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1. Introduction

In their seminal paper [4] in January 24 1973 (""The Four Laws of Black Hole Mechanics™), ]. M.
Bardeen, B. Carter and S. W. Hawking published the derivation of the first law of black hole
mechanics (and, moreover, formulated other three laws of black hole mechanics, namely, the
zeroth, second and the third law). This law establishes the relationship between the infinitesimal
changes in mass-energy of a stationary, axisymmetric black hole to infinitesimal changes in its
canonical angular momentum, horizon surface area and a matter (e.g. a stationary perfect fluid)
surrounding the horizon of the black hole. The basic setting of their derivation consists in, firstly,
identifying the existence of a unique stationary Killing field {* and a unique rotational (axial)
Killing field ¢® at spatial infinity in a stationary axisymmetric asymptotically black hole
spacetime. The stationary Killing field é¢ is taken to have a unit norm and the axial Killing field
¢ has a closed orbit with length 2. Furthermore, §M is defined to be the difference between the
masses of the stationary axisymmetric black hole solutions, which are infinitesimally close to each
other; then the first law of black hole mechanics (or the differential mass formula, as they call it)
is given by the identity [4]

oM = %514 + 2p6Jp + f):( HONges + TOSger + “Qa]def)' g

where M represents the ADM (Arnowitt-Deser-Misner) mass, k is the surface gravity, A is the
horizon surface area, 2 measures the angular velocity of the horizon, /5 represents the angular
momentum measured at the horizon, [l is the redshifted chemical potential, T is the redshifted
temperature and {2 is the angular velocity of the perfect fluid (generally non-constant). A particle
number density n, entropy per particle s, fluid 4-velocity u® and the spacetime metric g,; are
going to be the physical fields which describe the fluid. The three form N, is the particle current
3-form, J4er defines the angular momentum current 3-form and S;.r represents the entropy
current 3-form, and €44, is the volume element on spacetime. X is taken to be a spacelike surface
that extends from the black hole bifurcation surface to spatial infinity.

In this thesis we generalize (I) (by following some developed ideas by Iyer in [2]) by relaxing all
symmetry assumptions on matter fields. The generalized expression is going to be identical
(structurally) to (I) with the main difference that § is defined as an arbitrary perturbation
(without necessity of stationary or axisymmetric perturbations) of the background spacetime.
Furthermore, we compare it with the first law of thermodynamics for perfect fluid stars (derived
explicitly in [5])

6M = [ [(6Nger + T8Sger + 2 8/ger). (1D

and we clearly notice that the difference between them lies in the additional terms defined at the
horizon of the black hole absent in the perfect fluid stars. The remainder of this thesis is organized
as follows: In section 2 we review some preliminary constructions on the Lagrangian
diffeomorphism covariant theories and derive the perturbative identity (PI). In section 3 we
discuss the physical interpretation of PI distinguishing two possible cases. In section 4 we review
some relevant results on perfect fluids and perfect fluid stars necessary for the derivation of the
firstlaw. In section 5 we finally derive the first law of black hole mechanics involving perfect fluids
and compare it with the first law of thermodynamics for perfect fluid stars in dynamic equilibrium.
In section 6 we give another version of the first law, called the “"physical process version” where
we start with a stationary black hole and perturb it by some physical process (e.g. a rocket falling



into the black hole). The underlying assumption is that the black hole is not destroyed by this
process and that it settles down to a new stationary final state [12].

Our notation and conventions will mainly follow [2]. All spacetimes, tensor fields, and surfaces in
this thesis will be assumed to be smooth (C®). A boldface letters will mean that the indices of
differential forms have been omitted, e.g. 8 =0,,,.. And we are, essentially, going to proceed in the
spirit of [2] in this thesis.

2. A Perturbative identity (PI) in the context of diffeomorphism
covariant theories

2.1. Preliminaries

In this section, we will provide basic and necessary conceptual ingredients for Lagrangian
diffeomorphism covariant theories needed for further calculations in other sections. More
detailed analysis of what is discussed in this section (2.1 and 2.2) and section 3 are to be found in
references [1-3, 5] and references therein.

We begin by considering a diffeomorphism covariant Lagrangian 4-form L = L,,.4 on an 4-
dimensional compact oriented manifold M, which depends on the spacetime metric, g,5, and
matter fields, denoted by {. We indicate all dynamical fields as ¢ = (g4p , ¥)- So, the Lagrangian
is given as (see -[1] for its proof)

L=L (gab' Rabcdl VelRabcd ] V(el_. . _em).Rabcdl 1/11 Vellll, V(el_. . _em).lp) ’ (1)

where V is a derivative operator (or connection) associated to (or compatible with the)
Jap and Ryp 4 indicates curvature of ggp.It is normally assumed that multiple derivatives
Ve, . em, are symmetrized (refer to-[1] for a detailed discussion). By a diffeomorphism covariant

Lagrangian we mean a Lagrangian that satisfies the condition

L(f*(¢)) = f7L($), (2)
where f* is the action on the fields induced by a diffeomorphism f: M—M.

It is also possible for the Lagrangian (1) to be (non-uniquely) broken up into two components (all
important quantities expressed in terms of decomposition ““vacuum-matter”” below can be mainly
found in [2])

L=Ly+Ly (3)

with Ly = Lg(gap, Ravear Ve,Rabea r V(el_._.em)_Rabcd) called “vacuum” Lagrangian which has (as

obvious) only a functional dependence on a stationary and axisymmetric metric, g,, and other

“matter”” Lagrangian which depends on g,, and matter fields 1. The assumption that multiple
derivatives are symmetrized holds also here.

We allow L; and Ly, to be diffeomorphism covariant in the sense of condition (2) and are, as
remarked in [2], characterized by the following ambiguities: Ly—>Lg; + A and L, >L,, — A with A=A
(9apb Ravea ,Vn,Ravear -+ » Vin, .hs).Rabcd]. And finally, one can impose the condition that no

restrictions on the matter fields are imposed (see-[2] for a more complete account).
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The (first order) variation of the Lagrangian (1) can be brought to the following compact form
6L=Ed¢ + db, (4)

where E=0 are the equations of motion, uniquely defined by (4) and locally constructed out of the
dynamical fields, ¢, E= E(¢), and 0 is the symplectic potential 3-form, locally constructed out of the
fields, ¢, and their variations, 8¢, 0 = 8(¢, §¢); ¢ can be understood as a vector in the tangent
space and “d”” denotes an exterior derivative acting on forms.

It is proved that 8 can always be chosen to be covariant (see-[1-Lemma 3.1]) and we will assume
that we restrict ourselves to this choice. It is important to notice that the Lagrangian is defined up
to the addition of an exact 4-form (which means that the equations of motion don’t change even
though one alters the Lagrangian for some quantity dp)

L-L+dp, (5

which implies that the symplectic potential is defined (or it is ambiguous) up to the addition of
two terms, pand dY(¢, 5¢)

0- 0+ 6p+dy, (6)
where pand Y are covariant forms. (see - [1] for a more complete account of ambiguities).
The (first order) variation of the Lagrangian (3) gives
6L=06Lg + 6Ly = EZP 594y + En6Y + d, (7)

with Ed¢ = Egbdgab + E, 6y , where Egb = 0 are the equations of motion for the spacetime
metric and E,,; = 0 are the equations of motion for the matter fields.

Furthermore, 6L, and 6Ly, are given by the following identities:
6Ly = E;" 6594, + dBy
SLin = Em&h + dOy, + €T 5 gy, (8)

with 8, = 0,4(g,69) and 0,, = 0,,,(¢, 5¢p) and T representing stress-energy tensor. (Refer to-
[5-(84)] for a detailed calculation of §L,, in (8) which justifies the form of the identity).

After substituting (8) into the right side of (7)

E®8gap + Ep Sy + dO=(Eg% + % eT)S5gap + EmbP +d(04+ 0y, 9)
it yields:
Egb = E;% + ~£T, (10)
and:
0=0,+0,,. (11)

The symplectic current 3-form, w, is defined by

w(Pp, 519, 62¢) = 620(p, 61¢) — 6:18(P, 62¢), (12)



and it is bilinear and antisymmetric (skew) in (8:¢, 62¢). Taking the exterior derivative of (12)
gives the following

dw = 6, (d0) - 5:(d6)
=6 (E 81¢p — 61L) - 61(E 62¢p — 62L)
=6:E-6:¢p—82E- 619, (13)
where we used the identity (4) and [d3, §2] = 0 in the second line.

Eq. (13) implies that w is closed (dw=0) if §:¢p and 62¢ satisfy the linearized equations of motion
61 E= 6, E=0.

The Noether current 3- form, J[£], for any fixed smooth vector field £ on the spacetime is defined
by

J[§1=0(¢,£:¢0) =< - L, (14)

where - denotes contraction of the vector field £¢ into the first index of a differential 4-form L
(in some literature you find the contraction denoted by: i¢ L, e. g. [5]), and £ denotes the spacetime

Lie derivative. Applying an exterior derivative to J[{] reads
dj[§]=d(0—-¢-L)
=6L—Eép—d(&-L)
= —E£:9. (15)
where in the second line we used (4).

As shown in [3] there exists a Q[£], called the Noether charge 2-form, which is locally constructed
out of ¢, {* and their derivatives, such that

JI§]1=dQ[§] +$“C, (16)

where C, is a covariant 3- form, locally constructed out of the dynamical fields, ¢, and it has a
property that whenever the field equations are satisfied E=0, the constraint equations C, = 0
follow.

The Noether current J[£] can also be given as [2]

J[§1=dQ[¢] = (e-E- ¢ -9), (17)

where for convenience we set E = € E and the second term (3-form) on the right side of Eq.(17) is
defined as follows [2]:

ai.. adi e---bui bl bl___e bui
(€ E-¢ Eavc = €eanc E¢i by.. by, (—¢i a; adi6s Co— @y a, adiss
i

by..by.
+ ¢; ”ls___adi651+. ot

by..b

Y5884 )85 (18)

Proof of Eq.(17) is given in [2-Lemma 1], where particular use of Eq.(15) is made. The ambiguity
in @ implies the ambiguity in J[€]

JIS1 = J[E] + dY(o, £¢) +d(S- ), (19)
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and therefore the ambiguity in Q[¢£]
Q&1 = Q[¢] + Y(¢, £¢¢) +§- n+dZ, (20)

where Z is covariant 1-form. These ambiguities are inconsequential with respect to the results in
the following sections (we refer the reader to [1] for a wider analysis).

Expressed in terms of L, and L,,, the Noether currents are defined by (see (14))
Jgl$1=04(9.£:9) =S - Ly
Jml&1= 0 (@, £6¢) — § - L, (21)
and therefore

]g[f]"*‘]m[f] = (9g+em)_f'(l'g+l‘m)= 0-¢- L

= JEI=1g[E1+ ImlS]- (22)
The Noether current J[§] for Ly and L,, can also be computed using Eq.(17):
J[§] =dQ[¢] —&(Eg + Ep)- ¢ §=dQ[§] —2&-Ey- §— & Enp- - § (23)

where we conveniently set Egb =€ Egb and E,, = € E,, and by pure convention one sets the
factor of two in the second term of the right side of (23) for simplicity considerations.

The Noether charges Q, and Q, are defined by [2]
Jg[¢] = dQg[§] — 2&-Eg°"- §
Jml§1=dQn[§]l —€-Ep - -§—€-T-& (24)
where we imposed (17).
After inserting (23) and (24) into (22) and after using (10) in the second line below
dQ[§] —2& - Ey§— &+ Epp p - §= dQ,[€] — 26 E; -6~ dQu[€] & Epp - §—& T, —
dQIE] ~28-E5® — & T- &~ By - €= dQgl¢] - 26-E -6~ dQulE] — &+ By - § — & T ¢
(25)
we obtain the identity
dQ[¢] = dQg[¢] + dQy[¢]
- Q[¢] = Qyl¢] + Qnl¢] + dH, (26)

where H is an arbitrary covariant 1-form. The identity (26) will play an important role in the
calculations in the next section concerning the derivation of the perturbative identity (PI).

Theorem 1: Let §:¢)=£¢¢ and let 62¢»=5¢ be a variation to an infinitesimally close solution, let ¢
be a fixed smooth vector field, then the symplectic current 3-form w(¢, 6:1¢, 62¢p) is exact:

w($,£:9,6¢) =d[6Q [¢] - - 0(¢,59)]. (27)

11



Proof:
We let, following Wald and Iyer [1] closely,

- ¢ satisfy E=0 and
- O¢ satisfy 6E=0.

Then, by varying Eq.(14), we have
S)[¢] = 60(, £c¢p) — - 6L
= 60(¢,£:¢) — & (ESp + dO(¢, 6¢))
= 60(p,£:0) — £:0(¢, 5¢) +d($-0(,6 $)), (28)

where in the first line we used the fact that £¢ is fixed (6¢6#=0), in the second line we used the
identity (4) and in the third line we applied E=0 together with Cartan’s formula on Lie derivatives:
£¢Ad =& dA + d(§- A). Using definition (12) we further identify in (28)

w(D.£:h,6¢) = 56(¢, £:¢) —£:0(¢h, 5¢), (29)
due to the covariant nature of 8. Inserting it into (28) we get
SJ1 = w(¢.£:¢,60) +d(E - 6(, 5 ¢))
= W(PLep,6¢) = 8)[§] —d(&- 0(¢, 6¢)). (30)

Since the equations of motion are satisfied, E=0, using Eq.(16) with C, = 0,and using [§,d] = 0 we
finally obtain

w(D.Ec,6¢) =d[5Q[S] — &+ 0(h,6¢)]. (31)
as desired to show. ]

After establishing the conceptual structure above, we are now ready to take the black hole
spacetime into the consideration in the context of a theory specified by the Lagrangian (1) (see-

[2,5]):
1). Consider a black hole spacetime with an asymptotically flat, stationary metric (Es¢ = 0) with
&% representing the stationary Killing field at spatial infinity and axisymmetric metric (Epp =0)

with ¢ denoting the axial Killing field at spatial infinity. £ is taken to have a unit norm and ¢® has
a closed orbit with length 2.

2). Allow the black hole possess an asymptotically flat bifurcate Killing horizon, with bifurcation
surface B.

3). Assume X to be a spacelike surface that extends from the black hole bifurcation surface B to
spatial infinity S...

4). Let ¢ be a dynamical field satisfying the equations of motion, E=0, and set §¢ be an arbitrary
perturbation of dynamical fields which satisfy the linearized equations of motion, dE=0, in a
neighborhood of infinity, but not necessarily throughout the spacetime.

We refer to this set as Assumptions 1)-4).

12



If, under Assumptions 1)-4), we integrate (27) over X, and use Stokes” theorem, we obtain the
following identity:

fy (. £c0,6¢) = [;_6Q[E] & - 0(¢,8¢) — [, 6Q[¢] — § - 0(¢, 59), (32)

which under some reasonable and expected conditions reveals the first law of black hole
mechanics. But, before we see that, we need to take care of the terms involved in (32), seen from
the light of decomposition “vacuum-matter”” (which formalism was established above), leading
explicitly to PL

2.2. Evaluation of the identity (32)

Now, we are going to apply some results of section 2.1 to derive (following [2] very closely) the PI
by evaluating (32). This identity plays crucial role for the calculations in section 5, concerning the
derivation of the first law of black hole mechanics involving perfect fluids.

Let us start by considering the left side of (32). We take into account the Assumptions 1)-4) with
additional information that horizon Killing field of a bifurcate Killing horizon is defined (by
rigidity theorem) by

Xt =8+ 0, (33)

with constant angular velocity 5. The horizon Killing field of a bifurcate Killing horizon is defined
such that on the bifurcation surface B gives vanishing result (x*(B) = 0).

To treat the left side of (32) effectively, further assumptions and definition, respectively, are in
order [2,5]:

- assume spacelike surface X to be axisymmetric. This means that ¢“ is tangent to X, such
that the pull back to X vanishes

- assume that the matter fields 1 satisfy E,, = 0, and that 8y satisfy 6E,, = 0 and also
assume E; = 0 and 6E;=0

- we define § as a perturbation to an arbitrary nearby solution with fixed £* and ¢%, §¢§* =
Sp* = 0.

Then we reason as follows: the stationarity and axisymmetry of the metric, and the assumption of
no restrictions on matter fields establishes w(¢, £:¢, 5¢) # 0. Then the left side of (32) (written

out in the form (29)) reads
w (¢, £cp, 8¢) = 50(9, £c¢) — £:0(h, 5¢)
=068(04(9,£69) +O0m(d,£:0)) — £:(04(9,£9) +O0m(d.£:9))  (by (11))
=004(9.£:9) —££0,4(9,69) + 60,(P, £c0) — £:0,,(d, 5¢)
=600, £:$) — £0,(, 5D). (by stationarity of g, ) (34)
Combining second equation of (21) and second equation of (24) to find 8,,(¢, ££¢)

0 ($,Ec)=dQ, [§] — & T- &+ & - Lyp-2-E - § (35)

13



inserting it into (34) and recalling the assumption E,,= 0 and Cartan’s formula for Lie derivatives
£¢d =& dA+d(§- A) we obtain

w(¢,Ec¢,60) = 8(dQmlE] — & T+ - L) — & dOp($,5¢) — d(§ - Bn(, 59))
=d(6Qp[§] =& 0m(¢,6¢)) — (& T &) + & - 6Ly — & dO, (¢, 50). (36)

where [§,d] = 0 was used in the second line.

Using second equation of (8) we finally get
@ (¢, £¢h,8¢) = d(5Q[§] =& B1n(¢, 56)) — S(&-T-)+§ - (dBy + %STabégab) —$ - d0n($,569)

=d(6Qm[¢] — & 0, (p, 6¢)) — 6(e T §) +§€ -£T%6g,, 37)
Moreover, substituting (11), (26) and (37) into (32), integrating over X and using Stokes” theorem
[ A(6Qu[E1-60,)-8(e-T-8)+ 5 E€ T8 gy = [, 6(Qqlé] + Qulé] + dH) —& (8, +8,,,)
— J536(Qgl&] + Qpl€] + dH) —&(8, + 6,,)
= J;d(6Qm[¢]-§6m)
+[5 0 Qqlé] =& 84(9.89) — J56 Qqlé] & 84(g.59), (38)
and after making use of the property of exterior derivative d?> = 0 we get
J538 €T®8gay —8(e-T-§) = [;_5Qqle] — & 8,4(9,89) — [, 8 Qglé] — & 84(g,69).  (39)
If we use (33) to write
§4=x"— o, (40)
and insert it into the second term on the right side of (39)
J36Qgl1 -8 04(9.69) = [;6 Qulx* — 2501 —(x* — 250%)- 84(g,59)
= 58 Qulxl =025 58 Qulol — [;(x - 04(g,89) — 25 ¢ - 84(g,59)), (41)

and bearing in mind that x* vanishes at the bifurcation surface B, which yields x - 8, = 0, and ¢
vanishes because it is tangent to B, which yields, ¢ - 64 = 0, we finally obtain:

Theorem 2: Consider a spacetime with two Killing vectors £ and ¢. Let B be the bifurcation
surface associated with the Killing vector (40). Then, assuming that all integrals converge, we
have:

fy 8 QqlE]1 —&0,(g,69) = ;3¢ - € T®6ga, —6(e-T - ) + [, 6 Qulx] —25 [, Qulg)].  (42)

We refer to this equation as the perturbative identity (PI) [2]. As we are going to show in section
5, the first law (with perfect fluids included) represents a special case of this identity. Before we
show it, it is reasonable to reveal the physical meaning of the terms involved in (42).

14



3. The physical interpretation of the PI

With regard to a possibility of meaningful physical interpretation of the surface integrals involved
in the identity (42) we distinguish two possible cases [2]:

Case (a): Vanishing set of matter fields i
Case (b): Non-vanishing set of matter fields y
Let us analyze each of these two cases individually:

Case (a): In this case it is obvious that: Ln,=0 = T =0= L =L, 0 = 0, and Q = Q,. At spatial
infinity, one usually assumes that the following holds [1]

sl—iglw fsf 10(¢,6¢) = sl—igloo fsf 0B (9), (43)

for some 3-form (not necessarily covariant) B depending on dynamical fields ¢. Under the
condition of case (a) it is straightforward to define familiar quantities [1]:

¢ The canonical energy € of an asymptotically flat region is defined as
=, Q€l-¢-B. (44)

It can be shown [1] that in this particular case (vacuum general relativity) the definition (44)
reduces to the standard, ADM, definition of mass-energy.

¢ The Jz is canonical angular momentum of the system measured at the black hole horizon and is
defined by

Jp = — [z Qlo]. (45)

(As relevantly remarked in [1], the difference in signs between (44) and (45) can be traced back
to the Lorentzian signature, which also appears in the special relativity when we define the energy
(E = —pat?) and the angular momentum (J = +pa¢ @) of a particle with momentum p,).

 The entropy, Sg,of the black hole horizon is defined by

Sp=2m [, X% &4, (46)

where X¢? is covariant quantity locally constructed out of the dynamical fields and their
derivatives and is given by [1]

(Xet) = — pabedgy,, (47)

where £, denotes the binormal to B. The quantity E*’°? is defined as [1-(31)]

oL oL oL
gEabcd = ¢ -V +t+ (D)™ : 48
ORapcd é1 avelRabcd ( ) Cer... m) aV(el_ . .em)Rabcd ( )

Let us now prove that the following equation is true:
=055 = 8 [;QIx]. (49)

(In order to be convinced about the consistency of definition of entropy (46), see - [1-section 7],
where some calculations are performed for some specific Lagrangians, including also the case of
our particluar used Lagrangian, (88), leading to familiar expressions).

15



Proof of (49):

We follow the proof in Wald and Iyer [1]. As proven in there (Proposition 4.1) the Noether charge
can be non-uniquely decomposed as:

Q = WE(P)Se + XUPIVicéay + Y(, Ec9) +dZ (9, ©), (50)

where W¢, X4 Y, and Z are covariant quantities dependent on the fields ¢ and their derivatives
&¢, where in addition ¥ depends linearly on £¢¢, and Z depends linearly on ¢.

Insert Eq.(50) into (49) (% 8Sp =6 [L[W(P)éc + XUP)V(céay + Y(d, £c9) + dZ(9,§)]) and
observe that, due to (by definition) vanishing ¢ on B the first term gives vanishing contribution.
Also the term Y(cp, £§¢>) vanishes in the stationary background due to its linear dependence on

£:¢ = 0. We need also to prove that its variation does not contribute, which can be clearly seen
from the simple calculation:

8Y(p,£c¢) = Y(¢,£5¢) = £cY (¢, 6¢) =& -dY +d(§ V), (51)

where in the last line we used £,.A = & dA + d(& - A). Also dZ clearly vanishes, so we are finally left
with

8 [5QIx] = 6 [, XU(P)Vc&q- (52)

In order to evaluate the integral on the right side of (52) we appeal to the fact that for stationary
background the following expression is true [1- (98)]

Veéa =K Ecq, (53)
otherwise, for some w4, (see -[1-(100)) one can write
Wea = VcSa) —K &cq. (54)
The calculation of dw_, yields
SWeq = — Kga[d6£?]' (55)

with only a normal-tangential component ([1- (101)]).
Inserting (54) into (52) and using definition (46),fB Xlg = ”;—TB; , we finally obtain
8 [y XUP)(KEcq +Weq) = 5655 + [, XUEW,q. (56)

To finally prove (49) we need the expression (56) to have vanishing second term on the right side,
which is provided by the following argument:

First, we will lay down what we know about X°¢ and w,: as established in calculation (55) w4
possesses only a normal-tangential component, and if, in addition, one uses lemma 2.3 in [11],
then w_.; must reverse its sign under the map of the tangent space to B. Furthermore, £§XCd =0

due to £;¢ = 0, which implies the invariance of X¢? under the map of the tangent space to B.

Finally, we consider the pull-back of X°§w,, to B, which has only tangential component and
therefore is invariant under the map, and therefore gives vanishing contribution, 2 X cdswey =0,

yielding finally to

16



8 [;QLxl = - 8Ss, (57)
as desired to show. O

Thus we show that (42) is reduced to:
58 = %553 + 056 5. (58)

One can use the formalism and results above to also show the equivalence between the canonical
angular momentum of the black hole, Jz, and the canonical angular momentum, J, at spatial
infinity

J=-J;_Qlel (59)
in a setting of axisymmetric configurations. - One begins by observing the expression

where one replaces ¢ with ¢%, with ¢ being an axial Killing field. Under the assumption that
the metric is axisymmetric (E,¢ = 0) and observing that pull-back of ¢ - L gives no contribution

(@ - L = 0) to the surface at spatial infinity (because we have already specified the surface at
infinity to be tangent to ¢¢ (see section 2.2)) we obtain J[¢]=0. Then by integrating Eq.(16) with
«=0overZ, [3dQ[¢] = 0, and using Stokes’ theorem, we get

[y @le] = f;_0lg]. (61)
as wanted. (See-[2] for a more complete analysis of other subtleties of angular momentum).

Case (b): This case is much more subtle, because one cannot neglect the incorporation of the
ambiguities Ly—L; + A and Ly, —>L,, — A, which prevent us to straightforwardly apply the lesson
of the case (a), namely, that the surface integrals in (42) are to be physically identified as the
(variations of) mass-energy, entropy and angular momentum. In what way are these ambiguities
relevant? - Their relevance consists in the fact that [2] every time one chooses a different Ly one
gets a different choice of Qg, and as we already saw, our quantities at spatial infinity and at the
horizon are, mainly, defined in terms of Q.

One way to solve this problem is [2]:

c) to choose some Ly, fix it and treat it as it specifies an independent theory and,

d) impose the condition that the stress-energy tensor T*? is compact (falls off sufficiently rapidly
at spatial infinity).

If the condition d) holds such that [2] the metrics of two theories (L-theory and Lg-theory)
approach each other, and make sure that Mg defined as (see (44))

Mg = fsw Qg [§]1 ¢ Bg- (62)

gives the same result for both metrics, then it is conceivable to identify the left side of (42) as the
variation of mass-energy of the system. Here, again, is assumed that at spatial infinity one has

Jim (£ 0,(6,69) = lim [¢ - 5By (). (63)

for some 3-form B, (not necessarily covariant) dependent on dynamical fields ¢.

17



Two other surface terms are to be physically interpreted as the angular momentum measured at
the black hole horizon]gB defined by (see (45))

Jog=~ Is@le], (64)
and the entropy of black hole horizon, S, defined by (see (46))
Sp=2m[, X ey, (65)
such that (as proved in case (a))
5885 = 8 [;Qqx], (66)

where @ is the Noether charge 2-form of the Lg-theory, &, is the binormal to the bifurcation

surface and «k is the surface gravity of the black hole horizon.

Substituting (62), (64) and (66) into (42) we obtain:
1
&M, = %559 + 058 g, + [536 €T 8ga, —6(e-T - 9), (67)
where § is an arbitrary perturbation to an infinitesimally close solution.

One can also appeal to the last argument of the case (a) and apply it consequently to this case,
which in addition, provides us with an alternative version of (67). This can be done by a slightly
simple argument [2]: one wants to find an explicit relationship between ]gB and Jg_,

respectively to express ]93 in terms of J; ,and insert it into (67). To do that, one needs to

consider the identity (32) when one has replaced é* with ¢%:
fz (D((ﬁ, £(p¢' 5¢) = fSw 5Q[(p] - 0(¢; 5¢) - fB SQ[(P] —¢- 0(¢' 6¢)1 (68)

One performs the calculation of the left side of (68), using standard argument that ¢ is tangent
to the bifurcation surface B and S, and the pullback of ¢ - @ vanishes, then Eq. (68) (expressed
as (42) with replacement £%= ¢%) reduces straightforwardly to

J58Qglel = [;6(e-T @)+ f;_5Qqlel, (69)

respectively,
Jog=Jg, — 8T @), (70)
with Jg =~ fsw Qgl¢], as the angular momentum of the system measured at spatial infinity.

Substitution of (70) into (67) finally yields:

SMg = =8y + 056 [y — 0 [ 8(e-T - @) + [;7& - £T®Egay —5(e-T - §). (71)

4. Perfect fluids and perfect fluid stars

In this section, we gather some relevant results we need, namely, basic definitions and properties
of the self-gravitating perfect fluids and perfect fluid stars, for the calculations in the following
section. More complete and detailed account of what we discuss here can be found in [5]. For a
curious reader we refer to [6] where you find broader treatment of perfect fluids.
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All properties of the perfect fluids (defined such that the heat conduction, viscosity and shear
stresses are excluded) are characterized by an energy density p=p(n,s) which depends on the
particle number density denoted by n, and an entropy per particle denoted by s. A pair of
quantities (n, s) are assumed to define the local state of the perfect fluids. So, the particle number
density n, entropy per particle s, fluid four-velocity u® and spacetime metric g, represent, as
stated in the Introduction, physical fields of the fluid. A stress-energy tensor of the perfect fluid is
given by

T = (p + p)uu’ +pg®, (72)
with normalization condition u%u, = —1.

The integrated Gibbs-Duhem relation which defines the pressure of the perfect fluid p is given by
[10,16]

p=—p+un+Tns, (73)
(We will give slightly straightforward derivation of Eq.(73) [16]:
One begins with the first law of thermodynamics:

dE=TdS - pdV + pdN, (73.1)

and defines total energy E, entropy S and particle number N in terms of densities:

E= pV, S=nsV and N=nV, (73.2)
and substitutes into (73.1)
d(pV)=Td(nsV) - pdV + pd(nV), (73.3)
and expands it
pdV +Vdp = TnsdV + TVd(ns) - pdV + pVdn + undV. (73.4)

One can apply (73.3) for the case V=1 which yields

dp=Td(ns) + pdn. (73.5)
Substituting (73.5) into (73.4)
pdV +VTd(ns) + uVdn = TnsdV + TVd(ns) - pdV + uVdn + undV, (73.6)
one obtains
p=Tns-p+un (73.7)
respectively,
p= —p+un+Tns (73.8)

as desired).

If we differentiate the function p = p (n, s)

00 4 4 20
dp = p dn + s ds, (74)

and insert definitions of the temperature, T, and chemical potential, p
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T=- 22 (75)

u:g—z -Ts, (76)
into (74) we have
dp = (u+ Ts)dn + nTds
= pudn + Tsdn + nTds
= pdn + Td(ns), (77)
which represents the local first law of thermodynamics.

If we differentiate (73) and use (77) we obtain an alternative version of the local first law of
thermodynamics:

dp = —dp + pdn + ndp + nsdT + Td(ns)

— udn—Td(ns)+udn + ndp + nsdT + Td(ns)
= ndp + nsdT. (78)
The following equations of motion hold for perfect fluids:
V,T* =0, and V, (nu®) = 0.and (79)
utv,s=0. (80)
where V, denotes a covariant derivative.

Total particle number, N, and total entropy, S, of the relativistic perfect fluid star are defined by
integrating the particle number current (nu%) and entropy current (nsu®) over

N= [ nutv, (81)
S= [snsu®vg, (82)

where X is a spacelike surface that stretches from the black hole bifurcation surface B to spatial
infinity S,, and v, is the future directed normal on X.

We define a perfect fluid star [5] as a globally hyperbolic solution of the Einstein-fluid equations
with compactly supported particle number density n.

A condition that the perfect fluid star has to satisfy to be in dynamic equilibrium [5] is that it has
to be stationary and axisymmetric solution of the Einstein-fluid equations, together with a
specification that u® satisfies a (known as) circular flow condition (introduced, mainly, for
technical convenience)
a - £+ 097 83

“ I (83)
where £ is the angular velocity of the perfect fluid (which is generally different from 25), £¢ is the
stationary Killing field, ¢ is the axial Killing field, and |v| is defined such that the following holds:

[v|? = —(§* + Q9" (o + 29,). (84)

We finally define three further (conserved) quantities necessary for the calculations in section 5:
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- the fluid number density (or the particle current 3-form), Ny, by

Nger = nu®egqey, (85)
- the angular momentum density (or the angular momentum current 3-form), J4.r, by

Jaer = P°TL €paer, (86)
- the entropy density (or the entropy current 3-form), S4c 5, by

Saes = NSU%€qqes, (87)

where €44, is the usual volume element on spacetime.

5. Incorporating perfect fluids into the first law of black hole
mechanics

Now we have all necessary ingredients at our disposal to evaluate the identity (67). If we impose
the Assumptions 1)-4) again, together with an inclusion of the horizon Killing field of a bifurcate
Killing horizon (which is defined such that x®(B) vanishes on the bifurcation surface B) defined
by (33), and let the Einstein-Hilbert Lagrangian given by

1
Lg = 16_7'[ R g, (88)

and set L, to be a perfect fluid Lagrangian (e.g. L, = —p(n, s)€); then under these particular
circumstances it is already proven that the following is true [1]:

* M; = M, representing standard ADM mass-energy (see (44))

“Jgp=Jp="— Jz QL] for black hole angular momentum

* Sg= A—B, with A defining the horizon surface area
4
and therefore (67) becomes
1
M =§5A+936]B + [y € €TP8gay —6(e-T - ) (89)

Furthermore, we adopt following assumptions [5], for the purpose of effective calculations of the
volume integral in the right side of (89):

- we assume the stress-energy tensor T%” together with §T*” has a compact support,

- we assume that the perturbed spacetime is such that §¢é¢ = §p% =0

- we choose spacelike surface X to be axisymmetric (¢ is tangent to X) such that the pull
back of p%€,pcq to X vanishes and,

- finally we assume that the four-velocity u® satisfies (83).

Bearing all the above in mind, we evaluate the volume integral by following Wald, Green and
Schiffrin [5]:

Recalling (83)
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§¢ =utlv] - ¢*, (90)

we get
J5§¢ [%Tbc&gbcsadef - 5( chebdef)]
= [; W?v| = 2¢%) [%Tbcdgbcsadef - §( T;]Ebdef)]
=[5 {ua|v| [%Tbcdgbcsadef - &( Tfsbdef)] +.06( (pathsbdef)}r (91)
where in the second line we used ¢%g44.r = 0.

By recalling definitions (85)-(87), the expression (91) reduces to
Js {ua|v| [%Tbc5gbc5adef —§( Tfibdef)] + 6( <Pachdeef)}
=[5 {uah?l [%TbC(SgbcEadef —&( chebdef)] +0 5]def}
= fZ{D|U| + 06]ger ) (92)
with D = u? [%TbCSgbcsadef — 5( Tfsbdef)].

Using the stress-energy tensor of the form (72), the relations (73) and (78) and the normalization

condition u%u, = —1 together with the identities
u ul = — %ubuC&gbc (93)
1
65adef = Egbcagbceadef (94)

we finally evaluate the first integrand of (92):
1
D= EuaTbcagbcsadef — u®8(Tl epger)

1
= Eu“[(p + puPuc + pghe] 09pcEades — ua5[(P + P)ubuasbdef + psadef]

1

1
= E (P + p)uaubucagbcsadef + Euapgbc 5gbc£adef - ua5[(u +Ts )nubuaebdef + psadef]

1 1
= —(P + p)uaubucagbcsadef + Euapgbc 5gbc£adef - ua(S[uap- Ndef + uaT Sdef + peadef]

2
= W6Ngef + T8Sqer + % (P + PIUUU BG, Eadef +5PUGE 8Gbcader — 5 HIUUPUC SGpcEager
+NUEgge O — % Tsnu®uPu® §gpceager + NSU€aaer 6T — U%Eqger 6P — %puagbc 89bcEader
=WSNger + T8Sger + %(p + p)u“uu’Sg, €qger — % (un + Tsn)uuu’8g, €4uef
+ uqger (MO + NSET) — u%eqqer Op = U6Nger + TS 4 (95)
Inserting (95) into (92) and all together into (89) we obtain
SM = =84+ Qp6Jp + [;( WIVISNger + T10I8Sger + 2 8Jger). (96)

Recalling that redshifted temperature, T, and chemical potential, fi, in GR are defined by
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T =Tlv|, o= pfv. (97)
then (96) becomes

oM = 8%514 + Qg6 + fz( HONger + T(S‘S‘def +40 6]def) (98)

which is the desired form of the first law of black hole mechanics with perfect fluids, and, in
comparison to the identity (I) given in the Introduction, is true for arbitrary perturbations § of the
background spacetime.

If only a perfect fluid star were present, there wouldn’t be a contribution from black hole horizon
and therefore (98) reduces to

&M = [ ( HON o + T8Sger + 28] def) (99)

which represents the first law of thermodynamics for relativistic perfect fluid stars, holding for
arbitrary perturbations of perfect fluid stars in dynamic equilibrium (details of (99) can be found

in [5]).

6. Proof of the physical process version of the first law of black hole
mechanics revisited

The first law version derived in the previous section is also known as an “equilibrium state
version”’, where one takes two infinitesimally close black hole solutions, in the phase space of
solutions, and one compares their intensive and extensive parameters using (58) (or for that
matter (98)) and it satisfies it. But there is another more exciting and logically independent
version of the first law called the “"physical process version”’, where one considers a quasi-static
process in which a flux of matter (dropped in) perturbs the horizon of the black hole, initially in
stationary configuration, and lets it dynamically evolve to a slightly new configuration with
different parameters. And it turns out that it also satisfies the first law. As one will notice in
calculations below, the “physical process version” has a local character and does not make any
requirement to asymptotic structure of spacetime in comparison to equilibrium version. Proof of
the physical process version for uncharged black holes was given in [13], but we will follow here
(and work in the spirit of) [12] closely, to establish its validity for the same type of black hole. The
generalized form of the first law involving charged black holes in Einstein-Maxwell theory is
proved in a lengthy detail in [12, 17]. A detailed analysis of the first law in Einstein-Yang-Mills
theory is given in [17].

As usual, we begin by laying down our guiding assumptions [2,5]:

-We assume that the dynamical field ¢ satisfies E=0, and let §¢ be any variation of the dynamical
field satisfying 6E = 0, in the neighborhood of infinity but not necessarily throughout the
Spacetime.

- We let £2 be any fixed smooth vector field on the spacetime and assume that it is an asymptotic
symmetry (E¢¢ = 0).

We vary again Eq.(14) with only difference that we include the term C, from Eq.(16):

5[] = 60(¢), £¢¢) — € 5L
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= 60(¢,£:¢) — ¢ dO(¢, 69)) (by (4) and E=0)
= 60(¢, £cd) — £:0(p, 5p) + d(€-0(¢, 5$)  (by Cartan’s formula)
= W(p,L:$,6¢) +d(E-0(, 6 B). (by definition (12))  (100)
Respectively,
w(pLeh,0¢)=6(§7Cy) +d[6Q[E] -§-0(4,69)].  (by(16)) (101)

Since w(¢,£:¢$,6¢) vanishes (by £:¢ = 0) we have

d[5Q[¢] - &~ 0(¢,6¢) = — §96C,. (102)
Integrating (102) over a spacelike surface, X, and using Stokes” theorem we get:
[;_ 6QIE1 — £ - 6(¢, 50) — [, 5QIE] — & - B(, 6) = — J, §96C, (103)

where 0X represents the boundary of X.

Recall that the first term on the left side of (103) is defined as [14]
§He = [ _8Q[E1— ¢ - 6(e, 59). (104)
where Hg denotes a conserved quantity (see-[14] for detailed discussion on conserved quantities).

Thus, we rewrite (103) as:

If ¢ satisfies the equations of motion and ¢“ is an asymptotic symmetry (Es¢ = 0), one can define

the current a as [12]
a® = =2 &% 5Cp 8. (106)

abcd

which satisfies conservation equation V,a® = 0, where € is the invariant volume element and

Cpca = Cpeael€ is a constraint 3- form, locally constructed out of the dynamical fields, ¢.

After setting the stage, we will now proceed by considering (for simplicity of demonstration) a
special case, in which Lagrangian si given by (88) (which corresponds to the case a) of section 4),
and calculate the variation of ADM mass M, angular momentum §/, and the variation of horizon
area §4, and prove the validity of the first law of black hole mechanics (case a), section 3, Eq.(58)).

For this Lagrangian the constraints C; 4, are given by
Coeaa = €evea Ta - (107)

We want to establish the validity of Eq.(107) by means of the following calculation (see [15] for
more calculations of this type for other given Lagrangians):

Let us write out the Lagrangian (88) in the form, L=ﬁ,/|g|g’“’RW, and perform the first

variation on it:

6L = j(c?\/ 119" Ry + V19169 Ry, +/1919*"6R ), (108)

with
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1
5y1gl =3/1919* 69y, (109)
SRy = Vo(65%) — Vo (8L%), (110)
where I}, are called Christoffel symbols and the explicit form of their variation is given by
1
5111611/ = Egab(vu(ggbv + Vvégbu - Vb(sg;w)- (111)

The identity (110) is given in a coordinate system in which I, = 0 called “'Riemann normal
coordinates” [9].

With Eq.(109) and (110), Eq.(108) becomes

5L= = [/TgIRG™ — R) 8gap + \TgIg" (VaSTS — V, 613 (112)

Comparing it with 6L= E*?§g,;, + V,0% we clearly recognize

Eab — — \/H(Rgab Rab)] \/mGab

16ﬂ\/_(gﬂvara — ghasTy). (113)

By using (111) one can rewrite 8¢ as
0% = — [\/1919" 9% (V891 + VG — Vo8 gu)
1
—-V1919**9"" (Vu89py + Vi 89, — V569,0)]

= —/1919" 9% (V48 9bu — V589,0) - (114)
The symplectic potential 8¢ written as a 3-form becomes
Ouvp = = €aup 9297 (V8920 — V289 ). (115)
We further calculate the Noether current (see definition (14)) written in a form notation
Juvb = Ouvb — §%Layvp
=[9°*9”? (V56915 — V2695) — RE* Jeauvp- (116)
Using the definition of Einstein tensor: G,; = Ry; — %Rgal and transforming it as
RE® = 2(R{EH — GEM), (117)
and using 89, = 2V,$,), then the Noether current (116) becomes
Juvs = o= (Va(VIAED) + GREM) gy, (118)
The constraint 3-form (C; = £%C,) is obtained by taking VA(V[Afa]) =0
(Ce) = 3 G316 i (119)
After relabeling some indices we write

1
Cabe = ggd(;cei‘seabc- (120)
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Using Einstein equations
Gap =81 Ty, (121)
and inserting it into (119) we finally obtain (after relabelling the indices again)
Cheda = €ebea T4 - (122)
as desired to show.

The variation of (107) yields
6Cbcda = €ebcd 6Toet (123)

where one usually assumes for g , to be a solution of Einstein equations and § g, are solutions

of linearized Einstein equations with §T,; as a source.

Inserting (123) into (105) we get:
SHe = [,50Q[¢] — & - 0(¢,6) — [ eepca §° 6T5 - (124)

As discussed in [14], if we choose ¢ to be a stationary Killing field (with unit norm) at spatial
infinity we get the variation of ADM mass

SM = [, 6Q[E] — & 0($,60) — [, €epca £ 6T . (125)

and if we choose £ to be the axial Killing field (with closed orbits) ¢ then we get the variation
of angular momentum

6] = [,56Qlp] — ¢ - 0(,5¢) — [;€enca ¢ 8T - (126)

Let us now imagine we throw some (uncharged) matter into the black hole, which is initially in a
stationary configuration, and impose the following assumptions [12]:

I) assume that the black hole is not destroyed during this process

II) assume all of the matter falls into the black hole and that it settles down to a stationary
final state

I11) assume that §T,; vanishes at spatial infinity and

V) 8 gqp vanishes in a neighborhood of horizon B and finally

V) let the horizon Killing field of this black hole be defined by (33) and X be a spacelike
surface that terminates on the event horizon B of the black hole.

By using the assumption IV) and constructing the difference (125) - £25(126) (which is plausible,
because we are already familiar with the form of the first law, which we want to obtain) we have

M — 0256 ] = — [ €epca £ 6T, (127)
which can be rewritten as
M — 058 ] = [ a®n, Egpe, (128)

where one identifies the current a® = &% 8T, n, is future-directed normal to B and one choses the
orientation such that £,,, =n°e, g, -

Using the assumption II), and taking into account V,a® = 0 we have from (128)

SM — 058 ] = [, a® ke Eape (129)
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respectively,
M — 058 ] = [ &€ 6T Kkq. (130)

where k, is tangent to null geodesic generator of the event horizon B of a stationary black hole
and the substitution of the relation a® = &* 6T in (130) is obvious.

In order to calculate the right side of (130) we will use the (perturbed) Raychaudhuri equation
given by

£ (66) = 8 (= 362 — 0% 0y — Rapk®k?), (131)

with V defined as affine parameter associated to k%, 6 is the expansion (which measures the local
change of cross-sectional area and is usually defined as 6§ = V k%), and g, represents the shear
(which roughly measures the tendency of a matter to become distorted from one shape to the
other). The expansion 6 is also given by

6=-=—= (132)

where 1 denotes an affine parametrization of the null geodesic generators. For our case of a
stationary background, Eq.(131) reduces to

= (60) = =81 8 (Typk k"), (133)

justified by the fact that the expansion, 8, and shear, oy, give vanishing contribution in the
stationary background, and the last term are simply Einstein equations: Ry, k*k? = 8m T, k*k?.

Furthermore, we need to take care of the term §k“ present in (133). To treat it effectively, we
choose a reasonable gauge [12] such that the null generators of the event horizon of the perturbed
and unperturbed black hole are identified, which leads to §k% ~ k¢, and therefore (133) becomes

== (60) = =87 6T pkk?. (134)
A detailed calculation of (134) can be found in [13], but the idea is basically as follows:

One expresses k¢ in the following form:
9 a
a_(Z
et = (av)
1 a
kv X
1
== (£9+02509), (135)
where in the last line Eq.(33) was used.

If we multiply both sides of (134) by kV and integrate over B we get

kfydv v X2 a24 = —8r (5M — 055 )) (136)

For the left side of Eq.(136) one performs an integration by parts, where the resulting first term
[ d2A(86 V) vanishes, via the substitution of the upper and lower limit, and the second term gives

fom 86dV [ d?A = —6&A after substituting Eq.(132). Therefore Eq. (136) becomes
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— KA =-8n (M — 256 ))
- M —036] =%6A (137)
If we insert (137) into (130) we obtain
K8A =8m [ &€ 6T kg, (138)

which clearly proves the validity of the first law of black hole mechanics (58).

7. Conclusion and overview

In this thesis, using necessary mathematical background arising from the method of Lagrangian
diffeomorphism covariant theories, we have derived the first law of black hole mechanics which,
in addition, incorporates perfect fluids. This is, as shown, a special case of the perturbative identity
(PI) (42), with Lg being the Einstein-Hilbert Langrangian for general relativity and Ly, any
Lagrangian for a perfect fluid. The assumption was that the background solution is an
asymptotically flat, stationary, axisymmetric black hole with bifurcate Killing horizon. We
demanded that metric g, is stationary and axisymmetric in the background spacetime, satisfying
the field and constraint equations, and we imposed no restrictions on matter fields. In that case
symplectic current 3-form in the left side of (32) was non-vanishing, leading us to the expression
of the first law of black hole mechanics. Furthermore, we considered the first law of
thermodynamics for perfect fluid stars (defined as [5] globally hyperbolic, asymptotically flat
solution to Einstein-fluid equations) and compared it to the first law of black hole mechanics. The
conclusion drawn is that the only difference between them lies in the terms involving
contributions measured at the black hole horizon, namely, the entropy and angular momentum of
black hole horizon. We also discussed another version of the first law, namely, the “physical
process version” which simply involves the process of dropping in some matter into the initially
stationary black hole under the assumption that it settles down to a stationary final state. We then
computed dM, § | and JA for the Lagrangian (88), and verified that the first law (58) holds. We
finally conclude by giving a remark in Gao and Wald [12]: if the “"physical process version” of
the first law (58) were to fail, this would give rise to an inconsistency with the assumption that
the black hole settles down to a final stationary state, and would thereby provide strong evidence
against cosmic censorship. Conversely, a proof of the “"physical process” version of the first law
would provide support for cosmic censorship.”
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Abstract

We derive the first law of black hole mechanics involving perfect fluids in the context of
Lagrangian diffeomorphism covariant theories. This is a generalized form of the formula derived
by Bardeen, Carter and Hawking [4]. This is also known as equilibrium state version, because it
compares the areas of two infinitesimally close stationary black hole solutions to Einstein
equations. After defining some important quantities as preliminaries, we derive the equation to
which we refer as the perturbative identity (PI). After identifying two possible meaningful ways
of interpretation of surface terms appearing in this identity and gathering some definitions and
relevant properties of the perfect fluids and the perfect fluid stars the first law follows naturally
out of the PI. Furthermore, we analyze another version of the first law called the physical process
version, which involves a dropping of a bit of matter into the horizon of initially stationary black
hole and we assume that it settles down to a stationary final state. The fact that this law can be
proved is, as rightly remarked in [12], a strong support for the “‘cosmic censorship”’.

Zusammenfassung

In dieser Arbeit leiten wir das erste Gesetz der Schwarzlochmechanik mit perfekten Fliissigkeiten
im Kontext der Lagrange'schen Diffeomorphismus-Kovarianten-Theorien ab. Dies ist eine
verallgemeinerte Form der Formel, die von Bardeen, Carter und Hawking [4] abgeleitet wurde.
Dies wird auch als Gleichgewichtszustandsversion bezeichnet, da sie die Bereiche zweier
infinitesimaler stationdrer Schwarzlochlésungen mit Einstein-Gleichungen vergleicht. Nachdem
wir einige wichtige Grofien als Vorbedingungen definiert haben, leiten wir die Gleichung ab, auf
die wir uns als Perturbative (storende) Identitadt (PI) beziehen. Nachdem zwei mogliche sinnvolle
Interpretationsweisen von Oberflachenbegriffen, die in dieser Identitiat vorkommen, identifiziert
wurden und einige Definitionen und relevante Eigenschaften von perfekten Fliissigkeiten und
perfekten Fluidsternen gesammelt wurden, folgt das erste Gesetz natiirlich aus dem PI. Dariiber
hinaus analysieren wir eine andere Version des ersten Gesetzes, die als physikalische
Prozessversion bezeichnet wird, die ein Absinken eines Teils der Materie in den Horizont des
zunichst stationdren Schwarzen Lochs beinhaltet und wir gehen davon aus, dass es sich in einen
stationdren Endzustand iiberfiihrt. Die Tatsache, dass dieses Gesetz nachgewiesen werden kann,
ist, wie zu Recht in [12] erwahnt, eine starke Unterstiitzung fiir die “"Kosmische Zensur (cosmic
censorship)”.
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