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Abstract

Besides dark matter, the universe may be filled in significant number with a new form of relativistic
particles, dark radiation, that have escaped detection to date. One way to look for such particles is
by searching for nuclear recoil events in direct detection experiments, where dark matter particles,
e.g WIMPs elastically scatter off target nuclei. As is well known, Standard Model neutrinos - also
a form of dark radiation - constitute an irreducible background in these searches, ultimately limit-
ing the increase of sensitivity to dark matter in these experiments. This sensitivity limit is termed
“neutrino-floor” in the literature. In this work we analyse the sensitivity to dark matter when ad-
ditional anomalous sources of dark radiation in form of neutrinos are present. Such dark radiation
is assumed to be produced from dark matter decays. Since dark radiation may mimic dark matter
signals in direct detection experiments, we perform our analysis based on likelihood statistics and
hypothesis testing that allows to test the discrepancy between signals and backgrounds. We show
that the neutrino floor for xenon-based experiments may be lifted by several orders of magnitude in
the presence of extra dark radiation. Assuming that an additional neutrino source produced by a
progenitor with mass mxy = 1 GeV and a lifetime 7x = 10 Gyr exists, the neutrino floor is raised by
up to four orders of magnitude.

In addition, we explore the sensitivity with respect to neutrino dark radiation from dark matter
decay in the presence of Standard Model neutrinos in direct detection experiments. For instance, at-
mospheric neutrinos may mimic dark radiation with a progenitor mass myx = 242 MeV and a lifetime
Tx = 10° Gyr. Given the previous bounds from neutrino experiments, such as Super-Kamiokande,
we find that xenon-based dark matter searches with exposures less than 1 ton yr will not be able to
probe new regions of the dark matter progenitor mass and lifetime parameter space.

Zusammenfassung

Neben der Dunkler Materie konnte es eine weiter Quelle relativistischer Teilchen im Universium geben
- die sogenannte dunkle Strahlung - die bisher nicht entdeckt wurde. Eine Moglichkeit, solche Teilchen
zu finden, ist die Suche nach nuklearen Riickstoflereignissen in direkten Detektionsexperimenten, wo
Dunkle Materie-Teilchen, z.B. WIMPs, elastisch an Atomkernen streuen. Neutrinos aus dem Stan-
dardmodell, die auch eine Form der dunklen Strahlung darstellen, bilden allerdings einen irreduziblen
Hintergrund in diesen Experimenten und begrenzen daher die Sensitivitit gegeniiber der Dunklen Ma-
terie. Diese Grenze wird in der Literatur als “neutrino floor” bezeichnet. In dieser Arbeit analysieren
wir die Sensitivitat der Dunklen Materie-Experimenten, wenn eine zusétzliche anomale Quelle an dun-
kler Strahlung in Form von Neutrinos vorhanden ist. Dazu nehmen wir an, dass diese dunkle Strahlung
aus der Dunklen Materie erzeugt wird. Da dunkle Strahlung Dunkle Materie-Signale in direkten De-
tektionsexperimenten imitieren kann, fiihren wir Analysen durch, die auf Likelihood-Statistik und
Hypothesen-Tests basieren. Dies ermdglicht uns, die Diskrepanz zwischen Signalen und Hintergriin-
den zu testen. Wir zeigen, dass der “neutrino floor” fiir Experimente, die Xenon als Detektormaterial
verwenden, bei Anwesenheit von dunkler Strahlung um mehrere Groflienordnungen angehoben werden
kann. So hebt z.B. eine zusétzliche Neutrinoquelle, die von Dunklen Materie-Teilchen mit einer Masse
von mx = 1 GeV und einer Lebensdauer von 7x = 10 Gyr produziert wird, den “neutrino foor” um
bis zu vier GroéBenordnungen.

Dariiber hinaus untersuchen wir die Sensitivitat von direkten Detektionsexperimenten gegeniiber einer
solchen dunklen Neutrinostrahlung in Gegenwart von Neutrinos aus dem Standardmodell. So kén-
nen beispielsweise atmosphérische Neutrinos Signale der dunklen Neutrinostrahlung mit einer Dunklen
Materie-Masse von my = 242 MeV und einer Lebensdauer von 7x = 10° Gyr imitieren. Angesichts der
bisherigen Grenzen von Neutrinoexperimenten, wie Super-Kamiokande, stellen wir fest, dass Xenon-
basierte Dunkle-Materie-Experimente mit Expositionen unter 1 ton yr nicht in der Lage sein werden,
neue Regionen im Parameterraum von Dunkler Materiemasse und Lebensdauer zu untersuchen.
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1 INTRODUCTION

1 Introduction

In the 20th century the relativistic quantum theory of particles and their interactions were established.
Quantum field theory (QFT) predicts the physics of particles and their phenomena at a high precision.
One of the best examples is the theory predicted anomalous magnetic moment of electrons, which
includes QED, electroweak and hadronic contributions

M ED h
aSM = qQ@FD 1 q2v 4 ghad

= 1159652 181.643(25) 44 (23) 45 (16)ew-rhad (763) a(rp) - 10712, -
where the respective contributions are given by
a@™P = 1159652 179.908(25) 44 (23) 45 (763) o (mp) - 10712,
a® =0.0297(5) - 10712 (1.2)
ah*d = 1.706(15) - 10712,
The predicted value is in very good agreement with the experimental value [4]
a®P = (1159652180.73 £ 0.28) - 10712, o — 5™ = 0.822(813) - 1012, (1.3)

Given the success of QFT in the theory description of phenomena, it is generally expected that
the Standard Model (SM) is not complete. The last extension of the SM was achieved in 2012. A
new particle was discovered by ATLAS [5] and CMS [6], called the Higgs-boson. Its measured mass is
126.0 + 0.4(stat)£0.4(syst.) GeV (ATLAS) and 125.3 & 0.4(stat.)£0.5(syst.) GeV (CMS). The corre-
sponding theory was formulated long years ago in 1964 by Peter W. Higgs [7] alongside others (Robert
Brout, Francois Englert , Gerald Guralnik, Carl R. Hagen and Tom Kibble [|§|,), who predicted
the existence of Higgs bosons as a consequence of spontaneous symmetry breaking (SSB) of gauge
groups. Later, the Higgs mechanism was applied to the electroweak theory by Steven Weinberg
and Abdus Salam [12]. Although many questions were answered by the introduction of the Higgs
Boson, many problems in physics remain unsolved and may be explained by several theories beyond
the SM. In this thesis, we focus on dark matter, in particular, on WIMPs (weakly interacting massive
particles), that predicts massive stable particles, that are described by QFT.
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Figure 1: The Standard Model particle content. The blue shaded circle contains the scalar Higgs
boson in the center and the four vector bosons surrounding it. The black and grey shaded regions
contain quarks and the leptons, which come in six flavors (figure taken from )
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Indirect detection

DM — SM
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anti-matter
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DM SM
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Figure 2: Three different types of DM detection. The direct detection experiments are focused on nu-
clear recoils, the indirect detection experiments on DM annihilation products and the collider detection
experiments on missing energy (figure taken from [14]).

WIMPs are thermally produced in early times of the universe and were in thermal equilibrium with
SM particles via annihilation channels yx — SM SM and vice versa [15,/16]. With higher expansion
rate the universe cooled down and annihilations were less likely until WIMPs decoupled completely
from the thermal bath of SM particles at temperatures T’y = %, where m, is the WIMP mass. Due
to the in GeV-scale mass, WIMPs decoupled early enough in the early universe such that their velocity
redshift implies that WIMPs today fall into the category of cold dark matter (CDM) with an average

velocity vy ~ 0.3c.

Today’s observations indicate that DM particles formed haloes around galaxies and interact with
baryonic matter mainly via gravitational forces. Measurements of velocity curves of stars in galaxies
indicate that the gravitational attraction of the additional mass from DM counteracts the centrifugal
force of objects within the galaxy. Without DM no rotating galaxy of this form would ever exist and
the universe would not have evolved the way we see it today. DM does not couple to photons (except
with possible minute charge, “millicharged” DM [17-20]), but are able to interact through the weak
force.

The search of DM divides into three categories as illustrated in Fig. 2} direct detection experiments,
indirect detection experiments and collider detection experiments. Direct detection experiments are
used to measure nuclear recoils of DM particles [21]. They elastically scatter off a target nuclei,
e.g. xenon or germanium and produce recoils of few keV. Indirect detection experiments are focused
on measuring annihilation products from DM annihilations, in particular, gamma rays, neutrinos and
charged leptons travelling through the milky way galaxy [22]. The goal of collider detection experi-
ments is to produce DM particles by colliding SM particles. Then, the DM particle can be identified
as missing energy in the detector [23]. In this thesis we focus on direct detection experiments, where
experiments as XENONIT [24], LUX [25] and CREEST |26] search for nuclear recoils of WIMPs.
The ultimate sensitivity of these experiments, the so called “neutrino floor”, depends on irreducible
backgrounds caused by neutrinos. Neutrinos coming from the sun, Earth’s atmosphere and supernovae
explosions may mimic the recoil spectra of WIMPs by coherent scattering. This has an influence on
interpreting the measured data. In this case, the sensitivity of an experiment is too low, such that
neutrinos and WIMPs are no longer distinguishable. Assuming dark radiation (DR) in the form of
neutrinos produced by DM decays (DR neutrinos), the additional anomalous neutrino flux should
lead to a further decrease of the ultimate sensitivity in a certain WIMP mass range. We use standard
hypothesis tests based on likelihood statistics to discover a WIMP signal statistically in the presence
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of an irreducible neutrino background and put limits on the WIMP-nucleon cross section ¢,,. The sen-
sitivity for different WIMP masses is analysed with and without an additional anomalous neutrino flux.

Instead of searching for DM directly in an experiment, we can also analyse DR, in the form of neutrinos
in direct detection experiments, that are produced by DM decays [27]. The known SM neutrino back-
ground (solar, atmospheric and supernova neutrinos) may also mimic recoil rates of DR neutrinos. In
order to detect a signal from DR neutrinos, we derive an ultimate sensitivity and put limits on the
progenitor’s lifetime for sub-GeV DM masses.
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2 DARK MATTER IN THE UNIVERSE

2 Dark matter in the universe

2.1 Observation of dark matter in the universe

Dark matter (DM) has to be stable or should have at least a lifetime greater than the age of the
universe. Today’s observations conclude that DM interacts mainly only gravitational and does not
couple to photons with any appreciable strength. Therefore, DM is not observable in the sense that we
cannot see it directly, but indirect observations are possible. In 1933 Fritz Zwicky studied velocities
of galaxies inside the Coma cluster and observed that the mean density of mass should be 400 times
greater than the observable mass density. He concluded that the amount of invisible matter in the
universe has to be much larger than the amount of visible matter [28]. Later, in 1969, Vera Rubin
discovered that the mass of visible matter in disk galaxies is not compatible with observations of their
velocity rotation curves [29]. In the absence of DM and following Newton’s theory, galaxies would not
exist in the form we observe it today. The circular velocity of matter orbiting in a galaxy is given by
equating the centrifugal force Fo with the force of gravitational attraction Fg [30]

2
Fo=M L Gw _Fy = () =™ (2.1)
r r r
m(r) = /d?’xp(]a'c’\) = 47r/ Br'p(r) e, r =7, (2.2)
0

where 7 is the radial distance from the center, G' ~ 6.67408(31) - 107! m3kg~!s~2 [31] is the Newton’s
constant, m(r) is the rotating mass and p(r) is the mass density depending on the distance r. Mea-
surements of velocity rotation curves imply a galaxy containing invisible matter with a mass density
profile p(r) ~ 772, A typical example is the disk galaxy M33 [32], which has a radius of about 10 kpc.
Typical radii of disk galaxies in the optical range are 7,,; = 10-60 kpc. Contributions from the stellar
disk are not sufficient to explain the observed data as shown in Fig. Therefore, DM has to be
introduced. The simplest possible distribution of DM is in the form of a spherical symmetric halo.
Further observations indicate, that the observed circular velocity is approximately constant at large
radii 7 2 7, (outside the optical range roy). Therefore, the total mass scales as m(r) ~ r, which
leads to a mass density profile p(r) ~ r=2 for r > r,y,. Further observations of DM were success-
fully achieved by gravitational lensing of galaxies [33,34] and cosmic microwave background (CMB)
measurements [35].

150 - — o - é—
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Figure 3: The 21—cm rotation curve of the galaxy M33 represented for radii up to ~ 16 kpc. The
data of M33 is fitted by the velocity curve in [32]. The halo contribution is represented by the dashed-
dotted line, the stellar disk by the short-dashed line and the gas contribution by the long-dashed line
(figure taken from [32]).
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2 DARK MATTER IN THE UNIVERSE

2.2 Dark matter density profile

There exist different DM density profiles [36] characterizing cold dark matter in a halo. For large
radii, we already know that the DM density profiles should scale as p(t) ~ =2 as shown in Fig. 4l The
commonly used profile is the NFW profile constructed by Navarro, Frenk and White [37] via N-body
simulations of the formation of galactic halos and galaxy clusters. It is spherical symmetric with a
DM density profile given as

pnpw(r) = —22 (2.3)

where the scaling radius rs = 24.42 kpc and the scaling density ps = 0.184 GeV/cm? are determined
by the N-body simulations. In fact, the NF'W profile behaves in the correct way for large radii

r<rg = prw(T‘) ~ 7“_1, r>rg = prw(T‘) ~ T‘_Q. (2.4)

Defining a halo in which the average density is 200 times larger than the critical density pcris, the virial
radius is obtained by 7200 = ¢7s [37,38]. The parameter c¢ is called the “concentration parameter”. In
a spherical symmetric halo, the total mass can be derived in two ways. The DM density profile can
be integrated over the radius

7200
M — 47T/ p(r) r2dr = dmper® [ln (rs + r200> 0 ]
0

Ts T's + 7200
1+¢ c 25)
ot (29) 12
or using
M=Vp= 4%7“300200@;. (2.6)
Then, the scaling density ps can be expressed as
_ 200 pai (2.7)

()

comparing the Eq. (2.5) with Eq. (2.6).
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Figure 4: Various models of DM density profiles |36].
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2 DARK MATTER IN THE UNIVERSE

2.3 The ACDM-model

Assuming a homogeneous, isotropic universe on large scales the amount of cold dark matter in the
universe can be approximated by the density parameters €2 obtained from the Friedmann equations
[16,139441] (derivation of Friedmann equations are given in the App.

1(t)2+ K A
a(cz(t;; -3 = 871-?)Gp(t), (1st Friedmann equation) (2.8)

20—~ o)+ p(0) + 5,
where the first Friedmann equation is the ((u,v) = (0,0)) component of the Einstein equations
using Friedmann Robertson Walker metric . This is known as the ACDM-model, where the
cosmological constant A ~ 4.33 - 10796 eV? [42] was first introduced by Einstein as a counterpart of
expansion of the universe. Today, A characterizes the vacuum energy (known as dark energy) and
accounts for the expansion of the universe. The energy density p(t) is composed of densities of matter
and radiation

(2nd Friedmann equation) (2.9)

p = pm + PR, (2.10)

where ppr = pp + pedm (baryons and cold dark matter), pr = p, + p, (photons and neutrinos) plus
further contributions in the early universe. The first Friedman equation can then be written in terms

of the Hubble constant H(t) = %

K
H2=H§<pR+pM+pA>—2, (2.11)
Pcrit Pcrit Pcrit a

2
where Hy represents the Hubble constant at present time ¢y ~ 13.7 Gyr [43], perit = % is the critical
density and py = % is the constant energy density. The last term characterizes the spatial curvature

e K = +1 closed sphere,
e K =0 flat,

e K = —1 hyperboloid.

Table 1: Different measurements of the Hubble parameter Hy at present time (table taken from [44]).
The Hubble constant Hg at the present time should be a fixed value and is measured by many
collaborations using different techniques. The measurements depend on the cosmological model and
all assumptions about the early universe. One of the most successful models is the ACDM-model used
by Planck collaboration.

Hy [km/s/Mpc| | method

67.37 £ 054 | Planckls [45]
73.48 + 1.66 Local ladder [46]
70132 GW [47]

68.5 + 3.5 CC14 4]

68.5 + 2.9 CC18 [49]

71.0 £ 2.8 GOCs 44]

69.3 £2.7 low-met stars [44]
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2 DARK MATTER IN THE UNIVERSE

It is convenient to rewrite Eq. (2.11)) in terms of density parameters

H? = H3 (Qroa™ + Qarga™ + Qucoa 2+ Qo) (2.12)

2 and

using the evolution of energy densities pr(t) = proa™?, pm(t) = pmoa™2, pr(t) = pxoa”
pa(t) = pao. The index “0” denotes the parameter given at present time ty. Then, the density

parameters at present time [50] are given by

Qa0 = PO _ 0,308 + 0.012, Qgro= PRO _ 5.38(15) - 1072,
Pcrit Pcrit (2 13)
_PAO - K B )
Qo = =0.692+£0.012, Qgo=——5 =0£0.02
Pcrit HO

and characterize the content of the universe. Taking Eq. at time ¢y the density parameters
satisfy Qr o+ Qo +Qro0+ 2,0 =1 (a(to) = 1), which reduces approximately to Q7,0+ o = 1 for
a matter dominated universe. Cold dark matter at the present time makes up approximately 25.8%
of the content of the universe

chm = QM70 — Qb,O = 0258(11) ~ 258%, (214)

where 9 = % ~ 0.0484(10) is the baryon density [50].

14



3 WIMP AS A DARK MATTER CANDIDATE

3 WIMP as a dark matter candidate

Observations of the universe confirm that there should exist particles, that have to fulfil specific
requirements to explain the phenomenon of DM. A good dark matter candidate should be electrically
neutral, its lifetime has to be greater then the age of the universe and its relic density should be
close to relic density of the ACDM model [51]. Onme of the simplest and most promising DM
models predicts particles, which were in a full thermal equilibrium with SM particles and were coupled
together. At some point during the radiation dominated era, these DM particles decoupled from the
SM particles and cooled down. This is known as the “thermal freeze out”. The evolution of the DM
number density is obtained by the Boltzmann equation.

3.1 The time evolution of the number density of DM

Let V = R3 be a vector space over a field F = R and &, 7 be elements of V. Then, the Boltzmann
equationr'_-] describes the evolution of the phase-space density function f(Z,v) of a particle species .
The probability of finding a particle at & with velocity ¥ in a volume d*z x d®v is given by [52]

fi(&,0) &% dPv (3.1)
with the probability condition
/ F(@ ) PE T = 1. (3.2)

If collisions are taken into account, then the Boltzmann equation is given by

Lif] = Clf], (3.3)

where C[f] is the collision operator [52|, which characterizes the interactions between particles. It
accounts for the increase and decrease of the number of particles per phase space volume [15]. The
Liouville operator L[f] governs the free time evolution of the phase-space density function
— % J— ﬁ (0% 8f aai

_ Y _ 9 L F
ot TV ape T Gua

in the classical non-relativistic limit with ¢ = v®, v® = F“. The relativistic version of the Liouville

Lif(p)] = p‘”‘% —T%.p°p?

L[f] (3.4)

operator [16] is given by

of

ope’

where p = (t,p) is the four-momentum vector. Applying the transformation (¢,5) — (¢, E) the

Liouville operator for the FRW metric (A.1]) can be expressed as
9 2 0f

LUt E)] = B, — HIF 5y

The number density is given by integrating the phase space density over all momenta and summing
over all spins

(3.5)

(3.6)

n(t) = [ dn = o [ &ise.p) (3.7)

where g, are spin degrees of freedom [15]. Then, by virtue of partial integration, the left-hand side of
the Boltzmann equation can be written as

(297’33 /d3ﬁL[f<Et’E)] - chX + 3Hn,. (3.8)

First, consider only two-body annihilation channels A+ B — 1+ 2 and vice versa, where A, B are
DM particles x, x and 1,2 represent SM particles ¢, ¢. In the end, all annihilation channels will sum

! This chapter follows mainly the calculations of P. Gondolo and G. Gelmini [15].
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3 WIMP AS A DARK MATTER CANDIDATE

up [53]. The right-hand side of the Boltzmann equation, i.e. the collision operator integrated over the
phase space for the reaction A + B — 1 + 2 is given by [15}/16]

gX / d?” -y / d’pa d°p d’py d*p
2m)32E 4 (2m)32Ep (27)32E, (27)32F>

spins

x (2m)46W (pa + pp — p1 — p2)

X [|Mapoaol* Fafs(1 + )£ fo) = [Misapl* i fs (1% f4) (1 f5)]
(3.9)
where |MAB~>12|27 |M12~>AB|2 are invariant matrix elements. The sign (+) is taken for bosons and (—)
for fermions. In a thermal equilibrium, the phase space distribution of fermions and bosons is given
by
1

f(E) = SE-m/T 11’ (3.10)

where (—) represents bosons and (+) fermions. In the classical limit, the effects of Bose condensa-
tion and Fermi degeneracy are neglected. The statistical mechanical factors (1 + f;) ~ 1, and the
Fermi/Bose distribution reduces to the Maxwell-Boltzmann distribution for low temperatures
T <(E-p)
1 classical limit 1

f(E)= SE DT L] — f(E) = SEW/T (3.11)
If all particles are in a thermal equilibrium, i.e. in a kinetic equilibrium and in a chemical equilibrium,
then energy conservation 4 + Ep = E1 + Eo and ua + up = p1 + w2 can be used to replace the
densities fi fo by densities at equilibrium of the DM particles (the principle of detailed balance [15])

1 1
_ f€q req __ _ €q 6‘1
=12 = GETm G/~ At B —Gara)/T 4 (3:12)

It is necessary to assume that the SM particles go quickly into the thermal equilibrium. Thus, the
collision term reduces to

Ix / d3ﬁc = / d*pa d*pp d*py d°p
(2m)3 2m)32E, (2m)32Ep (27)32E, (27)32E5

spins

x (2m)*6@ (pa + pp — p1 — p2) [|MAB—>12|2fAfB - ‘M12—>AB‘2f1f2}

__Z/dm &g PR A
2m)32E, (27)32Eg (2m)32E; (27)32E,

x (27)*6W (pa + pp — p1 — p2) [|MAB—>12|2fAfB — |Miao | f5] E’q] :
(3.13)
The integral over the momenta p7, ps can now be performed independent of the phase space densities

pl dgﬁg 45(4) )
2m)’o —n—p)IM =4F 3.14
sp%;ﬁ/ 21)32F, 27r)32E2( m)°6 (pa +pB — 1 — p2)|Map12] GAGB TaB—12,  (3.14)

where F' = \/ (pa - pB)? — m%4m% is the flux factor, g4, gp are the spin degeneracy parameters and
0 AB—12 1s the annihilation cross section. The unitarity condition [15] implies that the matrix element
|MAB—>12|2 = ‘M12—>AB‘2 and o = OAB—12 — O0123AB- The definition of the M(/)Her VGIOCity ’54]
Mgl = F/(E4 Ep) allows to express the Boltzmann equation in a compact from

dnx

o +3Hn, = —/O"UM¢1 (dnadnp — dnfldn%) = —/O"UM¢1 (dnxdn;< - dniqdn§q> . (3.15)
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3 WIMP AS A DARK MATTER CANDIDATE

The term vmgnyny is Lorentz invariant [15] and the Mgller velocity in the comoving frame can be
expressed as

oMol =\ 54 — T5[% — |54 x 52 (3.16)

using the relativistic definition of the velocities ¥ = p/FE. Then, the Boltzmann equation can be
written in terms of the thermally averaged annihilation rate (o)

dn
ditx = —3Hny — (0vMg1) (NyTg — My eqMz eq): (3.17)
where
[ ovmadn$idnd!

[ dnyldn$!

(ovMg) = (3.18)
The first term on the right-hand side of Eq. represents the reduction of the number density
in time due to the expansion of the universe. The second term reduces the number of DM particles,
because they annihilate to produce SM particles. The creation of DM particles increases the number
density, which is given by the third term [55]. In the thermal bath it is also possible that DM
particles annihilate via other annihilation channels, e.g. xxy — final state, where the final state does
not necessarily have to be a two-body state as before [16]. Fortunately, cross sections of all annihilation
channels appearing in the Boltzmann equation add together. Therefore, the Boltzmann equation

is written in terms of the total annihilation cross section o4 = > final TAB_sfinal state
states

dn 9 9
7dtx = —3Hn, — <UAUM¢1>(nX — nxveq), (3.19)
where no antimatter asymmetry is assumed n, = ny, if the chemical potential p is very small.

The simplified Boltzmann equation characterizes the time evolution of the number density
of DM particles, which were once in a thermal bath with SM particles. Following [15] the thermally
averaged cross section can be simplified analytically by assuming the Maxwell Boltzmann distribution,
as discussed before. Then, (o Ava) is defined as

3, 13, —Ey /T, —EgT
(0.4vrgel) = L DX Px oA AT e T (3.20)
f d?’pxd?’p)g e—Ex/Te—Ex/T

where F, Ey are energies of the colliding DM particles. The momentum phase space functional can
be rewritten as

o o P ) ) 1
d*pyd®py = (4m) || dlp | (4m) |k *dl k| 5 d cos O = (4m) 7| Exd By (47)| x| ExdEx 5 cos 6, (3.21)

where 6 is the angle between the three-momenta p, and py. Using the differential form of the energy-
momentum relation |p\ |d|p\ | = E,dE, the integral boundary change from [0, co] to [m,, oc] (analogue
for the antiparticle x). Further variable transformations change the momentum phase space to (see

App. B.1)
dpd*py = (2n%)Ey ExdE+dE_ds, (3.22)

where s = (py.py) = 2m2 + 2B\ Ey — 2|py||py|cos0, E; = E, + Eg and E_ = E, — Eg. In the
calculations above the masses of antiparticles and particles are equal m, = my.

The integral region transforms again to

*

oo rE )
(272) /f / N A dELdE_ds F\ Fy, (3.23)
s J—E* JamZ
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3 WIMP AS A DARK MATTER CANDIDATE

2
where E* = 4/1 — 47?" W/Ei — s. Taking all simplifications into account the numerator in Eq. (3.20
is given by

oo rE* 00
/d?’ﬁxd:sﬁx aAvMQ)le*EX/Te*E*/T = (2772)/ / / dE dE_ds EXEXJAUMQ,le*EJF/T
Vs J—E* Jam2

(3.24)
00 4m?2 oo
:47r2/ dso Fsy/l——x/ dE, e B+/T\[E2 — s,
4m2 A ( ) S Vs + +
where F(s) = omgEyEy = 54/s(s — 4m?) is a function of the mandelstam variable s. The integral

over F is performed as follows

/\/g dEy e BT B2 — 5 = 8/1 do e V3T /22 —1 = T\/sK, <\[> (3.25)

s
T
using the substitution x = % and the modified Bessel function of second kind

K,(z) = VT (;z)n /loo dx e”*% <x2 - 1)n71/2 : (3.26)

(n—13)!

Thus, the numerator in Eq. (3.20) is written as

o
/d3ﬁxdsﬁi gAvae—Ex/Te—Ex/T — 92T - ds O'A\/E(S _ 4mi)Kl <\/§> . (3.27)
my
The denominator in Eq. (3.20) is derived in a similar way
o0 oo
/d3ﬁxd3]3;_<€—Ex/T€—E>’</T —_ (47‘(‘2) dEX |ﬁ|XEX€_EX/T/ dE)_( |ﬁ|>2E>-<e_E’z/T
My

mx

o0 )
_ (4772)/ dE, \/MEXe—EX/T/ 1B \JB2 i e BT,
mx My
(3.28)
So the integrals can be solved independently using the substitution x = E, /m, and integrating by

parts
o0 9] m
dE, \JE2 —m2E, e Bx/T — 3 / drazyz —1le T
/ x \ Fx xHx X/,

mx
A (3.29)
_ My [ 2 32 mx, o my
—37/1 dx (I —1) & T:E—mXTKQ T s
where [drzva?—1=1 (2 — 1)3/2. In the end, the denominator can be expressed as
3> 13 E\/T ,—Ex/T 2 my\]?
/d de p)ze_ X/ e X/ = 47TmXTK2 <T):| . (330)
Thus, the thermal average of the annihilation rate per unit density [15] is given by
Jiwa ds oav/s(s — 4m2) K (%) .
<UAUM¢1> = 8m;1<TK22 (%) . (3.31)
The thermal averaged annihilation rate is not frame independent [15]
lab 1 K?(x
(CAvMg) = (TaVID) = 5 [1 K;QEHJ;] (0AVem)" (3.32)
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3 WIMP AS A DARK MATTER CANDIDATE

where x = m, /T, “cm” denotes the center of mass frame and “lab” the lab frame. The fully relativistic
and fully non-relativistic cases are obtained for x — 0 and x — oco. For non-relativistic particles
(0 AUMg1) can be expanded as

15 2,

3 _ _ 35 _
(o AVMgl) = ao + ek 1y 5 %22 Eagx 54+ 0(zx™%). (3.33)

3.2 Thermal freeze out

It is useful to work in the comoving frame, where the expansion of the universe is scaled outﬂ Since
the entropy density per comoving volume sa® is conserved, the yield function (number of particles
per comoving volume) as a fraction of the number density n, and the entropy density s [16,[53] is
introduced n

Yy = X, (3.34)
S

Then, the Boltzmann equation (3.19)) is written as

dy 9 9
= = =5 (0avyol) (Y - qu) (3.35)
where
dy d (nya® 1 /dn dn 3
b < 8’;3 ) =— (dtxa + 3”)(“2“) = ( dtx + 3an> sa’ = constant. (3.36)

The density and the entropy in the radiation dominated universe are to good approximation given by

1 2
pPtpor _3prtpPr _4pr _ 27
PR = ij geﬁp (DT, s="F =30 =20 = = gens T, (3.37)

where the sum goes over all fermions and bosons of the Standard Model [1653]. The effective degrees
of freedom are given by

geis(T) = > gi (?)3 ! > g (?)3 (3.38)

i=bosons 8 i=fermions
4 4
geip(T) = > g ( ) - > g () . (3.39)
8. : T

i=bosons i=fermions

The Hubble constant during the radiation dominated universe is a temperature dependent quantity [53]
81G 43 G

H(T) = == pr = — = 9o, (T)T". (3.40)

Since, the entropy per comoving volume is constant sa® ~ constant and s o Geft,s(T') T3 the photon
temperature can be set in in relation with the expansion constant a=! oc T, if gers(T) ~ constant.
Moreover, one can introduce a new dimensionless variable x = %, where the derivative is related to
the Hubble constant [53]

d d d
d—j = H(T)z* obtained by o7 (axil) o o (aT') ~ constant. (3.41)
Then, the yield equation (3.35)) is transformed to
dY dY dt dY 1 dY s
S S S SO S Y2 _y2
dr  dt dv  dt H(D)z da H(T)gc<""”’M¢l> ( )
(3.42)
=~y oata) (v2-v2),

2 This chapter follows mainly the calculations of D. G. Cerdeio [53] and the book by E. W. Kolb and M. S. Turner [16].
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where H(m) is still temperature depended due to gefﬂp(T)H given as

Am3G 473
H(m) = H(T)a® = \| Z=g,,(1) m? = || 2= g (1) m?/m, (3.43)

and m, = /1/G ~ 1.022 - 10 GeV is the Planck mass. The number density at equilibrium of fully
relativistic particles (E(|p'|) = |p/|,T > m,) and fully non-relativistic particles (E(p) ~ m, + %,
T < m,) can be expressed as (see App. for detailed calculation and [56])

g f—;T?’( (3) for fully relativistic particles,
3o )=
e = g | 1 (5]) = (3.44)
(2m) g ("ZTT) *e=™x/T" for fully non relativistic particles.

where ((3) ~ 1.202 is the Riemman’s zeta function, ¢ = g for bosons and ¢’ = 3¢ for fermions.
For non-relativistic particles there is no distinction between bosons and fermions anymore and the
Bose/Fermi distribution can be replaced by the Maxwell distribution (/7 > 1 for T < m)

1

1
f(E) — L1 N f(E) = BT for T < m. (3'45)

Then, the yield at equilibrium is given by
45 gl g/
=——-((3) = 0.278
“ 271‘4 geff,s(T) ( ) geﬁ",s(T)

for fully relativistic particles,

45 4 \/? 3 g s _
Yeg=——2 [ —z3e™/T ~0.145 z2e”™/T  for fully non relativistic particles
“ 271'4 Geff,s (T) 8 geff,s(T)
(3.46)

using the definition of the entropy (3.37)) and the number density (3.44]). It is convenient to rewrite
the equation (3.42) in terms of the annihilation rate 'y = ny ¢q(0avMgl) to analyse the yield in the
regions of interest (before, at and after the freeze out). In this case, the yield equation (3.42) is given

by [16] ,
Y
(Y) - 1] . (3.47)

The solutions of this equation are strongly dependent on the ratio I'y /H(T"). Before the freeze out,
particles are in a thermal kinetic equilibrium. In this case, particles are more likely to find a partner
to annihilate, because the distance between them is small enough and the temperature is very high.
This implies that the ratio I'y/H(T) 2 1. During the expansion, when the Hubble constant increases,
the universe cools down and the annihilation becomes less likely, I'4/H(T') < 1. At the point, where
annihilation is approximately equal to the Hubble constant, 'y /H (T') ~ 1, the particles freeze out at
a certain temperature 1" = T or equivalently x = xy and decouple from the thermal bath. Therefore,
each particle species decouples from the thermal bath at a different temperature T. The yield function
of particles, which are still relativistic after the freeze out, is time independent and depends only on
the temperature T' = Ty, when these particles decouple [53]. Thus, their yield is a constant function
after the freeze out [53] and is given by the yield at equilibrium evaluated at T = T

z Ay Ta
Yoq dz — H(T)

/

g

YrY,~0278—F——. 3.48
€q geff,s (T — Tf) ( )
The abundance of relativistic particles today is obtained by
/
Mreloo = YooSoo & Yegeo = 825.66——2—cm ™, (3.49)
getts(T' = Ty)

3 More precisely, it depends only on the decoupling temperature 7' 't
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where Yo, = Y (x — 00) & Y, is the yield and s = 2970 cm ™3 is the entropy density at present time.
Then, the relic density at present time is expressed as

Mmnyel 0o MSoo Yoo

Qh2: P h2: h2:

h?, (3.50)
Perit Perit Perit

where h = 0.704 is related to the Hubble constant. Particles with low mass, e.g. neutrinos decouple at

a temperature Ty ~MeV [16,53]. In the case of one neutrino flavor v, v, the relic density is obtained

by

MRSoo Yoo 2 . My
Derit ~ 91.5eV’

where ¢’ = 2 (3/4), getrs(T ~ MeV) = 10.75 and perie = 1.054 - 107°h% GeV em ™ [16]. Applying the
cosmological bound Qh? < 1, the mass of a neutrino is bounded above

O, h% =

(3.51)

m, < 91.5eV. (3.52)

Today’s experiments reached even smaller upper bounds of neutrino masses Y>3, m,, < 0.15 eV [57].
For the fully non-relativistic case, a new parametrization is introduced Ay =Y — Y, to solve the
Boltzmann equation easier [53]. Before the freeze out occurs (m < T' < Ty or 1 < x < x) the yield
is approximately the yield at equilibrium [53]

/

3
Y ~Y,, = 0.145 r2e /T, 3.53
a Jeff, S(T> ( )
Therefore, dAy /dx = 0 and
dyY.
H @leq
Ay =AM gt (3.54)

s (0AvMgl) 2Yeq
At freeze out (v = x5) the Eq. (3.54) reduces to

H a5 T
Ay = (m) _ T A:O.zﬁgjﬁ;( ) o, (3.55)
2sxf (CavMgl) 20 AVMgI) gef/fp(T)
where 9%2 = Hy and dzl/;q = =Y, for large x [53]. After the freeze out (z > ) the yield does

not match anymore with the yield at equilibrium, Y > Y, (Ay =~ Y'), which implies that the yield
difference at  — oo is given by Ay, ~ Y. Then the Boltzmann equation can be expressed as

dAy ST A
dr ~ — H(m) <UA’UM¢1>A%/ = P<UA'UM¢1>A%/- (3.56)

This differential equation can be solved by separation of variables
Avee dA
/ 73’ — ) / OA”MQ” . (3.57)
Ayf

Using the first order terms of the expanded annihilation rate (3.33]) leads to

Ay ~Y=—d (3.58)

Moot 2)

which implies an abundance of non relativistic particles today

Soo L i _
Nponrel,co = YooS00 = oo—?j:al = 2970—fgmcm 3, (359)
)\(a0+4wf) A<a0+4$f)
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Figure 5: The evolution of the yield for a massive particle. Before the freeze out happens, the yield
follows the yield at equilibrium and becomes proportional to the yield at freeze out after decoupling.
The yield at equilibrium is suppressed by the Boltzmann factor e (figure taken from [16]).

For a enough good approximation the term 1/Ay, can be neglected [53]. Then, the relic density of
non relativistic particles is given by

myn Y- 3-107%cm?
chmh2 — pcd7'n h2 _ ' nor%rel,oo h2 _ M}ﬂ s 730111 (360)
Perit Perit Perit ap + a1

Since the yield didn’t change since the freeze out the relic density didn’t change too, Qegmh? ~ 0.1.
In this case the yield at freeze out is approximated by

mXYf50h2

. 1 |
o vy =0122% — _355. 1070 — (3.61)

0.1 = chth = D)
Perit soh® my mx

The point z ¢ is iteratively derived by the freeze out condition I's(zf) = Ny eq(0avMa) =~ H (2 ), which
is equivalently to

MyMy (45
226 ~ 2X 5 5 1/29 (T AUMg1) (3.62)
T geﬂ‘,p(T)

using the expressions (3.43|) and (3.44) for fully non relativistic particles. Then, the time of the freeze
is found to be x5 = Tmf ~ 20 [16L58].

Cold dark matter constitutes of about 26% of our universe. Assuming the correct DM relic den-
sity Qegmh? ~ 0.128 the thermal averaged annihilation rate can approximately as follows [30,/53]

3-1072"cm3s!

<UAUM¢1>

Qeamh? ~ = (0avMg) = 3-10"%cm?s ™!, (3.63)
where h = 0.704 is related to the Hubble constant. If the thermal averaged annihilation rate is of
order of the weak interaction (o sv\gl) ~ G%mi, then the WIMP mass requires to be of order O(GeV)
to obtain the correct relic density for cold dark matter today, where G = 1.1663787(6) - 107> GeV 2
is the Fermi coupling constant.

3.3 The isothermal DM halo

Assuming that DM gathered around galaxies in in form of a spherical symmetric halo, then the
halo is approximated by an isothermal sphere of ideal gasﬂ Observations of the universe prove that

4 This chapter follows mainly the book by J. Binney and S. Tremaine [41].
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Table 2: Summary of important results before, at and after the freeze out of relativistic and non
relativistic particles (calculations reproduced from [16,/53,58]).

relativistic non relativistic
thermal equilibrium T >>my
before Ty>H Y & Y & 0.278 -2 Y & Yog = 01455 Lpmare /T
3
freeze out Ny & Ny eq Ny,eq = %T?’C@) Ny,eq = G (”;’er) 2 g=my/T
matter decouples T ~ my /20
freeze at T =Ty Y R Yeq ~ 027821y Yy =3.55-10717 -
/ 3
out Ly~H Mrel,oo = 825.66 - Lmem™ | ¥ & Yeg(ay) = 0.145 L7 (T)a;f e s
— m:;( 2 —xf
anelI(mf) - g(2ﬂ)3/2 xf €
matter completely T << my
after decoupled Y~ Yy~ 0.278m Yionrel,co = M
0 4zf
freeze out rA.<H Nrel oo = 825.66@%{1‘3 Nnon rel,co = 2970/\((1()_~_31)Cm_3
4 z f

Dark Matter has to be non-relativistic. Therefore, the hydrostatic equilibrium is given by Newtonian
physics [41]

dp(r) kT dp(r) de(r) GM(r)

dr — m dr " dr = —olr) r2

where ®(r) is the gravitational potential, kg is the Botzmann-constant, p(r) is the pressure of the
gas, T is the temperature of the gas, m is the mass of a particle within the halo, p(r) is the mass
density within the halo and M (r) is the total mass of the halo sphere characterized by the radius r.
The equation can then be differentiated by r

d 2dlnp(7‘)> _ArGm 2
dr (T )T P (365)

: (3.64)

using dM (r)/dr = 4nr?p(r). Due to Jean’s theorem [59], a steady state solution (0f /0t = 0) of the
collisionless Boltzmann equation L[f] = 0 (3.4]) is given by the integral of motion in a static potential
®(Z) depending on the coordinates (¥, ¥), any function

#B) = £ (515 + 2@) (3.60

solves the collisionless Boltzmann equation, where F is the non-relativistic energy. Indeed, let I(Z, V)
be an integral of motion, which is constant along any orbit, then

dI (%, V) o O  dv* 01 o 01 09(Z) 01
_ = — =0 3.67
dt Y 9z + dt ove " 9z dxr® v ’ (3.67)
where F'¢ —ag)éf). This equation is equivalent to the collisionless Boltzmann equation for the

function f(&,¥)). Therefore, f(&, %) is an integral of motion. For instance, the non relativistic energy
E = |7 | + ®(¥) is an integral of motion [59] shown by

dE dv®  0¥(F)dz™ . 0B(F)de® [ 0B(F)\  0B(E) ,
pri ek ok e T v el ( e )* opa V=0 (368
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Define the relative potential and the relative energy as follows

2
57
where the constant potential is chosen such that f > 0 for ¢ > 0 and f = 0 for ¢ <0 [59]. Then, the
relative potential satisfies the Poisson equation [59]

UV=-0+d), e=-E+P=0— ®y = const. (3.69)

V20 = —4nGp, ¥ — &, for|Z| — oo (3.70)
Assume a Maxwell-Boltzmann distribution,
_ P et P ()50 371
f(&) (271_0_12))3/2 (27_(_0_12))3/26 ) ( : )
where p; is constant. Then, the density is obtained by integrating over the velocities
oo
p(r) = / d*v f(v) = 4n / v f(v) = pre¥ /7, (3.72)
0

which implies ¥(7) = o2 (In p(r) — In p1). The Poisson equation of the relative potential ¥(r) is then
written in the form

1 d [ 4d¥(r) T(r) /o2 d dlnp(r) ArG
1d G YD/ (2 >:_ 2,(r). 3.73
r2 dr (r dr ) e ar \" " ar o2 rp(r) (3.73)
It can be solved by the ansatz p = Cr~° [41], which results in
o2
p(r) = %757”2’ p(r) = oo forr — 0. (3.74)
This is known as the singular isothermal sphere [41,[59]. The total mass is given by
2 2
M(r) = Ué’r, M(r) — oo forr — oo. (3.75)
Comparing Eq. (3.65) with Eq. (3.73) the expressions are identical if
kT

which implies that the theory of an isothermal sphere with an ideal gas is set in relation with the
collisionless Boltzmann equation through the factor o2 [41]. Calculating the mean square velocity of
the Maxwell Boltzmann equation (3.71]), o, is identified as a one dimensional velocity dispersion

0 4 _ 2 2 0 )
B [ d3v v2f(v) B Jo© dv v*exp {(\I/(T) 2 ) /UU} o9 o dx xle — 202 x 3 — 302

(v*)

o [d o) Jo° dv v? exp {(\I/(T') — %) /03} - T dr atem? 2
(3.77)
using the substitution z = 21;22. Then the mean circular velocity is written as

vo = (v) = \/GMY) = V20, (3.78)

Assuming that WIMPs gathered around the Milky way galaxy in a spherical symmetric halo, the total
mass of the halo and the local DM density are to be M (r) ~ 10'2M, and ps ~ 0.3 Slflg [60]. The halo
radius is approximated by

4
M(r) ~ gpsr?’ = 1~ 100kpc. (3.79)
In this case, the mean velocity of WIMPs in a halo can be estimated by
M k
vo = | 200?, (3.80)
r

which implies a velocity dispersion of o, ~ 141 km/s.
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4 Irreducible neutrino background

Experiments always struggle with background events of all forms, e.g. radioactivity, neutrinos or envi-
ronmental influences. Often these backgrounds are reducible through different techniques, e.g. shield-
ing with various materials or the difference in time of signals. However, background in form of neutrinos
is not reducible, because they interact only weakly with matter in the sense, that the cross section
is very small. Neutrinos are leptons with 3 flavors ve, v, v-, which undergo only weak interactions.
There exist several neutrino sources. The highest neutrino fluxes on Earth are generated in the sun
by fusion processes. Smaller fluxes but highly energetic neutrinos are produced in the atmosphere of
the Earth and during the death of a star. Geo- and reactor neutrinos have relatively lower fluxes and
can be neglected for the following calculations. All these neutrino sources are grouped in categories
indicated by their origin.

4.1 Solar neutrinos

Stars are the main source of neutrinos in the universeﬂ In our solar system, our sun is producing
approximately a flux of 10! neutrinos per second and per cm?. They are produced by fusion processes,
where lighter elements fuse into heavier ones [62]. These neutrinos are known as solar neutrinos. Due
to the fact, that neutrinos interact extremely weakly, they are able to escape the inner layers of the
star. Solar neutrinos are grouped in three pp-chains (ppl,ppll,pplIl) shown in Fig. |§|, the CN cycle
(I) and the ON cycle (II) shown in Fig. |7l In all of these reactions, energy is released.

In the stellar core, the temperature and density are high enough to start the energy production
by fusing protons to deuterium, 2H, mostly by the reaction [61]

p+p — *H+e"+v. (pp-neutrinos). (4.1)

Alternatively, there is a very small probability that an electron is captured in the proton fusion

p+e +p — 2H+vrv, (pep-neutrinos). (4.2)
p+p—=H+e +v, p+e+p—=H+yv,
99.76% 0.24%
'H+p—="He+y
84.6% 15.4% 2.5%10%
*He +*He —*He + 2p ‘He + *He —"Be +y He +p —=“*He+e* +v,
99.89% 0.11%
‘Be+e —'Li+v, '‘Be+p—="B+y
‘Li+p—=2°*He "B —"Be* +e* +v,
ppl ppll ppIII

Figure 6: Solar neutrino production in the sun characterized by three chains ppl, ppll, ppllI (figure
taken from [63]).

5 This chapter follows mainly the paper by V. A. Naumov [61].
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Figure 7: Solar neutrino production in the sun characterized by CN cycle (figure taken from [64]).

In this case, an almost monochromatic neutrino beam is produced with energy smearing caused by
Doppler effects and the recoil of the deuteron [61]. The next heavier element, a stable helium isotope
3He is formed by a neutrinoless reaction of deuterium fusion with a proton by

H4+p — 3He+r. (4.3)
The next heavier stable isotope He is produced by helium fusion
SHe +3He — “He + 2p, (4.4)

which is an additional source for proton fusion. This branch is known as the ppl chain. In the ppll
chain helium fusion can also create beryllium via

SHe+*He — "Be+1. (4.5)

If a beryllium nucleus captures an electron, lithium is produced and monochromatic neutrinos with
two energies 861.3 keV and 384.3 keV are emitted

"Be+e” — TLi+w, ("Be8613 (384.3)-neutrinos) . (4.6)

The highest energy release is given by lithium proton fusion, which forms first an unstable beryllium
isotope ®Be and immediately decays into two *He

Li+p — ®Be — *He+’He. (4.7)

The energy release from reactions of ppll chain is comparable with the energy release from reactions
of ppl chain for stars with high masses, because the internal temperature is high enough to drive up
the production of helium isotopes *He by fusion of *He cores [61]. In stars with low masses the fusion
of helium cores is less possible due to the low internal temperature. The occurrence of the pplIll chain
is less probable than the pplI chain. With a probability of 0.11% beryllium nuclei fuse with protons
to form boron by

Be+p — SB+r. (4.8)

Neutrinos are emitted by 37-decays of boron

B — ®Be*+et 41, (SB-neutrinos) (4.9)
with an endpoint neutrino energy of 14.02 MeV. The excited beryllium nucleus ®Be* decays again into
helium isotopes

8Be* — 4He +*He. (4.10)
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The last branch on the right side of Fig. [0] is sometimes called the ppIV chain and contains only one
reaction
He+p — *Li — *He+e" +v. (hep-neutrinos), (4.11)

where neutrinos are produced. Electron neutrinos are also produced by 87-decays in the CNO cycle
(I+1I) by the following reactions

+

BN L B4t 4, (4.12)
+

150 & BN et 4 Ve, (4.13)
+

g B 170 et 4 Ve. (4.14)

The CNO cycle is relevant for higher internal temperatures of about 107 K .

4.2 Atmospheric neutrinos

Atmospheric neutrinos are produced by primary cosmic rays interacting with the atmosphere of the
Earth. Cosmic rays, mostly high energy protons (5% are helium cores) collide with nuclei in the
atmosphere (see Ref. and Fig. . The resulting hadronic showers consist mostly of protons,
neutrons, pions and kaons. Atmospheric neutrinos v, 7, and high energy muons pt are then produced
by the decay channels of pions 7+ and kaons K+, K° :

T = W+ Uy, ™ = T+, (4.15)
K™ — u +u,, Kt = ut+u,, (4.16)
K - 77 +7a", K° — u +u", K° — e +e'. (4.17)

With a lifetime of 2.19703+0.00004 us high energy muons decay into muon- and electron-neutrinos:
poo= e+, pto= ettt e (4.18)

These channels contribute the bulk of neutrino production in the atmosphere. The production of
photons and electrons by neutral pion decays 7° — ~ + v, annihilation channels y — e~ + e,
bremsstrahlung, kaon decays and Cherenkov light leads to electromagnetic showers. The observed
fluxes at Earth are approximately related as follows ,

(W + V)
¢(Ve + De)

~2, ¢(vu) = o), (4.19)

Primary Particle

¢

_ nuclear interaction

/ {%’c 7 with air molecule FER

i nleKK'=—>n

T
f Ny,
M- Y Y
hadronic .IJ 1‘ 'f\l 'lg \I
/ cascage g 8 & & € @
/ é | i,
/ Charenkov
/ % \ radiation
/ AR ERE:1RY
¢ Vv | _ '(, SHER
pop v ovop p. NI K, g€ Yeyyey e
. nuclear fragments
miugnic component, hadronic eleciromagnetic

neuirinos l.'lll'l'll.ll!ﬂl'lll ulmpunrnl

Figure 8: The production of neutrinos in the atmosphere (figure taken from )
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Figure 9: Neutrino fluxes taken from John Bahcall’s website [73]. The fluxes for the atmospheric
neutrinos are given in [74|. These fluxes can also be approximated by a polynomial of order nine (4.21)).

Thus, the amount of neutrinos in the atmosphere is dominated by muon-neutrinos. The amount of
tau-neutrinos v, produced in the atmosphere is negligibly small and requires heavy mesons or neutrino
oscillation [67]. In the atmosphere also mesons with charm quarks are produced. For instance, D-
mesons have a short lifetime and decay immediately into muons and neutrinos. This results in a
prompt muon/neutrino flux |72].

4.3 Solar and atmospheric neutrino fluxes

The differential flux of solar and atmospheric neutrinos is given by the differential energy spectrum
and its total flux

dd,(E,) _ 3 dN,(E,)
dE, Y dE,
where the energy spectra of solar neutrinos are taken from John Bahcall’s website [73] and the atmo-

spheric fluxes are given in [74]. The fluxes are shown in Fig. @ An alternative way to obtain the solar
neutrino fluxes is to approximate the energy spectrum by a polynomial of order nine [75]

(4.20)

dN,(E,) _ { LSS garEET for B, < Epex e

dE, 0 for B, > EMax

where E™2* is the maximum energy a neutrino of each type can carry. The normalization constant is
14
given by

8
1 42
N=Y" a (EP>)"2, (4.22)
= k+2

where the coefficients aj are taken from the Tab. [3| A negligible small difference between the fitted
and measured fluxes in Fig. [o]is noticed in the tail of the 8B neutrinos. The most precise measurement
is the pp-flux with an uncertainty of about 0.6% [76] (first reaction in the ppl chain in Fig. [6)). The
spectra of atmospheric neutrinos are extrapolated for smaller energies. Therefore, a higher uncertainty
of 20% is assumed [77]. The total atmospheric neutrino flux is derived by the sum of all four particle
spectra and is about 7.3(1 & 0.2) cm™2 s~!. The ®B neutrinos (last reaction in the pplll chain in
Fig. @ were measured with a high precision by the Sudbury Neutrino observatory (SNO) [78}79]
through three reactions

CC:ve+d—p+p+e —1.442MeV

NC:v,+d—=p+n+rv, —2224MeV , (4.23)

ES:ve+e” v, +e”
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Table 3: The coefficients ay, of the polynomial fit for neutrino fluxes (taken from [75]).

coefficients ‘ PP hep 8B
ao[l/MeV] | —2.87034-10"1 | —2.04975-1076 | 6.01473-10~*
a1 [1/MeV?] 1.63559 - 102 4.22577-1073 | 1.49699 - 102
ag [1/MeV3] | —1.22253-10% | —4.70817-10"% | —2.6481-1073
agz [1/MeV?] 1.55085 - 10* 2.55332-107° | —2.4141-107°
ag [1/MeV®] | —1.465140-10° | —2.81714-1076 | 6.22325-107°
as [1/MeV®] | 7.843750 - 10° 3.06961 - 1077 | —9.84329 -10~¢
ag [1/MeV™] | —2.35727-10° | —1.87479-10"% | 7.51311-1077
a7 [1/MeV?¥] 3.71082-10% | 6.01396- 10719 | —2.8606 - 10~®
ag [1/MeV?] 2.38308 - 106 | —7.88874- 10712 | 4.31572.1071°
coefficients 17g 150 BN
ap[l/MeV] | —2.59522-1072 | —1.36811-10"2 | —6.74473 - 102
a1 [1/MeV?] 1.05228 - 10! 3.94221 4.63141
as [1/MeV3] —3.2344 - 10! —8.55431 —1.1535 - 10!
az [1/MeV?] 1.33211 - 102 2.36712 - 10" 2.85067 - 10
ag [1/MeV®] | —4.11848 - 102 —5.00477 - 10 | —5.11664 * -10*
as [1/MeVY] 7.28405 - 102 6.07542 - 101 5.51102 - 10*
ag [1/MeV'] | —7.26105 - 102 —4.15278 - 10 | —3.45332- 10*
ar [1/MeV?)] 3.8137 - 102 1.49462 - 10! 1.1655 - 10
ag [1/MeV?] | —8.21149 - 10* —2.20367 —1.62814

where z represents any neutrino flavor (z = e, u, 7). Electron neutrinos are only produced in charge
current scattering (CC). In neutral current (NC) and neutrino electron elastic scatterings (ES) the
total flux of all neutrinos is measured. Following the paper of SNO [78] they obtained the measured
8B fluxes for each reaction

¢8R0 = 1597008 stat) 1008 (syst) - 106 cm 2!
PPRO = 2.2170 5k (stat) + 0.10(syst) - 105 cm™2 57!
AP = 5.21 £ 0.27(stat) + 0.38(syst) - 105 cm =271,

(4.24)

The following calculations take into account an uncertainty of 14% [80] for the 8B neutrinos that
concords with the uncertainty of SNO.
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Table 4: Neutrino fluxes taken from [80] and the corresponding recoil energies.

flux @, Emin Emax ERax
[1/cm? /5] [keV] [keV] [keV]
pp 5.98(1 £ 0.006) - 1010 | 5.04 423 2.94-1073
hep 8.04(14+0.3)-10% | 18.8 1.88-10% | 5.79
" 5.52(1+0.17) - 105 | 3.48 1.74-10% | 4.97-1072
150 2.23(14£0.15) - 10® | 3.46 1.73-10% | 4.92-1072
13N 2.96(14+0.14) - 10® | 6 1.20-10% | 2.36- 1072
8B 5.58(140.14) - 10° | 0 1.66 - 10* | 4.50
"Be (384 keV) | 4.50(1£0.07)-108 | 384.3 384.3 2.42-1073
"Be (861 keV) | 5.00(140.07)-10° | 861.3 861.3 1.22-1072
pep 1.44(140.012) - 10 | 1.44-103 | 1.44-10% | 3.40-1072
atm. v, 1.27(140.2) 1.30 - 10* | 9.44-10° | 14.39-103
atm. 7, 1.17(1 £0.2) 1.30 - 10% | 9.44-10° | 14.39-103
atm. v, 2.46(1 £0.2) 1.30 - 10* | 9.44-10° | 14.39-103
atm. 7, 2.45(1 +£0.2) 1.30 - 10% | 9.44-10° | 14.39-103
DSNB v, 22.12(1 £ 0.5) 0 ~1.0-10° | 163
DSNB 7, 17.69(1 +0.5) 0 ~1.0-10° | 163
DSNB v, 11.06(1 4 0.5) 0 ~1.0-10° | 163

4.4 Diffuse supernova neutrino background (DSNB)

“The supernova neutrinos are the dark matter of the neutrino family.”

The diffuse supernova neutrino background (DSNB) can be seen as a steady source of all neutrinos
and antineutrinos emitted from core collapse supernovae of Type II from the beginning of first stars
to today.

Supernova neutrinos were measured directly only in two experiments based on water-Cerenkov de-
tectors, when the blue supergiant Sanduleak-69 202 in the Large Magellanic Cloud exploded in a
supernova, which is known as the SN1987A. One of these experiments is Kamiokande-II (Kam-II),
which reported 12 neutrino events [81H83]. The second one is the Irvine-Michigan-Brookhaven (IMB)
experiment, which reported 8 events [84,|85]. They were actually built to measure proton decays but
were also efficient to measure neutrinos by detecting the energy of the electron produced in the inverse
beta decay 7, +p — eT + n. The energy of the electron should be close to that of the neutrino

E. = (E, — 1.3MeV) <1 - E”) (4.25)

mp

where m,, —m, ~ 1.3 MeV and m,,, m,, is the proton mass and neutron mass [86]. In 2012, Super-
Kamiokande (SK) set an upper limit for the DSNB flux on electron neutrinos for energies above a
threshold of 19.3 MeV [86,87]

®(E, > 19.3MeV) < 1.2cm™ %71 (90% C.L.). (4.26)

4.4.1 Type II supernova-production of neutrinos

Supernovae are not frequent in our galaxy but very frequent in the universeﬁ Stars with mass less than
8M end up as white dwarfs. The maximum mass of a star that ends as a white dwarf is estimated to
be 7.25Mg [90]. In this case, while helium is fused into carbon the temperature inside the core is not

5 This chapter follows mainly the book by G. G. Raffelt [89].
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Figure 10: (left) Fusion processes in a star that explodes in a Type II supernova (figure taken
from [88]). (right) @ core collapse, @ Ve burst, @ protoneutron star mantle cooling and matter

accretion, @ Kelvin-Helmholtz cooling (figure taken from [89)]).

high enough to fuse carbon into heavier elements. The core cools down until it becomes the average
temperature of the universe. Stars, which exceed this mass limit of 8 M, explode and produce a large
number of neutrinos. This is known as the Type II supernova [91}92].

Stars fuse hydrogen into helium and release thermal energy. The produced pressure inside the core
counteracts the gravity of the star and prevents it from collapsing. Due to low temperatures helium
cannot yet be fused to heavier elements. When hydrogen is exhausted, less thermal energy is released
and its own gravity contracts the core increasing the temperature again. The fusion of helium to
carbon begins. After enough carbon is formed, the star starts to fuse neon into oxygen. Then, it
begins to fuse oxygen into silicon and silicon into iron. The core is layered in rings as in Fig.
where heavier elements are formed in the center of the core. In each of these fusion processes, thermal
energy is released that heats the core up to 10° K and keeps the star from collapsing. The inner iron
core has a central density of about 3.7 - 10° g cm™3, a temperature 7'~ 0.69 MeV and approximately
an equal number of electrons and baryons Y, ~ 0.42 [89,93]. When the amount of iron in the core
increases, the star begins to fuse iron into cobalt or nickel. However, this fusion process is endothermic
and absorbs energy, because iron is the most tight bound nucleus. The core starts to cool down and
thermal radiation is no longer released. The consequence is that the star begins to collapse. However,
electron degeneracy pressure stops the core from collapsing further. Due to the Pauli exclusion princi-
ple, electrons with same the quantum numbers cannot occupy the same state. An enormous pressure
builds up against the implosion.

When the mass of the iron core reaches the Chandrasekhar limit of 1.4Mg, electron degeneracy pres-
sure against gravitation can no longer be supported. The core collapses rapidly with a velocity
v/r ~ 400 — 700 s~!, which is approximately 20% of the speed of light and the temperature increases
up to 10'° K [89]. The collapse velocity depends on the radius of the core and increases with a
higher radius. The core becomes so hot and dense that high energy gamma rays are produced, that
destroy iron by photodissociation v4°¢ Fe — 13a.44n. This reaction consumes 124.4 MeV of energy,
which supports the collapsing process even more. The force of the collapse force electrons to merge
with protons and an amount of neutrinos are produced via the inverse beta decay e~ +p — n + .
Neutrinos interact very weakly with matter (weakly in the sense that the cross section is very small),
but at some point, they can no longer travel freely through the core and are trapped by coherent
neutral current scatterings |94] due to high densities in the core and high energies of the neutrinos.
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Figure 11: Luminosity of neutrinos emitted during the stages of supernova. @ core collapse, @

Ve burst or shock break out, @ protoneutron star mantle cooling and matter accretion, @ Kelvin-
Helmbholtz cooling (figure taken from [89)]).

This sea of neutrinos is known as the neutrino sphere and has a density of about 10'? g cm™3 for
10 MeV neutrinos [93]. In the neutrino sphere neutrinos are in thermal equilibrium. The lepton
number fraction per baryon Y7 &~ 0.35 is approximately conserved, because electrons are converted
into electron neutrinos and vice versa. If the inner core reaches nuclear density p ~ 3 -10'* g cm™
collapsing slows down. The falling material of the outer mantle travels with supersonic speed towards
the inner core but slows down within the inner core to subsonic speed [89]. More and more material
is gathered around the edge of the inner core. The outer layers bounce onto the inner core and create
a shockwave that propagates outward. The shockwave hits the neutrino sphere in a short period of
time. As the shockwave propagates trough the neutrino sphere, it dissociates nuclei. Additionally,
protons of these dissociated nuclei interact with electrons and produce a big amount of neutrinos by
e~ + p — n+ . Less nuclei and more neutrinos result in the fact, that many neutrinos escape from
the neutrino sphere. A prompt v, burst or deleptonization burst is released. However, most of the
leptons remain trapped.

This shockwave has stored enough energy to blow away the outer parts of the stellar mantle. An
explosion known as the supernova occurs. Everything below the shockwave converts to a proton neu-
tron star (PNS). The inner core of the PNS, where the shockwave first formed, consists of proton,
neutrons, electrons and neutrinos. It has a lepton number fraction per baryon of about 0.35 [89].
In the outer parts of the PNS many leptons are ejected by the propagation of the shockwave and
simultaneously during the deleptonization process. Now the PNS (radius ~ 30 km) is decoupled from
the outer material from the progenitor star. The surface of the PNS cools down slowly. It loses its
energy by emitting neutrinos of all flavors as shown in Fig. At the same time, electron neutrinos
are released by deleptonization process. After a few seconds the number of leptons within the PNS
is reduced to a minimum. This is known as the Kelvin Helmholtz cooling and is responsible for the
dominant neutrino emission. The PNS shrinks to a neutron star with a radius of about 10 km as
shown in Fig.
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4.4.2 DSNB flux
The present number density of DSNB neutrinos with energies [E,, E, + dE,] emitted at redshifts
[z, 2z + dz] is given by [95]
dt dN
_ 3|at], @iV -3
dn, = Rsx(2)(1+2)°| a2 15 (Bvem) dByem(1+2)

dN
dE,

(4.27)

— Ren(2)(1+ 2) %\dz (By(1+ 2)) dE,,

where
o E,em = E,(1+ 2) is the energy at emission and E, the energy at observation,
e Rgn(z) is the supernova rate per comoving volume at redshift z,
e Rsn(2)(1+ 2)3 represents the supernova rate per proper volume at redshift z,

% (EL(1 4 2)) is the neutrino spectrum (=neutrino emission per supernova), where neutrinos
v

with energy E, were emitted at higher energies F, (1 + z),
e the factor (14 2)~2 has to be added due to the expansion of the universe,

e the density parameters Qy; ~ 0.3, Qx ~ 0.7, the Hubble constant Hy ~ 70kms~' Mpc~! and

dt 1 1
| = = 4.28
dz|  H(z) Ho(1+ 2)v/(1+2)3Qu + Q) (4.28)
are obtained from Friedman equations.
The DSNB flux measured at the Earth is then written as an integral over redshifts z
do, dn,, c [Fmaz dz dN
== — R — (Fy(1+4+2)). 4.29
B = e gy, B0 ). (@29

Assume that the first Type II core collapse supernovae occurred at a redshift 2,4, ~ 5 — 6 [96]. The
DSNB flux can be derived in detail similar to the extragalactic flux in Sec. replacing e 122) by

Rsn(2).

The flux of supernova neutrinos depends strongly on the magnitude and redshift dependence of the
core-collapse supernova rate Rgn(z). In the universe the death rate and the birth rate of stars is ap-
proximately in equilibrium. Therefore, the supernova rate Rgn is obtained from the star formation rate
Rgr times the fraction of stars in the universe, that end up as Type II core collapse supernovae [86}97]

50M,
Jsar,” W(m)dm  Rep(z)

Rsn(z) = Rgp(z ~ , (4.30
=) ( >f&?%® mU(m)dm  143Mg )

where ¥(m) is known as the initial mass function (IMF), that characterizes the mass distribution of
stars in the universe. Due to observations and simulations, the IMF takes the form ¥(m) ~ m" (for a
Salpeter IMF n = —2.35) and is extrapolated for smaller masses [86]. The numerator f85 ]?/[]\ge U (m)dm
is the number of stars, that end up as a Type II supernova and produce neutrinos. The denominator
fol_ ??wj\é@ mW¥(m)dm is the total mass in stars in the universe. The lower bound of the upper integral is
chosen such that the minimum mass of a star of about 8 M, is required for a core collapse supernova
(the minimum mass (8.57] )My, is estimated by maximum likelihood analysis [98]). Stars more than
50M collapse immediately to a black hole and no neutrinos are produced. In the lower integral, the
smallest star in the universe is assumed to have a minimum mass of about 0.1Mg. The biggest stars

have a mass of about 125M. There exist few stars with masses above 125M, but those can be
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cosmic star formation history ‘ Rsr(0) ‘ a ‘ B ‘ v

upper 0.0213 | 3.6 | —0.1 | —2.5
fiducial 0.0178 | 3.4 | -0.3 | —3.5
lower 0.0142 | 3.2 | -0.5 | —4.5

Table 5: Analytic fits for a Salpeter IMF [97]. Rsp(0) is given in units [Mg yr—! Mpc™3].

—— upper
= fiducial

lower

Figure 12: Evolution of the star formation rate density Rgp(z) for redshifts z and Salpeter IMF.
For redshifts z < 1 the ultraviolet data (UV-data) and far-infrared data (FIR-data) are combined
due to obscuration of dust. In the region 1 < z < 3 FIR-data is quite flat and a constant dust
correction/FIR-data is added to UV-data (for more details see [99-102]).

neglected. The star formation rate density (SFR) is well measured for low redshifts and can be fitted
by an analytic function [97]

1/n

(L+2)%7 4 (1gz)ﬂ"+ (122)7"] , (4.31)

Rsr(z) = Rsr(0)

where
B=(1+2)"F C=(1+42)0"97 14 z) P (4.32)

with 21 = 1, z5 = 4 as redshift breaks of the SFR density and n = —10. The analytical fits given in
Tab. [f] are shown in the Fig. [I2]and characterize an uncertainty width. The uncertainty is greater for
higher redshifts due to obscuration of the universe by dust and larger distances. Dust has an effect
on the measurements of the luminosity of galaxies in the ultraviolet and optical regions. Therefore,
far-infrared data (FIR-data) is added to the observed data in order to determine the SFR density
more accurately. The SFR density is well consistent with all observations and constraints in a range
0<2<6199.

The DSNB spectrum can be approximated by a Fermi-Dirac distribution [97,/103] (thermal spectrum)

dN B 120 (Byem)® ( gy o/t -1
dEl/ (Eu,em) - 6 w T;l (e ’ + 1) 9 (433)

where E, o, is the neutrino energy at emission and each neutrino and antineutrino carries an equal
fraction of the total energy [86,97]

EXt ~ E 3 x 107 ( Ms )2 ( fixs )1 (4.34)
~ 3 = erg. .
2 bind 1.4M, ) \10km &
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Figure 13: Fermi-Dirac spectra for several redshifts z = 0,2,4,6 and for temperatures 7,, ~ 4 MeV,
Ty, = 5MeV, T, =~ 8 MeV (z = vy, Uy, Vr, v-): The spectra shift to lower energies for higher redshifts

and decrease for higher temperatures.

The energy E°'/6 carried by each neutrino and antineutrino is in good agreement with numerical
supernova simulations of the Lawrence Livermore group Ej;, = 4.7-10%? erg ~ E'°' /6 . The total
energy is approximately equal to the gravitational binding energy of the star, because almost all of its
gravitational binding energy is converted to high energetic neutrinos. The parameters Myg and Rng
are the mass and the radius of a neutron star.

Observationally, the masses of neutron stars Myg may be estimated by observation of X-rays of
binaries or radio binary pulsars, where fast rotating neutron stars (pulsars) orbit another neutron
star, a white dwarf or a main-sequence star . The measured masses of neutron stars in a binary
system, called PSR 1913416 are (1.3867 + 0.0002) M, and (1.4414 4 0.0002) M, [106]. The radius
is derived by observations of gravitational waves by LIGO and Virgo detected in 2017 and is
estimated to be (10.8729km) and (10.7%1km) for two neutron stars colliding in a binary system,
where the neutron star with smaller radius has smaller mass. This is in a good agreement with a
neutron star with mass Mys =~ 1.4M and radius Ryng ~ 10 km.

Each neutrino and antineutrino is identified with a certain temperature 7, ~ 4MeV, T; ~ 5MeV,
T, ~ 8MeV (x denotes the other neutrino flavors v, v, V-, Ur), where the temperature 7, is consis-

tent with the upper limit of Super-Kamiokande (see Eq. and [86]). The hierarchy T, < Ty, < Ty
is given by the radii at which the neutrinos decouple. Neutrinos v, v, v;, v, decouple at the smallest
radius of the protoneutron star and diffuse out with a thermal spectra . The DSNB fluxes and
the Fermi-Dirac spectra are shown in Fig. [[5] and in Fig. [I3] Combining the DSNB fluxes lead to a
total flux of about 84(1 4+ 0.5) cm~2 s71.
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Figure 14: Neutron star mass is estimated by observation of binaries (figure taken from [105]).
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Figure 15: (a) The fluxes of the diffuse supernova neutrino background (DSNB) for temperatures
T, ~ 4MeV, Ty, ~ 5MeV, T, ~ 8MeV (x = vy, 0y, v7,77) [86]. (b) Neutrino fluxes with diffuse

€

supernova neutrino background (dashed lines: blue, green, red).
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5 Detection of neutrinos

In 1930, Wolfgang Pauli postulated a neutral particle [109], which should explain the continuous
spectrum of electrons in beta decay{]. If beta decays are two body decays n — p+ e~ then electrons

m2 mf,—&—m2

should have a sharp discrete energy F. = ”;mn ¢~ 1.29 MeV. Pauli named the invisible particle
neutron, but with the discovery of a more massive neutral particle (today known as the neutron) by
James Chadwick in 1932 [111], the postulated particle by Pauli was renamed to neutrino by Enrico
Fermi. The existence of neutrinos was confirmed in 1956 by Clyde Cowan and Frederick Reines [112].
They used a reactor to produce a high flux of e-neutrinos, that interacted with protons in water tanks

and produced positrons and neutrons
UVed+p — n+e’. (5.1)

The positrons annihilated with electrons and produced gamma rays, which were detected by scintilla-
tors. The neutrons were detected by dissolved cadmium in water

n+%cd — 19mcd - 199¢d + 4. (5.2)

In the following years many experiments were built to detect all flavors of neutrinos and to explain
their interactions with other Standard Model particles. Several techniques are used for neutrino
detection [110]:

e radiochemical method,

method with Cherenkov detectors,

scintillation technique,

iron calorimeter (ICAL),

liquid argon time projection chamber (LArTPC).

5.1 Radiochemical method
In the radiochemical method neutrinos are detected by the inverse beta decay
ve+4 X = e 44, (5.3)

where X are target nuclei with atomic mass number/nucleon number A and atomic number/proton
number Z. During this reaction neutrons of nuclei X convert to protons and increases the atomic
number of produced nuclei Y by one. Experiments, e.g. HOMESTAKE, GALLEX, GNO and SAGE
use different target nuclei to measure solar neutrinos. In the HOMESTAKE experiment [113] chlorine
was used as the target nucleus, which converts to argon after the interaction with a electron-neutrino

Ve H31C1 — " 31 Ar (¢ = 0.814 MeV). (5.4)

GALLEX |[114] and SAGE [115] exploit the advantage of gallium with which one can achieve very low
thresholds of few keV and consider similar reactions

Ve + Ga — e +51Ce (¢=233keV). (5.5)

This allows neutrinos with smaller energies to be observed [110].

" This chapter follows mainly the paper by A. Nath and Ng. K. Francis [110].
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5.2 Method with Cherenkov detectors

The Cherenkov method is an excellent technique to detect neutrinos. If the phase velocity
of a charged particle propagating through a medium (Super-Kamiokande (SK) uses HoO, Sudbury
Neutrino observatory uses heavy water deuterium oxide D2O ) is greater than the speed of light
in that medium, then light is emitted in form of a light cone known as Cherenkov cone or Cherenkov
light:

v> <, (5.6)

n
where n is the refractive index (n ~ 1.33 for HO at room temperature 7'~ 20° C). The direction of
the radiation related to the flight axis of the propagating particle is given by the Cherenkov angle 0

(see Fig. and Ref. [117])

AB  SAt 1 v
o8 AC  vAt  Bn’ p c (5.7)
The maximum angle a particle can reach is obtained if v = ¢ [118§]
1
Omax = arccos (—) . (5.8)
n

In water the maximum Cherenkov angle is 020 a~ 41°. The Cherenkov cone can then be mapped
to a two dimensional circle using many photomultiplier-tubes (see Fig. [L6b)). This technique of Ring-
imaging Cherenkov detectors is used in many neutrino experiments [110], e.g. SNO, SK, IceCube,

KamLAND, MiniBooNE.

Cherenkov light

Neutrino
——
Charged

particle

in water

(b)

Figure 16: (a) The Cherenkov cone: The line segment AB of emitted light in a medium with index of
refraction n is given by =~ At, where At is the time. In the same time At the particle propagates the
line segment AC' = vAt with velocity v (figure taken from ) (b) The Cherenkov cone is detected
as a ring. The type of particle can be identified by the from of the ring. A propagating electron would
produce electromagnetic showers, which lead to fuzzy rings (figure taken from [119]).

5.3 Scintillation technique

Organic or anorganic Scintillators are used to measure charged particles, X-rays or gamma rays. If
a particle, X-ray or gamma ray propagates through a scintillator, light is emitted by excitation of
the molecules in the scintillator. Mostly, the following three effects contribute to ionization of the
scintillator |110]:
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1. Photoelectric effect,
2. Compton effect,
3. pair-production.

In each of these processes electrons are produced, which ionize the molecules of the scintillator. This
leads to emission of photons. The number of scintillation photons is proportional to the energy depo-
sition of the incoming charged particle, X-ray or gamma ray. Organic scintillators consist mostly of
plastic, crystals that are aromatic hydrocarbons containing benzene rings, liquids or polymer solids.
Anorganic materials used for scintillators are alkali metal halides, e.g. sodium iodide, alkali halide
crystals, e.g. cesium iodide and non-alkali crystals, e.g. barium fluoride or calcium tungstate (scheel-
ite) |120]. Scintillators are used in Borexino, MINOS and KamLAND.

Borexino uses liquid scintillators as target material to study the spectra of solar neutrinos, like hep
and ®B neutrinos. Low thresholds also allow the measurements of neutrinos with low energies, e.g,
PP, pep, ‘Be. The Borexino collaboration considers elastic v-e~ scatterings

vy +e — vy+e  (x denotes the three flavors), (5.9)

where free moving electrons produce scintillation light. Liquid scintillators are preferred due to their
larger photon yield. The detector KamLAND is a tank filled with pure liquid scintillator studying
v.-disappearance of reactor neutrinos and neutrino oscillations by the reaction

Vet+p — e +n. (5.10)

5.4 Iron calorimeter (ICAL)

A calorimeter measures the energy of a particle that propagates through it [121]. Particles deposit all
their energy interacting with the nuclei of the calorimeter and produce particle showers. There are
two types of calorimeter which are used in particle physics. One measures particle showers that are
produced by electromagnetic interactions. In this case, a lot of electrons, positrons and photons are
created by pair-production and bremsstrahlung. The second one measures the hadrons produced by
strong interaction. Most of these hadrons are pions. The iron calorimeter belongs to the group of
hadronic calorimeters. Neutrinos enter the calorimeter and produce hadrons by interaction with iron
nucleons by neutral current (NC) and charge current (CC) [110]

NC: v, +50 Fe — v, + hadrons, (5.11)

CC: v, +30 Fe — pu~ +hadrons, o, +50 Fe — pu' 4+ hadrons. (5.12)

The MINOS collaboration uses iron calorimeter to analyse neutrinos |122}/123].

5.5 Liquid argon time projection chamber (LArTPC)

In 1977, Carlo Rubbia invented a time projection chamber (TPC) with liquid argon [110,/124]. A
TPC analyses the path of a charged particle propagating through a volume (see Fig. . The volume
is normally filled with gas. If a particle propagates through the TPC, the gas is ionized along this
path. A high electric field is applied inside the volume to avoid recombination of the ionized atoms.
Therefore, produced electrons are accelerated to the anode wire planes on the sides of the TPC and
produce a measurable signal, which allows to analyse the path of the particle. Argon has advantageous
properties. First, its electronegativity is zero, i.e. the ionized electrons are not attracted by argon and
move freely. Second, argon acts also as a scintillator, when a charged particle propagates through it.
The density in liquid argon is much higher, i.e. the propagating charged particle interact more with the
molecules and produce more ions, which leads to a detailed analysis of the particle’s path. The energy
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How Does a LAFTPC Work """ 5"

uvy
Bo Yu (BNL) Liquid Argon TPC

Cathode

Plane A
'
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f——
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time

—

Figure 17: Schematic view of the Liquid argon time projection chamber used in the MicroBooNE
experiment. The Anode consists of several wire planes to analyse the tracks of the particles in any
direction (figure taken from [126]).

study processes

required to ionize molecules in liquid argon is W, = 23.6f0:5eV. In argon gas more ionization energy
is needed W, ~ 26.6eV [125]. The experiment ICARUS uses the detection technique of LArTPC to

VAT +p, — OK4e”

(5.13)

for observation of neutrinos form different sources and neutrino oscillations.
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6 WIMPs and neutrinos in direct detection experiments

6.1 WIMP and neutrino-induced nuclear recoil rates

In direct detection experiments neutrinos of any origin may mimic direct detection signatures of
WIMPs. Although such experiments try to avoid background events, neutrinos cannot be shielded
by matter. Therefore, the background from neutrinos is irreducible. Dark matter direct detection
experiments are mainly sensitive to neutrino-nucleus elastic scattering.

Neutrinos scatter coherently off target nuclei, e.g. xenon or germanium nuclei and may produce recoil
spectra similar to WIMPs. The measure of coherence is given by a nuclear form factor F(||). Co-
herence is lost, if the momentum transfer |¢’| takes values up to few MeV. A nuclear form factor is
introduced to describe the internal structure of an object in a scattering process [127H129]. Then, a
differential cross section can be expressed by a product of the point-like cross section and the nuclear

form factor
do 2 do

@ - |F(|C_[ |) mpoin‘c—like. (61)

The form factor is the Fourier transformation of the nuclear mass density ppqss(r) weighted by the

nucleus mass my [129-131]
N 1 a7
PG = —— [ & prss(r)e ™ (62)

mn

and has to fulfil the condition F'(0) = 1. In general, the nuclear mass density is proportional to the
nuclear charge density

pmass(r) = %p(r)7 (63)

where p(1) = peharge(r), Ze is the total charge of a nucleus. The differential coherent cross section of
neutrinos is determined by the elastic scattering process via Z-exchange (detailed discussion is given

in App. [F.2)

v+N—=v+ N (6.4)
and is given in terms of recoil energies E'r
dowy (B, Er) _ Q3 GEmnl|F (7)) [1 _ ERmN} (65)
dER 4dr 2E2 |’

where G = 1.1663787(6) - 1075 GeV 2 is the Fermi constant, Qu = (4sin? fy — 1)Z + N is the weak
charge, Oy is the Weinberg angle (sin? 0y ~ 0.23129(5) in MS regime [31]) and E, is the energy, that
the neutrino carries before scattering. Interactions with W-bosons change flavors and photons couple
only on charged particles. Therefore, processes including these mediators are excluded. We consider
spin-independent scattering. The spin-independent form factor can be approximated by an analytic
form, also known as the Helm form factor [128|

N . 3n(7|R) 71242
F(D) = [P = UL iarsre (6.6)
IR
where
e ji(z) is the first order spherical Bessel function of the first kind
) sin(z)  cos(x)
_ _ 6.7
i) = T2 D), (6.7
e R is the effective nuclear radius
2, (2.9 2
R= c+§7ra—5s, (6.8)
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Figure 18: The Helm form factor squared. The cross section is suppressed by the form factor at recoil
energies Er > 50 keV.

1
o c= (12343 —0.60) fm, Ay is the nuclear mass number,
e 5~ 0.9 fm is the nuclear skin thickness and a ~ 0.52 fm.

The Helm form factor is introduced as the Fourier transformation of a convolution of nuclear charge

densities p,(r), ps(r) of the uniform model and a Gaussian smearing to take the soft edge of the
nucleus into account [128}|130L|132]

3Z¢. forr < R 1 2 /942
_ A7R3 > P e ML
pu(r) { O fOI' r > R 9 Ps(r) (27['82)3/26 . (69)
The corresponding Fourier transformations are given by
o 3 ., R 17262
Fu(lq]) = Wﬂl(\qm% Fy(|7]) = e V772, (6.10)

Due to the property of Fourier transformation F, [py * ps] = Fy[pu] - Fs[ps] the Helm form factor is a
multiplication of the Fourier transformations (|6.10)

7 1 —ig T
|F(|q |)| = Fu,s[pu * ps] = 7/(137“ pu*s(T)e q
i (6 11)
7t g 3]1(’§|R) _la12s2 .
= (D7) = BT s

where pues(r) = [ di’ pu(r)pu(r = ')

In direct detection the measured quantity are recoil energies Er. The maximum recoil energy that a
neutrino can produce is given by [77]

2
max — Q(Ell;nax) (6 12)
Ry ™ gpmax 4y '
and depends on the maximum energy E}'** that a neutrino carries (for more general calculation of

Eq. (6.12) see egs. (E.9) to (E.12)) in the appendix). The differential recoil rate of neutrinos given

in units [1/keV /ton/yr] is obtained by integrating of the differential flux (4.20) times the differential
cross section (6.1)) over their neutrino energies E,, 77]

dR,(ER) /E“‘ d®,(E,) dony(Ey, ER)
- N dE, , 6.13
dEg T Jey e dE, dEg (6.13)

where
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Figure 19: Differential recoil rates of neutrinos in Tab. The spectra of the diffuse supernova
neutrino background and the atmospheric neutrinos are combined. The total neutrino fluxes are
#psng = 84(1 £ 0.5) em™2 s7! and ¢apm., = 7.34(1 £0.2) em 2 s7L.

® E, min is the minimum energy that a neutrino produces a recoil Er

Ermy
2

(6.14)

o
Eu,min = |p1/,min| =

e and Ny is the target number density (number of target nuclei per kg detector mass) given by
the Avogadro number Ny = 6.02-10%% mol ™!, the molar mass constant M = 1072 kg mol~! and

the nuclear mass number Ay
Ny

Np = . 6.15
"7 AxM (6.15)
The neutrino event rate is written as an integral over recoil energies
ERY dR,(E
po= [ By () AL, (6.16)
ERthr dER

where
e cg(ER) is the detector efficiency
e and FEg,, is the threshold energy.

We assume an ideal detector with 100% detector efficiency, i.e. eg(Fr) = 1. The differential event
rate of WIMPs per unit detector mass [133] depends on the DM density and the velocity distribution
explained in Sec. It is given by

dR = Nrpo vdn, (6.17)
where
e dn is the differential particle density
dn = no f (¥, Gap) v, (6.18)
e 7 is the mean number density
np = X, (6.19)
My
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WIMPs follow a Maxwell-Boltzmann distribution

(Gt )2 L.
L Ne o) exp[ 5 for [T+ Tias] < vese
J (U, Oap) = ; (6.20)

0 for |0 4 tap| > Vesc

e o, =1/ V2 is the velocity dispersion,

e g is the mean WIMP velocity given in Sec.

o 7 is the WIMP velocity relative to the lab frame (Earth),

e b is the velocity of the lab frame (Earth) relative to the galaxy’s rest frame,
® U+ U1, is the velocity of the WIMP relative to the galaxy’s rest frame,

® Vs is the escape velocity of the WIMPs in the standard halo model (SHM)

e and N is the normalization constant, such that

/ “ o £ (5, Bap) = 1. (6.21)
0

For a mean WIMP velocity vg = 2201%m and an escape velocity vese = 5441%1 [77], one obtains a
normalization constant Nege = 0.993361. In general, the WIMP velocity relative to the galaxy’s rest
frame depends on the velocity of the Earth moving around the Sun ¥ 4 4},1, + Ug, where ¥, is now
the velocity of the solar system relative to the galaxy’s rest frame and ¥s,, ~ SOkTm is the velocity of
the Earth with respect to the rest frame of the solar system. Therefore, the velocity of the lab frame
(Earth) changes over the year. Those fluctuations are small and will be neglected for the following
calculations (see Sec. and |134]). Taking the recoil energies Er into account one obtains the
differential recoil rate [135] as follows

AR, do p do p IR do
X Ny [ d — N2 22 :Ni/ a3 ab) —— .22
iz, =0 [ gy =V (GE) = N [, SO 622)

where

® Upip is the minimum velocity that a WIMP requires to produce a recoil with energy Er (for
detailed calculation see appendix)
vV 2m N E R

= YR 6.23
Umin ST (6.23)

e and p, N is the WIMP-nucleus reduced mass

mMyMmy

oy = (6.24)

my +my’
In an elastic scattering process the WIMP-nucleus cross section related to the mandelsteam variable
t is given by
do do (M}
dlg)?  dt  64ms|py.cm|?

with ¢ = —|7]%, (6.25)

where
e (|M|?) is the squared spin averaged WIMP nucleus matrix element,

e [p\.cm| is the three momentum of the incoming WIMP x in the center of mass frame (CM),
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e and ¢ is the momentum transfer.

The three momentum in the center of mass frame is related to the three momentum in the lab frame
(rest frame of the nucleus) as follows

_ mn, .
[Py.om| = %|px,lab’- (6.26)

Then, the elastic scattering cross section can be written as

do _do  (MP)  _ (MP)
d\(j’\Q Cdt 647Tm%\[|ﬁx,lab|2 a 647rm%vmi1)2’

(6.27)

where v is the WIMP velocity in the lab frame. It is convenient to rewrite the cross section (6.27)) in
terms of cross sections at zero momentum transfer |¢'| = 0 and split it in a spin-independent (SI) and
spin-depended (SD) part [135,/136]

do 1

& = g 70 P17 +oiPSs(D)/5(0)] (6.28)

where
e F?(|7]) is the helm form factor given by Eq. ,
e S(|7]) is nuclear spin structure function [137]

e and the cross section at zero momentum transfer is obtained by

et do(7]=0) _ i (M (7 = 0)P) -
og = 7| dla = 642 m2 : (6.29)
0 7 N
Using Er = —ﬁ the cross section 1' can then be written in terms of recoil energies Fgr
do do MN [ SIp2()~ SD ¢(|~
= - = F S S(0)] . 6.30
TEn = 2" G = gy 170 10T + i S(1)/50)] (6.30)

We consider spin-independent scattering and neglect the spin-dependent part. For a spin-independent
scattering the WIMP-nucleus cross section of! is given by [135]

2
ob = i [Zfy + (A= 2)fu]? = A2 (TV) on, (6.31)
xXn
where
e 0, is the WIMP-nucleon cross section,
o fn, fp are effective nucleon couplings (f, ~ fp),

® [iyy is the WIMP-nucleon reduced mass,

My My,

(6.32)
My + My

Hxn =

e and m,, is the neutron mass.
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Figure 20: Nuclear recoil rate for ! Xe target with my ~ 122 GeV. The 8B and atmospheric neutrinos

mimic WIMP recoil rates with m, = 6 GeV, m, = 100 GeV and cross sections o, = 4.9 - 1074 cm?,
op =2-107% cm?.

In the end, the differential recoil rate of WIMPs can be expressed as

dR, p L\ MmN _ f (¥, Vab) .
X — Np X A2 2 / A3y T2 = |7|. 6.33
dER me (|q ‘)2/11?(”071 > min v v ) v ”U’ ( )

The velocity integral is derived step by step in the App.[G.I] The maximum recoil energy Er produced
by a WIMP of mass m,, in a detector with nucleus mass my is derived similar to Eq. (6.12))

2my ((E2)? — m?)
mi 4+ m2 + 2my Emax’

max __

Rx — (6.34)

where B = m, + mX(ve++%b)2 is the maximum energy a WIMP can carry (see Fig. . Neutrinos
can mimic the differential recoil rates of WIMPs [77]. For instance, 8B-neutrinos mimic a WIMP
with (0, my) = (4.9-107% cm?,6 GeV) and the differential recoil rate of atmospheric neutrinos is in
good agreement with a WIMP with (o, m,) = (2-107% ¢cm?,100 GeV). In that case, neutrinos and
WIMPs are no longer distinguishable in a detector as shown in Fig. The size of the cross section
is also indicative for which mediator particle takes part in the elastic scattering process between a
WIMP x and a nucleus N [13§].

X X X X
Z vh

N N N N

on ~ 10739 cm? op ~ 1074 cm?2
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Figure 21: The maximum recoil energy produced by a WIMP in direct detection experiments for
different masses m,. It converges to 2my(viap + veSC)Q for higher masses for a !'Xe target with
mpy ~ 122 GeV.

The total WIMP rate is obtained by integrating over the recoil energiesﬁ

ERY 4R
MX:/ERXdER X (6.35)

6.2 Annual modulation in the WIMP rate

Due to the additional circular movement of the Earth around the Sun, the velocity of the Earth with
respect to the galaxy’s rest frame varies over the year [133]/1341|139]

2m(t —t
vE(t) = Vb (1.05 +0.07 cos M) , (6.36)
yr

where t is the time since the 1st January (1 yr= 362.25 d) and ¢, is the time elapsed till the 2nd June
(152.5 £ 1.3 d). Assuming a spherical symmetric WIMP halo in our galaxy, that is stable and not
much rotating, an observer on Earth would feel a wind, because the solar system propagates through
the halo as shown in Fig. Therefore, the differential recoil rate of WIMPs changes over the year

dRX(t) IOX / 3 o do
dEr T S 2o 713 s (t)) bR’ (6.37)

and reaches its maximum in June, because the Earth moves in the direction of the solar system and
against the WIMP wind. More DM particles leave a detectable signal in the detector. During the
winter, the rate decreases and reaches its minimum in December, because the Earth moves against the
direction of the solar system and with the WIMP wind. The DAMA experiment [140,(141] measured
a ~ 2% annual modulation, but remains both unconfirmed and ruled out by others (see Fig. .

8 For our purpose we can set ERY =100 keV as contributions from WIMP with Er > 100 keV are negligible.
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Galactic center
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Figure 22: Annual modulation: solar system moving with respect to the galaxy’s rest frame. In June,
the rate reaches its maximum and in December its minimum (figure taken from [142]).
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Figure 23: The experimental measurements of DAMA /Nal and DAMA /LIBRA. The residual rates of
the single-hit scintillation events are plotted against the time in (2 —4) keV, (2 —5) keV, (2 — 6) keV

intervals (figure taken from [140] and [141]).
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7 The principle reach of DM direct detection experiments

Neutrinos form an irreducible background in direct detection experiments. In order to analyse the
principal sensitivity, we deduce exclusion and discovery limits in the presence of such background.
For this, we first derive the best background-free sensitivity/exclusion limit, for which no neutrino
background is expected. For this purpose, the maximum exposure will be found, such that experiments
see their first neutrino event. At this exposure, the minimum WIMP-nucleon cross sections is attained
beyond which WIMPs can no longer be excluded. In the second step, we derive discovery limits in the
presence of an irreducible neutrino background. For this purpose, based on Monte Carlo generated
mock data for a fixed threshold and exposure we reject the neutrino background and set limits on the
WIMP-nucleon cross section.

7.1 Exclusion limits

Suppose an experiment measures so long that no events are expected [51,(77]. For this purpose, we
adjust the exposure ¢(ER,,, ), such that the number of expected neutrino events does not exceed one
event,

! L 1
1=e(Ery,) Y 1l (Ery,) = e(Er,,) = : . (7.1)
" 7j=1 : " " Z_;Lél lu’i (ERthr)
The sum is over all neutrino sources given in Tab. |4| and
; ERY dR]
(B = — 7.2
HI/( Rthr) /E] R dER ? ( )

Rehr

where i (ER,,.) depends on the threshold Eg,, and on the endpoint recoil energy EF%*. In Fig.
the exposure related to one neutrino event is shown for thresholds from 1 eV to 100 keV. Current DM
experiments achieve thresholds of 1 keV and below (LUX Eg,, ~ 1 keV [51,/143,/144], CRESST-III
Phase 1 Eg,,, = O(0.1) keV [145]).

The number of observed WIMP events N} ~ Pois(NX ) in an experiment is Poisson distributed

exp
around the expected number of WIMP events NX, = €u,, where p, is given by
FRY dR, (op;
1y (G ) :/ R ’w, B < 100keV. (7.3)
ERthr R

105 -
103_
10t

1071

e(ERy,) [ton yr]

1073

106,001 0.01 0.1 1 10 100
Enp, [keV]

Figure 24: The exposure €(EpR,,, ) for one neutrino event. Higher thresholds lead to less neutrino
events and therefore, higher exposures are needed.
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Figure 25: Exclusion limits for different thresholds Er,, and the ultimate sensitivity in red.

If we require a 90% confidence level (C.L.), the number of expected WIMP events should be NXp = 2.3,

k
X
o o~ N&p (Ngg(p) . .
E —zO.Q o e Norx01, k=0 = N&p ~ 2.3. (7.4)

In this case, we require that nine of ten random experiments observe at least 1 WIMP event. Then,
the exclusion limit on the WIMP nucleon cross section o,, at 90% C.L. can be derived by

1 2.3
5(ER r) - i ’ UgO(ER e 1T ) = ,
" ?;1 N{/(ER“H) " . X a(ERthr)HX(ERthN mx)

(7.5)

where the expected differential recoil rate of WIMPs is written as N, = €(ER,,, ) onHy(ERy,, My)
and

ma.

m ERY . L f(@
Hy (o) = Ne 22002 [ g pgq) [ abe 1, (7.6

My 203, Rens |7 |>Vmin v

The minimum of all exclusion limits scanned over all thresholds characterizes the ultimate sensitivity
as shown in Fig. 28] If the data is fitted by cross sections and WIMP masses below the minimum of

all isocontour lines N&, ~ 2.3, WIMPs and neutrinos are no longer distinguishable and the number

of WIMP events is not large enough to obtain a significantly large signal.

7.2 Procedure to derive the exclusion limits

1. Fix the threshold Eg,, ..

2. Derive the recoil rate of neutrinos and add them together

Emax ;
Z lu’y ERthr Z / dER . (77)

Rt hr

|

3. Adjust the exposure e(ER,,,) [ton yr] such that N, = e(ER,,) 27" 1 (Eg,, ) =1

' exp
= e(ERry,) =1/ 27" 1}, (ER,,) (exposure is chosen such that one neutrino event is detected).

4. Calculate the exclusion limit on the WIMP-nucleon cross section o, for a fixed threshold and a
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90% confidence level by taking NX,(on;my) = 2.3,
Elr?,a; dRpMm
NX(on;my) = e(Eg r>-/ dEgR
exp\-n X th . dER
Emax
pX R,x 3 - . dU
:,sERr-N—/ dER/ d°v f(V)—wv
( o ) TmX ERtl |6|2Umin ( )dER (7 8)
Px MN o [FRX 2/~ 5~ f(T)
:O'n€(ERthr)NTm72 5 A dERF (|q|) . d’v =23
X “Hy.n Erg, |7 |>Vmin v

=Hx(BRy,, Mx)

00 2.3

= = .
On (mX) E(ERthr)HX(ERthr7 mX)

(7.9)

5. Derive the exclusion limit o°(m, ) over a broad range of masses, e.g. from 0.5 GeV to 1000 GeV.
6. Repeat 2-5 for all thresholds Eg,,  (a region of Eg,, = [0.001,50] keV is sufficient).

7. Take the minimum of all exclusion limits.

7.3 Discovery limits

In order to derive discovery limits, we use likelihood statistics as well as hypothesis testing to set limits
on the WIMP nucleon cross section o, for each WIMP mass m,,.

7.3.1 Likelihood functions and maximum likelihood estimators (MLE)

The method of maximum likelihood estimation is one of the most used methods in statistics and
data analysis to estimate the most likely parameter of a hypothesis that fits the data the best [146].
Likelihood functions L can be seen as the “inverse” of the probability density function f (PDF)

L:© - R, 01,0s,..,0, €0, (7.10)

L(01,02, ...,9n|x1,x2, ,xn) = f(l’l,xg, ...,:L’n|91,92, ,Qn) = f(xl,xz, ,J}n) (7.11)

where x1, x9, ..., T, represents the observed data. Given the PDF f(x1,xo, ..., 25|01, 02, ...,0,) defined
by the parameters (01, 02, ..., 0,,) one is able to generate data x1, xg, ..., x,, (what means that the shape of
the PDF is known). However, in Frequentist inference the likelihood L(61, 0s, ..., 0|21, z2, ..., ) takes
the observed data z1,x2, ..., z, and fits for the parameters (61,02, ...,0,). The best fit is found by the
maximum likelihood method, which estimates the most likely parameters (61, 62, ..., 6,,) by maximizing
the likelihood function L for (61,62, ...,6,). It is convenient to minimize the negative log-likelihood
function —In L instead of maximizing the likelihood function L, because products convert to sums
of logarithms and many standard methods exist for minimizing a function. This is possible, because
the logarithm is a monotonously increasing function and therefore, the log-likelihood function and
the likelihood function L itself share the same minimum. In general, the likelihood is not normalized
and therefore not a PDF. The maximum likelihood estimator MLE @ is unbiased Eg[f] = 6 with
the smallest possible variance. A simple example of MLE for a Gaussian distribution is given in the

Appendix

7.3.2 Hypotheses testing with profile likelihood ratio test statistics

Hypothesis testing is a way to test the compatibility of hypotheses, statements or theoretical models on
the measured data, if results obtained from an experiment can be described by the given model [146].
Mostly, one compares two hypotheses Hy : 6 € ©g and Hy : § € @g , where one tries to reject the null
hypothesis Hy by the data [147,(148]. The tested model contains parameters § € ©, where © is the
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parameter space characterizing the whole model. A null hypothesis Hy is characterized by parameters
0 € Op, where Oy C O is a subset of the parameter space ©. The alternative hypothesis H; is
specified by parameters § ¢ O, which describe exactly the complement of ©¢ implying H; : § € 6F.
The likelihood ratio test is one of many statistical tests to compare hypotheses. It is used to find
the best fit to the data and is characterized by the test statistics 0 < A < 1 given by the ratio of
likelihoods [146)
_ supyeo, L(OL2) _ L(d]a)
supgee L(0]2)  L(0|x)’

where 6 is the maximum of the likelihood L in ©( and 6 denotes the maximum of L in the whole
parameter space ©. A large discrepancy between the null hypothesis Hy and the alternative hypothesis
Hj is given by smaller values of A. If Hy is true, then A ~ 1.

(7.12)

Assume the theory is characterized by more parameters than the parameters § € ©. Let us call
them nuisance parameters ¢ € ® and © U ® is now the whole parameter space. Nuisance parameters
are parameters, which are part of the theory, but are not of main interest, e.g. background effects.
Then, the likelihood has to be maximized in the parameter of interest # and in the nuisance parameters
¢ 147|149 o
_ sup{L(0, ¢ |x),0 € ©g,p € D} _ L6, ¢ |x)
sup{L(0,¢|2),0 € ©,6 € P}  L(h,¢|x)
For instance, the null hypothesis Hg : # = 0 is tested against the alternative hypothesis Hy : 8 # 0.
Additionally, the tested theories can be characterized by nuisance parameters.

(7.13)

7.3.3 WIMPs vs. SM neutrinos

The purpose of DM experiments is to measure a new signal, which is explainable by known DM
models. However, background effects complicate the measurements. It is always a challenge for exper-
imentalists to avoid the background. Mostly, it can be reduced but not completely prevented. Direct
detection experiments are designed for measuring nuclear recoil energies of new particles, e.g. WIMPs.
However, neutrinos constitute an irreducible background that can mimic recoil rates of WIMPs [77].
In this case, the null Hypothesis Hy : 0, = 0 (only background) is tested against the alternative hy-
pothesis Hy : o, # 0 (signal+background), where o, is the WIMP nucleon cross section. Additionally,
we consider the neutrino background to be characterized by neutrino fluxes q;,, as nuisance parameters.
In order to discover a WIMP signal in the presence of the neutrino background, we try to reject the
only background hypothesis Hy [77]. Whether the null hypothesis is rejected or not, is based on the
chosen probability pg.

The po-value characterizes the probability, that the null hypothesis Hy is excluded if the g-value ((7.20))
is greater than the observed value gops [150,/151]

po = Pla > aoelto) = [ da flaHo) (7.14)

qobs

where f(q|Ho) is the distribution of g-values, that follows asymptomatically a y2-distribution with
one degree of freedom under the null hypothesis Hy (see Wilk’s theorem [152]). In terms of significance
Z = ,/q the pg is obtained by

po = P(Z > Zons| Ho) = /Z 7 f(Z|Hy), (7.15)
obs

where the distribution of significances f(Z |Hyp) is twice the right hand side of the Gaussian distribution
No(0, 1) due to the restriction Z > 0. Then, the pg-value is simply given by the cumulative distribution
function ®(z) of the standard normal distribution

oo oo 1
=2 X / dZ f(Z|Hp) =2 x / dz
po Zobs f( ‘ 0) Zobs \/ﬂ

e /2 =2 x (1= B(Zops)) s (7.16)
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Figure 26: A schematic view of the hypotheses test. A discovery with 3¢ is reached, when Z > 3 or
equivalently py < 2 x 0.00135.
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Figure 27: Two extreme cases are shown: (a) The discrepancy between Hy and H; is very small.
The data is more compatible with the null hypothesis Hy. (b) The data is more compatible with the
alternative hypothesis H; and the distributions are more distinguishable.

where Z is given in units of standard deviations and Zgps = @1 (1 — £2).

For a discovery with 30 (50) significance the corresponding pg-value is given by py = 2 x 0.00135

(po =2 % 2.9-1077). Thus, experiments should at least obtain significances Zops > 3 (Zobs = 5) to
discover a signal. In other words, if data is observed in the critical region Zo,s > 3 (Zops > 5) or
equivalently pp < 2 x 0.00135 (pp <2 x 2.9- 10_7) the null hypothesis Hy is rejected. The upper
bound of the pg-value is also known as the significance level.

The pi-value corresponding to the distribution under the alternative hypothesis H; quantifies the
probability that H; is excluded if the g-value (7.20)) is less than gops [150]

pr =B = P(q< qons|H1) = / " dq flq|Hy) (7.17)

or equivalently in terms of significance Z = /g,
Zobs
p1=B=P(Z < ZopsHy) = / dZ £(Z [Hy). (7.18)

— 00
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The confidence level of the test is given by the statistical power of a hypothesis test [146]
8= | az f(z)m) (7.19)
obs

and is the probability, that H; is accepted, if it is true. It consists of g-values or significances Z,
that are not rejected under the alternative hypothesis H;. Assuming a confidence level of 90% (95%)
the alternative hypothesis H; is excluded for g = 0.1 (0.05) [77,150]. Thus, the significance Zgps is
determined by the chosen confidence level 1 — 3. Higher significances Zg,s correspond to a larger
discrepancy between the only-background and the signal+background hypothesis. If it reaches the
region Zohs > 3 (Zobs > 5) a signal of 30 (50) is discovered as shown in Fig. Two extreme cases
are shown in Fig. 27a] and Fig. 270l It is necessary to note, that two kind of errors are taken into
account |151]:

e error of first kind: The null hypothesis Hy is rejected, although it is true,
e error of second kind: The null hypothesis Hy is accepted, although it is false.

The probability of making the error of the first kind is given by the pg-value under the null hypothesis
Hp. The probability of making the error of the second kind is given by the pi-value under the alter-
native hypothesis Hj.

The discrepancy between the hypotheses Hg and H; is represented in the magnitude of the g-value,
which is simply the negative logarithm of the profile likelihood ratio

—2In M for 6, >0
go = —2In\(0) = Ln v I2) (7.20)

0 for 6, <0,

where the gZ_);, maximizes the likelihood for Hy and &, gi_;l, are the maxima in the case H;. The maxima
are derived by minimizing the negative log-likelihood function — In £(o, b |z). The data x is now the
list of recoil energies F'r obtained from an experiment or Monte Carlo simulated data explained in the
discovery limit procedure in Sec.[7.4] A larger value of ¢ corresponds to a larger discrepancy between
Hp and Hy, i.e. larger ¢-values indicate that the data is more compatible with the signal+background
hypothesis Hy. A negative cross section o, indicates that the data is more compatible with the only
background hypothesis Hy, because it has no physical meaning.

The corresponding likelihood function for a fixed WIMP mass m, is an extended likelihood [77]
given by

v Nobs ng
5 1 ER'vo-n7¢;m )
L(0p, ¢y ;my) =Pois | Nops| Ny(on;my) + > Ny(¢)) | x i SLC VA
" : * Jj=1 zl_Il N, (Unamx) + Zj;1 Nu(¢Ju)

(7.21)
< [T Li(el),
j=1

where the distribution f(ERi,an,q;; my) is normalized by Ny (on;my) + >0 N,(¢7). The rates

Ny(on;my) = ety (on;my), Nu(¢)) = epn(¢)) are expected event rates of WIMPs and neutrinos
given in Tab. ]

ERY dR, (op;m , ERY dR, (97,
palowimy) = [ amp AR ) o [P g L), (7.22)
E R R

Ripr Rihr

o4



7 THE PRINCIPLE REACH OF DM DIRECT DETECTION EXPERIMENTS

Here is to mention, that the maximum recoil energy ER7 of course depends on the neutrino source.

The first factor in the likelihood ([7.21)) appears as a Poisson distribution

. X ] (Nexp)NObs eiNEXp
Pois | Nobs| Ny(on;my) + > Ny(¢7) | = , (7.23)
j=1 Nops!

where Nexp = Ny (opn;my) + Zn N, (¢7) is the total number of expected events. The number of

observed WIMP events N gbs and the number of observed neutrino events N ol;js for each neutrino are

Poisson distributed around the expected nurnber of events N, (con;my) and N, (¢7). Then, the total

number of observed events Ny = Obs + Z”” Obs in an experiment is also Poisson distributed with
mean Neyp, (sum of Poisson distributed numbers is again a Poisson distributed number, see App. [D.2) -
and Ref. [146]).

The second factor in the likelihood (7.21)) characterizes the probability distribution of observed recoil
energies in an experiment

ny

F(ER,, 0n, &3my) = Ny(0n:my) fr(Briymy) + > Ny (¢F) f5(Er,). (7.24)
k=1

The probability distributions f,(Eg,;my), fk(ER,) are normalized differential recoil rates obtained
by

ARy
€ ER,HJ ;m G, (E i
F(Eriimy) = i ot o S dBrimy (7.25)
ety (on;my) IE;M dER Gy (ER; my)
dR j ;
. eq(ERi; @) GI(Ep :
fi(ERy) = i - 2 s WEri) (7.26)
£ (dv) g dER GL(ER)
thr
where f, (Eg,;my) and f}(ER,) neither depend on the cross section o, the flux ¢’ nor on the exposure
€. A better way to see it, is to rewrite the differential recoil rates as gg; = o, Gy(ERg,m,) and
dE = ¢’ GJ(ER). Equation (7.24) can then be reduced to the sum of differential recoil rates
- dR,(ER,,0n;m e E ,
f(ER;,0n,¢3my) =€ ( ol 5iER” ) Z R’ M) (7.27)

The third factor in the likelihood function (7.21) is a multiplication of probability distributions of
the nuisance parameters ¢,. Neutrino fluxes ¢/ occurring in a experiment are Gaussian distributed

with mean 5,{ and uncertainty o; given in Tab. {4l Therefore, the likelihood function 1) is extended
by further restrictions given as

i N2
) f(df;i)
] 204
Li(¢l) = — e (7.28)
o
J

Taking all the simplifications into account the extended likelihood function ([7.21)) can be expressed as

—| Ny (on;m "N (pI n .
. e (Wclommo+ 52, Nule) dRy(ER,,0n;my) 4 dRy(ER,, &)
Llon; du3my) = Nop! <11 |e dExR +2 dEx
obs: i=1 j=1
x [1 Lj(#)).
j=1

(7.29)
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Figure 28: Discovery limits at 90% C.L. for various exposures and thresholds (a) Eg,, = 0.1keV, (b)
Eg,,. = 1keV. A wide WIMP mass range is excluded by the experiment XENONI1T at 90% C.L. [153].

The discovery limits on the WIMP nucleon cross section o, are shown in Fig. for different ex-
posures ¢ and thresholds Eg,, assuming a significance level py < 2 x 0.00135 (30 discovery) and a
confidence level 1 — 8 = 0.9 (90% confidence level). In this case, we require that nine of ten experi-
ments measure at least WIMP events with 30 significance (H; : 0, # 0 is verified with at least 30).
As can be seen the sensitivity depends on the exposure and threshold of an experiment. For smaller
exposures, less WIMP events are measured. In order to obtain a significant discovery of 3o, higher
cross sections are required to be more compatible with the signal-+background hypothesis Hy : 0, # 0
(higher cross sections lead to higher number of WIMP events). It is harder to distinguish between
WIMPs and neutrinos when the number of observed signal events is small and the events induced by
neutrino fluxes become relevant. The relevant neutrino fluxes occurring in an experiment depend on
the chosen threshold Fg,, and on the maximum recoil energy the neutrinos can induce as shown in
Fig. For thresholds of 0.1 keV and 1 keV hep, ®B, DSNB and atmospheric neutrinos contribute.
All other neutrino fluxes produce non-detectable sub-threshold events. In the lower mass range of
WIMPs, higher cross sections of about 5-107% cm? are necessary to fit the data with a significance of
30 due to the large number of ®B neutrinos. For smaller cross sections ®B neutrinos swamp the WIMP
signal. Atmospheric neutrinos and DSNB mimic WIMPs of higher masses. However, they produce
low rates and lower cross sections o, € [10747,5-10746] ¢cm? are sufficient to discover a WIMP signal
with 3o significance. For very low thresholds of order about a few eV, the pp and the CNO neutrinos
have to be taken into account. In this case, experiments will be sensitive to WIMP masses below
1 GeV.

7.4 Recipe to compute the discovery limits on o,

1. Fix the WIMP mass m,

2. Fix the exposure ¢ and the threshold Eg,, ~(We took exposures ¢ = 0.01,0.1,1 ton yr and
thresholds Eg,, = 0.1,1 keV.)

3. Take a range of cross sections o, which you want to analyse. We call them true values, because
they characterize the WIMP models. (We took 70 points in the range [107°, 10*42] cm? evenly
distributed on the log-grid and parametrized the cross section as o, = 10% to restrict it to
positive physical values.)
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10.

11.

12.

Generate DM events

Generate the observed recoil energies Fg in an experiment for one true cross section o™ through
Monte Carlo sampling.

For a fixed WIMP mass m, compute the expected number of WIMP events N, = eu, for one
cross section o' given by Eq. (6.33))

100 keV dR (ER O m )
N, (oy; = dE X DT X 7.30
X(U ’mX) 6»/ERthr R dER ( )

Draw from a Poisson distribution with mean IV, to obtain the observed number of WIMP events,
N;bs ~ Pois(Ny).

Generate neutrino events

Generate neutrino fluxes ¢; from a Gaussian distribution with mean q_ﬁj and uncertainty o7 given
in the Tab. 4 ¢/ ~ No(¢/, o?).

Derive the expected number of neutrino events NJ = e/, with the generated fluxes ¢; by the
equation

. ERY dR,(FRg, '
No(oh) = e [ amp TATRL), (7.31)

ERt hr

where eg(ER) = 1 assuming 100% detector efficiency.

Draw from a Poisson distribution with mean N; for each neutrino source to obtain the observed
number of neutrino events in one experiment, N_. ~ Pois(N}).

Generate recoil energies

Generate recoil energies Eg by drawing NJ NO”{)]; times from the PDFs f,(Eg,, my), f1(Eg,)
(normalized differential recoil rates , ) using the inverse transform sampling method
explained in App. (The best way to deal with the inverse of the cumulative distribution
function (CDF) F(ERg) of fy, fi is to evaluate the CDF F(Eg) for the observed recoil energy
range [0, 100] keV. We took 10000 points in this range. For each u ~ U([0,1]) drawn from the
standard uniform distribution, one can find the nearest value, where F/(Er) ~ u. Then, one can

extract the corresponding recoil energy ER.)

Combine the generated recoil energies in one list. This is our data set for one cross section,
i.e. for one mock experiment.

Derive the significance Z,s for a 90% confidence level

The next step is to estimate the cross section ¢, and the fluxes ¢/ from our generated data to
see which hypothesis fits better the data.

Minimize the negative log-likelihood function (—InL) in o, and the fluxes ¢; for the only
background hypothesis Hg : 0, = 0 and for signal+background hypothesis H; : o, # 0 for one
mock experiment/one data set containing the generated recoil energies. For the hypothesis Hy
one minimizes only in the fluxes ¢; by setting o, to zero.

Obtain the g-value by deriving the likelihood ratio test ([7.20) and calculate the corresponding
significance Z = ,/q.
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13.

14.

15.

16.

17.
18.

Generate an ensemble of 500 mock experiments for the same cross section "¢ to obtain a sta-
tistical set of significances Z by repeating the points 4-12. Thereby one obtains the distribution
f(Z|Hy) from the ensemble of 500 mock experiments.

Derive the significance Z,,5 for a 90% confidence level for this ensemble by deriving the statistical

power ([7.19).

Deriving the discovery limits with 3o

true

5 ¢ in the range explained in 3.

Repeat the points 4-14 for several cross sections o

Derive Zops for each true cross section o7, The Zps should increase with higher cross sections.

(For low cross sections, where data is more compatible with the only background hypothesis Hy
the observed significances Zy,s may fluctuate.)

Terminate the calculation once Zg,s > 5 is reached.

Interpolate a function in the plane (o™, Z,,s) to determine the o™ for Zg,s = 3. This
corresponds to a 30 WIMP event.

Alternative way of deriving the discovery limits for one mass

Instead of working with the significances, one can work with the g-values.

(i)
(i)

(iii)

(iv)

The procedure remains the same until the point 12, but we don’t compute the significances.

Generate an ensemble of 500 mock experiments for the same cross section o"® to obtain a
statistical set of g-values by repeating the points 4-12 (without computing 7).

Repeat the points 4-12 and (i)-(i7) for several cross sections "¢ in the range explained in 3.

Now one obtains the distribution f(q|H;i).

Derive the observed g-value gons for a 90% confidence level for this ensemble by deriving the
statistical power (7.19)) related to g.

Derive ¢gps for each true cross section o
reached.

true

¢ and terminate the calculation once gons > 10 is

Interpolate a function in the plane (07", gons) to determine the o™ for gops = 9. This corre-

sponds to a 3¢ WIMP event.
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8 DARK RADIATION FROM DECAYING DARK MATTER

8 Dark Radiation from decaying Dark Matter

Whereas DM constitutes ~ 26% of the energy budget of the universe, the number budget is unknown
[154]. Under the assumption that a fraction of DM particles decay, the energy budget of dark radiation
(DR) may be small, but the number of DR quanta may take large values and can even be the most
populous species in our universe. The total DR flux may be large enough to leave a detectable signal in
experiments, such as XENONIT [24] and CREEST [26]. The flux is generally composed of a galactic
and an extragalactic component.

8.1 Galactic particle flux

Consider a small fraction £ = 0.1 of DM particles X, that are unstable and decay into particles A
within our galaxy. For simplicity, assume the progenitor X has one decay channel with decay rate
I'x = 1/7x, where 7x is the lifetime of the progenitor. The number of decays in a volume element
dV is given by

o

rpx (r(s,0))e "
mx

I'x av, (8.1)

where px(r(s,#)) is the DM density at distance s and for an observation angle § , mx is the progenitor
mass and ty = 13.7 Gyr [43] is the age of the universe. Then, the total number of particles A per
energy originating from dV at distance s is obtained by

t
dN _ kpx(r(s,0)) e X
I'x

d 2
TN ik v, (8.2)

where jg is their energy spectrum. The energy differential galactic flux is given by

t
dPrga. 1 dN r ﬁpX(r(s,G))efi
dE,  dAdE, ~ myx

dv, (8.3)

where the particles A are crossing through an area dA. Consider a full angle observation and integrate
over the whole area of the sphere (dA — 4ws?, dV = s%dsdS)). Then, we find

to

dq))\gal. 1 dN kI'xe TX/ / 1 dN k['xe 7x /
S = 0)dsdQ) = ———"—— Jaec(0)dS2
dBy  ArdBy  mx  Jaghe, X0 0)ds mdB,  mx PO fyg Jal®)
dN kT'xe §
= 0= ec 0 s
B, mx roPo (Jdec(9))
(8.4)
where the J-factor is averaged,
1 1 2 1
Jgee(0)) = — / Taec(0)dQ = — / / Jaec(0) dcos0dé V0, 6. (8.5)
4 JaQ am Jo J-1

8.2 J-factor

The J-factor is an integral along the line of sight s. For decaying DM particles the J-factor [36] is

given by
1

TopPe Jlo.s

Jdec(e) = ds p(T’(S,Q)) (8'6)

and is proportional to the density weighted by the distance ro = 8.33 kpc from the observer (Earth)
to the galactic center and the local dark matter density po = 0.3 GeV/cm®. The distance between

the galactic center and the observation window AS is r(s,6) = \/ s2 + 12 — 2srg cosf (see galactic
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Figure 29: The J-factor Jyec(6) for decay.

coordinates in App. [C.1). The J-factor Jye.(f) is rotation invariant along the axis of rq [36]. For a
detector with no directional sensitivity as is the case for DM detectors, one averages over the whole
angles [27]

2T ™ o -
AQ = / / dodfsind =47, (Jaeo(0)) = — / / dip dOsin 07100 (6). (8.7)
o Jo AQ e o

Choosing the NFW-profile we obtain an average J-factor (Jgec(#)) = 2.1885.

8.3 Extragalactic particle flux

Consider particles A coming from the universe from larger distances outside our milky way galaxy. In
this case, the redshift of the momentum [p) em| of particles A has to be taken into account (|p) em| is
the momentum at emission). The flux of these particles is derived in the FWR metric [16}39,40,155]

dr?

1—Kr2

dr?

m + 7"2(192 + 7"2 Sin2 9 dg@g

ds? = gdatde’ = dt? — a*(t) [

= dt* — a®(t) l + erQQ] ,

(8.8)
where 7,60, ¢ are comoving coordinates, t = s is the proper time and a(t) is a time dependent scale
factor following a radial ray (6, ¢ constant = df = dyp = 0) to an comoving object at distance r. The
proper distance (distance in the FRW metric g, dz#dz") is given by

t.r) = [ Vlgnlar = at0) [ ——Z—ar = a0) [ ax = ato)x. (3.9)

0 V1—Kr?
The distance x is known as the comoving distance and is time independent, where the expansion rate
is scaled out. The proper volume element dV), defined by the proper distance dp(t,r) at a time ¢ is
given by [16,[155]

a’(to) o
———x“dxdS2 8.10

125 ¢ X (8.10)
where dd), is an infinitesimal element of the proper distance. In equation (8.10) the redshift relation
alto) (14 2) is used, where a(tp) = 1 is the scale factor today at tgp = 13.7 Gyr and z is the redshift

a(t)
factor [16].

AV, = d2 dd, dQ = [a(t)x]? a(t)dxdQ = a(t)*x*dxdQ =

The number of decaying particles X per unit time, is given by the Eq. (8.1) and can be used to
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obtain the number of decays at redshift z

kpx (r(s, 0))6*F’<t(z) npm70a*3(z)efrxt(z) a’(to)

" (8.11)
—Fxt z
— Ty 2Pm0C X dxds,

mx

where px (r(s,0)) = pm(2) = pmoa3(2) is the redshifted density and py o is the density at present

time. Here we assume that only a fraction s of total DM density decays, where x = Q’;Xiﬂ is
mpMcCry t<<TX
consistent with cosmological constraints [156] and 7x is the lifetime of the progenitor X.
The energy-differential extragalactic flux of A at observation (Earth), is then given by
APy eo 1 dN KpPm oe Txt(z) 9 1 dN KPm ge Txt(z) 9
o — r : dxd$2 = r : dxd$2
dEy  [dAdEy, ~ my X irdZdBEy X mx
1 dN . Kpmoe TXHZ) 1 dN . Kpmoe TXxHZ)
= r : dxdS) = r : dxdS)
dma?(z)x2 dE)y X mx X ax 4ma®(to)x? dE)y X mx XAXaRs,
(8.12)

N

where F) is the energy 7 d is the energy spectrum at observation. The redshifted particles coming

from a volume dV, propagate through an area [dA = 4ma?(t)x? = 4ma®(ty)x? of the detector at
z = 0. Integrating over the whole sphere [d) = 47, because of isotropy and setting a(tg) = 1 the
extragalactic flux at observation reduces to

—T'xt(z)
APyes. _ [a AN (Eem) 1, Kpmoe” *T5 (8.13)
dE)\ dE)\ mx

The spectrum depends on the energy at emission FEep,, where the corresponding three momentum at
emission |Py em| = |Pa|(1 + 2) is obtained by redshifting the three momentum at observation |py|. For
massless particles my = 0 the energy at emission Fep, = F)\(1 + 2) is simply given by the reshifted
energy at observation E\. For a radial v-ray (dQ = 0,ds?> = 0) one obtains a relation between the
proper time and the comoving distance [157]

dt = a(t)dy (for a flat universe K = 0). (8.14)

Let the crest of a wave be emitted at (e, pe) (choose the origin) and be observed at (t,,p,), then the
comoving distance is given by [157]

x(po) to dt ao d 0 ds 2 dy
/ iy = 7:/ SN Z_ i (8.15)

X(pe)=0 te a<t) a. @ (t)H(t) z H(Z) 0 H(Z )
where from H = % = dt = d—a and from a = m with a(tp) =1 = da = (HZ)QdZ —a?dz. In

the end the extragalactic ﬂuX of massless particles can be written as
dq))\,e.g. _ FX KQdmpcrit 2 dz dN(E)\(l + Z))e—FXt(z) (816)
dE)\ mx 0 H(Z) dE)\

with the Hubble expansion rate H(z) = Hov/(1 + 2)3Q + Qx (% = 0), pm.o = QdmPerit and peit is

the critical density.

For massive particles the extragalactic flux gets an additional factor, the redshifted velocity at emission
Vem (2)
dq))\,e.g, =T,

_ KQdmperit [*f dz dN(Eem) e—FAt( )
dE) mx 0 H(Z) dEy

“Vem (2) (8.17)
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using the expression

m(2) (8.18)

X(po) z /
by Dy R VR

dt = Vem (t)—— dx’ = Zr7 . Ve
dd, dt W oo™ T Sy T

and Eop, = \/|;5',\7em|2 +m3 = \/]ﬁ,\|2(1 + 2)2 +m3. For the lookback time ¢(z) for a flat universe
(Qx =0) we find

3QM +1

\/1 3QM -1
(z

where the substitution u = HTO,) = /(14 2)3Qn + Qp was used and u(z) = /(1 + 2)3Qur + Q4.

. (8.19)

Hz) = /00 dz' 2 /°° du 1 In
). (14 2")H(Z) ~ 3H, u(z) u? — Qp ~ 3Hy/a

8.4 Dark Radiation from two-body decays

A
X
A (8.20)
The injection spectrum for a two-body decay X — A\ is given by a delta function [27]
AN (FEem
d(Ee) = N)6(Eem — Enm), (8.21)
A 12 body

where Ej, = 5% is the injection energy of particles A and Ny = 2 is the number of particles A produced
at decay. The velocity dispersion effects are negligible and X decays at rest. In the two-body decay
the redshift integral of the extragalactic flux (8.17) can be evaluated directly, if the delta-function is
rewritten as

- 12 2 =
in| +m in
5(Eem — Fin) 25(\/Iﬁx\2(1+z)2+mi—Em) _ VIl (z— ('11 - 1))
D[ Pin |
- 12 2
Pin +m
_ /[P 9y

2\
[P\ | Pin |

z4+1—a),

where o = |§;;“| > 1 and |pin| = \/E2 —m3 = \/(me)Z —m3 is the injected momentum. Then, the
extragalactic flux is derived by the following calculation

d®) e.g. KQdmpPait [*1 dz dN(Fem) —I'xé(2)
——= =T AHE em
dE\ X mx o H(z) dE) c Vem(2)
KQamperit [ dz Tyt
= N,I 5 Eem _Ein X (Z) em
AL X mx 0 H(Z) ( )6 v (Z)
s (8.23)
HQdmpcrit /C>O dz pin+m)\ —TI'xt(z)
= NI x———— 0(2)0(z¢ — 0 1-— X" Vem
e LB Ay Ty O T )

[ o 2
_ N)\FX ﬁQdmpcrit ’pin’ + mg\ e_FXt(a_l)vem(O[ - 1) )

ol et a—l@z—a_17
Homx el Vadg s, Dol

where the boundaries of the integral are adapted by theta-functions and the Hubble constant at
any redshift is given by H(z) = Ho\/(1+ 2)3Q + Q4. The theta-function 6(zy — (o — 1)) can be
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neglected, because zy = 10* is always greater than a — 1. In the end the differential extragalactic flux
of a two-body decay at observation is expressed as

[1= 12 2 _ _
d(I))\,e‘g. _ )\F)\ IiQdecrit |pin| j’ mye Iat(a 1)Uem(a - 1) 9(0( _ 1)’ (8.24)
dEy Homx D[ Pin | Va3 + Q)

where the velocity vem(z) of the particles A at emission is given by

Pom ___ IA(+2) (8.25)
Eem — \JipaP(1 4 2)2 +m3

Vem(2) =

Rewriting the velocity as

_ _ 2 2

|pin| ) |pin| Ein —my
m -1) = m e 1) = = 8.26
Vem(r = 1) = ve ( DA Ein E; ( )

the extragalactic flux reduces to a compact form

dPreg N)\FAKQdecrit 1 eIl

= — 0
dE\ Homx |Px| /a3 + Qp (

The massless case m)y = 0 is obtained by putting vepn(a —1) =c =1

a—1). (8.27)

dq)/\,e.g. KQdmpPerit 1 e~Tat(a—1)

= N,I') e
dEx |, —o Homx [pAl /a3Qu + Qa

which lead to an equivalent form of the Eq. (8.27) since |py| = Ex. The differential fluxes for DM-
progenitors with mx = 50 MeV and mx = 500 GeV decaying into particles with various masses my

are shown in Fig.

0o — 1), (8.28)

k=01 mx = 50 MeV myx = 500 MeV k=01 mx = 50 MeV mx = 500 MeV
— 10°F ' —— my =0 MeV — = my =0 MeV — 10°F ' —— my =0 MeV — = my =0 MeV
= —— iy =5 MeV ——. my=5MeV = —— iy =5 MeV —— my=5MeV
e —_— my = 10 MeV - m) =10 MeV e —_— my = 10 MeV - m) =10 MeV
S 10 S 10
= 103} 2
- -
S 2 S 2
2 10% 2 10%
~ . ~
? _____ —,‘—"‘-,—’ ?
o U { w0 ] ee———— 2|
A S — |
= = i
100 100 !
1 10 100 500 100 5
E)\ [MeV]
(a) (b)

Figure 30: Differential fluxes from a two body decay of DM-progenitors with mx = 50 MeV and
myx = 500 GeV decaying into particles with various masses my: (a) 7x = 10 Gyr, (b) 7x = 100 Gyr.
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9 SM neutrinos as dark radiation

An ample possibility is that DR is made from SM neutrinos. Neutrinos are nearly massless, hence
progenitor of at most any mass can decay into DR. There exist few scenarios, where SM neutrinos can
occur as DR. We consider DM particles decaying directly to neutrinos [27] as reactions X — v + 7
(X vector/scalar boson) and X — v + Y (X fermion, Y vector/scalar boson). Additional visible
energy injection, e.g. by electron pairs in reactions such as X — vve~e™ are strongly suppressed for
(sub-)GeV scale X. In this thesis the focus lies on the two-body decay X — vv, where X is a scalar
bosonﬂ A scalar particle decaying into two photons X — ~+ does not exist at the tree level and is
suppressed by quantum loop corrections.

Assume that a scalar DM particle X decays into a neutrino pair
X — vv (9.1)

where we may assume that each neutrino flavor is equal weighted, for simplicity. Then, the differential
galactic and extragalactic flux for neutrinos my = m, = 0 is obtained by

_to

dq)y,gal. . k' xe 7x
TE/ = NVTXTGp@<JdeC(0)>5(EV Em)a (92)
_ tla—1)
Dy e QimpPerit 1 T T
A®ueg _ JErdmparit ~ CXC H g ), (9.3)
dE Homx E, Va3Qur + Qp

m

where o = Ey,/E,, By = *5¢ and E, = [p,|. The total galactic flux is obtained by evaluating the

delta function )
_to
wkl'xe 7x
Dy gal. = N, pe (Jaee(6)). (9.4)
mx

In the massless case, the total extragalactic flux can be derived analytically (for more details see

App.[C.2)

S S
By, = N, Shdmperit | (V[ LY om0y Rar x (1—e7t/m), (9.5)
’ mx \/QM/QA—f—l—l

~ /Qur /Qa+1+1
where t = ————1Inxz, and z, = VO /1l

3Hov/Qp 1/QN1/QA+171

various progenitor masses myx. For small lifetimes 7 < 10 Gyr it is constant, whereas it decreases
for higher lifetimes. Then, the total DR flux is given by

L . In Fig. the total extragalactic flux is shown for

Dyoy = (I)V,gal. + (I)V,e.g.- (96)

The differential recoil rate in direct detection experiments is then given by

dRXQV(ER) Ein dq)u,i(Eu) dO'NI/(EmER)

= Nr Z / dE 7 07)
dER i=gal,e.g. Eu,min dEV dER

where E, min = \/Ermy/2 is the minimum energy a neutrino needs to produce a recoil energy. An
analytic form exists for the extragalactic differential recoil rate for massless final states m(for more

9 It could also be X — vv, if X is a majorana.
10Tt is important to mention that the difference of two hypergeometric functions does not necessarily have to converge
and can cause numerically problems for some lifetimes and masses. In this case, we derived the integral numerically.
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Figure 31: (a) The total neutrino flux of the extragalactic component for different DM masses mx. For
-2 —1

small lifetimes 7x < 10 Gyr the flux scales as 1/my. (b) Contour lines of fluxes 10, 10%, 10° cm
The maximum DR flux is obtained for a lifetime of about the age of the universe ty = 13.7 Gyr.

details see App. ,
dRXQl/ _ NT QIQ/VG%‘mNF(Q)zNV ﬁQdmpcrit

dER 4 mx

9.8

21/3 N %ERmNZFl (—%,%—d,:%,l—l‘) - 08

X xdmin(ER) - :L'f + P} 3 s
HovQarx \Qu Ez V1+z o)

min R

where
E3 QM
v/ = +1+1 /QM
Tmin ER Finin © Q il = —?ﬂ\}ﬁ. (9.9)
,EE3‘"QM+1—1 \/ M+1—1 0 ATX

The function oF} (a, b, c; z) is the Gaussian hypergeometric function and

(A A B () ddioe) R (b dfi- )
m Zmin(ER) \/ﬁ v—1+ $min(ER) '
(9.10)

The differential recoil rate for the galactic component is straight forward to derive

_to
ngal 2 (32 F(a)2 T ~ 28
My _ oy QGrmal @) TXC 2 el 1 - 2R (-11)
dER 4 mx mx

The total expected differential recoil rates in a detector for various lifetimes and masses using xenon
as target material (my ~ 122 GeV for 13!Xe) are shown in Fig. The recoil rate is then given by

PE%  dRya
v = dE . 9.12
12 / R b, (9.12)

Ry

The maximum recoil energy [6.12] depends on the mass of the progenitor X

m—’jv for mxy < my

2
Emax _ mX max ~ = (9 13)
R, X2v — 2(mX + mN)’ R, X2v — .
X for mx > my,
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where E** = By, = 75X is the maximum energy that neutrinos can carry (see Fig. .

1011
10°
107
10°

103

Epe [keV]

10!

107!

1073 5 ! A2 ! A4 ! A(( ! Ag
10 10 10 10° 10
an[MeV]

Figure 32: The maximum recoil energy that neutrinos from a two body decay can reach in coherent
scattering with a '3'Xe target with my ~ 122 GeV.

67



9 SM NEUTRINOS AS DARK RADIATION

my = 60 MeV my = 500 MeV

10° " 10° :

L —— total SM v 7x = 10 Gyr | —— total SM v — 7x = 10 Gyr
~ 7L — Tx = 10 Myr Tx = 100 Gyr ~ 7L — Tx =1 Myr Tx = 100 Gyr
S 10 — Tx = 100 Myr Tx =1 Tyr S 10 — Ty = 10 Myr Tx =1 Tyr
S 10° —_— 7y =1 Gyr Tx =10 Tyr S 10° — 7y = 100 Myr — Tx =10 Tyr
NS NS
| 1 2
< 10% 1 < 10% :
= L 1 = r 1

11— AN i 1L ]
LSC 10 ~ —_ —C ] LEC 10 — — - ]

B .4 N ~ B .4 T~ T~ T~
510 1 310 ~N . N ]
< g8l 1< sl \
ST { 09 \ \ \

102° p * » 107° p * » y
0.001 0.01 0.1 1 10 100 0.001 0.01 0.1 1 10 100
Eg [keV] Eg [keV]
(a) (b)
my =1 GeV Tx =1 Gyr
10° . 10° .

—— total SM v — 7x =10 Gyr —— total SM v — mx =100 MeV
re — 7x =1 Myr 7x = 100 Gyr re — mx =1MeV myx = 500 MeV
S —_— 7x = 10 Myr Tx =1 Tyr S —_— mx = 10 MeV —_— mx =1 GeV
S 10° — 7x = 100 Myr — 7x =10 Tyr S 10° —— mx =50 MeV
; | 7x =1 Gyr ; |

) . () .
< 10%f 1 < 10 1
i r 1 i 1
= 10't 1 .= 10! 1
< 10t T~ o~ \ { Y 107! J
S N AU ] 3 ]
& 1073 \\\\\ £ 10 '
1027 : : : : 1027 - : :
0.001 0.01 0.1 1 10 100 0.001 0.01 0.1 1 10 100
ER [keV] ER [keV]
(c) (d)
7x = 10 Gyr 7x = 100 Gyr
10° . 10° .

L —— total SM v — mx = 100 MeV | —— total SM v mx = 100 MeV
e 107_ —_— mx =1 MeV myx = 500 MeV e 107_ —_— mx =1 MeV mx = 500 MeV
Z — mx=10MeV  —— my =1GeV Z — mx=10MeV  —— my =1GeV
é 10° mx = 50 MeV é 10° —_— mx = 50 MeV
Tl 12 .. ]
< 10— 1 < 10 1
i C A\ 1 i 1

= 10t A ——=—_ {1 = 10! 1
K r X ] = 3 - |
R R 3
g (U 1 3107 1
< 1077 = 1073} !

1075 p : . 1075 p : : \
0.001 0.01 0.1 1 10 100 0.001 0.01 0.1 1 10 100
ER [keV] ER [keV]

Figure 33: Differential recoil rates for various lifetimes 7y and masses my: (a) mx = 60 MeV,
(b) mx =500 MeV, (c) mx =1 GeV, (d) 7x =1 Gyr, (e) 7x = 10 Gyr, (f) 7x = 100 Gyr.
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10 WIMPs vs. SM neutrinos and DR neutrinos

In Sec. we introduced the new anomalous neutrino flux produced by two-body decays of a DM par-
ticle X. Taking into account that DR neutrinos can also mimic WIMPs in their elastic scattering in a
detector as shown in Fig the sensitivity on WIMPs decreases even more for certain WIMP masses.
In the background-free approach, the exclusion limit at 90% C.L. (N, = 2.3) is shown in Fig. [35| for
several masses and lifetimes. In Fig. [36] the exposure is scaled up to the point that one neutrino event
is measured as explained in Sec.[7.2] where the neutrino fluxes contain DR contribution. An increase
by few orders of magnitude of the position of the neutrino floor in o, is noticed for WIMP masses
above 6 GeV. As shown in Fig. 33 the DR-induced rates dominate at high recoil energies, beyond the
8B neutrino endpoint. Therefore, in the region between the 8B neutrino peak at m, = 6 GeV and the
DSNB and atmospheric neutrino contributions at high masses above m, = 100 GeV, the DR-induced
recoil rates may give the largest contribution. For a small DM mass mx = 60 MeV, the neutrino
background does not change at high recoil energies. Therefore, the exclusion limit remains the same
for WIMP masses m, > 80 GeV. Increasing the DM mass, higher recoil energies can be produced and
the exclusion limits are pushed to larger values of the WIMP mass, once the DR-induced rates exceed
the SM neutrino background. Taking mx = 1 GeV shows that the sensitivity decreases for WIMP
masses above 6 GeV. The lifetime can be understood as a scale factor, which increases and decreases
the exclusion limits.

The discovery limits take the neutrino background into account. In this case, the sensitivity is again
obtained by testing the background-only hypothesis Hg : o, = 0 against the signal+background hy-
pothesis Hy : 0, # 0 on the data. The discrepancy is again given by the g-value and the
corresponding extended likelihood is described in Sec. where the neutrino background is
extended by DR contributions.
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Figure 34: Few examples, where anomalous neutrinos mimic WIMPs in direct detection experiments.
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Figure 35: The modified exclusion limit. The standard neutrino floor increases significantly by few
orders of magnitude in the region m, > 6 GeV. In this region the sensitivity decreases and higher
cross sections are necessary. In the left picture the blue dashed line correspond to an anomalous recoil
rate with 7x = 10 Gyr and mx = 60 MeV.

== 7x =10 Gyr, mx = 60 MeV ’

10°F ——. 7x = 100 Gyr, mx = 60 MeV I
L == 7x =10 Gyr, mx =1 GeV

- = 7x =100 Gyr, mx =1 GeV / 1]

103 L
J/

5
S 1 //r i
210 7t
-~ / i
z "o,
= -
& 107! [t
w 4-‘/"-;:' T

1073 -

107 : : :

0.001 0.01 1 10 100

0.1
ERthr [keV]

Figure 36: The exposure in the exclusion limit changes with an additional neutrino flux. For higher
recoil energies smaller exposures are necessary to measure one neutrino. The exposure for the standard
exclusion limit in Sec. is shown in red.

Following the same recipe as for the standard neutrino floor (see Sec. , the discovery limits for
several lifetimes 7x and masses my are shown in Fig. In Fig. [37al and Fig. 37D we fixed the lifetime
7x and the DM mass myx. Then, the DR flux and the DR-induced recoil rate pxs, are constant in 7x
and my. The differential recoil rate depends only on the recoil energies Er. The likelihood function
is extended by the contribution from DR and is given by

 (Malonm) +525, Nu() 4V )

ﬁ(‘ﬂw (EV ;mx) =

Nobs!
Nobs 4 ]
. ﬁ _ 4R (Br, s my) +"ZdRu(ERi,¢i) . 9Bx2/(Er) (10.1)
1 dER = dBg dER
x H Lj(qﬁljj),
j=1

where 5,, contains SM neutrino fluxes and Nxo, = euxo, is constant for fixed 7x and mx. In this
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case, no Gaussian distribution appears in the likelihood function. In Figs. [37d] we fixed the shape
of the particle spectrum for a lifetime 7x and a DM mass myx and let ¢x9, act now as a scaling
parameter similar to the SM neutrino background,

d¢X2u<Eu) dMXQV(EV)
—_—— = —— . 10.2
dE, bxa g, (102)
The constant particle spectrum is derived by
dMXQy(EV) 1 dCDXQV(E,,,Tx,mx) (10 3)

dE, Dy dE, ’

where ®xo, = @, 501 + Py is fixed in 7x and myx. We denote ¢x2, as a free explicit parameter
and ®x9, = Px9,(Tx,mx) as a function depending on the lifetime and mass given by the Eq. .
Assuming that the total flux ¢xo, is also distributed by a Gaussian function with an uncertainty
ox9, = 0.3, the likelihood function is extended, n, — n, + 1 and the neutrino flux vector qg,,
consists now of SM neutrinos and additionally the anomalous flux ¢xa,.

In both cases, the discovery limits in Fig. are increased in the mass region above m, = 6 GeV
by the contributions of the anomalous neutrino flux. In this region, the anomalous rates are large
enough to achieve a difference in sensitivity, especially when the anomalous rates are dominant in
presence of hep, DSNB and atmospheric neutrinos. Below a WIMP mass of m, = 6 GeV, the anoma-
lous recoil rates are always too low in contrast to the dominant contributions of pp, 8B neutrinos and
neutrinos from the CNO cycle (see Fig. and Fig. . Smaller DM masses mx lead to a larger
reduction of the sensitivity for WIMP masses between 10 GeV and 100 GeV. However, higher DM
masses mx produce DR neutrinos with higher energies, that generate higher recoil energies. In this
case, we obtain larger contributions from the anomalous rates than from the DSNB and the atmo-
spheric neutrinos. Thus, the sensitivity is also decreased at higher WIMP masses m,. Assuming that
the DR flux is Gaussian distributed with an uncertainty oxo, = 0.3, the sensitivity decreases even
more, because the flux may take large values, which lead to larger event rates.
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Figure 37: The modified neutrino floor at 90% C.L. for a threshold Eg,, = 0.1 keV.
(_top) ® x9, = const. for a lifetime 7x and DM mass mx, (bottom) ¢x9, ~ No(®x9,,0x2,), where
® o, is fixed for a lifetime 7x and DM mass mx.
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11 DR neutrinos vs. SM neutrinos

Instead of searching for DM by its interaction with the detector’s material, one can analyse the final
states of DM decays, as it is not for granted, that DM is stable at cosmological time scales. Moreover,
if DM interacts very weakly with SM, DR may be the only way to probe the dark sector directly. Such
dark radiation (DR) can leave a noticeable signal in the detector. Assume DM particles X decay into
two equal final states, e.g. neutrinos (DR neutrinos). If the DR flux is high enough, DR neutrinos can
be measured in direct detection experiments. At the same time, the irreducible background of SM
neutrinos may mimic DR neutrinos and reduce the sensitivity to DR.

Similar to the standard neutrino floor calculation |77] we derive exclusion limits and discovery limits in
the (7x, mx)-plane for direct detection experiments. In the background-free approach, the exclusion
limits at a 90% C.L. (NX2” = 2.3) are shown in Fig. [38| solving the equation

exp

2.3 = e(BRy, ) x2v(ERy,» TX, MX) (11.1)

for the lifetime 7x, where px9, is the DR-induced recoil rate given by Eq. (9.12)). The exposure is
scaled up to the point that one SM neutrino is measured as in Sec.

1
Z?]l;l /"L‘Ijj (ERthr )

e(ERy,) = (11.2)

where i (ER,,.) are SM neutrino rates given in Eq. and n,, is the number of SM neutrinos given
in Tab. @ For a given threshold Ep,, the outer region in Fig. is excluded by higher SM neutrino
events. In this case, DR neutrinos and SM neutrinos are no longer distinguishable. Smaller thresholds
lead to larger exclusion regions, because the 8B neutrinos start to become dominant and overshoot the
rates of DR neutrinos as shown in Fig. For thresholds below 1 keV and an exposure of 0.01 ton yr,
DR and SM neutrino signals are no longer distinguishable. Taking the minimum of all exclusion limits,
we obtain the ultimate sensitivity shown by the red dashed line. This corresponds to the maximum
sensitivity, that can be reached in direct detection experiments. However, Super-Kamiokande (SK)
already put constraints on the lifetime of the DM particle at 95% C.L. from measurements of solar,
atmospheric and supernova neutrinos under the assumption, that DR in form of neutrinos is produced
by two body decays X — vv [27,[158-161]. These exclusion regions cover a wide mass range between
30 MeV and at least 1 GeV. The possibility to measure a signal from DR neutrinos in direct detection
experiments under the background free approach is almost completely superseded by SK constraints.

107 .
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[ == SK(DSNB) |
105F — SK(atm.)
——. Eg,,, =50keV &
\ 4
== ERg,,, =20 keV ;-;_/_ Sl
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Figure 38: The exclusion limits under the model X — v7 in the background free approach. Lower
thresholds lead to larger exclusion regions due to the dominant solar fluxes. The ultimate sensitivity
is shown by the dashed red line. The grey shaded regions show exclusions from SK [158-161].
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Figure 39: (a) The best fits under the only signal hypothesis for each neutrino background. The dom-
inant solar contributions are best fitted by DR neutrinos with low masses, whereas hep, atmospheric
and supernova neutrinos are fitted for larger masses. A threshold of 1 eV was chosen. (b) The best
fits for the backgrounds pp,®B and atmospheric neutrinos (dashed lines). Higher and lower lifetimes
relative to the best fits result in lower rates.

Only small regions of parameter space remain prospective in which direct detection experiments can
probe DR. The only signal likelihood function for DR neutrinos

(11.3)

E(FX mX) _ efNX2u(FX§mX) y Nobs |:ngX2V(ER,“FX; mX)

’ Nops! i dER ’
is used to analyse which DR neutrino rate is misinterpreted as SM neutrinos rates given in Tab. [
In order to determine the best fits, we generate recoil spectra for each SM neutrino source by Monte
Carlo experiments and maximize for each neutrino source to obtain the corresponding lifetime
Tx and progenitor mass mx. For this purpose, we changed the experiment’s exposure for each neu-
trino source such that 500 events are measured. Then, the maximum likelihood estimators are plotted

in the (7x, mx)-plane as shown in Fig.

The achievable low DM masses are fitted by dominant solar contributions (pp,'"F,'%0,"¥N, 8B, pep).
However, DR neutrino rates are too small to mimic solar neutrinos reasonably well as shown in
Fig. [39bl The neutrino background pp (dashed red line) and ®B (dashed green line) are fitted by
rates with progenitor masses mx = 1.3,25 MeV and a lifetime 7x = 12 Gyr. In addition, we plotted
the rates for lifetimes 7x = 1,100 Gyr in order to show, that the best possible fits are obtained for
7x ~ 12 Gyr. On the flipside, contributions from hep, atmospheric and supernova neutrinos (DSNB)
are well fitted by the signal model X — vv. Atmospheric neutrinos mimic DR neutrinos produced by
a DM particle with lifetime 7x = 10° Gyr and a mass mx = 242 MeV (dashed purple line).

In presence of an irreducible SM neutrino background the discovery limits are obtained by testing
the null hypothesis Hp : I'xy = 0 (SM neutrino background with fluxes q_S',,) against the alternative hy-
pothesis H; : I'x # 0 (DR neutrino signal+SM neutrino background) on the data, where I'y = 1/7x
is the decay width and 7x the lifetime of the progenitor DM particle X. Following the same procedure
as in sections and [7.4] we try to reject the null hypothesis Hy using the test statistics given by
the profile likelihood ratio test

—21n L(F’f:Of;”;mX %) for Iy >0
o = —21n \(0) = LLxdvimx o) (11.4)

0 for f‘X§O,
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where 51, maximizes the likelihood for Hy : f’X =0 and f‘X, qg,, are maxima in the case Hj : f‘X # 0.
Larger g-values correspond to a larger discrepancy between the hypotheses Hy and H;. In this case,
the data is more compatible with the alternative hypothesis H;. However, smaller g-values lead to
better compatibility with the null hypothesis Hy and the data is better characterized by SM neutrinos
alone. The null hypothesis is rejected if the g-value is greater than a observed value gops [150,/151]

po = P(q > qons|Ho) = dq f(q|Ho), (11.5)

Gobs

where f(q|Hp) is asymptotically a x2-distribution with one degree of freedom under the null hypothesis
Hg (see Wilk’s theorem [152]). In terms of significance Z = /g in units of standard deviations, the
x2-distribution transforms to a Gaussian No(0, 1) and the pp-value is given by pg = 2 X (1 — ®(Zops))
as in Eq. A discovery with 30 is achieved if data is observed in the critical region Zg,s > 3
(gobs > 9) or equivalently pp < 2 x 0.00135 and the null hypothesis Hy is rejected. The extended
likelihood function for a fixed progenitor mass mx is given by

\Nops — L(Cxom woN (6
<NX2V(Fx;mX)+Z;L;1NV(¢])) bs (Nxz (Tx X)+Z]_1N(¢J))

Nobs!

LT x, ¢y ;mx) =

Nobs _’-
y f(Er;Ux,d5mx) (11.6)

i=1 NXQV(FX; mX) + Zyll Nu(¢zjz)

x [T Li(¢)),
j=1
where Nxo,(I'x;mx) is the expected number of events under the model X — vv explained in Sec. |§|
EXSy d
NXQV(Fx;m)() = 6/ 2 dER m (117)
Ethr dER
Similarly, in the second factor of the likelihood function the distribution becomes
F(Br,,Tx, by smx) = Nxo(Timx) fxan(Briimy) + 3 No(¢5) 15 (Er,)
k=1

(11.8)

dRx2(Er,, Ux; o~ dRy(En,, &),

_ . X2(RIXmX)+Z (ER,, #),) ’
dER o dER

where fxo,(ER;;my), f¥(ER,) are normalized recoil rates of DR neutrinos and SM neutrinos. Then,
the likelihood simplifies to a more compact form

. (NX2V(FX7mX)+ZnV Ny (¢u'))

L(Tx, ¢y, ;mx) =

Nobs!
Nobs dRX2 (ER Fx'mX ER ¢])
v %) ) oI v T 119
<11 ( e g (11.9)
< [T L; ()
7j=1

1 The factor 2 occurs due to the restriction Z > 0.
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Figure 40: (left) Discovery limits at a 90% C.L., (right) Contributions from each neutrino source (best
fits) determining the shape of the discovery limit, (top) Eg,,, = 0.1 keV, (bottom) Er,, =4 keV.

The discovery limits at a 90% C.L. are shown in Fig. for thresholds of 0.1 keV and 4 keV. We
took 200-250 data sets to determine the distribution of significances f(Z|H;) under the signal+back-
ground hypothesis as shown in Eq. . The inner region represents the discovery region, where a
signal of a DR neutrino can be distinguished from the irreducible SM neutrino background. Lower
thresholds should not improve the sensitivity a lot, because the dominant contributions of the solar
neutrinos, especially the 8B neutrinos always exceeds the DR-induced rates as exemplified in Fig. [39b
Therefore, the DR neutrino flux is more likely distinguishable at higher recoil energies above few keV,
where the ®B rates are very low. A xenon based experiment with low thresholds and exposures of
1 ton yr will not be able to detect a signal, because it is already excluded by SK. However, increas-
ing the exposure leads to larger discovery regions, that eventually exceed the SK constraints. For
a threshold of 4 keV, the exposure ¢ = 103 ton yr was chosen such that approximately 40 nuclear
recoils of neutrinos in one experiment are observed to have high enough rates for statistics. At this
threshold, the supernova neutrinos as well as the atmospheric neutrinos become dominant. However,
due to many numerical calculations for smaller lifetimes, the lower bound mx is not accurate enough
and is estimated to be uncertain within a factor of 2. The upper bound of the discovery limit is very
well determined by the dominant fluxes as shown in Fig. 40} However, neither an experiment today
nor a next generation experiment will be able to achieve such a large exposure.
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12 Conclusion and Outlook

We explored background-free exclusion limits and the discovery potential of future xenon-based ton-
scale direct detection experiments by Monte Carlo simulating data and determined the maximum
sensitivity that can be reached in these experiments. This limit on the sensitivity is a consequence of
the irreducible neutrino backgrounds originating from the Sun, the Earth’s atmosphere and supernova
explosions, which may mimic dark matter- or dark radiation-induced signals.

In the first part of this thesis, we established the minimum spin-independent WIMP-nucleon cross
section o, at each WIMP mass m,, where nuclear recoils between neutrino backgrounds and WIMP-
induced signals are still distinguishable. In some cases, the WIMP-induced recoil events may be
misinterpreted as SM neutrino rates. For this purpose, in the first approach, we determined the
best background-free sensitivity/exclusion limit by scaling the experiment’s exposure, such that one
neutrino event is measured for various thresholds. This is illustrated in Fig. Below the one
neutrino-event line (region in red), neutrinos become an important background in direct detection
experiments. In this region, the number of WIMPs are no longer detectable because their signal is
superseded by neutrino-induced events. In the second approach, we develop the proper statistical for-
malism based on likelihood ratio tests to determine the limits for discovery on o, at each WIMP mass
m, in order to discover a WIMP at least with 3¢ significance in the presence of neutrino backgrounds
as shown in Fig. Solar neutrinos are the most important background in limiting the sensitivity
to WIMP masses below 10 GeV. We found that a cross section of about 10743 c¢cm? is the smallest
conceivable value to discriminate between WIMPs and neutrinos. For WIMP masses above 10 GeV
the DM cross section may be as low as 1078 c¢m?. This is because the event rates of the diffuse
supernova neutrino background and the atmospheric neutrinos are comparatively lower.

In the second part of this thesis, we introduced a dark radiation flux, that originates from DM
two-body decay. We further assume that this dark radiation (DR) is in form of neutrinos. Then,
we explored the limits of exclusion and discovery potentials on the spin-independent WIMP-nucleon
cross section o, at each WIMP mass m, in the presence of DR in addition to the standard neutrino
background. Hence, similarly to before, we obtained the minimum spin-independent WIMP-nucleon
cross section g, where WIMPs and neutrinos are no longer distinguishable. The best background-free
sensitivity deteriorates by up to four orders of magnitude. This is illustrated in Fig. In the pres-
ence of the SM neutrino background and neutrino dark radiation, the sensitivity in WIMP discovery
is decreased for WIMP masses greater than 6 GeV as shown in Fig. Adding a DR-induced rate
with a progenitor mass mx = 60 MeV and a lifetime 7x = 10 Gyr to the standard neutrino back-
ground, increases the experimental limits of o,, at a WIMP mass m, = 20 GeV from 2 - 10747 cm?
to 5-107% cm?. For WIMP masses smaller than 6 GeV, the maximum DR-induced recoil rates are
much smaller than the recoil rates of the solar neutrinos. Therefore, no increase is noticed in the light
WIMP-mass region. We reached our conclusions above by considering two cases. In the first case,
the DR flux is constant and the shape of the differential recoil rate is fixed. In the second case, the
anomalous flux is assumed to be Gaussian distributed with an uncertainty of 30%. Taking the un-
certainty into account, the sensitivity decreases even more due to broaden fluctuations of the DR fluxes.

In the third part of this thesis, we investigated the detectability of DR itself. Hence, we explored
background-free exclusion limits and discovery potentials on the lifetime 7x at each progenitor mass
mx for DR neutrino fluxes. In direct detection experiments SM neutrinos may mimic neutrino dark
radiation, which may lead to a misinterpretation of the measured data. Therefore, we established
the minimum lifetime corresponding to the smallest DR flux at each progenitor mass, where DR and
SM neutrinos are still distinguishable. The maximum reachable sensitivity assuming a background-
free experiment is again obtained by scaling the exposure, such that one neutrino event is measured.
We found that the maximum sensitivity is already almost completely superseded by existing Super-
Kamiokande (SK) constraints. Only small regions still allow for a detectability of DR signals at
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lifetimes of about 7x = 10* Gyr and progenitor masses in the ballpark of mx = 50 MeV as well
as for lifetimes around 7x = 10% Gyr and masses around my = 30 MeV. The discovery potentials
were derived for thresholds of 0.1 keV and 4 keV. In xenon-based direct detection experiments with a
threshold of 0.1 keV and an exposure of 1 ton yr or less, the region where DR, can be discovered with
3o significance is excluded by SK. In principle increasing the exposure would lead to a larger discovery
region, which may eventually exceed the exclusion limits of SK. At a threshold of 4 keV and with a
futuristic exposure of ¢ = 10% ton yr a total of 40 neutrino events would constitute a high enough
statistics to make a discovery of DR. We also found that lowering the threshold of these experiments in
order to obtain a broader coverage of the measured spectra does not increase the prospects to discover
neutrino DR. This is because solar neutrinos backgrounds contribute strongly in the soft part of the
spectra.

We highlight few avenues of how the sensitivity could be improved. First, a better understanding
of the neutrino background will reduce the uncertainties on the fluxes and thereby reduce the statis-
tical fluctuations of SM induced backgrounds. Second, using different target materials allows to add
additional information to discriminate neutrinos from WIMPs. The ultimate discrimination between
WIMPs and neutrinos would be to measure the direction of nuclear recoils, since the solar neutrino
background is an anisotropic source at Earth.

Finally, we may broaden the analysis by considering more general types of DR. First, DR could
be a new particle scattering with different strength than neutrinos, e.g. sterile neutrinos. Second, DR
could have different energy characteristics, if it is originated from a multi-body decay of DM. Third,
DR could come from other sources than DM-decays, e.g. evaporating primordial black holes or DR
emerging from supernova explosions.
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A Friedmann equations

Consider the FRW metric [16,39,40]

2 2
ds* = g (z)dztdz” = dt* — a®(t) 1_6177;(# + r2d0* 4 r?sin® 0 dp?| = dt? — a*(t) [1_%@2 - r%mﬂ
= dt* — a®(t)yida'da? = dt* + gijdx'da?,
(A.1)
where 7,0, ¢ are comoving coordinates and
1
=z 0 0
gij = —a*(t)yi; with ~;j = 0 2 0 (A.2)
0 0 7r2sin%6

is the 3-dimensional induced metric on a maximally symmetric manifold, where Greek letters run over
wy v, Ay ... = 0,1,2,3 and Latin letters over ¢, 7, k,... = 1,2,3. The coordinates 1, j, k, ... characterize
the spatial part of the metric g,,. The time coordinate ¢ coincides with the proper time s for a free
falling observer (observer with constant space coordinates dz’ = 0)

dz'=0

ds? = dt* — a*(t)yda'da? "5 dst=dt? = s=t. (A.3)
Often it is convenient to write the metric in the form

sinh? y for K = —1
ds® = dt? — a*(t) |dx* +{ X2 for K =0 do?| (A.4)
sin?y for K = +1

using the substitution dy? = 1};(27“2 . The Friedmann equations are derived from the Einstein equations
[162]
1
R, — §R9W — Agu = 81GT), (A.5)
using the FRW metric (A.1) and the energy momentum tensor of a perfect fluid
p(t) 0 0 0
_ | 0 —p(t) O 0
Ty = 0 0 (1) 0 (A.6)
0 0 0 —p(t)

The Ricci tensor R, and the Ricci scalar R are calculated from the Christoffel symbols [16,162,163].
The general from of the Christoffel symbols are given by

1
FAW = ig/\a (Ougor + Ovgap — Oagury) With FAW = FAW (torsion free connection) (A.7)

Choosing the first component of the Christoffel symbol as the time coordinate (A = 0), the Eq. (A.7)
reduces to
0 1 O« a=0 1 00 1
I wr 59 (augl/a + augua - 8ag;w) = 5&/(8;191/0 +3u9u0 _809uu) = _iaﬂg/uw (AS)
=1 =0 =0
Due to the fact, the FRW-metric is diagonal (g, = 0 for p # v) the following Christoffel symbols are
Zero

Therefore, the only non zero Christoffel symbol for A = 0 is obtained for (uv) = (ij)
10— —Long = Sava()v; = a(®a(t)y; = a2 HE)y,; (A.10)
ij = "9 09i5 = 5 0 Yij = Yij = Yig - .
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The other Christoffel symbols are derived by choosing A as a spatial coordinate (choose A = 1)

r, = §gm (Ougva + Ovgua — Oagu) = igzj (Ougvj + Ovguj — 0i9u), (A.11)

where a = 0 leads to the metric component ¢, which is zero, because the metric ¢ is diagonal. This
implies

. 1. 1 . 11 . 0 .

T4 = =9 (Okgoj +00gk; — 0j9r0) = 597 00gkj = = —57~77 000> W)y = =77 vy = H ()8,

2 —— —— 2 2 a (t) a
=0 =0
(A.12)
. 1.
oo = 59”(80909‘ + ogoj — 95900) = 0, (A.13)
=0 =0 =0
) 1 .. 1 ..

[y = 59” (Okg1j + O1gk; — Ojgm) = i’Y” (OkVij + Oy — Ojvm)s (A.14)

where v% Vi = A Vik = 5 ; using that the induced metric ~y;; is symmetric. The Christoffel symbols
in Eq. (A.14)) can be performed explicitly for i, j, k,l = 1,2,3:

K
Flll = 1_7;;7"2, F122 = —7"(1 — KT2), F133 = —T(l — K'I"Q) Sin2 0, (A].5)
1
F221 — F212 — ;7 ]._‘233 - — SinHCOS 97 (A16)
3 3 1 3 3 1
Dy =Ty =", Iyp=Ty=_—-7 (A.17)
All remaining Christoffel symbols are zero. In summary one obtains the following non zero Christoffel
symbols
I =0, IY% =TI% =0, Foij’ = Fojz‘ = a®(t)H (1),
Ty =Tor = H(t)d", T'oo =0
Kr )
2 1 2 .
F21_F12_;7 F33:_Sln0C089,
1 1
[ =T% = o I3, =I5 = ond
Once the Christoffel symbols are derived, the Ricci tensor is given by
Ry = 0%, — 9,T%,, +T%,T0  —T° 10 (A.19)
The components of the Ricci tensor are given as follows
Roo = 9aT%0 — 80T %0 + T%sT 00 = T%0sT a0 = =0T s — T o [0
. . ) it (A.20)
= —0oH(t)8', — H(t)?6", = —3(H(t) + H*(t)) = —3a8,
a

Roi = Rijp = aaram' - airaao + Faaﬁrﬁio - F%ﬁrﬁao = akaOi - 8irkk0 + Fllkrkz'o - Fkilrlko
=T Thy = T o = H(OT! 8% — H($)T%8'y, = H(t) (T, = T%) = H(t) (T = TY;) = 0
(A.21)
using O, Tk, = Ok(H(t)0%) = 0, 0;,T%,, = 0;(H(t)d%,) = 30;H(t) = 0 and the torsion free property
of the connection Fkik = I’kki. The spatial part of the Ricci tensor is obtained by choosing spatial
coordinates (= i,v = j)
Rij = Rji = 0%, — ;1% + %07 — 7,07,
= 00T + OkT*j; — 05Ty, + Tl + TR Ty = T T gy — T 10, — T, I, (A.22)
= (a(t)a(t) + 2a>(t))yij + O6T";; — O;T% + TH T — T T,
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using the relations

BT’ = do(a® () H (t))vij = (a(t)alt) + a*(t))yiy, (A.23)
Tl = a®(t) H ()" yi; = 3a°(t)vij, (A.24)
FOﬂFlOi = a*()H () v = a® () H(t)?yji = a*(t)yij,  (7ij is symmetric, i.e. 7ij = ;i)  (A.25)
I70 T = a () H ()2 6% = a>(t)vij- (A.26)
All non zero components of the Ricci tensor are given by
Ry = (a(t)a(t) 4+ 2a° )y + OpI*yy — TNy + T =TT
= (a(t)a(t) + 2a>(t))y1n + 0Ty — Ty +TH, Y, — T T,
= (@(t)a(t) + 2a* )y + 0Ty — Oy — Oil%) — 1%, + T Dy + T,
+ D20 =T Dy = T2 1% — T2 1%
) , 5 ok 5 (A.27)
= (a(t)a(t) +2a°(t))y11 + o) + QW ]
2K
. .9
= (a(t)a(t) +24°(t))y + 1-Kr2
= (i(t)a(t) + 2a*(t) + 2K)y,
Ry = (ii(t)a(t) + 2a°(t))ye2 + I g — 02Ty + 9T 5y — THaI
= (a(t)a(t) + 2a°(t))y2z + Ol gy — 9ol + T Dy + D251 00 + 23T,
— Dlyel?y — T — TP50I %,
1 (—cos?0+1)
= (a(t)a(t) + 2a3(t — 14 2K7r?
(@(t)a(t) + 2a°(t))v22 + 2Kr® + o~ oy s
1 sin?0 :
= (a(t)a(t) +2a*(t — 142K —
(i(0)alt) + 202 ()02 — 1+ 2672 + S
= (i(t)a(t) + 2a°(t — 142K tan d
(a(t)a(t) +2a°(t))ye2 +2K7r7 + —— tan
= (a(t)a(t) + 2a>(t))yao + 2K 712
= (a(t)a(t) +2a*(t) + 2K)ya2,
Raz = (a(t)a(t) 4+ 20> (t))vss + Ok — 03Ty + TH, T 55 — T3T 5
= (a(t)a(t) +2a*(1))yss + L33 + 0ol %5 + Tl Tl + T2 g5 + TP 15T gy
— 203317 5 — 207,17,
= (d@(t)a(t) + 242 (t))y33 — (—1 — Kr?)sin? 0 + 2Kr?sin? 0 + sin? 0
K A.29
+17I7;2(—7‘)(1—Kr2)sin29—Kr2sin29 ( )
— Kr
= (a(t)a(t) +2a2(t))ys3 + (=1 + 3Kr? + 1) sin? § — Kr*sin? 0
(@(t)a(t) + 2a>(t))vss + 2Kr?sin® 0
= (a(t)a(t) + 2a2(t) + 2K )7yss.
The Ricci tensor for the FRW metric is diagonal with
(4
Roo = —3@,
a(t)
(A.30)

Ry = (a(t)a(t) + 2a*(t) + 2K)y;; fori=j,
R;; =0 fori # j.

81



A  FRIEDMANN EQUATIONS

The Ricci scalar R is obtained by multiplying the Ricci tensor with the metric

R = g,U«VRuV — QOOROO + gZ]RZJ — _37 —

_ _a(ﬁt) (a(t)a(t) +a(t) + K)

using v7;; = (5jj =3.

Y (i(t)a(t) + 26°(t) + 2Ky

(A.31)

The (u,v) = (0,0) component of the Einstein equations leads to the so called 1st Friedmann equation

(6’ +K A 8nG
G(Cz(t; —3= %p(t). (1st Friedmann equation)
The (u,v) = (i,j) component of the Einstein equation leads to the equation

at) a*(t) K
o) a2t " a2)

— A = —8nGp(t).

Subtracting Eq. (A.32]) from Eq. we obtain the 2nd Friedmann equation
a(t)  4nG

a(t) 3
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(Bp(t) + p(t)) + 3 (2nd Friedmann equation).

(A.32)

(A.33)

(A.34)



B WIMP MODEL

B WIMP model

B.1 Variable transformation of the two-body momentum phase space

The two body momentum phase space is given by
P . . . 1 . . 1
& pd’pX = (4m) ||l | (4m) || dl | 5 d cos § = (4m) 7| Exd By (47) || ExdEx d cos 6, (B.1)
where ¢ is the angle between the three momenta p) and py. Changing the variable

E, = Ey + Ey
(Ey, Eg,cosf) — E,. =FE, - FEy (B.2)
s = (px-py) = 2mj + 2By By — 2|py|px| cos b

the determinant of the Jacobian matrix is obtained as follows

dEydEsdcos = det <6(8E(E+E%COZ)0 )) dE,dE_ds = W, (B.3)
where the Jacobian matrix is given by
p 3 0
e |r o | By
a b —m

The elements a, b are any terms, which are unnecessary to derive. In this case, the two body momentum
phase space can be written as

d*pyd*py = (2n*)E\ ExdE. dE_ds. (B.5)
B.2 Number density, energy density and pressure of relativistic and non-relativistic
particles

For simplicity, the chemical potential of x in the early universe is set to zero, p = 0. The number
density [16,56] is given by

g 3 "
= d 5 = y B.6
"= ) / pf(p), p:=1p] (B.6)
where one distinguishes between bosons and fermions by the phase space distribution

1

f(p) = CEM/T £1° (B.7)

The number density of relativistic and non-relativistic particles can be derived explicitly using the
assumptions about their energy

E(p)=vp*+m?=~p for relativistic particles,

(B.8)
E(p) = /p*+m?2~m+ % for non relativistic particles.

In the relativistic case, the phase space integral can be solved using substitution p’ = % and the
definition of the Riemann’s zeta function ((3),

g 3 . g [ D
ny (%)3/ e e

2

9 s /Ood’ p’? { 722T3((3) for bosons,
p =
0

2m2 e’ +£1 29T3((3) for fermions,
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where
2

%) 2 ) 3
/0 dp —F— = 2((3), /0 dp epp+ - = 2((3) and ((3) ~ 1.202 (B.10)

In non relativistic case, the temperature is proportional to the kinetic energy of the particles, T %.
Since, p? is very small, the temperature is much smaller than the mass, T < m and the exponential

2
eEW/T g em/Te5m > 1. Therefore, the Bose/Fermi distribution can be approximated by a Maxwell
distribution

L BT o /T
f(p) = EGT L1 ¢ ~e e 2m. (B.11)

Then, in the non relativistic limit the number density is simply derived

= 2 /d3pf<\m>=ie—m” T
X (27‘1’)3 272 0

(3
5 (2mT) %/ dz z%e™*" = (QmT) -m/T (22) (B.12)
272
3
m1™ 2 —m/T
7 ( om ) ‘
using x = JQZTT and the solution of the Gaussian integral
0 T n+1
dx 2"e= ( ,jl) for n = 2. (B.13)
0 20 2
The energy density is given by
g 3
= d E B.14
P = oy / p f(P)E(p), (B.14)

where f(p) is the Bose/Fermi distribution (B.7) and E(p) = \/p? + m? is the energy. For relativistic
particles with energy F(p) ~ p one obtains

g 3 g [™ P’
= d E(p) = === dp ———
P = Gn)? / pfPIEP) =5 5 N By
) (B.15)
_ 9 g /Ood , PP - 27r2T4C( T'(4) = %gT4 for bosons,
22 0 e’ +1 23T (4T (4) = ¢ 30gT4 for fermions,
where p’ = £, ((4) = g—g, I'(4) = 6 and
[e%) 3 [e%s) 3 fe'e) 3 00 3
p p p p
d =((4)I'(4 d = d — d
/0 P = SWIM), /0 P /O e /0 P 51 -
1 7
= CT() — LCWT () = SCAT()
This implies, that ptermion = %pboson. The relativistic pressure is derived in a similar way
g 3 p2
P = d = B.17
s | @) 3g0y = (B.17)
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where w = %

Analogously, for non relativistic particles (E(p) ~ m + %) the integral is simplified to

g

[e's] 2
— 3 _ 9 —m/T/ 2 —fn—Q p
P = Gy /d pf(P)E(p) = 5 3¢ ; dpp“e” 2T <m+2m>

= i(QmT)%e_m/T/ da a2 <m+T:B2) = i(217’LT)%e_m/T <mF (3> ZF <5>)
272 0 272

EACT A

2

3 3
T\ 2 T T\ 2
“o(5) () = () e
s s

using the solution of the integral (B.13

(B.18)
and x = \/ﬁTT’ r (%) = g, r (g) = %. Thus, the energy

density is related to the number density (B.12) as p = mn,. The non relativistic pressure is also
related to the number density as follows

2
p
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C DARK RADIATION

C Dark radiation

C.1 Galactic coordinates

Galactic coordinates are useful celestial coordinates in astronomy. Spiral galaxies are located approx-
imately in a 2-dimensional plane (see Fig. . Therefore, galactic observations from the Earth can be
described by the longitude angle [ and the latitudinal angle b. The observation line is called the line
of sight with distance s. The distance between the Earth (or Sun) and the galactic center is denoted
as ro. On sphere with the galactic center as midpoint, the distance 7 (s, #) between the galactic center
and the edge of the sphere can be expressed by the law of cosines

r(s,0) = \/52 + 1% — 2srg cos b, (C.1)

where cos ) = coslcosb.

North galactic pole

Center of ! /

Intersection of
plane of Galaxy
with celestal
sphere defines the
galactic equator

Galactic
equator

Plane of the Galaxy
(dust, gas & stars)

Figure 41: Galactic coordinates (figure from )

C.2 Analytic from of the extragalactic flux for the 2 body decay (massless v)
The differential form of the extragalactic flux was derived in section and is given by

dq)l/,e.g. _ K'ernpcrit 1
— - =N,I'x —
dE, mx Ho |Pu| /a3 + Q)

where |p,| = E, and o = Ei,/E, for the massless case. The look-back time is obtained by

e—FXt(a—l)

O(a—1), (C.2)

o0 dz' 1 \/1+(1+Z)3%fM+1
H(z) = / AN In r (C.3)
= (L+2)H(2)  3Hov/Q \/1+(1+z)3%—M—1
A
Using the substitution u = EE %;3 %—AX + 1 the extragalactic flux can be expressed as
ddy 0.
(I)V,e.g. = /dEu dzf;g
(C.4)
_NT K dm Perit (_2) /\/QAI/QA+1 du [u + 1] —1/BHovQaTx) 1
X x Hov/a \ 3/ Jso u—1 w1
The remaining integral can be solved using the substitution x = Z—ﬂ
v/ Qar/Qa+1 J u+1 d 1 1 [T i1 xd T«
/oo u[u—l] u2—1__§/1 . __QTZ1
(C.5)

)

__1(u+1>d
- 2d\u-—1

2d

Qs /Qa+1
M/Qa+ _i . WM/QA-I-l-f—l d
N VOu/y F1-1

[e.9]
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/Qar/Qa+1+1
where z, = AU and d =
\VQa/Qp+1-1

1
U a0 e I

In the end, the extragalactic flux is given by

-1
3HoVQaTx |

\/QM/QA—}—I —1

C.3 Analytic form of the extragalactic differential recoil rate for a 2 body decay
(massless v)

In the massless case, the extragalactic differential recoil rate for a 2 body decay is given by

dRYS Ein P, E, FE
RXQV _ NT/ dE,/ ddE:v -g- da(dE7 R)
min v R

dEg

_ NTQ%,Gfpm]vp(q)2 /E JE, APy . <1 B ERmN>
Am Bunin dE, 2E?2

_ NTQ%VG%mNF (q)* ( / P g, Qres  Ermy / e iE, $0ves 1)

4 dE, 2 dE, E?2

where Ej, = “5X is the energy particles have immediately after the decay of the progenitor X with

mass myx and Enm = 4/ ER% is the minimum energy a particle have to carry to produce a recoil

off the nucleus with mass my. The solution of the first integral is derived in a similar way as in the
appendix One obtains

d
PP 1<t <
- v dEz/ v mx Em QM +1-1 \/%— 1 )

A

E3
1 e \/T—H—i—l
Q= (i) = L = (©9)
OV YATX /Edm %1}\14_1_1 Vs +1—1

In the calculation of the second integral the same substitutions are used and one is left with the
expression

where

11 2 Ty
P et a2 AR
Fow | dE, E2 “mxHovQatx E5 \Qu V-1t s (ER)’ |
where oF} (a,b, ¢; z) is the Gaussian hypergeometric function and
2F1 (—%,%—d,%,l—iﬁ) @ 2F1 < % d % :E*) 2F1 (_%a%_dagal_xmln(ER)>
V-1+=x omin(E) B —14z, V=1 + Zmin(ER)
min R
(C.11)
Combining these two result leads to an analytic form of the differential recoil rate
dR;%V o Q%/VG%WNF(Q)Q KQdm Perit
X _ N N,
dER 47 mx
X (Eg) — a2t + 2!/3 (QA>§ERmNQFl(_ili’é_d’g;l_x) -
inlR) 4 mo Ve )
Tmin\ YR
(C.12)
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D Probability theory

D.1 Maximum likelihood estimation of Gaussian distribution

Let 21,29, ..., 2, be data[T_Z] from a Gaussian distribution N(u,0?) with expected value y and variance
o2. Then, the likelihood function is given by [146}165]

n _(i=p)?
L(M702\$1,$27--~7$n) = f(xl,xz,...:cnlu,a ) = H $1|,u7 = H [ 20% ] . (D.1)

=1 i=1 27TJ

The maximum of the negative log-likelihood function for y and o2
Z” 1 (i — p)?
2\ 2 [
—In L(p, g ) = [2 111(271'0' ) + T (DQ)

=1

is obtained by differentiating with respect to p and o2 and setting to zero

dn L(p,0°) _ Z" (zi —p) 1 1 Z”
8/14 a i=1 o - E =1 i (D3)
OnL(p,0®)  n  (@i—p)? o T VN
902 22 ;W—O -7 —a;("“ w” (D-4)

It is convenient to denote the estimators with a hat. The estimators fi and 42 are unbiased by the
following calculations

Z [i] = —nElzi] = E[zi] = p, (D.5)

= Z = E[(z; — 1)’ = 0*, (D6)

D.2 Poisson distribution

Consider random variables X7, Xo which are Poisson distributed with parameters i, As. Then, the
sum of the random variables is again Poisson distributed with parameter A; + A2 [146,/166]. This can
be shown by a discrete convolution of Poisson distributions.

Let X7 ~ Pois(A1) and Xy ~ Pois(\z) then

i Mo AT
P(X1+Xy=k)=) P(X Y=k—1I)= Zl'e_l(k:—l)'e_2
=0 =0 '
)\l)\ (k—1)
—(A1+X MAy —(A14+X l (k 1)
) Z = 1) Z ik A (D.7)
(AM+A2)k

k
= WB_(A1+A2) = X1+ Xo ~ POiS()\l + )\2)

12 21,9, ..., xn are independent
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D.3 Inverse transform sampling method

Let f(z) be a probability distribution function (PDF) then
F(z) = P(X <) = / dr' f(z')  VzeR (D.8)
is the cumulative distribution function (CDF) of f(x).

With the inverse transform sampling method one is able to generate a sample from an arbitrary
one dimensional PDF [146]. It transforms a sample from a uniform distribution on an interval [0, 1]
to a sample related to the customized PDF f(z).

The inverse transform sampling method works as follows [167]:
1. Draw a sample u from a uniform distribution on the interval [0,1] = u; ~ U([0, 1])

2. Solve the equation F(z;) = u; <& x; = F~!(u;) for each u; from the sample u, where the inverse
F~Y(w;) = inf{x;|F(z;) > w;} is the inverse of F. Then, x = {x;};>1 is the sample of the
customized PDF f(x).

D.3.1 Example: Exponential distribution
If X ~ Exp(7) then the PDF [146] is given by

le=% 2 >0
Let X ~ Exp(1), then the CDF is derived by the integral
F(x) = / d' e =1—¢°. (D.10)
0

The sample x of the Exponential distribution is obtained by performing the inverse of the CDF on
u~U([0,1])
r=F1u)=—In(l-u). (D.11)
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E Kinematics for a 2 — 2 elastic scattering

E.1 2 — 2 elastic scattering in the lab frame

n kl

D2 ]{32

The momenta of the incoming particles are given by

[ Ex (M2
p1_<ﬁ1>’ p2—<5>, (E.1)

where the heavier particle with mass ms be at rest (p2 = 0). The outgoing momenta in terms of recoil
energies F'p are given by

E E,—F
ky = <E3> = ( ! 7 R), ke = <€4> = (ERT””) : (B.2)
1 1 Y4 p1

Using the energy momentum conservation

Ei+mg=E3+ E,

Eytme = Es+ E.3
pi=ki+k (p2=0) (E-3)

P1+p2=k‘1+k‘2=>{

and the definition of the recoil energy Fr = E4 — mg, Er = F1 — E3 the mandelstam variables s, ,u
can be be expressed in the following ways:

s = (k'l + ]‘JQ)Q — m% + m% + 2]{}1.]{}2 = m% -+ m% + 2E1m2 kl.kg _ E1m2 5 (E4)

s = (p1+p2)? =mi+m}+2pi.po=mi+m3+2Em; N { p1.p2 = E1ma
p1.k1 = m? + Egma

— _ 2 _ 2 _
b= (pl kl) 2m1 2p1.k‘1 = k‘g.pg = E4'm2 = (ER + mz)mg s (E5)

t = (kg — p2)2 = 2m% — 2k2.p2 = Qm% — 2E4m2

t=—2FErmso
u = (p1 —ko)* =mi +m3 — 2p1.ky p2.k1 = ma(E1 — ER)
u = (pg — k1)2 = m% + m% —2po.k1 = m% -+ m% —2moF3 p1.ko = moFE3 = mQ(El — ER)
(E.6)
The momentum transfer is obtained by the relation
p1— k1 =q=ka—pa, (E.7)
from which the following identities can be deduced,
p1.g = —Erma, ki.q = Egmo,
p2.q = Erma, ka.q = —Egmy (E.8)
(p2+ k2)-q=0, ¢°=—2Egm,.
Then, the recoil energy in the lab frame can be derived by solving the equation for Er
(p1 — ]{32)2 = (pg — ]{71)2 = —2E1E4 + 2E1|EQ| COS 94 = m% — 2m2E3 (EQ)
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using £y = mg + Er and F3 = E1 — Er. The result is

2E%m2 cos? O
E1 +mg)2 — E? cos?0,’

R=1 (E.10)

where 0 < 64 < § is the angle between the incoming and outgoing particle with mass msy. The
maximum recoil energy is given for 64 = 0

2E?
Eper = 1 E.11
r 2B + my (E.11)
and the minimal recoil energy for 4 = 5
Epin = . (E.12)
E.2 2 — 2 elastic scattering in CMS frame
The center of mass is at rest
> MmiT + med p1 + P . L p - . . ~ -~
XTI PEP o o fi——, Ri= ke, =) K] = (Rl (B.13)
mi + mso mi + mg

This implies that the incoming momenta pi, ps and outgoing momenta ki, ko are given by

Eq E, Es Ey
= .1, = 20, ki=\{>"], ko= - . E.14
b1 (pl ) b2 (—p1> 1 <k1 ) 2 <—k1 ( )

Then, in the elastic scattering:

mp = ms3 Ey = FE3
{ S = { By = E, (E.15)

the momenta can be expressed as

Ey FEs Eq Es
= frd = s = 5 s I{] = — 5 k‘ = - . E16
n <p1> b2 (—p1> 1 <k1> 2 <k1 ( )

Similar to the lab frame, we can use mandelstam variables to derive the following relations. The
mandestam variable s is obtained by

s=p1+p)?=(E1+E)? = s=(B+EB). (E.17)
Using
Ef = ;1> +ma 2 2 2 2
i o = FE —E5=mi—m E.18
E%:‘p2’2+m2:’p1|2+m2 1 2 1 2 ( )
one obtains .
Ey =FE3 = 2—\/§ (S—f—m%—mg)
1 (E.19)
E2:E4:2—\/§(s+m%—m%)
Moreover, if we use the energy momentum conservations for each incoming and outgoing momenta
Ef—|pil=mi, E3—|kl=mi = [|p|=kl, (E.20)
B3 —|po| =m3, Ei—l|kol=m3 = |pa] =k, (E.21)
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the absolute values of all three momenta are equal, |1| = |p2| = |k1| = |k2|. Further simplifications
lead to an expression of the incoming momentum p; in the center of mass frame

5 1
|p1|2 = E12 — m% = [(S + m% — m%)2 — 4smﬂ

1
= L (5 + ml + m2 — 28m1 - 23m2 — 2m1m%)

] (E.22)
= ZSA(Sam%vm%)
= |15'1,CM|2 = )‘(Svm%m%%

4s

where \(s,m?,m3) is the Killen function, which is symmetric in exchanging of s, m?, m3. The man-

delstam variable ¢ can be written as
t=(n— k)P =~ — F)? = I - B + 20 Ty
= —2|p12(1 = cosBcm) (E.23)
=t= _2|ﬁl,CM|2(1 — COS HCM)

The momentum transfer is related as follows

¢ =(p1—k1)? = —(p1 — k1)* = =|q* = —2|p1.om[* (1 — cos o). (E.24)
Using t = —2FEpmy the recoil energy in the center of mass frame can be expressed as
P1.om?
Er=="—""(1—cosfcn). (E.25)
ma

Then, the incoming three momentum of a non relativistic particle is approximated as

Frovl = 2Pl ~ 25 = e (E-26)
using B =~ my (1 — %) ~ mq and p is the reduced mass.
F Cross section
F.1 Differential cross section
The differential cross section of a 2 — 2 scattering is given by
do = L Phr Ll o s 4y~ k- k) (MP). (F)

4\/(101-]92) — m3m3 2 (2m)32kY (2m)32k3

First, we concentrate on particle phase space and go to the center of mass frame,

Ak d3k B
2k()l %025(4) (p1+p2 — k1 — ko) = kol A kaB(k)5 (k2 — m2)6™ (p1 + po — k1 — ko)
a3k

=) 20 0(pY + ) — k9)5((p1 + p2 — k1) — m3)
(F.2)

d|k1|| k1]
= [ 008 + 1~ k)01 + 92—

™ 2
_/ /2 /1 d|k;|1l§1’ do dcos(0) 0(v/5 — kD)6 (m2 — m2 + s — 2/5kY).
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If we use the following substitution

d““" 0 e lgoodMgp (F.3)

k02_E2: 2 2k0_2k =

we obtain

ol d‘k;l ’kl,zd d 0 2 2 0
20 cos(0) 0(\/s — ki)6(mi — m5 + s — 2+/sk})

27 rl 0
:/ / / Mdg@dcosw)ﬂ(ﬁ— EDS(m3 —m3 + s — 2¢/sk))
mi1

(F.4)
-/ /%/Idko”ko Lt dcos(0) B(/5 — K)o(m3 — 3 + 5 — 20/5kY)

/ /277/1 dkl\/idgodcos 1) 0(V/5 — K0)3(m2 — m2 + 5 — 2/5K0).

Next, we can modify the delta function,

mi—mi+s—2/sk) =0 & N = kY, (F.5)
1 m?2 —mi+s

5(m? —m2 + s — 2/sk? - — (K-t 2" F.6

(mi—m3+s Vsky) 2 /s 1 N (F.6)

such that we can integrate over kY,

or 1 dkDy/(K9)?
/ / / ! d(pdcos E) —m1)0(y/s — kD)S(m3 —m3 + s — 2¢/skY)
27 1 dko,/ ko —m2 2 _ 02
/ / / L i dcos(0) B — m1) 6(v/5 — k)5 <k(1) - W)

2y/s
2r rl 1 m2 —m2+s\’ m?2 —m3 +s m2 —m3 +s
= dip d cos(0 1= -—mi | 2 - 0 -1 277,
/O/_lgacos()ll\/gJ( NG mi NG mi Vs 2/
(F.7)
The theta functions can be simplified to
2_ .2 2 _ 2 _9
p(Mimats |\ _p(mizmatsmVem) g 2 S0, (R
2/s 2y/s
m2 —m2+s s —m3 +m3
9<\[_12\/§2 =0 # =1 for s>m?+m3. (F.9)
Thus, the integral reduces to
or 1 1 mi—mi+s) 5
/0 /1dg0dcos(¢9)4\/§ NG —my
_ /27r /1 dp doos(®) 1 |m4+md + 52 — 2sm? — 2sm3 — 2m3m3 (F.10)
0o J1 4y/s 4s

27 1 1 1
:/ / dnpdcos(@)g— /\(s,m%,m%):/ dcos(9)41 (s, m?,m3).
0 -1 S -1 S
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In the end, the phase space integral is given by the Kéllen function

/ d3ky d3ky

1
4 71-
o0 20 S (pr+pa — by — ko) = /_1 dcos(8) -/ A(s,m}, m3) (F.11)

The term 4\/ (p1.p2) — m3m3 can be expressed in the center of mass frame as

1/ (prp2)? — mim3 = 2¢/A(s,m3, m3)) = 4| .crnlV/5 (F.12)

using the mandelstam variable s = (p; + p2)? = m? + m3 + 2p1.p2. In the lab frame the term[:gl
simplifies to

4\/(171-;02)2 —mim3 = 4\/(E1-m2)2 —mim3 = 4\/m3(E} —m7) = 4ma|pi tab |, (F.13)

which lead to a relation between the center of mass and lab momentum

- ma — — mo
ID1,cm| = 7 |D11abls  [P1,eM| = [P 1abls 7 ~1 formg>my. (F.14)

Then, the differential cross section in the center of mass frame

do  (IMJ?)
- — F.15
dQ  64n3s ( )
can be written as p p it p
o o o,
2p1.cml?, (F.16)

dcosOcp - EdCOSQCM ~ar

where (|M|?) = %Zspms |M|? is the spin averaged amplitude. According to the mandelstam variable

t the differential cross section is expressed as

d M?
do __{IMP) (F.17)
dt  64ms|picm|?
It is common to write the differential cross section in terms of recoil energies Egr
dEr Cdt dEg N 327TS|51,CM’2 - 327Tm2’ﬁl,lab’2 '
using t = —2mgER.
F.2 Cross section of neutrino nucleus scattering
Consider the elastic scattering of a neutrino off a nucleus with mass my
v+ N —v+N. (F.19)
v v
9|7
N N

13 The term is invariant, if the velocity direction vector of both particles lies on the same axes.
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i i
gt | 94 |
u %—%SinQGW %
1,72 02 1
d| —g+35sin®Ow | —3
y 1 1
1 2 4
1| —5+2sin“0w | —3

Table 6: Values of vector and axial coupling in the neutral current sector,u...up-quark, d...down-quark,
v..neutrino, l...remaining leptons: e, u, 7 [168].

Denote p1, p2 as the four momenta of incoming neutrino and nucleus and k1, ko as the four momenta
of outgoing neutrino and nucleus. The mediator particle, that is involved in this scattering, is the
Z-boson. Interactions with W-bosons change flavors and photons couple only on charged particles.
The neutral current (NC) Lagrangian [168] is given by

g — . .
Ly = ——T A" (gt — ¢* v, 7 F.20
NC 2 cos Oy XZ: i (gv 9A75) i, ( )
where
gty = th —2Q;sin® Oy, gy =t} (F.21)

are the vector and axial vector couplings, té is the eigenvalue of isospin 73 in SU(2) doublet and Q;
is the charge of the interacting particle. The values of the vector and axial vector coupling are given
in the Tab. [6] The Z-propagator can be written as

Gup — %\%ﬂ <M g
. z q z  Ypp
—1 i (F.22)
¢* — M3 M3

using contact interaction ¢ < M % The NC vertex is given by

g

— T (G, — gYys). F.2
eost ! (9 — 9a75) (F.23)

For neutrinos, one obtains

g

— ; — 2 AH F.24

’Y“%(l —5) = —i
where the index L denotes left-handed neutrinos. Right handed neutrinos do not exist in the Dirac
theory. We consider spin-independent scattering, where the axial-vector part g4, gj‘f‘ is not taken into
account. A nucleus has Z protons and N neutrons. Therefore, 27 + N up-quarks and 2N + Z down-
quarks. Then, the Z-boson couples differently to up-quarks and to down-quarks, which leads to the
nucleus vertex |[3]

i g
2 cos Oy

(22 + N)gi: + 2N + Z2)gi] (ks + p2)"F*(q), (F.25)
where [(QZ + N)gi> + (2N + Z)g{‘l,] is related to the weak charge Qw = (4sin?6y — 1) Z + N,

(22 + N)gis + 2N + Z)g| =

1 4 1 2
(2Z + N) ( — —sin? 9W> + (2N + 2) <—2 + = sin? GW)]

2 3 3
1 .
= {2 (1 — 45in? QW) Z — N} (F.26)
1
= 50w
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Thus, the scattering amplitude for a neutrino nucleus scattering is given by

Gup — Ludp
. 9 ‘ Mz ). g
M=—i—"—i,(k " — Z
! ZQCOSGWuV( 1)y L (P, 1) ( ' q> —m3, >Z2COSGW
(F.27)
1 _ (p2 + ka2)”
X 5@W2m2F(Q)UN(k'277°2)7(p2 n k2)2“N(p2’52)’

where s1,$2,71,72 are spins of the neutrino and nucleus We consider point interaction, then the
amplitude reduces to

(p2 + k2)?

Gr _ _
M = — 2moF O G (yy 1)y (1, ko, , F.28
maF(q)Qw ok (K1, 1) L uw (p1, s1)gpptin (k2 Tz)(p2+k2)2uzv(p2 52) (F.28)

. s . Gr _ g o g2 .
using the definition of the Fermi constant 5 = 8MI — SMZoo O Taking the absolute value and

summing over the spins one obtains

_ _ + k
5 M = 3 QG2 F @) (bt o) 1, )i o) P22 ()
spins spins
_ o _ + k2)a
X (ty (k1,m1)y ’YLuu(p1,31)uN(k2,7“2)WUN(pzysz))

(pg + k2)u

_ 2 29m2 F(a) i ’
Z Qi Gr2my F(q) un (p2, s2) (p2 + k)2

spins

un (K2, r2)ty (p1, 1)y uw (k1,71)

(p2 + k2)a

x iy (k1,m1)YRY U0 (1, 51)UN (K2, 72) (02 £ Fn)? un (p2, s2)

_ 2 G12m% F(q)*(p2 + k2)u(p2 + k2)a
(p2 + ko)*
x Trlp, vry" k17"]
2 GE2mA F(q)*(p2 + k2)u(p2 + k2)a

- CESE [Tr(p2}62) + Tr(m%vl)}

Tr((py, +mn) (ks +mn))]

x [Tr(p v #i7™) + Tr(p 157" #17)]

Q%/I/G%'Qm%\fF(q)2(p2 + kQ)M(pQ + k?)a 2
= 4py .k 4
(p2 + ko)t [ P2kt mN}

X [4p1pki1ec(g™ g + gP¥gHe — g gM?) — Biel ]

_ 16Q7 GE2mR F(0)*(p2 + k2)u(p2 + F2)a 21y o »
- s b 8] < AR K
16Qfy GE2my F(9)? 2 )
= Ko+ md| % [2p1.(p2 + B2)kr(p2 + k2) — (p1k1) (p2 + k
(o + Fa)? [p2 2 N} { p1-(p2 + k2)k1.(p2 + k) — (p1.k1) (P2 2)(F} .

using (75)1 =75, (1)1 =7°,7°(1#)17° = v 7k = 3(1+75) and (p2+k2) . (p2 + k2) 0> = 0, because
(p2 + k2)u(p2 + k2)q is symmetric and e#“*? is antisymmetric in g, o. Express ) |M|? in terms of
the mandelstam variables s, t, v using the identities in center of mass frame

spins

1 1
(p2 + k2)® = —t +4m%, pa.ko = —§t+m?\,, p1.k1 = _§t+m12/7

2 : 2 (F.30)
¢ =t p1~(]92+/€2)k1.(]92+k2)ZE(S—U) , S+t+u=2m, +2my,
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where n is the number of particles, in this case n = 4. With the last expression the amplitude can be
rewritten into the two mandelstam variables s and ¢ using

1 1
p1-(p2 + k2)k1.(p2 + ko) = 1(3 —u)? = 1(28 +t—2m2 — 2m¥)%. (F.31)

Thus, the averaged amplitude over the spins is given by (m, = 0)

S (M = 16Q3%,G%2m3 F(q)? [
(—t + 4m3)?

spins

1 1 1
St 2m?\,} « {2(3 ) SH(—t + 4m%v)}

16Q%,G22m% F(q)® [ 1 1 1
= Q(Wt f;ﬂg’ )2((]) {—Qt + Qm?\,} X {2(25 +t—2m%)% + it(_t + 4m?\,)}
- N
ZSQ%G%%n%FwP[l
(—t +4m%)) 2
(25 +t — 2m3,)?
(—t +4m3%)

(F.32)

1
(25 + 1% — 2m%)% + it(_t + 4m?v)}

+1f.

= 4Qy G2my F(q)

Plugging (E.4) and (E.5|) into (F.32]) one gets

l(25 +t—2m%)? t]

> IM]? = 4Q%, GE2mi F(q)?
spins

a2
(e dmy) (F.33)

(4EZm3, — AB,Egm} + EZm%;) ERmN]

= 160Q%,G%2m>2 F(q)?
@ Gr2miy F(q) (2Ermy + 4m2,) 2

The nominator can be approximated by

ERr

> for FEr < 2my. (F.34)
my

2Ermpy + 4m?v =2mpy(ER +2my) = 4m%v + 0O (

In this case, the amplitude is written as

ER’ITLN
2 — } : (F.35)

1
(MP) =5 Y |MP = 4G} Gramk (o | B2 - =

spins

where EIQ;L. and FyFEgr are negligible small. Then, the differential cross section in the lab frame is
expressed as

do _ (MP) _ QyGimnF(q)? {EQ B ERmN}
dEgr  32mmp|py1abl? 4 E2 ! 2 (F.36)
:Q%¥WMMVP_&Wq '
4 2FE?
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G WIMP detection

G.1 Differential recoil rate
The differential recoil rate of WIMPs is given by
do

dR p do p
Al N Px )90 :Ni/ BT (T, )2 G.1
dER T7”x<dERU> T 152 v i b)dER% (1)

where f(?) is the Maxwell-Boltzmann-Distribution
()2 L.
R Nesc(271ra%)3/2 eXp{ (U;_:éab) } for |U + Ulab| < Vesc
f(U, 'Ulab) = (GQ)
0 for |"7+ Q_flab| > Vesc

and the differential spin-independent cross section is expressed in term of the WIMP-nucleon cross
section oy,

2
do MN __ SIp2/)~ ST 2 [ Hx,N
= oo F2(|q]), o5 =A : On. G.3
dER ZHi,N,UQ 0 (‘ D 0 MXJL n ( )

We concentrate on the condition |+ Ujap| < vese to modify the boundaries of the velocity integral

— — — — 2 2 2 e 2 2 2
|U 4+ Vab| < Vese = |T 4 Ulab|® = v + vy, + 20 Ulap = v° + viyp, + 2001ap €08 0 < Vi,

—1)2 — v12ab + vgsc (G4)

= > cos 0.

2vvlab

The integral over cos @ is generally bounded above by 1 and below by —1. However, the boundaries
change according the condition, where the velocity integral splits into two cases:
1. The boundary of cos 8 is greater than 1:
—v® — vlzab + Uezsc
200131

> 1 (v + v1ap)” < V%

|U + Ulab| < "Uesc‘

U+ Vlap < Vese, because v + vz and vese are always positive

Pl

UV < Vesc — Vlab
(G.5)
2. The boundary of cos @ is smaller than 1 and grater than —1:

2 2 2
VT T Vap + Vgsc

2 2
<l = V4 Vap)” >0
2'leab ( a ) esc
= |U + vlab| > |Uesc|
= U+ Uab > Vesc, because v+ van and vese are always positive
= U > Vesc — Vlab,
(G.6)
2 2 2
—v° — Vi, + v
lab esc 2 2
>-1 = V— Vab)” <,
2’[)/Ulab ( a ) esc
= ’1} - Ulab’ < |Uesc|
(G.7)

= (v — Vlap) < Vese, because v — vp,p can be negative
and positive vegc is always positive
= U < Vgsc + Viab and v > Vb — Vese-

The constrain v > viap — Vese is always fulfilled, because va1, — Vesc i always negative and v is
always positive.
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The case, where the boundary of cos @ is smaller than —1 is not allowed, because the WIMP’s maximum
velocity is constraint by the escape velocity vesc as well as vap < Vese, v > 0:

2 2 2
—U" — Viap + Vesc

-1 = U — Ulab 2502
2UU13b ( a ) esc

= ’U - Ulab’ > ’Uesc|

. G.8
= (v — Ulap) > Vese, because v — vp,p can be negative (G8)
and positive vegc is always positive
= U > Vgse + Viab and v < Vb — Vese-

For a minimum WIMP velocity vy, the integral of the distribution function is rewritten as

. ’17 —+ ’17 2 max[vmimvesc_vlab] . 1 _ /17 + /17 2

/ d3 it lab) _ 373 / dv/ dcosfuvexp (721%)

Vmnin v Nese(2ma2)3/ Vmmin 1 202
1.

(G.9)

2 2 2
R T T

max[Vmin,VescHlab] gy
—I-/ dv/ dcosfuvexp
-1

max [Umin sVesc _vlab]

_(77 + 7713,13)2
202 ’

where the boundaries of the velocity integral were modified such that the minimum velocity vy, can
be arbitrarily large. If the minimum velocity vy is greater than vesc — viap the first integral goes
to zero. The first and second integral goes to zero if v > Vesc + v1ap. The first integral is simply an
integral of an exponential function

2.

1 (T Tn)2 92,9 1 9 0
/ d cos 0 v exp (7)—1‘7’;}13&)) = vexp szlaw / dcosgexp{m}hb;os}
-1 QUU 20—’0 -1 20—1}
2 2,2
" exp[ : t%b)] S e ) (G.10)
Vlab v v} 2
2 — 2
= b (enn -] [,
Ulab UO /UO
using o, = v9/v/2. The second integral is expressed as
_“2_1’12' b+vgsc 9
/Wdcosgvexp —(¥ + Bhan)?
-1 202
2 2 —v? v t+oa
_ ——lab_tesc _9 0
= vexp lW] / #0tlab dcosf exp |:1wb‘bQCOS:| (Gll)
0% -1 QO—U

2 2 2
v v—v v
=0 [exp _% —exp| -2 ).
2'Ulab ) )

Then, the velocity integral is reduced to

VUmin

v

1 /max[’umin,vcscvlab] 4 (U - Ulab)2
__ vlexp|————5 | —exp
Nese ﬁUOUlab v Yo

min

maX[Umin,Uesc+U1ab] v —v 2 ’U2
+ dv (exp [—(lew — exp _LZC :
),

max [vmin sVesc 7vlab]

v+ Vpap )2
ek} o
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From the normalization condition we obtain the normalization constant

(2ma3 G

1 Vesc _,1)2
3 = =\ o 3 =
/d Uf(0) =1 <  Neg = (2ro2)i2 /0 d°v expl202]. (G.13)

The integral (G.13)) can be derived by using spherical coordinates and Feynman’s trick applied on the
exponential function

d 1 d
Eexp{—l%z} = (—2[@2)exp{—12v2} +—— vexp [—121)2} = =574] exp{—[%ﬂ, (G.14)
where I = 1/vg. Then, the normalization constant is given by
1 3 — _'1)2 4 vesc - 2 _U2 4[3 'Uesc - 2 2 2
NBSC—W/dveXplzag] _\/77'1)8/0 dvv exp[vg _ﬁ 0 dvv exp{—[v}

212 d [ [Vese 5 o 212 d (17 o d (1
= _ﬁﬁ (/0 dvexp[—[ v }) = _ﬁﬁ YTerf[Ivesc] =7 i (Ierf[lvesc]>

1 12v 2v
= _I? <_12 erf[Tvesc] + 7 \/e;: exp [—[21;628(3}) = erf[[vesc] — I \/e;rc exp{—l%zsc}

2
Ves 2 Vg V)
— erf _ esc _ esc eXp _ e;c ,
Vo ﬁ Vo Vo

(G.15)
where the substitution v = I'v was performed and
2 Tvesc d 2Vesc
ﬁ/() dv' exp [—v’ﬂ = erf[Ivesc], Eerf[[vesc] = :;7? exp [—IQUGQSC] (G.16)
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