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Chapter 1

Introduction

The goal of this thesis is to exhibit a new proof for the resolution of singular algebraic surfaces
X embedded in a regular 3-dimensional ambient variety W over an algebraically closed field of
arbitrary characteristic. The resolution process that we devise makes use of an upper semicon-
tinuous resolution invariant which prescribes the centers of blowup and strictly decreases during
each iteration of the process.

While the core of the proof makes essential use of the low dimension of W, several new
techniques that are introduced in this thesis work both independently of dimension and char-
acteristic. Most techniques were developed in an attempt to generalize fundamental concepts
that were first introduced by Hironaka [Hir64] in his seminal proof of embedded resolution of
singularities over fields of characteristic zero and its more recent revisions and simplifications
[Vilg9], [BMOI7], [EV9g|, [EH02]. The resolution invariant which is used in this thesis can thus
be seen as an effort to adapt the invariant which is successfully used in characteristic zero to the
setting of arbitrary characteristic.

In this introduction, resolutions of singularities will be defined and the modern philosophy of
proving resolution by use of an upper semicontinuous invariant will be explained in some detail.
Further, it will be explained how the results established in this thesis relate to the proof of
resolution of singularities over fields of characteristic zero and an overview of the contents of the
remaining chapters will be given. The final section of this chapter will provide a list of notational
conventions used throughout the thesis and of results that the reader is assumed to be familiar
with.

1.1 Resolution of singularities

Resolution of singularities is a much-studied problem in algebraic geometry and a lot of excellent
literature has been published on it. Introductions to the subject can be found in [Lip75], [Hau03],
[Cut04], [Kol07], [Hauld].

Definition. Let X be a variety. A resolution of singularities of X is a regular variety X’ together
with a proper birational morphism 7 : X' — X.

The setting that we are mostly interested in is that of a regular variety W (often called the
ambient variety or ambient space) and a closed subvariety X C W whose singularities we want
to resolve. In this case, we cannot expect to find a proper birational morphism 7 : W/ — W
such that both W’ and the pre-image 7~ !(X) are regular. Instead, we only ask for the strict



transform of X to be regular and that the singularities of 771(X) are of a particularly simple
form, as will be explained in the following two definitions.

Definition. Let W be a regular variety and X C W a closed subset. Denote for a point a € W
by Ix,, the stalk of the ideal sheaf 7x defining X at a.

We say that X does have simple normal crossings at a closed point a € X if there is a regular
system of parameters zi,...,z, for the local ring Oy, such that the ideal Ix , is generated
by monomials in x1,...,%,. In particular, if X has simple normal crossings at a, then every
irreducible component of X that contains a is regular at this point.

If X has simple normal crossings at all of its closed points, we say that X has simple normal
crossings. This implies that all components of X are regular. If all components of X have
codimension 1 in W, we call X a simple normal crossings divisor.

We use the same terminology for subsets X C Spec(Oyw,,) where Oy, denotes the completion
of the local ring Oy, with respect to its maximal ideal.

Definition. Let W be a regular variety and X C W a closed subvariety. An embedded resolution
of singularities of X is given by a regular variety W’ and a proper birational morphism 7 : W’/ —
W that have the following properties:

(1) The strict transform X’ of X is regular.

(2) The total transform X* = 7~1(X) of X has simple normal crossings.

(3) The morphism 7 : W’ — W is given as a composition of blowups at regular centers.
(4)

4) The morphism 7 is an isomorphism outside the singular locus Sing(X) of X. Thus, it induces
an isomorphism X’ \ 771(Sing(X)) = X \ Sing(X).

1.2 State of the art in resolution of singularities

Hironaka proved the embedded resolution of singularities of algebraic varieties of arbitrary dimen-
sion over fields of characteristic zero [Hir64]. Since then, many researchers have contributed to-
wards strengthening Hironaka’s result and simplifying its proof [Vil89], [Vil92], [BM91], [BM97],
[EV9S], [BVOI], [EHO02], [Wlo05].

Over fields of positive characteristic, Abhyankar was the first to prove the resolution of surface
singularities [Abh56]. Later, he also gave proofs for the embedded resolution of surface singulari-
ties over fields of positive characteristic and non-embedded resolution of three-folds over fields of
characteristic p > 5 [Abh66]. His result was improved only recently by Cossart and Piltant who
proved the non-embedded resolution of three-folds over fields of arbitrary characteristic [CP0S],
[CP09].

Whether an embedded resolution of the singularities is possible for threefolds and all higher
dimensional varieties over fields positive characteristic is so far not known.

In the last decade, several groups of researchers have devised programs whose ultimate goal
it is to prove the embedded resolution of singularities in arbitrary dimension and characteristic.

Villamayor formulated the approach to replace the concept of restriction to hypersurfaces of
maximal contact by projections and the use of elimination algebras in [Vil07]. In [BV10], Bravo
and Villamayor used these techniques to define an invariant independently of dimension and
characteristic which enabled them to prove a simplification of singularities. This simplification
is commonly referred to as a reduction to the monomial case. (Although the same terminology
is used, it has to be pointed out that this monomial case is different from the monomial case
that is studied in this thesis.) In characteristic zero, this monomial case can be resolved, leading



to a proof of embedded resolution of singularities. Benito and Villamayor showed in [BV12] how
to resolve this monomial case in the surface case in arbitrary characteristic, thus establishing a
new proof for the embedded resolution of surfaces.

Kawanoue and Matsuki have developed a new approach towards resolution in arbitrary di-
mension and characteristic that is called the Idealistic Filtration Program [Kaw07], [KMIO0],
[Kaw14]. In this program, hypersurfaces of maximal contact are replaced by so-called leading
generator systems. The biggest difference between these is that hypersurfaces of maximal con-
tact are always regular, but the elements of a leading generator system in positive characteristic
may define singular hypersurfaces. Kawanoue and Matsuki were able to show that the resulting
invariants lead to embedded resolution of singularities in characteristic zero and to a reduction
to a monomial case (which is again different from the two monomial cases mentioned so far) in
positive characteristic. In ambient dimension 3, they were able to resolve this monomial case

1.3 Resolution via an upper semicontinuous invariant

With the definition of embedded resolution of singularities in mind, our philosophy is to see
resolution as an iterative process. Roughly speaking, this means that we repeatedly blow up
regular centers which are contained in the singular locus of our variety and which have simple
normal crossings with the exceptional components produced by previous blowups until embedded
resolution is achieved.

To make this more precise, let us consider triples X = (W, X, E) of the kind where W is a
regular variety, X C W a closed subvariety and E a simple normal crossings divisor on W. We
say that a closed subvariety Z C W is a permissible center of blowup for the triple X if the
following properties hold:

e 7 is contained in Sing(X) U E.
e The union Z U F has simple normal crossings. In particular, Z is regular.

The blowup © : W/ — W of W along a permissible center Z induces a new triple X’ =
(W', X', E') where X’ = 7=1(X \ Z) is the strict transform of X and E' = E5' U Dy, where
E*t is the strict transform of E and Dy, = 7 1(Z) is the exceptional divisor of the blowup 7.
It follows from basic properties of blowups that the triple X’ is of the same kind as X. Thus,
W' is a regular variety of the same dimension as W and E’ is a simple normal crossings divisor
on W’. (More information on the properties of blowups can be found in Lectures IV and V of
[Hauld].)

To prove embedded resolution of the singularities of an embedded variety X C W, we start
with the triple (W, X, ) and have to find a sequence of blowups in permissible centers so that we
eventually obtain a triple (W', X', E’) with the properties that X’ is regular and X’ U E’ forms
a simple normal crossings divisor on W’. We call such a triple (W', X', E’) resolved.

To show that embedded resolution of resolution by this approach is possible, we have to solve
two problems: The first problem is the choice of center. For each triple X we have to prescribe
a permissible center Z that will be blown up in this iteration of the resolution process. The
second problem is to show that this process terminates. That is, proving that we always obtain
a resolved triple after finitely many iterations of the resolution process.

Both of these problems can be solved simultaneously by finding a suitable resolution invariant.
The idea is to define for every triple X = (W, X, E) a map px : X — I' that measures for each
point a € X how far X' is away from being resolved locally at a. We require the map pxy to be a
local geometric invariant. Since we want to be able to compare the singularities of X in different



points and measure their improvement under blowup, we consider the set I' with a well-ordering
<. Further, we require that the invariant py is upper semicontinuous. This means that for each
value v € I, the set

Xoy={aeX:px(a) =7}

is closed. Thus, px defines a stratification of X into locally closed strata. If py(a) = minI for
a point a € X, then we require the triple X to be locally resolved at a.

The problem of choosing the center is solved by always blowing up the locus of points at which
X is farthest from being resolved. Thus, we choose as a center the set of points a € X at which
the invariant py is maximal in the sense that pr(b) < px(a) holds for all points b € X. This set
is called the top locus of X with respect to the invariant py. It is closed by upper semicontinuity
of puy. We require that the top locus always constitutes a permissible center of blowup for the
triple X'. The problem of showing that the process terminates reduces to the problem of verifying
that the maximal value of the invariant strictly decreases during each iteration of the resolution
process. Since I' is well-ordered, the invariant can only decrease finitely many times, thus leading
to a resolved triple in finitely many steps.

We sum up this discussion in the following definitions and proposition:

Definition. Fix a positive integer n > 0 and an algebraically closed field K. Let W be the class
of triples X = (W, X, E) such that W is an n-dimensional regular variety over K, X C W is a
closed subvariety and E is a simple normal crossings divisor on W.

Let (T', <) be a well-ordered set and p a collection of maps py : X — T for each triple X € W.
We say that p is a resolution invariant for n-dimensional ambient varieties over the field K if it
fulfills the following five properties:

(1) The map p is a local geometric invariant.

Let X = (W, X, E) and X; = (W1, X1, E1) be two triples in W which are are locally isomor-
phic in points a € W and a; € Wi in the following sense: There is an isomorphism of the
local rings Ow,, and Ow, 4, that locally maps X and X;, as well as E and E; into each
other. Then ux(a) = px, (a1).

(2) If px is minimal, the triple X is locally resolved.

Let X = (W, X,E) € W be a triple and a € X. If px(a) = minT, then X is regular at a
and the union X U E has simple normal crossings at a.

(3) Fach map py is upper semicontinuous.
For each triple X = (W, X, E) € W and each value v € T the set

Xoy ={a€ X : prla) > 7}
is closed.

(4) The top locus of px is a permissible center of blowup for X.

Let X = (W, X, E) € W be a triple. By property (3), there is an element ymax € I' such that
Ymax — maX{MX (Cl) ca € X} Set

Xmax = {(L cX: /L)(((l) = meaX}~

Then X,,.x is a permissible center of blowup for the triple X.

10



(5) Blowing up the top locus makes pn decrease.

Let X = (W, X, E) € W be a non-resolved triple. Let w : W' — W be the blowup of W with
center Xpax. Let X' = (W, X', E") € W be the triple which is induced by the blowup 7.
Let a € Xpax and @’ € 771(a) N X’. Then py(a’) < px(a).

Since the blowup 7 is an isomorphism outside the center, for all points a ¢ X;,.x and
a' € 77 1(a) the equality py(a’) = px(a) holds by property (1). Thus,

max{py:(a’) :a" € X'} < max{ux(a):a € X}.

With this definition of a resolution invariant, the following proposition is straightforward to
prove:

Proposition 1.3.1. Let n > 0 be a positive integer and K an algebraically closed field. If a
resolution invariant p for n-dimensional ambient varieties over K exists, then each singular
variety X which is embedded in an n-dimensional reqular variety W over K has an embedded
resolution of singularities that is given by repeatedly blowing up the top locus of .

1.4 Results of the thesis

As mentioned before, the resolution of surfaces over fields of arbitrary characteristic is not a
new result. Apart from the ones already mentioned, there are several other noteworthy proofs.
Lipman was able to prove (non-embedded) resolution for all excellent surfaces in [Lip78] by using
normalization and point-blowups. Hironaka developed a particularly short and simple proof for
the resolution of excellent surfaces embedded in a regular 3-dimensional ambient space in [Hir84].
His resolution invariant is defined via the Newton polygon of the defining equation. The most
general result on surfaces is due to Cossart, Jannsen and Saito [CJS09], who proved canonical
resolution of singularities with boundaries for all excellent surfaces. Their result implies both
the embedded and the non-embedded case.

All of these proofs at some point employ techniques which essentially make use of the low
dimension. It was impossible so far to generalize any of the proofs in such a way that they can
be applied to higher-dimensional varieties. On the other hand, Hironaka’s proof for embedded
resolution of singularities in characteristic zero has so far resisted all attempts to generalize it
to the setting of positive characteristic. The main problem that prevents this is the absence of
hypersurfaces of maximal contact over fields of positive characteristic.

Over fields of characteristic zero, hypersurfaces of maximal contact are used to apply in-
duction over the dimension of the ambient variety when proving the embedded resolution of
singularities. In other words, they provide a way of (locally) reducing the resolution problem
in an n-dimensional ambient space to a resolution problem in an (n — 1)-dimensional ambient
space. This technique is often called descent in dimension. The specific construction that will be
used for the descent in dimension in this thesis is the coefficient ideal which will be introduced
in Section 2.7

Due to the absence of hypersurfaces of maximal contact, descent in dimension via restriction
to a regular hypersurface is usually not used in proofs of resolution over fields of arbitrary char-
acteristic. It has been suggested though ([Abh83], [EH02], [Haul0]) to perform the descent in
dimension independently of characteristic in the following way: Instead of only using hypersur-
faces of maximal contact, the set of all regular local (or formal) hypersurfaces is considered. We
then assign to each hypersurface an invariant which measures how well this hypersurface is suited
for the descent in dimension, that is to say, how well the singularity of the variety is preserved
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when restricting it to this hypersurface via the coefficient ideal construction. The hypersurface
which maximizes this invariant is then used to define the resolution invariant. Over fields of
characteristic zero, this maximum is realized by hypersurfaces of maximal contact. Hence, this
technique can be seen as a generalization of maximal contact.

There are several serious problems which appear when using this approach to generalize the
usual resolution invariant from characteristic zero to the setting of positive characteristic. The
resulting invariant is not upper semicontinuous and can increase under blowup, even if the center
consists only of a closed point ([Moh87], [HaulQ]). This and related problems will be discussed
in detail in Chapter [3]

The main goal of this thesis is to show how these problems can be overcome under the
restriction that X is a surface which is embedded in a regular 3-dimensional ambient space.
Instead of considering at a point the set of all regular formal hypersurfaces, we will consider the
set of all formal flags F, consisting of a regular curve F; and a regular surface F> that contains
F1. The invariant that is assigned to each flag F to evaluate how well it is suited for the descent
in dimension makes use of the geometric configuration of the union F; U (F3 N E) where E
denotes the exceptional locus produced by previous blowups. The details of this construction
will be described in Section [3.3] The rigorous definition of the resolution invariant iy will be
given in Chapter [7]

Many of the results that we will prove along the way are not specific to the surface case
and hold true independently of dimension and characteristic. Most importantly, this includes
the cleaning techniques that we will develop in Chapter These can be understood as a
characteristic-free generalization of both the Tschirnhausen transformation that is used over
fields of characteristic zero to construct hypersurfaces of maximal contact and the often-studied
cleaning of purely inseparable equations of the form

P+ F(2y,...,2,) =0

over a field of characteristic p > 0 where all p®-th powers in the expansion of F' can be eliminated
by a coordinate change z — z + g(z1,...,2,). The purpose of these cleaning techniques is to
construct hypersurfaces and flags which maximize the invariants that are associated to them via
the coeflicient ideal construction. Hence, these techniques will form an integral part of our proof.

Unfortunately, it is not clear how to generalize the resolution invariant that is presented in this
thesis to higher-dimensional varieties. It is possible that our construction of the invariant via flags
is ultimately restricted to the surface case or would have to undergo a major modification before
it can be applied to higher dimensions. Still, we hope that the techniques that are developed
in this thesis will be useful for researchers attempting to prove the resolution of singularities
in higher dimensions and that the idea behind the construction of the presented invariant will
inspire new resolution invariants that make use of the descent in dimension via formal flags and
the coefficient ideal construction.

As a final note it has to be mentioned that the proof presented in this thesis is neither the
shortest, easiest, nor the most elegant proof for the resolution of surface singularities. Some of
the involved results are quite technical and have lengthy proofs. The purpose of this thesis was
not to develop the best or the most general proof for the resolution of surface singularities, but
to seriously put the aforementioned idea of using local flags which maximize certain associated
invariants to the test by using it to prove resolution of surfaces in arbitrary characteristic.

1.5 Structure of the thesis

In Chapter 2, several basic techniques and methods for the resolution of singularities are intro-
duced. Most of these will be well-known to the expert reader. An object which is not commonly

12



found in proofs of resolution of singularities are the multi-valued weighted order functions which
are introduced in Section[2.:2] The definition of the coefficient ideal in Section[2.7]and the ensuing
discussion of its properties are fundamental to all of the latter chapters.

Chapter 3 gives an exposition of the known pathologies which appear when trying to generalize
the usual resolution invariant from characteristic zero to the setting of positive characteristic.
It is then explained how these problems can be overcome in the surface case. The definition
of the flag invariant inv(F) that is used to determine which flags are used for the descent in
dimension is described in detail and motivated by various examples. Further, the problem of
upper semicontinuity is discussed.

Chapter 4 and 5 concern themselves with invariants associated to coefficient ideals and their
behavior under coordinate changes. The results of these chapters are independent of both di-
mension and characteristic.

In Chapter 4, we will show that under certain conditions, the associated invariants of co-
efficient ideals are unchanged under all coordinate changes that preserve the geometric objects
which are involved in their definition. This is then applied to show that the flag invariant inv(F)
is well-defined and does not depend on a particular choice of a regular system of parameters as
long as the parameters are chosen subordinately to the flag F.

In Chapter 5, it is described how the associated invariants can be maximized by changing
the regular hypersurface with respect to which the coefficient ideal is defined. The techniques
developed in this chapter will be referred to as cleaning techniques. They will be applied to
construct flags which maximize the flag invariant.

Chapter 6 contains a number of rather technical results which are needed for our proof of
resolution of surfaces. Most of these involve invariants associated to coefficient ideals and the
cleaning techniques that were introduced before.

In the remaining three chapters, the new proof for the embedded resolution of surface singu-
larities embedded in a 3-dimensional ambient space is presented.

In Chapter 7, the resolution invariant iy is defined. The biggest technical difficulty to over-
come here is to show that there always exists a flag which maximizes the flag invariant inv(F).
It is also shown that iy is a local geometric invariant and that if it attains its minimal value
only at points at which X is locally resolved.

Chapter 8 and 9 form the core of the proof. In Chapter 8 it is proved that the invariant iy is
upper semicontinuous and that its top locus always constitutes a permissible center of blowup.
Finally, in Chapter 9 it is shown that the invariant iy strictly decreases whenever its top locus
is blown up. Thus, iy fulfills all properties that we required of a resolution invariant in Section

L3

1.6 Notation, conventions and prerequisites

In this section we will list all notational conventions that will be used throughout this thesis. At
the end of the section, we will further provide a list of concepts and results that the reader is
assumed to be familiar with, along with references.

Geometric objects

e The letter K will always denote a field. Unless stated otherwise, K is always assumed to
be algebraically closed and of arbitrary characteristic.

e A wariety is an integral separated scheme of finite type over an algebraically closed field
K.
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e Whenever we consider a closed subset X of a scheme W, we consider it to be endowed
with the reduced induced closed subscheme structure. (See [HarT7] Ex. 3.2.6.) The induced
ideal sheaf of X will be denoted by Zx.

e In this sense, a subvariety X of a variety W is an irreducible closed subset of W.

e A curve is an irreducible closed subset of dimension 1. Similarly, a hypersurface is an
irreducible closed subset of codimension 1.

e Consider a variety W and the blowup 7 : W/ — W along a closed subset Z. We will
call 771(Z) the exceptional divisor of the blowup 7. For a closed subset X C W, we call
X* = 77 Y(X) the total transform and X' = 7=1(X \ Z) the strict transform of X. The
weak transform will be defined in Section [2.1

Rings and ideals

e All rings that we consider will be commutative and unitary.

e For a K-algebra R, we denote by Qg its module of relative differentials.

e For elements x1,...,z, of a ring R, we denote the ideal generated by these elements by
(T1,...,Zn).
e Often, the expression (z1,...,2,) will instead denote the ordered tuple in R™. Whenever

there is a possible risk of confusion, we specify in the text which of the two is meant.

e For an ideal I, we denote by rad([) its radical.
Local and formal objects

e Let W be a variety and a € W a (not necessarily closed) point. We denote by Ow,, the
local ring of W at a.

e We denote by my,, the maximal ideal of Ow,,. For an affine open neighborhood U =
Spec(R) of a, we denote the prime ideal of R that corresponds to the point a also by myyq.

e We denote by @W@ the completion of the local ring Ow,, with respect to its maximal ideal.

e For a variety W, a closed subset X C W and a point a € W we denote by Ix , the stalk
of the ideal sheaf Tx at a. We set Ix o, = Ow,q - Ix,q.

e Curves and hypersurfaces in Spec(Oyw,,) will be referred to as local curves and hypersur-
faces.

e Similarly, curves and hypersurfaces in Spec(@wya) will be referred to as formal curves and
hypersurfaces.

Multi-indices

e The symbol N denotes the non-negative integers. We set Noo = N U {oo}.
e For a multi-index o = (a,...,a,) € N”, we denote |a| = Y1 | ;.
e Let a, 8 be multi-indices in N® or N . The expressions o < 8 and o < [ are always

understood with respect to the lexicographic order.

14



For multi-indices a = (av1,...,a,) and 8 = (f1,..., ), we denote (g) =11, (z)

An ordered tuple of elements (z1,...,2,) of a ring will usually be denoted by x. For a
multi-index a € N, we denote x* =[]}, z{".

Prerequisites

Particular concepts of commutative algebra that will be used throughout the thesis are
completions of local rings, regular local rings, regular systems of parameters, the Cohen
structure theorem for regular local rings which contain a field and the module of relative
differentials. All of these can be found in [Eis99] and [Har77].

Concepts of algebraic geometry that will be used extensively are blowups and regularity.
Introductions to blowups can be found in [Har77] II.7 and [Haul4] Lecture IV and V.
Regularity (non-singularity) and its relation with the module of differentials is explained
in [Har77] IL8.

Results about the power series ring R = K[[x1,...,2,]] in n variables over a field K that
will be assumed are the Weierstrass preparation theorem and the inverse function theorem
which characterizes all regular systems of parameters for R.

To be able to understand the proof presented in this thesis, it is not necessary for the reader
to have a profound knowledge of any of the proofs for embedded resolution of singularities
over fields of characteristic zero. It has to be mentioned though that an understanding
of one of these proofs (in particular, how hypersurfaces of maximal contact are used) is
certainly useful to understand how the techniques presented in this thesis relate to the
known results in characteristic zero.
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Chapter 2

Basic concepts and techniques for
the resolution of singularities

2.1 The order function

Since we are following the approach of proving resolution of singularities via an upper semi-
continuous invariant, it is natural to look for geometric invariants which measure as precisely
as possible how complex the singularity of a variety X in a point ¢ € X is. The most basic
such invariant is the order function. It generalizes the idea of measuring up to which degree a
polynomial’s Taylor expansion vanishes at a closed point. The order function is so fundamental
to the embedded resolution of singularities that it appears in virtually all proofs in some form.

In this section we are going to define the order function and state several of its most important
properties. In particular, we will see that the order function itself is not sufficiently fine to
constitute a suitable resolution invariant, but it is natural to look for resolution invariants which
are refinements the order function. Since all stated results are well-known, we are going to give
references for most proofs.

Definition. Let R be a ring, J C R an ideal and p C R a prime ideal. We define the order of
J at p as
ord, J =sup{n e N: R,J C R,p"} € Ny

If R is a local ring with maximal ideal m, we will usually just write ord J for ord,, J. For an
element f € R we will denote by ord, f the order of the principal ideal (f) at p.

Let W be a scheme, X C W a closed subset and a € W a (not necessarily closed) point.
Then we define the order of X at a as the order of the ideal Ix , at the maximal ideal of the
local ring Oy ,. We denote it by ord, X. The ambient scheme W is suppressed in this notation.

Examples. (1) Consider the n-dimensional affine space W = Spec(K|[x1,...,2,]) over a field
K and a hypersurface X = V(f) defined by a polynomial f € K[z1,...,z,]. Then the order
ord, X at a closed point a € X coincides with the highest degree up to which the Taylor
expansion of f vanishes at a.

Notice that ord, X > 2 holds if and only if both f and all of its partial derivatives a—f vanish
at a. Thus, a is a singular point of X if and only if ord, X > 2 holds. We will see later that
this is false in general for subvarieties of codimension bigger than 1.

(2) Let ¢ € Z be an integer ¢ # 0 and p a prime number. Then ord, ¢ is the biggest natural
number n € N such that p™ divides c.
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The order function exhibits a number of good properties which make it useful for the embed-
ded resolution of singularities. Most importantly, it is upper semicontinuous (Proposition
and it does not increase under blowup as long as the center is regular and contained in its top
locus (Proposition . On the downside, the top locus defined by the order function is in
general not regular and thus, does not constitute a permissible center of blowup. Also, even if
it is regular, blowing up the top locus does not necessarily make the order function decrease.
Hence, the order function itself does not satisfy the properties that we required for a resolu-
tion invariant in Section In other words, the order function’s measure of singularity is not
sufficiently precise for our purposes.

This suggests to consider as a resolution invariant a suitable refinement of the order function.
That is, a map px : X — Ny x I' of the form

pix(a) = (ordq X, fix (a))

for some well-ordered set (I',<) where N, x I' is considered with the induced lexicographic
order. Notice that the second component fix of the invariant px is only needed to measure
improvement of a singularity under blowup if the order function remains constant.

Proposition 2.1.1. Let W be a regular variety and X C W a closed proper subset. Let a € W
be any point.

(1) ord, X < oco.
(2) If ord, X > 2, then a is a singular point of X.
(3) If X is a hypersurface and ord, X =1, then a is a reqular point of X.

Proof. (1): Assume that ord, X = oo. This implies that Ix , € (),—; miy,. By Krull’s inter-
section theorem, this implies that Ix , = 0 which is a contradiction to X being a proper subset
of W.

(2): Assume that a is a regular point of X. Then there exists a regular system of parameters
Z1,...,2Ty for Ow, such that Ix, = (x1,...,2%) for some integer 1 < k < n. Since z; €
Mw,a \ m%/v,m it is clear that Ix , € m¥,,. Thus, ord, X = ord Ix , = 1.

(3): Since Oy, q is a regular local ring and the ideal I X,q has height 1 by assumption, we know
that it is generated by a single element x;. Since ord, X =1, it is clear that x; € mw,, \m%vﬂ.

Thus, there are elements xo,...,z, € mw,, where n = dim(Ow,,) such that zq,...,z, is a
regular system of parameters for Ow,,. Consequently, Ox , = Ow.a/Ix, is a regular local
ring. O

Remark. The assertion of Proposition 2.1.1] (3) is false if the local codimension of X is bigger
than 1. For example, consider the curve X = V(y? — 3, 2) embedded in the 3-dimensional affine
space W = Spec(K |z, y, z]). Let a be the origin of W. Then ord, X = 1, although a is a singular
point of X. This example also makes clear that the order of X greatly depends on the ambient
space W.

This is one of the reasons why many authors consider instead of the order function more
sophisticated invariants to measure the complexity of the singularity of X at a point, such as the
multiplicity or the Hilbert-Samuel function (Cf. [Ben70], [ViI89], [BM97] for the Hilbert-Samuel
Function and [BV14] for multiplicity). Both of these are similar to the order function in the
sense that they have to be further refined to obtain a suitable resolution invariant.

Proposition 2.1.2. Let W be a regular variety and X C W a closed subset. Let ¢ > 0 be a
non-negative integer. Then the set

Xse={ae X :ord, X > ¢}
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is closed. In other words, the order function ord X : X — N, is upper semicontinuous.

Proof. The classical proof of this theorem was given in [Hir64] Corollary 1, p. 220. A modern
proof using differential operators can be found in [Kaw(7] Lemma 1.2.3.1. O

Corollary 2.1.3. Let W be a regular variety and X C W a proper closed subset. There exists
an integer ¢ € N such that
¢ =max{ord, X : a € X}.

Definition. Let W be a regular variety and X C W a closed subset. Set ¢ = max,cx ord, X.
Then the set
top(X) ={a € X :0rd, X =c}

is called the top locus of X with respect to the order function (or only top locus). Notice that
top(X) is closed by Proposition 2.1.2}

In Section [2.3| we will see a method how to construct the defining of ideal of top(X) from the
defining ideal of X via differential operators.

Definition. Let W be a regular variety and X C W a closed subset. A subvariety Z C W is said
to be a permissible center of blowup for X with respect to the order function if Z is regular and
Z C top(X) holds. A blowup 7 : W’ — W along such a center will be called order-permissible.

Consider now a regular variety W and a closed subset X C W. Let w : W/ — W be the
blowup of W along a center Z that is permissible with respect to the order function. Denote by
E = 77(Z) the exceptional divisor of 7. Let a € top(X) be a closed point and a’ € 771(a) a
closed point lying over a. Set ¢ = max,cx ord, X.

Denote by ¢ : Ow,q = Ow~ o the induced map between the local rings. Since the exceptional
divisor F is a hypersurface on W', the ideal Ig o is generated by a single element x5 € Ow/ 4.
The local defining ideals of the total transform X* and the strict transform X’ of X at o’ are
given by

Ix+a = (Ixa)" = Owra - o(Ix.a),
respectively
‘ —ordr, , (f)
IX’,a’ = (IX’a)Bt = (.’ﬂE 'z, . gO(f) : f € IX,a)~
Since the ideal (Ix ,)%* is quite difficult to handle, a simpler ideal is often considered instead
which is called the weak transform of Ix 4. It is defined as

(Ix.a)" = 25" (Ux,a)"

The weak transform of an ideal J will also often just be denoted by .J’. Notice that strict
transform and weak transform coincide in the case that X is a hypersurface.

Proposition 2.1.4. For an order-permissible blowup, the following inequalities hold:
ord(Ix,4)™ < 01rd(IX,a)Wk <ordIx,.

In particular,
ordy X' < ord, X.

Proof. This is shown in [Haul4] Prop. 8.13. O
Definition. A closed point a’ € 7=1(a) that fulfills ord,s X’ = ord, X is called an equiconstant

point over a.
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Since the order function fails to measure improvement of the singularity under blowup at
equiconstant points, we will need to develop techniques beyond the order function which enable
us to measure improvement at these points. In Section we will take a first step towards this
goal by narrowing down the locus on the pre-image 7~!(a) inside which equiconstant points can
appear. In Section we will then introduce a technique to measure improvement at equicon-
stant points by considering an ideal which is defined on an ambient space of lower dimension
than W, called the coefficient ideal.

In the remainder of this section we will state a result which ensures that the order along
regular subvarieties can be computed without passing to the localization and use this to verify
that the order along regular subvarieties is preserved when passing to the completion.

Lemma 2.1.5. Let R be a ring, J C R an ideal and p C R a prime ideal. Then
ord, J = sup{n € N: J C p™}
where p(™) = R,p™ N R denotes the n-th symbolic power of p.
Proof. This is immediate from the definition of ord, J. O

Proposition 2.1.6. Let R be a Noetherian domain and p C R a prime ideal that is generated
by a regular sequence. Then p™ = p™ for all n > 0.

Proof. This is proved in [Hoc73|, Application (2.1), p. 57. O

Corollary 2.1.7. Let R be a regular local ring and p C R a prime ideal such that R/p is regqular.
Then for each ideal J C R the following equality holds:

ord, J =sup{n e N: J Cp"}.

Lemma 2.1.8. Let (R, m) be a regular local ring and J C R an ideal. Denote by R the m-adic
completion of R and by J = RJ the extension of J in R. R R
Let p C R be a prime ideal such that R/p is reqular. Set p = Rp. Then ord, J = ords J.

Proof. Let 1, ...,z be a regular system of parameters for R such that p = (z1,...,zx) for an
index k < p.

Let n € N. By Corollary we know that ord, J > n holds if and only if J C (21,...,2%)"
holds. Clearly, this is equivalent to J C (z1,...,z;)". Hence, ord, J = ords J. O

2.2 Multi-valued weighted order functions

In this section we are going to introduce a generalization of the order function as a map from
the power series ring K|[[x]] to No. Here, K denotes an arbitrary field.

Consider the power series ring R = K|[[x]] with parameters x = (x1,...,2,). Denote for
each element f € R its expansion by f = > cfoXx* with cf o € K. Then the order function
ord : K[[x]] = Nu can be described as

a€eN

ordf:min{iaisozGN”,cf,a #O}

i=1

for f # 0. By assigning multi-valued weights c1, ..., ¢, € N¥ to the variables z1,...,z,, we can
define more general maps w : K[[x]] — N¥_ which are defined by

w(f):min{zn:ai-ci:aeN",cf,a#O}

=1
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for f # 0 where NX_ is considered with the lexicographic order. We set w(0) = (o0, ..., 00).

These maps are called (multi-valued) weighted order functions. Notice that, unlike the usual
order function, the definition of w is dependent on the chosen parameter system for K[[x]]. While
this seems like a disadvantage at first, assigning weights to the variables offers a great deal of
flexibility for defining new invariants that behave similarly to the order function. They will be
used in situations in which some of the parameters of K[[x]] have a distinguished role. (For
example, if these parameters define a geometric object with respect to which the invariant is
defined.)

The usage of weighted order functions for the resolution of singularities is not common.
Their application to coefficient ideals is a unique feature of this thesis that plays a key role
for the definition of our resolution invariant for surface singularities. It is still unexplored how
weighted order functions could be used to prove resolution of higher-dimensional varieties.

Definition. Let R = K[[x]] with x = (z1,...,2,). A map w : K[[x]] = N%_ is called a weighted
order function that is defined on the parameters x if the following hold:

e Let f € R be a non-zero element with expansion f =3 cax®. Then
n
w(f) Zmin{zai cw(zi) €N e # 0}
i=1

where N¥_ is considered with the lexicographic order.
e w(0) = (oc0,...,00).

For an ideal J C R we define
w(J) =min{w(f) : f € J}.
If it is clear from the context with respect to which parameters w is defined, we will just call
w a weighted order function on K[[x]].

Remarks. (1) It is easy to see that a weighted order function w : K[[x]] — N is a valuation.
Hence, for elements f, g € K[[x]] the following hold:

w(f +g) > min{w(f),w(g)} and equality holds if w(f) # w(g).

w(f-9) =w(f) +w(g).

w(f) = (00,...,00) < f=0.

(2) A weighted order function w : K[[x]] — N*_ that is defined on the parameters x = (21, ..., z,)
is uniquely prescribed by the images w(z1),...,w(zy,).

(3) Notice that w(u) = (0,...,0) for all units v € K[[x]]*.
(4) If anideal J is generated by elements f1, ..., fm, it is clear that w(J) = min{w(f1),...,w(fm)}

(5) Some weighted order functions can also be described as orders at certain prime ideals p €
Spec(K|[[x]]). For example, the weighted order function w : K[[x]] = Ny, which is defined
by w(z;) = 1 for a certain index ¢ and w(x;) = 0 for j # i coincides with the order at the
prime ideal (z;). This specific weighted order is called the z;-order and will be denoted by
ord(m).

Most weighted order functions cannot be defined as the order at a prime ideal. For example,
consider R = K|[[z,y]] and the weighted order function w : KJ[z,y]] - N defined by
w(z) =1 and w(y) = 2. Then there is no prime ideal p € Spec(K|[[z,y]]) such that the maps
w and ord,, coincide.
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Definition. Let R = K[[x]] and let w : K[[x]] — N be a weighted order function that is
defined on x. For an element f # 0 with expansion f = . caX® we define the initial form
of f with respect to w and x as

in,(f) = Z Cax”.
aeN"™
w(x*)=w(f)

Set in,,(0) = 0. The dependence of the initial form on x will be suppressed in the notation. We
say that f is weighted homogeneous with respect to w and x if in,, (f) = f holds.
For an ideal J C R we define the weak initial ideal of J with respect to w and x as

wk-in,, (J) = (ing, (f) : f € J,w(f) =w(J])).

We will write in(f) and wk-in(J) for the initial form and the weak initial ideal with re-
spect to the usual order function. Notice that, although the order function itself is coordinate-
independent, in(f) and wk-in(J) are dependent on the choice of parameters x for R.

We will write in(,,)(f) and wk-in(,,)(J) for the initial form and weak initial ideal with respect
to the z;-order.

Remark. The definition of the weak initial ideal is non-standard. A similar object which appears
way more often in the literature is the (strict) initial ideal of J which is defined as

in(J) = (in(f): f € J).

This is generally a much more complicated ideal than the weak initial ideal of J. For example, if
J is generated by elements f1,..., fi, then the weak initial ideal of J is generated by the initial
forms in(f;) of those elements f; that fulfill ord f; = ord J. Finding generators for the usual
initial ideal J is much more complicated and leads to the theory of standard bases.

For our purposes, the weak initial ideal with respect to weighted order functions is a very
useful object and it will be used in the definition of our resolution invariant.

Lemma 2.2.1. Let R = K[[x]] with x = (x1,...,%,) and consider two weighted order functions
wy : K[[x]] = N and we : K[[x]] — NL_ which are defined on the parameters x. Letv : K[[x]] —
NE+ be the weighted order function that is defined on x by setting v(x;) = (w1 (), wa(x;)) for
t=1,...,n.
Then
of) = (@1(f),wa(ine, ()

for elements f € R and
v(J) = (wi(J), wa(wk-ing, (J)))

for ideals J C R.

Proof. Let f € R be an element with expansion f =y cax®. Then

u(f) = min{(iai -wl(:bi),iai -wg(:vi)) cae N ¢, # 0}

= min{(wl(f),zn:ai -wg(xi)) s € N ¢y # 0,w1(x%) = an(f)}
= (w1, wa(ing, (f)))-
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Further, let J C R be an ideal. Then
v(J) = min{(w1 (f), w2 (ine, (f))) : f € J}

= min{(wy (J), wa(ing, (f) : f € Jwi(f) = wi(J)}
= (w1 (J), wa(wking, (1))).

2.3 Differential operators

In the following, we will briefly discuss some important results about differential operators. Our
main reference for the theory of differential operators is Chapter 1 of [Kaw(07] which gives a very
accessible account on this topic and its application to the resolution of singularities over fields
of arbitrary characteristic. Here, K always denotes an algebraically closed field.

Definition. Let R be a K-algebra. Fix a non-negative integer n € N. Consider the multiplication
map g R®x R — R defined by u(r ® y) = zy. Set I = ker(u) and D"(R) = R®@x R/I".
Let d,, : R — D™(R) be the map d,(z) =1® x. Set

Diffy, x = {pody : ¢ € Homg(D"(R), R)}.

Notice that Diff%; is an R-module via the multiplication a - (p o dy) = (a - ¢) o dp.

The elements d € Diff, ;- are K-linear maps d : R — R which are called differential operators
on R of degree < n.
Lemma 2.3.1. Let R be be a K-algebra andn,m € N. Further, letd € Diff - and d’ € Diff g
be differential operators. Then d' od € Diff?;/r?.
Proof. [Kaw(7] Lemma 1.1.2.1. (6). O

Lemma 2.3.2. Let W be a variety over a field K and n € N a non-negative integer. Then there
exists a coherent sheaf Difty;, of differential operators with the following properties:

(1) For each affine open subset U = Spec(R) of W, we have Diffy, (U) = Diff .
(2) For each point a € W, the stalk of the sheaf Diffy, at a has the form {Diffy, }, = Diffo /-

(3) For each closed point a € W, the identity Diff, |/ x @0y, Ow,a = Diﬂ%w‘ i holds.

a/
Proof. |[Kaw07| Corollary 1.1.2.2. O

The following result is the main reason why we are interested in differential operators. It
provides us with a method of computing the defining ideal of the top locus top(X) of a closed
set X from the defining ideal of X.

Proposition 2.3.3. Let W be a regular variety and X C W a closed subset. Set X>. = {a €
W :ord, X > ¢} for a positive integer ¢ > 0. Then

X5 = V(Diff§; H(Zx)).

Proof. |[Kaw07| Lemma 1.2.3.1. O
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Remark. Notice that Diff‘f,;l(IX) defines a not necessarily reduced closed subscheme structure
on the set X>.. While it is not immediately clear what purpose this additional structure serves,
we will see one application in Section [2.6] where it will provide us with a sufficient criterion for
a local hypersurface to have maximal contact with X.

In the following two propositions, we consider the following setting: Let W be a regular
variety over a field K. Let R be either the coordinate ring of an affine open subset U C W, the
local ring Ow,, at a closed point a € W or its completion Oyy,. In particular, the results hold
true for the power series ring R = K[[x]].

Proposition 2.3.4. Assume that there are elements x1,...,2, € R with n = dim(R) such that
the module of differentials Qg K is freely generated by dxy,. .., dx,. Set x = (v1,...,7,).

Let m > 0 be a positive integer. Then there are elements Oxa € Diff’}g/K for all multi-indices
a € N with |a] < m such that the following hold:

(1) The R-module Diffg/K is freely generated by the elements Oxa € Diff’]{/K with o € N® and
la] < m.

(2) Oxa(xP) = (6)X'B*O‘ for all p € N™,

(3) Oxa(f - g) = Zgﬁew Oxs (f)Oxv(g) for elements f,g € R.
+v=a
Proof. |[Kaw07] Lemma 1.2.1.2. O

Remarks. (1) Notice that the definition of each map dxe : R — R depends on the entire set
of parameters z1,...,2,. For example, let R = K[[z,y]]. Now consider another regular
system of parameters x1,y; for R where 1 = z and y; = y + «. Although x = z1, the maps
Oy : R — R and 0, : R — R are different since

O (y) =0,

but
83?1 (y) = 6561 (y1 - 1‘1) =-1
(2) Over a field of characteristic zero, any differential operator d € Diff’y, - can be expressed as
an R-linear combination of compositions of derivations ([Kaw07] Remark 1.2.1.3. (1)).

Over a field of characteristic p > 0, the differential operator d,» : R — R can not be expressed
in such a way. This is is since every derivation 0 : R — R fulfills

) =p- xfﬁla(xi) =0,

7

but 9, (%) = 1. Thus, the theory of differential operators is much better equipped to deal
with algebras over fields of positive characteristic than the theory of derivations.

The last result in this section is specific to the situation of positive characteristic and provides
a criterion for checking whether an ideal is generated by p-th powers.

Proposition 2.3.5. Assume that char(K) = p > 0. Set ¢ = p® for a positive integer e > 0.
Let J C R be an ideal. Then the ideal J is generated by q-th powers in R if and only if

Diffl; 1 (J) = J.
Proof. |[Kaw07| Proposition 1.3.1.2. O

23



2.4 Coordinate expressions of blowup maps

In this section we will outline the useful concept of coordinate expressions of blowup maps
between local rings. More background and proofs for the given statements can be found in
Lecture IV of [Haul4].

Let W be a regular n-dimensional variety over a field K and Z C W a regular subvariety.
Let a € Z be a closed point and x = (x4, ...,2,) a regular system of parameters for Ow,, such
that Iz, = (z1,...,2,). Let @ : W' — W be the blowup of W with center Z. Denote by
Dhpew = 7 1(Z) the exceptional divisor of the blowup.

Let i be an index in the range 1 < i < k. The set 7=%(a) \ V(z;)%* where V(x;)* denotes
the strict transform of V'(x;) is called the x;-chart over a with respect to the parameters x. The

x;-charts for i = 1,..., k form an open cover of the pre-image 7 1(a).
Further, there is an isomorphism between 7~!(a) and IF”;{l with the following properties:
Let a’ € m=%(a) be a closed point with projective coordinates (1 : ... : t). Then a’ lies in

the z;-chart for an index i € {1,...,k} if and only if ¢; # 0. The affine coordinates of ¢’ in the
a;-chart are (%,..., %), Now fix an index ¢ and assume that a’ lies in the @;-chart. Then there
is an induced regular system of parameters z4,...,x} for Ow 4 such that the local ring map

Ow,q = Owr o which is induced by 7 is given by

JL‘Z‘H.’,E/Z-,
T — for k <1 <n.

The exceptional divisor Dyey is defined in Ow o by the principal ideal ().

Obviously, calculations are easiest when ¢t; = 0 for j # 4 and hence, the images of the
parameters 1, . .., x, are monomials in the induced parameters o/, ..., z/,. In this case, we say
that the local blowup map Ow,, — Ow 4 is monomial with respect to these parameters, or
equivalently, that a’ is the origin of the x;-chart with respect to the parameters x.

The z;-charts and the induced projective coordinates on 7~!(a) only depend on the parame-
ters x; up to their equivalence class modulo m%M o~ Thus, all of the results in this section still hold

after passing to the completion. In particular, a regular system of parameters x = (z1,...,z,)
for Ow, with Iz, = (z1,...,7x) induces an open cover of 7=1(a) by z;-charts and the ring

maps Ow,q, = Ow o are of the form stated above.

After fixing a point @’ € 7~!(a), it is always possible to change the parameters x in such a
way that the local blowup map Ow,, — Ow o (or @W@ — 6W/,a’) becomes monomial. Set
x = (Z1,...,%,) where

5i = Tyq,
ij:xj—%ixi fOI"lS]Sk‘,]?éZ,
T = x4 for k <l <n.
Then Iz, = (Z1,...,%) and o is the origin of the #;-chart with respect to X. Thus, the induced

map Ow,q = Ow o is then given by
@r—)x;x; for 1 <j <k, j#i,
T ) forl=dand k <l <n.

Remark. Although we just stated that it is always possible to choose parameters for Oy, in
such a way that the local blowup map Oy, — Ow o is monomial, this technique is not always
useful. In some situations we will consider invariants that are defined via a certain choice of
regular parameters x for Ow,,. A typical example for this is that some of the parameters x
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define a given local geometric object. Showing that such invariants behave well under blowup is
usually only possible when the local blowup map Ow,, = Ow~ 4 is monomial with respect to x.
Although the coordinate change z; — Z; described above makes the map monomial, we might
not be able to define our invariant with respect to the parameters X. Again, a typical example
for this is that there is a given geometric object which is defined by some of the parameters x,
but not by the parameters x.

This problem will appear again in Section when discussing the increase of the residual
order under blowup in positive characteristic.

2.5 Directrix, 7-invariant and adjacent hypersurfaces

As established in Section 23] we are looking for a refinement of the order function that enables
us to measure improvement of singularities under order-permissible blowups at equiconstant
points. In this section, we will develop techniques to narrow down the location of equiconstant
points a’ lying over a closed point a. The techniques introduced in this section go back to Zariski
|Zar44] and Hironaka [Hir64]. They appear in various forms in most approaches to the embedded
resolution of singularities.

The following example conveys the main idea of the technique that we will employ.

Example. Let W be a regular variety, X C W a hypersurface and a € X a closed point. Set
c¢=ord, X. Let x = (21,...,2,) be a regular system of parameters for the completed local ring
Ow,q. Let the ideal Ix , be generated by a single element f. We can write f as

f=F+H

where F' = in(f) is the initial form of f and H € K|[[x]] is a power series of order ord H > c.

Consider now the blowup 7 : W/ — W of W at the point a and let ' € 7~ 1(a) be a closed
point that is contained in the xi-chart. Let o’ have the affine coordinates (tg,...,t,) in the
x1-chart. Denote the induced parameters for @W/’a/ again by x = (z1,...,2,). Then the ideal
I x’,a’ is generated by the element

fr=a7¢ flzr,z1(z2 + t2),..., 21 (20 + tn))

:F(1,$2+t2,...,$n+tn)+$1'H

=:F’

for some element H € @W/,a/. Since x1 does not appear in F’, there can be no cancellation of
terms between F’ and z, - H. Consequently, ordys X’ < ord F”.

Assume now that x1 appears in a monomial with non-zero coefficient in the initial form of f.
If either in(f) = z§ or to = ... =t, = 0, it is clear that ord F’ < ¢ must hold and thus, o’ is not
an equiconstant point. In general though, cancellation of terms can happen in the expansion of
F'. For example, if in(f) = (z2 — toz1)¢, then ord F/ = ¢. Notice that in this case, x1 can be
eliminated from the initial form of F’ by making a change of coordinates To = x5 — tox.

In this section we will show that if z1,...,z; are parameters for Oy, which are minimal
with the property that they generated the weak initial ideal of Ix 4, then no equiconstant points
are contained in the z;-chart for ¢ = 1,... k for all order-permissible blowups.

To this end, we will first show that the residues of a set of parameters x1,...,x; which
minimally generate the weak initial ideal of Ix , span a well-defined linear subspace of the
Zariski cotangent space myy,q /m%,’a. This space is called the directriz and its dimension is
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called (Hironaka’s) 7-invariant. Both appear in many proofs of resolution of singularities in
some form.

Finally, we will show in Proposition [2.54] that the directrix prescribes a locus that contains
all equiconstant points a’ lying over a closed point a.

Convention. e Let R be a local ring with maximal ideal m. The residues of elements x; € m
in the cotangent space m/m? will always be denoted by ;.

e Let R be a Noetherian local ring with maximal ideal m. Let R denote the completion of
R with respect to m and m the maximal ideal of R. Then the cotangent spaces m/m? and
m/m? will usually be identified with each other.

Lemma 2.5.1. Let (R,m) be a regular local ring that contains a field K and J C R an ideal of
order ¢ = ord J. Let D C m/m? be a K-linear subspace. Let yi,...,yx € m be elements such
that D = (Y, ..., Yp)-

Assume that the inclusion J C (y1,...,yx)¢ +m°tt holds. Then for any other set of elements
21,...,21 €m with D = (Z1,...,%;) the inclusion J C (21,...,2)¢ +mt! also holds.

Proof. For all indices i = 1,...,k we can write y; = Zl

j=12i,j2j + Q; for constants \; ; € K and

elements @Q; € m?2. By assumption, J is generated by elements of the form

k

[= Z caHyiai""Hchl

aeNt i=1
ler|=c

with ¢, € K and H.;; € m*T!. Consequently,

f= E:cafi(ﬁéAmzf+QQai+fﬁﬂ

aeNE i=1 j=1

lal=c
l ~
YAl
geN'  J=1
|Bl=c
for certain constants ¢g € K and an element I;TC_H € m°*L. This proves that J C (z1,...,2)¢ +
metl, O

Definition. Let R be a regular local ring that contains a field K and J C R an ideal of
order ¢ = ordJ. Denote the maximal ideal of R by m. A K-linear subspace D of m/m? is
said to generate wk-in(J) if there are elements y,...,yx € m such that D = (g;,...,7;) and
JC (Y1, yp)¢ +metL.

Lemma 2.5.2. Let (R,m) be a regular local ring containing a field K and J C R an ideal of
order ¢ = ord J. Let D1,Dy C m/m? be two K-linear subspaces which both generate wk-in(.J).
Then D1 N Dy also generates wk-in(.J).

Proof. We may assume that the regular system of parameters x = (z1, ..., z,) for R is chosen in
such a way that D1 N D2 = (Tl, [N ,TT), D1 = (fl, PN ,fk) and DQ = (fl, ‘e 7fr;fk+la e ,f,n)
for certain integers r < k < m < n. Let f € J be an element with power series expansion
J =2 aenn €aX®. Let a = (au,...,a,) € N* be a multi-index with |a| = c. Since D; generates

26



wk-in(J), we know that ¢, = 0 if there is an index ¢ > k such that «; # 0. On the other hand,
since Dy also generates wk-in(.J), we know that ¢, = 0 if a; # 0 for an index ¢ > r that does
not fulfill £ < ¢ < m. In total, we know that ¢, # 0 implies that «; = 0 for all indices ¢ > r.
Consequently, J C (z1,...,2,)¢ +mctL O

Definition. Let (R,m) be a regular local ring that contains a field K and J C R an ideal of
order ¢ = ord J. By Lemma there is a minimal K-linear subspace D of m/m? with the
property that D generates wk-in(J). We call D the directriz of J and denote it by Dir(J) = D.
Further, we define 7(J) = dimg (Dir(J)).

Let W be a regular variety, X C W a closed subset and a € W a closed point. Then we
define Dir,(X) = Dir(Ix 4) and 74(X) = 7(Ix.q)-

Lemma 2.5.3. Let W be a regular n-dimensional variety, X C W a closed subset and Z C W
a permissible center of blowup with respect to the order function. Let a € Z be a closed point.
Let x1,...,2, be a reqular system of parameters for Ow., (or Ow,q) and m < n an index such
that Iz o = (x1,...,Zm) (resp. Iz, = (T1,...,%m)) holds.

Then Dirg,(X) C (Z1,...,Tm). In particular, 7,(X) < codim,(Z2).

Proof. Set ¢ = ord, X. Since Z is contained in top(X), we know that ordy, , Ix,, = c. Further,
since Z is regular, we know by Corollary that Ix,q C (21,...,%m)¢. Thus, Dir,(X) C
(Z1,...,Tm) holds. The result for the completion follows from Lemma m O

Proposition 2.5.4. Let W be a regular n-dimensional variety, X C W a closed subset and
Z C W a permissible center with respect to the order function. Consider the blowup w: W' — W
of W with center Z and the strict transform X' of X. Let a € Z and o’ € 7~ '(a) be closed
points. N

Further, let x1,. ..,z be a regular system of parameters for Ow,q (or Ow.q) and m, k integers
with k <m <n such that Iz, = (x1,...,Tm) (Tesp. IAz,LL = (z1,...,2m)) and Ty, ..., Tk form a
basis of Dir,(X).

If a’ is an equiconstant point, then a’ is not contained in the x;-chart fori = 1,...,k. In
other words, the strict transform of V(x1,...,x) contains all equiconstant points a’ lying over
a.

Proof. Set ¢ = ord, X. For the sake of simplicity, we will denote the induced parameters for
Ow'.a again by x1,...,2p.

We can assume without loss of generality that a’ lies is the origin of the xi-chart and the
local blowup map ¢ : Ow,q = Owr o is given by ¢(z1) = 21, ¢(x;) = 12, for 1 < i < m and
(x;) = xj for j > m. Let f € Ix, be an element such that ord f = c¢. Let f have the power
series expansion f =) yn caz®. Then f' =27 0(f) € Ix/ o

For an index o € N" set ay = (aq,...,am,) € N and a_ = (ag,...,q,) € N*~1. We can

write f as f = Zizc fi where
fi = Z Cocxa~

aeN™
loay|=i

Then f’ can be written as f' =3, . x' ¢ f! where f! € K[[x2,...,,]] has the form

!/ o
fi= E CaX_ .
aeN"
lay|=i

Here, x_ = (x2,...,2,). Since ord Ix/ o = ¢, we know that ord f’ > ¢. In particular, ord f, > c.
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Since Dir(Ix 4) = (%1, ..., %), we know that

fe=in(f) € Klx1,...,zx].

Assume that z; appears in a monomial with non-zero coefficient in the expansion of in(f). This

implies that ord f. < ¢ which is a contradiction. Hence, in(f) € (z2,...,2%)° Since f € Ixq
was chosen arbitrarily with the property ord f = ¢, this implies that Ix , C (z2,...,2x)° +m§JVf¢11.
Consequently, Dir,(X) C (Ta,...,Tr) which contradicts our assumption. O

Remarks. (1) It is clear from Proposition that the bigger the number 7,(X) is, the nar-
rower is the locus inside of which equiconstant points can appear over a. In particular, if
To(X) = dim(W), there can be no equiconstant points lying over a. In other words, this
guarantees that the order function decreases under the next order-permissible blowup.

(2) The 7-invariants exhibits another good property which will not be proven here: In the
setting of Proposition To(X'") > 7,(X) holds for equiconstant points a’ € 7 1(a).
Furthermore, it is possible to choose the parameters z1,...,z, for Ow, in such a way that
(T),...,T)) C Diry (X') where x’ = (24, ..., 2},) denotes the induced parameters for Oy 4.

Thus, it would be feasible to consider the invariant p : X — N2, 11,(X) = (ordx (a), dim(W)—
7a(X)) as a refinement of the order function. By what we have stated so far, this invariant
does not increase under blowup of regular centers contained in its top locus. Still, it will
remain constant in many situations. Thus, we would have to further refine this invariant to
find a resolution invariant that always decreases under blowup.

(3) In this thesis, the 7-invariant will not be used as a component of the resolution invariant,
but rather as a tool that is useful when analyzing the behavior of the order function under
blowup.

Definition. Let W be a regular variety, X C W a closed subset and a € X a closed point. Let
H be either a regular local or a regular formal hypersurface at a. Then H is said to be adjacent
to X ata if H="V(z) and Z € Dir,(X).

Corollary 2.5.5. Let W be a regular variety, X C W a closed subset and Z C W a center that
is permissible with respect to the order function. Consider the blowup w : W' — W of W with
center Z and the strict transform X’ of X. Let a € Z be a closed point.

Let H be a regular hypersurface that is adjacent to X at a and locally contains Z. Then the
strict transform H' of H is regular and contains all equiconstant points a’ € 7=(a).

2.6 Hypersurfaces of maximal contact

Hypersurfaces of maximal contact are one of the most important techniques that is used in the
proof of embedded resolution of singularities over fields of characteristic zero. They provide
a method of locally reducing the resolution problem in an n-dimensional ambient space to a
resolution problem in an (n — 1)-dimensional ambient space, thus allowing to use induction on
dimension of the ambient space. In this section we will outline what hypersurfaces of maximal
contact are and discuss their relationship with differential operators. More information on the
much-studied subject of maximal contact can be found in [Gir74], [AHV75], [Wio05] and more
generally, all proofs of embedded resolution of singularities in characteristic zero.

This section is different from the other sections in this chapter since most of it does not
feature techniques that will be used later on in our proof for the embedded resolution of surface
singularities. The reason for this is that hypersurfaces of maximal contact need not exist over
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fields of positive characteristic. Still, we feel that hypersurfaces of maximal contact are such an
important concept for the embedded resolution of singularities that it is necessary to include
them in our presentation.

Let W be a regular variety over a field K of characteristic zero, X C W a closed subset and
a € X a closed point of order ¢ = ord, X. In this section, X>. will always denote the closed set

Xse={be X :ordy X > c}.

Definition. A regular hypersurface H is said to have mazimal contact with X at a if the
following two properties hold:

e The hypersurface H contains X>. locally at a.
e Consider any finite sequence of order-permissible blowups
wm oo 5w

Let a(™, ... a" a be a sequence of equiconstant points a() € W) lying over each other.
Then a? € H® where H") denotes the i-th strict transform of H.

The next proposition gives sufficient criteria for a regular local hypersurface to have maximal
contact with X at a and clarifies how the property of maximal contact is related to the ideal
Diff?;via/K(IX,a) and its radical.

Proposition 2.6.1. Let H =V (z) with z € Ow,q, be a regular local hypersurface. Consider the
following statements:

(1) There is an element f € Ix o which has an expansion f =", fiz" with respect to a reqular
system of parameters (x,z) for Ow,q such that ord f. =0 and fe_1 = 0.

(2) z € Diffgw{a i (Ixa)-
(8) H has maximal contact with X at a.
(4) H contains X>. locally at a.

(5) z € rad(DiﬂgV;a/K(IX,a))'

The following implications hold:

M= @ =606

Proof. (1) = (2): We can compute that

0ze—1(f) = Z (ci 1) fid 7 = for 4 22 Z (ci 1) 32D —

i>c—1 i>c+1

for a unit u € Oy ,. This proves that z € Diﬁgw},a/l( (Ix,q)-

(2) = (3): This is proven in [Kol07] Theorem 3.80, p. 171.

(3) = (4): This is included in the definition of maximal contact.

(4) < (5): This follows from Proposition

(2) =& (1): Consider the origin a = (0,0) on the curve X = V(zy) in W = Spec(K|z, y]).
Then Diff%gw_a/K(Ixya) = (z,y). Thus, the local hypersurface H = V (y) fulfills property (2), but
not (1). '
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(3) = (2): Consider the origin a = (0,0) on the curve X = V(y? — a3) in W =
Spec(K[z,y]). Then DifféWﬂ/K(IXﬂ) = (22,y). It is easy to check that blowing up the point
a resolves the curve X. Hence, there are no equiconstant points. In other words, all regular
hypersurfaces have maximal contact with X at a. Hence, the local hypersurface H = V(z)
fulfills property (3), but not (2).

(5) = (3): Consider the origin a = (0,0) on the curve X = V(y? — %) in W =
Spec(K[z,y]). Then Diﬂ%w_a/K(IXﬂ) = (y,2*) and rad(Diff%DW.a/K(IXﬂ)) = (y,x). When
blowing up the point a, there is exactly one equiconstant point a’ lying over a which is the origin
of the y-chart. Hence, the local hypersurface H = V (x) fulfills property (5), but not (3). O

Remarks. (1) If K is a field of characteristic zero, it is easy to see that the ideal Difff;ﬂia/K(IX’a)
always contains an element Oxo(f) of order 1. Hence, the regular local hypersurface H =
V(0x=(f)) has maximal contact with X at a. Moreover, it is clear that there is an open
neighborhood U of a such that the hypersurface H has maximal contact with X at all points
be ch NnU.

(2) If ¢ is not divisible by the characteristic of K, it is always possible to construct a regular
formal hypersurface H C Spec((j)\W@) fulfilling property (1) of Proposition By Lemma
we can choose a regular system of parameters (x,z) for Ow,, such that there is an
element f € I, X,a With power series expansion f =Y. fiz* where f; € K[[x]] and ord f, =
0. By the Weierstrass preparation theorem, we may even assume that f has the form
f =2+ Zi<c le7
Now set 21 = z+ %fc,l. It easy to see that f has a power series expansion f = zf—l—zgg ﬁzi
with f; € K[[x]]. Thus, the regular formal hypersurface H = V(z1) fulfills property (1) of
Proposition 2.6.1} Apart from having maximal contact with X at a, the formal hypersurface

H also has the strong property that it maximizes certain invariants associated to coefficient
ideals, as it will be explained in Chapter

The coordinate change z — z; described above is called Tschirnhausen transformation. The
concept was introduced by Abhyankar and Zariski [AZ55] and was one of the key techniques
used in Hironaka’s proof of resolution in characteristic zero [Hir64]. Obviously, the Tschirn-
hausen transformation cannot be applied whenever c¢ is divisible by the characteristic of
K.

(3) Over fields of positive characteristic, it is known that there are generally no regular local (or
formal) hypersurfaces fulfilling any of the properties (1)-(5) in Proposition Narasimhan
[Nar83|] was the first to give an example of a hypersurface X in a 4-dimensional ambient space
W over a field of characteristic 2 whose top locus is a curve that is locally at a closed point
a not contained in any regular hypersurface. In particular, there is no hypersurface which
has maximal contact with X at a.

Since we want to treat the cases of characteristic zero and positive characteristic uniformly,
hypersurfaces of maximal contact will not be used in our proof for the resolution of surfaces.

2.7 Coefficient ideals

In this section we introduce the construction which is most fundamental to our approach to the
embedded resolution of singularities. Coefficient ideals will play an important role in all ensuing
chapters of this thesis. They are our main tool to measure improvement of singularities under
blowup at equiconstant points.
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Coefficient ideals are a well-known technique for proving embedded resolution of singularities
over fields of characteristic zero where they are used with respect to hypersurfaces of maximal
contact. In our approach, we use coefficient ideals independently of the characteristic of the
ground field. Since hypersurfaces of maximal contact do generally not exist over fields of positive
characteristic, we consider coeflicient ideals with respect to all regular formal hypersurfaces. The
problem of deriving significant invariants from these coefficient ideals that can be used to measure
improvement at equiconstant points will be discussed in detail in Chapter

2.7.1 Descent in dimension

Let W be a regular hypersurface, X C W a closed subset and a € X a closed point. Consider
the blowup 7 : W/ — W of a center Z that is permissible for X with respect to the order
function. As we established in Section there exists locally at a a regular hypersurface H
that contains Z and whose strict transform H’ is regular and contains all equiconstant points
a’ lying over a. We can choose a regular system of parameters (x,z) = (21,...,2p,2) for the
completed local ring @W’a such that H = V(z). The coefficient ideal will be defined as an ideal
J_1 of the ring @Wﬂ /(z) which is constructed from T x,q- This ideal will provide us with a more
sophisticated way to measure the complexity of the singularity of X at a than the order function
alone provides. Now let a’ € 7~!(a) be an equiconstant point lying over a. Since a’ lies on the
strict transform H' of H, the point a’ is not contained in the z-chart. Let (x’, z") be the induced
parameters for @W/7a/ in some x;-chart. Then H' = V(z’). To measure improvement, we will
associate to the weak transform (ICX_VG)’ of the ideal IAXﬂ at ' again a coefficient ideal J’ ; in the
ring @W/,a//(z') and compare it with J_1.

This sort of technique is commonly called descent in dimension since it reduces the problem
of measuring improvement under blowup of a singularity in an n-dimensional ambient space
W to an (n — 1)-dimensional ambient space H. Notice that hypersurfaces of maximal contact
are naturally perfectly suited for the descent in dimension since they allow us to use above
construction to measure improvement not only for a single blowup, but for any sequence of
order-permissible blowups. R R

Recall that the weak transform (Ix ,)’ of Ix , does generally not coincide with the completed
defining ideal I x7,q Of the strict transform X’ of X at a. It is an established technique in proofs
of embedded resolution of singularities over fields of characteristic zero to first prove a resolution
statement for the weak transform and derive from this the resolution statement for the strict
transform of X (Cf. [EH02|, [EV03]). In the case that X is a hypersurface, the weak and strict
transform coincide.

The following example demonstrates the idea underlying the descent in dimension:

Example. Let W be a regular variety, X C W a hypersurface and a € X a closed point. Set
¢ =ord, X. Let (x,z) be a regular system of parameters for Oy, and assume that the ideal
Ix o is generated by an element f of the form

f=2°+F(x)

where F' € K[[x]] is a power series of order ord F' > ¢. Clearly, the order function only takes into
account the term z¢ while ignoring the remainder F(x).

Now consider the blowup 7 : W/ — W at the point a and let @’ € 7~ !(a) be an equiconstant
closed point. Since the hypersurface H = V (z) is adjacent to X at a, the point a’ is not contained
in the z-chart. Denote the induced parameters for @W’,a’ in some z;-chart again by (x, z). Then
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the ideal IAX/’a/ in @W/@/ is generated by an element f’ of the form
fl=2"+F(x)

where F'(x) € K[[x]] is a power series with order ord F’ > c.
It is clear that to measure the improvement of the singularity under this blowup, we have to
compare the power series F(x) and F’(x).

2.7.2 Definition and main properties

Definition. Let R be the ring of formal power series in (n + 1) variables over an arbitrary field
K and J C R an ideal. Let (x,z) be a regular system of parameters for R. Let each element
f € J have the expansion f =Y., f;z" with f; € K[[x]]. Let ¢ € N be a non-negative integer.

The coefficient ideal of J with respect to ¢ and the parameter system (x, z) is defined as the
ideal

el

coefff, ,y(J) = (f-c’.i' cfedi< c)

(x,2) i

in the ring R/(z) = K[[x]]. Set coeff?xyz)(J) =0.
We will sometimes say that the coefficient ideal coeff(y (/) is defined with respect to the
regular hypersurface V(z) C Spec(K]|[x, z]]).

Remarks. (1) There is a way to extend our definition of the coeflicient ideal to more rings than
just the power series ring by using differential operators. Let W be a regular variety over
a field K and a € W a closed point. Let R be either the coordinate ring of an affine open
neighborhood of a, the local ring Ow,, or its completion Oy,. Assume that the module

of differentials gk is freely generated by elements dzxy,...,dz,,dz. Then we can define
for an ideal J € R and a number ¢ > 0 the coefficient ideal of J with respect to ¢ and
(x,2) = (z1,...,Tpn, 2) as

coefffy ) (J) = (9.4())F7 : f € Ji < ¢)/(2) © R/(2)-

In the case that R = @W,a = K][x, z]], this coincides with above definition of the coefficient
ideal. Notice though, that the coordinate-dependence of the definition of the coefficient ideal
prevents us from defining anything like a sheaf of coefficient ideals on W.

(2) Coefficient ideals have been defined by several authors in different ways. (Cf. [BM97] 4.18,
p. 246, [EVOS] 4.14, p. 122, [EH0Z] p. 829, [Wio05] 3.6.1, p. 801, [Kol07] 3.54, p. 156,
[FKT11]) While these versions of the coefficient ideal differ in definition, they all fulfill the
same purpose.

One particular variant of the definition of the coefficient ideal is to set

c!

coefff,) (J) = (D(f) ™7 : f € J,0 € Diffly i < ¢)/(2) € R/(2).

This definition has the big advantage that, unlike our definition, it only depends on the
principal ideal (z) and not on the entire regular parameter system for R. The drawback of
this definition is that it does not behave as well under blowup as the version of the coefficient
ideal that we use.

(3) In the setting of positive or arbitrary characteristic, other constructions than the coefficient
ideal have been proposed for the descent in dimension. (Cf. [Vil07], [BV11] and [Kaw(T7],
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[KMT0]) These generally follow the approach of first enlarging the ideal J as much as possi-
ble (for example, by applying differential operators or integral closure) before reducing the
dimension of the ambient space.

Our definition of the coefficient ideal can be seen as the opposite approach. We enlarge the
ideal by only using differential operators of the form 0,: with i < ¢ instead of all differential
operators up to degree ¢ — 1. This yields a coefficient ideal that is in a certain sense still
very closely related to the original ideal. This is helpful in particular when trying to show
that improvement of the coefficient ideal under blowup ultimately leads to a decrease of the
order of the ideal J. On the downside, the resulting coordinate-dependence of our coefficient
ideal makes it a quite complicated object to handle in general.

(4) We will use the following notational conventions for coefficient ideals: A positive index (as
in J,, Jox, ...) will be used to indicate the dimension of the ring inside which the coefficient
ideal is defined. On the other hand, a negative index (as in J_) is used to indicate the
codimension.

The coefficient ideal of the ideal I: X,o With respect to ¢ = ord, X and a regular formal
hypersurface H = V(z) C Spec(@wa) exhibits a number of good properties that make it suited
for the descent in dimension. Most importantly, it behaves well under oder-permissible blowups
at equiconstant points o’ under the three conditions that the weak transform (I o) of I X.a
is considered, that the center of blowup is locally contained in the hypersurface H and that
the point o’ is contained in the strict transform H. This will be shown in Lemma [2.7.1] The
behavior of the invariants associated to the coefficient ideal under blowup will be investigated in
more detail in Section [6.11

Another important property will be shown in Proposition 2.7.2} It says that under the
condition that the locus X>. = {a € X : ord, X > ¢} is at the point a locally contained (on the
level of the completion) in a regular hypersurface H, its defining ideal I X-,.,a Can be computed
from the coefficient ideal of T X,q With respect to H.

As both of these statements already suggest, the coefficient ideal of T X,q With respect to a
regular hypersurface H only encodes significant geometric information if the hypersurface H is
chosen in a particularly good way. One could also phrase this by saying that the coefficient ideal
construction is only as strong as our ability to construct regular hypersurfaces which locally
approximate X very well. In characteristic zero, this is accomplished by hypersurfaces of max-
imal contact. Our goal in the subsequent chapters is to construct regular formal hypersurfaces
independently of characteristic which, even if they do not have maximal contact with X, enable
us to define coefficient ideals that carry relevant information for the resolution of singularities.

As already mentioned, our definition of the coefficient ideal is highly dependent on the choice
of the parameters (x, z). The only change of coordinates that trivially leaves the coefficient ideal
invariant are permutations of the parameters x1, ..., z,. In Proposition [2.7.4] we will show that
multiplication of z with a unit also leaves the coefficient ideal invariant. The effect of coordinate
changes z; — z; + g(x, z) and multiplication of the parameters x; with units will be investigated
in detail in Chapter 4} In Chapter [b| we will then investigate the effect of coordinate changes
z — z + g(x) which move the underlying hypersurface H.

2.7.3 Behavior of the coefficient ideal under blowup

Lemma 2.7.1. Let R = K|[[x, z]] with x = (z1,...,2,) and J C R an ideal of order ¢ = ord J.
Let k < n be such that ordy, yJ = c. Consider the blowup map m : R — R with center

s Ty 2
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(x1,...,Tk, 2) in the x1-chart that is given by

m(x1) = ®1,

m(x;) =z (s +8;) forl<i<k,
m(z;) = x; for j >k,
w(z) = x12.

for certain constants ta, ...t € K. Let J* = R (J) be the total transform and J' = xz7°J* the
weak transform of J. Assume that ord J' = c.

Further, set J_; = coeft(y ,,(J) and J_; = coeff(y . (J'). Denote the induced map K|[[x]] —
K|[[x]] again by w. Let J*; = K[[x]|w(J_1) be the total transform of J_1. Then the following
inclusion holds:

R AT

Proof. Let each element f € J have an expansion f = Y. fiz’ with f; € K[[x]]. Then
f'=a7°n(f) € J'. Further, we can compute that

fr=apt) alf = 2y °n(f)

i>0 20—
where f! € K[[x]]. Notice that for i < ¢ the equality
;El_c'ﬂ'(f;_i> = (f)e=

holds. This proves the claimed inclusion. O

Remarks. (1) The following example shows that in the statement of Lemma 7T s
generally a proper subset of J'

Let J be the ideal generated by the element
f=v*z+2a*
in the ring R = K[[w,z,y, z]] where K is a field of characteristic zero. Then it can be
computed that
J.1= coeff?w’mfy’z)((]) = (2%,9°, 2"y").
Now consider the point-blowup map w : R — R in the origin of the w-chart, given by
m(w) = w, m(z) = wz, 7(y) = wy, 7(z) = wz. The weak transform J’ of J is generated by
the element
=192z +wat.
It can be computed that
J = coeff?wmy’z)(g]') = (w?2®,y°, waty?).
On the other hand, the total transform J*; of J_; has the form
Iy = (wha® w0y wtalyt) = (w°) - (w?a®, 0, wiaty?).
Hence,
w=OTE £ T

While this seems to suggest at first sight that the coefficient ideal might not be well-suited
to systematically measure improvement under blowup, we will prove in Section [6.1] that all
relevant invariants (such as weighted orders) of the ideals J’ ; and zy “J*, coincide.
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(2) The order of the coefficient ideal is not an invariant that behaves well under blowup.

For example, consider the ideal J C K[[x,y, z]] generated by the element
f — 22 + y5 T x9.

Its coefficient ideal is J_; = coeﬁ’%Ly,z)(J) = (y° + 2°). Hence, ord J_; = 5.

Under a point-blowup that is monomial in the x-chart, the weak transform J’ of J is gener-
ated by

f/ _ 22 +$3(y5 +$4).
Thus, J' | = coeff%z’y’z)(J') = (23(y® + 2*)) and ord J'; = 7. The order of the coefficient
ideal increases under this blowup.

Consequently, the order of the coefficient ideal itself is not suited as a resolution invariant.
We will discuss from Section [3.1] onwards how to derive invariants from the coefficient ideal
which are more suited for the usage as resolution invariants.

2.7.4 Computing X, from the coefficient ideal

The following proposition should be viewed in the light of the correspondence between differential
operators and the locus X>. = {a € X : ord, X > c} that was stated in Proposition It
tells us that if a regular formal hypersurface H contains X>. locally at a, then the completed
local defining ideal of X>. can be computed from the coeflicient ideal. This will enable us in
certain situations to determine from the fact that the coefficient ideal is of a certain (simple)
form that the locus X, has a particularly good shape locally at a. These results will be proved
in Section

Proposition 2.7.2. Let R = K[[x,z]] and J C R an ideal. Set J_1 = coeff(y .)(J) for a positive
integer ¢ > 0. Further, set
J>e = rad(Diff 5} (J))

and
. el —
(J-1)zer = rad(R - Diff 0 i (J-1))

Then the following hold:
(1) J>e € (J-1)za + (2).
(2) If z € J>¢, then J>c = (J_1)>a + (2).

Proof. Let each element f € J have the expansion f =}, fi2" with f; € K[[x]].
(1): By Proposition , we know that Diffi{/}((J) is generated by elements of the form
Oxa 0,1 (f) with |a] + &k < c¢. Notice that

i\
0e0(1) = 3 010} )
i>k
— Uxo (fk) + ZFk,a
for certain elements Fy, , € R. Thus, it suffices to show that

axa (fk:) € (Jfl)ZC!

for all indices & € N and k € N with |a| + k < c.
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To this end, let k be fixed and use induction over |a|. For |a| = 0, this is clear by the
definition of the coefficient ideal. So let v € N be such that |a| > 0 and assume that

Oxs (fx) € (J-1)>e

for all multi-indices 8 € N" with 8| < |a|. Set d = - and A = d - a. Since k + |a| < ¢, we
know that |A| < ¢!. Consequently,

e (f{f) € DIy 1 (T-1)-

But we know by Proposition [2.3.4] (3) that

axA(fIg) = Z 8xﬁl (fk)“'axﬁd (fk)

B1s.-,BaEN
Bi+...+Ba=A

Now let fB1,...,84 € N” be multi-indices such that Z?zl B; = A. This implies that either
B1 =...= B4 = « or there is an index i such that |f;| < |a|. By the induction hypothesis, this
implies that

(8x°(fk))d € (J-1) e
Consequently, Oxo (fx) € (J-1)>e!-

c!

(2): We know that Diff?(ﬁiﬂ sk (J-1) is generated by elements of the form Oxo (f ") with

i < cand |a| < cl. As argued before, we can write this as

Oxe(f) =" > O (fi)-+ Ousa(fi)
B1,-.,84€N™
B1+...+Ba=«a

where d = <. Notice that 81 + ...+ 84 = a implies that there is an index 1 < j < d such that

c—1’

|B;] < ¢ —1i. Since
Oy, 0::(f) = Oy, (fi) + 2Fi g,

for some element Fj 5, and z € J>. by assumption, this proves that (J_1)>a € J>.. Hence, we
have proved the assertion. O

2.7.5 Stability under multiplication of z with a unit

The following lemma will be useful whenever we consider how the expansion of an element
f € K][[x, z]] changes under coordinate changes in z.

Lemma 2.7.3. Let R = K[[x,z]] and f € R an element. Let f have the expansion f =, fiz'
with f; € K[[x]]. Consider a change of coordinates z — z that will be specified in the following.
Let f have the expansion f =3, fizt with f; € K[[x]]. The following hold:

(1) If z=Z+ g with g € K[[x]], then
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(2) If z = uZ for a unit u € R* with expansion u =73, u;z?, then

7
= E fk § U
k=0 aeNF
|a|=i—k

k
where uq = [[,_; Uaq, -

Proof. (1): The proof is a computation.

F=>f2 =) fiG+g)

i>0 i>0
_ZfZZ(>zk~k ZZ() i—kzk
>0 = k>01i>k

(2): Again, the proof is a computation.

F=Y"10 uz)#

i>0 >0
=S5 Y e
i>20  aeN?

DI P

k>0 i=0 aEN?

O

Proposition 2.7.4. Let R = K|[x,z]], J C R an ideal and ¢ € N a non-negative integer. Let
u € R* be a unit and set Z = uz. Then coeff(y ,)(J) = coeff(s z(J).

Proof. Let f € J have the expansion f = ., fiz* with f; € K[[x]]. By Lemma [2.7.3[ (2) we
know that f has the expansion f = Zizo ﬁ-? where

ka >t

aeNk
|a|=i—k

Consequently,

c!

coeff(y 5 (J) = (};CT cfedi<eo).

Fix an element f € J and an integer ¢ < c. We want to show that fvz: € coeff (x .)(J). To this
end, define a power series v =, -, vip2* where

Vi—k = 5 Uq

aeN
lal=i—k
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for k=0,...,7 and vy =0 for k£ > ¢. Then the power series v - f has the expansion

J
v f= Zka%-ij.

§>0 k=0

In particular, the i-th term in the expansion of v - f is

> fvice =3 fe 3 ta=fi
k=0 k=0  qenk
lal=i—k
This proves that coeff(y z)(J) C coeff(y ,)(J). By a symmetric argument, equality of the coeffi-
cient ideals holds. O

Remark. The analogue of Proposition [2.7.4] is not true when applied to the remaining param-
eters x = (21,...,2p). To see this, consider the following example:
Let R = K[[z,y, z]] and
J = (2" +yly + ).
Then
Coeﬁ?m,y,z) (J) = (y(y + 1’))
Now consider a change of coordinates = x1(1 + z). Notice that z and z; define the same
residue modulo (z). Then
J= (22 +zyz+yly + z1)).
Consequently,
w2y? € coeﬂ??mhy,z)(J).

This proves that coeff? y(J) # coeff? y ()

(z,y,2 (z1,9,2

2.7.6 Relationship with the order function and the directrix

The remaining results in this section will establish the basic relationship between the coefficient
ideal, the order function and the directrix.

Lemma 2.7.5. Let R = K[[x,z]] and J C R an ideal of order ord J = c. Then coeff{, .)(J) =0
holds if and only if J = (z°).
Proof. By the definition of the coefficient ideal it is clear that J = (2°) implies that coeff(, .)(J) =
0.

Now assume that coeffy .)(J) = 0. Let f € J have expansion f = 3.5, fiz'. Then by the
definition of the coefficient ideal, f; = 0 for i < ¢. Hence, J C (2¢). But since ord J = ¢, it is
clear that J = (z°). O

Lemma 2.7.6. Let R = K[[x,z]], J C R an ideal and ¢ > 0 an integer. Set J_1 = coeff(y .)(J).
Let each element f € J have an expansion f =Y., fiz" with f; € K[[x]]. Then

|

c!
- ord f;.
)

ord J_1 = min

feJ

1<c

Consequently, for all elements f € J and indices i > 0 the inequality

c—

ord f; > S YordJ_,

c!
holds.

38



Proof. This is immediate from the definition of the coefficient ideal. O

Lemma 2.7.7. Let R = K[[x,z]], J C R an ideal and ¢ < ord J a positive integer. Then
ord coeff(y . (J) > cl.

Proof. Let each element f € J have an expansion f = > .., fiz' with f; € K[[x]]. Since
ord f > ¢, we know that ord f; > ¢ — i. Then by Lemma [2.7.6]

|

d coeff . ,(J) = mi dfi >cl
ord coeft(y .y (J) 1}161510_i01' fi>c
i<c >c—i

O
Lemma 2.7.8. Let R = K[[x,z]] and J C R an ideal of order ¢ = ord J. The following two

statements are equivalent:

(1) ordcoeff(y . (J) > c!.

X,z)
(2) 7(J) =1 and Dir(J) = (%).

Proof. (2) = (1): Let each element f € J have the expansion f = _,., f;2" with f; € K[[x]].
It is clear that ord f; > ¢ —i. Now assume that there is an index 7 < ¢ such that ord f; = ¢ —i.
Then ord f = ¢ and in(f) # z° But this is a contradiction to the fact that Dir(J) = (z).
Hence, ord f; > ¢ — ¢ for all f € J and ¢ < ¢. Thus, by Lemma we conclude that
ord coeff(y ,)(J) > cl.

(1) = (2): Assume that Dir(J) # (z). Then there is an element f € J such that ord f = ¢
and in(f) # 2¢. Let f have the expansion f = Y, fiz' with f; € K[[x]]. Then there is an index
i < c such that ord f; = ¢ — 4. Hence, by Lemma we know that ord coeff(y ,(J) =cl. O

Lemma 2.7.9. Let R = K[[x,2]], J C R an ideal and ¢,n > 0 positive integers. Then

!
ord coeffyc .\ (J") = (nc') ord coeff(y . (J).

C:

Proof. Set 01 = ord coeff{, .)(J) and o0, = ord coeff{ ., (J").
Let each element f; € J have an expansion fi = Eizo fr.iz" with fx; € K[[x]]. Then J" is
generated by elements of the form [],_, fx which have the expansion

n n
ka: E § ka,ockzl'
k=1 i>0 @eN" k=1
|a|=1

Thus, we can compute with Lemma [2.7.6] that

: (ne)! n
o flyﬁ{ljfr;:eJ ne—i " Z H i,

i<nc aeN™ k=1
la=1




By Lemma there is an element f € J with expansion f =3, fiz* and an index j < ¢
such that .
ord fj = gOl.
c!
Let j be minimal with this property. Consequently, for all multi-indices o € N with |a| = nj

and « # (4,...,J) the strict inequality

c

ordﬁfak >n

k=1

—J
01
c!
holds. The element f™ € J™ has the expansion
n .
=22 I

i>0 aeN" k=1
la]=i

Notice that

n .
c—]
ord E Hfak:n 01
c!
aeN"_k:l
|a|=nj

Thus, we know by Lemma that
(ne!) c—j (ne)!

On < N o1 =
ne —nj c! c!

01.

This proves the assertion. O

2.8 z-regularity

In this section, the simple yet powerful notion of z-regularity over a power series ring will be
introduced and some basic properties will be proved.

Definition. Let R = K[[x, z]]. An element f € R is said to be z-regular of order ¢ with respect
to the parameters (x, z) if
f(0,...,0,2) = 2% u(z)

for a unit w € K[[2]]*. If it is clear from the context which parameters we consider, we will just
say that f is z-regular of order c. An element f which is z-regular of order 1 will just be called
z-regular.

Notice that an element f € R of order ord f = ¢ with expansion f =, fiz* is z-regular
of order c if and only if ord f. = 0.

The notion of z-regularity is a prerequisite for the cleaning-techniques that we will develop
in Chapter |5 Heuristically speaking, for an element f € K[[x, z]] with expansion f =Y. fiz’
that is z-regular of order ¢, the coefficients f; for ¢ < ¢ behave in a very controlled way under
coordinate changes z — 2z + g(x). Recall that the coefficient ideal coeff(y .)(J) of an ideal
J C KJ[[x, z]] is generated by powers of such coefficients f; with i < ¢ for f € J. The existence
of an element f € J that is z-regular of order ¢ will give us great control over the behavior of
invariants (like weighted orders) associated to the coefficient ideal of J under coordinate changes
z +— z + g(x). In particular, we will be able to devise techniques to maximize these invariants
over all such coordinate changes.
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Since having an element f € J that is z-regular of order ¢ is such a desirable property,
we will prove in the following lemmas some basic results on the existence of such elements after
generic coordinate changes in the parameters x; and the stability of z-regularity under coordinate
changes z — z and blowup.

Lemma 2.8.1. Let R = K[[x, z|] withx = (z1,...,2,) and f € R an element of order ord f = c.
If K is an infinite field, then there are constants A1, ..., A\, € K such that f is z-regular of order
¢ with respect to the parameters (X,z) where X = (T1,...,%,) s defined by T; = x; — N\jz for
t=1,...,n.

Proof. We can write the initial form of f as

in(f) = Z Cax ¥zl

aeNTI
la|<c
for certain constants ¢, € K. Let t denote the vector of variables ¢ = (¢1,...,t,) and set
x¢ = (x1 —t12,...,Zn — tpz). Then we can rewrite in(f) as

in(f) = Z Calxy +t2)* 2071

aeN”
la|<e

=2 > c (Z) (t2)xf 2ol

a€eN™ BeN™
le|<ec |g|<e

-y Y (g>taﬁxfzcw.

BEN™ aEN™
IBl<c lal<c

=:cp(?)

In particular,

5(07.‘_70)(t) = Z Cata.
aeN"
lerf<e

Since K is infinite and there is an index o« € N™ with || < ¢ such that ¢, # 0, we can find values
A= (A1,..., ) € K" such that ¢(,...0)(A) # 0. This implies that f is z-regular of order ¢ with
respect to X = (1 — A12, ..., Tn — Ap2). O

Lemma 2.8.2. Let R = K|[[x,z2]] and f € R an element of order ord f = ¢ that is z-regular of
order ¢ with respect to the parameters (x, z). Consider one of the following changes of coordinates:

(1) z=Z+ g with g € K|[[x]], ordg > 1.
(2) z =uzZ with u € R* a unit.
Then f is also Z-regular of order ¢ with respect to the parameters (x,Z).

Proof. Let f have the expansions f = 37,5 fiz' and f = 37, fiz' with f;, f; € K[[x]]. We
need to show that ord fc =0.
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(1): By Lemma (1) we know that
ra k k—c
fc = fc + Z c fkg .
k>c

Since ord f. = 0 and ord g > 1, it follows immediately that ordf; =0.
(2): Let u have the expansion u =3, u;27 with u; € K[[x]]. By Lemmam (2) we know

that
_ c—1
fc = fcu(cj + ka Z Uq -
k=0 aeNF
|| =c—k
Since u € R*, we know that ordug = 0. Further, ord fr, > ¢ —k > 0 for k¥ < ¢ since ord f = c.
Thus, ord f. = 0. O

Lemma 2.8.3. Let R = K[[x, z]] withx = (z1,...,2,) and f € R an element of order ord f = ¢
which is z-regular of order c.
Let k < n be an index such that ordy, .. ., . f = c. Consider the blowup-map 7 : R — R

with center (x1,...,xk, z) in the x1-chart given by
7T(.7J1) =T,
m(x;) =x1(x; +t;) forl<i<k,
m(z;) =x; for j >k,
w(z) = x12

for certain constants ta, ..., t; € K.

Set f' = x7°n(f) and assume that ord f' = c. Then f’ is again z-reqular of order c.

Proof. Tt is clear that f’ has the expansion f = 7, f{2" with f; € K[[x]] of the form f/ =

7°n(f;). In particular, f/ = 7(f.). Since ord f. = 0, we know that ord f, = ord7«(f.) = 0.
Hence, f’ is z-regular of order c. O

The following two lemmas will establish the relationship between the notion of z-regularity
and the directrix of an ideal.

Lemma 2.8.4. Let R = K[[x,z]] and J C R an ideal of order ¢ = ord J. Assume that 7(J) =1
and Dir(J) = (z). Let f € J be an element of order ord f = c¢. Then f is z-regular of order c.

Proof. Consider the expansion f = Y. fiz' with f; € K[[x]]. Since ord f = ¢ and Dir(J) = (2),
we know that in(f) = A\z¢ for some constant A € K*. Consequently, ord f. = 0. Thus, f is z-
regular of order c. O

Lemma 2.8.5. Let R = K|[[x,z]] with x = (21,...,%,) and J C R an ideal of order ¢ = ord J.
Let f € J be an element that is z-reqular of order ¢ with respect to the parameters (x,z). Then
there is a linear combination g = i, ¢;x; with ¢; € K such that z + g € Dir(J).

Proof. Assume that z+g ¢ Dir(J) for all g of the form g = > " | ¢;z;. This implies that
Dir(J) C (Z1,...,Ty). But this implies that in(f) € (z1,...,2,)° This contradicts the fact that
f is z-regular of order ¢ with respect to (x, z). O
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As mentioned before, the existence of an element f € J that is z-regular of order ¢ gives
us great control over the behavior of weighted orders of the coefficient ideal coeff(, ,)(.J) under
coordinate changes z — z 4 g. On the other hand, the coefficient ideal behaves largely chaotic
under a coordinate change that permutes z with one of the parameters x;. The following Lemma
ensures that we still have some control over weighted orders of the coefficient ideal under such
coordinate changes under the condition that there is an element f € J which is z-regular of order
c.

Lemma 2.8.6. Let R = K[[x,y, z]] with x = (z1,...,2,), J € R an ideal of order ¢ = ord J
and f € J an element which is z-regular of order c¢. Consider the coefficient ideal J_1 =
coeff(s . ) (J) C K[[x,2]] with respect to the hypersurface V(y). Let w : K[[x,z2]] — N be a
weighted order function defined on (x, z).

Then w(J_1) < - w(z).
Proof. Let f have the expansion f = Zi,jzo f.iy'2? with f;; € K[[x]]. Then ord f.o = 0. Now
consider the expansion f = Zizo fiy® with f; = ijo fii%7.

By definition of the coefficient ideal, fo% € J_1. Thus, w(J_1) < %!w(fo). Furthermore, we
know that

w(fo) < w(fe,02) = ¢ w(2)

w
since fe is a unit. Thus, w(J_1) < ! w(z). O

2.9 Binomial coefficients over fields of positive character-
istic

In this section we will briefly recall some basic facts about binomial coefficients over fields K of
positive characteristic.

The biggest difference from the situation in characteristic zero is the fact that binomial
coefficients (Z) can vanish even if n > k holds. Surprisingly, this vanishing of binomial coefficients
is the only reason why fields of positive characteristic will have to be treated differently from
fields of characteristic zero in this thesis.

The central result in this section is the classical theorem of Lucas.

Proposition 2.9.1. Let p be a prime number and n,k € N non-negative integers. Let n,k have
the p-adic expansions n =7 .., np' and k = Yo kip' where 0 < ng, k; < p. Then

() =I0() oot

Proof. The identity can be verified by considering the binomial coefficients as coefficients in the
expansion of (1 + z)" € Z[z]:

i>0



O

Lucas’ theorem has the following immediate application to the theory of differential operators
in positive characteristic:

Lemma 2.9.2. Let R = K[[x]] where K is a field of characteristic char(K) =p > 0. Set ¢ = p°
for a positive integer e > 0. Consider a multi-index o« € N™ with « ¢ ¢ - N™.
Then Oxa(f?) = 0 for all elements f € R.

Proof. Tt suffices to verify the statement for a monomial f? = x” where v = (y1,...,7,) € ¢-N™
There exists an index 1 < i < n such that a; ¢ ¢-N. By Lemma [2.9.1]it is clear that

Oa (X)) = (Zi) @ (Zj)xva —0

=0
O

We will now define the number gk (¢) which will allow us in many contexts to treat the cases
of characteristic zero and positive characteristic uniformly.

Definition. Let K be a field and ¢ > 0 a positive integer. Set

© 1 if char(K) =0
C =
dK pordp c if Char(K) =p>0.

If it is clear from the context which field K and which integer c is considered, we will always just
write ¢ for g (c).

The significance of the number ¢x (¢) will be made clear in the following lemma.

Lemma 2.9.3. Let p be a prime number and ¢ € N a non-negative integer. Set ¢ = p®* €. Let
k be an integer in the range ¢ — q < k < c¢. Then the following hold:

(1) (5) = (5y) # 0 (mod p).

(2) () =0 (mod p).

(3) (.F,) =1 (mod p).

Proof. Let ¢ have the p-adic expansion ¢ = Eizo c;ip' with 0 < ¢; < p. Set e = ord,c. Thus,

c= ZiZe cipt and g = p°.
(1): Since e = ord, ¢, we know that c. 7# 0. Consequently,

c Ce Ci
= - =c.Z0 d
(o) = () IL(G) =20 oot
by Proposition

(2): Since ¢ — g < k < ¢, we know that e > 1. It is clear that k has the p-adic expansion

k= Zkipi + (ce — )p°® + Z cip’

i<e i>e

44



for certain k; with 0 < k; < p. Further, there is an index 0 < ¢ < e such that k; # 0.

Consequently, 0
c . N
(k> = Kl_[e </<J1) '<Ce _ 1) . H (c) =0 (mod p)
—_———

i>e
=0
by Proposition [2.9.1
(3): Using the p-adic expansion of k from above, we compute that

(CfQ) EHG)) ' (26:3 H(E) =1 (mod p)

i<e i>e
by Proposition [2.9.1 O

Although it does not explicitly involve binomial coefficients, the following result belongs to
the same class of arithmetic phenomena that are specific to characteristic p > 0.

Lemma 2.9.4. Let R be an integral domain of characteristic p > 0. Set ¢ = p® for a non-
negative integer e € N. Further, let g; € R be elements for j € N. For a multi-inder o € N7 set
Jo = ngl Ja,- Let k>0 be a non-negative integer. Then

Z _)gi ifk=jq for an integer j € N,
aene o 0 if k is not divisible by q.
|| =k

Proof. Consider the set X = {a € N?: |a| = k}. Themap 0 : X — X, o(a) = (az,...,qq,a1)
is a bijection with the property that 07 = idx. Further, g,() = go for all @ € X. If k = jq for
an integer j € N, then (j,...,7) is the only fixed point of . If k is not divisible by ¢, the map
o has no fixed point. Thus, there is a subset Y C X such that

Z Yo = Zg = Q?JFQ'Zaeyga if k = jq for an integer j € N,
aeNd “ wex “ 4D ey Ja if k is not divisible by gq. '
la|=k

The statement follows from the fact that ¢ =0 (mod p) ife>1and Y =0 if e =0. O

Remark. There is some notational ambiguity since (Z) will be used both to denote the binomial
coeflicient of n over k as an integer and as an element of a field K. In particular, the statement
(Z) = ( is ambiguous. As a general rule, binomial coefficients that appear as coefficients of power

series over a field K will always be considered as elements of K.
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Chapter 3

Obstructions in positive
characteristic and our strategy for
the surface case

The purpose of this chapter is twofold: First we are going to discuss the well-known pathologies
that appear when trying to generalize the usual resolution invariant from characteristic zero to
the setting of positive characteristic by replacing hypersurfaces of maximal contact with regular
formal hypersurfaces which maximize certain invariants that are associated to the coefficient
ideal. To this end, we will begin this chapter by defining the residual order, a characteristic inde-
pendent invariant that serves as a refinement of the order function. As we will see, the residual
order does not constitute a feasible resolution invariant over fields of positive characteristic. It
is not upper semicontinuous and it can increase under blowup, even if the center only consists of
a closed point.

The second purpose of this chapter is to outline how these problems can be overcome in the
surface case. We will describe a modification of the residual order which will be used in the later
chapters as a resolution invariant for the embedded resolution of surface singularities. A number
of examples will be provided which serve to motivate the specific definitions we make.

The arguments and definitions throughout this chapter are largely heuristic in nature. For
results that are relevant to our proof for the embedded resolution of surface singularities, we will
give references to the later chapters in which proofs are given. The resolution invariant that is
described in this chapter will be defined rigorously in Chapter

3.1 The residual order

As mentioned in Section[2.7] the order of the coefficient ideal is not a suitable resolution invariant
since its order might increase under blowup. In characteristic zero, this problem is solved by
factoring the equations of exceptional components stemming from previous blowups from the
coefficient ideal. Hence, we consider a factorization of the coefficient ideal J_; of the form J_; =
M - I where M is a principal monomial ideal of the form M = ([] ;") where r; = ord(,,)J_1
and each z; locally defines an exceptional component. While there is no common name for this
order of the ideal I, it will be called residual order in this thesis. The name was introduced by
Hironaka in [Hir12].
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Over fields of characteristic zero, the residual order with respect to a hypersurface of maximal
contact is upper semicontinuous along the strata defined by the order function. It also behaves
well under blowup in the sense that it does not increase if the center of blowup is chosen suffi-
ciently small. In proofs of embedded resolution of singularities over fields of characteristic zero,
the residual order is used as a refinement of the order function and appears as a component of
the resolution invariant. In this section, we will give a definition of the residual order which is
independent of the characteristic and does not use hypersurfaces of maximal contact.

3.1.1 Consequences of the failure of maximal contact

The fact that hypersurfaces of maximal contact do not exist over fields of positive characteristic
has serious consequences for proving resolution of singularities over these fields. In particular,
measuring improvement at an equiconstant points via descent in dimension is a lot more difficult
over fields of positive characteristic.

While hypersurfaces of maximal contact provide a natural choice for the hypersurface used
for the descent in dimension in characteristic zero, there is no obvious choice in the situation
of positive characteristic. Our approach to remedy this drawback is as follows: Instead of only
working with hypersurfaces of maximal contact (which might not even exist), we will consider
the set of all regular formal hypersurfaces. For each of these hypersurfaces, we consider the
associated coefficient ideal and assign certain invariants to it. The hypersurface that we use for
the descent in dimension will be the one that maximizes these invariants. This technique will
be described in much more detail in the following sections. The idea of using hypersurfaces that
maximize certain invariants for the descent in dimension was originally introduced by Abhyankar
[Abh83] and has been used under the name hypersurfaces of weak mazimal contact in [EHO02|,
[Haul0].

Another problem that the failure of maximal contact over fields of positive characteristic
entails is that the hypersurface used for the descent in dimension will inevitably have to be
changed during the resolution process. No matter how well we choose the hypersurface H for the
descent in dimension, we know that there might be a sequence of order-permissible blowups and
a sequence (™, ..., a(!) of equiconstant points lying over a such that either a(™) is not contained
in the m-th strict transform of H or the strict transform of H becomes singular. Thus, a new
hypersurface has to be used for the descent in dimension at the point a™. Consequently, the
invariants that we define need to exhibit a certain robustness that makes them work well even
in the case when the hypersurface used for the descent in dimension has to be changed after
blowup.

3.1.2 The residual order with respect to a formal hypersurface

Since the residual order is defined with respect to the exceptional components produced by
previous blowups, let us assume that we are already in the middle of the resolution process. Let
W be a regular variety, X C W a closed subset and E a simple normal crossings divisor on
W which is defined as the collection of exceptional components. For simplicity’s sake, we will
assume throughout this chapter that X is a hypersurface. Let a € X be a closed point of order
c=ord, X. Let F, be defined as the union of those components of E which contain a and which
were created by the most recent blowups in the following sense: Let

|7 ZAAENN 7 74 G D BNENISNUNG 7 v Gt )

be the sequence of blowups which have been performed in the resolution process so far. Set
a=) = (mjo---om)(a) € W9, Assuming that all blowups m; are order-permissible, there is
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a maximal number k£ such that
ord, X = ord, (-1 XD = = ord,(—x) X (=R,

We then define E, as the union of those components of E that were produced by the blowups
m1,..., T and contain the point a. R

A regular formal hypersurface H C Spec(Ow,,) at a is said to be compatible with E, if HUE,
has simple normal crossings at a and H Z E,. (This guarantees that the intersection H N E,
again has simple normal crossings and has the same number of components as E,.) Denote by
‘H the set of all regular formal hypersurfaces H C Spec(@W7a) that are compatible with F,. The
dependence of H on the point a will be suppressed in this notation. It can be verified from the
definition of F, that H is non-empty.

Let H € H be a regular formal hypersurface at a that is compatible with F,. Then there
exists a regular system of parameters (x,z) = (z1,...,Zn, 2) for Ow,q such that H = V(z) and
E, = V([I;ca ) for some set A C {1,...,n}. Such parameters (x, z) are said to be subordinate
to H and E,. Let the ideal J,, (x .) be defined as the coefficient ideal

Tn(x,2) = coefffx,z) (fX’a).
Further, consider the factorization of ideals

Jm(x,z) = Mn,(x,z) ' In,(x,z)

where My, (x.y = ([Liea #i*) with 73 = ord(4,) Jn,(x,2)- We will show in Proposition that
the numbers
my = ord My, x ) and dg = I, (x,2)

are independent of the choice of subordinate parameters (x, z). Thus, they are invariants of the
formal hypersurface H. (They also depend on the divisor F,, but this will be suppressed in the
notation.) The number dy will be called the residual order of X at a with respect to the formal
hypersurface H.

Different choices of regular hypersurfaces H will produce different values for mpy and dg.
This is illustrated by the following example:

Example. Consider the situation @W,a = Kl[x,y, z]] where K is a field of characteristic 2. Let
Ix,q be generated by an element f of the form

f=2+a%y’ +ah),

and let B, = V(xy). We will consider the three regular hypersurfaces Hy = V(2), Hy = V(z+zy)
and Hs = V(2 + 2* + y*). Notice that all three are compatible with E,.

For the hypersurface Hj, it is clear that mpy, = 4 and dg, = 3.

For the hypersurface Hs, consider the expansion

f=(+zy)?’ + 222 (1 +y° +27).

Thus, we see that mpy, =4 and dy, = 0.
For the hypersurface Hs, consider the expansion

f=GE+at+y")? +2® + 4 +2%° + 2%

Thus, mpy, =0 and dp, = 7.
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Although all three hypersurfaces are adjacent to X at a in the above example, they do not all
determine a residual order that is useful for measuring an improvement of X under blowup. The
hypersurface Hs determines the minimal value dy, = 0. Clearly, this is not a suitable value for
measuring improvement. On the other hand, the hypersurface Hs determines the value dg, =7,
which is the maximal value for dg over all formal hypersurfaces H € H. But since mpg, = 0,
this value coincides with the order of the coefficient ideal with respect to Hz. As we already
discussed, the order of the coefficient ideal is not a suitable resolution invariant since it might
increase under blowup.

In particular, we see that neither the minimal nor the maximal value of dy are necessarily a
significant invariant for measuring the complexity of X at a.

3.1.3 Valid and maximizing hypersurfaces

To find a regular formal hypersurface H that determines a significant value for dg, we will use
my as an auxiliary invariant that has to be maximized first before maximizing dg. B
We say that a hypersurface H € H is valid if it fulfills mgz < mpy for all hypersurfaces H € H.
Further, we say that a valid hypersurface H € H realizes the residual order of X at a if it fulfills
di < dg for all valid hypersurfaces H € H. In other words, a hypersurface H € H realizes
the residual order if it lexicographically maximizes the pair (mg,dy) over all hypersurfaces in
H. Using the cleaning techniques of Section [5.1] it is easy to show that there always exists a
hypersurface which realizes the residual order. The residual order (with respect to E,) of X at
a is then defined as
res.ord, X = dg

max

where H,.x € H realizes the residual order.

Over fields of characteristic zero, there are regular hypersurfaces which have maximal contact
with X at a and also realize the residual order. Moreover, their strict transforms at equiconstant
points again realize the residual order of the strict transform X’ of X. As we will see later, this
ensures that the residual order behaves well under blowups over fields of characteristic zero. A
formal hypersurface with such properties can be constructed via Tschirnhausen transformation.

Notice that we defined the residual order of X only at closed points a. A simple way to
extend its definition to non-closed points £ € X is to set

res. orde X = min{res.ord, X : a € {£} is a closed point}.

In the following sections, we will investigate how well the residual order is suited as a refine-
ment of the order function. Hence, we will study the behavior of the invariant (ord X, res. ord X) :
X — N2_ under blowup, where N2_ is considered with the lexicographic order.

3.1.4 The monomial case

Naturally, the residual order is not able to measure improvement under blowup anymore once
it has been lowered to zero. Still, res.ord, X = 0 does not imply that the order function will
necessarily decrease under the next blowup. Instead, specific centers of blowup have to be
chosen and a different invariant has to be employed to measure further improvement until the
order function decreases.

Since res. ord, X = 0 implies that the coefficient ideal J,, « ») associated to any valid hyper-
surface H € H coincides with the principal monomial ideal M,, (x,.) = (J[;ca 2;*), this situation
is usually called the monomial case. To resolve the monomial case over fields of characteristic
zero, a process called combinatorial resolution is used to successively lower the exponents r; in
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the coefficient ideal. It owes its name to the fact that the centers of blowup can be chosen in a
purely combinatorial way from the exponents 7;. As soon as ) ;. 7; < c! is achieved, we know
that the order function has decreased by Lemma [2.7.7] Combinatorial resolution over fields of
characteristic zero is described in more detail in [BM97] and [EV9S].

Thus, our strategy for ultimately lowering the order function consists of two steps:

(1) Lower the residual order until it becomes zero. In other words, monomialize the coefficient
ideal Jn,(x,z)-

(2) Use combinatorial resolution to lower the exponents r; in M, (x .y = ([[;ca #;") and even-
tually make the order function decrease.

The monomial case is also called a terminal case since it is the final stage in the resolution
process before the order function decreases. If the centers are chosen correctly, the monomial
case is stable under blowup. In this thesis we will also make use of a second terminal case which
is called the small residual case. It will be discussed in the later sections of this chapter.

Again, the absence of hypersurfaces of maximal contact poses a potential threat for applying
combinatorial resolution over fields of positive characteristic. As it will be shown later though,
at least in the surface case, we will be able to use combinatorial resolution independently of
the characteristic to lower the order function once we reach the monomial case. Thus, although
we will see that the residual order has several deficiencies over fields of positive characteristic,
res.ord, X = 0 is still a sufficiently strong property to show that the order function can be
lowered via combinatorial resolution.

3.2 Behavior of the residual order under blowup

In this section we will see that the behavior of the residual order under blowup greatly depends
on the characteristic of the ground field. In particular, we will see an example over a field of
positive characteristic in which the residual order increases under a point-blowup.

3.2.1 The situation over fields of characteristic zero

Let W, X, a, E, and H be defined as in the previous section. Further, consider a blowup
m: W' — W of W at a center Z that is permissible with respect to the order function and has
the property that Z U E has simple normal crossings. Let X’ be the strict transform of X under
7. Let @’ € m~!(a) be an equiconstant point. Let E!, be defined as B!, = E5' U Dy, where E5'
denotes the strict transform of E, and Dye, = 7 (Z) the exceptional divisor of 7. We want
to compare the residual order of X with respect to F, at a with the residual order of X’ with
respect to E/, at a’.

Let H € H be a formal hypersurface that is adjacent to X at a and locally contains Z. Thus,
the point a’ lies on the strict transform H' of H. It is easy to see that H' is again compatible with
E!,. Let (x,z) = (x1,...,2n, 2) be a regular system of parameters for Ow, that is subordinate
to H and F,. Then a’ is not contained in the z-chart. Let (x’,2z’) be the induced parameters
for (/’)\W/’a/ in some x;-chart. Then the parameters (x’, z’) are again subordinate to H' and E/,.
Further, the ideal I, (x ..y contains the the weak transform of the ideal I, (x,.) by Lemma
Thus, we know by Propositionthat dp < dg holds as long as the center Z is small enough
so that the order of the ideal I, (x .) is locally constant along Z. (In the following, we will always
tacitly that the center Z fulfills this condition.)

Hence, we can make the following conclusion: If there exists a formal hypersurface H € H
that is adjacent, realizes the residual order of X at a and has the property that its strict transform
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H' at o realizes the residual order of X’ at a’, then res. ord, X’ < res.ord, X holds. As we have
already discussed, such a hypersurface H exists over fields characteristic zero and H can even be
chosen as a hypersurface of maximal contact. Over fields of positive characteristic, the situation
is much more delicate.

3.2.2 Positive characteristic: The purely inseparable equation

To investigate how the residual order behaves under blowup over fields of positive characteristic,
we first have to explain how to find a formal hypersurface H € H that realizes the residual order.
In this section, we will only consider the case in which X is a hypersurface that is locally at a
defined by an element f of the form

f=2" +F(x)

where p > 0 is the characteristic of the ground field, e > 1 a positive integer and F' € K|[[x]]
a power series of order ord F' > p¢. Further, we assume that E, C V(H?:1 x;). A power series
of this form will be called purely inseparable. Similarly, the equation z?° + F (x) = 0 is called
a purely inseparable equation. The reason why we restrict ourselves to this sort of equation is
that it already exhibits all relevant pathologies.

Notice that a change of coordinates z = Z+ g with g € K[[x]] changes the expansion of f into

f=7" +gx)P + F(x).

Consequently, it is possible to eliminate all p°-th powers that appear in the expansion of F' via
such a coordinate change. We say that f is clean with respect to the parameters (x, z) if no p®-th
powers appear in the expansion of F(x). Notice that the property of f being clean is not only
dependent on the parameter z, but also on x. Thus, f being clean is not an intrinsic property of
the formal hypersurface V(z). The change of coordinates z — z+ g(x) which eliminates all p¢-th
powers from the expansion of F(x) is referred to as cleaning of f with respect to the parameters
X.

We will show in Section that if the parameters (x,z) are subordinate to a formal hy-
persurface H = V(z) € H and E, and the element f is clean with respect to (x,z), then the
hypersurface H realizes the residual order and consequently, res. ord, X = dg. In Chapter |5 we
will discuss how to find hypersurfaces which realize the residual order for more general equations
that are not necessarily of purely inseparable form.

We will now investigate how the property of being clean behaves under blowup. Thus, we
consider again a blowup © : W/ — W along a center Z that is locally contained in H, is
permissible with respect to the order function and has the property that Z U E has simple
normal crossings. Let X', o’ and E!, be defined as above. Since we assumed that ord F' > p°, we
know that H = V(z) is adjacent. Hence, o’ is not contained in the z-chart. Denote the induced
parameters for 6W’,a’ in some z;-chart by (x’, 2"). Then X' is defined locally at a’ by an element
f' of the form

fl=GE + F).

Further, if f is clean with respect to (x, z) and the local blowup map (5W,a — (/’)\W/’a/ is monomial
with respect to these parameters, then it is easy to see that f’ is again clean with respect to
the induced parameters (x’, z’). Since this implies that both H = V(z) and its strict transform
H' = V(2') realize the residual order, we know that res. ord,s X’ < res. ord, X holds in this case.

Consequently, we know that res. ord, X’ < res. ord, X holds if we can choose the parameters
x in such a way that they are subordinate to E, and that the local blowup map Ow,, = Ow’ o
is monomial in an x;-chart. Such parameters x exist if and only if at most one component of E,
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is lost in the transition from a to a’. Here we say that a component D of E, is lost if a’ is not
contained in its strict transform D’.

If two or more components of E are lost in the transition from a to a’, the residual order
might increase. The following example for this phenomenon is due to Hauser [Haul0J.

Example. Let X be defined at a by the purely inseparable polynomial
f=2+ay(a® + )

over a field K of characteristic 2 and set E, = V(zy). Since f is clean with respect to the
parameters (x,y, z), we know that the hypersurface H = V(2) realizes the residual order of X
at a. Consequently, res.ord, X = dg = 2.

Now consider the blowup 7 : W’/ — W with center the point a. Let o’ have the affine
coordinates (1,0) in the x-chart. Thus, both components of E, are lost in the transition from a
to a’. Denote the induced parameters for (’3W/,a/ again by (z,y,z). Then X’ is defined at o’ by
the purely inseparable polynomial

fr=2"4 2%y + 1y’
= 2422 40,
Since E!, = V(z), we know that dg' = 2 holds for the strict transform H' = V(z) of H. But f’
is not clean with respect to the induced parameters and in fact, H’ does not realize the residual
order of X’ at a’. Applying a coordinate change z; = z + xy changes the expansion to

f/:Zf“i’xz'yS-
Since f’ is clean with respect to the parameters (z,y,2), we know that the regular formal hy-
persurface H = V(z1) C Spec(Owr ) realizes the residual order of X’ at ¢’ and consequently,
res.ordys X' = dz = 3. Hence,

res. ordg X' > res.ord, X

holds.

Since the residual order can increase under blowup while the order function remains constant,
we know that the pair (ord X, res. ord X) does not constitute a feasible resolution invariant over
fields of positive characteristic.

It is important to point out that, although the residual order might increase under blowup,
it cannot increase arbitrarily. Moh proved in [Moh87] that for a purely inseparable equation, the
increase of the residual order is bounded by

€\l
res.ord, X' < res.ord, X + (p© —1)! - p¢~ ! =res.ord, X + @
p

In this formula, the factor (p® — 1)! only appears due to our definition of the coefficient ideal
since

pe
coeff (x,2)

In Moh’s notation, the bound reads d’ < d + p*~!.

Hauser introduced the name Kangaroo points for equiconstant points a’ at which the resid-
ual order increases. Further information on this phenomenon and necessary conditions for the
increase of the residual order to happen can be found in [Haul0].

(" + F(x)) = (F(x)) " "

52



3.3 Modifying the residual order in the surface case

In this section we will describe a modification of the residual order that does not increase under
point-blowup in the setting where the ambient space W is 3-dimensional. The concept of maxi-
mizing invariants over all regular formal hypersurfaces will be extended to all formal flags. The
discussion in this section will provide the motivation for the definition of the resolution invariant
in Chapter [7]

3.3.1 A closer analysis of Kangaroo points in the surface case

Since the increase of the residual order only happens in positive characteristic, we will restrict
the discussion in this section to the case that W is a regular 3-dimensional variety over a field
K of characteristic char(K) = p > 0. Further, let X C W be a hypersurface and a € X a closed
point of order ¢ = ord, X. We will assume that T X,q is generated by an element f of purely
inseparable form

f=2"+F(x,y)

for a positive integer e > 1 and F' € K[[z,y]] a power series of order ord F' > p°. Thus, ¢ = p°.
Assume that f is clean with respect to the parameters (x,y, z).

Further, consider the blowup 7 : W’ — W at the point a and let a’ € 7=1(a) be an equicon-
stant point lying over a. Since H = V(z) is an adjacent hypersurface, we know that o’ is not
contained in the z-chart.

Assume now further that E, is given as E, = V(zy). If o is either the origin of the z-
chart or the y-chart, then only one component of E, is lost in the transition from a to a’. Hence,
res.ordy X’ < res.ord, X holds. Solet @’ have the affine coordinates (¢, 0) in the z-chart for some
non-zero constant ¢ € K*. As we have seen, f being clean with respect to the parameters (x, y, z)
does not imply that its transform f’ is again clean with respect to the induced parameters. This
happens because the local blowup map Oy, — Owr o is not monomial in (z,y, 2).

Set

Yr =y — la.

This change of coordinates may introduce new p°®-th powers to the expansion of F' with respect
to the parameters (z,y;). Eliminating all p®-th powers in the expansion of F(x,y;) yields a new
parameter
2t = 2 + gi(T, Yr)-

Let the formal hypersurface H; € H be defined via Hy = V(z;). Then H; is again adjacent.
Most importantly, the blowup map @an — @W/,a/ is monomial in the z-chart with respect to
the parameters (z,y¢, 2¢). Thus, f’ is clean with respect to the induced parameters (z’,y;, z;) for
@W/ﬂ/. Since E/, = V(') and f’ is clean, we know that the strict transform Hj of H; realizes the
residual order of X’ at a’. Consequently, res.ord,s X’ = dp;. Further, we know that dy; < dg,
holds. But since E, is not defined by a monomial in the parameters (z,y:), the hypersurface H;
is not necessarily valid, as the following example illustrates:

Example. Consider again the equation
f=2"+ay(@®+y?)
over a field K of characteristic 2 with E, = V(xy). Set y1 = y + . Then

f=2"+a(y + o)
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2
Set z1 = z 4+ xy;. Then
f=2+ay.

Let H C Spec(@w’a) be the formal hypersurface Hy = V' (z1). Then the hypersurface H -
Spec(@wz,a/) in the previous example is the strict transform of H;. Consequently, res. ord, X' =
dﬁ <dg,.

But H; is not a valid hypersurface since my, = 1, but my = 2 for H =V (z).

3.3.2 An estimate for the residual order at equiconstant points

We now want to define for each non-zero constant ¢ € K* a number d; which has the following
qualities:

e The number d; can be computed from via the clean expansion of f with respect to the
parameters (z, Y, 2t).

e It fulfills res. ordy X' = dp < dy.

e The number d; should still be sufficiently close to res.ord, X in the sense that there exists
a bound ¢ € N which is independent of X such that

di <res.ord, X +¢

holds for all ¢ € K*. By Moh’s bound we know that res. ord, X’ < res.ord, X + % holds.
This suggests to require that the same bound

!
d; <res.ord, X + ¢
p

holds all t € K*.

To this end, consider the expansion
f=2 + e,
Set x; = (x,ys, 2¢). Further, set
Jox, = coeffy (f) = (F,)®P" =1,

By construction, f is clean with respect to the parameters x;. A number d; that has all of the
requested qualities is given by the order of the weak initial ideal of Js x, along the regular formal
curve N

Cy=V(y, z) =V(y+te, z) C Spec(Ow,q).

Hence, we set

dy = ord(y,) wk-in(Jo x,) = (p© — 1)! - ord(y,) in(F}).

Yt
We will show in Chapter [4] that ord F' > p° implies that the number d; is independent of the
chosen parameters x; as long as they fulfill H; = V(z;) and C; = V (2, y:). We say that the
parameters x; are subordinate to the flag given by the curve C; and the hypersurface H;.

Generally, a formal flag F at a consists of a regular curve F; and a regular hypersurface F
in Spec(Ow,q) such that 1 C Fy holds.
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Consider now the flag F given by F» = H; and F; = C; as above. Notice that the flag F
has a particular geometric configuration with respect to £,. The hypersurface F3 is compatible
with E, and thus, the intersection

FoNE, =V (ze,2y) = V(ze, ) UV (21, 9)

is the union of two regular formal curves with simple normal crossings. The curve F; meets each
component of F5 N E, transversally, but the union F; U (F2 N E,) does not have simple normal
crossings since

FiU(FaNEy) =V(ze, ) UV (2e,y) UV (24,9 + to).

3.3.3 Modifying the residual order via orders along formal curves

Let us now return to the more general situation that W is a 3-dimensional variety over a field
K of characteristic p > 0, X C W a hypersurface and £ C W a simple normal crossings divisor.
Let a € X be a closed point of order ord, X = ¢ and denote by E, the union of those components
of F that contain a.

We want to define a modification dx (a) of the residual order which fulfills

|
res.ord, X < dx(a) <res.ord, X + ¢
p

and
dx/(a') < dx(a)

for all equiconstant points a’ lying over a under the blowup of the point a. To this end, we will
now define a particular class of formal flags with similar properties to the flag we used to define
dt-

Let % denote the set of all formal flags F at a with the property that the hypersurface F»
is compatible with F,. Clearly, % # 0 is equivalent to the fact that E, has less than three
components. By induction on the previous blowups which have been performed in the resolution
process, we can assume that this is the case. If we want to emphasize the dependence of .% on
the point a, we will denote it by .% (a)

Further, let .%#; denote the set of flags F € .# with the following properties:

e The union F; U (F2 N E,) is not simple normal crossings.
e For all components D of E,, the curves F; and F; N D meet transversally at a.

As we will show in Lemma m (5), #1 # 0 is equivalent to E, having exactly two compo-
nents. .

Let F € % be a flag and x = (z,y, ) a regular system of parameters for Oy, that fulfills
Fy = V(z) and F1 = V(y,z). We say that such parameters are subordinate to F. To ease
notation, set x = (z,y,2). Notice that we do not require (and it is not possible) that E, is
defined by a monomial in z and y. Set

Jax = Coeﬂ((:m,%z) (fx,a)

and define the numbers
mrx = ord Js x,

d]:ﬁx = OI’d(y) wk—in(JZx).
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While the numbers mr x and dr x might depend on a chosen subordinate parameter system
x = (z,y, 2), we ignore this dependence for the time being and treat them as if they are invariants
of the flag F.

Now consider the blowup 7 : W/ — W at the point a and let a’ be an equiconstant point
over a. Recall that res.ord, X’ < res.ord, X holds if one or less components of E, are lost at
a’. On the other hand, if two components of E, are lost at @/, then there is a flag F € %#1(a)
such that a’ is contained in the strict transforms of F» and Fi. Further, F can even be chosen
in such a way that it maximizes mzr x over all flags in %1 (a) and the inequality

res.ordy X' < dr x

is fulfilled. R

A flag F € %, which maximizes mr x over all flags in .#; will be called valid. If Ix, is
generated by a purely inseparable power series 2/~ + F (z,y) and the parameters (z,y,z) are
subordinate to a flag F € %1, then the flag is valid if f is clean. As the following example shows,
the value dr x is not significant if a flag F € % is not valid:

Example. Let T x,q be generated by the purely inseparable polynomial
f=2242"y(x+y)?

over a field of characteristic 2 and let E, = V(zy). Then res.ord, X = 2.
Set y; = y + x. Then
f=2+a"(y + )yt
= (z4+2My)? + 2Tyl
Set z; = z + 2ty and let F € %, be the flag Fo = V(21), F1 = V(21,91). Set x = (z,y1,21).
Then mr x = 10 and dr x = 3. The flag F is valid.
Now consider the flag G € .#; defined by Go = V(21 +91), G1 = V(21+91,v1). The expansion
of f with respect to the subordinate parameters is

f=(+yl)?+yf +a2"yl

Set X = (z,y1,21 + y1). Then mgx = 8 and dgzx = 8. In particular, the estimate dgxz <
res.ord, X + % is not fulfilled. The flag G is invalid.

Remark. We could define a preliminary modification of the residual order as

dx (a) = sup({res.ord, X} U {dr . : F € F(a) is valid}).

This invariant fulfills _
res.ordys X' < dx(a)

at all equiconstant points a’ lying over a.
Further, the modification dx (a) is within the range

~ |
res.ord, X < dx(a) <res.ord,(X) + %

Still, the invariant JX (a) might increase under blowup, as the following example shows:
Let Ix 4 be generated by the purely inseparable polynomial

f=2+az@+y°)?,
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and set E, = V(z). Since E, has only one component, we know that .%;(a) = 0 and thus,
dx(a) = res.ord, X = 2.

__ Now consider the blowup at the point a and let a’ be the origin of the y-chart over a. Then
Ix: 4 is generated by the element

=22 +ay(z+y)?

where (x,y,z) denote the induced parameters for @W/}a/. Further, E/, = V(zy). Consider the
flag F € #1(a') that is given by Fo = V(z + zy1) and F1 = V(2 + 2y1,y1) where y1 = y + .
Since f’ has the expansion

f1= (2 + 2y1)? + ayl,

the flag F is valid and dz = 3. Hence, dx/(a') > dx(a).

3.3.4 Associated multiplicity nr and the definition of dr for all flags

To correctly define the modification dx (a) of the residual order, we have to define the invariants
mx and dF for all flags F € .%#.

To classify the flags in .%, we will define for each flag F € .% the associated multiplicity nr.
If the union J; U (F2 N E,) has simple normal crossings, we set nx = 0. Otherwise, we set

ny = max{mult,(F1,F2 N D) : D is a component of E,}

where mult,(.,.) denotes the intersection multiplicity of two curves at a.

Clearly, .#; consists of the flags F € .F with nyg = 1. Now let F € ¥ be a flag with nz > 2.
We will show in Lemma that this implies that there exists exactly one component D of
E, with the property that nr = mult,(F1, F2 N D). (The intersection multiplicity for any other
component is always 1.) This component of E, is called the associated component of F and will
be denoted by Dg.

Now let F € % be any flag with nz > 0. Set n = nx and let x = (x,y, z) be parameters
that are subordinate to F. (Again, we do not require that the parameters x are subordinate to
E,.) Let Js x be defined as

Jox = coeﬂfx7y7z)(fx,a).
Define the weighted order function w,, : K[[z,y]] = N by w,(x) =1 and wy,(y) = n. Then we
set
m].-,x = wn(Jg’x),
dr x = ord(y) wk-in,, (Ja,x)-

Notice that dr x equals the order of the weak initial ideal of J; x with respect to w,, along the
formal curve F;. We set

mrx if drx > ncl,
mr = ’

nc! if dr x < ncl.

drx ifdrx >cl,
drx 1f0<drx <clandcltmpg,
-1 if0<drx <candc|mg,
~1  ifdrx =0.

As we will show in Proposition the numbers m# and dr are independent of the chosen
subordinate parameter system x. Hence, they are invariants of the flag F.

dr =
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If nz = 0 holds, the numbers mz and dr are defined differently. Let F € . be a flag with
ny =0 and x = (z,y, z) a regular system of parameters that is subordinate to F and E,. Then
we set

mr = mg, = ord M ,

d]: = d]:2 = OI‘dIQ_’x
where the ideals M x and I x are defined as in Section via the factorization

J2,x = M2,x ' I2,x~

Notice that these numbers are invariants of the hypersurface 5> and do not depend on the curve
F1 as long as F7 is chosen in such a way that nz = 0. They are also independent of the chosen
subordinate parameters x by Proposition [1.1.4]

3.3.5 Definition of dx(a)

Two flags F,G € % are said to be comparable if their associated multiplicity and their associated
component (if applicable) coincide.
A flag F € 7 is said to be walid if all comparable flags G € .7 fulfill the inequality mg < mz.
We define our modification dx (a) of the residual order as

dx(a) =sup{dr : F € F is valid}.

We will show in Proposition that the supremum in this definition is actually a maxi-
mum.
Notice that dx (a) > res.ord, X holds naturally since

res.ord, X = max{dr : F € & with ny =0 is valid}.

3.3.6 Behavior of dx(a) under blowup

The details for all of the statements in this section will be provided in Section [9.1
Consider the blowup 7 : W’ — W at the point a and let a’ be an equiconstant point lying
over a. By definition of the invariant, the inequality

dx(a") < dx(a)

is equivalent to the fact that for each valid flag G € .#(a’) there exists a valid flag F € F(a)
which fulfills
dg < dr.

To prove this, we first have to consider how the different types of flags transform under
blowup. To this end, let F € % (a) be a formal flag with the property that the point a is
contained in the strict transform F] of the curve F;. (Thus, @’ is also contained in the strict
transform of F3). Denote by F' the formal flag at o’ that is defined by the strict transform F
of Fy and the strict transform Fj of Fy. It is called the induced flag at o’. As we will show in
Proposition F' € Z(a’) holds.

According to their type, the flags F € % (a) behave in the following way under blowup:

e For a flag 7 with nz > 1, the property o’ € F] implies that the point ¢’ also lies on the
strict transform (Dx)’ of the associated component Dz. Any other component of E, is lost
in the transition from a to @’. The induced flag F’ then fulfills ny = nr — 1. If ng > 1,
then Dz = (Dz)’. Further, dx = d holds.
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e For a flag F with nr = 1, the property o’ € F| implies that both components of E, are
lost in the transition from a to a’. Further, the induced flag F’ fulfills ny = 0 and, if
dr # —1 holds, then dz < dr.

e For a flag F with ny = 0, the property a’ € F| implies that at most one component of
E, is lost in the transition from a to a’. Also, the induced flag F’ fulfills n = 0 and
dr < dr.

It is easy to see that not all valid flags G € .% (a’) are induced by flags F € #(a). This poses
only a minor problem if there is a flag F € % (a) such that its induced flag F’ is comparable to
G. In this case, we will be able be able to construct a valid flag F € .#(a) such that the chain
of inequalities

dg <dp < dr

holds.

The problem is more serious if there is no flag F € #(a) such that the induced flag F’ is
comparable to G. This holds if and only if ng > 1 and Dg = D,ey Where Do, = 7~ (a) denotes
the exceptional divisor of the blowup 7. In fact, for all such flags G the image 7(G1) of the curve
G, is a singular curve in Spec(@w,a).

To estimate dg for these kinds of flags, a modified version of Moh’s bound will be used. We
will show that for all valid flags G € .#(a’) with ng > 1 and Dg = Dy, there exists a valid flag
F € Z(a) such that

1
dg < —dr +¢
ng

holds, where
0 if char(K) =0 or ¢! {mg,
E =
% if char(K) =p > 0 and ¢! | mg.

c!

If € = 0, this already implies that dg < dr. So consider the case that ¢ = rE Since we know
that ng > 2 and p > 2, we can compute that

dg < ,d]___i'_;_

Since ¢! | mg holds by assumption and we may assume that dg # —1, the estimate dg > ¢! holds
by definition. Hence, it follows from above inequality that dg < dz. (Using refined techniques,
it is actually possible to show that dg < dz holds in this case.)

3.3.7 The small residual case

By what we have seen so far, the inequality dr < dz for the induced flag F’ holds in all but
one case. Namely, if F € F(a) is a flag with ny = 1 and d = —1. Then the induced flag
F e F(a) tulfills dr > dF.

A closer analysis of this case reveals that coefficient ideal with respect to the induced flag
F' € Z(a’) has a very good property in this case.

If dr = —1 because dr x = 0, then dz = 0 holds for the induced flag. On the other hand,
assume that dr = —1 because 0 < dr x < c! and ¢! | mz. Let x’ be subordinate parameters for
the induced flag 7' and denote them by x’ = (z,y, 2). Then it can be shown that the coefficient
ideal J2 x has the form

J2,x’ — (ymc!) T

for a positive integer m > 0 and an ideal I C K{[x, y]] with ord(,)/ =0 and 0 < ordI < c!.
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In this case, we say that X’ is in the small residual case at a’. The small residual case is
a terminal case similar to the monomial case that can be resolved by combinatorial resolution.
This follows from the simple fact that blowing up the regular curve V (y, z) changes the form of
the coefficient ideal to
(y(mfl)c!) T

where [ is the same ideal as before. Repeating this m times, we end up with the situation that
the coefficient ideal equals I. By Lemmal[2.7.7] this implies that the order function has decreased.

An exact definition of the small residual case is given in Section [7.3] Terminal cases which
are similar, but more general than the small residual cases have been used by other authors. (Cf.
the notion of exceptional and good in [EVIS] p. 116 and Abhyankar’s notion of good points in
[ADhSS].)

3.3.8 The flag invariant inv(F) = (dr,nr, sF)

Combining the results we have stated so far, we conclude that
dX/(a/) S dX(a)

holds at all equiconstant points a’ over a at which X’ is not in a terminal case.

Although the invariant dx (a) does not increase under point-blowups at equiconstant points,
it will still remain constant in many cases. To measure improvement under point-blowups until
we reach a terminal case that can be resolved via combinatorial resolution, we have to further
refine our invariant.

As a first step, we consider the pair (dz,nz) for each valid flag F € #. By the results we
established so far, the strict inequality

(dr,nF) < (dr,nF)

holds for the induced flag F/ € % (a’) in all cases except if either nxr =0 and dx = dr ornr =1
and dr = —1. Following the discussion in the previous section, only the first of these cases is
relevant.

Thus, it remains to measure improvement in the case nr = nr = 0 and dr = dF.

To this end, we define sx as the order of the second coefficient ideal Jy x as follows: Let
F € .7 be a flag with ny = 0 and subordinate parameters x = (x,y, z). Recall the definition of
My «, Io x and dr. Then we set s = ord J; x where

coeﬁ?{’y)(fgyx) ifdr > ¢!,
Jix = coeﬁf;g‘*dﬂ(lgf;df +MyT) if0<dr<d,
0 if dr = 0.

It will will be shown in Proposition[£:2.7that s only depends on the flag 7 and not on the choice
of subordinate parameters x. The definition of J; x for 0 < dr < ¢! makes use of the companion
ideal, a well-known technique used in the proof of resolution of singularities in characteristic zero
(Cf. [EHO2]). It ensures that the value of sx is always independent of the choice of x.

For flags F € .% with nr > 0, we set s = 0. Hence, no second coefficient ideal is considered
for these types of flags.

The invariant sz behaves the following way under blowup: Let F € %#(a) be a flag with
ny = 0. Then the induced flag F' € F(d’) fulfills nz = 0 and dx < dr. If the equality
dr = dF holds, then sz < sz holds under the condition that sz < oo.
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Consequently, we define for each flag F € .# the flag invariant
inv(F) = (dr,nr, Sr).

Then we define
invy (a) = sup{inv(F) : F € F is valid}.

It will be shown in Proposition that the supremum in this definition is actually a
maximum. Thus, there exists a mazimizing flag F € F#(a) such that F is valid and inv(F) =
invy(a).

There are two terminal cases in which we will set invy(a) to be the trivial value (0,0,0)
instead of the flag invariant inv(F) of a maximizing flag 7. One of them is the small residual
case which was already discussed. The other terminal case is the monomial case. The exact
definitions of both terminal cases will be given in Section [7.3}

We say that X is in the monomial case at a if there exists a regular system of parameters
x = (z,y, 2) for Ow,, with E, C V(xy) such that the coefficient ideal J; x is a principal monomial
ideal of the form

Jox = (x"y"™)
and an additional maximality condition is fulfilled. This maximality condition is the existence
of an element f € Ix , which is ord-clean with respect to the coefficient ideal J; x, a notion that
will be introduced in Chapter [5| It ensures that the order of J; x is maximal over all coordinate
changes z — z + g(z, ).

We will show in Lemma that if X is not in a terminal case at a, then invx(a) =
(dr,nx,sx) € N3 (hence, no component is infinite) and invy(a) > (0,0,0). This guarantees
that successively lowering this invariant under point-blowups eventually leads to one of the
terminal cases.

By combining all statements about the behavior of inv(F) under blowups that we made so
far, we can make the following conclusion: Let W’ — W be the blowup at the point a and let
a’ € 7 1(a) be an equiconstant point. If X is not in a terminal case at a and X’ is not in a
terminal case at a’, then the strict inequality

invy:(a') < invy(a)

holds.

Since we set invx(a) = (0,0,0) in the terminal cases, we consider these cases to be better
than the case in which invx(a) = inv(F) > (0,0,0). Indeed, both terminal cases can be resolved
via combinatorial resolution. To measure the improvement during combinatorial resolution, we
will use additional invariants that will not be defined here.

Thus, we can reformulate our strategy to eventually lower the order function for the surface
case in the following way:

(1) Lower the invariant invx (a) until it becomes (0,0, 0).

(2) As soon as invx(a) = (0,0,0) is achieved, we have reached a terminal case. Then combina-
torial resolution can be applied to lower the order function.

3.4 Failure of upper semicontinuity of the residual order

Over fields of characteristic zero, hypersurfaces of maximal contact can be used to show that the
map (ord X,res.ord X) : X — N2_ is upper semicontinuous.

On the other hand, the function is generally not upper semicontinuous over fields of positive
characteristic. This is illustrated by the following example:
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Example. Consider the ambient space W = Spec(K [z, y, z]) over an algebraically closed field
K of characteristic char(K) = p > 0 and the hypersurface X = V(f) C W defined by the
polynomial
f=2P 4+ zy"?.

for some positive integer n > 0. Further, let E be given as E = V(x). The top locus of X
consists of the line V(z,y).

Since f is clean with respect to the parameters (z,v, z), the hypersurface Hy = V(z) realizes
the residual order of X at the origin ag = (0,0,0) and

res.ordg, X =dg = (p—1)!-np

holds.
Now counsider a closed point on top(X) with affine coordinates a; = (¢, 0,0) for some ¢t € K*.
Set x; =  — t. The expansion of f at a; with respect to the local parameters (x4, vy, 2) is

f=2"+zy™ + ty".

Set z; = z+t%y” and let H; be the regular hypersurface H; = V(z;). Notice that the p-th root of
t exists since K is algebraically closed. With respect to the parameters (x4, y, 2;), the expansion
of fis

f=2+ay"?.

Hence, X is pointwise trivial along the line V(y, z) in the strong sense that all local rings Ox 4
for a € V(y, z) are isomorphic.

Since the expansion of f is clean with respect to the parameters (z,y, 2¢), the hypersurface
H, realizes the residual order of X at a;. Consequently,

res.ord,, X =dpg, = (p—1)!- (np+1)

for all non-zero constants ¢t € K*, a bigger value than at the special point ag.
Consequently, the function (ord X, res.ord X) : X — N? is not upper semicontinuous.

Another important thing to observe in above example is the fact that at each closed point
of the top locus, a different regular hypersurface has to be used to maximize the residual order.
This is in stark contrast to the situation in characteristic zero where hypersurfaces of maximal
contact which realize the residual order of X are known to exist on open neighborhoods.

We will now explain how the problem of upper semicontinuity will be handled in the surface
case. To this end, we will first analyze the situation over fields of characteristic zero to get a
picture of how our invariant should behave.

Under the condition that W is a regular 3-dimensional ambient variety over a field K and X C
W is a hypersurface, we know that top(X) is at most 1-dimensional. Since upper semicontinuity
is clear at isolated points of top(X), let us consider a curve C lying inside top(X).

If the field K is of characteristic zero, one can use hypersurfaces of maximal contact to show
that there exists a non-negative integer m € N such that the following hold:

(1) res.ord, X > m for all points a € C.
(2) For all but finitely many points a € C the equality res. ord, X = m holds.

(3) If the equality res.ord, X = m holds for a closed point a € C, then Jo x(a) = (y™) where

x = (wz,y,z) are regular parameters for @W,a which are subordinate to a hypersurface H
which realizes the residual order of X at a. In particular, J x(a) is a principal monomial
ideal.
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(4) If C is singular at a, then res.ord, X > m.

An important consequence of these properties, other than the residual order being upper semi-
continuous on C, is that the coefficient ideal J; x(a) is a principal monomial ideal at almost all
points a € C. This is important since we only want to blow up curves once we have reached a
terminal case. The above tells us that X is already in the monomial case at all but finitely many
points a € C' and once we have lowered the residual order of X at all points of C' to m, then the
curve C' is regular and X is in the monomial case at all of its points. Hence, we can proceed to
apply combinatorial resolution.

As we can see from the previous example, these properties do generally not hold if the
characteristic of K is positive. Yet, there is another thing to observe from the example. Namely,
at each closed point a; € top(X), X is in the small residual case. Since we set inv,(X) = (0,0,0)
whenever X is in a terminal case at a point a, this shows that the previously defined invariant
inv(X) is (trivially) upper semicontinuous on top(X).

Surprisingly, the addition of the small residual case to the terminal cases already suffices to
make the map (ord X,inv(X)) : X — N% upper semicontinuous. As we will show in Proposition
for a curve C' as before, the hypersurface X is in a terminal case at all but finitely many
points a € C. Naturally, this suffices to show that inv(X) is upper semicontinuous on C'. Further,
we will show that if C' is singular at a point a, then inv,(X) > (0,0,0) holds.

The actual resolution invariant iy that we will define in Chapter [7] will not only consist of
the order function and inv(X), but also of the combinatorial pair, an invariant used to measure
further improvement under blowup once we have reached a terminal case. It will require some
additional effort to show that this combinatorial pair is also upper semicontinuous. The details
for all of these statements and their proofs can be found in Chapter
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Chapter 4

Coordinate-independence of
invariants associated to coeflicient
ideals

Our definition of the coefficient ideal comes with the drawback that it is highly coordinate
dependent. This poses a problem since we want to use certain invariants associated to coefficient
ideals as components of our resolution invariant. Different choices of parameters might yield
different invariants. One way to solve this problem would be to prescribe in each situation a
particular regular system of parameters with respect to which the coefficient ideal is considered.
We will not follow this approach since prescribing fixed parameters seems little geometric.

Instead, our approach is to always choose parameters which are subordinate to certain geo-
metric objects, like regular hypersurfaces or flags. Different choices of subordinate parameters
will generally yield different coefficient ideals. But if the invariants associated to those coefficient
ideals are the same for all subordinate parameters, we can consider them as invariants of the
underlying geometric objects.

In this chapter we will investigate under which conditions certain invariants associated to
coefficient ideals are invariants of geometric objects. The results will then be applied to show
that the invariants mz, dr and sx which were defined in Chapter [3| only depend on the flag F
and not on a particular choice of subordinate parameters.

Most of the argumentation in the chapter is rather technical. The main results that will be
used in Chapter [7] to ensure that the resolution invariant is well defined are Proposition

Proposition and Proposition [£.2.7

4.1 Coordinate-independence of weighted orders of coeffi-
cient ideals

In this section we will investigate how weighted orders of the coefficient ideal behave under
coordinate changes that stabilize the underlying hypersurface.

To be more precise, consider the power series ring R = K[[x, z|] with x = (x1,...,2,) and
let J C R be an ideal. Let H C Spec(R) be the regular hypersurface H = V(z). Further, let
w : K[[x]] — Nk be a weighted order function defined on the parameters x. Let J_; be the
coefficient ideal J_; = coeff(y ,)(J) with respect to the hypersurface H and a positive integer
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c> 0.

Using the inverse function theorem and the Weierstrass preparation theorem, it is easy to
see that coordinate changes (x, z) — (X, 2) which stabilize the hypersurface H in the sense that
H = V(%) are composed of the following types of simple coordinate changes:

e Triangular coordinate changes z; — x; + g(x_,2) where Xx_ = (Z1,...,Zi—1,Tit1,. -, Tn).
e Multiplications with units z; — ux; where u € R*.

e Transpositions of variables x; — x;, x; — ;.

e Multiplications with units z — uz where u € R*.

A transposition of z; and z; clearly leaves the weighted order w of J_; unchanged if w(z;) = w(x;)
holds. For a multiplication of the parameter z with a unit, we know by Proposition that
this coordinate change stabilizes the coefficient ideal J_;.

In the main result of this section, Proposition [£.1.3] we will prove that multiplication of a
parameter x; with a unit also leaves the weighted order of J_; unchanged, but a triangular
coordinate change x; — x; + g(x_, z) only does so under certain conditions.

The result will then be applied in Proposition and Proposition to show that the
residual order and the invariants mz and dr as they were defined in Chapter |3 are independent
of the choice of subordinate parameters.

As a preparation for proving Proposition [{.1.3] we will state two lemmas. Lemma
provides us with a technique to compute the weighted order of the coefficient ideal J_; from
the weighted orders of the coefficients of elements f of J. This technique will be used many
times throughout the entire thesis. In Lemma we will give formulae how the power series
expansion of an element f € R changes under coordinate changes in x;. To make notation more
transparent, the parameter x; will be denoted by y in the following.

Lemma 4.1.1. Let R = K[[x,y,2]], J C R an ideal and ¢ > 0 a positive integer. Let w be a
weighted order function on K[[x,y]] that is defined on the parameters (x,y).
Further, let each element f € J have the expansions f = Zizo fizt and f = Zm‘zo fiylzt
with f; € K[[x,y]] and f; ; € K[[x]].
Set J_1 = coeft(y , .)(J).
Then |
c!
J_1) = mi i
w(J-1) = min ===l i)
1<c
|

= 1}116151211;1%1 - i(w(fi,j) + jw(y))-
-

Consequently, for each element f € J and all indices i,7 > 0 the inequalities

c—1

w(fi) 2 ——w(J-),

c!

i) 2 S ) = july)

hold.
Further, if G C J is a generating set for J, then




Proof. This is obvious by the definitions of the coefficient ideal and weighted order functions. [

Lemma 4.1.2. Let R = K|[[x,y,z]] and f € R an element. Consider a change of coordinates
y — y that will be specified in the following.

Let f have the expansions f =3, .~ fijy’ 2" and f =32, ;54 fi =" with fi j, fi; € K[[x]].
Then the following hold: B -

(1) If y =y + g where g € K[[x, 2]] has the ezpansion g =3 ;- giz" with g; € K[[x]], then
~ l
fij = Z (]-)fk,l Z o

0<k<s NI
1>j |la|=i—k

L
where go = 1, 9a. -

(2) If y = uy where u € R* is a unit with expansion u = 3, ;5 u; ;57 2% where u; j € K[[x]],

then _
fi; = E T E E Ua,B
0<k<i aeN'  BeN!
0<I<j la|=i—k |8|=5—1

where ua?/B = HlO:1 ua07BO *
Proof. (1): The proof is a computation.

F=> g2 =Y fis@+ > gz") 2

4,520 4,520 k=0

D ()7 metys

i,5>0 1=0 k>0

J

=S X ()7 X sl

i.j>0  1=0 aENi—!
J ~ _k
= E E (l fi,j E galy =
k,1>00<i<k eIl
j=>l |a|=k—1

(2): Again, the proof is a computation.

F=30 fyd = Y0 fig (Y wead P

4,520 4,520 k,1>0

= Z fii Z Ug g T8 it le]

>0 e

BEN/
~l_k
=D > i D > tasl 2
k,1>00<i<k aeN'  BeN’
0<j<l la|l=k—i|8|=1—j
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Proposition 4.1.3. Let R = K[[x,y, z]] with x = (x1,...,2,), J C R an ideal and ¢ > 0 a
positive integer.

Let w be a weighted order function on K|[[x,y]] that is defined on the parameters (X,y).

Set J_1 = coeft(y , .)(J).

Consider a coordinate change y — 3y of one of the following types:

(1) y=y+g for an element g € K[[x, z]] withordg > 1. Let g have the expansion g =Y~ gi2"
with g; € K|[[x]]. N
We require in this case that the following two properties hold:
o w(J_1) > cw(y).
* w(go) = w(y)-
(2) y = uy for a unit u € R*.
Set J_1 = coeff(x .1 (J) and let the weighted order function & on K[[x,y]] be defined by &(x;) =

w(x;) for alli=1,...,n and O(y) = w(y).
Then w(J_1) = @(J_1).

Proof. By abuse of notation, we will denote the weighted order functions @ and w by the same
letter. By Lemma |4.1.1| there exists an element f € J with expansion f =", >0 fi,j9’ 2* where

ﬁ-,j € K|[[x]] and indices 7 < ¢, 7 > 0 such that

C'

w(J 1) = Cf.i(w(fi,j) + jw(y))-
Let the element f have the expansion f =37, .5, fiy? 2" with f; ; € K[[x]]. We will now make

use of the formulas for f” we derived in Lemma
(1): In this case we know that

fii= Y. (;)fk,l > o

0<k<i N
1>j |a|=i—k

Thus, we can use Lemma to compute that

W(T1) =~ ((Fiy) + o))

CcC—1

c!
- . .
> o8, min (W(fi) +jw(y) + w(ga)
>3 |la|=i—k

> - min min
Cc— 1 0<k<i qeNi—i
127 |a|=i—k

c! (c—k

ol w(J-1) = (I = jw(y) +w(ga))

c! ) . i—k :
=w() + o i min () — (- el) + (o) ).
12j |a|=i—k

=:G(k,l,a)
If we can show for all indices k < i, [ > j and a € N7 with |a| = i — k that G(k,l,a) > 0

holds, then we have proved that w(J_-1) > w(J_1). It then follows by a symmetric argument
that w(J_1) = w(J_1).
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So let k < i, 1> j and o € N'~J be indices with || =4 — k. Thus, we know that
W(ga) = (I —J) — (i = k))w(go) = (I —j) — (i — k))w(y).

Further, we know by assumption that

Together, this proves that G(k,[,«) > 0.
(2): In this case we know that

fij= E iy E E Uq,3-
0<k<i aeN'  BeN
0<I<y la|l=i—k |8|=j—1

Thus, we can compute by Lemma that

~ c!

(1) = ——=(w(fi) +jw(v))
cl
N o |
2 o min, i i (400 ) )
0<IS) |al=i—k |8|=j—1 >0
> L i (CCF o) + G- Do)
_c—iogllggli c! wWiJ-1 J Oy

0<I<j

—w() + - min (i_kw(J,l)ﬂj—z)w(y)) > w(J_1).

c—10<k<i\_c! N
02125 S~ >0
>0 -
By a symmetric argument we conclude that w(.J_1) = w(J_1) holds. O

Example. The following example shows that the previous proposition does not hold if the
conditions for the coordinate change of type (1) are not fulfilled.

Let R = K[z, v, #]] and consider the weighted order function w : K[[z,y]] = Nu defined by
w(z) =1 and w(y) = 2. Let J be the ideal generated by the element

f=2%+uay.

Theri,]_l = coeff%x’yvz)((]) = (zy) and w(J_1) = 3 < 2-w(y). Consider the change of coordinates
y =1y + z. Then
f=224zz+ay
and J_; = coeff%x,gﬁz)(J) = (2%, 27). Define the weighted order function @ : K[[x,1]] — Nu by
&(z) =1and &(7) = 2. Then &(J_1) =2 # w(J_1).
Notice that V(z,y) and V(z,¥) define the same curve in Spec(R).

Using this last proposition, we can now prove that the residual order with respect to a regular
hypersurface and some related numerals are independent of the choice of subordinate parameters.
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Proposition 4.1.4. Let R be the power series ring in (n + 1) variables over a field K, J C R
an ideal and ¢ > 0 a positive integer with ord J > c.
Define for each regular system of parameters (x,z) for R the coefficient ideal

Tny(x,2) = coefffxz) (J).

Let H C Spec(R) be a regular hypersurface. Then the following hold:

(1) There exists a number oy € No such that for all reqular systems of parameters (x,z) for R
with the property that H = V(z), the equality

ord Jn,(x,z) = OH
holds.

(2) Let D C Spec(R) be a regular h