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Abstract

In this thesis we study post-Lie algebra structures (vector spaces V with three bilinear
operations [,], {, }, -, such that (V,[,]) is a Lie algebra g, (V, {, }) a Lie algebra n, (V) is
a non-associative algebra and certain compatibility conditions between [, ], {, } and - are
satisfied) on pairs of complex Lie algebras (g,n). Post-Lie algebra structures come up
(among other areas) in geometry in the study of crystallographic groups and a question
of John Milnor; in Chapter [I| we explain this geometric background in detail.

After giving an overview on definitions and important, already known, theorems on Lie
algebras and post-Lie algebra structures in Chapter [2] we study the existence of post-
Lie algebra structures on pairs of Lie algebras (Chapter . We prove existence and
non-existence of post-Lie algebra structures on pairs of Lie algebras subject to algebraic
properties of the Lie algebras; afterwards, we prove the non-existence of post-Lie algebra
structures on pairs (g, n), where dim(g) = dim(n) < 45 and g is semisimple (non-simple)
and n simple. Then we investigate post-Lie algebra structures on Lie algebras satisfying
[z,y] = a({z,y}) for a scalar a € C* (as a generalization of the important class of com-
mutative post-Lie algebra structures) and post-Lie algebras structures in dimension 3.
In Chapter [, we study post-Lie algebra structures on complete Lie algebras. First, we
classify all complete Lie algebras up to dimension 7; then we study post-Lie algebras on
pairs (g,n) where n is complete such that [z, y] = R({z,y}) holds for a linear map R. In
the case where R = ald,a € C, we can refine our results from Chapter [3} in the more
general case, we find a characterization of those post-Lie algebra structures in terms of
certain inner derivations of n.

Post-Lie algebra structures (and in particular, commutative ones) on nilpotent Lie al-
gebras are studied in Chapter We find correspondences of commutative post-Lie
algebra structures on 2-step nilpotent Lie algebras to pre-Lie algebra structures and
LR-structures (as a corollary, we obtain results on the completeness of those structures
on Heisenberg Lie algebras). Afterwards, we investigate commutative post-Lie algebra
structures on filiform Lie algebras and prove that they can be (if non-metabelian) essen-
tially classified. We conclude Chapter [p|by proving connections between post-Lie algebra
structures on nilpotent Lie algebras and Poisson-admissible Lie algebras.

Afterwards, we state open problems (Chapter @ and give examples and classifications of
post-Lie algebra structures in small dimensions (Appendix .
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Outline

This thesis is organized as follows:

In Chapter [I], we explain how post-Lie algebra structures arise in differential geometry
and algebra. After explaining Bieberbach’s theory of Fuclidean crystallographic groups
(and their geometry), we introduce affine crystallographic groups and Auslander’s and
Milnor’s famous questions which motivate the algebraic notion of pre-Lie algebra struc-
tures. As an important generalization of affine crystallographic groups, we define nil-
affine crystallographic groups — on an algebraic level, they correspond to post-Lie algebra
structures. Afterwards, we mention briefly other areas in which post-Lie algebra struc-
tures come up.

Chapter [2 has two parts: In Section we state the background on Lie algebras (defi-
nitions and important theorems) which we need in the sequel. Afterwards, in Section ,
we define post-Lie algebra structures and related structures (LR-structures and pre-Lie
algebra structures) and in particular commutative post-Lie algebra structures (which will
be abbreviated in the following as CPA-structures), state the notions we want to use and
summarize some already known theorems on post-Lie algebra structures.

In Chapter [3] we study general questions on the (non-)existence of post-Lie algebra
structures (over C). First (Section [3.1)), we ask: Given two algebraic properties P, Q of
Lie algebras (e.g. being nilpotent or complete), is there a pair (g, n) of Lie algebras — with
g and n having properties P and @, respectively — such that (g, n) admits a post-Lie alge-
bra structure? Some questions of this kind have already been answered in the literature,
we summarize them and also state new results (especially for complete Lie algebras).
These results are summarized in Table [I] below. A "v'" means that there is some pair
(g,n) with the corresponding properties, a "X" means that there is no such pair (g,n) at
all. (So if if there is a "v'", not necessarily all combinations of such Lie algebras admit
post-Lie algebra structures.) The properties in Table [1] (except "complete") should be
read mutually exclusively — that is, e.g. "nilpotent" means "nilpotent, not abelian". (See
Section [3.1| for more details.)

Next, in Section we are interested in a special case of the above question: in the non-
existence of post-Lie algebra structures on (g,n) where g is semisimple and non-simple,
n is simple — we give a proof (based on Dynkin’s paper of subalgebras of semisimple Lie
algebras) that post-Lie algebra structures on (g,n) cannot exist if one of the following
conditions holds (Theorem [3.32): (i) g is simple and g % n, (ii) g has exactly two simple
factors, (iii) n is an exceptional simple Lie algebra, (iv) dim(n) < 45.

In Section we study post-Lie algebra structures on pairs of Lie algebras (g,n) where

vii
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g’s Lie bracket is a scalar multiple of n’s Lie bracket (as a generalization of [28, Chap-
ter 3]). Our result is that the existence of a post-Lie algebra structure on such a pair
(g,n) already implies that g and n are solvable (Corollary unless the scalar is 0, —1
or 1.

Finally, in Section we investigate post-Lie algebra structures in small dimensions —
we state which pairs (g,n) of Lie algebras in dimensions 2 and 3 admit post-Lie algebra
structures. (The proof is deferred to Appendix [B.I)).

Also Appendix deals with 3-dimensional Lie algebras: here, we explicitly classify all
CPA-structures on 3-dimensional Lie algebras.

Table 1: Existence of post-Lie algebra structures over C. (See Table |5 for more details.)

n
-t

c:@: Fi’ ,_% @ g 45 L
) o o) o, @ = o
€| & =l glg|= |8
g = | B 27| 8| &8]8
abelian VIV IV IX]| X | X]|V
nilpotent VIVIVIX| XXV
solvable VIiVvIVI IV IV I VIV
simple X | X | X |V | X | X]| KX
semisimple X | X | X | X |V I|7|X
reductive VA I O B AN BV IV
complete VIiviIiv|T] TV V

In Chapter 4] we are interested in post-Lie algebra structures on complete Lie algebras
(over C). More precisely, our main motivating question is: Given a pair of Lie algebras
(g,n) (where n is a complete Lie algebra), such that [z,y] = R({x,y}) with a linear
transformation R, can we classify the post-Lie algebra structures on (g,n)? (For the
subcase of n being semisimple, this question has been answered in [23].)

After stating some general structure results on post-Lie algebra structures on complete
Lie algebras which will be useful in the sequel (Section , we classify, in Section ,
all complete complex Lie algebras up to dimension 7 to get interesting, concrete examples
of complete Lie algebras. We do this by applying the theory of rigid Lie algebras. We
introduce useful tools and state already known results on complete Lie algebras.

In Section we restrict our motivating question to scalars a € C* (that is, R = ald,a €
C*). Since we already considered this situation before for non-solvable Lie algebras (Sec-
tion and found that always a € {—1,1}, we now restrict ourselves to solvable, but
complete Lie algebras and show that in this case also a € {—1,1} holds (Theorem [£.40)).
Finally, in Section £.4] we deal with the question more generally. We restrict ourselves
to Lie algebras n which satisfy certain conditions (being generated by special weight

viil
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spaces, solvable-complete and satisfying H(T,n) = T) to use Leger’s and Luks’ theory
on quasiderivations of Lie algebras. We state examples of Lie algebras satisfying these
conditions and prove that a post-Lie algebra structure on (g,n) (such that there is a
linear map R as above) can be written as z -y = {p(z),y} or z -y = {¢(x) — z,y},
where ¢ = ad(z) is an inner derivation of n (Theorem [£.63). From that, we can derive
corollaries on the element z (Lemma and Proposition , the structure of the Lie
algebra g (Proposition and the operator R (Lemma [£.74). The results also extend
work on CPA-structures on complete Lie algebras done in [33].

Appendix is also relevant here: There, we explicitly describe the possibilities for
post-Lie algebra structures in the above situation (i.e., n is complete and there exists a
linear map R € End(V) such that [x,y] = R({z,y}) for all z,y € n).

In Chapter p we are interested in post-Lie algebra structures on nilpotent Lie algebras
(over C).
First, in Section [5.1I] we study one generalization of CPA-structures — namely post-Lie
algebra structures on (g,n) where g = n = n3(C), the three-dimensional Heisenberg alge-
bra over C. We list the complete classification of these structures (Proposition and
draw corollaries out of it.
In Section we study post-Lie algebra structures, left-symmetric structures and pre-Lie
algebra structures on 2-step milpotent Lie algebras and find that under suitable condi-
tions, they correspond to each other. In the case where g and n are Heisenberg algebras of
dimension > 5, the correspondence is particularly nice and we find corollaries regarding
the completeness of LR-structures and pre-Lie algebra structures (Corollaries and
5.23]).
Section studies CPA-structures on another important Lie algebras: the family of Lie
algebras of strictly upper triangular matrices. It turns out that all of those CPA-structures
have a very "nice" form — in particular, they satisfy g - [g, g] = 0 (Proposition [5.27)). Us-
ing this form, we can derive the CPA-structures on the (non-nilpotent) Lie algebra of
(non-strictly) upper triangular matrices (Proposition [5.34)).
In Section we study CPA-structures on the well-known class of filiform Lie algebras
— we prove Theorem which characterizes CPA-structures on filiform Lie algebras
(g,[,]): All CPA-structures on a filiform Lie algebra g satisfy g-[g,g] = 0 if and only if g
has solvability class greater than 2 and all CPA-structures on the filiform Lie algebra g
satisfy [g, 9] - [g,9] = 0 if and only if g is not isomorphic to the standard graded filiform
Lie algebra L,,. For the proof of Theorem we divide the class of CPA-structures on
filiform Lie algebras into four subclasses and deal with each of those classes separately.
As the methods are similar, but involve more and more details, the proof for three of
these classes is deferred to Appendix [A]
Afterwards Section is about post-Lie algebra structures on infinite-dimensional fili-
form Lie algebras — we note that the results we proved on finite-dimensional filiform Lie
algebras extends to the infinite-dimensional case (Corollary . This is the only time
where infinite-dimensional Lie algebras play a role in this thesis.
Next, in Section we apply our knowledge about CPA-structures on general filiform
Lie algebras (from Theorem to explicitly compute all CPA-structures on certain

1X
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important families of filiform Lie algebras (L, Qn, Ry, W, and a family of characteristi-
cally nilpotent Lie algebras).

For several classes of nilpotent Lie algebras (g, [,]) studied in this chapter (for example,
the non-metabelian filiform Lie algebras or the Lie algebras of strictly upper triangular
matrices of dimension n), we obtain (among other things) that every CPA-structure on
g satisfies g - [g, g] = 0. This condition allows us to view (g,-) as an associative algebra —
we do this in Section 5.6l Another condition which CPA-structures can have is the one of
being central — we prove that CPA-structures are central if and only if they are Poisson
algebras. We present connections between Poisson admissible algebras and LR-structures
— as a corollary, we find that associative LR-structures on two-step nilpotent stem Lie
algebras are always complete (Corollary .

Chapter [6] concludes this thesis; there we state some open questions for future work on
post-Lie algebra structures.

While many results presented here hold for Lie algebras over any algebraically closed
field of characteristic zero, all Lie algebras we study here are assumed to be defined over
the complex numbers.



1 Motivation

This section describes one possible motivation for coming up with post-Lie algebra struc-
tures. While our techniques and results will be algebraic, the motivation comes from
differential geometry. We will not give proofs in this chapter; they can be found in the
referenced literature. Mainly we will follow the surveys [I], [20], [44, Chapter 1] and [48]
Chapter 1].

In the center of the geometric motivation stands a famous question of John Milnor:

Question 1.1 (Milnor’s question, 1977, [77]). Does every solvable Lie group G admit a
complete affinely flal structure which is invariant under left translation, or equivalently,
does the universal covering group G operate simply transitively by affine transformations
of RF 2

1.1 Euclidean crystallographic groups

Post-Lie algebra structures arise in the study of nil-affine crystallographic actions. To
motivate this notion, we will first introduce crystallographic groups and present the three
famous Bieberbach theorems.

Definition 1.2. The affine group of the Euclidean space R™, denoted by Aff(R"), is
given by the semidirect product

AfE(R™) = R" x GL,(R),

where GL, (R) is the general linear group over R of degree n. Aff(R™) forms a group via
the multiplication (a, A) - (b, B) := (Ba + b, BA).

An element x € Aff(R™) can be represented in a unique way as ¢ = v+ A,v € R" A €
GL,(R). However, it will sometimes be more convenient to think of x as a block matrix
= <’§ 1{) LA € GLn(R), v € R". In this way, Af(R") {(‘g 11’> . A€ GLo(R), v € R”}
is a subgroup of GL;41(R) with multiplication

- )

The group Aff(R™) acts on R™ by

)6

for all x € R™.



1 Motivation
Definition 1.3. The isometry group of the Euclidean space R™, denoted by Iso(R"), is
a subgroup of Aff(R"™); it is given by

Iso(R") = R" x O,(R),

where O,, = {A € Mat,(R): (Aa, Ab) = (a,b) for all a,b € R™} is the orthogonal group
of R™.

Definition 1.4. Let I" be a group acting on R™ via a homomorphism p: I' — Iso(R")
such that

(i) the action is properly discontinuous, i.e. for each compact subset K C R"™, the set
{v€T: p(y)KNK # (0} is finite and

(ii) the action is cocompact, that is, the orbit space R"/p(T") is compact.

Then, the action is called a (Euclidean) crystallographic action and the image p(I") is
called a (Fuclidean) crystallographic group.

Example 1.5. Let I' = Z"™ and let " act on R™ via translations, i.e. consider the action
Z" x R" = R", (2,r) — (2 + ). This is a crystallographic action.

Example 1.6. The fundamental group of the Klein bottle, (a,blaba™' = b) (also known
as the Baumslag-Solitar group BS(1,—1)) admits a crystallographic action on R? =
{(z,y,1): z,y € R} via

1 0 1/2 10 0
a—~ [0 =1 12,6~ [0 1 1/2
0 0 1 00 1

Remark 1.7 (See e.g. [90]). Let I" be a group acting on R™ via p: I' — Iso(R").
(i) The action is properly discontinuous if and only if I is a discrete group.

(ii) Let I" be discrete. Then the action is free (meaning whenever for an x € R™ and a
v € T', we have p(v)(x) = z, then v = 1) if and only if T" is torsion-free.

(iii) If the action is properly discontinuous and free, then the quotient space R™/p(T)
is a manifold.

1.2 Crystallographic groups in nature

The name "crystallographic group" is a very colorful one; thus we want to say a few
words about crystallographic groups occurring in nature.

Two-dimensional crystallographic groups are known as wallpaper groups; they corre-
spond to tessellations of the plane R? via periodic tilings with two linearly independent
directions of translation. In 1891, Federov proved that there are (up to isomorphism)



1.3 The Bieberbach theorems

exactly 17 wallpaper groups. Most, if not all of them, were found as ornaments in the
Alhambra fortress in Grenada, Spain (see also Marcus du Sautoy’s popular scientific book
[49] where he describes a visit to the Alhambra).

In tilings of ancient Egypt, twelve of these wallpaper groups were found. Also many
paintings by the famous Dutch artist M. C. Escher feature wallpaper groups.

In three dimensions, crystallographic groups are precisely the symmetry groups of
crystals occurring in nature — the first correct classification of the 219 three-dimensional
crystallographic groups was given by Federov and Schonflies in 1892.

1.3 The Bieberbach theorems

A part of Hilbert’s 18th problem was the question (see Hilbert’s paper [60]):

"Is there in n-dimensional Euclidean space also only a finite number of essentially
different kinds of groups of motions with a fundamental region?”

In different terms, the question was, whether or not, given any n € N, there exist (up
to isomorphism) only finitely many n-dimensional crystallographic groups. This question
received a lot of attention; among many other people, Ludwig Bieberbach studied their
structure and proved the famous three Bieberbach theorems in [14] and [I5] we will state
now.

Theorem 1.8 (Bieberbach’s first theorem). Ewvery crystallographic group is virtually
abelian. More precisely, if I' is an n-dimensional crystallographic group, then I' contains
Z"™ as a normal subgroup and the quotient T'/Z™ is finite. (In particular, T is finitely
generated.)

Here, we have used the term wirtually abelian. The phrase "virtually" is commonly
used in group theory; it is defined as follows:

Definition 1.9. Let P be a property of groups (such as being abelian, nilpotent, free
etc.). We say that a group G is virtually P or P-by-finite, if G contains a subgroup of
finite index with the property P.

Thus, "virtually abelian" means "has an abelian subgroup of finite index".
The second Bieberbach theorem characterizes isomorphisms between two crystallographic
groups: An isomorphism exists precisely between two "affinely equivalent" groups:

Theorem 1.10 (Bieberbach’s second theorem). Two crystallographic groups T',T' <
Iso(R™) are isomorphic as abstract groups via the map @: T — TV if and only if there is
an affine transformation o € Aff(R™) such that o(y) = a~'ya for all v € T.

Finally, Bieberbach’s third theorem gives the answer to Hilbert’s question:

Theorem 1.11 (Bieberbach’s third theorem). For any n € N, there ezist (up to isomor-
phism) only finitely many different n-dimensional crystallographic groups.



1 Motivation

Table 2: Number of crystallographic and Bieberbach groups in dimensions < 6 ([40])
Dimension 2 3 4 5 6
Number of crystallo-
graphic groups
Number of Bieber-
bach groups

17| 219 | 4783 | 222018 | 28927922

2 | 10 74 1060 38746

Remark 1.12. The precise numbers of crystallographic groups are known up to dimension
6 — see Table 2

Among the crystallographic groups, those which do also have the property of being
torsion-free, are of special interest (as we will see soon).

Definition 1.13. A torsion-free crystallographic group is called a Bieberbach group.

Remark 1.14. In two dimensions, there are only two Bieberbach groups (up to isomor-
phism), namely the fundamental groups of the torus and the Klein bottle. The number
of Bieberbach groups is known up to dimension 6 — see Table

There is an important consequence of the Bieberbach theorems: The Bieberbach the-
orems imply (see [102] and [100, Theorem 3.2.9]) that the crystallographic groups are
precisely the (infinite) finitely-generated virtually abelian groups.

1.4 Bieberbach theorems geometrically

From a geometrical point of view, Bieberbach groups are also of great interest: Bieber-
bach groups are precisely the fundamental groups of connected, compact, flat Riemannian
manifolds (this is the Killing—Hopf theorem, see [100], Corollary 2.4.10]). This means that
the three Bieberbach theorems also have a geometrical interpretation which we will state
in this section. A good reference for the geometric world of Bieberbach groups is [39)].

Theorem 1.15 (Bieberbach’s first theorem). Any compact, connected flat Riemannian
manifold is finitely covered by a flat torus.

Theorem 1.16 (Bieberbach’s second theorem). Let 'y and 'y be the fundamental groups
of the compact, connected flat Riemannian manifolds My and Ms, respectively. Then
'y 2Ty if and only if My and Ms are affinely equivalent.

Theorem 1.17 (Bieberbach’s third theorem). For every n € N, there are only finitely
many n-dimensional connected, compact, flat Riemannian manifolds (up to affine equiv-
alence).

And we can characterize the fundamental groups of these Riemannian manifolds:

Theorem 1.18 ([100, Theorem 3.3.2]). The fundamental groups of the connected com-
pact flat Riemannian manifolds are precisely the torsion-free virtually abelian finitely-
generated groups.
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For more information on the geometric and algebraic structure of Bieberbach groups,
see Charlap’s book [39].

1.5 Affine crystallographic groups

Thanks to the Bieberbach theorems, the structure of Euclidean crystallographic groups
is well-understood. A natural generalization are affine crystallographic groups:

Definition 1.19. Let I" be a group acting on R" via a homomorphism p: I' — Aff(R")
such that

(i) the action is properly discontinuous and
(ii) the orbit space R™/p(T") is compact.

Then, the action is called an affine crystallographic action and the image p(T') is called
an affine crystallographic group.

10
Example 1.20. The group a 1 sa,b €7 3 is an affine crystallographic group
0 0

— o Q

acting on R? = {(x,y,1): 2,y € R}.

Note that this definition is the same as the one of Euclidean crystallographic actions
(Definition except that we now require p to map into the (larger) group Aff(R")
(instead of Iso(R™)). So it indeed makes sense to call this notion a generalization of the
one of Euclidean crystallographic groups.

However, none of the Bieberbach theorems does hold if we replace "crystallographic
groups" by "affine crystallographic groups" (see [4] for counterexamples). So a natural
question arises: Can we find theorems analogous to the Bieberbach theorems for affine
crystallographic groups?

Before we deal with this question, let us describe the geometric aspects behind affine
crystallographic groups.

1.6 Affinely flat manifolds

Theorem [I.1§ completely characterizes the fundamental group of the connected compact
flat Riemannian manifolds. So one could ask what the geometric interpretation of affine
crystallographic groups is — we will explain this in the next section. To this end, we
define the class of affinely flat manifolds:

Definition 1.21. A manifold M is called affinely flat, if it has an affinely flat atlas
{¢a: Us = ¢(Ua)}, that is, whenever U, NUg # 0, every coordinate change homeomor-
phism

080 Patt pa(UaNUg) = ¢p(Ua NUp)
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is a restriction of a map in Aff(R™). We say that M has an affinely flat structure or just
an affine structure.

Example 1.22 ([44]). Special subclasses of affinely flat manifolds are the previously con-
sidered Riemannian-flat manifolds, where the coordinate change homeomorphisms extend
to isometries in Iso(R™), that is, affine transformations x +— Ax + b, where A € O,(R).
Another special subclass is the one of Lorentz-flat manifolds, where the coordinate change
homeomorphisms extend to affine transformations x — Ax + b, where A belongs to the
Lorentz group O(n — 1,1).

Benzecri ([13]) characterized closed surfaces admitting an affinely flat structure:

Theorem 1.23 (Benzecri, 1959). A closed surface admits an affinely flat structure if
and only if its Euler characteristic vanishes.

In particular, two-dimensional closed surfaces different from the 2-torus or the Klein
bottle do not admit an affinely flat structure.
Concerning affinely flat manifolds, one can define geodesics:

Definition 1.24 ([44]). A geodesic in an affinely flat manifold M is a curve v: [a,b] — M
(where [a, b] denotes an interval in R) such that for every chart ¢ of the affinely flat atlas,
the composition ¢ o v: [a,b] — R™ is the restriction of an affine map.

If we replace in this definition the interval [a,b] by the whole R, we speak of a complete
geodesic v: R — M.

Definition 1.25. An affinely flat manifold M is complete if every geodesic v: [a,b] — M
can be extended to a complete geodesic v: R — M.

1.7 Auslander’s conjecture and Milnor’s question

In [7], Auslander and Markus characterized connected, complete affinely flat manifolds:

Theorem 1.26 (Auslander-Markus). The connected, complete affinely flat manifolds
are exactly the quotients R"/T", where T' < Aff(R™) acts properly discontinuously and
freely on R™.

This theorem implies that a similar correspondence as in the Euclidean case does hold
for affine crystallographic groups: Torsion-free affine crystallographic groups are precisely
the fundamental groups of connected, complete, compact affinely flat manifolds (see also
[L00, Corollary 1.9.6]).

Remark 1.27. In the situation of Riemannian manifolds, we could omit the word "com-
plete" as compact Riemannian manifolds are always complete (Hopf~Rinow theorem, see
e.g. [39, Theorem 4.1]).

For Bieberbach-like theorems in the setting of affine-crystallographic groups, a reason-
able generalization of the term "virtually abelian" is "virtually polycyclic". So we define
polycyclicity:
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Definition 1.28. Let G be a group. We say G is polycyclic, if G admits a subnormal
series

G=GyrGi>Gop...>Gh 1>Gy =1,

such that for all ¢ € {0,...,n — 1}, the group G;4+1 is a normal subgroup of G; and the
quotient G;/G;41 is a cyclic group.

Examples for polycyclic groups include finite solvable groups and finitely generated
nilpotent groups. In particular, every finitely generated abelian group is polycyclic.

By [61, Chapter 14.2], we have:

Theorem 1.29. Every discrete solvable linear subgroup of GL,(C) is polycyclic. In
particular, for discrete linear groups, the terms "polycyclic” and "solvable” are equivalent.

In [77, Chapter 4|, John Milnor proved that every torsion-free, virtually polycyclic
group is the fundamental group of some connected, complete affinely flat manifold, that
is, admits a properly discontinuous affine action on some R™.

It was already known that every torsion-free, virtually polycyclic group is the fundamen-
tal group of a connected, compact manifold (see [77]). Now Milnor asked whether one
could combine those two results:

Question 1.30 (Milnor’s question, 1977, [77]). Let I be a torsion-free, virtually poly-
cyclic group. Is T' the fundamental group of a connected, compact, complete affinely flat
manifold?

In fact, in [77, Chapter 4], Milnor asks Question[L.30] and, "as a first step", the corre-
sponding question for Lie groups (which is Question . If, in Question G admits
such a structure, then, for every discrete subgroup I', G/I" is a complete affinely flat
manifold and I' can often be chosen such that G/T" is compact (see [77]). (Affine crys-
tallographic actions of finitely generated, torsion-free nilpotent groups can be identified
with simply transitive affine actions of their Mal’cev completition, which is a connected
and simply-connected nilpotent Lie group; for details, see [44] [47].)

Both questions received a lot of attention. (Milnor’s questions are now known to have
a negative answer; we will come to this in Section [I.9])
The so-called Auslander conjecture asks for the converse: In 1964, Louis Auslander
published a theorem ([5]) that the fundamental group of any connected, complete affinely
flat manifold is virtually polycyclic. Unfortunately, his proof turned out to be incorrect —
moreover, Margulis (|[T1], see also [I, Chapter 8|) even constructed examples of connected,
complete affinely flat manifolds with fundamental groups not being virtually polycyclic.
Thus, not only the proof, but also the statement of Auslander’s theorem was incorrect.
However, the statement is still open for the case of compact manifolds and known as
Auslander’s conjecture:

Conjecture 1.31 (Auslander’s conjecture). The fundamental group of a connected, com-
pact, complete affinely flat manifold is virtually polycyclic.
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Comparing Auslander’s conjecture and Milnor’s question with Theorem [T.18] one finds
that they indeed would be — if true — generalizations of Theorem to affinely flat
manifolds.

For manifolds of dimension up to 5, the answer to Auslander’s conjecture is known to
be affirmative (see Section . However, the conjecture is widely believed to be true in
general.

1.8 Milnor’'s and Auslander’s questions on the level of
discrete groups

Via the correspondence between affinely flat manifolds and affine crystallographic groups,
we may translate Milnor’s question and Auslander’s conjecture to the level of discrete
groups:

Question 1.32 (Milnor). Is every torsion-free, virtually polycyclic group an affine crys-
tallographic group?

Question 1.33 (Auslander). Is every affine crystallographic group virtually polycyclic?

Remark 1.34. Sometimes, e.g. in [I] or [53], these two questions are stated in terms of
virtual solvability (instead of virtual polycyclicity). However, by Theorem these
two formulations are equivalent.

Remark 1.35. A positive answer to Milnor’s question and to Auslander’s conjecture would
generalize Bieberbach’s theorems to affine crystallographic actions and would give a ge-
ometric characterization of the class of virtually polycyclic groups.

Another way to look at the two questions is a famous theorem by Tits:

Theorem 1.36 (Tits alternative, [95], 1971). Every subgroup of GL,(C) is either virtu-
ally solvable or contains a free, non-abelian subgroup.

As described in Section[L.2] we can regard Aff(R™) as a subgroup of GL,41(R). So we
may read the questions of Milnor and Auslander as asking in which of those two types
of groups in the Tits alternative our affine crystallographic groups belong.

1.9 Results on Auslander’s and Milnor’'s conjectures

There is positive evidence for Milnor’s question [I.30 The question has an affirmative
answer for 2-step and 3-step nilpotent groups ([87]), for certain classes of solvable Lie
groups ([I01I]) and for Lie groups with a Lie algebra admitting an invertible derivation
(I861).

However, the answer to Milnor’s question eventually turned out to be negative. Those
results were obtained on the level of Lie algebras (see Section [1.10)).
Yves Benoist published a counterexample to Milnor’s question in 1995 (see [12]): Benoist
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constructed an 11-dimensional filiform Lie algebra which does not admit an affine struc-

ture. Dietrich Burde and Fritz Grunewald generalized this counterexample in 1995 ([30])

and in 1996, Burde presented a family of counterexamples and determined exactly which

10-dimensional filiform Lie algebras admit affine structures and proved that filiform Lie

algebras of dimension smaller than 10 always admit affine structures (see [18], 32]).
Thus, we have the following theorem:

Theorem 1.37 (Benoist, Burde-Grunewald, Burde). Milnor’s question has a negative
answer: There exist finitely-generated torsion-free nilpotent groups which are not affine
crystallographic groups.

On the other hand, Auslander’s conjecture is still open. The affirmative answer is
know up to dimension 5 ([96]) (and perhaps up to dimension 6, see [2]).

As Milnor’s question turned out to have a negative answer, one cannot characterize
the affine crystallographic groups to be the virtually polycyclic groups. However, there
were several attempts to generalize the Bieberbach theorems. We want to mention a
generalization of Bieberbach’s second theorem. To present this theorem, we have to
introduce the set of polynomial automorphisms P(R"):

Definition 1.38. A map f: R® — R™ is called a polynomial map if it can be ex-
pressed as f = (Fi(x1,...,2pn), ..., Fn(z1,...,2,)) for some polynomials Fi,..., F,, €
Rlzy,...,zp]

A polynomial automorphism of R™ is a bijective map f: R™ — R” such that f and f~!
are polynomial maps.

The set of all polynomial automorphisms of R forms a group which will be denoted by
P(R™).

The group P(R™) provides a generalization of the second Bieberbach theorem:

Theorem 1.39 (Fried—Goldman, [53] Theorem 1.20]). Two wvirtually polycyclic affine
crystallographic groups I',T" are isomorphic via the map @: T' — I if and only if there
is a polynomial automorphism o € P(R™) such that o(v) = a'ya for all v € T.

1.10 Milnor’s question on the level of Lie algebras

In this section, we want to describe how Milnor’s question can be translated to the
level of Lie algebras. This approach provided the framework for the counterexamples to
Milnor’s question (cf. Theorem [1.37). We will follow [22, Chapter 1.4] here (see also [47,
Chapter 1]) for more details).

Let us explain the term "left-invariant” in Milnor’s question

Definition 1.40. An affine structure on a Lie group G over R is called left-invariant, if
for all g € G, the left-multiplication operator L(g): G — G is an affine diffeomorphism.

Left-invariant affine structures can be reformulated via pre-Lie algebra structures:
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Theorem 1.41 ([22, Proposition 1.4.6 and Proposition 1.4.8]). Let G be a connected
and simply-connected Lie group with Lie algebra g. Then there is a 1-1-correspondence
between left-invariant affine structures on G and pre-Lie algebra structures on g (up to
suitable equivalences). Moreover, there are 1-1-correspondences (up to suitable equiva-
lences) between

(i) Complete left-invariant affine structures on G.

(i) Simply transitive actions of G by affine transformations.
(1i3) Complete pre-Lie algebra structures on g.

Simply transitive actions by affine transformations are defined as follows:
Definition 1.42. Let G be an n-dimensional Lie group.

(i) An action via a homomorphism p: G — Aff(R") is called an affine transformation

of G.

(ii) If for all x1, 22 € R™ there is a unique g € G such that p(g)(z1) = z2, we say that
p is a simply transitive action by affine transformations.

Definition 1.43 (See e.g. [88]). Let g be a Lie algebra over the field k. We say that a
k-bilinear map g x g — ¢, (z,y) — x - y, is a pre-Lie algebra structure or affine structure
on g, if = - y satisfies the two identities

Ty —y-x =[x,y
[yl -z2=x-(y-2)—y-(v-2)
for all z,y,z € g.

A pre-Lie algebra structure on g is said to be complete, if for all z € g, the right-
multiplication operator R(x): g — g, defined by R(x)(y) =y - x, is nilpotent.

Remark 1.44.

(i) Pre-Lie algebras arise in different areas of mathematics and physics and there exists
a vast amount of literature on them. For a detailed survey, see [20].

(ii) Sometimes, the definition of a pre-Lie algebra is stated as a vector space V' together
with a bilinear map V x V — V, (z,y) — x - y, such that

(-y)z—z-(y-2)=(y z)-2—-y-(-2)

holds for all z,y,z € V. This definition is seen to be equivalent to Definition [I.43]
if we introduce a Lie bracket [,] by [z,y] == -y — y - « (and note that this indeed
defines a Lie bracket).

This definition seemingly relates to the associator of (V,-), defined by (x,y,z) =
(r-y)-z—2x-(y-z) and can be rewritten as (z,y,2) = (y,z,2). Thus, pre-Lie
algebra structures are also know as left-symmetric algebras.

10
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If G admits a left-invariant affine structure, then there is an affine connection V on
G which is left-invariant, torsion-free and flat. Then, for two left-invariant vector fields
X,Y € g, one can check that X - Y = Vx(Y) defines a pre-Lie algebra structure on g.
(For details, see |22l 47]).

Example 1.45. The Lie algebra gl (k) of n x n-matrices with Lie bracket [x,y] = x-y—
y -z, where x -y denotes the matrixz multiplication of the matrices x and y, is a pre-Lie
algebra structure.

So an algebraic reformulation (on the level of Lie algebras) of Milnor’s question is:

Question 1.46 (Milnor). Does every solvable Lie algebra admit a complete affine struc-
ture?

Counterexamples could now be given via the following connection to representation
theory of Lie algebras (|22, Proposition 1.5.1, Lemma 3.1.18]):

Proposition 1.47. If g is an n-dimensional Lie algebra over a field of characteristic zero
which admits an affine structure, then there is a faithful g-module of dimension n + 1.

Now, on the level of Lie algebras, in [22, Chapter 5|, one can find examples of filiform
Lie algebras of dimensions n = 10,11,12 not admitting faithful modules of dimension
n+ 1 implying that Milnor’s questions (both and have a negative answer. This
proves Theorem [1.37]

Let us mention that the converse to Milnor’s question [I.1]is true:

Theorem 1.48 (Auslander, [6]). Let G be a Lie group admitting a simply transitive
affine action. Then G 1is solvable.

1.11 Nil-affine crystallographic actions and post-Lie algebra
structures

Since Milnor’s question fails for affine crystallographic groups, people tried to find a suit-
able generalization of affine crystallographic groups such that the generalized setting is
still of geometric meaning and the corresponding statements of Milnor’s and Auslander’s
conjectures are true.

It is proved in [46] that virtually polycyclic groups I' admit a polynomial structure,
that is, a properly discontinuous homomorphism with compact orbit space into P(R")
(see Definition . However, it turned out that the nil-affine setting was much better
suited for geometry than P(R™) (see [45]):

In the nil-affine setting, we let our group act on any nilpotent Lie group instead of R™.
To be more precise, let N be a nilpotent Lie group and let Aff(N) = N x Aut(N) be the
group of affine transformations of N.

The group Aff(N) acts on N via nil-affine transformations, that is, via "™®n = m-a(n)

11
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for (m,a) € Aff(N),n € N. The Lie algebra of the Lie group Aff(N) will be denoted by
aff(n) = n x Der(n) with Lie bracket

[(n1, D), (n2, D2)] = ([n1,n2] + Di(n2) — D2(m), [D1, D2]).

Then, we can define nil-affine crystallographic groups very similar to affine crystallo-
graphic groups:

Definition 1.49. Let I' be a group acting on a nilpotent Lie group N via a homomor-
phism p: I' — Aff(N). We call this action a nil-affine crystallographic action, if

(i) T acts properly discontinuously on N, i.e. for each compact subset K C N, the set
{v€ K: p(y) KN K # 0} is finite and

(ii) the orbit space N/p(T") is compact.

Then, the action is called a nil-affine crystallographic action and we call p(I') a nil-affine
crystallographic group.

Remark 1.50. Note that the nil-affine crystallographic setting is indeed a generalization
of the affine crystallographic setting (see Definition [1.19)): If we replace N by R", we
obtain the notion of affine crystallographic groups.

As before, we can view this situation geometrically: If I' C Aff(N) acts freely and
properly discontinuously on N, we call the quotient space N/I' a nil-affine flat manifold
with fundamental group T'; if T' is a nil-affine crystallographic group, then N/T is a
compact nil-affine flat manifold. Via the left-invariant affine connection from N, one
may define geodesics and thus completeness (any partial geodesic can be extended to the
real line; see [45] for details).

Now, what makes the nil-affine situation very interesting is that the analogue of Milnor’s
question does hold for nil-affine crystallographic actions:

Theorem 1.51 (Dekimpe, [45], Baues, [10]). Every virtually polycyclic group admits a
nil-affine crystallographic action.

In other (geometric) words, every torsion-free, virtually polycyclic group is the funda-
mental group of some compact, complete, connected nil-affinely flat manifold.

The generalized Auslander conjecture becomes in this setting:

Conjecture 1.52 (Generalized Auslander conjecture, nil-affine setting). Every group
admitting a nil-affine crystallographic action is virtually polycyclic.

Regarding this Generalized Auslander conjecture, we want to mention two results from
[25]: Conjecture is proven for all nilpotent Lie groups up to dimension 5; moreover,
for all 2-step nilpotent Lie groups, the generalized Auslander conjecture is equivalent to
the classical Auslander conjecture.

We want to derive a analogous correspondence to Theorem for nil-affine crystal-
lographic actions.

12
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Definition 1.53. A group G acts simply transitively on the Lie group N by nil-affine
transformations, if there is a homomorphism p: G — Aff(N) letting G act on N such
that for all x1,z9 € N there is a unique g € G with p(g)(z1) = x2.

And the nil-affine analogue to Theorem is as follows:

Theorem 1.54 (Burde-Dekimpe-Vercammen, [28]). Let G and N be connected and
simply-connected nilpotent Lie groups. Then there exists a simply transitive action by
nil-affine transformations of G on N if and only if the corresponding pair of Lie algebras
(g,n) admits a left-nil post-Lie algebra structure.

(Left-nil) post-Lie algebra structures are defined as follows:

Definition 1.55. Let (g,[,]), (n, {, }) be two Lie algebras with underlying k-vector space
V. A post-Lie algebra structure on the pair (g,n) is a k-bilinear map (z,y) — z -y
satisfying the three identities

x-y—y~x:[$,y]—{$,y}
[yl z=2-(y-2)—y-(z-2)
:C-{y,z}:{:c-%z}—}-{y,x-z}

for all z,y,z € V.
We say that a post-Lie algebra structure is left-nil if all left-multiplication operators
L(z): V =V, L(x)(y) == z -y, are nilpotent.

Remark 1.56. In the case of pre-Lie algebra structures, the condition of completeness (all
right-multiplication operators are nilpotent) is equivalent to the condition of being left-nil
(all left-multiplication operators are nilpotent), see [65, Theorem 2.1 and Theorem 2.2|.

This motivates us to study post-Lie algebra structures in general, i.e. without assump-
tions on nilpotency of g and n or being left-nil. However, we do get interesting results if
we assume g or n (or both) to be nilpotent (see Chapter [5).

The following remark puts post-Lie algebra structures and pre-Lie algebras and LR-
structures into perspective:

Remark 1.57.

(i) If nis an abelian Lie algebra (i.e. {n,n} = 0), then a post-Lie algebra structure on
(g,n) is a pre-Lie algebra structure on g, compare Definition [I.43]
This is no surprise, but follows from our general theory of affine transformations:
If n is abelian, then a nil-affine transformation of G on N is just an affine trans-
formation of G (on R™). Thus one here recovers the definition of a pre-Lie algebra
structure on g.

(ii) On the other hand, if not n but g is an abelian Lie algebra, then a post-Lie al-
gebra structure on (g, n) corresponds to what is called an LR-structure on n (see

Definition [2.37)).

13
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Thus one can view post-Lie algebra structures as a common generalization of pre-
Lie algebra structures and LR-structures. Both are well-studied notions; there exists
a vast amount of literature on pre-Lie algebra structures and LR-structures (see e.g.
[20, 26], 27]).

1.12 Post-Lie algebra structures in other contexts

We presented a geometric-algebraic approach based on Milnor’s question to come up
with post-Lie algebra structures; however, post-Lie algebra structures have also been
discovered by completely different means.

Post-Lie algebra structures were originally introduced by Bruno Vallette in 2006 ([98])
in operad theory:
There, the poset of pointed partitions is defined as the set of partitions of {1,...,n}
into blocks { B4, ..., Br} such that in each block B; exactly one element is chosen which
is "pointed". This forms a poset via the following definition of <: Given two pointed
partitions A, u, we say A < p if p is a refinement of A (as a partition) and every pointed
element in A is a pointed element in p. Vallette shows that a Ilpeyy,, the operad corre-
sponding to a Perm-algebra (a special kind of associative algebras) is isomorphic to the
poset of pointed partitions; the Koszul dual of Ilpe,.,, is PreLie, the operad correspond-
ing to pre-Lie algebra structures. This fact is used to compute the homology of the poset
of pointed partitions ([98, Theorem 13]).

In the same way, [98] also defines the poset of multi-pointed partitions: the set of parti-
tions of {1,...,n} into blocks {Bj, ..., Bi} such that in each block at least one element
is pointed. We say A < p if p is a refinement of A (as a partition) and for every block
B; of u, every pointed element in B is pointed in A or every pointed element in B is
unpointed in A.
This poset is isomorphic to the operadic poset IlcomTrias, Which is the operad correspond-
ing to commutative trialgebras, a subclass of Perm-algebras. And PostLie, the operad
corresponding to post-Lie algebras, is proven to be the Koszul dual of ComTrias, which
is again used to compute the homology of the poset of multi-pointed partitions ([98]
Theorem 17]).

Post-Lie algebras are defined in [98] as follows:

Definition 1.58. A post-Lie algebra (L,o,],]) is a k-vector space with two binary oper-
ations, o and [, ], such that (L,[,]) is a Lie algebra and the two identities

zoly,zl=(zoy)oz—zo(yoz)—(zoz)oy+zo(z0y),
[z, y]oz = [z oz y|+ [r,y0z]
hold for all z,y, z € L.

This definition is the one of a right-post-Lie algebra, while Definition uses multi-
plication from the left. It is equivalent to Definition via:

14
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Lemma 1.59. If (L,o,[,]v) is a post-Lie algebra as in Definition[1.58, then (g,n), where
g has Lie bracket [,] and n has Lie bracket {,} (and g and n have L’s underlying vector
space), defined by

T-y=youx
{l’,y} = _[x7y]V
[z,y] = —[z,ylv +yox —xoy

is a post-Lie algebra structure (g,n,-) as in Definition [1.55 (In particular, L admits
another Lie bracket (namely the Lie bracket of g).)

We will work with Definition in the sequel.

Post-Lie algebra structures have also been studied in connection with the classical
Yang-Baxter equation, see [80] and in connection with Lie algebroids in [16].

In |51 [79], the authors study post-Lie algebras in the context of Lie-Butcher Series,
geometric integration, differential equation on homogeneous spaces and moving frame
theory, see [42] for an overview about post-Lie algebra structures in geometric integration
theory. The considerations there are geometrical; we, on the other hand, will pursue
algebraic approaches to the theory of post-Lie algebra structures. In [52], post-Lie algebra
structures arising in Control Theory are studied.

There are also strong connections between post-Lie algebra structures and Rota-Baxter
operators, see e.g. [31], where post-Lie algebra structures are studied via Rota-Baxter
theory.
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2 Background on Lie algebras and
post-Lie algebra structures

The goal of this chapter is twofold: To remind the reader of some basic notions in the
realm of Lie algebras and to state already known theorems on post-Lie algebra structures.

2.1 Lie algebras

We want to recall some fundamental definitions and results of Lie algebras and clarify our
notation. Proofs are usually omitted; details can be found in any introductory textbook
on the topic (such as [62] 64, 04]).

2.1.1 Basic definitions

Definition 2.1. A Lie algebra L over a field k is a k-vector space together with a k-
bilinear map [,]: L x L — L, called the Lie bracket, which is anti-commutative and
satisfies the Jacobi identity, that is

(i) [z,z]=0forall x € L,
(i) [z, [y, 2]] + [y, [, z]] + [2, [z, y]) = O for all ,y,z € L.

Remark 2.2. Instead of capital letters like L, Lie algebras are often denoted by small
gothic letters such as g, b, n. We use both conventions to emphasize what we are currently
interested in: When considering post-Lie algebra (or related) structures, we will refer to
Lie algebras by gothic letters; if we consider Lie algebras in general (without referring to
post-Lie algebra structures), we will instead refer to them by capital letters.

Remark 2.3. The condition [z,z] = 0 implies [z,y] = —[y,z] for all z,y € L (thus the
name "anti-commutativity"), as

0=z +y,z+yl = [z + [z + [y, 2] + [y, 9] = [z,y] + [y, 2].

As with other algebraic structures, we can define subalgebras, ideals and homomor-
phisms of Lie algebras:

Definition 2.4. Let (L,[,]) be a Lie algebra over k.
(i) A subspace M of L is called a subalgebra of L, if [x,y] € M for all 2,y € M.

(ii) If My, My are subalgebras of L, we denote by [Mj, Ms] the subalgebra spanned
by all [z,y] with € M,y € M,. (In general, this is different from the set
{[:Evy}vm € Mlvy € M2}>
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(iii) If M is a subalgebra of L such that [M, L] C M, we call M a (Lie) ideal of L and
write M < L.

(iv) If (M, {,}) is another Lie algebra over k, we call amap ¢: L — M a homomorphism
of Lie algebras, if p([z,y]) = {¢(x), ¢(y)} holds for all z,y € L. If, in addition, ¢
is bijective, we call ¢ an isomorphism of Lie algebras and write L =2 M.

(v) A Lie algebra isomorphism ¢: L — L is called an automorphism of L; the set of
automorphisms of L forms the automorphism group of L, denoted by Aut(L).

Example 2.5. The generic example for a Lie algebra is the general linear Lie algebra
gl(V), the set of endomorphism of a vector space V together with the commutator as
Lie bracket, that is [p,1] = @ o) — 1 o p. For the general linear Lie algebra over the
n-dimensional k-vector space, we write gl, (k).

Every Lie algebra L has the two trivial ideals 0 and L.

Definition 2.6. A non-abelian Lie algebra without non-trivial ideals is called a simple
Lie algebra.

Example 2.7. The simple Lie algebra over C of smallest dimension is known by the
name sla(C) (the special linear Lie algebra). It can be defined as the vector space of
traceless 2 X 2-matrices with the commutator as Lie bracket.

More generally, sl,(C) :={X € gl,(C): tr(X) = 0} defines a simple Lie algebra over C
in dimension n? — 1.

Definition 2.8. Let (L, [,]) be a Lie algebra over k.
(i) The commutator algebra of L is the ideal [L, L|< L. If L = [L, L], we call L perfect.
(ii) The center of L is the ideal Z(L) .= {z € L: [z,y] =0 for all y € L}.

(iii) If o: L — M is a Lie algebra homomorphism, its kernel ker p := {x € L: ¢(z) = 0}
is an ideal of L; its image Im(p) :={y € M: y = ¢(y) for an x € L} is a subspace
of M.

The derivation algebra of a Lie algebra is very important; we call a linear map D: L —
L a derivation of L if it satisfies the Leibniz rule with respect to the Lie bracket, i.e.

D([z,y]) = [D(z),y] + [z, D(y)]

for all z,y € L. The set of all derivations forms a Lie algebra, denoted by Der(L), with
Lie bracket [D,D'] == Do D' — D' o D.

The most important kind of derivations are inner derivations; if © € L, we define the
adjoint map ad(x): L — L by ad(z)(y) == [z,y]. Every adjoint map is a derivation of L;
derivations of this form are called ¢nner, non-inner derivations are called outer deriva-
tions.

The Lie algebra ad(L) := {ad(z): x € L} forms an ideal in Der(L), because we have
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2.1 Lie algebras

ad(D(x)) = [D,ad(z)] for every D € Der(L),z € L.

Finally, a (Lie algebra) representation of a k-Lie algebra is a k-vector space V' together
with a homomorphism p: L — gl(V); a representation is called faithful, if p is injective.
Equivalently, a representation of L is a vector space together with a bilinear map -: L X
V — V satisfying [z,y] - z2=2-(y-2)—y-(x-2) forall z,y € L,z € V.

Example 2.9. The adjoint representation of L is given by ad: L — gl(L),z — ad(x).

2.1.2 Abelian, nilpotent and solvable Lie algebras
Definition 2.10. Let (L, [,]) be a Lie algebra.

(i) The lower central series of L is defined by
=L, L' =[L,I1),...,. L =L, LY,...
Note that every L? is an ideal of L.
(ii) The upper central series of L is defined by
Zo0=0,21=7Z(L),..., i1 ={x € L: [x,y| € Z; forallye L},...
Note that every Z; is an ideal of L.
(iii) The derived series of L is defined by
LO =1, 1M =[r,L],..., L0 =[O O]
Note that every L(®) is an ideal of L.

(iv) The lower central series eventually terminates (i.e. L¥ = 0 for some k) if and only
if the upper central series eventually terminates (i.e. Z = L for some k). If they
do terminate, they have the same length and we call L nilpotent. If L¥ = 0 and
LF=1 2£ 0, we say that L has nilindex k or that L is k-step nilpotent.

(v) If the derived series eventually terminates, i.e. L(¥) = 0 for some k, we call L
solvable. We refer to the lowest & such that L*¥) = 0 as the solvability length of L.
If £ <2, we say L is metabelian.

(vi) The nilradical of L, denoted by nil(L), is the (unique) largest nilpotent ideal of L.
(vii) The radical of L, denoted by rad(L), is the (unique) largest solvable ideal of L.

Example 2.11. The 3-dimensional Heisenberg Lie algebra ns over C, which has the
basis {e1,e2,e3} and non-zero Lie bracket [e1, ea] = es, is 2-step nilpotent.

Example 2.12. The three-dimension complex Lie algebras are listed in Table [3,

An important subclass of nilpotent Lie algebras is the class of abelian Lie algebras:
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2 Background on Lie algebras and post-Lie algebra structures

Table 3: Lie algebras in dimension 3

g non-zero Lie brackets
C3 -
n3(C) [e1,€2] = e3
1u(C)aeC [e1,e2] = ex
t3(C) [e1, e2] = ea, [e1,e3] = ea +e3

[e1, ea] = eg, [e1, e3] = Aes with
t37(C) 2 v3,(C) if and only if = 3 or p= A
5[2(C) [ela 62] = €3, [617 63] = —2ey, [627 63] = 2e9

t3,>\((c)a A e Cr, M‘ <1

Definition 2.13. A Lie algebra L is called abelian, if [x,y] = 0 for all z,y € L.

Lemma 2.14. Every nilpotent Lie algebra is solvable; every abelian Lie algebra is nilpo-
tent.

Proof. Indeed, from L) C L* follows the first claim; the latter statement holds since
L' =0 if L is abelian. O

Definition 2.15. Let M <L be an ideal of a Lie algebra L. We say M is a characteristic
ideal, if M is stable under every derivation of L (meaning D(M) C L for every D €
Der(L)).

Example 2.16. Let L be a finite-dimensional Lie algebra over a field of characteristic
0. Then rad(L) and nil(L) are characteristic ideals.

Lemma 2.17. Every term L* of the lower central series and every term L*) of the
derived series 1s a characteristic ideal of L.

Proof. If L1 and Ly are characteristic ideals of L, then so is [L1, Lo|, as D([L1, Lo]) =
[D(L1), La] + [L1, D(L2)] C [L1, Lo}, for D € Der(L). The lemma follows by the simple
observation that L is a characteristic ideal of L. O

Remark 2.18. Sometimes the lower central series is denoted by v; = 7;(L) = L~ 1,5 > 1.

Nilpotent Lie algebras can be characterized by Engel’s famous theorem:

Theorem 2.19 (Engel). A finite-dimensional Lie algebra is nilpotent if and only if all
adjoint operators are nilpotent.

Finite-dimensional Lie algebras over fields of characteristic zero are solvable if and only
if their commutator algebra is nilpotent.

20



2.1 Lie algebras

2.1.3 Direct and semidirect products

If L;,i € I are Lie algebras, their vector space direct sum L := @ L;, together with the
el

map [(zi)ier, (Vi)icer] = ([xs,yilicr) forms again a Lie algebra, the direct sum of the L;.

Let L; and Lo be Lie algebras over k and ¢: L1 — Der(Lg) a Lie algebra homo-
morphism. Then the semidirect product of L1 and Lo (with respect to ¢), denoted by
L1 X Ly or simpler Ly X Lo, is defined as the vector space L1 x Lo with the Lie bracket

[(931,?/1), (562792)] = ([-’El, 132]7 [3/1,312] + 90(961)(3/2) - 80($2)(y1))-
In this case, L is a subalgebra and Lo an ideal of Ly x Ls.

If o = 0, we recover the notion of the direct sum of L and Lo.

The direct sum L& L@ ... L with n equal (or isomorphic) factors will be written as
L.
2.1.4 Semisimple Lie algebras

Definition 2.20. A non-abelian Lie algebra which is the direct sum of simple Lie algebras
is called semisimple.

Complex semisimple Lie algebras have some useful properties:
Theorem 2.21. Let L be a semisimple Lie algebra over C. Then:
(i) The Lie algebra L is perfect, that is, [L,L] = L.
(ii) All derivations of L are inner.
(#ii) Ideals and images of L under Lie algebra homomorphisms are semisimple.
(iv) The center of L is trivial.
(v) The radical of L is trivial.
Other important theorems on semisimple Lie algebras will be presented in Section[2.1.5]
Simple (and thus also semisimple) finite-dimensional, complex Lie algebras can be

classified completely, see Table ]
The Lie algebras in Table 4] are defined by

5l (C) == {X € gl,,,(C): tr(X) =0},

50, (C) = {X € gl,,(C): X + X' =0},

5p2n(v) = {X € 9[271((:) JX + Xt‘] = O}a
0 1d,

—Id,, O
the matrix product.

where J = ( ) In all cases the Lie brackets are given by the commutator of
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2 Background on Lie algebras and post-Lie algebra structures

Table 4: Classification of finite-dimensional simple complex Lie algebras

L Type | dimension

sl 11(C),n>1 A, n(n + 2)
509,41(C),n>2| B, | n(2n+1)
5Py, (C),n >3 Cn | n(2n+1)

509,(C),n >4 D, | n(2n-1)

92(C) Go 14
fa(C) Fy 52
(43 (C) FEs 78
67((C) Ex 133
€8 ((C) Eg 248

The Lie algebras of type Ay, By, Cn, Dy, are called the classical Lie algebras. The name of
the "types" comes from Dynkin diagrams, which are used in the proof of this classification.

Remark 2.22. There are isomorphisms for simple Lie algebras of small rank:
A1 =B =201, B =20y, Dy = A1 @ Ay, D3 = As.
We will refer to the simple Lie algebras both by their name and by their type.

As semisimple Lie algebras are direct sums of simple Lie algebras, we obtain as a
corollary also a classification of semisimple Lie algebras over C.
Later (in Chapter , we will analyze a generalization of semisimple Lie algebras, namely
complete Lie algebras:

Definition 2.23. A Lie algebra is called complete, if it has trivial center and only inner
derivations.

Note that by Theorem [2.21] every semisimple Lie algebra is complete. Chapter [] is
entirely devoted to complete Lie algebras.
We want to introduce one more class of Lie algebras:

Definition 2.24.
(i) A Lie algebra is called reductive, if its adjoint representation is semisimple.

(ii)) A Lie subalgebra M of L is called reductive in L, if the adjoint representation
ad: M — gl(L) is semisimple.

Proposition 2.25. A Lie algebra L is reductive if and only if it can be written as
L=A&S, where A 1s an abelian and S a semisimple ideal of L.
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2.1 Lie algebras

2.1.5 Classical structure theorems for Lie algebras

In this section, we shall state important classical structure results on Lie algebras.

Theorem 2.26 (Levi decomposition). Let L be a finite-dimensional Lie algebra over C.
Then L can be decomposed as a semidirect sum

L =sxrad(L),

where s is a semisimple subalgebra of L. In this case, s is called a Levi complement or
Levi subalgebra of L. A Levi subalgebra is a mazimal semisimple subalgebra of L.

As already mentioned, the "most natural” Lie algebras to consider are matrix algebras,
i.e., subalgebras of gl, (k) for some n € N.
The following famous theorem states that in some regard, these are also the most impor-
tant Lie algebras to consider:

Theorem 2.27 (Ado). Let L be a finite-dimensional Lie algebra over a field k of charac-
teristic zero. Then L has a finite-dimensional faithful representation, i.e. is isomorphic

to a subalgebra of some gl (k) (where the Lie bracket is given by the matriz commutator,
[A,B] = AB — BA).

Theorem 2.28 (Cartan). Let L be a finite-dimensional Lie algebra over a field k of
characteristic zero and k: L x L — k, k(x,y) = tr(ad(z) ad(y)) the Killing form of L.
(1) The following two conditions are equivalent:
(i) The Lie algebra L is semisimple.
(i) The Killing form of L is non-degenerate.

(2) The following two conditions are equivalent:
(i) The Lie algebra L is solvable.
(i) We have k(L,[L,L]) = 0.

Theorem 2.29 (Weyl). Let L be a semisimple Lie algebra over a algebraically closed field
of characteristic zero. Then every finite-dimensional representation of L is semisimple.

2.1.6 Graded and filtered Lie algebras

Definition 2.30. A Lie algebra L is called A-graded for an abelian group A if L can be
written as a direct sum of vector spaces, L = @ L; such that [L;, L;] C Ly ;.

€A
Definition 2.31. A Lie algebra L is called filtered if there are subspaces Ly C L1 C

... C L such that L = U Lz and {LZ,LJ} - LiJrj.
1€EN
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2 Background on Lie algebras and post-Lie algebra structures

2.2 Post-Lie algebra structures, pre-Lie algebra structures
and LR-structures

We repeat the definition of a post-Lie algebra structure we gave in the introductory part.

Definition 2.32. Let V be a vector space over a field k and g = (V,[,]),n = (V,{, }) be
two Lie algebras with underlying vector space V. A post-Lie algebra structure on (g,n)
is a k-bilinear map V x V — V, (x,y) — «x - y satisfying the following three identities:

aj-y—y~x:[:ﬂ,y]—{x,y} (PAl)
[yl 2=z (y-2)—y-(z-2) (PA2)
r-{y,z} ={z-y, 2} +{y,z 2} (PA3)

for all z,y,z € V.

Note that as vector spaces, V = g = n. Therefore, the statements "z € V" "x € g"
and "z € n" will be used interchangeably.

The special case where g = n, or, equivalently, x - y is commutative, is known as a
CPA-structure:

Definition 2.33. Let V be a vector space over a field k£ and g = (V,[,]) a Lie algebra
with underlying vector space V. A commutative post-Lie algebra structure or a CPA-
structure on g is a k-bilinear map V x V — V, (x,y) — x -y satisfying the following three
identities:

Ty=y-x (CPA1)
[yl z2=2-(y-2)—y-(z-2) (CPA2)
Ty, 2] =[xy, 2]+ [y, x- 2] (CPA3)

for all z,y,z € V.

As the topic of this thesis are post-Lie algebra structures, we want to fix some notation
for the remainder of the thesis:

Convention 2.34.

(i) Even though many results may be extended to other fields, we will always consider
Lie algebras over the ground field k£ = C.

(ii) When considering post-Lie algebra structures on (g,n), we will always implicitly
assume that g has a Lie bracket denoted by [,] and n has a Lie bracket denoted by
{,}. Usually, post-Lie algebra structures are denoted by = -y. When talking about
post-Lie algebra structures, V' is always meant to be the underlying vector space
for g and n.

(iii) If not said otherwise, V' will be a finite-dimensional vector space. We will say
otherwise only once, namely in Section [5.4.5
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2.2 Post-Lie algebra structures, pre-Lie algebra structures and LR-structures

(iv) Commutative post-Lie algebra structures will usually be considered over a Lie al-
gebra called g with a Lie bracket denoted by [,].

(v) Given a (commutative) post-Lie algebra structure z -y on (g,n) and z € V, we
denote the left-multiplication operator L(x) by L(z) =V — V,L(z) = x - y.

Lemma 2.35. By (PA3), the map L: g — End(V),z — L(x) is a representation of g.

Lemma 2.36. By (PA3), for every x € n, the left-multiplication operator L(z) is a
derivation of n.

Post-Lie algebra structures can be seen as generalizations of pre-Lie algebra struc-
tures and LR-structures; pre-Lie algebra structures and LR-structures correspond to the
"extreme" case where one of g and n is abelian:

Definition 2.37 (|26]). A Lie algebra (g,[,]) over k& with a bilinear map g X g —
g, (xz,y) — x -y is called an LR-structure, if

[t y]=2-y—y- -2
r-(y-z)=y-(x-2)
(-y)z2=(v-2)y

for all z,y, 2z € g.

Definition 2.38 (|20]). A Lie algebra (g,[,]) over k with a bilinear map g X g —
g, (z,y) — x -y is called a pre-Lie algebra structure, if

[zl =2 y—y-x
z-(y-z)—(x-y)z2=y-(v-2)—(y-2) =2
for all z,y,z € g.

Definition 2.39. Let = -y define a post-Lie algebra structure, an LR-structure, or a left-
symmetric structure on (g,n) or g (as applicable). Then the structure is called complete,
if all right-multiplication operators R(x), defined by R(x)(y):=y - =, are nilpotent.

Lemma 2.40.

(i) If g is abelian and x -y a post-Lie algebra structure on (g,n), then x oy with
xoy:=—x-y is an LR-structure on n (and vice versa,).

(i1) If n is abelian and = -y a post-Lie algebra structure on (g,n), then x -y is also a
pre-Lie algebra structure on g (and vice versa).

In Section we will establish further relations between CPA-structures and pre-Lie
algebra structures/LR-structures on two-step nilpotent Lie algebras.

As we will often list explicit Lie algebras in the sequel, we make the following (usual
and intuitive) convention for listing their Lie brackets:
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2 Background on Lie algebras and post-Lie algebra structures

Conwvention 2.41. If we define a Lie algebra L via a basis and list the Lie brackets of
pairs of basis elements, it is understood that we are talking about the Lie algebra with
the given relations and the relations obtained by antisymmetry — all other Lie brackets
between basis elements are defined to be 0. Then, the Lie bracket is extended bilinearly
to all of L. (We used this convention before in this section, see e.g. Examples and
2.12)

2.2.1 Review of results on post-Lie algebra structures

In this section, we want to present some of the results on post-Lie algebra structures
which already exist in the literature. Some of those will be used or generalized in the
sequel.

Example 2.42. Given any Lie algebra g, there is a (commutative) post-Lie algebra
structure on (g,9), defined by x -y = 0 for all v,y € g. This CPA-structure will be
referred to as the trivial (commutative) post-Lie algebra structure.

Moreover, there is a post-Lie algebra structure on (g, —g) (where the Lie bracket {,} of

—g is gwen by {x,y} = —[x,y] for all x,y € —g).

In Section we will need the following result for post-Lie algebra structures on
complete Lie algebras, which will be proven in Section

Proposition 2.43 (|28, Lemma 2.9, Proposition 2.10]). Let z-y define a post-Lie algebra
structure on (g, n) where n is complete. Then there is a unique linear map ¢: V. — V with
z-y={p(x),y} for allx,y € V (in other words: L(x) = ad(¢(x)), where ad denotes the
adjoint operator with respect to {,}). The map ¢ is a Lie algebra homomorphism from g
to n and satisfies

{gO(CC),y} + {.CU, @(y)} = [(L‘,y] - {(L‘,y}
foralz,yeV.

Example 2.44 (|28, Proposition 4.7|). If the pair (g,502(C)) admits a post-Lie algebra
structure, then g = sly(C) or g = v3(C) for a X # —1.

Given a Lie algebra (L, [,]), the semidirect product L x Der(L) has a Lie bracket
[(z, D), (2", D)] = ([z, 2] + D(") — D'(x), [D, D)),

x € L,D € Der(L). (As usual, for D,D € Der(L),[D,D’] = Do D" — D'o D is the
commutator of derivations.)

Proposition 2.45 (|28 Proposition 2.11]). There is a 1-1 correspondence between the
post-Lie algebra structures on (g,n) and the subalgebras b of n x Der(n) for which the
projection p: n X Der(n) — n onto the first factor induces a Lie algebra isomorphism of
h onto g.

There is a specialization of Proposition to the case where n is semisimple:
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Proposition 2.46 (|28, Proposition 2.14]). Let n be a semisimple Lie algebra. Then
there is a 1-1 correspondence between the post-Lie algebra structures on (g,n) and the
subalgebras h < n @ n for which the map p: n @ n — n,(x,y) — = — y induces an
isomorphism of h onto g.

Proposition 2.47 (|28 Proposition 3.1|). A bilinear map defined by x-y = Az, y|, where
A € C\{0,1}, defines a post-Lie algebra structure on (g,n) if and only if g are nilpotent
with nilindex 1 or 2 and {z,y} = (1 — 2\)[x, y].

A Lie algebra is called unimodular, if all adjoint operators have trace zero.

Proposition 2.48 (|23, Theorem 3.3|). If n is a semisimple Lie algebra and g is solvable
and unimodular, then (g,n) does not admit a post-Lie algebra structure.

Proposition 2.49 ([24, Proposition 5.4]). CPA-structures on semisimple Lie algebras
are trivial.

This even extends to perfect Lie algebras (see Definition :

Proposition 2.50 (|33, Theorem 3.3|). CPA-structures on perfect Lie algebras are triv-
sal.

Proposition 2.51 (|24, Corollary 5.5]). CPA-structures on a Lie algebra g satisfy g-g C
rad(g).

A complete Lie algebra can always be decomposed uniquely into simply-complete ideals,
that is, complete ideals which can not be decomposed further (see Proposition . For
simply-complete, non-metabelian Lie algebras there exists the following classification of
post-Lie algebra structures:

Proposition 2.52 (|33, Theorem 4.10]). Let g be simply-complete and non-metabelian
and let g satisfy nil(g) = [g,nil(g)]. Then there is a 1-1 correspondence between CPA-
structures on g and elements z € Z([g,9]), by = - z = [[z, ], y].

In Sections [£.3] and we present some generalizations of this result.
Definition 2.53. A Lie algebra is called stem, if Z(L) C [L, L].

Proposition 2.54 (|34, Theorem 3.6|). CPA-structures on stem nilpotent Lie algebras
are complete.

There exist also many other structure results in the literature of the following form:
Given a pair (g,n) admitting a post-Lie algebra structure, where g (or n) has a certain al-
gebraic property P (like being nilpotent or semisimple), then n (or g) must have a certain
property Q. To avoid redundancy, these statements will be presented in Section
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3 General existence questions on
post-Lie algebra structures

3.1 Existence of post-Lie algebra structures

We want to start this chapter with a general question on the existence of post-Lie algebra
structures. More precisely, what we are interested in is:

Question 3.1. Given two "algebraic” properties P and Q of Lie algebras (like being
nilpotent, abelian etc.), does there exist a pair of Lie algebras (g,n) admitting a post-Lie
algebra structure such that g has property P and n has property Q¢

The results we prove here are summarized in Table [5| - let us explain its notation:

(a) Consider the cell in the row with property P and column with property Q. A check
mark (v') in this cell means that there is a pair of Lie algebras (g, n) with a post-Lie
algebra structure on (g,n) with g having property P and n having property Q.

A cross (X) means that there is no pair of Lie algebras (g, n) with a post-Lie algebra
structure where g has property P and n has property Q.

Question marks (7) indicate that the answer is — to the best of our knowledge —
not known.

(b) The first row and the first column contain the same properties, however, due to
space constraints, the contents of the first row had to be abbreviated. Therefore,
e.g. the entries "sol." and "ssim." have to be read as "solvable, non-nilpotent" and
"semisimple, non-simple", respectively (and the other entries analogously).

(c) All listed properties except for the last (complete, non-semisimple) are chosen such
that they are mutually exclusive. However, there is an intersection between "com-
plete, non-semisimple" Lie algebras and "solvable, non-nilpotent" Lie algebras (see
also Chapter .

(d) The diagonal consists only of check marks for if g = n, then there is always the
trivial CPA-structure, see Example [2.42]

For some cells, we also want to give further remarks/ closer specializations which we
prove in this section:

(e) There exist no post-Lie algebra structures on (g, n) where g is abelian and n is not
metabelian.

29



3

General existence questions on post-Lie algebra structures

Table 5: Existence of post-Lie algebra structures over C: A "v'" ("X") means that there
is a (no) pair of C-Lie algebras where g and n have the corresponding alge-

braic properties. If it is unknown, the cell contains a "7".

superscripts, we give a remark below.

For the cells with

g " ab. | nil. | sol. | sim. | ssim. | red. | com
abelian | v | v [ v [ x X | x | v©
nilpotent, non-abelian | v/ v |[v® X X X | v©

solvable, non-nilpotent | v v v v v v v

simple | X | X X [ v [ x X X

semisimple, non-simple | X X X X v ? X
reductive, non-semisimple, non-abelian | v 7 ? 7 7 v v
complete, non-semisimple | v v v 7 7 v v

(f) For every solvable non-metabelian Lie algebra n there is a nilpotent, non-abelian

(g)

Lie algebra g with a post-Lie algebra structure on (g, n).

If n is complete, then post-Lie algebra structures on (g,n) — where g is nilpotent,

non-abelian and n is complete, non-semisimple — are precisely possible if n is solvable

and non-metabelian.

Post-Lie algebra structures on (g,n), where g and n are both simple, do exist

precisely if g = n — and then, only the two "trivial" structures (see Example [2.42))

are possible.

(i) We will give a proof in Section that there are no post-Lie algebra structures
on (g,n), where n is simple and g is semisimple (but not simple) are not possible
if dim(g) < 45 (and under certain other conditions). However, it has been proven
recently that there are no post-Lie algebra structures at all (see [31, Theorem 3.1]).

(j) If nis complete and solvable, then there are no post-Lie algebra structures on (g, n)

unless g is also solvable.

Remark 3.2. A "v'" does not mean that all pairs (g,n), where g has property P and
n has property @, admit post-Lie algebra structures. E.g. there exist post-Lie algebra
structures on (g,n), where g is nilpotent and non-abelian and n

nilpotent — but, no 3-dimensional pair (g,n) with g = n3(C),n

post-Lie algebra structures — see Section [3.4]

o~

is solvable and non-
t3 _1(C) does admit

Remark 3.3. Table [5| shows that the definition of post-Lie algebra structures is not sym-
metric in g and n.
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3.1 Existence of post-Lie algebra structures

examples) indicated with a check mark and prove (or reference) the non-existence of
post-Lie algebra structures indicated with a cross.

g abelian Let us start with the case where g is abelian. Note that these structures
correspond to LR-structures (see Lemma [2.40)).
Theorem 3.4. Let g be an abelian Lie algebra.

(i) There do exist post-Lie algebra structures on (g,n), where n is abelian, nilpotent or
solvable. (There also do exist examples where n is solvable, but non-nilpotent and
nilpotent, but non-abelian).

(i) There do not exist post-Lie algebra structures on (g,n), where n is reductive and
non-abelian (including n being simple or semisimple).

(115) If n is complete, then there exist post-Lie structures on (g,n) if and only if n is
metabelian.

We prove this theorem via the following lemmas:

Lemma 3.5.
(i) There exist post-Lie algebra structures on (C",C") for every n € N.
(ii) There exist post-Lie algebra structures on (C3,nz(C)).

(iii) There exist post-Lie algebra structures on (C2,1to(C)).

Proof.

(i) The simplest one (of many examples) is the trivial structure z -y = 0 for all
x,y € C™.

(ii) In [26] Proposition 3.1], all LR-structures on n3(C) are classified (more precisely,
they are given as LR-structures on ng(R) but, in fact, are equal to the LR-structures
on n3(C)). They stand in 1-1 correspondence to post-Lie algebra structures on

(C%,n3(C)).
(iii) LR-structures on vo(C) exist and are classified in |26, Example 1.6].

O]

Remark 3.6. In [26], there are more examples of LR-structures on nilpotent and solvable
Lie algebras. There are results on classes of Lie algebras always admitting (complete)
LR-structures (e.g. 2-step nilpotent Lie algebras, free 3-step nilpotent Lie algebras, 2-step
solvable filiform Lie algebras).

However, if n is not metabelian, there are no post-Lie algebra structures on ((Cdim(“), n)
(which implies that there do not exist post-Lie algebra structures on reductive, non-
abelian Lie algebras):
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Lemma 3.7. If there is an LR-structure on n (and hence, a post-Lie algebra structure
on (C",n) for some n € N), then n is metabelian.

Proof. See [26], Proposition 2.1]. O

Lemma 3.8. Let (g1,n1) admit a post-Lie algebra structure x oy and (go2,n2) admit a
post-Lie algebra structure x xy. Then the "direct sum" of o and x, i.e. the bilinear map
defined by

roy ifwy€g
Toy=4q Tv*xy if v,y € go
0 else

(and extended bilinearly) is a post-Lie algebra structure on the pair (g1 @ go2,n1 D na).

Lemma 3.9 ([89]). Every complete complex metabelian Lie algebra is isomorphic to
(t2(C))™ for some n € N.

Lemma 3.10. (Semi)simple and reductive (non-abelian) Lie algebras do not admit LR-
structures; complete Lie algebras if and only if they are metabelian.

Proof. This follows from Lemma (semi)simple, reductive (non-abelian) and com-
plete, non-metabelian Lie algebras are never metabelian, thus admit no LR-structures.
To show that complete metabelian Lie algebras always admit post-Lie algebra structures,
note that they are all of the form (v2(C))™ for an n € N by Lemma [3.9] Post-Lie algebra
structures on (C2,t2(C)) exist, see Lemma|3.5] and their direct sums is a post-Lie algebra
structure on (C?",to(C)™). O

g nilpotent and non-abelian Let g be nilpotent and non-abelian. Let us first note
that (g,n) does not admit post-Lie algebra structures unless n is solvable ([28, Proposi-
tion 4.3]).

We get the following classification:

Theorem 3.11.

(i) There exist pairs (g,n), where g is nilpotent and non-abelian and n is abelian or
nilpotent (and non-abelian) or solvable (and non-nilpotent) with post-Lie algebra
structures.

(i) If n is reductive (and non-abelian) including the cases where n is (semi)simple, then
there exist no post-Lie algebra structures on any pair (g,n) with g nilpotent.

(#i) Let n be solvable, complete and non-metabelian. Then there exists a nilpotent (non-
abelian) Lie algebra g admitting post-Lie algebra structures on (g,n) — conversely, if
there is a post-Lie algebra structure on (g,n), where g is nilpotent and non-abelian
and n is complete, then n is also solvable and non-metabelian.

We again split the proof up into several lemmas:
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Lemma 3.12.

(i) There exist pairs (g,n) with g nilpotent (and non-abelian) and n abelian admitting
a post-Lie algebra structure.

(ii) Post-Lie algebra structures exist on every pair (n,n) with n nilpotent.
(115) If (g,n) admits a post-Lie algebra structure and g is nilpotent, then n is solvable.
Proof.
(i) See |20, Theorem 2.33|.
(ii) Again, take the trivial structure defined by z -y = 0.
(iii) See [28, Proposition 4.3].
O

This takes care of the cases where n is abelian, nilpotent, (semi)simple or reductive.
It remains to consider the solvable and the complete case.

Lemma 3.13. Let n be o solvable complete Lie algebra. Then there is a nilpotent Lie
algebra g such that there exists a post-Lie algebra structure on (g,n).

Proof. Any solvable complete Lie algebra n can be decomposed as a direct sum of vector
spaces T@N, where T is an abelian Lie algebra and N its nilradical (see Proposition.
So n admits a decomposition into two nilpotent Lie algebras. But if n = a @ b is such a
decomposition, by [23], Proposition 2.13|, the (nilpotent!) Lie algebra g with underlying
vector space a @ b and Lie brackets

[a+b,a" +b]={a,ad} - {bb}
(a € a,b € b) admits a post-Lie algebra structure via
(@+0b) - (a+V)=—{bd +0}.
O

For the "g nilpotent, non-abelian, n complete and metabelian"-case, we will need It6’s
Theorem:

Lemma 3.14 (It6’s Theorem for Lie algebras). Let L be a Lie algebra which is the vector
space sum L = a+ b of two abelian Lie algebras. Then L is metabelian.

The analogous result for groups was proven by It6 in [63]. The proof for Lie algebras
is also analogous — as the proof is rather short, we want to give it here. This is the same
proof as the one in [66], where the statement is proven for Lie rings — but the very same
argument also works for Lie algebras.
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Proof. Since [a,a] = [b,b] = 0, it is enough to show that [[a/,¥], [a,b]] = 0 for a,a’ € a
and b,V € b.
By the Jacobi identity and a, b being abelian, this can be written as

Hala b/]a [a> bH = _[[b/a [a7 b]]a a/] - H[CL, b]v CL/], b/]

[la, [b, 6]}, a'] + [[b, [/, al], '] + [[[b, @], a], 6] + [[[a", a], 1], V]
= [CL,, Hblv a}v b] + Ha” [a,’ bH’ b/]'

Let us introduce the notation [V, a] = a” +b",[d’,b] = a"" +b", where a”,a" € a,b", V" €
b. Then we can continue the above calculation by
Ha’lv b/]7 [a7 b“ = [CLI, [a// + b///? b] + Hav a" + b//]’ b/] = [CLI, [a’//) b” + Ha’7 b//]v b/]
= _[a’//7 [b7 a/]] - [b7 [a’/v a’”]] - [[b//7 b/], a] - [[b/7 a’}v b”]
— [[b, a/]?a//] + [[a’ b/], b//] — _[a/// + bl/7 a/l] _ [all _|_ b/”, b//]
— [a//7 b”] _ l:a//7 b”] — 0
This is what was to be shown. O

Lemma 3.15. Let n be complete and metabelian. Then there is no nilpotent, non-abelian
Lie algebra g such that (g,n) admits a post-Lie algebra structure.

Proof. If n is complete and metabelian, then n = (t2(C))" by Lemma (with basis

{e1,...,en} and Lie brackets {egii1,e212} = €242,0 < i < n — 1); as it is com-
plete, Der(r2(C)") = ad((r2(C))™). So we can write n x Der((r2(C))") with a basis
{e1,...,ean} U{A1,..., A2y} and non-zero Lie brackets [Agit1, A2ito] = Agito,

[e2i11, €2i12] = €2it2, [A2i11, €2i12] = €2i12, [A2it2, €2i41] = €2i42,0 <i <n — 1.

Via the basis change fij411 = €241, fajr2 = e2jt2, faj43 = —ezjr1 + Azji1, fajra =
e2j2 + A2j12,0 < j < § — 1, one gets the basis {f1, f2,..., fon} With [foir1, foiye] =
fair2,0 < i < 2n — 1, meaning that n x Der(r2(C)") 2 (to(C))?".

But any subalgebra of (t2(C))™ either contains vo(C) (and thus is non-nilpotent) or is
abelian.

So there is no nilpotent, but non-abelian g such that (g,n) admits a post-Lie algebra
structure — otherwise, by Proposition g would be isomorphic to a subalgebra of
(t2(C))?" which is a contradiction. O

Corollary 3.16. Let n be complete. Then there exists a nilpotent (and non-abelian) Lie
algebra g such that (g,n) admits a post-Lie algebra structure precisely if n is solvable and
non-metabelian.

Proof. For the first direction, let n be complete and non-solvable or metabelian.

(i) If n is metabelian, no pair (g,n) (where g is nilpotent and non-abelian) admits a
post-Lie algebra structure by Lemma [3.15

(ii) If nis not solvable, then by Lemma (iii), there is no post-Lie algebra structure
on (g, n).

34



3.1 Existence of post-Lie algebra structures

On the other hand, let n be complete, solvable and non-metabelian. We can find a
nilpotent Lie algebra g with a post-Lie algebra structure on (g,n) by Lemma It
remains to show that this g is not abelian: But if it was, then the construction in
Lemma would imply that n had a vector space decomposition into two abelian Lie
algebras — by Lemma |3.14] n was metabelian then, a contradiction. O

By the above construction, we can give an example of a pair where g is nilpotent (and
non-abelian) and n is complete (and non-semisimple):

Example 3.17. Let n =T, X ng be the five-dimensional complete Lie algebra with basis
{e1,e2,e3,t1,t2} and non-zero brackets

{e1,e2} =e3,{t1,e1} = e, {t1,e3} = e3,{t2,e2} = €2, {t2,e3} = e3.

Define a to be the vector space spanned by {ey,ea,es},b to be the vector space spanned
by {t1,t2}; then a ® b = g = ng @& C? with non-zero bracket

le1, e2] = e3
is a non-abelian, nilpotent Lie algebra and
(ei + ti) . (ej + tj) = —{ti, e; + tj}

is a post-Lie algebra structure on (g,n).

g solvable (and non-nilpotent). If g is solvable and non-nilpotent, then all cases we
consider are possible:

Theorem 3.18. There are ezamples of (g,n) admitting post-Lie algebra structures where
g is solvable (and non-nilpotent) and n is (i) abelian, (ii) nilpotent and non-abelian, (iii)
solvable and non-nilpotent, (iv) simple, (v) semisimple and non-simple, (vi) reductive,
non-semisimple and non-abelian, (vii) complete and non-semisimple.

Proof.
(i) See |20, Example 3.34].

(ii) There exist post-Lie algebra structures on the 3-dimensional pair (t2(C)®C, n3(C)),
see Example [B.3]

(iii) The trivial post-Lie algebra structure z -y = 0 on any pair (g, g).

(iv) An example for a post-Lie algebra structure on (sly(C),t3,(C)) is given in [23],
Proposition 4.7].

(v) [23, Proposition 3.1] constructs for any semisimple Lie algebra n a solvable, non-
nilpotent Lie algebra g such that (g,n) admits a post-Lie algebra structure.

(vi) See Corollary
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3 General existence questions on post-Lie algebra structures

(vii) See the appendix, Proposition for an example in dimension 5. (In Section[B.3]

one can also find more examples.)
O

Corollary 3.19. Let n be reductive, n = a @ s with a abelian and s semisimple. If there
exists a solvable Lie algebra g' such that (g',a) admits a post-Lie algebra structure, then
there also is a solvable Lie algebra g such that (g,n) admits a post-Lie algebra structure.
(In particular, by Theorem part (i), there are pairs (g,n) with g solvable and n
reductive, admitting a post-Lie algebra structure.)

Proof. By [23, Proposition 3.1], there exists a solvable Lie algebra g” such that (g”,s) ad-
mits a post-Lie algebra structure. So by Lemma [3.8] we find a post-Lie algebra structure
on (g,n), with g=g¢' ©¢". O

g simple. The situation where g is simple is just the opposite: Post-Lie algebra struc-
tures on (g,n) do exist only if g = n and then are just given by the two trivial ones.

Theorem 3.20. Let (g,n) admit a post-Lie algebra structure where g is simple. Then
g = n. Moreover, the only two post-Lie algebra structures possible are the trivial ones:

x -y =0 where [x,y] = {x,y} and -y = [z,y] = —{z,y}.

Proof. By [24, Theorem 3.1|, n & g; by [28, Proposition 4.6], only the trivial structures
are possible. O

g semisimple and non-simple. In the case where g is semisimple and non-simple, we
also have non-existence results:

Theorem 3.21. Let g be semisimple and non-simple. There do not exist any pairs (g,n)
admitting a post-Lie algebra structure where n is solvable (including n being abelian,
nilpotent or solvable-complete).

There also do not exist post-Lie algebra structures on (g,n) with simple or complete n,
but there exist post-Lie algebra structures where n is semisimple.

Proof. For the assertion regarding n being solvable, see |23, Theorem 4.2|. The asser-
tion with n being simple will be proven in Section . If n is complete, then by [31,
Proposition 3.8], we do not have post-Lie algebra structures on (g,n). O

Remark 3.22. There do not only exist the trivial structures on pairs (g, g) where g is
semisimple (as in the case where g is simple). See [23] Example 2.11] for a non-trivial
post-Lie algebra structure on (g, g) where g = sl3(C) @ sl (C).

The next proposition states an obstruction which can be used to show that certain
pairs of Lie algebras admit no post-Lie algebra structure:

Proposition 3.23. Let g be a semisimple Lie algebra, n a complete Lie algebra, let
n = s Xt be the Levi decomposition of n. If there is a post-Lie algebra structure on (g,n),
then both s and ¢ are — with the Lie bracket [,] — subalgebras of g.
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Proof. Suppose there is a post-Lie algebra structure = -y on (g,n); then by Proposi-
tion there is a unique homomorphism of Lie algebras ¢: g — n satisfying = -y =
{p(z),y} for all z,y € V.

As s is a semisimple Lie algebra, its image under the homomorphism ¢ is (since (g)
g/ ker(p)) semisimple too, so ¢(g) < s. We obtain

[a

g-s < {(p(g),s} - {575} € s,
g-vC{p(g),t} C{s,t} Cv.

Furthermore,

[s,5] Cs-5s—s5-5+ {s,5} Cs,
[t,t] Ce-v—rv-v+ {r,t} Cr,

what we claimed. OJ

g reductive. Here our result is:

Theorem 3.24. There do exist examples of post-Lie algebra structures on (g,n), where
g is reductive and n is (i) abelian, (i1) reductive, non-semisimple and non-abelian, (ii1)
complete and non-semisimple. If n is solvable and complete, then there are no post-Lie
algebra structures on (g,n).

Proof. For (ii), we can again take the trivial post-Lie algebra structure. For (i), the ordi-
nary matrix multiplication gives a pre-Lie algebra structure (that is, a post-Lie algebra
structure with n abelian) on (gl (C),C"). An example for (iii) is given in Proposi-
tion [B.29 O

Note that the Lie algebra Lz 4, which is used in Proposition is complete, but not
solvable; indeed we cannot replace it by a solvable-complete Lie algebra:

Lemma 3.25. If n is a complete and solvable Lie algebra and (g,n) admits a post-Lie
algebra structure, then g is also solvable.

Proof. Denote by g(® = g, g0+ = [g) g®] and n® = n a0+t = {n0® 1O} the
derived series of V with respect to [,] and {, }, respectively. We show g C n®® for all
1€ N

We have g(@ =V = n0 as sets.

Now, for the induction step i — i+ 1, let z € g). Then z is a linear combination of
elements of the form [z,y| with z,y € g C n(. As nis complete, we have a unique
linear map ¢: V — V with z - y = {¢(z),y} (see Proposition — 80 we can write

[z, yl = {p(@),y} +{z, 0(y) } + {z,y}

and since n®® is an ideal of n, we obtain [z,y] € n®). So it follows g C n(.
So if we choose 4 large enough such that n(® = 0, then also g = 0, so g is solvable
too. O
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3 General existence questions on post-Lie algebra structures

Corollary 3.26. If n is solvable and complete and g is reductive (and non-abelian), then
there is no post-Lie algebra structure on (g,n).

Proof. By Lemma g is solvable too, so g cannot have a simple ideal. O

g complete and non-semisimple.

Theorem 3.27. There are examples of post-Lie algebras on (g,n) where g is complete
and non-semisimple and n is (i) abelian, (ii) nilpotent and non-abelian, (iii) solvable and
non-nilpotent, (iv) reductive, non-semisimple and non-abelian, (v) complete and non-
semisimple.

Proof. Example below is an example for (i), Corollary gives examples for (ii).
For (iii) and (v), one may take a solvable complete Lie algebra g and the trivial post-Lie
algebra structure on (g, g) and (iv) is proven in Corollary [3.31} O

Example 3.28. This is an example for n abelian and g complete and non-semisimple:
Taken = C°, g = Toxng (as in Tablein Section, Then g has a basis {e1, ea, e3,t1,t2}
with non-zero Lie brackets [e1,ea] = es, [t1,e1] = e1, [t1, e3] = es, [to, ea] = eq, [ta, e3] = €3
and the bilinear map given by

e1- ez =e3,e1 -t = —ey,l1-e3 =e3

t1-t1=—t1,l2-e2 =€z, ta-e3 =e3
and extended bilinearly, is a post-Lie algebra structure on (g,n).

For the case "g complete, n nilpotent", we first prove a lemma on post-Lie algebra
structures on semidirect products:

Lemma 3.29. Let g be a semidirect product g = a X b. Then there is a post-Lie algebra
structure on (g,n), where n = a @ b, given by

0 ifx,yc€a
Ty = 0 ifzechb
[z,y] ifr€aych

and extended bilinearly.

Proof. We check that the identities (PA1)), (PA2) and (PA3) do hold for elements z,y, z
in aUb. Note that if z,y € a or z,y € b, then [z,y] = {z,y}. Identity (PAl) says

x-y—y-xZ[m,y]—{m,y}.

(i) fz,yc€aorxz,yeb, thenx-y=y-2=0and also [z,y] = {z,y}.
(ii) If z € a and y € b or vice versa, then y -z = 0,{z,y} =0, but z -y = [z, y].

Concerning identity (PA2), which says [z,y]-z=2-(y-2) —y - (z - 2):
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(i) If y € b (or, by symmetry, x € b), then [z,y]-z=2-(y-2) =y (x-2z) =0 (since
b-g=0).
(i) If z,y,z € a, then [z,y] € a,s0 [z,y] - z2=2-(y-2)=y- (v -2)=0.

(iii) The case z,y € a,z € b remains, but as [z,y] - z = [[z,y], 2],y - (z - 2) = [y, [z, 2]],
x-(y-z) =[xy, z]], it reduces to the Jacobi identity.

A similar case distinction works for (PA3), which says z - {y, 2z} = {z -y, 2} + {y,z - z}:
(i) f x € b, then z-{y, 2} ={z -y, 2z} ={y,z- 2z} = 0.
(ii) If z,y € a, then also - {y, 2z} ={z-y,2} =0,{y,z- 2z} = {y, [z, 2]} = 0.
(iii) For x,z € a,y € b, we also find that all three terms evaluate to zero.
)

(iv) The only case left is © € a,y,z € b. But then z-{y,z} =x-[y, 2] = [, [y, Z]],

{22} = {502} = [e.0h A o2 2} = {0 [,2]} = [ [, 2]), 5o identity
(PA3)) simplifies to the Jacobi identity.

Using bilinearity, one finds that the structure is indeed a post-Lie algebra structure. O

Solvable complete Lie algebras L can be written as semidirect products of an abelian
Lie algebra T and its nilradical m (which is abelian by Ito’s Theorem if and only if
L is metabelian). Therefore, we obtain:

Corollary 3.30. Let g be solvable and complete, g =T x m, T abelian, m nilpotent. Let
dim(T) = s. Then there is a post-Lie algebra structure on (g,n), where n = C* & m,
given by

_ 0 fzrem
Y= [z,y] ifxeT -~

Proof. In Lemma [3.29] choose a = T, b = m. Then one obtains the statement. O

Note that n = CH™(T) @ m is nilpotent (and, if g is not metabelian, n is non-abelian) —
thus we have examples of post-Lie algebra structures on (g,n) where g is complete (and
non-semisimple) and n is nilpotent (and non-abelian).

We also obtain the case where g is complete (non-semisimple) and n is reductive (non-
abelian, non-semisimple):

Corollary 3.31. There is a post-Lie algebra structure on (g,n), where g is the complete
Lie algebra L7 4 and n = sly(C) @ C*.

For the definition of L7 4, see Table [I4]in Section [4.2}
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Proof. The Lie algebra L7 4 can be seen as a semidirect product L7 4 = (sl2(C)®C) x,,C3
with respect to

2c+d 2a 0
¢: 5lo(C) @ C — Der(C?), p(aey + bey + ces + dey) = b d a
0 2b —2c+d

Therefore, Lemma gives us a post-Lie algebra structure on (g, n). O
See Proposition for an explicit structure on (L7 4,5l3(C) & C*).

3.2 Non-existence of post-Lie algebra structures on (g, n)
with g semisimple, n simple

In this subsection we shall investigate post-Lie algebra structures on (g,n) where g is a
semisimple Lie algebra and n is a simple Lie algebra.

The theorem we want to prove in this section is the following:

Theorem 3.32. Let g be a semisimple Lie algebra and n o simple Lie algebra. Suppose
that one of the following conditions holds:

(i) The Lie algebra g is simple and not isomorphic to n.
(1) The Lie algebra g is a direct sum of (exactly) two simple factors g = g1 P go.
(#ii) The Lie algebra n is an exceptional simple Lie algebra.
(iv) The Lie algebra n satisfies dim(n) < 45.
Then there are no post-Lie algebra structures on (g,n).
Remark 3.33. Recently it was proved that no post-Lie algebra structures exist at all on

(g,n) where g is semisimple and n is simple unless g = n (see [31, Theorem 3.1]).

Nevertheless, as our methods are different, we want to give our proof of Theorem [3.32]
here.

Note that we already know that (i) implies the non-existence of post-Lie algebra struc-

tures on (g, n), see Theorem [3.20] (But this will also appear as a corollary in this section,
cf. Remark [3.40])
In this section, our two main ingredients are Proposition [2.46 and Dynkin’s paper on
semisimple subalgebras of semisimple Lie algebras: Our proof of Theorem will rely
on a theorem of Dynkin which classifies maximal subalgebras of semisimple Lie algebras.
The theorem is given in [50, Theorem 15.1]. For the reader’s convenience, we shall repeat
it and its proof:
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Proposition 3.34 (Dynkin). Let L be a semisimple Lie algebra and
L=0L1®Ly®...D L,

its decomposition as a direct sum of simple ideals. Then all mazimal subalgebras of L are
gwen by the formulas

—Pruol (1)
k=1
ki

and

R(i, j, ) : @ Ly, & {Lsi, Lj, 4}, (2)

k#m

where L is a mazimal subalgebra of Li,v: L; — L; is an isomorphism between L; and
L; and {L;, L;,v} is defined as the set of pairs {(z,(x)): © € L;}.

Proof. Let p;: L — L; be the projection homomorphism onto L;; i.e., if x € L has the
S
unique decomposition x = Y x;, x; € L;, then p;(z) = x;.

Let R be a maximal prope; slubalgebra of L. B

First we assume that there is an i € {1,...,s} with p;(R) # L;. Let L be a maximal
subalgebra of L;. Since p;(R) # L; is a subalgebra of L;, we have p;(R) C L. But then,
R C R(i,L) # L and by the maximality of R it follows R = R(i, L).

Now suppose p;(R) = L; for all ¢ € {1,...,s}. First we shall show that for every i, the
set L; N R is an ideal in L;.
Let y € Ly N R and z € L;. Because of p;(R) = L;, there is an « € R with p;(z) = 2.
Because R is a subalgebra of L and L; is an ideal of L, we get [y,z] € RN L; and thus
pi(ly, z]) = [y,z]. Since y € RN L;, also pi(y) = y.
In particular,

ly, 2] = [y, pi(2)] = [pi(y), pi(2)] = pi(ly, z]) = [y, 2] € RN L;.
So RN L; is an ideal of L; — but as L; is simple, there are only two possibilities:
RNL;,=1L; (iie., L; CR) or L; N R =0.

Now if L; C R for all © € {1,...,s}, then R = L. So there is at least one ¢ with
L; N R = 0. But there is also another one: Suppose Ly C R for all k € {1,...,s}\{i}.
But then, 1f z € L and pi(z) = z for an = € R (such an z exists because of p;(R) = L;)

and x = Z Tk, T € Ly, then also z; = x — Z T, € R, so L; C R, a contradiction.

k=1 k=1
k#1
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Thus there are at least two (different) indices 4,5 € {1,...,s} with L,NR=0=L; N R.
Now set

S
L*=RnN(L;® L) and R* = L* & (P Ly.
i
Then R* contains R and is not L, thus, by maximality of R we have R* = R.
Claim: For every x € L;, there is exactly one y € L; with x +y € L*.
For x € L; take z € R with p;(2) = z; then 2 4+ p;(z) € L*, so we may choose y = p;(z).
Now suppose, this y was not unique: Let x +y € L* and x + z € L* for some y, z € L;.
But then,

y—z=z+y—(z+z2)el*=y—2€L;NR=0,

S0y = 2.
Thus we can define ¢: L; — L; by setting ¢(x) to be the y € L; with z +y € L*.

It is clear that v is bijective; we show that v is an isomorphism:

If 21 +y1, 22 +y2 € L*, 21,02 € Ly, y1,y2 € Lj, then [z1, 2] + [y1, y2] = [z1 +y1, 72 + 2]
by the simplicity of L;, Lj. Now [z1 + y1,22 + y2] € L*, so [y1,y2] is the element such

that ¢ ([z1,22]) = [y1,42]. Thus ¢ ([z1,z2]) = [y1,y2] = [¥(21), ¢ (2)].
By definition of L* we see

and therefore, we have proven the proposition. O

Now, we can apply Proposition to find semisimple subalgebras of a simple Lie
algebra n:

Lemma 3.35. Let n be a simple Lie algebra. Then every semisimple subalgebra b of
n @ n is isomorphic to one of the form

' =ae{b,t) v} e, (3)

where a® b <n,b' & c<nanda,b, b, c are semisimple.
Moreover, if ply: b — g,p((x1,22)) = 21 — 2 is an isomorphism, then ply is an isomor-
phism onto g too.

Proof. Let h be a semisimple subalgebra of n @ n. Then there is a (finite) chain of
semisimple subalgebras

h:hnghn—lg-“gb():n@nv

where b;4+1 is a maximal proper semisimple subalgebra of b;.

Each step h;—1 — h; is done by either passing from h;_; to a subalgebra H of type
and finding b; as a Levi subalgebra of H or by passing to a subalgebra of type (note
that a subalgebra of type is automatically semisimple).
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We will prove the lemma inductively. First, any maximal proper semisimple subalgebra
of n® n is of form by Proposition [3.34]

Now, let h;—1 = a® {b,b',¢} & ¢ and h; a maximal semisimple subalgebra of h;—1 — we
shall show that b; is isomorphic to a Lie algebra of form too. Let the decompositions
of a,{b,b’,7}, ¢ into simple ideals read a = a; & ... B ag, {b,0',¢0} = {b1,b6], 1} B ... D
{bg, b, e}, c =1 @ ... @ ¢y, respectively.

If b; arises from h;_1 by type , then b; clearly is of the desired form ; SO we suppose
that b; is of type with respect to h;_1.

When passing to a subalgebra of type , two simple isomorphic ideals of h; get combined.
Therefore, without loss of generality, we have four possible cases:

(i) a1, az play the role of L;, L; in (2)).

)
(ii) ag,{b1, b, 91} play the role of L;, L; in .

(iii) {b1, b7, 91}, {b2, b5, 99} play the role of L;, L; in .
(iv) a1, c; play the role of L;, L; in (2)).

In each of those cases, we have to show that b; is isomorphic to a Lie algebra b of form
and that if plp, is an isomorphism onto g, then also ply;.

ad (i). Let aj be isomorphic to as via 1. Then b; = {a1, as, 9o} ®azd...Dap®{b, b’ 1} Dc
is isomorphic to

f); = {a—l—wo(a),a6al}@ag@...@ak@{b,b',¢}@c,

which, in fact, is of the desired form .

We show that bh; = b}: Let w.lo.g. h; = {a1,a2,v¢0}. Then b, = {a+1o(a),a € a1 }.
Let : bi — b, (a,o(a)) > a+ o(a).

Since aj,ag are semisimple, a + ¥p(a) = 0 implies a = 0 = p(a), thus ¢ is
injective; surjectivity is clear since given a + ¢o(a) € b, the element (a,o(a))
maps to a + ¥p(a).

And ¢ respects the Lie brackets:

¢([(a,vho(a)), (@, 0(a")]) = ¢(([a, a'], ¢o([a, a']))) = [a,a'] + tho([a, a])
= la,d'] + [¢o(a),d'] + [a, vo(a’)] +[vo(a), vo(a’)] = [a +1o(a),a’ + Yo(a’)]

=0 =0

= [QO(CL, ¢0(a))7 So(alv 1/}0(0’/))]'

So bh; and b are isomorphic; we also have to show that if p|y, is an isomorphism
onto g, then also p|y. But this is clear since ply, = ply.

ad (ii). Let a; be isomorphic to {by,b], 91} via ¢o. If o(a) = (b1,b)), let ¢p(a) =
b1, ) (a) = b}. Then

bi:a2@---@ak@{ala{bla /171/11}’77[}0}@{527 /2}@@{567[’2}@@
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which, in turn, is isomorphic to

B, =as ... Dar D {(a+vi(a),¥y(a)),a € ar} ®{by,bh b} & ... {by, by} B¢

of form .

ad (iii). Let {b1,b],11} be isomorphic to {ba, b5, 2}. Then by is isomorphic to be via vy,

say. Then

hi =as® ... apd {{b1,b],¥1}, {b2, b5, o}, o} ® {b3, b5, 93} @ ... D {by, by, Y} B

is isomorphic to

i =ax® ... ar®{(b+o(b),Y1(b) + a(o(b))), b € b1}
@ {b3,05,¥3} © ... & {bs, by, e} S,

a subalgebra of type (3.

ad (iv). Let a; be isomorphic to ¢; via 9. Then

hi=hi=a®...0a,®{bb, ¢} & {ar,c1,%0} Dea®... D,
and this is also of form (3)).

In (ii) and (iii), it is analogous to (i) to see that h; = b} and that p stays an isomorphism.
O

Concerning decompositions of Lie algebras, we will make use of a theorem of Koszul:

Theorem 3.36 (Koszul, [67]). Let L be a reductive Lie algebra over a field of character-
istic 0. Suppose that L s the direct vector space sum of two subalgebras

L = Ay ® Ay (direct sum of vector spaces),
which are reductive in L. Then L is the direct Lie algebra sum of two ideals
L = By ® By (direct sum of Lie algebras),
such that A1 is naturally isomorphic to By and Ao is naturally isomorphic to Bs.

Remembering that if A < L is a (semi)simple Lie algebra, then A is reductive in L
(Theorem [2.29)), we obtain the following corollary:

Corollary 3.37. Let L be a simple Lie algebra over a field of characteristic 0. Then L
can decomposed as a direct vector space sum of semisimple Lie algebras only in a trivial

way, i.e. if L = A1 @ Ag is a direct vector space sum with Ay, As semisimple subalgebras
of L, then either A1 =0 or As = 0.

Indeed, if there was another decomposition, then L could also be decomposed into two
ideals which is not possible since L is simple.
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Corollary 3.38. Let h be a semisimple subalgebra of n & n (m simple) such that the
restriction of p:n®n — g to b is an isomorphism. Let b be of the form described in
Lemma |3.39, i.e.

h=ae {b,t, v} @c,

where a® b < n, b/ & ¢ < n and a,b,b’, ¢ are semisimple. Then none of the factors
a,{b,b',¢}, ¢ is 0. In particular,

(i) g has at least three simple ideals,
(it) a @b and b’ @ ¢ are not simple (i.e., a,b,b" ¢ #0).

Proof. The case ¢ = 0 is analogous to a = 0; so we deal with the cases a = 0 and b = 0.
We shall show that in either case, h = a @ {b,b’,9} & ¢ is isomorphic to n — which is a
contradiction, since n is simple, but h = g is not.
(a) If a = 0, then, as dim(h) = dim(n), dim(n) = dim(b’) + dim(c) and b’ @ ¢ is a
semisimple subalgebra of n. So either b’ = 0 and thus ¢ &2 n or ¢ = 0 and thus
b’ = n. So in either case, h = n.

ow suppose b = 0. Note that anc¢ = orift x € aNc, then (z,z) € h whic

b) N b = 0. Note that 0 (for if th h which
gets mapped to 0 under p — but since p is an isomorphism, ker(p) = 0). So then,
adc = n as a direct vector space sum. But then, by Corollary a=norc=n,
so h=n.

O]

Corollary [3.38 in turn, yields that condition (ii) of Theorem implies the non-
existence of post-Lie algebra structures on (g, n):

Corollary 3.39. If g = g1 @ g2 is the direct sum of exactly two simple Lie algebras g;
and g2 and n is simple, then there are no post-Lie algebra structures on (g,n).

Proof. If there is a post-Lie algebra structure on (g, n), then, by Proposition 2.46, n & n
has a subalgebra b isomorphic to g via p: h < nédn — g,(x,y) — = —y. But by
Lemma, >~ a @ {b,b',¢} @ ¢ with semisimple factors which are all nonzero by
Corollary part (i). So b and thus also g has at least three simple factors. O

Remark 3.40. Note that the proof of Corollary also implies that if g and n are both
simple and the restriction of p to b is an isomorphism, then g = n. (So we get back the

statement of Theorem via Corollary [3.39])

In [50] and [69] (see also [78]), one finds tables listing the maximal semisimple sub-
algebras of the five exceptional complex Lie algebras and of the classical complex Lie
algebras up to rank 6. The results we will need are summarized in Table [f] Let n be
simple; we find all semisimple subalgebras of n by iterative application of the results in
Table [6} i.e., we find the maximal semisimple subalgebras of n with Table [ then the
maximal subalgebras among them and so forth.
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Table 6: Maximal semisimple subalgebras of simple Lie algebras n, according to [50] and

[69].
n | dim(n) max. semisimple subalgebras of n resp. dimensions
A 3 —~ —~
A2 8 Al 3
As 15 A2 By 6,10
Ay 24 A3, A1 @ A, 15,11
As 35 Ay, A1 @ Az, A3 O3 24,18,16, 21
Ag 48 As, A1 ® Ay, Aa ® A3, Go, Bs 35,27,23,14,21
By 10 Af 6
Bs 21 Ba, A3, A3, Gy 10,9, 15,14
By 36 B3, A7® By, A3 @ Ay, D,y 21,16, 18,28
Bs 55 By, A7 ® B3, A3 ® By, Dy @ Ay, D5 36,27, 25, 31,45
Bg 78 | Bs, A3® By, A3® B3, Dy® By, Ds® Ay, Dg 55,42, 36, 38,48, 66
Cs 21 As, A1 ® By 8,13
Cy 36 Az, A1 @ C3, B3, A3 15,24,20,9
Cs 55 Ay, A1 @ Cy, By & Cy 24,39, 31
Cs 78 A5, A1 ® C5, By ® Cy, C3 35,58, 46, 42
Dy 28 As, A}, A3 ® A1, Go, Bs 15,12,18,14,21
Ds 45 Dy, Ay, AT ® A3,Dy ® A1, By, B2 28,24, 21,31, 36,20
Ds 66 Ds, As, AT @ Dy, A3, D5 @ Ay, Bs, 45,35, 34, 30,48, 55,
Go® A1,Bs ® By, C3 D Ay 17,31,24
Go 14 AL, Ay 6,8
Fy 52 Aq EBC?,,A%,A{), @ A1, By, Go ® Ay 24,16,18,36,17
Eg 78 Ds, A5 @ A1, A3,Cy, G2 @ Ay, Fy 45, 38,24, 36,22, 52
E; | 133 Eg,Dg ® A1, A5 @ Az, A3 ® Ay, A7, 78,69, 43, 33,63,
Go®C3,Fy® A1, G D Ay 35,55,17
Eg | 248 A1 @ E7, Ay ® Eg, A3 @ D5, A, 136, 86, 60, 48,
As ® Ay D A1, A7 ® A1, Dg, Ag, Go @ Fy 46, 66, 120, 80, 66

Now we can apply Corollary to our problem — remember that we have a semisimple
Lie algebra g and a simple Lie algebra n. If n is exceptional, then there exists no post-Lie
algebra structure on (g,n) (which is condition (iii) of Theorem [3.32):

Corollary 3.41. Lel n € {Go, Es, E7, Eg, Fy} be an exceptional Lie algebra and g be
semisimple and non-simple. Then there are no post-Lie algebra structures on (g, n).

Proof. If there is a post-Lie algebra structure on (g,n), then there is a semisimple sub-
algebra h < n @ n (by Proposition [2.46) with

b=ad{b,0', ¢} &,
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where a®b < n,b’@c < nand a,b,b’, ¢ are semisimple and the map 1 is an isomorphism.
If max(dim(a @ b),dim(b’ @ ¢)) < dm;(“), then dim(a® b @ b’ @ ¢) < dim(n), so we can
assume dim(a & b) > dlmT(“).

We thus shall find with the help of Table [6]

(a) all semisimple subalgebras a @ b of n of dimension > dimT(").
(b) for each such semisimple subalgebra a @ b of dimension m, each semisimple subal-
gebra b’ @ ¢ of n, which has dimension k, such that m + k > dim(n).

Then, if there is a post-Lie algebra structure on (g,n), we must have g = a® b @ c.

By Corollary none of a @ b and b’ & ¢ can be simple. This excludes a lot of
possibilities.

Then we can compute the dimension of b as

dim(b) = dim(a ® b & b’ @ ¢) — dim(n)
(since b = b, so dim(b) = dim(b’)) and
dim(a) = dim(a ® b) — dim(b), dim(c) = dim(b’ @® ¢) — dim(b).

If there is a post-Lie algebra structure on (g,n), then a @ b allows a decomposition
into a direct sum of a Lie algebra of dimension dim(a) and one of dimension dim(b).
Analogously, b’ @ ¢ allows a decomposition into a direct sum of a Lie algebra of dimension
dim(b) and one of dimension dim(c). This will often lead to a contradiction.

We illustrate this method with the exceptional Lie algebras:

(i) n = G2. Then dim(n) = 14; we thus have to find all semisimple subalgebras
a@® b < n of dimension > 7. But there is only one, namely As. But since As is
simple, there is no post-Lie algebra structure on (g,n).

(ii) n = F;. Then dim(n) = 52; we thus have to find all semisimple subalgebras
a® b < n of dimension > 26. However, again there are only simple ones (namely
D4 and By). So again, there can be no post-Lie algebra structure on (g, n).

(i) n = Eg. Then dim(n) = 78, we thus have to find all semisimple subalgebras
a @ b < n of dimension > 39. However, again they are only given by simple ones
(namely D5 and Fj).

(iv) n = Ey. Then dim(n) = 133; we thus have to find all semisimple subalgebras
a®b < n of dimension > 67. These are given by Fg (which is simple) and Dg ® A;
(of dimension 69). So dim(a @ b) = 69 and thus dim(b’ @ ¢) > 64. All semisimple
subalgebras of dimension > 64 are again given by Eg and Dg® A;. We can exclude
Es (since it is simple) from our considerations; so a @ b = b’ @ ¢ = Dg @ A;. Now
we have

dim(b) = dim(a ® b & b’ & ¢) — dim(n) = 69 4 69 — 133 = 5.
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But this means that Dg & A1 contains a semisimple subalgebra b of dimension 5.
This is a contradiction (since there does not exist any semisimple Lie algebra of
dimension 5).

n = Eg. Then dim(n) = 248. As before, we shall find all semisimple subalgebras
of dimension > 124 — and (besides the simple one, E7) there is only one, A; @ E7.
It is of dimension 136, which means dim(b’ @ ¢) > 248 — 136 = 112 and so A; @ Er
also is given by A; @ Er (we again exclude the possibility of the simple subalgebra
Er).

Then,

dim(b) = dim(a ® b @ b’ @ ¢) — dim(n) = 136 + 136 — 248 = 24.

But the Lie algebra A1 @ E7 can not be decomposed into a semisimple subalgebra
of dimension 24 and one of dimension 136 — 24 = 112, a contradiction.

O]

With the same method, one may show that some classical simple Lie algebras n admit
no post-Lie algebra structures with semisimple, non-simple g:

Corollary 3.42. Let n € {A;,B;,C;, D;, A5, Ag,C5},i < 4 be a classical simple Lie
algebra and g be semisimple and non-simple. Then there are no post-Lie algebra structures
on (g,1).
Proof. The proof works the same way as the one of Corollary [3.41] We shall therefore
be brief:

n= Al,AQZ

n= Ag, A4, A5Z

H:Aﬁi

All semisimple subalgebras of n are of dimension < dimT(n) (in fact, A; has none

and Ag only Ap). So there is no post-Lie algebra structure with a semisimple g.

All "large enough" semisimple subalgebras are simple (namely By in Az, A3 in Ay,
Ay and Cy in As). So there is again no post-Lie algebra structure with a semisimple
g

The semisimple subalgebras of n of dimension > dimT(n) are the simple As and Ay

and A1 @ Ay. If ad b = A) § Ay, then, because b’ @ ¢ is not simple, it is either
A1 @ Ay or A; @ As. But this leads to dim(b) € {4,2} and there are no semisimple
Lie algebras of these dimensions. So again, there is no semisimple g such that (g, n)
admits a post-Lie algebra structure.

The cases n = Bo, B3, By, (5, Cy, C5, Dy are very similar.
O

Remark 3.43. Concerning Bs, Bg and Ds, the "problematic" cases, i.e. those pairs (g, n)
where this method does not exclude post-Lie algebra structures, are

(Dy® A1 ® A1 @ B3, Bs), (B4 ® A1 & Ay @ By, Bg), (Dy ® A1 @ Go, Ds),

respectively.
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In other words, Corollary gives us the case of condition (iv) (of Theorem [3.32]).

Corollary 3.44. Let n be a simple Lie algebra of dimension dim(n) < 44 over C and g
be semisimple and non-simple. Then there are no post-Lie algebra structures on (g,n).

Summing up all together, we obtain the statement of Theorem [3.32}

Proof of Theorem [3.33, 1f (i) holds, we have no post-Lie algebra structures on (g,n) by

Theorem (or, by Remark [3.40)), (ii) is the case of Corollary (iii) is Corollary
and condition (iv) is the case of Corollary O

3.3 Post-Lie algebra structures with [z,y] = a({z,y})

In this section, we want to study special kinds of post-Lie algebra structures, namely those
where one Lie bracket is a scalar multiple of the other, i.e. we have [z, y] = a({z,y}) for
some a € C and all z,y € V (see also |28, Chapter 3]).

Note that if a # 0, g and n are isomorphic while if @ = 0, then (g, [,]) is abelian (that is,
this case corresponds to the case of LR-structures (cf. Definition [2.37)).

If a # 0, the post-Lie algebra structure axioms (PA1l]), (PA2), (PA3]) become

r-y—y-x=(a—1{z,y} (4)
[yl z=2-(y-2)—y-(z-2) (5)
x- [y, 2] =[xy, 2] + [y, z - 2] (6)

for all x,y,z € V.
The scalar a being 1 is equivalent to considering a commutative post-Lie algebra struc-
ture (cf. Definition [2.33)).
Since [z,y] = a{x,y}, any ideal in g is also an ideal in n and vice versa.
There is a correspondence between those structures for a =1 and a = —1:

Lemma 3.45. If x oy is a post-Lie algebra structure on (g,n), where g’s Lie bracket
satisfies [x,y] = —{x,y} (that is, a = —1) for all x,y € g, then x -y given by x -y =
xoy — [z,y] is a CPA-structure on g with respect to [,]| (that is, a = 1) and vice versa.

Proof. We only show one direction. Let z oy be a post-Lie algebra structure as above.
The bilinear map o satisfies the three properties

roy—yox=2x,y (7)
[z,y]oz=zo0(yoz)—yo(roz) (8)
zoly,zl=[roy,2]+ [y, x0Z] (9)

for all z,y,z € g.
We set x -y := x oy — [z,y] and show that = -y defines a commutative post-Lie algebra
structure on g with respect to [,]. As a difference of two bilinear functions, (z,y) — = -y
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itself is bilinear.
Identity : We have

voy—y-z=voy—[ry —yox+ya] 2 2w,y — [y - [#,y] = 0.

Identity @: Here, by @ we get

J:'[yvz] - [Qf'y,Z]—[y,JZ'Z] ::Co[y,z]—[x7[y,z]]—[xoy,z]
+ [[=,yl, 2l = ly, @ 0 2] + [y, [z, 2]]

@ —[337 [y, ZH + [[-TayL Z] + [yv [‘/L" ZH

and this equals 0 due to the Jacobi identity.
Identity : Here we will need all of , and @ We have

[z, y]-z—2-(y-2)+y- (z-2)

=[r,yloz—[z,yl,2] —z-(yor—[y,2]) +y - (zoz—[z,2])
=[r,yloz—[[z,yl,2] —z0o(yoz)+[z,yo2] +xoly, 2]

— [z, [y,2]] +yo(xoz)—[y,xo0z] —yolz,z|+ [y, [z, 2]]

g

= [z [z yl] + [z, yoz]l +axoly 2] — [z, [y, 2]] — [y, 02] —yolz,2] +[y,[z,2]]
= [z, [z, 9]l = [z, [y, 2]] = [y, [z, 2]] + [2,y02] + wo [y, 2] — [y,m02] —yor,2]
T 9z, [yl + [z, y 0 2] + w0 [y, 2] — [y, w0 2] —yo[z,2]

@

2,20z, yl] + [z, y o 2] + [z oy, 2l + [y, woz] = [y,zoz] —[yox, 2] — [z,y 0 2]
= [z, 20z, yl] + [ oy, 2] — [y oz, 2]

=i

[z,xo0y—yoz|+[roy,z] —[yox,Z]
=—|roy,z|+[yox,z]|+[roy,z] —[yox,z] =0.

O

Given any Lie algebra g, we can always define the trivial commutative post-Lie algebra
structure = - y == 0 on g. The corresponding structure for a = —1 by Lemma is
z-y=—[z,y] for all z,y € g (cf. Example[2.42)). So for [z,y] = a{z,y},a € {£1}, there
are always post-Lie algebra structures.

Consequently, we are interested in the existence of post-Lie algebra structures subject to
[z,y] = a{x,y}, where a is not in {—1,0,1}.

Lemma 3.46. Suppose there is a post-Lie algebra structure on (g,n) where there is an
a € C\{0} with [z,y] = a{x,y} for all z,y € n.
Then either n-n Crad(n) ora = —1 (i.e., {z,y} = —[z,y]).

Proof. This is a generalization of |24, Corollary 5.5]. Let n = s X t be the Levi decom-
position of n, with s semisimple and v = rad(n) = rad(g).
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The left-multiplication operators L(x) are derivations of n for all x € n. We thus have
L(z)(v) C ¢ for all x € n and therefore n -t C ¢ (remember that by Example tis a
characteristic ideal of n).

On the other hand, by ,

t-nC(a—D{e,nf+n-tCr+r=r.
So we can define a bilinear map (z + t) o (y + t) on the semisimple quotient s = n/t by
o:(z+vy+t)— (z+v)o(y+v)=z-y+r.

This is a post-Lie algebra structure on (s,s) with respect to the induced Lie brackets
[x4t,y+t] = [z,y]+vand {x+r,y+t} = {x,y}+rsatisfying [z+¢, y+t] = a{z+t, y+r}.
Now, by [23] Theorem 6.4 and Proposition 6.5], the map (z + t) o (y + t) is either given
by (z4+t)o(y+t)=rtorby (z+rt)o(y+t)=[z,y]+rorby (x+t)o(y+rt)=[z,y]+t
(and [r+v,y+t] = —{z+r,y+r1}).

In the former case, we infer n-n C ¢,

So if n-n & ¢, the latter case must occur and we have a = —1. O

Lemma implies that such structures with a ¢ {—1,0,1} can only appear on
solvable Lie algebras:

Corollary 3.47. Let n be a Lie algebra and x -y a post-Lie algebra structure on n with
respect to [x,y] = a{x,y} for all z,y € n, where a € C\{0,1,—1}. Then n is solvable.

Proof. Suppose n is not solvable and let s be a Levi subalgebra of n. Let s1, s9 € 5 with

{81, 82} 75 0.

The post-Lie algebra structure x - y satisfies
s1-82— 82851 = (a—1){s1,s2}.

But since s1,s2 € s and a # 1, the right-hand side is contained in s\{0} (as {s1, s2} # 0).
On the other hand, since a # —1, n-n C rad(n) by Lemma [3.46] This is a contradiction.
O

Solvable Lie algebras can also admit scalars other than —1 and 1:
Example 3.48. The three-dimensional Lie algebra t3 _1(C) with non-zero Lie brackets
{e1,e2} = ea,{e1,e3} = —es.
It has for every a € C* a post-Lie algebra structure with
le1, ea] = aeq, [e1, €3] = —aes,
for example by non-zero relations

€1 €2 = aez,€e] - €3 = —Ae€3,€2- €] = €2,€3 €] = —€3.
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Table 7: Lie algebras in dimension 3

g non-zero Lie brackets

C3 _
113((:) [61, 62] = e3

u(C)aC le1,e2] = €1
t3(C) le1, e2] = e, [e1,e3] = ez +e3
. le1,e2] = ea, [e1,e3] = e
<
wA(C), A€ Ch A <1 with t3,(C) 2 v3,(C) if and only if p =} or =\

5[2<C) [ela 62] = €3, [617 63] = _2617 [627 63] = 262

While general solvable Lie algebras admit other scalars than 1 and —1, solvable com-
plete Lie algebras (where the nilradical and the nilpotent ideal coincide) do not. We will
study this situation in Section

Remark 3.49. We can refine Corollary to the case where D({z,y}) = [z,y] for a
D € Der(n). Then, we have to assume that rad(n) is a Lie ideal in g (to make sense of
the quotient g/ rad(n)) and that n is not a direct sum of copies of slo(C) (this assumption
we do need because otherwise, by [23] Proposition 6.5], there are more possibilities for
post-Lie algebra structures on the quotient g/ rad(n)). Under these two assumptions, we
also get the result that n is solvable.

3.4 Existence of post-Lie algebra structures in low
dimensions

In this section, we answer the following question:

Question 3.50. Let n < 3 and let p, 1’ be two n-dimensional Lie algebra laws. Is there
a pair of Lie algebras (g,n), where g has law p and n has law p', that admits a post-Lie
algebra structure?

In dimension 1, there is only one Lie algebra (the abelian one, C) and in dimension 2,
there are two non-isomorphic Lie algebras (C? (the abelian Lie algebra) and to(C) (with
basis {e1, ea} and Lie brackets [e1,e2] = e1)). In [28], all post-Lie algebra structures on
two-dimensional Lie algebras are classified. In particular, the classification implies that all
possible pairs (namely (C,C), (C2,C?),(C?,1t3(C)), (t2(C),C?) and (r2(C),r2(C)) admit
post-Lie algebra structures (with a suitable choice of bases).

In dimension 3, not all pairs of Lie algebras (the 3-dimensional Lie algebras are, up to
isomorphism, listed in Table [7)) admit post-Lie algebra structures. We get the following
result, which is summarized in Table

Proposition 3.51. Let (g,n) be a pair of 3-dimensional Lie algebras.

(i) If g = slo(C) and n 2 sly(C), then there are no post-Lie algebra structures on (g, n).
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Table 8: Existence of post-Lie algebra structures in dimension 3

3.4 Existence of post-Lie algebra structures in low dimensions

n

p C3 I‘lg((C) tg((C) e C ‘Cg((C) tgyl((C) tgﬂ((C), 1] #1 5[2(@)
C3 v v v v v v X
13(C) Vv % % % X X
w(C)aC v v v v v v X
t(C) Y% % % % X X
t3.1(C) v % % % % %
ACNEL [V | 7 % % % % VGENZ 1)
s0,(C) X1 X X X X X %

(it) If n =2 sly(C) and g is neither isomorphic to v3 \(C) (for any \) nor isomorphic to
sla(C), then there are no post-Lie algebra structures on (g,n).
Moreover, there are also no post-Lie algebra structures on the pair (v3_1(C), sl2(C)).

(1it) If n = v3,(C), where u # 1 and g = n3(C) or g = v3(C), then there are no post-Lie
algebra structures on (g, n).

(iv) For any pair (g,n) of 3-dimensional Lie algebras not listed in (i), (ii), (i), there

exists a pair (¢/,n') with a post-Lie algebra structure where g = g’ and n = n’.

For the proof, the reader is referred to the appendix, Section
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4 Post-Lie algebra structures on
complete Lie algebras

In this chapter, we consider post-Lie algebra structures on complete Lie algebras. Since
a general classification in this case seems rather hopeless, we try to answer a related
question, motivated by the results in |23, Chapter 6] on semisimple Lie algebras:

Question 4.1. Can we classify post-Lie algebra structures on (g,n), where n is complete
and there exists a linear map R € End(V) such that [z,y] = R({z,y}) for all z,y € V'?

4.1 General results

Definition 4.2. A Lie algebra L is called complete if Z(L) = 0 and Der(L) = ad(L),
that is, all derivations of L are inner.

Remark 4.3. The class of complete Lie algebras is a natural generalization of the (impor-
tant) class of semisimple Lie algebras: Every semisimple Lie algebra has trivial center
and only inner derivations (see Theorem [2.21))!

Given a Lie algebra L, we have H(L,L) = Z(L) and H'(L,L) = Der(L)/ad(L).
Therefore, using the language of Lie algebra cohomology, a Lie algebra L is complete if
and only if H*(L, L) = H'(L, L) = 0. Compare this to Remark [4.12](there, the condition
H?(L,L) = 0 defines cohomological rigidity).

Two classes of complete Lie algebras are especially important (see e.g. [94]):

Definition 4.4. Let L be a Lie algebra. A maximal (with respect to inclusion) solvable
subalgebra of L is called a Borel subalgebra. A subalgebra of L containing a Borel
subalgebra is called a parabolic subalgebra.

Proposition 4.5. If L is a semisimple Lie algebra, then its Borel and parabolic subalge-
bras are all complete.

Proof. See |74, Theorem 4.7]. O

Concerning post-Lie algebra structures, the Lie algebra n being complete allows us to
view post-Lie algebra structures on (g,n) (for any g) differently:

Proposition 4.6 ([28]). Let x - y define a post-Lie algebra structure on (g,n) where n
is complete. Then there is a unique linear map ¢: V — V with x -y = {¢(x),y} for all
x,y € V (in other words: L(z) = ad(p(z)), where ad denotes the adjoint operator with

respect to {, }).
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4 Post-Lie algebra structures on complete Lie algebras
As the proof (in [28]) is rather short, we give it here. Note that the proof exactly uses
the properties of n having a trivial center and all of n’s derivations being inner:

Proof. Consider the homomorphism : n — Der(n), ¢ (z) = ad(z). As Der(n) = ad(n),
the map 1) is surjective, as Z(n) = 0, ker¢) = Z(n) = 0, thus v is bijective.

So if & € n, there is a unique element p(x) € n with L(z) = ad(p(z)). So we defined the
operator ; we show that ¢ is linear: For x,3/,y € n, A € C,

{o(@+X'),y} = (x+ ") -y
= {o(z) + Ap(z'), y}

and since Z(n) = 0, o(x + Az') = p(x) + Ap(2'). So ¢ is linear. O

Via this endomorphism ¢: V' — V, the post-Lie algebra axioms may be translated
(see also [28]):

Proposition 4.7. Let (g,n) be a pair of Lie algebras where n is complete. Then, writing
x -y ={p(x),y}, the post-Lie algebra azioms translate to the two identities

{v(@), 4} +{z, 0(v)} = [2,9] = {z,y}
p(lz,y]) = {w(z), 0 (y)}-

This makes it possible to study post-Lie algebra structures on complete Lie algebras
via Rota-Baxter theory:

Definition 4.8. Let (L,[,]) be a Lie algebra over k and A € k. A linear operator
R: L — L is called a Rota-Bagzter operator on L of weight A if

[R(x), R(y)] = R([R(z),y] + [z, R(y)] + Alz,y])
for all x,y € L.

Now, from Proposition [£.7)it follows that ¢ is a Rota-Baxter operator on n of weight 1.

Actually, also the other direction is true: For a complete Lie algebra n and every Rota-
Baxter operator on n of weight 1, there is a Lie algebra g and a post-Lie algebra structure

n (g,n) (ct. [31]).

4.2 Classification of complete Lie algebras up to dimension 7

Let us start with a classification of complete (complex) Lie algebras in small dimensions.
More specifically, in this chapter, we shall classify all complete Lie algebras up to

dimension 7 over C. Up to dimension 7, complete Lie algebras always have the property
to be rigid (see [37]), i.e. their Lie algebra law has open orbit (with respect to basis
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4.2 Classification of complete Lie algebras up to dimension 7

change) in L, (C) (the variety of Lie algebras in dimension n over C) with respect to the
Zariski topology. Moreover, for solvable Lie algebras up to dimension 7, the properties
"complete" and "rigid" turn out to be equivalent (see [37, Corollaire 2.1(3)]). Carles and
Diakité also give classifications of rigid Lie algebras up to dimension 7 in [37] — for the
solvable and the non-solvable case.
Therefore, for our classification problem, we can exploit this property — we shall adopt
the tables in [37] and find out for each non-solvable rigid Lie algebra if they are complete
or not.

We want to point out that Zhu and Meng ([103]) also classified the complete Lie
algebras over C up to dimension 7 by completely different means. In Section we
compare our classification with the one of Zhu and Meng.

4.2.1 Rigid Lie algebras
To define "rigid", we will mainly follow [55]:

Let g be an n-dimensional Lie algebra over C. One can view g as a pair (C", i), where
e g xg— gis the Lie algebra law of g.
We denote by L” the set of all Lie algebra laws on n-dimensional complex Lie algebras;
L™ can be seen as a subset of the set of all alternating bilinear maps on C™. The linear
algebraic group GL, (C) now acts on L™ by

GL,(C) x L™ — L™,
(g, 1) = g * pu,

where (g* u)(X,Y) :== g7 (u(g9(X), g(Y))) for all X,Y € C".

The orbit O(u) of p with respect to this action equals the set of the Lie algebra laws
which are isomorphic to p, i.e., the n-dimensional Lie algebra laws p/ such that (C", u) =
(C™, 1) as Lie algebras.

One can now fix a basis {e1,...,ey} of C". Given an n-dimensional Lie algebra law
u, one can identify p with its structure constants, that is, the complex numbers ij such
that

p(es, e5) E

(which, of course, depend on the chosen basis). By the anticommutativity and the Jacobi
identity, the structure constants satisfy

Cli=—-Clfor1<i<j<n1<k<n

and

> (CRChe+CRCt, +CRCh ) =0for 1<i<j<k<nl1</l<n,

m=1
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4 Post-Lie algebra structures on complete Lie algebras

Now, we can identify the Lie algebra with law p with its structure vector (CZ’“J)”}c eCm’.

In this way, L™ becomes an affine variety (as a subvariety of C"B) as in the following
definition:

Definition 4.9. Let k be an algebraically closed field. A subset V C k™ is called an
algebraic set over k, if there is a set S of polynomials in k[X1,..., X,,] such that

V={xek™: f(r) =0forall fe S}

If V is srreducible, i.e. V # () and V is not the union of two non-empty algebraic sets,
then V is called an (algebraic) affine variety over k.

On algebraic varieties, the natural topology is the Zariski topology:

Definition 4.10. Let V be an affine variety. Then one can define a topology on V| called
the Zariski topology, by calling zero loci of polynomials closed, that is,

V C V is Zariski-closed :<=> V is an algebraic set.

So via the correspondence {Lie algebra laws in C"} <+ {structure vectors in C"*}, we
may transport the Zariski topology to L™ and finally, we can define rigid Lie algebras:

Definition 4.11. The Lie algebra g = (C", u) is said to be rigid if the orbit O(u) as
discussed above is open in L™ with respect to the Zariski topology.

The orbit O(u) being open means that all Lie algebra laws near to p (in the Zariski
topology) are isomorphic to p.
Remark 4.12. There is also a stronger condition than rigidity, namely cohomological
rigidity. We say that a Lie algebra L is cohomologically rigid if its second cohomology
group H?(L, L) vanishes. Every cohomologically rigid Lie algebra is rigid ([81]); however,
there are examples of rigid Lie algebras with H2(L,L) # 0 (see e.g. [84], where for
every odd n > b5 a rigid Lie algebra L, of dimension 2n + 4 is given which satisfies
H?(L,,L,) # 0). Recall that completeness of L means that H°(L,L) and H'(L, L)
vanish.

Semisimple Lie algebras (over a field of characteristic zero) are rigid. This follows
from Whitehead’s lemma (H?(L, L) = 0 for semisimple Lie algebras L) and cohomolog-
ical rigidness implying rigidness. However, up to dimension 7, even more is true — the
structure theorem we will use often is the following:

Theorem 4.13. Let g be a Lie algebra of dimension <7 over C. Then:
(i) If g is complete, g is also rigid.
(1) If g is solvable, then g is complete if and only if g is rigid.
Proof. See [37]. O
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4.2 Classification of complete Lie algebras up to dimension 7

Remark 4.14. If u € L™ is rigid, then O(pu), the closure of the orbit O(u), is an irreducible
component of the variety L™. Since there are only finitely many irreducible components,
there are also only finitely many non-isomorphic rigid Lie algebras in dimension n.

So Theorem suggests the following strategy to find the complete Lie algebras: For
a given dimension < 7, we shall look at lists of rigid Lie algebras: For solvable ones, we
know by Theorem (i), to find the non-solvable rigid Lie algebras, we only have to
consider the non-solvable rigid Lie algebras.

Two results on the structure of complete Lie algebras will be very helpful in the sequel:
The first one is a decomposition of complete Lie algebras into simply-complete ideals,
similar to a decomposition of semisimple Lie algebras into their simple ideals:

Definition 4.15. Let L be a complete Lie algebra. We say that L is simply-complete, if
no non-trivial ideal of L is complete.

Proposition 4.16.
(i) Let Lq,..., Ly be simply-complete Lie algebras. Then L := L1®...® L, is complete.

(1) If L is a complete Lie algebra, then there exist simply-complete ideals Ly, ..., Ly
with L = L1®...® Ly,. Moreover, such a decomposition is unique (up to reordering

of the ideals).
Proof. See [74], Theorem 3.7]. O

Remark 4.17. If L is semisimple, Proposition gives us back the decomposition of L
into simple ideals.

Remark 4.18. One can also refine Proposition to simple Lie algebras: If L is a
simple Lie algebra, then its Borel and parabolic subalgebras are all simply-complete (|74,
Theorem 4.7]).

The other important structure result is a decomposition of rigid Lie algebras into a
semidirect sum of a maximal torus and the nilradical:

Definition 4.19 (See e.g. [85]). Let L be a Lie algebra. A maximal abelian subalgebra
T of L consisting of semisimple elements is called a mazimal torus of L. The dimension

of a maximal torus is an invariant of L; we define rank(L) := dim(7") and call it the rank
of L.

Proposition 4.20.

(i) Every rigid Lie algebra is algebraic, that is, the Lie algebra of a (linear) algebraic
group.
(i) Let L be an algebraic Lie algebra. Then rad(L) has a decomposition rad(L) =

T x nil(L), where nil(L) is the nilradical of L and T is a maximal (non-zero) torus
of rad(L).
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4 Post-Lie algebra structures on complete Lie algebras

Table 9: Rigid Lie algebras in dimension 2

Lie algebra | non-zero Lie brackets | solvable? | complete?
tg(@) [61, 62] = €1 v v

Proof. See [36], Proposition 1.5 and Proposition 4.1]. O

In particular, solvable rigid Lie algebras L have a decomposition T'x nil(L) as a semidi-
rect product of a maximal torus and their nilradical. We shall henceforth write solvable
Lie algebras in this form — the terminology for the nilradical corresponds with those given
in [70]. As Carles and Diakité do in [37], we denote the basis of g by {t1,...,t;,€i,...,¢€j},
where {t1,...,t;} forms a basis for the maximal torus 7.

It will also be important later that solvable complete Lie algebras can be decomposed
in the same way:

Proposition 4.21. Let L be a solvable complete Lie algebra. Then L has a decomposition
L =T xnil(L), where nil(L) is the nilradical of L and T is mazimal (non-zero) torus of
L.

Proof. See |75, Theorem 1]. O

For Lie algebras of dimension < 7, one also obtains Proposition by combining
Theorem and Proposition [4.20]

4.2.2 The classification

Whenever the Lie algebra sly(C) appears in the sequel, we denote a basis by {ej, e, e3}
with relations [e1, ea] = e3, [e1, e3] = —2e; and [e2, e3] = 2ea (if we do not say otherwise).

Dimension 1 In dimension 1 there is only one Lie algebra, namely the abelian C. Tt is
neither rigid nor complete.

Proposition 4.22. In dimension 1 there is neither a rigid nor a complete Lie algebra.

Dimension 2 In dimension 2, there exist only two Lie algebras — the abelian algebra
C? and the Lie algebra to(C) with [e1,ea] = e1. It is straightforward to show that only
the latter one is complete (and therefore also rigid).

Proposition 4.23. In dimension 2, vo(C) is the only complete Lie algebra. It is also the
only rigid Lie algebra in dimension 2.
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4.2 Classification of complete Lie algebras up to dimension 7

Table 10: Rigid Lie algebras in dimension 3

Lie algebra non-zero Lie brackets solvable? | complete?
5[2(@) [61, 62] = e3, [61, 63] = —261, [62, 63] = 2eo X v
Table 11: Rigid Lie algebras in dimension 4
Lie algebra non-zero Lie brackets solvable? | complete?
tQ((C) &) 'L‘Q((C) [61, 62] =eq, [63, 64] —e3 v v
E[Q(C) @ C [61, 62] = e3, [61, 63] = —2eq, [62, 63] = 2e9 X X

Dimension 3 In dimension 3, one finds that exactly one is complete, namely sls(C). Tts
completeness follows from the fact that (semi)simple Lie algebras always are complete.
According to [37], it also is the only rigid Lie algebra in dimension 3.

Proposition 4.24. In dimension 3, slo(C) is the only complete Lie algebra. It is also
the only rigid Lie algebra in dimension 3.

Dimension 4 Using a classification of 4-dimensional Lie algebras as the one given in [35],
one finds out that there is also only one complete Lie algebra: the algebra t2(C) & t2(C).
To avoid showing directly that this Lie algebra is complete, we make use of Proposi-
tion [4.16] - as a direct sum of two complete Lie algebras, to(C) @ t2(C) is also complete.

[37] gives two rigid Lie algebras in dimension 4, namely t2(C) @ t3(C) and sl2(C) & C.
(Since Z(sl(C) & C) = C # 0, the latter one is not complete.)

Proposition 4.25. In dimension 4, there are two rigid Lie algebras: ta(C) @ t2(C) and
slo(C) @ C. The first one is complete, the latter one not.

Dimension 5 Before we start with dimension 5, we make a remark about notation:
It is well-known that in each dimension n there is exactly one n-dimensional irreducible
representation ¢, of sla(C). We will write slp(C) x V(n) for slp(C) x,, C™.

Lemma 4.26. If g is a Lie algebra of dimension 5 and g is not solvable then there
are exactly three possibilities: Either g = sl3(C) @ v2(C) or g = slh(C) @ C? or g =
sl(C) x V(2).

Proof. By Levi’s Theorem, there exists a decomposition g = s x rad(g) with s semisim-
ple. Since g is assumed to be non-solvable, s cannot be zero. But dim(g) = dim(s) +
dim(rad(g)) and the only semisimple Lie algebra up to dimension 5 is slp(C).
So rad(g) has to be two-dimensional; so rad(g) is either to(C) or C2.

a b

If rad(g) = t2(C), we have (since t2(C) is complete) Der(t2(C)) = { (0 0) ,a,b e (C} > t9(C).
Qa1 2 Qa3

) be any homomorphism ¢: slp(C) — t2(C) = Der(r2(C)).
a4 Q5 Qg

Now, let ¢ = (
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4 Post-Lie algebra structures on complete Lie algebras

Table 12: Rigid Lie algebras in dimension 5

Lie algebra non-zero Lie brackets solv.? | compl.?
Ty x n3 [e1, e2] = e3, [t1, e1] = e, [t1, €3] = es, v v
[ta, e2] = ea, [t2, €3] = €3
sl (C) @ ra(C) [e1, ea] = e, [e1, e3] = —2eq, X v
lea, e3] = 2eg, [e4, 5] = e5
S[Q(C) X V(Q) [61, 62] = eés3, [61, 63] = —261, [61, 65] = €4, X X
[e2, €3] = 2eq, [e2, 4] = €5,
[e3, e4] = ey, [e3,e5] = —e5
Then

(09) = elenseah = fotenn ptea) = [ (2] (32)] = (175 =),
“2(31) = pllenead = loten) wten = | (31) . (22)] = (205 ).
2(22) = leaseal) = boteahoteal] = | (22)  (22) | = (25 ).

Comparing the second rows yields ay = a5 = ag = 0, comparing the first rows afterwards
vields a3 = ag = a3 = 0.

So any homomorphism ¢: sly(C) — Der(t2(C)) has to be identically 0, which corresponds
to g = sla(C) @ r2(C).

On the other hand, let rad(g) = C? and ¢ be a homomorphism ¢: sl3(C) — Der(C?) =
gl5(C). But then, ¢ is a representation of sly(C). So we can assume that ¢ = 0 or ¢ is
the irreducible 2-dimensional representation. This proves the theorem. ]

The algebra sly(C) @ C? has non-trivial center (and, additionally, is not rigid). The

other two non-solvable Lie algebras are rigid; while sl3(C) @ t2(C) is complete as a direct
sum of two complete Lie algebras, sl3(C) x V(2) is not complete — diag(0,0,0,1,1) is an
outer derivation.
So we have identified which non-solvable Lie algebras in dimension 5 are complete. Re-
member that every solvable rigid Lie algebra is complete — and there is one solvable rigid
Lie algebra in [37], namely T5 x ng (with the Lie brackets indicated in Table [12). We
therefore obtain the following proposition:

Proposition 4.27. The three rigid and two complete Lie algebras in dimension 5 are
the ones given in Table [13

Dimension 6

Lemma 4.28. There are exactly three non-isomorphic Lie algebras of dimension 6 over
C with non-trivial Levi decomposition (that is, Lie algebras s X, b with s semisimple, b
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4.2 Classification of complete Lie algebras up to dimension 7

solvable, s,5 # 0) which are, additionally, not direct sums of ideals.
They are given by

o Lg1 =sl(C)xV(3) (i.e. sla(C) acting on C3 via its irreducible 3-dimensional rep-

resentation); that is, the explicit Lie brackets are given by [e1,e3] = —2eq, [e1, ea] =
e3,[e1, e5] = 2eq,[e1, eg] = es5,[ea, e3] = 2e,[ea, es] = es,[ez, e5] = 2es, [e3, €4] = 2e4,
e, e6] = —2e6;

o Lgo = sla(C) x, ng, where ng denotes the 3-dimensional Heisenberg algebra (with
basis {e4, e5,ep}, where [eq, e5] = eg) over C, subject to p: sla(C) — Der(ns),

c a 0
p(ae; +beg +ce3) = b —c 0];
0 0 O
o L3 = sly(C) x v31(C) with Lie brackets [e1,e2] = e3,[e1,e3] = —2eq,[er,e5] =
e, [e2, €3] = 2e2, [e2, e4] = €5, [e3, 4] = eu, [e3,e5] = —e5, [e4, e6] = ey, [e5, €6] = e5.

Proof. In [97], Turkowski lists all real Lie algebras of dimension 5,6,7 and 8 with non-
trivial Levi decomposition.

Taking into account that soz and sly agree over C (and the other do not), one obtains
the lemma. O

Remark 4.29. The explicit Lie brackets for Lg 2 can be found in Table L3 below.

Again, using Carles’ and Diakité’s classifications, one finds the solvable and non-
solvable rigid Lie algebras and has to check completeness for the non-solvable ones.
Out of the Lie algebras with non-trivial Levi decomposition, Lg 2 is rigid; one also has
to take the semisimple Lie algebras and direct sums into account:

The non-solvable rigid Lie algebras in dimension 6, are, according to Carles and Diakité,
given by

e L2 as stated above
° L6,4 = 5[2(@) @5[2(C>;
o Ls = aff(C?) = gly(C)x,C* with respect to ¢ gly(C) — Der(C?) = ghy(C) o = id,

The explicit Lie brackets can be found in Table [L3| below.
In fact, two of the mentioned Lie algebras are isomorphic:

Lemma 4.30. There exists an isomorphism between Lg 5 = aff(C?) and Lg 3 = sl2(C) x t31(C)
(where Lg 3 is as described above).

Proof. Let us denote the standard basis of gly(C) by {a1,as,as, a4},

b (T O 01y _(00y (00
Y=o 0/ o o)™ \1 0)>™ \o 1
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4 Post-Lie algebra structures on complete Lie algebras

and write a5 = <(1)> ,ag = <(1)>

Then Lg 5 = aff(C?) has the following non-zero Lie brackets:
la1, a2) = a2, [a1,a3] = —as, [a1, as] = a5, [a2, a3] = a1 — a4,
[a2, a4] = ag, [az, ag] = as, (a3, as] = —as, [a3, a5] = ag, (a4, ag] = a.

Consider (sl2(C) @ C) x,,C? with basis {b1,...,bs}. The set {b1,bs, b3} shall be the usual
basis of sl3(C) and ¢ the map

@1 (s12(C) © C) = gly(C), p(abs + Bba + by + db1) = (5 PR 7) |

That is, the non-zero Lie brackets in (sl2(C) & C) x, C? are given by
[bla b?} = b37 [bla b3} = _2b17 [bla bG} = b57 [b27 b3] = 2b27
[b27 b5] = b6a [b3a b5] = b5a [b3a bﬁ] = _b67 [b47 b5] = b57 [b47 bﬁ] = b6'

One now can construct an isomorphism between aff(C?) = gly(C) xiq C? and
(sl2(C) @ C) x,, C? by the correspondence by <+ ag, by <+ as, bz <> a1 — aq,
by <> a1 + aq,bs < a3, bg < ag.
Then, by another transformation,
b1 <> e1,by > e9,b3 <> e3,by <> —eg, by < €4, bg < e5,
one obtains the Lie algebra Lg 3. O

Lemma 4.31. The Lie algebras Le 4 and Les are complete, Lg o is not complete.

Proof. As a semisimple Lie algebra, Lg 4 is complete.
Omne can show that, with respect to the basis {ay, ..., as} as in the proof of Lemma [£.30]
every derivation of Lg 5 is of the form

0 —c¢ b 0 0 0
-b a 0 b 0 0
c 0 —a -c 0 0
0 C _b O 0 0 7a/7b7c7d767f€C7
e f 0 0 a+d b
0 0 e f c d

meaning that every derivation of Lg s is inner. Since also Z(Lgs) = 0 holds, Lgs is
complete.

On the other hand, Lg 2 is not complete; denoting by {e4, €5, 6} the basis of its nilradical
n3 satisfying [e4, e5] = es, we get eg € Z(Lg2), so Lg 2 is not complete because of having
a nontrivial center. O

So we can list the six-dimensional rigid Lie algebras and state whether or not they are
solvable/complete (see Proposition and Table [L3).

Proposition 4.32. The siz rigid and five complete Lie algebras in dimension 6 are given
in Table[13.
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4.2 Classification of complete Lie algebras up to dimension 7

Table 13: Rigid Lie algebras in dimension 6

Lie algebra non-zero Lie brackets solv.? | compl.?
T2 X g4 [61,62] 263,[61,63] 264,[t1,€1] 261,[t1,63] = €3, v v
[tl, 64] = 264, [tg, 62] = €9, [tz, 63] = €3, [tQ, 64] — €4
T X gs56 le1,ei] = €i+1,2 <1i < 4,[ea, e3] = e5, v v
[tl,ei] = iel-, 1 S 7 S 5
tQ(C) D to ((C) D tQ((C) [61, 62] = e, [63, 64] = e3, [65, 66] = e5 v v
5[2(@) @5[2(@) [61, 62] = e3, [61, 63] = —2eq, [62, 63] = 2e9, X v
leq, e5] = eg, [e4, €6] = —2ey4, [e5, e5] = 2¢5
aff(Cz) [61, 62] = €9, [61, 63] = —e€s, [61, 65] = €5, X v
[62, 63} = €1 — €4, [62, 64] = é2, [62, 66] = €5,
[637 64] = —¢€3, [63a 65] = €6, [643 66] = €
L672 = SIQ(C) X ng [61, 62] = e3, [61, 63] = —261, [61, 65] = é4, [62, 63} = 262, X X
[e2, e4] = e5,[e3, ea] = ey, [e3,e5] = —e5, [eq, e5] = e

Dimension 7

Lemma 4.33. There are exactly five non-isomorphic families of Lie algebras in dimen-
sion 7 over C with non-trivial Levi decomposition.
They are given by

o Loy = sh(C)x(V(2)xV(2)) = s(C) x 4T, where (1) = <¢(gl) w&» olen) =

vl ’ _ (¥lea) 0 -block matrices) wi e 2-
< 0 ¢(62)> ,p(es) = ( 0 ¢(€3)) (4 x 4-block matrices) with 1 the 2
01

dimensional irreducible representation of sla(C) (i.e., ¥(ey) = <0 0> s (e2) =

(3 0) wten= (5 )
o L7y =5l(C) x V(4);

o the family L% 3 given by [e1, ea] = e3, [e1, €3] = —2e1, [e1, e5] = eu, [e2, e3] = 2e2, [ea, e4] =
€5, [63, 65] = —é€s, [647 67] = €4, [65, 67] = €5, [66, 67] = peg with p € C,p # 0;

o L74 = sly(C) x, g6 (here, g denotes the 4-dimensional Lie algebra with basis
{eq, e5,¢€6,e7} and relations [eq, e5] = e5, [eq, €] = eg, [e4, €7] = e7) with

00 0 O
0 2¢ 2a 0

¢ 5(C) = Der(gs), plaer +bea +ces) = | 0 0 |
0 0 2 —2

o Lr5 = slp(C) x, gg (here, gs denotes the 4-dimensional Lie algebra with basis
{ea,es5, €6, €7} and relations [es, es5] = es, [es, 6] = es, [ea, e7] = 2e7,[e5, €6] = €7)
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4 Post-Lie algebra structures on complete Lie algebras

with

@: 5la(C) — Der(gs), p(aer + bea + ce3) =

o O O O
o0 O
&

o O O O

Remark 4.34. The explicit Lie brackets for L7 1, L72,L74 and L7 5 can be found in Ta-
ble 4] below.

Proof. As in dimension 6. O

To classify the complete Lie algebras in dimension 7, we again only have to check the
non-solvable rigid Lie algebras of Carles’ and Diakité’s list. They are given by

® L7s;
o L7 =5l3(C) @ ra(C) & ra(C);
o L77=15l(C)®sl(C)aC.
As before, the explicit Lie brackets can be found in Table
Lemma 4.35. The Lie algebras L7 4, L7 5, L7 ¢ are complete, L7 1, L7 2, L7 7 are not.

Proof. The Lie algebra L7 is complete as a direct sum of complete Lie algebras. One
can explicitly compute the derivation algebras and finds

2c 0 —2a O 0 0 0
0 —2c 2b 0 0 0 0
—b a 0 0 0 0 0
Der(L74) = 0 0 0 0 0 0 0 ta,bc,dye f,geCp,
-2f 0 —2¢ —e 2c+d 2a 0

—-g —e 0o —f b d a
L\ 0 —2f 29 —g 0 2b d—2c )

2¢ 0 —2a O 0 0 0
0 —2¢ 2b 0 0 0 0
b a 0 0 0 0 0
Der(L75) = 0 0 0 0 0 0 0 |:ab,cde f,gecCy,,
-f 0 —e —e c+d a 0
0 —e f —f b d—c 0
0 0 0 —-29g —f e 2d
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4.2 Classification of complete Lie algebras up to dimension 7

meaning that all derivations are inner. In addition, both L7 4 and L7 5 have trivial center.
This shows that both are complete.

On the other hand, diag(0,0,0,1,1,1,1) is an outer derivation of both L7; and Ly .
And L7 7 has nontrivial center, i.e., L7 1, L7 and L7 7 are not complete. O

If one also takes the solvable Lie algebras into account, one obtains Proposition [4.36}

Proposition 4.36. The fourteen rigid and eleven complete Lie algebras in dimension 7
are the ones given in Table 1]

4.2.3 Comparison with Zhu's and Meng'’s list

In [103], Zhu and Meng also classify the complex complete Lie algebras up to dimension
7 by different means. (They additionally classify all solvable Lie algebras with nilradical
of dimension < 6.)

Concerning non-solvable complete Lie algebras, our lists only differ by a minor issue:

Zhu’s and Meng’s Table 6 (in which they list the non-solvable complete Lie algebras)
lacks the Lie algebra which they call L2 — however, they construct it later in the proof of
their Theorem 4.5. There also is one minor issue in this Lie algebra L2 — one Lie bracket
is incorrect and has to read [h, e3] = —2e3 instead of [h, e3] = 2e3 (otherwise, L2 would
not be a Lie algebra due to not satisfying the Jacobi identity).
With this correction, one sees quickly that their Lie algebras slo, slo @ Lo, Lé, L%, L%, L?
correspond to "our" sly(C), slo(C) & 2(C), sl2(C) @ slo(C), Ly 6, L7,4, L7 5, respectively —
since their Lie algebra L2 satisfies dim[L2, LZ] = 5, it equals "our" aff(C?) (as, e.g. by
checking Turkowski’s list in [97], there is (up to isomorphism) only one six-dimensional
Lie algebra with five-dimensional commutator algebra).

Concerning solvable complete Lie algebras, all of the Lie algebras we listed but one
appear in [I03] — in Table we compare our and their notation.

"Our" seven-dimensional complete Lie algebra T7 x Gg 12 does not appear in Zhu'’s and
Meng’s list — in their notation, it would be Gt =T, x Ge,12. Zhu and Meng prove in [103),
Proposition 3.8| that 77 x Gg 12 is not complete by constructing an outer derivation ¢ for
this Lie algebra — however, this ¢ does not seem to be a derivation of T} x Gg 12 since it
does not satisfy ¢([e1,es]) = [p(e1),es5] + [e1, d(es)] (with respect to Zhu’s and Meng’s
basis).

On the other hand, all solvable complete Lie algebras up to dimension 7 that Zhu and

Meng list (that is, in Tables 4 and 5 and Proposition 3.10) also can be found in our

Tables [0 - 14l

Moreover, we want to point out that the (eight-dimensional) Lie algebra listed in Zhu’s

and Meng’s Table 5 by the name of G} seems to be erroneous as it does not satisfy
1 00 1

the Jacobi identity for es,e4,t3 — if one takes the matrix {0 1 0 1 instead of
0 01 —1
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Table 14: Rigid Lie algebras in dimension 7

Lie algebra non-zero Lie brackets s.7 | ¢.?
(Tg X ng) ® 'C2((C) [61, 62] = e3, [tl, 61] =e1, [tl, 63] = es3, v v
[t2, e2] = e2, [t2, e3] = e, [eq, €7] = e7
Ty X g53 [e1,e2] = eq, [e1,e4] = €5, [e2,e3] = €5, [t1,€1] = ey, v |V
[tl, 63] = 263, [tl, 64] = €4, [tl, 65] = 265,
[t2, e2] = €3, [t2, ea] = e4, [t2, e5] = €5
To X g54 [e1,e2] = es, [e1,e3] = eu, [e2,e3] = €5, [t1,€e1] = ey, v |V
[tl, 63} = €3, [tl, 64] = 264, [tl, 65] = €5, [tQ, 62] = €2,
[to, e3] = e3, [ta, €4] = e4, [t2, 5] = 2e5
T2 X g575 [61,61'] = 61'_,_1,2 S 7 S 4, [tl,el] =e1, [tl,eg] = €3, \/ \/
[tl, 64] = 264, [tl, 65] = 365, [tg, 62] = €2,
[t2,e3] = e3, [t2, ea] = ey, [ta,e5] = e5
T1 % Ge,12 le1, e5] = [e2, €3] = [e2, e4] = €s, [e1, €2] = e4, v IV
[61, 64] = €5, [tl, 61] = €1, [tl, 62] = 262,
[t1,e3] = 3es, [t1, e4] = ey, [t1, e5] = 4des,
[tl, 66] = 566
Ty X G 17 le1, €] = eiy1,2 < i < 5, e, e3] = e, [t1, €1] = e, oIV
[tbei} = (’L+ 1)6i,2 S ) S 6
T % Ge,19 le1, €] = eit1,2 < i < 5, ez, e3] = es, [e2, e4] = eg, v |V
[tl,ei] = iei, 1 S 7 S 6
T1 % Gg,20 [e1,e2] = e3, [e1, €3] = eq, [e1, e4] = [e2, €3] = €5, v |V
[62,65] = [64,63] = €¢, [tl,ei] = iei, 1 S 1 S 5,
[tl, 66] = 766
E[Q(C) X g6 [61, 62] = es, [61, 63] = —261, [61, 66] = 265, X v
le1, e7] = eg, [e2, €3] = 2e2, [e2, e5] = e,
[62, 66] = 267, [63, 65] = 265, [63, 67] = —267,
lea, e5] = e5, [ea 6] = e, [e4, 7] = e7
5[2(@) X gs [61,62] :63,[61,63] = —261,[61,66] = €5, X v
[62, 63] = 262, [62, 65] = €, [63, 65] = €5,
[637 66] = —¢€g, [647 65] = €5, [64) 66] = €6,
[64, 67] = 267, [65, 66] = €7
E[Q(C) ) (tQ(C))Z [61, 62] = es3, [61, 63] = —2eq, [62, 63] = 2e9, X v
leq, e5] = eq, [eq, 7] = e7
5[2(@) X (V(Q))Q [61, 62] = €3, [61, 63] = —261, [61, 65] = €4, X X
[61, 67] = €6, [62, 63] = 262, [62, 64] = €5,
[e2, e6] = e7, [e3, ea] = ey, [e3, e5] = —es,
[es, e6] = e, [e3, 7] = —er
sl3(C) x V(4) [e1, e2] = e3, [e1, e3] = —2e1, [e1, e5] = e, X | X
le1,e6] = 2es, [e1, e7] = 3eg, [e2, €3] = 2eq,
[62, 64] = 365, [62, 65] = 266, [62, 66] = e7,
[e3, ea] = 3eu, [es3, e5] = es,
[63, 66] = —€g, [63, 67] = —367
(E[Q(C)((C))z o C [61, 62] = ez, [61, 63] = —2eq, [62, 63] = 2e9, X X

les, e5] = eq, [e4, e6] = —2ey, [e5, €] = 2e5




4.3 Post-Lie algebra structures related by a scalar for complete Lie algebras

Table 15: Complete Lie algebras — notations here and in [103]

dimension notation here notation in [103]

2 tQ(C) G1

3 5[2(@) 5[2

4 tQ(C) ©® 'CQ(C) <G1>2
5 T x ns G3

5 sl (C) & r2(C) Gs

6 T2 X My G}l

6 T1 X 156 Gg

6 t(C)° (G1)?
6 (612(C))? L

6 aff(C?) L

7 (T x n3) ® v2(C) G3 @ Gy
7 Ts x ns 3 Gg

7 TQ X N54 Gg

7 TQ X M55 Gg

7 T1 X 16,12 missing
7 T1 X g 17 Gg

7 T1 X 16,19 GG

7 T1 X 16,20 Gg

7 L7s L2

7 L7y L3

7 sl5(C) & (v2(C))? Li

1 00 1
the matrix [0 1 0 1 |, one indeed obtains a complete Lie algebra. Another 8-
0 00 -1

dimensional Lie algebra there given as G§ and its nilradical g§ do also not satisfy the
Jacobi identity and thus are no Lie algebras.

4.3 Post-Lie algebra structures related by a scalar for
complete Lie algebras

In Section , we studied the case of post-Lie algebra structures on (g,n), where g’s Lie
bracket is a scalar (non-zero) multiple of n’s Lie bracket, [z,y] = a{z,y} for all z,y € V
for an a € C*. We found that if n is not solvable, then a € {1, -1} (Corollary [3.47).
For the case that n is complete, we will find the same result. This is the goal of this
section.

Because we know that the scalar ¢ must be 1 or —1 for non-solvable Lie algebras by
Corollary we will assume that our complete Lie algebra n is solvable.
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4 Post-Lie algebra structures on complete Lie algebras

Recall that every solvable complete Lie algebra L has the form L = T x m with
nilradical m and 7" a maximal torus of semisimple derivations of m (Proposition [4.21]).
For the nilradical m, the lower central series is given by

m=m’D>m!D...Dmf=0,
where m® = m and m/ = [m,m’~!]. Let s® be the vector space m/m! (which we occa-
sionally identify with its image in m under the canonical map m/m! — m).
We can find a (vector space) basis X of m consisting of eigenvectors of the ¢; € T', where
{t1,...,tn} is a basis of T. This means that for every basis element = € X and every
t; € T, we have [t;, x] = ay, zo for some oy, , € C.
Now, consider Y = X\m! (which generates 5 as a vector space). Let B C Y be a
(vector space) basis of s°. This (vector space) basis of 5” still consists of eigenvectors of
T. We call B a minimal system of generators of L, as BU {ty,...,t,} generates L as a
Lie algebra.
By [85, Lemma 2.8], it always holds dim(7) < dim(m/m!).

One question on complete Lie algebras which, surprisingly, is open, is whether or not
the nilradical and the nilpotent radical coincide (cf. |33, Remark 4.11]). More precisely,
given a Lie algebra L, we can define, as always, the nilradical nil(L) as the maximal (with
respect to inclusion) nilpotent ideal of L and the nilpotent radical n(L) as the intersection
of all kernels of finite-dimensional irreducible representations of L. It is known that (see
e.g. Bourbaki [17, §5])

n(L) =[L,L]Nrad(L) = [L,rad(L)] C nil(L).

However, what is unknown is the answer to the question if n(L) = nil(L) holds for
complete Lie algebras L. (For an arbitrary Lie algebra, the statement is not true.)
[41l, Proposition 1, (iii)] says that n(L) = nil(L) for complete Lie algebras — however, for
the proof, the reader is referred to their reference no. 4, where we could not find it.

Remark 4.37. For parabolic subalgebras of (complex) semisimple Lie algebras (those are
complete, cf. Proposition , it is known that the nilradical and the nilpotent radical
coincide (see [9]).

Like it is also done in [33], we will impose in the section the assumption that the Lie
algebra n (or, equivalently, g, since [z,y] = a{x,y}) satisfies n(n) = nil(n) (which may
or may not be true automatically). Note that if n is solvable, n(n) = nil(n) is equivalent
to {n,n} = nil(n).

If n is complete, each post-Lie algebra structure is given by z -y = {¢(z),y}, where
@:n — nis alinear map (see Proposition and the axioms in Proposition hold.

Lemma 4.38. Let L be a solvable complete Lie algebra with [L, L] = nil(L)=m. Then
there are elements w1,z € m/m! with [x1,22] # 0 if and only if L is not metabelian.
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4.3 Post-Lie algebra structures related by a scalar for complete Lie algebras

Proof. We have:

L is metabelian < [[L, L], [L,L]] =0
< mym] =0
sml =0

& there are no x1, 9 € m/m1 with [x1,x2] # 0.

O]

Given a solvable complete Lie algebra L, we can find a "good" minimal system of
generators:

Lemma 4.39. Let L be a solvable complete Lie algebra with nilradical m and mazimal
torus T. Let diim(T) = n and dim(m/m') = m. Then there are a basis {t1,...,t,} of T
and n linearly independent elements x1,...,x, in m/m! such that [t;,z;] = 6;jz; (where
d;j denotes the Kronecker delta). (In particular, {x1,...,z,} is a minimal system of
generators consisting of eigenvectors of T.)

Proof. Let {t},...,t,} be any basis of T and {y1,...,ym} a basis of the vector space
m/m! such that [t},y;] = aly;.
Counsider the n x m-matrix

al ... ap
A= : ;
al L.ooam
n
we show that A has rank n: Suppose Y c;(a},...,a™) = 0 for some scalars ¢; € C. But
i=1

n
this means for any element g € m/m', g = a1y1 +... + amym +m! and t == E ¢t} that,

i=1
n
[t,g] = Zci(a1al~1y1 + o ap Yy, +mt) = 0.
i=1
Thus [t,m/m!] = 0 and consequently, as m/m! (more precisely: its image under the

embedding m/m! — m) generates the nilradical m as a Lie algebra, [t,m] = 0. Since T
is abelian, we also have [t,T] = 0 and conclude t € Z(L). But Z(L) = 0, meaning the ¢;
are all 0 and so the rows of A are linearly independent.

So A has rank n and thus its reduced row echelon form has the form (E, B) (after
a permutation of the columns). But taking linear combinations of the rows just means
to take linear combinations of the ; — permuting columns means a renumbering of the
xj. Thus we end up with a basis {t1,...,t,} of T and n linearly independent elements
x1,..., 2, such that [t;, z;] = d;52;. O
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4 Post-Lie algebra structures on complete Lie algebras

After this preparation, let us study post-Lie algebra structures with [z,y] = a{z,y}
for a scalar a # 0 on complete Lie algebras. We begin with non-metabelian Lie algebras:

Theorem 4.40. Let n be a complete non-metabelian Lie algebra satisfying {n,rad(n)} =
nil(n)=m. Then every post-Lie algebra structure on (g,n) with [z,y] = a{z,y},a €
C\{0} satisfies a € {£1}.

Proof. By Corollary[3.47 we may assume that n is solvable, thus it has the form n = T'xm
with maximal torus 7" and nilradical m.

Let x -y be a post-Lie algebra structure on (g,n) with [z,y] = a{z,y} and

m=m’Om!D>..Om™!'Dm"=0

0 1 n—1

the lower central series of the nilradical m. We define the vector spaces s°,s",...,5

as before by
s/ =m! /m/ T

n—1 .
and note that m = @ s* (if we identify each §* with its image in m).

=0
Let B = {b1,...,by} be a basis for 5 as in Lemma that is, if {¢1,...,t,} is a basis
of T' (which then satisfies n < m), then {t;,b;} = 0;;b; for 1 < j < n.
Since n is complete, there is a unique endomorphism ¢: n — n with

z-y={p(r),y}

for all x,y € n (cf. Proposition . Moreover, ¢ satisfies the two conditions

{o(),y} +{z, 0(y)} = [2,y] — {7, y} = (a — 1){=,y},
ap({z,y}) = o([z,9]) = {p(2), 0(y)}
for all x,y € n by Proposition

Note that if y € s\ {0}, then there exists a t € T with {t,y} # 0 (otherwise {n,rad(n)} #
nil(n), as y € s° C m = nil(n), but y ¢ {n,rad(n)}).

First step: The endomorphism ¢ maps m into itself: It is enough to show that ¢(b) € m
for b € B. Choose, for given b € B, at € T with {t,b} = Ab # 0. Then

plh) = 2 0(b) = S p({8,5) = - {ol0), D)} € fm.m} S

Second step: The endomorphism ¢ maps b € B to the vector space span(b) +m!: Let

be B and {b,by,...,b;—1} = B.
We write ¢(b) = ab + aiby + ... + m_1bym_1 + m! (by the first step) and show that
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4.3 Post-Lie algebra structures related by a scalar for complete Lie algebras

a1 = ... = qm_1 = 0. Suppose the «; are not all zero, then we can choose a t € T with
m—1

{t, > a;bi} #0. Writing p = ¢ + ¢’ with ¥(t) € m, ¢/ (t) € T, we get
i=1

(@ — 1{t, b} = {o(t), b} + {t, ()} = {¥(t), b} +{¢'(t), b} +{t, (D)}
—_——— —_—— —\—

€span(b) eml €span(b)

and so {t,o(b)} € span(b) + m!.
But

{t,p(b)} ={t,ab+ a1by + ...+ Qm_1bpm_1 +m'}
———

€span(b)+m!

= {t,ab} +{t,a1b; + ... + @101} + {t,m'}
S~—— ~——

€span(b) €50/ span(b) em!

and so {t,a1b1 + ...+ am—1bym—1} = 0, a contradiction.

Third step: Every basis element t; € T satisfies ¢(t;) = at; + m for some a € C:
Let o(t;) = aut1 + ... + anty, +m — we show that a; = 0 for j # i. Let j # ¢ and choose
abe B with {t;,b} =b+# 0and {ty,b} =0 for k # j (which exists by Lemma [£.39). By
the second step, ¢(b) = Bb+ m! for a B € C. Thus we have

(a —1){t;, b} = {e(t:), b} + {ti, p()}
=0
€ {anty + ...+ anty, by + {m, b} + {t;, Bb} + {t;, m'}
Cml =0 Cml

C ajb+m!
and thus, as b ¢ m!, we get a; = 0.

Fourth step: For b € B, ¢(b) = Bb+ m! (which we can write by the second step), we
either have S =0or § = —1.
To show this, choose a basis element t € T satisfying {t,b} = 7b # 0; let ¢(t) = m + At.

From ap({t,b}) = {¢(t), ¢(b)} we infer
atp(b) € {\t +m, Bb+m'}
C AB{t, b} + {At,m'} + {m, Bb} + {m,m'}
C A3rb+m! + m! +m?,

1

Since atp(b) = atfb+ atm' (second step), we get

atf = A1f3
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4 Post-Lie algebra structures on complete Lie algebras

and so (7 # 0) either 8 =0 or A\ = a.
If A = a, by the properties of ¢,

(@ =1)7b=(a —1){t,b} = {p(t),b} + {t,0(b)}
€ {\t+m,b} + {t, b +m'}
C Mt, b} + {m, b} + B{t,b} + {t,m"}
C Atb+m! + Brb+m?

and so (a — 1)7 = A7 + B7 and since we assumed \ = a, we get § = —1.

Last step: We finally show a € {£1}.
By Lemma [4.38] we may choose (since n is non-metabelian), two elements b,by € B
with {bl, bQ}ZIZ S 51, z 7& 0.
By the fourth step, let us write (b1) = B1b1 + m', (b)) = Baby + m! (with £y, 82 €
{_17 0})
We get
(@ —1)z = (a — 1){b1, b2} = {p(b1), b2} 4 {b1, (b2)}
€ {Bib1 +m', bo} + {b1, Baby + m'}
C Brz +{m', bo} + Boz + {br, m'}
C (B1 + B2)z + m? + m?

and therefore a — 1 = 81 + f2. This means a — 1 € {—2,—1,0} and thus a € {—1,0,1}.
Since we have excluded a = 0, we get a € {£1}, as desired. O

In the metabelian case, there is not much to do since there is only one simply-complete
metabelian Lie algebra, namely (v2(C), {, }) (with basis elements ¢;, e; and non-zero Lie
bracket {t1,e1} = e1). All complete metabelian Lie algebras are of the form (t2(C))™ for
an n € N, see Lemima [3.9
Remark 4.41. The result of Theorem indeed fails for vo(C). Here, given any a €
C\{0}, all post-Lie algebra structures with [z,y] = a{z,y} are given by one of the

endomorphisms
_(a O and _(fa—=1 0
901 - B _1 @2 - /8 0

(with 8 € C arbitrary) and = -y = {pi(z),y}. (In particular, post-Lie algebra structures
do exist not only for a € {—1,1}, but for any a € C*.)

The proof of Theorem [4.40] also shows:

Remark 4.42. As a rigid solvable Lie algebra n also has the form n = T xm, T" a maximal
torus, m the nilradical (cf. Proposition .20, "inner" post-Lie algebra structures on (g, n)
(that is, post-Lie algebra structures x -y with a linear map ¢ satisfying {¢(x),y} = z-y)
with [z,y] = a{x,y} also force a to be 1 or —1 (provided that {n,n} = nil(n) as before).
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4.4 Post-Lie algebra structures on Lie algebra double pairs

4.4 Post-Lie algebra structures on Lie algebra double pairs

In this section, we are interested in post-Lie algebra structures on (g,n) where g’s Lie
bracket is the image of n’s Lie bracket under a linear map, that is, there is an R € End(V)
such that [z,y] = R({z,y}) for all z,y € n. This is motivated by the the study of this
situation in the case where n is semisimple in [23, Chapter 6] (remember that the class of
complete Lie algebra contains the class of semisimple Lie algebras). We will study this
case for complete n.

We want to remind the reader about our convention on the notation of Lie algebras:
If we state results on post-Lie algebra structures, we will call the Lie algebras g and n;
if we state results on Lie algebras, we will call the Lie algebra L. In the following, we
will state some results on a complete Lie algebra L which we will later apply to the Lie
algebra n when studying post-Lie algebra structures on (g, n).

Definition 4.43. Let (g, [,]), (n,{, }) be two Lie algebras with the same underlying vector
space V. If there is a linear transformation R € End(V) with [z, y] = R({x,y}) for all
x,y € n, we call (g,n, R) a Lie algebra double pair.

In this section, we will give a (partial) answer to the following question:

Question 4.44. Let n be a complete Lie algebra. For which g and R is the triple (g,n, R)
a Lie algebra double pair which admits a post-Lie algebra structure?

Surely the case [z,y] = a({z,y}),a € C and, in particular, the case R = Id leading
to commutative post-Lie algebra structures, see [33], is a special case of this setting (we
addressed this case in Section .

We will answer the question for solvable complete Lie algebras n generated by special
weight spaces satisfying H°(T,n) = T (the definitions will follow later).

Remember that since n is complete, every post-Lie algebra structure on (g, n, R) is given
by -y = {¢(z),y}, where ¢: n — nis a linear map (Proposition [{.6). Then the post-Lie
algebra axioms read as follows (see Proposition [4.7)):

R({z,y}) —{z,y} = {e(2), y} +{z, 0(y)} (10)
{o(x), vW)} = ez, y]) = (R({z, y})) (11)

Identity has some resemblance to the definition of a derivation. Indeed, we can
and will make use of this fact (and the theory of quasiderivations), as we will see later.

Remark 4.45. The case "n simple" has been addressed in [23], Proposition 6.1 and The-
orem 6.4], with the following result:

If n % sl5(C) is simple, then either -y = 0 and [z, y] = {z,y} or -y = —{z,y} = [z, y].
If n = sl5(C), then there are a lot of different post-Lie algebra structures on Lie algebra
double pairs (g,n, R) which seem very hard to classify.

Recall (Proposition [4.21)) that every solvable complete Lie algebra L is of the form
L =T x m, where m is the nilradical of L and T is a maximal torus of L, that is, an
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4 Post-Lie algebra structures on complete Lie algebras

abelian subalgebra of Der(L) whose elements are all semisimple. This structure will be
used often in the sequel.

Moreover, also recall Proposition the decomposition of a complete Lie algebra
into simply-complete ideals: This decomposition theorem is useful for our purposes —
post-Lie algebra structures on Lie algebra double pairs may be reduced to those on the
simply-complete factors:

Lemma 4.46. Let n be a complete Lie algebra with decomposition into simply-complete
ideals n = n; @ ... D ny, and V; the underlying vector space of n;. Suppose there is a
post-Lie algebra structure on (g,n), where [x,y] = R({x,y}) for all x,y € n. Then

(i) Eachn; is closed with respect to [,] and thus the set n; with respect to the Lie bracket

[,] is again a Lie algebra, which we will denote by g;.

(i1) All post-Lie algebra structures on (g,n) are given by

x.y:{ filz,y) ifr,yeV;

0 otherwise

extended bilinearly. Here, f;: V; x V; — V; is any post-Lie algebra structure on
(gi, ).

Proof.

(1)
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Let x,y € n;. Then

[z,y] = {2, y} + {o(@), v} + {z, 0(y)}
and, since n; is an ideal with respect to {, }, the claim follows.

This result is a generalization of [33, Proposition 4.3] (where it is given for com-
mutative post-Lie algebra structures). By Lemma a structure defined in this
way is a post-Lie algebra structure on (g,n) — for the other direction, we need to
show that V;-V; C V;NV; =0.

Note that x; - x; = x; - x; for x; € Vj, x5 € V}, i # j, since by ,

Tj Tj— X5 T5 = [l‘i,l‘j] - {xi,a:j} = R(O) —0=0.

We have, since all derivations of n are inner (the direct sum of complete Lie algebras
is again complete, cf. Proposition ,

Vi-V; € L(Vi)V; Cad(m)V; € {n, Vj} C Vj

and because of V; - V; =V; - Vi also V; - V; C V. Thus V; - V; = 0.
So we may reduce post-Lie algebra structures on (g, n) to post-Lie algebra structures
on the factors (g;, n;).
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4.4 Post-Lie algebra structures on Lie algebra double pairs

Remark 4.47. In particular, using the results of [23, Chapter 6] one obtains the following
result if n is semisimple:

Let n be semisimple and n = n1®. . .®Hn, be its decomposition into simple ideals. Suppose
[z,y] = R({z,y}) for a linear transformation R € End(V). As described in Lemma [4.46]
we can reduce these structures to the ones on the simple factors n;:

If no factor n; is sly(C), then every post-Lie algebra structure on (g, n) is given by

zi -y =0or x; -y = —{@i, yi}, i, yi € Ny,

If n; = slp(C) for some i, then there are more (and complicated) possibilities. The reason
for that lies in the theory of quasiderivations (which we will introduce later): The space
of quasiderivations of slp(C) is the whole End(sly(C)), whereas for all other complex
simple Lie algebras L, the space of quasiderivations is given by ad(L) @ C - Id (see [23]
Theorem 5.6 and Proposition 5.7]).

Remark 4.48. If one drops the condition R({z,y}) = [, y], Lemma [.46 no longer holds
true (not even for semisimple Lie algebras). For a counterexample, consider e.g. [23]
Example 2.11]: There, a post-Lie algebra structure on (g,n), where both g and n are
isomorphic to sla(C) @ sla(C), is given. This post-Lie algebra structure cannot be de-
composed into post-Lie algebra structures on sly(C).

So via Lemma we can reduce the study of post-Lie algebra structures on Lie
algebra double pairs (g,n) with n complete to the study of post-Lie algebra structures
on Lie algebra double pairs (g,n), n simply-complete.

We want to use Leger’s and Luks’ theory of quasiderivations and thus shall adopt sev-
eral notations from [68]:

Let (L,[,]) be a Lie algebra containing a (maximal torus T (for the definition of a
maximal torus, see Definition [4.21)).
We say o € T* (where T denotes the dual space of T') is a weight of T on L if

Ly :={x € L|}t,x] = a(t) -z for all t € T} # 0.

Given a weight «, the set L, is called the weight space with respect to «. Note that 0 is
also a weight and Lo = H(T,L) = {z € L: [T, z] = 0} (the zero-th cohomology group)

and, as 7' is abelian, T' C Lg. We write L(,) == @ Lco and say a is special if L4y does
ceC
not contain a nontrivial ideal of L.

Leger and Luks ([68]) study (among other things) the space of quasiderivations of a Lie
algebra L (which itself forms a Lie algebra with respect to the commutator of functions),
defined by

QDer(L) = {f € End(L, L) : [f(2),y] + [z, f(y)] = f'[z,y] for some f’ € End(L, L)}

We say that L is generated by special weight spaces, if there exist weight spaces (Lq, )icr
of T on L such that | J,c; Lo, generates L as a Lie algebra and each «; is special.
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4 Post-Lie algebra structures on complete Lie algebras

For the remainder of this chapter, let us fix the following notation:

Let (n,{,}) = (L, {, }) be a simply-complete solvable non-metabelian Lie algebra which
is generated by special weight spaces. We write L =T x m, where T is a maximal torus
of L and m the nilradical of L. Moreover, for every & € L we assume that there is an
t € T with {t,z} # 0 (in other words, T'= Lo or H(T, L) = T).

Remark 4.49. Given the decomposition L = T x m into a maximal torus 1" and nilradical

m, the statement HY(T,L) = T is equivalent to T being a Cartan subalgebra of L
(meaning T is nilpotent and self-normalizing).

Furthermore, we denote the lower central series of m by

m’ =mm! = {m®,m?}, m? = {m® m'},... m®={m’m!} =o.

We know that there is a basis of m consisting of eigenvectors for T. Let us denote this
basis by B and as before, consider the vector spaces s’ := m’/m'*! with @ s° = m.

i=0
We write rank(L) = dim(7T) (as before) and type(L) = dim H'(m,C) (in other words,
type(L) = dim(m/m!)) and refer to the rank and type of L, respectively (as in [103],
Definition 2.5 or [85, Chapter 2]). Let B/ := BN s’ (which is a basis of s7).

The condition H°(T,L) = T can be seen as a replacement for the condition n(L) =
nil(L) (which we considered in Section [£.3):

Lemma 4.50. Let L be solvable and complete. The condition HY(T,L) = T implies the
condition n(L) = nil(L).

Proof. We know that n(L) = [L rad( )] and n(L) C nil(L) always hold.
As L is solvable, rad(L) = L; as H*(T,L) = T, the only elements = of L satisfying
[T, z] = 0 are already in 7.

Choose a basis {z1,...,z,} of nil(L) which consists of eigenvectors of 7' — then for
each i there is a t € T with [t,z;] = ayz; for some a; # 0. However, this means
nil(L) = span{az1,...,anzn} C [L, L] = n(L). O

Up to dimension 9, all solvable complete Lie algebras satisfy HY(T,L) = T (cf. Re-
mark [4.60)).

Lemma 4.51. Let L =T x m be generated by special weight spaces. For the dimension
of the mazimal torus T it holds dim(T") > 2.

Proof. See [68]. If a was the only special weight of L, we had m C L4 contradicting
being special. O

Any Lie algebra L with type(L) = rank(L) is generated by special weight spaces.
Before we can prove that, we need another lemma:

Lemma 4.52. If L = T x m is a solvable simply-complete Lie algebra (' a mazimal
torus, m the nilradical) then m can not be decomposed into a direct sum of two ideals.
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4.4 Post-Lie algebra structures on Lie algebra double pairs

Proof. Suppose m = my @ mg. By [103] Proposition 3.4], m; and mg are completable
with maximal tori 77 and T3, respectively. But then, by the proof of that proposition,
T @ T5 is a maximal torus on m. Finally, [103, Lemma 3.2] assures T and 171 @ T» to be
isomorphic. So we get the decomposition L = (T} x m1) @ (T2 X mg), a contradiction to
L being simply-complete. O

The following easy lemma will be helpful for calculations:

Lemma 4.53. Let L = T xm be solvable complete, x,y € m,t € T with [x,y] = z,[t,z] =
ax, [t,y] = By,a, € C. Then [t,z] = (a+ B)z.

Proof. This follows from the Jacobi identity:

[t,2] = [t, [z, 9l = =z, [y, t]] = [y, [t, 2] = [z, By + [aw,y] = (a + B)=.
U

The conditions we impose on n (namely, being generated by special weight spaces and
satisfying HO(T,n) = T) are satisfied for instance by all solvable simply-complete Lie
algebras with type(n) = rank(n). The nilradical is then said to be of mazimal rank, see
e.g. [85] and [103]:

Definition 4.54. Let L = T x m be a solvable complete Lie algebra. If type(L) =
rank(L), we say that the nilradical m is of mazimal rank.

Lemma 4.55. Let L =T x m be a solvable simply-complete non-metabelian Lie algebra
and m of mazimal rank m = dim(T) = dim H'(m,C). Then L is generated by special
weight spaces and HO(T,L) =T .

Proof. Let {e1,...,en} be a basis of s°.

By [103, Proposition 3.6] (or, alternatively, Lemmal[£.39)), we can find a basis {t1,...,tm}
of T with [ti, ej} = 5ijej~

Let a; € T* be given by a;(t;) = d;5. Then the space L(,,) is given as

L,y =1z € L: [t;;x] = Bz, [t;,z] =0 for all t; € {t1,...,tm}\{t:} and a 3 € C}.
We shall show that the weights
0,a1,a2,...7am

are special.

To show this, we show L(,,) = {ae;: a € C} for every i € {1,...,m}. The inclusion "2"
holds clearly, so we show "C": Let z € L,x ¢ {ae;: a € C} (it follows x # 0).

Suppose x € La,;)-

First we assume = € s°. Then x = Bie1 + ... + Bmem for some B, ..., Bm € C. Then
[tj,z] = Bje; and this expression is zero for all t € {t1,...,t,}\{t;} only if 8; = 0 for
j # 4. So x is a scalar multiple of e;.
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4 Post-Lie algebra structures on complete Lie algebras

Now we show that elements € m! can not be in L(q,;)- We show this for basis elements

x € B’ (and we can assume z to be of the form = = [a,b],a,b € Ui_:}) B¥) inductively,
then it follows for all z € m!. More precisely, we show: If = € B, ¢ > 0, then

e for allt € T, [t,x] = ayx, where oy > 0 and
o there are j,k=1,...,m,j # k with [e;, 2] = ax, [eg, 2] = Sz and o, > 0.

This holds for z € Bl: Write x = [ej, ek, ej,ex € s°. Then [t;,e;] = e;, [t;,ex] = 0, thus
(Lemma {4.53)) [t;,z] = x and also [tx, ex] = ek, [tk, e;] = 0, thus [t;, 2] = . And also by
Lemma[d.53] [t,z] =z or [t,z] = 0forall ¢t € T, thus [t,z] = ayz with oy > Oforallt € T

Now suppose we have shown this for z € B!, let us show the two conditions for
x € B As before, write 2 = [a,b],a,b € Ui_:t B*. By induction hypothesis, there are
tj,ty € T with [tj,a] = oa, [tg,b] = aga, a1, az > 0. Write (by induction hypothesis)
[tj,b] = ﬁlb, [tk,b} = ,32[), ﬂl,ﬁg > 0, then by Lemma [tj,l‘] = (041 + 61)1’, [tk,x] =
(ag + fo)x and a1 + B1,a2 + B2 > 0. And for t € T with [t,a] = «aa, [t,b] = 8b,a, 8 > 0,
we find [t,z] = (o + B)z with a+ 5 > 0.

So we have shown that for every element in z € s°, x € L,;) precisely if z is a multiple
of e; and for x € m!, there are two elements ¢;,t;, € T with [t;,z], [tg, 2] # 0, meaning
¢ Ly,

So indeed, Lq,) = {ae;: a € C}.

Now, if L(4,;) would contain a non-trivial ideal of L, then, in particular, L(,,) was an
ideal of m and M = @] L, too. But n = M @& m'. But this would contradict
Lemma, about m being directly indecomposable.

As e1,...,em,t1,..., ty generate L, the Lie algebra L is indeed generated by special
weight spaces via the weights 0, ay, ..., Q.

From the above induction we also infer that if [¢,2] = 0 for every t € T and an = € L,
then = € T. But this exactly means H°(T, L) = T. O

So, thanks to Lemma we have a class of Lie algebras (namely those of maximal
rank) satisfying the conditions we impose on n. For a Lie algebra with known maximal
torus and nilradical, it is easy to check if it has maximal rank.

Let us give two examples of important families of Lie algebras which have maximal
rank. We say that a nilpotent Lie algebra N is completable of mazimal rank, if there is
a complete Lie algebra L such that nil(L) = N and L has maximal rank. Then, we refer
to L as the completition of N.

Example 4.56. The free-nilpotent Lie algebra F;, . with nilpotency class ¢ on n gener-
ators is completable of mazimal rank; indeed given the a minimal system of generators
el,...,en for Fy ., we can add an n-dimensional torus T by [t;, ej] = 0;5e5 for 1 < j < n.
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4.4 Post-Lie algebra structures on Lie algebra double pairs

The action of T to the other elements of F, . follows by the Jacobi identity. By [75,
Theorem 3], T % F,, . is complete. So Fy . is of mazimal rank (as dim(T) = n and a
minimal system of generators has n elements) and thus, by Lemma is generated by
special weight spaces and satisfies HO(T, F,,.) =T.

Example 4.57. The standard graded filiform Lie algebra L,, (n > 3) with basis {e1,...,en}

and Lie brackets [e1,e;] = ei11,i = 2,...,n — 1 is completable of mazximal rank (see
[3]); its completition (with torus T = span({t1,ta}) and relations [t1,e1] = e, [t1,e;] =
(1 —2)es,i = 2,...,n;te, 6] = e, 0 = 2,...,n) therefore is generated by special weight

spaces and H°(T, L,) = T. (The elements e1,ea are a minimal system of generators, so
again, the rank is mazimal.)

In particular, the standard graded filiform Lie algebras of dimensions 3,4,5 thus have a
completition of dimension 5,6,7, respectively — in Tables they can be found
under the names Ty X n3,To X g4, T X g55.

Remark 4.58. By [57, Corollaire 4], any filiform Lie algebra has rank 0,1 or 2. Out of
those, precisely the Lie algebras of rank 2 are completable of maximal rank and are given
by L, and @, (see [3]).

A basis for the Lie algebra @, (which is defined only for even n > 4) can be found in
Definition which is, however, not a basis of eigenvectors for a maximal torus on @,
— one can find a maximal torus and a basis of eigenvectors in [56, Chapter 3.1.1].

Thus, by Lemma [4.55] also @, is generated by special weight spaces and satisfies
HY(T,Q,) =T.

Remark 4.59. We will study filiform Lie algebras in Section in the context of CPA-
structures.

Not all complete Lie algebras have a nilradical of maximal rank. The non-metabelian
ones with one-dimensional maximal torus do not (and they are also not generated by
special weight spaces, see Lemma . There are also other, e.g. the 7-dimensional Lie
algebra T X g5 3 (see Table [14] for its definition).

While not all complete Lie algebras have maximal rank, we can at least say the following:

Remark 4.60. Up to dimension 9, all solvable complete Lie algebras L with rank(L) > 2,

are generated by special weight spaces and satisfy H°(T,L) = T. (Here, we used the
classifications given in Section and in [103, Tables 4 and 5|.)

Now that we gave some examples for Lie algebras L generated by special weight spaces
with H%(T,L) = T, we explain the reason we are interested in them: The reason we
study Lie algebras generated by special weight spaces is the following theorem ([68]
Theorem 4.12]):

Theorem 4.61 (Leger, Luks). Let L be a directly indecomposable Lie algebra, T C L
a mazimal torus with H°(T,L) = T and Z(L) = 0. Suppose L is generated by special
weight spaces. Then

QDer(L) = Der(L) & (Id).
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4 Post-Lie algebra structures on complete Lie algebras
This theorem helps us to find out the forms of ¢ and R since, fortunately, simply-
complete Lie algebras are directly indecomposable:

Lemma 4.62. A complete Lie algebra is simply-complete if and only if it is directly
mdecomposable.

Proof. See [74], Theorem 3.2]. O
We can now state our result on post-Lie algebra structures on Lie algebra double pairs:

Theorem 4.63. Let n = T x m be simply-complete, non-metabelian and generated by
special weight spaces with HO(T,n) = T. Let ad(z) denote the adjoint operator with
respect to n.

Then for every Lie algebra double pair (g,n, R) with a post-Lie algebra structure x -y =
{¢(x),y}, there is an element z € n such that the post-Lie algebra structure is given by
one of the following two cases:

(i) ¢ = ad(z), R|m = Id +ad(z) and R|r an arbitrary linear map T — n or
(i1) ¢ = ad(z) — Id, R|mw = —Id+ad(z) and R|r an arbitrary linear map T — n.

Proof. By ,

{o(@), yt +{z, 0(y)} = (R - 1d)({z,y}),

s0 @ is a quasiderivation of n.
By Theorem we have

QDer(n) = Der(n) & (Id),

which means (since n is complete) that there are z € n,a € C with ¢(z) = ax + {z,z}.

So, by , we have

R({z,y}) = {o(2),y} + {z,0(y)} + {z,y}
={az + {z,2},y} + {z,ay + {z,y}} + {z,y}
= (2a+ 1){z, y} + {{z, 2}, y} + {z, {z, y}}
= (20 + D{z,y} + {2 {z,y}}.

And in particular, given € B/, we can find a t € T with {t,2} = Az, A # 0 and thus

R(x)

R() = 1 R({t,))

(2a + 1){t,x} + %{z, {t,z}}
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4.4 Post-Lie algebra structures on Lie algebra double pairs

So we can write
o(x) = dpx + m/ T and R(z) = ppa + m/ T

for € B7 and some d,, i, € C.

However, we can not immediately conclude d, = a and p, = 2a + 1, since {z,2} C
span(z) + m/tL,

But since for any ¢t € T, {z,t} C m, we have ¢(t) = at +m for all t € T..

Now fix 2 € B/ and take t € T with {t,z} = Az # 0. Equation states

{o(t), 2} +{t,p(z)} = R({t,z}) — {t,x}
{at +m, 2} + {t,dpx + M/} = R(O\z) — Az
Aaz + /T 4 \dyx + mI T = Az + m/ = .
So comparing the z-terms, we get (as A # 0)
a+d; = p; — 1.
By identity ,

{e(t), o(x)} = e(R({t, z}))
{at + m, dpz + mI T} = Ap(ppa +m? ™)

Mgaz +m/ T It 4 mI 2 = Ny ppx 4+ mI T
and again comparing the z-terms, we get
Adza = Ady by
Now using A # 0 and p, = 1+ a + d;, we get
dra = dy (1 +a+dy)

and hence d, =0 or d, = —1.

It remains to show that a € {0,—1}. Take x1,72 € BY with y = {1,722} € sty # 0
(which exists since n is not metabelian).

Let y be expanded into the basis B as y = a1y1 +. . . + QmYym +m?, where y1, ..., ym € B!
and w.l.o.g. a1 # 0. Write dy = dy,,ds = dg,.

We have
{o(z1), 22} + {21, 0(22)} = R(y) —y

m m
{dizy +m' w2} + {21, dozy +m'} = Z Qifly,yi +m® — Zaiyi +m?
i=1 i=1

m m
di(0ry1 + - + amym) + m? + da(ry + ..+ nym) +m? = Z Qifty;yi +m — Z%yz’ +m?
i=1 i=1
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and if we compare the y;-terms, we get
dioy + daay = iy, — o,

so dy + do = py, — 1. Since p,, = dy, + 14 a, we get di + dp — dyy, = a.
Since d, da, dy, € {0,—1}, weget a € {0, —1} unless (d1,d2, dy,) € {(0,0,—1),(-1,-1,0)},
however, we show that those cases are contradictory:

With notation as above, by identity we get

{p(z1), p(z2)} = p(R({z1,72}))
{diz1 +m', dyzs +m'} = ©(R(y)) = @iy, y1 + - . . + Ay, Ym + m°)
dida(ciyr + ... + amYm) + m? = dy, Q1 fiy Y1 + ..+ dy,, @1 fty,, Ym + m2.

Comparing again the y;-terms gives
didy = dy, pry, = dy, (dy, +1+ a).

As a = dy +dy —d,,, the two cases we want to exclude are (di, dg, dy,,a) = (0,0, —1,1)
and (dy,ds, dy,,a) = (—1,—1,0,—2). But inserting those cases into dids = dy, (dy, +1+a)
(which is the equation we just obtained) gives a contradiction.

So we know a € {—1,0} — by inserting this into the formulas

o(zr) =ax + {z,2}, R(zo) = (2a + 1)(z0) + {z, 20} for z € n, 20 € m

we obtain the statement.

Finally, if {t1,...,t,} is a basis of T, equations and are satisfied for every
choice of the R(t;).
This proves Theorem [£.63] O

Recall that a maximal torus of n has to be at least two-dimensional (Lemma
for Theorem to hold. Indeed, the statement of Theorem does not carry over
to Lie algebras with one-dimensional maximal torus, for there are counterexamples in
dimension 7:

Example 4.64. Consider the (complete, see Table Lie algebra Ty x Gg 12 (with non-

zero brackets {e1,e5} = {ea,e3} = {ea,ea} = eg,{e1,e2} = es,{e1,ea} = e5,{t,e;} =
iej, 1 <i <3 {t,e;} = (i —1)e;,4 < i <6). All post-Lie algebra structures on any Lie
algebra double pair (g,Th x Ge12, R) with respect to this basis are given by

0 00 0O0O 0 1 0 00 0 0 m

000 O0O0OO 0 0 1 00 0 0 m

0 00 0 0 0 c1—2cs3 0 01 00 0 73
=10 0 0 0 0 O —c1 ,R=10 0 01 0 0 rq],

0 00 0O0O —C2 cc 00 01 0 75

000 O0O0OTO c4 cgc c3 00 0 1 7

0 00 0O0O 0 0 0 0 00 0 7
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4.4 Post-Lie algebra structures on Lie algebra double pairs

e, . ca,r1,...,r7 € Cand by = —Id—¢,R = —R.

Choose e.g. ¢y = co = 1, then ¢ is not a derivation of n, as {p(t), e1}+{t, p(e1)} = es+es,
but o({t,e1}) = 0. Also we have p(e1) = p(e2) = 0 — thus there is no z € n such that
¢ has the form —Id+ad(z) or ¢ = ad(z) (that is, Theorem does not hold for
T1 % Ge,12)-

Remark 4.65. We can recover a special case of Proposition by R = Id, which means
to study commutative post-Lie algebra structures. Then by

R(z) =z + {z,2} =Ild(x) or R(x) = —x + {z, 2} = Id(x),

we get {z,x} =0 or {z,x} = 2z for all z € m.
It follows z € Z(m) or {z,2} = 2x for all x € m. But the latter is impossible if n is
non-metabelian (since if {x1, 22} = x3, {2,721} = 221, {2z, 22} = 2x9, then {2z, 23} = 43

(Lemma [4.53))).

So under these conditions (n is solvable, complete, non-metabelian and generated by
special weight spaces, H*(T,n) = T, every commutative post-Lie algebra structure on

(n,n) is given by = -y = {6{z,x},y}, where z € Z(m) (cf. Proposition [2.52]).

Lemma 4.66. If a post-Lie algebra structure on (g,n, R) is given by x-y = {p(z),y} for
all z,y € n, then xoy = {(—1d —p)(z),y} defines a post-Lie algebra structure on (g1,n),
where g1 is equipped with the Lie bracket [,]1 given by [z,y]; = —R{z,y} = —[z,y].

Proof. The linear maps — Id —p and —R indeed satisfy identities and :
We have

{(=1d—9)(z),y} + {z, (- 1d —¢)(y)} + {2z, y}
= —R{x,y}.

Concerning identity , we have
{(=1d=¢)(2), (=1d =) (y)} = {(=1d =) (z), (= 1d —¢)(y)}
={z,y} +{e(@),y} +{z, o)} +{p(). 0(¥)}

= {z,y} + {p(@),y} + {z,0(v)} + p(R{z,y})
= R{z,y} + p(R{z,y}) = (= Id —p)(—R{z,y}).

O]

This means that we can "identify" the structures given by ¢ = ad(2), R|w = Id +ad(z)
and ¢ = ad(z) — Id, R|m = —Id +ad(z). In the following, we will mostly investigate the
first structure where ¢ is an inner derivation.

Let n be a Lie algebra as before. We have just shown that there is an injective map

({post-Lie algebra structures on Lie algebra double pairs (g,n, R)}/ ~) — n,
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4 Post-Lie algebra structures on complete Lie algebras

where the equivalence relation ~ identifies the post-Lie algebra structures ¢ and ¢ = —p — Id.

However, this map is not surjective, that is, not every element z € n defines a post-Lie
algebra structure via ¢ = ad(z). So, we investigate which z € n do:

Lemma 4.67. Let n = T X m be a solvable complete Lie algebra and z € n. Then
¢ = ad(z), Rlm == Id+ad(z) (or ¢ :=ad(z)—1Id, R|w := —Id +ad(z)) and R|r arbitrary
defines a post-Lie algebra structure if and only if z satisfies

{{z. 2} {z 03} = {z {z,u}} + {2 {z. {z, y}}} (12)
for all x,y € n.

Proof. Suppose ¢ = ad(z), R|m = Id 4+ ad(z) defines a post-Lie algebra structure. Then,

by we have
R({z,y}) = {z,y} + {{z 2} y} +{o. {2, 9}} = {z,y} + {2 {z,y}}
and thus, by ,

{z 2} {291} = e(B{z,y}) = o({z, y}) + o({z {z, y}})
= {2z Az yh) + {z {2 {203}

Similarly, one shows that and hold for ¢ = ad(z) and R|y = Id+ad(z) if z
satisfies (12)). O

Remark 4.68. Equation is a form of the modified Yang-Baxter equation studied e.g.
in [21] (and the references therein),
[z, [z, [, y]l] = [[2, 2], [2, 9] + Alz, 9],

see [21), Corollary 3.3].

Remark 4.69. Condition (12) is satisfied if z € Z({n,n}). However, the next example
shows that, in general, there are elements of n satisfying despite not being contained
in z € Z({n,n}).

Example 4.70. Consider the seven-dimensional Lie algebra n = Ty x g53 with basis
{t1,t2,€1,€9,€3,€4,e5} and non-zero brackets

{e1,e2} = e, {e1,e4} = e5,{e2,e3} =es5,{t1,e1} =e1,{t1,e3} = 2e3,
{ti,ea} = eq,{t1,e5} = 2e5,{t2, €2} = €2, {t2,ea} = eq, {t2,e5} = es.

Then the element z = to + eg defines a post-Lie algebra structure by @(x) = ad(ta +
e2),Rlgs; = Id+ad(z), R(t) arbitrary for t € T, even though z ¢ Z({n,n}) = (es).
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4.4 Post-Lie algebra structures on Lie algebra double pairs

Ezxplicitly, ¢ and R are given by

0O 00 0 0 0 O 1 0000 av A
0 -1 0 0 0 0 —1 0 000 0 ar B
0O 00 0 0 0 O 0 0100 ay B
o=|-1 0 0 -1 0 0 0|,R=]-10000 a4 Bu
0O 0 1 0 —-10 0 0 0100 as Bs
0O 00 0 0 0 O 0 000 0 ag B
0O 0 0 0 0 0 O 0 000 0 ar B

with a;, 5; € C,i =1,...,7.

So we can not only choose z € Z({n,n}), but which z € n satisfy the above condition?
Looking at the Jordan decomposition of ad(z), we get the following result (here, we do
not impose any conditions on n other than completeness):

Proposition 4.71. Let n be a complete Lie algebra. If z € n defines a post-Lie algebra
structure on the Lie algebra double pair (g,n, R) by -y = {ad(2)(z),y}, then the operator
ad(z) has the Jordan decomposition

J1
Jo

where each J; is a Jordan block of the form

5= )= (1) o= (3 o)

Moreover, let ad(z) have the above Jordan decomposition. Then there is a basis {e1, ..., en}
of V' consisting of generalized eigenvectors of ad(z) to the eigenvalues 0 and —1. The
fact that ad(z) defines a post-Lie algebra structure by x -y = {{z,z},y} is equivalent to
the following condition:

If x1,x2,y,a1,as are generalized eigenvectors of ad(z) with

{z,21} = =21, {2z, m2} = —x2,{2,y} = 0,{z,a1} = b1, {2z, a2} = ba,
then
{w1, 22} = {y,b1} = {a1,b2} + {b1, a2} + {b1,b2} = 0. (13)

In particular, ad(z) has only eigenvalues from {0,—1} and —1 has the same algebraic
and geometric multiplicity as an eigenvalue.
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4 Post-Lie algebra structures on complete Lie algebras

Proof. Let z define a post-Lie algebra structure on n. As seen before,

Hz ) {2y} = {2 {2z {z, y}}} + {2, {z, y}} for all z,y € n. (14)

In particular, if z = z, we get
0 =ad(z)? + ad(2)3.

So the minimal polynomial of ad(z) divides X2 (14 X) € C[X]. Thus ad(z) can only
have eigenvalues 0 and —1; 0 can have algebraic multiplicity 1 or 2; —1 can only have
algebraic multiplicity 0.

We now want to show why we need condition . In particular, we show: A map
ad(z) with a Jordan decomposition of the above form satisfies for all x,y € nif and

only if holds.

We first show: if z1, z2, y1, Y2, a1, as are generalized eigenvectors of ad(z) with
{z,2;} = —zi,{2z,yi} = 0,{z,a;} = b;, where {z,b;} =0,
then

{2z, 22t} = {21, {7, 22} } + {{z, 21} w2} = {1, —w2} + {—21, 22} = —2{z1, 22}

{z Az, ={z, {zuntt + {zmb oy} =0+ {—21, 01} = {21,y

{z.{z1,a1}} = {1, {z, a1 }} + {{z. 21} an} = {21, 01} + {—21, a0} = {21, 01} — {21, an ]
{z. {v1, 92}t ={y1. {7z 92}} + {z. 1} 92} =04+ 0 =0;

{z Ay, ant} ={v, {z,ai}} + {{z,n b} = {y1, 01} + 0= {y1, 1 };

{z,{a1,a2}} = {a1,{z,a2}} + {{z,a1}, a2} = {a1,ba} + {b1, a2}

With these facts, we show that equation is satisfied if and only if holds:
That ad(z) has the above Jordan form is equivalent to the fact that there exists a

basis of n consisting of generalized eigenvectors for ad(z) of the forms x;, y;, a; as above.
Inserting any pair of them into gives one of the following six equations:

d {1‘1,1‘2} = {{z7x1}7{zvl‘2}} = {za {27{1‘171‘2}}} + {Z, {$1a$2}} = 4{$1,$2} -
2{931,.732} = 2{%1,1’2}.

o 0={{zu} {zu}} ={z{z{zLu}}} + {z{zn ) = {2z, 9} - {z1,0} = 0.

o —{z1,01} = {{z,m1},{z,a1}} = {2z, {2, {21, a1 }}} + {2z, {z1, a1 }} = {2, {21, b1 }} -
{z: Az, a1}y + {21, 01} — {w1, a1} = —{x1, {b1, 2}} — {b1, {2, 21} } + {21, {a1, 2}} +
{al, {Z,:El}} + {Jil,bl} — {a:ljal} = 0 + {bl,xl} — {:Cl,bl} — {CLl,Il} + {ﬂ?l,bl} —
{z1,01} = —{x1,b1}.

o 0={{z;m} {z,02}} = {z.{z, {yr. 02}} + {z. {y,2}} =0+ 0 =0.

o 0={{z,yi}, {z,a1}} = {2, {z. {y1, a1 }}} +{z, {y, a1 }} = {z, {y1. 01 }} +{w1, b1} =
—{y1, {b1, 2}} = {b1, {z, 1 }} +{y1,01} = {w1, 01}

88



4.4 Post-Lie algebra structures on Lie algebra double pairs

o {b17b2} - {{Zﬂal}v{zvaﬂ’} - {Z’ {Z, {alva’?}}} + {27{a1ﬂa2}} - {Z, {alvbQ}} +
{z,{b1,a2}} + {a1, b2} + {b1, a2} = —{a1, {b2, 2} } — {b2, {z, a1 }} — {b1,{az, 2}} —
{CLQ, {Z, b1}} + {CLl, bg} + {b1, a2} = {bl, bz} + {bl, bg} + {al, bg} + {bl, ag}.

So, given the Jordan form, holds if and only if z satisfies (14).

For the sufficiency, let z € n and let ad(z) have a Jordan decomposition as de-
scribed above. Then all generalized eigenvectors v will satisty {z,v} € {—v,0,w}, where
{z,w} = 0. But we have already checked that for such generalized eigenvectors, the sec-
ond condition makes sure that is satisfied. Thus z indeed defines a post-Lie algebra
structure on n. O

Remark 4.72. 1f ¢ defines a post-Lie algebra structure on (g,n, R) with respect to [,],
then —Id —¢ does too (with respect to —[,]). So the map ¢ = —Id —ad(z) defines a
post-Lie algebra structure on some Lie algebra double pair (g,n, R) if and only ad(z)
satisfies the two conditions stated in Proposition [£.71]

In the following, we continue to study non-metabelian, simply-complete solvable Lie
algebras n generated by special weight spaces with H(T,n) = T and ask what can be
said about g provided that there is a post-Lie algebra structure on (g, n, R).

Remember that by Lemma g is also solvable.

Proposition 4.73. Let (g,n, R) be a Lie algebra double pair, n solvable, complete and
let ¢ = ad(z) be a post-Lie algebra structure as before. If Z(g) = 0, then g = n.

Proof. By Theorem H.63] we know that there is an element z € n such that ¢ =
ad(z), Rlm = Id+ad(z) (where m, as always, is the nilradical of n) and R(t) is arbi-
trary for t € T. Note that we may assume, without changing g, that R|7 = Id.

We shall investigate the element z. Let us write z =t + 2o with t € T, 29 € m.

First let us suppose t = 0.

Then we have R(z) = x + {20, x} for z € m. In particular, R — Id is nilpotent, hence R
is unipotent, thus invertible, so g = n.

Now suppose t # 0. We will construct a non-zero element in Z(g). Remember our
notation s° == m’/m‘*! and B a basis of n which consists of eigenvectors for 7.
Let v be an eigenvector for ¢, i.e. {t,v} = Av. Then A =0 or A = —1: This follows form
Lemma [.67]if we set z = z =t + 29,y = v.

All z; € B are eigenvectors for t; since {t,z;} = 0 for all x; € B is impossible (this
would imply ¢ € Z(n) = 0), we can find an z; € B with {¢,z;} = —z;.

Claim: There is an element y € m satisfying the following three conditions:
(i) {y,zi} =0forall z; € B
(i) {t,y} = —y
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4 Post-Lie algebra structures on complete Lie algebras

(iii) y is an eigenvector for all uw € T, i.e. for all u € T there is some «, € C with
{u,y} = auy.

Proof of Claim: We know that there is an yo € B with {t,y0} = —yo. Let k be such
that yo € s*~1. So yq satisfies (ii) and (iii).
If for all x; € B,{yo,z;} = 0, we are done.
Otherwise there is an x € B with {yg,z} # 0.
If {t,x} = —=x, then

{t. {yo, z}} = —2{yo, z}

by Lemma[£.53] But then {yo,z} was an eigenvector for T' with eigenvalue —2, which is
impossible. So {t,z} = 0 and it follows {¢, {yo,2}} = —{yo, 2} by Lemma .53

Thus we have found an element y1 = {yo, 2} € s* with {t, 51} = —y1.

Since 1o and x are eigenvectors for all u € T, s0 is y1.

We can repeat this procedure; since m is nilpotent, the procedure eventually terminates
in an element y with {y, z;} = 0 for all z; € B which satisfies conditions (i), (ii) and (iii).
This proves the claim.

As {y,z;} = 0 for all basis elements z; € B, we have {y,m} = 0. And y € ker(R):

Ry)=y+{zy} =y +{ty} + {209} =y -y +0=0

and we conclude that y € Z(g): Let z € m. Then [z,y] = R({z,y}) = R(0) = 0. If
u €T, then [u,y] = R({u,y}) = R(owy) = auR(y) = 0.
This shows y € Z(g) and thus Z(g) # 0, a contradiction to the assumption. O

However, there are Lie algebra double pairs (g,n, R) with post-Lie algebra structures
where n is complete, but g is not isomorphic to n (and hence g has nontrivial center).
See the appendix, Section for examples.

If the element z € n lies in the nilradical of n, then it must even be in the center of the
nilradical:

Lemma 4.74. Consider a post-Lie algebra structure on a Lie algebra double pair (g,n, R)
with n solvable complete, HY(T,n) = T and ¢ = ad(z). If z is in the nilradical m = nil(n),
then z € Z(m). So in this case, R|n = £1d.

Proof. Suppose z € m, but z ¢ Z(m). Then there is an y € B satisfying {z,y} # 0.
As HY(T,n) = T, we can choose a t € T with {t,y} = ay # 0,a € C.
By Lemma 4.67], we have

{z Az At ubr +{z Ay} = =11 {z 01},

meaning

afz {zy}} + ofz,u} = {{z, 1}, {z,y}}.
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4.4 Post-Lie algebra structures on Lie algebra double pairs

But if k is maximal such that {z,y} € m*, then {z,{z,k}}, {{z,t},{z,y}} € m**! a
contradiction.
So, z € Z(m).
Therefore, for © € m, R(z) = £1d+ad(z) = £1d. This proves the lemma. O

Remark 4.75.

(i) Lemma does assume H(T,n) = T; but not n being generated by special
weight spaces. It does hold whenever the post-Lie algebra structure is of the form

¢ = ad(2).

(ii) By the proof of Proposition if Z(g) = 0 and z = t + zp, then t = 0. So if
Z(g) = 0, then z € m and thus z € Z(m). (In particular, in the case of CPA-
structures on complete Lie algebras, we have Z(g) = Z(n) =0, s0 -y = {{z,2},y}
for a z € Z(m), cf. Proposition 2.52])

So far, we always excluded metabelian Lie algebras in our considerations. Therefore,
it remains to study the case n metabelian. This is not too complicated as there is only
one simply-complete metabelian Lie algebra, namely t2(C) (see Lemma [3.9)).

Fix for t2(C) a basis with the basis elements 1, e; and relation {t1,e1} = e; (cf. also

Remark |4.41]).

Lemma 4.76. All post-Lie algebra structures on any Lie algebra double pair (g,n, R),
where n = vo(C), are given by

o= (5 )= (¢ 10)
we= (7 )= 1)

(iii) ¢ = (_a(olé;a) _15_ a) .R= <i 8) (here, 3 #0),

(with respect to the basis above) with «, 3,7,9,¢ € C arbitrary.
In case (iii) and in the cases (i) and (1) for o = 0, g is the two-dimensional abelian Lie
algebra, in the cases (i) and (i) for o # 0 we have g = o(C).

Proof. This follows from the ansatz ¢ = (i ?) , R = (i Z) when considering equa-
tions and for x =t1,y = ey.

Remark 4.77. In the appendix, Section[B.3] we list all possible post-Lie algebra structures
on Lie algebra double pairs (g, n, R), where n is simply-complete and solvable (with the
help of the classification of complete Lie algebras given in Section 4.2]).
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5 Post-Lie algebra structures on
nilpotent Lie algebras

5.1 Post-Lie structures on (g,n), where g = n = n3(C)

In this section, we want to list all post-Lie algebra structures on (g, n), where both g and
n are isomorphic to the three-dimensional Heisenberg algebra. These results have been
published in [29].

Let us fix a basis {e1, e2,e3} of g with Lie brackets [e, ea] = e3. We can express the
Lie brackets of n in terms of the basis {e1, ez, e3} as

{e1,e2} =r1e1 + roex +1r3e3
{e1,e3} = rae1 + r5e2 + 16e3

{62, 63} =T7€1 -+ rgeo -+ T9€3

and define the structure vector r := (r1,...,79). Let Ad(x) be the adjoint operator of
x € n with respect to {,}. Then, we obtain by using the software Mathematica the
following classification:

Proposition 5.1. Every post-Lie algebra structure on (g,n), where g = n = ng(C) is
one of the following list. In all cases, we have L(e3) = —% Ad(es) (and thus do not list
L(es) here).

. "'2 7'2
(1) The structure vector of n is r = (ry,re,rg, =2 —-2 —pg L T2 'y g rg £ 0

r3 ' 13’ Y3 g 0

and

2 3 2

ra _ri@riotrd) i nilrp—nia) e e

2 r = o

L(e ) — " 27“1207:17"3 27%3 L(eg) — 7”%*23"10‘ rf2a riT2

1) = o 3 — 1= _

o 2rg 2r3 ’ 2r2 7'% 2r3

B _2T15+T2T3 T2 TQ(T3—2)—2T1,3 71 (7‘1 -H“Q) T

27‘2 2 27”2 7‘% 2

(2) The structure vector of n is r = (r1,0,73,0,0,0 T%,O,rl),rg #0 and

) a

0o -2 9o oo, -
2 2 2r3

L(e))=10 0 O0],Le2)=10 0 0
0 5= 0 58 -3

93



5 Post-Lie algebra structures on nilpotent Lie algebras

(3) The structure vector of n is r = (0,0,r3,0,0,0,0,0,0),73 # 0 and

2 3

o —0/‘32 0 —% %Z

Ller)=18 —a 0].L(e2)= — =
v 6 0 rs— 146 a(ﬁ(l—raggav—%é)

(4) The structure vector of n is r = (0,0,73,0,0,0,0,0,0),73 # 0 and
00 0 v 0

L(er) =10 0 0],L(ex) = 0 0 0

a B 0 6 0

where ay = 0.

(5) The structure vector of n is r = (0,0,0,r4,75,0, —%, —14,0),75 # 0 and

2 réa rea T
ria _T420‘ _ra _:T ;13 2;15
r 2 5 5
Lier) = ’ v rs L(es) = | —mae rio T4
=1 o« == —3 | 2) = rs rZ 2
5
B - raf3 0 rafB+rs  r4(raftrs) 0
5 - rs 2
5

(6) The structure vector of n is r = (0,0,0,0,0,0,0,77,0,0),r7 # 0 and
0 00 0 «

Lie)=[0 0 0] ,Lea)=[0 0 0
010 0 g

Apart from the stated conditions, all variables can be chosen arbitrarily in C.
From Proposition [5.1] we obtain certain structure results:

Corollary 5.2. Let x -y define a post-Lie algebra structure on (g,n), where g = n =
n3(C). Then all left-multiplication operators are nilpotent and we obtain the following
identities:

x-{y,z}:O,
[ZL‘,y]-Z:Z'[y,l‘}
[,y 2]+ (2, 2yl = [y, x- 2] + [y, 2 - 7]

for all x,y,z € g. The bilinear map x oy, defined by the anti-commutator

1
Toy = §(x'y+y‘x)

is a CPA-structure on g.
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5.2 CPA-structures on 2-step nilpotent stem Lie algebras

Proof. Follows from the explicit classification in Proposition [5.1} O

For other Heisenberg algebras than the 3-dimensional one (see Section for their
definition), all of these identities fail and the anti-commutator does no longer define a
CPA-structure in general.

It would be interesting to find ways to obtain the identities in Corollary and also
the surprising identity L(es) = —3 Ad(es) without using the explicit classification given
here.

5.2 CPA-structures on 2-step nilpotent stem Lie algebras

In this section, we associate CPA-structures to post-Lie algebra structures, LR-structures
and pre-Lie algebra structures on 2-step nilpotent Lie algebras. These results have been
published in [29].

Since we want to use Proposition we assume the two-step nilpotent Lie algebras L
in this section to be stem, that is, Z(L) C [L, L] (see Definition [2.53).

5.2.1 g,n both 2-step nilpotent stem

Proposition 5.3. Let = -y define a post-Lie algebra structure on (g,n), where g and
n are 2-step nilpotent and Z = 7Z(g) = Z(n). Further suppose Z-g = 0. Then we can
associate a CPA-structure to x -y by

roy=uy+ o ({eu} o)

if and only if [x -y, z] =[x - z,y] for all x,y,z € g.
Proof. Let us make two observations we will need later:

(i) Since g-Z=7Z-g+[9,Z]—{9,Z} = 0+0+0 = 0, we find that all terms of the forms
a-{b,c},a-[b,c|,{b,c}-a,[b,c]-a,{a,[b,cl},{a,{b,c}},[a,{b,c}], [a,l]b,c]],a,bcEg

are zero.

(ii) We have {a-b,c} ={b-a,c} and [a-b,c] = [b-a,c] for all a,b,c € g:
Indeed, axiom (PA1)) gives us {a-b,c} = {b-a—|a,b]+{a,b},c} = {b-a,c}+{Z,c} =
{b-a,c}. The same proof also works for the bracket [, ].

Define aob = a-b+ 3({a,b} — [a,b]). We shall show that x oy satisfies axioms ,
(CPA2), (CPA3) if and only if [x -y, 2] = [z - z,y] for all z,y,2 € g.

Axiom @ is clear by definition.

Axiom @ : We have to show

aolb,c]—[aob,c]—[byaoc]=0.
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5 Post-Lie algebra structures on nilpotent Lie algebras

Using the definition of = o y, the left-hand side reads

aolbcl—laobd—[baod=a-[bd— %[a, b, ] —4—%{@, b, ]}

[{a’ b}7 C] - [b7 a- C] + 1[b7 [a, CH - %[bv {CL, C}]

—Ja-b
@b, + ;

1 1

2 2
O gt d—[ba-d=—(a-be+[ba-d).
Axiom (CPA2): We have to show

[a,bjoc—ao(boc)+bo(aoc)=0.

[[a, 6], c]

Using the definition of = o y, the left-hand side reads

la,b] o c—ao(boc)+bo(aoc) = [a,b]-c—%[[a,b],c]Jr%{[a,b],c}
—a.(b.c)+%a-[b,c]—%a-{b,cﬁé[a,b-c} —i[a, [b,c]]—k%[a,{b,c}]

1 1 1 1 1
— i{a,b‘c}—i- 1{(1’ [b,c]} — Z{G’ {b,e}}+b-(a-c)— ib- la, c] —i—ib‘ {a,c}

~ Slbas 4 lblad] = 1lb o, el + S {ba-c} - (bl )+ 110 {aeh)

2 4
(i) 1 1 1 1
= [a,b]-c—a-(b-c)+§[a,b-c]—i{a,b'c}—i-b-(a-c)—E[b,a-c]+§{b,a-c}
1 1 1 1
= i[a,b-c] —i{a,b-c}—§[b,a-c]+§{b,a-c}
= S(ab-d—[a-d+ b} —{ab-c)
= S(ab-d— o+ {ba ) +{b-ca))
D N(fab-d o+ {he-a} + {e-b.a})
= 2(ab-d~[ba-d +c {ba))
i 1 1 i) 1
2 ab-d —barc) = Sla- e +lab-) D S(le-ab] + o b)),
So both axiom (CPA3)) and axiom (CPAZ2) are equivalent to the identity [z-y, 2] = [z, ]
for all z,y,z € g. O

Remark 5.4. Similarly, if g is any Lie algebra, n two-step nilpotent and x - y a post-Lie
algebra structure on (g, n), then xoy :=x-y+ %{x, y} defines a pre-Lie algebra structure
on g. In particular, if there is a post-Lie algebra structure on (g,n) with n two-step
nilpotent, then g cannot be semisimple (as semisimple Lie algebras do not admit pre-Lie
algebra structures, cf. Table |5|). This has also been proven in [28, Proposition 4.2].

Remark 5.5. The identity [z - y,z] = [z - z,y] for all z,y,z € g means that all left-
multiplication operators L(z),x € g, are (0, 1, 1)-derivations of g in the sense of [82].
In the sense of Leger and Luks ([68]), the L(x) are quasiderivations of g.
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5.2 CPA-structures on 2-step nilpotent stem Lie algebras

Remember that a CPA-structure (or LR-structure or pre-Lie algebra structure) is
complete if all right-multiplication operators are nilpotent (see Definition . When
working with nilpotent Lie algebras, we may, however, also consider left-multiplication
operators instead:

Lemma 5.6. Given a CPA-structure, an LR-structure or a pre-Lie algebra structure x -y
on a nilpotent Lie algebra g. Then all right-multiplication operators R(x): g — ¢,y — y-x
are nilpotent if and only if all left-multiplication operators L(x): g — g,y — = -y are
nilpotent.

Proof. For CPA-structures, this is clear since L(x) = R(x). For LR-structures, see [27],
Proposition 2.2| and for pre-Lie algebra structures, see [65, Theorem 2.1 and Theo-
rem 2.2|. O

Corollary 5.7. Let g,n be 2-step nilpotent and stem, x -y a post-Lie algebra structure
on (g,n). If Z=7(g) =7Z(n),Z-g=0 and [x-y,z] =[x z,y| for all z,y,z € g, then the
post-Lie algebra structure x -y is complete.

Proof. Let z(ac) be the left-multiplication operator with respect to x - y. By Proposition
, zoy =z y+5({z,y} —[z,y]) is a CPA-structure; let L(z) be the left-multiplication
operators with respect to zoy. We have L(z) = L(z) — T ad(z) + 5 Ad(z). (Here, ad(z)
and Ad(z) define the adjoint operators with respect to g and n, respectively.) As L(z)
is associated to a CPA-structure, it is nilpotent (Proposition , say (Z(:z:))S = 0.
Expanding (L(z))**! gives

(L)' =) " Ajo...0 Ay,

where each A; is one of the operators —3 ad(z), 5 Ad(z) and L(z).
Now if A;,i # 1is ad(z) or Ad(z), we have A;(y) € Z(g) for all y € g, thus A; 10A4;(y) €

Ai-1(Z(g)) = 0. So from the sum, only the terms A; o (L(x))® remain; however, they are
0 by the nilpotency of L(x). O

5.2.2 g,n both Heisenberg algebras

Let us define the n-dimensional Heisenberg algebra (n > 3,n odd) to have a basis
{p1,...,pn-1,q1,...,qn-1, 2z} and Lie brackets [p;,q;] = 2,1 € {1,...,”7_1}. It is 2-
2 2

step nilpotent and stem.
We show that the condition "Z-g = 0" of Corollary [5.7]is fulfilled if g and n are isomorphic
to a Heisenberg algebra of dimension > 5:

Proposition 5.8. Let = - y define a post-Lie algebra structure on (g,n), where g and n
are both isomorphic to a Heisenberg Lie algebra of dimension > 5 and Z = 7(g) = Z(n).
Then Z-g = 0. (In particular, every CPA-structure on g satisfies g - [g,9] = 0 if (g,[,])
is a Heisenberg algebra of dimension > 5.)

Proof. Note that if x is a basis element of n, we can find elements p,q € n such that
{p,q} = z,{p,x} = 0= {q,z}. Let us make two observations:
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5 Post-Lie algebra structures on nilpotent Lie algebras

(i) By (PA3), we have
{b,c} =0={a-b,c} ={a-c,b} for all a € n.
Indeed, by axiom (PA3)), 0 = a - {b,c¢} = {a-b,c} + {b,a-c} implying {a - b,c} =
{a-c,b}.

(ii)) We have {a - b,c} = {b- a,c} for all a,b,c € g (by the same argument as in
Proposition .

Now let © ¢ Z be a basis element of n and let z € Z. Choose p,q € n such that
{pa q} =%, {p7 :E} =0= {q,:v} Then

poat=—{an® e rn® e -p g e
Now by axiom (PA3)),

v-z=z-{p,q} ={z-p.¢} +{p,z ¢} ={z-p.¢} —{z-p, ¢} =0,
son-Z=0and thus also Zn=n-Z—[Z,n] +{Z,n} = 0.
To show z - z = 0, take again two elements p, ¢ with {p, ¢} = z:

([PA3)
p,q} = {z-p,

soz=z{ G+ Yo+ {pg s =0+0=0.

From Corollary [5.7] and Proposition we get:

Corollary 5.9. Let = -y define a post-Lie algebra structure on (g,n), where g and n are
both isomorphic to a Heisenberg Lie algebra of dimension > 5 and Z(g) = Z(n). Then
we can associate a CPA-structure to x -y by

1

Sle.l + 5 o0

zoy =x-y-—g

if and only if [x -y, z] = [z z,y] for all x,y,z € g. In particular, all post-Lie algebra
structures on (g,n) with [z -y, z] =[x - z,y] for all x,y,z € g are complete.
5.2.3 n a 2-step nilpotent stem Lie algebra, g an abelian Lie algebra

Now let g be an abelian Lie algebra and n a 2-step nilpotent stem Lie algebra of dimension
> 5.
We can state the analogous statement to Proposition

Proposition 5.10. Let x -y define a post-Lie algebra structure on (g,n), where g is
abelian and n is a 2-step nilpotent stem Lie algebra. If Z(n)-n = 0, then the bilinear map
defined by v oy =z -y + 3{z,y} is a CPA-structure both on (g,[,]) and on (n,{,}).

Proof. Exactly as the proof of Proposition [5.3] O
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5.2 CPA-structures on 2-step nilpotent stem Lie algebras

Corollary 5.11. Let n be a two-step stem nilpotent Lie algebra. Then there is a bijection

{LR-structures on n with Z(n) -n =0} «— {CPA-structures on n with Z(n)-n =0},
1
z-yr— —z-y+ {z,y},

1
—(@oy - {z.y}) emwoy.

Proof. Note that the transformation preserves the property Z(n) - n = 0.

If x -y is an LR-structure, then —x - y is a post-Lie algebra structure on (C™,n) (where
C™ is the abelian Lie algebra with dimension n = dim(n)) and by Proposition [5.10}
—z -y + 3{z,y} is a CPA-structure on n.

Let zoy define a CPA-structure on n with Z(n)on = 0, we show that -y :== zoy— %{1‘, y}
satisfies the following two axioms from Definition

- (y-z)=y-(z-2) (LR1)
(- y)-z2=(r-2)y (LR2)

for all z,y,z € n.
Axiom (LR1):

v (ya) =y (o) = e (o) — yo ok~ (zo2) + gy {r2)
—zoyos) — 5lmyost - ywo {2k + ;e (.2)
~yo(wos)+ gly.wot+ gyon 2} - v o, 2))
—zo(yoz) ~yol(roz)+ 3 ({nwoz) —{ryoz))
:{:c,y}oz+%({y,moz}Jr{yoz,x})
= {zy)orty (fwzon) +{zop.a))

1

= S (zo{y,a) =0.

Axiom is a similar computation:
(eoy) 2= (2 2) y=(woy) == s{wy} =~ (£02) y+ {2}y
= (woy)oz— 3{zoy,2} — s{wmy} o+ 1{{z.u}.7)
~(@o)oy+ 3oz yl+ {rtoy— iz byl
:(ajoy)oz—(moz)oy—F%({Z,xoy}—l—{:ﬂoz,y})

:zo(yox)—yO(zox)-F%(l“o{Zvy})
:{Z,y}Ol‘ZO.
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5 Post-Lie algebra structures on nilpotent Lie algebras

So x -y is an LR-structure on n. O
Similarly as in Corollary this means:

Corollary 5.12. If n is two-step nilpotent and stem, then all LR-structures on n satis-
fying Z v =0 are complete.

Proof. Let x -y be a LR-structure on n and L(x) be the left-multiplication operator of z
with respect to x-y. By Corollary [5.1T} we know there is a CPA-structure x oy on n with
L(z) = —L(z) + 1 ad(z), where L(z) denotes the left-multiplication operator of z with
respect to z o y. We know that "o" is nilpotent, say (L(x))* = 0. Expanding (L(z))*+!

gives
(L(z))*tt = ZAI o...0As1,

where each A; is one of the operators § ad(z) and —L(z).
Now if A;,4 # 1is the ad-operator, we have A;(y) € Z(n) for ally € n, thus A;_10A4;(y) €

Ai—1(Z(n)) = 0. So from the sum, only the terms Ay o (L(x))® remain; however, they are
0 by the nilpotency of L(x). O

Remark 5.13. There are indeed two-step nilpotent Lie algebras n with LR-structures not
being complete: Take e.g. the five-dimensional two-step nilpotent Lie algebra n = L5 g
from [43] with Lie brackets {ei,ea} = es4,{e1,e3} = e5. Then a non-complete LR-
structure on n is given by

€1 €1 =€1,€1 €4 = €4,€] €5 =€5,62 €] = —€4,€3 €] = —€5,C4 €] = €4,€5" €] = €5.

One cannot associate a CPA-structure to this LR-structure in the way described above.

Remark 5.14. Another LR-structure on the same Lie algebra n = L5 g shows that not all
complete LR-structures satisfy Z(n) - n = 0: An LR-structure on n (with respect to the
basis given above) is given by

€2 €1 = —€4,€3 €] = —€5,3°€3 = €2,€3"€5 = €4,€65"€3 = €4.

All left-multiplication operators are three-step nilpotent; however, Z(n) - n # 0.
Again, one cannot associate a CPA-structure in the way described above to this LR-
structure.

5.2.4 g abelian, n Heisenberg

Let us specialize Corollary to the situation where n is a Heisenberg Lie algebra of
dimension > 5. We find, similar to Proposition [5.8}

Proposition 5.15. Let x -y define a post-Lie algebra structure on (g,n), where g is
abelian and n is isomorphic to a Heisenberg Lie algebra of dimension > 5. Then Z(n)-n =
n-Zn)=0.
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5.2 CPA-structures on 2-step nilpotent stem Lie algebras

Proof. The proof is the same as the one of Proposition [5.8] O

So in the "Heisenberg of dimension > 5"-case, the assumption Z(n) - n = 0 of Corol-

laries and becomes superfluous:

Corollary 5.16. Let n be o Heisenberg algebra of dimension > 5. Then there is a
bijection

{LR-structures on n} «— {commutative post-Lie algebra structures on n},
1
z-y— —z-y+{z,y}
1
~(@oy— pwy}) oy

Corollary 5.17. All LR-structures on n, where n is a Heisenberg algebra of dimension
> 5, are complete.

What about the 3-dimensional Heisenberg algebra ng = n3(C)? By inspecting the
classification in [26], Proposition 3.1], one finds:

Remark 5.18. There is an LR-structure on ng which does not satisfy Z(n3) - n3 = 0;
namely the structure A4 from [26, Proposition 3.1]:

€2 €1 = —€3,€2 €2 = €2,€2 €3 = €3,€3 €2 =¢€3

(where {e1,e2} = e3). Here, ey - {e1,e2} = €93 =e3 # 0.

However, all complete LR-structures on the 3-dimensional Heisenberg algebra satisfy
ng - {ng,n3} = 0. Thus there is a bijection

{complete LR-structures on ng} <— {commutative post-Lie algebra structures on ns},

1
x'y%—$~y+§{x,y},
1
—(xoy—g{w,y})Hwoy-

Proof. We only have to check that if x o y is a CPA-structure, then z oy — %{x, ytisa
complete LR-structure. But this follows as in Corollary O

5.2.5 g two-step nilpotent stem, n abelian

Now we ask the opposite question: Let x - y define a pre-Lie algebra structure on the 2-
step nilpotent Lie algebra g. When does xoy = x-y— %[:p, y| define a CPA-structure on g7

We remind the reader about the definition of a pre-Lie algebra structure (see Defini-
tion : A pre-Lie algebra structure on g is a post-Lie algebra structure on (g, C"),
where C" is the abelian Lie algebra of dimension n = dim(g).

Here the important condition for the structure x - y is to make all left-multiplication
operators into derivations:
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5 Post-Lie algebra structures on nilpotent Lie algebras

Proposition 5.19. Let x -y define a pre-Lie algebra structure on the two-step nilpotent
stem Lie algebra g. The bilinear map defined by moy::x-y—%[x, y| is a CPA-structure on
g iof and only if all left-multiplication operators L(x) (with respect to the pre-Lie algebra
structure) are derivations of g.

Proof. The structure = o y is clearly commutative; it remains to check that it defines a
post-Lie algebra structure if and only if the left-multiplication operators are derivations.

Axiom (CPA3)) becomes

aolbcl—laob,cl—[bao(]
=a- b — %[a, [b,c]] —[a-b,c]+ %[[a,b],c] —[bya-cl+ %[b, [a, c]]

=a-[byc]—[a-bc]—[ba-]

which is zero precisely if all left-multiplication operators (with respect to z-y) are deriva-
tions of g. Suppose that they are; then axiom (CPA2) reads

[a,bloc—ao(boc)+bo(aoc)

_ [a,b]-c—%[[a,b],c]_ao(b.c)+%ao[b,c}+bo(a.c)—%bo[a,c]

_ [a,b]‘c—%[[a,b],c]—a-(bw)—k%[a,b-c]—k%w[b,c]
1 1 1 1
— 1[@, b,c]]+b-(a-c)— §[b,a-c] — ib‘ [a,c]—i—z[b, [a, c]]
_ [a,b]-c—a-(b-c)+%[a,b-c]+%a-[b,c]+b~(a-c)—%[b,a-c]—%b-[a,c]

:[a,b]-c—a-(b-c)+b-(a-c)—i—%([a,b-c]—&-a-[b,c]—[b,a-c}—b-[a,c})
:O—i—%([a,b-c]—k[a-b,c]+[b,a-c]—[b,a-c]—[b-a,c]—[a,b-c])
= S(a-bd~[b-ad) = 5(la-bd~[a-b+[bal, ) = 5(la-b.d ~[a-b,c) =0

O]

Remark 5.20. On the 3-dimensional Heisenberg Lie algebra ng(C), there are pre-Lie
algebra structures where not all left-multiplication operators are derivations, e.g. the
structure defined by

—1

100 0 0 00 0
Le)=10 1 0],Lea)=[1 2 0] ,Lesy=[0 0 0
011 0 0 1 110

Neither L(e;) nor L(ez) is a derivation of ng(C).

102



5.3 CPA-structures on the Lie algebra of strictly upper triangular matrices

Corollary 5.21. Let g be a two-step nilpotent stem Lie algebra. Then there is a bijection

{ pre-Lie algebra structures on g where all

o Ny +— {CPA-struct
left-multiplication operators are derwatwns} { structures on g}

1
x-y*—>w~y—§[w,y]

1
zoy+ glwyl «—woy.

Remark 5.22. Pre-Lie algebra structures where all left-multiplication operators are deriva-
tions have been studied by Medina in |72, [73].

Proof. We have shown so far that for each pre-Lie algebra structure z - y (with corre-
sponding left-multiplication operator L(z)) on g such that all L(z) are derivations, one
can associate a CPA-structure z oy on g. In particular, all L(z) (where L(z) is the left-

multiplication operator with respect to the map z o y) are derivations of g by (CPA3);
so L(z) = L(z) 4+ 3 ad(z) is (as a sum of derivations) too. Similar as in Proposition [5.3]
one checks that x - y indeed defines a pre-Lie algebra structure on g. O

The bijection gives us, as in Corollary

Corollary 5.23. A pre-Lie algebra structure on a two-step nilpotent stem Lie algebra,
where all left-multiplication operators are derivations, is complete.

So we have established two bijections onto the set of CPA-structures. If we put them
together (in case of the Heisenberg algebra), we obtain:

Corollary 5.24. Let (g,[,]) be a Heisenberg algebra of dimension > 5. Then there is a
bijection

pre-Lie algebra structures on g where all
LR-struct — Ry o
{LR-structures on g} { left-multiplication operators are derivations

royr— —x-y+[z,y],
—(xoy—[z,y]) +—xo0Y.

One can also take g to be a Heisenberg algebra of dimension 3 — then the term "LR-
structures” has to be replaced with "complete LR-structures”.

5.3 CPA-structures on the Lie algebra of strictly upper
triangular matrices

Given a matrix A = (A, 1);x, we call the collection of entries at positions A;y, k—j =1
the i-th diagonal. The i-th diagonal is above (below) the main diagonal if i > 0 (i < 0)
and equals the main diagonal if ¢ = 0. The 1-th diagonal is the superdiagonal, the —1-th
diagonal the subdiagonal of A.
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5 Post-Lie algebra structures on nilpotent Lie algebras

We are now interested in CPA-structures on the Lie algebra g of strictly upper trian-

gular matrices of size n (which is m-step nilpotent, where m :=n — 1). It has a natural
—1
grading g = @ gi, where g; = span{FE;;,1 < j <k <n: k— j =1} is the set of strictly

upper trlangular matrices with zeros outside of the i-th diagonal. We have [g;, g;] C gi+j;
the non-zero Lie brackets are given as [Ejy, Ey o] = Ej .

Lemma 5.25. Let g be the Lie algebra of strictly upper triangular matrices of size n and
m:=n—1. If [a,[g,0]] = 0 for an a € g, then a € g™ 3.

Proof. Suppose [a, [g,0]] = 0and writea = Y  «( ;) E;; as linear combination of the
1<i<j<n

elementary matrices (Ejj)re = dixdje, 1 < i < j < n. The matrices Ey 3, Fa4, E35,. ..,

E,_2, are in [g, g]; we compute [a, b], where b is one of these matrices:

n
e [a, B3] = Z B
J:

1 n
la, Baal = 3 agoyEia — Y o ) Fa
j=5

=1

.

2
d [a7E3,5]:Za(id 15_Za5jE3j
i=1 7j=6

n
) [aﬂEan,n] = Z a(i,n—Q)Ei,n'

So as [a, [g, g]] = 0, all of these expressions vanish, thus what remains is @ = o 1) E1,n-1+
A n-1)E2n—1+ a@nErn + a@n) F2n. But this means a € gm 3. O

From |83, Theorem 3.2, we infer the form of g’s nilpotent derivations:

Lemma 5.26 ([83]). FEvery nilpotent derivation D € Der(g) has the form D = ad(z) +
v,z € g, € Der(g), where ¢ satisfies 1¥(g) C g™ 2,4([g, g]) = 0.

Proposition 5.27. Let m = n — 1 and let g be the (m-step nilpotent) Lie algebra of
strictly upper triangular matrices of size n x n, where n > 5. Then all CPA-structures

on g satisfy -9 C g™ 2 and g [g,9] = 0.

Proof. For n = 5,6, we compute the CPA-structures directly. So let us assume n > 7 —
we want to show the result inductively. Let x - y be a CPA-structure on g. By Proposi-
tion [2.54] we know that all left-multiplication operators with respect to z-y are nilpotent
derivations.

By Lemma [5.26] we may assume that for every g € g, the left-multiplication oper-
ator L(g) is of the form L(g) = ad(zg) + ¢4 for some z, € g,¢, € Der(g) with

by([g, g]) = 0,¢y(g) C g™ 2.
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5.3 CPA-structures on the Lie algebra of strictly upper triangular matrices

If E; ; denotes the matrix with 1 at position (4, j) and 0 else, the Lie brackets between
basis elements of g are given as

[Eij,Exg =FEigiftj=k
[EiJa Ek,ﬁ] = —E]m' ife=2¢
[Ei j, Bk ¢] = 0 otherwise.

This implies that the first row, a = span{E; ;,7 = 2,...,n} is an Lie ideal in g. Also,
the last column, b := span{E;,,i =1,...,n — 1} is an Lie ideal in g.

Let us also consider the ideal g2 = span{ E1 p—1, B2 n, E1 5 }. We write o’ = a+ gm 2
and observe that

g/d' =5/ 7(),

where b is the Lie algebra of strictly upper triangular (n — 1) x (n — 1)-matrices.
By induction, we know that every CPA-structure on b satisfies h-h € =3, -[h, h] = 0.
Now, the CPA-structure satisfies g - a’ € a’: Take any element g € g. Then

g-a' = L(g)(a') = (ad(zg) + 1g)(a') C [xg, '] + (') C o’ + g™ C

as g" 2 Cad.

So if we have a CPA-structure on g, we may consider the quotient CPA-structure on

g/a’, which, by g/a’ = b/ 7Z(b), satisfies g/a’ - g/a’ € Z(g/a’),g/a’ - [g/d’,g/a’] = 0.
This means that

g-ge€Zg/a)+d, g-lgged

for the CPA-structure on g.
We also observe that, writing b’ := b 4 g™ 2, we get

g/b' =1/ 7Z(bh)
and
g-g€Zg/b)+b, g-lgglet

for the CPA-structure on g.
In particular,

0 0 € (Z(g/d) +d) N (Zg/t) + 1) =g
and

g-lg,g) Ca' Nb’ =gm2
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We have g- g' = g-[g,9] C g™ 2, thus by axiom (CPA3)

2

g-0°=0-[0,0'1Clo-9.0' )+ 00 0]
Clo-g, (o0l +[g,0™ 7
Clg.lg. 09l +1 ml
C|

w

g-9°Clg- 9,07 +[9,0 9]
Clg g lo o0l + 9. 0™ "]
Clg(lg.0,0 0]l +(g.0],[0-9,0]] +9"
Clg.llg.0-al,0)] + 0. [lo-9.0],0)] + [g, 0], 6" ] + g™
Clg 0" 0l + 1o, 06" % 0ll + g, 6™ %] 0l + [[6™ %, o, 0] + g™
Cg"+g"+g"+g"+g"=g"=0.

Now as m > 6, g> D g™ 3, thus g - g™ = 0.

We conclude by axiom ((CPA2)),
[9,0] - 9Cg-(9-9)—9-(6-9)Cg-(g-9)Cg-g" > =0

It remains to prove g-g C g™ 2.

But suppose L(g)(g) € g™ 2 for some element g € g, then ad(zy)(g) + 1y(g) Z g™ 2
Since 14(g) C g™ 2, this implies [z4,9] € g™ 2, meaning x, ¢ g™ 3. This, however,
means by Lemma[5.25 that [z, [g, g]] # 0 — but then L(g)([g, g]) # 0 (since ¢,([g, g]) = 0
by Lemmal[5.26)). However, this in turn means g-[g, g] # 0, a contradiction to g-[g,g] =0
what we already have established.

So we have L(g)(g) C g™ 2 and this is what we wanted to show. O

Remark 5.28. From the structure of g’s derivations given in [83], we also infer that
L(E;;) € Z(g) for 1 <i<j<nif (4,5) ¢ {(1,2),(n—1,n)}.

Proposition is not true for n < 4. Indeed, for n = 2, we have the one-dimensional
Lie algebra where any bilinear map is a CPA-structure, for n = 3 we obtain the 3-
dimensional Heisenberg algebra n3(C) (the CPA-structures on n3(C) are listed in the
appendix, Proposition , for n = 4, we get one additional type of CPA-structures:

Example 5.29. Let g be the Lie algebra of strictly upper triangular matrices of size
4 x 4 with basis {61 = ELQ, €9 = E273, €3 — E374, €4 = E173, €5 = E2747 €6 — E174} and Lie
brackets [e1, ea] = ey, [e1, 5] = eg, [e2, €3] = e5, [e3, e4] = —eg.

The CPA-structures on g are given by the following three types:

(i) e1 - e1 = aieq + ages + azeg, €2 - €1 = €1 - €3 = €6,€3 - €] = €] + €3 = 564 —
ajes + Qgeg, €2 - €2 = Qi7€g, €3 - €3 = €3 - €3 = (8€6, €3 - €3 = (ig€y — Q55 + (X10€6
with aq,...,a19 € C.
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5.3 CPA-structures on the Lie algebra of strictly upper triangular matrices

(it) e1-e1 = aes + apes + azeq, €2 - €1 = €1 - €2 = €4+ Quep, e3 - €] = €1 - €3 = Q5eq —
a1e5+ Qpeq, €5 €] = €165 = €6, €2 €2 = (7€, €3 €2 = €363 = —€5+ (8€6, €3 €3 =
Qgeq — 5€5 + (11p€6, €4 - €3 = €3 - €4 = —€4 with a1,...,0000 € C.

1
(iii) e1-e1 = aieq + azes + azep, 2 €1 = €1 - €3 = €4 + a5+ sep,€3- €1 = €1 - €3 =

[} 1
—foém — 1€5 + e, €4 " €1 = €1 © €4 = QY€6,€65 €1 = €1 €5 = 356€6,€2 " €2 =
1 1 « «Q
a7€g,€3 €9 = €9 €3 = —M&L — 565 + ageg, e3-e3 = @644— ﬁ65 + ageg, eq4-€3 =
1 1 :
€3 €4 = —366,€5 €3 = €3 €5 = — € with aq,...,a9 € C,aq # 0.

While g - g C g™ 2 = g' = span{eq, e5,e6} = [g, 9] holds for all three types, g - [g,g] = 0
does not hold for types (ii) and (i11).

Example 5.30. For n = 5, the explicit CPA-structures on g are given by the non-zero
products between basis elements

€1 - e1] = —Qpeg + (aeg + azeq

€1 - e2 = q4elg

€1 €3 = Q5610

e1-eq = —ageg + areg + Qe

€2 - €2 = Qige1Q

€2 - €3 = (el

€2 - €4 = (¥10€10

€3 €3 = (11€10

€3 - €4 = (¥12€10

€4 - e4 = v13€8 + Qg9 + (v14€10
(and the relations obtained by commutativity), oy, ..., cn4 € C. (Here,e1 = Eq2,...,e4 =
Eys,e5 = E13,...,e1 = E35,e5 = Ei14,e9 = Eys,e10 = E34.) So we really do have

g-9C g™ 2 (and not g-g C g™ ! = Z(g), that is, the CPA-structure is not central as
per [34, Definition 3.9]).

5.3.1 CPA-structures on the Lie algebra of upper triangular matrices

Now we are interested in the CPA-structures on the Lie algebra g of (non-strict) upper
triangular square matrices (of size n). This is not a nilpotent Lie algebra, but rather a
solvable one.

As g is an algebraic Lie algebra (of the algebraic group of invertible upper triangular
matrices), we can decompose g into torus and nilradical (Proposition . By E; j, we
denote the matrix with a 1 at position (7, j) and 0 everywhere else (as before):

Lemma 5.31. The Lie algebra g of upper triangular matrices (of size n > 2) has the
form g = T x m, where T is a torus of derivations of g and m the nilradical of g. In
particular, we have [T, m] C m, [T,Z(m)] C Z(m) and [T, [m,m]] C [m, m].

Note that for every elementary matric m = E; j € m, where i # j, there is at € T (e.g.
t = FE;;) with [m,t] = am,a # 0.
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5 Post-Lie algebra structures on nilpotent Lie algebras

Remark 5.32. It is T =span{E;;: i =1,...,n} and n =span{E; j: 1 <i < j <n}.
Remark 5.33. The Lie algebra g has a non-trivial center which is given by {a - (E11 +
oo+ Epp):acCl

Proposition 5.34. The CPA-structures on the Lie algebra g of upper triangular matrices
of size n, where n > 3, all satisfy -9 C Z(g) + Z([g,9]) and g- [g,9] = 0.

Proof. For n = 3,4, we compute the CPA-structures directly; for n > 5, we may use
Proposition 5.27 Let n > 5 and let us write g = 7' x m, where 7' is a torus and m the
nilradical of g. As m is isomorphic to the Lie algebra of strictly upper triangular matrices
of size n, we know that every CPA-structure on m satisfies m -m C m"=3 C [m, m].

Let x - y be a CPA-structure on g.

Step 0: We show that g-m C m. But this holds since m is a characteristic ideal, thus
stable under L(g). This implies that the restriction of z -y to m is a CPA-structure on
m. So we have m-m C m"~2 C [m, m] and m - [m, m] = 0.

Step 1: We have m - T' C [m, m], because by axiom (CPA3|)

[[mvm]>m ) T] Cm- [[m7m]vT] _[m ’ [m7m]aT} Cm- [m>m] +0=0.
—_—
Clm,m] =0
Thus by Lemma [5.25) m - T'C m"~4 C [m, m].
Step 2: We have T' - [m, m] = 0, because by axiom (CPA2))

mm]-TCm-(m-7T)—m-(m-7)Cm-[m,m]=0.
—— ——
Clm,m] Cm,m]

Step 3: We have m - m = 0: Let mq,my € m and choose t € T with [mq,t] = am; with

a # 0. Then, by axiom (CPA2),
1
my-mg = —([m,t]-ma) = —(my - (t-mg)—t-(myg-meg)) Cm-[mm]+7T-[mm]=0.
(&% (0% N—_—— N——

€[m,m] €[m,m]

Step 4: We have m - T' C Z(m), because by axiom (CPA3]
m-Tm]Cm-[T,m]—[T,m-m|Cm-m+0=0
Y 0
Cm =

and it follows m - 7' C Z(m).
Step 5: We have T'- T C Z(g) + Za(m), since by axiom (CPA3J]),

7T, m] C T [T,m] —[1,7 ] €T m+ Z(m) C Z(m).
Cm CZ(m)

This however means, that, writing t; - to = ¢ + m, where t € T,m € m, we have
[t +m,m] C Z(m). However, this is only possible if ¢ € Z(g) and m € Za(m).
Step 6: We have m - Z(g) = 0, because by axiom (CPA3)),

[m ’ Z(g)7T] Cm- [Z(g)vT] - [Z(g)vm ’ T] = 0.
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5.4 Classification of CPA-structures on filiform Lie algebras

Thus m - Z(g) = 0 (otherwise, we could find a t € T with [m - Z(g),T] # 0).
Step 7: We have T -m = 0 by axiom (CPA2). Indeed, let m € m,t € T and let t,,, € T
be such that [t;,, m] = am with o # 0. Then

m-t=—[tm,m] - t=—(tm-(m-t)—m- (tyn,-t) )CT-[mm]+m-Z(g)+m-[m,m]
(&% a N — N——
€Z(m) €Z(g)+22(m)

C0+0+0=0.
Step 8: We have T'- T C Z(g) + Z(m), since, by axiom (CPA3)),

T -T,m]CT-[T,m]-[T,T - m]CT-m+0=0
—— ~~—

Cm =0

and thus, as before, T- T C Z(g) + Z(m).
So, in total, we have

g-lg,g)=g-m=0

by Step 3 and Step 7, and

89 CZ(g) + Z(m) = Z(g) + Z([g, 9])
by Step 3, Step 7 and Step 8. This is what we have claimed. ]

Remark 5.35. Suppose we have a (non-necessarily nilpotent) Lie algebra m such that
all CPA-structures on m satisfy m - [m,m] = 0 and m-m C [m,m]. (For example, m a
non-metabelian filiform Lie algebra, cf. Chapter [5.4])

If g=T x m is a Lie algebra with a torus T' (see Proposition , then, under "certain
technical assumptions", we can copy the proof of Proposition and also find g-g C
Z(g) + Z([g, g]) and g - [g, 9] = 0.

The "certain technical assumptions" are about the interaction between T and m and
have to make sure that the conclusions in Steps 1, 3, 5, 6, 7 and 8 are still valid.

Omne could, for example, repeat the proof for certain solvable algebraic Lie algebras (see
Proposition [4.20)). (For complete Lie algebras however, the result of Proposition is
already implied by Proposition [2.52])

Remark 5.36. Let g now be the Lie algebra of all traceless upper triangular matrices. As
g is a parabolic subalgebra of sl,(C), we also get the result that all CPA-structures on
g satisfy g - [g,9] = 0 — this follows from Proposition and Proposition So, we
recover [33] Corollary 4.16].

5.4 Classification of CPA-structures on filiform Lie algebras

In this section, we are interested in CPA-structures on filiform Lie algebras. (Finite-
dimensional) filiform Lie algebras can be thought of as the "least nilpotent" Lie algebras,
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5 Post-Lie algebra structures on nilpotent Lie algebras

that is, the lower central series is as long as possible, but still terminates. In other words,
if g° = g,9° = [g,0°"!],7 > 1, is the lower central series of the n-dimensional Lie algebra
g, then g is filiform per definitionem precisely if dim(g"/g!) = 2 and dim(g**!/g’) = 1
for i <n —1. We do assume that dim(g) > 3. It is well-known that every filiform Lie
algebra admits an adapted basis:

Proposition 5.37 (Vergne, [99]). Every n-dimensional filiform Lie algebra has an adapted
basis, that is, a vector space basis {e1,...,en} such that

e1, €] = €iy1 for2 <i<n-—1,
lei, e;] € span({eitj,...,en}) fori,j >2 withi+j <mn,

leisent1—i] = (=1)Tre, for2<i<n-—1

with 7 € C where 7 = 0 always holds if n is odd.
Moreover, the brackets [e;, e;] with i,j > 2 are completely determined if one knows the
brackets

n
ek, ext1] = Z agses for 2 <k < |n/2]
s=2k+1

(cf. also [22]).

(However, one does not automatically obtain a Lie algebra by choosing the above
brackets arbitrarily; the Jacobi identity is equivalent to certain polynomial equations in
the coeflicients oy, s.)

Example 5.38. Consider the Lie algebra given by the basis {e1,..., ey} and non-zero
Lie brackets [e1,ej] = ej11 for 2 < j <n—1. This is the standard graded filiform Lie
algebra and will be denoted by the name L.

In the following, let g be a filiform Lie algebra with an adapted basis {e1,...,e,} as
above, = - y a CPA-structure on g and L; := L(e;) the left-multiplication operator with
respect to the structure x - y. Further define for ¢ € N the characteristic ideals

0; = span({ei, S ,en})

with the convention §; = 0ifi > n+1. As 61 =g,0; = g' 2 fori >3 and §; C 0;if i > 7,
(01,02,...) is a refinement of the lower central series. Note that the filtration given by
the d; has also been used in the paper [8], where §; is called V{;).

Let us collect some observations:

Lemma 5.39. Let g be a filiform Lie algebra, x -y a CPA-structure on g and L; = L(e;)
the left-multiplication operator with respect to an adapted basis {e1,...,en}. Then:

(i) The Lie algebra g is metabelian precisely if [03, 03] = 0.

(1t) Li(6;) C 0j41 foralli,j=1,...,n (that is, all L; are lower triangular with respect
to the adapted basis).
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5.4 Classification of CPA-structures on filiform Lie algebras

(143) We have g-g C 3 if and only if e1-e1 € 63 and g-d2 C 4 if and only if e1 - e € 04
and ey - ea € 0. (Later we will see that es - ea € 64 holds even if g - 02 L d4.)

Proof.
(i) This holds since d3 = [g, g].

(ii) Note that the L; are all derivations by Lemma
All §; are characteristic ideals, thus L;(d;) C §;. But since z - y is a CPA-structure
on a nilpotent Lie algebra, L; is nilpotent (by Proposition — thus L;(6;) must
really lie in d;41.

(iii) This follows from (ii): We have L;(d2) C d3 for all 1 < i < n, thus g-ds C d3. So if
e1-e1 € 03, then g-g C d3. Also, g- 63 C d4. Thusif ey - es € 04 and ey - e5 € Iy,
then g- 52 - (54.

O]

Definition 5.40. Let g be a Lie algebra. We say that a CPA-structure x -y on g is
associative, if g - [g,g] = 0.

Remark 5.41. We call CPA-structures satisfying g-[g, g] = 0 associative, because g-[g, g] =
0 if and only if the algebra (A, -) is associative — see Proposition m

As filiform Lie algebras satisfy dim(g/[g, g]) = 2, associative CPA-structures on filiform
Lie algebras only have three products between basis elements which are possibly non-zero:
e1-e1,e1-es =ey-e1 and es - €s.

Let g be a filiform Lie algebra of dimension n > 7 with a CPA-structure x - y. By
Lemma m, (ii), we always have g-g =01 -1 C 62 and g - d2 = 01 - 62 C 0.

Definition 5.42. If g- g C d3, we say x -y is in Class A.

Class A is the disjoint union of Class A; and Class Ag: If z-y isin Class A and g-d2 C dy4,
we say x -y isin Class Ay;if x -y isin Class A and g-do & 04, we say x -y is in Class As.
If g-g < d3, we say z -y is in Class B.

Class B is the disjoint union of Class By and Class Bsy: If -y is in Class B and g-do C 44,
we say x -y is in Class By; if x -y isin Class B and g- o € d4, we say x -y is in Class By.

Note that every CPA-structure on g is in exactly one of Classes A and B and in exactly
one of Classes A1, As, B1, Bo.
Writing e - e; = aey + 03, €1 - ea = Pes + 04 (with «, 5 € C), by Lemma , (iii), z -y is
in Class A if and only if « = 0 and in Class A or By if and only if 5 = 0 and ey - e € 4.
We will later see that § € {0,1} and that es - e2 € 4 always holds.

Remark 5.43. Given a CPA-structure on g, its class is invariant under a change of adapted
bases of g.

We shall prove the following:
CPA-structures in Class Ay are associative. CPA-structures in Class As satisfy the weaker
condition [g, g] - [g, 9] = 0 and only exist on metabelian Lie algebras. CPA-structures in
Class B only appear on g = L,, the standard graded filiform Lie algebra (which is in
particular metabelian). All together, we will obtain:
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5 Post-Lie algebra structures on nilpotent Lie algebras

Theorem 5.44. Let g be a filiform Lie algebra of dimension dim(g) > 6.
(i) Every CPA-structure on g is associative if and only if g is non-metabelian.

(i1) Every CPA-structure on g satisfies [g,9]-[g,9] = 0 if and only if g is not isomorphic
to L,,.

(15i) The only remaining filiform Lie algebra, L,, admits two types of structures, see

Proposition [5.60,

Remark 5.45. For dimensions n smaller than 6, there are no filiform Lie algebras if
n = 1,2 and only one (namely L,) if n = 3,4. For n = 4, the CPA-structures are given
in Remark for n = 3 in Proposition [B.I0] For n = 5, there are two non-isomorphic
Lie algebras, Ls and Rs; see Section for their post-Lie algebra structures. While Rj
is metabelian, not all post-Lie algebra structures on Ry satisfy the condition in (ii) (that
is, Theorem does not hold in dimension 5).

We will assume in the following that the dimension of the filiform Lie algebra g is
at least 7. However, one may investigate the (five, up to isomorphism; see [38] or [54])
filiform Lie algebras in dimension 6 and finds that Theorem still holds.

Let us distinguish two cases: As said before, every n-dimensional filiform Lie algebra

has an adapted basis {e1,...,e,} such that the non-zero brackets are given by
[61,61‘] = ei+1,i = 2,.. L, — 1
lei, ;] € span{eitj, ..., en} = diyj i +7 <m,

[ei, en—it1] = (—1)”17@”,2 <i<n-1

where the scalar 7 € C is always zero if n is odd. If n is even, we have 7 = 0 if and only
if g("=4/2 ig abelian (cf. [22] Lemma 2.5.9]).
If dim(g)=:n is odd, the Lie algebra gl(»=%/2] is always abelian.

To prove Theorem we will first assume that gl(»=%/21 is abelian (that is, 7 = 0).
Then we have [e;,e;] € d;4; for all 7,5 € {1,...,n}. We will later (in Section [5.4.3)
consider the case where gl"=4/2] is not abelian (i.e. 7 # 0).

We will in this section only give the proof that CPA-structures in Class A are asso-
ciative. As the proofs for the corresponding statements for CPA-structures in Classes
Ay, By and Bo are similar, but require to take care of many more details. The proof is
given in Appendix [A]

In the following, g will always be a filiform Lie algebra of dimension > 7 and =z -y a
CPA-structure on g.

5.4.1 CPA-structures in Class A

In this section we investigate the case where g - g is contained in the characteristic ideal
03, that is, x - y is in Class A.
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5.4 Classification of CPA-structures on filiform Lie algebras

We start by introducing a condition which implies that z -y is in Class A (Lemma
and Proposition [5.47)): If our Lie algebra has an adapted basis with [ez, e3] € aes + d¢,
where a # 0, then every CPA-structure on g is in Class A.

Lemma 5.46. If the filiform Lie algebra g has an adapted basis {e1, ..., ey} with [e2, e3] =
aes + 0, a0 # 0, then there is an adapted basis {f1,..., fn} of g with [fa, f3] = f5 + J6.

Proof. Let us set

.
fi=e1, fi=—e€,i>2.
[0

Then {fi, fo,..., fn} is still an adapted basis for g and

[f2, f3] =

1 1
[ea, e3] € ?(aes +d6) C 65 + 06 = f5 + J6.

Sl
Q|+

O]

Proposition 5.47. Let g be filiform and suppose |ea,e3] € es5 + 0. Then all CPA-
structures on g are in Class A.

Proof. Let us first note that [ea, e4] € eg + d7 by the Jacobi identity: We have
[e2, e4] = —[ea, [e3, e1]] = [en, [e2, e3]] + [es, [e1, e2]] € [e1, €5 + d6] + [e3, €3] C e + 7.

Let us now consider the left-multiplication operator L := L(e;) and write Li(e1) €
aey + 03, L1(e2) € Pes + d4 with some «, 5 € C. Our goal is to show that o = 0. Since
L1 is a derivation, we find

Li(e3) = [Li(e1), e2] + [e1, Li(e2)] € [aea + I3, e2] + [e1, Bes + 4] C Bes + 65,
Li(eq) = [L1(e1),e3] + [e1, Li(e3)] € [aeg + 63, e3] + [e1, Bes + 5] C (o + B)es + d6,
L1(€5) = [Ll(el), 6’4] + [61, L1(€4)] S [aez + 03, 64] + [61, (Oé + 5)65 + 56] - (20& + B)eﬁ + 7.

Now we use that L; is a derivation on the element [eg, e3] and find:
Li([e2, es]) = [L1(e2), es] + [e2, L1(e3)] € [Bes + b4, e3] + [e2, Bea + J5] € Beg + o7

But on the other hand, L;([e2, e3]) € Li(e5) +L1(ds) C (20 + )eg + 07 and in particular,
2c + B = B which means o = 0. So indeed e - e1 € 03. O

Remark 5.48. There is another interpretation of [ea, e3] € e5+d¢ (see [22, Lemma 2.5.9]):
If a filiform Lie algebra does not contain a one-codimensional subspace U 2O g! such that
[U,g'] C g* (where g° =g,...,g" = [¢° !, g] denotes the lower central series of g), then
g has an adapted basis {e1,...,e,} with [es, e3] € e5 + .

In this and the next section, we assume that g/("=%/2] is abelian — we study filiform
Lie algebras where this is not the case in Section
Recall that the subdiagonal of a quadratic matrix lies directly under the main diagonal.
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5 Post-Lie algebra structures on nilpotent Lie algebras

Proposition 5.49. Let g be filiform with g!"=9/21 qbelian and ©-y a CPA-structure on
g, suppose that x -y is in Class A, that is, e1 - e1 € 3.

(i) We either have e1 -e3 € 04 (x-y is in Class A;) orey-es € es+ 04 (x-y is in Class
Ap). In particular, if x -y is in Class Ap and ey - ea € Bes + d4, then B =1.

(it) If x -y is in Class Ay, we have e - ej € 0j42 for all j € {1,...,n}; if v -y is in
Class Ag, we have eq - e € ej11+ 012 for all j € {2,...,n —1}.

(tit) We have ez - e € dayj for all j € {1,...,n}.

(w) If x -y is in Class Ay, we have e;-ej € 0;15 for alli,j € {1,...,n}. (We will show
later that this also holds for Class Ag.)

at, d al
11 G2 .- O
Proof. Let L; = L(e;) with respect to the adapted basis. Let L; = : :
aly al, ... ai,
By Lemma [5.39] every L; is lower triangular (with respect to the adapted basis). Let
us investigate the subdiagonal of L; and Lo. By assumption, e; - e; € d3. Now we use

axiom ((CPA3|) for 2 <i <n — 2 and get

e1-ler,e] = l[er-er,e)+ e, er-e .
\W_/ \\/—/
er-ejy1 €63 €al,y eiy1+0it2
C .
€aj s iq1€i42+0its Coits Ca},y eita+dits
: 1 _ 1 _ 1 _ 1 . .
In particular, @ == a;,1; = @j19,41 = Qjy3,49 = --- = Qp 1. That is, the subdiagonal

of Ly consists of equal entries. So L looks like

0O 0 O 0 0
0O 0 O 0 0
* a 0 0 0
¥ ¥ o« 0 0
* % % ... «a 0

Exactly the same argument gives that Lo has the form

* ¥ O O
*¥ D O O
D o O o
oS O O O
o O o o

*
*
*

=™
(=)
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We show that 8 = 0 via axiom (CPA2): We have

[e1,e2] -e2 =€ - (e2-e2) —ea - (e1 - e2)
N—— —— ——

€2°€3 EBes+0d4 Eaez+9g
€Bes+05 Cafes+95 CafBes+9s

and we get 8 = 0, which proves part (iii).
If we use axiom (CPA2)) again, we find

[61762] t€ =e1- (62 : 61) — €2 (61 : 61),
—— —— ——

€1 €3 Caez+d4 €63
N—— ~
€acqatds CaZes+65 Cés

thus a = o? and so, a € {0,1}. This proves (i) and (ii).

Now we prove part (iv): The additional assumption that x -y is in Class A just means
a = 0. In particular, both L; and L, do not have a subdiagonal. Thus e - ¢; €
dit2,€2 - € € 0i2.

It remains to show e; - e; € d;4; for 4,7 > 3.

Let ¢ > 3 be fixed. Induction start:

e3-e; =[e1,ea]-e; =e1-(e2-€;) —ea-(e1-€;) € diy3
——

——
€042 €0i+1
Cdits Céits3

and inductively (j — j + 1):

€j+1 ce; — [61, ej] c€p = €1 (ej . 61‘) — ej . (61 . 6i) S 5’i+j+1-
——r ——

S €641
Clitjt1 Clitjta
So we have proven (iv): e; - ej € 6;4; for all 4,5 € {1,...,n}. O

Note that, by Proposition [5.49] the assumptions of the following lemma are satisfied
for CPA-structures in Class A; on a filiform Lie algebra g with gl(®=%/2] abelian for
L=0:

Lemma 5.50. Let g be a filiform Lie algebra with a CPA-structure in Class A; (i.e.
e1-e1 € 03,e1-eg € d4). If for some integer £ > 0,

® eg-ep €0y,
® c1-¢ €0jpyyo forall j#1,2,
®¢ci-¢j € 5i+j+@ Jor all pairs (Zvj) ¢ {(17 1),(1,2),(2,1), (272)}7

then also
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® 969 € Uy,

® c1-¢e €0jyy3 forall j#1,2,

® ¢;-ej € Oipjreq1 for all other pairs (i,7) ¢ {(1,1),(1,2),(2,1),(2,2)}.
Here, we do not assume that g!"=9/21 s abelian.
Proof. First we show that ez - e; € 03440, > 3t

€9 €3 = €3 €y = [61,62]'62:el'(€2-€2)—€2~(61-€2)E(S(prg.
—— N——

€04 €44

Clatoqe Clgya4e

This was the induction start, now the induction step j — 7 + 1:

€2 €j41 = €541 €2 = le1, Bj] sey =e1 - (€j -eg) — €j - (e1-e2) € 54+j+€~
N—— ——

€d3+j+e S
N’
CO34j+e42+ SOjtate

Now we show it for e3, i.e. e3-e; € dqqjqr,J = 3

e3-e3=[er,e2]-e3=e1-(ex-e3) —ez-(e1-e3) € drpp.
—— ——

€640 €054
~
Cégyor Cégyor

This was the induction start, now the induction step j — 7 + 1:

e3-ejr1 = ej1-e3 = [e1,ej]-e3 =e1-(ej-e3) —ej-(e1-e3) € I54j1-
N e’ N’

654+j+e 655+Z
Cl4tjtrot2+4e C54o4j+0
We can also do this for ey, ...,e,. Thus we have proven so far that e; - e; € d;4j4¢41 if

(4,9) ¢ {(1,7), (4,1),(2,2)}.
So it remains to show ey - e; € 04443 for j # 2.
This is also an application of axiom (CPA2)): As an induction start, we have
€1-€3 =e€3-€1 = [61,62] el = €1 (62 '€1>—€2 . (61 '61) c 66—&-6
~—— ~——

€04 €43

Clg e Clere

and the induction step j — j + 1 reads

er-ejr1 =ejr1-e1 = [er,ej]-e1 =e1-(ej-e1) —ej-(e1-e€1) € Fjtra
—— ———

€6j+ets €93
N e’
Céjteta Cdayjte

Here we have used that by assumption e; - e € 0pyo4¢ (for £ > 3) and that e; - e; €
ditjt+e+1 (which we proved before). So we have proven the induction step. O
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5.4 Classification of CPA-structures on filiform Lie algebras

Corollary 5.51. Let g be a filiform Lie algebra with g/("=%/21 qbelian. Then every
CPA-structure in Class A; is associative.

Proof. Proposition implies the case £ = 0 in Lemma So, we know that e;-e; €
On+1 = 0 for all pairs (4, j) except (1,1),(1,2),(2,1),(2,2); however, this exactly means
that g - [g,g] = 0, thus x - y is associative. O

We have dealt now with Class A;. CPA-structures in Class A; and Class B will be
investigated by similar means — however, they are much more work (as the conditions
g9 Cd3 and g-dy C &4 simplify the situation for Class A; tremendously).

Thus, the proofs for the following theorems can be found in Appendix

Proposition 5.52. Suppose we have a CPA-structure on the filiform Lie algebra g in
Class Ag. Then g is metabelian and [g,g] - [g,9] = 0.

Proof. See Proposition O

5.4.2 CPA-structures in Class B

The remaining case is the one where e - e; ¢ 03 (meaning z -y is in Class B).

Lemma 5.53. Let g be filiform and x-y a CPA-structure on g in Class B. Then ej-es €
Bes + 03, where B € {0,1}.

Proof. See Lemma O

Let x - y be a CPA-structure with g-g ¢ d3, write e; - e2 € Bes + §4. We now know
that x -y is in Class B; if and only if 8 = 0 and in Class By if and only if 5 = 1.
Again, we deal with both cases (Class By and Class By) separately.

Proposition 5.54. Let g be filiform (and n-dimensional), x -y a CPA-structure on g in
Class By (meaning ey - e1 ¢ 03 and e - ex € 04). Then g = L,, (where L,, denotes the
standard graded filiform Lie algebra).

Proof. See Proposition O

Proposition 5.55. If x -y is a CPA-structure in Class By (meaning e - e1 ¢ d3 and
e1-ex & 04) on g (where g is filiform and n-dimensional), then g = L.

Proof. See Proposition O

Corollary 5.56. If g is n-dimensional filiform, x -y a CPA-structure on g in Class B,
then g = L,.

Proof. This statement is the combination of Proposition [5.54 and Proposition 5.55] O
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5 Post-Lie algebra structures on nilpotent Lie algebras

5.4.3 The case g/"~%/?] not abelian

In Section , we assumed that g/(®=%/2] ig abelian. Now, the case remains where
gl ("=9/21 is not abelian. Let g be filiform of dimension > 7 and let g have an adapted
basis with [e1,e;] = ei11,2 < @ < n—1,[ej,e5] € 05,1 < i, < n,[eit1,en—i] =
(=1)iren, 1 <i<n—1 where 7 # 0.

We will first show (Lemma [5.57) that every CPA-structure on g is in Class A. Af-
terwards, we prove in Proposition that the assumptions of Lemma [5.50] still hold,
meaning that we can as before conclude that every CPA-structure on g is associative.

(n—4)

Lemma 5.57. Let g be an n-dimensional filiform Lie algebra and gl 21 not abelian.

Then every CPA-structure on g is in Class A.

Proof. This is one simple application of axiom (CPA3)). We have [e2, e,,—1] = —Tep,, 7 # 0
and ey - e1 € aeg + 03. By axiom (CPA3]) we obtain

O=e1-e,=][e1-€1,en—1]+ [e1,€1 - €en_1] € [ea + I3, en—1] + [€1, Op]
C ales, en—1] + [03,€n—1] + 0 C —ate, + 0.

So since 7 # 0, we have @ = 0, meaning that « - y is in Class A. O

Let g/»=9/2] be non-abelian. Note that Lemma and Proposition still hold
for g (as they do not assume g/("=4/2] to be abelian). We want to prove for g a result
similar to Proposition

Proposition 5.58. Let g be n-dimensional filiform, gl"=%/21 not abelian, -y a CPA-
structure on g (which is in Class A by Lemma . Then

(i) x -y is in Class Aj.
(it) e1-ej € §jy2 for all j #1,2.
(iii) e; - ej € 6;yj if neither of i and j is 1.

Proof. The proof is very similar to the one of Proposition [5.49] Write, as in the proof of
Proposition [5.49, L; = (a%,)1<k e<n-
As in Proposition we use (CPA3|) for 2 <i <n — 3 and get

e1-ler,e;]  =lei-e, e +ler, er-e ]
S——— haVd
€1 €i+1 €03 6a},+17i€i+1+6i+2
—— N———

1 . . Cé;
€a; G +6 +3
i+2,i+1%+21T%43 v Cal 1,:€i+2+0i43
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5.4 Classification of CPA-structures on filiform Lie algebras

(This time, however, we cannot do this step for i =n — 2.)
Doing the same for Lo, we obtain

0 0 O 0 0 0 0 0 O 0 00
0 0 0 0 00 0 0 O 0 00
x a 0 0 0 0 x # 0 0 00
Li=|* * «a 000 fog=|* * 8 000
* % x ... a 00 x x *x ... B 00
* % % ... *x x 0 x % x ... x x 0

As before, [e1,e2] - €2 = €1 - (ea - e3) —ea - (€1 - e3) implies § = 0 and [ej,eq] - €1 =
e1-(ez-e1) —ea-(e1-e1) implies a € {0,1}. (Later we will show that o = 1 is impossible,
meaning that x - y is in Class A;.)

Let us now show that for 4,7 > 3, we have ¢; -¢; € 0;4j if i +j #n+1and ¢; - ej € 0y, if
i+ 7 =n+1. We do this inductively: We fix ¢ and do an induction on j > 3. For the
induction base, we distinguish three cases: (a) i+3=n+1, (b) i+3=n+2, (c) else.
Case (a): Suppose i +3 =n + 1, show ez - ¢; € §,: By (CPA2),

e3-e;=e3-ep_a=e1-(e2-e,_2) —ez-(e1-epn_2) € by.
——— ———

Edp, Edn—1

=0 Cén

Case (b): Suppose i + 3 =n + 2, show e3 - ¢; € d;+3: Again, by (CPA2]),

es-ej=e3-ep_1=¢e1-(e2-ep_1)—e€2-(€1-€ep_1) =0=0dj13.
———— ———

Ebn Ebn

-0 =0
Case (c¢): Suppose i +3 #n+2,i+3 #n+ 1, show e3 - e; € §;4+3: Again, by (CPA2)),

e3-e; =e1-(ex-e)—ex-(e1-€;) € big3.
—— ——

Edit2 €dit1

Céits Cdits

Now the induction step j — j+1: We again distinguish three cases: (a) j+(i+1) = n+1,
(b) i4+j=mn+1, (c) else.
Case (a): Suppose i + j = n, show e;q1 - €; € d,: By (CPA2),

€j+1-ei:61‘((3]"6,‘)—6]"(61‘61‘) € o,
—— ——

€ditj €6it1

Céitj+1=0 Con
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5 Post-Lie algebra structures on nilpotent Lie algebras

(as e; - 0i+1 C 0y, by induction hypothesis).
Case (b): Suppose i+ j =n + 1, show ej11 - €; € diyj11: Again, by (CPA2),
€j+1 € — €1 (ej . el-) —ej . (61 . ei) =0= 5i+j+1-
—— ~——

Edn €dit+1

=0

Citj+1=0

Case (c): Suppose i+ j # n,i+j # n+1, show ej11 - €; € diyjr1: Again, by (CPA2),

ejr1-€ =e1-(€ej-e)—e;j-(e1-e) € dipjti.
—— ——

€054 €6i11

Cligjt+1 Chitjt1

This proves our claim.

Now we are ready to prove that x -y is in Class Ay: Suppose not, then we have o = 1.
We want to show that then g/("=%/2] is abelian (this would be a contradiction to our
assumption). For that, it is enough to show that [e,, /2, €,,/241] = 0.

By the above, we can write e,,/5 - €,/2 = Q1€n, €,/2 " €,/241 = Qaey, for some ay, as € C.
This implies by axiom (CPA2)

0= [e1,ens2] - enj2 — €1 (€2 €nja) tensa - (€1 €nya)
—_—
€ €n/2+1 " €nj2 + €ny2 - (€njat1 + 0nj242)
C ey + aze, + 0,

meaning as = 0. So by axiom (CPA3|),

0=¢n/2"€njat1 = €nja - [€1,€n/2] = [en/2 - €1,€n/2] + [€1,6n)2 - € 2]
€ [en/a41 + Onjat2; ens2] +[e1, 1en] € [en/041,€n/2] +0
- _[en/27 671/2—}—1] +0,
thus [en/2a en/2+1] =0.
So we have a contradiction and obtain that -y is in Class A;. This shows (i).
Let us show now (iii). We have proven (iii) so far for i = 2,j # n — 1 (since 8 = 0) and
fori,j >3 withi+j #n+1. Nowleti> 2,5 >3,i+j =n+ 1. For this, we write
€+ €j_1 = Q1€n, €; - €j = ae,. Then

0= [61,6]‘_1] e — el (ej_1 . 61‘) + €j—1" (61 . ei)

€ej-ei—er-(aney)+ej_1-0ip2 C aze, +0

=0 =0

meaning ap = 0 which, in turn, implies e; - e; = 0, that is, J; - §; € d;4; also holds for
t+j5=n+1.

This proves (iii). However, if we repeat this last step and set i = 1,5 = n — 1 (and use
that we have just proven d3 - d,—2 = 0), we also obtain (ii). O
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5.4 Classification of CPA-structures on filiform Lie algebras

But the statements of Proposition mean that we are in the situation of Lemmal5.50)
for ¢ = 0. Lemma does not assume gl "=4/21 to be abelian and thus it can be applied.
Therefore:

Corollary 5.59. If g is filiform and g!"=4/21 not abelian then all CPA-structures on g
are associative.

Proof. Proposition implies the assumptions of Lemma by Lemma we find,
inductively as before, that e; - e; € dp41 if (4,7) is not one of (1,1),(1,2),(2,1),(2,2) -
50 g-[g,0] = 0. O

Putting everything we proved so far on filiform Lie algebras together, we can prove the
"classification theorem", Theorem

Proof of Theorem[5.74 If g is filiform and x - y is a CPA-structure on g, then gl("=4/2]

is abelian or not.

(a) Let gl»=%/2] be not abelian. Then, by Corollary m, the CPA-structure is asso-
ciative. Note that as dim(g) > 6, we have [es, e,_2] = ey, s0 g is non-metabelian.

(b) Let gl(®=4/2] be abelian.
(i) If g is non-metabelian, then x - y cannot be in Class B (Corollary [5.56) and
not in Class Ay (Proposition [5.52)). So it is in Class A; and thus associative
by Corollary

(ii) If g is metabelian and g % L., then x -y cannot be in Class B (Corollary ,
so it is in Class A; or Ag, meaning g - [g,9] = 0 or [g,9¢] - [g,9] = 0 by

Corollary or Proposition [5.52] In both cases, [g,g] - [g, 9] = 0.

This proves the "if"-directions of (i) and (ii). The "only if"-directions will be proven
by presenting a non-associative CPA-structure on metabelian Lie algebras and by
presenting a CPA-structure on L, not satisfying [g,g] - [g,9] = 0, see Proposi-
tion [5.60] and Proposition respectively.

O]

5.4.4 CPA-structures on metabelian filiform Lie algebras

We have just proven that every CPA-structure on a filiform non-metabelian Lie alge-
bra satisfies g - [g,g] = 0. For metabelian filiform Lie algebras, there are indeed CPA-
structures not satisfying this condition:

Proposition 5.60. If g is filiform and metabelian of dimension dim(g) > 4, then there
s a non-associative CPA-structure on g.
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5 Post-Lie algebra structures on nilpotent Lie algebras

Proof. Let g be filiform and metabelian; let {e1,eq,...,e,} be an adapted basis of g.
Write [eg, e3] = aa5e5 + ao6e6 + ... + @2 nepn. Then we define a bilinear map by

ei-ep =e1-e =lep, e foralli>1,

ej -2 = ey -ej = [eg, e;] for all j > 3,

€2 - e = 2an5€4 + 202665 + ... + 200 pey1.
(If dim(g) = 4, set eg - e2 = 0.)

The commutativity (axiom (CPAL)) of x -y is clear, we show that axioms (CPA2) and
(CPA3) hold:

First note that we have:

* [9.0] [9,0] =0
e If z € [g,g], then for all y € g we have z -y =y - & = [y, x].

® 1 - (62 . 62) = [61,62 . 62] = 2[62,63] = 262 - €3.

It is enough to show axioms and for the basis vectors eq,...,en,.
Axiom (CPA3):

We have to show z - [y, 2] — [ -y, 2] — [y,x - 2] = 0.

If x = eyq, this equality is satisfied since L(e;) = ad(e;) is a derivation of g.

If z € [g, g], we have

£ [y,z] - [l’ ’ y,z] - [y,:c ’ Z] =0- [[y,a:],z] - [ya [Z’:E]] = [[Z,y],l‘]

which is 0 since z € [g, g] and g is metabelian.

The case x = ez remains; since L(ez)|[g g = ad(e2)(g,q), We may assume that not both of
y and z are in [g, g]. So we have four cases left:

Case 1: If y =z =e€1 or y = z = e9, then axiom is trivially satisfied.

Case 2: If y = e; and z = ey (or, by symmetry, vice versa), then we have

e - le1,e2] — e - e1,e2] — [e1,e2 - ea] = ea - e3 — [e3, ea] — [e1, €2 - €2]

= 2[62,63] — [61,62 . 62] =0.
Case 3: If y = e; and z € [g, g (or vice versa), then
ez - [e1, 2] —[e1- e, 2] — [e1, €2+ 2] = [ea, [e1, 2]] — [[e1, ea], 2] — [ex, [e2, 2]] = 2[2, [e1,€2]] = 0

again by the fact that g is metabelian.
Case 4: If y = e and z € [g, g (or vice versa), then

eg - lea, z] — [ea - ea, z] — [ea, ea - 2] = [ea, [ea, 2]] — 0 — [ea, [e2, 2]] = 0.
€lg.g]

So axiom ((CPA3|) holds for all combinations of basis vectors and thus for all elements of
g.
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5.4 Classification of CPA-structures on filiform Lie algebras

Axiom ((CPA2)) is a similar check:
If z € [g,g], then

[yl z2—2-(y-2)+y-(z-2)=0—[z,[y,2]] + [y, [z, 2]] = [2, [z, y]] = 0

since g is metabelian.
If z = e, we have

[z,yl-e1 —x-(y-e1) +y-(v-e1) = [en, [z, y]] — [z,[e1,y]] + [y,[e1,2]] =0

by the Jacobi identity. So let z = eg. If z =y or x,y € [g, g], axiom (CPA2) is trivially
satisfied. It remains to check two cases:
Case 1: x = €1,y = ey (or vice versa): Here, we have

[61762]‘62761'(62'62)+62'(61'€2)262'63761'(62'62)+62'63

=2ep-e3—e€1-(e2-e2) =0.
Case 2: x =e; or x = e,y € [g, 9] (or vice versa): Here, we have
[:an] t€y — T (y : 82) +y- ($ ’ 62) = [627 [:an]] - [:Bv [627y” +0= [ya [ZL‘,SQH =0
[9.0]
Elg.g

since y € [g, g] and g is metabelian.
Finally, as ey - e3 = e4, the CPA-structure is non-associative. O

Remark 5.61.

(i) For the metabelian n3(C) (which is the only filiform Lie algebra in dimension 3),
all CPA-structures are on ng(C) are associative (that is, Proposition does not
hold in dimension 3), see Proposition [B.10]

(ii) Proposition proves the "only if"-direction in Theorem [5.44] (i).

5.4.5 CPA-structures on infinite-dimensional filiform Lie algebras

In this section, we shall consider post-Lie algebra structures on infinite-dimensional fi-
liform Lie algebras. An infinite-dimensional filiform Lie algebra g is not nilpotent, but

e .
rather residually nilpotent, meaning () g° = 0 (where g°, g', ... denotes the lower central
i=0

7=
series of g). The definition is as follows:

Definition 5.62 ([76]). Let g be a finitely-generated, infinite-dimensional Lie algebra
and g%, g', g%, ... its lower central series. If dim(g"/g!) = 2 and dim(g’/g*™!) = 1 for all
i > 1, then g is called a filiform Lie algebra.
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5 Post-Lie algebra structures on nilpotent Lie algebras

So when passing from the ideal g’ to the ideal gi ™! (with ¢ > 1), the dimension decreases
exactly by 1. Note that this is a reasonable generalization of the term "filiform" to
infinite-dimensional Lie algebras.

Infinite-dimensional filiform Lie algebras can be seen as direct limits of finite-dimensional
filiform Lie algebras (where each one of those is a central extension of the previous Lie
algebra) and thus also have an adapted basis, that is, a basis {e1, e2,e€3,..., } such that

[61, ei] = €41 for all ¢ > 2,
[ei, €5] € span({eiy;, €irjt1, .- })

(ct. [76]).

Also CPA-structures on infinite-dimensional filiform Lie algebras are direct limits of
CPA-structures on filiform Lie algebras: Given a CPA-structure on g, define g,, :== g/g"!
and let @ be the image of a in g,. Then g, is finite-dimensional filiform and a CPA-
structure on g, is given by @- b = (ab). Then g is the direct limit of the g, and the
CPA-structure on g is the direct limit of the CPA-structures on the g,. This implies that
Theorem [5.44] extends to infinite-dimensional filiform Lie algebras:

Corollary 5.63. Let g be an infinite-dimensional filiform Lie algebra with a CPA-
structure x - y.

(i) We have g-[g, 9] = 0 for every CPA-structure on g if and only if g is non-metabelian.

(ii) We have [g,g] - [g,8] = 0 for every CPA-structure on g if and only if g is not
isomorphic to the direct limit of the standard graded filiform Lie algebras L.

Proof. For the "only if"-directions, see Proposition and Remark [5.68] respectively.
We show the "if"-directions:

(i) Let g be non-metabelian. Then there is an n such that for all g,,,m > n,g,, is
non-metabelian.
Thus to prove a-[b, c] = 0 for all a, b, ¢ € g, choose n such that g,, is non-metabelian.
Then in all g,,,m > n, we have @ - [b,¢] = 0, thus a - [b,¢] = 0 in g.

(ii) If g is metabelian, then all g,, are metabelian and there is an n such that for all
Om, > Ny Om ¥ L. To prove [a,b] - [e,d] = 0 for a,b,c,d € g, note that in all

Om, [@, 0] - [¢,d] = 0, thus [a,b] - [¢,d] = 0 also in g.
O

The CPA-structure given in Proposition [5.60] can be extended to infinite-dimensional
filiform Lie algebras:

Proposition 5.64. If g is infinite-dimensional, filiform and metabelian, then there exists
a non-associative CPA-structure on g.
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5.5 Explicit CPA-structures on certain filiform Lie algebras

Proof. Let {e1,ez,...} be an adapted basis of g and let [ez, e3] = > ;" age; for some
m € N. Analogously to the proof of Proposition [5.60], define a bilinear map by
ei-e1 =e1-e =lep, e foralli > 1,

ej ey =ey- ey = [eg,e;] forall j > 2,
m—1

€x-e =2 g O9i+1€;
i=4

and copy the proof of Proposition [5.60 O

Post-Lie algebra structures on infinite-dimensional Lie algebras were also studied by
other authors ([91], 92]).

5.5 Explicit CPA-structures on certain filiform Lie algebras

With these results, we want to derive explicitly the CPA-structures on certain families
of filiform Lie algebras. [58, Chapter 4, page 111] states that "among all these [filiform)]
algebras, only four play an important role". These families of Lie algebras are known by
the names L, Q,, R, and W, — we will derive all CPA-structures on them. Afterwards,
we will calculate the CPA-structures on a family of characteristic nilpotent filiform Lie
algebras.

Our strategy is to use Theorem and then to derive the concrete CPA-structures with
the help of the derivation algebras of those families.

5.56.1 The Lie algebra L,

Lemma 5.65 (|58, Chapter 4, Proposition 1|). Let L,, be the n-dimensional filiform Lie
algebra (n > 4) defined by

[el,ei] :ei+1,i:2,...,n—1.

Let t1,to,t3, ho, hs, ..., hy_o be the endomorphisms

=
w0
—~
S
I
Sy
+
&
[\]
IN
<.
IA
S
|
»
>
w0
—~
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I
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»
I
no
S
|
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|
»
A
<.
IN
s

Then the endomorphisms ade;, i =1,...,n — 1,t1,t2,t3,ho, hs, ..., hy_o form a basis of
Der(Ly,). In particular, dim(Der(L,,)) = 2n — 1.

Proposition 5.66. Let n > 5. Then all CPA-structures on L, are given by one of the
two following types (with respect to the basis above):
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5 Post-Lie algebra structures on nilpotent Lie algebras

Type (i): e1 - e1 = oex + azes + ...+ apep,e1 - €2 = ez - ep = fPep_1 + Yep, €1 - €3 =
e3- el = Bey,eo - eg = dey,; all other products between basis elements are zero and
the condition —das = B holds.

Type (ii): e1 - e1 = agea + ages + ... + apep,e1 - €2 = ex - €1 = ez + Bep—1 + Yen, €1 - €3 =

es-e1 =eq+ fBep,e1-ep=ep-e1 =eprq (A<k<n-—1), es-es = dey; all other
products between basis elements are zero and the condition dag = B holds.

In both cases, aa, ..., o, B,7,0 € C arbitrarily.

Proof. One has to check that the structures given in the proposition are indeed CPA-
structures on L,. On the other hand, let -y be any CPA-structure on L,,, we show that
it is of the form (i) or (ii) by induction on the dimension n. For n = 5, one calculates
that every CPA-structure has one of these two forms, now consider the induction step
n—1—=n:

We have L,/ Z(Ly) = L,—1 and, as the center of L, is one-dimensional, g - Z(L,) = 0
(|34, Corollary 3.4]).

So x -y induces a CPA-structure x oy on L,,_1, which, by induction hypothesis, is of type

(i) or (ii).

Case 1: Let us first assume that z oy is of type (i). So we can lift it back to L, and
see that x - y has the form
e1-e1 € agea+ ...+ ap_16n—1 + Z(Ly)
e1-€y =eg-e1 € Blen_g + ’y'en_l + Z(Ln)
e1-e3=e3-€] € Blen_l + Z(Ly,)
ez -es € 8en1 + Z(Ly)
subject to —and” = B" and all other products of basis elements lie in Z(Ly,).
As all left-multiplication operators lie in Der(L,,), by Lemma we obtain [Ly, L] -
[Ln,Lyp] =0,62-04 = Ly - 95 = 0 (where we write ¢; :== span{e;,j > i}). So we have (the
variables’ names resemble the form we want in the end)
e1-e;p =agey+ ...+ apey
e1-ea=e3-e1=feno+7en1+en
e1-e3=e3-e1 = [en 1+ e,
€1-€4 =¢€4-€1 =CEc€py
ey -ey=0en_1+ ey
ez e3=e3- €3 =(ep
for some «y, 8,5',7,7,6,8',¢,( € C. By Lemma we further obtain 8 =+',e = '
and ( = 4.
Now axiom (CPA2|) gives us
Cen =eg-e3=[e1,e2]-ea =e1-(e2-e2) —ea-(e1-e2)
=e1- (0'en—1 +dey) —ea- (B'en—2 + Ben—1 +7en) =0,
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meaning ¢ = §' = 0.
And axiom ((CPA2)) also implies

B'en—1+ Ben =e3-€1 = [e1,e2]-e1=-e1-(ea-e1) —ea-(e1-€1)
=e1- (Ben—a+ Ben_1+7en) — €2 (e + ... + aney)
= —ade,.

So /' =0 and 3 = —as9d, meaning we have proven that x - y is a CPA-structure of type
(i).

Case 2: Now we assume that xoy, the CPA-structure on the quotient L,/ Z(Ly,) = Ly_1,
is of type (ii). So, lifting x oy to L,, we see that z - y satisfies

er1-el =age2+ ...+ Qp_1€n_1 + Qpey
e1-ea=ey-e1 =e3+ feno+en 1+ ven
e1-e3=eg-e1 =eq+ Be,_1+ Pey,
e1-ex=¢ep-e1=epr1,4<k<n—2
€1 -€n—-1 =€n—1-€1 =¢E€p
€2 €2 = 6/67171 + dep,
ex-e3 =e3-e2 = (e,

with 6’ay = B’ and the other constants arbitrarily (after using the form of L,’s deriva-
tions). Moreover, the fact that L(e;) and L(ez) are derivations also implies

e=1,8=+"and (=9

And as in Case 1, axiom (CPA2|), used on the triples (e1,e2,e2) and (e, ez, e1), gives
0 =0 and 8 = 0,8 = ad, respectively. So we obtain that x - y is a CPA-structure of
type (ii) and are done. O

Remark 5.67. What if n < 47 The Lie algebras L; and Ly are abelian, L3 is the 3-
dimensional Heisenberg algebra. The Lie algebra L4 has only one type of CPA-structures,
namely:

0 0 0 0 0000 0000

a0 0 0 o000 o000 B

Lier) = az B 0 0  Llez) = 300 0 Lles) =14 o ¢ o Lled=
as v B0 v 4 0 0 6 0 0 0

with arbitrary elements ag, a3, o, 3,7,6 € C such that apd + 3 — 32 = 0.
Remark 5.68. Setting the variables (,,d in Proposition to zero, one can check that

the analogously defined bilinear maps
o0
el -eq :Zaiei,ej-ek =0if j or kisnot 1

1=2
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5 Post-Lie algebra structures on nilpotent Lie algebras

and

o0
e1-e1 = g ajej,e1-e; =ej-e1 =eji1,¢j- e, = 01if j and k are not 1
=2

(and extended bilinearly) also define CPA-structures on the infinite-dimensional standard
graded filiform Lie algebra (with non-zero brackets [e1, ;] = ej41).

5.56.2 The Lie algebra @,

Lemma 5.69 ([58, Chapter 4, Proposition 3|). Let Q,, be the n-dimensional filiform Lie
algebra (n > 6 even) defined by

[61,61'] :€i+17i:27"'7n_17

leisen_it1] = (=1) e, i =2,...,n/2.

Let to,t1,to, hy, hs, hy,..., hy,_3 be the endomorphisms

>
v
—~
S
I
Ay
+
&
[N
IA
.
IA
S
|
o
>
v
—~
[§
—
~
I
>
[
o
<.
~
I
=
S
|
V)
AN
<.
IN
S

Then the endomorphisms ade;, i =1, ...

,n—1,tg,t1,ta,hs, hs, h7,..., hy_3 form a basis
of Der(Qy). In particular, dim(Der(Q,))

3n
o

Remark 5.70. Some remarks are in order:
(i) In [58], the endomorphism t( is missing.
(ii) For n =4, we have Q4 = Ly.

(iii) If n > 6, then all derivations of @, are (with respect to the basis given above)
lower triangular.

Proposition 5.71. Let n > 6. Then all CPA-structures on Q, are (with respect to the
basis given above) given by

e1-e1 = aep1+ fBen,e1 €2 =€y €1 = —aen_1+Yen, €2 €2 = an_1+dey, , 3,7,6 €C
and all other products are zero.

Proof. For one direction of the proposition, one can check the given structures are indeed
CPA-structures on @,.
For the other direction, let again L; := L(e;) be the left-multiplication operator.
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5.5 Explicit CPA-structures on certain filiform Lie algebras

Note that Q%niél)m is not abelian — so by Corollary we have @, - [@Qn, @n] = 0.
To deduce the precise form of the CPA-structure, expand L; and Ls into the basis of
derivations,

n—1 n/2—2
L; = Z a; padey + Z Bi khok+1 + vito + vi,1t1 + vi2ta.
k=1 k=1

The fact L;(d3) = 0,7 = 1,2 (since @y, - [@n,Qn] = 0), implies that most coefficients
vanish. In fact, L; = 0 for ¢ > 3 and for ¢ = 1,2 we have

L; = o;p—2adey,—2 + o pn_1ade,—1 + Bin—2han—3 + vito-
To make notation simpler, let us write

Ly =ajaden—o +vade,—1 + aghon—3 + (v + B)to,
Lo =azade,—9+dade,—1 + ashop_3 + (6 -+ (5)750.

This means Ly (e1), L1(e2), La(e1), La(e2) € span{e,_1,en}.

To conclude the proof, let us compute L;(e;),4,j = 1,2:

h

1(61) = —Qién_1 — Yen + (’Y + /B)Qn’

1(e2) = ven + aen—1,

a(e1) = —azen—1 — dey, + (e + d)en,
(e2)

2(e2) = dep + e 1.

~

Since Li(e2) = La(e1), aa = —ag and € = .
We know e1 - e3 =0 = eg - e3, but

Li(e3) = —a1e, + agen
Ly(e3) = —azen + auen,
SO (] = (ig = —@¥3 = —Qy, set o == —aq.

Thus finally

e1-e1 = ae,—1 + PBep,
€162 = —Qep_1+ Yen,

ey ey = ae,_1 + 0e,.
and all other products are zero, as desired. O

Remark 5.72. For the CPA-structures on @4, see Remark (as Q4 = Ly).
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5 Post-Lie algebra structures on nilpotent Lie algebras

5.5.3 The Lie algebra R,

Lemma 5.73 ([58, Chapter 4, Proposition 4|). Let R,, be the n-dimensional filiform Lie
algebra (n > 5) defined by

[61,61‘] :€i+1,i:2,...,n—l,

[eg,ei] = €¢+2,Z' = 3,...,n— 2.
Let t, ho, ..., hy—o be the endomorphisms

t(e;) =ie;, 1 <i<m,
hk(ez) = ei+k72 < ) <n-— 2ahk(€i) =0 else.

Then the endomorphisms ade;,i =1,...,n — 1,t,ha, ..., hy_o form a basis of Der(Ry,).
In particular, dim(Der(R,,)) = 2n — 3.

Proposition 5.74. Let n > 6. Then all CPA-structures on R, are given (with respect
to the basis given above) by

(a) e1-e1 = azes+ages+...+ap_16n_1+Qnen, €1-€2 = azeg+ages+...+ap_gen_1+
Ben, ez - €2 = azes + ageg + ... + ap_3en_1 + Vey

(b) exoe; =e1 e+ [e1,ei],ea0ea = ex-ea+2eyq,e30e; = [ea,€],i > 3, where x -y is
a CPA-structure as in case (a).

The variables are arbitrary complexr numbers.

Proof. One may check that the given maps are indeed CPA-structures on R,. Now let
z -y be any CPA-structure on R,.

As R, is not isomorphic to L,, we have two cases: x -y being in Class A or in Class As.
In the first case, by Corollary the product is associative, i.e. R, - [Ry,, Ry] = 0. It
remains to calculate the products eq - e1,e; - eg, €9 - €3.

If we expand the left-multiplication operators L; = L(e;) in terms of the basis of Der(R,,)
given in Lemma .73

n—1 n—2
Li=> oirader+ > Bixhi + it
k=1 k=2

we have 1 = o =11 = a1 = P1,i = P, = 0,3 <3 <n—2since Ly(e3) = La(ez) =0
and 812 = —a12, P22 = —Q2.
So the remaining products are given as

e1-e1 = Li(e1) = —aqpe3 —ay3e4 — ... — A p_1€n,

e1-ex = Li(ez) = —aq3e5 — aqae6 — ... — 1 p—2€n + B12€4 + B1n—26n,
er-e1 = La(e1) = —anpe3 —agzes — ... — Qo p_1€n,

ex-ex = La(ea) = —anzes — aggeg — ... — Qo p—2€n_2 + P22y + Pan_2en.
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5.5 Explicit CPA-structures on certain filiform Lie algebras

Remember that ey - €1 = €1 - e2. Now to obtain Case (a), we just set

a3 =—o12=B12=—023,04 = —Q13 = —024,...,0, = —Qlp_1,
B =—a1n—2+ Pin-2,7= P22+ Ban—2.

The second case (where the CPA-structure is in Class Ay) is more involved:
We again write

n—1 n—2
L; = Z a;adeg + Z Bi kI
k=1 k=2
for the left-multiplication operator L; = L(e;). By Proposition [5.52] we know that
Ls(e3) =0 and Li(e3) = Ls(e1) € eq + Z(R,,). This makes the form of L3 easier:
0 = L3(e3) = az1e4 + azzes + B32e5 + P3 366 + - .. + B3n_3€n,

which implies Q31 = 5373 = ...= 53771,3 =0 and 5372 = —Q32.
n—1

So we can write Lg = ) agpad(er) — az2he + 3 n—2hn_2.
k

But since Ls(e1) € eq + 2Z(Rn), we can further conclude a3 = az4 = ... =az,—2 =0
and a3 3 = —1 meaning L3 = —ad(e3) + agn—1ad(en—1) + B3n—2hn—2.
Moreover, Li(e3) € es + Z(Ry,) implies ang = 1,812 = —a12, 613 = ... = Bipn—a =0
and allows us to write Ly as
n—1
Ly =ad(e1) + Z ad(er) — a1,2h2 + B1n—3hn—3 + Bin—2hn—2.
k=2

In particular, L3(e2) = es + B3 n—2eyn. This of course implies La(e3) = e5 + B3.n—2ep, 50
es + B3n—sen = La(e3) = ane4 + (a2 + Pa2)es + Bazes + faaer + ... + Pop—sen—1 + Pan—3en
means g1 = 323 = ... = Pa—4 =0 and Bro =1 — ago. If we introduce the notation
a3 = —Q1 2,04 = —Q13,...,0p = —Q]p—1,
we obtain

e1-e1 =ases+aqes+ ...+ an—16p—1 + aneén,
e1- ey =e3+azes+ases + ...+ ap_3en_2+ (an—2 + Brn-3)en—1 + (an—1 + Bin—2)en,
€2 €1 = —(22€3 — (2364 — (2465 — ... — (2 n_2€p_1 — A2 n—_1€n,

er-ex=(1l—agz)es —aszes — ... —agp_sen_2+ (—2pn_3+ Pon-3)en—1+ (—2n—2+ B2 n—2)en.
Since e3 - ea = e5 + 3,26, and e - (e2 - e2) — ez - (e1 - e2) = e, by axiom (CPA2)),

e5s + B3n—ne, =e€3-ex = [e1,ea]-ea =e1-(e2-€2) —ea-(e1-e€2) = es,
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5 Post-Lie algebra structures on nilpotent Lie algebras

meaning 3,2 = 0. Thus Lz(ez) = La(e3) = e5 , so the coefficient 8,3 is also zero.
By another application of axiom (CPA2)), we find that e3-e; =e1-(ea-€1) —ea-(e1-€1)
implies a2 = ap—2. So the products ey - ey, e - e2,ea - €1, ez - ex read

e1-e1 =aze3tageq+ ...+ ap_1€n—1 + Qpeén,

e1-ey =e3+azes+aues + ...+ an_sen—2+ (n—2+ Bin—3)en—1 + (an_1 + f1,n—2)en,

€€ = —(29€3 — (2364 — 02 4€5 — ... — Q2 n_3€n_2 T Qp_2€n_1 — Q2 n—_1€n,

e2 e = (1 —ago)es —agses — ... — Qap_sen-—2 — Q2p-36n—1 + (—Q2n—2 + B2.n—2)en.
Now we compare e - e with eg - e1; we find ap o = -1, 51 ,—3 =0 and a3 = —as,. ..,
a2 p—3 = —0p—3. Setting = ap_1 + B1n—2 and v = —a,—2 + B2.,—2, We obtain

€1-e1 =age3 +ageq+ ...+ ap_16p_1 + Qpen,
e1-ex=ex-e] =e3+ages+oyes+ ...+ ap_3en_2 + ap_2ey_1 + Bey,

€9 - €y = 264 + azes + aqeg — ...+ Qp_g€p_9 + Qp_3€p_1 + YEn,

the desired form for the products ey - e1,e1 - e2,e2 - e2. Inductively, using e - ej41 =
le1-e1,ej]+[e1,e1-€j] and ex-ejp1 = [e1 - e, €j] + [e2, €1 - 5], one obtains that the other
products are also given as claimed. O

Remark 5.75. On Rj there are three types of CPA-structures:
(i) e1-e1 = aes + Beq + ves, e1 - €2 = aey + des, es - €9 = €es

(ii) e1-e1 = ez + Beq + yes,e1-e3 = e3+ aey + des, €1 - €3 = e4,€1 - €4 = €5,€9 - €3 =
264+665,62 +€3 = €5

(iii) e1-ep = —1/2eq + ceg + Pes + ves, e1-e2 = 1/2e3+ deq +€es,e1-e3 = 1/2e4+ (6 —
a)es, e - €2 =1/2e4 + (6 — a)es

with all variables in C, extended bilinearly and commutatively.
In particular, Theorem does not hold in dimension 5 — type (iii) would be a contra-
diction.

5.5.4 The Witt algebra W,

Definition 5.76. The n-dimensional Witt algebra W), has basis vectors ey, ..., e, and
relations

lei,ej] = (§ —i)eijqj for i+ j < n.

Remark 5.77. In [58], the authors give two different definitions of W,,, in Chapter 2 and
Chapter 4. However, both appear to be incorrect (i.e., they do not satisfy the Jacobi
identity).
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Remark 5.78. The basis of W), given above is not adapted; we could define an adapted
basis {f1,..., fn} of W), by setting a1 = 1,a2 = 6,a; = (i —2)a;—1,7 > 3, f; == a;e;. This
basis is adapted, since

Lf1, fi] = [e1, (i — 2)a;—1e;] = (i — 2)a;—1[e1, €] = (i — 1)(i — 2)a;—1ei41 = (i — L)ajeir1 = fin
and [f;, f;] € span(eitj, ..., ep) still holds.
Lemma 5.79. Let n > 7. Then the endomorphisms adey,...,ade,_1,t, 91, g2, 93 form
a basis of Der(W,,), where t, g1, g2, g3 are given as
t(e;) =ie;, 1 <i<mn,

n(er) = en-zuan(ea) = (1= 3w r.an(en) = (" % Jenamlen =0 i i £ 2,34

g2(€2) = en—1,92(€3) = (n — 2)en, g2(e;) = 0 if i # 2,3,

g3(e2) = en,g3(e;) =0 if i # 2.
In particular, dim(Der(W,,)) =n + 3.

As we were unable to find this statement (or a proof) in the literature, we give a proof

here:

Proof. One may check that these endomorphisms are linearly independent and deriva-
tions of W,. Now let D be any derivation of W,,; let us write D = (ai;)1<ij<n as a
matrix with respect to the basis given above. As each 0; = span{e;,...,e,} is a charac-
teristic ideal, we find a;; = 0 for 7 < j,7 = 3,...,n. Comparing the coefficient of e4 in
Dles, e3] = [Dea, e3] + [e2, Des], we find 0 = 2a4 2, so a2 = 0 and D is lower triangular.
For i = 2,...,n — 1, comparing the e;;1-coefficient in Dleq, e;] = [Dey,e;] + [e1, De;]
reads

as3 = ai,1 + a2,

ag4 = a1 +az3 = 2a11 +aspo,

Anp =011+ Gn1n—1 = (0 —2)ar1 + a2
and by [Deg, e3] + [ea, Des] — Dlea, es] = 0,
0e az2€5 + o + ai1es + az2es + 0 — as 5e5 + 6,

S0 G212 = 20,171.

Thus only the derivation ¢ contributes to the diagonal of D; we may thus assume that
its contribution is 0 and consider D — at such that this matrix’s diagonal vanishes.
Now we investigate the subdiagonal: Again, by [Dey,e;] + [e1, De;] — Dley,e;] = 0, we
have (i =2,...,n—2)

0 € (i —2)az1€i42 + i3 +iair1i€i42 + 043 — (0 — 1)aiy2i1€i42 + 6ig3,
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1.e.

aq,3 = 2a32,
2a54 = ag; + 3a4,3,
3ag,5 = 2a2,1 + 4as 4,

(n=3)ann—1=(n—4)az1 + (n —2)an_1,-2
and [Deg, e3] + [ea, Des] — Dlea, e3] = 0 gives
0€d;+ 2a4y3€6 + 67 — a6,5€6 + o7.

These relations imply that the subdiagonal is a multiple of ad(e;). We can again assume
that this multiple is 0.

Inductively, if everything above the —i-th diagonal is zero, analogously to the previous
step, one uses the relations Dley,e;] = [Deq,e;] + [e1, De;] and Dlea, e3] = [Dea,es] +
[e2, Des| and finds that the —i-th diagonal is a multiple of ad(e;). This step involves
comparing the coefficient of e;5; thus the very same procedure works until the —(n —5)-
th diagonal.

So the i-th step looks like this:
Everything above the —i-th diagonal is 0. So for every j with 2 < j,7+i+ 1 < n, we
obtain

0= [D(e1), ej] + [e1, D(ej)] — D([e1, e;])
€ [ait1,1€i41 + 0iva, 5] + [e1, i j€its + Oirjr1] — ( — 1)@jp14ij+1€j4it1 + 0jpite
C (= (+1))air11€irj41 + Gigjr2 + (J + i — 1)@itjj€itj1 + 0jit2
— (7 = Dajitij+1€j4it1 + Ojpito.
In particular, for j = 2, 3,4, we obtain
azti3 = (1 —i)aip1,1 + (1 +i)ai22,
2a44i4 = (2 —1)air1,1 + (24 1)ait33,
3asyis = (3 —i)air1,1 + (34 1)aita4-

To these three linear equations we add another one. Namely, from [D(e2), e3]+[e2, D(e3)]—
D(es) =0 we get

0 € [agyi2€2+i + 0344, €3] + [e2, a344 334 + Oaqi] — 544566+ + 074
C (I —i)agyizesti + (1 +i)azyizesyi + d64i — a5445€6+i + 074

We write a;411 = (1 — i) - k for a k € C. Now, we have a system of four linearly
independent linear equations with four variables — the solution is given as

azyiz = (2—1)-k,a3pi3= (3 —1) - k,as154 = (4 — i)k, a54:5 = (5 — i)k
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And for general j, we thus find recursively that aj4;; = (j—%)-k aslongas j+i+1 < n.
But this just means that the —i-th diagonal is k - ad(e;).

For the —(n — 4)-th diagonal, we get the relations

0 € Dley, ea] = [Dey, ez + [e1, Dea] — an—13€n-1+ 0pn
- _(n - 5)an—3,16n—1 + 0, + (n - 3)an—2,2en—l +0n — Gn—1,3€n—1 + on

and
2an,16n, = Dle1, e3] = [Dey, e3] + [e1, Des] = —(n — 6)an—3 165 + (N — 2)an_1,3€n.
So
an-13=—(n—"5)an—31+ (n —3)an—22,
. n—=6 n n—2
an,1 = 9 an-3,1 9 Gn—1,3-

We set a == ap—31,0 = apn—22 — Z—:ga. Then

an-13=—(n—"5)an—31+ (n—3)an—22
—6 -3
:—(n—5)a+(n—3)ﬁ+aw
n—2>5
n—"7
—(n—3)ﬂ+n_5a
and
_n—6 n n—2
Qan,1 9 an-3,1 9 Gn—1,3
_ n—6 (n—2)(n—3)ﬁ+(n—7)(n—2)a
2 2 2(n —5)

But this exactly means that the —(n — 4)-th diagonal can be expressed as g1 + a(n —
5)ad(n — 4).We again can assume that « = 8 = 0.
Now we investigate the —(n — 3)-th diagonal and have only one relation left:

an3en = Dle1, ea] = [Dey, ea] + [e1, Des]

= —(n—4)an_216n + (1 — 2)an_126n.

So writing o = ap—2,1, 3 = ap-1,2 — Z—:ia, we get
n—>5
an3 = —(n—4)a+(n—2)5+(n—2)n_4a
n—=6
= (n—2 -
(n-2)6+ o,
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which means that the —(n — 3)-th diagonal is Sg2 + a(n — 4) ad(n — 3).

So we set the —(n — 3)-th diagonal to be 0.

Now we are left with a matrix having only three non-zero entries; namely a,—1,1, an 1, an 2
which can be chosen arbitrarily. So the remaining derivation is a linear combination of
g3,ad(n —2) and ad(n — 1).

In total, we have proven that

n—1
D= azad(er) + Big1 + Bagz + Bags + 1,
k=1
with alv"‘van—hBluBQ?/BS)’YG(C' O

Remark 5.80. For n = 3,4, 5,6, the space Der(W,,) is different; however, W3, Wy, W5, W
are isomorphic to Ls, Ly, R5, Rg, respectively.

Proposition 5.81. Let n > 7. Then the CPA-structures on W,, are given (with respect
to the basis given above) by

n—2
er-ep = (n — 4> Q1ep_2 + Q2€n_1 + Q3€y,

€12 = Qen_1 + Q4ép,

€2 - €2 = Q5€p,
ai,...,a5 € C arbitrary.

Proof. The given structures are evidently CPA-structures; we show that every CPA-
structure on W), is of this form. Since W;,,n > 7 is non-metabelian, W,, - [W,,, W,,] = 0 by
Theorem [5.44]— we only have to deduce the precise form of the products e;-e1, e;-e2, ea-e2.
Let us expand the left-multiplication operators in terms of the basis given in Lemma[5.79
as (1 =1,2)

n—1 3
Li=L(e;)) = Y airad(er) + Y _ Bikge
k=1 k=1

(note that by the nilpotency of the CPA-structure, there is no contribution of the endo-
morphism ¢ in L;).

The only open thing is the precise form of the products e; - e1,e1 - €2, €9 - €3.
By using e; - e3 = 0 = eg - e3, we find the e,-coordinate of L;(e3),7 = 1,2 to be

—(n—6)ain—zen + (n —2)B12en, =0,
—(n—6)agn—3e, + (n—2)B22e, =0,

thus 812 = (Z—:S) a1 p—3,022 = (H) ao p—3. A lot of coefficients of L1, Ly do vanish

n—

since L;([Wy, W,,]) = 0; what remains is (we use the coefficients ay, ..., aq,b1,. .., by here
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instead of the a; and f; 1)

(@)

n —

Li=ajade,_3+asade,_o+azade,_1 + < ) a192 + a49s3,

n—2

n—=~6

2> b1g2 + bags

Ly ="bjade,—3+byade,—o+bsade,—1 + (

n —

This means that

e1-e1=—(n—4)ajep—o — (n— 3)age,—1 — (n — 2)agey,,
e1-ex =—(n—>5)aje,—1 + (Z : g) ajen—1 — (n — 4)age, + agen,
ez-e1=—(n—4)bjep—o — (n— 3)been—1 — (n — 2)bsey,
eg-eg =—(n—5)bre,—1 + (Z : g) bien—1 — (n — 4)bae,, + byey,.

Now using ej - e2 = eg - e1 gives the desired result: The coefficient a; can be derived from
ba by calculating

n—6> (n—3)(n—2)by

a1 = —(n —3)ba/ (—(n—5)+n2 N (n—4)? 7

so the ratio of the e,_o-coefficient in ey - e; and the e,_j-coefficient in e - €7 is

—(n—4)a; n-—2

—(n—3)by n-—4

Note that by comparing e; - eo and es - €1, the coefficient by is zero; to get the form in
the statement, we now simply set

ay = —(n—3)be, a3 = —(n — 3)agz, as == —(n — 2)as,
ay=ay4 — (n—4)ag, a5 = by — (n — 4)ba.

O]

Remark 5.82. With respect to the adapted basis {fi,..., fn} of W,,n > 7 given in
Remark all CPA-structures on W,, are given by

fi-fi =081+ Bafn-1+ Bzen,
_ . 6(n—4)
forfi=f-fo= mﬁlfn—l + Bafn,
fo-fo=0Bs5fn

(extended bilinearly) for arbitrary constants f1,..., 35 € C.
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5.56.5 A family of strongly-nilpotent filiform Lie algebras

Lemma 5.83. Let g,,n > 8 be the n-dimensional filiform Lie algebra from [19] with
basis {e1,...,e,} and Lie brackets [e1,e;] = €;41,2 <i <n—1,[ez, e3] = en_1,[e2,e4] =
en, [€2,e5] = —en, [e3,e4] = €,. Then the endomorphisms ad(e1),...,ad(ep—1), hs,...,
hn—2,t form a basis of Der(g,,), where the h; and t are defined as
hi(ej) = ey if 7 # 1 and i+ j < n, hi(ej) = 0 otherwise,
t(e1) = ez, t(eq) = en—1,t(es) = 2ep,t(es) = —en, t(e;) = 0 otherwise.
(In particular, dim(Der(g,)) = 2n —4.)

Remark 5.84. This is a strongly-nilpotent Lie algebra, i.e. it has only nilpotent pred-
erivations. (A prederivation of a Lie algebra g is a linear map P: g — g satisfying

Pz, [y, 2l]) = [P(x), [y, 21| + [2, [P(y), 2]] + [x, [y, P(2)]] for all z,y,z € g (cf. [19]) -
clearly, every derivation is a prederivation.) In particular, it is a characteristically nilpo-
tent Lie algebra, meaning that all derivations are nilpotent.

Remark 5.85. One can also define the Lie algebra g7 in the same way; however, then
one has to make changes in the given basis for Der(g7): The endomorphism ¢ is not a
derivation and has to be replaced by ¢/, where t/(e1) = 2eq,t'(e2) = ey, t'(e3) = e5,t' (e4) =
366, t/(€5) = 567, t/(eﬁ) = —267, t/(€7) = 0.

The analogous defined Lie algebra gg has a non-nilpotent derivation: e; — ie;, i < 5, eg —
76@

Proposition 5.86. Let g, be the n-dimensional filiform strongly-nilpotent Lie algebra
defined above and n > 8. Then all CPA-structures on g, are given (with respect to the
basis above) by

€1 €1 = aes + ageg + ...+ open,

e1-ex=ez e = —aen_1+ Ben,

€2 - €2 = Yen,
where the variables are arbitrary complexr numbers and all other products between basis
vectors are zero.

Proof. As g, is non-metabelian, by Theorem [5.44} we have g,,-[gn, g9n] = 0. Let L; = L(e;)
be the left-multiplication operator with respect to e;; as always, we write

n—2 n—1
Li=ait+) Bijhj+ Y ijad(e;)

j=3 J=1

for some «;, Bij,7vi; € C. As gn - [On, 9n] = 0, we are interested in e; - e, e - €2, €2 - €a.
These products are so far given by

Li(e1) = —v14€5 — 71,566 — -+ - — V1n—1€n,
Li(e2) = —v14en—1 + (Bin—2 — 71,4 + 71,5)€n,
Lo(e1) = —y2,4€5 — 72,5€6 — - - — V2,;n—1€n>
Lay(ea) = —v24en—1 + (Ban—2 — 72,4 + 72,5)€n.-
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5.6 Post-Lie algebra structures and algebras
and one obtains the proposition by noting Li(e2) = La(eq) and setting o = —v1 4, o =
—V1,i-1,1=6,...,n, 8= Bin—2—"T14+75=—Yom—1andy:=Bopo—Y24+725 O

Remark 5.87. Proposition also holds for n = 7 (that is, the CPA-structures on
g7 have the same form as the ones of higher dimension). In those cases, as the basis
of Der(g7) is different, one would have to adapt the proof slightly (or determine the
CPA-structures directly).

5.6 Post-Lie algebra structures and algebras

In this section, we want to present connections between CPA-structures/LR-structures
and other algebras.

By an algebra (A,-), we mean a vector space (over some field) with a bilinear map
T AXA— A

Definition 5.88.
(i) An associative algebra (A,-) is an algebra satisfying
z-(y-z)=(z-y) 2
for all z,y,z € A.
(ii) An algebra (A,-) is called a Jordan algebra, if the two identities
voy=y-
(@-y) (z-2)=2-(y (v 2))
hold for all x,y € A.

(iii) A Poisson algebra is a triple (g,[,],0), where g is a Lie algebra and = o y commu-
tative, associative and for all z,y, z € g the identity

[z,y02]=[z,yloz+yolr,2] (15)
holds.

(iv) (See [11,159].) An algebra (A,-) is called Poisson admissible, if A endowed with the
Lie bracket [,] and the bilinear map x o y, defined by

1
[yl =2y —y-z,  woy=g(@-yty-z)
is a Poisson algebra.
Remark 5.89. Every commutative associative algebra (A,-) is a Jordan algebra.

Proposition 5.90. Let (g,[,], ) be a CPA-structure. The following are equivalent:
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5 Post-Lie algebra structures on nilpotent Lie algebras

(1) (g,-) is an associative algebra.
(1) g-[g,08] =0.

(1ii) (g,-) is Poisson admissible. (In this case, the associated Poisson algebra has trivial
Lie bracket.)

Remark 5.91. This proposition explains why we called CPA-structures with g-[g,g] =0
associative in Section

Proof.
(i)<(ii) Using the commutativity and (CPA2)), we get

(zy)z—z-(y-2)=z2(v-y)—z-(y 2)
=z (z-y)+[zzl-y—x-(y 2)
=x-(y-2)—x-(y-2)+[z2]-y=y-[z7],

so associativity is equivalent to g - [g,g] = 0.

(i) (iil) Since z-y is commutative, for the Lie bracket {, } associated to the Poisson algebra,
we obtain {z,y} = x-y—y-x =0. So is trivially satisfied and (4, {, },0)
being a Poisson algebra (where zoy = %(x ‘y+y-x)=x-y)is equivalent to z -y
being associative.

O

Remark 5.92. Similarly, a CPA-structure on g is a Jordan algebra if and only if [z,y] -
(x-z)=[x-x,y] -z forall z,y € g.

There are several classes of Lie algebra where we proved that every CPA-structure
satisfies g - [g, g] = O:

Corollary 5.93. Let (g,[,],:) be a CPA-structure on (i) a Heisenberg algebra, (ii) a
non-metabelian filiform Lie algebra, (iii) a complete, non-metabelian Lie algebra g with
nil(g) = [g,nil(g)], (%v) the Lie algebra of strictly upper triangular matrices or (v) the Lie
algebra of upper triangular matrices (of size n > 5). Then (g,-) is an associative algebra.
On the Lie algebra of upper triangular matrices of size 4, all CPA-structures are Jordan
algebras, but not necessarily associative algebras.

Proof. The condition g - [g,g] = 0 holds in the following cases: (i) a Heisenberg algebra
of dimension > 5 (by Proposition [5.8), (ii) a non-metabelian filiform Lie algebra (by
Theorem [5.44)), (iii) a complete, non-metabelian Lie algebra g with nil(g) = [g, nil(g)]
(note that g- [g, g] = 0 follows from Proposition (iv) a Lie algebra of strictly upper
triangular matrices of size n > 5 (by Proposition [5.27), (v) a Lie algebra of strictly upper
triangular matrices of size n > 3 (by Proposition .

For Heisenberg algebras of dimension 3, one can prove the associativity of all CPA-
structures (which are classified in Proposition ; for the Lie algebra of upper trian-
gular matrices of size 4, one proves that (z-y)-(z-z) = z-(y-(x-z)) holds by checking this

140



5.6 Post-Lie algebra structures and algebras

equation for all CPA-structures (they are classified in Example ; CPA-structures of
types (ii) and (iii) in Example are not associative. O

For the Lie algebra of upper triangular matrices of size 3 x 3 (which is isomorphic to
t2(C) @ C), Corollary does not hold:

Example 5.94. With respect to the basis {e1, ez, €3} and relations [e1, es] = e1, the CPA-
structure on t2(C) @ C (cf. Proposition where all CPA-structures on vo(C) @ C are
classified) given by

1 -1

0 -1 0 10 000
Lie)={0 0 0],L(e) = 0 0|,L(esy=10 0 0
0 0 0 0 0 000

is not a Jordan algebra (and thus also not associative).

Not even all CPA-structures on a nilpotent Lie algebra are associative algebras:

Example 5.95. On the standard graded filiform Lie algebra L,,,n > 5, the CPA-structure
gwen by e1 - €1 = ez, €1 - €3 = €3-€] = —€p_1,€] - €3 = €3 - €] = —€p, € €3 = €y (cf.
Propositz'on is not a Jordan algebra (and thus also not an associative algebra).

Definition 5.96 ([34]). A CPA-structure (g, [,],) is called central, if g - g C Z(g).

Remark 5.97. If x -y is a central CPA-structure, then the quotient CPA-structure on
g =g/ 7Z(g) satisfies g-g = 0.

Being central implies the condition g - [g, g] = 0 we had before:

Lemma 5.98 (|34, Lemma 3.10]). Let (g, -) be a central CPA-structure. Then g - [g,g] = 0;
if g is stem, then also g-Z(g) = 0.

Proof. We have
g-[0,01 Clg-0,0]+ 9,00 C[Z(g)g]+[8,Z(g)] =0

by axiom (CPA3|). If Z(g) C [g, g], we also have g-Z(g) = 0. O

Remark 5.99. Among other things, [34] studies CPA-structures on free-nilpotent Lie
algebras. There, it is conjectured (and there are several affirmative results in this di-
rection, see [34, Conjecture 4.9]) that all CPA-structures on g = Fy ., g > 2,¢ > 3 (the
free-nilpotent Lie algebra with g generators and nilpotency class ¢) are central.

Lemma 5.100. Let (g,[,], ) be a CPA-structure. Then (g,[,],-) is a Poisson algebra if
and only if x -y is central.

Proof. If x -y is central, then,

r-(y-2)—(x-y)-z=x-(2-y)—2 (- y) =[r,2] - y=0
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5 Post-Lie algebra structures on nilpotent Lie algebras

by Lemma [5.98 This proves associativity; g-[g,9] = 0 and [g,g-g] C [g,Z(g)] = 0 imply

(13).

On the other hand, if x - y is a CPA-structure and a Poisson algebra, then, by Proposi-
tion [5.90] g - [g,g9] = 0. Thus, by (15), we obtain [z,y - 2] = 0 for all z,y, z € g meaning
g9 < Z(g). O

Let us now consider LR-structures (viewed as post-Lie algebra structures on (g, n) with
g abelian) and their connection to Poisson admissible algebras:

Proposition 5.101. Let (n,{, },-) be an LR-structure. The following are equivalent:
(i) (n,-) is Poisson-admissible.

(ii) (n,-) is associative.

(#5i) n-n C Z(n).

In this case, the associated Poisson algebra (n,[,],0) satisfies x o [y,z] = 0 for all
x,Y,z €n.

Proof.
(i)<(ii) This is part of [I1), Proposition 3.2].
ii)<(iii) The associator is given by
g

z-y)+{r-y, 2}

z(y-z)—(z-y)z=z-(y-z)—z (z
=z-(y-2)—x-(2-y)+{z y,z2}
=z-(y-2) (y-z)+x-{z,y}+{z -y, 2}

:{mz,y}+{z,xy}—i—{xy,z}:{a:z,y}

-z
— .
which is zero precisely if n-n C Z(n).

O

Corollary 5.102. Let (n,{,},-) be an LR-structure. If n-n C Z(n) (or equivalently,
(n,-) is associative), then n is two-step nilpotent.

Proof. By [11l, Corollary 3.1], an associative algebra is Poisson admissible if and only if the
associated Lie algebra is 2-step nilpotent. Thus, the claim follows by Proposition [5.101}
O

Corollary 5.103. Lel z-y be an associative LR-structure on the stem Lie algebra (n, {, }).
Then (n-n)-n=mn-(n-n) =0 (in particular, the LR-structure is complete).

Proof. As z -y is associative, n-n C Z(n) by Proposition [5.101} Now since n is stem,
note that as in Lemma n-n C Z(n) impliesn- (n-n) =0:

n-mn-n)Cn-Zn) Cn-{n,n} C{n-nn}+{n,n-n} C{Z(n),n} =0
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5.6 Post-Lie algebra structures and algebras

and also

mn)-nCn-(m-n)+{n,n-n}Cn-(n-n)+{n,Z(n)} =0.

O

Remark 5.104. The following examples from [26] are defined over R, however, nothing
changes if we replace the field R by C:

(1)

The assumption "stem" in Corollary is necessary; take for example the LR~
structure A4(«) from [26], Proposition 3.3] on the Lie algebra n = n3(R) @R (which
has a basis {ej,...,e4} and non-zero Lie bracket [e, ea] = e3 and is therefore not
stem). The LR-structure A4(a),« € {0, 1}, given by

€1-€] = €4,€1 €64 =€3,62° €] = —€3,€2 €2 = Q€3,€64 €] = €3
is associative, but e1 - (e1 - e1) = e3 # 0.

The assumption "associative" in Corollary is necessary; take for example the
LR-structure A4 from [26), Proposition 3.1| on the Heisenberg Lie algebra n = n3(R)
(which has a basis {e1,e2,e3} and non-zero Lie bracket [e1,e2] = e3). The LR-
structure Ay is given by

€2:€] = —€3,€2 €2 =€2,62"€3 =€3,€63 €2 =¢€3

and is not associative (eg - (€1 - e2) — (e2 - €1) - e2 = e3); the LR-structure does not
satisfy n- (n-n) =0 and is not even complete (as ey - e2 = eg; cf. Remark [5.18)).
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6 Open questions and future work

6.1 General questions

The existence table in Section (Table [5)) contains some question marks. It would be
interesting to solve the missing cases, for example to find out what properties n can have
if g is reductive or complete and (g,n) admits a post-Lie algebra structure. Also other
questions about the relation between g and n (where (g,n) admits a post-Lie algebra
structure) would be worth studying — e.g. whether or not the nilpotency class/solvability
class of g has implications on the nilpotency class/solvability class of n or vice versa (cf.
Lemma .

There seems to be little hope that post-Lie algebra structures can be classified nicely
in general — even in dimension 3, a complete description of post-Lie algebra structures
on pairs (g,n), where g or n is solvable, is very complicated.

Therefore, it would be nice to find interesting classes of Lie algebras with "easy" post-Lie
algebra structures (like the ones presented in Chapters 4| and .

In [24] 28], there are results on post-Lie algebra structures on perfect (which is, besides
"complete", another generalization of semisimple, see Definition Lie algebras. Are
there results on post-Lie algebra structures on pairs of Lie algebras (g,n), where g or n
is perfect?

Question 6.1.

(i) In Table 5, for every cell which now contains a "?", should it contain a "v'" (i.e.
there is a pair of Lie algebras with the corresponding properties admitting a post-Lie
algebra structure) or a "-" (i.e. there is no pair of Lie algebras with the correspond-
ing properties admitting a post-Lie algebra structure)?

(i) Which results of Table[5] can be refined?

Another possible extension of the work presented here is the extension to different
fields. Our considerations were all done over the field of complex numbers: this as-
sumption was often crucial since important theorems we used need not hold over fields
of positive characteristic or over non-algebraically closed fields (the Levi decomposition
theorem does not hold in positive characteristic, some theorems on decompositions of Lie
algebras over C do not even extend to Lie algebras over the real numbers, ...).

It would be interesting to study post-Lie algebra structures on Lie algebras over other
fields, especially over the real numbers (since the geometric motivation we presented leads
to real Lie algebras) or to find ways to transfer results on post-Lie algebra structures
on Lie algebras over C to results on post-Lie algebra structures on Lie algebras over R.
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For fields of positive characteristics, we expect that many results presented here do not
extend to them.

6.2 Questions for complete Lie algebras

In Sections and we studied post-Lie algebra structures on post-Lie algebra dou-
ble pairs where n is a (solvable) complete Lie algebra. However, we had to impose
some assumptions on n (namely nil(n) = n(n) in Section and the two assumptions
HO(T,n) = T and n generated by special weight spaces in Section . As we have seen
that not all solvable complete Lie algebras are generated by special weight spaces (and
for those who are not, Theorem does not hold, see Example , we should ask
whether the other two conditions are vacuous or even necessary for our purposes:

Question 6.2.

(i) Are the conditions nil(n) = n(n) and H°(T,n) = T satisfied for every solvable
complete Lie algebra n?

(1) If they are not satisfied for some solvable complete Lie algebra n, do the results of
Sections (md still hold — that is, do post-Lie algebra structures on (g,n, R)
have the same simple structures as in Theorems and [{.63?

Another way to generalize the result would be to consider rigid Lie algebras instead of
complete ones:

Question 6.3. Can one classify post-Lie algebra structures on Lie algebra double pairs
(g,n, R), where n is rigid?

6.3 Questions for nilpotent Lie algebras

In Section we listed all post-Lie algebra structures on pairs (g, n), where both g and
n are isomorphic to the three-dimensional Heisenberg Lie algebra ng. From this explicit
classification, we drew some surprising consequences (Corollary like that the anti-
commutator always defines a CPA-structure. It would be interesting to know if one could
derive this result without the explicit classification:

Question 6.4. How can one prove (without using a complete classification of all post-Lie
algebra structures) that, given a post-Lie algebra structure x -y on (g,n) with g = n = ng,
the bilinear map T oy = %(x -y +y-x) defines a CPA-structure on g?

That one can associate a CPA-structure in this way is particularly nice — it would
be interesting to know for which pairs of Lie algebras it is possible to do so. (It is, for
example, not true for pairs (g, n), where g and n are both isomorphic to a Heisenberg Lie
algebra of dimension > 5.)
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Question 6.5. Given a pair (g,n) with a post-Lie algebra structure x-y, which conditions
on g and n ensure that

1
zoy:=g(z-y+y )

defines a CPA-structure on g or n?

Question 6.6. Given a pair (g,n) with a post-Lie algebra structure x -y, is there another
way to associate a CPA-structure, an LR-structure or a pre-Lie algebra structure as via
the anti-commutator? If so, which properties (like e.g. completeness of the respective
structures) does this correspondence preserve?

Given Theorem which classifies CPA-structures on filiform Lie algebras in terms
of their solvability class, one may ask if there are other families of Lie algebras where the
form of the CPA-structures is connected to their solvability class (or nilpotency class):

Question 6.7. Are there other "large" and "interesting” families of Lie algebras where
CPA-structures can be classified similarly as in Theorem [5.44?

Computational examples suggest that CPA-structures on quasi-filiform stem Lie alge-
bras (an n-dimensional Lie algebra is quasi-filiform, if it is (n — 2)-step nilpotent) also
always satisfy g - [g,g] = 0 if g is non-metabelian (like CPA-structures on filiform Lie
algebras do, by Theorem [5.44). (Remember that g-[g, g] = 0 is equivalent to (g,-) being
an agsociative algebra by Proposition M) This suggests to try to prove a similar result
as Theorem for quasi-filiform Lie algebras:

Question 6.8. Can we classify CPA-structures on quasi-filiform stem Lie algebras g in
terms of their solvability class? Do they all satisfy g -[g,9] =07

The conjecture that g-[g, g] = 0 for all CPA-structures on non-metabelian Lie algebras
with "high" nilpotency class is not true:

Example 6.9. The 9-dimensional stem nilpotent Lie algebra g (with solvability class 3
and nilpotency class 5), given by

[e1, e2] = e3, [e1,e3] = eu, [e1, ea] = e5,[e1, e6] = es, [ea, €3] = e7, [e2, e5] = —eg, [e3, 4] = €9
admits CPA-structures with g - [g,g] # 0, e.g. the one given by

€1-€1 —=€1 €2 =€2-€9 =€p,€1 €3 =€]1 € = €9 €3 = €8.

~

As the classification of all post-Lie algebra structures on (g,n), where g & n = ng,
yielded interesting results (Corollary , it would be worthwhile to study this situation
for the "opposite" case, namely filiform Lie algebras:

Question 6.10. Given two filiform non-metabelian isomorphic Lie algebras g = n and a
(non-necessarily commautative) post-Lie algebra structure on (g,n). Is it still true (as in
the case for CPA-structures), that g-[g,g9] =0 orn-{n,n} =02 Can one impose certain
conditions (e.g. terms of the lower central series of g and n being "sufficiently similar”)
on the pair (g,n) which imply one of these statements?
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Remark 6.11. One might also state an analogous question to Question for a pair
of non-isomorphic filiform Lie algebras (g, n); then it is necessary that both g and n are
metabelian, as counterexamples on (g,n) = (Lg, Rg) and (g,n) = (Rs, Lg) show (in both
cases, it is possible to find post-Lie algebra structures which do neither satisty g-[g, g] = 0
nor n- {n,n} = 0).

Another open question is related to completeness: All CPA-structures on nilpotent
Lie algebras are complete (Proposition and thus the left-multiplication operators
and right-multiplication operators are nilpotent. Can this result be extended to non-
commutative post-Lie algebra structures?

Question 6.12. Given a pair of nilpotent stem Lie algebras (g,n). Is it true that all
left-multiplication operators L(x) are nilpotent? Is it true if we assume g = n?

Again, examples suggest that the answer is yes if g and n are stem (and is no, if we
let g or n have an abelian ideal).
The analogous question for the right-multiplication operators (that is, completeness) is
wrong:

Example 6.13 (|29, Remark 5.5]). Consider g = n = n3(C), the 3-dimensional Heisen-
berg algebra. If a post-Lie algebra structure on (g,n) is given as in Proposition type
(6), then R(e2) is not nilpotent (even though g = n are nilpotent).

Another important class of nilpotent Lie algebra (which did not come up in this thesis)
is the one of free-nilpotent Lie algebras. Similar to the case of a free group, given a set
of generators X, the free Lie algebra L on X is the (unique) Lie algebra L with a map
i: X — L such that for every Lie algebra L’ and map f: X — L/, there is a unique
homomorphism of Lie algebras ¢: L — L’ such that f = ¢ oi. Free-nilpotent Lie
algebras are quotients of L by an ideal of the lower central series:

Definition 6.14. The free-nilpotent Lie algebra Fy . with g generators and nilpotency
class c is given by Fy . = L,/ Lg“. Here, Ly denotes the free Lie algebra on g generators.

The article [34] conjectures that for ¢ > 3, g > 2, all CPA-structures on F, . are central
(see Definition [5.96]). This problem is connected to linear equations in Fy .: Consider the
linear system of equations in Fy .

[ui g, 2] + [z, uik] =0

(in the variables u; ; with w; ; = u;; for all ¢, j) for all 1 <, 4,k < g. It is proven in [34]
that if g > 3, all solutions u; ; which lie in the commutator [Fy ., Fy .| are contained in
Z(Fyc). This result is used in proving that, given g > 3, if all CPA-structures on Fy3
are central, then the same is true for F, . for any ¢ > 3.

However, for ¢ = 2 an analogous result is not yet proven (for g = 2, it is proven in
[34] that F5 3 admits only central CPA-structures — thus such a result would imply F5 .
having only central CPA-structures for every ¢ > 3) and for g > 3, the base case (namely
that Fj 3 only admits central CPA-structures) is still open.

The system of equations for F» 3 can be simplified:
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Question 6.15 ([34]).

(i) Given the linear system of equations in F 3,

[u1,1, x2] + [z1,u1,2] =0,

[ug,2, x1] + [z2,u12] =0,

where x1, 2 are generators of Fy3. Are all solutions (ulyl,ulyg,uz’g), which are
contained in the commutator of Fy 3, contained in the center of Fy3?

(it) Are all CPA-structures on Fy3, g > 3, central?
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A Proof of Theorem

Here, we want to give the missing proofs from Sections and which are neces-
sary in proving Theorem We consider, as before, a filiform Lie algebra g with an
adapted basis {ey,...,e,} of dimension n > 7. As we are considering CPA-structures in
Classes Ay and B, we know that gl(®=%/21 i abelian by Proposition .

As before, we denote by J; the vector space d; := span{e;: j > i}.

A.1 CPA-structures in Class A,

We shall consider CPA-structures in Class Ag, i.e. CPA-structures on a filiform Lie alge-
bra g (where gl("=%/21 ig abelian) with e; - e; € 03 and e; - ep ¢ d4. By Proposition [5.49)]
this implies e1 - ea = e3 + 4.

Lemma A.1. Let x -y be a CPA-structure in Class As. Then ey - ey € 03,e1 - €; =
eiv1 + 0ivo (for2<i<n—1)ande;-ej € by for 2 <i,j <n.

Proof. We know that ej-e1 € d3,e1-€; € €;41+ 042 (for 2 <i<mn—1) and ez-¢; € Joy;
by Proposition [5.49]
Now we show that e; - e; € 6,4 for 4,5 > 3:

We have e3 - e3 € dg:
e3-e3 = e3 - [e1,ea] = [e3 - e1,e2] + [e1,e3 - e2] € [d4, e2] + [e1,05] C 6 + Je.
and find
e3-eq4 = [es - e1,e3] + [e1,e3 - e3] € [04, €3] + [e1,d6) C I7

and inductively e3 - e; € d34;.
To show e; - ej € ;1 is just another induction: If e; - ej_1 € 0;4j—1, then

ei-ej = [e;-er,ej1] +[e1, e - ej_1] € [0i41,ej-1] + [e1,0irj-1] C Sit14j-1 + divy C Giyy-
This proves Lemma O
So we can prove Proposition [5.52] which says:

Proposition A.2. Suppose we have a CPA-structure on the filiform Lie algebra g in
Class Ag. Then g is metabelian and [g,g] - [g,9] = 0.
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Proof. Keep in mind that by Lemma[A.T] the CPA-structure satisfies e;-e1 € d3,€1-¢; =
€i+1 + 012 for i # 1,n (in particular, e; - e,—1 =€), €;-€; € ;45 forall i, j =1,...,n
and ey - e, = 0.

Now we claim the following: Suppose for all j,k € {3,...,n} and foran ¢ € {0,...,n—"T7},
the following three conditions do hold:

(i) [ej.ex] € Oj4nte
(i) € - ex € Gjtphte
(iii) e1-e; € ejqy1 + djqryo + 6, for j & {n—1,n}.
Then these three conditions also hold for £ + 1, that is:
(1) [ej, ex) € Oj4hrer
(ii)" ej - ex € Ojqphyet1
(iii)’ e1-€ €ejy1+ 5]'_:,_3_;,_3 + 4, for j ¢ {n — 1,n}.
Note that we know that the three conditions are true for £ = 0. So if we have proven

this claim, we know inductively that they also hold for £ = n — 6.

The first thing we shall prove is that [e;, ej41] € 021042 for j,k > 3. Note that by (i),
we have [ej,ej41] € 02j4¢+1- Further note that we may assume 25 +/£+1 < n — otherwise
024041 = 0 = 0254042 and there is nothing to prove.

To prove the claim, we first need to do a distinction between j = 3 and j > 3. (The
reason is that if 7 = 3, we cannot use assumption (ii) for the products es - eg and es - e4
as it is only valid from j > 3 on).

Case 1: Let us suppose j > 3. By (ii), we can write

€j - € c Q1€254¢ + 52j+€+1;

€j - €j+1 € Q2254041 + 52j+£+27
€j—1 "€ € Q3€254¢—1 + 52j+€a
€j—1 " €j+1 € Q4€ajyy + 0254041

with coefficients a1, a9, ag, aq € C.
We will now apply axioms (CPA2) and (CPA3|) and shall conclude a1 = 0 = as.

Step 1: Assume for a moment that 25 + ¢+ 1 < n. Let us use axiom on the
triple (e1,e;,e;). We obtain
0=ler,ej]-ej —e1-(ej-ej) +ej-(e1-ej)
€ej-ejyr —er - (regjpe + 02jq041) + €5 - (ejp1 + 0jpoq + 0p)
C agegjipr1 + 02j4e42 — Q1€ o1 + 0251042 + On + Q2€2j 1041 + 0251042
C agegjpet1 — qegjpe1 + 2251041 + 0254042 + On
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and get 2as — ag = 0. Note that we have 2j + ¢+ 1 < n. Thus there is no multiple of
€2j4¢+1 contained in d,.

If instead 25 + £+ 1 = n (note that we ruled out the case 2j+/¢+1 > n), then we instead
have

0 € agen, —e1 - (aien—1+0,) + €5 (€414 0jror2 + 0pn)

C agen — 1€, + ey,

so we also find a1 = 2ay (note here that e; - e,—1 = ¢e,).
Step 2: We use axiom (CPA2)) again; this time on the triple (e1,e;—1,€e;). We have

0= [e, ejfl] cej— e (ej,1 . Ej) +ej-1- (e - ej)
€ej-ej—er-(azezjpe—1+ 02j40) +€j—1 - (€jr1 + djqp2 + dn)
C aiegjip + 024041 — a3€2j10 + 0251041 + Op + Qae2jip + 0251041
C aiegjip — agegjyg + agegjip+ 21041 + Op

and conclude (by comparing the ey;-coefficient) that oy = a3z — ay.
Step 3: Now we apply axiom (CPA3) on the triple (e;_1,e1,€;):

0=r¢ej1-[er, ;] — [ej—1-e1,e5] — [er, €51 - €]
€ej_1-€j+1 — lej + 01+ Ony €] — [e1, azezjpe—1 + doj1]
C auegjre+ 024041 — 0+ 01440 — 0 — agegjpe + d2j041
C ayegjip — azegjre + 02541041
Here we have used assumption (i); we conclude that ay = ag and since 2ay = a3 =
a3z — ay, we find o =0 = aw.

Step 4: Our last step is again an application of axiom (CPA3) (on the triple (ej, e1,€e;))
— we show that [ej, ej11] € d2j4¢42: We have

0=r¢j-ler,ej] —lej-er,e5] = [ers e - ;]
€ejejr1 — [ejr1, €] — [0j12 + On,e5] — [e1, re2j40 + F2j1041]
C a9€j1041 + 0251042 — [€j+1,€5] + 02j4042 — C1€2j 4041 + 024042
C aegjpet1 + [€j,€jq1] — ar€gjoq1 + Oojprio.
But since a1 = 0 = a, we find [ej, ej41] € 02j1¢42. This completes Case 1.

Case 2: Before we can go on, we need to prove the same thing (namely [ej,ej11] €
02j4+042) for j = 3. In this case, the products e; - e3, ez - e4 read more complicated as
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before — we can write

e3 - e3 € a1eprp + Or4p,
e3 - eq € ageryp + 0g4¢,
440

e3-e3 € Y Biei + asesio + Sope,
i=5
5+

e -4 € Z Yi€i + ueeie + O
=6

However, we will show that the additional terms do not matter (thanks to assumption
(iii)). We show again that a; = 0 = aw.

This involves four steps similar to the ones before:

Step 1 can be copied (with j = 3) completely from above (as it involves only the
products e3 - e3 and es - e4 having the same form as before). So we again have a1 = 2.

Step 2 is again an application of axiom (CPA2)) on (eq, es, e3):

0:€3~63—€1-(62'63)+62'(€1~63)

4+¢
€ arep4e + 0740 —e1 - (Z Biei + azes o + 56+g> +e2 - (ea + 0540+ )
i=5
440 440 5+0
C atepir + 0740 — Z Bi€it1 — Z Oite+2 —03€64¢ + Opn + 07y + Z viei + ouueptp + 074
i=5 i=5 i=6
—_————
Corpe
440 5+
C a1€61¢ — Q3610 + Q4e 1L — Z Bieir1 + Z Yi€i + 0744 + On
i=5 i=6

and comparing the egi-coefficient gives again oy = a3 — ay.
Here we needed that 6 + ¢ < n — otherwise we could not compare the corresponding
coefficients. (But this is satisfied since ¢ < n — 7 by assumption.)
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A.1 CPA-structures in Class As

Step 3 is an application of axiom (CPA3) to (e, e1,e3):

0=eg-[e1,e3] —[e2-e1,e3] — [e1,e2 - €3]

4+
€ea-eq— e+ du,e3) —[e1, Y Biei + azesir + 6]
i=5
5+ 4+ 4+
C Y viei+auesie+O6r0+ 0710 — > Bieiv1 — Y Siyepa2 —Qs€ors + 074
1=6 i=5 i=5
—_———
S AV,
5+0 a1
C uegrr — aseopr + Y viei — Y Bieip1 + 0740
=6 =5

meaning oy = ag and thus a3 = 0 = g as before. (We again needed 6 + ¢ < n.)
Step 4, completely as before, gives [es, e4] € dg1s.

So we have for all j > 3 that [e;, ej41] € d2j1r42-
This implies inductively that [e;, ej44] € d2j4ite41 for all j > 3: By the Jacobi identity,
lej, ej1i] = €5, [e1, €j4i1]]
=—len, lejri-ne] T+ lejrion 6] € Ogives
—_—— —_———
e62]'+Z—0—i (induction) e62j+i+(i+1 (il’lduCtiOn)

This proves that (i)’ holds.

Let us prove (ii): We have e; - ¢j € 0gj4s41 (since a; = 0). Inductively, by axiom

(CPA3),

ej - €jti = €j - [e1,ej4i-1] = [ej - €1, €j1i1] + [eq, € €jyi—1 ]
—— ——
€5j+1 €5j+j+i—1+€+1 (induction)

€ 02j+1+L+i-

However, this step does no longer work if £ = n — 6, because then we do not have
€j-ej € 52j+g+1 for j = 3.
This proves (ii)’; we conclude by proving (iii)’:

Let us distinguish three cases:
Case 1: j+/£+3 >n+1. Then, as ey -ej € ej11+ 04042+ 0 = €j41+ 0, by assumption
(iii), we automatically have e - €j € €41 + 6j4¢43 +6n.
——

=0
Case 2: j + ¢+ 3 < n. Then write the products e - ¢; and ey - ej41 as

e1-€j € ejr1 + Pr€jrer2 + 0jtits,
e1-€jq1 € €jy2 + Baejrips + Ojtra
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Then, by axiom (CPA2),

0:€j+1'61—61‘(6j‘€1)+€j-(€1'61)
€ ejt2 + Bo€jrer3 + Ojrera — €1 (€41 + Prejrera + 0jrevs) +¢5 - 03
C ej2 + B2€jre43 + Ojora — €542 — B2€j4043 + Ojqa — Brejyess + Ojtora + 0jeta
C —B1ej1e43+ 051014

(note that e; - d3 € 94444 by (ii)’ which we have just proven).

Hence, as the e; ¢4 3-coefficient "exists", $; = 0. But this exactly means what we
claimed, i.e. e - ej €ejr1+ 5j+g+3.

Case 3: j + ¢+ 3 = n. This case is very similar to Case 2.
We write

e1-¢€; € €jr1 + Prejpore + 04043+ 0n = €41 + Sren—1 + On,
€1 ejy1 = €2 + Baey.
And as before, by axiom (CPA2)),
0= [el,ej] -e1—eq - (ej '61) +e;- (61 '61)
:e]-Jrl-el—61-(ej-€1)+€j~(€1‘61)
€ ejp2 + faen —e1 - (ejy1 + Bren—1 +6,) + €5 - 03
C €j+2 + Baen — €j+2 — Baen — Bren + 0,

so again 81 = 0.
This shows (iii)’.

Now since (i), (ii) and (iii) hold for ¢ = 0, they do also hold for £ = n — 6. So in
particular, for j, k > 3,

[6]', ek] S 6j+k+n—6 and €j e € 5j+k+n—6-

But if j > 3,k > 4, then this means [ej,er] € 6np1 = 0,€5 - e € 6pp1 = 0. Thus
[03,03] = 0 and g is metabelian.

However, we do "only" have e3 - e3 € d,, (and not e3 - e3 = 0).

So let us show that indeed e3 - e3 = 0. By (iii)’, we have e1-e¢; = ;41 + 5,3 < i < n—1;
let us show that for 4 <i¢ <n — 1, we indeed have e; - ¢; = €;41:

e1-e=ey-ler,ei—1] =ler-er,ei—1] + [e1,e1 - ei—1] € [03,ei—1] + [e1,€i +Ip] S0+ €41 +0

using the fact that g is metabelian.
This, however, implies that [ej,es - es] = e1 - (e - e3), which, by (CPA3) implies that
e2-eq=eq-(eg-e3):

ez -eq = [eg-e1,e3]+er,ex-e3] =e1 - (e2-e3).
—_——

=0
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A.2 CPA-structures in Class B

And now, we can show that ez - ez = 0 (CPA2)):
0=ler,e3]-ea—e1-(e3-e2)+ez-(e1-ex) =ex-es—eq-(ea-€3)+e3-(e1-e2) € ez-(e3+ ).

Since ez-d4 = 0 by the above, we now know that e3-e3 = 0, which we wanted to show. [

A.2 CPA-structures in Class B

We again assume that g is filiform of dimension > 7; the remaining case is the one where
e1-e1 ¢ 03 (meaning x -y is in Class B). By Lemma [5.57, g/("~%/2] is abelian.

Lemma A.3. Let g be filiform and x -y a CPA-structure on g in Class B. Then
(i) e1- ez € Bes + 04, where B € {0,1}.
(i’i) €9 € € 55,62 - eg € dg.

Proof. As x-yisin Class B, we write e;-e1 € aea+093,e1-e2 € fes+d4 and ea-eo € yes+05
with a # 0. We have to show v =0 and 8 € {0, 1}.

By axiom (CPA3)), we have

ex-e3 = [eg-eq,ea] + [e1, ez - ea] € [03, ea] + [e1,ves + 05] C b6 + ves + J6.

Here we used that [es, d3] € d¢ (which holds by Lemma and Proposition [5.47)).
In the same way we get e - e4 € veg + 07 and eg - e3 € feg + 5, €1 - eq4 € Pes + dg. But
on the other hand,

O=e3-e3—e1-(e2-€2)+ex-(e1-e2)
€ ves + 06 — €1 - (vesa + 05) + e - (Bes + 64) C yes — Byes + d6 + Byes + 96 C ves + de.
Thus v = 0, meaning es - e2 € d5. This however implies
0:63‘61—61‘(62'61)4-62'(61'61)
€ Beq+ 05 — e - (Bes +04) + ez - 02 C Bey + 05 — B2eq + 6,
so B € {0,1}. O

So if -y is in Class B, z -y is in Class By if and only if e; - e2 € §4 and in Class Bo if
and only if ey - es € e3 + d4.
We have to deal with both cases (Class By and Class By) separately.

Proposition A.4. Let g be filiform (and n-dimensional), x -y a CPA-structure on g in
Class By (meaning ey - e1 ¢ 93 and ey - es € §4). Then g = L,,.

Proof. We will prove the result in five steps:

1) We show that eq - e; € §;13 for all j > 2. We need this for step (2) and (3). From
J J+
this, it also follows that e; - e; € d;4; for 4,5 > 2.
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A Proof of Theorem

(2) We show e - e; € ;42 for all j > 2. We need this statement quite a few times in
step (3).

(3) Next we do an induction to show that e; - e; = 0 if
(1,5) ¢ {(1,1),(1,2),(1,3),(2,1),(2,2), (3, 1)}

(4) Using step (3), we show (inductively) that [e;, e;] = 0if 4,5 # 1, (4,7) ¢ {(2,3),(3,2)}.
(5) We also show [eg, e3] = 0. This finally means that g = L,,.

Step (1): We already know ey - e2 € 65 (by Lemma |A.3). We show ey - e; € dj43 by
induction on j — the induction basis is es - eo € d5. The induction step 7 — j + 1 is, via

(CPA3)

€9 - €j+1 = €9 - [el,ej] = |€2 - 61,6]‘] + [61,62 . ej] S (5j+4.
——
€64 65.7'-;-3

Step (2): We already know e - e2 € d4 (by Lemma and our assumption 5 = 0).
We show e1 -e; € dj42 by induction on j — the equation e; - ea € d4 is the induction basis.
The induction step j — j + 1 reads, via axiom (CPA2])

e1-ej+1 =ejr1-e1 = [er,ej]-e1 =e1-(ej-e1)—e;-(e1-e1) €543 — Jj+3 C Jjt3.
— ——
€5j+2 E€do
Step (3): The statement we want to show here is: If for an ¢ > 0 the inclusions
® ] € € (5k+g+1 and
® ¢ €j € biyjte
hold for all ¢ > 2,5 > 3,k > 4, then they do also hold for ¢ + 1, that is, the inclusions
® ¢1-€ € 5k+g+2 and
® €€ € diyjier1
hold for all ¢ > 2,5 > 3,k > 4.
We start by showing e3 - €; € 0j4444,J > 3: We have
e3-ej=er-(e2-€) =€y (e1-€j) € 0jpa1e — Gjyare S Ojare
~—— ——
€0j4+2+¢ €6j+2
Now we show that if e; - €; € 0j4 4041, then also e; 1 -€j € dip14j4e41:

eir1-ej=e1- (e;-ej) —€i-(e1-€5) € ditjreya — Oijtera C Gijreto
S~—— ——

€ditjte+1 €012
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So the second inclusion holds if ¢ > 3 and j > 3. Now we also show this inclusion for
i =2: Let j > 3, then

ex-ej=¢€j-ea=e1-(ej_1-e)—ej_1-(e1-€2) € 034jte.

€dj+2 €64

Now we show the remaining part — namely e; - e € dgipio,k > 4. Similarly to above,
we have

e1-ep =ep-e1 = [er,ep_1]-e1 =e1-(ep—1-e€1) —ep_1-(€1-e1) € Sppryo.
——— ——

6(5k+1 €2

For the second summand, we used here what we just have proven — namely ex_1 - e2 €
Ok—1424041

Hence we have proven the claim. Now note that we know that the statement is true for
¢ =0, so if we choose £ large enough, we have e -ep, =¢;-e; =0fori > 2,5 > 3,k > 4.
In other words, the only (potentially) non-zero products are ej-e1,e1-€3 = eg-€1,€1-€3 =
eg-e1 and ey - eq.

Step (4): We do another induction: Claim: If for an £ > 0, the inclusion [e;, e;] € 0;4j4¢
holds for all ¢ > 2,7 > 4, then this inclusion holds also for £+ 1, that is [e;, e;] € §iyjro41
holds for all 4 > 2,5 > 4.

To prove this, let us do an induction on i. Remember that we write e; -e; = aes + 93 and
assume o # 0. First suppose ¢ = 2. Note that since j > 4, we have e1 -ej41 = e1-¢; = 0.

Now, by axiom (CPA3)),

O0=e1-€ej+1 —[e1-e1,ej] —[er,e1-e;] € — a ez, ej] — [d3, 5]
S—— 1 S——

=0 70 Cdjt+e+s

implying [e2, e;] € d;4¢43. So our claim holds for i = 2.
We do the induction step ¢ — ¢ + 1 with help of the Jacobi identity: We have

leit1, €] = [[e1, ei], e5] = —[ [eis e5] ,er] — [[ej, e1], €i] € ditjyera
———" ——"
€0t 4041 €641

Since in the beginning, we are in the case £ = 0, we may conclude as before (by choosing
¢ large enough) that [d2, 64 = 0. However, we cannot do this procedure for [e2, €;] where
J =3 — in this case, we do not have the equality e; - e; = 0 (and we used this equality).
So to identify g’s true form as L,,, we still have to prove [eg, e3] = 0.

Step (5). Let us show [ez, e3] = 0.

First note that due to the Jacobi identity,

e1, [e2, €3]] = —[ea, [e3, e1]] — [es, [e1, e2]] = [ea, e4] — [e3,e3] =0 —0 =0,
——

=—eyq
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implying [e2, €3] € 0,,. Let us apply axioms (CPA3) and (CPA2|) a few times:

0=-e-eq=e1-er,e3]+]er,er - e3)

€62
————
Edp

implying [e1, €1 - e3] € d,, and thus e - e3 € dy—1.
Another application is

e1 - le1,e2] = [e1 - e1, e2] +er, e - €3]

Gén—l 6571

implying [e1, €1 - e2] € d,,—1 and thus e - ea € d,_2. We use this axiom again and find
es - le1, ea] = [ea - e1, ea] +eq, ea - ea],
-0 =0

S0 €9 - €9 € 0. Now by axiom (CPA2),

e3-e] = [61,62]-61 :€1~(€2-€1)—62-(61~61) 60—5n25n.
S—— N——
Edp—2 €2

And now, finally,

0=-e1-[e1,e3] =[e1-e1,e3] + [e1,e1-e3] € [aea + d3,e3] +0=_a [ea, €3]
Edn #0

which means [ea, e3] = 0. So g = Ly,.

So we completed now the case of Class By and found out that g = L,. There is one

case left, namely CPA-structures in Class By. They satisfy e; - e; = aes + d3,€e1 - €9 =
e3 + 04, 0 #£ 0. We will show that if = - y is a CPA-structure in Class B, on g, then also
g=L,.

Lemma A.5. Let g be n-dimensional filiform, x -y o CPA-structure on g of Class Bs

with e1 -e1 ¢ 83 and ey - e2 ¢ 44 (by Lemma this implies ey - e2 = ez + 64). Then we
have (a) e1 - e; = €1 + diqo for all i ¢ {1,n}, (b) ea-ej € 6345 and (c) [e,e;] € d34;
for all j > 2.

Proof. By induction on ¢, we will show
(i) e1-e; € eiy1 + dig2
(11) €i_1- € € 0y

(iii) [ei_l, 62'] S (521'.
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for all i € {3,...,n — 1}. Note that by Lemma the statements are true for ¢ = 3
(here note that by axiom (CPA3)), if e; - e2 € e3 + 04, then also e; - e3 € eq4 + 05). We
assume it holds for ¢ and show it for 7 + 1:

Axiom (CPA3) on (e;—1,e1,¢€;):
€i—1-€iy1 = [€i—1-e1,e] + [e1, -1 - €] € d2441.
~——— ~——
€d; E€02;
Axiom ((CPA2) on (e1,e;—1,€;):
ei-e;=e1-(e—1-¢€)—ei—1-(e1-e€) € d2iq1.
—— ~——
€09 €§i+1
Axiom (CPA2)) on (eq,e;,€;): Let us write e; - ;41 = Bre2i11 + d2i12.
eir1-€ =er-(e-e) —ei-(e1-e)
——

B1re2i+1+62i42

€ e1- 0241 — € - (€iy1 + 0iy2) C b2i42 — Prezir1 + 02i42,

thus #1 = 0 and s0 €; - €41 € d;12.
Axiom (CPA3)) on (e;,e1,€;):

ei-eir1 = [e;j-er,e] +ler, e el
—— S~
€62i+2 [eit1,ei]4+02i42 €02i41

meaning [e;, €;41] € d2i42-
This implies inductively (by the Jacobi identity) [e;—1, €j+1] € d2i+1, [€i—2, €i+1] € 24, ...,
up to [eg, €;41] € di+4 implying for i <n —1

e1-eiy1 = [e1-e1,e] 4+ [er,e1 - €] € 0iy3 4 eiya 4+ 0iy3 C ey + diys.

This shows that (i), (ii) and (iii) also hold for i + 1.

So (a) and (c) are proven; (b) is another induction using axiom (CPA3). O

Proposition A.6. If x -y is a CPA-structure of Class By on g (where g is filiform and
n-dimensional), then g = L,,.

Proof. We will show the following: Suppose for all j,k € {3,...,n} and for an ¢ €
{0,...,n — 5}, the following five conditions do hold:

(i) lej,ex] € djrrre+0n

(i) €j - €ex € Gjthre

(iii) e1-e; € ejy1 + djqpqo + 6y for j#n —1,n (and er - e,—1 = €p).
)

(iv) ez -€j € 3410+ 0 for j > 2.
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(v) [e2, e5] € 03440 for j > 3.

Then these five conditions also hold for ¢ + 1, that is:
(i) lejs ex] € Gjrtesa
(i) ej - er € Ojrhter

(iV €2 € € (54+j+g for 7> 2.

7

)
)
(iii)" e1-ej € ej41 + 0443+ 0p for j #n—1,n (and €1 - e,—1 = €y).
)
)

(v

(Again note that by Lemma these conditions are satisfied for ¢ = 0).

We would like to do the proof similar to the one of Proposition [A.2] However, there
is a slight problem: When we proved (iii), we used that e - e; € d3. Since we now as-
sume z-y to be in Class B, this is no longer the case. We therefore have to refine the proof.

le2, 5] € Oqyjye for j > 3.

With the same proof as of Proposition we can prove that (i)’ and (ii)’ hold. We
now show that (iii)” does hold, i.e. e1 - €; € ejq1 + dj4¢43 + 6, for j # n.
By assumptions (iii) and (iv) we can write

ey - ez € ez + Bresye + Opys,
eg - €y € y1€51¢0 + dg1s,
e1-e3 € eq + Paesie + dppe,
€2 - €3 € Yaegre + O74p

and so on, up to

€1 €eny-3€€eh g o+ Bn,@,4€n_1 + 5717

€2 en—¢—3 € Yn—t—4€n.
Using axiom (CPA2)) on the triple (eg, ea,e1), we get

O=e3-e1—e;-(ea-e1)+ea-(e1-€1)
€ eq+ Paes o+ 06ye — €1 (e3 + Breqre + 0540) + €2 - (aea + 03)
C eq+ Paesye + 0640 — €4 — Baesie — Bresie + 0610 + aviesie + 6o + On
C —Bresye + ayies g + 0610 + On-

So we have 31 = a7y, and similarly (by using for the triple (e1,es+1,€1)) that
Bs=avysforl <s<n-—/0—4.

Axiom ((CPA3)) on the triple (e1,e,e2) yields v2 = =1 (more precisely, 51 = f2, but
Bi = ay; and a # 0), but axiom on the triple (eg, e, e2) yields y1 = 2y2. So
81 = B2 =1 =2 =0 meaning e;-e3 € e3+0dp15,€1-€3 € 4+ dp16,€2 €2 € g1y, €2-€3 €
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071¢. However, this has consequences on the Lie bracket: By axiom (CPA3|) on the triple
(e9,€1,€2), we have

ex-e3 = [ex-eq,ea] +[er, ea- e
——

€7+e  €lez+645.e2] €074¢

implying [e2, €3] € dp+7. The Jacobi identity then implies [eg, e4] € dpys.

We need three more applications of the CPA-axioms. First, by axiom on
(e9,€1,€2) and on (e1,e1,€e4), we also find B3 = B4 = 0, then, by axiom (CPA3)
on (ez,e1,e4), we have [e3, e4] € dg1o. The Jacobi identity both implies [e2, e;] € dayjie
and [es, e;] € 65440 for all j > 3. Now we may finally prove that all of the 3;’s and ~;’s
are zero — this is an application of axiom (CPA3) to (e1, e1,es+1). This proves (iii)’, (iv)’
and (v)’.

This procedure works until £ = n—5. This means, in the last step, we get the non-zero
products

e1-€1 € 09,61 €3 € €3+ 0p_9,€1-€3 € €4+ Op_1,
e1-ej €ejr1+0p,j >4;,e2-€2 €0p1,€2-€3 €0y
and have that [d3, 03] = [d2,04] = 0. To show that g = L, it remains to show [eg, e3] =0

(up to now, we only have [e,e3] € d,,). This is similar to the end of Proposition [A.4]s
proof; a sequence of applications of axioms (CPA2) and (CPA3) gives the result. O
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B Explicit post-Lie algebra structures

In this appendix, we want to state some proofs and classifications which have been
obtained with help of the software Mathematica.

B.1 Existence of post-Lie algebra structures in dimension 3

Here, we want to prove Proposition from Section namely, which pairs of 3-
dimensional Lie algebras admit a post-Lie algebra structure.

The situation in dimension 3 is manageable, mainly for two reasons: There are only
"a few" Lie algebras in dimension 3 and moreover, there are many useful invariants of
3-dimensional Lie algebras like the one from [93], which can be computed via the Killing
form of a given basis. This invariant helps to distinguish non-nilpotent Lie algebras in
dimension 3 and is thus very useful for concrete calculations.

To prove Proposition 3.5I] we give an example for each "existence" case. For our
examples, if not said otherwise, we assume g to have the basis {e1,e2,es} with Lie
brackets given in Table and indicate the post-Lie algebra structure by stating the
Lie brackets of n and a possible post-Lie algebra structure on (g,n) in terms of the
left-multiplication operators L(ey), L(e2), L(es).

Example B.1. Let g = C3. We can find post-Lie algebra structures on (g,n) with n
isomorphic to (i) C3, (ii) n3(C), (ii) v2(C) & C, (iv) t3(C), (v) t31(C), (vi) t3(C).

Proof.
(i) The trivial zero-product: ad(e;) = ad(e2) = ad(es) = L(e1) = L(e2) = L(es) = 0.

(ii) Lie brackets of n: {ej, ea} = es, left-multiplication operators:

0 00
L(el) = 0, L(eg) =10 0 O ,L(€3) =0.
100

(iii) Lie brackets of n: {e1,es} = ey, left-multiplication operators:

1
L(el) = O, L(eg) =10 ,L(63) =0.
0

o O O
o O O
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Table 16: Lie algebras in dimension 3

g non-zero Lie brackets
C3 -
t‘lg(@) [61, 62] = e3
tQ(C) o C [61, 62] =e1
t3(C) [e1, e2] = ea, [e1, €3] = €2 + €3
. [e1, ea] = eg, [e1, e3] = Aes with
<
A(C)AeCh A <1 t37(C) 2 v3,(C) if and only if = 3 or p= A
5[2(C) [ela 62] = €3, [617 63] = —2ey, [627 63] = 2e9

(iv) Lie brackets of n: {e1,e2} = ea,{e1,e3} = ea + es, left-multiplication operators:
0 0 0 000
L(el) = 0,L<€2) = 1 0 0 ,L(eg) = 1 0 0
0 0 0 1 0 0
(v) Lie brackets of n: {e1,ea} = ea,{e1,e3} = es, left-multiplication operators:
0 0 0 000
Lier)=0,L(es) = [1 0 0] ,L(es)=[0 0 0
0 0 0 1 0 0
(vi) Lie brackets of n: {e1,e2} = ea,{e1,es} = pes, left-multiplication operators:
0 0 0
L(el) =10 O 0 ,L(eg) = 1
0 0 0

O]

Example B.2. Let g = n3(C). We can find post-Lie algebra structures on (g,n) with n
isomorphic to (i) C3, (i) n3(C), (iii) v2(C) & C, (iv) v3(C), (v) v31(C).

Proof.

(i) n the abelian Lie algebra, left-multiplication operators:

0 0
Ler) =10 0 , L(e2) = L(es) = 0.
01

o O O

(ii) Lie brackets of n: {ej, ea} = es, post-Lie algebra structure: the trivial zero-product:
L(el) = L(eg) = L(eg) = 0.
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(iii) Lie brackets of n: {e1,es} = eq, left-multiplication operators:

0 00
L(el) == 0, L(eg) = 1 0 0 ,L(Bg) =0
0 0

(iv) Lie brackets of n: {e1,ea} = ea,{e1,e3} = ea + e3, Lie brackets of g: [e1, e3] = eq,
left-multiplication operators:

0 0 O
L(el) =10 -1 0 ,L(eg) = 0,L<63) =0.
0 0 -1
(v) Lie brackets of n: {e1,ea} = e2,{e1,e3} = es, Lie brackets of g: [e1,e3] = eg,

left-multiplication operators:
0 00 000 000
L(er) =10 0 1],L(ea)=|1 0 0],L(es)=1[0 0 0
0 00 0 00 1 00

O]

Example B.3. Let g = vo(C)dC. We can find post-Lie algebra structures on (g,n) with
n isomorphic to (i) C3, (ii) n3(C), (iii) t2(C) & C, (iv) v3(C), (v) v3,(C) (1 may or may
not be 1).

Proof.

(i) n the abelian Lie algebra, left-multiplication operators:

—_

L(e1) =0,L(e2) = _0
0

(iii) Lie brackets of n: {e1,es} = ey, post-Lie algebra structure: the trivial zero-product:
L(el) = L(eg) = L(eg) =0.

(iv) Lie brackets of n: {e1,e3} = e1 + ez, {ea, €3} = ea, left-multiplication operators:

-1 0 0 1 00
L(@l) = O,L(eg) = 0 -1 0 ,L(eg) = 1 1 0
0 0 0 0 00
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(v) Lie brackets of n: {e1,e2} = ea, {e1,e3} = pes, Lie brackets of g: [e1, ea] = [e1,e3] =
[e2, e3] = eg, left-multiplication operators:

O]

Example B.4. Let g = t3(C). We can find post-Lie algebra structures on (g,n) with n
isomorphic to (i) C3, (i) n3(C), (iii) v2(C) ® C, (iv) v3(C), (v) v31(C).

Proof.

(i) n the abelian Lie algebra, left-multiplication operators:

00 0 0 0
L(e))= [0 1 0], L(es) =0,L(ez) = | =1 0 0
0 0 1 0 0 0

(ii) Lie brackets of n: {es,es} = ej, left-multiplication operators:

2 0 0 00 —1/2 0 1/2 0
Le)=[0 1 1],Lea)=[0 0 0 |,Les)={0 0 0
0 01 0 0 0 0 0 O

(iii) Lie brackets of n: {ej,ea} = ej, Lie brackets of g: [e1,e2] = —e1 + e3, [e2, €3] = €3,

left-multiplication operators:
0 00 2 00
L(el) =0 0 O ,L(eg) =10 0 O ,L(€3) =0.
010 0 01

(iv) Lie brackets of n: {e1,ea} = ea,{e1,e3} = ea + e3, post-Lie algebra structure: the
trivial zero-product: L(e;) = L(e2) = L(e3) = 0.

(v) Lie brackets of n: {e1,ea} = ea2,{e1,e3} = es, left-multiplication operators:

00 0
L(e)= {0 0 1],L(es) =0,L(es) = 0.
00 0
0

Example B.5. Let g = t31(C). We can find post-Lie algebra structures on (g,n) with n
isomorphic to (7’) (ng (”) nS((C)? (IL”) t?((c) ® C, (M}) tg(C), (’U) t3,1((c)7 (1}7,) T3,y 7é 1,
(vii) sl2(C).
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Proof.

(i) n the abelian Lie algebra, left-multiplication operators:

2 00 010

L(61) =10 1 0 ,L(eg) = O,L(eg) =10 0 O
0 01 0 0 0

(iii) Lie brackets of n: {e1,ea} = ej, Lie brackets of g: [e1,ea] = —eq,[e2,e3] = es,
left-multiplication operators:

0 -1 0 1 00

Le1)=10 0 O0],L(ea)=1(0 0 0],L(e3)=0.
0 0 O 0 01

(v) Lie brackets of n: {e1,ea} = e, {e1,e3} = es, post-Lie algebra structure: the trivial
zero-product: L(e1) = L(e2) = L(ez) = 0.
(vi) Lie brackets of n: {e1,e2} = ea,{e1,e3} = pes, left-multiplication operators:

0 00 0 00
L(el) =10 0 O ,L(€2> = O,L(@g) = 0 0 0
00 1 w 0 0

(vii) Lie brackets of n: {ej,ea} = es,{e1,e3} = —2e1, {e2,e3} = 2eq, Lie brackets of g:

le1, ea] = e1, [e1,e3] = —ex, [e2, €3] = —ea — e3, left-multiplication operators:
-1 0 O -1 0 -2
Le)=0,L(es)=[ 0 1 —2],L(es)=[0 1 o0
1 0 O 0O 1 0
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Example B.6. Let g = t3,(C),\ # 1. We can find post-Lie algebra structures on (g,n)
with n isomorphic to (i) C3, (ii) n3(C), (iii) v2(C)®C, (iv) v3(C), (v) v3, (where u may
or may not be 1), (vi) slo(C). Case (vii) is not possible if p = —1.

Proof.

(i) n the abelian Lie algebra, left-multiplication operators:

00
L(el) - 01 ,L(eg) == O, L(eg) =0.
00

> O O

(ii) Lie brackets of n: {ej, es} = ea, left-multiplication operators:

1—A 0 0 0 0 0 0 0 0

Le= 0 2-x —1/2|,Lle)=[1-X 0 0],L(es)=| 1/2 0 0

0 0 1 0 0 0 1-X 0 0

(iii) Lie brackets of n: {e1,ea} = ej, Lie brackets of g: [e1,e2] = —%el, [e2, e3] = es,

left-multiplication operators:

0 -1 0 1/ 0 0
0 ,L(eg): 0 0 0 ,L(eg):O.
0 0 01

(iv) Lie brackets of n: {ej,ea} = ea,{e1,e3} = ea + e3, Lie brackets of g: [e1,e2] =
(—=1+ 135)e2, [e1, e3] = (125 )es, left-multiplication operators:

0 0 0 000
Lie)=[0 Aa-) -1 |.Lea)={1 0 0],L(es)=0.
0 0 A(1 = A) 00 0

(v) Lie brackets of n: {e1,ea} = eq,{e1, e3} = pes, left-multiplication operators:
0 00 0 00
Lie)=[0 0 0] ,L(es) =0,L(e3)= |0 0 0
00 A © 00

(vi) Lie brackets of n: {ej,ea} = es, {e1,e3} = —2e1, {ea,e3} = 2eq, Lie brackets of g:

e1,e2] = —MXeq, |e1,e3] = 7&61’ eo, €3] = 17A261*i62+63, left-multiplication
A1 2 A+1
operators:
—)\2 2
A0 e o 02
L(el) = 0,L(€2) = 0 ;)\ —2 ,L(eg) = 0 1 0
1 A 4*1 0 0 -1 0

This does work if and only if A # —1.
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O]

Example B.7. Let g = slo(C). We can find post-Lie algebra structures on (g,n) if n is
isomorphic to sly(C).

Proof. An example is the trivial post-Lie algebra structure, where n’s Lie brackets are
{e1,e2} = e3,{e1,e3} = —2e1,{e2,e3} = 2e3 and the left-multiplication operators are
L(el) = L(eg) = L(€3) =0. ]

Remark B.8. This structure and the other trivial post-Lie algebra structure are the only
ones on (slz(C),sly(C)) (cf. Example [2.42]).

All together, these examples prove (iv) of Proposition [3.51]
It remains to prove the non-existence of post-Lie algebra structures on certain combina-
tions of Lie algebras, namely cases (i), (ii), (iii) of Proposition [3.51}

Proof of Proposition cases (i), (i), (iii).
(i) This holds because of Theorem If there is a post-Lie algebra structure on

(g,n) where g is simple, then n = g.

(ii) This is exactly the statement of Example (Alternatively, it also follows from
Proposition [2.48] )

i) If n 2 tg ,(C), 1 and g = n3(C), we can assume n to have a basis {eq1, eo, e3
M :U’ g 9
with {e1,e2} = ea,{e1,e3} = pes. As g is nilpotent, all its adjoint operators are
too and thus their trace vanishes; we may write

0 rn 74 —r1 0 rg —ry —16 0
ad(e1) =10 ro 75 |,ad(ea)=|—-r2 0 —rg],ad(es)=|-1r5 74 O
0 r3 —rg —r3 0 71 ] -ry1 0

for the adjoint operators with respect to [,] and ey, ez, e3.

After applying axioms (PA1) and (PA3]) we find (using p # 1)

0O 0 O 0 0 O 0 0 O
L(el) = 0 a5 ,L(eg) = a9 (10 0 ,L(€3) = a3 0 0
(673 0 [(67%4 (%] 0 0 asg 0 Q9
andry =r4 =16 =0,79 = a1 —ag+1,r3 = —ay,r5 = —ag for some aq,...,a19 € C

subject to the condition 1 = —1—a;+as—ar+ag. From the fact that (ad(e1))? = 0
combined with axiom one obtains that either g is abelian or ¢ = 1, both is
a contradiction to our assumption.

The case where n = t3 ,(C), 1 # 1 and g = t3(C) is similar; when one fixes n’s basis
{e1,e2,e3} again to satisfying {ej,e2} = ea, {e1,e3} = pes, one arrives (relatively
quickly, by making use of Tasaki’s and Umehara’s invariant y (see [93]), for which
one knows x(r3(C)) = 4) at a contradiction (meaning either g = ¢3;(C) or p =1
or dim([g, g]) < 2).
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O]

Remark B.9. These calculations are fairly manageable in dimension 3. In dimension 4,
however, due to many factors (e.g. the larger number of Lie algebra families and less
good invariants to distinguish Lie algebras efficiently in calculations), they become quite
hard and complicated.

B.2 Explicit description of all CPA-structures in dimension 3

In this section, we want to state explicitly all commutative post-Lie algebra structures
in dimension 3 for non-abelian Lie algebras.

We will write down the post-Lie algebra structures by indicating the left-multiplications
operators L(ej), L(ez2), L(es) with respect to the basis given in Table

Proposition B.10. The Lie algebra n3(C) has the following CPA-structures:

0 0 0 0 a5 O 0 00
(’Z) L(€1>= a4 0 O ,L(eg): 0 0 O ,L(eg)z 0 00 s
a; as O as az O 0 0 0
a1a5:a4a5:a3a4:0.
a%/al —a2 0 —as ar 0
(ii) L(ey) = a3 /af —a3/ar 0| L(ey) = |—-a2/a1 az 0],
_CLZ(QQIZ?%M) as 0 as ag 0
0 0 0
L(@g): 0 00 ,al#o.
0 0 0

Apart from the conditions aias = agas = azaqs = 0 and a1 # 0 in the first and in the
second case, respectively, all variables can be chosen arbitrarily in C.

Proposition B.11. The Lie algebra vo(C) @ C has the following CPA-structures:

0 a; O a; ay O O 0 o0
(i) Le1) = |0 0 O|,L(ea)=10 0 0 ],L(es)=|0 0 0|,
0 0 0 0 a3 a4 0 ay as

where the variables can be chosen arbitrarily in C subject to the conditions a1(a1+1) =0
and %21 =as3-as.

Proposition B.12. The Lie algebra v3(C) has the following CPA-structures:

0 0 O 0 0O 0 0O
(’Z) L(€1> = ay as as ,L(ez) = | a3 0 0 ,L(eg) = as 0 0
az 0 ag 0 0O az 0 0

with a1,a2 € C,az € {0,1}.
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Proposition B.13. The Lie algebra t3 5(C), A # 1 has the following CPA-structures:

0 0 0 0 0 0 0 0 0
(i) L(el) = ay; ag 0 ,L(EQ) = a9 0 0 ,L(eg) = 0 0 0 ,
a3 0 ay4 0 0 O ag 0 O

where az(az — 1) = 0 and ag(ay — X) = 0. Apart from that condition, the variables can

be chosen to be any complexr numbers.

Proposition B.14. The Lie algebra t31(C) has the following CPA-structures:

0 0 O 0 0 O 0 0 0
(7,) L(el) =la a3 O ,L(GQ) =1las 0 O ,L(eg) = 0 0 0],a3€¢ {O, 1}
a9 0 as 0 0 O as 0 0
0 0 0 0 0 0 0 0 0
(i) L(e1) = | ataa 0 az |,L(e2) = |0 agas —a3as|,L(es) = |az —a3as ajas
apz 0 1 0 a3 —aoag 1 —asas a%ag
0 0 O 0 0 0 0 0 O
(ii’i) L(el) = al 1 as ,L(EQ) = 1 00 ,L(eg) = as 0 a4> , 204 = 0.
az 0 O 0 00 0 0 O
0 0 0 0 0 0 0 00
(i) Lier) = | a1 ay %% | Les) = |ag 0 0, L(eg)=| 2% 0 0
as ag4 1—asg ag 0 0 l—a3 0 O
ag # 0.
0 0 0 0 0 O 0 0O
(v) L(ex) = a1 0 as|,L(e2)=|0 0 0],L(es)=|as 0 0],
as as 1 a3 as 0 1 0 0
aias = azaq = aqas = 0.
0 0 0 0 0 0
(vi) L(e1) = | —aiaz/as3 a4 az(aqg — 1)/as | , L(e2) = a4 —as —a3/ag
al —a3a4/a2 1-— ayq —a3a4/a2 as a9
0 0 0
L(es) = | az(as — 1)/as —a3/az —a3/a3 | ,aza3 # 0.
1—ay as a2/a3

Apart from the stated conditions, the variables can be chosen arbitrarily in C.

Proposition B.15. The Lie algebra slo(C) has only the following CPA-structure:

(i) L(er) = L(ea) = L(es) =

o O O

0 0
0 0
0 0

Remark B.16. That sly(C) only has the trivial CPA-structure is not surprising as sly(C)

is simple (cf. Theorem [3.20)).
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B.3 Post-Lie algebra structures on Lie algebra double pairs
with n complete

In Section we studied post-Lie algebra structures on Lie algebra double pairs with
a complete Lie algebra n, i.e., post-Lie algebra structures on (g, n), where n is complete
and there is a linear map R: V — V satistying [z,y] = R({z,y}) for all z,y € g. Now,
we want to list explicitly all such structures for simply-complete Lie algebras n up to
dimension 7.

Note that since n is complete, there is a linear map ¢: n — n with = -y = {¢(z),y} for
all x,y € n. Therefore, we will list the post-Lie algebra structures by listing the possible

pairs (¢, R).

We use the classification of complete Lie algebras given in Section and study all
simply-complete, non-semisimple, non-metabelian Lie algebras n up to dimension 7. (For
the metabelian simply-complete Lie algebra, see Lemma [£.76] for semisimple Lie alge-
bras, see [23].) Post-Lie algebra structures on Lie algebra double pairs where n is not
simply-complete can be reduced to the ones on Lie algebra double pairs where n is simply-
complete (cf. Proposition and Lemma [£.46)).

The definition of these Lie algebras can be found in Tables [12[ (dimension 5), [13| (dimen-
sion 6) and [14] (dimension 7) on pages [62] [65] and [68] respectively.

Note that for dimensions less than 5, there are only three complete Lie algebras: the
simple sl3(C) and the two metabelian Lie algebras v2(C) and t2(C) @ t2(C) (so we do not
include them here).

5-dimensional Lie algebras

Proposition B.17. If n = T x ng, then all Lie algebra double pairs (g,n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1,eq,es,t1,ta}) by the
following:

00 00O 1 0 0 v e
00 00O 01 0 ro 177
(Z) Y1 = 00 0 ¢ c ,Rl = 0 0 1 T3 T8
00 00O 0 0 0 rqgy 179
00000 0 0 0 r5 70
0O 0 0 0 O 0 0 0 7rm g
0 -1 0 O 0 0 -1 0 ro 17
(i) o2=10 0 0 ¢ c | ,Ro=10 0 0 r3 1rg
0 0 0 -1 0 0 0 0 74 179
0 0 0 0 -1 0 0 0 rs T10
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0 0 0 00 1 00 r 76
0 -1 0 00 000 rp 17
(iii) p3=10 0 -1 ¢ ¢|,R3=1]10 0 0 73 73
00 0 00 00 0 r4 79
0 0 0 00 00 0 75 70

() pa=—p3—1d, Ry = —R3

(v) 5= —p2 —1d,Rs = — Ry

(vi) w6 = —p1 —1d, R = — I
All variables are arbitrary scalars.
In cases (i) and (vi), g = Ty x ng = n, in the other cases, g = to(C) @ C3.
6-dimensional Lie algebras

Proposition B.18. If n = Ty X g4, then all Lie algebra double pairs (g,n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, ea, e3,eq,t1,t2}) by the
following:

0000 O O 10 00 ri 1y
0000 O O 01 0 0 ro rg
‘ 0000 O O 001 0 r3 rg
@Wer=10000 21 | 0001 14 1o
0000 O O 00 0 0 r5 r1
000O0O O O 0 0 0 0 rg 7o
0O 0 0 0 0 O 1 00 0 ri 17
0O -1 0 0 0 o 0 0 0 0 ro 7g
(ii) 0o = (&) 0 -1 0 C3 C3 R2 _ Co 0 0 0 rs T9
cs 0 0 =1 2¢ 1|’ c3 0 0 0 rg 70
O 0 0 0 0 O 0 0 0 0 r5 ri1
0O 0 0 0 0 O 0 0 0 0 rg 72

(1it) @3 = —po —1d, R3 = —R»
(w) o4 =—p1 —1Id, Ry = —Ry

All variables are arbitrary scalars.
In cases (i) and (iv), g = Ty x g4 = n, in the other cases, g = to(C) @ C*.

Proposition B.19. If n = T} X g56, then all Lie algebra double pairs (g,n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, ea, €3, eq,e5,t1}) by the
following:
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00000 0 1 0000 r
00000 0 0 1. 00 0 7
o fooo0o 00 —2¢ 0 0100 7y
) er=100000 —e " |2, 0 01 0
00 0 00O C3 02610017“5
00000 0 0 0 00 0 rg

(i) w2 = —p1 —1Id, Ry = —Ry

All variables are arbitrary scalars.
In both cases, g =11 X g5 6 = n.

And there is one non-solvable, non-semisimple complete Lie algebra in dimension 6:

Proposition B.20. If n = aff(C?), then all Lie algebra double pairs (g,n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, e, es3,eq,e5,€6}) by the
following:

00 0O0O0GO ct 00 ¢g0—1 0 O
00 O0O0O0TUO co 1 0 co 0 0
(i) o1 = 00 0 O0O0O Ry — c3 0 1 c3 0 0
00O0O0O0OO0]”’ cg 00 cg+1 0 O
00 0 O0O0GO cs 0 0 Ccs 1 0
00 O0O0O0UO 0 cg 0 O Cg 0 1
0 0 0 0 O 0 cg 0 0 ct—1 0 0
0 0 0 0 O 0 co 1 0 Co 0 0
(ii) s = 0 0 0 0 O 0 Ry — cs O 1 c3 0 0
0 0 0 0 O 01’ cy O 0 cgu+1 0 0
Cs —C7 C§ 0 0 -1 0 Cy C8 0 Cr 0 0
0 0 cs—cyr cg 0 —1 cge 0 c5—cy cg+cg 0 O

(iti) o3 = —po —1d, R3 = —Ry
(vi) o4 = —p1 —1d, Ry = —Ry

All variables are arbitrary scalars.
In cases (i) and (iv), g = aff(C%) = n.
In the other cases, g is isomorphic to a Lie algebra of the form gly(C) x C2.

Remark B.21. The fact that these structures look different compared to the other ones
is due to aff(C?) being expressed in terms of a basis which does not highlight the torus
of aff(C?)’s radical. (Remember that by Proposition we can write every rigid
Lie algebra L as L = s x (T' x m), where s is a Levi subalgebra, T a torus of the
radical of L and m the nilradical of L.) In fact, this decomposition appears in the
proof of Lemma — a basis of aff(C?) is given by {b1,...,bs} with Lie brackets
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B.3 Post-Lie algebra structures on Lie algebra double pairs with n complete

[blv bQ] == b37 [blv b3] = _2b17 [blv b6] = b57 [b27 b3] = 2b27 [b27 b5] = b67 [b?)a b5] = b57 [b37 bﬁ] =
—bg, [ba, bs] = bs, [bs, bg] = bg. Thus, one sees that

span{by, bo, b3} = 5 = slo(C), span{by} = T = C,span{bs, bg} = m = C>.
With respect to this basis, the four different types of post-Lie algebra structures are:

000 O0O0O0 100 » 0O
00 0 O0O0GO0 01 0 re 00
(i)wl:OOOOOOR12001r30O
00000O0Of" 000 7 00
000000 000 10
000000 000 r 01
-1 0 0 0 00 -1 0 0 7 0O
O -1 0 0 00 0 -1 0 ro 0 O
(i) oy = 0O 0 -1 0 00 Ry — 0 0 -1 5 0 O
0O 0 O -1 0 0} 0O 0 0 ro 0O
ci 0 ¢ ¢ 00 —c1 0 ¢ r5 0 O
00261—0100 062611"600

(iii) @3 = —p2 —Id, R3 = —Ry
(VI) Y4 = —Q1 — Id7 R4 - _R17

where all variables are arbitrary scalars. (Compare these structures to those of the
7-dimensional Lie algebras L7 4 and L7 5 in Proposition and Proposition [B.30] re-
spectively.)

7-dimensional Lie algebras

Proposition B.22. Ifn = T, x g5 3, then all Lie algebra double pairs (g,n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, ez, e3,eq,e5,t1,t2}) by
the following:

000O0O0 O O 1 00 0 0 r 78
00 0O0O0O O O 01 0 0 0 re 1
00 0O0O0O O O 0 01 0 0 r3 710
(i) p1=10 0000 0 O|,Re=]0 0010 rg
00 0 00O 201 C1 0 0 0 01 rs T12
00 0 00O 0 0 0O 0 0 0O Te T13
00 0O0O0O O O 00 0 0 0 r 714
0 0 0 O 0 0 0 1 0 0 0 0 r; g
0O -1 0 0 O 0 —c 0 0 0 0 0 7ro 19
0 0 0 O 0 0 0 0 0 1 0 0 r3 710
(i) p2=|—-c2 0 0 -1 0 c3 c3 |, Ro=]—-co 0 0 0 O 7rq4 711
C3 0 C2 0 -1 201 C1 C3 0 (6] 0 0 s T12
0 0O 0 O 0 0 0 0 0 0 0 0 rg ri13
0 0 0 O 0 0 0 0 0 0 0 0 rv 714
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B Explicit post-Lie algebra structures

(tit) o3 = —p —1d, R3 = —R»
() pa=—p1 —1d, Ry = —Ry

All variables are arbitrary scalars.
In cases (i) and (), g = Th X gs53 = n, in the other cases, g is isomorphic to a Lie
algebra of the form (t5 1(C) & C?) x C2.

2

Proposition B.23. If n = T5 X g5 4, then all Lie algebra double pairs (g,n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, ea, e3,eq,e5,t1,t2}) by
the following:

00 0O0O0 O 0 100 00 r g
00 0O0O0O O 0 01 0 0 0 72 19
00 0O0O0 O 0 001 00 r 710
(’Z) Y1 = 00 0 0O 261 C1 ,Rl = 00 0120 T4 T11
00 0 00O C2 262 00 0 01 rs T12
00 0O0O0O O 0 000 0 0 7 713
0 00O0O0O O 0 00000 77 714

(it) o2 = —p1 —1Id, Ry = — Ry

All variables are arbitrary scalars.
In both cases, g =Th X g54 = n.

Proposition B.24. If n = T5 X g5 5, then all Lie algebra double pairs (g,n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, ez, e3,€4,€5,t1,t2}) by
the following:

00 0O0O0O O O 1 000 0 v rs
00 0O0O0O O O 01 0 0 0 re g
00 0O0O0O O O 0 01 0 0 r3 710
(i) 1r={0 0 00O 0 Of|,Ri=]0 0 0 1 0 74 rg
00 0 00O 301 C1 0O 00 01 s T12
00 0O0O0O O O 0 00 0 0 r 7113
000O0O0 O O 000 0 0 7 714
0 0 0 0 O 0 0 1 00 0 0 r g
0 -1 0 0 0 0 e 0 0 0 0 0 rs g
coc 0 -1 0 0 c3 c3 co 00 0 0 r3 m0
(’Z’Z} Y2 = C3 0 0 —1 0 204 C4 ,R2: C3 0 0 0O T4 T11
Cyq 0 0 0 -1 301 C1 Cyq 0 0 0O rs T12
0 0 0 0 0 0 0 0 0 0 0 0 rg 713
0O 0 0 0 o0 0 0 0 000 0 7 714

(Z”L"Z) Y3 = —Y2 — Id, R3 = —RQ

() o1 =—p1 —1Id, Ry = — Ry
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B.3 Post-Lie algebra structures on Lie algebra double pairs with n complete

All variables are arbitrary scalars.
In cases (i) and (iv), g = Ty X gs5 = n, in the other cases, g = vo(C) @ C5.

Proposition B.25. If n =T} x G 12, then all Lie algebra double pairs (g,n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, ea, €3, €4, e5,€6,t1}) by
the following:

000 O0O0O O 0 1 0 00 0 0
00 0O0O0GO 0 0 1 00 0 0 m
00000 0 ¢ —2c3 0 0 1 0 0 0 73
(i) =10 0 0 0 0 O —c1 ,Ri=10 0 01 0 0 7y
00 0O0O0O —C cc 00 01 0 75
00 0 O0O0TUO Cq Cy C3 0 0 0 1 Te6
00 0O0O0O 0 0 0 00 0 0 7

(it) w2 = —p1 —1Id, Ry = — Ry

All variables are arbitrary scalars.
In both cases, g =Ty X Gg 12 = n.

Proposition B.26. If n =T} x Gg 17, then all Lie algebra double pairs (g,n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1,ea, €3, €4, €5,¢€6,t1}) by
the following:

0000O0O0O O 1 00000 n
0000O0O0O O 0 1 00 0 0
000000 —3¢ 0 0 100 0 r3
(i) o1=10 0 0 000 ¢ |,Ri=|33 0 010 0 r4
000000 ¢ —c 0 00 1 0 73
00 0 0 0 0 ¢4 —c3 ¢ 0 0 0 1 rg
0000O0O0 O 0 0 0000 ry

(it) g2 =—p1 —1d, Ry = —Ry

All variables are arbitrary scalars.
In both cases, g =T1 X Gg 17 = n.

Proposition B.27. If n =T x G 19, then all Lie algebra double pairs (g,n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, eq, €3, €4, e5,€6,t1}) by
the following:

000 O0O0O 0 1 0 0000 m
000O0O0O0O O 0 1 0 0 0 0 7
000000 —2¢ 0 0 1 0 0 0 73
(i) pr=[(0 00000 —2c|,Ri=]2cc 0 0 1 0 0 ry
000000 wec3 2c0 ¢0 0 0 1 0 75
00 0 0 O0O0 Cq4 —C3 C2 00 01 Te
00 0O0O0O 0 0 0 0 0 0 0 ry
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B Explicit post-Lie algebra structures

(it) g2 = —¢1 —1d, Ry = — Ry

All variables are arbitrary scalars.
In both cases, g =Ty X Gg 19 = 1.

Proposition B.28. If n =T} x Gg 20, then all Lie algebra double pairs (g,n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1,ea, e3,¢€4,€5,¢€6,t1}) by
the following:

000000 0 1 00000 r
000000 O 01 0000
000000 O 00 1000 7y
(i) pr=]1000000 0 [,Re=|0 0 010 0 ry
000000 —2¢ 00 00710 75
000000 o 0 ¢t 0001 rg
000000 O 000000 r

(it) o2 = —p1 —1d, Ry = — Ry

All variables are arbitrary scalars.
In both cases, g = T X Gg a0 = .

In dimension 7, we additionally have two non-solvable (non-semisimple) complete Lie
algebras, namely L7 4 and L7 5:

The Lie algebra L7 4 can be decomposed as L74 = s X (T x m) (with s semisimple,
T a torus of the radical, m the nilradical), where s = span{ej, ez, e3} = sly(C), T =
span{es} = C, m = span{es, g, e7} = C3.

Proposition B.29. If n = L7 4, then all Lie algebra double pairs (g,n, R) with a post-
Lie algebra structure are given (with respect to the basis {e1, ez, €3, €4, €5,¢€6,e7}) by the
following:

00 0O0O0OO0OTGO 0 100 » 0 0O
000 O0O0O0OTP O 01 0 r» 0 0O
00 0O0O0OO0OTGO 0 0 01 o 00O
(i) =10 0 0 0 0 0 0f[,Rr=]0 00 7, 0 0 0
00 0O0O0OO0OTG O 0 00 r» 1200
000 O0O0O0OTG O 0 00 r 0 10
000 O0O0O0OTO O 0O 00 r» 0O01
0 0 0 0 O 0 0 1 0 0 rn 0 0 O
0 0 0 0 0 0 0 0 1 0 ro 0 0 0
0 0 0 0 O 0 0 0 0 1 rs3 0 0 O
(i) o2=1 0 0 0 0 0 0 0 |,Ra=1| 0 0 0 ry, 0 0 O
263 0 261 C1 —1 0 0 263 0 261 s 0 0 0
(&) C1 0 C3 0 -1 0 C2 C1 0 Te 0 0O
0 2¢c3 —2c9 co O 0o -1 0 2¢c3 —2c0 7 0 0 O
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B.3 Post-Lie algebra structures on Lie algebra double pairs with n complete

(iit) @3 = —p2 —1d, R3 = —R»
(w) pa=—p1 —1d, Ry = —Ry

All variables are arbitrary scalars.
In cases (i) and (iv), § = L74 =, in the other cases, g = sly(C) & C*.

The Lie algebra L7 5 can be decomposed as L7 = s X (T x m) (with s semisimple,
T a torus of the radical, m the nilradical), where s = span{ej, ez, e3} = sly(C), T =
span{es} = C, m = span{es, g, e7} = n3 (the Heisenberg Lie algebra in dimension 3).

Proposition B.30. If n = Ly 5, then all Lie algebra double pairs (g,n, R) with a post-
Lie algebra structure are given (with respect to the basis {e1,ea,es,eq, e5,€6,€7}) by the
following:

0000000 100 r7m 000
0000000 010 r 000
0000000 001 r3 000

(i) =10 0 0 0 00 0f,Rr=]0 00 7, 0 0 0
0000000 000 r 100
00000O0O 000 r 010
000 ¢ 000 000 r 001

(i) o2 = —p1 —1Id, Ry = — Ry

All variables are arbitrary scalars.
In both cases, g = L7 5 = n.
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Zusammenfassung

In dieser Dissertation studieren wir Post-Lie-Algebra-Strukturen (Vektorrdume V mit
drei bilinearen Operationen [,],{, },, so dass (V,[,]) eine Lie-Algebra g, (V, {, }) eine Lie-
Algebra n und (V) -) eine nicht-assoziative Algebra ist ist sowie gewisse Vertriglichkeits-
bedingungen zwischen den drei Operationen erfiillt sind) auf Paaren komplexer Lie-
Algebren (g,n). Post-Lie-Algebra-Strukturen tauchen (unter anderem) in der Geometrie
in der Untersuchung kriststallographischer Gruppen und einer Frage von John Milnor
auf; in Kapitel [I] erkldren wir den geometrischen Hintergrund im Detail.

Nachdem wir einen Uberblick iiber Definitionen und wichtige, bereits bekannte, Sitze
iiber Lie-Algebren und Post-Lie-Algebra-Strukturen gegeben haben (Kapitel [2)), studieren
wir die Existenz von Post-Lie-Algebra-Strukturen in Bezug auf algebraische Eigenschaften
der Lie-Algebren g und n (Kapitel [3). Danach beweisen wir die Nichtexistenz von Post-
Lie-Algebra-Strukturen auf Paaren (g, n) mit dim(g) = dim(n) < 45, wobei g halbeinfach
(nicht einfach) und n einfach ist. Danach untersuchen wir Post-Lie-Algebra-Strukturen
auf Lie-Algebren, die [z,y] = a({x,y}) fiir einen Skalar a € C* erfiillen (als Verallge-
meinerung der wichtigen Klasse kommutativer Post-Lie-Algebra-Stukturen) und Post-
Lie-Algebra-Strukturen in Dimension 3.

In Kapitel {]studieren wir fiir Post-Lie-Algebra-Strukturen auf vollstandigen Lie-Algebren.
Zuerst klassifizieren wir alle vollstandigen Lie-Algebren iiber C bis Dimension 7; danach
studieren wir Post-Lie-Algebra-Strukturen auf Paaren (g,n), wobei n vollstédndig ist und
[z,y] = R({z,y}) fiir eine lineare Abbildung R gilt. In dem Fall R = ald,a € C, kin-
nen wir unsere Resultate aus Kapitel |3| verbessern; im allgemeineren Fall konnen wir die
entstehenden Post-Lie-Algebra-Strukturen durch bestimmte innere Derivationen von n
charakterisieren.

Post-Lie-Algebra-Strukturen (insbesondere kommutative) auf nilpotenten Lie-Algebren
werden in Kapitel 5| untersucht. Wir beweisen Korrespondenzen zwischen kommuta-
tiven Post-Lie-Algebra-Strukturen auf 2-stufig nilpotenten Lie-Algebren und Pre-Lie-
Algebra-Strukturen bzw. LR-Strukturen (als ein Korollar erhalten wir Resultate iiber
die Vollsténdigkeit dieser Strukturen auf Heisenberg-Lie-Algebren). Danach untersuchen
wir kommutative Post-Lie-Algebra-Strukturen auf filiformen Lie-Algebren und beweisen,
dass diese fiir nicht-metabelsche Lie-Algebren im Wesentlichen klassifiziert werden kon-
nen. Wir schliefen Kapitel [5| mit Beweisen iiber Zusammenhénge zwischen Post-Lie-
Algebra-Strukturen auf nilpotenten Lie-Algebren und Poisson-zuldssigen Lie-Algebren
ab.

Danach geben wir offene Fragen an (Kapitel @ und Beispiele bzw. Klassifikationen von
Post-Lie-Algebra-Stukturen in niedrigen Dimensionen (Appendix [B]).
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