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CONTENTS v

ZUSAMMENFASSUNG

Man kennt und versteht Supergravitation seit ungefdhr 40 Jahren, Newtonsche Gravitation
sogar seit tiber 300 Jahren. Trotzdem ist es bis heute niemandem gelungen, eine supersym-
metrische Erweiterung der Newtonschen Gravitationstheorie zu konstruieren. Das ist, gelinde
gesagt, beachtenswert.

In dieser Arbeit legen wir einige Forschungsergebnisse iiber nichtrelativistische Geometrie
— sogenannte Newton-Cartan Geometrie — dar, die den Weg zu Newtonscher Supergravitation
in vier Dimensionen bereiten. Newton-Cartan Geometrie ist charakterisiert durch eine Blat-
terung der Raumzeit, der eine absolute Zeitrichtung entspricht. Insbesondere betrachten und
verallgemeinern wir Resultate der letzten Jahre, in denen die Theorie durch ein sogenanntes
Eichprinzip aus einer nichtrelativistischen Raumzeitsymmetrie Superalgebra abgeleitet wurde.
Wir haben eine alternative Methode angewandt, die auf einer speziellen Art der Dimension-
sreduktion — sogenannter Null Reduktion — beruht. Dadurch war es moglich, die Theorie
besser zu verstehen, sodass der Ubergang zu allgemeinen Dimensionen in Reichweite scheint.

Stichworter: Supergravitation, Newton-Cartan Gravitation, Differentialgeometrie

ABSTRACT

Supergravity has been known for about 40 years, Newtonian gravity for over 300 years. Never-
theless, to this day nobody has constructed a supersymmetric extension of Newtonian gravity.
This is remarkable, to say the least.

In this work we present some developments in nonrelativistic geometry — so-called Newton-
Cartan geometry — leading the way to Newtonian supergravity in four dimensions. Newton-
Cartan geometry is characterized by a foliation of spacetime, corresponding to an absolute
time direction. In particular, we review and generalize recent results, where the theory has
been obtained via a gauging of a nonrelativistic spacetime superalgebra. We applied an alter-
native technique building on a special type of dimensional reduction called Null Reduction. In
the process we gained a better understanding of the theory making the transition to general
dimensions seem within range.

Keywords: Supergravity, Newton-Cartan gravity, Differential Geometry



vi CONTENTS

ACKNOWLEDGEMENTS

I would first like to thank my thesis advisor Dr. Jan Rosseel of the Mathematical Physics
group at the University of Vienna. The door to Jan’s office was always open whenever I ran
into a problem. He encouraged me to work on my own, but steered me in the right direction
whenever necessary. There is no single other person in the University from whom I have
learned more. Thank you.

I would also like to thank the other members of the group for discussions, in particular
Univ.-Prof. Dipl.-Phys. Dr. Stefan Fredenhagen. Besides my advisor and the group, I thank
Dr. Athanasios Chatzistavrakidis and Prof. Dr. Eric Bergshoeff for valuable discussions at
the ESI.

Special thanks go to FEDRIGONI Italy for supporting me in the production process by
supplying binding material.

Finally, I would like to express my gratitude to all my friends and my family. Above all, to
my sister Eva, my brother-in-law Josef and to my dear friend and colleague Danijel Markovi¢
for providing me with unfailing support and continuous encouragement through the process
of researching and writing this thesis. This accomplishment would not have been possible
without them. Thank you.



CHAPTER 1

INTRODUCTION



2 CHAPTER 1. INTRODUCTION

=

R

a) Relativitiatsprinzip: Die Naturgesetze sind nur Aussagen tber zeitrdumiche Koinziden-

zen; sie finden deshalb ihren einzig natirlichen Ausdruck in allgemein kovarianten Gleichun-
gen. [...]
Wenn es namlich auch richtig ist, daf$ man jedes empirische Gesetz in allgemein kovariante
Form muf§ bringen kénnen, so besitzt das Prinzip a) doch eine bedeutende heuristische Kraft,
die sich am Gravitationsproblem ja schon glinzend bewdhrt hat [...] Man bringe einmal die
Newtonsche Gravitationsmechanik in die Form von absolut kovarianten Gleichungen (vierdi-
mensional) und man wird sicherlich tuberzeugt sein, daf$ das Prinzip a) diese Theorie zwar
nicht theoretisch, aber praktisch ausschliefft! (A. Einstein 1918, [1])

En gardant toutes les notions de la Méchanique classique, on a ainsi une réduction d la
Géometrie de la gravitation newtonienne, réduction qui est exactement de la méme nature que
celle qui est fournie par la théorie d’Finstein et qui montre, comme elle, l’interdependence
de la connezion affine de I’Univers et de la matriére dans 'espace. (E. Cartan 1924, [2])



Einstein’s theory of gravitation is a theory describing the dynamics of Riemannian ge-
ometry. Geometrodynamics — as J.A. Wheeler [3] called it — makes statements about the
curvature of spacetime rather than forces. In this respect it is conceptually incomparable
to Newtonian gravity. As a result, Einstein succeeded in combining gravity with special
relativity (SR) and showed that:

(SR) + (GRAV) = (GEOMETRY).

In other words, relativistic gravity cannot be separated from geometry. But is the opposite
also true? What happens to geometry when removing relativity, that is taking ¢ — oo? Or:

How does the “geometry” in Geometrodynamics change when ¢ — o0 ?

Answering this question is a central aspect of this master’s thesis. In part it will be about
describing nonrelativistic geometry (as opposed to Riemannian geometry) and its dynamics,
described by the so-called Newton-Cartan theory (NC). The physical predictions are exactly
those of Newtonian gravity [4] but presented in a coordinate invariant way as pioneered by
E. Cartan in 1924 [2]. We will argue that NC is the correct nonrelativistic limit of GR.
Recently, Newton-Cartan geometries have been considered in contexts other than gravity, too.
Two examples are: Fractional Quantum Hall physics as done by D.T. Son [5] and collabora-
tors and nonrelativistic holography — so-called Lifshitz holography — as done by J. Hartong
and N. Obers [6] 7] and collaborators.

Building on the above, it is possible to consider supersymmetric extensions of NC. We
will refer to those theories as supersymmetric Newton-Cartan (SNC) or nonrelativistic su-
pergravity (NSUGRA). Nonrelativistic supersymmetry is not yet fully understood. The field
of SNC is only in its early days, with some recent progress in three dimensions [8] that we
will review here. One motivation to consider NSUGRA is certainly of an academic nature,
since there is no known supersymmetric extension of Newtonian gravity in four dimensions.
Moreover, it is conceivable that nonrelativistic supergravity gives rise to powerful localization
techniques for supersymmetric field theories on arbitrary NC backgrounds. In the relativis-
tic setting this has been done with great success [9, [10]. An essential ingredient to taking
these steps is the construction of nonrelativistic off-shell supergravity. Indeed, we have been
able to formulate a torsionful D = 3, N = 2 off-shell nonrelativistic supergravity. Some of
the results are presented in this master’s thesis, but there is also an upcoming publication [11].

This work is structured as follows. Chapter [2| introduces many of the central notions of
later chapters in the context of free particles, both relativistic and nonrelativistic. These
include the nonrelativistic symmetry algebra, first order actions and dimensional reduction
along lightlike directions. Chapter [3|is mainly about introducing both technical and physical
concepts that are used in later chapters. On the technical side, these include some notions of
differential geometry and group theory. On the physical side, we introduce General Relativity
as the dynamics of geometry (GR or geometrodynamics) and similarly Newtonian gravity
as the dynamics of nonrelativistic geometry (Newton Cartan theory — NC). In particular we
will see how to obtain the kinematics of the latter from the nonrelativistic isometry algebra
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barg. Chapter |4/ extends the results of the preceding chapter to supergravity (SUGRA) and
supersymmetric Newton-Cartan theory (SNC). Again, the focus will be on the symmetry
structure of supersymmetric relativistic spoin and supersymmetric nonrelativistic sbarg
spacetime algebras. In chapter [5| we present a method to obtain nonrelativistic geometrody-
namics directly from GR by means of a special type of dimensional reduction. This approach
extends to the supersymmetric case as done in chapter [6] In fact, the results are stronger
than those obtained in chapter [4| and previous work.

The main objective of this thesis is to understand supersymmetric Newton-Cartan gravity
(SNC). The following diagram summarizes the different strategies pursued:

poin 322 barg
/ /
B.14 3.2.3]
/ /
GR —— 21— NC
spoin 427 sbarg
/ /
413 423
/ /

SUGRA 6.1 SNC
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In this chapter we introduce some central concepts of this master’s thesis on the basis of
the free particle. These include gauge invariance, nonrelativistic limits not involving ¢ — oo,
first order actions and compactification along null-like directions. All of these will feature in
more generality in the later chapters. What is more, the nonrelativistic particle as formulated

here can serve as a basis for considering nonrelativistic limits of extended objects, as done in
[11-14]. The bulk of this chapter follows [15].

2.1 RELATIVISTIC

The particle is an abstract concept that has been formative for theoretical physics from the
early days of Newton through to contemporary research. Despite the long history, mathe-
maticians and physicists do not agree on the definition of an elementary particle:

1. (maths) A unitray irreducible representation of the Poincaré group,

2. (physics) A particle without structure whose dynamics depend only on the underlying
geometry.

We first follow the latter viewpoint and will see glimpses of the first in chapter [3] Let us
consider an (elementary) particle of mass m. The action describing motion along paths of
minimal distance in Minkowski spacetime reads

. . . M
S[X] = —mc/\/—ds2 = —mc/dTm, XM = d(); , (2.1)
T

where 7 is an arbitrary parameter along the worldline X*(7) in D-dimensional Minkowski
spacetime and X - X = ny v XM XV, Arbitrary means, that the action (2.1) is invariant under
reparametrizations of the worldline parameter 7. Explicitly: 7 — 7/ and X (1) = X"M(7/).
If we restrict to infinitesimal changes in reparametrization 7 — 7/ = £(7), we see that

G XM (1) = X"™M (1) = XM(7)
= (XM(r) + &) XM (1)) — XM (7) = £ XV (7). (2.2)

It is straightforward to check that d¢\/—X - X = d/dt(¢é\/—X - X) and thus 6:S = 0. Tt

is important to note that this kind of transformation is not a symmetry in the sense of
mapping solutions to solutions. Two worldlines with different parametrizations related by eq.
represent the same solution and are hence to be seen as the same physical worldline.
We encounter this type of redundancies all over theoretical physics where they are known
as gauge invariances. Whenever we use the term gauge invariance we mean some type of
redundancy in the theory. Reparametrization invariance is a specific example that we will
generalize to diffeomorphism invariance in the next chapter.

Since reparametrization invariance is an abundance of variables we can fix it by choosing
a gauge for X = (X X), e.g.

X (r)=cr — SIX] = —ch/dT\/l —2X-X
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where in the last line we made an expansion in orders of ¢ 2X - X. We will come back to this
when discussing the nonrelativistic limit ¢ — co. Contrary to the reparametrization invariant
form , Lorentz invariance is no longer manifest in (2.3]). By fixing the gauge we have not
changed the physics but just the form of the action.

The point particle action (2.1) is invariant under other transformations other than
reparametrizations. Again, we display just the transformation under small transformations
) XM — X/M _ XM

where ( is a constant vector and A\ n = nMM/AA]{; = —Anum- This kind of transformations
are called spacetime symmetries as they act on the coordinates X themselves. We will
meet transformations like this later on in this work in much more detail in the guise of name
Poincaré transformations. Note that both forms of the action and are invariant
under Poincaré transformations. However, since it is much easier to see this in eq. , we
say the symmetry is manifest.

Let us now try to make a Hamiltonian analysis of the particle £ = —mey/ —X - X. This
will allow us to make the transition to the nonrelativistic particle more transparent and also
to treat the massless particle correctly as it is not clear what the limit m — 0 means for
. We start by deriving the canonical momentum

pv - 9&

0X
So we see that not all components of the momentum are independent but rather subject to a
condition that is called the mass-shell condition or relativistic dispersion relation as it can also
be read as Py = £v/P - Pc2 + m2ct. As a consequence, we cannot solve for X = X (P), since
not all components of P are independent. We resolve this issue by replacing the dependent
P = P(X) by independent variables P . To account for the mass-shell condition, we impose
it via a Lagrange multiplier £. So we really introduced two extra fields and call this approach
a first order formulation (in later chapters we will encounter a very similar type of approach to
General Relativity and supergravity). This approach to relativistic dynamics was pioneered
by Dirac [16] in the 1950s. From now on we will set ¢ = 1 for simplicity.

= (—X- X)_l/z(chM) — P-P+m*c*=0. (2.5)

S[X,P,E] = /dT{X-P— ;E<P-P+m2>}, (2.6)

from which we infer three equations of motion. Note, however, that not all of them will be
interpreted as equations of motion, rather some of them as constraints:

E: P-P+m?>=0, (2.7a)
pM.  pM_p-ixM (2.7b)
XM PM =, (2.7¢)

We use the algebraic ‘P’ and ‘E’ equations (2.7h])/(2.7a]) to eliminate the respective variables

from the action:

S|X,PM = E'XM E = ml\/m] = —m/chm’ (28)
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as in our starting point (2.1)). So, we see that the first order action ({2.6|) is equivalent to the
geometric action ([2.1)). As an intermediate step we could use just one of the equations and
leave E as an independent field leading to the so-called Polyakov type particle action ({2.9):

. 1 . .
S[X,P=FE'X E]= Q/dT{E_lX X - Em2} =: S[X, E], (2.9)
which is very useful in many applications, as the massless case is now well-defined:
1 . .
Sl X, E] = 5/dD:z;E—lX X, (2.10)
Let us again see what the invariances of the first-order equation are. It is again invariant

under reparametrizations and Poincaré transformations, where the fields transform in the
following way

XM = XM 4 (M \M XN, (2.11a)
oPM = ¢pM _ \M PN (2.11D)
0FE = EE 4 €E. (2.11c¢)

The way we have formulated relativistic particle dynamics here, it is very straightforward
to couple the particle to a nontrivial background geometry, that is gravity. We simply replace

so, we can leave all the expressions as they are with the dot properly understood. For
general backgrounds, we will not have the Poincaré symmetry. The action , coupled
to an arbitrary background is an example of what is known as a non-linear sigma model
having many applications in string theory and condensed matter physics. In this work we will
introduce a form of nonrelativistic non-linear sigma model by coupling the nonrelativistic
particle to arbitrary background geometries.

2.2 NONRELATIVISTIC

In this section we construct an action for a nonrelativistic particle prepared to be coupled
to arbitrary background geometries, following the procedures of the preceding chapter. Ulti-
mately, we want to learn something about the background geometry itself. This will be the
topic of chapters-to-come. To distinguish relativistic from nonrelativistic we use lower-case
letters, see appendix [A]

It is straightforward to find an action giving the Newtonian equations of motion for a
free particle x = 0. We will, however not do that but follow a more top-down approach to
put the heavy machinery of the last section at work. Going back to what we called first order
action, we see that the relativistic dispersion relation P - P 4+ m? = 0 can easily be replaced
by the nonrelativistic analogue &;;p'p’ — 2mp” = 0 to yield the equivalent non-relativistic
particle action

Slz,p,e] = /dT{ — %% + d;;X'p’ — ie(&-jplpﬂ — Qmpo)}, (2.13)
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from which we derive the following equations of motion/constraints

2% po=0, x': p'=0, (2.14a)
e: p’=(2m)"'6,p'p’, (2.14Db)
P’ i =em, p': %' =ep’. (2.14c¢)

Again we can partially use these to find the following action

Sz, p” = (2m) 'p'ps, p" = m(2°) %' e = m 130 = m/dT(x'o)_l)'( % =: S[z].  (2.15)
The action is invariant under reparametrizations .7 = £(7) and

Sext = €, (2.16)

where again we can fix some of this gauge freedom by e.g. (2°)! = 27! and thereby obtaining
the second term in the x-x-expansion in eq. . The interpretation is that of kinetic energy.
Let us now try to determine the spacetime symmetries of the nonrelativistic action ([2.15)).
The expression x-x = 0;;X'%’ is manifestly symmetric under rotations and spatial translations
6(¢, Az = ¢ = X2/, Also, we have the trivial time translation symmetry 6(¢)z° = ¢°. More
interestingly the action is also invariant under nonrelativistic boosts 6(A)z? = —\'z" under

which

5(A)S[z] = / dedT{ _ QmAixi} 0. (2.17)

Contrary to relativistic physics, the boost symmetry is not manifest. The action is, but the
Lagrangian transforms with a total derivative. We will comment on this fact shortly, but first
here is the full set of symmetry transformations

oz = 2% + (¢°, (2.18a)
St =&t 4 (' — )\ijxj — \igb, (2.18b)

The fact that the nonrelativistic particle Lagrangian transforms with a total derivative 6£ = ©
under boosts alters the form of the associated Noether charges Q7 = —m,0rz" + © slightly:

time translations H : Qu = —m¢°, (2.19a)

spatial translations P : Qp = —m(’, (2.19b)

rotations J : Qs = 7ri/\ija:j, (2.19¢)

Galilean boosts G : Qc = mA2® — 2mA\x’. (2.19d)

These generate transformations via orax* = —{Qr, 2"} pp, but more importantly it allows

us to consider consecutive actions of the symmetries via

{Qr,Qs}rp = fngT; (2.20)

which has the structure of a Lie algebra with structure constants fis. Indeed, it is the
symmetry algebra of nonrelativistic — that is Galilean — relativity: the Galilei algebra. In fact
it is a little bit more, namely the centrally extended version thereof — the Bargmann algebra,
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for which translations and Galilean boosts commute into a central charge transformation.
This crucial difference is a consequence of the nontrivial term proportional to m in Qg,
coming from the total derivative in the variation of the Lagrangian:

{Qc, Qptpp = 2mN' ¢ {i,pj}ps — N {pix®, p;}pp = 2mA:(". (2.21)

So translations and nonrelativistic boost commute only up to a central charge that we will
eventually call M, when going to abstract Lie algebras, see table [3.2] Already at this stage
it is apparent that it relates to the concept of mass (or particle number) conservation in
nonrelativistic physics.

2.2.1 Lightcone Embedding — Null Reduction

We may ask ourselves whether we can change the action so that the Lagrangian is
itself invariant under nonrelativistic boosts. Note that we can always add a total derivative
to the Lagrangian £ +— L + Z(x, 4) without changing the dynamics of the theory. To cancel
the unwanted term it must transform as

6z = C* + 2mM\'z;, (2.22)

and invariance under the other spacetime symmetries. Since the transformation rule follows
from those of z, this imposes a set of differential conditions on z(x, &) which cannot be solved

(see [17]).

There is, however, an alternative to that approach namely to interpret z not as a functional
term added to Lagrangian but as an extra coordinate added to the spacetime, with spacetime
symmetry (2.22), see |12, |17]. Hence the action reads

Sent|, 2] = m/dr(:bo)—l{:b%jéij + zj:o}, (2.23)

where one sees that the c-number m is the conjugate momentum to the extra coordinate z.
This is remarkably similar to the action of a massless particle in D41 dimensions, represented
in lightcone coordinates.

Let us take this similarity serious for a moment and consider the action of the massless
particle (2.10). Equivalently we could consider massive particles at infinite momentum [18,[19).
Restricting movement to one of the lightlike directions induces an emergent Galilei structure.
Remarkably, it is the high energy limit where some of the nonrelativistic intuition holds. A
similar analysis can be done on the symmetry algebra level, by embedding the Bargmann
algebra in D dimensions as a subalgebra in the Poincaré algebra in (D + 1) dimensions, see
appendix [C|and [20, [21]. What is remarkable about this kind of embedding is that they do
not involve taking limits ¢ — oo, unlike so-called Inonii-Wigner contraction that we will meet
later on.

-/ dTEl{Xin(SZ-j LXTX Xx+} (2.24)
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meaning that the metric in light cone coordinates reads

Relating this to the action ([2.23]) we have to make the following field identifications
Xi=g2!, E= miXT = m~ 1% Xt =271z

Note how the second constraint mE = X~ = #° breaks some of the relativistic symmetry,
by singling out one direction of spacetime. It is consistent with the fact that that the mass
m is the canonical momentum of the extra coordinate X . This is how the genuinely nonrel-
ativistic effect of mass conservation is obtained. This formalism is reflected by what is called
Null-Reduction, see chapter 5 A careful analysis of the symmetries, taking into account
mE = X~ yields the Bargmann algebra again. See appendix .

An action that correctly reproduces the coupling of a particle to a gravitational potential
¢(z) is the following

m/dT{ 1% % — 2(z)i } (2.25)

yielding X = —§99;¢, when gauge fixing 2° = 7. We know that the field ¢ itself obeys a
Poisson equation §9;0;¢ = 4wGxp. This equation will look different in different coordinate
systems. A covariant reformulation of the Poisson equation will naturally lead to a geometric
understanding of nonrelativistic gravity. This is the content of Newton Cartan gravity. It
is then consistent to interpret it as a geometric theory of gravity, just as you would do for
General Relativity. Also the coupling to nonrelativistic gravity should be understood as
a coupling to nonrelativistic geometry. In chapter 5] we will derive a coordinate invariant
version of eq. seen as minimal coupling to an arbitrary NC background geometry

(Tis Py M)

Slz, h,7,m| = m/dT{(Tui:“)ldc“i:”hW —2m,, " |.

We will clarify the role of the fields later on, but we would like to stress the role of the m,,.
It is associated to the previously introduced central charge M. Its term has the form of an
electromagnetic field coupled to a charged particle. The field m, is thus analogous to the
photon field coupling to mass instead of electric charge. More generally, coupling general
field theories to nonrelativisitic background geometry is indeed widely used in applications
of NC [5].



CHAPTER 3

GEOMETRY FROM SYMMETRY

12



3.1. GR FROM POIN 13

3.1 GR FROM POIN

The purpose of this section is twofold. On the one hand we want to introduce some of the
basics of General Relativity from a specific point of view, apt for the following sections. This
will involve some elements of Poincaré representation theory and Poincaré gauge theory
and the Vielbein and Palatini formalism. It is this formulation of GR that carries over to
nonrelativistic geometry best. The literature is immense, we adhere most closely to [22] and
[23].

On the other hand, we will want to consider a supersymmetric theory of gravity called
supergravity (SUGRA). Even more than for nonrelativistic geometry, it is imperative to
formulate GR in a Palatini form. Only then can we describe spinors in curved spacetimes.
The treatment in chapter [4] will follow the strategies outlined in the present chapter.

In section we start by introducing General Relativity from a geometric perspective.
This will involve introducing local bases (Vielbeine) allowing to describe fermionic objects
in curved spacetime. That notion of local bases will carry over to the nonrelativistic case. In
section we consider flat Minkowski space and its isometry group Poin. The structure is
exemplary not only for nonrelativistic isometries but also for supersymmetric generalizations
thereof. There is, however, a third reason to consider Poin and its Lie algebra poin. In
section we construct the kinematics of GR by a so-called gauging procedure. Again,
this is exemplary for both the nonrelativistic and supersymmetric deformations thereof, as

done in section [3.2] and chapter

3.1.1 About GR

3.1.1.1 The Vielbein Formalism

It is common to introduce General Relativity in terms of a metric tensor g. As such it
has an immediate interpretation as a theory of geometry — geometrodynamics |3]. All the
objects appearing such as the Levi-Civita connection and the Riemann curvature tensors are
functions of it and can explicitly be expressed as I'(g) and R(I'(g)). While this is close to
an intuitive and geometric understanding of GR, there is a different formulation where the
metric is no longer the fundamental variable. Roughly speaking, we take the square root E
as the fundamental object:
E*~g.

Actually this reformulation makes explicit the all-encompassing foundation of General
Relativity - the equivalence principle. Spacetime is a Lorentzian manifold, as such it is locally
indistinguishable from Minkowski spacetime. So, the metric is locally always that of Minkowski
spacetime meaning that there exists an orthonormal basis { E4(p)} = {Eo(p), E1(p), E2(p), - - ,

Ep_1(p)} obeying

g(Ea, Eg)(p) = nap = diag(—1,+1,--- ,+1). (3.1)

Note that on the left-hand side, both the metric and the local basis depend on p, whereas
the right hand side is just a constant. It is worth mentioning that it is not always possible
to introduce these vector fields smoothly, one prominent counterexample with euclidean
signature is the 2-sphere. Nevertheless we will for the most part not be concerned with global
issues. As {E4} are vector fields, we can also expand them in a coordinate basis {0y }:
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Ex=EMoy, (3.2)

and we rewrite eq. as gunE MEZ = nap. Hence, the component matrices (E M) can be
seen as local similarity transformations taking g — n. To this point we have just introduced
D vector fields, establishing a local, orthonormal basis at every point of the manifold. It is
possible to introduce a dual basis { E4} at every point, obeying E4(Eg)(p) = d%;. Similar to
the above, we expand the 1-forms in a coordinate basis E4 = E,7'dz™ yielding E M E,? =6 P
and B, E N = §,). The objects { E4} are called frame fields or Vielbein. Correspondingly
the objects { E4} are called inverse frame fields and inverse Vielbeine. While the name frame
field is closest to a proper, geometric interpretation, for some reason Vielbein is the name
most used in the physics literature, where it is even common to also call the square matrices
(E,3) Vielbeine. We will mostly stick to that same abuse of notation. With that, we can also
derive that

gun(p) = napEyt (p)EN (p). (3.3)

Schematically it has the form g ~ E2%. This is the reason why people like to make the
somewhat delphic statement: Vielbeine are the square root of the metric. We can ask our-
selves whether it is possible to understand the metric as a derived object and reformulate all
of GR in terms of the Vielbein. Indeed, it is possible and is exactly what we are going to do
in section B0

We have introduced two kinds of indices. The ‘early’ Latin indices (A, B, ---) we will call
flat indices, while the ‘middle’ capital Latin and Greek ones (M, N, ---) we will call curved
(see appendix . Note that any vector can be expressed as

V=VAE,=VAEMoy =VM0),, = VM=vicM / vA=VvME:] (3.4)
Similarly for 1-forms we find
w=wsE? = w Bt daM = wyde™ = wy = waE) [ wa = wnEM. (3.5)

In some sense the Vielbeine turn flat into curved and curved into flat indices. More math-
ematically they induce an isomorphism between the tangent spaces and flat Minkowski space.

We defined the Vielbein as a local similarity transformation, it is however not clear how
unique this choice really is. Indeed, there is some redundancy in the definition. We can
redefine the Vielbein by a local rotation (AAB> € SO(1,D — 1), such that

Eyf' = MBE7, (3.6)
meaning that physically £’ = E since
if E*>=g thenalso E” =g,

as can be seen from eq. and the definition of SO(1, D —1). In fact, there must be some
redundancy, as the metric is a symmetric tensor, whereas the Vielbein matrix is unconstrained.
In a general dimension D, there is a mismatch of D*—271D(D+1) = 271 D(D—1) components.
This corresponds exactly to the 27D(D — 1) components in A“4;. Apparently by going to
the Vielbein formulation we introduced more variables than we really needed. Hence, the two
Vielbeine in eq. should really be considered physically equivalent. Any construction of
GR in terms of a Vielbein will have to take into account this redundancy and be formulated
in a way that is covariant under SO(1, D — 1).

*This is a german word, in dimensions 1-4 people also use Einbein, Zweibein, Dreibein and Vierbein. The
correct german plural is Vielbeine, rather than Vielbeins.
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3.1.1.2 Symmetries of the Vielbein

In this section we gather results about the symmetries of the theory. Here and in what fol-
lows we restrict ourselves to infinitesimal transformations. While not distorting the relevant
symmetry structure this simplification is of great practical use. The final result eq. will
serve as a starting point for many of the deformations and generalizations in the later chapters.

General Relativity is a theory that is invariant under general coordinate transformations
(GCT). All the physical quantities are represented by tensors, such that the form of the
equations of motion does not depend on the coordinate system. If all the physical quantities
are represented by geometric objects, the theory is guaranteed to be manifestly covariant.
Hence we will use the words invariance under general coordinate transformations, general
covariance and diffeomorphism (diffeo) invariance interchangeably.

However, as we have introduced the Vielbein as the fundamental object of the gravitational
theory and with it another redundancy in the description, there is really two transformations
the physical equations of motion have to respect. Any object must be a tensor with respect
to diffeomorphisms and local Lorentz transformations. In particular, the indices will help to
avoid confusion, see appendix [A] Compare [22], [23] and [24] for clear expositions.

Let us consider infinitesimal coordinate transformations 2™ +— 2™ + §2™ = oM + ¢M,
neglecting O[(ﬁMﬂ. A (p, q)-tensor T transforms as
60T =T (x) —T(x) = LT (), (3.7)

where L is the Lie derivative, defined as:

££TM1"‘MP N1--Ng = gPaPTMl...Mlequ
Ni--Ng Ni--Ng
+ (6M1§P)TPM2-~M,, + (8M25P>TM1P---M,, +
— (0P ) Tagyons, N = (09 ) oy, TN = (38)
It is worth mentioning that the Lie derivative acts only on the spacetime (curved) indices.
The Vielbein E,# is a (1,0) and not a (1,1) tensor under diffeomorphisms:
0eEN = LeByf = 6 0p By + (0u€") EF" (3.9)

Along similar lines we can introduce small local Lorentz transformations A4, = §4, —\4,. The
Vielbein has one upper index and thus looks like a vector to local Lorentz transformations,
hence

SINE = (B} — E;f = —\N3E,F. (3.10)

To summarize, instead of working with a metric, we can formulate GR in terms of Vielbeine
as defined in (3.1]). This has to be done at the expense of introducing local Lorentz transfor-
mations such that the full transformation under GCT and local Lorentz transformations is
given by

OB = LBy + (V) E,;
= POpE + (0mE") Bt — NE,L. (3.11)
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3.1.1.3 Covariant Quantities

Considering the objects E4 we observe that they are not just a basis of some vector space
but also 1-forms. Hence, we have a natural differentiable structure: the exterior derivative
dEA = (O E)dz™ A dz™ . This object is a 2-form and transforms properly under general
coordinate transformations, it is not a tensor under local Lorentz transformations though. It
transforms with an inhomogeneous term 6dE4 = —(d\“;) EZ. We introduce another 1-form
Q4 to cancel the unwanted terms:

dEA + Q4 NEP = DEA = T4, (3.12)

We have introduced two new objects, a 1-form €2 and a 2-form T'. The latter is called torsion, we
will see how it relates to the well-known notion of torsion appearing in the metric formulation.
It is clear that the 1-form €2 transforms with a derivative of the parameter, such that DE4
transforms in the same way under full local Lorentz transformations as does F4

SE4 = N, EP, (3.13a)
§Qup = dAA, + 224,071 (3.13b)
SDEA = 6T4 = -\, TP, (3.13c)

Now, the object Q4 is the gauge field of local Lorentz transformations, as such we require it
to be antisymmetric in the flat indices Q4% = —QF4 = yBF'QA,, In the physics literature
this is called spin connection. It is not obvious, but we can construct another tensor from
this object by imitating the structure of eq. :

A4, + Q4 A Q% = DOA, = RA, (3.14)

It is straightforward to show that under local Lorentz transformations

SRAP =2\ RBIC. (3.15)

Equations (3.12) and (3.14) are known as Cartan’s first and second structure equation, re-
spectively.

Hence we have four objects: (E4, Q4;, T4, R4;), two of which are 1-forms, two are 2-forms
and similarly (E,T, R) are tensors under local Lorentz transformations, while €2 is not. Ap-
parently, R“; = R“5(Q). The spin connection can be expressed in terms of Vielbein and
torsion Q = Q(E,T). It can then be shown that two of the flat indices can be turned into
curved indices in the curvature tensor RMNABE APEQB = Rynpg. From this point of view
the whole Vielbein formalism is useful for explicit calculations of the curvature tensor. The
procedure would be something like: read off the Vielbein from eq. , calculate its exterior
derivative and determine the spin connection from this, then calculate the Riemann tensor

via eq. (3.14)[23, pp. 49].

There are however more reasons to consider the Vielbein formulation, indeed for us it
is indispensable. First of all it unveils the relation to gauge theory, as we will see in the
upcoming chapters. Secondly, whenever we want to define spinors on curved spacetimes, we
have to introduce representation theory of the rotation (or Lorentz) group. The diffeomor-
phism group of the metric formulation has no spinorial representations. By introducing the
redundant Vielbein formalism we effectively make space for a definition of spinors. Thus,
whenever we want to consider fermions in curved spacetime we have to introduce the Vielbein
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formalism. In particular, supergravity requires the Vielbein formalism.

So far we have constructed one notion of covariant derivative in (3.12)). It is defined only
on p-forms, hence it is sometimes called exterior covariant derivative

D=d+QET)A, (3.16)
where we have suppressed all the indices. Any (p+1)-form DaB ¢ transforms as § DaAB ¢ =
LeDaABC — \A @A B0 — ..\, a8 With indices eq.(3.12)) becomes

DprExy = 9By + Qi (B, T) Enya, (3.17)

such that (DE)jyy = 2D By

It is possible to construct a more general covariant derivative Dj; that maps tensors
into tensors. It must be said that objects can be tensors with respect to spacetime and with
respect to the tangent space. This is reflected in the curved and flat index structure. Let us
first assume a spacetime scalar — that is, an object with just flat indices. Then D, T45~¢
transforms under local Lorentz transformations in the same way as T45¢ itself:

DyTAPC = oyTAPC + QA TP + QP T4+ (3.18)

It is not yet clear how D), acts on spacetime tensorg? that is objects with curved indices. It
must be such that DT transforms as a (p + 1, q) spacetime tensor under diffeomorphisms
(3.8) if 7" is a (p, q) tensor. We can, however, map all spacetime tensors to tangent space
tensors by means of the Vielbein. In other words, by turning (p, ¢) curved into (p + ¢) flat
indices. It is thus sufficient to know how the covariant derivative D,; acts on the Vielbein,
with the usual Levi-Civita connection I'

DyEN = 0y E + QP Expg — Th v ES*, (3.19)
by definition we take I'y;y = Ty, such that indeed 2Dy Eyj = (DE)j)y. Similar to metric
compatibility we require the so-called Vielbein postulate

DyE =0, (3.20)

from which also follows that Dy,E ¥ = 0. Note that this allows one to solve for the
Levi-Civita connection I' = I'(E, Q(E, T)).

Thn(E) = B (0mEy + Q41 Eng). (3.21)

It is then straightforward to determine the action on e.g. vectors VM

DyVYN = ENDyVA - T p(E)VF (3.22)

It should be clear how to generalize this to general tensors with possibly mixed index structure.
Also, one can introduce curvatures by

[Das, Dyé = 0, (3.23a)
[Dar, DN]VA = Ry V72, (3.23D)
[Dar, Dx)aa = —Rynacs, (3.23c)

*It should be mentioned that some authors (e.g. |22]) introduce a separate symbol V; for the full covariant
derivative. We refrain from doing so, because in this work all the covariant derivatives either act on spacetime
scalars or appear as exterior covariant derivative.



18 CHAPTER 3. GEOMETRY FROM SYMMETRY

with R, 5“5 being that of eq. (3.14)), for more see [22, pp. 162].

3.1.1.4 Spin Connection

Eq. (3.12) can be solved for Q = Q(FE,T), the calculation essentially consists of writing out
all the indices explicitly and permuting them. It is useful to introduce the following symbol,
called anholonomy coefficients

Cun = 20, By}, (3.24)
such that eq. (3.12)) reads
(Cay — Ty ) + 2902 (B, T) Enjp = 0 (3.25)
—
Cy(EB,T)

and by permuting > _(MNP) {OMNP + Qupy — QNPM} = 0 we find

Q7°(B,T) =Q7°(E) + Q,7°(T) =
— (B oy BN ~ E™ 0y By - EucEANEPF 0, B )

1
-3 <EANTM}3 — EYPTy & — EncE*NEPPTy 19)
- 1 -~

=Cy (B, T) = 5C (B, T) (3.26)

When coming to supergravity we will see an explicit expression for 7.

3.1.1.5 Palatini or First Order Formalism

After having introduced the kinematics and symmetries of General Relativity, it is now time
to introduce dynamics. Note that at this point we have found essentially four objects, a
Vielbein, a connection, a torsion and a curvature, of which just the Vielbein and the torsion
are independent. For the moment we will assume zero torsion, as is in General Relativity,
though we will have to relax this condition when going to supergravity. Hence General
Relativity depends on the Vielbein only,

(Eai, 1" (B), Ryt (QE))). (3.27)

Giving dynamics to this set of variables means imposing either an action or equations of
motion[] in this case the Einstein-Hilbert action:

SpulE, Q(E)] = / 42| E|EMENR,, A (Q(E)), (3.28)

where |E| = | det(E,#)|. It is important to note that by itself, the Riemann curvature depends
just on the connection.

Varying the action yields two contributions, one from the Vielbeine, one from the deter-
minant §|E| = —|E|E,}E M

*Note, that later in this thesis it will not even be possible to introduce an action.
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§Spu[E,QE)] =2 / dPz|B|( Ry PESY — ;EAfR>5EAM, (3.29)

— A
=G,

here R = Ry, {PEMEZ is the Ricci scalar. Hence the vacuum Einstein equations G 7 = 0
follow. A detailed discussion on how the variation works in detail can be found in any book
on GR, we follow especially [23] and [22].

We have imposed a condition (eq. (3.12)) on the connection, rendering it a dependent
field in the theory. Note, that alternatively we could also consider the action (3.28) and take
the spin connection €2 as an independent field

SplE, Q) = / dPz|E|EMEN Ry, AB(Q). (3.30)

This is called Palatini action. Conversely there are two sets of equations of motion. Variation
gives

5Sp(B, 0] = 2 [ 2| || G0 B + 3((DxEA)E, QEBPECV)MA?C}, (3.31)
yielding
Q: O EN + Qi Exp =0, (3.32a)
1
E: G =RyudPEN — 5EAfR = 0. (3.32D)

The second is the vacuum Einstein field equations We get one more equation, though, which
turns out to be nothing but the constraint eq. . To conclude: generalizing the Hilbert-
Einstein action to the Palatini or first-order action for gravity, we get two equations of motion,
one of which we can solve explicitly to obtain Q(F). In this uncoupled, torsionless gravity
theory we find that both formulations are equivalent:

SplE, o=aE) = SeuE, QE)], (3.33)
where 2 = Q(FE) is an explicit solution to eq. (3.32al), given by expression (3.26])).

3.1.2 About poin

In this section we go back to flat space. We develop some technical tools to describe the
isometry structure of Minkowski spacetime. Since there is no curvature, there is no need to
distinguish between flat and curved indices. For convenience we will use the flat (A, B,C,---)
ones. In principle we could allow for arbitrary signature, but we will only consider (1, D — 1)-
dimensional Minkowski space MYP~1 see appendix .

The symmetries of this space are represented by what is known as the Poincaré group
Poin. We will discuss some basic notions of group and representation theory. This will help us
to deform General Relativity to Newton-Cartan, supergravity and ultimately supersymmetric
Newton-Cartan. The basic idea is to do the deformation at the level of flat space symmetries
and then go back to a gravitational theory in curved space. Roughly speaking, we make the
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isometries local by translating the flat space symmetry to a tangent space symmetry. More
on this so-called gauging of spacetime symmetries in section [3.1.4]

Most of this section is standard and mainly to be seen as a statement of results and
starting point for what is to follow. The presentation adheres to [22], in particular in terms
of conventions. Other useful references are |25-28]

3.1.2.1 The Group, its Action and its Algebra

The Poincaré group Poin is the isometry group of Minkowski spacetime. As such it acts on
points x € M»P~1 such that nAdeAde = nAde'Adx’B. This is left invariant by Lorentz
transformations (A“;) € SO(1, D — 1) and constant translations (a?*) € RP. The action on
points in MYP~! reads

ot — (ATHA (:EB — aB) = 2™ (3.34)

where 14 gAY\ AB; = n4p. Poin is a Lie group consisting of elements (A, a) with the following
law of composition

(N, d") (A a) = (AN, Na+d). (3.35)

Hence Lorentz transformations and translations do not act independently of each other,
rather they interfere. This kind of behaviour is known as a semidirect product of groups:
Poin = Iso(M"P~1) = SO(1,D — 1) x RP.

Typically we will restrict to infinitesimal transformations®] This means that we expand
Lorentz transformations and translation in orders of infinitesimal parameters (A,¢). By
defining dz4 = 2/4 — 24:

S\, &)zt = —\gaf ¢t (3.36)

we see that Agp = nAA/)\Aé = —Apa. An immediate consequence of which is, that the
Poincaré algebra — and thus the group — is described by D +27'D(D — 1) = 27'D(D + 1)
parameters. In four dimensions this amounts to ten parameters, which we can physically in-
terpret as three translations, rotations and boosts plus one time translation (see appendix |C]).

Abstractly the infinitesimal action of Poin is represented by a Lie algebra poinm. Ge-
ometrically this is the tangent space to the group manifold at the identity element. This
corresponds to the intuitive notion of small transformations close to the identity. The group
composition law eq. is reflected at the algebra level schematically by

(A, €), (X, €)] € (poin). (3.37)

So the commutator of two infinitesimal transformations is again an infinitesimal transforma-
tion. This is a nontrivial and fundamental statement in the theory of Lie groups and Lie
algebras.

*In fact, this is an example where we lose some of the structure. Discrete symmetries as time (¢ — —t)
and space (x — —x) reversal belong to Poin, can however not be reached by consecutive action of small
transformations. We will not consider these and thus be content with the algebra.

"We use lowercase, bold typeface for the corresponding algebra: poin is the Lie algebra of Poin. Just as
g is the Lie algebra of G
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A little detour on Lie algebra generalities and realization of symmetries is dud]
First of all, a Lie algebra is a vector space g. As such it has a basis and thus a notion of
dimension. But moreover it has a bilinear, antisymmetric map:

[—.-]: gxg—s (3.38)
This is called the Lie bracket and satisfies the Jacobi identity:

(X, [V, Z]|+ Y, [Z, X]| +[Z,[X,Y]] =0 w/ X,Y,Z€g. (3.39)

Whenever we encounter Lie algebras they represent some kind of symmetry. They represent
symmetry insofar as they represent symmetry groups on an infinitesimal level. That is, under-
standing Lie algebras allows us to understand how objects change under small deformations.
To do so, we need to elaborate how the group and the algebra acts on physical objects. This
is the subject of the next section. For example, we will see how Lorentz transformations act
differently on scalar fields, vector fields and spinors. This is crucial for all branches of theo-
retical physics. It allows us to understand supersymmetry and SUGRA in a most efficient way.

Usually we introduce symmetry algebras via a fundamental action — for spacetime sym-
metries it is the action on spacetime itself, see eq. (3.36]). However, often it is important to
understand also how the symmetry affects more general objects. In particular we will have
to see how poin acts on different fields to be able to understand GR and SUGRA from a
group theoretic point of view. Let us denote by I',.(t4) the representative of some transfor-
mation t4, € g on the space of ﬁeldéﬂ Also, we introduce a parameter €. An infinitesimal
transformation of some field ¢ by ‘€’ reads

5(€)p = €T'(ta)o. (3.40)

The index ‘A’ here is completely generic, in fact all that is spelled out here can be applied
to both internal and spacetime symmetries. We will see in due time what it actually can be.

As indicated above, the set {t4} forms a basis for the abstract Lie algebra. A lot of the
structure not only of the Lie algebra, but also the respective Lie group is captured by the
structure constantﬁ fa BC

[tasts] = fasCtc. (3.41)

We can imagine having a specific representation, that is a set of matrices (£4)" ;» such that
the above is nothing but a matrix equation. Suppose we have a field ¢* with one free index,
then the Lie algebra will act

Ly(ta)d' = —(ta)' ;¢ (3.42)

*This detour follows chapter 11 of [22] and [26].

"Here we are digressing a bit from [22]’s notation, they use a capital T4 for the same thing. Even though
this makes sense, we want to minimize the change in notation in this work. Hence we stick to [29]’s notation
right away. The label on I'g signifies the specific form of the representation involved.

tRemember that we are following the conventions of [22]. In this context they adhere to the mathematics
literature, where the elements t4 are anti-hermitian rather than hermitian. The upshot is the fact, that
considerably fewer factors of ‘¢’ appear.

SIn this work we will try to ignore the global structure as much as possible. For most applications this is
legitimate as we can construct all the group elements that are path-connected to the identity element by the
exponential mapping: G > U(et4) = exp(—e?t4). Again, here the minus sign is related to our conventions
trying to circumvent the appearance of factors of ‘'
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hence we call T', the vector representation. The minus sign has been introduced for later
convenience. It is important to distinguish these three objects {ta, (ta)’;, I'+(ta)}, the
notation is kept similar intentionally, though. As mentioned above, most of the particular
symmetry structure unveils when we consider the above commutator, the Lie bracket. This
allows us to determine the structure constants.

3(e1)8(e2)¢" = /Ty (ta) (5T (t5)d")
—qram«wx@mW)
E1 € (tB) (tA)¢j
= E1 €9 (tB) (tA) kﬁbk
= e'e) (tpta)' ;¢

Actually the above is completely general. Applying the transformations in the opposite order
yields the commutator:

[6(e1),0(e2) ¢ = e efTu(ta)Tu(tn)d — el T (tp)Tu(ta) '
—45F@MIM@W
= 61 62 ([tA> L, (tB)]Gj)i

61 € fAB (t0¢)
= 6’1462 B Fv(tc)qbl. (3.43)

Actually, from the first to the second line we made a crucial assumption, that we are going
to drop when coming to supersymmetry, namely that the parameters commute €165 = €s€;.
Hence, in the remainder of this detour we restrict to bosonic symmetries. The structure of
eq. (3.43)) can be further abstracted, as the field ¢’ has been nothing but a passenger:

[6(e1), 8(e2)] = 8(es = €€l 45
A [FT(tA)vrr(tB>] — JAB Fr( C)‘ (344)

So the generators on the fields T',.(¢4) satisfy the same algebra as do the abstract Lie algebra
elements t4. This means that whatever representation on the fields we consider, it must
satisfy the symmetry algebra as is given on an abstract level by eq. . This must be
true for any realization of the symmetry. In fact it is possible to guess a particular set of
transformation rules on fields, without knowing about the abstract algebra. This is not the
way we are going to proceed. Moreover, it is important that all the fields in a multiplet satisfy
the same algebra. We will see this at work when coming to supersymmetry.

Following the logic of the general statements in the above we now go back to g = poin
and consider the commutators [0(A1, &), (A2, &2)] in the defining representation given by
(13.36)):

WM@nﬁu%@mﬂzﬂM@n(um@>ﬂ—41ﬁz
—[Mide = M) 4+ & — Ay )?
= (5(/\3 = )\1)\2 - /\2/\1, 53 == )\152 - )\251).7}14 (345)
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We see that the action on spacetime closes in the above sense. The underlying Lie algebra poin
is spanned by the basis {Pa, Jjap }. For more general applications, in particular field theory
and supergravity, we must understand how it acts on fields. We will denote representations,
that is operators implementing the abstract structure, by {T'+(Jiag)), Tr(Pa)} [} A general
infinitesimal transformation reads

8(&, ) = ET,(Pa) — ;)\ABFr(J[AB]), (3.46)

hinting at eq. (3.40). As a first example, we choose the so-called vector representation v:

Lo(Jiam) 5 = 26 4nm 0, (3.47)
Ly(Pa) ' = 65 0a, (3.48)

note that only 4, are matrix indices, constructed such that IAAET, (Jap) 4 2% = A 2P
and €T, (P4)%5 2% = ¢4 Since these are matrices, we can compute commutators of the
form [T, T',] reflecting the abstract poin algebra

[PA, PB} =0, (3.49a)
[PA, J[BC]] = 2apPo) = —Tow(Jipey) 4 Par, (3.49D)

i), Jiepy| = 4naeTois) = —To(Jion) s Jias) — To(Jion) i) (3.49¢)

The explicit representation I', indeed defines vectors under Lorentz transformations, hence
we conclude from ([3.49b)) that P, is a (co)vector.

It is useful to read off the structure constants, as given by eq. (3.41)), where the indices were
generic. To avoid confusion, in spacetime algebras there are always rotation generators with
two instead of one index. Hence we should see [AB] as one lump index taking 27'D(D — 1)
values.

EF E (F
fis =0, fAD[BC] = 277,4[35%], f[[AB}][CD] = 877[,4[05[1:)}5 1]3]~ (3.50)

These expressions will be of some use later on'l Note that ff[ BC] = FU(J[BC])DA, meaning that
the structure constants themselves furnish a representation, called the adjoint representation
equivalent to the matric representation. This adjoint representation will be implicitly used
in section 3.3l

3.1.2.2 Rudiments of Representation Theory

In the preceding section we have introduced the Poincaré algebra as the the isometry algebra
of Minkowski spacetime, by giving its defining representation . Moreover, it has been
possible to discern the abstract symmetry structure . Also, we have constructed an
explicit representation, capturing the defining spacetime transformations, the so-called vector
representation . In this section we will consider the notion of poin-representations

*The notation comes from [29].

fObserve that we are using antisymmetrization with ‘weight one’, so for any antisymmetrization of n
indices we get a factor of n!. In the last expression we have three antisymmetrizations of two indices each,
hence (2!)3 = 8.
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more generically. In particular we will discuss the spinor-representation as introduced in ap-
pendix [Bland put it into context. Finally, we will ask ourselves how to classify all irreducible
representations. Since it is true, that all physical representation decompose into irreducible
ones, we thereby gain an organizing principle for relativistic (field) theory. This will facilitate
the transition to supersymmetric field theories.

We have seen how the Poincaré algebra has a natural action on spacetime M»P~1 as
given by eq. (3.36). Fields are functions of spacetime taking values in some representation
space. Transforming spacetime will have an effect on the fields, irrespective of the particular
representation. On top of that, they can themselves transform non-trivially under the action
of poin. There is, however, a persistent ‘minimal” action induced by a transformation of the
underlying spacetime. These so-called transport terms are given by

0(6%,0)p = T (Pa)p = €100, (3.51a)
3(0,\*%)¢ = —;AABFAJ[ABM = —\"P2,08¢, (3.51b)

where ¢ is a scalar field not transforming under poin itself. For other fields we have to add
additional terms, for vectors V4

1
S(E,NVA = BT (Pg)VA — EABC(Ff(J[BC}) +To(Jipey) VA
= (&7 = NP )opV — MV P, (3.52)

observe the extra term I',, rightfully called vector representation. Note that it also appeared in
the fundamental representation and would appear in representations of higher order tensors.
There is, however, another, in some sense ‘smaller’ representation. This is called spinor

representation I'y, defined in appendix [B] especially eq. (B.17)
1
5(E MY = €T (Pa) — AP (T (Jiap) + DalJiam) ) ¥
1
= (& = A"Pap)040 — ZAABFAB\II. (3.53)

Different kinds of fields will transform differently under poin. It is a mathematically well-
posed question how to classify fields by their transformation under the algebra. This procedure
is known by the name of Wigner classification. As we will see it is done by means of the
so-called method of induced representations [30, 31]. Representations of the full group are
induced by representations of a compact subgroup. We will not go into detail, following
essentially [27], for more detail, see [25] 32].

The strategy is roughly as follows. We try to find Casimir operators of the poin, that is
elements that commute with the full algebra [C;, g] = 0. Indeed there are two such elements
Cy = PPy and Cy = WAW,, = (271e4BYP Py Jiop))?, where the second is the square of what
is known as Pauli-Lubansky vector. Schur’s lemma teaches us that operators that commute
with all irreducible representations (irreps) are proportional to the identity. Hence we can
label irreps by two numbers. Moreover, naturally irreps will be labelled by the P4 eigenvalue
pa, having the physical interpretation of a momentum eigenstate. Hence we have three labels
(¢1,¢2,pa). It is natural to identify ¢; as the mass of the respective irrep. The interpretation
of ¢y is less immediate, though. The first step to an understanding is fixing whether ¢; =0
or not. Depending on that choice we fix P4 and look at the subgroup respecting that choice -
the little group. Finite dimensional unitary representations of the little group induce infinite



3.1. GR FROM POIN 25

dimensional unitary representations of the full group indexed by the on-shell momentum p.
Explicitly these are carried by a function of p with values in the little group representation
¢(p). By Fourier transforming one gets fields in Minkowski spacetime subject to classical
equations of motion.

For massive representations the little group is Spin(3) = SU(2), whose representations
are labelled by spin j, hence a massive representation of poin characterized by (pa,m,j). In
words: momentum, mass and spin. The building blocks of relativistic quantum field theories
are thus labelled just by their mass and spin.

Similar statements can be made for massless representations where the little group is
the two-dimensional euclidean group Spin(2) x R?. Its physical representations are labelled
by a half-integer called helicity h € %Z. CPT reverses helicity meaning that any massless
multiplet will have two states usually interpreted as polarizations (—h, h).

All of the above is very abstract, it is however very powerful from a conceptual point of
view. In relativistic field theories, all physical objects can be decomposed into irreducible
representations. Hence they should be seen as elementary building blocks of field theories.
Moreover, representation theory will help us in later chapters to get an intuitive understanding
of supersymmetry and supergravity. Whereas in one poin multiplet there can only be one
scalar or one vector or one fermion, in SUSY field theories, multiplets are allowed to contain
e.g. a scalar, two fermions and one vector. It is remarkable, how symmetry shapes the
space of possible theories. Even though we can do the same for nonrelativistic algebras, it
is unfortunately not true that every nonrelativistic field decomposes into irreducible blocks.
This is one of the reasons that make nonrelativistic field theory harder to understand.

3.1.3 Generic Gauge Theory

In this section we present the home base of high energy physics. It is the backbone not
only of the standard model but also of beyond the standard model physics. It is one of the
major reasons why high energy physicists are so excited about what they are doing. And the
mathematicians like it, too[]

The word gauge has a rich history in physics. We are, however, going to be rather generic
and use it only in the sense of redundancy. It is thus not to be understood as a symmetry
but an abundance of variables that has no effect on the underlying physics. Hence it is also
fair to call general coordinate invariance a gauge symmetry. On a technical level, gauging
means making the parameters of the theory local € — ().

In trying to understand GR as a gauge theory, we are mimicking Yang-Mills theory as far
as possible. Hence it is crucial to understand the basic logic of it. Just as in the preceding
chapters we denote by I',(X ) ; representations of the Lie algebra involved with matrix indices
explicitly shown, such that

5(e)¢' = €T, (ta)" ;¢ (3.54)

The parameter in the above is a constant, so whenever we make a transformation it is the
same in all of spacetime. This kind of infinitesimal transformation we will call rigid.

*For an excellent, modern account of problems in gauge fixing, see [33].
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Conversely, we can allow for a dependence ¢4 — €?(x). Clearly, this does not change the
form of eq. (3.54). Problems occur when we want to transform derivatives of the fields:

5(€)¢' = T, (ta)’ ¢, (3.55a)
5(€)0n¢’ = €'Tr(ta)’;0m¢" + (Onre) ' Tr(ta)’ ;0. (3.55b)

The second term is problematic; dy;¢° does not transform in the same way as does ¢‘. The
situation is very much reminiscent of partial derivatives in differential geometry. There we
had to introduce another field, the spin connection, to cancel the unwanted terms. Similarly:

3(€)Dar¢’ = 6(€)0n@' + 6(e) (harg) = €T (ta)’ ;(Darg)’, (3.56)
a consequence of which is the transformation property of the newly introduced gauge field

har. It takes values in the representation of the Lie algebr hyr = h4, T, (ta) and transforms
with a derivative of the parameter

5(e)hyy = Onre + hEe fho. (3.57)

The same thing can be expressed with all indices suppressed dh = de + [h, €]. Note that we
have omitted a coupling constant as we try to make the expressions as simple as possible,
the full expression can e.g. found in 34} p. 88].

Gauge theory takes a simple form when all structure constants vanish, f{; = 0. This
means all the objects in the algebra commute and we speak of an abelian gauge theory. Indeed
Maxwell’s theory of electromagnetism is a an abelian gauge theory with G = U(1). It has
been natural to consider non-abelian analogons of electromagnetism by choosing G = SU(N).
These theories go under the name of Yang-Mills theories and represent the basic structure
of the standard model of particle physics, where G = SU(3) x SU(2) x U(1).

So far we know only the field content (¢?, h{,) of the theoryﬂ together with the transfor-
mation properties. This we call the kinematics. We also want to consider dynamics in the
form of an action and thus equations of motion. The gauge field h%; is a bad choice though,
as it transforms non-covariantly under gauge transformations.

Covariant will henceforth mean that the infinitesimal transformation does not contain a
derivative of the parameter. Gauge fields transform non-covariantly.

The physics should be invariant under gauge transformations. The best way to proceed is
to organize everything into covariant objects, transforming without a term d,7¢”. The easiest
way to do so is by considering

[Dar, Dy]¢" = FMN(tA)Fr(tA)ijgbj; (3.58)
since the left hand side transforms properly, it is guaranteed that also the right hand side and

in particular the new object Fin(t*) transforms covariantly. By doing the above construction
explicitly, we find

Fun(t?) = Oyhiy — Onhiy + RS 0S foc (3.59)

*It is common practice to suppress indices, usually we will explicitly show the form-index and suppress
matrix indices.

tThe matter fields ¢* can be in any representation of poin, typically they will be in some spinor repre-
sentation, though.
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Due to the similarity to the construction of the Riemann tensor (see in particular eq.
and ), we call this new object a curvature. Indeed, while not being a curvature in
spacetime, it is legitimate to do so, since it defines a notion of parallel transport. For a neat
exposition of the similarities, see [35] (also referencing to the beautiful mathematics of gauge
theory).

The covariant derivative and curvature can also formally be expressed as

[Dar, D] = =0(Fun) (3.60Db)
w/  Fun(th) = 200y + hih fhe. (3.60c)

3.1.4 Gauging the poin

In this section we see how to obtain the kinematics of General Relativity from a gauging
procedure. The logic developed here will later be applied both in the supersymmetric and
nonrelativistic case. Historically this was first done by [36]. We follow [29] and [22].

The Poincaré algebra has two kinds of basis elements Py and Jj4p), representing transla-
tions and Lorentz transformations, respectively. According to the logic of the last section we
have to associate two kinds of local parameters (£4(z), A2 (z)) and gauge fields accordingly
(B3, Q,4P). Tt is worth mentioning that the index ‘A’ has a meaning different from the
generic ‘A’ in the last section. To summarize

(GEN)  (PAR)  (GAU)
P4 o A ~ B

J[AB] — M\B e Q]\?B
What is more, from the poin structure constants (3.50) and eq. (3.57)) we find that
S(E N EV = 0ué? + QP ¢p — NGB = Dyé? — ML E, P, (3.61a)
§(€, M = 0y + 20, SUNPL = Dy B (3.61Db)

Accordingly we can construct covariant quantities, either directly from the transformation

rules or via eq. (3.60c)):

Ry (J4P) = 20, Q"7 + 200, “Qp & = 2D, 05" (3.62D)

These are Cartan’s first and second structure equation, /(3.14). Hence we are led to
interpret the gauge field of translations as a Vielbein and that of local Lorentz transformations
as the spin connection. Moreover, we can also see torsion as a translational curvature. The
Riemann tensor is then essentially the Lorentz curvature.
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3.1.4.1 Where to Get the Diffeomorphisms from?

Note that even though the gauging procedure correctly reproduced the covariant quantities
of GR, it has not reproduced diffeomorphisms. Also the gauge field transform under poin
translations which is not a sensible concept in curved spacetime. The strategy is roughly as
follows: we redefine some of the parameters for the purpose of exchanging translations for
general coordinate transformations. It will turn out that this can only be done at the expense
of setting the translational curvature — that is torsion — to zero:

5(6) 7RMN(PA) =0— (55

From this point on it is crucial to make the distinction between different kinds of indices,
that is algebra indices A, B, C, - -- and spacetime indices M, N, P, - - -. These will correspond
to flat and curved indices, respectively. Diffeomorphisms act with a parameter £, which a
priori has nothing to do with €4 (remember, that the gauge field of translation F,7 does not
have the interpretation of a Vielbein yet):

Sex™ =M, (3.63a)
0¢Ey = LBy = €P0p By + (0nE” ) B

= 0u(€BR) + 0417 (€7 Brw) — € (u ' — 00 By + a7 )

= D (¢7E5") = (€794 Eris — € Rarp(P?)
= §(¢* = "B N = Q) By — P Rup (PY), (3.63b)
5e0g P = LT, (3.63c)

So we see that diffeomorphisms can be interpreted as the action of a translation and
Lorentz transformation with parameters ¢ - E4 and & - Q4% respectively. All provided that
Ryn(P#) = 0. That seems like too strong a condition. However, when going back to the
differential geometry results we see that it is nothing but the no-torsion condition. So, impos-
ing Ryn(P4) =0 is not at all unnatural from a GR point of view. It is however, from the
original Yang-Mills point of view, where we never encounter such a restriction in kinematics.

To conclude, the important result is, that we can get diffeomorphisms in our poin-gauge
theory, by setting the translation curvature Ry;n(P*) to zero. What is more, this condition
will allow us to solve for Q4% = QAB(FE), making the translational gauge field the only
independent variable. Also we used the E-gauge field to relate algebra to spacetime indices
allowing us to interpret it as the Vielbein, so the relation reads

RMN(PA) — 0 TA=0

Run(JHPYY & Ry, 28,

3.1.4.2 Problems w/ Gauging

It is remarkable how we got all the kinematics of GR from group theoretical bricolage, there
is still a few caveats, for a more complete discussion see [29]. The most obvious is the fact
that we have no means to determine the dynamics from group theory. All we can do is guess
a gauge-invariant action from the curvature. That is, a scalar both under diffeomorphisms
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and local Lorentz transformations. In particular it is easy to run into actions that lead to
trivial dynamics. What is more, while we can now interpret Vielbeine as gauge fields, it is
not clear from this why they should be invertible.

3.2 NC FROM BARG

In this section we introduce nonrelativistic geometrodynamics — or Newton-Cartan (NC)
theory. The theory will be formulated in terms of Vielbein components akin to the Palatini
formulation of GR. In fact it is a gauging of the Bargmann algebra. It is worth mentioning
that there is a metric formulation as can be found e.g. in 3, chpt. 12]. The gauging of barg
was historically first done in [37]. In this Vielbein formulation the structure of NC theory
becomes most transparent. It is in particular the symmetry structure that is spelled out much
clearer than in the older approaches. And indeed, for us it is indispensable, as we want to go
to supergravity eventually.

3.2.1 About NC

Let’s consider a particle x(7) moving in a gravitational potential ¢(x), the equation of motion
is

%" = —5"0¢(x), (3.64)

with its solutions being curved paths in space. We attribute this deviation from straight paths
to the gravitational force Fg = —m0d¢. Interestingly enough, the paths taken do not depend
on the mass. That is, every particle starting with the same initial conditions will take the
same path, irrespective of mass. Einstein has taken this curious fact seriously and changed
the perspective radically. He used this to develop a geometric formulation of gravitation.

The path taken is not a consequence of some properties of the particle but of spacetime
itself. What is more, the particle actually moves in perfectly straight lines. It is the geometry
of spacetime causing the apparent bending of trajectories. Straight lines in a curved spacetime
are described by the geodesic equations

i 4T, ita” =0, (3.65a)
X+ T, ita" = 0. (3.65b)

From which it is easy to read off the only nonzero Christoffel symbols

%, = 0”00 (x), (3.66)

where we have fixed 2° = 7. Hence the Riemann tensor has the following non-vanishing
coefficients

R0 = 0°0,0.0(x), (3.67)

The equation of motion R%,,, = 47G np imposes the Poisson equation. Note that this rewrit-
ing of Newtonian mechanics cannot yet be interpreted as a geometric theory as no statement
about the underlying metric structure have been made yet.
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The Newtonian Christoffel symbols ([3.66)) cannot come from a nondegenerate metric. One
way to see this is by looking at the index symmetries of the corresponding Riemann tensor
. These are not the ones we would expect from a generic Riemann tensor derived from a
nondegenerate metric. Another, more immediate way to see the degeneracy of nonrelativistic
metrics is by going to flat space

— )= | oy — oy — [ 70 3.68
(i) = (¢ nr) = c (W) =) = - (368)
0 C_QJ]_D_l 0 1p_q

It is clear that with ¢ — oo both become degenerate with rank 1 and (D — 1) respectively. The
Galilei group preserves both metrics separately, so it is natural to associate this degeneracy
with the splitting of space and time in nonrelativistic physics.

Note that the degeneracy of the metric in flat space eq. (3.68|) carries over to curved
spacetime as

W1, =0, (3.69)

since 7, is of rank one, i.e. a 1 x 1 matrix effectively, we can express 7, = 7,7,. On these
the degeneracy implies

W1, = 0. (3.70)

It is possible to discuss NC in the metric formalism, see 3] for a textbook treatment. Since
we want to derive the theory from a gauging principle alluding to poin-gauging, it is useful
to formulate the theory in a Vielbein language. Moreover, this will facilitate the transition
to supersymmetric NC. For a treatment of both formalisms see [17].

We will see in due time that one of the defining properties of NC is the foliation of
spacetime, represented by the existence of a time function #(x) such that

70 = 0,t(x), (3.71)

very similar to the situation in globally hyperbolic spacetimes in GR. The difference lies
in the fact that the foliation in NC geometry is observer-independent — that is, the above
condition is preserved under all nonrelativistic symmetries. It is then useful to introduce
locally inertial coordinates {(y®)|a = 1,---, D — 1} on the spatial slices ¥;. At every point
(o) = (25,28) € 3y C M we define so-called spatial Vielbeine as cotangent vectors to the
spatial slices

o Oy(a’,x)

" oxH T=x0
To avoid confusion, these are not Vielbeine in the conventional sense of section [3.1.1.1], but
rather rectangular D x (D — 1) matrices representing the locally inertial spatial geometry

similar to the ADM decomposition of GR [3]|. The pushforward of h along the embedding
unveils the locally flat structurd}

(3.72)

he e b = 5, (3.73)

I

*We will see later that the spatial slices are globally flat in an appropriate sense in NC gravity.
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We have translated the metric structure (7,,, k") into a Vielbein like structure (7, e ).
The degeneracy of the metrics h*”7,, = 0 translates naturally into orthogonality relations
e, = 0 by defining projective inverses (e, )

w, b __ b a_ v __ v v o _ n, a __ o _
ele, =0,, ejeS=0—7,7 Thr,=1, the=0, e/l'T,=0. (3.74)

The second should really be interpreted as a projector on the spatial hypersurface. Hence we
see that indeed

R = e e, 5. (3.75)

Figure 3.1: Nonrelativistic geometry. There is a distinct time (indicated by blue arrows) and
spatial direction (indicated by red arrows). We can describe these by two degenerate metrics
T and A", Equivalently we can introduce (D — 1) basis vectors (e,”') on the spatial slices
and one (7#) in the time direction.

Note that we can choose coordinates adapted to flat space

el =00,  T.=95, (3.76)

It is conceivable that space and time do not mix under local rotations and time translations.
Similarly not under diffeomorphisms. Just as in flat space it is the local boost symmetry that
will somehow fuse space and time. To make this explicit we will now introduce the kinematics
of NC via a gauging principle.

3.2.2 About barg

The isometry algebra of nonrelativstic physics is the Bargmann algebra barg. We have intro-
duced it by means of looking at the Poisson structure of the nonrelativistic particle in section
We will go back and derive it by another method, essentially mimicking the nonrelativistic
limit on the Poincaré algebra. The main motivation to do so is the fact that this kind of
Inonii-Wigner contraction carries over to the supersymmetric case. A third method to obtain
barg(D) as subalgebra of poin(D + 1) can be found in appendix [C|

We will obtain the abstract symmetry algebra of nonrelativistic physics in a way alluding
to the ¢ — oo limit Py = /P, P%? + m2ct = mc® + (2m)~'P,P® The contraction of the
Poincaré algebra to the Bargmann algebra goes roughly as follows:
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1. Trivially extend the Poincaré algebra by adding a generator Z,
2. Introduce a real parameter ¢ and perform a basis change akin to eq. (C.1J),

3. Consider the algebra in the new basis and take the limit ¢ — co. The resulting algebra
is the Bargmann algebra barg.

Formally step one is nothing but
poin — poin @ g, (3.77)

where g is a trivial extension, that is [poin, Z] = 0. Apparently the extended algebra
poin & g, spanned by the generators { Pa, Jap, Z}, has exactly the same nonzero commu-
tators. Now we make a basis change {Pa, Jap, Z} — {H, P4, Go, Jap, M }:

Py — 2%H+CM, Z — %CH—CM, Juo — Gy,
Pa — Paa Jab — ']aba

(3.78)

where a,b =1,--- , D—1 are the purely spatial indices. Their commutation relations will have
terms of order O(c¢™) on the right hand side. The choice of reparametrization is motivated
by the nonrelativistic dispersion relation. Now it is just a mechanical task to see how the
algebra transforms under ¢ — oo. This is an example of an Inéntt Wigner contraction [38].

] ¢

[Paa ch] = 25(1[ch]7

[Gaa ch] = 26@[12(}(:]7

[Ha Ga] = Paa

[Pm Gb] = dapM. (379)
biso(D —1,1) iso(D —1) | so(D —1) [Jap, Jea] = 40(apcd app)

[Paa ch] - 25a[ch]

[Gaa ch] = 25(1[ch} [Gm Pb] = 5abM [Ha Ga] = Pa

Figure 3.2: The Bargmann algebra barg and its subalgebras.

For the subalgebra structure, see table It is instructive to compare this to the Poincaré
algebra in the split up form - eq.s (C.3f) through (C.3h)). barg builds on the kinematical

algebra iso(D — 1) just as does poin, it is the commutators ((C.3f) and (C.3g) that make the
difference (we use G for Galilean boosts and K for relativistic boosts):

KoKy =-Jo & [Ga Gy =0, (3.80a)
P, Ky =6pH < [Pa, Gyl = 6M. (3.80b)

Note that the physical effect of Thomas precession is not present with nonrelativistic
boosts G,. Moreover we broke the Lorentz invariance explicitly by not having H, the generator
of time translations as the result of consecutively boosting and translating. In other words,
time translations boost to spatial translations but spatial translations do not boost to time
translations. Instead we have another generator M, commuting with all other elements,
appearing as the result of boosting spatial translations. In case the central extension is
absent the resulting algebra is called Galilei algebra.
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3.2.3 Gauging the barg

In section [3| we showed how to obtain the kinematics of General Relativity by gauging the
Poincaré algebra. In this section we emulate that very same logic for the Bargmann algebra.
That is we associate gauge fields to the generators (Jup, Py, Go, H, M) and derive transfor-
mation properties and associated curvatures.

The strategy can be summarized by diagram [3.3

poin —— JWW —— barg
/ /
G G
v vd
GR OR NC

Figure 3.3: The strategies applied to obtain NC. In this section we follow a gauging procedure
indicated by the blue arrows, consisting of an Inénii Wigner contraction (IW) and a gauging
(G) of barg. The alternative red path will be described in chapter .

3.2.3.1 NC from barg

Gauging an algebra as outlined in section means associating local parameters, gauge
fields and curvatures to every generator. In the case of barg, there are five:

(gen) (par) (gau) (cur)

H - &0 © T < rw(H)
P, — & < e < 1 (PY)
G, & A\ < wr e (G
Jo & X o w® oo, (J?)
M o < omy, & (M)

The notation is adapted to that of the last section and we will eventually call the gauge
fields of time and space translations time- and spacelike Vielbeine. Gauge fields of boosts
and rotations will play the role of spin connections, similar to the relativistic case. It is only
the central charge gauge field, whose interpretation is yet to become clear. And indeed it is
the achievement of [37] to make clear the significance of m,,.

We have seen that the symmetry algebra determines the transformation properties of the
gauge theory, see eq.s (3.57) and (3.60c). The only input is the structure constants, which
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can be read off from table (3.79))

exfl (P _ox (P

f[ab] [cd] 5 5b] ) f(Pj)[bc] - 25a[b50] !
G0 _op G M) _ ()

fGaied = 25a[b5c] YL fam =0,

(Py) _ (P
fimycs) = Ocy:

From this and eq. (3.57) we can identify how the gauge fields transform under the
Bargmann algebra

6, = 0,6, (3.81a)
= D,&" = Npe,S — N7y — 1w,/ (3.81b)

ow,* =D = \N"w/S, (3.81c¢)
0w, = DA™, (3.81d)
omy,, = 0,0 — §w,” — Ace,’. (3.81e)

Here the covariant derivative Duc;ﬁA = 0,@/‘ - gbcwuab f[éb]c is covariant just with respect

to spatial rotations, that is, it only contains wu“b.

It is straightforward to construct the associated curvatures

ruw(H) = 20,1, (3.82a)
ruw(P*) =2D)e,] — 2w/T,, (3.82Db)
ruw(G*) = 2D, w, [ (3.82¢)
T (J?) = 20,w," — 2w W, bea, (3.82d)
T (M) = 20;,m,) + 2ejw,, (3.82¢)

Note that the transformations (3.81]) do not contain diffeomorphism but translations. This
is the same situation we had in the relativistic case The strategy is again to exchange
(1,¢%) for &*. In the process we will have to set r,,(H) = 0 = r,,(P*) = r,,(M).

0Ty = EP0pTu + ( ugp)TP =0 (gp,]_p) fprup(H) = 6(50 = ngp)Tu - gprﬂp(H)v (3.83a)
5§€#a _ 5(5 P a )\/ab Aab + gpw ab )\Ia — )\ — Epwpa)e#a . Eprup(Pa)7 (383b)
bemy = 0(0 = fpmpa N =\ = P08 = EPe )y, — §0ry, (M), (3.83¢)

so we see how diffeomorphism are induced by fixing translations and altering the other gauge-
symmetries appropriately. On top of that we have to set curvatures to zero. In the relativistic
case, however, it turned out that Ry/y(P%) = 0 was nothing but the no-torsion constraint
allowing to solve for Q,/2(FE).

The logic is similar in the nonrelativistic case, because both the central charge and spa-
tial translation curvature and are algebraic in the spin connections. Thus
they are called conventional constraints. It is possible to solve those in terms of wu“(e, T, m)
and w, (e, T,m), meaning that the conventional constraints are zero identically. The time
translatlon curvature ), though, plays a different role: it represents foliation of space-
time. This can exphmtly be seen by solving 7,,(H) = 0 by 7, = 0,t. In other words, there is
a globally defined time function ¢(x). We will come back to the role of the foliation constraint.
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3.2.3.2 Torsionless NC

Newton-Cartan theory has the following independent fields (e,, 7,,,m,) together with pro-

jective inverses defined by eq.s (3.74) and the following transformation rules

01, = LTy, (3.84a)
oe,' = Lee, — /\“beub — A7y, (3.84Db)
omy, = Lemy, + 0,0 + Aae,". (3.84c¢)

Let’s first of all use the conventional constraints r,, (M) = 0 = r,, (P?) and solve for the
spin connections. The strategy is similar to what we did in section |3.1.1.4] leading up to eq.
(3.26)), however, we will get additional terms:

T (P)ecp — Tup(P)ecp + 1pu(P)e = 0, (3.85)

which allows to solve for the Lorentz spin connection just along the same lines as above (see
eq. (3.24), where we introduce the following anholonomy coefficients:

Cuy = 20, Cw = 20),My), (3.86)
so that r,, (P*) = ¢, + 2w[lfbey]b — 2wy = 0 and ry, (M) = cu + 2ejw,;, = 0 and thus

wuab(e, T, w') =e

b]
uv

via

1
C = §cabﬂ + el Y (3.87)

Now, apparently this result is somewhat unsatisfactory as it contains w,* explicitly. However
we still have the conventional constraint r,, (M) = 0, also we insert result (3.87)) into f,, (P?)
and contract with e’ and 7, this gives us the following constraints on w,":

27 (P @) r” = 0 wu(aeb)“ = cfﬁ,eb)“T” =P, (3.88a)
1 1

2 (M)ee” =0:  w e = 5e“”eb”cw, = icab, (3.88b)

2r,, (M)mhe™ =0 Tw, = The e = ) (3.88¢)

Together with eq. (3.74) this yields w,*(e,7,m) and hence also w/ﬂb(e, T,m) (via. eq. (3.87))

wu“b(e, T,m) = 26”[“8[M6VI]7] - euce”“e’)ba[yepf — 27,€"%e" 0, m,), (3.89a)

w,'(e,7,m) = e""Oym,) — 770,,e,] + eMbT”epaa[yepi’ + 7,7 e Oy, (3.89b)

or w/ﬂb = cﬂ[ab] — 2*10‘”’# — T#Cab and 2Wha = Cap — Cpoa + Coap + TuCoa-

In the rotation spin connection we recognize the naive term eq. (3.26)) with an additional
term 7,c® coming from the contraction of the full Poincaré group.

The only thing we are missing are the correct transformation rules for the spin connections.
Note that it is in general not true that the transformation rules can be deduced from the
barg algebra, since we have already put constraints on the fields and thereby made the spin
connections dependent fields. In other words, &u/ﬂb and dw,* are such that dr,, (P?) =0 =
O (M) or
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ab __ [ab] —1¢ ab ab ab
ow,” = dc, " —2770¢", — 01,¢* — 7,0¢7,

20w,q = 0Cqpu — 0Cupa + 0Coqy + 0T,C0q + TudCoq,

where all the variations on the right hand side can be done from (3.84)). We will not give this
result here, but show the same for a more general theory.

3.2.3.3 Torsional NC

Aside from the conventional constraints (3.82€) and (3.82b|) we also imposed the foliation
constraint

ruw(H) =7, =0, (3.90)

it is an interesting question how much one can weaken this constraint on the geometry with-
out loosing the foliation of spacetime. And indeed, the Frobenius theorem (see e.g. [23], [24]),
states that not 7, = 0 but 71,7, = 0 is the weakest condition for a manifold to foliate. In
our setting this is equivalent to requiring 7%° = 0. In the literature this is known as twistless
torsion [39]. It has recently been proposed that this is the correct way to do post-Newtonian
expansion, where strong gravitational fields are represented by non-vanishing torsion, see [40].
In fact, when considering theories with scale invariance it is even necessary to weaken the
no-torsion to a twistless torsion condition, see [6].

Note that for zero torsion we can always solve for 7, = d,¢, such that the time difference

T = /C dat7, (3.91)

is independent of the path C. Thus it is fair to speak of absolute time in nonrelativistic ge-
ometry. The situation changes when generalizing to twistless torsion. Even though spacetime
is still foliated and 7, is hypersurface orthogonal, it is no longer true that the time difference
is path-independent. Torsional nonrelativistic geometry (TNC) does not have a well-defined
notion of absolute time.

Variation with respect to boosts will give torsion terms dc,;;, = - - -+ A7, +- - -, explicitly
&uuab(T, e,m) = nguab + 9\ — 2wl[f‘c‘)\cb] + Xe, 7 + 2Xeelrr, (3.92a)
ow, (1,e,m) = Lew," + A" — w, Ao — w, A" — XNeuemy® — Nty (3.92Db)

From this knowledge it is easy to construct the corresponding curvatures or field strengths,

see eq. (B57) and (3609
T (G) = 20,w,] — 2w[/fbwy]b + Qw[/fey]bTD“ + Qw[ﬁey}ﬂob, (3.93a)

P (J?) = 28[“wyilb - Qw[#acwy}cb - 2w[#cey]CT“b — 4w[£aeb]p7'y}p. (3.93b)

Note how this generalizes the naive curvatures (3.82c) and (3.82d) to arbitrary torsion 7,,.
This theory is more general that NC gravity and we will see how it arises by the method of
Null Reduction in a later chapter. Upon setting 7,, = 0 we get back the older results.
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3.2.3.4 Galilean Gravity via Gauge Fixing

In this work we are mainly concerned with kinematical aspects of nonrelativistic geometry.
Notwithstanding, it is vital that the theory is able to describe Newtonian gravity upon gauge
fixing. All the equations of motion are covariant, that is equations involving only curvatures.
In this section we show what these equations are and how to choose coordinates such that
we arrive at the Poisson equation. See [§] for more details.

We had imposed two equations akin to the first Cartan structure equation (3.12))

ruw(P*) =0, ruw (M) =0, (3.94)

these are called conventional constraints as they allow to solve for the spin connections. On
top of that we impose the zero-torsion constraint (for a treatment of twistless torsion see
[39]) and flatness of the spatial slices:

TW/(H) = Ty = O’ TMV(Jab) =0. (395)

These two constraints are not conventional but geometric. It turns out that the second is
needed to obtain Newtonian gravity in flat space. We will see that it is a consequence of the
zero-torsion condition in the supersymmetric theory. Hence all the curvatures apart from
are set to zero and indeed it is the boost curvature that carries the Poisson equation

roa(G*) = e, 1, (G*) = 0, (3.96)

this is the dynamical equation and all other components are zero identically.

Let us now try to solve some of the equations by gauge fixing to specific coordinates
adapted to flat space and zero torsion:

=0 e'=6"  w™=0. (3.97)

For a more general Ansatz, see [§8]. The above breaks some of the symmetries to rigid ones

Ela) =€  Nx)=X" ) =€) - A8t M) = —€0(t). (3.98)

The only independent field that is not constrained is m,, and hence it must carry the Newtonian
potential:

ma =6,'m, =0, mo(x) =d'm, = d(z) = w,"=—-"0o(z). (3.99)

It is then straightforward to see that eq. (3.96]) indeed reduces to the vacuum Poisson (Laplace)
equation:

Ap(x) = 80,09 (z) = 0. (3.100)

It is worth pointing out the significance of the field m,,, carrying the Newtonian potential
along. This shows the importance of taking into account the central charge in the full
Bargmann algebra rather than just the Galilei algebra.
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4.1 SUGRA FROM SPOIN

Supersymmetry (SUSY) is a very special type of symmetry, relating bosonic and fermionic
degrees of freedom. In supergravity (SUGRA) this means it maps the graviton (Vielbein) to
a fermionic field called the gravitino. Contrary to bosons, the mathematical description of
fermions is very sensitive to the number of spacetime dimensions (see appendix . SUGRA
has to be constructed in every spacetime dimension separately and is thus not a unique
theory but a host of many gravitational theories with supersymmetry. SUSY imposes strong
restrictions on physical theories delaying divergences in quantum field theories to higher loop
orders in perturbation theory. This fuelled the hope that D =4, N =8 SUGRA turns out
to be a finite theory of quantum gravity. In fact it has not been ruled out that this maximally
supersymmetric theory of gravity is indeed finite.

Another motivation for studying SUGRA is that it is the low energy limit of superstring
theories. Many see them as the most promising contender for a theory of quantum gravity. A
lot of work in this area of research is devoted to discerning properties of the full superstring
theories from their low energy effective SUGRA theories.

Apart from the above, supergravity has found many applications disconnected from the field
of quantum gravity. See e.g. |9, |41].

This short review introduces minimal D = 4, N =1 SUGRA. We follow [22] most closely.
Other useful references include [42-45|

4.1.1 About SUGRA

Supersymmetric theories are such that an action describing the dynamics is invariant un-
der a transformation with an anticommuting, spinorial parameter. Moreover we want the
consecutive action to describe a spacetime transformation. Hence supersymmetry should be
understood as a spacetime symmetry. There are other transformations with anticommuting
parameters, like BRST, that are not supersymmetries in this above sense.

Kinetic terms for bosons contain two derivatives whereas those of fermions contain just
one. Examples are the Maxwell, Klein-Gordon and Einstein-Hilbert action on the one side
and the Dirac and Rarita-Schwinger action on the other. The last of which will be introduced
in this section and describes fermions with spin—% called gravitini. It follows from the above
that the mass dimensions differ by 1/2:

([ferm)] — [bos] = ; (4.1)

This will lead us to supersymmetry (SUSY). Schematically, the bosonic degrees of freedom
transform as 0(bos) ~ €( ferm), meaning that the parameter € itself has to have mass dimen-
sion [¢] = —1/2. This forbids a transformation of the form §(ferm) ~ €(bos), but rather

d(bos) ~ e(ferm), d(ferm) ~ 3(6(608)). (4.2)

It turns out that the parameter has to have spin—% and be anticommuting. Hence the

fields in the SUSY multiplet differ by units of spin—%. The possible minimal multiplets are

(2 — %, % —-1,1-— %, % — ), these are indeed the multiplets of massless N'= 1 SUSY, as we

*Note that for massless fields we always restrict to spin< 2, since gauge invariance becomes too restrictive
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will see.

Supersymmetric field theories have to match bosonic and fermionic degrees of freedom.
In more complicated situations there may be a host of different bosonic and fermionic fields,
thus the actual form of transformation rules may become very complicated. We will consider
minimal SUGRA only, where we are by the above forced to consider a graviton (spin—2)
and a gravitino (spin—%). What is more, there may also be auxiliary fields representing no
physical degrees of freedom. We will meet a so-called off-shell multiplet in later chapters.

In supersymmetric field theories, SUGRA in particular, we are dealing with spinors. These
are very sensible to the number of spacetime dimensions, see appendix [Bl Hence there is a
large number of inequivalent SUGRAs. We will only present the easiest (and oldest), N/ =1
SUGRA in four spacetime dimensions.

Following the lines of the above, we know that it has to contain at least a Vielbein E,#
and a gravitino W,,;. We also know that the Vielbein transforms to the gravitino and the
gravitino transforms to a total derivative. But since we are in a geometric theory, the total
derivative should better be a covariant one:

d(grav) ~ e(ferm) +---, (ferm) ~D(---)+---. (4.3)

As we know the minimal content (E,#, ¥,;), we could now guess an action, invariant under
some SUSY transformation rules. Apparently this is not guaranteed to work and typically
very tedious. Another route to SUGRA is to start from a SUGRA in higher dimensions
(when available) and perform a dimensional reduction. We will see how to do this in the next

chapter. As a third option, we may gauge a SUSY algebra, just as we did for poin to obtain
GR.

This last option manifestly conceives SUGRA as a theory of local supersymmetry or a
gauge theory of superalgebras. The logic is very simple to that of Poincaré gauge theory in
chpt. 3] We will mostly follow that strategy as it allows us to find the symmetry transfor-
mations constructively. It should however be noted that not every SUGRA can be obtained
from such a gauging procedure.

In a first step, let us explore some of the structure by writing the minimal content of
SUGRA:

S[E, W, -] = ;/deE<R — Uy TN Dy (Q(E))Wp + ), (4.4)

where MNP = pMApNB pPCT b and T 4pc is a numeric Gamma matrix as introduced in

appendix . We see that S[FE, 0] is the Einstein Hilbert action. It turns out that in dimension
three and four the fields (E, ¥) already form a sufficiently large multiplet. So the - - - -terms
can at most be built from these, e.g. four-point gravitino interactions ~ (¥¥)2. In general
we would have to introduce additional fields with appropriate actions.

The form of the transformation rules to lowest order is always of the form (modulo

for higher spin fields. These are then necessarily free. In fact the same reasoning allows to show that gravity
is universal, see [46].
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conventions)

1

6E,} = §EFA\IJM, (4.5a)
1

6y = Dyre = Opre + ZQJ\?BI’AB(E)E SR (4.5b)

It is straightforward to show that indeed (4.4]) is invariant under (4.5a)) and (4.5bf), when
ignoring higher orders in the gravitini. We will not do this here but it can be found in [22].

It should be clear that the equations of motion for the Vielbein are Einstein’s field
equations with the energy-momentum tensor depending on the fermions ¥,,;. We will explore
some of the properties of this field itself in the next section.

4.1.1.1 The Free Rarita Schwinger Field

We will go one step back and consider the fermionic part of (4.4) in a flat background. It is
a relativistic theory of a spin—2 field called Rarita-Schwinger field [47].

1 _
S0, 9] = —3 / dP 20 TMNP 9 . (4.6)

It should be noted that as of yet no elementary particle with spin % has been found. The
action eq. (4.6) is invariant under a gauge transformation

which is of course the flat space remnant of eq. with € a Majorana spinor. The form
of the action is almost fixed by requiring it to be first order in spacetime derivatives and
symmetries. In fact, the Lagrangian itself is invariant only up to a total derivative as is typical
for supersymmetric field theories.

The equations of motion following from the action (4.6[) read

IMNPONTp = 0. (4.8)

By virtue of Gamma matrix manipulations (B.33)) we can rewrite the equations of motion
as @V = Oy W or by writing ¥y,n = 28[M\IIN] as

TN,y = 0. (4.9)

4.1.1.2 Matching Degrees of Freedom

Here we follow [43] lect. 4]. See also |22}, pp. 130].

There is a distinction between counting independent components of a field and counting
physical, propagating degrees of freedom. The first is called off-shell, the second on-shell
counting.

Since gauge symmetries are to be understood as redundancies in the description, we have
to subtract the number of gauge transformations. It is, however not always clear whether a
specific gauge choice fully fixes the redundancy. Hence even off-shell counting can be rather
involved. We refer to [22] for details.
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On-shell degrees of freedom on the other hand is the number of independent components
after imposing equations of motion. It will turn out that not all equations of motion reduce
the number of degrees of freedom. On-shell degrees of freedom are typically understood as
the propagating, physical degrees of freedom.

In nonrelativistic physics it is often hard to distinguish between the two as it is not always
clear what is an equation of motion and what not. Usually, nonrelativistic degrees of freedom
are not propagating in the relativistic sense. For the relativistic counting, see table 4.1.1.2

(dim) ¢(r) S(x) Aum(r)  Ey(r) () U () A®)(z)
D OFF 1 1 D-1 DMD-1)/2 2= 2Z(D-1) C(D-1,p)
D ON 1 0 D-2 D([D-3)/2 121 LD _3) C(D-20p)

Figure 4.1: The (relativistic) fields from which supergravity multiplets are built with their
respective off /on-shell degrees of freedom.

4.1.1.3 Minimal SUGRA in 4D

We see from table 4.1.1.2 that ¥y, and E,# have the same number of on-shell degrees of
freedom, namely 2. Thus there is the same amount of bosonic and fermionic physics, they
can form a susy multiplet, described at leading order by:

So[E, W] = ; / 2 E(EMEQN Ry P (Q(E)) — Uy TN Dy (Q(E))Up), (4.10)

with Q(F) as in eq. (3.26)).

It turns out that the above minimal action is not invariant under supersymmetry /
(@5a)). In particular there will be corrections from Q@5 (E)WTMNPT 450 ~ O(W?), which
we can in principle cancel with additional terms of O(¥?) in the action. Even though this is
very non-trivial, it is how Freedman, van Nieuwenhuizen and Ferrara constructed the first
supergravity in 1976 [48]. Nowadays, this approach is referred to as the second order formal-
ism. There is more modern approach called 1.5 order formalism that we are sketching now.
It is again a second order approach, in the sense that the spin connection is a dependent field
and indeed the action will take the same form as above. However, it is also a bit first order
formalism as we solve for the spin connection as an independent field and thus allowing for
torsion contributions.

The basic idea is the following, assume the action to take the above form but change
Q(E) — Q(E, V), such that all the higher order terms are stored in the spin connection and
thus the (super)covariant derivative, that is

1 A - A A
S[E, V] = i/deE(EAMEBNRMA’?B(Q(E, V) = Uy TN Dy (Q(E, 9))Up),  (4.11)

which now satisfies, similar to the procedure in the Palatini/first order formulation of GR
in section (3.1.1.5))
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oL oL
8S = [ dPa{ P o
./ x{ﬁE Q=0(E, ) OV lo=a(E,w)
oL OUE, W) . OUE, D) >
it oF ov) 5. 4.12
* O |o=a(E,v) < OF T “12)

Note how the first two variations will give rise to properly coupled Einstein and Rarita
Schwinger field equations. The third term we would like to vanish. But we can achieve that
by solving 0L/0Q = 0 for (). In this sense we are following a first order approach, regarding
the spin connection as an independent field, but reinserting the solution to have a simpler
second order action, where the spin connection is dependent. This is known as 1.5 order
formalism as it stands somewhat in between the two.

What has to be done in practice is the following, find an analogous term to the no-torsion
constraint eq. (3.12)) and solve it for 2. In fact, what we can do is to super-covariantize

N 1-
2D EyN| = 2Dy Exj — §\IJMFA\IJN =0. (4.13)

It is straightforward to prove that this transforms covariantly (that is without de terms).
Note that we can reinterpret the quadratic gravitino term as a torsion contribution, so we see
how supergravity necessitates torsion. The above can be solved for the super-spin connection

(following the procedure around eq. (3.26))):

QP (B, 0) = QP (B) + Q)77 (9)
— (O BB = 00 BB + EycEY EP o )
-+i(@MFA@NEBN——@MFB@NEAN4—EMCEANEBP@NFCQP) (4.14)
Introducing supersymmetric anholonomy coefficients similar to what we did in the bosonic
case eq. (3.24)):
CMQJ:QQMEﬁf—;@MTAWN, (4.15)

we can write the torsionful connection as ) = (:”][QB] — 271 [Aﬁl[.

Inserting the explicit form into the action (4.11)) it is straightforward to find the four-Fermi
terms

S[E, U] = So[E, U] + S4[E, U]

= / d*zE

1 ¢ - _ _ _ _
- 3—2{(\IJMFN\PP)(\I’MFN\IIP + 20, Tply) — 4(\IJMFP\PP)(\IJMFP\PP)}

BB Ry (QE)) — TP Dy (9(E)) U )

. (4.16)

Note that this is equivalent to the compact form (4.11]). Moreover we have to change the
transformation rules of the gravitini slightly

1 . o
oWy = Eg\IfM - ZAABPAB\IIM + DM(Q>€ (4.17&)
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Since the supercovariant spin connection Q) is not an independent field, we can in principle
derive its transformation rules from eq. (4.14). In fact it is often more efficient to derive it
from

3(€)2D () Exf =0, (4.18)
yielding (after a lengthy calculation akin to (3.26))

- 1 1 as
B (B, W) = — el 04 §EF[A\IJB]M, (4.19)

where U,y = 2ﬁ[ w¥yp and Uap=EMENU,n. These are called gravitino curvatures as
they are built from the gravitini in a similar manner as are torsion and Riemann tensor from
the Vielbein and the spin connection, respectively.

4.1.2 About spoin

In the 1960s S. Coleman and J. Mandula [49] investigated the relation between spacetime
and internal symmetries. They formulated a no-go theorem, stating that one cannot extend
the spacetime symmetry group without making the dynamics trivial. Indeed if we restrict
to massive particles the Poincaré group is maximal. For massless particles there is a bigger
group, though, the conformal group. As is often the case with no-go theorems, most interest-
ing things can be extracted from violationg*]

In the proof of the theorem they made a crucial assumption about the possible symmetries
of the S-matrix. The trick is not to relax some of the assumptions but to redefine the very
understanding of symmetry to encompass symmetries relating bosons to fermions. A more
general structure called graded Lie algebra admits to introduce supersymmetry from a top-
down perspective. The resulting graded symmetry algebra is called super Poincaré — or spoin.
Haag, Lopuzanski and Sohnius reexamined the results of Coleman and Mandula in a seminal
paper [50]. They characterized the most general Lie superalgebras of S-matrix symmetries.
Following the lines of Poincaré gauge theory, we will therefore derive SUGRA as the gauge
theory of the super Poincaré algebra spoin.

4.1.2.1 Graded Lie Algebras

Describing the abstract invariance structure of supersymmetry requires the introduction
of a new mathematical object. It builds on the previously defined Lie algebras, where we
replace the commutator by a new bracket [—, —} being either symmetric or antisymmetric
in the arguments. Roughly speaking we allow every element in the algebra to have a grade
in Z,, such that the parity of the grades decides whether [—, —} is a commutator or an
anticommutator. The main example will be that of a graded version of the Poincaré algebra
- the super Poincaré algebra spoin - leading to a definition of SUGRA via a gauging proce-
dure. In fact, the Clifford algebra introduced in appendix [B]is an example of a graded algebra.

In appendix chapter [B| we have argued/postulated that spinorial objects have to be
Grassmannian, that is two Majorana parameters (e, €5) obey

€1€2 — —€9€7. (420)

*Jokesters speak of go-go theorems.
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When considering consecutive actions of infinitesimal transformations in section [3} specifically
in (3.43)), we exchanged two parameters. Hence, we see that we no longer consider the
commutator [, (ta), [ (tg)] = f{5m(tc) but rather the anticommutator

(T(ta), Ton(t8)} = Ton(ta)Ton(t8) + Do (t8)Tar(ta) = f$pTm(te). (4.21)

Since supersymmetry deals with fermionic parameters we are thus led to a generalization of
Lie algebras called graded Lie algebras (sometimes also super Lie algebras).

To every element of the graded Lie algebra g with basis {t4} we associate a weight
|A| € Z5 and call the elements even and odd, respectively. Thus as a vector space g = gy g;.
Moreover, we introduce the graded bracket

[— =} 8 X8 — &itsmoazy,  I,J €{0,1}, (4.22)

that is it takes [odd, odd} — even < [even,even} and [odd,even} — odd < [even,odd}.
Moreover, it has the following symmetry property:

[ta,ts} = —(—)11Ptg, ta}. (4.23)

For parity |A||B| even, this is just the ordinary commutator and the anticommutator for odd
parity. What is more, these have to obey a super Jacobi

[[tAvtB}7tC} = [tAﬂ [tBatC}} - (_>‘A|‘B|[t37 [tA7tC}}7 (424)

where the minus sign comes from exchanging the ‘A’ and the ‘B’ basis element.

4.1.2.2 Super Poincaré Algebra: spoin

The minimal supersymmetric extension of the Poincaré algebra contains a so-called SUSY
charge (). This is a Majorana spinor and carries a grading of || = 1. Let us interpret
grade—0 charges as bosonic and grade—1 charges as fermionic, then according to eq.
[B, B], [B, F] and {F, F'}, schematically. Contrary to most of the other parts in this work, it
is convenient to display spinor indices explicitly: ). The spoin is

[Pa; Jisc)] = 2nas e, [J1aBy, Jiep)] = 4niaicIp)B), (4.25a)
1 B

(Qa, Jian)| = §(FAB)Q OF3 [Pa,Qa] =0, (4.25b)
_ lan

{Qa’QB} = —§(F ¢ )QBPA- (4.25¢)

The second line tells us that the SUSY charges are spinors under four dimensional Lorentz

transformations. It is the last line that contains the most nontrivial information. As said
in words earlier, supersymmetry transformations are such that they square to spacetime
transformations.

We can now state the following remarkable theorem: In any theory realizing the above
SUSY algebra with invertible translations, the bosonic and fermionic degrees of freedom
match.

To prove this, observe the action of the last commutator on the space of bosons:

(bos) 9, (ferm) <, P4(bos) ~ (bos), (4.26)
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that is, bosons go to fermions go to translated bosons. But since we assumed translations to
be invertible, all three spaces are of the same size. Hence there is an equal number of bosonic
and ferionic degrees of freedom. See [26].

There is an important result by Haag, Lopuszanski and Sohnius [50] generalizing the
result of Coleman and Mandula to SUSY algebras. Remarkably, when restricting to a single
SUSY charge ) and massive representations the spoin algebra ([4.25)) is the only choice not
leading to trivial dynamics. In this sense the above is not only minimal but also maximal.
There are two ways how to generalize this. On the one hand one may go to massless real-
izations where we can extend the bosonic part to the conformal algebra. On the other hand
we may allow for more than one SUSY charge {Q!|] = 1,--- , N}, these are called N'= N
extended SUSY algebras or espoins.

To discuss extended (in particular N' = 2) super Poincaré algebras, it is convenient to
switch to Weyl spinors instead of Majorana spinors. See appendix [B] especially (B.29). We
start with N Majorana charges (J; and define the left and right hand components by the
index positions

qr = PLQr, ¢" = PrQr. (4.27)
This means that the Majorana spinors are ¢/ + ¢ and (q;)¢ = ¢, see [22] for more details.
It is then straightforward to show that

1 1

A Y A A—1 I __at

{aa.af} = =015 (PT*0™) Pac {dhass} = —0)5

All the other commutators generalize naturally. For AV = 2 there is, however, an interesting
generalization of the {Q, @} anticommutators, by introducing a complex central charge Z:

(PRrAc—l)aBPA. (4.28)

{QIaaQJﬂ} = _;EIJPLaﬁZa {qi,qé} = —;EUPRQBZ. (4.29)

Bogomol'nyi, Prasad and Sommerfield (BPS) have shown [51] that the mass is bound from
below by the central charge: M > |Z|. We have seen in chapter |3| how a central charge
relates to the mass of nonrelativistic fields. We will see how its role changes when going to
nonrelativistic superalgebras.

It is possible to translate this back to Majorana fermions, suppressing spinor indices

1 1
{Qb QJ} = _§5IJFAC_1PA - ieUC’_lZ. (4.30)

There are higher N extended superalgebras with more general central charges, but we
will not need them, see |22 for more.

4.1.2.3 spoin Representations

It is possible to apply the method of induced representations for spoin. The logic is very
similar to that of section [3.1.2.2] Again, one would look for Casimir elements serving as labels
for different representations. And indeed one finds that PAP, is a Casimir again with the
interpretation of mass. The Pauli-Lubansky W4W 4 does not commute with the supercharges,
though. This means that not all the fields in a multiplet have the same spin or helicity, re-
spectively. Details of the construction can be found in |27, 32, 52].
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It turns out that the different fields in a multiplet differ by units of spin—%. Similar to the
bosonic treatment, there is a big difference between massive and massless representations.
Since this work is mainly about supergravity, we are interested in massless multiplets only.
For N' = 1, there are just two helicity states (h,h + 1/2). Since the resulting theory should
be CPT invariant, we always consider the four states (£h,+h £+ 1/2). For us, the most
important example is that of (£3/2,£2), called the supergravity multiplet. The helicity
states are appropriately interpreted as degrees of freedom of a graviton and a gravitino. In
general, the number of fields in a super-multiplet will be 2V plus the CPT conjugates.

4.1.3 Gauging the spoin

As mentioned at the beginning of this chapter: Supergravity can be seen as a theory of
local supersymmetry. Mathematically, this means that the SUSY parameter is a function of
spacetime. This procedure is known as gauging. In section we have shown how to do
this for a spacetime symmetry algebra. Similarly, we will show how to derive the kinematics
of SUGRA from a similar approach towards spoin. We will see that the gravitini can be
seen as gauge fields of the supercharges. References include |22, 29).

4.1.3.1 Transformation Rules

In section we extracted the kinematics of GR from the flat space isometry algebra poin.
Similarly, we will show in this section how to get transformation rules and super covariant
quantities of N' =1, D = 4 SUGRA from spoin. Indeed, the general theory of gauging as
laid out in section is powerful enough to work for graded Lie algebras too.

The four dimensional A/ = 1 super Poincaré algebra is spanned by three generators
{Pua, Jiap), @} to which we associate gauge fields and parameters

(GEN) (PAR) (GAU)

P, o A < B
J[AB} e /\AB e Q]\?B
Q € ~ WUy

The minimal spoin (4.25) defines four non-zero structure constants, where the form of
the indices indicates the respective algebra element:

EF E F
fHBe) = 20aB96), ] [[AB]][CD] = 877[A[05[D]5B%7
1 B
B _ =
fotam = 5(Tas) -

o = _; ().,

From eq. (3.57) we find for the translation and SUSY gauge field (eventually, € will become
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dependent and thus the naive transformation rule will be obsolete):

1
SE\ = Dy — NGB\ + igrAqu, (4.31a)

1
oWy = Dyre — ZAABFAB\IJM. (4.31Db)

Equivalently, either using eq. (3.60c|) or constructing covariant quantities from the above
rules, we find the curvatures

A . 1-
Ryn(P*) = 2D Ey} = 2D By} — ixerA\I/N, (4.32a)
Run(Q) = 2Dy V. (4.32D)

Again we can trade translational symmetry for diffeomorphism invariance (see eq. (3.63))) at
the cost of

Ran(PY) = Cyiy + 2042 (B, W) E = 0, (4.33)

where we have introduced the supercovariant anholonomy coefficients C,,4 as in eq. (&.15).
Also we have indicated that the curvature constraint can be solved for the torsionful spin

connection Q = Q(E, ) to yield (£.14). To conclude, by emulating the strategy taken in
poin gauging we obtained a theory with the field content and transformation rules (see eq.s

(4.17) /(4.19)) of N =1 SUGRA in four dimensions.

4.1.3.2 SUGRA Algebra Closure

Even though the transformation rules meet the formal requirements of SUSY transfor-
mation rules there is one thing left to check. In every (super)symmetry structure there is not
just transformation rules but also a commutator representing the consecutive action of (su-
per)symmetries. If the fields (E,7, ;) together with eq.s are to realize supersymmetry,
they must obey

[(susy), (susy)} € (spoin).

In other words, the consecutive action of supersymmetry transformations on fields must
again be a transformation in spoin. In the minimal setting, the fields transform under general
coordinate transformations d¢, local Lorentz transformations d, and supersymmetry é., hence
we require that

[6(e1), 8(e2)] Enft = (0 — 65 — 0c) B, (4.34a)
[0(€1),6(e2)]War = (55 — 0\ — 55)‘111\/1 + ( . -), (4.34Db)

where the additional terms (---) vanish if ¥y, obeys its equations of motion. This is called
on-shell closure of the algebra.

For the Vielbein we see that
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1
[61,52}E]V? = §€2FADM€1 — (1 < 2)
1 A 1A
= §E2FA8M61 + Q]\?CEﬂs[ABrc}El + §QA/?C€2FABC€1 — (1 < 2)

= O™ +20,15¢s

1 .
= LB — N+ ifTA\IJM — N Ryn (P, (4.35)
where ¢M = TEMe e, N48 = —EMQOAB and ¢ = —MU,,. So we see that that the
conventional constraint lfiMN(P 4) = 0 is again a condition of the symmetry algebra. See

eq.s (4.34) for the structure. In the second line we have used gamma matrix rearrangements

(B.35) and eq.s .

The above result is remarkable as it generalizes our usual understanding of symmetry
algebras. There we see that the commutator of two symmetries goes to another transforma-
tion described by structure constants. In the present case, however, these structure constants
are no longer constant but dependent on the fields themselves. Some people use the name
structure functions or soft algebras [22]. This is a characteristic of susy field theories.

We have shown that the (soft) algebra closes on the Vielbein. When checking the closure
on the gravitini we would find that it closes only modulo equations of motion. That, too, is
characteristic for SUSY field theories. A detailed calculation can be found in [42]. A SUSY
field theory where the equations of motion have to be used is called on-shell. By adding
auxiliary fields to the multiplet cancelling the respective terms one gets the so-called off-shell
multiplet. The name comes from the fact that no equations of motion have to be imposed
on the fields.

4.2 SNC FROM SBARG

In this section, we finally come to nonrelativistic supergravity (NSUGRA) — or: supersymmet-
ric Newton-Cartan theory (SNC). Supergravity has been known for more than forty years,
Newtonian gravity has been developed more the three hundred years ago. Still there is no
supersymmetric extension of Newtonian gravity in four dimensions. In the recent years|§|,
some considerable headway has been made by constructing three dimensional SNC as a gauge
theory of the supersymmetric extension of the Bargmann algebra sbarg. In principle this
technique is applicable to arbitrary dimensions.

Nonrelativistic supersymmetry is not as well developed as relativistic SUSY. The possi-
ble physical realizations of the latter can be found by means of representation theory and
counting arguments. Unfortunately, the situation for nonrelativistic field theories is worse as
matching degrees of freedom is not a well defined concept.

In this section we review the sbarg-gauging construction of [8, 53]. As is indicated in
the diagram, this is just one way to SNC. In chapter [0, we will see an alternative method
obtaining SNC directly from a relativistic SUGRA.
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poin barg
GR NC
spoin w sbarg
e e
G G
/ /
SUGRA OR SNC

Figure 4.2: The strategies applied to obtain SNC. In this section we follow the blue path.
The logic is to obtain sbarg via an Inéniit Wigner contraction (IW) from spoin and gauging
(G) it to get the kinematics of SNC. The other red path is the subject of chapters 5| and @
Compare diagram [3.3

42.1 About SNC

This section first introduces a nonrelativistic superalgebra in three spacetime dimension
denoted as sbarg. The construction of SNC is alluding to the gauging procedures applied to
poin, barg and spoin obtaining the kinematics of GR, NC and SUGRA, respectively. The
main focus lies on the symmetry structure and geometrical aspects and not so much on the
dynamics.

In introducing the supersymmetric Bargmann algebra, we will see that N = 2 rather
than A/ = 1 is minimal. The reason is that the algebra with just one SUSY generator
leads to unsatisfying commutation relations, in particular {@Q,Q} ~ M, where M does not
have the interpretation of a spacetime translation. Hence N = 1 sbarg cannot be called a
supersymmetric algebra. Conversely there are two gravitini in N/ = 2 SNC, transforming
asymmetrically under boosts. This can be seen as a characteristic of nonrelativistic SUGRA.

4.2.2 About sbarg

Here the supersymmetric extension of the Bargmann algebra is constructed. It is done by
virtue of an Inonii-Wigner contraction of an N' = 2 super Poincaré algebra in three dimen-
sions. It is conceivable that the logic of light cone embedding (laid out in appendix [C|) can
be applied to an A/ = 1 poin in four dimensions.

This construction follows the logic of Remember that we had to add a central
charge to poin to make the contraction to barg. In the setting of extended supersymmetric
algebras, the occurence of central extensions related to mass is natural [51]. Remember that
the N’ = 2 spoin in three dimensions has the following Q@Q-commutator (see (4.30))

1 1
{Qh@]} = —§5IJFA071PA — §€1JC’7127 (I, J=1,2).
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The central extension Z is real. We define new SUSY charges as follows

Qx =27"2(Q1 £ 7Q2), (4.36)

and make the following basis change:

Py— o-H+cM, Z— 5H—cM, Jy— Gy,

Pa — Paa Jab — Jab; (437)
Q— — \/EQ—7 Q—i— — %Q-l—

It is then a straightforward task to rewrite the spoin and take the limit ¢ — oo. The result
is the 3D N = 2 super Bargmann algebra sbarg:

[Paa ']bc] - 26a[ch}a [Gau ch] = 25(1[ch]7
[H, G’a] = Pa7 [Gaa Pb] = 5abM7
{Qi?']ab] = %VabQia [QJra Ga] = %7(10@77

(@@} =—"07H, {Q-.Q-}=-2"C"M,
{QrQ-} = —C P, (4.38)
Observe how {J, G, Py, H, M, Q_} form a V' = 1 subalgebra with the unsatisfying property

that the SUSY charges do not anticommute to a spacetime transformation. This is the reason
why N = 2 is taken as the minimal super algebra.

423 3D N =2 SNC from Gauging the sbarg

The sbarg has seven basis elements to which we associate gauge fields and parameters as
follows

(gen) (par) (gau)

H < &0 T,

P, — & < oe)t

G, A\ < ow,!

Ja) & A & w®

M — o < omy

Q+ o €y < Yuy

Q- & e < Y, (4.39)

From the structure constants in (4.38]) and (3.57) we infer the transformations rules of the
independent bosonic fields. Similarly to the above we turn translations into diffeomorphisms
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by setting (as found from ([3.60c]))

fuy(Pa) =0= 28[/1611(]1 -+ 2&][ ey}b —+ 2(,(][# V] w[u_;,_")/awy]_, (440&)
Pun(M) = 0 = 20my) — 2000 — 272, Yotb,—, (4.40b)
f#V(H) 0= 7A— - 26[# V] + 27 12 ¢u+701/1u+7 (440C)

note that the last equation has a special role as it is the super covariant version of the no
torsion condition and relates to the foliation of spacetime. The first and second are called
conventional constraints and can be solved for w “b(e, 7,m, Y1) and w (e, T,m, 1) as we
will see later.

The transformation rules read

de,! = Lee," — A“beub — A7, + 271 (&rfy“wu, -+ E:y“lpw), (4.41a)
67, = LeT — 272 Nty (4.41D)
omy = Lemy, + 0,0 + eua\ — 272 i, . (4.41c)

Similarly for the gravitino transformation rules

1 -
0P+ = Leus — ZAabVab¢u+ + Du(@)es, (4.42a)
1 ~ N — A a
S = Lethu — At + 27 XN gt + D@ — 270 ey, (442D)

with f)u(@) =0, + 4_1@;‘5’(6, T, m, Y+ )Ye implicitly containing higher order fermion con-

tributions. Observe how the —gravitino is boosted to the +gravitino but not the other way
around. This is a characteristic feature of this supersymmetric Newton-Cartan theory (SNC).
It breaks the exchange symmetry between 1, and v_.

@, and @, and thus ﬁ(d}) have yet to be determined by virtue of conventional constraints.
When introducing the notation 29),e,i + ¢, = 20,e,] — Y7 ¢y and 20),my,) — Cu =
20,m,,) — 2~/ 21%_70@/)”_, which are essentially super covariantized anholonomy coefficients,
we find that

1
dju“b(e, T,m,y) = e”[aéul,’j] — §euce”“epbcl,; 77", ,, (4.43a)
1 1 1
@, “e,T,m,hy) = 56'/(16/“, — 57’” ¢+ ST Yelic) + 3T YePC,,, (4.43b)

or @, = ¢t —271et — 7,07 and 20 = Cay — Cuoa + Coap + Tuloa-

It is possible to construct super covariant curvatures from the gravitini transformations

(T.42)

P Q1) = Yy = 2D[u¢ 1+ (4.44a)
7?/“/<Q*) = Qﬂuuf = 2D[,uwu} 21/2 ’Yaow (4.44b)
We have imposed curvature constraints, two conventional ones to solve for the spin

connections and one additional no torsion constraint. We will see in later chapters how to
relax that last condition. In SUSY it is crucial to check whether constraints are consistent:
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67w (P®) =0,  0fu(M)=0, 67y (H) =067, =0. (4.45)

Similar to the relativistic theory, the first two can be seen as a definition of 6@;’) and 0w,
The last however, is indeed quite nontrivial and indeed varies to

d(e-)

— fab(Q—) =0
f’w/(H) ~0 5(et) fu,,(Q+) _ 0(e+) AMV(Jab) =0
B 97(Qo) =0 55 7, (G =0 (4.46)

See [53] for more details. Note how rich the constraint structure is. The first variation of the
no torsion constraint forces the +gravitino curvature to zero. Variation of this yields that
the spatial curvature, that is the curvature of the spatial slices has to vanish. Remember
that we previously took that as an additional assumption. In SUGRA it follows from the
foliation constraint. The other results can be seen as equations of motion for the —gravitino
and metric, since 74,0(Q_) is the only nonzero gravitino curvature left and containing a time
derivative. On the other hand, as we saw, 7y,(G?*) is the super covariant version of the Poisson
equation ([3.96]).

There is a remarkably large amount of structure contained in the no torsion constraint.
In the last years, a lot of effort has been made to weaken the no torsion constraint and thus
generalize SNC to a nonrelativistic SUGRA, where the Poisson equation is not an immediate
consequence of the constraint structure. This is the field of off-shell nonrelativistic SUGRA,
see chapter [0]

4231 Galilean SUGRA and the Dual Newtonian Potential

Similar to what we did in the bosonic theory, see section [3.2.3.4] it is now possible to go to
coordinates adapted to the constraints in (4.46)). The procedure for the bosonic fields goes
through accordingly but on top of that we impose

Yy =0, 0 Y- =0, (4.47)

braking the e, -symmetry to a rigid SUSY. One then finds the following nonzero components

mo(z) = 0'my = ¢(x), Q" = 0'D," = —0P0o(x), oo = &P = V()
These obey equations v*7,0(Q-) = 0 and 7y,(G*) = 0 (see eq. (4.46)):

720,V = 0, 890,00 = 0, (4.49)

related by supersymmetry. For a full discussion see [8].



CHAPTER 5

{0, £1} - REDUCTION

o4



5.1. DIMENSIONAL REDUCTION 95

5.1 DIMENSIONAL REDUCTION

There is a two-fold motivation to consider dimensional reduction of higher dimensional the-
ories. On the one hand it has turned out that superstring theories are consistent only in
dimension D = 10. SUGRA theories occur as low-energy limits of them. When wanting to
describe four dimensional physics, it is necessary to perform a dimensional reduction. In this
top-down approach, the dimensional reduction is an imperative ingredient.

On the other hand, the dimensional reduction is itself a powerful technique for constructing
theories in four dimensions. In this bottom-up approach one typically embeds a complicated
theory into a simpler theory in higher dimensions.

In fact we apply dimensional reduction in the latter sense, allowing to embed nonrelativistic
gravity in D dimensions into relativistic gravity in (D + 1) dimensions. This bottom-up
approach can be read either way, as an embedding or a reduction. It was historically first
done by [54, 55] and is called Null Reduction (ORED).

The idea of dimensional reduction in the first place entered physics almost a hundred
years ago with work of Katuza and Klein [56} |57]. They considered General Relativity in five
spacetime dimensions and showed that the effective theory in four dimensions unifies gravity
and electromagnetism.

5.1.1 Compact Dimensions and Kaluza-Klein Reduction

The crucial idea of Kaluza Klein (KK) theories is the following. Spacetime has more than
four dimensions, which are not observable for some reason. Spacetime symmetries in these
extra dimensions leave a trace on four dimensional physics, that can be interpreted as gauge
invariances.

In this way, KK theories unify geometry with gauge theory. It is important to note the
all-encompassing role of symmetry. Here we assume the extra dimension to be small. There
are, however, other reasons why it is not observable, e.g. we could live on a four dimensional
membrane embedded in a higher dimensional space to which we simply have no access, see
[58] and references therein.

We will take the classical approach of assuming the extra dimension to be small, to be
concrete we assume an extra circular dimension of small radius M = M3 x St. By small we
mean sufficiently small but since there is only one natural scale when talking about gravity —
the Planck scale — we assume the length to be of the order of 10733 em. So there is a small
fiftth coordinate z with

z~ z+2mR. (5.1)

Let us a massless scalar field in five dimensions ¢(z, z). Since the compact manifold is a
circle, we expand in Fourier modes ¢(z,z) = Y exp(inR~'2)¢(™ (x) and thus the massless
KG equation in five dimensions induces field equations on the Fourier modes

Os6(x,2) = 0= (0, = n*R %) (2) = 0. (5.2)

The Fourier modes ¢(™ can be interpreted as massive Klein-Gordon fields with m,, = [n/R|.
In this way, the five dimensional physics entails the dynamics of infinitely many fields in four
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dimensions. It is then a reasonable hope to organize dirty four-dimensional theories into a
simple theory in higher dimensions.

The masses are suppressed by the size R of the extra dimension, though. Hence, when
lowering the radius the excitations go to higher and higher energies. It is thus reasonable to
truncate the spectrum to only the very lowest — that is n = 0 — excitation.

5.1.2 Symmetries

In chapter [3] we have shown that the dynamics of GR can be described in terms of a Vielbein
E,}, with the following symmetries

0B = €P0pEy + (0mE") Bt — NEyf. (5.3)

A dimensional reduction as described above will break some of these symmetries.

Note that we cannot apply the above analysis naively to the gravitational field E,7.
Whereas it is straightforward to interpret the Fourier modes of (D + 1)-dimensional scalar
field as scalar fields in D dimensions, it is not possible to interpret the Fourier modes of a
(D + 1)—dimensional Vielbein as D—dimensional Vielbeine. The reason is simply the fact that
E,} and E " do not have the same number of component. The same applies to all fields
that are not scalars — e.g. vectors and spinors. It will however be possible to organize D + 1
dimensional (irreducible) representations of poin into D dimensional, reducible representa-
tions of poin. Symmetries and index structures are vital in organizing the fields appropriately.

It is important to note that in KK type reduction we have to adapt coordinates to the
compact manifold, that is separate the coordinates (M) = (i, z), where the extra coordinate
z is periodic as above. Since we are only interested in the lowest, massless mode we impose

d.E =0, (5.4)

it is, however, useful to rephrase this condition more geometrically by imposing the existence
of an isometry along the circle. This can be done by virtue of a Killing vector = along the
circle

L=F,} =0, (5.5)

in adapted coordinates = = 9, (or ZM = §_M) this reduces to the previously given indepen-
dence of z. Note that this is a local constraint, from which it is not clear that the integral curves
indeed close. In fact, we mostly do not use this condition at all, even though it guarantees con-
sistency. Since this is the natural starting point for Null Reduction, let’s rephrase it once more

Kaluza Klein reduction can be mathematically implemented by imposing the existence of a
spacelike Killing vector, whose integral curves are S's.

D—-dimensional hypersurfaces orthogonal to = are then the spacetime of the reduced
theory. When going to the metric formulation this induces a metric on the hypersurfaces by

*Note that in this section we suspend the usual convention of “lower-case indices for nonrelativistic
quantities”. Under dimensional reduction (M) = (u, z), similarly the flat components (4) = (a, ).
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Myn = guny — 9(2,2)1=2EN. Since we are going to take the null-like limit g(Z,Z) = 0
eventually, this geometric projection does not work. It gives an indication of the degenerate
metric structure of NC, though.

The existence of a Killing vector in adapted coordinates = = 0, breaks some of the
diffeomorphism invariance

LE=0 = 0.M=0. (5.6)

So we see that not only the metric, but also the parameter of diffeomorphisms is independent
of 2. What is more, since the left hand side in dE,# = -+ (see eq. (5.3))) does not depend on
the extra coordinate, we learn that 9.\, = 0. So we see that everything is independent of z.

Note that the diffeomorphisms are described by (£M)(z) = (£#(z), £ (z)). We will see that
& naturally describes diffeomorphisms on the D—dimensional hypersurfaces, it is however
less clear what the role of £* is. Naively applying the rules

0B =0, + (0,87 B, + (0,87) B4, (5.7a)
0B = £r0,B.%, (5.7b)

so we see how £ appears as a kind of U (1)-gauge parameter in the lower-dimensional theory. In
addition to that we require that the space-likeness of = is preserved under all the symmetries,
that is 5(g(E, =)= 1) = 0, leading to the following constraints

Ef=0, A% =0, (5.8)

*

or, read differently: we have used part of the local Lorentz invariance (A%, = 0) to set some
of the Vielbein components to zero (E,* = 0). It is worth mentioning that this choice is
invariant under all the other symmetries.

Let us gather the results. We have imposed the existence of spacelike Killing vector = on
a (D + 1)-dimensional geometry described by a Vielbein E,7. As a consequence of which
we have found that all the Vielbein components and parameters are independent of the (+1)
dimension z and moreover that £, = 0 and thus A%, = 0. Hence we have a theory in D
dimensions described by the irreducible fields (E,%, ¢ = E.*, A, = E *) transforming under
symmetries (£#,£%,\%,) as

0B, = &9,B," + (0,8")E," — X4 E,, (5.92)
0A, = 0, Ay + (0u8°) Ay + 0,67, (5.9b)
3¢ = £9D, . (5.9¢)

These symmetries show that the fields are tensors under diffeomorphisms of the D—dimensional
hypersurfaces and tensors under local Lorentz transformations. Moreover, we see that A,
is a U(1)-gauge field. The appearance can intuitively be understood as the stabilizer of the
extra S'-dimension. This kind of geometrization of U(1)-gauge theory has fuelled interest
in KK-type theories from the very beginning. We will see how these three fields couple
dynamically and thereby realize a unified theory of geometry, electromagnetism and some
scalar field. In fact the above structure can be summarized by the following Anséitze
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()= (% o) w5 Y) (5.10)

5.1.3 Kaluza Klein Reduction

In chapter [3| we showed that both the spin connection 2,77 and the curvature R,/A7 depend

only on the Vielbein. Consequently, we could compute the objects Q,*(E, A, ¢), Q" (E, A, ¢),
Q*(E, A, ¢) and Q. *(E, A, ¢) explicitly from eq. (3.26). Similarly for R, *(Q,%®, Q% ..)
etc. Since we will do the somewhat more complicated case of Null Reduction in some detail,
we will not do this here explicitly, but give the final result:

/d(DH)ﬂ det(EA?) |EAMEBNRMIJ4VB
1
oc / 47| det(B, )0 [ BBy Ryl — S0 Fiu ™, (5.11)

note that this can be brought to other forms where kinetic terms for ¢ are explicit, for details
see [29]. There are further subtleties and useful gauge choices which can be found in the same
reference.

5.2 0 REDUCTION

In this section we introduce the mechanics of Null Reduction, building on the ideas of the
last section to reproduce NC theory by virtue of a special type of dimensional reduction. The
starting point is again the presence of a Killing vector representing the compact dimension.
Contrary to Kaluza Klein reduction the Killing vector is no spacelike, though. It is assumed
to be lightlike Z2 = 0. The procedure is called Null Reduction and should be understood as
a bottom-up approach to nonrelativistic geometry. It is worth pointing out that dimensional
reduction with a timelike Killing vector leads to euclidean theories, see e.g. [59).

The idea of Null Reduction was introduced by [55] and [54]. We are following the presen-
tation of [39]. Indeed the technique is very powerful and we will see in the next chapter how
to apply it to SUGRA. Even for the purely bosonic case it is of merit to consider ORED as
it gives torsionful 7, # 0 NC theory, see section [3.2.3.3]

To see how dimensional reduction can lead to nonreltativistic physics let us consider
a complex massless scalar field in five spacetime dimensions as in section m, see |12}
60]. We rewrite the equations of motion in lightcone coordinates, such that there are two
explicit null directions (2, x7). Without loss of generality we take 21 to be the compact
dimension. The framework of so-called generalized dimensional reduction [61] allows us to
take a more general Ansatz, parametrized by a continuous parameter m. The U(1)-symmetry
of the five-dimensional theory permits a phase factor dependent on the compact dimension
oz x™,xT) = exp(—imz™) P(x* x7), yielding

Osé(z®, 27, 2%) = 6°°0,040 + 20_0,.¢ = 0
— —ih(z,t) + (2m) L AY(x, 1) = 0, (5.12)
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where we relabelled x~ = t. We see how the Schrodinger equation is embedded in the massless
Klein-Gordon equation. Observe how a lightlike direction becomes a time direction in the
four-dimensional theory. In general, the lightlike compactification of field theories will be
more involved, though, see [62].

5.2.1 The Ansatz and NC from 0 Reduction

In this section we construct Null Reduction as a method to embed Galilean physics into
relativistic physics in one dimension higher. Phrased differently, it is a compactification along
a lightlike direction. In this section we consider the bosonic part, i.e. reduction of the Vielbein.
The most natural starting point for Null Reduction is the existence of a Killing vector. But
contrary to the previous section we take the Killing vector to be light — or null — rather than
spacelike:

L=E,} =0, and EMENE AEPnas = 0. (5.13)

This geometric constraint on (D + 1)-dimensional spacetime will implement nonrelativistic
geometry. Intuitively, this can be understood as follows: the Bargmann group Barg is the
stabilizer of a lightlike direction, see appendix [C] for a more concrete treatment.

Note that one cannot introduce just one null direction. When compactifying along one
of these, there is still one distinguished direction of spacetime. In this way we implement
the splitting of space and time as one of the lightcone coordinates will become the time
coordinate in the nonrelativistic theory. We will introduce an adapted coordinate z just
as in the spacelike case but make the distinction clearer in the flat, tangent space indices
(A) = (a,—,+), where (+) corresponds to the compact spacetime coordinate z and (—) to
the new time coordinate. It should be clear from this that the Ansatz takes the following
form

a — +
AN _ pf(O0 O O
(Bxtt) = <0 =2 D)’ (5.14)
where F,~ = =2 = 0 indicates that the Killing vector is null-like, so there is really two zeros

rather than just one in the KK ansatz (5.10). This will turn out to be of great importance
in the supersymmetric theory. And indeed it is what makes the distinction to the ordinary
KK reduction. The metric conventions are as follows 7,, = d,, and n,._ = —1. In principle
we can label the nonzero elements as we want but since we want to reproduce results from
barg-gauging

o Z
eaa S—_l _;m a ea“ mg

(Ex) = “( p T *‘), (BEM) = —| Sm Smy |, (5.15)
z\ 0 0 S o s

where m, = e }m, and my = 7#m,,. Note how this Ansatz implies the projective invertibility
relations (|3.74)

w, b __ b a_ v __ v v n _ n, a __ o _
ele’=0" e’ =29 .77, Thr,=1, thef=0, e/l't,=0. (5.16)
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Note that the form of the Killing vector remains unchanged, so the discussion in the previous
chapter leading to the diffeomorphism-reduction has not changed, hence we see that also
the lower dimensional theory has GCT invariance mathematically represented by 6, = L.
Moreover, the field m,, varies with a central charge 0,7

On the side of local Lorentz transformations, we see that preservation of the “zeros”
(E,*, E,”) implies that

SES=0 = A =0. (5.17)

Note that we had a similar thing in the spacelike reduction where A** had to vanish. In
this case, however, it has an effect on non-compact dimensions too and thus on the physics
involved. By virtue of relabelling A*_ = X% A=t = X and 0 = —£* we find

01, = LeTy, (5.18a)
de,! = Lee,! — “beﬂb — S\, (5.18b)
oy, = Lemy, + 0,0 + 5 Aae ), (5.18c¢)

38 = —\S. (5.18d)

At this point we make a gauge fix by scaling S + 1 and consequently A — 0. Note that this
is a consistent gauge fix not interfering with the other symmetriedf] With this we see that
the transformation rules reduce to what we got from barg-gauging (3.84) and

a - +

-2 (5 % )
And the inverse accordingly. This form of the Vielbein plays a role very analogous to eq.
containing the lower dimensional theory implicitly. In the same sense the above contains NC
gravity in the sense of a compact object making manifest all the dirty nonrelativistic physics.
One may be tempted to tackle the Einstein-Hilbert action directly. In fact this will not
work. The reason is that by ¢(Z,Z) = 0 one of the equations of motion, namely that coming
from (Ric),,, goes missing. And unfortunately this is exactly the Poisson equation defining
nonrelativistic gravity. This may be a coincidence, but it is unlikely. See [55] for more details.

An immediate application of eq. is the following. In chapter [2| we showed how
to embed the nonrelativistic particles into a massless particle in one dimension higher, see
. It is then straightforward to coupled that to to arbitrary backgrounds by replacing
NN — UABE]\fENB yielding

S[X(2°,x,2);e,7,m| = /dTE_lXMXNEAfENBnAB

o o \—Llopv,_ a, b . "
_m/dr[(x T.)dtive te, 0y — 2myd },

which reduces to eq. upon gauge fixing to Galilean gravity as in section Observe
how m,, appears as a Wess-Zumino term usually describing the coupling of an electromagnetic
field to a electrically charged particle. Hence we see again, that m,, can be interpreted as the
gravitational analogon of the photon field coupling to particles with they charge being mass.

*This is no longer true when considering conformal gravity, see [39] for details.
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5.2.2 Fermions

Fermions are very sensitive to the number of spacetime dimensions (and signature). We
have seen in appendix [B] that the number of spinor-components doubles at every jump from
an odd to the succeeding even spacetime dimension. It thus follows that spinors have two
components in three dimensions and four in four dimensions. Under a dimensional reduction
the number of fermions doubles:

(D=4,N=1)= (D=3N =2). (5.20)

Hence, the nonrelativistic supergravity is by default an extended supergravity. We have come
to the same conclusion via group theoretic arguments in section 4.2.3]

Four dimensional spinors ¥ will decompose into two-component W, as follows

=0, @x +¥_ ®xy, (5.21)

where . are constant, two-component spinors on the compact space. In fact, we have to be
cautious with the three dimensional objects, as it is not guaranteed that they will transform
properly under 3-dimensional diffeomorphisms.

Another thing to consider is the decomposition of corresponding I'-matrices. It is of
the form I'y ~ 7, ® 0;. Indeed, we are working with three spinor spaces and hence three
representations of the Clifford algebra. For the four-dimensional theory we use I'4, for the
three-dimensional theory 7, and o; for the internal, reducible space. It is natural to go to a
lightcone-basis:

{Fa :'}/a,®j].2, FO :70®0-17 F3 :’y0® (7/0'2)} (522&)
Wi wuu U
{Fa =% ®L, T'i= 2_1/2(F0j:F3> =70®0i}, (5.22b)
where 0. = 27'/%(0y % i0y). In the end, this decomposition is engineered so that the

so(1, 3)-generators decompose nicely:

Pab =76 ®@1s, Tox =70 @0y, T'io=-1,Q0s. (5.23)

It then follows that the charge conjugation matrix decomposes as follows

CW =c® ®o0,. (5.24)

Hence Majorana spinors in four dimensions will turn into Majorana spinors in three dimen-
sions. Another useful object is

I, =iy ® o3 obeying {Ty,T,}=0. (5.25)

We now pick a basis in the internal space by

() () -

orx+ =0, 0404 = V2x4 (5.27)

obeying
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where o; are the Pauli matrices. From the form of the charge conjugation and the internal
spinors Y it follows that

t
e=ec ®ey, but e=(e @ ). (5.28)
We will see in the next section that the reduction of spin—% needs some more attention.
Some of these reductions come out of the blue, apparently. In fact they were found from

the perspective of reproducing results in section . References |63} |64] have been useful in
obtaining the correct Clifford matrix reduction.
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In this section we construct nonrelativistic supergravity from Null Reduction. We not only
reproduce results from section [4.2.3] but make way for nonrelativistic off-shell supergravity.
Off-shell multiplets include auxiliary fields that cannot be derived from a gauging principle.
The resulting theory is more general and reduces to the earlier results upon setting all the
auxiliary fields to zero. It is worth mentioning that in an off-shell theory we do not impose
equations of motion, in particular not those of NC. Hence the name SNC is no longer justified,
rather it should be seen as the construction of a consistent nonrelativistic multiplet, to which
we will refer as nonrelativistic supergravity (NSUGRA). What is more, the off-shell theory
turns out to be consistent even with non-zero torsion. This surprising fact puts the theory
on a more general level than the previously considered multiplets of 8| 53, [65].

6.1 0 REDUCTION OF 4D, A/ =1 SUGRA

Just as in the purely bosonic case, we will start with a Null Reduction of the transformation
rules. Everything else will follow from there. So the natural starting point are eq.s .
Just considering the diffeomorphism invariance we learn that the two-component objects
Vein¥,="V,, ®x_+ V¥, ®yxy donot transform as vectors under diffeomorphisms in
the three-dimensional theory but 0¢¥,. = LV, 4 + (0,67)¥,4. From eq.s it should
be clear that 1,4 in the Ansatz ¥, = 1,4+ — m,1).4 transforms as a vector. Alternatively
we could transform to flat indices W, E M where the reduciton can be done naively. The
decomposition of the gravitini reads

\IJZ wz— X X+ + 77ZJZ-‘r & X-
o U=t X, + .o @ XL (6.1a)

v, = (wu— - mu¢z—) & X+ + (w#-ﬁ- - mm/Jer) & xX—
A \Ilu = (@Z);H- - mu&z—l—) ® XZ- + (@Z)u— - mu@/;z—) ® Xt_a (61b)
or short ¥, =¢,_ @ 1,4 and ¥, = (Y, — mu.—) ® (Yus — mu1P.4). Note that the order is

different on the conjugate ones.

We are now in the position to reduce the transformation rules as given in eq.s (4.5al) and
(4.17)). In the purely bosonic reduction it was the variation of £, = 0 giving rise to the
breaking of relativistic symmetries to nonrelativistic ones, so let’s start with

OB, ==Xy + 27! (£7"ae + E9"0.) =0, (6.2a)
0B, = =272 yyihy =0, (6.2b)
OB T = -\ —27Y% qp,_ = 0. (6.2¢)

Note that the second condition can be true for arbitrary variations only if ¢, = 0, which is

a direct consequence of the nullity of the Killing vector. Hence it should not be interpreted
as a gauge-fixing condition, but a proper feature of nonrelativistic (super)geometry. Note,
however, that there is no other condition setting 1,_ to zero and in fact it will play a crucial
role in the off-shell construction. For convenience,

Yoy =0, V=1, (6'3)
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The other conditions in eq.s (6.2) can be solved similarly. Contrary to the bosonic case, we

cannot assume that A, =0 and A"~ = 0 but rather impose the weaker
A =27 e My, (6.4a)
AT =212 g, (6.4b)

The fact that constraints on the fields lead to nontrivial constraints on the parameters is
common in SUSY field theories. The transformations induced by parameters (A%, (), AT~ (1))
are known as compensating transformations.

Taking these into account we find the altered transformation rules of the independent bosonic
fields

de, = Lee,! — /\“be#b — A7, + 27 M, 4+ 27 E M, (6.5a)

67, = LeTy, — 2728 N,y — 2_16#‘1@%1[) — 27121 & Apib, (6.5b)

omy, = Lemy, + 0,0 + Aee, + 27126 Aot (6.5¢)

Where we set \*_ = A\* and 0 = —£7. It is instructive to compare these to the sbarg gauging

results eq.s (4.41]). Clearly, the extra terms come from the compensating transformations.
Upon setting ) = 0 they reduce to the earlier results. In going further, we will see that
should really be interpreted as a fermionic auxiliary field.

From this extended form of transformation rules we can construct extended curvatures

/f-,u,l/ = 28[#7-1/] + 2_1/21/;u+70¢11+ - e[ﬁl/jy]Jr%w - 21/27—[;1,77;y}7ryo¢7 (66&)
Pun(P?) = 206,80 + 207 €, + 207, — Vs U, (6.6b)
P (M) = 20)my) — 202 €0 — 272 Yoty (6.6¢)

where only the timelike curvature (torsion) differs from the gauging results (4.40]). Since the
conventional constraints match it is clear that the spin connections will be the same as those

obtained from gauging (4.43)).

As in the purely bosonic theory see eq.s (D.1) we can equally well reduce the four
dimensional spin connections Q72 (FE, ¥) as given in (4.14)

Qﬂab _ a}ﬂab 2—1mHAab’ (6.7a)
Q0 = =0, — 27 m, 7, (6.7b)
Q0 =271, — 27,0, (6.7¢)
Q7 =27120 4 27V, o, (6.7d)
Q=275 Qot =275 (6.7¢)
Qo =0=0."", (6.7f)

where Q = Q(e, 7, m, ¥+, 1), but @ = &(e, 7, m,11). Note that we have not imposed any
condition on 7,, whatsoever. When considering the transformation rules of the gravitini
fields, especially 01, = 0 we will see that torsion is tied to the persistence of the extra
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. r{‘he gravitino transformation rules can be found from the relativistic 6.V, = Oye +
47IO0MB(E, W)e:

1,., _

6sr = o (P — 2200 )06, = 0, (6.82)
1 2 1 _

S = Letp — Ew%bw + \Z:%ao%oq +3 (76w + V200 )06 (6.8D)

The first constraint shows that with 1 — 0 we immediately get twistless torsion 79° = 0:

7% = 2V 2. (6.9)

Note that this equation will give further constraints on geometric objects under SUSY varia-
tion. The hope is that this sequence of variations closes at some order, that is

.0 06(E,~ =0)=0 (6.10)

identically. We will see that in the off-shell construction it actually closes at order three. In
the on-shell case we have checked it up to fifth order but stopped eventually and went over
to the off-shell case.

So we see that setting ¢ = 0 forces 7% = 0. Requiring consistency by varying (¢ = 0) = 0
as in eq. (6.8b]) we infer that in fact twistless torsion implies zero torsion 7,, = 0. Hence it
is the extra fermion ¢ that carries the non-zero torsion. The other transformation rules read

1 a ~ A a 1 N
5¢u+ = £5¢#+ - ZA b%bl/’/ﬁ— + D#€+ + TT# Ya0€— + ZTuO
NO V2 -
+ a () v0tu+ — e (V-0 v0€+, (6.11a)

1 1 - 1 A a
0y = L, — ZAab%bl/Ju— + ﬁ)\a%oww + Dye_ — ﬁwu Ya0€+
. 1. N V2, -
+e, Aath — ZTuOG— — T(e_w)%l/zu_ + T(zﬁ#_w)%e_. (6.11b)

Again, f)u =0, + 4_1@Mab(€a T, 1M, Y ) Vab-

6.2 OLD MINIMAL SUGRA IN D =4

We have seen that the soft algebra of SUGRA closes only if the gravitino equations of motion
are used. This kind of behaviour is characteristic of supersymmetric field theories and is
called on-shell closure. The corresponding multiplet is given the name on-shell alike. This is
in agreement with the name on-shell used in counting degrees of freedom, see table {.1.1.2]
In an on-shell multiplet, the on-shell degrees of freedom match.

It is, however, possible to add auxiliary fields to the on-shell multiplet. These will transform
nontrivially under SUSY such that the algebra closes without using equations of motion. Such
a closure is called off-shell, the corresponding multiplet accordingly. In four dimensions, the
minimal on-shell SUGRA multiplet is (E,7, ¥,) with two real on-shell degrees of freedom
(see table . The off-shell degrees do not match, though
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HorfUsr — #opr By =12 — 6 = 6, (6.12)

hence we have to add auxiliary fields with #,¢;BOS — #,;sFFERM = 6. The simplest such
choice is a vector Ay, and a complex scalar F'. This multiplet is called old-minimal

{Est, War, Aur, FF ) (6.13)

The transformation rules are taken and adapted from [22] p. 335[] and [42]:

1
SE = LByt — N B2 + §§FA\IJM, (6.14a)

1
SPLU = LWy — ZAABFAB\I/M

1A 3t 1 1 —
P —Q BT g — — Ay + T — > :
+ L(aM + 1ot LA = 5 Am + 5 A+ 2\/§FMF g, (6.14b)
i NP 1 AB B
3 A
6F = L¢F + \é_ePRFABRAB(Q), (6.14d)

where Py Run(Q) = 2P, (a[M LTy — AL, AT A+ 2\1/§F[MF>\I/N] and
A=TAE M Ay

By virtue of P jp =271 (1 £ T,) (see eq. (B.29) we can rewrite

31

1 1
6Wsr = LV — XPTaply + (O + 2T as — EAMF*)E
1 1 1 _
+or F+F)+ F— F), —iT, 6.15
M(Qf( )+ 2\/3( )T, — il A)e (6.15)

and correspondingly
Run(Q) = 2(8[M + EQ[;}BPAB A[MF + ;r AT,
: \/—F[M (F+F)+- F[M(F F)r ) (6.16)
In all the above () is a solution to the conventional constraint R, ~(PA) =0 just as in (4.14).

For completeness, the corresponding action reads:

SomlE, W, A, M] = /d4xE O(E, 0))

_ BTV (9 + ZQ AP (B, 0)Dap)Wp + 6ACAC) — FF} (6.17)

*Also discussing other off-shell realizations in D = 4 like new-minimal and 16 4+ 16. All of them are such
that the auxiliary fields are purely bosonic. In principle one could add fermionic auxiliary fields, too. We will
see that in the nonrelativistic setting. It should be noted that it is hard to find valid off-shell realizations in
general. For instance, there is no known off-shell multiplet for D = 11, N' =1 SUGRA.
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6.3 NONRELATIVISTIC OFF-SHELL SUGRAIN D =3

From the above it is in principle straightforward to discern the nonrelativistic kinematics
via Null Reduction. Since there is a vector appearing in the multiplet, we have to be careful
with the reduction:

A, — a, (6.18)
A, — a, —mya. (6.19)

Hence the field content must be the following: the on-shell multiplet together with an auxiliary
fermion 1, a vector a, and three real scalars (f, f, a):

{E]\/I[Lla \I]MaAMa F,F} OED {e,uaaT,uamuadju-i-aw,u—)wvaua f’ f_7a}> (620)

apparently the kinematics will be much more complicated than what we have seen for the
relativistic multiplet. It should however be noted that only the fermionic transformation

rules will change. Consequently also the conventional constraints and thus the spin connec-
tions will be unaltered. This means that results (6.5)), and (6.7)) are completely unaltered.

We have seen that the crucial constraint on geometry is represented by =2 = 0, that is
the Killing vector being null-like. This had as immediate consequence that £,~ = 0. It is not
clear a priori, whether this condition is a consistent one. So we want to check whether the
series of variations

550"'056<E2:0)7

vanishes at sufficiently low order. The worst case scenario would be that variation yields to an
overconstrained system. The consequence of which would be a trivial theory of supergravity.
Luckily this does not happen. In fact, d. 0 §.(=? = 0) yields

7% = 22010 + 12a, (6.21)

being an immediate generalization of eq. . It turns out that variation of this is zero
identically. So the chain of variations closes at order three:

0e0 800 (22 =0) =0. (6.22)

The corresponding variations can be found in appendix [D]

The resulting theory with the multiplet as given in eq. isan D =3, N =2
nonrelativistic off-shell supergravity. The theory has arbitrary torsion, distinguishing it from
earlier results [8,53,|65]. In the relativistic context it has been possible to classify 3-manifolds
allowing the introduction of supersymmetric field theories [9]. Building on earlier results of
[53], J. Liu and collaborators [66] have applied the same analysis to nonrelativistic curved
spaces. It is conceivable that this generalized, torsional supergravity gives rise to a richer
spectrum of curved nonrelativistic spaces, generalizing the results of [66]. A publication is in
preparation [11].



CHAPTER 7

OUTLOOK

69



70 CHAPTER 7. OUTLOOK

In this master’s thesis we have discussed how three-dimensional supersymmetric Newton-
Cartan theory can be constructed both from a gauging principle and from a Null Reduction.
The latter method has not been used in the context of nonrelativistic supergravity before. It
reproduces all the results obtained in earlier work [53]. What is more, it has been possible to
construct an off-shell theory of nonrelativistic supergravity. This theory has arbitrary torsion.
Remarkably the multiplet contains a fermionic auxiliary field allowing for a consistently
torsional theory.

With that, we not only gain a deeper understanding of the theory, but open it up for
interesting applications. An upcoming publication |11] will generalize earlier results on rigid
supersymmetry on curved NC backgrounds by [66]. Ultimately, the objective is to extend the
powerful machinery of SUSY localization techniques to nonrelativistic field theories. This is
a direction of research that has not been pursued so far, but it is likely to give rise to many
exciting results in the upcoming years.

The construction of off-shell NSUGRA is also very encouraging from an academic point
of view. We believe that four-dimensional SNC is within reach. In particular, the method of
Null Reduction is powerful enough to generalize results obtained in this work to arbitrary
dimensions. This would include finding the supersymmetric extension of Newtonian gravity
for the first time.

In the first chapter we presented some aspects of the nonrelativistic particle, it is possible
to extend this approach to extended objects, e.g. consider nonrelativistic string theory [67-69].
It would be interesting to use methods developed here and consider the interplay of SNC
with nonrelativistic p-branes and learn more about the role of supersymmetry|70].

Another extension we would like to mention is nonrelativistic holography [6, |7]. These
realizations do not consider supersymmetric theories, it would be interesting to learn about
possible applications of SNC in this context, bearing in mind that SUGRA features promi-
nently in the currently best understood example of holography AdS/CFT.

In this context it would also be of interest to clarify the relation to the extended Bargmann
supergravity |71] and Horava-Lifshitz gravity|72]. The off-shell NSUGRA is, as mentioned, not
tied to any equations of motion. Hence it should be seen as a consistent nonrelativistic SUSY
multiplet that can be used to construct three-dimensional theories other than SNC, such as
higher derivative theories. In particular it may even be possible to construct supersymmetric
extensions of Horava-Lifshitz gravity, which has not been possible yet.
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We use the so-called mostly plus metric convention:

(nap) = diag(—1,+1,--- ,+1). (A1)

A consistent change to the mostly minus metric involves g — —g and I' 4 + i["'4. When using
light cone coordinates we choose them such that 7., = 64 and 7, = —1.

There are five kinds of re-occurring index conventions, in general we use capital for
relativistic and lower-case for nonrelativistic quantities:

1. (A, B,C,---) referred to as flat indices; mostly for tangent space tensors; transforming
under local Lorentz transformations. Also: Lie algebra indices.

2. (M,N,P,---) referred to as curved indices; for spacetime tensors; transforming under
diffeomorphisms/GCT.

3. (a,b,c,---) referred to as flat indices; tangents to the spatial slices in NC geometries,
that is on e /; transforming under local rotations and Galilean boosts; range 1, -- - , D—1.

4. (u,v,p,---)referred to as curved indices; nonrelativistic spacetime tensors; transforming
under diffeomorphisms/GCT; range 0,1,--- , D — 1.

5. (a, B, -) referred to as spinor indices; spinors; transforming under rotations in the
spinor representation; range | D/2].

We antisymmetrize and symmetrize with weight one:

1 1

M[AB] = iMAB — 5MBA7 (A.Za)
1 1

Mgy = §MAB + §MBA7 (A.2b)

and similarly for higher (anti)symmetrizations: Ma, a,..a,] = (n!) 7 (Ma, 454, — +)-
Exterior derivatives are defined as follows
1
da®) = ﬁaMoé%}_,,dile A Ada™, (A.3)
or (da)uny..nN, = Iy, ...N,)-
The Levi-Civita tensor density is defined as

801...(D_1) = —1, EOlm(Dil) = +1, (A4)
note that here we differ from [26]. The contraction identity reads

E A n gy, e ATCLC _7«!3!5[511 . 53?}57 (r+s=D). (A.5)

For tensor products of matrices/vector spaces we take the convention that the last factor
determines the large scale structure, that is e.g.



TU 0 0
U T TU 0 0
v Y YU 10
| YV | _0 1

We will, however, almost never write out matrices explictly.

o O O

o o = O
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Here we present some results from spinor algebra and Clifford algebras. This is crucial
for supersymmetry and supergravity. Since in this work we always consider spacetimes with
exactly one time direction, some of the results presented here are not in the most general form.
We will try to mention as little mathematical details as possible while not doing the field
theoretic derivation, though. So we will not introduce the spinor as a necessity in the Dirac
equation, but from a more top-down perspective as a representation of Spin(3) = SU(2), the
double cover of SO(3). It turns out that the Clifford algebra generates it infinitesimally. We
follow [26] both in spirit and notation, where generic signatures are considered. Other useful
references are [22} 27].

B.1 GAMMA MATRICES AND THEIR SYMMETRIES

The Clifford algebra is generated by D objects {T'4|]A = 0,--- , D—1}, subject to the condition

FAFB+FBFA:27]AB1; (Bl)

or {T'4,I'p} = 2n4p1. As mentioned above, we consider spacetime with the following signa-
ture (77) = dlag(_7 +a +7 Tt 7+)

It is possible to represent the abstract algebra by a set of D matrices (I'4)%. It is
nontrivial to see how big these matrices have to be at mimimum such that the representation
is faithful. We will find out shortly. First let us try to guess a representation in D = 2, that
is (n) = diag(—1,+1). It is clear that it is not possible with 1 x 1-matrices, that is c-numbers.
So we find that it must at least be 2 x 2-matrices:

0 ¢ 0 —1
Iy =10, = ) ' =09 = , (B.2)
1 0 t 0
where we really only need the following o,0; = ic;ror + 0;51,7, 5,k = 1,2,3 with o3 =
diag(1, —1). With that we see that adjoining the third Pauli matrix we can also represent
the 3-dimensional Clifford algebra. Going to higher spacetime dimensions the representation
matrices will have to be bigger. It is easy to check that the following gives an explicit
representation for arbitrary dimensions

[g=i0; ®I1IQI1®---
IMNM=0mI1llw---
'y =030 ®1Q---
[3=0300,1®:--
I'y=03®0300, Q-
R (B.3)

where 1 is the two dimensional unit matrix. It is straightforward to check that this indeed
satisfies eq. (B.I]). What we learn from this specific representation consist of 21772 x 2lP/2].
matrices, where | —| is the floor function rounding down. Hence we see that for any even and
the following odd spacetime dimension the gamma matrices are of the same size.

The above is one representation of the Clifford algebra. We may ask ourselves whether
every representation can be brought to this form by changing basis. In other words: how
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many inequivalent classes of representations are there, where we take two representations to
be unitary equivalent if

L= UT AU, (B.4)

where U is unitary. It is clear that this preserves eq. (B.1). It turns out that the answer is
different for even and odd dimensions respectively.

In the explicit representation the timelike matrix is antihermitian I‘g = —I', whereas
the spacelike ones are hermitian I'l = T',. Since we only consider unitary equivalence, this
property is one of the whole equivalence class. In general this can be expressed as

Il =TT 4T (B.5)

Let us now restrict to even dimensions for the moment and consider arbitrary products
of gamma matrices, it is clear from the defining property eq. that everything can be
reduced to antisymmetric products. This, however, limits the number of possible elements
so we have a finite number of basis elements {I'™|n = 0,--- , D} with

T =T, =T, Tay. (B.6)

In particular I'yp = 271 T4'p — 271 T'g'4 and T'4I'g = nap + [ap. This last equation is an
example how we decompose general products of gamma matrices into elements I'™ | we will
later see a method for the generic case.
Let us first of all focus on the even dimensional case. Then {I'™} forms a basis for the
vector space of 2LP/2) x 2lP/2]_matrices.
One can define a top element I'y oc T'P), obeying

{I,,Ta} =0, 2 =1. (B.7)

by the following
I, = (—i)P* 0y ---Tp_y. (B.8)

The second property in will prove to be of great importance for physical applications.
In the representation which we started with

F*:O'3®O'3®0'3®"'. (Bg)
In even dimensions it is possible to make an identification of the form I'(,) = e, 0P,
explicitly
Z’D/2+1 BB
FA1~~~AT = WgAl"‘ArB(rJrl)“'BDF*F DBty (BlO)

this will prove to be useful in rearrange large arrays of I'-matrices.

To this point we have focussed on the even dimensional case. The top element I', commutes
with all the other elements and squares to one. Hence, if {I'g,--- ,I'p_1} is a basis in D even
dimensions, then

{Lo,-++, I'p-1, Iu} (B.11)

forms a natural basis in (D + 1) odd dimensions.
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Given a representation {I'4} satisfying eq. it is possible to construct equivalent
ones by virtue of a basis change U, see eq. (B.4]). It is clear, that the hermitian conjugate,
the transpose and the complex conjugate {I'y, T, I} too satisfy the Clifford algebra (B.I).
It is, however, less clear whether they are unitary equivalent to {I'4}. The most general
transformation preserving eq. is induced by virtue of matrices (B, C') and signs (€,7):

I'y = —nCr,C 1, C'=—¢C, (B.12a)
I = +nBT 4B, (B.12b)

where the two conventional signs € = +1 and 1 = £1 depend on the spacetime dimension D.
These will play an important role shortly. From the fact that I'* = (I'")! and (B.5) it is clear
that

B' = —CT, and B*B = en. (B.13)

It is a fair question to ask whether all representations of the Clifford algebra are unitary
equivalent . We will not prove this here, but the statement is: in even dimensions there
is just one equivalence class of representations, while in odd dimensions there are two. The
standard reference is [73].

It is relevant for supersymmetry applications to know for which values of n the matrix
CT™ is (anti)symmetric, that is to determine the values 8(e, 1, n):

(Cr®) = b )T, 6= (—) 0=V (B.14

It turns out that for odd dimensions there is always one unique solution whereas there are
two for even dimensions. We do not prove it here but reproduce the results in table as
given in [22] for various n and dimensions D

The full derivation can be found in [26]. It should be noted that the numbers under
0 = £1 are the values of n with (as it turns out) a periodicity of four. We have boxed the
choices that are especially useful for supersymmetry. In practice we would choose the values
of € and 7 to obtain symmetries of CT'(".

B.2 CLIFFORD ALGEBRAS AND ROTATIONS

Now, the gamma matrices furnish a representation of the Clifford algebra but at the same
time they naturally act on a complex vector space S of dimension 21°/2). The gamma matri-
ces generate endomorphisms on §. The vector space S - the representation space - is called
spinor space and its elements A € S are called spinors. In fact the name spinor is meant
exclusively for dimension three, however we will not be dogmatic and use it more generally.

Among the elements {I'"™} there are two of particular interest, one we already mentioned:
I'.. The other is I'yp = ['al'p = 27T 4, T'g]. Tt is a tedious, but straightforward task to
check that the 271 D(D — 1) matrices

1 a 1 1 1
-I' b — - —-T =4 — - B.15
<4 AB) ] obey { 2las =7 C’D} 77[,4[0( 1 D]B])u (B.15)

so it furnishes a representation of so(1, D — 1) eq. (3.49¢). Hence it is fair to label
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D(mod8) =41 6=-1 € 7

0 0,3 1,2 -1 +1
0,1 2,3 -1 -1
1 0,1 2,3 -1 -1
2 0,1 2,3 -1 -1
1,2 0,3 +1 +1
3 1,2 0,3 41 +1
4 1,2 0,3 +1 +1
2,3 0,1 +1 -1
5 2,3 0,1 +1 -1
6 2,3 0,1 +1 -1
0,3 1,2 -1 +1
7 0,3 1,2 -1 +1

Figure B.1: A useful collection of possibles choices of € and 1 and their consequences on
symmetries of CI'™. The values of n in the second and third column are to be understood
modulo four. The boxed rows are especially apt for supersymmetry applications.

1
Ls(Jap)) = _ZFAB’ (B.16)
and call it the spinor representation of so(1, D —1) (indeed this is true for arbitrary signature).
Hence, spinorial objects — fermions — transform under infinitesimal Lorentz transformations

as

1
SN = —ZAABFAB\I:. (B.17)

An example of particular interest is three dimensional eulidean spacetime with the rotation
algebra so(3) and [J;, J;] = € J5. Right when we began the gamma matrix chapter we saw
that the Pauli matrices obey exactly the same algebra. So they represent the rotation algebra.
But indeed they are already the generators of another algebra su(2). While so(3) = su(2),
the respective groups are not fully equivalent, though. In fact, SU(2) is known as the double
cover of SO(3), which is a topological rather than a local distinction [74].

More generally, the double cover of SO(p, q) is called Spin(p,q). This can be classified

by virtue of Clifford algebras (B.17). Representation spaces of Spin(p,q) are called spinor
spaces S, see [73].

B.3 IRREDUCIBLE SPINORS

Actually we have not yet shown whether the objects A € § in the representation space are
irreducible representations of Spin(1, D — 1). We will try to find conditions and projections
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reducing the objects further.

In even dimensions we have the highest element I',, squaring to the identity by definition.
In odd dimensions the highest element is itself trivial by construction. So it only makes sense
to define projections in even dimensions

1 1
P, = 5(]1—1—&), Pr = i(ﬂ—F*). (B.18)
It is important to note that both projections commute with I' 45, hence A\ € § cannot be
irreducible as Py A and Pr\ are smaller representations. We call the resulting (PpA, Pr))
spinors Weyl (or left /right chiral spinors). For our applications these are of less importance,
it should be noted, however, that the use of chiral spinors is crucial in the standard model of

particle physics.
Another possibility is a kind of reality condition:

A" = RA, (B.19)
for some matrix R. Consistency with Lorentz transformations (B.17) (dA\)* = RO\ yields:

BT ygB™'R = Rl 4p — R=aB, (B.20)

by virtue of Schur’s lemma. Also, we require that A** = X and thus R*R = 1. Hence « is
just a phase but more importantly B*B = 1 in eq. . This means (for our choice of
signature with just one time-direction) that en = 1. From the table we presented earlier we
discern that we can impose such a condition in dimensions D = 0,1,2,3,4 mod 8. We do

not care about most of them but are happy that in both three and four dimensions we can
impose the so-called Majorana condition (B.19)) consistently.

It should be noted that even though condition (B.19)) is called a reality condition it does
not necessarily mean that the object A is real. What it means is that there exists a basis in
which I'4p is real and thus there is a basis in which the spinors are real. We now present two
explicit representations in four dimensions apt for Majorana and chiral spinors respectively.

B.4 FOUR DIMENSIONS

Going back to table [B.I], we see that we have to choose € = +1 = 7 as en = +1 by the
Majorana condition (B.19)). There exists a basis (which is not that of eq. (B.3)) yielding

really real basis:

0 g3 0 —1 0 —iGQ
FO — 9 Fl - 9 F2 - 9
—03 0 —1 0 109 0
(B.21)
1 0 0 —ioy
F3 = ) F* =
0 —1 iO’l 0

Which we could also write as (applying the conventions (A.6): 'y = 03®i0cs, [} = 01 @ (—1),
F2:0'2®O'2, F3:0'3®]]_ and F* =09 X 07.
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We can now determine the matrix C' (almost uniquely) from eq.s . It has to be
C = pT'y with || = 1. From this and eq. it follows that B oc 1 with the factor of
proportionality again just a phase, which we now fix to be 1. Hence the Majorana condition
is indeed just a reality condition \* = \.

This basis was constructed to obtain a really real representation, that is all the matrices
I', are real and thus particularly apt for Majorana spinors. It may also be favourable to have
a diagonal I',. Such a basis makes chiral projections particularly natural:

Iy =il®o0, 'y =0,® 09, (B.22)

P*::ﬂ.®0'3, O:’i02®03.

We present another basis that is adapted to dimensional reduction as is done in chapter

Bl in particular eq. (5.22).

B.5 MORE ON THE MAJORANA CONDITION

We introduced the Majorana condition as a reality condition eq. . Another way to
introduce it is by stating that Majorana equals Dirac conjugate. To make this statement a
sensible one we must first introduce the notion of a spinor conjugate. Just as we use a dual
vector space to build scalars out of vectors, we can introduce a sort of dual spinor space by
an action of conjugation. In effect, an object y¢ should transform as a scalar under local
Lorentz transformations, that is d(xy) = 0. Essentially there are two options

M=y, (B.23a)
P = a YTy = ix'Ty, (B.23Db)
called Dirac and Majorana conjugation respectively. At this point we fixed o = —i. It is easy

to see that the Majorana condition is equivalent to the requirement Y™ = y?
We will assume Majorana spinors for the remainder of the section.

Let us now see that y\ indeed transforms as a scalar under Lorentz transformations. First we
will derive the transformation law dy from dy = —47'X - I'y, by putting table to work:

Il
<l

1
S(A)x = (6x)'C = _Z)‘AB(FABX)tC
1 1
- _ZAABXt (Mp0) = +Z)\ABXt(CFAB)t

1 1 _
- +1)\ABXtCFAB = ZAABXFAB- (B24)

It is then straightforward to prove that §(xy) = (6X)¢ + xdp = 0.

Majorana spinors are widely used in supergravity for various reasons, one of the most
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important is the simple symmetry properties of spinor bilinears YI'™¢, e.g.

X¢ = PX; (B.25a)
xTap = —@lax, (B.25b)
xLapp = —plapx (B.25¢)
XM = —(n)@l ™y, (B.25d)

with 6 as in table [B.I] The examples are for the case ¢ = +1 = 7 in four dimensions. The
general expression would just be YI'™p = —0(e, n, n)@l'™y. In deriving these rules we used
the fact that spinors are Grassmann valued that is, moving them through each other induces
an extra minus sign. Here we just impose that, but it is in fact a consequence of the spin
statistics theorem in relativistic quantum field theory.

To this point we have introduced the Majorana condition in two forms, eq. (B.19) and

YP = ¥M. Let us introduce another one, that is apt for specific problems, we introduce

complex conjugation as

oY =iB7lp" (B.26)
The Majorana condition is then nothing but ¢¢ = ¢. Note that (o°)M = 5P, as in eq.s

(B.23b)) and (B.23b)).
For matrices we define an adjoint action M¢ = B~'M*B, yielding

rq=nls,  T9= (P21, (B.27)
Note that this operation does not change the order (M;M,)¢ = ME MY . See [26] for details.

So we learn that in four dimensions F*C = —I', and thus Pg = P; and vice versa. For
an arbitrary Dirac spinor W, which can of course be decomposed into chiral components:
¥ = PR‘IJ + pL\If, we find that

(PLU)C = PRU°, (PR = PLUC. (B.28)

We can now take a Weyl fermion P,V and build from it a Majorana fermion

X =PV + (PLU)Y =x°. (B.29)

More details on this kind of decomposition can be found in [22].

B.6 MORE PRACTICAL GAMMA MATRIX MANIPULATIONS

In supergravity it is crucial to be able to simplify complicated Gamma matrix structures.
We said that {T™|n = 0,--- , D — 1} is a basis for all 2LP/2) x 2lP/2]_matrices. Hence any
matrix M in spinor space is expressible as a sum of the form M =} a(”)F(n):

D/2] (D] (_)n(nq)/z "
M =2 > TF(MTT(F M), (B.30)
n=0 :
where I'(,y = I'4,..4, is to be distinguished from ™ = pArAn
If we consider the tensor product of a spinor with an adjoined spinor ¢ ® x ~ p,Xp ~ X
we also get a matrix, which can be expressed
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n(n 1)/2
ox = —27 1P/ Z Ty, XT A, (B.31)

This type of decomposition is known as Fierz rearrangement (sloppily also called Fierzing).
In two dimensions it reads

1

_ U 1.
PX = —5 Xl = STaxT e — JTXTgp. (B.32)

Fierz rearrangements are of great practical use in supersymmetry and supergravity. An-
other rearrangement, that is used regularly in this context is the following: a product of
two general gamma matrix generators I'™ should again be expressable in that same basis:
L™ .10 = 5 c®) (n, m)I'®), The simplest example is [4I'p = §451 + '45. It is rather hard
technlcally to generalize this, but here is the result (taken from [26]):

i+j )
Bi-B; __ v] o [B Boi1-Bj]
el IZ| M%il' O Caeng ™, (B.33)
k=|i—jlean 77

1 1 1

In practice we write down the gamma matrix with all antisymmetrized and subtract lower
rank gamma matrices where two indices go into a metric (or Kronecker delta) until there is
nothing left, schematically

F(m)F(n) = F(m—i—n) + ClnF(m+n—2) + o+ Cmin(m,n)7 " ** nr\m—m <B34)

We determine the factors by explicit choices of indices.
Let’s see some examples to get the intuition right:

Lal'p = 1,1(!)}(!),77143 + 0}31!;‘43 =nap + Lap, (B.35a)
[4B¢ = §Prel 41 B¢ =5 BPC 5T 41 ¢, (B.35b)

Tapl? =0 04" + 05 T4 +T 5
=20} 5A] +40 [C i v (B.35¢)

I 4IBOP = 65 [PTCPl 4 1) BCD (B.35d)
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In this appendix we rewrite the Poincaré algebra poin in different bases. First we split
space and time and thereby see how explicitly what distinguishes the relativistic poin from
the nonrelativistic barg, see eq. (3.79)).

Then we extend the spacetime dimension by one and expand the algebra in a lightcone
basis. The surprising fact will be that the Bargmann algebra appears as a subalgebra. Similar
work has been done by [20] 21].

C.1 SPACE + TIME

We now make a step backwards and decompose the nicely packed objects (Pa, Jiap)). For the
moment we consider four dimensional spacetime only and separate the (D — 1)-vector parts:

(P,J) — (H,P,J,K), (1)

where H is a scalar, P and K are vectors and J is a (D — 1)-matrix. We split the index range
(A) = (0,a) and define

H:=F, P,=F,
K, := Ja07 J[ab} = J[ab]-

An infinitesimal transformation then reads (defining A\* = \*°):

§(€0,67 X, \%) = €T (H) 4 €T (Pg,) — N (K,) — ;Aabrr(.}[ab]). (C.2)

Note that we have not done anything but relabel the generators, which in turn satisfy the
Poincaré algebra in their specific form:

[J[ab},J[cd}: = 46[a1cd qp) (C.3a)
Pa, I | = 2041Pa, (C.3b)
[H. 3] =0, (C.30)
[P, Py =0=|H P|=|H H]| (C.3d)
{Kan[bc}: = 25(1[ch], (C3e)
Ko, K| = =Jpa, (C.3f)
P, Ky = 0 H, (C.3g)

[H.K,| =P,. (C.3h)

It is worth noting that eq.s and form a subalgebra that looks remarkably
similar to . Indeed it is the isomety algebra of the (D — 1) dimensional euclidean plane
iso(D —1). It forms the backbone of all spacetime symmetry algebras, see [28] (and references
therein) for a classification of all possible kinematical Lie algebras. This part of the algebra
will be unaltered when going to the nonrelativistic algebra via a contraction.
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From a more physical point of view, eq. tells us that what we called a 3-vector

is indeed a vector. Similarly, eq. justifies the name scalar for H. Apparently, more
nontrivial structure is captured by eq.s through . And indeed these will change
when we go to nonrelativistic symmetry.
While the first tells us that K is a 3-vector too, the second is much less trivial. It suggests that
a successive transformation by K induces a rotation. This is nothing but Thomas precession
from a symmetry point of view. Hence we can interpret K as the generator of Lorentz boosts.
We will see in the following chapters that this is a genuinely relativistic effect. Equations
and represent the symmetry between space and time as spatial translations
are boosted to time translations just as time translations are boosted to spatial translations.
When going to nonrelativistic algebras we expect one of these (eq. , to be specific) to
vanish.

C.2 LIGHTCONE POINCARE

Expanding poin in a basis adapted to lightcone coordinates uncovers Galilean structures
when restricting to motion along one null-like direction |12} |18-20]. We now consider a
Poincaré algebra in D + 1 dimensions and label

Ka = Ja()a La = JaDa A= JOD' (64)

The algebra is very similar to what we had in eq.s , with L, dual to K, and P, to
Pp. The only undualled generator A translates between the two sides. Ultimately we are
not interested in this form of the algebra but in one where we go to a light-cone basis
X+ =2"12(X"+ XP)

(Py,P,, Pp) — (Po, M = —27Y2(Py + Pp), H = 27Y2(Py — Pp)), (C.5a)
(Kq, L) — (G, =2"Y*(K, + L,),S, = 273(K, — L)), (C.5b)
A — A. (C.5¢)

The subalgebra spanned by (Ju, Py, Go, M, H) is the Bargmann algebra. So we see how a
nonrelativistic structure arises in the Poincaré algebra without even mentioning the speed of
light. The nonzero commutation relations read

[Jab, Jea] = 401aicdap),  [Pay Joe) = 20 Py,  [H,Ga]l =Pa,  [Ga, Py] = 0 M, (C.6)

which is as promised the Bargmann algebra. The remaining commutators containing (S,, A)
read

[Saa ch] = 25a[bsc}a [M, Sa] = _Paa [Sm Pb] = _5abH> [Saa Gb] = _(Jab + A5ab)a
(C.7a)

A, M =M, [AH =-H [AGd=GCGa [AS]=-S,. (C.7b)

Note that this is the isometry algebra of D + 1-dimensional Minkowski spacetime in lightcone
coordinates

n=2dX " dX" + 64dX"dX". (C.8)
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If we make the additional assumption that not just dn = 0 but separately also 6d X~ = 0
we are forced to set S, = 0 = A, thus yielding the Bargmann algebra. It is then natural
to interpret X~ as nonrelativistic time. So it seems we can embed nonrelativistic symmetry
into relativistic relativistic symmetry of a lightcone-direction. Note the similarity to ambient
formulations of conformal field theories [75].
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D.1 BOSONIC RESULTS FROM 0 REDUCTION

Here we present some results that are of great technical but of less conceptual interest. Thus
they are not in the main text but in this separate section. Essentially these are the results
found in [39] constructing torsionful Newton Cartan gravity by means of a Null Reduction.

The idea of 0 Reduction is implemented by the Ansétze ((5.15]). Since we are not dealing
with conformal structures here, it is consistent to gauge-fix S = 1 and thus use (5.19)). It is
then straightforward to derive the transformation rules of the independent fields, as done in

eq.s (5.18).

The technically challenging part is to deduce the forms of the eight spin connection blocks
Q18 (e?, 7,m) with A = a,+, — and M = p, z from the relativistic (3.26)):

D.1.1 Spin Connection Components

We will use the nonrelativistic anholonomy symbols as defined before eq. (3.87)): Cp = QG[HeV‘f
and ¢y, = 20,m,:

Q”“b = e“[“cﬂ — ;e#ccabC — ;T“Cab — ;mlﬁab, (D.1a)
Q1 = ;Cuoa - ;Cua - ;e“bcoab ;T“Coa + ;mﬂao’ (D-1b)
Q= ;TM“, Qlff = ;TMO, (D.1c)
0% = ;Tab’ QF = ;T"O, (D.1d)
0 =0=0+. (D.1e)

When comparing these results with those obtained from a gauging procedure (3.89al) and
(3.89b)) we see that

Quab(e, T,m) = wu“b(e, T, m) — mNQZ“b(e, T,m), (D.2a)
Q. (e, m,m) = —(wua(e, T,m) —m, Q. (e, T, m)) (D.2b)

Note the particular structure V), ~ v, —m,V., guaranteeing that v, transforms as a vector
under diffeomorphisms. All the results reduce to those obtained by gauging (3.89a)) and
(3-89D).

In principle one could reduce the Riemann tensor as given in (3.14]) or (3.62b)). The results
can be found in [39] and consist of curvatures as derived in (3.82al) through (3.82¢)) and the

torsionful (3.93a)) and ((3.93b)).
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D.2 OFF-SHELL NR SUGRA

D.2.1 Gravitini Transformations

The transformation rules for the bosonic NC fields (e,’, 7,,,m,,) remain unaltered. The fermion
transformation rules read:

2 1 1
0 = Lep — *)\ab%b@/J + TGT ’Yab6 + [%ao%oﬂ + Ea(ﬂ“q — ZG%E_
+ + —f €4, D.3
2\/—(f f)%+ 2\/6(f fles ( )
1 a \/§A a 1 A
577ZJPJ+ = £§¢M+ - 1)‘ b/Y(lbw/H— + D,u€+ + TT/J, Ya0€— + ZTNOG‘F
3 1 1 1

- 5%%64- + §€yaab%7b%€+ + Tu@0Yo€+ — ﬁma(ﬁ“e_ - ﬁa € Va€-

4\/— (f+f)7a€++4{/_— W+ F)oe ——4\/— WO = F)Yaols

2 _
;\\//_— Tu(f f)e— + \Z_ (E-V) YoUpur — \Z_ (%—Ib) Yo€+ (D.4a)
1 1
51/%— - ££¢u— ’Yabw,u— \/5)‘&'71101/}#4- + )\aeyaw
1 “ 1., 3 1 ., b

+Dje_ — ﬁw“ Ya0€a — 1 e + ia“%e, — 56“ apYaY Yo€—

1 1 - i -
+ et anaes + oz + e+ e (= Pave-

2 /- 2
+ f (1u=t) o€ — f (e-1) Y0u- . (D-4b)

where we have introduced

ap = 1"a,,, a, = €e'qa, . (D.5)
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D.2.2 Gravitini Curvatures

It is possible to derive gravitini curvatures from the above transformation rules

. I, 1, . 1,
ruu(@-ﬁ-) = 2a[uwu]+ + iw[,u b7ab¢u}+ + ET[M ’)/a0¢1/]7 + ET[MO@ZJVH - 3a[u70wu}+
+ e[uaab7a7b70¢u]+ + 27—[,ua070w1/]+ - \/éTuaalyawu] \/_CLG [ ’Va’lvbzz]

2\/—€[u (f + f)%ﬂﬁm + 2\/\/_—T[u(f + f)’Yo@/J,, 2\/— ( f)’VanVH

\/_ _ —
- ;\/gm(f S ﬁwwmw (D.6a)
1
f;w(Q—) - 2a[u¢u]— + iw[uab/yabd]u}— - ﬂw[ua7a0¢u]+ 2w[u eu]a¢ ¢V]

+ 3a[u701/}u]— - e[uaab7a7b70¢u]— + \/Qe[uaaof}/aqu)u]-i— + ﬁe[ua(f + f)7a¢u]—

. B .
+ 2\1/§e[ﬂa(f = a0t + ﬁ(w[u—w)%%]_, (D.6b)
fy(Q ) ;ﬂﬁ + 1Wu '7ab'¢ 136 b7ab¢u— - anOVaow,u—i- \/1§aa7a1/},u+ + ia70¢u—
x 276<f + Dnovies = 5750 = Dt (D-6c)
these are related to four-dimensional gravitino curvatures
Ruv(Q) = RN (Q) @ x— + R (Q) @ x4 (D.7)
by
é5—1_11(62) = fab(Q)? le_— (Q) = fa0<Q+) )
Rj{_,_ (Q) = f%abﬁ)/bow - \/1§a'7a¢7
.\ 2
Ri— (Q) = _\2—%0 7a0¢ + \}5%’7“1@
\/—(f+f)’70¢+ \/—(f f)l/J
Rp(Q) = Fan(Q-) R (Q) = 7u(Q-).
R, (Q) =74(Q) — fra% + 3%70@/) ;ab%vbwﬂ
4\/—(f + f)/yal/} + 4\/—(f f)’YaO@ZJ
RT (Q) = —#o(Q-) — 2%%@- (D.8)

D.2.3 Auxiliary Field Transformation Rules

With the above we can reduce the transformation rules of the auxiliary fields (6.14c|) and
(6.14d):
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3f = Lef s (L) € = L= (1+170)
1 A 1 A 1 A
- %EJF (1 —iy0) v *Yaos — %5— (14+1iv0) o Da¥) — ﬁ@t (1 —iy0) Dot

—\f@(l—i%)ao%@D*'%l/g (14 iv9) 7" Tao¢+4\/—(f+f) (1 +iv0) v0v
- U= e (). (D.9)

1 - |
567 7. Wa0+ — 246 € Vo€ Vet

1 _ o~ 1_ 0
%b— €+7 %a - ﬁ@r%m + ﬂ@teua%ebcmc—

1 N
oay = Leay, + 1€—7a0¢ua+ +

1
L e
NG
+ L ey 1* Dot + ——e_Dotb + ——e_e, un* Dy

——.e,"Y, — ——€_T ——€_ ——c_e,"Y,

G2 O T B TR T T R Y T gy € e

1_ . 3v2_ 1 1 X
— —e e, o Doth + X2 + = Tt — —— =€, Y0a
136+Eun Y0 o + g € Yol 8\/56 Tuo¥ 12\/56 eu“YoaY ap)

" E)jgﬁemu . (S\i/éeeuav(m(f — P - Qﬁemwow

1 a
S&+Cu ’Va@mﬂ ) (DlO)
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