Lniversitat
wien

MASTERARBEIT / MASTER’S THESIS

Titel der Masterarbeit / Title of the Master‘s Thesis

Lozenge Tilings of Holey Hexagons

verfasst von / submitted by
Won Hyok Kim

angestrebter akademischer Grad / in partial fulfilment of the requirements for the degree of

Master of Science (MSc)

Wien, 2020 / Vienna, 2020

Studienkennzahl It. Studienblatt / UA 066 821
degree programme code as it appears on
the student record sheet:

Studienrichtung It. Studienblatt / Masterstudium Mathematik UG2002
degree programme as it appears on
the student record sheet:

Betreut von / Supervisor: Univ.-Prof. Mag. Dr. llse Fischer






iii

Declaration of Authorship

I, Won Hyok Kim, declare that this thesis titled, ”Lozenge Tilings of Holey Hexagons’

7

and the work presented in it are my own. I confirm that:

This work was done wholly or mainly while in candidature for a research de-
gree at this University.

Where any part of this thesis has previously been submitted for a degree or
any other qualification at this University or any other institution, this has been
clearly stated.

Where I have consulted the published work of others, this is always clearly
attributed.

Where I have quoted from the work of others, the source is always given. With
the exception of such quotations, this thesis is entirely my own work.

I have acknowledged all main sources of help.

Where the thesis is based on work done by myself jointly with others, I have
made clear exactly what was done by others and what I have contributed my-
self.

Signed:

Date:







Acknowledgements

I would first like to thank my thesis advisor Dr. Ilse Fischer of the mathematics
department at the university of Vienna. Without her help, I couldn’t finish my thesis.
Whenever I have got problem, she always gave me the fastest way to solve them.
Her suggestions and ideas were always helpful. All lectures I had with her were
also giving me motivations to learn and think combinatorial problems deeply and
widely.

I would also like to thank Dr. Christian Krattenthaler. He gave me an idea in
certain hypergeometric summation problems and helped me a lot whenever I was
confused with things I haven’t learnt before in lectures.

Finally, I must express my very profound gratitude to my parents for providing
me with unfailing support and continuous encouragement throughout my years of
study and through the process of researching and writing this thesis. This accom-
plishment would not have been possible without them. Thank you.






Contents

Declaration of Authorship
Acknowledgements
1 Introduction

2 Plane Partitions and Non-Intersecting Lattice Paths
2.1 Lozenge Tilings of Semi-Regular Hexagons : Symmetry
Classes of Plane Partitions . . . .. .. ..... ... ... ......
2.2 Factorization Theorem of Mihai Ciucu . . . .. ... ...........
2.3 The Lindstrom-Gessel-Viennot Theorem . . . . . ... ... ... ....
24 CoredHexagon . . ....... ... ... ... ... . .. ... ...
2.5 Symmetric Hexagon with a "Bow-Tie" removed on its Symmetry Axis .
2.6 Semi-strict Gelfand Pattern and Cohn-Larsen-Propp’s Theorem
2.7 Procter’s Theorem and Hexagons with "Staircases" missing from Cor-
DTS © o v v e e e e e e e e

3 Kuo’s Graphical Condensation Method and Its Applications

3.1 Kuo’s Graphical Condensation Method . . . . ... ... ........
3.2 Hexagons with ArbitraryDents . . . . .. ... ... ... .......

3.21 A Hexagon with Three Unit Dents along Alternating Sides . . .

3.2.2 Hexagons with ArbitraryDents. . . . ... ... .........
3.3 A Hexagon with a "Shamerock" missing - "S-Cored Hexagon" . . . ..
3.4 A Hexagon with "Fern" missing - "F-Cored Hexagon" . . . . ... ...
3.5 A Short Remark on the Lozenge Tiling Enumeration Problems . . . . .

4 The Lozenge Tiling of a Semi-Regular Hexagon with One "Bow-Tie" re-

moved at the Special Point

4.1 Guessing the Enumeration Formula . ... ... ... ... ... ....
41.1 From Lozenge Tilings to Non-Intersecting Lattice Paths and

Determinants . . . ... ... ... . ... ... . ... ... ..

4.1.2 From the Determinant to a TripleSum . . . . . ... ... ....
41.3 The Conjectured Product Formula . . .. ... ..........

4.2  An Approach to the Proof of the Product Formula . . . ... ... ...
42.1 Diagonalization of the Homogeneous Submatrix . . . . ... ..
4.2.2 Discussion on the Polynomial 7| and Super ballot Numbers

43 Conclusion . . . ... ... . L

Abstract
Zusammenfassung

Bibliography

vii

iii

33






Chapter 1

Introduction

Let G = (V,E) be a graph. Then a matching M in G is defined as a set of pairwise
non-adjacent edges, none of which are loops; that is, no two edges share a common
vertex. A perfect matching is a matching such that each vertex is covered by an edge.

A plane partition on the other hand is a two-dimensional array of non-negative
integers 7;; (with positive integer indices i and j) that is non-increasing in both in-
dices. This means that

T > Tyl and 7 2> T,

for all i and j. A plane partition can be represented as piles of unit cubes, i.e., the
number of cubes on the position (i, j) is 77; ;. The following is an example of a plane
partition which is in a given box of size a x b x ¢, where 4, b, c are positive integers.

.‘\

FIGURE 1.1: A Plane Partition with a=5, b=3, c=4.

The main combinatorial object in my thesis - lozenge tiling is quite related to per-
fect matching and plane partition. So what is the lozenge tiling problem of holey
hexagons?

We are working on the triangular lattice plane. Every triangle is an equilateral
triangle with side lengths equal to 1. If we are given a polygonal area bounded by
sides along these lattices, we can consider the tiling problem of this area by lozenges.
A lozenge is a tile that consists of two triangles which are sharing an edge.

Since every lozenge has one up-pointing triangle and one down-pointing trian-
gle, if a bounded area in our plane is tilable by lozenges, it must have same number
of these two kinds of triangles. In my thesis, I mostly deal with lozenge tiling prob-
lem of hexagon-type area.

A convex hexagon without any defect inside and on its boundary can be tiled
with lozenges if and only if it is a semi-regular hexagon. (Throughout the whole
thesis, we only think about the convex hexagon with all six inner angles equal to
120°.) It follows from the simple observation below.
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Let the side lengths of a hexagon be 4, b, ¢, d, ¢, f in cyclic order (starting from
the north side), which are all integers. If the side lengths 4, b, c, d are already given,
then we can know the two remaining lengths from formulas below :

e=a+b—d; f=c+d—a.

If we putd = a + m for some integer m, thenwecangete = b—mand f = c+m.
In such a hexagon, the number of up-pointing triangles and the number of down-
pointing triangles always differ by |m|. Thus, if m = 0, thena = d , b = e, and
c = f, so the hexagon is a semi-regular hexagon (see e.g. Figure 1.2) and tilable by
lozenges. Using the same argument, we can say that if m # 0, then the hexagon is
not tilable (Figure 1.3 for example).

a

a+m

FIGURE 1.2: A Semi-regular FIGURE 1.3: A Hexagon with a=3,
Hexagon with a=3, b=3, c=5. b=4, c=5, m=1.

Figure 1.4 shows one example of a lozenge tiling of a semi-regular hexagon with
side lengths a , b, c are 3, 2 and 4 respectively. In the picture we can also observe
that one lozenge tiling corresponds to one perfect matching in a honeycomb graph.
(If we regard each triangle as a vertex in a honeycomb graph and every lozenge as
an edge in a matching, then this correspondence is a bijection.)

FIGURE 1.4: A lozenge tiling of a semi-regular hexagon and the corre-
sponding perfect matching in a honeycomb graph.

In this thesis, I will mainly focus on the enumeration of lozenge tilings in hexag-
onal area on the triangluar lattice in the plane. From observations above, we can
divide these problems in two cases; one case is for the semi-regular hexagons and
another one is for non-semiregular hexagon with some defects.

In the case of semi-regular hexagons (see Figure 1.2), the lozenge tiling problem
coincides with plane partition problem. There is a very nice enumeration formula
for it. Let N(a, b, ¢) be the number of plane partitions in a given a x b x ¢ box with g,
b, c all positive integers. Then,
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Theorem 1.0.1. MacMahon,1916 [22]
The number of plane partitions in a given a X b x ¢ box is :

a—1b—1c—1 l—|—]+k—‘r2

N(a,b,c) = — . (1.1)
z'ljgj—()k—o i+j+k+1
This equation can be rewritten with hyperfactorial form :
N(a,b,c) = H(a)H(b)H(c)H(a+b+c¢) (12)

H(a+b)H(b+c)H(c+a) ’
where H(x) stands for the "hyperfactorial” equal to TT{_j k!.

Many results of lozenge tiling enumeration are the generalizations of this MacMa-
hon’s theorem.

In the non-semiregular hexagon cases, since the hexagon itself can not be tiled
by lozenges from the observation above, we delete some triangles from it, so that
the remaining area is lozenge-tilable. So far there are a lot of enumeration results of
such holey-hexagons and I will introduce some of them in the following chapters.

It is natural to ask for the number of tilings of given regions (it can be regarded
as the enumeration of perfect matchings). There have been so many valuable works
on these methods and the Kasteleyn-Wilson matrix [17] is one of them.

Consider a finite subgraph G of the infinite square lattice with as many white as
black vertices, where the infinite square lattice is colored like a checkerboard. Let
(v1,...,v,) be its white vertices and (w1, ..., w,) its black vertices with an arbitrary
ordering from 1 to n. The Kasteleyn-Wilson matrix

K(G) =K((v1,...,v0n), (w1,...,wy)) (1.3)
is defined to be (a;;)1<;j<n, where a; ; is
e 0,if {v;, w;} is not an edge of G;
e 1,if {v;, w]-} is a horizontal edge of G;

o (1)K if {v;, w;} is a vertical edge going from row [ to row [ + 1 and there are
k vertices in row [ to the left of the edge.

Then the number of perfect matchings of G is equal to the absolute value of the
determinant of K(G) [17]. (This method can also be used for every planar graph.)

For example, let us consider the enumeration of perfect matchings in the follow-
ing graph :

l (] (4] Wy Uy

o o

l + 1 Vs (105 Uy Wy

o A"

FIGURE 1.5: A 2 x n rectangular graph on the square lattice, where n = 4.

It is the well-known fact that the number of perfect matchings in such a graph is
equal to the Fibonacci number F(n + 1) with F(1) = F(2) = 1.
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With the settings above, we should calculate the absolute value of the following
determinant :

11 -1 0
01 0 -1
10 1 0}
01 1 1

which is equal to 5, which is equal to F(5) as desired.

Using this method, it is very simple to construct a determinant, however, we will
have to deal with the determinant of a relatively large matrix.

In general, we use two methods to enumerate lozenge tilings of such areas. They
are namely, bijection with non-intersecting lattice paths and Kuo’s graphical condensation
method. These two methods will be introduced with applications and examples
later.

In the last chapter, I will introduce my result on the enumeration of lozenge
tilings in a semi-regular hexagon with one “bow-tie” removed from the special point.
I conjectured the enumeration formulas for such a case and provided some ap-
proaches to prove them.



Chapter 2

Plane Partitions and
Non-Intersecting Lattice Paths

In Chapter 1, we saw that the correspondence between lozenge tilings of a semi-
regular hexagon and plane partitions in a given box is a bijection. (The side lengths
of the hexagon are corresponding to the side lengths of the box.) The number of
tilings in a semi-regular hexagon with side lengths a, b, c can be enumerated with the
Theorem 1.0.1. What about symmetry classes of tilings? There are already important
results on the symmetry classes of plane partitions. Since these two combinatorial
objects are in bijective correspondence, we can use the same formula to enumerate
lozenge tilings and we introduce these formulas in this chapter. Then we deal with
Mihai Ciucu s factorization theorem and the Gessel-Viennot-Linderstrom theorem,
which are playing important roles in this area of lozenge tiling enumeration.

2.1 Lozenge Tilings of Semi-Regular Hexagons : Symmetry
Classes of Plane Partitions

Definition 2.1.1. A plane partition in an a X b X ¢ box is a subset 7 C {1,2,...,a} x
{1,2,...,b} x{1,2,...,c} with (i,j,k) e 1 = (i,j,k') € nwfor V(i,j, k') <
(i,],k).

It will be convenient, if we denote a box by B(a,b,c¢) = [0,a] x [0,b] x [0,c]. We
define three actions [21] on the set of pairs (7, B(a,b,c)), where © C B(a, b, c):

1. Define 7(7), the transpose of 7T, to be {(x,y,z)|(y, x,z) € 7}, and
T(7t,B(a,b,c)) = (t(m),B(b,a,c)).

2. Define p(7), the rotation of 7, to be {(x,y,2)|(y,z,x) € 7}, and
o(7t,B(a,b,c)) = (o(7), B(c,a,b)).

3. Define «(mt,B(a,b,c)) = (7/,B(a,b,c)), where 7’ is the complement of 7T in
B(a,b,c).

Let T be a group generated by 7,p,x. For each subgroup G of T, we define
Ng(a, b, c) to be the number of pairs (77, B(a, b, c)) fixed by G. Then there are 10 in-
equivalent choices Gy, ..., Gio, which are introduced by Stanley in [24]. The table
below [21] is giving us the definition of each 10 groups, together with the corre-
sponding enumeration formulas of Nj(a,b,c) = Ng,(a, b, c).
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Group Formula Symmetry
__ H(a)H(b)H(c)H(a+b+c)
Gi=(e) | Ni(a,b,c) = Frammpioncra Any
o Hz(2£l+b+1)H(ﬂ)H2(b) .
Gy = (1) Ny(a,a,b) = T (a1 H(ath) Symmetric
_ H3(3a+2)H(a) Cyclically
Gs = (p) Ns(a,a,a) = H(2a)F(30—2) Symmetric
__ Hy(a)He(3a+5) Totally
G4 - <T, P> N4(a, a,a) ~ Hy(2a+1)Fs(3a—2) Symmetric
Ns(2a,2b,2c)=Nj (a,b,c)?
Gs = (k) N5(24,2b,2c+1)=Nj (a,b,c)Ny (a,b,c+1) Complsgfemary
N5(2a+1,2b41,2¢)=Nj (a+1,b,c) Ny (a,b+1,c)
_ _ Hy(2b+1)Hy(2b+a)H(a) Transpose
Ge = <KT> N(,(IZ, a, Zb) - H(2b+a)H,(2a) Complementary
Symmetric
o N7(2a,2a,2b)=Nj (a,a,b) Y’
Gy = (x,T) N7 (2a-+1,2a+1,2b)=N (a,a+1,b) Complbmentary
lically Symmetric
F3(3a—2) He (6a) Hy (2a) Cyclically Sy
Gg = (kT Ng(2a,2a,2a) = = d
8 < /P> 8( T ) Hy(4a+1) Hy(4a) Transpose Caélmplementary
lically Symmetric
H3(3a+1)2H(a)? Cyclically Sy
Gy = (k No(2a,2a,2a) = =2 ————
? < /p> 9( T ) H(2a+1)? SelfCorr?pﬁementary
Hs(3a+1)H(a) Totally Symmetric
Gy = (x Nio(2a,2a,2a) = 2552 d
10 < /P> 10( e ) H(2a+1) SelfCon?p?lementary

TABLE 2.1: Enumeration Formulas for Symmetric Plane Partitions.

In the Table 2.1, Hy(n) := ]‘[}E (n —ik)! and Fy(n) stands for the “staggered

factorial” H}:%(J)(n — ik) for positive integers n and k. In particular, if k = 1 then
Hy(n) is just the hyperfactorial H(n) = [T/ i!.

The following pictures show examples of lozenge tilings which are symmetric,
cyclically symmetric and self complementary respectively.

The proves of these enumeration formulas can be found in [24], [21], [9] and
[3]. We can directly use the formulas in the Table 2.1 to enumerate lozenge tilings
having corresponding symmetries, since plane partitions and lozenge tilings in a

semi-regular hexagon are in a bijective relation.
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QKRN
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FIGURE 2.1: A symmetric lozenge FIGURE 2.2: A cyclic lozenge tiling
tiling in a hexagon with side in a regular hexagon with side
lengths a=4, b=3. lengths a=4.

7

FIGURE 2.3: A self complementary plane partition and corresponding
lozenge tiling.

2.2 Factorization Theorem of Mihai Ciucu

straight line. In this section, I will provide a very important result of Mihai Ciucu,
which is introduced in [2], which is giving a result that expresses the number of
perfect matchings of a large class of symmetric graphs in terms of the product of the
number of matchings of two subgraphs.

Let G be a symmetric plane graph. Figure 2.4 shows an example of a symmetric
graph. We can simply observe that the symmetry axis should contain even number
of vertices, if this graph has a perfect matching. If not, the total number of vertices
of the graph is odd, hence the graph has no perfect matching.

FIGURE 2.4: An example of a symmetric graph.
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We define weighted symmetric graph as a symmetric graph equipped with a sym-
metric weight function on the edges. We denote the width of a symmetric graph G
by w(G). Here, w(G) is the half the number of vertices of G, which are located on the
symmetry axis. Let G be a weighted symmetric graph with symmetry axis I/, which
is horizontal (w.l.o.g) in the picture. Let a1, by, a2, by, ..., Ay(G)s bw(G) be the vertices
positioned on [, in the order from left to right. A reduced subgraph of G is a graph
obtained from G by deleting at each vertex a; either all incident edges above | (we
refer to this operation for short as "cutting above ") or all incident edges below I
("cutting below ["). Figure 2.5 shows a reduced subgraph of the graph presented in
Figure 2.4 (the deleted edges of the original graph are represented by dotted lines).

FIGURE 2.5: A reduced subgraph of the graph in Figure 2.4.

The weight of a matching u is defined to be the product of the weights of the
edges contained in y. The matching generating function of a weighted graph G,
denoted M(G), is the sum of the weights of all matchings of G. Since the matching
generating function is multiplicative with respect to disjoint unions of graphs, we
only consider the cases of connected graphs [2].

Lemma 2.2.1. All 2%(%) reduced subgraphs of a weighted symmetric graph G have
the same matching generating function.

Proof. See [2] Lemma 1.1. O

Let G be a weighted symmetric bipartite graph. We call the set of vertices a
cutting set, if removing these vertices disconnects the graph. Suppose the set of ver-
tices lying on [ is such a set. In such a case we say that | separates G. We color vertices
in the two bipartition classes black and white.(W.L.o.g, we choose the leftmost vertex
on [ to be white.) We disconnect G with two parts G and G~ as follows. Perform
cutting operations above all white a;’s and black b;’s and below all black a;’s and
white b;’s. This procedure yields cuts of the same kind at the endpoints of each edge
lying on I. We reduce the weight of each such edge by half; leave all other weights
unchanged. Since [ separates G, the graph produced by the above procedure is dis-
connected into one component lying above I, which we denote by G*, and one below
I, denoted by G~ [2].

Figure 2.6 shows the procedure above for the graph in Figure 2.4.

Theorem 2.2.2. Factorization Theorem of Mihai Ciucu
Let G be a bipartite weighted symmetric graph separated by its symmetry axis. Then

M(G) = 2" M(GT)M(G). 2.1)

Proof. See [2] Theorem 1.2. O
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FIGURE 2.6: Disconnecting the graph in Figure 2.4 into two components.

2.3 The Lindstrom-Gessel-Viennot Theorem

Definition 2.3.1. A directed acyclic graph (DAG) is a finite directed graph with no
directed cycles. That is, it consists of finitely many vertices and edges, with each
edge directed from one vertex to another, such that there is no way to start at any
vertex v and follow a consistently-directed sequence of edges that eventually loops
back to v again.

We let G be a locally finite directed acyclic graph. We consider one set of starting
vertices A = {ay,...,a,} and another set of ending vertices B = {by,...,b,}. And
we also assign a weight w, to each directed edge e. In general, these weights are
elements of a commutative ring. For each directed path P between two vertices,
we define w(P) as the product of the weights of the edges lying in P. For any two
vertices a and b, e(a, b) stands for the sume(a,b) = Y p.,_,;, w(P) over all paths from a
to b. If there are only finitely many paths between any two vertices, this sum is well-
defined. But it can also be well-defined in the general case under some additional
circumstances [16]. (In this thesis, we only consider finite cases.) If we assign the
weight 1 to each edge, then e(a, b) exactly is the number of paths from a to b.

Under this setting, we define an n x n matrix M as follows:

e(a,by) e(ay,bp) -+ e(ay,by)
M e(a2:, by) e(@; by) . 6(112:, by) ' 22)
e(an', by) e(an', by) --- e(an', by)

Definition 2.3.2. An n-tuple of non-intersecting paths from A to Bis ann-tuple (P, ..., P,)
of paths in G with the following properties:

1. There exists a permutation ¢ of {1,2,...,n} such that, for every i, the path P,
is a path from a; to b, ;).

2. Whenever i # j, the paths P; and P; have no two vertices in common (not even
endpoints).

If we are given such an n-tuple (P, ..., P,), we denote by ¢(P) the permutation
of ¢ from the first condition.

Theorem 2.3.3. Lindstrom-Gessel-Viennot
With definitions above, the determinant of M is equal to the signed sum over all n-tuples
(P1,...,Py) of non-intersecting paths from A to B:

n

det(M) = ) sign(c(P)) [ Jw(P). (2.3)

(Py,....P.):A—B i=1
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Le., the determinant of M counts the weights of all n-tuples of non-intersecting paths
starting at A and ending at B, each affected with the sign of the corresponding permutation
of (1,2,...,n), where P; is taking a; to bei)-

Proof. See [16] Theorem 1. O

Remark 2.3.4. In particular, if every n-tuple of non-intersecting paths from A to B
takes a; to b; for each i and we take the weights to be 1, then det(M) is exactly the
number of non-intersecting n-tuples of paths starting at A and ending at B.

The following example explains why lozenge tilings and non-intersecting lattice
paths are related and how MacMahon'’s theorem (Theorem 1.0.1) can be proven us-
ing the Theorem 2.3.3.

Example 2.3.5. The Proof of MacMahon’s Theorem
Let H(a, b, ¢) denote the semi-regular hexagon of which side lengths are a,b,c,a,b,c in
a cyclic order (starting from the northern side).

xpa;

|t

L@

e o ‘ S
. b J

FIGURE 2.7: One lozenge tiling of a semi-regular hexagon and relation
with non-intersecting lattice paths in Z2.

There is a standard bijection between lozenge tilings and families of non-intersecting
lattice paths. Figure 2.7 shows this bijection. We mark the midpoints of the edges
along the north and south sides of lengths a with red and blue respectively. Denote
these points by p;’s and g;’s, where i and j are running from 1 to a [8]. Now, we
connect these points by paths which are following along the lozenges of the tiling,
as in the Figure 2.7. It is obvious that the resulting paths are non-intersecting. And
if we transform the underlying lattice as in the picture, we can get orthogonal paths
in the lattice Z? with steps in direction (1,0) and (0, —1). In the square lattice (right
hand side of the Figure 2.7), each p; and g; has the following coordinate values:

pi=({—-1c+i-1), i=1,2,...,a,
gi=0b+j-1,j-1), i=12,...,a.

We should compute the determinant of M, which is defined as in (2.2). Each
entry e(p;, q;) is the number of possible paths only with two steps in direction (1,0)
and (0, —1) from p; to q; in the square lattice plane. In general, the number of such
paths from the point (x1,1) to (x2,¥2) is equal to (71 7%7¥) if the ending point
is located in the south-east of the starting point. Otherwise, the number of such
paths is equal to zero, since there is no directed path only with steps in two kinds
connecting two points. From the Theorem 2.3.3 and the Remark 2.3.4, the following



2.4. Cored Hexagon 11

determinant is exactly the number of n-tuples of non-intersecting lattice paths from
P1, P2, ---,Patoqi,q2, ..., qa, hence the number of lozenge tilings of the semi-regular
hexagon H(a, b, c):

#Lozenge Tilings of H(a,b,c) = det M,(b,c) = 1<det< ((b b —:i ])> . (2.4)
<i,j<a —

The determinant in (2.4) can be easily evaluated with the Jacobi-Desnanot iden-
tity
det A-det Ayt = det A] - det A}, — det A} -det A}, (2.5)

where A is an n X n matrix and the submatrix of A i m which rows iy, 1y,...,i{ and

columns jy, j2, .. ., jx are omitted is denoted by Aﬁ f; i

We can use this identity to obtain the following recursion [18],

(Ma(b,c))z M,-1(b,c),

(Ma(b,c)); = Ma_1(b,c),

(Ma(b,))} = My_a(b+1,c 1), (2.6)
(Mg(b,c))z =M, 1(b—1,c+1),

(Ma(b,€)) s = Ma-2(b,c).

Since det M, (b, ¢) is expressed in terms of quantities of the form det M,_1(-) and
det M,_»(-), the only things we need to check are the initial cases in the induction
with a = 0 and a = 1. This will give us the exact result which is described in the
Theorem 1.0.1.

24 Cored Hexagon

In this section, I will provide results of enumerations of lozenge tilings of a hexagon
with side lengths a, b+ m, ¢, a + m, b, c + m (starting from the north side), where an
equilateral triangle of side length m has been removed from its centre. These results
are given by M.Ciucu, T.Eisenkolbl, C.Krattenthaler and D.Zare and introduced in
[8].

The removed triangle is called the core. The remaining region is denoted by
Cyp,c(m) and called a cored hexagon.

First, we need to identify the centre, i.e., the position of the core. Let s be a side
of the core and let u and v be the sides of the hexagon parallel to it. The most natural
definition of the centre is: the distance between s and u should be the same as the
distance between v and the vertex of the core opposite s, for all three choices of s.

But the sides of the core will be along lines of the triangular lattice only if 4, b
and ¢ have the same parity (Figure 2.8 is a case that a, b and c have the same parity);
in this case, we define this to be the position of the core. On the other hand, if for
example a has the different parity from b and ¢, two sides of the triangle which is
satisfying the above conditions would not be along the lattice lines. These two sides
will be distanced half a unit from two consecutive lattice lines. In this case, we move
this central triangle half a unit towards the side of the hexagon of length b along the
direction parallel to the side of length a so that all the three sides of this triangle are
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underlying on the lattice lines. We then define this to be the position of the core (the
position of the core in this case can be seen from Figure 2.9) [8].

a a

b+m b+m

ctm c+m
- INNININ -
b ’
atm a+m
FIGURE 2.8: Cored Hexagon with FIGURE 2.9: Cored Hexagon with
a=3, b=3, c=5, m=2. a=4, b=3, c=5, m=2.

The theorems below provide explicit formulas for the total number of lozenge
tilings of such a cored hexagon [8]. These results can be expressed as quotients of

products of hyperfactorials. It is necessary to extend the definition of hyperfactorials
to half-integers :

H(n) — {H” ! o [(k+1), fornaninteger, @7

Hk:o I'(k+3), fornahalf-integer.

Let L(R) be the number of lozenge tilings of the region R. For a, b and ¢ having
the same parity, the following theorem gives the precise enumeration formula for
lozenge tilings of C, j, ¢ (m).

Theorem 2.4.1. Let a, b, c, m be non-negative integers, a, b, ¢ having the same parity. The
number of lozenge tilings of a hexagon with sides a, b+ m, ¢, a +m, b, c + m, with an
equilateral triangle of side m removed from its center (see Figure 2.8 for an example) is given
by

L(Cape(m)) =
H(a+m)H(b+m)H(c+m)H(a+b+c+m) H(m+["F<])H(m+ [“5*])
H(@+b+m)H(a+c+m)H({b+c+m)  H(L +m)H(%E +m)H(SE +m)
y H($DH(3DHTSDHHSDH(ZDH(5])
H(3 +[§1HG + [3DHG +[5DHG + [5)HG + 3DHG + [5])
m 2

[
y (2)2 ( bz )ZH(b+c+m)2H(a+c+)
H(3 + [P H(G + [ 25 ) H() H()H(%59) 8)

Outline of the Proof. The proof of this theorem can be done by using the bijection of
lozenge tilings with non-intersecting paths.

Once we find a bijection (see Figure 2.10), then by the Lindstrom-Gessel-Viennot
theorem (Theorem 2.3.3) it is equivalent to prove that the determinant

b+c+m ‘
b—i—f—j 1<i<a
det b+c

1<i,j< ,
Shysatm <b+a 2 ) a+1<i<a+m
i+j

is equal to the product formula (2.8). See the Chapter 7 in [8] for the determinant
evaluation part. O

(2.9)
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F T S |

.....

FIGURE 2.10: One lozenge tiling of a cored hexagon in the Figure 2.8 and
the corresponding non-intersecting lattice paths in Z2.

The corresponding result for the case when 4, b and c do not have the same parity
reads as follows.

Theorem 2.4.2. Let a, b, c, m be non-negative integers, with a of parity different from the
parity of b and c. The number of lozenge tilings of a hexagon with sides a, b +m, ¢, a + m,
b, ¢ + m, with the "central” triangle of side m removed (see Figure 2.9 for an example) is
given by

L(Cu,b,c(m)) =
H(a+m)H(b+m)H(c+m)H(a+b+c+m)  H(m+ [T H(m + | @54 )

H(a+b+m)H(a+c+m)H(b+c+m)  H(|“=| +m)H(SE +m)H([22] +m)

]
2
) H(3PH($DHEDH(SDHISDH(SDH(5)
H(E+ [3DH(E + [5DHE + [sDH(E + [E)H(3 + EDH(E + [5))
| HO% + 3H( 25 + HH( )+ DH(%) + HHCS +37
(5] DR + DHCEDHFDHG)

(2.10)

Outline of the Proof. The proof is analogous to the case with all three side lengths
having the same parities. In this case, we again need to prove that the following

determinant
b+c+m .
b i +], 1<i<a
det

158 b+c
Shisatm <b+u+12 , ) at1<i<atm
Ty it

(2.11)

can be evaluated as the product formula (2.10). See the Chapter 7 in [8] for the
determinant evaluation part. O

Remark 2.4.3. The formulas (2.8) and (2.10) above reduce to MacMahon’s formula
(Theorem 1.0.1) for m = 0.
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2.5 Symmetric Hexagon with a"Bow-Tie" removed on its Sym-
metry Axis
In [12], T.Eisenkolbl enumerated the number of lozenge tilings of the symmetric

hexagon with two triangles touching in one vertex ("bow-tie") removed on the sym-
metry axis.

N/ ol

E2m om 1

VAVAVAVAVANG JAVAVAVAVAVAN
NONINININ/N

FIGURE 2.11: A hexagon with FIGURE 2.12: A hexagon with sides
sides 2m,nn2mmnn and missing 2m+1,n,n,2m+ 1, n, n and miss-
one "bow-tie" missing at the posi- ing one "bow-tie" missing at the
tion s + 1 (counted from the top), position s (counted from the top),
wherem =2,n=3,5s = 2. wherem =2,n=3,s = 2.

Theorem 2.5.1. The number of lozenge tilings of a hexagon with sides 2m, n, n, 2m, n,
n (starting from the north side) and two missing triangles on the vertical symmetry axis
sharing the (s + 1)-th vertex on the axis (see Figure 2.11) equals

@m =)D CE) ) P 2 i k-1
ml s L T[] - (2.12)
(Gl i1j-tk1 it tk=2

Outline of the proof. Since the region is symmetric, we can use Mihai Ciucu’s factor-
ization theorem (Theorem 2.2.2). To do this, we color up-pointing triangles with red
and down-pointing triangles with blue. If we consider every triangle as a colored
vertex, then the whole area is a bipartite honeycomb graph.

1 ol

ANV
VENVANVASUNVESVEAN
(OSUNESENLSENEN
V;:;XZ‘EMZ‘&Z‘X’

FIGURE 2.13: The region shown in Figure 2.11 as a honeycomb graph and
the usage of Mihai Ciucu’s factorization theorem.

We divide this area into two parts as in Figure 2.13. We enumerate perfect math-
ings in both parts separately. These can be done using the Lindstrom-Gessel-Viennot
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theorem (Theorem 2.3.3) to enumerate non-intersecting paths of corresponding graphs
(see the Example 2.3.5 for converting lattice from triangular one to square one). Now
we evaluate two determinants and use Theorem 2.2.2 to get the desired result (2.12).
See [12] for determinant evaluation parts.

O

Theorem 2.5.2. The number of lozenge tilings of a hexagon with sides 2m + 1,n,n, 2m +
1,n,n and two missing triangles on the symmetry axis sharing the s—th vertex on the axis
(see Figure 2.12) equals

2m + 1) G Cr2) (B7F) iy i 2t i itj+k—1

m+n i=1j=1 k=1

Outline of the proof. The proof of this theorem is analogous to the proof of Theorem
2.5.1. See [12] for the whole proof. O

2.6 Semi-strict Gelfand Pattern and Cohn-Larsen-Propp’s The-
orem

In previous sections, we saw that combinatorial objects such as perfect matchings
in a honeycomb graph, plane partitions in a given box and non-intersecting lattice
paths on the square lattice are in bijective correspondence with lozenge tilings in a
semi-regular hexagon. I will provide one more combinatorial object which is also
bijective with lozenge tiling, namely, semi-strict Gelfand Patterns.

Definition 2.6.1. A semi-strict Gelfand pattern is an isosceles triangular array of in-
tegers, with the property that the entries increase weakly along diagonals running
down and to the right, and the entries increase strictly along diagonals running up
and to the right.

It is quite obvious that one lozenge tiling of a semi-regular hexagon is deter-
mined by the locations of its vertical lozenges. We can use semi-strict Gelfand pat-
tern to keep track of these locations [10].

12,8, 4.5,6, 7,8, 0,10 11,12, <

‘o&s;‘s;‘ié‘«‘«

FIGURE 2.14: One lozenge tiling of a semi-regular hexagon and the corre-
sponding semi-strict Gelfand pattern.

Figure 2.14 shows a lozenge tiling of a hexagon with sides a,b,c,a,b,c (in the cyclic
order from the north side) and numbering its vertical lozenges inside, where a,b and

care 54 and 3 respectlvely To do this, we add C(CH)

(colored by light blue) and bH) vertical lozenges on the right (pink). Then we get a
trapezoid of upper base a +- b + c and lower base a, with some triangular protrusions
along its upper border, as in Figure 2.14 [10]. Now we associate with each vertical

vertical lozenges on the left
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lozenge in the tiling the horizontal distance from its right corner to the left border of
the trapezoid, which we call its trapezoidal position. If we index the locations of the
vertical lozenges with their trapezoidal positions, then we can obtain the semi-strict
Gelfand pattern as shown in the right part of the Figure 2.14.

It is easy to see that there is a simple bijection between semi-strict Gelfand pat-
terns with top row 1, 2, ..., a + b + c and lozenge tilings of a semi-regular hexagon
with side lengths a,b,c,a,b,c. The following theorem is a very important result [10]
which is enumerating the specific semi-strict Gelfand patterns, hence lozenge tilings.

Theorem 2.6.2. Cohn-Larsen-Propp

There are exactly
Xj— X;
[ =—

1<i<j<n ] 1

(2.14)

semi-strict Gelfand patterns with top row consisting of integers x1, xa, ..., X, such that
X1 <Xy < -+ < Xy

Proof. See Proposition 2.1 in [10] for the proof. O

We can use this theorem whenever we encounter lozenge tiling enumeration
problem of regions which have defects on one of their boundaries. We will see the
specific applications of this theorem in the next chapter.

2.7 Procter’s Theorem and Hexagons with "Staircases" miss-
ing from Corners

In the previous part of my thesis, we saw that a plane partition contained in a a x
b x c box can be regarded as a lozenge tiling of a semi-regular hexagon with side
lengths a,b,c,a,b,c (in cyclic order).

7/
‘x

¥

FIGURE 2.15: A plane partition for which its projection on one of the co-
ordinate planes fits in the "maximal stair case"

Proctor considered the problem of enumerating those plane partitions 77 con-
tained in an a x b x ¢ box for which the projection of 7t on one of the coordinate
planes, on Oxy for example, fits in the “maximal staircase” A = (b,b—1,..,.b—a+1)
(when A is viewed as the corresponding Ferrers diagram) contained in the a x b ba-
sis rectangle[23]. Without loss of generality, we assume that a < b. Figure 2.15 is an
example of such a plane partition with a = 5,b = 8, ¢ = 3. Then the number of such
plane partitions is given by following theorem.
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Theorem 2.7.1. Procter
The number of plane partitions above is:

a b—a+1 ; ; b—a+i ; ;

c+i+j—1 2c+14+j-1
I = 11 =2 (2.15)
i1 =1 LTIl g, thI-

From the bijection between lozenge tilings and plane partitions, this problem
is equivalent to counting the lozenge tilings of a semi-regular hexagon with side
lengths a,b,c with a maximal "staircase of lozenges" removed from a corner at which
edges of lengths a and b.

Based on this result, Ciucu and Krattenthaler gave one more restriction to the
plane partition 7t in [7]. In this case, they required that the projection of 7t on two
of the coordinate planes be contained in the corresponding staircases. It means that
this enumeration problem is equivalent to counting the number of tilings of a semi-
regular hexagon with side lengths a, b, c with two maximal staircases removed, from
vertices that are non-adjacent and non-opposite[7].

GETR . S
) / N <><><><><><><>OA/

7

4
‘T

¥

FIGURE 2.16: A plane partition of which projection on two coordinate
planes contained in maximal staircases and one example of the corre-
sponding triangular lattice region for lozenge tiling.

Figure 2.16 shows such a plane partition and the corresponding 2-dimensional
region for the lozenge tiling. Actually there are six cases to consider in the lozenge
tiling enumeration problem, because we can get non-equivalent regions depending
on the relative orderings of side lengths 4, b and c. Ciucu and Krattenthaler provided
explicit product formulas for these enumerations of lozenge tilings and gave the
proof by using the Lindstrom-Gessel-Viennot theorem (Theorem 2.3.3) in [7].
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Chapter 3

Kuo’s Graphical Condensation
Method and Its Applications

3.1 Kuo’s Graphical Condensation Method

Eric H.Kuo provided a very strong way to enumerate perfect matchings in a plane
bipartite graph in [20]. This method is called Kuo’s Graphical Condensation and it is
very efficient to solve lozenge tiling enumeration problems, since these problems
can be regarded as enumeration problems of perfect matchings in their dual graphs.

In this section, I will introduce this method together with its sketched proof. The
very first version of this condensation was for the plane bipartite graph.

Let G = (V4, Vo, E) be the plane bipartite graph in which V3,V are disjoint sets
of vertices in G and every edge in E connects a vertex in V; to a vertex in V,. If U
is a subset of vertices in G, then G — U is the subgraph of G obtained by deleting
the vertices in U and all edges incident to those vertices. If a is a vertex in G, then
G —a = G — {a}. Let M(G) be the number of perfect matchings of G, and M(G) be
the set of all perfect matchings of G[20].

Theorem 3.1.1. Kuo’s Graphical Condensation
Let G = (V4, Vi, E) be a plane bipartite graph in which |Vy| = |Va|. Let vertices a, b, ¢, and

d appear in a cyclic order on a face of G (see Figure 3.1). Ifa,c € Vi and b,d € V, , then
M(G)M(G —{a,b,c,d}) = M(G —{a,b})M(G — {c,d}) 3.1)
+ M(G—{a,d})M(G —{b,c}). .

Outline of the Proof. It will be enough for us to show that :

|IM(G) x M(G —{a,b,c,d})|
= |(M(G = {a,b}) x M(G —{c,d})) U (M(G — {a,d}) M(G — {b,c}))|.

b
>

/

%
Y =\

d

FIGURE 3.1: An illustration of Kuo’s graphical condensation method.

By the superimposing a matching of G — {a,b,¢,d} onto a matching of G, we
can get a new graph. If one edge belongs to both matchings, then we replace these
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two edges by a doubled edge. It is easy to see that only 4 vertices 4, b, c and d will
have degree 1, while every other vertex in the united matching has degree 2. With
the same argument, every vertex in the united matching of a matching of G — {a, b}
and a matching of G — {c,d} has the degree 2 except for the vertices 4, b, ¢ and d
having degree 1. We can get the similar results from superimposing a matching of
G — {a,d} onto a matching of G — {b, c} [20].

We define H to be the set of multigraphs on the vertices of G in which every
vertex except for a, b, c, and d has degree 2. Then from the observations above, every
pair of graphs in M(G) x M(G —{a,b,c,d}), M(G — {a,b}) x M(G —{c,d}) and
M(G —{a,d}) x M(G — {b,c}) can be united together to form a multigraph in #.

For every multigraph H in H, it is always possible to partition this graph into
two graphs so that one of them is a matching of G and another one is a matching
of G—{a,b,c,d}. At the same time, it is also possible to partition H into either one
matching of G — {4, b} and one matching of G — {c,d} or one matching of G — {a,d}
and one matching of G — {b, c}. But never both.

There are 2¢ possible ways to partition H into two matchings for both cases
above. Here k is the number of cycles in H. See [20] for the precise proof.

In conclusion, we can prove that

IM(G) x M(G —{a,b,c,d})| = [H]
= [(M(G = {a,b}) x M(G —{c,d})) U (M(G — {a,d})M(G — {b,c}))|.

O]

In 2006, Kuo generalized this 4-point condensation to plane graphs that are not
necessarily bipartite in [19].

Theorem 3.1.2. For any plane graph G and any four vertices a, b, c, d that appear in cyclic
order on some face of G, one has that

M(G)M(G — {a,b,c,d}) = M(G — {a,b))M(G — {c,d})
~M(G — {a,c})M(G — {b,d}) (3.2)
+M(G — {a,d})M(G — {b,c}).

The equation (3.2) can be rewritten in the pfaffian form as follows :

M(G)M(G —{a,b,c,d}) =

0 M(G —{a,b}) M(G—{a,c}) M(G—{a,d})
pf —~M(G — {a,b}) 0 M(G —{b,c}) M(G—{bd})| (B3)
~M(G —{a,c}) —M(G—{b,c}) 0 M(G — {c,d})
—M(G—{a,d}) —M(G—-{b,d}) —M(G—{cd}) 0

This pfaffian form of graphical condensation gives us an idea to generalize the
condensation to 2k points for (k > 3). A weighted graph is a graph with weights (that
could be considered indeterminates) on its edges. For a weighted graph G, M(G)
denotes the sum of the weights of the perfect matchings of G, where the weight of a
perfect matching is taken to be the product of the weights of its constituent edges|[1].

Then, the generalization of Kuo’s condensation (see [19] and [1]) is as the follow-

ing:
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Theorem 3.1.3. Let G be a planar graph with the vertices ay , . .., ay, appearing in a cyclic
order on a face of G. Consider the skew-symmetric matrix A = (ﬂij)1§i,j§2k with entries

given by
o A MG —Aaai}), i 1<,
T MG A{aiay), i P>
Then we have that
[M(G))* 'M(G — {ay,...axn}) = Pf(A). (3.4)

Proof. See [1]. O

3.2 Hexagons with Arbitrary Dents

3.2.1 A Hexagon with Three Unit Dents along Alternating Sides

In [11], Theresia Eisenkolbl proved the following formula for the number of lozenge
tilings of a hexagon with three unit dents along alternating sides. In the paper, she
proved this result by using the bijection with non-intersecting lattice paths and de-
terminant evaluation. As an example of the application of Kuo’s graphical method,
Mihai Ciucu provided the conceptual proof of this theorem in [1] as follows.

Recall that the Pochhammer symbol (a) is defined by

(a)g=a(a+1)---(a+k—-1),

and let M(R) be the number of lozenge tilings of the region R.

pvivvivivvvive

L1443
FIGURE 3.2: H4,3/3

Theorem 3.2.1. Let H;Ztc be the region obtained from the hexagon of side lengths a,b +
3,c,a+3,b,c+ 3 (clockwise, starting with the northern side) by deleting three up-pointing
unit triangles from along its boundary (see Figure 3.2 for the indication of variables). Then
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we have

M(HIS) = (r+ D)p(s + De(t + ala+3 — r)e(b+3 = )alc +3 — 1),
TTf—o ! TTP—o K T K TR T2 !
Hb+c+2 k! H}ii8+2 k! Hzig+2 k!
X[(a+1)(b+1)(c+1)(a+2—r)(b+2—5)(c+2—t)+(a+1)(b+1)(c+1)rst
—(a+2—-r)b+2—=s)(c+2—t)rst+(a+1)(c+1)(b+2—5s)(c+2—t)rs

+b+1)(a+1)(a+2—r)(c+2—t)st+(c+1)(b+1)(a+2—7r)(b+2—5)rt].
(3.5)

Proof. We denote by H;, . the region obtained from H;Ztc by filling back the three
unit dents along its sides, and adding three additional unit triangles sticking out
next to the bottom left, right and top left corners as indicated in the left part of
Figure 3.3.

FIGURE 3.3: Hj 5 ; and choosing the vertices for the condensation.
We apply the Theorem 3.1.3 to the plane dual graph' G of H;, ., withk =3, and
choose three dents stated in the theorem and three extra unit trlangles we added to
be the six removed vertices (see the right part of Figure 3.3). Here, some of 7, s, t
are allowed to be equal to 0. Let a1, a2 and a3 be the dents along the sides of lengths
a+3,b+ 3 and ¢ + 3 (blue), respectively, and let by, b, and b3 be the unit triangles
that stick out from the corresponding edges(red). Then by, a4, by, a;,b3,a3 occur in
cyclic order along the unbounded face of G. By the Theorem 3.1.3, we obtain that
[M(G)]?M(G \ {by,a1,by,a2,b3,a3}) is equal to the Pfaffian of the matrix

0 M(Gpa))  M(Gpp,)  M(Gppay)  M(Gprpy)  M(Gpay)]
_M(Gbl,al) 0 M(Gm,bz) M(Gawz) M(Gm,ba) M(Gﬂl ﬂa)
_M(Gbl,bz) _M(Gal,bz) 0 M(sz,az) M(sz,ba) M(sz ﬂs)
_M(Ghl,ﬂz) _M(Galrﬂz) _M(Ghz,ﬂz) 0 M(Gﬂz,ba) M(Gﬂz ﬁ3) ’
—M(Gp,p,) —M(Gaypy) —M(Gpyp,) —M(Ggyp,) 0 M(Gp,a,)
_M(Gbl,ﬂ3) _M(Galﬂh) _M(szlﬂs) _M(Gﬂ2,a3) _M(sz,ﬂ3) 0

(3.6)
where G, stands for G \ {x,y}. Since G is bipartite with the same number of vertices
in the two color classes, all entries M(Gg,q;)’s and M(Gy,,)’s in the matrix 3.6 are
zero [1].

Thus we obtain

IThe plane dual graph of a region R on the triangular lattice is the graph whose vertices are the unit
triangles in R, and whose edges connect vertices corresponding to unit triangles that share an edge.
See Figure 1.4 for example.
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[M(G)]2M(G \ {b1, a1, by, a2, b3, a3}) =

i 0 M(Gp, a,) 0 M(Gp, q,) 0 M(Gp, a;)]
_M(Gblrﬂ1) 0 M(Gﬂl,bz) 0 M(Gahbs) 0
pr| O “M(Gus) 0 M(G,y) 0" M(Gy)
_M(Gbl,az) O _M(sz,az) 0 M<Ga2,b3) O
0 —M(Gq, p,) 0 —M(Gayp,) 0 M(Gp, a;)
| —M(Gpyay) 0 —M(Gp, a5 ) 0 —M(Gyy,a5) 0 o

We can reorder rows and columns (each simultaneous interchange of two rows
and the corresponding two columns results in a sign change for the Pfaffian) to ob-
tain the following result from (3.7) :

[MG)PM(G\ (b o b b)) = =P | G 0, 68)
where

B=|=M(G\{bs,m}) M(G\{byaz}) M(G\ {by,a3})

—M(G\ {bs,a1}) M(G\{b3,az}) M(G\ {b3,a3})

Since for any n x n matrix C we have

{ M(G\{by,a1})  M(G\{b1,a2}) M(G\ {blfﬂa})}
. (3.9)

pr[ & 5] = v aeo 610

we obtain from 3.8 that

[M(G)]ZM(G \ {bll ai, by, az, b3/ u3}) =

! M(G\ {b1,a1}) M(G\ {by,a2}) M(G\ {51,a3})] 3.11)
det | —M(G\ {bp,a1}) M(G\ {by,a2}) M(G\{by,a3})| .
—M(G\{b3,a1}) M(G\{bs,a2}) M(G\ {bs,a3})

By our settings up, M(G \ {by,4a1,ba,a2,b3,a3}) is precisely the left hand side of
(3.5), which we want to calculate. So to do this calculation, we should get the number
of perfect matchings M(G) and M(G \ {b;,a;})’s.

AVAVAVAVAVA
YAV AVAN
VAN VAVAVAN
v AVAVAVAN
YAVAVAVAVAVAVAVAVANG
VAVAVAVAVAVAVAVAVAVAA
AVAVAN VAVAVAVAV
VAV, \WAVAVAYS
\/\>/\ JAVAY

FIGURE 3.4: Removing the forced tiles from H;‘ be

From the Figure 3.4, it is obvious that after removing forced tiles, the region is
exactly an semi-regular hexagon with side lengthsa +1,b+1,c+1,a+1,b+1and
¢ + 1 (from the north side):
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M(G) = M( . ) = M(Ha+1,b+1,c+1)/

ab,c

and this number can be easily calculated using MacMahon’s formula (Theorem 1.0.1).
For M(G \ {b;,a;})’s, we can use Cohn-Larsen-Propp’s theorem (Theorem 2.6.2).

FIGURE 3.5: Removing the forced tiles from H;, \ {a; b;} ’s.

Figure 3.5 shows that the region corresponding to G \ {a;,b;} is a hexagon with
a single unit dent along one of its sides for all 7,j € {1,2,3}. Then the number of
lozenge tilings of this region will be the same of the region in Figure 3.6, which we
can calculate using Cohn-Larsen-Propp’s theorem (Theorem 2.6.2).

WAVA
\VAVAVAVAN

\/ AVAVAVA
NN NNNN

\VAVAVAVAY/

FIGURE 3.6: The equivalent region with the region in the right part in
Figure 3.5 .

Now we substitute all values we know in (3.11) so that we can get the desired
result (3.5). O

3.2.2 Hexagons with Arbitrary Dents

In [5], Mihai Ciucu and Ilse Fischer generalized Eisenkolbl’s result (3.5) to the case
when an arbitrary set of unit triangles is removed from along the boundary of the
hexagon. Let Hf;/b, . be the hexagon on the triangular lattice whose sides have lengths
a,b+k,c,a+k,b,c+k(clockwise from the north side). From the simple observation
we can know that Hf;,b, . has k more up-pointing unit triangles than down-pointing
unit triangles. Therefore, in order to create a region that can be tiled by lozenges
by removing unit triangles from along the boundary, we must remove k more up-
pointing ones than down-pointing ones [5]. There are precisely a + b + ¢ + 3k up-
pointing unit lattice triangles in it that share an edge with the boundary — a + k,
b+ k, resp. c + k along the southern, northeastern, resp. northwestern sides. Choose
n + k of them, and denote them by a1, ..., a, 1 (dents of type «, colored with blue in
Figure 3.7). We also choose n unit triangles from the a + b + ¢ down-pointing ones
that share an edge with the boundary, which are denoted by B4, .. ., Bk (dents of type
B, colored with red in Figure 3.7). The generalization of Eisenkolbl’s regions is the
family of regions of type Hg,b,c \{a1, .., an6,B1,- -, Br}-

Let I:If;,b, . be the region obtained from Hfl‘,b’ . by augmenting it with one string of
k contiguous down-pointing unit triangles along its bottom as shown in the Figure
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v/ i / v //
VAVAVAY V VAVAVAVAY

FIGURE 3.7: The region H§,7,6 with

8 up-pointing and 4 down-pointing FIGURE 3.8: H576 and a choice of
unit triangles removed from along unit triangles along five of its sides.
the boundary.

3.8 and denote these k down-pointing unit triangles in this string by <1, ..., k. For
a skew-symmetric matrix A = (a;;)1<; j<2, denote its Pfaffian by Pf[(a;j)1<;j<2][5]-

Theorem 3.2.2. Assume that one of the three sides on which dents of type B can occur
does not actually have any dents on it. W.l.o.g, suppose this is the southwestern side. Let

81, -+, 0210k be the elements of the set {aq, ..., 0y} U{B1, .-, Bn} U{71, .-, Yk} ina
cyclic order. Then we have

M(Hubc \ {“1/ <o Kptks ﬁl/' . '/,Bn})

1 i (3.12)

- [M(Hkb )]n+k71 Pf[(M(HS,b,c \ {(51'/ 5]'}))1Si<j§2n+2k],

ab,c

where the quantities on the right hand side are given by explicit formulas: M( xyz) by
MacMahon's theorem (Theorem 1.0.1), M(H* nbc \ {wi, Bi})’s, M(HY, \{w;, 6;})’s by Cohn-

ab,c

Larson -Propp theorem (Theorem 2.6.2) and M(H! vz \ i ag}) = M( ’;,y,z \ {Bi. Bj}) =
M( XY,z \ {'er')’]}) = ( XY,z \ {,3115]}) =0.
Proof. See [1] and [5]. O

3.3 A Hexagon with a"Shamerock" missing -"S-Cored Hexagon"

In [6], Ciucu and Krattenthaler presented a dual part of MacMahon’s formula (The-
orem 1.0.1), corresponding to the exterior of a concave hexagon obtained by turning
120° after drawing each side. (MacMahon'’s hexagon is obtained by turning 60° after
each step.) Then one obtains a shape of the type shown in the Figure 3.9; we call
such a shape a “shamrock” [6].

FIGURE 3.9: Shamerock(3,1,2,2).

We denote the shamrock whose central equilateral triangle has side length m,
whereas its top, bottom left and bottom right lobes are equilateral triangles of side
lengths a, b and ¢ by S(a,b,c, m).

We have already considered the case, in which one triangle is removed from the
center of the hexagon on the triangular lattice (Section 2.4). Compared with this, we
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will deal with the enumeration formula for the hexagon, which has one "shamerock"
missing from the centre instead of one triangle in this section.

First, we let Cy,,.(m) be a cored hexagon with side lengths x, y + m, z, x + m,
¥, z + m (in clockwise order, starting from top), with an equilateral triangle of side
m removed from its center. (The position of the centre is precisely defined in the
Section 2.4.) Given non-negative integers a, b and c, construct our region as follows:
start with the cored hexagon Cy . (), and “push out” the six lattice lines containing
its sides as follows: the top, southwestern, and southeastern sides, 4, b, and ¢ units,
respectively, and the bottom, northeastern, and northwestern sides, b + ¢, a + ¢, and
a 4 b units, respectively. Also enlarge the core by adding to it down-pointing equi-
lateral triangles of sides a, b, and c that touch the original core at its top, left, and
right vertex, respectively. The hexagon formed by the pushed-out edges, with the
enlarged, shamrock-shaped core taken out of it, is called an “S-cored hexagon” and is
denoted by SCx,y,Z(a, b,c,m)[6]. Figure 3.10 and 3.11 show the examples of S-cored
hexagons depending on parities of x, y and z.

r+a+b+c

r+a+btec

y+m

y+atb+ec
y+atbte
tbte z+a+b+c
z+a+btc

T4+m
T-m

FIGURE 3.11: Distances within the

S-cored hexagon SCy,.(a,b,c,m),

where x has the different parity
from y and z.

FIGURE 3.10: Distances within the
S-cored hexagon SCy,,.(a,b,c,m)
when x, y, z have the same parity.

Let M(SCy,y2(a, b, c, m)) be the number of lozenge tilings of this S-cored hexagon.
The following two theorems give us explicit product formulas for the enumeration
of lozenge tilings in such regions :
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Theorem 3.3.1. Let x, y, z, a, b, ¢ and m be non-negative integers. If x, y and z have the
same parity, we have

H(m)>H(a)H(b)H(c)
H(m+a)H(m+b)H(m +c)
HS +m+a+b)HEE +m+a+o)H(SE +m+b+c)
H(XE +m+c)H(5E +m+b)H(SE + m+a)
H(S+ o HEE +0)H(LE +a)H(x+y+z+m+a+b+c)
H(*Y +a+b)H(XE +a+c)H(LE +b+c)
H(x+m+a+b+c)Hy+m+a+b+c)H(z+m+a+b+c)
H(x+y+m+a+b+c)Hx+z+m+a+b+c)Hy+z+m+a+b+c)
H™ Y vmta+ b4+ oO)H(|XE v m+a+b+o)
HCE +m+a+b+o)HEE +m+a+b+o)HYE +m+a+b+c)
H([31)H([3DH(5])
H([3] + M) H([5] + M) H([5] + mhete)
y H([3)H(L3)H(15))
H([ 3] + ") H(| 5] + Mgt H(| 3 ] + megtee)
H(m+a;b+c)2H<xT+y+m+a;b+c)2H(xT+z+m+a;b+c)2H(yT+Z+m+a+b+c)2

M(SCyy.(a,b,c,m)) =

X

2
H([XHFE] 4 motatbe) pp(| X2 | mtbobe) (X0 (42 H (Y)) o1
3.13

Outline of proof. Using Kuo’s graphical condensation method (Theorem 3.1.1) (the
choice of 4 points is indicated in [6]), we can get the following recursion :

M(SCyy2(a,b,c,m)) x M(SCy—1,-1(a,c,b,m))
— M(SC. 1,y(c,a,b,m)) x M(SC,y_1.x(b,c,a,m)) (3.14)
+ M(SCy—1zy(a,c,b,m)) x M(SCxi1y-1,.-1(a,b,c,m)).

After verifying the initial case M(SCo,0(a,b,c,m)) and applying the induction

on the quantity x + y + z, we can get the desired result. The complete proof can be
found in [6]. O
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Theorem 3.3.2. Let x, y, z, a, b, c and m be non-negative integers. If x has parity different
from the parity of y and z, we have

H(m)*H(a)H (b)H(c)
M(SCys(ab,com) = ot HIDHOMH()
xH(LTyJ+m+a+b) ([ +m+a+o)HEE +m+b+c)

2
H([*3*] +m+c)H([*F2] +m+b)H(Y5" +m +a)
H([ +oH(F2 +b)H( +a)H(x +y+z+m+a+b+c)
H(*2 | +a+b)H([*E] +a+)H(LE +b+c)
Hx+m+a+b+c)Hy+m+a+b+c)H(z+m+a+b+c)
Hx+y+m+a+b+c)H(x+z+m+a+b+c)Hy+z+m+a+b+c)

H™E  vm+a+b+o)H(| ™2 +m+a+b+c)
H(  +m+a+b+o)H 2 +m+a+b+o)HEE +m+a+b+c)
H([3DH([3DH(31)
H([3] + Mgt ) H([4] + mEabbe) H([5] o mbarbec)
H([3)H(L3)H((3))
H([ 3]+ M) H([ 5] + Mgt H([ 5] 4 mhaptee)
H(’””;’HC)ZH(VCZﬂJ + m+a;—b+c)H(|'xT+y‘| + m+a;—b+c)
H( [X+g+z'| + m+”;b+C)H(Lx+]2/+ZJ + i”rl+a;-b+c)

X

H( LxTJer + m+a;b+C)H([xT+Z—| + m+a;—b+c)H(yT+Z + m+a;—b+c)2
H( A DH(T5EDH ()

(3.15)

Outline of the proof. The proof is analogous to the previous case. We can again get
the following recursive relation by using Kuo’s graphical condensation method :

M(SCyyz(a,b,c,m)) x M(SCyy-1.-1(a,b,c,m))
= M(SCyxz-1(b,a,c,m)) x M(SC,,_1,(c,b,a,m)) (3.16)
+ M(SCx_1yz(a,b,c,m)) x M(SCyy1y-1,.-1(a,b,c,m)).

Again, after verifying the initial case and applying the induction on the quantity
x +y 4z, we can get the desired result. See [6] for the complete proof. O

3.4 A Hexagon with "Fern" missing - "F-Cored Hexagon"

In [4], Mihai Ciucu introduced another dual form of MacMahon's formula (Theorem
1.0.1). He introduced a new structure, called a “fern”, consists of an arbitrary number
of equilateral triangles of alternating orientations lined up along a lattice line. He
provided the enumeration formula for the hexagon with such a fern removed at the
special position inside the hexagon.

Let s(by, by, ..., b;) denote the number of lozenge tilings of the semi-hexagonal
region S(by, by, ..., b;) with the leftmost b; up-pointing unit triangles on its base re-
moved, the next segment of length b, staying unchanged, the following bz removed,
and so on (see an illustration in Figure 3.12. By the Cohn-Larsen-Propp interpreta-
tion of the Gelfand-Tsetlin result[14] we have that
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FIGURE 3.12: S(b1,bz,b3,b4,b5,b6,b7,b8) with by = 2, b, = 3, b3 = 1,
b4:2,b5 :21b6 :3,b7:2andb8:1.

s(b1,by, ..., by) =s(by, by, ... by 1) = Lhsicjcartj-itoanbi 4 binn - +1y) .
[i<icjcor1,j—it1even(bi + biv1 + - -+ bj)
(3.17)
For non-negative integers a1, . .., ai , define the fern F(ay, . .., a;) to be a string of
k lattice triangles lined up along a horizontal lattice line, touching at their vertices,
alternately oriented up and down and having sizes a4, ..., a; as encountered from
left to right (with the leftmost oriented up, without loss of generality). Figure 3.13
shows such an example for F(1,2,3,2,2).

L. A
v

FIGURE 3.13: Fern witha; = 1,a, = 2,a3 = 3,a4 = 2and a5 = 2.

The regions we are considering are defined as follows. Set

o:=m +az+as+---, (3.18)

and
e:=day+as+ae+---, (3.19)

and let H be the hexagon of side-lengths x +¢,y 4+0,z4+¢,x + 0,y + ¢, z 4 0 (clock-
wise from top). We call the hexagon H of side-lengths x, y, z, x, y, z (clockwise from
top) that fits in the western corner of H the auxiliary hexagon (in Figures. 3.14, 3.15,
3.16 and 3.17 the auxiliary hexagon is indicated by a thick dotted blue line). Our re-
gions are obtained by taking out from H a certain translation of the fern that places
its base point either at the very center of the auxiliary hexagon (when this center is a
lattice point), or as close to it as possible[14].

The details, which depend on the relative parities of x, y and z, are as follows.

The center of H is a lattice point precisely when x, y and z have the same parity.
In this case, we put the fern F(aj, . . ., i) inside the hexagon H so that the base of the
fern is at the center of the auxiliary hexagon H (see Figure 3.14)[14].

Denote by F ng,z(al, ..., ar) the region obtained from H by removing the fern
placed in this position.

If x has opposite parity to y and z, draw the fern F(ay, ..., a;) inside H so that
the base of the fern is half a lattice spacing to the west of the center of the auxiliary
hexagon (this center is marked by a white dot in Figure 3.15)[14].

Denote by FCy, (a1, .., ar) the region obtained by taking out from H this place-
ment of the fern; the arrow at the superscript records the relative position of the base
versus the center of the auxiliary hexagon.
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ziale Ttate

FIGURE 3.14: The F-cored hexagon FIGURE 3.15: The F-cored hexagon
FC4(1,2,6,3). FC5,4(1,2,6,3)

z+bid
y NSNS N/ \
AVAVAVAVAVAVAY,
\VAVAVAVAVAVAVAY,
AVAVAVAVAVAVA

FIGURE 3.16: The F-cored hexagon FIGURE 3.17: The F-cored hexagon
FC55(1,2,6,3). FCy%,(1,2,6,3)

If z has parity opposite to x and y, we place the fern so that its base is half a
lattice spacing to the southwest of the center of H and denote the resulting region
by FC,{y,Z(al, ..., ax) (see Figure 3.16)[14]. Finally, if y has parity opposite to x and z,
place the fern so that its base is half a lattice spacing to the the northwest of the center
of H, and denote the resulting region by FC,sy,z(al, ..., ax) (see Figure 3.17)[14].

Remark 3.4.1. We compare F-cored hexagons with S-cord hexagons which were in-
troduced in the Section 3.3. Then it is not hard to observe that F-cored hexagons are
specializations of the S-cored hexagons S Cx,y,z(a, b, ¢, m) when the fern has only two
lobes:

We define the F-cored hexagon FCy . (ay, ..., ax) by

FC,? z(a1,...,ax), ifx,y,zsame parity,

FCx’yrz(al, o o ,ak) = (3.20)

( )

FC,.(a1,...,a;), if x has parity opposite to y, z,
( ), if z has parity opposite to x, y,
( )

FC; 2(a1,...,ar), if yhas parity opposite to x, z.
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Then the result of the lozenge tilings of F-Cored hexagon is the following.

Theorem 3.4.2. Let x, y, z and ay, ..., a; be non-negative integers. Then the number of
lozenge tilings of the F-cored hexagon FC,p (a1, ..., ax) is given by

M(PCx,ylz(al,. . .,ak))
M(ch,y,z(ﬂl +az+as—+---,ay+as+ as + -

H(|*%|+a+az+---) H[E ] +a+as+--)

H(|* | +ar+az+-- )H([E +ar+ag+ )

H H( 5 4o+ 4 o) HOF o+ F i)
1<2i+1< (LHZJ +ap 4+ agiy) H(V‘“W +ap+ -+ agg)
< T1 (L%J+a1+---+a21) E

1<2i<k H(LXTWJ +a;+---+ay)H

) s(al,...,ak_l)s(az,...,ak)
z

)
ot

(2] +a + - Fay)
( Ntar+-Fay)

(3.21)
where H is the hyperfactorial function, s is defined by (3.17) and a + - - - + a; stands for
Ajp1 + -+ ag.

Outline of the proof. Again, using Kuo’s condensation method (Theorem 3.1.1; see [4]
for the choice of four points), we can get the following recursive relations :

1. If x, y, z have the same parity,

M(FCS, (a1, ..., ar))M(FCy (a1, ..., ar)) =
M(FCy, (a1, ) )M(FCS, y(ay,...,ar)) (3.22)

—|—M(ch 1yz(ﬂ11" ))M(FCX—Hy 12— 1(511,...,&]()).

2. If x has parity opposite to y and z,

M(FCjc_yz(al,.. ))M(chy 12— 1(&1,...,(1]()) =
M(FCy, . (a1, a))M(FCZ, (a1, a)) (3.23)
+M(FCiyy 1o (a1, ., @) M(FCEy | (a1, ap)).

3. If z has the different parity from x and y,

M(FC{y-(ar, .., a))M(FC2 | (a1, a¢)) =
M(FCy, (a1, ., ax))M(FCy , (ax, -, a1)) (3.24)
+ M(FC® __(ay,...,ar)) M(FCZ

xXY,z— 1( x—1y—1,z+1 (al’ ce ak))’

for the case that the number of lobes k is even and

M(FCZyz(ay, ..., a))M(FCO |y (a1, ) =
M(chy 1Z([11, . ,Elk))M(ch 1zy(ak""’a1)> (325)
+M(chyz 1(”1/-- ))M(ch 1y— 1z+l(a1/“"gk))/

for the case that the number of lobes k is odd.
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4. As the last case, if the parity of y is opposite to x and z,

M(FCy(a, .., ae) ) M(FCE, | (ay,...,a5)) =
M(FCy . y(a1,...,a))M(FCLy , (ay,...,a1)) (3.26)

+M(FCS,_ (a1, a))M(FCy . (a1, ),

for the case the number of lobes k is even and

M(FClyz(ay, ..., ac))M(FCO | (ay,...,ar)) =

M(FC,. (a1, ) )M(FCY  (ag, ..., 1)) (3.27)

+M(FCE, (a1, ., a))M(FCY 2 (a1, ),

for the case the number of lobes k is odd.

All six recurrences (3.22) - (3.27), in which all kinds of regions are involved, are
well-defined for x,y,z > 1. Based on these recursions, we apply the induction on
the quantity x + vy + z after verifying the initial cases to get the desired result. See [4]
for the complete proof. O

3.5 A Short Remark on the Lozenge Tiling Enumeration Prob-
lems

In the previous chapters and sections, I tried to introduce all the simple enumeration
results of lozenge tilings in various hexagonal regions on the triangular lattice plane.
Based on these results, we can think about more complicated regions and tiling-
enumeration formulas of them. So far there are already a lot of successful results
of lozenge tilings generalizing the previous ones. Except for the main results and
examples which I introduced before, I want to make a short list of the generalized
problems.

The lozenge tiling enumeration of the semi-regular hexagon with hole(s) in it.

Symmetry classes of lozenge tilings of holey-hexagons.

The lozenge tiling enumeration of the hexagon with more than one shamerocks
removed in it.

The lozenge tiling enumeration of the hexagon with more than one ferns re-
moved in it.

e The lozenge tiling enumeration of the hexagon with some combinations of de-
fects in it. For example, we can think about the tiling enumeration problem of
a hexagon having dents on boundary and some holes inside at the same time.
We can also think about different positions of these holes, since I just stated
hexagons whose holes are located at special points.
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Chapter 4

The Lozenge Tiling of a
Semi-Regular Hexagon with One
"Bow-Tie" removed at the Special
Point

In this chapter, as the main work of my thesis, I will introduce the lozenge tiling
enumeration of a semi-regular hexagon with one "bow-tie” removed from a “special”

point inside the hexagon. Here, "special” point means a point that which is having

the distances of a,b,c units (one unit is @ x length of an equilateral triangle ) from

alternating sides with lengths a,b,c respectively (see Figure 4.1).

a

A

45

777‘ V3
VARG

e

FIGURE 4.1: A semi-regular hexagon with side lengths a, b, ¢ and one
V3

bow-tie removed from the point which is distanced ? -a, 73 - b, resp.

? -¢ from the north, southwest,resp.southeast side.

Before we start, we note that this "special" point (colored with red in the Figure
4.1) is inside the hexagon if and only if a,b and c satisfy the triangle inequality, i.e.

a<b+4+c;, b<a+c; c<a+b. (4.1)

Throughout the remaining part, w.l.o.g, we assume two edges of two triangles
of the bow-tie which are not intersecting to be parallel to the sides of the hexagon
having lengths a (see the Figure 4.1). Denote the number of lozenge tilings of the
hexagon with a "bow-tie" removed from this point by BT (a, b, c). Then there is one
more basic observation we can get that BT (a,b,c) = BT (a, c,b), since two hexagons
with side lengths 4, b, c resp. a, ¢, b with one bow-tie removed from the correspond-
ing point are equivalent (see the Figure 4.2).
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FIGURE 4.2: The symmetry on sides b and c.

By this symmetry, in the following part, I will assume that b > ¢ without loss of
generality.

4.1 Guessing the Enumeration Formula

4.1.1 From Lozenge Tilings to Non-Intersecting Lattice Paths and Deter-
minants

I used the bijection between lozenge tilings of a semi-regular hexagon with one
"bow-tie" removed (this bow-tie can be located on the arbitrary position inside the
hexagon) and non-intersecting paths in Z? with steps in direction (1,0) and (0, —1)
(see Figure 4.3).

FIGURE 4.3: One lozenge tiling in a semi-regular hexagon with one bow-
tie removed inside and the corresponding non-intersecting lattice paths
on Z2.

The initial points A;’s and the destination points E;’s of the paths in Figure 4.3
are the centres of the sides of the lozenges that form the two sides of the hexagon
with side lengths a.

Figure 4.3 shows the bijection between lozenge tilings of a hexagon with side
lengths a,b,c,a,b,c and non-intersecting lattice paths with initial points

Ai=(i—1c+i—1) (4.2)

and destination points
Ei=b+i-1,i-1), (4.3)

fori =1,2,...,a on the square lattice.
For the "bow-tie" I removed, under the settings above, I add one extra initial
point and destination point, i.e.,
A1 = (x+1,y) and  E;i = (x,y+1). (4.4)

(I set the coordinate of the point which is located one unit below than E, 1 as (x,v).)
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Then, by using Lindstrom-Gessel-Viennot theorem (Theorem 2.3.3), we can see
that the following holds.

Lemma 4.1.1. Let 4,b and ¢ be positive integers and (x,y) be an integer point such
that 0 < x < a+band 0 < y < a+c. Then the number of lozenge tilings of a
hexagon with side lengths a,b,c,a,b,c which contains the fixed "bow-tie" that corre-
sponds to the point (x, y) in the bijection described above equals

1<j<a j=a+1
b+c b—x+y—1 .
(H’Jrj) ( yfiJZl ) | 1<i<a
— det . (4.5)
1<i,j<a+1
c+x—y—1 -
( it ) 0 i=a+1

Proof. The construction of the matrix is analogous to the procedure as I introduced
in the Section 2.4. The entries in a4 x a submatrix of the matrix (4.5) (top-left part of
the matrix) is corresponding to the number of paths from the starting point A; to the
end point E i for1 <i,j < a. The entries in the last row are the numbers of paths from
Agy1 to the end points E;’s while the entries in the last column are corresponding to
the numbers of paths from A;’s to the end point E,; ;. The entry in the position of
(a+1,a+1)is zero, because we are unable to make the path from A, ; to E,1 with
steps (1,0) and (0, —1). O

4.1.2 From the Determinant to a Triple Sum

In the previous section, I claimed that the determinant in (4.5) is equal to the number
of lozenge tilings of the semi-regular hexagon with one bow-tie removed at the point
corresponding to x and y. We describe this determinant in the triple sum form to be
able to do further work, because the determinant itself is not easy to handle. The
methodology I used here is exactly the same as Ilse Fischer did in her paper [13] to
enumerate lozenge tilings of a hexagon with one lozenge removed from its center.

Lemma 4.1.2. The determinant in (4.5) equals

“flfz+j+k—1 (1),
p i+j+k—=2) (b+1)

=1j=Tk=1
Lo v [ qmsfetx—y+n=2\(b—x+y+s—-2\ (b+1)s1
ot e G A

:+1%](b+c+n) }
(n—1)! (m—n)! '
(4.6)

Proof. First, we perform elementary row and column operations that transform the

b+c ; ;
ot +].)> 1<ii<a of the matrix underlying the deter-

‘homogeneous’ a x a submatrix ((
minant in 4.5 into an upper triangular matrix.
We begin with some elementary column operations: By using the symmetry of

the binomial coefficient (i.e., the identity (;) = (,",)) in the last row of the matrix
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underlying the determinant in (4.5) we observe that the determinant in (4.5) is equal

to
1<j<a j=a+1
b+c b—x+y—1 .
(c—z‘+j) ( y—izl ) 1<i<a
—  det (4.7)
1<i,j<a+1
c+x—y—1 P
(c—y+j—2) 0 i=a+l

Add the (j — 1)-th column to the j-th column, j = a,a —1,...,2, in that order.
The entries of the changed matrix will be equal to

<c Iii]) +<

c—i+j—1

b+c

)

fori=1,2,...,aandj=2,3,...,4,and

ct+tx—y—1
c—y+j—2

(hima)

ct+tx—y—1
c—y+j-—3

)

b+c+1
c—i+j

(

e

c+x—y )
c—y+j—2

fori =a+1andj = 2,3,...,a. The other entries remain unchanged. Thus, the
following determinant is equal to the determinant in (4.7):

2<j<a

(cliey)

b4c+1
c—i+j

j=1
( b+c )
c—i+1
— det
1<i,j<a+1
(c+x—y—1
c—y—1

)

c+x—y
c—y+j-2

(

j=a+1
b— )
(yjj:ly) 1<i<a
(4.8)
) 0 i=a+1

We repeat the procedure, i.e., we add the (j — 1)-th column to the j-th column,
j =a,a—1,...,3, in that order. Thus, we obtain that the following determinant is

equal to the determinant in (4.8):

j=1 j=2 3<j<a j=a+1
b b 1 b+c+2 h—x4y—1 )
(c—Jiril) (ctfiZ) (thzi]) ( yﬁi{l ) 1<i<a
— det
1<ij<at1
(DN B 0 T

We repeat this procedure of adding successive columns from right to left each
time stopping one column earlier than before, totally a — 1 times including the two
steps described above. Since the upper parameter of the binomial entry increases
by one every time it is involved and every entry in the j-th column participates
j — 1 times exactly, for 1 < j < g, after this procedure we can get the following

determinant:
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1<j<a j=a+1
b+c+j—-1 b—x+y—1 .
i) Cylifh ) | 1=i<a
— det (4.9)
1<ij<a+1

c—y+j—2

Now we apply some elementary row operations to (4.9). In fact these row oper-
ations are analogous to the column operations we just applied to (4.7). In order to
do so, we first use the symmetry of the binomial coefficient for the first a rows of the
determinant in (4.9) and note that the determinant (4.10) is equal to the determinant

in (4.9).
1<j<a
(b+C+j—l)
b+i—1
— det
1<i,j<a+1
(c+x—y+j—2

c—y+j—2

)

j=a+1
(i vq) | =iz
(4.10)
0 i=a+1

Now we add the (i — 1)-th row of the determinant in (4.10) to the i-th row, start-
ing at i = a and stopping at i = 2. Next we do the same with the resulting deter-
minant, starting at i = a but stopping at i = 3. After repeating this procedure a — 1
times we obtain that the following determinant is equal to the determinant in (4.10).

(

1<j<a
(b+C+l’+]'*2)
b+i—1
— det
1<ij<a+1
(c+xfy+j72)
c—y+j—2

j=a+1
b—x+y+i—1 .
b+ifyx72 ) lsi<a
(4.11)
0 i=a+1

Then we take the factor (—1)"*¢*=1(b+c +i—1)!/(b +i—1)! out from the i-th
row of the determinant in (4.11),i = 1,2,...,a. We get

— ﬁ(_l)b+c+i—1 (b+c+i—1)!

Pl (b+i—1)!
1<j<a j=a+1
(j—1)! —j _1\bteti-1_(b+i=1)! b—x+ty+i-2 1<i
e ppericy) | (51 e brioa2 ) sisa
x  det (4.12)
1<i,j<a+1
(thﬂﬂgz) 0 i=a+1
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Finally we apply the elementary row operations we just applied to the deter-
minant in (4.10) once again. An analysis of the elementary row operations that we
applied to the determinant in (4.10)[13] yields that the determinant in (4.11) was
produced from the determinant in (4.10) by replacing the i-th row by

y(177)ae,

s=1

for 1 <i < a, where A(s) denotes the s-th row of the determinant in (4.10).
We perform this replacement of the entries in the determinant in(4.12) and obtain

. ﬁ(_l)b+c+i—1 (b +ecti-— 1)!

L1 b+i 1)
G—1)! i—j—1 i i=1\( _q\b+c+s—1_(b+s—1)! b—x+y+s—2 1<i<
(c+j-1)! (b+c+i71) s=1 (s—l)( 1) (b+c+s-1)! ( b+s—x—2 ) sr=a
X det
1<i,j<a+1
Gt 0 a1
1<j<a j=a+1

(4.13)

The entry in the i-th row and j-th column, 1 <i < gand 1 <j < g, develops from
the corresponding entry in (4.12) by using Vandermonde’s summation formula:

£ (o T ) ()

Next we apply the elementary identity

<Z> - <_” +kk N 1) (1) (4.15)

to this entry in the i-th row and j-th column of the matrix underlying the determinant
in (413),1 <i <aand 1 < j < g, and then use the symmetry of the binomial
coefficient.

Finally we take the factor (—1)*¢*~1 out of the i-th row, 1 < i < 4, and obtain
that the expression in (4.13) is equal to

_ﬁ(b+c+i—l)!
L1 (b+i-1)!

(—1)! <b+c+jfl) 22'21 (éi%)(_l)ifs((l%i-;m(b—x—i-y—i-s—z) 1<i<a

(c+j—-1)! j—i b+c+s—1)I\ b4s—x—2
x  det
1<ij<a+1
ctx—y—+j-2 i
( S 108 ) 0 i=a+1
1<j<a j=a+1
(4.16)

We can find that the a x a submatrix induced by the first 2 rows and first a
columns of the matrix underlying the determinant in (4.16) is an upper triangular
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matrix, since the binomial coefficient (}) is equal to zero if k < 0 for any indetermi-
nant 7 by its definition.

Next we expand (4.16) along the last row and then along the last column, to
obtain

e ti-DUG (et x—y+n—2
£¥ oricn = c—y+n—2

2 ot ms (b+s—1! [(b—x+y+s—2
x ) (- Z<s—1> b (b+c+s—1!I\ b+s—x—-2

G- (bretj-l

i#=m,j#n

Then we take the factor (j —1)!/(c + j — 1)! out of the j-th column of the remain-
ing determinant. This gives

L (b+c+i—-1GE—1)!
T+i=1)(c+i-1)!

a

<y i Z(_l)nH(H—x_ern_Z) (b—x+y+s—2) (1;1_—11>

n=1m=1s=1 y
b+s—1)! (c+n—1)! b+c+j—1
% (b+c+s—1)! (n—1)! 1§di,%a j—i - (418)
i#Em,j#n

det ((b”“_l)). (4.19)
1<i,j<a J]—1
iz,

This is a determinant of an upper triangular matrix, where the m-th row and n-th
column were deleted. Hence, it is only different from zero if n < m. We just assume
n < m. Expansion of the determinant along the first (n — 1) columns and along the
last (a — m) rows yields

det <<b+c+]_1>>= det <<z7+;+]>> (4.20)
n+1<j<m j—i n<j<m—1 j—i+1

n<i<m-—1 n<i<m-—1
for the determinant in (4.19).

Now we reduce this determinant to Vandermonde’s determinant. To do this, we
take (b+c+j)!/(j—n+1)! out of the jth column, 1 <j<ag,and1/(b+c+i—1)!
out of the ith row, 1 < i < a. Thus, we obtain that the determinant in (4.20) is equal
to

i=

Now we compute

1

(b+c+n)m 11 ]71<fd<€:1[ ) ((j—i+2)i-1) . (4.21)
1<i<m-—n

The entries of this determinant are monic polynomials in j of degree i — 1, where
i and j denote as usual the index of the row and the column of the entry. It is now
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straightforward to reduce this determinant by appropriate row operations to Van-
dermonde’s determinant,

m—n—1
det ((j—i+2)iq)= det ('H) — 1. 422
1§i§emfn((] i+2)i1) 151‘;};17;1 J E ! (4.22)
1<j<m-—n 1<j<m—n B

The last equation was obtained by applying the well-known formula for Vander-
monde’s determinant to dety<i<y—n1<j<m—n (7' 1) [13].
Using (4.22) in (4.21), we obtain that the determinant in (4.19) equals

We replace the determinant in (4.18) by its value (b + ¢+ n)y,—n/(m — n)!. Thus, we
obtain the following triple sum for the determinant in (4.5):

L b+c+i—-1i—1)!
<H(b+i—1)!(c+i—1)!)
2 & sfetx—y+n—=2\(b—x+y+s—2\ m-1
ELEer () ()5
y (b+1)s-1 (c+1)n_1(b+c+n)mn]
(b+c+1)s-1 (n—1)! (m—n)!

Since

Ttc+i-DIGE-1)! ﬂﬁﬁi+j+k_1 (1)
s (b+i—1)!(c+i—1)! it i Tk=2) (b+1)]

we can get the desired result.

4.1.3 The Conjectured Product Formula

The results above can be simplified through computer experiments. I used the sim-
plify function in Maple, which can simplify complicated equations involving sums
and products into simpler forms. If we evaluate x = c—1,y = a — b+ ¢ — 1 in the
triple sum (see the Lemma 4.1.2) of the last section, we can get a triple sum which
counts the number of lozenge tilings of the semi-regular hexagon with side lengths
a,b,c,a,b,cin the cyclic order with one bow-tie removed at the "special" point. Let
BT(a,b,c) be the triple sum which is stated in the Lemma 4.1.2 with x = ¢ — 1 and
y =a—Db+c—1evaluated. I fixed a and simplified BT (a, b, ¢) in Maple. Using data
fora=1,2,...,7,1was able to get the following result.
We first define F(a, b, c) as follows when the triangle inequality (4.1) is fulfilled.

E(ab,c) __H(a)H(b)H(c)H(a+b+c) bc (b+c—a—1)!
" H(a+b)H(a+c)H(b+c) (b+c)!(a+b—c—1)!(a—b+c—1)!
1

s (b—f—C—l—l)a_l,
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where H(n) denotes the hyperfactorial of n as always. -

From the experimental data, I was able to know that the expression BFT(Efl;bS) was
always some polynomial in b and c.
BT(ab,c) —

For example, for a = 2 —2%2 4+t + b +c2—2and fora = 3,

- 7 F(ab,c)
PR — B — 4162 + 6bict — 420 4 ¢ — 26 + 2b4c? + 2b2ct — 26 + b* + 46b2c2 +
4 _ 48b% — 48c% + 48. -

Then I could get a conjecture that P, (b, c) := BFT(SZ”iJhS) would be a polynomial in

two variables b and c and the degree of this polynomial is 4(a — 1).
In general, polynomials P, (b, c)’s in two variables can not be factorized.

Example 4.1.3. If we seta = 3,

P3(b,c) =b® — 4b8c* + 6b*c* — 4b?c® + B — 200 + 2b%c? + 2b%c* — 2c°

423
+ b* + 46b%c? + ¢* — 48b% — 48¢% + 48. (4.23)

This polynomial can not be factorized in variables b and c. But we have the
restriction on these values : the triangle inequality of a, b, c (4.1). Le, b can only take
one value from {¢ —2,c —1,c,c+1,c+2}. And I also assumed b > c. So if we
evaluateb = ¢, b = c+1and b = c 4 2 in (4.23), then we get

Ps(c,c) = 48(c —1)*(c +1)?,
Ps(c+1,¢) = 48(c — 1)e(c+1)(c +2),
P3(c+2,¢) = 240c(c +1)*(c +2),

which can be nicely factorized in one variable c.

These experiments led me to change the polynomial P, (b, ¢) into a polynomial in
only one variable c. To do this, I fixed 2 and new variable n := b — ¢ such that n is
strictly smaller than a. Then the polynomial will be of the form in only one variable
c. And it was not too hard identify linear factors in c of degree 1. The hard part was
guessing coefficients of polynomials which are depending on a and n. Fortunately,
in Theorem 2.5.1 and Theorem 2.5.2, Theresia established the number of lozenge
tilings of semi-regular hexagon with one of which side lengths b and c are equal
and one bow-tie is missing from the symmetry axis. If we put s = 7 for a even and
s = % for a odd in Theorems 2.5.1 and 2.5.2 respectively, we can get the coefficient
of P,(c,c)’s which are dependent on a. From the experimental result I get, I could

guess all results in the following Lemma.

Lemma 4.1.4. The polynomial P,(b,c) =: P,,(c) is equal to following product for-
mula :

1. ais odd, n is even:

a—1)\? (2)— a+n
Pun(c) _a(a_l)'z ﬂl) [(a—n—&-;) a—n
2 2 2
S (4.24)
X L ﬁ (c+1)?
C(C+n) i n—a+1
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2. aisodd, nis odd:

? (4.25)

in (4.26)
X L I (c+1i)?
clc+n)(c+ 52)(c+ 452) it
4. aiseven, nis odd:
2
a—2\ (a (%)";1 a-+n
Pyu(c) = (”_1)(‘1_1)!2< a—2 > (u) a—n : _
7 /N3 [(F)up | a—m
| e (4.27)
x = [] (c+i)
c j—n—a+1

Let BT (a,b,c) be the number of lozenge tilings of a semi-regular hexagon with
one bow-tie removed from the "special” point. Then our conjecture can be written as

H(a)H(b)H(c)H(a+b+c) bc
H(a+b)H(a+c)H(b+c) (b+c)!
(b+c—a—1)! Py n(c)
(@a+b—c—1)a—b+c—1!(b+c+1)1’

BT(a,b,c) =
(4.28)

wheren =b —c < a.

4.2 An Approach to the Proof of the Product Formula

If we evaluate x = c— 1,y = a — b+ ¢ — 1 in the determinant (4.5), then the deter-
minant which we should evaluate is :

1<j<a j=a+1
b+c a—1
(C—H-]') (b—c+i+1) 1<i<a
—  det : (4.29)
1<ij<a+1
b+c—a—1 i=a+1
(b—a+j—1) 0
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In the previous section, I used the upper triangulation of the homogeneous sub-
matrix of size a x a. In this section, I will state the result which I got through the
diagonalization of the homogeneous submatrix of our main matrix. The reason I
used another method to evaluate the matrix is that in this way I could prove that
many factors appearing in my conjectured product formulas are actually the factors.
I will state this more precisely in the later part.

4.2.1 Diagonalization of the Homogeneous Submatrix

Lemma 4.2.1. If we fix 2 and n := b — ¢, then the determinant in (4.29) is equal to

H(b)H(c) 1
— b "= (b —a—1)!
Hatb)H(@ 1o LT (bte—a—1)
(cHntlti=flailc—itj+Dia| (5 |1<i<a
% det . (4.30)
1<i,j<a+1 i—at1
(C+n_a+])a—n(c_]+1)g+n 0
1<j<a j=a+1
where H(n) stands for the "hyperfactorial" [T/, i!.
Proof. First we evaluate b = c 4 n in the determinant (4.29). Then we get :
1<j<a j=a+1
G | reie
—  det . (4.31)
1<i,j<a+1
(enation) 0 f=atl
: 2c+ _ (2c+n)! (2c+n)! .
Since (Cfifj) = e We can factor i out from j-th

column(j = 1..a). Then the entries in the homogeneous submatrix will be (¢ + n +
i—j+1),—i(c—i+j+1);_1, because

2 2 ! . S
() e (et nti—j+ Dacilc—i+j+1i

c—i+j (c—i+jl(c+n+a—j)

The entries in the last row will become (¢ + 1 —a + j)a—n(c — j + 1)44n, after we

take out common factor %, since
2c+n—a—17Y\ (2c+n—a—1)!
<c+n—a+j—1> (et n—a+j—1)c—j)!
B (2¢ +n)! (2c+n—a—1)!
(c—1+)c+n+a—j)  (2c+n)

X(c+n—a+j)an-(c—=j+1)agn-
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We can easily check that the product of all common factors which we took from

the matrix is equal to %(b +¢)!* (b +c—a—1)! and the proof is com-

plete.
O

Remark 4.2.2. The purpose of the Lemma 4.2.1 is to make the matrix which has bi-
nomial coefficients as its entries into the matrix which has entries of which forms are
polynomials in only one variable c. Since we fixed a and 7 as constants which are
independent of c, the entries in the last column of the matrix in (4.30) are just con-
stants. Remaining entries are polynomials in c. And the degree of the polynomials
in the homogeneous submatrix is a — 1, while the degree of the polynomials in the
last row is 2a. Throughout remaining part of my thesis, I will denote the following
matrix in (4.30) by K(a, n):

1<j<a i—a+1
(ctntldi—failc—it+j+Diq| (5 |1<i<a

Klan) = (4.32)
(c+n—a+jan(c—j+1)arn 0 i=a+1

Lemma 4.2.3. Let n; s and m;’s be polynomials in one variable c defined as follows:

_(e—i+1)

, fori >1,
i!

and

m; :=m;(c) := (—1)"1 (f')l , fori>0.
Then for an arbitrary integer k > 1, the following holds :
k
Znimk_i = M. (433)

i=1

Proof. From the definition of n; ’s and m;’s, the sum in the equation (4.33) can be also
written with the terms in binomial coefficients as follows :

k k ) i
Y nim; =Y (~1)FH (f) (”i_; 1>. (4.34)
i=1

i=1

We use the elementary identity

(- (72

to the right hand side of (4.34). Then it turns out:
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s () () = ()
(6 -
06 6)

From the Chu-Vandermonde identity, the sum Y°5_, (5)(;5;) is equal to zero. Since
(o) =1and (1) = (—1)"(”’;‘1) = my from the definition, the statement holds. [

Theorem 4.2.4. The determinant of K(a, n) is equal to following determinant:

d 0 0 --- 0|l
0 dob 0 -+ 0 |h
0 0 ds --- 0 |hs
det(K(a,n)) = det ) .
O 0 0 c e da ha
ri rp rz -+ 1,0
(4.36)
Here, for 1 <1i,j < a, the entries d; , h; and rj s are the followings respectively :
di:=di(a,n,c):=({—-D1(2c+n+1),, (4.37)
20—i—1
]’li = hi(a,n) = <LZ—|—1”I o 1> ,
and
a—j+1
1’]‘ = rj(al n, C) = Z mkqj+k—1/ (438)
k=1
where
pi:=pilan,c):=(c+n—a+i)gn(c—i+1)atn, (4.39)
i ; -1
qi == qi(a, 7’l,C) = Z(—l) ]<] B 1) Pi, (4.40)
j=1
R Gt Ol (T
m; = m;(c) := s T (4.41)

Proof. For the diagonailzation of the homogeneous submatrix of the matrix in (4.32),
we perform elementary row and column operations. The strategy is almost the same
as making the matrix into a triangular matrix as I did in the Lemma 4.1.2. On the
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first step, we add the (i + 1)-th row to i-th row, in the order of i = 1,2,...,a — 1.
Then except for the a-th and (a + 1)-th row unchanged, remaining rows will be as
follows :

1<j<a j=a+1
(2c+n+1)(c+n+2+i—j)i(c—i+j+1)iq (i) l<i<a—1

) _ . 4.42
(c—a+j+1)a Gl 48)

We do this procedure (adding (i + 1)-th row to i-th row) again for i from 1 to
a — 2. Then the last 3 rows are unchanged and the first 2 — 2 rows will change as
follows :

1<j<a j=a+1
2 1)(2 2 34+i—])a i 1 ;
ST () | reise
2c+n+1)(c—a+j+2),-—2 (rra_t) i=a-l
(4.43)
(c—a+j+1)a (4far1) i=a
(c+n—a+janlc—j+1)atn 0 i=a+1

We repeat this procedure of adding successive rows from bottom to top each
time starting one row earlier than before, totally a — 1 times including the two steps
above. Then after this procedure, our matrix will be :

1<j<a j=a+1

Qct+n+1)gilc—i+j+1)ir | 55D | 1<i<a

(c+n—a+j)an(c—j+1)asn 0 i=a+1

(4.44)
So far we only performed elementary row operations to first a rows so that the
entries in the last row remained unchanged. Now we start elementary column op-
erations with first 2 columns. If we let i equal to 1, it is easy to see that the first a
entries in the first row are all equal. Therefore, except for the first and last entry, we
make all entries in the first row into zeroes by subtracting (j — 1)-th column from
j-th column for j =a,a —1,...,2 in the decreasing order. We first denote the entries
in the last row of the matrix (4.44) by pi’s (j =1...a) :
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pj:=pjla,n,c) = (c+n—a+jlan(c—j+ 1) 1<j<a (4.45)
Then the matrix turns out to be of the following form:

j=1 2<j<a j=a+1

(2¢+n+1)gi(e—i+2)i | G| LI | rsis

p1 p]-—pj_l 0 i=a+1

(4.46)

We perform this procedure again, i.e. subtract the (j — 1)-th column from the j-th
column in the decreasing order of j from a to 3. Then we will get:

j=1 j=2 3<j<a j=a+1
2c4+n+1) s | (i—1)(2c+n+1)a | (i—1)(i=2)(2c+n+1); | 2a—i—1 ‘
(X(CC—T;-&-Z%IA ‘ ng—ci-&-g)il ‘ i(gc—i)-ﬁ(-jill)qifs) (uinlfl) lst=sa
P1 p2—p1 pj—2pj-1+pj-2 0 i=a+l
(4.47)

We repeat this procedure of subtracting successive columns from left in the de-
creasing order of j each time stopping one column earlier than before , totally a — 1
times including the two steps above.

After these procedures, we will get the following matrix whose homogeneous
submatrix of size a is lower-triangular:

di/]‘ hi

7

10
qi 1<ij<a

(4.48)
where oy
iy (PO Dnlem T Dy 12 (4.49)
0 1<j,
Lo qy(i-1
qj = k;(—l) L 1P (4.50)
and

2a—1—1
hi .= .
' <a +n— 1>
In order to make the homogeneous submatrix of the matrix (4.48) into the di-
agonal matrix, we perform multiplication of i-th column by some polynomial and
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subtraction from the j-th column for each j, for 1 <j <.
First, we let d;;’s (1 < j < a) be zeroes, which means we should subtract

—L(c—a+j+1), ja-th column from the j-th column. Next, we subtract % (c—

a—j)! a—1—j)!
a( +])] +2)4-j-1(a — 1)-th column from the j-th column, to make d, 1,’s (1 §])j <
a — 2) into zeroes. We keep doing this procedure, i.e. at the k-th step, subtract
m(c —a+j+k)s—j_rs1(a — k+ 1)-th column from the j-th column to make
dyk+1j's (1 < j < a— k) into zeroes. Including above 2 steps, we do this procedure
a — 1 times with the decreasing order of k from a to 2.

After all these operations have been done, there will be only diagonal entries
in the homogeneous submatrix while all the remaining entries are zeroes and the
matrix will be of the form (4.36).

During the column operations above, the entries in the last row have been changed.
We denote final entries in the last row by r;’s (1 < j < a). These entries are the linear
combinations of g;’s as follows:

Ye:={qa ,

Yo—1 = Hfqug—1 —Cr'qg ,

c(c—1)
Ta-2'=fa2=Cla1 = ——5—Ta
c(c+1
= a2~ Ca—1+ ( > )qa ,
c(c—1 c(c—=1)(c—2
Ta—3 = qa—3 — CTg—2 — (z)ru_l - (é()ra
clet+1 clc+1)(c+2
= a3 —Ca—2+ ( 5 )%—1 _ é( ) .
From the Lemma 4.2.3, we can easily see that
a—j+1
i = Z MYj+k—1, (4.51)
k=1

where

(=1))7(e)j1
nr

O]

Remark 4.2.5. Our purpose is to prove that the determinant (4.29) is equal to the
product formula (4.28). Le.,

BT(a.b.c) — H(a)H(b)H(c)H(a +b+c¢) bc (b+c—a—1)!P,,(c)
(a,b,c) = H(a+b)H(a+c)H(b+c) (a+b+c)(a+b—c—1)(a—b+c—1)!
_ H(aﬁ(zgga (b0 b e —a 1)1 det(Kau(c)).

(4.52)
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After cancellation from the both sides, we should prove that

a—1

det(K(a,n)) = g(a,n)ton(c)san(c) [ [(2c +n+ i)t (4.53)

i=1

where g(a,n) is the constant term depending on a and #, t,, is a polynomial in ¢
with degree a and s, is also some polynomial in c. From the determinant with
diagonalized submatrix (4.36), we can observe that there are a — i rows having the
linear factor (2c 4+ n + i) in the homogeneous a X a submatrix. It means that there
are a — i — 1 linearly independent linear combinations of rows which are zero, when
we evaluate ¢ = # Therefore, det(K, ) has (2c + n + i)*~~! as its factor as the
polynomial form.

In the equation (4.53), t »(c) is the common factor of p;'s (= (c+n—a+1i)s—n(c—
i+1)a4n) for 1 <i < a. Since these entries are lying in the same row, when we eval-
uate the determinant, we can just factor it out from the last row. ¢, ,(c) is depending
on parities of 4 and n as follows :

ta’n(c) — ]

The remaining part of my conjecture is dealing with s, ,(c). And I was not able
to prove this part. From my conjecture, I can know that

a—1

—1
2

(c+5+j), foraisoddandniseven,

a—1
2

o
-

(c-l-”T_l-l-j-l—l), forais odd and nis odd,

[N

a—1
2

~

San(c) = »

SIES)

(c+5+j+1), foraisevenandniseven,

—.
S1ES)

NS

I1
[T gyt 11 4j), foraisevenandnisodd.

ST

Remark 4.2.6. Since t,, is the common factor of p;’s, g;’s are linear combinations of
pi’s and r;’s are linear combinations of g;’s, we can define polynomials (p})’s, (7)’s
and (r)’s in polynomial in c as follows:

/ / Pi(c) .
=P = <1<
pi pl(c> ta,n(c)'for 1<i<a,
/ / q:‘(c) .
= q; = <1<
q; := qi(c) fon() for 1<i<a,
ri=ri(c) = ri(c) Sfor 1<i<ag.

 tan(c)

Example 4.2.7. In this example, I will illustrate the procedure thorough which I di-
agonalize the homogeneous submatrix of K(3,1).



Chapter 4. The Lozenge Tiling of a Semi-Regular Hexagon with One "Bow-Tie"

>0 removed at the Special Point

(c+2)(c+3) (c+1)(c+2) c(c+1) 2
c(c+3) (c+1)(c+2) (c+1)(c+2)|1
K(3,1) = (c—1)c cc+1)  (c+1)(c+2)|0
(c=1)c*(c+1) (c=1)c? (c=2)(c-T)c ‘ 0
(c+2)(c+3) (c4+1)%(c+2) (c+1)2(c+2)

As my definitions in the proof of the Theorem 4.2.4, we define polynomials p;’s
to be the i-th element in the last row for 1 <i < 3, i.e,,

p1=(c—1)F(c+1)(c+2)(c+3)
p2=(c—1)c*(c+1)*(c+2) (4.54)
p3 = (c—2)(c—1eclc+1)*(c+2).

pi’s have the common factor (¢ — 1)c(c +1). (Actually, there is one more common

factor (¢ 4 2), but here we follow the definition of ¢, ,(c) in the Remark 4.2.5). We
define this common factor as t31(c) and factor it out of the last row. And define

/
i = pi/ta(c).
After we do row operations as we did in the Theorem 4.2.4, then we get

(2c+2)(2c+3) (2c+2)(2c+3) (2c+2)(2c+3) | 4
K(3,1) = ta1(c) ((2ch 12))cc . c+(c2 Zr( C1)+ g ((zccj 12))((ch 22)) 0
P Pa Ps 0

(4.55)

Now we perform column operations with first 3 columns to make the homoge-

neous submatrix into the lower triangular form. And the resulted matrix will be the
following :

(2¢+2)(2c¢+3) 0 04

B (2c+2)c (2c+2) 0|1

KB31) = tarle) (c—1)c 2 20

T 7 4]0

where q; = gq;/t31(c) and (g;)’s are defined as in the Theorem 4.2.4. We again do

elementary column operations as in the last part of the Theorem 4.2.4 to obtain the
diagonalized form of the homogeneous submatrix :

, (4.56)

(2c+2)(2c+3) 0 04
0 2c+2) 011

K(3,1) = t31(0)- : Ger2l 010 usy
r} rh 7’3‘0

where v/ = r;/t31(c) and (r;)’s are defined as in the Theorem 4.2.4. In this example,
ry =2c(c+1)(c+2),r, =0and rf = —2 respectively.

4.2.2 Discussion on the Polynomial r; and Super ballot Numbers

In this last section, I want to present the polynomial r}(c) which we define in the
Theorem 4.2.4 and the Remark 4.2.6. From the definition of p;’s, g;’s and r;’s, we can
observe that the degree of the polynomial r;(c) is equal to 24 and the degree of the
polynomial ¢, , is a2, which means that the degree of r{(c) is 2a — a = a.

This polynomial has the nice form when we factorize it as follows.
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Theorem 4.2.8. The polynomial v’ (c) in the matrix K(a,n) after its homogeneous subma-
trix is diagonalized (see (4.36)) is of the following form :

ri(c) = I(a,n)(c)a, (4.58)
where 1(a, n) is the constant which is depending on a and n.

Proof. We recall the definitions of polynomials p;’s, ;s and r;’s for 1 <i < a.

pi:=pilanc):=(c+n—a+i)en(c—i+1)atn,

i —1
qi = anc Z ( )Pj,

=
a—j+1

rji= T]'(El, n, C) = Z My j+k—1,
k=1

where

From these definitions, we can see that

a
ry = Z ﬂ’lqu, (459)
k=1
and
a
ry = Z Mg - (4.60)
k=1

If we expand this we can observe that

rﬁzq’1+(—c)q’2+(c(cgl))qé+(—W)q&+---. (4.61)

If we want to prove r] has the polynomial factor (¢ +i — 1), then it is equivalent
to prove that {(—i+1) = 0 for 1 <i < a. Actually it is not hard to see that

1(=i4+1) qu—rm

from the definitions of (my)’s, (gx)’s and (px)’s.

Since p! = t(p ) and from the definitions of (p;)’s, it is obvious that p}(c) has a

factor (¢ +i — 1), which means p;(—i+ 1) = 0, hence }(—i+ 1) = 0. Because the
degree of r{(c) is a and r} (—i + 1) is equal to zero for each i from 1 to a, the equation
(4.58) holds.

O]
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a\n| 0 1 2 3 4 5 6 7 8 9
1 1

2 1 3

3 -2 2 10

4 -3 5 5 35

5 -6 -14 14 126

6 10 -14 42 42 462

7 20 20 -36  -132 132 1716

8 35 45 45 99  -429 429 6135

9 70 -70 -110 110 -286 -1430 1430 24310
10 | 126 154

-154 -286 286 -858 -4862 4862 92378

TABLE 4.1: Coefficients of the polynomial 7] (c) which are depending
on a and n.

As the last result of my thesis, I want to argue that the coefficients of 7} (c) :
I(a,n)’s have remarkable properties. After some computer experiments I could get
these numbers as in the table above. If we read entries in the first diagonal (n = a —1,
colored with red), then these numbers are exactly the binomial coefficients (Zkkjll)

from k = 0. The entries in the second diagonal (blue ones) are the Catalan numbers

: kil( 5) from k = 1. The fifth (green) and sixth d1agonals (purple) respectlvely are

corresponding to the super ballot numbers 6(T (k > 3) and 602 ml k +3 (k > 3)

respectively. In general, super ballot numbers are defined as f(r) k,(k Jr)r) for non-

negative integer r. Here f(r) is the least positive integer which makes f(r) =5y i’_?r)

(for arbitrary k > 0) into integers, since in general k,gkljr) I ’s are not integers. For
example, f(2) = 6 and f(3) = 60. See [15] for the precise interpretation for super
ballot numbers. From computer experiments with increasing a and n, I could get a
conjecture that we can find all families of super ballot numbers in the table above

(diagonals with positive entries).

4.3 Conclusion

Since I was unable to prove my conjecture completely, I want to achieve following
results in my further work.

e Proving the conjecture that coefficients of (r})’s are actually the super ballot
numbers and looking for the combinatorial meanings of these numbers, if there
exist.

e Proving my main conjecture (4.52). This can be done by turning triple sum

to hypergeometric summation form and using hypergeometric transformation
methods.

e Based on my determinant (4.5) and the triple sum (4.6), maybe I can find more
positions to remove a bow-tie so that the triple sum can have a nice form in the
product formula. Furthermore, we can also generalize this case to the semi-
regular hexagon with a fixed bow-tie which has the size more than one. (In-
creasing the side lengths of two equilateral triangles sharing one vertex.)
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Abstract

In combinatorics, there are many tiling problems as regions and type of tiles can
vary. In general, whenever we are given the region to tile and types of tiles, there are
3 things to consider.

1. The tilability of the region : Can one tile the given region with given shapes of
tiles?

2. Enumeration of tilings : How many tilings are there?

3. Asymptotic behavior of tilings : What is the asymptotic behavior of the num-
ber of tilings, when the region becomes larger?

In this thesis, I mainly focused on the second topic - ”Enumeration problem”. Actu-
ally the regions we are dealing with in this thesis, are finite hexagonal regions on the
triangular lattice plane for which tilability is guaranteed. There are combinatorial
objects such as plane partition, non-intersecting lattice paths, perfect matchings and semi-
strict Gelfand patterns which are all in bijective correspondence with lozenge tilings.
Le., we can use the enumeration formulas of these objects directly in order to enu-
merate corresponding lozenge tilings. Furthermore, based on these results, we can
also think about hexagonal regions with some holes in it. This thesis deals with tiling
problems of such regions and the methods to enumerate them.
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Zusammenfassung

In der Kombinatorik gibt es unzidhlige Kachelungsprobleme, je nach Form des Ge-
bietes und den Typen von Kacheln. Im Allgemeinen, wenn Region und Kacheln
gegeben sind, kann man die folgenden drei Aspekte betrachten:

1. Existenz: Gibt es tiberhaupt eine Kachelung?

2. Abzdhlung der Kachelungen: Wie viele Kachelungen gibt es?

3. Asymptotisches Verhalten: Was ist das asymptotische Verhalten der Abzahlfunk-
tion, wenn die Region grofier wird?

In dieser Masterarbeit beschiftige ich mich hauptsachlich mit dem zweiten Thema,
der Abzdhlung. Genauer gesagt beschranken wir uns auf sechseckige Gebiete auf
dem Dreiecksgitter fiir die es immer Kachelungen gibt. Wir geben einen Uberblick
iiber einige solche Regionen fiir die die Abzdhlung gelungen ist.

Dartiber hinaus gibt es verschiedene kombinatorische Objekte wie Plane Parti-
tions, nicht-iiberschneidende Gitterpunktwege, perfekte Matchings und semi-strikte
Gelfand-Tsetlin-Muster, die in Bijektion zu den Tilings stehen. Deshalb ist es da-
her moglich Resultate tiber diese verwandten Objekte auf die Tilings zu tibertragen.
Eine Verallgemeinerung besteht nun darin, dass man auch sogenannte Defekte, das
sind Locher in der Region, betrachtet. Auch auf diese Verallgemeinerung wird in
dieser Arbeit eingegangen.
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