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Zusammenfassung

Die Frage, unter welchen Bedingungen stetige Auswahlfunktionen
von mengenwertigen Abbildungen existieren, wurde erstmals von Mi-
chael in den 1950er-Jahren behandelt. Das klassische Resultat befasst
sich mit Abbildungen von parakompakten Radumen in die Familie der
abgeschlossenen konvexen Teilmengen eines Banachraums, die eine
Form der Stetigkeit erfiillen.

Der Hauptteil dieser Arbeit besteht aus dem Beweis eines Theo-
rems von Shvartsman iiber die Existenz von Lipschitz-stetigen Aus-
wahlfunktionen von Abbildungen von pseudometrischen Réumen in
die Familie der endlichdimensionalen affinen Teilriume eines Banach-
raums. Der Beweis fiihrt iiber die Existenz eines Selektors, der jeder
endlichdimensionalen kompakten konvexen Teilmenge eines Banach-
raums einen Punkt in dieser Menge zuordnet und einige Regulari-
tatseigenschaften besitzt. Dies basiert wiederum auf einer Lipschitz-
artigen Figenschaft des Schwerpunktes in Banachrdumen.

Abstract

The question of what conditions are necessary and sufficient for the
existence of continuous selections of set-valued maps was first consid-
ered by Michael in the 1950s. The classical result deals with maps
from paracompact spaces to the family of closed convex subsets of a
Banach space that are continuous in a certain sense.

The main part of this thesis consists of proving a theorem of
Shvartsman about the existence of Lipschitz continuous selections of
maps from pseudometric spaces to the family of finite-dimensional
affine subspaces of a Banach space. The proof involves showing the
existence of a selector that assigns points to finite-dimensional com-
pact convex subsets of a Banach space and satisfies some regularity
properties. This result, on the other hand, is based on a Lipschitz-like
property of the barycenter in Banach spaces.
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Chapter 1

Introduction

Let T and X be topological spaces. Assume we are given a map F on T
that takes nonempty subsets of X as values. A selection of F' is then a
function f : T — X such that f(u) is an element of F'(u) for all u € T'. It is
interesting to know under what conditions such a selection can be chosen to
be continuous or have even stronger regularity properties. The first important
result of this kind goes back to Ernest Michael [8]. We state and prove this
theorem in Chapter 2.

In Chapter 3, the main result is a theorem about the existence of Lipschitz
continuous selections which is due to Pavel Shvartsman [13, Theorem 1.1].
Let M be a pseudometric space and X a real Banach space. We denote by
A, (X) the set of all affine subspaces of X that have dimension at most m.
The theorem can be stated as follows.

Theorem 3.1. Let F' : M — A,,(X) be a map such that, for every finite
subset N of M with cardinality |N| at most 2™, the restriction F|y of F
to N has a Lipschitz continuous selection with Lipschitz constant 1. Then F
has a Lipschitz continuous selection with a Lipschitz constant k(m) depending
only on m.

In general, the theorem does not hold if one replaces 2+ with a smaller
number, see [12, Remark 5.4].

This selection theorem is related to the problem of characterizing trace
spaces of classes of real-valued functions on R"™, see [3] for example. Let Y
be a space of functions from R” to R with norm || - ||y and let C be a closed
subset of R™. The trace of Y to C' is the space Y|c := {f|c : f € Y} of
functions in Y restricted to C.

We say that the trace space Y| has the finiteness property if there exists
a number K € N such that the following holds: If f : C' — R is a function



and there exists a collection
{fc/ : C/ Q C, |O" :K} QY

such that supe || fer|ly < oo and each fer coincides with f on C’) then f is
an element of Y.
Let K¢[Y] be the smallest such integer and set

K[Y]:= sup KoY.
CCR", C closed

A generalized version of Theorem 3.1 with X = R"™ can then be used to show
that K[C'*(R")] = 3-2""!. Here, w is a modulus of continuity and C**(R™)
a subspace of C'(R"), see [3] for the precise definition.



Chapter 2

The classical selection theorem
by E. Michael

Let T and X again be topological spaces. The set of all nonempty subsets
of X is denoted by 2%. We say that the map F : T — 2% is lower semi-
continuous if for all open subsets V' of X the set {u € T : F(u) NV # (0} is
open in T. Another way of expressing this is given in the proposition below
[8, Proposition 2.1].

Proposition 2.1. For a map F : T — 2% the following are equivalent:
(i) F is lower semi-continuous.

(ii) If x is an element of F(u) for some w € T and if V is a neighborhood
of x in X, then there exists a neighborhood U of u in T such that
F)NV #0 forallu e U.

Proof. To see that (i) implies (ii), assume that F' is lower semi-continuous, =
is in F'(u) for some v € T and V is a neighborhood of x in X. Without loss
of generality V' is open, otherwise take an open subset containing . Then
U:={u e€T: FuW)NnV # 0} is open by assumption and satisfies all
requirements.

For the other direction we take some open V in X and show that U’ :=
{ueT: FluyNnV # 0} is open in T. By assumption every u € U’ has
a neighborhood U such that F(v') NV # ) for all v € U. It follows that
U C U’ and hence U’ is open. O

In a Banach space (X, | - ||) the open ball with center z € X and radius
r > 0 is denoted by B(x,r).

The classical theorem of Michael [8, Theorem 3.2”] appeared in 1956; in
the same year Michael also published a simpler version of the proof that (i)
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implies (ii) in the following Theorem 2.2 in [9]. Definitions of the topological
properties used here can be found in Appendix A.

Theorem 2.2 (Michael selection theorem). For a Ty space T the following
are equivalent:

(i) T is paracompact.

(ii) If F is a lower semi-continuous map from T to the set of all nonempty
closed convex subsets of a Banach space X, then F has a continuous
selection.

We first prove two auxiliary lemmas.

Lemma 2.3. IfT is a paracompact space, X a Banach space and F a lower
semi-continuous map from T to the set of all nonempty convex subsets of X,
then for every r > 0 the map G defined by G(u) = F(u) + B(0,r) for all
u €T has a continuous selection.

Proof. For x € X set
Up={ueT:zeGu)}={ueT: Flu)n B(z,r) # 0}

The collection {U, },ex covers T" and since F' is lower semi-continuous, every
U, is open in T. From the paracompactness of T" and Proposition A.1 in
Appendix A it follows that there is a locally finite partition of unity {p; }ies,
where I is some index set, that is subordinated to the cover {U,},ex. This
implies that for every ¢ € I there exists a point x(i) in X such that p; vanishes
outside of Uy;). The function f: T"— X defined by

fu) =2 pi(u)z(i)

i€l

for all w € T is continuous since every p; is continuous and the collection
{pi}ier is locally finite. It remains to show that f is a selection for G. For
a fixed uw € T the set J := {j € I : pj(u) > 0} is finite. Since u is in Uy
for all j € J, from the definition of U,(;) it follows that all z(j) are elements
of G(u). Hence f(u) is a convex combination of elements of the convex set
G(u) and therefore itself contained in G(u). O

Lemma 2.4. If F : T — 2% is lower semi-continuous, f : T — X continuous
andr > 0 such that G(u) := F(u)N(f(u)+B(0,r)) is nonempty for allu € T,
then G : T — 2% is lower semi-continuous.



Proof. Let V' be an open subset of X. We have to show that the set U :=
{ueT: Gu)NV #0} is open in T. It suffices to show that every point u
in U has a neighborhood that is contained in U. We fix u € U, then there is
an s < r such that F'(u) N (f(u) + B(0,s)) NV # (). We set

Up = {u €T: F(u)n ((f(u) + B(0,5)) N V) # 0}

and
Upi={u' €T [|f(u) = f(u)] <7 —s}.

By the lower semi-continuity of F' and the continuity of f the sets U; and U,
are open in T'. For all ' € U; N Uy we have

0 # F(u)n (fu)+ B(0,s)) NV C F)n (f(u) + BO,r) NV,

so that Uy N Uy C U. The open set U; N U, clearly contains u, so that it is
the required neighborhood. ]

Proof of Theorem 2.2. (i) implies (ii): Let T' be a paracompact space, X a
Banach space and F' a map as in (ii). We claim that a continuous selection
for F' can be approximated by a sequence (f,)s, of continuous functions
from T to X with the following properties:

folu) € F(u)+ B(0,27") for n > 1, and (2.1)
| fr(u) = faor ()] < 2772 for n > 2

for all uw € T. The sequence (f,,)22, is uniformly Cauchy: For a given € > 0
choose N € N such that 27Vt < e. Then by (2.2) for all 7, j € N such that
N <7 < jand all w € T" we have

1fi(u) = ] < [1fi(u) = fisa (@)l + -+ [[fi-1(u) = f3 ()]

S 2—i+1 4+ 2—j+2 S 2—N+1 < e

Since X is complete, the sequence (f,,)%°; converges uniformly to a contin-
uous function f : T — X. From the closedness of F'(u) and (2.1) it follows
that f(u) € F(u) for every u € T. Thus, the function f constructed in this
way is the required selection.

We show the existence of the functions f, by induction. By Lemma 2.3
there is an f; satisfying (2.1). Assume that for some n € N we have already
found fi,..., f, satisfying (2.1) and (2.2). Define

Fopa(u) := F(u) 0 (fuw) + B(0,27"))



for all w € T. Then by the induction hypothesis F},1(u) is nonempty and
the map F,.; : T — 2% is lower semi-continuous by Lemma 2.4. Since the
values of F}, 1 are convex sets we can apply Lemma 2.3 to get a continuous
function f, 11 : T — X such that

for1(w) € Foii(u) + B(0,2-D)

for all w € T. Then f,,1(u) € F(u) + B(0,2-"*V) for all u and hence (2.1)
is satisfied. Moreover,

fas1(u) € fo(u) + B(0,27") + B(0,27"+Y) C f.(u) + B(0,27")

and (2.2) follows.

(ii) implies (i): We assume that the T} space T" satisfies property (ii). In
order to show that T is paracompact, by Proposition A.1 in the appendix
it is sufficient to prove that every open cover of T has a partition of unity
subordinated to it.

Let U be an open cover of T'. For a real-valued function z : 4 — R we

define
Jall == 3 la(0),
Ueu
so that the space (;(U) == {z: U — R : ||z|]| < oo} together with the norm
|| - || is a Banach space.
We set

C = {m e L) 2(U) > 0forall U e U, 3 a(U) = 1},
Ueu

then the set C' is convex and closed in ¢;(U). We define a map F : T — 200
by setting

Fu):=Cn{x e liy(UU): z(U) =0 for all U € U such that u ¢ U}

for all w € T'. Clearly, the values of F' are nonempty, closed and convex in
01 (U). In order to use assumption (ii), we have to check that F' is also lower
semi-continuous. By Proposition 2.1 it is sufficient to show the following: If
uweT, z e F(u) and V is a neighborhood of z, then there is a neighborhood
U of u such that F(u')NV # () for all v’ € U. Without loss of generality
we assume that V' is an open ball B(z,¢) around z for some € > 0, so that
it suffices to show the existence of a point 2’ € F(u') N B(x,¢) for all ' in
some suitable neighborhood U of wu.

We pick finitely many sets Uy,...,U,, € U such that z(U;) > 0 for all
ie{l,...,m} and

5::9:(U1)+---+:13(Um)>1—g.

10



From the definition of F' it follows that u € U; for all 7, so that the set
U=U,n---NUp,,
is a neighborhood of u. For U € U we define

2(U) =< z(U) it U e{Us,,...,Un},

0 else.
It follows that ' € C and

|z — || = 2'(Uy) — x(Uy) + > z(U)=1-0+1—-0<e.

Moreover, &' € F(u') for all v’ € U, which proves the claim that F' is lower
semi-continuous.

By assumption (ii) of the theorem there exists a continuous selection
f:U— 6(U) of F. For every U € U we define a function fy : T — [0, 1]
by setting fy(u) = f(u)(U) for all w € T. By construction, the fy are
continuous and { fy }yey is a partition of unity on T that is subordinated to
the cover U. O]
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Chapter 3

Lipschitz selections of maps
taking affine subspaces as
values

This chapter closely follows the original paper by Shvartsman [13] from 2004.
Unless stated otherwise, all results can be found there.

Let M be some set. A pseudometric on M isamap p: M x M — [0, +0o0]
that satisfies

p(v,v) =0,
p(v,w) = p(w,v), and

p(v,w) < pv,u) + plu, w)

for all u,v,w € M. This means that p is a distance function that may allow
two different points to have distance zero from each other. In our case the
pseudometric can also assume the value infinity.

In the following, (X, || - ||) is a real Banach space. A function f: M — X
is Lipschitz continuous with Lipschitz constant x if

I f(v) — f(w)|| < kp(v,w) forall v,w e M.

If L is a linear subspace of X and x is a point in X, then L := z+ L is an
affine subspace of X that has the same dimension as L. The set of all affine
subspaces of X with dimension at most m is denoted by A,,(X) for m € Ny.

We can now state the main theorem.

Theorem 3.1. Let ' : M — A,,(X) be a map such that, for every finite
subset N of M with cardinality |N| at most 2™ the restriction F|y of F
to N has a Lipschitz continuous selection with Lipschitz constant 1. Then F
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has a Lipschitz continuous selection with a Lipschitz constant k(m) depending
only on m.

The proof of this theorem involves showing some interesting results about
the collection of finite-dimensional compact convex subsets of a Banach space.
We introduce some basic notation before outlining the contents of the fol-
lowing sections.

If X is a Banach space containing X as a subspace, then we can clearly
replace A,,(X) with A,,(X) in the statement of the theorem. We make use
of this in the following way: Let U := {z’ € X' : |[2'|] < 1} be the unit
ball of the continuous dual space X’ of X, and let /., (U) be the space of
bounded real-valued functions on U with the supremum norm. Then X can
be identified with a subspace of ¢, (U) by the linear embedding j : X —
loo(U) with j(z)(u) = u(x) for all x € X and all w € U. This embedding is
isometric, since

(@) = sup |j(z)(w)] = ]

Therefore, in the proof of the theorem we assume without loss of generality
that X is a space of bounded functions. This is used in Lemma 3.15 and
Lemma 3.27.

In the following, B(z,r) stands for the closed ball with center z and radius
r for x € X and r > 0. The distance dist(z, C') of a point z € X to a subset
C C X is defined as

dist(z,C) = inf {||jz —y|| : y € C}.
The diameter diam(C') of a set C' is given by

diam(C) = sup ||z — y]|.
z,yeC

The affine span affspan(C) of a set C' C X is the smallest affine subspace
containing C'. We define the dimension dim(C') of C' to be the dimension of
the affine span of C.

For m € Ny, the collection of all nonempty compact convex subsets of
X with dimension at most m is denoted by IC,,(X). The collection of all
finite-dimensional compact convex subsets of X is IC(X) = Ure_, K, (X).

m=0"vm

For two sets Cy, Cy € K(X) we define their Hausdorff distance
d(Cy, Cy) i=inf {r > 0: Cy € C1+ B(0,7), C1 € Cy + B(0,7)}

=max { sup dist(z, C7), sup dist(z, Cz)} .

z€Cy xzeCy
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Then (K(X), dy) is a metric space: For any two sets C1, Cy € K(X) satisfying
dy(Ch,Cy) = 0 it follows that C; = Cy by closedness of the sets. The other
properties of a metric follow directly from the definition.

A selector is amap S : K(X) — X such that S(C) € C for all C' € £(X).

For C' € K(X) we can define a Lebesgue measure A on affspan(C'); see
section B.1 in the appendix for more details. The measure \ is unique up
to multiplication by a positive constant. Among all balls with centers in
affspan(C) that contain C', we choose a ball B(z,r) with minimal radius 7.
Since C' is compact and hence bounded, such a ball exists. The reqularity
coefficient d¢c of C' is then defined as

/\(B(x, )N affspan(C’))
AC)

So = (3.1)

The regularity coefficient does not depend on the choice of the Lebesgue
measure or the choice of the ball B(x,r). The definition implies 6 > 1, and
for zero-dimensional sets C' (one-point subsets of X)) we always have jo = 1.

The following definition makes use of the Bochner integral, which is de-

fined in section B.2 of the appendix. The barycenter (center of mass) of a
set C' € K(X) is given by

b(C) = /\<10>/de)\(x),

where again A is a Lebesgue measure on affspan(C'). The barycenter is an
element of C' and does not depend on the choice of the Lebesgue measure.
Furthermore, the barycentric map b(-) commutes with one-to-one affine maps;
this means that

b(AC) = Ab(C)

for each C' € K(X) and every map A : affspan(C) — X that is the composi-
tion of a linear map and a translation and satisfies dim(AC) = dim(C).

Section 3.1 contains a series of geometrical results involving Kolmogorov
widths and ellipsoids. These results are used in Sections 3.2 and 3.3.

In general, the barycentric map b : (K,,(X),dyg) — (X, - ||) is not
continuous for m > 2. (Discontinuities can occur when approximating a set
by sets of higher dimensions.) In Section 3.2, however, we show that the
barycenter is Lipschitz continuous on the subset {C' € K,,,(X) : d¢ < o} for
every o > 1.

This result is used in Section 3.3 to show the existence of a selector Sx
on /C,,,(X) that is Lipschitz continuous and commutes with translations and
multiplications by real scalars.

14



Section 3.4 concludes the proof of Theorem 3.1. We construct a suitable
map G : M — K,,(X) such that G(v) C F(v) for every v € M. Then we
use the selector Sx from the previous section to define the required selection
f: M — X by setting f(v) := Sx(G(v)) for all v € M.

3.1 Kolmogorov widths and ellipsoids

Many of the following proofs make use of Kolmogorov n-widths. For n € Ny
and C' € K(X) the Kolmogorov n-width of C'in X is given by

d,(C; X) == Leiaf(x) inf{r >0: C C L+ B(0,7)}. (3.2)
The definition implies that d,,(C) > d,,+1(C) for all n and d,,(C') = 0 when-
ever n > dim(C) = dim(affspan(C)). If Y is an affine subspace of X and
C C Y, then by abuse of notation we define the Kolmogorov n-width of C
inY as

d,(C;Y)= inf inf{r>0: CC L+ B(0,r)}.

LeA,(X)
LCY

Proposition 3.2. For all C € K(X) and all n we have
d,(C; X) =inf{dy(C,K) : K € K(X), dim(K) = n}.

Proof. Assume that we have L € A, (X) and r > 0 such that C C L+B(0,r).
Without loss of generality we can assume that dim(L) = n. For a givene > 0
we set

K:=Ln(C+B(0,r+¢)).

The set K is closed, bounded and finite-dimensional and hence compact. It is
also convex and thus an element of K(X). To show that the dimension of K
is n we show that K has an n-dimensional subset. By the definition of L and
r there exists a point 2 in LN (C’—H}_?(O, r)) We have B(z,¢) C C+B(0,r+¢)
and therefore

B(z,e)NLCK.
The set B(z,¢) N L has dimension n and hence also K has dimension n.

If y € C then again by the definition of L and r there is a v € L
such that ||y — ¢/|| < r. This implies that 3/ is an element of K and thus
C C K + B(0,r). By the definition of K we have that K C C + B(0,r + ¢),
and hence dy(C, K) <r+ . This holds for all choices of ¢, therefore

inf{dy(C,K): K € K(X), dim(K) =n} < d,(C; X).
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To show the other direction we take a K € K(X) with dim(K') = n and set
r:=dy(C,K). Then L := affspan(K) has dimension n and C' C L+ B(0,r).
From this

d,(C; X) <inf{dy(C,K) : K € K(X), dim(K) = n}.
follows. 0

Corollary 3.3. The Kolmogorov n-width d,(-;X) is Lipschitz continuous
on (K(X),dy). More precisely, we have

|dn(C1; X) — dp(Co; X)| < dp(Ch, Co)
for all Cy,Cy € K(X).

Proof. 1f C1,Cy € K(X) and K € K(X) with dimension dim(K) = n, then
by Proposition 3.2 and the triangle inequality for the metric dy we have

dn(Cr; X) < dp(Cy, K) < dp(Cy, Cy) + du(Co, K).
Since this holds for all such K, it follows that
d,(C1; X) < dp(Cy,Cy) + inf{du(Cy, K) : K € K(X), dim(K) = n}
=dp(Cy,Cy) + d,(Cy; X).
The statement is symmetric in C7 and C5, so we can conclude that
|dn(C1; X) — dn(Co; X)| < dp(Ch, Cs)
holds. O

If C € K(X), x € affspan(C) and ¢t > 0, then we denote by t o, C' the
dilation of C' with respect to the center x by the factor ¢, that is,

to,C=t(C—x)+uw.

In the Euclidean space R™, we denote the closed ball with center x € R™
and radius 7 > 0 by Bgm(z,7). If Y is an affine subspace of X, y € Y and
r >0, then we set By (y,7) := B(y,r)NY.

Let Y be an m-dimensional affine subspace of X and A : R™ — Y be an
invertible affine map. We call

E = ABRm(O, 1)

an m-dimensional ellipsoid with center AO.

There are two important results for finite-dimensional compact convex
sets that we use. The first one was originally shown by Minkowski and can
be found in the book by Bonnesen and Fenchel [2].

16



Proposition 3.4. Let C' be an m-dimensional compact convex subset of R™.
The barycenter b(C') of C satisfies

m . diam(C’)).

Bgm (b(C), — dm1<c;Rm)) C C C Bgm (b(C), —

m+1

The second important result is due to John [6] and can also be found in
[5, Theorem 12.11]. It was originally shown for subsets of R™, but the result
translates directly to finite-dimensional subsets of a Banach space.

Proposition 3.5. For every C C K,,,(X) with dim(C') = m there is an
ellipsoid E such that
ECCCmo, F,

where z is the center of the ellipsoid E. If C' is symmetric with respect to
one of its points, then the center of C is also the center of the ellipsoid F,
and the dilation factor m can be replaced with \/m.

Corollary 3.6. Let Y be an m-dimensional subspace of X. There is a linear
isomorphism A : R™ — 'Y such that

ABgm(0,1) C By (0,1) € ABgm (0, /m).

In particular, there is a linear isomorphism between R™ and Y satisfying

|A <1 and [[A7Y < /m.

Proof. Since By (0,1) is symmetric, by Proposition 3.5 there is an ellipsoid
E CY with center 0 € Y such that

The ellipsoid E is the image of Bgm(0,1) under an affine map A : R™ — Y,
since the center of E is the origin, the map A is linear and the inclusion
relations follow. The bounds for the norms of A and A~! are an immediate
consequence. ]

Proposition 3.7. For every C in K(X) with dimension m > 1 we have

B(b(C), a(lm) do 1 (C X)) A affspan(C) C C,

where a(m) > 1 is a constant that depends only on m.
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Proof. Without loss of generality Y := affspan(C') is a linear subspace of
X with origin 0 = b(C'). By Corollary 3.6 there is a linear isomorphism
A:R™ — Y such that

ABgm(0,7) C By (0,7) C ABgm (0, v/mr) (3.3)

for all r > 0~. )
We set C' := A7'C, then b(C) = A~'b(C) = 0. From Proposition 3.4 it
hence follows that

Bm (0, ——— o:R™) ) C C. .
B]R <Ovm+1dm—1(C7R )) —C (3 4)

If there are L € A,,1(R™) and r > 0 such that C C L+ Bgm(0,7), then
from (3.3) it follows that C'= AC C AL + By (0, r). Therefore,

Thus, by (3.3) and (3.4), this leads to

_ 1 2 _ 1 2 ~
AT'B ( 4. -Y)CAlB ( 4. -Rm)
YO T Get(GY)) € ATB (0 TR dn (CRT)
_ 2 .
CB m — _ Rm
= (O’m+1dm 1(C; )>
c C.
Clearly, d,,_1(C; X) < d,,—1(C;Y), so by applying A we get
_ 1
B —d,,— X)) C
(0 g (@ X)) € ©
for a(m) = /m(m+1)/2. O

Proposition 3.8. Assume that we have a compact conver set C' € K(X)
with dimension dim(C') = m. Then there is an m-dimensional ellipsoid E,
with center b(C') such that

E, C C C B(m) oyc) Ep.
The constant 3(m) depends only on m.

Proof. By Proposition 3.5, there exists an m-dimensional ellipsoid £ C X
with center z € E such that

ECCCmo, E.
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There is an affine isomorphism A : R™ — affspan(C) such that ABgm(0,1) =
E. Thus, for C' := A7'C we have

Bgm(0,1) € C' C Bgm(0,m),

and hence 1 < dm_l(é;Rm) and diam C' < 2m. From Proposition 3.4 it
follows that

_ - 2 ~ _ - 2m?
Brm (0(C), —— ) € C C Brm | b(C .
R<( )’m+1>_ B R<( )’m+1)
Therefore, the ellipsoid Ej, := ABgm (b(é’), 2(m+ 1)_1) with center Ab(C) =
b(C) is as required with 3(m) = m?. O

Assume that the points yo, ...,y € X are affinely independent, mean-
ing that dim(affspan{yo,...,ym}) = m. We call the convex hull D :=
conv({yo, ..., Ym}) an m-dimensional simplex with vertices o, ..., yn. The
barycenter of this simplex is

1

WD) =5

Proposition 3.9. Let E' be an m-dimensional ellipsoid in X, where m > 1,
and let z be the center of E. There is an m-dimensional simplex D such that

ioZEQDgE

m

(Yo+ -+ Ym).

and the barycenter of D 1is z.

Proof. Let A : R™ — affspan(E) be an invertible affine map such that
ABgp»(0,1) = E. We pick points 4, ..., %n in the boundary of Bgm(0,1)
such that their convex hull conv({yo, ..., ymn}) is a regular simplex with its
barycenter in the origin. For a regular m-dimensional simplex in R™, the
ratio of the radius of the minimal circumscribed ball to the radius of the
maximal inscribed ball is m, therefore we have

_ 1 _
By (o, ) C conv({yo, -, ym}) C Bam(0,1).
m

We set D := Aconv({yo, ..., Ym}) = conv({Ayo, ..., Ay, }) and get

1 _ 1 _

— OZ E = ABRm <0, ) g D g ABRm(O, 1) = E
m

m

as required. Moreover, the barycenter of D is

1 1
b(D) = —(A e Ay, :A( m>:A0:,
(D) = (Ao + -+ Ayn) g Wo et ym) z
where z is the center of E. O
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Proposition 3.10. Assume that C' € K(X) with dimension dim(C') = m for
some m > 1. There is a positive constant £&(m) depending only on m such
that the reqularity coefficient of C' can be estimated by

1 (diam(C))™
&) = My (- X)

Proof. We first prove the proposition for an m-dimensional ellipsoid £ C X.
Without loss of generality the center of E is the origin, so that £ = —F.
Let n € Ny and assume that there are an affine subspace L € A,(X) and a
scalar 7 > 0 such that £ C L + B(0,7). Let y be a point in L, then L — ¥ is
a linear subspace of X and we therefore have L —y = —L + y. Moreover, it
follows that

< &(m)dc.

E=—-EC—L+B(0,r)=L-—2y+ B(0,r).
Thus, with the linear subspace L := L — y we get
EC(L+B(0,r)n(L-2y+B(0,r)) € L+B(0,r).

It is therefore sufficient to consider only linear subspaces of X in the definition
of the Kolmogorov n-width of E.

We set YV := affspan(F). By the Kadets-Snobar theorem (see [1, Theo-
rem 13.1.7], for example) there is a linear projection Py of X onto Y with
norm ||[Py| < /m. If r > 0 and L is a linear subspace of X with di-
mension at most m such that £ C L + B(0,r), then L' := PyL C Y and
E C L'+ B(0,/mr). Thus,

do(E; X) < do(E;Y) < vVmd,(E; X) (3.5)

for all n and it suffices to consider the finite-dimensional space Y.

In the next step we show that we get equivalent values if we replace E
with a suitable ellipsoid E in the Euclidean space R™. By Corollary 3.6 there
is a linear isomorphism A : R™ — Y such that

ABRm (O, 7") g By(o, 7“) g ABRm (07 \/ET‘) (36)

for all 7 > 0. We put F := Aillz. Since we assume that F has its center in
the origin, the same follows for E. Using (3.6), it can be calculated that

\/1% do(E;R™) < d,(E;Y) < d,(E;R™) (3.7)

if0<n<m-—1, and

;ﬁ diam(E) < diam(E) < diam(E). (3.8)
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We define a Lebesgue measure Ay on Y by setting Ay (C') := Agm (A™'C) for

all Borel sets C' C Y. By the definition of the regularity coefficient (3.1),
(3.6) and (3.7) we have

Ao (Ban(0.do(BiR™))) Az (Ban (0. v/ do(E: V)

A (E) - A (E)

Ay (By (0, v/m do(E;Y)))
= Ay (E) = Vm" s,

05 =

In a similar way, it follows that 0p < \/m "~ 0z, so that

1

e}

By the principal axis theorem, the principal axes of an ellipsoid in R™

are perpendicular, so that after the application of a suitable rotation the
ellipsoid F is given by

m 2
E:{x:(xl,...,mm)ERm: Ziggl},

n=1

where s; > --- > s, > 0. It can be shown that dn(E;Rm) = Spyq if

0 <n < m~—1 (see [14, Section 8.1.4] for more details). Moreover, E
has diameter 2s; and volume Agm(FE) = $1 -+ Sy Agm(Bgrm(0,1)). The ball

Bgm (0, 51) is the ball with minimal radius containing £. Hence,

)
A (E) s1 Smdan (B (0,1)) IS0 da(ER™)

5o Agm (BR’”(O751)) s A (BRW(Oa 1)) 27 (diam( )m

For the ellipsoid £ C Y by (3.7), (3.8) and (3.9) we hence get

2’”(S - 2m . 1 (diam(E))™ - (diam(E))™
mm S [ d (B R™) T Ty de(E3Y)
— (diam(E))m

=V e 4 (B )

From (3.5) it now follows that

=2"Vmmop < 2"m" .

2m (diam(E))™
5y < < 2/ § 1
WP S xS Yo (810

m

which proves the proposition for ellipsoids.
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We now look at the general case of an m-dimensional set C' € K£(X). By
Proposition 3.5 there is an ellipsoid E such that

ECCCmo,E,
where z is the center of E. Since diam(m o, F) = mdiam(F), we have
diam(F) < diam(C) < mdiam(FE).
Moreover, since d,,(m o, E; X) = md,(E; X) for all n, it follows that
dn(E; X) < dn(C; X) <md,(E; X).
Thus,

1 (diam(E))™ - (diam(C))™ . (diam(E))™
m'" Hnm:_o1 d.(E; X) ~ H?:_[)l dn(C; X) — " Hnm:_()l dn(E; X) ‘

(3.11)

Furthermore, for every Lebesgue measure A on affspan(C') we have

AE) < MC) < Mmoo, E) = m™\(E).

Let B(z,r) be a ball with center z in affspan(C') and minimal radius r such
that C' C B(x,r) and let s be the minimal radius such that £ C B(z,s),
then s < r < ms and by the definition of the regularity coefficient we get

1 5o 1 A(B(z,s)ﬂaﬁspan(C’)) _ )\(B(a;,r)ﬂaffspan(C))
mm T AE) = A(C)
B(z, ms) N affspan(C
e A(B( l?E) pan(C)) e

Hence, by (3.10) and (3.11),

2 5 < 2 5 < 1 (dilm(E)) < (di?m(c))
m3m m2m mm Iy d,(E; X) ~ Ty do(C; X)
m_ (diam(E))™

< 2mm5m/2 5E < 2mm7m/2 50'

=" T 4. (B; X)

This implies the required result for £(m) = 2mm™™/2, O
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3.2 The barycentric map

Theorem 3.11. For every m € Ny there is a constant v(m) depending only
on m such that

16(C1) = b(C)[| < ~v(m)(dcy + dc,) du(Cr, Co) (3.12)
for all C1,Cy € K, (X).
For the proof of this theorem we need two lemmas.

Lemma 3.12. Let (Y,| - |ly) be a Banach space of dimension n > 0 and
A a Lebesgue measure on Y. Then for every nonempty compact conver set
C € K(Y) and every closed ball By (z,s) containing C with radius s > 0 we
have

A(C + By (0,1)) = A(C) < <(1 v Z)n _ 1) A(By (. 5))
for every r > 0.

Proof. This proof makes use of the theory of mixed volumes. More about
this topic can be found in the book by Schneider [11, Chapter 5]. The mixed
volume is defined as the symmetric function V : (K(Y))" — R satisfying

(3.13)

n

ANt Ky + -+t Ky = | > V(Ko Kty oot
for all m € N, all K; € K(Y) and ¢; > 0 with 1 <4 < m. The mixed volume
is multilinear and invariant under translation:

V(K +t/'K) Ky, ...,K,) =tV(Ky,...,K,)+t/V(K,...,K,) (3.14)
for all K1, Ky',... K, € K(Y), t1,t/,...,t, > 0; and
V(IKy+y, Ky ...,K,) =V(Ky, Ky, ..., K,) (3.15)
for every y € Y. Furthermore, V' is increasing with respect to inclusion:
V(K Ks,...,K,) <V(K{ K,...,K,) (3.16)

if K; C Ky'.
For an integer k with 1 < k < n and sets K, Ky € K(Y) we set

V(Kl[k],lﬁ[n - ]{Z]) = V(K17 .. .,Kl,Kg, <o 7K2).

k times n—Fk times
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Now assume that C' € K(Y) and C C By(z,s) with s > 0. By (3.13) for
r > 0 we get

n

MC+ By(0,1)) = A(C+7By(0,1)) = 3 (Z)v(om — K], By (0, 1)[K] )"

k=0

The definition of the mixed volume also implies A(C') = V(C,C, ..., (), and
hence

MC+ By(0,1)) = A zi:( ) (Cln = k], By (0, 1) K] )r*

By assumption C' C By (z, s), so from property (3.16) it follows that
V(C[n o k}a BY(()? 1)[k]) < V(BY<:U7 5)[” - k]a BY(Oa 1)[k])

Properties (3.14) and (3.15) then yield

V(By(x,s)[n — k], By (0, 1)[k]) = ik V(By(x,s)[n — K], By (0,5)[k])

Putting everything together, we finally get

- " (n\r
A(C + By(O,T’)) — (kz:l <k> sk> y(z, s))
r n
( 1+ s) - >)\(By(:v s))
which finishes the proof of the lemma. ]

Lemma 3.13. Assume that two linear subspaces Ly and Lo of X with di-
mension dim(L;) = dim(Ls) = m are given for some m > 0. There exist a
linear map A from Ly onto Lo and a positive constant ( depending only on
m that satisfy

IAl < ¢ 1A < ¢

and

|z — Az|| < (dist(x, Ly)
forall x € L.
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Proof. For the proof it is sufficient to consider only the subspace Y := L+ Lo
of X which has dimension at most 2m. By Corollary 3.6 there is a linear
isomorphism B from (Y, |- ||) to (R%™Y) ||-||5) such that the operator norms
of B and its inverse B! satisfy || B|| < v/2m and ||[B7!|| < 1.

Therefore, it suffices to prove the result for the Euclidean space R4
If there exist an invertible linear map

A:BL, — BL,

and a constant ¢ depending on m such that the operator norms ||A|| and
|A=|| are bounded by ¢ and ||# — Az, < Cdist(2, BL,) for all # € BL;,
then

A:=B7'AB
is as required with ¢ := || B|| C||B~Y| < v2m(.

Hence we assume without loss of generality that Y is R¥™Y) with the
inner product denoted by (-,-). We show by induction on m that for every
pair of linear subspaces Ly and Ly of Y of dimension m > 0 there is a linear
map A from L; onto Ly such that A is an isometry and for all z € Ly the
inequality

|l — Az|| < 5™ dist(x, Ls) (3.17)

holds.

For m = 0 the subspaces are equal to the origin of Y and the map A is
trivial. Now we assume that the result is shown for some m > 0 and we want
to prove it for m + 1. In the following for every linear subspace L C Y the
orthogonal projection onto L is denoted by Pp; by S :={z €Y : [z| = 1}
we denote the unit sphere in Y.

For fixed subspaces Ly, Ly C Y of dimension m + 1 we choose a point
e; € SN Ly such that the distance dist(ey, Ly) to Ls is minimal. If Pr e; # 0
we define the point e; € S N Ly by ey = || Pp,e1| ' Pr,er, otherwise we pick
any point of SN Ly as e;. Then for the case Pr,e; # 0 by the Pythagorean
theorem we have

2
ler = e2]l* = ller = Proea|* + | Pr,er — mPLzel
= ller = Pryeal® + (| Pryeal| = 1)%.
Since || Pp,e1|| > || Pryei]|* and 1 = |ley]|* = || Pr,e1l]*+]|e1 — Pr,ei|)? it follows

that
ler — eo]|* < |ler — Pryen|]? + 1 — || Pryen
=2|les — Prye

= 2 (dist(ey, Ly))*.
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For the case Pr,e; = 0 we directly get
ller — e2]|* = [lea]” + flea|® = 2 = 2dist(es, L),
and hence in both cases it follows that
ler — eq]| < V2dist(ey, Ly). (3.18)

If we define L; as the orthogonal complement of the span of e; in L; for
i € {1,2}, then dim L; = m and by the induction assumption there is a linear
isometry A : L; — Ls such that

|z — Ax|| < 5™ dist(z, L)

for all x € L;. We can extend A to a map A : Ly — Ly by setting Ae; = ey
and using linear extension.

Every pomt x € Ly can be written as x = 2’ + 2", where 2’ is in the span
of e; and z” is in the orthogonal complement L. Slnce A is isometric, from
the Pythagorean theorem it follows that

1Az ] = | A2'|]* + [ Aa"|]* = [l'|]* + 2" |* = |l=]]?,

and hence A is an isometry. Now we only have to check that (3.17) holds.
For x = 0 this is obvious. Thus we fix z € L; not equal to the origin. By
definition of e; we have that

dist(ey, Lo) < dist (” R ) Tl dist(x, Ls). (3.19)

Hence for the orthogonal projection x’ of z onto the span of e; by (3.18) it
follows that

" = Aa'|| = [|2/[| - llex = Aex]| = [l2”]| - llex — eall < V2[|"|| dist(es, L)

< \/_” | dist(z, L) < \/_dlst(;r Ls).

]l
By the induction assumption we know that
|2 — Az"|| = ||a" — Az”|| < 5™ dist(z”, L)

for 2" = Pp x.
Now we want to estimate dist(z”, Le) in terms of dist(x, Ly). Since
Pr,a" = P, a" 4 (ez, 2")es, we get
dist(z”, Ly) = ||2" — Pp,a"||
< l2" = Pp,a” — (e, 2"l + [I(e2, 2" el
= dist(a”, Ly) + |{e2, 2")|.

26



On the one hand, since 2" = x — 2/, we get
dist(z”, Ly) = ||z — 2’ — Pr,x + Pp,2'|| < dist(z, La) + dist(z/, La),

but by (3.19) we have

/
dist(2', Ly) = ||2'|| dist(er, Ls) < ’r ‘w dist(z, Lo) < dist(x, Ls).
xr

On the other hand, using that (e;,2”) = 0 and (3.18) and again (3.19), we
obtain

[(e2, )| = [{e1 = e2,2")| < [ler — ezl - [la”|| < V2[|2"] dist(e1, L)

< \/5""3;’;‘ dist(z, L) < v2dist(z, Ls).

Putting these estimates together yields
dist(z”, Ly) < (2 + \/5) -dist(z, Ly).
Hence

lo — Az|| < [la" — A2’ + [|l2" — Az
< (V2+ (2+ v2) - 5™) dist(z, Ly) < 5™ dist(x, Ly),

which is the required estimate (3.17) for dimension m + 1. O
Now we are ready to prove Theorem 3.11.

Proof of Theorem 3.11. Let Cy and Cy be elements of KC,,,(X) for some m €
No. We have to show that there is a constant v(m) depending only on m
such that

16(C1) = b(Co)|| < v(m)(6cy + d¢r) du(Ch, Ca).

We split the proof up into four steps.

Step 1. We consider the case affspan(Cy) = affspan(Cy). Here we can
without loss of generality assume that Y := affspan(C}) is a linear subspace
of X of dimension m. We also assume that diam(C}) < diam(Cy). We write

r = dg(Cy, Cy) for the Hausdorff distance of the sets and set By(x,s) :=

B(z,s)NY forall z € Y and s > 0.
By the definition of the Hausdorff distance we have

02 Q 01 + By(O,T).
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The barycenters are elements of the sets, so there is an x € C] such that
|z — b(Cy)|| < r. If we have diam(C}) < r, this gives

[6(C1) = b(Co)|| < [[b(Ch) — || + [[z — b(Co)|
< diam(Cy) +r < 2r.

Since the regularity coefficients are bounded from below by 1, this implies
the required inequality (3.12).

If r < diam(C}) we first look at the special case C; C Cy. For a fixed
y € C7 and some Lebesgue measure A on Y we calculate

) =Ml = | 555 [ (o = DN = 55 [ e = A

Cy

SHA(@) [ =i - o [ - @
+HA(101) /CQ(gc—y)cu(gc)—A éz) /CQ(x—y)d)\(x) .

By the properties of the Bochner integral

1
[6(C2) =N <3y [, o, 1o = vl dA@)

+ (5@~ ) Lo le -l

MC?) MG | ACa)  MCy)
<diam(Cy) ( ACy) + Oy — )\(CQ)> ’
and hence
[6(C1) = b(Co)|| <2 diam(CQ))\(CQ))\(EI))‘(CI)
. )‘(Cl + By(()’r)) —\NCY) (3.20)
<2diam(Cy) e

We pick a ball B(x,s) in X containing C; with its center z in ¥ =
affspan(C}) and minimal radius s. Then by the definition of the regularity
coefficient (3.1) we have )\(By(x, s)) = ¢, A(C1). Since we are considering
the case r < diam(C), it follows that s > 0 and the dimension m of Y is not
zero, and hence we can apply Lemma 3.12 to obtain

A€+ By(0.1)) = M) < ((1 + Z)m _ 1) A(By(z,5))

_ ((1 4 Z)m _ 1) S MCh).
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Using that (T]Z) < m(m_l) for 1 < k < m, we calculate

k—1
r\™ " Im\ rk rd (m—1\rk1 r r\m1
1+5) —1= Tl Tl D)
<+5) ,;(k)sk_ms,;(k—l)sk—l ms( +5)

Putting everything back into (3.20) yields
m—1
[6(C1) = ()l < 2diamn(Caym’ (14 5)" ey

Since Cy C Cy 4 By(0,7) and diam(C;) < diam (By(x, s)) = 2s and by
assumption r < diam(C}), it follows that

diam(Cs) < diam(C}) + 2r < 6s.
Hence
16(C1) — b(Cy)|| < 12m3™ éc,r,

and the required inequality is shown for the case r < diam(C}) and C; C Cs.
For the case r < diam(Cy) with arbitrary C1,Cy € K(X) that have the
same affine span we define

03 = Cl + By(O,T),

where still r = dy(Cy, Cs). Then dy(Ch,Cs) < r and dy(Cs, Cs) < 2r, and
from the previous results it follows that

[6(C1) = b(Ca)[| < [[b(C1) = b(C3)|| + [[6(C3) — b(Co)]|
< 12m3™ (5o, + 260, < 71(m) (8¢, + bc,)r-

This gives inequality (3.12) with the constant v;(m) = 24m3™~!.
Step 2. We show the theorem for the case dim(C;) = dim(Cy) = m and

affspan(C}) N affspan(Cy) # 0.

By shifting the origin to a point in the intersection, we can regard affspan(C})
and affspan(Cy) as linear subspaces of X. By Lemma 3.13 there are a con-
stant ¢ depending only on m and a linear map A from affspan(C;) onto
affspan(Cy) such that the operator norms ||A| and ||A~!|| are bounded by ¢
and

|lx — Azx|| < (dist(z, affspan(Cy))
for all « € affspan(Ch).
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For every x € C; we have
|lx — Azx|| < (dist(z, affspan(Cy)) < (dist(z, Cy) < (dy(Ch,Cq).  (3.21)

In particular, since the barycentric map commutes with A and since b(Cy) €
C1, we get

|6(C1) — b(ACH)|| = ||b(Cy) — Ab(CY)|| < (du(Cy, Cy). (3.22)

Moreover, inequality (3.21) implies that dy (Cy, AC}) < (dy(Cy,Cy). By the
triangle inequality for the metric dy we get

du(ACY, Cy) < dy(Ch, ACY) +dp(Ch,Cs) < (C+1)du(Ch, Csy).

Thus, since affspan(Cy) = affspan(AC,), from the result for the special case
considered in Step 1 it follows that
[16(ACY) = b(C)|| < 1 (m)(dacy, + 6¢,) du(ACH, Cs)
< 71(m)(¢ +1)(0ac, + dc,) du(Ch, C).
Now we want to estimate the regularity coefficient d4¢, in terms of dc,.

We choose Lebesgue measures A; and Ay on L; := affspan(C}) and Ly :=
affspan(Cy), respectively, such that

(3.23)

A (B(:cl,r) N Ll) =\ (B(xg,r) N LQ). (3.24)

for all z; € Ly, 9 € Ly and r > 0. We write BLl(xl,r) for B(:pl,r) N Ly
and By, (s, 1) for B(zy,7) N Ly. Since ||[A7'| < ¢, we have the inclusion
A™'B;,(0,1) C (Br,(0,1), and hence

A\ (A*BLQ((), 1)) <\ (gBLl (0, 1)) = gmxl(BLl(o, 1)) = (") (BLQ(O, 1)).

The Lebesgue measure is determined by one constant, so this inequality holds
for all measurable sets in Ls; in particular we have

M (Cr) = M(ATTACY) < (A (ACY). (3.25)

We choose x € L; and r > 0 such that C; is a subset of B(z,r) and r is
minimal. By ||A]| < ¢ we get

AC, C ABy,(z,7) C Br,(Ax,(r).

Thus, by the definition of the regularity coefficient (3.1) and properties (3.24)
and (3.25), we have

)\Q(BL2(A:1:, CT)) _ Al(BLl(:B,CT)) B

S (BLI (x, r))
/\Q(ACl) - (_m)\l(C’l) N C

M (Ch)

dacy, < = ("6, .
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Combining this with inequalities (3.22) and (3.23), we finally get
16(C1) = b(Co) || < [[b(C1) = b(ACY)]] + [[b(ACL) = b(C)
< (CHmMm)(C+1)(Cmde, +0c,)) du(Ch, Ca).

Since ¢?™ and the regularity coefficients are bounded from below by 1, it
follows that

IB(C1) = HCI < (¢ + 1 (m)(C + 1)E™) (bes + 0s) dn (€, Co)
- 72(m) (501 + 502) dH(Clv CQ)

This finishes the proof of Step 2.

Step 3. We look at the case dim(Cy) = dim(Cy) = m with arbitrary
positions of the affine spans of C7 and C5. We choose two points x; € C and
x9 € Cy such that ||z1 —xs|| < dy(Cy, Cy). If we consider Cy = Cy+ 11 — 29,
then we have affspan(C}) N affspan(Cy) # 0. From the result of Step 2 we
obtain

16(C1) = b(Ca)|| < v2(m)(5c, + da,) dr(Ch, Ca).

Since 45, = d¢, and
di(Cr, Co) < du(Chr, Co) + |21 — || < 2du(Cy, Co),

this yields

16(C1) = b(Co)| < 292(m) (3¢, + bc,) dir(Cr, Ca).
Moreover, since b(Cy) = b(Cy) + 21 — x5, we have

1(C2) = b(Co)|| = [la1 — 22| < du(Cy, Co).

Thus, putting the inequalities together, we obtain

15(C1) = b(Co) || < [[B(Cr) = b(Co) | + [B(C2) = b(Co) |
< (272(7”) + 1)(501 + 502) dH(Ch C2)

This finishes the proof if C; and C5 have the same dimension.
Step 4. We consider the case that ¢} and C5 do not have the same
dimension, so without loss of generality we assume

[ :=dim(Cy) < m := dim(CY).
From the definition of the Kolmogorov widths (3.2) it follows that

diam(C1) > do(C1; X) > di(C1;X) 2 -+ + = dp1(C1; X) > 0,
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and Proposition 3.2 implies that
du(C1,Cy) > di(Cr; X) > dp—1(C1; X).
Hence,

diam(Ch) (diam(Ch))™
(O ) O

di ) <
lam(Cy) < = "L dy (Cr: X)

dH<Cla 02)7

and from Proposition 3.10 we get
dlam(Cl) S f(m) 6CldH(Cla CQ)

Since b(Cy) € Cy, we can pick an x € C} such that ||z —b(Cy)|| < dy(Ch, Cs),
S0 we get

16(C1) = b(C)|| < [B(Ch) = ]| + [lz = b(Co)| < diam(Ch) + du(Ch, Ca)

< b
< (&(m)dc, + 1) du(Cy, Cy) < E(m)(dc, + dcy) du(Ch, Cs),

and the proof of Theorem 3.11 is complete. ]

3.3 A Lipschitz continuous selector
A selector T': K(X) — X is dilation-shift equivariant, if

TtC +x) =tT(C)+=x
forallt e R, C € K(X) and z € X.

Theorem 3.14. There is a dilation-shift equivariant selector Sx : K(X) —
X with the following properties: For every m € Ny there is a constant 61(m)
such that

19x(C1) = Sx(C2)|| < 01(m) du(Ch, C) (3.26)

for all Cy,Cy € K,,(X); moreover, there is a constant 03(m) such that for
every C' € K,,,(X) there is an ellipsoid Ec with center Sx(C) that satisfies

EC - C - Hg(m) OS5x(C) Ec. (327)
The constants 01(m) and Os(m) depend only on m.

On the collection of the subsets of X that consist only of one point, Ko(X),
the definition of Sx has to be Sx({z}) = x for all z € X. By induction on
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m we extend the selector to subsets of higher dimension. We assume that
for some fixed m € Ny there are constants ¢;(m) and 65(m) and a selector

SX/ : ]Cm(X) — X

such that Sy’ is dilation-shift equivariant and Lipschitz continuous with Lip-
schitz constant ¢;(m), and that for every C' € K,,(X) there is an ellipsoid
E¢ such that

EC g C Q Gg(m) OSX/(C) Ec.

We have to show that Sx’ can be extended to a dilation-shift equivariant
selector Sy : Kp1(X) — X that satisfies (3.26) and (3.27) with constants
O1(m + 1) and O5(m + 1). The proof of this is again built on several lemmas.

Lemma 3.15. If T is a Lipschitz continuous dilation-shift equivariant map
from (Koo (X), dur) to (X, ||-||) with Lipschitz constant &, then T' has an exten-

sion T : Kpni1(X) — X that is also dilation-shift equivariant and Lipschitz
continuous with the same Lipschitz constant.

Proof. As mentioned in the introduction to this chapter, in this proof we
use that X can be regarded as the space (. (U) of bounded real-valued
functions on some set U. The norm of every x € X is then given by
|lz|]| = sup,ep |z(uw)|. For every set C' € K,,41(X) we define the function
T(C) € Lo (U) by setting

T(C) (1) = ; ot (TR @) + ke du(K, )
+ ; oup (T(K)(w) = kdu(K,C))

for all u € U.

We first show that both the infimum and the supremum in the definition
are finite. Let C' be an element of K,,,1(X). By the triangle inequality for
dy and the Lipschitz continuity of 7" on KC,,,(X) we have

T(K) () + 5 (K, C) = T(K)(u) + #(du ({0}, K) — du({0}, ©))
> T(K)(u) + T({0})(u) = T(K)(u) — £ du({0},C)
= =K dH({0}7 C)

for every K € KC,,,(X) and u € U. Thus, we get

(T(K)(w) + kdu(K,C)) > —kdu({0},C).

inf
Kelm(X)
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Similarly, it follows that

P (T(K)(u) - kdu(K,C)) < kdu({0},C).

We now verify that T is an extension of T, that is, T(C) = T(C) for all
C € K,,(X). To this end, we show that

inf (T(K)(u) + kdy(K,C)) = T(C)(u) (3.28)

KeKm(X)

for all uw € U. Clearly, T(C')(u) is greater than or equal to the infimum. We
assume that there are K € K,,,(X) and u € U such that

T(K)(u) 4+ kdy(K,C) <T(C)(u).
This implies
kdp (K, C) <[T(C)(u) = T(K)(u)] < [|T(C) = T(K)],

which is a contradiction to the definition of the Lipschitz constant . Thus,
equality (3.28) holds. In the same way it can be shown that

P (T(K)(w) = kdu(K,C)) = T(C)(u),

hence the definition of T' coincides with T on Ko (X).
In order to show the Lipschitz continuity of 7', we have to prove that

sup | T(C1)(w) = T(Ca)(w)| < ki (C1, o) (3.29)

for all C,Cy € K,i1(X). We fix v € U and show that
‘; inf (T()(u) + s dn (K. C1)) - ; inf (T(5)(u) + o dy (K, 02))‘
< ;ndH(C’l, ). (3.30)
For a given € > 0, we pick a set K’ € IC,,,(X) such that
T(K')(u) + kdu(K',Cs) < inf (T(K)(u) + k du (K, Cs)) +e.
It follows that

;i%f (T(K)(u) + kdu(K,Ch)) — ;i%f (T(K)(u) + £ du(K,Cy))

(
< ;(T(K’)(u) +rdu(K',C1) = T(K')(u) = kdp(K',Co) + )

< ;</<;dH(C’1,Cg) +5>.
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The same holds if we interchange C and Cy, so inequality (3.30) follows.
Similarly, an analogous inequality can be shown for the term with the supre-
mum in the definition of 7. By putting these inequalities together we get
(3.29).

It remains to verify the dilation-shift equivariance of 7. Let t € R, C' €
Kmi1(X) and z € X = £,(U) be given. We need to show that T(tC' + z) =
tT(C) 4 z. For all u € U we have

; inf (T(K)(w) + rdy (K, 1C + 1)) + ; sup (T(K)(u) = kdu (K tC + 1))

= ; inf (T(tK + 2)(u) + kdy (tK + 2,tC + x))

1
+ 5 sup (T(tK +2)(u) — 5 dy(tK + 2,1C + ).
K

Furthermore, dy (tK + x,tC' + ) = |t| dy (K, C) for all K € K,,(X). Conse-
quently, using the dilation-shift equivariance of T'; in the case t > 0 it follows
that

T(tC + )(u) = ;t inf (T(K)(u) + kdu(K,C)) + ;x(u)

+ ;ts?(p (T(K)(u) = kdu(K,C)) + ;x(u)

If t <0, then

inf (17 (K) () + [t|s dn (K, C)) = tsup (T(K)(u) = kdu(K,C))

and

sup (tT(K) (u) = |tk du (K, C)) = tinf (T(K) () + kdu(K,C)),

so in both cases we get

T(tC + z)(u) = tT(C) + 2(u)
as required. [

The map Sy’ : K,,(X) — X is dilation-shift equivariant and Lipschitz
continuous with Lipschitz constant ¢, (m). By Lemma 3.15 there is a dilation-
shift equivariant extension S : KC,,41(X) — X such that

1S(Cy) — S(Cy)|| < 01(m) dig(Ch, Cs) (3.31)
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for all C1,Cy € K1 (X). We use S for the definition of the extension
Sx : Kpmi1(X) — X, but first we set

n = 8mby(m),
and for every C in ICp,11(X) we define
T (C) = 87101 (m) d,,(C; X)

and

C:=CnB(S(C),rm(C)). (3.32)
For C' € K,ni1(X) we now define Sx(C) to be the barycenter of C;
Sx(C) = b(C).
From now on we abbreviate d,,(C; X) to d,,(C) for all C' € K£(X).

Lemma 3.16. The map Sx defined above is an extension of Sx’' and a
dilation-shift equivariant selector on K, 411(X).

Proof. If dim(C) < m we have d,,(C) = 0 and hence C' = {S(C)} =
{Sx'(C)}. Therefore, on K,,(X) the map Sy coincides with the already
defined map Sy’ and hence is an extension.

If dim(C') = m+1, we have to check that C' is nonempty. Since d,,(C') > 0
by Proposition 3.2 there is a set K € K,,(X) such that dy (K, C) < 2d,,(C).
Since S(K) € K, by the definition of the Hausdorff distance there is an z € C
such that )

o — S(K)| < du(K.C).

Thus, by the Lipschitz continuity of S we get

lz = SO < ||z = SE)|| + [|1S(K) = SO
< dp(K,C) + 01(m) du (K, C) < 2(1 + 6:(m)) du(C).

Noting that all the involved constants are greater than or equal to 1, this
implies ||z —S(C)|| < rm(C), and hence C' is nonempty. Moreover, since the
barycentric map is a selector, we see that

Sx(C)=bC)eCcCC
and Sx is a selector.

Finally, we show that Sy is dilation-shift equivariant. Let ¢t € R, C €
Kms1(X) and y € X be given. The definition of the Kolmogorov m-width
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implies d,,(tC' +y) = [t|d,,(C) and hence also r,,(tC +y) = [t|r,,(C). This
and the dilation-shift equivariance of S show that

B(S(tC +1),mm(tC +y)) = B(tS(C) + y, |t|rm(C))

tB(3(C), rm(C)) +.

Therefore,
(tC +yV = (tC +y) N B(S(tC + 1), rm(tC +y))
= (tC +y) N (tB(S(C),7(C)) + )
=t(CNB(S(C),rm(C))) +y =tC+y.

The barycentric map commutes with invertible affine maps, in particular it
is dilation-shift equivariant. Therefore,

Sx(tC +y) = b((tC + yT) = b(tC +y) = tb(C) +y = tSx(C) + v,
and the dilation-shift equivariance of Sx follows. O

Our next goal is to show that for every C' € K,,,11(X) there is an ellipsoid
E¢ such that the inclusion relations (3.27) are satisfied with some constant
Os(m + 1). For C' € K,,41(X) with dim(C') < m this already follows from
the induction hypothesis. For this part of the proof we hence assume that

dim(C) =m + 1.

Some of the following lemmas are used again to show the Lipschitz con-
tinuity of Sx. First we consider the case do(C) < n™d,,,(C).

Lemma 3.17. If dy(C) < n"d,,(C), then
Cc B(E(C),;rm((]))

and the regularity coefficient dx is bounded by a constant that depends only
on m. Furthermore, there is an ellipsoid Ec with center Sx(C') such that

FEc CCC Bogy) Ee,
where the constant B depends only on m.

Proof. By the Lipschitz continuity of S we see that for all z € C
lz = SO = 15({z}) = S(O)I| < b1(m) dr({z},C) < 61(m) diam(C).
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By assumption do(C') < n"d,,(C) and from the definition of the Kolmogorov
0-width it follows that diam(C') < 2dy(C'), so

C C B(S(C),0:(m) diam(C)) € B(S(C), 201 (m)n™d,(C))
c 5(3(0) ;rm(C)).

This implies C' = C and hence 0 = dc. The Kolmogorov widths satisfy
do(C) > di(C) > -+ > d,(C), so by Proposition 3.10 we get

(diam(C))™*!
[T dn(C)

(2™ dm (€)™
(dm(C))m 41

Thus, the regularity coefficient d~ is bounded from above by a constant that
depends only on m.

Since Sx(C) = b(C) = b(C), we can use Proposition 3.8 to show the
existence an ellipsoid E¢ centered at Sx(C') satisfying the required inclusion
relations with constant 5(m + 1). O

b < &(m+1)

<&m+1) = 2" (m 4+ 1) pmm+D),

For the rest of this part of the proof we assume that

do(C) > n"d,,(C).

Since
m_ Go(C)  do(C)di(C)  dma(C)
T] < — P ,
dn(C)  di(C)d2(C)  dn(C)
. . d,(C)
there is at least one index k € {0,...,m— 1} such that > 7. We set
di+1(0)
de(C) }
n:=maxsk : >n0<k<m-1 3.33
b 2 > (3.3

and
p = mp(m) Oz (m),
where ((m) is the constant from Proposition 3.8.

Lemma 3.18. There is an ellipsoid E of dimension n+ 1 such that

5= 8(C)I < 5rm(©)

where % is the center of E, and

ECC CposE+ B0, d,,(C)).
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Proof. Since d,+1(C) > 0, by Proposition 3.2 there is a convex set K €
Ki1(X) of dimension n + 1 such that

dy (K, C) < 2d,.1(C). (3.34)

We have n+ 1 < m, so by the induction assumption there is an ellipsoid Fx
satisfying

Ex C K C 0y(m) og,(k) Ek- (3.35)
By Proposition 3.9 there is a simplex Dy with vertices vyo,..., Y11 € Ex
such that )
- OSx/(K) Ex C Dk C Ex (3.36)
and

1 '
b(Dg) = m(yo + o F Ynp) = Sx(K).

By the definition of the Hausdorff distance there are points zg, ..., 2,1 € C
such that ||zx — x| < du(K,C) for all k € {0,...,n+ 1}. The set D¢ :=
conv({zo, ..., 2zn+1}) by (3.34) then satisfies

di(De, D) < max ||z — yil| < d(K,C) < 2dpn(C).  (3.37)

T 0<k<n+1

We now show that Ds has dimension n + 1. The Lipschitz continuity of
the Kolmogorov widths (Corollary 3.3), inequality (3.34) and the definition
of n (3.33) give

dn(K) > dn(c) - dH(K7 C) > dn(C) - 2dn+1(c) > ndn+1(c) - 2dn+1(0)'

Since 2 < 7, we get

do(K) > pdyi1(C) = 2dyir (C) = 2d,1(C),

2 2
and from (3.35) and (3.36) and since n = 8m#by(m) it then follows that
2 205(m 2mby(m 1
uar(€) < 20, (K) < 275 ) 4,(Ex) < ;”dn(DK) — (D).

Consequently, by (3.37) and the properties of the Kolmogorov widths we
have

d,(D¢) > dy(Dy) — dy(De, Di)
> 4d,y i1 (C) = 2dy i1 (C) = 2dpir (C) = 2 (C).

We have dim(C') = m + 1 by assumption, so d,,(C') > 0 and hence also
d,(D¢) > 0. Thus, D¢ is an (n + 1)-dimensional simplex.
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We set
Z = b(Dc) =

(20 ++++ + znt1)-

n+ 2
The definitions of the points y, and z; yield
. 1 n+1
st
12 = S5Ol = g e = o)
1 n+1

W2 Z 2 — yill < du(K,C).

Since K € K,,(X), we have Syx'(K) = S(K), so (3.31) implies
1Sx"(K) = S(O)|| < 61(m) du (K, C),
and from (3.34) it now follows that
12 = SO < |2 = Sx"(F)|| + [18x" (k) = S(O)|
By the definition of n it holds that

dnJrl(C) _ dn+1(C) . - (C) m—(n+1) ~ 77m

0C) ~ @) dic) =7 =

and hence the required inequality

(3.38)

|2 = SO < 476 (m)(C) < 5rn(C)

follows.
By Proposition 3.8 there is an ellipsoid E of dimension n + 1 centered at
Z satisfying
E C D¢ C B(m)o: E. (3.39)

Clearly, E is a subset of C'. By (3.35), (3.36) and (3.37) we get the inclusions
K C 0y(m) ogx) Ex € (mGQ(m)) ogy/(K) Dk
= mbs(m)(Dx — Sx'(K)) + Sx'(K)
€ my(m)(De + B(0,2dy11(C))) = (mba(m) — 1)Sx"(K).
Furthermore, by (3.39) we have

KCm92(m)(ﬁ( )(E = 2) + 2) + (1 — mba(m)) Sx'(K)
B(0,2mb2(m)dy+1(C))

( B(m)ba(m)) oz E + (my(m) — 1) (2 — Sx'(K))
+ B(0,2m02(m)d41(C)).
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Since ||Z — Sx'(K)|| < du(K,C) < 2d,41(C), this yields
K C (mﬁ(m)ﬁg(m)) o;: E + B(O, (4mby(m) — 2)dn+1(0)>,
and from (3.34), (3.38) and the definitions of  and u it now follows that

C C K + B(0,2dy41(C)) C (mB(m)0s(m)) oz E + B(0, 4mba(m)dy41(C))
C poz E+ B(0,7"d,(C)),

which finishes the proof. ]
Lemma 3.19. Let Z be the point from Lemma 3.18. There is a point w € C
such that

lw = 2| < " *1d(C)
and

1
Blw —
(w, 2pa(m + 1)

where a(m + 1) is the constant from Proposition 3.7.

dm(C)> N affspan(C) C C,

Proof. The ellipsoid E from Lemma 3.18 satisfies £ C C. Moreover, there
is a point u € p oz E such that

15(C) = ull < 9™ d (O).
We consider the line through u and 2. If u = %, we pick any line in affspan(E)
passing through w. This line intersects the boundary of E in affspan(E) in
two points v and v'. Without loss of generality we assume that ||v/ — ul| <
|l — u||. Then Z is contained in the closed line segment with endpoints u
and v, and since u € p oz E it follows that

lo —ull = llo =2l + 12 = ull < llo= 2| + pllv = 2|

Thus, ¢ := =2 satisfies

l[o—ull

o=zl 1

1>t> .
(L4 p)llo =2l — 24

and
zZ=(1-1t)v+ tu.

We set w := (1 — t)v + tb(C'), then by the definition of u we have
lw = Z[ = #[b(C) = ull < [[B(C) = ull < 7™ du(C).
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By Proposition 3.7 there is a constant a(m + 1) depending only on the
dimension m + 1 of C' such that

B(b((]), !

M%(C)) A affspan(C) C C.

Since C'is convex and v € C, this yields

B(w, a(mt—i—l)dm<c)) N affspan(C)

= (1= 0o+ eB(b(0), ! >dm(C))> A affspan(C) C C,

a(m+1
and from (2u)~! <t the result follows. O

Lemma 3.20. The set C defined by (3.32) has dimension m + 1 and its
reqularity coefficient 6 is bounded by a constant that depends only on m.
Furthermore, we have d,,(C) < vd,,(C), where the constant v only depends
on m.

Proof. Let w be the point from Lemma 3.19 and define the set

1

K = B(w, A
2ua(m + 1)

dm(0)> N affspan(C').

By the definition of w and Lemma 3.18 for every z € K we have
lz = SO < lle — w|| + flw — 2| + |2 = S(O)

1 m+1 1
< S 1) (O " (C) + 57n(C),

and since by definition r,,(C) = 8™, (m)d,,(C) it thus follows that

lz = SO < X+ 7™ ) du(C) + ;Tm(C) < 7m(C).

Hence, K C B(S(C),7»(C)), and by Lemma 3.19 we also have K C C, so
K C C'. Since

m + 1 = dim(affspan(C)) = dim(K) < dim(C) < dim(C) = m + 1,
we have dim(C) = m + 1. By definition (3.1)
AB(S(C ) n(C)) N affspan(C) )

)\(B(w d,(C))N affspan(C))
)m-i-l

oc

IN

) 2uoc(m+1

= (16pa(m + 1)p™+6:(m)

’
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so & is bounded by a constant that depends only on m.

We know that d,,,(C) < --- < do(C) < diam(C'), so Proposition 3.10 gives
us
(diam(C))™ ™ < &(m + 1)65d,, (C)(diam(C))™.

Since K C C', we have mdm(C) < diam(C). Thus,

Ay (C) < po(m + 1) diam(C) < pa(m + 1)éE(m + 1)0adm (C),
and from the boundedness of d the result follows. O

Lemma 3.21. There is an ellipsoid Ec with center Sx(C) such that
Ec € C C Brosy) Ee,
where By is a constant depending only on m.

Proof. Let E be the ellipsoid with center Z from Lemma 3.18. From the
definitions of C' and Sx(C) it follows that || Sx(C) — S(C)|| < rm(C), thus

1Sx(C) = 2] < |ISx(C) = SO + [|S(C) - ]

1 (3.40)
< r(C) + irm(c) <271, (C) < pdpy(C),

where p = 1696, (m). From Lemma 3.20 we know that dim(C) =m + 1,

so affspan(C') = affspan(C') and by Proposition 3.7 we have

B(b(0), a(ml—i—l)dm(é)) A affspan(C) C C.

Since d,,(C) < vd,,(C) by Lemma 3.20 and b(C') = Sx(C), this implies

1

B= B(SX(C),W

dm(C)> N affspan(C) C C.

We consider the line passing through z and Sx(C), if 2 # Sx(C), or any
line through 2 in affspan(C') otherwise. There are two points v and ¢’ in the
intersection of this line with the boundary of B in affspan(C'). Without loss
of generality the closed line segment with end points v and Z contains Sx (C').
From the definition of B and (3.40) it follows that

1

o =21 = llo = Sx(O))| + 18x(C) 2 < ;s

dn(C) + pdm(C),
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so that ¢ := W=5x (O gatishies

llv—z||
1 1
1>¢>—votmt) . (3.41)
m‘f‘ﬂ 1+pua(m+1)
Moreover, we have
Sx(C) = (1 — t)v + t2. (3.42)

The ellipsoid 3
E' :=(1-tv+tE

then has its center at Sx(C), and since v € B C C and E C C, by the
convexity of C also ' C C. Thus the set K defined by

1 1
K=-E+-B
SR

also is contained in C'. Furthermore, K is symmetric with respect to Sx (C),
so that b(K) = Sx(C). By Proposition 3.8 there is an ellipsoid E¢ centered
at Sx(C') that satisfies

Ec CKC 5(m + 1) 084 (C) Ec. (343)

We show that E fulfills the requirements of the lemma.
It immediately follows that Fc C K C C. By the definition of E’ and
(3.42) we get

E=tYE —(1-tv)=tYE —Sx(C)) + 2,
and the properties of E from Lemma 3.18 then yield

O C poz B+ B(0,7™dn(C))
= ut™ (E' = Sx(C)) + 2 + B(0,n" "' d,u(C))
= (ut ™) osyicy B + (2 = Sx(C)) + B0, 4, (C)).
By (3.40) we obtain
C C (ut™") osx(e) E'+ B(0, (p+ 1™ )dn(C)),
and since 7! < 1+ pra(m + 1) by (3.41), it follows that
C

CC (u(l + pra(m + 1))) ogy(c) B + B(O7 (p+ nm+1)dm(C’))
T
2va

7 n(©)

OSX(C) E/+B<0, W

(R
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with 7 := 2u(1+pra(m+1))+2(p+n™ ) va(m+1). Clearly, C' C affspan(C),
so by the definition of B we hence get

T T
CC E(E, — Sx(C)) +5x(C) + 5(3 - Sx(0))
1 1
:TQEde—SAm)+&ﬂn=T%M@K.
Finally, from (3.43) it follows that C' C (78(m + 1)) og,(c) Ec, which is the
required inclusion for f; := 75(m + 1). O

This lemma finishes the proof of the existence of the ellipsoid E¢; to
complete the proof of Theorem 3.14 we need to show that Sy is Lipschitz
continuous. For this we need two more auxiliary lemmas. The proof of the
following lemma is adapted from [10, Lemma 5.3].

Lemma 3.22. Assume that the set C C X is convex, x € X andr > 0 such
that the intersection of C with B(x,r) is nonempty. Then

(C’ + B(0, s)) N (B(:L‘, 2r) + B(0, s)) C C'N B(x,2r)+ B(0,7s)
for all s > 0.
Proof. If r =0, then x € C' by assumption and
(C+B(0,5)) N (z+B(0,s)) =2+ B(0,s) €z + B(0,7s)

for all s > 0. To show the lemma for the case r > 0 we can without loss of
generality assume that x = 0. Thus, it suffices to prove

(C+B(0,5)) N B(0,2r +5) € C N B(0,2r) + B(0, 7s).

Let y be an element of (C - B(O,s)) N B(0,2r + s). There is a point
v € C such that |[v —y|| < s. If [|v]| < 2r, then v € C N B(0,2r) and hence

y € CNB(0,2r) + B(0,s) C C N B(0,2r) + B(0,7s).

We from now on assume that ||v|| > 2r. By the hypothesis of the lemma there
is a point v € C'N B(0,r). We choose the parameter ¢, where 0 < ¢ < 1, so
that the point

vpi=1t0' 4+ (1=t

satisfies ||vy|| = 2r. From the convexity of C' it follows that v, € C. The
definition of v implies

[oll < llyll + s < 2r + 25, (3.44)
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so we get the estimate
2r = [Joe|| < tlo']] + (L= D)vll < tr+ (1= )(2r + 25),

which yields

2s
t < .
T r+42s

Thus, by the definition of v; and (3.44),

2 2
o= vl = tllo =/ < (ol + W) < ——5-(2r + 25 +7)
2s(3r + 6
- s(3r + 6s) _6s.

r+2s

and
lve =yl < floe — vl + |lv —y|| <6s+s="7Ts.

Since v; € C'N B(0,2r), this implies y € C' N B(0,2r) + B(0, 7s).

]

Lemma 3.23. Let C and Cs be convex subsets of X, and let 1,25 € X

and r1,m9 > 0. If Oy N B(x1,71) # 0 and Cy N B(xy,75) # 0, then

dH<Cl N B(l’l, 2T1), CQ N B(I‘Q, 27"2))

< 7(du(Cy, Co) + ||y — w2l + 2l — 1),

Proof. We define s by
s =dp(Cy,Cy) + ||z — x2|| + 2|r1 — 72l
From the definition of the Hausdorff distance it follows that
Cy C C1 4 B(0,dy(Cy, Cy)) C Cy + B(0, ).
Furthermore, since for all y € B(x, 2r3) we have

|y — 1] < |ly — 22| + |72 — 21| < 212 + |22 — 24|
< 2r1 4 2|re — | 4 [Jog — 21| <211 + 5,

we get - - - -
B(x,2r5) C B(xy1,2r + s) = B(x1,2r) + B(0, s).

These inclusion relations together with Lemma 3.22 then yield

Cy N B(mz, 2r9) C (C’l + B(O, s)) N (B(xl, 2r) + B(O, 8)>
C Oy N B(wy,2r1) + B(0,7s).
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Clearly, this also implies that
Cl N B(l'l, 27”1) g 02 N B(I‘Q, 27"2) + B(O, 75),

SO

dH(C’l N B(xy,2r1), Cy N Bz, 2r2)) <Ts
as claimed. [
Lemma 3.24. There is a constant 01(m+ 1) depending only on m such that
15x(Ch) — Sx(Co)|| < 01(m + 1)dp(Ch, Co)
for all Cy,Cy € Kyppr (X).

Proof. Let C' be an element of K,,1(X). If dim(C) < m, then S(C) =
Sx(C) € C. If dim(C) = m + 1, then by Lemma 3.17 in the case do( ) <
n"d,, (C) we have C' € B(S(C), 2 'r,,(C)), and in the case dy(C) > 1"d,, (C)
by Lemma 3.18 there is a point 2 € C such that [|Z — S(C)|| < 2 L (C).
Hence in all cases it follows that

B(5(C) ;rm(0)> NC 20,
By Lemma 3.23 for all Cy, Cy € K,,41(X) we have
d(Cy, Ca) = dy (C1 0 B(S(Ch),mm(Ch)), Co N B(S(Ch), rm(C2)))
< 7(dr(Ch, Ca) + [IS(Ch) = S(Co)l| + Irm(Ch) = 7m(Co) )

Inequality (3.31) gives us

15(Cy) = S(Co)|l < O2(m)du(Ch, Ca),
and from Corollary 3.3 it follows that
|7 (C1) = 1m(Ca)| = 8™ 101 (m) | dyn (C1) = din (C2)| < 87101 (m)dpg (C1, C).
Thus, from the definition of Sy and Theorem 3.11 we get

15x(C1) = Sx(Co)ll = [[6(Ch) = b(Co) || < ~v(m +1)(b¢, + I, )du(Ch, Ca)
< y(m+1) (6, + 0a,) 70010 (m)dy (Cy, Ca).
For every C' € K,,4+1(X) the regularity coefficient ¢ is bounded by a constant
depending only on m. If dim(C') = m + 1, this follows from Lemma 3.17 in

the case do(C') < n™d,(C) and Lemma 3.20 otherwise. For sets C' with
dimension less than or equal to m we have C' = {Sx(C)}, so 65 = 1. O

This lemma finishes the proof of Theorem 3.14.
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3.4 Proof of the main theorem

We are now ready to prove Theorem 3.1. We recall that (M, p) is a pseudo-
metric space, where the pseudometric p takes values in [0, +o0]; by A, (X)
we denote the collection of affine subspaces of the Banach space X that have
dimension at most m. The theorem states that a map F : X — A,,(X)
has a Lipschitz continuous selection with Lipschitz constant x(m) if every
restriction of F to a finite subset of M consisting of at most 2! points has
a Lipschitz continuous selection with Lipschitz constant 1.

The proof works by induction on m. For a map F' : M — Ay(X) sat-
isfying the theorem’s hypothesis for m = 0, the selection is trivial and has
Lipschitz constant x(0) = 1. We now assume that the theorem is shown up
to dimension m € Nj.

Let FF: M — A,+1(X) be a map such that every restriction F|y to
a finite set N C M with at most 2""2 points has a Lipschitz continuous
selection with Lipschitz constant 1. We have to show that F' has a Lipschitz
selection that has a Lipschitz constant x(m + 1) depending only on m.

Let v and w be two distinct points in M. By assumption the restriction
Flvw) has a Lipschitz selection with constant 1, that is, there are points
aj(v,w) € F(v) and ay(v,w) € F(w) such that

a1 (v, w) — az(v, w)|| < p(v, w). (3.45)
The set
C(v,w) := F(v) N (F(w) + a1(v,w) — az(v, w) + B(0,2p(v,w))) ~ (3.46)
is then nonempty, closed, convex and symmetric with respect to a; (v, w).

Lemma 3.25. The set C(v,w) defined in (3.46) can be represented as

Clo,w)= () (F)N(Li+B(0,r))),

i€l (v,w)

where I(v,w) is a suitable index set and for all i € I(v,w) we have r; €
[0, +o0] and L; € A,,,(X) such that L; C F(v) and ay(v,w) € L;.

Proof. 1f dim(F(v)) = 0, then C(v,w) = F(v) = {a1(v,w)} and the repre-
sentation is trivial. In the case dim(F'(v)) > 1 we assume without loss of
generality that F'(v) is a linear subspace of X with origin a;(v,w) = 0. We
choose a set of indices I(v,w) and affine subspaces L; such that

{L;:iel(v,w)}={LeA,(X): 0 Land L C F(v)}.
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Moreover, for every ¢ € I(v,w) we define r; € [0,400] by
r; =inf{r > 0: C(v,w) C L; + B(0,r)}.
Clearly, those definitions imply
Clw,w) € () (F)n(Li+ B0,1:))),

i€l(v,w)

To prove the opposite inclusion let z be a point in F'(v) \ C(v,w). We have

to show that there is at least one index 4 such that L; + B(0,r;) does not
contain x.

We consider an inner product (-, -) on the finite-dimensional space F'(v).
By the hyperplane separation theorem (see [11, Theorem 1.3.4] for example),
there are a vector z € F'(v) \ {0} and a scalar s € R such that

(x,z) >s, and (y,z) <s forall ye Cv,w). (3.47)
There is an index ¢ € I(v,w) such that
Li={y € F(v): (y,2) = 0}.
The affine hyperplane H C F(v) defined by
H={yeF(): (y,z2) = s}

is parallel to L;. Hence, there is a real number r > 0 such that for all y € H
we have dist(y, L;) = r, where the distance is calculated with respect to the
original norm on X.

Since C'(v,w) is symmetric with respect to the origin, (3.47) implies that
|(y,z)| < s for all y € C(v,w). It follows that dist(y, L;) < r for all y €
C(v,w) and dist(z, L;) > r. Thus, r; < r and the point z is not contained
in LZ+B(O,T’Z) O

We define the set
M= {t=(v,w,i): v,we M, icl(v,w)}

and put py(9) := v, pa(9) := w and (V) := i for ¥ = (v, w,i) € M. For two
distinct points © and ¢’ in M we define their distance

p(0,0") := p(p1(0), p1(0")) + i) + rin

and we set p(0,0) := 0, making (Z\Z[ , p) a pseudometric space.
Moreover, we define the map F': M — A,,(X) by setting

F(0) := Ly (3.48)
for all o € M.
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Lemma 3.26. The map F defined by (3.48) has a Lipschitz continuous se-
lection f: (M,p) — (X, || - ||) with Lipschitz constant k(m), where k(m) is
the constant from Theorem 35.1.

Proof. We can use the induction assumption for m if we show that £ : M —
A, (X) satisfies the hypothesis of Theorem 3.1. Let N be a subset of M with
|N| < 27+1. We have to show that there exists a selection fg of F|g with
Lipschitz constant 1.

The set N := p;(N) U po(N) is a subset of M satisfying |[N| < 27+2. By
the assumptions on the map F, its restriction F'|y has a Lipschitz continuous
selection fy : N — X with Lipschitz constant 1. For all v,w € N we have,
by (3.45),

[fn () = fv(w) = ar(v, w) + as(v, w)|
< [lfn(v) = fn ()l + llar (v, w) = as(v, w)|| < 2p(v, w),

so the definition (3.46) of C'(v,w) implies that fy(v) € C(v,w). Hence, by
Lemma 3.25 and the definition of F, for every ¢ € M it follows that

In(p1(8)) € Ligy + B(0,735)) = F(8) + B(0, riz).-

In order to define a selection fN : N — X, for every o € N we can thus
choose a point fy(0) € F(0) such that

|75(@) = fx(pr(0))]| = dist (£ (p2(9)), F(5)) < r:¢5).

Then for all 3,7 € N we have

HfN(ﬁ) — fx( HfN — In(pr(0 ))H + Ti@) + T
Sp(p1< )apl( ))+TZ(U)+TZ(TJ’) :ﬁ(@a@/)a
which shows the required Lipschitz continuity of f N- [

In the following lemma we use that the Banach space X is a space (o (U)
of bounded real-valued functions on some set U (see the explanation after
the statement of Theorem 3.1 at the beginning of the chapter). The proof of
the lemma is based on [12, Lemma 3.2].

Lemma 3.27. Let K be a map from a pseudometric space (M, p) to the col-
lection of all closed balls in X = oo (U) with radius r € [0, +00]. Assume that
for all v,w € M the restriction K|} has a Lipschitz continuous selection
with constant 1. Then the map K also has a Lipschitz continuous selection
with Lipschitz constant 1.
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Proof. We first prove the lemma for the case X = R, where K is a map from
M to K(R) U{R}. For v € M, we set

a(v) :=inf{t: t € K(v)} € RU{—o0}

and
b(v) :=sup{t: t€ K(v)} € RU{+o0},
so that we either have K(v) = [a(v),b(v)] or K(v) = R.
By assumption, for all v,w € M there are s € K(v) and ¢t € K(w) such
that |s — t| < p(v,w). Thus, it follows that

a(v) < s < pv,w) +t < p(v,w) + b(w). (3.49)

We define .
F(v) = inf (b(w) + p(v, w)),

weM
then k(v) < b(v) and by (3.49) we also have a(v) < k(v).

We show that k(v) > —oo for all v. If k(v) < +oo, then there is a
point v' € M such that b(v') + p(v,v") < +oo. This implies p(v,v") < +o0,
b(v") < 400 and hence also a(v') > —oo. Thus, by the triangle inequality
and (3.49), for all w € M we have

b(w) + p(w,v) > blw) + p(v',w) — p(v,v") > a(v') — p(v,v") > —o0,

which proves the claim. .
Since it is possible that k(v) = 400, we define the function k : M — R
by setting
k(v) if k(v) €R
vy o [F0) iR € R
0 if k(v) = 400

for all v € M. If v € M such that k(v) = +oo, then K (v) = R 3 0, otherwise
k(v) € [a(v),b(v)], so k is indeed a selection of K. It remains to show that
k : M — R is Lipschitz continuous.

Let v and w be points in M. If k(v) = k(w) = 400, then |k(v) — k(w)| =
10— 0] < p(v,w). If k(v) < +oo and k(w) = +oo, then there is a point
v" € M such that

b(v') + p(v,v') < +oo, but (') + plw,v') = +oo.

This implies p(v,v") < 400 and p(w,v") = +00. Therefore, we can conclude
that [k(v) — k(w)| < +o0 = p(v,w).
In the case k(v), k(w) € R, for a given € > 0 we pick w’ € M such that

b(w') + p(w,w') < k(w) +e.
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Then, again using the triangle inequality, we obtain
k(v) — k(w) < b(w') + p(v,w") = bw') — p(w,w") + & < p(v,w) +¢.

Similarly, we can show that k(w) — k(v) < p(v,w) + € for all € > 0, which
implies |k(v) — k(w)| < p(v,w). Hence, k is the required selection with
Lipschitz constant 1.

Now we consider the general case X = ((U). For every v € M the
image of v under K is then of the form

K(v) = B(f,r) = {g € l=(U) : |g(u) — f(u)] < rVue U}
for some f € (oo(U) and r € [0,400]. For v € U we set
K.(v) = B(f(u),r) C R,

then K, : M — K(R) U {R} satisfies the hypotheses of the lemma with
X = R. By the result of the first part of the proof there is a selection k, of

K, such that
|ku(v) = ku(w)] < p(v, w)

for all v,w € M. We define k(v)(u) := k,(v) for all v € M, so that k : M —
(oo (U) is the required selection. O

Lemma 3.28. Let f : M — X be the function from Lemma 3.26. There
is a Lipschitz continuous function g : M — X with Lipschitz constant k(m)
such that

HQ(U) - JE@)H < K(m)rigs)
for all © € M with p,(9) = v.

Proof. For o, 7' € M we set
p(0.7) = s(m) p(p(D), 12 (7)),

then p : M — [0,+0c] is a pseudometric. We define the map K on M by
putting o
K(9) = B(f(®), s(m)ri))

for all & € M. By the Lipschitz continuity of f on (M, p), for all 0,7 € M
we have

| @)= f@)

< K(m) p(0,7") = H(m)@(pl(@),]?l(@’)) + Tiw) Ti(fﬂ))-
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Thus, there are points € K(0) and 2’ € K(9') such that

~/

|z — || < k(m) p(p1(3), (7)) = (5. 7).

The map K hence satisfies the hypotheses of Lemma 3.27, so there is a
selection g : (M, p) — X that satisfies

[9(@) = 3| < p(0,) = K(m) p(p1(8), 1))

for all #,7' € M. If p1(0) = p1(?'), we therefore have g(9) = g(?'). For a
given v € M we pick © € M such that p;(0) = v and set

9(v) == §(v).

The map g : (M,p) — X is then well-defined, Lipschitz continuous with
Lipschitz constant x(m), and satisfies

9(0) - F(&)

lg(v) = F(@)] =

for every v € M and & € M with p,(?) = v. O

’ < K(m)ris)

With the help of the function ¢ from Lemma 3.28 we define a map G :
M — K.11(X) by setting

G(v) == F(v) N B(g(v), 2dist(g(v), F(v))) (3.50)

for every v € M. We show that G : (M, p) — (K41(X),dy) is Lipschitz
continuous. In order to do this we need another technical lemma.

Lemma 3.29. For all v,w € M we have
G(v) € F(w) + B(0,115(m)p(v, w));
moreover, it holds that
| dist(g(v), F(v)) — dist(g(w), F(w))| < 125(m)p(v, w).
Proof. For fixed v and w in M we set
ro=inf{r;: 1 € I(v,w)},

where (v, w) is the index set from Lemma 3.25. We pick a point x € F(v)
such that

lg(v) — || = dist(g(v), F'(v)).
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Assume that i € I(v,w) and set 0 := (v,w,i) € M. The function f
from Lemma 3.26 is a selection of F'; we thus have f(0) € L, C F(v). From
Lemma 3.28 it follows that

dist(g(v), F(v)) < llg(v) = F@) < s(m)rs. (3.51)
Since this inequality holds for all i € I(v,w), we have
lg(v) — 2] = dist(g(v), F(v)) < x(m)r-
This yields
B(g(v), 2dist(g(v), F(v))) € B(g(v), 2x(m)r) €

CB
We recall the points a1 (v, w) € F(v) and ay(v,w) € F(w) defined in (3.45).
We have ai(v,w) € L; for all i € I(v,w). From (3.51) it follows that

(x,3k(m)r).  (3.52)

[z = f(@)] < 26(m)r;

Thus, since r < r; for all ¢ € I(v,w) and L; — a;(v,w) is a linear subspace,
we have

B(x,3r(m)r) C B(f(0),5k(m)r;) € Li + B(0, 5x(m)r;)
= 5k(m)(L; — ay(v,w)) + ay (v, w) + B(0, 56(m)r;)
= 5K(Mm) 04, (v ( —l—B(O,ri)).

Note that x(m) > 1 > 0. Thus,

B(x, 3x(m)r) 0 F(v) C 55(1m) 0y o) ( N ((Zi+BO.m)n F@)))

el(v,w)

= 5K(M) 04, (wuw) C(v, w).

By (3.46), this implies

and hence, since F'(w) — as(v,w) is a linear subspace of X and by (3.45),

B(z,3k(m)r) N F(v) C F(w) + ay (v, w) — as(v,w) + B(0,10k(m)p(v, w))
C F(w) + B(0, 11x(m)p(v, w)).
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Together with (3.52) this shows the inclusion relation. Moreover, since = €
F(v), this implies that there is a point y € F(w) such that ||z — y|| <
11x(m)p(v,w). Thus,

dist(g(w), F(w)) < [lg(w) =yl < [[g(w) — g()]| + llg(v) = =[] + [l= =y
< w(m)p(v, w) + dist(g(v), F(v)) + 11x(m)p(v,w)
= dist(g(v), F(v)) + 126(m)p(v, w).

The same inequality holds if we interchange v and w, so the required inequal-
ity follows. ]

Lemma 3.30. The map G defined by (3.50) satisfies
dp(G(v), G(w)) < 175k(m)p(v, w)
for all v,w e M.

Proof. We fix v and w in M and set s := 25k(m)p(v, w). From Lemma 3.29
it follows that

G(w) C F(v) + B(0, 11K(m)p(v,w)) € F(v) + B(0,s),

and by definition (3.50), the Lipschitz continuity of g and again Lemma 3.29
we have

G(w) € B(g(w), 2dist(g(w), F(w)))
C B(g(v), 2dist(g(v), F(v)) + 245(m)p(v, w)) + B(0, x(m)p(v, w))
= B(g(v), 2dist(g(v), F(v))) + B(0, 5).
Thus, by Lemma 3.22 we have

G(w) C (F(v) + B(0,5)) N (B(g(v), 2dist(g(v), F(v)) + B(0, )

07
C F(v) N B(g(v),2dist(g(v), F(v))) + B(0,7s) = G(v) + B(0,7s).

In the same way it follows that G(v) € G(w) + B(0, 7s), so we can conclude
that
dy(G(v),G(w)) < 7s = 175k(m)p(v, w)

as claimed. 0

Using the selector Sx from Theorem 3.14, we now put
f(v) = Sx(G(v))
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for all v € M. This function f: M — X is clearly a selection of F'; to finish
the proof of Theorem 3.1 we have to show that f is Lipschitz continuous with
a Lipschitz constant depending only on m. By the Lipschitz continuity of
Sx on K,,+1(X) and the previous lemma we have

1 (0) = f(w)]| = [Sx(G(v)) = Sx(G(w))[| < b1(m + 1) du(G(v), G(w))
< 175k(m)0(m + 1)p(v,w) = K(m + 1)p(v, w)

for all v,w € M with k(m + 1) := 175k(m)6;(m + 1). This concludes the
proof of Theorem 3.1. O]
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Appendix A

Paracompact spaces

In this chapter we recall some basic topological properties and state an im-
portant result that characterizes paracompactness. In the following, 7" is a
topological space.

We say that T"is a T} space if for every pair of distinct points u; and us of
T there exists a neighborhood U; of u; such that us is not an element of Uj.
By interchanging u; and wusy this implies that there is also a neighborhood U,
of us not containing ;.

The space T is a Hausdorff space if for every pair of distinct points uy, us €
T there are neighborhoods U; of u; and U, of uy such that Uy N Uy = ().

A collection U of subsets of T" is a cover of T'it T' C Uyey U. The cover
is an open cover if all sets U € U are open. The cover is locally finite if every
point v € T has some neighborhood V' C T such that V N U = () for all but
finitely many U in U.

A cover V of T is a refinement of the cover U if for every set V' € V there
isaset U € Y such that V C U.

We say that a collection P of continuous functions p : T — [0,1] is a

partition of unity if
> p(u) =1

peP

for all u € T'. The partition of unity is locally finite if for every u € T there
is a neighborhood V' of u such that all but finitely many p € P vanish on V.
The partition of unity P is subordinated to the cover U if for every p € P
there is an element U € U such that p vanishes outside of U.

Finally, a Hausdorff space is paracompact if every open cover of it has a
locally finite open refinement. The following proposition goes back to Michael
[7, Proposition 2|; more on the topic can be found in the book by Engelking
[4, Chapter 5.
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Proposition A.1. For a T space T the following properties are equivalent:

(i) T is paracompact.

(ii) Ewvery open cover of T has a locally finite partition of unity subordinated
to t.

(iii) Ewvery open cover of T has a partition of unity subordinated to it.
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Appendix B

Finite-dimensional Banach
spaces

B.1 Lebesgue measure on finite-dimensional
Banach spaces

This section is based on Albiac and Kalton [1, Section 13.1]. We assume that
Y is an n-dimensional Banach space for some n > 0 and A : R" — Y is a
linear isomorphism. By A" we denote the n-dimensional Lebesgue measure
on R”. Then we can define a measure A4 on the Borel o-algebra of Y via

Aa(C) = \"(A7H(0))

for every Borel set ¢' C Y. We call such a measure a Lebesgue measure on
Y. For two isomorphisms A, A : R" — Y it follows that

A(C) = N (ATTAATHC)) = | det(A71A)[ A4(C)

for every Borel set C', and hence two such measures are equal up to multi-
plication by a positive constant. This implies that for two measurable sets

Cy,Cy CY the ratio
Aa(Ch)

Aa(C2)
does not depend on the choice of the isomorphism A.
The Lebesgue measure A4 satisfies

)\A(tC + CE) = tn)\A(C)

for all t > 0, x € Y and measurable C' C Y. In the case n = 0, when Y
consists only of a point, the Lebesgue measure is a positive constant.
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B.2 The Bochner integral

The Bochner integral is a way to define an integral for functions that take
values in Banach spaces, see [1, Appendix K] for example. In our case we
look at an n-dimensional Banach space (Y| - ||), where n € Ny, equipped
with a Lebesgue measure A\ on the o-algebra of all Borel sets in Y.

Assume we have a measurable function f : Y — Y. Then [[f]| : Y — R
is measurable and we can consider

£l = [ 1@l dr@)

If we identify functions that are equal almost everywhere, then || - ||; is a
norm on the space of measurable functions f : Y — Y satisfying || f||; < occ.
This space is called the space of Bochner integrable functions and denoted
by Li(A\;Y).

A simple function is a function s : Y — Y of the form

n
S=Y TiXki
=1

where n € N, x; € Y and K, are Borel sets with finite measure for 1 <1 <n.
The space of simple functions S(A;Y") is a dense subspace of L;(A;Y). For a
simple function s = >"I' | x;xk, we define

i=1

The map I : S(A\;Y) — Y is a bounded linear operator with norm one and
can hence be uniquely extended to Li(\;Y). For f € Li(\;Y) we say that
I(f) is the Bochner integral of f and use the notation

1) = [ fla)dr@)

The boundedness implies

[ f@ ax@)

< [ @)l arw)

for all f € Li(\Y).
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