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Abstract

In the first part we give a factorization procedure for a strictly hyperbolic partial dif-
ferential operator of second order with logarithmic slow scale coefficients. From this we
can microlocally diagonalize the full wave operator which results in a coupled system of
two first-order pseudodifferential equations in a microlocal sense. Under the assumption
that the full wave equation is microlocal regular in a fixed domain of the phase space, we
can approximate the problem by two one-way wave equations where a dissipative term
is added to suppress singularities outside the given domain. We obtain well-posedness of
the corresponding Cauchy problems for the approximated one-way wave equations with a
dissipative term.

In the second part of this thesis we study strictly hyperbolic partial differential operators
of second order with less regular coefficients as in the first part. After modeling them
as semiclassical Colombeau equations of log-type we provide a factorization procedure
on some time-space-frequency domain. As a result the operator is written as a product
of two semiclassical first-order constituents of log-type which approximates the modeled
operator microlocally at infinite points. We then present a diagonalization method so
that microlocally at infinity the governing equation is equal to a coupled system of two
semiclassical first-order strictly hyperbolic pseudodifferential equations. Furthermore we
compute the coupling effect.





Zusammenfassung

Im ersten Teil dieser Arbeit befassen wir uns mit der Faktorisierung von strikt hyper-
bolischen partiellen Differentialoperatoren zweiter Ordnung wobei die Koeffizienten durch
gewisse verallgemeinerte logarithmische slow-scale Funktionen gegeben sind. Davon ausge-
hend zeigen wir eine mikrolokale Diagonalisierung des verallgemeinerten partiellen Differ-
entialoperators. Wir erhalten daher ein gekoppeltes System von zwei Pseudodifferentialgle-
ichungen erster Ordnung in einem mikrolokalen Setting. Unter der Annahme, dass die volle
Wellengleichung mikrolokal regulär auf einem hinreichend schönen Gebiet des Phasenraums
ist, kann das Wellengleichungenproblem durch zwei One-Way Gleichungen approximativ
beschrieben werden. Im Speziellen enthalten diese approximierenden One-Way Operatoren
einen zusätzlichen dissipativen Term, der es erlaubt, ungewollte Singularitäten zu unter-
drücken. Im Anschluss daran zeigen wir die Wohldefiniertheit der entsprechenden Cauchy
Probleme für die approximierenden One-Way Gleichungen mit dissipativem Term.

Als Motivation für den zweiten Teil dieser Arbeit dient der Versuch die Bedingungen an die
Koeffizienten aus dem ersten Teil abzuschwächen. Dazu betrachten wir einerseits einen, im
Vergleich zu oben, leicht modifizieren strikt hyperbolischen Differentialoperator aber ander-
erseits sind die Koeffizienten nunmehr durch logarithmisch skalierte Funktionen gegeben.
Um die verlorene Regularität der Koeffizienten auszugleichen modellieren wir die Gleichun-
gen nun in einem semiklassischen Sinne. Als erstes Resultat erhalten wir eine Faktorisierung
des nun semiklassischen Operators in ein Produkt von zwei Operatoren erster Ordnung auf
einem geeigneten Gebiet des Phasenraums. Anschließend zeigen wir eine mikrolokale Diag-
onalisierung des semiklassischen Operators und der damit verbundenen Möglichkeit eines
approximierenden gekoppelten Systems von zwei mikrolokalen semiklassischen Pseudodif-
ferentialgleichungen erster Ordnung - nun aber nur mehr auf sogenannten unendlichen
Punkten des entsprechenden Gebiets des Phasenraums.
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Chapter 0

Introduction

0.1 Motivation and the smooth background case

A particular example of a strictly hyperbolic partial differential equation of second order
is the wave equation describing phenomena such as propagation of elastic waves and vi-
brations. However, in this section of the introduction we give a motivation for the present
survey and is devoted to one-way wave propagation in inhomogeneous acoustic media in the
case of smooth background coefficients. For more information on the relevance in seismic
imaging and migration models we refer the reader to [7, 4, 53, 54].

To start with a real life problem we may ask whether and how one can establish a tap-proof
communication link between a source and a receiver in an underwater environment. In the
following we analyze how the correlation between the source and the receiver location can
help to detect a desired information in downward continuation problems. However, in this
real life problem one is mainly interested in the extrapolation of a wave field along the
depth-direction. The mathematical reformulation of such problems corresponds to initial
value problems of second-order partial differential equations with a space-like direction as
evolution parameter and is in general not well-defined (cf. [48], [38]).

To overcome the ill-posedness the concept of wave-field decomposition enables us to rewrite
the full wave equation into a coupled system of approximative one-way wave equations.
Using microlocal techniques the system of one-way equations can then be decoupled assum-
ing that the wave field propagates in one direction within certain propagation angles and
prohibits propagation in the opposite direction. Therefore, the approximation allows to
determine the high-frequency components of the solution as they propagate along curved
trajectories in the phase space.
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Chapter 0. Introduction

In the following we recall the crucial statements given by Stolk for the directional wave
field decomposition in the present of smooth background data [51, 52]. For a discussion
on the inverse scattering problem with simultaneous consideration of possible reflection
data see for example [50, 54, 11] and the references therein. Also, we refer to [46, 47] for
investigations of the Cauchy problem of first-order pseudodifferential equations and to [58]
for numerical implementations.

As in [51] our basic type of model will be the wave equation for inhomogeneous acoustic
media in n-dimensions, n ě 2. Since we are interested in approximative one-way equations
we allocate the vertical direction z, which we call the depth, the lateral directions are
denoted by x. The medium itself is described by the wave speed c “ cpx, zq and the
fluid density ρ “ ρpx, zq. Also we let U “ Upt, x, zq denote the acoustic wave field and
F “ F pt, x, zq a source which usually describes the initiation of an acoustic wave. Then
the acoustic wave equation is given by

PU :“
´

´
1
ρ

1
c2 B2

t `

n´1
ÿ

j“1
Bxj

1
ρ

Bxj ` Bz
1
ρ

Bz

¯

U “ F (0.1.1)

where U and F are in the distribution space D1pRn`1q. Further we assume smooth back-
ground data, i.e. the wave speed and the density are functions in C8pRnq, which shall also
satisfy the boundedness conditions 0 ă cpx, zq, ρpx, zq ă 8 for all px, zq P Rn´1 ˆ R.

In the case of slow varying media and the presence of a source function we follow Stolk’s
approach and restrict the analysis to a microlocal region IΘ2 that is given by

IΘ2 :“ tpt, x, z, τ, ξ, ζq | px, z, τ, ξq P I 1
Θ2 , |ζ| ď C|τ |u

I 1
Θ2 :“ tpx, z, τ, ξq | τ ‰ 0, |ξ| ď sinpΘ2q|cpx, zq´1τ |u

for some angle Θ2 P p0, π{2q. To give an impression of the first of these domains we give a
picture below in figure 1 (see [46]).

Then, under the assumption that the wave front set of U is contained in IΘ2 , one can
rewrite a microlocal equivalent model to (0.1.1) in terms of a coupled system of one-way
wave equations with the depth as evolution parameter.

The main result is then the following. The equation

PU “ F microlocally on IΘ2

is equivalent to the system of two first-order strictly hyperbolic partial differential equations
of the form

P0,˘u˘ :“
`

Bz ´ iB˘px, z,Dt, Dxq
˘

u˘ “ f˘ microlocally on IΘ2 , (0.1.2)

2



0.1. Motivation and the smooth background case

θ

Θ2

|ξ|
ζ2 + |ξ|2 = τ2

c(x,z)2

|ζ|

Figure 1: Here the shaded area corresponds to IΘ2 at given pt, x, zq and a given frequency τ . The
bold dotted line designates the characteristic set CharpP q and θ is the propagation angle of the
singularities.

where the plus-minus sign refers to downward and upward migration. Here u˘, f˘ are
distributions and B˘ are pseudodifferential operators of order 1 that can be chosen selfad-
joint. Furthermore the coupling effect of the counterpropagating constituents u˘, f˘ and
the original data U,F can be computed by a Douglis Nirenberg elliptic pseudodifferential
operator transfer matrix Q. In detail, we have

ˆ

u`

u´

˙

“ Q´1
ˆ

U
1
ρBzU

˙

,

ˆ

f`

f´

˙

“ Q´1
ˆ

0
F

˙

. (0.1.3)

To model wave propagation in the downward direction in the source-free case one decouples
(0.1.2) microlocally and we are interested in the solutions to the problem

PU “ 0 z ą z0

WFpUq X tz “ z0 , ζ{τ ą 0u “ ∅

for some initial depth z0 P R such that U |z0 is well-defined.

Using the geometry of the microlocal region we let the set JΘ,`pz0q Ă T ˚Rn`1z0 consist
of points pt, x, z, τ, ξ, ζq so that the bicharacteristics ptpzq, xpzq, τpzq, ξpzqq corresponding
to B`, parametrized by z, and with propagation angle θpzq, pass through pt0, x0, τ0, ξ0q

at initial depth z “ z0 and the points pxpzq, z, τpzq, ξpzqq remain in I 1
Θ for all z P r0, Zs.

So JΘ,`pz0q is the set that can be reached from the initial depth z “ z0 while staying in
IΘ,` and the propagation angle θpzq along the bicharacteristic is always smaller than Θ
(cf. Figure 1).

Since the equation for downward migration in (0.1.2) holds only microlocally, one obtains
approximative solutions when studying a perturbation P` of the operator P0,` including an
additional damping term C “ Cpx, z,Dt, Dxq which vanishes in IΘ1 for some fixed positive
angle 0 ă Θ1 ă Θ2 and suppresses singularities outside IΘ2 . Also note that u´ is vanishing

3



Chapter 0. Introduction

on IΘ2 X tz “ z0u so that the perturbed initial value problem for downward propagation
now reads

P`u` “ pBz ´ iB` ` Cqu` “ 0 Rn ˆ pz0, Zq

u`|z0 “ Q´1
` pz0qU |z0

where Q´1
` is the essential component of the transfer matrix mentioned above. As a result

the solution to the initial value problem for the perturbed first-order pseudodifferential
equation can be related to that of P0,`u` “ 0 using the geometry in the region JΘ,`. In
detail one can recover the high frequency part of the original wave field on some subset
JΘ1,` of the phase space that can be reached from an initial given depth z0 while staying
in IΘ1 for propagation angles θpzq ă Θ1 ă Θ2.

As a result, we get the following relations
#

Q`u` ” U on J`pz0,Θ1q,

Q`u` ” 0 outside J`pz0,Θ2q

and we refer to [51] and [52] for a deeper discussion.

0.2 The case of logarithmic slow scale background coeffi-
cients

When studying strictly hyperbolic partial differential equations with generalized coefficients
the results commonly depend on the appropriate choice of the asymptotic scale of the
regularizing parameter. In the first part of this work we will consider operators of the form
(0.1.1) where the coefficients are logarithmic slow scale and where U and F belong to GL2 .
We continue to write

LU “ F (0.2.1)

for the generalized version of (0.1.1).

The aim then is to provide a symbolic calculus in order to explain a diagonalization with
respect to the parameter z of the Colombeau generalized version of equation (0.2.1). To
do so, we will reduce the diagonalization problem to a factorization theorem which in the
case of smooth coefficients can be found in [37, Appendix II], [31, Chapter 23]. We note
that in these references the results are only valid for operators with simple characteristics
on the phase space with the zero section excluded. This is different to our approach as we
are interested in factorizations with respect to the parameter z.

For recent contributions to a related topic we refer the reader to the work by Garetto and
Oberguggenberger [24]. There, the authors established existence and regularity results for

4



0.2. The case of logarithmic slow scale background coefficients

solutions to strictly hyperbolic systems with Colombeau coefficients using symmetrisation
up to regularizing errors in the time evolution of the wave field. In detail, they proved
existence and uniqueness of generalized solutions in the case of logarithmic slow scale
coefficients. Note that a net rε P Rp0,1s is a logarithmic slow scale net if |rε| “ Oplogpp1{εqq

for all p ą 0 as ε Ñ 0 and a generalized coefficient paεqε is said to be logarithmic slow scale
regular if

@α P Nn D a logarithmic slow scale net rε : ∥Bαaε∥L8pRnq “ Oprεq ε Ñ 0.

Again, with view to (0.2.1), the roots in ζ, the dual variable of z, of the principal symbol
of the operator are assumed to be simple on the phase space without the zero section in
this case.

So, when studying an equation of the form (0.2.1) with coefficients that satisfy strongly
positive logarithmic slow scale estimates one can adapt the results in [21, 37] to obtain a
diagonalization in some microlocal subregion of the phase space and microlocal regularity
has to be understood in a G8

L2 sense. Recall that G8
L2 is the space of regular generalized

functions in G8
L2 and is characterized by uniform ε-growth in all derivatives. This is a

generalization of the results in the smooth coefficient case which was briefly explained in
the beginning of Section 0.1.

In detail, we obtain a generalized version of the equations (0.1.2) and (0.1.3).

Since in the Colombeau framework the evolution behavior of propagating singularities is
not yet sufficiently understood we lose the geometrical interpretations from the smooth
setting. But, we will show in the Sections 1.8 and 1.9 how one can derive well-posed
approximated Cauchy problems from the resulting microlocal first-order equations.

In detail, we will show the well-posedness of the Cauchy problems for two first-order equa-
tions of the form

L˘u˘ “ 0 on pz0, Zq ˆ Rn

u˘pz0q “ u˘,0 on Rn

such that the solutions u˘ P GL2 allow for an approximation of the problem

LU ” 0 microlocally on Iθ1 , z P pz0, Zq.

where U :“ Q`u` ` Q´u´ ` rf for some rf ” 0 microlocally on Iθ1 , z P pz0, Zq and
Q` :“ Q11, Q´ :“ Q12 are suitable entries of a generalized transfer matrix (cf. (0.1.3)).
The appropriate choice for the set Iθ1 is defined in (1.5.2). It depends on the limit of
the wave speed function, i.e. c˚px, zq “ limεÑ0 cεpx, zq (i.e. c˚px, zq is the limit of the
generalized coefficient cεpx, zq) which will be assumed to be a Hölder continuous function

5



Chapter 0. Introduction

and is independent of the regularization parameter. More details about the set Iθ1 will be
given in the Sections 1.5 and 1.7 and in Subsection 1.3.3.

We note that this first chapter goes back to the previous work done [26].

0.3 A semiclassical approach for less regular background
coefficients

In the second part we will ask ourselves if it is possible to relax the logarithmic slow
scale conditions on the coefficients to coefficients of log-type when using a different kind of
quantization and we refer the reader to [25]. As this is a first step we will consider simpler
operators as in Chapter 1 but with less regular coefficients. In particular, we will study of
the following form:

Lεpx, z,Dt, Dx, Dzq :“ B2
z `

n´1
ÿ

j“1
bj,εpx, zqB2

xj
´ cεpx, zqB2

t . (0.3.1)

Here, the coefficient cεpx, zq is of log-type up to order r P N, i.e. for some constant C ą 0
we have }Bαcε}L8 “ Oplog|α|{rpC{εqq as ε Ñ 0, and strictly non-zero in the sense that there
exists ε1 P p0, 1s such that infpx,zqPRn |cεpx, zq| ě C for all ε P p0, ε1s and some constant
C ą 0 independent of ε. Also, bj,ε is of log-type up to order r and strictly non-zero.
Moreover we assume that cε Ñ c and bj,ε Ñ bj in the Hölder space C0,µpRnq with exponent
µ P p0, 1q as ε Ñ 0.

The observations of Hörmann made in [32] provides an indication for studying operators
with coefficients that are of log-type. In detail, the author showed well-posedness for
certain first-order hyperbolic pseudodifferential equations where the occurring symbols are
of log-type up to fixed specified order. As we will slightly manipulate the second-order
operator (i.e. we will consider certain quantizations of the operator L) we note that after
a factorization procedure we will obtain first-order operators where the appearing symbols
are of log-type.

So, as just mentioned, to analyze operators as in (0.3.1) with less regular coefficients as in
Chapter 1 we try a different approach. In order to overcome the necessity of the logarithmic
slow scale assumption (e.g. construction of an approximative inverse, well-posedness of
certain first-order equations) we associate to the operator Lε in (0.3.1) a semiclassical
modification Lψ,ε such that Lψ,εpx, z,Dt, Dx, Dzq :“ Lεpx, z, εDt, εDx, εDzq. Here, the
particular choice ψ “ ψpεq “ ε refers to the phase function in which the semiclassical scaling
is kept and depends on the regularizing parameter ε P p0, 1s. The detailed explanation of

6



0.3. A semiclassical approach for less regular background coefficients

the correspondence between the operators L and Lψ is given in Section 2.3. Then, instead
of working with the equation LU “ F , we consider the corresponding semiclassical problem

LψU “ F (0.3.2)

where U,F are generalized functions in GL2 and the operator Lψ : GL2 Ñ GL2 acts on the
level of representatives as

puεqε ÞÑ pLψ,εpx, z,Dt, Dx, Dzquεqε @puεqε P MH8 .

Due to the additional ε-dependent semiclassical scaling parameter we then apply the theory
of generalized semiclassical pseudodifferential operators which we call ψ-pseudodifferential
operators in the following for short. This enables us to state a factorization theorem
for Lψ in terms of two first-order ψ-pseudodifferential operators with respect to the pa-
rameter z modulo two different types of error operators. As already mentioned above
the factorization is only valid when imposing certain restrictions on the underlying time-
space-frequency domain which we left ε-independent. In detail, the error operators are
characterized by a semiclassical negligibility condition outside a compact set. Since global
semiclassical negligible operators are easy to handle as they map moderate nets to negligible
ones the interesting case is to understand the compactly supported error operators. But,
due to the semiclassical scaling, worse ε-asymptotics are introduced when studying bound-
edness of such compactly supported operators. The basic notions and a general calculus
of ψ-pseudodifferential operators can be found in Sections 2.2 and 2.4, the factorization
procedure is explained in Section 2.5.

To eliminate the remainder terms produced in the factorization procedure we then proceed
in Section 2.6 by presenting an adapted notion of microlocal regularity which essentially
corresponds to the semiclassical wave front set at infinite points within the Colombeau
framework. This allows us to overcome the difficulties that arise due to the compactly
supported error operators occurring in the factorization. Concepts of the wave front set
in Colombeau’s theory have been explored in [40, 21, 22, 18]. For an introduction to
semiclassical analysis and microlocalization we refer to [39, 14, 29, 1]. Again, we remark
that unlike to the case of smooth coefficients we lose the property that singularities are
propagating on geometrically determined phase space trajectories.

In Section 2.7 we then combine the factorization with our notion of microlocal regularity in
order to describe the desired microlocal diagonalization method. As a result, we obtain a
coupled system of two first-order ψ-pseudodifferential equations that approximate equation
(0.3.2) microlocally at infinite points on an adequate subdomain of the phase space.

7





Chapter 1

Factorization of second-order
strictly hyperbolic operators with
logarithmic slow scale coefficients
and well-posedness of generalized
microlocal approximations

1.1 Basic notions

In this section we specify the basic notions that will be needed for our constructions. As the
problem is treated within the framework of Colombeau algebras we refer to the literature
[8, 41, 40, 28, 20, 19] for a systematic treatment in this field.

One of the main objects in our setting are Colombeau generalized functions based on GL2

which were first introduced in [3]. The elements in this algebra are given by equivalence
classes u :“ rpuεqεPp0,1ss of nets of regularizing functions uε in the Sobolev space H8 “
Ş

kPZH
k corresponding to certain asymptotic seminorm estimates. More precisely, we

denote by MH8 the nets of moderate growth whose elements are characterized by the
property

@α P Nn DN P N : ∥Bαuε∥L2pRnq “ Opε´N q as ε Ñ 0.

Negligible nets will be denoted by NH8 and are nets in MH8 whose elements satisfy the

9



Chapter 1. Microlocal approximations of strictly hyperbolic operators

following additional condition

@q P N : ∥uε∥L2pRnq “ Opεqq as ε Ñ 0.

Then the algebra of generalized functions based on L2-norm estimates is defined as the
factor space GH8 “ MH8{NH8 . By abuse of notation, we continue to write GL2pRnq for
GH8 . For simplicity, we shall also use the notation puεqε instead of puεqεPp0,1s throughout
the paper.

Using [3, Theorem 2.7], we first note that the distributions H´8 “
Ť

kPZH
k are linearly

embedded in GL2pRnq by convolution with a mollifier φεpxq “ ε´nφpε´1xq where φ P SpRnq

is a Schwartz function such that
ż

φpxq dx “ 1,
ż

xαφpxq dx “ 0 for all α P Nn, |α| ě 1. (1.1.1)

Further, by the same result, H8pRnq is embedded as a subalgebra of GL2pRnq.

More generally, we introduce Colombeau algebras based on a locally convex vector space
E topologized through a family of seminorms tpiuiPI as in [24, Section 1]. To continue, the
elements

ME :“ tpuεqε P Ep0,1s | @i P I DN P N : pipuεq “ Opε´N q as ε Ñ 0u

M8
E :“ tpuεqε P Ep0,1s | DN P N @i P I : pipuεq “ Opε´N q as ε Ñ 0u

Mlsc
E :“ tpuεqε P Ep0,1s | @i P I Dpωεqε P Πlsc : pipuεq “ Opωεq as ε Ñ 0u

NE :“ tpuεqε P Ep0,1s | @i P I @q P N : pipuεq “ Opεqq as ε Ñ 0u

(1.1.2)

are said to be E-moderate, E-regular, E-moderate of logarithmic slow scale type and
E-negligible, respectively.

Then, NE is an ideal in ME and the space of Colombeau algebra based on E is defined
by the factor space GE “ ME{NE and possesses the structure of a rC-module. The space
of the regular Colombeau algebra G8

E “ M8
E {NE is again a rC-module whereas the space

of the logarithmic slow scale algebra GlscE “ Mlsc
E {NE is a C-module.

Example 1.1.1. Setting E “ C one gets the ring of complex generalized numbers rC “ GC
with the absolute value as the corresponding seminorm. Furthermore, we denote by rR “ GR
the ring of real generalized numbers.

Further, let Ω be an open subset of Rn. Then the Colombeau algebra GpΩq “ EM pΩq{N pΩq

is obtained by taking E “ C8pΩq endowed with the topology induced by the family of
seminorms pipfq :“ pKi,ipfq “ supt|Bαfpxq| : x P Ki, |α| ď iu for some fixed f P C8pΩq and
where tKiuiPN is an increasing sequence of relatively compact open subsets of Ω exhausting

10
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Ω.

Another example is the Colombeau algebra Gp,ppΩq, 1 ď p ď 8, when E is set to W8,ppΩq

and the topology is determined by the collection of seminorms pipfq “ supt||Bαf ||p : |α| ď

iu, f P W8,ppΩq, as i varies over N. We note that GL2 “ G2,2. For more general Colombeau
algebras based on Sobolev spaces we refer to [3, Section 2]. Using the notation there, we
have the following equivalences: EM,ppΩq “ MW8,ppΩq and Np,ppΩq “ NW8,ppΩq.

As different growth types are crucial in regularity theory we introduce the set of logarithmic
slow scale nets by

Πlsc :“
!

pωεqε P Rp0,1s
ˇ

ˇ Dη P p0, 1s Dc ą 0 @ε P p0, ηs : c ď ωε,

Dη P p0, 1s @p ě 0 Dcp ą 0 : |ωε|
p ď cp log

´1
ε

¯

ε P p0, ηs

)

.

Further, we call a net pωεqε P Πlsc logarithmic slow scale strictly nonzero if there exists
prεqε P Πlsc and an η P p0, 1s such that |ωε| ě 1{rε for ε P p0, ηs.

1.2 Pseudodifferential calculus

In this section we introduce a general calculus for pseudodifferential operators which are
standard quantizations of generalized symbols. Since most of the techniques are similar
to the usual theory of pseudodifferential operators we also want to refer to [31, 55]. A
detailed discussion on pseudodifferential operators with Colombeau generalized symbols
can be found in [20, 19]. As usual, we will write Dxj “ ´iBxj “ ´i B

Bxj
.

We shall initially discuss the main notions of generalized symbols. As already indicated
above, we will study symbols which satisfy asymptotic growth conditions with respect to
pωεqε P Πlsc. In what follows, we use the notation xξy :“ p1 ` |ξ|2q1{2.

1.2.1 Generalized symbol classes

We let ρ, δ P r0, 1s and m P R. Moreover, we denote by Smρ,δ “ Smρ,δpR
n ˆ Rnq the set of

symbols of order m and type pρ, δq as first introduced by Hörmander in [30, Definition 2.1].
Since the symbol class Smρ,δ satisfies global estimates we remark that our space MSm

ρ,δ
is

different to that in [23, Section 1.4].

As in the following we will typically encounter subspaces of MSm
ρ,δ

subjected to logarithmic
slow scale asymptotics we can choose in (1.1.2) E “ Smρ,δ and obtain symbols of the form:

11
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Definition 1.2.1. Let m P R. Then the set of moderate logarithmic slow scale symbols
Smρ,δ,lscpR

n ˆ Rnq of order m and type pρ, δq consists of all paεqε P Smρ,δpR
n ˆ Rnqp0,1s such

that
@α, β P Nn Dpωεqε P Πlsc :

q
pmq

α,β paεq :“ sup
px,ξqPR2n

|Bαξ Bβxaεpx, ξq|xξy´m`ρ|α|´δ|β| “ Opωεq as ε Ñ 0.

An element of Nm
ρ,δpR

n ˆ Rnq is said to be negligible in Smρ,δ,lscpR
n ˆ Rnq if it fulfills the

following condition:

@α, β P Nn @q P N : q
pmq

α,β paεq “ Opεqq as ε Ñ 0.

Then, logarithmically slow scaled symbols of order m are defined as the factor space

rSmρ,δ,lscpR
n ˆ Rnq :“ Smρ,δ,lscpR

n ˆ Rnq{Nm
ρ,δpR

n ˆ Rnq.

and in the following we will assume that δ ă ρ. In the case that ρ “ 1 and δ “ 0 we use
the abbreviations Smlsc, Nm

lsc and rSmlsc for Sm1,0,lsc, Nm
1,0,lsc and rSm1,0,lsc, respectively.

Remark 1.2.2. Moreover, the space rS´8
lsc of logarithmic slow scale symbols of order ´8

consists of equivalence classes a whose representatives paεqε have the property that

@m P R @α, β P Nn Dpωεqε P Πlsc : q
pmq

α,β paεq “ Opωεq as ε Ñ 0.

Since pωεqε is a logarithmic slow scale net, we note that the net of a symbol paεqε in Smlsc
can always be estimated as follows

@α, β P Nn : q
pmq

α,β paεq “ O
´

log
´1
ε

¯¯

as ε Ñ 0.

To give an example, let P px,Dxq “
ř

|α|ďm aαpxqDα
x be a partial differential operator with

bounded and measurable coefficients. Then the logarithmically slow scaled regularization of
the symbol is given by pεpx, ξq :“ ppp., ξq˚φω´1

ε
qpxq and ppεqε is contained in SmlscpRnˆRnq.

Also, we will make use of the following symbol class:

Definition 1.2.3. Let U Ă Rn ˆRn be open and conic with respect to the second variable.
We say that the generalized symbol a is in rSmρ,δ,lscpUq if it has a representative paεqε with
aε P C8pUq for fixed ε P p0, 1s and for any compact set K Ă pr2pUq (independent of ε) and
VK :“ tpx, ξq P U | ξ P Ku we have

@α, β P Nn Dpωεqε P Πlsc DC ą 0 :
|Bαξ Bβxaεpx, ξq| ď Cωεxξym´ρ|α|`δ|β| px, ξq P V c

K

12



1.2. Pseudodifferential calculus

for ε sufficiently small and where V c
K :“ tpx, λξq | px, ξq P VK , λ ě 1u.

Note that Definition 1.2.1 is equivalent to Definition 1.2.3 in the case that U “ Rn ˆ Rn.
For completeness, we recall the definition for global symbols Smρ,δpUq which is similar to
that for local symbols, see [6, Definition 2.3, page 141]: For U being an open subset of
Rn ˆ Rn, which is conic in the second variable, we say that a P Smρ,δpUq if a P C8pUq and
for each compact K Ă pr2pUq and VK :“ tpx, ξq P U | ξ P Ku we have

@α, β P Nn : sup
px,ξqPV c

K

|Bαξ Bβxapx, ξq|xξy´m`ρ|α|´δ|β| ă 8

where V c
K :“ tpx, λξq | px, ξq P VK , λ ě 1u.

We choose the following convention for defining the Fourier transform F of a function
u P L2pRnq:

Fupξq :“ ûpξq :“
ż

Rn

e´ixξupxq dx :“ lim
σÑ0`

ż

Rn

e´ixξ´σxxyupxq dx.

Then, the Fourier transform is an isomorphism on L2pRnq and the inverse Fourier transform
of u P L2pRnq is given by the formula

F´1upxq :“
ż

Rn

eixξupξq d̄ξ :“ lim
σÑ0`

ż

Rn

eixξ´σxξyupξq d̄ξ.

where we have set d̄ξ :“ p2πq´n dξ. More information about the Fourier transform acting
on GL2 can be found in [2]. As already mentioned above, we will focus on generalized
pseudodifferential operators having the following phase-amplitude representation:

Definition 1.2.4. Let paεqε P a P rSmρ,δ,lscpR
n ˆ Rnq and let puεqε be a representative of

u P GL2. We define the corresponding linear operator A : GL2 Ñ GL2 by

Apx,Dqupxq :“
ż

eipx´yqξapx, ξqupyq dy d̄ξ :“ pAεpx,Dquεpxqqε ` NH8pRnq

where

Aεpx,Dxquεpxq :“
ż

eipx´yqξaεpx, ξquεpyq dy d̄ξ “

ż

eixξaεpx, ξqûεpξq d̄ξ “

“ F´1
ξÑx

´

aεpx, ξqûεpξq

¯

where the last integral is interpreted as an oscillatory integral. The operator A is called the
generalized pseudodifferential operator with generalized symbol a. Later on, we will some-
times write A P Ψm

ρ,δ,lscpR
nq to denote that A is a generalized pseudodifferential operator

13



Chapter 1. Microlocal approximations of strictly hyperbolic operators

with symbol in rSmρ,δ,lscpR
n ˆRnq. In the case that pρ, δq “ p1, 0q, we will write A P Ψm

lscpR
nq

for short.

1.2.2 Generalized point values of a generalized symbol

As above, let U ˆ Γ Ď Rn ˆ Rn be open and conic with respect to the second variable and
paεqε a generalized symbol in Smρ,δ,lscpU ˆ Γq.

Definition 1.2.5. Let Γ Ď Rn be an open cone. On

ΓM :“ tpζεqε P Γp0,1s | DN P N : |ζε| “ Opε´N q as ε Ñ 0u

we introduce the equivalence relation

pζ1
ε qε „ pζ2

ε qε ô @m P N : |ζ1
ε ´ ζ2

ε | “ Opεmq as ε Ñ 0

and denote by rΓ :“ ΓM{ „ the generalized cone with respect to Γ.

Lemma 1.2.6. Let a P rSmρ,δ,lscpU ˆ Γq and rζ P rΓ. Then the generalized point value of a at
rζ “ rpζεqεs,

apz, rζq :“ rpaεpz, ζεqqεs

is a well-defined element in rC.

Proof. The proof is similar to the proof of [28, Proposition 1.2.45]. We let pz, ζεqε P UˆΓM
and paεqε P Smρ,δ,lscpU ˆ Γq. For any index i P N, Ci denotes a positive constant, pωi,εqε a
logarithmic slow scale net and Ni a natural number. Then

|aεpz, ζεq| ď C1ω1,εp1 ` |ζε|q
m ď C1ω1,εp1 ` C2ε

´N2qmaxpm,0q ď C3ε
´N3 ,

so paεpz, ζεqqε P RM “ MR.

We now show that rζ1 „ rζ2 implies apz, rζ1q „ apz, rζ2q. So let rζ1 „ rζ2. Then

|aεpz, ζ
1
ε q ´ aεpz, ζ

2
ε q| ď |ζ1

ε ´ ζ2
ε |

ż 1

0
|Dζaεpz, ζ

1
ε ` σpζ2

ε ´ ζ1
ε qq| dσ ď

ď C4ω4,εp1 ` C5ε
´N5qmaxpm,0q|ζ1

ε ´ ζ2
ε | ď C6ε

´N6εp

for all p ě 0 and ε small enough. Hence paεpz, ζ
1
ε qqε ´ paεpz, ζ

2
ε qqε „ 0.

Finally, if paεqε P NSmpU ˆ Γq we have

|aεpz, ζεq| ď Cεpp1 ` |ζε|q
m ď Cεpp1 ` C7ε

´N7qmaxpm,0q

14



1.2. Pseudodifferential calculus

for any p ě 0 as ε Ñ 0. So paεpz, ζεqqε „ 0. □

In the case of generalized logarithmic slow scale cones we get a similar result.

Definition 1.2.7. Let Γ Ď Rn be an open cone. On

ΓM,lsc :“ tpζεqε P Γp0,1s | Dpωεqε P Πlsc : |ζε| “ Opωεq as ε Ñ 0u

we introduce the equivalence relation

pζ1
ε qε „ pζ2

ε qε ô @m P N : |ζ1
ε ´ ζ2

ε | “ Opεmq as ε Ñ 0

and denote by rΓlsc :“ ΓM,lsc{ „ the generalized logarithmic slow scale cone of Γ.

Lemma 1.2.8. Let a P rSmρ,δ,lscpU ˆ Γq and rζ P rΓlsc. Then the generalized point value of a
at rζ “ rpζεqεs,

apz, rζq :“ rpaεpz, ζεqqεs

is a well-defined element of rClsc.

1.2.3 Asymptotic expansion

To prepare the factorization theorem of Section 1.5 we will have to consider products of
pseudodifferential operators. In the sequel, we will construct a complete symbolic calculus
for generalized pseudodifferential operators.

We therefore start with some general observations concerning the notion of asymptotic
expansion of a generalized symbol in rSmρ,δ,lsc. The presentation of the results are inspired
by the results given in [19, Section 2.5] and [20]. There, the techniques are described
by means of generalized symbols as well as for slow scale symbols. The modification to
logarithmic slow scale symbols is evident.

The definition of the asymptotic expansion is now the following:

Definition 1.2.9. Let tmjuj be a strictly decreasing sequence of real numbers such that
mj Ñ ´8 as j Ñ 8, m0 “ m.

(i) Further, let tpaj,εqεuj be a sequence with paj,εqε P M
S

mj
ρ,δ

. We say that the formal

series
ř8
j“0paj,εqε is the asymptotic expansion for paεqε P C8pRn ˆRnqp0,1s, denoted by

15



Chapter 1. Microlocal approximations of strictly hyperbolic operators

paεqε „
ř

jpaj,εqε, if and only if

paε ´

N´1
ÿ

j“0
aj,εqε P MS

mN
ρ,δ

@N ě 1.

(ii) Also, let tpaj,εqεuj be a sequence with paj,εqε P S
mj

ρ,δ,lsc. We say that the formal se-
ries

ř8
j“0paj,εqε is the asymptotic expansion for paεqε P C8pRn ˆ Rnqp0,1s, denoted by

paεqε „lsc
ř

jpaj,εqε, if and only if

paε ´

N´1
ÿ

j“0
aj,εqε P SmN

ρ,δ,lsc @N ě 1.

In both cases, pa0,εqε is said to be the principal symbol of paεqε.

Moreover, we introduce the restriction MSm
ρ,δ,cl

pRn ˆ Rnq Ď MSm
ρ,δ

of classical generalized
symbols.

Definition 1.2.10. We say that a generalized symbol paεqε P MSm
ρ,δ

is classical, denoted
by paεqε P MSm

ρ,δ,cl
, if there exists a sequence tpaj,εqεuj with symbols paj,εqε in M

Sm´j
ρ,δ

pRnˆ

pRnz0qq homogeneous of degree m ´ j in |ξ| ě 1, j P N, such that for any cut-off function
φ P C8

0 pRnq equal to 1 near the origin we have

´

aεpx, ξq ´

N´1
ÿ

j“0
p1 ´ φpξqqaj,εpx, ξq

¯

ε
P MSm´N

ρ,δ
@N ě 1. (1.2.1)

As above, we will write paεqε „
ř

jpaj,εqε if (1.2.1) holds and we call pa0,εqε the principal
symbol of paεqε.

Replacing MSm
ρ,δ

by Mlsc
Sm

ρ,δ
and „ by „lsc in the definition above, one obtains classical

symbols of logarithmic slow scale type.

As a result, we obtain that any infinite sum of symbols of strictly decreasing orders can be
summarized as follows.

Theorem 1.2.11.

(i) Let paj,εqε P M
S

mj
ρ,δ

with mj Œ ´8 as j Ñ 8, m0 “ m as in (i) of Definition 1.2.9.
Then there exists paεqε P MSm

ρ,δ
such that paεqε „

ř

jpaj,εqε. Moreover, if pa1
εqε „

ř

jpaj,εqε, then paε ´ a1
εqε P MS´8.
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(ii) Let paj,εqε P S
mj

ρ,δ,lsc with mj Œ ´8 as j Ñ 8, m0 “ m as in (ii) of Definition 1.2.9.
Then there exists paεqε P Smρ,δ,lsc such that paεqε „lsc

ř

jpaj,εqε. Moreover, if pa1
εqε „lsc

ř

jpaj,εqε, then paε ´ a1
εqε P S´8

lsc .

Remark 1.2.12. The proof of this theorem can be found in [19, Theorem 2.2]. The same
proof remains valid for classical symbol classes. We recall the construction of the symbol
paεqε of Theorem 1.2.11:

Let ψ P C8pRnq, 0 ď ψpξq ď 1 such that ψpξq “ 0 for |ξ| ď 1 and ψpξq “ 1 for |ξ| ě 2. As
in [19, Theorem 2.2] one can define

aεpx, ξq :“
ÿ

jPN

ψpλj,εξqaj,εpx, ξq

where λj,ε are appropriate positive constants with λj`1,ε ă λj,ε ă 1, λj,ε Ñ 0 as j Ñ 8. In
case (i) of Theorem 1.2.11, λj,ε are taken to be the inverse of an appropriate strict positive
net. In Theorem 1.2.11 (ii), it turns out that pλj,εq can be chosen to be an inverse of a
logarithmic slow scale net.

We also remark that Theorem 1.2.11 can be carried over to classical symbols in a corre-
sponding way.

Noting that in Theorem 1.2.11 (i) one can replace the moderateness by negligibility and
we introduce as in [19, Definition 2.6 (ii)]:

Definition 1.2.13. Let tmjuj be as in Definition 1.2.9. Further let tajuj be a sequence in
rS
mj

ρ,δ,lsc. We say that the formal series
ř8
j“0 aj is the asymptotic expansion of a P rSmρ,δ,lsc,

denoted by a „lsc
ř

j aj, if and only if there exists a representative paεqε of a and, for every
j representatives paj,εqε of aj, such that paεqε „lsc

ř

jpaj,εqε.

Similarly, we introduce the following definition for classical symbols.

Definition 1.2.14. Let tajujPN be a sequence with aj P rSm´j
ρ,δ,lscpR

n ˆ pRnz0qq homogeneous
of degree m ´ j. We say that the formal series

ř8
j“0 aj is the asymptotic expansion of

a P rSmρ,δ,cl,lsc, denoted by a „lsc
ř

j aj, if and only if there exists a representative paεqε of a
and, for every j representatives paj,εqε of aj, such that paεqε „lsc

ř

jpaj,εqε.

1.2.4 Composition and adjoint of pseudodifferential operators

In this subsection we briefly recall the composition law of two pseudodifferential operators
and adjoint operators. A detailed discussion for slow scale regular generalized symbols can
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be found in [20, Section 5]. Again, the adaptation to logarithmic slow scale symbols is
evident.

Therefore, for logarithmic slow scale symbols, we get the following result:

Theorem 1.2.15. Let Apx,Dxq and Bpx,Dxq be two pseudodifferential operators with gen-
eralized symbols a P rSm1

ρ,δ,lsc and b P rSm2
ρ,δ,lsc respectively. Then the product AB is well-defined

and maps GL2 into itself. Moreover AB is a pseudodifferential operator with generalized
symbol a#b in rSm1`m2

ρ,δ,lsc having the representation

a#bpx, ξq „lsc

ÿ

|α|ě0

1
α!D

α
ξ apx, ξqBαx bpx, ξq.

For the proof we refer to [20, Theorem 5.15]. We note that Theorem 1.2.15 can also be
stated for classical symbols. In detail, if a P rSm1

ρ,δ,cl,lsc and b P rSm2
ρ,δ,cl,lsc, then a#b in rSm1`m2

ρ,δ,cl,lsc.

Also useful is the following theorem:

Theorem 1.2.16. Let Apx,Dxq be a pseudodifferential operators with generalized symbol
a P rSmρ,δ,lsc. Then the adjoint operator A˚ is in Ψm

ρ,δ,lsc and its symbol a˚ is given by the
asymptotic expansion

a˚px, ξq „lsc

ÿ

|α|ě0

i|α|

α! D
α
xD

α
ξ apx, ξq.

For the proof see [20, Theorem 5.12].

1.3 The governing equation in the Colombeau setting

The present survey is devoted to wave propagation in inhomogeneous acoustic media in
the case of non-smooth background data. The operator structure is motivated from wave
propagation phenomena occurring in a number of physical applications, such as underwater
acoustic or seismology. Here, the evolution direction is the depth coordinate.

1.3.1 Derivation of the inhomogeneous wave equation

The acoustic wave equation characterizes fluid motions and can be derived from the conser-
vation laws of mass and momentum together with the equation of state of thermodynami-
cal equilibrium. This system of acoustic equations can be linearized and therefore describe
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small perturbations from a state of rest of the pressure Upt, xq P R, the density ρ1pt, xq P R

and the velocity v⃗1pt, xq P Rn that moves in a fluid with given wave speed cpxq and density
ρpxq, (x P Rn, t P R). To explain how these waves are generated or added to the fluid one
can introduce so-called sources by adding source terms in the equation of mass, momentum
and energy. Assuming an isentropic process the linearized acoustic system can be written
as (cf. [35, 36, 42, 5])

Bρ1

Bt
“ divpρv⃗1q `m pmass conservationq

Bv⃗1

Bt
“

1
ρ

∇U ` f⃗ pmomentum conservationq

BU

Bt
“ c2

´

Bρ1

Bt
` v⃗1∇ρ

¯

pequation of stateq

where the mass source term m and the force source term f⃗ are supposed to vanish in
the undisturbed state. Here, m represents a volume injection of a source such as, for
example, bodies whose volume is oscillating. An example for a body force f⃗ of a source is
an oscillating rigid body of constant volume. Note that these equations also hold for the
fluid at rest.

Substituting the state equation into the equation of mass and using the conservation of
momentum to eliminate the velocity term gives

divp
1
ρ

∇Uq ´
1
c2ρ

B2

Bt2
U “ F

where F :“ ´
Bm{ρ

Bt ` divpf⃗{ρq denotes the source function. We remark that in the absence
of sources one derives the homogeneous wave equation.

In the following we will study the Colombeau generalized partial differential equation of
the form

LU :“
`

Bz
1
ρ

Bz `

n´1
ÿ

j“1
Bxj

1
ρ

Bxj ´
1
ρ

1
c2 B2

t

˘

U “ F (1.3.1)

with the (pressure) wave field U P GL2pRn`1q and F P GL2pRn`1q a source term. For the
space coordinates we will allocate the vertical direction z, which we call the depth, the
lateral directions are denoted by x.

We assume that the coefficients 1
ρ “ 1

ρpx, zq and 1
c “ 1

c px, zq are Colombeau generalized
functions in Glsc8,8 :“ Mlsc

W8,8{NW8,8 and meet the following requirements: there are
representatives

´

1
ρε

¯

ε
P 1
ρ ,

´

1
c2

ε

¯

ε
P 1
c2 such that
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

(i) there exist Hölder continuous functions 1
ρ˚ ,

1
c˚ P C0,µpRnq for some µ P p0, 1q such that

for all px, zq P Rn we have 1
ρε

“ 1
ρ˚ ˚ φω´1

ε
, 1
cε

“ 1
c˚ ˚ φω´1

ε
where φ is as in (1.1.1),

pωεqε P Πlsc and the convolution is taken with respect to x and z

(ii) Dη P p0, 1s, D constants c0, c1, ρ0 and ρ1 such that 0 ă c0 ď cεpx, zq ď c1 ă 8 and
0 ă ρ0 ď ρεpx, zq ď ρ1 ă 8 for all px, zq P Rn and ε P p0, ηs.

The lower bound assumption is sometimes referred to as strong positivity (cf. [21, Section
1] or [18, Section 2]). The upper bound means uniform boundedness of the 0-th derivative
of the representatives. For more details on the assumption (i) we refer to the remark given
below.

Given a regularized operator as above, we carry out all transformations within algebras of
generalized functions from now on. More explicitly, we will study the action of the linear
operator L from GL2 into itself in the following sense: on the level of representatives L acts
as

puεqε ÞÑ

´

`

Bz
1
ρε

Bz `

n´1
ÿ

j“1
Bxj

1
ρε

Bxj ´
1
ρε

1
c2
ε

B2
t

˘

uε

¯

ε
@puεqε P MH8 .

This explains our governing equation in (1.3.1) where U “ rpuεqεs.

Remark 1.3.1. In order to realize the logarithmic slow scale type conditions on the coef-
ficients of a partial differential operator, one usually uses a rescaling in the mollification.
In our case, the regularization is obtained by convolution with the logarithmically scaled
mollifier φω´1

ε
p.q :“ ωnεφpωε.q with φ P SpRnq as in (1.1.1) and pωεqε P Πlsc.

For completeness, we give the following implications for our type of coefficients: Let u P

C0,µpRnq be a real-valued Hölder continuous function with exponent µ P p0, 1q and such that
infpuq ě c for some positive constant c. Further, φ is a mollifier as above and pωεqε P Πlsc.
One may think of ωε “ logplogp1

ε qq as an explicit example. Then Dc ą 0 : ωε ě c for all
ε P p0, 1

11 s and @p ě 0, Dcp ą 0 : ωpε ď cp logp1
ε q for all ε P p0, 1s. So, given some pωεqε P Πlsc

the logarithmic slow scale regularization of u is given by uεpxq “ u ˚ φω´1
ε

pxq and satisfies
the following estimates (see [33, Theorem 7], or [45, Section 5]):

∥Bαuε∥L8 “

#

Op1q |α| “ 0
O
`

ω
|α|´µ
ε

˘

|α| ą 0
pε Ñ 0q

and
Du0 ą 0 Dη P p0, 1s : |uεpxq| ě u0 x P Rn, ε P p0, ηs.

Here, the latter inequality is the strong positivity and the first estimate guarantees that
the net puεqε is in Mlsc

W8,8 . Moreover, note that u P C0,µ implies that for every x P Rn we
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1.3. The governing equation in the Colombeau setting

have
|uεpxq ´ upxq| ď

ż

|upx´ ω´1
ε yq ´ upxq| |φpyq| dy “ Opω´µ

ε q ε Ñ 0.

Again, with a slight abuse of notation, we write u for the equivalence class of the Colombeau
regularization of u P C0,µ, i.e.

u :“ puεqε ` NW8,8 P Glsc8,8.

1.3.2 Time extrapolation of the wave field

In a paper of Garetto and Oberguggenberger, see [24], the authors studied well-posedness
of Cauchy problems with respect to the time variable for strictly hyperbolic systems and
higher order equations in the Colombeau setting using symmetrisers and the theory of
generalized pseudodifferential operators. There, they imposed conditions concerning the
asymptotic scale of the regularization parameter of the operator. Concretely, the authors
proved existence, uniqueness and regularity of generalized solutions in the case that the
regularization parameter is chosen logarithmic slow scale. More details can be found in
[24, Theorem 4.2].

1.3.3 Depth evolution processes

The concept of one-way wave equations, also known as paraxial wave equations, was first
introduced by [7] and has become a standard tool in depth migration processes due to
ill-posedness of the full wave equation. In fact, they are expressions for the first depth
derivative of a wave field and thus of the form

Bz ` iB˘px, z,Dt, Dxq. (1.3.2)

where B˘ are (microlocal) pseudodifferential operators. Our derivation of one-way wave
equations starts with a factorization of the operator L in (1.3.1) into terms of the form
(1.3.2).

Remark 1.3.2. As already noted in Subsection 1.3.2, one obtains well-posed problems in
the model of time migration for strictly hyperbolic operators (cf. [24]). We therefore give
the following link.

Note that the operator L in (1.3.1) is strictly hyperbolic in the following sense: Let θ P

p0, π{2q be a fixed angle and

I 1
θ :“

!

px, z, τ, ξq P Rn ˆ Rn | τ ‰ 0, |c˚px, zqτ´1ξ| ă sin θ
)
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

with c˚px, zq as in (i) of Subsection 1.3.1.

For completeness we recall the following definition.

Definition 1.3.3. The operator L from (1.3.1) is called generalized strictly hyperbolic in
I 1
θ, if there exists a choice of representatives of the coefficients in Glsc8,8pRnq such that the

corresponding principal symbol of Lεpζ;x, z, τ, ξq has two distinct real-valued roots pζj,εqε,
j “ 1, 2 such that

|ζ1,εpx, z, τ, ξq ´ ζ2,εpx, z, τ, ξq| ě ζεxpτ, ξqy (1.3.3)

holds for some strictly nonzero net pζεqε, for all px, z, τ, ξq P I 1
θ and ε sufficiently small.

1.4 Ellipticity of pseudodifferential operators

In this section we introduce the notion of elliptic operators which enables us to construct
a parametrix for such operators. Furthermore, such operators will play an important role
in the characterization of the generalized wave front set (cf. Section 1.6).

1.4.1 Ellipticity

In [21, Definition 1.2] and [19, Proposition 2.7] the authors introduced the concept of slow
scale ellipticity which can be carried over to logarithmic slow scale ellipticity easily. With
this in mind, we define the property of logarithmic slow scale ellipticity for our class of
operators as follows.

Definition 1.4.1. We say that a generalized symbol a P rSmlsc is logarithmic slow scale
micro-elliptic at px0, ξ0q P T ˚Rnz0 if it has a representative paεqε such that the following is
satisfied: D relatively compact open neighborhood U of x0, D conic neighborhood Γ of ξ0, D

nets prεqε P Πlsc, psεqε P Πlsc and a constant η P p0, 1s such that

|aεpx, ξq| ě
1
sε

xξym px, ξq P U ˆ Γ, |ξ| ě rε, ε P p0, ηs. (1.4.1)

We denote by Elllscpaq the set of points px0, ξ0q P T ˚Rnz0 where a is logarithmic slow scale
micro-elliptic. If there exists a representative paεqε P a such that (1.4.1) holds for any
px0, ξ0q P T ˚Rnz0 then the symbol a is called logarithmic slow scale elliptic.
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1.4. Ellipticity of pseudodifferential operators

Definition 1.4.2. More generally, we say that a generalized symbol a P rSmsc is slow scale
micro-elliptic at px0, ξ0q P T ˚Rnz0 if (1.4.1) holds for some nets prεqε, psεqε P Πsc.

Note that a logarithmic slow scale elliptic symbol is also slow scale elliptic but not vice
versa.

Remark 1.4.3. We first observe that condition p1.4.1q is independent of the choice of
representative. Indeed, let paεqε P a as in Definition 1.4.1 and pa1

εqε another representative
of a. Then, for some arbitrary but fixed p ą 0 there Dc1 ą 0, Dη1 P p0, 1s such that on
U ˆ Γ we have

|a1
εpx, ξq| ě |aεpx, ξq| ´ |pa1

ε ´ aεqpx, ξq| ě
1
sε

xξym
`

1 ´ c1sεε
2p˘ |ξ| ě rε, ε P p0, η1s.

Since Dη2 P p0, 1s, Dc2 ą 0 so that sε ď c2ε
´p for ε P p0, η2s we get

1 ´ c1sεε
2p ě 1 ´ c1c2ε

p ě 1{2 @ε P p0,minpη2,
`

2c1c2
˘´1{p

qs.

Redefining η :“ minpη1, η2,
`

2c1c2
˘´1{p

q we obtain

|a1
εpx, ξq| ě

1
2sε

xξym px, ξq P U ˆ Γ, |ξ| ě rε, ε P p0, ηs.

Moreover, we notice that the notion of (logarithmic) slow scale ellipticity is stable under
lower order (logarithmic) slow scale perturbations. A proof for the slow scale case can
be found in [21, Proposition 1.3]. For the proof in the logarithmic slow scale case one
essentially reworks the same lines. For completeness, we give the proof of the following
proposition (cf. [21, Proposition 1.3]).

Proposition 1.4.4. Let paεqε P SmlscpR
n ˆ Rnq be logarithmic slow scale micro-elliptic at

the point px0, ξ0q. Then

(i) @α, β P Nn Dpλεqε P Πlsc Dη P p0, 1s :
|Bαξ Bβxaεpx, ξq| ď λε|aεpx, ξq|xξy´|α| U ˆ Γ, |ξ| ě rε, ε P p0, ηs

(ii) if pbεqε P Sm
1

lscpR
n ˆ Rnq with m1 ă m, then (1.4.1) is valid for the net paε ` bεqε.

Proof. We first show (i). Since paεqε P Smlsc is logarithmic slow scale elliptic we obtain

@α, β P Nn Dpωεqε P Πlsc Dc ą 0 Dη P p0, 1s such that
|Bαξ Bβxaεpx, ξq| ď cωεxξym´|α| ď cωεsεxξy´|α||aεpx, ξq|
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

on U ˆ Γ for |ξ| ě rε, ε P p0, ηs. Setting λε :“ ωεsε then pλεqε P Πlsc as desired.

To show the second part, let pbεqε P Sm
1

lsc . Then

|aεpx, ξq ` bεpx, ξq| ě
1
sε

xξym ´ cωεxξym
1

“
1
sε

xξym
´

1 ´ csεωεxξym
1´m

¯

ě
1

2sε
xξym

on U ˆ Γ, |ξ| ě r1
ε :“ maxprε, p2csεωεq1{pm´m1qq and pr1

εqε P Πlsc. □

Before we proceed, we will present some general facts of (logarithmic) slow scale elliptic
symbols.

Remark 1.4.5. In case of smooth symbols the notion of logarithmic slow scale ellipticity
reduces to the classical one and is therefore equivalent to the complement of the charac-
teristic set. Indeed, given a P SmpRn ˆ Rnq and a representative paεqε of a logarithmic
slow scale elliptic symbol a P SmlscpR

n ˆ Rnq then there exist nets psεqε, prεqε P Πlsc and
constants c ą 0, η P p0, 1s such that for every q P N we have:

|apx, ξq| ě |aεpx, ξq| ´ |apx, ξq ´ aεpx, ξq| ě xξym
´ 1
sε

´ cεq
¯

for |ξ| ě rε, ε P p0, ηs.

As we are allowed to fix an ε small enough the last expression is bounded away from 0. In
particular Elllscpaqc is equal to the characteristic set Charpapx,Dqq. Note that this result
remains valid if one replaces lsc by sc (cf. [21, Remark 1.4]).

Moreover, we give an equivalent characterization of the notion of logarithmic slow scale
ellipticity concerning the principal symbol. In [34, Proposition 3.3] it is proved that a
generalized partial differential operator with regular coefficients in G8 “ G8

C8 is W-elliptic
(weak elliptic) if its principal symbol is S-elliptic (strong elliptic). For the precise meaning
of weak and strong ellipticity consult [34]. Referring to this, we want to give the following
proposition:

Proposition 1.4.6. Given a generalized symbol paεqε P Smcl,lsc, then the following properties
are equivalent:

(i) paεqε is logarithmic slow scale elliptic

(ii) the principal symbol pam,εqε satisfies the following condition: Dpsεqε P Πlsc, Dη P p0, 1s

and Dr ą 0 such that

|am,εpx, ξq| ě
1
sε

xξym @px, ξq P T ˚Rn with |ξ| ě r and ε P p0, ηs.
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1.4. Ellipticity of pseudodifferential operators

Proof. The proof follows similar arguments to those used in [34, Proposition 3.3]. We
first assume that condition (ii) holds. Then there exist nets psεqε P Πlsc, pωεqε P Πlsc and
constants c, r ą 0 such that

|aεpx, ξq| “ |am,εpx, ξq `
ÿ

jě1
am´j,εpx, ξq| ě

1
sε

xξym ´ cωεxξym´1 ě

ě
1
sε

xξym
´

1 ´ cωεsεxξy´1
¯

for |ξ| ě r and ε small enough. Setting rε “ maxpr, 2cωεsεq then prεqε P Πlsc and we obtain

|aεpx, ξq| ě
1

2sε
xξym |ξ| ě rε, ε P p0, ηs

for some η P p0, 1s, showing (i).

To prove that (i) implies (ii), suppose that paεqε satisfies (1.4.1) on Rn ˆ Rn. Let ζ P Rn,
|ζ| “ 1 and choose ξ P Rn such that |ξ| ě rε and ζ “ ξ{|ξ| with prεqε P Πlsc as in (1.4.1).
Then Dps1

εqε P Πlsc, Dpr1
εqε P Πlsc, Dη P p0, 1s so that

|
ÿ

jě0
am´j,εpx, ζq|ξ|´j | “ |aεpx, ξq||ξ|´m ě

1
sε

xξym
1

|ξ|m
“

1
sε

x|ξ|´1ym ě

ě
minp2m{2, 1q

sε
“: 1

s1
ε

for |ξ| ě r1
ε :“ maxp1, rεq, ε P p0, ηs.

Now fix N P N, N ě 1. Since paεqε P Smlsc we obtain @ptεqε P Πlsc, @1 ď j ď N, Dpωj,εqε P

Πlsc, Dη P p0, 1s that

|am´j,εpx, ζq|
1

|ξ|j
ď ωj,ε

1
|ξ|j

ď
1
tε

for |ξ| ě max
1ďjďN

prε, ptεωj,εq
1{jq

and ε P p0, ηs. At this point we are free to choose ptεqε P Πlsc such that N
tε

“ 1
4s1

ε
.

On the other hand, we can use Theorem 1.2.11 for classical symbols to show that Dpωεqε P

Πlsc, Dη P p0, 1s such that

|
ÿ

jěN`1
am´j,εpx, ζq|ξ|´j | ď

1
|ξ|N`1 |

ÿ

jěN`1
am´j,εpx, ζq| ď

1
|ξ|N`1ωεxζym´N´1 ď

ď
2m´N´1ωε

|ξ|N`1 ď
1

4s1
ε
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

for any |ξ| ě maxp1, rε, p2m´N´1ωεs
1
εq

1
N`1 q and ε P p0, ηs. At this point we reset r1

ε by
defining r1

ε :“ max1ďjďN p1, rε, p2m´N´1ωεs
1
εq

1
N`1 , ptεωj,εq

1{jq. Then pr1
εqε P Πlsc and we

obtain: Dη P p0, 1s such that

|am,εpx, ζq| ě |

8
ÿ

j“0
am´j,εpx, ζq|ξ|´j | ´ |

8
ÿ

j“1
am´j,εpx, ζq|ξ|´j | ě

ě
1
s1
ε

´ |

N
ÿ

j“1
am´j,εpx, ζq|ξ|´j `

8
ÿ

j“N`1
am´j,εpx, ζq|ξ|´j | ě

1
s1
ε

´
1

2s1
ε

“
1

2s1
ε

for |ξ| ě r1
ε, ε P p0, ηs by the above. Thus, since am,ε is homogeneous of degree m in the

second variable

|am,εpx, ξq| ě
1

2s1
ε

|ξ|m ě
1

2s1
ε

min
´ 1

2m , 1
¯

xξym for all ξ P Rn, |ξ| ě 1

for ε sufficiently small. □

Remark 1.4.7. Again, Proposition 1.4.6 remains valid if we replace logarithmic slow scale
by slow scale.

1.4.2 Strong ellipticity

As already announced in Section 1.3 we are interested in the depth extrapolation of the
wave field U in (1.3.1). We will therefore introduce a notion of (logarithmic) slow scale
ellipticity which in addition has a certain behavior with respect to ζ, the dual variable of
the depth.

We first introduce some notation. We denote by pτ, ξ, ζq P RˆRn´1 ˆR the dual variables
corresponding to pt, x, zq P RˆRn´1ˆR. Thus, we will work on a 2pn`1q-dimensional phase
space. We already mentioned in Subsection 1.2.2 that, given a symbol a P rSmlscpR

n`1ˆRn`1q

and a generalized point pt, x, z, τ, ξ, rζq in Rn`1 ˆ Rn ˆ rR then the generalized point value
of the symbol a at pt, x, z, τ, ξ, rζq is well-defined in rC.

Moreover, let Γs Ď Rn`1 be a (classical) conic neighborhood of pτ0, ξ0, ζ0q of the following
form

Γs “ tλpτ, ξ; ζq P Rn`1z0 | pτ, ξ; ζq P Bs

´

pτ0, ξ0; ζ0q

|pτ0, ξ0; ζ0q|

¯

X S1p0q, λ ą 0u

for some s ą 0 small enough, where Bspηq denotes the open ball with radius s around
η P Rn`1 and S1p0q :“ tη P Rn`1 : |η| “ 1u.
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1.4. Ellipticity of pseudodifferential operators

We set

Γs,M :“ tpλpτ, ξ; ζεqqε P Γp0,1s
s | DN P N : |ζε| “ Opε´N q as ε Ñ 0, λ ą 0u

and introduce an equivalence relation on Γs,M by

pζ1
ε qε „ pζ2

ε qε ô @m ą 0 : |ζ1
ε ´ ζ2

ε | “ Opεmq ε Ñ 0.

We then denote by rΓs :“ Γs,M{ „ the generalized cone with respect to ζ generated from
Γs. So rΓs is a generalized conic neighborhood of pτ0, ξ0, ζ0q.

Moreover we recall that Γs ãÑ rΓs. The canonical embedding of Γs into rΓs is given by
pτ, ξ, ζq ÞÑ pτ, ξ, pζqε ` NRq.

Also note that in the definition of Γs,M , pτ, ξ; ζεqε P Γp0,1s
s means that

pτ, ξ; ζεq P Bs

´

pτ0, ξ0; ζ0q

|pτ0, ξ0; ζ0q|

¯

X S1p0q for every fixed ε P p0, 1s.

With this notation we now give the definition of strong logarithmic slow scale micro-
ellipticity.

Definition 1.4.8. Let a be a generalized symbol in rSmlscpR
n`1 ˆ Rn`1q. We say that the

symbol a is strong logarithmic slow scale micro-elliptic at a point pt0, x0, z0, τ0, ξ0; ζ0q P

T ˚Rn`1z0, and we write pt0, x0, z0, τ0, ξ0; ζ0q P Ell˚lscpaq, if and only if there exist a relatively
compact open neighborhood U of pt0, x0, z0q, a (classical) conic neighborhood Γ of pτ0, ξ0, ζ0q

such that Γ ãÑ rΓ where rΓ “ ΓM{ „ is the generalized conic neighborhood of pτ0, ξ0, ζ0q

generated from Γ as above, nets prεqε, psεqε P Πlsc and an η P p0, 1s such that

|aεpt, x, z, τ, ξ; ζεq| ě
1
sε

xpτ, ξ; ζεqym U ˆ ΓM , |pτ, ξ; ζεq| ě rε, ε P p0, ηs. (1.4.2)

Figure 1.1 below shall illustrate the relation of the sets Γs and Γs,M in the following special
situation. We fix a point px0, z0q P Rn, let ζ2

0 :“ 1
c˚2 px0, z0qτ2

0 ´ |ξ0|2 and let Γs be a conic
neighborhood around pτ0, ξ0, ζ0q. Then for any s ą 0, however small, we can define

ζs20,ε :“
#

1
c˚2 px0, z0qτ2

0 ´ |ξ0|2 ε P pCs, 1s

1
c2

ε
px0, z0qτ2

0 ´ |ξ0|2 ε P p0, Css

for some positive constant Cs depending on s ą 0 and will be specified below. Then

|ζ2
0 ´ ζs 2

0,ε | “

ˇ

ˇ

ˇ

´ 1
c˚2 ´

1
c2
ε

¯

px0, z0qτ2
0

ˇ

ˇ

ˇ
ď Cpτ0qω´µ

ε @ε P p0, 1s.
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Now let rpsq be a function depending on s such that rpsq Ñ 0 as s Ñ 0. Then, since
Cpτ0qω´µ

ε ď rpsq{2 for all ε small enough, i.e. for ε less or equal a Cs ą 0 (with Cs Ñ 0 as
s Ñ 0) we get

|ζ2
0 ´ ζs 2

0,ε | ď rpsq{2 @ε P p0, Css.

By the definition of ζs 2
0,ε we even get

|ζ2
0 ´ ζs 2

0,ε | ď rpsq{2 @ε P p0, 1s.

So in particular we have pτ0, ξ0, ζ
s 2
0,ε q P Γs for all ε P p0, 1s and ζs 2

0,ε Ñ ζ2
0 as ε Ñ 0.

Therefore, if we are working in an open ball around pτ0, ξ0, ζ0q with radius rpsq ą 0 we can
find a generalized point pτ0, ξ0, ζ

s
0,εqε such that pτ0, ξ0, ζ

s
0,εq is contained in Brpsq

`

pτ0, ξ0, ζ0q
˘

for all ε P p0, 1s.

ζ0

(τ0, ξ0)
(τ, ξ)

ζ

ζ s0,ε

Γs

S 1(0)

r(s)

Figure 1.1: Here the shaded area corresponds to the set Γs. The dashed line through pτ0, ξ0, ζ
s
0,εq

and the origin moves to to the line through pτ0, ξ0, ζ0q and the origin as ε Ñ 0.

Remark 1.4.9. In particular, since Γ ãÑ rΓ, condition (1.4.2) implies

|aεpt, x, z, τ, ξ; ζq| ě
1
sε

xpτ, ξ; ζqym U ˆ Γ, |pτ, ξ; ζq| ě rε, ε P p0, ηs. (1.4.3)

So, the symbol a is logarithmic slow scale micro-elliptic at pt0, x0, z0, τ0, ξ0; ζ0q.

Remark 1.4.10. The definition of strong slow scale micro-ellipticity is straightforward.
Again, one simply replaces lsc by sc in Definition 1.4.8.

Lemma 1.4.11. Let a P rSmlscpR
n`1 ˆRn`1q. Then a is strong logarithmic slow scale micro-

elliptic at pt0, x0, z0, τ0, ξ0; ζ0q if and only if it is logarithmic slow scale micro-elliptic there.
So, if a satisfies (1.4.3), then it also satisfies (1.4.2) and vice versa.
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1.4. Ellipticity of pseudodifferential operators

Proof. The first direction is already shown by Remark 1.4.9.

On the other hand, suppose that the symbol a is logarithmic slow scale micro-elliptic at the
point pt0, x0, z0, τ0, ξ0; ζ0q P T ˚Rn`1z0. Then there exists a representative paεqε of a such
that the following is satisfied: D relatively compact open neighborhood U of pt0, x0, z0q, D

(classical) conic neighborhood Γ of pτ0, ξ0; ζ0q, D nets prεqε, psεqε P Πlsc, Dη P p0, 1s such
that

|aεpt, x, z, τ, ξ; ζq| ě
1
sε

xpτ, ξ; ζqym on U ˆ Γ, |pτ, ξ; ζq| ě rε, ε P p0, ηs.

In particular, since Γ is conic neighborhood of pτ0, ξ0; ζ0q, it is of the form

Γ “ tλpτ, ξ; ζq P Rn`1z0 | pτ, ξ; ζq P Bs

´

pτ0, ξ0; ζ0q

|pτ0, ξ0; ζ0q|

¯

X S1p0q, λ ą 0u

for some s ą 0 small enough.

We define rΓ :“ ΓM{ „ the generalized cone with respect to ζ constructed from Γ as above.

Take pτ, ξ; ζεqε P ΓM . Then pτ, ξ; ζεq P Γ for any fixed ε P p0, 1s and DN P N such that
|ζε| “ Opε´N q as ε Ñ 0. Hence Dη P p0, 1s:

|aεpt, x, z, τ, ξ; ζεq| ě
1
sε

xpτ, ξ; ζεqym on U ˆ ΓM , |pτ, ξ; ζεq| ě rε, ε P p0, ηs.

As a conclusion we obtain that pt0, x0, z0, τ0, ξ0; ζ0q P Ell˚lscpaq, i.e., the symbol a is strong
logarithmic slow scale micro-elliptic at the point pt0, x0, z0, τ0, ξ0; ζ0q.

We have therefore shown that logarithmic slow scale micro-ellipticity at a particular point
is equivalent to strong logarithmic slow scale micro-ellipticity at that point. □

An inspection of the proof of Lemma 1.4.11 shows the following result.

Corollary 1.4.12. Given a P rSmsc , then a is strong slow scale elliptic at a phase space point
is equivalent to saying that a is slow scale elliptic at that point.

Lemma 1.4.13. Let L be the generalized differential operator given in (1.3.1). Then
EllscpLq is a subset of the complement of the set Σ, where

Σ :“ tpt, x, z, τ, ξ, ζq P T ˚Rn`1z0 | ζ2 ´
1
c˚2 px, zqτ2 ` |ξ|2 “ 0u

and 1
c˚2 P C0,µpRnq is as in the beginning of Section 1.3. Note that Σ is a conic set and

independent of the regularization parameter ε P p0, 1s. Moreover, we have the following
inclusion relations:

Σ Ď EllscpLqc Ď ElllscpLqc.
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Proof. Let pt0, x0, z0, τ0, ξ0, ζ0q P T ˚Rn`1z0 be an arbitrary but fixed point of Σ. Hence,
ζ2

0 “ 1
c˚2 px0, z0qτ2

0 ´ |ξ0|2.

Assume that the operator L with generalized symbol in rS2
lscpR

n`1 ˆ Rn`1q is slow scale
micro-elliptic at the point pt0, x0, z0, τ0, ξ0, ζ0q P T ˚Rn`1z0 . Then, by Corollary 1.4.12,
there is a relatively compact open neighborhood U of pt0, x0, z0q, a conic neighborhood Γ
of pτ0, ξ0, ζ0q such that for some prεqε, psεqε P Πsc and some η P p0, 1s we have

|Lεpx, z, τ, ξ, ζεq| ě
1
sε

xpτ, ξ, ζεqy2

for all pt, x, z, τ, ξ, ζεqε P UˆΓM , |pτ, ξ, ζεq| ě rε, ε P p0, ηs and rΓ “ ΓM{ „ is the generalized
conic neighborhood of pτ0, ξ0, ζ0q from above such that Γ ãÑ rΓ.

For ε small enough we now define ζ2
0,ε :“ 1

c2
ε
px0, z0qτ2

0 ´ |ξ0|2 which tends to ζ2
0 (for fixed

τ0 P R) as ε tends to 0.

Then one can choose pτ0, ξ0, ζ0,εqε P ΓM , i.e. there is a positive constant s such that

pτ0, ξ0; ζ0,εq P Bs

´

pτ0, ξ0; ζ0q

|pτ0, ξ0; ζ0q|

¯

X S1p0q for every fixed ε P p0, 1s

since
pτ0, ξ0; ζ0,εq Ñ pτ0, ξ0; ζ0q as ε Ñ 0.

On the other hand, we have that the principal symbol of Lε vanishes on px0, z0, τ0, ξ0, ζ0,εq,
i.e.

σpLεqpx0, z0, τ0, ξ0, ζ0,εq “ 0

for all ε small enough. So, by Proposition 1.4.6 and Remark 1.4.7, the symbol L is not
strong slow scale micro-elliptic and therefore not slow scale micro-elliptic at the point
pt0, x0, z0, τ0, ξ0, ζ0q - a contradiction. □

Lemma 1.4.14. Let L and Σ be as in Lemma 1.4.13. Then Σ “ EllclscpLq.

Proof. By Lemma 1.4.13 it suffices to show the inclusion Σc Ď ElllscpLq. To do this, we
introduce the continuous function

fpx, z, τ, ξ, ζq :“ ζ2 ´
1
c˚2 px, zqτ2 ` |ξ|2,

which coincides with the limit of the principal symbol of ρεLε as ε Ñ 0. So,

Σc “ tpt, x, z, τ, ξ, ζq P T ˚Rn`1z0 | |fpx, z, τ, ξ, ζq| ą 0u
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1.4. Ellipticity of pseudodifferential operators

is an open subset of the phase space.

Now given a point pt0, x0, z0, τ0, ξ0, ζ0q P Σc, there exist a relatively compact open neigh-
borhood U of pt0, x0, z0q, a conic neighborhood Γ of pτ0, ξ0, ζ0q and a (small) δ ą 0 such
that

|fpx, z, τ, ξ, ζq| “
ˇ

ˇζ2 ´
1
c˚2 px, zqτ2 ` |ξ|2

ˇ

ˇ ě δ|pτ, ξ, ζq|2 U ˆ
`

Γ X S1p0q
˘

.

Since f is homogeneous of degree 2 in pτ, ξ, ζq it follows that

|fpx, z, τ, ξ, ζq| “
ˇ

ˇζ2 ´
1
c˚2 px, zqτ2 ` |ξ|2

ˇ

ˇ ě δ|pτ, ξ, ζq|2 U ˆ Γ, |pτ, ξ, ζq| ě 1.

Hence, there exists a constant Cδ P p0, 1s, depending on δ ą 0, such that

|σpLεpt, x, z, τ, ξ, ζqq| ě
ˇ

ˇζ2 ´
1
c˚2 px, zqτ2 ` |ξ|2

ˇ

ˇ ´
ˇ

ˇ

´ 1
c2
ε

´
1
c˚2

¯

px, zqτ2ˇ
ˇ ě

ě δ|pτ, ξ, ζq|2 ´ Cω´µ
ε |pτ, ξ, ζq|2 ě

ě
δ

2 |pτ, ξ, ζq|2 U ˆ Γ, |pτ, ξ, ζq| ě 1, ε P p0, Cδs.

Therefore, Lε is logarithmic slow scale elliptic at pt0, x0, z0, τ0, ξ0, ζ0q, which is the desired
conclusion. □

Remark 1.4.15. We define the following set:

ΛM :“ tpt, x, z, τ, ξ; ζεqε P Rn`1 ˆ pRn ˆ Rp0,1sqz0 |

ζ2
ε “

1
c2
ε

px, zqτ2 ´ |ξ|2, DN P N : |ζε| “ Opε´N q as ε Ñ 0u.

If a is a symbol on Σ, then the evaluation on ΛM{ „ is in general not defined. If a is a
symbol on Γ, then the generalized point value of a at a point of ΓM{ „ is a well-defined
element on rC.

A fixed generalized point pt0, x0, z0, τ0, ξ0, ζ0,εqε P ΛM satisfies ζ2
0,ε “ 1

c2
ε
px0, z0qτ2

0 ´ |ξ0|2.
Since τ0 P R is fixed we get

ζ2
0,ε “

1
c2
ε

px0, z0qτ2
0 ´ |ξ0|2 Ñ ζ2

0 “
1
c˚2 px0, z0qτ2

0 ´ |ξ0|2

as ε Ñ 0 and where pt0, x0, z0, τ0, ξ0, ζ0q P Σ. Moreover,

|ζ2
0,ε ´ ζ2

0 | “ |

´ 1
c2
ε

´
1
c˚2

¯

px0, z0qτ2
0 | ď Cω´µ

ε τ2
0 .
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

In the next subsection we will construct an approximated inverse for logarithmic slow scale
elliptic pseudodifferential operators.

1.4.3 Construction of a parametrix

In this subsection we will discuss uniqueness and existence results concerning the invertibil-
ity of logarithmic slow scale elliptic pseudodifferential operators. Recall that the asymptotic
expansion is unique modulo operators of order ´8. As a consequence we will show that
one obtains uniqueness of a parametrix modulo operators of infinite order.

Note that given paεqε a symbol of class S´8
lsc the operator defined by puεqε ÞÑ paεpx,Dquεqε,

puεqε P MH8 has a regular kernel representation in the sense that moderate nets are
mapped into regular nets.

In the following theorem we shall work on the level of representatives.

Theorem 1.4.16. Let paεqε P Smlsc be logarithmic slow scale elliptic, i.e.

Dprεqε P Πlsc, Dpsεqε P Πlsc, Dη P p0, 1s :

|aεpx, ξq| ě
1
sε

xξym |ξ| ě rε, ε P p0, ηs.

Then there exists ppεqε P S´m
lsc such that ppε#aεqε “ 1 modulo S´8

lsc .

Proof. Step 1: As in [19, Proposition 2.8] we show that there exists pp´m,εqε P S´m
lsc such

that
pp´m,εaε ´ 1qε P S´8

lsc . (1.4.4)

For the proof we let ψ P C8pRnq, 0 ď ψ ď 1, ψpξq “ 0 for |ξ| ď 1 and ψpξq “ 1 for |ξ| ě 2.
Then

p´m,εpx, ξq :“ a´1
ε px, ξqψpξ{rεq

with prεqε P Πlsc as in the theorem does the job. Indeed, one can show that

|Bαξ Bβxa
´1
ε px, ξq| ď ωεpα, βqxξy´|α||a´1

ε px, ξq| |ξ| ě rε

for some ωεpα, βq P Πlsc (cf. [20, Lemma 6.3]). Then, by the properties of the function ψ,
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1.4. Ellipticity of pseudodifferential operators

we get pp´m,εqε P S´m
lsc for |ξ| ě 2rε and |ξ| ď rε. On the set rε ď |ξ| ď 2rε we observe that

|Bαξ Bβxp´m,εpx, ξq| “ |
ÿ

α1ďα

ˆ

α

α1

˙

Bα
1

ξ Bβxa
´1
ε px, ξqB

α´α1

ξ ψpξ{rεq| ď

ď
ÿ

α1ďα

ˆ

α

α1

˙

ωεpα
1, βq|a´1

ε px, ξq|xξy´|α1|r´|α´α1|
ε χrrε,2rεspξq sup |pBα´α1

ψqpξ{rεq| ď

ď
ÿ

α1ďα

ˆ

α

α1

˙

ωεpα
1, βqr´|α´α1|

ε sεx2rεy|α´α1|xξy´m´|α| sup |pBα´α1

ψqpξq|

and therefore, ppm,εqε is in S´m
lsc . Note that χ denotes the characteristic function. In order

show (1.4.4) we write

p´m,εaεpx, ξq “ a´1
ε aεpx, ξq ` a´1

ε aεpx, ξqpψpξ{rεq ´ 1q “ 1 ` pψpξ{rεq ´ 1q.

Since for any l ą 0 and α P Nnz0

sup
rεď|ξ|ď2rε

|xξylpψpξ{rεq ´ 1q| ď cpψqx2rεyl

sup
rεď|ξ|ď2rε

|xξylBαξ pψpξ{rεq ´ 1q| “ sup
rεď|ξ|ď2rε

|xξylr´|α|
ε pBαψqpξ{rεq| ď cpψqr´|α|

ε x2rεyl

we have shown (1.4.4).

Step 2: We recursively define for k ě 1:

p´m´k,εpx, ξq :“ ´

!

ÿ

|γ|`j“k
jăk

p´iq|γ|

γ! Bγxaεpx, ξqB
γ
ξ p´m´j,εpx, ξq

)

a´1
ε px, ξqψpξ{rεq.

By the same arguments as in [20, Propositions 6.5 and 6.6], one can show that each
pp´m´k,εqε is in S´m´k

lsc and by Theorem 1.2.11 there exists a net ppεqε P S´m
lsc with

ppεqε „lsc
ř

jpp´m´j,εqε.

Step 3: The aim is to show that ppε#aε´1qε P S´8
lsc . Therefore, let pσεqε be the generalized

symbol with the asymptotic expansion

σεpx, ξq „lsc

ÿ

|γ|ě0

1
γ!
`

B
γ
ξ pεD

γ
xaε

˘

px, ξq.

and we will show that pσε ´ 1qε in S´8
lsc .
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We write

σε ´
ÿ

|γ|ăN

1
γ!D

γ
xaεB

γ
ξ pε “ σε ´

ÿ

|γ|ăN

1
γ!D

γ
xaε

ÿ

lăN

B
γ
ξ p´m´l,ε `

`
ÿ

|γ|ăN

1
γ!D

γ
xaε

ÿ

lěN

B
γ
ξ p´m´l,ε.

Since the left-hand side and the last sum on the right-hand side are in S´N
lsc we obtain

`

σε ´
ÿ

|γ|ăN

1
γ!D

γ
xaε

ÿ

lăN

B
γ
ξ p´m´l,ε

˘

ε
P S´N

lsc .

We now write

ÿ

|γ|ăN

1
γ!D

γ
xaε

ÿ

lăN

B
γ
ξ p´m´l,ε “ p´m,εaε `

N´1
ÿ

k“1

!

p´m´k,εaε `
ÿ

|γ|`l“k
lăk

1
γ!B

γ
ξ p´m´l,εD

γ
xaε

)

`

`
ÿ

|γ|`lěN
|γ|ăN,lăN

1
γ!B

γ
ξ p´m´l,εD

γ
xaε,

where the last expression is in S´N
lsc . The second sum on the right-hand side vanishes for

|ξ| ě 2rε and |ξ| ď rε by construction. So, it remains to estimate this expression on the
set rε ď |ξ| ď 2rε. We observe for any l ą 0 and α P Nn that

sup
rεď|ξ|ď2rε

|xξylBαξ ψpξ{rεq| “ sup
rεď|ξ|ď2rε

|xξylr´|α|
ε pBαψqpξ{rεq| ď cpψqr´|α|

ε x2rεyl

and we conclude that this term is contained in S´N
lsc .

Using Step 1, i.e. pp´m,εaεqε “ 1 mod S´8
lsc , we get for every N ě 1

`

σε ´
ÿ

|γ|ăN

1
γ!pB

γ
ξ pεD

γ
xaεq

˘

ε
“ pσε ´ 1qε mod S´N

lsc

and the proof is complete. □

Recall that a P rSmlsc is called logarithmic slow scale elliptic if one of its representatives paεqε
is logarithmic slow scale elliptic. Then, the operator ppx,Dq has the symbol ppεqε`NS´m P
rS´m
lsc and ppεqε is as in Theorem 1.4.16. Furthermore, by Step 3 of the same theorem we
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1.5. A factorization procedure for the generalized strictly hyperbolic wave operator

get
ppx,Dq ˝ apx,Dqupxq “

´

ż

eipx´yqξuεpyq dy d̄ξ
¯

ε
` NH8pRnq.

Therefore, we obtain the following result.

Theorem 1.4.17. Let a P rSmlsc be a logarithmic slow scale elliptic symbol of order m. Then
there exists a logarithmic slow scale elliptic pseudodifferential operator of order ´m with
symbol p P rS´m

lsc such that for all u P GL2

apx,Dq ˝ ppx,Dqu “ u` rpx,Dqu

ppx,Dq ˝ apx,Dqu “ u` spx,Dqu

where rpx,Dq and spx,Dq are regularizing operators, that is they map GL2 into G8
L2 (see

Section 1.6).

1.5 A factorization procedure for the generalized strictly
hyperbolic wave operator

Concerning products of logarithmic slow scale pseudodifferential operators that approxi-
mate the generalized operator L from (1.3.1), we will follow the ideas in [37, Appendix II],
[31, Chapter 23]. First we recall from (1.3.1)

Lpx, z,Dt, Dx, Dzq “ Bz
1
ρ

Bz `

n´1
ÿ

j“1
Bxj

1
ρ

Bxj ´
1
ρ

1
c2 B2

t “

“: Bz
1
ρ

Bz `Aρpx, z,Dt, Dxq

(1.5.1)

where the coefficients 1{ρ and 1{c2 are in Glsc8,8pRnq in the variables px, zq. This implies
that L is an operator of class Ψ2

lscpR
n ˆ Rn`1q and a representative plεqε of the symbol of

L is in S2
lscpR

n ˆ Rn`1q. Furthermore, the symbol of the operator Aρ is in S2
lscpR

n ˆ Rnq

and is given by

Aρpx, z,Dt, Dxq “ ´
1
ρ

´ 1
c2 B2

t ´

n´1
ÿ

j“1
B2
xj

¯

`

n´1
ÿ

j“1

´

Bxj

1
ρ

¯

Bxj .

Note that this operator is only a pseudodifferential operator in px, tq depending smoothly
on the parameter z on the level of representatives for any fixed ε P p0, 1s. We denote by
aρ P rS2

lscpR
n ˆ Rnq the principal symbol of Aρ.
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Moreover, we set

Apx, z,Dt, Dxq :“ ´
1
c2 px, zqB2

t `

n´1
ÿ

j“1
B2
xj
.

As already mentioned in Section 1.3, the operator L is not globally strictly hyperbolic but
we can restrict the analysis to an appropriate space on which the operator becomes strictly
hyperbolic. In particular, we follow Stolk in [51] and introduce the following set of points
on which we will then establish the factorization. Therefore we recall from Section 1.3:

I 1
θ :“

!

px, z, τ, ξq P Rn ˆ Rn | τ ‰ 0, |c˚px, zqτ´1ξ| ď sin θ
)

(1.5.2)

for some fixed θ P p0, π{2q and c˚px, zq “ limεÑ0 cεpx, zq in C0,µpRnq. Then I 1
θ is a subset of

Rn ˆ pRnz0q, independent of the regularization parameter ε P p0, 1s and conic with respect
to pτ, ξq.

Fix θ P p0, π{2q and denote by a the (principal) symbol of A, i.e.

aεpx, z, τ, ξq :“ τ2

c2
εpx, zq

´ |ξ|2 ε P p0, 1s.

Then a is logarithmic slow scale elliptic on I 1
θ and the generalized roots rpζj,εqεs of the

principal symbol of L are given by ζj,ε :“ ¯i
a

aεpx, z, τ, ξq which satisfy (1.3.3) on I 1
θ, i.e.

|ζ1,εpx, z, τ, ξq ´ ζ2,εpx, z, τ, ξq| ě C|pτ, ξq| on I 1
θ, for |pτ, ξq| ě M

for some constants C ą 0,M ą 0 and all ε sufficiently small.

Indeed, we have on I 1
θ

|aεpx, z, τ, ξq| “

ˇ

ˇ

ˇ

τ2

c2
εpx, zq

´ |ξ|2
ˇ

ˇ

ˇ
ě

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

τ2

c˚2px, zq
´ |ξ|2

ˇ

ˇ

ˇ
´

ˇ

ˇ

ˇ

´ 1
c2
εpx, zq

´
1

c˚2px, zq

¯

τ2
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ě

ě
τ2

c˚2px, zq
p1 ´ sin2 θq ´ Cω´µ

ε τ2 ě Cpτ2 ` |ξ|2q

for some generic constant C ą 0 and ε small enough. So, in particular aρ is logarithmic
slow scale elliptic, because the generalized function 1{ρ is strongly positive (see assumption
(ii) in Section 1.3).

Remark 1.5.1. In the classical theory of pseudodifferential operators the characteristic
set plays an important role in microlocal analysis. We recall that the characteristic set
is defined as the set of points where the homogeneous principal symbol of the operator
vanishes. Concerning vanishing properties of the homogeneous principal symbol in the
generalized setting, we make the following remarks. We denote by plεqε the principal
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symbol of L.

(1) First note that the equation

lεpζ;x, z, τ, ξq “ ´
1

ρεpx, zq
ζ2 ` aρ,εpx, z, τ, ξq “

“

´

iζ ´ i
a

aεpx, z, τ, ξq

¯ 1
ρεpx, zq

´

iζ ` i
a

aεpx, z, τ, ξq

¯

“ 0 on I 1
θ, |pτ, ξq| ě M

for some constant M ą 0 is not (classically, i.e. independent of ε) solvable with respect to
ζ in R as ε tends to 0.

But for any px, z, τ, ξq P I 1
θ there exists two distinct ζεpx, z, τ, ξq such that

lεpζε;x, z, τ, ξq “ ´
1

ρεpx, zq
ζ2
ε ` aρ,εpx, z, τ, ξq “

“

´

iζε ´ i
a

aεpx, z, τ, ξq

¯ 1
ρεpx, zq

´

iζε ` i
a

aεpx, z, τ, ξq

¯

“ 0

for all |pτ, ξq| ě M ą 0 and ε P p0, 1s. In particular, this is satisfied if we set for fixed
px, z, τ, ξq P I 1

θ

ζεpx, z, τ, ξq :“ ˘

d

τ2

c2
εpx, zq

´ |ξ|2 Ñ ζpx, z, τ, ξq :“ ˘

d

τ2

c˚2px, zq
´ |ξ|2 as ε Ñ 0.

So, the equation lε “ 0 has two generalized solutions ζj,ε, j “ 1, 2, for fixed px, z, τ, ξq P I 1
θ.

Note that the generalized principal symbol can always be factorized, i.e.

lεpζ;x, z, τ, ξq “ ´
1

ρεpx, zq
ζ2 ` aρ,εpx, z, τ, ξq “

“

´

iζ ` i
a

aεpx, z, τ, ξq

¯ 1
ρεpx, zq

´

iζ ´ i
a

aεpx, z, τ, ξq

¯

on I 1
θ, |pτ, ξq| ě M,

M ą 0, regardless of whether the symbol vanishes or not.

(2) The roots ζ1,εpx, z, τ, ξq, ζ2,εpx, z, τ, ξq of the equation

´
1

ρεpx, zq
ζ2
ε ` aρ,εpx, z, τ, ξq “ 0

are called the generalized characteristic roots of L.

Before we state the main theorem of this section, we give a few more details about notation.
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In the following we will study operators of the form

S “

2
ÿ

j“0
Sjpx, z,Dt, DxqB2´j

z

on Rn`1 where the coefficients are operators with symbols Sj P S
kj

lsc for some real numbers
kj , j “ 0, 1, 2. Further, we write

S “

2
ÿ

j“0
Sjpx, z,Dt, DxqB2´j

z on I 1
θ

when the symbols of the coefficients Sj are restricted to the set I 1
θ.

We will now establish the factorization procedure in order to write the operator L in terms
of two first-order pseudodifferential operators of the form Lj “ Bz `Aj on I 1

θ where Aj are
pseudodifferential operators with generalized symbols in rS1

lsc, j “ 1, 2.

We are now in the position to show the following result:

Theorem 1.5.2. Let L “ Bz
1
ρBz ` Aρpx, z,Dt, Dxq and I 1

θ be as in (1.5.1) and (1.5.2)
respectively. Then, on the set I 1

θ there are generalized roots tpζ1,εqε, pζ2,εqεu of the principal
symbol of pLεqε that fulfill the separation property

|ζ1,εpx, z, τ, ξq ´ ζ2,εpx, z, τ, ξq| ě C|pτ, ξq| on I 1
θ, for |pτ, ξq| ě M

for some constants C ą 0,M ą 0, η P p0, 1s and all ε P p0, ηs. Furthermore, the operator L
can be factorized into

L “ L1
1
ρ
L2 `R on I 1

θ (1.5.3)

where Lj is written as Lj “ Bz ` Aj and Aj “ Ajpx, z,Dt, Dxq is a parameter-dependent
logarithmic slow scale (classical) generalized pseudodifferential operator of order one in
pt, xq. The principal symbol of Aj can be chosen either equal to p´iζj,εqε “ p¯i

?
aεqε,

j “ 1, 2, or equal to piζj,εqε “ p¯i
?
aεqε, j “ 1, 2, on I 1

θ. Furthermore, the remainder is
given by R “ Γ1 ` Γ2Bz for some pseudodifferential operators Γj “ Γjpx, z,Dt, Dxq with
parameter z and generalized symbol γj in rS´8

lsc on I 1
θ, j “ 1, 2.

Remark 1.5.3. Note that the product L1
1
ρL2 in (1.5.3) is not a pseudodifferential operator

on Rn`1. But one can overcome this by introducing a generalized cut-off ψpx, z,Dt, Dx, Dzq

such that the difference ψL1
1
ρL2 ´ L1

1
ρL2 is insignificant on some adequate subdomain of

the phase space T ˚Rn`1 under a microlocal point of view. This will be specified in the
next section where we introduce a generalized version of microlocal analysis.
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1.5. A factorization procedure for the generalized strictly hyperbolic wave operator

1.5.1 Technical preliminaries

As already mentioned above, the symbol paεqε is logarithmic slow scale elliptic on I 1
θ, θ P

p0, π{2q, i.e. for any px0, z0, τ0, ξ0q P I 1
θ there exist a relatively compact open neighborhood

U of px0, z0q and a conic neighborhood Γ of pτ0, ξ0q such that for some prεqε P Πlsc, psεqε P

Πlsc and a constant η P p0, 1s we have

|aεpx, z, τ, ξq| ě
1
sε

xpτ, ξqy2 for px, z, τ, ξq P U ˆ Γ, |pτ, ξq| ě rε, ε P p0, ηs.

As demonstrated in Proposition 1.4.4, we have stability under lower order logarithmic
slow scale perturbations, and therefore the total symbol of the operator pAρ,εqε itself is
logarithmic slow scale elliptic on I 1

θ.

In order to describe a factorization for the operator L, we have to give a meaning to the
square root of the symbol of A on the set I 1

θ.

Note that the square root of paεqε is prescribed only on the set I 1
θ. Outside of I 1

θ it is in
general not defined but we choose it without the singularity of the square root. We remark
that such an extension is equal to p

?
aεqε when restricted to I 1

θ.

In order to cut off singularities of the square root of paεqε, we define a generalized symbol
pχεqε P S0

lscpR
n ˆ pRz0q ˆ Rn´1q homogeneous of degree 0 for |pτ, ξq| ě 1 and such that

χεpx, z, τ, ξq “

#

1 on I 1
θ1

0 outside I 1
θ2

for angles θ1, θ2 P p0, π{2q, θ1 ă θ2. Then, pχε
?
aεqε P S0

lscpR
n ˆ pRz0q ˆ Rn´1q and its

restriction to I 1
θ1

is equal to p
?
aεqε. Moreover, pχε

?
aεqε vanishes outside I 1

θ2
.

Remark 1.5.4. For the construction of χε we define for every fixed ε P p0, 1s the function

fεpx, z, τ, ξq :“ cεpx, zqξτ´1 on Rn ˆ pRz0q ˆ Rn´1.

Then, for every fixed ε P p0, 1s we let χε be the smooth function defined on RnˆpRz0qˆRn´1,
0 ď χε ď 1, which is given by

χεpx, z, τ, ξq :“

$

’

’

&

’

’

%

0, |fε| ě sin γ2

1, |fε| ď sin γ1

1 ´ 1

1`e
1

|fε|´sin γ1
´ 1

sin γ2´|fε|

, sin γ1 ă |fε| ă sin γ2

(1.5.4)

for some fixed angles γ1, γ2 with 0 ă θ1 ă γ1 ă γ2 ă θ2 ă π{2.
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

We therefore get χε “ 1 on I 1
θ1

, since Dη P p0, 1s such that

I 1
θ1 Ď tpx, z, τ, ξq | τ ‰ 0, |cεpx, zqξ{τ | ď sin γ1u ε P p0, ηs.

To show the inclusion, let px, z, τ, ξq P I 1
θ1

and fpx, z, τ, ξq :“ limεÑ0 fεpx, z, τ, ξq. Then
there exists a constant C ą 0 such that

|fεpx, z, τ, ξq| ď |pfε ´ fqpx, z, τ, ξq| ` |fpx, z, τ, ξq| ď

ď |pcεpx, zq ´ c˚px, zqqξ{τ | ` |c˚px, zqξ{τ | ď

ď sin θ1p1 ´ Cω´µ
ε q

Since ω´µ
ε tends to 0 as ε Ñ 0 and θ1 ă γ1, there exists η P p0, 1s such that the right-hand

side of the last equation is bounded from above by sin γ1.

Similarly, one can show that Dη P p0, 1s such that for all ε P p0, ηs:

tpx, z, τ, ξq | τ ‰ 0, |c˚px, zqξ{τ | ě sin θ2u Ď tpx, z, τ, ξq | τ ‰ 0, |cεpx, zqξ{τ | ě sin γ2u

and hence χε “ 0 outside I 1
θ2

(note χε is defined only for τ ‰ 0). Indeed

|fεpx, z, τ, ξq| ě |fpx, z, τ, ξq| ´ |pfε ´ fqpx, z, τ, ξq| ě

ě |c˚px, zqξ{τ |

´

1 ´

ˇ

ˇ

ˇ

cεpx, zq ´ c˚px, zq

c˚px, zq

ˇ

ˇ

ˇ

¯

ě

ě sin θ2p1 ´ Cω´µ
ε q ě sin γ2

as ε Ñ 0. Now, since 1
c2 P Glsc8,8 and for every ε P p0, 1s the function χε is smooth on

Rn ˆ pRz0q ˆ Rn´1 and homogeneous of order 0 for |pτ, ξq| ě 1, we can conclude that
χε P S0

lscpR
n ˆ pRz0q ˆ Rn´1q (cf. [27, Example 1.2]).

1.5.2 Factorization procedure

The aim is to decompose the operator L as announced in (1.5.3) in Theorem 1.5.2. There-
fore, we give a construction scheme for the generalized symbols paj,εqε of the operators Aj ,
j “ 1, 2, by means of their asymptotic expansions (in the sense of Definition 1.2.14), that
is

ajpx, z, τ, ξq „lsc

8
ÿ

µ“0
b

pµq

j px, z, τ, ξq in rS1
cl,lscpI

1
θq (1.5.5)

where the sequence tb
pµq

j uµPN consists of appropriate elements bpµq

j P S1´µ
lsc pI 1

θq, j “ 1, 2, and
will be constructed recursively. Recall that (1.5.5) means that there are representatives
paj,εqε of aj and pb

pµq

j,ε qε of bpµq

j such that for any cut-off φ equal to 1 near the origin we
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1.5. A factorization procedure for the generalized strictly hyperbolic wave operator

have
´

aj,ε ´

N´1
ÿ

µ“0
p1 ´ φqb

pµq

j,ε

¯

ε
P S1´N

lsc pI 1
θq. (1.5.6)

Proof of Theorem 1.5.2. For the proof we apply a decomposition method similar to [37,
Appendix II] and [31, Chapter 23]. In the following, we will show the desired factorization
in the case that the principal symbol of Aj is equal to p´iζj,εqε “ p¯i

?
aεqε, j “ 1, 2. The

proof for the second possible choice of the principal symbol of Aj is essentially the same.

We will now give a construction scheme for the symbols aj of the operator Aj , j “ 1, 2,
by means of their asymptotic expansions. To begin with, let ζj,ε “ ˘

?
aε, j “ 1, 2 and

ε P p0, 1s. For j “ 1, 2 we set on I 1
θ

b
p0q

j,ε :“ ´iζj,ε, a
p1q

j,ε :“ b
p0q

j,ε , A
p1q

j,ε :“ OPpa
p1q

j,ε q

where Ap1q

j,ε should be thought as the operator whose symbol has the classical asymptotic
expansion a

p1q

j,ε on I 1
θ. We emphasize that Ap1q

j,ε is intrinsically the restriction of a globally
defined operator restricted to the set I 1

θ as the symbol can always be multiplied by a
generalized cut-off function pχεqε of the form as indicated in (1.5.4) which is identically 1
on I 1

θ (with θ1 equal θ). Moreover, the function φ as in (1.5.6) cuts off the singularities
near τ “ 0.

We define Lp1q

j,ε :“ Bz ` A
p1q

j,ε , j “ 1, 2, ε P p0, 1s. Using Lp1q

1,ε
1
ρε
L

p1q

2,ε as a first approximation
to Lε we obtain an error of the following form

L
p1q

1,ε
1
ρε
L

p1q

2,ε ´ Lε “

´

Bz `A
p1q

1,ε

¯ 1
ρε

´

Bz `A
p1q

2,ε

¯

´ Bz
1
ρε

Bz ´Aρ,ε “

“

´

A
p1q

1,ε
1
ρε

`
1
ρε
A

p1q

2,ε

¯

Bz ` Bz

´ 1
ρε
A

p1q

2,ε

¯

`A
p1q

1,ε
1
ρε
A

p1q

2,ε ´Aρ,ε “

“:
2
ÿ

j“1
Γp1q

j,ε B2´j
z on I 1

θ.

(1.5.7)

Since Ap1q

1 and ´A
p1q

2 have the same principal symbol on I 1
θ it follows that the symbols of

the operators Γp1q

j “ Γp1q

j px, z,Dt, Dxq are in Sj´1
cl,lsc on I 1

θ, j “ 1, 2.

To improve this approximation we proceed by induction. For convenience of the reader,
we also compute the second order approximation of L. Therefore let ε P p0, 1s be fixed and
define

a
p2q

j,ε :“ a
p1q

j,ε ` b
p1q

j,ε , A
p2q

j,ε :“ OPpa
p2q

j,ε q, L
p2q

j,ε :“ Bz `A
p2q

j,ε .
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Here bp1q

j,ε will be specified immediately and in such a way that the symbol of Ap2q

j,ε with
classical asymptotic expansion

`

a
p2q

j,ε

˘

ε
is in S1

cl,lsc. From the above we already know that

L
p1q

1
1
ρ
L

p1q

2 ´ L “

2
ÿ

j“1
Γp1q

j B2´j
z .

We can formally write on I 1
θ

L
p2q

1,ε
1
ρε
L

p2q

2,ε ´ Lε “

´

L
p1q

1,ε `B
p1q

1,ε

¯ 1
ρε

´

L
p1q

2,ε `B
p1q

2,ε

¯

´ Lε “

“

2
ÿ

j“1
Γp1q

j,ε B2´j
z `

´

Bz `A
p1q

1,ε

¯ 1
ρε
B

p1q

2,ε `B
p1q

1,ε
1
ρε

´

Bz `A
p1q

2,ε

¯

`B
p1q

1,ε
1
ρε
B

p1q

2,ε “

“

2
ÿ

j“1
Γp1q

j,ε B2´j
z `

´

B
p1q

1,ε
1
ρε

`
1
ρε
B

p1q

2,ε

¯

Bz ` Bz

´ 1
ρε
B

p1q

2,ε

¯

`

`B
p1q

1,ε
1
ρε
A

p1q

2,ε `A
p1q

1,ε
1
ρε
B

p1q

2,ε `B
p1q

1,ε
1
ρε
B

p1q

2,ε .

We now specify
´

b
p1q

1,ε

¯

ε
,
´

b
p1q

2,ε

¯

ε
as follows: as

´

a
p1q

j,ε

¯

ε
“ ¯

´

i
?
aε

¯

ε
, j “ 1, 2, are non-

vanishing on I 1
θ the matrix

1
ρε

˜

1 1
a

p1q

2,ε a
p1q

1,ε

¸

is invertible on I 1
θ.

Then, on I 1
θ

´ ρε
1

a
p1q

1,ε ´ a
p1q

2,ε

˜

a
p1q

1,ε ´1
´a

p1q

2,ε 1

¸˜

γ
p1q

1,ε
γ

p1q

2,ε

¸

“

˜

b
p1q

1,ε
b

p1q

2,ε

¸

(1.5.8)

where the net pρεqε has the same properties as the net p1{ρεqε.

Recall that DC ą 0, Dη P p0, 1s such that

|a
p1q

1,εpx, z, τ, ξq| ě C|pτ, ξq| on I 1
θ, ε P p0, ηs

and @α, β P Nn, Dpωεqε P Πlsc,@px, z, τ, ξq P I 1
θ

|Bαpτ,ξqB
β
px,zq

a
p1q

1,εpx, z, τ, ξq| “ Opωεq|pτ, ξq|1´|α| for |pτ, ξq| ě 1 as ε Ñ 0.

So,
´

a
p1q

1,ε
´1
¯

ε
P S´1

cl,lsc on I 1
θ, |pτ, ξq| ě 1. Then, modulo S´8

lsc pI 1
θq there are uniquely

42



1.5. A factorization procedure for the generalized strictly hyperbolic wave operator

determined symbols
´

b
p1q

1,ε

¯

ε
,
´

b
p1q

2,ε

¯

ε
P S0

lsc on I 1
θ homogeneous for |pτ, ξq| ě 1 solving the

system

´γ
p1q

1,ε “ b
p1q

1,ε
1
ρε

`
1
ρε
b

p1q

2,ε

´γ
p1q

2,ε “ b
p1q

1,ε
1
ρε
a

p1q

2,ε ` a
p1q

1,ε
1
ρε
b

p1q

2,ε

on the set I 1
θ where

´

γ
p1q

j,ε

¯

ε
denotes the principal symbol of Γp1q

j , j “ 1, 2. Note that
´

b
p1q

j,ε

¯

ε
P S0

lscpI
1
θq and is homogeneous for |pτ, ξq| ě 1. Since pa

p1q

j,ε qε is logarithmic slow

scale elliptic and pb
p1q

j,ε qε is of lower order, we conclude that pa
p2q

j,ε qε is also logarithmic slow
scale elliptic.

We write Bp1q

j,ε :“ OPpb
p1q

j,ε q and obtain

L
p2q

1
1
ρ
L

p2q

2 ´ L “

2
ÿ

j“1
Γp2q

j B2´j
z

with Γp2q

j “ Γp2q

j px, z,Dt, Dxq having symbols in Sj´2
cl,lsc on I 1

θ, j “ 1, 2.

For N ě 1 assume
´

b
pµq

j,ε

¯

ε
P S1´µ

lsc pI 1
θq is homogeneous of order 1 ´ µ for |pτ, ξq| ě 1 and

determined for all µ ă N , j “ 1, 2. For ε P p0, 1s we set

a
pNq

j,ε :“
řN´1
µ“0 b

pµq

j,ε , A
pNq

j,ε :“ OPpa
pNq

j,ε q, L
pNq

j,ε :“ Bz `A
pNq

j,ε .

Again, here ApNq

j is the polyhomogeneous generalized pseudodifferential operator with sym-
bol

´

a
pNq

j,ε

¯

ε
in S1

cl,lsc. Furthermore, we assume

L
pNq

1
1
ρ
L

pNq

2 ´ L “

2
ÿ

j“1
ΓpNq

j B2´j
z

with ΓpNq

j “ ΓpNq

j px, z,Dt, Dxq having symbols in Sj´N
cl,lsc on I 1

θ, j “ 1, 2.

For the induction step we specify bpNq

1 , b
pNq

2 as follows: We denote by
´

γ
pNq

j,ε

¯

ε
the top order
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symbol of ΓpNq

j . Since
´

a
p1q

j,ε

¯

ε
is logarithmic slow scale elliptic on I 1

θ, j “ 1, 2, the matrix

1
ρε

˜

1 1
a

p1q

2,ε a
p1q

1,ε

¸

is invertible on I 1
θ and the system

´γ
pNq

1,ε “ b
pNq

1,ε
1
ρε

`
1
ρε
b

pNq

2,ε

´γ
pNq

2,ε “ b
pNq

1,ε
1
ρε
a

p1q

2,ε ` a
p1q

1,ε
1
ρε
b

pNq

2,ε

is uniquely solvable for
´

b
pNq

1,ε

¯

ε
,
´

b
pNq

2,ε

¯

ε
P S1´N

lsc on I 1
θ. Moreover, bpNq

2,ε are homogeneous

for |pτ, ξq| ě 1. We write BpNq

j,ε :“ OPpbNj,εq and indeed we get

L
pN`1q

1,ε
1
ρε
L

pN`1q

2,ε ´ Lε “

´

L
pNq

1,ε `B
pNq

1,ε

¯ 1
ρε

´

L
pNq

2,ε `B
pNq

2,ε

¯

´ Lε “

“

2
ÿ

j“1
ΓpNq

j,ε B2´j
z `

´

Bz `A
pNq

1,ε

¯ 1
ρε
B

pNq

2,ε `B
pNq

1,ε
1
ρε

´

Bz `A
pNq

2,ε

¯

`B
p1q

N,ε

1
ρε
B

pNq

2,ε “

“

2
ÿ

j“1
ΓpNq

j,ε B2´j
z `

´

B
pNq

1,ε
1
ρε

`
1
ρε
B

pNq

2,ε

¯

Bz ` Bz

´ 1
ρε
B

pNq

2,ε

¯

`

`B
pNq

1,ε
1
ρε
A

pNq

2,ε `A
pNq

1,ε
1
ρε
B

pNq

2,ε `B
pNq

1,ε
1
ρε
B

pNq

2,ε “

“:
2
ÿ

j“1
ΓpN`1q

j,ε B2´j
z

where ΓpN`1q

j “ ΓpN`1q

j px, z,Dt, Dxq have symbols in S
j´pN`1q

cl,lsc on I 1
θ.

Then with aj , j “ 1, 2, such that

aj „lsc

8
ÿ

µ“0
b

pµq

j on I 1
θ

we found the desired operator Aj that solves the problem. □

Remark 1.5.5. Theorem 1.5.2 allows for two distinct factorizations, i.e.

L “ pBz `A11q
1
ρ

pBz `A21q `R1 “ pBz `A12q
1
ρ

pBz `A22q `R2 on I 1
θ
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where the principal symbol of pAj1,εqε is equal to p¯i
?
aεqε, j “ 1, 2, and that of pAj2,εqε

is equal to p˘i
?
aεqε, j “ 1, 2. R1 and R2 denote the corresponding remainders of the

factorizations.

For completeness, we will compute the zeroth-order term for the symbols of pA11,εqε and
pA12,εqε explicitly as they will be used later in Section 1.7. First, we calculate pA11,εqε.
Recall from (1.5.7) that

γ
p1q

1,ε “ ´i
n´1
ÿ

j“1

Ba
p1q

1,ε
Bξj

Bρ´1
ε

Bxj
“ ´a´1{2

ε

1
ρ2
ε

n´1
ÿ

j“1

Bρε
Bxj

ξj

and

γ
p1q

2,ε ” Bz

´ 1
ρε
a

p1q

2,ε

¯

´ a
p1q

1,ε#p
1
ρε
a

p1q

2,εq ´ aρ,ε ´ i
n´1
ÿ

j“1

´

Bxj

1
ρε

¯

ξj mod S0
lsc.

Hence

γ
p1q

2,ε “ Bz

´ 1
ρε
a

p1q

2,ε

¯

´
i

ρε

n´1
ÿ

j“1

Ba
p1q

1,ε
Bξj

Ba
p1q

2,ε
Bxj

“

“
i

2
a

1{2
ρ,ε

ρ
1{2
ε

´

Baρ,ε
Bz

1
aρ,ε

´
Bρε
Bz

1
ρε

¯

`
i

ρε

n´1
ÿ

j“1

Ba
1{2
ε

Bξj

Ba
1{2
ε

Bxj
.

We set bε “ a
1{2
ε and obtain by (1.5.8)

a11,ε “ ´ibε `
1

2bε

n´1
ÿ

j“1

Bbε
Bξj

Bbε
Bxj

´
1
4

´

Baρ,ε
Bz

1
aρ,ε

´
Bρε
Bz

1
ρε

¯

`

`
1
2

1
ρεbε

n´1
ÿ

j“1
ξj

Bρε
Bxj

` orderp´1q.

(1.5.9)

Using the same arguments, we obtain for the operator A12 the following expression.

a12,ε “ ibε ´
1

2bε

n´1
ÿ

j“1

Bbε
Bξj

Bbε
Bxj

´
1
4

´

Baρ,ε
Bz

1
aρ,ε

´
Bρε
Bz

1
ρε

¯

´

´
1
2

1
ρεbε

n´1
ÿ

j“1
ξj

Bρε
Bxj

` orderp´1q.

(1.5.10)
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1.6 The generalized wave front set

Given a pseudodifferential equation with smooth symbols, regularity properties can be used
to describe the behavior of the solution. To study propagation of singularities the notion
of the wave front set was introduced. We recall that the complement of the classical wave
front set of a distribution u is the set WFpuqc and measures smoothness near a point in
the sense that the Fourier transform of a localized piece of u is rapidly decreasing in an
open cone.

Another version is the Sobolev-based wave front set, where one studies subsets WFmpuq of
T ˚Rnz0, m P N, such that

px0, ξ0q R WFmpuq

if there exists a P P Ψm elliptic at px0, ξ0q such that Pu P L2pRnq. In this sense, wave
front sets give a description of local smoothness of a distribution since WFmpuq “ ∅ iff
u P Hm

locpR
nq. As pointed out in [56, Section 4], there is the following relation between

these two versions:

Theorem 1.6.1. Let u P D1pRnq. Then

WFpuq “ YkWFkpuq.

Relating to the notion of wave front sets to pseudodifferential operators with smooth sym-
bols, it is well known that for any P P Ψm with homogeneous principal symbol Pm one has
the following inclusion (on T ˚Rnz0)

WFpuq Ď WFpPuq Y CharpP q

where CharpP q “ P´1
m p0q X T ˚Rnz0 is the characteristic set depending on the principal

symbol of the operator. Moreover, pseudodifferential operators do not increase the wave
front sets. In particular one can show WFpPuq Ď WFpuq X µsuppppq, where µsuppppq

denotes the microsupport of P . For more information, we refer the reader to [31, Section
18].

In the framework of Colombeau generalized functions in GL2pRnq, we follow this idea and
measure regularity by considering rapid decay on cones in the frequency domain after
localization in space. We refer to [40, 21, 22, 34, 49, 16, 10] for more details on the
commonly used notion of a generalized wave front set based on G8-regularity.
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1.6. The generalized wave front set

1.6.1 Generalized microlocal analysis

Recall that a function u P GL2pRnq is regular, denoted by u P G8
L2pRnq, if and only if there

exists a representative puεqε of u such that

DN P N @α P Nn : ∥Dαuε∥L2pRnq “ Opε´N q as ε Ñ 0.

As already indicated above, we introduce the following definition which is similar to [21]:

Definition 1.6.2. A generalized function u P GL2pRnq is said to be microlocally regular
at px0, ξ0q P T ˚Rnz0 if there exist ϕ P C8

c pRnq with ϕpx0q “ 1 and a conic neighborhood
Γ Ď Rnz0 of ξ0 such that

DN P N @l P N : ∥xξylFpϕuεqpξq∥L2pΓq “ Opε´N q as ε Ñ 0. (1.6.1)

For u P GL2 we denote by WFgpuq Ď T ˚Rnz0 the generalized wave front set of u which is
defined as the complement of all points in phase space where u is microlocally regular.

Moreover, we say that two generalized functions u, v P GL2pRnq are microlocally equivalent
at px0, ξ0q P T ˚Rnz0 if and only if there are ϕ P C8

c pRnq with ϕpx0q “ 1 and a conic
neighborhood Γ Ď Rnz0 of ξ0 such that

DN P N @l P N : ∥xξylF
`

ϕpuε ´ vεq
˘

pξq∥L2pΓq “ Opε´N q as ε Ñ 0.

As we pointed out in Subsection 1.4.3, one can construct a generalized parametrix for a
logarithmic slow scale elliptic operator Apx,Dq P Ψm

lsc modulo some regularizing error in
Ψ´8
lsc that maps GL2 into G8

L2 . This fact can be deduced by the L2-boundedness theorem
for operators with symbol of class S0, see [37, Theorem 4.1].

Remark 1.6.3. Let P P Ψ´8
rg pRnq, i.e. p P rS´8

rg “ M8
S´8{NS´8 , and u P GL2pRnq. Then

Pu is in G8
L2pRnq and hence microlocally regular on T ˚Rnz0. This follows from the fact that

the symbol of DγP px,Dq is in S´8
rg “ M8

S´8 Ď S0
rg uniformly in γ P Nn. More precisely

we have the estimate:

DN P N @γ P Nn D l P N D c ą 0 :

∥DγPεpx,Dquε∥L2 ď c max
|α`β|ďl

sup
px,ξqPR2n

|Bαξ Bβx

´

ξγ#pεpx, ξq

¯

|xξy|α|∥uε∥L2 “ Opε´N q

as ε Ñ 0. In particular, an operator P P Ψ´8
lsc maps GL2pRnq into G8

L2pRnq.

We now introduce the generalized microsupport of a symbol as follows: Let p P Smrg and
px0, ξ0q P T ˚Rnz0. Then the symbol p is G8

L2-smoothing at px0, ξ0q if there exist a represen-
tative ppεqε P p, a relatively compact open neighborhood U of x0 and a conic neighborhood
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Γ of ξ0 such that
DN P N @m P R @α, β P Nn @px, ξq P U ˆ Γ :
|Bαξ Bβxpεpx, ξq| “ Opε´N qxξym´|α| as ε Ñ 0.

The generalized microsupport of p, denoted by µsuppgppq, is defined as the complement of
the set of points px0, ξ0q where p is G8

L2-smoothing. In the sequel we will follow the ideas
made in [21] where the authors measured regularity of a generalized function in u P GpΩq

and Ω is some open subset of Rn when acting on generalized pseudodifferential operators
with slow scale symbols. Our definition (for u P GL2) is now the following:

Definition 1.6.4. For any u P GL2 we define

Wscpuq :“ X
ppx,DqPprΨ0

sc
ppx,DquPG8

L2

Ellscppqc

where Ellscppq denotes the set of points where p is slow-scale elliptic and prΨ0
sc is the set

of properly supported slow scale pseudodifferential operators of order zero. Note that in the
manner described in [21] we have that for any slow scale elliptic symbol p P rSmsc there exists
a parametrix q P rS´m

rg such that p#q “ q#p “ 1 in rS0
rg.

As in [21, Proposition 2.8] one can show the following result: Let π : T ˚pRnqz0 Ñ Rn :
px, ξq Ñ x. Then for any u P GL2 we have

πpWscpuqq “ singsuppgpuq

where Rnzsingsuppgpuq :“ tx P Rn : DUx Ď Rn open such that u|Ux P G8
L2u.

Before we proceed, let us briefly recall the three main theorems in [21, Theorem 3.6,
Theorem 3.11, Theorem 4.1] but applied to the symbol classes and function spaces we use.
We renounce to give the proofs as they can be obtained by minor changes in the arguments.

Theorem 1.6.5. [21] For any P “ ppx,Dq P prΨm
rg and u P GL2 we have

Wscpppx,Dquq Ď Wscpuq X µsuppgppq.

Moreover, we have the following theorem.

Theorem 1.6.6. [21] For u P GL2pRnq we have

WFgpuq “ Wscpuq “ X
PPprΨ0

PuPG8

L2

CharpP q.
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The proof of this theorem follows the same lines as in [21, Theorem 3.9] but with slight
changes. For completeness we give the proof.

Proof. We first show that if px0, ξ0q R WFgpuq then px0, ξ0q R Wscpuq. So, suppose that
(1.6.1) holds. By [21, Remark 3.5] there exists ppξq P S0pRn ˆ Rnq such that suppppq Ď Γ,
p “ 1 in a conic neighborhood Γ1 of ξ0, |ξ| ě 1. Taking a typical proper cut-off χ one can
write the properly supported pseudodifferential operator with amplitude χpx, yqppξqϕpyq

in the form σpx,Dq P prΨ0
scpR

nq such that σpx,Dqv ´ ppDqpϕvq P G8
L2pRnq for all v P GL2 .

Then
ppDqϕpx,Dqu “

„ˆ
ż

Γ
eixξppξqyϕuεpξqd̄ξ

˙

ε

ȷ

P G8
L2

Since σpx,Dqu´ ppDqϕu P G8
L2 it follows that σpx,Dqu P G8

L2 and hence px0, ξ0q R Wscpuq.

To show the converse assume that px0, ξ0q R Wscpuq. Then there exists an open neighbor-
hood U of x0 such that px, ξ0q P Wscpuqc for all x P U . We choose ϕ P C8

c pUq and define
the closed conic set Σ1 by

Σ1 :“ tξ P Rnz0 | Dx P Rn : px, ξq P Wscpϕuqu.

By Theorem 1.6.5 we obtain Wscpϕuq Ď Wscpuq X psupppϕq ˆ Rnq. Since there is a p P

S0pRnˆRnq, 0 ď p ď 1 such that p “ 1 in a conic neighborhood Γ1 of ξ0, |ξ| ě 1 and ppξq “ 0
in a conic neighborhood Σ1

0 of Σ1 we get that µsuppppq Ď Rn ˆ Σ1
0 and Wscpϕuq Ď Rn ˆ Σ1.

Therefore WscpppDqϕuq Ď Wscpϕuq X µsuppppq “ ∅. Hence ppDqϕu P G8
L2 and

ż

eixξppξqyϕuεpξqd̄ξ “ pϕuε ˚ qpq pxq P M8
H8 .

Since qp is a Schwartz function outside the origin we distinguish between two cases. First,
assume that distpx, supppϕqq ą δ for some δ ą 0. Then we have that Bαpϕuε ˚ qpqpxq “
ş

|y|ąδ ϕuεpx´ yqBαqppyq dy and therefore for every l ě 0:

xxyl|Bαpϕuε ˚ p̌qpxq| ď c

ż

|y|ěδ
|ϕuεpx´ yq|xx´ yylxyyl|Bαqppyq| dy ď

ď c

ż

supppϕq

|ϕuεpzq|xzyl ď

ď c∥ϕpzqxzyl∥L2psupppϕqq∥uε∥L2psupppϕqq

where in the last inequality we used the Hölder inequality. Note that there is an N P N

such that for every l ě 0 and every α P Nn the last expression is uniformly bounded by
Opε´N q as ε Ñ 0.
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Therefore we have: DN P N,@l ě 0,@α P Nn

∥xxylBαpϕuε ˚ qpqpxq∥L2ptx:distpx,supppϕqqąδuq “

“ Opε´N q∥xxylBαpϕuε ˚ qpqpxq∥L8ptx:distpx,supppϕqqąδuq

ż

xxy´n´1 dx “

“ Opε´2N q as ε Ñ 0.

Next, consider the compact set distpx, supppϕqq ď δ. Since pϕuε ˚ qpqpxq P M8
H8 we obtain

DN P N,@l ě 0,@α P Nn:

∥xxylBαpϕuε ˚ qpqpxq∥L2ptx:distpx,supppϕqqďδuq “ Opε´2N q

as ε Ñ 0.

Putting this together we get DN P N,@α P Nn, so that

∥Bαpϕuε ˚ qpqpxq∥L2pRnq “ Opε´N q as ε Ñ 0.

Taking the Fourier transform we obtain that DN P N,@α P Nn

∥xξy|α|pϕuε ˚ qpqppξq∥L2pRnq “ Opε´N q as ε Ñ 0.

Hence
∥xξy|α|ppξqyϕuεpξq∥L2pRnq “ Opε´N q as ε Ñ 0.

In particular, since ppξq “ 1 in a neighborhood Γ of ξ0, |ξ| ě 1, we get: DN P N,@α P Nn

∥xξy|α|
yϕuεpξq∥L2pΓq “ Opε´N q as ε Ñ 0,

as desired. □

Theorem 1.6.7. [21] Let P “ ppx,Dq P prΨm
sc and u P GL2. Then

WFgpPuq Ď WFgpuq Ď WFgpPuq Y Ellscppqc.

In particular, this relation holds for any P P prΨm
lsc.
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1.7. Microlocal decomposition of the wave equation

1.7 Microlocal decomposition of the wave equation

The purpose of this section is to establish a microlocal diagonalization of the operator L.
In what follows, we will restrict our analysis to the following subset Iθ2 of the phase space

Iθ2 :“ tpt, x, z, τ, ξ; ζq P T ˚Rn`1z0 | px, z, τ, ξq P I 1
θ2 , |ζ| ă C|τ |u,

assuming that WFgpUq Ď Iθ2 (cf. [51]). Recall that if LU “ 0, then by Sections 1.4 and
1.6 we have that WFgpUq Ď EllscpLqc “ ElllscpLqc “ Σ. The inequality |ζ| ď 1

c˚ px, zq|τ | on
Σ implies |ζ| ď c´1

0 |τ | on Σ and explains the inequality |ζ| ă C|τ | in the definition of Iθ2 .
The microlocal diagonalization will then be stated on the set Iθ2 .

In order to decompose LU “ F microlocally on Iθ2 into a system of two first-order com-
ponents, we will consider pu`, u´q that are obtained from pU, 1

ρBzUq by a logarithmic slow
scale elliptic 2ˆ2 pseudodifferential operator matrix Q “ Qpx, z,Dt, Dxq, i.e. there ex-
ists P “ P px, z,Dt, Dxq the generalized parametrix such that PQ “ QP “ I modulo an
operator with symbol in S´8

lsc . Then, with the change of variables
ˆ

u`

u´

˙

:“ Q´1
ˆ

U
1
ρBzU

˙

,

ˆ

f`

f´

˙

:“ Q´1
ˆ

0
F

˙

(1.7.1)

we search for an equivalent model to the equation

LU “ F microlocally on Iθ2

with U,F P GL2pRn`1q in terms of two first-order generalized pseudodifferential equations
of the form

`

Bz ´ iB`px, z,Dt, Dxq
˘

u` “ f` microlocally on Iθ2
`

Bz ´ iB´px, z,Dt, Dxq
˘

u´ “ f´ microlocally on Iθ2

(1.7.2)

where u˘, f˘ P GL2pRn`1q and B˘ “ B˘px, z,Dt, Dxq are logarithmic slow scale pseudodif-
ferential operators of order one. Note that the operators B˘ are acting in pt, xq and depend
on the parameter z. Moreover, we will show that there is a choice of the normalization Q
of the wave field such that the operators B˘ become self-adjoint.

We start by rewriting the homogeneous equation LU “ 0 in GL2 into a first-order system
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with evolution parameter z:

„

IBz ´

¨

˝

0 ρ

´Aρ 0

˛

‚

ȷ

¨

˝

U

1
ρBzU

˛

‚“ 0⃗ (1.7.3)

with U P GL2pRn`1q, I the 2ˆ2 identity matrix and

Aρ “ Aρpx, z,Dt, Dxq “ ´
1
ρ

1
c2 B2

t `

n´1
ÿ

j“1
Bxj

1
ρ

Bxj .

Notice that Aρ is a logarithmic slow scale elliptic pseudodifferential operator of order two
on I 1

θ2
. For brevity, we will drop the identity matrix I in equation (1.7.3) in the following.

Lemma 1.7.1. For suitable chosen Q and B˘ we can write

P

„

Bz ´

¨

˝

0 ρ

´Aρ 0

˛

‚

ȷ

Q “ Bz ´

¨

˝

iB` 0

0 iB´

˛

‚`R (1.7.4)

where R “ Rpx, z,Dt, Dxq is a 2ˆ2 pseudodifferential operator matrix with entries in rS1
lsc

and that are of order ´8 on I 1
θ2

.

For the proof we introduce the following notation. Let R be a pseudodifferential operator
valued 2ˆ2 error-matrix with entries of the form

2
ÿ

j“1
Rjpx, z,Dt, DxqB2´j

z (1.7.5)

and the symbol of Rj “ Rjpx, z,Dt, Dxq is in rS´8
lsc , j “ 1, 2. In the following we will

sometimes write Ψ´8
1,lsc to denote an operator of the form (1.7.5). Similarly we will write

Ψ´8
2,lsc for an operator of the form

2
ÿ

j“0
Rjpx, z,Dt, DxqB2´j

z

with Rj “ Rjpx, z,Dt, Dxq having symbols in rS´8
lsc for j “ 0, 1, 2.

Proof. We will now search for appropriate choices of the operators P,Q,R and B˘, where
Q,P,R are as above and B˘ as already indicated in (1.7.1) and (1.7.2) such that equation
(1.7.4) holds on I 1

θ2
, i.e. R is of order ´8 on I 1

θ2
.
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To start with, we set P “

¨

˝

P11 P12

P21 P22

˛

‚. We first apply the left-hand side of (1.7.4) to

P

¨

˝

1
1
ρBz

˛

‚and obtain

P

¨

˝

Bz ´ρ

Aρ Bz

˛

‚QP

¨

˝

1
1
ρBz

˛

‚“

¨

˝

P12pBz
1
ρBz `Aρq ` Sp1,`q

P22pBz
1
ρBz `Aρq ` Sp1,´q

˛

‚ (1.7.6)

on I 1
θ2

, with Sp1,˘q in Ψ´8
2,lsc on I 1

θ2
. Similarly, we compute for the right-hand side

„

¨

˝

Bz´ iB` 0

0 Bz´ iB´

˛

‚`R

ȷ

P

¨

˝

1
1
ρBz

˛

‚“

¨

˝

pBz ´ iB`qpP12
1
ρBz ` P11q ` Sp2,`q

pBz´ iB´qpP22
1
ρBz ` P21q ` Sp2,´q

˛

‚ on I 1
θ2

(1.7.7)
where Sp2,˘q P Ψ´8

2,lsc on I 1
θ2

. Summarizing this, allows us to write

P12pBz
1
ρBz `Aρq “ pBz ´ iB`qpP12

1
ρBz ` P11q `

2
ÿ

j“0
R

p`q

j B2´j
z

P22pBz
1
ρBz `Aρq “ pBz ´ iB´qpP22

1
ρBz ` P21q `

2
ÿ

j“0
R

p´q

j B2´j
z

on I 1
θ2

where Rp˘q

j “ R
p˘q

j px, z,Dt, Dxq have symbols in rS´8
lsc on I 1

θ2
, j “ 0, 1, 2.

Otherwise, in view of Theorem 1.5.2, the operator L “ Bz
1
ρBz ` Aρ can be written in the

following form

L “
`

Bz `A11
˘1
ρ

`

Bz `A21
˘

`

2
ÿ

j“1
R

p8q

j,1 B2´j
z on I 1

θ2 (1.7.8)

with the symbols of Aj1 “ Aj1px, z,Dt, Dxq in rS1
lsc on I 1

θ2
, j “ 1, 2. Here, the repre-

sentatives of A11 and ´A21 have the same principal symbol equal to ´ip
?
aεqε, where

aε :“ τ2

c2
εpx,zq

´ |ξ|2 is the principal symbol of ρεAρ,ε. Also, we obtain

L “
`

Bz `A12
˘1
ρ

`

Bz `A22
˘

`

2
ÿ

j“1
R

p8q

j,2 B2´j
z on I 1

θ2 (1.7.9)

where the symbols of Aj2 “ Aj2px, z,Dt, Dxq are in rS1
lsc on I 1

θ2
, j “ 1, 2. At this point,
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the representatives of A12 and ´A22 have the same principal symbol equal to ip
?
aεqε.

Expansion of the right-hand side of (1.7.8), respectively (1.7.9), results in

Bz
1
ρ

Bz `Aρ “ Bz
1
ρ

Bz `
`

A1k
1
ρ

`
1
ρ
A2k

˘

Bz ` Bz
`1
ρ
A2k

˘

`A1k
1
ρ
A2k `

2
ÿ

j“1
R

p8q

j,k B2´j
z

on I 1
θ2

, k “ 1, 2. Equating coefficients gives A2k “ ´ρA1k
1
ρ modulo an operator rS´8

lsc on
I 1
θ2

, k “ 1, 2. Using this, equations (1.7.8) and (1.7.9) now read

Bz
1
ρ

Bz `Aρ“
`

Bz `A11
˘`1
ρ

Bz ´A11
1
ρ

˘

pmod Ψ´8
1,lscq (1.7.8’)

“
`

Bz `A12
˘`1
ρ

Bz ´A12
1
ρ

˘

pmod Ψ´8
1,lscq (1.7.9’)

on I 1
θ2

. At this point we choose P12 and P22 such that the requirements of Theorem 1.4.16
are satisfied on I 1

θ2
and we denote by P´1

12 and P´1
22 the corresponding parametrices. In-

serting P´1
12 P12 into (1.7.8’) and P´1

22 P22 into (1.7.9’) yields

Bz
1
ρ

Bz `Aρ “
`

Bz `A11
˘

P´1
12

`

P12
1
ρ

Bz ´ P12A11
1
ρ

˘

pmod Ψ´8
2,lscq

“
`

Bz `A12
˘

P´1
22

`

P22
1
ρ

Bz ´ P22A12
1
ρ

˘

pmod Ψ´8
2,lscq.

on I 1
θ2

. We define

´iB` :“ P12A11P
´1
12 ` P12Bz

`

P´1
12

˘

on I 1
θ2

´iB´ :“ P22A12P
´1
22 ` P22Bz

`

P´1
22

˘

on I 1
θ2

(1.7.10)

to denote the uniquely determined solutions to
`

Bz `A11
˘

P´1
12 “ P´1

12
`

Bz ´ iB`

˘

`

Bz `A12
˘

P´1
22 “ P´1

22
`

Bz ´ iB´

˘

,

modulo logarithmic slow scale smoothing operators on I 1
θ2

. Consequently, B˘ are operators
with symbols in rS1

lsc on I 1
θ2

with real principal symbols. Note that B˘ are only prescribed
on I 1

θ2
. Thus

Bz
1
ρ

Bz `Aρ “ P´1
12

`

Bz ´ iB`

˘`

P12
1
ρ

Bz ´ P12A11
1
ρ

˘

pmod Ψ´8
2,lscq

“ P´1
22

`

Bz ´ iB´

˘`

P22
1
ρ

Bz ´ P22A12
1
ρ

˘

pmod Ψ´8
2,lscq
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on I 1
θ2

. Further, if we choose for P from above P11 :“ ´P12A11
1
ρ and P21 :“ ´P22A12

1
ρ we

obtain

P “

¨

˝

´P12A11
1
ρ P12

´P22A12
1
ρ P22

˛

‚“

¨

˝

P12 0

0 P22

˛

‚

¨

˝

´A11
1
ρ 1

´A12
1
ρ 1

˛

‚ on I 1
θ2 (1.7.11)

where P12 and P22 are logarithmic slow scale elliptic pseudodifferential operators (in the
sense of Theorem 1.4.16) on I 1

θ2
.

Since the principal symbol of A11 is ´ip
?
aεqε and the principal symbol of A12 is ip ?

aεqε,
it follows that P is logarithmic slow scale elliptic (in the above sense) whenever P12 and
P22 satisfy the requirements of Theorem 1.4.16. Furthermore, the approximative inverse
matrix Q of P is given by

Q “

¨

˝

´C C

´A12
1
ρC 1 `A12

1
ρC

˛

‚

¨

˝

P´1
12 0

0 P´1
22

˛

‚ on I 1
θ2

where C is the generalized parametrix of A11
1
ρ ´ A12

1
ρ in the sense of Theorem 1.4.16.

We have therefore found appropriate operator-valued matrices P,Q,R and operators B˘

solving (1.7.4) on I 1
θ2

.

Outside I 1
θ2

, we choose P logarithmic slow scale elliptic and of the same order as in (1.7.11)
on I 1

θ2
. Then Lemma 1.7.1 is satisfied also on the complement of I 1

θ2
. □

We note that the derived one-way wave equations are not unique. Only the principal symbol
remains the same for any choice of P12 and P22. Recall that the principal symbol of the
operator B˘ is directly related to the generalized wave front set of the full wave equation.
In the smooth setting it turns out, that in order to also describe the wave amplitudes, the
subprincipal symbols of B˘ are needed (cf. [58], [44]).

Moreover, by (1.5.9), (1.5.10) and (1.7.10) the zeroth-order terms of B˘ also depend on the
partial derivatives with respect to z of the coefficients, i.e. Bzcεpx, zq and Bzρεpx, zq. In the
following, we will show that for an appropriate choice of the operator Q such zeroth-order
terms can be eliminated. In particular, we have the following result.
Lemma 1.7.2. Let Q, P , B˘ and R as in Lemma 1.7.1. Then there is a choice of Q such
that the operators B˘ become self-adjoint on I 1

θ2
. Moreover, the symbols of the operators

B˘ are of the form

b˘px, z, τ, ξq “ ˘

ˆ

b`
i

2b

n´1
ÿ

j“1

Bb

Bξj

Bb

Bxj

˙

` orderp´1q on I 1
θ2 . (1.7.12)
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Proof. In the following, we will restrict ourselves to the set I 1
θ2

and show that the operators
B˘ can be chosen self-adjoint there. The result follows by an argument used in [51].

We will tackle the problem by choosing generalized classical pseudodifferential operators
P12, P22 such that

Q´1 “ P “

¨

˝

1 0

0 ´1

˛

‚Q˚

¨

˝

0 ´i

i 0

˛

‚ (1.7.13)

is valid modulo a smoothing operator matrix and where Q˚ denotes the adjoint of Q. We
therefore explicitly compute the right hand side and obtain

¨

˝

1 0

0 ´1

˛

‚Q˚

¨

˝

0 ´i

i 0

˛

‚“

¨

˝

´ipP´1
12 q˚C˚ 1

ρA
˚
12 ipP´1

12 q˚C˚

´ipP´1
22 q˚ ´ ipP´1

22 q˚C˚ 1
ρA

˚
12 ipP´1

22 q˚C˚

˛

‚.

Then (1.7.13) is equivalent to the following two systems of equations
#

´P12A11
1
ρ “ ´ipP´1

12 q˚C˚ 1
ρA

˚
12

P12 “ ipP´1
12 q˚C˚

and
#

´P22A12
1
ρ “ ´ipP´1

22 q˚ ´ ipP´1
22 q˚C˚ 1

ρA
˚
12

P22 “ ipP´1
22 q˚C˚.

These systems are equivalent to solving the following equations

ipA11
1
ρ

´
1
ρ
A˚

11q “ P´1
12 pP´1

12 q˚ ´ipA12
1
ρ

´
1
ρ
A˚

12q “ P´1
22 pP´1

22 q˚

where we used the fact that 1
ρA

˚
11 ´ 1

ρA
˚
12 “ pC´1q˚ “ pC˚q´1.

As a next step, we will choose P´1
12 and P´1

22 equal to the self-adjoint square root of
ipA11

1
ρ ´ 1

ρA
˚
11q and ´ipA12

1
ρ ´ 1

ρA
˚
12q respectively. We show that P´1

12 can be chosen
in such a way. The result for P´1

22 follows by the same method. We first note that the
operator T :“ ipA11

1
ρ´ 1

ρA
˚
11q is self-adjoint. As we are searching for the square root, we are

interested in an asymptotic expansion X “
ř8
j“0X

pjq with Xpjq P Ψ1{2´j
lsc with X „ ˘T 1{2

in rS1
cl,lsc.

Therefore, let Xp0q
ε :“

`

pbε
1
ρε

q1{2 ` pbε
1
ρε

q1{2q˚
˘

{2 be self-adjoint in S
1{2
lsc where bε is the
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1.7. Microlocal decomposition of the wave equation

principal symbol of iA11,ε. Then

Xp0q2
ε “ Tε `Rp0q

ε with Rp0q
ε P S0

lsc.

Moreover, the remainder Rp0q
ε is self-adjoint. Suppose we have Xpjq

ε , j “ 0, . . . , N , such
that

N
ÿ

j“0
Xpjq
ε “ Tε `RpNq

ε (1.7.14)

with
`

R
pNq
ε

˘

ε
P S´N

lsc self-adjoint. Then with X
pN`1q
ε :“ ´ 1

2
?
bε{ρε

R
pNq
ε , XpN`1q

ε is self-
adjoint since bε{ρε is real-valued and (1.7.14) holds with N ` 1 instead of N .

We recall from (1.7.4) that

P

¨

˝

Bz ´ρ

Aρ Bz

˛

‚Q “ Bz ` P

¨

˝

0 ´ρ

Aρ 0

˛

‚Q` P
BQ

Bz
“ Bz ´ i

¨

˝

B` 0

0 B´

˛

‚`R.

Using (1.7.13) we obtain for the second term in the middle expression

P

¨

˝

0 ´ρ

Aρ 0

˛

‚Q “ ´

¨

˝

1 0

0 ´1

˛

‚

”

P

¨

˝

0 ´ρ

Aρ 0

˛

‚Q
ı˚

¨

˝

1 0

0 ´1

˛

‚.

Now this term is the sum of an anti-self-adjoint diagonal matrix and a self-adjoint off-
diagonal matrix. Also we have

P
BQ

Bz
“ ´

¨

˝

1 0

0 ´1

˛

‚

”

P
BQ

Bz

ı˚

¨

˝

1 0

0 ´1

˛

‚.

So this expression is again the sum of a self-adjoint off-diagonal part and an anti-self-adjoint
diagonal part.

Hence the operators ´iB˘ are anti-self-adjoint and therefore B˘ are self-adjoint.

It remains to show that B˘ have the form (1.7.12). In order to compute the zeroth order
term of B`, we need to incorporate the principal and the subprincipal symbol of P´1

12 . We
define the operator P´1

12 “ OPp
?

2a1{4
ρ ρ´1{4q `R1 of order 1{2 and the symbol of R1 is in
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rS
´1{2
lsc . Then the parametrix P12 has the following asymptotic expansion

P12,ε “ ψ
” 1

?
2
a´1{4
ρ,ε ρ1{4

ε ´
1
2R1,εa

´1{2
ρ,ε ρ1{2

ε `

`
1

?
2

´ i

8a
´3{2
ε

n´1
ÿ

j“1

Baε
Bxj

ξj ´
i

4
1
ρε
a´1{2
ε

n´1
ÿ

j“1

Bρε
Bxj

ξj

¯

ρ1{2
ε a´3{4

ε

ı

`

` orderp´5{2q.

where ψ is a cut-off function as in the proof of Theorem 1.4.16. We obtain

P12,ε
BP´1

12,ε
Bz

“
1
4

ˆ

Baρ,ε
Bz

1
aρ,ε

´
Bρε
Bz

1
ρε

˙

` orderp´1q

and after some calculation

P12,εA11,εP
´1
12,ε “ A11,ε ´

1
2

1
ρε
a´1{2
ε

n´1
ÿ

j“1

Bρε
Bxj

ξj ` orderp´1q.

Using (1.5.9) and (1.5.10) from Section 1.5 we get

´ib`,ε “ ´ibε `
1

2bε

n´1
ÿ

j“1

Bbε
Bξj

Bbε
Bxj

` orderp´1q

where bε :“ ?
aε. Similarly, if we write P´1

22 :“ OPp´
?

2a1{4
ρ ρ´1{4q `R2, R2 P rS

´1{2
lsc , then

one can show that

´ib´,ε “ ibε ´
1

2bε

n´1
ÿ

j“1

Bbε
Bξj

Bbε
Bxj

` orderp´1q.

So the proof is complete. □

Remark 1.7.3. We derived the decoupled system (1.7.2) by using the two different exact
factorizations of the full wave equation. Once factorized the equation, we were able to write
down the normalization matrix explicitly. As a result, we obtained the decomposition in
two first-order hyperbolic wave equations. Here, the factorizations were shown by induction
and we got a direct connection between the exact factorizations of the wave equation and
the decoupled first-order system.

This method is different to the one used in [51]. There, the first-order wave equations were
obtained by recursively defining a normalization matrix which diagonalizes the matrix in
(1.7.3) in the sense of (1.7.4). Moreover, no exact factorization of the wave equation is
directly used as input data.
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1.7. Microlocal decomposition of the wave equation

With this in mind, we are now in the position to state the following main theorem.

Theorem 1.7.4. Let L “ Bz
1
ρBz `Aρpx, z,Dt, Dxq and U,F P GL2pRn`1q. Then there are

first-order pseudodifferential operators B˘ and a globally elliptic pseudodiffential operator
matrix Q as in Lemma 1.7.1 such that the equation

LU ” F microlocally on Iθ2 (1.7.15)

holds if and only if

L0,˘u˘ :“
`

Bz ´ iB˘px, z,Dt, Dxq
˘

u˘ ” f˘ microlocally on Iθ2 (1.7.16)

where
¨

˝

u`

u´

˛

‚:“ Q´1

¨

˝

U

1
ρBzU

˛

‚,

¨

˝

f`

f´

˛

‚:“ Q´1

¨

˝

0

F

˛

‚.

Here the operators B˘ are as in (1.7.10) on I 1
θ2

and Q is as in (1.7.11) on I 1
θ2

. Moreover,
by Lemma 1.7.2 the matrix Q can be chosen in such a way that B˘ become self-adjoint on
I 1
θ2

.

Proof. We define a microlocal cut-off ψ “ ψpx, z,Dt, Dx, Dzq around ξ “ τ “ 0. In
particular let ψpx, z, τ, ξ, ζq be a homogeneous symbol of degree 0 in pτ, ξ, ζq outside a
compact set that satisfies

ψpx, z, τ, ξ, ζq “

#

0 |ζ| ą 3C|τ |

1 |ζ| ă 2C|τ |, |ζ| ą 1.

We note that ψ satisfies the requirements of [16, Theorem 18.1.35] since it vanishes if
|ζ| ą 3C|τ |.

So, given an operator W P Ψm
lsc on I 1

θ2
the operator given by ψW is in Ψm

lsc on Iθ2 by [31,
Theorem 18.1.35]. Also, the symbol of ψW is equal to the symbol of W modulo Ψ´8

lsc on
Iθ2 .

As already announced in Section 1.5, the operators Lj , j “ 1, 2 in (1.5.3) are not pseu-
dodifferential operators on Rn`1 (only in (t, x)). But, when applied to the cut-off function
ψ “ ψpx, z,Dt, Dx, Dzq, we see that ψLj equals Ljψ and Ljψ equals Lj modulo Ψ´8

lsc on
Iθ2 , j “ 1, 2.

We may regard (1.7.6) and (1.7.7) as microlocal equations on Iθ2 .
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Then LU ” F microlocally on Iθ2 if and only if

ψP

¨

˝

Bz ´ρ

Aρ Bz

˛

‚QP

¨

˝

U

1
ρBzU

˛

‚” P

¨

˝

Bz ´ρ

Aρ Bz

˛

‚

¨

˝

U

1
ρBzU

˛

‚ microlocally on Iθ2 ,

U P GL2pRn`1q. On the other hand we achieve

ψ

„

¨

˝

Bz´ iB` 0

0 Bz´ iB´

˛

‚`R

ȷ

P

¨

˝

U

1
ρBzU

˛

‚”

¨

˝

Bz´ iB` 0

0 Bz´ iB´

˛

‚P

¨

˝

U

1
ρBzU

˛

‚

microlocally on Iθ2 for U P GL2pRn`1q. Thus

P

¨

˝

Bz ´ρ

Aρ Bz

˛

‚

¨

˝

U

1
ρBzU

˛

‚”

¨

˝

Bz´ iB` 0

0 Bz´ iB´

˛

‚P

¨

˝

U

1
ρBzU

˛

‚

holds microlocally on Iθ2 . Therefore equation (1.7.15) is equivalent to

P

¨

˝

0

F

˛

‚”

¨

˝

Bz´ iB` 0

0 Bz´ iB´

˛

‚P

¨

˝

U

1
ρBzU

˛

‚ microlocally on Iθ2 .

□

1.8 Approximated first-order wave equations

One particular technique for wave modeling is the one-way wave equation which is often
used since it requires only one boundary condition, as it is a first-order evolution equation.
In the case that the background data is smooth, it also provides a way to propagate
in a predetermined direction ([43]). Our background data involves generalized functions
and due to the lack of an available theory connecting propagation of singularities with a
generalized Hamiltonian flow we need a substitute.

With view to Theorem 1.7.4, we now introduce approximated first-order equations to
(1.7.16) of the form

L˘u˘ :“ pBz ´ iB˘px, z,Dt, Dxq ` Cpx, z,Dt, Dxqqu˘ “ 0 z ą z0 (1.8.1)

where the operator C has a symbol pCεqε in S1
lsc and serves as a correction term which
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1.8. Approximated first-order wave equations

should suppress certain singularities of the solutions. In detail, we choose the principal
symbol c “ rpcεqεs of C such that

cεpx, z, τ, ξq “ 0 on I 1
θ1

cεpx, z, τ, ξq ě ηpτ2 ` |ξ|2q
1
2 outside I 1

θ2 .

for some positive constant η P R, all ε P p0, 1s and where 0 ă θ1 ă θ2 ă π{2. The
precise definition of the damping operator will be given in the subsection below. In this
case, the operator C is chosen logarithmic slow scale elliptic outside I 1

θ2
and therefore C is

also slow scale elliptic there. Without the operator C in (1.8.1) the operators L˘ reduce
to L0,˘ and are standard first-order hyperbolic operators on I 1

θ2
. In the region where c is

logarithmic slow scale elliptic the principal symbols of L˘ are logarithmic slow scale elliptic
and therefore c leads to a suppression of singularities of the solutions to L˘u˘ “ 0, z ą z0.
In detail, we have for the singularities of the solutions to L˘u˘ “ 0 z ą z0 that

WFgpu˘q Ď WFgpL˘u˘q Y EllclscpL˘q Ď

Ď EllclscpL0,˘q X EllclscpCq Ď

Ď tpt, x, z, τ, ξ; ζq P T ˚Rn`1z0 | px, z, τ, ξq P I 1
θ2 , |ζ| ă C|τ |u z ą z0

since L˘u˘ “ 0 for z ą z0. So, C suppresses singularities outside I 1
θ2

. Moreover, having
solutions u˘ to L˘u˘ “ 0, z ą z0 with initial conditions u˘pz0q “ u˘,0 then they are
also approximations to L0,˘u˘ ” 0 microlocally on Iθ1 for z ą z0 with the same initial
conditions. This can be seen by

WFgpL˘u˘ ´ L0,˘u˘q “ WFgpCu˘q Ď WFgpu˘q X µsuppgpCq z ą z0

where µsuppgpCq Ď I 1c
θ1

and therefore

WFgpL˘u˘ ´ L0,˘u˘q X Iθ1 “ ∅ z ą z0.

We conclude that L˘u˘ ” L0,˘u˘ microlocally on Iθ1 , z ą z0. Then

ψ

¨

˝

Bz´ iB` 0

0 Bz´ iB´

˛

‚

¨

˝

u`

u´

˛

‚” 0⃗ microlocally on Iθ1 , z ą z0

and by the proof of Theorem 1.7.4 this is equivalent to

ψ

„

P

¨

˝

Bz ´ρ

Aρ Bz

˛

‚Q´R

ȷ

¨

˝

u`

u´

˛

‚” 0⃗ microlocally on Iθ1 , z ą z0. (1.8.2)
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Since the entries of the pseudodifferential matrix R are operators with symbol in S´8
lsc on

I 1
θ2

, we have

R

¨

˝

u`

u´

˛

‚” 0⃗ microlocally on Iθ1 , z ą z0.

We now define U being microlocally equivalent to Q`u` ` Q´u´ on Iθ1 , z ą z0 where we
have set Q` :“ Q11 and Q´ :“ Q12, i.e.

U :“ Q`u` `Q´u´ ` rf

for some rf ” 0 microlocally on Iθ1 , z ą z0. Then
¨

˝

U

1
ρBzU

˛

‚” Q

¨

˝

u`

u´

˛

‚ microlocally on Iθ1 , z ą z0

since u` ” Q`u` ” Q21u` and u´ ” Q´u´ ” Q22u´ microlocally on Iθ1 , z ą z0. Hence
(1.8.2) holds if and only if

ψP

¨

˝

Bz ´ρ

Aρ Bz

˛

‚

¨

˝

U

1
ρBzU

˛

‚” 0⃗ microlocally on Iθ1 , z ą z0

which means that LU ” 0 microlocally on Iθ1 , z ą z0.

In summary, we get the following. If the functions u˘ solve the problems

L˘u˘ “ 0 on pz0, Zq ˆ Rn (1.8.3)
u˘pz0q “ u˘,0 on Rn (1.8.4)

then U :“ Q`u` `Q´u´ ` rf for some rf ” 0 microlocally on Iθ1 , z P pz0, Zq solves

LU ” 0 microlocally on Iθ1 , z P pz0, Zq.

1.8.1 Requirements on the damping operator

We now give sufficient conditions on the damping operator C for the operators L˘ such
that the Cauchy problems in (1.8.3)-(1.8.4) are well-posed (cf. [51, 52]). The well-posedness
will be the content of the next section.
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1.9. Well-posedness of the approximated first-order equations

We define the principal symbol of c of C by

cεpx, z, τ, ξq :“ ωpx, z, τ, ξqp1 ´ χεpx, z, τ, ξqq

with χε as in Subsection 1.5.1 and ω is a smooth symbol homogeneous of degree 1 in pτ, ξq

and bounded below by some constant times pτ2 `|ξ|2q1{2. Then pcεqε P S1
lscpR

nˆRnq. Now,
since cεpx, z, τ, ξq is real-valued and homogeneous of degree one, there exists a self-adjoint
symbol pCεqε P S1

lscpR
n ˆ Rnq with principal symbol equal to cε. This can easily seen by

the following.

Defining
Cε :“ cε ` c˚

ε

2 ,

then Cε is the self-adjoint symbol as desired (cf. next section).

In the following, we will work with such a self-adjoint damping operator Cε “ C
p0q
ε ` C

p1q
ε

of order one with parameter z and pC
pkq
ε qε P S1´k

cl,lsc (k “ 0, 1). We set Cp0q
ε :“ cε and get

|B
β
px,zq

Bαpτ,ξqC
pkq
ε px, z, τ, ξq| ď Cωεp1 ` |pτ, ξq|q1´k´|α| ď

ď Cωεp1 ` |pτ, ξq|q´|α|´k`
|α|`|β|

L p1 ` cεpx, z, τ, ξqq1´
|α|`|β|

L

on the support of Cp0q
ε “ cε since we have 1 ` cεpx, z, τ, ξq ě 1 ` ηpτ2 ` |ξ|2q1{2 there. We

thus get,

@α, β P Nn @L ą |α| ` |β| ` 2k Dωε P Πlsc DC ą 0 Dη P p0, 1s :

|B
β
px,zq

Bαpτ,ξqC
pkq
ε px, z, τ, ξq| ď Cωεp1 ` |pτ, ξq|q´|α|´k`

|α|`|β|

L p1 ` cεpx, z, τ, ξqq1´
|α|`|β|

L

for all ε P p0, ηs, k “ 0, 1.

1.9 Well-posedness of the approximated first-order equa-
tions

In this section we will mainly follow the ideas made in [52] and show the well-posedness
of the Cauchy problems (1.8.3)-(1.8.4). To avoid an overkill through parameters, we will
reduce the problem (1.8.3)-(1.8.4) and show well-posedness for the following generalized
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Cauchy problem

Pu :“ pBz ´ iApz, x,Dxq `Bpz, x,Dxqqu “ f on p0, Zq ˆ Rn (1.9.1)
up0, .q “ u0 on Rn. (1.9.2)

where u “ upz, xq P GL2pRn`1q and f “ fpz, xq P GL2pRn`1q under the following assump-
tions:

(i) A is a generalized pseudodifferential operator with symbol in rS1
lscpR

n`1 ˆ Rnq.

(ii) B is a generalized pseudodifferential operator of order γ ą 0 with non-negative real
homogeneous principal symbol b “ Bp0q “ Bp0qpz, x, ξq, i.e. b is homogeneous for
|ξ| ě 1 and in rS´8

lsc for |ξ| ď 1.

(iii) Moreover, there are representatives pB
p0q
ε qε and pB

p1q
ε qε of Bp0q and Bp1q :“ B ´Bp0q

respectively such that the derivatives of pB
p0q
ε qε and pB

p1q
ε qε can be estimated as

follows: @α P Nn, @β P Nn`1, Dω0,ε, ω1,ε P Πlsc such that

|B
β
px,zq

Bαξ B
p0q
ε px, z, ξq| “ Opω0,εqp1 ` |ξ|q´|α|`

|α|`|β|

L
γp1 `Bp0q

ε px, z, ξqq1´
|α|`|β|

L

for |α| ` |β| ă L as ε Ñ 0 and

|B
β
px,zq

Bαξ B
p1q
ε px, z, ξq| “ Opω1,εqp1 ` |ξ|q´|α|´1`

|α|`|β|`2
L

γp1 `Bp0q
ε px, z, ξqq1´

|α|`|β|`2
L

for 2 ` |α| ` |β| ă L as ε Ñ 0.

Remark 1.9.1. In this section we construct a square root for the operator 1`B modulo a
smoothing operator with symbol in rS´8

lsc pRn`1 ˆRnq. Using this square root we show that
the Cauchy problem (1.9.1)-(1.9.2) has a unique solution that satisfies an energy estimate.

Lemma 1.9.2. Assume that Bpz, x,Dxq is a self-adjoint generalized pseudodifferential
operator with symbol in rSγlscpR

n`1 ˆRnq, γ ą 0, that satisfies (ii), (iii) and 2γ ă L. Then,
there exists Qpz, x,Dxq P Ψγ{2

1´
γ
L
, γ

L
,lsc

pRnq with BjzQpz, x,Dxq P Ψγ{2´jγ{L
1´

γ
L
, γ

L
,lsc

pRnq such that Q
is self-adjoint and Q2 “ 1 ` B ` R where R is a generalized pseudodifferential operator
with symbol in rS´8

lsc pRn`1 ˆ Rnq.

Remark 1.9.3. In the proof we will make use of the following fact.

Let f : r0,8s Ñ R be a classical symbol of order δ, i.e. @k P N, DCk ą 0 such that
|f pkqpyq| ď Ckp1 ` yqδ´k, then f ˝Bp0q is a symbol in rS

γmaxpδ,0q

1´
γ
L
, γ

L
,lsc

.
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1.9. Well-posedness of the approximated first-order equations

First note that |fpBp0qq| ď Cp1 `Bp0qqδ ď Cωεp1 ` |ξ|qγmaxpδ,0q.

So let pα, βq ‰ 0⃗. Using Faà di Bruno’s formula, we get that the expression B
β
px,zq

Bαξ fpBp0qq

is a sum of terms of the form

cf pkqpBp0qq

k
ź

j“1
B
βj

px,zq
B
αj

ξ B
p0q (1.9.3)

for some constant c and such that
ř

j αj “ α,
ř

j βj “ β and pαj , βjq ‰ 0. Since Bp0q

satisfies (iii) one can estimate the expression in (1.9.3) by

Cωεp1 ` |ξ|q´|α|`
|α|`|β|

L
γp1 `Bp0qqδ´

|α|`|β|

L ď Cωεp1 ` |ξ|qγmaxpδ,0q´|α|`
|α|`|β|

L
γ

where the constant C ą 0 and the logarithmic slow scale net ωε depend on α and β.

Proof. The proof of Lemma 1.9.2 follows the same lines as in [52, Lemma 3]. □

In order to get the energy estimates, we will adapt a version of the sharp Gårding inequality
of Hörmander as stated in [31, Theorem 18.1.14].

Lemma 1.9.4 (Sharp Gårding inequality). Suppose that a P rS1
lscpR

n ˆ Rnq has a repre-
sentative paεqε such that Dη P p0, 1s

Re aεpx, ξq ě 0 @ε P p0, ηs.

Then there exists a logarithmic slow scale net pωεqε P Πlsc and a constant C ą 0 such that

Repaεpx,Dxqu, uq ě ´Cωε∥u∥2
L2 (1.9.4)

for all u P S pRnq and ε P p0, ηs.

The proof follows the same lines as in [31, Theorem 18.1.14]. We only give some supple-
mentary explanations.

Proof. Let r P rS0
lsc and prεqε P r be a representative. Then, there exist a logarithmic slow

scale net pωεqε P Πlsc, a constant C ą 0 and an η P p0, 1s such that

|prεpx,Dqu, uq| ď Cωε∥u∥2
L2 ε P p0, ηs

and
Reprεpx,Dqu, uq ě ´Cωε∥u∥2

L2 ε P p0, ηs
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Now let paεqε P S1
lsc and write

aε “ Re aε ` i Im aε “
aε ` a˚

ε

2 `
aε ´ a˚

ε

2 .

Then, since the second term on the right side is anti-self-adjoint it follows that

Re
´aε ´ a˚

ε

2 u, u
¯

“ 0.

Moreover, since
Repaεq ´

aε ` a˚
ε

2 P S0
lsc

it suffices to show (1.9.4) with a replaced by Re a.

As a next step, we let ϕ P C8
0 pR2nq be an even function with L2-norm equal to 1. Also we

define ψ P S by ψpx,Dq :“ ϕpx,Dq˚ϕpx,Dq. Then, ψ is even and
ť

ψpy, ηq dy dη “ 1.

The aim is to write aε as a superposition of two terms a1,ε and a0,ε where a1,ε is of the
form

a1,εpx, ξq :“
ĳ

ψppx´ yqqpηq, pξ ´ ηq{qpηqqaεpy, ηq dy dη ε P p0, 1s

with qpηq “ p1 ` |η|2q1{4. Then, one can show that there exists an η P p0, 1s such that

pa1,εpx,Dqu, uq ě 0 u P S , ε P p0, ηs

and Dα
ξD

β
xa0,εpx, ξq “ Dα

ξD
β
xpaεpx, ξq ´ a1,εpx, ξqq is a finite sum of terms

b0,εpx, ξq “

ĳ

ψ1ppx´ yqqpηq, pξ ´ ηq{qpηqqbεpy, ηq dy dη ´

´ bεpx, ξq

ĳ

ψ1py, ηq dy dη ε P p0, 1s

where ψ1 P S is even and pbεqε P S
1´|α|

lsc . Then, by the same arguments as in [31, Theorem
18.1.14], one can show that if pbεqε P Sµlsc then there exists a logarithmic slow scale net
pωεqε such that |b0,εpx, ξq| “ Opωεqp1 ` |ξ|qµ´1 as ε Ñ 0. This finishes the proof. □

Remark 1.9.5. Suppose that r P rS0
lsc. Then there exist a representative prεqε P r, a

logarithmic slow scale net pω1,εqε P Πlsc, a constant C1 ą 0 and an η1 P p0, 1s such that
|rεpx, ξq| ď C1ω1,ε for all ε P p0, η1s. Hence, the symbol prεpx, ξq ` C1ω1,εqε satisfies the
requirements of Theorem 1.9.4, i.e.

Reprεpx, ξq ` C1ω1,εq ě 0 ε P p0, η1s.
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1.9. Well-posedness of the approximated first-order equations

We therefore can conclude that there exist pω2,εqε P Πlsc, a constant C2 ą 0 and an
η2 P p0, 1s such that for any u P S and ε P p0, η2s we have

Repprεpx,Dxq ` C1ω1,εqu, uq ě ´C2ω2,ε∥u∥2
L2

which is equivalent to the following

DC ą 0 Dpωεqε P Πlsc : Reprεpx,Dxqu, uq ě ´Cωε∥u∥2
L2

for all u P S and ε small enough.

Concerning the well-posedness of the Cauchy problem (1.9.1)-(1.9.2), we will first show the
following energy estimate as shown in [52] and [31]. With obvious slight changes in the
proofs one can show that there is also an energy estimate when the symbols depend on ε.

Lemma 1.9.6. Let A and B satisfy piq, piiq, piiiq with 2γ ă L. If s P R and pλεqε P Πlsc

is generalized real and larger than some logarithmic slow scale net depending on s, then
for every u P C1pr0, Zs;Hsq X C0pr0, Zs;Hs`γ̂q with γ̂ :“ maxpγ, 1q and every p P r1,8s we
have:

´1
2

ż Z

0
∥e´λεzupz, .q∥pHsλε dz

¯
1
p

ď ∥up0, .q∥Hs ` 2
ż Z

0
e´λεz∥Pεupz, .q∥Hs dz (1.9.5)

with the interpretation of the maximum when p “ 8.

Proof. Let pAεqε be a representative of A. Since the principal symbol of A is real-valued,
we have that

Rep´iAεpx, z, ξqq ě ´C1ω1,ε

for some constant C1 ą 0 and some pω1,εqε P Πlsc, for all ε sufficiently small. Using the
sharp Gårding inequality we obtain

Dpω2,εqε P Πlsc DC2 ą 0 Dη2 P p0, 1s :
Rep´iAεpx, z,Dxqv, vq ě ´C2ω2,ε∥v∥2

L2 v P H1 (1.9.6)

for z P r0, Zs, ε P p0, η2s.

Note that by Remark 1.9.5 the property (1.9.6) is invariant under zeroth-order perturba-
tions of ´iAεpx, z,Dxq. Now using Lemma 1.9.2 we can write Bε “ Q2

ε ´ 1 ´Rε for some
self-adjoint pQεqε P S

γ{2
1´

γ
L
, γ

L
,lsc

pRn`1 ˆRnq and some pRεqε P S´8
lsc pRn`1 ˆRnq. We therefore
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obtain that there exist pωεqε P Πlsc, C ą 0 and η P p0, 1s such that

Repp´iAε `Bεqpx, z,Dxqv, vq “ Repp´iAε ´ 1 ´Rεqpx, z,Dxqv, vq ` pQ2
εv, vq “

“ Repp´iAε ´ 1 ´Rεqpx, z,Dxqv, vq ` pQεv,Qεvq ě

ě ´Cωε∥v∥2
L2 v P H γ̂ (1.9.7)

for any z P r0, Zs and ε P p0, ηs.

We first consider the corresponding L2-energy estimates, i.e. s “ 0. Therefore, set fε :“
Bzu´ piAε ´Bεqpx, z,Dxqu. Then, taking the scalar products with respect to z we

B

Bz
e´2λεz∥upzq∥2

L2 “ ´2λεe´2λεz∥upzq∥2
L2 ` e´2λεz2 Re

` B

Bz
upzq, upzq

˘

and hence

2 Repfεpzq, upzqqe´2λεz “

“
B

Bz
e´2λεz∥upzq∥2

L2 ` 2 Re
´

`

p´iAε `Bεqpx, z,Dxq ` λε
˘

upzq, upzq

¯

e´2λεz

ě
B

Bz
e´2λεz∥upzq∥2

L2

under the requirement that pλεqε P Πlsc with λε ě Cωε, where C and ωε are as in (1.9.7).
Integration from 0 to z, z̄ ď z ď Z then gives

e´2λεz∥upzq∥2
L2 ´ ∥up0q∥2

L2 ď 2
ż z

0
e´λεz̄∥fεpz̄q∥L2e´λεz̄∥upz̄q∥L2 dz̄.

Setting
Mεpzq :“ sup

0ďz̄ďz
e´λεz̄∥upz̄q∥L2

we get
Mεpzq2 ď ∥up0q∥2

L2 ` 2Mεpzq

ż z

0
e´λεz̄∥fεpz̄q∥L2 dz̄.

Hence
´

Mεpzq ´

ż z

0
e´λεz̄∥fεpz̄q∥L2 dz̄

¯2
ď

´

∥up0q∥L2 `

ż z

0
e´λεz̄∥fεpz̄q∥L2 dz̄

¯2

which yields
e´λεz∥upzq∥L2 ď ∥up0q∥L2 ` 2

ż z

0
e´λεz̄∥fεpz̄q∥L2 dz̄ (1.9.8)

for all pλεqε P Πlsc with λε ě Cωε. In (1.9.8) we set λε “ Cωε and multiply the obtained
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1.9. Well-posedness of the approximated first-order equations

result by the factor epCωε´λεqz. Then

e´λεz∥upzq∥L2 ď epCωε´λεqz∥up0q∥L2 ` 2
ż z

0
e´λεz̄∥fεpz̄q∥L2epCωε´λεqpz´z̄q dz̄.

If we choose pλεqε P Πlsc with λε ą 2Cωε, then Cωε ´ λε ď ´λε
2 and hence

e´λεz∥upzq∥L2 ď e´
λε
2 z∥up0q∥L2 ` 2

ż z

0
e´λεz̄∥fεpz̄q∥L2e´

λε
2 pz´z̄q dz̄. (1.9.9)

This shows the desired energy estimate in the case that p “ 8. For 1 ď p ă 8 we observe
for the Lp-norm of the first term on the right-hand side of (1.9.9):

ż Z

0
e´

λε
2 pz dz “

2
λεp

´

1 ´ e´
λε
2 pZ

¯

ď
2
λεp

.

So,

∥e´
λε
2 z∥up0q∥L2∥Lp ď

´ 2
λε

¯
1
p ∥up0q∥L2 .

Concerning the Lp-norm of the second term on the right-hand side of (1.9.9), we compute

2p
ż Z

0
e´

λε
2 pz

´

ż z

0
e´λεz̄∥fεpz̄q∥L2e

λε
2 z̄ dz̄

¯p
dz “

“ ´2p 2
λεp

e´
λε
2 pz

´

ż z

0
e´λεz̄∥fεpz̄q∥L2e

λε
2 z̄ dz̄

¯pˇ
ˇ

ˇ

Z

0
`

` 2p 2
λε

ż Z

0
e´

λε
2 pz

´

ż z

0
e´λεz̄∥fεpz̄q∥L2e

λε
2 z̄ dz̄

¯p´1
e´λεz∥fεpzq∥L2e

λε
2 z dz ď

ď 2p 2
λε

ż Z

0

´

ż z

0
e´λεz̄∥fεpz̄q∥L2e´

λε
2 pz´z̄q dz̄

¯p´1
e´λεz∥fεpzq∥L2 dz ď

ď
2
λε

´

2
ż Z

0
e´λεz∥fεpzq∥L2 dz

¯p
.

Summarizing and using the Minkowski inequality, we obtain for every p P r1,8s

´

ż Z

0
∥e´λεzupz, .q∥pL2 dz

¯
1
p

ď

´ 2
λε

¯
1
p
´

∥up0, .q∥L2 ` 2
ż Z

0
e´λεz∥Pεupz, .q∥L2 dz

¯

which shows the theorem in the case that s “ 0.

The L2-energy estimate can now be used to obtain the Hs-energy estimates for s P R,
s ‰ 0. Therefore, let u P C1pr0, Zs;HspRnqq X C0pr0, Zs;Hs`γ̂pRnqq. Then, xDxysPεxDxy´s

satisfies the same assumptions as Pε and xDxysu P C1pr0, Zs;L2pRnqq X C0pr0, Zs;H γ̂pRnqq.
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Note that in particular we have an estimate of the form (1.9.7) if we replace ´iAε ` Bε
by xDxysp´iAε ` BεqxDxy´s and v by xDxysu but now with a lower bound Cpsqωεpsq
depending on s. Using the L2-energy estimate we obtain

´1
2

ż Z

0
∥e´λεzupz, .q∥pHsλε dz

¯
1
p

“

´1
2

ż Z

0
∥e´λεzxDxysupz, .q∥L2qpλε dz

¯
1
p

ď

ď ∥xDxysup0, .q∥L2 ` 2
ż Z

0
e´λεz∥xDxysPεxDxy´sxDxysupz, .q∥L2 dz “

“ ∥up0, .q∥Hs ` 2
ż Z

0
e´λεz∥Pεupz, .q∥Hs dz

since pPεxDxy´sxDxysqε ´ pPεqε P S´8
lsc . This completes the proof. □

Theorem 1.9.7. Let A and B be generalized symbols with parameter z P r0, Zs that satisfy
piq, piiq and piiiq with 2γ ă L. Then, for every f P GL2pp0, Zq ˆ Rnq and u0 P GL2pRnq the
Cauchy problem (1.9.1)-(1.9.2) has a unique solution u P GL2pp0, Zq ˆ Rnq and the energy
estimate (1.9.5) remains valid for this solution.

Proof. Let pgεqε P g, pfεqε P f be representatives. We fix ε P p0, 1s and consider the smooth
Cauchy problem

Pεuε “ fε on p0, Zq ˆ Rn (1.9.10)
uεp0, .q “ u0,ε on Rn.

Then, by [31, Theorem 23.1.2] and [52, Theorem 5], we get the existence of a solution
uε P C8pr0, Zs;H8pRnqq. Note that the additional regularity with respect to z variable
follows from (1.9.10).

Concerning uniqueness, assume that fε “ 0 and u0,ε “ 0. Furthermore, suppose that
moderateness of the solutions is already shown. We apply the energy estimate (1.9.5) and
get

e´λεZ∥uεpz, .q∥Hs ď max
zPr0,Zs

∥e´λεzuεpz, .q∥Hs “ 0 @s ě 0

Therefore, uε “ 0.

It remains to show that puεqε P EM,L2pp0, Zq ˆ Rnq. For moderateness with respect to
z P r0, Zs we note that ∥uε∥L2pp0,ZqˆRnq ď Z supzPr0,Zs∥uε∥L2pRnq.
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Since (1.9.5) is applicable for uε P C8pr0, Zs;H8pRnqq, we obtain

e´λεZ∥uεpz, .q∥Hs ď max
zPr0,Zs

∥e´λεzuεpz, .q∥Hs ď

ď ∥uεp0, .q∥Hs ` 2
ż Z

0
e´λεz∥Pεuεpz, .q∥Hs dz.

Hence

∥uεpz, .q∥Hs ď eλεZ
´

∥uεp0, .q∥Hs ` 2
ż Z

0
e´λεz∥Pεuεpz, .q∥Hs dz

¯

.

and therefore uε is moderate with respect to x if and only if λε is of log-type, which is
indeed satisfied because of the assumption pλεqε P Πlsc. Recall that a net rε is of log-type
if |rε| “ O

`

logp1
ε q
˘

as ε Ñ 0.

Concerning the z-derivatives, we write

BzxDxysuε “ xDxyspiAε ´Bεqpx, z,Dxquε ` xDxysfε

and obtain that for every s ě 0 there exists an N P N such that ∥BzxDxysuε∥L2 “ Opε´N q

uniformly in z. For the higher order z-derivatives one uses an induction argument when
differentiating the equation (1.9.10). □
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Chapter 2

A semiclassical approach

2.1 The setting

In Chapter 1 we showed the well-posedness of approximating first-order equations to the
problem

LU ” 0 microlocally on Iθ1 , z P pz0, Zq.

Recall that in this special case we used the standard or Kohn-Nirenberg correspondence
between operators and symbols. The precise relation was given in Definition 1.2.4.

In this second part we will ask ourselves if it is possible to relax the logarithmic slow
scale conditions on the coefficients to coefficients of log-type when using a different kind of
quantization. In particular, we will consider the semiclassical Kohn-Nirenberg quantization
(cf. Section 2.3 or [15] by introducing Plancks’s constant and study operators of the form

Aεpx, εDquεpxq “ p2πεq´n

ĳ

eipx´yqξ{εaεpx, ξquεpyq dy dξ (2.1.1)

as ε Ñ 0. We note that the semiclassical asymptotic expansion of the symbol a of order m
is of the form

aεpx, ξq „
ÿ

jě0
εjaj,εpx, ξq (2.1.2)

valid for |ξ| ě 1
C ą 0 with aj,ε P Sm´jpT ˚Rn) are classical (Hörmander) symbols of order

m ´ j for every fixed ε P p0, 1s on this set for some C ą 0, see [57, Section 1.10.1], [13,
Chapters 7 and 11] or [14, Section 8.6]. As we will see later, this will cause, that the
principal symbol a0,ε gives the highest contribution with respect to ε as the lower order
terms appear with an additional factor εj , j ě 1.
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Chapter 2. A semiclassical approach

As this is a first approach we will consider operators Lεpx, z, hDt, hDx, hDzq (in particular
we will study the case where h “ ε) with Lε having less regular coefficients as in Chapter 1.
In detail, we will work with

Lεpx, z,Dt, Dx, Dzq :“ B2
z `

n´1
ÿ

j“1
bj,εpx, zqB2

xj
´ cεpx, zqB2

t . (2.1.3)

Here, the coefficients are supposed to be of log-type up to some fixed order r P N and strictly
non-zero. As in Chapter 1 we assume that the coefficients are certain regularizations of
Hölder continuous functions, i.e. cε Ñ c and bj,ε Ñ bj in the Hölder space C0,µpRnq with
exponent µ P p0, 1q as ε Ñ 0.

In this chapter we will first provide a factorization into two first-order operators of the form
(2.1.1) of the operator Lεpx, z, hDt, hDx, hDzq with h “ ε. With the asymptotic expansion
as in (2.1.2) the highest contribution comes from the principal symbol a0,ε which is of
log-type in our case.

As already mentioned in the introduction Hörmann showed in [32] well-posedness for cer-
tain first-order hyperbolic pseudodifferential equations when the occurring symbols are of
log-type up to a fixed specified order. The question now is: When using a different quan-
tization, is it possible to relax the logarithmic slow scale condition on the coefficients to
coefficients that are of log-type? We will see that working with the semiclassical quanti-
zation will change the view of notions such as the asymptotic expansion, ellipticity and
microlocality. As a result we will be able to state a factorization theorem as well as a
microlocal diagonalization of the governing equation on a sufficiently nice subset of the
phase space. The question, whether the approximating first-order equations are well-posed
remains open.

Furthermore I want to mention a paper of Colin de Verdière (see [12]) who combined
semiclassical analysis with wave equations and more general with elastic wave equations as
used in seismology. As there, we won’t discuss the physical interpretations of our modeling
techniques.

2.2 Basic notions

In this section we specify the basic notions concerning the symbol classes and the semi-
classical quantization of the governing equation given as already indicated in the previous
section.

In order to realize the log-type up to order r P N conditions on the coefficients of the model
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operator (2.1.3) we will follow the idea in Remark 1.3.1 and consider a regularization
obtained by convolution with a logarithmically scaled mollifier φω´1

ε
p.q :“ ωnεφpωε.q with

φ P S pRnq as in (1.1.1) where ωε :“ plogpC{εqq1{r for some r P N and a constant C ą 0
such that pωεqε is strongly positive.

In the following we will typically encounter symbol classes that are subspaces of MSm

and subjected to two different asymptotic scales. This extends the definition of MSm and
NSm in the following way:

Definition 2.2.1. Let ν be a non-negative real number and l, k P R. For m P R we let
paεqε be a family of symbols aε P Sm. We then say that paεqε is in the generalized symbol
class Mpν,lq

Sm,k if and only if

Dη P p0, 1s @α, β P Nn DC ą 0 @ε P p0, ηs :

q
pmq

α,β paεq :“ sup
px,ξqPR2n

|Bαξ Bβxaεpx, ξq|xξy´m`|α| ď Cεkων|β|`l
ε .

(2.2.1)

We call m, k and pν, lq the order, the growth type and the log-type respectively of Mpν,lq

Sm,k .

This definition is similar to that for generalized symbols Sm,µρ,δ,ω in [20, Definition 4.1]. Also,
since pωεqε is a strongly positive slow scale net we note that a generalized symbol paεqε in
Mpν,lq

Sm,k can always be estimated in the following way:

Dη P p0, 1s @α, β P Nn DC ą 0 : q
pmq

α,β paεq ď Cεk´1 @ε P p0, ηs. (2.2.2)

Later, in Lemma 2.5.3 we give the construction scheme for approximative inverse operators
and the advantage of using (2.2.1) rather than (2.2.2) will be clear then. Hereafter we
typically work in spaces Mpν,lq

Sm,k with ν P t0, 1u. Analogously to Definition 2.2.1 one

introduces the space Mpν,lq

Sm,k
hg

pRn ˆ pRnz0qq.

Furthermore, the notion of negligibility in Mpν,lq

Sm,k is defined as follows:

Definition 2.2.2. An element of Mpν,lq

Sm,k is said to be negligible, denoted by NSm, if the
following condition is fulfilled:

Dη P p0, 1s @q P N @α, β P Nn DC ą 0 : q
pmq

α,β paεq ď Cεq @ε P p0, ηs.

So, if P px,Dxq “
ř

|α|ďm aαpxqDα
x with bounded and measurable coefficients, then the
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Chapter 2. A semiclassical approach

logarithmically scaled regularized coefficient aα,ε :“ aα ˚ φω´1
ε

satisfy the estimate

}Bαaα,ε}L8pRnq “ Opω|α|
ε q “ Oplog|α|{rpC{εqq.

Therefore paα,εqε is of log-type up to order r, that is }Bαaα,ε}L8pRnq “ OplogpC{εqq for
all |α| ď r, but it is not logarithmic slow scale regular. Recall that the asymptotic norm
estimate (of any order) of a logarithmic slow scale coefficient has a bound Oprεq where
|rε| “ Oplogpp1{εqq for all p ą 0 as ε tends to 0. In the same manner we obtain for
the logarithmically scaled regularization of the operator a symbol ppεqε where pεpx, ξq :“
ppp., ξq ˚ φω´1

ε
qpxq which is of class Mp1,0q

Sm,0 and of log-type up to order p8, rq, cf. [32,
Remark 3.2]. Recall that a symbol pεpx, ξq is of log-type up to order pk, lq if

q
pmq

k,l ppεq :“ max
|α|ďk,|β|ďl

sup
px,ξqPR2n

p1 ` |ξ|q´m`|α||Bαξ Bβxpεpx, ξq| “ Oplogp1{εqq as ε Ñ 0.

Also, we will use the following symbol classes:

Definition 2.2.3. Let U Ď Rn ˆRn be open and conic with respect to the second variable.
We say that a generalized symbol paεqε is in Mpν,lq

Sm,k pUq if aε P C8pUq for fixed ε P p0, 1s

and there is a constant K ą 0 independent of ε such that:

Dη P p0, 1s @α, β P Nn DC ą 0 for which
|Bαξ Bβxaεpx, ξq| ď Cεkων|β|`l

ε xξym´|α| for px, ξq P VK , ε P p0, ηs,

where VK :“ tpx, ξq P U | dpξ, ζq ě K, ζ P Bpr2pUq ‰ ∅u. We observe that, if px, ξq P VK
then px, λξq P VK for all λ ě 1.

Note that Definition 2.2.1 is equivalent to Definition 2.2.3 in the case that U “ Rn ˆ Rn.

2.3 Semiclassical quantization

In the theory of pseudodifferential operators the idea is to assign to each operator A
of a suitable class a function σA (i.e. a symbol). This is closely related to integrated
representations of the Heisenberg group Hn. We will mainly follow Folland, so we refer the
reader to [15] for a deeper discussion.

In the Kohn-Nirenberg correspondence or standard quantization of pseudodifferential op-
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erators one associates to a symbol a P Sm an operator A : S Ñ S in the following way

Apx,Dxq :“ p2πq´n

ż

pFaqpq, pqe´ipq{2eippD`qXq dp dq “

“ p2πq´n

ż

pFpTaqqpq, pqρpq, pq dp dq “: ρpxTaq

where ρpp, q, tq “ eiptI`pD`qXq is a unitary representation of the Heisenberg group Hn and

ρpq, pq :“ ρpq, p, 0q “ eippD`qXq.

Here, the above integral is an Bochner integral if xTa P L1pR2nq. Note that ρpxTaq makes
also sense as an operator from SpRnq to S 1pRnq if ρpxTaq P S 1pR2nq. In [15, Theorem 2.37]
it is shown that the operator T , defined by xTapq, pq “ e´ipq{2

papq, pq, maps the symbol class
Smρ,δ (m P R, 0 ď ρ, δ ď 1, δ ă 1) into themselves and is a Fréchet space isomorphism on
each of them. With this in mind, we obtain the classical representation which is given by

Apx,Dxqupxq :“ p2πq´n

ż

pFaqpq, pqe´ipq{2eippD`qXqupxq dp dq “

“ p2πq´n

ż

pFpaqqpq, pqeipqX`pDqupxq dp dq “

“ p2πq´n

ż

pFpaqqpq, pqeiqxupx` pq dp dq “

“ p2πq´n

ż

apx, ξqe´ipξupx` pq dp dξ “

“ p2πq´n

ż

eipx´yqξapx, ξqupyq dy dξ.

One can reformulate these results in a more quantum-mechanical spirit by using the
Schrödinger representation ρh of the Heisenberg group which is given by

ρhpq, p, tq :“ ρpq, hp, htq “ eiphtI`hpD`qXq

and its simplification
ρhpq, pq :“ ρhpq, p, 0q “ eiphpD`qXq

respectively and where h denotes the Planck constant. In detail we have
`

ρhpq, pqu
˘

pxq “ eipqx`hpq{2qupx` hpq.

Note that for h “ 1 this representation leads to the usual Kohn-Nirenberg calculus. Then
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we can introduce the corresponding h-dependent operator Ah by

Ahpx,Dxqupxq :“ p2πq´n

ż

pFaqpq, pqe´ipqh{2ρhpp, qqupxq dp dq “ ρhpyThaq.

Using the same computations as above, but now with h-dependency, we get

Ahpx,Dxqupxq “ p2πq´n

ż

pFaqpq, pqe´ipqh{2ρhpp, qqupxq dp dq “

“ p2πhq´n

ż

eipx´yqξ{hapx, ξqupyq dy dξ.

2.3.1 The governing equation in a semiclassical Colombeau setting

Once introduced such an additional artificial parameter h gives us now the opportunity to
apply the theory of h-pseudodifferential operators used in semiclassical analysis which is a
formalism in the asymptotic regime h ! 1. As we want to combine this with the theory
of generalized pseudodifferential operators we start writing h :“ hpεq with the restriction
hpεq Ñ 0 in the case that ε Ñ 0.

For technical reasons (e.g. construction of an approximative inverse) we also have to
prevent other possible values of the function hpεq. As this is a first approach in this field
we have chosen hpεq :“ ε at this point.

So, we will concentrate on operators as given in (2.1.3) which are characterized by homo-
geneity. Also note that our model operators have less regular log-type coefficients than
logarithmic slow scale. So, when given a family paεqε P MSm we define the correspond-
ing semiclassical pseudodifferential operator of Colombeau type to be the linear operator
Aψ : GL2 Ñ GL2 which acts on the level of representatives as

puεqε ÞÑ pAψ,εpx,Dxquεqε @puεqε P MH8 . (2.3.1)

Here, for fixed ε P p0, 1s, the right hand side corresponds to the standard quantization of
the symbol paεqε with parameter hpεq “ ε, that is,

Aψ,εpx,Dxquεpxq :“ p2πq´n

ż

Rn

pFaεqpq, pqe´ipqε{2ρεpq, pquεpxq dq dp “

“ p2πεq´n

ż

eipx´yqξ{εaεpx, ξquεpyq dy dξ.

Then, with Lε as in (2.1.3), the corresponding ψ-pseudodifferential operator Lψ is essen-
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tially given by the oscillatory integral

Lψ,εpy,Dyquεpyq “ p2πεq´n´1
ż

eiyη{εlεpy, ηqûεpη{εq dη

for fixed ε P p0, 1s, where we have set y “ pt, x, zq P Rn`1 and η “ pτ, ξ, ζq P Rn`1. The
expression plεqε is called the generalized symbol of Lψ and is given by

lεpx, z, τ, ξ, ζq :“ ´ζ2 ´ xbεpx, zqξ, ξy ` cεpx, zqτ2

where we have set bεpx, zq :“ diag pb1,εpx, zq, . . . , bn´1,εpx, zqq. Hence, plεqε P Mp1,0q

S2,0 and
the operator Lε can easily be reconstructed from Lψ,ε, i.e. Lε “ ε´2Lψ,ε, because of the
homogeneity of the operators.

Given such a scaled generalized operator as above we will carry out all transformations
within algebras of generalized functions from now on. More explicitly, we will study the
action of the linear operator Lψ “ OPψplεq from GL2 into itself in the following sense: on
the level of representatives Lψ acts as in (2.3.1). This explains our governing equation

LψU “ F

for which we will now present a factorization theorem and a method for the microlocal
diagonalization.

2.4 ψ-pseudodifferential calculus

In this section we introduce a general calculus for ψ-pseudodifferential operators which are
certain semiclassical standard quantizations of generalized symbols as demonstrated in the
previous section. For an introduction in semiclassical analysis we refer the reader to [39,
14, 29]. Since most of the techniques are similar to the classical theory of pseudodifferential
operators we also want to give [31, 55] as references. Moreover, a detailed discussion on
pseudodifferential operators with Colombeau generalized symbols can be found in [20, 19].

To continue, given a generalized symbol paεpx, ξqqε one can assign the semiclassical standard
quantization which we denote by OPψpaεq :“ aεpx, εDxq. In this sense ψ “ ψpεq can be
thought of as a scaled phase function on phase space. Therefore, we let

ψεpx, ξq :“ xx, ξy{ε :“ xξ{ε ε P p0, 1s

throughout this work.
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As already mentioned above we will focus on generalized pseudodifferential operators hav-
ing the following phase-amplitude representation.

Definition 2.4.1. Let paεqε P Mpν,lq

Sm,k pRn ˆ Rnq. We define the corresponding linear oper-
ator Aψ : GL2 Ñ GL2 such that on the level of representatives we have

puεqε ÞÑ pAψ,εpx,Dxquεqε @puεqε P MH8

and

Aψ,εpx,Dxquεpxq :“ p2πεq´n

ż

eipx´yqξ{εaεpx, ξquεpyq dy dξ “

“ ε´nF´1
ξÑx{ε

´

aεpx, ξqûεpξ{εq
¯

.

(2.4.1)

We call Aψ the ψ-pseudodifferential operator with generalized symbol paεqε “ paεpx, ξqqε.
Also, we will often write Aψ P OPψ Mpν,lq

Sm,k when the generalized symbol of Aψ belongs to

the class Mpν,lq

Sm,k .

Remark 2.4.2. (a) Note that the map in the above definition preserves moderateness and
negligibility, respectively, so that Aψ is well-defined on equivalence classes and continuous
(cf. [32, Section 1.2] and [37, Theorem 2.7]). Further, we remark that pAψ,εpx,Dxquεqε “

pAεpx, εDxquεqε since formally we can always perform the rescaling. The problem of rescal-
ing will be discussed in the next subsections.

(b) Note that Definition 2.4.1 agrees with the notion of the semiclassical standard quanti-
zation of a generalized symbol paεqε P Mpν,lq

Sm,k pRnˆRnq and can simply written as in (2.4.1)
using scaled or semiclassical Fourier transforms. Another commonly used quantization is
the Weyl quantization aW px, εDq which has the nice property that real symbols corre-
spond to self-adjoint Weyl quantizations. Since we will exclusively deal with the standard
quantization of generalized symbols we decided to call them ψ-pseudodifferential operators.

To prepare the factorization theorem of Section 2.5 we will have to consider products of gen-
eralized ψ-pseudodifferential operators. We therefore start with some general observations
concerning the notion of asymptotic expansion of a generalized symbol in Mpν,lq

Sm,k .

2.4.1 Asymptotic expansion of the first kind

First, we present the asymptotic expansion of the first kind which is inspired by the results
given in [19, Section 2.5] but also uses a relevant technical aspect from the semiclassical
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approach. Since this first notion of an asymptotic expansion turns out to have no suitable
invariant character under rescaling we will further introduce the asymptotic expansion of
second kind which behaves slightly different when performing the rescaling. We should
emphasize here that this invariance property of the asymptotic expansion of the second
kind will be essential from Section 2.6 onwards, where we discuss microlocal regularity at
infinite points.

The definition of the asymptotic expansion of the first kind is now the following:

Definition 2.4.3. For j P N let tmjuj be a strictly decreasing sequence of real numbers
with mj Œ ´8 as j Ñ 8, m0 “ m and tljuj be a sequence of the form lj “ σj ` l for
some fixed σ, l P R and σ ě 0. Further let tpaj,εqεuj be a sequence with paj,εqε P Mpν,ljq

Smj ,k so
that the following uniform growth type condition is satisfied:

Dη P p0, 1s @j P N @α, β P Nn DC ą 0 for which

q
pmjq

α,β paj,εq ď Cεkω
ν|β|`lj
ε @ε P p0, ηs.

(2.4.2)

We say that
ř8
j“0pεjaj,εqε is the asymptotic expansion of the first kind for paεqε P Mpν,lq

Sm,k ,
denoted by paεqε „

ř

jpε
jaj,εqε, if and only if

paε ´

N´1
ÿ

j“0
εjaj,εqε P Mpν,lq

SmN ,N`k´1 @N ě 1.

Moreover pa0,εqε is said to be the principal symbol of paεqε if a0,ε is not identically vanishing
for any fixed ε P p0, ηs.

We are now in a position to state our first result.

Lemma 2.4.4. Let tljuj, tmjuj and tpaj,εqεuj be as in Definition 2.4.3. Then there exists
a generalized symbol paεqε P Mpν,lq

Sm,k such that paεqε „
ř

jpε
jaj,εqε in Mpν,lq

Sm,k . Moreover the
asymptotic expansion of the first kind determines paεqε uniquely modulo NS´8.

Before presenting the proof of Lemma 2.4.4 we need a technical auxiliary result.

Lemma 2.4.5. Let tpaj,εqεuj be as in Definition 2.4.3 and χ a smooth function such that
χ ” 0 on r0, 1s, χ ” 1 on r2,8q and 0 ď χ ď 1. Then there exists a zero sequence tµjuj
such that for some fixed η P p0, 1s we have for every j P N and α, β P Nn with |α ` β| ď j:

|χpµjpεω
σ
ε q´1qq

pmjq

α,β paj,εq| ď 2´j´1εkω
ν|β|`lj
ε pεωσε q´1 @ε P p0, ηs,

with the same σ as in Definition 2.4.3.
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Proof. Using the uniformity condition (2.4.2) of the sequence tpaj,εqεuj we obtain that for
some η P p0, 1s and @j P N, @α, β P Nn, DC

p1q

j,α,β ą 0 and for all ε P p0, ηs we have

ε´kω
´ν|β|´lj
ε |χpµjpεω

σ
ε q´1qq

pmjq

α,β paj,εq| ď C
p1q

j,α,β χpµjpεω
σ
ε q´1q “

“ C
p1q

j,α,β

µj
εωσε

χpµjpεω
σ
ε q´1q

εωσε
µj

ď

ď C
p1q

j,α,β

µj
εωσε

since χpµjpεω
σ
ε q´1q “ 0 for µj ď εωσε and 0 ď χ ď 1. We now choose the sequence tµjuj

in the following way: for all j P N and all α, β P Nn with |α ` β| ď j we have

C
p1q

j,α,βµj ď 2´j´1 (2.4.3)

and the proof is complete. □

Proof of Lemma 2.4.4. In the following proof we basically combine techniques from the
theory of nonlinear generalized functions, [19, Theorem 2.2], and Borel’s Theorem from
the semiclassical approach as in [14, Theorem 4.11] or alternatively [39, Proposition 2.3.2].
To avoid overload calculations, we may assume without loss of generality that k “ 0 in
Lemma 2.4.4 and therefore also in the uniformity condition (2.4.2).

We let ϕ P C8pRnq, 0 ď ϕ ď 1 such that ϕpξq “ 0 for |ξ| ď 1 and ϕpξq “ 1 for |ξ| ě 2.
Further let χ and tµjuj be as in Lemma 2.4.5. We introduce functions

b
p1q

j,ε px, ξq :“ χpµjpεω
σ
ε q´1qaj,εpx, ξq

b
p2q

j,ε px, ξq :“
`

1 ´ χpµjpεω
σ
ε q´1q

˘

ϕpλjξqaj,εpx, ξq

where tλjuj is a strictly decreasing zero sequence such that for all j : λj ď 1 and will be
specified later. For fixed ε P p0, 1s we also define

aεpx, ξq :“
ÿ

jě0
εjb

p1q

j,ε px, ξq `
ÿ

jě0
εjb

p2q

j,ε px, ξq.

By construction the first sum consists of at most finitely many nonzero terms (depending
on ε P p0, 1s fixed), since µj Ñ 0 as j Ñ 8. Moreover the second sum is locally finite and
we conclude that paεqε P EpRn ˆ Rnqp0,1s.

Step 1: In the first part of the proof we show that paεqε P Mpν,lq

Sm,0 . Since paj,εqε P Mpν,ljq

Smj ,0

satisfy the uniform growth type condition with k “ 0 we obtain that there exists η P p0, 1s
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such that for all j P N, and all α, β P Nn we have

|Bαξ Bβxb
p1q

j,ε px, ξq| ď C
p1q

j,α,βω
ν|β|`lj
ε xξymj´|α| @ε P p0, ηs (2.4.4)

and the constant Cp1q

j,α,β ą 0 is the same as in the proof of Lemma 2.4.5.

Concerning b
p2q

j,ε , we observe that supppBαϕqpλjξq Ď tξ : λ´1
j ď |ξ| ď 2λ´1

j u for every
|α| ě 1. Accordingly, if |α| ě 1, we can assume λj ď 2{|ξ| ď 4xξy´1 on supppBαϕqpλjξq

and b
p2q

j,ε can be estimated as follows: Dη P p0, 1s independent of α, β and j such that

|Bαξ Bβxb
p2q

j,ε px, ξq| ď xξymj´|α|
ÿ

γďα

cpχ, ϕ, γq4|α´γ|q
pmjq

γ,β paj,εq ď

ď C
p2q

j,α,βω
ν|β|`lj
ε xξymj´|α|

(2.4.5)

for all ε P p0, ηs. At this point we choose the sequence tλjuj strictly decreasing and so that

@j P N @α, β P Nn with |α ` β| ď j we have: C
p2q

j,α,βλj ď 2´j´1. (2.4.6)

To show that paεqε P Mpν,lq

Sm,0 we note that

@α, β P Nn Dj0 P N : |α ` β| ď j0, mj0 ` 1 ď m (2.4.7)

and decompose paεqε in an appropriate way, that now is

aεpx, ξq “
ÿ

jďj0´1
εjbj,εpx, ξq `

ÿ

jěj0

εjbj,εpx, ξq “: fεpx, ξq ` sεpx, ξq (2.4.8)

where we have set bj,εpx, ξq :“ b
p1q

j,ε px, ξq ` b
p2q

j,ε px, ξq. Then Dη P p0, 1s such that for all
α, β P Nn

|Bαξ Bβxfεpx, ξq| “ |
ÿ

jďj0´1
εjBαξ Bβx

␣

b
p1q

j,ε px, ξq ` b
p2q

j,ε px, ξq
(

| ď

ď ων|β|`l
ε xξym´|α|

ÿ

jďj0´1
pεωσε qj

`

C
p1q

j,α,β ` C
p2q

j,α,β

˘

ď

ď Cj0ω
ν|β|`l
ε xξym´|α|

for all ε P p0, ηs by (2.4.4) and (2.4.5). We next estimate the remainder sε. For this
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purpose, we apply (2.4.3) from Lemma 2.4.5 and use (2.4.6) to obtain

ω´ν|β|´l
ε |Bαξ Bβxsεpx, ξq| ď

ÿ

jěj0

pεωσε qjxξymj´|α|2´j´1
!

µ´1
j ` λ´1

j

)

ď

ď pεωσε qj0´1xξymj0 `1´|α|
ÿ

jěj0

2´jpεωσε qj´j0 ď

ď pεωσε qj0´1xξymj0 `1´|α| ď xξym´|α| @ε P p0, ηs

for some η P p0, 1s independent of the order of differentiation. Note that in the second
inequality we used that µ´1

j ď pεωσε q´1 on supppb
p1q

j,ε q and λ´1
j ď xξy on supppb

p2q

j,ε q. And so,
paεqε P Mpν,lq

Sm,0 as required.

Step 2: We complete the proof by showing that for every N ě 1 we have

paε ´
ÿ

jďN´1
εjaj,εqε P Mpν,lN q

SmN ,N pRn ˆ Rnq. (2.4.9)

Therefore, we let N ě 1 be a fixed natural number and write

aεpx, ξq ´
ÿ

jďN´1
εjaj,εpx, ξq “

ÿ

jďN´1
εj
`

1 ´ χpµjpεω
σ
ε q´1q

˘`

ϕpλjξq ´ 1
˘

aj,εpx, ξq `

`
ÿ

jěN

εjbj,εpx, ξq “: gεpx, ξq ` tεpx, ξq.

We first calculate the contribution of gε. For this note that |ξ| ď 2λ´1
j on the support of

pϕpλjξq ´ 1q and we obtain that Dη P p0, 1s such that @j ď N ´ 1 we have

|Bαξ Bβx

`

ϕpλjξq ´ 1
˘

aj,εpx, ξq| ď

ď
ÿ

γďα

cpϕ, γqλ
|γ|

j q
pmjq

α´γ,βpaj,εqxξymj´|α´γ| ď

ď xξymN ´|α|
ÿ

γďα

cpϕ, γqλ
|γ|

j x2λ´1
N´1ymj´mN `|γ|q

pmjq

α´γ,βpaj,εq ď

ď CN,α,βω
ν|β|`lj
ε xξymN ´|α| @ε P p0, ηs.
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Now taking into account that 1 ´ χpµjpεω
σ
ε q´1q ‰ 0 only if µj ď 2εωσε we compute

ω´ν|β|´l
ε |Bαξ Bβxgεpx, ξq| ď

ď CN,α,βxξymN ´|α|
ÿ

jďN´1
pεωσε qj

`

1 ´ χpµjpεω
σ
ε q´1q

˘

“

“ CN,α,βpεωσε qNxξymN ´|α|
ÿ

jďN´1
µj´N
j

´ µj
εωσε

¯N´j
`

1 ´ χpµjpεω
σ
ε q´1q

˘

ď

ď rCN,α,βpεωσε qNxξymN ´|α| @ε P p0, ηs.

We proceed with the estimation of tε in which we again use a decomposition as in (2.4.7)
and (2.4.8). Therefore we let N P N, N ě 1 be fixed. Then

@α, β P Nn Dj0 P N : |α ` β| ď j0, mj0 ` 1 ď mN and j0 ´ 1 ě N ;

we write

tεpx, ξq “

j0´1
ÿ

j“N

εjbj,εpx, ξq ` sεpx, ξq (2.4.10)

with sε as in (2.4.8). As already shown in the estimate for sε we also have

|Bαξ Bβxsεpx, ξq| ď ων|β|`l
ε pεωσε qj0´1xξymj0 `1´|α|.

Furthermore we obtain for the first term on the right hand side of (2.4.10)

|Bαξ Bβx

j0´1
ÿ

j“N

εjbj,εpx, ξq| ď ων|β|`l
ε xξymN ´|α|

j0´1
ÿ

j“N

pεωσε qj
`

C
p1q

j,α,β ` C
p2q

j,α,β

˘

ď

ď Cj0pεωσε qNων|β|`l
ε xξymN ´|α|.

Putting this together we get (2.4.9) which completes the proof. □

Remark 2.4.6. Before we proceed we make some observations concerning the construction
of the generalized symbol paεqε in Lemma 2.4.4 which was given by the expression

aεpx, ξq “
ÿ

jě0
εjχ

´ µj
εωσε

¯

aj,εpx, ξq `
ÿ

jě0
εj
!

1 ´ χ
´ µj
εωσε

¯)

ϕpλjξqaj,εpx, ξq.

Here, the first sum is inspired from the semiclassical approach whereas the second sum
is also used in the usual Colombeau framework. Then, it is may worth to mention the
following facts:

(a) To construct the square root of the homogeneous operator Lψ we also need to discuss
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polyhomogeneous symbols. Then the second sum in the definition of aε also makes sense
for homogeneous symbols aj,ε, but the first sum would induce singularities (at ξ “ 0) for
fixed ε P p0, 1s. To overcome this problem we will introduce generalized symbols that are
smoothed off at the zero section so that we can require a symbol to have an asymptotic
expansion in homogeneous terms if we allow some additional error terms in the asymptotic
expansion. For the precise description of these so-called polyhomogeneous generalized
symbols we refer to Definition 2.5.1.

(b) Another important property concerns the effect of rescaling. This will be used in
Section 2.6 where we test microlocal regularity of generalized functions using the L2-
boundedness result of zeroth-order ψ-pseudodifferential operators. To exemplify this, let
tpaj,εqεuj be a sequence with paj,εqε P Mpν,ljq

S´j,k and lj as in Definition 2.4.3, j ě 0. By

Lemma 2.4.4 there exists paεqε P Mpν,lq

S0,k such that for all N ě 1 we have

prεqε :“ paε ´
ÿ

jďN´1
εjaj,εqε P Mpν,lq

S´N,N`k´1 . (2.4.11)

Now using the rescaling px, ξq ÞÑ prεpx, εξqqε we obtain for every N ě 1

px, ξq ÞÑ prεpx, εξqqε P Mpν,lq

S´N,k´1

concluding that the asymptotic expansion of the first kind keeps the order of the error op-
erator invariant under rescaling but not its growth type. According to the L2-boundedness
it seems suitable to have an asymptotic expansion which preserves the growth type of the
error operator in (2.4.11) under rescaling rather than the order of the same.

Therefore, note that prεqε in (2.4.11) can also be considered as a symbol of class NS0 .
Then the rescaling does not influence the negligibility of the symbol prεqε since

px, ξq ÞÑ prεpx, εξqqε P NS0 .

Using this, we now introduce the asymptotic expansion of the second kind in order to
achieve an invariant growth type under rescaling at least when studying zeroth-order op-
erators. In detail, we will study asymptotic expansions of the form p

ř

jě0 ε
jaj,εqε, which

are similar to those in Definition 2.4.3, but we use the fact that the sequence tpaj,εqεuj is
uniformly bounded in the generalized symbol class of order m “ m0.
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2.4.2 Asymptotic expansion of the second kind

To eliminate the rescaling problem arising in Remark 2.4.6 (b) we now present the asymp-
totic expansion of the second kind.

Definition 2.4.7. Let m, k P R and tljuj be a sequence of real numbers of the form
lj “ σj ` l for some fixed σ, l P R and σ ě 0, j P N. Further we let tpaj,εqεuj be a sequence
with paj,εqε P Mpν,ljq

Sm,k satisfying the uniformity condition:

Dη P p0, 1s @j P N @α, β P Nn DC ą 0 such that

q
pmq

α,β paj,εq ď Cεkω
ν|β|`lj
ε @ε P p0, ηs.

We say that the
ř8
j“0pεjaj,εqε is the asymptotic expansion of the second kind for the symbol

paεqε P Mpν,lq

Sm,k , denoted by paεqε „
ř

jpε
jaj,εqε, if

paε ´

N´1
ÿ

j“0
εjaj,εqε P Mpν,lN q

Sm,N @N ě 1.

Again we call pa0,εqε the principal symbol of paεqε if a0,ε is not identically zero for every
fixed ε ą 0 sufficiently small.

Comparing Definition 2.4.3 and Definition 2.4.7 we observe that any generalized symbol
paεqε from Lemma 2.4.4 also admits an asymptotic expansion of the second kind. We
remark that in both definitions we used the notation paεqε „

ř

jpε
jaj,εqε, but in the

following the context will always explain which notion is meant.

Furthermore, we note that our notions of an asymptotic expansion are different from the
one used in the semiclassical approach. A crucial difference is that in the semiclassical
setting one uses the Hörmander symbol class Sm0,0 as the underlying classical space and
not Sm :“ Sm1,0 as in our case, cf. [30]. As above, the semiclassical asymptotic expansion
provides an invariant character of zeroth-order operators under rescaling. For more details
on the semiclassical asymptotic expansion we refer to [13, 39, 29].

2.4.3 Composition of ψ-pseudodifferential operators

In this subsection we establish the composition law of two ψ-pseudodifferential operators
utilizing the method of stationary phase to determine the asymptotic behavior in the occur-
ring oscillatory integrals. Because of the specific construction of the ψ-pseudodifferential
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operators it suffices to study a corollary of the stationary phase formula which can be found
in [39, Corollary 2.6.3] and [27, Example 2.2].

In detail, this simplified formula says that given a function a P C8
c pR2nq then for every

N ě 1 one has
ˆ

λ

2π

˙n ż

e´iλxyapx, yq dx dy “
ÿ

|α|ďN´1

1
α!λ|α|

`

Dα
xBαy a

˘

p0, 0q ` SN pa;λq

where the parameter λ is considered in the limit λ Ñ 8. Moreover the remainder term
SN pa;λq can be estimated as follows

|SN pa;λq| ď
C

N !λN
ÿ

|α`β|ď2n`1
}BαxBβy pBx ¨ ByqNa}L1pR2nq λ ě 1

where Bx ¨ By “
řn
j“1 Bxj Byj and the constant C ą 0 is independent of λ. In the application

we will work with smooth functions a which are not compactly supported but are well-
behaved at infinity and also depend on the parameter λ. For a more general discussion on
the method of stationary phase we refer the reader to [39, Section 2.6] or alternatively to
[27, Section 2].

Using the above formula, we can show the following result.

Proposition 2.4.8. Let Aψpx,Dxq and Bψpx,Dxq be two ψ-pseudodifferential operators
with generalized symbols paεqε P Mpν,l1q

Sm1,k1 and pbεqε P Mpν,l2q

Sm2,k2 respectively. Then the
composition AψBψ is well-defined and maps GL2 into itself. Moreover, AψBψ is a ψ-
pseudodifferential operator with generalized symbol paε#bεqε in Mpν,l1`l2q

Sm1`m2,k1`k2 and we have
the following representation

paε#bεqε „
ÿ

|α|ě0

˜

ε|α|

α! D
α
ξ aεpx, ξqBαx bεpx, ξq

¸

ε

. (2.4.12)

Note that in Proposition 2.4.8 the generalized symbol paε#bεqε is given by its asymptotic
expansion of the first kind. Hence it can also be reinterpreted as a symbol having an
asymptotic expansion of the second kind.

The following proof is an adaption of [39, Theorem 2.6.5] and [14, Theorem 9.13].

Proof of Proposition 2.4.8. Without loss of generality we assume that paεqε and pbεqε are
of growth type 0, i.e. k1 “ k2 “ 0, as the proof for more general growth type assump-
tions requires only slight changes in the argumentation. Let u P GL2pRnq having puεqε as
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2.4. ψ-pseudodifferential calculus

representative and let ε P p0, 1s be fixed and arbitrary. Then AψBψu makes sense as an
oscillatory integral and we write

Aψ,εBψ,εuεpxq “
1

p2πεqn lim
σÑ0`

ż

eipx´yqη{ε´σxyy´σxηyaεpx, ηqpBψ,εuεqpyq dy dη “

“
1

p2πεqn lim
σÑ0`, τÑ0`

ż

eixξ{ε´τxξycσ,εpx, ξqûεpξ{εq dξ (2.4.13)

where we have set

cσ,εpx, ξq “ p2πεq´n

ż

eipx´yqpη´ξq{ε´σxyy´σxηyaεpx, ηqbεpy, ξq dy dη.

In what follows we show that cσ,εpx, ξq corresponds to a generalized symbol in Mpν,l1`l2q

Sm1`m2,0

uniformly for all σ ą 0. Here the relevant asymptotic behavior of cσ,ε as ε Ñ 0 is described
by using the method of stationary phase. Finally, by passing to the limit σ Ñ 0`, we
obtain by Lebesgue’s dominated convergence theorem that the limit of pcσ,εqε exists in
Mpν,l1`l2q

Sm1`m2,0 and admits a representation as stated in (2.4.12).

For that purpose, we first split the integral representation of cσ,εpx, ξq into three parts.
Therefore, let χ P C8

c pRq such that χpsq “ 1 for |s| ď 1{4 and χpsq “ 0 for |s| ě 1{2 and
set χ1px, yq “ χp|x´ y|q for x, y P Rn. For |ξ| ě 1 we write

cσ,εpx, ξq “ dσ,εpx, ξq ` eσ,εpx, ξq ` fσ,εpx, ξq, (2.4.14)

where dσ,ε, eσ,ε and fσ,ε are defined by the additional factors 1 ´ χp|ξ ´ η|{|ξ|q, χp|ξ ´

η|{|ξ|qp1 ´ χ1px, yqq and χp|ξ ´ η|{|ξ|qχ1px, yq in the integrand of cσ,ε. Also we note that
fσ,ε represents the part of cσ,ε that will determine its asymptotic behavior as we meet the
critical points of the phase.

In the following we give the proof under the assumption that |ξ| ě 1. In the case that
|ξ| ď 1 a likewise decomposition as in (2.4.14) will lead to the desired result. Again, this
is similar as in the proof of [39, Theorem 2.6.5].

As a first step we check that the integrand of dσ,ε is in L1pRny ˆ Rnη q uniformly in σ ą 0.
Therefore, we introduce the operator

Lε :“
´

1 `
|ξ ´ η|2

ε2 `
|x´ y|2

ε2

¯´1´
1 `

ξ ´ η

ε
Dy `

x´ y

ε
Dη

¯

satisfying the equality
Lεe

ipx´yqpη´ξq{ε “ eipx´yqpη´ξq{ε.
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Using integration by parts we obtain

p2πεqndσ,εpx, ξq “

“

ż

eipx´yqpη´ξq{εptLεq
k
!

p1 ´ χp|ξ ´ η|{|ξ|qqe´σxyy´σxηyaεpx, ηqbεpy, ξq

)

dy dη.

Further, for every k P N with k ą n` 1{2 we obtain

p2πεqndσ,εpx, ξq “

“

ż

|ξ´η|ě|ξ|{4
O
´ ωkν`l1`l2

ε xηym1xξym2

p1 ` |ξ ´ η|{ε` |x´ y|{εqk

¯

dy dη “

“

ż

|ξ´η|ě|ξ|{4
O
´

εnωkν`l1`l2
ε xηym1xξym2

!

1 `
|ξ ´ η|

ε

)n`1{2´k¯

dη “

“

ż

|ξ´η|ě|ξ|{4
O
´

εk´1{2ωkν`l1`l2
ε

xηym1xξym2

p1 ` |ξ| ` |η|qk´n´1{2

¯

dη as ε Ñ 0.

Then, by a straightforward calculation one shows that for every k ě |m1| ` 2n` 1 we have

p2πεqndσ,εpx, ξq “ O
´

εk´1{2ωkν`l1`l2
ε xξym1`m2´k`2n`1`|m1|

¯

for ε sufficiently small. Since pωεqε is a slow scale net we conclude that

p2πεqndσ,εpx, ξq “ O
´

εNωl1`l2
ε xξym1`m2´N

¯

@ N ě 0

uniformly for every px, ξq P R2n with |ξ| ě 1 and σ ą 0 as ε Ñ 0.

We next estimate eσ,εpx, ξq. Using the coordinate change z “ y ´ x and integration by
parts we can write

p2πεqneσ,εpx, ξq “

ż

|z|ě1{4
|ξ´η|ď|ξ|{2

e´izpη´ξq{εptL1,εq
krσ,εpx, z, ξ, ηq dz dη

where we have set L1,ε :“ ´εz{|z|2Dη and

rσ,εpx, z, ξ, ηq :“ χp|ξ ´ η|{|ξ|qp1 ´ χp|z|qqe´σxx`zy´σxηyaεpx, ηqbεpx` z, ξq.

Note that the operator L1,ε satisfies

tL1,ε “ ´L1,ε and L1,εe
´izpη´ξq{ε “ e´izpη´ξq{ε.

Also, the integrand of eσ,εpx, ξq is integrable with respect to z if we take k ą n. To check
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2.4. ψ-pseudodifferential calculus

the integrability with respect to the η-variable we partition the domain of integration into
the two regions

Ω1 :“ tη P Rn : |ξ ´ η| ď 1{4u, Ω2 :“ tη P Rn : |ξ ´ η| ě 1{4u

and write

p2πεqneσ,εpx, ξq “

2
ÿ

j“1

ż

Ωj

e´izpη´ξq{εptL1,εq
krσ,εpx, z, ξ, ηq dz dη “:

2
ÿ

j“1
Ij .

Concerning I1 we use the coordinate transformation ζ “ η ´ ξ and by Peetre’s inequality
xξ ` ζys ď 2|s|{2xξysxζy|s| for every s P R we obtain

I1 “

ż

|z|ě1{4
|ζ|ď1{4

Opεkωl1`l2
ε |z|´kxξym2xξ ` ζym1´kq dz dζ “ Opεkωl1`l2

ε xξym1`m2´kq

for every k ą n as ε Ñ 0. For the estimation of the second part I2 we introduce

L2,ε :“ ε2

|ξ ´ η|2
ξ ´ η

ε
Dz

and let j P N. Again using integration by parts we obtain for |ξ| ě 1

I2 “

ż

e´izpη´ξq{εptL2,εq
jptL1,εq

krσ,εpx, z, ξ, ηq dz dη “

“

ż

|z|ě1{4
1{4ď|ξ´η|ď|ξ|{2

Opεj`kωjν`l1`l2
ε |z|´kxξym2xηym1´k|ξ ´ η|´jq dz dη

and is integrable with respect to z if we take k ą n for sufficiently small ε. Then, using
the coordinate change η “ ξ ` ζ and applying Peetre’s inequality gives

I2 “

ż

1{4ď|ζ|ď|ξ|{2
Opεj`kωjν`l1`l2

ε xξym1`m2´kxζy|m1|`k´jq dζ “

“ Opεj`kωjν`l1`l2
ε xξym1`m2´kq

for every j, k P N with k ą n and j ą |m1| ` k ` n as ε Ñ 0. Combining the above yields
to

p2πεqneσ,εpx, ξq “ O
´

εNωl1`l2
ε xξym1`m2´N

¯

@N ě 0

uniformly for all σ ą 0 and px, ξq P R2n, |ξ| ě 1 as ε Ñ 0. By the same arguments as
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above, one can also show that for every α, β P Nn, |ξ| ě 1 and N P N we have

|Bαξ Bβxdσ,εpx, ξq| ` |Bαξ Bβxeσ,εpx, ξq| “ O
´

εNων|β|`l1`l2
ε xξym1`m2´|α|´N

¯

uniformly for σ ą 0 as ε Ñ 0. So we deduce that pdσ,εqε and peσ,εqε are contained in
Mpν,l1`l2q

Sm1`m2´N,N for every N P N uniformly with respect to σ ą 0 and px, ξq P R2n, |ξ| ě 1.

So it remains to study the term p2πεqnfσ,εpx, ξq which was given by
ż

eipx´yqpη´ξq{εχp|ξ ´ η|{|ξ|qχ1px, yqe´σpxyy`xηyqaεpx, ηqbεpy, ξq dy dη.

Now writing ξ “ λν where λ “ |ξ| and using the coordinate transformations

ζ “ pη ´ ξq{λ, z “ y ´ x

we obtain
fσ,εpx, ξq “

λn

p2πεqn

ż

|z|ď1{2, |ζ|ď1{2
e´iλzζ{εtσ,εpz, ζ;x, ξq dz dζ

where tσ,ε is a function in C8
c pRnz ˆ Rnζ q containing px, ξq as parameters and is given by

tσ,εpz, ζ;x, ξq “ χp|ζ|qχp|z|qe´σxx`zy´σxλpν`ζqyaεpx, λpν ` ζqqbεpx` z, λνq.

Then the method of stationary phase gives for every N P N, N ě 1

fσ,εpx, ξq “
ÿ

|α|ďN´1

ε|α|

α!λ|α|
Dα
ζ Bαz tσ,εpz, ζ;x, ξq

ˇ

ˇ

ˇz“0
ζ“0

` SN ptσ,ε;λ{εq

and the remainder can be estimated as follows

|SN ptσ,ε;λ{εq| ď
CεN

N !λN
ÿ

|α`β|ď2n`1
}Bαζ Bβz pBζ ¨ Bzq

N tσ,ε}L1pRn
z ˆRn

ζ
q “

“ O
´

εNωp2n`1`Nqν`l1`l2
ε λm1`m2´N

¯

“

“ O
´

εN´1ωl1`l2
ε xξym1`m2´N

¯

for |ξ| ě 1 and ε sufficiently small. Finally, since similar estimates hold true for the
derivatives, we conclude that pSN ptσ,εqqε is contained in Mpν,l1`l2q

Sm1`m2´N,N´1 for every N P N

uniformly with respect to σ ą 0 for every px, ξq P R2n with |ξ| ě 1.

As already mentioned in the beginning of the proof we now pass to the limit σ Ñ 0`. Then
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by Lebesgue’s dominated convergence theorem we have

cσ,εpx, ξq Ñ cεpx, ξq as σ Ñ 0`

so that equation (2.4.13) reads

Aψ,εBψ,εuεpxq “ p2πεq´n lim
τÑ0`

ż

eixξ{ε´τxξycεpx, ξqûεpξ{εq dξ “

“ p2πεq´n

ż

eixξ{εcεpx, ξqûεpξ{εq dξ

where the last equation holds in the sense of oscillatory integrals. Moreover the general-
ized symbol pcεqε is equal to paε#bεqε as described in (2.4.12) and in particular pcεqε P

Mpν,l1`l2q

Sm1`m2,0 . This completes the proof. □

2.5 A factorization procedure for Lψ

In this section we mainly follow the ideas made in Section 1.5. First, we write for Lψ “ ε2Lε
with Lε from the beginning

Lψpx, z,Dt, Dx, Dzq “: pB2
z `Apx, z,Dt, Dxqqψ (2.5.1)

where Aψ “ Aψpx, z,Dt, Dxq is the ψ-pseudodifferential operator with generalized symbol
paεqε and

aεpx, z, τ, ξq “ cεpx, zqτ2 ´ xbεpx, zqξ, ξy ε P p0, 1s. (2.5.2)

We briefly recall the requirements made on the coefficients cεpx, zq and bj,εpx, zq, 1 ď j ď

n´1, from Section 2.1. The coefficient cεpx, zq is of log-type up to order r P N, i.e. for some
constant C ą 0 we have }Bαcε}L8 “ Oplog|α|{rpC{εqq as ε Ñ 0, and strictly non-zero in
the sense that there exists ε1 P p0, 1s such that infyPRn |cεpx, zq| ě C for all ε P p0, ε1s and
some constant C ą 0 independent of ε. The same is assumed to hold for the coefficients
bj,ε. Moreover, cε Ñ c and bj,ε Ñ bj in the Hölder space C0,µpRnq with exponent µ P p0, 1q

as ε Ñ 0.

Also, we will study operators on Rn`1 of the form

Sψ “

2
ÿ

j“0
Sj,ψpx, z,Dt, DxqpB2´j

z qψ

with coefficients Sj,ψ P OPψ Mp1,ljq

Skj ,0 for some kj , lj P R, j “ 0, 1, 2.
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Concerning the factorization domain we make similar considerations as in Section 1.5 and
introduce the set

I 1
θ :“

␣

px, z, τ, ξq | τ ‰ 0, xbpx, zqξ, ξy ă sin2pθqcpx, zqτ2( (2.5.3)

for some θ P p0, π{2q. Then I 1
θ is an open subset of Rn ˆ pRnz0q and conic with respect to

the second variable. Moreover, we have chosen I 1
θ independent of the parameter ε P p0, 1s.

Again, the main reason for restricting the analysis to the domain I 1
θ is that paεqε is non-

negative there.

Further we write

Sψ “

2
ÿ

j“0
Sj,ψpx, z,Dt, DxqpB2´j

z qψ on I 1
θ

when the symbols of the coefficients Sj,ψ are restricted to a set I 1
θ.

Further, as already mentioned in Section 2.4, it is necessary to introduce the notion of
polyhomogeneous generalized symbols that are smoothed off at the origin.

2.5.1 Polyhomogeneous symbols

Definition 2.5.1. We say that a generalized symbol ppεqε is polyhomogeneous in Mpν,lq

Sm,k ,

denoted by ppεqε P Mpν,lq

Sm,k
phg

, if there exist a sequence of symbols ppm´j,εqε in Mpν,νj`lq

Sm´j,k
hg

,

j ě 0, and a cut-off φ P C8
c pRnq equal to 1 near the origin so that @N ě 1 we have

`

pε ´

N´1
ÿ

j“0
εjp1 ´ φqpm´j,ε

˘

ε
P Mpν,νN`lq

Sm´N,N`k for ξ sufficiently large. (2.5.4)

For (2.5.4) we will use the following notation in the sequel

ppεqε „
ÿ

jě0

`

εjpm´j,ε

˘

ε
in Mpν,lq

Sm,k
phg
.

Here the homogeneous part ppm,εqε is called the principal symbol of ppεqε if there exist an
η P p0, 1s and a constant C ą 0 such that pm,ε ı 0 for all |ξ| ě 1{C and any fixed ε P p0, ηs.
In particular, a ψ-pseudodifferential operator is polyhomogeneous if its generalized symbol
is polyhomogeneous.

As in Definition 2.4.3 and in Definition 2.4.7 we used the notation paεqε „
ř

pεjaj,εqε, but
in the following it will be clear from the text which notion we use. Note that in (2.5.4) the
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function φ cuts off singularities of pm´j,ε around ξ “ 0.
Remark 2.5.2. First note that the principal symbol is uniquely determined if the dual
variable is sufficiently large. Also (2.5.4) can be interpreted in the following sense: @N ě 1
we have

`

pε ´

N´1
ÿ

j“0
εjp1 ´ φqpm´j,ε

˘

ε
“ prεqε ` psεqε (2.5.5)

for some psεqε P Mpν,νN`lq

Sm´N,N`k and prεqε is some compactly supported regular generalized
symbol of order ´8 in the following sense:

Dη P p0, 1s Dk P R @m P R @α, β P Nn DC ą 0 such that
|Bαξ Bβxrεpx, ξq| ď Cεkxξym´|α| @ε P p0, ηs.

We refer to Section 2.6 where it is essential to distinguish between the two different types
of errors on the right hand side of (2.5.5).

2.5.2 Construction of a parametrix

In the sequel we will need the following lemma.
Lemma 2.5.3. Let m P R and Pψ be a polyhomogeneous ψ-pseudodifferential operator
whose symbol is given by ppεqε „

ř8
j“0pεjpm´j,εqε in Mpν,0q

Sm,0
phg

for some ppm´j,εqε P Mpν,νjq

Sm´j,0
hg

,

j ě 0. Furthermore suppose that the principal symbol ppm,εqε satisfies an estimate of the
form

DC ą 0 Dη P p0, 1s : |pm,εpx, ξq| ě C|ξ|m ε P p0, ηs. (2.5.6)

Then, there exists a polyhomogeneous ψ-pseudodifferential operator Qψ with symbol in
Mpν,0q

S´m,0
phg

such that the following is valid

QψPψ “ Iψ `Rψ, (2.5.7)

where I is the identity and the symbol of Rψ is in NS0 for |ξ| ě 1{C for some C ą 0.
More precisely, the polyhomogeneous generalized symbol q “ pqεqε of Qψ can be written in
terms of its asymptotic expansion, i.e.

pqεqε „
`

ÿ

kě0
εkq´m´k,ε

˘

ε
in Mpν,0q

S´m,0
phg

(2.5.8)

for some pq´m´k,εqε P Mpν,νkq

S´m´k,0
hg

, k ě 0. Here, note that the asymptotic expansion should
be understood as in Definition 2.5.1.
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Proof. The proof follows the classical arguments given in [37, Chapter 2] but involves
additional ε-dependencies of the symbols. In order to construct Qψ as in (2.5.8) that
satisfies (2.5.7) we will recursively define pq´m´k,εqε P Mpν,νkq

S´m´k,0
hg

, k ě 0. Because of

(2.5.6) we may define for some η P p0, 1s

q´m,εpx, ξq :“
#

pm,εpx, ξq´1, ε P p0, ηs

0, else.

Concerning the asymptotic behavior of the derivatives of q´m,ε we use the Leibniz rule and
obtain that DC ą 0 such that for every ε ą 0 sufficiently small

|Bαpτ,ξqB
β
y q´m,ε| “

ˇ

ˇ

ÿ

α1`...`αµ“α
β1`...`βµ“β

´

B
α1
pτ,ξq

Bβ1
y pm,ε

¯

. . .
´

B
αµ

pτ,ξq
Bβµ
y pm,ε

¯ 1
p1`µ
m,ε

ˇ

ˇ ď

ď Cων|β|
ε |ξ|´m´|α|

from which we deduce that pq´m,εqε P Mpν,0q

S´m,0
hg

. We now proceed by induction. Therefore
we define

q´m´k,ε :“ ´

!

ÿ

|γ|`j`l“k
lăk

1
γ!D

γ
ξ q´m´l,εB

γ
xpm´j,ε

) 1
pm,ε

k ě 1. (2.5.9)

Assuming that pq´m´N,εqε P Mpν,νNq

S´m´N,0
hg

for N ă k then from the construction given in

(2.5.9) one easily verifies that pq´m´k,εqε P Mpν,νkq

S´m´k,0
hg

.

Moreover, by Lemma 2.4.4 we get the existence of a generalized polyhomogeneous symbol
pqεqε P Mpν,0q

S´m,0
phg

having the following asymptotic expansion

pqεqε „
ÿ

kě0
pεkq´m´k,εqε in Mpν,0q

S´m,0 .

Let Qψ be the ψ-pseudodifferential operator with symbol pqεqε. Then (2.5.8) is satisfied
and it remains to show equation (2.5.7). Concerning the asymptotic expansion of QψPψ
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one has for every N ě 1

ÿ

|γ|ăN

ε|γ|

γ! D
γ
ξ qεB

γ
xpε “ q´m,εpm,ε `

N´1
ÿ

k“1

ÿ

|γ|`l`j“k

εk

γ!D
γ
ξ q´m´l,εB

γ
xpm´j,ε `

`
ÿ

kěN

ÿ

|γ|`l`j“k
|γ|ăN

εk

γ!D
γ
ξ q´m´l,εB

γ
xpm´j,ε.

(2.5.10)

Here the second term on the right hand side vanishes by (2.5.9). Furthermore the last
expression in (2.5.10) is in NS0 for |ξ| ě 1{C for some C ą 0 and q´m,εpm,ε “ 1, which
establishes the statement made in (2.5.7). □

Similarly, one can construct a ψ-pseudodifferential operator rQψ with symbol in Mpν,0q

S´m,0
phg

having a representation of the form (2.5.8) and satisfies

Pψ rQψ “ Iψ ` rRψ

where the generalized symbol of rRψ is in NS0 for |ξ| ě 1{C and some C ą 0. Furthermore
Qψ is related to rQψ in the following way: DC ą 0 such that

Qψ “ QψpPψ rQψq “ pQψPψq rQψ “ rQψ mod OPψNSm on the set |ξ| ě 1{C.

The aim is now to factorize Lψ on I 1
θ in terms of two first-order operators of the form

Lj,ψ “ pBz ` Ajqψ on I 1
θ with Aj,ψ a polyhomogeneous ψ-pseudodifferential operator with

generalized symbol in Mp1,0q

S1,0
phg

on I 1
θ, j “ 1, 2. Here, a first rough approximation would

suggest Aj,ψ to be the square root of the operator Aψ “ OPψppaεqεq given in (2.5.1) on the
set I 1

θ where ˘pi
?
aεqε is described explicitly, j “ 1, 2.

2.5.3 Factorization theorem

We are now going to show the following result.
Theorem 2.5.4. Let Lψ “ pB2

z `Aqψ and I 1
θ be as in (2.5.1) and (2.5.3) respectively. Then

the operator Lψ can be factorized into

Lψ “ L1,ψL2,ψ `Rψ on I 1
θ (2.5.11)

where Lj,ψ “ pBz ` Ajqψ and Aj,ψ P OPψ Mp1,0q

S1,0
phg

on I 1
θ whose principal symbol is equal to

˘pi
?
aεqε, j “ 1, 2. Moreover, the remainder is given by Rψ “ Γ0,ψ ` Γ1,ψpBzqψ for some
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ψ-pseudodifferential operators Γj,ψ with generalized symbol pγj,εqε in NS2´j on I 1
θ, j “ 0, 1.

On the symbol side (2.5.11) should be understood in the sense of Definition 2.5.1.

Note that the product L1,ψL2,ψ in (2.5.11) is not a ψ-pseudodifferential operator on Rn`1.
As the next section will show, one can overcome this by introducing certain microlocal
cut-off functions.

As in Subsection 1.5.1 we can define

fεpx, z, τ, ξq :“ xbεpx, zqξ, ξy

cεpx, zqτ2 on Rn ˆ pRz0q ˆ Rn´1.

since pcεpx, zqqε is strictly non-zero. Moreover we let χε be the smooth function defined on
Rn ˆ pRz0q ˆ Rn´1, 0 ď χε ď 1, which is given by

χεpx, z, τ, ξq :“

$

’

’

’

&

’

’

’

%

0, |fε| ě sin2 γ2

1, |fε| ď sin2 γ1

1 ´

ˆ

1 ` e
1

|fε|´sin2 γ1
´ 1

sin2 γ2´|fε|

˙´1
, sin2 γ1 ă |fε| ă sin2 γ2

for some fixed γ1 and γ2 with 0 ă γ1 ă γ2 ă π{2. Then the symbol pχεqε is in Mp1,0q

S0,0pRn ˆ

pRz0q ˆ Rn´1q. We let θ1, θ2 be fixed so that 0 ă θ1 ă γ1 ă γ2 ă θ2 ă π{2. Then

I 1
θ1 Ă tpx, z, τ, ξq | τ ‰ 0 and |fε| ď sin2 γ1u

for ε sufficiently small. Furthermore

tpx, z, τ, ξq | τ ‰ 0, |f | ě sin2 θ2u Ă tpx, z, τ, ξq | τ ‰ 0, |fε| ě sin2 γ2u

for ε small enough and where we have set f :“ limεÑ0 fε.

Defining
`

c
p0q

j,ε

˘

ε
:“

`

˘iχε
?
aε
˘

ε
P Mp1,0q

S1,0pRn ˆ pRz0q ˆ Rn´1q

we get pc
p0q

j,ε ¯ i
?
aεqε P NS1 on I 1

θ1
since χε ” 1 on I 1

θ1
, j “ 1, 2.

Factorization procedure

In order to factorize the operator Lψ as in (2.5.11) we will construct generalized symbols
paj,εqε of the operators Aj,ψ, j “ 1, 2 by means of their polyhomogeneous asymptotic
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2.5. A factorization procedure for Lψ

expansions (in the sense of Definition 2.5.1) on I 1
θ, that is

paj,εpx, z, τ, ξqqε „
ÿ

µě0

`

εµc
pµq

j,ε px, z, τ, ξq
˘

ε
in Mp1,0q

S1,0
phg

and the sequence tpc
pµq

j,ε qεuµPN consists of elements pc
pµq

j,ε qε P Mp1,µq

S1´µ,0pRn ˆ pRz0q ˆ Rn´1q

and satisfies the uniformity condition:

Dη P p0, 1s DK ą 0 @µ P N @α, β P Nn DC ą 0 for which

|Bαpτ,ξqB
β
px,zq

c
pµq

j,ε px, z, τ, ξq| ď Cω|β|
ε xξy1´µ´|α| for |pτ, ξq| ě K, ε P p0, ηs

and j “ 1, 2. More precisely, we will recursively construct a sequence tpb
pµq

j,ε qεuµ of symbols
pb

pµq

j,ε qε in Mp1,µq

S1´µ,µ
hg

on I 1
θ, j “ 1, 2 such that

`

c
pµq

j,ε px, z, τ, ξq
˘

ε
“
`

ε´µb
pµq

j,ε px, z, τ, ξq
˘

ε
on I 1

θ.

Proof of Theorem 2.5.4. The proof follows the same lines as in the proof of Theorem 1.5.2
but with additional ε-dependence.

To start, we set for j “ 1, 2 and ε small enough

a
p1q

j,ε :“ b
p0q

j,ε , l
p1q

j,ε :“ iζ ` a
p1q

j,ε on I 1
θ

where
b

p0q

j,ε px, z, τ, ξq “ ˘i
a

aεpx, z, τ, ξq on I 1
θ, j “ 1, 2.

Note that in particular pa
p1q

j,ε qε P Mp1,0q

S1,0
phg

on I 1
θ. Furthermore we define the first-order

operator Lp1q

j,ψ through pBz `A
p1q

j qψ where Ap1q

j,ψ “ OPψppa
p1q

j,ε qεq for j “ 1, 2.

Now taking L
p1q

1,ψL
p1q

2,ψ as a first approximation for Lψ we can compute the remainder as
follows:

L
p1q

1,ψL
p1q

2,ψ ´ Lψ “ pBz `A
p1q

1 qψpBz `A
p1q

2 qψ ´ pB2
z `Aqψ “

“ pA
p1q

1 `A
p1q

2 qψpBzqψ ` OPψ
``

εBza
p1q

2,ε
˘

ε

˘

`A
p1q

1,ψA
p1q

2,ψ ´Aψ “

“: Γp1q

0,ψ ` Γp1q

1,ψpBzqψ

where we have used the Leibniz composition rule for ψ-pseudodifferential operators. In
particular this means pBzqψA

p1q

2,ψ “ A
p1q

2,ψpBzqψ ` OPψ
`

pεBza
p1q

2,εqε
˘

. Then Γp1q

1,ψ “ pA
p1q

1 `
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A
p1q

2 qψ P OPψ NS1 on I 1
θ. Moreover Γp1q

0,ψ is equal to OPψ
`

pεBza
p1q

2,εqε
˘

` A
p1q

1,ψA
p1q

2,ψ ´ Aψ

and is a polyhomogeneous ψ-pseudodifferential operator with generalized symbol pγ
p1q

0,ε qε in
Mp1,1q

S1,1
phg

pI 1
θq by Proposition 2.4.8. In detail pγ

p1q

0,ε qε admits the asymptotic expansion

`

γ
p1q

0,ε
˘

ε
„

´

εBza
p1q

2,ε `
ÿ

|α|ě1

ε|α|

α!
`

Dα
ξ a

p1q

1,ε
˘`

Bαxa
p1q

2,ε
˘

¯

ε
on I 1

θ.

To improve this argument and will construct recursively the N -th approximation: LpNq

1,ψ L
pNq

2,ψ
of Lψ on the set I 1

θ.

Therefore, assume for N ě 1 that pb
pνq

j,ε qε P Mp1,νq

S1´ν,ν
hg

on I 1
θ is determined for all ν ď N ´ 1

and j “ 1, 2. For fixed ε P p0, ε0s and j “ 1, 2 we set on I 1
θ

a
pNq

j,ε :“
N´1
ÿ

ν“0
b

pνq

j,ε , L
pNq

j,ψ “ pBz `A
pNq

j qψ

with polyhomogeneous ApNq

j,ψ px, z,Dt, Dxq “ OPψ
`

pa
pNq

j,ε qε
˘

. Again, for all other ε P p0, 1s

we set apNq

j,ε and L
pNq

j,ε equal to zero, j “ 1, 2. Furthermore, we suppose an N -th order
approximation for Lψ of the form

L
pNq

1,ψ L
pNq

2,ψ ´ Lψ “ ΓpNq

0,ψ ` ΓpNq

1,ψ pBzqψ on I 1
θ

where ΓpNq

0,ψ and ΓpNq

1,ψ are the ψ-pseudodifferential operators with generalized symbols
pγ

pNq

0,ε qε in Mp1,Nq

S2´N,N
phg

on I 1
θ and pγ

pNq

1,ε qε in NS1 on I 1
θ, respectively.

We denote by pγ
pNq

0,ε qε and pγ
pNq

1,ε qε the top order symbols of pγ
pNq

0,ε qε and pγ
pNq

1,ε qε on I 1
θ. For

the induction step we specify pb
pNq

1,ε qε, pb
pNq

2,ε qε on I 1
θ2

as follows: since pa
p1q

j,ε qε satisfies

Dη P p0, 1s : |a
p1q

j,ε px, z, τ, ξq| ě C|pτ, ξq| on I 1
θ, @ε P p0, ηs

for some constant C ą 0 that is independent of ε P p0, ηs, j “ 1, 2, the matrix
¨

˝

1 1

a
p1q

2,ε a
p1q

1,ε

˛

‚
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2.6. The generalized infinite wave front set

is invertible on I 1
θ and thus the system

´γ
pNq

1,ε “ b
pNq

1,ε ` b
pNq

2,ε

´γ
pNq

0,ε “ b
pNq

1,ε a
p1q

2,ε ` a
p1q

1,εb
pNq

2,ε

is uniquely solvable for pb
pNq

j,ε qε in Mp1,Nq

S1´N,N
hg

on I 1
θ, j “ 1, 2.

We write B
pNq

j,ψ for the ψ-pseudodifferential operator with polyhomogeneous generalized
symbol pb

pNq

1,ε qε and set LpN`1q

j,ψ :“ pL
pNq

j `B
pNq

j qψ. Then the following holds

L
pN`1q

1,ψ L
pN`1q

2,ψ ´ Lψ “
`

L
pNq

1 `B
pNq

1
˘

ψ

`

L
pNq

2 `B
pNq

2
˘

ψ
´ Lψ “

“ ΓpNq

0,ψ ` ΓpNq

1,ψ pBzqψ `
`

B
pNq

1 `B
pNq

2
˘

ψ

`

Bz
˘

ψ
`

` OPψ
``

εBzb
pNq

2,ε
˘

ε

˘

`A
pNq

1,ψ B
pNq

2,ψ `B
pNq

1,ψ A
pNq

2,ψ `B
pNq

1,ψ B
pNq

2,ψ .

Indeed, we have an (N+1)-th order approximation of the form

L
pN`1q

1,ψ L
pN`1q

2,ψ ´ Lψ “ ΓpN`1q

0,ψ ` ΓpN`1q

1,ψ pBzqψ on I 1
θ

and ΓpN`1q

0,ψ and ΓpN`1q

1,ψ are the ψ-pseudodifferential operators with generalized symbols
pγ

pN`1q

0,ε qε P Mp1,N`1q

S1´N,N`1
phg

and pγ
pN`1q

1,ε qε P NS1 on I 1
θ, respectively. This completes the

induction step. □

2.6 The generalized infinite wave front set

In this section we will discuss an alternative description of microlocality and regularity
theory in Colombeau algebras of generalized functions.

In the case of classical generalized pseudodifferential operators that satisfy logarithmic slow
scale estimates microlocality is a straightforward modification of the regularity results in
[21] within the Colombeau theory and was shown in Subsection 1.6 of Chapter 1. But
the situation changes dramatically when working with ψ-pseudodifferential operators with
symbols of log-type.

For this reason we will introduce the notion of generalized infinite wave front set describing
negligibility of a generalized function at infinite points. For further studies about the
infinite wave front set and the more refined semiclassical wave front set we refer to [9, 1]
and [39, 14, 29].
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Chapter 2. A semiclassical approach

Remark 2.6.1. Before we start, we will first study properties of the compactly supported
operators that appeared in Remark 2.5.2. Therefore we let φ P C8

c pRnq equal to 1 near
the origin (ξ “ 0) and ppεqε in Mpν,lq

Sm,k as in Subsection 2.5.1. We now consider the

symbol rεpx, ξq :“ φpξqpεpx, ξq P Mpν,lq

S´8,k . We denote byHs
ε pRnq the L2-based semiclassical

Sobolev space defined by

∥uε∥2
Hs

ε pRnq :“ 1
p2πεqn

ż

p1 ` |ξ|2qs|Fεpuεqpξq|2 dξ “
1

p2πqn

ż

p1 ` |εξ|2qs|ûεqpξq|2 dξ

for any u P GL2pRnq. Here, Fεpuεqpξq :“ ûεpξ{εq denotes the semiclassical Fourier trans-
form. Then, we get for any s P R:

∥rψ,εpx,Dquε∥2
Hs

ε pRnq “ ∥
`

xεDxys ˝ rψ,εpx,Dxq
˘

uε∥L2pRnq.

Since the symbol of the ψ-pseudodifferential operator xεDxys ˝ rψ,εpx,Dxq belongs to
Mpν,lq

S´8,k for any s P R, we obtain by the L2-boundedness result (see below): DN P N,
@s P R:

∥rψ,εpx,Dquε∥2
Hs

ε pRnq “ Opε´N q.

In this sense rψ,εpx,Dquε is regular in a L2-based semiclassical Sobolev space.

2.6.1 Microlocal behavior at infinity

Here we introduce a suitable notion of asymptotic negligibility of a generalized function
u P GL2pRnq with respect to certain regularities on the phase space.

To do so, we use the following notions which are similar to [9]. For a non-zero vector
ξ0 P Rn we write for the projection onto the unit sphere ξ0{|ξ0|. Moreover, given such
ξ0 we say that Γ8ξ0 Ď Rn is a conic neighborhood of the direction ξ0{|ξ0| if Γ8ξ0 is the
intersection of the complement of some open ball centered at the origin with an open cone
containing the direction.

Furthermore, for px0, ξ0q in T ˚Rnz0 we say that a generalized symbol p :“ ppεqε P Mpν,0q

Sm,0
phg

is elliptic at px0,8ξ0q, or elliptic at infinity at px0, ξ0q, if there are an open neighborhood
U of x0, a conic neighborhood Γξ0 of ξ0 and a constant C ą 0 such that

|pεpx, ξq| ě Cxξym @px, ξq P U ˆ Γ8ξ0 as ε Ñ 0.

where Γ8ξ0 :“ Γξ0 X tξ P Rn | |ξ| ě Ku for some K ą 0. We denote by Ellippq the set of
all points px0, ξ0q P T ˚Rnz0 where p is elliptic at infinity.
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2.6. The generalized infinite wave front set

Then, the generalized infinite wave front set is defined as follows :

Definition 2.6.2. For u P GL2pRnq we denote by WF ipuq Ď T ˚Rnz0 the generalized infinite
wave front set of u which is characterized as follows. We say that px0, ξ0q R WF ipuq at
infinity, denoted by px0,8ξ0q R WF ipuq, if D χ :“ pχεqε P Mp0,0q

S8,0
phg

elliptic at px0,8ξ0q so
that

OPψpχqu “ 0 in GL2pRnq.

Remark 2.6.3. Let puεqε P MH8 and suppose that there exists χm :“ pχm,εqε in Mp0,0q

Sm,0
phg

for some m P R elliptic at px0,8ξ0q with

@q P N : ∥OPψ,εpχm,εquε∥L2pRnq “ Opεqq as ε Ñ 0.

Using [17, Proposition 3.4] then the above line is equivalent to OPψpχmqu “ 0 in GL2 .

Furthermore, we introduce the notion of the infinite conic support to describe singular-
ities of ψ-pseudodifferential operators (cf. [1, Definition 1]). Therefore let p :“ ppεqε P

Mpν,lq

Sm,k
phg

be the generalized symbol of Pψ. Then the infinite conic support of Pψ is the

set conesuppippq Ď T ˚Rnz0 and is defined as the complement (in T ˚Rnz0) of the set of
points px0, ξ0q P T ˚Rnz0 such that there exists an open neighborhood U of x0, a conic
open neighborhood Γξ0 of the direction ξ0 and a constant K ą 0 such that the following is
satisfied

@α, β P Nn @N P N : |Bαξ Bβxpεpx, ξq|xξy´m`N`|α| “ OpεN q as ε Ñ 0 (2.6.1)

uniformly in px, ξq P U ˆ Γ8ξ0 where Γ8ξ0 “ Γξ0 X tξ P Rn | |ξ| ě Ku. This is again a
condition on the behavior for a generalized symbol at infinity and we therefore say that
px0, ξ0q R conesuppippq at infinity and write px0,8ξ0q R conesuppippq whenever (2.6.1) is
fulfilled.

The idea here is that conesuppippqc are the directions on the phase space in which Pψ
annihilates singularities as they are contained in NSmpU ˆΓq for |ξ| ě K and some K ą 0.
To give a connection to these two notions of wave front sets we state the following theorem
(cf. [1, Lemma 5]).

Theorem 2.6.4. Given u P GL2 and Pψ a ψ-pseudodifferential operator with generalized
symbol p “ ppεqε P Mpν,lq

Sm,k
phg

. Then the following statement is valid

WF ipPψuq Ď WF ipuq X conesuppippq

and we say that ψ-pseudodifferential operator microlocal at infinity.
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We remark that most of the properties of the infinite wave front set of a generalized
function in GL2 can be derived from the theorem of Calderón-Vaillancourt for the class
pseudodifferential operators with symbols in S0

0,0.

Proof. We first show the inclusion relation WF ipPψuq Ď conesuppippq. Therefore we let
px0, ξ0q P T ˚Rnz0 such that px0,8ξ0q R conesuppippq which in turn implies that ppεqε is in
NSmpU ˆ Γ8ξ0q for some open neighborhood U of x0 and some conic open neighborhood
Γξ0 of ξ0. More precisely, we have that DC ą 0:

@α, β P Nn @N P N : |Bαξ Bβxpεpx, ξq|xξy´m`N`|α| “ OpεN q as ε Ñ 0

uniformly in px, ξq P U ˆ Γ8ξ0 with Γ8ξ0 “ Γξ0 X tξ P Rn | |ξ| ě Cu.

We will now construct a symbol
`

χ
p´mq

J,K

˘

ε
P Mp0,0q

S´m,0
phg

elliptic at px0,8ξ0q such that

@q P N : ∥OPψ,εpχ
p´mq

J,K qPψ,εuε∥L2pRnq “ Opεqq as ε Ñ 0.

For that reason let ϕ P C8
c pRnq such that ϕpzq “ 1 for |z| ď 1{2 and ϕpzq “ 0 for |z| ě 1.

Now, given px0, ξ0q P T ˚Rnz0 we define for fixed J ą 0 the function

λ
p´mq

J px, ξq :“ ϕ
´x´ x0

J

¯

ϕ

ˆ

! ξ

|ξ|
´

ξ0
|ξ0|

) 1
J

˙

|ξ|´m for ξ ­“ 0.

Further for some fixed K ą 0 let

χ
p´mq

J,K px, ξq :“ p1 ´ ϕq

´ ξ

2K

¯

λ
p´mq

J px, ξq. (2.6.2)

Then for J,K ą 0 fixed
`

χ
p´mq

J,K px, ξq
˘

ε
P Mp0,0q

S´m,0
phg

is elliptic at px0,8ξ0q and supported in

|x´ x0| ď J,
ˇ

ˇ

ˇ

ξ

|ξ|
´

ξ0
|ξ0|

ˇ

ˇ

ˇ
ď J, |ξ| ě K.

So χp´mq

J,K is a cut-off in a conic neighborhood of ξ0 and is supported in a cone of directions
near ξ0. In particular, we have χp´mq

J,K #pεpx, ξq “ 0 for |ξ| ď K, where we used the notation
a#bpx,Dq “ apx,Dq ˝ bpx,Dq. We now choose J,K ą 0 such that

supppχ
p´mq

J,K q Ď U ˆ Γ8ξ0 . (2.6.3)

Then, by the L2-boundedness theorem of Calderón-Vaillancourt for symbols of class S0
0,0,

see [55, Chapter 13, Theorem 1.3], there are constants j0, j1 P N and C1 ą 0, each of which
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depends on the dimension n but is independent of ε ą 0, such that

∥OPψ,εpχ
p´mq

J,K qPψ,εuε∥L2 “ ∥OPψ,εpχ
p´mq

J,K #pεquε∥L2 ď

ď C1 sup
|α|ďj0,|β|ďj1

∥Bαξ Bβx pχ
p´mq

J,K #pεq∥L8pR2nq∥uε∥L2

where in the last step we performed the rescaling by means of the asymptotic expansion of
the second kind for the composition formula of the pseudodifferential operators expressed
by using the notation #, see Subsection 2.4.2. Moreover, we used the following estimation

|Bαξ Bβx

`

χ
p´mq

J,K #pεpx, εξq
˘

| “ ε|α||pBαξ Bβx χ
p´mq

J,K #pεqpx, εξq| ď

ď ε|α| sup
px,ξqPR2n

|pBαξ Bβx χ
p´mq

J,K #pεqpx, εξq| “ ε|α|∥Bαξ Bβx χ
p´mq

J,K #pε∥L8pR2nq.

Now using the fact that ppεqε P NSmpU ˆ Γ8ξ0q and (2.6.3) one has for every q P N that

sup
|α|ďj0,|β|ďj1

∥Bαξ Bβx pχ
p´mq

J,K #pεq∥L8pR2nq “ Opεqq as ε Ñ 0

by Proposition 2.4.8 and we deduce that px0,8ξ0q R WF ipPψuq which completes the first
part of the proof.

We continue the proof by showing the inclusion: WF ipPψuq Ď WF ipuq.

We take px0,8ξ0q R WF ipuq and let U be some open neighborhood of x0 and Γξ0 a conic
neighborhood of ξ0. Then, for some j P R there exists χj :“ pχj,εqε P Mp0,0q

Sj,0
phg

elliptic at

px0,8ξ0q such that for some constant K1 ą 0 we have

DC ą 0 Dη P p0, 1s : |χj,εpx, ξq| ě Cxξyj @ε P p0, ηs (2.6.4)

uniformly on U ˆ Γ8ξ0 with Γ8ξ0 “ Γξ0 X tpx, ξq | |ξ| ě K1u and

@q P N : ∥OPψ,εpχj,εquε∥L2 “ Opεqq as ε Ñ 0.

Then the assumptions in Lemma 2.5.3 are satisfied for χj,ε on the set U ˆ Γ8ξ0 . So, there
is a rχ´j :“ prχ´j,εqε P Mp0,0q

S´j,0
phg

such that

OPψprχ´jqOPψpχjq “ Iψ `Rψ on U ˆ Γ8ξ0

where the generalized symbol prεqε of Rψ is in Mp0,0q

S´N,N on U ˆ Γ8ξ0 for every N P N.
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As in (2.6.2), one constructs a generalized symbol pκj´mqε P Mp0,0q

Sj´m,0
phg

elliptic at px0,8ξ0q

such that supppκj´mq is contained in the set where (2.6.4) is valid. We then write

OPψ,εpκj´m#pεq “ OPψ,εpκj´m#pε#rχ´j,εqOPψ,εpχj,εq ´ OPψ,εpκj´m#pε#rεq.

Concerning the first term on the right hand side we rescale and obtain by the Calderón-
Vaillancourt theorem that there are constants j0, j1 P N and C ą 0 such that

∥OPψ,εpκj´m#pε#rχ´j,εqOPψ,εpχj,εquε∥L2 ď

ď C sup
|α|ďj0,|β|ďj1

∥Bαξ Bβxκj´m#pε#rχ´j,εq∥L8pR2nq∥OPψ,εpχj,εquε∥L2

and the latter expression is Opεqq as ε Ñ 0 for every q P N by assumption. Similarly, we
obtain for every q P N:

∥OPψ,εpκj´m#pε#rεquε∥L2 “ Opεqq as ε Ñ 0

since prεqε P NS0 on the support of κj´m. Therefore px0,8ξ0q R WF ipPψuq. □

As a next result we reformulate the infinite wave front set in terms of the Fourier transform
of a localized function.

For this purpose we introduce the space GcpRnq of compactly supported generalized func-
tions consisting of those u P GpRnq such that for some K Ť Rn the restriction u to RnzK
is equal to 0 as an element of GpRnzKq. Note that for an open subset Ω of Rn the space
GpΩq is defined by the space GE by setting E “ EpΩq the space of smooth functions on
Ω topologized through the family of seminorms pKn,jpfq :“ supxPKn,|α|ďj |Bαfpxq| where
pKnqn is an exhausting sequence of compact subsets of Ω.
Proposition 2.6.5. Let u P GcpRnq. If px0,8ξ0q R WF ipuq then there exists γ P C8

c pRnq

with γpx0q ‰ 0 and a conic neighborhood Γ of ξ0 such that @N, q P N, DC ą 0, DK ą 0
satisfying

|Fpγuεqpξq| ď Cεqxξy´N as ε Ñ 0 (2.6.5)

for all ξ P Γ with |ξ| ě K{ε. This is equivalent to saying

@N, q P N DC ą 0 DK ą 0 :
|Fpγuεqpξ{εq| ď Cεqxξy´N as ε Ñ 0

for all ξ P Γ with |ξ| ě K.

Note that our notion of regularity is derived from the infinite wave front set and therefore
differs from [34, Section 6] and [21, Sections 2 and 3]. It is also different to the Definitions
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2.6. The generalized infinite wave front set

3.13 and 3.14 given in [40, Section 3.2.2] if one replaces there the condition of G8 rapid
decrease by rapid decrease. We remark that a generalized function u P GpRnq is of rapid
decrease if it has a representative puεqε with the property:

DN P N @p P N DC ą 0Dη P p0, 1s : |uεpxq| ď Cε´Nxxy´p @x P Rn, ε P p0, ηs.

Proof. The following proof is similar to [27, Proposition 7.4]. First note that Gc Ď GL2 .
Since px0,8ξ0q R WF ipuq we can find a χ :“

`

χε
˘

ε
P Mp0,0q

S´m,0
phg

elliptic at px0,8ξ0q such

that OPψpχqu “ 0 in GL2 for some m P R. Furthermore we let γ P C8
c pRnq with γpx0q ‰ 0.

Then there exists a symbol ϕ P S0pRnq, supppϕq Ă Γ8ξ0 “ Γξ0 X tξ | |ξ| ě Ku for some
K ą 0 and ϕptξq “ 1 for t ě 1, ξ P Γ8ξ0 , so that

ϕψpDqγpxq “ AψOPψpχq `Rψ

where Aψ and Rψ is a ψ-pseudodifferential operator with generalized symbol in Mp0,0q

Sm,0 and
NS0 , respectively. Then by assumption we deduce that ϕψpDqγu “ 0 in GL2 . Note that in
particular we have that ϕψpDqγu “ 0 in GS and GS ãÑ GL2 , see [17, Proposition 3.5]. Using
the fact that the Fourier transform is an isomorphism on GS we obtain ξ ÞÑ pϕpεξqxγuεpξqqε

is in NS under consideration of the scaling. Hence, we also have

@N P N @q P N : ∥xξ{εyNϕpξqxγuεpξ{εq∥L8 “ Opεqq ε Ñ 0,

showing (2.6.5). □

We also study the behavior of the infinite wave front set of a function under the action of
ψ-pseudodifferential operators that are elliptic at infinity.
Theorem 2.6.6. Let u P GL2pRnq and let Pψ be a ψ-pseudodifferential operator with symbol
p :“ ppεqε in Mpν,0q

Sm,0
phg

that is elliptic at px0,8ξ0q P T ˚Rnz0. Then the following holds:

WF ipuq Ď WF ipPψuq Y Ellippqc.

Proof. Suppose px0,8ξ0q is not contained in the right hand side of the claimed inclusion
relation. Since px0,8ξ0q P Ellippq the symbol ppεqε is elliptic at px0,8ξ0q and therefore
there is an open neighborhood U of x0 and conic neighborhood Γξ0 containing ξ0 such that

|pεpx, ξq| ě Cxξym on U ˆ Γ8ξ0 as ε Ñ 0.

By Lemma 2.5.3 there exists an approximative inverse Qψ so that

Iψ “ QψPψ `Rψ on U ˆ Γ8ξ0 (2.6.6)
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and px0,8ξ0q R conesuppiprq where r :“ prεqε is the generalized symbol of Rψ. Hence,
px0,8ξ0q R WF ipRψuq by Theorem 2.6.4.

Furthermore, since also px0,8ξ0q R WF ipPψuq, we obtain

px0,8ξ0q R WF ipQψPψuq Ď WF ipPψuq.

By (2.6.6) we deduce that px0,8ξ0q R WF ipuq. □

2.6.2 Microlocal factorization

In this section we use the notion of microlocal behavior at infinite points of a given gener-
alized function in GL2pRnq to give a microlocal interpretation of Theorem 2.5.4. Therefore,
we say that two generalized functions u, v P GL2 are microlocally equivalent at px0,8ξ0q if
and only if Dpχεqε P Mp0,0q

S8,0
phg

elliptic at px0,8ξ0q such that χψpu´ vq “ 0 in GL2 .

As in Chapter 1 and [51] we introduce a subset of the phase space associated to I 1
θ which

is given by
Iθ :“ tpt, x, z, τ, ξ, ζq | px, z, τ, ξq P I 1

θ, |ζ| ď C|τ |u. (2.6.7)

We remark that the set Iθ will serve as the adequate space-frequency domain on which we
establish the microlocal factorization theorem at infinite points.

As already mentioned in the preceding section Lj,ψ “ pBz ` Ajpx, z,Dt, Dxqqψ, j “ 1, 2 is
not a ψ-pseudodifferential operator on Rn`1. We therefore define a microlocal cut-off φ as
in the proof of Theorem 1.7.4. Then, by construction, φ P S0pRn ˆ Rn`1q and the symbol
of OPψpφqWψ is in Mp1,0q

S1,0
phg

pRn`1 ˆ Rn`1q for all Wψ P OPψpMp1,0q

S1,0
phg

pRn`1 ˆ Rn`1qq.

In particular, we obtain

pt, x, z,8pτ, ξ, ζqq R conesuppipφ´ 1q @pt, x, z, τ, ξ, ζq P Iθ,

and thus
φψL1,ψL2,ψ “ L1,ψL2,ψ on Iθ with |pτ, ξ, ζq| ě K

for some constant K ą 0. And we say

φψL1,ψL2,ψ ” L1,ψL2,ψ microlocally at infinity on Iθ. (2.6.8)

Furthermore, since

WF ipφψL1,ψL2,ψu´ φψLψuq Ď WF ipuq X conesuppi
´

φ#pl1,ε#l2,ε ´ lεq
¯
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and
pt, x, z,8pτ, ξ, ζqq R conesuppi

´

φ#pl1,ε#l2,εlεq
¯

for pt, x, z, τ, ξ, ζq P Iθ by Theorem 2.5.4, we obtain

pt, x, z,8pτ, ξ, ζqq R WF ipφψpL1,ψL2,ψ ´ Lψquq @pt, x, z, τ, ξ, ζq P Iθ,

which is equivalent to saying

L1,ψL2,ψu ” Lψu microlocally at infinity on Iθ

for any u P GL2 . Summarizing the observations from above we obtain the following theorem:

Theorem 2.6.7. Let Lψ and Iθ be as in (2.5.1) and (2.6.7). Then the operator Lψ can
be factorized into a product of two first-order ψ-pseudodifferential operators as follows

Lψ “ L1,ψL2,ψ microlocally at infinity on Iθ

where Lj,ψ “
`

Bz ` Aj
˘

ψ
and Aj,ψ is the ψ-pseudodifferential operator is as in Theo-

rem 2.5.4.

2.7 Microlocal diagonalization for Lψ

The main issue in this section is to diagonalize of the microlocal equation LψU “ F using
the refined factorization of Theorem 2.6.7. In detail, we will rewrite the equation

LψU “ F microlocally at infinity on Iθ1

into an equivalent system of the form
`

Bz ´ iB˘px, z,Dt, Dxq
˘

ψ
u˘ “ f˘ microlocally at infinity on Iθ1 .

To show this we will discuss a different approach to the one given by Stolk in [51] as
it turns out that the factorization theorem already contains all the ingredients for the
diagonalization.

As in Chapter 1 we start rewriting the inhomogeneous equation LψU “ F into a first-order
system with respect to the parameter z:

„

pId Bzqψ ´

¨

˝

0 1

´A 0

˛

‚

ψ

ȷ

¨

˝

U

pBzqψ U

˛

‚“

¨

˝

0

F

˛

‚ (2.7.1)
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with U,F P GL2pRn`1q, Id the 2ˆ2 identity matrix and Aψ the ψ-pseudodifferential oper-
ator with generalized symbol paεqε as in (2.5.2). For brevity we again drop the identity
matrix Id in the equations from now on. Hereafter we are going to reduce the operator in
(2.7.1) to diagonal form. To make this notion rigorous we make the following arrangements.

We let

Qψ “

¨

˝

Q11 Q12

Q21 Q22

˛

‚

ψ

, Pψ “

¨

˝

P11 P12

P21 P22

˛

‚

ψ

be 2ˆ2 matrices of ψ-pseudodifferential operators whose entries satisfy the requirements of
Lemma 2.5.3. Also we choose the top order of the symbols of Q11,ψ, Q21,ψ equal to 1 ´m
and those of Q12,ψ, Q22,ψ equal to ´m for some fixed m P R.

Using Lemma 2.5.3 we choose Pψ to be the approximative inverse of Qψ in the following
sense: with P11,ψ, P12,ψ being operators of order m ´ 1 and P21,ψ, P22,ψ of order m and
one has that there exists a constant K ą 0 such that PψQψ “ Idψ ` Eψ for |pτ, ξq| ą K
for some 2ˆ2 ψ-pseudodifferential operator matrix Eψ of the form

Eψ “

¨

˝

E11 E12

E21 E22

˛

‚

ψ

and E11,ψ, E22,ψ P OPψNS0 , E12,ψ P OPψNS´1 and E21,ψ P OPψNS1 at infinite points.

Then by (2.6.8) and (2.7.1) the equation

LψU “ F microlocally at infinity on Iθ1

holds if and only if

φψQψ

¨

˝

Bz ´1

A Bz

˛

‚

ψ

PψQψ

¨

˝

U

pBzqψ U

˛

‚“ φψQψ

¨

˝

0

F

˛

‚ microlocally at infinity on Iθ1

where φψ is the microlocal cut-off function from the previous section.

Furthermore, we will use the following notation: for l “ 1, 2 and k P N we denote by Epk,lq
ψ

operators of the form
ÿ

kďjďk`l

R2´j,ψpx, z,Dt, DxqpBj´k
z qψ
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and the generalized symbol of R2´j,ψ “ R2´j,ψpx, z,Dt, Dxq is in NS2´j for k ď j ď k ` l.

In the following we assume that Rψ is a ψ-pseudodifferential operator valued 2ˆ2 error ma-
trix with entries in Ep1,1q

ψ at infinite points of I 1
θ1

. Also, we let B˘,ψ “ B˘,ψpx, z,Dt, Dxq P

OPψMp1,0q

S1,0
phg

at infinite points of I 1
θ1

.

In order to obtain a diagonalization for the operator in (2.7.1) we search for operators
Pψ, Qψ, Rψ and B˘,ψ as above such that the following adapted formulation of the problem
is valid in the region of infinite points of I 1

θ1
:

Qψ

„

pBzqψ ´

¨

˝

0 1

´A 0

˛

‚

ψ

ȷ

Pψ “

¨

˝

Bz ´ iB` 0

0 Bz ´ iB´

˛

‚

ψ

`Rψ. (2.7.2)

To show the existence of these operators we will construct them explicitly. Therefore, we
presume that (2.7.2) can be solved for some Pψ, Qψ, Rψ and B˘,ψ with the above conditions.
We remark that the above equality can be extended outside of I 1

θ1
but then the error matrix

may not be negligible (cf. Chapter 1).

Multiplying equation (2.7.2) with Qψ
` 1

Bz

˘

ψ from the right we obtain for the left hand side
an expression of the form

Qψ

¨

˝

Bz ´1

A Bz

˛

‚

ψ

PψQψ

¨

˝

1

Bz

˛

‚

ψ

“

¨

˝

Q12,ψpB2
z `Aqψ ` S

p1,`q

ψ

Q22,ψpB2
z `Aqψ ` S

p1,´q

ψ

˛

‚ on infinte points of I 1
θ1

(2.7.3)
with Sp1,˘q

ψ P Epm,2q

ψ on infinite points of I 1
θ1

. Similarly, we compute for the right hand side

„

¨

˝

Bz´ iB` 0

0 Bz´ iB´

˛

‚

ψ

`Rψ

ȷ

Qψ

¨

˝

1

Bz

˛

‚

ψ

“

“

¨

˝

pBz ´ iB`qψpQ12,ψpBzqψ `Q11,ψq ` S
p2,`q

ψ

pBz´ iB´qψpQ22,ψpBzqψ `Q21,ψq ` S
p2,´q

ψ

˛

‚ at infinity of I 1
θ1 (2.7.4)

where Sp2,˘q

ψ P Epm,2q

ψ at infinity of I 1
θ1

. Combining (2.7.3) and (2.7.4) we get an improved

111



Chapter 2. A semiclassical approach

formulation of (2.7.2) which reads

Q12,ψpB2
z `Aqψ “ pBz ´ iB`qψ

`

Q12,ψpBzqψ `Q11,ψ
˘

`R
p`q

ψ at infinity on I 1
θ1

Q22,ψpB2
z `Aqψ “ pBz ´ iB´qψ

`

Q22,ψpBzqψ `Q21,ψ
˘

`R
p´q

ψ at infinity on I 1
θ1 ,

(2.7.5)

with R
p˘q

ψ P Epm,2q

ψ on I 1
θ1

, |pτ, ξq| ą K for some K ą 0.

We note that (2.7.5) is a coupled system of two equations each of which stating a factor-
ization similar to (2.5.11) in Theorem 2.5.4. In the following we relate (2.5.11) to (2.7.5)
which will guarantee existence of the basic approach made in (2.7.2). As Theorem 2.5.4
allows two different factorizations (depending on the sign of the principal symbol) we will
modify both of them to deduce the refined reformulation in (2.7.5).

Thus, with a view to Theorem 2.5.4, we first write Lψ “ pB2
z `Aqψ in the following form

Lψ “ pBz `A11qψpBz `A12qψ ` Γ1,ψ on I 1
θ1 (2.7.6)

and for j “ 1, 2, A1j,ψ “ A1j,ψpx, z,Dt, Dxq is a polyhomogeneous ψ-pseudodifferential
operator with generalized symbol pa1j,εqε as in Theorem 2.5.4. Moreover we choose A11,ψ
and ´A12,ψ such that their principal symbols are equal to p´i

?
aεqε. Furthermore Γ1,ψ is

in Ep0,1q

ψ at infinite points on I 1
θ1

. Likewise we obtain

Lψ “ pBz `A21qψpBz `A22qψ ` Γ2,ψ at infinity on I 1
θ1 (2.7.7)

where A2j,ψ “ A2j,ψpx, z,Dt, Dxq, j “ 1, 2, are polyhomogeneous ψ-pseudodifferential
operators but at this point the top order symbols of A21,ψ and ´A22,ψ equal to pi

?
aεqε.

Again Γ2,ψ is in Ep0,1q

ψ on I 1
θ1

with |pτ, ξq| ě K for some K ą 0.

An expansion in (2.7.6) and (2.7.7) then gives the following for j “ 1, 2

pB2
z `Aqψ “ pB2

zqψ ` pAj1 `Aj2qψpBzqψ ` OPψ
`

pεBzaj2qε
˘

`Aj1,ψAj2,ψ ` Γj,ψ

on I 1
θ1

with |pτ, ξq| ě K ą 0 where we used the Leibniz rule. By construction of the
generalized symbols of Aj1,ψ and Aj2,ψ we observe that paj1,εqε “ p´aj2,εqε modulo NS1

at infinity on I 1
θ1

, j “ 1, 2. Using this (2.7.6) and (2.7.7) then read

pB2
z `Aqψ “ pBz `A11qψpBz ´A11qψ mod Ep0,1q

ψ at infinity on I 1
θ1

“ pBz `A21qψpBz ´A21qψ mod Ep0,1q

ψ at infinity on I 1
θ1 .

(2.7.8)

With m being the fixed real number from the beginning of this section we now choose
rQ

p˘q

ψ P OPψMp1,0q

Sm,0
phg

and so that the requirements of Lemma 2.5.3 are fulfilled. Using
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the same result we obtain the existence of two ψ-pseudodifferential operators Qp˘q

ψ with
generalized symbols in Mp1,0q

S´m,0
phg

satisfying (2.5.8) and

rQ
p˘q

ψ Q
p˘q

ψ “ Q
p˘q

ψ
rQ

p˘q

ψ “ Iψ mod OPψNS0 at infinity on I 1
θ1 .

Inserting rQ
p`q

ψ Q
p`q

ψ into the first line of (2.7.8) and rQ
p´q

ψ Q
p´q

ψ into the second line yields

pB2
z `Aqψ “ pBz `A11qψ

rQ
p`q

ψ

`

Q
p`q

ψ pBzqψ ´Q
p`q

ψ A11,ψ
˘

mod Ep0,2q

ψ on I 1
θ1

“ pBz `A21qψ
rQ

p´q

ψ

`

Q
p´q

ψ pBzqψ ´Q
p´q

ψ A21,ψ
˘

mod Ep0,2q

ψ on I 1
θ1

for |pτ, ξq| ě K ą 0. Here, we define

´iB`,ψ :“ Q
p`q

ψ A11,ψ rQ
p`q

ψ ´ OPψ
`

pεBzq
p`q
ε qε

˘

rQ
p`q

ψ

´iB´,ψ :“ Q
p´q

ψ A21,ψ rQ
p´q

ψ ´ OPψ
`

pεBzq
p´q
ε qε

˘

rQ
p´q

ψ

(2.7.9)

for |pτ, ξq| large enough and where pq
p˘q
ε qε denote the principal symbols of Qp˘q

ψ . Conse-
quently, the operators B˘,ψ are generalized polyhomogeneous ψ-pseudodifferential opera-
tors with real-valued top order symbol in Mp1,0q

S1,0
hg

on I 1
θ1

. Furthermore, a straightforward
calculation shows that with this choices for B˘,ψ we have

`

Bz `A11
˘

ψ
rQ

p`q

ψ “ rQ
p`q

ψ

`

Bz ´ iB`

˘

ψ
mod Ep1´m,0q

ψ on I 1
θ1

`

Bz `A21
˘

ψ
rQ

p´q

ψ “ rQ
p´q

ψ

`

Bz ´ iB´

˘

ψ
mod Ep1´m,0q

ψ on I 1
θ1

for |pτ, ξq| ě K ą 0, leading to the following decomposition on I 1
θ1

`

B2
z `A

˘

ψ
“ rQ

p`q

ψ

`

Bz ´ iB`

˘

ψ

`

Q
p`q

ψ pBzqψ ´Q
p`q

ψ A11,ψ
˘

mod Ep0,2q

ψ

“ rQ
p´q

ψ

`

Bz ´ iB´

˘

ψ

`

Q
p´q

ψ pBzqψ ´Q
p´q

ψ A21,ψ
˘

mod Ep0,2q

ψ

at infinity. Comparing this with the refined approach (2.7.5) we make the following choice
for the matrix Qψ from the beginning

Q11,ψ :“ ´Q
p`q

ψ A11,ψ, Q12,ψ :“ Q
p`q

ψ ,

Q21,ψ :“ ´Q
p´q

ψ A21,ψ, Q22,ψ :“ Q
p´q

ψ .
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Hence

Qψ “

¨

˝

´Q
p`q

ψ A11,ψ Q
p`q

ψ

´Q
p´q

ψ A21,ψ Q
p´q

ψ

˛

‚“

¨

˝

Qp`q 0

0 Qp´q

˛

‚

ψ

¨

˝

´A11 1

´A21 1

˛

‚

ψ

(2.7.10)

and Q
p˘q

ψ are polyhomogeneous ψ-pseudodifferential operators of order ´m on I 1
θ1

and
elliptic in the sense of (2.5.6).

Since the top order symbol of Aj1,ψ is given by p˘i
?
aεqε, j “ 1, 2 it follows from (2.7.10)

that Qψ is elliptic in the sense of (2.5.6). Furthermore, the approximative inverse matrix
Pψ of Qψ is given by

Pψ “

¨

˝

´Cψ Cψ

´A21,ψCψ 1ψ `A21,ψCψ

˛

‚

¨

˝

rQp`q 0

0 rQp´q

˛

‚

ψ

on I 1
θ1

where Cψ is the generalized parametrix of pA11 ´ A21qψ in the sense of Lemma 2.5.3. We
have therefore found an appropriate operator-valued matrix Pψ, Qψ, Rψ and operators B˘,ψ

solving (2.7.2). We have therefore proved the following theorem:

Theorem 2.7.1. Let Lψ as in (2.5.1) and U,F P GL2pRn`1q. Then, there are operators
Qψ as in (2.7.10) and B˘,ψ as in (2.7.9), such that the equation

LψU “ F microlocally at infinity on Iθ1 (2.7.11)

holds if and only if
`

Bz ´ iB`px, z,Dt, Dxq
˘

ψ
u` “ f` microlocally at infinity on Iθ1 and

`

Bz ´ iB´px, z,Dt, Dxq
˘

ψ
u´ “ f´ microlocally at infinity on Iθ1 .

(2.7.12)

Furthermore the coupling effect is computed as follows
¨

˝

u`

u´

˛

‚:“ Qψ

¨

˝

U

pBzqψU

˛

‚,

¨

˝

f`

f´

˛

‚:“ Qψ

¨

˝

0

F

˛

‚.

2.7.1 Closing remarks

Let us briefly summarize the above. First we explained a factorization procedure for the
semiclassical operator Lψ in the non-trivial case of generalized coefficients of log-type when
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acting on GL2 . To overcome the error made in this factorization we further introduced an
adapted notion of microlocal regularity.

Concerning the motivating part of this chapter we want to make the following remarks.
Because of the lack of an adequate description of propagation of singularities in this setting
it is not clear so far if and how one can derive approximated solutions to (2.7.11) from
solutions of a perturbation of the problem (2.7.12) as we have seen in the smooth case
in Subsection 0.1. Even if we allow the operator Lε given in (2.1.3) to have logarithmic
slow scale regular coefficients this problem remains unsolved. Once again, we want to
mention that in the case of logarithmic slow scale case no semiclassical interpretation of
the situation is necessary and microlocal regularity is based on local GL2-regularity.

Moreover, we note that apart from the microlocal phase space restrictions in the equations
of (2.7.12) the operators Lj,ψ meet the conditions of Theorem 3.1 of [32], j “ 1, 2, if
the coefficients in (2.1.3) from the beginning are of log-type with an appropriately chosen
exponent r P N which depends only on the dimension n. More precisely r plays the same
role as k does in Remark 3.2 in [32]. It is not clear so far if it is possible to associate to
(2.7.12) a global description of the same by introducing suitable damping operators a in
the logarithmic slow scale (and smooth) setting (cf. Subsections 1.8 and 1.9).

However, we already pointed out in Subsection 2.3 that so far we only handled the case
where the semiclassical asymptotic regime was restricted to hpεq “ ε as ε Ñ 0. This sug-
gests itself to ask for general criteria of other possible choices for the semiclassical scale hpεq.
Under the viewpoint of parameter-dependent representation theory for generalized pseu-
dodifferential operators this will hopefully also give more insight in the notion of microlocal
regularity at infinity. Here, a future aim is to obtain a refined notion of microlocalization
which is capable of giving a global characterization and hence has to include regularity
results for Colombeau generalized objects also for finite points (cf. Remark 2.6.1).
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