
 
 

 

DISSERTATION / DOCTORAL THESIS 

Titel der Dissertation /Title of the Doctoral Thesis 

„Theory and simulations of designable modular bionic  
proteins“ 

 

verfasst von / submitted by 

Dott. Chiara Cardelli 
 

angestrebter akademischer Grad / in partial fulfilment of the requirements for the degree of 

Doktorin der Naturwissenschaften 
Doktorin der Natural Sciences (Dr. rer. nat.) 

Wien, 2018 / Vienna 2018  

Studienkennzahl lt. Studienblatt / 
degree programme code as it appears on the student 
record sheet: 

A 796605411 

Dissertationsgebiet  lt. Studienblatt / 
field of study as it appears on the student record sheet: 

Physik 

Betreut von / Supervisor: 

 

 

Univ.-Prof. Mag. Dr. Christoph Dellago 

 





Contents

Abstract v

Zusammenfassung vi

Danksagung viii

Preface ix

Introduction 1

1 The role of directional interactions in the designability of

generalized heteropolymers 21

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.2 Results and discussion . . . . . . . . . . . . . . . . . . . . . . 26

1.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

1.4 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2 General methodology to identify the minimum alphabet size

for heteropolymer design 43

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

2.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

2.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

iii



2.4 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3 Heteropolymer design and folding of knots 61

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.2 Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.2.1 Patchy polymer models . . . . . . . . . . . . . . . . . . 64

3.2.2 Designing and folding specific knots . . . . . . . . . . . 82

3.3 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

Appendices 87

A The role of directional interactions in the designability of

generalized heteropolymers - supplementary material 89

A.1 Supplementary theory . . . . . . . . . . . . . . . . . . . . . . 89

A.2 Symmetry of patches on the surface . . . . . . . . . . . . . . . 90

A.3 Supplementary results figures . . . . . . . . . . . . . . . . . . 91

A.4 Isotropic heterogeneous interactions matrices . . . . . . . . . . 96

B General methodology to identify the minimum alphabet size

for heteropolymer design - supplementary material 99

C Heteropolymer design and folding of knots - supplemental

material 101

C.1 Isotropic heterogeneous interactions matrices . . . . . . . . . . 108

Bibliography 113



Abstract

Self-assembly is the process by which a set of building blocks spontaneously

reaches a stable pre-determined ground state with well defined structure.

The large number of potential applications, such as active response to the

environment [1] or catalysis, makes self-assembling a most researched feature

in material science.

Heteropolymers are important examples of self-assembling systems [2,3],

where the structure is determined by the sequence along the chain of an

alphabet of building blocks. The technology for the synthesis and manipu-

lation of heteropolymers is already advanced [4]. However, so far it has not

been possible to design systems that both form precise structures and have

a high variability of these structures, comparable to what proteins (natural

heteropolymers) can achieve.

In this doctoral thesis, I demonstrate through computational studies over

a broad spectrum of polymer geometry and alphabets that directional inter-

actions allow to design heteropolymers with precision and variability compa-

rable to proteins.

I introduce a computational method to measure the number of accessible

compact configurations of a polymer to verify, following the predictions of the

mean field theories for protein freezing [5], that the role of the directional

interactions is to reduce such number, that is connected to the minimal
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Abstract

alphabet necessary to design the polymer.

Moreover, I introduce a simple and experimentally accessible criterion

based on the radial distribution function [6], to discriminate a priori des-

ignable from not-designable polymer backbones. I show that this criterion is

fulfilled both by for natural proteins than for our designable heteropolymers.

The latter two tools can guide the engineering of new types of self-

assembling heteropolymers that will open new applications for polymer-based

materials science.

Finally, I present a computational study of designed heteropolymer con-

formations with complex knotted topologies. The unprecedented self-assembled

knotted structures can then be externally locked simply by controlling the

interaction between the end monomers, paving the way to applications in the

design and synthesis of active materials and novel carriers for drug delivery.
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Zusammenfassung

Self-assembly ist der Prozess, bei dem ein Satz von kleinen Bausteinen sich

spontan zu einer vorbestimmten, stabilen Struktur zusammensetzen. Die

zahlreichen potentiellen Anwendungen, wie Katalyse oder aktive Reaktion

auf die Umwelt [1], machen self-assembly zu einem der aktivsten Forschungs-

gebiete in den Materialwissenschaften.

Heteropolymere sind wichtige Beispiele für solche self-assembling Sys-

teme [2, 3]. Sie sind Ketten, die aus kleineren Bausteinen zusammen gesetzt

sind, die einem sogenannten Alphabet entnommen werden. Die räumliche

Struktur in der sich ein Heteropolymer anordnet, ist durch die Reihenfolge

der Bausteine entlang der Kette bestimmt.

Die Technologie für die Synthese und Manipulation von Heteropolymeren

ist bereits fortgeschritten [4]. Es ist jedoch noch nicht möglich Systeme zu

designen die viele unterschiedliche Strukturen präzise formen können, wie

das Proteine (natürliche Heteropolymere) tun.

In dieser Dissertation demonstriere ich durch computergestützte Studien

eines breiten Spektrum von Polymergeometrien und Alphabeten, dass direk-

tionale Wechselwirkungen es erlauben, Heteropolymere mit Präzision und

Variabilität vergleichbar derer von Proteinen zu designen.

Mean Field Theorien für Protein freezing [5] zeigen, dass es, um Het-

eropolymere zu designen, notwendig ist, die Anzahl der zugänglichen Konfig-
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Zusammenfassung

urationen zu reduzieren, die mit dem minimalen Alphabet zugänglich sind.

Ich führe eine Methode ein, die zeigt, dass direktionalen Wechselwirkungen

diese Rolle erüllen.

Weiters, führe ich ein einfaches und experimentell zugängliches Kriterium

basierend auf der radial distribution function [6] ein, das designbare von

nicht-designbaren Polymer-backbones unterscheidet. Ich zeige, dass dieses

Kriterium sowohl von natürlichen Proteinen als auch von den von uns unter-

suchten designbaren Heteropolymeren erfüllt wird.

Die beiden letztgenannten Resultate sind Leitlinien für die Entwicklung

neuer Arten von self-assembling Heteropolymeren, die neue Anwendungen

für die Polymer-basierten Materialwissenschaften eröffnen.

Am Schluss, stelle ich eine Studie von designbaren Heteropolymerkonfor-

mationen mit komplexen verknoteten Topologien vor, die den Weg zu An-

wendungen in der Konstruktion und Synthese von aktiven Materialien, sowie

zu neuen drug-delivery Methoden ebnen können.
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Introduction

The topic of this thesis is in general terms the approach of learning from na-

ture, through computer simulations, to create new self-assembling materials.

Self-assembly is one of the most researched subjects both in material science

and in biophysics. In the process of self-assembly, building blocks spon-

taneously reach a stable ground state with organised spacial arrangement,

driven by weak (non-covalent) interactions. However, the term does not have

a unanimous formal definition in literature. Therefore, different processes,

from the self-organisation of molecules into supramolecular structures to the

growth of semiconductor quantum dots on solid substrates, have been called

self-assembly. Here, we follow the definition in Ref. [7], restricting the term to

“processes that involve pre-existing components (separate or distinct parts

of a disordered structure), are reversible, and can be controlled by proper

design of the components”.

Self-assembly was studied originally in bio-chemistry, where it plays a

fundamental role in many biological processes, since it is the way nature

builds most of its complex structures. Examples are the folding of proteins

into their native 3D structures, or the assembly of nucleic acids – RNA and

DNA – into their functional forms (e.g. t-RNA).

By observing nature, it becomes clear that self-assembly can have great

potential also in engineering artificial materials. In fact, by simply designing

1



Introduction

an appropriate set of building blocks, a desired 3D structure can self-assemble

without external intervention. This feature makes the process extremely ver-

satile and low-cost, and thus promising for large-scale production of mate-

rials. Moreover, since the desired structure is the thermodynamically stable

ground state of the system, self-assembled systems spontaneously avoid de-

fects and thus the desired structure is obtained with a high precision. Another

characteristic of self-assembly is reversibility, a property not generally pos-

sessed by materials constructed with other methods, that potentially enables

to create materials sensitive to perturbations and able to adapt to changes in

the environment. Finally, self-assembly can be hierarchical, as demonstrated

by nature through DNA strands that can, in turn, self-assemble into bigger

structures up to chromosomes, or different protein chains that assemble into

complex quaternary structures (e.g. hemoglobine).

Self-assembly of artificial heteropolymers

Self-assembly can occur with building blocks of different length scales, from

the nanoscale, including molecular self-assembly, to the microscale. At the

nanoscale, self-assembly has many possible applications ranging from sens-

ing and imaging devices, syntheses of 3D photonic crystals for novel optical

computers or photovoltaic cells, to nanomachines and drug delivery [8].

At the mesoscopic and microscopic scale, notable self-assembly examples

are realised from colloidal particles, such as colloids with different exotic

shapes [9], colloids coated with DNA strands [10] colloidal particles with

“patches” (anisotropic points) [11,12]. In particular, the latter patchy parti-

cles, assemble both computationally and experimentally into patterns with

various complex three-dimensional architectures (see following reviews [13–

2



Self-assembly of artificial heteropolymers

16] and the works in Ref. [12, 17–21]), and allow the direct experimental

observation of self-assembly in real time using confocal microscopy [22].

However, in the examples mentioned above as well as in most other self-

assembling systems, in order to obtain a different final structure, pattern, or

material, it is necessary to construct a new set of building blocks. Differently

in nature, by only using the same set – also called alphabet– of 20 amino acids,

proteins can fold into a huge number of different 3D structures. Similarly,

nucleic acids assemble into their different functional forms by using only four

different nucleotides.

Both proteins and nucleic acids are heteropolymers: the final 3D self-

assembled structure is determined by the sequence of the building blocks

along a polymer chain. The identification of the sequence that drives the

polymer to fold into a chosen target structure is normally referred to as

design. In what follows, we define as designability the property of a het-

eropolymer to have at least one sequence that reliably folds into a unique

target structure [5]. The 3D structural information is determined by a 1D

sequence information, always using the same alphabet of building blocks.

This strategy is very convenient for nature, because it limits the number of

building blocks from nature to synthesize (or acquire from outside), and for

the same reason it would also be a very convenient approach to the fabrica-

tion of artificial materials. DNA was already taken as inspiration for novel

artificial materials [23], such as DNA-origami [24] or DNA molecular spiders

and nanorobots [25, 26]. However, DNA assembles in functional forms that

fluctuate among similar degenerate structures more with respect to proteins

in their native structures, since it does not need a fixed precise structure for

its natural purposes. Instead most proteins, with the exception of a few ones

called disordered proteins, fold into their unique 3D structures and maintain
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it fixed with very high precision up to 1 Å [27] (as root mean square displace-

ment RMSD from the native structure). Such high precision is fundamental

for most protein functions. For instance, many proteins serve as catalyzers

(enzymes), and thus must have a precise shape of their active sites to ensure

specificity in the bonding of the desired ligand. In addition, the amino acid

alphabet is extremely versatile, since with only 20 letters it is possible to con-

struct the 139807 known proteins in the Protein Data Bank [27]. Both this

high variability of possible very different structures and the high precision of

the self-assembled structure make proteins an ideal source of inspiration for

novel materials. However, up to know it has not been possible to construct

artificial heteropolymers with such precision and variability.

Figure 1: Example of AB block copolymer microphase separations. Figure repro-

duced from Ref. [28].

4



Self-assembly of artificial heteropolymers

Nevertheless, in material science artificial heteropolymer synthesis and

manipulation is at an advanced stage. For instance, it is possible to synthesize

block copolymers, polymers consisting of blocks of different monomers or, in

other words, with sequences of long blocks of repeating monomers.

Commonly block copolymers are formed by two different chemical blocks

(AB copolymers) and are synthesised though different techniques that control

the length of the different blocks, allowing low polidispersity. Triblocks [29],

tetrablocks [30, 31], or star polymers – linear chains connected to a central

core – with up to 7 blocks [32] can also be made. In block copolymer melts

the blocks of different components tend to segregate, forming microphase

separated structure with various morphologies such as layer, cylindrical or

globular domains, depending on composition and temperature [4] (see Fig. 1).

However, they do not adopt a specific structure of each single chain.

Recently, efforts to overcome this limitation have been made [33–37]. In

particular, in the computational work presented in Ref. [2], Khokhlov and col-

laborators designed AB copolymer sequences to obtain microphase-separated

structures with better definition and larger characteristic length scales with

respect to simple symmetric AB copolymers. Another contribution in this

direction is given by Moreno et al. [3], in which a similar micro-phase sep-

aration is obtained by designing specific hydrophilic-hydrophobic patterns.

However, contrary to proteins, these two methodologies do not provide con-

trol over the detailed shape of the structure of a single chain.

An important contribution in designing heteropolymers with precise struc-

tures is represented by the “tube protein model” developed by Maritan and

co-workers [38, 39], in which total hydrophobicity and the bending rigidity

of the polymer “pre-sculpt” the conformational free energy landscape, mak-

ing the heterpolymer designable in some specific cases [38]. The authors
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can obtain the folding of a heteropolymer with 30 monomers into a precise

unique structure, by designing the sequence through an alphabet of 4 build-

ing blocks. In this model however, the number of possible target structures is

highly reduced to helical like structures, thus the variability of possible target

structures is not high. In a more recent work [40], the homopolymer recovers

protein-like secondary structures (both helix-like and β-strand like), but a

design of the heteropolymer to fold into a specific structure is not performed.

In a different version of the model, directional interactions are added [41] to

the homopolymer.

It seems extremely difficult to construct designable artificial heteropoly-

mer, especially to make them able to fold with a precision and variability of

structures comparable to the ones of proteins. What do artificial heteropoly-

mers lack that grant proteins such precision and versatility? Answering this

question, by understanding the features that control the designability of pro-

teins, is the key for the generation of new self-assembling materials. One

possible answer is that the self-assembly properties of proteins follow from

unique characteristics of their building blocks, i.e., from the unique arrange-

ment of the atoms in amino acids, from which follows the specific geometry

of the protein skeleton. A different answer could be, that it is possible to

narrow down from the complexity of proteins to a few simple key ingredients

that make the design process possible.

Computational methods are a powerful tool to address this question [42].

In fact, studies in silico can be both employed as a tool to reproduce phe-

nomena not directly observable experimentally, and also make it possible to

artificially isolate different ingredients of a phenomenon in order to under-

stand its nature. The latter can be achieved through coarse-grained models,

simplified representation with fewer degrees of freedom, that are widely used
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to simulate complex biological systems, such as proteins, nucleic acids, lipid

membranes or carbohydrates. Coarse-grained models have been introduced

to study complex phenomena that by using all-atom models would require

simulation times too long or systems too large to simulate for the state of the

art of the computational power available. An example of such complex phe-

nomena is protein folding [43]. In fact, the systematic folding of natural or

artificial sequences by using all-atom protein models it has been observed, to

the best of our knowledge, only in a few cases [44–52]. However, the impor-

tance of coarse-grained models is independent from computer engineering and

experimental advances. In fact, another fundamental use of coarse-graining

is helping in physically understanding a phenomenon, by artificially playing

with the different ingredients of a model and thus discriminate the essential

ones that make the phenomenon possible.

The simplest protein (and general heteropolymer) coarse-grained models

are the ones on lattice [53–58], in which the different monomers of a poly-

mer chain are arranged on a grid (see example in Fig. 2 a). A step towards

off-lattice coarse grained protein models is represented by the “Caterpillar”

protein model [59, 60], in which the specific interactions between the amino

acids are represented by different long range isotropic potentials for each dif-

ferent pair of amino acids, while the backbone hydrogen bonds are reproduced

by simple directional interactions (see Fig. 2 b). In his work the author has

designed several natural protein structures, and successfully demonstrated

that the artificially generated sequences were able to spontaneously reach

the target structures with high accuracy. Thus, the Caterpillar model high-

lights that two key ingredients seem sufficient to reproduce most of the self-

assembly properties of proteins: the directional interactions that mimic the

hydrogen bonds, and the specific sequence of heterogeneous interactions.

7



Introduction

hydrogen bonds

heterogeneous

isotropic interactions

Caterpillar model

Patchy polymer

heterogeneous isotropic interactions

directional interactions: patches

Lattice protein model

a) b)

c)

Figure 2: Schematics of different heteropolymer models.

a) An example of lattice protein model. b) The Caterpillar coarse grained protein

model [59,60]. The directional interactions are limited to the homogeneous direc-

tional interactions of the backbone, and the characteristic of different amino acids

(different colors in the figure) are introduced by long range heterogeneous isotropic

interaction. The spheres represent the self-avoiding diameter (4 Å) of the beads.

c) The patchy-polymer model. Here the directional interactions are represented

by patches, that can change in number and orientation.
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Self-assembly of artificial heteropolymers

The Caterpillar protein model has been used as inspiration for an artificial

heteropolymer model, the “patchy polymer” model [61, 62], consisting of a

polymer of patchy particles (see Fig. 2 c). In this model, the authors employ

the same key ingredients that have been proved to be fundamental by the

Caterpillar model and, in particular, the directional interactions are repre-

sented by the patches. Since the model does not aim at reproducing natural

protein structures, the geometry of the monomers in the patchy polymer is

different from the protein backbone geometry and different target structures

are obtained. For some specific cases, the patchy polymer has been proven

to precisely refold artificial sequences into unique target structures [61, 62].

The patchy-polymer model differs from non-designable traditional het-

eropolymer models mainly in the addition of the directional interactions to

the heterogeneous isotropically interacting monomers.

A question then spontaneously arise: what is the role of the directional

interactions in the designability of heteropolymers? In this doctoral thesis

in Chapter 1, I study heteropolymers with a broad spectrum of number M

of patches, obtaining completely new spaces of different target structures

with respect to protein-like structures. For each of these cases, I test the

designability of the heteropolymer for different alphabet sizes, by employing

the methodology of the Monte Carlo (MC) simulations SEEK, DESIGN and

FOLD (SDF) [62]. The SDF method is briefly described in the following.

i) SEEK: In this step, an extensive sampling of the heteropolymer confor-

mations and sequences is performed, by employing both conformational MC

moves and sequence mutation moves. The most designable target structure

is the global free energy minimum of this space, being the structure that is

the thermodynamically most favoured in the space of both the conformations

and sequences or, in other words, the structure that most sequences prefer.
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ii) DESIGN: optimizes the sequence to fold into the target structure cho-

sen, by performing an extensive sampling of possible sequences while main-

taining the structure fixed, and selecting the sequence found at the free energy

minimum.

iii) FOLDING: performs only conformational moves, starting from a stretched

structure while keeping the designed sequence fixed, in order to verify whether

the designed sequence has the global free energy minimum close to the target

structure, within a high precision in the range of fractions of the monomer

size. If the folding fails with the most favourable target structure, the het-

eropolymer with a certain number of patchesM and alphabet size q is labelled

as not designable as a whole.

Through the SDF method, I probe in Chapter 1 the emergence of des-

ignability by changing the numberM of patches per monomer, starting from

a standard heteropolymer (no patches) up to chains of monomers with 10

patches, for different alphabet sizes. I show that there is a sweet spot in the

number of directional interactions that allows to design heteropolymers that

self-assemble into a unique predetermined structure, with precision compara-

ble to what proteins can achieve. Such precision is obtained even up to small

alphabet sizes of q = 3, comparable to the state of the art of non-designable

block copolymers.

From the new spaces of target structures obtained through the SEEK

MC simulation, I show in Chapter 1 the emergence of a simple qualitative

criterion to discriminate designable from non-designable polymer backbones.

By computing the radial distribution function for each different M averaged

over the ensemble of target structures, I identify as designability criterion

the appearance of a particular peak that dominates over the peak relative to

the random packing of the heteropolymer. I show that the peak is a feature

10
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of designable heteropolymers, as it is also dominating the radial distribution

function of natural proteins. The criterion can probe the designability a

priori – without having to design and fold the heteropolymer – by only

looking at properties of the ensemble of possible target structures. It is also

experimentally accessible, by measuring the structure factor S(q) through

x-ray or neutron scattering of a population of polymers. Therefore, this

criterion can be used as a guideline to engineer new artificial heteropolymers

that can reach the full potential of biopolymers, to go beyond the current

protein- and DNA-based materials [23,33,63].

The peak can be interpreted as a qualitative measure of how much the

introduction of the patches confines the system to populate only conforma-

tions that fulfill the directional interactions, such as in proteins. In natural

proteins, in fact, it is known that the directionality of the hydrogen bonds

and the geometry of the backbone ’pre-sculpt’ the conformational space of

proteins to the sub-space of currently known proteins structures with specific

secondary structures [41, 64, 65], as it is shown for instance in recent works

by Giacometti and co-workers [66,67] where protein-like secondary structures

were obtained via a coarse-grained model where side chains introduced steric

interactions. This ’pre-sculpting’ seem to allow for the design of sequences

capable of selecting a unique target structure [60].

Measuring quantitatively the role of directional

interactions

The designability criterion in Chapter 1 suggests that the role of the direc-

tional interactions is in general that of pre-sculpting the accessible confor-

mational space of a heteropolymer, by making accessible only those confor-
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mations that fulfill the directional interactions, such as in proteins. This

suggests that it could be possible to find several other designable heteropoly-

mer skeletons, different from the protein one, that can have the same role.

Indeed the mean field theory for heteropolymer freezing, the Random

Energy Model (REM) [5, 53, 54, 68], predicts that it should be possible to

construct designable artificial heteropolymers by following the above prin-

ciple. The REM introduced the concept of protein freezing transition [53],

namely the transition between two phases of the polymer chain, of which one

is dominated by very few conformations with low discrete energies, while the

other is a continuum spectrum of exponentially many of them. Later ver-

sions of the theory [53,54,68], demonstrated that for a general heteropolymer

is possible to reach a “frozen” thermodynamic state dominated by a single

conformation, i.e., it is possible to design a heteropolymer to fold into a

unique target structure. In order for the system to be designable, it has to

be possible for the sequence to minimize the energy below the continuum

spectrum.

The REM introduced the concept of protein freezing transition [53], namely

the transition between two phases of the polymer chain, of which one is domi-

nated by very few conformations with low discrete energies, while the other is

a continuum energy spectrum of exponentially many of them. Later versions

of the theory [53, 54, 68], demonstrated that for a general heteropolymer is

possible to reach a “frozen” thermodynamic state dominated by a single con-

formation, i.e., it is possible to design a heteropolymer to fold into a unique

target structure. To identify heteropolymer with a single frozen conforma-

tions, the REM predicts that ones should look among the sequences with the

lowest energy in the target structure. Typically this procedure is carried out

with a Monte Carlo simulation with only sequence mutations and performed

12



Measuring quantitatively the role of directional interactions

at low temperature. The lower the energy of the designed heteropolymer, the

higher the heteropolymer stability. The REM dictates that for the system to

be designable, it has to be possible for the sequence to minimise the energy

below the continuum spectrum.

For this to be realisable, the number of conformations accessible by the

system needs to be reduced. In fact, a clear review of the REM can be found

in the work of Pande et al. [5], shows that for a system to be designable it

needs to respect the inequality :

q > eω (1)

where q is the number of different constituents (i.e., the alphabet size) and

ω is the conformational entropy per monomer of the system, defined as

the logarithm of the total number of accessible compact conformations per

monomer [5, 69]. The inequality 1 states that the designability of a het-

eropolymer increases with the alphabet size q and with decreasing the con-

formational entropy per monomer ω. It follows that the designability can

be enhanced either by increasing the alphabet size as in Go-models [70], in

which each amino acid is constructed to interact only with a specific subset of

residues, or by decreasing eω, meaning reducing the number accessible com-

pact conformations. In other words, the inequality 1 identifies the minimum

alphabet necessary to design a heteropolymer, that is the smallest integer

qmin greater than eω. Thus, by controlling ω it is possible to reduce the

alphabet size of components employed in the polymer synthesis.

It is important to stress that the compact polymer conformations are a

subset of total possible ones. For a lattice polymer – that is the test case for

the REM theories – the definition of compact conformation is unequivocal,

meaning a conformation with the maximum number of contacts possible on

a lattice. Lattice heteropolymers are also a straightforward way to reduce
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eω and obtain designable heteropolymers [53–58]. In fact, here the number

of accessible compact conformations is reduced, with respect to an off-lattice

polymer, by forcing the polymer to assume only conformations on the lattice.

For an off-lattice polymer, the results in Chapter 1 suggest that the role of

the directional interactions in terms of the REM might be that of decreasing

ω, by reducing the number of accessible compact conformations. However,

for off-lattice polymers the REM does not give an operative definition of com-

pactness, making it difficult to establish a general methodology to estimate

ω and in turn the designability of a heteropolymer.

In Chapter 2 we verify that the directional interactions indeed reduce ω,

by introducing a methodology to calculate ω for off-lattice polymers. The

methodology is based on estimating the total conformational entropy s, de-

fined as the logarithm of the total number of conformations (including non-

compact ones), for different numbers of patches. From s, we count firstly as

compact structures the ones selected as target structure in the designabil-

ity study in Chapter 1, that is the most designable target structure found

as global free energy minimum of the SEEK plus the the structures within

its thermal fluctuations (1 kBT from the minimum). We calculate eω, and

thus the computed minimum alphabet necessary to design those structures

qmin, and compare it with the verified minimum alphabet obtained by the

designability characterization in Chapter 1, for different numbers of patches.

Then, different compactness definitions are tested and linked to the vari-

ability of the different possible target structures. In fact, if the target struc-

ture is chosen further apart from the free energy minimum, it is expected to

be less designable. By enlarging the ensemble of compact structures, we cal-

culate how much qmin needs to be increased in order to design less favoured

structures. Thus, we show how much variability of different structures can
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Design of knotted polymers

be ensured for different numbers of patches, in order to identify the best

candidates with the highest variability of different structures.

The experimentally accessible criterion based on the radial distribution

function presented in Chapter 1 and the computational method in Chapter 2

can guide the engineering of new types of self-assembling heteropolymers that

can reach both the precision and versatility that proteins can achieve, and will

therefore open new applications for polymer-based materials. An example of

possible application is developed in Chapter 3, where I treat a particularly

challenging problem: the design of heteropolymers that spontaneously self-

assemble in complex pre-determined knotted topologies.

An application of self-assembling heteropoly-

mers: design of knotted polymers

As we are used to observe at the macroscopic level with ropes, knots form

spontaneously in polymer chains of sufficient length and flexibility and their

complexity increases as the polymer becomes longer [71–74]. Several studies

for different artificial polymer models have been performed [75–78]. The

computational work in Ref. [79] shows that knots or different complexity are

formed by clusters of Stockmayer particles – interacting via a Lennard-Jones

potential plus a point dipole – by changing the strength of the dipole. At

the molecular scale, knots are found both in DNA [80–83] and in about 800

native protein structures [84–88], as shown by a recent exhaustive analysis

of the PDB [89] (for an example of knotted protein see Fig. 3.4). As most

proteins, as well as our patchy polymers, consist of a backbone with two

ends, they cannot form knots in the mathematical definition that requires

a closed loop. However, imaginarily connecting the ends through different
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strategies [87,90,91] allows to analyse their knot topology. It has been shown

that knotted proteins are able to fold without the aid of chaperones, therefore

the folding path of the knot must be uniquely encoded in their amino acid

sequence [92–94]. On the contrary in DNA, its knotting and unknotting

is mediated by topoisomerase enzymes [81, 95, 96]. Clear recent reviews of

natural and artificial knots at different scales are found in Ref. [97–99].

As our everyday experience teaches us, knots have different applications

depending on their topology: the “bowline” permits to create a ring of fixed

size that does not shrink if the two lengths are pulled, the “figure-eight”

knot stops ropes from running out of a retaining device, the “clove hitch”

is best for tying a rope around an object. There is no reason not to specu-

late that several applications for knots could be found also at the molecular

or microscopic scale. In fact, studies show that knots enhance mechanical

and thermodynamical stability in knotted proteins [84, 86, 100–103] or poly-

mers [61]. This stabilisation of the polymer structure could have applications

in engineering cargo-carrier constructs, for instance for gene or drug deliv-

ery [104], as the stability of the structure of the cargo is essential to ensure

the success of the delivery [101, 105, 106]. Moreover, most known knotted

proteins are natural catalyzers (enzymes) and the knot is usually located

in the active site, therefore knots can have an important effect on catalytic

activity both in nature [107,108] and in synthetic polymer knots [109].

However, to this date the synthesis of a chosen knot topology is still a

challenging task. Most of the progress in this direction is represented by

molecular knots engineered via topological synthetic chemistry, a discipline

that started with the pioneering works of Sauvage and collaborators 30 years

ago [110]. Since then, different synthetic strategies have been tested for the

fabrication of the simplest knot – the trefoil knot – based on a combinations
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of covalent interactions and metal coordination using ligands with helical

shape [99] (for an example see Fig. 3.1). Only recently, a few examples

of more complex knots were synthesized: the pentafoil knot [111, 112], the

figure-eight (or Savoy knot) [113], and the 819 [114]. In the design of knotted

artificial polymers, the state of the art is still limited to design of sequences for

lattice polymers that enhance the total knotting probability, without being

able to design a specific knot [115]. Of the billions of types of knots existing,

only the four ones mentioned above have been selectively synthesized using

small building blocks, making the synthesis of specific knots still an open

problem.

In Chapter 3, we present a significant advancement to the solution of this

problem, showing that patchy polymers can be designed to fold into specific

chosen knot types with a precise structure, that can be locked externally

by closing the ends of the polymer. Through a Monte Carlo method that

enhances the correct sampling of different knots, we categorise the space of

possible knot types of patchy polymers. With a chain of only 50 monomers,

we observe a broad variety of knots of complexity up to 20 crossings, and

we estimate the occurrence probability for each knot type. We tested and

succeeded with high precision in the folding of all knot types experimentally

constructed up to now [110–114], plus also the unprecedented twist knot 52

and the complex pretzel knot with 10 crossings, the 10124 (see Fig. 3.3 and

3.6). Thus, our design strategy can be used as a guideline for experimental

construction of more complex knots.
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31

52

819

10124

1) 2)

3) 4)

5)

6)

Figure 3: Examples of experimentally and computationally obtained knots. On

the first two columns the name and symmetrical representation (from [116]) is re-

ported. 1) Example of 31 “catenane” synthesised structure from Ref. [117]. 2) Ex-

ample of computationally obtained 31 and 5) 819 structures from helical templates

from Ref. [118]. 4) 52 natural protein [84]. 3) 52 and 6) 10124 folded structures

obtained by designing patchy polymers in the present thesis, see Chapter 3.
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Outline of the thesis

The following three chapters consist each of self-contained scientific paper,

published or submitted to a peer-reviewed scientific journal. Thus, each

chapter is an independent work with its own abstract, introduction, results

and conclusions. Therefore, I ask the reader to excuse redundancies between

the chapters. In Chapter 1, lengths are in units of the radius of the monomer

bead to compare with previous works on the patchy polymers, in Chapter 2

and Chapter 3 the length unit has been changed to the diameter of the

monomer bead to conform to the customary standards used in the field.

The order of the chapters coincides with the order of the different subtopics

lined out in the introduction. Firstly, the reader can explore the open prob-

lem of self-assembly of artificial heteropolymers in Chapter 1, that shows

a designability characterization of a broad spectrum of different alphabet

sizes and different numbers of directional interactions. Here, we show that

the latter allow to design heteropolymers with high precision, comparable

to proteins. Moreover, we introduce a qualitative measure, based on the

radial distribution function, of the role of the directional interactions in

the designability of different classes of heteropolymers. This results in an

experimentally accessible criterion to discriminate a priori designable from

not-designable polymer backbones.

In Chapter 2, we develop a computational method to determine the min-

imum alphabet qmin necessary to design a heteropolymer, estimating quanti-

tatively the role of the directional interactions in reducing qmin to accessible

values. The method also allows to measure the variability of different pos-

sible target structures, as function of the number of directional interactions

(the patches). In this way, it is possible to estimate the best candidates of

number of patches that ensure the highest variability of designable target
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structures.

In Chapter 3, the reached high precision and versatility find an appli-

cation in the design of knotted polymers with chosen topology and precise

structures, that can have several applications as active materials, catalysers

and novel carriers for drug delivery.
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Chapter 1

The role of directional

interactions in the designability

of generalized heteropolymers

1.1 Introduction

Gaining control of self-assembly processes is key for the generation of smart

materials, with applications ranging from energetics [119], to photonic crys-

tals [120] and biomimetic scaffolding [121]. Among the most promising and

versatile classes of systems that undergo self-assembly are polymers com-

posed of monomers of different species, also known as heteropolymers [4,30,

122, 123]. Remarkable examples are natural self-assembling systems such as

DNA [24], RNA [124] and, in particular, proteins [125,126]. Their extremely

rich self-assembling behaviour is mainly controlled by the sequence of chemi-

cally different building blocks, or monomers, that compose the polymer. The

collection of all possible monomer types is the alphabet of the system. For

proteins, different sequences of the same alphabet of 20 amino acids lead
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to the huge number of proteins expressed in nature, making the alphabet

extremely versatile. Indeed, it is the specific sequence that drives a het-

eropolymer to uniquely collapse (fold) into a target conformation, providing

precise control over the resulting structure.

Artificial heteropolymers synthesis and manipulation is at an advanced

stage, as demonstrated by the numerous materials based on block copoly-

mers [4]. Typically, block copolymers are synthesised from two monomer

types (AB copolymers), but there are examples of linear chains synthesis

with an alphabet size of 4 (ABCD block copolymers) [30, 123] or star poly-

mers with up to 7 types [32]. The different types are organized in patterns

of blocks of the same repeated monomer, from two up to five blocks [4], and

by controlling the relative length of the blocks it is possible to realize rich

phase diagrams [4, 122,127–133]).

However, it is extremely difficult to drive the folding of a single chain

towards a very specific structure, especially with the large variety of differ-

ent structures and the high accuracy, fractions of inter-monomer distances,

obtained by biopolymers [59,63,126,134,135] that is necessary for many ap-

plications (e.g. catalysts). Recently, efforts to overcome this limitation have

been made [33–37], in particular by Khokhlov et al. [2], where copolymer

chains have been iteratively “painted” to undergo a hydrophobic-hydrophilic

micro-phase separation and by Moreno et al. [3], who have engineered specific

hydrophilic-hydrophilic patterns to produce a similar micro-phase separation.

However, contrary to biopolymers, these two methodologies do not provide

control over the detailed shape of the target structure.

According to mean field theories (MFT) [5, 54, 68] it should be possible

to construct artificial heteropolymers that, similarly to proteins, drive the
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DRMSD=0.25

RMSD  =0.25
DRMSD=1.36

RMSD  =3.10

DRMSD= 0.36

RMSD  = 0.72
DRMSD= 1.34

RMSD  = 3.5
Target

Target

Figure 1.1: Functionalized patchy polymer structures. Simulation snapshots show-

ing the target structures with the desired functionalizations (left), the final folded

structures obtained using our design procedure (centre) and examples of misfolded

structures (right), the last two aligned with respect to the correspondent target

structure. The values of DRMSD (distance root mean square displacement, see

Eq. 3.6) and RMSD (root mean square displacement see Eq. 3.11) with respect to

the target structure are in units of the bead radius, that for proteins has been seen

to correspond to approximately 2Å, so in protein units the two folded structures

would have a RMSD with respect to the target structure in the range 0.5− 1.4Å

and the two molten globule structures in the range 6 − 7Å. Such functionalized

polymers can, in turn, be used as Janus (one-patch) particles (top) or triblock

Janus (two patches) particles (bottom).
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collapse of specific sequences into given target structures. The identification

of such sequences is normally referred to as design and, in what follows,

we define designability as the property of a heteropolymer to have at least

one heterogeneous sequence that reliably folds into a given stable target

structure [5]. A clear review of the MFT mentioned above can be found

in the seminal works of Pande et al. [5], who showed that the designability

of a heteropolymer increases with the alphabet size and decreases with the

conformational entropy per bead. Thus, the designability of a heteropolymer

can be enhanced following two strategies: i) by increasing the alphabet size

as in Go-models [70], where each amino acid can specifically interact only

with a subset of residues and, ii) by decreasing the configurational entropy

per particle, i.e. reducing the number of possible configurations.

A straightforward way to adopt the second strategy is represented by

designing lattice heteropolymers [53–58], in which the number of possible

configurations (thus the configurational entropy) is reduced by the topology

of the lattice.

In order to adopt the second strategy for off-lattice polymers a possibly ef-

fective way is to introduce directional interactions, i.e. interactions that

depend on the mutual orientations of the monomers, in addition to the het-

erogeneous isotropic interactions. In this way, the conformational entropy

per bead decreases because of constraints on the mutual orientations. In

fact, the directionality of the interactions introduces a frustration in the sys-

tem that “pre-sculpts” the configurational space of the system, which will

contain just a fraction of the total compact configurations. Another effective

way to reduce the conformational entropy is to increase the chain stiffness.

An important contribution in this direction is represented by the “tube pro-

tein model”, developed by Maritan and co-workers [38, 39, 41, 136, 137], in
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which control of the conformational free-energy landscape is achieved by tun-

ing the total hydrophobicity and the chain stiffness of short polymers, which

can be made designable in some specific cases [38,41]. Natural proteins take

advantage of both routes by exploiting the directionality of the hydrogen

bonds and the geometry of the backbone [39, 41, 65, 137]. From an experi-

mental standpoint, in fact, decreasing the conformational entropy via these

two routes is more feasible then increasing the alphabet like in Go-Models,

which might be the reason why directional interactions (such as hydrogen

bonds) are so important in biology.

In this work, we show that the presence of directional interactions in a

generalised heteropolymer allows for the realisation of compact structures

with functionalized regions on their surfaces with an accuracy comparable

to natural catalysts, i.e. of the order of a fraction of amino acids distances.

To give an idea of the huge potential of such an approach, in Fig. 1.1 we

present simulation snapshots of heteropolymers that self-assemble with high-

accuracy into predetermined structures: two spherical objects with patterned

(functionalized) surfaces. The sequences we design are able to make the two

heteropolymers reliably fold into a Janus-like (top) and a triblock-Janus-like

(bottom) object with DRMSD (distance root mean square displacement see

Eq. 3.6) of 0.36 and 0.25 with respect to the target structure which correspond

to an RMSD (root mean square displacement see Eq. 3.11) of 0.72 and 0.25

with respect to the target structure, respectively. Depending on the chemical

nature of the functionalization, such folded structures could exhibit catalytic

functions or be used as building blocks in a hierarchical self-assembling pro-

cess [138]. Of course, these applications would also require a precise control

of inter-chain interactions in order to avoid amorphous aggregations [139].

However, in order to exploit the folding of artificial heteropolymers for
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applications, we ought to first address the following question: “Can we pre-

dict a priori whether an engineered heteropolymer is designable?” In other

words, if one engineers heteropolymer architectures that differ in terms of

number, geometry or nature of the directional interaction, is it possible to

predict a priori which ones are designable (i.e., for which ones one can find at

least one specific sequence that drives the system to fold into a given target

structure)?

Here we show that the answer to this question is represented by a distinct

peak in the radial distribution function dominating over the random packing

of the heteropolymers. A minimal set of directional interactions is an effective

way to induce such a peak (Fig. 1.2), which guarantees the designability

(Fig. 1.3).

1.2 Results and discussion

Our working hypothesis is that the addition of directional interactions will

result in designable chains as previously suggested by results obtained for the

“patchy polymer” model [61,62] and the “caterpillar” protein model [59,60].

In the following we will use two heteropolymer models with different chain

stiffness (see Methods): the freely-rotating chain (FRC), marked by open

locks in the figures, and the freely-jointed chain (FJC), marked by closed

locks in the figures. Briefly, the “chemical character" of each monomer is

given by a isotropic interaction potential, represented as a simple square-well

like shape, with a different pre-factor (more or less attractive or repulsive) for

every different pair of monomer types. The directional interaction between

the patches is homogeneous along the chain and is the potential derived by

Irbäck et al. [140], commonly used to model hydrogen bonds (see Methods).
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By changing the number of patches per monomer we will probe the emergence

of designability starting from a standard heteropolymer (no patches) up to

chains of monomers with 10 patches. The number of patches unambiguously

identifies their arrangement on their surface, which is chosen so as to yield

the most symmetrical geometry (on the poles for two patches, equispaced on

the equator for three patches, on a tetrahedron for four patches, etc). The

bottom of Fig. 1.3 shows all the patch arrangements employed.

Strictly speaking, proving that a heteropolymer with a certain number of

patches is not designable would require testing all possible sequences for the

presence of a unique collapsed equilibrium structure. Here we rely on the sta-

tistical definition of designability, where the methodology of the Monte Carlo

simulations SEEK, DESIGN and FOLD (SDF) was proven to be able to dis-

criminate between designable and not-designable structures [62]. Briefly, the

SDF method: i) seeks the most designable target structure through an exten-

sive sampling of the heteropolymer conformations and sequences (see Fig. A.1

in Appendix A.3); ii) designs the sequence that should optimally fold into

the target structure; iii) tests whether the designed sequence correctly folds

into the target structure. If the folding fails with the most favourable target

structure, the heteropolymer with a certain number of patches is labelled as

non-designable. More details can be found in Sec. Methods 3.2.1. Here we

apply the SDF method to chains made of 50 monomers. From now on, all

the distances will be in units of the bead radius Rbead and the energies in

units of kBTRef , where TRef is a reference temperature that sets the scale of

interactions.

In Figure 1.3 we show the results for the designability for all cases studied.

The systems without directional interactions (patches) are not designable for

any alphabet. By adding directional interactions, the heteropolymer becomes
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Figure 1.2: a) Radial distribution functions g(r) for patchy polymers. We show

one g(r) curve for each patch arrangements because we observed that it does not

change significantly for different alphabet sizes. The g(r) has been averaged on the

40 most probable conformations for different patches arrangements (y-axis): white

spheres indicate the patches located at the surface of the monomer. The g(r) are

y-shifted for the sake of visualisation. The random packing peak is delimited by

two dashed lines, while the grey band highlights the range of the directional peak.

Note that for 10 patches the random packing peak splits and moves towards larger

distances (Fig. A.4 in Appendix A.3). The ratios between the random packing

peak and the directional peak areas are: 0.75 for 1 patch, 0.23 for 3 patches, 0.27

for 4 patches, 0.22 for 6 patches, and 1.33 for 10 patches. b) g(r) calculated over

the Cα −Cα distances for 145 high resolution protein structures from the Protein

Data Bank (green lines). The thick black line is the average. The first peaks

dominating the g(r) correspond to the characteristic distances of the backbone

hydrogen bonds, which determine the secondary structure [141] (α-helix and β-

sheet shown on top). All g(r) have been calculated by neglecting the contribution

of the first neighbour along the chain. 28
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Figure 1.3: Designability diagram for different patch numbers and alphabet sizes.

Within the yellow regions, the heteropolymer is not designable, while the blue

regions correspond to designable systems. For each case, the chosen target struc-

ture is shown. Bottom panel: a schematic illustration of patchy polymers. White

spheres indicate the patches located at the surface of the central monomer. For

FRC (left) we consider from 0 (simple heteropolymer case) to 10 patches and 1

and 2 patches for FJC (right). With the exception of the one patch geometry, in

all the other cases the patches are fixed on the vertices of a platonic solid or in

the most symmetric way (see Appendix A.2). The two patch FJC are placed on

a tetrahedron completed by the anchoring points (in black). For both models, we

consider alphabet sizes q ranging form q = 3 to q = 20 (see Methods 3.2.1 for the

definition of the interactions).
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designable for a wide range of patch numbers and alphabet sizes, both for the

FRC and FJC models. The emergence of designability coincides with the ap-

pearance of a peak in the pair radial distribution function—highlighted with

the grey band in Fig. 1.2a)—located at the distance r ' 3, at which the

patch-patch interaction is most favourable. The presence of such an isolated

intermediate peak between the first (r ' 2) and second random close packing

neighbours (r ' 4) indicates that the directional interactions are inducing

a geometrical frustration in the system. The frustration strongly biases to-

wards a subset of compact conformations. In fact, in the non-designable

case without patches, the directional interaction peak is not present. For

one patch, the directional interaction peak is present but is lower than the

peak corresponding to the close packing. These chains with one patch are

not always designable (borderline), and their designability depends on the

alphabet size q (Fig. 1.3). Increasing the number of patches the directional

interaction peak becomes dominating over the random packing peak, making

the chains designable in a broad interval of q (3 to 20). Increasing further

the number of patches up to 10, the random packing peak increases again,

splits and moves towards higher distances (see Fig. A.4 in Appendix A.3)

due to the self-avoiding of the many patches and also the system loses di-

rectionality: this corresponds in turn to a loss of designability (Fig. 1.3). It

is important to stress that the strength of the directional interaction is such

that even the chains with one patch are always maximally bonded, implying

that arbitrarily increasing the relative strength of the directional interactions

will not suppress the first peak of the g(r) (see Fig. A.1 in Appendix A.3).

Thus, when the patch-patch peak dominates over the random close packing

peak, the system becomes robustly designable in a broad interval of alphabet

sizes q, both for the FRC and FJC models.
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Figure 1.4: FOLDING free energy landscapes for some significant cases. The free

energy is plotted as a function of the distance root mean square displacement

(DRMSD) for FRC (left panels) and FJC (right panels), for different patch num-

bers and alphabet sizes q at temperature 0.4. DRMSD = 0 corresponds to the

target structure. We define as molten globule region for each alphabet size (grey

area) the DRMSD range spanning 1kBT from the position of the global minimum

of the free energy of the corresponding bare polymer without patches. All global

minima with DRMSD values below the grey area are considered correctly folded

(see Methods for details), see Fig. 1.1 for examples of folded and molten globule

structures. The geometry of the patches is reported on the bottom of the figure,

with colours corresponding to the free energy curves. The global minimum of the

system with 10 patches and q = 3 is at the border with the grey area and it has

been categorised as not designable. 31
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According to the MFT [5], given an alphabet of size q, a system is

designable when the sequence entropy per particle ln(q) exceeds the confor-

mational entropy per particle ω. Hence, the designable–to–not-designable

transition, where ω ∼ ln(q), allows us to estimate ω. Following the diagram

in Fig. 1.3, we estimate ω to be > ln(20) for 0 patches, ∼ ln(5) for one patch

in the freely rotating chain, and < ln(3) for up to 6 patches. At 10 patches

ω increases again to a value between ln(3) and ln(20). Since eω is related to

the number of compact conformations, the latter is reduced by the patches

by approximately an order of magnitude. A more precise evaluation of ω

requires the study of intermediate values of ln(q) which cannot be achieved

simply changing the alphabet.

The presence of the directional interaction peak is a fundamental finger-

print of designability. Indeed, we find it to be a general feature also of natural

proteins. In Fig. 1.2b we show the radial distribution function for some char-

acteristic examples out of 145 analysed high resolution protein structures

from the Protein Data Bank. Here, the conformational space is shaped by

the directionality of the hydrogen bonds, which forces the carbon Cα of the

amino acids to be at the typical distances for the different types of secondary

structure. Hence, the peaks analysed in Fig. 1.2b are equivalent to the di-

rectional interaction peak highlighted in grey in the patchy polymers. Since

proteins are precisely designable because of the peculiar hydrogen-bond ge-

ometry of the backbone, we expect the latter to be an ideal template for

general heteropolymers and patchy-polymers.

These results are in agreement with MFT [5, 54, 68], which predicts that

the decrease of conformational entropy allows for better sequence design.

Here, we introduce the presence of a peak in the g(R) not related to the

random packing as an estimate of the reduction of the conformational en-
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tropy, in order to have a simple tool to anticipate the designability of different

polymer architectures. Thus, we propose the presence of such a peak as a

general criterion to engineer designable polymers able to fold into unique

target structures, with the same accuracy and versatility of natural proteins.

The geometry of the protein skeleton is a particular choice, and our results

suggest that, by following our criterion, several others can be found.

Another important result is the characterization of the transition from

a not-designable to a designable number of patches (Fig. 1.3). We start by

noting that the freely rotating chain is sensitive to the choice of the alphabet:

a minimum alphabet size q = 7 is required to guarantee designability for

any number of patches (Fig. 1.3). To characterise the designable–to–not-

designable transition, we have performed the SDF trial for each point in

the designability diagram. The last step of the SDF is the calculation of

the free energy difference between structures, grouped together according

to the distance root mean square displacement (DRMSD) from the target

conformation at DRMSD = 0 (see Methods). The accuracy of the refolding

varies considerably for each scenario and depends on the alphabet size, the

number of patches and the local environment of the monomers. In Figure 1.4

we show the FOLDING free energy profiles for some significant points in the

designability diagram for q = 3 and q = 20 (see Fig. A.3 in Appendix A.3).

At low temperature (T = 0.4) all curves show a global free energy minimum

located at different DRMSD, however, they are considered folded only if the

global minimum corresponds to the folded structure and not to a disordered

molten globule structure. The different nature of the global minimum can be

discriminated by increasing T and pushing the system to unfold ((see Fig. A.2

in Appendix A.3). What is striking in the figure is the high refolding accuracy

of the FJC model, with smooth folding profiles and global minima very close
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to the target structure. We ascribe such a high accuracy to the stronger

constraint experienced by monomers in the FJC compared to the FRC model,

in agreement with MFT results [5, 54, 68]. In fact, the patches in the FJC

have less rotational freedom, thus the conformational entropy ω is decreased

further. Finally, we note that such high accuracy is particularly interesting

for single-patch chains, which, according to the designability criterion based

on the g(r), is a borderline case (Fig. 1.2a).

1.3 Conclusions

In conclusion, we extend the concept of designability to heteropolymers,

bridging the gap between naturally foldable biopolymers and artificial poly-

mers. We demonstrate that there is a minimal set of ingredients that makes

it possible to exert a precise control over the conformation of the folded

structure. Indeed, we show that starting from a traditional heteropolymer

model, we can attain designability by introducing a few directional interac-

tions (patches). The patches make the system designable even with alphabet

sizes comparable to the case of block-copolymers (3 and 5), which are syn-

thesizable and manipulable with the current advanced technology [4,30,123].

From an experimental standpoint, in fact, small alphabet sizes are more fea-

sible. We demonstrate that the directional interaction peak in the g(R) is a

universal fingerprint for designability and can be used as a criterion to engi-

neer new heteropolymers. This criterion will allow artificial heteropolymer to

self-assemble into an enormous variety of highly exotic structures with high

control over the detailed shape. This will expand the possibilities of current

copolymer technology to the full potential of biopolymers, providing a way

of going beyond the current protein- and DNA-based materials [63,142,143].
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Heteropolymer design could find several applications depending on the

scale of the building units. At the micrometre scale, chains could be realised

using colloidal particles with applications in the design of materials with

new mechanical, electronic or photonic properties tailored in 3D. Colloidal

particles are widely available, their interactions can be tuned to be either at-

tractive or repulsive and can range from a few nm to several micrometres [14].

Flexible strings of polymeric colloids were made by inducing electric dipoles

to line the particle up before thermal fusion [144]. Such strings were ob-

served to collapse into a random compact configuration under influence of

an induced depletion attraction. Control over the sequence can theoretically

be achieved in a similar fashion as for protein synthesis where the chains

are grown from a solid surface [145]. Each monomer is loaded in the sam-

ple alternating washing cycles to remove the previously unbound monomers.

The limiting factor of this technique is in the bonding probability that must

be extremely high in order for the growth to continue until chain lengths

of 20-50 residues. Currently, we are working on strategies to overcome such

limitations in close collaboration with experimental groups. At the atomic

and nanometre scales, control of the sequence is in reach of current polymer

synthesis technology [30, 32, 123]. As we show, artificial chains could be de-

signed to place chemical groups with a precision similar to what protein can

achieve [146, 147], but also to work in different environments than the ones

suitable for proteins or DNA.

1.4 Methods

The patchy polymer model we employ has already been proven to be able to

refold artificial sequences into unique target structures [61,62]. Here we con-
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sider two standard heteropolymer models where heterogeneous isotropically-

interacting monomers are bonded along the chain via a harmonic poten-

tial with two different anchoring geometries: i) in the freely rotating chain

(FRC) model the spring bonds the centers of the monomers; ii) in the freely

jointed chains (FJC) model the spring connects two anchoring points on the

monomer surface and opposite to each other (see bottom of Fig. 1.3 for a

sketch). An experimental realisation of the FJC model could be represented

by covalently bonded chemical units or surface grafted colloidal particles.

While possible experimental examples of patchy particles that could serve as

monomers for the FRC model, i.e. where the patches can rotate with respect

to the bead, are the lock and key colloids as in Ref. [148], the solid colloids

with surface-mobile DNA linkers in Ref. [149], DNA coated emulsion droplets

with mobile DNA patches [150], colloidal particles with an induced elec-

tric dipole [144]. The isotropic and bonded interactions are complemented

by non-specific additional attractions provided by patches arranged on the

monomer surface. The resulting directional interaction is anisotropic in na-

ture as it depends not only on the distance between two monomers but also

on their relative orientations. The key parameters of the models are the al-

phabet size of the isotropic interactions, the number of patches (which is the

same for all the monomers in a chain) and their the geometrical arrangement.

The isotropic interaction energy EAB (r) between two different sub-units of

types A and B is represented as a simple-square-well like shape (Figure 3.1)

EAB (r) =


εAB

[
1− 1

1.0 + e2.5(rmax−r)

]
if r > Rbead

∞,= if r < Rbead

(1.1)

where r is the distance between the centres of the beads and Rbead is the

hard core radius, which is the same for each bead. εAB is a different pre-factor

for every different pair of monomers. The cut-off distance rmax = 6Rbead is
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εAB

211 3 4 6 10

(a) (b)

Figure 1.5: Interaction potentials. a) Isotropic square-well like interaction as a

function of the distance of the centers of the spherical monomers r (see left inset).

The well depth is controlled by a pre-factor εAB, which is different for each different

pair of monomers. The pre-factors are grouped in an interaction matrix, the

size of which depends on the number of monomer types in the range 3 to 20

(find the matrices used in Appendix C.1). For an alphabet of size N , the set of

N(N + 1)/2 heterogeneous interactions are Gaussian random numbers with zero

average and standard deviation of 0.33kBTRef, similarly to protein coarse-grained

protein models [59, 151, 152], where TRef is a reference temperature that sets the

scale of interactions. Inset: schematic illustration of patchy polymers. Small white

spheres indicate the patches. b) Directional potential. The radial Lennard-Jones

contribution in the plot is multiplied by the directional contribution (cos θ1 cos θ2)2,

where θ1 and θ2 are the angles between the patch vector and the distance vector

(right inset).
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the distance at which EAB = εAB/2 and was derived with a trial and error

approach on coarse-grained proteins in the caterpillar protein model [59,60].

As directional interaction between the patches we employ the potential

derived by Irbäck et al. [140], commonly used to model hydrogen bonds. It is

represented by a 10-12 Lennard-Jones type potential multiplied by a factor

containing the angles between the patches and the bead radius (Fig. 3.1), so

that the energy is minimum if the patches face each other (when they are

opposite to each other the radial part of the potential is ∼ 0)

Ep = s εp (cos θ1 cos θ2)ν
[
5
(
σ

R

)12
− 6

(
σ

R

)10
]
. (1.2)

Here R is the distance of the patches as in Fig. 3.1 (right inset), εp = 3.1 kBT

and ν = 2 [140] while we set σ = Rbead. The scaling factor s is chosen to

not over favour the patch contribution over the isotropic one. If its value

is too large all sequences form regular structures that depend solely on the

symmetries of the patch arrangements on the beads. On the other hand, if it

is too small all sequences fail to self-assemble and collapse into random glassy

three-dimensional structures. Using a trial and error approach, we found 4

to be good number [62]. The neighbour beads along the chain are bonded

via a harmonic spring potential.

In order to find whether the polymer is designable or not, we identify

for each different number of patches and alphabet size at least one pattern

(sequence) that has a global free energy minimum into a given structure. To

increase the chances to find such a pattern, we first perform a SEEK MC

simulation, in order to find potentially designable target structures that are

not known from nature, unlike for proteins. In the SEEK, we explore at

the same time different structures and sequences, and we extract a target

structure from the global minimum of the free energy landscape obtained
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(as in A.1 in Appendix A.3). The global minimum corresponds to the

structure with the highest number of sequences that fold into it, thus the

most designable one [153]. Other structures further from the global minimum

might be good candidates as well, so the solution is not necessarily unique.

On the contrary, if this structure will be not designable, it is highly unlikely

and thus unfeasible for practical purposes to find another structure that will

be designable.

The target structure is then redesigned in the DESIGN, where we explore

only the different sequences maintaining the structure frozen. Here we choose

the optimised sequence in the global minimum of the free energy, which in

our method corresponds to a low potential energy and a high heterogeneity

of the sequence.

Starting from a fully stretched structure we then perform a FOLDING Monte

Carlo simulation, in order to study the self-assembling properties of this

pattern. Here we explore the conformational space keeping the pattern fixed

in the designed sequence.

We project the FOLDING free energy onto an order parameter, namely

the root mean square displacement of the inter-particle distance (DRMSD)

between the target structure and each sampled structure:

DRMSD = 1
N

√∑
ij

(|∆ ~rij| − |∆ ~rij
T |)2 (1.3)

where ∆ ~rij is the distance between the sphere i and j while ∆ ~rij
T is the

same distance calculated over the target structure, and N is the chain length

(50 in our case). Most studies dedicated to proteins adopt another order

parameter, the RMSD. This differ from the DRMSD in that its definition

contains the positions of the atoms instead of their distances:

RMSD = 1
N

√∑
ij

(| ~rij| − | ~rijT |)2 (1.4)
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The DRMSD has already been shown to be a proper order parameter to

study the folding process [59]. DRMSD = 0 corresponds uniquely to the

target structure. The closer the global minimum is to DRMSD = 0, the

smaller is the corresponding ensemble of structures. Thus, if the free en-

ergy landscape has a clear global minimum close to DRMSD = 0, we can

identify at least one pattern that drives the system to fold into a unique

target structure: the polymer is designable. Based on this qualitative def-

inition we already clearly separate two groups: one with global minimum

with position DRMSD < 0.6 and one with global minimum in the range

DRMSD ∈ [0.8, 1.4].

However, in order to define more precisely a threshold we increase the

temperature and push the system to unfold. Upon increasing the tempera-

ture the minimum significantly shifts towards higher DRMSD (as in A.2 in

Appendix A.3), consistently with a temperature induced folding-unfolding

transition. In some cases, our temperature resolution was high enough to

observe two simultaneous minima. The configurations with DRMSD values

corresponding to the position of the second minimum are the molten glob-

ule structures. Interestingly, for the same alphabet size the position of the

molten globule minimum is conserved for different number of patches (see

A.2 in Appendix A.3), and for 0 patches is the only global minimum ob-

served at all temperatures (as in A.2 in Appendix A.3). Hence, the 0 patch

chain was never designable. Thus, we choose as definition for the threshold

between folded and not folded for each alphabet size (grey area in Figure 1.4)

the DRMSD range spanning 1KBT from the position of the global minimum

of the free energy of the case with 0 patches. Systems with global minimum

at any temperature below this area are labeled as designable, the others as

non-designable.
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We observed from the simulations that the position of the minimum corre-

sponding to the molten globule does not change significantly with the number

of patches while it varies with the alphabet size. The latter is because the

bare heteropolymer without directional interactions, although it never folded,

starts to feel the influence of the larger alphabets on its designability. Even

when the system does not reach the folded state for the target structure that

we identified via the SEEK, and hence the SDF trials fail, it might still be

possible to find a handful of structures that are designable. However, since a

heteropolymer with few and hard-to-find designable structures is not a good

candidate for potential applications, we label it as not-designable.

In all Monte Carlo simulations we enhance the sampling with the Virtual

Move Parallel Tempering algorithm [154], performing each simulation at 16

different temperatures in the set [3, 2.5, 2.0, 1.6, 1.4, 1.2, 1.0, 0.9, 0.8, 0.75,

0.7, 0.65, 0.6, 0.55, 0.5, 0.4]. The SEEK, DESIGN and FOLDING steps are

each composed by 10 independent simulations, run until we observe that the

free energy landscape does not vary anymore and that all the 10 independent

simulations give the same results, i.e. the free energy surfaces for each of the

10 independent simulations overlap within the statistical error. So each time

we categorise a minimum in the FOLDING free energy landscape as folded

or non-folded, the minimum is found always at the same position over 10

independent simulations.

For the radial distribution functions of proteins, the normalisation has

been performed on the same ideal gas with an average density, to make

the g(r) of proteins with different lengths comparable. All the g(r) have

been calculated by neglecting the contribution of the beads (or amino acids)

directly connected to each other along the chain, in order to ignore their

trivial contribution to the first neighbour’s peak.
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Chapter 2

General methodology to

identify the minimum alphabet

size for heteropolymer design

2.1 Introduction

Self-assembling artificial [119–121,155,156] and natural materials [24,51,124,

125,157–162] posses the ability to organise themselves into complex and het-

erogeneous structures. This ability is mainly driven by reversible interactions

(e.g. van der Waals interactions, hydrogen bonds, dipolar interactions, de-

pletion interactions) [163].

Considerable effort has been spent to understand how self-assembling

behaviour arises and how it can be controlled through careful design of the

conformational and physicochemical properties of the primary components of

the material [14, 164–166]. A particularly successful strategy to control self-

assembly is to join the components into hetero-chains, e.g., proteins or small

RNAs, following a specific sequence of the components along the chain. The
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sequence can be optimised to drive the system to fold into a unique target

structure of the whole chain. The search for such optimised sequences for a

specific target structure is commonly referred to as design [43, 68, 160, 167],

and a system for which it is possible to find such a sequence for at least one

target structure is called designable. The mean-field theory of the random

energy model (REM) [5,68,69,168] predicts that for a system to be designable

it needs to respect the inequality q > eω, where q is the number of different

constituents (i.e., the alphabet size) and ω is the conformational entropy

per monomer of the system, defined as the logarithm of the total number of

accessible compact conformations per monomer [5,69]. This inequality can be

used to identify the minimum alphabet necessary to design a heteropolymer,

that is the smallest integer qmin greater than eω, qmin ≡ deωe. From this, it

follows that reducing ω also reduces the alphabet size qmin. A holy grail of the

field of artificial polymer-based materials is the ability to control ω such that

the alphabet of components employed in the polymer synthesis is reduced to

a minimum, all while keeping a large conformational space of possible target

structures. It is important to stress that the compact polymer conformations

are smaller in number than the total possible ones, hence ω < s where s

is the polymer entropy. An operative definition of compact for off-lattice

polymers is not given in the REM, making it difficult to establish a general

methodology to estimate ω and in turn the designability of a heteropolymer.

Recently, Cardelli et al. have studied the self-assembling properties of

a general heteropolymer consisting of patchy particles monomers (patchy-

polymer) across the transition from q < eω to q > eω [6]. Such a study has

shown that the directional interactions are the key for designability, inducing

the transition to designable polymers at q > qmin = deωe. This suggests that

the role of the directional interactions is that of decreasing ω by reducing the
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number of accessible conformations.

In this work, we verify this intuition by introducing a general methodol-

ogy to estimate ω for any polymer model and apply it to patchy polymers

with different numbers of patches. Since the total number of compact confor-

mations (and thus ω) does not depend on the specific sequence 1, we estimate

ω employing a homopolymer version of the patchy polymer. Following a ther-

modynamic path from a reference system with known entropy, we compute

the total number of conformations of the homopolymer employing advanced

Monte Carlo (MC) methods [154, 169, 170]. From the total number we then

select different subsets of compact conformations, according to different op-

erative definitions of compactness. The definitions we introduce here can be

easily quantified for off-lattice polymer systems.

The methodology to estimate ω allows us to test the hypothesis and

prediction of the REM on the ensemble of most designable conformations [6].

Having verified the validity of the theory, we can use it to predict the size

of the alphabet necessary to enlarge the ensemble of target conformations.

Finally, we observe that for 4 and 6 patches the necessary alphabet grows

very slowly with the space of the possible designable target conformations,

making them the most versatile geometry for heteropolymer design.

2.2 Results

In this work we use the freely-rotating-chain (FRC) patchy polymer model,

introduced in Ref [6]. Each bead has a diameter σ and presents M patches

(inset in Fig. 2.5), whose arrangement on the bead surface is chosen according

1For each sequence some conformations are more likely than others, but this does not

prevent the polymer to explore them.
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to the most symmetrical geometry (equidistant on the equator forM = 3, on

a tetrahedron for M = 4, on an octahedron for M=6 and see Supplementary

Informations for M = 10).

The FRC is a general model for a designable heteropolymer, for which

it has been demonstrated that the designability can be controlled by the

number of patches M = 0, 1, 3, 4, 6, 10 [6]. However, since ω does not de-

pend on the sequence, from now on we employ a homopolymer version of

the patchy polymer (see Eq. 2.8). We consider the same patch arrangements

of Ref. [6], shown at the bottom of Fig. 2.5. For these cases, we aim at

computing the conformational entropy Ω—that, according to the REM [5]

is defined as the logarithm of the number of compact conformations Nc of

a heteropolymer composed of N monomers—as a function of the number of

directional contacts between the patches, P , and of the number of isotropic

contacts between the beads, Q (see Methods). Hence, we have to compute

the total conformational entropy spp(P,Q) = ln (Npp(P,Q)) of the patchy

polymer, that is the logarithm of the total number of polymer conforma-

tions Npp(P,Q), and from the total number select the subset of the compact

conformations.

The total conformational entropy spp(P,Q) computed with Monte Carlo

simulations is not an absolute entropy, it is defined up to an arbitrary con-

stant. For this reason, as explained in the following and represented in

Fig. 2.1, at first we need to compute the absolute entropy of a self avoid-

ing polymer ssaw = ln (Nsaw), where Nsaw is the number of conformations of

a self-avoiding chain. It is important to stress that the self-avoiding polymer

model is equivalent to the FRC model when the bead-bead and patch-patch

interactions are switched off (see Eq. 2.9).

To properly compute ssaw, we need to know the number of conformations
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Figure 2.1: Scheme of the path used to calculate the total conformation en-

tropy of the patchy homopolymer starting from an analytically known system

(trimer). i) The absolute total entropy ssaw|N=3 of a self-avoiding trimer is calcu-

lated analytically. Accordingly, the absolute total entropy for the self-avoiding

polymer with N = 50 ssaw|N=50 is calculated, employing the gran canonical

method in Ref. [169, 170]. ii) With the same method, we calculate ssaw(Q) for

N = 50 as a function of the number of isotropic contacts Q, and shift it so that

ln
∫

Nsaw(Q)dQ = ssaw|N=50 defined in Eq. 2.2. iii) For N = 50 we calculate via

the enhanced MC method in Ref. [154] ssaw(P,Q) = ln Nsaw(P,Q) with the addi-

tional variable P , naming the number of patch-patch contacts. We shift ssaw(P,Q)

so as ln
∫

Nsaw(P,Q)dP overlaps with ssaw(Q) (as in Fig. S1 in the Supporting In-

formation). iv) For N = 50 we calculate via the enhanced MC method in Ref. [154]

for the patchy homopolymer spp(P,Q) and we shift it upon ssaw(P,Q).

of a reference state. The chosen reference state is a trimer of self-avoiding

bonded beads, whose entropy ssaw|N=3 can be calculated analytically, pro-

vided a characteristic length scale is introduced to discretise the continuum
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space. The REM [5] introduces a ≡ σ/2 as the radius of the tube follow-

ing one chain. All the other conformations that fall within it are considered

equivalent. Following this definition we consider a ≡ σ/2 as the character-

istic length. Since the bond spring is strong, we assume that each bead can

only be placed on the surface of the other one. Hence, the number of con-

formations of each bead is simply the number of ways we can place a sphere

of diameter σ on the surface of an identical sphere. The close packing of

hard spheres would give 12 different arrangements, where each conformation

is distant by σ (or more) from the other, along with the surface. By parti-

tioning the total surface into sections of side length a, we obtain 12× 4 = 48

different conformations. In fact, starting from the close packing conforma-

tions, each bead can be shifted of a in four directions along with the surface

getting a different conformation. In the trimer, we fix the position of the

first bead to avoid over-counting configurations related by translations of the

entire chain. The position of the second bead with respect to the first one is

also fixed, to avoid over-counting configurations related by rotations of the

entire chain. From the total 48 conformations that we should consider for

the third bead, we have to subtract 5 because the third bead is not allowed

to overlap (completely or partially) with the first one. On top of this, we

have to count also the rotational degrees of freedom of all the beads because

the patches break the rotational invariance symmetry. Following the same

criteria, each bead can be rotated in 48 different conformations, leading to

483 rotational states for the trimer. Hence, the total trimer’s conformational

entropy ssaw|N=3,a=σ
2
is:

ssaw|N=3 = ln(43) + 3 ln(48) (2.1)

Starting from the trimer as the reference system, following the gran canon-

ical method proposed in Ref. [169, 170], we can calculate the absolute value
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of the total entropy for a self avoiding polymer of length N = 50. The

value calculated from the simulation ssimulsaw |N=50 needs to be shifted con-

sidering the absolute entropy of the trimer, thus by the difference between

the absolute value in Eq. 2.1 and the value calculated by the simulation

ssimulsaw |N=3 + 3 ln(48). Note that the term ssimulsaw |N=3 does not take into ac-

count the rotational degrees of freedom, because they are not included in the

simulation method used. For the same reason, we also have to sum 50 ln(48),

the rotational degrees of freedom forN = 50. Thus the total absolute entropy

for N = 50 results as following:

ssaw|N=50 = ssaw|N=3 −
(
ssimulsaw |N=3 + 3 ln(48)

)
+

+ ssimulsaw |N=50 + 50 ln(48)
(2.2)

Then, we compute with the same method ssaw(Q): it is important to

stress that such a method does not include the sampling over the patch-

patch bond collective variable P and thus samples conformational entropy

ssaw(Q)|N=50 only as a function of the number of isotropic contacts Q. We

shift such surface ssaw(Q) in such a way, that the total entropy is correspond-

ing to the absolute value of ssaw|N=50 in Eq. 2.2:

ln
∫

Nsaw(Q)dQ = ssaw|N=50 (2.3)

Then, we compute via Monte Carlo simulations enhanced via the Virtual

Move Parallel Tempering (VMPT) algorithm [154] both ssaw(P,Q) with the

additional collective variable P and spp(P,Q) for the patchy homopolymer

(see Eq. 2.8). By firstly aligning the surfaces spp(P,Q) and ssaw(P,Q), and

then aligning the curves ln
∫

Nsaw(P,Q)dP and ssaw(Q), we get the absolute

surface spp(P,Q).

We observe a good agreement between the absolute conformational en-

tropy of the self-avoiding polymer ssaw(Q) calculated via the gran canoni-
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Figure 2.2: Shifted spp(P,Q) for 3 patches, with indicated the different areas of

spp(P,Q) defined as compact conformations to calculate ω. a) total surface. b)

zoom of the data shown in panel a). The areas arise from the different definition of

compact. The solid curves enclose the compact conformations within 1 kbT (inner

curve) and 5 kbT (rough outer curve) from the free energy minimum minF . The

vertical and horizontal lines represent respectively Pmin and Qmin calculated as

the lowest P and Q within 1 kbT and 5 kbT from minF . The dotted lines enclose

the corresponding areas at their right and above, as the compactness has been

defined as P > Pmin and Q > Qmin. For the definition of compactness based on

the criterion P > Pmin the whole areas to the right of the dashed-dotted lines have

been considered.

cal method and ln
∫

Nsaw(P,Q)dP , calculated via the VMPT MC simula-

tion [154], in the range of Q that they both sample (see Fig B.1). The

VMPT method samples a much wider range of Q, thanks to its sampling

enhancement. Fig. 2.2 panel b) shows the conformational entropy for the

patchy-polymer spp(P,Q), shifted as described in Methods. We observe that

spp(P,Q) has its maximum for low P and Q, while the free energy minimum

was found in the area with higher P and Q enclosed in the ellipse labelled in

panel b) as “1 kbT from minF”. This observation is the first indication that

the number of populated conformations at low temperatures are reduced by
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Figure 2.3: The broken line is exp(ω) calculated on the ensemble of compact

conformations within 1 kbT from the free energy minimum minF (enclosed in the

ellipse of 1 kbT form minF in Fig. 2.2), for patches M=0,1,3,4,6,10. exp(ω) in the

REM represents the alphabet qmin at which the transition between not designable

and designable occurs. Accordingly two areas are defined: yellow area (not des-

ignable) and blue area (designable). The points (circles and crosses) represent the

alphabets verified in [6]: the circles are the cases verified as designable while the

crosses the ones verified as not designable.

the presence of the directional interactions between the patches.

From the absolute value of spp(P,Q) we now can calculate qmin = deωe by

counting the number of compact conformations ω. According, to the REM,

the compact off-lattice conformations are the ones with “small temporal and
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Figure 2.4: eω = qmin alphabet at which the transition between not designable and

designable occurs vs the number of patches. The curves represent the calculated

alphabet exp(ω) with different definitions of the ensemble of compact structures,

as defined in Fig. 2.2. The lowest solid line is two overlapping lines: eω calculated

on the ensemble enclosed in the curve of 1 kbT form minF and 5 kbT form minF

in Fig. 2.2. The dashed and dotted-dashed lines correspond to eω calculated within

the ensembles defined by the corresponding vertical and horizontal lines in Fig 2.2.

We observe that for the systems with 1 and 10 patches the minimum alphabet at

which the system is designable increases considerably by increasing the ensemble

of possible target conformations, while for the systems with 4 and 6 patches it

remains low.

spatial density fluctuations" [5], but no operative definition is given to identify

them. To overcome this problem, here we calculate eω as the sum of the
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number of conformations found in the basin within 1 kBT from min F , as

indicated by the inner ellipse in Fig 2.2. Such a definition is based on the

operative definition of the designability given in the work of Cardelli et al. [6],

where the design is performed for the structures found within 1 kBT of the

global free energy minimum of the P − Q space. Hence, our definition of

compactness includes a measure of the effect of the directionality on the

conformational entropy ω.

In Fig. 2.3, we show the number of compact conformations per monomer

(eω) for different patch numbers. eω, following the REM, predicts the min-

imum alphabet size qmin for the system to be designable, i.e. it traces the

transition line between designable and not designable alphabets for different

patch numbers. In Fig. 2.3, we compare this transition line with the des-

ignability categorisation given in [6]. We observe considerable accordance

between the two methods: the designable points verified in [6] are within

the designable area predicted by REM, with the exception of the 10 patches

case.

In Fig. 2.4, we extend the predictions of the REM by testing different

definitions of compactness that correspond to larger basins of possible target

conformations, to predict how much would the minimum alphabet grows

with a bigger variability of target conformations. The dotted lines in Fig. 2.4

represent eω calculated summing all compact conformations with P > Pmin

and Q > Qmin as delimited by the dotted lines in Fig 2.2, where Pmin and

Qmin are the lowest P and Q values found within 1 kbT (or 5 kbT )minF . The

dashed-dotted lines in Fig. 2.4 represent eω calculated summing all compact

conformations with P > Pmin for 1 kbT (or 5 kbT ), as delimited by the

corresponding dotted lines in Fig. 2.2. We observe that by enlarging the

basin of possible target conformations eω increases, meaning that the system

53



2. General methodology to identify the minimum alphabet size for
heteropolymer design

requires a larger minimum alphabet in order to be designable. However,

in the systems with 4 and 6 patches qmin does not increase significantly

by increasing the basin of possible target structures, therefore with these

number of patches one can choose different target structures that maintain

designability with low alphabet sizes, thus allowing a higher variability of

structures. Finally, the system with 10 patches loses more easily designability

by increasing the variability of target structures, this is explained by the loss

in directionality that makes the monomer with M=10 act as a bigger self-

avoiding sphere, as shown in [6].

2.3 Conclusions

In this manuscript, we present the first accurate calculations of the REM

conformational entropy ω for a patchy polymer as a function of the number

of patches. The values of ω are absolute as they were obtained with a thermo-

dynamic path starting from the analytically solvable model of a self-avoiding

trimer all the way to the full patchy polymer. The calculation of the path

required extensive simulations for each number of patches investigated.

The main conclusion that can be drawn from our work is that the in-

equality q > eω, defining the minimal alphabet for heteropolymer design, is

valid and accurately reproduces the designability phase diagram previously

obtained by Cardelli et al. [6]. Moreover, the inequality allows the prediction

the minimal alphabet necessary to expand the space of target structures for

the design. This knowledge combined with our methodology for the calcu-

lation of ω provides a powerful tool for heteropolymer engineering. Finally,

we could identify in the 4 and 6 patches geometries the optimal ones for

heteropolymer design since the minimal alphabet grows very slowly with
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the space of different conformations included in the calculations of ω. Our

methodology can be directly transferred to any heteropolymer model to es-

tablish the minimal alphabet making the system designable. In particular, we

think it will be particularly effective in cases where the conformational space

is restricted by directional interactions such as hydrogen bonding (Proteins,

RNA, the building blocks in DNA origami) or dipolar interactions (dipolar

or magnetic colloids). Above all, the method can be applied to compare the

designability of different protein models and estimate the minimum alpha-

bet necessary to design them, that seems to be already of 4 letters for the

Caterpillar coarse-grained model [59], as suggested by an upcoming work of

some of the present authors.

2.4 Methods

FRC model details

The full Hamiltonian of the FRC patchy polymer is given by:

HFRC =
N∑
i<j

U(Rij) + 4
N∑

i+2<j

M∑
l,k=1

Upp (Ri ; Rj ; rl,i ; rk,j ) +

+
N−1∑
i=1

UB(Ri i+1) +
N∑

i+2<j
Ubb(Rij)

(2.4)

where N is the total number of beads, and Rij is the distance between the

beads i and j. The indexes i, j run over the N beads, while the indexes l

and k run on the M patches of the beads i and j, respectively.

The first term represents a self-avoiding potential acting between all the

beads and is defined as U(Rij) ≡ ∞ if Rij ≤ σ and U(Rij) = 0 otherwise.

The second term represents the directional interaction and is given by the

potential derived by Irbäck et al. [140], commonly used to model hydrogen
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Figure 2.5: Patchy polymer model. Top: Directional potential of interaction be-

tween the patches: the radial Lennard-Jones contribution in the plot is multiplied

by the directional contribution (cos θl,i cos θk,j)2, where θl,i and θk,j are the angles

between the vector that connect each patch to the respective bead center and the

vector that connects the two patches (right inset). Bottom: schematic illustration

of two consecutive beads of the patchy polymers. The central bead is represented

smaller than its size for the sake of visualisation. The small white spheres indicate

the patches that are placed on the surface of the bead.

bonds

Upp (Ri ; Rj ; rl,i ; rk,j ) ≡

≡ εp (cos θl,i cos θk,j)ν
[
5
(
σ

2rlk

)12
− 6

(
σ

2rlk

)10
]
,

(2.5)

where the θl,i and θk,j are the angles between the vector rlk ≡ rl,i − rk,j and

the vectors rl,i − Ri and rk,j − Rj, connecting the patches l and k to the

center of their bead, respectively (Fig. 2.5). Accordingly, we have rlk ≡ |rlk|.

The potential Upp tends to align the vectors rlk, rl,i − Ri and rk,j − Rj

with minimum when the patches are at distance rkl = σ/4, representing a
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conformation where the patches face each other, while it vanishes when rlk
is orthogonal to one of the vectors rl,i −Ri or rk,j −Rj. When θl,i < π/2 or

θk,j < π/2 we fix Upp = 0 to avoid anti-parallel arrangements of the patches.

Upp is cut off at Ri,j = 1.5σ. For the values of the prefactor and exponent

we take εp = 3.1 kBT and ν = 2 [140]. Note that the term Upp excludes the

interactions between beads that are first and second neighbours along the

backbone.

The third term in the Hamiltonian is a harmonic bonding potential, con-

necting consecutive beads along the chain

UB (i, i+ 1) = K(Ri i+1 − σ)2 (2.6)

where K = 10 kBT . The last term represents the isotropic bead-bead inter-

action and is modelled with the potential

Ubb(Rij) = εij

[ 1
1.0 + e−2.5(3σ−Rij)

]
(2.7)

where εij is a sequence-dependent prefactor depending on the types of bead

i and j. Ubb is essentially a sigmoidal function with constant value Ubb ∼ εij

for Rij ≤ 2.5σ, decaying to Ubb ∼ 0 for Rij ≥ 3.5σ, with the inflection point

Ubb(3σ) = εij/2. The factor 4 in front of the term Upp is fixed to balance the

directional contributions Upp with respect to the isotropic one Ubb.

The FRC homopolymer Hamiltonian is obtained by setting this last term

Ubb = 0 in Eq. 3.1:

Hhomo =
N∑
i<j

U(Rij) + s
N∑

i+2<j

M∑
l,k=1

Upp (Ri ; Rj ; rl,i ; rk,j ) +

+
N−1∑
i=1

UB(Ri i+1),
(2.8)

while the self-avoiding chain Hamiltonian is obtained by setting Ubb = 0 and
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Upp = 0 in Eq. 3.1:

Hsaw =
N∑
i<j

U(Rij) +
N−1∑
i=1

UB(Ri i+1), (2.9)

Entropy Sampling

We employ Monte Carlo simulations to compute the total conformational en-

tropy i. e., the logarithm of the total number of polymer conformations, ssaw
and spp of the self-avoiding polymer (see Eq. 2.9) and a patchy homopolymer

(see Eq. 2.8) respectively. Both are homopolymer models, since ssaw and spp
(and Ω) do not depend on the specific sequence. The entropy of the patchy

polymer spp is computed via canonical Monte Carlo (MC) simulations where

only the polymer conformations are sampled via a set of conformational

moves. The conformational entropy is projected onto both the number of

contacts Q and the number of patch-patch contacts P .

The number of bead-bead isotropic contacts Q is associated to the Ubb
term:

Q =
N∑

i+2<j

[ 1
1.0 + e−2.5(3σ−Rij)

]
; (2.10)

and the number of directional contacts P is connected instead to the Upp
term. P is given by the number of i − j pairs of patches that satisfy the

conditions: rij < 0.625 σ, θl,i > 0.8 π and θk,j > 0.8 π (as shown in Fig. 2.5).

We enhance the sampling with the Virtual Move Parallel Tempering

(VMPT) algorithm [154], iteratively accumulating the biasing potential over

Q and P , and performing each simulation at 32 different temperatures in

the set [3.0 2.75 2.5 2.0 1.9 1.7 1.6 1.5 1.45 1.4 1.35 1.3 1.25 1.2 1.15 1.05

1.025 1.0 0.95 0.925 0.9 0.8 0.75 0.7 0.65 0.6 0.590 0.575 0.55 0.5 0.45 0.4].

For each patch geometry, we perform 10 independent simulations run in sub-

sequent simulation blocks of 109 MC steps. We repeat the iterations until

58



Methods

we observe that the conformational entropy landscape does not show an ap-

preciable difference from the previous run and among the 10 independent

simulations.

The entropy of the self-avoiding chain ssaw is computed both with the

VMPT scheme described above (ssaw(P,Q)) and with the gran canonical

scheme introduced in Ref. [169, 170] (ssaw(Q)). The latter method allows

to compute the ratio between the partition functions of polymers with N

and N − 1 monomers via a gran canonical Monte Carlo simulation, where

the chain grows by adding one bead at a time and sampling all its possible

conformation. Hence, starting from a trimer it is possible to compute the

entropy difference between N = 50 and N = 3, which is analytically known

from Eq. 2.1.

To pass from the curve ssaw(Q) to the surface ssaw(P,Q) for a self avoiding

polymer we perform new Monte Carlo simulations of the FRC self-avoiding

patchy-polymer (defined in Eq. 2.9) for each value of M . We sample its

conformational entropy ssaw(P,Q) with the additional collective variable P .

By integrating over the order parameter P , ln
∫

Nsaw(P,Q)dP , we obtain

the same curve ssaw(Q) up to an additive constant. Thus, by aligning

ln
∫

Nsaw(P,Q)dP with the absolute entropy ssaw(Q) we compute the proper

shift for the surface ssaw(P,Q). A key difference between the two simula-

tions we employed to compute ssaw(Q) and ssaw(P,Q) is that in the latter

also single particle rotational moves are performed, allowing us to create a

path between the bare self-avoiding polymer and the full patchy-polymer.

Moreover, it is worth noticing that we could not compute directly the ab-

solute value of ssaw(P,Q) with the gran canonical method of Ref. [169, 170]

because it does not sample properly the polymer conformations correspond-

ing to large values of P .
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The last step consists of a Monte Carlo simulation of the patchy-polymer

with the patches interaction enabled, allowing us to sample the conforma-

tional entropy spp(P,Q) for different number of patches. The computed sur-

face spp(P,Q) is then aligned with ssaw(P,Q) to get the absolute entropy for

the patchy-polymer.

All the shifts are obtained by minimising the sum of square distances of

the points of the conformational entropy profiles.
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Chapter 3

Heteropolymer design and

folding of knots

3.1 Introduction

Knots have been used since ancient times to perform a variety of tasks: ty-

ing objects or animals, securing ropes, sewing, etc. Advancements in math-

ematics, physics, biology and chemistry [171] in the past half-century have

made clear that knots are not only macroscopic object, but can arise on

polymers and molecules as well, either as the result of spontaneous entan-

glement [71–74] or through the action of enzymes in DNA [81, 95, 96], or as

specific folds in proteins [84–88]. Knots have been reported even in clus-

ters of dipolar spheres [79] and in the disclination lines formed by colloidal

dispersions in cholesteric liquid crystals [172–174]. Molecular knots, much

like their macroscopic counterparts, change the physical properties of the

chains on which they are tied, and can serve specific functions, for exam-

ple enhancing mechanical and thermodynamical stability in knotted pro-

teins [84, 86,100–103] or polymers [61].
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There is, in fact, growing interest in synthesizing specific artificial knots,

which could be used for example as reusable catalysts for different chemi-

cal reactions due to their stability [109] or to construct drug delivery car-

riers [104]. In the past 30 years, topological synthetic chemistry has taken

considerable steps toward producing knotted molecules using metal coordi-

nation and helically shaped ligands [99, 175]. Nonetheless, only 4 type of

knots can be produced as of today: the trefoil [110], Savoy or figure-eight

knot [113], pentafoil [111,112] and 819 knots [114]. Computational investiga-

tions [118, 176, 177] show that self-assembly of helical templates, mimicking

the helical ligands used in topological synthetic chemistry, reproduce a mix-

ture of different knots including more complex ones than the ones mentioned

above, although only in small traces.

However, to this date, the synthesis of a specific knot with controllable

topology and precise structure is still a challenging task. A possible strat-

egy to progress in this direction is to imitate protein folding, employing

heteropolymers. This can be achieved in principle by introducing so called-

patchy polymers [6, 61, 62], chains composed by different monomers char-

acterised by the presence of patches on their surface, which guarantee a

directional interaction akin to hydrogen bonding in proteins. Monomer pairs

interact not only via this short range directional interaction, but also through

an alphabet of different isotropic attractions/repulsions. The key parameters

of the models are the alphabet size of the isotropic interactions q and the

number of patches M (which is the same for all the monomers in a chain).

Computational studies have shown that patchy polymers can fold precisely

into a variety of three-dimensional structures which are dictated by the het-

eropolymer sequence along the chain [6,61,62]. Furthermore, the presence of

knotted folds has been reported in a previous study [61], where the authors
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show that a knotted structure externally locked by controlling the interaction

between the end monomers is stabilised for temperature unfolding.

Here we consider two standard heteropolymer models where heteroge-

neous isotropically-interacting monomers are bonded along the chain via a

harmonic potential with two different anchoring geometries: i) in the freely

rotating chain (FRC) model the spring binds the centres of the monomers; ii)

in the freely jointed chains (FJC) model the spring connects two anchoring

points on the monomer surface and opposite to each other (see bottom of

Fig. 3.1 for a sketch). Possible experimental realisations of the FJC chains

could be surface grafted colloidal particles or covalently bonded chemical

units. Instead, constructing a FRC chain would need patchy particles where

the patches are free to rotate with respect to the central bead. Examples of

such are the solid colloids with surface-mobile DNA linkers in Ref. [149], the

lock and key colloids as in Ref. [148], or emulsion droplets with mobile DNA

patches [150].

We study the space of possible knots in chains of 50 monomers of both

the FJC model with M = 1, 2 patches per bead and the FRC model with

M = 1, 3, each with two alphabet sizes q = 3 and q = 20. We show that the

knot spectrum is controlled by the number of patches and the alphabet size

and presents a broad variety of knots of complexity up to 20 crossings. In-

terestingly, increasing the alphabet size tends to simplify the knot spectrum.

We design the sequence to obtain precisely folded specific knot topologies,

including the twist knot 52 and complex pretzel knot 10124, both of which

have not been synthesised.
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3.2 Methods

3.2.1 Patchy polymer models

The full Hamiltonian of the patchy polymer is given by:

H =
N∑
i<j

U(Rij)+
N∑

i+2<j
Ubb(Rij)+s

N∑
i+2<j

M∑
l,k=1

Upp (Ri ; Rj ; rl,i ; rk,j )+
N−1∑
i=1

UB(Ri i+1)

(3.1)

where N is the total number of beads, and Rij is the distance between the

beads i and j. The indices i, j run over the N beads, while the indices l and

k run on the M patches of the beads i and j, respectively.

The first term represents a self-avoiding potential acting between all the

beads and is defined as U(Rij) ≡ ∞ if Rij ≤ 1σ and U(Rij) = 0 other-

wise. The subsequent three energy terms in the Hamiltonian account for

the isotropic interaction between two beads, Ubb; the directional interaction

between patches, Upp; and the bonding energy between consecutive beads,

UB. The parameter s = 4 rescales the strength of the directional interaction

with respect to the isotropic interaction [62].

The second term represents the isotropic bead-bead interaction and is

modelled with the potential

Ubb(Rij) = εij

[ 1
1.0 + e−10(3−Rij)

]
(3.2)

where εij is a sequence-dependent prefactor depending on the types of bead

i and j. The possible monomer types are defined by an alphabet of size q,

giving a q × q symmetric matrix of possible values for εij. The interaction

matrices are generated according to a Gaussian distribution with null average

and standard deviation equal to the ones typically used to model real amino

acids [178–183]. In this work we consider two different alphabets with size

q = 3 and q = 20 respectively; the interaction matrices are reported in the
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Figure 3.1: Interaction potentials. a) Isotropic square-well like interaction as a

function of the distance between the centres of the spherical monomers rij (see

left inset). The well depth is controlled by a pre-factor εij , which is different

for each different pair of monomer types. The pre-factors are grouped in an in-

teraction matrix, the size of which depends on the number of monomer types in

the range 3 to 20 (the matrices used are given in the Supplemental Material).

For an alphabet of size q, the set of q(q + 1)/2 heterogeneous interactions are

Gaussian random numbers with zero average and standard deviation of 0.33 kBT .

Inset: schematic illustration of patchy polymers. Small white spheres indicate the

patches, placed on the surface of the central sphere. b) Directional potential. The

radial Lennard-Jones contribution in the plot is multiplied by the directional con-

tribution (cos θl,i cos θk,j)2, where θl,i and θk,j are the angles between the vector

that connects each patch to the respective bead centre and the vector that con-

nects the two patches (right inset). Bottom: schematic illustration of the patch

geometries. The central bead is represented smaller than its size for the sake of

visualisation.
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Supplemental Material. We considered in particular two matrices with a

balanced number of self-attractive and self-repulsive types, since these are

the most representative. In fact, with Gaussian distributed matrices, the

probability of having only self-interactions of one kind is low (1
2
q).

Ubb is essentially a sigmoidal function with constant value Ubb ∼ εij for

Rij ≤ 2.5 σ, decaying to Ubb ∼ 0 for Rij ≥ 3.5 σ, with the inflection point

Ubb = εij/2 at 3 σ. For computational reasons, the interaction is truncated

when rij > 4.25 σ.

The third term represents the directional interaction and is given by the

potential derived by Irbäck et al. [140], commonly used to model hydrogen

bonds

Upp (Ri ; Rj ; rl,i ; rk,j ) ≡ εp (cos θl,i cos θk,j)ν
[
5
( 1

2rlk

)12
− 6

( 1
2rlk

)10]
,

(3.3)

where the θl,i and θk,j are the angles between the vector rlk ≡ rl,i − rk,j and

the vectors rl,i − Ri and rk,j − Rj, connecting the patches l and k to the

centre of their bead, respectively (Fig. 3.1). Accordingly, we have rlk ≡ |rlk|.

The potential Upp tends to align the vectors rlk, rl,i −Ri and rk,j −Rj, and

has its minimum when the patches are at distance rkl = 1/4 σ, representing

a conformation where the patches face each other, while it vanishes when rlk
is orthogonal to one of the vectors rl,i −Ri or rk,j −Rj. When θl,i < π/2 or

θk,j < π/2 we fix Upp = 0 to avoid anti-parallel arrangements of the patches.

Upp is cut off at Ri,j = 1.5 σ. For the values of the pre-factor and exponent

we take εp = 3.1 kBT and ν = 2 [140]. Note that both the terms Ubb and Upp
exclude the interactions between beads that are first and second neighbours

along the backbone.

The last term, UB, is a harmonic potential joining consecutive beads. UB
distinguishes the two classes of polymer models we consider:
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UFRC
B (i, i+ 1) = KB(Ri i+1 − 1)2 (3.4)

UFJC
B (i, i+ 1) =


KB(rv(i) v(i+1) − 1/4)2 if rv(i) v(i+1) > 1/4

0 if rv(i) v(i+1) < 1/4
(3.5)

In the FRC Freely Rotating Chain model, the bond is applied directly be-

tween the centres of consecutive beads along the chain and the rest distance

is equal to σ (see Fig. 3.1 a), bottom panel). In the FJC Freely Jointed Chain

model, each bead has two special patches which act as anchoring points be-

tween subsequent beads along the chain (see Fig. 3.1 b), bottom panel).

Given two consecutive beads i and i + 1, in the above formula we indicate

the anchoring points with v(i) and v(i+ 1). The spring rest distance in this

case corresponds to the minimum of the patches potential 1/4σ. For both

models, KB = 160 kBT/σ2.

Except for the FJC with one patch geometry, in all the other cases the

patches are fixed on the vertices of a platonic solid on the surfaces of the

bead i.e., at distance σ/2 from the bead centre. From now on we will indicate

with M the number of free patches, excluding the anchoring points. In the

FJC with M = 1 the patch is placed at 90 degrees with respect to the two

anchoring points (in black). In the FJC with M = 2 the two patches are

placed on a tetrahedron completed by the anchoring points. In the FRC

M = 3 they are placed on the vertices of an equilateral triangle. For each

case, we consider two alphabet sizes q = 3 and q = 20 (see Methods for the

definition of the interactions). In the FRC model, the patches can rotate

solidly on the bead. In the FJC model, only the free patches can rotate
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along the axis defined by the two patches involved in the bonding interaction

between subsequent beads.

Monte Carlo simulations

We employ the methodology of the Monte Carlo simulations SEEK, DE-

SIGN and FOLD (SDF), that was proven to be able to discriminate between

designable and not-designable structures [6, 62]. Briefly, the SDF method:

i) performs an extensive sampling of the heteropolymer conformations and

sequences to chose a target structure; ii) designs the sequence that should op-

timally fold into the target structure; iii) tests whether the designed sequence

correctly folds into the target structure.

The sampling capability of each of these steps is enhanced by using the

Virtual Move Parallel Tempering with multiple replicas at different temper-

atures, coupled to a bias potential to escape local free energy minima [154].

The bias potential helps the simulations to correctly sample the whole space

and is then removed. For each patch geometry, we perform 10 independent

simulations, run in subsequent simulation blocks of 109 MC steps. We repeat

the iterations until we observe that the conformational entropy landscape

does not show an appreciable difference from the previous run and among

the 10 independent simulations.

In a DESIGN simulation, we consider a fixed target structure and explore

its sequence space through point mutations and monomer type swaps, with

the aim to find an optimal sequence which minimises the free energy while

maintaining a high heterogeneity (see ref. [61] SI). This exploration is per-

formed using a VMPT scheme with 5 parallel simulations, each composed of

16 replicas running at temperatures [0.1, 0.3, 0.5, 0.7, 0.9, 1.2, 1.5, 2, 2.5, 3,

4, 6, 7, 8, 9, 10]. All simulations are performed with a bias potential on the
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energy of a given sequence and its heterogeneity, defined as in ref. [61].

FOLD simulations are complementary to DESIGN ones. In this case,

we fix the polymer sequence and explore the conformational space of the

chain through a combination of crankshaft, pivot and monomer displacement

moves. We consider 10 parallel simulations each running on 32 different

replicas at temperatures 3.0, 2.5, 2.2, 2.0, 1.9, 1.7, 1.6, 1.55, 1.5, 1.45, 1.4,

1.35, 1.3, 1.2, 1.15, 1.1, 1.05, 1.025, 1.0, 0.99, 0.975, 0.95, 0.925, 0.9, 0.875,

0.85, 0.825, 0.8, 0.75, 0.7, 0.65 and 0.6. The free energy (see Fig. S.7 in the

Supplemental Material) and bias potential are both projected on the total

number of contacts between the patches P (distance below 0.625 σ and angles

θli and θkj > 0.8 π), and the DRMSD from the target structure, defined as

DRMSD = 1
N

√∑
ij

(Rij −RT
ij)2 (3.6)

where Rij is again the distance between beads i and j while RT
ij is the same

distance calculated over the target structure. For an example of a FOLD free

energy landscape see Fig. S.7 in the Supplemental Material.

Finally, SEEK simulations combine the exploration of both conforma-

tional and sequence space at the same time. For each polymer model, we

perform 10 independent simulations, each of which running a VMPT scheme

with the same 32 temperatures used for FOLD.

From SEEK, we obtain free energy profiles mapped on two different pairs

of global variables (See Fig. S.8 and Fig. S.9 in the Supplemental Material).

The first pair is given by the total number Q of contacts between the spheres

calculated as the total isotropic energy ∑
i,j Ubb(Rij) with all εij = 1 and

the total number P of contacts between the patches. For this pair of global

variables we save a histogram of 850 Q by 100 P bins and for each bin we

store the minimum energy conformation of each replica. The second pair is
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the Average Crossing Number (ACN) and the end-to-end distance Ree of the

polymer, for which we consider a histogram of size 100 by 200 bins. The

average crossing number is defined as

1
2π

N−1∑
i=1

N−1∑
j=1

(ri+1 − ri)× (rj+1 − rj) · (ri − rj)
|ri − rj|3

, (3.7)

where the ri+1−ri approximates the vector tangent to the polymer backbone

at the position of the monomer i. The ACN is a continuous variable – as

needed for the bias potential – that corresponds to the average number of

intersections of the "polymer shadow", meaning the average of the number

of intersections over all projections of the polymer structure onto all possible

planes, i.e., the planes orthogonal to all the directions passing from the centre

of the polymer. The ACN correlates with the number of crossings of the knot,

with higher values of ACN corresponding to more complex knots [184]. SEEK

simulations are performed with a bias potential W (ACN,P ).

SEEK simulations are intended to provide possible targets for DESIGN

and FOLDING simulations. These target conformations are given by the

minimum energy conformations obtained for each bin in the histograms. We

perform 10 independent simulations each with 32 replicas that exchange tem-

peratures (not conformations), thus the conformation with minimum energy

will be a low temperature conformation for each replica. Hence, we have up

to 320 independent conformations at low temperature per bin.

Through SEEK we can obtain the ensemble averages of several observ-

ables. In order to do so, for a given variable a, we have to weight its value

for each conformation by the unbiased probability P of said conformation

within its bin in the histogram (ACN,Ree):

Pk = e−βEk∑nb
i=1 e

−βEi
(3.8)
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where nb is the number of conformations for each bin b (up to 320). Thus,

for a variable a, its ensemble average is:

〈a〉 =
∑n
b=1(∑nb

i=1 aiPi)e−βFb(ACN,Ree)∑n
b=1 e

−βFb(ACN,Ree) (3.9)

where n is the total number of bins and Fb(ACN,Ree) is the unbiased canon-

ical free energy of the bin b.

Knot analysis

To assign a topological state to the conformations of linear patchy polymers,

we must first of all circularise them. We do so by using the Minimally

Interfering Closure [91]. The topology of each circularised chains is then

identified by calculating the Dowker code of its projection and comparing it

against a table including all knots up to 16 crossings. To do so, we used the

KNOTFIND routine included in KNOTSCAPE [185].

To calculate the probability of a given knot topology, for instance the

31, we perform a SEEK ensemble average as described in eq. 3.8, taking the

variable a to be:

ai = δτi,31 ≡


1 if topology is 31

0 otherwise
(3.10)

where the Kronecker delta is evaluated over the topology τ of conformation

i.

Results

The two models of patchy polymers considered here, Freely Jointed Chains

(FJC) and Freely Rotating Chains (FRC), idealise several possible experi-

mental realizations of patchy systems, at a scale ranging from molecular to
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colloidal polymers. The demonstrated ability of patchy polymers to fold into

designed three-dimensional structures [6] opens the possibility to use them

to experimentally obtain a variety of different knots in a reliable way.

We consider different possible realizations of FRC and FJC. In particular,

we study FRC withM = 1 andM = 3 patches per bead and FJC withM = 1

and M = 2. For both FJC and FRC we consider one alphabet of size q = 3

and one of size q = 20, giving us 4 different cases per model.

To characterise what knots can be obtained with each system, we start

by analyzing the knot spectrum of FJC and FRC polymers with N = 50

beads, correlating the probability to obtain each knot with two different geo-

metrical characteristics of the polymer conformations: the Average Crossing

Number (ACN) and the end-to-end distance (Ree). To do so, we perform a

series of SEEK simulations (see methods) sampling both the conformational

and sequence space at the same time. For each simulation, we project the

free energy on the ACN × Ree plane storing its values in a two-dimensional

histogram. To each bin, we associate a population of up to 320 low energy

conformations each of which is sampled independently by one of the parallel

replicas in the simulation. This strategy allows us to identify the most prob-

able knot type for each pair of ACN,Ree values, guiding the design of knots

with controlled geometrical properties.

In Fig. 3.2 we show the results for the FJC model with M = 1 since it

presents the most varied knot spectrum, the corresponding results for FRC

are qualitatively equivalent and are reported in the Supplemental Material.

Here and in the following, we denote knot types using the Alexander-Briggs

notation [186], commonly used for knots with up to 10 crossings. In this

notation, each knot type is indicated in the form XY , where X stands for

the number of crossings and Y distinguishes the knot from others with the
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Figure 3.2: Topological ‘phase diagram’ of the most probable knot type for each

couple of ACN,Ree for the FJC model with 1 patch and with q = 3 and q = 20.

same number of crossings.

The knot spectra in Fig. 3.2 shows that the knot complexity correlates

with the Average Crossing Number, both for alphabet 3 and alphabet 20,

leading to the formation of several knot domains. In both cases, the domi-

nating knot for a certain value of ACN has a comparable number of essential

crossings, so trefoil knots dominate the spectrum for ACN ' 3, 51 knots for

ACN ' 5, etc. Nonetheless, some knots show a great spread in ACN , indi-

cating a vaster set of accessible conformations corresponding to them, while

others are confined to a narrow set of ACN values. It is important to notice

that since Fig. 3.2 only reports the most probable topology for each bin, the

actual spread of each knot is greater with respect to the reported domains.

Interestingly, there is also a vertical spread with some knots, like the 52 for

FJC M = 1, q = 3 being more likely found when the two ends of the chain

are close to each other.

Starting from the knot spectrum of each bin of the ACN×Ree histogram,

we obtain the total knot spectrum of each model by weighting the probability

of each knot in a bin by the canonical probability of the bin, as explained in
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details in Methods. The knot probability histograms so obtained are reported

in Fig. 3.3 a) and b) for the FJC and FRC model respectively. These knot

spectra allow us to characterise the effect of the backbone (FJC vs FRC),

number of patches, and alphabet size on the probability of observing different

knots.

First of all, we note that in all the cases considered here torus knots are the

most abundant. In particular, 31, 51, 819, and 10124 are dominating topolo-

gies. Interestingly the same topologies dominate the spectrum of knots which

can be formed by self-assembly of helicates [99,111,114,118,176,177] and by

low temperature phases of bead-and-stick attractive homopolymers [187].

However, patchy polymers can be used to tie twist knots as well, like the 52

knot that is present in all cases in traces (< %1) and is relatively abundant

for FRC M = 1, where it reaches a probability P52 ' 0.03, equal to 0.3 that

of the 51 knot. Furthermore, as shown in the next subsection, twist knots

can still be designed and folded even in the FJC model, despite their rarity.

An important result of our simulations is that both the FRC and FJC

models show knot spectra that differ significantly from the one observed for

self-avoiding polymers [188]. Moreover, the histograms are strongly affected

by the model used, the geometry of the patches and the size of the alphabet.

In particular, we notice that the models with one patch have richer knot

spectra, and that increasing the alphabet from q = 3 to q = 20 favors the

formation of simple or trivial knots.

In order to better understand these phenomena, we analyse the patch-

patch contact distribution as a function of the arc separation s along the

backbone, reported in Fig. 3.4 for the FJC model and Fig. 3.5 for the FRC

model. From these we find that the systems FJC 2 patches q = 3, 20 in

Fig. 3.4, and FRC 1 patch q = 20 and 3 patches q = 3, 20 in Fig. 3.5, have a
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3. Heteropolymer design and folding of knots

larger number of contacts at separations smaller than 10 beads, particularly

for s = 3, corresponding to local kinks. As can be seen in Fig. 3.3, the same

systems have a spectrum of knots skewed towards simpler topologies. The

connection between the knotting probability and the distribution of local

contacts was observed for homopolymers [188]. The study shows that the

crumpled local structures significantly lower the probability of forming loops

large enough to be pierced by other portions of the chain, and therefore

lower the probability of forming knots. Hence the patches, while sculpting

the conformational space allowing for designability, have a strong influence

on the knot spectrum.
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Figure 3.4: Normalised distribution of the patch contacts for FJC as a function

of their chain separation s in monomers units.

Following the rationale of the influence of local contacts when comparing
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of their chain separation s in monomers units.
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the FJC with the FRC model, we further note that for the FJC model the

probability of having directional contacts at scales below 10 beads (Fig. 3.4)

is considerably lower than for the FRC model, and consequently the knot

spectrum is skewed toward highly complex knots. Conversely, the higher

probability for FRC of having local contacts (Fig. 3.5) translates into a higher

density of peaks in the low knot-complexity region of the spectrum (Fig. 3.3).

Finally, the most remarkable effect made apparent by Fig. 3.3 is that

incrementing the alphabet size to 20 letters, as in proteins, leads to a dramatic

simplification of the knot spectra. Furthermore going from q = 3 to q = 20

has a slightly different effect in FJC and FRC. While in the first case it

systematically enhances the 31 knots, in the latter it favours unknots, in one

case (FRC with 1 patch) bringing the probability of unknots from 0.18 to

0.98.

The increase in the likelihood of unknots and trefoil knots is at first sur-

prising. Indeed, based on the fact that increasing the alphabet size improves

the designability of a model [6], one might expect that a larger alphabet

would bring a richer knot spectrum. However, the number of possible con-

formations with a given topology decreases rapidly with knot complexity,

due to the increase in the number of essential crossings [189]. Since a larger

alphabet has a higher power to optimise different structures, it will be able

to optimise both the structures with high topological complexity and the

ones with low topological complexity, which are more abundant in number

and therefore will dominate. In fact, we measured the knot spectrum for a

plain version of the FJC and FRC models, in which the isotropic attractions

are switched off (Ubb = 0 in Eq.3.2), but the patch-patch interaction are still

present. The results show that for FRC M = 1 we observe an equal parti-

tioning between the unknot (48%) and 31 (52%) topologies, while for FJC
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M = 1 the 31 (91%) dominates the spectrum.

Our hypothesis that increasing the alphabet makes accessible more con-

figurations compatible with simple knots, is further confirmed by looking at

the sequence energy (second term of Eq. 3.1) of the sequence designed to fold

into the knotted structures reported in Sec “Designing and folding specific

knots”. We find that for FRC M = 3 and q = 20, within the same model

knots with different complexity (unknot, 31, 10124 and 819) have similar se-

quence energies, which differ between each other in the range of the thermal

fluctuations from the free energy minimum. If on the other hand the shift in

the peaks for q = 20 was of enthalpic origin we should have expected energy

differences well above the thermal fluctuations. We thus propose that this

trend is of entropic nature, with larger alphabets being able to optimise the

larger conformational basins of simple knots better.

This result also implies that at small alphabet size, complex knots might

dominate due to the difficulty to optimise the large number of existing un-

knotted or simply knotted conformations with a reduced set of letters. In

fact, as reported in Fig. S.5 in the Supplemental Material, increasing the size

of the alphabet to q = 20 significantly reduces the length and frequency of

homopolymeric stretches found by the SEEK simulation compared to q = 3.

While for q = 3 we observe homopolymeric stretches of up to 10 monomers,

the probability of having repetitions with the size larger than 3 is negligible

when q = 20. It is important to stress that the interaction matrices are Nor-

mally distributed (see Methods), and with the self-interactions distributed

between attractive and repulsive. Hence, stretches of different letters corre-

spond also to having alternatively self-attractive/self-repulsive stretches.

The presence of alternating long self-attractive/self-repulsive homopoly-

meric stretches forces the chain to form non-local contacts to reduce the

79



3. Heteropolymer design and folding of knots

chain energy and thus makes it difficult to optimise conformations rich in

crumpled regions, which correspond to unknots or simple knots like the 31.

As a consequence, only a small subset of a large number of conformations

with simple topologies will be optimised, and thus these topologies will not

dominate the spectrum1. Again, this line of reasoning is confirmed by the

distributions of patch contacts. In fact, as can be seen from Figs. 3.4 and

3.5, for the FJC model going from q = 3 to q = 20 strongly enhances the

first peak when M = 1 and completely cuts off the tail of the distribution

for M = 2. In the case of FRC, which allows local contacts already at q = 3,

increasing the alphabet size leads both to a strong increase in the height of

the peaks at small s and to the suppression of contacts at s > 35.

Another observation supporting our results comes from a previous study

by Wüst et al. [190], in which the authors showed that the sequence of a two

letters HP model could be used to design lattice heteropolymers to adopt

either prevalently knotted or prevalently unknotted conformations. In par-

ticular, they found that sequences containing long contiguous sequences of

monomers of the same type folded into highly knotted structures, since they

forced the chain to form large loops. On the other hand, sequences which

contained only short repeating stretches were almost always unknotted [190].

An interesting conclusion of the work of Wüst et al. was that the low num-

ber of knotted natural protein structures could be produced by an active

evolutionary pressure over the sequence of the protein to avoid long repeti-

1Also for q = 3, the sequence energies for the designed knots – optimised for each knot

topology for the structure with the highest probability of having that knot topology – are

similar for different knot complexities. This does not imply that with q = 3 it will be

possible to optimise the large number of existing unknotted or simply knotted conforma-

tions, as many of them will be not optimised due to the presence of the homopolymeric

stretches.
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tions that favours knots. From our results instead, we can draw a different

conclusion: the increase in the alphabet size alone spontaneously drives the

system to reduce the complexity of the knots or eliminate them altogether.

Hence, the 20 amino acids alphabet of proteins has the additional property of

reducing the spontaneous occurrence of knots without losing the possibility

of optimizing complex topologies, a hypothesis that has not been proposed

before.

We notice here that while several knotted protein folds have been re-

ported, no knots has been found in RNAs uploaded to the PDB [191]. This

might at first seem to be at odd with our claim, since RNA has a four let-

ter alphabet. We note though that not only the reason for the absence of

knots in natural RNAs might be evolutionary, several studies have pointed

out that RNA tends to fold hierarchically [192,193], forming very stable local

branches before long range contacts can be established. As a result, RNA

folds in the PDB appear not to be fully equilibrated [194,195].

Finally, the difference between FJC, where enlarging the alphabet favours

the trefoil knot, and FRC, where it favours trivial knots, originates from

the bending rigidity of the polymer. In fact, recent studies on the knotting

probability of homopolymers have shown that while completely flexible chains

favours unknotted conformations, a slight increment of the persistence length

strongly enhances the probability of obtaining simple knots like the trefoil [77,

187, 196]. To confirm that this is the case also in our setup, we computed

the persistence length of pure self-avoiding freely rotating chains and freely

jointed chains, in the absence of any attractions between the beads. The

results, reported in the Supplemental Material Fig. S.6 show that while the

FRC model is completely flexible, the FJC has a small persistence length of

about 3 monomers. This also further explains the negligible probability of
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having patch-patch contacts at low values of s for FJC M = 1.

Overall, patchy polymers combine the advantages of directional inter-

actions to shape the conformational space towards regions rich in complex

knots, with the control offered by heteropolymers on the specific target struc-

ture.

3.2.2 Designing and folding specific knots

Having analysed the most abundant knot types in each model and the effect

of the number of patches and alphabet sizes on their probability, we now

move on to demonstrate that different topologies can be designed and folded

reliably both in FJC and FRC. Furthermore, we demonstrate that this applies

even to rare knots such as the 52 knot in the FJC model. To do so, we select a

set of representative topologies from our various models. These are 31, 51 and

52 for FJC M=1; 51 for FJC M=2; 31, 819, 10124 for FRC M=3. Whenever

possible, we design conformations in which the ends are close to each other,

so that they can be externally connected in a second step to trap the knot.

Our design and folding scheme works as follows. For a given topology, we

identify the corresponding global free energy minimum in the ACN ,Ree pro-

jection. This is given by the structure with the highest number of sequences

that fold into it, making it the most designable one [153]. This solution is

not necessarily unique, as other structures further from the global minimum

might still provide designable candidates. Among the conformations in the

vicinity of the free energy minimum in the ACN , Ree plane, we identify the

one with the lowest free energy that also has values of P and Q in the vicinity

of the free energy minimum of the corresponding P,Q SEEK spectrum.

Following these criteria, we choose the best conformation for each knot

type and use it as input for a DESIGN [62] simulation (see Methods), in
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which we explore the space of sequences while maintaining the structure

frozen.

DESIGN simulations provide us with an optimal chain sequence for a

given target structure. To test the validity of the designed sequence, we

verify with the FOLDING simulation that the target conformation is the

global energy minimum in the conformational space of the polymer with the

fixed designed sequence. If the global free energy minimum is close to the

target structure the polymer is correctly folded, following the criterion in [6]

(see Fig. S.7 in Supplemental Material).

Following this scheme, we can design and fold all target topologies, with

a remarkable precision in the range of fractions of the monomer size, compa-

rable to the folding precision that proteins can reach. In Fig. 3.6 we show the

folded structure in comparison with the target structure, together with the

root mean square displacement from the target structure (RMSD) – often

used to categorised protein folds – defined as:

RMSD =
√√√√ 1
N

∑
i

δ2
i (3.11)

Here, δi is the distance between the bead i of the folded structure and the

corresponding one of the target structure.

We note in particular that we are able to fold knots up to 5 crossings

in conformations with close ends which could be easily locked externally. A

similar result should be achievable for more complex knots like the 819 and

10124 by simply using longer chains.

Finally, our procedure demonstrates that the FJC model can be used to

design and fold highly localised knots, as shown by the 31 knot in Fig. 3.6,

which takes up only 14 beads, less than one third the length of the chain.

83



3. Heteropolymer design and folding of knots

3.3 Conclusions

In this work, we studied the topological properties of two different models of

hetero patchy polymers, namely Freely Rotating Chains and Freely Jointed

Chains. Both models offer several viable experimental realizations and might

prove highly valuables to produce knotted supra-molecular constructs. In this

perspective, we characterised the knot spectrum of both chain models, for

different patch numbers and two different alphabet sizes of the heterogeneous

interactions.

We show that increasing the number of patches suppresses knots with

high complexity, by enhancing the probability of local contacts on the chain.

Interestingly, increasing the alphabet simplifies the knot spectrum, driving

it to populate mainly the trefoil and the unknot.

The latter finding has intriguing implications in the field of knotted pro-

teins where the low percentage of knotted structures recorded so far suggested

that it might be the result of explicit selection pressure [93,100,103,171,198–

200] . Here, instead, we propose that simply the alphabet of 20 letters is a

strong deterrent for the formation of knots.

Finally, we take several knots, both toroidal and twist, some of which have

never been experimentally tied, like the 52 and 10124 and we design them by

optimizing the sequence of heterogeneous interactions. As we demonstrate in

the results section, the designed sequences were able to fold back into the tar-

get knotted structure, suggesting that our approach might indeed open the

pathway for the experimental realization of complex supra-molecular knots.

We are able to select and fold also structures with close ends, which could

be easily locked externally to guarantee the thermal stability of the struc-

ture [61]. Moreover, the structures fold back with a precision of fractions

of the bead size, comparable to what proteins can achieve and necessary to
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open possible applications as catalysers or drug delivery carriers.
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Figure 3.6: Designed knotted conformations. Each pair of structures represents the

target (left) and folded (right) conformations. The part of the polymer involved in

the knot is represented in orange, the end monomers in red, and the rest in green

(for the target) and cyan (for the folded). For each pair, the value of RMSD (root

mean square displacement between the folded and the target) is reported. The

knotted portions have been identified using Kymoknot [197]. The diagrammatic

representation of all designed knots are reported on the right. The 52 (colored in

red) is a twist knot, while the other are torus knots.

86



Appendices

87





Appendix A

The role of directional

interactions in the designability

of generalized heteropolymers -

supplementary material

A.1 Supplementary theory

A guiding theory for heteropolymer designability is given by the Random

Energy Model (REM) [5,54,68]. A clear review can be found in the seminal

works of Pande et al. [5], where it is shown how the designability of a het-

eropolymer increases with the total number of possible bonds for each bead

(valence) and decreases with the conformational entropy per bead. Hence,

it is reasonable to assume that directionality (the patches) combined with

isotropic interactions would increase designability, because the valence (i.e.

the total number of possible bonds) remains constant, while the conforma-
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tional entropy per bead decreases. In fact, the introduction of the patches

decreases the entropy by favouring the system to populate more specific

structures with the patches along particular directions.

On the other hand, if the number of patches increases to much, the in-

teractions become again close to isotropic and the designability decreases

again. Hence, a model is needed that explicitly brings about the designabil-

ity from a basic heteropolymer model by controlling the alphabet size and

the conformational entropy per particle.

A.2 Symmetry of patches on the surface

Considering n as the number of patches on the surface, for freely jointed

chains (FJC) with n = 3 the anchoring points are places perpendicular to

the patch, while for n = 4 they are placed on a tetrahedron completed by the

anchoring points. The freely rotating chains (FRC) are fixed on the vertices

of a platonic solid or in the most symmetric way: equispaced on the equator

and placed on the vertices of a equilateral triangle, of a tetrahedron and of

a octahedron for the n = 3 n = 4 n = 6 cases, respectively. For n = 10 there

is no platonic solid, so the patches are placed on the surface in the most

symmetric way by using the following numerical procedure:

1. n patches are randomly placed on a sphere, their positions given by the

set of vectors {~r1, . . . , ~rn}

2. we assign a fictitious energy to the system, defined as U = 1
2
∑
i 6=j |~ri−

~rj|−1

3. we minimise U by attempting to move a randomly chosen patch, accept-

ing the move if the total energy of the system consequently decreases.
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Formally, this can be regarded as a Monte Carlo (MC) simulation per-

formed at temperature zero.

4. We iterate this procedure until convergence of U .

For completeness, we note that the above method produces a patch distribu-

tion which is independent of the definition of distance between two patches,

being it the Euclidean distance or a spherical distance, for all the values of

n considered here. In addition, the patch distribution makes sure that two

particles cannot be involved in more than one bond.

A.3 Supplementary results figures
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Figure A.1: Free energy landscape sampled by SEEK for one patch and alphabet

3 in the freely rotating chain model. The free energy is in function of the total

number of contacts between the spheres (distance below 6 Rbead) and the total

number of contacts between the patches (distance below 1.25 Rbead and angles

θ1 and θ2 > 0.8 π). The target structure is chosen in the global minimum of

this landscape. Following the above definition of patches contacts, in the target

structure the 80% of the patches are maximally oriented between each others.

However, we observe by looking closer at the structure, that all the patches are

interacting. Nevertheless, the close packing peak in the radial distribution function

dominates on the directional interaction peak. Hence, the close packing is not

suppressed even when all the directional interactions are fulfilled. Thus, increasing

the relative strength of the directional interactions will not make the first peak

disappear.
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Figure A.2: FOLDING free energy landscape as a function of the distance root

mean square displacement (DRMSD) for an example of a non-designable system

(left) and two designable ones (right). In the cases on the right, our temperature

resolution was high enough to observe two simultaneous minima. The configura-

tions with DRMSD values corresponding to the position of the second minimum

are the molten globule structures. Interestingly, for the same alphabet size the po-

sition of the molten globule minimum is conserved for different number of patches,

and for 0 patches is the only global minimum observed at all temperatures. Hence,

the 0 patch chain is never designable.
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and alphabet sizes at temperature 0.4. 94
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Figure A.4: Probability that one bead forms an angle θc with two other beads

located at distance r from the central one. The probability is averaged on the 40

most probable conformations and we exclude the angles formed by three consecu-

tive beads along the chain. a) without patches. b) 10 patches.

For the polymer without patches we observe in Figure S.4 that the preva-

lent angle is 60◦ corresponding to a random packing. For 10 patches we

observe that the high number of patches decreases the random packing at

distances close to 2Rbead. In fact, at small distances (2.00− 2.45Rbead) there

is a component of directionality that cannot be attributed to the patch-patch

bond, but it is instead due to the inter-penetration of the corona formed by

the 10 patches, which can occur only with discrete angles. While at interme-

diate distances (2.45− 2.90Rbead) be observe that the peak at 60◦ reappears.

In fact, this correspond to the new random packing, which is shifted due to

the hindrance of the corona formed by the many patches. In the last part we

observe only at distances 3Rbead the reappearing of some directionality due

to the patch-patch bond.
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Figure B.1: Comparison of the conformational entropy of the self-avoiding

polymer of length N=50 between ln
∫

Nsaw(P,Q)dP , calculated via the VMPT

method [154], shifted on ssaw(Q), calculated via the gran canonical method [169,

170].
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Figure C.1: FJC model with 1 patch and with q = 3 and q = 20 Top: Topological

‘phase diagram’ of the most probable knot type for each pair of ACN,Ree. Bottom:

spectra of the average number of monomers involved in the knot for each pair

ACN,Ree.
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Figure C.2: FJC model with 2 patches and with q = 3 and q = 20 Top: Topological

‘phase diagram’ of the most probable knot type for each pair of ACN,Ree. Bottom:

spectra of the average number of monomers involved in the knot for each pair

ACN,Ree.
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Figure C.3: FRC model with 1 patch and with q = 3 and q = 20 Top: Topological

‘phase diagram’ of the most probable knot type for each pair of ACN,Ree. Bottom:

spectra of the average number of monomers involved in the knot for each pair

ACN,Ree.
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Figure C.4: FRC model with 3 patches and with q = 3 and q = 20 Top: Topo-

logical ‘phase diagram’ of the most probable knot type for each pair of ACN,Ree.

Bottom: spectra of the average number of monomers involved in the knot for each

pair ACN,Ree.
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Figure C.5: Probability of having words of the same letters as a function of

the word length n for the considered models. For each sequence produced by

SEEK, we evaluate the frequency of homogeneous words by counting the number

of repetitions of length n and dividing it by the number of possible words with

the same length, on a sequence of length N = 50. The total probabilities over the

whole ACN × Ree spectrum have then been computed as described in the main

text for a variable a. The theoretical curves refer to random distributions of q

letters and are given by q
qn .
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Figure C.6: Bond-bond correlation function G(s) for pure self-avoiding versions

of the FJC and FRC models, in which all interactions aside for backbone bonds

and steric repulsion were turned off. s correspond to the distance in bond units.

Continuous lines correspond to exponential fits exp(−s/lp), from which we obtain

the persistence length lp.
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Figure C.7: Example of FOLDING free energy landscape projected onto the root

mean square displacement of the inter-particle distance (DRMSD, see Methods

for definition) between the target structure and each sampled structure, for FJC

1 patch q=20. DRMSD = 0 corresponds uniquely to the target structure, we

define as molten globule (misfolded) region (grey area) the DRMSD range spanning

1 kBT from the position of the global minimum of the FOLDING free energy

of the corresponding bare polymer without patches, as shown in Ref. [6]. All

global minima with DRMSD values below the lower boundary of the grey area

are considered correctly folded. The colors of the folded structure represent the

distance of each bead from the target structure, in a scale from 0 (blue) to 1 σ

(red).
C.1 Isotropic heterogeneous interactions ma-

trices
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Figure C.8: SEEK free energy landscape projected on the number P of patch-

patch contacts and the number Q of isotropic contacts, for FJC with 1 patch

q = 3.
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Figure C.9: SEEK free energy landscape projected on the average crossing number

ACN and the end-to-end distance, for FJC with 1 patch q=3.
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