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Abstract

This thesis studies the causal optimal transport problem between laws of stochastic pro-
cesses. Causality here means to add a physically relevant time constraint into the classical
optimal transport problem restricting the admissible set of transport plans to those that
perform the allocation of mass in an adapted (nonanticipative) way. Intuitively, one can
say that the relationship between causal plans and adapted processes is the same as that
between transport plans (Kantorovich) and classical transport maps (Monge).

The main aim of the thesis is to show the full theoretical potential and the modelling
power of causal optimal transport problems by analysing their structure and by high-
lighting their significant features. After giving an outlook of classical optimal transport,
the study starts with the finite-dimensional/discrete-time case, tackling the questions of
duality and characterization of optimizers. Under appropriate assumptions, the causal
analogue to the Brenier map of the classical case is identified as the so-called Knothe-
Rosenblatt rearrangement. Furthermore, a connection between transport-information
inequalities and stochastic optimization is presented. As the next step, suitable ex-
tensions of the discrete-time results to the infinite-dimensional /continuous-time setup
are obtained. Most importantly, the projections/limits arguments enable to recover the
equality between causal transports with Cameron-Martin cost and the relative entropy
for a specific class of processes.

Varying the underlying filtrations in the definition of causality allowed to provide a
novel point of view on various problems related to enlargement of filtrations and Girsanov
theory in stochastic analysis. In particular, necessary and sufficient conditions for a
Brownian motion to remain a semimartingale in an enlarged filtration, in terms of certain
minimization problems over sets of causal transport plans, are given. As an application
of these ideas, those are further used for estimation of the value of having additional
information, for some classical stochastic optimization problems.






Zusammenfassung

Diese Dissertation beschaftigt sich mit kausalem optimalen Transport zwischen Verteilun-
gen von stochastischen Prozessen. Die Kausalitat bedeutet hier, eine physische rele-
vante Zeiteinschrankung in das klassische optimale Transportproblem einzufiigen, das die
zulassige Menge von Transportplanen auf diejenigen beschrankt, die die Zuteilung von
Masse in einer adaptierten (nicht antizipativen) Weise durchfiihren. Intuitiv kann man
sagen, dass die Beziehung zwischen Kausalplanen und adaptierten Prozessen die gleiche
ist wie zwischen Transportpldnen (Kantorowitsch) und klassischen Transportabbildungen
(Monge).

Das Hauptziel der Dissertation ist, das volle Potential in Theorie sowie Modellierung
kausaler optimaler Transportprobleme zu zeigen, indem ihre Struktur analysiert und ihre
wesentlichen Merkmale hervorgehoben werden. Nach einem Abriss des klassischen opti-
malen Transport(problems) beginnt die Analyse mit dem endlich-dimensionalen /diskreten
Zeitfall, um die Fragen der Dualitdat und Charakterisierung von Optimierern zu losen.
Unter angemessenen Voraussetzungen wird das kausale Analogon zu Brenier-Abbildung
des klassischen Falles als sogenannte Knothe-Rosenblatt-Umordnung identifiziert. Dariiber
hinaus wird eine Verbindung zwischen Transport-Informations-Ungleichungen und
stochastischer Optimierung présentiert. Als néachster Schritt werden angemessene Fort-
setzungen der diskreten Zeit-Ergebnisse zur unendlich-dimensionalen/kontinuierlichen
Zeitaufstellung erhalten. Hierbei ist zentral, dass die Projektionen/Grenzwert-Argumente
die Wiederherstellung der Gleichheit zwischen kausalen Transporten mit Cameron-Martin-
Kosten und der relativen Entropie fiir eine bestimmte Klasse von Prozessen ermoglichen.

Variation der zugrundeliegenden Filtrationen in der Definition der Kausalitat
ermoglicht es, eine neue Sichtweise iiber verschiedene Probleme im Zusammenhang mit
der Vergroflerung der Filtrationen und der Girsanov-Theorie in der stochastischen Anal-
yse zu bilden. Insbesondere sind notwendige und hinreichende Bedingungen fiir eine
Brownsche Bewegung als ein Semimartingal in einer vergroferten Filtration erhalten zu
bleiben, in Bezug auf bestimmte Minimierungsprobleme iiber Mengen von kausalen Trans-
portplanen gegeben. Als Anwendung der oben genannten Ideen dient die Veranlagung des
Wertes zusatzlicher Informationen in einigen klassischen stochastische Optimierungsprob-
leme.
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Introduction

From the seminal works of Monge [Mon84] and Kantorovich [Kan42], the theory of opti-
mal transport has widely developed and established itself as an active research area, with
growing applications in the most various areas of sciences and engineering. The central
problem of optimal transport consists in finding transport plans that perform the allo-
cation of a given source measure to a target one in an optimal way, where optimality is
measured against a given cost function on the product space. For a detailed introduction
to the topic we refer the reader to the following books [RR98, [Vil03| [Vil08], San15] and
the references therein.

In this thesis we investigate causal optimal transport problems between two given
probability measures interpreted as laws of stochastic processes. The essential difference
between classical and causal optimal transport lies in the fact that time is introduced
in the latter. As a consequence, the set of admissible transport plans is restricted to
those that satisfy a particular non-anticipativity constraint. A transport plan between
two processes is said to be causal if, from an observed trajectory of the first process, the
“mass” can be split at each moment of time into the second process only based on the
information available up to that time. It is illustrative to think of the deterministic case
(i.e. when there is no splitting of mass); such a causal plan is then an actual mapping
which is further adapted, and so the relationship between causal plans and adapted
processes is the same as between classical transport plans (Kantorovich) and transport
maps (Monge).

Mathematically, in order to define a causal transport problem, one needs to be given
two filtered probability spaces (X, {F;},, 1) and (¥, {G:}L, V). A transport plan 7 (or
a coupling), which is a probability measure on X x ) having the prescribed marginals p, v,
is further called causal if the regular conditional kernel of = w.r.t. the first coordinate is
measurable w.r.t. the filtration {F;}. In other words, the amount of “mass” transported
by 7 to a subset of the target space ) belonging to G;, is solely determined by the
information contained in JF;. From this we clearly see the decisive role of filtrations in
the definition of causality.

The idea of imposing a “causality” constraint on a transport plan between laws of
stochastic processes is actually not new. From the earliest references on the topic, this
definition can be found in the lines of the proof of the Yamada-Watanabe criterion for
stochastic differential equations [YWTI1]. Later in [Jac8(], distinguishing causality as
a special property of joint solution measures (joint laws of solutions of stochastic dif-
ferential equations), the author explored the connection between the questions of exis-
tence/uniqueness of weak /strong solutions of these equations and properties of the set of
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those measures. Kurtz in [Kur(7, [Kurl4] continued this line of research, using the name
“compatibility” for this special type of constraint.

A systematic treatment and use of causality as an interesting property of abstract
transport plans and their associated optimal transport problems was first made by Las-
salle in [Las13] in the general context of Polish spaces (then updated in [Lasl5]). As an
application, the author considered the Wiener space setting of the problem and estab-
lished that weak solutions to Brownian motion-driven stochastic differential equations can
be conceived as causal transport plans between the Wiener measure and a target measure,
and found that such plans are automatically bicausal, and optimal for a Cameron-Martin-
type cost. The notion of bicausality is being the symmetrized analogue of causality. We
stress that the main motivation for our work comes from this connection with stochastic
analysis, which we considerably enhance. Our larger goal is to deepen the theoretical un-
derstanding of causal transport problems, as well as to explore their modelling potential
by looking first at the discrete-time setup, and then extending the obtained results to the
infinite-dimensional setting.

After giving an outlook of classical optimal transport, we start the thesis tackling the
questions of duality and characterization of optimizers. The causality property can be
characterized as a linear constraint on transport plans, which naturally leads to the for-
mulation of a dual problem to causal optimal transport. In a finite-dimensional /discrete-
time case, when working with canonical filtrations, we can embed this problem in the
class of optimal transport problems under (infinitely many) linear constraints, as con-
sidered by Beiglbock, Griessler [BG14] and Zaev [Zaelb]. However, in the general case
of different filtrations, we cannot invoke the existing results in order to prove that the
values of the primal and dual problems coincide. For the conditions on the existence of
an optimal causal transport, a dual formulation, and the proof of no-duality-gap, we refer
to Theorems [2.1.10] and 4.1.6] in discrete and continuous-time setting respectively.

By studying the conditional distributions of causal transports in a discrete-time set-up,
we are able to tackle many instances of the causal optimal transport problem by means of
a recursion, which we call the Dynamic Programming Principle; see Theorem [2.2.2] The
appeal of these recursions is that instead of one “multi-dimensional” transport problem
over causal plans, we obtain recursively several “one-dimensional” problems, each one of
them a “general” (i.e. non-linear) transport problem as introduced recently in [GRST15].
In this way, we reduce the dimensionality of the problem at the expense of introduc-
ing non-linearities. This is a distinguishing feature which is absent in classical optimal
transport.

Causal optimal transport is related to the notion of nested distance, whose systematic
investigation was initiated by Pflug [Pfl09] and Pflug, Pichler [PP12 [PP14, [PP15], and
had a precursor in the “Markov-constructions” studied by Riischendorf [Riis85]. Roughly
speaking, the nested distance is defined through a problem of optimal transport over plans
which are bicausal. Moreover, in [PP12] the authors applied these considerations to the
practical problem of reducing the complexity of multistage stochastic programs, by show-
ing that the difference between the optimal value of a program w.r.t. two different noise
distributions is dominated by the nested distance between them. These contributions
were the first indicators of the potential of causal transport for mathematical modelling
and applications.
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We deepen the understanding of the relation between nested distance and multistage
stochastic programming by showing that the discrepancy between such stochastic pro-
grams can be simply gauged by an entropy, which is easier to compute in practice than
the nested distance itself. We also highlight the connection between causality and func-
tional inequalities when, in Section [2.5] we establish Talagrand’s celebrated inequality
(see [Tal9d]) for the standard Gaussian measure by interpreting the author’s “tensoriza-
tion/inductive trick” as an instance of our aforementioned recursions; we refer the reader
to [Led01l, [GL10] for an account on functional/geometric inequalities and the related
concept of concentration of measure.

Optimal transport has gained much momentum since Brenier’s contribution [Bre91]
on uniqueness and identification of optimal transport. Along these lines, we are able to
identify a causal discrete-time optimizer in a setting that is relevant to stochastic analysis.
In Theorem we establish that the Knothe-Rosenblatt rearrangement [Kno57] (also
known as multidimensional quantile transform/ increasing triangular transformation) is
causal optimal for the squared euclidean distance (or more generally convex and separable
in the sense of below) if the source measure is of product type. If further
the source measure has absolutely continuous marginals, then the Knothe-Rosenblatt
rearrangement is of Monge-type. Hence, it can be viewed as a causal version of the
classical Brenier map. In our opinion this result adds to the appeal of this rearrangement,
which is in any case widely used in analysis, statistics, and operations research in the
context of scenario generation.

Coming from our motivation, a large part of the thesis is devoted to the study of
continuous-time causal transport problems on Wiener space. A peculiar feature of these
infinite-dimensional transport problems is that their time-discretized versions are very
explicit, with the source measure having independent increments, and the cost function
being of a separable structure in terms of those increments; for the related discussion
see Section [3.5] In view of this fact, the Knothe-Rosenblatt rearrangement appears to
be an optimizer for the corresponding finite-dimensional projection of a causal transport
problem on the Wiener space with the Cameron-Martin cost function. Exploiting further
the time-discretization arguments allows us to provide a proof of Talagrand’s inequality
for the Wiener measure, first obtained by Feyel and Ustiinel in [FU04| (see Lemma.
Moreover, this approach enables us to recover the equality between the causal transport
problems with Cameron-Martin cost, and the relative entropy, for a specific class of
processes given in Proposition [3.7.4]

Due to the connection between solutions of Brownian motion-driven stochastic dif-
ferential equations and optimizers of causal transport problems on Wiener spaces with
the Cameron-Martin cost, it is a question of special interest to find the conditions under
which optimal transport plans are generated by maps, i.e. of Monge form. In particular,
this would yield the existence of strong solutions of those equations. However, recogniz-
ing the discrete-time causal Monge optimizer is not enough to solve the problem, since
there is no guarantee that it will remain a transport map in the limit. The advantage
of the Knothe-Rosenblatt rearrangement, as we show in Section [3.8] is that it might be
used to construct a feasible transport plan on a path space that mimics the value of
the time-discretized transport problem. We think that the building blocks we provide in
Chapter 3| of this thesis should lay down the foundations for an optimal transport proof
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of the existence of strong solutions to Brownian-driven stochastic differential equations.

Varying the filtrations in the definition of causality allows us to provide a novel point
of view on various problems related to enlargement of filtrations and Girsanov theory in
stochastic analysis, which is the content of Chapter [dl We recall that the central question
of enlargement of filtrations is whether the semimartingale property is preserved when
passing from a given filtration to a larger one; see [BY7S8, [JY 78, [Jeu8(Q), [Jac85] for some
of the earliest works on the subject.

We start from the observation that if a process B, which is a Brownian motion on
some probability space, is a semimartingale with respect to a filtration G larger than
its natural filtration, then its unique continuous semimartingale decomposition takes the
form

dB, = dB, + dA,. (1)
Here B denotes a G—Brownian motion and A a continuous G-adapted finite variation
process. As it turns out to be, the joint law of (B, B) is a causal transport plan on
path space, when considering the canonical and an appropriate enlarged filtration (see
Section for the precise framework). Since B is an anticipative but deterministic
mapping of B, much as a Monge map in classical transport, one can say that causal
transport plans correspond to the Kantorovich-type generalization of such anticipative
mappings.

The main result of the thesis in this regard, is the characterization of the semimartin-
gale preservation property in an enlarged filtration, for a process which is a Brownian
motion in the original filtration. Necessary and sufficient conditions for this preservation
property are given in terms of causal transport problems on continuous path space; see
Theorem In addition, we can give necessary and sufficient conditions not only
for the semimartingale preservation property to hold, but also to ensure that the finite
variation process in the semimartingale decomposition is absolutely continuous; see
Theorem [4.4.5]

In the absolutely continuous case described above, we further identify a non-linear
dual problem which we can fully solve and relate to the original causal transport problem.
This is novel even in the absence of anticipation/enlargements. Interestingly, this gives
a different proof of the semimartingale preservation property, and is achieved through
optimal transport and convex analysis techniques, without resorting to stochastic analysis
arguments; see Theorem [4.5.2

The final contribution of this thesis consists in showing how causal transport problems
can be used in order to estimate the value of additional information (i.e. the value of
having access to an information flow described by a finer filtration). The latter is defined
as the difference between the values of a given stochastic optimization problem when the
optimization is run over a smaller “original” filtration, and when it is done over a finer
“enlarged” one. It turns out that, for stochastic control of linear systems (concretely,
utility maximization) and optimal stopping, this difference can be estimated by means of
a causal transport problem in a robust way. We refer to [PK96] for the original motivation
and [Pfl09, PP12] for a discrete-time approach related to ours.
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The thesis is organized as follows.

Chapter [1] presents an outlook of classical optimal transport. In Section [1.1| we give
a short introduction to the field recalling the basic facts needed throughout the thesis.
In Section [1.2| we discuss transport problems with linear constraints. In Section [1.3| we
provide an extension of classical duality/attainability results for a specific class of cost
functions, that is further applied for linearly constrained transport problems.

Chapter [2] is based on the joint work with J. Backhoff, M. Beiglbock and Y. Lin
[BBLZ16]. In Section we introduce the discrete-time setting of the causal transport
problem, give an equivalent characterization to test causality, and prove attainability
and duality for the causal transport problem. In Section we present the recursive for-
mulation of the problem and identify the Knothe-Rosenblatt rearrangement as a causal
optimizer. In Section we examine further properties of the aforementioned rearrange-
ment. Sections and are devoted to the discussion of some aspects of the bicausal
transport together with connections to stochastic programming, providing the bicausal
transport information inequality. And finally, in Section [2.6] we shortly discuss the an-
ticipation of information in discrete time.

Chapter [3| starts with the introduction of causal transport problems in the infinite-
dimensional setup (Section . After providing some relevant examples in Section ,
we review the existing literature related to transport on Wiener spaces (Section . In
Section we discuss the existing connection between optimal transport and stochas-
tic differential equations. In Section |3.5] we show how causal transport problems on
Wiener space with Cameron-Martin-type costs can be seen as the limiting objects of
their finite-dimensional counterparts, via time-discretization. In Section |3.6 we present
an approximation scheme for a class of stochastic control problems, which makes use of
the knowledge hitherto obtained. The projections/limits arguments enable us to recover
famous Talagrand’s inequality and the equality between causal transports with Cameron-
Martin cost and the relative entropy for a specific class of processes; see Section [3.7 At
the end of this chapter, Section 3.8, we give one procedure for embedding a discrete-
time optimizer into a feasible transport plan on path space. We close the chapter with
a brief discussion on possible extensions and lines of research opened by the present
work, see Section (3.9, Parts of this chapter benefited from discussions with J. Backhoff,
M. Beiglbock and M. Huesmann.

Chapter [4] is based on the joint work with B. Acciaio and J. Backhoff [ABZ16]. We
start with the introduction of the main concepts and ingredients of causal transport
problems in the most general case with different filtrations and in infinite dimension,
see Section Here we also explain the connection with enlargements of filtrations,
giving some examples in Section In Section we discuss the link between causality,
optional and dual projections in stochastic analysis. Section [4.4] contains our main results
on the semimartingale preservation property, along with some comments on the literature.
Section is devoted to a study of duality. Finally, in Section [4.6] we show how certain
causal optimal transport problems might be used for the estimation of the value of having
additional information in several continuous-time stochastic optimization problems.
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Notation and conventions

For a Polish space Z, we use P(Z) to denote the Borel probability measures on Z, and
endow it with the topology of weak convergence of measures. By B(Z) we denote the
Borel o-field on Z, and for any o-field J C B(Z) we write B(Z,J) (resp. By(Z,J)) for
the set of all real-valued functions on Z that are measurable (resp. bounded measurable)
w.r.t. J. With C(Z) (resp. Cp(Z)) we mean the set of all continuous (resp. bounded
continuous) real-valued functions defined on Z. Measurability with respect to a sigma
algebra is often understood as equality to a correspondingly measurable function modulo
a null set w.r.t. the measure unequivocally relevant to the given context.

Given a probability space (€, .4,P) and a measurable map f : Q — Z, f,P € P(Z)
denotes the push forward of P by f, which is by definition f,P(A4) = P[f~'(A)] for any
set A€ B(Z).

For a product of sets X x) we denote by p!, p? the projection onto the first resp. second
coordinate. We denote by 7%, ¥ the regular kernels of a measure 7 on X x ) w.r.t. its
first and second coordinate respectively. Analogous notation extends to products of more
than two spaces. Therefore, [ f(y)m*(dy) gives a version of the conditional expectation of
f(y) given x under measure 7, sometimes also denoted E™[f(Y)|X = z] in the literature,
and so forth. However, for the conditioning w.r.t. a given o-field J C B(Z) we shall
follow the accepted practice of denoting it by E™[f|7].

On RY x RY we denote by (x1,...,zy) the first half and (yi,...,yy) the second half
of the coordinates, and we convene that for a probability 7 on RY x RY (respect. n on
RY), w¥i-Toyn-¥t (regpect. %) denotes the two-dimensional measure on (21, Ysi1)
(respect. one-dimensional measure on x;,1) given by regular disintegration of 7w w.r.t.

(X1, ..., T4, Y1, -, Yp) (vespect. n wrt. (x1,...,2¢)). Also, a statement like “for m-a.e.
X1y Ty Y1, -,y or “for p-a.e. xy,...,2,” is meant to denote respectively “almost-
everywhere” with respect to the projections of m onto xy,..., x4 y1,...,y; or n onto
T1yeo.y Ty

If f and g are real-valued functions on X resp. ), we denote f @ g(z,y) := f(x) + g(y).
If a probability measure v is absolutely continuous w.r.t. a measure u, we denote it by
v < p. The notation 7 is reserved for the Wiener measure on the space of continuous
functions on the interval [0, 7], denoted by C := C[0,T]. We write ¢, for the Dirac mass
at point z. See p.121 for an exhaustive index of more specific notation.
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Chapter 1

Optimal transport: an outlook

The aim of this chapter is to recall the most important results from optimal transport
needed throughout the thesis, and to set up the notations. We start with Section
on classical transport, discussing existence of optimizers and duality in this setting. In
Section we proceed with the short review of the rather new topic of optimal transport
under additional linear constraints. We finish this chapter with Section [I.3] where we
give an extension of classical duality results to a specific class of cost functions. As an
application, we further provide a duality result for linearly constrained transport problems
for the same class of costs.

1.1 Classical optimal transport

Let (X,B(X),n) and (Y, B(Y),v) be two Polish probability spaces. We consider the
Monge-Kantorovich transport problem for the given probability measures 1 and v, known
from the pioneering works of Monge [Mon84] and Kantorovich [Kan42]. We denote by
II(u,v) C P(X x V) the set of those probability measures on X' x ) with X-marginal p
and Y-marginal v, namely

H(p,v) ={r € P(X x ), s.t. pim = p and p?m = v}.

The elements 7 € TI(p, v) are referred to as transport plans between the measures ;1 and
v. This set is never empty since the product measure p ® v is an admissible transport
plan. For any set A x B € B(X) x B(Y), the value m(A x B) prescribes intuitively how
much mass is moved from the set A to B. Sometimes this movement of mass can be
described through a map T : X — )/, meaning that from a single point z € X, the mass
is transported to a prescribed destination y := T'(x). Those maps T' that preserve the
marginals p and v, i.e. T, = v, are called transport maps.

We will often consider pairs of random variables (X,Y") defined on some probability
space (€2,P) and taking values in resp. X and ), and refer to them as transport plans as
well. Any property on (X,Y’) should then be understood as a property on (X,Y),P.

The classical optimal transport problem consists in minimizing the cost of transporting
the (source) measure u to the (target) measure v, with respect to a given cost function
c: X x)Y —RU{+00}. An application where the infinite value of the cost function
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might naturally occur is the transport on Wiener spaces with the Cameron-Martin cost
function; see Chapter |3 for more on this.
The (primal) optimal transport problem is formulated then as follows

inf [ c(x,y)dn(x,y). (OT)
WGH(/J,,V)XXJJ

The minimizers of this problem are called optimal transport plans between p and v,
should they exist. If 7 is of the form (id, T").u for some measurable map 7' : X — Y (i.e.
no splitting of mass occurs), then the map 7T is called an optimal transport map from p
to v. The transport problem is well defined for Borel measurable cost functions c.
In most applications of optimal transport theory, the cost function c is considered to be
lower semicontinuous.

The proof of the existence of optimal transport plans is usually based on two re-
sults, which we recall below. These are the lower semicontinuity of the cost functional
(Lemma and compactness of the set of all transport plans II(u, ), which is a
consequence of tightness of the latter set (Lemma combined together with Theo-
rem [1.1.2] For the well known proofs of the results below we refer the reader to [Vil0g]
or [Sanl5].

Lemma 1.1.1 (Tightness of transport plans). Let X and ) be two Polish spaces. Let
A CP(X) and B C P(Y) be tight subsets of P(X) and P(Y) respectively. Then the set
I1(A, B) of all transport plans whose marginals lie in A and B respectively, is itself tight
in I(X x Y). In particular, (u, v) is tight.

Theorem 1.1.2 (Prokhorov’s theorem). If X is a Polish space, then a set A C P(X)
1s precompact for the weak topology if and only if it is tight, i.e. for any € > 0 there is a
compact set K. such that n(X \ K.) < e for all p € A.

Lemma 1.1.3 (Lower semicontinuity of the cost functional). Let X and Y be two Polish
spaces, and ¢ : X x Y — RU{+o0} a lower semicontinuous cost function bounded from
below. Let (7 )ken be a sequence of probability measures on X X Y, converging weakly to
some ™ € P(X xY). Then
f cdm < lim inf f cdmy,.
XXy koo xxy

In particular, if ¢ is nonnegative, then ™ — [ cdr is lower semicontinuous on P(X X Y),
equipped with the topology of weak convergence.

Theorem 1.1.4. Let (X,pn) and (Y,v) be two Polish probability spaces, let
a:X - RU{—o0} and b : X — RU{—00} be two upper semicontinuous functions
such that a € L'(u),b € L'(v). Let c: X x Y — R U {+0o0} be a lower semicontinuous
cost function, such that c(x,y) > a(x) + b(y) for all x,y. Then there exists an optimal

transport plan for (OT).

The lower bound assumption on ¢ guarantees that the expected cost [ ¢(z,y)dnr(z,y)
is well-defined on RU{+o00}. In most applications in this thesis we may choose a = b = 0.

We would like to remark that an optimal transport plan might fail to exist if the cost
function does not satisfy proper continuity assumptions.
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Ezxample 1.1.5. [BGMS09, Example 1.3] Consider X = [0,1), ¥ = [1,2), with
and p, v be corresponding restrictions of Lebesgue measure, and where the cost is ¢(x, y) =
(r—1y)?. The cheapest way to do the transport is to shift every point by 1, i.e. the optimal
transport map is 7'(z) = x + 1. This results in an optimal transport cost of 1. If we now
alter the cost function as follows

. 2, if y=ao+1,
oz, y) = .
c(x,y), otherwise,

it becomes impossible to find a transport plan = € I1(u, v) with total transport cost equal
to 1, but it is still possible to achieve transport costs arbitrarily close to 1. (For instance,
shift [0,1 —¢) to [1 +¢,2) and [1 —¢,1) to [1,1+ ¢) for small € > 0.)

The following result tells us about the convexity of the optimal cost; for the proof see
[Vil08, Theorem 4.8]. We will use the below estimates in Sections [2.2.1| and [2.2.2]

Theorem 1.1.6. Let X and Y be two Polish spaces, let ¢ : X x Y — RU {+oc} be a
lower semicontinuous function, and let C(u,v) be the optimal transport cost functional
on P(X) x P(Y) associated with the given measures pi,v, i.e. the value of (OT)). Let
(©,m) be a probability space, and let g, vy, be two measurable functions defined on O,
with values in P(X) and P(Y) respectively. Assume that c(x,y) > a(x) + b(y), where
a € L' (duedn(0)), b € L' (dvedn(0)). Then

C (({ uedn(ﬁ),gw}dn ) J C (g, vs) dn(8).

(S}

Optimal transport problems have a rich duality theory. To formulate a dual problem,
we define

B ¢ X — [—00,00) pp — integrable, ¢ : ) — [—00, 00) v — integrable,
= {ow: B(x) +16(y) < cle,y) Tor all (2,y) € X x Y jooaL

Then duality means the equivalence between (OT]) and the following maximization prob-
lem

(;UP {[odu+ [vdv}. (1.1.2)
The validity of the above duality was established by Kellerer [Kel84] for lower semicon-
tinuous or just Borel measurable cost functions, bounded by the sum of two integrable
functions. In [BLS12|, duality results were extended to the class of Borel-measurable
uniformly bounded cost functions, or more generally, u® v-a.s. finitely Valued Moreover,
the latter condition is sufficient for the existence of dual optimizers in , see [BS11,
Theorem 2]. However, as Example 4.1 in [BS11] shows, in general, Monge—Kantorovmh
duality might fail for a measurable cost function. We recall this example below.

Ezample 1.1.7. Let X = Y = [0,1], and pu, v Lebesgue measure on [0,1]. We take the
cost function ¢ defined as

00, T <Y,
cr,y) =41, z=y
0, =z>uy.
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The optimal transport plan 7 is concentrated on the diagonal and gives an optimal cost
equal to one. Assume that ¢,v : [0,1] — [—00,00) are integrable functions satisfying
o(z) + ¥(y) < c(z,y) for all z,y € [0,1]. Then

11—« 11—«

[ odp+ [pdv = lig}l [ (¢p(z + a) + Y(z))dx < lifg | elx+ a,z)dx = 0.
P oo ~ro

Therefore, we see that there is a “duality gap”, since the value of the primal problem is
one, and that of the dual is zero.

1.2 Optimal transport with linear constraints

In this section we consider optimal transport with additional linear constraints, which is a
rather young area of research in comparison with classical transport. Linearly constrained
transport means that in the setting of classical transport one fixes some functional sub-
space F, where admissible transport plans are assumed to vanish. Let F C By(X x ),
then 7 is admissible if for any F' € F it holds that

[ F(z,y)dn(z,y) = 0.
Further, the set of constrained transport plans with given marginals will be denoted by
Hp(p, v) C M(p, v).

The constrained transport problem then looks as follows. For a given cost function
c: X x)Y — RU{+oo} we are minimizing the total expected cost among the restricted
set of transport plans

inf [ c(z,y)dr(z,y). (COT)
m€llr (V) x'xy
For an introduction to the general problem and the existing results we refer the reader
to the works of Beiglbock and Griessler [BG14] and Zaev [Zael5].

Different choices of the subspace F lead to the various properties that transport plans
will satisfy. For example, if one takes X =) = R and

F={F(z)(y—x), FeCR)},
it is easy to see that the set Ilg(u, ) corresponds to all transport plans between the given
marginals that are two-step martingales. Martingale optimal transport is a very active
area of research, and for the existing results see [BJ12, BHLP13, BNT15] to name a few.
We refer the reader to the references given in these articles for a comprehensive list of
contributions.

If we assume that all the functions F' from the set F are further continuous, then it
is easy to see that the set of transport plans IIp(p, v) is closed, and as a consequence of
Prokhorov’s theorem, it is compact. Moreover, in this case the functional

T f Fdr,
is continuous for F' € F. Compactness and continuity imply that the transport problem
is attained if and only if the set IIg(u, ) is non-empty. However, if we allow for a
more general set of test functions F, meaning that we relax the continuity assumption on
the functions F' € F, then the compactness of IIp(u,v) is not straightforward anymore,
as we will see in the next chapter (see Lemma [2.1.8]).

22



As in classical transport, there is also a dual formulation for (COT)):
sup {[odu+ [vdv}, (1.2.1)

(¢, )€V, FEF s.t.
PDY<c+F

where U is defined in ([1.1.1). The equivalence between and the maximization
problem for a class F C Cp(X x Y) and continuous cost function ¢ was shown
in [Zael5]. His proof can be easily extended to the case of lower semicontinuous cost
functions using the same arguments as in the classical case (see e.g. [Vil08]).

1.3 Extensions of duality results

In this section we generalize classical results on attainability and duality for transport
problems of the form (OT)) for the class of cost functions of the form

c(x,y) = c(z,y) + f(2)9(y), (1.3.1)
with ¢ to be any lower semicontinuous function, and either f or g continuous. Even though
there is no systematic duality theory for Borel measurable cost functions ¢ with values in
the extended real line (—o0, 400], the structure of the cost functions we consider allows
us to prove attainability /duality results for in a simple and self-contained way; see
Proposition [1.3.1] Moreover, we give a proof of duality for linearly constrained transport
problems, for the same type of costs, see Corollary [I.3.3. The latter extension will be
important for us when proving duality for causal optimal transport; see Theorem [2.1.10
for the result in discrete time, and Theorem for a continuous time analogue.

Proposition 1.3.1. Let f : X = R and g : YV — R be bounded Borel functions and
¢: X xY = (—o00,00] lower semicontinuous and bounded from below. Suppose that
either f or g is further continuous, and define

c(z,y) = é(z,y) + f(2)9(y).
Then the optimal transport problem (O'1)) corresponding to the cost ¢ is attained. Fur-
thermore, there is no duality gap:

inf [ cdr = sup { ] o(x)u(dz) + [ (y)v(dy)}.
mell(pv) ¢ecb<(;f>;pwecb(y)
DyY<c

From the proof it will be clear that one can take ¢ above to contain a finite sum of
terms of the form f(z)g(y) as described. Before we give the proof of the above proposition,
we prove the following lemma.

Lemma 1.3.2. Let (X, u) and (Y,v) be Polish probability spaces. Let f : X — R and
g : Y — R be bounded Borel functions, at least one of which is continuous. Then the
function

m = [ f(2)g(y)dr(z,y)

is continuous on Il(p, v) with respect to the weak topology.

Proof. We assume w.l.o.g. that f is continuous and let M € R be such that |f| < M, and
g Y — Rk € N, be a sequence of bounded continuous functions converging to ¢ in
L'(v). Consider a sequence of measures (1,), C II(u, v) such that m, converges weakly to
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7 for some 7 € II(p, ). Recall that II(u, v) is a compact subset of P(X x ) with respect
to the weak topology. For any € > 0, take k(e) such that ||g — gl z1) < €/(2M +1) for
all k > k(e), and take n( ) such that for all n > n( )

| [ f(z) y)dr(z,y) — [ f(@)gue (y)dm(z,y)| <e/2M +1).
Then, for all n > n( ) we have
| [ f(@)g(y)dn(z.y) — [ f(z) (y)dﬂn(ﬂi D] < [ @)9(y) = guee) ()ldm(z, y)+
| F(@)greo )dn(e,y) = [ f@)gre (@)dma(z )| + [ 1f(@)]l9(y )—gm( ) dma ()
<o tmm tang <6
which proves the desired statement. O

Proof of Proposition |1.3.1. For the proof of this result we employ classical arguments,
as in [Vil03] or [BS1IL Section 1.3]. Since the cost function ¢ is lower semicontinuous,
there exists a sequence (&,), of bounded continuous functions on X x ) such that ¢, is
increasing to ¢. We are going to show that the sequence

P(cy):= inf [ecudn

weIl(p,v)

converges to P(c) := hr%f [ cdm, where we denote ¢, (z,y) = ¢u(z,y) + f(2)g(y). In
e Mu

order to do so, for each n € N, we pick 7, € II(u,v) such that [ ¢,dm, < P(c,) + 1/n.
Since II(p,v) is weakly compact, we may assume that (m,), converges weakly to some
transport plan m € II(u, v). Then, it holds

P(c) < [edm =lim [ ¢pdr = lim(lim [ ¢ndm,) < lim(lim [ ¢,dm,)

m n m

= lim [ ¢,dm, = lim P(c,) < P(c),

where we used monotone convergence in the first equality, Lemma to ensure that
f cpdm = lim f cmdm,, and the fact that ¢, is an increasing sequence with
n

P(¢,) < [epdm, < P(c,) + 1/n. This concludes the proof of our claim. Moreover,
by compactness and Lemma [1.3.2] it actually holds that = is an optimizer for the cost
c. The function ¢, is Borel bounded, so by [Kel84, Theorem 2.14] we have that duality
holds for it. Thus we can pick (¢, ¢,) such that

f?/)ndﬂ + f ¢ndV > P(Cn) - 1/’/1,
and hence

sup([ Yndp + [ ¢ndv) > 1lim P(c,) — 1/n = P(c).
Since ¥, (z) + ¢n(y) < cnlz,y) < c(z,y), duality is established. O

Corollary 1.3.3. Let § (resp. &) be a non-empty collection of real-valued bounded Borel
functions on X (resp. Y), and deﬁneﬂ F := span{fg: f € §,g9 € }. We define the
optimal transport problem with linear constraints determined by F as before:

inf cdr. 1.3.2
WEHJF(MJJ) f ( )

Assume that ¢ : X x Y — (—00,00] is lower semicontinuous and bounded from below,
and that either all elements of §, or all elements of &, are continuous. Then ((1.3.2)) is

'Here and thereafter, span denotes the linear space of functions obtained by finite linear combinations
of those functions in the generating class.
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attained, and there is no duality gap:

inf [edr = sup { [ o(x)ldz) + [(y)v(dy)}.
mellp(p,v) PECH(X), YECH(Y), FEF
POY<c+F

Note that this result is not a consequence of [Zael5|, who only deals with continuous
test functions in the class F.

Proof. The set Ig(u, v) is a weakly closed subset of the compact set I1(u, /) (follows from
Lemma |1.3.2]). This is enough to ensure the attainability of (1.3.2)).

It is immediate that
inf cdm = inf sup [(c+ F)dm =sup inf c+ F)dm,
mellr(u,v) f mell(p,v) Fe% f( ) Fe% mell(u,v) f( )
by the usual minimax arguments (see e.g. [Sio58]), and by observing that the affine
bilinear objective function is lower semicontinuous in = by Lemma [1.3.2} as 7 varies over
a compact set. By Proposition |1.3.1] we find
ol fedm=swp sw [ olutdn) + [ vdn)

m€llg (u,v) FeF  ¢eCy(X) el (Y
¢DY<c+F

yielding the desired result. [l
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Chapter 2

Causal transport in discrete time

This chapter is devoted to the analysis of causal transport problems in discrete time.
First, we show that causality is a linear constraint on measures and provide an equivalent
characterization to test this property (see Proposition 2.1.5). Next, in Theorem
we present a dual formulation, proving that there is no duality gap. One of the main
results of this chapter is the dynamic programming principle (DPP) for causal trans-
port problems given in Theorem [2.2.2l We establish it with the help of the so-called
quasi-Markov transport plans, that do posses a DPP. We show that the value of trans-
port problems induced by the latter coincides with causal optimal transport under a
markovianity assumption on the source measure and for separable cost functions (see
Theorem and Proposition 2.2.6). Our next main result, Theorem [2.2.13] establishes
the equivalence of causal and bicausal transport problems, and furthermore, it identifies
the Knothe-Rosenblatt rearrangement as a causal optimizer for convex separable costs.
The key here is first to identify the mentioned rearrangement as a bicausal optimizer,
which we do in Proposition generalizing a corresponding result in [Riis85], and then
to prove that under the given assumptions the values of the causal and bicausal problems
coincide. As a consequence, we provide an extension of the previous result to the case
when the source measure has independent increments and the cost is suitably modified
(see Corollary 2.2.17)). In Section we examine to which extent the aforementioned
rearrangement is canonical, characterizing it as the unique bicausal transport plan which
is an increasing triangular transport. Sections and are devoted to the discus-
sion of the connection between bicausal transport problems and stochastic programming.
We show that many stochastic programs are concave/convex along what we define as
lexicographical displacement interpolations, in analogy to the concepts of displacement
interpolation and displacement convex functionals in classical optimal transport theory
(see [Vil03l chapter 5] or McCann [McC97]), where the role of Brenier’s map is taken
by the Knothe-Rosenblatt rearrangement. Further, in Theorem we give conditions
under which the nested distance of “order one”, which gauges the discrepancy between
stochastic programs driven by different noise distributions and a common Lipschitz-cost
criterion, can itself be assessed by the square root of the relative entropy between such
processes. In other words, we establish a transport-information inequality for this nested
distance of “order one”. We finish this chapter with a short discussion on enlargements
of filtrations in a discrete-time setting; this is a warm-up for Chapter [4]
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2.1 Causality as a linear constraint

Let X and Y be closed subsets of RY that will be the ambient spaces until the end of
the chapter. We endow the spaces X' and Y with filtrations F = (F)¥, and G = (G;)Y,
respectively. We assume that

F is generated by the coordinate process,

i.e. F; is the smallest o-algebra s.t. x € X — (z1,...,2;) € R’ is measurable, and so
forth. Let p € P(X) and v € P(Y) be given two probability measures. In the following
we assume w.l.o.g. that X = supp(p) and Y = supp(v), whenever dealing with transport
problems between y and v.

Most of the results would still hold for X = Y = SV with S a Polish space, i.e.
we could work with S-valued discrete-time stochastic processes in N-steps as well. It is
mostly for the sake of familiarity that we shall take S = R throughout the whole chapter
(moreover, we could also take products of different Polish spaces). We shall commonly
denote by (z,y) = (x1,..., 2N, Y1, --.,yn) a generic element in RY x RV,

For a process Z on a given probability space (£2,[P), we denote by FZ := Z~}(F)
the filtration generated by Z on Q. For the rest of this chapter, let (£2,P) be a fixed
probability space.

Definition 2.1.1 (Causal transport plan). A transport plan m € T(u,v) is called causal
between (X, F,u) and (Y,G,v) if, for any t € {1,...,N} and any set B € G, the map

X 3>z — 71%(B)
1s measurable with respect to F;. The set of all such plans will be denoted
79, v).

Analogously, we will be interested in transport plans that are “causal in both di-
rections”, or bicausal in our terminology. The set of all such plans is explicitly given
by

119 (u, v) = {r e 79 (pu,v) st. exm € N9 (v, )},

where e(x,y) = (y,z). As in the usual optimal transport problem, the set of all causal
plans 179 (1, v), as well as ch’g( i, V), are always non-empty because the product measure
URVE ch’g(,u, v). Further, as in the classical setting, we shall consider the case of Borel
measurable transformations T : X — Y satisfying T, = v. (Monge) transport maps T’
are termed (bi)causal if the associated 77 := (id x T'),u belongs to II79(u,v) (resp.

Iy, (1. v))-
Definition 2.1.2 (Causal coupling). A pair (X,Y) of continuous processes on (2, P), is
called a causal coupling if (X,Y).P is a causal transport plan between (X, F, X.P) and
(V,G,Y.P).

The condition for a transport plan to be causal, written in terms of stochastic pro-
cesses, looks as follows: for all t =1,..., N and any set B; € G,

P((Yy,...,Yn) € B, | X1,..., Xn) =P((V1,...,Yn) € B/ | X,... X)).
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In the case F = G, which will occupy us for most of the chapter, the above equality
reads as “given the past of X, the past of Y and the future of X are independent”.
This is perhaps best interpreted by the following equivalent formulation (see e.g. [Kal02,
Proposition 6.13]):

Yi=F(Xy,..., X, U;) Vte{l,...,N},

for some measurable functions F; and where each U, is a uniform random variable inde-
pendent of X1, ..., Xy; however, the U;’s need not be independent of each other.

Remark 2.1.3. Clearly, if F = G, a transport map 7" is causal if and only if it is adapted, in
the sense that there exist a Borel measurable T* : R — R such that for u-a.e. (z1,...,zy):

T(z1,...,oy) = (THx1), T*(x1,29), ..., TN (21,...,2N)).

Bicausality is more subtle, but it holds if for instance 7" admits a measurable p-a.s. left
inverse which is also adapted.

Fxample 2.1.4. This example shows that there may be no causal Monge maps even if
classical Monge maps do exist. One can easily observe that for the measures

p= a1 d(1,2) + az 01,0y + a3z 0(—1,0) + a4 0(_1,-2),

and
v =a10(1,2) + a3z d(1,0) + a2 0(—1,0) + a4 6(—1,2),

where a;,7 = 1,...,4 are positive numbers that sum up to one and a; # a;, the only
Monge map is given by:

7(1,2)=(1,2), T(-1,-2) =(-1,-2) , T(1,0) = (-1,0) , T(-1,0) = (1,0)
and the corresponding transport plan is

= a1 W((L 2); (17 2)) + az 7T((1, 0); (_L O))
Fagm((=1,0); (1,0)) + agw((—1, —2); (—1, —2)).

This transport plan is clearly non-causal since for example in coupling notation
P[}/l = 1’X1 = —1,X2 - —2] = 0,

whereas
a3

PlY; =1X, = 1] =

as + aq .
Hence, there is no causal Monge map pushing forward pu to v; i.e. for any causal transport
plan the mass must split.

Now we introduce our main optimization problem, the causal optimal transport prob-
lem: given some Borel cost function ¢ defined on RY x R™ and the probability measures
1, v, find the minimal cost at which they can be coupled in a causal way, i.e. consider

inf [ edn. (2.1.1)

TElF 9 ()
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Minimizing over the set H,{;’g(,u, v) defines the bicausal optimal transport problem

inf [ cdn. (2.1.2)

melly 9 (u,v)

These should be compared to the classical problem of optimal transport in which mini-
mization is done over II(u, v). In the following, we shall usually assume ¢ to be bounded
from below; in principle it would also suffice that c(z,y) > a(x) + b(y) for a € L'(u),
be L' (v).

In what follows, given two measures p, v on RY, we will study (bi)causal transport
problems between (RY, F, ) and (RY,G,v). It is clear that in general the value of of
the classical transport problem (OT]) is smaller than or equal to the value of the causal
transport problem , which in turn is smaller than or equal to the value of the

bicausal transport problem ([2.1.2)), see Section .

The following proposition shows that causality can be seen as a linear constraint on
measures on the product space, stated in terms of a special class of test functions or via
discrete stochastic integrals.

Proposition 2.1.5. For a probability measure m € I(u,v), the following are equivalent:

1. w is a causal transport plan w.r.t. F and G;

2. Forallt € {1,...,N}, g: € Co(RY) and G;-measurable functions hy € By(RY), we
have

fht<y17 csyn) {gi(@, . N) -
fgt(xh'”ax]\f)/“bxl ,,,, xt<d‘rt+17”'7de)}d7T:0; (213)

3. For every bounded G-adapted process H and each continuous bounded (pu,F)-
martingale M we have

f > Hi(yr, o yn) My (w1, .o 0eq1) — My(, ... )] de = 0

t<N

4. Every square integrable bounded (u, F)-martingale is a square integrable (m, F @ G)-
martingale;

5. For allt € {1,...,N} the o-fields G, and Fy are conditionally independent with
respect to ™ given F;.

Proof. STEP 1. Equivalence between Points[1] and [3:
For Gi-measurable h; € By(RY) denote

Mz, ..., zN) = [ by, .o yn) TN (dyy, . dy ).

By definition 7 € 179 (y, v) if and only if for all ¢ < N the regular conditional kernel of
7 is F;—measurable, i.e. for all such " we have

2y, ... zN) :ffh(xl,...,a:N)/ﬂl """ T (dxygq, ..., dey),



which is equivalent to the following:

fg(ﬂfl, TN [fh(%, o, TN) — ffh(fl, TN (AT 7de)] dp =0,
(2.1.4)

for every function g € Cy(RY) and for all t < N. We can take the functions g’s continuous
and not merely Borel bounded, since under the given assumptions any bounded Borel
function can be approximated by a sequence of continuous bounded ones in LP(u)-norm
for every 1 < p < oo, where p is a Borel finite measure on a Polish space. Having
observed that

ffh(xl, .o TN) Ug(a:l, e BN )T (d g, ,de)] dp =
/ [f M@, en) ™o (dgy g, . ,de)] U g(x1, .. NP (dwg, . ,de)] dp =
fg(xl, R0 U fh(ml, e BN )T T (g, ,d:L‘N)] du,

equation ([2.1.4) is equivalent to the following
ffh<:[;17 s 7$N) [g(xlv s ,.TN) - fg(ajla s 7$N>M$1"..7It<dxt+l> s 7d$N):| d,LL =0.

By the tower property of conditional expectation the above equation is equivalent to:

f he(y1s- - YN) [gt(:cl, ce o IN) — fgt(xl, e TN )T (g, ,da:N)} dr = 0.

STEP 2. Equivalence between Points[d and[3: Choosing g, = M4, and hy = H for each

t < N, and summing up, proves Point [3| from Point 2] Conversely, given ¢, h, and g, we
build Hs = h;14>; and

Ms = fgt(xlv ey Ly L1y e - 7xN>ﬂx1’m’xs(dws+la cee 7d~rN)7

and conclude by telescopic sum over s.
STEP 3. FEquivalence between Points [1] and [4: Let M be a (u, F)-martingale. For
0<s<t< N and F; ® G,— adapted functions f; we have

[ Mz, ) fs(@n, oo s, Yr, e y)dm (T, o T Yy e Ys) =

[ Mz, x) ([ fs(zn, oo s yny oo ys)dm™ o (yn, oo ys) ) dp(T, .o 1) =
fMt(xl,...,xt)(f fs(x1, o e yr, o ys)dm " (yg o ys) (T, . xy) =
[ Mg(z1, ..z ([ fs(ma, oo, yr, oo ys) AT (yn, o ys) (2, o x) =
[ My(xq, .. xe) fs(@, sy Y1y, Ys) AT (@1, - Ty Y1y e, Ys),s

where causality is used in the second equality. Conversely, let every bounded (u, F)-
martingale be (7, F ® G)-martingale. Then for any G-adapted process H we have

f Z Ht(yh---7yN)Mt+1(5U1,---,901:+1)d7f($17--~,90N,y1,---,yN) -
t<N

f > Hi(yr,---,yn) f My (21, .oy @y )dmmr POV Yt (g g XN Y1y - - - YN AT =
t<N
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f Z Ht(yl)' '-7?/N)Mt(l’1w . .,ﬁt)d’ﬂ'(ﬂfl,. oy TN, YL,y - 'ayN)v
t<N

and causality follows from Point

STEP 4. Equivalence between Points [{] and [5J: This equivalence can be shown as in
[BYT78, Theorem 3]. Point [4| can equivalently be stated as: for all ¢ € {1,..., N} and for
every p-a.s. integrable Fy-adapted process X the following holds

[ X(z1, .. an)dp™ " (@, . Ty) =
fX(xl, e EN AT T (T EN, Y1y e YN) =

fX(xb s 7l‘N)d’]rxlwl’xt’ylw.7yt ($t+17 <oy TNy Ytg1y e - 7yN)a

which is one of the possible ways to define the conditional independence of filtrations G,
and Fy with respect to 7 given F;. O

2.1.1 Duality

As any linear optimization problem, causal transport problem admits a dual formulation.
The main result of this section is Theorem [2.1.10] which gives the attainability and no-
duality-gap result. As in the classical setting, there exists a dual formulation to the
(bi)causal transport problem. We have already observed in Proposition that these
problems form a subclass of optimal transport problems under linear constraints discussed
in Section [[.2] Let us make this precise in the present setting, by defining the following
sets of test functions that will be instrumental for the dual formulation:

F:RV xRV 5 Rst. F(zy,..., 28, Y1, YN) =
F .= X;Vht(y17“'7y1\/) I:gt(xlwnaxN)_fgt(-rla“wxl\’),uzl ..... It(dxt+l>"'7d$N):|> , (215)
t<
with h; € By(RY,G,), g: € Cy(RY) for all t < N

SRV XRY - Rst. S(x1,..., o8, Y1, YN) =

S = > Hi(yr, oo yn) [Miea (w1, oo meg0) — Mi(2, .0 2)] . (2.1.6)
t<N

with H, € By(RY,Gy), M; € Cy(R?) for all t < N, and with M a martingale

Let us also notice that p*'»*¥-1 is a univariate measure, and more generally we will
commonly write p*t % (dxyyq, . . ., dxy ) for the measure p®t% (day iy, . .., dzi g, RN717F)
and similarly p(dxy,...,dz,) for the projection of p into the first t-marginals.

The following assumption eases the proof of Theorem [2.1.10;

Assumption 2.1.6. The measure p s successively weakly continuous in the sense
that for each t < N, there is a version of the regular conditional kernel of u w.r.t.
its first t variables s.t.

(w1, wp) € supp(p(dan, ..., dxy)) m ™" (dzgys, .., doy) € P(RYY),

15 continuous w.r.t. the weak topology in the range and the relative topology in the domain.
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If supp(p) contains no accumulation points, as in the random walk /event tree setting,
Assumption [2.1.6] is vacuously fulfilled. On the other extreme, there are many discrete-
time processes with full support satisfying it, e.g. the Gaussian case.

We now proceed to the duality and attainment questions. First:

Lemma 2.1.7. Suppose Assumption holds. For g € Cy(RY), the functions

T1;ee0yTt

(x1,...,2n) = g(T1,...,2N) — fg(xl, C TN (dxgyq, ..., dzy),

belong themselves to Cy(RY).

Proof. 1t is suffices to check the continuity of

L1, @

(xlw"axt) = fg(xh?x]\/):u t<dxt+17"'ade)’

Let 2" := (a7, ...,2}) converge to y := (y1,...,¥:), thus we may assume all 2™ belongs
to a fixed ball B around y". Let us fix an arbitrary ¢ > 0. By assumption p*" converges
weakly to p¥ and so in particular {4 },ey is tight. Thus we may find a compact in R~
such that sup, u*" (K¢) < /3. For large enough ng we also have that

sup [g(z",2) — g(y, 2)| < ¢/3,

n>ng,z€K

since g restricted to B x K must be uniformly continuous. We then write:

Ug(w",zm — [gly, z)p¥(dz)| < \f (z",2) — g(y, 2)]p™" (d=)|+

\f — gy, )™ (dz)| + | [ 9y, 2)[p"" (dz) — p¥(d=)]|

We easily see that each term is smaller than £/3 for n large enough and the continuity
follows. [

This lemma also implies that under Assumption [2.1.6] we can test causality against
continuous bounded functions g in the set F (resp. M in S), instead of just bounded
Borel.

Lemma 2.1.8. Under Assumption the set 1179 (u,v) of causal transport plans is
compact for weak convergence.

Proof. Since 179 (pu,v) C TI(u,v), and the latter is weakly compact, we only need to
show that 1179 (u, v) is weakly closed. From Lemma and Lemma we know
that the functions 7+ [ Fdr, F € F, are continuous with respect to the weak topology.
The result follows from Proposition , since the condition [ Fdr = 0 is closed for all
F eF. O

Remark 2.1.9. Observe that the set of causal transport plans with the fixed first marginal,
denoted by 179 (y, -), is closed too. This result will be needed in Section
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Now we are ready to present the basic primal attainability /no-duality-gap result:

Theorem 2.1.10 (Causal transport duality). Suppose that ¢ : RN x RN — RU{+oc} is
lower semicontinuous and bounded from below, and that Assumption holds. Then
there is no duality gap

inf  [edr = sup [ ¢dp+ [vdv] = sup ([ ¢dp+ [wdv],
7ElF9 (1) P YECH(RN),FEF P WECH(RN),S€S
PDY<c+F P@Y<c+S

and the infimum on the l.h.s. (i.e. (2.1.1)) is attained.
It is also easy to see that the dual problem can be reduced to both:

sup [dv  and sup [ av.
IZJECb(RN),FGF, ’L[JECb(RN),SES,
p<cet+F P<c+S

Proof. From Lemma we know that the set 179 (u, v) is weakly compact and attain-
ability follows by classical arguments (every lower semicontinuous functions attains its
minimum on the compact set). Next, we observe that under the weak continuity assump-
tion on p, all the xz-dependent factors generating F and S are continuous and bounded.
Then duality is a direct consequence of Proposition [1.3.3] upon observing that the sets
F and S have the correct structure. The fact that ¢ disappears from the dual problem
follows from the fact that ¢ — [ ¢du belongs to F (resp. S).

O

Our duality result cannot be seen as a consequence of duality given in [Zael5] or
[Las15]. In the first paper the author gives the proof for the set of linear constraints
with continuous and bounded test functions, whereas in the second paper the author
makes restrictive assumptions on filtrations requiring them to be of a particular structure.
Neither of these is suitable for us, taking into account that we would like to work in the
most general setting that allows to consider the enlargements of filtrations, see Section|2.6
for a discrete time setting and Chapter [4] for a discussion in a continuous time.

2.2 Main results

In this section we discuss in details the causal and bicausal transport problems in an
adapted setting, i.e. we assume that filtrations

F = G are generated by the coordinate processes.

The main results are the recursive formulations for both problems and the characteriza-
tion of bicausal optimizers, given by the Knothe-Rosenblatt rearrangement. Moreover,
we give the conditions under which the latter can be seen as causal optimizer as well.

It is known that is possible to decompose a measure m € II(RY RY) uniquely in
a suitable way, by successive disintegration first w.r.t. (z1,...,Znx_1,%1,...,Y~n_1), then
w.r.t. (T1,...,TN_2, Y1,--.,Yn—2) and so forth in a recursive way, obtaining

w(dzy,...,dey,dy,. .., dyy) = 7(dzy, dy)) 70V (dzg, dys) . . . T PN=LYLSUN=L (dg o dy ), (2.2.1)
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so that each m;(dxy, dy;) := w¥%t=1VLYi-1(dx, dy,) is a regular conditional probability
or kernel (see [Bog07, Theorem 10.4.14, Corollary 10.4.17] and [Kal02, Lemma 1.41]). We
will freely perform concatenation of these objects or further decompose them into smaller
kernels, as justified in [BS78, Chapter 7.4.3].

We start with a lemma that allows us to characterize the causal transport plans using
the successive disintegrations of measures on a product space.

Lemma 2.2.1. For 7 € II(RY,RY), the following statements are equivalent:
1. 7 is a causal transport between (X, F,u) and (Y, F,v);
2. Decomposing 7 in terms of successive reqular kernels
w(da, ... dey,dy, ... dyy) = 7(dey, dy) T (dag, dys) . . . w5 EN 0N (dr e dyy), (2.2.2)

then 7 € T1(piu, plv) and for t < N and w-almost all x1,. .., T4, y1,- .., s

pratie Tt (dyy 1) = Tt (dwgy ), (2.2.3)
and for v-almost all yi, ...,y
YV (dyy ) = VYooY (dygg). (2.2.4)

Notice that (2.2.4]) is equivalent to
[ me it (R dy g )m Y (da, L dry) = v (dyer),

which is more convenient for the derivation of the dynamic programming principle to
come.

Proof. Let m € TI(u,v) be decomposed as in (2.2.2)). It is causal if and only of for any
time t <n < N,

oL TV (g L dey,) = 7T (day, L day,),

see [Kal02, Proposition 6.6]. Since the z-marginal of 7 is p, (2.2.3)) follows. For the other
condition, observe that for any t < N

[h(ys,...,y)m(dzy, ... dxy, dyy, . .., dy) = (2.2.5)
[h(yy, ..., yg)m*ote=vbiedi=t (do dym(dey, ... dey_q, dyg, ... dy;—q) =
fh(yla . :Z/t)ﬂxl""’It_l’yl""’yt_l(dl’t; dyt)ﬂyl’""yt_l(d%, cee 7d$t71)7"(dy17 e 7dyt71)7

where the dependence on the x’s is integrated out, so what is left

f h‘(yb s 7yt)7Tyl 7777 ytil(dyt)ﬂ-(dyla s 7dyt71> =
S iy, .-y m¥vvet(dyv(dyy, - . dye-y).
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Hence, w¥¥-1(dy,) must coincide with a kernel of v from the uniqueness of disintegra-
tion, and follows. For the converse statement, the fact that the x-marginal of 7 is
u follows from (2.2.3)) and 7 € TI(plu, plv), whereas the fact that the y-marginal of 7 is
v follows from 7 € TI(plu, plv) and after the inductive iteration of arguments in
2.2.5)) for any ¢t < N. To see that these conditions imply causality, it is enough to verify
2.1.3) forany t = 1,..., N — 1. Having observed that functions h; in depend only
on yi,...,Y:, the latter can be written then as

[he(yrs - ye) [Qt(xb connN) = [axr, o xy T, aN) T (AT, 7d$N)]
PN () L T (dry g )T T Y YL (e dyy) L YN (dxy, dyo )T (dx, dyy ),

which is zero because from disintegration property

pEt N () L T (dagy ) = ptott (dagg, -, day).

Hence, we conclude.

]

We would like to remark that in the case when both filtrations on X =Y = R are
coordinate, we can test causality against continuous and bounded functions, i.e. functions
h in can be taken from Cy(R"). This further implies that causal transport duality
for continuous cost functions can be seen as a particular case of the Monge-Kantorovich
problem with additional linear constraints considered in [Zael5, Theorem 2.5]. Finally
duality for lower semicontinuous cost functions is achieved by the usual approximation
arguments in [Vil03, Chapter 1], owing to the compactness of the set of all causal plans.

2.2.1 Dynamic programming principle

The aim of this section is to introduce the dynamic programming principle (DPP) for a
class of causal transport problems. We believe that generally a causal transport problem

ny1;1(flw)fcd7r. (Pc)
does not allow for a meaningful and useful “factorized” or “recursive” formulation,
along the lines of what a DPP ought to be. However, if we impose more structure
in the transport problem, we can get the recursive formulation. The importance of decom-
position together with Lemma lies in the fact that it suggests
that the causal optimal transport problem can be solved recursively if the starting mea-
sure u is Markovian and the cost function has a “semiseparable” structure.

Theorem 2.2.2 (DPP for causal plans). Let u,v € P(RY), suppose that yu is a Markov
measure and that the cost is semiseparable in the sense that for non-negative l.s.c. func-
tions ¢; we have

c=> (Tt Yr)

t

Then, starting from VY := 0 and defining recursively fort = N,... 2:
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Vie (s yym(dee ) =
inf f ﬂ—t(dxty dyt){ct(xtv Yiy- - 7yt)

ﬂ-ten(fzt_1 m(dxt—l)ﬂztil(dxt)»yyl """ ytil(dyt))

Ve (de) b, (22.6)

and

Vy = inf [ mi(dzy, dyn){ei(z1,y1) + VE(yr; 7t (dx)) }

m1 €N (pLu,ply)

the integrals above are well-defined and Vi = wvalue(Pd), i.e. the recursion determines
(Pd). Furthermore, if Assumption holds, there exists a causal optimizer © with the
additional property that for all t:

L1 Tt YL Yt (d$t+1, dyt+1) = YLyt (d$t+1, dytJrl);

and each of the one-step optimization problems in (2.2.6|) corresponds to a general trans-
port problem in [GRSTTA] which is convex and l.s.c. in the kernel (i.e. in w}*, for fized

Yiy- ot ,yH)-

The very last line of the previous result means concretely that

Vi Y-y m(dz)) =
inf fyt YL i1 (dyt){ fxt 7t (dag)e( e, yry - o Yp)

yti—>7r:jlt s.t.
Sy P dy)m (da) = [, m(dae)ptt= 1 (da)

+ Vi, - Y1, s Triyt(dxt))}g (2.2.7)

and that the function in curly brackets in the r.h.s. is convex and l.s.c. in 7" (ceteris
paribus). The same function in brackets is only jointly universally measurable (actually
lower semianalytic, l.s.a. in short) as far as we can say, regardless of Assumption .
If on the other hand Assumption [2.2.8 holds, then this function is jointly l.s.c. Problems
of this kind have been analysed in [GRST15] .

To fully grasp the nature of the DPP one should better look at an example; this
requires the use of some extra notation which will be also useful for Theorem [2.2.13
below. We denote by

Fy(+) = n((=o00,])
the usual cumulative distribution function of a probability measure 1 on the line, and by

F, M (u) its left-continuous generalized inverse, i.e.

Fn_l(u) =inf{y: F,(y) > u}.

Ezample 2.2.3. Take N = 2 and ¢ = (21 — y1)* + (v2 — y2)®. Using the well-known
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optimality of the monotone coupling on the line (see e.g. [Vil03, Theorem 2.18]) we get:

Vl(yl; ﬁ/l(dﬂfl)) mf f7f2(d$2, dyz)[fﬂz - 92]2
7r2€1_[(f 7r L(dxy ) p®1,091)

_f[ o (W) = F o g (“)]2d“’

r1

1

Vo = inf { f Wl(dxl,dyﬁ[ﬂ?l—yl]z"‘fV(dyl f[ z/yl flﬂ (da1) ll(u):|2du}'

1 en(plu7ply) T1,Y1 Y1 0

From this we see that the cost function in Vj has indeed a non-linear behaviour in its last
term, here in terms of 7.

In order to prove Theorem [2.2.2] first, we introduce causal quasi-Markov transport
plans and show that their associated optimal transport problem do possess a DPP. This

fact (Theorem [2.2.5) together with Proposition will then allow us to prove the
desired result.

Definition 2.2.4. A causal transport plan m € 117 (u,v) is called causal quasi-Markov,
which we denote by © € 127 (u,v), if for every t

cqgm
L1 yeees Tt YL ey Tt Yl ey
ittt yt(d$t+17 dyp1) = 7YY (dagy dyt+1)-

F.F
) Of course IT77 (11, v) # () if and only if 1 is a Markov measure. To wit, if 7 € 1T/, (11, v)
then

R () = Al ) = T (dg) = 6 (dg),

which implies the Markov property of 1. Conversely, if i is a Markov measure, then the in-
dependent coupling of 4 and v belongs to IT7 -7 (11, v).  In either case, w0 ¥V (day ) =
¥t (dxyyq) must be satisfied.

Let us stress that the causal quasi-Markov constraint is not a linear constraint, and the
set 1177 (1, v) of all these measures is not convex.

cqgm

We introduce now the causal quasi-Markov transport problem:

inf { [ edm, 7 € 27 (,v) } (2.2.8)

cqgm
The following theorem shows the DPP for (2.2.8]):

Theorem 2.2.5 (DPP for (2.2.8)). Let u,v € P(RY), suppose that u is Markov and
that the cost is semiseparable in the sense that ¢ = Y ci(xy, 1, ..., y:) for non-negative
t

Borel functions c¢;. Then starting from Vi := 0 and defining recursively fort = N, ... 2:

Vie (s yym(deey)) =

inf fm(dxt,dyt){ct(xt,y1,~-7yt)
el ( [, m(dm_)ut= (dae) ,vU0 V=1 (dyy) )

V), (2:29)
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we have that

Ve = inf [ mi(dey, dy){er(xr, y1) + VE(y; 7))} = value(2.2.8).

m € (plu,plv)

Furthermore, each function V.2, is jointly universally measurable and convex in its last
component.  If moreover, Assumption holds and each ¢, is ls.c, then

Ve iy, ., yi1; ) is Ls.c. and the infimum in (2.2.8) is attained.

To be precise, we shall prove that V¢ is lower semianalytic (i.e. {V,%, < r} is analytic
for each r; see [BST8, Definition 7.21]), which implies universal measurability. We recall
that a set is analytic if it is a continuous image of a Borel set in a Polish space.

Proof. We split the proof in several steps. From the definition of the value function V,°
we see that it is bounded from below and convex in its last component for any t. To
prove convexity, we denote by 7y, my optimizers for V(yy, ..., y;;m) and VE(y1, ...,y m)
respectively, and look at the linear combination of two value functions

AVEWL - ysm) + (L= NV, - ysm) =

AE™ U T (e, Ay { o (T, v, - ye1) + Viaa (s - s i) H +
(1= NE™ [ [ 71 (disr, dyer) { e (s, vas - ves1) + V(s - v T H
Em+(1 M7 [ (daggr, dye) { e (T v, - Yern) + Viaa (s - s i) >
VEW, -y Am+ (1= A)m),

where in the last inequality we used that the measure Am; + (1 — A\)my is an element of
the set I1 (fzt (Am 4+ (1 = XN)m) (day) p® (dwyyq) , v¥ove (dytH)). Hence, the convexity of
the value function V¢ follows (see e.g. [Vil08, Theorem 4.8]).

STEP 1: We first show that the sets

Dy = {(yla e Ye1,m, ) St T E H( fx m(dze—1) ™= (dzy) Vyl"“’ytfl(dyt»}

t—1

are Borel, so in particular analytic. Indeed, observe first that

D1 :=A{(p,q,7) s.t. € M (q(dxy), p(dye))}

is closed w.r.t. weak convergence of probability measures (this follows from compactness
of the set II (¢(dx), p(dy:)) and from Prokhorov’s Theorem [1.1.2)). So, if we denote by
U the map

(yla s Y1, M, 77) = (Vyl’m’ytil (dyt)> fxt m(dmtfl),uzt71 (dxt)a 7T)7

—1

we have D;_; = W~1(D;_;). We know that the application (yi,...,y:_1) = VY01 (dy,)
is Borel measurable (see [Kal(02, Lemma 1.40 |), so it suffices to show that the map

m(dzi—1) — [ m(dz_q) ™= (day)

Tt—1
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is Borel. For this, it suffices to show that for Borel sets {A;, B;}/_; the sets of the form
{m : fwt_l m(dﬂft_l)ﬂxtfl(Ai) € B;fori=1,... ,7’}

are again Borel. Since for any i the functions x;_; — g;(z;—1) := p**='(A;) are bounded
Borel, everything ultimately boils down to proving that the sets

{m [ m(dee)gi(ze) € Bz} (2.2.10)
are Borel for any bounded function g;, ¢ = 1, ..., 7, or equivalently that the functions
m(dxe—1) — [ m(dwi—1)g(xi-1) (2.2.11)

Tt—1

are Borel measurable. But this follows now from an application of the functional mono-
tone class theorem (see e.g. [AB0G, Theorem 15.13]).

For future use in Step 5, we observe that as soon as Assumption holds, the sets
K= {(m,n) s.t. = € II( fxtil m(dxy_1 )™= (dzy) , v90v=1 (dyy)) },

which are generally Borel only (as fibers of the set D;_;), are further closed. To see this,
we take a sequence of elements (m,,, m,), € K that converges weakly to (m, ), and since
for any f € Co(R) the function [ p®-'(dx;)f(z;) € Co(R), it follows that

Tt

S ma(dzey) [ (dae) f(ze) = [ m(dw—) [ p®t (dae) f(2e), no— oo,

Tt—1 Tt Tt

STEP 2: Let us now prove that the recursion is well-defined; namely, that the involved
integrated functions are defined at most except for a null-set w.r.t. the integral. To be
precise, we will show that these functions are lower semianalytic, and so universally
measurable, thus in particular their integrals are well defined w.r.t. any Borel measure.
For that matter, we shall first prove that

Yty - Yy m(day) = VE(yr, ...,y m) (2.2.12)

is lower semianalytic. By [Kal02, Lemma 1.40 ], we know that for the regular conditional
kernel of a given measure 7(dxs, dy;), the application y; — 7¥%(dz;) is Borel measurable,
then so is the map (y1,..., 4, m) = (y1,..., 4, 7% (dz;)). Therefore, by [BS78, Lemma
7.30(3)] (on the composition of l.s.a. and Borel maps) we deduce that (y;,...,y;,7) —
Vié(y1, ..., y; ™) is Ls.a for m participating in the infimum in , and in particular
the integral is indeed well-defined.

To show that functions are l.s.a. for any t < N, we will proceed by induction
and we start with V§_;. The cost

(Y1, ., Yyn—1,m, m) fﬂ(dxmdyN)CN(fl?N,yl, C L UN)

is Borel measurable and so in particular l.s.a. The proof is the same as for functions in
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(2.2.11) with g, = —[cny A s], and take s — 400. We can write V$_;(y1,...,ynv—1;m) as
the infimum of this cost over the fiber of the set Dy_1 at (y1,...,yn_1,m). By Step 1 we
know that the set Dy_; is analytic, and by [BS78, Proposition 7.47], the function V$_,
is l.s.a. on the projection of Dy_; onto its (y1,...,yn—1,m) components. By reverse
induction, let us suppose that V,° is l.s.a. and prove that so is V,° ;. The cost to consider
is now

(yla sy Yi—1,Mm, 71') = f’ﬁ(dﬂft, dyt)ct(xtv Y1, - - >yt) + f Vyl7...7yt71(dyt)‘/;:c(yla <o Ut ﬂ_}flt)a

the first term of which is Borel as before. The second term is l.s.a. by virtue of the
inductive step, the discussion about composition of l.s.a. and Borel maps above, and by
[BST8, Proposition 7.48] on the integration of 1.s.a. functions with respect to Borel kernels.
By [BSTS8, Lemma 7.30(4)] we get that their sum is l.s.a. and so by [BST8, Proposition
7.47], we conclude that V¢, is l.s.a. as the infimum of a ls.a. function over the fiber of
an analytic set.

STEP 3: By the previous point, and the way we wrote (2.2.9) as an infimum of a
l.s.a. cost over a fiber of an analytic set in Step 2, we can perform for any € > 0 by [BSTS,
Proposition 7.50(b)] a selection

1

(yh <o Y1, m) = L?i71.7;yt71;m(dxt7 dyt) eIl < fxt7 m(dxt—l>lubxt_1 (dxt) ) Vyl’..wyt_l(dyt)) )

so that the above mapping is universally measurable (i.e. measurable w.r.t. any comple-
tion of the corresponding Borel sets of its domain) and

‘/;‘/(il(yh s Y1, m) +e 2 f L?iyi-,.éytil;m<dxt7 dyt) [Ct(l’t, Yi, .- Jyt)
+‘/;C(y17 < Y (Ltyi?i.,‘a’ytil;m)yt)] )

so each L is an e-optimizer for the corresponding problem. We will now build a measure,
whose successive kernels will solve the recursions ([2.2.9) at each step, modulo an € margin.
Start with any e-optimizer 7. (dz1, dy;) of V{{. Then take

,ﬂ_yl
y1 = i (dwy, dys) = Lllﬂg % (daa, dys),

which is universally measurable by the composition result [BS78, Proposition 7.44].
Inductively, if (y1,...,y-1) = 722" (dx, dy,) has been constructed in a universally
measurable way, we build

YL e s Yp—
Ly17~~~,yt;(ﬂt11,5’ t 1)yt

Y1, y) = ngg""’yt(dﬂftﬂj dyis1) = te (dzis1, dyesr),

which is universally measurable by [BS78 Proposition 7.44], the inductive step, and the
fact that the function that associates a regular kernel to a product measure is Borel. This
finishes the induction, and by construction

Ty Y (dwpg, dyy) €11 < L, (2 2y (o) it (dvg ), Vyl""’yt<dyt+1)> , (2.2.13)
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and 7% attains VE(yr, ...y (m270"71)¥) except for an e margin. We now define
(e, 91,5 y) Fffg’yl """ yt(dﬂftH; dysy1) = M‘“(dxm)(ﬂi’; """ yt)mt“(dytﬂ)»

which is universally measurable by [BS78 Proposition 7.44] again. By [BS78, Proposition
7.45] the successive concatenation of these kernel induces a unique Borel measure I'. such
that

Lo(dey, ... dey,dy., ... dyn) = moe(doy, dy) T (deg, dys) . ..

Lt,Y1y--Yt TN—-1,Y15-- YN -1
Lt e (i, dyesr) - Ty5L (dzn, dyn).

By construction, this measure is causal quasi-Markov and its xz-marginal is exactly p. As
for the y-marginal, it is easy to see that I'.(dy;) = v(y1) and that

L. (dyy, dyz) = f To.e(dy, dyy ) ™ (dag ) (7]') 2 (dy2)

=v(dy) [ ([t (da)p* (dag)) (7}L)* (dys)
= v(dy1) [ 7 (dzo) (7] )" (dy2) = v(dyr) [,, 71 (dz2, dyo)
= v(dy)v? (dys).

Observe that inside the brackets in the second line is exactly the first marginal of 77’ o
which follows from (| m Inductively, one can verify that ['. has v as its y-marginal.
STEP 4: We now prove the equality Vi = wvalue(2.2.8). By the previous step,

Vi + Ne > walue(2.2.8), since I'. is feasible for (2.2.8) and because by construction
I'. was designed to be e-optimal at each step, so that overall Vi + Ne > [edl'.. By

letting € — 0, we get V¥ > value(2.2.8). On the other hand, given any m € II7:7 (11, v),
we clearly have that

TV (day gy, dy) € TI( (o) (day) p®t (dagg ) v U (dyy1)),  (2.2.14)

and further we can write

[adr = [n(dyr,...,dy—1)7 Y= (day, dys)co(@e, yrs - o ) =
[ w(dxy, dy)) 7Y (dwg, dys) w9 V2 (das, dys) . .. w90 % =1 (dxy, dys)ce (e, i, - - W),

SO

[cdr = [w(dzy, dyy) {c1 + [ 7 (daa, dys) {ca + [ 7¥¥2(dxs, dys){cs+ ... }}}.
(2.2.15)
Combining this with m we get value > Vi and conclude the desired equahty

From now on we take Assumption for granted and assume l.s.c. costs.

STEP 5: We establish now that the function V,°, is lower semicontinuous in its
last argument (i.e. in m), the other ones being fixed. The desired lower semicontinuity
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could be proved by hand using convex combination of kernels as in Step 6 below, but
a simpler argument is to invoke a “maximum theorem” as in [BS78, Proposition 7.33],
which establishes the lower semicontinuity of a value function as long as the cost is jointly
lower semicontinuous (in our case w.r.t. (m, ), since the y’s are fixed, and this clearly
holds) and as soon as the constraint set is a fiber of a closed set (which is true by the last
observation in Step 1). The lower semicontinuity in (m, 7) is proved by reverse induction,
much as in Step 2, and for [BST8, Proposition 7.33] one can assume that the 7’s live a
priori in a compact space, since varying the m’s in a tight set only will only move the
constraint set inside a larger tight set in the product.

STEP 6: We now prove that each of the problems in is attained. The [ cdr
part of the cost is l.s.c. and linear, so it causes no trouble and we may assume ¢; = 0.
We take a minimizing sequence , for (2.2.9)):

Ve iy, .oy yim1;m) = lim, f Y Y (dy YV (yry oy g ).

Trivially the sequence fyt pYLe Vi1 (dy ¥ (dey) is tight, since it is identically equal to
the measure fzt_l m(dx,_1)p"(dz;). By [Bal, Theorem 3.15] we conclude that there
is a subsequence of kernels {y; +— w¥},, which is again denoted by ¥

¥ and a kernel
{y, — 7/} such that the sequence of Césaro averages

~ypoo_ 1 Yt
Yy T = n Zﬂ-i

i<n

converges weakly, for p¥1¥-1(dy,)-a.e. y;, to the kernel y, — 7% (i.e. as measures on xy,
see [Bal, Definition 3.10]), and further, by [Bal, Corollary 3.14], it holds that

S (dy)mf (day) = [, mldee)p® (day),
so the measure 7 := p¥0¥=1(dy,)m{* (dz,) is feasible for (2.2.9). All in all it follows

VEr o geim) = lming 5 fume e )V, pmt)

i<n
liminf,, [ Y0 ¥=1(dy ) Ve(yr,. ..,y TY)
[ vy (dy,) iminf, Ve(yy, . ..y 72)
f Vyl’“"ytil(dyt)vc(ylv sy Y ﬂ-%,t)a

>
>

by convexity, Fatou’s Lemma (remember the Vs are bounded below), and the lower
semicontinuity established in the previous step. All in all, we conclude that 7 is feasible
and optimal.

STEP 7: By the previous step, we may now go back to Step 3 and find by
[BS78, Proposition 7.50(b)] a selection of optimizers at each time (as opposed to only
e-optimizers) L Y™ Then we can redo Step 3 with ¢ = 0, building a global measure I'
which exactly solves the recursion and is feasible for , and so is optimal for it. [

We would like to point out that even if the cost function ¢ does not have the stated
semiseparable structure, a look at the proof shows that the recursion is well-posed and

43



that its value gives an upper bound for value(2.2.8]) (see Step 4 of the proof). The
semiseparable structure is crucial only for the lower bound (see (2.2.15])).

As we have mentioned in Theorem each optimization problem in DPP is of
the form of general (non-linear) transports on the line. Under Assumption and
for 1.s.c. cost functions each of the value functions in ([2.2.9)) is convex in the kernel and
jointly lL.s.c. Assuming additionally that all the regular kernels of the measures p, v are
compactly supported, we can use the duality result of Gozlan et al. |[GRST15, Theorem
9.5]. Denote n(dx;) = [ m(dxi—1)p™(dz,), and

Tt—1

5?1"”’%_1(%;19) = f Ct(%ﬁ; Y1, - .- ayt)p(dxt) + Vtc(yl, e Yt—1, yt§P<det))-

Tt

Then the following dual formulation holds:

Ve, - g1 m(da—y)) —Sup{f R @y )41 (dy, ) — [ o(z)n(dzy)},
(2.2.16)

where

R ly) = inf {[ ¢(x)p(day) + " (ysp) } -

As a by-product of the previous proof, using the arguments from Step 6 therein, one can
prove attainability of general transport problems as in [GRST15] in the presence of lower
semicontinuity and convexity of the cost w.r.t. the kernel, without the assumption that
the state space be compact or discrete-like.

We finally establish a sufficient condition for (2.2.8) and to be equivalent:

Proposition 2.2.6. Let i be Markov and the cost be semiseparable. Then value(2.2.8) =
value(Pd). Moreover, if (Pc) is attained, then there is some optimal causal transport
which is further causal quasi-Markov.

Proof. We prove that under the given assumptions any causal plan has a related causal
quasi-Markov plan which incurs in the same cost. Let 7 € [I”7*7 (u, v), and build

dir = m(dxy, dyy ) w0 (dxg, dys ) w*2Y0Y2 (das, dys) . . . wEN-2YYN=1 (dx n dyy ).

As qPLeo oYLt = oYYt = preVl-o¥t - we have that 7 is quasi-Markov and its -
marginal is p. In fact,

7?[-171,~~117t7y1u-~-,yt (dxt+1) — thuyl,..‘,yt (dxt+1)

= fxl,‘.., - TTELsTHYL5 Yt (dl]t+1)7rxt’y1""’yt (dl’h o ,dl’t_l)

= Lo )Ty, ) = (),

so it is also causal.
We finally prove that for every function of the form H := H(x;,y1,...,v;), the expected
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value w.r.t. m and 7 coincides.

[ Hdr = [ Hr(dxy, dxg, dyy, dyz) w2V 42 (dxs, dys) 7@ Y8298 (dey, .. ., dyy, . . .)
= [ Hr(dwo, dyy, dys)w"2V¥2 (dag, dys) 7919293 (dy, . . ., dys, . .. )
= [ Hr(dzy,dxs, dyy, dys, dys)msY1¥293 (day, dyy ) 7=vi¥2¥89% (des, ... dys, . . )
= [ Hr(dws, dyr, dys, dys) V14293 (dxy, dyy ) a9y (des, ..o dys, ...
.= [Hr(dzi_y,dy, ..., dyp_q) w1 V01 (day dy,) = [ Hdn.

This shows first that © and 7 incur in the same cost under the semiseparability assump-
tion, and second that the y-marginal of 7 is v, which finally establishes
7 e 27 (u,v). O

cqgm

All in all, the proof of Theorem [2.2.2]is now trivial:
Proof of Theorem[2.2.3. By Proposition 2.2.6] value(2.2.8) = value(Pd), and by Theo-

rem [2.2.5] we have the recursion and all the other properties. O

We would like to remark that with Proposition [2.2.6| we can conclude that, whenever
the measure p is Markov and the cost is l.s.c. and semiseparable, the problem has
a solution. Indeed, since (Pd)=(2.2.8) and by [LasI5l, Corollary 1] the former is attained,
one constructs also an optimizer for the latter. Our Theorem [2.2.5] gives the same result
with a stronger assumption in a self-contained way, through DPP.

2.2.2 Bicausal transport problem

The focus of this section is on bicausal transport problems. Our next main result, given
in Theorem [2.2.13] establishes the equivalence of (Pc|) and

inf [ cdr. (Pbc)

F,F
ﬂEHbc (,U,,I/)

under Condition below. Furthermore, it identifies the causal optimizer of
for convex separable costs (as well as clarifies when these are Monge maps), in a setting
relevant for future applications. We finish this section with the dynamic programming
principle for which is much more tractable in comparison with the causal DPP.

First, we start with an equivalent characterization of bicausal transport plans and
duality in this setting. Observe that in this case the condition on the second marginal
and its kernels is simplified comparing to the case of causal transport plans. The proof
is the same as in Lemma [2.2.1] so we omit it.

Proposition 2.2.7. Let yu,v € P(RY). If 7 € HZ_;’]:([L, v) is decomposed as in (2.2.2)),
then the following conditions on the kernels hold:

(i) 7 € M(pyp, p,v), and

(ii) successively for t < N and for w-almost every x1,..., T4, Y1, ...,y it holds that

(1, ) € T (o), o ()
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Conversely, given reqular kernels
7(dxy, dyy), 7Y (dxg, dys), . . ., T IN=LYL YN (i dy )

satisfying the properties (i) — (ii), the measure m constructed as in (2.2.2)) belongs to
M. (1, v).

The analogue of Theorem [2.1.10]is obtained for the bicausal setting. As in the causal
case, we define the sets

F'RY X RY = Rst. F'(T1,. ., T8, Y1, YN) =

Z ht(ylv LR yt) [gt(‘rh s 71.1\") - fgt(‘rla s Tty Tty - IN)lerqut(de’h LA d'T/I\)] + 2 2 17
F = t<N L.

>R, m) [gé(yl,...,yN) — [, Y Vet - YNV (Y, - - ,dz/N)] , ’ ( )

(<N
with Ry, b} € By(RY), g4, 9, € Co(RY) for all t < N
SRN X RY 5 Rst. SN2y, XN, Y1y UN) =
Z Ht(yh s 7,%) []Wtﬂ(??h S It+1) - ]Wt(fh S 7It)} +
- i (2.2.18)

t<
ZNHé(Ih .. 7It) [Mtl+l(y17 e ayt+1) - ]\/{tl(ylv cee 7yt)} )
i<

with Hy, H] € By(R"), My, M] € Cy(R") for all ¢ < N, and with M a martingale

The following strengthened version of Assumption will be needed:
Assumption 2.2.8. Both y and v are successively weakly continuous.

Under the above assumption, mimicking the proofs of Lemma[2.1.7 and Lemma/[1.3.2]
one gets the same continuity results for the test functions in the sets F' and §'. This
further implies that the set of bicausal transport plans Hi’f(u, v) is weakly closed, hence
compact. Bicausal duality can be seen as a corollary of Theorem [2.1.10, The duality
theorem for bicausal transport plans was first obtained in [PP12, Theorem 7.2].

Corollary 2.2.9. Suppose that ¢ : RV x RN — R is lower semicontinuous and bounded
from below, and that Assumption [2.2.8 holds. Then there is no duality gap:

inf [ edm = sup [ ¢dp+ [wdv] = sup [ ¢dp+ [vdv].
mell, ) (pv) D WYECH(RN ), F' €’ P AECH(RN),S' S’
PpPY<c+F’ p®YP<c+S’
(Dbe)

Moreover, the infimum in the l.h.s. is attained.

The Knothe-Rosenblatt rearrangement defined below plays a central role in this work.
A priori this transformation of measures has nothing to do with optimal transport, and
was independently proposed by Rosenblatt [Rosb2] for statistical purposes and by Knothe
[Kno57] for applications to geometric inequalities. Section is devoted to its closer
analysis. Further we denote F,, the distribution of pln whenever 7 is a measure in
multiple dimensions.
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Definition 2.2.10. The increasing N -dimensional Knothe-Rosenblatt rearmngemenﬂ
of w and v is defined as the law of the random vector (X, ..., X, Y, ..., Yy) where

X7 =FU), Y= F, 1 (Uy), and inductively (2.2.19)
. 1(Ut), fort=2... N,

<<<<<<<<

for Uy, ..., Uy independent and uniformly distributed random wvariables on [0,1]. Ad-
ditionally, if p-a.s. all the conditional distributions of u are atomless (e.g. if u has a
density), then this rearrangement is induced by the (Monge) map

(x1,...,zn) = T(xy, ..., 2n) = (THw1), T*(x9; 21), . . . ,TN(mN;xl, Ce TNZ1))s
where

Tl(aj‘l) = Fl/_ll e) F#I(Il),

t . . -1
T (xh L1y - - 7$t—1) T FVTl(Il) ..... Tt=1(zy_1;21,...,¢p_2)

o Fovma (), t>2.  (2.2.20)

The following example shows that the assumption on the measure p having no atoms
is necessary in order to guarantee that the Knothe-Rosenblatt map indeed matches the
marginals.

Example 2.2.11. Let p = %(5_1 + 01). Then the distribution function that corresponds
to the measure p is

0, zé€(—o0,—1),
FM(I): %7 33'6[-1,1),
1, z€[l,00)

Its inverse is

Let v = 5 (6_1 + & + 61). Then
07 ye(—oo,—l),
1
39 yE[—l,O),
F(y)=13 01
3 ye[ ) )7
1, ye[lo0),
—1, te 03],
Foiy) =40, te(3.3],
1, te(31].

The increasing rearrangement T'(z) = F,'(F,(x)) does not push forward u to v, since

! The reader might know it by the name quantile transform or Knothe-Rosenblatt coupling.
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—1

5, which is not the same as

for example v(0)

Remark 2.2.12. We reassure the reader that the Knothe-Rosenblatt rearrangements in
the form are always bicausal, and in the Monge form this is also the case
as soon as all conditional distributions of the source measure are atomless. We illustrate
the argument for as follows. For each bounded Borel g(-,-) we define

y1 = Gy1) = fo gy, F, yyl (v))dv,

and denote X} := F;ll(Uﬂ, Y= Flfll(Ul) and Y5 = F_ (Ul>(

Uz) = F5. (Uz). Thus
G(YY) = Elg(¥y,Y) [ Y77,

since Y|* is Uj-measurable and U; is independent of U;. We hence get

E[f(XDg(¥7.Yy)] fo fo Ftwn)g(F ), FoL () ) duaden

[f ( F_Vl Ly (U 2))du2] duy
- fo ( (szll(ul)) duy

=E[f( 1) ( )]
= E[E[f(XD)IY7]G(Y))]
= E[E[f (XD Elg(Yy, Y5) [ Y]]
= E[E[f (XD g(Y7 Y50l

We have just established that for all Borel f : E[f(X7)|Y}, Y5 = E[f(X7)|Y;]. Thus,
the law of X; given (Y}*,Y") is equal to the law of X; given Y;". The same holds
inverting the roles of p and v, by symmetry, and also going to greater time indices.
As for (2.10), the argument actually follows directly upon noticing for example that
for p—a.e. x1 the measure [F=|,pu™ is equal to the Lebesgue measure on [0, 1], under
the given assumptions. We can then apply the previous arguments with uniform random
variables etc. Even though these considerations are not explicit in [Riis85], they underpin
some of the results therein.

Now we are ready to present our next main result on the equality between causal and
bicausal transport problem, and as a consequence of this, the characterization of optimal
causal transport plans.

Theorem 2.2.13. Assume that c is l.s.c. bounded from below and has a separable struc-
ture

C('xlv' -y TN YL, - - 7yN) = z Ct<xtayt)‘ (2221)
t<N

48



Further suppose that the starting measure p is the product of its marginals, i.e.
,u(dxl,...,dasN) = ul(dxl) /LN(de) (2222)

Then the values of and (Pbd) coincide. If moreover, c;(xy, ) = ci(xy — y¢) and
c 1S convexﬂ then a solution to (Pd) is given by the Knothe-Rosenblatt rearrangement.
Additionally, if each u; is atomless (e.g. if it has a density), then this rearrangement is

induced by the Monge map ((2.2.20)).

In [LasI3, Lemma 5] it was shown that the optimal solution to the causal transport
problem in Wiener Space, with Cameron-Martin cost and Wiener measure as source,
is automatically bicausal. The results above give the causal/bicausal equality and ex-
istence as well as characterization of the Monge solution to what can be thought of as
“finite-dimensional projections” of that problem. As we will show further in Chapter [3]
causal /bicausal equality in continuous-time is a result of the Cameron-Martin cost being
written in terms of “speed” and the source measure having independent increments.

Throughout this work we mostly focus on convex costs of the difference, and as a
result we only deal with the increasing Knothe-Rosenblatt rearrangement. Evidently, for
concave costs the correct notion would be to take the decreasing rearrangement defined
in the obvious way.

The proof of Theorem [2.2.13] rests on the result, which shows that under Condi-
tions the Knothe-Rosenblatt coupling is an optimal bicausal transport plan. In
[Riis85, Corollary 2] this result was shown under the assumption of “monotone regression
dependence”. For N = 2 it means that, for each ¢, z — F=(t) and y — F,u(t) are simul-
taneously either decreasing or increasing. Conditions , stated below, is slightly
more general, encompassing at the same time the independence condition and
Riischendorf’s “monotone regression dependence”.

Proposition 2.2.14. For each t = 1,...,N — 1, all (x1,...,24-1), (Y1,.-., Y1), and
u € R, suppose one of the following holds:

(a) Either Fyei a1 (u) or Fy.w1-(u) is constant; or (2.2.23)
b) The functions F,z1.zi-1.(u) and F,ui..vi—1.-(u) are monotone and have the same
o

type of monotonicity.

Assume further that

c(z1,.. 2N, Y1, yN) = e — W),
t<N

where each ¢y is conver. Then a solution to (Pbd) is given by the Knothe-Rosenblatt
rearrangement (2.2.19). Additionally, if p-a.s. all the conditional distributions of u are
atomless (e.g. if i has a density), then this rearrangement is induced by the Monge map

determined by (|2.2.20)).

2Here we mean ci(zt,y:) = he(xy — y¢) and redefine ¢; as hy. This “univariate” structure is not
indispensable for the result: it can be replaced by a more general Spence-Mirrlees condition.
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First, we would like to give the illustration when Conditions ([2.2.23]) hold.

Ezxample 2.2.15. Let X;, X5 be independent and Yi,Y5 be arbitrary random variables.
Let E be independent of the previous 4 random variables. Define X5 := X5 + E and
Y; := Yo+ E. Denote p = Law(X1, Xs, X3) and v = Law(Y1,Y5,Y3). Then already
at time ¢ = 1 Condition (b) fails since F), (u) is constant by independence of X; and
X,, and on the other hand F), (u) is arbitrary, however (a) holds. But at time t = 2
Riischsendorf’s condition of monotone regression dependence (b) does hold, whereas (a)
does not. All in all, Conditions hold here.

Before providing the proof of Proposition [2.2.14] first we prove the following lemma.

Lemma 2.2.16. For any convex function ¢ : R — R and any functions f,g : R — R that
have the same type of monotonicity, and for any pairs x < T and y < y, the following
holds

c(f(x) —gy) +c(f(@) — 9(@) < c(f(@) —g(y) + c(f(z) — 9(7)) (2.2.24)

Proof. Tt is known that any convex function has a monotone slope, meaning that for any

h > 0 the function
c(z) —c(z —h)

h )
is increasing in z. This implies that for any z < z

c(z) —c(z—h) <c(z) —c(z—h).

If both functions f and g are non-decreasing, we take z := f(x)—g(y) and z := f(z)—g(y),
which gives us h = ¢g(7) — g(y) > 0 and z < z. For non increasing functions f and g, we
write

and conclude as before. ]

Proof of Proposition[2.2.1]. We start with N = 2. From classical optimal transport (see
[Vil03]) it is known that

inf )fC2($2 — Yo )m2(dw, dys) = fC2(FL;11 (u2) — F,,]}(UQ))duQ.

mo €II(pu®1 ,wY1

As we will see in Proposition [2.2.20] the bicausal transport problem is equivalent to

inf )fﬂ'l(dl'l, dyl) C1($1 — yl) —+ inf fCQ(.fL'Q — yg)ﬂ'g(dl'g, dy2>

w1 €1l(pi p,piy mo €ll(u®1 Y1)

Therefore, the function in square brackets above equals
Ve, y1) =i —y1) + fcz(F,lel (u2) — Fun (u2))dus. (2.2.25)

For every fixed value uy, and for any x; < Z; and y; < ¥;, we have under Condi-
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tions (2.2.23)) (a) or (b) and from Lemma [2.2.16| the following

ci(rr =)+ (@ — o) —a(@ —y) — ez — )+

Ca(Fy (ug) — Frup (ug)) 4 o Fay (ug) — Fy (us))—
Co(F s (ug) — Frup (ug)) — co(Fpa (u2) — F 5 (us)) < 0. (2.2.26)

Integrating against us yields
V(zy,y) +V(Z,0) < V(Z,y) + Ve, i)

By classical transport, the optimal coupling between plu and plv is then the increasing
monotone rearrangement. From the beginning of the proof, given (x1,¥;), the optimal
coupling between p*' and v¥! is likewise the increasing monotone rearrangement. Iterat-
ing our arguments for general N the result holds. O

Proof of Theorem|2.2.15. The result follows from Proposition if the causal/
bicausal equality is proved. We stress that Condition (2.2.23))(a), needed for Propo-
sition [2.2.14] is satisfied in the present case because the conditional distribution func-
tions associated to p do not depend on the conditioning argument. We now prove the
causal /bicausal equality. Start with 7 € 1177 (u, ) and decompose it as in (2.2.2). From
Proposition , we know that the following conditions (¢ < N) are satisfied by the
kernels 7(dxq, dy, ), 7Y (dxg, dys), up to w¥TN-LYLUN-1(dxy dyy):

TTT ey 5o Yt (dIt+17 R) = 441 (dxt—i-l) (2.2.27)
and
[ et (R dyy g )Y (day, . day) = D9 (dygy ) = w0V (R, dygg).

T1yees Tt

(2.2.28)

We can rewrite (2.2.27)) in the following way:

[ o mEe eV (dy g R)TY Y (day, . day) = e (o) = T80 (dagg, R).
e (2.2.29)
Therefore, we can construct a new plan 7 as follows
w(dxy, ..., dey,dy, ..., dyy) = 7(dxy, dyy )70 (dxo, dys) . .. TV YN (dxy, dyy),
with

YV (dxy gy, dyper) = f LYY (e g dyy g )TV (dey, L day). (2.2.30)

L1yt
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Due to (2.2.28]) and (2.2.29)), one can see that for any ¢t < N each kernel

VeVt € (e (dgn ), v Y (dyisr))-

Then, from Proposition @ , we know that © € Hi’f(,u, v). Writing down the mini-
mization over the kernels @, we have exactly . Since the kernels of 7 and 7
are connected via (2.2.28|) and ([2.2.29), one can observe that the value of the bicausal
transport problem is less than or equal to the causal one, giving us the desired result. [

The explicit form of the optimizers in Theorem [2.2.13] is obviously only true for R-
valued processes. Interestingly, if the transport problem consisted in mapping (in a
bicausal way) R?-valued process, the recursive structure is just as in the case d = 1 and
so if 1 were the product of its marginals (each of them in P(R?) now) we would get a
similar conclusion with the role of the monotone rearrangements taken by general Brenier
maps, under suitable conditions.

Corollary 2.2.17. Assume that c is l.s.c. bounded from below and is of the form

C(‘rl?"'JxNayl?"'ayN) :cl(x17y1)+ Z Ct(‘rt—xt—layt_yt—l)a (2231)
1<t<N

and that the source measure | has independent increments. Then the values of and
coincide. If moreover, ¢;(a,b) = ¢;(a — b) and ¢; is convex, then a solution to
s given by the Knothe-Rosenblatt rearrangement , and if additionally each p; is
atomless, then this rearrangement is induced by the Monge map .

Proof. First observe that for the map
O : (Q?l, c.. ,SUN> — (33'1,1'2 —T1,..., TN — LCNfl), (2232)

the following equality holds

inf f (Cl(ffh yl) + Z Ct(-iEt — Ti—1,Yt — yt—1)>d7T(3717 s TN YL, 7yN> =

T (uv) 1<t<N
(2.2.33)
N
inf c(xy, y )dm(xy, ..., TN, Y1, - - -, ) 2934
FENFF (0. 11,0.) / t:zl (@, ye)df (21 Ny UN) ( )

Having recognized that the measure ©,u has independent components, the causal /bicausal
equality follows from Theorem Moreover, it also implies that under the given as-
sumptions on ¢, a solution to is given by the Knothe-Rosenblatt rearrange-
ment between the measures O, and O,v, denoted by #%%. Then we claim, that

afiR .= @ 7KL ig a solution to ([2.2.33)), with

Ot (zy,...,an) = (T, 21 + 22, ..., T+ -+ TN).

Indeed, we easily see that 757 € T17 (u, v). Moreover, we observe that 7 is again of

the Knothe-Rosenblatt form. By the equality (2.2.33))/(2.2.34) we conclude.

]
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Previously we have discussed that the values of the causal and bicausal problems coin-
cide in the case when the starting measure p is the product of its marginals and the cost
function has a separable structure. The following two examples, solved numerically using
linear programming solver, show that dropping either assumption causes this equality to
break down.

Example 2.2.18. Take
on = 0.16 5(1?1) —+ 0.24 (5(1’_1) + 0.24 5(_171) + 0.36 5(_1’_1),

v=20.25 (5(1,1) +0.25 (5(17_1) +0.25 (5(_171) 4+ 0.25 5(_17_1).

Here 41 is the product of its marginals, but the cost function c(z1, 22, y1, ¥2) = Liay 20)£(w1.49)
is non-separable. Then an optimal causal transport plan is

e = 0.16 7((1,1);(1,1)) +0.247((1,—-1);(1,—-1))  +0.037((—1,1);(1,1))
+0.01 w((=1,1):(1,=1)) +0.2 x((-1,1);(=1,1))  +0.067((—1,—1);(1,1))
+0.05 w((—1,—1); (=1, 1)) + 0.25 7((—1, —1); (=1, —1)),

giving the optimal causal value 0.15, and an optimal bicausal one

e = 0.16 7((1,1); (1,1)) +0.047((1,—-1);(1,1)) +0.27((1,—-1);(1,-1))
+0.047((—1,1);(1,1)) +0.2 7((—=1,1);(—1,1)) +0.017((—-1,-1);(1,1))
+0.057((—1,—-1);(1,—1)) + 0.057((—1,—1); (=1,1)) + 0.25 7 ((—1, —1); (=1, —1)),

giving the value 0.19.

We stress that in case the independent marginals Condition (2.2.23))(a) does not hold,
and even if the assumption of “monotone regression dependence” (b) is true, as the
following example shows, the values of causal and bicausal transport problems may differ.

Example 2.2.19. Consider a quadratic-separable cost function and define p, failing to be
the product of its marginals, and v as:

w=0.18 5(172) +0.24 5(1,0) + 0.18 5(17_2) + 0.08 5(_172) +0.12 5(_170) + 0.2 5(_17_2),
VvV = 01 (5(1’2) + 026 (5(17_2) —|— 016 (5(_172) + 048 5(_17_2).

An optimal causal plan is

e = 0.1447((1,0); (1,—2)) +0.0087((1,0); (=1,2))  +0.0887((1,0); (—1,—2))
+0.1 7(1,2);(1,2)  +0.0087((1,2);(1,—2))  +0.0727((1,2): (~1,2))
+0.1087((1, —2); (1, —2)) + 0.0727((L, —2); (=1, —2)) +0.12 7((—1,0); (—1, —2))
+0.08 7((—1,2); (=1,2)) + 0.2 7((—1,-2);(~1,-2)),

giving the value 2.528, and a bicausal optimal one

Moo = 0.1447((1,0): (1,—2))  +0.0967((1,0); (—1,—2)) +0.1 7((1,2);(1,2))
+0.0087((1,2):(1,—2))  +0.06 7((1,2);(~1,2))  +0.0127((1,2);(—1,-2))
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+0.1087((1,—2);(1,-2)) +0.0727((1,-2);(—1,-2)) +0.02 =((—1,0);(—1,2))
+0.1 7((—1,0);(=1,-2)) +0.08 «((—1,2);(-1,2)) +02 =((—1,-2);(—-1,-2)),

giving the value 2.72.

The previous example also shows us that Riischendorf’s monotone regression condi-
tion, which holds here, is insufficient to guarantee the equality between (Pc|) and (Pbd]
even for separable costs.

Dynamic programming principle: Bicausality

We now give the DPP for the bicausal case, which appeared in [Riis85, Theorem 3] and
[PP14]. We will prove it with different methods, obtaining further attainability and some
regularity of the value function. Observe that no Markovianity of p or separability of
the costs is needed, and that the value functions in DPP (and recursion itself) are more
tractable than in the causal quasi-Markov case ([2.2.9)).

Proposition 2.2.20. Given a Borel bounded from below cost function ¢, we have that
the recursive optimization problem

inf m(dzy,d inf 7o (dza, dys) . . .
TflGH(piuyin)f 1(dz yl)TrQGH(/JII,Vyl)f 2(das, dys)

inf )fWN(dmN, dyn)c(z,..., N, y1,-..,yn) (Dyn-Pbc)

.. WNEH(H/II ,,,,, IN—17]/y1 ,,,,, YN —1
15 well-defined, namely the successive integrals

Vi, o Y1y e ) =
inf S (dei, dye) Vi (21, T, Yns - Yern) - (2.2.35)

7Tt+1€H(,U411 ,,,,, lt71/y1 ..... yt)

are well-defined, and the values of (Dyn-Pbc)), (Pbd|) and

V= inf [V, y1)m(de, dyr)

m €l(plu,piv)

coincide. If further c is l.s.c. and Assumption holds, then there is a bicausal opti-
mizer and the value functions V¢ are all [.s.c.

Proof. Since (1, ...,24,y1, ..., y) = (p"%t p¥1--¥) is Borel and the set {(p,q,7) :
m € I(p,q)} is closed, we get that

Dt = {(xh‘"axt?yh"'ayhﬂ-) :7T€H(/'Lxl 7777 It7yy1 77777 yt)}

is Borel. As in the proof of Theorem (2.2.5)), we start by proving recursively that the
functions V¢ are lower semianalytic (1.s.a). As in Step 2 therein, one observes first that

(X1 ey TN YLy e s UN-1, T f (dxy,dyn)e(xr, ..., TN, Y1y YUN)
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is Borel, and so l.s.a. Since V§_(z1,...,2N_1,Y1,...,yn—1) is the infimum of this func-
tion over the fiber of Dy_1 at (z1,...,ZN_1,Y1,---,Yn—_1), We get by [BSTS, Proposition
7.47] that V§_; is l.s.a. and in particular universally measurable. The recursive step is
obvious, and we get this result for each V°, therefore the integrals in (2.2.35)) are well-
defined. Now take, as in Step 3 of the proof of Theorem , a universally measurable
selection of e-optimizers for V,¢; call these 7y **¥* ¥ Build then I, as the unique Borel
measure that results from concatenating these ([BS78, Proposition 7.45]). By construc-
tion, each T’ is in II(u, v) (see Proposition and V{ + Ne > [cdl. > value,
and so Vi > Ualue. The reverse inequality follows directly from Proposition m

If Assumption holds, then D; is closed, and so if further ¢ is l.s.c. we argue as in
Step 5 of the proof of Theorem , proving that the value functions are l.s.c. as well.
In turn, applying now [BS78, Proposition 7.50(b)] we can obtain a universally measurable
selection of optimizers 7y ' ¥ ¥ and with them we build an optimal bicausal transport
[ (just like the previous paragraph with ¢ = 0). O

As we mentioned before, in [Riis85, Theorem 3] the validity of a dynamic programming
principle is already obtained, as well as the measurability of the value function (the proof
does not provide full arguments and it should be complemented with [LV14, Proposition
3.6]). In addition, our proof of Proposition delivers further semicontinuity of the
value function at every intermediate step, via self-contained arguments.

Since at each step of the dynamic programming principle , or equivalently
in ([2.2.35), we have a usual optimal transport problem, we can write these in their dual
formulation; for simplicity we assume that c is L.s.c. and non-negative (see however [BS11]
for an extension). In effect, the value function at time ¢ foreacht =N —1, N —2,...,1
is obtained recursively as:

Ve(t;xy, .. Ty, Y1y Yp) 1=

SUp {f Gep1(@pg1) ™" (dpg)
t+1,0t+1€CH(R),

Gr1(Ti11) + 1 (Werr) SV +Lmn, oo T, Y1, -5 Y1)
+f ¢t+1(yt+1)l/y1""’yt(dyt+1)} ;

so the value of (Dyn-Pbc)) is also given by

Ve(0) := sup f¢1($1)piﬂ(d1’1) + fwl(yl)pi’/(d%)-
#1,191€Ch(R)
#1(z1)+1(y1) <V (Liza,y1)
Observe that this recursive structure of the dual problem is not obvious
from (Dbd), but can be guessed a posteriori thanks to the apparent “primal”
recursive structure. A simpler picture of (Dyn-Pbc)) arises when ¢ has a separable struc-

ture as in (2.2.21)); see [PP12, Theorem 14].

We close the present subsection with a preliminary illustration of how the causal DPP
can be used in practice; here we show a condition giving the equivalence between ([Pc)

and (Phd):
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Corollary 2.2.21. Consider N =2 and a separable cost of the form

c=ci(x1, 1) + |22 — 2,

with ¢q l.s.c. and bounded from below. Suppose that for every z,y; one of the following
two cases holds

either V1 : Fei(2) > Fou(2)] or [Vay : Fe(2) < Fou(2)].

Then is equivalent to (Pbd).

Proof. Borrowing from Theorem [2.2.2 we call

Vi(y,, ™) = inf [ |22 — yalm(dxs, dys),

mell(f w1 (dzq)p®1,091)

which by e.g. [Vil03, eq.(2.48), p.75] equals |, ‘Ffﬂyl (dz)per (2) — Fym ( ‘dz
Observing that F [ rvi (gp,)ue1 (2) = [ 7 (dxy) Fjer (2), by our technical assumption
1 x]

J Fy vz (2) = Fon (2)|dz = [ | [ v (day) Fyen (2) = Fyn (2)|dz
= [ [ a¥(dzy) |Fper (2) — Fyu (2)| dz. (2.2.36)

Together with Fubini’s Theorem, we get

Vilys, 7)) = [ 7¥(dey)  inf [ |zy — yoldm.

mell(p®1,091)

Then, from Theorem we obtain that

Value(Pd) = inf [ 7w(dzy,dy) {cl(xl,yl) + inf [ las — ygldm} ,

mel(pip,piv) mell(p®1,091)

which as we saw in Proposition [2.2.20, equals the bicausal DPP, hence, we conclude. [

In classical optimal transport it is known that the quadratic cost optimizer between
two Gaussian measures is always Gaussian (see [DL82]). The following example shows
us that in case of causal optimal transport we can guarantee the same result only under
the assumption that the starting measure has independent marginals. W.l.o.g. we can
assume that the measures are centered.

Ezample 2.2.22. Let X = (X1, X3) ~ N(0,diag(dy,d2)) = p, Y = (Y1,Ys) ~ N(0,Xy) =

v, where ¥y = (UH 012). We want to transport p to v in a causal way. Let 7 be any

012 022
causal transference plan that does this transportation (we likewise denote 7 any causal
coupling (X,Y) of measures p and v). We observe that

CO'U(XQ,H) = E[Xg}q] =E (XQED/& ’ Xla XQ]) =K (XQED/l | Xl]) = 0,
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using the causality property and assumption of independence of marginals. So we con-
clude that the covariance matrix of all causal plans 7 has the following structure

dy 0 ann ar
0 d2 0 929

Y=
b
ann 0 on o

(2.2.37)
Q12 A22 012 022

where ay; = cov(X1,Y)),a12 = cov(X1,Ys),a2s = cov(Xs,Ys). Having this covariance
structure is hence necessary, but possibly not sufficient for causality. However, if we
assume that the vector (X7, Xs,Y7,Y3) has multivariate Gaussian distribution, we can

actually find the conditional laws Law <Y1 | Xl,X2> and Law <Y1 | X1>, which are

Gaussian as well. Namely,
<Y1 | Xi =21, Xy = 952) NN(/],E>,

where /TL = <x1a11d2 + %2@12d1>/d1d2 and i = 011 — (@%1d2 -+ G%Zdl))/dldg. From the
other hand,
(Yl | X1 = $1> NN<M/>Z/)7

with p/ = andl_lml and ¥ = oy — a%ldl_l. Since two Gaussian distributions coincide
whenever they have the same means and variances, we get that the Gaussian coupling
(X1, X5, Y1,Y5) is causal if and only if a;o = 0, and so the covariance structure X is
necessary and sufficient in this case, showing us at the same time that the causal optimizer
is jointly Gaussian.

Minimizing the quadratic cost E [|X; — Yi|*> + | Xy — Y5]?] over all causal couplings of
1 and v, and observing that the cost can clearly be written in terms of the covariance
matrix of the coupling, we conclude from the previous paragraph that we are entitled to
consider joint Gaussian couplings only.

2.3 Discussion on the Knothe-Rosenblatt rearrange-
ment

In this section we answer the question: to what extent the Knothe-Rosenblatt rearrange-
ment is canonical? Here we show how it is characterized as the only increasing transport
(in a precise sense) which is also bicausal. In Section we will further highlight the
importance of this rearrangement by viewing it in light of a modern tenant of optimal
transport theory.

As we have seen, the Knothe-Rosenblatt rearrangement (2.2.19))-(2.2.20]) appears quite
naturally in our setting. In light of Remark we would like to characterize it as the
unique bicausal transport plan with a desirable “increasingness” property. The correct
concept turns out to be that of increasing triangular transformations, found in [BKMO05],
which we recall here:
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Definition 2.3.1. 4 map T : RY — RY is an increasing triangular transformation (in
short ITT) with source w if for each t € {1,..., N} there is a Borel function

R > (21,...,2¢) = T (w210, 21) € R,
such that T*(-; 21, ... ,x41) i non-decreasmgﬂ for p-a.e. (xq,...,24_1), and further
T<CC17 s ,ZL'N) = (Tl(lj),TQ([EQ; xl)v s 7TN("L‘N; T1y. .. ,I'N_1>>, n—a.s.

The terminology comes from the fact that a differentiable (for example, linear) tri-
angular transformation has a Jacobian matrix in triangular form. Clearly the Knothe-
Rosenblatt map is an ITT. As Lemma shows, given that all conditional
distributions of y and v are atomless, there is a canonical ITT that pushes p into v which
is unique up to p-negligible sets: the Knothe-Rosenblatt map.

Lemma 2.3.2 ([BKMO05]). Let pu be a Borel probability measure on RY. Let T =
(T,...,Tn) and S = (S1,...,SN) be increasing triangular Borel mappings such that
T = Sip and for each n the mapping (11, ...,T,) is injective on a Borel subset of
full measure with respect to the projection of p onto R™. Then T'(z) = S(z) p—a.e.

In particular, if the projections of the measures p and v onto R™ are absolutely con-
tinuous, then there exists a canonical triangular mapping - the Knothe-Rosenblatt map,
which is unique up to p—equivalence in the class of increasing Borel triangular mappings
transforming p into v.

Under the same conditions on p and v (absolute continuity of kernels), this char-
acterization has a geometric counterpart (see e.g. [Sanlh, Chapter 2.3, Remark 2.20]):
the Knothe-Rosenblatt map is the unique map which is increasing in the lexicographical
order of RY and pushes p into v. We remind, < y in lexicographical order if there
exists k € {1,..., N} s.t. x; = y; for j < k, and z;, < y;. Under the same assumptions
[CGS10] obtains the Knothe-Rosenblatt map as a natural limit of Brenier mapﬁ.

The assumption that the target measure v possesses atomless conditional disintegra-
tions is essential for uniqueness.

Example 2.3.3. [BKMO5] Let u be Lebesgue measure on the square [0, 1]> and let v be the
Lebesgue measure on the unit interval of the second coordinate line. One can find at least
two maps that transport p to v. Consider T'(z1,x2) = (0,22) and S(xy,z2) = (0,.52),
where

) 0<m <4,

52(11317@)—{ 2 7

1
I—QQ, §<.CE1§1

Both of them are I'TT, however, only T' is the Knothe-Rosenblatt rearrangement - unique
bicausal increasing transformation between i and v. Observing that

]P)[Xl §$1|Y1 :07)/2:%] :2m1n(1,x1)—17éIP’[X1 SxID/l:O] :]P[Xl le] = T,

3For t = 1 one should understand T as a non-decreasing function of x; only.
1Beware that [Sanl5l, [CGS10] read coordinates from N to 1 rather than from 1 to N as we do.
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the reader can convince himself/herself that the map S is indeed not bicausal, hence is
not Knothe-Rosenblatt.

The same idea can be used to prove existence of infinitely many increasing triangular
transformations for the given marginals (defining Sy through a different rule on z; and
adjusting its value correspondingly). Notice that neither T nor S are lexicographically
increasing transformations. An example of the latter in this case can be L(x1,x5) =
(0, Ly), where
2o 0<z <3,

La(wr, v2) = { (s2)

1
5 §<ZE1§1

The lexicographically increasing map, when it exists, is an increasing triangular trans-
formation. If the measures u,r and their conditional distributions are atomless, then
there exists a unique canonical triangular transformation of y into v ([BKMO05]), and the
three objects, Knothe-Rosenblatt rearrangement, lexicographically increasing map and
increasing triangular transformation, coincide.

We now ask ourselves: what distinguishes/characterizes the Knothe-Rosenblatt map
without any assumption on v? Here is the first result:

Proposition 2.3.4. Suppose all conditional distributions of p are atomless. Then the
Knothe-Rosenblatt map from p into v, defined in (2.2.20)), is the unique bicausal transport
plan between p and v which is induced by an increasing triangular transformation.

Proof. Let m be a bicausal transport plan between p and v. By Proposition [2.2.7](ii) we
know that g®t:®i=1¥n¥i-1 g [[(yPre®e=1 py¥ie-Yi-1) - If s further induced by an ITT
(say T'), this means that T%(-; x1, ..., x;_1) is pushing p*4*-1 into p¥»+¥-1! in an increas-
ing way (of course, under the understanding that (y1,...,%1) =
(Th,..., 7" ") (21, ..., 24-1)). This immediately shows that 7' = F, ' o F,, except at
most in a p-null set. A straightforward induction argument proves that p-a.s. the Knothe-
Rosenblatt map and 7" are equal. O

The relevance of this result is that, as Example [2.3.3| reveals, when v has atoms in its
conditional distributions then there may be many ['TT’s from p into . The same counter-
example proves that the Knothe-Rosenblatt map need not be increasing in lexicographical
order in this case, so it cannot be characterized in terms of lexicographical order in this
generality. Furthermore, under this pathology of v, the Knothe-rosenblatt map need not
be the natural limit of Brenier maps (see [Sanl5, Example 2.26]). So, as far as we know,
Proposition [2.3.4] is the only robust characterization of the Knothe-Rosenblatt map. We
finally stress that this result can be extended to the case where p and v are arbitrary (so
the Knothe-Rosenblatt rearrangement need not be induced by a map) provided
one generalizes the definition of ITT to transport plans:

Definition 2.3.5. 7 € P(RY xRY) is an increasing triangular transport if w(dxy, dy,), as
well as w*tT=v¥beYi-t(dxy dy,) for m-almost every (1, ..., &i1,Y1,...,Yi—1), all have
monotone support as bivariate measures,

°A set I' C R? is called monotone if (x,7), (Z,7) € T and x < z implies y < 4.
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Proposition 2.3.6. The Knothe-Rosenblatt rearrangement from p into v, defined in
(2.2.19)), is the unique bicausal transport plan between p and v which is an increasing
triangular transport.

The proof is essentially the same as for Proposition [2.3.4] so we omit it.

2.3.1 Explicit examples of Knothe-Rosenblatt rearrangement

The following example aims to show that the Knothe-Rosenblatt rearrangement between
two Gaussians always defines a jointly Gaussian transport plan.

Ezxample 2.3.7. Consider two vectors X = (Xi,X3) ~ N(0,diag(dy,ds)) and Y =
(Y1,Y2) ~ N(0,%), with ¥ = (“” o
012 022

and the Knothe-Rosenblatt coupling between the vectors X and Y in this case is defined
as

Note, that X; and X, are independent,

Xik - F_l(Ul)a YVI* = Fz/_ll(Ul)7 (231)

B
X; = F,u_gl(UQ)v Yé* = F;Yi* (U2)7
with g1 = N(0,dy), po = N(0,ds) and v; = N(0,0y;). Now, replace the independent
uniform U/s by independent standard normals Vs, i.e. V; = @71(U;), Vo = &7 1(Uy),
where @ is the cdf of a standard normal random variable. Then we have the following
representations
X1 =diVi, Xog =daVa, Y1 =01V1.

The conditional distribution of Y5 given Y; = y; is N/ (myl, M) And so,

022 022

2
011022—0
YolVy = 2220V 4 =222V = V) + eoVa.

022

Note that ¢y does not depend on V;, because the conditional distribution of Y5 given Y;
is normal with mean depending on Y, but variance is independent of Y;. Having this
representations, the joint Gaussianity of the vector (X, X, Y7, Ys) is trivial.

Now we give a detailed example on the construction of the Knothe-Rosenblatt rear-
rangement between two given measures.

Ezample 2.3.8. Let (G1,G2) ~ N (0, I1) be a bivariate normally distributed random vec-
tor. Define X; = G1, Xy = G + Gy and Y] = sign(X;), Ys = sign(X3). Let p and v be
the joint laws of the vectors (X7, X3) and (Y7, Y3), i.e.

-anonw(()1 )

v= L(}/l7 }/2) - %5(171) + %6(17_1) + %6(_171) + g(s(_lv_l)'

and

Since p-a.s. all the conditional distributions of p are atomless, then the Knothe-Rosenblatt
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rearrangement between p and v is induced by the Monge map and defined as

Y =T (1) = F,'oF, (z1),
Yy =T*(w9;21) i= F i 0 Fyn (22), (2.3.2)
F,, is standard normal distribution. The first marginal of v is

_ 1 1
vy = 5(51 + 55,1,

and its distribution function is
0
Fl/l(yl): %7 yle[_171)7
1

which has generalized inverse

Therefore,

—1, F,(x1)€(0,1] :{—1, X <0 :{—1,
11
2

T(X7) =Y = { 1, Fu(e)e (L

The conditional distribution of y given X7 is
Pt = LXGXT = 21) = L(G1 + G2|XT = z1) = N(21,1).

Let us find the conditional distribution function Fyyl*.
If Y* = 1, then the conditional cdf is

0
FVYI*:l(yQ) = }17 Y2 € [ - 11 )
1

and its inverse is

If Y* = —1, then
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and its inverse is
— _17 te ( 07 3 ]
Fo_ ,(t)= g 2
v te (41
Combining these together, we get

Vi = F oL (B (22))

-1 Y =1 Fe (1) € (0,3 ] or Y =1, Fe (32) € (0,11,
LY=L o) € ($1] o ¥ =1, Fu(oa) € (411]
Observe that, e.g. Fu (z2) € (0,2 ] is equivalent to ®(X3 — X7) < 2, where ® is the

standard normal cdf. Hence, the expression above can be rewritten as

Tr(X7, X5) =Yy =
) 1, Xr<0, (X5 — X
Fgwmmm—{ =0, 20X - Xi)

9 < or X7 >0, BX; — XD

: 1 <
3or X; >0, d(X3 — X7) >

rbl»—‘ »J>|H

v

It is trivial to check that the constructed coupling (X7,X;, Yy, YS) is causal.
To demonstrate that it is indeed bicausal, we need to verify the following

PIXT < oYy = 1,Y5 = 1] = PIX] <o Y7 = 1,5 = —1] = P[X] < 2|y = 1]
and
PIX; < mlYy = —1,Y7 = 1] = PIX] < oa]¥7 = —1,¥5 = —1] = B[X] < Yy = —1].
Let us find the conditional probabilities

PIXT < oYy = 1] = SRR — 9P[X} < oy, X > 0] = 20(a1) — L

P[ngxﬂYl*:l,YQ*:l]:gIP X <z, X7 >0, <I>(X* X7) ]
:g]P[ogng]P[ > 1]

PIX] < aaf¥y = 1,5 = —1] = 8P [X] <4, X] > 0,0(X5 - X]) < §]
=8P[0 < G < 2]P [®(F") < 4]
=8 (®(x1) — 5) + =2®(xy) — 1.

In the same way one can convince himself that

PIX < oYy = —1,Y5 = 1]
=P[X} < oYy = ~1,Y5 = 1]
= P[X} < o1 |Yy = 1]
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= 2®(min(0, z1)).

Therefore, T' := (T1(X7), To(X7, X;)) is indeed a bicausal transport between the given
measures g and v. One can assure herself/himself that it is actually an increasing
triangular transformation which is not lexicographically increasing. The last property
fails because one can find such pairs of vectors * = (z1,22) and T = (Z1,73), that
Ti(x1) = T1(Z;), and tweak x5 and Zs in such a way that for x5 > Z5 it will happen that
Tg(ﬂ?l, .TQ) < Tg(fl, fQ).

2.4 Applications of the bicausal case

Inspired by the concepts of displacement interpolation/convexity (as in [Vil03, Chap-
ter 5]), we will define a related notion where the Knothe-Rosenblatt rearrangement re-
places the role of the Brenier’'s map, and dub it lexicographical displacement interpo-
lation/convexity (see Section . We expect that the lexicographical displacement
interpolations have a geometric meaning as geodesic curves, however, the realization of
this idea is left as an open problem, which we consider as a relevant step towards an
understanding of the geometrical side of the bicausal /nested transport problem. We only
present indirect evidences in this respect. Still, this also provides an interesting link to
stochastic programming and nested distances (see Section . Concretely, we show
that under convexity and Lipschitz conditions on the cost, stochastic programs are lexico-
graphical displacement concave, in analogy to the potential energy in optimal transport
([Vil03 Chapter 5.2]).

2.4.1 Geometric properties

We start with a discussion about geometric properties of the space of probability mea-
sures endowed with a bicausal Wasserstein distance (equiv. nested distance). We notice
first that the Knothe-Rosenblatt rearrangement offers a way to interpolate in a mean-
ingful and non-linear way between stochastic programs. From Remark we know
that this rearrangement is bicausal, and, as discussed in the previous section, if all con-
ditional probabilities p*t- % p¥i--¥n are atomless, then it is induced by a bicausal map
which is characterized as the p-a.s. unique transformation, which is increasing w.r.t. lex-
icographical order and which pushes forward p to v. Let us first define what we call the
lexicographical displacement interpolation between p and v.

Definition 2.4.1. Let m = w(u, v) be the Knothe-Rosenblatt rearrangement as in (2.2.19)).
The lexicographical displacement interpolation between p and v is then defined as the

function
te[0,1] = [p,v]; == [(z,y) = (1 — )z + tyl.m € P(RY). (2.4.1)

If all conditional probabilities pu*»* are atomless, we also have
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where T = T'(u, v) is the Knothe-Rosenblatt map defined in (2.2.20)), and id denotes the
identity map in RY.

In particular we have that [u, v]o = p and [u, v]; = v; therefore, the name.

Let us now discuss the geometric interpretation that lexicographical displacement
interpolation should have. Assuming that p has independent marginals, we start from
the observation that for costs of the type

N
Cp(x17"'7xN7y17"'7yN) = Z |$7« _yi‘p7
=1

lexicographical displacement interpolation has “constant speed” w.r.t. the associated bi-
causal / nested distanceﬁ, namely

1/p 1/p
inf cpdm =t inf cpdm , (2.4.2)
(weniif(u,[u,umf : ) (weﬂfﬂw)f . )

whenever p has atomless conditional distributions. Indeed, by assumption the map
x+— (1—1t)x+tT(x) pushes forward p to [u, v];. Further, it is bicausal and an increasing
triangular transformation (see Section[2.3)), so it is the Knothe-Rosenblatt rearrangement
of v into [u, v];, and so optimal for the Lh.s. above. Therefore,

1/p
N
(wenbfc'mf i cpd7r> =/ ; lz; — (1 — )y — tT(ws; 01, - 1) |Pdp(Ty, . .. 2N)

]:(lu'v[,u'zy]t)

N .
= tpfz ’.TZ — Tl(asi;xl,. .. ,xi_1)|pd,u(a:1, Ce ,,CIZ’N),
i=1

which is the r.h.s. of . The argument is of course reminiscent to the Brenier case.
This suggests that for the case p = 2 one would want to interpret the corresponding
bicausal distance as a geodesic length over the space of probability measures (say abso-
lutely continuous ones) when given a differentiable structure and corresponding metric.
This is discussed in [Vil03, Chapter 8] for the classical transport case, and no such thing
has yet been accomplished for the present bicausal setting. In a way, a first step in this
direction was done by Mikami [Mik12], where a Hamilton-Jacobi formulation for the dual
of the bicausal problem was derived.

2.4.2 Stochastic programming

The goal here is to explore and to further the connection between (non-anticipative)
multistage stochastic programming and bicausal optimal transport, discovered by Pflug
and Pichler [PP12]. We start by defining the value function of a stochastic program

v(n) == ()inf 0 fH(xl, ooy, u(xy), ue(T, T2), . un (T, - xy))n(de, . day),
U1 ()yeesUN
(2.4.3)

6That this constitutes an actual distance was proved in the appendix of [PP12].
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as a function of the noise distribution 7. Here H : RY x RY — R is the objective function
and the minimization is taken over Borel adapted controls.

We prove now that many stochastic optimization problems are concave along the
curves given by . This result should be seen as a complement to the results of
Pflug and Pichler [Pfl09, [PP12], which give conditions under which |v(v) — v(u)| can
be gauged by the value of a bicausal problem between p and v (see Section for a
detailed discussion). Indeed, Theorem highlights the connection between the most
eminent of bicausal maps, i.e. the Knothe-Rosenblatt rearrangement, and multistage
stochastic programming. On the other hand, the next result can be related to [Vil03,
Open Problem 5.17], with the caveat that we replaced the role of the Brenier’s map by
the Knothe-Rosenblatt rearrangement when defining the interpolations.

Theorem 2.4.2. Let H : RY x RY — R be bounded from below, concave in the first
variable while convex in the second one. Then the functions

t €[0,1] = v([u, V)

are concave for each v and p such that all conditional probabilities p™ " are atomless,
so we may say that v(-) is lexicographical displacement concave. If further v(p) is attained,
then

v(v) <w + inf inf AT () — xldu(x).
(v) <wv(p) U*Eargmm(v(u))féeamH(W(x))ﬁ [T(x) — z]du(z)

Proof. Take p,v, H as stated, and a,b,s,t € [0,1] with a + b = 1. We will show that
([, V]atses) = av([p, v]e) + bv([u, v]s). We write

Ap(z) =1 =)z, +tT™(xp; 21, ..., Tp_1)
Bn(z) = (1 = 8)xp + sT™(xp; 21, o, Tp1)
Cu(z) = (1 — at — bs)z,, + [at + bs|T™(xp; 1, ., Tn_1),

with = (x1,...,2,), so we have
ol Aasa) = i OfH(Cl(:U),...,CN(x),ul(Cl(x)),...,uN(Cl(a:),...,CN(:U)))du(x),

and, by the concavity assumption,

v([t, V]at1bs) = (2.4.4)
a{m(j’i“r.l’fw(')fH(Al(x),...,AN(x),ul(Cl(x)),...,uN(C’l(:v),...,C’N(m))>du(x)} +

b{momfm»fH(Bl(f”)’""BW)’“l(Cl(ﬂf))v~-7uN(01<w>,---,CN@)))du(x)}.

If say t < 1, we have that A;(x) = Ai(x1) is injective (as it is strictly increasing) so
defining @y () = uy 0 C; 0 A7Y(+) we have @y (A, (x)) = u (Cy(z)). For n = 2 we introduce

’&2(21,2’2) = U2( Cyo A;l(zl) ) C2(AI1(21)7A51(22’AI1<ZI))) )7
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which is well-defined due to the function A, being strictly increasing in its second variable,
and verify that ts(A;(z), Aa(x)) = ua(Ci(z), Ca(x)). Inductively, we obtain easily for
each n < N a @y, s.t. Gp(Ar(x),..., An(2)) = uy(Ci(z), ..., Cyh(x)). Hence the first term
on the r.h.s. of is bounded from below by v([u, v];). Using similar arguments for
the second term, we see that v([u, V]atiss) > av([u, v]t) + bv([u, v]s) holds if s,t < 1. The
case s = 1 or t = 1 can be obtained by a limiting and a Komlos-Mazur type argument
(with convex combinations; here the convexity assumption is used). A direct argument,
inspired by [PP12], is as follows:

fH(z‘h(l'); e 7AN(9C)7U1(01(I)); e ’UN(Cl(l‘); e 7CN<I>))N(dI> >
ol [H(Al,...,AN,E“[ul(OlﬂAl, AN B un (O )AL ,AN])] ,
by the convexity assumption and Jensen’s inequality. So now observing that if e.g. ¢t = 1
then A = T, which is bicausal from p to v, we get that E*[u, (Cy,...,Cy)| A1, ..., An] =

Un (A1, ..., A,) for each n and we conclude as before. The case s = 1 is analogous.
For the last statement we obtain by the concavity assumption that

H([L =t +4T(2), u*(x)) < H(z,u*(x)) + t€(z) - [T(x) — ),
where u* is any optimizer for v(u), and £(x) is any measurable selection of
x— O H(z,u*(z)),

the partial superdifferential w.r.t. the first variable. Such a selection exists by [RWO9S|
Theorem 14.56], for which H must be a normal integrand, but this is true by [RWO9S|
Proposition 14.39]. In particular, for ¢ = 1 and integrating, we get

[ H(T (), (2))n(der) < () + [ £(x) - [T(x) — aldu(x).

By the same arguments as before (the convexity assumption, the bicausality of 7" and
T.pt = v), the Lh.s. is an upper bound for v(v). Therefore, the proof is concluded if we
can find a measurable selector £() such that

£(x) € argmingcs, Hwu () 1€ - [T(z) — x]},

The existence of such a selector follows from the measurable maximum theorem [ABOG,
Theorem 18.19] after observing that (x,&) +— & - [T'(x) — z] is a Carathéodory function
and that the correspondence x — 0, H (z,u*(x)) is nonempty compact-valued and weakly
measurable (i.e. measurable in the sense of [RW98, Theorem 14.56]). O]

2.5 Digression into classical functional inequalities

The aim of this section is to explore the connection between (non-anticipative) multistage
stochastic programming and bicausal optimal transport from the point of view of geomet-
ric/functional inequalities. We finish this section with an application of DPP discussed
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in Section giving the strengthened version of Talagrand inequality.

As established in [PP12, Theorem 6.1], as soon as the cost function H is 1-Lipschitz
in its first argument and convex in the second one, the discrepancy between the values of
a stochastic programs w.r.t. the noise distribution p and v (see for the definition
of v) is less than or equal to the bicausal distance between measures p and v w.r.t. the
cost

N
e@y) = llz =yl = 2 fvi = wil,

namely
p) —v@) < inf e - ylhdr(z.y).
m€ll, 7 (w,v)

This result means that if say p is a “complicated law” (for instance given by a nightmarish
tree), then finding a “simpler law” v close enough in the causal distance sense guarantees
that uniformly in the given class of stochastic programs the discrepancy is controlled.
Notice that, in our interpretation, the complicated measure p is expected to dominate (in
the sense of absolute continuity) the simpler measure v. Therefore, the practical question
is how to efficiently minimize this bicausal distance over a given set of measures. We argue
that in many situations a transport-information inequality for such bicausal distances
permits to gauge the discrepancy of stochastic programs replacing the computation of
such distance by the evaluation of a relative entropy.

We recall, that the relative entropy of the measure v w.r.t. the given measure p is
denoted by Ent(r|u) and it equals

Ent(v|u) = [ plogp, v =pu,

with the understanding that Ent(v|u) = +o0o if v is not absolutely continuous w.r.t. pu.
By transport-information inequalities we mean functional inequalities of the form

Clu,v) < Euv), Vv € P(X),

where C(u,v) is the optimal transport cost between p and v, w.r.t. some specific cost
function, and &,(v) is some nonlinear functional of ;1 (“energy”). The most important
class of functional inequalities of this type occurs when the cost function is a distance
function c¢(z,y) = d(z,y)?, and the “energy” functional is the relative entropy.

We say that a probability measure p satisfies the transportation cost-information
inequality T}, if there is some constant C' > 0 such that, for any probability measure v,

Wo(p,v) < 1/2C Ent(v|p), (73)

where Wi(u, v) = ﬂeg& ” ([ [ d(z,y)Pdr(x,y)). The cases p =1 and p = 2 are par-

ticularly interesting. The T’ (C') inequality is related to the concept of concentration of
measures, and this fact first appeared in [Mar86, Mar96]. Gaussian concentration is a ter-
minology meaning that some probability measure enjoys the properties of concentration
which are similar to those of a Gaussian measure. A certain form of Gaussian concen-
tration is actually equivalent to T7(C) (see [Vil08, Theorem 22.10]). As for the T5(C)

67



inequality, it was first established by Talagrand (see [Tal96]) for the Gaussian measure
and it gives the upper bound for the squared Wasserstein distance

W2(GN,v) < 2Ent(v|GN), (T3)

where GV is a unit standard Gaussian measure. Equality holds if and only if v is an
affine translate of GI.

Theorem 2.5.1. Let u € P(RY) satisfy:
(EXP) for each t there exist a; > 0,)\; € R such that [ e®* =21 (dx,) < M p-a.s.;

(LIP) there is C' > 0 such that, for all t € {1,...,N} and every 1-Lipschitz function
f R — R, the function

(@1, xim1) = [ flo)p™"=1 (day)

s p-a.s. equal to a C-Lipschitz function.

Then we have the following bicausal transport-information inequality:

for allv € P(RY) : Wiea(p,v) :=  inf )f |z — yl1dm(x,y) < Ky/Ent(v|p),

FEH'}Z’}_(M7V
(2.5.1)
where the constant K is defined as

N
K= \/2 S (1+ )iy,
N—j

Jj=1

In particular, for every “cost criterion” H : RY xRN — R bounded from below, r-Lipschitz
in its first argument and convex in its second, we have for the corresponding stochastic

programs
[v(p) —v(v)| < rKy/Ent(v|u), (2.5.2)

with v(-) defined as in (2.4.3)).

Remark 2.5.2. A few observations are in order:

1. Crucially, the presence of the entropy in Theorem [2.5.1] stems from our assumption
(EXP) which is equivalent to a Gaussian concentration and allows us to prove
similar result in the presence of causality constraint.

2. The entropic upper bounds in (2.5.1)-(2.5.2)) of course trivialize, becoming +oo, if
v & p. On the other hand, one could expect the r.h.s. of (2.5.2)) to be easier to
compute (when finite) than a transport-type quantity.

3. W.lo.g. the Lipschitz property above is meant with respect to the sum-of-absolute-
values norms in the respective spaces. The tower property (EX P) implies

2+ 2 At
feawcl-l- +“N””Nu(d:c1, o ’de) <e 1t HAN - 0,
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and in particular every Lipschitz function is u-integrable.

4. We stress that Assumption (EXP) is reasonable in practice; it is automatically
satisfied in the finite discrete case, for empirical measures, or when p has bounded
support. The corresponding non-causal version of , which can be found in
[Vil08, Theorem 22.10] or [DGW04, Theorem 2.3] and crucially does not implies
our result, actually also needs a condition equivalent to (EX P).

5. Assumption (LIP) implies by the Kantorovich-Rubinstein Theorem (e.g. [Vil03|
Theorem 1.14]), that

W1<Iu:v17---,$t717u217---72t71) < CZ ‘372 _ Zil,
i<t
where W, is the usual 1-Wasserstein distance on P(R). If 1 is a Markov law, then
the r.h.s. here can be taken as C|x;_1 —2;—1|. On the other hand, if i is a martingale
law, the Lh.s. is in turn bounded from below by |x;_1 — z;_1].

6. All in all, Assumption (LIP) is the most fundamental for Theorem 2.5.1 It is
clearly satisfied in the discrete case or for empirical measures. In general it is also
implied if x4 has independent increments (with C' = 1 then), or if e.g. u is the
law of the solution Xi,..., Xy of a uniformly Lipschitz random dynamical system
of the form X;.; = R(Z;, (Xy,...,X;),t), where R is Borel in the first argument,
Lipschitz in the second one (uniformly w.r.t. the first one), and Z; is independent
of (Xl, ce ,Xt).

7. We observe that the constant in can be very plausibly improved (making it
of order v/N is probably the best one can hope for). This is done for example in
[DGWO04, Theorem 2.5] for the non-causal but Markov case, and necessitates more
care and further assumptions.

Proof. By (EXP) and [Vil08, Theorem 22.10 + (22.16)] we have that g% satisfies
the next T3 functional inequality (for every Borel prob. measure m):

5 1/2
Wl(,uwl""’xt*lvm) < \({_? <1 + logfe‘“xt ILL-’EI,‘..,-'Etfl(dxt)> \/Ent(m‘ﬂxl""’xt_l) (2'5.3)

V2(14+A:) L1,y T
< a—t\/Ent(mLu L=,
Let us denote by K; i the constant in the r.h.s. above. By the triangle inequality and
(LIP):

Wl (ljlzlan-»ztfl’ l/ylw"’ytfl) S Wl (Mxly-“:mtfl’ /.‘Lylz"'zytfl) + Wl (Mylv"yytfl’ Vylw'wytfl)
< O | = yil + Kema /Bt (pvn-ve|ppn--ve1),

1<t

for p @ v-a.e. (x1,...,24-1,Y1,...,Y—1); we are entitled to do this since we may assume
w.l.o.g. that v < pu. Using (Dyn-Pbc)) and applying the above computation recursively,
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one arrives at:

We(p, v f (dyy,...,dyn) > Kn_j—1(1+ C) \/Ent(uylv"-vyN*jfl\,uylv"-vyN*jfl),

j<N
so using Cauchy-Schwartz for the sum and for the integral we get

Wbc,l (,u, V) S \/Z\/E,

where
B = [v(dy,...,dyx) > Ent(v¥t--¥¥=i-1|yyi-—UN=j-1)
J<N
which by the additive property of the entropy (e.g. [Var84, Lemma 10.3]) equals Ent(v|u),
and where

=2 3 (1+C) - ﬂ

<N

]

We finish the section with the following proposition, where we give another instance
where Theorem (on the equality between causal and bicausal transport problems
and their optimizer) and Condition (on the independence of marginals of the
source measure) come in handy. We establish here the slightly stronger related bicausal
inequality.

Proposition 2.5.3. Let GV be the unit standard Gaussian measure on RYN. Then for all
v € P(RY) the following bicausal transport-entropy inequality holds

szcz(GN,V) = ;__Il}f fz —y)2dn(ze, ... TN, Y1, - yn) < 2Ent(v|GY).
welly )7 (py) =1
(CTy)

The inequality clearly implies for GV. It is the DPP for the bicausal
transport problem that replaces the role of the usual tensorization trick; strictly speaking,
the DPP is just giving a name to an intermediate step in Talagrand’s well-known proof.
The proof given here applies of course to other product measures, and in that setting is
reminiscent of [Vil08, Proposition 22.5]; we stick to the gaussian case only for the sake
of concreteness and because this relates to the Wiener case in continuous time, which we
discuss in Chapter [3]

Proof. We start assuming for N = 1, which holds by [Tal96], since in dimension
1 the values of classical, causal and bicausal transport problems coincide, and prove it
for N = 2. The general inductive argument is then obvious and therefore skipped. From
e.g. [Var84, Lemma 10.3] it is known that for any v € P(R?) the following tensorization
of relative entropy holds:

Ent(v|G?) = Ent(v|G' ® G') = Ent(p;v|G') + [ Ent(v¥ |G )plv(dy)
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W2(G! plv W2(GL v
> 2(219 )+f 2(2 1)in(dy1).
On the other hand, by the bicausal dynamic programming principle (Proposition [2.2.20))
we get

Wgc,Q(G2? V) = inf f{’xl y1‘2 + WQ(G17 Vyl)}ﬂ-(da:ladyl)

mell(G,plv)

= WG, piv) + [ W3 (G, v )piv(dyy).
O

Remark 2.5.4. It is clear that equality in (C73)) cannot generally hold, since for N =1
we have W3 (G,v) = Wy, ,(G,v) and equality in is not usually satisfied. On the
other hand, if v is an affine translate of GN then of course 2Ent(V|GN ) =Wi(GN v) =

are affine translates of G!, for each t and v-a.e. y

2.6 Anticipation of information: a prelude

We finish this chapter with a short discussion on enlargements of filtrations. This setting
allows to encompass possible anticipation of some information regarding the evolution
of the coordinate process. The aim of this section is to ease the understanding of this
framework, which is discussed in details in Chapter {] and provide the reader with a
smooth transition from discrete to continuous time.

Let w = (wy,...,wy) be the coordinate process on RY, and let F be the filtration
generated by w:

Fi = o(ws, s < t).

We fix arbitrary Fy-measurable functions g, : RY — R, and consider the enlargement of
filtration F with the process g(W) = (g1 (w), ..., gn(w)). This leads to the (progressively)
enlarged filtration G = (G;)Y.,, defined via

G :=F:Vo({gs, s <t}). (2.6.1)

We stress that in case gi(w) = L(w) for any t = 1,..., N, this leads to the so-called
initial enlargement of the filtration with L.

We remind that for a process Z on a given probability space (£2,[P), we denote by
FZ .= Z7Y(F) the filtration generated by Z on €, and by F%¢ := Z71(G) the filtration
obtained by enlarging F# with the process (gt(Z))ivl, in analogy to (2.6.1)) (note that
9:(Z) are FZ-measurable for all t € {1,..., N}).

The equivalent characterization of causality in the case of arbitrary filtrations was
given in Proposition 2.1.5] and of course it includes enlargements as a special case. The
condition for a transport plan to be causal, written in terms of stochastic processes, in
this particular case looks as follows: for all t =1,..., N and any set B; € G,

P((Yy,...,Yn) € B, | X1,...,Xn) =P((V1,...,Yn) € B/ | X,... X)).
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Heuristically this reads as “given the past of X, the past of (Y, g(Y")) and the future of
X are independent”.

The following proposition gives the connection between two causal transport problems:
with and without enlargement of filtrations.

Proposition 2.6.1. In case of initial enlargement of the coordinate filtration F, i.e.
G = FVo(L) fore some random variable L, for any given lower semicontinuous bounded
from below cost function ¢ and any probability measures p and v, we have

inf  fe(zr, ..., xn, Y1, ynN)dT(T, TN YL, - YN) = (2.6.2)
w179 (pu,v)

f{ inf fc(xl,...,xN,yl,...,yN)dﬁ(xl,...,zN,yl,...,yN)}dﬁ@),

TEF T (upt=9)
where £ is the distribution of the random variable L.

Note that v7=7 is the regular conditional kernel of v, when the value of the random
variable L is fixed and equals §. For the proof of this proposition we need the following
lemma.

Lemma 2.6.2. In case of initial enlargement of the coordinate filtration F,
7w € 079, v) if and only if 7°=% € TI77 (p, =Y, for L.v — a.c. 7,

where w=Y is the w—conditional distribution of (x1,...,TN,Y1,...,YN) given
Lyi, - yn) = 9.

The set 177 (u, v2=7) is the set of causal transport plans between (RY,F,u) and
(RN, F,vL=7), i.e. the set of those transport plans that are adapted to the coordinate
filtration F without enlargement.

Proof. Let m € 1179 (u, v). First, observe that in the case of enlargement of filtration the
functions h;, used in the equivalent characterization of causality , might possibly de-
pend on L(yi,...,yy). Then from Proposition we have that, for any JF-measurable
function ¢g; and Gi-measurable function h; of the form hy(yy,..., vy, L(y1,...,yn)) =

fi(yrs - u) R(L(y1, - - yn)), with f € Cy(RY), R € Cy(RY),

0= fht(yl,...,yt,L(yl,...,yN))[gt(ml,...,xN)—
[gi(r, o o)™ " (dwgg, - - ,dmNﬂdW(%, S TNS YL YN)
=[R@) [ filyr,-- - u) [9t($1, L IN)—
[ai(zy, .. xn) "t (dagyq, . . ,d.CEN)}d’/TL:g(.Il, S TNL YL, YN )A(T).

Since the above equality holds for any continuous bounded function R, we can conclude
that

fft(ylw"7yt)[gt(x17~~~v$N)_

[9e(@1, ..., an)p™ " (dayya, . .. doy) | det=0 (2, .. N, Y1, yn) =0,



proving that 7%=% € 117+ (u, v=9). The reverse implication is trivial. Causality implies
that L(yy,...,yn) is independent of (z1,...,2zy), hence the first marginal of 71=7 is the
same for all g, namely p. As for the second marginal, it is clear that

WL:g(dyl, o dyy) = l/L:g(dyl, o dyn).

Hence, we conclude. []

Proof of Proposition |2.6.1. Let m be a feasible transport plan for the transport problem
in the Lh.s. of (2.6.2). Then

Je(xy, .o xen,yr, - yn)dT (T, - XN, Yy e YN) =
L=

ffc<x1a"'7xN7y17"'7yN)d7T g('xla"'7xN7y17"')yN)d€(g)'

From Lemma we know that the transport plan 7£=% € II%7 (u, v5=7), hence opti-
mizing over all measures in 177 (u, v£=%) we get the inequality

inf (X1, TN YLy e YN)AT(X1, oo TN YL, - - >
WEHIvg(u,u)f( 1 N> Y1 yn)dm(x N1 YN)

f{ inf fc<x17---717N73/17---7Z/N)d7T(371a---713N73/17---;yN>}d£(37)-

mell” 7 (u,v=9)

To get the reverse inequality, first we need to show the variant of measurable selection
result. Let @ : P(RY x RY) — P(RY) x P(RY x RY) be the continuous set-valued
function that for each measure m € P(RY x R") assigns the pairs of probability measures
(p2m, 7). We introduce 1177 (u,-) which is the set of causal transport plans with the
first marginal ; (see Remark 2.1.9). Then D := ®(II”*(y, -)) is analytic as a continuous
image of a closed set. We denote D" := {7 € P(RY x RY) s.t. (v,7) € D} =117 (p,v).
Consider the following optimization problem

f(V)I: inf fc<x1a'"7xN7y1a"'7yN)d7T(x17"'7xN7ylv"‘7yN) (263)
mellFF (u,v)
- Wigngy fe(xy, . oo N, Yty yN) AT (T, o TN YLy - YN

Then by [BS78, Proposition 7.50(a)] there exist for every € > 0 a universally measur-
able function ¢ : P(RY) — P(RY x RY) s.t. Gr(¢) C D, ie. ¢(v) € 7/ (u,v), and
fv) > [elx,...,xn, 4, ..., yn)dp(v) — e. Hence, ¢(v) is a measurable selection of
e—optimizers for the transport problem . Moreover, since the map § — v*=7 is
universally measurable, § — ¢(v2=¥) is likewise measurable, as the composition of two
universally measurable maps (see [BST8, Proposition 7.44]). Thus, we have that for any
y an e—optimizer of

inf (T, N, Y1y YN)AT (X1, N YL ,
ﬁenf,f(wL:g)f ( 1 N> Y1 CUN) 7T( 1 N> Y1 yN)

that can be chosen in a measurable way. Denote 7¥(dz, dy) := ¢(v*=¥). We have that
7= [7dl(y) is well defined (see [BST8, Proposition 7.45]), and from Lemma it is
a feasible element in I17°9(u, v). Hence, the converse inequality follows.
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]

In continuous time it is a difficult problem to give conditions under which any
F—martingale remains a semimartingale in a bigger filtration G D F. However, in
discrete time this is always true and it is an easy consequence of Doob’s decomposition.

Proposition 2.6.3. [BSJRI16] If F C G and X is any F—martingale, it is also a
G—semimartingale with decomposition

X = X9+ A9,
where X9 is a G—martingale, AY is G—predictable, Aog = 0. Moreover,
AAY =E[AX, | Gna], n>1.

Let us study the following particular example of “Brownian bridge” in discrete time.

Example 2.6.4 (Brownian bridge). Let (Z;,7 > 1) be a sequence of i.i.d. random variables
with zero mean and the process X be of the form X,, :=3"" , Z;,;n=1,..., N. Denote
by g the law of X and by FX the filtration generated by X. Of course, X is a discrete-
time FX—martingale. Consider the initial enlargement of FX by the value Zy, i.e.
G=FXv 0(Zy). Then the G— martingale X Y has the following decomposition
n Xn—Xg_1

In general, the coupling (X9, X) is not causal from F¥ to G. To see this consider the
case of N = 3. Then

Xg _ (X1—X3 3X1+6X2—-5X3 3X1+6X2—5X3
- 3 ? 6 ’ 6
(2Z1—Z2—Z;3 471+ 7Z2—573 4Zl+Z2—523)
3 ) 6 ) 6 :

Having this decomposition we see that causality fails upon noticing that X3 is not inde-
pendent on X; and XY jointly.

It is not surprising that the causality property fails in this particular example. As we
will see in Example [4.1.5] in continuous time the independence of increments is neither
enough to guarantee causality. However, in the Brownian case, the coupling between
Brownian motion in enlarged and original filtrations is always causal. This happens due
to the joint independence of increments on the past of the original process and on the
enlarged filtration up to each moment of time ¢. In order to encompass a broader class
of martingales, we introduced another condition to test causality in continuous time, see

Remark [4.4.7
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Chapter 3

From discrete to continuous time

This chapter focuses on the understanding of the causal transport problem on Wiener
space through time discretizations, using the results obtained for discrete-time causal
transport problems. In Section we introduce causal optimal transport problems
on Wiener spaces and fix the notations for the rest of the chapter. In Section
we provide two examples, that illustrate two extreme cases: when optimizers of clas-
sical/causal /bicausal transport problems with the Cameron-Martin cost coincide, and
when they are different, which is the case in general. In the following two sections we
review the existing literature and the relevant results on transport on Wiener spaces
(Section and the existing connection between optimal transport and stochastic dif-
ferential equations (Section . Section starts with the discussion on the projections
procedure showing in Lemma [3.5.1] that this construction preserves causality and that the
sequence of the time-discretized Cameron-Martin costs is increasing, see Lemma [3.5.9]
These building blocks allow us to prove in Proposition [3.5.7]that causal optimal transport
problems on Wiener spaces are the limiting objects of their finite-dimensional counter-
parts. Section contains further possible applications of the discretization procedure.
Namely, we give there an approximation scheme for a particular class of stochastic control
problems. In Section we recover the famous Talagrand inequality on Wiener space
using the projections arguments. Moreover, we provide the proof for the equality between
the causal transport problems with Cameron-Martin cost and relative entropy for a class
of Markovian SDEs (see Theorem . This result in its general form first appeared in
[Las13, Theorem 4], with the proof based on the well-known Féllmer’s formula and the
related Follmer drift (also employed in [Leh13| for similar purposes). To the contrary, our
approach makes use of the duality theory developed for discrete-time causal transport
problems. Next in Section we give an explicit procedure for embedding discrete-time
optimizers into admissible transport plans on Wiener space. We finish this chapter with
Section where we give conjectures on how to recover the above mentioned equality
with the entropy for a general case, for instance by showing that the discrepancies be-
tween time-discretized causal transport problems and the relative entropy disappear in
the limit.
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3.1 Notation specific for continuous time

We start with setting up the notation for the rest of the chapter. We denote by C := CJ0, 1]
the space of continuous functions f : [0,1] — R such that f(0) = 0. Let W = (W})scp0,1)
be the coordinate process on C, Wi(w) = w; for w € C, and let F = (F;)ic,1) be the
right-continuous version of the filtration on C generated by W:

Fii= ) o(Ws, s <u).

u>t
In the following, we denote by F* the usual p-completed filtration containing F, with

analogous notation throughout the rest of the chapter. Further, v will stand for the
Wiener measure on C (see e.g. [KS91, Definition 2.4.21]). The generic element on C x C
is denoted by (w, ).

Definition 3.1.1 (Causal transport plan). A transport plan m € 1(u,v) is called causal

between (C,F,un) and (C,F,v) if, for any t € [0,1] and any set A € F, the map
Cowr— m(A) =E"I4]F @4{0,C}(w)

is measurable with respect to Fi', where n¥(dw) := m*({w} x dw) is the reqular conditional

kernel of m w.r.t. the first coordinate.

For the definition of causality in a discrete setting see Definition and for the
continuous-time case with arbitrary filtrations see Definition In what follows, we
will consider (bi)causal transport problems between (C, F, ) and (C, F,v), where most
often we will take ;1 = v and v < 7. As before, the sets of causal and bicausal transport
plans are denoted by IT5% (1, v), resp. TI7 (1, v).

In the following remark we collect some useful equivalent characterizations of causality.
For the discrete-time analogues and the proofs of the below equivalences we refer the
reader to Proposition [2.1.5]

Remark 3.1.2. For a probability measure 7 € II(u, v), the following are equivalent:

1. 7 is a causal transport plan between (C,F,u) and (C, F,v);
2. m(C X Dy|Fy @ {0,C}) =7 (C x Dy|Fy @ {0,C}) m-a.s., for all t € [0,1], D; € Fy;

3. the o-fields {0,C} ® F; and F; @ {(},C} are conditionally independent with respect
to 7 given F;, ® {0,C}, for all ¢t € [0, 1].

Remark 3.1.3. Under the weak-continuity assumption on the first marginal pu, i.e. Vf €
Cy(C), t € [0,T] the map

x +— EF[f|F](x) is continuous,
(see Assumption written for discrete time), we can prove that the set I+ (u, v) is
compact and I17+7 (y, ) is closed. The proof is essentially the same as in the discrete-time
case (see Lemma and Remark [2.1.9). Note that the above assumption is satisfied
by the Wiener measure.

For any function g € C we introduce the convenient notation
Lap) = I , if g is absolutely continuous
97 = +o0 , else.
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A prominent cost on C x C, which is an analogue of the squared Euclidean distance in

the finite dimensional case, is the Cameron-Martin (semi)distance
1

(w,0) €C X C = c(w,w) = [{w; — @ )?dt € [0, 0.
0
This cost induces the following transport problem introduced by Feyel and Ustunell

[FU02|

1
Wi(p,v) = inf [ [tw —a)2dtdr(w,®), (3.1.1)
m€ll(pu,v) ™ |
as well as its causal counterpart
1
W2 = inf (wy — ) 2dt d 5 3.1.2
c,2<:u7 y) WGH;Ivlf(u,l/) f g‘< Wi wt> ﬂ-(wv QJ), ( )
and bicausal one
1
Wieo(p,v) = inf [ [(w, — @) *dt dr(w,). (3.1.3)

F.F
melly, (mv) 0
Naturally, one can consider more general costs of the form

(w,0) €C x C = M(w,w) := b}h((wt — wy9))dt, (3.1.4)

with h e.g. a convex function. We will refer to this kind of costs as the Cameron-Martin
type costs. From now on the main object of our investigation is the causal transport
problem on Wiener space with the Cameron-Martin cost.

3.2 Examples

The following example aims to illustrate the difference between the optimizers of the
transport problems (3.1.1]) and (3.1.2)).

Ezample 3.2.1. Let v € P(C|0, 1]) be absolutely continuous w.r.t. the Wiener measure
=y with density

dv

i fw),
where f is an arbitrary continuous bounded function function which acts on the terminal
value of the coordinate process W. Let S : R — R be the monotone increasing rear-
rangement of v, := p.y to vy := p.v, with p(W) = Wy, meaning that EY[h(S(W;))] =
E”[h(Wh)],Vh € Cy(R). Define the process

Xi(w) == w +t(S(w1) —wr), t €[0,1].
We claim that the transport plan 7 := (id, X)), is optimal for the Feyel-Ustunel transport
problem (3.1.1)), where X := (X});c0,1)- To show this, first we need to verify that the
pushforward of v by X is exactly v, meaning that for any function g € C,(C) the following
holds
Eg(w)] = E[g(X (w))],

or equivalently,

E"[g(w) f(w1)] = E"[g(X (w))]. (32.1)
To see this, we proceed as follows:
E'g(X(w))] = E[g{w + t(S(w1) — wi) hepo,]
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= [EV[g{w: + tx — tws }repo,1) Semi (de)
= JE g = aludo)
EVEY[g(w)|wi]f(w1)] = E7[g(w) f(w1)]-

Indeed, in the second equality we used that {w; — tw;} is independent of w; under ~, and
in the third equality that the law of {w; + tz — tw; }; under v equals to v*'=*. As for the
optimality of the transport plan 7 := (id, X),7, it follows from

B | fy b@ - widt] = B [(S(w) —w)?) = _inf [ |z~ yPp(d, dy)

pell(71,11)

< ﬂehnfw E™ [fo 00y — t->2dt ,
by optimality of the rearrangement S (e.g. see [Vil03, Theorem 2.18]) and then Jensen’s
inequality.

On the other hand, to find a solution to the causal/bicausal variant we use Girsanov
Theorem as follows. Define Z; := EY[f(W7)|F], t € [0,1], which is a y—martingale. By
the Markov property and independence of increments, we have that Z;, = u/ (¢, W;), where
u/ (¢, ) is smooth for ¢ < 1, and non-negative. Denoting d,u/ (¢, ) the partial derivative
w.r.t. the variable z, by Ito formula we get

s / Oput
dZt = aru (t, [/Lt)dLLt =Uu (t, ”/t>
U

) (t, Wy)dW; = Z, 0, In (uf (£, W,)) dW.
Then from Girsanov Theorem we find that

t
X, =W, — [0, In(u’ (s, W;))ds is a v — Brownian motion.
0
Hence, the pair of processes (X, W) is under v a weak solution to the SDE

dY, = dB, — 9, In (v (t,Y,)) dt,
see [KS91, Proposition 5.3.6]. By [Las15l Theorem 4], we then know that the joint law
of (X, W) under v is a bicausal transport plan with the first marginal v and the second

marginal v, which is optimal for and (3.1.3)); see Section E for more details.

We remark, that Feyel and Ustunel proved a general result on existence and structure
of optimizers for (3.1.1)) (see Section for more details on this), without giving explicit
formulae. Therefore, the above example might be of its own interest.

To the contrary, in the simple case of a deterministic shift of the Wiener measure, the
optimizers of the classical, causal and bicausal transport problems with the Cameron-
Martin cost coincide, as the following example shows.

Example 3.2.2. Consider the transport between the measures v and v = A,vy, where
A= wp + fot asds, t € [0, 1], is a shift of the Wiener measure, with a a deterministic and
square integrable process. We claim that 7 := (id, A),~ is a bicausal transport plan, and
that is an optimizer of the transport problems , and . By classical
duality results (e.g. see [Vil03, Theorem 1.3]) we know that

Wi (y,v) = sup [ o(w)dy + [ Y(@)dv
P(w)+3(@)< fT<wt )2t

t\.’)\»—A

Taking ¢(w) := — f asdws and (@ f adios — 3 [ o2ds, and considering w, = w; +
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t
[ hsds with h = h(w,®), we get
0

T

T T T
¢(w> + ¢(@) - - f asdws + fasdws + fOéshst — % fOézdS =
0 0 0 0

L by T, T
= - [l [ a5 < 1 [ -a)
0 0
If such h does not exist for given (w, @), the inequality is tr1v1al. Hence, (¢,1) are dual

feasible elements. On the other hand, by definition of v, we have

[ o(w)dy + [Y(@)dv =E |— }asdws] + E {fasdws - %fazds]
0 0

rr T
=E" | [ a, (dws + asds) — %fo@ds}
0 0

T T
=E %foﬂds} = %foﬁds.
0 0
Indeed, note that E” [ f asdws] = 0, since w is Brownian motion under . Thus,

Wi(v,v) = sup Jow)dy + [Y(@)dv = %fazds
D)+ (@) <L [T wr—ar)2dt
We conclude that 7 is optimizer of , since for it this lower bound is attained. It
is easy to see that 7 is a bicausal transport plan. Together with the previous result,
we conclude that it is optimal causal as well as bicausal transport plan for , resp.

B-1.3).

3.3 Transport on Wiener spaces: literature overview

From Brenier [Bre91] we know that any absolutely continuous probability measure p €
P(RY) can be transformed into an arbitrary probability measure v € P(RY) by means of
a transformations of the form 7'(z) = V¢(z), where ¢(x) is a convex function, under the
assumption that finite second moments of those measures exist. Such transformations are
natural analogues of increasing functions on the real line. In the Wiener space setting,
i.e. for optimal transport on C with the Cameron-Martin cost, an analogous result was
established by Feyel and Ustunel in [FU02]. In particular, they show that if the given
measure v € P(C) is of finite Wasserstein distance from the Wiener measure 7, then there
exists a function ¢, which is roughly a counterpart of a convex function, such that the
transformation defined by
T(w) =w+ Vo(w) (3.3.1)
transports v to v. One difficulty in the infinite dimensional setting comes from the fact
that the Cameron-Martin cost is not continuous with respect to the Fréchet topology of
C, and hence, for instance, the weak convergence of the probability measures does not
imply the convergence of the integrals of the cost function. Moreover, in a given sense,
the Cameron-Martin cost function takes the value plus infinity “very often” ([FU04|).
In general, the transformations of the form are not adapted to the canonical
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filtration, and might be anticipative. To the contrary, abstract Girsanov transformations
of the classical Wiener space, namely

T(w) =w+ fot vsds, with v adapted, (3.3.2)
are of course non-anticipative by construction. Lassalle ([LasI3|]) was the first one to
introduce a class of transport problems incorporating the nonanticipativity condition as
a special property of transport plans, and called it causality. In fact, the maps of the
form are feasible elements to the causal optimal transport problems via

7 (dw, dw) = p(dw)dg,, (dw).

On the other hand, the object defined in (3.3.1f), which is a solution of the transport

problem (3.1.1)), is in general not even a feasible element to causal transport problems,
as we have seen in Example |3.2.1]

3.4 Causal transport and SDEs: literature overview

In this section we explain in details the existing connection between (bi)causal optimal
transport plans and solutions of Brownian-driven stochastic differential equations (SDEs)
of the form

dX; = dB; +v(X)dt, X, =0, (3.4.1)
where B is a Brownian motion and v is an adapted function of the path of the process
X.

First, we recall the terminology about weak and strong solutions of SDEs. A pair of
processes (B, X) defined on some filtered probability space (Q2,F, (F;),P) is called a weak
solution of the above SDE if it satisfies (3.4.1)), if the process B is an (F;)—Brownian
motion and X is (F;)—adapted. The pair of processes is called a strong solution if it
is defined on a given probability space, satisfies the SDE and, importantly, the
process X is adapted to the filtration of Brownian motion. So, the existence of a weak so-
lution ensures that a solution exists on some probability space for some stochastic inputs,
whereas a strong solution is defined on a given probability space and for given stochastic
inputs. For a more detailed overview and the existing results on existence/uniqueness of
solutions we refer the reader to [[t650, YWT71, [Ok03|, [Pro05].

Finding the conditions that guarantee existence and uniqueness of weak/strong so-
lutions is the central topic in SDE-related literature. One of the first criterion for the
existence of strong solutions was given by Yamada and Watanabe in [YWT7I]. Among
other results, the authors proved that for It6 equations of the form , the condi-
tional probability kernels of the joint laws of weak solutions are adapted to the Brownian
filtration. Later, in [Jac80] the author started the analysis of the existence of solutions
from the perspective of properties of measures on the product path space. In particular,
he observed that a measure 7 = (B, X),P, which is a joint law of a weak solution (B, X)
on some probability space (€2, P), corresponds to a strong solution if the conditional prob-
ability kernel of 7, disintegrated w.r.t. the first coordinate, is a Dirac delta at a given
point, i.e. |[supp(n¥)| < 1. Moreover, he showed that every strong solution measure (i.e.
those measures that correspond to joint laws of strong solutions) is extremal in the set
of all solution measures. The converse is not necessarily true, since it might happen that
there exists only one joint solution measure, which is not strong. Kurtz has continued this
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line of research in [Kur(7, [Kurl4], analysing the properties of these measures and giving
the existence/uniqueness proofs using different methods. He referred to the adaptedness
property of kernels as a compatibility constraint.

Even though the analysis of the properties of solution measures was started before
Lassalle [Las13], he was the first one who made the connection between SDEs and optimal
transport explicit. He showed that for a given measure v € P(C), which is absolutely
continuous w.r.t. the Wiener measure +, there is a drift v, s.t. the joint law of (B, X),
which is a weak solution of ([3.4.1), is optimal for W2,(y,v). The proof relies on an
optimal transport formulation of a well-known representation of the relative entropy w.r.t.
7, inherited from Foéllmer’s formula [F6I86, Proposition 2.11]. Also in [Las15, Theorem 4]
the author recognized that has a strong solution if and only if the causal transport
problem has a Monge optimizer, i.e. the optimal transport plan is generated by
an adapted map of the form . And so, the existence of causal Monge optimizers of
guarantees the existence of strong solutions to . We would like to remark
that causal transport problems between two stochastic processes allow for a broader class
of applications, not necessarily restricted to SDEs, as discussed in Section [2.4]

To construct a weak solution, one does not fix a priori any probability space. However,
once one knows that a weak solution exists on some filtered probability space, one may
ask a further question, if it possible to build a strong solution on this space. This is
not always possible, as it is known from the celebrated Tsilrelson’s SDE (see [Tsi75]),
that has a weak solution, but no strong one. A similar situation occurs with solutions
to causal transport problems: Monge solutions do not always exist. Therefore, it is an
interesting question to find conditions under which an optimizer to is given by
a Monge map. Using our results from the discrete-time setting given in Chapter 2, in
Section [3.9| we suggest some steps in this direction.

3.5 Projections and limits

The aim of this section is to understand the causal/bicausal equality of [LasI3| in con-
tinuous time. As we show, this equality is simply the result of the Cameron-Martin cost
being written in terms of “speed” and the source measure having independent increments.
To start with, we examine how a (bi)causal transport problem from (C,F,u) into
(C,F,v) on a time-index set T can be projected down (i.e. pushed-forward) to a similar
one from (RN, FN p™) to (RY, F¥ V) on a smaller index set TV = {t,,...,ty} C T,
where FV = (FN)X, is the coordinate filtration on RY. This discretization procedure
will be then applied in order to project (bi)causal transport problems on Wiener space
down to RY. We will show that the projections constructed below preserve (bi)causality
under an additional assumptions on the marginals. We finish this section by analysing the
continuous-time limit of the projected transport problem to the original one on Wiener
space.
We introduce the process b : C — R by defining
(We)ter > b(w) = (Wi, -+, Wiy )- (3.5.1)
It can be seen as an N-step process on the measurable space C. We will use b to push
forward the transport problem on C down to RY. The filtration generated by the process
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b on C, namely {o({wy,,...,ws })}Y,, is contained in the canonical filtration F in the
obvious way.
For the given measures u € P(C), v € P(C) let
N e PRY), vV € P(RY) be defined as p = b, vV = b,v,
the push-forwards of  and v by b. Further, if ¢ : C x C — RU {+o0} is a bounded from
below cost criterion, we define a new cost by setting

N . N N N . _
¢’ RY xXRY 2 RU{+0}, c¢'(2,y):= inf c(w, ).
{ } ( y) (w@)eb=(z1,..,x N )X (Y140, yN) ( )

Given the natural construction above, we would like to show that (bi)causality is pre-
served.

Lemma 3.5.1. Let m be a causal (respect. bicausal) transport plan between p and v on
C x C. Define

= (b x b),,
which is a probability measure on RY x RN, If u is the law of a Markov process (respect.
additionally v is the law of a Markov process) then © is a causal (respect. bicausal)
transport plan between p and v on RY x RV,

Proof. Clearly 7V has the prescribed marginals. We remind that 7 and [7V]® denote
respectively the kernels of 7 w.r.t. g and of 7 w.r.t. 4. From the disintegration of the

measure ™ we know

E™ [La(2)I5(y)] = B*" [La () [ N]"(B)], (3.5.2)
for arbitrary sets A, B € FV. On the other hand, using the change of variables formula,
we have

E™ [a(2)Ip(y)] = E7[La(b(w))I5(b(®))] = E* Ly (b(w))x*(b~"(B))] =

X L4 (b(w) JB* [ (b~ (B)) o ()] = B*” [La () [z (b~ (B))[b = a]],
where o(b) denotes the sigma-algebra generated by the function b. Thus we see that the
kernel of 7V w.r.t. 4V is given by

(N (B) = BA (b (B))|b = o).
For the sets B € FY, the inverse image b~!(B) € F;,, and by causality 7 (b=1(B)) is
Fi,-measurable. It remains to show that
E4 [ (0~ Y(B))|zy, . .. xn]| = EAr*(b7Y(B)) |21, . . . 2. (3.5.3)

Indeed, this would imply that the kernel [7V]*(B) is F¥ —measurable. Note that

is true as soon as p is Markov, since then for any X € F,.,, A€ FN and C € o(z;,...7N)
it holds

]E“[HA]IcE”[Hx‘Il, .. .TN]] = E#[]IX}IA]Ic] = E#[HX]IAE#[HCLFQH = E“[Hx]lAE#[]ICwZ” = (354)
]EH[HX}IAEM[]Ic‘xl, . 71'1]] = ]EH[EM[]IX|£L'1, N ,xi]]IAEH[Hc|l'1, ey xl]] = EM[HAﬂcEH[I[Xm'l, ey xi]]
In the bicausal case we proceed analogously. O]

We stress that if the source measure p is not Markov, it is no longer true that the
projection constructed above preserves causality. To see this consider the following simple
example, suggested to us by Mathias Beiglbock.

Ezample 3.5.2. Let Xy, Xy be two random variables on some probability space (Q,P).
Consider the process X = (X7, Xo, X3) := (X1, X2, X}) in 3-steps, which is not Markov.
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It is transported to Y by an adapted map T, i.e.

Y = (Y1, Y, Y3) i= (TH(X1), T%(X1, X2), T3( X1, Xo, X1)).
From this construction it is obvious that the coupling (X,Y) is causal. However, the
coupling (X, X3, Y, Y3), obtained by projecting (X,Y) on the smaller time index set
(by deleting the first time), is not causal anymore. In order to see that causality fails, we
verify that

Law(Y2| X2, X3) = Law(T? (X1, X2)| X2, X1) = 0r2(x, x2)
does not coincide with

Law(Y| Xs) = Law(T?* (X1, X3)| X3).

The following corollary shows that the finite sampling of the transport problems on
C x C decreases the optimal expected cost.

Corollary 3.5.3. Let 11 denote TI77 (u,v) (respect. 1.7 (u,v)) and TIV denote

HfN’J:N(,uN, vN) (respect. Hbch’FN(uN, v™M)). If p is the law of a Markov process w.r.t.
the natural filtration (respect. additionally v is the law of a Markov process w.r.t. this
filtration), then we get the following inequality

inf [ N(z1, ..o,y yn)dTN (T e,y yn) <0 inf [ o(w,@)dr(w, ©).
N ellN mell

Proof. We take a transport plan 7 € II and build a measure 7V € II"V with the help of
the projection argument in Lemma m From the definition of the cost function ¢V we
see that

M (b(w), b(®@)) < e(w, @),

for any arbitrary pair (w,@). Then, by the definition of pushforward measure, we get

[Nz, an, vy, yn)dTN (@, TN Y YN) =
[ N (b(w),b(@))dr(w,w) < [ c¢(w,w)dr(w,w).
The result easily follows from this inequality. O

The nice feature of the Cameron-Martin type costs is that their projection into finite-
time indices is very explicit.

Lemma 3.5.4. Let ¢ = c" be the Cameron-Martin type cost function on C x C introduced
in (3.1.4). Then its projected cost cN(x1,...,TN,Y1,---,yn) on the time grid TV =
{t1,...,tn} is given by:

N-1
ANy, N,y YN) = D h (Aa}i%ﬁyi“) Aty (3.5.5)
i=1

where A represents the difference operator Afi1 = fii1 — fi.

Nk was defined as follows

— > h —
L1, TN YL, - UN) = inf (w, @),
(ww)eb= Nz, N )X (Y140, yN)

meaning that we optimize over all possible paths (w, ) that at the fixed moments of time
t1,...,tx take the prescribed values (x;,y;) fori = 1,..., N. It is of course clear that ¢™"

Proof. We remind that the cost function ¢
Nk (
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is bounded above by the value attained on the pair of piecewise linear functions that take

given values at times t,...,ty, i.e.
NI N-1 tit1 N—1 N
MMers o) S X [ Al - @)= X h(*At—f*) Aty

The reverse inequality is an application of Jensen’s inequality

Oflh(Wt —w))dt = ]LZ_; Atiﬂ(tTh((wt - @t'>)AZt+1>

t;

N-1 tit1 it

t;

v

N-1

Az, —Aye,
_ i+1 i+1 .
= T (Bt ) A,

]

It is interesting to note that the sequence of the projected costs ¢V defined in ([3.5.5))
is increasing to the Cameron-Martin type cost, as we now prove.

Lemma 3.5.5. For N € N, let TV be a refining partition of the interval [0,1], i.e.

TN+L C TV, whose mesh size goes to zero. For any convex function h, the sequence of
costs

N,h( B B ) L N*lh Awti+1_Awti+1 At
C th,...,th,wtl,...,th = Z —Ati_;,_l i+1
i=1

1
is increasing to " = [ h({w; — @?))dt.
0

Proof. First, we show that the sequence {c¢V"} is increasing. Consider the time interval
tN, ¢t ] from the partition TV. Since the partition is refining, we can assume w.l.o.g.
that for some time index s, the point from the partition TN+! is in the interval tM 4! :=
tN <N <N =1 ¢! Then Jensen’s inequality implies that

N+1 _ 4N _ o =
t, "t (%H Wiy @ ey >+

N N
(th — )25 Ea—

N
i+l ti

N N+1 — — )
6 o, e G +Ogny
N _ 4N N _ tN+1 -

ti+1 tl t’i+1 tS

(tN B tN) " WyN+1 — thN — WyN+1 + thN + wtﬁl — WyN+1 — wtﬁq + WyN+1 B

i+1 b N N =
i+1 7

W;N — AWN
Awn — A,
i+1 i+1 AtN
AtN i1
i+1

And so, we see that the L.h.s., representing two elements in the sum ¢¥*1" | is bigger than
or equal to the corresponding one from the sum ¢¥*". Iterating these arguments for any
time index 4, one can show that ¢V < ¢V proving that the sequence of costs is indeed

increasing. By the convergence of Riemann sums we see that indeed lim ¢™" = [
N—o00

As a result of the previous lemma, we can show the convergence of the corresponding
transport problems.
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Corollary 3.5.6. If pu is the law of a Markov process, then the following sequence of
values of transport problems
N
N,hY . : Azip1—Ayitl ) N
Ple™) = wNerN{llgg(uN,uN) / 1‘;0 " ( Atin ) Atipadr™(w,y)
18 1ncreasing to

P(c"):= inf fflh(éwt — wy)dtdr(w,@).

nell”F(uv)

Proof. First, note that transport problem P(c") is defined on C x C, while P(c™'") is
defined on RY x RY. However, from the way we defined the finite dimensional projections
of the measures (see Lemma [3.5.1) and from the change of variables formula, we know

[N bWy Wiy )y B(@t s - - Gy ) ) (w0, @) =
[N, ey yN)dTN (T, e, Y, YN ), (3.5.6)
where wy, , ..., w;, come from the continuous path w sampled at the time points ¢4, ..., ty.
This implies that P(c™") coincides with the values of the transport problem on C x C
with cost ¢™¥"(b(-),b(-)). Knowing that the sequence of costs ¢V is increasing to "
(Lemma and that the set 1”7 (1, v) is compact (see Remark [3.1.3)), it is straight-
forward to show the convergence of P(cV'") to P(c") (for the arguments see the proof of

Proposition [1.3.1]). O

Now we are ready to present the main result of this section. We consider the following
discretization of the transport problem on Wiener space. For N € N we denote by TV
the N-generation dyadic grid on [0, 1], given by {k27" : k =0,...,2N}. We write

2N 1 2
WC%’QN(vN,I/N) = inf [ > 2*N{%} dm (o, ..., Ton, Yo, - -, Yo )

rellFN . FN (4N N i=1
(3.5.7)

for the projection on R2" of the transport problem on Wiener space, where the superscript
N next to W means that we consider the transport problem with the discretized cost
function ¢V. From Corollary we know that

Wf,’QN(’YNa VN) S WCQ,Q(’)/? V)'
In fact, as expected, we get that the problem on the right-hand side is the limiting object
of the one on the left-hand side.

Proposition 3.5.7. For the Wiener measure ~, an arbitrary probability measure v €
P(C), and their finite dimensional projections v, vV € P(RY), we have

Wc2,72N(/yN7 VN) /‘ WCQ,Q(V’ V)‘

The proof of this result easily follows from Lemma and Corollary

3.6 Stochastic control approximations

In this section we would like to give another possible application of the discretization
procedure, namely for the approximation of stochastic control problems. Consider the
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following problem
1
i E {( J et + F(X1)>] , (3.6.1)
where we optimize over all drifts v, adapted to the filtration generated by Brownian
motion B s.t. the stochastic differential equation
dXt = 'Utdt + dBt,
is satisfied. This problem can be equivalently written as follows
1
nf,_f (fh((-wt —G))dt + F(wl))dw(w@) -
sV 0

veP(C) mellF 7

| (i‘h(<wt —wt->)dt+F(w1)>d7r(w,w). (3.6.2)

NEH}-’}_(’Y,'
The idea is to show that the above stochastic control problem ([3.6.1]) can be approximated
by the following

inf f (CN’h(l‘la <oy TN YL, - 7yN)dt + FN(yN)>d7rN(x17 < TN Y1y 7yN)

relF N FN (4N

(3.6.3)

To do this, we first need to prove a result similar to the one in Proposition [3.5.7,
for causal transport problems where only the first marginal is being fixed. We remind
that this set of measures, denoted by 117+ (v,-), is closed (see Remark [3.1.3), but not

compact.

Lemma 3.6.1. Let h(x) > C'|z|P, for some p > 1, and all x large enough . We consider
_ N
P(cVhy = inf > h (—Ax”l_Ay”l) AtidrN (z,y),
=0

rellFNFN (N = Abit1
~ 1
P(ch) = nengvl;('y,-)f{h“'Wt —wy))dtdr < oo.

Then P(cN") is increasing to P(c").
Before we give the proof of the above result, we prove the following tightness lemma.

Lemma 3.6.2. Let {m,}, € ll(v,-) such that for some p > 1 there exists a constant C
s.t.

1
[ [tw — @ yrdtdr, < C, V.
0
Then the sequence {m,}, is tight.

Proof. By Lemma [1.1.1] we only need to prove that the sequence of second marginals
Vp = pim, is tight, since the first marginal plm, = 7 is fixed and not moving with n. By
[Bil99, Theorem 7.3|, tightness of {v,,} is equivalent to the statement

=0 nooo s,t€[0,1],|s—t|<8
From Chebyshev’s inequality we know that

Uy, sup s — | >ep <1f sup |lios — @] ¢ dvy.
s:t€[071}>|37t‘§6 S,te[0,1]7|5*t|§5
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Denoting ¢; := w; — @y, we see that

f{ sup Igs—gtl}dvrnﬁf{ sup Is—tllf 9y }dvrn_
5,t€[0,1],|s—t|<8 s,t€[0,1],|s—t|<8

by _— 1 1/p
f{ sup s —t| 7 ([¢g,)Pdr)t/P } dr, <d7v [ (Lofégr}pdr) dm, <

s,t€[0,1],|s—t|<8 s
- 1 1/p
§r (f f(-gr->pdrd7rn) <55,
0
where we used Holder’s inequality in the second step and Jensen’s inequality in the fourth.

Since by Gaussian estimates [ |w; — ws|*dy < C|t — s|?, it follows by [RY99, Theorem
1.2.1] that

i [Sup (M)ﬂ dy < o0.

sF#L [t—s|3
Then

f{ sup |wt—ws]}d’y<(5sf{ p““:t T:'}dfy<58 Vil {(supl“’t—ws) :|d’}/2025515.

s,t€[0,1],]s—t|<& s#t |t—s|8
Then collecting the bounds together, we get

i sup s — @] pdvy, < f sup lws — wy — (@0 — ;)| p dmp+
s,t€[0,1],|s—t|<8 s,t€[0,1],|s—t|<8

f{ sup ]ws—wt\}d’ygdpplCl/p—i-C’gdé.

s,t€[0,1],]s—t|<8
This bound tends to 0, as § — 0, and so we conclude that {m,} is tight. O

Proof of Lemma[3.6.1. Remembering that P(cN") is equivalent to a problem on C x C
with cost ¢™"(b(-),b(+)), for each n we pick a sequence {m,} € 177 (v,") s.t.

[ Nhdm, < P(eNh) + 1< P(c") + i
Lemma implies that {m,} is tight and up to a subsequence converges to some
7 € 177 (7, ). The proof then follows as in Corollary H

Proposition 3.6.3. If (3.6.1)) is finite, then for any lower semicontinuous function F' :
R — R bounded from below, and h(z) > C'|x|P, for some p > 1, and all x large enough,

the sequence (3.6.3) converges to (3.6.1)).

Proof. Since the function F' is lower semicontinuous, there exists a sequence of bounded
continuous functions { FV} increasing to F. Following the arguments of Propositionm
applied for a sequence of costs ¢V := V" + FN together with Lemma, , we can show
the convergence of P(¢M") to P(¢é ), where & == ch + F. O

3.7 Entropy

In [Las13] the author showed that the relative entropy appears to be a causal counterpart
to the squared Wasserstein distance

W2,(v,v) = 2Ent(v]y). (3.7.1)
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This trivially entails Talagrand’s inequality [Tal96] for the Wiener measure. The exten-
sion of the finite dimensional version of this famous inequality to the setting of Wiener
spaces was first done by [FU02, [FU04]. As an immediate consequence of the finite-
dimensional time-discretized results from the previous section we can recover this in-
equality as well. Interestingly, our method is different from [LasI3|] and [Lehl3]. We
give the proof in Lemma [3.7.3 But before, for completeness, we recall several relevant
facts about relative entropy. We start with a well-known lemma, stating that the relative
entropy decreases when measures are pushed forward by measurable maps. For the sake
of completeness, we provide a proof below.

Lemma 3.7.1. Let p,v € P(X) be two probability measures s.t. v is absolutely continuous
w.r.t. p. The for any measurable map T we have

Ent(Tov|T.pn) < Ent(v|u),
with equality if and only if the density dv/du is a function of T.

Proof. Denote the pushforwards g := T, and 7 := T,v. First observe that from the

change of variables formula we have

B [f] =B'[f o T =B+ [fo T &] =B [f o TE [&|o(1)|] = BF [y B |7 = ],
for any f € Cy(X), and where o(T') denotes the o—algebra generated by T. From the
derivations above we see that 7 < i with

di d
i — ae. I, d—;(f) — g+ [ﬁ‘T — x}

and

dv d
iw— a.e. x, d—;oT(x) = E* [ﬁ‘T:T(as)] :

Then, substituting this in the formula for the relative entropy, we have
Ent(7]ji) = EF [ In (g_#)} - [37 oT In (37 0 Tﬂ
dv
a(T)} In (IE“ [@ a(T)m

[d d
< E~ _ﬁ In (—”)} = Ent(v|p),
where in the last step we used conditional Jensen’s inequality for the strictly convex

_ [ dv
— R _]Eu [@

dp
dv

function zIn(z). Of course, it is clear that if, and only if, i is a function of T, we get
equality in the last step. O

Remark 3.7.2. We recall that if G* = N (my, 0?) is the 1—dimensional Gaussian measure,
and v is a translate of it, i.e. v = N(my, 0?), then the value of the relative entropy is

2
1 (my —my)
Ent(v|G") = onz (3.7.2)
Moreover, this value also coincides with the Wasserstein transport cost between these

two measures when the cost functions is quadratic (see [DL82]).

Now we prove that the value of the causal transport problem with the Cameron-Martin
cost is bounded above by the relative entropy.

Lemma 3.7.3. Let v be the Wiener measure, and v € P(C). Then we have
W3 (v,v) < W2,y(v,v) < 2Ent(v]y). (3.7.3)
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Proof. The leftmost inequality is trivial. To prove the remaining one, for the given
measures v and v we first construct their finite dimensional projections vV and vV as
discussed in Section [3.5] Then we push forward the marginals by the map

O : (zg,...,Ton) 2%(;1:1 — L, ..., ToN — Ton-1),
in order to guarantee that the starting measure becomes the standard /N —dimensional
Gaussian, denoted by GY. We denote 7V := ©,v". Then from Corollary we know
that

2N
Wea(yV, V) = Nir}vf f [Z(l‘k—yk)2j|d'ﬂ'($0,...,x2N7y07...,y2N>.
eV FN(GN oNY T T D0

By the causal Talagrand inequality (see Proposition we get that

Wes (VM) = Ws (7 v ) < 2Bnt(9|GY) = 2Ent(vVyY),
because there is a bijection pushing forward (vV,2"V) to (GV,7"V). From Lemma [3.7.1]
we know that Ent(v"|y") < Ent(v|y). The result follows from the continuous-time limit
of Proposition [3.5.7] O

As a final point of this section, we recover the equality between causal transport
problems and the relative entropy in a special case using our projection arguments. We
restrict ourselves to transport problems V\/C%Q(fy7 v) between the Wiener measure v and the
measure v € P(C), where the latter is the law of a process X that satisfies the following
Markovian SDE

dX; = v(Xy)dt + dB;, X, =0, (3.7.4)
with continuous and bounded drift v; and B a Brownian motion. As we have already
seen before, the finite-dimensional projection on the dyadic grid of the transport problem
W2,(7,v) is given by

2N

2,N . N [ Azi1—Ay
Wiy CANZES nenf,lfrgNWN) 2 2N {—gc e Y “} dm(To, ...y TaN, Yoy -+ - Yo ).
(3.7.5)

Recall from the duality theory developed in Section that the dual of the transport
problem above is
sup f¢(y07'"7y2N)dVN(y07"'7y2N)7 (376)

beC, (R ), FeF,
Y<eN+F

where the class of test functions F was defined in ([2.1.5]).

Proposition 3.7.4. Let v € P(C) be the law of the solution of the SDE (3.7.4). Then

we have
W2, (v, v) = 2Ent(v]y).

Proof. Note that having proved (3.7.3), we actually only need to show that
W2,(v,v) > 2Ent(v]y). To do this we are going to use duality and the limiting ar-

C

guments. We introduce feasible elements for (3.7.6)) as follows:

2N _1 oN_1

(Yo, - -+ yav) =2 Z O (Yi) AYip1 — Z 27N} (y;)
i=1 i=1
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and
2N 1
F(zo,..., %98, Yo, ..., Yan) = 2 Z vy, (Vi) Aig.
i=1
Indeed, it is easy to see that F' € F. To show that 1) and F are admissible dual elements,
we need to verify that
2N —1 2N —1 2N —1 2N -1

2 Z U, (yz)AyH—l_ Z 27Ny (?Jz) < Z 2 N{M} +2 Z Vt; (?Jz)szH;

or equlvalently that
2N 1 2N 1 2N 1

Axy Aye ~
Z 9—N {M} +2 Z Uy, (yt )(AIti.H — Ayti+1) + Z 2 NUtQi(ytJ > 0.
=1

But 1t is obviously true, since thls 1nequahty is equivalent to
2N 1 2
Axit1 — Ayin
> <Ut¢ (vi) + 5N > 0.
i=1
And so, we get by weak duality
2N 1

W AN VN > 2/ Z v, (Yi) AYir1 — vfb_(yi))dyN(yo,...,yzzv) (3.7.7)

2N 1
=2 | ) (v, (X)AXip — 27V (X)) |

i=1

where X as in . Taking limits on both sides we get
W2y (v, v) 22 [ [o(@)dindv(@) — [ [ vE(@,)dtdv(@),
by stochastic integration theory and the convergence of Riemann sums. The r.h.s. above
equals
2 [ [ o) [dwy — vi(wp)dt]dv (@) + [ [ vf(@)dtdv(w) = [ [ vi(wr)dtdv(@),

because the term inside the squared brackets is a v— Brownlan motion. Together with
Proposition [3.5.7], we obtain that

WZy(v,v) > ffvt w;)dtdv(w) > 2Ent(v|7y),

where the last inequality follows from [Leh13| Proposition 1], namely by It6 formula. [

Remark 3.7.5. We expect that similar, if more involved arguments, are also applicable if
v is not Markov.

3.8 An explicit construction

So far, we have projected down transport problems from C x C to RY x RY. In this
section we would like to do the opposite and to explain one procedure for embedding a
discrete-time optimizer into a feasible transport plan on path space, and discuss further
subtleties. For the rest of the section we assume that WQQ('y, V) < o0.

We remind that Theorem implies that W,.o(v", ") (finite-dimensional projec-
tion on the dyadic grid, see (3.5.7)) is attained by a bicausal Monge (Knothe-Rosenblatt)
map denoted by TV = (TON e ,TZJ}C) for which in particular TN+ = v~. Therefore,
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the optimal coupling for the transport problem W, (7", ") is given by (Id x TV),~4",
or equivalently by vV (dzy, . .. ,d:tgzv)éTN(dzOMd%N)(dyo, ...,dysn). In order to embed it
in a measure on C x C, with some abuse of notation, for a continuous path w € C we
define
TN (w) = T,ﬁv(wto,th_N, oWy, ), fork=0,..., 2N,

which is the value attained by the Knothe-Rosenblatt rearrangement on the path w that
is finitely sampled at the points of the dyadic grid TV := {k2"V,k =0,...,27}. Further
we introduce a process M (w),t € [0,1] on C as follows. For each time ¢ there exists a
unique index k s.t. ¢ belongs to the respective subinterval of the partition of [0, 1], i.e
k2~N <t < (k+1)27V. We define

MN(w) := wt—I—T,—iV(w)—wtmN%—(tzN—k) Tk]:\j-l( ) — Tév(w) — <Wt(,;+1)271v — Wt,;rzvﬂ :
(3.8.1)
This is an anticipating continuous process on [0, 1], which is the sum of the identity and
a piecewise linear process that looks (at most) 2~ V-amounts-of-time ahead in the future.
Observe that M} (w) —w; is nothing more than the piecewise linear interpolation between
the values of the vector T}¥ (w) on the points of time grid TV.
By telescopic sum, we get that at the fixed moments of the time grid the values of the
process MM (w) coincide with the values of the Knothe-Rosenblatt rearrangement, i.e.

M w(w) = i, N+Z{ (@) = TNW) = (wpyw — W) | = T (@), (382)

where k& = 0,..., 2N . This implies that the law of the sampled process
(MY,....M ,?27 vy -+, M) under the Wiener measure v is exactly vV, although the full
law of M N is not v. Further, we find

d

o= MY () = 2N [wt(E+1)2—N —w v — (TN (@) =T (w))} . (3.8.3)
Remark 3.8.1. The process M"Y is related to the Brownian bridge; to be precise, it is a
mixture of Brownian bridges (therefore not necessarily Gaussian nor Markovian), exactly
constructed in a strong (pathwise) way to match the second marginal " on the grid T%.
To be more specific, the process M” is defined in such a way that at the beginning of
each interval of the partition of [0, 1], we fix the value that the process MY will take at
the end of each time interval.

Having defined the process M*, we construct a measure I' on C x C as follows
I'(dw, diw) := ~y(dw)dprn () (d).
Observe that I' is not a causal transport plan since the process MY is anticipative. The
cost corresponding to the transport plan I is

J fl fwr — @) 2dt dT(w, @) = [ fl [ (w— MV ()] dt dy(w) = (3.8.4)

2N 1 Awt AT (Wt sWtq yeeesWiy g )

S e = } YN (@i - ey ) = WL (7, 0Y). (3.8.5)
And so the non-causal measure I' on the path space mimics the problem on the N—th
dyadic grid. This, and the fact that I' is Monge, are the main advantages of this coupling.

Now we prove that the limits of I' are causal transport plans in 17 (v, v).
Lemma implies that the sequence {I'y} is tight. Indeed, the r.h.s. of is
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bounded by W2, (7, ), which we assumed to be finite. Let us call [ any weak accumu-
lation point of the sequence {I'y}. Since
(MY M sy M)y = (T T A = o,

MXN~ converges to v in the sense of finite dimensional distribution on the dyadics UyT?,
and so by continuity also in the sense of finite dimensional distribution on [0, 1]. [Bil99,
Theorem 7.1] implies that MY~ converges weakly to v, and so the second marginal
of ' must be v, which implies that ' € TI(v,v). Furthermore, since w — MY (w) is
2~N_anticipating, we get by [Las15, Remark 1(ii)] that T is causal, even if each I'y was
anticipative.

3.9 Conjectures

It is an interesting question to recover the desired equality W2,(v,v) = 2Ent(v|y) by
means of our projections arguments in a full generality. Below we suggest some steps in
this direction, which are notably different form the duality arguments in Proposition|3.7.4]

Let v be any measure on the path-space C with finite entropy w.r.t. the Wiener
measure 7. As before, we consider 7V, " to be the finite-dimensional projections
of v and v on the dyadic grid TV := {k2N k = 0,...,27V}. Further, we consider
GY := 0,4" and 7V := ©," to be the push-forwards by the process O(wy,, ..., w;,) =
2% (wy,, wy, — Wiyy ooy Wiy — Wiy, ), as in the proof of Lemma (see also Corol-
lary for the related discussion). From this construction we get that G is a joint
N-dimensional standard Gaussian. Recall that in our particular case the value of the
causal transport problem W, »(GY, ") coincides with the corresponding bicausal one
(see Theorem [2.2.13)). From the dynamic programming principle obtained in Proposi-
tion [2.2.20, we conclude that

2N
W.o(YN, V) = inf )fz%(xti — )’ AT (Tags -+ s Tayn» Ytgr -+ > Ytyy)  (3.9.1)

r€llF-F(GN N

= { jZ%V\b (G17 [VN]yt17-..,yti) }dVN(ytO, o 7yt2N)’ (3.9.2)

where [vV]v1-¥ denotes the kernel of ¥ on y,,, given y,,...,u,; in the special case
when i = 0 the notation [pV]¥1¥0 simply means the (unconditional) first marginal of
the measure v. From Lemma we see that the Lh.s. of is increasing in N.
Furthermore, it is apparent that

"]

oN
Weo (YN, V) = [{ X W (G, L) Ydv(w), (3.9.3)
i=0
where we define the measure LY to be the pushforward by the random variable w + wy, of
the measure v conditioned on the sigma-algebra F := o{wy,,...,w, k=0,...,127V},
and so L"N = LN (wy,, ..., w;,) is a measure on R.

On the other hand, from the Girsanov Theorem we know that there exists a so-called
drift process v, t € [0, 1] such that do, = v,dt + dw; holds v-a.s., where w and @ are
Brownian motions under v and v respectively. In particular, we have

Aa)ti+l i+12_N + Awti+1'

Define now by ¢“Y the v-law of v;,2™" + Awy,,, given F}¥, which is Gaussian with mean

:Ut
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v;,27N and variance 2. From Remark we know that Ent(¢*V|N) = 271"No? . For
this reason, we get

LW (6 6) Jav(e) =2 {z B ww>} &)= {5 2t b

— [ [fv )ds]dv(@), (3.9.4)

where the limit comes from the convergence of Riemann sums plus positivity of the
integrand. Further, from Follmer’s formula [F6I86, Proposition 2.11], it is known that
the expression can be bounded below by the relative entropy between v and v,
and so we get

2Ent(v|y) — hm f { Z Ws (G, 00N Ydv(w) < 0.

Now taking limit in N together w1th the Proposmon m 3.5.7| and (3.9.3), we have shown
that

Wea(7,v) = 2Ent(v]y) + lim [ { 220 [Wa (GY, LEN) — Wy (G, 60M)] dv(@).  (3.9.5)

We believe that the r.h.s. above, being always smaller than or equal to W, 2(7, v), should
actually be equal to this quantity. We also believe that the limit above should be greater
than or equal to zero (it suffices to verify this limit omega by omega). All in all one can
expect to conclude that W, 5(y,v) > 2Ent(r|y), and thus the desired equality W, »(v,v) =
2Ent(v|y) should follow.

Remark 3.9.1. Note that the conjectures we made above open the doors towards the
optimal transport proof of the existence of strong solutions of the Brownian-driven SDEs
of the form . Knowing that the optimizer of the projected transport problem is
generated my a map, the limiting arguments and the entropy equality should be the
building blocks for this proof. However, it is for example unclear, how to guarantee that
in the limit a discrete-time optimizer remains of Monge form.
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Chapter 4

Enlargements of filtrations and
applications in continuous time

In this chapter we consider causal transport problems in an infinite dimensional set-
ting that allows for anticipation of information. Throughout the chapter we talk of
(continuous) semimartingale decomposition, referring to the unique decomposition of a
continuous semimartingale into a continuous local martingale and a continuous finite
variation process. The notion of causality can be used to study semimartingale decom-
positions in the setting of enlargement of filtrations, and this is the object of analysis of
this chapter.

After setting up the notations and giving the preliminary results in Section [4.1] we
illustrate a first connection between decomposition of semimartingales and causality in
Section [4.2] Next, in Section we discuss the connection that causality imposes be-
tween optional and dual projections of stochastic processes. In Section we show how
the causal transport problem for specific cost functions allows to characterize semimartin-
gale preservation under filtration enlargement. Necessary and sufficient conditions for a
Brownian motion to remain a semimartingale in the enlarged filtration, which is the main
result of this chapter, are given in Theorems [4.4.2| and [4.4.4, When the cost function is
of Cameron-Martin type, and the filtration enlargement is done entirely at time zero, the
causal transport problem can be interpreted in terms of entropy and mutual information;
see Section [4.4.3] Thus we are inclined to say that, irrespective of the cost function and
the kind of enlargement, the value of our causal transport problems can be seen as a mu-
tual information in a wider sense. A generalization of the definition of causality allows
us to determine necessary and sufficient conditions for a general continuous semimartin-
gale to remain a semimartingale with respect to an enlarged filtration. In Section
we resume the discussion on the duality results initiated in Chapter [2] In particular, we
introduce the so called refined dual problem, for which we can give an explicit character-
ization of optimizers. Finally in Section we show how the causal transport problem
can be used to estimate the value of additional information with respect to stochastic
optimization problems.

Convention for this chapter: Integration w.r.t. a measure 7 is denoted here as E™,
since this is the most efficient and consistent notation in the present setting.
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4.1 Path space and filtration enlargement

The setting of this chapter is the same as in the previous one, with the most important
difference that we allow for different filtrations on the target space without assuming them
to be canonical; for the reminder of notations see Section . As before, W = (W)sejo11
denotes the coordinate process on C, and (F)icp,7 is the right-continuous version of the
filtration generated by W. The usual p-completed filtration containing F is denoted by
FH.

In order to consider anticipation of some information regarding the evolution of the
coordinate process, we fix arbitrary JFp-measurable functions g; : C — S, where S is
a (fixed) Polish space, and enlarge the filtration F with that of the S-valued process
(9:(W))iejo,r)- This leads to the (progressively) enlarged filtration G = (Gy)icpo,r), defined
via

G = ﬂT Glho, t <T, and Gr := G}, where G :=F,Vo({gs,s <t}). (41.1)
0<e<T ¢

In the discrete time setting we have already had the first glance of the questions
of anticipation of information in a simplified setting, and stated the first results (see
Section [2.6]). In this chapter we continue the discussion giving a more detailed analysis
of the connection between causal transport problems and enlargements of filtrations.

Below we provide the most general definition of causality allowing for different state
spaces and filtrations on them. This is to be compared with the one in the discrete-time
setting (see Definition [2.1.1]).

Definition 4.1.1 (Causal transport plan). A transport plan m € II(u, v) is called causal
between (X, F,u) and (Y,G,v) if, for any t € [0,T] and any set A € G, the map

X >z n%(A) = E"l4|Fr](x)
is measurable with respect to Fi', where n°(dy) := w({x} X dy) is the regular conditional
kernel of m w.r.to the first coordinate.

We stress that in [Las1h] the author actually uses a weaker definition, but establishes
sufficient conditions for its equivalence with the one we give. We shall need and use the
concept of causality as introduced in Definition throughout this chapter.

For a continuous process Z on a given probability space (2,P), we denote by
FZ .= Z7Y(F) the right-continuous version of the filtration generated by Z on €2, and by
FZ98 .= Z7Y(G) the filtration obtained by enlarging FZ with the process (g+(Z))sepo,11,
in analogy to (note that g,(Z) are F#-measurable for all ¢ € [0,T]). For the rest
of this section we assume (£2,P) to be a fixed probability space. We remind that a pair
(X,Y) of continuous processes on (€2, P), is called a causal coupling w.r.t. the filtrations
FX and F¥if (X,Y),P is a causal transport plan between (C, F, X,IP) and (C, G, Y.[P).

In what follows, given two measures pu,v on the space of continuous functions
C :=C[0,T], we will study causal transport plans between (C, F, u) and (C,G,v)

inf  E7[]. (4.1.2)

mellF9 (pu,v)
Working with the path space C eases the exposition of our analysis. We point out,
however, that our results have a natural extension in the multidimensional setting C%, i.e.
for multidimensional continuous processes, see Remarks [4.4.3| and [4.5.4}
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As we have already seen in Section 2.1.1], causal transport problems form a subclass
of optimal transport problems under linear constraints. The class F of functions to test
causality, that was defined in a discrete time set-up in (2.1.5)), in the present setting takes
the form

F = span({g[f —E"[f|F]] : f € C(C),g € By(C,G),t €[0,T]}).
Then, a transport plan 7 € I17°9(y, v) if and only if E™[F] = 0 for all F € F.
In the following remark we state without proof some useful equivalent characteri-

zations of causality, which were given in Proposition [2.1.5] in discrete time setting and
recalled in Remark in the setting of Wiener spaces and canonical filtrations.

Remark 4.1.2. For a probability measure m € P(X x ), the following are equivalent:
1. m is a causal transport plan w.r.to F and G;
2. (X X Dy|F, @4{0,Y}) =7 (X x Dy|Fr @ {0,Y}) m-a.s., for all t € [0,T],D; € Gy;

3. the o-fields {0, X} ® G, and Fr ® {0, Y} are conditionally independent with respect
to 7 given F; ® {0, Y}, for all ¢t € [0, T7;

4. The H-hypothesis holds between F* & {(), Y} and F* ® G with respect to 7, mean-
ing that every square integrable (7, F* ® {0, Y})-martingale is square integrable
(7, F* ® G)-martingale.

We just stress, for the sake of the reader, the reason why causality/conditional indepen-
dence implies the H-hypothesis: if M is a (m, F* ® {0, Y})-martingale, then
ET Mol Ff @ Gi| = ET[Myy | F x {0, V}] = M,
hence M is a (7, F* ® G)-martingale.
Remark 4.1.3. Definition and Remark imply that (X,Y) is a causal coupling

if and only if for all ¢, .EY’B and FX are conditionally independent given F7*, that is, the
H-hypothesis holds between FX and FX v FY9, with respect to P.

In a Brownian setting there is an easier way to check causality, as the following lemma
shows.

Lemma 4.1.4. Let X be a Brownian motion in its right-continuous natural filtration,
and Y be a continuous process. Then the following are equivalent:

1. (X,Y) is a causal coupling w.r.t. FX and F¥?;
2. X is a Brownian motion in F~X V F¥8;

3. there is a filtration A on Q s.t. X is a A-Brownian motion and F¥? C A.

Proof. 1=2: We need to show that X is a F¥X V F¥%martingale. For 0 < s <t < T
and f, € L®°(FX VvV F¥9), we have

E[Xefs] = EE[Xfs | (Xw)ue]] = E[XGE[fs | (Xu)uze]] = E[XE [fs | (Xu)uzs]]
= E [E [Xt ‘ (XU>USS] E [fs ‘ (Xu>u§s]] =E [XSE [fs | (Xu>u§s“ =E [Xsfs] )
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where causality is used in the third equality.
2=3 follows by taking A := FX v F¥s,
3=1: For t € [0,T] and D, € F,"°,

P(Dy | (Xo)s<r) = P(Dy | (Xs)s<ts {Xeww — Xeyu € [0, T = 1]}) = P(Dy [(Xs)s<i),
since X is a F¥X V FY9-Brownian motion, hence its increments X,,, — X, are jointly
independent of (X)s<¢ and of the event D, € F,". This shows that (X,Y) is causal, by
Definition 2.1.2] and Remark [£.1.2}2. O

If F¥¢ C FX then (X,Y) is causal coupling for any martingale X in its own filtration,
since in this case FX Vv F¥8 = FX and H—hypothesis trivially holds.
Ezample 4.1.5 (Poisson bridge). Let M be a Poisson process with constant intensity A =
1, FM = o(M,, s < t) its natural filtration and 7' > 0 a fixed time. Let FM:¢ = FM v My
be the natural filtration of M enlarged with the terminal value M7 of the process M.
Then the process

N t
M; = M, — [ Y2=eqs, t € [0,T], (4.1.3)
0

is a FM8—_martingale (for the proof see [JYCQ09, Proposition 8.5.1.1]). However, the
coupling (M, M) is not causal. To see this, we consider the set A := { My =0} C Fo"9.
Since M, = 0, ¥Vt € [0,7] on A, from we get that M, = 0, Vt € [0,T]. And so, M
is not independent of M.

In [Lasld, Section 3] the author proves, in the general setting of Polish spaces, that
the set I179(u,v) is closed for weak convergence. Thus, an attainability and duality
theory for the problem of optimal transport under the causality constraint follows. This
is done there at the expense of a regularity assumptions of sorts on the filtration G (see
[Las15l, Definition 3]). Such an assumption would, in our context, drastically limit the
applicability of the transport approach. However, we can still obtain an attainability and
duality theory without assumptions on G. We do this at the price of requiring the first
marginal u to be “weakly continuous”, i.e. Vf € Cy(C), t € [0,T] the map

x — E*[f|F](x) is continuous. (4.1.4)

(see Assumption written for discrete time). We state without a proof the duality
result written in our particular setting we are working in.

Theorem 4.1.6 (Causal transport duality). Let ¢ : C x C — (—o0, 0] be bounded from
below and lower semicontinuous. Further assume that p satisfies the weak continuity

property (4.1.4). Then (4.1.2)) is attained and there is no duality gap:

inf B[] = sup Efo] + E'[y] = sup K[y,
7€l 9 () $E€C,(C), vECH(C), FER WECH(C), FEF
$BY<Cc+F vsetk

where the class F is defined as follows
F = span ({g(@) [f (w) = E*[fIF](W)] : f € C(C),g € By(C,Gi), t €[0,T]}). (4.1.5)

The proof of this result is essentially the same as in Theorem [2.1.10] The weak
continuity property of u, as a measure on a path space C, is fulfilled if it is the law of a
Feller process. So the case that interests us, Wiener measure on continuous path space,
is fully covered. This assumption guarantees that the set 1179 (u, ) of causal couplings
is compact for weak convergence; for the proof see Lemma [2.1.8|
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4.2 On enlargements of Brownian filtration

The central question of the theory of enlargements of filtrations is to find the con-
ditions under which the preservation of the semimartingale property holds, i.e. any
(semi)martingale in its own filtration can be represented as a sum of a martingale in
an enlarged filtration and an adapted finite variation process. The two most studied
kinds of filtration enlargements, which are particular cases of are the following
ones:

e initial enlargement with a (Fp-measurable) random variable, say L (so g; = L,
t €[0,T]);

e progressive enlargement with a random time (non-negative Fr-measurable random
variable), say 7 (so g, = 7 A t, t € [0,7T]), in which case G turns 7 into a stopping
time.

Our setting allows us to consider the most general types of enlargements, covering
the typical cases mentioned above. In fact, not many works are devoted to the study
of general enlargements of filtration beyond initial and progressive enlargements, see e.g.
[ADIO7] and [KP15]. We refer the reader to the monographs [Jeu80], [MY06], [JYCQ9,
Sec. 5.9], [Pro05l, Ch. VI] for an account of the main results and the literature on filtration
enlargements.

Below we collect some well-known examples of filtration enlargements in a Brownian
setting, which will be useful for future reference (see e.g. [MY06] for these and many other
examples). Let B be a Brownian motion on a probability space (2,P). If B remains a
semimartingale with respect to the enlarged filtration 729, then its unique continuous
semimartingale decomposition takes the form

dB; = dB; + dA;,
where B is a FP9-Brownian motion and A is a continuous F59-adapted finite variation
process. In particular, for every finite horizon 7' > 0, by Lemma [.1.4] we have that
(B, B) is a causal transport plan between FZ and F5¢, that is, (B, B),P € II79(~, 7).

In what follows we recall some specific enlargement of the filtration F?, which will
be referred to later on in the article.

(1) Initial enlargement with finitely many atoms: initial enlargement with a discrete
random variable, say L (namely g;(B) = L for all ¢t € [0,77]), that takes values ly,...,[,,
for some n € N. This corresponds to enlarging the filtration at time zero with the sets
C;={L=1},i=1,...,n. In this case the decomposition of B in the enlarged filtration
takes the form

dB; = dB, + X0, g, 2 dt, (4.2.1)
t
where M} = P(C;|FFP), which by martingale representation can be written as

t
M} = M} + [ nLdBs, for some predictable process 7'".
0

(2) Brownian bridge: initial enlargement by the value of the Brownian motion at the
terminal time 7', namely g;(B) = By for all t € [0, T]. In this case it is well-known that
the decomposition of B in the enlarged filtration F%¢ = FB Vv o(By) is

dB, = dB; + B2=5Bedt. (4.2.2)
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(3) Progressive enlargement with last hitting time: progressive enlargement with the
random time 7 = sup{u<T,B,=0}. In this case, using the notation

O(x) = \/2/7rfe*1‘2/2du, the decomposition of B in the enlarged filtration is the fol-
lowing;: :

S 2 eXP(—B2/2(T—t)> sgn(Bt) sgn(Br)
AB, = dB, — 222D 20 (LB g Oy ) dt. (4.2.3)
(4) Bessel process: define a 3-dimensional Bessel process by dR, = R%dt + dB;, and

denote J; := inf,>; k5. Then the process Bt = R, — 2J, is a Brownian motion in the
filtration obtained by enlarging F? with the process .J, and

dB; = dB, + (2d.J; — 3-dt).
Note that, contrary to the previous cases, here the finite variation process in the semi-
martingale decomposition of B in the enlarged filtration is not absolutely continuous with
respect to Lebesgue measure.

4.3 Optional projections in causal transport

In Sections {4.4] and we will intensively use projections and dual projections, which we
briefly recall below. We refer to [DM80, Ch. VI] for an accurate study of the subject.

Let X be a positive or bounded measurable process on a probability space (2, H,P).
The optional projection of X is the unique (up to indistinguishability) optional process
Y such that

E [XT(reo) o] = Vilrany a5,
for every stopping time 7. The predictable projection of X is the unique (up to indistin-
guishability) predictable process N such that

E [ X frcooy|Hr—] = Nilfrcooy as.
for every predictable stopping time 7. These notions of projection can be given for
a broader class of processes, including those of integrable variation; see [DMS80, Re-
mark VI.44-(f)].

Now, let H be a raw process of integrable variation on (€2, H,P), i.e. a stochastic pro-
cess which is nonnegative, and whose paths are cadlag, but which is not (H;)— adapted.
The dual optional (resp. predictable) projection of H is the optional (resp. predictable)
integrable variation process U defined by

0 0
for any bounded optional (resp. predictable) process X. W.l.o.g. we assume Uy = 0.
In this chapter, we denote by °A” (resp. ©A°) the optional projection (resp. dual
optional projection) of a process A with respect to (m, {F ® {0,C}}™). The following

lemma is fundamental for the proof of Theorem and Proposition It follows
directly from [DMS80), Lemma 7, Appendix IJ.

Lemma 4.3.1. Let m € Il(p,v) be a (non-necessarily causal) transport plan, and let A
be a (B([0,T]) ® Fr ® Gr)-measurable process on C x C of integrable variation. Then:
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1. The optional projection of A with respect to (m,{F & {0,C}}™) (resp.
(m,{{0,C} ® G}™)), which we denote by °A” (resp. °AY) is mw-indistinguishable
from an optional process with respect to (p, F*) (resp. (v,G")), so w.l.o.g. one may
assume

N (w,@) = AT (w),  °A9w,@) = °A%(®).

The analogous statement holds for the predictable projections.

2. The dual optional projection of A with respect to (m,{F & {0,C}}™) (resp.
(m,{{0,C} ® G}™)), which we denote by T A° (resp. 9A°), is m-indistinguishable
from an optional process with respect to (u, F*) (resp. (v,G")), so w.l.o.g. one may
assume

FA(w, @) = TA%(w), IN(w,0) = IN°(@).

The analogous statement holds for the dual predictable projections.

The next proposition shows the strong relation that causality imposes between pro-
jections. This will be crucial in our applications to optimal stopping problems in Sec-
tion [4.6.1] We comment on the noteworthiness of this result after its proof.

Proposition 4.3.2. Let 7 € II”7°9(u,v) be a causal transport plan, and let A be an
(F ® G)-adapted, integrable variation cadlag process with Ag = 0. Then

FAN° is w-indistinguishable from °A” .

Proof. We drop the superscript F to simplify the notation. Fix t € [0,7], and consider
the raw process X = (X;)scj0,q, With constant paths, given by
X, = H{"A1>A§}; S € [O,t].
Its optional projection with respect to (m, {F @ {(),C}}™) satisfies
°X, =m[°As > AJ{Fs @ {0,C}}7, s €[0,t].
Note that (°X;)sepo, is an {F @ {0,C}} -martingale, hence 7-indistinguishable from
an (F ® {0,C})-martingale, by [DM80, Lemma 7, Appendix I], which is then also an
(F ® G)-martingale by causality; see Remark . This means that (°X;)scp0,, optional
projection of X w.r.t. {F ® {0,C}}™, is the cadlag version of the (F ® G)-martingale
s = w°Ay > A9 Fs®Gs), 0 < s < t, thus m-indistinguishable from the optional projection
of X wrt. (m,{F ® G}7).
Now, by definition of optional projection,
E™[A X = ET[°AX].
On the other hand, since X is constant and Ag = 0,

t
EW[AtXt] - EW[Ath] — EW |:f XSdA5:| .
0

Now, using [DM80, Remark VI.58-(d)] and the fact that A is an (F®G)-adapted integrable
variation process, we have that E™ [fot XsdAS] =FE™ [fg YSdAS], where (Y;)sep,q 1s the
optional projection of X w.r.t. F ® G. Therefore we have
EP[AX] = B |[3YedA,| = B7 | [y oX,dA,| = E7 | [y X,dA2]
= ET[A7X] - E7[ADXy] = BT [A? Xy,
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where in the second equality we use that °X and Y are m-indistinguishable, and in the

third one the definition of dual optional projection (recall Aj = 0). Altogether we have
E7[*Adlon,> 03] = ET[ATT o, >93],

hence {°A; > A¢} is m-negligible. Arguing similarly, we get that {°A; # AY} is 7-

negligible. Since this is true for all ¢ € [0, T], we have that °A and A° are versions of each

other and hence m-indistinguishable since both cadlag (see [DM80, Theorem VI1.47]). O

The essential difference between °A” and *A°, as explained in [DMS80, Remark VI.74-
(c)], is that while the first one formalizes E[A;|F;| the second one does so to fot E[dAg| Fs).
What we justify in Proposition is the fact that under causality we have:

}-Ato - ]:AS = f(; ]Eﬂ-[dAslfs] - f(f Eﬂ[dAs|ft] - Eﬂ[f(f dAs|]:t]
E[A; — Aol R = OAt]: - OA{)T-
This phenomenon is not symmetric, just as causality, i.e. one does not expect Proposi-
tion to hold for projections w.r.t. G.

4.4 Causal optimal transport and semimartingale de-
composition

In this section we give one of our main results. We show the connection between the
semimartingale decompositions arising in enlargement of filtrations, and certain causal
optimal transport problems. We consider both the case when the finite variation part in
the semimartingale decomposition is absolutely continuous and when it is not; we do it
separately for the sake of applications and connection with the literature. For simplicity
of exposition all the results are shown in a one-dimensional Brownian setting. For the
extension of the next results and arguments to the case of multidimensional continuous
paths see Remark [4.4.3| and4.5.4]

Working in the continuous path space framework of Section we consider the
filtrations F and G as defined there. Recall that v is the Wiener measure on the path
space C, and that (w,w) denotes a generic element in C x C. By id we mean the identity
mapping on C. The following notation will be frequently used: for a process/path Z we
denote by

Vi(Z) = supocy <<t Doick |26 — Ztia
the total variation of Z up to time ¢.

4.4.1 The general case

We first need to obtain the following result, reminiscent of [Las15]:

Theorem 4.4.1. Let v be a measure on C such that v < ~. Then the following are
equivalent:

(i) for some continuous, G”-adapted, integrable variation process A = A(®), i.e. such
that

B[V (A)] < oo, (4.4.1)
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the process &(w) := wy — Ay(w) is a (v, GY)-Brownian motion,

(ii) the following causal optimal transport problem is finite:
inf  E'[Vr(w—w)]. (4.4.2)

T€ll7-9 (y,v)

Moreover, whenever (i)-(ii) hold, we have that:

1. the transport plan 7 := (§,1d).v belongs to 1179 (v, v), and is optimal for (4.4.2));

2. for every transport plan = € 79 (y,v) with finite cost in , the process
Aw,w) == A(w) in (i) is the (7, {{0,C} ® G}")-dual predictable projection of the process
(W, w) = Aw,w) =0 —w.

As we have commented before, since the Wiener measure 7 satisfies the weak continu-
ity property , the set 1179 (v, v) is weakly compact. Moreover, the total variation of
the difference of the coordinate processes is bounded from below and lower semicontinu-
ous w.r.t. supremum norm, hence Theorem apply, giving us the primal attainability
in and duality. In the ensuing proof, attainability is also established but via
stochastic analysis arguments.

Proof. (i) = (4i): From the process £ in (i), define the coupling 7 := (§,id).v. The
fact that # € II79(y,v) follows as in the proof of Lemma and EF[Vy(o — w)] =
E[Vr(A)(@)] < oo.

(ii) = (i): Fix 7 € I79(y,v) with E™[Vp(@ — w)] < oo. The continuous process
Ay(w, @) := @, — wy is of integrable variation with respect to 7, hence we can define its
dual predictable projection A(w,®) with respect to {{0,C} ® G}™, the m-completion of
{0,C}®G. In particular, A is an integrable variation process on C x C. By Lemma [4.3.1]
we may assume that A does not depend on the first coordinate, thus it corresponds to
a GY-predictable integrable variation process A on C, in the sense that A(w,®) = A(@),

which gives (4.4.1] Altogether we have

for every g”—predlctable bounded process X. Moreovelr7 we have
E'[Vr(A)] = E"[Vr(A)] < E™[Vr(A)] < oo. (4.4.4)
Now, note that the jump times of A are G”-predictable, by [DM80, Theorem B, page xiii,
and that for each jump time 7, AA, = E"[AA,|{0,C}®GY ] = 0 a.s., from the continuity
of A; see [IDM80), Theorem VI.76]. Therefore, A is continuous.
We now define the process £ as in (i), and need to show that it is a (v, G")-Brownian
motion. For 0 < s <t <T and f,; € L>(GY), we have

E"[(6(@) = &(@)) fo(@)] = B [(@ — @, — [, dAL(@)) f5(@)]
_EWKWt_WS)fS( ) +E7r f dA f dA )fs( )]
= E7[([{ dAu = [] dA@) f(@)] =

where the third equality follows since w, which is a (’y, F 7)—mart1ngale, is consequently by
causality a (7, F7®@G)-martingale, thus also a (7, (FY®G)™)-martingale and in particular
a (7,77 ® G¥)-martingale. The last equality follows from (4.4.3) with X; := fi1),7(%).
This shows that £ is a (v, G”)-martingale, and we conclude by an application of Lévy
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theorem together with Girsanov theorem; indeed, the quadratic variation of £ at ¢ must
be t, by the assumption v < ~.

Finally, with the aid of , we see that the transport plan 7 := (£,id).v is
optimal for . Moreover, since w is continuous, the uniqueness of the semimartingale
decomposition entails that the process A found in the proof of (i7) = (i) must have not
depended on which 7 (with finite cost in (4.4.2)) we started with. O

We now state our main result, that provides a necessary and sufficient condition for
a Brownian motion to remain a semimartingale in an enlarged filtration. We use the
notations introduced in Section 4.1l

Theorem 4.4.2 (Semimartingale preservation property). The following are equivalent:

(i) any process B which is a Brownian motion in its natural filtration FP on some
probability space (2, P), remains a semimartingale in the enlarged filtration FBe(B)

(ii) the causal transport problem (4.4.2)) is finite for some measure v ~ .

Moreover, when (i)-(ii) hold, and denoting by B = B+ N the semimartingale decom-
position of B in FB8, we have that (B, B) is a causal coupling with respect to FB and
Fha,

Proof. (ii) = (i): By Theorem [4.4.1] there exists a continuous, G”-adapted, integrable
variation process A such that the process &(w) := &, — A;(@) is a (v, G)-Brownian motion.
Since v ~ v, Girsanov theorem implies that w is a (v, G)-semimartingale. Moreover, since
@ is the coordinate process on C, and from B,P = v and F59 = B~1(G), we have that B
is a (P, FB9)-semimartingale.

(i) = (i1): Let B = M + U be the semimartingale decomposition of B in F59 with
M a (P, FB#)-Brownian motion and U a finite variation process, so that in particular
Vr(U) < oo. Since 0 < (1+ Vy(U))™! < 1, we have

=R [(1+Vr(U))"] € (0,1,

and Zp := ¢ (1+Vp(U))™t > 0 P-a.s., with EF[Z7] = 1. We can then define a probability
measure Q on (€, F¥) via 4 := Zr, so that Q ~ P and

EQ[V(U)] = cEF [HTV( (g])} < e < oo (4.4.5)

Let Z be the (P, F59)-martingale defined from Zr. Then, by Girsanov theorem, B
has decomposition

Bt:]/\\jt‘i‘< gd<Zi\/l —i—U)
where M = M — IN @ is a (Q, FP9)-Brownian motion. Moreover,
B[ |45 )] = P [f) 10z, M).l] < B [(Z 200/ OF, M)
VTEP [\/m} < Kv/TEF [Supte[O,T] Zt} < cK\/T,

by the Kunita-Watanabe inequality and the Burkholder-Davis-Gundy inequality (with
constant K). Together with ( - this implies that the process N := fo ZM + U is
of Q-integrable variation. This shows that (i7) holds with v := B.Q (as v = " B.P and
Q ~ P imply v ~ 7). ~

Finally, by Lemma , (E , B) is a causal coupling with respect to FZ and F59. [
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From the above results it is clear that if there is one causal transport in 179 (v, v),
for some measure v ~ «, for which the difference of the coordinates is of integrable
variation and a.s. absolutely continuous, then the finite variation part in the semimartin-
gale decomposition of the Brownian motion in the enlarged filtration is also absolutely

continuous, see Section [1.4.2]

Remark 4.4.3 (Multidimensional processes). We want to point out that the previous
theorems can be easily extended to a multidimensional setting. Indeed, instead of the
path space C, that accommodates 1-dimensional continuous processes, we can consider
C?, path space for d-dimensional continuous processes. In this case, we write

(@ = Vela) == 3 Vol

in (4.4.1)-(4.4.2) for the variation of a multidimensional process. Then the proof of
Theorem follows exactly the same arguments, where the dual projections are now
taken componentwise. As for Theorem [4.4.2] one should define Zy as ¢/ (14 3%, Vip(U;))
instead.

4.4.2 The absolutely continuous case

In many well-known filtration enlargements, the finite variation part in the semimartin-
gale decomposition of the Brownian motion in the enlarged filtration is absolutely con-
tinuous with respect to Lebesgue (as in the examples (4.2.1), (4.2.2)) and (4.2.3]) above),
i.e. is of the form

B, = dBy + b(B)dt.

This is true, for example, in the case of initial enlargement of filtrations under Jacod’s
assumption (see [Jac85]) and under Yor’s method (see [Yorl2, Section 12.1}), as well as
in the case of progressive enlargement with a random time (see [JY78] and [Jeu80]); for
general enlargements see [ADIO6]. That is why this is a framework of major interest
which deserves a deeper analysis. In analogy to Theorems [4.4.1] and [4.4.2] we can give
necessary and sufficient conditions for such a decomposition to hold, together with a
characterization of the process b in terms of causal transport.

Theorem 4.4.4. Let v be some measure on C such that v < vy, and let p: R — R, be
a convex even function such that p(+00) = +o0o and p(0) = 0. Then the following are
equivalent:

(i) for some G-predictable process o = a(w) such that
E¥ {f p(as)ds] < 00,
the process &(w) = wy — fo as(w)ds is a (v,GY)-Brownian motion;

(i) the following causal optimal transport problem is finite:

inf E L)f p(l&, — wﬁ)dt} . (4.4.6)

mellF 9 (y,v)

Moreover, whenever (i)-(ii) hold, then & := (&,id).v belongs to 1179 (v, v), it is optimal
for (4.4.6), and for every m € 7 9(y,v) with finite cost in (4.4.6)), it holds that the
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process au(w, ) = «a(@) equals the predictable projection of (@, — wy?) with respect to

(m.{0.C}® G").
Theorem 4.4.5 (Semimartingale preservation property). The following are equivalent:

(i) any process B which is a Brownian motion in its natural filtration FP on some
probability space (,P), remains a semimartingale in the enlarged filtration F5°,
with decomposition

dB, = dB, + b,(B)dt; (4.4.7)

(i1) the causal transport problem (4.4.6)) is finite for some measure v ~ ~ and some
function p as in Theorem[].4.4)

Moreover, if (ii) holds for v = ~, then the value of the causal transport problem (4.4.6))
equals E'Y[foT p(bi(B))dt] < oo, hence the information drift in (4.4.7) is p-integrable.

The proofs of the above theorems follow the same steps of the proofs of Theorems|4.4.1
and [1.4.2] so we omit them. One simply observes that p(z) > m|z| + n for some m > 0,
so the relevant processes in the proofs are of integrable and a.s. absolutely continuous
variation. Then one recalls that for an integrable variation process X which is absolutely
continuous, say X = fo a;dt, the dual predictable projection of X w.r.t. some filtration
‘H is also absolutely continuous, and is indistinguishable from both fo Pa,dt and fo “a,dt,
where Pa and °a are the predictable and optional projections of a w.r.t. H, respectively.

Remark 4.4.6. For p(z) = 2*/2, the cost in is Cameron-Martin cost, which was dis-
cussed in details in Chapter . In this case, by Theorem m finiteness of problem (|4.4.6|)
for v = 7 is equivalent to square integrability of the drift in . When this holds,
one can apply Girsanov theorem, which ensures that B is a Brownian motion in G under
a change of measure. Therefore, by martingale representation, all FP-semimartingales
remain semimartingales w.r.t. 759, Square integrability of the drift holds for example
when initially enlarging with a discrete random variable as in case (1) of Section ,
while it fails in the Brownian bridge case and for progressive enlargements with last
hitting times, as in (2) and (3) of Section
Remark 4.4.7 (General continuous semimartingales). The theorems above, as well as
those in the non-absolutely continuous setting, have an analogue outside the Brownian
framework. In order to establish this, we need a condition for transport plans that
generalizes the concept of causality introduced in Definition [4.1.1] namely:

E™[(w; — ws) fs(@)] =0 VO<s<t<T, fse L*(C,G v). (4.4.8)
In particular, if X is a continuous semimartingale on a probability space (€2, P), which
remains a semimartingale in the enlarged filtration F*¢ with canonical decomposition
X = X + N, then the transport plan ()?,X)*IP’ satisfies (4.4.8).

In this framework, an analogue of Theorem [4.4.1] can be established, where now the
process £ in (i) is only required to be a (v, G*)-martingale, and where the optimal transport
problem in (ii) is formulated over transport plans in I1(u, v), for some martingale law p,
which satisfy . This result then leads to an analogue of Theorem m giving
a necessary and sufficient condition for any continuous semimartingale X to remain a
semimartingale in the enlarged filtration F*¢. In the same way one has the analogues of
Theorems [4.4.4 and 4.4.5| for general continuous semimartingales.
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4.4.3 Initial enlargement: Jacod’s condition, entropy, and mu-
tual information

The focus of this section is on the initial enlargement of canonical filtration with some
random variable. Our aim here is to connect the classical results from enlargement theory;,
the existing results in the literature on utility maximization of informed agents and our
transport approach.

The well-known Jacod’s condition (see [Jac85]) guarantees that semimartingale preser-
vation property in the case of initial enlargement holds if and only if for each ¢t < T

ny(dr) < Law(L),
where 7 (dx) is a family of regular conditional distributions such that 7;(A) is a version
of E[l calFi].

As explained in the “Comparison with Jacod’s condition” Section in [ADIOT], Jacod’s
method for initial enlargements [Jac85] (see our Sections [4.1) and can be interpreted
in the following way: starting with a Brownian motion B on some probability space
(2, P), considering an initial enlargement of the Brownian filtration 72 with a random
variable L(B) and assuming that for almost all x, PL=% := P(:|L(B) = z) < P, one
applies Girsanov theorem and finds B — A” to be a (local) martingale w.r.t. PL=%. Then
combining these, one obtains that B — AX®) is a (local) martingale w.r.t. P and the
enlarged filtration 2. Remember that under Jacod’s condition the finite variation
process AXB) is absolutely continuous with respect to Lebesgue, that is, AtL (B) — fot asds.
Notably, there is a causal optimal transport counterpart to the above mentioned method.
Denoting v to be the law of B,

((dz) := L(B),P, and v*=® = “conditional law of B given L(B) = 2",
we have

inf ]E”[fp((-@t—wt->)dt] = [ inf E”[fp((@t—wt->)dt (dx). (4.4.9)

re€llFFL (4 4) 0 TE€NFF (y,yE=7)
The proof of the above result was essentially given in Proposition in discrete time.

From [Las15|, we know that in the Cameron-Martin case of p(z) = 2?/2 the integrand
in the r.h.s. of (4.4.9) equals the relative entropy of /=% w.r.t. v, whenever this is finite.
For us this means that

T
inf sE" [f((@t - wt~>)2dt} = [ Ent(y2="|y)¢(dx). (4.4.10)
ENF T (7,9) 0

Since the relative entropy Ent(yX=%|y) is further integrated w.r.t. the law of L(B), we
get that the r.h.s. in (4.4.10) corresponds to the so-called Mutual Information between
B and L(B), denoted by I(B, L(B)). It is defined as the relative entropy of the joint law
Pp 1) w.r.t. the decoupling measure Pp ® Pr(p), namely:

I(B, L(B)) = Ent(PBL(B)‘PB ® PL(B))-
This value is infinite if v/=% & ~ Vz f-a.s. Otherwise, we prove the above claimed
equality.

Lemma 4.4.8. Assuming that y*=% < v Vx (-a.s., then
T
inf  E [%f((-@t —wt->)2dt} = [ Ent(v*=*|y)l(dz) = I(B, L(B)).

TP T (v,7) 0
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Proof. By definition of mutual information we have

P, dP
IB,L(B)) = [ [ s tn () dPsdPys)

_ f(fdvd7 n( d71>d7>l(dx)

= [Ent(y"="y)l(dx).

[]

Note that the lemma above recovers the result of [ADIOG, Theorem 5.13] using our
methods. If the initial enlargement is done by a discrete random variable as in Section

[1.2}(1), then

T n
inf BT [Lf((@ - wd)dt] = = 3 piln(p),
rellFFE (,5) 0 i=1

where p; = P(C}), and the term on the r.h.s. is referred to as the entropy of the partition
{Ci}71_y; see [Yor85] and [AIS9S].

On the other hand, by Theorem [4.4.5] the Lh.s. in is finite if and only if
the information drift o in the semimartingale decomposition of B w.r.t. F5¥ is square
integrable, in which case the value of the causal transport problem equals $E?| fOT adt].
In [PK96] (see also J[ADIOG6], [AIS98]) it is proved that this value corresponds to the
additional utility obtained by an investors who maximizes the expected log-utility of
terminal wealth in a certain complete market model w.r.t. 2, compared to an investor
w.r.t. FB. Further, it is known that this value also equals the relative entropy Ent(P|Q),
where Q is a probability measure under which B is a (Q, F?)-Brownian motion; see
Remark [£.4.6] Putting things together, we have

[ (o= )] = Ent(PIQ) = [ Bty )lde) = (8, L)

under the assumption that /=% < v Vz f-a.s.

4.5 Refined Duality

As we have already seen, the proofs of Theorems[4.4.1] and [4.4.2] as well as the sketches of
the proofs of Theorems |4.4.4] and 4.4.5| are of stochastic analysis flavour. In this section
we discuss what the optimal transport perspective has to say in the absolutely continuous
case. Throughout this section we consider v to be a fixed measure on C.

An interesting observation is that in this setting we can actually say more about the
problem dual to (4.4.6|), which corresponds to

sup { [ v(@)(do)}, (4.5.1)

YEC(C), FEF
(@) [y p(@e—we))dt+F(w,®)

where the class F is defined in (4.1.5). Let us define the refined dual problem as

sup { [ [fo G () dy — fOTp*(Q(@))dﬂl/(d@)}, (4.5.2)

CE€SL(9)
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where p* denotes the convex conjugate of p, and S,(G) denotes the set of simple previsible
processes w.r.t. G. Namely, for G-stopping times 0 < 7y < --- < 7, <T we define

520) = { £ @) m € N.C' € B0},

so the first integral in (4.5.2)) is defined as a finite sum as customary.
The appeal of the refined dual (4.5.2) comes from the next argument:

Lemma 4.5.1. Let p : R — RU {+oc} be conver. Weak-refined duality holds, in the
sense that the value of the primal problem (4.4.6) can only be larger than that of the

refined dual (4.5.2)).

Proof. W.l.o.g. we assume that | is finite. Let ¢(w fo Ce(w)dioy — fOTp (C(@))dt
and F(w,w) fo C(w)dwy € F, Wlth ¢ € S.(G). Taklng any 7 € II7°9(y,v) with finite
cost, and denoting (w; — wt) = «4, by Fenchel-Young inequality we have
fo Ge(@ —w) < fo (ar)dt + fo (@))dt.
Hence,
) < fo (oy)dt + F(w, @) fo (¢ — wy))dt + Fw, ) m-a.s.
Since by causahty E™[F] = 0, we conclude that the value of the primal problem is not

any less than (4.5.2)). O

Actually, we can show that strong duality holds in this setting. We point out that
even without anticipation of information (i.e. F = G) the following theorem is a novel
result.

Theorem 4.5.2. Let v be some measure on C such that v < v, and let p: R — R, be
a strictly convex even function such that p(+00) = +oo and p(0) = 0. Suppose further
that p satisfies for some C), xo > O and ¢ > 1:

p(z) =0 2=0, P(O =0, ) = to00 , p(2z) < Cp(x) and p(z) < LL2)
Then:
(i) The primal (4.4.6), the dual (4.5.1) and the refined dual (4.5.2)), have the same value.

From now on we assume that this common value is finite.

(i) The refined dual (4.5.2) can be computed (without changing its value) over the set
M?", which is the closure of Sq(G) w.r.t. the so-called gauge norm

¢ = |[¢|l,+ == inf {ﬁ >0: ffp (G (@0)/B)dt v(dw) < 1} (4.5.3)

and it 1s attained there by a unique optimizer { = C(w). R
(iii) The optimal drift o in Theorem |4.4.4\(i) is related to  through

o (@) + pl0n(@)) = n(@)C@) dv ® dt-as, (4.5.4)
namely o (w) = (p*) (¢(@)), or equivalently, (;(w) € Op(ay(w)), with O denoting sub-
dz’ﬁerentml

(iv) &(w) = 0w — fo as(w)ds is a (v, G”)-Brownian motion, so if further v < v we have
that the canomcal process w is a (7, G")-semimartingale.

The typical examples for which the given conditions on p are satisfied, are power
functions p(x) ~ zP with exponent 1 < p < +o00, which covers the Cameron-Martin case,
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as well as p(z) = |z|*(1 + |log |z|]) for a > 1; see the comments after [RR91, Ch. II1.2.3,
Corollary 4]. Note that the formula gives the recipe to find a primal optimizer if
a dual one is known.

Remark 4.5.3. We stress that the dual (4.5.1)) is most often not attained on continuous
functions. Still, the refined dual (4.5.2 9l admits an optimizer which induces a formal
optimal element for (4.5.1} - by settmg F (w,w) == fo Ct )dw; and

T

fCt dwt L({‘p*(édt @ f dft ‘I‘ fp Oft )dt

Notice that, even though the optimal é depends on the cost functlon p, the optimal drift
« does not. In the Cameron-Martin case p(z) = 2?/2, we actually get from (4.5.4)) that
( = a and so

[e=]

(@) :fo w)dw; — fo ay(@))?/2dt.
Furthermore, in the absence of enlargement (i.e. F = G) we find by Girsanov theorem
the identity
(@) = exp(¥(@)).
In words: the causal Kantorovich potential ¢ between Wiener measure and v is the
logarithm of their relative density.

Remark 4.5.4 (Multidimensional processes). As seen in Remark for the general case,
also Theorem has an analogue in the multidimensional setting. It suffices to define
the gauge norm as acting on the euclidean norm of (;(w), interpret the r.h.s. of
as inner product, etc. This is straightforward, so we do not give the details.

4.5.1 Extensions of stochastic integrals and elements of Orlicz
space theory

In order to prove Theorem |4.5.2] we need to extend the stochastic integral fOT G (@) doy
beyond simple G-previsible integrands via functional analytic arguments, much inspired
by [Léol2]. Of course, this could have been done via Theorem {4.4.4] using that a fortiori
the coordinate process w is a (v, G)-semimartingale. We avoided this to show that there
is a true transport/functional method for this. Likewise, Point (iv) is obtained without
using previous results. But first, we recall the necessary elementary facts on Orlicz spaces
needed throughout this section.

As presented in [RR91], a convex even function ® : R — R, U {+oo} satisfying
®(0) = 0 and P(c0) = o0, is called a Young function. If such a function is finite-valued,
it is zero only at the origin, and satisfies both ®(0)/0 = 0 and ®(o0)/0c0 = o0, then it
is called an N-function. We remark that ® is a Young function (resp. N-function) if and
only if its conjugate ®* is so.

From now on we identify processes which are dv x dt-a.e. equal. Assuming that ® is
a Young function, we define

M® {C C x[0,T] = R, s.t. ¢ is G-previsible and Vk > 0 : ffo (k¢ (w))dtv(dw) < oo},

which is a closed subspace (sometimes called Orlicz heart or Morse-Transue space) of
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the so-called Orlicz space
L® {C C x [0,T] = R, s.t. ¢ is G-previsible and 3k > 0 : ffo (k¢i(@))dtv(dw) < oo},

when endowed with the gauge norm

[¢lle = inf {5 >0 [ [ ©(Gw)/B)dtv(do) < 1}.

The gauge norm actually turns L*" into a Banach space, and if e.g. ® is an N-function
then the norm-dual of M?® is L*" ([RR91, Ch. II1.3.3, Theorem 10] and [RR91, Ch.
IV.4.1, Theorem 6]).

We now introduce growth conditions on ® and ®*. We say that a Young function ®
is in A, if there are some C,xy > 0 s.t. whenever x > xy we have ®(2z) < C®(z). This
is equivalent to the following condition on ®*: there exist £ > 1,y > 0 s.t. whenever
x > xy we have ¢*(x) < %. When @ is an N-function, then by [RR91, Ch. II1.2.3,
Theorem 3]:

®in Ay < Frg>0,e > 1s.t. [ 2d(e) < e] : (4.5.5)

P(x)
Clearly, when ® is in Ay we have M® = L®. The reflexivity of L? is essentially equivalent
to ® and ®* being in A,.

Below we provide a technical lemma needed in the proof of Theorem [4.5.2}

Lemma 4.5.5. If p* is an N-function in As, then

(w, w)ECXC»—)fU ((op — wy)dt
s lower semicontinuous when C x C is equipped with the “sum of the uniform mnorms”
norm.

Proof. 1t suffices to show the lower semicontinuity of w +— r(w) = fo ))dt. Let
Ck :={w e C:r(w) < K}. Since p* is in Ay, we have by [RR91) Ch I1.2. 3 Corollary 5]
that p grows at least as fast as some power function with exponent p > 1. This shows that
Cr is bounded in W'([0,T7]), the Sobolev space of absolutely continuous functions with
p-integrable first derivative. By classical arguments we have that if @™ — @ uniformly,
with @™ € C, then @ € WP([0,T]) and in particular @ is absolutely continuous too. By
Fatou’s Lemma we further get w € C, yielding the desired result. O]

Now we are ready to define a stochastic integral fOT ((@w)dw, for integrands from the
set M*".

Lemma 4.5.6. Suppose that p* is a Young function having a global minimum at the

origin. Then
5.0 " = e (4.5.6)
If further the refined dual ( is finite, then the functional

(= ZCiH(n,nH] € S ) ffo Gdoyv(dw) == [ > (@ @, — wr]v(dw)
can be uniquely extended to M P" by continuity. Using the same notation for its extension,
we can replace the optimization variables in ([4.5.2)) by taking “C € M ” without changing
the value of the optimization problem.
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Proof. By [RR91, Ch. I11.3.4, Proposition 3|, we have (4.5.6) under the given hypotheses;
the measure considered being dv x dt, the sigma-algebra being the G-previsible one, and
the Young function being p*. One need only observe that the previsible sigma-algebra is
generated by the algebra of sets, whose elements are finite disjoint unions of “base” sets of
the form D x (7, ?], with D € G; and G-stopping times 7 < 7. If we denote by v the value
of problem (4.5.2)), from now on assumed finite, we then have for all F' € S,(G), 5 > 0:

ffo (¢;/B)dw v(dw) < U+ff (w)/p)dt v(dw),
so by definition
[ ¢ day v(do) < (v+1) (4.5.7)
This shows that the discrete integral, seen as a continuous linear functional on S,(G),
can be uniquely and continuously extended to the norm closure of this space which we
know to coincide with M?". Because the convex functional ¢ — [ fo *(G) dtv(dw) is
finite throughout M*", for all ¢, € M*" « < 1/2 we have that

[T (&) dtv(dw) < 172 [ [T p*(2¢,) dt v(dio) +1/2ff0 “(47) devidw) < Cc 1,

where C; is a constant only depending on ¢. This shows that the convex functional is
locally bounded and thus continuous by classical results; the last statement then follows.

O

The lemma below shows that M?" is the smallest set, where the refined dual problem
(4.5.2)) is attained.

Lemma 4.5.7. Assume that p* (equiv. p) is an N-function, that p is in Ay, and that the
refined dual (4.5.2)) is finite. Then (4.5.2)) is attained in M?" .

Proof. By Lemma , we can consider as defined over M* . By [RR91, Ch.
IV.4.1, Theorem 6] we see that L”" is the norm dual space of M*, so the classical Banach-
Alaoglu’s theorem implies that closed balls in M*™ are o(M?", M?)-compact, since M?"
is a norm-closed and convex subset of L*". By [RR91, Ch. V.5.3, Theorem 3] and the
comment following its proof, we see that p in A, implies that

T *
lim Ll etl)dinlds) (4.5.8)

Icllpr—oo el

As a consequence of this and (4.5.7) (which holds also in M?"), we get

f[foT Ctd@t fO Ct dt dCL)) < p*{'U + 1 ffo Héﬁpdtl/(dw) }’

where v is the value of (4 , and by (4.5.8]) the r.h.s. above goes to —oo as o+ — O0.
This shows that in computing one may restrict the problem to a big enough fixed
ball in M*", which is o(M?", M*)-compact. As in the end of the proof of Lemma , we
observe that the objective function is norm-continuous, and because it is concave it is also
o(MP?", MP)-upper semicontinuous. The existence of an optimizer in M*" follows. O

Lemma 4.5.8. Suppose (4.5.2)) is finite and attained by some ¢ e MP", and that p* is a
differentiable N-function (equiv. p is a strictly convex Nfunctz'on) fwhich is 1 Ag. Setting

Oét(@) = (") (@) and &(@) =@ — [y (@
we have that ffo (w))dt v(dw) < 400, and so a € LP and£ is a (1/ G)-martingale.
If further v < ’y, then ¢ is a (v,G)-Brownian motzon (f,ld)*z/ € I79(y,v), the

primal problem (4.4.6)) is finite and its value is equal to and (£.5.2).
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Proof. We ﬁrst observe that by the identity of sub-differentials
I (@)dtv(dw) = — [ [T p*(G(@))dtv(do) + [ [ &(@) (") (G(@))dt v(dw),
(4.5.9)
so the finiteness of the l.h.s. is equivalent to the finiteness of the second term in the r.h.s.
Since p* is an N-function in A, we have by that when Q}(@) is large the integrand
(@) (p*) (¢(w)) is dominated by a (fixed) constant times p*((;(w)), and so we conclude
that the left- and right-hand sides above are indeed finite. In particular @ € L? holds,
and the map
he M — ffo oy (@) hy(w)dtv(dw)

is finite-valued and continuous by [RR91, Ch. I11.3.3, Proposition 1].

Since is a concave problem, we have that if Q: is optimizer of sup H((), then

cemr”
Vh € M*" it holds that £ H(C + eh)|.—o = 0, where

= ([ Jy G(®@) dow(dw) — [ [, p*(G(@))dtv(dw)).
Thus we get that

ffo hy(@)dav (dw) ffo ap(@)hy(0)dtv(dw) =0 VYh e MP".

This means that [ fo hi(w)d&v(dw) = 0 for all such h, which implies that £ is indeed

a (v,G)-martingale. Since the bracket of the canonical process is the identity under -,
this is inherited by £ by Girsanov theorem under the assumption v < 7, so by Levy’s
theorem ¢ is then a (1/ Q) Brownian motion. By Lemmal[d.1.4] (¢, id),v is causal. In light
of the finiteness in , this proves that the primal problem (4.4.6)) is finite. The lower
semicontinuity of (w w) — fo (@ — wyy)dt was established in Lemma [4.5.5 and so by

Theorem [4.1.6| we get that there is no duality gap. To conclude the proof, we only need
to check the equahty between and the refined dual. For this, we rewrite (| as

ffo ))dt v(dw) ——ffo ))dt v(dw) —i—ffo G (@ dwty(dw)
where we used that i fo Ct Yd&v(dw) = 0. ThlS proves that the refined dual has a
greater value than the primal, and we conclude by Lemma [4.5.1] O

We can finally give the proof of Theorem 4.5.2¢

Proof of Theorem[{.5.4 Under the assumptions made, both p and p* are N-functions
in Ay. For Point (7), and thanks to Lemma we only need to prove that when the
refined dual is finite, its value coincides with the primal one. This follows by Lemmas|4.5.7]
and Point (i7) is contained in Lemmas and [£.5.7 Point (i) follows from
Lemma [4.5.8) and because the strict convexity of p implies the differentiability of p*.
Point (iv) is given by the last lemma as well together with an application of Girsanov
theorem. O

We stress that Point (iv) of Theorem can also be obtained via more sophisticated
stochastic analysis arguments: if the primal problem (equiv. the refined dual) is finite,
then as in the proof of Lemmal4.5.6{one shows that for all ¢ € S,(G) : [ fOT G das v(dw) <
(v+1)[¢]|, where v is the common optimal value. If || < C then
This suggests that {fOT Gdiy » ¢ € Su(G), |I¢]le < 1} is bounded in v-probability, so
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by the Bichteler-Dellacherie theorem w is a (v, G)-semimartingale, and we conclude by
Girsanov theorem. Such a proof is reminiscent of original arguments in [Jac85].

4.6 Applications to stochastic optimization problems

In this section we show how the causal transport framework allows us to give an esti-
mate of the value of additional information, for some classical stochastic optimization
problems in continuous-time. By value of information we mean the difference between
the optimal value of these problems with and without additional information (i.e. w.r.t.
the enlarged and the original filtration, respectively). The main idea is to take “causal
projections” of candidate optimizers in the problem with the larger filtration, so build-
ing a feasible element in the problem with the smaller filtration, making a comparison
possible. In discrete-time this idea goes back to [Pl09, [PP12], where the application is
not about enlarging filtrations, but about gauging the dependence of multistage stochas-
tic programming problems w.r.t. the reference probability measures (we recalled this in
Section . We start with Section on optimal stopping problems, for which the
outlined projection approach is more delicate and fully novel to the best of our knowl-
edge (even in discrete-time). Then in Section we deal with utility maximization
with portfolio constraints; this is a prominent example of a controlled linear system, and
indeed the same arguments would be applicable to such systems in general. In both
optimization problems considered below, we will obtain very robust estimates in terms
of causal minimization problem.

4.6.1 Optimal stopping

Here we consider the framework of Section [4.1 with canonical space C := C[0,T] and
filtrations & C G on it. We begin with the definition of a randomized stopping time:

Definition 4.6.1. A randomized stopping time ¥ with respect to a filtration H and a
probability measure p € P(C), written ¥ € RST(H, p), is an increasing right-continuous
H-adapted process on [0,T], with X9 =0 and Xr =1, p — a.s.

This notion generalizes the concept of stopping time, say 7, according to which a
path w is stopped at a unique point in time 7(w). Stopping according to a randomized
stopping time ¥ means that a path w is stopped in [0,¢] with probability ¥;(w). We
recommend [BCHI6, Section 3.2] for a modern view on this matter, and refer to [BC77]
for the original motivation/definition.

The next lemma is of fundamental importance for our applications. It identifies what
causal dual optional projections do to randomized stopping times:

Lemma 4.6.2. Let 3 € RST(G,v). Then, for any p € P(C) and any causal transport
plan ™ € 179 (u,v), there is a randomized stopping time ¥ € RST(F, 1) such that

E [ fOTE(w,t)dZt(w)} — R [ I 0w, t)dSy(w)|

for all F-optional processes (w,t) — €(w,t) which are bounded or positive.
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Proof. Let 3(w,@) be the dual optional projection of ¥ = (@) with respect to
(7, (F ®4{0,C})™). From Lemma , we may assume that > (w,®) = %(w), and from
Proposition we have that ¥ equals the optional projection of ¥ with respect to
(m, (F @ {0,C})™). Moreover, by [DMS0, Lemma 7, Appendix I], we can assume ¥ to be
(F®{0,C})-optional. This implies that ¥ lies in the interval [0, 1] too, and hence belongs
to RST(F, ). O

Our purpose is to quantitatively gauge, via causal transport arguments, the depen-
dence of optimal stopping problems on [0, 7] with respect to the filtration or the reference
probability measure. See [LP90, [CT07] or the seminal but unpublished work [AId81], for
the related issue of (qualitative) stability of these problems. Lemma above suggests
that we should rather define optimal stopping over randomized stopping times. It is
well-known that, in the non-anticipative case, one can move between formulations over
stopping times and over randomized stopping times. That this is also true in the anticipa-
tive case is somewhat hidden in the aforementioned articles, so we sketch the arguments
for convenience of the reader:

Lemma 4.6.3. Let v € P(C), and let (w,t) — £(w,t) be measurable, F-optional, bounded
or positive. Then

inf {E” [(;] : 7 a G-stopping time on C, 7 < T} = . Risnf(g )E” [[6dsy) . (4.6.1)
eRST(G,v

Furthermore, let (2, H,P) be a complete filtered probability space, X : Q — C measurable
and H-adapted with X,P = v. Assuming that

Yt < T, X YGr) is conditionally independent of H, given X~(G,), (4.6.2)
we further have that the common value in (4.6.1)) equals
inf {E" [((X,7)]: 7 a HV X (G)-stopping time on Q, 7 < T}. (4.6.3)

Proof. We first prove (4.6.1)), following [CT07, Proof of Lemma 9]. Evidently the r.h.s.
in (4.6.1)) is the lesser one. For the converse inequality, take ¥ € RST(G, v) and define

(w,z) €C x[0,1] = T(w,z) :=1inf{t € [0,T] : X > x},
so by [DM80, Ch. VI.55] we have
E” [[ d%,] = ffo w, t)dS (w ffo w, T(w, 7)) dz v(dw).
Observe that for z fixed and each t we have {w €C: T(wyx)>t}={welC: X, <z}e

Gi, hence w — 7(w, ) is a G-stopping time on C. Applying Fubini-Tonelli theorem, we
find

E” [[ 6,d%,] = fol [ l(w, 7(w, x)) v(dw) d,
and since the integrand in the r.h.s. here is for each z larger than the L.h.s. of , this

establishes the equality. As for (4.6.3), one follows the arguments in [LP90, Proposition
3.5], or more precisely their extension in [CT(07, Lemma 17]. O

If v above is Markov (resp. Wiener) and F = G, then is equivalent to X being
Markov (resp Browman motion) w.r.t. . This should convey the message that both

Condition and Problem (4.6.3) are natural in our more general context.
We now look at optimal stopping under (F, u), which by the previous lemma equals

Fob = inf EX || 6,d>y| .
v 26315%0,#) U ¢ t] (OS(F, )
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We want to compare this problem with the one where extra information (anticipation)
is available and/or the law of the process to be stopped is different, namely (again by

Lemma 4.6.3))

Gy . : v
! ' ZER{S%f(g,V) E [f Etdz}t] ) (OS(Q, V))

The comparison of v7* with v9* corresponds to assessing the cost of
information /anticipation. On the other hand, the comparison of v/ with v** corre-
sponds to the study of the dependence of non-anticipating optimal stopping with respect
to different reference measures, or equivalently, with respect to different processes. We
have:

Proposition 4.6.4. Assume that v " and v9" are both finite, and that the cost function
¢:C xRy s optional and K -Lipschitz in its first argument with respect to a metric d on
C, uniformly in time (i.e. in the second argument). Then we have

vPHr =9 <K inf  E[d(w,)]. (4.6.4)

m€IlF9 (u,v)
In particular, in the two special cases of interest we have:

(i) If p=v, then

0<v/ -9 <K inf E[dw,)]; (4.6.5)
WEHF’Q(N’HU')
(i) If F =G, then
[Pt — | <K inf  E[d(w, )], (4.6.6)

WGHZ:C‘]:(/L,V)
where the constraint in the transport problem in the right-hand side of (4.6.6) means
that both m € 177 (u,v) and © € 7 (v, 1), where @ = ((w, @) — (O, w)).7.

Proof. Take an optimizer ¥ for (OS(G,v)) (same argument holds for an optimizing se-
quence). We write this in the w-variable and consider any causal transport m between

pand v. Let ¥ € RST(F u) be the randomized stopping time associated to X, as in
Lemma [£.6.21 We have

Vi < P [ 7w, t)df]t(w)] - [ fOTz(w,t)dzt(@)} .
Hence the difference can be bounded above as follows
Wi — 9 < R [ S, ) — (@, t)]dzt(a])} < KTE [d(w,o)].
Being 7 a generic causal transport between the measures p and v, we get the bound in
(4.6.4)).

In the case (i), obviously v/ # > v9*# since only the set of feasible optimization
variables changes. As for the case (ii), exchanging the roles of p and v we get

}vf’” — UF’V| < Kmax{ inf E[d(w,w)] inf E”[d(w,w)}} <K inf E'd(w,w).

m€lFF (pu,v) T RETIFF (v,p0) relly " ()
The last inequality follows since the cost d is symmetric (as a metric), implying that the
r.h.s. can be computed on I, (1, v) or TI.7 (v, 1) equivalently. O

Replacing the Lipschitz condition in Proposition by uniform continuity, one ob-
tains analogue results involving a modulus of continuity. Also observe that ¢(x,t) = f(x)
and ((z,t) = f(sup,<; xs) satisfy the assumptions of Proposition [4.6.4) with d(w,w) =
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|w — @||oo, if f is Lipschitz. In this case the bound in (4.6.4)) can be further majorized
up to a multiplicative constant by

inf E"[Vp(w—w)].

eIl ()

4.6.2 Utility maximization

This part follows in spirit the previous section. We want to compare the optimal value
of expected utility from terminal wealth, over a fixed finite time horizon [0, T], when the
reference filtration is enlarged by anticipation of information in the sense of Section 4.1} A
wide literature is devoted to the utility maximization problem, in complete or incomplete
markets, and with or without additional constraints; see [XS92, [KLSX91 [KL.S87, [CK92]
among the earliest articles on the subject. Pikovsky and Karatzas [PK96] were the
first ones to include anticipation of information. In a complete market, and for initial
filtration enlargements, they provide the explicit value of this anticipation of information,
in terms of log-utility maximization, with or without short-selling constraints; see also
[ATS98, [ADIOG].

In this section we consider possibly incomplete markets, and any kind of anticipation
of information (not just initial), and give an estimate of the value of information in terms
of utility maximization under short-selling constraints, for a class of utility functions
which includes the logarithm among other well-known ones; see Assumption [4.6.6 In
order to do this, we set X = Y = C% = C([0,T],R?), which is the space of continuous
Re-valued functions on the interval [0, 7], and keep the notation w,@ for the coordinate
processes. Let (Q,P) be a probability space, equipped with 2, the natural filtration of a
d-dimensional Brownian motion B = (B, ..., By)*, i.e. F8 = o(By, ..., By), augmented
so as to satisfy the usual conditions. We use notation analogous to that of Section (4.1}
and denote by FP? the enlargement of the filtration F? with the process (g:(B));, where
g : C* — 8. Hence FB9 represents the information available to the informed agent.
Throughout we assume:

Assumption 4.6.5. The process B remains a semimartingale with respect to FB8 say
with semimartingale decomposition B = B + A.

We consider a financial market consisting of a riskless asset (bond), which we normalize
to 1, and m < d risky assets whose price dynamics are described by the stochastic
equations

d
dS; = Sj(b; dt+Y o;?dB]), i=1,...,m,
j=1
with initial condition S§ = s{ > 0. The vector process b = (b}, ...,b")* of mean rates of
return is assumed to be FZ-progressively measurable and L-Lipschitz uniformly in time,
ie.
d
bi(w!) — bi(w?)] < LZ sup |wl* — WPk Vi, and Vo', w? € (4.6.7)
1 0<s<t

The m x d volatility matrix o, = (oi’j )i<i<m,1<j<a has full rank, it is F5-progressively
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measurable and M-Lipschitz uniformly in time, i.e.

d
ot (W) — o1 (w?)] < MZ sup |wl* — WPk Vit4,j and Vw!,w? €CY (4.6.8)
k=1 0<s<t
and there exists some constant C' s.t. |0}’ < C for each time ¢ and for any i,j . We
denote by A! the proportion of an agent’s wealth invested in the ith stock at time ¢
(1 <i < 'm), the remaining proportion 1 — > \! being invested in the bond. We shall
forbid short-selling of stocks and bond, which corresponds to the constraint \; € [0, 1] for
all i, and Y 7" | A < 1. We write A € A for this constraint; the case of arbitrary compact-
convex constraints can be treated in the same way. Let A(F?59) and A(FP) be the
sets of admissible portfolios for the agent with and without anticipative information, i.e.
the sets of F59-, respectively FB-progressively measurable A-valued processes (At)eefo17-
Denoting by X* the wealth process corresponding to a portfolio A and starting from a
unit of capital, we have dX}} = X\ [bdt + 0,dB;], that is,

X} = exp <f0t()\:bs — oA P)ds + )\jasdB5> .
The above expression makes sense for portfolios in A(FP?) by Assumption [4.6.5, We

also need:

Assumption 4.6.6. The utility function U : Ry — R is concave, increasing, and such
that, for some K € R, , we have F':= U o exp is K-Lipschitz, concave and increasing.

We remark that this assumption is fulfilled e.g. by U negative power utility U(z) = %
for a < 0, or logarithmic utility U(z) = In(z), or exponential utility U(z) = —Le™ for
a > 1. The function F' is 1-Lipschitz for the first two examples, and e~ “-Lipschitz for the
last one.

The utility maximization problem without anticipation of information is then given
by

v = sup E[U(Xp)]. (U(B))
AEA(FB)
We proceed to compare this value with the following problem under anticipation of in-
formation:

v = sup E[U(Xp)], (U(B,9))
AEA(FB9)
hence obtaining a bound on the price of information relative to the risk-attitude encoded

by U.

Proposition 4.6.7. The difference between the value functions of informed and unin-
formed agents can be bounded as follows (with the convention 400 — oo =0)
0<vB9—0B <K inf )E”[VT((D —w)], (4.6.9)

meIlF9 (y,y

for some explicit constant K, see (4.6.13]).

We recall that by the total variation of an R?valued process X we mean the sum of
total variations of its components, i.e. Vp(X) = 2% Vo (X;). Thanks to the multidimen-
sional version of Theorem (see Remark , we have that if the causal problem in
(4.6.9) is finite, then its value equals E” [V (A)]. The appeal of is that in principle
one need not know the specific form of the process A.
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Proof. In the case v® = oo we do not have anything to prove, hence we assume v” to

be finite. In the path space C¢, the expected utility from terminal wealth for the agents
with and without anticipative information is given by
T * *
F (o b = Sllor Ml Pyt + [ Ao, )|
where \ is G- and JF-progressively measurable, respectively.

We now fix a causal transport 7 € II79(y,7) € P(C? x C%) for which the total
variation Vp(w — w) is m-a.s. finite, and consider to be solved in the w variable
and (U(B,g)) in the & variable. Assume v%9 < oo and that there is an optimizer
A@) = A\ (@), ..., A™(@)) for problem (U(B,g)) (else one can argue in the same way
for every element A" of a sequence such that E[U(X2")] — v%¢ for n — 00). We denote
by A = (A, ..., A™) its optional projection with respect to (7, F ® {0,C}), so that in
particular B

N(w) = Aj(w, @) = E"N(@)|F] = E"[N(@)|Fr], i=1...,m,
(for simplicity, here and in what follows, we use the notation E[.| ;] for E™[.|F,®{0,C}]).
The last equality follows by causality and is crucial for the next argument. Moreover,
note that A € A(F”), which yields

o = B[ F( ) O3 @bilw) = Hlot @A) P)dt + i X (@) (w)ds)]
> B P (] [ @)bxw)—%Haz‘(w)&(@)H?)dHfo”?(@)fft(w)dwt 7))
B[P (L3 @hiw) — o @M@t + [ 5 @)ou(w)d )

by Jensen s inequality, being F' concave and increasing, and by causahty Therefore, by

Lipschitz continuity of the function F', we have
0<oBe_yB

Jy A (@) (0n(@) = bi(w)) dt = 5 [ (llof @M@ = [|o7 (@) h(@)]|P)dt

+ o Xi@) (o <>dwt—at<w>dwt>}

< KE | f; 1N(@)(0(®) = b)) |dt+]f0 N5 (@) (o0 (@)din — a(w)dr)

0y i [ X @) ol @) — o @) | S 1N@)] o @) + i ()] i
@)

v

< KIE“[

< KE [ SIS b (@) — biw)| dt + ] I3 (@)0u(@) (o, — deoy) (4.6.10)
+ |1y &;*(w)(at(w) ~ () o (46.11)
+3 fo j 1 [ =1 ‘Uz’j(@> - Ui’j@d)” [Z:il \Of’j(@) + UiJW)H dt]' (4.6.12)
Now, by and since Wy — wy = 0 on C%, we have that 7-a.s.
fo |bl bi(w)|dt < LTmZ:,C 1 sup |of — wk| < LTmZk L Vr(@F — Wk = LTmVr(w — w).
0<t<

The second term in (4.6.10)) is easily bounded m-a.s. as follows

|y i @)@ (dmy — de)| = Sy X | Jy M@)ot (@)(def - ded)| < OmVir(@ - ).
To get the upper bound for (4.6.11), we proceed as follows. We denote
X, = f(f M (@) (05(@) — 04(w)) dw,. This is a martingale under 7, because by causality
the coordinate process w is an F ® G-martingale. Hence, we can apply the Burkholder-
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Davis-Gundy inequality, obtaining

E"[|Xr]] < CiE" [/TX, X)7| = CE" W Jy i

T d m i i T d 2

< CmE |52 310} (@) — o (@)Pat] < O M Vimd B[y { S swpoce |08 — ok} ]
0 g=li= 0

2
<O M~NTmdE" [\/{ S0 supgeser |@F — w!;\} dt} < O\ MVT mdE™ [Vi(@ — w)] .

Hence, the difference v%9 — v is bounded above by KE™ [V (@ — w)], with

2

at]

Y A@) (0 (@) = 0 (@)

K = K(LTm 4+ m?*dCMT + Cm + CyM~N/Tdm). (4.6.13)

Since 7™ was a generic transport in IT17°9(v, ), this concludes the proof for the case
vB9® < o0o. The case v2¥ = oo follows similarly, working along a sequence A" s.t.
O

E[U(X2")] = .
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List of frequently used notation

p-20
p.22
p-29,36
p-30,45
p.38
p-19
p.22
p-28
p-33
p.28
p.38
p-28
p.96
p.37

p.37

p.35
p.67
p.67
p.85

p.68
p.68
p.70
p.76
p.77
p.83

p-82
p.76
p.83
p-100
p-100
p-102

Optimal transport problem

Optimal transport problem with linear constraints
Causal optimal transport problem

Bicausal optimal transport problem

Causal quasi-Markov optimal transport problem

Set of admissible transport plans between p and v

Set of constrained transport plans between p and v
Set of causal transport plans between p and v

Set of causal transport plans with the first marginal u
Set of bicausal transport plans

Set of causal quasi-Markov transport plans

Filtration generated by a process Z

p-completion of filtration F

Cumulative distribution function of a probability mea-
sure 7

Left-continuous generalized inverse of cumulative distri-
bution function F,

First marginal of the measure p

Relative entropy of v w.r.t. p

p— Wasserstein distance

Time-discretized transport problem on Wiener space
with Cameron-Martin cost

N —dimensional standard Gaussian measure
Talagrand’s inequality for the Gaussian measure
Bicausal transport-entropy inequality

Time derivative of the path w

Cameron-Martin type cost function

Time discretization of the Cameron-Martin type cost
function

Time discretization of the cost function ¢

Space of continuous functions on the interval [0, T
Difference operator

Optional projection of A

Dual optional projection of A

Total variation of a process Z up to time t
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p-114 Randomized stopping time

p-108 Convex conjugate of function p
p-109 Sub-differential

p-104 Covariation of processes Z and M
p-104 Quadratic variation of a process X
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(Bi)causal transport plan

Cameron-Martin cost

Causal coupling

Causal (Monge) transport map

Causal transport duality

Conditional probability (regular) kernel
Dyadic grid

Dynamic programming principle (DPP)

Gauge norm

Increasing triangular transformation (ITT)
Initial enlargement of filtration
Knothe-Rosenblatt rearrangement

(Monge) transport map

Mutual information

Progressive enlargement of filtration

Refined dual problem

Set of admissible transport plans between p and v
Stochastic program

The lexicographical displacement interpolation
Transport-information inequality for nested distance
Weak continuity assumption
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