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1 Cyp-semigroups

This section is a summary of the subject of strongly continuous semi groups.
Our aim in this chapter is to develop the theory as far as to define the unique
mild solution for the abstract Cauchy problem. Furthermore we will state and
prove the important theorem of Stone, which is a statement about strongly
continuous unitary groups and their infinitesimal generators. This will be very
useful to prove the existence of a mild solution for the Schrédinger equation
with zero potential. The main references for this chapter are Dirk Werner [21]
Chapter VII.4] and the book by Pazy [11].

In what follows X stands for a complex Banach space and L(X) for the space
of linear continuous maps from X to itself. Let 1: X — X, z + x denote the
identity on X. Furthermore R* = [0, 00) is defined to be the set of non negative

real numbers with zero included.

Definition 1.1. A Cy-semigroup or strongly continuous semigroup is a function
T :R* — L(X) with the following properties:

(i). T(0) =1,
(ii). Vs,t e RT : T'(s + t) = T'(s) + T(t),
(iii). Ve € X : T(t)xr — z as t — 0.

If the stronger condition lim; ¢ ||T'(¢) — 1|| = 0 holds, the semigroup is called
norm continuous. Moreover we call T" a Cy-group if we may replace above the

positive real numbers RT by R.

That norm continuity implies (iii) in the definition follows immediately from
the inequality ||T(¢t)x — z|| < ||T'(t) — 1|| ||=||. Furthermore (ii) implies that the
operators of the Cy-semigroup commute. The term of strong continuity comes
from the fact that condition (iii) means continuity of 7" in the strong operator
topology on L(X) defined by the family of seminorms p,(T) = ||T(x)|| where
x € X and T € L(X) see Werner [21, ChapterVIII] .

Ezxample. Let A be a bounded operator on X and define the map:

.tk Ak
.+ tA
T:RY = L(X), tee?:= o

k=0

Since A is bounded the series converges absolutely by the simple observation
k=0

-~ 1Al
N < ZT = exp(t[|A]]) < oo.

k=0




Thus T'(t) defines a bounded operator in L(X). We claim that T is a norm
continuous semigroup. By the definition of T" we see that T'(0) is the identity.
Condition (ii) from Definition is shown like the proof of the functional
equation of the exponential function exp : R — R via the Cauchy product of

series

T($+t):§:(5+tk14k iz lAltk lAkl

el ll(><> k Ak
—Z AZtA — T(s)T().

=0

In the last equation we have used the absolutely convergence of the series as

noted before. To see that the map is norm continuous we consider

2tk A
IT() 1||<Z ” * (et”A”—l)%O ast — 0.

This proves the desired statement.

In what follows we use for the strongly continuous semi group 7'(¢) the shorter
notation T;. We want to assign a linear operator A on the Banach space X to a

Cp-semigroup, which will be unbounded in general.
Definition 1.2. Let T be a Cp-semigroup we define the operator

T o —

Az = lim Iht T
h—0 h

on the domain

T —
dom (A) = {z € X| lim i exists}
h—0 h
and call it the infinitesimal generator or short generator of T'.

By the definition of the generator it is not at all clear that dom (A) contains
more than the zero vector in X. The next theorem states indeed, that the

generator is densely defined and closed in X.

Theorem 1.3. Let A be a generator of a Cy-semigroup on X, then A is densely
defined thus dom (A) = X and closed.

Our aim is to find a unique solution to the abstract Cauchy problem for a

generator A of a Cp-semigroup:

du(t)
dt

=Au(t), t >0 u(0) ==z for xzo€X. (1.1)



Where by a solution of the abstract Cauchy problem we mean a continuously
differentiable X-valued function with u(t) € dom (A) for ¢t > 0, such that (L.1))

is satisfied.

Theorem 1.4. Let A be a generator of a Cy-semigroup T on X and xo €
dom (A), then the function u : [0,00) — X, t — Ty(xo) is the unique solution to
the abstract Cauchy problem (1.1). Furthermore the solution depends continuously

on the initial value xg.

Definition 1.5. Let U : R — L(H) be a Cy-group on a complex Hilbert space
H, such that Uy is unitary for all t € R, i.e. U = U; . Then U is called a

strongly continuous unitary group

We recall the spectral theorem of self-adjoint operators, because we need to
define the exponential function for unbounded self adjoint operators. See e.g.
Werner [21, ChapterVIL.3].

For a self-adjoint operator A : H O dom (A) — H there exists a unique
spectral measure E such that for all z € dom (A): (Az,y) = [, A d(Exz,y),

y € H. For a measurable function h : R — R the associated functional calculus

(h(A)z,y) = / h(\) d(Exz,y),

R

reD,={recX: /R |h(V)|? d(Exz,y) < oo},

defines a self adjoint operator h(A) : D;, — H, with dense domain Dy,.
The next theorem will be used later on, to prove that the Laplace operator
itA

is self adjoint. This empowers us to define the exponential "2 in the sense of

the previously remarked functional calculus.

Theorem 1.6 (Stone). A densely defined operator A on a Hilbert space H is
the infinitesimal generator of a strongly continuous unitary group U if and only
if 1A is self-adjoint. In this context the strongly continuous unitary group is

given by U, = exp (tA).

Since we want to deal with generalized initial values in Schrédinger’s equation,
which do not lie in the natural domain of the Schrodinger Operator, namely the
Sobolev space H?, we have to define a different solution concept to an abstract

Cauchy problem.

Definition 1.7. Let X be a Banach space and A an infinitesimal generator of a
strongly continuous semigroup 7} then the mild solution of the abstract Cauchy
problem ([1.1)) is the function u : R™ — X with u(t) = Tyzg with initial value
T € X.



Lemma 1.8. IfT; is a Cy-semigroup on the Banach space X, then the function
X x [0,00) = X with (z,t) — Tix is continuous furthermore it is uniformly
continuous with respect to the variable t on compact subsets of [0,00). In
particular for oll © € X fized the map u(t) := Tyx is continuous, hence u €
C([0,0), X).

Since the domain of a generator A is dense, there exists for every xg €
X \ dom(A) a sequence z,, € dom (A4), n € N for every zo € X \ dom(A4), such
that the classical continuously differentiable solutions T;x, converge uniformly
in time on compact intervals to the mild solution T;xg. This means that the

mild solution is arbitrarily close to a classical solution for all times.

2 Schrodinger equation

We will follow Pazy [11, Chapter VII]. Consider the abstract Cauchy problem
Ou = iAu, u(0) =z for zg € L*(R™), (2.1)

with the differential operator Ag = iA on the domain dom (Ag) = H2(R").

To solve the Schrédinger equation we proceed in two different ways.
First, we show that the operator iAg is self adjoint in L?(R™) and therefore by
Stone’s theorem prove that there exists a unique mild solution.

The other approach is to define a classical solution in terms of the Fourier
transform with initial value in S(R™) and extend it to L*(R™) and view the
differential operator Aj in the distributional setting. After that we prove that
these two solutions agree indeed.

For the rest of this thesis we will use the following convention for the Fourier

transform of a function f € L'(R"):

f& = | flae i Oda. (2.2)

R’!L
We recall, that the Sobolev spaces H™, m € N are the functions ¢ in L?(R"™)

such that the distributional derivatives up to order m are in L?(R™). Thus

H*(R") = {p € L*(R") : 0%p € L*(R™),|a| < m}.

Lemma 2.1. Let Ag = iA and dom (iAg) = H?(R™). Then the densely defined
operator iAg : L?>(R™) D dom (i4g) — L*(R™) is selfadjoint on the Hilbert space
L2(R™).



Proof. Let F : L*>(R") — L*(R"), F(¢) = ¢ denote the Fourier transform. Then
the well known formula F(0%p)(£) = (2mi&)*$(€) holds in the distributional
sense for all ¢ € L?(R™) D H?(R"). Hence the equation

F[-AFHp)] (2) = 4n®[zo(@)

is valid for every z € R™, p € H?(R™). The multiplication operator My (p) = f-¢
with the function f : R® — R, f(x) = 4x2|x|? is self adjoint on the domain
dom(My) = {p € L*(R") : fo € L*(R™)} (see e.g. Werner [21]). Since the
Fourier image of dom (M) is equal to the space H?(R™), we conclude that the
operator i4y is unitarily equivalent to M. Thus i4y is self adjoint on L?(R™).

O

With Stone’s Theorem[I.6] we directly get the mild solution for the Schrodinger

equation.

Corollary 2.2. The operator Ag is the infinitesimal generator of a strongly
continuous unitary group. Therefore the unique unitary mild solution of the
Cauchy problem with initial value xo € L?(R™) is the function defined via
the spectral measure u(t) = exp(tAp)xo.

To solve the Schrédinger equation in the setting of Fourier analysis, we recall
Young’s inequality from real analysis. Since we will apply a variation of this
theorem in Section [£.3] we attach this statement here. Our reference is Folland
16].

Theorem 2.3 (Young’s inequality). Let f € L'(R") and g € LP(R") for

p € [1,00], then f * g(x) exists for Lebesque almost every x and

1f *gllee < [[fllzllglle-

This implies that f x g € LP(R™).

The proof is an easy consequence of Minkowski’s inequality see [6, Chapter
8].

The other fact we want to show, depends on topological statements and
therefore we change from the euclidean space R™ to general locally compact
Hausdorff spaces.

We recall that a topological space X is locally compact, if every point z € X

has a compact neighbourhood.

Definition 2.4. A function f € C(X) is said to be vanishing at infinity, if for
every € > 0 the set {x € X : |z| > e} is compact in X. We define Cy(X) to be

the space of functions vanishing at infinity.



We state without proof the following

Lemma 2.5 (Urysohn). Let X be a locally compact Hausdorff space and K C
U C X with K compact and U open in X, then there exists a function f €
C(X,[0,1]) and a compact set Ky C U such that f|x =1 and f|x\k, =0.

The proof can be found in Folland |6, Chapter 4].

Proposition 2.6. If X is a locally compact Hausdorff space then Co(X) is the
uniform closure of Co(X), i.e. the space of continuous, compactly supported

functions on X.

Proof. We show that if f,, — f uniformly for f,, € C.(X), then f € Cy(X). Note
that the function f has to be continuous, since the uniform limit of continuous

functions is continuous. Uniform convergence of the sequence (f,)nen means
Ve > 03N € N such that ||f, — fllec <& Vn > N.

For z ¢ supp(f,) we have that |f(x)| = |f(z) — fu(z)| < e. Hence the set
A :={z:|f(x)] > €} is contained in the compact set supp(f,) C X. Since A is
closed this implies that A is compact. Thus we have proved f € Cy(X).

Let f € Co(X) given. We have to construct a sequence f, € C.(X) such that
fn — f uniformly. To this end define for every n € N the set K,, = {z : |f(z)] >
%} By the definition of Cy(X), the sets K, are compact ¥n € N. Owing to
Lemma for every n € N there exists a function g,, € C.(X, [0, 1]) such that
gnlk, = 1. So if we define the functions f, := g, - f, we see that f,, € C.(X)
for every n € N and by definition of the sets K,, and the sequence f,, we get

1
[fn = flloe = sup [(fn — f)(@)| = sup [(fn — f)(2)] < —.
reX n

z¢ K,
Thus f,, — f uniformly, which completes the proof of the corollary. O

Notation. Let 1 < p < oo, then ¢ is said to be a conjugate exponent to p if
p~14¢~! = 1. Here we use the convention é := 0. The translation of a function
f:R* - C by y € R” will be denoted as T, f := f(. — y). Furthermore the
reflection of the function f is defined by Rf(z) := f(—=x).

Proposition 2.7. Let f € LP(R™), g € LY(R™) with conjugate exponents p,q €
[1,00], then the convolution (f x g)(x) exists for every x € R™, is uniformly

continuous and furthermore ||f * glloo < |fllzellgllee. If 1 < p < oo, then
f*g€Co(R™).

Proof. The existence for every x € R" follows by applying Hélder’s inequality



to obtain

[(f *g)(2)] < /R [f (@ = y)g()ldy = [ (T [Rf](y)) gllr < [ Flzellgllze.
This also proves the inequality || fgllco < || fllzr|lg|lza. A direct calculation yields
T,(f *g) = (T,f) * g. For the proof of the next assumption, we can assume
1 < p < oo without loss of generality , since for the case p = co we just have to

interchange the roles of f and g. Hence

1Ty (f *9) = f*glloc = I(Tyf) * g = fxglloc <ITyf = fllellgllze

implies uniform continuity of f*g. Indeed, the last term in the equation converges
to zero, because the translation operator is continuous on LP(R™) for 1 < p < oo
(see Folland [6, Proposition 8.5]).

We recall, that in general for two measurable functions v, w : R™ — R we

have

supp(v *w) C {x +y: & € supp(v),y € supp(w)}.

(see e.g.Folland [6, Proposition 8.6]. Here of course the domain of the convolution
v *w consists of all 2 € R, such that the integral [,, v(z — y)w(y)dy exists.

Now let 1 < p,¢ < oo then we can choose sequences f,, g, € C.(R™) such
that ||fn — fllz» — 0 and ||gn — ¢l|z« — 0. For further considerations we declare
the sets

Ay i={z+y:x csupp(fn),y €supp(gn)} for neN.

It is clear, that for every n € N the set supp(f,) X supp(g,) is compact since
fn and g, have compact support. Moreover, because addition is continuous on
the product R™ x R™, the set A,, is compact in R™. Therefore it follows that the

convolution f, x g, is compactly supported for every n € N, since
supp(fn * gn) C Ap = Ay

With the estimation

”fn*gn_f*g”OO = |‘(fn_f)*gn+f*(gn_g)||00 <
1fn = fllizellglloe + 1 fllLelgn — gllza,

it follows that the functions f,, * g, € C.(R™) converge uniformly to f * g as
n — oo. This implies that f x g lies in the uniform closure of C.(R™). Thus by
Proposition f * g € Co(R™), which proves the proposition. O



After this short digression we come back to the Fourier analytic method in
solving the Schrodinger equation. The following two propositions are from Stein
[17, Chapter 8.6.1].

A natural suggestion for a solution to the Problem , after a formal

calculation, would be the following definition.

Definition 2.8. Let f € L?*(R™) and define for all ¢ € R the operators
F ("2 0) (€)= e M (g)
Proposition 2.9. For allt € R and f € S(R™) the following properties hold:

(i). e*A(f) € S(R™).

(i3). Define the function u(z,t) = e*2(f)(x), then u € C®(R™ x R) and it
solves the abstract Cauchy problem for the initial value u(x,0) = f(x).

(iii). Let t # 0, Ky(z) = (4mit)~"/2e~121*/(4i) then the solution can be written
as u(xz,t) = f * K¢(x).

(iv). Yt #0, "2 ()l < (@nlt) 72| fllL:.

Proof. Since the function f is in S(R™) the same is true for f. For all multi-
indices «, f € N™ one calculates by usage of the generalized Leibniz Formula the

following inequality:

sup [¢79% (e~ 71¢lfg )|< sup ¢ Z( )676‘“4”2'5'8‘3‘”f(§)|

EeRm v<B

<oy ( )l Pol(e, 1) ).

EG]R"

where Pol(£,~y) denotes a polynomial in the variable £ € R™ of order |y|. There-
fore we have shown that F (e'*2 f) is in S(R™) which implies that the inverse
Fourier transform is also in the Schwartz space, which proves (i).

With the inverse Fourier transform we write
u(w,t) = [ eI fggemicnag, (2.3)

To show that the function w is differentiable in (x,t), we check the conditions for
differentiability of the parameter dependent integral like in Forster[7, Chapter 11].

First to show that wu is differentiable in the ¢- variable we inspect the integrand
h(t, &) = e~ 47" I€F f(£)e2™€® and consider the z-variable fixed. For every fixed
t € R we need to show that the function h(t,€) is integrable in R™. But this



is an easy consequence of the fact that f is in S(R") c L'(R™) and because
|A(, €)= 1F(E)]-

It is clear that h(t,&) is differentiable with respect to t. The last condition
to prove differentiability of u in ¢, is to find an integrable positive function
F : R" — R* such that |0:h(t,&)| < F(&) for all (t,€) in R x R™. If we just
calculate |9;h(t, €)| = 472|¢[2|f| we see that we can use the absolute value of
the derivative of h, since this function is clearly integrable, again due to rapid
decay of f . Recursive application of this argument, shows that u is smooth with
respect to t.

To prove that u(t,.) € C°°(R™) one has to check in a similarly manner the
latter conditions of parameter dependent integrals for each x;, ¢ € {1,...,n}.

With these preliminaries we are allowed to differentiate under the integral
sign with respect to t and x. It follows that 0;u = iAwu and if we insert t = 0 in
we conclude that u(z,0) = f(z) by the Fourier inversion theorem. Thus
(ii) is proven.

To prove (iii) we have to show that the identity
Ky(€) = e ™10 w0 (2.4)

holds. Where we consider x — K;(z) as tempered distribution in S&’'(R") for
every t # 0. Because then by equation we see that u(x,t) = F~1 (f[%t) and
the assertion follows by an application of the convolution theorem for tempered
distributions e.g. Stein |17, Chapter 3 Prop. 1.5]. For our considerations we

recall the formula
F(g(z)) (&) = 5‘"@(6‘15) for 6 > 0. (2.5)

If g(x) = e~™1#I" and since the Fourier transform of the Gaussian function is
again the Gaussian function see Stein |16, Chapter 6], we obtain §(&) = g(¢).
Therefore with § := vk, k > 0 we can write

n —=la|? 1 oL 2 1
kT2e"* = e TRl = 57@(5_196).

(V&)

Together with (2.5 this shows

_n —mlel?® B iA _133
d (k ° > =7 <5”g<6 )> (2.6)
= F (§(62)) (&) = g(5¢) = e ™Ik,

Because the identity (2.6) holds true for the open interval (0, c0), we can extend

it by analytic continuation to complex k = 4w (o + it), o > 0. Now for every



o > 0 we have by ([2.6)

—lx|?

F ((47r(a + z't))—364(a+m> (&) = e~ 4 1El (o it (2.7)
Finally if ¢ # 0 is fixed, then for ¢ € S(R™) and some o > 0

. . _n LT'Z T
iy [ ((anto 4 i) e ) (@i = [ Ri@pas @
This follows by an application of the dominated convergence theorem, because the
integrands in the sequence of (2.8)) are clearly bounded by a positive integrable
function and converge pointwise to f(\t(g)ga(f).

Again by an application of dominated convergence one shows

. —ar?|€12 (o+i —itdm?|€|?
lim [ et p()dg = [ eI () dg. (2.9)
o— R Rn

Thus the left side and the right side of (2.7]) converge in the sense of tempered
distributions to f(\t(g) and e~ it4m l¢1” respectively, which establishes the identity
(2.4) and therefore the assumption (iii) is proved.

Assertion (iv) follows from Young’s inequality. Since K is bounded and
f € LY(R"™) we have

1f # Killpoe < 1Kellzoe | fllor = @nft) 21 fpe, Ve #0.

O

Proposition 2.10. For every t € R and f € L2(R™) the following properties
hold:

(i). The operator U; = e*» : L2(R™) — L%*(R") is unitary, in particular

1Uefllrz = |1 fllze-
(ii). For every f € L*(R™), the mapping t — Uy(f) is continuous in the L*-
norm.

(@ii). The function u(z,t) = (U f)(x) solves the Schridinger equation on R™ X R

in the sense of distributions for initial value u(x,0) = f(z).

Proof. Since the factor e~ t47°IE” has absolute value one, we get

/le_it47r2|£|2f(§)|2d§ = 1f172 < o

and observe that ||(/Ut7)\|Lz = || fllz2- Thus (i) follows by an application of

Plancherel’s theorem.

10



Because f € L2(R") we see that e =47 I€I” f converges to e~ 047" I¢1* £ in the
L? norm as t — to. Thus using Plancherel’s theorem again, part (ii) follows.

We define the operator £ = 0; — iA and consider its adjoint in the distribu-
tional sense L' = —0; — iA. To prove (iii) we have to show, that the following

equation

(L(Uf),0) = (Uf), £(9))
(2.10)
= / / L@@ U @)dudt =0,

holds for all ¢ in D(R™ x R) and f € L*(R").

By Proposition it is clear, that holds for all f € S(R™) in the
classical sense hence clearly in the distributional sense. Now for f € L?(R") we
can find a sequence (f,)neny with f, € S(R™) and such that f, converges to f
in L2. This is true because S(R™) is dense in L?(R"). By assertion (i), e®® is

unitary and hence we obtain:

I1£"(0) (2, )e" fu(@)llzz < IIL'(d) (@, )2 [l full L2 ¥n € N.

So we can apply Lebesque’s dominated convergence theorem and the assertion

is proved. O

Remark. We want to emphasize, that for f € S(R™) the formula
e (f)=fxK, for t#0 (2.11)

from Proposition [2.9| (iii) can be extended to functions f € L?(R™). To this end
we sketch a generalization of convolution of distributions. In Stein [17, Chapter
3] convolution is defined for a pair of distributions, if at least one of them has
compact support. But in the kernel K; viewed as distribution is not
compactly supported and f € L?(R"™) is also not compactly supported in general.
Therefore this definition does not apply in this context.

We denote by O(R™) the space of functions 1) € C°°(R"™) such that 9% is of
polynomial growth for each multi-index g € N”. The fact that the product 1 - v
is a tempered distribution whenever ¢ € O(R™) and v € §'(R™), enables us to
define

vxg:=F Y0g9) € S'(R") for veS'(R"),geF OR")). (2.12)

Because O(R™) C §'(R") it is clear that also F~1(O(R")) C &'(R™), hence the
Fourier transform of the function ¢ in the equation is well defined. Let &'(R™) be

the space of compactly supported distributions, we recall that for w € &'(R"™) C

11



S’(R™) it follows that @& € O(R™). Therefore £&'(R") C F~}(O(R")) and in
this case v *x w defined as in (2.12)), boils down to the classical convolution of
distributions. By definition, the convolution from (2.12)) satisfies

vig=g*v and F(vxg)=10§ for veS'(R"),gecF (OR")).

Furthermore associativity is fulfilled whenever two of the three tempered distri-
butions from the convolutional product g * v * w are in F~!(O(R")). For further
details and proofs that have been omitted in this remark, we refer to Constantin
[3, Chapter 6.1].

With these preparations we can finaly extend Proposition [2.9] (iii) to functions
in L2(R").
Corollary 2.11. Let t # 0, K;(z) = (4mit)~"/2e= 12"/ yhen the unitary
operator U, : L*(R™) — L*(R™) from Proposition can be written in terms
of a spatial convolution U(f) = f * K; for f € L*(R™).

Proof. We have that the function f is a tempered distribution, since L?(R") C
S'(R™). Observe that in the proof of Proposition (iii) we showed I/(\t(f) =
e~ € for every ¢t # 0. Thus K, € L>*(R™) N O(R™) which implies that
K; € F~Y(O(R")), so the convolution of f x K; is defined by in the
remark above. By Definition we see that F(Uy(f)) = fK,, combined with
Proposition i) this shows that fI; is in L?(R"). Putting these results
together we obtain for every f € L?(R™)

frK=F YfEK,) = FYFULS))) = Uu(f) € LAR™).

Thus the corollary is proved. O

If f is additionally required to be in the space L!(R™), the convolution f* K
is defined in the classical sense, since K; € L (R™). Thus applying Young’s
inequality, generalizes Proposition (iv) to f € LY(R™) N L3(R™), which we

will state separately.

Corollary 2.12. If f € LYR") N L3(R") and u(t,z) = e*>(f)(z), then for
every t # 0

lu(t, @)L= < (4nlth ™2 [[u(0,2)l|rs = (4nlt) ="/ £l 1.

3 Square root of a probability measure

This chapter is from the article of Hormann [9} Section 3.1]. Recall that a positive

Borel probability measure p on R™ satisfies u(R™) = 1. We want to define the

12



square root of such a measure by a convolution with a general mollifier.
In what follows we define the mollifier p : R® — R, which is a normalized
Lebesgue-integrable function such that the square root of p is integrable too.

Explicitly, we demand

pe LR p2 0,5 e LR, [ plo)ds =1, (3.1)
We define the net p.(z) := % p(Z%) for € € ]0,1] and observe that

lpell: = |lpllrr =1 for every € > 0.

Definition 3.1. Let M(R™) be the space of complex Borel measures on R™.
Then for p € M(R™) and f € LP(R™), 1 < p < oo we define the convolution of
the measure p with the function f by

px fx):= | flz—y)duy).
R’VL
That the convolution of the measure p with p is well defined, follows from
the next theorem, which is the Young inequality for measures (see Folland [6]
Chap 8]). We denote the total variation of a complex measure p by ||g||var. The

next theorem is Young’s inequality for measures.

Theorem 3.2. Let f € LP(R™), 1 < p < oo and p € M(R™). Then the

convolution pu x f(x) exists for almost every x in the Lebesque sense and the

Since the variation norm of a complex Borel measure is finite , it follows that
wx f € LP(R™). Note that L'(R™) can be embedded in M (R™) via the map
[ = py with ps(B) = [, 1p(x)f(x)dz for every Borel set B C R™.

We want to emphasize that ,/p is in L2(R"), if p is a mollifier as above. This
is a consequence of positivity and integrability of p. In the next Proposition we

show that the net p. forms a delta regularization.

Proposition 3.3. Let € €]0,1], then the net (p.)eso € LY(R™) with p. defined
as above, converges in the sense of tempered distributions in 8'(R™) to the delta

distribution.

Proof. We need to show that for all ¢ € S(R")

lim(pe, ) = (9,0) = ¢(0).

E—

13



By a change of variables we obtain

[ owotwn= [ SpEoterin = [ paote)is.

R~ € n n

Next we define f-(z) := p(z)¢(xe) € L'(R™) and it is obvious that

lim f.(x) = p(x)$(0) for almost every x € R™.

e—0

Furthermore we note that the inequality
|fe(2)] < Mp(x) € L'(R™)  with M := |||«

holds for all € > 0. Thus the functions f. are dominated by the Lebesgue inte-
grable positive function M p and we can apply Lebesgue’s dominated convergence

theorem to derive

(pe,9) = | felw)dz = [ p(z)p(0)dz = ¢(0) = (4, ¢)

Rn R"L
as € — 0, which proves the proposition. O

Based on this general observation we define a kind of positive square root
of the positive Borel measure p by the net (\/'“Tpf)oo' In this case clearly
(1 * pe) (z) > 0 for every x € R™.

The next property is mentioned in Hérmann |9, 3.1.(R)].

Proposition 3.4. Let p be a positive Borel probability measure on R™ and
p € LY(R™) such that [, p(z)dz = 1. Fore €]0,1] define the delta regularisation
pe(x) = Z=p(£) as above. Then the convolution p x p. converges to p in the
space of tempered distributions S'(R™) and weakly in the space of finite complex

Borel measures M(R"), i.e.

lim () (p * pe)(x)dx = / fdu Vf e Cy(R™).
R® R™

e—0
Here C,(R™) is the space of bounded continuous functions on R™.

Proof. We just show weak convergence in M (R™), since the Schwarz space
S(R™) is a subset of C,(R™) and convergence in S’(R™) follows. Furthermore
convergence in 8’(R™) can also be observed directly by Proposition since
there we proved that p. converges to the Dirac delta in tempered distributions,

thus p* p = p* 6 = p in S’'(R™).

14



Let f € Cy(R™) and plug in the definition of the convolution:

lim f( )1 * pe)(x)de = lim /n /n pe(x —y) f(x)dp(y)de. (3.2)

e—0 e—0

In order to reverse the order of integration in we first show that the absolute
value of the integrand is p ® A integrable, where A is the Lebesgue measure on
R™. This will be done by using Tonelli’s theorem to evaluate the integral as an
iterated integral. Then we can apply Fubini’s theorem to establish the reverse

order see |6, Chapter 2.5]. To this end we calculate

/n /n lpe (@ = y) f ()| dudp(y) < ||f||oo/ / 1pe(z — y)|dzdp(y)

(3.3)
1l [ 1dn(0) = 1l < ¢

Since this integral is finite, Tonelli’s theorem guarantees that the function
pe(x —y)f(x) is u ® X integrable. Thus the requirements for the change of the
order of integrations are fulfilled.

In the next step we want to apply the dominated convergence theorem to

lim. 0 [z he(y)du(y), where we define

he(w)i= [ pelo =il = [ pla)(as + y)da,

It follows by Equation (3.3)), that the functions h. are in L!(u) and are domi-
nated by the constant function || f||oc € L'(1). By another simple dominated

convergence argument with respect to the Lebesgue measure A it follows that

;%mwzfﬂmMMxWew.

Putting it all together we get the desired result:

lim f(@)(u*p:)(z)dz = lim /n /" pe(x —y) f(x)dxdu(y)

e—0 Rn e—0

:lim/ / flex + y)dzdu(y / fly)du(y
e—0 n n

O

We consider again the properties (3.1)) for the mollifier p. Then for every
€ 10, 1] the function \/z * pz is in L?(R™), which follows immediately on the
one hand by applying Theorem [3.2] because

IV pell2 =/]R [(x pe)(@)|de = ||+ pellr < llpllvarllpellr = 1l var-
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Alternatively, an application of Fubini’s theorem yields the L?-norm of the
function /pu* pe directly

Wil = [ [ pele = auti)as

= /n / pe(x — y)dedp(y) = /Rn ldpu(y) = 1.

Now consider the Cauchy problem (2.1)) with initial value wue|t—g = /I * pe,

explicitly written as

(3.4)

Opue = iAue,  Ucli=o = /¥ p. € LQ(RH)~ (3.5)

The solution to (3.5) in dependence on € > 0 is given by Corollary in
the sense of the strongly continuous unitary group U; = exp(itA) (¢ € R) of
operators on L?(R") by

ue(t,x) = U(v/u*xp:) VteR,e€]0,1]. (3.6)

By the remark to Proposition for t # 0 the solution of (3.5) can be

represented in terms of a spatial convolution

ue(t, ) = (Ky /1w * pz)(x), where Ky(z) = (4772‘15)*”/26*'“2/(4“). (3.7

Definition 3.5. For any ¢ € R let u! denote the positive measure on R™ having
density |uc(t,.)|?> with respect to the Lebesgue measure (see Bauer [1]). This

means that for a Lebesgue measurable set A C R™ the measure is given by
HL(A) = /A fue (8, 7) [2d.

Proposition 3.6. For every e € ]0,1] and t € R the positive measure ut on

R™ having density |uc(t,.)|? is a probability measure, thus pL(R") = 1.

Proof. To prove the proposition we need to show that pf(R™) =1 for all t € R
and ¢ € 10, 1]. The representation of u.(t, ) in (3.6 together with the unitarity
of the operators U, yields

p®) = [ fuelta)Pde = [ U/ ) P
n Rn
— UEE 522 = Vel
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By equation ([3.4)) we conclude that

HER™) = [V pellze = 1,
which completes the proof. O

We recall the fact, that every positive distribution is a positive measure
(see Hormander [8, Theorem 2.1.7]). Therefore the delta distribution can be
considered as the Borel probability measure § € M (R™), which assigns for every
Borel set A C R”

0, ifog A

0(A) = )
1 ifoeA

The measure § is also called the Dirac measure concentrated at zero.
If we set in the Schrodinger equation (3.5) the initial Borel probability
measure pu to be the Dirac measure 9, then

welimo(@) = ue(0,2) = /3 % pa(@) = v/po(@). (3.8)

In this setting it follows by the representation of u. (¢, x) in terms of a spatial
convolution (3.7, that for every ¢t # 0

uelt,2) = (K \/5e p2) () = Koi(a) » \/ [ peta = yas)
= (K * ) (@).

(3.9)

With these preliminaries we obtain the following bounds of the solutions ..

Theorem 3.7. Let € M(R™) be the Dirac-measure 0 concentrated at zero,

p € LY(R") defined as in and pe(z) == L p(Z%) fore € ]0,1]. Hence by

ue(t,x) = (Ki x \/pe)(x) for everyt # 0 and u.(0,z) = \/p<(x). Then for

every t # 0

Al
(4rlt])>

Proof. The assumptions of Corollary are clearly fulfilled and therefore

[[ue (t, @) || L (3.10)

a0

Ue (T, ) || e < n 3.11
et < (3.11)

Since we have as initial probability measure the Dirac measure and thus u. (0, z) =

pe(x), we calculate
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e, = [ Vo= [\ L (2)as
= [ o/ R = 1yl

The proof of the theorem is completed, if we insert (3.12)) into the inequality
(13.11)). O

(3.12)

Remark (quantum mechanical interpretation). Equation is the Schrédinger
equation for a particle of mass equal to % with zero potential. This means, that
the particle is not exposed to an external force. In quantum mechanics the
solution to the Schrodinger equation u(t, x) is interpreted in the following way:

The probability p of finding the particle in a Lebesque set E C R™ at time
t € R, is given by pf(E) = [, u(t,z)]*dz. Hence as described in Proposition
the function |u(t,.)|? is the density for the probability measure p. We note,
that the density of the probability, that the momentum of a particle lies in E at
time ¢ is given by |a(t,.)|? (see Rauch [13] Section 3.2]).

In this setting the initial value u(0) € L?(R"™) in equation is given and
|u(0)]? is an initial density of a probability measure p.

In the article of Hormann [9, Section 1] the starting point was the reverse
assumption. Let an initial probability measure p be given, which should describe
the probability that the particle is in E at time zero by u(E). Thus with the
regularization u. (0) := /u* p- € L*(R") in equation we constructed initial
values for the Schrédinger equation, such that the solution at ¢ = 0 as € tends
to zero fulfils (F) = [, |u(0)(x)[*dz. For the rest of this thesis we analyse
convergence properties of the probability measures ul as e — 0 for ¢t # 0 in

different topologies on the space of complex Borel measures M (R™).

4 Convergence properties of the measures ;'

Recall that we denote by Cy(R™) the space of bounded continuous functions
R™ — C, respectively by Cy(R™) the space of continuous functions R” — C
vanishing at infinity and by C¢(R"™) the space of continuous functions R* — C
with compact support. It is clear by definition that C¢(R™) C Cp(R™) C Cp(R™).

Let X and Y be vector spaces, and (z,y) — (x,y) € C a bilinear map on
X x Y then (X,Y,(.,.)) is called a dual pairing if

Ve e X\ {0} Jy €Y such that (z,y) #0 and
Vy € Y\ {0} 3z € X such that (z,y) #0

18



Now let (X,Y,(.,.)) be a dual pairing then o(X,Y) denotes the locally
convex topology on X generated by the set of seminorms {p, : y € Y}, where
py(x) = [{z,y)| (see Werner |21, Chapter 8]).

Let I be a directed set and recall that the net (z;);cr converges in (X, 0(X,Y))
to 0 if and only if the net (z;,y);cs converges to 0 in C for every y € Y.

Furthermore let (M (R"™), Cp(R™), (.,.)) denote the dual pairing via the bilin-
ear map (.,.) : M(R") x Cy(R") = C, (p, f) = [pn f(2)dp(z).

Definition 4.1. Let (7%)keny € M(R™) and 7 € M(R™), then we say that the
measures T, converge vaguely or with respect to the vague topology to T, if
(k) ken converges in the locally convex topology o(M(R™), C.(R™)) to 7, thus

T, = 7 vaguely, if VfeC.(R")) (1, f)—=(1,f) ask— oc.

Moreover we say that (7)ren converges weakly in the sense of probability
theory to T, if 7, — 7 in the topology o(M (R"), Cy(R™)) for k — oo (see Bauer
[1]). As usual a similar definition applies in the situation of nets 7., € > 0 .

In what follows, we want to investigate convergence properties of the net of
measures £, again having density |u.(t,z)|? = |Up\/p* pe|*> with respect to the
Lebesgue measure. In order to use the inequality of Theorem [3.7 we set the
initial probability measure u to be the Dirac measure § on R™.

We will consider the net u! for every t # 0 as € — 0, with respect to S'(R™),
the vague topology, the topology o(M (R™), Co(R™)) and the weak topology
in the sense of probability theory. The results can be found in Hérmann [9}
Section 3.2].

Let € € ]0, 1], first we note that by Theorem [3.7it is clear that the net u. (¢, z)
converges uniformly to 0. Since a function ¢ € S(R") is in L' (R"), we obtain

by uniform convergence of u. (¢, ) to 0, that for every ¢ € S(R™)
Gtoo) = [ e@luctt, o) do
< ue(t, .)||2LOO(RH)H<,0HL1(R") —0 as ¢—0.

Hence this implies that uf — 0 as e — 0 in S'(R™).

A similar calculation can be applied to (ut, f), where f € C.(R") and
therefore u! converges vaguely to 0.

To prove that pf — 0 as e — 0 in the weak* topology o(M(R™),Co(R™)),
we split the integral

(uz, f) = - f@)lue(t, @)de f € Co(R™),
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into a sum of an integral over a compact set K C R™ and an integral over the

complementary set R” \ K. Thus we obtain the inequality

ik, )] < /K (@) e (b, ) Pde + / @) et 2)Pde. (A1)

RP\K

By Theorem we can estimate the first integral over the compact set K in

(4.1) as follows:

/ @) et 2)Pde < Jus(t, )3 / \f (@) |de
K
BN /

fa

(4rlt])"

(4.2)

If we apply Proposition we conclude for the second integral in (4.1)) over the
complementary set R” \ K that

[ @ letoPds < [ fedle [ Juctt oo
R\ K R™

(4.3)
= [[flrm\x lloc1-

Where we denote by f|gn\x the restriction of the function f to the set R™ \ K.

For n > 0 arbitrary we can choose a compact set K C R™ such that

|| flrm\klloe < %, since f is a continuous function vanishing at infinity. Fur-
thermore let I := [} |f(x)|dz < oo, then there exists an e, € ]0,1] with the

_ Al ( " >“"
5 .
oIz \2 s
Hence we obtain for f € Co(R™) by inserting the inequalities (4.2)) and . in
- ) for every € < g1 the inequality

property that

|</’(‘57 >| <IKf||u€( )HL"o +||f|lR”\KHoo

< — - =
2+2

which proves pt — 0 in o(M(R™), Co(R™)).
This can also be proven by a more general Lemma from Storch,Wiebe |19}
Chapter 17.D].

Lemma 4.2. Let g, 0 € M(R™), k € N such that the norms || i || var and || p] var
are bounded by a fized finite constant M € [0,00[. Furthermore let F' C C.(R™)
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be a dense subset of C.(R™). If
vf €1l kliIIl <:U'ka f> <,LL, f>
—00

then the sequence py, converges vaguely and in the topology of o(M(R™), Co(R™)).

Proof. Let g € Cy(R™) and € > 0. Then there exists a function f € F such that
lg — flleo < e. Therefore,

[(urs 9) — (s @) < Wi, 9) — (s £+ K £) = (s O+ K 1) = (1, )]
<|lg = fllooll it llvar + ks £) — (s )+ 1lg = Flloolltllvar
< 2eM + (g, f) — (i, [)]-

Together with the assumption (ux, f) — (u, f) for f € F this completes the

proof of the lemma. O

Until now we have shown p! — 0 in §’(R"), vaguely and in the topology
o(M(R™), Co(R™)).

On the other hand we will now prove, that u! does not converge weakly in
the sense of probability theory. This is easily shown, because if we assume that
pt converges to some Borel measure 7 in o(M(R"), C,(R™)) then the limit 7

would have to be equal to the vague limit. This leads to the contradiction
(ut,1) = pt(R") =140 as &—0.

Thus pt does not converge in o (M (R™), Cp(R™)).

4.1 Example in one spatial dimension

We now want to focus on the failure of weak convergence in probability of the
net u! where € € ]0, 1] and give an example of a function f € Cy(R), such that
there are uncountably many cluster points of the net (uf, f). This means that
there exists an uncountable set V' C C such that for every v € V' we can find a
null sequence (g, )nen C ]0,1] with the property lime, _o(ul , f) = v.

The aim for the construction of such an example is that we hope to find a
subspace X C Cy(R) of the continuous bounded functions, for which the net put
converges in the topology o(M(R), X).

Example Let f € C(R) be given by f(z) = e*°80+2D) for 1 € R. Furthermore
let again the Dirac-measure be the initial probability measure in the Schrédinger
equation with the Gaussian as mollifier. Hence

wx? 1 —ma?

plx):=e” and p.(z) = e B
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Therefore by (3.8)) we can write the Schrodinger equation as

2

—ﬂf 1 ===
8{[1,5 = iAuE; =\VPp *@ 2 = 76 2e2 (44)

€

Proposition states the solution u.(z,t) is given by the application of
the operator e*2 to the function /p. (7). Since we want to calculate a concrete

formula for u.(x, t) we first consider its Fourier transform and obtain by Definition

2.8

T(t,6) = F (" Vp:) () = e HTEF (;ge) (©)-
To calculate the Fourier transform of /p; we define for a > 0 the scaled Gaussian
Go(z) = ﬁe# and recall that in this case @a(m) = "™ gee e.g. Stein [16].
Since the function ,/pc is again a Gaussian, we can rewrite it in the following

way:

1 a2 1 —me?
= — 2 =V 257 T2:2 = V QEG .
pel) ﬁe ’ \/@e : 222 (@)

This leads us, by using the formula for the Fourier transform of a scaled Gaussian,

to the representation

Uz(t,€) = e HTEF (\/%stz (1’)) = \2ee AT m2metE
= Ve (Him2) 25@(4mt+252)(5)-
We are now able to write the solutions to (4.4) in an explicit formula for every

€10,1], as

uE(t7x) = }"_l(ﬂZ(t7§))( ) \/7]: ( 417rt+2€2))

50 () £ —ma?
=V i Xr) = " ex "
(dimt+2e2) 2imt 4 €2 P 4imt + 22

Since we are interested in the net (ut, f) = [0 f(z)|uc(t, z)[>dz, we need
2.

to investigate the term |u.(¢,z)|*. If we use the basic rules about complex

conjugation, especially the fact that for every z € C we have \ﬁ = V/Z, one
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obtains

|u8(t,x)\2 = e (t, x)ue(t, x)
2
= e(2int + e2) V2 (—2imt 4 £2)71/?

*7'('.’]5'2
ex _—
P Qimt + 22
2
E [ S
Vet anie (eXp (254 + 822 ))
£ —TXrE
= ——exp| ——=
Vet + 4n22 Pl + 4242

€ €
= X | .
Ve ranz2’ (\/54 + 4m2¢2 )
This yields the suitable form

3

Vet ¥ 4n2e2’

Furthermore we note that the net c.(t) converges to zero as ¢ — 0.
We remark that the continuous bounded function f(z) = e*'°e(+2l) and

the mollifier p(z) = e~ are clearly symmetric. Therefore we can convert the

lue(t, )| = ce(t)plee(t)x), with c.(t) :=

integral of the product of these two functions over R into an integral over the

nonnegative real numbers [0, o[, hence

(ut, f / e \uemdx—/ F()e- (B)p(es(t)x)de
2 / F(@)es (1) ple-(t)2)dz = 2e.(t) / 1108019) ., () .

By a change of variables in the last integral, setting y = c.(t)x gives

(i, f) =2 / 1o (555) p(y)dy = 271080 / e80T p(y)dy.
0 0
(4.5)
Furthermore the last integrand e?'°8(c=()+%) 5(4)) is bounded by p(y) and converges
pointwise to €/1°8¥p(y) as ¢ — 0, this yields by dominated convergence the

integral limit

o0 o0
lim [ e'lole(F9) p(y)dy = / '8 Y p(y)dy =: . (4.6)
0

e—0 Jo

In order to calculate the different cluster points of the net (ul, f).c 10,1], We

need to show that the integral v € C is non zero. To this end we recall that the
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I'-function is defined as

o0
I':{ze€C|Re(z) >0} — C with TI(2) :/ y e Vdy,
0
with y&= D = e=Dlo8y o0y € R.

Since the Gamma-function can be represented in the product formula

2 Z

nn! 15 T
I(z)= 1 Ly te)
(2) nggoz(erl) (z+n) 21:[1 +£)’

the so called Gauss-product representation, it follows that the Gamma-function
possesses no zeros. For this result and further properties of the I'-function we
refer to Storch,Wiebe [18, Chapter 17.B].

We proceed with equation and want to prove that

1 s L+ 1

This will also show that v # 0. To obtain the equality we make a change of
variables in (4.6, by setting y = % Thus by noting that p is the Gaussian
mollifier we calculate

o0 2 * 1 i1 ( )
_ ilogy ,—my — viog —v
7_/ e e dy_/ e e Ydv
0 o 2y/vm
/OO 1 —1 ilogyv —ilog/T —v — it /oo 1 (i71)10 v_—v
= Ze e e Vdv =~ 2 —e\72 )98y
0 0

SN 2
1 _ipn (i+1

1 i+ /OO
— 2
2" o

With these preparations we are now able to find an uncountable set of cluster

SIS

—_

[\)

points. Let a € [0, 27| then there exists an integer n, € N and a positive null
sequence (€, )n>n,, , where €, € ]0,1] for every n € {nq,no + 1,...}, such that
ce, (t) = e~ 727 This is justified by the fact that the sequence e=*~2™" and the
net c.(t) = ﬁ converge to zero and furthermore since c.(t) is continuous
in €. Thus by the intermediate value theorem there exists such a sequence.

Together with (4.5) and (4.6)we infer

Tim (uf f) = Jim [ o8 OFY) o) dy
n>neg n>neq

. —a—27n
=2~ lim e ilog(e )
n—oo

= 2ve'®

Since v # 0, o # B € [0,27[ implies 2ve'® # 2ye*®. Thus, we have found
uncountably many clusterpoints of the net (uf, eelon-
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4.2 Convergence on bounded functions possessing limits

at infinity

Our next goal is to find a subspace C' C Cy(R), such that a limit of the net
(WL, fee 10,1 exists for every function f in the space C. From the construction
of clusterpoints in the example of the last subsection we expect, that functions
which have limits at +co may fulfil the desired property. Thus we specify for

further considerations the spaces

C+(R) = {f € Gy(R)[FL_(f) and 3L1(f)}
LEYR) ={f € L*R)|FL_(f) and L+ (f)} where

Le(f) = lim_f(z).
It is clear that by the above definition we have Cy(R) C L (R). With these

remarks we now prove the following

Proposition 4.3. If f € LY (R) and pt is given by the Dirac-measure as initial

probability measure, then

e L () L)
lim (ut, f) = =—————.

Proof. Let f be as in the hypothesis. We split the following integral into three
parts

(ut, f / f (@) |ue(t, z)| d;v+/ f(@)|ue(t, )| dac—i—/ f(@)|ue(t, z)Pdx
= A. + B. +C..

An application of Theorem [3.7] to the term B, yields the estimate

VA,
B < WP [ e

Thus the term B, converges to zero as € — 0.
Remember that by the representation (3.7)) of the solutions u. (¢, ) = |/pe*x K

as a spatial convolution we write by a change of variable, where we set £ = 2

1 ® e 1 0y
t 2 - T 4t —o(Z)d
[ue(t, 2)] 4rlt| /_Ooe 5—:p<s) Y
£ O 2.2 exx 2
_ 47T|t‘ ‘/ e 4t e 2t p(z)dz
LS
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As we proceed we will show that C. — L (f)/2 as ¢ — 0. This will proof
the proposition, since the calculation of lim._,g A. = L_(f)/2 follows by an
analogous calculation.

If we use again a change of variables in the representation of the last equation

with z = Z, we infer

o0 o i 252 iezx 2
C. :/ = / e T e \/p(2)dz| flx)dx
1 47T|t| —oo
1 e 0 2.2 izr 2 r
= — 4t T2t - 4.7
47T|t|/s ’/_Ooe e Vp(2)dz f(E)dr (4.7)

SRR S RANTRVANT I
=g O s Car

Where we introduced h.(r) for simplification of notation. In the next step we
apply another change of variables with z = 4wtv to write h.(r) as a scaled

Fourier transform of ,/p, thus

(o)
he(r) = / 4|t\7re4i52”2t”\/p(47rtv)e_2”””dv
= 4|t|m Fysr (e4i52“2t”\/p(47rtv)) (r).

With this equation it follows that as € — 0 the net of functions h.(r) converges
to h(r) := 4|t|nF ( p(47rtv)) (r) in L*(R). To see this we use Parseval’s theorem

and derive

1 o 2 _ 4ie? 12ty 2
16|t|ﬂ_2/oo|hs(r)h(r)| dr = H]-‘( p(drto) (e 71)) ol
. 2 0 ) 2
= H\/p(47rtv) (64182”2“’ - 1)‘ L= /_OO p(4mtv) ‘64“32”2“’ - 1‘ dv.

Where the last integral converges to zero by dominated convergence, since by
definition the mollifier p is in L'(R) and the integrand converges pointwise to
zero. Thus we have proved h. — h in L?(R) as ¢ — 0.

The next task will be to show that

lim C, = L (/) / h |h(r)[2dr. (4.8)
0

e—0 4|t|7T
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To this end we insert (4.7) for C. and estimate

L+ (f) /°° >
47T|t|‘05 1t |h(r)|"dr

[ s =Lty [ inirar

= [P G [T 1) - Lol Par

< el lolheli + [ e = B 1O + | 1)~ L) 1) Par
< eV 1l W = W+ [ (£ = L] ) P

Now we consider the terms in the last upper bound and show that all of them
converge to zero as € — 0. This statement is clearly true for the first term.
To show convergence to zero for the second term, we recall that we proved
lim. ,0 he = h in L?(R). Finally the third term can be seen to converge to zero
by dominated convergence, because f(%Z) converges pointwise to Ly (f) as e — 0.

To complete the prove, it remains to show that [ |h(r)[?dr = 2n|t|.
Since plugging this formula in equation would yield the desired result
lim. 0 C: = Ly (f)/2

So we continue by noting that h(—¢) = h(e), which shows

(oo} oo
Iz = [ hePar =2 [ iniar

—o00 0
We recall that for a positive constant a > 0 and for a square integrable function
f € L*(R), the Fourier transform satisfies the formula F(g(ax))(&) = %g(%)

With this identity and Parseval’s theorem one observes by a routine calculation

| par=Sini = 5 [ fatenr (Votamo) o) ar

2
1 o0 o0
_ 5/ ’,/p(;’t)’ dv = 27r|t|/ I/p(w0)[2dw = 2x[t]1.
—00 a —00

In the last line of the equation we have used the fact that a mollifier is normalized.

Hence the proof of the proposition is completed. O

We want to state this convergence from the last proposition in terms of the
Dirac delta concentrated at infinity. The following is from Bauer [1].We define
the extended number line or the two point compactification of R in the common
sense to be the set R = R U {400, —00}.

Let B(R) be the o-algebra generated by Borel subsets on R. We say that
A C R is Borel in the extended numberline, if ANR € B(R). From a constructive
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point of view, this means that Borel subsets of R are all sets B, B U {+oc},
BU{—oc} and BU {—0c0,+00} whenever B € B(R). The o-algebra generated
by Borel sets on R is denoted by B(R). Recall that M(R) is the normed vector
space of complex Borel measures on R.

Consider R with the usual neighbourhood basis for points 2 € R and define
a neighbourhood basis for +o00, by the sets of the form {z |z > a} for every
real number a. Similar sets serve as a neighbourhood basis of —co. With this
construction R becomes a compact topological space. That the extended number

line is indeed compact, follows by the order preserving homeomorphism

%m ifrelR
h:R—[-1,1], h(z)=<1 if z =400 -
-1 ifxr =-—00

Our next task is to prove that the dual of C(R) is isometrically isomorphic
to M(R), termed as Cy(R) = M(R). If we declare for z € R the continuous
function function

f(z) izeR
T(f)(x) =< Li(f) ifx=4o0
L_(f) ifx=—o0,

then the map T : C£(R) — C(R), f +— T(f) defines an isometric isomorphism.

Indeed, since surjectivity is clear whereas injectivity and continuity follows from

IT()lloe = sup [T(f)(2)] = sup |f(z)] = || f]loo-
zER z€R

This implies Cy (R) = C(R). We recall the Riesz representation theorem, which

states the following (see Werner [21]):

If K is a compact topological Hausdorff space, then C(K)" = M(K). The

isomorphism is given by

M(K) = C(K), T(a)(f)= / fda for a € M(K), f € C(K).
K
This proves the desired property Ci(R) = C(R)" = M(R). Together with
Proposition we have for f € C(R) and denoting by 640, 0_oo € M(R) the

Dirac measure concentrated at +oo, that

o LA f(o0) + f(=) oo + 0
tim(ut, ) = == DI : - [ 1=

To summarize we obtain, considering by abuse of notation the measures u! as
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elements in C'(R)’, the following

Corollary 4.4. The net of measures (/’Lé)se]o,l] converges in the weak™ topology
o(M(R),C(R)), to the measure §(6400 + 0—00) € M(R).

4.3 Convergence on trigonometric polynomials

We require again p = ¢ and u.(0,x) = /i * p- as initial value in the Schrodinger
equation, where the mollifier p € L'(R") fulfils (3.1]). Furthermore we consider
the net of measures (pif).¢jo,1) for t # 0. The aim is to find a subclass of functions
f € Cp(R) which is different from Cy(R) but also having the property that
lim. o (ut, f) exists. We will follow Hérmann [9] and show that this limit exists
if f is a trigonometric polynomial.

In order to accomplish the convergence, we investigate the Fourier transforms

of the measures u! in the n-dimensional Euclidean space.

Lemma 4.5. If the net of measures (MZ)EG]OJ] with the initial value regular-
ization p € LY (R™) satisfying and p =9, € M(R™) is the Dirac-measure
concentrated at a € R™, then lim._,0 F (ut) (€) = 0 for every t # 0 and & # 0
and lim._,o F (pt) (0) = 1.

Proof. We obtain for the initial value regularization:

\/U * pe () = \/6(1 * pe(T) = \/Ps(x —a)= \/Taps(z)-

Let t # 0, since u(t, z) = (/i * pz)(z) we may write according to Definition
23
Flue(t, )(§) = e K F (/Top.) (). (4.9)

Thus with the definition of the measure %, we can calculate its Fourier transform

as

F)©= [ e Odutia) = [ e, Pl o
= F (Jue(t, D) (€) = F (ue(t Juclt ) (€).

Since pl are probability measures it is clear that

e—0

lim F (pl) (0) = /n dut(z) = 1.

We want to emphasize that similarly to the convolution theorem F(g * h) = Qfl
for functions g, h € L*(R™), one proves the convolution theorem for the inverse
Fourier transform, thus F~1(g * h) = F~1(g)F ~!(h). This yields the formula
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gh = F~1(§ % h), from which we obtain, resuming ([£.10) and using ([£.9) the

equation
F (uelt, Juelt.)) = F (ue(t,.)) « F (us(2.0) ©)
_ (e—it4ﬂ-2\.|2]_— (m)) N ( itdm?|. |2RJ:(\/TpE)) €3
:/n —itdn?[y|? jitd? | —y] ]:( aps)( )]:<\/7Tp€) (y—&dy. (4.11)

By the identity | — y|? = \§|2 —2(&,y) + |y|? and the fact that p. is real valued

we obtain further from ,

F (i) (€) = eitileP / WO F (VTop) (F (Vb ) (6 = y)dy
_ gitanlef? / ittt (m) (y)Te [R]-" (\/7)} (y)dy
e [ () F (0 BT ()
_ gitdn?e]? [m* ( 2mi(€, ) R\/Tps)} —4rtg).

In the third line of the equation above we used the formula
T,F(g) = F (627”(7”')5](.)) for g € L'(R™), 7 € R™
See e.g. [6, Chapter 8.2]. This leads to the following inequality,

I (1) (O = |VTape = (2™ Ry Tup. ) (—4mt)|

\/Taps (z) \/Taps (4mt€ + x)dx

L

Thus by a change of variables with y = =2

R™

\F(ul) @< [ Vol Ltgﬂ/ dy— p*Rf)< 4“5)

Rn

The last term converges to zero for £ # 0 as ¢ — 0. This follows because ,/p and
R\/p are clearly in L?(R™) by the definition of p, hence (y/p * R/p) € Co(R™)
by Proposition 2.7 Therefore the lemma is proved. O

Now we come back to the one dimensional situation.
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Corollary 4.6. If f : R — C is a trigonometric polynomial on the real line, this

is a function of the form

Z 2™ where a; €C, & eR  forjed{0,...,m},
3=0

then the limit lim._o(ut, f) ewists. Suppose furthermore that &y is zero and
& #0 for j #0, then the identity

;I_T}(l)waf)—ao— lim */ f(z

1s valid for all such trigonometric polynomials.

Proof. By changing the order of integration and summation we get

(ut, f / Za 2 |y (L, 2))? da
j=0 /-0
= aopl(R) + Y a; F(ub) (-
Thus Lemma [£.5] is applicable and implies
lim (it f) = a0 1+ Zl lim F(ul)(~¢;) = ao. (4.12)
i=

To infer the representation of the limit as mean value, we calculate

1 R
J%EHDOE Rf( x)dr = hm — | 2R - ag —|—Z / ™8 dy
1 m eQ‘mRﬁj _ e 2miRE;

_ T . 4.13
dot Jm 2R ; % omiE, (4.13)

B sin(2mRE;)

= a0+ Rh—r>n<>0 ﬁ Z 4 7T'§j N
Hence combining (4.12]) with (4.13) finishes the proof of the corollary. O
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5 Almost periodic functions on the real line

We now introduce almost-periodic functions, since we will see that they are the
uniform limits of trigonometric polynomials. In this section we follow the book
of Katznelson |10, Section VI.5], where proofs which we omit and many more

facts can be found.
Definition 5.1. Let ¢ > 0, for a function f : R — C we call 7 € R an
e-almost-period of f if

sup |f(z —7) — f(z)] <e.
z€R

Furthermore let f be continuous, we say that f is almost-periodic on R, if for
every € > 0 there exists a positive real number A = A(e, f), such that every
interval I C R of length A contains and e-almost-period of f. We denote the set

of all almost-periodic functions on the real line by AP(R).
Ezample. (i). Continuous periodic functions on the real line are almost-periodic.
(ii). Let a € C and r € R. If f € AP(R), then |f|, af, f(rz) and f are
almost-periodic as well.

The goal considering almost-periodic functions in our situation, is to find a
subspace of C,(R) where the weak*-limit of the measures u! exists. That we
obtain indeed AP(R) C Cy(R), shows the next

Lemma 5.2. Every almost-periodic function is bounded.

Proof. For f € AP(R) choose ¢ = 1 and let A = A(1, f). Then for every
x € R the interval [z — A, z] contains a l-almost-period 7. Which implies that
|f(x—7)— f(x)] < 1. The obvious fact that (x — 1) € [0, \] shows the inequality

lf@)] <[f(x—7) = f@)|+ [fle =7 <1+ [flz—7)[ <1+ sup |f(y)].

y€[0,A]

The function f is by definition continuous and therefore the image under f of
the compact interval [0, A] is compact, hence the supremum on the right side of
the inequality above is finite. Since x € R was arbitrary, we have shown that f
is bounded. O

As an immediate consequence of the boundedness property we obtain the

following

Corollary 5.3. If f € AP(R), then f? € AP(R).
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Proof. For f € AP(R) we may assume |f(z)| < 3 for every real number
without loss of generality. This follows by boundedness of f and example (ii)

above. If 7 is an e-almost-period for f, we calculate

[f2x =) = )| = f(@ =) = f@)If (@ = 7) + f(2)]
<|flz=7) = f@)f(z = 1)+ |f(@ —7) = f(2)]|f(2)]
<elf(z—7)| +elf(z)] =&

Thus 7 is also an e-almost-period for f2. O

The next lemma states, that the set of almost-periodic functions is substan-
tially different from the space Cy(R) in section

Lemma 5.4. If f is an almost-periodic function possessing limits at infinity,
then f is constant. Hence C(R) N AP(R) = span{1}.

Proof. We recall the notation Ly (f) = lim, 1 f(x) for a function f € C4(R).

Let f € CL(R) N AP(R) and € > 0. Then there exists a number y. > 0
such that |f(y) — Ly (f)| < § for every y > y.. Since f is also almost-periodic,
we can choose a A = A(5, f) such that every interval of length A contains an
S-almost-period. For every x € R the interval [z — y. — A, — y.] contains such
a period 7. Furthermore by the choice of the interval we have x — 7 > y.. This
implies the estimate

F@) =LA < 1f@) — fla =) +|f@ =)~ Le(fl < S+ 5 ==

Since € > 0 can be chosen arbitrarily small this shows, that the function f is
constant with the value L (f). O

We state another interesting fact about AP(R), where the proof uses a

standard §-argument (see [10, Chapter VI, Lemma 5.4]).
Lemma 5.5. Every almost-periodic function is uniformly continuous.

We want to recall the following topological notion. Let X be a topological
space, a set A C X is called precompact, if its closure A is compact in X.

Now we can state an important theorem, which will enable us to extend the
definition of almost-periodic functions on the real line to locally compact abelian

groups in the next chapter.

Theorem 5.6. A bounded function f € L>(R) is almost-periodic if and only if
the set of translates Wo(f) = {T, f| y € R} is precompact in L>(R) with respect

to the usual topology generated by the supremum norm.
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The proof of this theorem in [10, Chapter VI, Theorem 5.5] relies on the fact,
that in a complete metric space X, a set A C X is precompact if and only if for
every € > 0, the set A can be covered by finitely many balls of radius . This
last property is called total boundedness (see Werner [21, Theorem B.1.7]).

Definition 5.7. For a bounded function f € L>*°(R) we define the translation
convex hull W(f) to be the uniformly closed absolute convex hull of the set

Ujaj<1 Wolaf). Hence it is the set of uniform limits of functions

S arTe f meN, zpeR, Y o < 1. (5.1)
k=1

The next lemma shows, that in the case of almost-periodic functions, there

is an alternative representation of W (f).

Lemma 5.8. Let f be a bounded uniformly continuous function, then the trans-

lation convex hull W (f) is the uniform closure of functions of the form

fx¢, ¢eL'(R), o)l <1 (5.2)

1$)

Proof. Let ¢ € L'(R) and [ @dx = 1, furthermore we recall ¢, :=n~'¢(n™~
for n > 0. Then for a bounded uniformly continuous function f, the sequence
f * ¢y, converges uniformly to f as 7 — 0 (see Folland [6, Theorem 8.14]). This
implies that the translation T}, f for y € R can be uniformly approximated by
the sequence f Ty, if ¢ € L*(R). This shows, that for every function of the

form h:= "} _; apTy, f as in (5.1]) we have

h—fx (Z akak<p77>
k=1

=0.

oo

lim
n—0

Because clearly the inequality || >} _; axTy, ¢yl < 1 holds, A is the uniform limit
of functions as in .

Let g € LY(R) with |g||z: < 1. By assumption f is bounded and uniformly
continuous, therefore the convolution f * g is well defined by Young’s inequality
Since the space C.(R) is dense in L!(R), there exists a sequence {g, }nen
such that g, — g in the L'-norm as n tends to infinity. If we apply Theorem
[2.7] we have for every n € N the inequality

If*g—f*agnlloc =IIf* (9= gn)lloc <|fllocllg — gnllrr-

This shows that the sequence {f * g, }nen converges uniformly to f x g. To
complete the proof of this lemma, we will show that for every n € N the

convolution f *x g, can be uniformly approximated by sums of the form in
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(5.1). To this end let n € N be fixed. We define for every x € R the function
sz :R—=C,y— f(x—1y)gn(y). Since the functions g,, and f are both uniformly
continuous and bounded, it follows by a routine argument, that the family
{84 }zecr is uniformly equicontinuous. This means, that for every £ > 0 there
exists a 6 > 0 such that sup,cg [sz(y) — sz(y')] < € whenever |y — y'| < 0.
Recall, that g, € C.(R), hence we can assume that suppg, C [a,b], where
—00 < a < b < 00. Therefore we can approximate f * g,(x) = f; sz(y)dy by
Riemann sums Y -, s (yx)Ayx, where Ay := yr — yx—1. Let 6 > 0, such that

€

SUP,er [52(¥) — 5:(¥')| < 3= . Then for a partition a = yo < ... < ym = b,

with sup; Ayi < 0 we have

b m
sup [ salo)dy =Y suu) | <
v€R |Ja k=1
m g
(- @psup {sils () ~ 50| € (o)} < 0 - )=, =
zeR (k=1 —a

Therefore we obtain

Frgn =Y (@ —ye)a(yr) Ays

k=1

sup <e.

zeR

Hence the convolution f g, is the uniform limit of sums of the form (5.1)), which
completes the proof. O

In the following lemma we obtain another identification of almost-periodic

functions.

Lemma 5.9. A function f is almost-periodic if and only if the translation

convez hull W(f) is compact in the topology generated by the norm in L*°(R).

If f,g € AP(R), we clearly have the relation W (f + g) € W(f) + W(qg).
Because addition is continuous and both sets W (f) and W(g) are compact it
follows that W (f)+ W (g) is compact in Cy(R). Furthermore the set W(f +g) is
closed by definition, hence being a closed subset of a compact set it is compact.
Thus by Lemma f+g € AP(R). With the above example (ii) in this
section shows that AP(R) is a subspace of C(R). Writing the product of two
almost-periodic functions f,g as fg = (3((f + ¢)* — f* — ¢%), the Corollary
implies that AP(R) is a subalgebra of L*°(R). By a routine $-argument one
shows that the space of almost-periodic functions is closed. Since Cp(R) is an

Abelian unital C*-algebra, we obtain the following

Theorem 5.10. The space AP(R) is a closed Abelian unital C*-subalgebra of
Cyp(R).
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Another important concept of almost-periodic functions is the invariant mean,
which will turn out to be the limit of the net (ul, f) for f € AP(R). To this end

we make the following

Definition 5.11. For a bounded function h € L*°(R) we define the norm

spectrum of h as the set
o(h) == {€ € Rlae*™® ¢ W(h) for some a # 0}.

The norm spectrum can clearly be the empty set for nontrivial bounded
functions. For example, let f € Cy(R), then W(f) C Co(R) and because
e?™i& ¢ Cy(R) for every ¢ € R, the norm spectrum o(f) is the empty set.

Lemma 5.12. Let f be an almost-periodic function. If 0 ¢ o(f), then for every
F e L'(R)

lim || wF(w.) * f|lpe =0

w—0

For a proof we refer to [10, Lemma 5.11].

Remark. We note that without loss of generality, we can assume ||F||p1 <1 for
F € L'(R). Therefore we have wF(wx) * f € W(f), if we use the alternative
description of W (f) in (5.2). Since zero is the uniform limit of these functions,
the constant map zero is contained in W (f). Because of the assumption 0 ¢ o(f)

it also is the only constant function in W(f).

We now state an important fact in the theory of almost-periodic functions,

namely the existence and uniqueness of the invariant mean.

Theorem 5.13. To every almost-periodic function f, there corresponds a unique
real number M (f) such that 0 ¢ o(f — M(f)).

Definition 5.14. The unique number M(f) for the function f € AP(R) is

called the invariant mean of f.

The next Corollary delivers an explicit representation of the invariant mean

in terms of a uniform limit of convolutions.
Corollary 5.15. If f € AP(R), then for every F € L*(R) the following holds:
lim wF(w.) * fllz = F0)M(f).
If we define the integrable function

if |z] <1

F(z):=
if |z| > 1,

we clearly have F(0) = 1.

S =
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Let w € R and set R := w™', then we calculate the convolution

(wFw) =@ = [ whepfa—ydy=3 [ wre—ay
-& (5.3)

|
—~
8
\
<
~—
U
<

By Corollary [5.15] the convolution converges uniformly to the constant value

M(f). Therefore it is enough to calculate the pointwise limit at 0 and we obtain

from equation (5.3

M(f) = lim (wF(w.) * f)(0) = lim 1 fy)dy. (5.4)
w—0 R—o 2R J_p

This shows that the invariant mean M : AP(R) — C, is a linear functional
on the space of almost-periodic functions, which is translation invariant. Hence
M(T,f) = M(f) for every y € R. This follows from Corollary since
F«T,f =T,(Fxf) for f€ AP(R) and F € L'(R).

Since clearly trigonometric polynomials are almost-periodic functions and
AP(R) is closed, it follows that uniform limits of trigonometric polynomials are
almost-periodic too. The next theorem states that the converse is true as well
(see |10, Theorem 5.21})).

Theorem 5.16. The space AP(R) is the uniform closure of the subspace of

trigonometric polynomials on the line.

6 Locally compact Abelian groups

In this section we gather the facts from locally compact abelian groups, needed
to continue with the pointwise convergence of the measures uf on the space of
almost-periodic functions on R".

As a general reference for this guideline we used the summarized presentation
in Katznelson |10, Chapter VIL.].

We will follow the convention in Folland 5, Chapter 4] and thus for an abelian
group G, we denote the group operation by - : G x G — G, where the neutral

element will be written as 1 and the inverse element of g € G as g~ *.

Definition 6.1. Let G be an abelian group, equipped with a locally compact
Hausdorff topology 7. We call G a locally compact abelian group (short LCA

1

group), if the map (z,y) — zy~' is continuous from the product space G x G

onto G with respect to the topology 7.

We recall from Folland [6, Chapter 7], that a Borel measure A on a locally

37



compact Hausdorff space X is called Radon, if it is finite on all compact sets of
X and if it fulfils for every Borel set B C X and open set V C X

A(B) = inf{\(U)|U D B, U open}, AV)=sup{A(K)|K CV, K compact}.

Definition 6.2. Let G be a LC'A group. A Radon measure A on G is called
Haar measure, if it is not identically zero and if it is translation invariant. This
means that if B C G is a Borel set and if g € G, then we have A\(Bg) = A\(B).

The next theorem guarantees the existence of a Haar measure, which is

unique up to multiplication by a positive constant on a LCA group.

Theorem 6.3. Let G be a LCA group and Bg be the Borel o-algebra on G.
Then there exists a Haar measure A : Bg — [0,00]. Furthermore if v is another

Haar measure on G, there exists a real number o > 0 such that v = a).

We can therefore assume, that each LCA group is equipped with a fixed
Haar measure and denote the integral of a complex valued function f with
respect to this measure as fG f(z)dz. Furthermore for 1 < p < oo we denote by
LP(G) the usual LP-space on G, with respect to the Haar measure. We define
the convolution as f g := [, f(xy~")g(y)dy whenever it makes sense and one
proves that || f % gl L) < [1fllev e 9l L) for functions f,g € LY(G).

When G is a compact LCA group, one normalizes the Haar measure A such
that A(G) = 1. If G is discrete, then we normalize the Haar measure such that

it assigns to each element g € G the mass one.

Definition 6.4. Let G be a LCA group. A character on G is a continuous
homomorphism ¢ : G — T C C, where T denotes the multiplicative group of
complex numbers having absolute value 1. Thus a character is a continuous

function £ : G — C satisfying

(@) =1 and {(zy) = {(2)¢(y) 2,y €G.

The set of all characters on G will be denoted by the symbol G. For &,6 € G
we define multiplication by (&1 - &)(z) = & (2)&(x). Therefore (G,-)is a

commutative group, called the dual group of G.

Remark. The neutral element 1 € G is the constant function 1(z) =1 for every
x € G. Because of the duality theorem of Pontryagin, which we will state later,
between the LCA group G and @, we write (z, £) instead of &(x).

We equip the dual group G with the topology of compact convergence (see
Querenburg [12, Chapter 9]). In this topology a neighbourhood basis at 1 € G
is given by sets of the form Uy, = {£ € G:|(x,¢) -1 <e Vxe K}, where
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K C G compact and € > 0. Hence a neighbourhood basis for an element v € G
is given by the family of translates v - Uk .. Let (&,)nen be a sequence in the
dual group G of the LCA group G. For € € @, the sequence &, converges to the

character £ as n tends to infinity, if for all compact sets K C G:

sup |(z, &) — (,&)| =0 as n — oo.
zeK

Now that a topology is defined on the dual group é, one can prove the
following theorem (see Rudin |14, Theorem 1.2.6]).

Theorem 6.5. If G is a LCA group, then the dual group G of G is also a LCA

group with respect to the topology of compact convergence.
We remark that for a LCA group G, every element x € G defines a character
on the dual group é, by the function

he : G =T, he(f)=(x,8) (6.1)

The dual of G is denoted by G. The next theorem states that, in fact, every

character on G is of this form.

Theorem 6.6 (Pontryagin). Let G be a LCA group and define for every x € G
the function hy as in (6.1). Then the map @ : G — CA?, D(z) := hy is a group

isomorphism and a topological homeomorphism from G onto G.
For a proof see Rudin [14, Theorem 1.7.2].

Definition 6.7. Let G be a LCA group, for f € L'(G) the function f: G — C
defined by

f(6) = /G @8 f(x)de,

is called the Fourier transform of f. We define A(@) to be the space of all

Fourier transforms of functions in L'(G).

We note that since (z71, &) (x, ) = 1, it follows that (z,&) = (271, &). By an

application of Fubini’s theorem, we observe

Frae) = /G () /G f ey V) g(y)dyde
- / () / Flay Yy, & dedy = F3(©).
G G

Thus the convolution theorem holds also in this abstract setting. Since clearly

— ~

f+g= f + g, the space A(G) is an algebra.
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We will need the following two theorems, which can be found in Rudin |14,
Chapter 1.2].

~ ~

Theorem 6.8. If G is a LCA group, then the space A(G) is dense in Cy(G) and
for the linear map F : LN(G) = Co(G), F(f) := f we have || f||o < Il a)-
Hence F is bounded.

Theorem 6.9. Let G be a LCA group, then the following hods:
(i) If G is discrete, then the dual G is compact.
(ii) If G is compact, then the dual G is discrete.

Only the proof of (ii) will be given below, since it contains an important fact,
which will be applied in the next section. Whereas for a proof of (i) we refer to
Rudin |14, Theorem 1.2.5].

Proof of (ii). Since G is compact, we emphasize that the trivial character 1 € G
is also integrable, thus 1 € L!(G). Furthermore the Haar measure is considered to
be normalized, as mentioned above. Therefore we obtain 1(1) = |, ole™ ! 1)de = 1.
If ¢ € G and € # 1, then there exists an element 2y € G such that (zo, &) # 1.

By using the translation invariance of the Haar measure, we calculate

/G (" E)dz = (x0,€) /G (g, €)de = (x0,) /G (w1, €)de,

which shows that the integral has to be zero in this case. Thus we summarize

1©= [ (rgdr=2 o=t 6.2)
G 0 if&#1.

By Theoremwe also have that the function 1 is continuous on G and therefore
the singleton {1} = f~1(C\ {0}) is open in G. This implies by translation, that
the dual group G is discrete. O

Remark. Let M(G) denote the space of finite regular Borel measures on the
LCA group G. Then the convolution of two measures w,v € M(G) is defined by
vxw(E) = [pv(Ez~")dw(z), where E ranges over all Borel sets in G. One can
show, that the convolution is again a measure, i.e., v * w € M(G). Furthermore
Therefore M (G) is a Banach algebra. For a proof we refer to |14, Theorem 1.3.2].

A generalization of the Riesz representation theorem states, that for a locally

convolution is commutative, associative and we have || * w||var < [|V||var||w]lvar-

compact Hausdorfl space X there is an isometric isomorphism from M (X) to
the dual space Cy(X)’. Thus in the LCA group setting we have M(G) = Cy(G)’
(see Folland [6, Theorem 7.17])
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Definition 6.10. Let G be a LCA group, then the Fourier-Stieltjes transform
of a measure w € M(G) is defined by

5:G-cC, a(g):/cmdw(x).

For w € M(G) the function @ is bounded and uniformly continuous. If
w = fdx for a function f € L*(G), then the Fourier-Stieltjes transform coincides
with the Fourier transform, i.e. ©(¢) = f(¢). Furthermore if w, v € M(G), then
v w = 0w (see [14, Theorem 1.3.3]).

The following is from Folland [5, Theorem 4.7]:
If Gy,...,G), are LCA groups and &; are characters in the dual groups é; for
each j € {1...n}, then the tuple & = (&)7_; € [}, é; defines a charachter on
the product [}_, G; by

<l’,§> - <I17§1>"'<xna£n>a for == (xl,...,zn). (63)

Moreover let x be an arbitrary character on ]_[?:1 G, then it can be written in
the form (6.3)) as follows

<(:L'17"'7$n)>X> = <xlaxl>"'<xn7Xn> Where
(xj, x;) =(1Q,...,Lz;,1,...,1),x)

Thus we have proven

Proposition 6.11. If G1,...,G, are LCA groups, then

o~ o~

(Gy X+ XGp)" =Z2Gy X X Gy

Ezxample. If we consider the real line G = R as a LCA group, one can show
that the dual group R can be identified with the real line itself. This is shown
by proving that characters on G are of the form z — ¢>™%? with ¢ € R. Thus
R = R via the dual pairing (z,&) = 2™€% (see Folland [5, Theorem 4.6]). With
Proposition we obtain R" = R” and the characters on R are given by
(z,€) = ¥ for x,¢ € R, where & - x is the R™-scalar product of ¢ and z.

6.1 Almost-periodic functions on a LCA group

Definition 6.12. Let G be a noncompact LCA group and define éd to be the
dual group of G equipped with the discrete topology. Then by Theorem the
dual group of @d is compact and will be called the Bohr compactification of G.
We denote the Bohr compactification by bG.
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By the Pontryagin Theorem [6.6] an element in G can be considered as a
continuous homomorphism from G to T. Whereas an element in bG is a not
necessarily continuous homomorphism from G to the multiplicative group T,
since @d is discrete. This shows that G C bG. The next theorem states an

important property of the embedding from G into bG.

Theorem 6.13. Let G be a noncompact LCA group, then the canonical embed-
ding 1t : G — bG is continuous and the image t(G) is dense in bG.

For a proof, we refer to Folland |5 Chapter 4.7]. Nevertheless continuity of
the embedding ¢ is easily observed as follows. By the remark after Definition
the topology of the dual group is that of convergence on compact sets. Since @d
is discrete, the topology on bG is equivalent to that of pointwise convergence.
Clearly the topology of pointwise convergence is weaker than that of convergence
on compact sets on G. This proves the desired continuity.

We remark that bG is not a compactification in the usual sense, since one can
show that the embedding ¢ is not a homeomorphism onto its range (see Folland
)

In view of Theorem [5.6] we generalize the concept of almost-periodic functions.
Because we have written the group operation on a LCA group G as multiplication,
the translation of a function f : G — C by y € G is defined as T, f(x) = f(xy1).

Definition 6.14. Let G be a noncompact LCA group, then we call a function
f € L*>®(G) almost-periodic if the set of translates of f, i.e. Wy(f) = {Ty fly € G},
is precompact in L (G) with respect to the supremum norm topology. The

space of almost-periodic functions on G, will be denoted by AP(G).

One can show, that almost-periodic functions are uniformly continuous.
Hence AP(G) C Cy(G). Since the topology of a LCA group is translation
invariant, a function f of a subset H C G to C is uniformly continuous, if and
only if for every € > 0, there exists a neighbourhood U of zero such that x,y € H
implies |f(z) — f(y)| < € whenever zy~! € U (see Rudin [14, Appendix B]).

In order to get a more convenient characterisation of AP(G), we define
trigonometric polynamials to be finite linear combinations of characters on G.
This means the function f : G — C is a trigonometric polynomial on the LCA

group if it is of the form
f(z) = Zaj<x,§j), a; €C, & € G forje{0,...,m}.
§=0

We now come to the announced characterization of AP(G) (see Folland [5,
Chapter 4.7]).
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Theorem 6.15. Let G be a noncompact LCA group and f € Cp(G), then the

following are equivalent:

(i) f € AP(G).

(it) f is the uniform limit of trigonometric polynomials in G.
(iii) f is the restriction to G of some function f € C(bG).

As on the real line, one can prove the existence of an invariant mean of a
function in AP(G). We refer to Dixmier [4].

Theorem 6.16. Let G be a noncompact LCA group and f € AP(G). Then the
uniform closure of the convex hull of the set Wy (f), contains exactly one constant
function, denoted by M(f). Moreover, let f € C(bG) denote the continuous
extension of f from Theorem (i), then M(f) = [, f(z)dz. Thus M(f) is

the integral of f with respect to the normalized Haar measure on bG.

The constant function M (f) is called the invariant mean of f. The mapping
T: AP(G) — C with f+— M(f) is a translation invariant linear functional. If
the function f € AP(G) is positive i.e. f > 0, then M(f) > 0. Moreover for
f =1 we obtain M(f) = 1.

7 Convergence on AP(R")

In this section we focus on the LCA group R™. Our aim is to prove convergence
of the measures p! with respect to the weak* topology o(M (bR™), AP(R™)), see
Hoérmann [9]. The next lemma connects the space of measures on R™ with the

space of measures on the Bohr compactification bR™.

Lemma 7.1. Every measure w € M(R™) can be extended to a measure & €
M(bR™).

Proof. The Riesz representation theorem enables us, by abuse of notation, to
view the measure w € M(R™) as an element in Cy(R™)’. Furthermore a routine
argument shows that a function f € Cy(R™) is uniformly continuous. Note
that since bR™ is compact we have Cy(bR"™) = C(bR™). Since R™ is dense in
the Bohr compactification bR™, a function f € Cp(R™) can be continuously
extended to C(bR™). This follows from a general metric space theorem, which
states that every uniformly continuous real function on a dense subset can
be continuously extended to its closure (see Rudin |15, Chapter 4, Ex. 13]).
Therefore the measure w can be considered as element of the dual space C'(bR™)’.

Thus again by the Riesz representation theorem w can be considered as element
in M(bR™). O
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In what follows, it will be crucial to note, that the Fourier-Stieltjes transform

of the normalized Haar measure A of a compact abelian group G is given by

~ 1 ifeE=1
3@ = [ @ gan@) =4 ()
el 0 if&#1.
This was shown implicitly in the proof of Theorem in Equation .

The next theorem will be stated for general compact LCA groups. Recall

the trivial fact, that on a compact LCA group K we have C.(K) = Cy(K) =
Cy(K) = C(K).
Theorem 7.2 (Levy). Let K be a compact LCA group and wy € M(K) be
probability measures for k € N . Then (wg)ren converges to the normalized Haar
measure A in the weak™ topology o(M(K),C(K)) if and only if &(§) — X({)
for every character £ € K.

Proof. First consider that the measures wy converge weak* to the normalized
Haar measure . This means that for every f € Cy(K) = C(K) we have

lim (wg, f) = lim / fdwk:/ fdA.
k—o0 k—oo J K

By definition, every character £ : K — T is continuous, hence by the above

equation we have

lim Gi() = lim [ (o, E)duwn(x) = /K (0 6)dA(z) = X(©).

k—o0 k—oo [k

Thus the Fourier-Stieltjets transforms of the measures wy, converge to the Fourier-
Sieltjes transform of the normalized Haar measure.
On the other hand, let wy(§) — X(f) for every ¢ € K. By Theorem

A(I/(\' ) the space of all Fourier transforms of functions in L! (I/(\' ) is dense in

~

C(K). Therefore by Pontryagins theorem A(K) = A <f(\> is dense in Cy(K).
Furthermore by discreteness of K we obtain L'(K) c C(K). Let f € C(K),

the latter considerations enable us to find for every € > 0 a function g € C (I/(\' )

with || f — Fzglle < €, where we define Frg := [ (2,£)g(§)d¢. Here d€ is the
normalized Haar measure on K. Before we proceed with the proof, we need the

following identity, which we infer by application of Fubini’s theorem:
| Frlo@aa = [ | Emate)dsds = [ g(e) [ Tjande
K K JK K K
— [ o
K

Thus with the above identity and remembering, that the wy are probability
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measures, we can now calculate

[k ) — O, )] = \/ o~ [ fd)\’

< [wk, [ = Fpa)l + Kwr, Fog) = A Fpg)l + [(X, Feg = £)]

< = Fpol +| [ Frotaants / @

<2+ /I? 19()1136(6) — M©)|de.

+If = Fralleo

Because the Fourier-Stieltjes transform of a finite regular Borel measure is
bounded and furthermore the function g is in LI(I? ), we can apply Lebesque’s
dominated convergence theorem. Hence the right hand side of the above inequal-
ity converges to zero, which shows that wy converges to the normalized Haar
measure A in the weak™ topology (M (K),C(K)) as k — oo. O

The above proof is a modification from Forst [20, Theorem 3.14], which states
Levy’s theorem for general LCA groups and bounded measures.

The next theorem was shown by Blum and Eisenberg [2]. We note, that by
the example in Section |§| we have R” = R™ and therefore, as usual, the neutral

element of R™ is 0.

Theorem 7.3. Let wi, € M(R™) be probability measures for every k € N.
Consider wy, as elements of M (bR™), then the sequence (wk)ken converges in the
weak* topology o (M (bR™), C'(bR™)) to the normalized Haar measure on bR™, if
and only if the Fourier-Stieltjes transforms wy, : R™ — C fulfil

im G =4 Te7Y (72)

k—o0 1 ife&=0.

Proof. The n-dimensional euclidean space equipped with the discrete topology,
will be denoted by (R™)4. Thus by Pontryagin’s theorem, the group (R"); =
(@)d is the dual group of the Bohr compactification bR™. This implies that
R™ = bR". Since we consider wy, € M (bR™) and the Fourier-Stieltjes transform
wy, is defined for every character on lfR?ﬂ we may apply Levy’s theorem by noting
that describes the Fourier transform of the Haar measure on bR™ thanks

to (7.1)). O

With this theorem and the example in Section [6] we can reformulate Lemma

[ 47 into the setting of the Bohr compactification of the euclidean space R™.

Proposition 7.4. The net of measures (Né)ae]o,l] where |1 = 64, a € R™ with
the initial value reqularization p € LY(R™) satisfying (3.1)), converges in the
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weak* topology o (M (bR™), Cy(bR™)) to the normalized Haar measure on the
Bohr compactification bR™.

We note that by Theorem [6.15] and again with the example in Section [6]
the space of almost-periodic functions AP(R"™) is indeed the uniform closure
of trigonometric polynomials on R™. This is the reason why we are dealing
with almost-periodic functions, since in Subsection we worked out the weak*
convergence of the probability measures u! with respect to trigonometric poly-
nomials.

Furthermore Theorem characterizes AP(R"™) = C'(bR™) and since bR™ is
compact we have by the Riesz representation theorem that AP(R™)" = M (bR™).
Therefore we can consider the measures pl as elements in AP(R™)’. Now with
Proposition [7.4) and the properties of the invariant mean in Theorem [6.16] we
have for f € AP(R")

im [ ful= [ JAx=m(f),
=0 Jpmrn bR™

where f € C(bR") is the extension of f from Theorem and A is the
normalized Haar measure on bR".

We summerize our conclusions in the following

Theorem 7.5. Let pn = §, € M(R™) with a € R™ and the initial value regu-
larization p € L*(R™) with the property (3.1), then for every almost-periodic
function f € AP(R™) the net (ut, f).cj01] converges to the invariant mean m(f)
ase — 0.

The representation of the invariant mean of an almost-periodic function on
the real line in (5.4)), yields an explicit formula for the weak* limit of yuf.

Corollary 7.6. If 6, is the Dirac-measure on the real line, then with p € L*(R)
satisfying property (3.1), the net of probability measures (ME)EE]O,I] fulfils

lim{pe, f) = lim o= [ f(y)dy.
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A Summaries

Abstract

We recapitulate some properties about Cp-semigroups to formulate Stone’s
theorem, which will be applied to solve the Schrodinger equation with zero
potential. Then we continue with the definition of the square root of a measure
in terms of regularizations and use them as initial values in the Schrodinger
equation. We focus on the ’square root’ of the Dirac measure as initial value and
study the convergence properties of the time evolved probability measures. After
a summary of locally compact abelian groups and almost-periodic functions we
prove that these solutions converge to the normalized Haar measure on the Bohr

compactification.

Zusammenfassung

Wir wiederholen einige Eigenschaften der Cy-Halbgruppen um den Satz von
Stone zu formulieren. Dieser Satz wird verwendet, um die Schrédinger Gleichung
ohne Potenzial zu l6sen. Danach kommen wir zur Definition von der ,,Wurzel®
eines Mafles im Sinne einer Regularisierung. Jenes Konstrukt verwenden wir
als Anfangswert in der Schrodinger Gleichung. Wir konzentrieren uns dabei auf
die ,Wurzel“ des Dirac Mafles als Anfangswert und untersuchen die Konvergen-
zeigenschaften der in der Zeit fortgeschrittenen Wahrscheinlichkeitsmafie. Nach
einem Uberblick iiber lokalkompakte abelsche Gruppen und fast-periodische
Funktionen werden wir beweisen, dass jene erwahnten Wahrscheinlichkeitsmafle

auf der Bohr Kompaktifizierung gegen das normierte Haar Maf} konvergieren.
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