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1 Introduction

The total energy, momentum and similar global quantities of any physical theory play a key
role in that theory. But, the energy and mass in General Relativity (GR) have no unique
definition, compared against the Special Relativity (SR) where the mass is well-defined. It
turns out that there is no local notion of mass and energy in GR. However, we can attribute
global quantities, defined at large distances, to some space-times. The Arnowitt-Deser-Misner
(ADM) formalism [1] provides a way to calculate such quantities. There is also the notion
of Komar quantities [19], which are defined in space-times with some symmetries.

Based on the geometric Hamiltonian formalism of Kijowski, Tulczyjew and Chrusciel [15],
which is discussed in section 2, we derive new expressions for the total Hamiltonian energy of
gravitating systems in higher dimensions in terms of Riemann tensor. One can also obtain
in this way the ADM and the Komar quantities for the corresponding space-times. This
analysis is independent of the asymptotic behavior of the space-times. In this context, we
derive for the first time an expression for the Komar mass in higher dimensional space-times
with various asymptotics known to us, which satisfy certain conditions.

We then apply these results to the cases of asymptotic flat (section 3), asymptotic Kaluza-
Klein (section 4) and asymptotic anti de-Sitter space-times (section 5). This analysis was
carried out carefully for the case of Rasheed’s solutions [21] by myself and Piotr T. Chrusciel
together with Michael Horzinger in a paper which is accepted for publication in Physical
Review D [6]. As it turns out, for the stationary asymptotically flat space-time the Ko-
mar mass coincides with the ADM mass in all dimensions.This provides a generalization
of the result of Beig in four-dimensional space-times [7]. Above all we show that, in gen-
eral, the Hamiltonian mass, the ADM mass and the Komar mass defer from each other in
the non-asymptotically flat setting. In line with our analysis, we derive formulae for the
mass and momentum associated with asymptotically Anti-de Sitter space-times, which have
been already obtained by Ashtekar and Das [2] earlier, with stronger conditions required in
comparison to ours.

By the courtesy of the co-authors of [0], T heavily used the parts, to which I mainly
contributed, in this thesis.

2 Preliminaries

We start with the Hamiltonian analysis of Kijowski, Tulczyjew and Chrusciel [10, 13, 18].
Consider a Lagrangian field theory with the Lagrangian L(¢?, 0,¢"). The field equations
then read

oL
O'a = 5o (2.1)

where oL
[ 2.2
A 8(3u90A) ( )

and A labels the fields on the given space-time.

The definition of the energy is associated with the time derivative. Hence, the Lie deriva-
tive (denoted by L) along a space-time vector field X defining the evolution which we want
to describe, is a natural replacement of time derivative in field theories, since away from
zeros of X we can always find find adapted coordinates to this vector such that we have



X = 0y, and the corresponding Lie derivative reduces to the time derivative.

Given a spacelike hypersurface . and a vector field X, there is a natural notion of Hamil-
tonian, with respect to a suitable symplectic structure, generating the flow of X which is
given by the formula [18]:

H(X,.%) :/ H*(X)dx,,, (2.3)
K
where
HM(X) = p" Lxp® — XPL (2.4)
and
Y, =0, J(da® A AdxPTh) (2.5)

is the surface element one-form of a D-dimensional space-time, with _| denoting the contrac-
tion.

Analogous to the classical mechanics, where the Hamiltonian is conserved (the time deriva-
tive of Hamiltonian vanishes), the divergence of H*(X) is zero, provided that the theory is
invariant under changes of the coordinates.

Let us apply this formulation to the gravitational field. Let (M, g) be a D-dimensional
space-time. Then, the gravitational field is described by a metric tensor g, i.e., ¢ = gu.
Moreover, we use a background metric g, to which the metric g, is supposed to asymptote.
Then (2.3), in vacuum, becomes

H(X,¥)= /y (s Lxg™ — XFL) dS, (2.6)
where
L= g (0%, = T0) (Mo = Ta) = (M = T70) (Moo = T ag) + Ry =5 G
—ﬁ —detg g™ (I_{W—%Agw) , (2.7)

with Euv being the Ricci tensor of the background metric g, A the cosmological constant,
D the dimension of the space-time, det g = det(g,,), det g = det(g,,) and

v oL =A e K
—det g g™, pAW == (F — (56\ FV)K> — (Fzy — (5&1“,}%) . (2.8)

g,uu .
1 v ©
g™ )

T 16w

The last two terms in (2.7), which are independent of the metric g,,,, have been added by
hand to ensure the convergence of the integral.

A further point needs to be made here is that the formalism in [18] is quite general,
independent of the asymptotic conditions and of dimension of the space-time. However,
it is not guaranteed that the integrals are convergent and the results are well-posed for
every asymptotic conditions. Thus, one has to investigate this question for different sets of
asymptotic conditions.

If X is a Killing vector field of g, and if the Einstein equations with cosmological constant
A are satisfied,

1
Ry, — iRg,“, + Agu = 87T, , (2.9)

1Recall that we can always find adapted coordinates in which X*8,, = .
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the integrand (2.3), in this case, can be rewritten as the divergence of a “Freud-type super-
potential”, up to source and renormalization terms:

H' = phLxg® — XVL

1 — 2
= 9,Ur™ — /— dew;gTﬂaXMF —detﬁgo‘ﬁ(Raﬁ—BAﬁaﬁ)X“, (2.10)
T
with
v v 1 alv AT
U = UP,X° - o VIdetglg LA ¢S (2.11)
A 2’det§| ~[A V}n) ’ (212)

= —— vl-@ 2
g 167r\/\detg|gm (<%

where V denotes the covariant derivative of the background metric 9, and

det
2= 09 (2.13)
detg
In vacuum this leads to the formula
1
H(X,?)=H,(X,.7):= = / (U =0 _)dS,n, (2.14)
2 Josw 9=9
where
A, = 0\ _1d>, (2.15)

and the subscript “0” on H, stands for “boundary” and again we have added the second
term in the integrand for convergence of the integral by hand.

3 Flat Asymptotics

Consider the initial data surfaces in a d-dimensional space-time with d = n + 1, where n
denotes the dimension of the space, containing asymptotic ends of the form

Foi = R\ B0, ). 3.1)
A space-time is asymptotically flat if ¢ has the following asymptotic conditions 2 along
tsﬂext = {xO — O}
Gpv = Tpv +o (T_a) ) aUgMV =0 (T_a_l) ’ g;w = Nuv +o (T—Ot) ) aag;w =0 (T_a_l .
(3.2)

with a = (n — 2)/2 which is an optimal choice to have a well-posed definition of the energy,

and
—a—l)

Faﬁw =o(r : (3.3)

2Note that these conditions are weaker than
Guv — M = O (r79) Qg = O (r=71) | T, = O (r2072)

with a > (n —2)/2.



with

ro=/(x)2 4 ..+ (27)2. (3.4)

We first assume that X is g-covariantly constant (hence, a Killing vector of the background
metric g,,). One then can check that in the coordinates of (3.2) the vector field X has to
be of the form

Xt =XE +o(r™®), 0,XL =0. (3.5)

As A = 0 in the current case, convergence of the boundary integrals in vacuum will be
guaranteed if one assumes 9,9, € L*(Fext), 1.€.,

Z/ 10, 9ap)?d"x < 00. (3.6)
pof ZN{r>R}

This follows immediately from Stokes’ theorem together with (2.6)-(2.8) and (2.10), keeping
in mind that A =0 = I_{W in the current context.

While we are mostly interested in vacuum solutions, the analysis below applies to non-
vacuum ones, provided that one also has

Tw=o(r™) and Y / | Tos|d™z < 0. (3.7)
N{r>R}
The last term in (2.11) drops out when VX, = 0. Hence, one obtains
UV)\ _ UVABXB

- (14 o(r™)) (nﬂwo(r’“))Xﬁ[(n’”’n“np =" N0 977

16
+g = g g =g, o (r }
1 K YV VK o vk p y
= “lor [ ("X =" X) e g™ + 070300 X P — 115,97 X

—i—g'm’,iX)‘ - g)\nﬁxu} +o (7,,720171)

1
= g7 X (030207 — 620507
+O2050] — 876287 + 52010 — 5¢5g5§> Fo(r)
3
— 8—77 77,3 gVT Xfé A,B ( —2a—1) ‘ (3.8)

Plugging the result into (2.14) and renaming indices, in the limit » — oo, we obtain the
following form of (2.14), which will be a key formula for further calculations

Hy (X,) = m—ﬁ}%g%o/ 50‘53X”77Ap7]708pg"“d5a5, (3.9)

where S(R) denotes a sphere of radius R in the R" factor of .#, the surface element
two-forms dS,s is given by

1
dSag = m‘faﬁél_,&kl d.l‘gl VANRRRIVAY dl’gn*l = ag | 8a _I+/det gdl’o A Adx™. (310)
and
O = 01516 . (3.11)



3.1 Hamiltonian Charges and the ADM Quantities
We see from (3.5) that the Hamiltonian charge H, (X,.%) can be written as

H, (X,.7) = p, X (3.12)
where the coefficients p, are called the ADM four-momentum of . [I]. It means that in

this case Hamiltonian charges coincide with the ADM four-momentum.
If X = 0 we find the ADM mass formula in any dimension (n > 3):

po = Hy (0, —E}%ggo/ Z 19i7 — 0i5) d
=  MMADM - (313)

Next, when X? = 0, after using Stokes theorem for the following integral
S(R)

we obtain the formula for ADM momentum

- , J qn
pi = Hy (0;,.) = SR Rgr;o/ Pz’ d"x (3.15)
where

]Dij = gzm’Ceinj - /Cz‘j ) (3-16)

and K;; is the second fundamental form given by

1 1
Kij = 5Lrgi; = 5(00gij — digoj — 990i) + o(r=2*71), (3.17)

where L1 denotes the Lie derivative in the direction of the unit-timelike future directed field
T of normals to the level sets of z°.

3.2 The Ashtekar-Hansen Equation

We start with the key equation (3.9) and try to rewrite it in terms of Christoffel symbols.
To this end, we note that

Exupe™? = —A167,606700 = 4163 (3.18)
and consequently
S 3.19)
and so on. We then have
50657 dS _ 1 . 1 afyk1-kn—2 Azt A - A drén—t
Auv T 3ln—=2) (n— 1)!‘”W*@l"'ﬁw6 €aper-Enr 0T z
2
— YRL R~ 3 n—
= me,\wm...,@n 2 Onpts by AT A Ada
1 1
= 3° (= 2)'6,\W§1...5n_2 dx? Adax® A - A dat? (3.20)



On the other hand, from V,g?* = 0 we get
Opg™ = =17, 9" = T",,9°7 . (3.21)

Plugging (3.20) and (3.21) into (3.9), one obtains
(_1)71 ! v\ 13 £
puXH = 6)\qu1 Lo 2X pF“ CZ.T ! Adxs? Adx” . (322)

T6m(n—2)1 Ao

Now, we can rewrite the integrand of (3.22) in form of the exterior derivative as follows

Exuvern o X G dat Ao A dan? A da?
= d (exuver gy o X 2O GVT! da® Ao A datn? Ada))

— (=) Benwey e o X g AT A N dE 2 A (9,1% dx” A da)

-~

:%R”,w.yda:"/\da:’Y
+o(r~27 1y, (3.23)
where we used 1
deA/‘”gl"'gan - 56)‘#1/51-"5n729a5dgaﬁ (3'24)
and
Rt = 0,T", — 0", + o(r=27?). (3.25)
Inserting these results into (3.22) and applying Stokes’s theorem, we finally get a general-
ization of a similar formula derived by Ashtekar and Hansen in 4 dimensions [3] (compare
[11]) to n + 1 dimensions
1
T V€l >\M £ A ... En—2 s Y
PuXh, 52 (n = 2) 'RHOO /S(R €y bn_oip X TR dx Adz>=2 N dz® A dx? .

(3.26)

This expression looks somehow more geometric than the familiar ADM formula. However,
we note that the coordinate functions x* appearing in (3.26) do not transform as a vector
field under coordinate changes. Nevertheless, it turns out that (3.26) is invariant under
coordinate transformation (cf. [12]).

We can also rewrite (3.26) in a n 4+ 1 form. For this purpose, we consider X = dy and
look at the hypersurface . = {° = 0}. We then obtain

1 o
PR — i i 1 jk ll . ln72 m n
m = py = 32m(n = 2)1 1%220 . €ily oty 1k RIT A A - Ada 2 Adx™ AN da™ . (3.27)

Note that R/*  is the Riemann tensor of the n + 1-dimensional metric g, dz*dz”. We can

replace R*  with the Riemann tensor of the n-dimensional metric g,,dz"dz”, denoted by
R7* . by means of the Gauss-Codazzi-Mainardi equation

RF =TRIF 4 o(r 27, (3.28)

where we used the fact that the second fundamental form falls of as o(r~*"!). Since the
error term does not contribute in the limit, (3.27) becomes

1 o
= - . . i1k I e In—2 m n
m or(n = )1 1%1_{20 s €ily oty _1jk TR dx™ A ANdx Adx™ N dx™. (3.29)



3.3 The Komar Integral

In order to achieve an expression for the Komar integral, we rewrite (3.26) as follows. First,
from (3.10) we get

dz? A - Nda*=2 Ada® A da = —%EEQ"'§”25WU dSpe - (3.30)

Therefore, using the identity (A.1) from Appendix A the integrand of (3.26) becomes

1 A
—561,5152,,.5”72)\”)(”35&}% #57652 En—207po dspa

1 v &1 $0Ypo pA
= (= 3)MIX"e® G0 RY5, dSy,

= 20— 3)IX"a (R, + 0% R — 460K, ) S,
= 2(n—3)! X 2% Ry¢,,0dS” +0(1) (3.31)

where we used Ry, ~ T, = o(r™") and dS,, ~ (r"~'d"~'Q)  with d"~'Q being the round
metric on a unit (n — 1)-sphere. Inserting (3.31) into (3.26) and renaming some indices, we

finally arrive at

1
b - PV po
PuXt 601 —9)r ]%1_{20 . X"2" Ry pedS* . (3.32)

Now, if X is also a Killing vector field of metric g then we have the following identity
Rap Xt =V, VX35, (3.33)

Hence, the equation (3.32) can be written as

1
SR | Xl 27qS. 5. 3.34
16(n — 2w koo Jgpy 7 0P (3:34)

Xl =
In order to be able to use the Gauss’s theorem, we should have a total divergence of an
antisymmetric tensor in integrand. Thus, the integrand of (3.34) can be rewritten as a total
divergence as follows (for future purposes, we do the calculation in d space-time dimensions,

ie., o, = d)

(X[O”'B:U'”)W — X[a;ﬁwxﬂ + X[a;ﬁm:g

1 o ) i ) . )
_ B By .o va B vBa v vy B _ yuB oo
= (X AT + X o + X T X T X T X T

3!
L X xv,y L X B $ny X xﬂv — X B x?v X xf; _Xb xo; )
~—~ ~—~ ~— ~— ~— ~—~
=d =03 Y =d =58 =05
1 . . . _
= 3 (2)([&’517957 +2X P g 42Xl of 4 2(d — 2)X[aﬂ]) . (3.35)

Using again the identity (3.33) for the second and third therm in the last line of (3.35), on
gets

(X[a;ﬂxv]). —

Y

(X[a?ﬂ]7x7 + QR#[O‘a:mX” +(d— Q)X[a;ﬁl)

3

(X127 4 (d — 2) X[ 4 o (rm2071)) | (3.36)

Wl —W| —

7



or equivalently

Xel g7 = (d —2) X =3 (X%) o (r7t) . (3.37)
In the current context we have d = n + 1. Inserting these results into (3.34) and applying
the Gauss’s theorem, we obtain our final expression
n—1

D (A XBlgs o .
Preoe = 16(n — 2)m rovee Sy Sas (3.38)

This is the Komar integral in (n + 1)-dimensional space-time (n > 3). However, one should
note that this expression represents the Komar integral only if the vector field X satisfies
(3.5). For instance, if X = Jy then (3.38) is the Komar mass in (n 4 1)-dimensional space-
time, but, (3.38) cannot represents the Komar angular momentum for X = d,,.

Moreover, we showed that in the case of stationary asymptotically flat space-times, i.e.,
for the Killing vector field X = 0y, the Komar mass coincides with the ADM mass in all
dimensions (z > 3). This generalizes the result of Beig in four-dimensional space-times [7].

As we have seen, in the simplest case, namely in the case of asymptotic flat space-times,
all three notions of energy, the Hamiltonian charge, ADM mass and Komar mass, coincide
with each other.

4 Kaluza-Klein Asymptotics

In this section, we are going to generalize the results of section 3 to the asymptotically
Kaluza-Klein (KK) space-times which are defined as follows: We say that a metric g is KK-
asymptotically flat if along hypersurfaces . = {2° = 0} which are initial data surfaces in
an D-dimensional space-time, with D = d + K, containing asymptotic ends of the form

St = (R"\ B(0,R)) x S' x --- x 8* = (R"\ B(0, R)) x T* (4.1)
—_——
K factors
the metric ¢ has the following asymptotic form

g = Napdxdx’ + S apdr?da® +o(r™), Ougup, = o(r’a’l) , (4.2)

~
=mppdrrdx”

where S! is the unit circle, TX is a K-torus and Greek indices run from 0 to n + K, upper
case Latin indices from the beginning of alphabet run from n + 1 to n + K, lower case Latin
indices from the beginning of alphabet running from 0 to n, and lower case Latin indices
from the middle of alphabet running from 1 to n, and finally upper case Latin indices from
the middle of alphabet run from 1 to n + K. That is,

a,f,%,... € {0,...,n+ K},
a,bye,....h € {0,...,n},
i k... € {1,...,n},
A BC,....H € {n+1,...,n+ K},
ILJK,.., € {1,...,n+K} (4.3)

8



or equivalently ‘
(") = (2%, 2%, 2?) = (2, 2?) = (20, 27). (4.4)

As in section 3, d is the physical space-time dimension, n is the physical space-dimension
and K denotes the number of Kaluza-Klein directions. We also use the same definitions for
r and « from section 3. In the KK case (3.2)-(3.3) remains valid with the above definition
of 1, and (3.6)-(3.7) generalize to

> /y 10,908/ 2d" Kz < o0 (4.5)

and
3 / Togld™ 2 < 0o (4.6)
OCB yﬁ{rZR}

where T, = o(r™"). Also in this case we assume that X is g-covariantly constant and
therefore (3.5) holds. Obviously, we could assume that VX falls off fast enough so that it
does not contribute to the integrals in the limit.

4.1 Hamiltonian Charges

Under the conditions mentioned above, the calculations of (3.8) remains also in the KK case
true and we arrive at the same key equation (3.9)

_ 3 : aBy y v, Ap op
Hb(X,fﬂ)—16”1%1_{1;O . 0N X 11160,97"dS g , (4.7)

where

1
dSap = meaﬁér-fn+m1 dz® A - A dabrrs-t (4.8)
Again we have because of (3.5) we have
Hy,(X,”) =p,X (4.9)

with the difference that in this case p, does not necessarily coincide with the ADM four-

momentum of .. Obviously, if K = 0 then p, will represent the ADM four-momentum.
If X = 0y we find the generalized form of (3.13)

n+K
= H a = 1 a ol — Ug dn+K 1
Po b( t 161 Rl_I}gO/ /TK Z 19i1 911 R
./I/‘l
= |TK — i (0agin — 0igan)—=d" ™1, (4.10
I'T™ | po,apM + 167r RH};O /S(R) /TK 2 (0agia QAA)R w, ( )

where d"*5~1;; is the measure induced on S(R) x TX by the flat metric, |T¥| denotes the
volume of T*, and pp apy is the usual ADM mass of the physical-space metric g;;dz'da?.
This shows that the ADM mass does not coincide with the Hamiltonian generating time
translations in general.

Again, if X° = 0, using the generalized form of (3.14)

/ 91(95067 — gr007)0r I (dx' A+~ Adx™T") =0, (4.11)
S(R)xTK

9



one obtains the formula

1

= H, (0;,.) = —— i Pt dP A1y, 4.12
pom 0 F) =gt [ [ Pt (4.12)

Here P;; is the generalized form of (3.16)
Pry = g""Krmgrs — Kis, (4.13)

where 1 1
Ky = §£T91J = 5(80.91] — d1gos — Osgo1) + o(r—2*71). (4.14)

As an example, we compute the above integrals for the Rasheed metrics, described in
Appendix C, with P = 0:

po=2tM, p;,=0, py=2710Q. (4.15)

Equation (4.15) includes a 27 factor arising from a normalization in which the Kaluza-Klein
coordinate z* in the Rasheed solutions runs over a circle of length 2.

This should be compared with the ADM four-momentum p, apm of the n-dimensional
space metric g;;dz'dz?, which reads

X
Poapm = M — ﬁ ; Diapm =0. (4.16)

4.2 Towards the Komar Integral

In order to achieve the Komar integral in KK case we should repeat the calculations of section
3.2. It turns out that we cannot easily generalize all results in that section. There are some
subtleties that should be taken into account. For example, the coordinate functions z# are
periodic and therefore are not defined uniquely. Hence, these functions are not allowed to
appear in our calculations, whereas expressions such as dz? are well-defined.

Before we proceed, let us introduce some notations which should be kept in mind through-

out this work:
e We will use the following symbols to denote the Riemann tensor

1. R ; of the (d + K)-dimensional metric g,, dz"dx",

2. R%,, of the d-dimensional metric g,,dz®da?,

3. R, of the (n + K)-dimensional metric g;ydz!dz’, and
4

. R’y of the n-dimensional metric g;;da’da’.

e We will write “n.c.” for the sum of those terms which do not contribute to the integral
either because of the integration domain, or by Stokes theorem, or by passage to the
limit.

We note that in the case of K = 0 there are no differences between g,,dzdx? and g dztdz”
and consequently R%; ; and R%,;.
We again start with the equation (4.7). One can readily generalize (3.20) to the KK case

1

1
aff —
P B0 = 3 (T e

v dx? Ada® A - A daterEee (4.17)

10



Plugging (4.17) into (4.7) provides the generalized form of (3.22)

( 1)n+K 1

XH — im Exup XV Apl-w dx& A daSnr Rz A de
Puio 167T(7”L—|—K—2 'Rﬁoo/ R)xT Apv€1Ent K —2 g

(4.18)

In this case we will be integrating the integrand of (4.18) over
Sl x TF = 8972 x TK

So only those forms in the sum which contain a dz? A - - - A dz®5~1 factor will survive
integration. Hence, we can manipulate the integrand of (4.18) as follows

6AMV§1~.§d+K_3XVg>\pF#7p dl'gl VANREEIVAN d$£d+K_3 A dx”

- %Ebcmmad3A1,,,AKngb€Fcae dr™ A - A dedK A dp®
(d(i—;)—ff]\?f)i)!ﬁwual...ad2A1_.,AK1X”g’\pF“AP dz™ A - A drAE-1 A dp?
- %d(%m...ad_3A1_..AKXf77bchae 29 dz® A - A dzE A dz®)
_%Ebcﬂn...ad_SAl,,,AKanbexaldFCae A A drE A dr®
+ (d(i—;)ffj\;?i)!d(EAuual...adQAI.,.AK_IX”WAPF“AP 2 dz® A - A datE A da)
N (d(d_j;)fz]gf)i)f)\uual...ad2A14..AK1Xy’l'})\pl’aldF“Ap Ao Adz®c-1 A de? 4 e,
— %ebcfal...ad_sAlu.AKXfxalRbcad_lad_Qdl.ad_l Adr® A - A drAK A doti-2
(d@;)]@\? E)i)! Nwaraq sArAr X O R, L det N da® A A da o A dat
+n.c. (4.19)

Using

Expwar...ag A1 Ax_ AT ANAT? N - A dz %=1 A da?

=3(N — D)I(=1)4HE= 15f5£eaba1mad72dx“d*1 Adx®? A - Adr®? AdzTUA - A de®TE

after some reordering of indices one obtains

XH = xa be
Prtoc 327r ES / s /TK Deosaz-nabe £ R4, s,

— €arasanrab (AX R, 4 +2X"R?, ) ]dw A Ada Ade®T A A datTR

*)
(4.20)
From
1
dz® A« Adz®™ AdaTA A deTTE = —§ea2"'“"€fd56f (4.21)
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and
Radbd = R — RaAbA
we get for the first term of the Hamiltonian integral

€araz-an_sabe T X R, o dx® Ao Ada®™ AdzTTEA A drtTE
1
_ ag-anef a1 yvamp bc
= _§Ea1a2~~-an,2abc€ " X°R anflandsef

1
= (=) (n—3)Algr ety xR, dS.,

2 aiabce an—10n

_ 2(_1)7171(” . 3>!xa1Xa (Ref + 5ef R’bcbc N 45[[21Rf]ca]c) dSef

aja aia

aia + 52{&

= 2(—1)""L(n - 3)lz X° [Ref }

(R, —RA,,) —4 (5[[ZlRf]a — 5[elRf]Aa]A>} dSey

[a
(4.22)
where we used (A.1) in the fourth line.
Now, recall that finiteness of the total energy of matter fields together with the domi-
nant energy condition implies (3.7). This, together with the Einstein equations, takes for
granted that the Ricci-tensor contribution to the integrals will vanish in the limit R — oo.

Nevertheless, we will keep the Ricci tensor terms for future reference.
Using

1

— S Caraz -y ab e el dS,p = 3(—1)"(n — 2)1 62/ dS.y

the terms involving () in (4.20) can be manipulated as
6(—1)"(n — 2)l 5z (2X°RM, 4 + X'R™, ,) dSes
= (1) (n— 21 (Sd] + 0,05 + 01005 ) (2XURM, 4+ XORY, ) dSeg
= 2(=1)"(n = 212 (sl X IR, 2l X IR, ol xR, )
£ XA (2R, al BRI, VRS, L) s

Renaming the indices, rearranging terms, and plugging the results into the integral one gets
the following final expression

1
Xt =
Prtoe = 3orin—2)
]%1_13;)10 /;(R) /TK { o szX(z |:R6fba + 6§af (RCC . RCACA) —4 (5[[§Rf]a] o 6[[ZRf]Aa}A):|
-2
_QZ — [2 (Qx[bxe}Rf At xeXbeAbA> +3X 4R/ "bA] }dSef

1
= — — lim / / X"R,, + 42 XIRS — 2 XIRe,
16(” — 2)7T R—o0 S(R) TK

n—1

(0= 8)a* XTRM, 4+ 42l X TR/, 4 3(n - 2)X*2°R”, ) dS.s. (4.23)

Some special cases are of interest:

12



1. Suppose that X# = ¢, thus X has just time component. At 2° = 0 we have

07 j 0 IR
P S 1330/ oL [R 5 (R ~R%) 'R,
L

where the terms involving the Ricci tensor give a vanishing contribution because of
(3.7); similarly for (4.25) below.

2. Suppose that X4 = 0, thus X has only space-time components. Then

PaX = lim / / (X“ 'R, + 4z XIRS — 2°X'R",
16 7TR—>OO TK
e evya A
—n_l[(n—?)) XIRM, | + 4z X IR/ Ddsef. (4.25)

We will see below that the first term in the right-hand side is related to the Komar
integral. It is not clear whether or not the remaining terms vanish in general. However,
when X° = 0, at 2° = 0 the third term in the integrand gives a vanishing contribution,
so that the generators of space-translations read

piXl = lim / / X'a"R, " + 220 X7 ROA +R% ) [dSo; .
8 n — 2 7T R—o0 TK

(4.26)

We also note that when K = 1 the contribution of the fourth term in the integrand in
(4.25) always vanishes because, denoting the Kaluza-Klein coordinate by x*, we have

bA b4 4 4 -
R bA:Rb4:RMH4:R4:0(7”n)a
which gives a zero contribution in the limit.

3. Suppose instead that X® = 0, thus X has only components tangential to the Kaluza-
Klein fibers. Then, again at 2° = 0,

3
X = ——— i X*2°R,y,""dS,
PA%eo 16(n—17r35’20 /

TK
= lim / / XA2'R, 5P dSy; (4.27)
S(R) JTK

16n—17TR—>oo

where the decay o(r~") of the Ricci tensor of the (n + K + 1)-dimensional metric has
been used.

If X* is also a Killing vector field of g, we can rewrite (4.23) using the identity (3.33).
Indeed, the first integral of (4.23) can be manipulated as (keeping in mind that dSps and

13



dSap do not contribute)

lim X*2"R,,, fdsef
= XU b — XA2PR ef) ds.,
= lim / / (n— )X =3 (xS R Vet xr - XAPR, 7 bdS,,
R=oo Jg(R) JTN ’ H
= lim [(n —1) / XBAdS,5 + / / <2X“x€Rf b — XA R ) dsef} ,
R—o0 S(Rr) JTN S(R) JTN
(4.28)
where we used the identity (3.37) in the third line. Hence, we have
puXh = __t lim ¢ (n— 1)/ / X*PdS,z
16(77/ — 2)7T R—o00 S(R) TN
1
+ / / 2XHr° R, — XA2"R 7 — —[(n —3)z°X'R", ,
S(R) JTN a n—1
+4zEXIRM |+ 3(n — 2) X AR/ bbA} ) ds. f} . (4.29)

The first integrand is the Komar integrand. In asymptotically flat case, K = 0, (4.29) reduces

0 (3.38). Thus, it appears that, in general, the Komar-type integral does not coincide with
the Hamiltonian generators. This is really the case, as can be seen for the Rasheed solutions.
Using (C.12) one readily finds for X = 0;, keeping in mind that n = 3:

Y
— lim X%PAS. 5 =21 (M + — 4.30
87 Rl—m o~ ap = 2m (M + \/g) (4.30)

which does not coincide with py (cf. ). On the other hand, for X = 0, we obtain

— hm/ / X*PdS,5 = 27Q, (4.31)
TN

87T R—oo

which is twice the Hamiltonian charge py.
The equation (4.29) represents also an alternative expression for energy in terms of Rie-
mann tensor.

5 General Asymptotics

In this section we will generalize the results of previous sections to a more general class of
space-times which are not asymptotically flat. The motivation of doing this was a special
case of Rasheed solutions which are not KK asymptotically flat, see Appendix C.

Consider an asymptotic region % C . diffeomorphic to

ot & E(Ry), where E(R) := (R"\ B(R)) x ¥, (5.1)

14



with some K-dimensional compact manifold £4°, for some Ry > 0. We therefore have an
associated global coordinate system z' on R™ \ B(Ry). We also will use the dilation vector
field Z = 2'0; = r0, which will play a key role in some calculation below.

Somewhat more generally, in order to be able to include general “Birmingham-Kottler-
Schwarzschild anti-de Sitter” metrics, we will consider ends F(R) equipped with a radial
function r so that

Fw ~ B(Ry), with E(R) := {r > R} = [R,00) x A, (5.2)

where J# is a compact manifold. Here r is a coordinate running along the [Ry, 00) factor of
Sext, and the dilation vector Z is defined as Z := r0,.

For the usual (n + 1)-dimensional Schwarzschild-anti-de Sitter metric the manifold ¢
will be an (n—1)-dimensional sphere, but it can be an arbitrary compact manifold admitting
Einstein metrics in the case of metrics (B.1) in Appendix B.1.

Along ¥ we are given two Lorentzian metrics g and g, with g asymptotic to the back-
ground g in a sense which we make precise now. Denoting by V the Levi-Civita connection
associated with g, we assume the existence of a g-orthonormal frame {€;} defined along .7
such that, decorating frame-indices with hats,

G = 9(€n,€) = Gap +0 (T_a) , v;\gﬂg =0 (7“_6) ) (5.3)

It seems that the specific values of o and 8 as needed for our mass formulae can only be
chosen after a case-by-case study of the background metric g; compare (5.7)-(5.8) below.

In what follows we will use the following convention: given two tensor fields v and v, we
will write

u=v+o(r ) (5.4)

if the frame components of u — v, within the class of g-ON frames chosen, decay as o(r~?). If
€; is orthogonal to .7 (which will often be assumed) then, if we denote by g, := g;,dz’dz”
the Riemannian metric induced by g on .#e, and by |- |, the associated norm, we have

e.g.
Uy = 0(r™*) = |ugg| + ugrda’ s, + ursda’de’|5, = o(r™®).

We first assume that X is g-covariantly constant and therefore the second term of (2.11)
vanishes and for the first term we have the same expression as in the KK-asymptotically flat
case, with the difference that instead of 7, we have g, and instead of partial derivatives
we have covariant derivatives of the background metric, i.e.,

[UV)\ — [Ul/)\gX{
3 VAT =0K— X7 T —a—
— (0270 XV 0 ((X1r) ) VTdeta], 5.5

where

X7 =) (X2 (5.6)

I

In order to control the error terms appearing in (5.5) we will assume that

o and 3 are such that the subleading terms o (| X|r~*7?) in (5.5) give

vanishing contribution to the boundary integrals after passing to the limit. (5.7)

This will e.g. be the case for all Rasheed metrics when o« = (n — 2)/2, f = a + 1, with
X asymptotic to 0, in coordinates as in (C.12).

15



Similarly (5.7) will be satisfied for asymptotically anti-de Sitter metrics with
a=pF=n/2, (5.8)
where r is the area coordinate for the anti-de Sitter metric. Note that in this case we have

[ X| = O(r).
Now, instead of (3.9) one gets in view of the conditions mentioned above

3 _
Hy(X,¥) = — lim 56“%(“ #G.6V 59" dSas . (5.9)

We can now compute the Hamiltonian charges for this general case. We have

_504/37XV g’yavpgaudsaﬁ

167 W
T (53553 + 08+ 0300)) X5, Vg™ dS.
1 e = o — . e —
= 167 (XVgApngpg RdSy, + X"VogotdS,, + X gApngpg VdSVA) . (5.10)

Now, in order to simplify the calculations, we use an g-orthonormal frame {e;} with e
orthogonal to . and €, tangent to OE(R). Then, only the forms dSg; give a non-vanishing
contribution to the boundary integral.

If X = 0y, and assuming that

9 = X’ (5.11)
one finds, using frame indices throughout the calculation,
167 SR X, TS = 83 X°33752G 1,9 59" Sy
= ﬁXo [Vk (Ejigji> —ngjk} do +n.c., (5.12)
where
do; := dSy; = € |25 | (\/] det g|dz® A - Y=g | (/| det g1 dat A - dz™*) +n.c.
(5.13)

Hence, we obtain the following generalization of the ADM mass:

1 0 [Si (- S Ji
po = Hy (0, ) = E}%g%o - X V' (g,x9"") — V,97"] do; . (5.14)

Existence of the limit in (5.14) will be guaranteed if, instead of (4.5)-(4.6), one assumes now,
e.g.,

/ \X!(erugaaqu ol 4 A (G = G dig, <00, (515)
ZN{r>R}

f1a3
where djig, is the (n+ K )-dimensional Riemannian measure induced on . by g. A condition
on the metric and the energy-momentum tensor of matter fields naturally associated with
(5.15) is
A [ X[OE(R)[Top =0, lim [X[OE(R)||A]lg" (9 = G,u)| = 0, (5.16)
—00 R—o0
where |0E(R)| denotes the area of 0E(R); compare (4.6).
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As an example, we consider the Rasheed metrics of Appendix C with P # 0, which
are vacuum. The g-Killing vector X = 0, is g-covariantly constant so that (5.14) applies.
The asymptotic behaviour of the metric coefficients in the frame (C.18) coincides with the
asymptotic behaviour of the metric coefficients in manifestly asymptotically Minkowskian
coordinates when P = 0, and is given by (C.12). One obtains

po =4mwPM | (5.17)

where the extra factor 4P, as compared to (4.15), is due to the 8 Pm-periodicity of the
coordinate z* (cf. (C.16)), as enforced by the requirement of smoothness of the metric. Note
that the formulae (5.17) for the ADM four-momentum remain unchanged.

We now generalize our results to the case where X is not g-covariantly constant. Thus,
the second term of (2.11) does not vanish. Disregarding those terms which do not involve
the forms dX;, we obtain, keeping in mind that X is a Killing vector field of g,

%(Uaﬂ U*| _)dSag = 5 (UO‘B XA—— | det glg"* 8]V, XY = UP| _)d%ag

1 _
— 16 5;*53)(” *G.oV pg°"dS, —F(\/|detg]g“[a— | det g[g"*) V, XS 05 + n.c.

= 2 <35?\Z’VX”_’\ngVpg”“ - (g“[o - e—lgﬂ[(’)mx“) Ndo; + n.c.

Here we have used dSy; = Ndo;, where N is the lapse function of the foliation by the level
sets of ¢, defined by writing the metric as g = —N2dt? + g;;(dx! + N1dt)(dx’ + N7dt). We
conclude that

1 _
Hy(X,7) = o Jm | ( )(350” X177,V 097" — (9" —e*lg“[O)VHX”)Ndai. (5.18)
E(R

87T R—o0 Auv

We can apply the last formula to the background Killing vectors 0; and 9, for Rasheed
metrics with P # 0. A calculation gives

pi =0, ps=47PQ. (5.19)

Here one can note that 0, is g-covariantly constant so that the last term in (5.18) does
certainly not contribute; while p, = p, = 0 follows from the axi-symmetry of the Rasheed
metrics. (In fact VX = O(r~2) or better for these Killing vectors so that the last term never
contributes in the current case.)

Equation (5.18) applies for completely general background metrics g, assuming that (5.15)
and (5.7) hold, for a large class of field equations. In particular, it applies to asymptotically
Kottler (“anti-de Sitter”) metrics, compare [14, 15, 16, 22].
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5.1 Hamiltonian Charges

Assuming that X is a g-Killing vector field, (5.9) becomes for general background metrics

_ (_1)R+K_1 : v AP STH 31 EntK—2 0
Hy (X, ) = 167(n + K —2)! Blgr;o . Exptrbnsr_a X G TOTE  daSt A- - N Adzx™,
(5.20)

where
ST, = 1%, =T, = o). (5.21)

with the last equality following from (5.3).

In order to obtain a version of (3.23) suitable to the current setting we will assume that
there exists a vector field Z with Z4 = 0 and a real number v > 0 such that

VoZ' =684+ 0(r™") mod (47,0),), (5.22)

where we used “mod (5;, 5;)” for a tensor which has the form 5;54,” + 5Zﬁ for some tensor

fields &, and B . In other words, if X is a vector field tangent to the submanifolds of constant
t, r, and if “u, =0 mod (d7,0")", then X+ u, = 0.
As shown in Appendix B, the vector field defined in appropriate coordinates as

Z =710, (5.23)

satisfies a) (5.22) for asymptotically anti-de Sitter metrics, and b) for general Rasheed met-
rics, in both cases without the error term O(r~7); equivalently, the exponent v can be taken
as large as desired. We have introduced the O(r~7) term for possible future generalizations.

We further assume that
V. X" =0(X|r?) mod (6,,,0,,), (5.24)

which will certainly be the case if X is g-covariantly constant. And finally, we replace (5.7)
by the requirement that

terms o (| X|r=*7?), o (|Z||X|r~2") and o (| X|r~"~) give vanishing contribution
to boundary integrals at fixed r and ¢, after passing to the limit » — oo. (5.25)

We note that under the condition (5.25) one gets (5.20) from (5.9) for a vector field X which
is not g-covariantly constant if it satisfies (5.24).

We study two different cases in details.

511 A#0and K =0

In the first case we assume that A # 0 and K = 0. We first derive an identity which will be
integrated on submanifolds of fixed r and ¢, so that any forms containing a factor dr or dt
will give zero contribution.
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d (6,\#1,51..{”72X”Z&g)‘péf“,yp dz®2 A - A da2 A d:ﬂ)
= Vo (VIdetgliue, ¢, X Z9GOT ) da? A da A A da=? A di”
= Z%enuwer oty o9 O Vo XV da? Nz A - A dxtn A da

+€AMV§1...§n_2XVg)\p(§FM’YPvazfl Az Az A - A dzén2 A dx?
dzf1+n.c.
+(—1)n—?’e)\lw&...gnﬂXVg)\pZ&dwﬁ‘z A - Adré2 A (va(gru’ypdlﬁ A dxy) Tne.

N J/
-

= (%5R“prm+o(r*25)) dz NdxY

= GA#ygl...gn,zX”g’\péF“w dzS' A - A dzén2 A dx?

+(—1)”_3%6>\W§1...5n2X”g’\pc5R“pm Z8da®2 A - Ndat 2 Ada® AdY +n.e. (5.26)

This identity replaces (3.23) in the current setting. One can now repeat the remaining
calculations of section 4 by replacing every occurrence of the Christoffel symbols by the
difference of those of g and g, every appearance of the Riemann tensor by the difference of
the Riemann tensors of g and g, and every occurrence of an undifferentiated x® by Z¢. Some
care must be taken when generalizing (4.23) when passing from the background Riemann
tensor to the background Ricci tensor because in (4.23) all indices are lowered and raised
with ¢g. Thus, (A.1) is replaced now by

oyaf B Ao af Rl n A\ saf
5500 (R, — R, 0 = (R, —R”07) + (R—R,0") 65,

§%gP . (5.27)

loge 8] o 8l o
—40 R, +20¢9"R,), — 2R" | 0,

The simplest situation is obtained when K = 0 so that £4” is reduced to a point, and
(5.18) becomes

1 .
Hy (X, )= —— | {X”Z§ (Roz _ Rl 1]p>
b ( ) S(n - 2)7T RE;I;O S(R) ve pygg

+X0Z1(R - R,¢") +2X"Z R, — 22" XVRT + (2 X Vg — X7 Z10g")R,
~XVZIR 9"+ XVZOR 9" — (n —2) (gﬂ{o—eflgﬂ[o)mxﬂ) }Ndai . (5.28)

We want to analyze (5.28) for metrics g which asymptote a maximally symmetric back-
ground g with A # 0. This case requires separate attention as then the background curvature
tensor does not approach zero as we recede to infinity. We note that the calculations in this
section are formally correct independently of the sign of A, but to the best of our knowledge
they are only relevant in the case A < 0.

It is useful to decompose the Riemann tensor into its irreducible components,

1
Ragys = Wapys + m(ngﬁa — Rasgpy + Rpsgory — RpyGas)

R
—m(gﬁégm — 98v9as)

1 R
Wa,@fyé + m(Pa'ygﬁzS - Paégﬁ’y + P,Béga'y - P,B’yga(i) + m(gﬁéga'y - gﬁ’ygaé) )
where W,z.5 is the Weyl tensor and P, the trace-free part of the Ricci tensor,
R
P,u,l/ = ij - Eg/”,.
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This leads to the following rewriting of (5.28)

1 , — : 2R
Hy(X,o) = —— i {X”Zf WO 0 gile —5[05”
b( ) 8(n — 2)7T Rl—l;rgo BE'(R) < ve pyé'g + n(n + ) [V 5]
R o .
—————§ X0z (R —R ,¢") 4+ 2X"ZR
(n—l— 1) gﬁ]pg ) + ( pAY ) + v
ZI/X[ORl] + (ZVX[ ip XVZ[Ogi]p)El,p
2R
- (XPZ180%q, — XWz0
7’L(7’L+ 1)( )\gu )\ V]p)

—(n—2)(g"° - e’lyu[o)vuXﬂ}NdUi :
(5.29)

Assuming that the background Weyl tensor falls-off sufficiently fast so that it does not
contribute to the integrals (e.g., vanishes, when the background is a space-form such as the
anti-de Sitter metric), and that both the energy-momentum tensor of matter and e — 1 decay
fast enough (cf. (5.16)), and setting
A= g g,
we obtain
1 | o
Hy(X,.) = ——— lim {X”Zg (WO’V S g A””)
—XPZIR AP + (27 XONT — X ZOATP)R
2R (
n(n+ 1)
where we have also used the hypothesis (5.7) that terms such as | X||Z| A" A, and | X ||Z|g,, A"
fall off fast enough so that they give no contribution to the integral in the limit. With some
further work one gets

vp

XU Z98%3,,, — XV 295,3,,) A — (n — 2) AT, X7 }Ndai . (5.30)

1 .
H,(X,?) = ———— lim XvzZEwo
R . o
. ulo i _ iy _ ] .
+(n—2)A {—n(n+ [ (%u7" = 2,x%) - V,x ] fNdoi. (5.31)

To continue, we assume the Birmingham-Kottler form (B.1)-(B.3) of the background
metric g. If X is the g-Killing vector field 9; then, writing momentarily X, for g,, X"

V, X, dz’ @ dx¥ = v[ng]d:v” & dx”
= 8[UXV]da:U & dx”
— a[o—gy]odma ® d-’L‘V

1
- §argoodxr /\ dIO
1 _ .
- 58,@00@1 Ne’. (5.32)

Using this one checks that all terms linear in A in (5.31) cancel out, leading to the elegant
formulae
1
Hy,(X,¥) = ——— i X" Z*WY%  Ndo;
o (X, 7) 8(n—2)7rR1—I>£>lo OE(R) ve 40T

1
S | XVZEW _dS., 5.33
16(n — 2)7 150 Jym) ve el (5.33)
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which, at this stage, hold for all X belonging to the (n + 1)-dimensional family of Killing
vectors of the anti-de Sitter background which are normal to {t = 0}.

If X =0,, then we have

VoX,d2® @ dz” = V,X,)dz ® dz”
1
— §aagwdx” A dx”
1. _ 1, _
= §8rgwdr Adp + §8ggwd0 A dp
= Wsin@@l NG + cos0O A B ,

where we used the co-frame of the background metric (B.1) with the following co-basis

—0 —1 1 —2 —3
O =VVdt, © =—dr, © =rdd, O =rsinfdy. 5.34
Vv N @ (5.34)

Hence, in this co-frame one obtains

Vng = \/Vsine = —ngi, VQXg = cosf = —VgXQ.

Therefore, the second term of the integrand in (5.31) vanishes for r — oo, since (keeping
in mind that dSj; for i # 1 gives zero contribution to the integrals)

R - N i 1 o
——— A0 (X, 21 — 7, X)) — AMOV XY = AR X, 7 - AT X
n(n+1) ( a ’ ) Vi 2 f 9 Vi
A 30 i 1, 5= A2 1 .
=AY Xy 2P CAYTX = (-2 L7 sin A% 7= o
5 3 5 V3 X; 2 T + 5 sin =

=(g33+033) X3

Hence (5.33) also holds for X = 0,. Since all Killing vectors of AdS space-time can be
obtained as linear combinations of images of these two vectors by isometries preserving
{t = 0}, we conclude that (5.33) holds for all Killing vectors of the AdS metric.

It bears mentioning that (5.33) has already been observed in [5], following-up on the
pioneering definitions in [2, 1]. We note that our conditions for the equality in (5.33) are
quite weaker than those in [5].

51.2 A=0and K #0

In the second case we assume that A = 0 and K # 0. We will impose conditions which
guarantee that all terms which are quadratic or higher in g,, —g,, give zero contribution
to the integrals in the limit R — oco. Without these assumptions the final formulae become
unreasonably long. Hence we assume (5.21)-(5.22), (5.24) and (5.25).
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In the current context, the calculation (4.19) is replaced by

E/\,u,ljfl...£d+K,3XVg/\p§Fu,Yp d$£1 VANRRIVAY dx£d+K73 N dx'y
(d+ K —3)!

- mebcfal-..ad—3A1---AKngb65Fcae dxal /\ e /\ dl’AK /\ d{Ea
VinZo1 dwh—l-n.c.:zszlda:h—l-n.c.
(d + K — 3)’ v a A A
+<d v - 1)!W,,al.,.aHAL,.AMX goTY y dx™ A - A drt i A di
d+ K —3)! |=
- <(d+— 3)IN|) [vh(Ebcfal...ad_sAl...AKngbeWCae Zdz" A dz® A - A dzt A dat

1N b h A
—€bcfar..ag sAr Ak VX' g o, Zda" Ndx® N - N dxtE N da®

n.c.

—Ebcfal...ad,gAl...AKngbeZalthwM dz" A dz® A - A da A dz® + nee.

(d+ K —3)!
AN =1

= A h A A
—Exuwar..ag 241 Ak VhX" G péf“Ap Zdz" N dx® A - Ndx? 50 A dx

n.c.

I lvh(qumlmadQAlmAK1X”g’\p(5F“Ap ZYda" A dx® AN dzA %=1 A dxt

—ew,,almadﬂAl,”AK_lX”g’\pZ‘“vhéf"APdmh Adz® A - Ade? 1 A de? + e

- %d(e@ml”,a“&m“x Tg"oT¢ 0 Zdx™ A - A da® A dx®)
(d(ci—;;f]\:f)i)!d(e)\,uual...ad2A1...AKIXVQAP(SFHAP Zda A da® A - A dat R A da?)
_%GW arvag_sAr A X TG ORE AT Az A A da A date?
LR i i s
+n.c.

As before, in the last equality we have used the fact that the first V,-terms in the first
expression in each of the square brackets can be replaced by V,“ because each form appearing
in the first line above must already contain K-factors of the K K differentials da*, otherwise
it will give zero contribution to the integral.

In addition to all the hypotheses so far we will also assume that the Riemann tensor
decays at a rate o(r—°r):

Raﬁ,yé - O(TiﬂR) y Eaﬁ,ﬂ; - 0(7’7BR> y (535)
with fr satisfying
terms | X||Z|o(r=~P%) give no contribution to the integral in the limit R — co.  (5.36)

All these conditions are satisfied by the five-dimensional Rasheed metrics, with o > 0 as
close to one as one wishes, f =1+ «, fr = 3, with v as large as desired.
In line with our previous notation, we will write R% ; — R% 5 for the difference of

Riemann tensors of the (d+ K')-dimensional metrics g,, dx"dz” and g, dx"dz”, R, — R,
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for that of the d-dimensional metrics g,,dz*dx® and yabdx“dxb? R r — ﬁIJKL for the (n+K)-
dimensional metrics g;,da’dr” and g, ,dz’dz”, and R, we—R e for that of the n-dimensional
metrics g;;dr'dx’ and g ;dx'da’.

With the above hypotheses, the derivation of the key formula (4.23) follows closely the
remaining calculations in section 4, and leads to

1 — _
(X, )= ———— i X Z"R,” - R, +4z7x1 (R, - R/
— 1 — —
~2°X (R, - RY) — — [(n =3)Z°X (R, ~ R, +4ZEXI R, R )
+3(n - 2)X 2R, - R”, )| ) dSe; = (n—2) /8 - (9" = e 'g") V. X" dsab} -

(5.37)

For Rasheed solutions, or more generally for solutions which asymptote to the Rasheed
backgrounds g given by (C.13) with the usual decay o(r~"=2/2) with T, = o(r~?), one has
(cf. (C.22)-(C.23)) I_{OAW =0, Ry,; = O(r ), I_{W = O(r~*) and we obtain, for X = 9,
and after passing to the limit R — oo, an integrand which is formally identical to that for
metrics which are KK-asymptotically flat:

1

H (X, = —— 1 XYZFRP S,
b( Y ) 16<n_2)7T REI;O S(R)qu v /B

1 e
= —— i XV2/RY Ndo; .
8(n - 2)7T RH)%O S(R)Xsl v vJ 7

Some special cases, without necessarily assuming that g asymptotes to the Rasheed
background, are of interest:

1. Suppose that X* = ¢, thus X has just a time component. Keeping in mind that
Z° =0 and OFE(R) C {2 = 0} we have

e — J '01 _ '07,
(0, %) = gr—gy; m { /8 . <Z (Ro;" = Ry;")

o o

+57' (R, - R+ R, -R") - 7’ (R, - R
1 : — o —

2(n—1) [ZZ(ROAOA — R0 =227 (R, - RZAjA):| ) o

—(TL — 2) / (gu[O — 6_1§N[0)vuXi]dSOi
OFE(R)

1 1 . . . . o
= — 1 7 J _RI 7 Ii Ii
8(n —2)m Rl—rgo{/aE(R) (2 (R] RJ) (RI] RIJ )
1 i ) (i i
=) [Z (R™4 =R ,) —2Z/(R", - R AjA):| ) dSo;
—(n—2) / (g0 — e g0V, X dSy; ¢ - (5.38)
OE(R)
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2. Suppose that X4 = 0, thus X has only space-time components. Then

1 _
H, (X - - X 7'R ¢ — R,
T = G o Rféo{/aE(R)< (R )

+4zx (RS, - R/,) — 2°XT (R, — R%.)
1
n—1

[(n —3)Z°XT (R, , — R, 1) + 4Z[eXa](RanA - ﬁanA)} ) ASef

—2(n —2) / (¢ — e ')V, Xﬂdsm} . (5.39)
OE(R)

We will see below that the first term in the right-hand side is related to the Komar
integral. It is not clear whether or not the remaining terms vanish in general. However,
when X° = 0, at ¢ = 0 the third and fourth terms in the integrand in (5.39) give a
vanishing contribution so that the generators of space-translations read

1 o
H,(X,) = ——— i Xizk R, 0 _ R, %
(X, 7) 8<n_2>”520{/m< < w)

2 — —
_1 (ROAiA - ROAiA) + R'Oi . R01:| >d80j

Al {

—(n—2) /8 - (g — elg“[O)VMXﬂdSOi} : (5.40)

3. Suppose instead that X* = 0, thus X has only components tangential to the Kaluza-
Klein fibers. Then, again at 2° = 0,

3 _
Hy(X,.#) = lim {—/ X4z R, —R,,")dS.;
E(R)

R0 | 16(n — 1)7
1
— (¢ — e 'g0)V, X dSy; ¢ . (5.41)
87 Jorr)

5.2 (n+ K)+ 1-decomposition

In a Cauchy-data context it is convenient to express the global charges explicitly in terms
of Cauchy data. Here one can use the Gauss-Codazzi-Mainardi embedding equations to
reexpress our space-time-Riemann-tensor integrals in terms of the Riemann tensor of the
initial-data metric and of the extrinsic curvature tensor. For this we consider X* = ¢} and
2% =0, i.e., we consider (5.38).

We start with the case of KK asymptotically flat initial data sets. Keeping in mind

our convention that (z!) = (z¢,24), we can replace R, with the (n + K)-dimensional
Riemann tensor, which we denote by R ;. , by means of the Gauss-Codazzi relation

In this case (5.38) reduces to (4.24). Hence, we obtain

1 1,
- J 7 k st iA ]
Do 0 m%Lmoo/ /TNx (R 1)R W+ —R ]A) Ndo;. (5.43)
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We note that in the usual asymptotically flat case, K = 0, the last integral is not present.
Further, R¥, becomes then the Ricci scalar of the initial data metric, with R¥, = o(r=22-2)
because of the scalar constraint equation, and hence does not contribute to the integral. The
above reproduces thus the well-known-by-now formula for the ADM mass in terms of the
Ricci tensor of the initial data metric [9, 17, 20] when the Ricci scalar decays fast enough,
as we assumed here.

We pass now to the case covered in section 5.1.1, namely K = 0 but A < 0, with the
background metric g is as in (B.1)-(B.3). Let K;; be the extrinsic curvature tensor of the
slices {2 = const}. If we assume that K;; satisfies

k| ==/ g" g" MK K g = o(r™?) (5.44)

from (5.33) we obtain a formula first observed in [17]:

1 . R
H (X, = — 1 X°ZI(R, — =6")Ndo;, 5.45
b (X7 1600 — D)7 Ao fypy - 2 (R )N de (5:45)

where in (5.45) we have assumed that X is a Killing vector of the anti-de Sitter background

which is normal to the hypersurface {t = 0}.
Finally, consider general configurations as in section 5.1.2. Under the hypothesis that

KI?|1Z||0E(R)| £2%% 0, (5.46)

from (5.38) we find

I S 1 iimi wiy_ 7i(pi B
B, (%) = 8(n—2)7r1%§20{/m3)<{22 (R; -R%;) -2 <RJ‘ Rj)}

1
2(n—1)

2 (R, -R)) - (R%, ~RY,)) ] ) Vo

—(n—2) lim (g — e‘lg“[O)VMX"]Ndai} . (5.47)

5.3 Komar Integrals

If X“ is a Killing vector field of both g and g, we have
XRypy = VoVeXy, and  X°R = VoVeXy. (5.48)

This allows us to express some of the integrals above as Komar-type integrals.

We start with the set-up of section 5.1.2, the KK-asymptotically flat case can be obtained
directly from the calculations here by setting I_{afm = 0. To make things clear: we assume
(5.21)-(5.22), (5.24)-(5.25), together with (5.35)-(5.36), and recall that all these hypotheses
are satisfied under the corresponding hypotheses made in the KK-asymptotically flat case.
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The contribution from the first integrand in (5.37) can be manipulated as *

lim X2 (R, — R, ) dsis

5 [fsel [Flle] A of w ef

= [0 -V ) 20— 02 (R - Ry ) sy
— i _ lef] _ xlelfly _ g (xlesf 7] el £ 7]

= lim 8E(R){(n 1) (X XeW) =3 (xt 1 2%) , +3 (X Z2%)

+2 (R, 27 — R,V 20) xS,y - XA2" (R, — Ry }dsef

= Pp—fn {(n - 1)/ (X[a;ﬁ] _ X[allﬁl) dS4p +/ [QXuZe (bebu _ l:_{fbbu)
0o OE(R) OE(R)

~X42" (R~ Ry }dsef} , (5.49)

where the semicolon (;) denotes the covariant derivative of the metric g and the double bar
() denotes the covariant derivative of the background metric g. Moreover, we used the
identity (3.37) and the Gauss’s theorem * | e.g.

lim (X107 21) /[ det gl dSes = lim (X ZT),, V] detgldEe, = 0.

R=ee JoR(R) SE(R)
(5.50)
Hence, under the hypotheses used in the derivation of (5.37), we can rewrite (5.37) as
1
H (X, Y= —— 1 — 1) (XA — xldBly g5,
o (X, 7) 16(n—2)m§§o{/%( )(” ) ( ) dSas

+ /8 o (2){#2e (R, - R,,) = X12" (R — Ry ) + 428X (RS, - RY))

— 1 — —
_ZeXf (RCC - Rcc) - —1 |:(7l - 3)Z6Xf(R‘bAbA - R‘bAbA) + 4Z[eXa] (RanA - RanA>

+3(n — 2)X42° (Rf b~ R "bA> ] dS.; — (n—2) lim (" — e g")V, X dS,, v .
R—o0 SE(R)

(5.51)

The first integrand is the difference of Komar integrands of ¢ and g.

Specializing to the KK-asymptotically flat case for background-covariantly constant Killing
vectors, one finds (4.29).

Now, we can calculate Koamr integral for Rasheed solutions with P # 0 which are not
KK asymptotically flat, compare (4.30)-(4.31). We summarize the results:

Again using (C.12) one gets for X = 0, (recall that n = 3):

ar(M+ %), P=0;
— i X*Pds, V3g) ’ 52
87r A gy S X P = { 8tP(M+ 7). P#0, (5.52)

3Strictly speaking, under our asymptotic conditions each individual integrand might fail to have a finite
limit as R — oo, it is only the integral of the sum of all terms which is guaranteed to have a limit. A careful

reader will make the calculation below with the remaining terms from (5.37) added to each integral.
4One can also show that we do not necessary need the application of the Gauss’s theorem.
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which does neither coincide with pg, cf. (4.15), nor with the ADM mass of the space metric
gijdz'dz. Note that the Komar integral of the space-time metric gq,dz®dz® will equal M+ \%
regardless of the value of P.

Next, for X = 0, we obtain

47Q) P =0;
R ;B ) )
St z—%ﬂ&/ s /SIX d5as = { 167PQ, P #0, (5.53)

which is again twice the Hamiltonian charge py.

As a simple application of (5.52), suppose that there exists a Rasheed metric without
a black hole region. Since the divergence of the Komar integrand is zero, we obtain M =
—%/4/3. But this is precisely one of the parameter values excluded in the Rasheed metrics, cf.
(C.4) below. We conclude that the regular metrics in the Rasheed family must be black-hole
solutions.

For the case of metrics which asymptote to a maximally symmetric background g with
A # 0, as in section 5.1.1, the Komar integral resulting from (5.33) reads

1
H,(X,¥) = ——— i XV ZEW*P _dS,
o (X, ) 16(n — 2)7 Rosoo DE(R) S

n—1 A
_ X[a;ﬂ}dsa _ / XaZﬁdSa .
e { 16(n — 2)7 /BE(R) P 4 —2)(n - V) Jopm ’

(5.54)
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Appendix A An identity for the Riemann tensor

For completeness we prove the following identity satisfied by the Riemann tensor, which is
valid in any dimension, is clear in dimension two and three, implies the double-dual identity
for the Weyl tensor in dimension four, and is probably well known in higher dimensions as
well, keeping in mind that we write 63? for 5%0‘5?] = %(535? — 6503, ete.:

1

afys ppo
oo B0 = 31

af a [a »B]
oo (Ro?,, +doi R — a0l Y, (A1)
The above holds for any tensor field satisfying
Ragys = —Rpans = Rpasy - (A.2)

To prove (A.1) one can calculate as follows:

Q6000 R = 2[62 (858700 — 658700 + 825700)

KV po 7 vip-o pv-o o vop
a (sB é 8 ) B )

—05 (656705 — 655782 + 626759)

+85 (800760 — 658782 + 655760)

—0g (8116760 — 876760 4 67676,) | R4

rvp viutp puy

= 2(2007078) — 4007000 4+ 48600 + 265056700) R 5

ny Zp o nv = po nv = po p ool uvy
« é «@ o ao «
= 4(80 R — 200 R, + 2601 R*. , + R*? )
— af af pvé [ pBlY
_ <R ORI 4R Vh) . (A.3)

If the sums are over all indices we obtain (A.1). The reader is warned, however, that in some
of our calculations the sums will be only over a subset of all possible indices, in which case
the last equation remains valid but the last two terms in (A.3) cannot be replaced by the
Ricci scalar and the Ricci tensor.
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Appendix B The Dilation Vector Field Z

Let Z = r0,.. We want to calculate vuZl, for the Kottler metrics and the Rasheed metrics
appearing in the calculations.

B.1 Kottler Background Metric

Let g be the (n + 1)-dimensional anti-de Sitter (Kottler) metric,

g=-Vdt’ +V'dr* +17h, (B.1)
where
V=M +k, (B.2)
with x € {0,£1} and
2A
A= ———— B.3
An=T) (B.3)

where A is an (r-independent) Einstein metric on an (n — 1)-dimensional compact manifold
', with scalar curvature (n — 1)(n — 2)k. It holds that (cf., e.g., [3])

R=—n(n+1)\. (B.4)
We have
_ 1 1
Vi Zyde" @ dz” = §LZ§ =3 (Z2%00G,, + 042G, + 00 2°G,,,) da*da”
1
= 3 [r&.(—V)dt2 + 70, (V1) dr? + r0,(r?)d + 2V1dr2]

1 [T&V

5| (—thQ)+(2—rv—1a,.\/)v—1dr2+2r2d92] ,  (B.5)

and the antisymmetric part vanishes
V[HZV]dx“ ® dx¥ = a[uZl,]dl’“ ®dr’ =0 (B.6)
Thus, we have

VuZydat @ da¥ = VZ,da" @ dz” + V|, Z,dat @ da”
g mod (4,,,0],) (B.7)

which gives (5.22).

B.2 Rasheed Background Metrics
Next, for the Rasheed background metrics (C.13) one finds

L7g =2(dr* +r2dQ?), d(G,z2%dz") = d(rdr) =0, (B.8)

and (5.22) without the o(r~7) term readily follows.
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Appendix C Rasheed’s Solutions

D. Rasheed [21] has constructed a family of stationary axi-symmetric five-dimensional solu-
tions of the Einstein-Maxwell equations which take the form
B 2 A

dsty) = 7 (da" +24,d2")" + [ Zdsty (C.1)

where a, M, P, () and ¥ are real numbers satisfying

Q2 p2 )

S4+MV3 + S—MV3 ~ 37 (C.2)

MP4¥2-P2—Q*£0, (M+%/V3) —=Q*#0, (M—3%/V3)"—P2+#0,(C3)
[(M+2/v3)*-@?] [(M-2/v3)*-P?]

M + % 7é 07 F? = MZi52_Pp2_()2 >0 R (04)
and where
G > VAB AVAB
dsty) = ~ A5 (dt +w’ydo)” + Tdﬂ + VABd®? + e sin?(6)d¢? (C.5)
with
2 2P?% 2JP
A = <r—2/\/§> — ————— +a’cos’(0) + J Qcosgé) :
Z - M3 (M +32/v3)" - @2
2 2
B = <7" + E/\@) _ o + a® cos®(0) — 27PQ cos§9) ,
Y+ M3 (M —%/V3)" - P?

G = r*—=2Mr+ P>+ Q* - X%+ a’cos*(0) ,

A = 2 —2Mr+P*4+Q*—%%*+ad*,

2.J sin?
Wl = —Jsg (6) r+ E] ,
J* = d*F?, (C.6)

whereas F is given by

(M2 + %2 — P2 — Q%) (M +%/v3)

E = —-M+ 5 : (C.7)
(M+3%/V3) - @
The Maxwell field is given by
¢ 5 . C o
2A,dxt = Edt + (w o+ ZY ¢) do, (C.8)
where
2P J cos(6) (M + £/v/3)
C = 2Q(r-%/V3) - C.9
Q (r-x/v3) =) P (C.9)
W’y = g : (C.10)
and
.2
H = 2P A cos() - 2QJsin*(0) [r (M — 3/V3) + MX/V3+ % — P? — (?]  (c1)

[0+ 587 -
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C.1 Asymptotic Behaviour

When P = 0 the Rasheed metrics satisfy the KK-asymptotic flatness conditions. This can
be seen by introducing manifestly-asymptotically-flat coordinates (¢, x, y, z) in the usual way.
With some work one finds that the metric takes the form

R | 0 0 0 2
0 2%22 . 2; +1 2]\;[39611 2]\7{32,2 0
0 2]\T/gacy 2%112 B 2; +1 QZ\iyz 0 + O(r‘z)
0 QJ\T/[?)zZ 2]\;[3yz 21\T/I3z2 _ \2[_5 +1 0
e 0 0 0 Vel

(C.12)

It turns out that when P # 0, the Rasheed metrics do not satisfy the KK-asymptotic

flatness requirements anymore: Indeed, the phase space decomposes into sectors, labeled by
P € R, in which the metrics g asymptote to the background metric

g:= (dz* +2P cos(Q)dgp)2 — dt? + dr® 4 r2d0* + r? sin?(0)d? . (C.13)

The metrics (C.1) and (C.13) are singular at sin(¢#) = 0. This can be resolved by replacing
z* by T*, respectively by %, on the following coordinate patches:

(C.14)

Thi=a'+2Pp, 0el0,7),
=2 —2Pp, 0€(0,7].

Indeed, the one-form

2P
da* + 2P cos(0)dp = dz* + 2P(cos(0) — 1)dp = dz* — (xdy — ydx)
r(r+z)
is smooth for r > 0 on {# € [0, 7)}. Similarly the one-form
4 ~4 ~4 2P
dz” 4+ 2P cos(0)dyp = di” 4+ 2P(cos(f) + 1)dp = dz* + m(xdy — ydr)

is smooth on {6 € (0,7],r > 0}. Smoothness of both g and g in the d.o.c., under the
constraints discussed above, readily follows.

We note the relation
Tt =3" + 4Py, (C.15)

which implies a smooth geometry with periodic coordinates z* and z* if and only if

both 7* and #* are periodic with period 8 Pr. (C.16)
From this perspective z* is not a coordinate anymore: instead the basic coordinates are T*
for 0 € [0,7) and 2 for 6 € (0, 7], with dz* (but not x*) well defined away from the axes of
rotation {sin(f) = 0} as

4

_4 _
d { dz* —2Pdy, 0€[0,m), (C.17)

dit +2Pdyp, 6 € (0,7].
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C.1.1 Curvature of The Asymptotic Background

We continue with a calculation of the curvature tensor of the asymptotic background. It is
convenient to work in the coframe

—0 —i 3 3 -

O =dt, O =dr, 0" =dy, 0 =dz, © =dz" +2Pcos(d)dyp, (C.18)

which is manifestly smooth after replacing dx? as in (C.17). Using

P L -
——&patdr’ A da® | (C.19)

48" = —2Psin(0) 0 A dp = —2P~0;|(dz A dy A dz) = ——
T T

where 5—?53.,; € {0, £1} denotes the usual epsilon symbol, one finds the following non-vanishing
connection coefficients

. P A " P . j
w4ﬁ = T—é"gi,;xj@k, wlﬁ = —égjﬁl%l‘k@Zl, (020)

where z' = 2%, This leads to the following curvature forms

— P 3 . . 2P2 e

1 P 3., p?

94; = 65 <——2xjx£ + 5%) o' A @ + €km]€m£x xe@] A @ (C.21)
r r

hence the following non-vanishing curvature tensor components

R P, 3 4
Rj’fczl = ﬁgm (—T—LCZL' +5)

Ezl P2 m Z E 2P2 [} o o o m fL C
51 = ety T, Ry = —— (Gadhen + Gancaga)z”e" . (C.22)

The non-vanishing components of the Ricci tensor read

— 2 P2 o P2 .

B . R ST
R, = —r—ﬁekmzekmx " R, = 5 Chniiit T (C.23)

Subsequently the Ricci scalar is R = —2P?/r4.
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Zusammenfassung

Ausgehend von dem geometrischen Hamilton-Formalismus leiten wir in dieser Ar-
beit neue Ausdriicke fiir die Hamiltonsche Gesamtenergie von gravitativen Systemen
in héheren Dimensionen in Termen des Riemann-Tensors her, welche auch Raumzei-
ten mit einer kosmologischen Konstante A € R einschlieBen. Daraus lassen sich in
weiterer Folge die entsprechenden ADM- und Komar-Gréfien der betreffenden Raum-
zeiten herleiten. Wir wenden diese gewonnenen Ausdriicke auf eine weite Klasse von
hoherdimensionalen Raumzeiten mit verschiedenen asymptotischen Verhalten an, wel-
che bestimmten Bedingungen unterliegen. Insbesondere deckt unsere Analyse asym-
ptotisch anti-de-Sitter und asymptotisch flache sowie Kaluza-Klein asymptotisch fla-
che Raumzeiten ab. Es zeigt sich, dass im Fall von stationdren asymptotisch flachen
Raumzeiten die Komar-Masse mit der ADM-Masse iibereinstimmt. Dies gilt jedoch
nicht allgemein, wie z.B. im Fall von Kaluza-Klein asymptotisch flachen Raumzeiten.
Wir zeigen des Weiteren, dass die Hamiltonsche Masse, ADM-Masse und Komar-Masse

im Allgemeinen nicht miteinander iibereinstimmen.

Abstract

Based on the geometric Hamiltonian formalism we derive new expressions for the
total Hamiltonian energy of gravitating systems in higher dimensions in terms of the
Riemann tensor, allowing a cosmological constant A € R. In this way, we also obtain
the ADM and the Komar expressions of the corresponding space-times. We then
apply this analysis to a large class of higher dimensional space-times with various
asymptotics known to us, which satisfy certain conditions. In particular, our analysis
covers asymptotically anti-de Sitter spacetimes, asymptotically flat spacetimes, as well
as Kaluza-Klein asymptotically flat spacetimes. As it turns out, the Komar mass
equals the ADM mass in stationary asymptotically flat space-times in all dimensions,
generalizing the four-dimensional result of Beig. This is not true for arbitrary space-
times in general, e.g. for those with Kaluza-Klein asymptotics. We show that the
Hamiltonian mass, the ADM mass and the Komar mass do not, in general, coincide

with each other in the non-asymptotically flat setting.
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