Py,
for every U151 since (6.37) defines a valid probability measure for every M50 and any unitary
transformation preserves the spectrum and therefore the positive definiteness of W. On the other
hand, if for a first kind process matrix W € Py, the product ((U41B1)t @ (U428 (U4 Br g
(UA2B2)*) defines a valid probability measure via (6.37) for any unitary U415t then W € P.,.
This can be used to show that states are in the set P,

((UAlBl)T ® (UA2B2)*)T)W(UA131 ® (UA2B2)*) — ((UAlBl)TpAlBl UAlBl) ® 1 A2B2
= pe1hb (6.38)

where p = (UM BT pAiBiggAiBry ¢ §(Hy) for every UA151 and therefore p @ 14152 € P, for
every p € S(H1).

So far we have seen, that every first kind process matrix representing a state is in the set P,...
Now, we want to show that these are the only elements of P... Again we will use the fact that
W € P, iff (UMB)T @ (UAB)) YW (UABL @ (UA2B2)*) € Pg for every unitary U415t and
moreover we will use similar arguments as in appendix C of [20].

We look at the one parameter family of unitaries

Uy = M, (6.39)

where H € L(#1) is an arbitrary hermitian operator and A € R can be continuously varied.
Furthermore .
U;\k _ e—lz\H* _ e—z)\H ’ (640)

where HT is again hermitian. From now on we choose X infinitesimal and we find the expansions

Uy =1+i\H (6.41)
and
Ui =1—ixHT. (6.42)
From this we get
U @Ui=1+iAH)@ (1 —iAH) =11+ AH 1 —idl @ HY (6.43)
and
UloW)t=1-idH) o (1+idHT) =101l —idHo1+iMl @ HT. (6.44)

Hence we find

((U;\‘hBl)T ® (UfQBQ)*)T)W(UfIBl ® (U:\%Bz)*) _ (]lAlBl ® ]lAQBQ o i)\HAlBl ® ]lA232
+Z)\]1A1B1 ® (HA2B2)T)W(]1A1B1 ® ]lAQBQ _|_ Z)\HA1B2 ® ]lAQBQ _ Z)\]lAlBl ® (HA2B2)T)
=W+ (W, HM B @ 14252) — [, 1452 @ (H4252)T]) (6.45)

Moreover, we will need the projector P on Pg
PW) = oW+ g,W = 4,8,W — 4,,W — 328, W + 4,8,B,W + B,4, 2,V (6.46)

where ,\W = 1,Tr,(W) [12, 20]. We note that P(T') = T, if T is an allowed term of a process
matrix and P(F') = 0, if F' is a non-allowed term (see Section 4.2 for which terms are allowed and
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which are not)[20]. Since (UsP1)t @ (U2B2) \hw (UM P @ (U2P2)*) € Py iff W € P.y we
find that
P(((UMPYT @ (URPY) WU @ (URP)) = (UM e (U272
W(UME @ (U8P2)%), (6.47)
which can be rewritten as
P (W 4\ (W, HM B @ 14282) [, 1451 g (g A282)TT))
— POV) + 0P (W, HAP @ 145 - 0,042 @ (1/252)1))
=W 4\ (W, H41 B @ 14282) — [, 1481 g (HA2P2)T]) (6.48)
and therefore
P ([W HAIBI ® ]1A2B2] _ [W,ﬂAlBl ® (HAQBQ)T]) — [VV7 HAlBl ® ﬂAQBQ]
W, 15 & (H425)T). (6.49)
Next, we write H as
H = hagaa R 0g, (6.50)

where hog € R Va, 8 and we have used the Einstein sum convention, that is, if a greek index
appears twice we sum over the index from 0 to d?> — 1 and if a roman index appears twice we sum
over the index from 1 to d?> — 1. Note that we have not used this convention so far and after the
end of the chapter we will not continue to use it unless we explicitly state it. The operators o,
with 1 < i < d? — 1 are the generators of the traceless hermitian Lie algebra su(d) and o¢ = 1.
The operators satisfy the relation

0a0g = 5065]1 + daﬂva’y + ifoz,@va'ya (6.51)

where
doas = daog = dago = foag = faog = fapo =0  Vo,f (6.52)

and dg- is traceless (i.e. dnqg = 0) and totally symmetric, while f, 3, is totally anti-symmetric[20].
To calculate (P([W, H41P1 @ 142582])) and [W, HA1B1 @ 14252] we will need the relations

o, @ 1,04 ® 8] = 2ifray0y ® 0p, (6.53)

where we have used that d,, and d,,~ are symmetric in o and v while f,, . is anti-symmetric in
« and v. Similarly we find

1 ®0oy,0q®0g] =2ifpsy0a @ 0y (6.54)
and

[0, @0y, 00 ®08] = 2i(0aw fray 1 @0y 408y fray0y @ L+ (davy frr +danr fray)oy @ 07). (6.55)
Moreover we write every W € P.. in the form
W o= dA11d31 (1" @17 @12 @15 + q,0i @ 17 @ 142 @ 172
+ blM @ @1 @17 + ot @0t @12 @15
tyn]lAl RoP @or @17 + st @17 @ 1% @ ol

+ oyt @ ® aA2 R1%” + ot @ ol @10 @ 02, (6.56)

_l’_

51



where we have defined

ao

= ll/077 = lunO =0,

vn, v

bo = cop = cvo = toy = two = Son = S0 = Youn = Gvon = Guno = lowy

(6.57)

Next, we calculate the commutator of every term of W with H4151 © 14282 independently. We

start with

[gunkU ® UBI (9 0k2 ® ]1B2 HAB ® ]1A2Bz] _

+

From this we observe

P([gl’nka ! ®UBl ®0k2 ® 182, gAh1B1 g 14282])

Similarly, we find

P([lynkafl ®0’17Bl ® ]lAQ ®0k2 HAlBl ® ]1A2BZ])

P(layoft @ 171 @ 142 @ 172, g5 @ 14252])
P([b, 1M @ 0Pt @ 142 @ 152, g4 51 g 14252))
P(lemot © oBt @ 142 @ 152, HAB1 g 14252))
P([sykafl 1P 1% g UEQ,HAlBl @ 1A232])

P([t k]lAl ®0B1 ®0k2 ® ]le HAlBl ® ]lAQBQ])
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Gumkha,p
[ Ay X 0'31 ® O.k2 ® ]le &41 ® 0.51 ® ]lAQBQ]

2igunihap (Sanfasr I @ 0Pt @ o2 @ 152

oy frproit @ 021 @ o2 @ 152
nﬁfva’ya @18 @ O'kQ ® 152
Fraydayroit @ oP' @ o2 @ 152)
2ihap (gunkz(fz/a»ydgm + daVanﬁT)

Al & 031 ® 0A2 ® 152
gankfnﬂr]l 1@oBr o @12

®1% aA2 ® 152). (6.58)

gl/ﬁk:fua'yo'

- [gl’nka '® UBI ® 0k2 ® 152, g4 B g ]lA2B2]
_ thaﬁgl/ﬁkfl/a’y
(o7 1B e 0'

2@ 1) (6.59)

= [ll/nkso'fl X 0}?1 ® 142 ® o7, By prAiB ® ]lAsz]
zihaﬁlaﬂk f'l?ﬁT
(Mool @1t ea), (6.60)
= [ayo-fl ® ]lBl ® ]1A2 ® ]lBQ,HAlBl Q ]1A2B2]
(6.61)
= [bn]]_Al ® 0-7731 ® ]1142 ® ]lBZ7 HAlBl ® ]lA2B2]
(6.62)
= [Cyno'fl ® O-nBl ® 1A2 ® ]]_B2’ HAlBl ® 1A2B2]
(6.63)
— [Sykgfl ® ]lBl R ]1A2 R UkBQ; HAIBI ® ]1A2B2]
(6.64)
= [tnk]lAl ® O-nBl ® Jk2 ® ﬂBQ HA1B1 ® ]1A2B2]
(6.65)



Now, we concern ourselves with the commutator between the terms of W and 14151 @ ([ 4252)T
For all terms that are associated with states we observer immediately

[ayo_fl ® ]]_Bl ® ]lAQ ® ]1327]114131 ® (HA2B2)T] — [b']]]]-Al ® O-nBl ® ]lAQ ® ]lBZ,]lAlBl ® (HA2B2)T]
= ot @ 0P @ 112 @ 152 1451 @ (14282 T] = 0 (6.66)

and obviously P(0) = 0.

For further calculations we recall that H” is a hermitian operator as well and therefore we can

write B
HT = haﬁaa & o,

(6.67)

where izag € R Va, 8 and the l~1a5 depend on h.,. Now, we find in similar fashion as before

P([tal™ @ 07" @ 0> @ 172, 14051 @ (HA2P2)T])
P([gijVO'ZAI ® O_jBl Q 0_;42 ® ]lBg, ]lAlBl ® (HAsz)T]) —
P([sio @ 17 @ 142 @ o2 1481 @ (H42P)T)) =

n

Pl @ o' @ 12 @ o2 1451 @ (H2P)T]) =

Putting everything together we observe

[tz‘uﬂAl & UiBl ® 0;42 ® ]lB2, 14181 (HAsz)T]
2Z'til/hozj fzza'y
(1M ® o © 0l @ 0}?), (6.68)

[g’bjllo-zAl R O.jBl X 0.11/42 ® 1327 ﬂAlBl R (HA2B2)T]

2igij1/ilo¢pfua'y
(e @l ®o @al?), (6.69)
[sinot @ 15 @ 1% @ of2 145 @ (HA252)T)
2isin Bpﬂ fngy
(e @15 @ 0l @ 022), (6.70)
[lijnafl ® 0}91 ® 1 @ 052, 14581 g (HAQBQ)T]
2ilijnhpﬂfnﬁv
(o @ P @ o2z @ o), (6.71)

P ([W HAlBl ® ﬂAQBQ:I _ [W ]lAlBl ® (HAQBQ)T]) — [VI/, HA1B1 ® ]lAQBQ]
—[W, 145 @ (HA2P2)T] - 2ihasg,61 frayoit © 17 @ 012 @ 152
—2ihaplank fopr 1™ @ oP' @ 142 @ 0 + 2itiyhaj frad™ @ 0 @ 022 @ o
—|—2igijl,ibapfm70;41 ® O']-Bl ® 0;42 ® 052 + 2isinl3p5fn/gva;41 215 02‘,42 ® 052

+2ilijnl~1p,3f77670;'41 ® UjBl ® 0.;242 ® 0.52 = [W, HAB ® ]1A2B2]

and therefore

—[w, 148 @ (HA2B)T] (6.72)

_haﬁguﬂkfvaq/a—‘?l ® 12 @ 01?2 @ 172 — haﬂlomkfnﬁf]lAl ® Ufl ® 142 ® JkBZ
+til/il0¢jfvow]lA1 ® UzBl ® 0::12 ® UfQ + gijvﬁapfuavazAl ® Ufl ® 0;42 ® 052

+Si7,ibp/3fn/370;41 218 @ Uﬁz & 052 + lijnilpgfnﬁfyafl & (TjBl & 0;242 & 052 = 0. (6.73)
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Since all the ¢/ ® agl ® 0;42 ® oP2's are linear independent of each other, condition (6.73)
implies

hagduskfvay = 0 ¥,k (6.74)
haglankfapr = 0 V7,k, (6.75)
til/hajfya’y =0 Vi777j7 (676)
sihpsfosy = 0 Vi,p,7y. (6.77)

These conditions must hold for every choice of H and therefore for every choice of the h,p € R's,
which again implies that the conditions must also hold for every choice of the h’aﬁs and hence

gV,Bk’fua'y 0 vy, k, a, B, (678)
lankfnﬁf 0 VTv ka «, 67 (679)
tiufua’y =0 \V/i,’y, «, (680)
Sinfnﬁ”/ = 0 Via’Ya ﬁ (681)
However, the conditions (6.78)-(6.81) implies that
Sij = tij = Gijk = lijk =0 Vi, 5, k, (6.82)

which implies that every W € P., must be of the form W = pA1B1 @ 14282 | where p1 51 ¢
S(H1). This completes our proof that Py = S(H1). O

6.5 Conclusion

The results of [20] already implied that the set Py has no other continuous reversible symmetries
than the local symmetries of the form

Ut) = U (t) @ UP () @ U2 (1) @ UP2 (1), (6.83)

where Uin(t) are all unitaries. The fact that we have found that W ¢ P., iff (U4P)I @

(UA2B2) YW (UABr @ (UA2B2)*) € Pg for every unitary U411 implies that P., must have
continuous and reversible symmetries of the form

Ut) = U@ e U)15))f, (6.84)

which is a broader class of symmetry transformations than (6.83); this already implies that P, C
Pg. However, there was still hope that there was some broader set than the set of states having the
symmetries of the the form (6.84). Unfortunately, we found that only states have these symmetries.
This implies that we cannot loosen the assumption in the definition of process matrices, that we
already know on which sub-spaces Alice and Bob act, in such a way, that we only assume that
they are in locally separated laboratories, if we want to find something more general than quantum
mechanical states. However, in some cases it might be interesting to restrict oneself to a subset
of unitaries which allow one to define local laboratories and then examine which first kind process
matrix still yield valid probability distributions for this sub set of local laboratories. Or vice versa,
one could start from one specific first kind process matrix and then ask, which unitaries and
therefore which local laboratories are allowed, so one still finds valid probability distributions.

54



Chapter 7

Bell Scenario in a Superposition of
Causal Orders

In the last few chapters we concerned ourselves with process matrices and their properties. But it
is not always necessary to use the process matrix formalism to describe a superposition of causal
orders. For example, in [24] the quantum switch was introduced without using process matrices.
We want to construct a Bell-like scenario, where the arrival time of the systems received by Alice
and Bob can be in superposition of arriving early and late. This will be done without using the
process matrix formalism.

Especially, we are hoping that our setup implements almost quantum correlations (see [3]) such
that the correlations are outside of the set of normal quantum correlations. We will start with
an introduction of almost quantum correlations before we deal with the setup of our thought
experiment.

Again, we will restrict our discussion to finite-dimensional Hilbert spaces.

7.1 Quantum Correlations vs. Almost Quantum Correlations

So far we have considered two different ways to implement the local separation of different mea-
surement parties. On the one hand side, we implemented the separation via a partition of the
Hilbert space by using a tensor product structure, and on the other hand, we implemented the
local separation via the conditions that every measurement party holds a subalgebra and all the
subalgebras commute with each other. Furthermore, we saw that both these descriptions of local
separation are equivalent in finite dimensions in the sense that both descriptions yield the same
correlations (see section 5.2). However, in [3] another plausible way of implementing the local
separation of different measurement parties was introduced, but this time they were able to show
that this notion of locality can be utilized to find a broader class of correlations, the so called
almost quantum correlations.

To make things more precise, we give the following two definitions:

Definition 30. [3/ A non signaling n-partite probability distribution P(ay,...,an|T1,...,xy),
where a; denotes the outputs and x; the inputs, is called almost quantum iff a normalized vector
) € H, where H is some Hilbert space, and a set of orthogonal projectors { E;*"*} C B(H)
exist, such that:

1Y, E™ =1 Vay,k
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2. E.‘i“’“ N e \gp> = E:’(‘S)’x” ...E:’(Tg)”’z”” |p), where ™ € Sy, is an arbitrary permuta-
tion of the n parties,

3. Play,...,an|z1, ..., 20) = (p| YY" . ER™ ™ o)
and we denote the set of all almost quantum correlations with Q.

Definition 31. [3] A non signaling n-partite probability distribution P(ay,...,an|T1,...,xy),
where a; denotes the outputs and x; the inputs, is called quantum iff a normalized vector |p) €
Q1 Hi, where Q)._, Hy is some Hilbert space, and n sets of orthogonal projectors { E;*"*} C
B(Hy) exist, such that:

1‘ Zak Egk,mk - ]1 vxk7kr

2. P(alv v 7an’x17 s 7$n) = <S0| ®Z:l Eljk’mk cee |S0>
and we denote the set of all quantum correlations with Q).

The set of quantum correlations @) is exactly the set of correlations which can be found, if we
implement the local separation of the different measurement parties via a tensor product structure
on the Hilbert space. From these definitions it is obvious that Q@ C ). However, it is not trivial
that Q C Q. For an explicit example of P € Q but P & Q see [3].

7.2 A Generalized Bell-Like Scenario

In this section we wanted to find a physically realizable generalization of a bipartite Bell-like
scenario, where the local separation of the experimenters is implemented via almost quantum
correlations. Furthermore, we asked ourselves if the correlations are outside of the set of quantum
correlations. Unfortunately the answer to this question is no.

We consider the following set-up. Alice and Bob are located in two different laboratories. Each of
them receives a particle, on which they can perform measurements i.e. Alice and Bob hold a set of
projective measurement devices {X}; o C B(Hag) and {Y'}; g C B(Hap) respectively, and they
satisfy Xl?a = X0 = Xja and Y]? =Yz = Y]T/B Moreover we demand > X; o = Zﬁ Yig =
TapVi,j.

The two particles are produced at the same location and thus they can be entangled. Demanding
that the events of Alice and Bob performing their measurements are space-like separated would
give us just a standard Bell-scenario, but at this point we will include one more degree of freedom.
We allow both particles to arrive earlier or later at Alice's and Bob's laboratories respectively. The
arrival time of the two particles will be correlated later.

In the case that both particles arrive early or both particles arrive late, we demand that the events
of Alice's and Bob's measurements are space-like separated and this gives us just a standard Bell
scenario. We say that this is the case where Alice’s and Bob's particles arrive at the same time
(with respect to a coordinate system having its origin outside of Alice's and Bob's laboratories).
Moreover, if Alice's particle arrives early and Bob's particle arrives late signaling from Alice to Bob
is possible. The other way around, if Bob's particle arrives early and Alice's particle arrives late,
signaling from Bob to Alice is allowed. (For an illustration of the setup see figure (7.1))
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Bob

Figure 7.1: lllustration of the experimental setup. Alice and Bob each receive a particle. Both
their particles are allowed to arrive at an earlier or a later instance or in a superposition of early
and late. If Alice's and Bob's particles are arriving at the same time, no signaling is allowed. If
one party receives its particle early and the other party late, signaling from the former to the later
party is possible.

The Hilbert space associated with the complete system is given by
H=HapRC%3®C%=Hs®Hp®C4x®Cs, (7.1)

where H4 and Hp are the Hilbert spaces on which Alice and Bob respectively are acting with
their measurement devices. Furthermore,

C% = span(|Ex)., |Lx)) (7.2)

with X = A, B. The ket-vector |Ex) is associated with the case, where the particle arrives early
and similarly |Lx) is associated with the case, where the particle arrives late.
Moreover we are working in the Heisenberg picture, that is, the whole time evolution is included
in the measurement operators and the wave functions of the particles are time independent. In
more detail, consider the case where Alice's particle arrives early and she, for example, performs
the measurement .

Xia = Xia ® 15, (7.3)

then, if she wants to perform the same measurement on a late arriving particle, her associated
measurement operator is then given by

Ul g XiaUap = Ul p(Xi0 © 1)Uasg, (7.4)

where Uy p is a unitary operator, which we can consider as the global time evolution of the whole
system between the earlier arrival time and the later arrival time. Similarly, we find for Bob

Yjs=14®Ys € B(Hap), (7.5)
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and
UlpYisUap = Ulp(14 @Y 5)Uap € B(Hap). (7.6)

For the set {ULBXZ'VO,UAB}Z»@ the property

=Lap
N Ul pXiaUas =Ulp > XiaUap =UlpUsp =1ap Vi, (7.7)
still holds. Similarly, we find
N UL Y Uas =145 V. (7.8)

B

It is trivial that X, given by equation (7.3) and Y} g given by equation (7.5) do commute. Also
in the case where both particles arrive late, the measurement operators given by equation (7.4)
and equation (7.6) do commute

=1ap
ULBXZ‘,& UABUI&B YJ',BUAB = UIlBXi,an,BUAB - ULBYJ;ﬁXi,aUAB
= UlpYisglapXiaUag = U\ LY, 5UapUl\ s Xi aUap.

However, X; , does not commute with UI;BYj,ﬁUAB in general, this reflects the fact that signaling
from Alice to Bob is possible, if her particle arrives early and his particle arrives late. Similarly,
Y; g does not commute with UI;BXz’,aUAB in general.

Up until now we have just discussed operators acting on the Hilbert space Hap = Ha ® Hp.
Now we want to consider the whole Hilbert space H = H4 Q@ Hg ® C% ® C% and we want to
consider operators acting on the complete Hilbert space.

If we consider H we do not only distinguish between the cases in which the particle arrives early or
late, but we also allow a superposition of the two cases. Furthermore, if we consider for example
that Alice’s particle is in a superposition of early and late, then we want Alice to measure, whether
her particle arrives early or late and depending on that she applies X ,, if she measures that her
particle arrives early and UJ;BXWUAB if her particle arrives late. This motivates the following
definition of Alice’s measurement operators

Xio = Xia @15 ®|E) (Ex| @ 15+ Ul5(Xia @ 1) Uap ®|Ls) (Ll @15 € B(H), (7.9)
and similarly for Bob’s measurement operators,

Vig=140Y;30150|Eg) (Eg| + Ulg(la®Y;)Uap © 15 ®|Lg) (Lg| € B(H). (7.10)
Still, the property

Y Xia = O (Xia® |Ba) (Bal © 15+ Ul pXialUan © |L3) (Ll © 15)
(0%
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= Y Xia®|Ex) (Bxl @1+ Ul > XialUap®|La)(Lzl @15

[0 [0
= lap® (|Eg) (Eal+[La) (Lal) @1 =1y Vi, (7.11)
;
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as well as
S Vig=1y Vi (7.12)
B

holds.
A short calculation shows that the two operators Xi,a and Yjﬂ do not commute unless Uyp is
chosen very specifically

[(Xia,Yjpl = ((Xi,a 1) (Ul 514 @ Yjp)Uap) — (Ulp(1a®Y;5)Uap)(Xia ® ]lB))

® |Ex) (Eal ©1Lg) (Lgl + (U] p(Kia © 15)Ua) (14 @ Vi5)

(14 ® V) (Ul p(Kia @ 15)Uan)) @ |L) (Lal © |Bg) (gl
= [Xia UlpY;sUan] ® |Ez) (B4l ® |Lg) (Lg]
+ [UlpXiaUas, Yl @ |L1) (L] © |Eg) (Egl. (7.13)

Since the operators of the set {X};, do not commute with the operators of the set {Y'}; 5, we
cannot consider Alice and Bob to be space-like separated in general. However, the space-like
separation of the two measurement parties is a necessary condition for a Bell-like experiment and
therefore we must implement the separation in a different way than the usual way via commuting
measurement operators. We recall from the last section that there is another way of implemen-
tation, namely rather than assuming that the operators of Alice and Bob commute in general, we
demand that the operators of the different measurement parties commute with each other, if they
act on the state which is associated with the experimental setup at hand.

By looking at equation (7.13) we see that the terms where signaling from Alice to Bob or vice
versa is possible i.e. terms where the projector of Alice’s particle being early is combined with the
projector of Bob's being late or vice versa, are accountable for the non-commutativity of )A(m and
Yjp- ) A

Therefore X; , and Y} 3 do commute, if they are acting on wave functions which do not include
terms where Alice's particle arrives early and Bob's particle arrives late or vice versa. To state the
above more precisely, we define the following projector

Oprre =1ap® (|[EqLp) (EzLg| + |L1Ep) (LiE3]) . (7.14)

Obviously, HJQEL,LE = llgr,LE and HJ}rEL,LE = llgr, e and therefore Ilg g is an orthogonal
projector. Now, if we restrict ourselves to wave functions |p) € H satisfying

HEL,LE|§0> :0 (7.15)

then R R
[Xia, Yj]le) =0 (7.16)

follows. In this case, it makes sense to consider A and B as acting in a space-like separated
manner, at least in some generalized sense. Thus, we can conclude that our scenario defines a
meaningful generalization of the Bell scenario.

Naturally the question arises, whether this yields almost quantum correlations which are outside
of the set of quantum correlations?. Unfortunately the answer is no. To understand this some
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preparatory work is required.
Equation (7.15) restricts the Hilbert space H to H ermitted iven by

Heermivea = Ha @ Hp @ span(|EzEz),|LzLg)). (7.17)
Easily the projector Ilgg 11, on Hpemieda Can be constructed as follows
Ugprr =1ap @ (|[EaEp) (EsER| +|LaLlp) (LaLlgl) (7.18)

and again HZEE’LL = llgg,Lr and HEELL = Ilgg, 1 holds and hence, Ilgg 1, defines an
orthogonal projector, which also implies that Hemiuea is @ linear subspace of H [28].
Using this projector we can find an equivalent condition to (7.15), namely

Ugp,Lle) = (1 —UeLLe)le) = lo), (7.19)

which holds for every |©) € Hoemitea- Thus, we can write every state |©) € Hoemiea In the general
form

) =D wilklEAEE) + Y ¢k [MLiLg), (7.20)
Kl Kl

where of ol € Cand Y, l9E|? + 3, l¢k|? = 1. Furthermore, let us define the projector
HEE:]lAB®‘EAEB> <EAEB" (7.21)

Using this projector, we can calculate the probability that both particles arrive early

P(EE) = (p|lUpglp) = Y le5l* (7.22)
sk

Moreover, we define the state
E
>k Pk |5K)

= , 7.23
) = = (7.23)
which is an element of H 45. Similarly, we define the projector
HLL:]1A3®|LALB> <LALB|- (7.24)
We can calculate the probability that both particles arrive late
P(LL) = (| Tp |y = > okl (7.25)
sk
We define the state S oL [shy
ik Psk sk
== 7.26
|<P|LL> P(LL) ( )
which is again an element of H 4. Furthermore,
P(EE)+ P(LL) =1, (7.27)
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for every |¢) € Hpermirea- NOw we are ready to show that {X}m and {Y'}, 3 together with H e mitted
yield normal quantum mechanical probability distributions

P(o,Bli.j) = (el XiaYiple) = of (05)" (sk| Xia ® Y |lm)

sklm
+ Y b (05)" (sk| Xia © Y |Im)
sklm
= P(EE){(¢e| Xia®@Yjslegr) + P(LL) (¢11] Xia ® YjsleLL)

which holds for every [¢) € Hemiea- The probability distributions P g (a, Bi, j) = (¢l )N(i,a®
Y;sleiee) and Pri(a, Bli,j) = (¢l Xia®Yj g |e|rr) are both in Q. This together with equa-
tion (7.27) implies that P(«, 3]i, ) is a convex combination of quantum mechanical probability
distributions and therefore it is also an element of Q).

So far we have seen that our construction does not yield any correlations outside of the set of
quantum correlations. However, we want to develop a better understanding why this is the case
and we will see that we can formulate a necessary condition for two sets of operators and for a
subspace to yield almost quantum correlations outside of the set of quantum correlations.

We start with the observation

UpprrXia = Xia®|EiEz) (BB +UlpXiaUap ® |LiLg) (LiLg|
= XiollgerL, (7.29)

and thus, XW commutes with IIgg 1. This is equivalent to the statement that Xi,a leaves
Hpermitted invariant, that is, X@a?{permitwd C Hpermitted [28]. The same holds for Yng i.e.
}7j7ﬁHEE7LL = HEE,LL}A/}’B. The fact that the operators Xl-’a leave the subspace H cmitea iNVari-
ant is already the reason why we only found normal quantum correlations. Before we formalize this
in a more rigorous way, we will prove the following lemma, which will help us to prove the last claim.

Lemma 6. Let H be a Hilbert space and H a subspace of H i.e. H C H. Let X,Y € B(H)
be two operators acting on H. At least one of them, say X, leaves the subspace H invariant i.e.
XH C H. Moreover, let 11 be the orthogonal projector on the subspace H.

Furthermore, assume that [X,Y]|@) = 0, V|@) € H. From these assumptions [TIXTIT, TIYTIT] = 0
follows.

Proof:

In the following we will use the fact that, if for the operators S,T" € B(H) the relation (p| T |¢) =

(p| S |p) holds ¥V |p) € H, then T'= S [10], in the case of the 0-operator this condition reads
(p| M p)=0,V]p)eH <« M=0, (7.30)

where M € B(H). B
For our proof we start with the observations that IT|@) = |¢), V|9) € H, and that [X,Y]|p) = 0,
V|@) € H obviously implies (¢| [X,Y]|¢) =0, V|p) € H. From this we find

0 = (21X, Y]I§) = (¢ I[X, YIT|§) = (¢ IP°[X, YII* )

= (P|(I2XYTI? — I’Y XII?) |§) = (@| (IIXIIYTI? — I2YIIXTI) | @)
= (@|(MXITTYT — TYITIXTN |3) = (3] (XY — Y X)|P)
= (¢I[X,Y]19), (7.31)
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where we have defined X =IIXTII', Y = IIYTI' and we have used that X leaves the subspace
H invariant, which is equivalent to [X,II] = 0 [28]. We recognize that from equation (7.31) it
follows that

(Pl XYl = (@ + @DX, YI(I9) + [4))

f__i; _ _ _

= (@I YTI9) + (@ [X YT ) + (] X, YT19) + (W] [X, Y] )

A JEIEU

= (P IXIY IT{g) — (P IIYILX T |¢) + (| ILXTIYIL )
= I UL LA
(YITYILXTT @) + (¢ ILXILY 1T j¢h) — (¢ LY ILX I [4))

= 0, (7.32)

Vg € H, where we have written |) as |¢) = |@) 4 |¢), with |@) € H and |¢) € HL. Finally, we
notize that equation (7.32) implies

(X,Y]=0. O (7.33)

Theorem 9. Let H be a Hilbert space and let H C H. Furthermore, let {X}ia € B(H) and
{Y};s C B(H) be two sets of protective measurement operators, which fulfill the properties
described before in this section. Moreover, assume that at least on of the sets, say {X }’La leaves
H invariant.

Then [X;q,Yj 8] |@) =0, Vi,Vj,Va,V5 and ¥ |p) € H implies that all correlations obtained from
{X}iadY} g and H are within the set of quantum correlations Q.

Proof: From a calculation similar to that in (7.31) we find that
P(a, Bi, ) = (7] XiaYj518) = (7] (X;aIl")(I1Y; 6117) ) (7.34)
where @) € H and I is the orthogonal projector on H. Thus, the correlations, which are obtained

from {X};a,{Y };5 and H are the same as the correlations obtained from {IIXTI'}; . {ITYVII'}; 5
and H. However, from lemma 6 we know that

[TLX;, ITT, TTY; 5T1T) = 0, (7.35)

for all 7, 7, 8 and . We have seen in section 5.2 that all correlations obtained from the approach
of implementing local separation via commuting subalgebras can also be obtained by the approach
of using a tensor product structure. This completes our proof that all correlations must be in
Q. O

The last theorem tells us that, if we want to implement almost quantum correlations, which are
outside of the set of quantum correlations, it is necessary to construct both sets of measurement
operators {X}; o and {Y'}; 5 in such a way that the operators of both sets map at least some of

the states |¢) € H into H\H.

7.3 Measuring the Control-Qubit

In this section we introduce two additional control qubits. These control qubits are entangled with
the early/late degrees of freedom of the subsytems respectively. One control qubit is responsible

62



Alice

Bob

C-Qubits Charlie

Figure 7.2: lllustration of updated experimental setup. Additionally to the previous setup a third
party (Charlie) is introduced. Charlie can perform measurements on the control-qubits after Alice
and Bob are finished with their measurements.

for the arrival time of Alice’s particle and the other one is accountable for the arrival time of Bob's
particle. To formalize this, we have to extend the Hilbert space H to

H=H®C:, ®Ct, =HA0HpRCFRCE®CE, ®CE,, (7.36)

where
Ceoy =span(|Ex),|Lx)), (7.37)

with X € A, B. Furthermore, we restrict ourselves to wave functions |¢) of the form

da—1dg—1

o)=Y > > i ligklkl), (7.38)

i=0 j=0 kle{E,L}

where ;i € C with 3-,., l@ijrl> =1 and {|i>}f;‘0_1 and {]j>};-l§0_1 are ONB of H 4 and Hp,
respectively. Moreover, we dropped the labels for |E) = |Ex) and |L) = |Lx), but instead we
will always keep the same ordering.

The inclusion of control-qubits allows us to introduce a third party, say Charlie, who can perform a
final measurement on the control-qubits after Alice and Bob are finished with their measurements.
In the following two sections we will investigate two different scenarios, where Charlie performs a
final measurement. (For an illustration of the setup see figure (7.2)) In both cases we will utilize
postselection and we will scrutinize, if this leads to more general correlations than quantum-
correlations.
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7.3.1 Utilizing Postselection First Attempt

In our first setup we demand that the state |¢) € H of the form (7.38), if reduced to the subsystem
associated with H, yields a pure state, which is element of H . miwes OF @ mixed state, which is

element of B(Hpermitted)-
For this purpose we calculate the reduced state

pr = Trcacs (9) (6l) = S @umiinealiikl) (abed| Tr(kl) (ed])

ig...

= D i P ikl (abkl|,

i
where Trc, is the partial trace over (C%X. The condition p, € B(Hpemirea) translates to
Hee,Loerllee.Ln = pr

and therefore

Mpproolepiy = Y $ipeeyss|iiEE) (abEE)|
igo
+ Y piri¢ipr iGLL) (abLL)|
ig
= Y ik Papik [i7kk) (abkk| .
ig
This implies
CijELYaEL = PijLEPgLe =0 Vi, j,a,b,
therefore
loijeL| = |pijLe| =0 Vi, j,
and thus

vijeL = ijLe =0 Vi, j.
We conclude that restriction (7.40) leads to wave functions of the form
©) = > @ijpp|ijEEEE) + Y @i |ijLLLL).
i ij

Now, let us consider that Charlie holds the set of the following measurement operators

I, = |EE)(EE|,
I, = |LL)(LL|,
I3 = |LE)(LE|,
and
Iy =|EL)(FEL|.

(7.39)

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)

(7.46)
(7.47)
(7.48)

(7.49)

In the following we will only concentrate our discussion on II; and Ils, because Charlie’s proba-
bilities for the measurement outcomes associated with II3 and Il4 vanish, if we only allow wave
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functions of the form (7.45).
Furthermore, we can discuss II; and Il at the same time by writing

IT,,, = |mm) (mm|, (7.50)

where m € {E, L}.

As mentioned in the introduction to this section we want to explore what kind of correlations
between Alice and Bob we are dealing with, if we postselect on Charlie's measurement outcomes.
To this end we want to calculate the conditional state

_ TrCACB((]l & Hm) i p)

fm = "L 8T, - ) (751
with p = |p) (|, where |¢) is of the form (7.45). First we notice
(mm| IL, |mm) =1 (7.52)
and
(1] 1L, |kl) = 0, (7.53)
if i =#m or j #m or k # m or I # m. Utilizing this, we find
Tre,op (L@ Tn) - p) = Y QijkkPhpee |ikE) (abec| - (kk| Ty, |cc)
%,3,a,b,k,c
= Y PijmmPamm iFmm) {abmm| (7.54)
%,7,a,b
and
Tr(L&Tm) - p)) = Y PigmmPijmm = N, (7.55)
.3

where N € RT\{0}. (The case N = 0 would be associated with the case, where Charlie never
observes the outcome associated with II,;,. Then pj,, = 0 and all associated probabilities for
Alice’s and Bob’s measurements would vanish. Therefore we exclude this case for our further
discussion.)

From the last two equations we find

Pijmm @mem ..
= - [ijmm) (abmm|
i,5,a,b \/N \/N
_ m|; s * |, .am m
= | Do ligmm) | | D ()i (abmm] | = [0™) (™, (7.56)
2,7 a,b

where @ = goijmm/\/ﬁ and |¢™) = Z” o lijmm) € Hoermitea- We found that the conditional
density matrix Plm describes a pure state |¢"™) € Hpeminea, DUt we have already seen that Alice's
measurement operators {X; .} and Bob's measurement operators {Y]g} together with a state,
which is element of H .miwea Produce normal quantum mechanical probability distributions and
therefore we have not found any more general correlations.
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7.3.2 Utilizing Postselection Second Attempt

In contrast to the last setup, we allow |¢) € H to be an arbitrary wave function of the from (7.38).
Moreover, we consider Charlie to perform a measurement described by two rank-two projectors
IT; e B(Co ®Cp) and 11y € B(C4 ® Cp), which are given by

I, = |EE) (EE| + |LL) (LL| (7.57)

and
Il = |EL)(EL| + |LE) (LE|. (7.58)

The situation can be interpreted as follows. We do not include the restriction of Alice and Bob
being space-like separated in the wave function |p). Rather, we allow wave functions which
describe situations where Alice and Bob are space-like separated, time-like separated or in some
kind of “superposition” of being space-like and time-like separated. After Alice and Bob are done
with their measurements, we learn from Charlie's subsequent measurement, if Alice and Bob have
been space-like separated, which is associated with II;, or time-like separated, which is associated
with II5. At this point we should notice that even for cases, where |¢) includes non-zero terms
of the form y;;rr |ijELEL) or i1k [ijLELE), but not only terms of this form, the probability
for Charlie’s measurement outcome, which is associated with II; does not vanish. This implies
that even for such wave functions, Charlie observes from time to time, that Alice and Bob have
been space-like separated.

This suggests that we concentrate on the statistics for Alice’s and Bob's measurements, for the
cases where Charlie’s measurement outcome is associated with II; i.e. we postselect on II;.

To achieve this, we start by looking at the density matrix p associated with the wave function |p).
As usual this density matrix is defined as

p=le) (el (7.59)

Now we condition the density matrix p on II;, which gives us the conditional densitiy matrix

 Troae,(1eT) - p)
LT T T (o) - p)

(7.60)

where Trc, ¢, is the partial trace over the two control-systems C'4 and Cp. Before we actually
calculate p|; we notice that
(19| Iy |ir) = 1 (7.61)

fori € {E,L} and
(i1 1y [KL) =0, (7.62)

unless i = j =k =1, where i,j,k,l € {E, L}. Using this, it is easy to calculate

Treac (D@IL) - p) = Treue, | (M@ Y @i |iiklkl) (abeded|
ij...
= 3" GijuPhealijkl) {abed] (cd| Ty |Kl)
ij...
= Z PijkkPapiek |17kk) (abkk| (7.63)

ij...
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and
Tr(L @) - p) =Y ijrreijmn = N, (7.64)
ij...
where N € RT\{0}. (We have excluded N = 0 for similar reasons as in setup 1)
From Equation (7.63) and Equation (7.64) we find

Dijkk Pk |- - .
= JTGW |ijkk) (abkk| =Y " WF , |ijkk) (abkk|, (7.65)
ij... ij...
where we have defined \Iffjab = (@ijkkPiprr)/ (V).

Let us halt the discussion of our setup for a moment, to make some general considerations which
will be useful when we proceed with our discussion.

Let us introduce an arbitrary density matrix o € B(?) and two sets of protective measurement
operators {A;o} C B(H) and {Bjg} C B(H), with }_, Aia = >_5 Bjs = 1 Vi, j. We denote the
probability to get outcome « given the setting ¢ and the state o by

Py(ali) = Tr(Aino0)- (7.66)
After a measurement where we have chosen setting 7 and received outcome «a we find

Ain0Aia  Aia0Aia
_ _ . 7.67
T(Ame)  Pylali) (7.67)

Qi

being the updated state [11]. For a subsequent measurement we find that the probability for
getting first outcome « and then outcome (3 given the settings i and j respectively, is given by

Phvetre 8(e, Bli, §) = Polali) Py, (Bl7) = Tr(BjpAia0Aia) = Tr(AiaBjsAiae)- (7.68)
And similarly we find for the case where the ordering of the two measurements is interchanged
Pg betore a(, B2, 7) = Tr(B;gAiaBjs0)- (7.69)
Now, we will assume that the following conditions hold
[Aia: Bjglo=0 Vi, j,a,p. (7.70)

It follows that

PA before B(a7 6|7‘7 j) = Tr(AZaB]ﬁAlalQ) = Tr(AlaAlaB],BQ) = Tr(AlaB]ﬁQ)
= Tr(B]BAzaQ) = Tr(ngBjﬁAmg) = TF(B]ﬂAlaB]BQ)
- PB beforeA(a76|i7j)’ (771)

and we can write
P(Oé?ﬁ“?j) = PA before B(Oé,ﬁ“,]) = PB before A(Oé75|7‘7j> = Tr(AzOéB]/BQ) (772)

The last result states that the ordering of the two measurements does not influence the statistics
of the observed outcomes. Furthermore, it is easy to check that P(«, f]i, j) is non-signaling i.e.

P(alij) = Y P(eBlij) = Y Tr(AiaBjso) = Tr | Aia | > Bjs | 0
8 B p
= TF(AmQ):P(Oéma (773)
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and similarly

P(Bli, j)P(B7)- (7.74)
Altogether, if the sets {A;,},{B;s} and the density matrix o obey the conditions (7.70), we
can consider the setup compatible with a space-time configuration, where the two measurements
associated with {A; .} and {B; 3} are space-like separated and produce non-signaling statistics.
Now, let us get back to our experimental setup. In the foIIowmg we show that {X; .}, {Yﬁ}
and pj; obey condition (7.70). For this purpose we recall that X; i, and Y; ;.3 are all projectors
Vi, j,a, 5. Then, we calculate

A~

XiaVipon = (Xia® 18 B)(Bl@1+ Ul (Xia@ )Uap @ L) (L] 1)

(]1 @Y 5010 |E) (B +Ulz1®Y;5)Uip @1 ®]|L) <L|)

> UE|iiEE) (abEE| + Y Ui, [ijLL) (abLL|

1,5,a,b i,5,a,b
= > V(Ko ®Yp) - lij) (abl) @ |EE) (EE]
,5,a,b
+ Y Uk (Ul p(Xia ® Y 8)Uag - lij) (ab]) @ |LL) (LL|
,5,a,b

— (10010 |E) (Bl + Ul (1@ Y;s)Uss 01 |L) (L)

(Ria @10 [E) (Bl@1 + Ul 5(Xia @ 1)Uap @ L) (L]0 1)

> UE|iiEE) (abEE|+ Y Ui, [ijLL) (abLL|

i’j7a7b 7] a b
= YjpXiapp, (7.75)
which is equivalent to R R
(X0, Yjglpp = 0. (7.76)
Eventually, for the on II; postselected probability distributions we can write
Pl(aa ﬁ’%]) = Tr(Xi,Oci/j,,BpH)? (777)

and we know from Equation (7.76) that P!(«, |, ) is non-signaling.

Naturally the question arises, if P!(c, 3]i,j) produces more general correlations than standard
quantum ones?

To this end, we will look at the restriction of p|; € B(H) to P € B(H permittea)- Thus, we calculate

pp = Heprepples . = (1 ® (|[EE)(EE|+ [LL)(LL|))

> UE W iEE) (abEE|+ > Wi, [ijLL) (abLL|
1,J,a,b i,7,a,b

(L@ (|EE) (EE| + |LL) (LL[))
= Z \Ijzjab |Z]EE> <abEE’ + Z \Ijzjab |’L]LL> <a’bLL’

1,5,a,b i,5,a,b
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therefore we can consider p|1 as an operator acting on the Hilbert space H cmittea i-€. P €
B(Hpermieea) € B(H). This already suggests that P!(«, 3]i, ) produces only normal quantum
mechanical correlations, which is easy to check. First, we calculate

PYa,Bli,§) = Tr(XiaYispp) = Tr(XiaY;slee copples, or)
= Tr(MperXiaY;sUeeLoop)
(
(

= Tr(llgg, X oAee LrllEE, LLY BUEELLop)
= Tr(XiaYj801), (7.79)

where Xioz = HEE LLXi CYHTEE LL Y, 8= HEE LLY /BHEE LL and we have used that

[XW,HEE 1] = 0. Furthermore, we recall that [X; o, Y; 3] = 0, which completes our proof that
Pl(a, Bli,7) is a quantum mechanical probability distribution. [J

Let us interpret pj;. In our original setup, where only two parties Alice and Bob were included, we
restrained ourselves to wave functions |¢) living in the Hilbert H . miea- Such wave functions are
only able to describe pure states. In contrast, in our recent setup we ended up with the operator
Pl € B(Hpemitea)- In general pj; will describe a mixed state, which can be decomposed into pure

states i.e.
> Xiles) (il (7.80)

where 0 < X; <1, 7. A =1 and |¢;) € Hpermireea[40].

Finally, we draw the conclusion that we might not have been careful enough of how to implement
that Charlie is the last one to measure. If we consider that Charlie measures first, then Alice and
Bob would still end up with the conditional state (7.65). This can be traced back to the fact
that there is a tensor product structure on the Hilbert space and Charlie only acts on (%A ®C%,
but this is a subspace on which Alice and Bob do not act. Therefore, we can consider Charlie as
locally separated.

In the interpretation that Charlie is the first one to measure, he destroys the superposition of
temporal order completely in the first attempt (section (7.3.1)), and in the second attempt (this
section) Charlie's measurement influences the setup in such a way, that after the postselection we
end up in a similar scenario as in section (7.2).

7.4 Measuring the Control-Qubit (Revisited)

In this section we will be more careful of how to implement that Charlie is the last one who
measures. To this end, we discard the entangled control qubits and rather consider the systems
associated to (CQA and CZE, themselves as control qubits. Furthermore, we assume that Charlie acts
on (C% ®(CQB, but this is a subspace on which Alice and Bob act as well. Again we will post-select
our outcomes on Charlie's outcomes.

7.4.1 Utilizing Postselection Third Attempt

In the first setup in this section we allow our total system to be initially in a state described by
a general wave function [p) € H. Furthermore we want to build a meaningful POVM out of the
operators X; ., Yj 3 and Uap. Including Uyp into the POVM means that we are working again
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in the Heisenberg picture. Again we will assume that Xi,a and ffjﬂ are projectors.

Recall that we have assumed, that for wave functions |¢) ® |EE) and |¢) ® |LL) Alice and Bob
are space-like separated and furthermore, that for wave-functions of the form |¢) ® |EL) Alice
measures before Bob and for wave-functions of the form |¢) ® |LE) Bob measures before Alice.
This motivates the definition of the following POVM elements

Biajp = (Xia®Y;p)®|EE) (EE|+ Ul 5(X;0a®Yjs)Uap ®|LL) (LL|
+ (Xia @)Ul 5(1©Y;5)Uap(Xio®1)® |EL) (EL|
+ (1Y p)Ulp(Xia ® 1)Uap(1®Y;4) @ |LE) (LE]. (7.81)

We are not only interested in the statistics between Alice and Bob but also in the final state
after their measurement. To find the final state we use the fact that every POVM element is the
product of the adjoint of an operator with itself, that is

Eiajs = MY, ;5Mia,js (7.82)

and then
Mioz,jﬁ |<,0> o Mia,j,@ |90> M;,, B ‘90> (7 83)

\/<<P\Mfa,j5Mm,jmgo> VEiajs  \/Pla,Bli,j)

is the state after the measurement associated with Ej, jz [11]. To describe our scenario, it makes
sense to choose

Migis = (Xia®Y;p)®|EE)(EE|+ (X0 ®Y;5)Uap ® |LL) (LL)|
+ (1®Yj)Uap(Xia®1)®|EL) (EL|
+ (Xia®@1)Uap(1©Y;5)®|LE) (LE|. (7.84)

We denote the final state as

Mo jg )
‘So>final = \/P L |Z J (7-85)

and we write the initial state in the following way

) = D> > apst|absl), (7.86)

ab sle{E,L}

where 3", 1 l@abst|> = 1 and {|a)}, and {|b)}, are ONBs of H4 and Hp, respectively.
After Alice’s and Bob's measurement, Charlie performs his measurement using the following op-
erators

I, = 1 ® (|EE) (EE| + |LL) (LL)) (7.87)

and
s =1® (|EL)(EL| + |LE) (LE)). (7.88)

We want to post-select Alice’s and Bob's probability distributions on the measurement outcome
1 of Charlie’s measurement, which is associated with II;. To this end, we start by calculating the
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probability distribution that Alice measures o Bob 3 and Charlie 1, given the settings i,j:

(Pl M, ;511 Mia i |i0)

P(a, B,1]i,5) = P|<p>(a76|iaj)P|<p) (1) = ]3|<p>(a7/8|iaj)

final -P|<p>(a)ﬁ|7’a])
. -
= > vappehpe (s (Xia @ Yjs) |ab)
a,b,s,l
+ D panreins (81 Ul p(Xia @ Y 5)Uag |ab) . (7.89)
a,b,s,l

The on outcome 1 post-selected probability distribution is then given by

P(a, 8,1[i, j)

P(a, Bli, j,1) = —5——=—. 7.90
(2050 = =P j) (7:50)
Thus, we calculate
il
PQli,j) = Y Pla,B1ig) =Y Carpeips (5D (Xia ®Yj) |ab)
o,B a,b,s,l o,B
1
+ > Canr®lns (el Y Ulp(Xia @ Y;8)Uas [0a)
a,b,s,l o,
= Y D leankl® =N, (7.91)
ab ke{E,L}

where N € RT\{0}. We excluded the case N = 0 for similar reasons as before. Plugging equation
(7.89) and (7.91) into equation (7.90) gives us

Pla,Blij1) = Y FOEELIEE (5]] (R0 ©Y)5) |ab)

a,b,s,l

SDabLLSO: e o
+ > TM (sl| Ul (X0 ® Y 3)Unp |ab) (7.92)

a,b,s,l

but these are the same probabilities as produced by the mixed state

PabEEP, CabLL¥
p=> Tm\aw (sl + > TMW)) (sl] , (7.93)

a,b,s,l a,b,s,l

together with Alice’s measurement operators )?i,a ® 1 and Bob's measurement operators 1 ®§7j,5.
To see that p is really a quantum mechanical state, we will rewrite it as a convex combination of
two pure quantum states. For this purpose we notice that

> pabpE |ab) (7.94)
ab

is a sub-normalized state. To find the corresponding proper normalized state we just have to
normalize (7.94) and we find

_ PabEE a
lER) _%;\/171 |ab) (7.95)

71



where N1 = Y, l¢arer|? € RT\{0}. (For Ny = 0 p would already be a pure-state, which will
be clear in a moment.)
Similarly, we get

PabLL
|ab) ,

lorr) = N,

where No = 3, |oaorr|* € RT\{0}.(Again, for N2 = 0 the density matrix p would define a
pure-state.) Now we rewrite

(7.96)

Nl N2
p= leee) (el + <FUas L) (oLl Ulp (7.97)

and we notice that N1/N > 0, Na/N > 0 and N = N; + Na. Therefore

N1 N N1 + N
M N Mt (7.98)
N N N1 + Ny
which completes the proof that p can be considered as a convex combination of the two pure-states
lopr) and Uap |oLL)-
Again, we want to understand why we have not found anything new. For this reason we point out
that

(1, Eia ;8] = II1, Miq i8] = [Il2, Eiq jg] = 2, Miq, jz] = 0, (7.99)

holds. Hence, all of Charlie’s measurement operators commute with all measurement operators
that describe Alice's and Bob’'s measurements. Like before, this implies that alternatively we
could also describe the situation in this section by saying that Charlie measures first and all the
probabilites would stay the same. In this interpretation Alice and Bob would receive the conditional

state H‘
80 (2% kk
o) = —— =3 > & ijkk) (7.100)

Vel T @) ij ke{E,L} VN

where N = Zij Zke{ﬂL} %jkk@fjkk- However, |<p|1> is an element of H emines and therefore we
ended up in a similar situation as in section 7.2 .
Also other postselection scenarios lead to convex combinations of standard quantum correlations.

7.5 Conclusion

Even though the initial setup in section 7.2 seemed like it had good chances of yielding almost
quantum correlations, which are more general than quantum correlations, we ended up with mere
quantum correlations. Still we were capable of detecting what went wrong and this led to theo-
rem 9. From this theorem we learned that it is necessary to construct the sets of measurement
operators ig such a way, that they do not leave H .miwes iNvariant, if we want to find correlations
in the set Q\Q.

We adapted the initial set up by including a third party, which is capable of performing a final
measurement. Even after looking at different scenarios, where we used post selection, we al-
ways ended up with standard quantum mechanical correlations. Again, we saw that even after
postselection, the main problem was that Alice's and Bob’s measurement operators leave H ermitted
invariant. However, it is hard to imagine that it is possible to construct physically meaningful
measurement operators that map wave functions living in the subspace H ermittea INt0 H\ Hpermitted-
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Appendix A

Action of the Continuous Swap on 0, ® 1

To show that equation (6.25) holds we will need the relation

Z €ijk€itm = 0j10km — OjmOkl, (A1)

i
for the total anti-symmetric tensor [41] and the relation

00 = (52‘]‘]1 +1 Z €iinOn, (A'2)
n

where o; are the Pauli matrices[42]. From the last two equation we find

0,050 = ((51']']1 +iZ€ijnUn> g] = (51']'0'5 +1 Zeijl]l — Z Ez’jkeklmo'm
n k mk
= o1 +1 Z €1l — Z(5iz5jm — 0im0j1)0m
k m

= 5ij0'l + (5]‘50'1' - (51'10']' +1 Z eijl]l. (A3)
k
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For convenience, we will write U instead of Usyap(t). Now, we start with the actual calculation

of equation (6.25):

U(o, @ 1)UT

3+ it 1_eit7r
(B a0+ 5 (Saea) Jmen
k

3+ e*itﬂ' 1— e*’itﬂ
— e +—— Y o0
i

4
34€'m 34em
4 ) 4 (Up ®1)
34 eit7r 1— efitﬂ'
T (op @ 1)(0j ® 7))

=a

1— eitﬂ' 3+ e—itﬂ'

(o ® op)(op @ 1)
k

4 4

=b
1— eitw 1— e—it7r

kj

(o @ o%)(0p @ 1)(0; ® 75) .

We calculate a, b and c independently. Let us start with a:

@ = Yoo 00) =3 (0@ =Y

J

J J

= ]1®Up—i26pnj0'n®0'j.

jn

Similarly, we find for b:

Next, we calculate ¢:

> (010p05) ® (040;)

ik

b=1®ap+i26pnjan®aj.

jn

ik

Z (5k:p0'j + 5pj0'k: — 5kj0p) & 5kj]l
ik

=T

i) erjn (Grpoj + 8pjok — 1j0p) @ on
Jkn

=Y

D ienpiOkl @ L+ eppicrjnl @ o .

7k Jkn

=0 =z

7

(A4)

<5p]]1 X O'j +iz€pjnan X O'j)
n

(A.5)

(A.6)

Z (5k:p0'j + 0pjok — Okjop + iekpj) X <5kj]l +1 Z ijnan)
n

(A7)



We calculate w, x and z independently. We start with x:

T = Y (Opdrjo; ® L+ 6pilpjone ® 1 — bpj0pjop ® 1) = 20, @ 1 — 30, ® 1

ik
= —0p,®1.

Next, we calculate

Yy = ’LZ 6kp6kjnaj ®op + 5pj6k:jn0'k K op — 6kzj€k:jn op & o
Jkn -0

= zz €EpknOk @ On + €pn O @ op | = 0.
kn v

——€pkn

Furthermore, we derive

Z = Z (erjnerjpl ® on) = Z ((050np = 0jpOn; ) (L ® om)) = 3L ® op — L @ 0y

kjn kjn
= 21 ® op.

Now, we plug (A.8),(A.9) and (A.10) into (A.7)
2=—0,®1+21®0,
Finally, we can plug (A.5),(A.6) and (A.11) into (A.4):

10 + 3e™ 4 3e7HT

Ulo, @ UT = T o, @1
2+ eitT( _ 3e—it7r .
+ 16 ]l®0p—zZepnjan®aj
mn
9 _ Seitﬂ 4 e*’itﬂ'
+ 16 1®ap+zZepnjan®aj
n
2 _ eitw _ e—itﬂ'
+ 16 (—op @1 +21®op)
8 4 4(eit7r 4 e—itﬂ') 8 — 4(eit7r 4 e—itﬂ')
pu— 1
16 K 16
.4(€—it7r o eitw)
+ 21—6 €pnjOn Q 0j
n
1 4 cos(tw 1 — cos(tm
— %Up(gﬂ"’%ﬂ@@n
sin(tmw
+ ’Lé) Z €Epnjon ® 0j,
in

78

1®o,

(A.8)

(A.9)

(A.10)

(A.11)
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which completes our proof that equation (6.25) holds. O
To show that (6.26) holds as well, we first observe

. 3+ efitﬂ 1— e*itw
USWAP(t):f]l(gl—i'TZUj@Uj:USWAP(_t)7 (A.13)
J

where we have used that (0 ® 0;)* = 0 ® o; holds Vj. This immediately gives us

Uswap()(0p @ 1)U ap(t)' = Uswap(—t)(op ® ]1)(U;WAP(*t))
1+ cos(—t 1 — cos(—t
_ Ldeos(Him) g L2 00
2 2
_sin(—tm)
ZT prnjan X 0
jn
1+ cos(t 1 — cos(t
— 7(700'[)(@]1‘1‘7(%)1@0};
2 2
_sin(tmr)
- i Zepnjcrn@(jj, (A.14)
in

and this ends our proof that (6.26) holds. O
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