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Abstract

In this thesis we study post-Lie algebra structures (vector spaces V with three bilinear
operations [, ], {, }, ·, such that (V, [, ]) is a Lie algebra g, (V, {, }) a Lie algebra n, (V, ·) is
a non-associative algebra and certain compatibility conditions between [, ], {, } and · are
satis�ed) on pairs of complex Lie algebras (g, n). Post-Lie algebra structures come up
(among other areas) in geometry in the study of crystallographic groups and a question
of John Milnor; in Chapter 1 we explain this geometric background in detail.
After giving an overview on de�nitions and important, already known, theorems on Lie
algebras and post-Lie algebra structures in Chapter 2, we study the existence of post-
Lie algebra structures on pairs of Lie algebras (Chapter 3). We prove existence and
non-existence of post-Lie algebra structures on pairs of Lie algebras subject to algebraic
properties of the Lie algebras; afterwards, we prove the non-existence of post-Lie algebra
structures on pairs (g, n), where dim(g) = dim(n) < 45 and g is semisimple (non-simple)
and n simple. Then we investigate post-Lie algebra structures on Lie algebras satisfying
[x, y] = a({x, y}) for a scalar a ∈ C∗ (as a generalization of the important class of com-
mutative post-Lie algebra structures) and post-Lie algebras structures in dimension 3.
In Chapter 4, we study post-Lie algebra structures on complete Lie algebras. First, we
classify all complete Lie algebras up to dimension 7; then we study post-Lie algebras on
pairs (g, n) where n is complete such that [x, y] = R({x, y}) holds for a linear map R. In
the case where R = a Id, a ∈ C, we can re�ne our results from Chapter 3; in the more
general case, we �nd a characterization of those post-Lie algebra structures in terms of
certain inner derivations of n.
Post-Lie algebra structures (and in particular, commutative ones) on nilpotent Lie al-
gebras are studied in Chapter 5. We �nd correspondences of commutative post-Lie
algebra structures on 2-step nilpotent Lie algebras to pre-Lie algebra structures and
LR-structures (as a corollary, we obtain results on the completeness of those structures
on Heisenberg Lie algebras). Afterwards, we investigate commutative post-Lie algebra
structures on �liform Lie algebras and prove that they can be (if non-metabelian) essen-
tially classi�ed. We conclude Chapter 5 by proving connections between post-Lie algebra
structures on nilpotent Lie algebras and Poisson-admissible Lie algebras.
Afterwards, we state open problems (Chapter 6) and give examples and classi�cations of
post-Lie algebra structures in small dimensions (Appendix B).
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Outline

This thesis is organized as follows:

In Chapter 1, we explain how post-Lie algebra structures arise in di�erential geometry
and algebra. After explaining Bieberbach's theory of Euclidean crystallographic groups
(and their geometry), we introduce a�ne crystallographic groups and Auslander's and
Milnor's famous questions which motivate the algebraic notion of pre-Lie algebra struc-
tures. As an important generalization of a�ne crystallographic groups, we de�ne nil-
a�ne crystallographic groups � on an algebraic level, they correspond to post-Lie algebra
structures. Afterwards, we mention brie�y other areas in which post-Lie algebra struc-
tures come up.

Chapter 2 has two parts: In Section 2.1, we state the background on Lie algebras (de�-
nitions and important theorems) which we need in the sequel. Afterwards, in Section 2.2,
we de�ne post-Lie algebra structures and related structures (LR-structures and pre-Lie
algebra structures) and in particular commutative post-Lie algebra structures (which will
be abbreviated in the following as CPA-structures), state the notions we want to use and
summarize some already known theorems on post-Lie algebra structures.

In Chapter 3, we study general questions on the (non-)existence of post-Lie algebra
structures (over C). First (Section 3.1), we ask: Given two algebraic properties P,Q of
Lie algebras (e.g. being nilpotent or complete), is there a pair (g, n) of Lie algebras � with
g and n having properties P and Q, respectively � such that (g, n) admits a post-Lie alge-
bra structure? Some questions of this kind have already been answered in the literature,
we summarize them and also state new results (especially for complete Lie algebras).
These results are summarized in Table 1 below. A "X" means that there is some pair
(g, n) with the corresponding properties, a "7" means that there is no such pair (g, n) at
all. (So if if there is a "X", not necessarily all combinations of such Lie algebras admit
post-Lie algebra structures.) The properties in Table 1 (except "complete") should be
read mutually exclusively � that is, e.g. "nilpotent" means "nilpotent, not abelian". (See
Section 3.1 for more details.)
Next, in Section 3.2, we are interested in a special case of the above question: in the non-
existence of post-Lie algebra structures on (g, n) where g is semisimple and non-simple,
n is simple � we give a proof (based on Dynkin's paper of subalgebras of semisimple Lie
algebras) that post-Lie algebra structures on (g, n) cannot exist if one of the following
conditions holds (Theorem 3.32): (i) g is simple and g 6∼= n, (ii) g has exactly two simple
factors, (iii) n is an exceptional simple Lie algebra, (iv) dim(n) < 45.
In Section 3.3, we study post-Lie algebra structures on pairs of Lie algebras (g, n) where
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g's Lie bracket is a scalar multiple of n's Lie bracket (as a generalization of [28, Chap-
ter 3]). Our result is that the existence of a post-Lie algebra structure on such a pair
(g, n) already implies that g and n are solvable (Corollary 3.47) unless the scalar is 0,−1
or 1.
Finally, in Section 3.4 we investigate post-Lie algebra structures in small dimensions �
we state which pairs (g, n) of Lie algebras in dimensions 2 and 3 admit post-Lie algebra
structures. (The proof is deferred to Appendix B.1).
Also Appendix B.2 deals with 3-dimensional Lie algebras: here, we explicitly classify all
CPA-structures on 3-dimensional Lie algebras.

Table 1: Existence of post-Lie algebra structures over C. (See Table 5 for more details.)

g
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en
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lv
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se
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du

ct
iv
e

co
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et
e

abelian X X X 7 7 7 X
nilpotent X X X 7 7 7 X
solvable X X X X X X X
simple 7 7 7 X 7 7 7

semisimple 7 7 7 7 X ? 7

reductive X ? ? ? ? X X
complete X X X ? ? X X

In Chapter 4, we are interested in post-Lie algebra structures on complete Lie algebras
(over C). More precisely, our main motivating question is: Given a pair of Lie algebras
(g, n) (where n is a complete Lie algebra), such that [x, y] = R({x, y}) with a linear
transformation R, can we classify the post-Lie algebra structures on (g, n)? (For the
subcase of n being semisimple, this question has been answered in [23].)
After stating some general structure results on post-Lie algebra structures on complete
Lie algebras which will be useful in the sequel (Section 4.1), we classify, in Section 4.2,
all complete complex Lie algebras up to dimension 7 to get interesting, concrete examples
of complete Lie algebras. We do this by applying the theory of rigid Lie algebras. We
introduce useful tools and state already known results on complete Lie algebras.
In Section 4.3, we restrict our motivating question to scalars a ∈ C∗ (that is, R = a Id, a ∈
C∗). Since we already considered this situation before for non-solvable Lie algebras (Sec-
tion 3.3) and found that always a ∈ {−1, 1}, we now restrict ourselves to solvable, but
complete Lie algebras and show that in this case also a ∈ {−1, 1} holds (Theorem 4.40).
Finally, in Section 4.4, we deal with the question more generally. We restrict ourselves
to Lie algebras n which satisfy certain conditions (being generated by special weight
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spaces, solvable-complete and satisfying H0(T, n) = T ) to use Leger's and Luks' theory
on quasiderivations of Lie algebras. We state examples of Lie algebras satisfying these
conditions and prove that a post-Lie algebra structure on (g, n) (such that there is a
linear map R as above) can be written as x · y = {ϕ(x), y} or x · y = {ϕ(x) − x, y},
where ϕ = ad(z) is an inner derivation of n (Theorem 4.63). From that, we can derive
corollaries on the element z (Lemma 4.67 and Proposition 4.71), the structure of the Lie
algebra g (Proposition 4.73) and the operator R (Lemma 4.74). The results also extend
work on CPA-structures on complete Lie algebras done in [33].
Appendix B.3 is also relevant here: There, we explicitly describe the possibilities for
post-Lie algebra structures in the above situation (i.e., n is complete and there exists a
linear map R ∈ End(V ) such that [x, y] = R({x, y}) for all x, y ∈ n).

In Chapter 5, we are interested in post-Lie algebra structures on nilpotent Lie algebras
(over C).
First, in Section 5.1, we study one generalization of CPA-structures � namely post-Lie
algebra structures on (g, n) where g ∼= n ∼= n3(C), the three-dimensional Heisenberg alge-
bra over C. We list the complete classi�cation of these structures (Proposition 5.1) and
draw corollaries out of it.
In Section 5.2, we study post-Lie algebra structures, left-symmetric structures and pre-Lie
algebra structures on 2-step nilpotent Lie algebras and �nd that under suitable condi-
tions, they correspond to each other. In the case where g and n are Heisenberg algebras of
dimension ≥ 5, the correspondence is particularly nice and we �nd corollaries regarding
the completeness of LR-structures and pre-Lie algebra structures (Corollaries 5.17 and
5.23).
Section 5.3 studies CPA-structures on another important Lie algebras: the family of Lie
algebras of strictly upper triangular matrices. It turns out that all of those CPA-structures
have a very "nice" form � in particular, they satisfy g · [g, g] = 0 (Proposition 5.27). Us-
ing this form, we can derive the CPA-structures on the (non-nilpotent) Lie algebra of
(non-strictly) upper triangular matrices (Proposition 5.34).
In Section 5.4, we study CPA-structures on the well-known class of �liform Lie algebras
� we prove Theorem 5.44 which characterizes CPA-structures on �liform Lie algebras
(g, [, ]): All CPA-structures on a �liform Lie algebra g satisfy g · [g, g] = 0 if and only if g
has solvability class greater than 2 and all CPA-structures on the �liform Lie algebra g
satisfy [g, g] · [g, g] = 0 if and only if g is not isomorphic to the standard graded �liform
Lie algebra Ln. For the proof of Theorem 5.44, we divide the class of CPA-structures on
�liform Lie algebras into four subclasses and deal with each of those classes separately.
As the methods are similar, but involve more and more details, the proof for three of
these classes is deferred to Appendix A.
Afterwards Section 5.4.5 is about post-Lie algebra structures on in�nite-dimensional �li-
form Lie algebras � we note that the results we proved on �nite-dimensional �liform Lie
algebras extends to the in�nite-dimensional case (Corollary 5.63). This is the only time
where in�nite-dimensional Lie algebras play a role in this thesis.
Next, in Section 5.5, we apply our knowledge about CPA-structures on general �liform
Lie algebras (from Theorem 5.44) to explicitly compute all CPA-structures on certain
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important families of �liform Lie algebras (Ln, Qn, Rn,Wn and a family of characteristi-
cally nilpotent Lie algebras).
For several classes of nilpotent Lie algebras (g, [, ]) studied in this chapter (for example,
the non-metabelian �liform Lie algebras or the Lie algebras of strictly upper triangular
matrices of dimension n), we obtain (among other things) that every CPA-structure on
g satis�es g · [g, g] = 0. This condition allows us to view (g, ·) as an associative algebra �
we do this in Section 5.6. Another condition which CPA-structures can have is the one of
being central � we prove that CPA-structures are central if and only if they are Poisson
algebras. We present connections between Poisson admissible algebras and LR-structures
� as a corollary, we �nd that associative LR-structures on two-step nilpotent stem Lie
algebras are always complete (Corollary 5.103).

Chapter 6 concludes this thesis; there we state some open questions for future work on
post-Lie algebra structures.

While many results presented here hold for Lie algebras over any algebraically closed
�eld of characteristic zero, all Lie algebras we study here are assumed to be de�ned over
the complex numbers.

x



1 Motivation

This section describes one possible motivation for coming up with post-Lie algebra struc-
tures. While our techniques and results will be algebraic, the motivation comes from
di�erential geometry. We will not give proofs in this chapter; they can be found in the
referenced literature. Mainly we will follow the surveys [1], [20], [44, Chapter 1] and [48,
Chapter 1].
In the center of the geometric motivation stands a famous question of John Milnor:

Question 1.1 (Milnor's question, 1977, [77]). Does every solvable Lie group G admit a
complete a�nely �at structure which is invariant under left translation, or equivalently,
does the universal covering group G̃ operate simply transitively by a�ne transformations
of Rk?

1.1 Euclidean crystallographic groups

Post-Lie algebra structures arise in the study of nil-a�ne crystallographic actions. To
motivate this notion, we will �rst introduce crystallographic groups and present the three
famous Bieberbach theorems.

De�nition 1.2. The a�ne group of the Euclidean space Rn, denoted by Aff(Rn), is
given by the semidirect product

Aff(Rn) = Rn o GLn(R),

where GLn(R) is the general linear group over R of degree n. Aff(Rn) forms a group via
the multiplication (a,A) · (b, B) := (Ba+ b, BA).
An element x ∈ Aff(Rn) can be represented in a unique way as x = v + A, v ∈ Rn, A ∈
GLn(R). However, it will sometimes be more convenient to think of x as a block matrix

x =

(
A v
0 1

)
, A ∈ GLn(R), v ∈ Rn. In this way, Aff(Rn) =

{(
A v
0 1

)
: A ∈ GLn(R), v ∈ Rn

}
is a subgroup of GLn+1(R) with multiplication(

A v
0 1

)(
B w
0 1

)
=

(
AB Aw + v
0 1

)
.

The group Aff(Rn) acts on Rn by(
A v
0 1

)(
x
1

)
=

(
Ax+ v

1

)
for all x ∈ Rn.

1



1 Motivation

De�nition 1.3. The isometry group of the Euclidean space Rn, denoted by Iso(Rn), is
a subgroup of Aff(Rn); it is given by

Iso(Rn) = Rn oOn(R),

where On ..= {A ∈ Matn(R) : 〈Aa,Ab〉 = 〈a, b〉 for all a, b ∈ Rn} is the orthogonal group
of Rn.

De�nition 1.4. Let Γ be a group acting on Rn via a homomorphism ρ : Γ → Iso(Rn)
such that

(i) the action is properly discontinuous, i.e. for each compact subset K ⊆ Rn, the set
{γ ∈ Γ: ρ(γ)K ∩K 6= ∅} is �nite and

(ii) the action is cocompact, that is, the orbit space Rn/ρ(Γ) is compact.

Then, the action is called a (Euclidean) crystallographic action and the image ρ(Γ) is
called a (Euclidean) crystallographic group.

Example 1.5. Let Γ = Zn and let Γ act on Rn via translations, i.e. consider the action
Zn × Rn → Rn, (z, r) 7→ (z + r). This is a crystallographic action.

Example 1.6. The fundamental group of the Klein bottle, 〈a, b|aba−1 = b〉 (also known
as the Baumslag-Solitar group BS(1,−1)) admits a crystallographic action on R2 =
{(x, y, 1) : x, y ∈ R} via

a 7→

1 0 1/2
0 −1 1/2
0 0 1

 , b 7→

1 0 0
0 1 1/2
0 0 1

 .

Remark 1.7 (See e.g. [90]). Let Γ be a group acting on Rn via ρ : Γ→ Iso(Rn).

(i) The action is properly discontinuous if and only if Γ is a discrete group.

(ii) Let Γ be discrete. Then the action is free (meaning whenever for an x ∈ Rn and a
γ ∈ Γ, we have ρ(γ)(x) = x, then γ = 1) if and only if Γ is torsion-free.

(iii) If the action is properly discontinuous and free, then the quotient space Rn/ρ(Γ)
is a manifold.

1.2 Crystallographic groups in nature

The name "crystallographic group" is a very colorful one; thus we want to say a few
words about crystallographic groups occurring in nature.

Two-dimensional crystallographic groups are known as wallpaper groups; they corre-
spond to tessellations of the plane R2 via periodic tilings with two linearly independent
directions of translation. In 1891, Federov proved that there are (up to isomorphism)

2



1.3 The Bieberbach theorems

exactly 17 wallpaper groups. Most, if not all of them, were found as ornaments in the
Alhambra fortress in Grenada, Spain (see also Marcus du Sautoy's popular scienti�c book
[49] where he describes a visit to the Alhambra).
In tilings of ancient Egypt, twelve of these wallpaper groups were found. Also many
paintings by the famous Dutch artist M. C. Escher feature wallpaper groups.

In three dimensions, crystallographic groups are precisely the symmetry groups of
crystals occurring in nature � the �rst correct classi�cation of the 219 three-dimensional
crystallographic groups was given by Federov and Schön�ies in 1892.

1.3 The Bieberbach theorems

A part of Hilbert's 18th problem was the question (see Hilbert's paper [60]):

"Is there in n-dimensional Euclidean space also only a �nite number of essentially
di�erent kinds of groups of motions with a fundamental region?"

In di�erent terms, the question was, whether or not, given any n ∈ N, there exist (up
to isomorphism) only �nitely many n-dimensional crystallographic groups. This question
received a lot of attention; among many other people, Ludwig Bieberbach studied their
structure and proved the famous three Bieberbach theorems in [14] and [15] we will state
now.

Theorem 1.8 (Bieberbach's �rst theorem). Every crystallographic group is virtually
abelian. More precisely, if Γ is an n-dimensional crystallographic group, then Γ contains
Zn as a normal subgroup and the quotient Γ/Zn is �nite. (In particular, Γ is �nitely
generated.)

Here, we have used the term virtually abelian. The phrase "virtually" is commonly
used in group theory; it is de�ned as follows:

De�nition 1.9. Let P be a property of groups (such as being abelian, nilpotent, free
etc.). We say that a group G is virtually P or P -by-�nite, if G contains a subgroup of
�nite index with the property P .

Thus, "virtually abelian" means "has an abelian subgroup of �nite index".
The second Bieberbach theorem characterizes isomorphisms between two crystallographic
groups: An isomorphism exists precisely between two "a�nely equivalent" groups:

Theorem 1.10 (Bieberbach's second theorem). Two crystallographic groups Γ,Γ′ ≤
Iso(Rn) are isomorphic as abstract groups via the map ϕ : Γ → Γ′ if and only if there is
an a�ne transformation α ∈ Aff(Rn) such that ϕ(γ) = α−1γα for all γ ∈ Γ.

Finally, Bieberbach's third theorem gives the answer to Hilbert's question:

Theorem 1.11 (Bieberbach's third theorem). For any n ∈ N, there exist (up to isomor-
phism) only �nitely many di�erent n-dimensional crystallographic groups.
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Table 2: Number of crystallographic and Bieberbach groups in dimensions ≤ 6 ([40])
Dimension 2 3 4 5 6
Number of crystallo-
graphic groups

17 219 4783 222018 28927922

Number of Bieber-
bach groups

2 10 74 1060 38746

Remark 1.12. The precise numbers of crystallographic groups are known up to dimension
6 � see Table 2.

Among the crystallographic groups, those which do also have the property of being
torsion-free, are of special interest (as we will see soon).

De�nition 1.13. A torsion-free crystallographic group is called a Bieberbach group.

Remark 1.14. In two dimensions, there are only two Bieberbach groups (up to isomor-
phism), namely the fundamental groups of the torus and the Klein bottle. The number
of Bieberbach groups is known up to dimension 6 � see Table 2.

There is an important consequence of the Bieberbach theorems: The Bieberbach the-
orems imply (see [102] and [100, Theorem 3.2.9]) that the crystallographic groups are
precisely the (in�nite) �nitely-generated virtually abelian groups.

1.4 Bieberbach theorems geometrically

From a geometrical point of view, Bieberbach groups are also of great interest: Bieber-
bach groups are precisely the fundamental groups of connected, compact, �at Riemannian
manifolds (this is the Killing�Hopf theorem, see [100, Corollary 2.4.10]). This means that
the three Bieberbach theorems also have a geometrical interpretation which we will state
in this section. A good reference for the geometric world of Bieberbach groups is [39].

Theorem 1.15 (Bieberbach's �rst theorem). Any compact, connected �at Riemannian
manifold is �nitely covered by a �at torus.

Theorem 1.16 (Bieberbach's second theorem). Let Γ1 and Γ2 be the fundamental groups
of the compact, connected �at Riemannian manifolds M1 and M2, respectively. Then
Γ1
∼= Γ2 if and only if M1 and M2 are a�nely equivalent.

Theorem 1.17 (Bieberbach's third theorem). For every n ∈ N, there are only �nitely
many n-dimensional connected, compact, �at Riemannian manifolds (up to a�ne equiv-
alence).

And we can characterize the fundamental groups of these Riemannian manifolds:

Theorem 1.18 ([100, Theorem 3.3.2]). The fundamental groups of the connected com-
pact �at Riemannian manifolds are precisely the torsion-free virtually abelian �nitely-
generated groups.
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For more information on the geometric and algebraic structure of Bieberbach groups,
see Charlap's book [39].

1.5 A�ne crystallographic groups

Thanks to the Bieberbach theorems, the structure of Euclidean crystallographic groups
is well-understood. A natural generalization are a�ne crystallographic groups:

De�nition 1.19. Let Γ be a group acting on Rn via a homomorphism ρ : Γ→ Aff(Rn)
such that

(i) the action is properly discontinuous and

(ii) the orbit space Rn/ρ(Γ) is compact.

Then, the action is called an a�ne crystallographic action and the image ρ(Γ) is called
an a�ne crystallographic group.

Example 1.20. The group


1 0 a
a 1 b
0 0 1

 : a, b ∈ Z

 is an a�ne crystallographic group

acting on R2 = {(x, y, 1) : x, y ∈ R}.

Note that this de�nition is the same as the one of Euclidean crystallographic actions
(De�nition 1.4) except that we now require ρ to map into the (larger) group Aff(Rn)
(instead of Iso(Rn)). So it indeed makes sense to call this notion a generalization of the
one of Euclidean crystallographic groups.
However, none of the Bieberbach theorems does hold if we replace "crystallographic

groups" by "a�ne crystallographic groups" (see [4] for counterexamples). So a natural
question arises: Can we �nd theorems analogous to the Bieberbach theorems for a�ne
crystallographic groups?
Before we deal with this question, let us describe the geometric aspects behind a�ne

crystallographic groups.

1.6 A�nely �at manifolds

Theorem 1.18 completely characterizes the fundamental group of the connected compact
�at Riemannian manifolds. So one could ask what the geometric interpretation of a�ne
crystallographic groups is � we will explain this in the next section. To this end, we
de�ne the class of a�nely �at manifolds:

De�nition 1.21. A manifold M is called a�nely �at, if it has an a�nely �at atlas
{ϕα : Uα → ϕ(Uα)}, that is, whenever Uα ∩Uβ 6= ∅, every coordinate change homeomor-
phism

ϕβ ◦ ϕ−1α : ϕα(Uα ∩ Uβ)→ ϕβ(Uα ∩ Uβ)
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is a restriction of a map in Aff(Rn). We say that M has an a�nely �at structure or just
an a�ne structure.

Example 1.22 ([44]). Special subclasses of a�nely �at manifolds are the previously con-
sidered Riemannian-�at manifolds, where the coordinate change homeomorphisms extend
to isometries in Iso(Rn), that is, a�ne transformations x 7→ Ax+ b, where A ∈ On(R).
Another special subclass is the one of Lorentz-�at manifolds, where the coordinate change
homeomorphisms extend to a�ne transformations x 7→ Ax + b, where A belongs to the
Lorentz group O(n− 1, 1).

Benzecri ([13]) characterized closed surfaces admitting an a�nely �at structure:

Theorem 1.23 (Benzecri, 1959). A closed surface admits an a�nely �at structure if
and only if its Euler characteristic vanishes.

In particular, two-dimensional closed surfaces di�erent from the 2-torus or the Klein
bottle do not admit an a�nely �at structure.
Concerning a�nely �at manifolds, one can de�ne geodesics:

De�nition 1.24 ([44]). A geodesic in an a�nely �at manifoldM is a curve γ : [a, b]→M
(where [a, b] denotes an interval in R) such that for every chart ϕ of the a�nely �at atlas,
the composition ϕ ◦ γ : [a, b]→ Rn is the restriction of an a�ne map.
If we replace in this de�nition the interval [a, b] by the whole R, we speak of a complete
geodesic γ : R→M .

De�nition 1.25. An a�nely �at manifoldM is complete if every geodesic γ : [a, b]→M
can be extended to a complete geodesic γ : R→M .

1.7 Auslander's conjecture and Milnor's question

In [7], Auslander and Markus characterized connected, complete a�nely �at manifolds:

Theorem 1.26 (Auslander�Markus). The connected, complete a�nely �at manifolds
are exactly the quotients Rn/Γ, where Γ ≤ Aff(Rn) acts properly discontinuously and
freely on Rn.

This theorem implies that a similar correspondence as in the Euclidean case does hold
for a�ne crystallographic groups: Torsion-free a�ne crystallographic groups are precisely
the fundamental groups of connected, complete, compact a�nely �at manifolds (see also
[100, Corollary 1.9.6]).

Remark 1.27. In the situation of Riemannian manifolds, we could omit the word "com-
plete" as compact Riemannian manifolds are always complete (Hopf�Rinow theorem, see
e.g. [39, Theorem 4.1]).

For Bieberbach-like theorems in the setting of a�ne-crystallographic groups, a reason-
able generalization of the term "virtually abelian" is "virtually polycyclic". So we de�ne
polycyclicity:
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De�nition 1.28. Let G be a group. We say G is polycyclic, if G admits a subnormal
series

G = G0 . G1 . G2 . . . . . Gn−1 . Gn = 1,

such that for all i ∈ {0, . . . , n − 1}, the group Gi+1 is a normal subgroup of Gi and the
quotient Gi/Gi+1 is a cyclic group.

Examples for polycyclic groups include �nite solvable groups and �nitely generated
nilpotent groups. In particular, every �nitely generated abelian group is polycyclic.

By [61, Chapter 14.2], we have:

Theorem 1.29. Every discrete solvable linear subgroup of GLn(C) is polycyclic. In
particular, for discrete linear groups, the terms "polycyclic" and "solvable" are equivalent.

In [77, Chapter 4], John Milnor proved that every torsion-free, virtually polycyclic
group is the fundamental group of some connected, complete a�nely �at manifold, that
is, admits a properly discontinuous a�ne action on some Rn.
It was already known that every torsion-free, virtually polycyclic group is the fundamen-
tal group of a connected, compact manifold (see [77]). Now Milnor asked whether one
could combine those two results:

Question 1.30 (Milnor's question, 1977, [77]). Let Γ be a torsion-free, virtually poly-
cyclic group. Is Γ the fundamental group of a connected, compact, complete a�nely �at
manifold?

In fact, in [77, Chapter 4], Milnor asks Question 1.30, and, "as a �rst step", the corre-
sponding question for Lie groups (which is Question 1.1). If, in Question 1.1, G admits
such a structure, then, for every discrete subgroup Γ, G/Γ is a complete a�nely �at
manifold and Γ can often be chosen such that G/Γ is compact (see [77]). (A�ne crys-
tallographic actions of �nitely generated, torsion-free nilpotent groups can be identi�ed
with simply transitive a�ne actions of their Mal'cev completition, which is a connected
and simply-connected nilpotent Lie group; for details, see [44, 47].)

Both questions received a lot of attention. (Milnor's questions are now known to have
a negative answer; we will come to this in Section 1.9.)
The so-called Auslander conjecture asks for the converse: In 1964, Louis Auslander
published a theorem ([5]) that the fundamental group of any connected, complete a�nely
�at manifold is virtually polycyclic. Unfortunately, his proof turned out to be incorrect �
moreover, Margulis ([71], see also [1, Chapter 8]) even constructed examples of connected,
complete a�nely �at manifolds with fundamental groups not being virtually polycyclic.
Thus, not only the proof, but also the statement of Auslander's theorem was incorrect.
However, the statement is still open for the case of compact manifolds and known as
Auslander's conjecture:

Conjecture 1.31 (Auslander's conjecture). The fundamental group of a connected, com-
pact, complete a�nely �at manifold is virtually polycyclic.
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Comparing Auslander's conjecture and Milnor's question with Theorem 1.18, one �nds
that they indeed would be � if true � generalizations of Theorem 1.18 to a�nely �at
manifolds.
For manifolds of dimension up to 5, the answer to Auslander's conjecture is known to
be a�rmative (see Section 1.9). However, the conjecture is widely believed to be true in
general.

1.8 Milnor's and Auslander's questions on the level of

discrete groups

Via the correspondence between a�nely �at manifolds and a�ne crystallographic groups,
we may translate Milnor's question and Auslander's conjecture to the level of discrete
groups:

Question 1.32 (Milnor). Is every torsion-free, virtually polycyclic group an a�ne crys-
tallographic group?

Question 1.33 (Auslander). Is every a�ne crystallographic group virtually polycyclic?

Remark 1.34. Sometimes, e.g. in [1] or [53], these two questions are stated in terms of
virtual solvability (instead of virtual polycyclicity). However, by Theorem 1.29, these
two formulations are equivalent.

Remark 1.35. A positive answer to Milnor's question and to Auslander's conjecture would
generalize Bieberbach's theorems to a�ne crystallographic actions and would give a ge-
ometric characterization of the class of virtually polycyclic groups.

Another way to look at the two questions is a famous theorem by Tits:

Theorem 1.36 (Tits alternative, [95], 1971). Every subgroup of GLn(C) is either virtu-
ally solvable or contains a free, non-abelian subgroup.

As described in Section 1.2, we can regard Aff(Rn) as a subgroup of GLn+1(R). So we
may read the questions of Milnor and Auslander as asking in which of those two types
of groups in the Tits alternative our a�ne crystallographic groups belong.

1.9 Results on Auslander's and Milnor's conjectures

There is positive evidence for Milnor's question 1.30: The question has an a�rmative
answer for 2-step and 3-step nilpotent groups ([87]), for certain classes of solvable Lie
groups ([101]) and for Lie groups with a Lie algebra admitting an invertible derivation
([86]).
However, the answer to Milnor's question eventually turned out to be negative. Those

results were obtained on the level of Lie algebras (see Section 1.10).
Yves Benoist published a counterexample to Milnor's question in 1995 (see [12]): Benoist
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constructed an 11-dimensional �liform Lie algebra which does not admit an a�ne struc-
ture. Dietrich Burde and Fritz Grunewald generalized this counterexample in 1995 ([30])
and in 1996, Burde presented a family of counterexamples and determined exactly which
10-dimensional �liform Lie algebras admit a�ne structures and proved that �liform Lie
algebras of dimension smaller than 10 always admit a�ne structures (see [18, 32]).
Thus, we have the following theorem:

Theorem 1.37 (Benoist, Burde�Grunewald, Burde). Milnor's question has a negative
answer: There exist �nitely-generated torsion-free nilpotent groups which are not a�ne
crystallographic groups.

On the other hand, Auslander's conjecture is still open. The a�rmative answer is
know up to dimension 5 ([96]) (and perhaps up to dimension 6, see [2]).
As Milnor's question turned out to have a negative answer, one cannot characterize

the a�ne crystallographic groups to be the virtually polycyclic groups. However, there
were several attempts to generalize the Bieberbach theorems. We want to mention a
generalization of Bieberbach's second theorem. To present this theorem, we have to
introduce the set of polynomial automorphisms P (Rn):

De�nition 1.38. A map f : Rn → Rm is called a polynomial map if it can be ex-
pressed as f = (F1(x1, . . . , xn), . . . , Fm(x1, . . . , xn)) for some polynomials F1, . . . , Fm ∈
R[x1, . . . , xn].
A polynomial automorphism of Rn is a bijective map f : Rn → Rn such that f and f−1

are polynomial maps.
The set of all polynomial automorphisms of Rn forms a group which will be denoted by
P (Rn).

The group P (Rn) provides a generalization of the second Bieberbach theorem:

Theorem 1.39 (Fried�Goldman, [53, Theorem 1.20]). Two virtually polycyclic a�ne
crystallographic groups Γ,Γ′ are isomorphic via the map ϕ : Γ → Γ′ if and only if there
is a polynomial automorphism α ∈ P (Rn) such that ϕ(γ) = α−1γα for all γ ∈ Γ.

1.10 Milnor's question on the level of Lie algebras

In this section, we want to describe how Milnor's question 1.1 can be translated to the
level of Lie algebras. This approach provided the framework for the counterexamples to
Milnor's question (cf. Theorem 1.37). We will follow [22, Chapter 1.4] here (see also [47,
Chapter 1]) for more details).

Let us explain the term "left-invariant" in Milnor's question 1.1:

De�nition 1.40. An a�ne structure on a Lie group G over R is called left-invariant, if
for all g ∈ G, the left-multiplication operator L(g) : G→ G is an a�ne di�eomorphism.

Left-invariant a�ne structures can be reformulated via pre-Lie algebra structures:
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Theorem 1.41 ([22, Proposition 1.4.6 and Proposition 1.4.8]). Let G be a connected
and simply-connected Lie group with Lie algebra g. Then there is a 1-1-correspondence
between left-invariant a�ne structures on G and pre-Lie algebra structures on g (up to
suitable equivalences). Moreover, there are 1-1-correspondences (up to suitable equiva-
lences) between

(i) Complete left-invariant a�ne structures on G.

(ii) Simply transitive actions of G by a�ne transformations.

(iii) Complete pre-Lie algebra structures on g.

Simply transitive actions by a�ne transformations are de�ned as follows:

De�nition 1.42. Let G be an n-dimensional Lie group.

(i) An action via a homomorphism ρ : G→ Aff(Rn) is called an a�ne transformation
of G.

(ii) If for all x1, x2 ∈ Rn there is a unique g ∈ G such that ρ(g)(x1) = x2, we say that
ρ is a simply transitive action by a�ne transformations.

De�nition 1.43 (See e.g. [88]). Let g be a Lie algebra over the �eld k. We say that a
k-bilinear map g× g→ g, (x, y) 7→ x · y, is a pre-Lie algebra structure or a�ne structure
on g, if x · y satis�es the two identities

x · y − y · x = [x, y]

[x, y] · z = x · (y · z)− y · (x · z)

for all x, y, z ∈ g.
A pre-Lie algebra structure on g is said to be complete, if for all x ∈ g, the right-
multiplication operator R(x) : g→ g, de�ned by R(x)(y) ..= y · x, is nilpotent.

Remark 1.44.

(i) Pre-Lie algebras arise in di�erent areas of mathematics and physics and there exists
a vast amount of literature on them. For a detailed survey, see [20].

(ii) Sometimes, the de�nition of a pre-Lie algebra is stated as a vector space V together
with a bilinear map V × V → V, (x, y) 7→ x · y, such that

(x · y) · z − x · (y · z) = (y · x) · z − y · (x · z)

holds for all x, y, z ∈ V . This de�nition is seen to be equivalent to De�nition 1.43
if we introduce a Lie bracket [, ] by [x, y] ..= x · y − y · x (and note that this indeed
de�nes a Lie bracket).
This de�nition seemingly relates to the associator of (V, ·), de�ned by (x, y, z) =
(x · y) · z − x · (y · z) and can be rewritten as (x, y, z) = (y, x, z). Thus, pre-Lie
algebra structures are also know as left-symmetric algebras.
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If G admits a left-invariant a�ne structure, then there is an a�ne connection ∇ on
G which is left-invariant, torsion-free and �at. Then, for two left-invariant vector �elds
X,Y ∈ g, one can check that X · Y = ∇X(Y ) de�nes a pre-Lie algebra structure on g.
(For details, see [22, 47]).

Example 1.45. The Lie algebra gln(k) of n×n-matrices with Lie bracket [x, y] = x ·y−
y · x, where x · y denotes the matrix multiplication of the matrices x and y, is a pre-Lie
algebra structure.

So an algebraic reformulation (on the level of Lie algebras) of Milnor's question 1.1 is:

Question 1.46 (Milnor). Does every solvable Lie algebra admit a complete a�ne struc-
ture?

Counterexamples could now be given via the following connection to representation
theory of Lie algebras ([22, Proposition 1.5.1, Lemma 3.1.18]):

Proposition 1.47. If g is an n-dimensional Lie algebra over a �eld of characteristic zero
which admits an a�ne structure, then there is a faithful g-module of dimension n+ 1.

Now, on the level of Lie algebras, in [22, Chapter 5], one can �nd examples of �liform
Lie algebras of dimensions n = 10, 11, 12 not admitting faithful modules of dimension
n+ 1 implying that Milnor's questions (both 1.1 and 1.30) have a negative answer. This
proves Theorem 1.37.

Let us mention that the converse to Milnor's question 1.1 is true:

Theorem 1.48 (Auslander, [6]). Let G be a Lie group admitting a simply transitive
a�ne action. Then G is solvable.

1.11 Nil-a�ne crystallographic actions and post-Lie algebra

structures

Since Milnor's question fails for a�ne crystallographic groups, people tried to �nd a suit-
able generalization of a�ne crystallographic groups such that the generalized setting is
still of geometric meaning and the corresponding statements of Milnor's and Auslander's
conjectures are true.

It is proved in [46] that virtually polycyclic groups Γ admit a polynomial structure,
that is, a properly discontinuous homomorphism with compact orbit space into P (Rn)
(see De�nition 1.38). However, it turned out that the nil-a�ne setting was much better
suited for geometry than P (Rn) (see [45]):
In the nil-a�ne setting, we let our group act on any nilpotent Lie group instead of Rn.

To be more precise, let N be a nilpotent Lie group and let Aff(N) = N oAut(N) be the
group of a�ne transformations of N .
The group Aff(N) acts on N via nil-a�ne transformations, that is, via (m,α)n = m ·α(n)
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for (m,α) ∈ Aff(N), n ∈ N . The Lie algebra of the Lie group Aff(N) will be denoted by
aff(n) = no Der(n) with Lie bracket

[(n1, D1), (n2, D2)] = ([n1, n2] +D1(n2)−D2(n1), [D1, D2]).

Then, we can de�ne nil-a�ne crystallographic groups very similar to a�ne crystallo-
graphic groups:

De�nition 1.49. Let Γ be a group acting on a nilpotent Lie group N via a homomor-
phism ρ : Γ→ Aff(N). We call this action a nil-a�ne crystallographic action, if

(i) Γ acts properly discontinuously on N , i.e. for each compact subset K ⊆ N , the set
{γ ∈ K : ρ(γ)K ∩K 6= ∅} is �nite and

(ii) the orbit space N/ρ(Γ) is compact.

Then, the action is called a nil-a�ne crystallographic action and we call ρ(Γ) a nil-a�ne
crystallographic group.

Remark 1.50. Note that the nil-a�ne crystallographic setting is indeed a generalization
of the a�ne crystallographic setting (see De�nition 1.19): If we replace N by Rn, we
obtain the notion of a�ne crystallographic groups.

As before, we can view this situation geometrically: If Γ ⊆ Aff(N) acts freely and
properly discontinuously on N , we call the quotient space N/Γ a nil-a�ne �at manifold
with fundamental group Γ; if Γ is a nil-a�ne crystallographic group, then N/Γ is a
compact nil-a�ne �at manifold. Via the left-invariant a�ne connection from N , one
may de�ne geodesics and thus completeness (any partial geodesic can be extended to the
real line; see [45] for details).
Now, what makes the nil-a�ne situation very interesting is that the analogue of Milnor's
question does hold for nil-a�ne crystallographic actions:

Theorem 1.51 (Dekimpe, [45], Baues, [10]). Every virtually polycyclic group admits a
nil-a�ne crystallographic action.
In other (geometric) words, every torsion-free, virtually polycyclic group is the funda-
mental group of some compact, complete, connected nil-a�nely �at manifold.

The generalized Auslander conjecture becomes in this setting:

Conjecture 1.52 (Generalized Auslander conjecture, nil-a�ne setting). Every group
admitting a nil-a�ne crystallographic action is virtually polycyclic.

Regarding this Generalized Auslander conjecture, we want to mention two results from
[25]: Conjecture 1.52 is proven for all nilpotent Lie groups up to dimension 5; moreover,
for all 2-step nilpotent Lie groups, the generalized Auslander conjecture is equivalent to
the classical Auslander conjecture.

We want to derive a analogous correspondence to Theorem 1.41 for nil-a�ne crystal-
lographic actions.
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De�nition 1.53. A group G acts simply transitively on the Lie group N by nil-a�ne
transformations, if there is a homomorphism ρ : G → Aff(N) letting G act on N such
that for all x1, x2 ∈ N there is a unique g ∈ G with ρ(g)(x1) = x2.

And the nil-a�ne analogue to Theorem 1.41 is as follows:

Theorem 1.54 (Burde�Dekimpe�Vercammen, [28]). Let G and N be connected and
simply-connected nilpotent Lie groups. Then there exists a simply transitive action by
nil-a�ne transformations of G on N if and only if the corresponding pair of Lie algebras
(g, n) admits a left-nil post-Lie algebra structure.

(Left-nil) post-Lie algebra structures are de�ned as follows:

De�nition 1.55. Let (g, [, ]), (n, {, }) be two Lie algebras with underlying k-vector space
V . A post-Lie algebra structure on the pair (g, n) is a k-bilinear map (x, y) 7→ x · y
satisfying the three identities

x · y − y · x = [x, y]− {x, y}
[x, y] · z = x · (y · z)− y · (x · z)
x · {y, z} = {x · y, z}+ {y, x · z}

for all x, y, z ∈ V .
We say that a post-Lie algebra structure is left-nil if all left-multiplication operators
L(x) : V → V,L(x)(y) ..= x · y, are nilpotent.

Remark 1.56. In the case of pre-Lie algebra structures, the condition of completeness (all
right-multiplication operators are nilpotent) is equivalent to the condition of being left-nil
(all left-multiplication operators are nilpotent), see [65, Theorem 2.1 and Theorem 2.2].

This motivates us to study post-Lie algebra structures in general, i.e. without assump-
tions on nilpotency of g and n or being left-nil. However, we do get interesting results if
we assume g or n (or both) to be nilpotent (see Chapter 5).
The following remark puts post-Lie algebra structures and pre-Lie algebras and LR-
structures into perspective:

Remark 1.57.

(i) If n is an abelian Lie algebra (i.e. {n, n} = 0), then a post-Lie algebra structure on
(g, n) is a pre-Lie algebra structure on g, compare De�nition 1.43.
This is no surprise, but follows from our general theory of a�ne transformations:
If n is abelian, then a nil-a�ne transformation of G on N is just an a�ne trans-
formation of G (on Rn). Thus one here recovers the de�nition of a pre-Lie algebra
structure on g.

(ii) On the other hand, if not n but g is an abelian Lie algebra, then a post-Lie al-
gebra structure on (g, n) corresponds to what is called an LR-structure on n (see
De�nition 2.37).
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Thus one can view post-Lie algebra structures as a common generalization of pre-
Lie algebra structures and LR-structures. Both are well-studied notions; there exists
a vast amount of literature on pre-Lie algebra structures and LR-structures (see e.g.
[20, 26, 27]).

1.12 Post-Lie algebra structures in other contexts

We presented a geometric-algebraic approach based on Milnor's question to come up
with post-Lie algebra structures; however, post-Lie algebra structures have also been
discovered by completely di�erent means.

Post-Lie algebra structures were originally introduced by Bruno Vallette in 2006 ([98])
in operad theory:
There, the poset of pointed partitions is de�ned as the set of partitions of {1, . . . , n}
into blocks {B1, . . . , Bk} such that in each block Bi exactly one element is chosen which
is "pointed". This forms a poset via the following de�nition of ≤: Given two pointed
partitions λ, µ, we say λ ≤ µ if µ is a re�nement of λ (as a partition) and every pointed
element in λ is a pointed element in µ. Vallette shows that a ΠPerm, the operad corre-
sponding to a Perm-algebra (a special kind of associative algebras) is isomorphic to the
poset of pointed partitions; the Koszul dual of ΠPerm is PreLie, the operad correspond-
ing to pre-Lie algebra structures. This fact is used to compute the homology of the poset
of pointed partitions ([98, Theorem 13]).

In the same way, [98] also de�nes the poset of multi-pointed partitions: the set of parti-
tions of {1, . . . , n} into blocks {B1, . . . , Bk} such that in each block at least one element
is pointed. We say λ ≤ µ if µ is a re�nement of λ (as a partition) and for every block
Bi of µ, every pointed element in B is pointed in λ or every pointed element in B is
unpointed in λ.
This poset is isomorphic to the operadic poset ΠComTrias, which is the operad correspond-
ing to commutative trialgebras, a subclass of Perm-algebras. And PostLie, the operad
corresponding to post-Lie algebras, is proven to be the Koszul dual of ComTrias, which
is again used to compute the homology of the poset of multi-pointed partitions ([98,
Theorem 17]).
Post-Lie algebras are de�ned in [98] as follows:

De�nition 1.58. A post-Lie algebra (L, ◦, [, ]) is a k-vector space with two binary oper-
ations, ◦ and [, ], such that (L, [, ]) is a Lie algebra and the two identities

x ◦ [y, z] = (x ◦ y) ◦ z − x ◦ (y ◦ z)− (x ◦ z) ◦ y + x ◦ (z ◦ y),

[x, y] ◦ z = [x ◦ z, y] + [x, y ◦ z]

hold for all x, y, z ∈ L.

This de�nition is the one of a right-post-Lie algebra, while De�nition 1.55 uses multi-
plication from the left. It is equivalent to De�nition 1.55 via:
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1.12 Post-Lie algebra structures in other contexts

Lemma 1.59. If (L, ◦, [, ]V ) is a post-Lie algebra as in De�nition 1.58, then (g, n), where
g has Lie bracket [, ] and n has Lie bracket {, } (and g and n have L's underlying vector
space), de�ned by

x · y ..= y ◦ x
{x, y} ..= −[x, y]V

[x, y] ..= −[x, y]V + y ◦ x− x ◦ y

is a post-Lie algebra structure (g, n, ·) as in De�nition 1.55. (In particular, L admits
another Lie bracket (namely the Lie bracket of g).)

We will work with De�nition 1.55 in the sequel.

Post-Lie algebra structures have also been studied in connection with the classical
Yang-Baxter equation, see [80] and in connection with Lie algebroids in [16].
In [51, 79], the authors study post-Lie algebras in the context of Lie-Butcher Series,

geometric integration, di�erential equation on homogeneous spaces and moving frame
theory, see [42] for an overview about post-Lie algebra structures in geometric integration
theory. The considerations there are geometrical; we, on the other hand, will pursue
algebraic approaches to the theory of post-Lie algebra structures. In [52], post-Lie algebra
structures arising in Control Theory are studied.
There are also strong connections between post-Lie algebra structures and Rota-Baxter

operators, see e.g. [31], where post-Lie algebra structures are studied via Rota-Baxter
theory.
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2 Background on Lie algebras and

post-Lie algebra structures

The goal of this chapter is twofold: To remind the reader of some basic notions in the
realm of Lie algebras and to state already known theorems on post-Lie algebra structures.

2.1 Lie algebras

We want to recall some fundamental de�nitions and results of Lie algebras and clarify our
notation. Proofs are usually omitted; details can be found in any introductory textbook
on the topic (such as [62, 64, 94]).

2.1.1 Basic de�nitions

De�nition 2.1. A Lie algebra L over a �eld k is a k-vector space together with a k-
bilinear map [, ] : L × L → L, called the Lie bracket, which is anti-commutative and
satis�es the Jacobi identity, that is

(i) [x, x] = 0 for all x ∈ L,

(ii) [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 for all x, y, z ∈ L.

Remark 2.2. Instead of capital letters like L, Lie algebras are often denoted by small
gothic letters such as g, h, n. We use both conventions to emphasize what we are currently
interested in: When considering post-Lie algebra (or related) structures, we will refer to
Lie algebras by gothic letters; if we consider Lie algebras in general (without referring to
post-Lie algebra structures), we will instead refer to them by capital letters.

Remark 2.3. The condition [x, x] = 0 implies [x, y] = −[y, x] for all x, y ∈ L (thus the
name "anti-commutativity"), as

0 = [x+ y, x+ y] = [x, x] + [x, y] + [y, x] + [y, y] = [x, y] + [y, x].

As with other algebraic structures, we can de�ne subalgebras, ideals and homomor-
phisms of Lie algebras:

De�nition 2.4. Let (L, [, ]) be a Lie algebra over k.

(i) A subspace M of L is called a subalgebra of L, if [x, y] ∈M for all x, y ∈M .

(ii) If M1,M2 are subalgebras of L, we denote by [M1,M2] the subalgebra spanned
by all [x, y] with x ∈ M1, y ∈ M2. (In general, this is di�erent from the set
{[x, y], x ∈M1, y ∈M2}.)
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2 Background on Lie algebras and post-Lie algebra structures

(iii) If M is a subalgebra of L such that [M,L] ⊆M , we call M a (Lie) ideal of L and
write M / L.

(iv) If (M, {, }) is another Lie algebra over k, we call a map ϕ : L→M a homomorphism
of Lie algebras, if ϕ([x, y]) = {ϕ(x), ϕ(y)} holds for all x, y ∈ L. If, in addition, ϕ
is bijective, we call ϕ an isomorphism of Lie algebras and write L ∼= M .

(v) A Lie algebra isomorphism ϕ : L → L is called an automorphism of L; the set of
automorphisms of L forms the automorphism group of L, denoted by Aut(L).

Example 2.5. The generic example for a Lie algebra is the general linear Lie algebra
gl(V ), the set of endomorphism of a vector space V together with the commutator as
Lie bracket, that is [ϕ,ψ] ..= ϕ ◦ ψ − ψ ◦ ϕ. For the general linear Lie algebra over the
n-dimensional k-vector space, we write gln(k).

Every Lie algebra L has the two trivial ideals 0 and L.

De�nition 2.6. A non-abelian Lie algebra without non-trivial ideals is called a simple
Lie algebra.

Example 2.7. The simple Lie algebra over C of smallest dimension is known by the
name sl2(C) (the special linear Lie algebra). It can be de�ned as the vector space of
traceless 2× 2-matrices with the commutator as Lie bracket.
More generally, sln(C) ..= {X ∈ gln(C) : tr(X) = 0} de�nes a simple Lie algebra over C
in dimension n2 − 1.

De�nition 2.8. Let (L, [, ]) be a Lie algebra over k.

(i) The commutator algebra of L is the ideal [L,L] /L. If L = [L,L], we call L perfect.

(ii) The center of L is the ideal Z(L) ..= {x ∈ L : [x, y] = 0 for all y ∈ L}.

(iii) If ϕ : L→M is a Lie algebra homomorphism, its kernel kerϕ ..= {x ∈ L : ϕ(x) = 0}
is an ideal of L; its image Im(ϕ) ..= {y ∈M : y = ϕ(y) for an x ∈ L} is a subspace
of M .

The derivation algebra of a Lie algebra is very important; we call a linear map D : L→
L a derivation of L if it satis�es the Leibniz rule with respect to the Lie bracket, i.e.

D([x, y]) = [D(x), y] + [x,D(y)]

for all x, y ∈ L. The set of all derivations forms a Lie algebra, denoted by Der(L), with
Lie bracket [D,D′] ..= D ◦D′ −D′ ◦D.
The most important kind of derivations are inner derivations; if x ∈ L, we de�ne the
adjoint map ad(x) : L→ L by ad(x)(y) ..= [x, y]. Every adjoint map is a derivation of L;
derivations of this form are called inner, non-inner derivations are called outer deriva-
tions.
The Lie algebra ad(L) ..= {ad(x) : x ∈ L} forms an ideal in Der(L), because we have
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2.1 Lie algebras

ad(D(x)) = [D, ad(x)] for every D ∈ Der(L), x ∈ L.

Finally, a (Lie algebra) representation of a k-Lie algebra is a k-vector space V together
with a homomorphism ρ : L→ gl(V ); a representation is called faithful, if ρ is injective.
Equivalently, a representation of L is a vector space together with a bilinear map · : L×
V → V satisfying [x, y] · z = x · (y · z)− y · (x · z) for all x, y ∈ L, z ∈ V .

Example 2.9. The adjoint representation of L is given by ad: L→ gl(L), x 7→ ad(x).

2.1.2 Abelian, nilpotent and solvable Lie algebras

De�nition 2.10. Let (L, [, ]) be a Lie algebra.

(i) The lower central series of L is de�ned by

L0 = L,L1 = [L,L], . . . , Li+1 = [L,Li], . . .

Note that every Li is an ideal of L.

(ii) The upper central series of L is de�ned by

Z0 = 0,Z1 = Z(L), . . . ,Zi+1 = {x ∈ L : [x, y] ∈ Zi for all y ∈ L}, . . .

Note that every Zi is an ideal of L.

(iii) The derived series of L is de�ned by

L(0) = L,L(1) = [L,L], . . . , L(i+1) = [L(i), L(i)], . . .

Note that every L(i) is an ideal of L.

(iv) The lower central series eventually terminates (i.e. Lk = 0 for some k) if and only
if the upper central series eventually terminates (i.e. Zk = L for some k). If they
do terminate, they have the same length and we call L nilpotent. If Lk = 0 and
Lk−1 6= 0, we say that L has nilindex k or that L is k-step nilpotent.

(v) If the derived series eventually terminates, i.e. L(k) = 0 for some k, we call L
solvable. We refer to the lowest k such that L(k) = 0 as the solvability length of L.
If k ≤ 2, we say L is metabelian.

(vi) The nilradical of L, denoted by nil(L), is the (unique) largest nilpotent ideal of L.

(vii) The radical of L, denoted by rad(L), is the (unique) largest solvable ideal of L.

Example 2.11. The 3-dimensional Heisenberg Lie algebra n3 over C, which has the
basis {e1, e2, e3} and non-zero Lie bracket [e1, e2] = e3, is 2-step nilpotent.

Example 2.12. The three-dimension complex Lie algebras are listed in Table 3.

An important subclass of nilpotent Lie algebras is the class of abelian Lie algebras:
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2 Background on Lie algebras and post-Lie algebra structures

Table 3: Lie algebras in dimension 3

g non-zero Lie brackets
C3 �

n3(C) [e1, e2] = e3
r2(C)⊕ C [e1, e2] = e1
r3(C) [e1, e2] = e2, [e1, e3] = e2 + e3

r3,λ(C), λ ∈ C∗, |λ| ≤ 1
[e1, e2] = e2, [e1, e3] = λe3 with

r3,λ(C) ∼= r3,µ(C) if and only if µ = 1
λ or µ = λ

sl2(C) [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2

De�nition 2.13. A Lie algebra L is called abelian, if [x, y] = 0 for all x, y ∈ L.

Lemma 2.14. Every nilpotent Lie algebra is solvable; every abelian Lie algebra is nilpo-
tent.

Proof. Indeed, from L(k) ⊆ Lk follows the �rst claim; the latter statement holds since
L1 = 0 if L is abelian.

De�nition 2.15. LetM /L be an ideal of a Lie algebra L. We sayM is a characteristic
ideal, if M is stable under every derivation of L (meaning D(M) ⊆ L for every D ∈
Der(L)).

Example 2.16. Let L be a �nite-dimensional Lie algebra over a �eld of characteristic
0. Then rad(L) and nil(L) are characteristic ideals.

Lemma 2.17. Every term Lk of the lower central series and every term L(k) of the
derived series is a characteristic ideal of L.

Proof. If L1 and L2 are characteristic ideals of L, then so is [L1, L2], as D([L1, L2]) =
[D(L1), L2] + [L1, D(L2)] ⊆ [L1, L2], for D ∈ Der(L). The lemma follows by the simple
observation that L is a characteristic ideal of L.

Remark 2.18. Sometimes the lower central series is denoted by γi = γi(L) ..= Li−1, i ≥ 1.

Nilpotent Lie algebras can be characterized by Engel's famous theorem:

Theorem 2.19 (Engel). A �nite-dimensional Lie algebra is nilpotent if and only if all
adjoint operators are nilpotent.

Finite-dimensional Lie algebras over �elds of characteristic zero are solvable if and only
if their commutator algebra is nilpotent.
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2.1 Lie algebras

2.1.3 Direct and semidirect products

If Li, i ∈ I are Lie algebras, their vector space direct sum L ..=
⊕
i∈I

Li, together with the

map [(xi)i∈I , (yi)i∈I ] ..= ([xi, yi]i∈I) forms again a Lie algebra, the direct sum of the Li.

Let L1 and L2 be Lie algebras over k and ϕ : L1 → Der(L2) a Lie algebra homo-
morphism. Then the semidirect product of L1 and L2 (with respect to ϕ), denoted by
L1 nϕ L2 or simpler L1 nL2, is de�ned as the vector space L1×L2 with the Lie bracket

[(x1, y1), (x2, y2)] ..= ([x1, x2], [y1, y2] + ϕ(x1)(y2)− ϕ(x2)(y1)).

In this case, L1 is a subalgebra and L2 an ideal of L1 n L2.
If ϕ ≡ 0, we recover the notion of the direct sum of L1 and L2.

The direct sum L⊕L⊕ . . .⊕L with n equal (or isomorphic) factors will be written as
Ln.

2.1.4 Semisimple Lie algebras

De�nition 2.20. A non-abelian Lie algebra which is the direct sum of simple Lie algebras
is called semisimple.

Complex semisimple Lie algebras have some useful properties:

Theorem 2.21. Let L be a semisimple Lie algebra over C. Then:

(i) The Lie algebra L is perfect, that is, [L,L] = L.

(ii) All derivations of L are inner.

(iii) Ideals and images of L under Lie algebra homomorphisms are semisimple.

(iv) The center of L is trivial.

(v) The radical of L is trivial.

Other important theorems on semisimple Lie algebras will be presented in Section 2.1.5.

Simple (and thus also semisimple) �nite-dimensional, complex Lie algebras can be
classi�ed completely, see Table 4.
The Lie algebras in Table 4 are de�ned by

slm(C) ..= {X ∈ glm(C) : tr(X) = 0},
som(C) ..= {X ∈ glm(C) : X +Xt = 0},
sp2n(v) ..= {X ∈ gl2n(C) : JX +XtJ = 0},

where J =

(
0 Idn

− Idm 0

)
. In all cases the Lie brackets are given by the commutator of

the matrix product.
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2 Background on Lie algebras and post-Lie algebra structures

Table 4: Classi�cation of �nite-dimensional simple complex Lie algebras

L Type dimension
sln+1(C), n ≥ 1 An n(n+ 2)

so2n+1(C), n ≥ 2 Bn n(2n+ 1)

sp2n(C), n ≥ 3 Cn n(2n+ 1)

so2n(C), n ≥ 4 Dn n(2n− 1)

g2(C) G2 14

f4(C) F4 52

e6(C) E6 78

e7(C) E7 133

e8(C) E8 248

The Lie algebras of type An, Bn, Cn, Dn are called the classical Lie algebras. The name of
the "types" comes from Dynkin diagrams, which are used in the proof of this classi�cation.

Remark 2.22. There are isomorphisms for simple Lie algebras of small rank:

A1
∼= B1

∼= C1, B2
∼= C2, D2

∼= A1 ⊕A1, D3
∼= A3.

We will refer to the simple Lie algebras both by their name and by their type.

As semisimple Lie algebras are direct sums of simple Lie algebras, we obtain as a
corollary also a classi�cation of semisimple Lie algebras over C.
Later (in Chapter 4), we will analyze a generalization of semisimple Lie algebras, namely
complete Lie algebras:

De�nition 2.23. A Lie algebra is called complete, if it has trivial center and only inner
derivations.

Note that by Theorem 2.21, every semisimple Lie algebra is complete. Chapter 4 is
entirely devoted to complete Lie algebras.
We want to introduce one more class of Lie algebras:

De�nition 2.24.

(i) A Lie algebra is called reductive, if its adjoint representation is semisimple.

(ii) A Lie subalgebra M of L is called reductive in L, if the adjoint representation
ad: M → gl(L) is semisimple.

Proposition 2.25. A Lie algebra L is reductive if and only if it can be written as
L = A⊕ S, where A is an abelian and S a semisimple ideal of L.
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2.1 Lie algebras

2.1.5 Classical structure theorems for Lie algebras

In this section, we shall state important classical structure results on Lie algebras.

Theorem 2.26 (Levi decomposition). Let L be a �nite-dimensional Lie algebra over C.
Then L can be decomposed as a semidirect sum

L = sn rad(L),

where s is a semisimple subalgebra of L. In this case, s is called a Levi complement or
Levi subalgebra of L. A Levi subalgebra is a maximal semisimple subalgebra of L.

As already mentioned, the "most natural" Lie algebras to consider are matrix algebras,
i.e., subalgebras of gln(k) for some n ∈ N.
The following famous theorem states that in some regard, these are also the most impor-
tant Lie algebras to consider:

Theorem 2.27 (Ado). Let L be a �nite-dimensional Lie algebra over a �eld k of charac-
teristic zero. Then L has a �nite-dimensional faithful representation, i.e. is isomorphic
to a subalgebra of some gln(k) (where the Lie bracket is given by the matrix commutator,
[A,B] = AB −BA).

Theorem 2.28 (Cartan). Let L be a �nite-dimensional Lie algebra over a �eld k of
characteristic zero and κ : L× L→ k, κ(x, y) = tr(ad(x) ad(y)) the Killing form of L.

(1) The following two conditions are equivalent:

(i) The Lie algebra L is semisimple.

(ii) The Killing form of L is non-degenerate.

(2) The following two conditions are equivalent:

(i) The Lie algebra L is solvable.

(ii) We have κ(L, [L,L]) = 0.

Theorem 2.29 (Weyl). Let L be a semisimple Lie algebra over a algebraically closed �eld
of characteristic zero. Then every �nite-dimensional representation of L is semisimple.

2.1.6 Graded and �ltered Lie algebras

De�nition 2.30. A Lie algebra L is called A-graded for an abelian group A if L can be
written as a direct sum of vector spaces, L =

⊕
i∈A

Li such that [Li, Lj ] ⊆ Li+j .

De�nition 2.31. A Lie algebra L is called �ltered if there are subspaces L0 ⊆ L1 ⊆
. . . ⊆ L such that L =

⋃
i∈N

Li and [Li, Lj ] ⊆ Li+j .
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2 Background on Lie algebras and post-Lie algebra structures

2.2 Post-Lie algebra structures, pre-Lie algebra structures

and LR-structures

We repeat the de�nition of a post-Lie algebra structure we gave in the introductory part.

De�nition 2.32. Let V be a vector space over a �eld k and g = (V, [, ]), n = (V, {, }) be
two Lie algebras with underlying vector space V . A post-Lie algebra structure on (g, n)
is a k-bilinear map V × V → V, (x, y) 7→ x · y satisfying the following three identities:

x · y − y · x = [x, y]− {x, y} (PA1)

[x, y] · z = x · (y · z)− y · (x · z) (PA2)

x · {y, z} = {x · y, z}+ {y, x · z} (PA3)

for all x, y, z ∈ V .

Note that as vector spaces, V = g = n. Therefore, the statements "x ∈ V ", "x ∈ g"
and "x ∈ n" will be used interchangeably.

The special case where g = n, or, equivalently, x · y is commutative, is known as a
CPA-structure:

De�nition 2.33. Let V be a vector space over a �eld k and g = (V, [, ]) a Lie algebra
with underlying vector space V . A commutative post-Lie algebra structure or a CPA-
structure on g is a k-bilinear map V ×V → V, (x, y) 7→ x ·y satisfying the following three
identities:

x · y = y · x (CPA1)

[x, y] · z = x · (y · z)− y · (x · z) (CPA2)

x · [y, z] = [x · y, z] + [y, x · z] (CPA3)

for all x, y, z ∈ V .

As the topic of this thesis are post-Lie algebra structures, we want to �x some notation
for the remainder of the thesis:

Convention 2.34.

(i) Even though many results may be extended to other �elds, we will always consider
Lie algebras over the ground �eld k = C.

(ii) When considering post-Lie algebra structures on (g, n), we will always implicitly
assume that g has a Lie bracket denoted by [, ] and n has a Lie bracket denoted by
{, }. Usually, post-Lie algebra structures are denoted by x · y. When talking about
post-Lie algebra structures, V is always meant to be the underlying vector space
for g and n.

(iii) If not said otherwise, V will be a �nite-dimensional vector space. We will say
otherwise only once, namely in Section 5.4.5.
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2.2 Post-Lie algebra structures, pre-Lie algebra structures and LR-structures

(iv) Commutative post-Lie algebra structures will usually be considered over a Lie al-
gebra called g with a Lie bracket denoted by [, ].

(v) Given a (commutative) post-Lie algebra structure x · y on (g, n) and x ∈ V , we
denote the left-multiplication operator L(x) by L(x) ..= V → V,L(x) ..= x · y.

Lemma 2.35. By (PA2), the map L : g→ End(V ), x 7→ L(x) is a representation of g.

Lemma 2.36. By (PA3), for every x ∈ n, the left-multiplication operator L(x) is a
derivation of n.

Post-Lie algebra structures can be seen as generalizations of pre-Lie algebra struc-
tures and LR-structures; pre-Lie algebra structures and LR-structures correspond to the
"extreme" case where one of g and n is abelian:

De�nition 2.37 ([26]). A Lie algebra (g, [, ]) over k with a bilinear map g × g →
g, (x, y) 7→ x · y is called an LR-structure, if

[x, y] = x · y − y · x
x · (y · z) = y · (x · z)
(x · y) · z = (x · z) · y

for all x, y, z ∈ g.

De�nition 2.38 ([20]). A Lie algebra (g, [, ]) over k with a bilinear map g × g →
g, (x, y) 7→ x · y is called a pre-Lie algebra structure, if

[x, y] = x · y − y · x
x · (y · z)− (x · y) · z = y · (x · z)− (y · x) · z

for all x, y, z ∈ g.

De�nition 2.39. Let x ·y de�ne a post-Lie algebra structure, an LR-structure, or a left-
symmetric structure on (g, n) or g (as applicable). Then the structure is called complete,
if all right-multiplication operators R(x), de�ned by R(x)(y)..=y · x, are nilpotent.

Lemma 2.40.

(i) If g is abelian and x · y a post-Lie algebra structure on (g, n), then x ◦ y with
x ◦ y ..= −x · y is an LR-structure on n (and vice versa).

(ii) If n is abelian and x · y a post-Lie algebra structure on (g, n), then x · y is also a
pre-Lie algebra structure on g (and vice versa).

In Section 5.2 we will establish further relations between CPA-structures and pre-Lie
algebra structures/LR-structures on two-step nilpotent Lie algebras.

As we will often list explicit Lie algebras in the sequel, we make the following (usual
and intuitive) convention for listing their Lie brackets:
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2 Background on Lie algebras and post-Lie algebra structures

Convention 2.41. If we de�ne a Lie algebra L via a basis and list the Lie brackets of
pairs of basis elements, it is understood that we are talking about the Lie algebra with
the given relations and the relations obtained by antisymmetry � all other Lie brackets
between basis elements are de�ned to be 0. Then, the Lie bracket is extended bilinearly
to all of L. (We used this convention before in this section, see e.g. Examples 2.11 and
2.12.)

2.2.1 Review of results on post-Lie algebra structures

In this section, we want to present some of the results on post-Lie algebra structures
which already exist in the literature. Some of those will be used or generalized in the
sequel.

Example 2.42. Given any Lie algebra g, there is a (commutative) post-Lie algebra
structure on (g, g), de�ned by x · y = 0 for all x, y ∈ g. This CPA-structure will be
referred to as the trivial (commutative) post-Lie algebra structure.
Moreover, there is a post-Lie algebra structure on (g,−g) (where the Lie bracket {, } of
−g is given by {x, y} = −[x, y] for all x, y ∈ −g).

In Section 3.1, we will need the following result for post-Lie algebra structures on
complete Lie algebras, which will be proven in Section 4.1:

Proposition 2.43 ([28, Lemma 2.9, Proposition 2.10]). Let x·y de�ne a post-Lie algebra
structure on (g, n) where n is complete. Then there is a unique linear map ϕ : V → V with
x ·y = {ϕ(x), y} for all x, y ∈ V (in other words: L(x) = ad(ϕ(x)), where ad denotes the
adjoint operator with respect to {, }). The map ϕ is a Lie algebra homomorphism from g
to n and satis�es

{ϕ(x), y}+ {x, ϕ(y)} = [x, y]− {x, y}

for all x, y ∈ V .

Example 2.44 ([28, Proposition 4.7]). If the pair (g, sl2(C)) admits a post-Lie algebra
structure, then g ∼= sl2(C) or g ∼= r3,λ(C) for a λ 6= −1.

Given a Lie algebra (L, [, ]), the semidirect product Lo Der(L) has a Lie bracket

[(x,D), (x′, D′)] ..= ([x, x′] +D(x′)−D′(x), [D,D′]),

x ∈ L,D ∈ Der(L). (As usual, for D,D ∈ Der(L), [D,D′] ..= D ◦ D′ − D′ ◦ D is the
commutator of derivations.)

Proposition 2.45 ([28, Proposition 2.11]). There is a 1-1 correspondence between the
post-Lie algebra structures on (g, n) and the subalgebras h of n o Der(n) for which the
projection p : n o Der(n) → n onto the �rst factor induces a Lie algebra isomorphism of
h onto g.

There is a specialization of Proposition 2.45 to the case where n is semisimple:

26



2.2 Post-Lie algebra structures, pre-Lie algebra structures and LR-structures

Proposition 2.46 ([28, Proposition 2.14]). Let n be a semisimple Lie algebra. Then
there is a 1-1 correspondence between the post-Lie algebra structures on (g, n) and the
subalgebras h ≤ n ⊕ n for which the map p : n ⊕ n → n, (x, y) 7→ x − y induces an
isomorphism of h onto g.

Proposition 2.47 ([28, Proposition 3.1]). A bilinear map de�ned by x·y = λ[x, y], where
λ ∈ C\{0, 1}, de�nes a post-Lie algebra structure on (g, n) if and only if g are nilpotent
with nilindex 1 or 2 and {x, y} = (1− 2λ)[x, y].

A Lie algebra is called unimodular, if all adjoint operators have trace zero.

Proposition 2.48 ([23, Theorem 3.3]). If n is a semisimple Lie algebra and g is solvable
and unimodular, then (g, n) does not admit a post-Lie algebra structure.

Proposition 2.49 ([24, Proposition 5.4]). CPA-structures on semisimple Lie algebras
are trivial.

This even extends to perfect Lie algebras (see De�nition 2.8):

Proposition 2.50 ([33, Theorem 3.3]). CPA-structures on perfect Lie algebras are triv-
ial.

Proposition 2.51 ([24, Corollary 5.5]). CPA-structures on a Lie algebra g satisfy g ·g ⊆
rad(g).

A complete Lie algebra can always be decomposed uniquely into simply-complete ideals,
that is, complete ideals which can not be decomposed further (see Proposition 4.16). For
simply-complete, non-metabelian Lie algebras there exists the following classi�cation of
post-Lie algebra structures:

Proposition 2.52 ([33, Theorem 4.10]). Let g be simply-complete and non-metabelian
and let g satisfy nil(g) = [g,nil(g)]. Then there is a 1-1 correspondence between CPA-
structures on g and elements z ∈ Z([g, g]), by x · z = [[z, x], y].

In Sections 4.3 and 4.4, we present some generalizations of this result.

De�nition 2.53. A Lie algebra is called stem, if Z(L) ⊆ [L,L].

Proposition 2.54 ([34, Theorem 3.6]). CPA-structures on stem nilpotent Lie algebras
are complete.

There exist also many other structure results in the literature of the following form:
Given a pair (g, n) admitting a post-Lie algebra structure, where g (or n) has a certain al-
gebraic property P (like being nilpotent or semisimple), then n (or g) must have a certain
property Q. To avoid redundancy, these statements will be presented in Section 3.1.
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3 General existence questions on

post-Lie algebra structures

3.1 Existence of post-Lie algebra structures

We want to start this chapter with a general question on the existence of post-Lie algebra
structures. More precisely, what we are interested in is:

Question 3.1. Given two "algebraic" properties P and Q of Lie algebras (like being
nilpotent, abelian etc.), does there exist a pair of Lie algebras (g, n) admitting a post-Lie
algebra structure such that g has property P and n has property Q?

The results we prove here are summarized in Table 5 � let us explain its notation:

(a) Consider the cell in the row with property P and column with property Q. A check
mark (X) in this cell means that there is a pair of Lie algebras (g, n) with a post-Lie
algebra structure on (g, n) with g having property P and n having property Q.
A cross (7) means that there is no pair of Lie algebras (g, n) with a post-Lie algebra
structure where g has property P and n has property Q.
Question marks (?) indicate that the answer is � to the best of our knowledge �
not known.

(b) The �rst row and the �rst column contain the same properties, however, due to
space constraints, the contents of the �rst row had to be abbreviated. Therefore,
e.g. the entries "sol." and "ssim." have to be read as "solvable, non-nilpotent" and
"semisimple, non-simple", respectively (and the other entries analogously).

(c) All listed properties except for the last (complete, non-semisimple) are chosen such
that they are mutually exclusive. However, there is an intersection between "com-
plete, non-semisimple" Lie algebras and "solvable, non-nilpotent" Lie algebras (see
also Chapter 4).

(d) The diagonal consists only of check marks for if g ∼= n, then there is always the
trivial CPA-structure, see Example 2.42.

For some cells, we also want to give further remarks/ closer specializations which we
prove in this section:

(e) There exist no post-Lie algebra structures on (g, n) where g is abelian and n is not
metabelian.
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Table 5: Existence of post-Lie algebra structures over C: A "X" ("7") means that there
is a (no) pair of C-Lie algebras where g and n have the corresponding alge-
braic properties. If it is unknown, the cell contains a "?". For the cells with
superscripts, we give a remark below.

g
n

ab. nil. sol. sim. ssim. red. com.

abelian X X(e) X(e) 7 7 7 X(e)

nilpotent, non-abelian X X X(f) 7 7 7 X(g)

solvable, non-nilpotent X X X X X X X
simple 7 7 7 X(h) 7 7 7

semisimple, non-simple 7 7 7 7(i) X ? 7

reductive, non-semisimple, non-abelian X ? ? ? ? X X(j)

complete, non-semisimple X X X ? ? X X(j)

(f) For every solvable non-metabelian Lie algebra n there is a nilpotent, non-abelian
Lie algebra g with a post-Lie algebra structure on (g, n).

(g) If n is complete, then post-Lie algebra structures on (g, n) � where g is nilpotent,
non-abelian and n is complete, non-semisimple � are precisely possible if n is solvable
and non-metabelian.

(h) Post-Lie algebra structures on (g, n), where g and n are both simple, do exist
precisely if g ∼= n � and then, only the two "trivial" structures (see Example 2.42)
are possible.

(i) We will give a proof in Section 3.2 that there are no post-Lie algebra structures
on (g, n), where n is simple and g is semisimple (but not simple) are not possible
if dim(g) < 45 (and under certain other conditions). However, it has been proven
recently that there are no post-Lie algebra structures at all (see [31, Theorem 3.1]).

(j) If n is complete and solvable, then there are no post-Lie algebra structures on (g, n)
unless g is also solvable.

Remark 3.2. A "X" does not mean that all pairs (g, n), where g has property P and
n has property Q, admit post-Lie algebra structures. E.g. there exist post-Lie algebra
structures on (g, n), where g is nilpotent and non-abelian and n is solvable and non-
nilpotent � but, no 3-dimensional pair (g, n) with g ∼= n3(C), n ∼= r3,−1(C) does admit
post-Lie algebra structures � see Section 3.4.

Remark 3.3. Table 5 shows that the de�nition of post-Lie algebra structures is not sym-
metric in g and n.

The goal of this chapter is to "prove Table 5". That is, we prove (or give references
in the literature) the existence of post-Lie algebra structures (mostly by giving concrete
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examples) indicated with a check mark and prove (or reference) the non-existence of
post-Lie algebra structures indicated with a cross.

g abelian Let us start with the case where g is abelian. Note that these structures
correspond to LR-structures (see Lemma 2.40).

Theorem 3.4. Let g be an abelian Lie algebra.

(i) There do exist post-Lie algebra structures on (g, n), where n is abelian, nilpotent or
solvable. (There also do exist examples where n is solvable, but non-nilpotent and
nilpotent, but non-abelian).

(ii) There do not exist post-Lie algebra structures on (g, n), where n is reductive and
non-abelian (including n being simple or semisimple).

(iii) If n is complete, then there exist post-Lie structures on (g, n) if and only if n is
metabelian.

We prove this theorem via the following lemmas:

Lemma 3.5.

(i) There exist post-Lie algebra structures on (Cn,Cn) for every n ∈ N.

(ii) There exist post-Lie algebra structures on (C3, n3(C)).

(iii) There exist post-Lie algebra structures on (C2, r2(C)).

Proof.

(i) The simplest one (of many examples) is the trivial structure x · y = 0 for all
x, y ∈ Cn.

(ii) In [26, Proposition 3.1], all LR-structures on n3(C) are classi�ed (more precisely,
they are given as LR-structures on n3(R) but, in fact, are equal to the LR-structures
on n3(C)). They stand in 1-1 correspondence to post-Lie algebra structures on
(C3, n3(C)).

(iii) LR-structures on r2(C) exist and are classi�ed in [26, Example 1.6].

Remark 3.6. In [26], there are more examples of LR-structures on nilpotent and solvable
Lie algebras. There are results on classes of Lie algebras always admitting (complete)
LR-structures (e.g. 2-step nilpotent Lie algebras, free 3-step nilpotent Lie algebras, 2-step
solvable �liform Lie algebras).

However, if n is not metabelian, there are no post-Lie algebra structures on (Cdim(n), n)
(which implies that there do not exist post-Lie algebra structures on reductive, non-
abelian Lie algebras):
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Lemma 3.7. If there is an LR-structure on n (and hence, a post-Lie algebra structure
on (Cn, n) for some n ∈ N), then n is metabelian.

Proof. See [26, Proposition 2.1].

Lemma 3.8. Let (g1, n1) admit a post-Lie algebra structure x ◦ y and (g2, n2) admit a
post-Lie algebra structure x ∗ y. Then the "direct sum" of ◦ and ∗, i.e. the bilinear map
de�ned by

x · y =


x ◦ y if x, y ∈ g1
x ∗ y if x, y ∈ g2

0 else

(and extended bilinearly) is a post-Lie algebra structure on the pair (g1 ⊕ g2, n1 ⊕ n2).

Lemma 3.9 ([89]). Every complete complex metabelian Lie algebra is isomorphic to
(r2(C))n for some n ∈ N.

Lemma 3.10. (Semi)simple and reductive (non-abelian) Lie algebras do not admit LR-
structures; complete Lie algebras if and only if they are metabelian.

Proof. This follows from Lemma 3.7: (semi)simple, reductive (non-abelian) and com-
plete, non-metabelian Lie algebras are never metabelian, thus admit no LR-structures.
To show that complete metabelian Lie algebras always admit post-Lie algebra structures,
note that they are all of the form (r2(C))n for an n ∈ N by Lemma 3.9. Post-Lie algebra
structures on (C2, r2(C)) exist, see Lemma 3.5, and their direct sums is a post-Lie algebra
structure on (C2n, r2(C)n).

g nilpotent and non-abelian Let g be nilpotent and non-abelian. Let us �rst note
that (g, n) does not admit post-Lie algebra structures unless n is solvable ([28, Proposi-
tion 4.3]).
We get the following classi�cation:

Theorem 3.11.

(i) There exist pairs (g, n), where g is nilpotent and non-abelian and n is abelian or
nilpotent (and non-abelian) or solvable (and non-nilpotent) with post-Lie algebra
structures.

(ii) If n is reductive (and non-abelian) including the cases where n is (semi)simple, then
there exist no post-Lie algebra structures on any pair (g, n) with g nilpotent.

(iii) Let n be solvable, complete and non-metabelian. Then there exists a nilpotent (non-
abelian) Lie algebra g admitting post-Lie algebra structures on (g, n) � conversely, if
there is a post-Lie algebra structure on (g, n), where g is nilpotent and non-abelian
and n is complete, then n is also solvable and non-metabelian.

We again split the proof up into several lemmas:
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3.1 Existence of post-Lie algebra structures

Lemma 3.12.

(i) There exist pairs (g, n) with g nilpotent (and non-abelian) and n abelian admitting
a post-Lie algebra structure.

(ii) Post-Lie algebra structures exist on every pair (n, n) with n nilpotent.

(iii) If (g, n) admits a post-Lie algebra structure and g is nilpotent, then n is solvable.

Proof.

(i) See [20, Theorem 2.33].

(ii) Again, take the trivial structure de�ned by x · y = 0.

(iii) See [28, Proposition 4.3].

This takes care of the cases where n is abelian, nilpotent, (semi)simple or reductive.
It remains to consider the solvable and the complete case.

Lemma 3.13. Let n be a solvable complete Lie algebra. Then there is a nilpotent Lie
algebra g such that there exists a post-Lie algebra structure on (g, n).

Proof. Any solvable complete Lie algebra n can be decomposed as a direct sum of vector
spaces T⊕N , where T is an abelian Lie algebra andN its nilradical (see Proposition 4.21).
So n admits a decomposition into two nilpotent Lie algebras. But if n = a⊕ b is such a
decomposition, by [23, Proposition 2.13], the (nilpotent!) Lie algebra g with underlying
vector space a⊕ b and Lie brackets

[a+ b, a′ + b′] = {a, a′} − {b, b′}

(a ∈ a, b ∈ b) admits a post-Lie algebra structure via

(a+ b) · (a′ + b′) = −{b, a′ + b′}.

For the "g nilpotent, non-abelian, n complete and metabelian"-case, we will need Itô's
Theorem:

Lemma 3.14 (Itô's Theorem for Lie algebras). Let L be a Lie algebra which is the vector
space sum L = a + b of two abelian Lie algebras. Then L is metabelian.

The analogous result for groups was proven by Itô in [63]. The proof for Lie algebras
is also analogous � as the proof is rather short, we want to give it here. This is the same
proof as the one in [66], where the statement is proven for Lie rings � but the very same
argument also works for Lie algebras.
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Proof. Since [a, a] = [b, b] = 0, it is enough to show that [[a′, b′], [a, b]] = 0 for a, a′ ∈ a
and b, b′ ∈ b.
By the Jacobi identity and a, b being abelian, this can be written as

[[a′, b′], [a, b]] = −[[b′, [a, b]], a′]− [[[a, b], a′], b′]

= [[a, [b, b′]], a′] + [[b, [b′, a]], a′] + [[[b, a′], a], b′] + [[[a′, a], b], b′]

= [a′, [[b′, a], b] + [[a, [a′, b]], b′].

Let us introduce the notation [b′, a] = a′′+b′′′, [a′, b] = a′′′+b′′, where a′′, a′′′ ∈ a, b′′, b′′′ ∈
b. Then we can continue the above calculation by

[[a′, b′], [a, b]] = [a′, [a′′ + b′′′, b] + [[a, a′′′ + b′′], b′] = [a′, [a′′, b]] + [[a, b′′], b′]

= −[a′′, [b, a′]]− [b, [a′, a′′]]− [[b′′, b′], a]− [[b′, a], b′′]

= [[b, a′], a′′] + [[a, b′], b′′] = −[a′′′ + b′′, a′′]− [a′′ + b′′′, b′′]

= [a′′, b′′]− [a′′, b′′] = 0.

This is what was to be shown.

Lemma 3.15. Let n be complete and metabelian. Then there is no nilpotent, non-abelian
Lie algebra g such that (g, n) admits a post-Lie algebra structure.

Proof. If n is complete and metabelian, then n ∼= (r2(C))n by Lemma 3.9 (with basis
{e1, . . . , en} and Lie brackets {e2i+1, e2i+2} = e2i+2, 0 ≤ i ≤ n − 1); as it is com-
plete, Der(r2(C)n) ∼= ad((r2(C))n). So we can write n o Der((r2(C))n) with a basis
{e1, . . . , e2n} ∪ {A1, . . . , A2n} and non-zero Lie brackets [A2i+1, A2i+2] = A2i+2,
[e2i+1, e2i+2] = e2i+2, [A2i+1, e2i+2] = e2i+2, [A2i+2, e2i+1] = e2i+2, 0 ≤ i ≤ n− 1.
Via the basis change f4j+1 = e2j+1, f4j+2 = e2j+2, f4j+3 = −e2j+1 + A2j+1, f4j+4 =
e2j+2 + A2j+2, 0 ≤ j ≤ n

2 − 1, one gets the basis {f1, f2, . . . , f2n} with [f2i+1, f2i+2] =
f2i+2, 0 ≤ i ≤ 2n− 1, meaning that no Der(r2(C)n) ∼= (r2(C))2n.
But any subalgebra of (r2(C))m either contains r2(C) (and thus is non-nilpotent) or is
abelian.
So there is no nilpotent, but non-abelian g such that (g, n) admits a post-Lie algebra
structure � otherwise, by Proposition 2.45, g would be isomorphic to a subalgebra of
(r2(C))2n which is a contradiction.

Corollary 3.16. Let n be complete. Then there exists a nilpotent (and non-abelian) Lie
algebra g such that (g, n) admits a post-Lie algebra structure precisely if n is solvable and
non-metabelian.

Proof. For the �rst direction, let n be complete and non-solvable or metabelian.

(i) If n is metabelian, no pair (g, n) (where g is nilpotent and non-abelian) admits a
post-Lie algebra structure by Lemma 3.15.

(ii) If n is not solvable, then by Lemma 3.12, (iii), there is no post-Lie algebra structure
on (g, n).
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On the other hand, let n be complete, solvable and non-metabelian. We can �nd a
nilpotent Lie algebra g with a post-Lie algebra structure on (g, n) by Lemma 3.13. It
remains to show that this g is not abelian: But if it was, then the construction in
Lemma 3.13 would imply that n had a vector space decomposition into two abelian Lie
algebras � by Lemma 3.14, n was metabelian then, a contradiction.

By the above construction, we can give an example of a pair where g is nilpotent (and
non-abelian) and n is complete (and non-semisimple):

Example 3.17. Let n = T2 n n3 be the �ve-dimensional complete Lie algebra with basis
{e1, e2, e3, t1, t2} and non-zero brackets

{e1, e2} = e3, {t1, e1} = e1, {t1, e3} = e3, {t2, e2} = e2, {t2, e3} = e3.

De�ne a to be the vector space spanned by {e1, e2, e3}, b to be the vector space spanned
by {t1, t2}; then a⊕ b ∼= g ∼= n3 ⊕ C2 with non-zero bracket

[e1, e2] = e3

is a non-abelian, nilpotent Lie algebra and

(ei + ti) · (ej + tj) = −{ti, ej + tj}

is a post-Lie algebra structure on (g, n).

g solvable (and non-nilpotent). If g is solvable and non-nilpotent, then all cases we
consider are possible:

Theorem 3.18. There are examples of (g, n) admitting post-Lie algebra structures where
g is solvable (and non-nilpotent) and n is (i) abelian, (ii) nilpotent and non-abelian, (iii)
solvable and non-nilpotent, (iv) simple, (v) semisimple and non-simple, (vi) reductive,
non-semisimple and non-abelian, (vii) complete and non-semisimple.

Proof.

(i) See [20, Example 3.34].

(ii) There exist post-Lie algebra structures on the 3-dimensional pair (r2(C)⊕C, n3(C)),
see Example B.3.

(iii) The trivial post-Lie algebra structure x · y = 0 on any pair (g, g).

(iv) An example for a post-Lie algebra structure on (sl2(C), r3,λ(C)) is given in [23,
Proposition 4.7].

(v) [23, Proposition 3.1] constructs for any semisimple Lie algebra n a solvable, non-
nilpotent Lie algebra g such that (g, n) admits a post-Lie algebra structure.

(vi) See Corollary 3.19.
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(vii) See the appendix, Proposition B.17 for an example in dimension 5. (In Section B.3,
one can also �nd more examples.)

Corollary 3.19. Let n be reductive, n = a⊕ s with a abelian and s semisimple. If there
exists a solvable Lie algebra g′ such that (g′, a) admits a post-Lie algebra structure, then
there also is a solvable Lie algebra g such that (g, n) admits a post-Lie algebra structure.
(In particular, by Theorem 3.18, part (i), there are pairs (g, n) with g solvable and n
reductive, admitting a post-Lie algebra structure.)

Proof. By [23, Proposition 3.1], there exists a solvable Lie algebra g′′ such that (g′′, s) ad-
mits a post-Lie algebra structure. So by Lemma 3.8, we �nd a post-Lie algebra structure
on (g, n), with g = g′ ⊕ g′′.

g simple. The situation where g is simple is just the opposite: Post-Lie algebra struc-
tures on (g, n) do exist only if g ∼= n and then are just given by the two trivial ones.

Theorem 3.20. Let (g, n) admit a post-Lie algebra structure where g is simple. Then
g ∼= n. Moreover, the only two post-Lie algebra structures possible are the trivial ones:
x · y = 0 where [x, y] = {x, y} and x · y = [x, y] = −{x, y}.

Proof. By [24, Theorem 3.1], n ∼= g; by [28, Proposition 4.6], only the trivial structures
are possible.

g semisimple and non-simple. In the case where g is semisimple and non-simple, we
also have non-existence results:

Theorem 3.21. Let g be semisimple and non-simple. There do not exist any pairs (g, n)
admitting a post-Lie algebra structure where n is solvable (including n being abelian,
nilpotent or solvable-complete).
There also do not exist post-Lie algebra structures on (g, n) with simple or complete n,
but there exist post-Lie algebra structures where n is semisimple.

Proof. For the assertion regarding n being solvable, see [23, Theorem 4.2]. The asser-
tion with n being simple will be proven in Section 3.2. If n is complete, then by [31,
Proposition 3.8], we do not have post-Lie algebra structures on (g, n).

Remark 3.22. There do not only exist the trivial structures on pairs (g, g) where g is
semisimple (as in the case where g is simple). See [23, Example 2.11] for a non-trivial
post-Lie algebra structure on (g, g) where g ∼= sl2(C)⊕ sl2(C).

The next proposition states an obstruction which can be used to show that certain
pairs of Lie algebras admit no post-Lie algebra structure:

Proposition 3.23. Let g be a semisimple Lie algebra, n a complete Lie algebra, let
n = sn r be the Levi decomposition of n. If there is a post-Lie algebra structure on (g, n),
then both s and r are � with the Lie bracket [, ] � subalgebras of g.
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Proof. Suppose there is a post-Lie algebra structure x · y on (g, n); then by Proposi-
tion 2.43, there is a unique homomorphism of Lie algebras ϕ : g → n satisfying x · y =
{ϕ(x), y} for all x, y ∈ V .
As s is a semisimple Lie algebra, its image under the homomorphism ϕ is (since ϕ(g) ∼=
g/ ker(ϕ)) semisimple too, so ϕ(g) ≤ s. We obtain

g · s ⊆ {ϕ(g), s} ⊆ {s, s} ⊆ s,

g · r ⊆ {ϕ(g), r} ⊆ {s, r} ⊆ r.

Furthermore,

[s, s] ⊆ s · s− s · s + {s, s} ⊆ s,

[r, r] ⊆ r · r− r · r + {r, r} ⊆ r,

what we claimed.

g reductive. Here our result is:

Theorem 3.24. There do exist examples of post-Lie algebra structures on (g, n), where
g is reductive and n is (i) abelian, (ii) reductive, non-semisimple and non-abelian, (iii)
complete and non-semisimple. If n is solvable and complete, then there are no post-Lie
algebra structures on (g, n).

Proof. For (ii), we can again take the trivial post-Lie algebra structure. For (i), the ordi-
nary matrix multiplication gives a pre-Lie algebra structure (that is, a post-Lie algebra
structure with n abelian) on (gln(C),Cn2

). An example for (iii) is given in Proposi-
tion B.29.

Note that the Lie algebra L7,4, which is used in Proposition B.29, is complete, but not
solvable; indeed we cannot replace it by a solvable-complete Lie algebra:

Lemma 3.25. If n is a complete and solvable Lie algebra and (g, n) admits a post-Lie
algebra structure, then g is also solvable.

Proof. Denote by g(0) = g, g(i+1) = [g(i), g(i)], and n(0) = n, n(i+1) = {n(i), n(i)} the
derived series of V with respect to [, ] and {, }, respectively. We show g(i) ⊆ n(i) for all
i ∈ N:
We have g(0) = V = n(0) as sets.
Now, for the induction step i → i + 1, let z ∈ g(i). Then z is a linear combination of
elements of the form [x, y] with x, y ∈ g(i) ⊆ n(i). As n is complete, we have a unique
linear map ϕ : V → V with x · y = {ϕ(x), y} (see Proposition 2.43) � so we can write

[x, y] = {ϕ(x), y}+ {x, ϕ(y)}+ {x, y}

and since n(i) is an ideal of n, we obtain [x, y] ∈ n(i). So it follows g(i) ⊆ n(i).
So if we choose i large enough such that n(i) = 0, then also g(i) = 0, so g is solvable
too.
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Corollary 3.26. If n is solvable and complete and g is reductive (and non-abelian), then
there is no post-Lie algebra structure on (g, n).

Proof. By Lemma 3.25, g is solvable too, so g cannot have a simple ideal.

g complete and non-semisimple.

Theorem 3.27. There are examples of post-Lie algebras on (g, n) where g is complete
and non-semisimple and n is (i) abelian, (ii) nilpotent and non-abelian, (iii) solvable and
non-nilpotent, (iv) reductive, non-semisimple and non-abelian, (v) complete and non-
semisimple.

Proof. Example 3.28 below is an example for (i), Corollary 3.30 gives examples for (ii).
For (iii) and (v), one may take a solvable complete Lie algebra g and the trivial post-Lie
algebra structure on (g, g) and (iv) is proven in Corollary 3.31.

Example 3.28. This is an example for n abelian and g complete and non-semisimple:
Take n = C5, g = T2nn3 (as in Table 12 in Section 4.2). Then g has a basis {e1, e2, e3, t1, t2}
with non-zero Lie brackets [e1, e2] = e3, [t1, e1] = e1, [t1, e3] = e3, [t2, e2] = e2, [t2, e3] = e3
and the bilinear map given by

e1 · e2 = e3, e1 · t1 = −e1, t1 · e3 = e3

t1 · t1 = −t1, t2 · e2 = e2, t2 · e3 = e3

and extended bilinearly, is a post-Lie algebra structure on (g, n).

For the case "g complete, n nilpotent", we �rst prove a lemma on post-Lie algebra
structures on semidirect products:

Lemma 3.29. Let g be a semidirect product g = an b. Then there is a post-Lie algebra
structure on (g, n), where n = a⊕ b, given by

x · y =


0 if x, y ∈ a
0 if x ∈ b

[x, y] if x ∈ a, y ∈ b

and extended bilinearly.

Proof. We check that the identities (PA1), (PA2) and (PA3) do hold for elements x, y, z
in a ∪ b. Note that if x, y ∈ a or x, y ∈ b, then [x, y] = {x, y}. Identity (PA1) says
x · y − y · x = [x, y]− {x, y}.

(i) If x, y ∈ a or x, y ∈ b, then x · y = y · x = 0 and also [x, y] = {x, y}.

(ii) If x ∈ a and y ∈ b or vice versa, then y · x = 0, {x, y} = 0, but x · y = [x, y].

Concerning identity (PA2), which says [x, y] · z = x · (y · z)− y · (x · z):
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(i) If y ∈ b (or, by symmetry, x ∈ b), then [x, y] · z = x · (y · z) = y · (x · z) = 0 (since
b · g = 0).

(ii) If x, y, z ∈ a, then [x, y] ∈ a, so [x, y] · z = x · (y · z) = y · (x · z) = 0.

(iii) The case x, y ∈ a, z ∈ b remains, but as [x, y] · z = [[x, y], z], y · (x · z) = [y, [x, z]],
x · (y · z) = [x, [y, z]], it reduces to the Jacobi identity.

A similar case distinction works for (PA3), which says x · {y, z} = {x · y, z}+ {y, x · z}:

(i) If x ∈ b, then x · {y, z} = {x · y, z} = {y, x · z} = 0.

(ii) If x, y ∈ a, then also x · {y, z} = {x · y, z} = 0, {y, x · z} = {y, [x, z]} = 0.

(iii) For x, z ∈ a, y ∈ b, we also �nd that all three terms evaluate to zero.

(iv) The only case left is x ∈ a, y, z ∈ b. But then x · {y, z} = x · [y, z] = [x, [y, z]],
{x · y, z} = {[x, y], z} = [[x, y], z], {y, x · z} = {y, [x, z]} = [y, [x, z]], so identity
(PA3) simpli�es to the Jacobi identity.

Using bilinearity, one �nds that the structure is indeed a post-Lie algebra structure.

Solvable complete Lie algebras L can be written as semidirect products of an abelian
Lie algebra T and its nilradical m (which is abelian by Ito's Theorem 3.14 if and only if
L is metabelian). Therefore, we obtain:

Corollary 3.30. Let g be solvable and complete, g = T nm, T abelian, m nilpotent. Let
dim(T ) = s. Then there is a post-Lie algebra structure on (g, n), where n ∼= Cs ⊕ m,
given by

x · y =

{
0 if x ∈ m

[x, y] if x ∈ T .

Proof. In Lemma 3.29, choose a = T, b = m. Then one obtains the statement.

Note that n = Cdim(T )⊕m is nilpotent (and, if g is not metabelian, n is non-abelian) �
thus we have examples of post-Lie algebra structures on (g, n) where g is complete (and
non-semisimple) and n is nilpotent (and non-abelian).

We also obtain the case where g is complete (non-semisimple) and n is reductive (non-
abelian, non-semisimple):

Corollary 3.31. There is a post-Lie algebra structure on (g, n), where g is the complete
Lie algebra L7,4 and n = sl2(C)⊕ C4.

For the de�nition of L7,4, see Table 14 in Section 4.2.
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Proof. The Lie algebra L7,4 can be seen as a semidirect product L7,4 = (sl2(C)⊕C)nϕC3

with respect to

ϕ : sl2(C)⊕ C→ Der(C3), ϕ(ae1 + be2 + ce3 + de4) =

2c+ d 2a 0
b d a
0 2b −2c+ d


Therefore, Lemma 3.29 gives us a post-Lie algebra structure on (g, n).

See Proposition B.29 for an explicit structure on (L7,4, sl2(C)⊕ C4).

3.2 Non-existence of post-Lie algebra structures on (g, n)
with g semisimple, n simple

In this subsection we shall investigate post-Lie algebra structures on (g, n) where g is a
semisimple Lie algebra and n is a simple Lie algebra.

The theorem we want to prove in this section is the following:

Theorem 3.32. Let g be a semisimple Lie algebra and n a simple Lie algebra. Suppose
that one of the following conditions holds:

(i) The Lie algebra g is simple and not isomorphic to n.

(ii) The Lie algebra g is a direct sum of (exactly) two simple factors g = g1 ⊕ g2.

(iii) The Lie algebra n is an exceptional simple Lie algebra.

(iv) The Lie algebra n satis�es dim(n) < 45.

Then there are no post-Lie algebra structures on (g, n).

Remark 3.33. Recently it was proved that no post-Lie algebra structures exist at all on
(g, n) where g is semisimple and n is simple unless g ∼= n (see [31, Theorem 3.1]).

Nevertheless, as our methods are di�erent, we want to give our proof of Theorem 3.32
here.

Note that we already know that (i) implies the non-existence of post-Lie algebra struc-
tures on (g, n), see Theorem 3.20. (But this will also appear as a corollary in this section,
cf. Remark 3.40.)
In this section, our two main ingredients are Proposition 2.46 and Dynkin's paper on
semisimple subalgebras of semisimple Lie algebras: Our proof of Theorem 3.32 will rely
on a theorem of Dynkin which classi�es maximal subalgebras of semisimple Lie algebras.
The theorem is given in [50, Theorem 15.1]. For the reader's convenience, we shall repeat
it and its proof:
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Proposition 3.34 (Dynkin). Let L be a semisimple Lie algebra and

L = L1 ⊕ L2 ⊕ . . .⊕ Ls

its decomposition as a direct sum of simple ideals. Then all maximal subalgebras of L are
given by the formulas

R(i, L̃) ..=
s⊕

k=1
k 6=i

Lk ⊕ L̃ (1)

and

R(i, j, ψ) ..=
s⊕

k=1
k 6=i,j

Lk ⊕ {Li, Lj , ψ}, (2)

where L̃ is a maximal subalgebra of Li, ψ : Li → Lj is an isomorphism between Li and
Lj and {Li, Lj , ψ} is de�ned as the set of pairs {(x, ψ(x)) : x ∈ Li}.

Proof. Let pi : L → Li be the projection homomorphism onto Li; i.e., if x ∈ L has the

unique decomposition x =
s∑
i=1

xi, xi ∈ Li, then pi(x) = xi.

Let R be a maximal proper subalgebra of L.
First we assume that there is an i ∈ {1, . . . , s} with pi(R) 6= Li. Let L̃ be a maximal
subalgebra of Li. Since pi(R) 6= Li is a subalgebra of Li, we have pi(R) ⊆ L̃. But then,
R ⊆ R(i, L̃) 6= L and by the maximality of R it follows R = R(i, L̃).

Now suppose pi(R) = Li for all i ∈ {1, . . . , s}. First we shall show that for every i, the
set Li ∩R is an ideal in Li.
Let y ∈ Li ∩ R and z ∈ Li. Because of pi(R) = Li, there is an x ∈ R with pi(x) = z.
Because R is a subalgebra of L and Li is an ideal of L, we get [y, x] ∈ R ∩ Li and thus
pi([y, x]) = [y, x]. Since y ∈ R ∩ Li, also pi(y) = y.
In particular,

[y, z] = [y, pi(x)] = [pi(y), pi(x)] = pi([y, x]) = [y, x] ∈ R ∩ Li.

So R ∩ Li is an ideal of Li � but as Li is simple, there are only two possibilities:

R ∩ Li = Li (i.e., Li ⊆ R) or Li ∩R = 0.

Now if Li ⊆ R for all i ∈ {1, . . . , s}, then R = L. So there is at least one i with
Li ∩ R = 0. But there is also another one: Suppose Lk ⊆ R for all k ∈ {1, . . . , s}\{i}.
But then, if z ∈ Li and pi(x) = z for an x ∈ R (such an x exists because of pi(R) = Li)

and x =
s∑

k=1

xk, xk ∈ Lk, then also xi = x−
s∑

k=1
k 6=i

xk ∈ R, so Li ⊆ R, a contradiction.
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Thus there are at least two (di�erent) indices i, j ∈ {1, . . . , s} with Li ∩R = 0 = Lj ∩R.
Now set

L∗ ..= R ∩ (Li ⊕ Lj) and R∗ ..= L∗ ⊕
s⊕

k=1
k 6=i,j

Lk.

Then R∗ contains R and is not L, thus, by maximality of R we have R∗ = R.
Claim: For every x ∈ Li, there is exactly one y ∈ Lj with x+ y ∈ L∗.
For x ∈ Li take z ∈ R with pi(z) = x; then x+ pj(z) ∈ L∗, so we may choose y ..= pj(z).
Now suppose, this y was not unique: Let x+ y ∈ L∗ and x+ z ∈ L∗ for some y, z ∈ Lj .
But then,

y − z = x+ y − (x+ z) ∈ L∗ ⇒ y − z ∈ Lj ∩R = 0,

so y = z.
Thus we can de�ne ψ : Li → Lj by setting ψ(x) to be the y ∈ Lj with x+ y ∈ L∗.
It is clear that ψ is bijective; we show that ψ is an isomorphism:
If x1 + y1, x2 + y2 ∈ L∗, x1, x2 ∈ Li, y1, y2 ∈ Lj , then [x1, x2] + [y1, y2] = [x1 + y1, x2 + y2]
by the simplicity of Li, Lj . Now [x1 + y1, x2 + y2] ∈ L∗, so [y1, y2] is the element such
that ψ([x1, x2]) = [y1, y2]. Thus ψ([x1, x2]) = [y1, y2] = [ψ(x1), ψ(x2)].
By de�nition of L∗ we see

L∗ = {(x, ψ(x)) : x ∈ Li}=..{Li, Lj , ψ}

and therefore, we have proven the proposition.

Now, we can apply Proposition 3.34 to �nd semisimple subalgebras of a simple Lie
algebra n:

Lemma 3.35. Let n be a simple Lie algebra. Then every semisimple subalgebra h of
n⊕ n is isomorphic to one of the form

h′ = a⊕ {b, b′, ψ} ⊕ c, (3)

where a⊕ b ≤ n, b′ ⊕ c ≤ n and a, b, b′, c are semisimple.
Moreover, if p|h : h→ g, p((x1, x2)) = x1− x2 is an isomorphism, then p|h′ is an isomor-
phism onto g too.

Proof. Let h be a semisimple subalgebra of n ⊕ n. Then there is a (�nite) chain of
semisimple subalgebras

h = hn ⊆ hn−1 ⊆ . . . ⊆ h0 = n⊕ n,

where hi+1 is a maximal proper semisimple subalgebra of hi.
Each step hi−1 → hi is done by either passing from hi−1 to a subalgebra h̃ of type (1)
and �nding hi as a Levi subalgebra of h̃ or by passing to a subalgebra of type (2) (note
that a subalgebra of type (2) is automatically semisimple).
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We will prove the lemma inductively. First, any maximal proper semisimple subalgebra
of n⊕ n is of form (3) by Proposition 3.34.
Now, let hi−1 = a⊕ {b, b′, ψ} ⊕ c and hi a maximal semisimple subalgebra of hi−1 � we
shall show that hi is isomorphic to a Lie algebra of form (3) too. Let the decompositions
of a, {b, b′, ψ}, c into simple ideals read a = a1 ⊕ . . .⊕ ak, {b, b′, ψ} = {b1, b′1, ψ1} ⊕ . . .⊕
{b`, b′`, ψ`}, c = c1 ⊕ . . .⊕ cm, respectively.
If hi arises from hi−1 by type (1), then hi clearly is of the desired form (3); so we suppose
that hi is of type (2) with respect to hi−1.
When passing to a subalgebra of type (2), two simple isomorphic ideals of hi get combined.
Therefore, without loss of generality, we have four possible cases:

(i) a1, a2 play the role of Li, Lj in (2).

(ii) a1, {b1, b′1, ψ1} play the role of Li, Lj in (2).

(iii) {b1, b′1, ψ1}, {b2, b′2, ψ2} play the role of Li, Lj in (2).

(iv) a1, c1 play the role of Li, Lj in (2).

In each of those cases, we have to show that hi is isomorphic to a Lie algebra h′i of form
(3) and that if p|hi is an isomorphism onto g, then also p|h′i .

ad (i). Let a1 be isomorphic to a2 via ψ0. Then hi = {a1, a2, ψ0}⊕a3⊕. . .⊕ak⊕{b, b′, ψ}⊕c
is isomorphic to

h′i .
.= {a+ ψ0(a), a ∈ a1} ⊕ a3 ⊕ . . .⊕ ak ⊕ {b, b′, ψ} ⊕ c,

which, in fact, is of the desired form (3).
We show that hi ∼= h′i: Let w.l.o.g. hi = {a1, a2, ψ0}. Then h′i = {a+ψ0(a), a ∈ a1}.
Let ϕ : hi → h′i, (a, ψ0(a)) 7→ a+ ψ0(a).
Since a1, a2 are semisimple, a + ψ0(a) = 0 implies a = 0 = ψ0(a), thus ϕ is
injective; surjectivity is clear since given a + ψ0(a) ∈ h′i, the element (a, ψ0(a))
maps to a+ ψ0(a).
And ϕ respects the Lie brackets:

ϕ([(a, ψ0(a)), (a′, ψ0(a
′))]) = ϕ(([a, a′], ψ0([a, a

′]))) = [a, a′] + ψ0([a, a
′])

= [a, a′] + [ψ0(a), a′]︸ ︷︷ ︸
=0

+ [a, ψ0(a
′)]︸ ︷︷ ︸

=0

+[ψ0(a), ψ0(a
′)] = [a+ ψ0(a), a′ + ψ0(a

′)]

= [ϕ(a, ψ0(a)), ϕ(a′, ψ0(a
′))].

So hi and h′i are isomorphic; we also have to show that if p|hi is an isomorphism
onto g, then also p|h′i . But this is clear since p|hi ≡ p|h′i .

ad (ii). Let a1 be isomorphic to {b1, b′1, ψ1} via ψ0. If ψ0(a) = (b1, b
′
1), let ψ′0(a) =

b1, ψ
′′
0(a) = b′1. Then

hi = a2 ⊕ . . .⊕ ak ⊕ {a1, {b1, b′1, ψ1}, ψ0} ⊕ {b2, b′2} ⊕ . . .⊕ {b`, b′`} ⊕ c,
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which, in turn, is isomorphic to

h′i .
.= a2 ⊕ . . .⊕ ak ⊕ {(a+ ψ′0(a), ψ′′0(a)), a ∈ a1} ⊕ {b2, b′2, ψ2} ⊕ . . .⊕ {b`, b′`, ψ`} ⊕ c

of form (3).

ad (iii). Let {b1, b′1, ψ1} be isomorphic to {b2, b′2, ψ2}. Then b1 is isomorphic to b2 via ψ0,
say. Then

hi = a2 ⊕ . . .⊕ ak ⊕ {{b1, b′1, ψ1}, {b2, b′2, ψ2}, ψ0} ⊕ {b3, b′3, ψ3} ⊕ . . .⊕ {b`, b′`, ψ`} ⊕ c

is isomorphic to

h′i .
.= a2 ⊕ . . .⊕ ak ⊕ {(b+ ψ0(b), ψ1(b) + ψ2(ψ0(b))), b ∈ b1}

⊕ {b3, b′3, ψ3} ⊕ . . .⊕ {b`, b′`, ψ`} ⊕ c,

a subalgebra of type (3).

ad (iv). Let a1 be isomorphic to c1 via ψ0. Then

h′i .
.= hi = a2 ⊕ . . .⊕ ak ⊕ {b, b′, ψ} ⊕ {a1, c1, ψ0} ⊕ c2 ⊕ . . .⊕ cm,

and this is also of form (3).

In (ii) and (iii), it is analogous to (i) to see that hi ≡ h′i and that p stays an isomorphism.

Concerning decompositions of Lie algebras, we will make use of a theorem of Koszul:

Theorem 3.36 (Koszul, [67]). Let L be a reductive Lie algebra over a �eld of character-
istic 0. Suppose that L is the direct vector space sum of two subalgebras

L = A1 ⊕A2 (direct sum of vector spaces),

which are reductive in L. Then L is the direct Lie algebra sum of two ideals

L = B1 ⊕B2 (direct sum of Lie algebras),

such that A1 is naturally isomorphic to B1 and A2 is naturally isomorphic to B2.

Remembering that if A ≤ L is a (semi)simple Lie algebra, then A is reductive in L
(Theorem 2.29), we obtain the following corollary:

Corollary 3.37. Let L be a simple Lie algebra over a �eld of characteristic 0. Then L
can decomposed as a direct vector space sum of semisimple Lie algebras only in a trivial
way, i.e. if L = A1 ⊕A2 is a direct vector space sum with A1, A2 semisimple subalgebras
of L, then either A1 = 0 or A2 = 0.

Indeed, if there was another decomposition, then L could also be decomposed into two
ideals which is not possible since L is simple.

44



3.2 Non-existence of post-Lie algebra structures on (g, n) with g semisimple, n simple

Corollary 3.38. Let h be a semisimple subalgebra of n ⊕ n (n simple) such that the
restriction of p : n ⊕ n → g to h is an isomorphism. Let h be of the form described in
Lemma 3.35, i.e.

h = a⊕ {b, b′, ψ} ⊕ c,

where a ⊕ b ≤ n, b′ ⊕ c ≤ n and a, b, b′, c are semisimple. Then none of the factors
a, {b, b′, ψ}, c is 0. In particular,

(i) g has at least three simple ideals,

(ii) a⊕ b and b′ ⊕ c are not simple (i.e., a, b, b′, c 6= 0).

Proof. The case c = 0 is analogous to a = 0; so we deal with the cases a = 0 and b = 0.
We shall show that in either case, h = a ⊕ {b, b′, ψ} ⊕ c is isomorphic to n � which is a
contradiction, since n is simple, but h ∼= g is not.

(a) If a = 0, then, as dim(h) = dim(n), dim(n) = dim(b′) + dim(c) and b′ ⊕ c is a
semisimple subalgebra of n. So either b′ = 0 and thus c ∼= n or c = 0 and thus
b′ ∼= n. So in either case, h ∼= n.

(b) Now suppose b = 0. Note that a ∩ c = 0 (for if x ∈ a ∩ c, then (x, x) ∈ h which
gets mapped to 0 under p � but since p is an isomorphism, ker(p) = 0). So then,
a⊕ c = n as a direct vector space sum. But then, by Corollary 3.37, a ∼= n or c ∼= n,
so h ∼= n.

Corollary 3.38, in turn, yields that condition (ii) of Theorem 3.32 implies the non-
existence of post-Lie algebra structures on (g, n):

Corollary 3.39. If g = g1 ⊕ g2 is the direct sum of exactly two simple Lie algebras g1
and g2 and n is simple, then there are no post-Lie algebra structures on (g, n).

Proof. If there is a post-Lie algebra structure on (g, n), then, by Proposition 2.46, n⊕ n
has a subalgebra h isomorphic to g via p : h ≤ n ⊕ n → g, (x, y) 7→ x − y. But by
Lemma 3.35, h ∼= a ⊕ {b, b′, ψ} ⊕ c with semisimple factors which are all nonzero by
Corollary 3.38, part (i). So h and thus also g has at least three simple factors.

Remark 3.40. Note that the proof of Corollary 3.38 also implies that if g and n are both
simple and the restriction of p to h is an isomorphism, then g ∼= n. (So we get back the
statement of Theorem 3.20 via Corollary 3.39.)

In [50] and [69] (see also [78]), one �nds tables listing the maximal semisimple sub-
algebras of the �ve exceptional complex Lie algebras and of the classical complex Lie
algebras up to rank 6. The results we will need are summarized in Table 6. Let n be
simple; we �nd all semisimple subalgebras of n by iterative application of the results in
Table 6; i.e., we �nd the maximal semisimple subalgebras of n with Table 6, then the
maximal subalgebras among them and so forth.
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Table 6: Maximal semisimple subalgebras of simple Lie algebras n, according to [50] and
[69].

n dim(n) max. semisimple subalgebras of n resp. dimensions
A1 3 � �
A2 8 A1 3

A3 15 A2
1, B2 6, 10

A4 24 A3, A1 ⊕A2 15, 11

A5 35 A4, A1 ⊕A3, A
2
2, C3 24, 18, 16, 21

A6 48 A5, A1 ⊕A4, A2 ⊕A3, G2, B3 35, 27, 23, 14, 21

B2 10 A2
1 6

B3 21 B2, A
3
1, A3, G2 10, 9, 15, 14

B4 36 B3, A
2
1 ⊕B2, A3 ⊕A1, D4 21, 16, 18, 28

B5 55 B4, A
2
1 ⊕B3, A3 ⊕B2, D4 ⊕A1, D5 36, 27, 25, 31, 45

B6 78 B5, A
2
1⊕B4, A3⊕B3, D4⊕B2, D5⊕A1, D6 55, 42, 36, 38, 48, 66

C3 21 A2, A1 ⊕B2 8, 13

C4 36 A3, A1 ⊕ C3, B
2
2 , A

3
1 15, 24, 20, 9

C5 55 A4, A1 ⊕ C4, B2 ⊕ C3 24, 39, 31

C6 78 A5, A1 ⊕ C5, B2 ⊕ C4, C
2
3 35, 58, 46, 42

D4 28 A3, A
4
1, A3 ⊕A1, G2, B3 15, 12, 18, 14, 21

D5 45 D4, A4, A
2
1 ⊕A3, D4 ⊕A1, B4, B

2
2 28, 24, 21, 31, 36, 20

D6 66 D5, A5, A
2
1 ⊕D4, A

2
3, D5 ⊕A1, B5,

G2 ⊕A1, B3 ⊕B2, C3 ⊕A1

45, 35, 34, 30, 48, 55,
17, 31, 24

G2 14 A2
1, A2 6, 8

F4 52 A1 ⊕ C3, A
2
2, A3 ⊕A1, B4, G2 ⊕A1 24, 16, 18, 36, 17

E6 78 D5, A5 ⊕A1, A
3
2, C4, G2 ⊕A2, F4 45, 38, 24, 36, 22, 52

E7 133 E6, D6 ⊕A1, A5 ⊕A2, A
2
3 ⊕A1, A7,

G2 ⊕ C3, F4 ⊕A1, G2 ⊕A1

78, 69, 43, 33, 63,
35, 55, 17

E8 248 A1 ⊕ E7, A2 ⊕ E6, A3 ⊕D5, A
2
4,

A5 ⊕A2 ⊕A1, A7 ⊕A1, D8, A8, G2 ⊕ F4

136, 86, 60, 48,
46, 66, 120, 80, 66

Now we can apply Corollary 3.38 to our problem � remember that we have a semisimple
Lie algebra g and a simple Lie algebra n. If n is exceptional, then there exists no post-Lie
algebra structure on (g, n) (which is condition (iii) of Theorem 3.32):

Corollary 3.41. Let n ∈ {G2, E6, E7, E8, F4} be an exceptional Lie algebra and g be
semisimple and non-simple. Then there are no post-Lie algebra structures on (g, n).

Proof. If there is a post-Lie algebra structure on (g, n), then there is a semisimple sub-
algebra h ≤ n⊕ n (by Proposition 2.46) with

h = a⊕ {b, b′, ψ} ⊕ c,
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where a⊕b ≤ n, b′⊕c ≤ n and a, b, b′, c are semisimple and the map ψ is an isomorphism.
If max(dim(a ⊕ b),dim(b′ ⊕ c)) < dim(n)

2 , then dim(a ⊕ b ⊕ b′ ⊕ c) < dim(n), so we can

assume dim(a⊕ b) ≥ dim(n)
2 .

We thus shall �nd with the help of Table 6

(a) all semisimple subalgebras a⊕ b of n of dimension ≥ dim(n)
2 .

(b) for each such semisimple subalgebra a⊕ b of dimension m, each semisimple subal-
gebra b′ ⊕ c of n, which has dimension k, such that m+ k ≥ dim(n).

Then, if there is a post-Lie algebra structure on (g, n), we must have g ∼= a⊕ b⊕ c.
By Corollary 3.38, none of a ⊕ b and b′ ⊕ c can be simple. This excludes a lot of
possibilities.
Then we can compute the dimension of b as

dim(b) = dim(a⊕ b⊕ b′ ⊕ c)− dim(n)

(since b ∼= b′, so dim(b) = dim(b′)) and

dim(a) = dim(a⊕ b)− dim(b), dim(c) = dim(b′ ⊕ c)− dim(b).

If there is a post-Lie algebra structure on (g, n), then a ⊕ b allows a decomposition
into a direct sum of a Lie algebra of dimension dim(a) and one of dimension dim(b).
Analogously, b′⊕c allows a decomposition into a direct sum of a Lie algebra of dimension
dim(b) and one of dimension dim(c). This will often lead to a contradiction.
We illustrate this method with the exceptional Lie algebras:

(i) n = G2. Then dim(n) = 14; we thus have to �nd all semisimple subalgebras
a ⊕ b ≤ n of dimension ≥ 7. But there is only one, namely A2. But since A2 is
simple, there is no post-Lie algebra structure on (g, n).

(ii) n = F4. Then dim(n) = 52; we thus have to �nd all semisimple subalgebras
a ⊕ b ≤ n of dimension ≥ 26. However, again there are only simple ones (namely
D4 and B4). So again, there can be no post-Lie algebra structure on (g, n).

(iii) n = E6. Then dim(n) = 78, we thus have to �nd all semisimple subalgebras
a ⊕ b ≤ n of dimension ≥ 39. However, again they are only given by simple ones
(namely D5 and F4).

(iv) n = E7. Then dim(n) = 133; we thus have to �nd all semisimple subalgebras
a⊕ b ≤ n of dimension ≥ 67. These are given by E6 (which is simple) and D6⊕A1

(of dimension 69). So dim(a⊕ b) = 69 and thus dim(b′ ⊕ c) ≥ 64. All semisimple
subalgebras of dimension ≥ 64 are again given by E6 and D6⊕A1. We can exclude
E6 (since it is simple) from our considerations; so a⊕ b ∼= b′ ⊕ c ∼= D6 ⊕ A1. Now
we have

dim(b) = dim(a⊕ b⊕ b′ ⊕ c)− dim(n) = 69 + 69− 133 = 5.
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But this means that D6 ⊕ A1 contains a semisimple subalgebra b of dimension 5.
This is a contradiction (since there does not exist any semisimple Lie algebra of
dimension 5).

(v) n = E8. Then dim(n) = 248. As before, we shall �nd all semisimple subalgebras
of dimension ≥ 124 � and (besides the simple one, E7) there is only one, A1 ⊕E7.
It is of dimension 136, which means dim(b′⊕ c) ≥ 248− 136 = 112 and so A1⊕E7

also is given by A1 ⊕E7 (we again exclude the possibility of the simple subalgebra
E7).
Then,

dim(b) = dim(a⊕ b⊕ b′ ⊕ c)− dim(n) = 136 + 136− 248 = 24.

But the Lie algebra A1 ⊕E7 can not be decomposed into a semisimple subalgebra
of dimension 24 and one of dimension 136− 24 = 112, a contradiction.

With the same method, one may show that some classical simple Lie algebras n admit
no post-Lie algebra structures with semisimple, non-simple g:

Corollary 3.42. Let n ∈ {Ai, Bi, Ci, Di, A5, A6, C5}, i ≤ 4 be a classical simple Lie
algebra and g be semisimple and non-simple. Then there are no post-Lie algebra structures
on (g, n).

Proof. The proof works the same way as the one of Corollary 3.41. We shall therefore
be brief:

n = A1, A2: All semisimple subalgebras of n are of dimension < dim(n)
2 (in fact, A1 has none

and A2 only A1). So there is no post-Lie algebra structure with a semisimple g.

n = A3, A4, A5: All "large enough" semisimple subalgebras are simple (namely B2 in A3, A3 in A4,
A4 and C4 in A5). So there is again no post-Lie algebra structure with a semisimple
g.

n = A6: The semisimple subalgebras of n of dimension ≥ dim(n)
2 are the simple A5 and A4

and A1 ⊕ A4. If a ⊕ b ∼= A1 ⊕ A4, then, because b′ ⊕ c is not simple, it is either
A1⊕A4 or A2⊕A3. But this leads to dim(b) ∈ {4, 2} and there are no semisimple
Lie algebras of these dimensions. So again, there is no semisimple g such that (g, n)
admits a post-Lie algebra structure.

The cases n = B2, B3, B4, C3, C4, C5, D4 are very similar.

Remark 3.43. Concerning B5, B6 and D5, the "problematic" cases, i.e. those pairs (g, n)
where this method does not exclude post-Lie algebra structures, are

(D4 ⊕A1 ⊕A1 ⊕B3, B5), (B4 ⊕A1 ⊕A1 ⊕B4, B6), (D4 ⊕A1 ⊕G2, D5),

respectively.
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In other words, Corollary 3.42 gives us the case of condition (iv) (of Theorem 3.32).

Corollary 3.44. Let n be a simple Lie algebra of dimension dim(n) ≤ 44 over C and g
be semisimple and non-simple. Then there are no post-Lie algebra structures on (g, n).

Summing up all together, we obtain the statement of Theorem 3.32:

Proof of Theorem 3.32. If (i) holds, we have no post-Lie algebra structures on (g, n) by
Theorem 3.20 (or, by Remark 3.40), (ii) is the case of Corollary 3.39, (iii) is Corollary 3.41
and condition (iv) is the case of Corollary 3.44.

3.3 Post-Lie algebra structures with [x, y] = a({x, y})
In this section, we want to study special kinds of post-Lie algebra structures, namely those
where one Lie bracket is a scalar multiple of the other, i.e. we have [x, y] = a({x, y}) for
some a ∈ C and all x, y ∈ V (see also [28, Chapter 3]).
Note that if a 6= 0, g and n are isomorphic while if a = 0, then (g, [, ]) is abelian (that is,
this case corresponds to the case of LR-structures (cf. De�nition 2.37)).
If a 6= 0, the post-Lie algebra structure axioms (PA1), (PA2), (PA3) become

x · y − y · x = (a− 1){x, y} (4)

[x, y] · z = x · (y · z)− y · (x · z) (5)

x · [y, z] = [x · y, z] + [y, x · z] (6)

for all x, y, z ∈ V .
The scalar a being 1 is equivalent to considering a commutative post-Lie algebra struc-

ture (cf. De�nition 2.33).
Since [x, y] = a{x, y}, any ideal in g is also an ideal in n and vice versa.
There is a correspondence between those structures for a = 1 and a = −1:

Lemma 3.45. If x ◦ y is a post-Lie algebra structure on (g, n), where g's Lie bracket
satis�es [x, y] = −{x, y} (that is, a = −1) for all x, y ∈ g, then x · y given by x · y ..=
x ◦ y − [x, y] is a CPA-structure on g with respect to [, ] (that is, a = 1) and vice versa.

Proof. We only show one direction. Let x ◦ y be a post-Lie algebra structure as above.
The bilinear map ◦ satis�es the three properties

x ◦ y − y ◦ x = 2[x, y] (7)

[x, y] ◦ z = x ◦ (y ◦ z)− y ◦ (x ◦ z) (8)

x ◦ [y, z] = [x ◦ y, z] + [y, x ◦ z] (9)

for all x, y, z ∈ g.
We set x · y ..= x ◦ y − [x, y] and show that x · y de�nes a commutative post-Lie algebra
structure on g with respect to [, ]. As a di�erence of two bilinear functions, (x, y) 7→ x · y
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itself is bilinear.
Identity (4): We have

x · y − y · x = x ◦ y − [x, y]− y ◦ x+ [y, x]
(7)
= 2[x, y]− [x, y]− [x, y] = 0.

Identity (6): Here, by (9) we get

x · [y, z]− [x · y, z]− [y, x · z] = x ◦ [y, z]− [x, [y, z]]− [x ◦ y, z]
+ [[x, y], z]− [y, x ◦ z] + [y, [x, z]]

(9)
= −[x, [y, z]] + [[x, y], z] + [y, [x, z]]

and this equals 0 due to the Jacobi identity.
Identity (5): Here we will need all of (7), (8) and (9). We have

[x, y] · z − x · (y · z) + y · (x · z)
= [x, y] ◦ z − [[x, y], z]− x · (y ◦ z − [y, z]) + y · (x ◦ z − [x, z])

= [x, y] ◦ z − [[x, y], z]− x ◦ (y ◦ z) + [x, y ◦ z] + x ◦ [y, z]

− [x, [y, z]] + y ◦ (x ◦ z)− [y, x ◦ z]− y ◦ [x, z] + [y, [x, z]]

(8)
= [z, [x, y]] + [x, y ◦ z] + x ◦ [y, z]− [x, [y, z]]− [y, x ◦ z]− y ◦ [x, z] + [y, [x, z]]

= [z, [x, y]]− [x, [y, z]]− [y, [z, x]] + [x, y ◦ z] + x ◦ [y, z]− [y, x ◦ z]− y ◦ [x, z]

Jacobi
= 2[z, [x, y]] + [x, y ◦ z] + x ◦ [y, z]− [y, x ◦ z]− y ◦ [x, z]

(9)
= [z, 2[x, y]] + [x, y ◦ z] + [x ◦ y, z] + [y, x ◦ z]− [y, x ◦ z]− [y ◦ x, z]− [x, y ◦ z]
= [z, 2[x, y]] + [x ◦ y, z]− [y ◦ x, z]
(7)
= [z, x ◦ y − y ◦ x] + [x ◦ y, z]− [y ◦ x, z]
= −[x ◦ y, z] + [y ◦ x, z] + [x ◦ y, z]− [y ◦ x, z] = 0.

Given any Lie algebra g, we can always de�ne the trivial commutative post-Lie algebra
structure x · y ..= 0 on g. The corresponding structure for a = −1 by Lemma 3.45 is
x · y = −[x, y] for all x, y ∈ g (cf. Example 2.42). So for [x, y] = a{x, y}, a ∈ {±1}, there
are always post-Lie algebra structures.
Consequently, we are interested in the existence of post-Lie algebra structures subject to
[x, y] = a{x, y}, where a is not in {−1, 0, 1}.

Lemma 3.46. Suppose there is a post-Lie algebra structure on (g, n) where there is an
a ∈ C\{0} with [x, y] = a{x, y} for all x, y ∈ n.
Then either n · n ⊆ rad(n) or a = −1 (i.e., {x, y} = −[x, y]).

Proof. This is a generalization of [24, Corollary 5.5]. Let n = s n r be the Levi decom-
position of n, with s semisimple and r = rad(n) = rad(g).
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The left-multiplication operators L(x) are derivations of n for all x ∈ n. We thus have
L(x)(r) ⊆ r for all x ∈ n and therefore n · r ⊆ r (remember that by Example 2.16, r is a
characteristic ideal of n).
On the other hand, by (4),

r · n ⊆ (a− 1){r, n}+ n · r ⊆ r + r = r.

So we can de�ne a bilinear map (x+ r) ◦ (y + r) on the semisimple quotient s ∼= n/r by

◦ : (x+ r, y + r) 7→ (x+ r) ◦ (y + r) = x · y + r.

This is a post-Lie algebra structure on (s, s) with respect to the induced Lie brackets
[x+r, y+r] = [x, y]+r and {x+r, y+r} = {x, y}+r satisfying [x+r, y+r] = a{x+r, y+r}.
Now, by [23, Theorem 6.4 and Proposition 6.5], the map (x+ r) ◦ (y + r) is either given
by (x+ r) ◦ (y+ r) = r or by (x+ r) ◦ (y+ r) = [x, y] + r or by (x+ r) ◦ (y+ r) = [x, y] + r
(and [x+ r, y + r] = −{x+ r, y + r}).
In the former case, we infer n · n ⊆ r.
So if n · n 6⊆ r, the latter case must occur and we have a = −1.

Lemma 3.46 implies that such structures with a /∈ {−1, 0, 1} can only appear on
solvable Lie algebras:

Corollary 3.47. Let n be a Lie algebra and x · y a post-Lie algebra structure on n with
respect to [x, y] = a{x, y} for all x, y ∈ n, where a ∈ C\{0, 1,−1}. Then n is solvable.

Proof. Suppose n is not solvable and let s be a Levi subalgebra of n. Let s1, s2 ∈ s with
{s1, s2} 6= 0.
The post-Lie algebra structure x · y satis�es

s1 · s2 − s2 · s1 = (a− 1){s1, s2}.

But since s1, s2 ∈ s and a 6= 1, the right-hand side is contained in s\{0} (as {s1, s2} 6= 0).
On the other hand, since a 6= −1, n · n ⊆ rad(n) by Lemma 3.46. This is a contradiction.

Solvable Lie algebras can also admit scalars other than −1 and 1:

Example 3.48. The three-dimensional Lie algebra r3,−1(C) with non-zero Lie brackets

{e1, e2} = e2, {e1, e3} = −e3.

It has for every a ∈ C∗ a post-Lie algebra structure with

[e1, e2] = ae2, [e1, e3] = −ae3,

for example by non-zero relations

e1 · e2 = ae2, e1 · e3 = −ae3, e2 · e1 = e2, e3 · e1 = −e3.
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Table 7: Lie algebras in dimension 3

g non-zero Lie brackets
C3 �

n3(C) [e1, e2] = e3
r2(C)⊕ C [e1, e2] = e1
r3(C) [e1, e2] = e2, [e1, e3] = e2 + e3

r3,λ(C), λ ∈ C∗, |λ| ≤ 1
[e1, e2] = e2, [e1, e3] = λe3

with r3,λ(C) ∼= r3,µ(C) if and only if µ = 1
λ or µ = λ

sl2(C) [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2

While general solvable Lie algebras admit other scalars than 1 and −1, solvable com-
plete Lie algebras (where the nilradical and the nilpotent ideal coincide) do not. We will
study this situation in Section 4.3.

Remark 3.49. We can re�ne Corollary 3.47 to the case where D({x, y}) = [x, y] for a
D ∈ Der(n). Then, we have to assume that rad(n) is a Lie ideal in g (to make sense of
the quotient g/ rad(n)) and that n is not a direct sum of copies of sl2(C) (this assumption
we do need because otherwise, by [23, Proposition 6.5], there are more possibilities for
post-Lie algebra structures on the quotient g/ rad(n)). Under these two assumptions, we
also get the result that n is solvable.

3.4 Existence of post-Lie algebra structures in low

dimensions

In this section, we answer the following question:

Question 3.50. Let n ≤ 3 and let µ, µ′ be two n-dimensional Lie algebra laws. Is there
a pair of Lie algebras (g, n), where g has law µ and n has law µ′, that admits a post-Lie
algebra structure?

In dimension 1, there is only one Lie algebra (the abelian one, C) and in dimension 2,
there are two non-isomorphic Lie algebras (C2 (the abelian Lie algebra) and r2(C) (with
basis {e1, e2} and Lie brackets [e1, e2] = e1)). In [28], all post-Lie algebra structures on
two-dimensional Lie algebras are classi�ed. In particular, the classi�cation implies that all
possible pairs (namely (C,C), (C2,C2), (C2, r2(C)), (r2(C),C2) and (r2(C), r2(C)) admit
post-Lie algebra structures (with a suitable choice of bases).
In dimension 3, not all pairs of Lie algebras (the 3-dimensional Lie algebras are, up to

isomorphism, listed in Table 7) admit post-Lie algebra structures. We get the following
result, which is summarized in Table 8:

Proposition 3.51. Let (g, n) be a pair of 3-dimensional Lie algebras.

(i) If g ∼= sl2(C) and n 6∼= sl2(C), then there are no post-Lie algebra structures on (g, n).
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Table 8: Existence of post-Lie algebra structures in dimension 3

g
n C3 n3(C) r2(C)⊕ C r3(C) r3,1(C) r3,µ(C), µ 6= 1 sl2(C)

C3 X X X X X X 7

n3(C) X X X X X 7 7

r2(C)⊕ C X X X X X X 7

r3(C) X X X X X 7 7

r3,1(C) X X X X X X X
r3,λ(C), λ 6= 1 X X X X X X X(i� λ 6= −1)

sl2(C) 7 7 7 7 7 7 X

(ii) If n ∼= sl2(C) and g is neither isomorphic to r3,λ(C) (for any λ) nor isomorphic to
sl2(C), then there are no post-Lie algebra structures on (g, n).
Moreover, there are also no post-Lie algebra structures on the pair (r3,−1(C), sl2(C)).

(iii) If n ∼= r3,µ(C), where µ 6= 1 and g ∼= n3(C) or g ∼= r3(C), then there are no post-Lie
algebra structures on (g, n).

(iv) For any pair (g, n) of 3-dimensional Lie algebras not listed in (i), (ii), (iii), there
exists a pair (g′, n′) with a post-Lie algebra structure where g ∼= g′ and n ∼= n′.

For the proof, the reader is referred to the appendix, Section B.1.
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complete Lie algebras

In this chapter, we consider post-Lie algebra structures on complete Lie algebras. Since
a general classi�cation in this case seems rather hopeless, we try to answer a related
question, motivated by the results in [23, Chapter 6] on semisimple Lie algebras:

Question 4.1. Can we classify post-Lie algebra structures on (g, n), where n is complete
and there exists a linear map R ∈ End(V ) such that [x, y] = R({x, y}) for all x, y ∈ V ?

4.1 General results

De�nition 4.2. A Lie algebra L is called complete if Z(L) = 0 and Der(L) = ad(L),
that is, all derivations of L are inner.

Remark 4.3. The class of complete Lie algebras is a natural generalization of the (impor-
tant) class of semisimple Lie algebras: Every semisimple Lie algebra has trivial center
and only inner derivations (see Theorem 2.21)!

Given a Lie algebra L, we have H0(L,L) = Z(L) and H1(L,L) = Der(L)/ ad(L).
Therefore, using the language of Lie algebra cohomology, a Lie algebra L is complete if
and only if H0(L,L) = H1(L,L) = 0. Compare this to Remark 4.12 (there, the condition
H2(L,L) = 0 de�nes cohomological rigidity).

Two classes of complete Lie algebras are especially important (see e.g. [94]):

De�nition 4.4. Let L be a Lie algebra. A maximal (with respect to inclusion) solvable
subalgebra of L is called a Borel subalgebra. A subalgebra of L containing a Borel
subalgebra is called a parabolic subalgebra.

Proposition 4.5. If L is a semisimple Lie algebra, then its Borel and parabolic subalge-
bras are all complete.

Proof. See [74, Theorem 4.7].

Concerning post-Lie algebra structures, the Lie algebra n being complete allows us to
view post-Lie algebra structures on (g, n) (for any g) di�erently:

Proposition 4.6 ([28]). Let x · y de�ne a post-Lie algebra structure on (g, n) where n
is complete. Then there is a unique linear map ϕ : V → V with x · y = {ϕ(x), y} for all
x, y ∈ V (in other words: L(x) = ad(ϕ(x)), where ad denotes the adjoint operator with
respect to {, }).
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As the proof (in [28]) is rather short, we give it here. Note that the proof exactly uses
the properties of n having a trivial center and all of n's derivations being inner:

Proof. Consider the homomorphism ψ : n → Der(n), ψ(x) = ad(x). As Der(n) = ad(n),
the map ψ is surjective, as Z(n) = 0, kerψ = Z(n) = 0, thus ψ is bijective.
So if x ∈ n, there is a unique element ϕ(x) ∈ n with L(x) = ad(ϕ(x)). So we de�ned the
operator ϕ; we show that ϕ is linear: For x, y′, y ∈ n, λ ∈ C,

{ϕ(x+ λx′), y} = (x+ λx′) · y
= x · y + λx′ · y
= {ϕ(x) + λϕ(x′), y}

and since Z(n) = 0, ϕ(x+ λx′) = ϕ(x) + λϕ(x′). So ϕ is linear.

Via this endomorphism ϕ : V → V , the post-Lie algebra axioms may be translated
(see also [28]):

Proposition 4.7. Let (g, n) be a pair of Lie algebras where n is complete. Then, writing
x · y = {ϕ(x), y}, the post-Lie algebra axioms translate to the two identities

{ϕ(x), y}+ {x, ϕ(y)} = [x, y]− {x, y}
ϕ([x, y]) = {ϕ(x), ϕ(y)}.

This makes it possible to study post-Lie algebra structures on complete Lie algebras
via Rota-Baxter theory:

De�nition 4.8. Let (L, [, ]) be a Lie algebra over k and λ ∈ k. A linear operator
R : L→ L is called a Rota-Baxter operator on L of weight λ if

[R(x), R(y)] = R([R(x), y] + [x,R(y)] + λ[x, y])

for all x, y ∈ L.

Now, from Proposition 4.7 it follows that ϕ is a Rota-Baxter operator on n of weight 1.

Actually, also the other direction is true: For a complete Lie algebra n and every Rota-
Baxter operator on n of weight 1, there is a Lie algebra g and a post-Lie algebra structure
on (g, n) (cf. [31]).

4.2 Classi�cation of complete Lie algebras up to dimension 7

Let us start with a classi�cation of complete (complex) Lie algebras in small dimensions.

More speci�cally, in this chapter, we shall classify all complete Lie algebras up to
dimension 7 over C. Up to dimension 7, complete Lie algebras always have the property
to be rigid (see [37]), i.e. their Lie algebra law has open orbit (with respect to basis
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change) in Ln(C) (the variety of Lie algebras in dimension n over C) with respect to the
Zariski topology. Moreover, for solvable Lie algebras up to dimension 7, the properties
"complete" and "rigid" turn out to be equivalent (see [37, Corollaire 2.1(3)]). Carles and
Diakité also give classi�cations of rigid Lie algebras up to dimension 7 in [37] � for the
solvable and the non-solvable case.
Therefore, for our classi�cation problem, we can exploit this property � we shall adopt
the tables in [37] and �nd out for each non-solvable rigid Lie algebra if they are complete
or not.
We want to point out that Zhu and Meng ([103]) also classi�ed the complete Lie

algebras over C up to dimension 7 by completely di�erent means. In Section 4.2.3 we
compare our classi�cation with the one of Zhu and Meng.

4.2.1 Rigid Lie algebras

To de�ne "rigid", we will mainly follow [55]:

Let g be an n-dimensional Lie algebra over C. One can view g as a pair (Cn, µ), where
µ : g× g→ g is the Lie algebra law of g.
We denote by Ln the set of all Lie algebra laws on n-dimensional complex Lie algebras;
Ln can be seen as a subset of the set of all alternating bilinear maps on Cn. The linear
algebraic group GLn(C) now acts on Ln by

GLn(C)× Ln → Ln,

(g, µ) 7→ g ∗ µ,

where (g ∗ µ)(X,Y ) := g−1(µ(g(X), g(Y ))) for all X,Y ∈ Cn.
The orbit O(µ) of µ with respect to this action equals the set of the Lie algebra laws
which are isomorphic to µ, i.e., the n-dimensional Lie algebra laws µ′ such that (Cn, µ) ∼=
(Cn, µ′) as Lie algebras.

One can now �x a basis {e1, . . . , en} of Cn. Given an n-dimensional Lie algebra law
µ, one can identify µ with its structure constants, that is, the complex numbers Ckij such
that

µ(ei, ej) =
n∑
k=1

Ckijek

(which, of course, depend on the chosen basis). By the anticommutativity and the Jacobi
identity, the structure constants satisfy

Ckij = −Ckji for 1 ≤ i < j ≤ n, 1 ≤ k ≤ n

and
n∑

m=1

(Cmij C
`
mk + CmjkC

`
mi + CmkiC

`
mj) = 0 for 1 ≤ i < j < k ≤ n, 1 ≤ ` ≤ n.
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Now, we can identify the Lie algebra with law µ with its structure vector (Ckij)i,j,k ∈ Cn3
.

In this way, Ln becomes an a�ne variety (as a subvariety of Cn3
) as in the following

de�nition:

De�nition 4.9. Let k be an algebraically closed �eld. A subset V ⊆ km is called an
algebraic set over k, if there is a set S of polynomials in k[X1, . . . , Xm] such that

V = {x ∈ km : f(x) = 0 for all f ∈ S}.

If V is irreducible, i.e. V 6= ∅ and V is not the union of two non-empty algebraic sets,
then V is called an (algebraic) a�ne variety over k.

On algebraic varieties, the natural topology is the Zariski topology:

De�nition 4.10. Let V be an a�ne variety. Then one can de�ne a topology on V, called
the Zariski topology, by calling zero loci of polynomials closed, that is,

V ⊂ V is Zariski-closed :⇐⇒ V is an algebraic set.

So via the correspondence {Lie algebra laws in Cn} ↔ {structure vectors in Cn3}, we
may transport the Zariski topology to Ln and �nally, we can de�ne rigid Lie algebras:

De�nition 4.11. The Lie algebra g = (Cn, µ) is said to be rigid if the orbit O(µ) as
discussed above is open in Ln with respect to the Zariski topology.

The orbit O(µ) being open means that all Lie algebra laws near to µ (in the Zariski
topology) are isomorphic to µ.

Remark 4.12. There is also a stronger condition than rigidity, namely cohomological
rigidity. We say that a Lie algebra L is cohomologically rigid if its second cohomology
group H2(L,L) vanishes. Every cohomologically rigid Lie algebra is rigid ([81]); however,
there are examples of rigid Lie algebras with H2(L,L) 6= 0 (see e.g. [84], where for
every odd n > 5 a rigid Lie algebra Ln of dimension 2n + 4 is given which satis�es
H2(Ln, Ln) 6= 0). Recall that completeness of L means that H0(L,L) and H1(L,L)
vanish.

Semisimple Lie algebras (over a �eld of characteristic zero) are rigid. This follows
from Whitehead's lemma (H2(L,L) = 0 for semisimple Lie algebras L) and cohomolog-
ical rigidness implying rigidness. However, up to dimension 7, even more is true � the
structure theorem we will use often is the following:

Theorem 4.13. Let g be a Lie algebra of dimension ≤ 7 over C. Then:

(i) If g is complete, g is also rigid.

(ii) If g is solvable, then g is complete if and only if g is rigid.

Proof. See [37].
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4.2 Classi�cation of complete Lie algebras up to dimension 7

Remark 4.14. If µ ∈ Ln is rigid, then O(µ), the closure of the orbit O(µ), is an irreducible
component of the variety Ln. Since there are only �nitely many irreducible components,
there are also only �nitely many non-isomorphic rigid Lie algebras in dimension n.

So Theorem 4.13 suggests the following strategy to �nd the complete Lie algebras: For
a given dimension ≤ 7, we shall look at lists of rigid Lie algebras: For solvable ones, we
know by Theorem 4.13, (ii), to �nd the non-solvable rigid Lie algebras, we only have to
consider the non-solvable rigid Lie algebras.

Two results on the structure of complete Lie algebras will be very helpful in the sequel:
The �rst one is a decomposition of complete Lie algebras into simply-complete ideals,
similar to a decomposition of semisimple Lie algebras into their simple ideals:

De�nition 4.15. Let L be a complete Lie algebra. We say that L is simply-complete, if
no non-trivial ideal of L is complete.

Proposition 4.16.

(i) Let L1, . . . , Ln be simply-complete Lie algebras. Then L ..= L1⊕. . .⊕Ln is complete.

(ii) If L is a complete Lie algebra, then there exist simply-complete ideals L1, . . . , Ln
with L = L1⊕ . . .⊕Ln. Moreover, such a decomposition is unique (up to reordering
of the ideals).

Proof. See [74, Theorem 3.7].

Remark 4.17. If L is semisimple, Proposition 4.16 gives us back the decomposition of L
into simple ideals.

Remark 4.18. One can also re�ne Proposition 4.5 to simple Lie algebras: If L is a
simple Lie algebra, then its Borel and parabolic subalgebras are all simply-complete ([74,
Theorem 4.7]).

The other important structure result is a decomposition of rigid Lie algebras into a
semidirect sum of a maximal torus and the nilradical:

De�nition 4.19 (See e.g. [85]). Let L be a Lie algebra. A maximal abelian subalgebra
T of L consisting of semisimple elements is called a maximal torus of L. The dimension
of a maximal torus is an invariant of L; we de�ne rank(L) ..= dim(T ) and call it the rank
of L.

Proposition 4.20.

(i) Every rigid Lie algebra is algebraic, that is, the Lie algebra of a (linear) algebraic
group.

(ii) Let L be an algebraic Lie algebra. Then rad(L) has a decomposition rad(L) =
T n nil(L), where nil(L) is the nilradical of L and T is a maximal (non-zero) torus
of rad(L).
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Table 9: Rigid Lie algebras in dimension 2

Lie algebra non-zero Lie brackets solvable? complete?
r2(C) [e1, e2] = e1 X X

Proof. See [36, Proposition 1.5 and Proposition 4.1].

In particular, solvable rigid Lie algebras L have a decomposition Tnnil(L) as a semidi-
rect product of a maximal torus and their nilradical. We shall henceforth write solvable
Lie algebras in this form � the terminology for the nilradical corresponds with those given
in [70]. As Carles and Diakité do in [37], we denote the basis of g by {t1, . . . , ti, ei, . . . , ej},
where {t1, . . . , ti} forms a basis for the maximal torus T .

It will also be important later that solvable complete Lie algebras can be decomposed
in the same way:

Proposition 4.21. Let L be a solvable complete Lie algebra. Then L has a decomposition
L = T n nil(L), where nil(L) is the nilradical of L and T is maximal (non-zero) torus of
L.

Proof. See [75, Theorem 1].

For Lie algebras of dimension ≤ 7, one also obtains Proposition 4.21 by combining
Theorem 4.13 and Proposition 4.20.

4.2.2 The classi�cation

Whenever the Lie algebra sl2(C) appears in the sequel, we denote a basis by {e1, e2, e3}
with relations [e1, e2] = e3, [e1, e3] = −2e1 and [e2, e3] = 2e2 (if we do not say otherwise).

Dimension 1 In dimension 1 there is only one Lie algebra, namely the abelian C. It is
neither rigid nor complete.

Proposition 4.22. In dimension 1 there is neither a rigid nor a complete Lie algebra.

Dimension 2 In dimension 2, there exist only two Lie algebras � the abelian algebra
C2 and the Lie algebra r2(C) with [e1, e2] = e1. It is straightforward to show that only
the latter one is complete (and therefore also rigid).

Proposition 4.23. In dimension 2, r2(C) is the only complete Lie algebra. It is also the
only rigid Lie algebra in dimension 2.
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Table 10: Rigid Lie algebras in dimension 3

Lie algebra non-zero Lie brackets solvable? complete?
sl2(C) [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2 7 X

Table 11: Rigid Lie algebras in dimension 4

Lie algebra non-zero Lie brackets solvable? complete?
r2(C)⊕ r2(C) [e1, e2] = e1, [e3, e4] = e3 X X
sl2(C)⊕ C [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2 7 7

Dimension 3 In dimension 3, one �nds that exactly one is complete, namely sl2(C). Its
completeness follows from the fact that (semi)simple Lie algebras always are complete.
According to [37], it also is the only rigid Lie algebra in dimension 3.

Proposition 4.24. In dimension 3, sl2(C) is the only complete Lie algebra. It is also
the only rigid Lie algebra in dimension 3.

Dimension 4 Using a classi�cation of 4-dimensional Lie algebras as the one given in [35],
one �nds out that there is also only one complete Lie algebra: the algebra r2(C)⊕ r2(C).
To avoid showing directly that this Lie algebra is complete, we make use of Proposi-
tion 4.16 � as a direct sum of two complete Lie algebras, r2(C)⊕ r2(C) is also complete.
[37] gives two rigid Lie algebras in dimension 4, namely r2(C)⊕ r2(C) and sl2(C)⊕C.

(Since Z(sl2(C)⊕ C) ∼= C 6= 0, the latter one is not complete.)

Proposition 4.25. In dimension 4, there are two rigid Lie algebras: r2(C)⊕ r2(C) and
sl2(C)⊕ C. The �rst one is complete, the latter one not.

Dimension 5 Before we start with dimension 5, we make a remark about notation:
It is well-known that in each dimension n there is exactly one n-dimensional irreducible

representation ϕn of sl2(C). We will write sl2(C) n V (n) for sl2(C) nϕn Cn.

Lemma 4.26. If g is a Lie algebra of dimension 5 and g is not solvable then there
are exactly three possibilities: Either g = sl2(C) ⊕ r2(C) or g = sl2(C) ⊕ C2 or g =
sl2(C) n V (2).

Proof. By Levi's Theorem, there exists a decomposition g ∼= sn rad(g) with s semisim-
ple. Since g is assumed to be non-solvable, s cannot be zero. But dim(g) = dim(s) +
dim(rad(g)) and the only semisimple Lie algebra up to dimension 5 is sl2(C).
So rad(g) has to be two-dimensional; so rad(g) is either r2(C) or C2.

If rad(g) = r2(C), we have (since r2(C) is complete) Der(r2(C)) =

{(
a b
0 0

)
, a, b ∈ C

}
∼= r2(C).

Now, let ϕ =

(
α1 α2 α3

α4 α5 α6

)
be any homomorphism ϕ : sl2(C) → r2(C) ∼= Der(r2(C)).
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Table 12: Rigid Lie algebras in dimension 5

Lie algebra non-zero Lie brackets solv.? compl.?
T2 n n3 [e1, e2] = e3, [t1, e1] = e1, [t1, e3] = e3,

[t2, e2] = e2, [t2, e3] = e3

X X

sl2(C)⊕ r2(C) [e1, e2] = e3, [e1, e3] = −2e1,
[e2, e3] = 2e2, [e4, e5] = e5

7 X

sl2(C) n V (2) [e1, e2] = e3, [e1, e3] = −2e1, [e1, e5] = e4,
[e2, e3] = 2e2, [e2, e4] = e5,

[e3, e4] = e4, [e3, e5] = −e5

7 7

Then (
α3

α6

)
= ϕ([e1, e2]) = [ϕ(e1), ϕ(e2)] =

[(
α1

α4

)
,

(
α2

α5

)]
=

(
α1α5 − α2α4

0

)
,

−2

(
α1

α4

)
= ϕ([e1, e3]) = [ϕ(e1), ϕ(e3)] =

[(
α1

α4

)
,

(
α3

α6

)]
=

(
α1α6 − α3α4

0

)
,

2

(
α2

α5

)
= ϕ([e2, e3]) = [ϕ(e2), ϕ(e3)] =

[(
α2

α5

)
,

(
α3

α6

)]
=

(
α2α6 − α3α5

0

)
.

Comparing the second rows yields α4 = α5 = α6 = 0, comparing the �rst rows afterwards
yields α1 = α2 = α3 = 0.
So any homomorphism ϕ : sl2(C)→ Der(r2(C)) has to be identically 0, which corresponds
to g = sl2(C)⊕ r2(C).
On the other hand, let rad(g) = C2 and ϕ be a homomorphism ϕ : sl2(C)→ Der(C2) =
gl2(C). But then, ϕ is a representation of sl2(C). So we can assume that ϕ = 0 or ϕ is
the irreducible 2-dimensional representation. This proves the theorem.

The algebra sl2(C) ⊕ C2 has non-trivial center (and, additionally, is not rigid). The
other two non-solvable Lie algebras are rigid; while sl2(C)⊕ r2(C) is complete as a direct
sum of two complete Lie algebras, sl2(C)n V (2) is not complete � diag(0, 0, 0, 1, 1) is an
outer derivation.
So we have identi�ed which non-solvable Lie algebras in dimension 5 are complete. Re-
member that every solvable rigid Lie algebra is complete � and there is one solvable rigid
Lie algebra in [37], namely T2 n n3 (with the Lie brackets indicated in Table 12). We
therefore obtain the following proposition:

Proposition 4.27. The three rigid and two complete Lie algebras in dimension 5 are
the ones given in Table 12.

Dimension 6

Lemma 4.28. There are exactly three non-isomorphic Lie algebras of dimension 6 over
C with non-trivial Levi decomposition (that is, Lie algebras s nϕ h with s semisimple, h
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solvable, s, h 6= 0) which are, additionally, not direct sums of ideals.
They are given by

• L6,1 = sl2(C)nV (3) (i.e. sl2(C) acting on C3 via its irreducible 3-dimensional rep-
resentation); that is, the explicit Lie brackets are given by [e1, e3] = −2e1, [e1, e2] =
e3, [e1, e5] = 2e4,[e1, e6] = e5,[e2, e3] = 2e2,[e2, e4] = e5,[e2, e5] = 2e6, [e3, e4] = 2e4,
[e3, e6] = −2e6;

• L6,2 = sl2(C) nϕ n3, where n3 denotes the 3-dimensional Heisenberg algebra (with
basis {e4, e5, e6}, where [e4, e5] = e6) over C, subject to ϕ : sl2(C)→ Der(n3),

ϕ(ae1 + be2 + ce3) =

c a 0
b −c 0
0 0 0

 ;

• L6,3 = sl2(C) n r3,1(C) with Lie brackets [e1, e2] = e3, [e1, e3] = −2e1, [e1, e5] =
e4, [e2, e3] = 2e2, [e2, e4] = e5, [e3, e4] = e4, [e3, e5] = −e5, [e4, e6] = e4, [e5, e6] = e5.

Proof. In [97], Turkowski lists all real Lie algebras of dimension 5, 6, 7 and 8 with non-
trivial Levi decomposition.
Taking into account that so3 and sl2 agree over C (and the other do not), one obtains
the lemma.

Remark 4.29. The explicit Lie brackets for L6,2 can be found in Table 13 below.

Again, using Carles' and Diakité's classi�cations, one �nds the solvable and non-
solvable rigid Lie algebras and has to check completeness for the non-solvable ones.
Out of the Lie algebras with non-trivial Levi decomposition, L6,2 is rigid; one also has
to take the semisimple Lie algebras and direct sums into account:
The non-solvable rigid Lie algebras in dimension 6, are, according to Carles and Diakité,

given by

• L6,2 as stated above

• L6,4 = sl2(C)⊕ sl2(C);

• L6,5 = aff(C2) = gl2(C)nϕC2 with respect to ϕ : gl2(C)→ Der(C2) = gl2(C),ϕ = id.

The explicit Lie brackets can be found in Table 13 below.
In fact, two of the mentioned Lie algebras are isomorphic:

Lemma 4.30. There exists an isomorphism between L6,5 = aff(C2) and L6,3 = sl2(C) n r3,1(C)
(where L6,3 is as described above).

Proof. Let us denote the standard basis of gl2(C) by {a1, a2, a3, a4},

a1 =

(
1 0
0 0

)
, a2 =

(
0 1
0 0

)
, a3 =

(
0 0
1 0

)
, a4 =

(
0 0
0 1

)
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4 Post-Lie algebra structures on complete Lie algebras

and write a5 =

(
1
0

)
, a6 =

(
0
1

)
.

Then L6,5 = aff(C2) has the following non-zero Lie brackets:

[a1, a2] = a2, [a1, a3] = −a3, [a1, a5] = a5, [a2, a3] = a1 − a4,
[a2, a4] = a2, [a2, a6] = a5, [a3, a4] = −a3, [a3, a5] = a6, [a4, a6] = a6.

Consider (sl2(C)⊕C)nϕC2 with basis {b1, . . . , b6}. The set {b1, b2, b3} shall be the usual
basis of sl2(C) and ϕ the map

ϕ : (sl2(C)⊕ C)→ gl2(C), ϕ(αb1 + βb2 + γb3 + δb4) =

(
δ + γ α
β δ − γ

)
.

That is, the non-zero Lie brackets in (sl2(C)⊕ C) nϕ C2 are given by

[b1, b2] = b3, [b1, b3] = −2b1, [b1, b6] = b5, [b2, b3] = 2b2,

[b2, b5] = b6, [b3, b5] = b5, [b3, b6] = −b6, [b4, b5] = b5, [b4, b6] = b6.

One now can construct an isomorphism between aff(C2) = gl2(C) nid C2 and
(sl2(C)⊕ C) nϕ C2 by the correspondence b1 ↔ a2, b2 ↔ a3, b3 ↔ a1 − a4,
b4 ↔ a1 + a4, b5 ↔ a5, b6 ↔ a6.
Then, by another transformation,

b1 ↔ e1, b2 ↔ e2, b3 ↔ e3, b4 ↔ −e6, b5 ↔ e4, b6 ↔ e5,

one obtains the Lie algebra L6,3.

Lemma 4.31. The Lie algebras L6,4 and L6,5 are complete, L6,2 is not complete.

Proof. As a semisimple Lie algebra, L6,4 is complete.
One can show that, with respect to the basis {a1, . . . , a6} as in the proof of Lemma 4.30,
every derivation of L6,5 is of the form

0 −c b 0 0 0
−b a 0 b 0 0
c 0 −a −c 0 0
0 c −b 0 0 0
e f 0 0 a+ d b
0 0 e f c d

 , a, b, c, d, e, f ∈ C,

meaning that every derivation of L6,5 is inner. Since also Z(L6,5) = 0 holds, L6,5 is
complete.
On the other hand, L6,2 is not complete; denoting by {e4, e5, e6} the basis of its nilradical
n3 satisfying [e4, e5] = e6, we get e6 ∈ Z(L6,2), so L6,2 is not complete because of having
a nontrivial center.

So we can list the six-dimensional rigid Lie algebras and state whether or not they are
solvable/complete (see Proposition 4.32 and Table 13).

Proposition 4.32. The six rigid and �ve complete Lie algebras in dimension 6 are given
in Table 13.
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Table 13: Rigid Lie algebras in dimension 6

Lie algebra non-zero Lie brackets solv.? compl.?
T2 n g4 [e1, e2] = e3, [e1, e3] = e4, [t1, e1] = e1, [t1, e3] = e3,

[t1, e4] = 2e4, [t2, e2] = e2, [t2, e3] = e3, [t2, e4] = e4

X X

T1 n g5,6 [e1, ei] = ei+1, 2 ≤ i ≤ 4, [e2, e3] = e5,
[t1, ei] = iei, 1 ≤ i ≤ 5

X X

r2(C)⊕ r2(C)⊕ r2(C) [e1, e2] = e1, [e3, e4] = e3, [e5, e6] = e5 X X
sl2(C)⊕ sl2(C) [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2,

[e4, e5] = e6, [e4, e6] = −2e4, [e5, e6] = 2e5

7 X

aff(C2) [e1, e2] = e2, [e1, e3] = −e3, [e1, e5] = e5,
[e2, e3] = e1 − e4, [e2, e4] = e2, [e2, e6] = e5,

[e3, e4] = −e3, [e3, e5] = e6, [e4, e6] = e6

7 X

L6,2 = sl2(C) n n3 [e1, e2] = e3, [e1, e3] = −2e1, [e1, e5] = e4, [e2, e3] = 2e2,
[e2, e4] = e5, [e3, e4] = e4, [e3, e5] = −e5, [e4, e5] = e6

7 7

Dimension 7

Lemma 4.33. There are exactly �ve non-isomorphic families of Lie algebras in dimen-
sion 7 over C with non-trivial Levi decomposition.
They are given by

• L7,1 = sl2(C)n(V (2)×V (2)) = sl2(C)nϕC4, where ϕ(e1) =

(
ψ(e1) 0

0 ψ(e1)

)
, ϕ(e2) =(

ψ(e2) 0
0 ψ(e2)

)
, ϕ(e3) =

(
ψ(e3) 0

0 ψ(e3)

)
(4 × 4-block matrices) with ψ the 2-

dimensional irreducible representation of sl2(C) (i.e., ψ(e1) =

(
0 1
0 0

)
, ψ(e2) =(

0 0
1 0

)
, ψ(e3) =

(
1 0
0 −1

)
);

• L7,2 = sl2(C) n V (4);

• the family Lp7,3 given by [e1, e2] = e3, [e1, e3] = −2e1, [e1, e5] = e4, [e2, e3] = 2e2, [e2, e4] =
e5, [e3, e5] = −e5, [e4, e7] = e4, [e5, e7] = e5, [e6, e7] = pe6 with p ∈ C, p 6= 0;

• L7,4 = sl2(C) nϕ g6 (here, g6 denotes the 4-dimensional Lie algebra with basis
{e4, e5, e6, e7} and relations [e4, e5] = e5, [e4, e6] = e6, [e4, e7] = e7) with

ϕ : sl2(C)→ Der(g6), ϕ(ae1 + be2 + ce3) =


0 0 0 0
0 2c 2a 0
0 b 0 a
0 0 2b −2c

 ;

• L7,5 = sl2(C) nϕ g8 (here, g8 denotes the 4-dimensional Lie algebra with basis
{e4, e5, e6, e7} and relations [e4, e5] = e5, [e4, e6] = e6, [e4, e7] = 2e7, [e5, e6] = e7)
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with

ϕ : sl2(C)→ Der(g8), ϕ(ae1 + be2 + ce3) =


0 0 0 0
0 c a 0
0 b −b 0
0 0 0 0

 .

Remark 4.34. The explicit Lie brackets for L7,1, L7,2, L7,4 and L7,5 can be found in Ta-
ble 14 below.

Proof. As in dimension 6.

To classify the complete Lie algebras in dimension 7, we again only have to check the
non-solvable rigid Lie algebras of Carles' and Diakité's list. They are given by

• L7,1;

• L7,2;

• L7,4;

• L7,5;

• L7,6 = sl2(C)⊕ r2(C)⊕ r2(C);

• L7,7 = sl2(C)⊕ sl2(C)⊕ C.

As before, the explicit Lie brackets can be found in Table 14.

Lemma 4.35. The Lie algebras L7,4, L7,5, L7,6 are complete, L7,1, L7,2, L7,7 are not.

Proof. The Lie algebra L7,6 is complete as a direct sum of complete Lie algebras. One
can explicitly compute the derivation algebras and �nds

Der(L7,4) =





2c 0 −2a 0 0 0 0
0 −2c 2b 0 0 0 0
−b a 0 0 0 0 0
0 0 0 0 0 0 0
−2f 0 −2e −e 2c+ d 2a 0
−g −e 0 −f b d a
0 −2f 2g −g 0 2b d− 2c


: a, b, c, d, e, f, g ∈ C


,

Der(L7,5) =





2c 0 −2a 0 0 0 0
0 −2c 2b 0 0 0 0
−b a 0 0 0 0 0
0 0 0 0 0 0 0
−f 0 −e −e c+ d a 0
0 −e f −f b d− c 0
0 0 0 −2g −f e 2d


: a, b, c, d, e, f, g ∈ C


,
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meaning that all derivations are inner. In addition, both L7,4 and L7,5 have trivial center.
This shows that both are complete.
On the other hand, diag(0, 0, 0, 1, 1, 1, 1) is an outer derivation of both L7,1 and L7,2.
And L7,7 has nontrivial center, i.e., L7,1, L7,2 and L7,7 are not complete.

If one also takes the solvable Lie algebras into account, one obtains Proposition 4.36:

Proposition 4.36. The fourteen rigid and eleven complete Lie algebras in dimension 7
are the ones given in Table 14.

4.2.3 Comparison with Zhu's and Meng's list

In [103], Zhu and Meng also classify the complex complete Lie algebras up to dimension
7 by di�erent means. (They additionally classify all solvable Lie algebras with nilradical
of dimension ≤ 6.)

Concerning non-solvable complete Lie algebras, our lists only di�er by a minor issue:
Zhu's and Meng's Table 6 (in which they list the non-solvable complete Lie algebras)
lacks the Lie algebra which they call L2

7 � however, they construct it later in the proof of
their Theorem 4.5. There also is one minor issue in this Lie algebra L2

7 � one Lie bracket
is incorrect and has to read [h, e3] = −2e3 instead of [h, e3] = 2e3 (otherwise, L2

7 would
not be a Lie algebra due to not satisfying the Jacobi identity).
With this correction, one sees quickly that their Lie algebras sl2, sl2 ⊕ L2, L

1
6, L

1
7, L

2
7, L

3
7

correspond to "our" sl2(C), sl2(C)⊕ r2(C), sl2(C)⊕ sl2(C), L7,6, L7,4, L7,5, respectively �
since their Lie algebra L2

6 satis�es dim[L2
6, L

2
6] = 5, it equals "our" aff(C2) (as, e.g. by

checking Turkowski's list in [97], there is (up to isomorphism) only one six-dimensional
Lie algebra with �ve-dimensional commutator algebra).

Concerning solvable complete Lie algebras, all of the Lie algebras we listed but one
appear in [103] � in Table 15, we compare our and their notation.
"Our" seven-dimensional complete Lie algebra T1nG6,12 does not appear in Zhu's and

Meng's list � in their notation, it would be G1
6 = T1nG6,12. Zhu and Meng prove in [103,

Proposition 3.8] that T1nG6,12 is not complete by constructing an outer derivation φ for
this Lie algebra � however, this φ does not seem to be a derivation of T1 n G6,12 since it
does not satisfy φ([e1, e5]) = [φ(e1), e5] + [e1, φ(e5)] (with respect to Zhu's and Meng's
basis).
On the other hand, all solvable complete Lie algebras up to dimension 7 that Zhu and
Meng list (that is, in Tables 4 and 5 and Proposition 3.10) also can be found in our
Tables 9 � 14.
Moreover, we want to point out that the (eight-dimensional) Lie algebra listed in Zhu's
and Meng's Table 5 by the name of G1

5 seems to be erroneous as it does not satisfy

the Jacobi identity for e3, e4, t3 � if one takes the matrix

1 0 0 1
0 1 0 1
0 0 1 −1

 instead of
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Table 14: Rigid Lie algebras in dimension 7

Lie algebra non-zero Lie brackets s.? c.?
(T2 n n3)⊕ r2(C) [e1, e2] = e3, [t1, e1] = e1, [t1, e3] = e3,

[t2, e2] = e2, [t2, e3] = e3, [e6, e7] = e7

X X

T2 n g5,3 [e1, e2] = e4, [e1, e4] = e5, [e2, e3] = e5, [t1, e1] = e1,
[t1, e3] = 2e3, [t1, e4] = e4, [t1, e5] = 2e5,

[t2, e2] = e2, [t2, e4] = e4, [t2, e5] = e5

X X

T2 n g5,4 [e1, e2] = e3, [e1, e3] = e4, [e2, e3] = e5, [t1, e1] = e1,
[t1, e3] = e3, [t1, e4] = 2e4, [t1, e5] = e5, [t2, e2] = e2,

[t2, e3] = e3, [t2, e4] = e4, [t2, e5] = 2e5

X X

T2 n g5,5 [e1, ei] = ei+1, 2 ≤ i ≤ 4, [t1, e1] = e1, [t1, e3] = e3,
[t1, e4] = 2e4, [t1, e5] = 3e5, [t2, e2] = e2,

[t2, e3] = e3, [t2, e4] = e4, [t2, e5] = e5

X X

T1 n G6,12 [e1, e5] = [e2, e3] = [e2, e4] = e6, [e1, e2] = e4,
[e1, e4] = e5, [t1, e1] = e1, [t1, e2] = 2e2,

[t1, e3] = 3e3, [t1, e4] = 3e4, [t1, e5] = 4e5,
[t1, e6] = 5e6

X X

T1 n G6,17 [e1, ei] = ei+1, 2 ≤ i ≤ 5, [e2, e3] = e6, [t1, e1] = e1,
[t1, ei] = (i+ 1)ei, 2 ≤ i ≤ 6

X X

T1 n G6,19 [e1, ei] = ei+1, 2 ≤ i ≤ 5, [e2, e3] = e5, [e2, e4] = e6,
[t1, ei] = iei, 1 ≤ i ≤ 6

X X

T1 n G6,20 [e1, e2] = e3, [e1, e3] = e4, [e1, e4] = [e2, e3] = e5,
[e2, e5] = [e4, e3] = e6, [t1, ei] = iei, 1 ≤ i ≤ 5,

[t1, e6] = 7e6

X X

sl2(C) n g6 [e1, e2] = e3, [e1, e3] = −2e1, [e1, e6] = 2e5,
[e1, e7] = e6, [e2, e3] = 2e2, [e2, e5] = e6,

[e2, e6] = 2e7, [e3, e5] = 2e5, [e3, e7] = −2e7,
[e4, e5] = e5, [e4, e6] = e6, [e4, e7] = e7

7 X

sl2(C) n g8 [e1, e2] = e3, [e1, e3] = −2e1, [e1, e6] = e5,
[e2, e3] = 2e2, [e2, e5] = e6, [e3, e5] = e5,
[e3, e6] = −e6, [e4, e5] = e5, [e4, e6] = e6,

[e4, e7] = 2e7, [e5, e6] = e7

7 X

sl2(C)⊕ (r2(C))2 [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2,
[e4, e5] = e4, [e6, e7] = e7

7 X

sl2(C) n (V (2))2 [e1, e2] = e3, [e1, e3] = −2e1, [e1, e5] = e4,
[e1, e7] = e6, [e2, e3] = 2e2, [e2, e4] = e5,
[e2, e6] = e7, [e3, e4] = e4, [e3, e5] = −e5,

[e3, e6] = e6, [e3, e7] = −e7

7 7

sl2(C) n V (4) [e1, e2] = e3, [e1, e3] = −2e1, [e1, e5] = e4,
[e1, e6] = 2e5, [e1, e7] = 3e6, [e2, e3] = 2e2,
[e2, e4] = 3e5, [e2, e5] = 2e6, [e2, e6] = e7,

[e3, e4] = 3e4, [e3, e5] = e5,
[e3, e6] = −e6, [e3, e7] = −3e7

7 7

(sl2(C)(C))2 ⊕ C [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2,
[e4, e5] = e6, [e4, e6] = −2e4, [e5, e6] = 2e5

7 7



4.3 Post-Lie algebra structures related by a scalar for complete Lie algebras

Table 15: Complete Lie algebras � notations here and in [103]

dimension notation here notation in [103]
2 r2(C) G1

3 sl2(C) sl2
4 r2(C)⊕ r2(C) (G1)

2

5 T2 n n3 G3

5 sl2(C)⊕ r2(C) G3

6 T2 n n4 G1
4

6 T1 n n5,6 G6
5

6 r2(C)3 (G1)
3

6 (sl2(C))2 L1
6

6 aff(C2) L2
6

7 (T2 n n3)⊕ r2(C) G3 ⊕G1

7 T2 n n5,3 G3
5

7 T2 n n5,4 G4
5

7 T2 n n5,5 G7
5

7 T1 n n6,12 missing
7 T1 n n6,17 G7

6

7 T1 n n6,19 G5
6

7 T1 n n6,20 G6
6

7 L7,3 L2
7

7 L7,4 L3
7

7 sl2(C)⊕ (r2(C))2 L1
7

the matrix

1 0 0 1
0 1 0 1
0 0 0 −1

, one indeed obtains a complete Lie algebra. Another 8-

dimensional Lie algebra there given as G8
6 and its nilradical g86 do also not satisfy the

Jacobi identity and thus are no Lie algebras.

4.3 Post-Lie algebra structures related by a scalar for

complete Lie algebras

In Section 3.3, we studied the case of post-Lie algebra structures on (g, n), where g's Lie
bracket is a scalar (non-zero) multiple of n's Lie bracket, [x, y] = a{x, y} for all x, y ∈ V
for an a ∈ C∗. We found that if n is not solvable, then a ∈ {1,−1} (Corollary 3.47).
For the case that n is complete, we will �nd the same result. This is the goal of this
section.
Because we know that the scalar a must be 1 or −1 for non-solvable Lie algebras by
Corollary 3.47, we will assume that our complete Lie algebra n is solvable.
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4 Post-Lie algebra structures on complete Lie algebras

Recall that every solvable complete Lie algebra L has the form L = T n m with
nilradical m and T a maximal torus of semisimple derivations of m (Proposition 4.21).
For the nilradical m, the lower central series is given by

m = m0 ⊇ m1 ⊇ . . . ⊇ mi = 0,

where m0 = m and mj = [m,mj−1]. Let s0 be the vector space m/m1 (which we occa-
sionally identify with its image in m under the canonical map m/m1 → m).
We can �nd a (vector space) basis X of m consisting of eigenvectors of the ti ∈ T , where
{t1, . . . , tn} is a basis of T . This means that for every basis element x ∈ X and every
ti ∈ T , we have [ti, x] = αti,xx for some αti,x ∈ C.
Now, consider Y ..= X\m1 (which generates s0 as a vector space). Let B ⊆ Y be a
(vector space) basis of s0. This (vector space) basis of s0 still consists of eigenvectors of
T . We call B a minimal system of generators of L, as B ∪ {t1, . . . , tn} generates L as a
Lie algebra.
By [85, Lemma 2.8], it always holds dim(T ) ≤ dim(m/m1).

One question on complete Lie algebras which, surprisingly, is open, is whether or not
the nilradical and the nilpotent radical coincide (cf. [33, Remark 4.11]). More precisely,
given a Lie algebra L, we can de�ne, as always, the nilradical nil(L) as the maximal (with
respect to inclusion) nilpotent ideal of L and the nilpotent radical n(L) as the intersection
of all kernels of �nite-dimensional irreducible representations of L. It is known that (see
e.g. Bourbaki [17, �5])

n(L) = [L,L] ∩ rad(L) = [L, rad(L)] ⊆ nil(L).

However, what is unknown is the answer to the question if n(L) = nil(L) holds for
complete Lie algebras L. (For an arbitrary Lie algebra, the statement is not true.)
[41, Proposition 1, (iii)] says that n(L) = nil(L) for complete Lie algebras � however, for
the proof, the reader is referred to their reference no. 4, where we could not �nd it.

Remark 4.37. For parabolic subalgebras of (complex) semisimple Lie algebras (those are
complete, cf. Proposition 4.5), it is known that the nilradical and the nilpotent radical
coincide (see [9]).

Like it is also done in [33], we will impose in the section the assumption that the Lie
algebra n (or, equivalently, g, since [x, y] = a{x, y}) satis�es n(n) = nil(n) (which may
or may not be true automatically). Note that if n is solvable, n(n) = nil(n) is equivalent
to {n, n} = nil(n).
If n is complete, each post-Lie algebra structure is given by x · y = {ϕ(x), y}, where

ϕ : n→ n is a linear map (see Proposition 4.6) and the axioms in Proposition 4.7 hold.

Lemma 4.38. Let L be a solvable complete Lie algebra with [L,L] = nil(L)=..m. Then
there are elements x1, x2 ∈ m/m1 with [x1, x2] 6= 0 if and only if L is not metabelian.
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4.3 Post-Lie algebra structures related by a scalar for complete Lie algebras

Proof. We have:

L is metabelian ⇔ [[L,L], [L,L]] = 0

⇔ [m,m] = 0

⇔ m1 = 0

⇔ there are no x1, x2 ∈ m/m1 with [x1, x2] 6= 0.

Given a solvable complete Lie algebra L, we can �nd a "good" minimal system of
generators:

Lemma 4.39. Let L be a solvable complete Lie algebra with nilradical m and maximal
torus T . Let dim(T ) = n and dim(m/m1) = m. Then there are a basis {t1, . . . , tn} of T
and n linearly independent elements x1, . . . , xn in m/m1 such that [ti, xj ] = δijxj (where
δij denotes the Kronecker delta). (In particular, {x1, . . . , xn} is a minimal system of
generators consisting of eigenvectors of T .)

Proof. Let {t′1, . . . , t′n} be any basis of T and {y1, . . . , ym} a basis of the vector space
m/m1 such that [t′i, yj ] = αjiyj .
Consider the n×m-matrix

A =

α
1
1 . . . αm1
...

. . .
...

α1
n . . . αmn

 ;

we show that A has rank n: Suppose
n∑
i=1

ci(α
1
i , . . . , α

m
i ) = 0 for some scalars ci ∈ C. But

this means for any element g ∈ m/m1, g = a1y1 + . . .+ amym +m1 and t ..=
n∑
i=1

cit
′
i, that,

[t, g] =

n∑
i=1

ci(a1α
1
i y1 + . . .+ amα

m
i ym + m1) = 0.

Thus [t,m/m1] = 0 and consequently, as m/m1 (more precisely: its image under the
embedding m/m1 → m) generates the nilradical m as a Lie algebra, [t,m] = 0. Since T
is abelian, we also have [t, T ] = 0 and conclude t ∈ Z(L). But Z(L) = 0, meaning the ci
are all 0 and so the rows of A are linearly independent.

So A has rank n and thus its reduced row echelon form has the form
(
En B

)
(after

a permutation of the columns). But taking linear combinations of the rows just means
to take linear combinations of the t′i � permuting columns means a renumbering of the
xj . Thus we end up with a basis {t1, . . . , tn} of T and n linearly independent elements
x1, . . . , xn such that [ti, xj ] = δijxj .
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4 Post-Lie algebra structures on complete Lie algebras

After this preparation, let us study post-Lie algebra structures with [x, y] = a{x, y}
for a scalar a 6= 0 on complete Lie algebras. We begin with non-metabelian Lie algebras:

Theorem 4.40. Let n be a complete non-metabelian Lie algebra satisfying {n, rad(n)} =
nil(n)=..m. Then every post-Lie algebra structure on (g, n) with [x, y] = a{x, y}, a ∈
C\{0} satis�es a ∈ {±1}.

Proof. By Corollary 3.47, we may assume that n is solvable, thus it has the form n = Tnm
with maximal torus T and nilradical m.

Let x · y be a post-Lie algebra structure on (g, n) with [x, y] = a{x, y} and

m = m0 ⊇ m1 ⊇ . . . ⊇ mn−1 ⊇ mn = 0

the lower central series of the nilradical m. We de�ne the vector spaces s0, s1, . . . , sn−1

as before by

sj ..= mj/mj+1

and note that m =
n−1⊕
i=0

si (if we identify each si with its image in m).

Let B = {b1, . . . , bm} be a basis for s0 as in Lemma 4.39, that is, if {t1, . . . , tn} is a basis
of T (which then satis�es n ≤ m), then {ti, bj} = δijbj for 1 ≤ j ≤ n.
Since n is complete, there is a unique endomorphism ϕ : n→ n with

x · y = {ϕ(x), y}

for all x, y ∈ n (cf. Proposition 4.6). Moreover, ϕ satis�es the two conditions

{ϕ(x), y}+ {x, ϕ(y)} = [x, y]− {x, y} = (a− 1){x, y},
aϕ({x, y}) = ϕ([x, y]) = {ϕ(x), ϕ(y)}

for all x, y ∈ n by Proposition 4.7.
Note that if y ∈ s0\{0}, then there exists a t ∈ T with {t, y} 6= 0 (otherwise {n, rad(n)} 6=
nil(n), as y ∈ s0 ⊆ m = nil(n), but y /∈ {n, rad(n)}).

First step: The endomorphism ϕ maps m into itself: It is enough to show that ϕ(b) ∈ m
for b ∈ B. Choose, for given b ∈ B, a t ∈ T with {t, b} = λb 6= 0. Then

ϕ(b) =
aλ

aλ
ϕ(b) =

a

aλ
ϕ({t, b}) =

1

aλ
{ϕ(t), ϕ(b)} ∈ {n, n} ⊆ m.

Second step: The endomorphism ϕ maps b ∈ B to the vector space span(b) + m1: Let
b ∈ B and {b, b1, . . . , bm−1} = B.
We write ϕ(b) = αb + α1b1 + . . . + αm−1bm−1 + m1 (by the �rst step) and show that
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4.3 Post-Lie algebra structures related by a scalar for complete Lie algebras

α1 = . . . = αm−1 = 0. Suppose the αi are not all zero, then we can choose a t ∈ T with

{t,
m−1∑
i=1

αibi} 6= 0. Writing ϕ = ψ + ϕ′ with ψ(t) ∈ m, ϕ′(t) ∈ T , we get

(a− 1){t, b}︸ ︷︷ ︸
∈span(b)

= {ϕ(t), b}+ {t, ϕ(b)} = {ψ(t), b}︸ ︷︷ ︸
∈m1

+ {ϕ′(t), b}︸ ︷︷ ︸
∈span(b)

+{t, ϕ(b)}

and so {t, ϕ(b)} ∈ span(b) + m1.
But

{t, ϕ(b)}︸ ︷︷ ︸
∈span(b)+m1

= {t, αb+ α1b1 + . . .+ αm−1bm−1 + m1}

= {t, αb}︸ ︷︷ ︸
∈span(b)

+ {t, α1b1 + . . .+ αm−1bm−1}︸ ︷︷ ︸
∈s0/ span(b)

+ {t,m1}︸ ︷︷ ︸
∈m1

and so {t, α1b1 + . . .+ αm−1bm−1} = 0, a contradiction.

Third step: Every basis element ti ∈ T satis�es ϕ(ti) = αti + m for some α ∈ C:
Let ϕ(ti) = α1t1 + . . .+αntn +m � we show that αj = 0 for j 6= i. Let j 6= i and choose
a b ∈ B with {tj , b} = b 6= 0 and {tk, b} = 0 for k 6= j (which exists by Lemma 4.39). By
the second step, ϕ(b) = βb+ m1 for a β ∈ C. Thus we have

(a− 1){ti, b}︸ ︷︷ ︸
=0

= {ϕ(ti), b}+ {ti, ϕ(b)}

∈ {α1t1 + . . .+ αntn, b}+ {m, b}︸ ︷︷ ︸
⊆m1

+ {ti, βb}︸ ︷︷ ︸
=0

+ {ti,m1}︸ ︷︷ ︸
⊆m1

⊆ αjb+ m1

and thus, as b /∈ m1, we get αj = 0.

Fourth step: For b ∈ B,ϕ(b) = βb + m1 (which we can write by the second step), we
either have β = 0 or β = −1.
To show this, choose a basis element t ∈ T satisfying {t, b} = τb 6= 0; let ϕ(t) = m + λt.
From aϕ({t, b}) = {ϕ(t), ϕ(b)} we infer

aτϕ(b) ∈ {λt+ m, βb+ m1}
⊆ λβ{t, b}+ {λt,m1}+ {m, βb}+ {m,m1}
⊆ λβτb+ m1 + m1 + m2.

Since aτϕ(b) = aτβb+ aτm1 (second step), we get

aτβ = λτβ
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4 Post-Lie algebra structures on complete Lie algebras

and so (τ 6= 0) either β = 0 or λ = a.
If λ = a, by the properties of ϕ,

(a− 1)τb = (a− 1){t, b} = {ϕ(t), b}+ {t, ϕ(b)}
∈ {λt+ m, b}+ {t, βb+ m1}
⊆ λ{t, b}+ {m, b}+ β{t, b}+ {t,m1}
⊆ λτb+ m1 + βτb+ m1

and so (a− 1)τ = λτ + βτ and since we assumed λ = a, we get β = −1.

Last step: We �nally show a ∈ {±1}.
By Lemma 4.38, we may choose (since n is non-metabelian), two elements b1, b2 ∈ B
with {b1, b2}=..z ∈ s1, z 6= 0.
By the fourth step, let us write ϕ(b1) = β1b1 + m1, ϕ(b2) = β2b2 + m1 (with β1, β2 ∈
{−1, 0}).
We get

(a− 1)z = (a− 1){b1, b2} = {ϕ(b1), b2}+ {b1, ϕ(b2)}
∈ {β1b1 + m1, b2}+ {b1, β2b2 + m1}
⊆ β1z + {m1, b2}+ β2z + {b1,m1}
⊆ (β1 + β2)z + m2 + m2

and therefore a− 1 = β1 + β2. This means a− 1 ∈ {−2,−1, 0} and thus a ∈ {−1, 0, 1}.
Since we have excluded a = 0, we get a ∈ {±1}, as desired.

In the metabelian case, there is not much to do since there is only one simply-complete
metabelian Lie algebra, namely (r2(C), {, }) (with basis elements t1, e1 and non-zero Lie
bracket {t1, e1} = e1). All complete metabelian Lie algebras are of the form (r2(C))n for
an n ∈ N, see Lemma 3.9.

Remark 4.41. The result of Theorem 4.40 indeed fails for r2(C). Here, given any a ∈
C\{0}, all post-Lie algebra structures with [x, y] = a{x, y} are given by one of the
endomorphisms

ϕ1 =

(
a 0
β −1

)
and ϕ2 =

(
a− 1 0
β 0

)
(with β ∈ C arbitrary) and x · y = {ϕi(x), y}. (In particular, post-Lie algebra structures
do exist not only for a ∈ {−1, 1}, but for any a ∈ C∗.)
The proof of Theorem 4.40 also shows:

Remark 4.42. As a rigid solvable Lie algebra n also has the form n = T nm, T a maximal
torus, m the nilradical (cf. Proposition 4.20), "inner" post-Lie algebra structures on (g, n)
(that is, post-Lie algebra structures x ·y with a linear map ϕ satisfying {ϕ(x), y} = x ·y)
with [x, y] = a{x, y} also force a to be 1 or −1 (provided that {n, n} = nil(n) as before).
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4.4 Post-Lie algebra structures on Lie algebra double pairs

4.4 Post-Lie algebra structures on Lie algebra double pairs

In this section, we are interested in post-Lie algebra structures on (g, n) where g's Lie
bracket is the image of n's Lie bracket under a linear map, that is, there is an R ∈ End(V )
such that [x, y] = R({x, y}) for all x, y ∈ n. This is motivated by the the study of this
situation in the case where n is semisimple in [23, Chapter 6] (remember that the class of
complete Lie algebra contains the class of semisimple Lie algebras). We will study this
case for complete n.

We want to remind the reader about our convention on the notation of Lie algebras:
If we state results on post-Lie algebra structures, we will call the Lie algebras g and n;
if we state results on Lie algebras, we will call the Lie algebra L. In the following, we
will state some results on a complete Lie algebra L which we will later apply to the Lie
algebra n when studying post-Lie algebra structures on (g, n).

De�nition 4.43. Let (g, [, ]), (n, {, }) be two Lie algebras with the same underlying vector
space V . If there is a linear transformation R ∈ End(V ) with [x, y] = R({x, y}) for all
x, y ∈ n, we call (g, n, R) a Lie algebra double pair.

In this section, we will give a (partial) answer to the following question:

Question 4.44. Let n be a complete Lie algebra. For which g and R is the triple (g, n, R)
a Lie algebra double pair which admits a post-Lie algebra structure?

Surely the case [x, y] = a({x, y}), a ∈ C and, in particular, the case R = Id leading
to commutative post-Lie algebra structures, see [33], is a special case of this setting (we
addressed this case in Section 4.3).
We will answer the question for solvable complete Lie algebras n generated by special
weight spaces satisfying H0(T, n) = T (the de�nitions will follow later).
Remember that since n is complete, every post-Lie algebra structure on (g, n, R) is given
by x ·y = {ϕ(x), y}, where ϕ : n→ n is a linear map (Proposition 4.6). Then the post-Lie
algebra axioms read as follows (see Proposition 4.7):

R({x, y})− {x, y} = {ϕ(x), y}+ {x, ϕ(y)} (10)

{ϕ(x), ϕ(y)} = ϕ([x, y]) = ϕ(R({x, y})) (11)

Identity (10) has some resemblance to the de�nition of a derivation. Indeed, we can
and will make use of this fact (and the theory of quasiderivations), as we will see later.

Remark 4.45. The case "n simple" has been addressed in [23, Proposition 6.1 and The-
orem 6.4], with the following result:
If n 6∼= sl2(C) is simple, then either x ·y = 0 and [x, y] = {x, y} or x ·y = −{x, y} = [x, y].
If n ∼= sl2(C), then there are a lot of di�erent post-Lie algebra structures on Lie algebra
double pairs (g, n, R) which seem very hard to classify.

Recall (Proposition 4.21) that every solvable complete Lie algebra L is of the form
L = T n m, where m is the nilradical of L and T is a maximal torus of L, that is, an
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4 Post-Lie algebra structures on complete Lie algebras

abelian subalgebra of Der(L) whose elements are all semisimple. This structure will be
used often in the sequel.
Moreover, also recall Proposition 4.16: the decomposition of a complete Lie algebra

into simply-complete ideals: This decomposition theorem is useful for our purposes �
post-Lie algebra structures on Lie algebra double pairs may be reduced to those on the
simply-complete factors:

Lemma 4.46. Let n be a complete Lie algebra with decomposition into simply-complete
ideals n = n1 ⊕ . . . ⊕ nn and Vi the underlying vector space of ni. Suppose there is a
post-Lie algebra structure on (g, n), where [x, y] = R({x, y}) for all x, y ∈ n. Then

(i) Each ni is closed with respect to [, ] and thus the set ni with respect to the Lie bracket
[, ] is again a Lie algebra, which we will denote by gi.

(ii) All post-Lie algebra structures on (g, n) are given by

x · y =

{
fi(x, y) if x, y ∈ Vi

0 otherwise

extended bilinearly. Here, fi : Vi × Vi → Vi is any post-Lie algebra structure on
(gi, ni).

Proof.

(i) Let x, y ∈ ni. Then

[x, y] = {x, y}+ {ϕ(x), y}+ {x, ϕ(y)}

and, since ni is an ideal with respect to {, }, the claim follows.

(ii) This result is a generalization of [33, Proposition 4.3] (where it is given for com-
mutative post-Lie algebra structures). By Lemma 3.8, a structure de�ned in this
way is a post-Lie algebra structure on (g, n) � for the other direction, we need to
show that Vi · Vj ⊆ Vi ∩ Vj = 0.
Note that xi · xj = xj · xi for xi ∈ Vi, xj ∈ Vj , i 6= j, since by (10),

xi · xj − xj · xi = [xi, xj ]− {xi, xj} = R(0)− 0 = 0.

We have, since all derivations of n are inner (the direct sum of complete Lie algebras
is again complete, cf. Proposition 4.16),

Vi · Vj ⊆ L(Vi)Vj ⊆ ad(n)Vj ⊆ {n, Vj} ⊆ Vj

and because of Vi · Vj = Vj · Vi also Vi · Vj ⊆ Vi. Thus Vi · Vj = 0.
So we may reduce post-Lie algebra structures on (g, n) to post-Lie algebra structures
on the factors (gi, ni).
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4.4 Post-Lie algebra structures on Lie algebra double pairs

Remark 4.47. In particular, using the results of [23, Chapter 6] one obtains the following
result if n is semisimple:
Let n be semisimple and n = n1⊕. . .⊕nn be its decomposition into simple ideals. Suppose
[x, y] = R({x, y}) for a linear transformation R ∈ End(V ). As described in Lemma 4.46,
we can reduce these structures to the ones on the simple factors ni:
If no factor ni is sl2(C), then every post-Lie algebra structure on (g, n) is given by

xi · yi = 0 or xi · yi = −{xi, yi}, xi, yi ∈ ni.

If ni = sl2(C) for some i, then there are more (and complicated) possibilities. The reason
for that lies in the theory of quasiderivations (which we will introduce later): The space
of quasiderivations of sl2(C) is the whole End(sl2(C)), whereas for all other complex
simple Lie algebras L, the space of quasiderivations is given by ad(L) ⊕ C · Id (see [23,
Theorem 5.6 and Proposition 5.7]).

Remark 4.48. If one drops the condition R({x, y}) = [x, y], Lemma 4.46 no longer holds
true (not even for semisimple Lie algebras). For a counterexample, consider e.g. [23,
Example 2.11]: There, a post-Lie algebra structure on (g, n), where both g and n are
isomorphic to sl2(C) ⊕ sl2(C), is given. This post-Lie algebra structure cannot be de-
composed into post-Lie algebra structures on sl2(C).

So via Lemma 4.46, we can reduce the study of post-Lie algebra structures on Lie
algebra double pairs (g, n) with n complete to the study of post-Lie algebra structures
on Lie algebra double pairs (g, n), n simply-complete.

We want to use Leger's and Luks' theory of quasiderivations and thus shall adopt sev-
eral notations from [68]:

Let (L, [, ]) be a Lie algebra containing a (maximal torus T (for the de�nition of a
maximal torus, see De�nition 4.21).
We say α ∈ T ∗ (where T ∗ denotes the dual space of T ) is a weight of T on L if

Lα ..= {x ∈ L|[t, x] = α(t) · x for all t ∈ T} 6= 0.

Given a weight α, the set Lα is called the weight space with respect to α. Note that 0 is
also a weight and L0 = H0(T, L) = {x ∈ L : [T, x] = 0} (the zero-th cohomology group)
and, as T is abelian, T ⊆ L0. We write L(α) ..=

⊕
c∈C

Lcα and say α is special if L(α) does

not contain a nontrivial ideal of L.
Leger and Luks ([68]) study (among other things) the space of quasiderivations of a Lie
algebra L (which itself forms a Lie algebra with respect to the commutator of functions),
de�ned by

QDer(L) ..= {f ∈ End(L,L) : [f(x), y] + [x, f(y)] = f ′[x, y] for some f ′ ∈ End(L,L)}.

We say that L is generated by special weight spaces, if there exist weight spaces (Lαi)i∈I
of T on L such that

⋃
i∈I Lαi generates L as a Lie algebra and each αi is special.
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4 Post-Lie algebra structures on complete Lie algebras

For the remainder of this chapter, let us �x the following notation:

Let (n, {, }) = (L, {, }) be a simply-complete solvable non-metabelian Lie algebra which
is generated by special weight spaces. We write L = T nm, where T is a maximal torus
of L and m the nilradical of L. Moreover, for every x ∈ L we assume that there is an
t ∈ T with {t, x} 6= 0 (in other words, T = L0 or H0(T, L) = T ).

Remark 4.49. Given the decomposition L = T nm into a maximal torus T and nilradical
m, the statement H0(T, L) = T is equivalent to T being a Cartan subalgebra of L
(meaning T is nilpotent and self-normalizing).

Furthermore, we denote the lower central series of m by

m0 = m,m1 = {m0,m0},m2 = {m0,m1}, . . . ,ms = {m0,ms−1} = 0.

We know that there is a basis of m consisting of eigenvectors for T . Let us denote this

basis by B and as before, consider the vector spaces si ..= mi/mi+1 with
s−1⊕
i=0

si = m.

We write rank(L) ..= dim(T ) (as before) and type(L) ..= dimH1(m,C) (in other words,
type(L) = dim(m/m1)) and refer to the rank and type of L, respectively (as in [103,
De�nition 2.5] or [85, Chapter 2]). Let Bj ..= B ∩ sj (which is a basis of sj).

The condition H0(T, L) = T can be seen as a replacement for the condition n(L) =
nil(L) (which we considered in Section 4.3):

Lemma 4.50. Let L be solvable and complete. The condition H0(T, L) = T implies the
condition n(L) = nil(L).

Proof. We know that n(L) = [L, rad(L)] and n(L) ⊆ nil(L) always hold.
As L is solvable, rad(L) = L; as H0(T, L) = T , the only elements x of L satisfying
[T, x] = 0 are already in T .
Choose a basis {x1, . . . , xn} of nil(L) which consists of eigenvectors of T � then for
each i there is a t ∈ T with [t, xi] = αixi for some αi 6= 0. However, this means
nil(L) = span{α1x1, . . . , αnxn} ⊆ [L,L] = n(L).

Up to dimension 9, all solvable complete Lie algebras satisfy H0(T, L) = T (cf. Re-
mark 4.60).

Lemma 4.51. Let L = T nm be generated by special weight spaces. For the dimension
of the maximal torus T it holds dim(T ) ≥ 2.

Proof. See [68]. If α was the only special weight of L, we had m ⊆ L(α) contradicting α
being special.

Any Lie algebra L with type(L) = rank(L) is generated by special weight spaces.
Before we can prove that, we need another lemma:

Lemma 4.52. If L = T n m is a solvable simply-complete Lie algebra (T a maximal
torus, m the nilradical) then m can not be decomposed into a direct sum of two ideals.
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4.4 Post-Lie algebra structures on Lie algebra double pairs

Proof. Suppose m = m1 ⊕ m2. By [103, Proposition 3.4], m1 and m2 are completable
with maximal tori T1 and T2, respectively. But then, by the proof of that proposition,
T1 ⊕ T2 is a maximal torus on m. Finally, [103, Lemma 3.2] assures T and T1 ⊕ T2 to be
isomorphic. So we get the decomposition L = (T1 nm1)⊕ (T2 nm2), a contradiction to
L being simply-complete.

The following easy lemma will be helpful for calculations:

Lemma 4.53. Let L = Tnm be solvable complete, x, y ∈ m, t ∈ T with [x, y] = z, [t, x] =
αx, [t, y] = βy, α, β ∈ C. Then [t, z] = (α+ β)z.

Proof. This follows from the Jacobi identity:

[t, z] = [t, [x, y]] = −[x, [y, t]]− [y, [t, x]] = [x, βy] + [αx, y] = (α+ β)z.

The conditions we impose on n (namely, being generated by special weight spaces and
satisfying H0(T, n) = T ) are satis�ed for instance by all solvable simply-complete Lie
algebras with type(n) = rank(n). The nilradical is then said to be of maximal rank, see
e.g. [85] and [103]:

De�nition 4.54. Let L = T n m be a solvable complete Lie algebra. If type(L) =
rank(L), we say that the nilradical m is of maximal rank.

Lemma 4.55. Let L = T nm be a solvable simply-complete non-metabelian Lie algebra
and m of maximal rank m = dim(T ) = dimH1(m,C). Then L is generated by special
weight spaces and H0(T, L) = T .

Proof. Let {e1, . . . , em} be a basis of s0.
By [103, Proposition 3.6] (or, alternatively, Lemma 4.39), we can �nd a basis {t1, . . . , tm}
of T with [ti, ej ] = δijej .
Let αi ∈ T ∗ be given by αi(tj) = δij . Then the space L(αi) is given as

L(αi) = {x ∈ L : [ti, x] = βx, [tj , x] = 0 for all tj ∈ {t1, . . . , tm}\{ti} and a β ∈ C}.

We shall show that the weights

0, α1, α2, . . . , αm

are special.
To show this, we show L(αi) = {aei : a ∈ C} for every i ∈ {1, . . . ,m}. The inclusion "⊇"
holds clearly, so we show "⊆": Let x ∈ L, x /∈ {aei : a ∈ C} (it follows x 6= 0).
Suppose x ∈ L(αi).
First we assume x ∈ s0. Then x = β1e1 + . . . + βmem for some β1, . . . , βm ∈ C. Then
[tj , x] = βjej and this expression is zero for all t ∈ {t1, . . . , tm}\{ti} only if βj = 0 for
j 6= i. So x is a scalar multiple of ei.
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Now we show that elements x ∈ m1 can not be in L(αi). We show this for basis elements

x ∈ B` (and we can assume x to be of the form x = [a, b], a, b ∈
⋃`−1
k=0B

k) inductively,
then it follows for all x ∈ m1. More precisely, we show: If x ∈ B`, ` > 0, then

• for all t ∈ T, [t, x] = αtx, where αt ≥ 0 and

• there are j, k = 1, . . . ,m, j 6= k with [ej , x] = αx, [ek, x] = βx and α, β > 0.

This holds for x ∈ B1: Write x = [ej , ek], ej , ek ∈ s0. Then [tj , ej ] = ej , [tj , ek] = 0, thus
(Lemma 4.53) [tj , x] = x and also [tk, ek] = ek, [tk, ej ] = 0, thus [tk, x] = x. And also by
Lemma 4.53, [t, x] = x or [t, x] = 0 for all t ∈ T , thus [t, x] = αtx with αt ≥ 0 for all t ∈ T .

Now suppose we have shown this for x ∈ B`−1, let us show the two conditions for
x ∈ B`: As before, write x = [a, b], a, b ∈

⋃`−1
k=0B

k. By induction hypothesis, there are
tj , tk ∈ T with [tj , a] = α1a, [tk, b] = α2a, α1, α2 > 0. Write (by induction hypothesis)
[tj , b] = β1b, [tk, b] = β2b, β1, β2 ≥ 0, then by Lemma 4.53, [tj , x] = (α1 + β1)x, [tk, x] =
(α2 + β2)x and α1 + β1, α2 + β2 > 0. And for t ∈ T with [t, a] = αa, [t, b] = βb, α, β ≥ 0,
we �nd [t, x] = (α+ β)x with α+ β ≥ 0.

So we have shown that for every element in x ∈ s0, x ∈ L(αi) precisely if x is a multiple
of ei and for x ∈ m1, there are two elements tj , tk ∈ T with [tj , x], [tk, x] 6= 0, meaning
x /∈ L(αi).
So indeed, L(αi) = {aei : a ∈ C}.

Now, if L(αi) would contain a non-trivial ideal of L, then, in particular, L(αi) was an
ideal of m and M ..=

⊕m
i=1 L(αi) too. But n = M ⊕ m1. But this would contradict

Lemma 4.52 about m being directly indecomposable.
As e1, . . . , em, t1, . . . , tm generate L, the Lie algebra L is indeed generated by special
weight spaces via the weights 0, α1, . . . , αm.

From the above induction we also infer that if [t, x] = 0 for every t ∈ T and an x ∈ L,
then x ∈ T . But this exactly means H0(T, L) = T .

So, thanks to Lemma 4.55 we have a class of Lie algebras (namely those of maximal
rank) satisfying the conditions we impose on n. For a Lie algebra with known maximal
torus and nilradical, it is easy to check if it has maximal rank.

Let us give two examples of important families of Lie algebras which have maximal
rank. We say that a nilpotent Lie algebra N is completable of maximal rank, if there is
a complete Lie algebra L such that nil(L) = N and L has maximal rank. Then, we refer
to L as the completition of N .

Example 4.56. The free-nilpotent Lie algebra Fn,c with nilpotency class c on n gener-
ators is completable of maximal rank; indeed given the a minimal system of generators
e1, . . . , en for Fn,c, we can add an n-dimensional torus T by [ti, ej ] = δijej for 1 ≤ j ≤ n.
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4.4 Post-Lie algebra structures on Lie algebra double pairs

The action of T to the other elements of Fn,c follows by the Jacobi identity. By [75,
Theorem 3], T n Fn,c is complete. So Fn,c is of maximal rank (as dim(T ) = n and a
minimal system of generators has n elements) and thus, by Lemma 4.55, is generated by
special weight spaces and satis�es H0(T, Fn,c) = T .

Example 4.57. The standard graded �liform Lie algebra Ln (n ≥ 3) with basis {e1, . . . , en}
and Lie brackets [e1, ei] = ei+1, i = 2, . . . , n − 1 is completable of maximal rank (see
[3]); its completition (with torus T = span({t1, t2}) and relations [t1, e1] = e1, [t1, ei] =
(i − 2)ei, i = 2, . . . , n; [t2, ei] = ei, i = 2, . . . , n) therefore is generated by special weight
spaces and H0(T, Ln) = T . (The elements e1, e2 are a minimal system of generators, so
again, the rank is maximal.)
In particular, the standard graded �liform Lie algebras of dimensions 3, 4, 5 thus have a
completition of dimension 5, 6, 7, respectively � in Tables 12, 13, 14 they can be found
under the names T2 n n3, T2 n g4, T2 n g5,5.

Remark 4.58. By [57, Corollaire 4], any �liform Lie algebra has rank 0, 1 or 2. Out of
those, precisely the Lie algebras of rank 2 are completable of maximal rank and are given
by Ln and Qn (see [3]).
A basis for the Lie algebra Qn (which is de�ned only for even n ≥ 4) can be found in
De�nition 5.69, which is, however, not a basis of eigenvectors for a maximal torus on Qn
� one can �nd a maximal torus and a basis of eigenvectors in [56, Chapter 3.1.1].
Thus, by Lemma 4.55, also Qn is generated by special weight spaces and satis�es
H0(T,Qn) = T .

Remark 4.59. We will study �liform Lie algebras in Section 5.4 in the context of CPA-
structures.

Not all complete Lie algebras have a nilradical of maximal rank. The non-metabelian
ones with one-dimensional maximal torus do not (and they are also not generated by
special weight spaces, see Lemma 4.51). There are also other, e.g. the 7-dimensional Lie
algebra T2 n g5,3 (see Table 14 for its de�nition).
While not all complete Lie algebras have maximal rank, we can at least say the following:

Remark 4.60. Up to dimension 9, all solvable complete Lie algebras L with rank(L) ≥ 2,
are generated by special weight spaces and satisfy H0(T, L) = T . (Here, we used the
classi�cations given in Section 4.2 and in [103, Tables 4 and 5].)

Now that we gave some examples for Lie algebras L generated by special weight spaces
with H0(T, L) = T , we explain the reason we are interested in them: The reason we
study Lie algebras generated by special weight spaces is the following theorem ([68,
Theorem 4.12]):

Theorem 4.61 (Leger, Luks). Let L be a directly indecomposable Lie algebra, T ⊆ L
a maximal torus with H0(T, L) = T and Z(L) = 0. Suppose L is generated by special
weight spaces. Then

QDer(L) = Der(L)⊕ (Id).
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This theorem helps us to �nd out the forms of ϕ and R since, fortunately, simply-
complete Lie algebras are directly indecomposable:

Lemma 4.62. A complete Lie algebra is simply-complete if and only if it is directly
indecomposable.

Proof. See [74, Theorem 3.2].

We can now state our result on post-Lie algebra structures on Lie algebra double pairs:

Theorem 4.63. Let n = T n m be simply-complete, non-metabelian and generated by
special weight spaces with H0(T, n) = T . Let ad(z) denote the adjoint operator with
respect to n.
Then for every Lie algebra double pair (g, n, R) with a post-Lie algebra structure x · y =
{ϕ(x), y}, there is an element z ∈ n such that the post-Lie algebra structure is given by
one of the following two cases:

(i) ϕ = ad(z), R|m = Id + ad(z) and R|T an arbitrary linear map T → n or

(ii) ϕ = ad(z)− Id, R|m = − Id + ad(z) and R|T an arbitrary linear map T → n.

Proof. By (10),

{ϕ(x), y}+ {x, ϕ(y)} = (R− Id)({x, y}),

so ϕ is a quasiderivation of n.
By Theorem 4.61, we have

QDer(n) = Der(n)⊕ (Id),

which means (since n is complete) that there are z ∈ n, a ∈ C with ϕ(x) = ax+ {z, x}.

So, by (10), we have

R({x, y}) = {ϕ(x), y}+ {x, ϕ(y)}+ {x, y}
= {ax+ {z, x}, y}+ {x, ay + {z, y}}+ {x, y}
= (2a+ 1){x, y}+ {{z, x}, y}+ {x, {z, y}}
= (2a+ 1){x, y}+ {z, {x, y}}.

And in particular, given x ∈ Bj , we can �nd a t ∈ T with {t, x} = λx, λ 6= 0 and thus

R(x) =
1

λ
R(λx) =

1

λ
R({t, x})

=
1

λ
(2a+ 1){t, x}+

1

λ
{z, {t, x}}

= (2a+ 1)x+ {z, x}.
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So we can write

ϕ(x) = dxx+ mj+1 and R(x) = µxx+ mj+1

for x ∈ Bj and some dx, µx ∈ C.
However, we can not immediately conclude dx = a and µx = 2a + 1, since {z, x} ⊆
span(x) + mj+1.
But since for any t ∈ T, {z, t} ⊆ m, we have ϕ(t) = at+ m for all t ∈ T .

Now �x x ∈ Bj and take t ∈ T with {t, x} = λx 6= 0. Equation (10) states

{ϕ(t), x}+ {t, ϕ(x)} = R({t, x})− {t, x}
{at+ m, x}+ {t, dxx+ mj+1} = R(λx)− λx
λax+ mj+1 + λdxx+ mj+1 = λµxx+ mj+1 − λx.

So comparing the x-terms, we get (as λ 6= 0)

a+ dx = µx − 1.

By identity (11),

{ϕ(t), ϕ(x)} = ϕ(R({t, x}))
{at+ m, dxx+ mj+1} = λϕ(µxx+ mj+1)

λdxax+ mj+1 + mj+1 + mj+2 = λdxµxx+ mj+1

and again comparing the x-terms, we get

λdxa = λdxµx.

Now using λ 6= 0 and µx = 1 + a+ dx, we get

dxa = dx(1 + a+ dx)

and hence dx = 0 or dx = −1.
It remains to show that a ∈ {0,−1}. Take x1, x2 ∈ B0 with y ..= {x1, x2} ∈ s1, y 6= 0
(which exists since n is not metabelian).
Let y be expanded into the basis B as y = α1y1+ . . .+αmym+m2, where y1, . . . , ym ∈ B1

and w.l.o.g. α1 6= 0. Write d1 ..= dx1 , d2 .
.= dx2 .

We have

{ϕ(x1), x2}+ {x1, ϕ(x2)} = R(y)− y

{d1x1 + m1, x2}+ {x1, d2x2 + m1} =
m∑
i=1

αiµyiyi + m2 −
m∑
i=1

αiyi + m2

d1(α1y1 + . . .+ αmym) + m2 + d2(α1y1 + . . .+ αmym) + m2 =

m∑
i=1

αiµyiyi + m2 −
m∑
i=1

αiyi + m2
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and if we compare the y1-terms, we get

d1α1 + d2α1 = α1µy1 − α1,

so d1 + d2 = µy1 − 1. Since µy1 = dy1 + 1 + a, we get d1 + d2 − dy1 = a.
Since d1, d2, dy1 ∈ {0,−1}, we get a ∈ {0,−1} unless (d1, d2, dy1) ∈ {(0, 0,−1), (−1,−1, 0)},
however, we show that those cases are contradictory:

With notation as above, by identity (11) we get

{ϕ(x1), ϕ(x2)} = ϕ(R({x1, x2}))
{d1x1 + m1, d2x2 + m1} = ϕ(R(y)) = ϕ(α1µy1y1 + . . .+ αmµymym + m2)

d1d2(α1y1 + . . .+ αmym) + m2 = dy1α1µy1y1 + . . .+ dymα1µymym + m2.

Comparing again the y1-terms gives

d1d2 = dy1µy1 = dy1(dy1 + 1 + a).

As a = d1 +d2−dy1 , the two cases we want to exclude are (d1, d2, dy1 , a) = (0, 0,−1, 1)
and (d1, d2, dy1 , a) = (−1,−1, 0,−2). But inserting those cases into d1d2 = dy1(dy1+1+a)
(which is the equation we just obtained) gives a contradiction.
So we know a ∈ {−1, 0} � by inserting this into the formulas

ϕ(x) = ax+ {z, x}, R(x0) = (2a+ 1)(x0) + {z, x0} for x ∈ n, x0 ∈ m

we obtain the statement.
Finally, if {t1, . . . , tn} is a basis of T , equations (10) and (11) are satis�ed for every

choice of the R(ti).
This proves Theorem 4.63.

Recall that a maximal torus of n has to be at least two-dimensional (Lemma 4.51)
for Theorem 4.63 to hold. Indeed, the statement of Theorem 4.63 does not carry over
to Lie algebras with one-dimensional maximal torus, for there are counterexamples in
dimension 7:

Example 4.64. Consider the (complete, see Table 14) Lie algebra T1 n G6,12 (with non-
zero brackets {e1, e5} = {e2, e3} = {e2, e4} = e6, {e1, e2} = e4, {e1, e4} = e5, {t, ei} =
iei, 1 ≤ i ≤ 3, {t, ei} = (i − 1)ei, 4 ≤ i ≤ 6). All post-Lie algebra structures on any Lie
algebra double pair (g, T1 n G6,12, R) with respect to this basis are given by

ϕ =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 c1 − 2c3
0 0 0 0 0 0 −c1
0 0 0 0 0 0 −c2
0 0 0 0 0 0 c4
0 0 0 0 0 0 0


, R =



1 0 0 0 0 0 r1
0 1 0 0 0 0 r2
0 0 1 0 0 0 r3
0 0 0 1 0 0 r4
c1 0 0 0 1 0 r5
c2 c3 0 0 0 1 r6
0 0 0 0 0 0 r7


,
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c1, . . . , c4, r1, . . . , r7 ∈ C and by ϕ̃ ..= − Id−ϕ, R̃ ..= −R.
Choose e.g. c1 = c2 = 1, then ϕ is not a derivation of n, as {ϕ(t), e1}+{t, ϕ(e1)} = e5+e6,
but ϕ({t, e1}) = 0. Also we have ϕ(e1) = ϕ(e2) = 0 � thus there is no z ∈ n such that
ϕ has the form − Id + ad(z) or ϕ = ad(z) (that is, Theorem 4.63 does not hold for
T1 n G6,12).

Remark 4.65. We can recover a special case of Proposition 2.52 by R = Id, which means
to study commutative post-Lie algebra structures. Then by

R(x) = x+ {z, x} = Id(x) or R(x) = −x+ {z, x} = Id(x),

we get {z, x} = 0 or {z, x} = 2x for all x ∈ m.
It follows z ∈ Z(m) or {z, x} = 2x for all x ∈ m. But the latter is impossible if n is
non-metabelian (since if {x1, x2} = x3, {z, x1} = 2x1, {z, x2} = 2x2, then {z, x3} = 4x3
(Lemma 4.53)).
So under these conditions (n is solvable, complete, non-metabelian and generated by
special weight spaces, H0(T, n) = T ), every commutative post-Lie algebra structure on
(n, n) is given by x · y = {6{z, x}, y}, where z ∈ Z(m) (cf. Proposition 2.52).

Lemma 4.66. If a post-Lie algebra structure on (g, n, R) is given by x ·y = {ϕ(x), y} for
all x, y ∈ n, then x◦y = {(− Id−ϕ)(x), y} de�nes a post-Lie algebra structure on (g1, n),
where g1 is equipped with the Lie bracket [, ]1 given by [x, y]1 ..= −R{x, y} = −[x, y].

Proof. The linear maps − Id−ϕ and −R indeed satisfy identities (10) and (11):
We have

{(− Id−ϕ)(x), y}+ {x, (− Id−ϕ)(y)}+ {x, y}
= −{x, y} − {ϕ(x), y} − {x, y} − {x, ϕ(y)}+ {x, y}
= −R{x, y}.

Concerning identity (11), we have

{(− Id−ϕ)(x), (− Id−ϕ)(y)} = {(− Id−ϕ)(x), (− Id−ϕ)(y)}
= {x, y}+ {ϕ(x), y}+ {x, ϕ(y)}+ {ϕ(x), ϕ(y)}
= {x, y}+ {ϕ(x), y}+ {x, ϕ(y)}+ ϕ(R{x, y})
= R{x, y}+ ϕ(R{x, y}) = (− Id−ϕ)(−R{x, y}).

This means that we can "identify" the structures given by ϕ = ad(z), R|m = Id + ad(z)
and ϕ̃ = ad(z)− Id, R̃|m = − Id + ad(z). In the following, we will mostly investigate the
�rst structure where ϕ is an inner derivation.
Let n be a Lie algebra as before. We have just shown that there is an injective map

({post-Lie algebra structures on Lie algebra double pairs (g, n, R)}/ ∼)→ n,
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4 Post-Lie algebra structures on complete Lie algebras

where the equivalence relation∼ identi�es the post-Lie algebra structures ϕ and ϕ̃ = −ϕ− Id.

However, this map is not surjective, that is, not every element z ∈ n de�nes a post-Lie
algebra structure via ϕ = ad(z). So, we investigate which z ∈ n do:

Lemma 4.67. Let n = T n m be a solvable complete Lie algebra and z ∈ n. Then
ϕ ..= ad(z), R|m ..= Id + ad(z) (or ϕ̃ ..= ad(z)−Id, R|m ..= − Id + ad(z)) and R|T arbitrary
de�nes a post-Lie algebra structure if and only if z satis�es

{{z, x}, {z, y}} = {z, {x, y}}+ {z, {z, {x, y}}} (12)

for all x, y ∈ n.

Proof. Suppose ϕ ..= ad(z), R|m ..= Id + ad(z) de�nes a post-Lie algebra structure. Then,
by (10) we have

R({x, y}) = {x, y}+ {{z, x}, y}+ {x, {z, y}} = {x, y}+ {z, {x, y}}

and thus, by (11),

{{z, x}, {z, y}} = ϕ(R{x, y}) = ϕ({x, y}) + ϕ({z, {x, y}})
= {z, {x, y}}+ {z, {z, {x, y}}.

Similarly, one shows that (10) and (11) hold for ϕ ..= ad(z) and R|m ..= Id + ad(z) if z
satis�es (12).

Remark 4.68. Equation (12) is a form of the modi�ed Yang-Baxter equation studied e.g.
in [21] (and the references therein),

[z, [z, [x, y]]] = [[z, x], [z, y]] + λ[x, y],

see [21, Corollary 3.3].

Remark 4.69. Condition (12) is satis�ed if z ∈ Z({n, n}). However, the next example
shows that, in general, there are elements of n satisfying (12) despite not being contained
in z ∈ Z({n, n}).

Example 4.70. Consider the seven-dimensional Lie algebra n ..= T2 n g5,3 with basis
{t1, t2, e1, e2, e3, e4, e5} and non-zero brackets

{e1, e2} = e4, {e1, e4} = e5, {e2, e3} = e5, {t1, e1} = e1, {t1, e3} = 2e3,

{t1, e4} = e4, {t1, e5} = 2e5, {t2, e2} = e2, {t2, e4} = e4, {t2, e5} = e5.

Then the element z ..= t2 + e2 de�nes a post-Lie algebra structure by ϕ(x) = ad(t2 +
e2), R|g5,3 = Id + ad(z), R(t) arbitrary for t ∈ T , even though z /∈ Z({n, n}) = 〈e5〉.
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4.4 Post-Lie algebra structures on Lie algebra double pairs

Explicitly, ϕ and R are given by

ϕ =



0 0 0 0 0 0 0
0 −1 0 0 0 0 −1
0 0 0 0 0 0 0
−1 0 0 −1 0 0 0
0 0 1 0 −1 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


, R =



1 0 0 0 0 α1 β1
0 0 0 0 0 α2 β2
0 0 1 0 0 α3 β3
−1 0 0 0 0 α4 β4
0 0 1 0 0 α5 β5
0 0 0 0 0 α6 β6
0 0 0 0 0 α7 β7


with αi, βi ∈ C, i = 1, . . . , 7.

So we can not only choose z ∈ Z({n, n}), but which z ∈ n satisfy the above condition?
Looking at the Jordan decomposition of ad(z), we get the following result (here, we do
not impose any conditions on n other than completeness):

Proposition 4.71. Let n be a complete Lie algebra. If z ∈ n de�nes a post-Lie algebra
structure on the Lie algebra double pair (g, n, R) by x·y = {ad(z)(x), y}, then the operator
ad(z) has the Jordan decomposition

J =


J1

J2
. . .

Jn−1
Jn

 ,

where each Ji is a Jordan block of the form

Ji =
(
0
)
, Ji =

(
−1
)
or Ji =

(
0 1
0 0

)
.

Moreover, let ad(z) have the above Jordan decomposition. Then there is a basis {e1, . . . , en}
of V consisting of generalized eigenvectors of ad(z) to the eigenvalues 0 and −1. The
fact that ad(z) de�nes a post-Lie algebra structure by x · y = {{z, x}, y} is equivalent to
the following condition:
If x1, x2, y, a1, a2 are generalized eigenvectors of ad(z) with

{z, x1} = −x1, {z, x2} = −x2, {z, y} = 0, {z, a1} = b1, {z, a2} = b2,

then

{x1, x2} = {y, b1} = {a1, b2}+ {b1, a2}+ {b1, b2} = 0. (13)

In particular, ad(z) has only eigenvalues from {0,−1} and −1 has the same algebraic
and geometric multiplicity as an eigenvalue.

87



4 Post-Lie algebra structures on complete Lie algebras

Proof. Let z de�ne a post-Lie algebra structure on n. As seen before,

{{z, x}, {z, y}} = {z, {z, {x, y}}}+ {z, {x, y}} for all x, y ∈ n. (14)

In particular, if x = z, we get

0 = ad(z)2 + ad(z)3.

So the minimal polynomial of ad(z) divides X2 · (1 +X) ∈ C[X]. Thus ad(z) can only
have eigenvalues 0 and −1; 0 can have algebraic multiplicity 1 or 2; −1 can only have
algebraic multiplicity 0.
We now want to show why we need condition (13). In particular, we show: A map

ad(z) with a Jordan decomposition of the above form satis�es (14) for all x, y ∈ n if and
only if (13) holds.
We �rst show: if x1, x2, y1, y2, a1, a2 are generalized eigenvectors of ad(z) with

{z, xi} = −xi, {z, yi} = 0, {z, ai} = bi, where {z, bi} = 0,

then

{z, {x1, x2}} = {x1, {z, x2}}+ {{z, x1}, x2} = {x1,−x2}+ {−x1, x2} = −2{x1, x2};
{z, {x1, y1}} = {x1, {z, y1}}+ {{z, x1}, y1} = 0 + {−x1, y1} = −{x1, y1};
{z, {x1, a1}} = {x1, {z, a1}}+ {{z, x1}, a1} = {x1, b1}+ {−x1, a1} = {x1, b1} − {x1, a1};
{z, {y1, y2}} = {y1, {z, y2}}+ {{z, y1}, y2} = 0 + 0 = 0;

{z, {y1, a1}} = {y1, {z, a1}}+ {{z, y1}, a1} = {y1, b1}+ 0 = {y1, b1};
{z, {a1, a2}} = {a1, {z, a2}}+ {{z, a1}, a2} = {a1, b2}+ {b1, a2}.

With these facts, we show that equation (14) is satis�ed if and only if (13) holds:

That ad(z) has the above Jordan form is equivalent to the fact that there exists a
basis of n consisting of generalized eigenvectors for ad(z) of the forms xi, yi, ai as above.
Inserting any pair of them into (14) gives one of the following six equations:

• {x1, x2} = {{z, x1}, {z, x2}} = {z, {z, {x1, x2}}} + {z, {x1, x2}} = 4{x1, x2} −
2{x1, x2} = 2{x1, x2}.

• 0 = {{z, x1}, {z, y1}} = {z, {z, {x1, y1}}}+ {z, {x1, y1}} = {x1, y1} − {x1, y1} = 0.

• −{x1, b1} = {{z, x1}, {z, a1}} = {z, {z, {x1, a1}}}+ {z, {x1, a1}} = {z, {x1, b1}} −
{z, {x1, a1}}+ {x1, b1}− {x1, a1} = −{x1, {b1, z}}− {b1, {z, x1}}+ {x1, {a1, z}}+
{a1, {z, x1}}+ {x1, b1} − {x1, a1} = 0 + {b1, x1} − {x1, b1} − {a1, x1}+ {x1, b1} −
{x1, a1} = −{x1, b1}.

• 0 = {{z, y1}, {z, y2}} = {z, {z, {y1, y2}}}+ {z, {y1, y2}} = 0 + 0 = 0.

• 0 = {{z, y1}, {z, a1}} = {z, {z, {y1, a1}}}+{z, {y1, a1}} = {z, {y1, b1}}+{y1, b1} =
−{y1, {b1, z}} − {b1, {z, y1}}+ {y1, b1} = {y1, b1}.
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4.4 Post-Lie algebra structures on Lie algebra double pairs

• {b1, b2} = {{z, a1}, {z, a2}} = {z, {z, {a1, a2}}} + {z, {a1, a2}} = {z, {a1, b2}} +
{z, {b1, a2}} + {a1, b2} + {b1, a2} = −{a1, {b2, z}} − {b2, {z, a1}} − {b1, {a2, z}} −
{a2, {z, b1}}+ {a1, b2}+ {b1, a2} = {b1, b2}+ {b1, b2}+ {a1, b2}+ {b1, a2}.

So, given the Jordan form, (13) holds if and only if z satis�es (14).

For the su�ciency, let z ∈ n and let ad(z) have a Jordan decomposition as de-
scribed above. Then all generalized eigenvectors v will satisfy {z, v} ∈ {−v, 0, w}, where
{z, w} = 0. But we have already checked that for such generalized eigenvectors, the sec-
ond condition makes sure that (14) is satis�ed. Thus z indeed de�nes a post-Lie algebra
structure on n.

Remark 4.72. If ϕ de�nes a post-Lie algebra structure on (g, n, R) with respect to [, ],
then − Id−ϕ does too (with respect to −[, ]). So the map ϕ̃ = − Id− ad(z) de�nes a
post-Lie algebra structure on some Lie algebra double pair (g, n, R) if and only ad(z)
satis�es the two conditions stated in Proposition 4.71.

In the following, we continue to study non-metabelian, simply-complete solvable Lie
algebras n generated by special weight spaces with H0(T, n) = T and ask what can be
said about g provided that there is a post-Lie algebra structure on (g, n, R).
Remember that by Lemma 3.25, g is also solvable.

Proposition 4.73. Let (g, n, R) be a Lie algebra double pair, n solvable, complete and
let ϕ = ad(z) be a post-Lie algebra structure as before. If Z(g) = 0, then g ∼= n.

Proof. By Theorem 4.63, we know that there is an element z ∈ n such that ϕ =
ad(z), R|m = Id + ad(z) (where m, as always, is the nilradical of n) and R(t) is arbi-
trary for t ∈ T . Note that we may assume, without changing g, that R|T = Id.
We shall investigate the element z. Let us write z = t+ z0 with t ∈ T, z0 ∈ m.
First let us suppose t = 0.
Then we have R(x) = x+ {z0, x} for x ∈ m. In particular, R − Id is nilpotent, hence R
is unipotent, thus invertible, so g ∼= n.

Now suppose t 6= 0. We will construct a non-zero element in Z(g). Remember our
notation si ..= mi/mi+1 and B a basis of n which consists of eigenvectors for T .
Let v be an eigenvector for t, i.e. {t, v} = λv. Then λ = 0 or λ = −1: This follows form
Lemma 4.67 if we set x = z = t+ z0, y = v.

All xi ∈ B are eigenvectors for t; since {t, xi} = 0 for all xi ∈ B is impossible (this
would imply t ∈ Z(n) = 0), we can �nd an xi ∈ B with {t, xi} = −xi.

Claim: There is an element y ∈ m satisfying the following three conditions:

(i) {y, xi} = 0 for all xi ∈ B

(ii) {t, y} = −y
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4 Post-Lie algebra structures on complete Lie algebras

(iii) y is an eigenvector for all u ∈ T , i.e. for all u ∈ T there is some αu ∈ C with
{u, y} = αuy.

Proof of Claim: We know that there is an y0 ∈ B with {t, y0} = −y0. Let k be such
that y0 ∈ sk−1. So y0 satis�es (ii) and (iii).
If for all xi ∈ B, {y0, xi} = 0, we are done.
Otherwise there is an x ∈ B with {y0, x} 6= 0.
If {t, x} = −x, then

{t, {y0, x}} = −2{y0, x}

by Lemma 4.53. But then {y0, x} was an eigenvector for T with eigenvalue −2, which is
impossible. So {t, x} = 0 and it follows {t, {y0, x}} = −{y0, x} by Lemma 4.53.
Thus we have found an element y1 ..= {y0, x} ∈ sk with {t, y1} = −y1.
Since y0 and x are eigenvectors for all u ∈ T , so is y1.
We can repeat this procedure; since m is nilpotent, the procedure eventually terminates
in an element y with {y, xi} = 0 for all xi ∈ B which satis�es conditions (i), (ii) and (iii).
This proves the claim.

As {y, xi} = 0 for all basis elements xi ∈ B, we have {y,m} = 0. And y ∈ ker(R):

R(y) = y + {z, y} = y + {t, y}+ {z0, y} = y − y + 0 = 0

and we conclude that y ∈ Z(g): Let x ∈ m. Then [x, y] = R({x, y}) = R(0) = 0. If
u ∈ T , then [u, y] = R({u, y}) = R(αuy) = αuR(y) = 0.
This shows y ∈ Z(g) and thus Z(g) 6= 0, a contradiction to the assumption.

However, there are Lie algebra double pairs (g, n, R) with post-Lie algebra structures
where n is complete, but g is not isomorphic to n (and hence g has nontrivial center).
See the appendix, Section B.3, for examples.
If the element z ∈ n lies in the nilradical of n, then it must even be in the center of the
nilradical:

Lemma 4.74. Consider a post-Lie algebra structure on a Lie algebra double pair (g, n, R)
with n solvable complete, H0(T, n) = T and ϕ = ad(z). If z is in the nilradical m = nil(n),
then z ∈ Z(m). So in this case, R|m = ± Id.

Proof. Suppose z ∈ m, but z /∈ Z(m). Then there is an y ∈ B satisfying {z, y} 6= 0.
As H0(T, n) = T , we can choose a t ∈ T with {t, y} = αy 6= 0, α ∈ C.
By Lemma 4.67, we have

{z, {z, {t, y}}}+ {z, {t, y}} = {{z, t}, {z, y}},

meaning

α{z, {z, y}}+ α{z, y} = {{z, t}, {z, y}}.
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But if k is maximal such that {z, y} ∈ mk, then {z, {z, k}}, {{z, t}, {z, y}} ∈ mk+1, a
contradiction.
So, z ∈ Z(m).
Therefore, for x ∈ m, R(x) = ± Id + ad(z) = ± Id. This proves the lemma.

Remark 4.75.

(i) Lemma 4.74 does assume H0(T, n) = T ; but not n being generated by special
weight spaces. It does hold whenever the post-Lie algebra structure is of the form
ϕ = ad(z).

(ii) By the proof of Proposition 4.73, if Z(g) = 0 and z = t + z0, then t = 0. So if
Z(g) = 0, then z ∈ m and thus z ∈ Z(m). (In particular, in the case of CPA-
structures on complete Lie algebras, we have Z(g) = Z(n) = 0, so x ·y = {{z, x}, y}
for a z ∈ Z(m), cf. Proposition 2.52.)

So far, we always excluded metabelian Lie algebras in our considerations. Therefore,
it remains to study the case n metabelian. This is not too complicated as there is only
one simply-complete metabelian Lie algebra, namely r2(C) (see Lemma 3.9).

Fix for r2(C) a basis with the basis elements t1, e1 and relation {t1, e1} = e1 (cf. also
Remark 4.41).

Lemma 4.76. All post-Lie algebra structures on any Lie algebra double pair (g, n, R),
where n ∼= r2(C), are given by

(i) ϕ =

(
α 0
γ 0

)
, R =

(
δ 0
ε 1 + α

)

(ii) ϕ =

(
−α 0
γ −1

)
, R =

(
δ 0
ε 1 + α

)

(iii) ϕ =

(
α β

−α(1+α)
β −1− α

)
, R =

(
δ 0
ε 0

)
(here, β 6= 0),

(with respect to the basis above) with α, β, γ, δ, ε ∈ C arbitrary.
In case (iii) and in the cases (i) and (ii) for α = 0, g is the two-dimensional abelian Lie
algebra, in the cases (i) and (ii) for α 6= 0 we have g ∼= r2(C).

Proof. This follows from the ansatz ϕ =

(
α β
γ ζ

)
, R =

(
δ η
ε θ

)
when considering equa-

tions (10) and (11) for x = t1, y = e1.

Remark 4.77. In the appendix, Section B.3, we list all possible post-Lie algebra structures
on Lie algebra double pairs (g, n, R), where n is simply-complete and solvable (with the
help of the classi�cation of complete Lie algebras given in Section 4.2).
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nilpotent Lie algebras

5.1 Post-Lie structures on (g, n), where g ∼= n ∼= n3(C)

In this section, we want to list all post-Lie algebra structures on (g, n), where both g and
n are isomorphic to the three-dimensional Heisenberg algebra. These results have been
published in [29].

Let us �x a basis {e1, e2, e3} of g with Lie brackets [e1, e2] = e3. We can express the
Lie brackets of n in terms of the basis {e1, e2, e3} as

{e1, e2} = r1e1 + r2e2 + r3e3

{e1, e3} = r4e1 + r5e2 + r6e3

{e2, e3} = r7e1 + r8e2 + r9e3

and de�ne the structure vector r ..= (r1, . . . , r9). Let Ad(x) be the adjoint operator of
x ∈ n with respect to {, }. Then, we obtain by using the software Mathematica the
following classi�cation:

Proposition 5.1. Every post-Lie algebra structure on (g, n), where g ∼= n ∼= n3(C) is
one of the following list. In all cases, we have L(e3) = −1

2 Ad(e3) (and thus do not list
L(e3) here).

(1) The structure vector of n is r = (r1, r2, r3,− r1r2
r3
,− r22

r3
,−r2,

r21
r3
, r1r2r3

, r1), r2, r3 6= 0
and

L(e1) =


r1α
r2

− r1(2r1α+r22)

2r22

r1r2
2r3

α −2r1α+r22
2r2

r22
2r3

β −2r1β+r2r3
2r2

r2
2

 , L(e2) =


r1(r22−2r1α)

2r22

r31α

r32
− r21

2r3
r22−2r1α

2r2

r21α

r22
− r1r2

2r3
r2(r3−2)−2r1β

2r2

r1(r1β+r2)
r22

− r1
2

 .

(2) The structure vector of n is r = (r1, 0, r3, 0, 0, 0,
r21
r3
, 0, r1), r3 6= 0 and

L(e1) =

0 − r1
2 0

0 0 0

0 2−r3
2 0

 , L(e2) =

 r1
2 α − r21

2r3
0 0 0
r3
2 β − r1

2

 .
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(3) The structure vector of n is r = (0, 0, r3, 0, 0, 0, 0, 0, 0), r3 6= 0 and

L(e1) =

α −α2

β 0

β −α 0
γ δ 0

 , L(e2) =

 −α2

β
α3

β2 0

−α α2

β 0

r3 − 1 + δ α(β(1−r3)−αγ−2βδ)
β2 0

 .

(4) The structure vector of n is r = (0, 0, r3, 0, 0, 0, 0, 0, 0), r3 6= 0 and

L(e1) =

0 0 0
0 0 0
α β 0

 , L(e2) =

 0 γ 0
0 0 0

r3 − 1 + β δ 0


where αγ = 0.

(5) The structure vector of n is r = (0, 0, 0, r4, r5, 0,−
r24
r5
,−r4, 0), r5 6= 0 and

L(e1) =

 r4α
r5

− r24α

r25
− r4

2

α − r4α
r5

− r5
2

β − r4β
r5

0

 , L(e2) =


− r24α

r25

r34α

r35

r24
2r5

− r4α
r5

r24α

r25

r4
2

− r4β+r5
r5

r4(r4β+r5)
r25

0

 .

(6) The structure vector of n is r = (0, 0, 0, 0, 0, 0, 0, r7, 0, 0), r7 6= 0 and

L(e1) =

0 0 0
0 0 0
0 1 0

 , L(e2) =

0 α − r7
2

0 0 0
0 β 0

 .

Apart from the stated conditions, all variables can be chosen arbitrarily in C.

From Proposition 5.1, we obtain certain structure results:

Corollary 5.2. Let x · y de�ne a post-Lie algebra structure on (g, n), where g ∼= n ∼=
n3(C). Then all left-multiplication operators are nilpotent and we obtain the following
identities:

x · {y, z} = 0,

[x, y] · z = z · [y, x]

[x, y · z] + [x, z · y] = [y, x · z] + [y, z · x]

for all x, y, z ∈ g. The bilinear map x ◦ y, de�ned by the anti-commutator

x ◦ y ..= 1

2
(x · y + y · x)

is a CPA-structure on g.
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5.2 CPA-structures on 2-step nilpotent stem Lie algebras

Proof. Follows from the explicit classi�cation in Proposition 5.1.

For other Heisenberg algebras than the 3-dimensional one (see Section 5.2.2 for their
de�nition), all of these identities fail and the anti-commutator does no longer de�ne a
CPA-structure in general.

It would be interesting to �nd ways to obtain the identities in Corollary 5.2 and also
the surprising identity L(e3) = −1

2 Ad(e3) without using the explicit classi�cation given
here.

5.2 CPA-structures on 2-step nilpotent stem Lie algebras

In this section, we associate CPA-structures to post-Lie algebra structures, LR-structures
and pre-Lie algebra structures on 2-step nilpotent Lie algebras. These results have been
published in [29].
Since we want to use Proposition 2.54, we assume the two-step nilpotent Lie algebras L
in this section to be stem, that is, Z(L) ⊆ [L,L] (see De�nition 2.53).

5.2.1 g, n both 2-step nilpotent stem

Proposition 5.3. Let x · y de�ne a post-Lie algebra structure on (g, n), where g and
n are 2-step nilpotent and Z ..= Z(g) = Z(n). Further suppose Z ·g = 0. Then we can
associate a CPA-structure to x · y by

x ◦ y ..= x · y +
1

2
({x, y} − [x, y])

if and only if [x · y, z] = [x · z, y] for all x, y, z ∈ g.

Proof. Let us make two observations we will need later:

(i) Since g ·Z = Z ·g+[g,Z]−{g,Z} = 0+0+0 = 0, we �nd that all terms of the forms
a · {b, c}, a · [b, c], {b, c} ·a, [b, c] ·a, {a, [b, c]}, {a, {b, c}}, [a, {b, c}], [a, [b, c]], a, b, c ∈ g
are zero.

(ii) We have {a · b, c} = {b · a, c} and [a · b, c] = [b · a, c] for all a, b, c ∈ g:
Indeed, axiom (PA1) gives us {a·b, c} = {b·a−[a, b]+{a, b}, c} = {b·a, c}+{Z, c} =
{b · a, c}. The same proof also works for the bracket [, ].

De�ne a ◦ b ..= a · b+ 1
2({a, b}− [a, b]). We shall show that x ◦ y satis�es axioms (CPA1),

(CPA2), (CPA3) if and only if [x · y, z] = [x · z, y] for all x, y, z ∈ g.
Axiom (CPA1) is clear by de�nition.
Axiom (CPA3): We have to show

a ◦ [b, c]− [a ◦ b, c]− [b, a ◦ c] = 0.
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5 Post-Lie algebra structures on nilpotent Lie algebras

Using the de�nition of x ◦ y, the left-hand side reads

a ◦ [b, c]− [a ◦ b, c]− [b, a ◦ c] = a · [b, c]− 1

2
[a, [b, c]] +

1

2
{a, [b, c]}

− [a · b, c] +
1

2
[[a, b], c]− 1

2
[{a, b}, c]− [b, a · c] +

1

2
[b, [a, c]]− 1

2
[b, {a, c}]

(i)
= −[a · b, c]− [b, a · c] = −([a · b, c] + [b, a · c]).

Axiom (CPA2): We have to show

[a, b] ◦ c− a ◦ (b ◦ c) + b ◦ (a ◦ c) = 0.

Using the de�nition of x ◦ y, the left-hand side reads

[a, b] ◦ c− a ◦ (b ◦ c) + b ◦ (a ◦ c) = [a, b] · c− 1

2
[[a, b], c] +

1

2
{[a, b], c}

− a · (b · c) +
1

2
a · [b, c]− 1

2
a · {b, c}+

1

2
[a, b · c]− 1

4
[a, [b, c]] +

1

4
[a, {b, c}]

− 1

2
{a, b · c}+

1

4
{a, [b, c]} − 1

4
{a, {b, c}}+ b · (a · c)− 1

2
b · [a, c] +

1

2
b · {a, c}

− 1

2
[b, a · c] +

1

4
[b, [a, c]]− 1

4
[b, {a, c}] +

1

2
{b, a · c} − 1

4
{b, [a, c]}+

1

4
{b, {a, c}}

(i)
= [a, b] · c− a · (b · c) +

1

2
[a, b · c]− 1

2
{a, b · c}+ b · (a · c)− 1

2
[b, a · c] +

1

2
{b, a · c}

=
1

2
[a, b · c]− 1

2
{a, b · c} − 1

2
[b, a · c] +

1

2
{b, a · c}

=
1

2
([a, b · c]− [b, a · c] + {b, a · c} − {a, b · c})

=
1

2
([a, b · c]− [b, a · c] + {b, a · c}+ {b · c, a})

(ii)
=

1

2
([a, b · c]− [b, a · c] + {b, c · a}+ {c · b, a})

=
1

2
([a, b · c]− [b, a · c] + c · {b, a})

(i)
=

1

2
([a, b · c]− [b, a · c]) =

1

2
([a · c, b] + [a, b · c]) (ii)

=
1

2
([c · a, b] + [a, c · b]).

So both axiom (CPA3) and axiom (CPA2) are equivalent to the identity [x·y, z] = [x·z, y]
for all x, y, z ∈ g.

Remark 5.4. Similarly, if g is any Lie algebra, n two-step nilpotent and x · y a post-Lie
algebra structure on (g, n), then x◦y ..= x ·y+ 1

2{x, y} de�nes a pre-Lie algebra structure
on g. In particular, if there is a post-Lie algebra structure on (g, n) with n two-step
nilpotent, then g cannot be semisimple (as semisimple Lie algebras do not admit pre-Lie
algebra structures, cf. Table 5). This has also been proven in [28, Proposition 4.2].

Remark 5.5. The identity [x · y, z] = [x · z, y] for all x, y, z ∈ g means that all left-
multiplication operators L(x), x ∈ g, are (0, 1, 1)-derivations of g in the sense of [82].
In the sense of Leger and Luks ([68]), the L(x) are quasiderivations of g.
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Remember that a CPA-structure (or LR-structure or pre-Lie algebra structure) is
complete if all right-multiplication operators are nilpotent (see De�nition 2.39). When
working with nilpotent Lie algebras, we may, however, also consider left-multiplication
operators instead:

Lemma 5.6. Given a CPA-structure, an LR-structure or a pre-Lie algebra structure x ·y
on a nilpotent Lie algebra g. Then all right-multiplication operators R(x) : g→ g, y 7→ y·x
are nilpotent if and only if all left-multiplication operators L(x) : g → g, y 7→ x · y are
nilpotent.

Proof. For CPA-structures, this is clear since L(x) = R(x). For LR-structures, see [27,
Proposition 2.2] and for pre-Lie algebra structures, see [65, Theorem 2.1 and Theo-
rem 2.2].

Corollary 5.7. Let g, n be 2-step nilpotent and stem, x · y a post-Lie algebra structure
on (g, n). If Z = Z(g) = Z(n),Z ·g = 0 and [x · y, z] = [x · z, y] for all x, y, z ∈ g, then the
post-Lie algebra structure x · y is complete.

Proof. Let L̃(x) be the left-multiplication operator with respect to x · y. By Proposition
5.3, x◦y ..= x ·y+ 1

2({x, y}− [x, y]) is a CPA-structure; let L̃(x) be the left-multiplication

operators with respect to x ◦ y. We have L(x) = L̃(x)− 1
2 ad(x) + 1

2 Ad(x). (Here, ad(x)

and Ad(x) de�ne the adjoint operators with respect to g and n, respectively.) As L̃(x)
is associated to a CPA-structure, it is nilpotent (Proposition 2.54), say (L̃(x))s = 0.
Expanding (L(x))s+1 gives

(L(x))s+1 =
∑

A1 ◦ . . . ◦As+1,

where each Ai is one of the operators −1
2 ad(x), 12 Ad(x) and L̃(x).

Now if Ai, i 6= 1 is ad(x) or Ad(x), we have Ai(y) ∈ Z(g) for all y ∈ g, thus Ai−1 ◦Ai(y) ∈
Ai−1(Z(g)) = 0. So from the sum, only the terms A1 ◦ (L̃(x))s remain; however, they are
0 by the nilpotency of L̃(x).

5.2.2 g, n both Heisenberg algebras

Let us de�ne the n-dimensional Heisenberg algebra (n ≥ 3, n odd) to have a basis
{p1, . . . , pn−1

2
, q1, . . . , qn−1

2
, z} and Lie brackets [pi, qi] = z, i ∈ {1, . . . , n−12 }. It is 2-

step nilpotent and stem.
We show that the condition "Z ·g = 0" of Corollary 5.7 is ful�lled if g and n are isomorphic
to a Heisenberg algebra of dimension ≥ 5:

Proposition 5.8. Let x · y de�ne a post-Lie algebra structure on (g, n), where g and n
are both isomorphic to a Heisenberg Lie algebra of dimension ≥ 5 and Z ..= Z(g) = Z(n).
Then Z ·g = 0. (In particular, every CPA-structure on g satis�es g · [g, g] = 0 if (g, [, ])
is a Heisenberg algebra of dimension ≥ 5.)

Proof. Note that if x is a basis element of n, we can �nd elements p, q ∈ n such that
{p, q} = z, {p, x} = 0 = {q, x}. Let us make two observations:

97



5 Post-Lie algebra structures on nilpotent Lie algebras

(i) By (PA3), we have

{b, c} = 0⇒ {a · b, c} = {a · c, b} for all a ∈ n.

Indeed, by axiom (PA3), 0 = a · {b, c} = {a · b, c} + {b, a · c} implying {a · b, c} =
{a · c, b}.

(ii) We have {a · b, c} = {b · a, c} for all a, b, c ∈ g (by the same argument as in
Proposition 5.3).

Now let x /∈ Z be a basis element of n and let z ∈ Z. Choose p, q ∈ n such that
{p, q} = z, {p, x} = 0 = {q, x}. Then

{p, x · q} = −{x · q, p} (ii)
= −{q · x, p} (i)

= −{q · p, x} (ii)
= −{p · q, x} (i)

= −{p · x, q} (ii)
= −{x · p, q}.

Now by axiom (PA3),

x · z = x · {p, q} = {x · p, q}+ {p, x · q} = {x · p, q} − {x · p, q} = 0,

so n · Z = 0 and thus also Z ·n = n · Z−[Z, n] + {Z, n} = 0.
To show z · z = 0, take again two elements p, q with {p, q} = z:

z · z = z · {p, q} (PA3)
= {z · p, q}+ {p, z · q} (ii)

= {p · z, q}+ {p, q · z} = 0 + 0 = 0.

From Corollary 5.7 and Proposition 5.8, we get:

Corollary 5.9. Let x · y de�ne a post-Lie algebra structure on (g, n), where g and n are
both isomorphic to a Heisenberg Lie algebra of dimension ≥ 5 and Z(g) = Z(n). Then
we can associate a CPA-structure to x · y by

x ◦ y ..= x · y − 1

2
[x, y] +

1

2
{x, y}

if and only if [x · y, z] = [x · z, y] for all x, y, z ∈ g. In particular, all post-Lie algebra
structures on (g, n) with [x · y, z] = [x · z, y] for all x, y, z ∈ g are complete.

5.2.3 n a 2-step nilpotent stem Lie algebra, g an abelian Lie algebra

Now let g be an abelian Lie algebra and n a 2-step nilpotent stem Lie algebra of dimension
≥ 5.
We can state the analogous statement to Proposition 5.3:

Proposition 5.10. Let x · y de�ne a post-Lie algebra structure on (g, n), where g is
abelian and n is a 2-step nilpotent stem Lie algebra. If Z(n) ·n = 0, then the bilinear map
de�ned by x ◦ y ..= x · y + 1

2{x, y} is a CPA-structure both on (g, [, ]) and on (n, {, }).

Proof. Exactly as the proof of Proposition 5.3.
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Corollary 5.11. Let n be a two-step stem nilpotent Lie algebra. Then there is a bijection

{LR-structures on n with Z(n) · n = 0} ←→ {CPA-structures on n with Z(n) · n = 0},

x · y 7−→ −x · y +
1

2
{x, y},

−(x ◦ y − 1

2
{x, y})←− [ x ◦ y.

Proof. Note that the transformation preserves the property Z(n) · n = 0.
If x · y is an LR-structure, then −x · y is a post-Lie algebra structure on (Cn, n) (where
Cn is the abelian Lie algebra with dimension n ..= dim(n)) and by Proposition 5.10,
−x · y + 1

2{x, y} is a CPA-structure on n.
Let x◦y de�ne a CPA-structure on n with Z(n)◦n = 0, we show that x·y ..= x◦y− 1

2{x, y}
satis�es the following two axioms from De�nition 2.37:

x · (y · z) = y · (x · z) (LR1)

(x · y) · z = (x · z) · y (LR2)

for all x, y, z ∈ n.
Axiom (LR1):

x · (y · z)− y · (x · z) = x · (y ◦ z)− 1

2
x · {y, z} − y · (x ◦ z) +

1

2
y · {x, z}

= x ◦ (y ◦ z)− 1

2
{x, y ◦ z} − 1

2
x ◦ {y, z}+

1

4
{x, {y, z}}

− y ◦ (x ◦ z) +
1

2
{y, x ◦ z}+

1

2
y ◦ {x, z} − 1

4
{y, {x, z}}

= x ◦ (y ◦ z)− y ◦ (x ◦ z) +
1

2
({y, x ◦ z} − {x, y ◦ z})

= {x, y} ◦ z +
1

2
({y, x ◦ z}+ {y ◦ z, x})

= {x, y} ◦ z +
1

2
({y, z ◦ x}+ {z ◦ y, x})

=
1

2
(z ◦ {y, x}) = 0.

Axiom (LR2) is a similar computation:

(x · y) · z − (x · z) · y = (x ◦ y) · z − 1

2
{x, y} · z − (x ◦ z) · y +

1

2
{x, z} · y

= (x ◦ y) ◦ z − 1

2
{x ◦ y, z} − 1

2
{x, y} ◦ z +

1

4
{{x, y}, z}

− (x ◦ z) ◦ y +
1

2
{x ◦ z, y}+

1

2
{x, z} ◦ y − 1

4
{{x, z}, y}

= (x ◦ y) ◦ z − (x ◦ z) ◦ y +
1

2
({z, x ◦ y}+ {x ◦ z, y})

= z ◦ (y ◦ x)− y ◦ (z ◦ x) +
1

2
(x ◦ {z, y})

= {z, y} ◦ x = 0.
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So x · y is an LR-structure on n.

Similarly as in Corollary 5.7, this means:

Corollary 5.12. If n is two-step nilpotent and stem, then all LR-structures on n satis-
fying Z ·n = 0 are complete.

Proof. Let x · y be a LR-structure on n and L(x) be the left-multiplication operator of x
with respect to x ·y. By Corollary 5.11, we know there is a CPA-structure x◦y on n with
L(x) = −L̃(x) + 1

2 ad(x), where L̃(x) denotes the left-multiplication operator of x with

respect to x ◦ y. We know that "◦" is nilpotent, say (L̃(x))s = 0. Expanding (L(x))s+1

gives

(L(x))s+1 =
∑

A1 ◦ . . . ◦As+1,

where each Ai is one of the operators 1
2 ad(x) and −L̃(x).

Now if Ai, i 6= 1 is the ad-operator, we have Ai(y) ∈ Z(n) for all y ∈ n, thus Ai−1◦Ai(y) ∈
Ai−1(Z(n)) = 0. So from the sum, only the terms A1 ◦ (L̃(x))s remain; however, they are
0 by the nilpotency of L̃(x).

Remark 5.13. There are indeed two-step nilpotent Lie algebras n with LR-structures not
being complete: Take e.g. the �ve-dimensional two-step nilpotent Lie algebra n = L5,8

from [43] with Lie brackets {e1, e2} = e4, {e1, e3} = e5. Then a non-complete LR-
structure on n is given by

e1 · e1 = e1, e1 · e4 = e4, e1 · e5 = e5, e2 · e1 = −e4, e3 · e1 = −e5, e4 · e1 = e4, e5 · e1 = e5.

One cannot associate a CPA-structure to this LR-structure in the way described above.

Remark 5.14. Another LR-structure on the same Lie algebra n = L5,8 shows that not all
complete LR-structures satisfy Z(n) · n = 0: An LR-structure on n (with respect to the
basis given above) is given by

e2 · e1 = −e4, e3 · e1 = −e5, e3 · e3 = e2, e3 · e5 = e4, e5 · e3 = e4.

All left-multiplication operators are three-step nilpotent; however, Z(n) · n 6= 0.
Again, one cannot associate a CPA-structure in the way described above to this LR-
structure.

5.2.4 g abelian, n Heisenberg

Let us specialize Corollary 5.12 to the situation where n is a Heisenberg Lie algebra of
dimension ≥ 5. We �nd, similar to Proposition 5.8:

Proposition 5.15. Let x · y de�ne a post-Lie algebra structure on (g, n), where g is
abelian and n is isomorphic to a Heisenberg Lie algebra of dimension ≥ 5. Then Z(n)·n =
n · Z(n) = 0.
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Proof. The proof is the same as the one of Proposition 5.8.

So in the "Heisenberg of dimension ≥ 5"-case, the assumption Z(n) · n = 0 of Corol-
laries 5.11 and 5.12 becomes super�uous:

Corollary 5.16. Let n be a Heisenberg algebra of dimension ≥ 5. Then there is a
bijection

{LR-structures on n} ←→ {commutative post-Lie algebra structures on n},

x · y 7−→ −x · y +
1

2
{x, y},

−(x ◦ y − 1

2
{x, y})←− [ x ◦ y.

Corollary 5.17. All LR-structures on n, where n is a Heisenberg algebra of dimension
≥ 5, are complete.

What about the 3-dimensional Heisenberg algebra n3 = n3(C)? By inspecting the
classi�cation in [26, Proposition 3.1], one �nds:

Remark 5.18. There is an LR-structure on n3 which does not satisfy Z(n3) · n3 = 0;
namely the structure A4 from [26, Proposition 3.1]:

e2 · e1 = −e3, e2 · e2 = e2, e2 · e3 = e3, e3 · e2 = e3

(where {e1, e2} = e3). Here, e2 · {e1, e2} = e2 · e3 = e3 6= 0.

However, all complete LR-structures on the 3-dimensional Heisenberg algebra satisfy
n3 · {n3, n3} = 0. Thus there is a bijection

{complete LR-structures on n3} ←→ {commutative post-Lie algebra structures on n3},

x · y 7−→ −x · y +
1

2
{x, y},

−(x ◦ y − 1

2
{x, y})←− [ x ◦ y.

Proof. We only have to check that if x ◦ y is a CPA-structure, then x ◦ y − 1
2{x, y} is a

complete LR-structure. But this follows as in Corollary 5.12.

5.2.5 g two-step nilpotent stem, n abelian

Now we ask the opposite question: Let x · y de�ne a pre-Lie algebra structure on the 2-
step nilpotent Lie algebra g. When does x◦y ..= x·y− 1

2 [x, y] de�ne a CPA-structure on g?

We remind the reader about the de�nition of a pre-Lie algebra structure (see De�ni-
tion 2.38): A pre-Lie algebra structure on g is a post-Lie algebra structure on (g,Cn),
where Cn is the abelian Lie algebra of dimension n ..= dim(g).
Here the important condition for the structure x · y is to make all left-multiplication

operators into derivations:
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Proposition 5.19. Let x · y de�ne a pre-Lie algebra structure on the two-step nilpotent
stem Lie algebra g. The bilinear map de�ned by x◦y..=x·y− 1

2 [x, y] is a CPA-structure on
g if and only if all left-multiplication operators L(x) (with respect to the pre-Lie algebra
structure) are derivations of g.

Proof. The structure x ◦ y is clearly commutative; it remains to check that it de�nes a
post-Lie algebra structure if and only if the left-multiplication operators are derivations.
Axiom (CPA3) becomes

a ◦ [b, c]− [a ◦ b, c]− [b, a ◦ c]

= a · [b, c]− 1

2
[a, [b, c]]− [a · b, c] +

1

2
[[a, b], c]− [b, a · c] +

1

2
[b, [a, c]]

= a · [b, c]− [a · b, c]− [b, a · c]

which is zero precisely if all left-multiplication operators (with respect to x ·y) are deriva-
tions of g. Suppose that they are; then axiom (CPA2) reads

[a, b] ◦ c− a ◦ (b ◦ c) + b ◦ (a ◦ c)

= [a, b] · c− 1

2
[[a, b], c]− a ◦ (b · c) +

1

2
a ◦ [b, c] + b ◦ (a · c)− 1

2
b ◦ [a, c]

= [a, b] · c− 1

2
[[a, b], c]− a · (b · c) +

1

2
[a, b · c] +

1

2
a · [b, c]

− 1

4
[a, [b, c]] + b · (a · c)− 1

2
[b, a · c]− 1

2
b · [a, c] +

1

4
[b, [a, c]]

= [a, b] · c− a · (b · c) +
1

2
[a, b · c] +

1

2
a · [b, c] + b · (a · c)− 1

2
[b, a · c]− 1

2
b · [a, c]

= [a, b] · c− a · (b · c) + b · (a · c) +
1

2
([a, b · c] + a · [b, c]− [b, a · c]− b · [a, c])

= 0 +
1

2
([a, b · c] + [a · b, c] + [b, a · c]− [b, a · c]− [b · a, c]− [a, b · c])

=
1

2
([a · b, c]− [b · a, c]) =

1

2
([a · b, c]− [a · b+ [b, a], c]) =

1

2
([a · b, c]− [a · b, c]) = 0.

Remark 5.20. On the 3-dimensional Heisenberg Lie algebra n3(C), there are pre-Lie
algebra structures where not all left-multiplication operators are derivations, e.g. the
structure de�ned by

L(e1) =

1 0 0
0 1 0
0 1 1

 , L(e2) =

0 −1 0
1 2 0
0 0 1

 , L(e3) =

0 0 0
0 0 0
1 1 0

 .

Neither L(e1) nor L(e2) is a derivation of n3(C).
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5.3 CPA-structures on the Lie algebra of strictly upper triangular matrices

Corollary 5.21. Let g be a two-step nilpotent stem Lie algebra. Then there is a bijection{
pre-Lie algebra structures on g where all

left-multiplication operators are derivations

}
←→ {CPA-structures on g}

x · y 7−→ x · y − 1

2
[x, y]

x ◦ y +
1

2
[x, y]←− [ x ◦ y.

Remark 5.22. Pre-Lie algebra structures where all left-multiplication operators are deriva-
tions have been studied by Medina in [72, 73].

Proof. We have shown so far that for each pre-Lie algebra structure x · y (with corre-
sponding left-multiplication operator L(x)) on g such that all L(x) are derivations, one
can associate a CPA-structure x ◦ y on g. In particular, all L̃(x) (where L̃(x) is the left-
multiplication operator with respect to the map x ◦ y) are derivations of g by (CPA3);
so L(x) = L̃(x) + 1

2 ad(x) is (as a sum of derivations) too. Similar as in Proposition 5.3,
one checks that x · y indeed de�nes a pre-Lie algebra structure on g.

The bijection gives us, as in Corollary 5.12:

Corollary 5.23. A pre-Lie algebra structure on a two-step nilpotent stem Lie algebra,
where all left-multiplication operators are derivations, is complete.

So we have established two bijections onto the set of CPA-structures. If we put them
together (in case of the Heisenberg algebra), we obtain:

Corollary 5.24. Let (g, [, ]) be a Heisenberg algebra of dimension ≥ 5. Then there is a
bijection

{LR-structures on g} ←→
{

pre-Lie algebra structures on g where all
left-multiplication operators are derivations

}
x · y 7−→ −x · y + [x, y],

−(x ◦ y − [x, y])←− [ x ◦ y.

One can also take g to be a Heisenberg algebra of dimension 3 � then the term "LR-
structures" has to be replaced with "complete LR-structures".

5.3 CPA-structures on the Lie algebra of strictly upper

triangular matrices

Given a matrix A = (Aj,k)j,k, we call the collection of entries at positions Aj,k, k− j = i
the i-th diagonal. The i-th diagonal is above (below) the main diagonal if i > 0 (i < 0)
and equals the main diagonal if i = 0. The 1-th diagonal is the superdiagonal, the −1-th
diagonal the subdiagonal of A.
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5 Post-Lie algebra structures on nilpotent Lie algebras

We are now interested in CPA-structures on the Lie algebra g of strictly upper trian-
gular matrices of size n (which is m-step nilpotent, where m ..= n− 1). It has a natural

grading g =
n−1⊕
i=1

gi, where gi = span{Ej,k, 1 ≤ j < k ≤ n : k − j = i} is the set of strictly

upper triangular matrices with zeros outside of the i-th diagonal. We have [gi, gj ] ⊆ gi+j ;
the non-zero Lie brackets are given as [Ej,k, Ek,`] = Ej,`.

Lemma 5.25. Let g be the Lie algebra of strictly upper triangular matrices of size n and
m ..= n− 1. If [a, [g, g]] = 0 for an a ∈ g, then a ∈ gm−3.

Proof. Suppose [a, [g, g]] = 0 and write a =
∑

1≤i<j≤n
α(i,j)Ei,j as linear combination of the

elementary matrices (Eij)k` = δikδj`, 1 ≤ i < j ≤ n. The matrices E1,3, E2,4, E3,5, . . . ,
En−2,n are in [g, g]; we compute [a, b], where b is one of these matrices:

• [a,E1,3] = −
n∑
j=4

α(3,j)E1,j

• [a,E2,4] =
1∑
i=1

α(i,2)Ei,4 −
n∑
j=5

α(4,j)E2,j

• [a,E3,5] =
2∑
i=1

α(i,3)Ei,5 −
n∑
j=6

α(5,j)E3,j

• ...

• [a,En−2,n] =
n−3∑
i=1

α(i,n−2)Ei,n.

So as [a, [g, g]] = 0, all of these expressions vanish, thus what remains is a = α(1,n−1)E1,n−1+
α(2,n−1)E2,n−1 + α(1,n)E1,n + α(2,n)E2,n. But this means a ∈ gm−3.

From [83, Theorem 3.2], we infer the form of g's nilpotent derivations:

Lemma 5.26 ([83]). Every nilpotent derivation D ∈ Der(g) has the form D = ad(x) +
ψ, x ∈ g, ψ ∈ Der(g), where ψ satis�es ψ(g) ⊆ gm−2, ψ([g, g]) = 0.

Proposition 5.27. Let m = n − 1 and let g be the (m-step nilpotent) Lie algebra of
strictly upper triangular matrices of size n × n, where n ≥ 5. Then all CPA-structures
on g satisfy g · g ⊆ gm−2 and g · [g, g] = 0.

Proof. For n = 5, 6, we compute the CPA-structures directly. So let us assume n ≥ 7 �
we want to show the result inductively. Let x · y be a CPA-structure on g. By Proposi-
tion 2.54, we know that all left-multiplication operators with respect to x ·y are nilpotent
derivations.
By Lemma 5.26, we may assume that for every g ∈ g, the left-multiplication oper-
ator L(g) is of the form L(g) = ad(xg) + ψg for some xg ∈ g, ψg ∈ Der(g) with
ψg([g, g]) = 0, ψg(g) ⊆ gm−2.
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5.3 CPA-structures on the Lie algebra of strictly upper triangular matrices

If Ei,j denotes the matrix with 1 at position (i, j) and 0 else, the Lie brackets between
basis elements of g are given as

[Ei,j , Ek,`] = Ei,` if j = k

[Ei,j , Ek,`] = −Ek,i if i = `

[Ei,j , Ek,`] = 0 otherwise.

This implies that the �rst row, a ..= span{E1,i, i = 2, . . . , n} is an Lie ideal in g. Also,
the last column, b ..= span{Ei,n, i = 1, . . . , n− 1} is an Lie ideal in g.
Let us also consider the ideal gm−2 = span{E1,n−1, E2,n, E1,n}. We write a′ ..= a + gm−2

and observe that

g/a′ ∼= h/Z(h),

where h is the Lie algebra of strictly upper triangular (n− 1)× (n− 1)-matrices.
By induction, we know that every CPA-structure on h satis�es h · h ∈ hm−3, h · [h, h] = 0.
Now, the CPA-structure satis�es g · a′ ∈ a′: Take any element g ∈ g. Then

g · a′ = L(g)(a′) = (ad(xg) + ψg)(a
′) ⊆ [xg, a

′] + ψg(a
′) ⊆ a′ + gm−2 ⊆ a′,

as gm−2 ⊆ a′.

So if we have a CPA-structure on g, we may consider the quotient CPA-structure on
g/a′, which, by g/a′ ∼= h/Z(h), satis�es g/a′ · g/a′ ∈ Z(g/a′), g/a′ · [g/a′, g/a′] = 0.
This means that

g · g ∈ Z(g/a′) + a′, g · [g, g] ∈ a′

for the CPA-structure on g.
We also observe that, writing b′ ..= b + gm−2, we get

g/b′ ∼= h/Z(h)

and

g · g ∈ Z(g/b′) + b′, g · [g, g] ∈ b′

for the CPA-structure on g.
In particular,

g · g ∈ (Z(g/a′) + a′) ∩ (Z(g/b′) + b′) = gm−3

and

g · [g, g] ⊆ a′ ∩ b′ = gm−2.
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5 Post-Lie algebra structures on nilpotent Lie algebras

We have g · g1 = g · [g, g] ⊆ gm−2, thus by axiom (CPA3)

g · g2 = g · [g, g1] ⊆ [g · g, g1] + [g, g · g1]
⊆ [g · g, [g, g]] + [g, gm−2]

⊆ [g, [g, g · g]] + [g, [g · g, g]] + gm−1

⊆ [g, [g, gm−3]] + [g, [gm−3, g]] + gm−1 ⊆ gm−1 + gm−1 + gm−1 ⊆ gm−1.

And this in turn implies again by axiom (CPA3)

g · g3 ⊆ [g · g, g2] + [g, g · g2]
⊆ [g · g, [g, [g, g]]] + [g, gm−1]

⊆ [g, [[g, g], g · g]] + [[g, g], [g · g, g]] + gm

⊆ [g, [[g, g · g], g]] + [g, [[g · g, g], g]] + [[g, g], gm−2] + gm

⊆ [g, [gm−2, g]] + [g, [gm−2, g]] + [[g, gm−2], g] + [[gm−2, g], g] + gm

⊆ gm + gm + gm + gm + gm = gm = 0.

Now as m ≥ 6, g3 ⊇ gm−3, thus g · gm−3 = 0.
We conclude by axiom (CPA2),

[g, g] · g ⊆ g · (g · g)− g · (g · g) ⊆ g · (g · g) ⊆ g · gm−3 = 0.

It remains to prove g · g ⊆ gm−2.
But suppose L(g)(g) 6⊆ gm−2 for some element g ∈ g, then ad(xg)(g) + ψg(g) 6⊆ gm−2.
Since ψg(g) ⊆ gm−2, this implies [xg, g] 6⊆ gm−2, meaning xg /∈ gm−3. This, however,
means by Lemma 5.25, that [xg, [g, g]] 6= 0 � but then L(g)([g, g]) 6= 0 (since ψg([g, g]) = 0
by Lemma 5.26). However, this in turn means g · [g, g] 6= 0, a contradiction to g · [g, g] = 0
what we already have established.
So we have L(g)(g) ⊆ gm−2 and this is what we wanted to show.

Remark 5.28. From the structure of g's derivations given in [83], we also infer that
L(Ei,j) ∈ Z(g) for 1 ≤ i < j ≤ n if (i, j) /∈ {(1, 2), (n− 1, n)}.
Proposition 5.27 is not true for n ≤ 4. Indeed, for n = 2, we have the one-dimensional

Lie algebra where any bilinear map is a CPA-structure, for n = 3 we obtain the 3-
dimensional Heisenberg algebra n3(C) (the CPA-structures on n3(C) are listed in the
appendix, Proposition B.10), for n = 4, we get one additional type of CPA-structures:

Example 5.29. Let g be the Lie algebra of strictly upper triangular matrices of size
4× 4 with basis {e1 = E1,2, e2 = E2,3, e3 = E3,4, e4 = E1,3, e5 = E2,4, e6 = E1,4} and Lie
brackets [e1, e2] = e4, [e1, e5] = e6, [e2, e3] = e5, [e3, e4] = −e6.
The CPA-structures on g are given by the following three types:

(i) e1 · e1 = α1e4 + α2e5 + α3e6, e2 · e1 = e1 · e2 = α4e6, e3 · e1 = e1 · e3 = α5e4 −
α1e5 + α6e6, e2 · e2 = α7e6, e3 · e2 = e2 · e3 = α8e6, e3 · e3 = α9e4 − α5e5 + α10e6
with α1, . . . , α10 ∈ C.
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(ii) e1 · e1 = α1e4 + α2e5 + α3e6, e2 · e1 = e1 · e2 = e4 + α4e6, e3 · e1 = e1 · e3 = α5e4 −
α1e5+α6e6, e5 ·e1 = e1 ·e5 = e6, e2 ·e2 = α7e6, e3 ·e2 = e2 ·e3 = −e5+α8e6, e3 ·e3 =
α9e4 − α5e5 + α10e6, e4 · e3 = e3 · e4 = −e6 with α1, . . . , α10 ∈ C.

(iii) e1 · e1 = α1e4 + α2e5 + α3e6, e2 · e1 = e1 · e2 = 1
2e4 + α4e5 + α5e6, e3 · e1 = e1 · e3 =

− α2

4α2
4
e4 − α1e5 + α6e6, e4 · e1 = e1 · e4 = α4e6, e5 · e1 = e1 · e5 = 1

2e6, e2 · e2 =

α7e6, e3 · e2 = e2 · e3 = − 1
4α4

e4− 1
2e5 +α8e6, e3 · e3 = α1

4α2
4
e4 + α2

4α2
4
e5 +α9e6, e4 · e3 =

e3 · e4 = −1
2e6, e5 · e3 = e3 · e5 = − 1

4α4
e6 with α1, . . . , α9 ∈ C, α4 6= 0.

While g · g ⊆ gm−2 = g1 = span{e4, e5, e6} = [g, g] holds for all three types, g · [g, g] = 0
does not hold for types (ii) and (iii).

Example 5.30. For n = 5, the explicit CPA-structures on g are given by the non-zero
products between basis elements

e1 · e1 = −α1e8 + α2e9 + α3e10

e1 · e2 = α4e10

e1 · e3 = α5e10

e1 · e4 = −α6e8 + α1e9 + α7e10

e2 · e2 = α8e10

e2 · e3 = α9e10

e2 · e4 = α10e10

e3 · e3 = α11e10

e3 · e4 = α12e10

e4 · e4 = α13e8 + α6e9 + α14e10

(and the relations obtained by commutativity), α1, . . . , α14 ∈ C. (Here, e1 = E1,2, . . . , e4 =
E4,5, e5 = E1,3, . . . , e7 = E3,5, e8 = E1,4, e9 = E2,5, e10 = E3,4.) So we really do have
g · g ⊆ gm−2 (and not g · g ⊆ gm−1 = Z(g), that is, the CPA-structure is not central as
per [34, De�nition 3.9]).

5.3.1 CPA-structures on the Lie algebra of upper triangular matrices

Now we are interested in the CPA-structures on the Lie algebra g of (non-strict) upper
triangular square matrices (of size n). This is not a nilpotent Lie algebra, but rather a
solvable one.
As g is an algebraic Lie algebra (of the algebraic group of invertible upper triangular
matrices), we can decompose g into torus and nilradical (Proposition 4.20). By Ei,j , we
denote the matrix with a 1 at position (i, j) and 0 everywhere else (as before):

Lemma 5.31. The Lie algebra g of upper triangular matrices (of size n ≥ 2) has the
form g = T n m, where T is a torus of derivations of g and m the nilradical of g. In
particular, we have [T,m] ⊆ m, [T,Z(m)] ⊆ Z(m) and [T, [m,m]] ⊆ [m,m].
Note that for every elementary matrix m = Ei,j ∈ m, where i 6= j, there is a t ∈ T (e.g.
t = Ei,i) with [m, t] = αm,α 6= 0.
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Remark 5.32. It is T = span{Ei,i : i = 1, . . . , n} and n = span{Ei,j : 1 ≤ i < j ≤ n}.
Remark 5.33. The Lie algebra g has a non-trivial center which is given by {a · (E1,1 +
. . .+ En,n) : a ∈ C}.

Proposition 5.34. The CPA-structures on the Lie algebra g of upper triangular matrices
of size n, where n ≥ 3, all satisfy g · g ⊆ Z(g) + Z([g, g]) and g · [g, g] = 0.

Proof. For n = 3, 4, we compute the CPA-structures directly; for n ≥ 5, we may use
Proposition 5.27. Let n ≥ 5 and let us write g = T n m, where T is a torus and m the
nilradical of g. As m is isomorphic to the Lie algebra of strictly upper triangular matrices
of size n, we know that every CPA-structure on m satis�es m ·m ⊆ mn−3 ⊆ [m,m].
Let x · y be a CPA-structure on g.
Step 0: We show that g · m ⊆ m. But this holds since m is a characteristic ideal, thus
stable under L(g). This implies that the restriction of x · y to m is a CPA-structure on
m. So we have m ·m ⊆ mn−2 ⊆ [m,m] and m · [m,m] = 0.
Step 1: We have m · T ⊆ [m,m], because by axiom (CPA3)

[[m,m],m · T ] ⊆ m · [[m,m], T ]︸ ︷︷ ︸
⊆[m,m]

−[m · [m,m]︸ ︷︷ ︸
=0

, T ] ⊆ m · [m,m] + 0 = 0.

Thus by Lemma 5.25, m · T ⊆ mn−4 ⊆ [m,m].
Step 2: We have T · [m,m] = 0, because by axiom (CPA2)

[m,m] · T ⊆ m · (m · T )︸ ︷︷ ︸
⊆[m,m]

−m · (m · T )︸ ︷︷ ︸
⊆[m,m]

⊆ m · [m,m] = 0.

Step 3: We have m · m = 0: Let m1,m2 ∈ m and choose t ∈ T with [m1, t] = αm1 with
α 6= 0. Then, by axiom (CPA2),

m1 ·m2 =
1

α
([m1, t] ·m2) =

1

α
(m1 · (t ·m2)︸ ︷︷ ︸

∈[m,m]

−t · (m1 ·m2)︸ ︷︷ ︸
∈[m,m]

) ⊆ m · [m,m] + T · [m,m] = 0.

Step 4: We have m · T ⊆ Z(m), because by axiom (CPA3)

[m · T,m] ⊆ m · [T,m]︸ ︷︷ ︸
⊆m

−[T,m ·m︸ ︷︷ ︸
=0

] ⊆ m ·m + 0 = 0

and it follows m · T ⊆ Z(m).
Step 5: We have T · T ⊆ Z(g) + Z2(m), since by axiom (CPA3),

[T · T,m] ⊆ T · [T,m]︸ ︷︷ ︸
⊆m

−[T, T ·m︸ ︷︷ ︸
⊆Z(m)

] ⊆ T ·m + Z(m) ⊆ Z(m).

This however means, that, writing t1 · t2 = t + m, where t ∈ T,m ∈ m, we have
[t+m,m] ⊆ Z(m). However, this is only possible if t ∈ Z(g) and m ∈ Z2(m).
Step 6: We have m · Z(g) = 0, because by axiom (CPA3),

[m · Z(g), T ] ⊆ m · [Z(g), T ]− [Z(g),m · T ] = 0.
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Thus m · Z(g) = 0 (otherwise, we could �nd a t ∈ T with [m · Z(g), T ] 6= 0).
Step 7: We have T · m = 0 by axiom (CPA2). Indeed, let m ∈ m, t ∈ T and let tm ∈ T
be such that [tm,m] = αm with α 6= 0. Then

m · t =
1

α
[tm,m] · t =

1

α
(tm · (m · t)︸ ︷︷ ︸

∈Z(m)

−m · (tm · t)︸ ︷︷ ︸
∈Z(g)+Z2(m)

) ⊆ T · [m,m] + m · Z(g) + m · [m,m]

⊆ 0 + 0 + 0 = 0.

Step 8: We have T · T ⊆ Z(g) + Z(m), since, by axiom (CPA3),

[T · T,m] ⊆ T · [T,m]︸ ︷︷ ︸
⊆m

−[T, T ·m︸ ︷︷ ︸
=0

] ⊆ T ·m + 0 = 0

and thus, as before, T · T ⊆ Z(g) + Z(m).
So, in total, we have

g · [g, g] = g ·m = 0

by Step 3 and Step 7, and

g · g ⊆ Z(g) + Z(m) = Z(g) + Z([g, g])

by Step 3, Step 7 and Step 8. This is what we have claimed.

Remark 5.35. Suppose we have a (non-necessarily nilpotent) Lie algebra m such that
all CPA-structures on m satisfy m · [m,m] = 0 and m · m ⊆ [m,m]. (For example, m a
non-metabelian �liform Lie algebra, cf. Chapter 5.4.)
If g = T nm is a Lie algebra with a torus T (see Proposition 4.20), then, under "certain
technical assumptions", we can copy the proof of Proposition 5.34 and also �nd g · g ⊆
Z(g) + Z([g, g]) and g · [g, g] = 0.
The "certain technical assumptions" are about the interaction between T and m and
have to make sure that the conclusions in Steps 1, 3, 5, 6, 7 and 8 are still valid.
One could, for example, repeat the proof for certain solvable algebraic Lie algebras (see
Proposition 4.20). (For complete Lie algebras however, the result of Proposition 5.34 is
already implied by Proposition 2.52.)

Remark 5.36. Let g now be the Lie algebra of all traceless upper triangular matrices. As
g is a parabolic subalgebra of sln(C), we also get the result that all CPA-structures on
g satisfy g · [g, g] = 0 � this follows from Proposition 4.5 and Proposition 2.52. So, we
recover [33, Corollary 4.16].

5.4 Classi�cation of CPA-structures on �liform Lie algebras

In this section, we are interested in CPA-structures on �liform Lie algebras. (Finite-
dimensional) �liform Lie algebras can be thought of as the "least nilpotent" Lie algebras,

109
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that is, the lower central series is as long as possible, but still terminates. In other words,
if g0 = g, gi = [g, gi−1], i ≥ 1, is the lower central series of the n-dimensional Lie algebra
g, then g is �liform per de�nitionem precisely if dim(g0/g1) = 2 and dim(gi+1/gi) = 1
for i ≤ n − 1. We do assume that dim(g) ≥ 3. It is well-known that every �liform Lie
algebra admits an adapted basis:

Proposition 5.37 (Vergne, [99]). Every n-dimensional �liform Lie algebra has an adapted
basis, that is, a vector space basis {e1, . . . , en} such that

[e1, ei] = ei+1 for 2 ≤ i ≤ n− 1,

[ei, ej ] ∈ span({ei+j , . . . , en}) for i, j ≥ 2 with i+ j ≤ n,
[ei, en+1−i] = (−1)i+1τen for 2 ≤ i ≤ n− 1

with τ ∈ C where τ = 0 always holds if n is odd.
Moreover, the brackets [ei, ej ] with i, j ≥ 2 are completely determined if one knows the
brackets

[ek, ek+1] =
n∑

s=2k+1

αk,ses for 2 ≤ k ≤ bn/2c

(cf. also [22]).

(However, one does not automatically obtain a Lie algebra by choosing the above
brackets arbitrarily; the Jacobi identity is equivalent to certain polynomial equations in
the coe�cients αk,s.)

Example 5.38. Consider the Lie algebra given by the basis {e1, . . . , en} and non-zero
Lie brackets [e1, ej ] = ej+1 for 2 ≤ j ≤ n − 1. This is the standard graded �liform Lie
algebra and will be denoted by the name Ln.

In the following, let g be a �liform Lie algebra with an adapted basis {e1, . . . , en} as
above, x · y a CPA-structure on g and Li ..= L(ei) the left-multiplication operator with
respect to the structure x · y. Further de�ne for i ∈ N the characteristic ideals

δi = span({ei, . . . , en})

with the convention δi = 0 if i ≥ n+1. As δ1 = g, δi = gi−2 for i ≥ 3 and δi ⊆ δj if i ≥ j,
(δ1, δ2, . . .) is a re�nement of the lower central series. Note that the �ltration given by
the δi has also been used in the paper [8], where δi is called V(i).
Let us collect some observations:

Lemma 5.39. Let g be a �liform Lie algebra, x ·y a CPA-structure on g and Li ..= L(ei)
the left-multiplication operator with respect to an adapted basis {e1, . . . , en}. Then:

(i) The Lie algebra g is metabelian precisely if [δ3, δ3] = 0.

(ii) Li(δj) ⊆ δj+1 for all i, j = 1, . . . , n (that is, all Li are lower triangular with respect
to the adapted basis).
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(iii) We have g · g ⊆ δ3 if and only if e1 · e1 ∈ δ3 and g · δ2 ⊆ δ4 if and only if e1 · e2 ∈ δ4
and e2 · e2 ∈ δ4. (Later we will see that e2 · e2 ∈ δ4 holds even if g · δ2 6⊆ δ4.)

Proof.

(i) This holds since δ3 = [g, g].

(ii) Note that the Li are all derivations by Lemma 2.36.
All δj are characteristic ideals, thus Li(δj) ⊆ δj . But since x · y is a CPA-structure
on a nilpotent Lie algebra, Li is nilpotent (by Proposition 2.54) � thus Li(δj) must
really lie in δj+1.

(iii) This follows from (ii): We have Li(δ2) ⊆ δ3 for all 1 ≤ i ≤ n, thus g · δ2 ⊆ δ3. So if
e1 · e1 ∈ δ3, then g · g ⊆ δ3. Also, g · δ3 ⊆ δ4. Thus if e1 · e2 ∈ δ4 and e2 · e2 ∈ δ4,
then g · δ2 ⊆ δ4.

De�nition 5.40. Let g be a Lie algebra. We say that a CPA-structure x · y on g is
associative, if g · [g, g] = 0.

Remark 5.41. We call CPA-structures satisfying g·[g, g] = 0 associative, because g·[g, g] =
0 if and only if the algebra (A, ·) is associative � see Proposition 5.90.

As �liform Lie algebras satisfy dim(g/[g, g]) = 2, associative CPA-structures on �liform
Lie algebras only have three products between basis elements which are possibly non-zero:
e1 · e1, e1 · e2 = e2 · e1 and e2 · e2.
Let g be a �liform Lie algebra of dimension n ≥ 7 with a CPA-structure x · y. By

Lemma 5.39, (ii), we always have g · g = δ1 · δ1 ⊆ δ2 and g · δ2 = δ1 · δ2 ⊆ δ3.

De�nition 5.42. If g · g ⊆ δ3, we say x · y is in Class A.
Class A is the disjoint union of Class A1 and Class A2: If x ·y is in Class A and g ·δ2 ⊆ δ4,
we say x · y is in Class A1; if x · y is in Class A and g · δ2 6⊆ δ4, we say x · y is in Class A2.
If g · g 6⊆ δ3, we say x · y is in Class B.
Class B is the disjoint union of Class B1 and Class B2: If x ·y is in Class B and g ·δ2 ⊆ δ4,
we say x · y is in Class B1; if x · y is in Class B and g · δ2 6⊆ δ4, we say x · y is in Class B2.

Note that every CPA-structure on g is in exactly one of Classes A and B and in exactly
one of Classes A1, A2, B1, B2.
Writing e1 · e1 = αe2 + δ3, e1 · e2 = βe3 + δ4 (with α, β ∈ C), by Lemma 5.39, (iii), x · y is
in Class A if and only if α = 0 and in Class A1 or B1 if and only if β = 0 and e2 · e2 ∈ δ4.
We will later see that β ∈ {0, 1} and that e2 · e2 ∈ δ4 always holds.

Remark 5.43. Given a CPA-structure on g, its class is invariant under a change of adapted
bases of g.

We shall prove the following:
CPA-structures in Class A1 are associative. CPA-structures in Class A2 satisfy the weaker
condition [g, g] · [g, g] = 0 and only exist on metabelian Lie algebras. CPA-structures in
Class B only appear on g ∼= Ln, the standard graded �liform Lie algebra (which is in
particular metabelian). All together, we will obtain:
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Theorem 5.44. Let g be a �liform Lie algebra of dimension dim(g) ≥ 6.

(i) Every CPA-structure on g is associative if and only if g is non-metabelian.

(ii) Every CPA-structure on g satis�es [g, g] · [g, g] = 0 if and only if g is not isomorphic
to Ln.

(iii) The only remaining �liform Lie algebra, Ln, admits two types of structures, see
Proposition 5.66.

Remark 5.45. For dimensions n smaller than 6, there are no �liform Lie algebras if
n = 1, 2 and only one (namely Ln) if n = 3, 4. For n = 4, the CPA-structures are given
in Remark 5.67, for n = 3 in Proposition B.10. For n = 5, there are two non-isomorphic
Lie algebras, L5 and R5; see Section 5.5 for their post-Lie algebra structures. While R5

is metabelian, not all post-Lie algebra structures on R5 satisfy the condition in (ii) (that
is, Theorem 5.44 does not hold in dimension 5).

We will assume in the following that the dimension of the �liform Lie algebra g is
at least 7. However, one may investigate the (�ve, up to isomorphism; see [38] or [54])
�liform Lie algebras in dimension 6 and �nds that Theorem 5.44 still holds.

Let us distinguish two cases: As said before, every n-dimensional �liform Lie algebra
has an adapted basis {e1, . . . , en} such that the non-zero brackets are given by

[e1, ei] = ei+1, i = 2, . . . , n− 1

[ei, ej ] ∈ span{ei+j , . . . , en} = δi+j , i+ j ≤ n,
[ei, en−i+1] = (−1)i+1τen, 2 ≤ i ≤ n− 1

where the scalar τ ∈ C is always zero if n is odd. If n is even, we have τ = 0 if and only
if g(n−4)/2 is abelian (cf. [22, Lemma 2.5.9]).
If dim(g)=..n is odd, the Lie algebra gd(n−4)/2e is always abelian.

To prove Theorem 5.44, we will �rst assume that gd(n−4)/2e is abelian (that is, τ = 0).
Then we have [ei, ej ] ∈ δi+j for all i, j ∈ {1, . . . , n}. We will later (in Section 5.4.3)
consider the case where gd(n−4)/2e is not abelian (i.e. τ 6= 0).

We will in this section only give the proof that CPA-structures in Class A1 are asso-
ciative. As the proofs for the corresponding statements for CPA-structures in Classes
A2, B1 and B2 are similar, but require to take care of many more details. The proof is
given in Appendix A.
In the following, g will always be a �liform Lie algebra of dimension ≥ 7 and x · y a

CPA-structure on g.

5.4.1 CPA-structures in Class A

In this section we investigate the case where g · g is contained in the characteristic ideal
δ3, that is, x · y is in Class A.
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We start by introducing a condition which implies that x ·y is in Class A (Lemma 5.46
and Proposition 5.47): If our Lie algebra has an adapted basis with [e2, e3] ∈ αe5 + δ6,
where α 6= 0, then every CPA-structure on g is in Class A.

Lemma 5.46. If the �liform Lie algebra g has an adapted basis {e1, . . . , en} with [e2, e3] =
αe5 + δ6, α 6= 0, then there is an adapted basis {f1, . . . , fn} of g with [f2, f3] = f5 + δ6.

Proof. Let us set

f1 ..= e1, fi ..=
1

α
ei, i ≥ 2.

Then {f1, f2, . . . , fn} is still an adapted basis for g and

[f2, f3] =
1

α
· 1

α
[e2, e3] ∈

1

α2
(αe5 + δ6) ⊆

1

α
e5 + δ6 = f5 + δ6.

Proposition 5.47. Let g be �liform and suppose [e2, e3] ∈ e5 + δ6. Then all CPA-
structures on g are in Class A.

Proof. Let us �rst note that [e2, e4] ∈ e6 + δ7 by the Jacobi identity: We have

[e2, e4] = −[e2, [e3, e1]] = [e1, [e2, e3]] + [e3, [e1, e2]] ∈ [e1, e5 + δ6] + [e3, e3] ⊆ e6 + δ7.

Let us now consider the left-multiplication operator L1 ..= L(e1) and write L1(e1) ∈
αe2 + δ3, L1(e2) ∈ βe3 + δ4 with some α, β ∈ C. Our goal is to show that α = 0. Since
L1 is a derivation, we �nd

L1(e3) = [L1(e1), e2] + [e1, L1(e2)] ∈ [αe2 + δ3, e2] + [e1, βe3 + δ4] ⊆ βe4 + δ5,

L1(e4) = [L1(e1), e3] + [e1, L1(e3)] ∈ [αe2 + δ3, e3] + [e1, βe4 + δ5] ⊆ (α+ β)e5 + δ6,

L1(e5) = [L1(e1), e4] + [e1, L1(e4)] ∈ [αe2 + δ3, e4] + [e1, (α+ β)e5 + δ6] ⊆ (2α+ β)e6 + δ7.

Now we use that L1 is a derivation on the element [e2, e3] and �nd:

L1([e2, e3]) = [L1(e2), e3] + [e2, L1(e3)] ∈ [βe3 + δ4, e3] + [e2, βe4 + δ5] ⊆ βe6 + δ7.

But on the other hand, L1([e2, e3]) ∈ L1(e5)+L1(δ6) ⊆ (2α+β)e6 +δ7 and in particular,
2α+ β = β which means α = 0. So indeed e1 · e1 ∈ δ3.

Remark 5.48. There is another interpretation of [e2, e3] ∈ e5+δ6 (see [22, Lemma 2.5.9]):
If a �liform Lie algebra does not contain a one-codimensional subspace U ⊇ g1 such that
[U, g1] ⊆ g4 (where g0 = g, . . . , gk = [gk−1, g] denotes the lower central series of g), then
g has an adapted basis {e1, . . . , en} with [e2, e3] ∈ e5 + δ6.

In this and the next section, we assume that gd(n−4)/2e is abelian � we study �liform
Lie algebras where this is not the case in Section 5.4.3.
Recall that the subdiagonal of a quadratic matrix lies directly under the main diagonal.
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Proposition 5.49. Let g be �liform with gd(n−4)/2e abelian and x ·y a CPA-structure on
g; suppose that x · y is in Class A, that is, e1 · e1 ∈ δ3.

(i) We either have e1 · e2 ∈ δ4 (x · y is in Class A1) or e1 · e2 ∈ e3 + δ4 (x · y is in Class
A2). In particular, if x · y is in Class A2 and e1 · e2 ∈ βe3 + δ4, then β = 1.

(ii) If x · y is in Class A1, we have e1 · ej ∈ δj+2 for all j ∈ {1, . . . , n}; if x · y is in
Class A2, we have e1 · ej ∈ ej+1 + δj+2 for all j ∈ {2, . . . , n− 1}.

(iii) We have e2 · ej ∈ δ2+j for all j ∈ {1, . . . , n}.

(iv) If x · y is in Class A1, we have ei · ej ∈ δi+j for all i, j ∈ {1, . . . , n}. (We will show
later that this also holds for Class A2.)

Proof. Let Li ..= L(ei) with respect to the adapted basis. Let Li =

a
i
11 ai12 . . . ai1n
...

...
. . .

...
ain1 ain2 . . . ainn

.

By Lemma 5.39, every Li is lower triangular (with respect to the adapted basis). Let
us investigate the subdiagonal of L1 and L2. By assumption, e1 · e1 ∈ δ3. Now we use
axiom (CPA3) for 2 ≤ i ≤ n− 2 and get

e1 · [e1, ei]︸ ︷︷ ︸
e1·ei+1︸ ︷︷ ︸

∈a1i+2,i+1ei+2+δi+3

= [e1 · e1︸ ︷︷ ︸
∈δ3

, ei]

︸ ︷︷ ︸
⊆δi+3

+ [e1, e1 · ei︸ ︷︷ ︸
∈a1i+1,iei+1+δi+2

]

︸ ︷︷ ︸
⊆a1i+1,iei+2+δi+3

.

In particular, α ..= a1i+1,i = a1i+2,i+1 = a1i+3,i+2 = . . . = a1n,n−1. That is, the subdiagonal
of L1 consists of equal entries. So L1 looks like

0 0 0 . . . 0 0
0 0 0 . . . 0 0
∗ α 0 . . . 0 0
∗ ∗ α . . . 0 0
...

...
∗ ∗ ∗ . . . α 0


.

Exactly the same argument gives that L2 has the form

0 0 0 . . . 0 0
0 0 0 . . . 0 0
∗ β 0 . . . 0 0
∗ ∗ β . . . 0 0
...

...
∗ ∗ ∗ . . . β 0


.

114



5.4 Classi�cation of CPA-structures on �liform Lie algebras

We show that β = 0 via axiom (CPA2): We have

[e1, e2] · e2︸ ︷︷ ︸
e2·e3︸ ︷︷ ︸
∈βe4+δ5

= e1 · (e2 · e2)︸ ︷︷ ︸
∈βe3+δ4︸ ︷︷ ︸

⊆αβe4+δ5

− e2 · (e1 · e2)︸ ︷︷ ︸
∈αe3+δ4︸ ︷︷ ︸

⊆αβe4+δ5

and we get β = 0, which proves part (iii).
If we use axiom (CPA2) again, we �nd

[e1, e2] · e1︸ ︷︷ ︸
e1 · e3︸ ︷︷ ︸
∈αe4+δ5

= e1 · (e2 · e1)︸ ︷︷ ︸
∈αe3+δ4︸ ︷︷ ︸

⊆α2e4+δ5

− e2 · (e1 · e1)︸ ︷︷ ︸
∈δ3︸ ︷︷ ︸

⊆δ5

,

thus α = α2 and so, α ∈ {0, 1}. This proves (i) and (ii).
Now we prove part (iv): The additional assumption that x · y is in Class A1 just means
α = 0. In particular, both L1 and L2 do not have a subdiagonal. Thus e1 · ei ∈
δi+2, e2 · ei ∈ δi+2.
It remains to show ei · ej ∈ δi+j for i, j ≥ 3.
Let i ≥ 3 be �xed. Induction start:

e3 · ei = [e1, e2] · ei = e1 · (e2 · ei)︸ ︷︷ ︸
∈δi+2︸ ︷︷ ︸

⊆δi+3

− e2 · (e1 · ei)︸ ︷︷ ︸
∈δi+1︸ ︷︷ ︸

⊆δi+3

∈ δi+3

and inductively (j → j + 1):

ej+1 · ei = [e1, ej ] · ei = e1 · (ej · ei)︸ ︷︷ ︸
∈δi+j︸ ︷︷ ︸

⊆δi+j+1

− ej · (e1 · ei)︸ ︷︷ ︸
∈δi+1︸ ︷︷ ︸

⊆δi+j+1

∈ δi+j+1.

So we have proven (iv): ei · ej ∈ δi+j for all i, j ∈ {1, . . . , n}.

Note that, by Proposition 5.49, the assumptions of the following lemma are satis�ed
for CPA-structures in Class A1 on a �liform Lie algebra g with gd(n−4)/2e abelian for
` = 0:

Lemma 5.50. Let g be a �liform Lie algebra with a CPA-structure in Class A1 (i.e.
e1 · e1 ∈ δ3, e1 · e2 ∈ δ4). If for some integer ` ≥ 0,

• e2 · e2 ∈ δ4,

• e1 · ej ∈ δj+`+2 for all j 6= 1, 2,

• ei · ej ∈ δi+j+` for all pairs (i, j) /∈ {(1, 1), (1, 2), (2, 1), (2, 2)},

then also
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• e2 · e2 ∈ δ4,

• e1 · ej ∈ δj+`+3 for all j 6= 1, 2,

• ei · ej ∈ δi+j+`+1 for all other pairs (i, j) /∈ {(1, 1), (1, 2), (2, 1), (2, 2)}.

Here, we do not assume that gd(n−4)/2e is abelian.

Proof. First we show that e2 · ej ∈ δ3+j+`, j ≥ 3:

e2 · e3 = e3 · e2 = [e1, e2] · e2 = e1 · (e2 · e2)︸ ︷︷ ︸
∈δ4︸ ︷︷ ︸

⊆δ4+2+`

− e2 · (e1 · e2)︸ ︷︷ ︸
∈δ4︸ ︷︷ ︸

⊆δ4+2+`

∈ δ6+`.

This was the induction start, now the induction step j → j + 1:

e2 · ej+1 = ej+1 · e2 = [e1, ej ] · e2 = e1 · (ej · e2)︸ ︷︷ ︸
∈δ3+j+`︸ ︷︷ ︸

⊆δ3+j+`+2+`

− ej · (e1 · e2)︸ ︷︷ ︸
∈δ4︸ ︷︷ ︸

⊆δj+4+`

∈ δ4+j+`.

Now we show it for e3, i.e. e3 · ej ∈ δ4+j+`, j ≥ 3:

e3 · e3 = [e1, e2] · e3 = e1 · (e2 · e3)︸ ︷︷ ︸
∈δ6+`︸ ︷︷ ︸

⊆δ8+2`

− e2 · (e1 · e3)︸ ︷︷ ︸
∈δ5+`︸ ︷︷ ︸

⊆δ8+2`

∈ δ7+`.

This was the induction start, now the induction step j → j + 1:

e3 · ej+1 = ej+1 · e3 = [e1, ej ] · e3 = e1 · (ej · e3)︸ ︷︷ ︸
∈δ4+j+`︸ ︷︷ ︸

⊆δ4+j+`+2+`

− ej · (e1 · e3)︸ ︷︷ ︸
∈δ5+`︸ ︷︷ ︸

⊆δ5+`+j+`

∈ δ5+j+`.

We can also do this for e4, . . . , en. Thus we have proven so far that ei · ej ∈ δi+j+`+1 if
(i, j) /∈ {(1, j), (i, 1), (2, 2)}.
So it remains to show e1 · ej ∈ δj+`+3 for j 6= 2.
This is also an application of axiom (CPA2): As an induction start, we have

e1 · e3 = e3 · e1 = [e1, e2] · e1 = e1 · (e2 · e1)︸ ︷︷ ︸
∈δ4︸ ︷︷ ︸

⊆δ6+`

− e2 · (e1 · e1)︸ ︷︷ ︸
∈δ3︸ ︷︷ ︸

⊆δ6+`

∈ δ6+`

and the induction step j → j + 1 reads

e1 · ej+1 = ej+1 · e1 = [e1, ej ] · e1 = e1 · (ej · e1)︸ ︷︷ ︸
∈δj+`+3︸ ︷︷ ︸

⊆δj+`+4

− ej · (e1 · e1)︸ ︷︷ ︸
∈δ3︸ ︷︷ ︸

⊆δ4+j+`

∈ δj+`+4.

Here we have used that by assumption e1 · ek ∈ δk+2+` (for k ≥ 3) and that ei · ej ∈
δi+j+`+1 (which we proved before). So we have proven the induction step.
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Corollary 5.51. Let g be a �liform Lie algebra with gd(n−4)/2e abelian. Then every
CPA-structure in Class A1 is associative.

Proof. Proposition 5.49 implies the case ` = 0 in Lemma 5.50. So, we know that ei · ej ∈
δn+1 = 0 for all pairs (i, j) except (1, 1), (1, 2), (2, 1), (2, 2); however, this exactly means
that g · [g, g] = 0, thus x · y is associative.

We have dealt now with Class A1. CPA-structures in Class A2 and Class B will be
investigated by similar means � however, they are much more work (as the conditions
g · g ⊆ δ3 and g · δ2 ⊆ δ4 simplify the situation for Class A1 tremendously).
Thus, the proofs for the following theorems can be found in Appendix A.

Proposition 5.52. Suppose we have a CPA-structure on the �liform Lie algebra g in
Class A2. Then g is metabelian and [g, g] · [g, g] = 0.

Proof. See Proposition A.2.

5.4.2 CPA-structures in Class B

The remaining case is the one where e1 · e1 /∈ δ3 (meaning x · y is in Class B).

Lemma 5.53. Let g be �liform and x ·y a CPA-structure on g in Class B. Then e1 ·e2 ∈
βe2 + δ3, where β ∈ {0, 1}.

Proof. See Lemma A.3.

Let x · y be a CPA-structure with g · g 6⊆ δ3, write e1 · e2 ∈ βe3 + δ4. We now know
that x · y is in Class B1 if and only if β = 0 and in Class B2 if and only if β = 1.
Again, we deal with both cases (Class B1 and Class B2) separately.

Proposition 5.54. Let g be �liform (and n-dimensional), x · y a CPA-structure on g in
Class B1 (meaning e1 · e1 /∈ δ3 and e1 · e2 ∈ δ4). Then g ∼= Ln (where Ln denotes the
standard graded �liform Lie algebra).

Proof. See Proposition A.4.

Proposition 5.55. If x · y is a CPA-structure in Class B2 (meaning e1 · e1 /∈ δ3 and
e1 · e2 /∈ δ4) on g (where g is �liform and n-dimensional), then g ∼= Ln.

Proof. See Proposition A.6.

Corollary 5.56. If g is n-dimensional �liform, x · y a CPA-structure on g in Class B,
then g ∼= Ln.

Proof. This statement is the combination of Proposition 5.54 and Proposition 5.55.
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5.4.3 The case gd(n−4)/2e not abelian

In Section 5.4.1, we assumed that gd(n−4)/2e is abelian. Now, the case remains where
gd(n−4)/2e is not abelian. Let g be �liform of dimension ≥ 7 and let g have an adapted
basis with [e1, ei] = ei+1, 2 ≤ i ≤ n − 1, [ei, ej ] ∈ δi+j , 1 ≤ i, j ≤ n, [ei+1, en−i] =
(−1)iτen, 1 ≤ i < n− 1 where τ 6= 0.

We will �rst show (Lemma 5.57) that every CPA-structure on g is in Class A. Af-
terwards, we prove in Proposition 5.58 that the assumptions of Lemma 5.50 still hold,
meaning that we can as before conclude that every CPA-structure on g is associative.

Lemma 5.57. Let g be an n-dimensional �liform Lie algebra and gd(n−4)/2e not abelian.
Then every CPA-structure on g is in Class A.

Proof. This is one simple application of axiom (CPA3). We have [e2, en−1] = −τen, τ 6= 0
and e1 · e1 ∈ αe2 + δ3. By axiom (CPA3) we obtain

0 = e1 · en = [e1 · e1, en−1] + [e1, e1 · en−1] ∈ [αe2 + δ3, en−1] + [e1, δn]

⊆ α[e2, en−1] + [δ3, en−1] + 0 ⊆ −ατen + 0.

So since τ 6= 0, we have α = 0, meaning that x · y is in Class A.

Let gd(n−4)/2e be non-abelian. Note that Lemma 5.46 and Proposition 5.47 still hold
for g (as they do not assume gd(n−4)/2e to be abelian). We want to prove for g a result
similar to Proposition 5.49:

Proposition 5.58. Let g be n-dimensional �liform, gd(n−4)/2e not abelian, x · y a CPA-
structure on g (which is in Class A by Lemma 5.57). Then

(i) x · y is in Class A1.

(ii) e1 · ej ∈ δj+2 for all j 6= 1, 2.

(iii) ei · ej ∈ δi+j if neither of i and j is 1.

Proof. The proof is very similar to the one of Proposition 5.49. Write, as in the proof of
Proposition 5.49, Li = (aik`)1≤k,`≤n.
As in Proposition 5.49, we use (CPA3) for 2 ≤ i ≤ n− 3 and get

e1 · [e1, ei]︸ ︷︷ ︸
e1 · ei+1︸ ︷︷ ︸

∈a1
i+2,i+1

ei+2+δi+3

= [e1 · e1︸ ︷︷ ︸
∈δ3

, ei]

︸ ︷︷ ︸
⊆δi+3

+ [e1, e1 · ei︸ ︷︷ ︸
∈a1i+1,iei+1+δi+2

]

︸ ︷︷ ︸
⊆a1i+1,iei+2+δi+3

.
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(This time, however, we cannot do this step for i = n− 2.)
Doing the same for L2, we obtain

L1 =



0 0 0 . . . 0 0 0
0 0 0 . . . 0 0 0
∗ α 0 . . . 0 0 0
∗ ∗ α . . . 0 0 0
...

...
∗ ∗ ∗ . . . α 0 0
∗ ∗ ∗ . . . ∗ ∗ 0


, L2 =



0 0 0 . . . 0 0 0
0 0 0 . . . 0 0 0
∗ β 0 . . . 0 0 0
∗ ∗ β . . . 0 0 0
...

...
∗ ∗ ∗ . . . β 0 0
∗ ∗ ∗ . . . ∗ ∗ 0


.

As before, [e1, e2] · e2 = e1 · (e2 · e2) − e2 · (e1 · e2) implies β = 0 and [e1, e2] · e1 =
e1 · (e2 ·e1)−e2 · (e1 ·e1) implies α ∈ {0, 1}. (Later we will show that α = 1 is impossible,
meaning that x · y is in Class A1.)
Let us now show that for i, j ≥ 3, we have ei · ej ∈ δi+j if i+ j 6= n+ 1 and ei · ej ∈ δn if
i + j = n + 1. We do this inductively: We �x i and do an induction on j ≥ 3. For the
induction base, we distinguish three cases: (a) i+ 3 = n+ 1, (b) i+ 3 = n+ 2, (c) else.
Case (a): Suppose i+ 3 = n+ 1, show e3 · ei ∈ δn: By (CPA2),

e3 · ei = e3 · en−2 = e1 · (e2 · en−2)︸ ︷︷ ︸
∈δn︸ ︷︷ ︸

=0

− e2 · (e1 · en−2)︸ ︷︷ ︸
∈δn−1︸ ︷︷ ︸
⊆δn

∈ δn.

Case (b): Suppose i+ 3 = n+ 2, show e3 · ei ∈ δi+3: Again, by (CPA2),

e3 · ei = e3 · en−1 = e1 · (e2 · en−1)︸ ︷︷ ︸
∈δn︸ ︷︷ ︸

=0

− e2 · (e1 · en−1)︸ ︷︷ ︸
∈δn︸ ︷︷ ︸

=0

= 0 = δi+3.

Case (c): Suppose i+ 3 6= n+ 2, i+ 3 6= n+ 1, show e3 · ei ∈ δi+3: Again, by (CPA2),

e3 · ei = e1 · (e2 · ei)︸ ︷︷ ︸
∈δi+2︸ ︷︷ ︸

⊆δi+3

− e2 · (e1 · ei)︸ ︷︷ ︸
∈δi+1︸ ︷︷ ︸

⊆δi+3

∈ δi+3.

Now the induction step j → j+1: We again distinguish three cases: (a) j+(i+1) = n+1,
(b) i+ j = n+ 1, (c) else.
Case (a): Suppose i+ j = n, show ej+1 · ei ∈ δn: By (CPA2),

ej+1 · ei = e1 · (ej · ei)︸ ︷︷ ︸
∈δi+j︸ ︷︷ ︸

⊆δi+j+1=0

− ej · (e1 · ei)︸ ︷︷ ︸
∈δi+1︸ ︷︷ ︸
⊆δn

∈ δn
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(as ej · δi+1 ⊆ δn by induction hypothesis).
Case (b): Suppose i+ j = n+ 1, show ej+1 · ei ∈ δi+j+1: Again, by (CPA2),

ej+1 · ei = e1 · (ej · ei)︸ ︷︷ ︸
∈δn︸ ︷︷ ︸

=0

− ej · (e1 · ei)︸ ︷︷ ︸
∈δi+1︸ ︷︷ ︸

⊆δi+j+1=0

= 0 = δi+j+1.

Case (c): Suppose i+ j 6= n, i+ j 6= n+ 1, show ej+1 · ei ∈ δi+j+1: Again, by (CPA2),

ej+1 · ei = e1 · (ej · ei)︸ ︷︷ ︸
∈δi+j︸ ︷︷ ︸

⊆δi+j+1

− ej · (e1 · ei)︸ ︷︷ ︸
∈δi+1︸ ︷︷ ︸

⊆δi+j+1

∈ δi+j+1.

This proves our claim.
Now we are ready to prove that x · y is in Class A1: Suppose not, then we have α = 1.
We want to show that then gd(n−4)/2e is abelian (this would be a contradiction to our
assumption). For that, it is enough to show that [en/2, en/2+1] = 0.
By the above, we can write en/2 · en/2 = α1en, en/2 · en/2+1 = α2en for some α1, α2 ∈ C.
This implies by axiom (CPA2)

0 = [e1, en/2] · en/2 − e1 · (en/2 · en/2)︸ ︷︷ ︸
=0

+en/2 · (e1 · en/2)

∈ en/2+1 · en/2 + en/2 · (en/2+1 + δn/2+2)

⊆ α2en + α2en + 0,

meaning α2 = 0. So by axiom (CPA3),

0 = en/2 · en/2+1 = en/2 · [e1, en/2] = [en/2 · e1, en/2] + [e1, en/2 · en/2]
∈ [en/2+1 + δn/2+2, en/2] + [e1, α1en] ⊆ [en/2+1, en/2] + 0

⊆ −[en/2, en/2+1] + 0,

thus [en/2, en/2+1] = 0.
So we have a contradiction and obtain that x · y is in Class A1. This shows (i).
Let us show now (iii). We have proven (iii) so far for i = 2, j 6= n− 1 (since β = 0) and
for i, j ≥ 3 with i + j 6= n + 1. Now let i ≥ 2, j ≥ 3, i + j = n + 1. For this, we write
ei · ej−1 = α1en, ei · ej = α2en. Then

0 = [e1, ej−1] · ei − e1 · (ej−1 · ei) + ej−1 · (e1 · ei)
∈ ej · ei − e1 · (α1en)︸ ︷︷ ︸

=0

+ ej−1 · δi+2︸ ︷︷ ︸
=0

⊆ α2en + 0

meaning α2 = 0 which, in turn, implies ei · ej = 0, that is, δi · δj ∈ δi+j also holds for
i+ j = n+ 1.
This proves (iii). However, if we repeat this last step and set i = 1, j = n − 1 (and use
that we have just proven δ3 · δn−2 = 0), we also obtain (ii).
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But the statements of Proposition 5.58 mean that we are in the situation of Lemma 5.50
for ` = 0. Lemma 5.50 does not assume gd(n−4)/2e to be abelian and thus it can be applied.
Therefore:

Corollary 5.59. If g is �liform and gd(n−4)/2e not abelian then all CPA-structures on g
are associative.

Proof. Proposition 5.58 implies the assumptions of Lemma 5.50; by Lemma 5.50 we �nd,
inductively as before, that ei · ej ∈ δn+1 if (i, j) is not one of (1, 1), (1, 2), (2, 1), (2, 2) �
so g · [g, g] = 0.

Putting everything we proved so far on �liform Lie algebras together, we can prove the
"classi�cation theorem", Theorem 5.44.

Proof of Theorem 5.44. If g is �liform and x · y is a CPA-structure on g, then gd(n−4)/2e

is abelian or not.

(a) Let gd(n−4)/2e be not abelian. Then, by Corollary 5.59, the CPA-structure is asso-
ciative. Note that as dim(g) ≥ 6, we have [e3, en−2] = en, so g is non-metabelian.

(b) Let gd(n−4)/2e be abelian.

(i) If g is non-metabelian, then x · y cannot be in Class B (Corollary 5.56) and
not in Class A2 (Proposition 5.52). So it is in Class A1 and thus associative
by Corollary 5.51.

(ii) If g is metabelian and g 6∼= Ln, then x ·y cannot be in Class B (Corollary 5.56),
so it is in Class A1 or A2, meaning g · [g, g] = 0 or [g, g] · [g, g] = 0 by
Corollary 5.51 or Proposition 5.52. In both cases, [g, g] · [g, g] = 0.

This proves the "if"-directions of (i) and (ii). The "only if"-directions will be proven
by presenting a non-associative CPA-structure on metabelian Lie algebras and by
presenting a CPA-structure on Ln not satisfying [g, g] · [g, g] = 0, see Proposi-
tion 5.60 and Proposition 5.66, respectively.

5.4.4 CPA-structures on metabelian �liform Lie algebras

We have just proven that every CPA-structure on a �liform non-metabelian Lie alge-
bra satis�es g · [g, g] = 0. For metabelian �liform Lie algebras, there are indeed CPA-
structures not satisfying this condition:

Proposition 5.60. If g is �liform and metabelian of dimension dim(g) ≥ 4, then there
is a non-associative CPA-structure on g.
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Proof. Let g be �liform and metabelian; let {e1, e2, . . . , en} be an adapted basis of g.
Write [e2, e3] = α2,5e5 + α2,6e6 + . . .+ α2,nen. Then we de�ne a bilinear map by

ei · e1 = e1 · ei = [e1, ei] for all i ≥ 1,

ej · e2 = e2 · ej = [e2, ej ] for all j ≥ 3,

e2 · e2 = 2α2,5e4 + 2α2,6e5 + . . .+ 2α2,nen−1.

(If dim(g) = 4, set e2 · e2 = 0.)
The commutativity (axiom (CPA1)) of x · y is clear, we show that axioms (CPA2) and
(CPA3) hold:
First note that we have:

• [g, g] · [g, g] = 0.

• If x ∈ [g, g], then for all y ∈ g we have x · y = y · x = [y, x].

• e1 · (e2 · e2) = [e1, e2 · e2] = 2[e2, e3] = 2e2 · e3.

It is enough to show axioms (CPA2) and (CPA3) for the basis vectors e1, . . . , en.
Axiom (CPA3):
We have to show x · [y, z]− [x · y, z]− [y, x · z] = 0.
If x = e1, this equality is satis�ed since L(e1) = ad(e1) is a derivation of g.
If x ∈ [g, g], we have

x · [y, z]− [x · y, z]− [y, x · z] = 0− [[y, x], z]− [y, [z, x]] = [[z, y], x]

which is 0 since x ∈ [g, g] and g is metabelian.
The case x = e2 remains; since L(e2)|[g,g] = ad(e2)|[g,g], we may assume that not both of
y and z are in [g, g]. So we have four cases left:
Case 1: If y = z = e1 or y = z = e2, then axiom (CPA3) is trivially satis�ed.
Case 2: If y = e1 and z = e2 (or, by symmetry, vice versa), then we have

e2 · [e1, e2]− [e2 · e1, e2]− [e1, e2 · e2] = e2 · e3 − [e3, e2]− [e1, e2 · e2]
= 2[e2, e3]− [e1, e2 · e2] = 0.

Case 3: If y = e1 and z ∈ [g, g] (or vice versa), then

e2 · [e1, z]− [e1 · e2, z]− [e1, e2 · z] = [e2, [e1, z]]− [[e1, e2], z]− [e1, [e2, z]] = 2[z, [e1, e2]] = 0

again by the fact that g is metabelian.
Case 4: If y = e2 and z ∈ [g, g] (or vice versa), then

e2 · [e2, z]− [e2 · e2︸ ︷︷ ︸
∈[g,g]

, z]− [e2, e2 · z] = [e2, [e2, z]]− 0− [e2, [e2, z]] = 0.

So axiom (CPA3) holds for all combinations of basis vectors and thus for all elements of
g.
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Axiom (CPA2) is a similar check:
If z ∈ [g, g], then

[x, y] · z − x · (y · z) + y · (x · z) = 0− [x, [y, z]] + [y, [x, z]] = [z, [x, y]] = 0

since g is metabelian.
If z = e1, we have

[x, y] · e1 − x · (y · e1) + y · (x · e1) = [e1, [x, y]]− [x, [e1, y]] + [y, [e1, x]] = 0

by the Jacobi identity. So let z = e2. If x = y or x, y ∈ [g, g], axiom (CPA2) is trivially
satis�ed. It remains to check two cases:
Case 1: x = e1, y = e2 (or vice versa): Here, we have

[e1, e2] · e2 − e1 · (e2 · e2) + e2 · (e1 · e2) = e2 · e3 − e1 · (e2 · e2) + e2 · e3
= 2e2 · e3 − e1 · (e2 · e2) = 0.

Case 2: x = e1 or x = e2, y ∈ [g, g] (or vice versa): Here, we have

[x, y] · e2 − x · (y · e2) + y · (x · e2)︸ ︷︷ ︸
∈[g,g]

= [e2, [x, y]]− [x, [e2, y]] + 0 = [y, [x, e2]] = 0

since y ∈ [g, g] and g is metabelian.
Finally, as e1 · e3 = e4, the CPA-structure is non-associative.

Remark 5.61.

(i) For the metabelian n3(C) (which is the only �liform Lie algebra in dimension 3),
all CPA-structures are on n3(C) are associative (that is, Proposition 5.60 does not
hold in dimension 3), see Proposition B.10.

(ii) Proposition 5.60 proves the "only if"-direction in Theorem 5.44, (i).

5.4.5 CPA-structures on in�nite-dimensional �liform Lie algebras

In this section, we shall consider post-Lie algebra structures on in�nite-dimensional �-
liform Lie algebras. An in�nite-dimensional �liform Lie algebra g is not nilpotent, but

rather residually nilpotent, meaning
∞⋂
i=0

gi = 0 (where g0, g1, . . . denotes the lower central

series of g). The de�nition is as follows:

De�nition 5.62 ([76]). Let g be a �nitely-generated, in�nite-dimensional Lie algebra
and g0, g1, g2, . . . its lower central series. If dim(g0/g1) = 2 and dim(gi/gi+1) = 1 for all
i ≥ 1, then g is called a �liform Lie algebra.
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So when passing from the ideal gi to the ideal gi+1 (with i ≥ 1), the dimension decreases
exactly by 1. Note that this is a reasonable generalization of the term "�liform" to
in�nite-dimensional Lie algebras.
In�nite-dimensional �liform Lie algebras can be seen as direct limits of �nite-dimensional
�liform Lie algebras (where each one of those is a central extension of the previous Lie
algebra) and thus also have an adapted basis, that is, a basis {e1, e2, e3, . . . , } such that

[e1, ei] = ei+1 for all i ≥ 2,

[ei, ej ] ∈ span({ei+j , ei+j+1, . . .})

(cf. [76]).

Also CPA-structures on in�nite-dimensional �liform Lie algebras are direct limits of
CPA-structures on �liform Lie algebras: Given a CPA-structure on g, de�ne gn ..= g/gn+1

and let a be the image of a in gn. Then gn is �nite-dimensional �liform and a CPA-
structure on gn is given by a · b ..= (ab). Then g is the direct limit of the gn and the
CPA-structure on g is the direct limit of the CPA-structures on the gn. This implies that
Theorem 5.44 extends to in�nite-dimensional �liform Lie algebras:

Corollary 5.63. Let g be an in�nite-dimensional �liform Lie algebra with a CPA-
structure x · y.

(i) We have g·[g, g] = 0 for every CPA-structure on g if and only if g is non-metabelian.

(ii) We have [g, g] · [g, g] = 0 for every CPA-structure on g if and only if g is not
isomorphic to the direct limit of the standard graded �liform Lie algebras Ln.

Proof. For the "only if"-directions, see Proposition 5.64 and Remark 5.68, respectively.
We show the "if"-directions:

(i) Let g be non-metabelian. Then there is an n such that for all gm,m ≥ n, gm is
non-metabelian.
Thus to prove a·[b, c] = 0 for all a, b, c ∈ g, choose n such that gn is non-metabelian.
Then in all gm,m ≥ n, we have a · [b, c] = 0, thus a · [b, c] = 0 in g.

(ii) If g is metabelian, then all gm are metabelian and there is an n such that for all
gm,≥ n, gm 6∼= Lm. To prove [a, b] · [c, d] = 0 for a, b, c, d ∈ g, note that in all
gm, [a, b] · [c, d] = 0, thus [a, b] · [c, d] = 0 also in g.

The CPA-structure given in Proposition 5.60 can be extended to in�nite-dimensional
�liform Lie algebras:

Proposition 5.64. If g is in�nite-dimensional, �liform and metabelian, then there exists
a non-associative CPA-structure on g.
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Proof. Let {e1, e2, . . .} be an adapted basis of g and let [e2, e3] =
∑m

i=5 α2,iei for some
m ∈ N. Analogously to the proof of Proposition 5.60, de�ne a bilinear map by

ei · e1 = e1 · ei = [e1, ei] for all i ≥ 1,

ej · e2 = e2 · e2 = [e2, ej ] for all j ≥ 2,

e2 · e2 = 2

m−1∑
i=4

α2,i+1ei

and copy the proof of Proposition 5.60.

Post-Lie algebra structures on in�nite-dimensional Lie algebras were also studied by
other authors ([91, 92]).

5.5 Explicit CPA-structures on certain �liform Lie algebras

With these results, we want to derive explicitly the CPA-structures on certain families
of �liform Lie algebras. [58, Chapter 4, page 111] states that "among all these [�liform]
algebras, only four play an important role". These families of Lie algebras are known by
the names Ln, Qn, Rn and Wn � we will derive all CPA-structures on them. Afterwards,
we will calculate the CPA-structures on a family of characteristic nilpotent �liform Lie
algebras.
Our strategy is to use Theorem 5.44 and then to derive the concrete CPA-structures with
the help of the derivation algebras of those families.

5.5.1 The Lie algebra Ln

Lemma 5.65 ([58, Chapter 4, Proposition 1]). Let Ln be the n-dimensional �liform Lie
algebra (n ≥ 4) de�ned by

[e1, ei] = ei+1, i = 2, . . . , n− 1.

Let t1, t2, t3, h2, h3, . . . , hn−2 be the endomorphisms

t1(ei) = ei, 2 ≤ i ≤ n, t1(e1) = 0,

t2(e1) = e1, t2(ei) = (i− 1)ei, 2 ≤ i ≤ n,
t3(e1) = e2, t3(ei) = 0, 2 ≤ i ≤ n,
hs(ei) = ei+s, 2 ≤ i ≤ n− s, hs(e1) = 0, s = 2, . . . , n− 2, hs(ej) = 0, n− s < j ≤ n.

Then the endomorphisms ad ei, i = 1, . . . , n− 1, t1, t2, t3, h2, h3, . . . , hn−2 form a basis of
Der(Ln). In particular, dim(Der(Ln)) = 2n− 1.

Proposition 5.66. Let n ≥ 5. Then all CPA-structures on Ln are given by one of the
two following types (with respect to the basis above):
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Type (i): e1 · e1 = α2e2 + α3e3 + . . . + αnen, e1 · e2 = e2 · e1 = βen−1 + γen, e1 · e3 =
e3 · e1 = βen, e2 · e2 = δen; all other products between basis elements are zero and
the condition −δα2 = β holds.

Type (ii): e1 · e1 = α2e2 + α3e3 + . . . + αnen, e1 · e2 = e2 · e1 = e3 + βen−1 + γen, e1 · e3 =
e3 · e1 = e4 + βen, e1 · ek = ek · e1 = ek+1 (4 ≤ k ≤ n− 1), e2 · e2 = δen; all other
products between basis elements are zero and the condition δα2 = β holds.

In both cases, α2, . . . , αn, β, γ, δ ∈ C arbitrarily.

Proof. One has to check that the structures given in the proposition are indeed CPA-
structures on Ln. On the other hand, let x ·y be any CPA-structure on Ln, we show that
it is of the form (i) or (ii) by induction on the dimension n. For n = 5, one calculates
that every CPA-structure has one of these two forms, now consider the induction step
n− 1→ n:
We have Ln/Z(Ln) ∼= Ln−1 and, as the center of Ln is one-dimensional, g · Z(Ln) = 0
([34, Corollary 3.4]).
So x ·y induces a CPA-structure x◦y on Ln−1, which, by induction hypothesis, is of type
(i) or (ii).

Case 1: Let us �rst assume that x ◦ y is of type (i). So we can lift it back to Ln and
see that x · y has the form

e1 · e1 ∈ α2e2 + . . .+ αn−1en−1 + Z(Ln)

e1 · e2 = e2 · e1 ∈ β′en−2 + γ′en−1 + Z(Ln)

e1 · e3 = e3 · e1 ∈ β′en−1 + Z(Ln)

e2 · e2 ∈ δ′en−1 + Z(Ln)

subject to −α2δ
′ = β′ and all other products of basis elements lie in Z(Ln).

As all left-multiplication operators lie in Der(Ln), by Lemma 5.65 we obtain [Ln, Ln] ·
[Ln, Ln] = 0, δ2 · δ4 = Ln · δ5 = 0 (where we write δi ..= span{ej , j ≥ i}). So we have (the
variables' names resemble the form we want in the end)

e1 · e1 = α2e2 + . . .+ αnen

e1 · e2 = e2 · e1 = β′en−2 + γ′en−1 + γen

e1 · e3 = e3 · e1 = β′en−1 + βen

e1 · e4 = e4 · e1 = εen

e2 · e2 = δ′en−1 + δen

e2 · e3 = e3 · e2 = ζen

for some αi, β, β′, γ, γ′, δ, δ′, ε, ζ ∈ C. By Lemma 5.65, we further obtain β = γ′, ε = β′

and ζ = δ′.
Now axiom (CPA2) gives us

ζen = e2 · e3 = [e1, e2] · e2 = e1 · (e2 · e2)− e2 · (e1 · e2)
= e1 · (δ′en−1 + δen)− e2 · (β′en−2 + βen−1 + γen) = 0,
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meaning ζ = δ′ = 0.
And axiom (CPA2) also implies

β′en−1 + βen = e3 · e1 = [e1, e2] · e1 = e1 · (e2 · e1)− e2 · (e1 · e1)
= e1 · (β′en−2 + βen−1 + γen)− e2 · (α2e2 + . . .+ αnen)

= −α2δen.

So β′ = 0 and β = −α2δ, meaning we have proven that x · y is a CPA-structure of type
(i).
Case 2: Now we assume that x◦y, the CPA-structure on the quotient Ln/Z(Ln) ∼= Ln−1,
is of type (ii). So, lifting x ◦ y to Ln, we see that x · y satis�es

e1 · e1 = α2e2 + . . .+ αn−1en−1 + αnen

e1 · e2 = e2 · e1 = e3 + β′en−2 + γ′en−1 + γen

e1 · e3 = e3 · e1 = e4 + β′en−1 + βen

e1 · ek = ek · e1 = ek+1, 4 ≤ k ≤ n− 2

e1 · en−1 = en−1 · e1 = εen

e2 · e2 = δ′en−1 + δen

e2 · e3 = e3 · e2 = ζen

with δ′α2 = β′ and the other constants arbitrarily (after using the form of Ln's deriva-
tions). Moreover, the fact that L(e1) and L(e2) are derivations also implies

ε = 1, β = γ′ and ζ = δ′.

And as in Case 1, axiom (CPA2), used on the triples (e1, e2, e2) and (e1, e2, e1), gives
δ′ = 0 and β′ = 0, β = α2δ, respectively. So we obtain that x · y is a CPA-structure of
type (ii) and are done.

Remark 5.67. What if n ≤ 4? The Lie algebras L1 and L2 are abelian, L3 is the 3-
dimensional Heisenberg algebra. The Lie algebra L4 has only one type of CPA-structures,
namely:

L(e1) =


0 0 0 0
α2 0 0 0
α3 β 0 0
α4 γ β 0

 , L(e2) =


0 0 0 0
0 0 0 0
β 0 0 0
γ δ 0 0

 , L(e3) =


0 0 0 0
0 0 0 0
0 0 0 0
β 0 0 0

 , L(e4) = 0

with arbitrary elements α2, α3, α4, β, γ, δ ∈ C such that α2δ + β − β2 = 0.

Remark 5.68. Setting the variables β, γ, δ in Proposition 5.66 to zero, one can check that
the analogously de�ned bilinear maps

e1 · e1 =

∞∑
i=2

αiei, ej · ek = 0 if j or k is not 1
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and

e1 · e1 =
∞∑
i=2

αiei, e1 · ej = ej · e1 = ej+1, ej · ek = 0 if j and k are not 1

(and extended bilinearly) also de�ne CPA-structures on the in�nite-dimensional standard
graded �liform Lie algebra (with non-zero brackets [e1, ej ] = ej+1).

5.5.2 The Lie algebra Qn

Lemma 5.69 ([58, Chapter 4, Proposition 3]). Let Qn be the n-dimensional �liform Lie
algebra (n ≥ 6 even) de�ned by

[e1, ei] = ei+1, i = 2, . . . , n− 1,

[ei, en−i+1] = (−1)i+1en, i = 2, . . . , n/2.

Let t0, t1, t2, h3, h5, h7, . . . , hn−3 be the endomorphisms

t0(e1) = en, t0(ei) = 0, i 6= 1,

t1(e1) = −e2, t1(ei) = ei, 2 ≤ i ≤ n− 1, t1(en) = 2en,

t2(e1) = e1 + e2, t2(ei) = (i− 2)ei, 2 ≤ i ≤ n− 1, t2(en) = (n− 3)en,

hs(ei) = ei+s, 2 ≤ i ≤ n− s, hs(e1) = hs(ej) = 0, n− s < j ≤ n.

Then the endomorphisms ad ei, i = 1, . . . , n− 1, t0, t1, t2, h3, h5, h7, . . . , hn−3 form a basis
of Der(Qn). In particular, dim(Der(Qn)) = 3n

2 .

Remark 5.70. Some remarks are in order:

(i) In [58], the endomorphism t0 is missing.

(ii) For n = 4, we have Q4
∼= L4.

(iii) If n ≥ 6, then all derivations of Qn are (with respect to the basis given above)
lower triangular.

Proposition 5.71. Let n ≥ 6. Then all CPA-structures on Qn are (with respect to the
basis given above) given by

e1 · e1 = αen−1 + βen, e1 · e2 = e2 · e1 = −αen−1 + γen, e2 · e2 = αen−1 + δen, α, β, γ, δ ∈ C

and all other products are zero.

Proof. For one direction of the proposition, one can check the given structures are indeed
CPA-structures on Qn.
For the other direction, let again Li ..= L(ei) be the left-multiplication operator.
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Note that Qd(n−4)/2en is not abelian � so by Corollary 5.59, we have Qn · [Qn, Qn] = 0.
To deduce the precise form of the CPA-structure, expand L1 and L2 into the basis of
derivations,

Li =

n−1∑
k=1

αi,k ad ek +

n/2−2∑
k=1

βi,kh2k+1 + γit0 + γi,1t1 + γi,2t2.

The fact Li(δ3) = 0, i = 1, 2 (since Qn · [Qn, Qn] = 0), implies that most coe�cients
vanish. In fact, Li = 0 for i ≥ 3 and for i = 1, 2 we have

Li = αi,n−2 ad en−2 + αi,n−1 ad en−1 + βi,n−2h2n−3 + γit0.

To make notation simpler, let us write

L1 = α1 ad en−2 + γ ad en−1 + α2h2n−3 + (γ + β)t0,

L2 = α3 ad en−2 + δ ad en−1 + α4h2n−3 + (ε+ δ)t0.

This means L1(e1), L1(e2), L2(e1), L2(e2) ∈ span{en−1, en}.

To conclude the proof, let us compute Li(ej), i, j = 1, 2:

L1(e1) = −α1en−1 − γen + (γ + β)en,

L1(e2) = γen + α2en−1,

L2(e1) = −α3en−1 − δen + (ε+ δ)en,

L2(e2) = δen + α4en−1.

Since L1(e2) = L2(e1), α2 = −α3 and ε = γ.
We know e1 · e3 = 0 = e2 · e3, but

L1(e3) = −α1en + α2en

L2(e3) = −α3en + α4en,

so α1 = α2 = −α3 = −α4, set α ..= −α1.
Thus �nally

e1 · e1 = αen−1 + βen,

e1 · e2 = −αen−1 + γen,

e2 · e2 = αen−1 + δen.

and all other products are zero, as desired.

Remark 5.72. For the CPA-structures on Q4, see Remark 5.67 (as Q4
∼= L4).
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5.5.3 The Lie algebra Rn

Lemma 5.73 ([58, Chapter 4, Proposition 4]). Let Rn be the n-dimensional �liform Lie
algebra (n ≥ 5) de�ned by

[e1, ei] = ei+1, i = 2, . . . , n− 1,

[e2, ei] = ei+2, i = 3, . . . , n− 2.

Let t, h2, . . . , hn−2 be the endomorphisms

t(ei) = iei, 1 ≤ i ≤ n,
hk(ei) = ei+k, 2 ≤ i ≤ n− 2, hk(ei) = 0 else.

Then the endomorphisms ad ei, i = 1, . . . , n− 1, t, h2, . . . , hn−2 form a basis of Der(Rn).
In particular, dim(Der(Rn)) = 2n− 3.

Proposition 5.74. Let n ≥ 6. Then all CPA-structures on Rn are given (with respect
to the basis given above) by

(a) e1 ·e1 = α3e3+α4e4+ . . .+αn−1en−1+αnen, e1 ·e2 = α3e4+α4e5+ . . .+αn−2en−1+
βen, e2 · e2 = α3e5 + α4e6 + . . .+ αn−3en−1 + γen

(b) e1 ◦ ei = e1 · ei + [e1, ei], e2 ◦ e2 = e2 · e2 + 2e4, e2 ◦ ei = [e2, ei], i ≥ 3, where x · y is
a CPA-structure as in case (a).

The variables are arbitrary complex numbers.

Proof. One may check that the given maps are indeed CPA-structures on Rn. Now let
x · y be any CPA-structure on Rn.
As Rn is not isomorphic to Ln, we have two cases: x · y being in Class A1 or in Class A2.
In the �rst case, by Corollary 5.51, the product is associative, i.e. Rn · [Rn, Rn] = 0. It
remains to calculate the products e1 · e1, e1 · e2, e2 · e2.
If we expand the left-multiplication operators Li ..= L(ei) in terms of the basis of Der(Rn)
given in Lemma 5.73,

Li =
n−1∑
k=1

αi,k ad ek +
n−2∑
k=2

βi,khk + γit,

we have γ1 = γ2 = α1,1 = α2,1 = β1,i = β2,i = 0, 3 ≤ i ≤ n− 2 since L1(e3) = L2(e3) = 0
and β1,2 = −α1,2, β2,2 = −α2,2.
So the remaining products are given as

e1 · e1 = L1(e1) = −α1,2e3 − α1,3e4 − . . .− α1,n−1en,

e1 · e2 = L1(e2) = −α1,3e5 − α1,4e6 − . . .− α1,n−2en + β1,2e4 + β1,n−2en,

e2 · e1 = L2(e1) = −α2,2e3 − α2,3e4 − . . .− α2,n−1en,

e2 · e2 = L2(e2) = −α2,3e5 − α2,4e6 − . . .− α2,n−2en−2 + β2,2en + β2,n−2en.
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Remember that e2 · e1 = e1 · e2. Now to obtain Case (a), we just set

α3 = −α1,2 = β1,2 = −α2,3, α4 = −α1,3 = −α2,4, . . . , αn = −α1,n−1,

β = −α1,n−2 + β1,n−2, γ = β2,2 + β2,n−2.

The second case (where the CPA-structure is in Class A2) is more involved:
We again write

Li =

n−1∑
k=1

αi,k ad ek +

n−2∑
k=2

βi,khk

for the left-multiplication operator Li = L(ei). By Proposition 5.52, we know that
L3(e3) = 0 and L1(e3) = L3(e1) ∈ e4 + Z(Rn). This makes the form of L3 easier:

0 = L3(e3) = α3,1e4 + α3,2e5 + β3,2e5 + β3,3e6 + . . .+ β3,n−3en,

which implies α3,1 = β3,3 = . . . = β3,n−3 = 0 and β3,2 = −α3,2.

So we can write L3 =
n−1∑
k=2

α3,k ad(ek)− α3,2h2 + β3,n−2hn−2.

But since L3(e1) ∈ e4 + Z(Rn), we can further conclude α3,2 = α3,4 = . . . = α3,n−2 = 0
and α3,3 = −1 meaning L3 = − ad(e3) + α3,n−1 ad(en−1) + β3,n−2hn−2.
Moreover, L1(e3) ∈ e4 + Z(Rn) implies α1,1 = 1, β1,2 = −α1,2, β1,3 = . . . = β1,n−4 = 0
and allows us to write L1 as

L1 = ad(e1) +
n−1∑
k=2

ad(ek)− α1,2h2 + β1,n−3hn−3 + β1,n−2hn−2.

In particular, L3(e2) = e5 + β3,n−2en. This of course implies L2(e3) = e5 + β3,n−2en, so

e5 + β3,n−2en = L2(e3) = α2,1e4 + (α2,2 + β2,2)e5 + β2,3e5 + β2,4e7 + . . .+ β2,n−4en−1 + β2,n−3en

means α2,1 = β2,3 = . . . = β2,n−4 = 0 and β2,2 = 1− α2,2. If we introduce the notation

α3 ..= −α1,2, α4 ..= −α1,3, . . . , αn ..= −α1,n−1,

we obtain

e1 · e1 = a3e3 + a4e4 + . . .+ an−1en−1 + anen,

e1 · e2 = e3 + a3e4 + a4e5 + . . .+ an−3en−2 + (an−2 + β1,n−3)en−1 + (an−1 + β1,n−2)en,

e2 · e1 = −α2,2e3 − α2,3e4 − α2,4e5 − . . .− α2,n−2en−1 − α2,n−1en,

e2 · e2 = (1− α2,2)e4 − α2,3e5 − . . .− α2,n−4en−2 + (−α2,n−3 + β2,n−3)en−1 + (−α2,n−2 + β2,n−2)en.

Since e3 · e2 = e5 + β3,n−2en and e1 · (e2 · e2)− e2 · (e1 · e2) = e5, by axiom (CPA2),

e5 + β3,n−2en = e3 · e2 = [e1, e2] · e2 = e1 · (e2 · e2)− e2 · (e1 · e2) = e5,
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meaning β3,n−2 = 0. Thus L3(e2) = L2(e3) = e5 , so the coe�cient β2,n−3 is also zero.
By another application of axiom (CPA2), we �nd that e3 · e1 = e1 · (e2 · e1)− e2 · (e1 · e1)
implies α2,n−2 = an−2. So the products e1 · e1, e1 · e2, e2 · e1, e2 · e2 read

e1 · e1 = α3e3 + α4e4 + . . .+ αn−1en−1 + αnen,

e1 · e2 = e3 + α3e4 + α4e5 + . . .+ αn−3en−2 + (αn−2 + β1,n−3)en−1 + (αn−1 + β1,n−2)en,

e2 · e1 = −α2,2e3 − α2,3e4 − α2,4e5 − . . .− α2,n−3en−2 + αn−2en−1 − α2,n−1en,

e2 · e2 = (1− α2,2)e4 − α2,3e5 − . . .− α2,n−4en−2 − α2,n−3en−1 + (−α2,n−2 + β2,n−2)en.

Now we compare e1 · e2 with e2 · e1; we �nd α2,2 = −1, β1,n−3 = 0 and α2,3 = −α3, . . . ,
α2,n−3 = −αn−3. Setting β ..= αn−1 + β1,n−2 and γ ..= −αn−2 + β2,n−2, we obtain

e1 · e1 = α3e3 + α4e4 + . . .+ αn−1en−1 + αnen,

e1 · e2 = e2 · e1 = e3 + α3e4 + α4e5 + . . .+ αn−3en−2 + αn−2en−1 + βen,

e2 · e2 = 2e4 + α3e5 + α4e6 − . . .+ αn−4en−2 + αn−3en−1 + γen,

the desired form for the products e1 · e1, e1 · e2, e2 · e2. Inductively, using e1 · ej+1 =
[e1 · e1, ej ] + [e1, e1 · ej ] and e2 · ej+1 = [e1 · e2, ej ] + [e2, e1 · ej ], one obtains that the other
products are also given as claimed.

Remark 5.75. On R5 there are three types of CPA-structures:

(i) e1 · e1 = αe3 + βe4 + γe5, e1 · e2 = αe4 + δe5, e2 · e2 = εe5

(ii) e1 · e1 = αe3 + βe4 + γe5, e1 · e2 = e3 + αe4 + δe5, e1 · e3 = e4, e1 · e4 = e5, e2 · e2 =
2e4 + εe5, e2 · e3 = e5

(iii) e1 · e1 = −1/2e2 +αe3 +βe4 + γe5, e1 · e2 = 1/2e3 + δe4 + εe5, e1 · e3 = 1/2e4 + (δ−
α)e5, e2 · e2 = 1/2e4 + (δ − α)e5

with all variables in C, extended bilinearly and commutatively.
In particular, Theorem 5.44 does not hold in dimension 5 � type (iii) would be a contra-
diction.

5.5.4 The Witt algebra Wn

De�nition 5.76. The n-dimensional Witt algebra Wn has basis vectors e1, . . . , en and
relations

[ei, ej ] = (j − i)ei+j for i+ j ≤ n.

Remark 5.77. In [58], the authors give two di�erent de�nitions of Wn, in Chapter 2 and
Chapter 4. However, both appear to be incorrect (i.e., they do not satisfy the Jacobi
identity).
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Remark 5.78. The basis of Wn given above is not adapted; we could de�ne an adapted
basis {f1, . . . , fn} of Wn by setting a1 = 1, a2 = 6, ai = (i− 2)ai−1, i ≥ 3, fi ..= aiei. This
basis is adapted, since

[f1, fi] = [e1, (i− 2)ai−1ei] = (i− 2)ai−1[e1, ei] = (i− 1)(i− 2)ai−1ei+1 = (i− 1)aiei+1 = fi+1

and [fi, fj ] ∈ span(ei+j , . . . , en) still holds.

Lemma 5.79. Let n ≥ 7. Then the endomorphisms ad e1, . . . , ad en−1, t, g1, g2, g3 form
a basis of Der(Wn), where t, g1, g2, g3 are given as

t(ei) = iei, 1 ≤ i ≤ n,

g1(e2) = en−2, g1(e3) = (n− 3)en−1, g1(e4) =

(
n− 2

2

)
en, g1(ei) = 0 if i 6= 2, 3, 4,

g2(e2) = en−1, g2(e3) = (n− 2)en, g2(ei) = 0 if i 6= 2, 3,

g3(e2) = en, g3(ei) = 0 if i 6= 2.

In particular, dim(Der(Wn)) = n+ 3.

As we were unable to �nd this statement (or a proof) in the literature, we give a proof
here:

Proof. One may check that these endomorphisms are linearly independent and deriva-
tions of Wn. Now let D be any derivation of Wn; let us write D = (aij)1≤i,j≤n as a
matrix with respect to the basis given above. As each δj = span{ej , . . . , en} is a charac-
teristic ideal, we �nd aij = 0 for i < j, i = 3, . . . , n. Comparing the coe�cient of e4 in
D[e2, e3] = [De2, e3] + [e2, De3], we �nd 0 = 2a1,2, so a1,2 = 0 and D is lower triangular.
For i = 2, . . . , n − 1, comparing the ei+1-coe�cient in D[e1, ei] = [De1, ei] + [e1, Dei]
reads

a3,3 = a1,1 + a2,2,

a4,4 = a1,1 + a3,3 = 2a1,1 + a2,2,

...

an,n = a1,1 + an−1,n−1 = (n− 2)a1,1 + a2,2

and by [De2, e3] + [e2, De3]−D[e2, e3] = 0,

0 ∈ a2,2e5 + δ6 + a1,1e5 + a2,2e5 + δ6 − a5,5e5 + δ6,

so a2,2 = 2a1,1.
Thus only the derivation t contributes to the diagonal of D; we may thus assume that
its contribution is 0 and consider D − αt such that this matrix's diagonal vanishes.
Now we investigate the subdiagonal: Again, by [De1, ei] + [e1, Dei] − D[e1, ei] = 0, we
have (i = 2, . . . , n− 2)

0 ∈ (i− 2)a2,1ei+2 + δi+3 + iai+1,iei+2 + δi+3 − (i− 1)ai+2,i+1ei+2 + δi+3,
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i.e.

a4,3 = 2a3,2,

2a5,4 = a2,1 + 3a4,3,

3a6,5 = 2a2,1 + 4a5,4,

...

(n− 3)an,n−1 = (n− 4)a2,1 + (n− 2)an−1,n−2

and [De2, e3] + [e2, De3]−D[e2, e3] = 0 gives

0 ∈ δ7 + 2a4,3e6 + δ7 − a6,5e6 + δ7.

These relations imply that the subdiagonal is a multiple of ad(e1). We can again assume
that this multiple is 0.

Inductively, if everything above the −i-th diagonal is zero, analogously to the previous
step, one uses the relations D[e1, ei] = [De1, ei] + [e1, Dei] and D[e2, e3] = [De2, e3] +
[e2, De3] and �nds that the −i-th diagonal is a multiple of ad(ei). This step involves
comparing the coe�cient of ei+5; thus the very same procedure works until the −(n−5)-
th diagonal.
So the i-th step looks like this:
Everything above the −i-th diagonal is 0. So for every j with 2 ≤ j, j + i + 1 ≤ n, we
obtain

0 = [D(e1), ej ] + [e1, D(ej)]−D([e1, ej ])

∈ [ai+1,1ei+1 + δi+2, ej ] + [e1, ai+j,jei+j + δi+j+1]− (j − 1)aj+1+i,j+1ej+i+1 + δj+i+2

⊆ (j − (i+ 1))ai+1,1ei+j+1 + δi+j+2 + (j + i− 1)ai+j,jei+j+1 + δj+i+2

− (j − 1)aj+1+i,j+1ej+i+1 + δj+i+2.

In particular, for j = 2, 3, 4, we obtain

a3+i,3 = (1− i)ai+1,1 + (1 + i)ai+2,2,

2a4+i,4 = (2− i)ai+1,1 + (2 + i)ai+3,3,

3a5+i,5 = (3− i)ai+1,1 + (3 + i)ai+4,4.

To these three linear equations we add another one. Namely, from [D(e2), e3]+[e2, D(e3)]−
D(e5) = 0 we get

0 ∈ [a2+i,2e2+i + δ3+i, e3] + [e2, a3+i,3e3+i + δ4+i]− a5+i,5e6+i + δ7+i

⊆ (1− i)a2+i,2e5+i + (1 + i)a3+i,3e5+i + δ6+i − a5+i,5e6+i + δ7+i.

We write ai+1,1 = (1 − i) · k for a k ∈ C. Now, we have a system of four linearly
independent linear equations with four variables � the solution is given as

a2+i,2 = (2− i) · k, a3+i,3 = (3− i) · k, a4+i,4 = (4− i)k, a5+i,5 = (5− i)k.
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And for general j, we thus �nd recursively that aj+i,j = (j− i) ·k as long as j+ i+1 ≤ n.
But this just means that the −i-th diagonal is k · ad(ei).

For the −(n− 4)-th diagonal, we get the relations

0 ∈ D[e1, e2] = [De1, e2] + [e1, De2]− an−1,3en−1 + δn

⊆ −(n− 5)an−3,1en−1 + δn + (n− 3)an−2,2en−1 + δn − an−1,3en−1 + δn

and

2an,1en = D[e1, e3] = [De1, e3] + [e1, De3] = −(n− 6)an−3,1en + (n− 2)an−1,3en.

So

an−1,3 = −(n− 5)an−3,1 + (n− 3)an−2,2,

an,1 = −n− 6

2
an−3,1 +

n− 2

2
an−1,3.

We set α ..= an−3,1, β ..= an−2,2 − n−6
n−5α. Then

an−1,3 = −(n− 5)an−3,1 + (n− 3)an−2,2

= −(n− 5)α+ (n− 3)β + α
(n− 6)(n− 3)

n− 5

= (n− 3)β +
n− 7

n− 5
α

and

an,1 = −n− 6

2
an−3,1 +

n− 2

2
an−1,3

= −n− 6

2
α+

(n− 2)(n− 3)

2
β +

(n− 7)(n− 2)

2(n− 5)
α

=

(
n− 2

2

)
β +

n− 8

n− 5
α.

But this exactly means that the −(n− 4)-th diagonal can be expressed as βg1 + α(n−
5) ad(n− 4).We again can assume that α = β = 0.
Now we investigate the −(n− 3)-th diagonal and have only one relation left:

an,3en = D[e1, e2] = [De1, e2] + [e1, De2]

= −(n− 4)an−2,1en + (n− 2)an−1,2en.

So writing α ..= an−2,1, β ..= an−1,2 − n−5
n−4α, we get

an,3 = −(n− 4)α+ (n− 2)β + (n− 2)
n− 5

n− 4
α

= (n− 2)β +
n− 6

n− 4
α,
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which means that the −(n− 3)-th diagonal is βg2 + α(n− 4) ad(n− 3).
So we set the −(n− 3)-th diagonal to be 0.
Now we are left with a matrix having only three non-zero entries; namely an−1,1, an,1, an,2
which can be chosen arbitrarily. So the remaining derivation is a linear combination of
g3, ad(n− 2) and ad(n− 1).
In total, we have proven that

D =
n−1∑
k=1

αk ad(ek) + β1g1 + β2g2 + β3g3 + γt,

with α1, . . . , αn−1, β1, β2, β3, γ ∈ C.

Remark 5.80. For n = 3, 4, 5, 6, the space Der(Wn) is di�erent; however, W3,W4,W5,W6

are isomorphic to L3, L4, R5, R6, respectively.

Proposition 5.81. Let n ≥ 7. Then the CPA-structures on Wn are given (with respect
to the basis given above) by

e1 · e1 =

(
n− 2

n− 4

)
α1en−2 + α2en−1 + α3en,

e1 · e2 = α1en−1 + α4en,

e2 · e2 = α5en,

α1, . . . , α5 ∈ C arbitrary.

Proof. The given structures are evidently CPA-structures; we show that every CPA-
structure onWn is of this form. SinceWn, n ≥ 7 is non-metabelian,Wn · [Wn,Wn] = 0 by
Theorem 5.44 � we only have to deduce the precise form of the products e1·e1, e1·e2, e2·e2.
Let us expand the left-multiplication operators in terms of the basis given in Lemma 5.79
as (i = 1, 2)

Li ..= L(ei) =
n−1∑
k=1

αi,k ad(ek) +
3∑

k=1

βi,kgk

(note that by the nilpotency of the CPA-structure, there is no contribution of the endo-
morphism t in Li).
The only open thing is the precise form of the products e1 · e1, e1 · e2, e2 · e2.

By using e1 · e3 = 0 = e2 · e3, we �nd the en-coordinate of Li(e3), i = 1, 2 to be

−(n− 6)α1,n−3en + (n− 2)β1,2en = 0,

−(n− 6)α2,n−3en + (n− 2)β2,2en = 0,

thus β1,2 =
(
n−6
n−2

)
α1,n−3, β2,2 =

(
n−6
n−2

)
α2,n−3. A lot of coe�cients of L1, L2 do vanish

since Li([Wn,Wn]) = 0; what remains is (we use the coe�cients a1, . . . , a4, b1, . . . , b4 here
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5.5 Explicit CPA-structures on certain �liform Lie algebras

instead of the αi and βi,k)

L1 = a1 ad en−3 + a2 ad en−2 + a3 ad en−1 +

(
n− 6

n− 2

)
a1g2 + a4g3,

L2 = b1 ad en−3 + b2 ad en−2 + b3 ad en−1 +

(
n− 6

n− 2

)
b1g2 + b4g3

This means that

e1 · e1 = −(n− 4)a1en−2 − (n− 3)a2en−1 − (n− 2)a3en,

e1 · e2 = −(n− 5)a1en−1 +

(
n− 6

n− 2

)
a1en−1 − (n− 4)a2en + a4en,

e2 · e1 = −(n− 4)b1en−2 − (n− 3)b2en−1 − (n− 2)b3en,

e2 · e2 = −(n− 5)b1en−1 +

(
n− 6

n− 2

)
b1en−1 − (n− 4)b2en + b4en.

Now using e1 · e2 = e2 · e1 gives the desired result: The coe�cient a1 can be derived from
b2 by calculating

a1 = −(n− 3)b2/

(
−(n− 5) +

n− 6

n− 2

)
=

(n− 3)(n− 2)b2
(n− 4)2

,

so the ratio of the en−2-coe�cient in e1 · e1 and the en−1-coe�cient in e2 · e1 is

−(n− 4)a1
−(n− 3)b2

=
n− 2

n− 4
.

Note that by comparing e1 · e2 and e2 · e1, the coe�cient b1 is zero; to get the form in
the statement, we now simply set

α1 ..= −(n− 3)b2, α2 ..= −(n− 3)a2, α3 ..= −(n− 2)a3,

α4 ..= a4 − (n− 4)a2, α5 ..= b4 − (n− 4)b2.

Remark 5.82. With respect to the adapted basis {f1, . . . , fn} of Wn, n ≥ 7 given in
Remark 5.78, all CPA-structures on Wn are given by

f1 · f1 = β1 + β2fn−1 + β3en,

f2 · f1 = f1 · f2 =
6(n− 4)

(n− 2)(n− 3)
β1fn−1 + β4fn,

f2 · f2 = β5fn

(extended bilinearly) for arbitrary constants β1, . . . , β5 ∈ C.
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5 Post-Lie algebra structures on nilpotent Lie algebras

5.5.5 A family of strongly-nilpotent �liform Lie algebras

Lemma 5.83. Let gn, n ≥ 8 be the n-dimensional �liform Lie algebra from [19] with
basis {e1, . . . , en} and Lie brackets [e1, ei] = ei+1, 2 ≤ i ≤ n− 1, [e2, e3] = en−1, [e2, e4] =
en, [e2, e5] = −en, [e3, e4] = en. Then the endomorphisms ad(e1), . . . , ad(en−1), h3, . . . ,
hn−2, t form a basis of Der(gn), where the hi and t are de�ned as

hi(ej) = ei+j if j 6= 1 and i+ j ≤ n, hi(ej) = 0 otherwise,

t(e1) = e2, t(e4) = en−1, t(e5) = 2en, t(e6) = −en, t(ej) = 0 otherwise.

(In particular, dim(Der(gn)) = 2n− 4.)

Remark 5.84. This is a strongly-nilpotent Lie algebra, i.e. it has only nilpotent pred-
erivations. (A prederivation of a Lie algebra g is a linear map P : g → g satisfying
P ([x, [y, z]]) = [P (x), [y, z]] + [x, [P (y), z]] + [x, [y, P (z)]] for all x, y, z ∈ g (cf. [19]) �
clearly, every derivation is a prederivation.) In particular, it is a characteristically nilpo-
tent Lie algebra, meaning that all derivations are nilpotent.

Remark 5.85. One can also de�ne the Lie algebra g7 in the same way; however, then
one has to make changes in the given basis for Der(g7): The endomorphism t is not a
derivation and has to be replaced by t′, where t′(e1) = 2e2, t

′(e2) = e4, t
′(e3) = e5, t

′(e4) =
3e6, t

′(e5) = 5e7, t
′(e6) = −2e7, t

′(e7) = 0.
The analogous de�ned Lie algebra g6 has a non-nilpotent derivation: ei 7→ iei, i ≤ 5, e6 7→
7e6.

Proposition 5.86. Let gn be the n-dimensional �liform strongly-nilpotent Lie algebra
de�ned above and n ≥ 8. Then all CPA-structures on gn are given (with respect to the
basis above) by

e1 · e1 = αe5 + α6e6 + . . .+ αnen,

e1 · e2 = e2 · e1 = −αen−1 + βen,

e2 · e2 = γen,

where the variables are arbitrary complex numbers and all other products between basis
vectors are zero.

Proof. As gn is non-metabelian, by Theorem 5.44, we have gn·[gn, gn] = 0. Let Li = L(ei)
be the left-multiplication operator with respect to ei; as always, we write

Li = αit+

n−2∑
j=3

βi,jhj +

n−1∑
j=1

γi,j ad(ej)

for some αi, βi,j , γi,j ∈ C. As gn · [gn, gn] = 0, we are interested in e1 · e1, e1 · e2, e2 · e2.
These products are so far given by

L1(e1) = −γ1,4e5 − γ1,5e6 − . . .− γ1,n−1en,
L1(e2) = −γ1,4en−1 + (β1,n−2 − γ1,4 + γ1,5)en,

L2(e1) = −γ2,4e5 − γ2,5e6 − . . .− γ2,n−1en,
L2(e2) = −γ2,4en−1 + (β2,n−2 − γ2,4 + γ2,5)en.
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5.6 Post-Lie algebra structures and algebras

and one obtains the proposition by noting L1(e2) = L2(e1) and setting α ..= −γ1,4, αi ..=
−γ1,i−1, i = 6, . . . , n, β ..= β1,n−2−γ1,4 +γ1,5 = −γ2,n−1 and γ ..= β2,n−2−γ2,4 +γ2,5.

Remark 5.87. Proposition 5.86 also holds for n = 7 (that is, the CPA-structures on
g7 have the same form as the ones of higher dimension). In those cases, as the basis
of Der(g7) is di�erent, one would have to adapt the proof slightly (or determine the
CPA-structures directly).

5.6 Post-Lie algebra structures and algebras

In this section, we want to present connections between CPA-structures/LR-structures
and other algebras.

By an algebra (A, ·), we mean a vector space (over some �eld) with a bilinear map
· : A×A→ A.

De�nition 5.88.

(i) An associative algebra (A, ·) is an algebra satisfying

x · (y · z) = (x · y) · z

for all x, y, z ∈ A.

(ii) An algebra (A, ·) is called a Jordan algebra, if the two identities

x · y = y · x,
(x · y) · (x · x) = x · (y · (x · x))

hold for all x, y ∈ A.

(iii) A Poisson algebra is a triple (g, [, ], ◦), where g is a Lie algebra and x ◦ y commu-
tative, associative and for all x, y, z ∈ g the identity

[x, y ◦ z] = [x, y] ◦ z + y ◦ [x, z] (15)

holds.

(iv) (See [11, 59].) An algebra (A, ·) is called Poisson admissible, if A endowed with the
Lie bracket [, ] and the bilinear map x ◦ y, de�ned by

[x, y] ..= x · y − y · x, x ◦ y =
1

2
(x · y + y · x)

is a Poisson algebra.

Remark 5.89. Every commutative associative algebra (A, ·) is a Jordan algebra.

Proposition 5.90. Let (g, [, ], ·) be a CPA-structure. The following are equivalent:
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5 Post-Lie algebra structures on nilpotent Lie algebras

(i) (g, ·) is an associative algebra.

(ii) g · [g, g] = 0.

(iii) (g, ·) is Poisson admissible. (In this case, the associated Poisson algebra has trivial
Lie bracket.)

Remark 5.91. This proposition explains why we called CPA-structures with g · [g, g] = 0
associative in Section 5.4.

Proof.

(i)⇔(ii) Using the commutativity and (CPA2), we get

(x · y) · z − x · (y · z) = z · (x · y)− x · (y · z)
= x · (z · y) + [z, x] · y − x · (y · z)
= x · (y · z)− x · (y · z) + [z, x] · y = y · [z, x],

so associativity is equivalent to g · [g, g] = 0.

(i)⇔(iii) Since x ·y is commutative, for the Lie bracket {, } associated to the Poisson algebra,
we obtain {x, y} ..= x · y − y · x = 0. So (15) is trivially satis�ed and (A, {, }, ◦)
being a Poisson algebra (where x ◦ y = 1

2(x · y + y · x) = x · y) is equivalent to x · y
being associative.

Remark 5.92. Similarly, a CPA-structure on g is a Jordan algebra if and only if [x, y] ·
(x · x) = [x · x, y] · x for all x, y ∈ g.

There are several classes of Lie algebra where we proved that every CPA-structure
satis�es g · [g, g] = 0:

Corollary 5.93. Let (g, [, ], ·) be a CPA-structure on (i) a Heisenberg algebra, (ii) a
non-metabelian �liform Lie algebra, (iii) a complete, non-metabelian Lie algebra g with
nil(g) = [g,nil(g)], (iv) the Lie algebra of strictly upper triangular matrices or (v) the Lie
algebra of upper triangular matrices (of size n ≥ 5). Then (g, ·) is an associative algebra.
On the Lie algebra of upper triangular matrices of size 4, all CPA-structures are Jordan
algebras, but not necessarily associative algebras.

Proof. The condition g · [g, g] = 0 holds in the following cases: (i) a Heisenberg algebra
of dimension ≥ 5 (by Proposition 5.8), (ii) a non-metabelian �liform Lie algebra (by
Theorem 5.44), (iii) a complete, non-metabelian Lie algebra g with nil(g) = [g, nil(g)]
(note that g · [g, g] = 0 follows from Proposition 2.52) (iv) a Lie algebra of strictly upper
triangular matrices of size n ≥ 5 (by Proposition 5.27), (v) a Lie algebra of strictly upper
triangular matrices of size n ≥ 3 (by Proposition 5.34).
For Heisenberg algebras of dimension 3, one can prove the associativity of all CPA-
structures (which are classi�ed in Proposition B.10); for the Lie algebra of upper trian-
gular matrices of size 4, one proves that (x·y)·(x·x) = x·(y ·(x·x)) holds by checking this
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5.6 Post-Lie algebra structures and algebras

equation for all CPA-structures (they are classi�ed in Example 5.29); CPA-structures of
types (ii) and (iii) in Example 5.29 are not associative.

For the Lie algebra of upper triangular matrices of size 3× 3 (which is isomorphic to
r2(C)⊕ C), Corollary 5.93 does not hold:

Example 5.94. With respect to the basis {e1, e2, e3} and relations [e1, e2] = e1, the CPA-
structure on r2(C)⊕C (cf. Proposition B.11, where all CPA-structures on r2(C)⊕C are
classi�ed) given by

L(e1) =

0 −1 0
0 0 0
0 0 0

 , L(e2) =

−1 1 0
0 0 0
0 0 0

 , L(e3) =

0 0 0
0 0 0
0 0 0


is not a Jordan algebra (and thus also not associative).

Not even all CPA-structures on a nilpotent Lie algebra are associative algebras:

Example 5.95. On the standard graded �liform Lie algebra Ln, n ≥ 5, the CPA-structure
given by e1 · e1 = e2, e1 · e2 = e2 · e1 = −en−1, e1 · e3 = e3 · e1 = −en, e2 · e2 = en (cf.
Proposition 5.66) is not a Jordan algebra (and thus also not an associative algebra).

De�nition 5.96 ([34]). A CPA-structure (g, [, ], ·) is called central, if g · g ⊆ Z(g).

Remark 5.97. If x · y is a central CPA-structure, then the quotient CPA-structure on
g ..= g/Z(g) satis�es g · g = 0.

Being central implies the condition g · [g, g] = 0 we had before:

Lemma 5.98 ([34, Lemma 3.10]). Let (g, ·) be a central CPA-structure. Then g · [g, g] = 0;
if g is stem, then also g · Z(g) = 0.

Proof. We have

g · [g, g] ⊆ [g · g, g] + [g, g · g] ⊆ [Z(g), g] + [g,Z(g)] = 0

by axiom (CPA3). If Z(g) ⊆ [g, g], we also have g · Z(g) = 0.

Remark 5.99. Among other things, [34] studies CPA-structures on free-nilpotent Lie
algebras. There, it is conjectured (and there are several a�rmative results in this di-
rection, see [34, Conjecture 4.9]) that all CPA-structures on g = Fg,c, g ≥ 2, c ≥ 3 (the
free-nilpotent Lie algebra with g generators and nilpotency class c) are central.

Lemma 5.100. Let (g, [, ], ·) be a CPA-structure. Then (g, [, ], ·) is a Poisson algebra if
and only if x · y is central.

Proof. If x · y is central, then,

x · (y · z)− (x · y) · z = x · (z · y)− z · (x · y) = [x, z] · y = 0
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5 Post-Lie algebra structures on nilpotent Lie algebras

by Lemma 5.98. This proves associativity; g · [g, g] = 0 and [g, g · g] ⊆ [g,Z(g)] = 0 imply
(15).
On the other hand, if x · y is a CPA-structure and a Poisson algebra, then, by Proposi-
tion 5.90, g · [g, g] = 0. Thus, by (15), we obtain [x, y · z] = 0 for all x, y, z ∈ g meaning
g · g ⊆ Z(g).

Let us now consider LR-structures (viewed as post-Lie algebra structures on (g, n) with
g abelian) and their connection to Poisson admissible algebras:

Proposition 5.101. Let (n, {, }, ·) be an LR-structure. The following are equivalent:

(i) (n, ·) is Poisson-admissible.

(ii) (n, ·) is associative.

(iii) n · n ⊆ Z(n).

In this case, the associated Poisson algebra (n, [, ], ◦) satis�es x ◦ [y, z] = 0 for all
x, y, z ∈ n.

Proof.

(i)⇔(ii) This is part of [11, Proposition 3.2].

(ii)⇔(iii) The associator is given by

x · (y · z)− (x · y) · z = x · (y · z)− z · (x · y) + {x · y, z}
= x · (y · z)− x · (z · y) + {x · y, z}
= x · (y · z)− x · (y · z) + x · {z, y}+ {x · y, z}
= {x · z, y}+ {z, x · y}+ {x · y, z} = {x · z, y}

which is zero precisely if n · n ⊆ Z(n).

Corollary 5.102. Let (n, {, }, ·) be an LR-structure. If n · n ⊆ Z(n) (or equivalently,
(n, ·) is associative), then n is two-step nilpotent.

Proof. By [11, Corollary 3.1], an associative algebra is Poisson admissible if and only if the
associated Lie algebra is 2-step nilpotent. Thus, the claim follows by Proposition 5.101.

Corollary 5.103. Let x·y be an associative LR-structure on the stem Lie algebra (n, {, }).
Then (n · n) · n = n · (n · n) = 0 (in particular, the LR-structure is complete).

Proof. As x · y is associative, n · n ⊆ Z(n) by Proposition 5.101. Now since n is stem,
note that as in Lemma 5.98, n · n ⊆ Z(n) implies n · (n · n) = 0:

n · (n · n) ⊆ n · Z(n) ⊆ n · {n, n} ⊆ {n · n, n}+ {n, n · n} ⊆ {Z(n), n} = 0
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and also

(n · n) · n ⊆ n · (n · n) + {n, n · n} ⊆ n · (n · n) + {n,Z(n)} = 0.

Remark 5.104. The following examples from [26] are de�ned over R, however, nothing
changes if we replace the �eld R by C:

(i) The assumption "stem" in Corollary 5.103 is necessary; take for example the LR-
structure A4(α) from [26, Proposition 3.3] on the Lie algebra n = n3(R)⊕R (which
has a basis {e1, . . . , e4} and non-zero Lie bracket [e1, e2] = e3 and is therefore not
stem). The LR-structure A4(α), α ∈ {0, 1}, given by

e1 · e1 = e4, e1 · e4 = e3, e2 · e1 = −e3, e2 · e2 = αe3, e4 · e1 = e3

is associative, but e1 · (e1 · e1) = e3 6= 0.

(ii) The assumption "associative" in Corollary 5.103 is necessary; take for example the
LR-structure A4 from [26, Proposition 3.1] on the Heisenberg Lie algebra n = n3(R)
(which has a basis {e1, e2, e3} and non-zero Lie bracket [e1, e2] = e3). The LR-
structure A4 is given by

e2 · e1 = −e3, e2 · e2 = e2, e2 · e3 = e3, e3 · e2 = e3

and is not associative (e2 · (e1 · e2)− (e2 · e1) · e2 = e3); the LR-structure does not
satisfy n · (n · n) = 0 and is not even complete (as e2 · e2 = e2; cf. Remark 5.18).
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6.1 General questions

The existence table in Section 3.1 (Table 5) contains some question marks. It would be
interesting to solve the missing cases, for example to �nd out what properties n can have
if g is reductive or complete and (g, n) admits a post-Lie algebra structure. Also other
questions about the relation between g and n (where (g, n) admits a post-Lie algebra
structure) would be worth studying � e.g. whether or not the nilpotency class/solvability
class of g has implications on the nilpotency class/solvability class of n or vice versa (cf.
Lemma 3.7).
There seems to be little hope that post-Lie algebra structures can be classi�ed nicely

in general � even in dimension 3, a complete description of post-Lie algebra structures
on pairs (g, n), where g or n is solvable, is very complicated.
Therefore, it would be nice to �nd interesting classes of Lie algebras with "easy" post-Lie
algebra structures (like the ones presented in Chapters 4 and 5).
In [24, 28], there are results on post-Lie algebra structures on perfect (which is, besides
"complete", another generalization of semisimple, see De�nition 2.8) Lie algebras. Are
there results on post-Lie algebra structures on pairs of Lie algebras (g, n), where g or n
is perfect?

Question 6.1.

(i) In Table 5, for every cell which now contains a "?", should it contain a "X" (i.e.
there is a pair of Lie algebras with the corresponding properties admitting a post-Lie
algebra structure) or a "�" (i.e. there is no pair of Lie algebras with the correspond-
ing properties admitting a post-Lie algebra structure)?

(ii) Which results of Table 5 can be re�ned?

Another possible extension of the work presented here is the extension to di�erent
�elds. Our considerations were all done over the �eld of complex numbers: this as-
sumption was often crucial since important theorems we used need not hold over �elds
of positive characteristic or over non-algebraically closed �elds (the Levi decomposition
theorem does not hold in positive characteristic, some theorems on decompositions of Lie
algebras over C do not even extend to Lie algebras over the real numbers, ...).
It would be interesting to study post-Lie algebra structures on Lie algebras over other
�elds, especially over the real numbers (since the geometric motivation we presented leads
to real Lie algebras) or to �nd ways to transfer results on post-Lie algebra structures
on Lie algebras over C to results on post-Lie algebra structures on Lie algebras over R.
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For �elds of positive characteristics, we expect that many results presented here do not
extend to them.

6.2 Questions for complete Lie algebras

In Sections 4.3 and 4.4, we studied post-Lie algebra structures on post-Lie algebra dou-
ble pairs where n is a (solvable) complete Lie algebra. However, we had to impose
some assumptions on n (namely nil(n) = n(n) in Section 4.3 and the two assumptions
H0(T, n) = T and n generated by special weight spaces in Section 4.4). As we have seen
that not all solvable complete Lie algebras are generated by special weight spaces (and
for those who are not, Theorem 4.63 does not hold, see Example 4.64), we should ask
whether the other two conditions are vacuous or even necessary for our purposes:

Question 6.2.

(i) Are the conditions nil(n) = n(n) and H0(T, n) = T satis�ed for every solvable
complete Lie algebra n?

(ii) If they are not satis�ed for some solvable complete Lie algebra n, do the results of
Sections 4.3 and 4.4 still hold � that is, do post-Lie algebra structures on (g, n, R)
have the same simple structures as in Theorems 4.40 and 4.63?

Another way to generalize the result would be to consider rigid Lie algebras instead of
complete ones:

Question 6.3. Can one classify post-Lie algebra structures on Lie algebra double pairs
(g, n, R), where n is rigid?

6.3 Questions for nilpotent Lie algebras

In Section 5.1 we listed all post-Lie algebra structures on pairs (g, n), where both g and
n are isomorphic to the three-dimensional Heisenberg Lie algebra n3. From this explicit
classi�cation, we drew some surprising consequences (Corollary 5.2) like that the anti-
commutator always de�nes a CPA-structure. It would be interesting to know if one could
derive this result without the explicit classi�cation:

Question 6.4. How can one prove (without using a complete classi�cation of all post-Lie
algebra structures) that, given a post-Lie algebra structure x ·y on (g, n) with g ∼= n ∼= n3,
the bilinear map x ◦ y ..= 1

2(x · y + y · x) de�nes a CPA-structure on g?

That one can associate a CPA-structure in this way is particularly nice � it would
be interesting to know for which pairs of Lie algebras it is possible to do so. (It is, for
example, not true for pairs (g, n), where g and n are both isomorphic to a Heisenberg Lie
algebra of dimension ≥ 5.)
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Question 6.5. Given a pair (g, n) with a post-Lie algebra structure x·y, which conditions
on g and n ensure that

x ◦ y ..= 1

2
(x · y + y · x)

de�nes a CPA-structure on g or n?

Question 6.6. Given a pair (g, n) with a post-Lie algebra structure x ·y, is there another
way to associate a CPA-structure, an LR-structure or a pre-Lie algebra structure as via
the anti-commutator? If so, which properties (like e.g. completeness of the respective
structures) does this correspondence preserve?

Given Theorem 5.44 which classi�es CPA-structures on �liform Lie algebras in terms
of their solvability class, one may ask if there are other families of Lie algebras where the
form of the CPA-structures is connected to their solvability class (or nilpotency class):

Question 6.7. Are there other "large" and "interesting" families of Lie algebras where
CPA-structures can be classi�ed similarly as in Theorem 5.44?

Computational examples suggest that CPA-structures on quasi-�liform stem Lie alge-
bras (an n-dimensional Lie algebra is quasi-�liform, if it is (n − 2)-step nilpotent) also
always satisfy g · [g, g] = 0 if g is non-metabelian (like CPA-structures on �liform Lie
algebras do, by Theorem 5.44). (Remember that g · [g, g] = 0 is equivalent to (g, ·) being
an associative algebra by Proposition 5.90.) This suggests to try to prove a similar result
as Theorem 5.44 for quasi-�liform Lie algebras:

Question 6.8. Can we classify CPA-structures on quasi-�liform stem Lie algebras g in
terms of their solvability class? Do they all satisfy g · [g, g] = 0?

The conjecture that g · [g, g] = 0 for all CPA-structures on non-metabelian Lie algebras
with "high" nilpotency class is not true:

Example 6.9. The 9-dimensional stem nilpotent Lie algebra g (with solvability class 3
and nilpotency class 5), given by

[e1, e2] = e3, [e1, e3] = e4, [e1, e4] = e5, [e1, e6] = e8, [e2, e3] = e7, [e2, e5] = −e9, [e3, e4] = e9

admits CPA-structures with g · [g, g] 6= 0, e.g. the one given by

e1 · e1 = e1 · e2 = e2 · e2 = e6, e1 · e3 = e1 · e6 = e2 · e3 = e8.

As the classi�cation of all post-Lie algebra structures on (g, n), where g ∼= n ∼= n3,
yielded interesting results (Corollary 5.2), it would be worthwhile to study this situation
for the "opposite" case, namely �liform Lie algebras:

Question 6.10. Given two �liform non-metabelian isomorphic Lie algebras g ∼= n and a
(non-necessarily commutative) post-Lie algebra structure on (g, n). Is it still true (as in
the case for CPA-structures), that g · [g, g] = 0 or n · {n, n} = 0? Can one impose certain
conditions (e.g. terms of the lower central series of g and n being "su�ciently similar")
on the pair (g, n) which imply one of these statements?
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Remark 6.11. One might also state an analogous question to Question 6.10 for a pair
of non-isomorphic �liform Lie algebras (g, n); then it is necessary that both g and n are
metabelian, as counterexamples on (g, n) = (L8, R8) and (g, n) = (R8, L8) show (in both
cases, it is possible to �nd post-Lie algebra structures which do neither satisfy g·[g, g] = 0
nor n · {n, n} = 0).

Another open question is related to completeness: All CPA-structures on nilpotent
Lie algebras are complete (Proposition 2.54) and thus the left-multiplication operators
and right-multiplication operators are nilpotent. Can this result be extended to non-
commutative post-Lie algebra structures?

Question 6.12. Given a pair of nilpotent stem Lie algebras (g, n). Is it true that all
left-multiplication operators L(x) are nilpotent? Is it true if we assume g ∼= n?

Again, examples suggest that the answer is yes if g and n are stem (and is no, if we
let g or n have an abelian ideal).
The analogous question for the right-multiplication operators (that is, completeness) is
wrong:

Example 6.13 ([29, Remark 5.5]). Consider g ∼= n ∼= n3(C), the 3-dimensional Heisen-
berg algebra. If a post-Lie algebra structure on (g, n) is given as in Proposition 5.1, type
(6), then R(e2) is not nilpotent (even though g ∼= n are nilpotent).

Another important class of nilpotent Lie algebra (which did not come up in this thesis)
is the one of free-nilpotent Lie algebras. Similar to the case of a free group, given a set
of generators X, the free Lie algebra L on X is the (unique) Lie algebra L with a map
i : X → L such that for every Lie algebra L′ and map f : X → L′, there is a unique
homomorphism of Lie algebras ϕ : L → L′ such that f = ϕ ◦ i. Free-nilpotent Lie
algebras are quotients of L by an ideal of the lower central series:

De�nition 6.14. The free-nilpotent Lie algebra Fg,c with g generators and nilpotency
class c is given by Fg,c = Lg/L

c+1
g . Here, Lg denotes the free Lie algebra on g generators.

The article [34] conjectures that for c ≥ 3, g ≥ 2, all CPA-structures on Fg,c are central
(see De�nition 5.96). This problem is connected to linear equations in Fg,c: Consider the
linear system of equations in Fg,c

[ui,j , xk] + [xj , ui,k] = 0

(in the variables ui,j with ui,j = uj,i for all i, j) for all 1 ≤ i, j, k ≤ g. It is proven in [34]
that if g ≥ 3, all solutions ui,j which lie in the commutator [Fg,c, Fg,c] are contained in
Z(Fg,c). This result is used in proving that, given g ≥ 3, if all CPA-structures on Fg,3
are central, then the same is true for Fg,c for any c ≥ 3.
However, for g = 2 an analogous result is not yet proven (for g = 2, it is proven in
[34] that F2,3 admits only central CPA-structures � thus such a result would imply F2,c

having only central CPA-structures for every c ≥ 3) and for g ≥ 3, the base case (namely
that Fg,3 only admits central CPA-structures) is still open.
The system of equations for F2,3 can be simpli�ed:
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6.3 Questions for nilpotent Lie algebras

Question 6.15 ([34]).

(i) Given the linear system of equations in F2,3,

[u1,1, x2] + [x1, u1,2] = 0,

[u2,2, x1] + [x2, u1,2] = 0,

where x1, x2 are generators of F2,3. Are all solutions (u1,1, u1,2, u2,2), which are
contained in the commutator of F2,3, contained in the center of F2,3?

(ii) Are all CPA-structures on Fg,3, g ≥ 3, central?
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A Proof of Theorem 5.44

Here, we want to give the missing proofs from Sections 5.4.1 and 5.4.2 which are neces-
sary in proving Theorem 5.44. We consider, as before, a �liform Lie algebra g with an
adapted basis {e1, . . . , en} of dimension n ≥ 7. As we are considering CPA-structures in
Classes A2 and B, we know that gd(n−4)/2e is abelian by Proposition 5.58.

As before, we denote by δi the vector space δi ..= span{ej : j ≥ i}.

A.1 CPA-structures in Class A2

We shall consider CPA-structures in Class A2, i.e. CPA-structures on a �liform Lie alge-
bra g (where gd(n−4)/2e is abelian) with e1 · e1 ∈ δ3 and e1 · e2 /∈ δ4. By Proposition 5.49,
this implies e1 · e2 = e3 + δ4.

Lemma A.1. Let x · y be a CPA-structure in Class A2. Then e1 · e1 ∈ δ3, e1 · ei =
ei+1 + δi+2 (for 2 ≤ i ≤ n− 1) and ei · ej ∈ δi+j for 2 ≤ i, j ≤ n.

Proof. We know that e1 · e1 ∈ δ3, e1 · ei ∈ ei+1 + δi+2 (for 2 ≤ i ≤ n− 1) and e2 · ei ∈ δ2+i
by Proposition 5.49.
Now we show that ei · ej ∈ δi+j for i, j ≥ 3:

We have e3 · e3 ∈ δ6:

e3 · e3 = e3 · [e1, e2] = [e3 · e1, e2] + [e1, e3 · e2] ∈ [δ4, e2] + [e1, δ5] ⊆ δ6 + δ6.

and �nd

e3 · e4 = [e3 · e1, e3] + [e1, e3 · e3] ∈ [δ4, e3] + [e1, δ6] ⊆ δ7

and inductively e3 · ej ∈ δ3+j .
To show ei · ej ∈ δi+j is just another induction: If ei · ej−1 ∈ δi+j−1, then

ei · ej = [ei · e1, ej−1] + [e1, ei · ej−1] ∈ [δi+1, ej−1] + [e1, δi+j−1] ⊆ δi+1+j−1 + δi+j ⊆ δi+j .

This proves Lemma A.1.

So we can prove Proposition 5.52, which says:

Proposition A.2. Suppose we have a CPA-structure on the �liform Lie algebra g in
Class A2. Then g is metabelian and [g, g] · [g, g] = 0.
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Proof. Keep in mind that by Lemma A.1, the CPA-structure satis�es e1 ·e1 ∈ δ3, e1 ·ei =
ei+1 + δi+2 for i 6= 1, n (in particular, e1 · en−1 = en), ei · ej ∈ δi+j for all i, j = 1, . . . , n
and e1 · en = 0.
Now we claim the following: Suppose for all j, k ∈ {3, . . . , n} and for an ` ∈ {0, . . . , n−7},
the following three conditions do hold:

(i) [ej , ek] ∈ δj+k+`

(ii) ej · ek ∈ δj+k+`

(iii) e1 · ej ∈ ej+1 + δj+`+2 + δn for j /∈ {n− 1, n}.

Then these three conditions also hold for `+ 1, that is:

(i)' [ej , ek] ∈ δj+k+`+1

(ii)' ej · ek ∈ δj+k+`+1

(iii)' e1 · ej ∈ ej+1 + δj+`+3 + δn for j /∈ {n− 1, n}.

Note that we know that the three conditions are true for ` = 0. So if we have proven
this claim, we know inductively that they also hold for ` = n− 6.

The �rst thing we shall prove is that [ej , ej+1] ∈ δ2j+`+2 for j, k ≥ 3. Note that by (i),
we have [ej , ej+1] ∈ δ2j+`+1. Further note that we may assume 2j+`+1 ≤ n � otherwise
δ2j+`+1 = 0 = δ2j+`+2 and there is nothing to prove.

To prove the claim, we �rst need to do a distinction between j = 3 and j > 3. (The
reason is that if j = 3, we cannot use assumption (ii) for the products e2 · e3 and e2 · e4
as it is only valid from j ≥ 3 on).
Case 1: Let us suppose j > 3. By (ii), we can write

ej · ej ∈ α1e2j+` + δ2j+`+1,

ej · ej+1 ∈ α2e2j+`+1 + δ2j+`+2,

ej−1 · ej ∈ α3e2j+`−1 + δ2j+`,

ej−1 · ej+1 ∈ α4e2j+` + δ2j+`+1

with coe�cients α1, α2, α3, α4 ∈ C.
We will now apply axioms (CPA2) and (CPA3) and shall conclude α1 = 0 = α2.

Step 1: Assume for a moment that 2j + ` + 1 < n. Let us use axiom (CPA2) on the
triple (e1, ej , ej). We obtain

0 = [e1, ej ] · ej − e1 · (ej · ej) + ej · (e1 · ej)
∈ ej · ej+1 − e1 · (α1e2j+` + δ2j+`+1) + ej · (ej+1 + δj+`+2 + δn)

⊆ α2e2j+`+1 + δ2j+`+2 − α1e2j+`+1 + δ2j+`+2 + δn + α2e2j+`+1 + δ2j+`+2

⊆ α2e2j+`+1 − α1e2j+`+1 + α2e2j+`+1 + δ2j+`+2 + δn
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and get 2α2 − α1 = 0. Note that we have 2j + ` + 1 < n. Thus there is no multiple of
e2j+`+1 contained in δn.
If instead 2j+ `+1 = n (note that we ruled out the case 2j+ `+1 > n), then we instead
have

0 ∈ α2en − e1 · (α1en−1 + δn) + ej · (ej+1 + δj+`+2 + δn)

⊆ α2en − α1en + α2en,

so we also �nd α1 = 2α2 (note here that e1 · en−1 = en).

Step 2: We use axiom (CPA2) again; this time on the triple (e1, ej−1, ej). We have

0 = [e1, ej−1] · ej − e1 · (ej−1 · ej) + ej−1 · (e1 · ej)
∈ ej · ej − e1 · (α3e2j+`−1 + δ2j+`) + ej−1 · (ej+1 + δj+2 + δn)

⊆ α1e2j+` + δ2j+`+1 − α3e2j+` + δ2j+`+1 + δn + α4e2j+` + δ2j+`+1

⊆ α1e2j+` − α3e2j+` + α4e2j+` + δ2j+`+1 + δn

and conclude (by comparing the e2j+`-coe�cient) that α1 = α3 − α4.

Step 3: Now we apply axiom (CPA3) on the triple (ej−1, e1, ej):

0 = ej−1 · [e1, ej ]− [ej−1 · e1, ej ]− [e1, ej−1 · ej ]
∈ ej−1 · ej+1 − [ej + δj+1 + δn, ej ]− [e1, α3e2j+`−1 + δ2j+`]

⊆ α4e2j+` + δ2j+`+1 − 0 + δj+1+j+` − 0− α3e2j+` + δ2j+`+1

⊆ α4e2j+` − α3e2j+` + δ2j+`+1.

Here we have used assumption (i); we conclude that α4 = α3 and since 2α2 = α1 =
α3 − α4, we �nd α1 = 0 = α2.
Step 4: Our last step is again an application of axiom (CPA3) (on the triple (ej , e1, ej))

� we show that [ej , ej+1] ∈ δ2j+`+2: We have

0 = ej · [e1, ej ]− [ej · e1, ej ]− [e1, ej · ej ]
∈ ej · ej+1 − [ej+1, ej ]− [δj+2 + δn, ej ]− [e1, α1e2j+` + δ2j+`+1]

⊆ α2e2j+`+1 + δ2j+`+2 − [ej+1, ej ] + δ2j+`+2 − α1e2j+`+1 + δ2j+`+2

⊆ α2e2j+`+1 + [ej , ej+1]− α1e2j+`+1 + δ2j+`+2.

But since α1 = 0 = α2, we �nd [ej , ej+1] ∈ δ2j+`+2. This completes Case 1.

Case 2: Before we can go on, we need to prove the same thing (namely [ej , ej+1] ∈
δ2j+`+2) for j = 3. In this case, the products e2 · e3, e2 · e4 read more complicated as
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before � we can write

e3 · e3 ∈ α1e6+` + δ7+`,

e3 · e4 ∈ α2e7+` + δ8+`,

e2 · e3 ∈
4+∑̀
i=5

βiei + α3e5+` + δ6+`,

e2 · e4 ∈
5+∑̀
i=6

γiei + α4e6+` + δ7+`.

However, we will show that the additional terms do not matter (thanks to assumption
(iii)). We show again that α1 = 0 = α2.

This involves four steps similar to the ones before:

Step 1 can be copied (with j = 3) completely from above (as it involves only the
products e3 · e3 and e3 · e4 having the same form as before). So we again have α1 = 2α2.

Step 2 is again an application of axiom (CPA2) on (e1, e2, e3):

0 = e3 · e3 − e1 · (e2 · e3) + e2 · (e1 · e3)

∈ α1e6+` + δ7+` − e1 ·

(
4+∑̀
i=5

βiei + α3e5+` + δ6+`

)
+ e2 · (e4 + δ5+` + δn)

⊆ α1e6+` + δ7+` −
4+∑̀
i=5

βiei+1 −
4+∑̀
i=5

δi+`+2︸ ︷︷ ︸
⊆δ7+`

−α3e6+` + δn + δ7+` +
5+∑̀
i=6

γiei + α4e6+` + δ7+`

⊆ α1e6+` − α3e6+` + α4e6+` −
4+∑̀
i=5

βiei+1 +
5+∑̀
i=6

γiei + δ7+` + δn

and comparing the e6+`-coe�cient gives again α1 = α3 − α4.
Here we needed that 6 + ` < n � otherwise we could not compare the corresponding

coe�cients. (But this is satis�ed since ` ≤ n− 7 by assumption.)
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A.1 CPA-structures in Class A2

Step 3 is an application of axiom (CPA3) to (e2, e1, e3):

0 = e2 · [e1, e3]− [e2 · e1, e3]− [e1, e2 · e3]

∈ e2 · e4 − [e3 + δ4, e3]− [e1,
4+∑̀
i=5

βiei + α3e5+` + δ6+`]

⊆
5+∑̀
i=6

γiei + α4e6+` + δ7+` + δ7+` −
4+∑̀
i=5

βiei+1 −
4+∑̀
i=5

δi+`+2︸ ︷︷ ︸
∈δ7+`

−α3e6+` + δ7+`

⊆ α4e6+` − α3e6+` +
5+∑̀
i=6

γiei −
4+∑̀
i=5

βiei+1 + δ7+`

meaning α4 = α3 and thus α1 = 0 = α2 as before. (We again needed 6 + ` < n.)
Step 4, completely as before, gives [e3, e4] ∈ δ8+`.

So we have for all j ≥ 3 that [ej , ej+1] ∈ δ2j+`+2.
This implies inductively that [ej , ej+i] ∈ δ2j+i+`+1 for all j ≥ 3: By the Jacobi identity,

[ej , ej+i] = [ej , [e1, ej+i−1]]

= −[e1, [ej+i−1, ej ]︸ ︷︷ ︸
∈δ2j+`+i (induction)

] + [ej+i−1, ej+1]︸ ︷︷ ︸
∈δ2j+i+`+1 (induction)

∈ δ2j+i+`+1.

This proves that (i)' holds.

Let us prove (ii)': We have ej · ej ∈ δ2j+`+1 (since α1 = 0). Inductively, by axiom
(CPA3),

ej · ej+i = ej · [e1, ej+i−1] = [ej · e1︸ ︷︷ ︸
∈δj+1

, ej+i−1] + [e1, ej · ej+i−1︸ ︷︷ ︸
∈δj+j+i−1+`+1 (induction)

]

∈ δ2j+1+`+i.

However, this step does no longer work if ` = n − 6, because then we do not have
ej · ej ∈ δ2j+`+1 for j = 3.
This proves (ii)'; we conclude by proving (iii)':

Let us distinguish three cases:
Case 1: j+ `+3 ≥ n+1. Then, as e1 ·ej ∈ ej+1 + δj+`+2 + δn = ej+1 + δn by assumption
(iii), we automatically have e1 · ej ∈ ej+1 + δj+`+3︸ ︷︷ ︸

=0

+δn.

Case 2: j + `+ 3 < n. Then write the products e1 · ej and e1 · ej+1 as

e1 · ej ∈ ej+1 + β1ej+`+2 + δj+`+3,

e1 · ej+1 ∈ ej+2 + β2ej+`+3 + δj+`+4.
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Then, by axiom (CPA2),

0 = ej+1 · e1 − e1 · (ej · e1) + ej · (e1 · e1)
∈ ej+2 + β2ej+`+3 + δj+`+4 − e1 · (ej+1 + β1ej+`+2 + δj+`+3) + ej · δ3
⊆ ej+2 + β2ej+`+3 + δj+`+4 − ej+2 − β2ej+`+3 + δj+`+4 − β1ej+`+3 + δj+`+4 + δj+`+4

⊆ −β1ej+`+3 + δj+`+4

(note that ej · δ3 ∈ δj+`+4 by (ii)' which we have just proven).
Hence, as the ej+`+3-coe�cient "exists", β1 = 0. But this exactly means what we

claimed, i.e. e1 · ej ∈ ej+1 + δj+`+3.

Case 3: j + `+ 3 = n. This case is very similar to Case 2.
We write

e1 · ej ∈ ej+1 + β1ej+`+2 + δj+`+3 + δn = ej+1 + β1en−1 + δn,

e1 · ej+1 = ej+2 + β2en.

And as before, by axiom (CPA2),

0 = [e1, ej ] · e1 − e1 · (ej · e1) + ej · (e1 · e1)
= ej+1 · e1 − e1 · (ej · e1) + ej · (e1 · e1)
∈ ej+2 + β2en − e1 · (ej+1 + β1en−1 + δn) + ej · δ3
⊆ ej+2 + β2en − ej+2 − β2en − β1en + 0,

so again β1 = 0.
This shows (iii)'.

Now since (i), (ii) and (iii) hold for ` = 0, they do also hold for ` = n − 6. So in
particular, for j, k ≥ 3,

[ej , ek] ∈ δj+k+n−6 and ej · ek ∈ δj+k+n−6.

But if j ≥ 3, k ≥ 4, then this means [ej , ek] ∈ δn+1 = 0, ej · ek ∈ δn+1 = 0. Thus
[δ3, δ3] = 0 and g is metabelian.
However, we do "only" have e3 · e3 ∈ δn (and not e3 · e3 = 0).
So let us show that indeed e3 · e3 = 0. By (iii)', we have e1 · ei = ei+1 + δn, 3 ≤ i ≤ n− 1;
let us show that for 4 ≤ i ≤ n− 1, we indeed have e1 · ei = ei+1:

e1 · ei = e1 · [e1, ei−1] = [e1 · e1, ei−1] + [e1, e1 · ei−1] ∈ [δ3, ei−1] + [e1, ei + δn] ⊆ 0 + ei+1 + 0

using the fact that g is metabelian.
This, however, implies that [e1, e2 · e3] = e1 · (e2 · e3), which, by (CPA3) implies that
e2 · e4 = e1 · (e2 · e3):

e2 · e4 = [e2 · e1, e3]︸ ︷︷ ︸
=0

+[e1, e2 · e3] = e1 · (e2 · e3).
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And now, we can show that e3 · e3 = 0 (CPA2):

0 = [e1, e3] · e2 − e1 · (e3 · e2) + e3 · (e1 · e2) = e2 · e4 − e1 · (e2 · e3) + e3 · (e1 · e2) ∈ e3 · (e3 + δ4).

Since e3 ·δ4 = 0 by the above, we now know that e3 ·e3 = 0, which we wanted to show.

A.2 CPA-structures in Class B

We again assume that g is �liform of dimension ≥ 7; the remaining case is the one where
e1 · e1 /∈ δ3 (meaning x · y is in Class B). By Lemma 5.57, gd(n−4)/2e is abelian.

Lemma A.3. Let g be �liform and x · y a CPA-structure on g in Class B. Then

(i) e1 · e2 ∈ βe3 + δ4, where β ∈ {0, 1}.

(ii) e2 · e2 ∈ δ5, e2 · e3 ∈ δ6.

Proof. As x·y is in Class B, we write e1 ·e1 ∈ αe2+δ3, e1 ·e2 ∈ βe3+δ4 and e2 ·e2 ∈ γe4+δ5
with α 6= 0. We have to show γ = 0 and β ∈ {0, 1}.
By axiom (CPA3), we have

e2 · e3 = [e2 · e1, e2] + [e1, e2 · e2] ∈ [δ3, e2] + [e1, γe4 + δ5] ⊆ δ6 + γe5 + δ6.

Here we used that [e2, δ3] ∈ δ6 (which holds by Lemma 5.46 and Proposition 5.47).
In the same way we get e2 · e4 ∈ γe6 + δ7 and e1 · e3 ∈ βe4 + δ5, e1 · e4 ∈ βe5 + δ6. But
on the other hand,

0 = e3 · e2 − e1 · (e2 · e2) + e2 · (e1 · e2)
∈ γe5 + δ6 − e1 · (γe4 + δ5) + e2 · (βe3 + δ4) ⊆ γe5 − βγe5 + δ6 + βγe5 + δ6 ⊆ γe5 + δ6.

Thus γ = 0, meaning e2 · e2 ∈ δ5. This however implies

0 = e3 · e1 − e1 · (e2 · e1) + e2 · (e1 · e1)
∈ βe4 + δ5 − e1 · (βe3 + δ4) + e2 · δ2 ⊆ βe4 + δ5 − β2e4 + δ5,

so β ∈ {0, 1}.

So if x · y is in Class B, x · y is in Class B1 if and only if e1 · e2 ∈ δ4 and in Class B2 if
and only if e1 · e2 ∈ e3 + δ4.
We have to deal with both cases (Class B1 and Class B2) separately.

Proposition A.4. Let g be �liform (and n-dimensional), x · y a CPA-structure on g in
Class B1 (meaning e1 · e1 /∈ δ3 and e1 · e2 ∈ δ4). Then g ∼= Ln.

Proof. We will prove the result in �ve steps:

(1) We show that e2 · ej ∈ δj+3 for all j ≥ 2. We need this for step (2) and (3). From
this, it also follows that ei · ej ∈ δi+j for i, j ≥ 2.
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(2) We show e1 · ej ∈ δj+2 for all j ≥ 2. We need this statement quite a few times in
step (3).

(3) Next we do an induction to show that ei · ej = 0 if

(i, j) /∈ {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (3, 1)}.

(4) Using step (3), we show (inductively) that [ei, ej ] = 0 if i, j 6= 1, (i, j) /∈ {(2, 3), (3, 2)}.

(5) We also show [e2, e3] = 0. This �nally means that g ∼= Ln.

Step (1): We already know e2 · e2 ∈ δ5 (by Lemma A.3). We show e2 · ej ∈ δj+3 by
induction on j � the induction basis is e2 · e2 ∈ δ5. The induction step j → j + 1 is, via
(CPA3)

e2 · ej+1 = e2 · [e1, ej ] = [e2 · e1︸ ︷︷ ︸
∈δ4

, ej ] + [e1, e2 · ej︸ ︷︷ ︸
∈δj+3

] ∈ δj+4.

Step (2): We already know e1 · e2 ∈ δ4 (by Lemma A.3 and our assumption β = 0).
We show e1 ·ej ∈ δj+2 by induction on j � the equation e1 ·e2 ∈ δ4 is the induction basis.
The induction step j → j + 1 reads, via axiom (CPA2)

e1 · ej+1 = ej+1 · e1 = [e1, ej ] · e1 = e1 · (ej · e1)︸ ︷︷ ︸
∈δj+2

−ej · (e1 · e1)︸ ︷︷ ︸
∈δ2

∈ δj+3 − δj+3 ⊆ δj+3.

Step (3): The statement we want to show here is: If for an ` ≥ 0 the inclusions

• e1 · ek ∈ δk+`+1 and

• ei · ej ∈ δi+j+`

hold for all i ≥ 2, j ≥ 3, k ≥ 4, then they do also hold for `+ 1, that is, the inclusions

• e1 · ek ∈ δk+`+2 and

• ei · ej ∈ δi+j+`+1

hold for all i ≥ 2, j ≥ 3, k ≥ 4.

We start by showing e3 · ej ∈ δj+`+4, j ≥ 3: We have

e3 · ej = e1 · (e2 · ej)︸ ︷︷ ︸
∈δj+2+`

−e2 · (e1 · ej)︸ ︷︷ ︸
∈δj+2

∈ δj+4+` − δj+4+` ⊆ δj+4+`.

Now we show that if ei · ej ∈ δi+j+`+1, then also ei+1 · ej ∈ δi+1+j+`+1:

ei+1 · ej = e1 · (ei · ej)︸ ︷︷ ︸
∈δi+j+`+1

−ei · (e1 · ej)︸ ︷︷ ︸
∈δj+2

∈ δi+j+`+2 − δi+j+`+2 ⊆ δi+j+`+2.

158



A.2 CPA-structures in Class B

So the second inclusion holds if i ≥ 3 and j ≥ 3. Now we also show this inclusion for
i = 2: Let j ≥ 3, then

e2 · ej = ej · e2 = e1 · (ej−1 · e2)︸ ︷︷ ︸
∈δj+2

−ej−1 · (e1 · e2)︸ ︷︷ ︸
∈δ4

∈ δ3+j+`.

Now we show the remaining part � namely e1 · ek ∈ δk+`+2, k ≥ 4. Similarly to above,
we have

e1 · ek = ek · e1 = [e1, ek−1] · e1 = e1 · (ek−1 · e1)︸ ︷︷ ︸
∈δk+1

−ek−1 · (e1 · e1)︸ ︷︷ ︸
∈δ2

∈ δk+`+2.

For the second summand, we used here what we just have proven � namely ek−1 · e2 ∈
δk−1+2+`+1.
Hence we have proven the claim. Now note that we know that the statement is true for
` = 0, so if we choose ` large enough, we have e1 · ek = ei · ej = 0 for i ≥ 2, j ≥ 3, k ≥ 4.
In other words, the only (potentially) non-zero products are e1 ·e1, e1 ·e2 = e2 ·e1, e1 ·e3 =
e3 · e1 and e2 · e2.

Step (4): We do another induction: Claim: If for an ` ≥ 0, the inclusion [ei, ej ] ∈ δi+j+`
holds for all i ≥ 2, j ≥ 4, then this inclusion holds also for `+1, that is [ei, ej ] ∈ δi+j+`+1

holds for all i ≥ 2, j ≥ 4.
To prove this, let us do an induction on i. Remember that we write e1 ·e1 = αe2 +δ3 and
assume α 6= 0. First suppose i = 2. Note that since j ≥ 4, we have e1 · ej+1 = e1 · ej = 0.
Now, by axiom (CPA3),

0 = e1 · ej+1 − [e1 · e1, ej ]− [e1, e1 · ej︸ ︷︷ ︸
=0

] ∈ − α︸︷︷︸
6=0

[e2, ej ]− [δ3, ej ]︸ ︷︷ ︸
⊆δj+`+3

implying [e2, ej ] ∈ δj+`+3. So our claim holds for i = 2.
We do the induction step i→ i+ 1 with help of the Jacobi identity: We have

[ei+1, ej ] = [[e1, ei], ej ] = −[ [ei, ej ]︸ ︷︷ ︸
∈δi+j+`+1

, e1]− [[ej , e1]︸ ︷︷ ︸
∈δj+1

, ei] ∈ δi+j+`+2.

Since in the beginning, we are in the case ` = 0, we may conclude as before (by choosing
` large enough) that [δ2, δ4] = 0. However, we cannot do this procedure for [e2, ej ] where
j = 3 � in this case, we do not have the equality e1 · ej = 0 (and we used this equality).
So to identify g's true form as Ln, we still have to prove [e2, e3] = 0.
Step (5). Let us show [e2, e3] = 0.
First note that due to the Jacobi identity,

[e1, [e2, e3]] = −[e2, [e3, e1]︸ ︷︷ ︸
=−e4

]− [e3, [e1, e2]] = [e2, e4]− [e3, e3] = 0− 0 = 0,
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implying [e2, e3] ∈ δn. Let us apply axioms (CPA3) and (CPA2) a few times:

0 = e1 · e4 = [e1 · e1︸ ︷︷ ︸
∈δ2

, e3]

︸ ︷︷ ︸
∈δn

+[e1, e1 · e3]

implying [e1, e1 · e3] ∈ δn and thus e1 · e3 ∈ δn−1.
Another application is

e1 · [e1, e2]︸ ︷︷ ︸
∈δn−1

= [e1 · e1, e2]︸ ︷︷ ︸
∈δn

+[e1, e1 · e2]

implying [e1, e1 · e2] ∈ δn−1 and thus e1 · e2 ∈ δn−2. We use this axiom again and �nd

e2 · [e1, e2]︸ ︷︷ ︸
=0

= [e2 · e1, e2]︸ ︷︷ ︸
=0

+[e1, e2 · e2],

so e2 · e2 ∈ δn. Now by axiom (CPA2),

e3 · e1 = [e1, e2] · e1 = e1 · (e2 · e1)︸ ︷︷ ︸
∈δn−2

−e2 · (e1 · e1)︸ ︷︷ ︸
∈δ2

∈ 0− δn = δn.

And now, �nally,

0 = e1 · [e1, e3] = [e1 · e1, e3] + [e1, e1 · e3︸ ︷︷ ︸
∈δn

] ∈ [αe2 + δ3, e3] + 0 = α︸︷︷︸
6=0

[e2, e3]

which means [e2, e3] = 0. So g = Ln.

So we completed now the case of Class B1 and found out that g ∼= Ln. There is one
case left, namely CPA-structures in Class B2. They satisfy e1 · e1 = αe2 + δ3, e1 · e2 =
e3 + δ4, α 6= 0. We will show that if x · y is a CPA-structure in Class B2 on g, then also
g ∼= Ln.

Lemma A.5. Let g be n-dimensional �liform, x · y a CPA-structure on g of Class B2

with e1 · e1 /∈ δ3 and e1 · e2 /∈ δ4 (by Lemma A.3, this implies e1 · e2 = e3 + δ4). Then we
have (a) e1 · ei = ei+1 + δi+2 for all i /∈ {1, n}, (b) e2 · ej ∈ δ3+j and (c) [e2, ej ] ∈ δ3+j
for all j ≥ 2.

Proof. By induction on i, we will show

(i) e1 · ei ∈ ei+1 + δi+2

(ii) ei−1 · ei ∈ δ2i

(iii) [ei−1, ei] ∈ δ2i.
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for all i ∈ {3, . . . , n − 1}. Note that by Lemma A.3, the statements are true for i = 3
(here note that by axiom (CPA3), if e1 · e2 ∈ e3 + δ4, then also e1 · e3 ∈ e4 + δ5). We
assume it holds for i and show it for i+ 1:
Axiom (CPA3) on (ei−1, e1, ei):

ei−1 · ei+1 = [ei−1 · e1︸ ︷︷ ︸
∈δi

, ei] + [e1, ei−1 · ei︸ ︷︷ ︸
∈δ2i

] ∈ δ2i+1.

Axiom (CPA2) on (e1, ei−1, ei):

ei · ei = e1 · (ei−1 · ei︸ ︷︷ ︸
∈δ2i

)− ei−1 · (e1 · ei︸ ︷︷ ︸
∈δi+1

) ∈ δ2i+1.

Axiom (CPA2) on (e1, ei, ei): Let us write ei · ei+1 = β1e2i+1 + δ2i+2.

ei+1 · ei︸ ︷︷ ︸
β1e2i+1+δ2i+2

= e1 · (ei · ei)− ei · (e1 · ei)

∈ e1 · δ2i+1 − ei · (ei+1 + δi+2) ⊆ δ2i+2 − β1e2i+1 + δ2i+2,

thus β1 = 0 and so ei · ei+1 ∈ δi+2.
Axiom (CPA3) on (ei, e1, ei):

ei · ei+1︸ ︷︷ ︸
∈δ2i+2

= [ei · e1, ei]︸ ︷︷ ︸
[ei+1,ei]+δ2i+2

+[e1, ei · ei︸ ︷︷ ︸
∈δ2i+1

],

meaning [ei, ei+1] ∈ δ2i+2.
This implies inductively (by the Jacobi identity) [ei−1, ei+1] ∈ δ2i+1, [ei−2, ei+1] ∈ δ2i, ...,
up to [e2, ei+1] ∈ δi+4 implying for i < n− 1

e1 · ei+1 = [e1 · e1, ei] + [e1, e1 · ei] ∈ δi+3 + ei+2 + δi+3 ⊆ ei+2 + δi+3.

This shows that (i), (ii) and (iii) also hold for i+ 1.

So (a) and (c) are proven; (b) is another induction using axiom (CPA3).

Proposition A.6. If x · y is a CPA-structure of Class B2 on g (where g is �liform and
n-dimensional), then g ∼= Ln.

Proof. We will show the following: Suppose for all j, k ∈ {3, . . . , n} and for an ` ∈
{0, . . . , n− 5}, the following �ve conditions do hold:

(i) [ej , ek] ∈ δj+k+` + δn

(ii) ej · ek ∈ δj+k+`

(iii) e1 · ej ∈ ej+1 + δj+`+2 + δn for j 6= n− 1, n (and e1 · en−1 = en).

(iv) e2 · ej ∈ δ3+j+` + δn for j ≥ 2.
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(v) [e2, ej ] ∈ δ3+j+` for j ≥ 3.

Then these �ve conditions also hold for `+ 1, that is:

(i)' [ej , ek] ∈ δj+k+`+1

(ii)' ej · ek ∈ δj+k+`+1

(iii)' e1 · ej ∈ ej+1 + δj+`+3 + δn for j 6= n− 1, n (and e1 · en−1 = en).

(iv)' e2 · ej ∈ δ4+j+` for j ≥ 2.

(v)' [e2, ej ] ∈ δ4+j+` for j ≥ 3.

(Again note that by Lemma A.5, these conditions are satis�ed for ` = 0).
We would like to do the proof similar to the one of Proposition A.2. However, there

is a slight problem: When we proved (iii), we used that e1 · e1 ∈ δ3. Since we now as-
sume x·y to be in Class B, this is no longer the case. We therefore have to re�ne the proof.

With the same proof as of Proposition A.2 we can prove that (i)' and (ii)' hold. We
now show that (iii)' does hold, i.e. e1 · ej ∈ ej+1 + δj+`+3 + δn for j 6= n.
By assumptions (iii) and (iv) we can write

e1 · e2 ∈ e3 + β1e4+` + δ`+5,

e2 · e2 ∈ γ1e5+` + δ6+`,

e1 · e3 ∈ e4 + β2e5+` + δ`+6,

e2 · e3 ∈ γ2e6+` + δ7+`

and so on, up to

e1 · en−`−3 ∈ en−`−2 + βn−`−4en−1 + δn,

e2 · en−`−3 ∈ γn−`−4en.

Using axiom (CPA2) on the triple (e1, e2, e1), we get

0 = e3 · e1 − e1 · (e2 · e1) + e2 · (e1 · e1)
∈ e4 + β2e5+` + δ6+` − e1 · (e3 + β1e4+` + δ5+`) + e2 · (αe2 + δ3)

⊆ e4 + β2e5+` + δ6+` − e4 − β2e5+` − β1e5+` + δ6+` + αγ1e5+` + δ6+` + δn

⊆ −β1e5+` + αγ1e5+` + δ6+` + δn.

So we have β1 = αγ1 and similarly (by using (CPA2) for the triple (e1, es+1, e1)) that
βs = αγs for 1 ≤ s ≤ n− `− 4.
Axiom (CPA3) on the triple (e1, e1, e2) yields γ2 = γ1 (more precisely, β1 = β2, but
βi = αγi and α 6= 0), but axiom (CPA2) on the triple (e2, e1, e2) yields γ1 = 2γ2. So
β1 = β2 = γ1 = γ2 = 0 meaning e1 ·e2 ∈ e3+δ`+5, e1 ·e3 ∈ e4+δ`+6, e2 ·e2 ∈ δ6+`, e2 ·e3 ∈

162



A.2 CPA-structures in Class B

δ7+`. However, this has consequences on the Lie bracket: By axiom (CPA3) on the triple
(e2, e1, e2), we have

e2 · e3︸ ︷︷ ︸
∈δ7+`

= [e2 · e1, e2]︸ ︷︷ ︸
∈[e3+δ`+5,e2]

+ [e1, e2 · e2]︸ ︷︷ ︸
∈δ7+`

implying [e2, e3] ∈ δ`+7. The Jacobi identity then implies [e2, e4] ∈ δ`+8.

We need three more applications of the CPA-axioms. First, by axiom (CPA2) on
(e2, e1, e2) and (CPA3) on (e1, e1, e4), we also �nd β3 = β4 = 0, then, by axiom (CPA3)
on (e2, e1, e4), we have [e3, e4] ∈ δ9+`. The Jacobi identity both implies [e2, ej ] ∈ δ4+j+`
and [e3, ej ] ∈ δ5+j+` for all j ≥ 3. Now we may �nally prove that all of the βi's and γi's
are zero � this is an application of axiom (CPA3) to (e1, e1, es+1). This proves (iii)', (iv)'
and (v)'.
This procedure works until ` = n−5. This means, in the last step, we get the non-zero

products

e1 · e1 ∈ δ2, e1 · e2 ∈ e3 + δn−2, e1 · e3 ∈ e4 + δn−1,

e1 · ej ∈ ej+1 + δn, j ≥ 4; , e2 · e2 ∈ δn−1, e2 · e3 ∈ δn

and have that [δ3, δ3] = [δ2, δ4] = 0. To show that g ∼= Ln, it remains to show [e2, e3] = 0
(up to now, we only have [e2, e3] ∈ δn). This is similar to the end of Proposition A.4's
proof; a sequence of applications of axioms (CPA2) and (CPA3) gives the result.
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B Explicit post-Lie algebra structures

In this appendix, we want to state some proofs and classi�cations which have been
obtained with help of the software Mathematica.

B.1 Existence of post-Lie algebra structures in dimension 3

Here, we want to prove Proposition 3.51 from Section 3.4, namely, which pairs of 3-
dimensional Lie algebras admit a post-Lie algebra structure.

The situation in dimension 3 is manageable, mainly for two reasons: There are only
"a few" Lie algebras in dimension 3 and moreover, there are many useful invariants of
3-dimensional Lie algebras like the one from [93], which can be computed via the Killing
form of a given basis. This invariant helps to distinguish non-nilpotent Lie algebras in
dimension 3 and is thus very useful for concrete calculations.
To prove Proposition 3.51, we give an example for each "existence" case. For our

examples, if not said otherwise, we assume g to have the basis {e1, e2, e3} with Lie
brackets given in Table 16 and indicate the post-Lie algebra structure by stating the
Lie brackets of n and a possible post-Lie algebra structure on (g, n) in terms of the
left-multiplication operators L(e1), L(e2), L(e3).

Example B.1. Let g ∼= C3. We can �nd post-Lie algebra structures on (g, n) with n
isomorphic to (i) C3, (ii) n3(C), (iii) r2(C)⊕ C, (iv) r3(C), (v) r3,1(C), (vi) r3,λ(C).

Proof.

(i) The trivial zero-product: ad(e1) = ad(e2) = ad(e3) = L(e1) = L(e2) = L(e3) = 0.

(ii) Lie brackets of n: {e1, e2} = e3, left-multiplication operators:

L(e1) = 0, L(e2) =

0 0 0
0 0 0
1 0 0

 , L(e3) = 0.

(iii) Lie brackets of n: {e1, e2} = e1, left-multiplication operators:

L(e1) = 0, L(e2) =

1 0 0
0 0 0
0 0 0

 , L(e3) = 0.
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Table 16: Lie algebras in dimension 3

g non-zero Lie brackets
C3 �

n3(C) [e1, e2] = e3
r2(C)⊕ C [e1, e2] = e1
r3(C) [e1, e2] = e2, [e1, e3] = e2 + e3

r3,λ(C), λ ∈ C∗, |λ| ≤ 1
[e1, e2] = e2, [e1, e3] = λe3 with

r3,λ(C) ∼= r3,µ(C) if and only if µ = 1
λ or µ = λ

sl2(C) [e1, e2] = e3, [e1, e3] = −2e1, [e2, e3] = 2e2

(iv) Lie brackets of n: {e1, e2} = e2, {e1, e3} = e2 + e3, left-multiplication operators:

L(e1) = 0, L(e2) =

0 0 0
1 0 0
0 0 0

 , L(e3) =

0 0 0
1 0 0
1 0 0

 .

(v) Lie brackets of n: {e1, e2} = e2, {e1, e3} = e3, left-multiplication operators:

L(e1) = 0, L(e2) =

0 0 0
1 0 0
0 0 0

 , L(e3) =

0 0 0
0 0 0
1 0 0

 .

(vi) Lie brackets of n: {e1, e2} = e2, {e1, e3} = µe3, left-multiplication operators:

L(e1) =

0 0 0
0 0 0
0 0 −µ

 , L(e2) =

0 0 0
1 0 0
0 0 0

 , L(e3) = 0.

Example B.2. Let g ∼= n3(C). We can �nd post-Lie algebra structures on (g, n) with n
isomorphic to (i) C3, (ii) n3(C), (iii) r2(C)⊕ C, (iv) r3(C), (v) r3,1(C).

Proof.

(i) n the abelian Lie algebra, left-multiplication operators:

L(e1) =

0 0 0
0 0 0
0 1 0

 , L(e2) = L(e3) = 0.

(ii) Lie brackets of n: {e1, e2} = e3, post-Lie algebra structure: the trivial zero-product:
L(e1) = L(e2) = L(e3) = 0.
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(iii) Lie brackets of n: {e1, e2} = e2, left-multiplication operators:

L(e1) = 0, L(e2) =

 0 0 0
1 0 0
−1 0 0

 , L(e3) = 0

(iv) Lie brackets of n: {e1, e2} = e2, {e1, e3} = e2 + e3, Lie brackets of g: [e1, e3] = e2,
left-multiplication operators:

L(e1) =

0 0 0
0 −1 0
0 0 −1

 , L(e2) = 0, L(e3) = 0.

(v) Lie brackets of n: {e1, e2} = e2, {e1, e3} = e3, Lie brackets of g: [e1, e3] = e2,
left-multiplication operators:

L(e1) =

0 0 0
0 0 1
0 0 0

 , L(e2) =

0 0 0
1 0 0
0 0 0

 , L(e3) =

0 0 0
0 0 0
1 0 0

 .

Example B.3. Let g ∼= r2(C)⊕C. We can �nd post-Lie algebra structures on (g, n) with
n isomorphic to (i) C3, (ii) n3(C), (iii) r2(C)⊕C, (iv) r3(C), (v) r3,µ(C) (µ may or may
not be 1).

Proof.

(i) n the abelian Lie algebra, left-multiplication operators:

L(e1) = 0, L(e2) =

−1 0 0
0 0 0
0 0 0

 , L(e3) = 0.

(ii) Lie brackets of n: {e2, e3} = e1, left-multiplication operators:

L(e1) = 0, L(e2) =

−1 0 −1
0 −1 0
0 0 0

 , L(e3) = 0.

(iii) Lie brackets of n: {e1, e2} = e1, post-Lie algebra structure: the trivial zero-product:
L(e1) = L(e2) = L(e3) = 0.

(iv) Lie brackets of n: {e1, e3} = e1 + e2, {e2, e3} = e2, left-multiplication operators:

L(e1) = 0, L(e2) =

−1 0 0
0 −1 0
0 0 0

 , L(e3) =

1 0 0
1 1 0
0 0 0

 .
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(v) Lie brackets of n: {e1, e2} = e2, {e1, e3} = µe3, Lie brackets of g: [e1, e2] = [e1, e3] =
[e2, e3] = e2, left-multiplication operators:

L(e1) = 0, L(e2) = 0, L(e3) =

 0 0 0
−1 −1 0
µ 0 −1



Example B.4. Let g ∼= r3(C). We can �nd post-Lie algebra structures on (g, n) with n
isomorphic to (i) C3, (ii) n3(C), (iii) r2(C)⊕ C, (iv) r3(C), (v) r3,1(C).

Proof.

(i) n the abelian Lie algebra, left-multiplication operators:

L(e1) =

0 0 0
0 1 0
0 0 1

 , L(e2) = 0, L(e3) =

 0 0 0
−1 0 0
0 0 0

 .

(ii) Lie brackets of n: {e2, e3} = e1, left-multiplication operators:

L(e1) =

2 0 0
0 1 1
0 0 1

 , L(e2) =

0 0 −1/2
0 0 0
0 0 0

 , L(e3) =

0 1/2 0
0 0 0
0 0 0

 .

(iii) Lie brackets of n: {e1, e2} = e1, Lie brackets of g: [e1, e2] = −e1 + e3, [e2, e3] = e3,
left-multiplication operators:

L(e1) =

0 0 0
0 0 0
0 1 0

 , L(e2) =

2 0 0
0 0 0
0 0 1

 , L(e3) = 0.

(iv) Lie brackets of n: {e1, e2} = e2, {e1, e3} = e2 + e3, post-Lie algebra structure: the
trivial zero-product: L(e1) = L(e2) = L(e3) = 0.

(v) Lie brackets of n: {e1, e2} = e2, {e1, e3} = e3, left-multiplication operators:

L(e1) =

0 0 0
0 0 1
0 0 0

 , L(e2) = 0, L(e3) = 0.

Example B.5. Let g ∼= r3,1(C). We can �nd post-Lie algebra structures on (g, n) with n
isomorphic to (i) C3, (ii) n3(C), (iii) r2(C)⊕ C, (iv) r3(C), (v) r3,1(C), (vi) r3,µ, µ 6= 1,
(vii) sl2(C).
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Proof.

(i) n the abelian Lie algebra, left-multiplication operators:

L(e1) =

0 0 0
0 1 0
0 0 1

 , L(e2) = 0, L(e3) = 0.

(ii) Lie brackets of n: {e2, e3} = e1, left-multiplication operators:

L(e1) =

2 0 0
0 1 0
0 0 1

 , L(e2) = 0, L(e3) =

0 1 0
0 0 0
0 0 0

 .

(iii) Lie brackets of n: {e1, e2} = e1, Lie brackets of g: [e1, e2] = −e1, [e2, e3] = e3,
left-multiplication operators:

L(e1) =

0 −1 0
0 0 0
0 0 0

 , L(e2) =

1 0 0
0 0 0
0 0 1

 , L(e3) = 0.

(iv) Lie brackets of n: {e1, e2} = e2, {e1, e3} = e2 + e3, left-multiplication operators:

L(e1) =

0 0 0
0 0 −1
0 0 0

 , L(e2) = 0, L(e3) = 0.

(v) Lie brackets of n: {e1, e2} = e2, {e1, e3} = e3, post-Lie algebra structure: the trivial
zero-product: L(e1) = L(e2) = L(e3) = 0.

(vi) Lie brackets of n: {e1, e2} = e2, {e1, e3} = µe3, left-multiplication operators:

L(e1) =

0 0 0
0 0 0
0 0 1

 , L(e2) = 0, L(e3) =

0 0 0
0 0 0
µ 0 0

 .

(vii) Lie brackets of n: {e1, e2} = e3, {e1, e3} = −2e1, {e2, e3} = 2e2, Lie brackets of g:
[e1, e2] = e1, [e1, e3] = −e1, [e2, e3] = −e2 − e3, left-multiplication operators:

L(e1) = 0, L(e2) =

−1 0 0
0 1 −2
1 0 0

 , L(e3) =

−1 0 −2
0 1 0
0 1 0

 .
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Example B.6. Let g ∼= r3,λ(C), λ 6= 1. We can �nd post-Lie algebra structures on (g, n)
with n isomorphic to (i) C3, (ii) n3(C), (iii) r2(C)⊕C, (iv) r3(C), (v) r3,µ (where µ may
or may not be 1), (vi) sl2(C). Case (vii) is not possible if µ = −1.

Proof.

(i) n the abelian Lie algebra, left-multiplication operators:

L(e1) =

0 0 0
0 1 0
0 0 λ

 , L(e2) = 0, L(e3) = 0.

(ii) Lie brackets of n: {e1, e3} = e2, left-multiplication operators:

L(e1) =

1− λ 0 0
0 2− λ −1/2
0 0 1

 , L(e2) =

 0 0 0
1− λ 0 0

0 0 0

 , L(e3) =

 0 0 0
1/2 0 0

1− λ 0 0


(iii) Lie brackets of n: {e1, e2} = e1, Lie brackets of g: [e1, e2] = − 1

λe1, [e2, e3] = e3,
left-multiplication operators:

L(e1) =

0 −1 0
0 0 0
0 0 0

 , L(e2) =

1/λ 0 0
0 0 0
0 0 1

 , L(e3) = 0.

(iv) Lie brackets of n: {e1, e2} = e2, {e1, e3} = e2 + e3, Lie brackets of g: [e1, e2] =
(−1 + 1

1−λ)e2, [e1, e3] = ( 1
1−λ)e3, left-multiplication operators:

L(e1) =

0 0 0
0 λ/(1− λ) −1
0 0 λ/(1− λ)

 , L(e2) =

0 0 0
1 0 0
0 0 0

 , L(e3) = 0.

(v) Lie brackets of n: {e1, e2} = e2, {e1, e3} = µe3, left-multiplication operators:

L(e1) =

0 0 0
0 0 0
0 0 λ

 , L(e2) = 0, L(e3) =

0 0 0
0 0 0
µ 0 0


(vi) Lie brackets of n: {e1, e2} = e3, {e1, e3} = −2e1, {e2, e3} = 2e2, Lie brackets of g:

[e1, e2] = −λe1, [e1, e3] = − 2λ
λ+1e1, [e2, e3] = 1−λ2

2 e1− 2
λ+1e2 +e3, left-multiplication

operators:

L(e1) = 0, L(e2) =

λ 0 1−λ2
2

0 −λ −2

1 λ2−1
4 0

 , L(e3) =

− 2
λ+1 0 2

0 2
λ+1 0

0 −1 0

 .

This does work if and only if λ 6= −1.
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Example B.7. Let g ∼= sl2(C). We can �nd post-Lie algebra structures on (g, n) if n is
isomorphic to sl2(C).

Proof. An example is the trivial post-Lie algebra structure, where n's Lie brackets are
{e1, e2} = e3, {e1, e3} = −2e1, {e2, e3} = 2e3 and the left-multiplication operators are
L(e1) = L(e2) = L(e3) = 0.

Remark B.8. This structure and the other trivial post-Lie algebra structure are the only
ones on (sl2(C), sl2(C)) (cf. Example 2.42).

All together, these examples prove (iv) of Proposition 3.51.
It remains to prove the non-existence of post-Lie algebra structures on certain combina-
tions of Lie algebras, namely cases (i), (ii), (iii) of Proposition 3.51:

Proof of Proposition 3.51, cases (i), (ii), (iii).

(i) This holds because of Theorem 3.20: If there is a post-Lie algebra structure on
(g, n) where g is simple, then n ∼= g.

(ii) This is exactly the statement of Example 2.44. (Alternatively, it also follows from
Proposition 2.48.)

(iii) If n ∼= r3,µ(C), µ 6= 1 and g ∼= n3(C), we can assume n to have a basis {e1, e2, e3}
with {e1, e2} = e2, {e1, e3} = µe3. As g is nilpotent, all its adjoint operators are
too and thus their trace vanishes; we may write

ad(e1) =

0 r1 r4
0 r2 r5
0 r3 −r2

 , ad(e2) =

−r1 0 r6
−r2 0 −r4
−r3 0 r1

 , ad(e3) =

−r4 −r6 0
−r5 r4 0
r2 −r1 0


for the adjoint operators with respect to [, ] and e1, e2, e3.
After applying axioms (PA1) and (PA3) we �nd (using µ 6= 1)

L(e1) =

 0 0 0
0 α5 α1

α6 0 α7

 , L(e2) =

 0 0 0
α2 α10 0
α4 0 0

 , L(e3) =

 0 0 0
α3 0 0
α8 0 α9


and r1 = r4 = r6 = 0, r2 = α1−α2+1, r3 = −α4, r5 = −α3 for some α1, . . . , α10 ∈ C
subject to the condition µ = −1−α1+α2−α7+α8. From the fact that (ad(e1))

2 = 0
combined with axiom (PA2) one obtains that either g is abelian or µ = 1, both is
a contradiction to our assumption.
The case where n ∼= r3,µ(C), µ 6= 1 and g ∼= r3(C) is similar; when one �xes n's basis
{e1, e2, e3} again to satisfying {e1, e2} = e2, {e1, e3} = µe3, one arrives (relatively
quickly, by making use of Tasaki's and Umehara's invariant χ (see [93]), for which
one knows χ(r3(C)) = 4) at a contradiction (meaning either g ∼= r3,1(C) or µ = 1
or dim([g, g]) < 2).
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Remark B.9. These calculations are fairly manageable in dimension 3. In dimension 4,
however, due to many factors (e.g. the larger number of Lie algebra families and less
good invariants to distinguish Lie algebras e�ciently in calculations), they become quite
hard and complicated.

B.2 Explicit description of all CPA-structures in dimension 3

In this section, we want to state explicitly all commutative post-Lie algebra structures
in dimension 3 for non-abelian Lie algebras.
We will write down the post-Lie algebra structures by indicating the left-multiplications

operators L(e1), L(e2), L(e3) with respect to the basis given in Table 16.

Proposition B.10. The Lie algebra n3(C) has the following CPA-structures:

(i) L(e1) =

 0 0 0
a4 0 0
a1 a2 0

 , L(e2) =

 0 a5 0
0 0 0
a2 a3 0

 , L(e3) =

0 0 0
0 0 0
0 0 0

 ,

a1a5 = a4a5 = a3a4 = 0.

(ii) L(e1) =

 a22/a1 −a2 0
a32/a

2
1 −a22/a1 0

−a2(2a1a3+a2a4)
a21

a3 0

 , L(e2) =

 −a2 a1 0
−a22/a1 a2 0
a3 a4 0

,

L(e3) =

0 0 0
0 0 0
0 0 0

 , a1 6= 0.

Apart from the conditions a1a5 = a4a5 = a3a4 = 0 and a1 6= 0 in the �rst and in the
second case, respectively, all variables can be chosen arbitrarily in C.

Proposition B.11. The Lie algebra r2(C)⊕ C has the following CPA-structures:

(i) L(e1) =

0 a1 0
0 0 0
0 0 0

 , L(e2) =

a1 a2 0
0 0 0
0 a3 a4

 , L(e3) =

0 0 0
0 0 0
0 a4 a5

,

where the variables can be chosen arbitrarily in C subject to the conditions a1(a1 +1) = 0
and a24 = a3 · a5.

Proposition B.12. The Lie algebra r3(C) has the following CPA-structures:

(i) L(e1) =

 0 0 0
a1 a3 a3
a2 0 a3

 , L(e2) =

 0 0 0
a3 0 0
0 0 0

 , L(e3) =

 0 0 0
a3 0 0
a3 0 0


with a1, a2 ∈ C, a3 ∈ {0, 1}.
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Proposition B.13. The Lie algebra r3,λ(C), λ 6= 1 has the following CPA-structures:

(i) L(e1) =

 0 0 0
a1 a2 0
a3 0 a4

 , L(e2) =

 0 0 0
a2 0 0
0 0 0

 , L(e3) =

 0 0 0
0 0 0
a4 0 0

,

where a2(a2 − 1) = 0 and a4(a4 − λ) = 0. Apart from that condition, the variables can
be chosen to be any complex numbers.

Proposition B.14. The Lie algebra r3,1(C) has the following CPA-structures:

(i) L(e1) =

 0 0 0
a1 a3 0
a2 0 a3

 , L(e2) =

 0 0 0
a3 0 0
0 0 0

 , L(e3) =

 0 0 0
0 0 0
a3 0 0

 , a3 ∈ {0, 1}.

(ii) L(e1) =

 0 0 0
a1a2 0 a2
a1 0 1

 , L(e2) =

0 0 0
0 a2a3 −a22a3
0 a3 −a2a3

 , L(e3) =

 0 0 0
a2 −a22a3 a32a3
1 −a2a3 a22a3

.

(iii) L(e1) =

 0 0 0
a1 1 a3
a2 0 0

 , L(e2) =

0 0 0
1 0 0
0 0 0

 , L(e3) =

 0 0 0
a3 0 a4
0 0 0

 , a2a4 = 0.

(iv) L(e1) =

 0 0 0

a1 a3
a3−a23
a4

a2 a4 1− a3

 , L(e2) =

 0 0 0
a3 0 0
a4 0 0

 , L(e3) =

 0 0 0
a3−a23
a4

0 0

1− a3 0 0

 ,

a4 6= 0.

(v) L(e1) =

 0 0 0
a1 0 a4
a2 a3 1

 , L(e2) =

 0 0 0
0 0 0
a3 a5 0

 , L(e3) =

 0 0 0
a4 0 0
1 0 0

 ,

a1a5 = a3a4 = a4a5 = 0.

(vi) L(e1) =

 0 0 0
−a1a2/a3 a4 a2(a4 − 1)/a3

a1 −a3a4/a2 1− a4

 , L(e2) =

 0 0 0
a4 −a2 −a22/a3

−a3a4/a2 a3 a2

 ,

L(e3) =

 0 0 0
a2(a4 − 1)/a3 −a22/a3 −a32/a23

1− a4 a2 a22/a3

 , a2a3 6= 0.

Apart from the stated conditions, the variables can be chosen arbitrarily in C.

Proposition B.15. The Lie algebra sl2(C) has only the following CPA-structure:

(i) L(e1) = L(e2) = L(e3) =

0 0 0
0 0 0
0 0 0


Remark B.16. That sl2(C) only has the trivial CPA-structure is not surprising as sl2(C)
is simple (cf. Theorem 3.20).
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B.3 Post-Lie algebra structures on Lie algebra double pairs

with n complete

In Section 4.4, we studied post-Lie algebra structures on Lie algebra double pairs with
a complete Lie algebra n, i.e., post-Lie algebra structures on (g, n), where n is complete
and there is a linear map R : V → V satisfying [x, y] = R({x, y}) for all x, y ∈ g. Now,
we want to list explicitly all such structures for simply-complete Lie algebras n up to
dimension 7.
Note that since n is complete, there is a linear map ϕ : n→ n with x · y = {ϕ(x), y} for
all x, y ∈ n. Therefore, we will list the post-Lie algebra structures by listing the possible
pairs (ϕ,R).

We use the classi�cation of complete Lie algebras given in Section 4.2 and study all
simply-complete, non-semisimple, non-metabelian Lie algebras n up to dimension 7. (For
the metabelian simply-complete Lie algebra, see Lemma 4.76, for semisimple Lie alge-
bras, see [23].) Post-Lie algebra structures on Lie algebra double pairs where n is not
simply-complete can be reduced to the ones on Lie algebra double pairs where n is simply-
complete (cf. Proposition 4.16 and Lemma 4.46).
The de�nition of these Lie algebras can be found in Tables 12 (dimension 5), 13 (dimen-
sion 6) and 14 (dimension 7) on pages 62, 65 and 68, respectively.
Note that for dimensions less than 5, there are only three complete Lie algebras: the
simple sl2(C) and the two metabelian Lie algebras r2(C) and r2(C)⊕ r2(C) (so we do not
include them here).

5-dimensional Lie algebras

Proposition B.17. If n = T2 n n3, then all Lie algebra double pairs (g, n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, e2, e3, t1, t2}) by the
following:

(i) ϕ1 =


0 0 0 0 0
0 0 0 0 0
0 0 0 c c
0 0 0 0 0
0 0 0 0 0

 , R1 =


1 0 0 r1 r6
0 1 0 r2 r7
0 0 1 r3 r8
0 0 0 r4 r9
0 0 0 r5 r10



(ii) ϕ2 =


0 0 0 0 0
0 −1 0 0 0
0 0 0 c c
0 0 0 −1 0
0 0 0 0 −1

 , R2 =


0 0 0 r1 r6
0 −1 0 r2 r7
0 0 0 r3 r8
0 0 0 r4 r9
0 0 0 r5 r10


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(iii) ϕ3 =


0 0 0 0 0
0 −1 0 0 0
0 0 −1 c c
0 0 0 0 0
0 0 0 0 0

 , R3 =


1 0 0 r1 r6
0 0 0 r2 r7
0 0 0 r3 r8
0 0 0 r4 r9
0 0 0 r5 r10


(iv) ϕ4 = −ϕ3 − Id, R4 = −R3

(v) ϕ5 = −ϕ2 − Id, R5 = −R2

(vi) ϕ6 = −ϕ1 − Id, R6 = −R1

All variables are arbitrary scalars.
In cases (i) and (vi), g ∼= T2 n n3 = n, in the other cases, g ∼= r2(C)⊕ C3.

6-dimensional Lie algebras

Proposition B.18. If n = T2 n g4, then all Lie algebra double pairs (g, n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, e2, e3, e4, t1, t2}) by the
following:

(i) ϕ1 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 2c1 c1
0 0 0 0 0 0
0 0 0 0 0 0

 , R1 =



1 0 0 0 r1 r7
0 1 0 0 r2 r8
0 0 1 0 r3 r9
0 0 0 1 r4 r10
0 0 0 0 r5 r11
0 0 0 0 r6 r12



(ii) ϕ2 =



0 0 0 0 0 0
0 −1 0 0 0 c2
c2 0 −1 0 c3 c3
c3 0 0 −1 2c1 c1
0 0 0 0 0 0
0 0 0 0 0 0

 , R2 =



1 0 0 0 r1 r7
0 0 0 0 r2 r8
c2 0 0 0 r3 r9
c3 0 0 0 r4 r10
0 0 0 0 r5 r11
0 0 0 0 r6 r12


(iii) ϕ3 = −ϕ2 − Id, R3 = −R2

(iv) ϕ4 = −ϕ1 − Id, R4 = −R1

All variables are arbitrary scalars.
In cases (i) and (iv), g ∼= T2 n g4 = n, in the other cases, g ∼= r2(C)⊕ C4.

Proposition B.19. If n = T1 n g5,6, then all Lie algebra double pairs (g, n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, e2, e3, e4, e5, t1}) by the
following:
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(i) ϕ1 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 −2c1
0 0 0 0 0 −c2
0 0 0 0 0 c3
0 0 0 0 0 0

 , R1 =



1 0 0 0 0 r1
0 1 0 0 0 r2
0 0 1 0 0 r3

2c1 0 0 1 0 r4
c2 c1 0 0 1 r5
0 0 0 0 0 r6


(ii) ϕ2 = −ϕ1 − Id, R2 = −R1

All variables are arbitrary scalars.
In both cases, g ∼= T1 n g5,6 = n.

And there is one non-solvable, non-semisimple complete Lie algebra in dimension 6:

Proposition B.20. If n = aff(C2), then all Lie algebra double pairs (g, n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, e2, e3, e4, e5, e6}) by the
following:

(i) ϕ1 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 , R1 =



c1 0 0 c1 − 1 0 0
c2 1 0 c2 0 0
c3 0 1 c3 0 0
c4 0 0 c4 + 1 0 0
c5 0 0 c5 1 0
c6 0 0 c6 0 1



(ii) ϕ2 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

c5 − c7 c8 0 0 −1 0
0 0 c5 − c7 c8 0 −1

 , R2 =



c1 0 0 c1 − 1 0 0
c2 1 0 c2 0 0
c3 0 1 c3 0 0
c4 0 0 c4 + 1 0 0
c5 c8 0 c7 0 0
c6 0 c5 − c7 c6 + c8 0 0


(iii) ϕ3 = −ϕ2 − Id, R3 = −R2

(vi) ϕ4 = −ϕ1 − Id, R4 = −R1

All variables are arbitrary scalars.
In cases (i) and (iv), g ∼= aff(C2) = n.
In the other cases, g is isomorphic to a Lie algebra of the form gl2(C) nC2.

Remark B.21. The fact that these structures look di�erent compared to the other ones
is due to aff(C2) being expressed in terms of a basis which does not highlight the torus
of aff(C2)'s radical. (Remember that by Proposition 4.20, we can write every rigid
Lie algebra L as L = s n (T n m), where s is a Levi subalgebra, T a torus of the
radical of L and m the nilradical of L.) In fact, this decomposition appears in the
proof of Lemma 4.30 � a basis of aff(C2) is given by {b1, . . . , b6} with Lie brackets
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[b1, b2] = b3, [b1, b3] = −2b1, [b1, b6] = b5, [b2, b3] = 2b2, [b2, b5] = b6, [b3, b5] = b5, [b3, b6] =
−b6, [b4, b5] = b5, [b4, b6] = b6. Thus, one sees that

span{b1, b2, b3} = s ∼= sl2(C), span{b4} = T ∼= C, span{b5, b6} = m ∼= C2.

With respect to this basis, the four di�erent types of post-Lie algebra structures are:

(i) ϕ1 =



0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

 , R1 =



1 0 0 r1 0 0
0 1 0 r2 0 0
0 0 1 r3 0 0
0 0 0 r4 0 0
0 0 0 r5 1 0
0 0 0 r6 0 1



(ii) ϕ2 =



−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
c1 0 c2 c2 0 0
0 c2 c1 −c1 0 0

 , R2 =



−1 0 0 r1 0 0
0 −1 0 r2 0 0
0 0 −1 r3 0 0
0 0 0 r4 0 0
−c1 0 c2 r5 0 0

0 c2 c1 r6 0 0


(iii) ϕ3 = −ϕ2 − Id, R3 = −R2

(vi) ϕ4 = −ϕ1 − Id, R4 = −R1,

where all variables are arbitrary scalars. (Compare these structures to those of the
7-dimensional Lie algebras L7,4 and L7,5 in Proposition B.29 and Proposition B.30, re-
spectively.)

7-dimensional Lie algebras

Proposition B.22. If n = T2 n g5,3, then all Lie algebra double pairs (g, n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, e2, e3, e4, e5, t1, t2}) by
the following:

(i) ϕ1 =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 2c1 c1
0 0 0 0 0 0 0
0 0 0 0 0 0 0


, R1 =



1 0 0 0 0 r1 r8
0 1 0 0 0 r2 r9
0 0 1 0 0 r3 r10
0 0 0 1 0 r4 r11
0 0 0 0 1 r5 r12
0 0 0 0 0 r6 r13
0 0 0 0 0 r7 r14



(ii) ϕ2 =



0 0 0 0 0 0 0
0 −1 0 0 0 0 −c2
0 0 0 0 0 0 0
−c2 0 0 −1 0 c3 c3
c3 0 c2 0 −1 2c1 c1
0 0 0 0 0 0 0
0 0 0 0 0 0 0


, R2 =



1 0 0 0 0 r1 r8
0 0 0 0 0 r2 r9
0 0 1 0 0 r3 r10
−c2 0 0 0 0 r4 r11
c3 0 c2 0 0 r5 r12
0 0 0 0 0 r6 r13
0 0 0 0 0 r7 r14


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(iii) ϕ3 = −ϕ2 − Id, R3 = −R2

(iv) ϕ4 = −ϕ1 − Id, R4 = −R1

All variables are arbitrary scalars.
In cases (i) and (iv), g ∼= T2 n g5,3 = n, in the other cases, g is isomorphic to a Lie
algebra of the form (r3, 1

2
(C)⊕ C2) nC2.

Proposition B.23. If n = T2 n g5,4, then all Lie algebra double pairs (g, n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, e2, e3, e4, e5, t1, t2}) by
the following:

(i) ϕ1 =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 2c1 c1
0 0 0 0 0 c2 2c2
0 0 0 0 0 0 0
0 0 0 0 0 0 0


, R1 =



1 0 0 0 0 r1 r8
0 1 0 0 0 r2 r9
0 0 1 0 0 r3 r10
0 0 0 1 0 r4 r11
0 0 0 0 1 r5 r12
0 0 0 0 0 r6 r13
0 0 0 0 0 r7 r14


(ii) ϕ2 = −ϕ1 − Id, R2 = −R1

All variables are arbitrary scalars.
In both cases, g ∼= T2 n g5,4 = n.

Proposition B.24. If n = T2 n g5,5, then all Lie algebra double pairs (g, n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, e2, e3, e4, e5, t1, t2}) by
the following:

(i) ϕ1 =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 3c1 c1
0 0 0 0 0 0 0
0 0 0 0 0 0 0


, R1 =



1 0 0 0 0 r1 r8
0 1 0 0 0 r2 r9
0 0 1 0 0 r3 r10
0 0 0 1 0 r4 r11
0 0 0 0 1 r5 r12
0 0 0 0 0 r6 r13
0 0 0 0 0 r7 r14



(ii) ϕ2 =



0 0 0 0 0 0 0
0 −1 0 0 0 0 c2
c2 0 −1 0 0 c3 c3
c3 0 0 −1 0 2c4 c4
c4 0 0 0 −1 3c1 c1
0 0 0 0 0 0 0
0 0 0 0 0 0 0


, R2 =



1 0 0 0 0 r1 r8
0 0 0 0 0 r3 r9
c2 0 0 0 0 r3 r10
c3 0 0 0 0 r4 r11
c4 0 0 0 0 r5 r12
0 0 0 0 0 r6 r13
0 0 0 0 0 r7 r14


(iii) ϕ3 = −ϕ2 − Id, R3 = −R2

(iv) ϕ4 = −ϕ1 − Id, R4 = −R1
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B.3 Post-Lie algebra structures on Lie algebra double pairs with n complete

All variables are arbitrary scalars.
In cases (i) and (iv), g ∼= T2 n g5,5 = n, in the other cases, g ∼= r2(C)⊕ C5.

Proposition B.25. If n = T1 n G6,12, then all Lie algebra double pairs (g, n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, e2, e3, e4, e5, e6, t1}) by
the following:

(i) ϕ1 =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 c1 − 2c3
0 0 0 0 0 0 −c1
0 0 0 0 0 0 −c2
0 0 0 0 0 0 c4
0 0 0 0 0 0 0


, R1 =



1 0 0 0 0 0 r1
0 1 0 0 0 0 r2
0 0 1 0 0 0 r3
0 0 0 1 0 0 r4
c1 0 0 0 1 0 r5
c2 c3 0 0 0 1 r6
0 0 0 0 0 0 r7


(ii) ϕ2 = −ϕ1 − Id, R2 = −R1

All variables are arbitrary scalars.
In both cases, g ∼= T1 n G6,12 = n.

Proposition B.26. If n = T1 n G6,17, then all Lie algebra double pairs (g, n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, e2, e3, e4, e5, e6, t1}) by
the following:

(i) ϕ1 =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 −3c1
0 0 0 0 0 0 c2
0 0 0 0 0 0 c3
0 0 0 0 0 0 c4
0 0 0 0 0 0 0


, R1 =



1 0 0 0 0 0 r1
0 1 0 0 0 0 r2
0 0 1 0 0 0 r3

3c1 0 0 1 0 0 r4
−c2 0 0 0 1 0 r5
−c3 c1 0 0 0 1 r6

0 0 0 0 0 0 r7


(ii) ϕ2 = −ϕ1 − Id, R2 = −R1

All variables are arbitrary scalars.
In both cases, g ∼= T1 n G6,17 = n.

Proposition B.27. If n = T1 n G6,19, then all Lie algebra double pairs (g, n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, e2, e3, e4, e5, e6, t1}) by
the following:

(i) ϕ1 =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 −2c1
0 0 0 0 0 0 −2c2
0 0 0 0 0 0 c3
0 0 0 0 0 0 c4
0 0 0 0 0 0 0


, R1 =



1 0 0 0 0 0 r1
0 1 0 0 0 0 r2
0 0 1 0 0 0 r3

2c1 0 0 1 0 0 r4
2c2 c1 0 0 1 0 r5
−c3 c2 0 0 0 1 r6

0 0 0 0 0 0 r7


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(ii) ϕ2 = −ϕ1 − Id, R2 = −R1

All variables are arbitrary scalars.
In both cases, g ∼= T1 n G6,19 = n.

Proposition B.28. If n = T1 n G6,20, then all Lie algebra double pairs (g, n, R) with a
post-Lie algebra structure are given (with respect to the basis {e1, e2, e3, e4, e5, e6, t1}) by
the following:

(i) ϕ1 =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 −2c1
0 0 0 0 0 0 c2
0 0 0 0 0 0 0


, R1 =



1 0 0 0 0 0 r1
0 1 0 0 0 0 r2
0 0 1 0 0 0 r3
0 0 0 1 0 0 r4
0 0 0 0 1 0 r5
0 c1 0 0 0 1 r6
0 0 0 0 0 0 r7


(ii) ϕ2 = −ϕ1 − Id, R2 = −R1

All variables are arbitrary scalars.
In both cases, g ∼= T1 n G6,20 = n.

In dimension 7, we additionally have two non-solvable (non-semisimple) complete Lie
algebras, namely L7,4 and L7,5:

The Lie algebra L7,4 can be decomposed as L7,4 = s n (T n m) (with s semisimple,
T a torus of the radical, m the nilradical), where s = span{e1, e2, e3} ∼= sl2(C), T =
span{e4} ∼= C,m = span{e5, e6, e7} ∼= C3.

Proposition B.29. If n = L7,4, then all Lie algebra double pairs (g, n, R) with a post-
Lie algebra structure are given (with respect to the basis {e1, e2, e3, e4, e5, e6, e7}) by the
following:

(i) ϕ1 =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0


, R1 =



1 0 0 r1 0 0 0
0 1 0 r2 0 0 0
0 0 1 r3 0 0 0
0 0 0 r4 0 0 0
0 0 0 r5 1 0 0
0 0 0 r6 0 1 0
0 0 0 r7 0 0 1



(ii) ϕ2 =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0

2c3 0 2c1 c1 −1 0 0
c2 c1 0 c3 0 −1 0
0 2c3 −2c2 c2 0 0 −1


, R2 =



1 0 0 r1 0 0 0
0 1 0 r2 0 0 0
0 0 1 r3 0 0 0
0 0 0 r4 0 0 0

2c3 0 2c1 r5 0 0 0
c2 c1 0 r6 0 0 0
0 2c3 −2c2 r7 0 0 0


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(iii) ϕ3 = −ϕ2 − Id, R3 = −R2

(iv) ϕ4 = −ϕ1 − Id, R4 = −R1

All variables are arbitrary scalars.
In cases (i) and (iv), g ∼= L7,4 = n, in the other cases, g ∼= sl2(C)⊕ C4.

The Lie algebra L7,5 can be decomposed as L7,5 = s n (T n m) (with s semisimple,
T a torus of the radical, m the nilradical), where s = span{e1, e2, e3} ∼= sl2(C), T =
span{e4} ∼= C,m = span{e5, e6, e7} ∼= n3 (the Heisenberg Lie algebra in dimension 3).

Proposition B.30. If n = L7,5, then all Lie algebra double pairs (g, n, R) with a post-
Lie algebra structure are given (with respect to the basis {e1, e2, e3, e4, e5, e6, e7}) by the
following:

(i) ϕ1 =



0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 c 0 0 0


, R1 =



1 0 0 r1 0 0 0
0 1 0 r2 0 0 0
0 0 1 r3 0 0 0
0 0 0 r4 0 0 0
0 0 0 r5 1 0 0
0 0 0 r6 0 1 0
0 0 0 r7 0 0 1


(ii) ϕ2 = −ϕ1 − Id, R2 = −R1

All variables are arbitrary scalars.
In both cases, g ∼= L7,5 = n.
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Zusammenfassung

In dieser Dissertation studieren wir Post-Lie-Algebra-Strukturen (Vektorräume V mit
drei bilinearen Operationen [, ], {, }, ·, so dass (V, [, ]) eine Lie-Algebra g, (V, {, }) eine Lie-
Algebra n und (V, ·) eine nicht-assoziative Algebra ist ist sowie gewisse Verträglichkeits-
bedingungen zwischen den drei Operationen erfüllt sind) auf Paaren komplexer Lie-
Algebren (g, n). Post-Lie-Algebra-Strukturen tauchen (unter anderem) in der Geometrie
in der Untersuchung kriststallographischer Gruppen und einer Frage von John Milnor
auf; in Kapitel 1 erklären wir den geometrischen Hintergrund im Detail.
Nachdem wir einen Überblick über De�nitionen und wichtige, bereits bekannte, Sätze
über Lie-Algebren und Post-Lie-Algebra-Strukturen gegeben haben (Kapitel 2), studieren
wir die Existenz von Post-Lie-Algebra-Strukturen in Bezug auf algebraische Eigenschaften
der Lie-Algebren g und n (Kapitel 3). Danach beweisen wir die Nichtexistenz von Post-
Lie-Algebra-Strukturen auf Paaren (g, n) mit dim(g) = dim(n) < 45, wobei g halbeinfach
(nicht einfach) und n einfach ist. Danach untersuchen wir Post-Lie-Algebra-Strukturen
auf Lie-Algebren, die [x, y] = a({x, y}) für einen Skalar a ∈ C∗ erfüllen (als Verallge-
meinerung der wichtigen Klasse kommutativer Post-Lie-Algebra-Stukturen) und Post-
Lie-Algebra-Strukturen in Dimension 3.
In Kapitel 4 studieren wir für Post-Lie-Algebra-Strukturen auf vollständigen Lie-Algebren.
Zuerst klassi�zieren wir alle vollständigen Lie-Algebren über C bis Dimension 7; danach
studieren wir Post-Lie-Algebra-Strukturen auf Paaren (g, n), wobei n vollständig ist und
[x, y] = R({x, y}) für eine lineare Abbildung R gilt. In dem Fall R = a Id, a ∈ C, kön-
nen wir unsere Resultate aus Kapitel 3 verbessern; im allgemeineren Fall können wir die
entstehenden Post-Lie-Algebra-Strukturen durch bestimmte innere Derivationen von n
charakterisieren.
Post-Lie-Algebra-Strukturen (insbesondere kommutative) auf nilpotenten Lie-Algebren
werden in Kapitel 5 untersucht. Wir beweisen Korrespondenzen zwischen kommuta-
tiven Post-Lie-Algebra-Strukturen auf 2-stu�g nilpotenten Lie-Algebren und Pre-Lie-
Algebra-Strukturen bzw. LR-Strukturen (als ein Korollar erhalten wir Resultate über
die Vollständigkeit dieser Strukturen auf Heisenberg-Lie-Algebren). Danach untersuchen
wir kommutative Post-Lie-Algebra-Strukturen auf �liformen Lie-Algebren und beweisen,
dass diese für nicht-metabelsche Lie-Algebren im Wesentlichen klassi�ziert werden kön-
nen. Wir schlieÿen Kapitel 5 mit Beweisen über Zusammenhänge zwischen Post-Lie-
Algebra-Strukturen auf nilpotenten Lie-Algebren und Poisson-zulässigen Lie-Algebren
ab.
Danach geben wir o�ene Fragen an (Kapitel 6) und Beispiele bzw. Klassi�kationen von
Post-Lie-Algebra-Stukturen in niedrigen Dimensionen (Appendix B).
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