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Abstract

The nonlinear Schrodinger equation (NLSE) is a partial differential
equation with many applications in quantum physics, nonlinear
optics, etc. In this thesis, selected numerical methods to deal with
dynamical as well as ground state computations of the nonlinear
Schrodinger equation are presented with a special focus on the
cubic NLSE, also known as the Gross-Pitaevskii equation (GPE), a
standard model for Bose-Einstein Condensates (BECs). For such
GPEs, we investigate numerical performance and accuracy of a
Time Splitting Spectral Method (TSSM) and a Backward Euler Finite
Difference (BEFD) Method.

We introduce the physics including the scaling of BECs and
present some dynamical properties of GPEs. Then, the mathemat-
ical theory of the nonlinear eigenvalue problem, which models
stationary states of BECs, is briefly discussed. Furthermore, we
examine numerical aspects of finding ground state solutions. In
particular, a normalized gradient flow method is provided to obtain
ground state solutions by propagating an imaginary time. Once the
theory of numerical methods is investigated, an adaptive temporal
step size adjustment is established to guarantee a fast and accurate
convergence of ground state solutions.

A special focus lies on the investigation of different confining
potentials and their influence on numerical accuracy. Due to dis-
continuities arising from box potentials with sharp edges a special
numerical treatment is required. A detailed analysis of box po-
tentials and their defining parameters with respect to the required
spatial resolution is proposed. We examine the influence of the layer
size, the height and the nonlinearity constant on time propagation
as well as ground state solutions.

Finally, we conclude by presenting numerical results for both
dynamics as well as ground state computations in two and three
dimensions.



Deutsche Zusammenfassung

Diese Arbeit beschiftigt sich mit numerischen Methoden fiir das
Losen der Gross-Pitaevskii Gleichung (GPG). Die GPG beschreibt
die zeitliche Entwicklung von Bose-Einstein Kondensaten.

Im Rahmen dessen werden zwei numerische Methoden einge-
fuhrt, die Time Splitting Spectral Methode (TSSM) und die Backward
Euler Finite Difference (BEFD) Methode, mit Hilfe derer sowohl
Grundzustands- als auch Zeitevolutionsrechnungen durchgefiihrt
werden. Ein besonderes Augenmerk liegt auf der numerischen
Analyse eines Box-Potentials. Insbesondere im Hinblick auf die
Wahl der rdumlichen Auflosung werden verschiedene Parameter
eines Box-Potentials untersucht.

Auflerdem wird eine Methode entwickelt, um die Zeitschritte
wiéhrend der Grundzustandsrechnung zu verkleinern: mit dem
Ziel, mit wenig Iterationen besonders genaue Grundzustidnde zu er-
reichen. Die Grundidee basiert auf der Halbierung des Zeitschritts,
sobald sich die Losung tiber einen gewissen Zeitraum nicht mehr
signifikant dndert.

Am Schluss werden Rechenergebnisse prasentiert, die durch
eine MATLAB Implementierung erzeugt und auf einer GPU paral-
lelisiert werden. Dabei werden die numerischen Methoden TSSM
und BEFD in einer Dimension auf ihre Ordnungen in Zeit und
Raum analysiert. Schliefilich werden Anwendungsergebnisse in
zwei und drei Dimensionen prasentiert.
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Chapter 1

Gross-Pitaevskii Equation

1.1  Motivation

Nonlinear Schrodinger type equations (NLSEs) are a large class of dispersive
partial differential equations (PDEs), which appear in many applications in
quantum physics, nonlinear optics, etc. A particular interest on NLSE lies in
quantum physics as a model for Bose-Einstein condensates (BECs).

The Bose-Einstein condensate is a dilute gas of bosons, in which particles
have the property to occupy the same one-particle quantum state which occurs
at zero or sufficiently low temperature (then the majority of particles are in the
same quantum state).

The phenomenon at which quantum microscopic matter becomes meso-
scopic was first predicted in 1924 by Satyendra Bose and Albert Einstein in
[Bos24]. An experimental realization was later produced by Eric A. Cornell,
Carl E. Wieman and a team of physicists at the Joint Institute for Laboratory
Astrophysics (JILA) in 1995 (see [AEM ™95, [CWg8])). The condensation was ini-
tially achieved with rubidium atoms at a temperature of minus 273.15° Celsius
in a laboratory at JILA. Similarly, for a gas of sodium atoms condensation was
realized by Wolfgang Ketterle at MIT. In 2001, Cornell, Wieman and Ketterle
received the Nobel Price in Physics for their work.

BECs are mathematically most simply modelled by the Gross-Pitaevskii
equation (GPE) which is a NLSE with local cubic nonlinearity. [BC12}[HLSPSY06,
JLo1| [PSo4]| derive the GPE by a weak coupling/mean field limit from the linear
N-body Schrodinger equation.

The GPE in d > 0 dimensions for a domain Q C R¢ has the following form

2

ih%ﬂ)(&t) = —%Aw(x,t) +VP(x, 1)+ Nghb(x, )d(x, 1) xe€Q, teR
(1.1.1)

V(x,0) =ho(x) x€Q
(1.1.2)

12



1.1. MOTIVATION 13

where A = div(grad(-)) denotes the Laplace operator, x the position vector, m
the atomic mass, h the Planck constant, N the number of atoms in the conden-
sate and the constant g = Mhinfas' Here a5 = 5.1 x 10~ 7m is the corresponding
scattering length of bosons In the case of a harmonic oscillator as trap potential
V(ix) =3 (w x2 4+ w2 y + wzzz) with wy, wy, w; trap frequencies in x, y and
z-direction.

The corresponding energy expression has the form

2
Eqth) = JQ B‘anwx,tnz FVOORO: U2+ S,

(see [BC12]).
Following [BC12] we want to nondimensionalize equation (r.1.1)-(1.1.2).
We introduce
- t
i=—,
ts Xs

B, T = xE(x 1)

b3
Il
|

where tg, x; are the scaling parameters of dimensionless units chosen as

1 h
tg = — Xg =
Wy mwy

xs denotes the length of the harmonic ground state in x-direction.
Inserting the new variables into (1.1.1)-(1.1.2), multiplying by W and

finally removing all ~ the following dimensionless GPE is obtained

aatlb( X, ) - *7All)(x/ )+V(X)ll)(x/t) +)\N)(x/t)|21b(x/t) X e Q/ teR (1'1‘3)

P(x,0) =o(x) x€Q (1.1.4)

where the dimensionless interaction parameter A is given by A = %, V(x) =
I (x? +YIY? +v22?), vy = wrand v, = g= and

See [BC12] for a complete description of the scaling and the choice of scaling

parameters corresponding to different external trapping potentials.

The parameter A describes the strength of interactions and is positive for
repulsive/defocusing interaction and negative for attractive/focusing interac-
tion.

In V(x) is a real-valued trapping potential, which can assume differ-
ent forms according to the application.

The aim of this thesis is to investigate several numerical methods to deal
with ground state computations as well as dynamics of the GPE. In particular, a
numerical treatment of a box potential as trapping potential for the condensate
is intensively analysed. While harmonic or double well potentials are numeri-
cally favourable because of their smoothness, numerics for box potential has to
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deal with sharp edges. The basic question in this context is whether numerical
methods, which are widely used for smooth potentials, can be applied for box
potentials.

Ground states can be numerically achieved by imaginary time propaga-
tion (see [LTEo7]) where applying t — —it instead of real time steps yields
ground state solutions. Spectral methods with their highly efficient Fast Fourier
transforms in combination with an operator splitting approach are amongst
the most popular tools for solving the imaginary time propagation problem.
However, the choice of the time step is crucial to produce numerically accurate
solutions. Another focus of this thesis is therefore to investigate an approach in
which the temporal step size is dynamically adapted during the computation.

1.2 Dynamical Properties

We now list some dynamical properties, which are used to evaluate the nu-
merical methods in part [Ill| Therefore, the following chapter briefly recalls

properties of (1.1.3)-(1.1.4).

Among these properties there are two important invariants:
mass conservation:

N(P) = (- DI = JQ Wix )2dx =1, t>0 (1.2.1)

energy conservation:

Bl 0) = [ [31a000 02 + VEOR xR + Jivix 0t ax  (122)

Note, a normalization to the number of atoms N in the condensate is achieved

by rescaling by ¥ — ﬁll).
Moreover, we have the following dynamical properties (see [ABB13[]), which
will be used to evaluate numerical schemes afterwards:

o time reversible/symmetric: unchanged under change of variable t — —t and
complex conjugation of the equation

e time transverse/gauge invariant: if V — V + « for a € R then ¢ — e~ it

e admits plane wave solution Ael®*~®t) with time frequency w, amplitude
A and spatial wave number k satisfying dispersion relation

k2
w:%—H\IAI2

Note, that these concepts are valid for all dimensions d > 1, however in this
thesis we restrict the numerics of the GPE (1.1.3)-(1.1.4) to d =1,2,3.



Chapter 2

Trapping Potentials

In this chapter we briefly present some particular trapping potentials for the
GPE - (1.1.4), with a special focus on box potentials.
A main part of this thesis is the numerical investigation of box potentials
with respect to required resolutions. Due to a particular smoothed potential
obtained by using the tanh-function, we examine three parameters defining
the box potential as well as the solution of the GPE.

This chapter will give a brief introduction of the used potentials. Later a
detailed numerical analysis is given in chapter

As we consider the equation in dimensionless form, the following confining
potentials are also nondimensionalized.

e Harmonic Oscillator for trap frequencies wy, wy, w,
- 1D: V(x) = Jwyx?

w
- 2D: V(x,y) = 3 (6% +v§y?) with yy = ¥

Wx

- 3D: V(x,y,2) = 3(x2 +v§y? +v22%) with vy = ¥ and vy, = &=

Wx

For the choice of nondimensionalization parameters of chapter [1] accord-
ing to the different external potentials see [BC12].

e Box Potential
— Box with sharp edges

0, x| < 1
V(x) = Ix| W
h, otherwise

where h denotes the height of the box potential and w the width.
From the numerical point of view, sharp edges are causing issues
concerning numerical accuracy. Therefore, we introduce a particular
smoothing which uses the tanh-function to define the edges.

15
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- Box potential with smoothed edges by using tanh

. tanh(% * (x| —5)) +1.0)
2

with h height and w width of the box (see figure [2.1a).
1/d denotes the size of the "layer" of tanh, i.e. the x values for which
the tanh function values are not constant (see figure [2.1b).

Note, that this definition can be generalized for more than one
dimension. Then, V is distinctly defined in each direction, which
enables the combination of various kinds of potentials (e.g. in 3d:
harmonic potential in x direction, box potential in y direction, double
well potential in z direction).

V=h

(2.0.1)

ol \ ‘c’ 4 layer 1/d

3 \ | height h

1 \ width w

(a) (b)

Figure 2.1: Defining Box Parameters

In chapter [10 we analyse the numerical performance and accuracy of box
potentials with respect to three parameters:

- Layer size 1/d (see figure
— Height h (see figure

— Nonlinearity constant g

We will investigate whether a particular numerical treatment is required,
as these parameters vary.
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Computing Ground States



Chapter 3

Stationary States

Computing a stationary state consists of finding a solution

P(x,t) = e Hp(x) (3.0.1)
where p denotes the chemical potential of the BEC and ¢ a time-independent
function. Inserting into (1.1.3), we obtain the nonlinear elliptic equations
for (u, ¢(x))

1
HO(X) = =5 Ab(x, 1) + V)b (x, 1) + M (x, 1) 2h(x, 1) (3.0.2)
with the normalization constraint

Il > = JQ b, t)2dx = 1 (3.03)

The eigenvalue of the nonlinear eigenvalue problem is given by
1
=t = | 5IV000 2 + VIO 6 + Mo ldx

:EA(¢)+L 21600 ax

Then, the ground state of a non-rotating BEC can be found by minimizing the
energy functional E, (¢) under the constraint (3.0.3), i.e.
Find ¢g € S:={d| lI$pl> =1,EA(d) < oo} such that

Eg:=Ex(dg) = mingesEr(d)

For existence and uniqueness of these ground states see [BC12]. They proved a
justification for choosing nonnegative ground states, therefore we restrict on
real valued wave functions.

For trapping potentials the ground state solution decays exponentially fast
as [x| — oo (see chapter 2.1.2 in [BC12]. Therefore, it is natural to truncate

- to a bounded domain U.

18



Chapter 4

Normalized Gradient Flow

4.1 Imaginary Time Propagation — Gradient Flow
with Normalized Discretization

There are several numerical methods for computing the ground state solution
of BECs. [BTog] presents approximate ground state solutions in two extreme
regimes by directly minimizing the energy functional. Moreover, [AD14] give
an approach based on Krylov subspace solvers with a Laplace and Thomas-
Fermi preconditioner.

A very popular approach in the physics literature is the imaginary time propaga-
tion method, which [BDog4] introduced as Gradient Flow with Discrete Normaliza-
tion (GFDN).

By inserting t — —it into (1.1.3)-(1.1.4) the following GFDN can be obtained:

010 = TAG —Vix)o— NoPd XUty <t<tni,n>0  (411)
dxt, 1)
X, Z(x th ) = —— xeUn=>0 (4.1.2)
bt )l
d(x,t) =0, x €, d(x,0) = do(x), xe U (4.1.3)
where ¢(x, t5) =lim,_, .+ b(x,t), |- = - ll 2y and [lboll = 1.

Consider the following series of discretized time steps, i.e to < t1 < ... <ty
with t 1 —tn = Aty =k for j =0,..,N—1 for N € IN the number of time
steps. The wave function ¢ is normalized by projecting the solution back on
the unit sphere after each time step.

Since the RHS of is equal to —%%, is comparable with a
steepest descent approach applied to the energy functional E, (¢).

[BDo4l] proved that for V(x) > 0 for all x € U, [|¢poll = 1 and A = 0 GFDN is

19



20 CHAPTER 4. NORMALIZED GRADIENT FLOW

energy diminishing for any time step k := max, <nkn and initial data ¢y, i.e.

Eo(d (-, tnt1)) S Eold(,tn)) < ... <Ep(d(+,0)) =Eo(do),n=0,1,2,...

This gives a justification for computing ground state solutions of BECs by
GFDN in the linear regime (A = 0).

However, for A > 0 a similar statement is no longer valid, since the diminishing
property is not preserved over the normalization constraint (4.1.2). In particular,
for A > 0 only

E(d(-, 1) < E(d(-,t)) th <t<t <tngg

can be shown. Note that ground state solutions can only be computed for
A > 0. Therefore the case of A < 0 is note included here.

4.2 Continuous Normalized Gradient Flow

[BDo4] introduces another method including continuous coefficients. In partic-
ular, including the constraint into the Gradient Flow yields a first
order splitting with discontinuous coefficients depending on the time step k,
1
oth = SAp—V(x)d NP+ et K)d  x€Utn <t<tnp,mn=0
d)(x,t):O, xeT, d)(X,O):d)o(X), xelu

where

2
I

1 _
Ko (t, k) = Ko (thet,Atn) = 7iln‘|d)(-,tn+]) th <t < thy (4.2.1)
n

Letting kn — 0 we obtain

u¢uy—kmjﬂﬁjé[QV¢uwn2+vumﬁu»)+Nmntﬁ x  (422)

That’s how the Continuous Normalized Gradient Flow (CNGF) is derived:

O = S AD —VIxJb ~ NP + g (1) xEUt>0  (423)
d(x,t) =0, xeT, d(x,0) =do(x), xeU  (4.2.4)

For CNGF [BDo4|] proves the energy diminishing property also for A > 0
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Chapter 5

Discretization

The following chapter introduces some efficient and accurate methods for
computing the time evolution as well as computing ground state solutions of
Bose-Einstein Condensates.

In part|lV|the methods are compared based on numerical results with a
focus on an accurate performance for box potentials.

For simplicity the notation is introduced in one dimension, i.e. d =1. A
generalization for d > 1 can be derived analogously. Let I :={j [ 0,..., M — 1} be
the spatial discretization index set.

For a bounded domain U = [a, b] and a nonnegative number M > 0 let {x; }jelj
be the grid points in an equidistant grid:

Xo—=4a
XM-1=D
hZ:AX:X]'_._]*X]' jEIj

Note that depending on the used numerical scheme the last grid point might be
identified with xp1—1 = b — Ax (for the case of Time Splitting Spectral method).
Let {tn}n—0,1,.. denote the discretization in time, where

Kn = Atn =tni1 —tn

is the temporal step size, which does not have to be equidistant. Note that
both sequences {x; }jte as well as {tn}n—0,1,.. are chosen such that they are
monotonously increasing.

Then ¢™ is the solution vector at time t = t™ consisting of the components

j*» which represents the numerical approximation of ¢ at the grid points

(X]' ,tn).

Note that the choice of boundary conditions is related to the different
numerical methods. A brief remark is given in each chapter respectively.

22
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For the solution ¢™ define the discrete 1P and 1®° norm as

™8 :=h Y o] 1™ loo == sup [}

jey i€l

Moreover define the following centered finite difference approximations for
spatial discretization:

D =~ (6 071

DJl = % (]lz‘b}iz - %‘1’){1 + %‘b?ﬂ - 117 )Tl+2)

D3 = - (6 —20] + of)

D= % <—1l2 2 +§ =1~ %d’? + gd’?ﬂ - 1]7 ]Tl+z)
The lower index {2,4} represents a second or fourth order approximation,
whereas the upper index specifies the order of the derivative to approximate.

The following chapters introduce two numerical methods, which are widely
used for the GPE.



Chapter 6

Time Splitting Spectral
Method

6.1 Split Step Methods

The main idea of Time Split step methods is to split up an initial value problem
with two operators A, B

dtu=Au+Bu t>0 (6.1.1)

with u=u(x,t) € R x R and solve them independently per time step.
Considering exponential operator splitting (see [DT19]) for the time integration
of (6.1.1) yields an approximation of the exact solution:

s
u = H eajkAebjkBunf1 n>1,

i=1

for given initial data uy, appropriate coefficients aj, b; and a time step k.
The Lie-Trotter formula (see [Tros9])) is an example for a first order splitting with
s=1,a;=1,by =1
The Strang formula (see [Str68]) which is derived by symmetrizing Lie Trotters
formula is a second order splitting with coefficients
s=2,a1 = %,b] =1,a; = %,bz =0
For a convergence analysis see [NTog| Thao8, Thaz12].
Applied to the Gross-Pitaevskii equation, (1.1.3)-(1.1.4) is splitted into two

operators, the Laplacian

1
A=—3A

for the free evolution and the potential operator

B =V + A

24



6.2. TIME SPLITTING SPECTRAL METHOD 25

for the nonlinear part. Therefore, the cubic NLSE converts to
u(-,0) =uo(+)
Beginning with the flow e*B for the potential part of the equation
0w = Vi + clw?w xeQ,t>0 (6.1.2)
w(x,0) = wp(x) xeQ (6.1.3)

we observe that multiplying the equation by W yields
580(wl?) = Vextlwl? + glwi?)hwi?

Taking the imaginary part, we are left over with d:(/w|?) = 0, which directly

implies that

w(x, t)|? = const. = wo(x)2

Note, that the external potential is chosen as a positive real-valued function.
Therefore, (6.1.2) — (6.1.3) can be integrated exactly and we obtain

w(x,t) = e*%t(VJrg(IWIZ))W(Xlt)

The flow e*? of the free part of the equation

i0yv = —%Av xe,t>0 (6.1.4)
v(x,0) = vo(x) xeQ (6.1.5)

can be solved by any numerical method.

6.2 Time Splitting Spectral Method

Spectral methods yield highly accurate results for smooth numerical problems
such as ground state computations with smooth confining potentials and peri-
odic boundary conditions. Due to the efficient implementation of Fast Fourier
Transform, spectral methods are also very favourable in terms of computa-
tional runtime. We use spectral methods for solving the flow e** ((6.1.4) —
(6.1.5)) and combine both flows by Strang’s formula. This yields the following

discretization scheme of the gradient flow - (g.1.3):

uj* _ e*%k(vext(Xj)+g(|u?‘2])u}1 i=0,1,..,M—1 (6.2.1)
1 B
W= Y e 2RHE (1x) el (xi—a) 5 =0,1,., M—1 (6.2.2)
=4

Ul = e ERIVext 0 g () e j=0,1,.,M=1 (623
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where (uA*)l are the Fourier coefficients of (u*) defined as

~ : 2l M M
o * —ipg (xi—a) _ — _
(u*)l.fjegI uje MR, M=oy 1= 27 1
j

Another splitting method is proposed by [BMo2]:

eP1kBoatkA  bskB,askAbsy1kB (6.2.4)

with s =6 and a5, 1_; = a; and b, ,_; = b; for the coefficients:

j aj j b;
1, 6 | 0.245298957184271 | 1,7 | 0.0829844064174052
2,5 | 0.604872665711080 | 2,6 0.396309801498368
34 7 (a1 +az) 3/5 | - 0.0390563049223486
4 1—2(by +by+b3)

Table 6.1: 4th order splitting method

It is a 4th order splitting method and therefore decreases the temporal error,
see [TCNog] for a detailed convergence analysis.

6.3 Computational Remarks

The presented TSSM is unconditionally stable and satisfies a first, second or
fourth order accuracy in time (Lie-Trotter, Strang or splitting). Moreover
spectral methods yield a spectral order accuracy in space. For both see [Tha12].
In chapter [o) we compare the numerical performance and accuracy of the three
splitting schemes.
The memory effort for d dimensions is O(M%) and runtime per time step scales
in O(MlogM) because of the highly efficient Fast Fourier Transform algorithm.

In terms of time propagation, TSSM appears to be a good choice. The
scheme (6.2.1)-(6.2.3) preserves almost all dynamical properties of the solution
of the GPE explained in chapter In particular, it is time reversible, sym-
metric and time transverse. It conserves mass and the dispersion relation stays
valid, however performing dynamics of GPE with TSSM does not conserve
energy.

To apply Fourier Spectral methods we impose periodic boundary conditions
on the bounded domain U.



Chapter 7

Backward Euler Finite
Difference

In this section a Backward Euler Finite Difference (BEFD) scheme is constructed
by discretizing (4.1.1)- by a finite difference scheme.

In particular, we use the Backward Euler in time and a centered finite difference
approximation in space. Therefore, we obtain for the normalized gradient flow:

d);_d)]n 1 2 * * ny2 4 x :

T = 5 (D3a07) Vi o) —clof o, =1 M
5= =0, ¢ = dolx)), j=0,1,...,M
et _ 9 j=0,...M,n=0,1
q)]. = Tk j=0,....M,n=0,1,..

For the approximation of A¢$ a second or a fourth order finite difference scheme
is used. A numerical comparison of both methods is presented in part
The generalization to d = 2, 3 is straightforward using tensor products.

7.1 Computational Remarks

BEFD is a very powerful tool for discretizing the gradient flow -
(see [BTog]). It is unconditionally stable. In terms of accuracy it satisfies a first
order accuracy in time O(k) and a second or fourth order accuracy in space, i.e.
O(h?) and O(h?) respectively. As explained in chapter [3| the exponential decay
of the groundstate enables us to impose Dirichlet boundary conditions.
For box potentials it is crucial to choose the width of the box such that the
wave function has already decayed to zero sufficiently at the boundary.

For d = 1 the memory effort is O(M), also the runtime scales in O(M).
Obviously, the generalization in d = 2,3 increases both the memory and
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runtime to O(M%). Therefore, it is favourable to use iterative solvers for higher
dimensions than d = 1.

For the results in higher dimensions, a biconjugate gradient stabilized method
(bcgsm) has emerged as favourable. See [VdV9gz] for detailed theory about
bcgsm and [Saaos] for information about iterative solvers for sparse linear
systems.

BEFD turns out to be highly usable for ground state computations, since it
allows a significantly larger choice of the time step At compared to TSSM.

See part [[V|for detailed comparison of the numerical methods.



Chapter 8

Adaptive Temporal Step Size
Adjustment

TSSM as discretization of the normalized gradient flow (see part|g) has many
advantages (see chapter [6.3). However, choosing an appropriate time step is
crucial to benefit from these advantages.

Reaching a ground state solution requires the minimization of the total
energy. Naturally, we request the convergence of the minimization problem
to be fast. Though, to obtain a solution satisfying a particular accuracy the
time step has to be chosen sufficiently small. Therefore, also an adaptive step
size adjustment by for example Richardson Extrapolation (see [BCLo7]) does
not yield a satisfying solution, since it decreases the time step too fast and
increases it afterwards without being close to the exact ground state solution.

For that reason, we provide an approach in which the time step is adaptively
decreased. In particular, we start with a comparatively large time step Atinit.
Then, the time step is halved, i.e. At = %, every time the solutions at present
time t,, and time t* := ty — Atini¢ do not significantly change. Identifying the
solution at time t,, t* with Y™ and {*, forms the following criterion

lp™ = (2 < e (8.0.1)

where e denotes a particular tolerance.

Note, that the time t* is chosen to ensure that always measures
the distance of two solutions with the same temporal distance Ati,it. In the
algorithm this is guaranteed by line 6 in the pseudo code (see appendix [A).

To analyse the convergence, we restrict ourself to the linear case with
harmonic oscillator potential such that there is an exact ground state solution
. We measure the error as the relative 12 norm distance (see ). Here,
the numerical approximations 1™ are obtained by applying different time step
strategies.

However, choosing a small tolerance e is not sufficient to obtain a fast
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Figure 8.1

and accurate convergence. Figure gives evidence that choosing a smaller
tolerance (e = 1077) yields machine precision. However, in figure we
observe that in the beginning methods with larger tolerance e produce more
accurate solutions. The tolerance picks the time at which the time step is
halved. Obviously, this is earlier the case for larger tolerances e. However,

as the tolerance is chosen too large (e = 1073 or e = 1077) in figure the
8.1b).

obtained accuracy in the end is bounded (around 10~'? in figure

To improve the results of [8.1b] the tolerance is also adaptively chosen. In
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particular, we choose
€0 = €init (8.0.2)
e
i =(5) (8.0.3)

with an initial tolerance e;ini;. The index i is increased to i+ 1 when the
criterion (8.0.1)) is satisfied with e;, i.e. when the time step is halved (see

appendix [A).
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= \ s
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(a) Relative 12 error with and without adaptive step size control

107" : | ! : | : !

time step
3 3
W N
il

"
a
S

-5 . . . . I . .
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(b) Associated time step size

Figure 8.2

Following this approach, figure displays the 1? error for einiy = 1077,
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Atinir = 0.05. This choice yields machine accuracy after only 4000 Iterations.
The blue curve in shows the convergence for a fixed time step At = 0.0001.
We observe, that the convergence is significantly slower than in the adaptive
case.

Figure shows the times when At is decreased according to the Itera-
tions.



Part IV

Numerical Results
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Chapter 9

Comparison of Different
Numerical Methods

In this chapter, we compare the two methods presented in chapter [p|and [7 with
respect to ground state computations and dynamics.

First, the Quantum Harmonic Oscillator, i.e. the linear GPE, is used to com-
pare different orders of BEFD and TSSM given the linear Schrodinger equation
and an exact solution. Secondly, the nonlinearity constant is slightly increased
in order to analyse the numerical behaviour in the nonlinear regime. Finally,
we consider dynamics of the GPE and compare the numerical performance
and accuracy of BEFD and TSSM.

9.1 Ground States

9.1.1 Comparison in the Linear Case
Quantum Harmonic Oscillator

In order to compare the different numerical methods in an accurate way we
need “exact solution".
Consider the Hamiltonian operator with quantum harmonic oscillator as
potential
—h? 1 5,

H=— -
2mA+2mw X

with m, k, w as atomic mass, force constant and angular frequency. Notethat
this corresponds to the GPE for A =0, i.e. without nonlinearity.
The time-independent Schrodinger equation can then be written as

HY = B
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and is explicitly solved by the stationary states

1
mwyz 1 mw _max?
om0 = (T0)" et (i) o7
where H;,, denote the so called Hermite polynomials. These stationary states can
either be derived by an analytical method using power series or by an algebraic
approach using ladder operators. For a detailed derivation see [GS18].

The ground state solution (n = 0) can be expressed as

Po(x) =

mh

Note, that in the dimensionless form of the GPE (see chapter (i) h = 1,m =
1T,w=1.
This gives the formal ground state solution

(mw)% e_%%xz (9.1.1)

bolx) = (l)z e (91.2)

Results

enables us to establish an error analysis given an exact solution \ and a
numerical approximation ™ at discrete time t = ty.

The error is measured by the distance between 1 and )™ in the relative 12
norm

_ n
12
e(th)i=————, n=0 (9.1.3)
Wl
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Figure 9.1: Numerically observed convergence orders of TSSM and BEFD for the
quantum harmonic oscillator, a) spatial, b) temporal

Figure illustrates the error for an approximation Y™ with re-
spectively M = 10, ...,500 grid points. Choosing At = 0.001 as initial time step
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and decreasing it monotonously (see chapter [8) guarantees a negligible time
discretization error. These results are in good agreement with the theoretical
spatial orders of the considered methods:

e BEFD with a second order finite difference discretization in space
e BEFD with a fourth order finite difference discretization in space
o TSSM with a spectral discretization in space

The slopes of the dashed lines represent the expected theoretical order.
Figure displays the numerically observed temporal convergence order of
different splitting methods. Lie-Trotter satisfies a first order splitting, Strang
a symmetric second order splitting and the splitting is a fourth order
scheme. For a more detailed convergence analysis see [NTog| Tha12].

9.1.2 Comparison in the Nonlinear Case

In this section we take a small nonlinearity constant and investigate whether
the results from the linear case remain valid.

In order to illustrate the accuracy of different methods a reference function
is required. Since analytically there is no exact solution for most of the initial
value problems, we use the ground state solution {) computed by the fourth
order TSSM with a very small time step and a fine mesh (1024 x 1024).

Moreover, let u be the corresponding exact eigenvalue of the nonlinear
eigenvalue problem of chapter 3| In the following let ™ and u™ be respectively
the numerical approximation of 1 and p at time ty,.

We slightly increase the nonlinearity from the linear equation (A = 0) to
A=3.

Once the exact solution with 1024 x 1024 grid points is computed, a nu-
merical approximation ™ with respectively M = 10, ...,200 grid points is
determined. The error is then measured by

n
ep(tn) = % (9-1.4)
for the spatial convergence analysis and by for the temporal convergence
analysis.

The results displayed in figure visualize the numerically observed
spatial accuracy of a second and a fourth order finite difference discretization,
as well as a TSSM (with spectral accuracy), for a nondimensionalized harmonic
oscillator as confining potential
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Figure 9.2: Numerically observed convergence orders of TSSM and BEFD for the
nonlinear Schrodinger equation

Further, the error obtained by the operator splitting is observed in figure
for Lie-Trotter and Strang splitting. Again, the slopes of the dashed lines
reflect the expected theoretical order.

Although, an analytical solution is not provided in the nonlinear equation,
we can conclude that the results of the linear case generalize to the nonlinear
regime if the nonlinearity is slightly increased. [NTog, [TCNog] provide a
detailed convergence analysis of splitting methods.

9.2 Dynamics

Regarding real time propagation only TSSM is used. BEFD has advantages
only for ground states.

The data in figure9.3|is produced by using the 4th order splitting
to obtain an exact wave function. We fix a time t* = 1 until which the time is
propagated for the following initial data:

1 x2
= e 7

Then we compare the wavefunction of the 4th order splitting to a Strang
splitting and compute the error by (9.1.3).

In particular, for the spatial error we choose a small time step such that
the temporal error is negligible and a fine mesh (1024x1024) to obtain the
exact solution 1. Then we compute a numerical approximation ™ with
M = 8,16,32,64,128,256 (see[9.3a).

For the temporal error we compute an exact ground state solution using the
TSSM of 4th order. Plugging this ground state solution into the equation and
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propagate time we expect the density to remain unchanged. We compute ™
for At =0.01,0.005, 0.0025, 0.00125, 0.000625 to numerically obtain the temporal
error (figure[9.3b). The error curve is in agreement with the second and 4th
order accuracy of TSSM in time.



Chapter 10

Investigation of Box
Parameters

In this chapter, we illustrate numerical behaviour of confinement with box

potentials. As stated in chapter |2} a smoothing of discontinuities is required to

apply TSSMs because of the global evaluation of Fourier transforms in space.
The degree of smoothing depends on several parameters:

e Box Parameters

- Layer size 1/d (see figure and
- Height h of the box (see figure and

e Equation Parameter

- Nonlinearity constant A in (see figure

These parameters determine both the smoothness of a box potential and its
corresponding ground state solution, which gives evidence to investigate
these parameters with respect to the required number of grid points M. In
the following two sections we examine these parameters for ground state
computations as well as dynamics.
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10.1  Ground States

To determine a reference function \ as “exact ground state” solution we use
again a fourth order TSSM (see (6.2.4)) with a small time step. We apply the
adaptive temporal step size adjustment from chapter [§|and a very fine mesh of
1024.

The error is measured by where 1 is the exact eigenvalue and u™ the
corresponding approximated eigenvalue at time t = t.

In the following, approximations ™ with different spatial resolutions are
computed by a TSSM with Strang splitting and BEFD (4th order in space).

The results in figures display the required spatial resolution
with respect to a varying size of the layer. The smaller d, the smoother are the
potential edges. Layer sizes of 1/d = 2, ..., 16 are investigated. We can conclude
that with increasing d more grid points are required to obtain an accurate
ground state solution, both for TSSM and BEFD.

Furthermore, we technically observe two results. On the one hand, we obtain
for one fixed layer size d higher accuracy the larger the resolution is. On the
other hand, for a fixed resolution the choice of a small d yields more accurate
solutions (except for some outliers for resolutions 128 and 256).

Another interesting issue to observe is that TSSM reaches errors in the scale of
1078 —107'9, whereas BEFD produces errors in the scale of 107 —10~7. The
reason for that is the spectral vs. a 4th order accuracy of TSSM and BEFD
respectively in space, see chapter [g}

The results from figures and display highly interesting insights.
One could expect a large influence of the height on the numerical results,
but we barely observe it. Whereas the size of the layer d clearly determines
the required resolution, the height does not. Irrespective of the number of
grid points, the error does not significantly increase if the box is heightened.
displays this result for TSSM and for BEFD. Hence, this is not only
observed for a single numerical method.

Nevertheless, for a fixed height h we observe lower errors if the number of
grid points is increased.

However, figures support our intuition about the choice of A.

The higher A is chosen, the sharper is the wave function of the ground state
solution, see figure
Figures and reveal two intuitive results. Firstly, for a fixed resolution
the error increases as the nonlinearity constant increases. Secondly, if we fix a
particular constant A we can conclude that for both methods a higher resolution
yields a smaller error and therefore a more accurate solution.
A crucial condition to compute stationary states with high nonlinearities A is a
box with a sufficiently large height. As the nonlinearity constant increases, the
condensate expands more and more. However, we want the wave function to
decay to zero as x approaches the boundary. Therefore, a stronger confinement
is required as the nonlinearity constant gets larger.
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10.2 Dynamics

As in the previous chapter we investigate the influence of the box parameters
1/d,h an the equation parameter A on the required number of grid points. In
this chapter, the focus lies on evolutionary time dependent computations.

As reference function we choose a function { computed by a 4th order
TSSM (see (6.2.4)) with a Gaussian as initial data

N

1 x

Polx) = 174 E

We propagate until a certain time t* and compare (0, t*) with the approxi-
mation {Pp™(0,t*) where n here is the required number of iterations to reach
the time t*. )™ is obtained by propagating a TSSM with Strang splitting for
varying number of grid points.

The error is then measured by

e(tn) :==Np(0,t*) —p™ (0, t*)| (10.2.1)

Overall, we obtain similar results as in the stationary case.

Beginning with figure we observe two interesting results. Firstly, for
a fixed layer size 1/d a higher resolution yields smaller errors, which is in
agreement with the intuition. Moreover, we observe smaller errors for smaller
ds, irrespective of the resolution. Since the choice of a large d produces very
sharp edges of the box potential, this also matches the intuition.
Furthermore, we need to emphasize that the influence of d on the accuracy
seems to be very large. For the highest resolution of 256 grid points the error
scales from 10~'# for a small d to only 10~ for a large d.

Unlike the layer size, the height does not have as much influence on
the accuracy (see figure [10.3b). We observe almost the same error for all
investigated resolutions and varying heights h. For higher boxes we expect
larger errors, since the height of box potentials determines the steepness of
the box barriers. However, the stronger confinement for higher boxes does not
imply larger errors.

However, as we expect, higher resolutions exhibit smaller errors for a fixed
height h.

Regarding the nonlinearity constant A figure yields the expected
results. As the nonlinearity increases, the error to the exact solution increases
simultaneously. The choice of A seems to have a large impact on the numerical
accuracy. For a resolution of 128 a small A produces an error of around 108
whereas for A = 200 we observe an error of around 10~'.

We conclude that for both ground state computations as well as dynamics
the size of the layer d and the nonlinearity constant A require a specific numeri-
cal treatment. In fact, the number of grid points should be increased in these
cases. Note, that due to the nondimensionalization of chapter |1 A includes the
number of atoms N, i.e. for many atoms a higher resolution is required.



CHAPTER 10. INVESTIGATION OF BOX PARAMETERS

10° "
—*—res = 32
e —— H— 7*7+|’95=64 %)
e res = 128
i —*—res = 256 | |
_ 10°® 3
S il
& 3
=) 2
= A
710-10 L s .
#
//
A
1015 . I . ]
4 6 8 10 12 14 16
layer size 1/d
(a)
10°
.}[ SETPPRPSLUIRRPPPPUETRPPPPONes | *
102
F— o
a 404 - S——
o
$ e e
)
S
< 10° ]
108 3
1070 .
50 100 150 200
h
10° i
S s e s T T |-—*—res=16
4 —*—res =32
e
r* B = S res=64 |71
i i —*—res = 128
107 3
S A
IS o
=1 %
St T —
=] |
s |
N
100 /%
[
/
¢
108 . . . . . \ .
20 40 60 80 100 120 140 160 180 200
A

Figure 10.3: Numerically observed accuracy analysis of TSSM for time propagation of

box parameters

(©




10.3. COMPARISON OF CONFINING POTENTIALS - HARMONIC OSCILLATOR VS. BOX POTENTIAL45

10.3 Comparison of Confining Potentials — Harmonic
Oscillator vs. Box Potential

As the previous two sections investigated the influence of the parameters
defining a box potential, the following study will compare the time evolution
in a confinement with a harmonic oscillator vs. a box potential. We perform
dynamics for a condensate with initial data

XZ H
Po(x) = We’Telkox (10.3.1)

which represents a wave packet localized at the origin.

The GPE is solved by the 4th order splitting scheme on the domain
Q =[-8, 8] with a resolution of 512. At = 0.001, ko = 3 and as nonlinearity
constant A = 3 is chosen. The box potential has a layer size of 1/d =4 and a
height of h =5.

Figure displays the time evolution of the wave packet for a
harmonic oscillator (left) as well as a box potential (right) as confining potential.
In particular, the initial wave packet (see figures and moves with
a certain group velocity to the boundary and is reflected at the confining
potential respectively. In figures and we see the density function
at time t = 3. In the case of a harmonic oscillator, the wave packet is reflected
the first time at t = 3. Even though the wave spreads out, a reflecting wave
packet is still observable for the times from t = 0 to t = 9. For the box potential
however the first reflection at the box well (see figure [10.4d) leads to a chaotic
behaviour which still holds for later times (see figures [10.4f| and [10.4h).

These observations underline the importance of a particular numerical
treatment of box potentials (see chapter [10). Even though, the layer size,
the height and the nonlinearity constant are chosen relatively small the first
reflection at the potential well leads to a chaotic behaviour.
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Chapter 11

Higher Space Dimensions

11.1 2D Examples

11.1.1  Ground State Applications

In this chapter, a ground state solution in two dimensions (d = 2 in (1.1.3)) is
computed using TSSM with Strang splitting and adaptive temporal step size
adjustment (see chapter §).

As external potential we choose a smoothed box potential in both directions x
and y, i.e.

. tanh(} * (le; %)) +1.0)
, fanh(g + (fyl - 3)) +1.0)
2

(11.1.1)

Vy=h (11.1.2)
with wy, wy = 6 as width of the smoothed box, d = 10 as size of the layer and
h =100 as height.

The equation is solved on the domain Q =[-8, 8] x [—6, 6] with a resolution
of 128 on each interval for the spectral method. As initial time step At = 0.001
is chosen, however At is adaptively decreased (see chapter §).

Figure shows the wave function density with slices along y = 0 and
x = 0 respectively for two nonlinearity constants A = 20, 200.

In figures and again the wave function density is displayed as
heat map. The sharp edges are observed for the large nonlinearity constant
A = 200 (see [11.1c). For a more detailed analysis of the influence of box
parameters and the nonlinearity constant on the solution see chapter

11.1.2 Dynamics

In order to illustrate the time evolution of the wave function in two dimensions,
we consider the domain Q = [-8, 8] x [—6, 6] the same external potential as
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before ((11.1.1)-(11.1.2)) and

(Yny ) 174

_ 2 2
q)o(x,y) = Te (Yxx“+vyy?)/2 (11‘1.3)

as initial data with vy, vy =1.
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The nonlinearity constant is fixed to A = 20.
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Figure 11.2: Wave Function Density for A = 20 in Box Potential up to a final time
T=7

Figure displays the time integration of the GPE at different times
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T=0,1,3,57 using TSSM with Strang splitting.

11.2 3D Examples

11.2.1  Ground State Applications

A ground state solution in three dimensions (d = 3 in (1.1.3)) is computed by
the fourth order TSSM scheme (6.2.4) with the box potential defined by means
of the functions

tanh (% * (x| — 3%)) + 1.0)

Vx =hx 3 (11.2.1)
tanh( | — 4 +1.0
Vy =hx anh(g * (Iy|2 z6) +1.0) (11.2.2)
1 W
V, = hx tanh( g * (Izl2 75))+1.0) (11.2.3)

where wy, wy, w, = 6 denotes the width of the smoothed box, d = 10 the layer
size and h = 100 the height of the box.

The gradient flow is solved on the domain Q =[-8, 8] x [-8, 8] x [—6, 6] with
a resolution of 64 on each interval. As initial time step k = 0.001 is chosen,
however it is adaptively reduced by the method of chapter

As in chapter a ground state solution for two different nonlinearity
constants is computed. First A = 50, whereas the second solution is generated
by A = 500.

Figure displays the two observed wave function densities as well as
the smoothed box potential. As in the 2d example, the influence of A can be
clearly observed in the solutions .

11.2.2 Dynamics

Time Integration in 3d is investigated by applying the fourth order TSSM on
the GPE. As initial data we choose

rxvyY=)"? (x? gy yaz?
bolx,y) = == 733/2 e~ (Yt yyytHyazt)/2 (11.2.4)
with vy, vy, vz = 1. Time is propagated on the domain Q = [-8, 8] x [-6,6] x
[—6, 6] with M = 128 grid points. At = 0.001, g = 50 and we choose the potential
consisting of - (11.2.3). The results in figure display the density of

the wave function at times T =0, 1, 3,5, 7.
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Figure 11.3: Ground State solution for small and large nonlinearity constant A slice

alongy,z =0, x,z =0 and x,y = 0 respectively
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Figure 11.4: Density of the wave function for X = 50 in Box Potential up to a final
time T =7, slice along z =0
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Implementation Details

All of the presented results were generated by programs written in MATLAB
and executed on the following devices (CPUs and GPUs):

e Intel Core i7-4770K CPU @ 3.5GHz x 8: 4 Cores, 8 Threads
e GeForce GTX TITAN: 2688 CUDA Cores

The time measurements were obtained using the measurement tool tic toc of
MATLAB.

Regarding the runtime of TSSM per time step we obtain O(M4logM) for M
denoting the spatial resolution (see chapter|[6.2). In spite of the FFT operation
(which is done for the free part of the equation, see chapter 5.2) is enormously
reducing the computational costs, long runtimes for higher dimensions (d > 1)
are still observed on the CPU. Due to their highly parallel architecture, GPU

runtime comparison 2d, GPE with c=200

o Cpu
o Gpu

runtime in minutes
n W S (5 2]
S & & 3 3

o

- | o———o0
-4 -3 -2 -1 0
stepsize dt %107

=)
»ho

Figure 12.1: Runtime for Example 2 on GPU and CPU for step sizes dt= [0.005,
0.001, 0.0005, 0.00025]

devices are very suitable for this kind of numerical computation. Unlike CPUs,

53
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a GPU can execute several hundred threads simultaneously, which is very
favourable for highly parallel algorithms such as the FFT operation.

It turns out, that running the algorithm on a GPU for dimensions d = 2,3 is
very efficient. Figure displays this result. It compares the runtime on a
CPU and a GPU for different time steps At in two dimensions. For the smallest
step size of At =0.00025 the CPU requires around 62.3 minutes, whereas the
GPU only needs approximately 1.3 minutes.
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The end
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Chapter 13

Conclusion and Outlook

13.1 Conclusion

In this thesis we have presented numerical methods for the Gross-Pitaevskii
equation with a particular focus on numerical treatment for a confinement with
a box potential. A second and fourth order time splitting spectral method (order
w.r.t. time) has been considered and compared to a second and fourth order
backward Euler finite difference scheme (order w.r.t. space). For these methods,
parameters describing a box potential have been investigated. It has been
established that especially the choice of the layer size d and the nonlinearity
constant A requires a fine spatial mesh. However, against expectation the height
of a box potential does not influence the accuracy as much as the other two
parameters.

Moreover, an approach for obtaining a particularly precise ground state
solution by dynamically decreasing the temporal step size was established.
We decrease the time step as a solution does not significantly change over a
particular time. The tolerance between two solutions has also been adaptively
decreased such that we observe an accurate solution in very few iterations.

In order to confirm the presented theory, numerical experiments generated
by a MATLAB implementation and executed on a GPU (for higher dimensions)
have been studied.

13.2 Outlook

As part of this research area is becoming an ever more interdisciplinary research
field, there are still many important issues to be addressed. For example, one
of them is developing an algorithm guaranteeing en even faster convergence of
ground state solutions by cleverly adapting the imaginary time step. An algo-
rithm which optimizes the parameters of chapter 8| would probably converge
even faster to an accurate solution. However, the choice of the parameters
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seems to be highly dependent on the particular problem, which complicates an
automatic choice of criterion parameters. Furthermore, establishing an optimal
stopping criterion for these ground state computations is an interesting open
question, since in most cases analytical solutions do not exist.

Considering experimentally obtained external potentials in computational
methods is another challenging task. The investigation of accurate methods
to deal with box potential is not the only interesting challenge. Also other
experimentally observed potentials can be numerically examined.

Regarding computational efficiency the development of novel computer
architectures induces the design of new programming languages with a par-
ticular focus on parallelism. Together, this trend improves computational
capacity as well as user friendliness. Also in the context of Gross-Pitaevskii
type equations this development will offer new opportunities.
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Appendix A

Adaptive Temporal Step Size
Adjustment — Algorithm

Define err = [[3p™ — ™ ||;2 as the error of a solution at time t, and a solution
at time t,,_. The following algorithm describes the strategy to decrease the
time step during the ground state computation explained in chapter [§].

€ = €inits
Yota =;
for i < 0 to maxlIterations do
Compute new 1;
count =0;
if mod(i, 2¢°4nt) == 0 then
err = ™ — ™ |12;

if err < e/(2¢°Y"!) then

At = % ;
count++;
end
Yora =V,
end
end
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