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Abstract

In this master thesis, we introduce the concept of subadditivity for
sequences of random variables and study two different versions of the
subadditive ergodic theorem. First, we state the older version by King-
man and then proceed to the improved version by Liggett, which we will
also prove. Subsequently, in the last chapter we examine five different ap-
plications of Liggett’s version of the theorem. We start with the products
of random matrices, after which we will see how the subadditive ergodic
theorem is used for proofs of the shape theorems for three various models.
These are the frog model, the branching random walks and the interlace-
ment set. Last, but not least we look at some results for the Parabolic
Anderson model.

Zusammenfassung

In dieser Masterarbeit stellen wir das Konzept der Subadditivitét fiir
Sequenzen von Zufallsvariablen vor und untersuchen zwei verschiedene
Versionen des subadditiven Ergodentheorems. Zuerst geben wir die &ltere
Version von Kingman an und dann gehen wir zu der verbesserten Version
von Liggett iiber, die wir ebenfalls beweisen werden. Im letzten Abschnitt
untersuchen wir fiinf verschiedene Anwendungen der Version von Liggett
des subadditiven Ergodentheorems. Wir beginnen mit den Produkten von
Zufallsmatrizen, nach denen wir sehen werden, wie das subadditive Er-
godentheorem fiir Beweise der Formsétze fiir drei verschiedene Modelle
verwendet wird. Dies sind das so genannte Frog Model, die verzweigenden
Random Walks und das Interlacement Set. Anchlielend schauen wir uns
einige Ergebnisse fiir das Parabolische Anderson Modell an.
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1 Introduction

The subadditive ergodic theory was first studied by Hammersley and Welsh
(1965). They noted that some problems of percolation theory could be written
as a family of random variables satisfying the subadditivity condition. Thus,
the theory of the subadditive ergodic processes was born.

This theory was later expanded by J.F.C. Kingman (1968), when he used
the condition of Hammersley and Welsh; and proved a convergence result for the
subadditive ergodic processes, the so called subadditive ergodic theorem. Subse-
quently, Thomas M. Liggett (1985) managed to weaken Kingmans’ assumptions.
Let us quickly look at these different conditions.

Let { X, } be a family of random variables, where the indices m, n run over
the set of non-negative integers and m < n. The classical subadditive condition,
used in Kingman’s version, says

Xin < Xpm + Xomm, for0<li<m<n. (1)
We compare this with the modified subadditivity condition of Liggett.
Xon < Xom + X, for0<m<n. (2)

A process which satisfies the stronger condition by Kingman, trivially also
satisfies Liggett’s modified condition. Interestingly, even though Liggett weak-
ens Kingman’s assumptions, we will see in this thesis that the conclusions of
the theorem remain valid.

The aim of this master thesis is to understand the subadditive processes for
the families of random variables. We examine two different versions of the sub-
additive ergodic theorem and find an example which shows that the assumptions
of these theorems are not equivalent, as one can find a case which satisfies the
assumptions of exactly one of the versions of the theorem. Finally, we introduce
and study how the subadditive ergodic theorem is used in applications. In this
master thesis, we describe five different applications. During my research of the
topic, I have encountered many more interesting ones. Unfortunately, it is not
possible to put them all in one paper.

This thesis is split between two major chapters, Subadditive Ergodic Theo-
rem and Applications. The first of these major chapters further consists of three
parts. In the first section, we introduce the concept of subadditivity for general
deterministic sequences and prove an important result, Fekete’s lemma. Next,
we define subadditivity, as well as stationarity, for families of random variables
and prove a variant of Fekete’s lemma. Last result of this section will be a so
called maximal ergodic theorem. The second section shortly mentions the more
special additive case. In the third and most important part, we state two dif-
ferent versions of the subadditive ergodic theorem, the older by Kingman and
the newer by Liggett. The latter, we will also prove. The last major chapter of
this thesis deals with some applications of the subadditive ergodic theorem.



2 Subadditive Ergodic Theorem

In this chapter, we first define what is a subadditivity in general, state few
easy examples and prove a well known result, Fekete’s lemma. Next, we will
proceed to the processes of random variables, prove some results about them
and also quickly mention the more special additive case. Afterwards, we get to
the most important part of this chapter, the subadditive ergodic theorem. We
state two versions, the one by Kingman and one by Liggett, the latter we will
prove in detail. At the end of this chapter we find an example which satisfies
the assumptions of Liggett’s theorem, but not those of Kingman.

2.1 Subadditivity

Definition 2.1. A sequence {ay}nen is called subadditive if for all m,n € N
holds that
Uman < G + Qp. (3)

To acquaint ourselves better with the concept of subadditivity, we look at a
few (very simple) examples. It is trivial to see that they all fulfill the condition
(3) above.

Example 2.2. These sequences are subadditive:
e a, = c with ¢ a non-negative constant
e a,=n+1

e a,=+n

A very important result about the subadditive sequences is called Fekete’s
lemma.

Lemma 2.3 (Fekete’s Lemma). Let {an,}nen be a subadditive sequence. Then
lim,, oo 5 exists and is equal to

. an . (07
L=inf — = lim —
n>1 n n—oo M

(4)

Proof. Let L = inf,>; %». We fix an m > 1 and define n = km + [ such that
0 <l <mandk,l,m,n € N. Then by the definition of a subadditive sequence
and induction over k

an = gmyl < QGgm + 0 < Qp—1)ymym T @
S ag—1ym T am +a < .. < kam + a.

(5)
Since m is fixed and | < m, [ must also be finite. Thus n — oo implies k — oo.
Therefore,
Qn, Akm4+1 kam + l k—oo as n—oo_ Am

= —. (6)

n  km+l~ km+l m




Since m was chosen as an arbitrary natural number, we can conclude

L <liminf < limsup < L. (7)

n—0o0 n—00

This concludes the proof. O

We modify the definition of subadditivity for a family X of random variables
{Xmmn, m < n}, with the indices m and n in the set of non negative integers
T'. Throughout this entire thesis, we assume by convention that X, , = 0. We
call X a subadditive process if for all [,m,n € T with 0 <[ < m < n holds that

Xl,n § Xl,m + Xm,n- (8)

A process is called superadditive if the reverse inequality holds. There-
fore, X is superadditive if and only if —X is subadditive and any result about
subadditive processes can also be applied to the superadditive ones. A pro-
cess X is called additive if it is both subadditive and superadditive, so for all
ImneT,0<l<m<n:

Xl,n - Xl,m + Xm,n~ (9)

Definition 2.4. A subadditive process X is called stationary if the distributions
of the process {X, ,,,m < n} = {Xp41,nt1,m < n} are the same as those of

m,n’

{Xmn,m < n}.

Example 2.5. If X,,, are i.i.d random variables then the process X is sta-
tionary.

For the expectation of subadditive stationary processes holds a result similar
to Fekete’s lemma. This proposition will be used in the following section to help
prove the most important result of this thesis, the subadditive ergodic theorem.

Proposition 2.6. Let {X,, ,,m < n} be a stationary subadditive process and
assume that E[X] < co. Then

1 1
v = lim —E[Xo,] = inf —E[X0.,]. (10)

n—oo M n>1n
We call v a time constant of the subadditive process.
Proof. By the subadditivity condition (8),
Xon < Xom + Xonn, (11)
for 0 < m < n. The expectation is linear and therefore
E[Xo,n] < E[Xom] + E[Xm.n]- (12)
However, E[X,, »n] = E[X0,n—m] because the process X is stationary. Therefore,
E[Xo,n] < E[Xo,m] + E[Xo,n—m], (13)

for 0 < m < n. Therefore, the sequence E[X ,] is subadditive and we only need
to apply the already proven Fekete’s lemma 2.3 to complete the proof. O



Before we proceed to the next section, we state and prove the so called
maximal subadditive ergodic theorem. One of the main results of this thesis,
Kingman’s subadditive ergodic theorem, can be proved with the help of this
theorem.

Theorem 2.7 (Maximal Subadditive Ergodic Theorem). Let X = {X,, »,m <
n} be a family of random variables on a probability space Q. Let us assume that
X is stationary and subadditive with time constant v. We define

A={Xon >0 for somen >1} (14)

and suppose that A has a positive probability. Then the conditional expected
value

E[Xo,1[4] = 0. (15)
Proof. We will use the notation X,, = Xg,, for all n > 1. Define
M, = max X,,. (16)
1<m<n

Applying the subadditivity condition (8) with I =0,n=m + 1,m =1, we get
X1 < X1+ X1 myg1- (17)
Then,
M, < M,41 = max X,

1<m<n+1

= max X,
0<m<n mtl

< max (X1 + Ximq1) by (17)

0<m<n

=X+ max X, since X; does not depend on the maximum
0<m<n

= X1 + max(0, M),

(18)

where X* is the shifted process from Definition 2.4 and M;; is defined as the
maximum over this shifted process,

My = énn?)g(nXm' (19)

Let A,, be the set where the maximum M,, is non-negative, 4, = {M,, > 0}.
Since integral is linear, we can use the computation (18).

/ Mndpg/ dePJr/ max (0, M*)dP
A, An An

§/ dePJr/maX(O,M;)dP
A o (20)

= / X1dP +/ max (0, M,,)dP, by stationarity of X
A Q

:/ deP+/ M, dP.
A, An



Subtracting [ 4. My dP from both sides of the inequality, we obtain

/ X1dP > 0. (21)
Ay
Finally we let n — oo and obtain
/ X1dP >0, (22)
A
which is exactly what we wanted to prove. O

2.2 Additive Case

Before we get to the subadditive ergodic theorem itself, we first take a quick
look at the simpler additive case. Let in this section {X,, ,,m < n}, be an
additive process. We define a new process {Y;,,n > 1}, as

Yy = Xo_im. (23)
Using (9) repeatedly,

Xm n — Xm,erl + Xm+1,n

)

= I'm+41 + Xm+1,m+2 + Xm+2,n

= Ypi1 4 4+ Yu 1 4 Y,

Z Y.

k=m+1

Therefore, the additive processes can simply be interpreted as partial sums
of a sequence of random variables. In the following, assume that the process
{Y,,n > 1} is stationary. We take equation (24) with m = 0. Then,

n
Xon =Y _ Y. (25)
k=1

We can use Birkhoff’s ergodic theorem for stationary sequences.

Theorem 2.8 (Birkhoff’s Ergodic Theorem). Let {X,, ., m < n} be an additive
process, Xm € L' for all m. We define {Y,,n > 1} to be the process defined by
(23). Then the limit

1
X = lim =X, (26)

n—oo N

s finite and exists with probability 1 and in mean. Moreover,
E[X] =1, (27)
with Y= infnzl 1E[X07n]-

n



Since this is a standard result and we are more interested in the subadditive
sequences anyway, we will not prove this theorem. The proof can be found in a
variety of the books on an ergodic theory, for example in [15]. Instead, we will
proceed to the next section and generalize this to a result valid for subadditive
sequences.

2.3 Subadditive Ergodic Theorem

In this section we state two different versions of the subadditive ergodic
theorem. Both of them reach the same conclusions, therefore these two versions
differ only in their assumptions. We begin with the older version by J.F.C.
Kingman.

Theorem 2.9 (Kingman’s Subadditive Ergodic Theorem). Let {X,, ,} be a
family of random wvariables, where the indices m,n run over the set of non-
negative integers and m < n. Assume that the following three conditions hold:

(a) Subadditivity: If 0 <1 <m <n then X, < Xim + Xm.n-

(b) Stationarity: The joint distribution of the process (Xmi1n+1;0 < m <
n) are the same as those of (X ;0 <m < n).

(¢) For all n holds E[|Xo.,|] < 00 and E[Xy,,] > —Cn for some constant C.

Then we can conclude the following:

o1 .1
v = inf ~E[Xon] = lim ~E[Xou], (28)
.1 . .
X = lim —Xy, exists a.s. and is in Ly, (29)
n—,oo N,
E[X] = 1. (30)

Proof. As we only use the version of Liggett for applications and the proof itself
is rather lengthy, we will not state Kingman’s proof of the theorem. It can be
found in the paper of Kingman himself, see [2]. Most importantly, Liggett’s
version of the subadditive ergodic theorem, which we will prove shortly, has
stronger assumptions than Kingman’s theorem and therefore it implies it. [

Theorem 2.10 (Liggett’s Subadditive Ergodic Theorem). Let {X,,.} be a
family of random wvariables, where the indices m,n run over the set of non-
negative integers and m < n. Suppose that the following four conditions hold:

(a) If 0 < 1 < m then Xo m < Xo; + Xim-

(b) The joint distribution of the process (Xym+1m+k+1;k > 1) are the same as
those of (X m+k; k > 1) for each m > 0.

(c) For each k > 1, (Xpk (n+1)6;m > 1), is a stationary process.



(d) For all n holds E[|Xo.,|] < 0o and E[Xo ] > —Cn for some constant C.

Then the following are true:

el .1
v = inf “E[Xon] = lim ~E[Xou], (31)
o1 . .
X = lim —Xo, exists a.s. and is in Ly, (32)
n—oo N
E[X] = 1. (33)

Additionally, if the stationary processes of condition (c¢) are ergodic, then X =~
a.s.

Proof. Define X,, = Xo n,7n = E[X,,],

— 1 1
X =limsup —X,,; X =liminf—X,. (34)
n

n— o0 n—oo n
We will cut the proof into four parts:

(P1) v =lim,— 00 %’yn =inf, >4 %’yn,

(P2) E[X] < and if for each k > 1, the stationary process (X,x, (n41)6;n > 1),
is ergodic, then X < v a.s.,

(P3) E[X] >,

(P4) lim, o E[|2 X,, — X|] =0,

where X is the common value of X and X.

Proof of (P1):

We apply Proposition 2.6 to the process 7,. This process is subadditive by
conditions (a) and (b) of the theorem and the definition of ~,,. Therefore the
statement (P1) holds.

Proof of (P2):

We fix £ > 1 and recall the notation Xy, = Xo xn. We now repeatedly use the
condition (a), Xo,m < Xo,; + Xi,m for all 0 <1 < m, with initial values m = kn
and | = k(n — 1). In the second step we take the inequality with m = k(n — 1),
I = k(n — 2). Iteratively in each step we will replace n by n — 1 until we reach
0.

Xin < Xk(nfl) + Xk(nfl),kn
< Xk(n—Q) + Xk,(n—Q),k(n—l) + Xk(n—l),kn (35)
< Xkn—-3) T Xg(n=3),k(n-2) T Xk(n-2).k(n=1) + Xk(n-1),kn < -

10



We rewrite this in a sum notation

Xin < ZXk(j—l),kj' (36)
=1

Now, we apply Birkhoff’s ergodic theorem and condition (c¢) to conclude that

1 n
- ZXk(j—n,kj (37)
Jj=1
converges a.s. and in Ly to a random variable with mean value 7. Therefore,
X 1
E[hgl—ilip ﬁ] < 7 e (38)

Using condition (a) again for m = kn + j and | = kn we get
Xinti < Xin + Xion kntj- (39)

By condition (b) the distribution of Xy kn+; must only depend on j. Then
using condition (d) we know that this distribution has a finite expected value
and therefore we can apply the Borel-Cantelli lemma and conclude that

lim Khnntj _ 0 a.s. (40)
n— 00 n
By (38), (39) and (40),
— 1
E[X] < 7% (41)

Now we only have to let k — oo to obtain E[X] < ~. Moreover, if the stationary
processes (X, (n+1)k> 7 > 1) are ergodic for each k& > 1, then

1
E ZXk(j,l)Jgj — Yk a.s. (42)

j=1

Therefore, X < 7 a.s. holds by the already proven part (P1).

Proof of (P3):

We define a new random variable U, to be independent of the variables X,

and uniformly distributed on the set {1,2,...,n}. Then E[U,] = 241 and by the
independence of U,, and X; ., also

n

ElXerv,] = = S ElXiwl (43)
=1

Moreover, define random variables

V' = Xirv, — Xpqu,—1- (44)

11



Then taking expected value of this equation and using the linearity of the ex-
pectation, we compute

a1 S s
=1
1 n
== ;(]E[XW] — E[Xp+1-1]) (45)
= %(E[X}Hn] — E[X}])
1
= g(’ijLn — Vk)-

Using the notation X+ = max{0, X'} we also get

E[(Yi")'] = %ZE[(XI@-H — Xiti-1)"]
— (46)

1 n
< - Z ]E[le+l—l,k+l]7
=1

by using the condition Xo; < Xo s + X5, with s =k +1—-1andt =k + 1.
By the assumption of the theorem, the joint distributions of {Xxy;—1 k41,1 > 1}
are the same for each k > 0. Therefore,

1 & 1
" ZE[X;HA,kH] < EnE[XJﬂ = E[Xfr] (47)
=1

Collecting the previous two results and the already proven part (P1) of this
theorem we conclude

sup E[|Y]] < o0 (48)

and
lim E[Y}'] = for each k > 1. (49)

n—oo
Since sup,, E[|Y;"|] is bounded, there must exist a subsequence (n;) C (n), such
that the joint distributions of {Y,"",k > 1} converge as i — oo to the joint
distributions of some collection of random variables {Yj,k > 1}. We take an
arbitrary bounded continuous function f on R, such that f depends on only
finitely many coordinates.

E[f(Y1,Y2, Y3, ...)]

1 50
= _hIIl — E E[f(Xl+1 — Xl,Xl+2 — Xl+1,Xl+3 — XH_Q, )] ( )
1— 00 7’LZ‘

=1

This implies that {Y;, k > 1} is a stationary sequence. By the condition (a) of
this theorem with m = U, + 1 and | = U,, we get

Yi" = Xy, +1 — Xv, < Xvu, v, +1- (51)

n —

12



Since the joint distributions are the same we can also conclude

Xv, . Un+1 =d X1, (52)

with =4 the notation for the equality in distribution. By the condition (d)
{(Y;")*,n > 1} is uniformly integrable. By Fatou’s lemma and lim,,_,o, E[Y;"] =
v for each k£ > 1 we conclude

E[Y1] > limsup E[Y{"] = 7. (53)

n—oo

We apply Birkhoff’s ergodic theorem. Therefore,

I
Y = lim — PR? (54)
k=1
exists a.s. and
E[Y] =E[Y1] > 1. (55)

We say that a random variable A is stochastically less than a random variable
Bif P(A>x) < P(B > x) for all z.
To be proved: X is stochastically larger than Y. Therefore, we only have to
show

(Y1, Y1 + Y2, Y1 + Yo +V3,...) <q (X1, X2, X3,...), (56)

with <; denoting the joint stochastic monotonicity. We use the equation (50).
Then

E[f(Y1,Y1+ Y2, Y1 + Y2 + Y3,..)]

IR
= lim — E Elf (X1 — X, Xipo — X1, Xigz — Xigo, 200
1—00 1y =1

| o (57)
< i —
< llggo . ;E[f(Xl,H—l; X142, X143, -2)]

= E[f(X1, X2, X3, ...)].

In this calculation we used conditions (a) and (b). Therefore, this holds for any
bounded continuous function on R™ depending on a finite number of coordinates.

Proof of (P4):
By previous two parts of the proof, we have

E[X] < 7 < E[X]. (58)

However, by the definition of X and X, see (34), we have X < X and by
monotonicity of expectation

E[X] < E[X]. (59)

13



Taking these together, we get X = X a.s. Also E[X] = . Using the inequality
(36) with k£ =1,

X'n, < ZXjfl,jv (60)
j=1

(L)1) o

is uniformly integrable. Then

one obtains that,

lim EFX" - X} oo (62)

n— 00 n
By (31) we have,

el o1

Finally, by using the last two equations together we obtain

n—oo

lim E[’an - X” -0, (63)
n
as desired. O

2.4 Difference between the Assumptions of Kingman and
Liggett

Now that we have finished proving Liggett’s version of the subadditive er-
godic theorem, which we will use for the applications in the next section, we
may ask, whether there is a difference between this version and the one of King-
man. The short answer is yes. There are processes which satisfy the modified
subadditive condition of Liggett’s version, but not that of Kingman. One such
process will be described in the simple example below.

Example 2.11. Let
I= {(mm) € Z? :n > 0 with m +n an even number}. (64)
We define a path in I as a sequence (mq,n1), ..., (Mg, ng), such that for each i:

mir1 = My + 1.

Each edge from (m,n) to either (m + 1,n + 1) or (m — 1,n 4+ 1) is labelled
as open or closed, independently from each other, with probability p or 1 — p,
respectively. We call a path active if all the edges forming a path through
neighboring points are open. For n > 0, we define

X, = max{k : there exists an active path from (I, 0)

66
to (k,n) for some | < 0}. (66)

14



Figure 1: Case 1

For 0 < m < n, define

Xm,n = max{k : there exists an active path from (I, m) to (k,n)

(67)
for some | < X,,} — X,

Substituting m = 0 in the equation above, we get Xg , = X,.

Now we want to verify that while the modified subadditivity condition (a)
of Liggett holds, the classic subadditivity condition of Kingman can fail. So for
0 < m < n, one must check

To see that this inequality holds, we make a case distinction. First, fix an
arbitrary m,n with 0 < m < n. Now, we look at the following two cases. In the
first case, assume that there is an active path from (I1,0),l; < 0, to some point
(k1,m), such that all the active paths, starting at (I2,0),ls < 0, which join this
point with some (kq,m), satisfy lo < l;. The situation is sketched in Figure 1.
In this case, we have X,, < X,, and

Xm,n = max{k : 3 active path from (I,m) to (k,n) for | < X,,} — X,

69
=X, — X, (69)

Therefore, we obtain

Xn
s X,
< 0

Xm + Xm,n
0.

INIA TN



Figure 2: Case 2

X, Xm

and Liggett’s subadditivity condition is satisfied. In fact, in this case X, ;, is
an additive progress.

We get to the second case. Let (11,0), I3 < 0, be the starting point of an
active path to some (k,m) with a maximal possible k. We assume that there
is no active path from some point (I3,0), lo < 0, joined to a point (ke,n), such
that Iy < ;. Similarly as before, we sketch the situation in Figure 2. We are
interested in the position of X,, ,,. An active path from point (I3,0) to (k2,n),
must pass through some point (I3,m) since m < n. The active path starting at
(I3, m) will end at the same position as the one starting at (I2,0). Therefore, it
holds

Xm,n = max{k : 3 active path from (I,m) to (k,n) for | < X,,} — X,

> X, X, (71)
Rewriting this, we obtain Liggett’s subadditivity condition
X, < X+ Xon- (72)
To show that the Kingman’s subadditivity condition,
Xin <Xim+Xmp, for0<l<m<n (73)

does not have to hold, we will look at the following simple example. We assume
that all the open edges are in the following list

(=2,0) = (—1,1),

(74)



Figure 3: Counterexample to Kingman’s subadditivity condition

/ i
- /|

8 -7 —6 -5 -4 -3 -2 —1 1 2 3 m

The rest of the edges are assumed to be closed. The situation is sketched in
Figure 3, with the open edges illustrated as lines between points. The closed
edges are not drawn.

We need to compute all the X’s next. For X, we need to look at all the
open edges starting at the points (1,0),! < 0 and connecting these to some
point (k,1). There are two possibilities here, either we take the open edge
(=2,0) — (—1,1) or (—6,0) — (—5,1). We want to take the maximum and
therefore

X1 = max{k : 3 active path from (I,0) to (k,1) for some [ <0} = —1. (75)

For X5, one needs to find an active path starting at (1,0),/ < 0 and ending at
some point (k,2). There is only one such path (—6,0) — (=5,1) — (—4,2).
Hence,

X2 = max{k : 3 active path from (I,0) to (k,2) for some [ < 0} = -4 (76)

There are two possibilities of traveling from a point (I,1), with [ < X; = —1,
to some point (k,2). We either take the edge (—3,1) — (-2,2), or (=5,1) —
(—4,2). Since both of these edges satisfy the inequality I < —1, we take the

maximal possible k and obtain,

X1,2 = max{k : 3 active path from (I,1) to (k,2) for some | < -1} +1 = —1.
(77)

There is only one possibility of going from a point (I,1) to some point (k,3).

That is the active path (—3,1) — (—2,2) — (—1, 3). Luckily, this path satisfies

the condition [ < X,,, = —1. So, we get

X1,3 = max{k : 3 active path from (I, 1) to (k,3) for some [ < —1} +1 = 0.

(78)
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Finally, we want to find an open edge from some point (I,2) to (k,3). There
are two possibilities, either (—8,2) — (=7,3) or (—2,2) — (—1,3). The latter
path has the maximal m coordinate of the ending point (k,3). However, we
also require the m coordinate of the starting point (I, 2) to satisfy the condition
[ < X9 = —4. Hence, we have to take the first path and obtain,

Xs,3 = max{k : 3 active path from (I, 2) to (k,3) for some | < —4} +4 = —4.

(79)
We summarize our results,
X1 = —I,XQ = —4,X1,2 = —17X1’3 = 0 and X273 = —4. (80)
Finally, we obtain
Xi3> X120+ X
1,3 1,2 2,3 (81)

& 0> -5

and therefore Kingman’s subadditivity condition does not hold. However, Liggett’s
subadditivity condition is satisfied, for example

Xo < Xi+ Xy

82
& —4< -1 (82)

2.5 Liggett’s Theorem in the Terminology of Ergodic The-
ory

Before we get to the applications of the subadditive ergodic theorem let us
first mention few remarks. We can rewrite Liggett’s subadditive ergodic theorem
in a standard language of ergodic theory. First, we define our setting. Let  be
a non-empty space, A a o-algebra on the space Q and p a probability measure.
The quadruple (92, .4, u, T) then represents a measure space equipped with an
A/ A measurable function 7" : Q — Q.

Definition 2.12. Let B C A be a c-algebra. We say that the function T is
measure preserving with respect to B if

T (A)) = pu(A), (83)
forall A€ B and alln > 0.

Next, we state Liggett’s subadditive ergodic theorem in the usual language
of ergodic theory.

Theorem 2.13. Let f: Q — R be a sequence of L*(u) functions. We assume
the following

(B1) fa(@) < fim(®) + froom(T™(2)), for each 0 <m < n.
(E2) The function T is measure preserving with respect to the measure o(f, :

k>1).

18



(E3) For each k > 1, T* is measure preserving with respect to the measure
o(fr(T*),n > 1). This condition is equivalent to: for each k > 1,

{fu(T*"),n > 1} is a stationary process.
(E4) For all n holds E[f,] > —Cn for some constant C.
Then it holds that

7= il SElf] = lim ~B{f) (84

and
nhﬁn;o % erists a.s. (85)
Proof. Full proof of this theorem can be found in [16]. O

To establish a connection with the notation of Liggett, we assume the fol-
lowing:

(C1) Q C RY with G = {(m,n),0 < m < n},

(C2) T is a transformation defined on €2, such that T : x — y, with y(m,n) =
x(m+1,n+1),

(C3) fn = Xon, for all n,
(C4) fr—m(T™(x)) = Xy, for all 0 <m < n.

With this notation, we see that the condition

fn('r) S fm($) + f’n—m(Tm(x))z (86)
is equivalent to the condition (a) of Liggett,

Therefore, we have established the connection between the theory of subaddi-
tive processes, examined in this thesis, and the theory of probability measures
defined on measurable space €, invariant under the transformation 7'

3 Applications

In this chapter of this thesis, we will describe five models, all of which use
the subadditive ergodic theorem in some way. The common theme for these
models is, that we will always use the version by Liggett as this is the one that
we previously proved. First, let us quickly name these applications: frog model,
branching random walks, interlacement set, products of random matrices and
Lyapunov exponents for the Parabolic Anderson model. The first three are
all models defined on a d-dimensional lattice Z¢, where the dimension d may
vary. In all of them there will be some kind of random walk, either simple or
branching, defined on the lattice. The subadditive ergodic theorem will be then
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used for the proof of a shape theorem, the result about the shape of sites visited
by the given random walk. The other two applications use Liggett’s theorem in
a different way. In both of these, we use the theorem for the proof of existence
of the Lyapunov exponent. We begin with arguably the simplest application of
the subadditive ergodic theorem, the products of random matrices.

3.1 Products of Random Matrices

The convergence of the product of random matrices had actually been stud-
ied even before Kingman’s version of the subadditive ergodic theorem was
proved. Furstenberg and Kesten proved a result in 1960. The original proof
of their theorem of course didn’t depend on a subadditive ergodic theorem, but
with it already proved their theorem becomes its easy consequence.

Before we mention the Kesten-Furstenberg result, we will simply try to look
for a convergence of the following product

I, = A Ay, - A (88)

in
as n — oco. The matrices Aij, 1 < j < n are chosen from the set of invertible
matrices {41, As, ..., Ay} and we define (p1,...,pm) to be a probability vector
associated to this matrix collection. Then let 7; = [ with probability p;. Now let
us demonstrate on a following easy example that the product II,, from equation
(129) does not have a straightforward convergence at all.

Example 3.1. We define the following collection of 2 x 2 matrices.
20 (50
=l ffe-fi ]
The 2 x 2 matrix A; will take the values A;, A; with following probabilities
p1=PAi=41)=p

po=P(A; = Ay) =1—p. (89)

It is an easy matrix multiplication to calculate that As is the inverse to the
matrix A;, Ay = A7' and thus

AAy =T = As Ay, (90)

where I is the 2 x 2 identity matrix. Consider the n-matrix product II,, of
equation (88). Let N < n be the number of instances where i; = 1,1 < j <mn.
Conversely, let M = n — N be the number of times i; = 2 for 1 < j < n.
We consider three cases: N < M, N > M and N = M. In general, a matrix
multiplication is not a commutative operation, AB # BA. In fact, if the matrices
are not squares, one of those multiplications is not even defined. However, in
the case of square diagonal matrices one can show that matrix multiplication is
commutative. As an illustration, we quickly look at the 2-dimensional case. Let

A=l 3 o=
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with the entries a, b, c,d € R. Then

as=[o 3lls ol =10 al=1o oll6 o] -Ba

Therefore, we can reorder the terms in the matrix product II,, as we wish.

If N > M, there are more terms A; than A, in the matrix product II,,.
Since we can reorder terms and we know that A1 Ay = I, each of the terms A,

will cancel itself with a term A;. The matrix product II,, will then only consist
of N — M terms Aj.

oN-M 0
_ AN-M _

If N < M, the matrix product II,, consists of more terms As than A;. All the
terms A; will then get canceled with terms As, of which M — N will remain in
the matrix product II,,.

—(M-N)
I, = Aéw_N = |:2 ) :|

0 2M—N
Finally if N = M, there are equal number of terms Ay, As in II,,. Then

M, = AV AY = AVATN =1 = B (1)] .

Assume that the probability p > % Then p; > p2, which means that the matrix
Aj is more likely to appear in II,, than A,. Therefore,

n on(p1—pz) 0 ]

0 9—n(p1—p2)

which does not have to converge as n — oo.

We have seen from the simple example above, that it is not possible to find
a general result for the product of the matrices itself. To be able to formulate
Furstenberg and Kesten result, we first need to define a norm for the matrices.

Definition 3.2. The matrix norm of a k x k matrix A is defined as a maximum
of the absolute row sums of entries of A, i.e.

k
4] = max 3[4y, (91)
=1

J

This norm also has a submultiplicative property.

Lemma 3.3. If A and B are two k X k matrices then

[AB| < [|A[l[|B]]- (92)
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Proof. The property follows from the following easy computation.

k k
|AB| = i:HllanZ |Aij Bij| < i_HfanZ |Ai;]| Bijl
ooy =1 =Ly j=1

i=1,...,

k k
< maxk E \Aij\ _nax E |Bij| = ||A||HB||
c & i=1,...,k 4
j=1 Jj=1

Therefore this norm is submultiplicative. O

We already know that the matrix product
I, =4, A, --- A, (93)

does not converge in general as n — oco. Instead, we will take the norm from
Definition 3.2 of the product II,, and consider the following limit

1
A= lim —log||IL,]. (94)
n—oo N

We call A the Lyapunov exponent. That it exists is the result first proved by
Furstenberg and Kesten in 1960. However, we will simply prove it by the use of
the subadditive ergodic theorem.

Theorem 3.4 (Furstenberg-Kesten). Let {A;}i>1 be a sequence of k x k inde-
pendent identically distributed random matrices taking values in G Ly, the group
of k x k invertible matrices. We assume Ellog || 4;|]] < oo for all i > 1. As
before, we define the product

I, = Ay - - A,. (95)

Then 1
A= lim —log|/II,||. (96)
n—oo n

exists a.s. and in Lq.
Proof. We would like to apply Liggett’s subadditivity condition (a)
XO,n < X07m =+ Xmﬂl for 0 <m < n. (97)

We want to show that this condition holds for X, , = log||IL, |/, with the
notation I, , = A Am+1 -+ - Ap. By Lemma 3.3, we get the submultiplicative
condition

T | = (1T o T | < ([T o [T (98)

We know that the logarithm of a product is a sum of logarithms of the factors,

log(xy) = log(x) + log(y), (99)
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provided that x and y are positive. We apply this property to our matrix
products and obtain

log [T < log [Ty n || + log [[TL|]. (100)

Therefore, we have shown Liggett’s subadditivity condition as we wanted. The
conditions (b) and (c) of Liggett’s subadditive ergodic theorem follow from the
assumption that the matrices A;’s are i.i.d. Only the condition (d) remains to be
shown. Since E[log||4;||]] < oo for all ¢ > 1 and the matrices A; are independent
by assumptions of the Furstenberg-Kesten theorem, we obtain

Ellog [|A1]| + .... + log || A, ] < oo. (101)

By applying the submultiplicative property of the matrix norm as in the equa-
tion (98) we get
M)l = [[Ar- Anl| < | AL ][ An - (102)

Taking the logarithm of this equation
log [[TL,| < log [|4i]| + . + log | Au]. (103)
Since the expectation is monotone, we obtain
Ellog |[TL ] < Eflog [|4i]| + ... + log | 4] < oc. (104)

O

3.2 Frog Model

In this section we will define a discrete model on Z% in which particles move
over the lattice as independent random walks. We can interpret these particles
as frogs jumping around, hence the name ”frog model”. At time 0, we have
one frog per each site of which only one is awake and all the others are asleep.
Our active frog then starts jumping around, awakening other frogs the moment
it jumps on them. The newly awoken frogs then start jumping around as well,
performing independent random walks and waking up other sleeping frogs. The
length of the jump is exactly 1, meaning each active frog must perform a jump
at each discrete time ¢ and its destination must be one of its direct neighbors.
Once a frog is awoken it will never fall asleep again. Therefore, the number of
jumping particles will never decrease. Only allowed interaction between frogs is
an active one waking up a dormant one, two active frogs ignore each other and
can share one site freely. We do not care if more than one frog is active at the
same site at one time.

Example 3.5. As an illustration, we sketch the situation in the two-dimensional
lattice Z2. Let (0, 0) be the coordinates of the top-left corner. First we will start
with the situation at time ¢ = 0. The red point at (4,2) marks the origin with
the active frog, the sleeping frogs are marked with black points, see Figure 4.
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Figure 4: Situation at t =0

Next let us sketch few time periods into one picture. At time ¢ = 1 the only
active frog jumps up from (4, 2) to point (4,1) and it wakes up the frog sleeping
at this position. This point is colored green in our Figure 5. We now have two
active frogs ready to jump at time ¢ = 3. Lets say the first frog jumps left to
(3,1) and wakes up a third frog, the second frog jumps right to (5,1) and gives
us our fourth active frog (purple points in Figure 5). At time ¢ = 4 all four frogs
jump again and awaken more frogs (blue points in Figure 5).
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Figure 5: First few steps of the frog model

In the next periods, the frogs will continue jumping, coloring more and more
points. What we haven’t illustrated in the picture above is that the frogs can
jump back to the position already visited by an active frog. This will in all
probability happen, the only consequence is that this jump will not awaken
another frog. However, since the active frogs cannot stop jumping, the number
of frogs can never decrease, so the process will never stop.

The main result of this application is the so called shape theorem, a result
about the area of sites visited by the jumping frogs until some discrete time
point n. Let x be a starting position of our process. We denote by &, , C z4
the set of sites visited by some active frog between the times ¢t = 0 and t = n. If
the starting point  is equal to the origin 0, we shorten to &,. The area &, , will
be described formally later on. However, to be able to state the shape theorem,
we only need to define the following

_ 1 174

Ge={v+(-55] veanh (105)
2°2

where d represents the dimension. Similarly, for z = 0 we only write &,.

Theorem 3.6. For arbitrary dimension d > 1 one can find a non-empty convex
set A= A(d) C R? such that, for any 0 < e < 1, it holds a.s.

&

(1—-eAC —C (1+e€A (106)

for all n large enough.

25



To be able to prove the shape theorem, we need to introduce more notation
and define the frog model in a formal way. As a reminder, we first state the
definition of the simple random walk. Let e; be a d-dimensional standard basis
vector with 1 at position ¢ and 0 at all the other positions. Let {X;} be a family
of d-dimensional i.i.d. random vectors with

(107)

X — e; with probability p =
L —e; with probability p =

e

for each 1 < j < d. The vector X; represents the movement at time period 4
to i 4+ 1. Since the walk is symmetric, all 2d possible directions have the same
probability % to be the next destination visited by the random walk.

Then we can define the simple random walk {5, }, started at the point z, as

So=z,8 =x+ > X (108)
1=0

We are ready to define this model formally. First, we place the original active
frog at point z. Now we define

{{Sn,x}neNax € Zd} (109)

to be a family of independent simple random walks with the superscript =
denoting the starting point of the random walk. The random walk represents
the trajectory of the jumps of the frog placed at time n = 0 at the point x. We
shorten S, = Sp,0 when the random walk starts at the origin 0. Let

t(z,z) =inf{n: S, , =z} (110)

be the hitting time for the random walk started at the point = reaches a point
z. We will also define a process started at the originally non-active frog y. Let
T'(z,z) be the shortest possible passage time from the starting point x to the
end point z, i.e.

k
T(z,2) = inf{Zt(mi,l,xi) L& = xg, 21, ..., T = 2 for some k} (111)
i=1

In the equation above the points zg, 1, ...,z € Z? represent the sequence of
frogs woken up on a way from x to z, k is the length of this sequence. If we take
x as the starting point of the process, then x represents the only active frog and
T(x,z) is the minimal time it takes to wake up the frog at point z. However,
the frog does not have to be woken up by the original frog from .

Let us take an arbitrary point y € Z¢ and define Zy.+(n) to be a position
of a frog originally placed at point y, at time n. This frog was sleeping at time
n = 0 as the only active frog at the beginning was placed at site x. Z, ,(n) is a
function of discrete time n € N, the starting positions z,y are fixed. Of course,
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if y = « then Z, ,(n) represents the trajectory of the original active frog and
therefore it holds
Zys(n) = Sy . (112)

Now let y be one of the sleeping frogs at time n = 0, i.e. y # x. We will look at
the position at time n of the frog starting at y, based on the shortest number
of steps the original frog at  must take to wake y up. This is represented by
T(xz,y). If T(x,y) requires more steps than n, the frog at y is still asleep, so
its position does not change. If T(x,y) = n the frog at y wakes up precisely
at time n. However, it only takes its first jump at time n + 1, so it still holds
that Z, »(n) = y. This leaves T'(z,y) < n, the case where the frog has become
active before n. In this case, the frog has already woken up at time T'(z,y) and
jumped precisely n — T'(x, y) times. This can be interpreted as a simple random
walk, starting at site y, with length n — T'(z,y).
We rewrite this neatly as

Zy w(n) = Y if T(a:,y) =M, (113)
. Sn—T(zy)y if T(z,y) < n.

The random variables Z, ;(n) are constructed in the same way from random
variables {{Sn,:c}neNy T € Zd}. Therefore we can define a coupling of processes,

{Z,,x € 2%, (114)

with
Zy={Zy.:y€ZneN} (115)

The interpretation behind this is when the frog wakes up from its slumber, it
will jump with the same trajectory in all the processes in Z,.

We are interested in the shape of the area, consisting of points whose frogs,
placed here before the beginning of the jumping process, have been awakened
by time n. Do not forget that we start the process with only active frog at point
x. With all this notation, we can now define the area ¢, , formally as

éns={y € VAR T(xz,y) < n}. (116)

Recall that, when the starting point of the process is equal to the origin 0, we
shorten the notation to &, := &, 0. This is the situation which interests us the
most and we want to analyze its behavior as time n goes to infinity. Also recall
the next definition,

@:{y+(—%,%r:yegn,x}. (117)

Again for the starting point at the origin 0, we will use the notation &, = &, o.
Now we have everything prepared to prove the main result of this application,
the shape theorem for the frog process.
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Proof of the Shape Theorem. We will only prove the theorem in d = 1. For
the proof in higher dimensions, d > 2, see [9]. We would like to use Liggett’s
subadditive ergodic theorem. To be able to apply it, we have to show that the
conditions (a),(b),(c) and (d) are satisfied for the random variables X, ,,m < n.
In our model we define

Xmn =T (mz, nx) (118)

for each fixed x € Z (since we are only proving the theorem in one dimension).
Let us begin with the condition (a). So we need to show

7(0,y) <T(0,2) + T'(z,y) (119)

for all z,y € Z and all the realizations of the random variables S, ;. Recall
that T'(x,y) is defined as the shortest possible passage time from point = to the
point y. If the distance from the origin 0 to point y is shorter than to point =z,
we reach y before x and therefore

7(0,y) <T(0,x) (120)

holds, which trivially gives us (119) because T'(x,y) is non-negative.

Now assume the other case is true, that is the point z is reached sooner than
the point y. In this case, we remember that the random variables T'(x,y) are
constructed using the same family of random variables S, ;. Therefore, each
of the particles will have the same trajectory as soon as it wakes up from its
slumber. We couple the process started from only frog at x awakened, giving
us the passage time T'(z,y), with the original process started at the origin 0.
Of course, the original process can have more frogs awakened at time T(0,y),
beside the frog originally placed at point y. T'(0,y) — T(0,2) represents the
remaining time to reach point y if the process started at the origin 0. We recall
the definition

T(z,y) = inf{Zt(mi,l,mi) 1 & = xg, 21, ..., T = y for some k} (121)
i=1

and see that this time is longer or equal to T'(0,y) — T'(0, ) and thus proving
(119).

The condition (b) of the Liggett’s version of the subadditive ergodic theorem,
follows immediately from the definition of the passage time T'(z,y). This defi-
nition also implicates the stationarity of the sequence

{T((n—1)kz,nkz),n > 1} (122)

for fixed k € N and © € Z. For the condition (c) we also need to prove the
ergodicity of the sequence

{T((n—1)kn,nkz),n > 1}. (123)

We will show that this sequence is in fact strongly mixing. From the ergodic
theory we know that this is an even stronger property than the ergodicity. As
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a reminder, we quickly state the definition of strong mixing sequence. Let
Y = {Yj}jcz be a sequence of random variables on some probability space
(Q,F,P). We consider the Borel o-algebra generated by some subset these
random variables. So, for —oo < I < K < oo we define

FE=0(Y;,I<j<L,je). (124)
For arbitrary o-algebras A, B € F, we define the measure of dependence as
a(A,B) =|P(AN B) — P(A)P(B)|. (125)
Now define the strong mixing or « coefficient

a(s) = supa(f’ioo,f;ﬁt) (126)
tez

The sequence Y is called strongly mixing if
a(s) — 0 as s — oo. (127)

Taking A = F! _ and B = FY, in equation (125), we can rewrite the strong
mixing condition (126) as

a(s) = sup {|P(AN B) — P(A)P(B)|, A € F' ., B € F3,} (128)
teZ

If the events A, B are independent, then P(AN B) = P(A)P(B) and conse-
quently a(s) = 0 for all s. We want the events

{T(nikz, (ny + 1)kz) = a}, {T(nskz, (ns + 1)kz) = b} (129)

to be independent of each other. For this we only need to assume the following
inequality
a+b<|(ng —na)kxl. (130)

Time a represents the minimum passage time between nikx to (ny + 1)k, b is
the passage time between noka and (ng + 1)kz. We consider the sum of these
passage times a + b. If this sum is smaller than |(ny — ng)kx|, the distance
between the two endpoints, then these two paths do not interact and the events
in (129) are independent. The sequence {T'((n — 1)kn,nkx),n > 1} is strongly
mixing and therefore also ergodic.

For the last condition, we define 7 to be the first return time to the origin of
the simple random walk. For this time we have

P(r>t) < c% (131)

for some constant C. Combining this with the fact that in a random time with
exponential time one can find at least three active frog jumping independently,
we get E[T(0,1)] < co. Therefore, we get

T(0
% — v as. (132)
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and with this we have proved the shape theorem for the frog model in one

dimension, with A = [ -1 l]
vy

O

Remark 3.7. The frog model is an example of Richardson’s model. Let us again
consider the model in Z¢. The Richardson model mimics either the spread of a
population or an infection. At time n = 0 the only occupied/infected site is the
origin, for simplicity lets take origin at point 0. In our frog model all sites were
occupied by frogs at time 0, however only the one at the origin was awake. One
could interpret the frog model as a contact transmission of a disease by jumping.
Let p be the probability that the site will get occupied/infected by one of its
already occupied/infected neighbors in one time step. We define k < 2d as the
number of occupied neighbors. The Richardson’s model can be defined by the
following two transitions

xegn:xEEnJrl
x¢£n:P($¢§n+1‘§n) = (1_p)k

The first line means that once a site has been occupied it will also remain that
way. In case of an infection it means that the disease is not lethal and there
are no deaths. The second line handles a site x which is not occupied/infected
at time n. The probability that it will not get occupied/infected by its already
occupied/infected neighbor is (1 — p). The transmission from each site is inde-
pendent, therefore the probability of not getting occupied /infected (1 —p)*. As
in the frog model, one could also come up with the same shape theorem for the
spread of the process.

(133)

3.3 Branching Walks in Random Environment

In the following application, we will look at random walks in random envi-
ronment on a d—dimensional lattice, with d > 1. The process starts at some
fixed site. Then at each discrete time n, each of particles starts branching, i.e.
it is substituted by more than one particle and those are then independently
from each other placed at some of the neighboring sites of the lattice Z?. The
location of the particle is the only thing influencing its offspring generation.
The collection of these rules will be called the environment. The environment
is randomly chosen at the beginning of the process and kept fixed during the
subsequent discrete time steps. We will distinguish between the recurrent and
transient case, and we will culminate this application by using Liggett’s version
of the subadditive ergodic theorem to prove a shape theorem for the recurrent
case.

Let us describe this model properly. We define U to be a finite set in Z<¢
satisfying +e; € U, for all ¢ = 1,..,d, with e;’s denoting the coordinate vectors
of the space Z%. Further, we define

V:{v:(vm,IGZ/{):erN,vaZI} (134)

reU
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where the natural numbers N contain the number 0. For v € V, we will use the

notation
lv| = ZUL (135)
zeU

It holds that |v| > 1 for all v € V. We define

M = {w = (w),veV) :w() >0forallve V,g;[w(v) = 1} (136)

to be the set of all probability measures w on V.

We take a probability measure Q on M. Then for each = € Z?, we indepen-
dently choose a random element w, € M according to the probability measure
Q. The environment is defined as the collection Q = (w,,z € Z9).

For a particular environment €2, one can describe the evolution of the pro-
cess. First, one starts at some fixed site of Z%. At each time n > 1 the particles
branch independently in a following way. For a particle at z € Z¢, we choose
a random element v = (vy,y € U) with probability w,(v). The particle at x is
then substituted by v, particles at site  + y for all y € ¢. We do not assume
that the immediate descendants of particle jump independently. We look at a
simple example in the two dimensional case. If a particle at site x generated
five offspring, then with probability 1 at least two of the offspring have to jump
in the same direction.

The probability and expectation with respect to the environment €2 will be
denoted by P and E, respectively. Since the environment €2 is i.i.d., then

P=Q Q. (137)

z€Z?

where Q. are copies of Q. In a fixed environment 2 we will denote the so-called
”quenched” probability and expected value of the process starting at site x by
Pz and EZ, respectively. Finally, we will use the notation P*() = E[P%] for the
annealed law of the branching random walk in random environment. With E
we will denote its expectation.

During this entire application, we will assume that the following two con-
ditions are satisfied. First condition ensures that there is a particle, which will
produce at least two offspring and therefore, the branching random walk will
never become a simple random walk, where each particle produces exactly one
offspring.

Condition 3.8.
Q(w : there exist v € V s.t. w(v) >0, |v| > 2) >0 (138)

The second condition is often called a natural ellipticity condition and thanks
to it we know that our branching random walk is really d-dimensional.

Condition 3.9.
Q(w : Z w(v) > 0 for any e € {£ey, ...7:|:ed}> =1 (139)

viwe>1
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Sometimes we will even assume the stronger uniform ellipticity condition.

Condition 3.10. For some ¢y > 0 it holds,

Q(w : Z w(v) > €g for any e € {tey, ..., :ted}> =1 (140)

vive>1

We want to prove a shape theorem for the model, i.e. a result for the set
of sites visited by a branching random walk in the first n steps. To be able to
do this, we first have to construct the process formally. Let xy be the starting
point of the process. We define n%°(x) to be the number of particles at site
x € Z% at time n > 0. Fix a particular environment 2. Then for all = € Z¢,
consider a family of i.i.d random variables of V; v®(n), for i = 1,2,3, ... and
n=20,1,2,..., satisfying

P(v™"(n) = v) = wy(v). (141)

Next we construct a collection of branching random walks, indexed by their
starting point, using the same realization of v®(n),z € Z%, with i = 1,2,3, ...
andn=0,1,2,....

Let us consider the process starting at the origin 0. At time n = 0, we get

1 fory=0
o(y) = 142
Mo (y) {0 for y # 0 (142)

Inductively, we define for y € Z¢ and n > 1
@)
M) = Y > vl(n). (143)
r:yeU+x i=1

Assuming that the process started at the origin 0, we define T'(0,y) to be the
first hitting time, at which a site y is first entered by some particle. If there is
a particle which hits site y at some time n, we define

T(0,y) = inf na(y) > 1. (144)
If no particle ever reaches the site y, we write
T(0,y) = oco. (145)

Now, assume that the process starts at site z # 0. Similarly, as in the case
above, it holds for n =0

1 fory==z
Z(y) = 146
) {0 o (146)
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We will distinguish two cases. The first when the branching random walk started
at site 0 never reaches the site z . In this case, T(0,z) = oo. Therefore, the
process started at z is independent from the process started at the origin 0 and

n.(x)
M) = Y > v, .(0). (147)

ryeU+z i=1

In the second case, one hits the site y in a finite time my if the process started
from 0. The hitting time 7'(0,2) = mg < co. Therefore, we have a shift from
time n to time n + mg and obtain

. ()

M1 (y) = v, (n+mo) (148)
ryeU+x i=

=

We also define the hitting time, when a particle first reaches the site y, of the
process started from the site z as

T(zy) = it () > 1}. (149)
The hitting times fulfill the subadditivity condition (a). of Liggett’s subadditive
ergodic theorem.

Lemma 3.11. For any y,z € 74, with 0 < z < y and for all realizations of
vei(n),u € Z%i=1,2,3,...,n =0,1,2,... it holds that

T(0,y) <T(0,2)+T(z,y). (150)

Proof. We consider two cases, T'(0, z) = oo and T'(0, z) < oo.

If T(0,z) = oo, the condition (150) trivially holds. For the other case we
assume mg = T(0,z) < co. For an arbitrary = € Z%, one can show by induction
that

(%) < My () (151)
for all n > 0. For n = 0 and for = # z we get
0= n§(2) < 7y (@), (152)

which is obviously true as the number of particles at any site cannot be negative.
For x = z, one has

1 =15(2) < 1y, (2). (153)

This inequality holds, since we assume that 7'(0, 2) = inf,>o{n%(2) > 1} = my,
the first hitting time a particle enters z if it started at the origin 0. Therefore,
at least this one particle will be present at the site z at time mg, proving
Moo (2) > 1.

O
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To continue with the preparation of the shape theorem, we now want to
define the area of sites visited by the branching random walk by the time n. We
will denote the start of the branching random walk by x.

Br={ye€ 74 : there is m < n such that 72 (y) > 1} (154)
This definition can also be rewritten with help of the hitting time T'(x,y), as
By ={y:T(z,y) < n}. (155)

We define Pi to be a set of sites, at which at least one particle is present
precisely at time n,

=T

B, ={yeZ:n(y) > 1}. (156)

Finally, by Bﬁ we will denote the set of sites, which starting with the time n
will always contain a minimum of one particle,

B = {ye 7 n% (y) > 1 for all m > n} (157)
Naturally, the following inclusion holds for all = and for all n,
B® c B, C B*. (158)

If x is a d-dimensional vector, z = (21, 5,) € Z%, then the 1-norm is defined
in the usual way as
]|y = |z1] + ... + |24l- (159)

With this we can define the aperiodicity condition.
Condition 3.12 (Aperiodicity). There exist z € U, v € V with ||z|; even and

vy < 1 such that
Q(w e M:w()>0)>0. (160)

This condition ensures that the process starting at the origin, does not live
on even sites at even times, and conversely on odd sites at odd times. Instead,
it is aperiodic and hence the name the aperiodicity condition.

For an arbitrary set A C Z%, we define new set F(A) as the fill in of the spaces
between the points in the set A:

F(A):{y+(—%,%}d:yeA}. (161)

The set F(A) is not contained in Z?. Obviously, it holds F'(A) € R%.

We will now introduce the notions of recurrence and transience for the
branching random walk.

Definition 3.13. We fix a particular realization of the random environment 2.
The branching walk is recurrent if

PY (the origin is visited infinitely often) = 1 (162)

The branching random walk is otherwise called transient.
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However, since the conditional probability distribution of the future site of
the branching random walk depends only on the present state, the branching
random walk satisfies the Markov property. The definition of the recurrence is
therefore equivalent to

PY(the origin is visited at least once) = 1. (163)

We define a notation
K, =[-n,n]? (164)

and state the next lemma, which ensures that the set of sited visited by the
branching random walk grows at least linearly.

Lemma 3.14. We assume d > 2, the recurrence of the branching random
walk in random environment and that the condition 3.10 is satisfied. Then the
following holds:

1. There exist dg, 0y > 0 such that
P(Ks,n C BY) > 1 — exp{—bylog”(n)} (165)
for all large enough n.

2. Additionally, assume that the aperiodicity condition 3.12 is satisfied. Then
there exist 61,601 > 0 such that

P(Ks,n C BY) > 1 — exp{—0;log"(n)} (166)
for all sufficiently large n.

Proof of Lemma. Since the proof of this lemma does not depend on the subad-
ditive ergodic theorem, we will not state it here. The proof can be found in [13],
Lemma 5.1., pages 103-105. O

We are now ready to state the shape theorem for the branching random
walk. For simplicity we will only deal with the recurrent case.

Theorem 3.15. We assume that the branching random walk in random en-
vironment is recurrent and the uniform ellipticity condition 3.10 holds. Then
there is a deterministic compact set B C R%, whose interior contains the point
0, such that P-a.s., it holds that for any 0 < e <1,

(1-¢)BC @ C(1+e€B (167)

for sufficiently large n.
Moreover, if Condition 3.12 is satisfied, then the same result also holds for

the sets of sites E?L and Bﬁ So for B

n, We have

—0
(1—¢)BC @ C (1+¢)B. (168)

Similarly for the other set.
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The way this shape theorem is proved differs depending on the dimension
of the branching random walk. If d = 1, one cannot guarantee that

E[T(0,1)] < oo (169)

and the subadditive ergodic theorem is not applicable in this case. Therefore,
we will not prove the one-dimensional result in this thesis. The proof can be
found in [13], page 109.

For d > 2, the proof of the theorem above goes via the Liggett’s version
of the subadditive ergodic theorem. To be able to apply this theorem, we first
have to construct the process and the collection of the random variables which
will fulfill the four assumptions in Liggett’s subadditive ergodic theorem.

Proof of the Theorem in d > 2. Take an arbitrary zo € Z9\{0} and define a
family of random variables {Y*°(m,n)}o<m<n as

Y® (m,n) = T(mzo,nzo), for 0 <m < n. (170)

We want to show that these random variables fulfill the four assumptions of the
Liggett’s theorem. For condition (a), we need to show

Y (0,n) <Y*(0,m)+Y*(m,n) foral0<m<n. (171)
By Lemma 3.11, it holds that
T(0,2) <T(0,y) + T(y, 2). (172)

Taking z = nxo and y = mxo, we obtain (170). The assumption (b) follows
directly from the construction of the random variables T'(,-).

We would like to prove the condition (¢) next. Unfortunately, the sequence
of random variables

(on((n f 1),n)), n=1,2,3,.. (173)

isn’t necessarily stationary, even though it is identically distributed by its con-
struction. For example, assuming that the branching random walk is condi-
tioned on an environment (2, the random variables T'(0,29) and T'(0,2z,) are
independent. This is because, if we use the notation T'(0,xg) = r, then the first
hitting time T'(z, 22¢) depends on v**(n) for n > r. However, the hitting times
T (z0, 22z0) and T'(2x0, 320) do not have to be independent. Fortunately, the fol-
lowing lemma shows us that the sequence of random variables (173) satisfies the
law of large numbers.

Lemma 3.16. Define 8,, = E[Y*°(0,1)]. Then for any € > 0 there is 05,
which depend on the chosen €, such that it holds for all n

P<|Tll DY = 1,d) = B| > e> < exp{—0logy(n)}. (174)
=1
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Particularly, it holds that

1 n
- > Y®(i—1,i) = By, P-a.s. and in LP,p > 1. (175)
i=1
Proof of Lemma. Can be found in [13], pages 106-107. O

We would like to substitute the strong law of the large numbers above, for
the condition (c) of Liggett’s theorem. We will try to show that this is, in fact,
possible in the following proposition, in which we will use the notation from the
Liggett’s theorem.

Proposition 3.17. Liggett’s subadditive ergodic theorem still holds if we sub-
stitute the assumption (c),

e for each k>1
(Xnk,(nﬂ)k,n > 1) (176)
18 a stationary process.
by the following
e for all k > 1 there exists a constant . such that the sequence of random
variables
1 n
<2Xk(j—1),kj> (177)
n j=1 n>0
converges a.s. and in Ly to .

Proof. When reading the proof of Liggett’s subadditive ergodic theorem 2.10,
one notices that the condition (c) of the said theorem is actually used in the
proof only once. That is in the part (P2) of the proof, in the equation (37),
which uses the stationarity and the Birkhoff’s theorem to show that

1 n
- > Xk (178)
Jj=1

converges a.s and in L to a random variable with mean ;. We cannot assume
stationarity here, but we do not need to as the condition (177) is exactly (37).
Therefore, the proposition is proved.

O

The condition (177) holds for the sequence of random variables Y(-,-) due
to Lemma 3.16. Also,

Y20 (mk,nk) = Y*0 (m, n). (179)
To satisfy the final condition (d) of the Liggett’s theorem we have to show that
E[Y(0,1)] < oc. (180)

The condition holds due to the following proposition.
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Proposition 3.18. Let d > 1 and assume that the branching random walk in
random environment is recurrent. For an arbitrary o € Z* we can find 0,
depending on the xy and the probability measure Q on the set M, such that

P(T(0,z0) > n) < exp{—0log?(n)} (181)

for all sufficiently large n.
Define G C M to be the set of w’s without branching, that means

g:{we/\/{: > w(v)zl}. (182)
veEV:|v|=1

So if at the site x the environment belongs to G, then the particles only jump
without creating new particles. For an w € Q, we define the drift as

Ay =) zw(dy). (183)

zeU

Moreover, we suppose that Q(G) > 0 and the origin belongs to the interior of
the convex hull of
{AL:weGnsupp(Q)}. (184)

Then for an arbitrary xo € Z%, there exists 0, depending on xo and the proba-
bility measure Q, such that

P(T(0,2) < n) > exp{—alog®(n)} (185)
for all large enough n.
Proof of the Proposition. Can be found in [13], page 96. O
The proposition then implies
P(T(O,xo) < oo for all X) =1= E[T(0,2)] < oo for all x (186)
in d > 2. In dimension d = 1, the constant 6, can be less than 1 and
E[T(0,1)] — oco. (187)

With the (modified) assumption of Liggett’s theorem satisfied, we can conclude
that for an arbitrary = € Z?, there exists a number yu(z) such that

T(0,nx)

— p(x) P-as. asn — oo. (188)
n

For the rest of the proof, we will only mention the main steps of the rest of the
proof. First, for an arbitrary = € Z% and a € N, we have

plax) = ap(z). (189)
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Next, we want to extend u(r) on z € R?. To do this, we first extend to the
rational coefficients, we take z € Q¢ and ax € Z¢, with a € N, and we get

plaz) (190)

Finally, we use the subadditivity and Lemma 3.14, part 1 to extend to the entire
R?. The limiting shape B can be defined by

B= {:L’G]Rd:u(a:) < 1}. (191)

The shape B is convex, since the subadditivity conditions is inherited from the
random variables T'(+, ) to u, and therefore

wz+y) < px) + py). (192)

The shape B does not have to be symmetric, since in general

p(x) # (=) (193)

We cover B and a sufficiently large annulus(a region bounded by two concentric
circles) of B by balls of a sufficiently small radius ¢’. Again, we use Lemma
3.14, part 1. This completes the proof for BS. Now we recall the relation

B®*Cc B, c B? (194)

to see that all we have to do to complete the proof in d > 2 is to show that for
an arbitrary € >, it holds that

(1—¢)B e F(BY) (195)
for all sufficiently large n. However, this follows directly from Lemma 3.14, part
2 and the shape result for BY. O

3.4 Lyapunov Exponents for the Parabolic Anderson Model

We want to define a probability space on (2, F, P). For this, we take a
collection of independent, one-dimensional Brownian motions

{B.(t),z € 2%t > 0}. (196)
Now let us choose a fixed constant £ > 0 and define
{X(t),t >0, F, P} (197)

to be a symmetric random walk on Z? with jump rate equal to the constant k. In
the following, we will denote X (t) = X;. Moreover, we assume the independence
between this random walk and the field {B,(t),z € Z%,¢t > 0}. Then under the
probability measure P,, the random walk {X;,t > 0} is the pure jump Markov

39



process on Z? with origin at the point 0 with generator kA, where A is the
discrete Laplace operator defined by

M@ =55 Y (f) - f@). (198)

ly—z|=1

We will define the following stochastic equations,

u(t, ) =ug(z) + k:/o Au(&x)ds—i—/o u(s,z)0By(s)
U(O,iL’) - UO(CC)

(199)

where ¢ is the Stratonovich differential.

Remark 3.19 (Stratonovich Integral). In the financial mathematics course we
have learned about the Ito-integral. Its disadvantage is the difficult manipula-
tion with it under the change of variables. Stratonovich integral is another type
of stochastic integral, where the change of variables is much easier to handle.
The integral is in some way similar to the classical Riemann integral, as it can
also be defined as a limit of the Riemann sums.

Let (2, F, F:, P) be a probability space equipped with filtration. We take
a Brownian motion B; and a semi-martingale X; which we take as adapted to
the filtration of the Brownian motion B;. Moreover, we take a partition of the
interval [O,T], O<to<ti <..<t,=T. Let |a| =max;t; —t;_1.
We can now define the Stratonovich integral

T n—1
. Xt- + Xt-
XsdBs =1 —H (B, — By). 200
/0 ol 30 ; 7 Brus = Bu) (200)
If f:R — R is a smooth function, then

T

| £wis = 1Br) - 150, (201)
0

We need this formula in stochastic equations (199) in two dimension so let us
quickly mention the formula here. If f : R? — R is a smooth function then the
following holds

T 5 T )
/0 (Sg(Bt,t)dBﬂ'/o ;{(Bt,t)dtzf(BT,T)—f(Bo70)~ (202)

Carmona and Molchanov proved in 1994, see [14], that ug is bounded and
the solution can be computed with the help of Feynman-Kac formula as

u(t,z) = E, [uO(Xt)efOt dBx, (tfs)}. (203)
When k = 0 the solution simplifies to

u(t, ) = ug(z)e Bx D, (204)
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Then i
tliglo n log(u(t,x)) = 0. (205)
If £ > 0 the situation is more complicated. By Carmona-Molchanov result,

when ug has compact support, then

lim %log (u(t,z)) = A(k) P-a.s. (206)

t—o0

We call the positive constant A\(k) the Lyapunov exponent. It was also shown
that there are constants ¢; and co such that

(207)

We want to generalize (206) to the case where wg isn’t necessarily required to
have compact support. Instead, we only want ug to be bounded non-negative
functions that is different from 0. This requires more than our subadditivity
theorem, but since we are only interested in its applications we only prove a
result which used the Liggett’s version of the theorem.

Theorem 3.20. There exist a A\ (k) such that for all x € Z¢ holds

1
Ai(k) = Jlim —E, [eJo 4Bx: (] P.q.s. (208)

t—o0

Proof. We can take x equal to the point 0 by using the translation invariance.
Next define a function

o(t,y) = Bo[elo WPx )1, (X,)], (209)

where 1, is the indicator function, i.e.

1 ify=X,

1,(X;) = 210
y(Xe) {0 if y # X, (210)

We will denote E[-] = Eg[-]. Also define
Z(t) = t,y). 211
(t) = maxo(t,y) (211)

We get

Z(t+u) > Z()Z(u), (212)

so Z(-) is a supermultiplicative process. Now take logarithm of the functional
Z(t) and use its property that for all x,y holds log(zy) = log(z) 4+ log(y). Then
we obtain the following inequality

log Z(t +w) > logZ(t) + logZ (u). (213)
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Therefore, the process log((Z(t))) is superadditive. To get a subadditive process,
we simply take —log(Z(t)). Now we can use the subadditive ergodic theorem
for this process. Therefore,

L log(Z(1)

t—o00 t

=\ (k), P-as. (214)
for some constant, which we will denote A (k). Next we compute
Z(t) = maxwv(t,y)

YEL

= max E[e/o 8% ()1, (X,)] (215)
YyEL
Z E[efﬁt dBXS(s)]_Q(Xt)],

where the inequality holds since Z(¢) is the maximum. Then by Carmona-
Molchanov, A\ (k) > A(k) > 0.

log Efe)o 45x:()] > log(Z(t)) (216)
Taking lim inf and dividing by ¢, the equation (216) transforms into

1 :
lim inf — log Elelo 4Bx:(5)] > A, (k), P-a.s. (217)
—00
It also holds that

%log Elefo 4Bx: ()] = %log(E[ 3 eo dBx 1, (X))

|| <2

+ E[efot dBx, (3)1@2’00)(‘)(“)] (218)
1 ’
< g(1og(ct2ez<t> +E[efo 4Px: )12 (1 X4])])
But we can also compute
Ep[E[e)s 4501 0 (1X))]] = E[Ep[e x0T 0 (X))
t2 t2
—eTP(|X)| > =) (219)

2

with ¢ some positive constant. By using Chebyshev’s inequality 7?7 we obtain

¢ 1
P(E[ef *Px-01 2 (X)) > ) < e, (220)

with K a large fixed constant. By the first Borel-Cantelli lemma ?7

¢ 1
P(E[elo 4Bx. ()1 (2 o) (1 Xi])] > 4z, infinitely often) = 0. (221)
=
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We will define a random variable T to be a stopping time, with respect to the
filtration
F,=0(By(s):x€Z,0<s<t), (222)

as
T = inf {t > No : E[eld 485010 o (1X,])] > 1}. (223)

By two-moment argument, if {T" < oo} for T' € (t — 1, T, we get
p(E[eﬁf dBx, (5)1(%00)(|Xt|)] < %‘Ft) — 0 as Ny — oo. (224)
We let Ny — oo. Then P-a.s., there is a ty such that
Elelo W01 0 (1X4])] < 1 for ¢ > . (225)
Taking t large,

1 t 1
7 IOgE[efo des(S)] < - log(cthZ(t) +1)

22
Z(t)  O(logt) (226)
< B
-t t
Then it holds
1 ¢
lim sup n logIE[efo dBx. (S)] < A (k), P-as. (227)
t—o0
and also 1 1
tlirgo 7 log]E[efo 4Bx,(5)] = tlggo 7 log Z(t). (228)
O

3.5 Interlacement Set

In the next application, we define an interlacement set on Z%, d > 3, which
consists of a countable collection of doubly infinite trajectories of simple random
walks. The number of trajectories is given by a non-negative parameter u. The
set created by the trajectories of these random walks is called the interlacement
set Z". In the following, we will define this model formally and at the end of
this application we will see how the subadditive ergodic theorem is applied to
the proof of its shape theorem.

We define N = {0,1,2,...} to be the set of natural numbers. Let eq,...,eq
be the standard basis vectors of the set Z¢. We use the notation || - ||, || - |1 and
Il - oo for the Euclidean, Ly and Lo, norms, respectively. We define

B(z,r)={yeR: |ly — 2| <1}, (229)

the closed L., ball centered at x with non-negative radius r. If the center of
the ball x is the origin 0, we use the abbreviation

B(r) = B(0,r). (230)
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Let A be a subset of Z¢ and x,y € A be arbitrary points in this set. We say
that the set A is connected if there is a nearest-neighbor path connecting the
points = and y, which is fully contained in A. We use the notation |A| for the
cardinality of A, diam(A) = max, yeca ||z — Y|l for its diameter in the Lo
norm, 9A = {z € A: Iy € A%, ||z —y|| = 1} for its internal boundary.

Let (X,,)nen be a discrete time simple random walk on the set Z% and the
point z its origin. We will denote its law by P,. For a set A € Z¢, we define

Hy=inf{n>0:X, € A},
Hi=inf{n>1:X, e A}, (231)
Ty =inf{n >0: X, ¢ A},

to be the entrance time in A, the hitting time of A and the exit time from A,
respectively. If A € Z% is finite, we define the equilibrium measure of A by

ea(z) = Po(Ha = 00)14(x) (232)

and denote its total mass by

cap(A) = Z ea(x). (233)
z€A

We can now start to describe the model of the interlacement set. Let W be the

space of doubly infinite, nearest neighbor trajectories on Z?, these trajectories

tend to infinity as the time goes to either positive or negative infinity. We define

W* to be the space of equivalence classes of trajectories w in W modulo time
shift,

W* =W, where wi ~ wy if wy(.) = wa(. + k) for k € Z. (234)

We now consider a Poisson point process

w= 25(@,%),&? € Qu; >0 (235)
i>0

taking values in the space of point measures 2, on W* x [0, 00) with the intensity
measure v @ du. Let P be the law of this process.

To understand, what the measure v of the Poisson point process is, we
denote by pY%, with A C Z? and v > 0, the mapping from € to the space of
point measures on W. This mapping chooses from w € €2 the trajectories whose
labels are smaller than u intersecting the set A and then parametrizes them in a
way that they enter A at time 0. Formally, we define for w of the form in (235),

P (w) = Z 05 a(w?) L{Ran(w*)UAD u; <u}» (236)
i>0

where
Ran(w*) = U w(n) (237)
nez

for an arbitrary w from the equivalence class w* and s 4(w*) is the unique w € W
such that wyg € A, w_, € A, n > 0. The measure v is uniquely determined by
the following two properties.
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1. For each finite set A € Z9, under P, the number n% = n%(w)(W) of
trajectories in w, with labels smaller than u when entering A, is Poisson
distributed with parameters u - cap(A).

2. Let
A
ph(w) =D 0w, wi € W. (238)
1=1

Then under the measure P, w; are i.i.d and independent of the number
1'%, with the law defined as

P((er(m)nso € F) = 3 A5 p () (239)

z€A eA(A)

for any measurable set F' in the space of single-infinite nearest neighbor
paths. Therefore, if we restrict ourselves to non-negative times, w; are

i.i.d. simple random walk trajectories with the start at the normalized
ea(’)
ea (A) °

equilibrium measure

The proof of the properties above can be found in [12] and we will not state it
here. Instead, we proceed to the definition of the interlacement set at level wu,

T"(w) = | Ran(w})1y,<u}, (240)
i>0

the trace of all trajectories in w with labels smaller than u. We assume that the
origin 0 is located in the interlacement set Z“. Then we denote by

Py = P(-]0 € T%) (241)

the conditional distribution. Let x,y € Z%. By py(z,y) we define the internal
distance of the two points x and y within the interlacement set Z“,

pu(z,y) = min{n : Izg, 1, ..., 2, € I s.t. Ty =z, 2, = Y,

242
and Vk =1,...,n: ||lzg — zrp—1l1} (242)

with [ - ||; denoting the L; norm in Z%. If z € Z%, we define
A(z,n) ={y € T*: pu(z,y) < n}, (243)

to be the ball with center z of radius n > 0 in the internal distance within
the interlacement set Z%. If the ball is centered at the point 0, we shorten the
notation to

A¥(n) = A%(0,n). (244)

Without proof, we will state the following result about the distance within the
interlacement set. Interestingly, it is usually of the same of the same order as a
usual distance. This is an important technical fact needed for the proof of the
shape theorem for the interlacement set.
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Theorem 3.21. For everyu > 0 and d > 3 one can find constants C*,C? < oo
and 6 € (0,1) such that

Py (3z € I N [-n,n)* such that p,(0,2) > C'n) < C2e . (245)

With this result out of the way, we are finally ready to state the shape
theorem.

Theorem 3.22 (Shape theorem). For all u > 0 and d > 3, there is a compact
convex set D, € RY, such that for an arbitrary € > 0, we can find a P-a.s.
finite random variable N such that

(1 =enD,NZI") C A%(n) C (1 +¢)nD, (246)
for alln > N.

Before we get to the proof of the shape theorem we define a notation used
throughout the proof. For z € Z¢ and y € Z%, let

éx)(y) =max{m <0:mz+yecI"}

() . (x) . (247)
Gopr (y) = min{m > ¢ (y) :ma +y € I}, k> 0.

For the site on the interlacement set Z" corresponding to C,im)(y), we will use
the notation

G ) =y + (G W (248)
If y = 0 or z = e1, we simply shorten to (; = C,gel)(O).

Proof of the shape theorem. We want to apply the Liggett’s version of the sub-
additive ergodic theorem for a sequence of random variables

X = pu(), 05) (249)

under the measure Pj'. To be able to do this, we have to check if the four
assumptions of Liggett’s theorem hold for the sequence X, ,,. For condition (a)
we note that p, is a metric. By the triangle inequality

pu(5 ) < pu (87 ) + (™, ). (250)

The conditions (b) and (c¢) follow from Theorem 2.1. of [12]. The condition (d)
follows from the estimate

P (pu(0,4) > n) < s.e.(n), (251)

with s.e. the abbreviation for stretched-exponentially. We say that a function
f(n) is stretched-exponentially-small if for all n > 1, it holds that

0< f(n) < e (252)
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with ¢, ¢, c3 constant. We write f(n) = s.e.(n).

That this holds can be proven by using Lemma 6.2 and Proposition 4.2. of [12].
With the four conditions satisfied, we can apply Liggett’s subadditive ergodic

theorem. Therefore, for all z € Z% one can find a positive number o,,(z) such

that

TR pu(oa :CL) _ _
P (nh—{%o — = o,(z)) =1. (253)
We define
o (x):aui(z),ifx;é()
Eu(¢;] (254)

ou(x)=0,if z =0

There are two possibilities for the value of wém)(nx). In case, of nz € Z%, one
has w((f)(nx) = nz. On the other hand, if nx is not in the interlacement set 7,
(()x) (nx) is the last site on the discrete ray {kx, k > 0}, visited before nz. With

- pa(0.07 ()

n—00 n

=oyu(x), Pj-as. (255)

For an arbitrary m € Z and x € Z¢, it holds
oun(mz) = moy(z). (256)

This property allows us to extend o, to the field of d-dimensional rational
numbers Q% by
ou(z) =m™ o, (mz), (257)

with mx € Z%. Also, for any = € Z¢, 0, (x) > ||z|1.

Lemma 3.23. For an arbitrary x,y € Z2, the following subadditivity condition
holds
ou(z +y) < oul(z) + ouly). (258)

Proof. We will use the notation b, = Ef [Clw)]. By the ergodic theorem, it holds

”“”—H =0, Plas. (259)

We already know that p,, is metric and looking at the picture below, we see that
the following inequality

Pu (O’wég)ln(wlgi)ln)) - Pu (0,1/)}52)1”) N Pu (¢£?1 7¢£?1 ("/Jé?ln))

n n

2
n - n n ( 60)

holds for all n.
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Figure 6

0 T w(w)

b;ln

We look at the limit of (260) in probability. For the first term on the right-
hand side of the inequality (260), we only need to apply (253) and (254) to see

that
pu(0,07))
DA ) (@), Pleas., (261)
n

which implies convergence in probability. For the second term on the same
side of the inequality, we notice that under the measure Fj', that the terms

(wéf)ln, wég)ln (q/;é’j)ln)) and py (0, 1[11511)171) are equal in distribution, and therefore

pu (ngiln,wg?ln (2,)

n

— ou(y) (262)

in distribution and probability. Finally, for the term on the left-hand side of the
inequality (260), we write

(0.0 () (00 T)  pu(h, (0 ) i)
- > - e - 2 (263)

Again, we get for the first term on the right-hand side

(z+y)
pu (07 wb;iyn) "
™ (w+y), Plas (264)
n

We want to show that the second term on the right hand side converges to 0 in
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probability. To see this, we consider the following inequality
Johto) o] _esomesicpa] oot |
v «L+y Tty + z N

n n (265)
L) - -]

n

The last term on the right of the inequality (265) is equal in distribution to

H ny— t/)(”)

y n

and therefore by (259),

| @wia,) — vt
Y — — 0 in probability. (266)

n

Hence, by Theorem 3.21 the second term on the right-hand side of (263) con-
verges to 0. This completes the proof of the Lemma. O

We continue with the proof of the shape theorem. Define the set

D,={zeR%:0,(zx) <1} (267)
Let
a=01-¢1-1
a1 eo oss
We only need to prove for all sufficiently large n that
nD, NT* C A*((1+ e1)n) and A“((1 — e2)n) C nD, (269)

holds P-a.s. The set D, is compact by definition and therefore we can find a
finite set F = {x1,...,21} C D, N Q% such that o, (x;) < 1 fori = 1,....k and
the constant C* from Theorem 3.21
k
D,NI"* C | B(z:,C 7 er). (270)
i=1
For an arbitrary x; € F, we define m; to be the minimal positive integer with

m;x; € Z%. Let n = jm; +s with 0 < s < m; — 1. Then, for all sufficiently large
n it holds by (255) that
(msz;

o H(gmaz) € A%(n), Pi-as. (271)

We apply Theorem 3.21 and the Borel-Cantelli lemma and obtain that Fj-a.s.
it holds for all sufficiently large n

B(nx,-,C'*lnel) NI C A“(jmz;, ney), (272)
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for all i = 1,2, ..., k. Therefore, we get nD, NZ* C A“((1 + €1)n) and the first
part of the proof is finished. Now, we choose

G ={y1. - yk} C (2D, \Dy) NZ?, (273)
such that .
2D,\Du C | B(y1, &20). (274)

i=1
For i = 1,...,k, it holds o,(y;) > 1. Further, we have nG N A%(n) = ) for all
sufficiently large n, Pj'-a.s. Similarly, it holds by Theorem 3.21 and the Borel-
Cantelli lemma, for all sufficiently large n, that A“((1—e2)n)Nn(2D,\D,,) # 0,
implies A%(n) N nG # @. Therefore, A, ((1 — e2)n) C nD,, for all sufficiently
large n, FP§'-a.s., and completes the proof. O
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