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Abstract

In the first part we give a factorization procedure for a strictly hyperbolic partial dif-
ferential operator of second order with logarithmic slow scale coefficients. From this we
can microlocally diagonalize the full wave operator which results in a coupled system of
two first-order pseudodifferential equations in a microlocal sense. Under the assumption
that the full wave equation is microlocal regular in a fixed domain of the phase space, we
can approximate the problem by two one-way wave equations where a dissipative term
is added to suppress singularities outside the given domain. We obtain well-posedness of
the corresponding Cauchy problems for the approximated one-way wave equations with a
dissipative term.

In the second part of this thesis we study strictly hyperbolic partial differential operators
of second order with less regular coefficients as in the first part. After modeling them
as semiclassical Colombeau equations of log-type we provide a factorization procedure
on some time-space-frequency domain. As a result the operator is written as a product
of two semiclassical first-order constituents of log-type which approximates the modeled
operator microlocally at infinite points. We then present a diagonalization method so
that microlocally at infinity the governing equation is equal to a coupled system of two
semiclassical first-order strictly hyperbolic pseudodifferential equations. Furthermore we
compute the coupling effect.






Zusammenfassung

Im ersten Teil dieser Arbeit befassen wir uns mit der Faktorisierung von strikt hyper-
bolischen partiellen Differentialoperatoren zweiter Ordnung wobei die Koeffizienten durch
gewisse verallgemeinerte logarithmische slow-scale Funktionen gegeben sind. Davon ausge-
hend zeigen wir eine mikrolokale Diagonalisierung des verallgemeinerten partiellen Differ-
entialoperators. Wir erhalten daher ein gekoppeltes System von zwei Pseudodifferentialgle-
ichungen erster Ordnung in einem mikrolokalen Setting. Unter der Annahme, dass die volle
Wellengleichung mikrolokal regulér auf einem hinreichend schonen Gebiet des Phasenraums
ist, kann das Wellengleichungenproblem durch zwei One-Way Gleichungen approximativ
beschrieben werden. Im Speziellen enthalten diese approximierenden One-Way Operatoren
einen zusétzlichen dissipativen Term, der es erlaubt, ungewollte Singularitdten zu unter-
driicken. Im Anschluss daran zeigen wir die Wohldefiniertheit der entsprechenden Cauchy
Probleme fiir die approximierenden One-Way Gleichungen mit dissipativem Term.

Als Motivation fiir den zweiten Teil dieser Arbeit dient der Versuch die Bedingungen an die
Koeffizienten aus dem ersten Teil abzuschwéachen. Dazu betrachten wir einerseits einen, im
Vergleich zu oben, leicht modifizieren strikt hyperbolischen Differentialoperator aber ander-
erseits sind die Koeffizienten nunmehr durch logarithmisch skalierte Funktionen gegeben.
Um die verlorene Regularitit der Koeffizienten auszugleichen modellieren wir die Gleichun-
gen nun in einem semiklassischen Sinne. Als erstes Resultat erhalten wir eine Faktorisierung
des nun semiklassischen Operators in ein Produkt von zwei Operatoren erster Ordnung auf
einem geeigneten Gebiet des Phasenraums. Anschliefend zeigen wir eine mikrolokale Diag-
onalisierung des semiklassischen Operators und der damit verbundenen Moglichkeit eines
approximierenden gekoppelten Systems von zwei mikrolokalen semiklassischen Pseudodif-
ferentialgleichungen erster Ordnung - nun aber nur mehr auf sogenannten unendlichen
Punkten des entsprechenden Gebiets des Phasenraums.
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Chapter 0

Introduction

0.1 Motivation and the smooth background case

A particular example of a strictly hyperbolic partial differential equation of second order
is the wave equation describing phenomena such as propagation of elastic waves and vi-
brations. However, in this section of the introduction we give a motivation for the present
survey and is devoted to one-way wave propagation in inhomogeneous acoustic media in the
case of smooth background coefficients. For more information on the relevance in seismic
imaging and migration models we refer the reader to [7, 4, 53, 54].

To start with a real life problem we may ask whether and how one can establish a tap-proof
communication link between a source and a receiver in an underwater environment. In the
following we analyze how the correlation between the source and the receiver location can
help to detect a desired information in downward continuation problems. However, in this
real life problem one is mainly interested in the extrapolation of a wave field along the
depth-direction. The mathematical reformulation of such problems corresponds to initial
value problems of second-order partial differential equations with a space-like direction as
evolution parameter and is in general not well-defined (cf. [48], [38]).

To overcome the ill-posedness the concept of wave-field decomposition enables us to rewrite
the full wave equation into a coupled system of approximative one-way wave equations.
Using microlocal techniques the system of one-way equations can then be decoupled assum-
ing that the wave field propagates in one direction within certain propagation angles and
prohibits propagation in the opposite direction. Therefore, the approximation allows to
determine the high-frequency components of the solution as they propagate along curved
trajectories in the phase space.
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In the following we recall the crucial statements given by Stolk for the directional wave
field decomposition in the present of smooth background data [51, 52]. For a discussion
on the inverse scattering problem with simultaneous consideration of possible reflection
data see for example [50, 54, 11] and the references therein. Also, we refer to [46, 47] for
investigations of the Cauchy problem of first-order pseudodifferential equations and to [58]
for numerical implementations.

As in [51] our basic type of model will be the wave equation for inhomogeneous acoustic
media in n-dimensions, n > 2. Since we are interested in approximative one-way equations
we allocate the vertical direction z, which we call the depth, the lateral directions are
denoted by z. The medium itself is described by the wave speed ¢ = c¢(z,z) and the
fluid density p = p(x,z). Also we let U = U(t,z,z) denote the acoustic wave field and
F = F(t,z,z) a source which usually describes the initiation of an acoustic wave. Then
the acoustic wave equation is given by

11, "&.1 1

where U and F are in the distribution space D’(R"*!). Further we assume smooth back-
ground data, i.e. the wave speed and the density are functions in C*(R"), which shall also
satisfy the boundedness conditions 0 < ¢(z, 2), p(z, 2) < oo for all (z,2) e R* ! x R,

In the case of slow varying media and the presence of a source function we follow Stolk’s
approach and restrict the analysis to a microlocal region Ig, that is given by

Io, == {(t,,2,7,£,Q) | (z,2,7,§) € Ig,, [¢| < C|7[}
I§, = {(z,2,7,) | T #0, [¢] < sin(©2)|c(x,2) "7}

for some angle O € (0,7/2). To give an impression of the first of these domains we give a
picture below in figure 1 (see [46]).

Then, under the assumption that the wave front set of U is contained in Ig,, one can
rewrite a microlocal equivalent model to (0.1.1) in terms of a coupled system of one-way
wave equations with the depth as evolution parameter.

The main result is then the following. The equation
PU =F microlocally on Ig,

is equivalent to the system of two first-order strictly hyperbolic partial differential equations
of the form

Py tuy = (6Z — iBJ_r(.fL',Z,Dt,Dx))UJ_r = f+ microlocally on Ig,, (0.1.2)
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Figure 1: Here the shaded area corresponds to I, at given (¢,z, z) and a given frequency 7. The
bold dotted line designates the characteristic set Char(P) and 6 is the propagation angle of the
singularities.

where the plus-minus sign refers to downward and upward migration. Here uq, fi are
distributions and B4 are pseudodifferential operators of order 1 that can be chosen selfad-
joint. Furthermore the coupling effect of the counterpropagating constituents uy, f+ and
the original data U, F' can be computed by a Douglis Nirenberg elliptic pseudodifferential
operator transfer matrix (). In detail, we have

(Zf) =Q™ </1)aUzU> : (;f) =Q! <g> : (0.1.3)

To model wave propagation in the downward direction in the source-free case one decouples
(0.1.2) microlocally and we are interested in the solutions to the problem

PU =0 z> 2
WFU)n{z=2, (/T>0} =0

for some initial depth zp € R such that U, is well-defined.

Using the geometry of the microlocal region we let the set Jg +(z0) = T*R™"*1\0 consist
of points (t,z,z,7,&, () so that the bicharacteristics (¢(z),z(z),7(2),&(2)) corresponding
to B, parametrized by z, and with propagation angle 6(z), pass through (tg,xo, 70, &0)
at initial depth z = zy and the points (z(2), z,7(2),£(z)) remain in I§ for all z € [0, Z].
So Jo,+(20) is the set that can be reached from the initial depth z = 2y while staying in
Io ; and the propagation angle 6(z) along the bicharacteristic is always smaller than ©
(cf. Figure 1).

Since the equation for downward migration in (0.1.2) holds only microlocally, one obtains
approximative solutions when studying a perturbation P, of the operator P 4 including an
additional damping term C' = C(z, z, Dy, D,;) which vanishes in Ig, for some fixed positive
angle 0 < ©1 < ©3 and suppresses singularities outside Ig,. Also note that u_ is vanishing
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on lg, N {z = 2} so that the perturbed initial value problem for downward propagation
now reads

P+u+=(5z—iB++C)u+=O RnX(Z’O,Z)

u+‘Z0 = Q;1<ZO)U’ZO

where Q;l is the essential component of the transfer matrix mentioned above. As a result
the solution to the initial value problem for the perturbed first-order pseudodifferential
equation can be related to that of Py uy = 0 using the geometry in the region Jg ;. In
detail one can recover the high frequency part of the original wave field on some subset
Jo,,+ of the phase space that can be reached from an initial given depth zy while staying
in Ig, for propagation angles 0(z) < ©1 < Oa.

As a result, we get the following relations

Qiup =U  on Ji(z0,01),
Qiuy =0  outside J4 (29, 02)

and we refer to [51] and [52] for a deeper discussion.

0.2 The case of logarithmic slow scale background coeffi-
cients

When studying strictly hyperbolic partial differential equations with generalized coefficients
the results commonly depend on the appropriate choice of the asymptotic scale of the
regularizing parameter. In the first part of this work we will consider operators of the form
(0.1.1) where the coefficients are logarithmic slow scale and where U and F belong to Grz2.
We continue to write

LU = F (0.2.1)

for the generalized version of (0.1.1).

The aim then is to provide a symbolic calculus in order to explain a diagonalization with
respect to the parameter z of the Colombeau generalized version of equation (0.2.1). To
do so, we will reduce the diagonalization problem to a factorization theorem which in the
case of smooth coefficients can be found in [37, Appendix II], [31, Chapter 23]. We note
that in these references the results are only valid for operators with simple characteristics
on the phase space with the zero section excluded. This is different to our approach as we
are interested in factorizations with respect to the parameter z.

For recent contributions to a related topic we refer the reader to the work by Garetto and
Oberguggenberger [24]. There, the authors established existence and regularity results for

4
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solutions to strictly hyperbolic systems with Colombeau coefficients using symmetrisation
up to regularizing errors in the time evolution of the wave field. In detail, they proved
existence and uniqueness of generalized solutions in the case of logarithmic slow scale
coefficients. Note that a net 7. € R(:1] is a logarithmic slow scale net if |r.| = O(logP(1/e))
for all p > 0 as ¢ — 0 and a generalized coefficient (a.). is said to be logarithmic slow scale
regular if

Va € N" 3 a logarithmic slow scale net 7o :  [[0%ac[po@ny = O(re) e — 0.

Again, with view to (0.2.1), the roots in ¢, the dual variable of z, of the principal symbol
of the operator are assumed to be simple on the phase space without the zero section in
this case.

So, when studying an equation of the form (0.2.1) with coefficients that satisfy strongly
positive logarithmic slow scale estimates one can adapt the results in [21, 37] to obtain a
diagonalization in some microlocal subregion of the phase space and microlocal regularity
has to be understood in a Qz% sense. Recall that Qz% is the space of regular generalized
functions in G5 and is characterized by uniform e-growth in all derivatives. This is a
generalization of the results in the smooth coefficient case which was briefly explained in
the beginning of Section 0.1.

In detail, we obtain a generalized version of the equations (0.1.2) and (0.1.3).

Since in the Colombeau framework the evolution behavior of propagating singularities is
not yet sufficiently understood we lose the geometrical interpretations from the smooth
setting. But, we will show in the Sections 1.8 and 1.9 how one can derive well-posed
approximated Cauchy problems from the resulting microlocal first-order equations.

In detail, we will show the well-posedness of the Cauchy problems for two first-order equa-
tions of the form

Liuy =0 on (zp, Z) x R"
u

+,0 on R"
such that the solutions u4 € G2 allow for an approximation of the problem
LU =0 microlocally on Iy,, z € (20, Z).

where U = Qius + Q_u_ + f for some f = 0 microlocally on Iy, z € (20,%) and
Q4+ := Q11, Q- := Q12 are suitable entries of a generalized transfer matrix (cf. (0.1.3)).
The appropriate choice for the set Iy, is defined in (1.5.2). It depends on the limit of
the wave speed function, i.e. ¢*(x,z) = lim.gce(x,z) (i.e. ¢*(x,z) is the limit of the
generalized coefficient c.(x, z)) which will be assumed to be a Hélder continuous function

5
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and is independent of the regularization parameter. More details about the set Iy, will be
given in the Sections 1.5 and 1.7 and in Subsection 1.3.3.

We note that this first chapter goes back to the previous work done [26].

0.3 A semiclassical approach for less regular background
coefficients

In the second part we will ask ourselves if it is possible to relax the logarithmic slow
scale conditions on the coefficients to coefficients of log-type when using a different kind of
quantization and we refer the reader to [25]. As this is a first step we will consider simpler
operators as in Chapter 1 but with less regular coefficients. In particular, we will study of
the following form:

n—1
L.(x,2,Dy, Dy, D) := 0 + Z bje(x, z)ﬁgj — c.(z, )02 (0.3.1)
j=1

Here, the coefficient c.(x, z) is of log-type up to order r € N, i.e. for some constant C' > 0
we have [|0%. |z = O(logl®V/"(C/e)) as e — 0, and strictly non-zero in the sense that there
exists €1 € (0,1] such that inf(, ,)epn |cc(7, 2)| = C for all € € (0,¢1] and some constant
C > 0 independent of . Also, b;. is of log-type up to order r and strictly non-zero.
Moreover we assume that c. — ¢ and bj . — b; in the Hélder space C%#(R™) with exponent
we (0,1) as e — 0.

The observations of Hormann made in [32] provides an indication for studying operators
with coefficients that are of log-type. In detail, the author showed well-posedness for
certain first-order hyperbolic pseudodifferential equations where the occurring symbols are
of log-type up to fixed specified order. As we will slightly manipulate the second-order
operator (i.e. we will consider certain quantizations of the operator L) we note that after
a factorization procedure we will obtain first-order operators where the appearing symbols
are of log-type.

So, as just mentioned, to analyze operators as in (0.3.1) with less regular coefficients as in
Chapter 1 we try a different approach. In order to overcome the necessity of the logarithmic
slow scale assumption (e.g. construction of an approximative inverse, well-posedness of
certain first-order equations) we associate to the operator L. in (0.3.1) a semiclassical
modification Ly . such that Ly (x, 2, Dy, Dy, D) 1= L.(x,2,6Dy,eDy,eD;). Here, the
particular choice ¢ = 1 (g) = e refers to the phase function in which the semiclassical scaling
is kept and depends on the regularizing parameter ¢ € (0,1]. The detailed explanation of
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the correspondence between the operators L and Ly, is given in Section 2.3. Then, instead
of working with the equation LU = F', we consider the corresponding semiclassical problem

LyU=F (0.3.2)

where U, F are generalized functions in Gy2 and the operator Ly : Gr2 — G2 acts on the
level of representatives as

(UE)EH (L’l/},e(mazaDtanaDz)us)s V(UE)EEMHOO~

Due to the additional e-dependent semiclassical scaling parameter we then apply the theory
of generalized semiclassical pseudodifferential operators which we call ¥-pseudodifferential
operators in the following for short. This enables us to state a factorization theorem
for Ly in terms of two first-order i-pseudodifferential operators with respect to the pa-
rameter z modulo two different types of error operators. As already mentioned above
the factorization is only valid when imposing certain restrictions on the underlying time-
space-frequency domain which we left e-independent. In detail, the error operators are
characterized by a semiclassical negligibility condition outside a compact set. Since global
semiclassical negligible operators are easy to handle as they map moderate nets to negligible
ones the interesting case is to understand the compactly supported error operators. But,
due to the semiclassical scaling, worse e-asymptotics are introduced when studying bound-
edness of such compactly supported operators. The basic notions and a general calculus
of 1-pseudodifferential operators can be found in Sections 2.2 and 2.4, the factorization
procedure is explained in Section 2.5.

To eliminate the remainder terms produced in the factorization procedure we then proceed
in Section 2.6 by presenting an adapted notion of microlocal regularity which essentially
corresponds to the semiclassical wave front set at infinite points within the Colombeau
framework. This allows us to overcome the difficulties that arise due to the compactly
supported error operators occurring in the factorization. Concepts of the wave front set
in Colombeau’s theory have been explored in [40, 21, 22, 18]. For an introduction to
semiclassical analysis and microlocalization we refer to [39, 14, 29, 1]. Again, we remark
that unlike to the case of smooth coefficients we lose the property that singularities are
propagating on geometrically determined phase space trajectories.

In Section 2.7 we then combine the factorization with our notion of microlocal regularity in
order to describe the desired microlocal diagonalization method. As a result, we obtain a
coupled system of two first-order i-pseudodifferential equations that approximate equation
(0.3.2) microlocally at infinite points on an adequate subdomain of the phase space.







Chapter 1

Factorization of second-order
strictly hyperbolic operators with
logarithmic slow scale coefficients
and well-posedness of generalized
microlocal approximations

1.1 Basic notions

In this section we specify the basic notions that will be needed for our constructions. As the
problem is treated within the framework of Colombeau algebras we refer to the literature
[8, 41, 40, 28, 20, 19] for a systematic treatment in this field.

One of the main objects in our setting are Colombeau generalized functions based on G;2
which were first introduced in [3]. The elements in this algebra are given by equivalence
classes u := [(ue)ze(0,1]] of nets of regularizing functions . in the Sobolev space H* =
MNiez H k corresponding to certain asymptotic seminorm estimates. More precisely, we
denote by My the nets of moderate growth whose elements are characterized by the
property

Va e N" AN e N : [[0%uc|| p2mny = O(e™) as e — 0.

Negligible nets will be denoted by Ny« and are nets in My« whose elements satisfy the




Chapter 1. Microlocal approximations of strictly hyperbolic operators

following additional condition
Vg e N: |lucl[f2@ny = O(e7) as € — 0.

Then the algebra of generalized functions based on L?-norm estimates is defined as the
factor space Ggo = Mpy«x/Nyo. By abuse of notation, we continue to write Gy2(R™) for
Gue. For simplicity, we shall also use the notation (u.). instead of (uc).e(o,1] throughout
the paper.

Using [3, Theorem 2.7], we first note that the distributions H=% = | J,, H* are linearly
embedded in G;2(R") by convolution with a mollifier . (z) = e "¢(¢~1x) where p € S(R")
is a Schwartz function such that

fcp(ac) dx =1, Jxo‘cp(x) dr =0 forall aeN" |a|=>1. (1.1.1)

Further, by the same result, H*(R") is embedded as a subalgebra of G2 (R").

More generally, we introduce Colombeau algebras based on a locally convex vector space
E topologized through a family of seminorms {p;}icr as in [24, Section 1]. To continue, the
elements

Mp = {(u)e € EOU|Vie I IN e N: p;(ue) = O(e V) as e — 0}
%= {(ue)e € EQU 1IN eNVie Tl :pi(u)=0@EN)ase — 0} (1.12)
MEC = {(u). € BEOU|Vie I I(w.)e € Myge : pi(ue) = O(w.) as e — 0} o
Ng = {(u). € EQU|Vie I VgeN: pi(us) = O(?) as € — 0}

are said to be FE-moderate, E-regular, F-moderate of logarithmic slow scale type and
E-negligible, respectively.

Then, Ng is an ideal in Mg and the space of Colombeau algebra based on E is defined
by the factor space G = Mp/Ng and possesses the structure of a C-module. The space
of the regular Colombeau algebra G = M% /N is again a C-module whereas the space
of the logarithmic slow scale algebra G&¢ = M%¢/Ng is a C-module.

Example 1.1.1. Setting ££ = C one gets the ring of complex generalized numbers C =Gc
with the absolute value as the corresponding seminorm. Furthermore, we denote by R = Gg
the ring of real generalized numbers.

Further, let Q be an open subset of R™. Then the Colombeau algebra G(Q) = Ex () /N ()
is obtained by taking E = C®(Q)) endowed with the topology induced by the family of
seminorms p;(f) := px,i(f) = sup{|0® f(z)| : x € K;, || < i} for some fixed f e C*(Q2) and
where {K;};cv is an increasing sequence of relatively compact open subsets of {2 exhausting

10



1.2. Pseudodifferential calculus

Q.

Another example is the Colombeau algebra G, ,(€2), 1 < p < 00, when F is set to W*P(Q)
and the topology is determined by the collection of seminorms p;(f) = sup{|[0®f||, : |a| <
i}, f € WPP(Q), as i varies over N. We note that G;2 = Go 2. For more general Colombeau
algebras based on Sobolev spaces we refer to [3, Section 2]. Using the notation there, we
have the following equivalences: En7p(2) = M) and Ny () = Nypor(q)-

As different growth types are crucial in regularity theory we introduce the set of logarithmic
slow scale nets by

H,SC:Z{(%) eROU | Ine (0,1] Ie>0Vee (0,7] : ¢ < w,
1
Ine (0,1] Yp=03c, > 0: |w.|? cplog( ) 86(0,17]}.

Further, we call a net (w:). € I} logarithmic slow scale strictly nonzero if there exists
(re)e € Ijse and an n € (0, 1] such that |we| = 1/r. for € € (0,7n].

1.2 Pseudodifferential calculus

In this section we introduce a general calculus for pseudodifferential operators which are
standard quantizations of generalized symbols. Since most of the techniques are similar
to the usual theory of pseudodifferential operators we also want to refer to [31, 55]. A
detailed discussion on pseudodifferential operators with Colombeau generalized symbols
can be found in [20, 19]. As usual, we will write D,; = —i0,; = —i%.

We shall initially discuss the main notions of generalized symbols. As already indicated
above, we will study symbols which satisfy asymptotic growth conditions with respect to
(we)e € Ijge. In what follows, we use the notation (£) := (1 + [£[?)1/2.

1.2.1 Generalized symbol classes

We let p,é € [0,1] and m € R. Moreover, we denote by S)s = S)';(R™ x R") the set of
symbols of order m and type (p, ) as first introduced by Hérmander in [30, Definition 2.1].
Since the symbol class S;?(; satisfies global estimates we remark that our space Ms;rjé is
different to that in [23, Section 1.4].

As in the following we will typically encounter subspaces of M sms subjected to logarithmic
slow scale asymptotics we can choose in (1.1.2) E = S™ oo and obtaln symbols of the form:

11



Chapter 1. Microlocal approximations of strictly hyperbolic operators

Definition 1.2.1. Let m € R. Then the set of moderate logarithmic slow scale symbols
s 1sc(R" X R™) of order m and type (p,8) consists of all (ac)e € S)5(R™ x R™) O] gych
that
Va, B € N F(we)e € Mg, -

(M= sup 0800ac(w, )€Y N — O(w.)  ase 0.
((E,E)GRQ"

An element of NZ%(R" x R™) is said to be negligible in ;’}57150(]1%” x R™) if it fulfills the
following condition:
Va,B e N" Vge N : qg:lﬁ)(ag) =0(?) ase—0.

Then, logarithmically slow scaled symbols of order m are defined as the factor space

S;’,lﬁ,lsc(Rn X Rn) = S,I&lsc(Rn X Rn)/ ;%(Rn X Rn)

and in the following we will assume that § < p. In the case that p =1 and § = 0 we use

, ’ m m Nm m m ~m N
the abbreviations Sj.., Nj%.. and Sj.. for ST 0ser N0 15 and ST ., respectively.

Remark 1.2.2. Moreover, the space §l;2° of logarithmic slow scale symbols of order —oo
consists of equivalence classes a whose representatives (ac). have the property that

VmeR Vo, 5 € N J(we)e € I : qg})(aa) =0O(w:) ase—0.

Since (we). is a logarithmic slow scale net, we note that the net of a symbol (a.). in Sj7.
can always be estimated as follows

Vo, B e N": qé%)(ae) = O(log (é)) as e — 0.

To give an example, let P(x, D,) = Z‘ al<m aq(z) DS be a partial differential operator with
bounded and measurable coefficients. Then the logarithmically slow scaled regularization of
the symbol is given by p:(,€) := (p(., &) * ¢ ,-1)(x) and (pc) is contained in Sjg (R™ x R™).

Also, we will make use of the following symbol class:

Definition 1.2.3. Let U < R™ x R™ be openwand conic with respect to the second variable.
We say that the generalized symbol a is in S;’?(;’lSC(U) if it has a representative (ac). with
a. € C*(U) for fixed € € (0,1] and for any compact set K < pry(U) (independent of ) and

Vi :i={(z,§) e U | £ € K} we have

Va, e N" F(we)e € 5. 3C > 0:
10802, (2,€)] < Cw(eYm=PlIHoIBl (z,¢) e Vg

12



1.2. Pseudodifferential calculus

for e sufficiently small and where Vi := {(z, ) | (x,€) € Vi, A = 1}.

Note that Definition 1.2.1 is equivalent to Definition 1.2.3 in the case that U = R"™ x R".
For completeness, we recall the definition for global symbols ;’fé(U ) which is similar to
that for local symbols, see [6, Definition 2.3, page 141]: For U being an open subset of
R™ x R™, which is conic in the second variable, we say that a € S5(U) if a € C*(U) and

for each compact K < pry(U) and Vi := {(z,£) e U | £ € K} we have

Vo, B € N": sup |(')?&§a(m’g)\<g>—m+plal—5lﬁ\ <o
(z,£)eVE

where Vi 1= {(z,\¢) | (z,€) € Vi, A > 1}.
We choose the following convention for defining the Fourier transform JF of a function

u € L2(Rn):

Fu(§) :=a(§) := J e"y(z) dx ;= lim e Dy (1) da.

n 0'4>0+ R™
Then, the Fourier transform is an isomorphism on L2(R") and the inverse Fourier transform

of u € L?(R") is given by the formula

Fhu(z) = J eirgu(f) d¢ ;= lim eimg_o<§>u(§) dg.

n O'—>O+ R"

where we have set d¢ := (2m)~" d§. More information about the Fourier transform acting
on Gr2 can be found in [2]. As already mentioned above, we will focus on generalized
pseudodifferential operators having the following phase-amplitude representation:

Definition 1.2.4. Let (a.): € a € g/%’lsc(R" x R™) and let (u:)- be a representative of
u € Gr2. We define the corresponding linear operator A : Gr2 — Gr2 by

Alw, Dju(a) i= [ € Pa(e, uly) dy d i= (A-{z: Dyuc(w)- + N (2)
where
Ao, DJucle) = [ P a (o, uc(y) dy ¢ = [ €50, e(6) de -
SN (REASLEG)
where the last integral is interpreted as an oscillatory integral. The operator A is called the

generalized pseudodifferential operator with generalized symbol a. Later on, we will some-

times write A € \112’?57ZSC(R") to denote that A is a generalized pseudodifferential operator

13



Chapter 1. Microlocal approximations of strictly hyperbolic operators

with symbol in §;’7L5,ZSC(R” x R™). In the case that (p,d) = (1,0), we will write A € V]2 (R")

lsc
for short.

1.2.2 Generalized point values of a generalized symbol

As above, let U x I' € R™ x R™ be open and conic with respect to the second variable and
(ac)e a generalized symbol in S ;. .(U x I').

Definition 1.2.5. Let I' € R" be an open cone. On
Do i={(¢)e e TN [INeN: |¢| = O(e™) ase — 0}
we introduce the equivalence relation
(Ce ~ () & VmeN: |l = 2| =O(E™) ase—0

and denote by = Tpr/ ~ the generalized cone with respect to T'.

Lemma 1.2.6. Let a € ggfé,lsc(U xT') and ge L. Then the generalized point value of a at

~

¢= [(CS)SL

~

a(z,¢) := [(a=(2,C))e]

is a well-defined element in C.

Proof. The proof is similar to the proof of [28, Proposition 1.2.45]. We let (z,(.). € U x Ty
and (az)e € 7% (U x I'). For any index i € N, C; denotes a positive constant, (wi.c)e a
logarithmic slow scale net and /NV; a natural number. Then

lac(2,¢)| < Crwn (1 + [¢))™ < Crwr (1 4 Coe™N2ymax(m0) « Cpe=Ns,
S0 (as(zy Cs))z—: € Ry = M.

We now show that (' ~ ¢2 implies a(z,gl) ~ a(z,ZQ). So let (! ~ ¢2. Then

la<(2, ¢2) = a=(=, Q)| < 162 = €] fol |Deac(z, ¢ + 0(C2 = )l do <
< Cywg e (1 + Coe™ Vo) mxmO|cl — 2| < Coe~Noe?
for all p > 0 and ¢ small enough. Hence (ac(z,(2))e — (ac(z,¢2))e ~ 0.
Finally, if (a.). € Ngm (U x I') we have

lac(z, )| < CeP(1 + | )™ < CeP(1 + C7E—N7)max(m,0)

14



1.2. Pseudodifferential calculus

for any p > 0 as ¢ = 0. So (a:(2,{))s ~ 0. o

In the case of generalized logarithmic slow scale cones we get a similar result.
Definition 1.2.7. Let I' € R"™ be an open cone. On
Tarise = {(¢)e € TN | F(we)e € Myge : (] = O(we) as e — 0}
we introduce the equivalence relation
(e~ (Z)e e VmeN: | = =0(E™) ase -0
and denote by flsc =T amse/ ~ the generalized logarithmic slow scale cone of I'.

Lemma 1.2.8. Let a € gg,%,lsc(U x I') and ge Lise. Then the generalized point value of a
at ¢ = [(¢)e],

~

a(z,¢) := [(ac(z, ()l

18 a well-defined element of (Nflsc.

1.2.3 Asymptotic expansion

To prepare the factorization theorem of Section 1.5 we will have to consider products of
pseudodifferential operators. In the sequel, we will construct a complete symbolic calculus
for generalized pseudodifferential operators.

We therefore start with some general observations concerning the notion of asymptotic
expansion of a generalized symbol in 5”;’}57156. The presentation of the results are inspired
by the results given in [19, Section 2.5] and [20]. There, the techniques are described
by means of generalized symbols as well as for slow scale symbols. The modification to
logarithmic slow scale symbols is evident.

The definition of the asymptotic expansion is now the following:
Definition 1.2.9. Let {m;}; be a strictly decreasing sequence of real numbers such that

mj — —00 as j — 00, mo = m.

(i) Further, let {(ajc)e}; be a sequence with (ajc): € Mgm;. We say that the formal
.0

series Z;)»O:O(ajya)E is the asymptotic expansion for (ac). € C*(R™ x R™") O denoted by

15



Chapter 1. Microlocal approximations of strictly hyperbolic operators

(ac)e ~ 25(aje)e, if and only if

p6

Z ajc)e € Mgny VYN > 1.
7=0

(it) Also, let {(ajc)e}; be a sequence with (a;.). € S:)nglsc We say that the formal se-

ries Z;?O:O(ajﬁ)€ is the asymptotic expansion for (a.). € C*(R™ x R™)(OM denoted by
(as)s ~lsc Zj(aj,s)s; Zf and Only Zf

N—-1
. mN
- Z a]: Sp&lsc VN > 1.
=0

In both cases, (apc)e is said to be the principal symbol of (ac)e.

Moreover, we introduce the restriction MS;% y (R" x R") € M sms of classical generalized
symbols. h ’

Definition 1.2.10. We say that a generalized symbol (a.)c € /\/ls;n is classical, denoted
by (ac)- € MS;T&CZ; if there exists a sequence {(aje)c}j with symbols (aje)e in Mg s i (R™ x

(R™\0)) homogeneous of degree m — j in || = 1, j € N, such that for any cut-off function
v € CL(R™) equal to 1 near the origin we have

N-—1
(@) = 3 (1= p(@)aje(@,§)) € Mgnov VN >1. (12.1)
=0 ’

As above, we will write (ac)e ~ > ;(aje)e if (1.2.1) holds and we call (aoe)- the principal
symbol of (ag)e.

Replacing MSm by ./\/llg‘)’% and ~ by ~js in the definition above, one obtains classical

symbols of logarlthmlc slow scale type.

As a result, we obtain that any infinite sum of symbols of strictly decreasing orders can be
summarized as follows.

Theorem 1.2.11.
(i) Let (ajc)ec € MS i with mj \, —0 as j — ©, mg = m as in (i) of Definition 1.2.9.

Then there emsts ( c)e € MSZ,% such that (ag)e ~ Zj(ajje)g. Moreover, if (al)e ~
2(aje)e, then (ae —al)e € Mg-w.
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1.2. Pseudodifferential calculus

(i) Let (ajc)- € S

p(”sc with mj \, —00 as j — 0, my = m as in (i) of Definition 1.2.9.
Then there exists (az). € ST

s 1se Such that (az)e ~ise 2;(aje)e. Moreover, if (ag)e ~isc
2(aje)e, then (ac — at): € e

Remark 1.2.12. The proof of this theorem can be found in [19, Theorem 2.2]. The same
proof remains valid for classical symbol classes. We recall the construction of the symbol
(ag)e of Theorem 1.2.11:

Let ¢ € C*(R™), 0 < ¢(£) < 1 such that () =0 for [{] < 1 and ¥(§) =1 for [¢| = 2. As
in [19, Theorem 2.2] one can define

as(x,§) = Z w()\j,f:‘{)aj,e(xué)

JEN

where \; . are appropriate positive constants with A\j 1. <X <1, \j. - 0asj—o0. In
case (i) of Theorem 1.2.11, A; . are taken to be the inverse of an appropriate strict positive
net. In Theorem 1.2.11 (i ), it turns out that (\;.) can be chosen to be an inverse of a
logarithmic slow scale net.

We also remark that Theorem 1.2.11 can be carried over to classical symbols in a corre-
sponding way.

Noting that in Theorem 1.2.11 (i) one can replace the moderateness by negligibility and
we introduce as in [19, Definition 2.6 (ii)]:

Definition 1.2.13. Let {m;}; be as in Definition 1.2.9. Further let {a;}; be a sequence in

Sg,l&lsc We say that the formal series ZJ 0 @j s the asymptotic expansion of a € Sp(;lsc,

denoted by a ~isc Z a;, if and only if there exists a representative (a:)e of a and, for every
j representatives (aj,e)g of aj, such that (as)s ~isc Zj (aje)e.

Similarly, we introduce the following definition for classical symbols.

Definition 1.2.14. Let {a;}jen be a sequence with a; € Sp(”sc( x (R™\0)) homogeneous
of degree m — j. We say that the formal series Zj:() a; is the asymptotic expansion of

aeSm bo.clisc: denoted by a ~igc Zj aj, if and only if there exists a representative (az)s of a
and, for every j representatives (ajc)e of aj, such that (ac)e ~isc Zj (aje)e.

1.2.4 Composition and adjoint of pseudodifferential operators

In this subsection we briefly recall the composition law of two pseudodifferential operators
and adjoint operators. A detailed discussion for slow scale regular generalized symbols can
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

be found in [20, Section 5|. Again, the adaptation to logarithmic slow scale symbols is
evident.

Therefore, for logarithmic slow scale symbols, we get the following result:

Theorem 1.2.15. Let A(x, D,) and B(x, D,,) be two pseudodifferential operators with gen-
eralized symbols a € S’Zg’lsc andb e SZ?JSC respectively. Then the product AB is well-defined
and maps Gre into itself. Moreover AB is a pseudodifferential operator with generalized

symbol a#tb in g;ng?;znz having the representation

a#(r, ) ~se Y~ DEalr, D, 6).

|a|=0

For the proof we refer to [20, Theorem 5.15]. We note that Theorem 1.2.15 can also be

stated for classical symbols. In detail, if a € S}Zlg,cl’lsc and b € Sg:‘;’d’lsc, then a#b in S;ngyfsi

Also useful is the following theorem:

Theorem 1.2.16. Let A(x, D;) be a pseudodifferential operators with generalized symbol
a € 57 5o Then the adjoint operator A* is in Ws 1sc and its symbol a* is given by the
asymptotic expansion

«
a*<$,£) ~lsc 2 JDSD?G(:U7 )

|ae|=0

For the proof see [20, Theorem 5.12].

1.3 The governing equation in the Colombeau setting

The present survey is devoted to wave propagation in inhomogeneous acoustic media in
the case of non-smooth background data. The operator structure is motivated from wave
propagation phenomena occurring in a number of physical applications, such as underwater
acoustic or seismology. Here, the evolution direction is the depth coordinate.

1.3.1 Derivation of the inhomogeneous wave equation

The acoustic wave equation characterizes fluid motions and can be derived from the conser-
vation laws of mass and momentum together with the equation of state of thermodynami-
cal equilibrium. This system of acoustic equations can be linearized and therefore describe
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1.3. The governing equation in the Colombeau setting

small perturbations from a state of rest of the pressure U(t,z) € R, the density p/(¢t,z) e R
and the velocity v/(¢, z) € R™ that moves in a fluid with given wave speed ¢(z) and density
p(z), (x € R",t € R). To explain how these waves are generated or added to the fluid one
can introduce so-called sources by adding source terms in the equation of mass, momentum
and energy. Assuming an isentropic process the linearized acoustic system can be written
as (cf. [35, 36, 42, 5])

op' -

8765 = div(pv’) + m (mass conservation)
o1 - .
¥ = ;VU + f (momentum conservation)
oU op -

o c? <a—i + v’Vp) (equation of state)

where the mass source term m and the force source term f are supposed to vanish in
the undisturbed state. Here, m represents a volume injection of a source such as, for
example, bodies whose volume is oscillating. An example for a body force f of a source is
an oscillating rigid body of constant volume. Note that these equations also hold for the
fluid at rest.

Substituting the state equation into the equation of mass and using the conservation of
momentum to eliminate the velocity term gives

1 02

Y U-F
02p8t2U

1
div(=-VU) —
(p )

where F' := —aygt/ £+ div( f /p) denotes the source function. We remark that in the absence

of sources one derives the homogeneous wave equation.

In the following we will study the Colombeau generalized partial differential equation of

the form
n—1

1 1 11,

LU := (azgaz + ;1 Ga, 02, — ;gat)U =F (1.3.1)

with the (pressure) wave field U € G;2(R"*!) and F € G;2(R"*!) a source term. For the

space coordinates we will allocate the vertical direction z, which we call the depth, the
lateral directions are denoted by =x.

We assume that the coefficients % = %({L‘,Z) and 1 = 1(z,2) are Colombeau generalized
functions in gégfoo = MU o /JNyyo. and meet the following requirements: there are
representatives L) el (L) e such that

Pe I3 p Ce IS c
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

(i) there exist Holder continuous functions pi*, L € CO*(R™) for some y € (0,1) such that

for all (z,z) € R™ we have pi = pi* * gpwe—l7é = Ci* * -1 where ¢ Is as in (1.1.1),

(we)e € I} and the convolution is taken with respect to x and z

(ii) 3n € (0,1],3 constants ¢y, c1, po and py such that 0 < ¢y < ce(x,2) < ¢; < 00 and
0 < po < pe(z,2) < p1 <o for all (z,z) e R" and € € (0,7].

The lower bound assumption is sometimes referred to as strong positivity (cf. [21, Section
1] or [18, Section 2]). The upper bound means uniform boundedness of the 0-th derivative
of the representatives. For more details on the assumption (i) we refer to the remark given
below.

Given a regularized operator as above, we carry out all transformations within algebras of
generalized functions from now on. More explicitly, we will study the action of the linear
operator L from Gr2 into itself in the following sense: on the level of representatives L acts
as

1. S 11
(ua)&‘ = <(az;az + Z ag;j Eazj - Egﬁf)ug)s V(ug)s € MHOC.
&

e =1

This explains our governing equation in (1.3.1) where U = [(u¢)e].

Remark 1.3.1. In order to realize the logarithmic slow scale type conditions on the coef-
ficients of a partial differential operator, one usually uses a rescaling in the mollification.
In our case, the regularization is obtained by convolution with the logarithmically scaled
mollifier ¢, -1(.) 1= wp(we.) with ¢ € S(R™) as in (1.1.1) and (we): € s

For completeness, we give the following implications for our type of coefficients: Let u €
CO*(R™) be a real-valued Holder continuous function with exponent ;1 € (0,1) and such that
inf(u) > ¢ for some positive constant c¢. Further, ¢ is a mollifier as above and (w; ) € I}
One may think of w. = log(log(2)) as an explicit example. Then 3¢ > 0 : w. > ¢ for all
e € (0, ﬁ] and Vp > 0,3¢, > 0: wP < ¢ log(%) for all € € (0,1]. So, given some (w;)e € s
the logarithmic slow scale regularization of w is given by u.(z) = u * ‘ngl(x> and satisfies

the following estimates (see [33, Theorem 7], or [45, Section 5]):

O(1) lal =0
0%Ue|| Lo = _ —0
[0%uel|L {O( \6a| ,LL) la| > 0 (€ )

and
Jup >03Ine (0,1]:  |us(z)| = uo zeR", €€ (0,n].

Here, the latter inequality is the strong positivity and the first estimate guarantees that
the net (ue): is in Mi%e. . Moreover, note that u € C%* implies that for every = € R" we
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1.3. The governing equation in the Colombeau setting

have
ue (@) — u(w)| < fu(x —wly) —u@)] lp(y)|dy = Ow:*) e —0.

Again, with a slight abuse of notation, we write u for the equivalence class of the Colombeau
regularization of u € CO*, i.e.

lsc

u = (Ue)e +-N‘Ww’°0 € goo,OO'

1.3.2 Time extrapolation of the wave field

In a paper of Garetto and Oberguggenberger, see [24], the authors studied well-posedness
of Cauchy problems with respect to the time variable for strictly hyperbolic systems and
higher order equations in the Colombeau setting using symmetrisers and the theory of
generalized pseudodifferential operators. There, they imposed conditions concerning the
asymptotic scale of the regularization parameter of the operator. Concretely, the authors
proved existence, uniqueness and regularity of generalized solutions in the case that the
regularization parameter is chosen logarithmic slow scale. More details can be found in
[24, Theorem 4.2].

1.3.3 Depth evolution processes

The concept of one-way wave equations, also known as paraxial wave equations, was first
introduced by [7] and has become a standard tool in depth migration processes due to
ill-posedness of the full wave equation. In fact, they are expressions for the first depth
derivative of a wave field and thus of the form

0. +iBy(x, 2, Dy, Dy). (1.3.2)

where By are (microlocal) pseudodifferential operators. Our derivation of one-way wave
equations starts with a factorization of the operator L in (1.3.1) into terms of the form
(1.3.2).

Remark 1.3.2. As already noted in Subsection 1.3.2, one obtains well-posed problems in
the model of time migration for strictly hyperbolic operators (cf. [24]). We therefore give
the following link.

Note that the operator L in (1.3.1) is strictly hyperbolic in the following sense: Let 6 €
(0,7/2) be a fixed angle and

I) = {(m,z,r,f) ER" xR" | 7 £0, |¢*(z,2)7 €| < sin@}
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

with ¢*(z, z) as in (i) of Subsection 1.3.1.

For completeness we recall the following definition.

Definition 1.3.3. The operator L from (1.5.1) is called generalized strictly hyperbolic in
I, if there exists a choice of representatives of the coefficients in Qégfw(R”) such that the
corresponding principal symbol of L.(C;x, 2z, 7,€) has two distinct real-valued roots (Cje)e,
7 =1,2 such that

|Cl,6($7zv7—) f) - CQ,E(x7Z77—7 5)‘ = CE<(7—7€)> (133)

holds for some strictly nonzero net (¢.)e, for all (z,z,7,§) € Ij) and € sufficiently small.

1.4 Ellipticity of pseudodifferential operators

In this section we introduce the notion of elliptic operators which enables us to construct
a parametrix for such operators. Furthermore, such operators will play an important role
in the characterization of the generalized wave front set (cf. Section 1.6).

1.4.1 Ellipticity

In [21, Definition 1.2] and [19, Proposition 2.7] the authors introduced the concept of slow
scale ellipticity which can be carried over to logarithmic slow scale ellipticity easily. With
this in mind, we define the property of logarithmic slow scale ellipticity for our class of
operators as follows.

Definition 1.4.1. We say that a generalized symbol a € §l’gc is logarithmic slow scale
micro-elliptic at (zg,&) € T*R™\0 if it has a representative (ac). such that the following is
satisfied: 3 relatively compact open neighborhood U of xg, 3 conic neighborhood I' of &, 3

nets (re)e € Hyse, (Se)e € Mjse and a constant n € (0,1] such that
1 m
las(z,&)| = 8—<§> (,§) e U x T, |£] =1, €€ (0,n]. (1.4.1)
€
We denote by Elljs.(a) the set of points (xg,&o) € T*R™\0 where a is logarithmic slow scale

micro-elliptic. If there exists a representative (ac)e € a such that (1.4.1) holds for any
(20,&0) € T*R™0 then the symbol a is called logarithmic slow scale elliptic.
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1.4. Ellipticity of pseudodifferential operators

Definition 1.4.2. More generally, we say that a generalized symbol a € §Q§ is slow scale
micro-elliptic at (xg,&y) € T*R™O0 if (1.4.1) holds for some nets (re)e, (Sc)e € .

Note that a logarithmic slow scale elliptic symbol is also slow scale elliptic but not vice
versa.

Remark 1.4.3. We first observe that condition (1.4.1) is independent of the choice of
representative. Indeed, let (ac): € a as in Definition 1.4.1 and (al). another representative
of a. Then, for some arbitrary but fixed p > 0 there 3¢; > 0, In; € (0, 1] such that on
U x I we have

1
laz(2,§)| = lac(x, &) — |(az — ac)(x,€)| = ;<5>m(1 — c15.67P) €] =12, €€ (0,m].
€
Since Inz € (0,1], Jc2 > 0 so that s. < coe™P for € € (0, 12] we get
-crsee® > 1= ao > 1/2 Ve e (0min(, (2e10) 7).

Redefining 7 := min(n, 12, (20102)—1/;0) we obtain

1
laz(z,&)| = 5 O™ (@, 8) e Ux T, [ >re, e (0,1].

Moreover, we notice that the notion of (logarithmic) slow scale ellipticity is stable under
lower order (logarithmic) slow scale perturbations. A proof for the slow scale case can
be found in [21, Proposition 1.3]. For the proof in the logarithmic slow scale case one
essentially reworks the same lines. For completeness, we give the proof of the following
proposition (cf. [21, Proposition 1.3]).

Proposition 1.4.4. Let (a.). € S.(R™ x R™) be logarithmic slow scale micro-elliptic at
the point (zo,&o). Then

(i) Yo, 3 € N* 3(\;)e € 5. In e (0,1] :
|08 ac(z,€)] < Aclac(z, )OI U T, [¢] =12, e (0,7]

(i) if (b:)e € SPE(R™ x R™) with m' < m, then (1.4.1) is valid for the net (ac + b.)e.

Proof. We first show (i). Since (ac). € Sj7. is logarithmic slow scale elliptic we obtain

Va, € N 3(we)e € 5. 3¢ > 0 In € (0, 1] such that
‘&?agaa(xvfﬂ < Cw6<§>m7‘a| < CW655<§>7|0‘|"16($7§)|
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

on U x T for [£| = re, £ € (0,n]. Setting A\. := w.s. then () € I as desired.

To show the second part, let (b.). € S, Then

lsc*
1 / 1 / 1
a:(2,) + be(@. O] > (O™ — @™ = —(©" (1= cse®)" ") = 5"

on U x T, [€] = 7. := max(re, (2csew:) /=™ and (1)) € I}, o

Before we proceed, we will present some general facts of (logarithmic) slow scale elliptic
symbols.

Remark 1.4.5. In case of smooth symbols the notion of logarithmic slow scale ellipticity
reduces to the classical one and is therefore equivalent to the complement of the charac-
teristic set. Indeed, given a € S™(R" x R") and a representative (a.). of a logarithmic
slow scale elliptic symbol a € S/ (R™ x R™) then there exist nets (s:)., (rz)s € IIj5. and
constants ¢ > 0, € (0, 1] such that for every ¢ € N we have:

a(@.9)| > lacle,§)] ~ la(@,€) ~ ac(w ] = O™ (- —es")  for |g] > 1, £ € (0]

As we are allowed to fix an € small enough the last expression is bounded away from 0. In
particular Elljs.(a)¢ is equal to the characteristic set Char(a(z, D)). Note that this result
remains valid if one replaces Isc by sc (cf. [21, Remark 1.4]).

Moreover, we give an equivalent characterization of the notion of logarithmic slow scale
ellipticity concerning the principal symbol. In [34, Proposition 3.3] it is proved that a
generalized partial differential operator with regular coefficients in G* = G&.. is W-elliptic
(weak elliptic) if its principal symbol is S-elliptic (strong elliptic). For the precise meaning
of weak and strong ellipticity consult [34]. Referring to this, we want to give the following
proposition:

m
cl,lsc’

Proposition 1.4.6. Given a generalized symbol (a.). € then the following properties

are equivalent:

(i) (ae)e is logarithmic slow scale elliptic

(it) the principal symbol (am ). satisfies the following condition: 3(s:). € Wjse, In € (0,1]
and Ar > 0 such that

ame(,€)| = O™ V(,€) € TR" with €] > r and = € (0,].
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1.4. Ellipticity of pseudodifferential operators

Proof. The proof follows similar arguments to those used in [34, Proposition 3.3]. We
first assume that condition (ii) holds. Then there exist nets (s¢)e € Ijse, (we)- € ITj5. and
constants ¢, > 0 such that

0,0 = lome(,€) + Y amoje(,6) = O™ — o >

=1
> o (1- ansle) )

for |¢| = r and € small enough. Setting r. = max(r, 2cw.s.) then (r.). € IIjs. and we obtain

\as(:v,ﬁ)!>2;<£>m €] > e, e € (0,1]

for some 7 € (0, 1], showing (i).

To prove that (i) implies (ii), suppose that (ac). satisfies (1.4.1) on R™ x R™. Let ¢ € R",
|¢| = 1 and choose £ € R™ such that |£| = r. and ( = £/|¢| with (r:)c € Ijsc as in (1.4.1).
Then 3(s)): € jse, 3(rl)e € jse, I € (0,1] so that

A 1
| 2] am—je(@, Q| = lae(e, )I1E1T™ *<£>m‘§‘m = ;<|§|_1>m >
720 :

_ min@2™21) 1

= P - g

for |¢| = rl := max(1,r.), € € (0,n].

Now fix N e N, N > 1. Since (ac). € SJ2. we obtain V(t;). € Ijs., V1 < j < N, F(wje)e €
.., I € (0,1] that

1 1 .
onmele. Ol Swporgy < o for J6] > max (e (1))

and ¢ € (0,n]. At this point we are free to choose (t.). € II;s. such that N =2
On the other hand, we can use Theorem 1.2.11 for classical symbols to show that 3(w;): €
Ijsc, 3n € (0, 1] such that

~ 1
2 am—je(@ OV < gzl D ammye(@, 0l < ,g‘N+1ws<<>m "<
j=N+1 j=N+1

2m—N—1wE 1

<<=
EINFE T st
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

1
for any |¢] = max(1,7., (2™ VN ~lw.s)¥1) and ¢ € (0,n]. At this point we reset r. by
1 .
defining r. := maxlgjgN(l,rg,(2m_N_1was’8)N+1,(tgwjva)l/J). Then (r1). € IIjs. and we
obtain: 3n € (0, 1] such that

o0

|am,e(z, Q)] ‘Zam JE$C‘§|_”_‘Zam ]E$C)‘§|_]‘>

1 1 1
>?_’Zamjexc‘£|j+ Z amgaxg)’€|j‘>87/_7 5l

’ Pt 28 2s

for || = 7, € € (0,n] by the above. Thus, since a,,. is homogeneous of degree m in the

second variable
1 1
ame(,6)| = 5l > o min(5 A )OT forall e R, g >1

for ¢ sufficiently small. O

Remark 1.4.7. Again, Proposition 1.4.6 remains valid if we replace logarithmic slow scale
by slow scale.

1.4.2 Strong ellipticity

As already announced in Section 1.3 we are interested in the depth extrapolation of the
wave field U in (1.3.1). We will therefore introduce a notion of (logarithmic) slow scale
ellipticity which in addition has a certain behavior with respect to ¢, the dual variable of
the depth.

We first introduce some notation. We denote by (7,&,¢) € R x R®! x R the dual variables
corresponding to (t,x,z) € RxR" ! xR. Thus, we will work on a 2(n+1)-dimensional phase
space. We already mentioned in Subsection 1.2.2 that, given a symbol a € §f;c (RPM+1 xR
and a generalized point (¢, z, z, 7, &, Z ) in R x R™ x R then the generalized point value
of the symbol a at (¢, 2, z,7,&,¢) is well-defined in C.

Moreover, let T's € R"™! be a (classical) conic neighborhood of (79, &9, (o) of the following
form

L= 6O € R0 (60 € B (T2 00) 510, 1> 0)

for some s > 0 small enough, where Bs(n) denotes the open ball with radius s around
ne R and S1(0) := {n e R"" : |n| = 1}.
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1.4. Ellipticity of pseudodifferential operators

We set
Conri= {A1,6¢) e TOU 1IN eN: |¢.| = O(eN) ase - 0, A >0}
and introduce an equivalence relation on I's ys by

(Cal)s ~ (C3)5©Vm >0: |<51 —C€2| =0E™) e—0.

We then denote by f‘s := I's i/ ~ the generalized cone with respect to ¢ generated from
I's. So I's is a generalized conic neighborhood of (79, &, (o).

Moreover we recall that I’y — I';. The canonical embedding of I's into T, is given by

(7-757 C) = (7-757 (C)€ +NR)‘

Also note that in the definition of I's ps, (7,&;¢:): € Fgo’l] means that

(1,&;¢:) € By (M) n 51(0) for every fixed e € (0, 1].
(70, €03 Co)|

With this notation we now give the definition of strong logarithmic slow scale micro-

ellipticity.

Definition 1.4.8. Let a be a generalized symbol in gfgc(R”*l x R, We say that the
symbol a is strong logarithmic slow scale micro-elliptic at a point (to, xo, 20, T0,&0; (o) €
T*R™1\0, and we write (to, zo, 20, 70, £0; Co) € Bll.(a), if and only if there exist a relatively
compact open neighborhood U of (to, zo, 20), a (classical) conic neighborhood I' of (0, o, Co)
such that T < T' where I' = T'yr/ ~ is the generalized conic neighborhood of (70, &0, o)
generated from T as above, nets (re)e, (Se)e € s and an n € (0,1] such that

acltz 576G > (nEQ Ux Do, [m6G)| e, ce @l (142)

Figure 1.1 below shall illustrate the relation of the sets I'y and I's 37 in the following special

situation. We fix a point (zg, 29) € R", let (2 := C*%(xg, 20)78 — |€0|? and let T's be a conic

neighborhood around (79, &, (o). Then for any s > 0, however small, we can define

{ b (20, 20)7¢ — &l € (Cs, 1]
<05 =

c¥ %2
ig( ,20)70 — &> € (0,C4]

for some positive constant Cs depending on s > 0 and will be specified below. Then

s 1 1 _
|C§ - 0,52| = ‘(CTQ - Cﬁ)(fCo?Zo)Tgl < O(mo)w Ve e (0,1].
€
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Now let 7(s) be a function depending on s such that r(s) — 0 as s — 0. Then, since
C(m0)w " < 1(s)/2 for all € small enough, i.e. for ¢ less or equal a Cs > 0 (with Cs — 0 as
s — 0) we get

168 — G2l <r(s)/2 Vee (0,Cs].

By the definition of Caf we even get
G — 62l <r(s)/2 Vee (0,1].
So in particular we have (70,&o,¢52) € Is for all e € (0,1] and ¢§ 2 — ¢§ as € — 0.

Therefore, if we are working in an open ball around (79, o, o) with radius r(s) > 0 we can
find a generalized point (70, o, (5 )= such that (7o, o, (G ) is contained in B, ((Tg, o, Co))
for all € € (0, 1].

¢
) I,
*((‘)Y’g”””” 7777/1‘,/,
A e
sl
(70, £0) ©.8)

Figure 1.1: Here the shaded area corresponds to the set I's. The dashed line through (7o, &0, ¢ )
and the origin moves to to the line through (79, &g, (o) and the origin as € — 0.

Remark 1.4.9. In particular, since I' — f, condition (1.4.2) implies

1
jac(t, 2,7, & Q= (1. 6™ Ux Ty |(1,60)] = re, € € (0,7]. (1.4.3)

€

So, the symbol a is logarithmic slow scale micro-elliptic at (to, zo, 0, 70, £0; C0)-

Remark 1.4.10. The definition of strong slow scale micro-ellipticity is straightforward.
Again, one simply replaces Isc by sc in Definition 1.4.8.

Lemma 1.4.11. Leta e g{;‘c(R”“ x R"1). Then a is strong logarithmic slow scale micro-
elliptic at (to, xo, 20, 70, £0; Co) if and only if it is logarithmic slow scale micro-elliptic there.
So, if a satisfies (1.4.3), then it also satisfies (1.4.2) and vice versa.
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1.4. Ellipticity of pseudodifferential operators

Proof. The first direction is already shown by Remark 1.4.9.

On the other hand, suppose that the symbol a is logarithmic slow scale micro-elliptic at the
point (to, o, 20, 70, £0; (o) € T*R™T1\0. Then there exists a representative (a.)e of a such
that the following is satisfied: 3 relatively compact open neighborhood U of (to,xg, z0), 3
(classical) conic neighborhood I' of (70,&0;¢p), 3 nets (re)e, (se)e € Wise, In € (0,1] such
that

1
lac(t, 2,7, & Q) = (1. &)™ on U x T, |(1,6 )] > e, e € (0,7].
€
In particular, since I' is conic neighborhood of (79, &o; (o), it is of the form

(10,05 C0)

T ={A\7,&C0) e RN | (1,6 () € Bs<m

) A S1(0), A >0}

for some s > 0 small enough.
We define I := Ty, / ~ the generalized cone with respect to ¢ constructed from I as above.

Take (7,&;¢.)e € T'pr. Then (7,&;¢.) € T for any fixed € € (0,1] and 3N € N such that
|C.| = O(e™V) as € — 0. Hence 35 € (0,1]:

1

‘ag(t,:li,Z,T,f;Cg” = ;<(77€§C5)>m on U x 'y, |(T7§§Ce)| =Te, €€ (0777]‘
13

As a conclusion we obtain that (to, zo, 20, 70, &0; (o) € Ellf,.(a), i.e., the symbol a is strong

logarithmic slow scale micro-elliptic at the point (tg, xo, 20, 70, 0; Co)-

We have therefore shown that logarithmic slow scale micro-ellipticity at a particular point
is equivalent to strong logarithmic slow scale micro-ellipticity at that point. O

An inspection of the proof of Lemma 1.4.11 shows the following result.

Corollary 1.4.12. Givena € 5’;’;, then a is strong slow scale elliptic at a phase space point

s equivalent to saying that a is slow scale elliptic at that point.

Lemma 1.4.13. Let L be the generalized differential operator given in (1.3.1). Then
Ellsc(L) is a subset of the complement of the set X3, where

%= {(62,2,m6,0) € TR0 | ¢ = (w27 + [ = 0}

and C*% e COH(R™) is as in the beginning of Section 1.3. Note that ¥ is a conic set and
independent of the regularization parameter ¢ € (0,1]. Moreover, we have the following
inclusion relations:

Y C Ells(L)° < Ells.(L)".
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Proof. Let (to, zo, 20, T0, &0, Co) € T*R™"T1\0 be an arbitrary but fixed point of ¥. Hence,
3 = (w0, 20)78 — |0l

Assume that the operator L with generalized symbol in §l256(R”“ x R™"*1) is slow scale
micro-elliptic at the point (to, o, 20, 70, 0, (o) € T*R*\0 . Then, by Corollary 1.4.12,
there is a relatively compact open neighborhood U of (¢, xg, 20), a conic neighborhood T"
of (70,&0,¢p) such that for some (r;)c, (sc)e € Il and some 7 € (0, 1] we have

Lo, 2,7, 6| = (6 G

€

forall (t,z,2,7,&,()e € UxTas, [(1,€,()| = 1, € € (0,7] andf = I'ps/ ~ is the generalized
conic neighborhood of (79, &y, (y) from above such that I' — T.

For € small enough we now define (7 _ := c%(xo, 20)7¢ — |€0|* which tends to (2 (for fixed
70 € R) as ¢ tends to 0.

Then one can choose (79, &0, Co,e)e € ', i.e. there is a positive constant s such that

(70, €03 C0)

(70,603 Co,e) € BS(m

) n S1(0) for every fixed € € (0, 1]

since
(70, €05 C0.e) — (70, &05 C0) as e — 0.

On the other hand, we have that the principal symbol of L. vanishes on (zo, 20, 70, &0, C0.c)»
i.e.
o(Le) (0, 20, 70,0, C0,e) = 0

for all € small enough. So, by Proposition 1.4.6 and Remark 1.4.7, the symbol L is not
strong slow scale micro-elliptic and therefore not slow scale micro-elliptic at the point
(to, zo, 20, 70, €0, o) - & contradiction. O

Lemma 1.4.14. Let L and ¥ be as in Lemma 1.4.13. Then ¥ = Ellj (L).

Proof. By Lemma 1.4.13 it suffices to show the inclusion X¢ € Ellj;.(L). To do this, we
introduce the continuous function

1
Fl@ 2760 = = =5 (@, 2)7° + €],
which coincides with the limit of the principal symbol of p.L. as € — 0. So,

X ={(t,x, 2,7, € T*R"H\O | |f(z,2,7,& ()| > 0}
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1.4. Ellipticity of pseudodifferential operators

is an open subset of the phase space.

Now given a point (to, o, 20, 70, {0, (o) € X, there exist a relatively compact open neigh-
borhood U of (to,xo,20), a conic neighborhood T' of (79, &0, (o) and a (small) 6 > 0 such
that

75760l = |2 = w27 + € 2 (& QP U x (0 S'0).

Since f is homogeneous of degree 2 in (7,&,() it follows that

|f(z, 2 Tf€|—‘€2 (z Z)T +|§‘ ’ T§7C)|2 UxT, [(1,§,¢)]>1

Hence, there exists a constant Cj € (0, 1], depending on § > 0, such that

1 1
lo(Le(t, z,2,7,€,Q)) ]C2 (z,2)7% + | |- ‘((?2 _ c@>(m,z)72\ S

> dl(r. ¢, o!? — CwM|(r Q) =
d
>l &QF UxT,|(m6,0] =1, e€(0,C).

Therefore, L. is logarithmic slow scale elliptic at (to, o, 20, 70, {0, o), Which is the desired
conclusion. O

Remark 1.4.15. We define the following set:

A= {(t, 2, 2,7, & G)e € RMH s (R x RO |
1
Z =527 —[¢*%INeN: || =0(EN) as e — 0}
CE
If a is a symbol on X, then the evaluation on Ap;/ ~ is in general not defined. If a is a
symbol on T', then the generalized point value of a at a point of I'y / ~ is a well-defined
element on C.

A fixed generalized point (to, zo, 20, 70, €0, C0.e)e € Anr satisfies Cg’s = c%(xo,zo) — |€0]%
Since 19 € R is fixed we get :

Be = (@0, 20)78 6ol — G = —5(z0, 278 — ool

as € — 0 and where (tg, zo, 20, 70, 0, (o) € X. Moreover,

1 1 _
|Cg,€ - €g| = |<072 - CTQ) (‘750720)7-(?‘ < Cws ”Tg‘
=
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

In the next subsection we will construct an approximated inverse for logarithmic slow scale
elliptic pseudodifferential operators.

1.4.3 Construction of a parametrix

In this subsection we will discuss uniqueness and existence results concerning the invertibil-
ity of logarithmic slow scale elliptic pseudodifferential operators. Recall that the asymptotic
expansion is unique modulo operators of order —o0. As a consequence we will show that
one obtains uniqueness of a parametrix modulo operators of infinite order.

Note that given (ac). a symbol of class S, the operator defined by (uc)s — (ac(z, D)us)e,
(ue)e € My has a regular kernel representation in the sense that moderate nets are
mapped into regular nets.

In the following theorem we shall work on the level of representatives.
Theorem 1.4.16. Let (a.). € S].. be logarithmic slow scale elliptic, i.e.
I(re)e € Myse, I(se)e € Mise, In € (0,1] :

ac(,€)| = O™ € > 72, <€ (0,

Then there exists (ps)e € S, such that (p-#a:) = 1 modulo S,,°.

lsc

Proof. Step 1: As in [19, Proposition 2.8] we show that there exists (p_m.)e € S,
that

m
sc such

(pfm,eas - 1)5 € ZZSO (1.4.4)

For the proof we let ¢y e C*(R™), 0 < ¢ <1, ¢(§) =0 for |{| < 1 and ¢(§) =1 for || = 2.
Then

p—m,e(xvf) = a;1($a£)w(§/re)

with (r:)e € Ijsc as in the theorem does the job. Indeed, one can show that

020%a (2, €)] < we(e, BE ™ az  (z,8) 1€ = e

for some we (v, B) € s (cf. [20, Lemma 6.3]). Then, by the properties of the function 1,
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1.4. Ellipticity of pseudodifferential operators

we get (P—me)e € S, for |€] = 2r. and [¢] < r.. On the set 7. < || < 2r. we observe that

lsc

o pmm-Z( )agaﬁ U, ) (e /)| <

/<Oé

< Z (s,) we(a/7 /8)’@;1(1'7 é-)|<§>*‘Oll‘T;‘Olfaqx[ragre] (é‘) Sup ‘((}Oéfo/w)(é-/rg)‘ <

<2 <a/)we(o/,5)r°‘ se@reylr=ley Tl sup | (27 4) (€)|

G «
o'<a

and therefore, (py,c)e is in S,.". Note that x denotes the characteristic function. In order
show (1.4.4) we write

P-mete(r,€) = aZ ac(x,€) + az tac(z, ) ((§/re) — 1) = 1+ (¥(&/re) — 1).

Since for any [ > 0 and « € N™\0

sup KO (W (E/re) — )| < e(yh)(2re)

7’5<|§‘<27'5

sup [/ ((Efre) =1l = sup  [©'rTIN(@% ) (E/re)| < e(w)r ¥ 2r.)!

€§|€‘<27'5 7'5<|§|$27'6

we have shown (1.4.4).

Step 2: We recursively define for k£ > 1

)l
ponore@ 8= —{ % R0 0ol ©) o . Ul ).

Iyl+i=k
i<k

By the same arguments as in [20, Propositions 6.5 and 6.6], one can show that each
(P—m—ke)e is in Sl;”_k and by Theorem 1.2.11 there exists a net (pc). € 5,7 with

lsc
(pa)a ~lsc Zj (p—m—j,f)ﬁ'

Step 3: The aim is to show that (p-#a. —1). € S,,°. Therefore, let (o¢). be the generalized
symbol with the asymptotic expansion

0e(@,€) ~ise Y ;(agpsDzag)@,s)-

[v/=0

and we will show that (o, — 1), in S~

lsc *
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

We write

Oc — Z ,}/Dyaaagps—o's_ Z fD’YCLEZ p m—le T

<N <N ik I<N
1
+ Z —Dlac Z 6gp_m_l75.
|v|<N v I=N

Since the left-hand side and the last sum on the right-hand side are in Sl;év we obtain

(Ua_ Z *Dwaa Z p m— le ESlsc .

|7\<N I<N
We now write
1 N-—1
2 *D’YCLEZ agp m—l,e = P—m,eGe + Z {p m—k,ele 2 - gp m— lsD as}
|v|<N I<N k=1 |7|+l kfy

<k

1
+ Z a gp—m—l,sD;aaa
lyl+i=N "
[v|<N,I<N

where the last expression is in Sl < - The second sum on the right-hand side vanishes for
|€] = 2r; and €| < 7z by constructlon So, it remains to estimate this expression on the
set 1. < [¢] < 2r.. We observe for any [ > 0 and « € N” that

sup [/ gp(E/re)l = sup  KOTIN@ ) (E/re)| < e()re o 2re)!

7’5<|f‘<27"s 7’5<|f‘<27'8
and we conclude that this term is contained in Sl;év .

Using Step 1, i.e. (p—meac)e =1 mod S, we get for every N > 1

1
(0: = Y} —(@peDla.)), = (o= 1) mod 5N

[v[<N

and the proof is complete. O

Recall that a € §l’gc is called logarithmic slow scale elliptic if one of its representatives (ac)e
is logarithmic slow scale elliptic. Then, the operator p(z, D) has the symbol (p:)e + Ng-m €

Nl;;” and (p:) is as in Theorem 1.4.16. Furthermore, by Step 3 of the same theorem we
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1.5. A factorization procedure for the generalized strictly hyperbolic wave operator

get
pla. D)o ala, Du(a) = ( [ 0 ucly) dy d€) -+ Nuro ().
&€
Therefore, we obtain the following result.

Theorem 1.4.17. Leta € gl’;‘c be a logarithmic slow scale elliptic symbol of order m. Then
there exists a logarithmic slow scale elliptic pseudodifferential operator of order —m with
symbol p € S, " such that for all w € G2

a(x,D)op(z,D)u = wu+r(z,D)u
p(z,D)oa(x,D)u = u+ s(z,D)u

where r(x,D) and s(x,D) are regularizing operators, that is they map Gz into G5 (see
Section 1.6).

1.5 A factorization procedure for the generalized strictly
hyperbolic wave operator

Concerning products of logarithmic slow scale pseudodifferential operators that approxi-
mate the generalized operator L from (1.3.1), we will follow the ideas in [37, Appendix IIJ,
[31, Chapter 23]. First we recall from (1.3.1)

1, S 11
L(2,2,D1, Dy, D;) = 0=z + Y| 0n)—0a; — —— 07 =
A= (1.5.1)

1
= 8z;(9z + Ap(ﬂf, Z, Dt7 Dﬁ)

where the coefficients 1/p and 1/c? are in gfgfoo(R") in the variables (z,z). This implies

that L is an operator of class U2 _(R™ x R"*1) and a representative (I.). of the symbol of
L is in S2_(R™ x R™"1). Furthermore, the symbol of the operator A4, is in SZ_(R™ x R")
and is given by

1,1 ) n—1 ) n—1 1
Ay(z, 2, Dy, Dy) = —;(6—2@ _ axj> + 3 (axj;)amj.
J Jj=1

=1

Note that this operator is only a pseudodifferential operator in (z,t) depending smoothly
on the parameter z on the level of representatives for any fixed € € (0,1]. We denote by
a, € SE.(R™ x R™) the principal symbol of A,.
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Moreover, we set
n—1

1 2 2
A(z,2, Dy, Dy) = =5 (2,2)0} + >loz.
j=1
As already mentioned in Section 1.3, the operator L is not globally strictly hyperbolic but
we can restrict the analysis to an appropriate space on which the operator becomes strictly

hyperbolic. In particular, we follow Stolk in [51] and introduce the following set of points
on which we will then establish the factorization. Therefore we recall from Section 1.3:

Iy = {(:U,z,T,{) eER" X R™ | 7 #0, |c*(x,2)771¢| < sin@} (1.5.2)

for some fixed 0 € (0,7/2) and c*(x, 2) = lim._q cz(x, z) in C**(R™). Then I} is a subset of
R™ x (R™0), independent of the regularization parameter € € (0, 1] and conic with respect

to (7,€).
Fix 0 € (0,7/2) and denote by a the (principal) symbol of A, i.e.

72

— €% ee(0,1].

CLE(JI,Z,T,f) = Cz(IE Z)

Then a is logarithmic slow scale elliptic on Ij and the generalized roots [({jc)e] of the
principal symbol of L are given by (. := Fi~/as(z, 2, 7,§) which satisfy (1.3.3) on Ij, i.e.

|C1,E(‘T’ 2y T, 5) - CQ,E(SU’ Z’Ta€)| = C|(Tv£)| on Iév for |(T’ £)| =M
for some constants C' > 0, M > 0 and all € sufficiently small.

Indeed, we have on Ij

2

2
_ T el = T el 1 _ 1 5
la<(z, 2,7, &) 2(x,2) €l }/ c*2(z, 2) <l ’ ’(cg(x,z) 0*2($,z))T ’ -
2
T .2 —p, 2 2 2
= C*Q(HJ,Z) (1 — sin 0) - Cwa Hr = C(T + |§’ )

for some generic constant C' > 0 and e small enough. So, in particular a, is logarithmic
slow scale elliptic, because the generalized function 1/p is strongly positive (see assumption
(ii) in Section 1.3).

Remark 1.5.1. In the classical theory of pseudodifferential operators the characteristic
set plays an important role in microlocal analysis. We recall that the characteristic set
is defined as the set of points where the homogeneous principal symbol of the operator
vanishes. Concerning vanishing properties of the homogeneous principal symbol in the
generalized setting, we make the following remarks. We denote by (l.). the principal
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1.5. A factorization procedure for the generalized strictly hyperbolic wave operator

symbol of L.

(1) First note that the equation

1
pe(T, 2)

= <z‘<—z’ ag(x,Z,T,§)>

C2 + ap,s('ra 2y T, 5) =

(ic +iva(@zm9) =0 onlj, ()] > M

lE(C;x’ 2y T, 5) ==

pe(x, 2)

for some constant M > 0 is not (classically, i.e. independent of €) solvable with respect to
¢ in R as € tends to 0.

But for any (z,z,7,&) € I there exists two distinct (.(z, z, 7, §) such that

1
l€(<€;x7277—7§) = _pa(x Z)Cg + ap,&(‘r:zu’rag) =

- (16— iValezm9) o (16 +iValn = 8) =0

for all [(1,€)] = M > 0 and € € (0,1]. In particular, this is satisfied if we set for fixed
(x,2,71,€) € I

2 2
Ca(m’sz)S) = x Cg(;,Z) —|€|2—>C($,Z,T,§) =+ m—KP as ¢ — 0.

So, the equation I, = 0 has two generalized solutions (j., j = 1,2, for fixed (, z,7,§) € I).

pe(z,2)

Note that the generalized principal symbol can always be factorized, i.e.

1
pe(z, 2)

= (z’{ +1 ag(x,z,7,5)>

le(C; x,z,T, f) = - <2 + a/)’g(.CIJ,Z,T, 5) =

(@ 2) (z’C—i as(x,z,7,5)> on Iy, |(1,€)| = M,

M > 0, regardless of whether the symbol vanishes or not.
(2) The roots (1 .(z, 2,7,£), (2c(x, 2,7, ) of the equation

1
pe(w, 2)

<§ + ap,s(xa 277—’6) =0
are called the generalized characteristic roots of L.

Before we state the main theorem of this section, we give a few more details about notation.
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

In the following we will study operators of the form
2
S = Z S](ZE, Z, Dt7 Dx)agij
§=0

on R™*1 where the coefficients are operators with symbols S; € S;?C for some real numbers
kj, j = 0,1,2. Further, we write

2
Z (z,2,Dy, D)0 on I

when the symbols of the coefficients S; are restricted to the set Ij.

We will now establish the factorization procedure in order to write the operator L in terms
of two first-order pseudodifferential operators of the form L; = 0, + A; on I, where A; are
pseudodifferential operators with generalized symbols in S}, j = 1,2.

We are now in the position to show the following result:

Theorem 1.5.2. Let L = az%az + Ay(z,2,Dy,D,) and Iy be as in (1.5.1) and (1.5.2)
respectively. Then, on the set Ij there are generalized roots {(C1¢)e, (C2c)e} of the principal
symbol of (L)< that fulfill the separation property

|C1’5(.’E,Z,T,€) - <275(CE,Z,T,§)| = C|(7-7§)| on Ié‘v fOT’ |(7—7 §)| = M

for some constants C' > 0, M > 0,1 € (0,1] and all € € (0,n]. Furthermore, the operator L
can be factorized into

1
L=L-Ly+R  onlj (1.5.3)
P

where Lj is written as Lj = 0, + Aj and Aj = Aj(x, z, Dy, Dy) is a parameter-dependent
logarithmic slow scale (classical) generalized pseudodifferential operator of order one in
(t,z). The principal symbol of A;j can be chosen either equal to (—iCjc)e = (Fi/ac)e,
J = 1,2, or equal to (i(jc): = (Fir/ac)e, j = 1,2, on Ij. Furthermore, the remainder is
given by R = I'y + I'20, for some pseudodifferential operators I'; = I'j(x, z, Dy, Dy) with
parameter z and generalized symbol ~; in 5’;20 on Iy, j=1,2.

Remark 1.5.3. Note that the product Lq %Lg in (1.5.3) is not a pseudodifferential operator
on R"*!. But one can overcome this by introducing a generalized cut-off ¢ (z, z, Dy, D, D.)
such that the difference 'l/)Ll%LQ - L1%L2 is insignificant on some adequate subdomain of
the phase space T*R™*! under a microlocal point of view. This will be specified in the
next section where we introduce a generalized version of microlocal analysis.
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1.5. A factorization procedure for the generalized strictly hyperbolic wave operator

1.5.1 Technical preliminaries

As already mentioned above, the symbol (a.). is logarithmic slow scale elliptic on I, 6 €
(0,7/2), i.e. for any (o, 20, 70,&0) € Iy there exist a relatively compact open neighborhood
U of (zg, zp) and a conic neighborhood I' of (79, §p) such that for some (r.). € s, (Sc)c €
ITjs. and a constant 7 € (0, 1] we have

a2 8 > AP for (5,2,7,6) €U XT, [(16)] 272, < (0,1

As demonstrated in Proposition 1.4.4, we have stability under lower order logarithmic
slow scale perturbations, and therefore the total symbol of the operator (A,.). itself is
logarithmic slow scale elliptic on Ij.

In order to describe a factorization for the operator L, we have to give a meaning to the
square root of the symbol of A on the set I.

Note that the square root of (a.). is prescribed only on the set Ij. Outside of Ij it is in
general not defined but we choose it without the singularity of the square root. We remark
that such an extension is equal to (,/az). when restricted to Ij.

In order to cut off singularities of the square root of (a.)., we define a generalized symbol
(Xe)e € SP.(R™ x (R\0) x R"!) homogeneous of degree 0 for |(7,€)| = 1 and such that

1 on Igl
0 outside IéQ

X£($,Z7T,€) = {
for angles 61,05 € (0,7/2), 61 < 62. Then, (xe+/ac)e € SP(R™ x (R\0) x R"!) and its
restriction to Iél is equal to (/az).. Moreover, (xc+/az)c vanishes outside Iéz.

Remark 1.5.4. For the construction of x. we define for every fixed ¢ € (0, 1] the function
fe(z, 2, 7,6) i= co(x,2)ér ! on R™ x (R\0) x R"" 1.

Then, for every fixed € € (0, 1] we let x. be the smooth function defined on R™ x (R\0) xR" 1,
0 < xe < 1, which is given by

07 |f€| = sin "y
xe(z,z,7,6) =< 1, |fel < sinm (1.5.4)
11— ! T , siny <|fe| <sinye

1 _
lyelFel—sinyg ~smvp—Ife]

for some fixed angles v1, v with 0 < 0; <1 < y2 < b < /2.
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

We therefore get x. = 1 on I , since 3 € (0, 1] such that

Igl < {(z,2,7,8) | T #0, |ce(zx,2)§/T| < sinvy} e € (0,n].

To show the inclusion, let (z,z,7,§) € Iél and f(x,z,7,€) := lime0 fe(z, 2z,7,§). Then
there exists a constant C' > 0 such that

[fe(a, 2,7 O < [(fe = )@, 2,7 O + [ f (2, 2,7, §) <
(ce(w,2) — (2, 2))¢/7| + | (2, 2)€/7] <

< |
<|
<sinf(1 — Cw_#)

Since w;* tends to 0 as ¢ — 0 and #; < 1, there exists n € (0, 1] such that the right-hand
side of the last equation is bounded from above by sin ;.
Similarly, one can show that 3n € (0, 1] such that for all € € (0,n]:
{(z,2,7,8) [ 7 #0, [¢"(x,2)§/7] = sinby} < {(z,2,7,8) | 7 # 0, |ce(z,2)§/7| = sinya}
and hence x. = 0 outside 152 (note xc is defined only for 7 % 0). Indeed
[fe(z, 2,7 )] = [ f (@, 2,7, &) = [(fe = )2, 2,7,§)| =
> |c*(z, 2)&/7| (1 | 2) — c*(az,z)D >

c*(z, 2) -
> sin (1 — Cw_#) = siny,

as ¢ — 0. Now, since c% € Qégfoo and for every ¢ € (0,1] the function x. is smooth on

R" x (R\0) x R* ! and homogeneous of order 0 for |(7,£)| = 1, we can conclude that
- €8 (R™ x (R\0) x R 1) (cf. [27, Example 1.2]).

lsc

1.5.2 Factorization procedure

The aim is to decompose the operator L as announced in (1.5.3) in Theorem 1.5.2. There-
fore, we give a construction scheme for the generalized symbols (aje)e of the operators A,
j = 1,2, by means of their asymptotic expansions (in the sense of Definition 1.2.14), that
is

aj(z,2,7,6) ~isc Z bt (x,2,7,& in S 1se(T) (1.5.5)

where the sequence {bg-“ )} uen consists of appropriate elements bg»“ ) e Slls J(Ip), 7 =1,2, and

will be constructed recursively. Recall that (1.5.5) means that there are representatives

(aje)e of aj and (b(“)

. )e of bg“ ) such that for any cut-off ¢ equal to 1 near the origin we
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1.5. A factorization procedure for the generalized strictly hyperbolic wave operator

have
1

N—
(“J‘vs - 2.0 b(“) € Sy (Ip). (1.5.6)

u=0

Proof of Theorem 1.5.2. For the proof we apply a decomposition method similar to [37,
Appendix II] and [31, Chapter 23]. In the following, we will show the desired factorization
in the case that the principal symbol of A; is equal to (—i(jc)e = (Fi4/ac)e, 7 = 1,2. The
proof for the second possible choice of the principal symbol of A; is essentially the same.

We will now give a construction scheme for the symbols a; of the operator A;, j = 1,2,
by means of their asymptotic expansions. To begin with, let ;. = +,/a., j = 1,2 and
€ (0,1]. For j = 1,2 we set on Ij

0 . 1 0 1 1
b = —ige, a2 =0l Al = oP@l))

where A(l) should be thought as the operator whose symbol has the classical asymptotic

expansion agl) on Ij. We emphasize that A( ) is intrinsically the restriction of a globally
defined operator restricted to the set I as the symbol can always be multiplied by a
generalized cut-off function (y.). of the form as indicated in (1.5.4) which is identically 1
on Ij (with 01 equal #). Moreover, the function ¢ as in (1.5.6) cuts off the singularities
near 7 = 0.

We define Lg',) =0, + A;e), j=1,2,e€(0,1]. Using L( )1 ng as a first approximation

to L. we obtain an error of the following form

ol o - _ @\ 1 WY A 1, _
Ll,e P2 L2,€ LE - (5Z + Al,s) e (5Z + A2,s) aZ De az Aﬂﬁ -
_ (a1 1 (1) OETON _
- (ALE pe - Pe A2’E>az + az(pg A2E> Al pe Aze = Ape =

(1
=: Z ]8)82 J on Ij.

[\

Since A(l) and A(l) have the same principal symbol on Ij it follows that the symbols of
the operators I’( N NS )(a: z, Dy, D,) are in S

i cl lsc

on I, j=1,2.

To improve this approximation we proceed by induction. For convenience of the reader,
we also compute the second order approximation of L. Therefore let € € (0, 1] be fixed and
define

2 1 1 2 2 2 2
a? = ag-@) + bg',g)’ Ag- )= OP(a§ )), Lg-’g) =0, + A§-7E).

]78
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Here b;le) will be specified immediately and in such a way that the symbol of Afe) with
(2)

classical asymptotic expansion (a~

],8)8 is in Sclu <c- From the above we already know that

2
O - S river,
p j=1

We can formally write on I,
l,e

oy 1 2 1 1 1 1 1
L0 0 (1) B) L (2 ) -

‘ 1 1 1
= Sried v (o a) pid e B (0w ) < BB =

J,€ € l,e €
J=1 €
2
1 1
= Y rile2i 4 (Bfa + —BS&))&Z + 0, (—B§}€)+
j=1 Pe e Pe
w1l o, olsm, pmlean
+ Bl,ai 2.e + 1,5732,5 + Bl,aiB2,a‘
Pe Pe Pe

We now specify (b%‘3>5’ (bg‘2>s as follows: as (ag’le))g = $<i @) , j = 1,2, are non-

vanishing on I the matrix

is invertible on Ij.

Then, on I
1 1 1
B S ( a%) _1> (ﬁ%) - <b§%> (1.5.8)
ag}e - ags) Qg 1 V2.e b2,s
where the net (p;). has the same properties as the net (1/pc)e.
Recall that 3C > 0,3n € (0, 1] such that
afd(@.2 7.8 2 Cl(n0)]  on I, <& (0.n]

and Vo, 8 € N, 3(w;). € I, V(2 2, 7,§) € I

108 030 a2, 2m, )] = OwI(m O for |(r,€)] > 1 as £ 0.

(z,z

So, (agg_l)s € S,i. on Ij, |(1,€)] = 1. Then, modulo S;,*(I}) there are uniquely

cl,lsc
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1.5. A factorization procedure for the generalized strictly hyperbolic wave operator

determined symbols <bg13) , (bglg)) € Slsc on Ij) homogeneous for |(7,£)| = 1 solving the
system ©
1 1 1.«
-l Ly
Pe e
nl @ nl. a
—5 = b —af) + af) =5
Pe Pe

on the set I; where (’yﬁ?) denotes the principal symbol of Fgl), j = 1,2. Note that
e

<b(41)>E e S (1) and is homogeneous for |(7,€)| = 1. Since (a(s))e is logarithmic slow

J,€
scale elliptic and (1)516))6 is of lower order, we conclude that (ag?)5

scale elliptic.

is also logarithmic slow
We write B;Q = OP(bSS)) and obtain

2
Ll - Y e

with I’gg) = I’;Q) (x,z, Dy, D;) having symbols in Si-

cl lsc

on I, j=1,2.

0,€

For N > 1 assume <b(-“)>E € S;S;“(Ié) is homogeneous of order 1 — u for |(7,€)| = 1 and
determined for all u < N, 7 =1,2. For ¢ € (0,1] we set

N N N N N
dN =yl AN~ op@Y), L= o, 4 A
()

Again, here A ~"/ is the polyhomogeneous generalized pseudodifferential operator with sym-

b01< (v )) in S

Gj e el Isc" Furthermore, we assume

2
ISR o

p =

with FE»N) = FgN) (x, z, Dy, D;) having symbols in S

cl lsc

on I, j =1,2.

For the induction step we specify ng), béN) as follows: We denote by (73(];[)) the top order
’ €
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

symbol of F§-N). Since (a(-l)) is logarithmic slow scale elliptic on Ij), j = 1,2, the matrix
€

j,€
1 1 1
_ 1 1
Pe aéa ag 5)

is invertible on Ij and the system

N a1 1o
) = by — + = by,
h b Pe  Pe %
1 1
s = o™ = all) 1 i) =V
T ope 7 T pe 7

lsc

for |(1,£)| = 1. We write BJ(',];[) = OP(b%) and indeed we get

is uniquely solvable for (bg?) , <bg\£)) e S.-N on I). Moreover, bg\? are homogeneous
k) € I £ b

L(N+1) L (v+1)

pLQE 1s +Ble>p (L(N)JFBéa))—La:
i g1 ( A Lp 1m0 L (o, 4 a0+ 5l Lpgo -
; (N) 52 (V) B
;F 2+ (B —+ B%)aw(g )+
LA s A LB 0 L
S
where FgNH) = I‘;NH) (x, 2, D¢, D) have symbols in Sgl lgc ) on 1.

Then with aj, j = 1,2, such that

0 ()

2 : Y /
aj ~lsc bj on IG

pu=0

we found the desired operator A; that solves the problem. O

Remark 1.5.5. Theorem 1.5.2 allows for two distinct factorizations, i.e.

1
= ((93 + All);(&z + Agl) + R = (5 + A12) (6 + AQQ) + Ry on Ié
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1.5. A factorization procedure for the generalized strictly hyperbolic wave operator

where the principal symbol of (A;1 ). is equal to (Fiy/az)e, j = 1,2, and that of (Ajo.)e
is equal to (£i+/ac)e, j = 1,2. Ry and Ry denote the corresponding remainders of the
factorizations.

For completeness, we will compute the zeroth-order term for the symbols of (A411.). and
(A12,¢)e explicitly as they will be used later in Section 1.7. First, we calculate (A11c)e.
Recall from (1.5.7) that

’YSa __22 al’-s ;€~ _ 5_1/2 . apeé
j=1 5J Ty Pe j=1 €T
and
1 1 @« 1 1
’Yé,g) = é’z( agﬁ)) 57)#(Ea L) —Gpe—1 2 ( v ) mod S},
Hence

0 = 0. (—af)) i“@ag)@aé)
2, z pe

Cn—1 A 1/2 4 1/2
iy 0ag/ aa/

Pe j=1 6@ a{L‘j ’

_ b a,l;,/ (6@,,,5 1 0pe 1)
;/2 0z ap. 0% pe

We set b. = a2/? and obtain by (1.5.8)

— 0b: Ob, (%i_%i>+

aje = —ibe +
(9 a:j 0z Qe 0z pe

(1.5.9)

—_

+ order(—1).

l\’)

Using the same arguments, we obtain for the operator Ais the following expression.

d — b 1 "S ob, ob, (8%,5 1 _%i)_
122 = c 2b 6’£] ax] 02 Gpe 0z pe

(1.5.10)

1 — ﬁps

2 psbg j=1 J 6:}0]-

+ order(—1).
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

1.6 The generalized wave front set

Given a pseudodifferential equation with smooth symbols, regularity properties can be used
to describe the behavior of the solution. To study propagation of singularities the notion
of the wave front set was introduced. We recall that the complement of the classical wave
front set of a distribution u is the set WF(u)¢ and measures smoothness near a point in
the sense that the Fourier transform of a localized piece of u is rapidly decreasing in an
open cone.

Another version is the Sobolev-based wave front set, where one studies subsets WF™ (u) of
T*R™0, m € N, such that
(0,&0) € WE™(u)

if there exists a P € U™ elliptic at (z9,&) such that Pu € L2(R"). In this sense, wave
front sets give a description of local smoothness of a distribution since WF (u) = @ iff
u e HJ' (R"). As pointed out in [56, Section 4], there is the following relation between
these two versions:

Theorem 1.6.1. Let u € D'(R™). Then

WEFu) = U WF* (u).

Relating to the notion of wave front sets to pseudodifferential operators with smooth sym-
bols, it is well known that for any P € U™ with homogeneous principal symbol P,, one has
the following inclusion (on T*R™\0)

WF(u) € WF(Pu) u Char(P)

where Char(P) = P, 1(0) n T*R™\0 is the characteristic set depending on the principal
symbol of the operator. Moreover, pseudodifferential operators do not increase the wave
front sets. In particular one can show WF(Pu) € WF(u) n pusupp(p), where psupp(p)
denotes the microsupport of P. For more information, we refer the reader to [31, Section

18].

In the framework of Colombeau generalized functions in Gy2(R™), we follow this idea and
measure regularity by considering rapid decay on cones in the frequency domain after
localization in space. We refer to [40, 21, 22, 34, 49, 16, 10] for more details on the
commonly used notion of a generalized wave front set based on G*-regularity.
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1.6. The generalized wave front set

1.6.1 Generalized microlocal analysis

Recall that a function u € Gr2(R"™) is regular, denoted by u € G/%(R"), if and only if there
exists a representative (u.). of u such that

INeNVaeN": |[[D%q| r2@n) = OE™N) ase—0.

As already indicated above, we introduce the following definition which is similar to [21]:

Definition 1.6.2. A generalized function u € Gr2(R™) is said to be microlocally regular
at (zo,&) € T*R™\0 if there exist ¢ € CF(R™) with ¢(xo) = 1 and a conic neighborhood
' € R™0 of & such that

INeNVIEN: [KOF(¢u)(é)r2m =0(E™N) ase—0. (1.6.1)

For w e G2 we denote by WFy(u) < T*R™\0 the generalized wave front set of u which is
defined as the complement of all points in phase space where u is microlocally reqular.

Moreover, we say that two generalized functions u,v € Gr2(R™) are microlocally equivalent
at (zg,&) € T*R™O0 if and only if there are ¢ € CP(R™) with ¢(xg) = 1 and a conic
neighborhood T' € R™\0 of & such that

INENVIEN: [KO'F(d(us —ve)) (E)llzqry = O(e™™)  ase—0.

As we pointed out in Subsection 1.4.3, one can construct a generalized parametrix for a
logarithmic slow scale elliptic operator A(z, D) € ¥;?, modulo some regularizing error in
W, that maps G2 into G%%. This fact can be deduced by the L?-boundedness theorem
for operators with symbol of class S, see [37, Theorem 4.1].

Remark 1.6.3. Let P e U _*(R"), i.e. pe gfgoo = MZE_/Ng-», and u € Gr2(R™). Then
Pu is in G5 (R™) and hence microlocally regular on 7*R™\0. This follows from the fact that
the symbol of DYP(z, D) is in S, * = Mg, 5,99 uniformly in v € N”. More precisely
we have the estimate:

INeNVyeN'"3[eNIc>0:

|DY P, Dy g2 < e max  sup |00 (€1#p.(2,€) ) KO e | 2 = O=™)
la+B|<l (3,¢)er2n

as ¢ — 0. In particular, an operator P € ¥, > maps G2(R") into G (R™).

We now introduce the generalized microsupport of a symbol as follows: Let p € Sy and
(z0,&0) € T*R™\0. Then the symbol p is G73-smoothing at (xo, &) if there exist a represen-
tative (pe)e € p, a relatively compact open neighborhood U of zp and a conic neighborhood
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

I" of & such that
INeNVmeRVa,BeN"V(z,§) e U xT":

|08 (2, €)| = O™ V)™ as e — 0.

The generalized microsupport of p, denoted by usupp, (p), is defined as the complement of
the set of points (z0,&o0) where p is GJ3-smoothing. In the sequel we will follow the ideas
made in [21] where the authors measured regularity of a generalized function in u € G(Q)
and €2 is some open subset of R” when acting on generalized pseudodifferential operators
with slow scale symbols. Our definition (for v € G;2) is now the following;:

Definition 1.6.4. For any u € G;2 we define

Wie(u) = M Ellsc(p)©
p(va)EPT‘Ijgc
p(ac,D)uegzo2

where Ells.(p) denotes the set of points where p is slow-scale elliptic and pr\IJSC is the set
of properly supported slow scale pseudodifferential operators of order zero. Note that in the
manner described in [21] we have that for any slow scale elliptic symbol p € §;fc‘ there exists
a parametrix q € gfgm such that p#q = q#p =1 in §Sg.

As in [21, Proposition 2.8] one can show the following result: Let = : T%(R™)\0 — R" :
(,€) — x. Then for any u € Gr2 we have

T(Wse(u)) = singsupp,(u)
where R™\singsupp,(u) := {x € R" : 3U, < R" open such that u|y, € G2}

Before we proceed, let us briefly recall the three main theorems in [21, Theorem 3.6,
Theorem 3.11, Theorem 4.1] but applied to the symbol classes and function spaces we use.
We renounce to give the proofs as they can be obtained by minor changes in the arguments.

Theorem 1.6.5. [21] For any P = p(z, D) € 1, W7 and u € G2 we have

Wie(p(x, D)u) S Wie(u) N MSUppg(p)-

Moreover, we have the following theorem.
Theorem 1.6.6. [21] For u € G2(R™) we have

WF,(u) = Wse(u) = () Char(P).
Pep 00
Pueng
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1.6. The generalized wave front set

The proof of this theorem follows the same lines as in [21, Theorem 3.9] but with slight
changes. For completeness we give the proof.

Proof. We first show that if (z9,&0) ¢ WFy(u) then (z9,&) ¢ Ws.(u). So, suppose that
(1.6.1) holds. By [21, Remark 3.5] there exists p(£) € S°(R™ x R") such that supp(p) < T,
p =1 in a conic neighborhood I" of &, || = 1. Taking a typical proper cut-off x one can
write the properly supported pseudodifferential operator with amplitude x(z,y)p(§)o(y)
in the form o(z, D) € ,, U9, (R™) such that o(z, D)v — p(D)(¢v) € G2 (R™) for all v € Gpa.
Then

p(D)é(x, D)u = [(L eiﬂ‘fﬁp(s)@s@)ds)

Since o(x, D)u — p(D)¢u € G5 it follows that o(x, D)u € G753 and hence (x9,&o) ¢ Wse(u).

e

£

To show the converse assume that (zg,&y) ¢ Wsc(u). Then there exists an open neighbor-
hood U of xg such that (z,&y) € Ws(u)¢ for all z € U. We choose ¢ € C*(U) and define
the closed conic set ¥/ by

Y= {eR"N0 | Iz eR": (z,&) € Wg(du)}.

By Theorem 1.6.5 we obtain W.(¢u) € Wge(u) n (supp(¢) x R™). Since there is a p €
SY(R"xR™), 0 < p < 1such that p = 1 in a conic neighborhood I'" of &, [£| = 1 and p(¢) = 0
in a conic neighborhood X, of ¥ we get that psupp(p) € R" x X and Wg.(¢du) € R™ x /.
Therefore W, (p(D)du) € Wie(ou) n psupp(p) = @. Hence p(D)pu € G5 and

f e p(€) pua (€)0E = ($ue * ) (v) € M.

Since p is a Schwartz function outside the origin we distinguish between two cases. First,
assume that dist(x,supp(¢)) > 0 for some § > 0. Then we have that 0%(pu. * p)(x) =
S‘y|>5 due(x — y)0*p(y) dy and therefore for every [ > 0:

()0 (Pue * p)(@)| < Cj o |puc(z — y) <z — )y [0 Bly)| dy <
y|=

< j s (2)[(2)! <
supp((f))

< clld(2)<2) | 2 (aupp()) 1 | 22 (sup()

where in the last inequality we used the Holder inequality. Note that there is an N € N
such that for every | > 0 and every a € N” the last expression is uniformly bounded by
O(eN)ase — 0.
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Therefore we have: AN € N, VI > 0,Va € N™
1<) 0% (Pue # P) ()| 12 ((aios (o umn(0))=6)) =

= O(e™™M)I<a) 0% ($ue * B) (@) | Lo (azaio(o,mumn(9))>5) f<f'3>_”_1 da =

= 02N as e — 0.

Next, consider the compact set dist(z,supp(¢)) < d. Since (¢u. * p)(x) € MF we obtain
IN € N,VI > 0, Vo € N™:

H<x>laa(¢u6 *i)/)(x)”LQ({:c:dist(ac,st1pp(¢))<5}) = 0(672]\7)

as e — 0.
Putting this together we get 3N € N, Voo € N, so that

10 (bue * B) (@) 2y = O™) as e —0.
Taking the Fourier transform we obtain that 4N € N, Vo € N”

1K (Gue # 5) ()]l r2eny = O™Y) as e — 0.

Hence

K& !p(€)Pue (€) | 2gany = Oe™) s e — 0.
In particular, since p(§) = 1 in a neighborhood T of &, |£| = 1, we get: IN € N, Va € N”

K&)' fue (&) 2y = Oe™™) as e — 0,

as desired. O

Theorem 1.6.7. [21] Let P = p(x,D) € ,, ¥}

™ and uwe Gr2. Then

WE,(Pu) € WFy(u) € WFy(Pu) v Ells(p)°.

In particular, this relation holds for any P € . ¥j"..
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1.7. Microlocal decomposition of the wave equation

1.7 Microlocal decomposition of the wave equation

The purpose of this section is to establish a microlocal diagonalization of the operator L.
In what follows, we will restrict our analysis to the following subset Iy, of the phase space

Ig, = {(t, 2, 2,7, () e T*R™N0 | (2,2,7,8) € Iy, |¢| < C|rl},

assuming that WF,(U) < Iy, (cf. [51]). Recall that if LU = 0, then by Sections 1.4 and
1.6 we have that WF(U) € Elly(L)¢ = Elli(L)¢ = ¥. The inequality |{| < 2 (z, 2)|7| on
Y implies |¢| < ¢5!|7] on ¥ and explains the inequality |¢| < C|7| in the definition of Ig,.
The microlocal diagonalization will then be stated on the set Iy, .

In order to decompose LU = F' microlocally on Iy, into a system of two first-order com-
ponents, we will consider (uy,u_) that are obtained from (U, %@U) by a logarithmic slow
scale elliptic 2x2 pseudodifferential operator matrix @ = Q(x, z, Dy, D), i.e. there ex-
ists P = P(x,z, Dy, D;) the generalized parametrix such that PQQ = QP = I modulo an
operator with symbol in S;,2°. Then, with the change of variables

(Zi> —Q <};gU> ! (j«iﬁ) =Q (2) (1.7.1)

we search for an equivalent model to the equation
LU = F microlocally on Iy,

with U, F € Gr2(R™!) in terms of two first-order generalized pseudodifferential equations
of the form

(é’z —iB,(z,z, Dy, Dx))u+ = fi microlocally on Iy, (1.7.2)

(0: —iB_(z,2,D¢, Dg))u_ = f- microlocally on I,

where u+, f+ € Gr2(R"™1) and By = By (z, 2, Dy, D,) are logarithmic slow scale pseudodif-
ferential operators of order one. Note that the operators By are acting in (¢, ) and depend
on the parameter z. Moreover, we will show that there is a choice of the normalization Q)
of the wave field such that the operators By become self-adjoint.

We start by rewriting the homogeneous equation LU = 0 in Gj2 into a first-order system
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

with evolution parameter z:

0 p U o
{I@Z — ] =0 (1.7.3)
1
-4, 0 50:U
with U € Gr2(R™*1), T the 2x2 identity matrix and
A, = A,(x,2,Dy, D) = 7762 + Z ax] ;-

Notice that A, is a logarithmic slow scale elliptic pseudodifferential operator of order two
on Iéz’ For brevity, we will drop the identity matrix I in equation (1.7.3) in the following.

Lemma 1.7.1. For suitable chosen Q and BL we can write

0 p iB, 0
P[é’z - ]Q — 0, — +R (1.7.4)
~A4, 0 0 iB_

where R = R(x, z, Dy, D;) is a 2x 2 pseudodifferential operator matriz with entries in 5}86
and that are of order —oo on IéQ.

For the proof we introduce the following notation. Let R be a pseudodifferential operator
valued 2x2 error-matrix with entries of the form

2
> Rj(x,2 Dy, D)0 (1.7.5)
=1

and the symbol of R; = Rj(z,z, D¢, Dy) is in §l;§o, j = 1,2. In the following we will
sometimes write ¥ /5. to denote an operator of the form (1.7.5). Similarly we will write

v, 1. for an operator of the form
2 .
> Rj(x,2 Dy, D)2
3=0

with R; = R;(z, z, D¢, D;) having symbols in §l;é’o for j =0,1,2

Proof. We will now search for appropriate choices of the operators P, @, R and By, where
Q, P, R are as above and By as already indicated in (1.7.1) and (1.7.2) such that equation
(1.7.4) holds on Iy, i.e. R is of order —o0 on I, .
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1.7. Microlocal decomposition of the wave equation

Py P
To start with, we set P = e . We first apply the left-hand side of (1.7.4) to
Py Py
1
P and obtain
1o
pYz
0, — 1 Piy(d,10, + A,) + SO+
P "\op _ (el 2 (1.7.6)
Ap 8Z %az ng((?z%&; + Ap) + S(l’_)

on Iy , with S (1E) in loc ON Iy . Similarly, we compute for the right-hand side

1 0, —iBy) (P22, + Pip) + S*F)
—I—R}P = ( +l 20 ) on I,

%az (0z—iB,)(P22%&Z + P21) + 5(2’_)

{ 0.—iB, 0

0 0,—1iB_
(1.7.7)
where S*) e vy lfc on IéQ. Summarizing this, allows us to write

P12((’)Z%5Z+Ap) ((9 —ZB+)(P12 0, +P11 (92 J

(*) 2—3j
Ry 0.

'Mw I Mw

<
Il
o

ng(é’Z%@Z + Ap) = (é’z — ’L'B,)(PQQ%(}Z + P21)

on Iy, where Rg-i) = R;i)(m, z, Dy, D) have symbols in SE?O on Iy, j=0,1,2.

Otherwise, in view of Theorem 1.5.2, the operator L = 8,2%(92 + A, can be written in the
following form

(& +A11) 0 +A21 52 7 on IéQ (1.7.8)

HMM

with the symbols of Aj;1 = Aji(x,2, Dy, D) in Sllsc on Iy, j = 1,2. Here, the repre-

sentatives of A;; and —Ay; have the same principal symbol equal to —i(\/ac)e, where

2

Qe *= 2(z,2)

— |€? is the principal symbol of p.A,.. Also, we obtain

= (8Z + Alg) 8 + A22

”MN}

]2 62 I on I, (1.7.9)

where the symbols of Ajo = Ajo(z, 2, Dy, D) are in gllsc on Iy, j = 1,2. At this point,
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

the representatives of Ajo and —Ajy have the same principal symbol equal to i( /a;)e.
Expansion of the right-hand side of (1.7.8), respectively (1.7.9), results in

1 1 11 1 1 2 :
0.0 + Ay = 0. 0: + (Alk; + ;A%)&Z + az(;A%) + A Aoy + S R

j=1
on I(’,Q, k = 1,2. Equating coefficients gives Agp = —pAlk% modulo an operator 5@20 on
I, k = 1,2. Using this, equations (1.7.8) and (1.7.9) now read
1 1 1 . ,
52502 + Ap: (6z + A11) (;02 — AH;) (mod lIll,lsc) (1.7.8 )
1 1 - )
= (6z + A12) (;02 — Au;) (mod \I/L?SC) (1.7.9 )

on Ié2. At this point we choose Pjo and Pao such that the requirements of Theorem 1.4.16
are satisfied on Ij, and we denote by P! and Py the corresponding parametrices. In-
serting P! Po into (1.7.8") and Py, Pag into (1.7.9) yields

1 _ 1 1 -
525@ + Ap = (62 + All)Plzl (Plggaz - P12A11;) (mod \:[127?20)

o 1 B
(0: + A12)P221 (P22;5'z - P22A12;) (mod \IIQ,?EC)'
on IéQ. We define

—1B = PioA1 P 1 P a ! on I/
. 12A1 Py + P20 (Pry) 0 (1.7.10)
—1iB_ :

P22A12P2_21 + P00, (P2_21) on Ié2
to denote the uniquely determined solutions to

(0. + An) P! = Pp'(0. —iBy)

(0. + A12) Py’ = P! (0. —iB-),

modulo logarithmic slow scale smoothing operators on [, gQ. Consequently, By are operators

with symbols in §llsc on Iég with real principal symbols. Note that By are only prescribed
on I . Thus

1 _ ) 1 1 _
(92;52 + Ap = P121 (az — ZB+) (Pm;@z — P12A11;) (mod \1’27;?0)

1 1
Py (02 = iB) (P 0 = Podn ) (mod W37)
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1.7. Microlocal decomposition of the wave equation

on Ié2. Further, if we choose for P from above Pjq := —P12A11% and Py = —P22A12% we
obtain
—P12A11% Py Py 0 —A11% 1 ,
p= - on Ij, (1.7.11)
—P22A12% Py 0 P —A12% 1

where Pjo and Psg are logarithmic slow scale elliptic pseudodifferential operators (in the
sense of Theorem 1.4.16) on I, .

Since the principal symbol of Ay is —i(y/a:). and the principal symbol of A3 is i( \/ac)e,
it follows that P is logarithmic slow scale elliptic (in the above sense) whenever Pjy and
Py, satisfy the requirements of Theorem 1.4.16. Furthermore, the approximative inverse
matrix @ of P is given by

—C C PRt 0
Q= 12 on I(§2
—A12;C 1+ A130) \ 0 Pyl

where C' is the generalized parametrix of A11% — A12% in the sense of Theorem 1.4.16.
We have therefore found appropriate operator-valued matrices P, @, R and operators B4
solving (1.7.4) on Ip, .

Outside Ij,, we choose P logarithmic slow scale elliptic and of the same order as in (1.7.11)
on [ é2. Then Lemma 1.7.1 is satisfied also on the complement of Ié2. O

We note that the derived one-way wave equations are not unique. Only the principal symbol
remains the same for any choice of Pj3 and Pss. Recall that the principal symbol of the
operator By is directly related to the generalized wave front set of the full wave equation.
In the smooth setting it turns out, that in order to also describe the wave amplitudes, the
subprincipal symbols of B+ are needed (cf. [58], [44]).

Moreover, by (1.5.9), (1.5.10) and (1.7.10) the zeroth-order terms of By also depend on the
partial derivatives with respect to z of the coefficients, i.e. 0,c.(z,2) and 0,p-(x, z). In the
following, we will show that for an appropriate choice of the operator ) such zeroth-order
terms can be eliminated. In particular, we have the following result.

Lemma 1.7.2. Let Q, P, By and R as in Lemma 1.7.1. Then there is a choice of Q) such
that the operators By become self-adjoint on 152. Moreover, the symbols of the operators
By are of the form

by (z,2,7,6) =+ <b+ - Z ) + order(—1) on Ip,. (1.7.12)
J
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Proof. In the following, we will restrict ourselves to the set I 52 and show that the operators
By can be chosen self-adjoint there. The result follows by an argument used in [51].

We will tackle the problem by choosing generalized classical pseudodifferential operators
Plg, PQQ such that

» 10 0 —i
Ql=P-= Q* (1.7.13)
0 —1 i 0

is valid modulo a smoothing operator matrix and where @Q* denotes the adjoint of ). We
therefore explicitly compute the right hand side and obtain

1 0 o 0 —i\ —i(Ppy )*C* L AT, i(Pt)*C*
0 —1 i 0 —i(Py')* —i(Py' )*C* L AT, i(Pyy)*C*
Then (1.7.13) is equivalent to the following two systems of equations

—PiAng = —i(Py!)*C* S At
Py = i(PR')*C*

and

—P22A12% = —i(Py')* — i(PQ_zl)*C*%Aikz
Py = Z(Pﬁl)*c*

These systems are equivalent to solving the following equations
‘Al_lA* _p—lp—l* —'AE—EA* _P—1P—1*
i( 11p p11)—12(12) i( 12p p12)_ 52 (Pa)

where we used the fact that %Ai‘l - %AE = (CYH)* = (Cc*)~L

As a next step, we will choose P1_21 and ]:’2_21 equal to the self-adjoint square root of
z'(AH% — % 1) and —i(A12% - % %) respectively. We show that Pp,' can be chosen

in such a way. The result for 132_21 follows by the same method. We first note that the
operator T' := i(Aj; % — %A’l"l) is self-adjoint. As we are searching for the square root, we are
interested in an asymptotic expansion X = Z;io X ) with X € \I/llgf_j with X ~ +71/2
in Sl

cl,lsc*

Therefore, let x9 = ((bgp—ls)l/2 + (bgp%)l/Q)*)/2 be self-adjoint in SY2 where b, is the

lsc
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1.7. Microlocal decomposition of the wave equation

principal symbol of ¢A11 .. Then

X2 -7+ RO with R e S

Moreover, the remainder Rgo) is self-adjoint. Suppose we have ng ), j =0,...,N, such
that
N
Y X9 = 1.+ RN (1.7.14)
j=0
with (RgN))E € Sl;év self-adjoint. Then with XE(NH) =1 R(N), Xg(NH) is self-

2 vV bE/Ps ©
adjoint since b, /p; is real-valued and (1.7.14) holds with N + 1 instead of N.

We recall from (1.7.4) that

0, — 0o - B 0
P "lo=o.+p Plos P9 o i |[7F ' R.

A, 0. A, 0 0z 0 B_
Using (1.7.13) we obtain for the second term in the middle expression
0 - 1 0 0 - « (1 0
P “lo=- P "l0]
A, O 0 —1 A, 0 0 —1

Now this term is the sum of an anti-self-adjoint diagonal matrix and a self-adjoint off-
diagonal matrix. Also we have

oQ
pP=
0z

1 0 @*10
0—1[P52]0—1

So this expression is again the sum of a self-adjoint off-diagonal part and an anti-self-adjoint
diagonal part.

Hence the operators —i B4 are anti-self-adjoint and therefore B are self-adjoint.

It remains to show that B4 have the form (1.7.12). In order to compute the zeroth order
term of By, we need to incorporate the principal and the subprincipal symbol of Pl_gl. We

define the operator Pp,' = OP( \/ia;/llp_l/‘l) + R; of order 1/2 and the symbol of R; is in
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

glgcl/ ?. Then the parametrix Pjo has the following asymptotic expansion

1 _ 1 _
P12,€ = w[%al)éﬂl ;/4 _ §R1’5apé/2 ;/2+

1 —3/2 aaa i1 —1/2 apa 1/2 —3/4
+—=135% f - g P ag +
\f(S = ox; > 4p 2 (9353 ) ]

+ order(—5/2).

where v is a cut-off function as in the proof of Theorem 1.4.16. We obtain

oPLL  1(0a,. 1  op. 1
P ) — _ P€ . 75 _ d _1
1265 ( oz a. 0z p€> + order(—1)

and after some calculation

_ _ Lo
PiocAnePhl = Ane — 5—a ' Z Pe fj + order(—1).

Using (1.5.9) and (1.5.10) from Section 1.5 we get

1 " ob. ob.
—4by . = —ib. + — i)
Ote e 21)5 1 (95] 637]-

(=1)

where b, := ,/a.. Similarly, if we write ]32_21 = OP(— \/Ea},/zlp’l/d‘) + Ry, Ry € §l;cl/2, then
one can show that
1 "= ob. ob.

—b_ . =
1h—e = ibe 2b (95] 0x;

(—1).
So the proof is complete. O

Remark 1.7.3. We derived the decoupled system (1.7.2) by using the two different exact
factorizations of the full wave equation. Once factorized the equation, we were able to write
down the normalization matrix explicitly. As a result, we obtained the decomposition in
two first-order hyperbolic wave equations. Here, the factorizations were shown by induction
and we got a direct connection between the exact factorizations of the wave equation and
the decoupled first-order system.

This method is different to the one used in [51]. There, the first-order wave equations were
obtained by recursively defining a normalization matrix which diagonalizes the matrix in
(1.7.3) in the sense of (1.7.4). Moreover, no exact factorization of the wave equation is
directly used as input data.
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1.7. Microlocal decomposition of the wave equation

With this in mind, we are now in the position to state the following main theorem.

Theorem 1.7.4. Let L = 62%82 + Ay(z,2,Dy, Dy) and U, F € Gr2(R"1). Then there are
first-order pseudodifferential operators By and a globally elliptic pseudodiffential operator
matriz Q) as in Lemma 1.7.1 such that the equation

LU = F microlocally on Iy, (1.7.15)
holds if and only if
Lo+us = (0, — iB+(z, 2, Dy, Dy))us = f1+ microlocally on Ip, (1.7.16)
where
U+ :: Q_l U , f+ :: Q_l 0
U_ %agj fo F

Here the operators B+ are as in (1.7.10) on Iy, and Q is as in (1.7.11) on Iy . Moreover,
by Lemma 1.7.2 the matrix QQ can be chosen in such a way that By become self-adjoint on
I .

2

Proof. We define a microlocal cut-off ¢ = ¢(x,z, Dy, Dy, D,) around & = 7 = 0. In
particular let ¥(x, z,7,&,() be a homogeneous symbol of degree 0 in (7,&,() outside a
compact set that satisfies

0 [¢]>3C||
,l/}(w? Z? T? é‘? C) =

1 |¢] <207, [¢] > 1.
We note that v satisfies the requirements of [16, Theorem 18.1.35] since it vanishes if
IC| > 3C|7|.
So, given an operator W € ¥ on I(;Q the operator given by yW is in ¥j?, on Iy, by [31,
Theorem 18.1.35]. Also, the symbol of ¥)W is equal to the symbol of W modulo ¥, ;X on
Iy,.

As already announced in Section 1.5, the operators L;, j = 1,2 in (1.5.3) are not pseu-
dodifferential operators on R"*! (only in (¢,)). But, when applied to the cut-off function
¢ = Y(x, z, Dy, Dy, D), we see that ¢ L; equals L1 and L;y equals L; modulo ¥, on
Io,, j = 1,2.

We may regard (1.7.6) and (1.7.7) as microlocal equations on Iy, .
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Then LU = F microlocally on I, if and only if

— U 0, — U
PP - P QP =p| - P microlocally on Iy,,

A, 0, %GZU A, 0, %@U
U € Gr2(R™1). On the other hand we achieve

U 0,—iB, 0 U

Il
|

0.—iB, 0
[ v r|r
0 0.—iB_ 50U 0 0.—iB_ 50U
microlocally on Iy, for U € G;2(R"*1). Thus

0, —p v\ _ [e—iBs o N\, (U

1 : 1
Ap az ;azU 0 az—ZB_ 58‘2(]
holds microlocally on Ip,. Therefore equation (1.7.15) is equivalent to

0 0.—1B4 0 U
P microlocally on Iy, .

F 0 0,—iB_ %@U

1.8 Approximated first-order wave equations

One particular technique for wave modeling is the one-way wave equation which is often
used since it requires only one boundary condition, as it is a first-order evolution equation.
In the case that the background data is smooth, it also provides a way to propagate
in a predetermined direction ([43]). Our background data involves generalized functions
and due to the lack of an available theory connecting propagation of singularities with a
generalized Hamiltonian flow we need a substitute.

With view to Theorem 1.7.4, we now introduce approximated first-order equations to
(1.7.16) of the form

Liuy := (0, —iBy(x,2,D¢, Dy) + C(z,2, Dy, Dy))uy =0 z> 2 (1.8.1)

where the operator C' has a symbol (C.). in S, and serves as a correction term which
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1.8. Approximated first-order wave equations

should suppress certain singularities of the solutions. In detail, we choose the principal
symbol ¢ = [(cz)<] of C such that

ce(x,2,7,6) =0 on Iy,

co(z,2,7,8) = n(T? + \§|2)% outside Ip, .

for some positive constant n € R, all € € (0,1] and where 0 < 6; < 02 < /2. The
precise definition of the damping operator will be given in the subsection below. In this
case, the operator C' is chosen logarithmic slow scale elliptic outside Iéz and therefore C is
also slow scale elliptic there. Without the operator C' in (1.8.1) the operators L reduce
to Lo + and are standard first-order hyperbolic operators on Ig2. In the region where c is
logarithmic slow scale elliptic the principal symbols of Ly are logarithmic slow scale elliptic
and therefore c leads to a suppression of singularities of the solutions to Liuy = 0, z > 2.
In detail, we have for the singularities of the solutions to Lyu4+ = 0 2z > 2y that

WF, (us) € WFy(Lyuz) U Bllf, (L+) €
= Eulcsc(LO,i) N Eulcsc(c) =
- {(tuxa 27T7§; C) € T*RnJrl\O | (1:,2,’77', 5) € Iég? |C’ < C’T|} z > 20
since Lyu4+ = 0 for z > zy. So, C suppresses singularities outside IéQ. Moreover, having
solutions u4+ to Lyuy = 0, z > zp with initial conditions u+(29) = u+ o then they are

also approximations to Lo +u+ = 0 microlocally on Iy, for z > zp with the same initial
conditions. This can be seen by

WEFy(Liug — Lo +us) = WFy(Cus) € WFy(ug) n psupp,(C) z >z
where psupp,(C) € I and therefore
WFg(Liui — L07iui) N Igl =0 zZ > 20.

We conclude that Liu4 = Lo +u4+ microlocally on Iy, , 2 > z9. Then

0,—iB 0 u o
? * = 0 microlocally on Iy, 2z > 29
0 0,—1iB_ uU_

and by the proof of Theorem 1.7.4 this is equivalent to

z —P U+ - .
Y| P Q—-R =0 microlocally on Iy, z > zp. (1.8.2)
A, 0. U
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Since the entries of the pseudodifferential matrix R are operators with symbol in S, on
Ip,, we have
U4 N
R =0 microlocally on Iy, z > 2.
U_

We now define U being microlocally equivalent to Q1 uy + Q_u_ on Iy, , z > 2y where we
have set Q4 := Q11 and Q_ := Q19, i.e.

U := Q+U+ + Q_U_ + fN

for some jN’z 0 microlocally on Iy, 2 > z9. Then

U U+ .
X =Q microlocally on Ig,, 2z > 2
;@U u—
since u4 = Q1uy = Q21uq and u— = Q_u_ = Q2u_ microlocally on Iy, z > zp. Hence

(1.8.2) holds if and only if

0, —p U
Ay 0. ) \jo:U

0 microlocally on Iy, z > 2p

YP

which means that LU = 0 microlocally on Iy, z > zp.
In summary, we get the following. If the functions u4 solve the problems

Liu

H+
I

0 on (z9,Z) x R" (1.8.3)
u

+,0 on R"

N—
I

Uu+(20
then U := Qiuy + Q_u_ + ffor some fz 0 microlocally on Iy, z € (29, Z) solves

LU=0 microlocally on Iy,, z € (20, Z).

1.8.1 Requirements on the damping operator

We now give sufficient conditions on the damping operator C for the operators Ly such
that the Cauchy problems in (1.8.3)-(1.8.4) are well-posed (cf. [51, 52]). The well-posedness
will be the content of the next section.
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1.9. Well-posedness of the approximated first-order equations

We define the principal symbol of ¢ of C' by

ce(wy2,1,8) i=w(x, 2, 7,8) (1 — xe(x, 2,7,8))

with ye as in Subsection 1.5.1 and w is a smooth symbol homogeneous of degree 1 in (7, &)
and bounded below by some constant times (72 +|¢]|?)'/2. Then (c.). € S}, (R" x R™). Now,
since ce(x, z, 7, ) is real-valued and homogeneous of degree one, there exists a self-adjoint
symbol (C;). € S, (R™ x R") with principal symbol equal to c.. This can easily seen by
the following.

Defining
Ce +cf
C..= == 5 =,
then C; is the self-adjoint symbol as desired (cf. next section).
In the following, we will work with such a self-adjoint damping operator C, = Cg(o) + C’g(l)
of order one with parameter z and (C&(k))g € Siﬁ’;c (k=0,1). We set 9 .= ce and get
100,206 CH) (2, 2,7, )] < Cwc(1+ |(r, ) F1 <
lo|+18] la]+18
< w1+ [(r QDT (L el 2, )
on the support of !9 = ¢. since we have 1 + co(x,2,7,6) = 1+ (2 + |€]?)V/? there. We
thus get,

Va, e N VL > |af + |B| + 2k Jw: € Ijs. 3C > 0 In e (0,1] :
o lal—py lal1l
108, 28 60,2, 7, 6)] < Cn(1 + ()T (1 1 (2, 2,7,6)

| lal+18]
(z,2

for all e € (0,7n], k =0, 1.

1.9 Well-posedness of the approximated first-order equa-
tions

In this section we will mainly follow the ideas made in [52] and show the well-posedness
of the Cauchy problems (1.8.3)-(1.8.4). To avoid an overkill through parameters, we will
reduce the problem (1.8.3)-(1.8.4) and show well-posedness for the following generalized
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Cauchy problem

Pu:= (0, —iA(z,x,Dz) + B(z,z,Dg))u = f on (0,7) x R" (1.9.1)
u(0,.) = wug on R". (1.9.2)

where u = u(z,z) € G2(R") and f = f(z,2) € Gr2(R""!) under the following assump-
tions:

(i) A is a generalized pseudodifferential operator with symbol in §}SC(R"+1 x R™).

(ii) B is a generalized pseudodifferential operator of order v > 0 with non-negative real
homogeneous principal symbol b = B — BO)(z z,¢), i.e. b is homogeneous for
|¢] = 1 and in S;;F for €] < 1.

lsc

(iii) Moreover, there are representatives (Béo))a and (Bél))a of B and B := B — B
respectively such that the derivatives of (Béo))E and (Bél))E can be estimated as
follows: Va e N, V3 € N"™1 3w ., wi o € Tl such that

la|+]8]
1-=0=

o _lalq lalx18]
10008 BO (@,2,6)| = Ofwo ) (1 + €)1+ E7(1 1 BO (2, 2,))

for |a| + |B| < L as € — 0 and

la]+|B[+2

00, 8 BW (@,2,6)] = 0w )(1 + €)1 4 BO(w, 2,6)

la|+|B]+2
==

for 2+ |a| + |B] < L as ¢ — 0.

Remark 1.9.1. In this section we construct a square root for the operator 1+ B modulo a
smoothing operator with symbol in SZZSO(R”H x R™). Using this square root we show that
the Cauchy problem (1.9.1)-(1.9.2) has a unique solution that satisfies an energy estimate.

Lemma 1.9.2. AssumeN that B(z,x,D,) is a self-adjoint generalized pseudodifferential

operator with symbol in S (R™*1 x R"), v > 0, that satisfies (i), (iii) and 2y < L. Then,
. 2 . ; 2—jv/L

there ezists Q(z,x,Dy) € W¥£%7%7180(R”) with 1Q(z,xz,Dy) € \I/K%?%{ISC(R”) such that Q

is self-adjoint and Q? = 1 + B + R where R is a generalized pseudodifferential operator

with symbol in S0 (R"T! x R™).

Remark 1.9.3. In the proof we will make use of the following fact.
Let f : [0,00] — R be a classical symbol of order §, i.e. Vk € N, 3C; > 0 such that
|F®) ()| < Crp(1 +y)%*, then fo B is a symbol in G max(o.0)

1-F,3 lsc
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1.9. Well-posedness of the approximated first-order equations

First note that | f(B®)] < C(1 + B©)? < Cw.(1 + |¢])7max(30),

So let (a, B) # 0. Using Faa di Bruno’s formula, we get that the expression (9@, z)ag f(BO)
is a sum of terms of the form

k
cf® (BO) H a(ﬁ:iz)a?j BO (1.9.3)

J=1

for some constant ¢ and such that > ;o = «, 3}, 3; = B and («j, 8;) # 0. Since B©)
satisfies (iii) one can estimate the expression in (1.9.3) by

la|+]8]
e

Cle(1 + [¢)) I+ “277(1 + BO) < Cuse(1 + |¢])Tmax(60)—lal+ 22y

where the constant C' > 0 and the logarithmic slow scale net w. depend on « and £.
Proof. The proof of Lemma 1.9.2 follows the same lines as in [52, Lemma 3]. |

In order to get the energy estimates, we will adapt a version of the sharp Garding inequality
of Hérmander as stated in [31, Theorem 18.1.14].

Lemma 1.9.4 (Sharp Garding inequality). Suppose that a € g}sc(R” x R™) has a repre-
sentative (ag)s such that In € (0,1]

Reas(z,&) =0 Ve € (0,7m)].
Then there exists a logarithmic slow scale net (we)e € 5. and a constant C > 0 such that
Re(az(z, Dy )u, u) = —Cuw.||ul|%2 (1.9.4)

for allue . (R"™) and € € (0,n].

The proof follows the same lines as in [31, Theorem 18.1.14]. We only give some supple-
mentary explanations.

Proof. Let r e §losc and (r¢). € r be a representative. Then, there exist a logarithmic slow
scale net (we)e € e, a constant C' > 0 and an 7 € (0, 1] such that

|(re(@, D)u, u)] < Cwellulfo e € (0,7]

and
Re(re(x, D)u,u) = —Cuwelul|22 e € (0,n]
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

Now let (a.): € S}, and write

a: +a¥ a.—a}

2 * 2

a. = Reas +ilma, =

Then, since the second term on the right side is anti-self-adjoint it follows that

%
Re<a‘5 5 de u,u) = 0.

Moreover, since

a. + ak
2

it suffices to show (1.9.4) with a replaced by Rea.

Re(ac) — € SZ%C

As a next step, we let ¢ € C°(R?") be an even function with L?-norm equal to 1. Also we
define ¢ € ¥ by ¢ (z, D) := ¢(x, D)*¢(z, D). Then, v is even and ({9 (y,n) dydn = 1.

The aim is to write a. as a superposition of two terms a1, and ag. where a1, is of the
form

ancl€) = [[ 0@ = a6 = w/aacmdydy  <e ©.1
with q(n) = (1 + |n|?)"/%. Then, one can show that there exists an 7 € (0,1] such that
(a1(x, D)u,u) =0 ue ., €€ (0,n]

and DgD§a075(x,§) = Dng(ag(x,é) —a1(z,§)) is a finite sum of terms

by (2, €) = jw z = 1)a(n), (€ — n)/a(n))be(y, m) dy dy —
be (i, €) ﬂ by dydn e (0,1]

where ¢ € . is even and (b;). € Sll Sja‘. Then, by the same arguments as in [31, Theorem
18.1.14], one can show that if (b.). € SI.. then there exists a logarithmic slow scale net
(we)e such that |boc(z,€)| = O(w:)(1 + [€])#~1 as e — 0. This finishes the proof. i

Remark 1.9.5. Suppose that r € §losc. Then there exist a representative (r.). € r, a
logarithmic slow scale net (wy): € Iljs, a constant C; > 0 and an 7; € (0,1] such that
Ire(x,€)| < Crwi e for all € € (0,71]. Hence, the symbol (r.(z,§) + Ciwi ¢). satisfies the
requirements of Theorem 1.9.4, i.e.

Re(re(z,§) + Clwie) 20 € (0,m].
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1.9. Well-posedness of the approximated first-order equations

We therefore can conclude that there exist (wp.). € Ilje, a constant Co > 0 and an
n2 € (0,1] such that for any v € . and € € (0, n2] we have

Re((re(z, Dy) + Crwie)u, u) = —Cowne|lul 72
which is equivalent to the following
IC > 0 Iwe)e € Mg - Re(re(z, Dy)u,u) = —Cu|lul|3e

for all u € . and e small enough.

Concerning the well-posedness of the Cauchy problem (1.9.1)-(1.9.2), we will first show the
following energy estimate as shown in [52] and [31]. With obvious slight changes in the
proofs one can show that there is also an energy estimate when the symbols depend on e.

Lemma 1.9.6. Let A and B satisfy (i), (i), (4i7) with 2y < L. If s € R and (A:)e € I
is generalized real and larger than some logarithmic slow scale net depending on s, then
for every uw e CH([0, Z]; H®) n C°([0, Z]; H*Y) with 4 := max(y,1) and every p € [1,0] we
have:

1 Z 1 Z
(5 J e u(z, |2 A dz) "< (0, )|l + QJ e || Pou(z, ) || g dz (1.9.5)
0 0

with the interpretation of the maximum when p = 0.

Proof. Let (A:)e be a representative of A. Since the principal symbol of A is real-valued,
we have that
Re(—iA:(z,2,8)) = —Crwie

for some constant C; > 0 and some (wi.)e € s, for all € sufficiently small. Using the
sharp Garding inequality we obtain
3((,«)275)5 € Hlsc 302 >0 3772 € (0, 1] :

. , ) (1.9.6)
Re(—iAc(w, 2, Dy)v,v) = —Cowaelv||7: ve H

for z € [0, Z], € € (0,7m2].

Note that by Remark 1.9.5 the property (1.9.6) is invariant under zeroth-order perturba-
tions of —iA.(z, 2, D,). Now using Lemma 1.9.2 we can write B. = Q% — 1 — R, for some

self-adjoint (Q:): € 51712%7%,l56(R"+1 xR") and some (R;). € S, (R""! xR™). We therefore
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Chapter 1. Microlocal approximations of strictly hyperbolic operators

obtain that there exist (w¢)e € I}, C > 0 and 1 € (0,1] such that

Re((—iA: + B.)(x, 2, Dy)v,v) = Re((—iA: — 1 — R.)(x, 2, Dg)v,v) + (Q%v,v) =
= Re((_ZAE -1- RE)(I7 Zs _Dx)’U, U) + (Qa% QEU) =

> —Cuwe||v||32 ve HY (1.9.7)
for any z € [0, Z] and € € (0, 7).

We first consider the corresponding L?-energy estimates, i.e. s = 0. Therefore, set f. :=
0yu — (iA: — Be)(w, 2z, Dy )u. Then, taking the scalar products with respect to z we

J _ z —2)Xcz —2)Xez 0

e P u(2)[[72 = —2hee” P Ju(2)|[72 + e F2Re(-u(2), u(2))

0z 0z

and hence
2Re(f:(2), u(z))e > =
J - z . —2Xcz
= ¢ 222y (2) |22 + 2Re(((—zAE + B.)(x,2,Dz) + )\a)u(z),u(z))e 2Ae

0

> o-e” P |u(2) | 22

0z

under the requirement that (A¢): € IIjs. with A\; > Cw., where C and w, are as in (1.9.7).
Integration from 0 to z, z < 2z < Z then gives

e~ u(2) |22 — u(0) 22 < 2f0 ) L2 | 2 () g2 .

Setting .
M.(z) := sup e 7||u(2)]| 2
0<z<z
we get,
z
MR < a0 + 204 [ LG e d
0
Hence

z

() = | D12 2)” < () + [ A1z d2)

which yields
e u(2)l| 2 < u(0)]|2 + QL e ) fo(2) | 2 d2 (1.9.8)

for all (A;)e € s with Ac = Cw.. In (1.9.8) we set A. = Cw,. and multiply the obtained
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1.9. Well-posedness of the approximated first-order equations

result by the factor e(C¥==2<)2. Then
z
e fu(2)l| 2 < €O u(0)]] 2 + 2 fo e || fo(2)|| e GG g,
If we choose (). € Ijse with Az > 2Cw,, then Cw. — \. 2 and hence

—Aez —2= —AeZ —22(2-3) 2
e lu2)]l 2 < €™ u(0)] 2 +2L | fe (2l pee”F 7P dz. (1.9.9)

This shows the desired energy estimate in the case that p = c0. For 1 < p < o0 we observe
for the LP-norm of the first term on the right-hand side of (1.9.9):

Z
f e_%spz dz = 2 <1 — e_L;pz> < 2 .
0 Aep Aep

So,
e, 2\
le= %2 u (@)l z2ller < (5-) Iu(O)]l22-
&€

Concerning the LP-norm of the second term on the right-hand side of (1.9.9), we compute

Z z Az Ae = p
2pf e—zPZ(f e fo(2) 2 E 7 ) dz =
0

0
2 e p|Z
=2 e—*z P(f Y LBl ¥ dz)” [+

ez oo Pl z Ae,
j 5[ @M )T e ¥ e <

_ - _ p—1
f ([ = 1@lae ¥ 9 a2) ™ = 12 <
2 B 2
< A(2f 2 fo(2)l g dz)
€ 0
Summarizing and using the Minkowski inequality, we obtain for every p € [1, 0]
1

([ e ute ) < (27 (@l +2 [ Pt )l )

which shows the theorem in the case that s = 0.

The L?-energy estimate can now be used to obtain the H*-energy estimates for s € R,
s # 0. Therefore, let u e C*([0, Z]; H*(R™)) n C°([0, Z]; H**7(R™)). Then, (D, )*P{D,)"*
satisfies the same assumptions as P. and (D, )*u € C*([0, Z]; L>(R™)) n C°([0, Z]; HY(R™)).
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Note that in particular we have an estimate of the form (1.9.7) if we replace —iA. + B:
by (Dy)*(—iA: + B:){D;)™* and v by {(Dy)*u but now with a lower bound C(s)w:(s)
depending on s. Using the L?-energy estimate we obtain

1

1
f ez, ) fere dz)” = ( f e 5o u(z, ) 2P Ae d2)” <
A
< D0, +2 [ €KDY PUDL) (D) u(z, ) d =
p 0
— (a0, ) +2 fo 2| Pz, )|

since (Pe{(Dg) %(Dz)*)e — (P:)e € ;... This completes the proof. o

Theorem 1.9.7. Let A and B be generalized symbols with parameter z € [0, Z] that satisfy
(1), (1) and (iii) with 2-y < L. Then, for every f € Gr2((0,Z) x R™) and ug € Gr2(R™) the
Cauchy problem (1.9.1)-(1.9.2) has a unique solution u € Gr2((0,Z) x R™) and the energy
estimate (1.9.5) remains valid for this solution.

Proof. Let (g)c € g, (fc)e € f be representatives. We fix € € (0, 1] and consider the smooth
Cauchy problem

P.u. = f. on (0,7) x R" (1.9.10)

us(0,.) = up e on R".

Then, by [31, Theorem 23.1.2] and [52, Theorem 5|, we get the existence of a solution
ue € C*([0,Z]; H*(R™)). Note that the additional regularity with respect to z variable
follows from (1.9.10).

Concerning uniqueness, assume that f. = 0 and ug. = 0. Furthermore, suppose that
moderateness of the solutions is already shown. We apply the energy estimate (1.9.5) and
get

e ue(z,.)||gs < max le % uc(z, )gs =0  Vs=0

Therefore, u. = 0.

It remains to show that (u:): € &£y,72((0,Z) x R™). For moderateness with respect to
z € [0, Z] we note that [|ucl|p2((0,2)xrn) < Z SUP.efo, 7] [|Uell L2 ()
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Since (1.9.5) is applicable for u. € C*([0, Z]; H*(R™)), we obtain

ef)‘EZHug(z,.)HHs < max Hef)‘fzua(z, Mas <
z€[0,Z]

A
< Jue(0,.) a1+ + 2 f | Poue (2, )| e .
0
Hence

Z
e (2, Miae < €< (JJue 0, )l + 2f | Pane(z, )| e )
0

and therefore u. is moderate with respect to x if and only if A. is of log-type, which is
indeed satisfied because of the assumption (\;)c € IIj5.. Recall that a net r. is of log-type
if |re| = (’)(log(%)) as e — 0.

Concerning the z-derivatives, we write
0Dy )’ue = (Dy)*(iAe — B:)(x, 2, Dy)ue + (Dy)° fe

and obtain that for every s > 0 there exists an N € N such that ||0,(D,)%u.|| 2 = O(e™V)
uniformly in z. For the higher order z-derivatives one uses an induction argument when
differentiating the equation (1.9.10). o
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Chapter 2

A semiclassical approach

2.1 The setting

In Chapter 1 we showed the well-posedness of approximating first-order equations to the
problem
LU =0 microlocally on Iy,, z € (20, Z).

Recall that in this special case we used the standard or Kohn-Nirenberg correspondence
between operators and symbols. The precise relation was given in Definition 1.2.4.

In this second part we will ask ourselves if it is possible to relax the logarithmic slow
scale conditions on the coefficients to coefficients of log-type when using a different kind of
quantization. In particular, we will consider the semiclassical Kohn-Nirenberg quantization
(cf. Section 2.3 or [15] by introducing Plancks’s constant and study operators of the form

Ac(x,eD)uc(z) = (2me)™ H e TV (2, &) (y) dy dE (2.1.1)

as € — 0. We note that the semiclassical asymptotic expansion of the symbol a of order m
is of the form

ac(z,€) ~ Y aje(x,€) (2.1.2)

>0

valid for [¢| = & > 0 with a;. € S™7J(T*R"™) are classical (Hérmander) symbols of order
m — j for every fixed € € (0,1] on this set for some C' > 0, see [57, Section 1.10.1], [13,
Chapters 7 and 11] or [14, Section 8.6]. As we will see later, this will cause, that the
principal symbol ag. gives the highest contribution with respect to € as the lower order
terms appear with an additional factor 7, j > 1.
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Chapter 2. A semiclassical approach

As this is a first approach we will consider operators L. (z, z, hDy, hD,, hD,) (in particular
we will study the case where h = ¢) with L. having less regular coefficients as in Chapter 1.
In detail, we will work with

n—1
L.(x, 2, Dy, Dy, D) 1= 0% + Z bje(x, z)&% — ce(x, 2)07. (2.1.3)
j=1

Here, the coefficients are supposed to be of log-type up to some fixed order r € N and strictly
non-zero. As in Chapter 1 we assume that the coefficients are certain regularizations of
Holder continuous functions, i.e. ¢. — ¢ and bj. — b; in the Holder space CY#(R™) with
exponent p € (0,1) as e — 0.

In this chapter we will first provide a factorization into two first-order operators of the form
(2.1.1) of the operator L.(x, z, hDy, hD,,hD,) with h = e. With the asymptotic expansion
as in (2.1.2) the highest contribution comes from the principal symbol ag. which is of
log-type in our case.

As already mentioned in the introduction Hérmann showed in [32] well-posedness for cer-
tain first-order hyperbolic pseudodifferential equations when the occurring symbols are of
log-type up to a fixed specified order. The question now is: When using a different quan-
tization, is it possible to relax the logarithmic slow scale condition on the coefficients to
coefficients that are of log-type? We will see that working with the semiclassical quanti-
zation will change the view of notions such as the asymptotic expansion, ellipticity and
microlocality. As a result we will be able to state a factorization theorem as well as a
microlocal diagonalization of the governing equation on a sufficiently nice subset of the
phase space. The question, whether the approximating first-order equations are well-posed
remains open.

Furthermore I want to mention a paper of Colin de Verdiere (see [12]) who combined
semiclassical analysis with wave equations and more general with elastic wave equations as
used in seismology. As there, we won’t discuss the physical interpretations of our modeling
techniques.

2.2 Basic notions

In this section we specify the basic notions concerning the symbol classes and the semi-
classical quantization of the governing equation given as already indicated in the previous
section.

In order to realize the log-type up to order r € N conditions on the coefficients of the model
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operator (2.1.3) we will follow the idea in Remark 1.3.1 and consider a regularization
obtained by convolution with a logarithmically scaled mollifier ¢ -1(.) 1= wl'¢p(ws.) with
¢ e .Z(R") as in (1.1.1) where w, := (log(C/¢))"/" for some r € N and a constant C' > 0
such that (w.). is strongly positive.

In the following we will typically encounter symbol classes that are subspaces of M gm
and subjected to two different asymptotic scales. This extends the definition of M gm and
Ngm in the following way:

Definition 2.2.1. Let v be a non-negative real number and I,k € R. For m € R we let
(ae)e be a family of symbols a. € S™. We then say that (ac)e is in the generalized symbol
class ./\/l(y;i),k if and only if

In e (0,1] Yo, 3 e N" 3C > 0 Ve € (0, 7] :

aui(a) = sup [0gdfa(a, ()Tl < CtufI
(z,£)eR?"

(2.2.1)

0]

We call m,k and (v,l) the order, the growth type and the log-type respectively of MSm’k'

This definition is similar to that for generalized symbols S,TSZ in [20, Definition 4.1]. Also,
since (we). is a strongly positive slow scale net we note that a generalized symbol (a.). in

MUY can always be estimated in the following way:

Sm,k

3 e (0,1] Yo, B e N" 30 > 0: q("(ac) < Ce*1 Ve e (0,). (2.2.2)

Later, in Lemma 2.5.3 we give the construction scheme for approximative inverse operators

and the advantage of using (2.2.1) rather than (2.2.2) will be clear then. Hereafter we

typically work in spaces M(V;i),k with v € {0,1}. Analogously to Definition 2.2.1 one

S
introduces the space M (R™ x (R™0)).

k
Shig

(V’l),k is defined as follows:

m

Furthermore, the notion of negligibility in M

Definition 2.2.2. An element of M(Syyi)k is said to be negligible, denoted by Ngm, if the

following condition is fulfilled:

Ine (0,1] V¢ge N Va,feN" 3C > 0: qg%)(ag) < Ce? Vee (0,n)].

SO, lf P(x,D;E) = Z‘a|<m GCX(,%')DO‘

< with bounded and measurable coefficients, then the
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logarithmically scaled regularized coefficient aq e := aq * ¢ -1 satisfy the estimate

[0%aa.e|

Lo@ny = O(wl) = O(logl(C/e)).

Therefore (aa)e is of log-type up to order r, that is [|0%aqe|ro@n) = O(log(C/e)) for
all |a| < 7, but it is not logarithmic slow scale regular. Recall that the asymptotic norm
estimate (of any order) of a logarithmic slow scale coefficient has a bound O(r.) where
|re] = O(logP(1/e)) for all p > 0 as ¢ tends to 0. In the same manner we obtain for
the logarithmically scaled regularization of the operator a symbol (p:). where p.(z,§) :=

(p(-€) * ¢,-1)(x) which is of class MS;S?O and of log-type up to order (o0,7), cf. [32,
Remark 3.2]. Recall that a symbol p.(z, ) is of log-type up to order (k,1) if

A ) = max sup (L4 €)1 0808, (2,€)] — O(log(1/e) as < — 0.
: |a|<k,|BI<l (3,£)er2n

Also, we will use the following symbol classes:

Definition 2.2.3. Let U < R" x R™ be open and conic with respect to the second variable.
We say that a generalized symbol (az)c is in M(Su,fl)k (U) if a. € C*(U) for fized € € (0,1]
and there is a constant K > 0 independent of € such that:
Ine (0,1] Ya, 5 € N™ 3C > 0 for which
08 07 ac(x,€)| < Cet eIl for (2,€) € Vi, € € (0,1],

where Vi = {(z,£) e U | d(§,() = K, C € dpry(U) # @}. We observe that, if (x,§) € Vi
then (x,\) € Vi for all X = 1.

Note that Definition 2.2.1 is equivalent to Definition 2.2.3 in the case that U = R"™ x R™.

2.3 Semiclassical quantization

In the theory of pseudodifferential operators the idea is to assign to each operator A
of a suitable class a function o4 (i.e. a symbol). This is closely related to integrated
representations of the Heisenberg group H,,. We will mainly follow Folland, so we refer the
reader to [15] for a deeper discussion.

In the Kohn-Nirenberg correspondence or standard quantization of pseudodifferential op-
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erators one associates to a symbol a € S an operator A : S — § in the following way
A(w. D) = (20) " [ (Fa)(g.ple P12 0P4) dpag -

— @0 f (F(Ta))(a, p)ola, p) dpdg =: p(Ta)

tI+pD+¢X)

where p(p, q,t) = el is a unitary representation of the Heisenberg group H,, and

p(a,p) := p(g,p,0) = e'PPT9%),

Here, the above integral is an Bochner integral if Ta € L (R?"). Note that p(ﬂ) makes
also sense as an operator from S(R") to &'(R") if p(Ta) € S'(R*™). In [15, Theorem 2.37]

it is shown that the operator T', defined by @(q,p) = e~"9/2G(q, p), maps the symbol class
Shs (meR,0<p,6d<1,6 <1) into themselves and is a Fréchet space isomorphism on
each of them. With this in mind, we obtain the classical representation which is given by

Alw, DoJu(e) i= (2) " [(Fa)(a. ple 7260 X ufa) dpd -
— 20" [(F(@) @) () dpdy -
— 20" [(Fl@) @)™ uta + ) dpdy -
= (2m)™" Ja(az, &)e”Pou(x + p) dpdé =
= (2m) " [ € a(a uly) dy de

One can reformulate these results in a more quantum-mechanical spirit by using the
Schrédinger representation py of the Heisenberg group which is given by

pr(q,p,t) := p(q, hp, ht) = ¢! htI+hpD+aX)

and its simplification '
pr(a.p) := pn(q, p,0) = e'"PPFaX)

respectively and where h denotes the Planck constant. In detail we have
(ph(q,p)u) (z) = ez‘(qm+hpq/2)u(m + hp).

Note that for h = 1 this representation leads to the usual Kohn-Nirenberg calculus. Then

77



Chapter 2. A semiclassical approach

we can introduce the corresponding h-dependent operator A by

Ap(z, Dy)u(x) := (2m) " f(fa)(q,p)e_”’qh/ 2pn(p, q)u(x) dpdq = pp(Tha).

Using the same computations as above, but now with h-dependency, we get
Ao Do)ule) = (2) ™ [(Falap)e ™ 2on(p,a)ule) dpd -

— (2nh)™" fei“‘y)ﬁ/ha(x, Euly) dy de.

2.3.1 The governing equation in a semiclassical Colombeau setting

Once introduced such an additional artificial parameter h gives us now the opportunity to
apply the theory of h-pseudodifferential operators used in semiclassical analysis which is a
formalism in the asymptotic regime h « 1. As we want to combine this with the theory
of generalized pseudodifferential operators we start writing h := h(e) with the restriction
h(e) — 0 in the case that ¢ — 0.

For technical reasons (e.g. construction of an approximative inverse) we also have to
prevent other possible values of the function h(e). As this is a first approach in this field
we have chosen h(e) := ¢ at this point.

So, we will concentrate on operators as given in (2.1.3) which are characterized by homo-
geneity. Also note that our model operators have less regular log-type coefficients than
logarithmic slow scale. So, when given a family (a.). € Mgm we define the correspond-
ing semiclassical pseudodifferential operator of Colombeau type to be the linear operator
A¢ : Gr2 — G2 which acts on the level of representatives as

(ue)e = (Ape(x, Dp)uc)e  V(ue)e € Mpe. (2.3.1)

Here, for fixed e € (0, 1], the right hand side corresponds to the standard quantization of
the symbol (a.). with parameter h(e) = ¢, that is,

Ay (2, DoYue(z) = (2) f (Faz) (g p)e /2 pa(q, p)us () dg dp =

n

_ (2me) j Vg (2, € u.(y) dy de.

Then, with L. as in (2.1.3), the corresponding t-pseudodifferential operator L. is essen-
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tially given by the oscillatory integral

Ly-(y, Dy)us(y) = (2me) " f VS (y, 1) a2 (n/<) dn

for fixed ¢ € (0,1], where we have set y = (t,z,2) € R"! and n = (7,&,¢) € R**!. The
expression (l) is called the generalized symbol of L, and is given by

le(z,2,7,6,C) = —C% = (bo(, 2)E,6) + ez, 2)72

where we have set b.(x, z) := diag (b1 <(x,2),...,bp—1(x,2)). Hence, (I;): € Mg;?g and
the operator L. can easily be reconstructed from Ly, i.e. L. = 5_2L¢75, because of the

homogeneity of the operators.

Given such a scaled generalized operator as above we will carry out all transformations
within algebras of generalized functions from now on. More explicitly, we will study the
action of the linear operator Ly = OPy(l;) from G2 into itself in the following sense: on
the level of representatives L acts as in (2.3.1). This explains our governing equation

LyU=F

for which we will now present a factorization theorem and a method for the microlocal
diagonalization.

2.4 1-pseudodifferential calculus

In this section we introduce a general calculus for 1-pseudodifferential operators which are
certain semiclassical standard quantizations of generalized symbols as demonstrated in the
previous section. For an introduction in semiclassical analysis we refer the reader to [39,
14, 29]. Since most of the techniques are similar to the classical theory of pseudodifferential
operators we also want to give [31, 55| as references. Moreover, a detailed discussion on
pseudodifferential operators with Colombeau generalized symbols can be found in [20, 19].

To continue, given a generalized symbol (a.(z,§)). one can assign the semiclassical standard
quantization which we denote by OPy(a.) := a-(z,eD,). In this sense ¢ = 1(e) can be
thought of as a scaled phase function on phase space. Therefore, we let

Ve(x,8) i={x,&))e :=xf/e €€ (0,1]

throughout this work.
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As already mentioned above we will focus on generalized pseudodifferential operators hav-
ing the following phase-amplitude representation.

Definition 2.4.1. Let (a.)c € Mg,/,i)k (R™ x R™). We define the corresponding linear oper-
ator Ay : Gr2 — G2 such that on the level of representatives we have

(u€>€ = (Aw,e(-ra Dx)us)s v(us)s € Mpyx»
and
Apo(#, Do)us(z) = (2me) ™" f @V (2, €Y (y) dy d =

(2.4.1)
el (e ©00c(€/0)).

We call Ay the -pseudodifferential operator with generalized symbol (ac)e = (az(x,&))e.
Also, we will often write Ay € OPy MYD when the generalized symbol of Ay, belongs to

Sm,k
the class Mg/;i)k
Remark 2.4.2. (a) Note that the map in the above definition preserves moderateness and
negligibility, respectively, so that A, is well-defined on equivalence classes and continuous
(cf. [32, Section 1.2] and [37, Theorem 2.7]). Further, we remark that (Ay . (z, Dy)ue). =
(Az(x,eDy)ue)e since formally we can always perform the rescaling. The problem of rescal-
ing will be discussed in the next subsections.

(b) Note that Definition 2.4.1 agrees with the notion of the semiclassical standard quanti-
zation of a generalized symbol (a.). € M(V;Q » (R™ xR™) and can simply written as in (2.4.1)
using scaled or semiclassical Fourier transforms. Another commonly used quantization is
the Weyl quantization aW(x,aD) which has the nice property that real symbols corre-
spond to self-adjoint Weyl quantizations. Since we will exclusively deal with the standard

quantization of generalized symbols we decided to call them -pseudodifferential operators.

To prepare the factorization theorem of Section 2.5 we will have to consider products of gen-

eralized 1-pseudodifferential operators. We therefore start with some general observations
(vl

concerning the notion of asymptotic expansion of a generalized symbol in M gk

2.4.1 Asymptotic expansion of the first kind

First, we present the asymptotic expansion of the first kind which is inspired by the results
given in [19, Section 2.5] but also uses a relevant technical aspect from the semiclassical

80



2.4. -pseudodifferential calculus

approach. Since this first notion of an asymptotic expansion turns out to have no suitable
invariant character under rescaling we will further introduce the asymptotic expansion of
second kind which behaves slightly different when performing the rescaling. We should
emphasize here that this invariance property of the asymptotic expansion of the second
kind will be essential from Section 2.6 onwards, where we discuss microlocal regularity at
infinite points.

The definition of the asymptotic expansion of the first kind is now the following;:

Definition 2.4.3. For j € N let {m;}; be a strictly decreasing sequence of real numbers
with mj \, —00 as j — 0, mg = m and {l;}; be a sequence of the form l; = oj + 1 for

(Vvl]')

some fized 0,1 € R and o = 0. Further let {(a;c)c}; be a sequence with (ajc)e € MSmf’k 50

that the following uniform growth type condition is satisfied:

Ine (0,1] Vj e N Vo, 8 e N* 3C > 0 for which

. , (2.4.2)
qé?)(aj75) < Cakwéj'm”] Ve € (0,7n].
We say that Z;’;O(ejaj,g)a is the asymptotic expansion of the first kind for (ae). € Mfsl,/i)k,

denoted by (az)e ~ > (g7a;.)e, if and only if

J
N-1 .
(a/g - Z 5]aj75)5 € M‘(Slf/;n)N,N+k—1 VN > 1
j=0

Moreover (ao¢)e is said to be the principal symbol of (ac)e if aoe is not identically vanishing
for any fized € € (0,n].

We are now in a position to state our first result.

Lemma 2.4.4. Let {l;};, {m;}; and {(a;c):}; be as in Definition 2./.3. Then there exists
a generalized symbol (a.)c € /\/lg,j;?k such that (ac)e ~ 35; (eajc)e in M(g;?k Moreover the

asymptotic expansion of the first kind determines (ac)s uniquely modulo stw.

Before presenting the proof of Lemma 2.4.4 we need a technical auxiliary result.

Lemma 2.4.5. Let {(a;c)c}; be as in Definition 2.4.5 and x a smooth function such that
x=0o0n0,1], x =1 on [2,00) and 0 < x < 1. Then there exists a zero sequence {{i;};
such that for some fized n € (0,1] we have for every j € N and «, 5 € N™ with |a + | < j:

o\ — i i v l; o\ —
(i (ew?) ™l (0500 < 2797 ek (ewg) 1 Ve e (0,1,

with the same o as in Definition 2.4.35.
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Proof. Using the uniformity condition (2.4.2) of the sequence {(a;.).}; we obtain that for
some n € (0,1] and Vj € N, Vo, f € N™ HC( )5>0andf0rallee(0 n] we have

e Fe VU (s () ags (age)] < Of) 5 x(pg(ew?) ™) =
*Céiﬂ,%%g (w(ewg)l)i‘f <
since x(p;(ew?)™1) = 0 for p; < ew? and 0 < x < 1. We now choose the sequence {f;};

in the following way: for all j € N and all o, 5 € N” with |a + | < j we have

O gy <2797 (2.4.3)

and the proof is complete. O

Proof of Lemma 2.4.4. In the following proof we basically combine techniques from the
theory of nonlinear generalized functions, [19, Theorem 2.2], and Borel’s Theorem from
the semiclassical approach as in [14, Theorem 4.11] or alternatively [39, Proposition 2.3.2].
To avoid overload calculations, we may assume without loss of generality that £k = 0 in
Lemma 2.4.4 and therefore also in the uniformity condition (2.4.2).

We let ¢ € C*(R™), 0 < ¢ < 1 such that ¢(&) = 0 for || < 1 and ¢(§) = 1 for |{] = 2
Further let x and {x;}; be as in Lemma 2.4.5. We introduce functions

b(l) 1N

7, a(‘r f) X(:u’] (€w ) )a],a(xag)

b (2,€) = (1= X(j(ewf) ™)) 9NE)aje(a, €)

where {);}; is a strictly decreasing zero sequence such that for all j : A; < 1 and will be
specified later. For fixed € € (0, 1] we also define

Zsjb (z,8) —I—Zsjb ,€).

j=0 j=0

By construction the first sum consists of at most finitely many nonzero terms (depending
on € € (0, 1] fixed), since u; — 0 as j — o0. Moreover the second sum is locally finite and
we conclude that (a.). € E(R™ x R™)(O1],

Step 1: In the first part of the proof we show that (a.). € ./\/l(yl) Since (ajc)e € Mgﬁiﬁo
satisfy the uniform growth type condition with k& = 0 we obtam that there exists n € (0,1]
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such that for all j € N, and all «, 5 € N® we have

0galb\) (2, €)] < W) jwtPHligeymi=lal e e (0,1] (2.4.4)

and the constant C( ) g >0is the same as in the proof of Lemma 2.4.5.

Concerning bga), we observe that supp(0®¢)(A\;§) < {£ : )\_1 < €] < 2/\_1} for every

la| = 1. Accordingly, if |a| > 1, we can assume A; < 2/|¢] < 4¢6)™! on supp(0%¢)(A;€)

and bg E) can be estimated as follows: 3n € (0, 1] independent of «, 8 and j such that

02 alb? (2, €) < (©mi7T e, ¢, 1A (a50) <
<o (2.4.5)
< Cj gty

for all € € (0,n]. At this point we choose the sequence {\;}; strictly decreasing and so that
Vj e NVa, e N with |a + | < j we have: C’((jﬁ)\ =1 (2.4.6)

To show that (a.)e Mg@?o we note that
Va,BeN" Jjo e N: |a+ ] < jo, mj, +1<m (2.4.7)

and decompose (ac). in an appropriate way, that now is

a:(z,8) = Y, &b, &) + ), bje(w,€) =t fo(w,€) + s=(, &) (24.8)
J<jo—1 J=jo
where we have set bj.(z,§) = (x &) + b (x €). Then In € (0,1] such that for all
a, e N?

0edl fo(, ) = | D) gl (b (@,€) + b (2, 0)}] <

Jj<jo—1

v m—|a 2
< wylBlHlgym=lal Z (ew?)’ (C(;5+Cg((35)<
Jj<jo—1

< CjwtHigymtel

for all € € (0,n] by (2.4.4) and (2.4.5). We next estimate the remainder s.. For this
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purpose, we apply (2.4.3) from Lemma 2.4.5 and use (2.4.6) to obtain

w P 0g ol se (2, &) < ) (ew?)I(gymalela=i ! {u;l + A 1} <
Jj=jo
< (ewg)Tom1gymao el 3 97 (cwg) 0 <
Jj=jo
< (ew?)0 N eymanti=lal < eym=lal v e (0, 1)

for some n € (0,1] independent of the order of differentiation Note that in the second

inequality we used that ,uj < (ew?)~ ! on supp(b( )) and ;" < (§) on supp(bg 8) ). And so,
(as)e ngm)o as required.

Step 2: We complete the proof by showing that for every N = 1 we have

3 aje). e M(S”;fjjv),N(R" x R™). (2.4.9)
J<N-1

Therefore, we let NV > 1 be a fixed natural number and write
D1 (&) = D (1= x((ew?) ™) ($(A€) — Daje(x,€) +
j<N—1 j<N-1
+ Z 5jbj,s($a§) = gs(xyg) + tg(l‘,f)-

J>N

We first calculate the contribution of g.. For this note that || < 2)\;1 on the support of
(¢(N;€) — 1) and we obtain that 3n € (0, 1] such that Vj < N — 1 we have

10807 (p(N;€) — 1)aje(x, )| <
< Y e )AG™) (az0)e)mile <

y<a

< (&l N e(g, AL i) (a;) <

<o

CNa wu|m+lg<é—>mN e Ve e (077]]
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Now taking into account that 1 — x(uj(ew?)™t) # 0 only if u; < 2ew? we compute

w1 0g 0 ge (2, €)] <
< O g™ 10 3 (ew?) (1= x(py(ew?) ™) =

J<N—1

o S\ N—j 3
— Cvap(ew?)V@™ 1l S0 ™ (L) (1 (o) ™) <
j<N—-1 e

< Onas(ew?) V@™ 1 e € (0,n).

We proceed with the estimation of ¢, in which we again use a decomposition as in (2.4.7)
and (2.4.8). Therefore we let N € N, N > 1 be fixed. Then

Vo, eN" 3jo e N: |a+ ] < jo, mj, +1 <my and jo—1=> N;
we write
Jo—1

te(z,8) = Y &lbje(@,) + sc(,) (2.4.10)

Jj=N

with s. as in (2.4.8). As already shown in the estimate for s. we also have
\6?8538(13,5” < w/IBIH (g Yio=1gymig t1-lol

Furthermore we obtain for the first term on the right hand side of (2.4.10)

Jo—1 Jo—1
; _ i1 2
0807 Y] b, &) < wtPHgymalol 37 (wg) (CF) 5 + O 5) <
j=N j=N
< Cjo(ewd YNl (gymaled,
Putting this together we get (2.4.9) which completes the proof. m]

Remark 2.4.6. Before we proceed we make some observations concerning the construction
of the generalized symbol (a.). in Lemma 2.4.4 which was given by the expression

a-(0,€) = ¥, (2L )aje(0,9) + X, & {1 = x(L5) fonae(a. ).
€ §=0

g
>0 EWe

Here, the first sum is inspired from the semiclassical approach whereas the second sum
is also used in the usual Colombeau framework. Then, it is may worth to mention the
following facts:

(a) To construct the square root of the homogeneous operator L., we also need to discuss

85



Chapter 2. A semiclassical approach

polyhomogeneous symbols. Then the second sum in the definition of a. also makes sense
for homogeneous symbols a;., but the first sum would induce singularities (at £ = 0) for
fixed € € (0,1]. To overcome this problem we will introduce generalized symbols that are
smoothed off at the zero section so that we can require a symbol to have an asymptotic
expansion in homogeneous terms if we allow some additional error terms in the asymptotic
expansion. For the precise description of these so-called polyhomogeneous generalized
symbols we refer to Definition 2.5.1.

(b) Another important property concerns the effect of rescaling. This will be used in
Section 2.6 where we test microlocal regularity of generalized functions using the L2-
boundedness result of zeroth-order -pseudodifferential operators. To exemplify this, let

{(aje)c}; be a sequence with (a;.). € Mfg,l;)k and [; as in Definition 2.4.3, j > 0. By

Lemma 2.4.4 there exists (ag). € M™Y. such that for all N > 1 we have

SO,k
(re)e == (ae — . gf'aj,a)aergiiv,w,l. (2.4.11)
j<N-1

Now using the rescaling (z, &) — (re(z,££)). we obtain for every N > 1
(2,6) = (re(w,6))e € MGy

concluding that the asymptotic expansion of the first kind keeps the order of the error op-
erator invariant under rescaling but not its growth type. According to the L?-boundedness
it seems suitable to have an asymptotic expansion which preserves the growth type of the
error operator in (2.4.11) under rescaling rather than the order of the same.

Therefore, note that (r;). in (2.4.11) can also be considered as a symbol of class N go-
Then the rescaling does not influence the negligibility of the symbol (r.). since

(z,8) = (re(w,€8))e GNSO.

Using this, we now introduce the asymptotic expansion of the second kind in order to
achieve an invariant growth type under rescaling at least when studying zeroth-order op-
erators. In detail, we will study asymptotic expansions of the form (ijo el @je)e, which
are similar to those in Definition 2.4.3, but we use the fact that the sequence {(a;c)c}; is
uniformly bounded in the generalized symbol class of order m = my.
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2.4.2 Asymptotic expansion of the second kind

To eliminate the rescaling problem arising in Remark 2.4.6 (b) we now present the asymp-
totic expansion of the second kind.

Definition 2.4.7. Let m,k € R and {l;}; be a sequence of real numbers of the form
lj = 0j+1 for some fizred 0,1 € R and 0 > 0, j € N. Further we let {(a;c):}; be a sequence

with (ajc)e € M(Syﬂlf,l satisfying the uniformity condition:

Ine (0,1] Vj e N Va, 5 e N* 3C > 0 such that

0" (az.) < CFP e e (0,m)

We say that the Z;OZO (ej'czjg)E 1s the asymptotic expansion of the second kind for the symbol

(as)s € ng;i)k; denoted by (as)s ~ Zj(ejaj,s)sy if

N-1
(ac — Z elaje)e € M(SV,iNje VN > 1.
7=0

Again we call (ape)e the principal symbol of (ac)s if age is not identically zero for every
fized € > 0 sufficiently small.

Comparing Definition 2.4.3 and Definition 2.4.7 we observe that any generalized symbol
(ac)e from Lemma 2.4.4 also admits an asymptotic expansion of the second kind. We
remark that in both definitions we used the notation (ag): ~ Zj(sjajﬁ)s, but in the
following the context will always explain which notion is meant.

Furthermore, we note that our notions of an asymptotic expansion are different from the
one used in the semiclassical approach. A crucial difference is that in the semiclassical
setting one uses the Hormander symbol class Si, as the underlying classical space and
not S™ := ST as in our case, cf. [30]. As above, the semiclassical asymptotic expansion
provides an invariant character of zeroth-order operators under rescaling. For more details
on the semiclassical asymptotic expansion we refer to [13, 39, 29].

2.4.3 Composition of y-pseudodifferential operators

In this subsection we establish the composition law of two ¥-pseudodifferential operators
utilizing the method of stationary phase to determine the asymptotic behavior in the occur-
ring oscillatory integrals. Because of the specific construction of the -pseudodifferential
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operators it suffices to study a corollary of the stationary phase formula which can be found
in [39, Corollary 2.6.3] and [27, Example 2.2].

In detail, this simplified formula says that given a function a € C*(R?") then for every
N =1 one has

(27r> fe a(z,y)dedy = Z ~INal (Dmaya) (0,0) + Sn(a; A)
|a|<N—-1

where the parameter A is considered in the limit A — c0. Moreover the remainder term

Sn(a; A) can be estimated as follows

¢ N
SN < vy D) 108000 2) Valpgen A1
) la+B|<2n+1

where 0, -0, = Z;L:I Oz;0y; and the constant C' > 0 is independent of A. In the application
we will work with smooth functions a which are not compactly supported but are well-
behaved at infinity and also depend on the parameter \. For a more general discussion on
the method of stationary phase we refer the reader to [39, Section 2.6] or alternatively to
[27, Section 2].

Using the above formula, we can show the following result.

Proposition 2.4.8. Let Ay(x,D;) and By(x, D;) be two v-pseudodifferential operators
with generalized symbols (az): € ./\/lfs,y’ll) and (bs): € Mg’b) respectively. Then the

my,k1 mg,kg

composition AyBy is well-defined and maps G into itself. Moreover, AyBy is a -

(v,l1+12)

Gty o and we have

pseudodifferential operator with generalized symbol (a#be)- in M

the following representation

clal
(ac#be)e ~ ). (MDgas(x,g)agbg(x,g)> . (2.4.12)

o] >0 €

Note that in Proposition 2.4.8 the generalized symbol (a-#b¢). is given by its asymptotic
expansion of the first kind. Hence it can also be reinterpreted as a symbol having an
asymptotic expansion of the second kind.

The following proof is an adaption of [39, Theorem 2.6.5] and [14, Theorem 9.13].
Proof of Proposition 2.4.8. Without loss of generality we assume that (a.). and (b.). are

of growth type 0, i.e. k1 = ko = 0, as the proof for more general growth type assump-
tions requires only slight changes in the argumentation. Let u € Gr2(R™) having (u.). as
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representative and let € € (0,1] be fixed and arbitrary. Then Ay Byu makes sense as an
oscillatory integral and we write

1 ] i(x— —0 —0
Gy | € ) (B cue) () dy iy =
1 .
- lim f@”ﬁ/‘fT<€>ca,a<x,£>aa<s/s> dg (2.4.13)

(27’(8)" c—04,7—>04

Aw,eBw,eua(fE) =

where we have set
Coel2,€) = (2me) " fe“w)<"—f>/6—”<y>—”<">ag(a:, Mbe(y, €) dy dn.

In what follows we show that ¢, (x, &) corresponds to a generalized symbol in M(V;illil,i)%o
uniformly for all ¢ > 0. Here the relevant asymptotic behavior of ¢, . as e — 0 is described
by using the method of stationary phase. Finally, by passing to the limit ¢ — 04, we

obtain by Lebesgue’s dominated convergence theorem that the limit of (¢, ). exists in

M (l/,ll +12)

Gmi+m2.0 and admits a representation as stated in (2.4.12).

For that purpose, we first split the integral representation of c,(z,§) into three parts.
Therefore, let x € C(R) such that x(s) =1 for |s| < 1/4 and x(s) = 0 for |s| > 1/2 and
set x1(z,y) = x(|]z — y|) for z,y € R™. For |{| = 1 we write

Coe(2,8) = doe(2,8) + €oe(x,8) + fore(x,§), (2.4.14)

where dyc, e, and f,. are defined by the additional factors 1 — x(|§¢ — n|/[€]), x(|§ —
nl/1€])(1 — x1(x,y)) and x(|€ —nl/|€])x1(z,y) in the integrand of ¢,.. Also we note that
fo,e Tepresents the part of ¢, . that will determine its asymptotic behavior as we meet the
critical points of the phase.

In the following we give the proof under the assumption that |£| > 1. In the case that
|€] < 1 a likewise decomposition as in (2.4.14) will lead to the desired result. Again, this
is similar as in the proof of [39, Theorem 2.6.5].

As a first step we check that the integrand of dy . is in L'(R] x R}}) uniformly in o > 0.
Therefore, we introduce the operator

2 2\ =1 _ _
L= (1+ €= nl” | lz— vl ) (1+ §-np, 1Y ’p,)
g g g g

satisfying the equality
L.el@=90=8/e _ ilz—y)(n—¢)/e
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Using integration by parts we obtain
(2me)"dge(x, &) =
= fe“x‘y“"‘f)/a(%s)k{u = (1€ = /€N e D D (@, )by, €)  dy di.

Further, for every k € N with k£ > n + 1/2 we obtain

(2me)"dye(x, &) =
f 0 whv vl (ymi(gyma
le—nl>|¢|/4 1 + 1€ —nl/e + |z —yl/e)*

n+1/2—k
J e fu+ll+l2<n>m1<§>m2{1 + ’E 77|} ) d77 _
l¢— 77|>\§|/4 €

= J O(gk_l/zwku+l1+l2 ()™ ) dn 8560,
l¢—nl>[¢]/4 ) (1 + €] + |n|)Fn—12

)dydn =

Then, by a straightforward calculation one shows that for every k > |mq| + 2n + 1 we have
(27T€)nd E(x é—) =0 (gk—l/kaV-l-ll+l2<£>m1+m2—k‘+2n+l+|m1‘)
o, ) €
for € sufficiently small. Since (w¢), is a slow scale net we conclude that
(2n) "y o(,€) = O (Nl Ha(gymam=N) y N >0

uniformly for every (z,&) € R*™ with |¢| > 1 and o > 0 as ¢ — 0.

We next estimate e, (z,¢). Using the coordinate change z = y — = and integration by
parts we can write

(2me)"ese(z, &) = J 2[>1/4 e_iz("_f)/s(tLLg)k?"a,a(:C,Z,fﬂ?) dz dn
lE—nl<lél/2

where we have set Ly . 1= —ez/|z|2D,, and
roe(®,2,6,m) == X (1€ = nl/[€) (1 = x(|2]))e T D a (2, n)be (2 + 2,€).
Note that the operator L. satisfies
‘Li.=—Li. and Llﬁe*iz(”*&)/e = ¢~ z(n=8)/¢

Also, the integrand of e, .(x,&) is integrable with respect to z if we take k > n. To check
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2.4. -pseudodifferential calculus

the integrability with respect to the n-variable we partition the domain of integration into
the two regions

Q= {neR":[(—n| <1/4}, Qo:={neR":[{—n[>1/4}
and write
2 ' 2
(2me)"ege(, &) = Z f e~ =M=/t L) Very (x,2,€,m) dz dn = Z ;.
j=1Y%% j=1

Concerning I; we use the coordinate transformation ¢ = n — £ and by Peetre’s inequality
&+ O < 281263 (Olsl for every s € R we obtain

B = [ OERL RO+ O™ ) dzdg = O(eHulrigym )
ICI<1/4

for every k > n as € — 0. For the estimation of the second part Iy we introduce

e &—n
LQ = —D
TTle=n2 e 77

and let j € N. Again using integration by parts we obtain for |£| > 1

I, = Je—iz(n—é)/a (tL2,€)j (tLl,a)kTa,a (% z,&, 77) dzdn =

2|>1/4 O(5j+kwgy+l1+12|Z|_k<£>m2<n>ml_k|£ . ﬁ\_j) dz dny

1/4<|€—nl<|€]/2

and is integrable with respect to z if we take k > n for sufficiently small €. Then, using
the coordinate change n = ¢ + ¢ and applying Peetre’s inequality gives

IQ _ f O(Sj—i-k:wju-‘rll+l2<£>m1+m2—k‘<g>‘m1|+k‘—j) dC _
1/a<(Cl<lel/2 )

— O(€j+kwgv+l1+l2<£>m1 +m2—k;)

for every j,k € N with k > n and j > |my| + k + n as ¢ — 0. Combining the above yields

to
(27E) g e (2, ) = O (gngl+l2<5>m1+m2—N) YN >0

uniformly for all ¢ > 0 and (z,¢) € R?", || = 1 as ¢ — 0. By the same arguments as
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above, one can also show that for every o, 8 € N™, [£] > 1 and N € N we have
|8§‘6§d0,5(x, £)| + |6?a£60’5($‘, £)| _ (5 wu‘6|+ll+l2<£>m1+m2 o] — N)

uniformly for ¢ > 0 as ¢ — 0. So we deduce that (d,.). and (e,.). are contained in

Mg’;ﬁlﬁlﬁl,]\,w for every N € N uniformly with respect to ¢ > 0 and (z, &) € R?™, [¢] > 1

So it remains to study the term (27e)" fo o (x, &) which was given by

[ e ig — aliga e p)e P Do)y, dy dn.
Now writing £ = A\v where A = |£| and using the coordinate transformations

(=Mm—=8/\, z=y—z

we obtain

A" J
2me)™ Jiz1<1/2, c1<1/2

where ¢, is a function in C°(R? x Rg) containing (x, &) as parameters and is given by

foe(z,6) = e~y (2, G, €) dz dC

toe(z, G2, ) = X(I¢))x(|2])e 7@ T2 o QWD g (2, \(v + €))be(x + 2, Mv).

Then the method of stationary phase gives for every N e N, N > 1

clel

fre@, &) = 3, S DEOtae(2,Gw,8)|, o + Sn(taciAe)
la|<N-1 C:O

and the remainder can be estimated as follows

CceN o
S (toci M) < T D legal(e o)
’ |a+B]<2n+1

(RoxRE) =
_ N, (2n+1+N)v+li+le ymi+me—NY\ _
—0 (5 Wl py ) -
N—1 i+l +ma—N
=0 (5 wel TREHyM T2 )

for [€] = 1 and e sufficiently small. Finally, since similar estimates hold true for the
derivatives, we conclude that (Sn(tsc))s is contained in M(Sy;illtl,il_ ~._1 for every N e N

uniformly with respect to o > 0 for every (z,¢) € R?™ with |¢| > 1

As already mentioned in the beginning of the proof we now pass to the limit ¢ — 0,. Then
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by Lebesgue’s dominated convergence theorem we have

co‘,E(xug) _>C€(xa€) aSU—)O-l—

so that equation (2.4.13) reads

Ay By ous(z) = (2me)™ lim | /5O (, &) (E/e) dE =

704
— (2ne)™ f e (z, €)ie (€ de

where the last equation holds in the sense of oscillatory integrals. Moreover the general-

ized symbol (cc)e is equal to (a:-#b:)e as described in (2.4.12) and in particular (c.). €
M(l/,l1+l2)

Sml +mg,0

This completes the proof. O

2.5 A factorization procedure for L,

In this section we mainly follow the ideas made in Section 1.5. First, we write for Ly, = e2L,
with L. from the beginning

Ly(z,2, Dy, Dy, D) =: (02 + A(x, 2, Dy, Dy))ys (2.5.1)

where Ay = Ay(x, 2, Dy, D,) is the 9-pseudodifferential operator with generalized symbol
(ac)e and
ac(z,2,7,6) = ce(z, 2)7% — (bo(z,2)€,6) €€ (0,1]. (2.5.2)

We briefly recall the requirements made on the coefficients c.(x, 2) and bj.(z,2),1 < j <
n—1, from Section 2.1. The coefficient c.(z, z) is of log-type up to order r € N, i.e. for some
constant C' > 0 we have [0%.|r» = O(logl®/"(C/e)) as ¢ — 0, and strictly non-zero in
the sense that there exists e; € (0,1] such that inf egn |c-(z, z)| = C for all € € (0,¢;] and
some constant C' > 0 independent of €. The same is assumed to hold for the coefficients
bje. Moreover, ¢ — ¢ and bj. — b; in the Holder space C#*(R") with exponent x € (0,1)
as € — 0.

Also, we will study operators on R"*! of the form
2 .
S¢ = Z Sj,w(.%‘, z, Dy, Dm)(az_])w
§=0

with coefficients S;.,, € OPy, Mg,klj)o for some k;,l; €R, j =0,1,2.
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Chapter 2. A semiclassical approach

Concerning the factorization domain we make similar considerations as in Section 1.5 and
introduce the set

Ij = {(z,2,7,8) | 7 #0, (b(x, 2)&, &) < sin®(0)c(x, 2)72} (2.5.3)

for some 6 € (0,7/2). Then Ij is an open subset of R” x (R™\0) and conic with respect to
the second variable. Moreover, we have chosen Ij independent of the parameter ¢ € (0, 1].
Again, the main reason for restricting the analysis to the domain Ij is that (a.). is non-
negative there.

Further we write )
Sy =Y. Sjw(@,2,Dy, Dy)(0279)y,  on I
=0

when the symbols of the coefficients S;,, are restricted to a set Ij.

Further, as already mentioned in Section 2.4, it is necessary to introduce the notion of
polyhomogeneous generalized symbols that are smoothed off at the origin.

2.5.1 Polyhomogeneous symbols

(V’l)

Sm,k;

denoted by (pe)e € ./\/lg,i)k, if there exist a sequence of symbols (Pm—jc)e in Mg;,fiji),
phg hg

j =0, and a cut-off p € CX(R™) equal to 1 near the origin so that VN = 1 we have

Definition 2.5.1. We say that a generalized symbol (p:)c is polyhomogeneous in M

N—-1
(pE — Z e(1 - go)pm_j@)g € M(SV;va;QM for & sufficiently large. (2.5.4)
=0

For (2.5.4) we will use the following notation in the sequel

(ps)s ~ Z (5jpmfj,£)€ in M(V;?,k

§=0 phg

Here the homogeneous part (pm.e)e is called the principal symbol of (pe)e if there exist an
n e (0,1] and a constant C > 0 such that py, . # 0 for all |€§] = 1/C and any fized € € (0,7].
In particular, a V-pseudodifferential operator is polyhomogeneous if its generalized symbol
s polyhomogeneous.

As in Definition 2.4.3 and in Definition 2.4.7 we used the notation (a.): ~ >.(e’a;c)., but
in the following it will be clear from the text which notion we use. Note that in (2.5.4) the
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2.5. A factorization procedure for Ly,

function ¢ cuts off singularities of p,,—;. around £ = 0.

Remark 2.5.2. First note that the principal symbol is uniquely determined if the dual
variable is sufficiently large. Also (2.5.4) can be interpreted in the following sense: VN > 1
we have

N—
Z ©)Pm—je). = (re)e + (sc)e (2.5.5)

for some (s¢)e € Mg:n'ﬁv N+ 11\2 +r and (r:)c is some compactly supported regular generalized

symbol of order —oo in the following sense:

Ine (0,1] Ik e R Vm e R Vo, 5 € N" 3C > 0 such that
|0g 0o (x,€)| < C*©m™ 1l Ve e (0,7].

We refer to Section 2.6 where it is essential to distinguish between the two different types
of errors on the right hand side of (2.5.5).

2.5.2 Construction of a parametrix

In the sequel we will need the following lemma.

Lemma 2.5.3. Let m € R and Py be a polyhomogeneous 1-pseudodifferential operator
(vvi)
Shmg—,y,Oa
j = 0. Furthermore suppose that the principal symbol (pm ). satisfies an estimate of the
form

whose symbol is given by (pes)e ~ Zfzo(sjpm,jyg)s n Mg,’;??o for some (pm—je)e € M
h;

3C>03e(0,1]: [pme(n,6)] = ClE[™ =& (0,1]. (2.5.6)

Then, there exists a polyhomogeneous v-pseudodifferential operator @y with symbol in

ngozm o such that the following is valid

phg
QuPy = Iy + Ry, (2.5.7)
where I is the identity and the symbol of Ry is in N for |&| = 1/C for some C > 0.

More precisely, the polyhomogeneous generalized symbol q = (ge)e of Qy can be written in
terms of its asymptotic expansion, i.e.

(Z 5kq,m,k,€)€ in M(SV_ (2.5.8)
k=0 phg
for some (q—m—ke)e € M(V vk) k = 0. Here, note that the asymptotic expansion should

S m—k,09
be understood as in Deﬁmtzon 2.5.1.
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Proof. The proof follows the classical arguments given in [37, Chapter 2] but involves
additional e-dependencies of the symbols. In order to construct @y as in (2.5.8) that

gffl)_m, k = 0. Because of

hg

satisfies (2.5.7) we will recursively define (¢_m—kc)e € M

(2.5.6) we may define for some 7 € (0, 1]

Qeme(,8) = {pm,g($7§)—l7 c e (0,7]

0, else.

Concerning the asymptotic behavior of the derivatives of g_,, . we use the Leibniz rule and
obtain that 3C' > 0 such that for every € > 0 sufficiently small

1
_ B o B
=1 X (Redeme) - (0 drme) <

art..tay=a Pme

Bi+...+Bu=5
< Cw!lfl|g|=m—lel

| ag_’g) agq_m’a

from which we deduce that (g_pc)- € Mg,’,o,)no We now proceed by induction. Therefore
h
we define 1 ‘ ]
omte = _{ 3 jpgq,m,lﬁea;pm_jﬁ}i k>l (2.5.9)
W+iti=k Pm.e
i<k

(v,vN)
—m—N,0
Sha

(2.5.9) one easily verifies that (¢_—kc)e € M

Assuming that (¢_m-ne)e € M for N < k then from the construction given in

(vvk)
—m—k,0*
So

Moreover, by Lemma 2.4.4 we get the existence of a generalized polyhomogeneous symbol

(ge)e € /\/l(gf),)m0 having the following asymptotic expansion

phg

(QS)S ~ Z (5kQ—m—k,€)5 in M‘(Slvjf)r)n,o
k=0

Let @y be the 1-pseudodifferential operator with symbol (¢gc).. Then (2.5.8) is satisfied
and it remains to show equation (2.5.7). Concerning the asymptotic expansion of QP
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one has for every N > 1

vl Nl k
(3 13
Z 7‘Dg(ka¥ps = q—m,ePme + Z Z ﬁDgQ—m—l,ea;pmfj,s +
lyl<N " k=1 |y|+i+5=k "

k
€
.
+ Z Z ﬁDg Q—m—l,eazpmfj,a
E=N |y|+l+j=k '
Iv[<N

(2.5.10)

Here the second term on the right hand side vanishes by (2.5.9). Furthermore the last
expression in (2.5.10) is in NSO for [¢| = 1/C for some C' > 0 and g ¢pm,e = 1, which
establishes the statement made in (2.5.7). i

(1,0)
Sfm,()

phg

Similarly, one can construct a i-pseudodifferential operator C§¢ with symbol in M

having a representation of the form (2.5.8) and satisfies
Pde, = Lp + Rw

where the generalized symbol of ]3% is in N go for [¢] = 1/C and some C' > 0. Furthermore
Qy is related to @¢ in the following way: 3C > 0 such that

Qy = Qw(Pw@w) = (Q¢P¢)@¢ = @w mod OPyNgm on the set || > 1/C.

The aim is now to factorize Ly on Ij in terms of two first-order operators of the form

Ljy = (0: + Aj)y on Iy with A;, a polyhomogeneous t-pseudodifferential operator with

generalized symbol in Mgfg on Iy, j = 1,2. Here, a first rough approximation would
h

phg
suggest A; y to be the square root of the operator Ay = OPy((ac).) given in (2.5.1) on the
set Iy where £(7\/a;). is described explicitly, j = 1, 2.

2.5.3 Factorization theorem

We are now going to show the following result.

Theorem 2.5.4. Let Ly, = (024 A)y and Ij be as in (2.5.1) and (2.5.3) respectively. Then
the operator Ly, can be factorized into

Lw = L17¢L27w + R¢ on Ié (2.5.11)

where Ly = (05 + Aj)y and Ajy € OPy, M(Sl’fg on Ijy whose principal symbol is equal to
phg

+(i+/ac)e, j = 1,2. Moreover, the remainder is given by Ry = T'gy + T'1 4 (02)y for some
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y-pseudodifferential operators I'; 4, with generalized symbol (7je)e in N‘Safj only, j=0,1.
On the symbol side (2.5.11) should be understood in the sense of Definition 2.5.1.

Note that the product Li Lo, in (2.5.11) is not a i-pseudodifferential operator on RPHL,
As the next section will show, one can overcome this by introducing certain microlocal
cut-off functions.

As in Subsection 1.5.1 we can define

(be(, 2)€,€)

R™ x (R\0) x R™ 1.
ca(a:,z) 5 on ><( \)x

felw, z,7,8) =

since (cs(z, 2)). is strictly non-zero. Moreover we let y. be the smooth function defined on
R x (R\0) x R"1 0 < x. < 1, which is given by

0, |fe| = sin? ’}/2
<

17 |f€|

-1
1 _ 1
1— <1 4 elfel—sinZy;  sin? 72f5|> , sin? 7 < |f€| < sin? Y2

Xe(x7z77—7§) = S

for some fixed -1 and 2 with 0 < 71 < 2 < 7/2. Then the symbol (x.) is in M,(S 0)( %
(R\0) x R"™1). We let 61,0 be fixed so that 0 < 61 < v; < 2 < 0 < 7/2. Then

Ij < {(z,2,7,&) | 7 # 0 and |f.| <sin®~}
for € sufficiently small. Furthermore
{(@2,7,€) | 72 0,1f] > sin? 02} < {(2,2,7,€) | 7 £ 0,]£] > sin? 7}
for & small enough and where we have set f := lim._,¢ f-.

Defining
(). = (Fixe vac), e MGRER" x (R\0) x R*)

we get (cgoa) Fiy/az)e € NSl on Iy since xe =1lon I, j=1,2.
Factorization procedure

In order to factorize the operator L, as in (2.5.11) we will construct generalized symbols
(aje)e of the operators Ay, j = 1,2 by means of their polyhomogeneous asymptotic
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expansions (in the sense of Definition 2.5.1) on I, that is

(aje(@,2,7,6)e ~ O (¥ (@, 2,7,€)) . in MU

= phg

and the sequence {( ) }uen consists of elements ( g )) € /\/lfs,1 )‘LO( x (R\0) x R* 1)

and satisfies the umformlty condition:

37]6(0,1] dK >0 Vue N Vo, e N 3C > 0 for which

100600 e (2, 2,7, ) < CwlPl) =0l for |(r,€)] = K, =€ (0,n]

(wz

and j = 1,2. More precisely, we will recursively construct a sequence {(b(“ )} of symbols
(b§ a)) in Mfsrl )M on Ij), j = 1,2 such that

(c(-“)(nr:,z,T,f))6 = (6_”65{?(36,2,7, 5))6 on Ij.

]78

Proof of Theorem 2.5./. The proof follows the same lines as in the proof of Theorem 1.5.2
but with additional e-dependence.

To start, we set for j = 1,2 and € small enough

NONESORENN )

!
Aje Jer Uge " on Iy

2C+a

where
b;-f?(l‘,Z,T,g) =4 aE(:E?ZaT, 5) on Ié) Jj=12.

Note that in particular ( § a) )e € ./\/lg,l?g on Ij. Furthermore we define the first-order
phg
operator Lg.lt)p through (0, + A§ ))w where A§.1) = OPw((aga))g) for j =1,2.

Now taking L( )L( 1)p as a first approximation for L, we can compute the remainder as
follows:

L L) — Ly = (a T A<1 Yo (02 + ANy, — (0% + A)y
1

= (4 M)y )w+OPw(( 0za5)). )
Sy +r§3/)(az)

HA
gv

—Aw=

NA
g\./

where we have used the Leibniz composition rule for i-pseudodifferential operators. In

particular this means (éz)wA&)p = Aélgp(a ) + OPy((g0; a( )) ). Then Fggp = (AP +
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Agl)w € OPyNgi on Ij. Moreover F&)b is equal to OPw((eazag‘g)g) + AS&AS& — Ay
(1)

and is a polyhomogeneous ¥-pseudodifferential operator with generalized symbol (7075)5 in

Mglll) (Iy) by Proposition 2.4.8. In detail ('y(() E)) admits the asymptotic expansion

phg

(’yéla)) ~ (66 as. + Z DO‘aLE (6“@%12)) on .
. g

\a|>1

)

To improve this argument and will construct recursively the N-th approximation: ng:;)LgJ:;
of L, on the set I.

Therefore, assume for N > 1 that (b( )e € MU on I} is determined for all v < N — 1

Sl v,V

hg

and j = 1,2. For fixed € € (0,e0] and j = 1,2 we set on Ij

N—
N v

o) .= Zbgg L) = (0. + ANy
v=0

with polyhomogeneous A§ w) (x,2,D¢, Dy) = OPw(( (v )) ). Again, for all other € € (0,1]

we set ag 8) and L( ) equal to zero, j = 1,2. Furthermore, we suppose an N-th order

approximation for L¢ of the form

(N)
Ly

(N)

Ly Loy

N N
L) — Ly =1 + 11V (0.)y on I

where T ¢) and I’ g d)) are the - pseudodlfferentlal operators with generalized symbols

(7( ))5 in /\/l(lgN])\,N on Ij and (’y( )e in Ng1 on I, respectively.
0, S 0 l,e S [

phg

We denote by (7(()1\2) and (

the induction step we specify

the top order symbols of (7(() 8)) and (78\5[))5 on Ij. For
(1))

)
E
(b g )e, (b2 6)) on I, as follows: since (a; ). satisfies
Ine (0.1 |aj (e, 2,7.8)| > Ol(r.&)|  on Ij, Ve e (0.1)]

for some constant C' > 0 that is independent of € € (0,7], 7 = 1,2, the matrix

1 1
al) al!
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2.6. The generalized infinite wave front set

is invertible on Ij and thus the system

D <

€ 2.

(N N 1
_’7((),5) = bg,a)aé,a) ta

1
b

N)
E72,E

(
27
is uniquely solvable for (b(-N))E in MUM), | on Iy, j=1,2.

7€ SigN’N

We write B](-J:Z) for the -pseudodifferential operator with polyhomogeneous generalized

symbol (bg))s and set LE.ZH) = (L;N) + BJ(N))¢. Then the following holds

N+1) ; (N+1 N N N N
L™ — Ly = (LY + BYY) (287 + BYY) - Ly =

+

=) + T @)y + (BY + BYY) (2.),,
(N)

N N N N N N
+ 0Py ((e0:05Y) ) + AT B + BN ASY) + BN BLY).

Indeed, we have an (N+1)-th order approximation of the form

LNV — Ly =T + T (@.)y on I

and F(()]Ypﬂ) and Fg]\{;l) are the 1-pseudodifferential operators with generalized symbols

(fy[()gﬂ) )e € Mg}jy;}gﬂ and (’yg\;rl))g e N g1 on Ij, respectively. This completes the
phg
induction step. O

2.6 The generalized infinite wave front set

In this section we will discuss an alternative description of microlocality and regularity
theory in Colombeau algebras of generalized functions.

In the case of classical generalized pseudodifferential operators that satisfy logarithmic slow
scale estimates microlocality is a straightforward modification of the regularity results in
[21] within the Colombeau theory and was shown in Subsection 1.6 of Chapter 1. But
the situation changes dramatically when working with -pseudodifferential operators with
symbols of log-type.

For this reason we will introduce the notion of generalized infinite wave front set describing
negligibility of a generalized function at infinite points. For further studies about the
infinite wave front set and the more refined semiclassical wave front set we refer to [9, 1]
and [39, 14, 29].
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Chapter 2. A semiclassical approach

Remark 2.6.1. Before we start, we will first study properties of the compactly supported
operators that appeared in Remark 2.5.2. Therefore we let ¢ € CP(R") equal to 1 near

the origin (£ = 0) and (p:). in Mg:’l) as in Subsection 2.5.1. We now consider the

m,k

symbol r.(x, &) := ¢(&)pe(x,&) € Mg,’_l)wk We denote by HE(R™) the L2-based semiclassical
Sobolev space defined by

el ey = g | 1+ €V IF e O de = s [ 1+ o€yl de

1
(2m)"
for any u € Gr2(R™). Here, Fc(u:)(§) := 0:(£/e) denotes the semiclassical Fourier trans-
form. Then, we get for any s € R:

Hm,,g(x, D)UEH%Jg(Rn) = H(<5Dm>8 © Tw,a(ifa Dx))UEHLZ(Rn)-

Since the symbol of the i-pseudodifferential operator {(eD,)® o 1y .(x, D;) belongs to
Mfgy,l)wk for any s € R, we obtain by the L2-boundedness result (see below): IN € N,

Vs eR:
7.2 (@, DYue|[3rs gny = Oe™7).

In this sense ry (x, D)u, is regular in a L?-based semiclassical Sobolev space.

2.6.1 Microlocal behavior at infinity

Here we introduce a suitable notion of asymptotic negligibility of a generalized function
u € Gr2(R™) with respect to certain regularities on the phase space.

To do so, we use the following notions which are similar to [9]. For a non-zero vector
& € R"™ we write for the projection onto the unit sphere &y/|€y|. Moreover, given such
& we say that I'pney © R™ is a conic neighborhood of the direction &y/|&o| if T'ong, is the
intersection of the complement of some open ball centered at the origin with an open cone
containing the direction.

(v,0)

m,0
S phg
is elliptic at (xq, 00&p), or elliptic at infinity at (z¢, &), if there are an open neighborhood

U of z, a conic neighborhood I'¢, of £y and a constant C' > 0 such that

Furthermore, for (zo,&p) in T*R™\0 we say that a generalized symbol p := (p;). € M

Ipe(z, &) = CE™ V(z,8) €U x gy as € — 0.

where I'oog, 1= I'gy N {€ € R™ | |€] = K7} for some K > 0. We denote by Ell'(p) the set of
all points (xg,&p) € T*R™\0 where p is elliptic at infinity.
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2.6. The generalized infinite wave front set

Then, the generalized infinite wave front set is defined as follows :

Definition 2.6.2. Foru e G;2(R™) we denote by WF'(u) € T*R™0 the generalized infinite
wave front set of uw which is characterized as follows. We say that (xg,&) ¢ WF'(u) at

infinity, denoted by (o, 0&) ¢ WF'(u), if 3 x 1= (xe)e € Mfg’og,)o elliptic at (g, &) so
h
that o
OPy(x)u=0 in Gr2(R").

(0,0)
Sm,O

phg

Remark 2.6.3. Let (u:). € Mpy» and suppose that there exists X, := (Xm.,)e in M

for some m € R elliptic at (zg, 0&y) with
VgeN:  ||OPy (Xm.e)uel r2@mny = O(e7) as e — 0.

Using [17, Proposition 3.4] then the above line is equivalent to OPy(xm)u = 0 in Gyo.

Furthermore, we introduce the notion of the infinite conic support to describe singular-
ities of i-pseudodifferential operators (cf. [1, Definition 1]). Therefore let p := (pe)e €

Mg:;?k be the generalized symbol of P;. Then the infinite conic support of Py is the

phg .
set conesupp’(p) € T*R™\0 and is defined as the complement (in 7*R™\0) of the set of
points (xg,&y) € T*R™\0 such that there exists an open neighborhood U of xy, a conic
open neighborhood I'¢, of the direction § and a constant K > 0 such that the following is

satisfied
Vo, BeN" YN eN: [0gd0p. (2, )& ™Vl = 0@EN)  ase—0 (2.6.1)

uniformly in (z,£) € U x I'pg, where I'ngy = I'gy 0 {§ € R | [£] = K}. This is again a
condition on the behavior for a generalized symbol at infinity and we therefore say that
(z0,&0) ¢ conesupp'(p) at infinity and write (xq,0&)) ¢ conesupp'(p) whenever (2.6.1) is
fulfilled.

C

The idea here is that conesupp!(p)¢ are the directions on the phase space in which Py
annihilates singularities as they are contained in Ngm (U x T') for [{| = K and some K > 0.
To give a connection to these two notions of wave front sets we state the following theorem
(cf. [1, Lemma 5]).

Theorem 2.6.4. Given u € G2 and Py a 1-pseudodifferential operator with generalized
8

phg

symbol p = (p:)e € M Then the following statement is valid

WF'(Pyu) € WF(u) A conesupp! (p)

and we say that W-pseudodifferential operator microlocal at infinity.
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Chapter 2. A semiclassical approach

We remark that most of the properties of the infinite wave front set of a generalized
function in G2 can be derived from the theorem of Calderén-Vaillancourt for the class
pseudodifferential operators with symbols in 58’0.

Proof. We first show the inclusion relation WF'(Pyu) < conesupp(p). Therefore we let
(w0, &) € T*R™\0 such that (xg,0&y) ¢ conesupp'(p) which in turn implies that (pe). is in
Ngm(U x TI'yg,) for some open neighborhood U of zy and some conic open neighborhood
I'¢, of . More precisely, we have that 3C' > 0:

Yo, e N" YN eN: |080p.(z, )& ™ VHl = 0(N)  ase—0
uniformly in (z,£) € U x I'g, with I'ogy = Tg, n {E € R™ | €] = C}.

We will now construct a symbol (XSK ) € ./\/l 00 o elliptic at (xg, 00&p) such that
’ phg

VgeN: [OPy (XS ) Py cuellpzny = O(7)  ase — 0.

For that reason let ¢ € CZ°(R™) such that ¢(z) = 1 for |z| < 1/2 and ¢(z) = 0 for |z| = 1.
Now, given (xq,&p) € T*R™\0 we define for fixed J > 0 the function

(-Gl e

N (@, €)= o ("

Further for some fixed K > 0 let

5 (—=m)
Wi @,8) = (1= 9) (53 )2 ™ (@, (2:6.2)
Then for J, K > 0 fixed ( (ac §)) € MS ,)no is elliptic at (zg,0&p) and supported in
phg
§ &
r—xo| < J, | — —|<J, > K
eal < [l < K

(=m)

So x JK s acut- off in a conic neighborhood of £y and is supported in a cone of directions

near &. In particular, we have X JK #p(S (z,€) = 0 for |{] < K, where we used the notation
a#b(z, D) = a(z, D) o b(x, D). We now choose J, K > 0 such that

supp(xf{;?” )) S U x Tingy. (2.6.3)

Then, by the L*-boundedness theorem of Calderén-Vaillancourt for symbols of class S3,
see [55, Chapter 13, Theorem 1.3], there are constants jo, j1 € N and Cj > 0, each of which
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2.6. The generalized infinite wave front set

depends on the dimension n but is independent of € > 0, such that

IOPy - (X ) Py cic 2 = 1OP e (XS #pe e 12 <

<O sup (10808 (¢S ) 1o grzny e | 2

|| <go,l BI<d1

where in the last step we performed the rescaling by means of the asymptotic expansion of
the second kind for the composition formula of the pseudodifferential operators expressed
by using the notation #, see Subsection 2.4.2. Moreover, we used the following estimation

10208 (0 #pe (,6)) | = e1)(0g 08 xS ) (2, 26)| <

<ell s 1002 XS0 w€)| = NIOEOL X ey
x,£)eR4n

Now using the fact that (p.): € Ngm (U x I'g,) and (2.6.3) one has for every ¢ € N that

sup (10208 (S #po) | o (gany = O(eT) ase—0

|| <go,| Bl<d1

by Proposition 2.4.8 and we deduce that (zo,00&) ¢ WF(Pyu) which completes the first
part of the proof.

We continue the proof by showing the inclusion: WF!(Pyu) € WF'(u).

We take (x9,00&) ¢ WF!(u) and let U be some open neighborhood of x¢ and I'¢, a conic

neighborhood of . Then, for some j € R there exists x; := (Xje)e € M(SO;-?O) elliptic at
phg
(20, 00&y) such that for some constant K7 > 0 we have
3C > 03Ine (0,1]: IXje(z, &) = C&Y  Vee (0,n] (2.6.4)

uniformly on U X I'yg, with I'eey = T'ey 0 {(2,€) | || = K1} and
VgeN: ||OPyo(Xje)uellrz = O(e?) ase — 0.

Then the assumptions in Lemma 2.5.3 are satisfied for x;. on the set U x I'n¢;. So, there
(Sof]j),o such that

phg

isa X—j:=(X—jec)e €M

OPy(X—j)OPy(x;) = Iy + Ry on U x Dy,

0

where the generalized symbol (r.). of Ry, is in Mg’, noy on U x Dy, for every N € N.
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Chapter 2. A semiclassical approach

(0,0)
Stha

such that supp(kj_p,) is contained in the set where (2.6.4) is valid. We then write

As in (2.6.2), one constructs a generalized symbol (kj_m). € M o elliptic at (xg, 00&p)

OP'zZJ,e("@j—m#pa) = OP¢,6(ﬁj—m#pa#%—j@)op%a(Xj,a) - OPw,e(ﬁj—m#pe#ra)~

Concerning the first term on the right hand side we rescale and obtain by the Calderdén-
Vaillancourt theorem that there are constants jg, j1 € N and C' > 0 such that

HOPw,a(/{jfm#ps#%fj,s)OPw,e(Xj,s)us||L2 <
<C sup Ha?agﬁj—m#pe#%—j,aHLOO(RQ")“Opzlﬂ,s(Xj,e)ueHLQ

laf<jos| Bl<i

and the latter expression is O(¢?) as € — 0 for every ¢ € N by assumption. Similarly, we
obtain for every ¢ € N:

|OPy, o (Kj—m#pe#re)uc| 2 = O(e?) ase —0

since (r.). € /\/So on the support of K;_p,. Therefore (zg,0&) ¢ WFi(Pwu). m|

As a next result we reformulate the infinite wave front set in terms of the Fourier transform
of a localized function.

For this purpose we introduce the space G.(R"™) of compactly supported generalized func-
tions consisting of those u € G(R™) such that for some K € R" the restriction u to R™\ K
is equal to 0 as an element of G(R™\K). Note that for an open subset Q of R™ the space
G(Q) is defined by the space Gg by setting E = £(2) the space of smooth functions on
Q topologized through the family of seminorms pg,, j(f) := Supgek,, |a|<; [0 f(2)| Where
(Kp)n is an exhausting sequence of compact subsets of 2.

Proposition 2.6.5. Let u € G.(R"). If (xg,0&) ¢ WFi(u) then there exists v € CX(R™)
with vy(xg) # 0 and a conic neighborhood T' of & such that YN,q € N, 3C' > 0, 3K > 0
satisfying

|F(yue) (&) < CeUE™  ase —0 (2.6.5)

for all € € T with || = K /e. This is equivalent to saying

VYN, geN3IC >031K >0:
| F(yus) (/)] < Cele)™  ase —0

for all § e T with |¢| = K.

Note that our notion of regularity is derived from the infinite wave front set and therefore
differs from [34, Section 6] and [21, Sections 2 and 3]. It is also different to the Definitions
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2.6. The generalized infinite wave front set

3.13 and 3.14 given in [40, Section 3.2.2] if one replaces there the condition of G* rapid
decrease by rapid decrease. We remark that a generalized function u € G(R") is of rapid
decrease if it has a representative (uc). with the property:

INeNVpeN3IC >03ne (0,1]: |u(z)| < Ce ™M) VYzeR"ee (0,1)

Proof. The following proof is similar to [27, Proposition 7.4]. First note that G. < Gr2.

Since (xg,0&) ¢ WF(u) we can find a y := (x{_;)6 € Mfs(f)f]'r)n,o elliptic at (xg,00&y) such
phg

that OPy(x)u = 0 in G2 for some m € R. Furthermore we let v € C(R") with v(x) # 0.
Then there exists a symbol ¢ € S°(R™),supp(¢) = gy = ey N {€ | €] = K} for some
K >0and ¢(t§) =1fort > 1, £ € I'g,, so that

oy (D)y(x) = ApyOPy(x) + Ry

where Ay, and Ry, is a 1-pseudodifferential operator with generalized symbol in Mg;g?o and

N S respectively. Then by assumption we deduce that ¢, (D)yu = 0 in Gr2. Note that in
particular we have that ¢ (D)yu = 0in G» and G» — G2, see [17, Proposition 3.5]. Using
the fact that the Fourier transform is an isomorphism on G we obtain £ — (¢(e€)7u.(§))e
is in M under consideration of the scaling. Hence, we also have

VNeNVYgeN: [{¢/e)No()Tu.(/e)llLe = O(e?) e —0,
showing (2.6.5). o

We also study the behavior of the infinite wave front set of a function under the action of
1-pseudodifferential operators that are elliptic at infinity.

Theorem 2.6.6. Let u € Gr2(R") and let Py, be a y-pseudodifferential operator with symbol

p = (pe)e in Mfs’j;ff?o that is elliptic at (xg,0&y) € T*R™0. Then the following holds:

phg

WF(u) € WF(Pyu) U Ell'(p)©.

Proof. Suppose (zg,0&p) is not contained in the right hand side of the claimed inclusion
relation. Since (xg,00&y) € Ell'(p) the symbol (p.). is elliptic at (zg,0&y) and therefore
there is an open neighborhood U of x¢ and conic neighborhood I'¢, containing &y such that

|pe(z,8)] = CE™ on U x Ty, as e — 0.
By Lemma 2.5.3 there exists an approximative inverse )y so that

Iy = QuPy + Ry on U x Iy, (2.6.6)
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Chapter 2. A semiclassical approach

and (zo,0o) ¢ conesupp'(r) where r := (r.). is the generalized symbol of R,. Hence,
(x0,0&0) ¢ WF'(Ryu) by Theorem 2.6.4.

Furthermore, since also (z9,0&) ¢ WFi(Pwu), we obtain
(20, 0&) ¢ WF(QyPyu) € WF(Pyu).

By (2.6.6) we deduce that (zg,0&) ¢ WFi(u). o

2.6.2 Microlocal factorization

In this section we use the notion of microlocal behavior at infinite points of a given gener-
alized function in Gr2(R™) to give a microlocal interpretation of Theorem 2.5.4. Therefore,
we say that two generalized functions u,v € G2 are microlocally equivalent at (xg, 00&p) if

and only if I(y.). € Mg,)gf?o elliptic at (g, 0&p) such that xy(u —v) = 0in Gpa.

phg

As in Chapter 1 and [51] we introduce a subset of the phase space associated to Ij which
is given by
Iy :={(t,z,2,7,£Q) | (z,2,7.8) € I, (| <C|]}. (2.6.7)

We remark that the set Iy will serve as the adequate space-frequency domain on which we
establish the microlocal factorization theorem at infinite points.

As already mentioned in the preceding section L; = (0 + Aj(x, 2z, Dy, D))y, j = 1,2 is
not a 1-pseudodifferential operator on R"*!. We therefore define a microlocal cut-off ¢ as
in the proof of Theorem 1.7.4. Then, by construction, ¢ € S(R™ x R"*!) and the symbol

of OPy(p)Wy, is in Mgfg (R x R for all Wy, € OPw(./\/l(l’l(B (R x RHLY),

phg Sphg

In particular, we obtain

(t,x,z,0(7,&,C)) ¢ conesupp’(p — 1) V(t,z,2,7,£,¢) € Iy,

and thus
oyLiylay = L1yLay on Ip with |(1,€,()| = K

for some constant K > 0. And we say
oyl yLoy = L1y Loy, microlocally at infinity on Ip. (2.6.8)

Furthermore, since

WFi(cpq/,LM,Lzlpu — pyLyu) < WFl(u) A conesupp' (@#(ll,a#lza — la))
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2.7. Microlocal diagonalization for Ly,

and

(t,,2,00(, €, ) ¢ conesupp! (s s l.) )
for (t,x,z,7,£,() € Iy by Theorem 2.5.4, we obtain
(t,2,2,00(7,£,¢)) ¢ WE (py(L1yLay — Ly)u)  V(t,z,2,7,C) € Iy,
which is equivalent to saying
Ly Lo yu = Lyu microlocally at infinity on Iy

for any u € Gy2. Summarizing the observations from above we obtain the following theorem:

Theorem 2.6.7. Let Ly and Iy be as in (2.5.1) and (2.6.7). Then the operator Ly, can
be factorized into a product of two first-order -pseudodifferential operators as follows

Ly = Ly Loy microlocally at infinity on Iy

where L, = (62 + Aﬁ)w and Ajy is the Y-pseudodifferential operator is as in Theo-
rem 2.5.4.

2.7 Microlocal diagonalization for L,

The main issue in this section is to diagonalize of the microlocal equation LU = F using
the refined factorization of Theorem 2.6.7. In detail, we will rewrite the equation

Ly,U =F microlocally at infinity on Iy,
into an equivalent system of the form

(6z —iBy(x, z, Dy, Dz)) u+ = f+ microlocally at infinity on Iy, .

¥
To show this we will discuss a different approach to the one given by Stolk in [51] as
it turns out that the factorization theorem already contains all the ingredients for the
diagonalization.

As in Chapter 1 we start rewriting the inhomogeneous equation L,U = F' into a first-order
system with respect to the parameter z:

[(Id&z)w— ot ] (aU _ (Y (2.7.1)

-4 0, DU F
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with U, F € Gr2(R™™1), 1d the 2x2 identity matrix and A, the 1-pseudodifferential oper-
ator with generalized symbol (a.). as in (2.5.2). For brevity we again drop the identity
matrix Id in the equations from now on. Hereafter we are going to reduce the operator in
(2.7.1) to diagonal form. To make this notion rigorous we make the following arrangements.

We let

Qi1 Q12 P Prs
Qy = , Py =
Q21 Q22 " Py1 Py "

be 2x2 matrices of ¥-pseudodifferential operators whose entries satisfy the requirements of
Lemma 2.5.3. Also we choose the top order of the symbols of Q11,, Q21,4 equal to 1 —m
and those of Q12,, Q22 equal to —m for some fixed m € R.

Using Lemma 2.5.3 we choose Py to be the approximative inverse of @y in the following
sense: with Py, Piay being operators of order m — 1 and Py, P22 of order m and
one has that there exists a constant K > 0 such that Py,Q, = Idy + Ey for [(7,£)] > K
for some 2x2 1)-pseudodifferential operator matrix E; of the form

Ei1 Eis
By =
Eo Ea "

and E117w, EQQ#, € OP¢NSO, El?,ll) € OPszSfl and E217¢ € OPleSl at infinite pOil’ltS.
Then by (2.6.8) and (2.7.1) the equation

LU =F microlocally at infinity on Iy,

holds if and only if

0, —1 U 0
Oy Qo PyQy = pypQy . microlocally at infinity on Iy,

where ¢, is the microlocal cut-off function from the previous section.
Furthermore, we will use the following notation: for [ = 1,2 and k € N we denote by £ I(f’l)
operators of the form

Z R27j"¢)(:1;7 2, Dy, Do&)(agik)iﬁ
k<j<k+l
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2.7. Microlocal diagonalization for Ly,

and the generalized symbol of Ry_; = Ro_j (2, 2, Dy, Dy) is in stfj fork<j<k+1

In the following we assume that Ry is a -pseudodifferential operator valued 2x2 error ma-

trix with entries in 58’1) at infinite points of Iél. Also, we let By y = By (2,2, D¢, Dy) €

OP¢ME$1?3 at infinite points of Iy, .

phg
In order to obtain a diagonalization for the operator in (2.7.1) we search for operators
Py, Qy, Ry and By 4 as above such that the following adapted formulation of the problem
is valid in the region of infinite points of Iél:

0 1 0. —iBy 0
]P = + Ry, (2.7.2)

Qw [ (az)qp - 40
B ¥

0 0, —iB_ "

To show the existence of these operators we will construct them explicitly. Therefore, we
presume that (2.7.2) can be solved for some Py, Qy, Ry and By 4, with the above conditions.
We remark that the above equality can be extended outside of [ 51 but then the error matrix
may not be negligible (cf. Chapter 1).

Multiplying equation (2.7.2) with @ ( 2 )w from the right we obtain for the left hand side

z

an expression of the form

o, —1 1 2+ A), + 50"
Qy PyQy = @2 )w 1?1 . on infinte points of I(;1

(2.7.3)
with Sf;’i) € 51(;%2) on infinite points of Iéh‘ Similarly, we compute for the right hand side

1
+ Riﬂ]QdJ =

[ 0,—iBy 0
0 0.—iB_J, o),

0. —iB 0:)y + + 83"
[ +)p(Q2,4(02)y + Qu1,p) + 5y at infinity of Ij,  (2.7.4)

(0:—iB-) (Q22,p(0:)y + Qa1,0) + 57

(2,1) c gfbm,Q)

where S at infinity of Ij . Combining (2.7.3) and (2.7.4) we get an improved
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Chapter 2. A semiclassical approach

formulation of (2.7.2) which reads

Q12.4(02 + A)y = (0= = iBy)y (Qu2p(02)y + Quiy) + Rf;r) at infinity on I,

B (2.7.5)
an(@f +A)y = (0: —1B-)y (QZQ,qﬂ(az)d, + Q217¢,) +R) at infinity on I(/h?

with Rl(f) € Eq(ﬁmg) on Iy, [(1,§)| > K for some K > 0.

We note that (2.7.5) is a coupled system of two equations each of which stating a factor-
ization similar to (2.5.11) in Theorem 2.5.4. In the following we relate (2.5.11) to (2.7.5)
which will guarantee existence of the basic approach made in (2.7.2). As Theorem 2.5.4
allows two different factorizations (depending on the sign of the principal symbol) we will
modify both of them to deduce the refined reformulation in (2.7.5).

Thus, with a view to Theorem 2.5.4, we first write Ly = (02 + A), in the following form
Lq/} = (az + A11)¢(az + A12)1/; + FLw on Iél (2.7.6)

and for j = 1,2, Ayj4 = Aijy(x,2, Dy, Dy) is a polyhomogeneous 1)-pseudodifferential
operator with generalized symbol (aj;¢). as in Theorem 2.5.4. Moreover we choose Ajj 4
and —Aja such that their principal symbols are equal to (—i+/ac).. Furthermore I'y 4 is

in £ g) M) at infinite points on Iy . Likewise we obtain
Ly = (0 + A21)y(0: + Ag2)y + Ty at infinity on I, (2.7.7)

where Asjy = Agjy(x,2,D,Dy), j = 1,2, are polyhomogeneous 1-pseudodifferential
operators but at this point the top order symbols of A, and —Asg y equal to (i/ac)e.

Again I'y 4 is in Eff’l) on Iy with |(1,£)] = K for some K > 0.

An expansion in (2.7.6) and (2.7.7) then gives the following for j = 1,2
(02 4+ A)y = (02)y + (Aj1 + Aj2)y(0:)p + OPy((e02a52)c) + Aj1pAjop + Diy

on Iy with [(7,€)] = K > 0 where we used the Leibniz rule. By construction of the
generalized symbols of A;; ., and Ajs we observe that (aji1,¢): = (—aj2,). modulo Nsl
at infinity on Iy , j = 1,2. Using this (2.7.6) and (2.7.7) then read

(02 + A)y = (0 + A1)y (0 — Anr)y  mod LV at infinity on Ij, 218)
= (0, + A21)y (0, — Aoy mod £V at infinity on Iy . o
% P P 61

With m being the fixed real number from the beginning of this section we now choose
fo) € OPwMng,)o and so that the requirements of Lemma 2.5.3 are fulfilled. Using

phg
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the same result we obtain the existence of two -pseudodifferential operators fo) with

(1,0)
SmO

phg

generalized symbols in M satisfying (2.5.8) and

QYR =R =1, mod OPyN g at infinity on Ij, .
Inserting CNQEI)QE;) into the first line of (2.7.8) and @EJ)Q;_) into the second line yields

(Q ( 0z)y — QI(;)AH#,) mod 51(;)’2) on Iy,

(&5 + A)w = (&Z + All) CNQ
@ (Q ( Z)q/; - QS/J_)AQL’l/J) mod 51(572) on Iél

(+)
P
= (6z +A21) SZJ

for |(1,£)] = K > 0. Here, we define

B, = fo)Allw@z(f) — OP,((c0:4("),) QL") 279)
. 7.
¥

—iB_ = Qw ) Ay ¢Q¢ - OP¢((58Zq€ )@
for |(7,&)| large enough and where (qéi))e denote the principal symbols of Qfl}i). Conse-
quently, the operators By , are generalized polyhomogeneous -pseudodifferential opera-

(1,0)
Sh
calculation shows that with this choices for By , we have

tors with real-valued top order symbol in M on Iél. Furthermore, a straightforward

0, + A1 Q = Q +) 0y — ZB+ mod 5(17m’0) on I
( ) P 0
0, + Aoy Q = Q -) 0, —1B_ mod 5(17m’0) on I
( ) ’gb P 0

1
1

for |(7,£)| = K > 0, leading to the following decomposition on Ij
(2 +4), = Q%) (@ —iB.) (@ @)y — @ A,)  mod €07
z P p \V2 ey \V2)y ¥ Ay »
o ' - - 0,2
- be )(az - zB*)d;(pr )(62)¢ - Qq(z, )AQL%ZJ) mod 550 )

at infinity. Comparing this with the refined approach (2.7.5) we make the following choice
for the matrix () from the beginning

Quiyp = —Qq(;)An,lpa Qu2,p = Ql(;r)
Qa1,p = _Qq(p_)A2171/17 Q22 = be_)-
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Hence
—Q(”AH . o QW) 0 —A;p 1
Qp = 1("_) ’ 1("_) = (2.7.10)
_qu; AQLw Qd) 0 Q(_) W _A21 1 "

and pri) are polyhomogeneous v-pseudodifferential operators of order —m on Iél and
elliptic in the sense of (2.5.6).

Since the top order symbol of Aj; 4 is given by (+i/ac)e, j = 1,2 it follows from (2.7.10)
that Qy is elliptic in the sense of (2.5.6). Furthermore, the approximative inverse matrix
Py, of Qy is given by

—C C (+) 0
Py, = v v “ N on Iy,
*Aglwow 1¢ + A217¢C¢ 0 Q(_) "

where Cy, is the generalized parametrix of (A1 — A21)y in the sense of Lemma 2.5.3. We
have therefore found an appropriate operator-valued matrix Py, Qy, Ry, and operators By 4
solving (2.7.2). We have therefore proved the following theorem:

Theorem 2.7.1. Let Ly as in (2.5.1) and U, F € Gr2(R""1). Then, there are operators
Qy as in (2.7.10) and By 4 as in (2.7.9), such that the equation

LU = F microlocally at infinity on Iy, (2.7.11)
holds if and only if

(02 —iBy(x, z, DI«/,DI))qur = f+ microlocally at infinity on Iy, and
2.7.12
((9Z —iB_(z, z, Dy, DI))wu_ = f_  microlocally at infinity on Iy, . ( )

Furthermore the coupling effect is computed as follows

U 0
U+ :: Qw ’ f+ :: Qw
Uu— (5Z)¢U f_ F

2.7.1 Closing remarks

Let us briefly summarize the above. First we explained a factorization procedure for the
semiclassical operator L, in the non-trivial case of generalized coefficients of log-type when

114



2.7. Microlocal diagonalization for Ly,

acting on G;2. To overcome the error made in this factorization we further introduced an
adapted notion of microlocal regularity.

Concerning the motivating part of this chapter we want to make the following remarks.
Because of the lack of an adequate description of propagation of singularities in this setting
it is not clear so far if and how one can derive approximated solutions to (2.7.11) from
solutions of a perturbation of the problem (2.7.12) as we have seen in the smooth case
in Subsection 0.1. Even if we allow the operator L. given in (2.1.3) to have logarithmic
slow scale regular coefficients this problem remains unsolved. Once again, we want to
mention that in the case of logarithmic slow scale case no semiclassical interpretation of
the situation is necessary and microlocal regularity is based on local Gy2-regularity.

Moreover, we note that apart from the microlocal phase space restrictions in the equations
of (2.7.12) the operators L;, meet the conditions of Theorem 3.1 of [32], j = 1,2, if
the coefficients in (2.1.3) from the beginning are of log-type with an appropriately chosen
exponent r € N which depends only on the dimension n. More precisely r plays the same
role as k does in Remark 3.2 in [32]. It is not clear so far if it is possible to associate to
(2.7.12) a global description of the same by introducing suitable damping operators a in
the logarithmic slow scale (and smooth) setting (cf. Subsections 1.8 and 1.9).

However, we already pointed out in Subsection 2.3 that so far we only handled the case
where the semiclassical asymptotic regime was restricted to h(e) = € as € — 0. This sug-
gests itself to ask for general criteria of other possible choices for the semiclassical scale h(e).
Under the viewpoint of parameter-dependent representation theory for generalized pseu-
dodifferential operators this will hopefully also give more insight in the notion of microlocal
regularity at infinity. Here, a future aim is to obtain a refined notion of microlocalization
which is capable of giving a global characterization and hence has to include regularity
results for Colombeau generalized objects also for finite points (cf. Remark 2.6.1).
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