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Abstract

Improving accuracies of quantum operations is an indispensable
task for realizing a practical quantum computer. A reliable character-
ization method of a quantum operation is necessary to achieve that.
Quantum tomography and randomized benchmarking are established
means to do so, but because of high sensitivity to state preparation and
measurement (SPAM) errors and multiple approximations, they lack
evaluative power. Gate set tomography aims to overcome the issues
by estimating the whole gate set consisting of initial state, quantum
operations and measurement operators. Nonetheless, it lacks the si-
multaneous ful�llment of gauge-equivalence and physicality. The novel
self-consistent quantum tomographic (SQCT) method, recently pro-
posed by Sugiyama et al., arXiv:1806.02696, closes this de�cit. The
work in this thesis implements the new protocol using a transmon-
type superconducting qubit. The method is contrasted to its pre-
decessors, quantum process tomography, randomized benchmarking
protocols and gate set tomography, in a detailed discussion of their re-
spective advantage based on common quantum information processing
parameters. The empirical outcome con�rms many of the advantages
of SCQT, but cannot to full extent reproduce the clear distinction that
theory predicts for it.
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Abstract

Zur Realisierung eines praktikablen Quantencomputers bedarf es
Verbesserungen in der Genauigkeit von Quantenoperationen. Um das
zu erreichen, ist eine verlässliche Methode zur Charakterisierung für
solche Operationen unabdingbar. Quantentomographie und Random-
ized Benchmarking sind etablierte Methoden hierfür, vermissen je-
doch evaluative Aussagekraft, bedingt durch ihre hohe Anfälligkeit für
Präparations- und Messfehler (SPAM Error) und diverse Approxima-
tionen. Gate Set Tomographie zielt darauf ab, die Missstände durch
eine Bestimmung des kompletten Sets an Operationen, das sind An-
fangszustand, Quantenoperationen und Messoperatoren, zu beheben.
Nichtsdestotrotz, sind Eichäquivalenz und Physikalität des Resultats
nicht gewährleistet. Die jüngst von Sugiyama et al., arXiv:1806.02696,
entwickelte Selbst-konsistente Quantentomographie (SCQT) schlieÿt
dieses De�zit. Die vorliegende Arbeit implementiert das neue Pro-
tokoll in einem supraleitenden Qubit des Transmontyps. Das Pro-
tokoll wird mit seinen Vorgängern, Quantentomographie, Random-
ized Benchmarking Protokolle und Gate Set Tomographie, kontrastiert
und in einer detaillierten Diskussion auf Basis gängiger Parameter der
Quanteninformationsverarbeitung analysiert. Die empirischen Resul-
tate bestätigen viele der Vorteile von SCQT, können ihre klare theo-
retische Überlegenheit jedoch nicht zur Gänze reproduzieren.
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1. INTRODUCTION

Chapter 1 Introduction

The quantum computer is one of the most compelling technologies our cur-
rent age is trying to engineer, merging the �elds of quantum physics and
computer science. It is expected to advance unstructured database searches
[1], prime factorization [2], which plays a big role in today's information secu-
rity, and the simulation of other complex quantum systems [3�5]. Albeit such
revolutionary applications draw much attention, general quantum computing
devices are going to spur a deeper understanding of quantum theory, which
has maintained many of its counterintuitive mysteries since its development
a century ago [6].

For years, experimental error rates of quantum operations have been detri-
mental to quantum protocols. As error rates approach the fault-tolerance
threshold of a quantum error correction code [7], reliable characterization
methods for quantum operations become essential, not only for validation
of the implemented operations, but also for improving their accuracy fur-
ther. This growing research �eld in the topos of quantum computation is
referred to as quantum characterization, veri�cation and validation (QCVV),
recognized as one of the key elements towards full-�edged quantum informa-
tion processing [8, 9]. There exist already several protocols: Quantum to-
mography, comprising quantum state tompography (QST) [10�14], quantum
process tomography (QPT) [15, 16] and positive-operator valued measure
(POVM) tomography [17], randomized benchmarking (RB) [18�22] and gate
set tompography (GST) [23�25] have gained widespread acceptance and use,
but they lack certain theoretical requirements or the ability to provide the
range of necessary parameters.

The recently proposed self-consistent quantum tomography (SCQT) by
Sugiyama et al. [26] attempts to overcome these weak points by estimating
the whole set of involved operations, called gate set, and not single operators
or parameters. Such a self-consistent approach is also the basis of GST;
SCQT's advance is a simultaneous gauge-�xing of the estimated gate set to
a gauge-equivalent estimate and its truncation to the physical region, which
is considered a shortcoming of GST.

The thesis is outlined as follows. The rudiments of quantum information
theory are brie�y outlined in Chap. 2, where the various characterization
methods are treated in Sec. 2.5. To experimentally implement the novel
quantum characterization scheme, a transmon-type superconducting qubit
is used. A standard approach for modeling the Hamiltonian of the system
is explained in Chap. 3. A description of the experimental setup is given
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1. INTRODUCTION

in Chap. 4. Before executing the actual characterization protocols, basic
parameters of the superconducting qubit must be determined in standard
experiments, whose results are presented in Chap. 5. After determining the
basic parameters, the various characterization protocols QPT, IRB, GST and
SCQT were executed. The results are shown in Chap. 6. They will be dis-
cussed on the basis of the quantum information processing parameters gate
�delity, error generators, physicality of the estimate, noise identi�cation of
unitary and amplitude damping errors in Chap. 7, where also a proof-of-
principle experiment for single-shot readout is presented. After summarizing
the �ndings in Chap. 8, a supplementary chapter provides additional expla-
nation for Chap. 3 and lists the gate set estimates from GST and SCQT in
more detail.
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2. QUANTUM INFORMATION

Chapter 2 Quantum Information

For decades, starting with a heedless vision by Richard Feynman in the early
80ies [3], researchers have been fascinated by the idea of exploiting the nature
of quantum physics for information processing.

Most generally, a computer is a calculating device. In classical computers
the most basic unit of information is a bit, a binary digit, either 0 or 1. One
can (1) realize it by a switch being turned on/o� or with the state of a
transistor, where high and low resistance represent the two states. To use it
for computation, methods to (2) reset a bit to some initial value, (3) maintain
this value until it is (4) accessed for the manipulation of the computation and
of course (5) read this information out are needed.

DiVincenzo established the same �ve criteria for a qubit, a quantum bit
[27]. It is the basic information carrier of a quantum computer. In contrast
to its classical counterpart the qubit has two extraordinary features: superpo-
sition and entanglement. Entanglement becomes important for systems with
more than one qubit, whereas this thesis treats exclusively single qubits.

When one superposes the two states 0 and 1, one receives �states in be-
tween� or �both states at the same time�, whichever interpretation of the
quantum formalism is preferred. To work with these concepts, the mathe-
matical formalisms necessary are introduced in the next section.

2.1 Mathematical Preliminaries

2.1.1 The Quantum State and the Hilbert Space

Quantum states are represented by vectors ∣ψ⟩ in Hilbert space H = Cd, a
complex d-dimensional vector space, also known as the state space. Natu-
rally, for qubits the dimension is d = 2. An element ∣ψ⟩ of H is well-de�ned
up to a complex number of norm one (global phase) and can be written as

∣ψ⟩ = α∣0⟩ + β∣1⟩, (2.1)

where α,β ∈ C, with the normalization condition ∣α∣2 + ∣β∣2 = 1. The state's
information is not only stored in the ratio of the basis states ∣0⟩ and ∣1⟩,
but also in the relative phase between them, as α and β are complex values.
If this phase information is lost in the process of decoherence, the quantum
features disappear too [28].

The probability of �nding the state ∣ψ⟩ in the state ∣χ⟩ is the squared
absolute value of the overlap

P = ∣⟨χ∣ψ⟩∣2, (2.2)

Page 4



2. QUANTUM INFORMATION

with ⟨χ∣ being an element of the isomorphic dual Hilbert space1 H∗. Whereas
in classical theory probabilities are bilinear in the elements of the sam-
ple space representing state and outcomes, quantum probabilities are bi-
quadratic. The expectation value for an observable Â is

⟨Â⟩ = ⟨ψ∣Â∣ψ⟩. (2.3)

The normalization reduces the number of parameters for a single qubit
from four (two complex numbers) to three, which could be seen as a 3D-
sphere condition

α = eiγ cos(
θ

2
) and β = ei(γ+φ) sin(

θ

2
) . (2.4)

As stated above, the global phase does not possess any physical meaning,
thus the state ∣ψ⟩ can be written with only two angular parameters θ and φ
as

∣ψ⟩ = cos(
θ

2
) ∣0⟩ + eiφ sin(

θ

2
) ∣1⟩. (2.5)

This facilitates the conception of a sphere's surface, where all pure quan-
tum states lie, called the Bloch sphere. For a pure state, a measurement basis
can be found that yields the expectation value +1. The two basis states

∣0⟩ = (
1
0

) and ∣1⟩ = (
0
1

) (2.6)

can be de�ned as north and south pole, respectively, constituting the z-axis,
and the equator consists of all equal superpositions

∣x±⟩ =
1

√
2
(∣0⟩ ± ∣1⟩) and ∣y±⟩ =

1
√

2
(∣0⟩ ± i∣1⟩). (2.7)

Measuring equal superpositions with a projective measurement along the
z-axis yields 1/2 in all cases, according to Eq. (2.2). How is it then possible
to distinguish between ∣x±⟩ and ∣y±⟩? Measuring along the x-axis, for in-
stance, would distinguish easily between ∣x+⟩ and ∣x−⟩; a measurement along
the y-axis would do the same for ∣y+⟩ and ∣y−⟩. But indeed, without prior
knowledge, a single measurement is not apt to determine an unknown state
∣ψ⟩, lying somewhere on the Bloch sphere.

1The linear functional ⟨χ∣ acts on the vector ∣χ⟩ such that ⟨χ∣χ⟩ = 1.
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2. QUANTUM INFORMATION

2.1.2 The Density Operator

Before proceeding any further, the introduction of another formalism is in
order: density operators. Generally, quantum systems are found not in pure
quantum states ∣ψ⟩, but in probabilistic mixtures of multiple di�erent states
∣ψj⟩ with probabilities pj. They are called mixed states, lie in the inner
region of the Bloch sphere and they are statistical ensembles of pure states,
see Fig. 2.1.

x

y

|0

|1

Figure 2.1: The Bloch sphere: A maximally mixed state is indicated in the
center (green), a pure state on the surface (blue) and mixed state below the
surface (yellow). The poles on the z-axis are de�ned as ∣0⟩ and ∣1⟩.

Pure and mixed states can be mathimatically described with the infor-
mationally richer density operator ρ̂, which in a basis representation is the
density matrix

ρ = ∑
j

pj∣ψj⟩⟨ψj∣. (2.8)

It is a Hermitian, ρ = ρ�, positive semi-de�nite, ρ ≥ 0, matrix of unit trace,
tr(ρ) = 1, which is idempotent if and only if it is a pure state, ρ2 = ρ, otherwise
it is a mixed state. It reduces to the maximally mixed state ρM = 1/2, in
the classical limit, corresponding to the center of the Bloch sphere. In the
case of the qubit, it is represented by a 2 × 2 complex valued matrix. The
constraints leave three real parameters s = (s1, s2, s3) to characterize the
system. For a large number of identical initial states ρ, it is easily veri�ed
from Eq. (2.3) and (2.8) that measuring an observable Â, represented by the
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2. QUANTUM INFORMATION

matrix A, yields

⟨A⟩ = tr(ρA). (2.9)

Projective measurements along the x-, y- or z-axis correspond to the three
frequently used obversables, written here as the Pauli matrices

σ1 ≡ σx =(
0 1
1 0

) , σ2 ≡ σy = (
0 −i
i 0

) , σ3 ≡ σz = (
1 0
0 −1

) ,

σ0 ≡ 1 =(
1 0
0 1

) ,

(2.10)

which were extended by a fourth one, σ0, the identity for posterior amenity.
Applying the x, y and z Pauli operators give the expectation values along
the respective axes, which are equivalent to s. On this account, the density
matrix can also be written as

ρ =
1

2
(1 + sσ) s =

⎛
⎜
⎝

⟨σx⟩
⟨σy⟩
⟨σz⟩

⎞
⎟
⎠

σ =
⎛
⎜
⎝

σx
σy
σz

⎞
⎟
⎠
. (2.11)

Determining an unknown quantum state ρ requires a large amount of
identical copies, for there are at least measurements along three di�erent
axes, each consisting of a large enough ensemble to make a valid estimate of
a single point in a continuous space.

If a measurement, described by measurement operator M̂m, is performed
upon a quantum system in the state ∣ψ⟩, the probability for outcome m is
given by

p(m) = ⟨ψ∣M �
mMm∣ψ⟩. (2.12)

Then, it is possible to de�ne a positive operator Êm = M̂ �
mM̂m such that

they sum up to unity. The set of operators Êm are su�cient to determine
the probabilities of the di�erent measurement outcomes [28]. The complete
set of them is known as the positive-operator valued measure (POVM) Π:

Π = {Em} ∶ Em ≥ 0, ∑
m

Em = 1. (2.13)

Although, initially the Hilbert space was d-dimensional and repeatable
measurements can only have d outcomes, quantum states form a set of di-
mension d2−1. It follows that there exists no single repeatable measurement
whose statistics uniquely identify arbitrary quantum states, as shortly out-
lined above. This stands in direct contrast to the classical situation and is
the raison d'être for quantum tomography [29].
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2. QUANTUM INFORMATION

2.2 The Hilbert-Schmidt Space

A slight generalization of the previously introduced Dirac's notation is the
superoperator formalism [24]. The system's Hilbert-Schmidt space is then
the d2-dimensional vector space of linear operators on the Hilbert space H,
denoted B(H) = Cd×d. Within this formalism, the density operator of a qubit
is not represented as a 2 × 2-matrix, but as a 4-dimensional vector:

H ∋ ρ = (
ρ00 ρ01
ρ10 ρ11

) → B(H) ∋ ∣ρ⟫ =

⎛
⎜
⎜
⎜
⎝

ρ00
ρ01
ρ10
ρ11

⎞
⎟
⎟
⎟
⎠

. (2.14)

The Hilbert-Schmidt space is equipped with the inner product

⟪A∣C⟫ = tr(A�C), A,C ∈ B(H) (2.15)

and Eq. (2.9) reads

⟨A⟩ = ⟪ρ∣A⟫. (2.16)

Let {Bα}, with α = 0,1, ..., d2, be an orthonormal basis of B(H), then

∣Bα⟫⟪Bα∣ = 1
d2×d2

(2.17)

and consequently

∣A⟫ = ∑
α

∣Bα⟫⟪Bα∣A⟫ = ∑
α

∣Bα⟫tr (B
�
αA) . (2.18)

2.2.1 The Computational Basis

The computational basis {Bc
α} can be constructed via

Bc
α = ∣i⟩⟨j∣, (2.19)

where also ∣Bc
α⟫ = ∣i⟩∣j⟩ is a common notation. It holds then that

tr (Bc�
α A) = tr (∣j⟩⟨i∣A) = ⟨i∣A∣j⟩ = Aij, (2.20)

∣A⟫ = ∑
ij

Aij∣i⟩∣j⟩, (2.21)

(A⊗C) ∣D⟫ = ∣ADC⊺⟫. (2.22)
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2. QUANTUM INFORMATION

2.2.2 The Normalized Pauli Basis

An alternative to the computational basis is the normalized Pauli basis {Bp
α ≡

Pα}. It is often used for calculations, as its basis elements are the Pauli
matrices from Eq. (2.10) with a normalization

∣P0⟫ =
1

√
2

⎛
⎜
⎜
⎜
⎝

1
0
0
1

⎞
⎟
⎟
⎟
⎠

, ∣P1⟫ =
1

√
2

⎛
⎜
⎜
⎜
⎝

0
1
1
0

⎞
⎟
⎟
⎟
⎠

, ∣P2⟫ =
1

√
2

⎛
⎜
⎜
⎜
⎝

0
−i
i
0

⎞
⎟
⎟
⎟
⎠

, ∣P3⟫ =
1

√
2

⎛
⎜
⎜
⎜
⎝

1
0
0

−1

⎞
⎟
⎟
⎟
⎠

.

(2.23)

2.2.3 The Experimental Basis

As the previous two bases include elements, which are not physical quan-
tum states2, an experimental basis {Be

α ≡ ρα} for actual implementation is
sought after. The Hilbert-Schmidt density matrices for the set of pure states
{∣0⟩, ∣1⟩, ∣x+⟩, ∣y+⟩} is such:

∣ρ0⟫ =

⎛
⎜
⎜
⎜
⎝

1
0
0
0

⎞
⎟
⎟
⎟
⎠

∣ρ1⟫ =

⎛
⎜
⎜
⎜
⎝

0
0
0
1

⎞
⎟
⎟
⎟
⎠

∣ρx+⟫ =
1

2

⎛
⎜
⎜
⎜
⎝

1
1
1
1

⎞
⎟
⎟
⎟
⎠

∣ρy+⟫ =
1

2

⎛
⎜
⎜
⎜
⎝

1
−1
−1

1

⎞
⎟
⎟
⎟
⎠

. (2.24)

The other two bases from Eq. (2.19) and (2.23) are then easily recovered
by linear combination.

2.3 Quantum Operations

In general, dynamical transformations of quantum states are of higher inter-
est when it comes to computation. They are usually called quantum opera-
tions, quantum maps, quantum processes, quantum channels or, in quantum
information, quantum logical gates or simply gates. In reversible dynamics,
where the energy of the system is conserved, the states evolve under a unitary
transformation U

ρ→ UρU �. (2.25)

2The basis element ∣P0⟫ corresponds to 1, which is unphysical if considered a density
matrix. This can easily be seen at the trace that is not one.
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2. QUANTUM INFORMATION

Irreversible processes can sometimes be modeled as probabilistic mixture
of unitary dynamics, but more generally, any linear map on density operators
can be realized as dynamical transformation

ρ→ G [ρ] , where G [ρA + ρB] = G [ρA] +G [ρB] , (2.26)

as long as G is, �rst, trace preserving (TP) and, second, completely positive
(CP).3 The TP condition reads simply

∀ρ ∶ tr (G[ρ]) = tr(ρ). (2.27)

The CP condition is a generalization of positivity

∀ρ ∶ (G⊗ 1d)[ρ] ≥ 0, (2.28)

where 1d is the identity map on a d-dimensional Hilbert space. In short,
all quantum dynamical transformations must be completely positive, trace-
preserving linear maps (CPTP maps). Using the superoperator formalism
from before, the process is conveniently written as

∣ρ⟫ → G∣ρ⟫. (2.29)

Even though the TP condition is simply

⟪1∣G = ⟪1∣ ⇒ G�∣1⟫ = ∣1⟫, (2.30)

no concise form of the CP criterion is known [29].
A very useful set of gates is the Cli�ord group C = {C}. Its 24 elements

are listed in Tab. 1. They map the Pauli operators onto themselves under
conjugation [30]

C ∶ σi → σj, i,j = 0,1,2,3. (2.31)

The average gate �delity Favg quanti�es the accuracy of quantum maps.
Between a unitary map U and a linear CPTP map G it is de�ned as

Favg(U,G) = ∫ µ(dψ) ⟨ψ∣U � G[∣ψ⟩⟨ψ∣] U ∣ψ⟩, (2.32)

where µ is the uniform measure on pure states ψ. It is also often expressed
with the average error rate re

1 − Favg = re. (2.33)

A priori, the map from the single qubit space onto itself requires 16 param-
eters, but the constraints of CP and TP reduce them to 12 free parameters.
How to arrange them is a question of representation and the topic of the next
sections.

3Trace preservation means that the total probability must remain 1. However, in
presence of leakage errors, this requirement is relaxed to: The total probability must not

increase.
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2. QUANTUM INFORMATION

No. → Gates → ⟨σz⟩ No. → Gates → ⟨σz⟩

0 Id +1 12 Y90 X180 0
1 Y90 X90 0 13 X−90 0
2 X−90 Y−90 0 14 X90 Y−90 X−90 +1
3 X180 -1 15 Y−90 0
4 Y−90 X−90 0 16 X90 0
5 X90 Y−90 0 17 X90 Y90 X90 -1

6 Y180 -1 18 Y−90 X180 0
7 Y−90 X90 0 19 X90 Y180 0
8 X90 Y90 0 20 X90 Y−90 X90 -1
9 X180 Y180 +1 21 Y90 0
10 Y90 X−90 0 22 X−90 Y180 0
11 X−90 Y90 0 23 X90 Y90 X−90 +1

Table 1: The 24 Cli�ord gates and the gate sequences realizing them, con-
sisting of rotations Nθ of angle θ around the axis N . The temporal order of
gate action progresses from left to right. The last column shows the theoret-
ical expectation value, when applied to ground state ∣0⟩ and measured along
the z-axis. [7]

2.4 The Representation of a Quantum Map

The four most common representations of quantum maps are introduced
here, even though for the experiments of this thesis in Chap. 6, mostly χ and
Pauli transfer matrix are employed. By the means of typical processes the
respective informative value of each representation is highlighted [24]. They
comprise:

1. Depolarization Gdep

The input state is replaced with a completely mixed state with prob-
ability p, and remains unaltered with probability 1 − p. It describes a
noise process, where information is completely lost with probability p.

Gdep[ρ] = (1 −
3p

4
)ρ +

p

4
(σxρσx + σyρσy + σzρσz) . (2.34)

2. Dephasing GZ

Dephasing occurs when the energy splitting of a qubit �uctuates as a
function of time due to coupling to the environment. In a transmon
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qubit, charge noise does this. With a probability p the phase informa-
tion is lost, which can be described as a phase �ip channel that projects
the state onto the z-axis with p:

GZ [ρ] = (1 −
p

2
)ρ +

p

2
σzρσz. (2.35)

3. Spontaneous emission / amplitude damping Gamp

With a probability p, some energy loss occurs. The process is easily
depicted in the Kraus representation, see Eq. (2.43), whereas a general
expression looks less succinct

Gamp [ρ] =
p

4
(σxρσx + σyρσy + iσ[yρσx] + {ρ, σz})

+
(1 +

√
1 − p)

2

2
ρ +

(1 −
√

1 − p)
2

2
σzρσz,

(2.36)

where a[iAaj] = aiAaj−ajAai is the index commutator and {a, b} = ab+ba
is the usual anti-commutator. Amplitude damping will be used in the
noise identi�cation protocols of this thesis.

4. Rotation / Unitary error Gθ

A rotation about axis n, where ∣n∣ = 1, by θ is written as

Gθ[ρ] = e
−i θ

2
nσρei

θ
2
nσ, (2.37)

which is simpli�ed by choosing n to be along the z-axis, such that

e−i
θ
2
nσ̂ = 1 cos(

θ

2
) − iσz sin(

θ

2
) . (2.38)

Unitary errors are treated further in Sec. 2.7, where the basis for the
noise identi�cation protocols is laid out.

2.4.1 Kraus Operators

The Kraus representation uses the Kraus operators K̂i, which are not unique
and need not be unitary, hermitian, nor invertible. By expressing them in
a particular basis, they can be �xed, and a typical choice is once again the
Pauli basis in Eq. (2.10). As for requirements, a quantum map G is CP if
and only if it can be written as

G[ρ] = ∑
i

KiρK
�
i , (2.39)
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and TP if and only if it ful�lls the completeness condition

∑
i

K�
iKi = 1. (2.40)

Even though the CPTP conditions are easily stated, the disadvantage of
the Kraus representation is that while the map G is linear, it is not linear in
the Kraus operators. This makes it inconvenient for tomography [29].

Kraus operators of the representative quantum maps introduced in the
beginning of Sec. 2.4 are given below.

1. Depolarization

K0 =

√

1 −
3p

4
1, K1 =

√
p

2
σx, K2 =

√
p

2
σy, K3 =

√
p

2
σz.

(2.41)

2. Dephasing

K0 =

√

1 −
p

2
1, K1 =

√
p

2
σz. (2.42)

3. Amplitude Damping

K0 = (
1 0
0

√
1 − p

) , K1 = (
0

√
p

0 0
) . (2.43)

4. Rotation: The single Kraus operator is already given by Eq. (2.38)

K0 = (
cos ( θ2) − i sin ( θ

2
) 0

0 cos ( θ2) + i sin ( θ
2
)

) . (2.44)

2.4.2 Process or χ-matrix

The χ-matrix is a unique d2×d2 matrix, Hermitian, positive semide�nite and
completely determines the quantum map G. The expansion of the Kraus
operators Ki in terms of the Pauli operator basis (2.10) as

Ki =
d2−1

∑
j=0

aijσ̂j (2.45)

leads to the expression

G[ρ] =
d2−1

∑
j,k=0

χijσjρσk, (2.46)
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where

χ = (χjk) = (∑
i

(aij)(a
∗
ik)) (2.47)

are the entries of the process matrix. The CP condition comes along with the
de�nition on the basis of the Kraus operators and the TP condition reads

∑
j,k

χjkσkσj = 1. (2.48)

For a CPTP map, the χ-matrix has d2(d2−1) free parameters4 for a qubit
that is 12. From that it is also seen that characterizing a quantum map will
at minimum require 12 measurements.

In the following the collection of quantum maps introduced in the begin-
ning of Sec. 2.4 are given in the χ-matrix representation.

1. Depolarization: Easily read o� from Eq. (2.34) or (2.41) as

χ =

⎛
⎜
⎜
⎜
⎝

1 − 3p
4 0 0 0

0 p
4 0 0

0 0 p
4 0

0 0 0 p
4

⎞
⎟
⎟
⎟
⎠

. (2.49)

2. Dephasing: Similary, from Eq. (2.35) or (2.42),

χ =

⎛
⎜
⎜
⎜
⎝

1 − p
2 0 0 0

0 0 0 0
0 0 0 0
0 0 0 p

2

⎞
⎟
⎟
⎟
⎠

. (2.50)

3. Amplitude Damping: Expanding the Kraus operators in Eq. (2.43)

χ =
1

2

⎛
⎜
⎜
⎜
⎝

(1 +
√

1 − p)2 0 0 p
2

0 p
2 −ip2 0

0 ip2
p
2 0

p
2 0 0 (1 −

√
1 − p)2

⎞
⎟
⎟
⎟
⎠

. (2.51)

4. Rotation: Derived from Eq. (2.37) and (2.38)

χ =

⎛
⎜
⎜
⎜
⎜
⎝

cos2 ( θ
2
) 0 0 i sin ( θ

2
) cos ( θ2)

0 0 0 0
0 0 0 0

−i sin ( θ
2
) cos ( θ2) 0 0 sin2 ( θ

2
)

⎞
⎟
⎟
⎟
⎟
⎠

. (2.52)

4A d2 × d2 complex hermitian matrix has d4 parameters. The completeness condition
adds d2 constraints.
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2.4.3 Hilbert-Schmidt (HS) and Pauli Transfer Matrix

Using the Hilbert-Schmidt notation from Sec. 2.2, the Hilbert Schmidt-
matrix HS is de�ned as

∣G[ρ]⟫ =HS(G)∣ρ⟫, ∀ρ ∈ Cd×d, (2.53)

also referred to as superoperator representation. The HS-matrix is unique,
not generally symmetric, and, in contrast to the previous representations,
satis�es multiplicability

HS(GA ○GB) =HS(GA)HS(GB). (2.54)

The HS-matrix in the normalized Pauli basis, Eq. (2.23), is called the
Pauli transfer matrix and its entries

HSαβ = ⟪Pα∣HS(G)∣Pβ⟫ = ⟪Pα∣G[Pβ]⟫ = tr (P �
αG[Pβ]) (2.55)

are the coe�cients of the linear combination

HS = ∑
α,β

HSαβ ∣Pα⟫⟪Pβ ∣. (2.56)

In here, the terms HS-matrix and Pauli transfer matrix will be used inter-
changbly, else the basis will be noted. The TP condition takes a simple form,
as it is a �rst row of constant entries (1,0,0,0) = (1,0⊺). The CP constraint,
however, cannot be expressed in terms of the HS-matrix directly. Instead, it
is transformed into the Choi-Jamilkowski (CJ) matrix, see Sec. 2.4.4, which
must then be positive-semide�nite.

Since all the entries of the HS-matrix are real values in [−1,1], the 12
free parameters from above are rediscovered; 3 of them comprise the vector
v related to decoherence, and the 3 × 3 assemble a matrix R,

HS = (
1 0⊺

v R
) . (2.57)

The matrix R can for instance be a rotation, Eq. (2.62), or a shrinkage,
Eq. (2.59). The action on the Bloch vector s from Eq. (2.11) is then simply

HS∣ρ⟫ = (
1

Rs + v
) . (2.58)

The HS-matrices of the representative quantum maps of the beginning of
Sec. 2.4 are provided below.
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1. Depolarization

HS =

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 1 − p 0 0
0 0 1 − p 0
0 0 0 1 − p

⎞
⎟
⎟
⎟
⎠

. (2.59)

2. Dephasing

HS =

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 1 − p 0 0
0 0 1 − p 0
0 0 0 p

⎞
⎟
⎟
⎟
⎠

. (2.60)

3. Amplitude Damping: In the HS representation the non-unitality
becomes apparant in the v vector,

HS =

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0

√
1 − p 0 0

0 0
√

1 − p 0
p 0 0 1 − p

⎞
⎟
⎟
⎟
⎠

. (2.61)

4. Rotation: The HS matrix reduces to a block matrix with an inner
2 × 2 rotation matrix,

HS =

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 cos θ − sin θ 0
0 sin θ cos θ 0
0 0 0 1

⎞
⎟
⎟
⎟
⎠

. (2.62)

2.4.4 Choi-Jamiolkowski (CJ) Matrix

The Choi-Jamiolkowski isomorphism states that the set of linear CPTP quan-
tum maps on a d-dimensional system is in direct correspondence with a subset
of the quantum states on a d2-dimensional system. In other words, for each
CPTP map G acting on B(H), there exists a corresponding Jamiolkowski
state ρJ(G) ≡ CJ(G) on H⊗H [29]. It is given by

CJ(G) = (G⊗ 1) ∣Ψ⟫⟪Ψ∣, (2.63)

with ∣Ψ⟫ = (1/
√
d)∑

d−1
i ∣i⟩∣i⟩ being the maximally entangled state. For the

single qubit that is ∣Ψ⟫ = ∣P0⟫. The elements of CJ and the χ-matrix that
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de�nes G are identical up to a factor of 1/d, which can be seen from the
transformation between them

χαβ = ⟪Pα∣CJ(G)∣Pβ⟫. (2.64)

It is therefore super�uous to write all standard processes once more.
The CP constraint reads equivalently to that of quantum states, CJ ≥ 0.

Processes are slightly more constrained than states, which is why the equiva-
lent to the unit trace tr(ρ) = 1 is the stricter TP contraint tr1 [CJ(G)] = 12/d,
where indices correspond to Hilbert subspaces.

2.5 Characterization of Quantum Processes

As stated in the introduction, characterizing the states of and processes on
quantum systems is a key share to the advancement of quantum technologies.
The simplest protocols to do so are quantum tomographies on states, layed
out in Sec. 2.5.1, and processes, Sec. 2.5.2. More elaborate schemes comprise
randomized benchmarking, Sec. 2.5.3, and gate set tomography, Sec. 2.5.4.
Their respective strengths and weaknesses corroborate self-consistent quan-
tum tomography (SCQT) as a new mean of state evaluation, Sec. 2.5.5.

2.5.1 Quantum State Tomography (QST)

Quantum state tomography is a basic method for determining the quantum
state of a system. Recall Eq. (2.11), where the density matrix of a single
qubit is expressed as

ρ =
1

2
(1 + s σ) . (2.65)

By measurement of s, one can estimate the density matrix of a given
state. With the initial state ρ this reads in the superoperator notation

si = ⟪σi∣ρ⟫, i = 1,2,3. (2.66)

However, there are two underlying assumptions. First, access to an ex-
haustive number of identically prepared states to determine an expectation
value is presumed. If the prepared states �uctuate, the errors propagate
into the density matrix. Second, the protocol considers perfectly calibrated
measurement gates. As explained in Sec. 2.1.1, in order to project a state
on the respective axis, quantum gates are employed and they may introduce
further errors. Both assumptions face their limits, when it comes to high
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Figure 2.2: Quantum state tomography (QST) protocol: An initial state ρ
is prepared with a gate Gj into an arbitrary state (green). QST �nds an
estimate on this state with a gate Gi and a measurement (yellow). The mea-
surement Π is along a certain axis. For a single qubit QST preparation gates
with i = 1,2,3 facilitate measurements along three axes, which is su�cient to
�nd a point in or on the Bloch sphere.

�delity experiments and are summarized by the term state preparation and
measurement (SPAM) errors.

High �delity state preparation and control gates, as well as a large amount
of experiments support these assumptions. An error value of 10−4 per gate is
typically quoted as the necessary threshold for fault-tolerant quantum com-
putation, although more recent work using two-dimensional codes place this
level closer to 10−3 [31�33]. As quantum technologies approach this thresh-
old for quantum error corrections (QEC) protocols, more re�ned schemes are
necessary [28].

Another disadvantage of a full tomography is its scalability. The com-
putational cost scales exponentially with the number of quantum systems,
which makes such a procedure impossible even for moderately sized architec-
tures [34].

2.5.2 Quantum Process Tomography (QPT)

Quantum process tomography is a more ambitious, but closely related pro-
cedure to state tomography. It completely characterizes the dynamics of a
quantum system by �nding the d4 − d2 free parameters of a quantum map,
from which any of the representations in Sec. 2.4 can be calculated. Besides
obvious applications to quantum computation and quantum information, it
has signi�cant impact as diagnostic tool to aid improvement of primitive op-
erations in any �eld of science and technology, in which quantum e�ects play
a role.

Practically, for a qubit, one prepares all 4 of the experimental basis states
ρβ, given in Eq. (2.24), acts the process G on each of them and carries out
the 3 measurements of a quantum state tomography on the resultant state
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G[ρβ] = ρ′β. The protocol is sketched in Fig. 2.3. It yields the expected
3 × 4 = 12 parameters for a single qubit process and by linear combination
of the ρ′β, one can recover the action of G[Pβ] ≡ P ′

β on the normalized Pauli
matrices from Eq. (2.23). This gives the Pauli transfer matrix by de�nition
(2.55) straight away

HSαβ = ⟪Pα∣P
′
β⟫. (2.67)

Either by transformation or direct calculation [28] other quantum map
representations are found.

Figure 2.3: Quantum process tomography (QPT) protocol: The initial state
{ρ} is prepared with a gate Gj into one of the experimental basis states ρβ
(green). The process under inspection changes the state (blue), followed by
a QST (yellow).

Similarly to QST, QPT su�ers from the problem of scalability and - the
more fundamental issue - SPAM errors [35]. The following three protocols
were designed to bypass them by considering all processes on the system as
principally error receptible.

2.5.3 Randomized Benchmarking (RB)

Standard randomized benchmarking is limited to evaluate elements C of
the Cli�ord group C from Tab. 1. In RB a number m of randomly chosen
Cli�ord gates C are applied to the initial state ρ, assumingly the ground
state. Finally, the sequence is analytically mapped back to the intial state
with one additional Cli�ord gate Cm+1, where the group property guarantees
that this is possible. The working principle is depicted in Fig. 2.4 and can
be written as

(Gm+1 ○Gm ○ ... ○G2 ○G1) [ρ] = ρ
′, (2.68)

where ρ′ should ideally be equal to ρ. Yet, each process Gi = Ei○Ci consists of
the action of the ideal Cli�ord gate Ci and its error Ei. For longer sequences
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with increasing m, these errors cause a decay of the probability of �nding
the initial state

⟪ρ∣ρ′⟫ = A0 ⋅ p
m +B0, A0,B0 ∈ R, (2.69)

with two coe�cients A0 and B0, and the decay rate p [22]. The coe�cients
absorb SPAM errors as well as errors on the �nal gate5. From the decay rate
p the average gate �delity Favg of Eq. (2.32) is found to be

Favg =
1 + p

2
. (2.70)

Since this method only outputs a single parameter Favg for the whole
group, the more advanced protocol of interleaved randomized benchmarking
(IRB) is used to determine single gate �delities. In IRB, the sequence of
Eq. (2.68) is interleaved with a certain target Cli�ord gate Ct with quantum
process Gt = Et ○Ct:

(Gm+1 ○ (GtGm) ○ ... ○ (GtG2) ○ (GtG1)) [ρ] = ρ
′. (2.71)

From Eq. (2.69) the reduced decay rate pt for each interleaved target gate
is used to compare to the standard RB decay rate p, and a value Ft for the
gate �delity of the target gate is

Ft =
1

2
(1 −

pt
p
) . (2.72)

RB does not assume any gates, but state initialization and measurement
to be ideal, which leaves still a call for truly SPAM free characterization
protocols. Furthermore, it is constrained to the useful, but limited set of
Cli�ord gates, for which only a single metric can be determined6. Also,
RB assumes the errors on subsequent gates are independent, which fails in
the presence of non-Markovian or time-dependent noise. Recently, doubts
have been raised that RB does not even measure average gate �delity at all
[36, 37] or that high average gate �delity does not entail applicability to QEC
when coherent errors exist [40]. Despite all these drawbacks, it is due to its
simplicity that RB has become a regular benchmarking tool to quantify gate
accuracy [21, 22].

5This de�ning property of RB is recently questioned in [36, 37]
6For non-Cli�ord RB schemes the reader is directed to [38, 39]
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Figure 2.4: (Top) In randomized benchmarking (RB) a sequence of m ran-
domly chosen Cli�ord gates Cm ○ ... ○C1 acts on the inital state. The whole
sequence is then inverted by one additional Cm+1 = C−1. Repeating these
steps for various m yields an exponential decay that is representative for the
average gate �delity Favg of the Cli�ord group. (Bottom) Interleaved RB
(IRB) interleaves the standard RB with a target set. Now, m is the number
of gate pairs Ct ○Ci. The new decay rate is then compared with the previous
one. The decline in accuracy is connected to the speci�c gate �delity Ft.

2.5.4 Gate Set Tomography (GST)

Gate set tomography (GST) grew out of QPT and can be seen as a self-
consistent extension of it, meaning that SPAM errors, which made QST
and QPT inherently faulty, are avoided. GST involves a higher number of
experiments7 and - in its state of the art form - a re�ned post-processing for
a signi�cant estimate on all the involved operations.

GST assumes (I) the system in question to be a qubit and (II) each gate
to be stationary and Markovian8. It then puts forward an estimate s̃ of a
so-called gate set s

s = {ρ,G0, ...,Gm,Π}, (2.73)

consisting of linear CPTP maps Gi ∈ B(H), the inital qubit's state ρ ∈ H
and a 2-outcome POVM H∗ ∋ Π = {E,1 −E}.

7A GST is polynomially worse than QPT, with a single qubit LGST requiring 40
experiments, whereas QPT only needs 12. Depending on the order of preciseness, further
experiments are added.

8GST can also detect and quantify violations of these assumptions.

Page 21



2. QUANTUM INFORMATION

Data stems from gate sequences, each including (a) initialization, (b) a
series of gates, and (c) measurement, see Fig. 2.5. The series of gates are
conceptually separated in �ducial gates Fg and germ sequences K, both based
on the fundamental gates Gi in the gate set.

Figure 2.5: Gate set tomography (GST) protocol: The �ducial sequences
are generally a sequence of gates, chosen such that they are informationally
complete to allow an estimate on the complete gate set s = {ρ,G0, ...,Gm,Π}

can be made. For more extended GST protocols, the length of the germ
sequence in the middle increases considerably.

The �ducials F facilitate su�ciently diverse input states and measure-
ments to completely probe the operation sandwiched between them, a notion
referred to as informationally complete (IC). A set of matrices is IC, if and
only if it spans the vector space B(H), which requires at least d2 linearly
independent matrices, for instance

F = {{},X90, Y90,X90X90} = {G0,G1,G2,G1 ○G1}, (2.74)

with the null gate {}. The null gate is distinct from an idle gate Id of waiting
period equal to the gate action time tg. This choice resembles the complete
basis of input states from Eq. (2.24). Certainly, it could include X180 as a
fourth gate. The �ducial gates F would then be free of products. The cost
of estimating a fourth gate is however higher then the gain by avoiding a
product gate [24].

Then again, it is preferable to choose them uniformly distributed [25] and
experimental convenience suggests therefore the 6 sequences that prepare
eigenstates of the Pauli operators

F = {{}, X90, Y90, X90X90, Y90Y90, X90X90X90, Y90Y90Y90}. (2.75)

The germs K de�ne the operations of interest. They are sandwiched
by an exhaustive set of �ducial combinations, not di�erent from a process
tomography on them. The obvious choice are the gates Gj itself; if the
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sequence is repeated N times with the number of 0 and 1 counts recorded,
the gate accuracy is estimated with O(1/

√
N). For better accuracy, powers

of Gj are probed. However, more sophisticated combinations are necessary
to amplify every possible error as each germ is sensitive to some nontrivial
linear combination of gate set parameters.

How does a GST analysis work now? In the �rst step, a linear inversion
estimate is retrieved from data of sequences that purely consist of �ducials (no
germs yet). This is a very rough guess about the gates and SPAM operations
that will serve as a starting point for further improvements. Before that,
however, the unavoidable gauge degrees of freedom of this estimate are of
concern. Every experimentally accessible probability p is invariant under a
transformation of s by any invertible matrix M ,

p = tr (ΠG[ρ]) = tr (ΠM−1 ○M ○G ○M−1 ○M[ρ]) . (2.76)

That could be for instance a unitary gauge, an expansion, an extraction
or an origin shift. Therefore, the protocol needs a target gate set st, which
in this thesis is chosen as

st = {ρ = ∣0⟩⟨0∣, G0 = Id, G1 =X90, G2 = Y90, Ê = ∣0⟩⟨0∣}. (2.77)

The preliminary gauge-�xing makes the linear inversion estimate s̃ as
similar to the target gate set st as possible. The gauge-�xed result is then
truncated to the nearest CP map to ensure physicality for the next steps.

Iteratively more data is added. In the nth iteration, data from sequences
including germs of length 2n−1 are injected. In every step, the estimate is
numerically adjusted to minimize the χ2-divergence between observed and
estimated count rates. This χ2-estimate poses the seed for the numerical
Maximum Likelihood Estimation (MLE), after which a last gauge optimiza-
tion is performed to maximize similarity to the targets.

A derivation of GST with detailed discussions of its various optimizations
is found in its original form in [23], reviewed in [24] and summarized in a
recent implementation [25].

The gauge-�xing and physicality are not treated in the same step, hence,
GST does not guarantee its estimate to ful�ll both at the same time. With the
self-consistent quantum tomography of the next section a novel alternative
is presented.

2.5.5 Self-Consistent Quantum Tomography (SCQT)

As GST lacks to provide a gauge independent and physical estimate si-
multaneously, self-consistent quantum tomography (SCQT) has been intro-
duced [26]. It assumes that the dimension of the system is �nite and known
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(here: single qubit) and that noises are purely Markovian9. It estimates and
regularizes simultenously based on the estimator

s̃ = argmin
s:phys

(
49

∑
i=1

∥pi(s) − fi∥
2
2+λ∥s − st∥

2
2) , (2.78)

where the 2-norm is de�ned as

∥x∥2=
√

∑
i

x2
i . (2.79)

The probability distribution pi = (pi,g, pi,e) of �nding the ground state
for the gate sequence with ID = 1, 2, ..., 49 (see Fig. 2.6)10, is calculated
from the gate set s in question; the probability distribution fi = (fi,g, fi,e) is
retrieved from the experimental data directly. The constant

λ =
β

Nα
(2.80)

is set by choosing α and β appropriately, where

N =
1

49

49

∑
i=1
Ni. (2.81)

Here, λ = ∞ causes the estimated gate set s̃ to be identical with the target
gate set st, whereas small λ shift the emphasis onto the experimental data.
The 2-norm of the gate set is further expanded into

∥s − st∥
2
2 =

1

2
∥ρ − ρt∥

2
2 +

1

4
∑
i=0,1

∥Πi −Π
(t)
i ∥2

2

+
1

2d2

2

∑
i=0

∥HS (Gi) −HS (G
(t)
i ) ∥2

2

(2.82)

and handles the gauge-�xing. The whole argument of Eq. (2.78) is minimized
with a constraint to physical gate sets. Through this a gauge-equivalent and
physical s̃ is found.

These are the �ve characterization methods treated in this thesis, sum-
marized in Tab. 2. Before the realm of quantum information is relinquished
in favor of circuit quantum electrodynamics, two more useful notions will be
introduced in the last two parts of this chapter: a model of decoherence and
error generators.

9Time-dependent noises like warming of the dilution refrigerator for instance are com-
mon in the setup and violate the Markovian assumption.

10The �rst line in Fig. 2.6 is one epxeriment, the second are three, the third nine, the
fourth 27, and the last one nine, which sums up to 49 distinct experiments.
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Figure 2.6: The 49 experiments of self-consistent quantum tomography.

objects limitation
SPAM
errors

gauge-
equiv.

physical cost

RB p Cli�. gates Robust �� Depol. Poly
QT ρ/G/Π �� 5 �� ✓ Exp
LGST {ρ,Gi,Π} �� ✓ ✓ 5 Exp
PGST {ρ,Gi,Π} �� ✓ 5 ✓ Exp
SCQT {ρ,Gi,Π} �� ✓ ✓ ✓ Exp

Table 2: Characterization methods in a nutshell: Randomized benchmarking
(RB) estimates only the decay rate p on Cli�ord gates, is non SPAM-error
free, but robust to them and captures mainly depolarizing errors. Quantum
tomographies (QT) for state, process and POVM scale as badly as linear
and projected gate set tomography (LGST and PGST), but do not provide a
full gate set. The novel self-consistent quantum tomography (SCQT) scales
equally disadvantageous, but has the strongest theoretical backbone.

2.6 A Decoherence Model

The interaction of quantum systems with their environment imposes certain
limits and constraints in the study of their dynamics. The level of isolation of
a quantum system dictates the rate at which it can exchange energy with its
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environment. This means that a quantum system will not hold a particular
state for an arbitrary time, but will in general interact with its environment
and relax (or excite) to another state with di�erent energy. This brings a
trade-o� in terms of controllability: a system that does not exchange much
energy with the environment will keep its state for longer, but that will
exacerbate access and manipulation, which need such coupling.

Interaction with the environment can also result in decoherence, a pro-
cess that does not result in energy exchange but that transforms quantum
coherent states (superpositions) into classical mixed states. The process of
decoherence will be modeled through the dynamics of [41]

dρ

dt
= −

Γ+

2
(σ-σ+ρ + ρσ-σ+ − 2σ+ρσ-)

−
Γ−

2
(σ+σ-ρ + ρσ+σ- − 2σ-ρσ+)

− Γ0 (ρ − σ3ρσ3) ,

(2.83)

where Γ− is the rate at which relaxation processes prematurely bring the
qubit from the excited to ground state. If the qubit is in contact with a bath
of non-zero temperature, there will be excitation at rate Γ+, leading to an
energy relaxation time T1 of [42]

1

T1

∶= Γ+ + Γ-. (2.84)

T1 is a measure of how long an excited state remains. It is also called
qubit lifetime or simply, but ambiguously, coherence time11. Since the system
exchanges some energy with its sorroundings, the qubit will gradually reach
a classical mixed state, associated with thermal equilibrium. The dilution
fridge cools below this state and reestablishes the ground state of the qubit.
Typical values for superconducting qubits are 5 ∼ 100µs [42�45].

T2 on the other hand is the exponential decay rate of the o�-diagonal
elements of a density matrix. It quanti�es how long a superposition is sta-
ble, or equivalently, how long the relative phase between the pure states of
the superposition is maintained. It is the primary parameter to be called
coherence time12, subsuming relaxation (T1) and dephasing (Tφ) by

1

T2

=
1

2T1

+
1

Tφ
. (2.85)

11In terms of nuclear magnetic resonance (NMR), it is referred to as the longitudinal

relaxation time or the spin-lattice relaxation time and is a constant associated with the
loss of signal intensity.

12In NMR T2 is called transversal coherence time or spin-spin relaxation time.
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If Tφ →∞, meaning pure dephasing is absent, then T2 = 2T1. In the Bloch
sphere picture, T1 pushes the state towards the center, where the maximally
mixed state lies, and Tφ involves the di�using along a parallel of the sphere.

To �nd the χ-matrix representation for a decoherence process, another
parameter will be practical

α ∶=
Γ+ − Γ-

Γ+ + Γ-

. (2.86)

While the energy relaxation time T1 and the dephasing time, or coherence
time, T2 are measured directly with the protocols from Sec. 5.2, α needs to
be determined indirectly by evaluating the steady state ratio Γ+/Γ-.

The process matrix of the decoherence model is then

χ(t) =
1

4

⎛
⎜
⎜
⎜
⎝

1+e−t/T1+2e−t/T2 0 0 α(1−et/T1)

0 1−et/T1 −iα(1−et/T1) 0

0 iα(1−et/T1) 1−et/T1 0

α(1−et/T1) 0 0 1+e−t/T1−2e−t/T2

⎞
⎟
⎟
⎟
⎠

(2.87)

and the Pauli transfer matrix is

HSgb(t) =

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 −et/T2 0 0
0 0 −et/T2 0

α(1 − et/T2) 0 0 e−t/T1

⎞
⎟
⎟
⎟
⎠

. (2.88)

Constraning the discussion to the single qubit case and identifying the
depolarizing channel as the prevalent source of decoherence (Sec. 2.4), the
depolarizing ratio r reads

r =
d2(1 − χ00)

d2 − 1
=

4

3
p (2.89)

and the average gate �delity is

Favg = 1 −
r

2
=

1 + 2χ00

3
=

1

2
+

1

6
e−t/T1 −

1

3
e−t/T2 . (2.90)

This model predicts a superposed exponential decay for Favg in the time
scale of coherence and puts an upper theoretical bound on the �delity of any
gate, simply due to the gate's non-zero action time tg.

Experimentally, this can be evaluated by a quantum process tomogra-
phy after various idle times, from which a series of process matrices can be
analyzed. The protocol is depicted in Fig. 2.7.
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Figure 2.7: The experimental protocol to test the decoherence model in a
series of quantum process tomographies.

2.7 Error Generators

Time-independent Liouvillian dynamics are captured in the Master equation

dρ

dt
= −i [H,ρ] + {J, ρ} + ∑

α,β=1,2,3
Kαβσαρσ

�

β, (2.91)

where H, J and K are the dynamics generators, the Hamiltonian and the
two dissipation generators respectively. In the Hilbert-Schmidt notation, this
is

d

dt
∣ρ⟫ = G∣ρ⟫ (2.92)

with the generator G in the computational basis being

Gc = −i(H ⊗ 1 − 1⊗H⊺) + (J ⊗ 1 + 1⊗ J⊺) +∑
α,β

Kαβσα ⊗ σ
⊺
β. (2.93)

After idle time t, the state is

∣ρ(t)⟫ =HS(t)∣ρ(0)⟫ = etG∣ρ(0)⟫. (2.94)

Calculating the matrix logarithm, the generator Gc is obtained,

Gc =
1

t
log(HS(t)). (2.95)

From the decoherence model in Sec. 2.6 the dissipators are derived to be

J = −
1

4
(

1

Tφ
+

1

T1

)σ0 −
1

2

α

T1

σz (2.96)
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and

K =
1

4

⎛
⎜
⎝

1/T1 iα/T1 0
−iα/T1 1/T1 0

0 0 2/T2 − 1/T1

⎞
⎟
⎠
. (2.97)

Unitary errors are one special error source with impact on the average
gate �delity Favg. They will be used in protocols for noise identi�cation
in Sec. 7.4. For a normalized vector n, a unitary transformation U can be
de�ned as rotation with angle θ around this axis

U(n, θ) ∶= e−i
θ
2
nσ = cos(

θ

2
)1 − i sin(

θ

2
)nσ. (2.98)

Because of the entry χ00 = cos2 ( θ
2
), the decoherence model from Sec. 2.6

yields the relation

θ = 2 arcsin
⎛

⎝

√
3

2
(1 − Favg)

⎞

⎠
. (2.99)

With this formula one can choose an angle of over/under-rotation to target
a speci�c average gate �delity.
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Chapter 3 Superconducting qubits

The quantum counterpart of the classical bit in the common computer is the
qubit, the quantum bit. Once again, this is (1) a two-level quantum system
that (2) maintains its quantum information over time (coherence) and allows
for (3) state initialization, (4) gate operations as well as (5) measurement of
the �nal state [27]. These requirements inspired an assortment of schemes
and physical platforms to realize a qubit. Microscopic quantum systems
such as nuclear and electronic spins, photon polarization, electronic levels in
trapped ions and in crystal defects have been shown to work as qubits [28].

The macroscopic phenomenon of superconductivity has inspired the so-
called superconducting qubit. Unlike its microscopic competitors it can be
engineered to desirable speci�cations, because it is not a natural quantum
system, but an engineered one, hence its classi�cation as arti�cial atom.
They are produced by using the familiar infrastructure of micro- and nano-
fabrication techniques. The strong interaction with the environment that is
caused by its macroscopicity was, at �rst, a major obstacle, but clever designs
reduced it to a workable level. In fact, now the remaining coupling proves
convenient for gate operation and readout, making the superconducting qubit
nowaday's most promising candidate for full-�edged quantum computing [46,
47].

Historically, there are three major distinctions in superconducting qubits,
the charge, the �ux and the phase qubit. They obtained their names from
the respective degree of freedom which is used for coupling or interaction
[47].

The transmission line shunted plasma oscillation qubit, called transmon
qubit [48], attempts the tightrope walk over the aforementioned requirements.
It is a hybrid form, though traditionally considered a charge qubit, because
it extends the fundamental circuit of a prototypical charge qubit, the Cooper
Pair Box (CPB)13. In this thesis, all experiments were conducted on a trans-
mon qubit.

In order to brew the e�ective Hamiltonian broth H of the sample used
here, four ingredients are infused:

1. Resonator (=cavity): quantized LC oscillator with Hr in Sec. 3.1.

2. Arti�cial atom (=qubit): anharmonic oscillator with Ha in Sec. 3.2.

13A similar picture exists for the other two superconducting qubits. The prototypical
�ux qubit is the RF-SQUID and the prototypical phase qubit is the current-biased junction
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3. Interaction between them: matter-light coupling (=atom-�eld interac-
tion) with Hint in Sec. 3.3.

4. Drive: another interaction with Hd in Sec. 3.4.

At last, in Sec. 3.5 and Sec. 3.6, the control and readout mechanism is
outlined. The discussion follows mainly [49�51].

3.1 The Resonator Hr

3.1.1 Electrical Circuits

An electrical circuit is a network of nodes that are joined by resistors, capac-
itors and inductors. For circuits made from superconductors, the resistances
are negligible, so the focus here lies therefore on capacitors and inductors.
Each component i carries the current Ii(t) and causes a voltage drop Vi(t).
For the derivation of the Hamiltonian, it is more convenient to work with
charges Qi(t) and �uxes Φi(t), given by

Qi(t) = ∫
t

−∞
dt′Ii(t

′), (3.1)

Φi(t) = ∫
t

−∞
dt′Vi(t

′). (3.2)

It is assumed that any external bias is switched on at t = −∞. In the
following, the Hamiltonian of the parallel LC oscillator will be derived clas-
sically. Via quantization, the quantum version is subsequently retrieved.

3.1.2 The Quantum LC Oscillator

The parallel LC oscillator is the simplest circuit containing a single capacitor
with capacitance C and a single inductor with inductance L. The classical
Hamiltonian of the circuit is derived from the Lagrangian formulation

L(Φ1(t), Φ̇1(t), ...) = T − V, (3.3)

where commonly T comprises the kinetic and V the potential energy terms.
For the LC oscillator, this translates to capacitive energy terms for T and
inductive ones for V . The LC circuit has only one active node, indices are
therefore omitted. Abiding Kirchho�'s laws, the Lagrangian is

L(Φ, Φ̇) =
CΦ̇2

2
−

Φ2

2L
. (3.4)
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The charge Q = ∂L/∂Φ̇ is de�ned as the conjugate momentum of the
�ux Φ. A Legendre transformation H(Φ,Q) = Φ̇Q − L yields the classical
resonator Hamiltonian

H
(cl)
r =

Q2

2C
+

Φ2

2L
. (3.5)

The quantization is carried out by replacing the classical variables {Φ,Q}

with their corresponding quantum operators {φ̂, q̂}. Then the commutation
relation

[φ, q] = ih̵ (3.6)

holds. With the introduction of the resonator's angular resonance frequency

ωr =
1

√
LC

(3.7)

and its impedance

Z =

√
L

C
(3.8)

it also holds that

φ =

√
h̵Z

2
(a + a�) , q = −i

√
h̵

2Z
(a − a�) . (3.9)

The creation and annihilation operator can be de�ned as

a� =
1

√
2Zh̵

(φ − iZq), a =
1

√
2Zh̵

(φ + iZq), [a, a�] = 1. (3.10)

The resonator's Hamiltonian is then quantized in the ordinary way

Hr = h̵ωr (a
�a +

1

2
) . (3.11)

This is the expression that will later be used as one part of the Hamilto-
nian H of the whole system.

The time-independent Schrödinger equation

Hr∣ψ⟩ = E∣ψ⟩ (3.12)

gives a set of energy eigenvalues

En = h̵ωr (n +
1

2
) , (3.13)

which are equally spaced by multiples of n = a�a, which is the photon number
in the LC circuit.
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3.1.3 A Chain of LC Oscillators

The described resonator models both a coplanar waveguide resonator and
the three-dimensional cavity used in this thesis. They have multiple modes,
of which only one will be of interest. The discussion is identical: Indepen-
dent from transmission or re�ection measurement they can be treated as the
continuum limit of a sequence of LC oscillators. The e�ective Hamiltonian

H = h̵∑
m

ωr,m (a�mam +
1

2
) (3.14)

employs the resonance frequencies ωr,m = mπvph/l with the harmonic mode
number m, the phase velocity vph and the length of the resonator l. However,
for the scope of this thesis it is adequate to examine only a single mode, which
lies in the vicinity of a particular frequency ωr [50]. Near resonance Hr of a
single LC oscillator, Eq. (3.11), su�ciently reproduces the phenomena in the
chain of LC oscillators.

3.2 The Arti�cial Atom Ha

3.2.1 A Josephson Junction for Anharmonicity

In atomic and molecular spectra mostly non-equally spaced energy gaps of
the eigenvalues occur. Common electrical elements (capacitors, inductors and
resistors) are all linear, hence, circuits built from these elements are linear as
well and show equidistant energy levels like the ones in Eq. (3.13). To access
only two levels of the energy spectrum, a nonlinear element is indispensable.
Additionally, it must be non-dissipative. The Josephson junction provides
exactly that, see Fig. 3.1a.

The Josephson junction consists of two superconducting electrodes (e.g.
Aluminum), separated by a thin insulating barrier (e.g. Aluminum Oxide,
≈ 1 nm). At low temperatures the fermionic electrons that obey Fermi-Dirac
statistics and the Pauli exclusion principle form pairs. These so-called Cooper
pairs behave as bosons and can occupy the same quantum state, surmounting
in the phenomenon of superconductivity.

The junction behaves as a pure non-linear inductance (Josephson ele-
ment) with the characteristic Josephson energy EJ in parallel with a capac-
itance CJ corresponding to the parallel plate capacitor formed by the two
overlapping �lms of the junction, see Fig. 3.1c [47, 52].

In the Josephson junction the collective superconducting order of one
electrode, parametrized by a phase δ1, coherently connects with that of the
other electrode, δ2, via the elastic tunneling of Cooper pairs through the
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Figure 3.1: (a) As the Josephson junction inductance is nonlinear the po-
tential becomes anharmonic (red), the quantized harmonic oscillator with
equadistant energy spacing is shown for comparison (grey). The two lowest
levels constitute the qubit (blue) with resonance frequency ω01. (b) Circuit
representation of a Josephson tunnel junction. The irreducible Josephson
element is represented by a cross. (c) Josephson tunnel junction of two su-
perconducting electrodes, separated by a thin oxide layer. Adapted from
[47, 52].

barrier. As Josephson showed, the energy E of the Josephson element is
connected to the phase di�erence δ = δ1−δ2 of the superconducting condensate
across the junction via

E = −EJ cos δ. (3.15)

EJ is the Josephson energy, a property of the junction depending on the
superconducting gap and the barrier transparency [53, 54]. The resulting
supercurrent I and the junction voltage V are also related to the phase
di�erence δ,

I = IC sin δ (3.16)

and

V =
Φ0

2π

dδ

dt
. (3.17)

Here, IC is the junction critical current, determined by junction area and
barrier transparency, and Φ0 = h/2e is the superconducting �ux quantum. It
sets the scale of the nonlinearity. Using the standard relation for inductance

V = LJ
dI

dt
, (3.18)
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one can identify a Josephson inductance LJ that is nonlinear in δ,

LJ =
Φ0

2πIC cos δ
. (3.19)

The nonlinear inductance combined with the self-capacitance CJ makes for
the anharmonic oscillator [53].

The derivation from circuit theory with branch �ux Φ(t) = ∫
t

−∞ dt
′V (t′)

results in the phase

δ =
2π

Φ0

Φ. (3.20)

The Josephson element behaves as a nonlinear inductor, with an energy
E = −EJ cos (2πΦ/Φ0) that, due to the discreteness of the Cooper pair charge,
is periodic in the �ux [54]. In short, the nonlinearity of the Josephson junction
originates from Cooper pairs crossing the insulating barrier.

A few comments are in order. First, unpaired electrons are negligible
as long as the voltage V is small compared to the energy gap ∆ of the
superconductor: V ≪ ∆/e. Aluminum becomes superconducting below Tc =
1.2 K, the energy gap at T ≪ Tc is ∆ ≈ 0.2 meV. For T ≪ 1 K and V ≪ 0.2 mV
ignoring unpaired electrons is valid [52].

Second, detection of a single tunneled pair necessitates the capacitive
energy of one electron EC = e2/2C to exceed the thermal energy kBT . Current
nanofabrication methods provide such structures with C ≈ 1 fF, meaning
that T < 1 K. The low temperatures pose no exceptional challenge, because
cryogenic temperatures are needed anyways to exhibit quantum e�ects in
nano-circuits [53] and common commercial equipment reaches T ≪ 1 K.

3.2.2 The Cooper Pair Box

The Cooper Pair Box (CPB) is the prototypical charge qubit, see Fig. 3.2.
One of the Josephson junction's electrodes has an external voltage Vg applied
that serves for gate actions. The total capacitance of the island is CΣ = Cg +

CJ, the sum of the two involved capacitances. The CPB can equivalently be
seen as a LC oscillator, where the linear inductor is replaced by the Josephson
junction, which is re�ected in its Hamiltonian (compare with Eq. (3.5))

HCPB =
q2

2CΣ

−EJ cos δ. (3.21)

By introducing the number operator N̂ = −q̂/2e, which counts how many
Cooper pairs have crossed the junction, and the charging energy EC = e2/2CΣ,
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the Hamiltonian reads

HCPB = 4ECN
2 −EJ cos δ. (3.22)

However, there might be some e�ective o�set charge Ng = CΣVg/(2e) in
units of Cooper pair charge. The o�set charge is due to the capacitively
coupled gate electrode of the CPB with a DC bias voltage. The Hamiltonian
for the Cooper Pair Box is therefore

HCPB = 4EC (N −Ng)
2
−EJ cos δ. (3.23)

This circuit's Hamiltonian is derived under a standard classical procedure
in [48].

Figure 3.2: (a) The Cooper Pair Box, containing a superconducting is-
land that is isolated by a thin tunnel oxide layer (see Josephson Junc-
tion, Sec. 3.2.1). The island is electrically connected by a Josephson tun-
neling current to the superconducting reservoir and capacitively to the gate
electrode. (b) Circuit schematic of the Cooper Pair Box. The island is high-
lighted in red. Reprinted from [49, 55].

3.2.3 The Shunted Cooper Pair Box

Increasing the ratio EJ/EC is of special interest; why will be explained in
Sec. 3.2.4. The standard way to change EJ/EC is to add a shunt capacitance
across the Josephson junction (see Fig. 3.3). CJ adds in parallel with the
much larger CB. The Hamiltonian HCPB remains the same with CJ → CB

and all of the previous discussion holds valid [56, 57].
Before shunting the CPB, control gates could be performed via the gate

voltage and readout was feasible by measuring the charge in the island. Since
the shunted Hamiltonian is no longer dominated by the charging energy,
such electrostatic charge-based methods are not e�ective any more. The
previously discussed resonator will soon come in handy to save the day [49].
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Figure 3.3: An additional capacitor with CB across the junction reduces EC

and shunts the circuit. The superconducting island is again highlighted in
red. Reprinted from [49].

As a side remark, many such qubits are designed with a split Josephson
junction. E�ectively the split junction acts like a single one, but it suddenly
allows for tuning EJ by application of an external �ux Φe from a bias line.
Such a direct control of the energy levels and therefore the resonance fre-
quencies proves handy for multi-qubit architectures. This thesis does not use
a tunable transmons.

3.2.4 The Transmon Regime and Energy Levels

An exact solution to the Hamiltonian of Eq. (3.23) can be obtained in the
phase basis by using Mathieu functions. They are shown in Fig. 3.4 and
will be analyzed shortly. For circuits where the energy is mainly capacitive
(EC ≫ EJ), it is useful to work with charge basis eigenstates {∣N⟩} with
N̂ ∣N⟩ = N ∣N⟩. Here the number operator N̂ has discrete eigenvalues and the
phase operator δ̂ is a compact variable such that the wavefunction satis�es
ψ(δ + 2π) = ψ(δ). The commutation between conjugate variables N and δ
reads

[N, δ] = i or, equivalently, [N,e±iδ] = ±e±iδ. (3.24)

Since eiδ is manifestly unitary, we can choose phases such that e±iδ ∣N⟩ =

∣N ± 1⟩, that is

e±iδ = ∑
N

∣N ± 1⟩⟨N ∣. (3.25)

The e±iδ are basically raising and lowering operators for charge [58].
The energy level diagram of Fig. 3.4 is reproduced, when the Hamiltonian
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is solved by exact diagonalization in a truncated charge basis

HCPB = 4EC

Nt

∑
N=−Nt

(N −Ng)
2
∣N⟩⟨N ∣−

EJ

2

Nt−1

∑
N=−Nt

∣N+1⟩⟨N ∣+∣N−1⟩⟨N ∣. (3.26)

Typically, the truncation at Nt ≈ 10 charge basis states is enough to
obtain good accuracy for the lowest energy levels in the transmon regime,
where 10 ≲ EJ/EC ≲ 100 [50].

As mentioned earlier, the choice of the ratio EJ/EC is essential. If it
increases, the device's anharmonicity and the sensitivity to charge noise de-
crease. Therefore it is a tradeo� between desirable anharmonicity and un-
desirable sensitivity to charge noise. In a charge qubit the energy levels are
strongly dependent on the o�set charge Ng. Low-frequency charge �uctations
(the ubiquitous 1/f noise) will perturb the transition frequency of the qubit
and reduce phase coherence. At the sweet spot of Ng = 1/2, the degeneracy
point, the frequency is �rst order insensitive to o�set charge noise [59].

Figure 3.4: The energies Ei of the �ve lowest energy levels of the transmon
Hamiltonian in units of the charging energy EC. For di�erent ratios of EJ/EC

the Eq. (3.26) was solved. Is the ratio low, the energies are parabolic functions
of the o�set chargeNg with avoided crossings. As the ratio increases the levels
become exponentially �atter. Adapted from [54].

One could ask, what the optimal condition for the trade-o� in the ratio
EJ/EC is. The charge dispersion εm for the mth energy level is de�ned as
the peak-to-peak energy range when Ng is varied. From [60] one �nds in the
transmon regime the approximation

εm ∝ e−
√

8EJ/EC . (3.27)
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The anharmonicity αm is the di�erence of two neighboring transition en-
ergies Em-1,m and Em,m+1, where Ei,j = Ej −Ei. It holds that approximately

αm ≃ −EC. (3.28)

Compared to the transition energy of the qubit E01 ≃
√

8EJEC, the rela-
tive anharmonicity is then still

αrm = αm/E01 ∝ −
1

√
EJ/EC

. (3.29)

Compared to the exponential decay of the charge dispersion, the anhar-
monicity decreases only slowly. Thus, higher EJ/EC is desirable [49, 54].
As stated previously, shunting the CPB with a parallel capacitor e�ectuates
that.

3.2.5 Truncation to Qubit Space

Close to the sweet spot, where Ng ≈ 1/2 the charging term (�rst term in
Eq. (3.26)) is equal for ∣N = 0⟩ and ∣N = 1⟩. For EJ ≪ EC other levels are
well separated from the �rst two and the CPB becomes the pursued two-level
system, the qubit. HCPB is then o�-diagonal with eigenstates ∣±⟩ = 1√

2
(∣0⟩±∣1⟩)

and a splitting of EJ = h̵ωa. The characteristic frequency ωa is the transition
frequency of the arti�cial atom from ground state ∣g⟩ to excited state ∣e⟩. In
accordance with the conventional choice of Pauli matrices σz = ∣g⟩⟨g∣ + ∣e⟩⟨e∣,
the atom's Hamiltonian reads simply

Ha =
h̵ωa
2
σz. (3.30)

3.3 The Interaction Hint

So far, resonator and qubit have been investigated separately. In this section,
their interaction will be motivated, starting from a very general context of
quantum electrodynamics (QED). The interaction model of choice will be the
dipole coupling, which is also consulted when working with atoms in cavities
in conventional cavity QED [61].

3.3.1 Quantum Electrodynamics: Dipole Coupling

The minimal coupling Hamiltonian describes an electron with unit charge e
and mass me in an electromagnetic �eld with the vector and scalar potentials
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A(r, t) and U(r, t), the canonical momentum operator p = −ih̵∇ and the
electrostatic potential V (r):

Hmin =
1

2me

(p − eA(r, t))
2
+ eU(r, t) + V (r). (3.31)

It can be derived from the Schrödinger equation of a free electron

−
h̵2

2me

∇2ψ = ih̵
dψ

dt
(3.32)

and the requirement of local gauge (phase) invariance, such that both the
electron wave functions ψ(r, t) and also ψ(r, t)eiχ(r,t), with the arbitrary, lo-
cally varying phase χ(r, t), are valid solutions [62, 63]. While the probability
density P (r, t) = ∣ψ(r, r)∣2 of �nding an electron at position r at time t re-
mains una�ected by a change of phase, the Schrödinger equation, Eq. (3.32),
is not invariant under such a transformation. It needs to be modi�ed to

Hminψ = ih̵
dψ

dt
. (3.33)

For long wavelength compared to the size of the particle, the dipole ap-
proximation is valid. Further, using the radiation gauge [62�64] leads to a
simpli�ed version of the minimal coupling Hamiltonian Hdip. For an electron
at position r0 of Eq. (3.31) this is

Hdip =
p2

2me

+ V (r) +Hint (3.34)

with an interaction term

Hint = −d ⋅E(r0, t) (3.35)

that is the well-known dipole coupling with the dipole operator d = e ⋅ r.

3.3.2 Circuit Quantum Electrodynamics

In the case of a microwave resonator with an integrated transmon qubit, it
is more natural to express the dipole coupling in terms of voltages instead of
electric �elds. If the transmon is positioned at an antinode of the resonator's
standing wave electric �eld mode with resonance frequency ωr, the AC gate
voltage obeys

Vg =
q

C
=

√
h̵ωr
2C

(a + a�) = V(a + a�), (3.36)
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where q is proportional to the previously used charge operator, and V is the
root-mean-squared vacuum voltage of the LC oscillator. Also the gate charge

Ng =
CgVg
2C

(3.37)

can be expressed in terms of the AC gate voltage. The �rst term in the
Hamiltonian of the CPB, see Eq. (3.23), can be expressed using the AC gate
voltage Vg and gate charge Ng. If the square is expanded, a coupling term
can be read o� and simpli�ed to

HCPB, int = h̵g(a + a
�)N (3.38)

with the coupling strength

g =
Cg

CΣ

eV

h̵
. (3.39)

The expression 2h̵g represents the necessary energy to move one Cooper
pair across a portion Cg/CΣ of the root-mean-square vacuum voltage �uctu-
ations V in the resonator.

3.3.3 Truncation to Qubit Space

Once again, if only a two-level subspace is considered, the charge operator
N can be replaced by the Pauli spin operator σz/2, which is identical to a
sum of two atom transition operators

σx ≡ σge + σeg ≡ σ+ + σ-, σij = ∣i⟩⟨j∣, (3.40)

where σ+ and σ- are yet just another common way of writing the atom's
transition operators. Regarding all this, the interaction Hamiltonian reads

Hint = h̵g(σ+ + σ-)(a + a
�). (3.41)

3.3.4 Rotating Wave Approximation (RWA)

Applying this approximation, in detail introduced in [65, 66], the rapidly ro-
tating terms a�σ+ and aσ- that are both not energy-conserving, are neglected.
Finally, the applicable interaction Hamiltonian results to be

Hint = h̵g (aσ+ + a
�σ-) . (3.42)
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3.3.5 The Jaynes-Cummings Hamiltonian

Before adding the last ingredient, the drive, to the gourmet soup H, it is
advisable to taste the thus-far concocted cuisine

HJC = Hr +Ha +Hint, (3.43)

a widely used model consisting of the preivously derived Hamiltonians of the
cavity Eq. (3.11), the transmon qubit (3.30) and the coupling between them
(3.42). Due to its broad application in cavity QED it has deserved a name
on its own: The Jaynes-Cummings Hamiltonian [67] is

HJC = h̵ωr (a
�a +

1

2
) +

h̵ωa
2
σz + h̵g (aσ+ + a

�σ-) . (3.44)

The corresponding circuit is shown in Fig. 3.5.

Figure 3.5: The e�ective circuit of the transmon. To the shunted Cooper
Pair Box on the right, a resonator (LC oscillator) has been added in the
center. The island is once more highlighted in red. Reprinted from [49].

The Jaynes-Cummings Hamiltonian Eq. (3.44) describes the system well,
if cavity losses κ and interactions with other cavity modes γ are negligibly
small g ≫ κ, γ. It is instructive to look at the matrix form of the Jaynes-
Cummings Hamiltonian, omitting constants,

HJC = h̵(
ωr (a�a +

1
2
) + ωa

2 −ga

−ga� ωr (a�a +
1
2
) − ωa

2

) . (3.45)

Diagonalization yields a set of solutions, which mix the atomic eigenstates
with the cavity eigenstates. The ground state is ∣g,0⟩ and the excited states
are [68]

∣+, n⟩ = + cos θn ∣e, n⟩ + sin θn ∣g, n + 1⟩

∣−, n⟩ = − sin θn ∣e, n⟩ + cos θn ∣g, n + 1⟩
(3.46)
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with the mixing angle θn

θn =
1

2
tan−1 (

2g
√
n + 1

∆
) , (3.47)

where the detuning ∆ is

∆ = ∣ωa − ωr∣. (3.48)

The eigenenergies are given by

Eg,0 = −
h̵

2
∆,

E±, n = (n + 1)h̵ωr ±
h̵

ωr

√
4g2(n + 1) +∆2.

(3.49)

In the two subsequent sections, two limiting cases, the resonant and the
dispersive limit are explored.

3.3.6 The Resonant Limit (∆ ≪ g)

If the detuning is very small, which means e�ectively that ωr ≃ ωa, the arti-
�cial atom and the cavity are resonant. From the mixing angle in Eq. (3.47)
it is evident that θn ≃ π/4 and the eigenstates, Eq. (3.46), are equal combi-
nations of "excited atom, n photons in the cavity mode" and "ground state
atom, n+1 photons in the cavity mode". The spectrum is a set of doublets,
which are all split by the coupling energy 2gh̵

√
n (see Fig. 3.6).

In this case the absorption of cavity photons by the atom and the emission
of them back to the cavity are energy-conserving. If an initally excited atom
is prepared in the cavity, the combined system will be in equal superposition
of the lowest doublet. It will oscillate with characteristic frequency gπ, the
Rabi frequency, between the two states ∣g,1⟩ and ∣e,0⟩. The process is called
vaccum Rabi oscillations or Rabi �opping [50].

3.3.7 The Dispersive Limit (∆ ≫ g)

Here, the atom is considerably detuned from any cavity mode. No atomic
transitions occur. Instead, virtual photons mediate dispersive interactions,
which lead to energy level shifts proportional to

χ =
g2

∆
(3.50)
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Figure 3.6: Energy spectrum in units of h̵ of the Jaynes-Cummings Hamil-
tonian HJC of Eq. (3.44) in the resonant (left) and dispersive regime (right).
Adapted from [51].

of the coupled system. More rigorously, the small argument suggests the
approximation of Eq. (3.47) by

sin θn ≈
g
√
n + 1

∆
. (3.51)

The eigenstates of Eq. (3.46) are then the ones from the unperturbed
atomic Hamiltonian Ha with a shifting term

∣+, n⟩ ≈ ∣e, n⟩ +
g
√
n + 1

∆
∣g, n + 1⟩,

∣−, n⟩ ≈ ∣g, n + 1⟩ −
g
√
n + 1

∆
∣e, n⟩.

(3.52)

The Hamiltonian can be approximated with second-order time indepen-
dent perturbation theory of the Jaynes-Cummings Hamiltonian in Eq. (3.44).
To start with, it is transformed with the unitary transformation

U = e
g
∆
(aσ++a�σ-). (3.53)

Then, the e�ective Hamiltonian is, to second-order in g/∆,

U HJCU
� ≈ h̵ (ωr + χσz) (a

�a +
1

2
) +

h̵ωa
2
σz. (3.54)

Like before, the �rst term is concerned with the cavity, whereas the second
one is the qubit. Looking at the �rst part only, this arrangement of HJC
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illustrates nicely how the cavity frequency ωr is shifted depending on the
state of the qubit (σz-term). The cavity's resonance frequency is shifted to

ω
(ge)
r = ωr ± χ. (3.55)

This qubit dependent frequency shift χ is detectable and the essential
property for measurements of superconducting qubits. By probing the cav-
ity's resonance frequency, the qubit state can be read out. For a qubit in ∣g⟩

state, the resonance is at ω
(g)
r = ωr − χ and for ∣e⟩ it is at ω

(e)
r = ωr + χ.

Before investigating this possibility more closely, another way of writing
Eq. (3.54) is educational. Simply rearranging the terms gives

U HJCU
� ≈ h̵ωr (a

�a +
1

2
) +

h̵

2
(ωa + 2χa�a + χ)σz. (3.56)

In atomic physics this form is familiar. It emphasizes on the dual e�ect of
the dispersive interaction. While before, the cavity frequency ωr was shifted
dependent on the qubit state (ground/excited state), now the qubit frequency
ωa is shifted according to the cavity state (photon number n = a�a). This is
called the AC Stark shift. In analogy to before, where the qubit state was
probed through the cavity's resonance frequency, here, the photon number
state of the cavity can be probed through the qubit's resonance frequency
[69, 70].

Another term has yet to be explained, namely, the additional shift of
the qubit frequency by χ = g2/∆. It is constant and called Lamb shift in
reminiscence of its origin in atomic physics [49]. The complete shift of the
qubit frequency is, once again,

ω
(n)
a = ωa + χ(2n + 1). (3.57)

3.4 The Drive Hd

The target is to �nd a way to access the qubit state for control and readout.
In order to do so, a classical drive in form of another resonator

H
(2)
r = h̵ωdd

�d, (3.58)

with frequency ωd and ladder operators d� and d, is added to the model. Con-
ceptually, this is a transmission line for microwave signals from the outside
to the sample. Since the qubit is integrated in the cavity, it is not addressed
directly. The control must act through the cavity due to its interaction with
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the qubit. The external line will therefore be coupled to the cavity, with the
interaction term

Hd = gd(a + a
�)(d + d�), (3.59)

where gd is the coupling rate between the drive and the cavity. The qubit
and the cavity are of interest and not the dynamics of the H

(2)
r , the complete

Hamiltonian with all its ingredients can be written without it. That is

H = Hr +Ha +Hint
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
HJC of (3.44)

+Hd. (3.60)

The speci�c form of Hd will be discussed in the following.

3.4.1 Modelling Hd

Assuming the drive cavity to be in a very highly-excited coherent state ∣β⟩
and the coupling gd to be very small, we can treat this cavity as remaining
in ∣β⟩ for all time14. The drive Hamiltonian then reads

Hd = (a + a�)(ξe−iωdt + ξ∗eiωdt), (3.61)

where ξ = εβ de�nes the strength of the drive, and β is referred to as dis-
placement amplitude [71]. In the case that the driving is not too strong, it
is possible to apply the rotating wave approximation again15 [54] and get

Hd = aξ
∗eiωdt + a�ξe−iωdt. (3.62)

Because it is inconvenient to have a time-dependent Hamiltonian, the �rst
unitary transformation will bring the Hamiltonian into the rotating frame of
the drive. With the second unitary transformation, the Glauber displacement
transformation, the action of the drive is directly shifted onto the transmon
with the Glauber operator d(α) = eα(t)d

�−α∗(t)d for some time-dependent func-
tion α(t) [54, 71, 72]. For su�cient detuning ∆ between cavity and transmon,
the approximation of the dispersive limit applies, as was shown in Sec. 3.3.7.
Finally, the discussion is truncated to the qubit space, ignoring far-detuned
higher energy levels, analogous to the truncations in Sec. 3.2.5 and Sec. 3.3.3.

14A coherent state with complex amplitude β has the de�ning property of being an
eigenstate of the lowering operator d̂∣β⟩ = β∣β⟩.

15That is, ξ ≪ ωm,n for all relevant transition frequencies ωm,n, e.g. ⟨m∣(a + a�)∣n⟩ ≠ 0.
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3.4.2 The Finished Tincture H

The complete Hamiltonian bouillon, destilled from all its constitutive ingre-
dients and reasonably approximated, is then served as [73]

H ≃ h̵ (ωr − ωd) (a
�a +

1

2
) +

h̵

2
(ωa + 2χn + χ − ωd)σz +

h̵ΩR(t)

2
σx, (3.63)

where ΩR(t) denotes the Rabi frequency. The Rabi frequency is the rate at
which the state vector oscillates in the Bloch sphere. It will be used as the
control parameter for acting quantum gates on the qubit, see Sec. 3.5. The
dispersive shift of the cavity will be used for the readout, see Sec. 3.6.

3.4.3 The Transmonian Reality

It should be said that in the actual experiment the frequencies ωr and ωa
itself may be shifted due to the large coupling strengths as well as the multi-
level structure speci�c for the transmon. Substantially larger dispersive shift
terms are obtained [50]. In a transmon, the dispersive shift is

χ = χ01 −
χ12

2
with χij =

g2
ij

ωij − ωr
and ωij = ωj − ωi, (3.64)

rather than χ ≈ g2/∆ from Eq. (3.50). For large detunings ∆ ≫ g the shift
can be approximated by

χ ≈
g2α

∆(∆ − α)
. (3.65)

The characteristic frequencies are given by

ω′r = ωr −
χ12

2
and ω′a = ωa + χ01, (3.66)

where ω′r is shifted by ±χ depending on the qubit state, as in Eq. (3.55), and
ω′a is (AC Stark) shifted by 2χ per cavity photon, as in Eq. (3.57).

3.5 Qubit Control

If the qubit frequency ωa is well detuned from the cavity frequencies ωr,
driving the cavity with a frequency ωd ≃ ωa far away from its frequencies
ωr ±χ does not leak information about the qubit state. This poses an usable
control port to the qubit.

One might wonder, why the signal even reaches the qubit, as the cavity
is not resonant with the drive. Indeed, most of the radiation of the driving
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microwave tone is re�ected at the resonator input port, as can be seen in the
expression for the re�ection coe�cient [74]

r(ωd) =
i (ωd − ωr) − (κin − κext) /2

i (ωd − ωr) − (κin + κext) /2
. (3.67)

However, a small portion of the power will enter the resonator and drive
qubit transitions at the Rabi frequency ΩR ∝

√
nd, where nd = d�d is the

number of drive photons inside the resonator. For large detunings of the
drive frequency ωd from the cavity frequency ωr, that is ∆d = ∣ωd−ωr∣ >> κ/2,
the average number of drive photons is

√
nd ≈ εd/∆d. The coherent driving

�eld can be considered a classical �eld with an amplitude εd and frequency
ωd [50].

The Rabi frequency ΩR(t), decomposed in its quadrature controls, is

ΩR(t) =X(t) cos(ωdt) + Y (t) sin(ωdt). (3.68)

This control parameter allows to rotate the qubit state vector on the
Bloch sphere around an axis. Nothing objects the de�nition of this axis as
x-axis. By shifting the phase of the drive signal, rotations around other axes
with angle φR are feasible, most importantly around the y-axis with φR = π/2.
In any case, the overall rotation angle θR will depend on the strength of the
drive εd, or, in case of constant power, on the length of the applied drive td

θR = ∫

td

0
dtΩR(t). (3.69)

For instance, if Y (t) = 0, the rotation will be around the x-axis and vice
versa. If such a rotation is applied for a time td = tπ, the pulse will excite the
qubit into ∣e⟩, meaning the pulse is e�ectively a π-pulse or bit-�ip gate. For a
time td = tπ/2 it is a π/2-pulse and the state becomes an equal superposition

(∣0⟩ + ∣1⟩)/
√

2 [75]. For arbitrary angles, it is

∣ψ⟩ = cos(
θR
2

) ∣0⟩ + eiφR sin(
θR
2

) ∣1⟩, (3.70)

which proves universal control over a single qubit, when cross-checked with
Eq. (2.5) [28]. However, there are further protocols for more e�cient imple-
mentation of phase gates (rotations around z-axis). The AC-Stark gate or
the �ux gate are described in [75]. In practice, with careful calibration and
pulse shaping, single qubit gates exceed �delities, calculated from random-
ized benchmarking, of 99.9% routinely [7]. For this thesis similar protocols
yielded > 99.85%, see Chap. 6.
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3.6 Qubit Readout

As mentioned above, the dispersive shift of the cavity provides means to
determine the state of the superconducting qubit. The question is now, how
to e�ciently detect the shift of the resonator's frequency. The change is
for instance apparent in the phase shift between the sent and the received
microwave signal16. A key feature of the readout mechanism is the possibility
of a Quantum Non-Demolition (QND) measurement. The qubit collapses
onto the measured state when the cavity is probed, but remains in this state
thereafter, in contrast to being destroyed by the measurement procedure
completely (e.g. photon polarization detection).

3.6.1 Readout in Transmission

The amplitude of the transmission coe�cient shows the pro�le of Fig. 3.7. In
the frequency range between ω′r−χ and ω′r+χ, the two scenarios of ∣g⟩ and ∣e⟩
are well-distinguishable, in the amplitude of the transmission coe�cient ∣t∣,
but even more so in the phase of the returned signal. In this region the phase
shifts di�er by π, giving maximum distance in the I-Q-quadrature plane.

Figure 3.7: Readout in transmission. The peak pro�le is shifted conditioned
on the qubit state. For drives near ω′r ± χ the information is encoded in the
transmission amplitude. Near ω′r the phase shift of maximally π provides
distinguishability. The linewidth of the peaks corresponds to the losses κ =

κint + κext. Adapted from [73].

16It is also apparent in the amplitude, which can be used for readout as well.
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3.6.2 Readout in Re�ection

The re�ective readout di�ers only slightly from the above discussion. As
can be seen in Fig. 3.8, the amplitude of the re�ection coe�cient ∣r∣ exhibits
dips instead of peaks. More interestingly, the maximal phase shifts di�er by
2π, which poses a complication. Due the 2π-periodicity of the phase, the
signals become indistinguishable. For vanishing internal losses κint, ideally,
the dispersive shift χ equals the external losses κext. Since the spectrum is
narrower than before, the two dips are overlapping in a way, that the phase
shifts di�er by π in a well-accessible range of frequencies [45].

Generally, for any κext, κint and χ values

arg(r(ωro, ω
′
g)) − arg(r(ωro, ω

′
e)) = π (3.71)

should be solved for the optimized readout frequency ωro.

Figure 3.8: Readout in re�ection. With measurements in transmission, the
phase shift is always smaller than π, while for measurements in re�ection,
one can for optimize for the ideal phase di�erence of π at frequency ωro. The
squared amplitude (re�ectance) and the phase shift of the cavity re�ection
coe�cient are plotted as a function of the probe frequency, with the qubit
being in the ground state (blue) or the excited state (red). Dots are experi-
mental results, continuous lines represent the �tted curves. Reprinted from
[45].
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3.7 Enlightning Remarks

At this point it is noteworthy, that although this thesis uses a transmon qubit
integrated in a 3D cavity measured in re�ection, the derivation holds true also
for coplanar waveguide (2D) architecture with transmission line resonator.
The dynamics of both are covered with the Jaynes-Cummings Hamiltonian
HJC in Eq. (3.44).

Another comment about dissipation and the strong dispersive limit. Cav-
ity and qubit su�er from dissipation, giving them certain linewidths. For the
cavity the linewidth is κ/2π, which is related to its lifetime Tcav = 1/κ. The
qubits lifetime is its coherence time T1 = 1/γ, often set by the o�-resonant
decay through the cavity known as the Purcell e�ect [75].

The strong dispersive limit is de�ned as the regime, where χ > γ, κ. The
cavity will shift there more than a linewidth according to the qubit state,
hence, yielding highly projective measurement.
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Chapter 4 Experimental Setup

The wiring diagram in Fig. 4.1 used for single shot measurements is also
representative for the averaged ensemble measurements of this thesis. All
communication between the computer and the experimental devices is done
via their GPIB interface. LABrad software is used to automate the measure-
ment procedures. Long term phase stability and synchronization is achieved
by phase locking all signal generators, arbitrary wave generators (AWG) and
acquisition cards with the ultra low phase noise 10 MHz Rubidium frequency
standard Model FS725 from Stanford Reserach Systems.

4.1 Dilution Refrigerator

For the Josephson junction to work as well as to see quantization in the circuit
in the �rst place, the sample, comprising cavity and qubit, must be cooled to
cryogenic temperatures. For this a Triton 200 Cryofree dilution refrigerator
from Oxford Instruments was used. Its base temperatures are < 10 mK,
however, the experiments in this thesis were carried out at a temperature
60 ∼ 75 mK due to unwanted, but unknown continuous warming.

The primary cryogenic design concern is to minimize the amount of heat
and noise that reach the sample. There are four lines, three of them input
and one output. The input lines are for qubit control, JPA control and
readout. The output line is for the re�ected signal of the readout pulse that
holds the information about the state of the qubit. While the �rst three must
be attenuated carefully to transform room temperature signals to very low
power scales of −140 dBm, the output signal must be ampli�ed accordingly.

Thermal Johnson noise coming down the cables would constitute an un-
acceptable noise source and must be �ltered by lowering its e�ective temper-
ature via cold attenuation. In the low e�ective-temperature limit, voltage
noise is linear in temperature SV(ω) ≈ 4kbTR [76]. At the cold stage, one
can just attenuate by a factor Thot/Tcold.

Attenuators at the lowest temperature stage dissipate the energy there
and cause heating of the fridge, when chosen carelessly. One wants to atten-
uate the signal in previous stages of the refrigeration in a way that it matches
the temperature of the subsequent chamber. For instance, a signal in the 4 K
segment should be attenuated by -10dB to continue into the coolest chamber
of 40 mK (also called OCV chamber). In the setup, for going from room
temperature (290 K) to liquid helium temperature (4 K), a 16 dB attenua-
tion is used. Proceeding from 4 K to 20 mK, the linear dependance breaks

Page 52



4. EXPERIMENTAL SETUP

Figure 4.1: Schematic wiring diagram of the experimental setup at room
temperature (top) and inside the dilution refrigerator (bottom). A photo-
graph of the dilution refrigerator shows the stages of descending temperature.
The shown setup works for averaged and single shot readout, where the latter
uses the JPA.

down [50], and another 26 dB attenuation is used. The cables leading down
the dilution refrigerator provide additional 8 dB attenuation, for a total of
50 dB. Measurement needs only a few photons, corresponding to approxi-
mately −128 dBm, and 12 ns control pulses typically involve a few thousand
photons in the range of −80 to −90 dBm.

To �lter out unwanted frequencies the RLC Electronics standard low pass
�lter F-30-12.4-R and the Marki Microwave bandpass �lter F19614 are used.
To protect the sample from noise that could enter the resonator from the
output side, the signal is directed through two Aerotek shunted circulator
isolators XTE0812KI and XTE0812KS. One of the three ports is termi-
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nated, which makes the circulators acting similar to a one-way microwave
valve called isolator. It uses a ferrite component to break time reversal sym-
metry [76]. The circulators have about 20 dB isolation and, in this setup, a
bandwidth of 8 ∼ 12 GHz.

The signal power after the interaction with the sample is very small, espe-
cially considering the presence of thermal photons and ampli�er noise. In av-
eraged measurements, a croygenic high electron mobility transistor (HEMT)
ampli�er at the 4 K stage in the output line with an additional isolator su�ces
to acquire a su�cient signal-to-noise ratio.

For single shot measurements on the other hand an additional �ux-driven
Josephson parametric ampli�er (JPA) is required that works near the quan-
tum limit. The JPA resonance frequency is tuned to the cavity resonance
frequency ωr by applying a DC magnetic �eld into the SQUID loop. The JPA
is pumped via a separate input line at 2ωr for the operation in the degenerate
mode.

4.2 Pulse Generation

The goal is to quickly change electromagnetic signals at a well-de�ned mi-
crowave frequency, which is equivalent to send nanosecond long microwave
pulses. The microwave sources, also referred to as radio frequency (RF)
sources, are E8257D PSG analog signal generators from Agilent Technologies.
In Fig. 4.1, they are labeled as DAC or ADC, digital-to-analog or analog-to-
digital convertes, respectively. Such sources cannot supply the necessary fast
switching. Their high GHz frequency signals from the local oscillator (LO)
are modulated with an intermediate frequency (IF) signal (≈ 100 MHz) from
the AWG, Agilent Technologies PNA-L network analyzer N5232A Keysight17,

Vct = ALO cos(ωLOt)(AIF cos(ωIFt) + VIF). (4.1)

The AWG is capable of generating pulses with 1 ns resolution [76]. Pulse
sequences are designed in Mathematica and loaded into the AWG memory.
The control pulses are Gaussian shaped, because of the minimum bandwidth
of Gaussian envelopes. In a more elaborate scheme, derivative reduction
by adiabatic gates (DRAG) pulses will be used instead for this thesis, see
Sec. 5.3. The readout pulses are squared pulses of considerable bigger pulse
width.

The intermediate frequency is generated by a digital-to-analog converter
(DAC) at 1 GHz sampling rate and �ltered with a low-pass �lter with a cut-
o� frequency of ≈ 100 MHz. The modulation is done by mixers IQ0318L

17Also referred to as vector network analyzer (VNA).
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from Marki Microwave, with three input ports. One is the local oscillator,
the other two are for the quadratures I and Q

I =
2

T ∫T
dt SIF(t) cos(ωIFt), (4.2)

Q =
2

T ∫T
dt SIF(t) sin(ωIFt), (4.3)

of the intermediate frequency signal

SIF(t) = I cos(ωIFt) −Q sin(ωIFt) = A cos(ωIFt + θ), (4.4)

where T is any chosen period interval. Here, the amplitude and the phase of
the IF signal are

A =
√
I2 +Q2, θ = tan−1 (

I

Q
) . (4.5)

The amplitude and phase of the RF signal can be adjusted by simply
changing the applied voltages to the I and Q ports of the mixer. The inter-
mediate frequency can now be chosen to be zero, ωIF = 0 (homodyne mode
or direct modulation) or �nite ωIF ≠ 0 (heterodyne mode or sideband modu-
lation). Heterodyne mode is chosen with an IF frequency of 100 MHz [50].

Figure 4.2: (Left) The pulse generation in the mixing process of the local os-
cillator ωLO and the intermedie frequencies ωIF. (Right) Schematic of mixing
result before DAC calibration. After calibration spurious carrier and image
frequencies are suppressed, non-linear e�ects of the mixer are negligible. The
signal frequency dominates. Notation follows Fig. 4.1.

The resultant signal has three portions: a centered carrier at ≈ 7.9 GHz
and two symmetric sidebands ≈ 7.9 ± 0.1 GHz, see Fig. 4.2. In heterodyne
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mode, one of the sidebands is chosen (7.9−0.1 GHz) to be the qubit frequency
ωa to control the qubit. The carrier and the other sideband must then be
suppressed.

With the DC o�set of the I and Q channels, the tone at the LO frequency
due to IQ leakage can be cancelled. This suppresses the carrier. The other
sideband, called image, is present due to the existence of either skewness,
where the quadratures are not perfectly phase-separated by π/2, or amplitude
imbalance between the quadrature components. It can be suppressed by
setting the quadrature amplitudes I and Q and the phase di�erence θ = π/2
with the techniques described in [71].

A DAC calibration renders these optimal values for a given span of control
and sideband frequencies. It is recommended to run a calibration check in
the beginning of a measurement series in order to con�rm the suppression
and the experimental relation between pulse amplitude and signal power.
Preferably, the relative suppression of carrier and image is in the order of
30 dB relative to the microwave signal. This suppression value would cause
a maximal rotation error of π/1000 in a π-rotation.

It is recommendable to choose the sideband frequency in a way that nei-
ther carrier nor image fall onto another resonance of the sample. In the given
system, the anharmonicity α ≈ 300 MHz endangers for instance a sideband
frequency of 150 MHz, as the image would fall exactly onto the transition
frequency for the higher transmon states, hence, cause unwanted leakage.
The same accounts for other frequencies, generated by non-linear e�ects of
the IQ mixer. The choice of 100 MHz is herewith underpinned.

4.3 Demodulation

The state of the qubit is encoded in the phase and the amplitude of a pulse
re�ected at ≈ 10 GHz. The eventual goal is to acquire the values digitally
on the computer, but unfortunately no acquisition board can stably work at
10 GHz. The signal is therefore mixed down to an intermediate frequency by
an IQ demodulator. The two quadratures of this IF signal can subsequently
be down-converted to anywhere below 500 MHz and are then ampli�ed before
being processed by an Acqiris data acquisition board. With this board,
extremely large amounts of data can be processed in short time at the given
high sampling rates. For any measurement which studies ensembles (averaged
measurement), the acquisition board will allow up to 216 ≈ 65.000 averages
to be taken without having to transfer the bu�er to memory [76].

Ensemble measurements average over the voltage signal to cancel out
certain noises such as additional photons in the cavity, additional photons
due to ampli�cation, etc. The demodulation happens after the averaging.
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With the Josephson Parametric Ampli�er (JPA) it is possible to am-
plify a microwave signal at cryogenic temperatures with minimal photon
noise of approximately 0.5 photons. Room temperature HEMT ampli�ers,
in comparison, contribute circa 20. In single shot measurement every signal
is demodulated separately, which renders post-selection protocols possible.

In re�ective measurements, the demodulation window must be chosen
accordingly to avoid demodulation of a purely re�ected signal that has not
impinged the cavity and therefore does not hold any information about the
qubit. Also, in the experiments of the thesis, the demodulation was un-
weighed, meaning that in a given temporal window, all voltage signals were
equally taken into account.

4.4 Cavity and Qubit

The present transmon qubit of "batmon" design is mounted at the center
of a 3D superconducting cavity. The qubit with an aluminium/aluminium
oxide/aluminium Josephson junction is fabricated on a sapphire substrate
(5 × 5 mm). The cavity is made of aluminium (A1050) and has a single
SMA-connector18 port connected with a coaxial cable, see Fig. 4.3. Such a
setup would su�ce for averaged measurement, but in order to execute single
shot measurements, the cavity output is connected to the JPA. The JPA is
fabricated on a silicon substrate of the size 2.5× 5 mm [45] and not shown in
this section.

Figure 4.3: From left to right: (1) Photo of an opened 3D cavity. (2) Photo of
the mounted silicon waver with the qubit in the center. (3) Digital sketches of
the qubit with two squared capacitor pads (purple), from which (4) �ligrane
lines (auburn) lead to the Josephson junction (5).

18SubMiniature Version A are coaxial RF connectors with a 50 Ω impedance and a
typical passband of 0 − 18 GHz.
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Chapter 5 Sample Characterization

5.1 Continuous Wave (CW)

After a sample is put in the dilution refrigerator (see Sec. 4.1) and cooled
down, the basic device parameters must be determined. The suite of experi-
ments is

� Cavity re�ection: bare ωbare
r and dressed ωg

r ≡ ωr cavity frequency.

� Qubit spectroscopy: qubit transition frequencies ωge ≡ ω01 ≡ ωa and
ωef ≡ ω12; from these the anharmonicity α.

� Dressed cavity spectroscopy: Cavity resonances for a qubit in
ground ωg

r and excited state ωe
r ; the dispersive shift χ = (ωg

r −ωe
r)/2; the

coupling g between cavity and qubit.

� Cavity linewidth: losses/linewidth κ of the cavity at qubit frequency
ωg
r ; for re�ection measurement, internal κint and external losses κext; the

single photon power Psingle and the coupling regime through the ratio
of external and internal losses κext/κint (overcoupling, critical coupling
or weak coupling).

� (Dressed qubit spectroscopy AC Stark shift): Qubit shifts due
to photons in the cavity modes, called the AC Stark shift. Not treated
in this thesis.

The experiments are ordered in the Tab. 3, depending on which parameter
on which device is swept. The parameters are frequency f or power P ; the
sources are the vector network analyzer (VNA) for the cavity or RF source
for the qubit. This chapter pro�ted from the structure of [71].

5.1.1 Cavity Re�ection

The most basic measurement is to �nd the resonance frequencies of the cavity
by measuring the absolute value of the re�ection coe�cient ∣r∣ from Eq. (3.67)
as a function of frequency19. Obviously, knowing the resonator's frequencies
is necessary for qubit measurements. It also veri�es a correct setup in terms
of powered ampli�ers, wiring, etc. A fast option is to use the VNA.

19For the widely used transmission line resonator the transmission amplitude ∣t∣ through
the ports is measured instead.
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VNA RF

frequency power frequency power

Cavity re�ection swept stepped � �
Qubit spectroscopy �xed �xed swept swept
Dressed cavity spectroscopy swept �xed �xed �xed
Cavity linewidth swept �xed � �
AC Stark Shift �xed swept swept �xed

Table 3: Continuous wave (CW) experiments and the parameters that are
changed on the respective device. They are either kept constant (�xed),
chosen to be certain values in di�erent orders of magnitude (stepped) or
continuously changed over a de�ned range (swept).

The power that should be used is rather important, because of the cavity
anharmonicity that is inherited from the qubit. For low power (roughly 1
photon mean excitation of the cavity) a Lorentzian re�ection dip is centered
at the dressed cavity frequency ωg

r (Fig. 5.1a). For high VNA power of about
+50 dB to the previous settings the bare cavity frequency ωbare

r < ωg
r will be

visible as another Lorentzian dip. The cavity is then undressed, meaning that
the cavity shows resonance as though there was no qubit. In between these
power orders, the cavity reveals a strongly nonlinear response. It indicates
the presence of a qubit that is hybridizing with the cavity (Fig. 5.1b).
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Figure 5.1: Cavity re�ection with di�erent VNA powers. (a) Low power of
−20 dBm for the dressed cavity resonance. (b) Medium power of 15 dBm,
with a spectrum in the bifurcation between dressed and bare cavity. For
higher power this would turn into a single dip at the bare cavity frequency.
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5.1.2 Qubit spectroscopy

The simplest conceptual version of spectroscopy is known as pulsed spec-
troscopy. The pulse could either be some fast gaussian rotation or a long
continuous-wave (CW) microwave tone. In the CW-spectroscopy the fre-
quency of a long saturation tone (longer than T2) is swept. It will drive some
equilibrium incoherent population of the qubit in the excited state. The
population is relatively insensitive to pulse power.

However, there is an equilibrium population of photons in the cavity.
Qubit transitions that depend on the number of photons will be visible. The
condition for this to happen is that the shift per photon 2χ ≫ κ,∆f is
much larger than the cavity and the qubit linewidth. From the part of the
Hamiltonian in Eq. (3.56), which is a�ecting the qubit, it can be seen that
the qubit transition frequency changes with the number of photons in the
cavity. For this, the factors in front of the qubit σz operator are

h̵

2
(ωa + χ
´¹¹¹¹¸¹¹¹¹¶
ω′a

+2nχ) (5.1)

and reveal a qubit transition frequency of ω′a +2χ for one photon, ω′a +4χ for
two photons and so on. If there is a superposition of photon number states,
the qubit transition frequency su�ers number splitting. It is either resolved
or broadens the qubit response.

When using long saturation tones for spectroscopy, the drive strength is
of importance. For low drive power, the qubit linewidth ∆f is set as 1/T2.
For higher powers the behavior is

2π∆f =

√
1

T 2
2

+ 4Ω2
R

T1

T2

, (5.2)

where qubit lifetime T1 and dephasing time T2 are described in Sec. 5.2,
and ΩR is the drive Rabi rate from Eq. (3.63). The drive causes stimulated
emission of the qubit, causing a reduction of T1, hence also T2, which broadens
the linewidth as exhibited. Power broadening is a convenient e�ect though.
Without it the narrow qubit responses of today's 3D architectures would be
di�cult to spot. Through measurements with di�erent drive powers, one can
�nd the genuine qubit linewidth by extrapoliting the behavior according to
Eq. (5.2), depicted in Fig. 5.2b.

A larger spectroscopy power can also drive higher qubit transitions. For
substantially higher power, a two photon transition, directly from ground
state to the second excited state ∣g⟩ → ∣f⟩ happens at the transition frequency
ωgf ≡ ω02. The e�ect is very useful to determine the anharmonicity α, because
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the transition frequencies are related with ω02/2 = (ω01 +ω12)/2 and therefore

α = 2(ω02/2 − ω01). (5.3)

The higher transition resonances can be seen in Fig. 5.2a, from which the
power broadening of Fig. 5.2b is already evident.
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Figure 5.2: (a) Qubit spectroscopy for various RF drive powers and fre-
quencies. The color indicates the amplitude of the re�ection coe�cient. The
top spike is at the qubit resonance frequency ωa ≡ ω01, the bottom one is
the transition ∣1⟩ → ∣2⟩ at ω12. Between them lies ω02/2, at which the two-
photon transition ∣0⟩ → ∣2⟩ occurs. (b) The FWHM from the main transition
∣0⟩ → ∣1⟩ plotted against the drive power to �nd the genuine qubit linewidth
in the limit case of a zero-power excitation pulse. The bars in the center of
the data points are the uncertainties of the �tted model.

5.1.3 Dressed cavity spectroscopy

Due to the qubit state the cavity frequency is given a dispersive shift

ω
g
e
r = ωr ± χ, (5.4)

visible in Fig. 5.3. The simple dispersive shift from Eq. (3.50) of χ ≈
g2

∆ has
been approximated in the more realistic setting of the transmon by Eq. (3.65).
In this thesis χ is determined experimentally through the two distinct dips.
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Figure 5.3: Smeared dispersive shift. The two small dips indicate the dis-
persive shift of the cavity dependent on the qubit state.

5.1.4 Cavity linewidth

From the Lorentzian �t in Fig. 5.1a, the cavity linewidth κ is determined.
The single photon power Psingle follows straight from it through

Psingle ≈ h̵ω
g
rκ, (5.5)

and the components of κ = κext + κint are given in [76]. The mean photon
lifetime in the resonator is the inverse of κ. The experimental situation for
κext ≫ κint is called strong coupling regime, in contrast to weak coupling for
κext ≪ κint or critical coupling at κext = κint.

The internal losses κint consist of defects in the superconducting material
of the cavity (e.g. Al) and the surface (e.g. AlO). Small resistances cause
heating and this energy is dissipated into the environment. The external
losses κext are energy losses into connection lines (wires). They are modi�ed
by the manual positioning of the cavity pin before putting the sample into
the fridge.

For critical coupling the phase shifts in the readout di�ers by 2π, imped-
ing distinction between ground and excited state, see Sec. 3.6.2. However,
in the re�ection measurement a reference signal level is given and from the
Lorentzian �t it is possible to calculate both κext and κint. In a transmis-
sive measurement on the other hand, the maximal signal is not known and
therefore only κ can be determined; internal and external losses have to be
estimated otherwise.
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The coupling strength g is found by massaging Eq. (3.65) into

g =

√

−χ
∆(∆ − α)

α
, (5.6)

where ∆ is the detuning from Eq. (3.48). The critical photon number ncrit,
above which the assumption of the dispersive regime breaks down, is then
given by

ncrit = (
g

2∆
)

2

. (5.7)

5.2 Time Domain (TD)

All the experiments discussed thus far, have been CW measurements and
spectroscopic in their nature. In time domain experiments well-timed pulses
in lieu of continuous microwave tones are used.

5.2.1 Rabi measurements

One of the simplest TD experiments with a qubit is a Rabi oscillation. The
state of the qubit is rotated about the x-axis of the Bloch sphere via the ap-
plication of a resonant microwave pulse as outlined in Sec. 3.5. The projective
measurement on the z-axis reveals the oscillation.
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Figure 5.4: (a) Rabi oscillations in time with constant amplitude that cor-
responds to a π/2-rotation in 12 ns. (b) Rabi oscillations in pulse amplitude
for a constant pulse width of 12 ns. The dotted lines indicate π/2- and π-
rotations of the �tted sine curve.

There are two common versions of Rabi oscillations, a "time Rabi" and
a "power Rabi", showcased in Fig. 5.4. In the �rst one, the amplitude of the
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pulse is �xed and the driving time td, pulse length, is increased. A longer
pulse corresponds to a longer rotation, yielding a greater rotation angle θR.
From this, the Rabi rate ΩR can be �tted according to the probability of
�nding the state ∣ψ⟩ in the excited state ∣e⟩

∣⟨ψ∣e⟩∣2 = sin2 (
ΩR td

2
) . (5.8)

For a �xed amplitude, the length tπ/2 for a π/2-rotation is obviously half
of the gate time tπ for a π-rotation. For certain protocols it is however
desirable to have tπ/2 = tπ for both control pulses; furthermore, the amplitude
resolution of the AWG is typically much better than its time resolution. For
this purpose, in the "power Rabi" the pulse length td is �xed to a constant
and the amplitude of the pulse is varied. Now, the π/2-rotation will require a
pulse with half the amplitude of the π-rotation, but both of them are equally
long. The two Rabi versions are equivalent in terms of their underlying
physics, both con�rming the sinusoidal response.

The Rabi oscillation serves also as an overall check. Generally, a good
Rabi oscillation stands for carefully tuned parameters and it will be perfectly
uniform over time in the limit of a true two-level system. Other disruptive
factors are a qubit's bandwidth ∆f close to the anharmonicity α of the
system, or the hybridization of the qubit with some other degree of freedom
(quasiparticles on the superconducting island). The latter results in beating
signals, that is a additional decaying modulation of the signal.

5.2.2 Ramsey

The Ramsey measurement serves two purposes. First, it improves the rough
qubit frequency estimate, which is used for the control; and second, it gives
the decoherence time T ∗

2 , as explained later in Sec. 5.2.5. The Ramsey oscil-
lation is the gold-standard of frequency calibration for qubits [71] as well as
for precision instruments like atomic clocks [77].

The idea is to utilize that the detuning of the qubit frequency δ of the
qubit from the RF generator frequency reference looks like a z-gate being
continuously applied at a rate δ. Even smallest detunings of a few kilohertz
are detectable, thus, correctable. In order to distinguish between the expo-
nential decay caused by dephasing and the oscillation caused by the detuning,
it is desirable to have a few oscillations in the �rst two 1/e times. Practi-
cally, the control frequency is intentionally detuned from your estimate by
≈ 1 MHz. The frequency of a 3D transmon was recently measured to better
than 100 Hz [78]. Experiments in this thesis have an accuracy better than
1 kHz, see Tab. 4.
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5.2.3 Energy relaxation time T1

The processes of energy relaxation and decoherence are typically described
by timescales referred to as T1 and T2, respectively. However, more advanced
measures like T ∗

2 and T echo
2 have even made their way into tutorials [79] and

will be shortly outlined here.
The protocol to determine T1 is to apply a π-pulse for excitation, e.g. a

X180-gate. Between pulse and measurement there is a delay time t, which is
increased to multiples of the expected coherence time. A �t to the expenontial
decay I(t) = c1 exp(−t/T1) + c2 in quadrature signal I gives an estimate on
T1. The coherence time is expected to be in the order of 20µs, so idle time
is increased up to 100µs, see Fig. 5.5a.
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Figure 5.5: Fit of (a) the energy relaxation rate T1 and (b) the coherence
time T2 as exponential decays.

5.2.4 Coherence time T2

The qubit is prepared in a superposition state ∣x+⟩ with a Y90-gate, which
is a π/2-rotation around the y-axis, and later measured in the x-direction.
If another Y90-gate was applied immediately after the �rst, the excited state
∣1⟩ would be acquired. It would have been a Y180 operation in two steps.
If the time until the second operation is increased, the qubit looses some of
the phase information in decoherence processses. Slowly, the measurement
results will converge towards 50% ground state and 50% excited state, which
is the result of a measurement in any basis of a maximally mixed state.
The continuous cooling process of the sample will push the maximally mixed
state back to ground state. The curve for the decoherence process is the
exponential decay in Fig. 5.5b, from which the rate T2 is evaluated.
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5.2.5 The more accurate coherence time T ∗
2

There exists an inherent issue with the above procedure about measuring T2.
If it was followed as described, a decay of characteristic time T2 is observed,
but with a strong dependence of the control frequency ωa. If the control
frequency is only slightly detuned, subtle Ramsey oscillation occurs. Since
the detuning is very small, the �rst Ramsey fringe would be very long and
weak and a�ecting the model of the exponential decay severely. By increasing
the detuning deliberately, Ramsey oscillations become clearer and the errors
in estimating the coherence time are mitigated.
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Figure 5.6: (a) Experimental Ramsey fringes and the �t of an exponential
decay with T ∗

2 enveloping the negative sine curve. (b) Hahn echo measure-
ment: The values on the x-axis are the delay time before and after the
π-pulse, therefore only half of the actual delay time between preparation and
measurement. This must be taken into account when evaluating T echo

2 .

In the actual experiment, the frequency

fct = fsignal − fsideband = 8.075 85 GHz − 155 MHz = 7.920 85 GHz

of the control pulse is shifted by a small detuning δf = 0.5 MHz ≪ fct.20

The prepared superposition state will then rotate with the frequency of the
detuning around the z-axis nd = δf σz on the equator of the Bloch sphere,
which are the Ramsey oscillations from Sec. 5.2.2.

Due to decoherence this circular trajectory will actually be a spiral one,
slowly approaching the center of the sphere. As before, measurement is along
x-axis, which means acting a Y90-gate and project onto the z-axis. Now, the
exponential decay is the envelope of a sine oscillation. The experimental data
is shown in Fig. 5.6a. Often, T ∗

2 will be used instead of T2 without explicitly
saying so, since T ∗

2 is simply a better estimate on the same physical quantity.

20Further conditions are that the anharmonicity α≫ ωrw = 2π/Trw.
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5.2.6 Hahn Echo Decay Time T echo2

Due to the broadening of the control frequency, the qubit is with a range of
frequencies put into a superposition, all close to similar, but still not identical.
Hence, during the Ramsey oscillations, di�erent frequency components cause
decoherence. There is a way to get rid of the low frequency e�ects: echoing
them away.

Think of an ensemble of states precessing on the equator rather than a
single state. Due to broadening, each state precesses with a slightly di�erent
Larmor frequency. This certainly a�ects the observed coherence time of the
ensemble, because the average of them all is not on the convex surface of the
Bloch sphere anymore. The resultant state is below the surface.

It is possible to echo this low-frequency decoherence process away by ap-
plying a π-pulse to the system halfway through the delay. The sudden �ip of
the ensemble and the states, which have deferred more than others, show the
same behavior, but in the opposite direction. By this means, the unwanted
e�ects are canceled. Except for other, higher-frequency decoherence mecha-
nisms all states of the ensemble recover the initial coherence21. By running
the T echo

2 sequence, it is possible to remove low-frequency components of the
decoherence. Results from the experiment are shown in Fig. 5.6b.

It should be noted that �gures in this section are single runs from various
cool-downs, exemplary for the respective method. For the estimate on the
parameters in Tab. 4 in the chapter Results several experiments from the
relevant cool-down were consulted.

5.3 Calibrating Quantum Gates

Before discussing the optimization of the gates, readout and control settings
are shortly reviewed.

For readout, a 1500 ns squared pulse at frequency fro = 10.626 761 824 GHz
was used22. This was the frequency with a ideal phase di�erence of π between
∣g⟩ and ∣e⟩ re�ection coe�cient, as seen in Fig. 5.7.

The readout power is notable, because it connects to the average number
of photons inside the cavity. Ideally, this should be very low, but than the
signal-to-noise ratio (SNR) is unfavorable. Also, above the critical photon
number ncrit of Eq. (5.7) the assumption of the dispersive regime breaks down.
It is therefore recommendable to work at a power that yields n̄ ≈ ncrit/10.

21The process is well animated on the English Wikipedia article on NMR relaxation.
22The DAC output was at fDAC = 10.676 761 824 GHz with a sideband frequency of

fsb = −50 MHz.
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Figure 5.7: Optimization of readout frequency. (a) Phase φ of re�ection
coe�cient r for the qubit in ∣g⟩ and ∣e⟩ state. (b) Phase di�erence ∆φ with
optimal point close to π at fro = 10.626 761 824 GHz (dotted line).

In the setup, up to the entry of the dilution refrigerator the signal had
a power of −43 dBm, determined via DAC calibration, another −50 dB in
the transmission line down to the coolest stage and a −20 dB attenuation at
cryogenic level. The readout signal at the sample was hence −113 dBm.

Control pulses are modulated Gaussian pulses at qubit frequency ωa of
variable width σ, power and phase. In this thesis, the pulse widths are �xed at
12 ns due to hardware limitations. Distinction between π/2- and π-rotations
is made on grounds of control power (see Rabi oscillations in Sec. 5.2.1).

Figure 5.8: (a) Separation of control and readout pulses guarantees
interference-free pulse actions. For a control pulse of width σ = 12 ns, a
separation of 4σ is chosen. The gate action time tg = 48 ns results. (b) To
further improve short control pulses, Derivative Reduction by Adiabatic Gate
(DRAG) pulses are employed, where quadrature Y (t) is proportional to the
derivate of X(t).

Successional pulses should not interfere with each other. It is therefore
advisable to leave a 4σ separation, measuring from one center to another, see
Fig. 5.8a.

Increasing the number of gates can either be achieved by longer coherence
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06: Y180
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13: X 90
14: X90Y 90X 90
15: Y 90
16: X90
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20: X90Y 90X90
21: Y90
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Figure 5.9: DRAG optimization. (a) Half of the 24 Cli�ord gates from Tab. 1
have a 1/cd-dependence to the DRAG coe�ent cd, with an optimal point
close to the anharmonicity cd = 0.5. For the actual experiments, individual
DRAG coe�cients for every Cli�ord gate were chosen, each optpimizing the
respective gate. (b) The other half is mostly una�ected by a change of the
DRAG coe�cient. It was chosen to be cd = 0.61 for them, because analysis
showed minimal �uctuation there.

times or shorter gate times. The transmon qubit exhibits non-computational
levels above the qubit submanifold. The weak anharmonicity α of supercon-
ducting qubit (≈ 2π ⋅ 330 MHz here) sets a lower limit on the control pulse
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width σ, because as 1/(2πσ) ≈ α the leakage into non-computational lev-
els starts to occur. Such gate errors can be separated into amplitude and
phase errors. Virtual excitations to higher levels above {∣0⟩, ∣1⟩} during the
gate action result in phase errors, which are an unwanted z-rotation. Real
excitations after the gate produce amplitude errors, that are leakage errors,
which change the rotation axis [75, 80]. Apart from constant detuning of the
control frequency from the qubit frequency, the use of Derivative Reduction
by Adiabatic Gate (DRAG) pulses decrease such errors [71, 75, 80�82].

If the drive quadrature Y (t) of Eq. (3.68) is chosen as the time derivative
of the Gaussian in-phase component X(t), schematically shown in Fig. 5.8b,

Y (t) = −cd
Ẋ(t)

α
, (5.9)

with a constant cd (optimal at cd = 1/2 [82, 83]), leakage errors are reduced
to the order O(X4/α3). This can be seen in the e�ective Hamiltonian of
the system [81]. For the ideal cd fast-gate actions are optimized to higher
precision than is possible without the use of DRAG pulses.

00 01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17 18 19 20 21 22 23
Clifford gate #

1.0

0.5

0.0

0.5

1.0

z
 e

xp
ec

ta
tio

n 
va

lu
e experiment
theory

Figure 5.10: Result of the gate optimization of all Cli�ord gates (see Tab. 1),
using DRAG pulses and gate time tg = 48 ns.

In Fig. 5.9, the action of all Cli�ord gates is shown, dependent on the
DRAG coe�cient. Cli�ord gates that yield states at the equator of the Bloch
sphere, where ⟨σz⟩ = 0, are prone to be more sensitive to the DRAG coe�cient
than the other gates. In the experiment, individual DRAG parameters cd for
each respective gate were chosen, because a multi-parameter optimization
for a single cd did not yield satisfactory results; cd = 0.61 was chosen for the
insensitive gates, since analysis showed least �uctations around this point.
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It should be noted that DRAG pulses prove necessary at control pulse
widths σ < 10 ns. In this thesis, hardware limitations prohibited higher pow-
ers of the control pulse and therefore shorter pulses. At σ = 12 ns the DRAG
shaping has only minor impact, as was con�rmed also for this work.

The last quality certi�cation of control pulses (pulse amplitude, DRAG
coe�cient), readout pulses, demodulation window and spacing between pulses,
is the full Cli�ord gate check. In Fig. 5.10 expectation values of all 24 Clif-
ford gates are con�rmed to be close to perfect accuracy. This is the point,
at which more elaborate characterization schemes become necessary to �nd
ways to push accuracies into even smaller orders of magnitude. The results
of the characterization methods are presented in the next chapter.
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Chapter 6 Results

Experimental results come from ensemble measurements with N = 104 in
contrast to the single-shot measurements of Sec. 7.5. The package QuTiP
was used in much of the analysis [84].

Cavity resonant frequency ωr/2π 10.626 761 0(40)GHz
Cavity bare resonant frequency ωbare

r /2π 10.6193(11)GHz
Cavity external losses κext/2π 3.0312(86)MHz
Cavity internal losses κint/2π (4.0 ± 4.0)kHz

Qubit resonant frequency ωa/2π 7.888 553 28(42)GHz
Qubit anharmonicity α/2π ≈ −328 MHz
Dispersive shift χ/2π ≈ 1.5 MHz
Single photon power Psingle ≈ −135 dBm
Critical photon number ncrit ≈ 50
Coupling g/2π ≈ 198 MHz

Relaxation time T1 (27.8 ± 2.3)µs
Dephasing time T2 (14.8 ± 2.0)µs
Dephasing time (Ramsey) T ∗

2 (15.1 ± 2.3)µs
Dephasing time (echo) T echo

2 (16.9 ± 1.8)µs

Dephasing time, beating T beating
2 (13.6 ± 2.1)µs

Dephasing time, beating (Ramsey) T ∗beating
2 (14.0 ± 2.3)µs

Table 4: Collected parameters of the sample. Statistics on a collection of
identical experiments led to the given values.

6.1 Quantum Process Tomography (QPT)

QPT was carried out for each Cli�ord gate, averaging over 105 runs for every
experimental con�guration. Gate �delities are given in Fig. 6.5. The Pauli
transfer matrices of the three most important Cli�ord gates Id, X90 and Y90

are visualized in Fig. 6.1 with average gate �delities of ≥ 0.99.

6.1.1 Decoherence Model

QPT was also employed to con�rm the decoherence model from Sec. 2.6.
After a variable idle time, ranging up to 52µs, the process that has occured
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Figure 6.1: QPT estimate of the Hilbert-Schmidt matrix of the three Clif-
ford gates Id, X90 and Y90 with their respective gate �delity F . Red bars
symbolize a negative value.

was evaluated by QPT. From the χ-matrix, the average gate �delity Favg

was calculated with Eq. (2.90) and plotted in Fig. 6.3.
The theoretical curve from the decoherence model is calculated with

T1 = 27.33µs and T ∗
2 = 12.28µs, which are di�erent values from the ones

in Tab. 4, but stem from the Ramsey experiment in Fig. 6.2. Another two-
level system with coherence time T

∗(beating)
2 = (12.17 ± 0.53)µs couples to the

qubit, modulating the Ramsey oscillation additionally. This data was taken
at the day of the decoherence QPTs with several weeks distance to the ma-
jority of experiments of the work. The small errors on the coherence times
in Tab. 4 must therefore be taken with utter care.

From a weak beating signal in the Ramsey measurement (Sec. 5.2.5)
it was already evident that a second unknown two-level system interacted
with the transmon qubit, which happens in some cool-downs by coinci-
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Figure 6.2: Ramsey experiment to determine the qubit coherence time
T ∗beating

2 . Another two-level system couples to the qubit, resulting in
an additional cosine modulation that is exponentially decaying with rate
(12.1 ± 1.1)µs.
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Figure 6.3: Slow Ramsey oscillation (red) from a series of QPTs with control
frequency ωct that is detuned from the actual qubit frequency ωa. When this
e�ect is accounted for by ∆ω = 45.57 kHz (brown), the expected exponential
decay shows only a small beating signal with ωb ≈ 220 kHz. A conventional
T2-measurement (blue) con�rms the result with good precision.

dence [85]. Thus, at �rst, the optimization of ωct yielded a mean value
of the actual qubit frequency ωa and the frequency of the disrupting system
ωbeating
a at ωct = 7.843 553 28(42)GHz. In the experiment, this resulted in a

low-frequency oscillation around the z-axis with (43.51 ± 0.22)kHz. With a

Page 74



6. RESULTS

Fourier analysis of the Ramsey oscillations the qubit frequency was found
to be ωa = 7.888 553 28(42)GHz, which corrected ωct by ∆ω = 45.57 kHz,
cancelling the low-frequency oscillations as expected.

The oscillating decay of the average gate �delity in the QPT measurement
con�rms the standard T2-measurement, showing a similar oscillating decay
in the ⟨σz⟩ expectation value. The �tting gives coherence time values of
TQPT

2 = 15.9µs and T2 = 15.4µs; and beating frequencies ωQPT
b = 219 kHz and

ωT2

b = 218 kHz respectively.

6.2 Randomized Benchmarking (RB)

State-of-the-art interleaved randomized benchmarking (IRB) uses gate se-
quences that exceed multiple hundred gates [7, 25]. Although the sample's co-
herence times allow such numbers, hardware limitations in the setup (FPGA
memory of only 6µs, input pulse power) reduced it to 23 gates23. For stan-
dard RB (SRB) 8 di�erent sequence lengths m = {2,5,8,11,14,17,20,23}
were chosen. For each m 50 di�erent random sequences were run experimen-
tally, see Fig. 6.4. The same was repeated for IRB for all 24 Cli�ord gates,
yielding the decay rates pi and gate �delities Fi, depicted in Fig. 6.5.

The �delities of IRB are constantly higher than the ones of QPT. That
IRB over-estimates due to insensibility to coherent errors was recently re-
ported in [36].
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Figure 6.4: Interleaved randomized benchmarking (IRB) for Cli�ord gates.
Out of 23, the three most important ones are shown. The reference of stan-
dard RB is shown on the right. Experimental data (yellow dots) is averaged
(orange crosses) and �tted with an exponential decay (red line) for sequence
lengths of up to 23.

23The average Cli�ord gate has t̄g = 1,875 ⋅ 48 ns = 90 ns. If a three-fold Cli�ord gate is
chosen for IRB, the length of the protocol is t = m(3 ⋅ 48 + 90)ns ≤ 6µs. The inequality
breaks for m = 25.6, but because gates are chosen randomly m = 23 is feasible in 98% of
the cases.
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Figure 6.5: Decay rates and gate �delities of IRB and QPT. Standard RB
is the reference on the utmost right. Only few values excel the threshold of
the decoherence model for tg = 48 ns.

6.3 Gate Set Tomography (GST)

The most basic GST consists of 40 experiments, each is here carried out
N = 106 times. The provided python package pyGSTi [86] gives the initial
linear estimate (LGST), Tab. 7, and the gauge-�xed and, due to physical-
ity, projected estimate (PGST), Tab. 8, both given in the supplementary
Sec. A.1.

The LGST estimate does not meet the condition that the �rst row of a
Hilbert-Schmidt matrix is always (1,0,0,0). Nevertheless, deviations from
the ideal are considerably smaller than at the other entries. The projection
clearly solves this problem for the PGST estimate. In both cases, the other
element of the POVM is omitted since it is exactly 1 −E.

6.4 Self-Consistent Quantum Tomography (SCQT)

The SCQT consists of 49 experiments, see Fig. 2.6. SCQT estimates in
the thesis were calculated using numerical codes provided by T. Sugiyama.
A software package for constraint nonlinear optimization problems, called
IPOPT [87], is used for solving minimization in the codes.

Fig. 6.6a shows that the β-parameter from Eq. (2.80) does not alter the
results signi�cantly for di�erent data sizes ranging from N = 103 to 106,
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therefore β = 1 was chosen. In the same range, the convergence behavior for
N →∞ of LGST, PGST and SCQT were analyzed. Theory claims that the
estimate of SCQT converges to a gauge-equivalent class of the true gate set,
which clearly may not be the true gate set. The probability distributions
pi from SCQT, see Eq. (2.78), and the ones from LGST converge to the
true, empirically determined probability distribution fi. PGST's probability
distribution does not necessarily converge to the true one [23, 26, 29].

The experimental results in Fig. 6.6b attest that SCQT not only converge
to the experimental probability distribution, but converges faster. However,
the convergence of the LGST estimate in opposition to the PGST estimate
is not visible from the experiment.

For the �nal analysis N = 106 were chosen. The results are in Tab. 9,
where deviations of up to O(10−1) from the ideal can already be found. A
discussion in detail follows in the next chapter.
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Figure 6.6: (a) Behavior of SCQT estimate with the β-parameter, which
itself shows little e�ect on the 2-norm distance between the SCQT estimate
and the experimental data from Eq. (2.82). (b) Convergence behavior of
characterization methods. Experiment con�rms SCQT's convergence, fails
however to ratify the convergence of LGST in constrast to PGST.
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Chapter 7 Discussion

In this chapter, results of various characterization methods and their derived
quantities are compared to SCQT and analyzed in detail. At last, a proof-
of-principle with single shot readout is provided.

7.1 Gate Fidelity F

Basic GST and SCQT estimate only the gates Id, X90 and Y90, thus, these
three were picked for comparison from the IRB and QPT results in Fig. 6.5.
With the values of T1 and T ∗

2 (see Tab. 4), an upper limit of 0.9987 was
calculated, caused simply by e�ects of decoherence in the 48 ns long gate
action.

Both GST �delities exceed the decoherence bound, where the LGST is
even greater than one, hence, unreasonable. IRB produces results close to
error rater of 10−3, but whether conventional IRB over-estimates or really
re�ects gate �delity is in question [36, 37]. QPT and SCQT values are well
below that threshold and vary signi�cantly, with SCQT continuously giving
a higher estimate. It is noteworthy though that there is no reasonable ex-
planation for a Id-gate to be less accurate than a π/2-rotation of same gate
action time, as seen in the QPT results.
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Figure 7.1: Gate �delities of di�erent characterization methods for Cli�ord
gates Id, X90 and Y90. The dashed line shows the theoretical limit for Favg

from the decoherence model for gate time tg = 48 ns.

Page 78



7. DISCUSSION

7.2 Error Generators

With the formalism from Sec. 2.7 derived expressions for T1 and T2 of the Id-
gate are compared to the direct experimental values in Tab. 5. The accuracy
is drastically mitigated, because the calculation involves the inverse of a very
small number, see Eq. (2.97). Both GST methods produce unreasonable
results as one includes a negative coherence time and the other one T2 > T1,
which re�ects previous shortcomings of the estimate in terms of gate �delity.
QPT and SCQT are closer, but still far away from quantative importance.

Direct QPT LGST PGST SCQT

T1 = 28µs 13µs 37µs 17µs 41µs
T ∗

2 = 15µs 8µs (−231µs) 30µs 11µs

Table 5: Derived coherence times from di�erent estimates on the Id-gate.

7.3 Physicality

Gate sets were estimated by the various characterization methods and then
analyzed concerning their physicality. Physicality criteria for the intial state
ρ and POVM Π are described in Sec. 2.1.2; for the processes, their CJ repre-
sentation from Sec. 2.4.4 was calculated and the positivity of their eigenvalues
checked. The results are listed in Tab. 6.

QPT only presents estimates on the processes. These were physical. The
linear GST does not result in physical gate estimates. This is not surpris-
ing, since the additional projection protocol in PGST warrants physicality.
Therefore, both PGST and SCQT yield physical gate sets.

QPT LGST PGST SCQT

ρ � ✓ ✓ ✓

Id ✓ 2 EV: −O(10−3) ✓ ✓

X90 ✓ 2 EV: −O(10−2) ✓ ✓

Y90 ✓ 1 EV: −O(10−2) ✓ ✓

Π � ✓ ✓ ✓

Table 6: Physicality of the estimated gate sets of quantum process tomogra-
phy (QPT), linear (LGST) and projected gate set tomography (PGST), and
the self-consistent quantum tomography (SCQT).
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7.4 Noise Identi�cation

IRB cannot distinguish between di�erent errors, because it only provides a
single parameter, the gate �delity F . SCQT estimates the whole gate set
and �nds the origin of error even for already high precision experiments -
an invaluable information for further improvement of gate accuracy. Here,
intentional amplitude damping and unitary errors were implemented and
characterized with the two protocols.

Amplitude Damping. When there is additional idle time added to the
gate time tg, decoherence takes place, causing amplitude damping of the
quantum state. Experiments were executed with a collection of di�erent idle
times {0.1tg,0.5tg,1.0tg,3.0tg}. Results are shown in Fig. 7.2. As expected,
for longer idle times, more amplitude damping is visible and lower gate �-
delity is too.
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Figure 7.2: Noise identi�cation of amplitude damping. Gate �delities for
increased idle times between gates for IRB and SCQT, testing the three gates
Id, X90 and Y90. From above, the length of the amplitude vector is depicted,
showing weak correlation with the decreasing gate �delity.

Unitary errors. They are over/under-rotations, easily implemented by a
longer control pulse. In SCQT, the gates X90 and Y90 were both equipped
with an extra rotation of

{π/90, π/40, π/25, π/20, π/10} = {2.0○,4.5○,7.2○,9.0○,18.0○}

around their respective axis, chosen with consideration of Eq. (2.99), la-
beled ++. The experiments were repeated for positive unitary error (= over-
rotation) in X90 and negative unitary error (= under-rotation) in Y90, which
is labeld +−.
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Figure 7.3: Noise identi�cation of unitary errors. (Top) Gate �delities for
gates with unitary error, characterized by IRB and SCQT, testing the three
gates Id, X90 and Y90. (Bottom) Angles of additional rotation in experiments
with intentional unitary errors. The SCQT estimate predicts the error cause
well.

In IRB, π/2-rotations were given such over-rotations. Since all Cli�ord
gates are combinations of π/2-rotations respective unitary errors trickled-
down. Gate �delities are compared in Fig. 7.3. In accordance with the
expectation, bigger unitary errors led to a smaller gate �delity and the idle
gate is una�ected within statistical �uctations.

To determine the experimental angle of over-rotation, �rst, the axis of
rotation is con�rmed. Indeed, the (faulty) axis of over-rotation of the lower
3 × 3 submatrix of the Pauli transfer matrix is su�ciently close to the ideal
axis that the approximation by the ideal one is reasonable. Second, the angles
of over-rotation are evaluated, see bottom of Fig. 7.3, from where it is clear
that SCQT can predict the error cause of over-rotation even for small angles.

Furthermore, SCQT predicts the angle of over/under-rotation more accu-
rate than IRB. Even if the rotation axis and the sign of the erronous angle is
assumed to be known, calculations from IRB's gate �delity do not reproduce
the angles as precisely.

If IRB gives low gate �delity, it is impossible to infer, whether amplitude
damping, unitary error or other reasons are the source. In SCQT, the gate
estimates are Pauli transfer matrices, from which it is possible to deduce the
origin of error.
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7.5 Single Shot Proof-of-Principle

Averaged measurement is the default measurement scheme in this thesis, yet
quantum information processing requires single shot measurements. This
section provides evidence that averaged and single shot mode concur in their
conclusions, if not quantitatively, then qualitatively.

Every experiment was repeatedN = 105 times, followed by a post-selection
that picked only runs, where the initial state was (non-destructively) mea-
sured to be in ground state. The reference spots of ∣g⟩ and ∣e⟩ in the IQ
plane where determined by previous measurements, where �uctations were
negligible when compared to measurement noise. After postselection each
of the 49 runs maintained a statistical wealth of circa 9.3 ⋅ 104 datapoints.
Gaussian control pulses without DRAG of 15 ns (not 12 ns as before) were
employed.

The gate �delities for the gates Id, X90 and Y90 are 0.9983, 0.9978 and
0.9972 respectively, which corresponds well to the previous values in Fig. 7.1.
Concerning the physicality of the estimate, single shot SCQT reproduces
the physicality of the SCQT results from Tab. 6. Thus, it is fair to judge
the analysis, done on results from averaged measurements, representative for
future single shot experiments.
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Chapter 8 Conclusion

The novel scheme of self-consistent quantum tomography (SCQT) [26] was
experimentally examined using a single superconducting qubit of transmon
type in a 3D architecture. On grounds of the estimated gate set vital parame-
ters of quantum information processing as well as measures used in validation
and veri�cation protocols were discussed. The results analyzed the agreement
with the outlined decoherence model; gate �delity; error generators and their
predictive power for coherence times; the physicality of all gate set elements;
and the power to distinguish between noise channels of over/under-rotation
and amplitude damping as well as to quantify these errors. This was com-
pared with results from well-established characterization methods, that are
quantum process tomography (QPT), interleaved randomized benchmarking
(IRB) and two variants of gate set tomography, linear (LGST) and projected
(PGST).

SCQT reproduces many of the promised advantages, especially when con-
trasted with QPT and IRB. It provides a complete gate set of initial state,
gates in question and POVM, does so without SPAM errors and is fairly easy
to implement.

While GST does not meet both criteria of gauge-equivalence and phys-
icality, SCQT ful�lls them simultaneously. The experimental data con�rms
this. The GST package [86] o�ers, after years of development, a vast source
of tutorials, explanations and extensions to higher orders of precision by error
ampli�cation, higher dimension of quantum systems and number of qubits.
Unsurprisingly, the applied version of SCQT is the �rst of its generation and
therefore succinct. Extensions to qutrits, multiple qubits and their crosstalk
are currently in development.

As the night is dark and full of errors, sophisticated characterization pro-
tocols are needed to better understand various types of noise. Real laboratory
scenerios include also non-Markovian and time-dependent noise, which have
been neglected in this thesis. It will be indispensible to address them in
future QCVV protocols for the rise of full-�edged quantum computing.
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Chapter A Appendix

A.1 Gate set estimates from GST and SCQT

Here, the results of the gate sets from linear (LGST) and projected gate
set tomography (PGST) from Sec. 6.3 as well as self-consistent quantum
tomography (SCQT) from Sec. 6.4 are shown. Each of the gate sets consists
of an initial state ρ, three gates G0, G1 and G2, which are targetting Id, X90

and Y90, and the POVM elements E and 1−E. For GST estimates, only E is
shown, as the experimental results for 1−E are identical with the theoretical
values of this expression. In SCQT, this is not the case, which is why both
elements are listed.

ρ (
1 0
0 0

)

G0

⎛
⎜
⎜
⎜
⎝

1 +O(10−7) −O(10−7) O(10−6) −O(10−7)

−O(10−3) 1 +O(10−4) O(10−3) O(10−3)

O(10−3) −O(10−2) 1 +O(10−3) −O(10−3)

O(10−3) −O(10−4) −O(10−4) 1 −O(10−3)

⎞
⎟
⎟
⎟
⎠

G1

⎛
⎜
⎜
⎜
⎝

1 +O(10−6) −O(10−6) O(10−6) −O(10−6)

−O(10−4) 1 −O(10−3) −O(10−4) O(10−4)

−O(10−3) O(10−3) −O(10−3) −1 +O(10−3)

O(10−3) O(10−2) 1 +O(10−3) −O(10−3)

⎞
⎟
⎟
⎟
⎠

G2

⎛
⎜
⎜
⎜
⎝

1 +O(10−6) −O(10−6) O(10−6) −O(10−6)

−O(10−2) −O(10−2) −O(10−3) 1 +O(10−2)

O(10−3) −O(10−2) 1 +O(10−3) −O(10−3)

−O(10−2) −1 +O(10−2) O(10−3) O(10−2)

⎞
⎟
⎟
⎟
⎠

E (
0.997 0.006 + 0.005i

0.006 − 0.005i 0.003
)

Table 7: LGST gate set estimate.
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ρ (
0.998 0.002 − 0.005i

0.002 + 0.005i 0.002
)

G0

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 1 −O(10−3) −O(10−2) O(10−3)

0 −O(10−2) 1 −O(10−3) −O(10−3)

0 −O(10−4) O(10−4) 1 −O(10−3)

⎞
⎟
⎟
⎟
⎠

G1

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 1 −O(10−4) −O(10−3) O(10−4)

0 −O(10−5) −O(10−3) −1 +O(10−4)

0 O(10−3) 1 −O(10−4) −O(10−3)

⎞
⎟
⎟
⎟
⎠

G2

⎛
⎜
⎜
⎜
⎝

1 0 0 0
0 −O(10−3) −O(10−3) 1 −O(10−4)

0 O(10−3) 1 −O(10−4) O(10−3)

0 −1 +O(10−4) O(10−3) −O(10−3)

⎞
⎟
⎟
⎟
⎠

E (
0.999 0.007 − 0.001i

0.007 + 0.001i 0.001
)

Table 8: PGST gate set estimate.
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ρ (
0.9993 0.0030 + 0.0014i

0.0030 − 0.0014i 0.0007
)

G0

⎛
⎜
⎜
⎜
⎝

1 0 0 0
O(10−4) 1 −O(10−3) O(10−2) O(10−4)

O(10−3) −O(10−2) 1 −O(10−3) −O(10−3)

O(10−3) O(10−7) O(10−4) 1 −O(10−3)

⎞
⎟
⎟
⎟
⎠

G1

⎛
⎜
⎜
⎜
⎜
⎝

1 0 0 0

O(10−3) 1 −O(10−4)
☀
O(10−1) O(10−2)

−O(10−4) O(10−2) O(10−3) −1 +O(10−3)

−O(10−3) −
☀
O(10−1) 1 −O(10−3) O(10−3)

⎞
⎟
⎟
⎟
⎟
⎠

G2

⎛
⎜
⎜
⎜
⎜
⎝

1 0 0 0

O(10−4) O(10−2) −
☀
O(10−1) 1 −O(10−3)

−O(10−4) −O(10−2) 1 −O(10−2)
☀
O(10−1)

−O(10−3) −1 +O(10−3) −O(10−2) O(10−3)

⎞
⎟
⎟
⎟
⎟
⎠

E (
0.99758 0

0 0.00050
)

1 −E (
0.00242 0

0 0.99950
)

Table 9: SCQT gate set estimate. Large errors are highlighted by
☀
.
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A.2 Classical Hamiltonian of Cooper Pair Box

The following calculation follows [49]. The kinetic part T of the Cooper Pair
Box Lagrangian is

T =
Cg

2
φ̇2
J +

Cj
2
φ̇2
J =

CΣ

2
φ̇2
J, (A.1)

where CΣ = Cg + Cj is the total island capacitance and φJ is the node �ux
variable.

The potential term U in the Lagrangian includes the Josephson term and
the external source energy. The latter is the voltage Vg times the charge on
the supply-side of the capacitor. This charge can be written as the voltage
across the gate capacitor −φ̇J times the gate capacitance Cg

U = −EJ cos δ + VgCgφ̇J. (A.2)

The conjugate momentum is the charge in the island plus an e�ective
o�set charge

QJ =
∂L

∂φ̇J
= CΣφ̇J + VgCg. (A.3)

It follows that

H = QJφ̇J − L =
(QJ −CgVg)2

2CΣ

−EJ cos δ. (A.4)
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