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1 Introduction

The total energy, momentum and similar global quantities of any physical theory play a key
role in that theory. But, the energy and mass in General Relativity (GR) have no unique
definition, compared against the Special Relativity (SR) where the mass is well-defined. It
turns out that there is no local notion of mass and energy in GR. However, we can attribute
global quantities, defined at large distances, to some space-times.The Arnowitt-Deser-Misner
(ADM) formalism [1] provides a way to calculate such quantities. There is also the notion
of Komar quantities [19], which are defined in space-times with some symmetries.

Based on the geometric Hamiltonian formalism of Kijowski, Tulczyjew and Chruściel [18],
which is discussed in section 2, we derive new expressions for the total Hamiltonian energy of
gravitating systems in higher dimensions in terms of Riemann tensor. One can also obtain
in this way the ADM and the Komar quantities for the corresponding space-times. This
analysis is independent of the asymptotic behavior of the space-times. In this context, we
derive for the first time an expression for the Komar mass in higher dimensional space-times
with various asymptotics known to us, which satisfy certain conditions.

We then apply these results to the cases of asymptotic flat (section 3), asymptotic Kaluza-
Klein (section 4) and asymptotic anti de-Sitter space-times (section 5). This analysis was
carried out carefully for the case of Rasheed’s solutions [21] by myself and Piotr T. Chruściel
together with Michael Hörzinger in a paper which is accepted for publication in Physical
Review D [6]. As it turns out, for the stationary asymptotically flat space-time the Ko-
mar mass coincides with the ADM mass in all dimensions.This provides a generalization
of the result of Beig in four-dimensional space-times [7]. Above all we show that, in gen-
eral, the Hamiltonian mass, the ADM mass and the Komar mass defer from each other in
the non-asymptotically flat setting. In line with our analysis, we derive formulae for the
mass and momentum associated with asymptotically Anti-de Sitter space-times, which have
been already obtained by Ashtekar and Das [2] earlier, with stronger conditions required in
comparison to ours.

By the courtesy of the co-authors of [6], I heavily used the parts, to which I mainly
contributed, in this thesis.

2 Preliminaries

We start with the Hamiltonian analysis of Kijowski, Tulczyjew and Chruściel [10, 13, 18].
Consider a Lagrangian field theory with the Lagrangian L(ϕA, ∂µϕ

A). The field equations
then read

∂µp
µ
A =

∂L

∂ϕA
, (2.1)

where

pµA :=
∂L

∂(∂µϕA)
(2.2)

and A labels the fields on the given space-time.
The definition of the energy is associated with the time derivative. Hence, the Lie deriva-

tive (denoted by L) along a space-time vector field X defining the evolution which we want
to describe, is a natural replacement of time derivative in field theories, since away from
zeros of X we can always find find adapted coordinates to this vector such that we have
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X = ∂0, and the corresponding Lie derivative reduces to the time derivative.
Given a spacelike hypersurface S and a vector field X, there is a natural notion of Hamil-
tonian, with respect to a suitable symplectic structure, generating the flow of X which is
given by the formula [18]:

H(X,S ) =

∫
S

Hµ(X)dΣµ , (2.3)

where

Hµ(X) = pµALXϕ
A −XµL (2.4)

and

Σµ = ∂µ (dx0 ∧ · · · ∧ dxD−1) (2.5)

is the surface element one-form of a D-dimensional space-time, with denoting the contrac-
tion.
Analogous to the classical mechanics, where the Hamiltonian is conserved (the time deriva-
tive of Hamiltonian vanishes), the divergence of Hµ(X) is zero, provided that the theory is
invariant under changes of the coordinates.1

Let us apply this formulation to the gravitational field. Let (M, g) be a D-dimensional
space-time. Then, the gravitational field is described by a metric tensor gµν , i.e., ϕ = gµν .
Moreover, we use a background metric gµν to which the metric gµν is supposed to asymptote.
Then (2.3), in vacuum, becomes

H(X,S ) =

∫
S

(
pµαβLXg

αβ −XµL
)
dΣµ , (2.6)

where

L := gµν
[(

Γασµ − Γ
α

σµ

) (
Γσαν − Γ

σ

αν

)
−
(
Γαµν − Γ

α

µν

) (
Γσασ − Γ

σ

ασ

)
+ Rµν−

2

D
Λgµν

]
− 1

16π

√
− det g gµν

(
Rµν−

2

D
Λgµν) , (2.7)

with Rµν being the Ricci tensor of the background metric gµν , Λ the cosmological constant,
D the dimension of the space-time, det g ≡ det(gµν), det g ≡ det(gµν) and

gµν :=
1

16π

√
− det g gµν , pλµν :=

∂L

∂gµν,λ
=
(

Γ
λ

µν − δλ(µΓ
κ

ν)κ

)
−
(
Γλµν − δλ(µΓκν)κ

)
. (2.8)

The last two terms in (2.7), which are independent of the metric gµν , have been added by
hand to ensure the convergence of the integral.

A further point needs to be made here is that the formalism in [18] is quite general,
independent of the asymptotic conditions and of dimension of the space-time. However,
it is not guaranteed that the integrals are convergent and the results are well-posed for
every asymptotic conditions. Thus, one has to investigate this question for different sets of
asymptotic conditions.

IfX is a Killing vector field of gµν and if the Einstein equations with cosmological constant
Λ are satisfied,

Rµν −
1

2
Rgµν + Λgµν = 8πTµν , (2.9)

1Recall that we can always find adapted coordinates in which Xµ∂µ = ∂0.
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the integrand (2.3), in this case, can be rewritten as the divergence of a “Freud-type super-
potential”, up to source and renormalization terms:

Hµ = pµαβLXg
αβ −XµL

= ∂αUµα −
√
− det g T µαX

α +
1

16π

√
− det g gαβ

(
Rαβ−

2

D
Λgαβ)Xµ, (2.10)

with

Uνλ = Uνλ
βX

β − 1

8π

√
| det g| gα[νδ

λ]
β ∇αX

β , (2.11)

Uνλ
β =

2| det g|
16π
√
| det g|

gβγ∇κ

(
e2gγ[λgν]κ

)
, (2.12)

where ∇ denotes the covariant derivative of the background metric gµν and

e2 ≡ det g

det g
. (2.13)

In vacuum this leads to the formula

H (X,S ) = Hb (X,S ) :=
1

2

∫
∂S

(
Uνλ − Uνλ

∣∣
g=g

)
dΣνλ , (2.14)

where
dΣνλ = ∂λ dΣν (2.15)

and the subscript “b” on Hb stands for “boundary” and again we have added the second
term in the integrand for convergence of the integral by hand.

3 Flat Asymptotics

Consider the initial data surfaces in a d-dimensional space-time with d = n + 1, where n
denotes the dimension of the space, containing asymptotic ends of the form

Sext := Rn \B(0, R) . (3.1)

A space-time is asymptotically flat if g has the following asymptotic conditions 2 along
Sext ≡ {x0 = 0}

gµν = ηµν + o
(
r−α
)
, ∂σgµν = o

(
r−α−1

)
, gµν = ηµν + o

(
r−α
)
, ∂σgµν = o

(
r−α−1

)
.

(3.2)
with α = (n− 2)/2 which is an optimal choice to have a well-posed definition of the energy,
and

Γ
α

βγ = o(r−α−1) , (3.3)

2Note that these conditions are weaker than

gµν − ηµν = O
(
r−α

)
, ∂ρgµν = O

(
r−α−1

)
, Tµν = O

(
r−2α−2

)
,

with α > (n− 2)/2.
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with
r :=

√
(x1)2 + . . .+ (xn)2 . (3.4)

We first assume that X is g-covariantly constant (hence, a Killing vector of the background
metric gµν). One then can check that in the coordinates of (3.2) the vector field X has to
be of the form

Xµ = Xµ
∞ + o(r−α) , ∂νX

µ
∞ = 0 . (3.5)

As Λ = 0 in the current case, convergence of the boundary integrals in vacuum will be
guaranteed if one assumes ∂ρgµν ∈ L2(Sext), i.e.,∑

µαβ

∫
S∩{r≥R}

|∂µgαβ|2dnx <∞ . (3.6)

This follows immediately from Stokes’ theorem together with (2.6)-(2.8) and (2.10), keeping
in mind that Λ = 0 = Rµν in the current context.

While we are mostly interested in vacuum solutions, the analysis below applies to non-
vacuum ones, provided that one also has

Tµν = o(r−n) and
∑
αβ

∫
S∩{r≥R}

|Tαβ|dnx <∞ . (3.7)

The last term in (2.11) drops out when ∇βXα = 0. Hence, one obtains

Uνλ = Uνλ
βX

β

= − 1

16π

(
1 + o(r−α)

) (
ηβγ + o(r−α)

)
Xβ
[ (
ηγνηλκηρσ − ηγληνκηρσ

)
gρσ,κ

+gγλ,κη
νκ − gγν,κηλκ + ηγλgνκ,κ − ηγνgλκ,κ + o

(
r−2α−1

) ]
= − 1

16π

[ (
ηλκXν − ηνκXλ

)
ηρσg

ρσ
,κ + ηνκηβγg

γλ
,κX

β − ηλκηβγgγν,κXβ

+gνκ,κX
λ − gλκ,κXν

]
+ o

(
r−2α−1

)
= − 1

16π
ηδκηβγg

γτ
,κX

ξ
(
δλδ δ

ν
ξ δ

β
τ − δλξ δνδ δβτ

+δλτ δ
ν
δ δ

β
ξ − δ

λ
δ δ

ν
τ δ

β
ξ + δλξ δ

ν
τ δ

β
δ − δ

λ
τ δ

ν
ξ δ

β
δ

)
+ o

(
r−2α−1

)
=

3

8π
ηδκηβγg

γτ
,κX

ξ δνλβτδξ + o
(
r−2α−1

)
. (3.8)

Plugging the result into (2.14) and renaming indices, in the limit r → ∞, we obtain the
following form of (2.14), which will be a key formula for further calculations

Hb (X,S ) =
3

16π
lim
R→∞

∫
S(R)

δαβγλµνX
νηλρηγσ∂ρg

σµdSαβ , (3.9)

where S(R) denotes a sphere of radius R in the Rn factor of Sext, the surface element
two-forms dSαβ is given by

dSαβ =
1

(n− 1)!
εαβξ1···ξn−1

dxξ1 ∧ · · · ∧ dxξn−1 ≡ ∂β ∂α
√

det gdx0 ∧ · · · ∧ dxn . (3.10)

and
δαβγλµν := δα[λδ

β
µδ

γ
ν] . (3.11)

4



3.1 Hamiltonian Charges and the ADM Quantities

We see from (3.5) that the Hamiltonian charge Hb (X,S ) can be written as

Hb (X,S ) =: pµX
µ
∞ , (3.12)

where the coefficients pµ are called the ADM four-momentum of S [1]. It means that in
this case Hamiltonian charges coincide with the ADM four-momentum.

If X = ∂0 we find the ADM mass formula in any dimension (n ≥ 3):

p0 := Hb (∂t,S ) =
1

16π
lim
R→∞

∫
S(R)

n∑
j=1

(∂jgij − ∂igjj)
xi

R
dnx

= mADM . (3.13)

Next, when X0 = 0, after using Stokes theorem for the following integral∫
S(R)

∂j(gj0δ
`
i − g`0δ

j
i )∂` (dx1 ∧ · · · ∧ dxn) = 0 , (3.14)

we obtain the formula for ADM momentum

pi := Hb (∂i,S ) =
1

8πR
lim
R→∞

∫
S(R)

Pijx
j dnx , (3.15)

where

Pij := g`mK`mgij −Kij , (3.16)

and Kij is the second fundamental form given by

Kij :=
1

2
LTgij =

1

2
(∂0gij − ∂ig0j − ∂jg0i) + o(r−2α−1) , (3.17)

where LT denotes the Lie derivative in the direction of the unit-timelike future directed field
T of normals to the level sets of x0.

3.2 The Ashtekar-Hansen Equation

We start with the key equation (3.9) and try to rewrite it in terms of Christoffel symbols.
To this end, we note that

ελµνρε
αβγδ = −4!δα[λδ

β
µδ

γ
ν δ

δ
ρ] ≡ −4!δαβγδλµνρ (3.18)

and consequently

ελµνκε
αβγκ = −3!δαβγλµν , (3.19)

and so on. We then have

δαβγλµν dSαβ = − 1

3!(n− 2)!
· 1

(n− 1)!
ελµνκ1···κn−2ε

αβγκ1···κn−2εαβξ1···ξn−1
dxξ1 ∧ · · · ∧ dxξn−1

=
2

3!(n− 2)!
ελµνκ1···κn−2 δ

γκ1···κn−2

αβξ1···ξn−1
dxξ1 ∧ · · · ∧ dxξn−1

=
1

3
· 1

(n− 2)!
ελµνξ1···ξn−2 dx

γ ∧ dxξ1 ∧ · · · ∧ dxξn−2 . (3.20)
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On the other hand, from ∇ρg
σµ = 0 we get

∂ρg
σµ = −Γσαρg

αµ − Γµαρg
ασ . (3.21)

Plugging (3.20) and (3.21) into (3.9), one obtains

pµX
µ
∞ =

(−1)n−1

16π(n− 2)!
lim
R→∞

∫
S(R)

ελµνξ1···ξn−2X
νgλρΓµγρ dx

ξ1 ∧ · · · ∧ dxξn−2 ∧ dxγ . (3.22)

Now, we can rewrite the integrand of (3.22) in form of the exterior derivative as follows

ελµνξ1···ξn−2X
νgλρΓµγρ dx

ξ1 ∧ · · · ∧ dxξn−2 ∧ dxγ

= d
(
ελµνξ1···ξn−2X

νxξ1gλρΓµγρ dx
ξ2 ∧ · · · ∧ dxξn−2 ∧ dxγ

)
−(−1)n−3ελµνξ1···ξn−2X

νgλρxξ1dxξ2 ∧ · · · ∧ dxξn−2 ∧
(
∂σΓµγρdx

σ ∧ dxγ
)︸ ︷︷ ︸

= 1
2
Rµρσγdxσ∧dxγ

+o(r−2α−1) , (3.23)

where we used

dελµνξ1···ξn−2 =
1

2
ελµνξ1···ξn−2g

αβdgαβ (3.24)

and
Rµ

ρσγ = ∂σΓµργ − ∂γΓµρσ + o(r−2α−2) . (3.25)

Inserting these results into (3.22) and applying Stokes’s theorem, we finally get a general-
ization of a similar formula derived by Ashtekar and Hansen in 4 dimensions [3] (compare
[11]) to n+ 1 dimensions

pµX
µ
∞ =

1

32π(n− 2)!
lim
R→∞

∫
S(R)

ενξ1···ξn−2λµX
νxξ1Rλµ

δγ dx
ξ2 ∧ · · · ∧ dxξn−2 ∧ dxδ ∧ dxγ .

(3.26)

This expression looks somehow more geometric than the familiar ADM formula. However,
we note that the coordinate functions xµ appearing in (3.26) do not transform as a vector
field under coordinate changes. Nevertheless, it turns out that (3.26) is invariant under
coordinate transformation (cf. [12]).

We can also rewrite (3.26) in a n + 1 form. For this purpose, we consider X = ∂0 and
look at the hypersurface S = {x0 = 0}. We then obtain

m := p0 =
1

32π(n− 2)!
lim
R→∞

∫
S(R)

εil1···ln−1jkx
iRjk

mn dx
l1 ∧ · · · ∧ dxln−2 ∧ dxm ∧ dxn . (3.27)

Note that Rjk
mn is the Riemann tensor of the n+ 1-dimensional metric gµνdx

µdxν . We can
replace Rjk

mn with the Riemann tensor of the n-dimensional metric gµνdx
µdxν , denoted by

Rjk
mn, by means of the Gauss-Codazzi-Mainardi equation

Rjk
mn = Rjk

mn + o(r−2α−2) , (3.28)

where we used the fact that the second fundamental form falls of as o(r−α−1). Since the
error term does not contribute in the limit, (3.27) becomes

m =
1

32π(n− 2)!
lim
R→∞

∫
S(R)

εil1···ln−1jk x
iRjk

mn dx
l1 ∧ · · · ∧ dxln−2 ∧ dxm ∧ dxn . (3.29)

6



3.3 The Komar Integral

In order to achieve an expression for the Komar integral, we rewrite (3.26) as follows. First,
from (3.10) we get

dxξ2 ∧ · · · ∧ dxξn−2 ∧ dxδ ∧ dxγ = −1

2
εξ2···ξn−2δγρσ dSρσ . (3.30)

Therefore, using the identity (A.1) from Appendix A the integrand of (3.26) becomes

−1

2
ενξ1ξ2···ξn−2λµX

νxξ1Rλµ
δγε

ξ2···ξn−2δγρσ dSρσ

=
1

2
(n− 3)!4!Xνxξ1 δδγρσλµνξ1

Rλµ
δγ dSρσ

= 2(n− 3)!Xνxξ1
(
R ρσ
νξ1

+ δρσνξ1R− 4δ
[ρ
[νR

σ]
ξ1]

)
dSρσ

= 2(n− 3)!Xνxξ1 Rνξ1ρσdS
ρσ + o (1) , (3.31)

where we used Rµν ∼ Tµν = o(r−n) and dSρσ ∼ (rn−1dn−1Ω)ρσ with dn−1Ω being the round
metric on a unit (n− 1)-sphere. Inserting (3.31) into (3.26) and renaming some indices, we
finally arrive at

pµX
µ
∞ =

1

16(n− 2)π
lim
R→∞

∫
S(R)

Xµxν RµνρσdS
ρσ . (3.32)

Now, if X is also a Killing vector field of metric g then we have the following identity

RµναβX
µ = ∇ν∇αXβ . (3.33)

Hence, the equation (3.32) can be written as

pµX
µ
∞ =

1

16(n− 2)π
lim
R→∞

∫
S(R)

X [β;α]
;γx

γdSαβ . (3.34)

In order to be able to use the Gauss’s theorem, we should have a total divergence of an
antisymmetric tensor in integrand. Thus, the integrand of (3.34) can be rewritten as a total
divergence as follows (for future purposes, we do the calculation in d space-time dimensions,
i.e., δµµ = d)(
X [α;βxγ]

)
;γ

= X [α;β
;γx

γ] +X [α;βxγ]
;γ

=
1

3!

(
Xα;β

;γx
γ +Xβ;γ

;γx
α +Xγ;α

;γx
β −Xβ;α

;γx
γ −Xα;γ

;γx
β −Xγ;β

;γx
α

+Xα;β xγ;γ︸︷︷︸
=d

+Xβ;γ xα;γ︸︷︷︸
=δαγ

+Xγ;α xβ;γ︸︷︷︸
=δβγ

−Xβ;α xγ;γ︸︷︷︸
=d

−Xα;γ xβ;γ︸︷︷︸
=δβγ

−Xγ;β xα;γ︸︷︷︸
=δαγ

)

=
1

3!

(
2X [α;β]

;γx
γ + 2X [β;γ]

;γx
α + 2X [γ;α]

;γx
β + 2(d− 2)X [α;β]

)
. (3.35)

Using again the identity (3.33) for the second and third therm in the last line of (3.35), on
gets (

X [α;βxγ]
)

;γ
=

1

3

(
X [α;β]

;γx
γ + 2R [α

µ xβ]Xµ + (d− 2)X [α;β]
)

=
1

3

(
X [α;β]

;γx
γ + (d− 2)X [α;β] + o

(
r−2α−1

))
, (3.36)
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or equivalently

X [β;α]
;γx

γ = (d− 2)X [α;β] − 3
(
X [α;βxγ]

)
;γ

+ o
(
r−2α−1

)
. (3.37)

In the current context we have d = n + 1. Inserting these results into (3.34) and applying
the Gauss’s theorem, we obtain our final expression

pµX
µ
∞ =

n− 1

16(n− 2)π
lim
R→∞

∫
S(R)

X [α;β]dSαβ . (3.38)

This is the Komar integral in (n+ 1)-dimensional space-time (n ≥ 3). However, one should
note that this expression represents the Komar integral only if the vector field X satisfies
(3.5). For instance, if X = ∂0 then (3.38) is the Komar mass in (n + 1)-dimensional space-
time, but, (3.38) cannot represents the Komar angular momentum for X = ∂ϕ.

Moreover, we showed that in the case of stationary asymptotically flat space-times, i.e.,
for the Killing vector field X = ∂0, the Komar mass coincides with the ADM mass in all
dimensions (x ≥ 3). This generalizes the result of Beig in four-dimensional space-times [7].

As we have seen, in the simplest case, namely in the case of asymptotic flat space-times,
all three notions of energy, the Hamiltonian charge, ADM mass and Komar mass, coincide
with each other.

4 Kaluza-Klein Asymptotics

In this section, we are going to generalize the results of section 3 to the asymptotically
Kaluza-Klein (KK) space-times which are defined as follows: We say that a metric g is KK-
asymptotically flat if along hypersurfaces Sext ≡ {x0 = 0} which are initial data surfaces in
an D-dimensional space-time, with D = d+K, containing asymptotic ends of the form

Sext := (Rn \B(0, R))× S1 × · · · × S1︸ ︷︷ ︸
K factors

=: (Rn \B(0, R))× TK (4.1)

the metric g has the following asymptotic form

g = ηabdx
adxb + δABdx

AdxB︸ ︷︷ ︸
=:ηµνdxµdxν

+o(r−α) , ∂µgνρ = o(r−α−1) , (4.2)

where S1 is the unit circle, TK is a K-torus and Greek indices run from 0 to n + K, upper
case Latin indices from the beginning of alphabet run from n+ 1 to n+K, lower case Latin
indices from the beginning of alphabet running from 0 to n, and lower case Latin indices
from the middle of alphabet running from 1 to n, and finally upper case Latin indices from
the middle of alphabet run from 1 to n+K. That is,

α, β, γ, . . . ∈ {0, . . . , n+K} ,
a, b, c, . . . , h ∈ {0, . . . , n} ,
i, j, k, . . . ∈ {1, . . . , n} ,

A,B,C, . . . , H ∈ {n+ 1, . . . , n+K} ,
I, J,K, . . . , ∈ {1, . . . , n+K} (4.3)
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or equivalently
(xµ) ≡ (x0, xi, xA) ≡ (xa, xA) ≡ (x0, xI) . (4.4)

As in section 3, d is the physical space-time dimension, n is the physical space-dimension
and K denotes the number of Kaluza-Klein directions. We also use the same definitions for
r and α from section 3. In the KK case (3.2)-(3.3) remains valid with the above definition
of ηµν and (3.6)-(3.7) generalize to∑

µαβ

∫
S∩{r≥R}

|∂µgαβ|2dn+Kx <∞ (4.5)

and ∑
αβ

∫
S∩{r≥R}

|Tαβ|dn+Kx <∞ , (4.6)

where Tµν = o(r−n). Also in this case we assume that X is g-covariantly constant and
therefore (3.5) holds. Obviously, we could assume that ∇X falls off fast enough so that it
does not contribute to the integrals in the limit.

4.1 Hamiltonian Charges

Under the conditions mentioned above, the calculations of (3.8) remains also in the KK case
true and we arrive at the same key equation (3.9)

Hb (X,S ) =
3

16π
lim
R→∞

∫
S(R)

δαβγλµνX
νηλρηγσ∂ρg

σµdSαβ , (4.7)

where

dSαβ =
1

(n+K − 1)!
εαβξ1···ξn+K−1

dxξ1 ∧ · · · ∧ dxξn+K−1 . (4.8)

Again we have because of (3.5) we have

Hb (X,S ) =: pµX
µ
∞ , (4.9)

with the difference that in this case pµ does not necessarily coincide with the ADM four-
momentum of S . Obviously, if K = 0 then pµ will represent the ADM four-momentum.

If X = ∂0 we find the generalized form of (3.13)

p0 := Hb (∂t,S ) =
1

16π
lim
R→∞

∫
S(R)

∫
TK

n+K∑
I=1

(∂IgiI − ∂igII)
xi

R
dn+K−1µ

= |TK | p0,ADM +
1

16π
lim
R→∞

∫
S(R)

∫
TK

n+K∑
A=n+1

(∂AgiA − ∂igAA)
xi

R
dn+K−1µ , (4.10)

where dn+K−1µ is the measure induced on S(R) × TK by the flat metric, |TK | denotes the
volume of TK , and p0,ADM is the usual ADM mass of the physical-space metric gijdx

idxj.
This shows that the ADM mass does not coincide with the Hamiltonian generating time
translations in general.

Again, if X0 = 0, using the generalized form of (3.14)∫
S(R)×TK

∂J(gJ0δ
L
I − gL0δ

J
I )∂L (dx1 ∧ · · · ∧ dxK+n) = 0 , (4.11)
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one obtains the formula

pI := Hb (∂I ,S ) =
1

8πR
lim
R→∞

∫
S(R)

∫
TK
PIix

i dn+K−1µ . (4.12)

Here PIJ is the generalized form of (3.16)

PIJ := gLMKLMgIJ −KIJ , (4.13)

where

KIJ :=
1

2
LTgIJ =

1

2
(∂0gIJ − ∂Ig0J − ∂Jg0I) + o(r−2α−1) . (4.14)

As an example, we compute the above integrals for the Rasheed metrics, described in
Appendix C, with P = 0:

p0 = 2πM , pi = 0 , p4 = 2πQ . (4.15)

Equation (4.15) includes a 2π factor arising from a normalization in which the Kaluza-Klein
coordinate x4 in the Rasheed solutions runs over a circle of length 2π.

This should be compared with the ADM four-momentum pµ,ADM of the n-dimensional
space metric gijdx

idxj, which reads

p0,ADM = M − Σ√
3
, pi,ADM = 0 . (4.16)

4.2 Towards the Komar Integral

In order to achieve the Komar integral in KK case we should repeat the calculations of section
3.2. It turns out that we cannot easily generalize all results in that section. There are some
subtleties that should be taken into account. For example, the coordinate functions xA are
periodic and therefore are not defined uniquely. Hence, these functions are not allowed to
appear in our calculations, whereas expressions such as dxA are well-defined.

Before we proceed, let us introduce some notations which should be kept in mind through-
out this work:

• We will use the following symbols to denote the Riemann tensor

1. Rα
βγδ of the (d+K)-dimensional metric gµνdx

µdxν ,

2. Ra
bcd of the d-dimensional metric gabdx

adxb,

3. RIJKL of the (n+K)-dimensional metric gIJdx
IdxJ , and

4. Ri
jk` of the n-dimensional metric gijdx

idxj.

• We will write “n.c.” for the sum of those terms which do not contribute to the integral
either because of the integration domain, or by Stokes theorem, or by passage to the
limit.

We note that in the case of K = 0 there are no differences between gabdx
adxb and gµνdx

µdxν

and consequently Rα
βγδ and Ra

bcd.
We again start with the equation (4.7). One can readily generalize (3.20) to the KK case

δαβγλµν dSαβ =
1

3
· 1

(n+K − 2)!
ελµνξ1···ξn+K−2

dxγ ∧ dxξ1 ∧ · · · ∧ dxξn+K−2 . (4.17)
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Plugging (4.17) into (4.7) provides the generalized form of (3.22)

pµX
µ
∞ =

(−1)n+K−1

16π(n+K − 2)!
lim
R→∞

∫
S(R)×Tn

ελµνξ1···ξn+K−2
XνgλρΓµγρ dx

ξ1 ∧ · · · ∧ dxξn+K−2 ∧ dxγ .

(4.18)
In this case we will be integrating the integrand of (4.18) over

Sn−1 × TK = Sd−2 × TK .

So only those forms in the sum which contain a dxd ∧ · · · ∧ dxd+K−1 factor will survive
integration. Hence, we can manipulate the integrand of (4.18) as follows

ελµνξ1...ξd+K−3
XνgλρΓµγρ dx

ξ1 ∧ · · · ∧ dxξd+K−3 ∧ dxγ

=
(d+K − 3)!

(d− 3)!N !
εbcfa1...ad−3A1...AKX

fgbeΓcae dx
a1 ∧ · · · ∧ dxAK ∧ dxa

+
(d+K − 3)!

(d− 2)!(N − 1)!
ελµνa1...ad−2A1...AK−1

XνgλρΓµAρ dx
a1 ∧ · · · ∧ dxAK−1 ∧ dxA

=
(d+K − 3)!

(d− 3)!N !
d(εbcfa1...ad−3A1...AKX

fηbeΓcae x
a1dxa2 ∧ · · · ∧ dxAK ∧ dxa)

−(d+K − 3)!

(d− 3)!N !
εbcfa1...ad−3A1...AKX

fηbexa1dΓcae ∧ · · · ∧ dxAK ∧ dxa

+
(d+K − 3)!

(d− 2)!(N − 1)!
d(ελµνa1...ad−2A1...AK−1

XνηλρΓµAρ x
a1dxa2 ∧ · · · ∧ dxAK−1 ∧ dxA)

− (d+K − 3)!

(d− 2)!(N − 1)!
ελµνa1...ad−2A1...AK−1

Xνηλρxa1dΓµAρ ∧ · · · ∧ dx
AK−1 ∧ dxA + n.c.

=
(d+K − 3)!

2(d− 3)!N !
εbcfa1...ad−3A1...AKX

fxa1Rbc
ad−1ad−2

dxad−1 ∧ dxa2 ∧ · · · ∧ dxAK ∧ dxad−2

+
(d+K − 3)!

(d− 2)!(N − 1)!
ελµνa1...ad−2A1...AK−1

Xνxa1Rλµ
ad−1A

dxad−1 ∧ dxa2 ∧ · · · ∧ dxAK−1 ∧ dxA

+n.c. (4.19)

Using

ελµνa1...ad−2A1...AK−1
dxad−1 ∧ dxa2 ∧ · · · ∧ dxAK−1 ∧ dxA

= 3(N − 1)!(−1)d+K−1δAabλµνεaba1...ad−2
dxad−1 ∧ dxa2 ∧ · · · ∧ dxad−2 ∧ dxd+1 ∧ · · · ∧ dxd+K ,

after some reordering of indices one obtains

pµX
µ
∞ =

(−1)n

32π(n− 1)!
lim
R→∞

∫
S(R)

∫
TK
xa1
[
(n− 1)εa1a2···an−2abcX

aRbc
an−1an

− εa1a2···an−1ab

(
4XaRbA

anA + 2XARab
anA

)︸ ︷︷ ︸
(∗)

]
dxa2 ∧ · · · ∧ dxan ∧ dxd+1 ∧ · · · ∧ dxd+K .

(4.20)

From

dxa2 ∧ · · · ∧ dxan ∧ dxd+1 ∧ · · · ∧ dxd+K = −1

2
εa2···anefdSef (4.21)
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and

Rad
bd = Ra

b −RaA
bA

we get for the first term of the Hamiltonian integral

εa1a2···an−2abc x
a1XaRbc

an−1an
dxa2 ∧ · · · ∧ dxan ∧ dxd+1 ∧ · · · ∧ dxd+K

= −1

2
εa1a2···an−2abc ε

a2···anefxa1XaRbc
an−1an

dSef

=
1

2
(−1)n−1(n− 3)! 4! δ

an−1anef
a1 a b c

xa1XaRbc
an−1an

dSef

= 2(−1)n−1(n− 3)!xa1Xa
(
Ref

a1a
+ δefa1aR

bc
bc − 4δ

[e
[a1
R
f ]c
a]c

)
dSef

= 2(−1)n−1(n− 3)!xa1Xa
[
Ref

a1a
+ δefa1a

(
Rc

c −RcA
cA

)
− 4

(
δ

[e
[a1
R
f ]
a] − δ

[e
[a1
R
f ]A

a]A

)]
dSef ,

(4.22)

where we used (A.1) in the fourth line.
Now, recall that finiteness of the total energy of matter fields together with the domi-

nant energy condition implies (3.7). This, together with the Einstein equations, takes for
granted that the Ricci-tensor contribution to the integrals will vanish in the limit R → ∞.
Nevertheless, we will keep the Ricci tensor terms for future reference.

Using

−1

2
εa1a2···an−1ab ε

a2···anefdSef = 3(−1)n(n− 2)! δanefa1ab
dSef ,

the terms involving (∗) in (4.20) can be manipulated as

6(−1)n(n− 2)! δanefa1ab
xa1
(
2XaRbA

anA +XARab
anA

)
dSef

= 2(−1)n(n− 2)!xa1
(
δanea1a

δfb + δefa1aδ
an
b + δfana1a

δeb

) (
2XaRbA

anA +XARab
anA

)
dSef

= 2(−1)n(n− 2)!
[
2
(
x[anXe]RfA

anA
+ x[eXf ]RanA

anA
+ x[fXan]ReA

anA

)
+XA

(
x[anR

e]f
anA

+ x[eR
f ]an

anA
+ x[fR

an]e
anA

) ]
dSef .

Renaming the indices, rearranging terms, and plugging the results into the integral one gets
the following final expression

pµX
µ
∞ =

1

32π(n− 2)
×

lim
R→∞

∫
S(R)

∫
TK

{
− 2xbXa

[
Ref

ba + δefba
(
Rc

c −RcA
cA

)
− 4

(
δ

[e
[bR

f ]
a] − δ

[e
[bR

f ]A
a]A

)]
−2

n− 2

n− 1

[
2
(

2x[bXe]RfA
bA + xeXfRbA

bA

)
+ 3XAxeRfb

bA

]}
dSef

=
1

16(n− 2)π
lim
R→∞

∫
S(R)

∫
TK

(
XaxbR ef

ab + 4x[eXa]Rf
a − xeXfRc

c

− 1

n− 1

[
(n− 3)xeXfRbA

bA + 4x[eXa]RfA
aA + 3(n− 2)XAxeRfb

bA

])
dSef . (4.23)

Some special cases are of interest:
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1. Suppose that Xµ = δµ0 , thus X has just time component. At x0 = 0 we have

p0 =
1

8(n− 2)π
lim
R→∞

∫
S(R)

∫
TK

[
xjR 0i

0j +
1

2
xi
(
Rj

j −R0
0

)
− xjRi

j

− 1

n− 1

(
1

2
xiR0A

0A − xjRiA
jA

)]
dS0i . (4.24)

where the terms involving the Ricci tensor give a vanishing contribution because of
(3.7); similarly for (4.25) below.

2. Suppose that XA = 0, thus X has only space-time components. Then

paX
a
∞ =

1

16(n− 2)π
lim
R→∞

∫
S(R)

∫
TK

(
XaxbR ef

ab + 4x[eXa]Rf
a − xeXfRc

c

− 1

n− 1

[
(n− 3)xeXfRbA

bA + 4x[eXa]RfA
aA

])
dSef . (4.25)

We will see below that the first term in the right-hand side is related to the Komar
integral. It is not clear whether or not the remaining terms vanish in general. However,
when X0 = 0, at x0 = 0 the third term in the integrand gives a vanishing contribution,
so that the generators of space-translations read

piX
i
∞ =

1

8(n− 2)π
lim
R→∞

∫
S(R)

∫
TK

[
X ixkR 0j

ik + 2x[iXj]

(
2

n− 1
R0A

iA + R0
i

)]
dS0j .

(4.26)

We also note that when K = 1 the contribution of the fourth term in the integrand in
(4.25) always vanishes because, denoting the Kaluza-Klein coordinate by x4, we have

RbA
bA = Rb4

b4 = Rµ4
µ4 = R4

4 = o(r−n) ,

which gives a zero contribution in the limit.

3. Suppose instead that Xa = 0, thus X has only components tangential to the Kaluza-
Klein fibers. Then, again at x0 = 0,

pAX
A
∞ =

3

16(n− 1)π
lim
R→∞

∫
S(R)

∫
TK
XAxeR fb

Ab dSef

=
3

16(n− 1)π
lim
R→∞

∫
S(R)

∫
TK
XAxiR 0B

AB dS0i , (4.27)

where the decay o(r−n) of the Ricci tensor of the (n+K + 1)-dimensional metric has
been used.

If Xµ is also a Killing vector field of g, we can rewrite (4.23) using the identity (3.33).
Indeed, the first integral of (4.23) can be manipulated as (keeping in mind that dS0A and
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dSAB do not contribute)

lim
R→∞

∫
S(R)

∫
TN
XaxbRabefdS

ef

= lim
R→∞

∫
S(R)

∫
TN

(
X

[f ;e]
;bx

b −XAxbR ef
Ab

)
dSef

= lim
R→∞

∫
S(R)

∫
TN

{
(n− 1)X [e;f ] − 3

(
X [e;fxb]

)
;b

+ 2R
b[f

µb xe]Xµ −XAxbR ef
Ab

}
dSef

= lim
R→∞

[
(n− 1)

∫
S(R)

∫
TN
Xα;βdSαβ +

∫
S(R)

∫
TN

(
2XµxeRfb

bµ −X
AxbR ef

Ab

)
dSef

]
,

(4.28)

where we used the identity (3.37) in the third line. Hence, we have

pµX
µ
∞ =

1

16(n− 2)π
lim
R→∞

{
(n− 1)

∫
S(R)

∫
TN
Xα;βdSαβ

+

∫
S(R)

∫
TN

(
2XµxeRfb

bµ −X
AxbR ef

Ab −
1

n− 1

[
(n− 3)xeXfRbA

bA

+4x[eXa]RfA
aA + 3(n− 2)XAxeRfb

bA

])
dSef

}
. (4.29)

The first integrand is the Komar integrand. In asymptotically flat case, K = 0, (4.29) reduces
to (3.38). Thus, it appears that, in general, the Komar-type integral does not coincide with
the Hamiltonian generators. This is really the case, as can be seen for the Rasheed solutions.
Using (C.12) one readily finds for X = ∂t, keeping in mind that n = 3:

1

8π
lim
R→∞

∫
S(R)

∫
TN
Xα;βdSαβ = 2π

(
M +

Σ√
3

)
, (4.30)

which does not coincide with p0 (cf. ). On the other hand, for X = ∂4 we obtain

1

8π
lim
R→∞

∫
S(R)

∫
TN
Xα;βdSαβ = 2πQ , (4.31)

which is twice the Hamiltonian charge p4.
The equation (4.29) represents also an alternative expression for energy in terms of Rie-

mann tensor.

5 General Asymptotics

In this section we will generalize the results of previous sections to a more general class of
space-times which are not asymptotically flat. The motivation of doing this was a special
case of Rasheed solutions which are not KK asymptotically flat, see Appendix C.

Consider an asymptotic region Sext ⊂ S diffeomorphic to

Sext ≈ E(R0) , where E(R) :=
(
Rn \B(R)

)
× KN , (5.1)
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with some K-dimensional compact manifold KN , for some R0 ≥ 0. We therefore have an
associated global coordinate system xi on Rn \ B(R0). We also will use the dilation vector
field Z = xi∂i ≡ r∂r which will play a key role in some calculation below.

Somewhat more generally, in order to be able to include general “Birmingham-Kottler-
Schwarzschild anti-de Sitter” metrics, we will consider ends E(R) equipped with a radial
function r so that

Sext ≈ E(R0) , with E(R) := {r ≥ R} ≡ [R,∞)×K , (5.2)

where K is a compact manifold. Here r is a coordinate running along the [R0,∞) factor of
Sext, and the dilation vector Z is defined as Z := r∂r.

For the usual (n + 1)-dimensional Schwarzschild-anti-de Sitter metric the manifold K
will be an (n−1)-dimensional sphere, but it can be an arbitrary compact manifold admitting
Einstein metrics in the case of metrics (B.1) in Appendix B.1.

Along Sext we are given two Lorentzian metrics g and g, with g asymptotic to the back-
ground g in a sense which we make precise now. Denoting by ∇ the Levi-Civita connection
associated with g, we assume the existence of a g-orthonormal frame {eµ̂} defined along Sext

such that, decorating frame-indices with hats,

gµ̂ν̂ := g(eµ̂, eν̂) = gµ̂ν̂ + o
(
r−α
)
, ∇λ̂gµ̂ν̂ = o

(
r−β
)
. (5.3)

It seems that the specific values of α and β as needed for our mass formulae can only be
chosen after a case-by-case study of the background metric g; compare (5.7)-(5.8) below.

In what follows we will use the following convention: given two tensor fields u and v, we
will write

u = v + o(r−α) (5.4)

if the frame components of u−v, within the class of g-ON frames chosen, decay as o(r−α). If
e0̂ is orthogonal to Sext (which will often be assumed) then, if we denote by gS := gIJdx

IdxJ

the Riemannian metric induced by g on Sext, and by | · |gS
the associated norm, we have

e.g.
uµν = o(r−α) ⇐⇒ |u0̂0̂|+ |u0̂Idx

I |gS
+ |uIJdxIdxJ |gS

= o(r−α) .

We first assume that X is g-covariantly constant and therefore the second term of (2.11)
vanishes and for the first term we have the same expression as in the KK-asymptotically flat
case, with the difference that instead of ηµν we have gµν and instead of partial derivatives
we have covariant derivatives of the background metric, i.e.,

Uνλ = Uνλ
ξX

ξ

=

(
3

8π
δνλστδξ g

δκgσγX
ξ∇κg

γτ + o
(
|X|r−α−β

))√
| det g| , (5.5)

where
|X|2 :=

∑
µ

(X µ̂)2 . (5.6)

In order to control the error terms appearing in (5.5) we will assume that

α and β are such that the subleading terms o
(
|X|r−α−β

)
in (5.5) give

vanishing contribution to the boundary integrals after passing to the limit. (5.7)

This will e.g. be the case for all Rasheed metrics when α = (n − 2)/2, β = α + 1, with
X asymptotic to ∂µ in coordinates as in (C.12).
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Similarly (5.7) will be satisfied for asymptotically anti-de Sitter metrics with

α = β = n/2 , (5.8)

where r is the area coordinate for the anti-de Sitter metric. Note that in this case we have
|X| = O(r).

Now, instead of (3.9) one gets in view of the conditions mentioned above

Hb (X,S ) =
3

16π
lim
R→∞

∫
∂E(R)

δαβγλµνX
νgλρgγσ∇ρg

σµdSαβ . (5.9)

We can now compute the Hamiltonian charges for this general case. We have

3

16π
δαβγλµνX

νgλρgγσ∇ρg
σµdSαβ

=
1

16π

(
δαβλµδ

γ
ν + δαβµν δ

γ
λ + δαβνλ δ

γ
µ

)
Xνgλρgγσ∇ρg

σµdSαβ

=
1

16π

(
Xγgλρgγσ∇ρg

σµdSλµ +Xν∇σg
σµdSµν +Xνgλρgγσ∇ρg

σγdSνλ
)
. (5.10)

Now, in order to simplify the calculations, we use an g-orthonormal frame {eµ̂} with e0̂

orthogonal to S and eÂ tangent to ∂E(R). Then, only the forms dS0̂̂i give a non-vanishing
contribution to the boundary integral.

If X = ∂0, and assuming that

∂0 = X 0̂e0̂ (5.11)

one finds, using frame indices throughout the calculation,

3

16π
δαβγλµνX

νgλρgγσ∇ρg
σµdSαβ =

3

8π
X 0̂δ0̂k̂Ĵ

λ̂µ̂0̂
gλ̂ρ̂gĴ ν̂∇ρ̂g

ν̂µ̂dS0̂k̂

=
1

16π
X 0̂
[
∇k̂
(
gĴL̂g

ĴL̂
)
−∇Ĵg

Ĵ k̂
]
dσk̂ + n.c. , (5.12)

where

dσî := dS0̂̂i ≡ eîce0̂c(
√
| det g|dx0 ∧ · · · ∧ dxn+K)= eîc(

√
| det gIJ |dx1 ∧ · · · ∧ dxn+K) + n.c.

(5.13)
Hence, we obtain the following generalization of the ADM mass:

p0 = Hb (∂t,S ) =
1

16π
lim
R→∞

∫
∂E(R)

X 0̂
[
∇i
(
gJKg

JK
)
−∇Jg

Ji
]
dσi . (5.14)

Existence of the limit in (5.14) will be guaranteed if, instead of (4.5)-(4.6), one assumes now,
e.g., ∫

S∩{r≥R}
|X|
(∑
µ̂α̂β̂

|∇µ̂gα̂β̂|
2 +

∑
α̂β̂

|Tα̂β̂|+ |Λ||g
µν(gµν − gµν)|

)
dµgS

<∞ , (5.15)

where dµgS
is the (n+K)-dimensional Riemannian measure induced on S by g. A condition

on the metric and the energy-momentum tensor of matter fields naturally associated with
(5.15) is

lim
R→∞

|X||∂E(R)|Tµ̂ν̂ = 0 , lim
R→∞

|X||∂E(R)||Λ||gµν(gµν − gµν)| = 0 , (5.16)

where |∂E(R)| denotes the area of ∂E(R); compare (4.6).
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As an example, we consider the Rasheed metrics of Appendix C with P 6= 0, which
are vacuum. The g-Killing vector X = ∂t is g-covariantly constant so that (5.14) applies.
The asymptotic behaviour of the metric coefficients in the frame (C.18) coincides with the
asymptotic behaviour of the metric coefficients in manifestly asymptotically Minkowskian
coordinates when P = 0, and is given by (C.12). One obtains

p0 = 4πPM , (5.17)

where the extra factor 4P , as compared to (4.15), is due to the 8Pπ-periodicity of the
coordinate x4 (cf. (C.16)), as enforced by the requirement of smoothness of the metric. Note
that the formulae (5.17) for the ADM four-momentum remain unchanged.

We now generalize our results to the case where X is not g-covariantly constant. Thus,
the second term of (2.11) does not vanish. Disregarding those terms which do not involve
the forms dΣ0i, we obtain, keeping in mind that X is a Killing vector field of g,

1

2
(Uαβ − Uαβ

∣∣
g=g

)dΣαβ =
1

2

(
Uαβ

λX
λ − 1

8π

√
| det g|gµ[αδβ]

ν ∇µX
ν − Uαβ

∣∣
g=g

)
dΣαβ

=
3

16π
δαβγλµνX

νgλρgγσ∇ρg
σµdSαβ −

1

16π

(√
| det g|gµ[α −

√
| det g|gµ[α

)
∇µX

β]dΣαβ + n.c.

=
1

8π

(
3δ0iγ
λµνX

νgλρgγσ∇ρg
σµ −

(
gµ[0 − e−1gµ[0

)
∇µX

i]

)
Ndσi + n.c.

Here we have used dS0i = Ndσi, where N is the lapse function of the foliation by the level
sets of t, defined by writing the metric as g = −N2dt2 + gIJ(dxI +N Idt)(dxJ +NJdt). We
conclude that

Hb (X,S ) =
1

8π
lim
R→∞

∫
∂E(R)

(
3δ0iγ
λµνX

νgλρgγσ∇ρg
σµ −

(
gµ[0 − e−1gµ[0

)
∇µX

i]
)
Ndσi . (5.18)

We can apply the last formula to the background Killing vectors ∂i and ∂4 for Rasheed
metrics with P 6= 0. A calculation gives

pi = 0 , p4 = 4πPQ . (5.19)

Here one can note that ∂z is g-covariantly constant so that the last term in (5.18) does
certainly not contribute; while px = py = 0 follows from the axi-symmetry of the Rasheed
metrics. (In fact ∇X = O(r−2) or better for these Killing vectors so that the last term never
contributes in the current case.)

Equation (5.18) applies for completely general background metrics g, assuming that (5.15)
and (5.7) hold, for a large class of field equations. In particular, it applies to asymptotically
Kottler (“anti-de Sitter”) metrics, compare [14, 15, 16, 22].
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5.1 Hamiltonian Charges

Assuming that X is a g-Killing vector field, (5.9) becomes for general background metrics

Hb (X,S ) =
(−1)n+K−1

16π(n+K − 2)!
lim
R→∞

∫
∂E(R)

ελµνξ1···ξn+K−2
XνgλρδΓµγρ dx

ξ1∧· · ·∧dxξn+K−2∧dxγ ,

(5.20)
where

δΓαβγ := Γαβγ − Γ
α

βγ = o(r−β) , (5.21)

with the last equality following from (5.3).

In order to obtain a version of (3.23) suitable to the current setting we will assume that
there exists a vector field Z with ZA = 0 and a real number γ > 0 such that

∇aZ
b = δba +O(r−γ) mod (δrµ, δ

t
µ) , (5.22)

where we used “mod (δrµ, δ
t
µ)” for a tensor which has the form δrµα̊... + δtµβ̊... for some tensor

fields α̊, and β̊ . In other words, if X is a vector field tangent to the submanifolds of constant
t, r, and if “uµ... = 0 mod (δrµ, δ

t
µ)”, then Xµuµ... = 0.

As shown in Appendix B, the vector field defined in appropriate coordinates as

Z = r∂r (5.23)

satisfies a) (5.22) for asymptotically anti-de Sitter metrics, and b) for general Rasheed met-
rics, in both cases without the error term O(r−γ); equivalently, the exponent γ can be taken
as large as desired. We have introduced the O(r−γ) term for possible future generalizations.

We further assume that

∇µX
ν = O(|X|r−β) mod (δrµ, δ

t
µ) , (5.24)

which will certainly be the case if X is g-covariantly constant. And finally, we replace (5.7)
by the requirement that

terms o
(
|X|r−α−β

)
, o
(
|Z||X|r−2β

)
and o

(
|X|r−β−γ

)
give vanishing contribution

to boundary integrals at fixed r and t, after passing to the limit r →∞. (5.25)

We note that under the condition (5.25) one gets (5.20) from (5.9) for a vector field X which
is not g-covariantly constant if it satisfies (5.24).

We study two different cases in details.

5.1.1 Λ 6= 0 and K = 0

In the first case we assume that Λ 6= 0 and K = 0. We first derive an identity which will be
integrated on submanifolds of fixed r and t, so that any forms containing a factor dr or dt
will give zero contribution.
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d
(
ελµνξ1···ξn−2X

νZξ1gλρδΓµγρ dx
ξ2 ∧ · · · ∧ dxξn−2 ∧ dxγ

)
= ∇σ

(√
| det g|̊ελµνξ1···ξn−2X

νZξ1gλρδΓµγρ

)
dxσ ∧ dxξ2 ∧ · · · ∧ dxξn−2 ∧ dxγ

= Zξ1ελµνξ1···ξn−2g
λρδΓµγρ∇σX

νdxσ︸ ︷︷ ︸
n.c.

∧dxξ2 ∧ · · · ∧ dxξn−2 ∧ dxγ

+ελµνξ1···ξn−2X
νgλρδΓµγρ∇σZ

ξ1 dxσ︸ ︷︷ ︸
dxξ1+n.c.

∧dxξ2 ∧ · · · ∧ dxξn−2 ∧ dxγ

+(−1)n−3ελµνξ1···ξn−2X
νgλρZξ1dxξ2 ∧ · · · ∧ dxξn−2 ∧

(
∇σδΓ

µ
γρdx

σ ∧ dxγ
)︸ ︷︷ ︸

=
(

1
2
δRµρσγ+o(r−2β)

)
dxσ∧dxγ

+n.c.

= ελµνξ1···ξn−2X
νgλρδΓµγρ dx

ξ1 ∧ · · · ∧ dxξn−2 ∧ dxγ

+(−1)n−3 1

2
ελµνξ1···ξn−2X

νgλρδRµ
ρσγ Z

ξ1dxξ2 ∧ · · · ∧ dxξn−2 ∧ dxσ ∧ dxγ + n.c. (5.26)

This identity replaces (3.23) in the current setting. One can now repeat the remaining
calculations of section 4 by replacing every occurrence of the Christoffel symbols by the
difference of those of g and g, every appearance of the Riemann tensor by the difference of
the Riemann tensors of g and g, and every occurrence of an undifferentiated xα by Zα. Some
care must be taken when generalizing (4.23) when passing from the background Riemann
tensor to the background Ricci tensor because in (4.23) all indices are lowered and raised
with g. Thus, (A.1) is replaced now by

3!δσγαβλµνξ

(
Rµ

ρσγ −Rµ
ρσγ

)
gλρ =

(
Rαβ

ξν −R
[α
ρξνg

β]ρ
)

+
(
R −Rρλg

ρλ
)
δαβξν

−4δ
[α
[ξR

β]
ν] + 2δ

[α
[ξ g

β]ρRν]ρ − 2R
[α
ρλ[ξδ

β]
ν]g

ρλ . (5.27)

The simplest situation is obtained when K = 0 so that KN is reduced to a point, and
(5.18) becomes

Hb (X,S ) =
1

8(n− 2)π
lim
R→∞

∫
S(R)

{
XνZξ

(
R0i

νξ −R
[0
ρνξg

i]ρ
)

+X [0Zi]
(
R −Rρλg

ρλ
)

+ 2XνZ [0Ri]
ν − 2ZνX [0Ri]

ν + (ZνX [0gi]ρ −XνZ [0gi]ρ)Rνρ

−X [νZi]R0
ρλνg

ρλ +X [νZ0]Ri
ρλνg

ρλ − (n− 2)
(
gµ[0−e−1gµ[0

)
∇µX

i]
)}
Ndσi . (5.28)

We want to analyze (5.28) for metrics g which asymptote a maximally symmetric back-
ground g with Λ 6= 0. This case requires separate attention as then the background curvature
tensor does not approach zero as we recede to infinity. We note that the calculations in this
section are formally correct independently of the sign of Λ, but to the best of our knowledge
they are only relevant in the case Λ < 0.

It is useful to decompose the Riemann tensor into its irreducible components,

Rαβγδ = Wαβγδ +
1

d− 2
(Rαγgβδ −Rαδgβγ +Rβδgαγ −Rβγgαδ)

− R

(d− 1)(d− 2)
(gβδgαγ − gβγgαδ)

= Wαβγδ +
1

d− 2
(Pαγgβδ − Pαδgβγ + Pβδgαγ − Pβγgαδ) +

R

d(d− 1)
(gβδgαγ − gβγgαδ) ,

where Wαβγδ is the Weyl tensor and Pαβ the trace-free part of the Ricci tensor,

Pµν = Rµν −
R

d
gµν .
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This leads to the following rewriting of (5.28)

Hb (X,S ) =
1

8(n− 2)π
lim
R→∞

∫
∂E(R)

{
XνZξ

(
W 0i

νξ −W
[0
ρνξg

i]ρ +
2R

n(n+ 1)
δ

[0
[νδ

i]
ξ]

− 2R

n(n+ 1)
δ

[0
[νgξ]ρg

i]ρ

)
+X [0Zi]

(
R −Rρλg

ρλ
)

+ 2XνZ [0Ri]
ν

−2ZνX [0Ri]
ν + (ZνX [0gi]ρ −XνZ [0gi]ρ)Rνρ

− 2R

n(n+ 1)

(
X [νZi]δ0

[λgν]ρ −X [νZ0]δi[λgν]ρ

)
gρλ

−(n− 2)
(
gµ[0 − e−1gµ[0

)
∇µX

i]
}
Ndσi .

(5.29)

Assuming that the background Weyl tensor falls-off sufficiently fast so that it does not
contribute to the integrals (e.g., vanishes, when the background is a space-form such as the
anti-de Sitter metric), and that both the energy-momentum tensor of matter and e−1 decay
fast enough (cf. (5.16)), and setting

∆µν := gµν − gµν ,
we obtain

Hb (X,S ) =
1

8(n− 2)π
lim
R→∞

∫
∂E(R)

{
XνZξ

(
W 0i

νξ −
2R

n(n+ 1)
δ

[0
[νgξ]ρ∆

i]ρ

)
−X [0Zi]Rρλ∆

ρλ + (ZνX [0∆i]ρ −XνZ [0∆i]ρ)Rνρ

− 2R

n(n+ 1)

(
X [νZi]δ0

[λgν]ρ −X [νZ0]δi[λgν]ρ

)
∆ρλ − (n− 2)∆µ[0∇µX

i]
}
Ndσi . (5.30)

where we have also used the hypothesis (5.7) that terms such as |X||Z|∆µν∆ρσ and |X||Z|gµν∆µν

fall off fast enough so that they give no contribution to the integral in the limit. With some
further work one gets

Hb (X,S ) =
1

8(n− 2)π
lim
R→∞

∫
∂E(R)

{
XνZξW 0i

νξ

+(n− 2)∆µ[0

[
R

n(n+ 1)

(
XµZ

i] − ZµX i]
)
−∇µX

i]

]}
Ndσi . (5.31)

To continue, we assume the Birmingham-Kottler form (B.1)-(B.3) of the background
metric g. If X is the g-Killing vector field ∂t then, writing momentarily Xν for gνµX

ν

∇σXνdx
σ ⊗ dxν = ∇[σXν]dx

σ ⊗ dxν

= ∂[σXν]dx
σ ⊗ dxν

= ∂[σgν]0dx
σ ⊗ dxν

=
1

2
∂rg00dx

r ∧ dx0

=
1

2
∂rg00Θ

1 ∧Θ
0
. (5.32)

Using this one checks that all terms linear in ∆ in (5.31) cancel out, leading to the elegant
formulae

Hb (X,S ) =
1

8(n− 2)π
lim
R→∞

∫
∂E(R)

XνZξW 0i
νξNdσi

=
1

16(n− 2)π
lim
R→∞

∫
∂E(R)

XνZξWαβ
νξ dSαβ , (5.33)
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which, at this stage, hold for all X belonging to the (n + 1)-dimensional family of Killing
vectors of the anti-de Sitter background which are normal to {t = 0}.

If X = ∂ϕ, then we have

∇σXνdx
σ ⊗ dxν = ∇[σXν]dx

σ ⊗ dxν

=
1

2
∂σgνϕdx

σ ∧ dxν

=
1

2
∂rgϕϕdr ∧ dϕ+

1

2
∂θgϕϕdθ ∧ dϕ

=
√
V sin θΘ

1 ∧Θ
3

+ cos θΘ
2 ∧Θ

3
,

where we used the co-frame of the background metric (B.1) with the following co-basis

Θ
0

=
√
V dt , Θ

1
=

1√
V
dr , Θ

2
= rdθ , Θ

3
= r sin θdϕ . (5.34)

Hence, in this co-frame one obtains

∇1̂X3̂ =
√
V sin θ = −∇3̂X1̂ , ∇2̂X3̂ = cos θ = −∇3̂X2̂ .

Therefore, the second term of the integrand in (5.31) vanishes for r −→ ∞, since (keeping
in mind that dS0̂̂i for i 6= 1 gives zero contribution to the integrals)

R

n(n+ 1)
∆µ[0

(
XµZ

1] − ZµX1]
)
−∆µ[0∇µX

1] = −λ
2

∆µ̂0̂Xµ̂Z
1̂ − 1

2
∆µ̂0̂∇µ̂X

1̂

= −λ
2

∆3̂0̂ X3̂︸︷︷︸
=(g3̂3̂+∆3̂3̂)X 3̂

Z 1̂ − 1

2
∆3̂0̂∇3̂X1̂ =

(
−λ

2
· r

2

√
V

+
1

2

√
V

)
sin θ∆3̂0̂ r→∞−−−→ 0 .

Hence (5.33) also holds for X = ∂ϕ. Since all Killing vectors of AdS space-time can be
obtained as linear combinations of images of these two vectors by isometries preserving
{t = 0}, we conclude that (5.33) holds for all Killing vectors of the AdS metric.

It bears mentioning that (5.33) has already been observed in [5], following-up on the
pioneering definitions in [2, 4]. We note that our conditions for the equality in (5.33) are
quite weaker than those in [5].

5.1.2 Λ = 0 and K 6= 0

In the second case we assume that Λ = 0 and K 6= 0. We will impose conditions which
guarantee that all terms which are quadratic or higher in gµν − gµν give zero contribution
to the integrals in the limit R→∞. Without these assumptions the final formulae become
unreasonably long. Hence we assume (5.21)-(5.22), (5.24) and (5.25).
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In the current context, the calculation (4.19) is replaced by

ελµνξ1...ξd+K−3
XνgλρδΓµγρ dx

ξ1 ∧ · · · ∧ dxξd+K−3 ∧ dxγ

=
(d+K − 3)!

(d− 3)!N !
εbcfa1...ad−3A1...AKX

fgbeδΓcae dxa1︸︷︷︸
∇hZa1dxh+n.c.=δ

a1
h dxh+n.c.

∧ · · · ∧ dxAK ∧ dxa

+
(d+K − 3)!

(d− 2)!(N − 1)!
ελµνa1...ad−2A1...AK−1

XνgλρδΓµAρ dx
a1 ∧ · · · ∧ dxAK−1 ∧ dxA

=
(d+K − 3)!

(d− 3)!N !

[
∇h(εbcfa1...ad−3A1...AKX

fgbeδΓcae Z
a1)dxh ∧ dxa2 ∧ · · · ∧ dxAK ∧ dxa

−εbcfa1...ad−3A1...AK ∇hX
f︸ ︷︷ ︸

n.c.

gbeδΓcae Z
a1dxh ∧ dxa2 ∧ · · · ∧ dxAK ∧ dxa

−εbcfa1...ad−3A1...AKX
fgbeZa1∇hδΓ

c
ae dx

h ∧ dxa2 ∧ · · · ∧ dxAK ∧ dxa + n.c.

]

+
(d+K − 3)!

(d− 2)!(N − 1)!

[
∇h(ελµνa1...ad−2A1...AK−1

XνgλρδΓµAρ Z
a1)dxh ∧ dxa2 ∧ · · · ∧ dxAK−1 ∧ dxA

−ελµνa1...ad−2A1...AK−1
∇hX

ν︸ ︷︷ ︸
n.c.

gλρδΓµAρ Z
a1dxh ∧ dxa2 ∧ · · · ∧ dxAK−1 ∧ dxA

−ελµνa1...ad−2A1...AK−1
XνgλρZa1∇hδΓ

µ
Aρdx

h ∧ dxa2 ∧ · · · ∧ dxAK−1 ∧ dxA + n.c.

]

=
(d+K − 3)!

(d− 3)!N !
d(εbcfa1...ad−3A1...AKX

fgbeδΓcae Z
a1dxa2 ∧ · · · ∧ dxAK ∧ dxa)

(d+K − 3)!

(d− 2)!(N − 1)!
d(ελµνa1...ad−2A1...AK−1

XνgλρδΓµAρ Z
a1dxh ∧ dxa2 ∧ · · · ∧ dxAK−1 ∧ dxA)

−(d+K − 3)!

(d− 3)!N !
εbcfa1...ad−3A1...AKX

fxa1gbeδRc
ead−1ad−2

dxad−1 ∧ dxa2 ∧ · · · ∧ dxAK ∧ dxad−2

−(d+K − 3)!

2(d− 3)!N !
ελµνa1...ad−2A1...AK−1

Xνxa1gλρδRµ
ρad−1A

dxad−1 ∧ dxa2 ∧ · · · ∧ dxAK−1 ∧ dxA

+n.c.

As before, in the last equality we have used the fact that the first ∇h-terms in the first
expression in each of the square brackets can be replaced by∇µ, because each form appearing
in the first line above must already contain K-factors of the KK differentials dxA, otherwise
it will give zero contribution to the integral.

In addition to all the hypotheses so far we will also assume that the Riemann tensor
decays at a rate o(r−βR):

Rα
βγδ = o(r−βR) , Rα

βγδ = o(r−βR) , (5.35)

with βR satisfying

terms |X||Z|o(r−α−βR) give no contribution to the integral in the limit R→∞. (5.36)

All these conditions are satisfied by the five-dimensional Rasheed metrics, with α > 0 as
close to one as one wishes, β = 1 + α, βR = 3, with γ as large as desired.

In line with our previous notation, we will write Rα
βγδ −Rα

βγδ for the difference of

Riemann tensors of the (d+K)-dimensional metrics gµνdx
µdxν and gµνdx

µdxν , Ra
bcd−R

a

bcd
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for that of the d-dimensional metrics gabdx
adxb and gabdx

adxb, RIJKL − R
I

JKL for the (n+K)-

dimensional metrics gIJdx
IdxJ and gIJdx

IdxJ , andRi
jk`−R

i

jk` for that of the n-dimensional
metrics gijdx

idxj and gijdx
idxj.

With the above hypotheses, the derivation of the key formula (4.23) follows closely the
remaining calculations in section 4, and leads to

Hb (X,S ) =
1

16(n− 2)π
lim
R→∞

{∫
∂E(R)

(
XaZb(R ef

ab −R ef
ab ) + 4Z [eXa]

(
Rf

a −Rf
a

)
−ZeXf

(
Rc

c −Rc
c

)
− 1

n− 1

[
(n− 3)ZeXf (RbA

bA −RbA
bA) + 4Z [eXa](RfA

aA −RfA
aA)

+3(n− 2)XAZe(Rfb
bA −Rfb

bA)
])
dSef − (n− 2)

∫
∂E(R)

(
gµ[a − e−1gµ[a

)
∇µX

b]dSab

}
.

(5.37)

For Rasheed solutions, or more generally for solutions which asymptote to the Rasheed
backgrounds g given by (C.13) with the usual decay o(r−(n−2)/2), with Tµν = o(r−3), one has
(cf. (C.22)-(C.23)) R0

λµν = 0, Rµ̂
4̂α̂4̂ = O(r−4), Rµν = O(r−4) and we obtain, for X = ∂µ

and after passing to the limit R → ∞, an integrand which is formally identical to that for
metrics which are KK-asymptotically flat:

Hb (X,S ) =
1

16(n− 2)π
lim
R→∞

∫
S(R)×S1

XνZµRαβ
νµdSαβ

=
1

8(n− 2)π
lim
R→∞

∫
S(R)×S1

XνxjR0i
νjNdσi .

Some special cases, without necessarily assuming that g asymptotes to the Rasheed
background, are of interest:

1. Suppose that Xµ = δµ0 , thus X has just a time component. Keeping in mind that
Z0 = 0 and ∂E(R) ⊂ {x0 = 0} we have

Hb (∂0,S ) =
1

8(n− 2)π
lim
R→∞

{∫
∂E(R)

(
Zj
(
R 0i

0j −R 0i
0j

)
+

1

2
Zi
(
Rj

j −R0
0 + Rj

j −R0
0

)
− Zj

(
Ri

j −Ri
j

)
− 1

2(n− 1)

[
Zi(R0A

0A −R0A
0A)− 2Zj(RiA

jA −RiA
jA)
])
dS0i

−(n− 2)

∫
∂E(R)

(
gµ[0 − e−1gµ[0

)
∇µX

i]dS0i

}

=
1

8(n− 2)π
lim
R→∞

{∫
∂E(R)

(
1

2
Zi
(
Rj

j −Rj
j

)
− Zj

(
R Ii
Ij −R Ii

Ij

)
− 1

2(n− 1)

[
Zi(R0A

0A −R0A
0A)− 2Zj(RiA

jA −RiA
jA)
])
dS0i

−(n− 2)

∫
∂E(R)

(
gµ[0 − e−1gµ[0

)
∇µX

i]dS0i

}
. (5.38)
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2. Suppose that XA = 0, thus X has only space-time components. Then

Hb (X,S ) =
1

16(n− 2)π
lim
R→∞

{∫
∂E(R)

(
XaZb(R ef

ab −R ef
ab )

+4Z [eXa]
(
Rf

a −Rf
a

)
− ZeXf

(
Rc

c −Rc
c

)
− 1

n− 1

[
(n− 3)ZeXf (RbA

bA −RbA
bA) + 4Z [eXa](RfA

aA −RfA
aA)
])
dSef

−2(n− 2)

∫
∂E(R)

(
gµ[0 − e−1gµ[0

)
∇µX

i]dS0i

}
. (5.39)

We will see below that the first term in the right-hand side is related to the Komar
integral. It is not clear whether or not the remaining terms vanish in general. However,
when X0 = 0, at t = 0 the third and fourth terms in the integrand in (5.39) give a
vanishing contribution so that the generators of space-translations read

Hb (X,S ) =
1

8(n− 2)π
lim
R→∞

{∫
∂E(R)

(
X iZk

(
R 0j
ik −R 0j

ik

)
+Z [iXj]

[
2

n− 1

(
R0A

iA −R0A
iA

)
+ R0

i −R0
i

])
dS0j

−(n− 2)

∫
∂E(R)

(
gµ[0 − e−1gµ[0

)
∇µX

i]dS0i

}
. (5.40)

3. Suppose instead that Xa = 0, thus X has only components tangential to the Kaluza-
Klein fibers. Then, again at x0 = 0,

Hb (X,S ) = lim
R→∞

{
3

16(n− 1)π

∫
∂E(R)

XAZe(R fb
Ab −R fb

Ab )dSef

− 1

8π

∫
∂E(R)

(
gµ[0 − e−1gµ[0

)
∇µX

i]dS0i

}
. (5.41)

5.2 (n+K) + 1–decomposition

In a Cauchy-data context it is convenient to express the global charges explicitly in terms
of Cauchy data. Here one can use the Gauss-Codazzi-Mainardi embedding equations to
reexpress our space-time-Riemann-tensor integrals in terms of the Riemann tensor of the
initial-data metric and of the extrinsic curvature tensor. For this we consider Xµ = δµ0 and
x0 = 0, i.e., we consider (5.38).

We start with the case of KK asymptotically flat initial data sets. Keeping in mind
our convention that (xI) = (xi, xA), we can replace RI

JKL with the (n + K)-dimensional
Riemann tensor, which we denote by RIJKL, by means of the Gauss-Codazzi relation

RI
JKL = RIJKL + o(r−2α−2) . (5.42)

In this case (5.38) reduces to (4.24). Hence, we obtain

p0 = − 1

8(n− 2)π
lim
R→∞

∫
S(R)

∫
TN
xj
(
Rij +

1

2(n− 1)
Rkkδ

i
j +

1

n− 1
RiAjA

)
Ndσi . (5.43)
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We note that in the usual asymptotically flat case, K = 0, the last integral is not present.
Further, Rkk becomes then the Ricci scalar of the initial data metric, with Rkk = o(r−2α−2)
because of the scalar constraint equation, and hence does not contribute to the integral. The
above reproduces thus the well-known-by-now formula for the ADM mass in terms of the
Ricci tensor of the initial data metric [9, 17, 20] when the Ricci scalar decays fast enough,
as we assumed here.

We pass now to the case covered in section 5.1.1, namely K = 0 but Λ < 0, with the
background metric g is as in (B.1)-(B.3). Let KIJ be the extrinsic curvature tensor of the
slices {x0 = const}. If we assume that KIJ satisfies

|k| :=
√
gIJgLMKILKJM = o(r−n/2) , (5.44)

from (5.33) we obtain a formula first observed in [17]:

Hb (X,S ) = − 1

16(n− 2)π
lim
R→∞

∫
∂E(R)

X0Zj(Rij −
R

n
δij)Ndσi , (5.45)

where in (5.45) we have assumed that X is a Killing vector of the anti-de Sitter background
which is normal to the hypersurface {t = 0}.

Finally, consider general configurations as in section 5.1.2. Under the hypothesis that

|K|2|Z||∂E(R)| R→∞−−−→ 0 , (5.46)

from (5.38) we find

Hb (∂0,S ) =
1

8(n− 2)π
lim
R→∞

{∫
∂E(R)

([
1

2
Zi
(
Rj

j −Rj
j

)
− Zj

(
Rij − R

i

j

)]

− 1

2(n− 1)

[
Zi
((

RA
A −RA

A

)
−
(
RAA − R

A

A

))
−2Zj

((
Rij − R

i

j

)
−
(
Rikjk − R

ik

jk

))])
Ndσi

−(n− 2) lim
R→∞

∫
∂E(R)

(
gµ[0 − e−1gµ[0

)
∇µX

i]Ndσi

}
. (5.47)

5.3 Komar Integrals

If Xα is a Killing vector field of both g and g, we have

XαRαbcd = ∇b∇cXd , and XαRαbcd = ∇b∇cXd . (5.48)

This allows us to express some of the integrals above as Komar-type integrals.

We start with the set-up of section 5.1.2, the KK-asymptotically flat case can be obtained
directly from the calculations here by setting Rαβγδ = 0. To make things clear: we assume
(5.21)-(5.22), (5.24)-(5.25), together with (5.35)-(5.36), and recall that all these hypotheses
are satisfied under the corresponding hypotheses made in the KK-asymptotically flat case.
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The contribution from the first integrand in (5.37) can be manipulated as 3

lim
R→∞

∫
∂E(R)

XaZb
(
R ef
ab −R ef

ab

)
dSef

= lim
R→∞

∫
∂E(R)

[(
X

[f ;e]
;b −X

[f‖e]
‖b

)
Zb −XAZb

(
R ef
Ab −R ef

Ab

)]
dSef

= lim
R→∞

∫
∂E(R)

{
(n− 1)

(
X [e;f ] −X [e‖f ]

)
− 3

(
X [e;fZb]

)
;b

+ 3
(
X [e‖fZb]

)
‖b

+2
(
R

b[f
µb Ze] −R

b[f
µb Ze]

)
XµdSef −XAZb

(
R ef
Ab −R ef

Ab

)}
dSef

= lim
R→∞

{
(n− 1)

∫
∂E(R)

(
X [α;β] −X [α‖β]

)
dSαβ +

∫
∂E(R)

[
2XµZe

(
Rfb

bµ −Rfb
bµ

)
−XAZb

(
R ef
Ab −R ef

Ab

) ]
dSef

}
, (5.49)

where the semicolon (;) denotes the covariant derivative of the metric g and the double bar
(‖) denotes the covariant derivative of the background metric g. Moreover, we used the
identity (3.37) and the Gauss’s theorem 4 , e.g.

lim
R→∞

∫
∂E(R)

(
X [e‖fZb]

)
‖b

√
| det g| dΣef = lim

R→∞

∫
∂E(R)

(
X [e‖fZb]

)
‖b

√
| det g| dΣef = 0 .

(5.50)
Hence, under the hypotheses used in the derivation of (5.37), we can rewrite (5.37) as

Hb (X,S ) =
1

16(n− 2)π
lim
R→∞

{∫
∂E(R)

(n− 1)
(
X [α;β] −X [α‖β]

)
dSαβ

+

∫
∂E(R)

(
2XµZe

(
Rfb

bµ −Rfb
bµ

)
−XAZb

(
R ef
Ab −R ef

Ab

)
+ 4Z [eXa]

(
Rf

a −Rf
a

)
−ZeXf

(
Rc

c −Rc
c

)
− 1

n− 1

[
(n− 3)ZeXf (RbA

bA −RbA
bA) + 4Z [eXa]

(
RfA

aA −RfA
aA

)
+3(n− 2)XAZe

(
Rfb

bA −Rfb
bA

) ])
dSef − (n− 2) lim

R→∞

∫
∂E(R)

(
gµ[a − e−1gµ[a

)
∇µX

b]dSab

}
.

(5.51)

The first integrand is the difference of Komar integrands of g and g.
Specializing to the KK-asymptotically flat case for background-covariantly constant Killing

vectors, one finds (4.29).
Now, we can calculate Koamr integral for Rasheed solutions with P 6= 0 which are not

KK asymptotically flat, compare (4.30)-(4.31). We summarize the results:
Again using (C.12) one gets for X = ∂t (recall that n = 3):

1

8π
lim
R→∞

∫
S(R)

∫
S1

Xα;βdSαβ =

{
2π
(
M + Σ√

3

)
, P = 0;

8πP
(
M + Σ√

3

)
, P 6= 0,

(5.52)

3Strictly speaking, under our asymptotic conditions each individual integrand might fail to have a finite

limit as R→∞, it is only the integral of the sum of all terms which is guaranteed to have a limit. A careful

reader will make the calculation below with the remaining terms from (5.37) added to each integral.
4One can also show that we do not necessary need the application of the Gauss’s theorem.
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which does neither coincide with p0, cf. (4.15), nor with the ADM mass of the space metric
gijdx

idxj. Note that the Komar integral of the space-time metric gabdx
adxb will equal M+ Σ√

3
regardless of the value of P .

Next, for X = ∂4 we obtain

1

8π
lim
R→∞

∫
S(R)

∫
S1

Xα;βdSαβ =

{
4πQ, P = 0;
16πPQ, P 6= 0,

(5.53)

which is again twice the Hamiltonian charge p4.
As a simple application of (5.52), suppose that there exists a Rasheed metric without

a black hole region. Since the divergence of the Komar integrand is zero, we obtain M =
−Σ/
√

3. But this is precisely one of the parameter values excluded in the Rasheed metrics, cf.
(C.4) below. We conclude that the regular metrics in the Rasheed family must be black-hole
solutions.

For the case of metrics which asymptote to a maximally symmetric background g with
Λ 6= 0, as in section 5.1.1, the Komar integral resulting from (5.33) reads

Hb (X,S ) =
1

16(n− 2)π
lim
R→∞

∫
∂E(R)

XνZξWαβ
νξ dSαβ

= lim
R→∞

{
n− 1

16(n− 2)π

∫
∂E(R)

X [α;β]dSαβ −
Λ

4(n− 2)(n− 1)nπ

∫
∂E(R)

XαZβdSαβ

}
.

(5.54)

27



Appendix A An identity for the Riemann tensor

For completeness we prove the following identity satisfied by the Riemann tensor, which is
valid in any dimension, is clear in dimension two and three, implies the double-dual identity
for the Weyl tensor in dimension four, and is probably well known in higher dimensions as
well, keeping in mind that we write δαβγδ for δ

[α
γ δ

β]
δ ≡ 1

2
(δαγ δ

β
δ − δβγ δαδ ), etc.:

δαβγδµνρσR
ρσ
γδ =

1

3!

(
Rαβ

µν + δαβµνR− 4δ
[α
[µR

β]
ν]

)
. (A.1)

The above holds for any tensor field satisfying

Rαβγδ = −Rβαγδ = Rβαδγ . (A.2)

To prove (A.1) one can calculate as follows:

4! δαβγδµνρσR
ρσ
γδ = 2

[
δαµ
(
δβν δ

γ
ρδ

δ
σ − δβρ δγν δδσ + δβσδ

γ
ν δ

δ
ρ

)
−δαν

(
δβµδ

γ
ρδ

δ
σ − δβρ δγµδδσ + δβσδ

γ
µδ

δ
ρ

)
+δαρ

(
δβµδ

γ
ν δ

δ
σ − δβν δγµδδσ + δβσδ

γ
µδ

δ
ν

)
−δασ

(
δβµδ

γ
ν δ

δ
ρ − δβν δγµδδρ + δβρ δ

γ
µδ

δ
ν

) ]
Rρσ

γδ

= 2
(
2δαβµν δ

γ
ρδ

δ
σ − 4δαγµν δ

βδ
ρσ + 4δβγµν δ

αδ
ρσ + 2δαρ δ

β
σδ

γ
µδ

δ
ν

)
Rρσ

γδ

= 4
(
δαβµνR

γδ
γδ − 2δαγµνR

βσ
γσ + 2δβγµνR

ασ
γσ +Rαβ

µν

)
= 4

(
Rαβ

µν + δαβµνR
γδ
γδ − 4δ

[α
[µR

β]γ
ν]γ

)
. (A.3)

If the sums are over all indices we obtain (A.1). The reader is warned, however, that in some
of our calculations the sums will be only over a subset of all possible indices, in which case
the last equation remains valid but the last two terms in (A.3) cannot be replaced by the
Ricci scalar and the Ricci tensor.
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Appendix B The Dilation Vector Field Z

Let Z = r∂r. We want to calculate ∇µZν for the Kottler metrics and the Rasheed metrics
appearing in the calculations.

B.1 Kottler Background Metric

Let g be the (n+ 1)-dimensional anti-de Sitter (Kottler) metric,

g = −V dt2 + V −1dr2 + r2h , (B.1)

where
V = λr2 + κ , (B.2)

with κ ∈ {0,±1} and

λ = − 2Λ

n(n− 1)
, (B.3)

where h is an (r-independent) Einstein metric on an (n− 1)-dimensional compact manifold
K , with scalar curvature (n− 1)(n− 2)κ. It holds that (cf., e.g., [8])

R = −n(n+ 1)λ . (B.4)

We have

∇(µZν)dx
µ ⊗ dxν =

1

2
LZg =

1

2

(
Zα∂αgµν + ∂µZ

αgαν + ∂νZ
αgαµ

)
dxµdxν

=
1

2

[
r∂r(−V )dt2 + r∂r(V

−1)dr2 + r∂r(r
2)dΩ + 2V −1dr2

]
=

1

2

[
r∂rV

V
(−V dt2) + (2− rV −1∂rV )V −1dr2 + 2r2dΩ2

]
, (B.5)

and the antisymmetric part vanishes

∇[µZν]dx
µ ⊗ dxν = ∂[µZν]dx

µ ⊗ dxν = 0 (B.6)

Thus, we have

∇µZν dx
µ ⊗ dxν = ∇(µZν)dx

µ ⊗ dxν +∇[µZν]dx
µ ⊗ dxν

= g mod (δtµ, δ
r
µ) (B.7)

which gives (5.22).

B.2 Rasheed Background Metrics

Next, for the Rasheed background metrics (C.13) one finds

LZg = 2(dr2 + r2dΩ2) , d(gαβZ
αdxβ) = d(rdr) = 0 , (B.8)

and (5.22) without the o(r−γ) term readily follows.
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Appendix C Rasheed’s Solutions

D. Rasheed [21] has constructed a family of stationary axi-symmetric five-dimensional solu-
tions of the Einstein-Maxwell equations which take the form

ds2
(5) =

B

A

(
dx4 + 2Aµdx

µ
)2

+

√
A

B
ds2

(4) , (C.1)

where a, M , P , Q and Σ are real numbers satisfying

Q2

Σ+M
√

3
+ P 2

Σ−M
√

3
= 2Σ

3
, (C.2)

M2 + Σ2 − P 2 −Q2 6= 0 ,
(
M + Σ/

√
3
)2 −Q2 6= 0 ,

(
M − Σ/

√
3
)2 − P 2 6= 0 ,(C.3)

M ± Σ√
3
6= 0 , F 2 :=

[
(M+Σ/

√
3)

2
−Q2

][
(M−Σ/

√
3)

2
−P 2

]
M2+Σ2−P 2−Q2 > 0 , (C.4)

and where

ds2
(4) = − G√

AB

(
dt+ ω0

φdφ
)2

+

√
AB

∆
dr2 +

√
ABdθ2 +

∆
√
AB

G
sin2(θ)dφ2 , (C.5)

with

A =
(
r − Σ/

√
3
)2

− 2P 2Σ

Σ−M
√

3
+ a2 cos2(θ) +

2JPQ cos(θ)(
M + Σ/

√
3
)2 −Q2

,

B =
(
r + Σ/

√
3
)2

− 2Q2Σ

Σ +M
√

3
+ a2 cos2(θ)− 2JPQ cos(θ)(

M − Σ/
√

3
)2 − P 2

,

G = r2 − 2Mr + P 2 +Q2 − Σ2 + a2 cos2(θ) ,

∆ = r2 − 2Mr + P 2 +Q2 − Σ2 + a2 ,

ω0
φ =

2J sin2(θ)

G
[r + E] ,

J2 = a2F 2 , (C.6)

whereas E is given by

E = −M +
(M2 + Σ2 − P 2 −Q2)

(
M + Σ/

√
3
)(

M + Σ/
√

3
)2 −Q2

. (C.7)

The Maxwell field is given by

2Aµdx
µ =

C

B
dt+

(
ω5

φ +
C

B
ω0

φ

)
dφ , (C.8)

where

C = 2Q
(
r − Σ/

√
3
)
−

2PJ cos(θ)
(
M + Σ/

√
3
)(

M − Σ/
√

3
)2 − P 2

, (C.9)

ω5
φ =

H

G
, (C.10)

and

H := 2P∆ cos(θ)−
2QJ sin2(θ)

[
r
(
M − Σ/

√
3
)

+MΣ/
√

3 + Σ2 − P 2 −Q2
][(

M + Σ/
√

3
)2 −Q2

] . (C.11)
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C.1 Asymptotic Behaviour

When P = 0 the Rasheed metrics satisfy the KK-asymptotic flatness conditions. This can
be seen by introducing manifestly-asymptotically-flat coordinates (t, x, y, z) in the usual way.
With some work one finds that the metric takes the form

2M
r

+ 2Σ√
3r
− 1 0 0 0 2Q

r

0 2Mx2

r3
− 2Σ√

3r
+ 1 2Mxy

r3
2Mxz
r3

0

0 2Mxy
r3

2My2

r3
− 2Σ√

3r
+ 1 2Myz

r3
0

0 2Mxz
r3

2Myz
r3

2Mz2

r3
− 2Σ√

3r
+ 1 0

2Q
r

0 0 0 4Σ√
3r

+ 1

+O(r−2) .

(C.12)

It turns out that when P 6= 0, the Rasheed metrics do not satisfy the KK-asymptotic
flatness requirements anymore: Indeed, the phase space decomposes into sectors, labeled by
P ∈ R, in which the metrics g asymptote to the background metric

g :=
(
dx4 + 2P cos(θ)dϕ

)2 − dt2 + dr2 + r2dθ2 + r2 sin2(θ)dϕ2 . (C.13)

The metrics (C.1) and (C.13) are singular at sin(θ) = 0. This can be resolved by replacing
x4 by x4, respectively by x̃4, on the following coordinate patches:{

x4 := x4 + 2Pϕ , θ ∈ [0, π) ,
x̃4 := x4 − 2Pϕ , θ ∈ (0, π] .

(C.14)

Indeed, the one-form

dx4 + 2P cos(θ)dϕ = dx4 + 2P (cos(θ)− 1)dϕ = dx4 − 2P

r(r + z)
(xdy − ydx)

is smooth for r > 0 on {θ ∈ [0, π)}. Similarly the one-form

dx4 + 2P cos(θ)dϕ = dx̃4 + 2P (cos(θ) + 1)dϕ = dx̃4 +
2P

r(r − z)
(xdy − ydx)

is smooth on {θ ∈ (0, π] , r > 0}. Smoothness of both g and g in the d.o.c., under the
constraints discussed above, readily follows.

We note the relation

x4 = x̃4 + 4Pϕ , (C.15)

which implies a smooth geometry with periodic coordinates x4 and x̃4 if and only if

both x4 and x̃4 are periodic with period 8Pπ. (C.16)

From this perspective x4 is not a coordinate anymore: instead the basic coordinates are x4

for θ ∈ [0, π) and x̃4 for θ ∈ (0, π], with dx4 (but not x4) well defined away from the axes of
rotation {sin(θ) = 0} as

dx4 =

{
dx4 − 2Pdϕ , θ ∈ [0, π) ,
dx̃4 + 2Pdϕ , θ ∈ (0, π] .

(C.17)
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C.1.1 Curvature of The Asymptotic Background

We continue with a calculation of the curvature tensor of the asymptotic background. It is
convenient to work in the coframe

Θ
0̂

= dt , Θ
1̂

= dx , Θ
2̂

= dy , Θ
3̂

= dz , Θ
4̂

= dx4 + 2P cos(θ)dϕ , (C.18)

which is manifestly smooth after replacing dx4 as in (C.17). Using

dΘ
4̂

= −2P sin(θ) dθ ∧ dϕ = −2P
xi

r3
∂ic(dx ∧ dy ∧ dz) = −P

r3
ε̊îĵk̂x

idxĵ ∧ dxk̂ , (C.19)

where ε̊îĵk̂ ∈ {0,±1} denotes the usual epsilon symbol, one finds the following non-vanishing
connection coefficients

ω4̂
î =

P

r3
ε̊îĵk̂x

ĵΘ
k̂
, ωî ĵ =

P

r3
ε̊îĵk̂x

k̂Θ
4̂
, (C.20)

where xî ≡ xi. This leads to the following curvature forms

Ωî
ĵ =

P

r3
ε̊îĵk̂

(
− 3

r2
xk̂x

ˆ̀
+ δk̂ˆ̀

)
Θ

ˆ̀
∧Θ

4̂ − 2P 2

r6
ε̊îm̂(k̂εĵ)n̂ˆ̀x

m̂xn̂Θ
k̂ ∧Θ

ˆ̀
,

Ω
4̂

î =
P

r3
ε̊îĵk̂

(
− 3

r2
xĵx

ˆ̀
+ δĵˆ̀

)
Θ

ˆ̀
∧Θ

k̂
+
P 2

r6
ε̊k̂m̂ĵ ε̊k̂îˆ̀x

m̂x
ˆ̀
Θ
ĵ ∧Θ

4̂
, (C.21)

hence the following non-vanishing curvature tensor components

Rî
ĵk̂4̂

=
P

r3
ε̊îĵ ˆ̀

(
− 3

r2
x

ˆ̀
xk̂ + δ

ˆ̀

k̂

)
,

R4̂
îĵ4̂

=
P 2

r6
ε̊k̂m̂ĵ ε̊k̂îˆ̀x

m̂x
ˆ̀
, R

îĵk̂ ˆ̀ = −2P 2

r6
(̊εîĵn̂̊εk̂ ˆ̀m̂ + ε̊îm̂[k̂̊εˆ̀]ĵn̂)xm̂xn̂ . (C.22)

The non-vanishing components of the Ricci tensor read

R
îĵ

= −2P 2

r6
ε̊k̂m̂î̊εk̂n̂ĵx

m̂xn̂ , R
4̂4̂

= −P
2

r6
ε̊k̂m̂î̊εk̂îˆ̀x

m̂x
ˆ̀
. (C.23)

Subsequently the Ricci scalar is R = −2P 2/r4.
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Zusammenfassung

Ausgehend von dem geometrischen Hamilton-Formalismus leiten wir in dieser Ar-

beit neue Ausdrücke für die Hamiltonsche Gesamtenergie von gravitativen Systemen

in höheren Dimensionen in Termen des Riemann-Tensors her, welche auch Raumzei-

ten mit einer kosmologischen Konstante Λ ∈ R einschließen. Daraus lassen sich in

weiterer Folge die entsprechenden ADM- und Komar-Größen der betreffenden Raum-

zeiten herleiten. Wir wenden diese gewonnenen Ausdrücke auf eine weite Klasse von

höherdimensionalen Raumzeiten mit verschiedenen asymptotischen Verhalten an, wel-

che bestimmten Bedingungen unterliegen. Insbesondere deckt unsere Analyse asym-

ptotisch anti-de-Sitter und asymptotisch flache sowie Kaluza-Klein asymptotisch fla-

che Raumzeiten ab. Es zeigt sich, dass im Fall von stationären asymptotisch flachen

Raumzeiten die Komar-Masse mit der ADM-Masse übereinstimmt. Dies gilt jedoch

nicht allgemein, wie z.B. im Fall von Kaluza-Klein asymptotisch flachen Raumzeiten.

Wir zeigen des Weiteren, dass die Hamiltonsche Masse, ADM-Masse und Komar-Masse

im Allgemeinen nicht miteinander übereinstimmen.

Abstract

Based on the geometric Hamiltonian formalism we derive new expressions for the

total Hamiltonian energy of gravitating systems in higher dimensions in terms of the

Riemann tensor, allowing a cosmological constant Λ ∈ R. In this way, we also obtain

the ADM and the Komar expressions of the corresponding space-times. We then

apply this analysis to a large class of higher dimensional space-times with various

asymptotics known to us, which satisfy certain conditions. In particular, our analysis

covers asymptotically anti-de Sitter spacetimes, asymptotically flat spacetimes, as well

as Kaluza-Klein asymptotically flat spacetimes. As it turns out, the Komar mass

equals the ADM mass in stationary asymptotically flat space-times in all dimensions,

generalizing the four-dimensional result of Beig. This is not true for arbitrary space-

times in general, e.g. for those with Kaluza-Klein asymptotics. We show that the

Hamiltonian mass, the ADM mass and the Komar mass do not, in general, coincide

with each other in the non-asymptotically flat setting.
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