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Introduction

Locally symmetric spaces form a special class of Riemannian manifolds. In this
work our attention is focused on locally symmetric spaces of non-compact type
(i.e. having non-positive sectional curvature). These are of the form I'\G/K
where G is a noncompact, connected semisimple Lie group with finite center,
K a maximal compact subgroup of G and I' a torsion-free discrete subgroup
of G. If G is the group of R-points of an algebraic group G defined over Q,
one can construct discrete subgroups of G as arithmetic subgroups of the group
G(Q). Algebraic properties of I and G are reflected in geometric characteristics
of the locally symmetric space T\G/K and vice versa. In many aspects, the
space I'\G/K can be thought of as a geometric analogue of the group I'. For
instance, since G/K is simply connected, it is the universal cover of I'\G/K
so the fundamental group of T\G/K is I'. Moreover, G/K is contractible, so
ING/K is a "K(T',1)" Eilenberg-MacLane space and the group cohomology of
T can be identified with the de Rham cohomology of the manifold I'\G/K.

A thorough analysis of these cohomology groups brings together group theory,
arithmetic and geometry in a most fruitful way. In addition, the cohomology of
an arithmetic group I' is strongly related to the theory of automorphic forms
for the underlying algebraic group G with respect to I'. More precisely, for a
congruence subgroup I' the cohomology H*(T'\X; C) can be interpreted as the
relative Lie algebra cohomology H*(g, K; A(G,T)) of g := Lie(G) with respect
to the automorphic spectrum (see [Fr]). Hence, any geometric construction of a
non-trivial cohomology class has an interpretation in the theory of automorphic
forms. For example, this approach led to non-vanishing results of multiplici-
ties with which specific automorphic forms occur in the automorphic spectrum
([MLJ, [MR]).

For a compact locally symmetric space I'\ X one has an injective homomorphism
of the algebra Inv*(G) of G-invariant forms on X into H*(I'\ X;R) (see [Mat]).
These cohomology classes have also a geometric origin, since the algebra Inv*(G)
can be identified with the cohomology H*(X,;R) of the compact dual locally
symmetric space X, of X.

In this work we apply geometric methods ([Mil], [MR], [RSchw], [LS]) for
construction of homology classes in locally symmetric spaces to treat the case
of arithmetically defined compact quaternion hyperbolic manifolds. Such a lo-
cally symmetric space arises as a quotient of the quaternion hyperbolic space
H"(H) = Sp(n,1)/(Sp(n) x Sp(1)) under the action of a cocompact torsion-
free arithmetic lattice T' in Sp(n,1). The lattice T' is constructed in the fol-
lowing way: let F' be a totally real algebraic number field, D a quaternion
algebra over F' which does not split at any archimedean place of F, B a



Hermitian form' on D"*! of signature (n,1) over D, all of whose conjugates
are positive definite. Denote by SU(B, D, 7.) the group of isometries of B
in SL,41(D). Then, for any Op-order? A in D, the group SU(B,A,7.) =
SU(B,D,7.) N SLy1+1(A) embeds in Sp(n,1) as a cocompact arithmetic lat-
tice and the torsion-freeness can be settled by passing to suitable congruence
subgroups. We describe the way to obtain such torsion-free subgroups of I' by
passing to congruence subgroups modulo ideals of A. Then we consider suitable
pairs of commuting involutions on I'\Sp(n,1)/(Sp(n) x Sp(1)) and apply the
methods of [MR] and [RSchw] to produce pairs of compact oriented submani-
folds® in I'\Sp(n,1)/(Sp(n) x Sp(1)) of complementary dimensions intersecting
with nonzero intersection number. As a consequence, they represent non-trivial
homology classes on I'\Sp(n, 1)/(Sp(n) x Sp(1)). The dimensions in which these
submanifolds occur are 4,8, ..., and 4n — 4. Passing to a finite covering it can
be arranged that these homology classes are not dual to Sp(n, 1)-invariant co-
homology classes, i.e. they do not come from Inv*(Sp(n,1)).

Geometric constructions mentioned above rely on an application of the Poincaré
duality for compact oriented manifolds. Quotients of the quaternion hyperbolic
space Sp(n,1)/(Sp(n) x Sp(1)) under the action of a lattice I' < Sp(n, 1) are
oriented since the group Sp(n,1) is connected. This is not the case for the
group SO(n, 1), and the orientability problem for arithmetically defined real
hyperbolic manifolds? cannot be settled by imposing certain "low" congruence
conditions on the arithmetic group in question, as it is cited in some recent
published papers. We exhibit an example contradicting these claims.
Furthermore, we discuss the problem of finding non G-invariant cohomology
clagses on compact locally symmetric spaces of non-compact type and the way
to obtain lower bounds on the dimensions of the corresponding cohomology
groups.

As mentioned above, a cocompact arithmetic group I' acting on a quaternion
hyperbolic space arises as the group of A—points of the group of isometries of
a certain Hermitian form B over a quaternion skewfield D constructed over a
totally real algebraic number field F', where A is an Op—order in D. We present
an elementary proof (independent of the one in [Ba]) of the result on the stable
rank of an arithmetic order A in a (finite dimensional, separable) skewfield over
an algebraic number field. This result can be used to analyze the structure of
the linear groups over A (i.p. of the arithmetic group I') and the first " K-group"
of A. Although there is no apparent connection to the topic of cohomology of
locally symmetric spaces, we note that in [Bo2] a connection between the stable
cohomology of arithmetic groups and the "K-groups" of arithmetic orders is
established.

We now describe the content of the chapters more precisely:

Chapter 1 contains a description of the geometric methods of construction of
cohomology classes in locally symmetric spaces initiated by Millson in [Mil] and
further generalized by Millson and Raghunathan ([MR]) and Rohlfs and Schw-

1B is a Hermitian form with respect to the standard symplectic anti-involution 7. on D.

2An Op—order in D is a subring A containing 1 which is a finitely generated O — module
s.t. FA = D holds.

3These are again compact locally symmetric quaternion manifolds.

4These arise as quotients of the real hyperbolic space SO(n,1)/S(O(n) x O(1)) under the
action of an arithmetic group constructed similarly as in the case of quaternion manifolds
discussed above.
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ermer ([RSchw]). We give a summary of the Millson-Raghunathan method,
where the homology classes in compact locally symmetric spaces T\ X arise
from projections of two orthogonal subspaces of the given symmetric space X
which intersect transversely at the origin of X. Projecting these subspaces to
a locally symmetric space their intersection becomes more complicated. Degen-
erate intersection components may occur and, even in the case of transversal
intersection components still the sign (i.e. the multiplicity) of the intersection
has to be determined. The idea of the Millson-Raghunathan approach is to pass
to a congruence subgroup I' < T, i.e., to a finite cover I\ X of I'\X, where
only transversal intersection components with positive intersection multiplicity
occur. As a consequence, the intersection number of the corresponding homol-
ogy classes does not equal 0, hence, the classes (and their cohomological duals)
cannot be trivial in H,(T\X;Z) (resp. H*(T'\X;Z)). The Rohlfs-Schwermer
method is a generalization of this result: it considers suitable pairs o, 7 of com-
muting automorphisms of finite order and the connected components C,, (I") and
C(T) of their fixed points sets on the locally symmetric space I'\ X. Passing to
a finite cover (i.e. to some finite index subgroup I of ') it can be arranged that
the intersection number [C,(I')][C;(T")] equals the sum of Euler characteristics
of the connected components of the intersection C,(T') N C(T), which are all
positive, hence the sum is nonzero and as a consequence [C, ()] and [C, (T)]
are non-trivial homology classes.

In addition, there is a recent result of Lafont and Schmidt ([LS]) which can be
applied to show that certain locally symmetric subspaces (which include some
of the above-mentioned cycles) of dimensions in which the cohomology of the
compact dual does not vanish represent non-trivial homology classes. However,
using this method we do not know how to distinguish between the G-invariant
and non G-invariant classes constructed by this method.

Having found the corresponding locally symmetric space I'\X where the
cycles intersect with nonzero intersection number, we can pass further to a
finite covering I\ X of I'\X where the (cohomological duals of the) cycles do
not represent G-invariant classes. This is explained in Chapter 2. Moreover,
using the fact that the deck transformation group I'/ I acts non-trivially on the
homology groups of f\X the dimension of the smallest non-trivial representation
of T/ I gives a lower bound on the corresponding Betti number. We give a brief
overview of the necessary technique for determining the group T'/ r.

In Chapter 3 we apply the above-mentioned methods to the case of quater-
nion hyperbolic spaces. We describe arithmetic groups acting on quaternion
hyperbolic spaces. These groups arise from arithmetic orders in quaternion
algebras over number fields in the following way: let F' be a totally real al-
gebraic number field, D a quaternion algebra over F which does not split
at any archimedean place of F, B a hermitian form on D"*! (with respect
to the standard symplectic anti-involution 7. on D) of signature (n,1) all of
whose conjugates are positive definite. Denote by SU(B, D, 7.) the group of
isometries of B in SL,41(D). Then, for any order A in D, SU(B,A,7.) =
SU(B,D,7.)NSLy+1(A) embeds in Sp(n, 1) as a cocompact arithmetic lattice.
In order for a discrete subgroup of isometries I' < G to act freely on the symmet-
ric space G/ K it has to be torsion-free. We can pass to a finite index torsion-free
subgroup of SU(B, A, 7.) using the following observation:

Let D be a (central, simple) skewfield over a (totally real) algebraic number
field F. Let Op be the ring of integers of F' and A a maximal Op-order in D.
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Let T' be a subgroup of SL,(A). For an ideal 5 of Alet T'(8) :={y el |y=1
(mod ) }. Let B := p'ph>...pkr, where k; > 1 for all i = 1,...,r, be the
decomposition of § into distinct prime ideals p; of A. The intersection of p;
with Z is a prime ideal, hence we have p; N Z = p,;Z for a corresponding prime
number p;. In this setting we have (see section 3.2.2):

Proposition. Let I' be a subgroup of SL,(A). Let 3 := piph2 ... pFr be an
ideal of A. Suppose either that there existi,j € {1,...,r}, i #j s.t. p; # pj or
that there exists a single j € {1,...,r} such that

expp; (pj) < kj(p; — 1),

where expy, (p;) is the exponent of p; in the prime ideal decomposition of the
two sided ideal < p; >a= Ap; of A generated by p;. Then I'(5) is torsion-free.

If T is a torsion-free arithmetic group of the above form, it embeds in Sp(n, 1)
as a cocompact lattice and we get a compact locally symmetric space I'\ X,
where X := Sp(n,1)/(Sp(n) x Sp(1)). Fix m € {1,...,n — 1} and consider
two commuting F-involutions o resp. 7 of the underlying algebraic group

I, 0 0
G(F) = SU(B, D, 1.) given by conjugation by the matrix | 0 —I,—,, 0
0 0 1
—I, 0 0
resp. 0 I,_,, 0. These induce involutions on I' and X, whose fixed
0 0 1

point sets we denote by I'y, X, resp. I';, X,. Then, the locally symmetric
spaces [';\X, and T';\X, embed in T\X as totally geodesic submanifolds.
Let [[,\X,], [[+\X,] denote their homology classes in Hy,,(I'\X;Z) resp.
Hy(n—m)(I'\X;Z). Applying the results of [RSchw]| and [MR] we get (see section
3.3):

Theorem. In the setting above, there exists a < 0,7 >-stable normal sub-
group T' of finite index in T s.t. the intersection number [[5\X,|[[;\X,] is
not 0. In particular, [[,\X,] resp. [[7\X;] are non-trivial homology classes in
Hym(D\X;Z) resp. Hyn—my(D\X;Z).

Applying the result of [MR] (described in Ch. 2), we get:

Corollary. There exists a < o, T >-stable normal subgroup r of finite indez in
[ s.t. the cohomological duals of [U',\X,] resp. [I'.\X;] represent non Sp(n,1)-
invariant cohomology classes in H*~™)(I'\X;R) resp. H*™(I'\ X;R).

In Chapter 4 we discuss orientability questions in locally symmetric spaces
modelled on the real hyperbolic space. We exhibit an example contradicting
claims in some published papers on the topic that the orientability of the locally
symmetric space I'\SO(n, 1)/S(0(n) x O(1)) can be achieved for certain "low"
congruence subgroups. Furthermore, we show how an observation of Xue in [X]
can be used to give an alternative proof of the existence of finite coverings of
certain locally symmetric spaces where the corresponding cycles (constructed
as in Ch. 1) represent non G-invariant classes. We mention the results on the
dimensions of the smallest non-trivial representations of some finite Lie groups
which can serve as lower bounds on the Betti numbers of locally symmetric
spaces in question.
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In addition, we present an elementary proof independent of the one in [Ba] of a
result concerning the stable range properties ® of arithmetic orders in skewfields
over number fields (see section 4.2 ):

Proposition. Let D be a finite dimensional separable skewfield over an alge-
braic number field K. Let Ok be the ring of integers in K and let A be an
Ok -order in D. Then sr(A) < 2.

We conclude with an application of the Proposition above for the structure of
the stable and general linear groups over A.

Finally, in Appendix we give a brief overview of the background theory and
results which are frequently used in the thesis.

5This concept plays an important role in the structure theory for the general linear group
over a ring R in dimensions above the stable rank sr(R), which is defined as the smallest
integer k s.t. for all m > k every unimodular element (z1,...,zm) € R™ is reducible, i.e. if
>, Rx; = R, then there exist t1,...,tm—1 € Rs.t. 21"1:_11 R(z; + t;zm) = R.
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Notation, conventions and
definitions

Common abbreviations
We often use the following abbreviations: "ch." meaning "chapter", "f.e."
meaning "for example", "i.e." meaning "that is"/"in other words" (from latin

"id est"), "i.p." meaning "in particular", "p." meaning "page"/"pages", "prop."

meaning "proposition", "resp." meaning "respectively", "s.t."meaning "so that"
or "such that", "th." meaning "theorem" and "w.l.o.g." meaning "without loss

of generality".

If f: X — X isamap on aset X, we denote by Fixx(f) :={x € X | f(z) = «}
the set of fixed points of the map f.

Rings, fields and algebraic groups

For a ring R we denote by R* := R\0 its group of units.

The symbols N, Z, Q, R, C have the usual meaning: nonnegative integers,
integers, rational numbers, real numbers, complex numbers. For an algebraic
number field F' we denote by Op its ring of integers. If p is a prime ideal of F,
we denote by F}, the p-adic completion of F' and by Op the ring of integers in
F,. The notion of the adele ring and the corresponding notations are introduced
and explained in section 5.4.

The algebraic groups we consider are linear. If G is an algebraic group defined
over a field F, and L a field extension of F, we write G(L) for the group of
L-rational points of G. For the sake of brevity, the symbol G is sometimes used
to denote the group of R-rational points of the algebraic group G defined over
Q, f.e. in section 1.2.

We shall often use the fact that in order to specify an algebraic group G defined
over an algebraic number field F, since G(F') is Zariske dense in G (see [PR],
Th.2.2.), it suffices to specify G(F).

If G is an algebraic group defined over a field F', for a field extension L we define
G ® L to be the group obtained by replacing the elements of F' with elements
of L, i.e. if G is defined over F by the set ¥ of polynomials in F[z11,..., 2],
then let G® L := {g € SL;(L)|p(g) = 0 for all p € @}.

The notions connected-, simply connected-, simple-, reductive- and semisimple
algebraic group are standard, i.p. correspond to those used in [PR].

Manifolds and group actions
A Riemannian manifold X is called a homogeneous space if its isometry group
Isom(X) acts transitively, i.e. for all x,y € X there exists an isometry ¢ of X



such that ¢(z) = y.

Let ¢ : X — X be a map on a Riemannian manifold X. ¢ is called an
involution of X if ¢? = Id. A fixed point = of ¢ is called an ésolated fized point
of ¢ if there is a neighborhood U of x such that x is the only fixed point of ¢
contained in U.

A Riemannian manifold X is called a symmetric space if X is connected and
homogeneous and if there exists an involutive isometry ¢ of X such that ¢ has
at least one isolated fixed point.

Let T" be a group acting on a topological space X. We say that " acts freely on
X if

Yyx=x=>"7=e€.

Furthermore, T is said to act properly discontinuously on X if for every compact
subset C of X:

{y e T|C N~C # 0} < oo.

It can be seen that a group I' acts freely and properly discontinuously on a
topological space X, the natural map X — T'\ X is a covering map.

A Riemannian manifold M is called a locally symmetric space if its universal
cover is a symmetric space, i.e. there exist a symmetric space X and a group I
of isometries of X, such that I" acts freely and properly discontinuously on X
and M is isometric to T\ X.

A subgroup T" of a topological group G is said to be discrete if T" is a discrete
subset of a topological group G, i.e. for every v € T' there exists an open
neighborhood U of 7 in G such that TNU = ~.

A discrete subgroup I of a Lie group G is called a lattice in G if T'\G has finite
volume 8. Note that if ' is discrete and I'\G' compact, then T is a lattice since
every compact Riemannian manifold has finite volume.

Congruence subgroups

The term congruence subgroup, unless otherwise noted, is used in the "classical"
sense: let F' be a number field, G a linear algebraic group defined over F' and
G C SL,, afixed embedding. Let G(Of) := GNSL,(OF). For anonzero ideal q
of O let T'(q) := Ker(G(Op) — SL,(Or/q)) denote the kernel of the natural
map G(Op) — SL,(Or/q). A subgroup of G(Op) is called a congruence
subgroup if it contains I'(q) for some nonzero ideal q of Op. (Usually, the
congruence subgroups we shall refer to will be the groups I'(q) themselves.)
Passing to the "adelic setting", it can be seen that the group I'(q), for q =
[T, p¥ equals the group L N G(F) for

L:=]]Li x 11 G(Op),
i=1 PEP\{p1,....P»}
where L; := {A € G(Op,) | aij — 6ij € PF'Op, }.
Hence, this is a special case of the following more general notion of a congruence
subgroup: an arithmetic subgroup I' < G(F) is called a congruence subgroup
if T is of the form K N G(F) (the intersection taken in G(Ap)), where K is an

6Tix an left-invariant Haar measure p on G (unique up to a scalar multiple), which induces
a measure @ on I'\G. By volume of I'\G we mean the volume relative to .



open compact subgroup of G(Ay). The term congruence subgroup is used in
that meaning in sections 1.3.6 and 4.1.1 (as it is noted there).



Chapter 1

Geometric constructions of
homology classes in locally
symietric spaces

This chapter presents some ideas which enable geometric constructions of ho-
mology classes in arithmetically defined locally symmetric spaces. We start with
the necessary geometric background, such as Poincaré duality and some results
in the intersection theory on manifolds. Then we give a summary of the Millson-
Raghunathan method, where the homology classes in compact locally symmetric
spaces I'\ X arise from projections of two orthogonal subspaces of the given sym-
metric space X. In the symmetric space they intersect transversely at the origin,
however, passing to a locally symmetric space the intersection becomes more
complicated. Degenerate intersection components may occur and, even in the
case of transversal intersection components still the sign (i.e. the multiplicity)
of the intersection has to be determined. The idea of the Millson-Raghunathan
approach ([MR]) is to pass to a deeper congruence subgroup [ <T,ie ,toa
finite cover I'\ X of I'\ X, where only transversal intersection components with
positive intersection multiplicity occur. Then the intersection number of the
corresponding homology classes is > 0, hence the classes cannot be trivial in
H,.(T\X;Z). The Rohlfs-Schwermer method ([RSchw]) is a generalization of
this result: it considers pairs o, 7 of commuting automorphisms of finite order
and the connected components C, (") and C.(T') of their fixed points sets on
the compact locally symmetric space I'\ X, parametrizes the intersection compo-
nents of C,(I')NC,(T) by certain elements of H!(< 0,7 >;I') and then, passing
to a finite cover (i.e. to some finite index subgroup of I') it is arranged that all
the intersection numbers are positive. Hence, the difference in the geometric ap-
proach is that the Rohlfs-Schwermer method analyzes degenerate intersections
and finds a cover where all of their intersection numbers are positive, whereas
Millson and Raghunathan get rid of the degenerate intersections. Finally, there
is a method due to Lafont-Schmidt ([LS]), where locally symmetric subspaces of
the compact locally symmetric space of a non-compact type are considered. In
some cases it can be shown that the corresponding fundamental classes are non-
trivial as a result of the connection with the cohomology of the compact dual
symmetric space via the Matsushima map. However, this method cannot be



used to distinguish between the non G-invariant classes (i.e., homology classes
whose Poincaré dual is not a G-invariant cohomology class) and G-invariant
classes, which arise from the cohomology of the compact dual.

1.1 Geometric background

1.1.1 Poincaré duality

We assume that the reader is familiar with some concepts of homology and
cohomology theory. The notation we use is standard, i.p. corresponds to the
notation used in [Ha]. The following is a short summary of some of the homology
theory which can be found in [Ha]:

Given a differentiable n-dimensional manifold M, one can choose an orientation
of T, M for every x € M: Let &, ..., &, be vector fields such that & (z), ..., &, (x)
form a basis of T, M, and let (U,u : U — R") be a chart for a neighborhood
U of z. Let & be the mappings & for the corresponding coordinate maps.
Since &,(x),...,&n(x) is a basis of T, M, we have det((€]); ;) # 0, i.p. we get
a neighborhood V of x such that for every y € V: &1(y),...,&n(y) is a basis of
TyM. Now, choosing the orientation on T, M, we get the orientation on all of
TyM,y €V by setting (&1(y), ..., & (y)) as a positive (resp. negative) oriented
basis if (£1(x),...,&(z)) is positive (resp. negative) oriented basis of T, M.
Let M now be a smooth n-dimensional manifold. We say M is orientable if one
can choose orientations for all T, M, x € M in such a way, that given an open
connected U C M and smooth vector fields &;1,...&, on U s.t. (&1(z),. .., & (x))
is a basis of T, M for all z € U, then this bases are either all positive oriented
or all negative oriented.

The choice of orientation for an oriented n-dimensional manifold gives rise to
an n-form w such that w, # 0 for all x € M. The converse is also true, hence
for a n-dimensional smooth manifold M:

M orientable < there exists a nowhere vanishing n-form on M.

One can define orientability for manifolds with the use of homology. Recall the
definition of the relative homology groups: let A C X be a subspace of X, and
let Cn(X,A) := Cp(X)/Cr(A) be the quotient group of chains in X modulo
the chains in A. Then the boundary map defined for chains on X induces a
boundary map on the quotient group, i.e. we have a chain complex

S Cp(X, A) 9, o1 (X, A) — -

and now the relative homology groups H, (X, A) are defined as the homology
groups of this chain complex. Elements of H,, (X, A) are represented by relative
cycles: n-chains a € C,(X) such that da € C,,_1(A).

One can easily see that for all x € R"

Hp(R", R"\{x}) = Z,

and it makes sense to define a local orientation of R™ at a point x as a choice
of generator of the infinite cyclic group H,(R™, R™\{x}) = Z. This is naturally
generalized on arbitrary n-dimensional manifolds, i.e. the local orientation of
M at a point x is a choice of the generator p, of H,, (M, M\{z}) = Z.



For abbreviation, we shall write H, (X|A) := H,(X, X\A), and call this the
local homology groups of X at A since it depends only on a neighborhood of A.
An orientation of an n-dimensional manifold M is a function z — pu,, i.e. a
choice of generators of H,(M|z) such that each x € M has a neighborhood
R™ C M containing an open ball B of finite radius about z such that all the
local orientations p, at points y € B are the images of one generator up of
H,(M|B) 2 H,(R"|B) under the natural maps H,(M|B) — H,(M|y). If
such an orientation exists for M, then M is called orientable. This can be
generalized to homology with coefficients in a commutative ring R, i.e. an R-
orientation would then be a choice of the generator of H,(M|z) & R with the
corresponding "local consistency"” condition (analogous as above where we have
R=17).

One can see that this definition of orientability with R = Z is equivalent to the
"standard" definition of orientability discussed in the beginning of this section.
Orientability of the manifold is reflected in the following:

Proposition 1. If a closed' connected n-dimensional manifold M is R-orientable,
then

H,(M;R) — H,(M|z; R) =R
is an isomorphism for all x € M.

This enables us to define the fundamental class [M] of an oriented closed n-dim.
manifold as an element of H,,(M; R) whose image in H, (M|z; R) is a generator
for all z € M. The fundamental class is sometimes referred to as the orientation
class [M] for M.

Now, having defined the fundamental class of an oriented closed n-dim. mani-
fold, we continue with the Poincaré duality isomorphism which relates the ho-
mology and the cohomology of a manifold:

let us recall the notion of the cup and cap product:
For two cochains ¢ € C¥(M; R) and ¢ € C'(M; R) we define pUy € C*{(M; R)
in a following way: for a simplex o € Cj(M; R), 0 : A*! = [eg, ..., exi] —
M let

(eUY)(0) := @(0)[cq,....ex]) * L(T|[ens.renia])s

and extend this by R-linearity. This definition is compatible with the cobound-
ary map, thus we get a cohomology pairing:

H*(M;R) x H(M; R) - H*"'(M; R)

which is associative and distributive, and turns H*(M; R) := &2 H"(M; R)
into a graded ring.
The "cap" product of a chain in Cy(M; R) and a cochain in C!(M; R) is defined
as follows: for a simplex o : A*! = [eg, ..., epy] — M and ¥ € C'(M; R) we
set
on 1/) = ¢(U\[eg,...,ek]) “Oller,erti] € Ck—l(J\/f; R)

and extend this by R-linearity. This again induces a map on the homol-
ogy/cohomology, and makes H.(M;R) = &> H,(M;R) a graded module
over the R-algebra H*(M; R).

Now we have the following:

1By a closed manifold we mean a compact manifold without boundary.



Theorem 1. [Haf, Th.3.50.
If M is a closed R-orientable n-dimensional manifold with fundamental class
[M] € H,(M; R), then for all0 < k <mn:

H*(M; R) — H,_x(M;R)

o] = [M] N [o]

s an isomorphism.

The following commutative diagram for a compact connected R-oriented
n-dimensional manifold M is a consequence of the theorem above:

@]

H(M;R) x H"(M; R) H™(M;R)
(Poincar Duality)xId | = (Poincar Duality) | =
H, ;(M;R) x H""'(M; R) . Hy(M; R)

Here we can see that the cup product of two cohomology classes in complemen-
tary dimension is translated by the Poincaré duality map into the evaluation
homomorphism

H, (M;R) x H" {(M; R) — Ho(M;R) = R,

and this duality pairing is the basis for the intersection theory which we describe
in the following sections.

1.1.2 Cup product and transversal intersections

This section is a summary of chapter VI, section 11. of [Br|, the main results
being concerned with the transversal intersections:

The intersection product is a product defined on homology classes in a com-
pact oriented manifold. It is the Poincaré dual of the cup product of corre-
sponding cohomology classes, and enables us in some cases to interpret the cup
product (defined in a purely algebraic way) in a geometric language. If the
homology classes are represented by the fundamental classes of submanifolds,
the intersection product can be related to the geometry of the intersection of
the corresponding submanifolds.

Let M be a closed, oriented, connected n-dimensional manifold. Let D :
H;(M) — H"%(M) be (the inverse of) the Poincaré duality isomorphism,
ie.?

D(a) N [M] = a.

2Greek letters «, 3,... are now used to denote homology classes (these were previously
used to denote the cohomology classes).



Define the intersection product:

o: Hi(M)® Hj(M) — Hiyjn(M)

aefd =

D=HD(B)U D(a)) = (D(B) U D(a)) N [M] = D(B) N (D() N [M]) = D(B) Nax

We have a e 3 = (—1)"")(=J)3eq and ce (3ey) = (ae3)er.

In order to explore the geometric interpretation of the intersection product we
have to introduce the following:

Let 1 : W — M be a k—disk bundle over a connected, oriented, closed n-
dimensional manifold M, i.e. each point of M has a neighborhood U such that
7~ 1(U) has the structure of a product U x D*, where D* := {z € R¥ | |z| < 1}
is the closed k-disk.

Then W is an (n + k)-dimensional manifold with boundary 0W, identified with
the (k — 1)-sphere bundle over M. Assume that W is oriented.

The origin of each fibre D* provides an inclusion of M in W, denoted i : M <
W. Thus M can be considered as a subspace of W and the induced map ¢* in
cohomology is inverse to 7*.

The Thom class of the disk bundle 7 is the class 7 € H*(W,0W) given by the
image under the map Dy (dual to Poincaré duality map on W) of the homology
class of [M] inside W, i.e.

7 := Dw (i ([M])),
or equivalently:
TN W] =i.([M]).

In this case we have the Thom Isomorphism Theorem: the maps in
HP(M) =5 HP(W) =5 HPTR (W, 0W)

are isomorphisms and the composition of them coincides with the mapping
Dwi.Dy}

There is another way to define the Thom class for oriented, rank k real vector
bundles:

let 7 : E — B be an oriented, rank k real vector bundle over a connected,
oriented, closed n-dimensional manifold B. Then there exists a cohomology class
7in H*(E|B;Z) s.t. for every z € B the restriction of 7 to H*((E|B).;Z) = 7Z
is the distinguished generator determined by the orientation. This class is called
the Thom class of E. Under this assumption, the following is another version
of the Thom Isomorphism Theorem:

Theorem 2. [Hut], Th.3.2.

i) E has a unique Thom class T € H*(E|B;Z),
ii) the map
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H*(B;Z) — H**"(E|B;7Z)

a—TtalUT
s an isomorphism.

The link between the given two versions of a definition for the Thom class is
the following:

let U be a tubular neighborhood® of a closed oriented (n — k)-dimensional
submanifold B in a closed oriented n-dimensional manifold X. Then U can be
regarded as an oriented rank k vector bundle over B (since it is isomorphic to
the normal bundle of B in X), and the Thom class of U over B is an element
g of H*(U|B;Z)(defined as the unique class which restricts for each z € B to
a generator of H*((U|B),;Z)). In this setting, we have:

Proposition 2. The Poincaré dual 3 € H*(X;Z) of [B] € Hy—1(X;7Z) is the
image of the Thom class Tg under the composition:

H*(U|B;Z) — H*(X|B;Z) — H"(X;Z).

Hence, the Thom class corresponding to a tubular neighborhood (i.e. to a
normal bundle) of closed oriented submanifold B can be identified with the
Poincaré dual of [B]. We shall sometimes call this class the Thom class of a
submanifold B.

Now suppose we have two smoothly embedded m- resp. n-dimensional
closed, oriented manifolds M and N in a (m + n)-dimensional closed oriented
manifold W:
let [M]w and [N]w be homology classes in H,.(W) induced by the embeddings
iy and N, and let TX‘[/ = Dw([M]W) c H”(W), TJI\/,V = Dw([N]W) S Hm(W)
be the corresponding Thom classes (i.e. Poincaré duals).

Note that

[Nlw o [M]w = (y" 0 [W]) & (3} N [W]) = (3] UTN) N [W].

Now assume that M and N intersect transversely* in W. Then the normal
bundle of M N N in M is the restriction of the normal bundle of N in W to
M N N. In particular, the Thom class of IV in W restricts to the Thom class of
M NN in M, and we have the formula

M . w
TN = v (TN )

where 757 denotes the inclusion of M in W.
With these assumptions we have the following:

3For the definition of a tubular neighborhood and its properties, see [Br], ch.II, section 11.

4Two submanifolds of a given finite dimensional smooth manifold intersect transversely
if at every point of the intersection their tangent spaces generate the tangent space of the
ambient manifold at that point. Every intersection can be "perturbed" (by shifting these
submanifolds with a homotopy) to be transversal - for the detailed explanation see |GP],
"Transversality Homotopy Theorem" on p.70. If two submanifolds are of complementary
dimension and intersect transversely, then their intersection consists of isolated points.

11



Theorem 3. [Br] p.372, Th.11.9
TN = TN Ui
equivalently (Poincaré duality):
[M N Nlw = [M]w e [N]w

In this way one can compute the cup product of cohomology classes of W which
are dual to the orientation classes of two transversely intersecting submanifolds
M and N by looking at the intersection M N N. In that case the cup product
is the cohomology class dual to the orientation class of the intersection M N N.
Although this gives the geometric interpretation of the intersection product for
classes carried by submanifolds, one can give some general criteria:

Corollary 1. Let M be an orientable closed manifold and A, B C M. Let
a € Hy(A) and 5 € Hy(B), and let aps and By denote their images in H,(M).
Ifa]y] .ﬁM 7&0, then AN B 7é (Z)

Remark 1. If o, 8 € H.(M) are carried by the subsets A and B of M, then
a e 3 is represented by a cycle carried by any given neighborhood of AN B.?

We finish this section with the description of how to compute the intersection
product in a special case, which we present without proof (see [Br], discussion
on p.375):

suppose W is a smooth oriented closed m+n-dimensional manifold, and that
M and N are closed oriented, m—, resp. n— dim. smooth submanifolds embed-
ded in W with fundamental classes [M] € H,,(W;Z) resp. [N] € H,(W;Z).
Let wyr € H™"(W;Z) resp. wy € H™(W;Z) be the Poincaré duals of [M] resp.
[N].
If the intersection of M and N in W is transversal, i.e.

forallz € M NN we have T, W =T, M &T,N,

then the number [M][N] := [M] e [N] = (wy Uwn) N [W] ¢ can be computed
as follows:

the intersection of M and N consists of isolated points, and since M N N is
compact, there is only a finite number of them. For x € M NN set e(z) := 1, if
the basis of T, W obtained via T, M @ T, N is positive oriented, and e(z) := —1
otherwise. Then we have

Lemma 1.

5To see that a e 3 is i.g. not represented by a cycle given contained in A N B, see the
example on p.373 in [Br]
6We use the notation [M][N] instead of [M] e [N]
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1.1.3 The Euler class and degenerate intersections

In the last section, we have seen the geometry behind the computation of the cup
product of two classes which are Poincaré duals of submanifolds that intersect
transversely. In that case the cup product is simply the Poincaré dual of the
intersection. However, most of the time the intersection will not be transversal,
and the computation of the intersection number, if defined, is considerably more
difficult. This is where the notion of the Euler class is needed.

Let 7 : E — B be an oriented”, rank k real vector bundle over a connected,
oriented, closed n-dimensional manifold B. For the inclusion j : E — (E|B) =
(E, E\B), there is a corresponding map in the cohomology j* : H'(E|B) —
HY(E), and analogously for the inclusion s : B < E as the zero section of the
bundle E. Define the Euler class of E, denoted e(E) as the image of the Thom
clags 7 under the composition

k ik st=r* Tt ok
H*(E|B;Z) — H"(E;Z) " — H"(B;Z),

i.e.

As a consequence of Theorem 2, we have the following isomorphisms:

Hi(B; Z) a—7" alUT Hitk (E‘B, Z)
X %
H(E;Z)

Let ¢ denote the isomorphism H*(B;Z) — H?*(E|B;Z) , a — 7*aUT. Then
it can be seen that
e(B)=¢ H(1UT),

in particular, since a U 3 = (—1)@me)(dmB) 35 o, for the Euler class of an odd
dimensional bundle E we have 2 - e(E) = 0.

The following are some important properties of the Euler class (for details
see [Hus], p.240-242. and Theorem 5.1 in [Hut]):

* the Euler class is functorial, i.e. if E is a vector bundle over B, and f : B—B
a smooth map (between two base spaces B, B ), then for the induced bundle
we have f*(e(E)) = e(f*(F)), i.p. if E is a trivial bundle, then e(E) = 0.

 for the Euler class e(E) of an odd dimensional bundle E we have 2(e(E)) = 0,
8 i.p. for the homology groups with Z—coefficients (or coefficients in any ring

"We restrict our attention to oriented vector bundles. In the case of a non-oriented vec-
tor bundle, analogous statements can be made using the cohomology groups with Z/2Z—
coefficients.

8This follows from the functorial property of the Euler class, since an odd dimensional
vector bundle has an orientation reversing automorphism.
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with characteristic # 2), we have ¢(E) =0

x given two vector bundles E, F' over B, the Euler class satisfies the Whitney
product formula:
e(E®F)=e(E)Ue(F),

i.p. if a vector bundle E has a nowhere-zero section, then £ = E},. @ 7, where
E., is a trivial bundle, hence e(E) = e(Ey,.) Ue(n) = 0 since e(Ey,.) = 0.

* let 1) be a transversal (i.e. its graph U meets the zero section B of F trans-
versely) section of an oriented vector bundle 7 : E — B, and let Z := YN B be
the zero locus of 1. Then Z is a submanifold of B, and its normal bundle in B
is simply the restriction of F to Z: Ng = E)|z. Lp. this defines an orientation
on Z. In this setting, we have:

e(B) = Dg(|Z]) € H*(B; Z),

i.e. the Euler class is the Poincaré dual to the zero locus of a transversal section.

* the following sequence is exact ("The Gysin sequence"):

- 7(B) ) gitk(g) T g (E) — HY(B) — -

Now consider the following case:

Let V be a closed oriented manifold of dimension v, M resp. N closed
oriented submanifolds of V' of dimensions m resp. n, s.t. the intersection M N
N is compact. We say that M and N intersect perfectly® if the connected
components of the intersection M N N are submanifolds of V and if for all such
components F' of M N N one has for the tangent bundles: TF = TM;p NTNg.
Suppose that M and N intersect perfectly, m +n = v, and that the intersection
F := M NN is a connected oriented compact submanifold of dimension f > 1.
Let 1 be the excess bundle'® of the intersection, i.e. the vector bundle over F
which is the quotient of the tangent bundle of V restricted to F' by the sum
of the tangent bundles of M and N restricted to F'. Then 7 is given by the
following exact sequence:

0—TMp+TNp-—TVp —n—0.

(Note that if M, N intersect transversely, then dimF =0 and n =0 .) Since F
is oriented, 7 becomes an oriented vector bundle. Let e(n) be the corresponding
Euler class of .

Let Dx denote the inverse of the Poincaré duality map on a manifold X (X =
V; M;N; F), as in the beginning of the section 1.1.2. For amapi:Y — X,
let 4y : H.(X) — H.(Y) denote the map [A] — Dy.'i* Dx([A]); analogously i' :
H*(Y) — H*(X), a — Dxi.Dy" (), where i, and i* denote the canonically
induced maps on homology/ cohomology.

Consider the following diagram, with the maps being the obvious inclusions:

9Some authors use the term clean intersection instead of perfect intersection.
LO0For this notion, see [Fu] §6.3.
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Then we have the following ([Qu], Prop. 3.3.):

Lemma 2. "Quillen’s Clean Intersection Formula”
Under the assumptions above (i.p. M and N intersect perfectly), if « € H*(M),
we have in H*(N):

i1y (@) = i (e(n) UM (o))

and as a consequence we get a description of the intersection product in the
case of a degenerate intersection of submanifolds, dimM + dimN = dimV/,
dimF > 1:

Corollary 2.
[M][N] = e(n) N [F]

Proof. There is some abuse of notation (f.e. we write [N] both for a class in
H™(N) and for a class in H"(V)), however it is always clear from the context
what is meant by the symbol:

[M][N] =
= ((.«J]w UwN) n [V] =wpy N (OJN N [VD =
= wyr N (i%, ([N) = i, (i% (wnm) N[N]) =

1

(
(war = i%y (1), then use the Clean Intersection Formula)

=%, (@ (e UL NINY) =%, (N (e(m) N [N]) =
= ix, (ip . (e(n) N [F]) = i}, (e(n) N [F]) =
=e(n)NF,
the last equation holds in Z. O

Remark 2. For the direct proof of this fact, which contains in its approach the
idea of the Clean Intersection Formula see [RSchw], p.766.
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1.2 The Millson-Raghunathan method

This section is a summary of some of the results in [MR]. The goal is to give
a sketch of the construction of non-trivial homology classes in certain locally
symmetric spaces:
Let X be a symmetric space, X; and Xy two totally geodesic'! subsymmetric
spaces of X which intersect in exactly one point (w.l.o.g. the origin 0 of X).
{X1, X5} is an orthogonal decomposition of X if the tangent spaces of X; and
X at 0 form an orthogonal decomposition of Tp X (i.e. orthogonal and To X ®
To X2 = TpX). We say that the two orthogonal decompositions {X;, X2} and
{X1, X5} are equivalent if there is an isometry ¢ of X with ¢(X;) = X, and
d(X2) = Xo.
If V. C TpX is a sub-vector space, then expV is a totally geodesic subsymmetric
space if and only if V is a triple Lie system, i.e. if for all a,b,c € V we have:
[[a,b],¢] € V. Thus, the infinitesimal equivalent of an orthogonal decomposition
of a symmetric space X would be the orthogonal decomposition 7o X =V & W
with V, W both Lie triple systems.
There is a one to one correspondence between equivalence classes of orthogonal
decompositions of X and conjugacy classes of involutive isometries of X. Given
an involutive isometry o of X fixing 0, set 7 := 00; where 6 denotes the geodesic
symmetry at 0. Then the sets of fixed points of o resp. 7 on X, denoted X,
resp. X,, form an orthogonal decomposition of X; which is sometimes denoted
by {o,7}.

The authors now proceed to establish the following description of cycles in
the quotients of X:
Let X := G/K with G a connected component of the isometry group of X,
which is assumed to be linear and semisimple and K is the isotropy group at the
origin 0 of X. Given a discrete subgroup I' compatible with the decomposition
{o,7} (ie. oT'oc C T, 7I'r C I') then ¢ and 7 induce involutions of I'\X. Let
T, :={y € T|loyo = v}, and define T';; G, and G, analogously. Then we have
the following:

1

Proposition 3. Let K :=GyNG,. Then K = KNG, = KNG, is a mazimal
compact subgroup of G, and G, and X, 2 G, /K, X, 2 G, /K.

Proposition 4. If " is cocompact in G, then so are I'y and T'- in G, and G.
Let 7 : X — I'\X be a natural projection, then:

Proposition 5. If T' acts freely on X, then T\ X, = 7(X,), analogously for
X..

In this way we get a compact locally symmetric space '\ X (oriented, since
G is connected) containing two totally geodesic complementary dimensional
submanifolds Y, = I';2\ X, and Y, =2 I';\X,;. Under the assumption that the
universal cover of G is linear, one can find an arithmetic'? subgroup r<r
st. Y, 2 T,\X, and Y, = I';\ X, are orientable. ' Since the groups G we

" For the definition of a totally geodesic submanifold, see ch I, §14 in [Hel].

12Here, the group G is the group of R-rational points of a linear algebraic group G defined
over Q. Choosing a Q-rational structure on GG, by an arithmetic subgroup of G we mean a
subgroup of G(Q) commensurable with G(Z). For details, see section 5.2.

L3For this, see [MR], p.109-110 Prop.2.3
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are interested in will either be simply connected or will satisfy the assumptions
mentioned above s.t. the orientability questions do not present a difficulty, and
since our interest is in the arithmetic groups, from now on we deal with an
arithmetic subgroup I' < G s.t. in the corresponding locally symmetric space
our "cycles" Y, 2 T',\X, and Y; 2 I';\ X, are orientable.

In order to analyse the contribution of Y, and Y, to the cohomology of T'\ X, it
is important to describe their intersection:

Proposition 6. There is a one to one correspondence between Y, NY, and the
set of I'y x I'; equivalence classes of triples

T:={(z1,22,7) € Xo x X; X' | yo1 = 22}
where the action of T'y x 'y on T is given by

(1,72) - (#1,@2,7) == (@1, Y22, 72771 )-

Proposition 7. Let (x1,x9,7) € T, then the connected component of Y, and
Y, passing through y := mw(x1) is just the image of vX, N X, under m.

Let 6 := vyoy~'. The intersection component containing y = n(x1) is a
locally symmetric space A\A/B, where A resp. B are centralizers of & in G
resp. K and A is the centralizer of G in T, .

The connected components of the intersection Y, and Y, are indexed by the I,
T', double cosets of those v which appear in the third component of the triples
of the set T of Proposition 6 . Choose a set of representatives for this double
cosets including 1 € T’ (which corresponds to the projection of the origin in X
which is precisely X, N X, and thus appears as the intersection point in I'\ X);
say 1,72,...,7-; and set

I(T) :={1,v2,..., 7}

Let H, resp. H, be (any) subgroups of G, resp. G, which act transitively
on X, resp. X,;. Let v € I(T), then there exist 1 € X, and z3 € X, s.t.
yx1 = x5. Choose hy € HY, hy € HY s.t. h; -0 = x;. Let §(7) := hy *yh; Then
d(y) -0 =0, hence () € K. As a corollary we get:

Lemma 3. There is a one-to-one correspondence between I(I') and the 'y X'~
orbits of T N HYK HY..

If f: X — X is a smooth map and v1,...,v, € T,(X), then let fi(vi A... A
vp) == fu(vi) A A fi(vp), where f.(v;) € Ty, X is the image of v; under the
tangential map of f.

By the intersection multiplicity we mean the local contribution to the intersec-
tion number, as in the discussion on the end of section 1.1.2. (The multiplicity
is also defined in the case of a degenerate intersection since a degenerate inter-
section can be homotopically deformed in a transversal one'?, and there we can
read of the multiplicity.)

143ee |GP], Ch.II, §3. "The Transversality Theorem".
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Proposition 8. Let e1,...,ex resp. €pi1,...,e, be an ordered basis of Th X,
resp ToX,. Let €(vy) be a real number which satisfies

0(Y)s(er Ao Nek) Negr1 Ao Nep =€e(y)(er ANea Ao ANey).

Then:
e(y) = 0 & the intersection corresponding to v is degenerate
e(y) > 0 & the intersection corresponding to v has multiplicity +1
€(y) < 0 & the intersection corresponding to v has multiplicity —1

This can be seen in a following way: since hy € H2, hy € HY connected,
w:= (Lp,)«(e1A...Aeg) resp. T := (Lp,)«(ep+1/A. . .Aey) is a positive orientation
of X, at z1 resp X, at zo. Thus the intersection will be positive, negative or
degenerate according to whether (L,).(w) A T is a positive, negative, or zero
multiple of the volume element of X at x5. The rest is a simple calculation.

Remark 3. In the case e(y) = 0, i.e. a degenerate intersection, 0 is not
necessarily the intersection multiplicity.

Let G, resp. G, be the subgroup of G, resp. G, preserving the orientation
of X, resp. X,.'% The following result'® will be crucial in manipulating the
intersection multiplicities:

Lemma 4. Ifv, 7 are in the same G, G, - double coset in G, then e(7) = €(7).

Choosing orientations s.t. X, and X, intersect at 0 with the positive intersection
multiplicity, we have:

Corollary 3. If v is in the trivial G,, G,-double coset, i.e. v € G, G, then
e(y) =+1.

Now suppose F is a totally real number field, the groups G, H, and H, are the
real rational points of groups M, M, and M, defined over F and I' < GLy(Og).
If p is a prime ideal of Og, let I'(p) := Ker(I' — GLn(Og/p)). In general,
I('(p)) is not contained in I(T'). Let §(I(T)) := {é(v)|y € I(T")}. Then we
have:

Lemma 5. §(I(I'(p))) C o(I(I)).

The rest of the work is to find a suitable congruence subgroup I'(p) < T' s.t.
d(I(I'(p))) is contained in the connected component of the normaliser of K, and
it can be summed in the following few results'”:

Theorem 4. [MR], Th.3.1.
For all but finitely many primes p in O we have

v €0(I(T(p))) = v € (Hr)c(Ho)c,

where (H,)c, (H;)c denote the complezification of H,, H,.

15Tn our case, we can take G, = Hg and G, = Hf_)
16For the proof, see [MR], Lemma 2.5.
TFor the proofs see [MR], §3.
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According to Corollary 3, if v € HYH?, the intersection multiplicity of the
intersection component corresponding to v is +1. Thus, using Theorem 4 and
in the case that H, and H, are connected, it suffices to study the following
problem: given v € (H;)c(Hy,)c, when can we obtain v € H,H,? This is
solved using Galois cohomology theory in the following way:

let v € (H;)c(Hy)c, ie. v € M (C)M,(C). Write v = g,g, with g, €
My(C), g € M,(C). Now to every such vy we associate a Galois cycle a(y) €
H'(E, M, N M;,) in the following way: for ¥ € Galc,p we have 9(y) =~ (since
~ has entries in E), and so

959(90) " = g7 19(gr) =: a(7)(9).

Note that for g, € M,(C) we have: g, € M, (E) « for every ¥ € Galc/p we
have 9(g,) = 9» < a(v)(¥9) = 1 for every ¥. Analogously the case g, € M,(R)
can be treated, hence:

Lemma 6. We can write ¥ = prpy with py € My (E), pur € M- (E) if and only
if the class of a(vy) in H*(E, M, N M,) is trivial.

Since E C R, there is a map H'(E,M, N M,) — H*(R, M, N M,), let a(v)
be the image of a(vy) under this map.

We can write v = hyhy with hy € M,(R), h; € M, (R) if and only if the class
of a() is trivial in H' (R, M, N M,).

Note that Galc/r = {Id,c} where c is simply the complex conjugation which

we write ¢(x) = Z. Then we have a(y)(c) = go9- ', and thus choosing z =
Jo € M,(C) we have x - a(y)(c) - ¢(x) = 1, implying that the image of a(y) in
HY(R, M,) is trivial. Analogously for M., hence:

Lemma 7. If HY(R, M, N M,) — HY(R, M,) x HY (R, M,) is injective, then
the class of a(v) is trivial in H' (R, M, N M.).
Consequently, we can can write v = h.-h, with h, € M,(R), h, € M, (R).

Summing up these results, we have that the following holds for two closed
orientable cycles I'y(p)\ Xy, I'+(p)\ X in a closed orientable locally symmetric
space I'(p)\ X:

Theorem 5. With the notation above assume p is o prime ideal of O satis-
fying the hypothesis of theorem 4. If H, and H. are connected, and the map
HY(R,M,NM,) — H' (R, M,)x H* (R, M,) is injective, then all intersections
of To(pP)\X, and T'(p)\X, in D(p)\X are isolated and have multiplicity +1.
For the intersection number we have:

TN\ e\ = > 1>0

yes(I(T'(p)))

Lp., using the Poincaré duality for closed orientable manifolds, both cycles rep-
resent non trivial homology classes in H.(T'(p)\X;Z).
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1.3 The Rohlfs-Schwermer method

This section is a summary of the results in [RSchw], which is a generalization of
the Millson-Raghunathan approach to the construction of nontrivial homology
classes in locally symmetric spaces. The results are presented for a reductive
algebraic group defined over Q, however, using the restriction of scalars (see
[PR], §2.1.2.) we can work over arbitrary number fields.

1.3.1 Construction of special cycles

For the purposes of the construction which will be presented we have to be
familiar with non-abelian Galois cohomology, elements of which will parametrize
certain fixed point sets on arithmetically defined manifolds.

Let © be a group acting on a group A as a group of automorphisms. We denote
the action of s on a by ®a. A cocycle of © in Aisamap v:0 — A s +— 7,
S.t. vst = vs -° Y for all s;t € ©. Two cocycles v, are said to be equivalent if
there exists an element a € A s.t. & =a~!-7,-*afor all s € ©.Then H!(0; A),
defined as the set of all equivalence classes of cocycles under this relation is the
first non-abelian cohomology set of © in A. The class of the trivial cocycle is
denoted by lg.

If the groups © and A act on a set M in a compatible way, *(am) =* a *m,
then, given a cocycle v € H'(©; A) there is a y-twisted action of © on M given
by m — 7, *m for s € ©. The fixed point set of this action is denoted by M (7).

S

Let G be a reductive algebraic group defined over Q and let © be a finite abelian
group of Q-automorphisms of G. Choose a ©-stable maximal compact subgroup
K of G(R). Then O acts on a symmetric space X := G(R)/K. Given a ©-stable
torsion-free arithmetic subgroup I' of G(Q), there is a natural action of © on
the locally symmetric space I'\X and given a cocycle v € H'(O;T'), there are
y-twisted actions of © on G and on T given by g — 74 -*g-v; * with the induced
action of ©® on I'\ X coinciding with the original one. Denote by I'(7), X () the
set of fixed points under the y-twisted action of © on I' and X. Then, using the
fact that T' acts freely on X we have the injective'® natural map:

Ty T(O\X(7) = T\X.
The image F'(7y) of 7, lies in the fixed point set Fizp\ x(©), and depends only
on the class of v in H'(0;T). It is a connected totally geodesic closed nonempty
submanifold of T'\ X.1?
Furthermore, one can see that all fixed points of the action of © on I'\ X arise
by this construction, and we have
Fizp\x(0) = U F(v).
YeH!(O,T)
Now consider © :=< p > for a Q-rational automorphism p of G of finite order.
Then we have

Figp\x(<p>) = U F(v).
yEH (<p>,T)

18The injectivity of this map is a consequence of the fact that T' acts freely on X and the
fact that we are dealing with fixed points of involutions, for the proof, see [Schw]| §2.2.
9For the proof of this fact, see [Hel| ch I, §13 and §14
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The connected component corresponding to the base point 1, will be called a
special cycle, denoted by C,,(T").

Note that each of the components F(vy) of Fizp\x(< pu >) can be viewed as
a special cycle obtained by the rational automorphism obtained by twisting u
with ~.

By construction, the special cycle C,,(I") is diffeomorphic to the locally symmet-
ric space originating with the group of real points of the fixed point group G(u)
of G under p, since we can identify

G(p)(R)/K (1) = X (),

where X (1) := X(1,), and now the natural map

L(p)\X (1) = Cu(T)

with I'(n) := I'(1,) = {y € I'|u(y) = 7} provides a diffeomorphism between
the locally symmetric space I'(1)\X (1) and the closed immersed submanifold
C,(T).

1.3.2 Intersection of two special cycles

Proposition 9. Let o, 7 be Q-rational automorphisms of G with o = 7o. Let
0 :=< 0,7 >. Given a O-stable arithmetic subgroup T' of G(Q) let

resy X res, : HY(©;T) — HY(< o >;T) x HY(< 7 >;T)

be the map which sends a cocycle v to the pair of cocycles determined by o, V-,
.e. by a natural restriction.

Then we have:

1) If vy € Ker(resy xres,), then F(vy) C C,(T')NC,(T') is a connected component
of the intersection of C,(I") and C,(T).

2) There is a bijection

Ker(res, x res;) < mo(Co(T') N C-(T)),

given by v — F(v); where mo(C, (I')NCL(T)) is the set of connected components
of Co(T)NC(T).

The proof of this result can be found in [RSchw], and relies on the fact that
the ~-twisted ©-action on X is determined by the ~,-twisted o-action and the
~--twisted T-action and we have X (y) = X (v,) N X (7+).

If V a C°°-manifold, M and N two closed immersed submanifolds of V', we
say that M and N intersect perfectly if the connected components of the inter-
section M N N are immersed submanifolds of V' and if for all such components
F of M N N one has for the tangent bundles: TF = TM|p NTN|p.

The exponential map exp : T, X — X is a bijection commuting with the
~-twisted action of ©, and this fact is the base of the proof of the following:

Proposition 10. The special cycles Co(T') and C-(T) intersect perfectly in
r\x.2

20For the whole proof, see [RSchw|, Lemma 1.4.
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1.3.3 Orientability of special cycles and the connected com-
ponents of their intersection

In order to analyze the contribution of the closed submanifolds on I'\X given
by special cycles to homology of T\ X, we have to deal with the problem of
orientation of special cycles and the connected components of the intersection
of two special cycles. This is settled in [RSchw]; §2. Here we state just the main
result:

Proposition 11. Let © be a finite group of Q-rational automorphisms of a
reductive algebraic group G defined over Q. Let I' be a O-stable arithmetic
subgroup of G(Q). Then there exists a normal ©-stable torsion-free arithmetic
subgroup T < T such that T'(y) € G(7)(R)° for all v € H'(O;T). Le. the
corresponding components F(v) of Fizp, () in \X are orientable.

1.3.4 Evaluation of the intersection number

Suppose we have chosen a suitable torsion-free arithmetic subgroup I' < G(Q)
of a connected reductive algebraic group G defined over Q s.t. the two com-
plementary dimensional special cycles Cy(T"), C(T") in '\ X and all connected
components of their intersection are orientable and that C,(I') N C(T") is com-
pact. Then the intersection number is summed over all connected components
of the intersection (some of them might be degenerate intersections), thus, using
Proposition 10, Corollary 2 and the discussion at the end of the section 1.1.2,
we have:

Corollary 4.

where the sum ranges over
v € Ker(res, x res, : H' (< 0,7 >;T') — H'(< 0 >;T) x H (< 7 >;T)),

n(y) denotes the excess bundle of the intersection component F(v), and in

the case of transversal intersection, where F(y) = x is a point, we define
e(n(Y[F(®)] :=1 if T,Cx(T) & T,,C-(T') equals T,T\X as an oriented vector
space, and e(n(7))[F(7)] = —1, ofheruise.

1.3.5 FEuler number of the excess bundle

Without going into details, we present the main results of §4 in [RSchw], where
the formula for e(n(vy))[F(v)] is derived:

Let v € Ker(resy x res, : HY(< 0,7 >;T) — H'(< 0 >;T') x H(< 7 >;T)).
For a chosen maximal compact subgroup K () of G(y)(R) we have

X()=GMR)/K(y), Fly)=TO\X()

The excess bundle 7() determines a bundle n over X (7). Let G,(v) be a
compact real form of G(v). For a suitable realization of G, (v)(R) we have an
embedding of X () into the compact dual X, (y) := G.(7)(R)/K(v), and the
bundle 7 determines a bundle 7, (v) on X, (7). An invariant positive measure
w on G(v)(R) induces a measure w,, on G, (7)(R). In this set-up, we have the
following result:
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Proposition 12.

_ i e(1u (7)) [Xu(7)] w
e(n(MIFM)] = (=1) voly, (Gu(7)(R))O ./r(v)\G( ®e

where f() := dim F(7).
Moreover, if G(v)(R)? does not contain a compact Cartan subgroup or if f()
is odd, then e(n(7))[F(v)] = 0.

Remark 4. 1) For the Euler number x(F(v)) of F(v) we get in the same way:

f X(Xu (’7)) /
v0ly, (Gu(7)(R))° Jrenae) @

w,

2) The number |e(n.(7))[Xwu(7)]| depends only on the image of v in HY (< o, 7 >
,G(R)).

Now, having in mind part 2) of Remark4, we analyze what happens in the
case that v,£ € Ker(res, x res;) map to the same class in H'(< o,7 >
,G(R)),i.e. there exists g € G(R) s.t. v, =g 1 & - Sgforall se<o,7>. In

this case, the left translation by ¢ induces isomorphisms?':

X(§) = X(v),

and
X(&) % X(&) x X 2 X (75) x X(37) x X.

Since v € Ker(res, x res,), we have v, = a=! %a, v, = b= 7b with a,b €
I’ and unique modulo T'(o) resp. I'(7), and we have orientation preserving
isomorphisms

X(0) = X(v), X(1)= X(y).

Given cocycles v, and &, the equation v, = ¢g7' - & - °g determines g up to a
factor a € G(&;)(R). Now define s(v,§) in the following way:

s(7,€) := 0 if there exists an a € G(&)(R) s.t. the left translation by a acts
orientation reversing on X (&,) x X (&) x X.

If all @ € G(&5)(R) act orientation preserving on X (&,) x X(&;) x X, then let
s(7,€) := 1 if the left translation by ¢ acts orientation preserving on X (&,) x
X (&) x X, and s(v,§) := —1 otherwise.

Proposition 13. If the classes v,£ € Ker(res, X res,;) map to the same class
in H'(< 0,7 >,G((R))), then

e(mu(Xu()] = s(v,€)e(nu(§)[Xu(E)]-

In fact, in most of the groups in interest, we will have s(v,¢) = 1:

Lemma 8. If G(R) resp. G(0)(R) resp. G(7)(R) act orientation preserving on
X resp. X(o) resp. X(7), in the setting of Proposition 13, we have s(v,&) = 1.

That the assumptions of Lemma 8 are satisfied for many groups can be seen
from the following (see 4.7 in [RSchw]):

21Here X (v,) denotes the fixed point set of the 7,-twisted action of o on X, recall that
X(v) = X(vs) N X(7r), as seen in section 1.3.2
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Proposition 14. Let G be a connected, simply connected, semisimple algebraic
group defined over R. Let o be an automorphism of finite order of G defined
over R. If G(R) is simply connected as a topological group, then G(o)(R) is
connected.

This will be automatically satisfied in the following case: let G(R) = G. x G}, X
G, where G, is the product of compact simple factors of G(R) and G}, is the
product of factors which give rise to hermitian symmetric spaces. The rest of
factors makes up G,. If the simple factors of G, are not of the type SL, (R),
n > 3; SO, (q)(R) with ¢ a quadratic form of index > 3; split Ga, Fy, Eg, E7,
Es; Eg2, E7_5, Es _24 where the second index is the Cartan index, then G(R)
is simply connected and Proposition 14 applies.

Now, using the results so far, and under the assumption that there exists a
point x € C,(I')NC (') where the special cycles meet transversely, one "shifts"
the problem of evaluation of e(n,(v))[Xu.(7)] to the problem of evaluation of
e(nu(€))[Xu(€)] for a certain class £ € H'(< o >, S) which maps to the same
class as v in H'(< 0,7 >, G(R)), where S := T'(0)?, for T < K(7)° a maximal
o-stable torus contained in K (7)°, where K is the maximal compact subgroup
of G(R) corresponding to x. In this case, it can be seen that |e(n,(£))[X.(8)]| =

IX(Xu(8))] = x(Xu(£))?*, and since X (v) = X (€) we get:

Proposition 15. Assume that the special cycles C,(T') and C.(T') intersect
transversely in at least one point. Then we have:

le(nu (V) [Xu (D] = x(Xu (7).

We have to use the absolute value |e(n, (7)) [Xw(7)]], since it might happen that
the element g € G(R)° for which we have v, = g~! - & - g gives rise to an
orientation reversing isomorphism X (§,) x X (&) x X =2 X(v,) x X(v-) x X.
In the case that this map is orientation preserving, for instance in the case that
Proposition 14 holds, we have

e(nu (M) [Xu(¥)] = x(Xu(v)) > 0.

In this situation, using Part 2) of Remark 4 we get [Co(I')][C(I')] = >_ x(F (7)),
where the sum is taken over v € Ker(res, x res, : HY(< o,7 >;T') — H!(<
o >;T)x HY(< 7 >;T)), and since the sign of x(F(v)) is (—1)@ the next step
in achieving [C,(I)][C;(T")] > 0 is to find an arithmetic subgroup I s.t. all the
dimensions f(v) are congruent modulo 4.

The idea how to achieve this can be found in [RSp], and we present a brief
sketch in the next section:

1.3.6 Nonvanishing of Euler-characteristics

In this section, let T" be an arithmetic subgroup of a connected Lie group G,
where GG is constructed as a subgroup of a semisimple algebraic group G de-
fined over Q s.t. G is a quotient with compact kernel of G(R)°, the connected

22The last equality |x(Xu(€))] = x(Xu(£)) > 0 holds, since X, (§) = G¢/K¢ is a represen-
tation space of a closed Lie group G¢ and we have rk(G¢) = rk(K¢) , see f.e. [BN] Theorem
17. and the references therein.
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component of the real points of G. In G we work with an involution 8 defined
over Q which induces a Cartan involution of G. Such an involution 6 is called
a Cartan like involution. Now, if K is a maximal compact subgroup of G(R)
with corresponding Cartan involution 6y s.t. § and 6y commute on G(R). Let
X := G(R)/K, and denote by # the involution on X induced by 6 and 6.

Let F' be one of the field QR or Q,. Let t € G(F) represent a class in
HY(0,G(F)), i.e. t-0(t) = 1. Then we have the t-twisted action 8, on G(F)
given by

0:(g) :==1t0(g)t™",
which induces corresponding action on g(F) := g ®q F, where g is the Q-
Lie algebra of G, which we again denote by 6,. 6, acts as an isometry of the
Killing form B of g(F), thus the eigenspaces of 6§, are orthogonal with respect
to B. Let g(F)(t) denote the fixed point set of , on g(F'). Then Bigp)« is
a non degenerate bilinear form. It is easy to see that the isometry class of the

quadratic space Br(t) := (g(F)(t), Big(r)(+)) depends only on the class of ¢ in
H'(0,G(F)).

A quadratic form ¢ on a Q— vector space V can be diagonalized over R with
r factors 1 and s factors —1 on the diagonal. Then we write sgn(q) := r — s,
which depends only on the isometry class of g @ R in V ® R.

Lemma 9. In notation above, let X (t) := {z € X|0(z)t™! = z} denote the
fized point set of 0, on X. Then

2dimX (t) = dimg(R)(t) + sgn(Bgr(t))

Proof. The inclusion K — G(R) induces a bijection H!(§, K) = H' (0, G(R)),??
thus we can assume ¢t € K; then 6 and 6, commute and there is an eigenspace
decomposition

g(R)(t) = ko +po

of g(R)(¢) with respect to the fp-action. Since 6, is the Cartan involution corre-
sponding to K, Bjy, is negative definite and B|y, is positive definite, therefore:

dimg(R)(t) + sgn(Br(t)) = dimko + dimpo — dimkg + dimpg =
= 2dimpo = 2dimX ().
O

Let W(F) be the Grothendieck-Witt ring of quadratic forms over F (see
[Scha]), and let

Br : HY(0,G(F)) — W(F),
t = (&(F)(t), Big(r)t))-

The inclusions Q — Q, induce obvious Hasse maps h in cohomology and of the
Witt rings, making the following diagram commutative:

23see [RSp| 2.2.
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H'(9,G(Q)) L [Loeve H'(6,G(Q,))
B‘/ Hvev@ By
W(Q) b [Toeve W(Qy)

If (¢, V) is a Q-rational quadratic space, then for every place v € V© of Q there is
defined a Gauss sum ~,(¢) with values in the eight’s root of unity, and depending
only on the class of (¢ ® Q,,V ® Q,). If v = 00, then yoo(q) = e =%, where

€= l—jg is the primitive eight’s root of unity. Weil’s product formula?* says:

I w@=1
veVQ

Now, if we have two quadratic forms B(t) and B(t) which are equal on Q, for
all finite primes v, we have v (B(t)) = Voo (B(t)), i.e.

e—son(Bir(®) _ c—sn(Ba(@)
and since ¢ is the primitive eight’s root of unity, sgn(Br(t)) = sgn(Bg(f)) mod
8, and now using Lemma 9 we have the following result:

Lemma 10. Consider the Hasse map

hi= [T b 1'0.G@) — [T #'(©.G@)).

veVaQ veVvae

If t,t € G(Q) represent classes in H'(0,G(Q)) and if hy,(t) = hy(t) for all
v # oo, then
dimX (t) = dimX () mod 4.

Now, in [RSp|, the authors show how to produce a "small enough" congruence
subgroup I' < G(Q) s.t. all classes of H!(9,T) are trivial at all finite places of
Q, meaning that

H h:D : Hl(Q’F) - HHI(Q’Q(QP))
pGVJ;Q p
is trivial.
Congruence subgroups are produced in the following way:
we have an embedding G — SLy over Q. Let K,(j) denote the kernel of

the canonical map 4
SLy(Zp) — SLn(Zp/p’Zp).

Let sln(Zp) denote the set of N x N matrices with coefficients in Zj, and trace
zero. Then we have a bijection induced by the usual matrix exponential series:

cap : p'sin(Zp) — Kp(j),

243ee [Scha], Ch.5.
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for p>2orp =2andj > 2 Letg(Qp) denote the Lie algebra of G(Qp)
considered as a subset of My (Qp). Then we have an induced bijection

exp . ijZN(Zp) N g(@p) - Fp(j)»

where T'p(j) = Kp(j) N G(Qp).

The following technical Lemma enables the suitable choice of a congruence sub-
group:

Lemma 11. Let U, C G(Zp) be an open -stable subgroup. Then there exists
an open ©-stable normal subgroup Vy, of Up such that the map

Hl(Q7 VP) - Hl(gv UP)
induced by the inclusion Vi, — Uy is trivial.

Since our embedding G — SLy has been chosen without care with respect to
the g-action, @ will not preserve all G(Zp) := G(Qp) N SLy(Zy). This happens
at a finite set Sy of primes. For technical reasons, enlarge Sy by assuming
2 € Sy. Then 0 preserves G(Zyp,) for all p ¢ Sy, and for a finite set of primes S
containing Sy define

0(S) = G@Qn([] Vo x [[ &)

peS p¢S

Now start with a suitable congruence subgroup T'(Sp), then H'(0,T(Sy)) is
finite?®, and for a v € H'(0,T(Sy)) with a prime v s.t. h,(y) # 1, choose
S = Sy Uw. After finitely many steps, by Lemma 11 one arrives at a desired
"small enough" congruence subgroup I'(.9), for which, using Lemma 10, we have

7,7 € HY(0,T(9)) = dimX (v) = dimX (7) mod 4,

i.p. the sign of x(F(7)) equals the sign of x(F(7)).

1.3.7 Finite covering with positive intersection number of
cycles

Summing up the results in previous sections we can now formulate the main
result of [RSchw]:

Let G be a connected reductive algebraic group defined over Q; o, 7 two
Q-rational automorphisms of finite order of G which commute with each other,
and let T" be a < 0,7 >-stable torsion-free arithmetic subgroup of G(Q) s.t.
the special cycles Cy(I') and C,(T") and all connected components of their in-
tersection are orientable. Suppose dimC,(I") + dimC; (') = dim I'\ X and that
C,(T") N C-(T") is compact. Furthermore, suppose G(R) resp. G(o)(R) resp.
G(7)(R) act orientation preserving on X resp. X (o) resp. X (7).

Theorem 6. [RSchw/], Th.4.11.
With the assumptions above, assume in addition that G s semisimple and
that X (o) and X(71) intersect in exactly one point with positive intersection

25For this, see [BoS].

27



number*®. Then there exists a < 0,7 >-stable normal subgroup r of finite index
i I s.t.
[Co (DG (D] = S x(F (),
¥

where the sum ranges overy € Ker(res,xres, : H' (< o,7 >;T) — HY(< 0 >
:T) x HY (< 7 >;T")), and where all Euler characteristics x(F(v)) are positive.

Remark 5. The results of section 1.3.6 can be applied to H'(< 0,0 >;T) in
order to produce a congruence subgroup where all Euler characteristics x(F(7))
for v € Ker(res, x res; : H'(< 0,7 >;T) — H'(< 0 >;T) x HY(< 7 >;T))
are positive.

26This enables the use of Proposition 15. Note that X (o) and X (7) intersect in exactly one
point with positive intersection number if and only if the group G(o, 7)(R) of fixed points of
< o,7 > is compact. Positivity of the intersection number can always be easily achieved by
rearranging the orientation on X, X (o) and X (7).
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1.4 Result of Lafont-Schmidt

Here we present the result of [LS]:

1.4.1 Background: CW-structure of real, complex and
quaternion projective spaces

The following can be regarded as a summary of Ch.2. in [Vi]:

Let A, X,Y be topological spaces with A C X, XNY =0, andlet f: A —
Y be a continuous function. Consider X UY as a topological space in which
X and Y are both open and closed, carrying their original topology. Let ~
be the least equivalence relation on X UY such that a ~; f(a) for all a € A.
(a ~ f(a) defines a partial relation, and the least equivalence relation generated
by a partial relation can be obtained by letting x ~¢ y if there exists a sequence
T =X, T1,-..,Y = Tpn such that x; ~ z;y1, ;01 ~ z; or x; = ;14 for all 7).
The identification space (X UY)/ ~ is the space obtained by attaching X toY
via f: A—Y, denoted X Uy Y.
Of particular importance is the case X := D", A := 8"~ = 9D". The space
D" Uy Y is called the space obtained by attaching an n-cell to Y wvia f.

Example 1. X := D? A:=8'=0D? and Y a copy of §* disjoint from X.
Let f : A — Y be the map given in complex coordinates by f(e?) := e*?. The
identification space D? Us st (as we shall later see) is the real projective plane
P2(R).

The homology groups of this space may be computed by choosing an open "cell”
U in the interior of D?, a point p € U, and a set V := P?>(R)\{p}. Now U,V

cover P?(R) and the Mayer-Vietoris sequence can be applied. As a result we
get?”

H,(P*(R);Z) = 7/27

Hy(P*(R); Z) 2 0.
The method used in this example can be adapted to prove the following:
Proposition 16. If f : §" ' — Y is continuous and Y Hausdorff, then there

18 an exact sequence:

s Ho (8™ L5 H (V) 25 Hy (DM Uy YY) — Hypp (877 — -

— Ho(8") — Ho(Y) @ Z — Ho(D" Uy Y).

This exact sequence says that the homology groups of Y and D" U; Y can only
differ in dimensions n and (n — 1). The attaching of an n-cell may have created
a new n-dimensional "hole" and on the other hand this new n-cell may have
filled an existing (n — 1)-dimensional "hole" in Y. Away from these dimensions,
the homology groups do not differ.

2"For the details see [Vi], example on p.43.
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Example 2. Define the real n-dimensional projective space to be P™(R) :=
S"/ ~, the set of equivalence classes under the equivalence relation ~ defined
byx ~y: s x=—y. Letm: 8" — P"(R) be the quotient map. We can attach
an (n+ 1)-cell to P*(R) via w in the following way:

Regard 8" C "1 by identifying (x1,...,x,) € 8" with (z1,...,z,,0) € §"T.
This induces the inclusion i : P*(R) — P""1(R) of a closed subset. Write §"**
as a union By UFE_, where Ey = {(x1,...,Zn, Tpy1) € st | Zpt1 > 0} resp.
E_ = (x1,...,%0,Tnt1) € 8" | 2,41 < 0) is the upper resp. lower closed
hemisphere. Then EL NE_ = S".

There is a homeomorphism g : D" — E_. Let f; : D"T' — P""(R) be
the composition of the maps

prtl 9, E, C st N prtl (R)

where 7 is the quotient map on 8™ (analogous to ).
This induces:

Dy Pr(R) 2 prtl(R)
which can easily be seen to be surjective (in fact, f1 is already surjective).
It is not difficult to see that this map induces a homeomorphism

P""Y(R) ~ D" U, P"(R).
Thus, P"*1(R) can be constructed by attaching an (n+1)-cell to P™(R) via the
quotient map m: 8" — P"(R) = §"/ ~.
The complex and the quaternion projective spaces are constructed analogously
using the identification C" = R?” and H" = R*":

Example 3. Consider $*"' as a subspace of C"*1:

n+1
52n+1 = {(217 .. .727,,4_1) € Cn+1 | Z |ZL|2 = 1},
i=1
and let ~ denote the equivalence relation (z1,...,2n41) ~ (21, ., 2n+1) if and

only if there exists A\ € C with |\ =1 s.t. z; =AZ; foralli=1,...,n+ 1.

The complex n—dimensional projective space P"™(C) is defined as the quotient
St/ ~. Let w denote the quotient map 8" — P"(C). Then, analogously
as in the case of real projective spaces, we have that P"*1(C) can be obtained
by attaching a 2(n + 1)-cell to P™(C) via .

Exarpple 4. Define the quaternion n—dimensional projective space to be P"(H) :=
§intd ), where the equivalence relation ~ is obtained in the following way:
Consider 83 as the subspace H":

n+1

S4n+3 = {(al, .. .,an+1) S HnJrl | Z |ai‘2 = 1},
i=1

where for a € H we have |a| := n(a) (for definition see section 3.1.1). Let ~
be the equivalence relation given by (a1,...,an41) ~ (@1,...,an+1) if and only
if there exists A € H with |A\| =1 s.t. a; = Aa; for alli=1,...,n+ 1. It can
be seen that P"T1(H) is obtained by attaching an 4(n+ 1)-cell to P™(H) via the
projection map §*"3 — P(H) = §*"13/ ~.

This description of projective spaces enables us to calculate their homology:
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1.4.2 Homology of projective spaces

As opposed to the complex and quaternion case, real projective spaces have
cells in each dimension, which does not an enable elegant use of Prop.16 for the
homology computations. Since our interest is mainly in the quaternion case,
where the computation is analogous to the complex case, we do not go into
details of the computation of homology groups of real projective spaces (for the
proof, see p. 62-63. of [Vi]).

Proposition 17. H;(P"(R);Z) = Z for i = 0 and for i = n, when n is odd.
H;,(P"(R);Z) = Z/2Z for i odd, 0 < i < n; and H;(P"(R);Z) = 0 otherwise.

Proposition 18. H;(P"(C);Z) 2 Z for i = 0,2,4,...,2n and trivial for all
other 1.

Proof. P°(C) is a point, and P'(C) is obtained by attaching D? to a point, thus
P'(C) is homeomorphic to $?. Thus H,(P°(C);Z) = H.(-;Z) and H,(P'(C); Z) =
H.(S%Z), and the result is true for n = 0,1. Now one can use induction:

Start from P"~!(C) by attaching an 2n-cell as in Ex.3. Using Prop.16 we get
for ¢ > 1 a collection of short exact sequences

0 — H;(P""'(C);Z) — Hy(P"(C);Z) — H; 1(8*""1;Z) — 0,
which gives the desired result. O

Analogously, we get

Proposition 19. H;(P"(H)) X Z fori=0,4,8,...,4n and trivial for all other
7.

1.4.3 Homologically essential submanifolds

The following is a short overview of the main theorem of [LS]:

Let X and Y be compact locally symmetric spaces of non-compact type,
Y — X embedded as a totally geodesic submanifold. Let X resp. Y be locally
modelled on a symmetric space G/K resp. G/K (this symmetric space is the
universal cover of X resp. Y), with G, G non-compact semisimple Lie groups;
K, K maximal compact subgroups.
Since the embedding Y < X is totally geodesic, one can consider G as a
subgroup of G,2® and hence take K = GN K.
Let Gy, resp. Gy, be compact duals 22 of G resp. G, and denote by X, := G,/ K
resp. Y, := G, /K the dual symmetric space to G/K resp. G/K.
Totally geodesic embedding ¥ < X induces a totally geodesic embedding
G/K — G/K, which further induces a totally geodesic embedding of dual
symmetric spaces Y,, — X,, since the commutative diagram

28Tn the case that Y < X is totally geodesic, then any isometry of Y extends to an isometry
of Y.

29Compact dual G, of a non-compact Lie group G is the maximal compact subgroup of the
complexification of G. If K is a (maximal) compact subgroup of G, one can assume K < Gy,
(up to conjugation).
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~—Q

|

after passing to complexification and descending to the maximal compacts,
yields a commutative diagram

HK

— =G,

|

Nz%?z

K

When X is a compact locally symmetric space modelled on G/K, Matsushima
([Mat]) constructed a map on the cohomology

j*H(G,/K;R) — H*(X;R),

with the following properties:
i) j* is injective
il) there exists a constant m(g) ("the Matsushima constant") depending only
on the Lie algebra g of G, such that j* is surjective in cohomology in degrees
up to
dimension m(g).
As mentioned in the introduction, the classes which are in the image of this
map are exactly the G-invariant classes.

In the notation used above, the following is a main result of interest to us
in [LS]:

Theorem 7. [LS], Th.1.1.

Let Y — X be a compact totally geodesic m—dim. submanifold of non-
compact type inside a compact n—dim. locally symmetric space of non-compact
type 3°. Let p denote the map H™(X,;R) — H™(Y,;R) on the cohomology
induced by the embedding Y, — X,. Then:
~if [Y] =0 in H,(X;R), then p=0
~if p =0 and m < m(g), where m(g) is the Matsushima constant of g :=
Lie(G), then [Y] =0 in H,(X;R).

Proof. For a group H acting on a manifold M, let Q (M) denote the complex
of H-invariant differential forms on M.
Let X = I'\G/K, Y = A\G/K. We consider the following complexes of

differential forms: Q°(G/K), Q% (G/K), QY (G/K), OMG/K).
We have the following identifications:

O (G/K) = H* (g, k) = H" (gu, k) = Q% (G./K)

30Note that every totally geodesic submanifold of a locally symmetric space is locally sym-
metric, see [Hel], p.189.
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and the cohomology of the complex Q%«(G,,/K) is the cohomology of X,3!.
Analogously we can identify Q¢ (G/K) with the cohomology of Y,,.

The cohomology of complexes QF (G/K) resp. Q*(G/K) is simply the cohomol-
ogy of of X resp. Y.

We have the following commutative diagram of chain complexes:

0%(G/K) v 0% (G/K)
OF (G/K) ’ QMG/R)

and passing to the homology of the chain complexes, we obtain a commutative
diagram in dimension m = dimY:

H™(Xu;R) v H™(Y,;R) R
i I
H™(X;R) i H™(YV;R) ~R

The two vertical maps are precisely the Matsushima maps for the respective
locally symmetric spaces, which are injective, and since H™(Y,;R) & R =
H™(Y;R) we have that jy is an isomorphism. Furthermore, if m < m(g), then
J% is also surjective. Hence, we have:

=0=9¢* =0,

and if m < m(g), then ¢* =0 < ¢p* = 0.
Both of horizontal maps coincide with the maps induced on the cohomology by
the respective inclusions Y — X and Y,, — X, i.p. ©¥* coincides with the map
p in the statement of the theorem. On the other hand, ¢* is not zero precisely
when [Y] # 0 in H,,(X;R).

O

Remark 6. Using the description of the homology of complex and quaternion
projective spaces in section 1.4.2 , we shall see that Theorem 7 can be used to
construct nontrivial homology classes on locally symmetric spaces modelled on
complex and quaternion hyperbolic space. The quaternion case will be explained
later in the discussion before Corollary 11, section 8.3. For the case of complex
hyperbolic manifolds, the framework is analogous, see [LS], example on p.10-11.

31The first and third equality are identifications of complex of harmonic forms with the
relative Lie algebra cohomology, and the second equality comes via the dual Cartan decompo-
sitions g = k@ p and gy = k®ip. The fact that the cohomology of the complex QG (G, /K)
equals the cohomology of the X, is a consequence of the fact that X, is a compact oriented
manifold, for which the Hodge theorem (see f.e. [Mo], p.159. ) applies and the fact that
for a symmetric space M the space of harmonic forms coincides with the space of the forms
invariant under the largest group of isometries of M, which is in our case exactly Gy.

33



Chapter 2

Bounds on Betti numbers

In the last chapter, it is shown how to produce some nontrivial homology classes
in locally symmetric spaces T'\X. We now want to distinguish between the
classes representing the dual of a G-invariant cohomology class and those dual
to a non G-invariant cohomology class. For example, in a compact locally sym-
metric spaces of non-compact type!, the cohomological duals of some of the
homology classes constructed in Chapter 1 might simply be the image of a co-
homology class in the compact dual space under the Matsushima map. Thus,
in order to capture a wider range of homology classes, we might have to pass to
a deeper congruence subgroup where the cohomological dual of a special cycle
does not represent a G-invariant class, i.p. it is not an image of the class in the
compact dual.

Once we are able to produce such a class in H;(T'\X) for some congruence sub-
group I' < T, we have a nontrivial representation of the group I'/T on H;(I'\ X).
Applying the strong approximation property of the group G (or a suitable sub-
group), there is a way to describe the group F/f‘, and the dimension of its
smallest nontrivial representation gives a bound on the i-th Betti number.

At the end of this chapter we make a brief note on the result of Agol, [Ag]
,where it is shown how to construct arithmetic subgroups I'; < I" with arbitrary
large k-th Betti number of the corresponding locally symmetric space, under the
assumption that there is a non G-invariant homology class in H*¥(I'\X). The
subgroups I'; are not constructed as congruence subgroups as opposed to those
in [MR].

2.1 Existence of non G-invariant homology classes

This section presents Theorem 2.1 of [MR]:

The notation is as in Chapter 1: having fixed an arithmetic subgroup I' of
G(Q), for an involution p of G we denote the involutions induced by p on T
and on the corresponding symmetric (X) and locally symmetric space (I'\X)
again by u, and by G, I',, X, its fixed point sets. For a prime p, we denote
by I'(p) the corresponding congruence subgroup of I'. We denote by C,,(p) :=

T.e. I'\X is compact but X is a non compact Riemannian symmetric space.
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C.(I'(p)) the special cycle obtained as a connected component corresponding
to the cohomology class 1, in H'(< p >,T(p)) of the fixed point set of p on
I'(p)\ X, canonically diffeomorphic to I',(p)\X,.

The idea how to find a non-invariant class is based on the observation of W.
Dwyer cited in [MR] that if a homology class [C»(q)] is dual to a G-invariant
class, then i.p. it must be invariant under the deck transformations® of the
covering I'(q)\X — T'\ X.

In the setting as in the section 1.2, suppose we have found I' s.t. the special
cycles Cy(T') and C, (') 3 intersect transversely and that the intersection multi-
plicity of each intersection component (in this case an isolated point) is positive
(i.e. +1).* Then, we have [C,(I')][C-(T)] > 0 and the cycles represent nontrivial
homology classes. Passing to a subgroup I'(q) < T, we note that every intersec-
tion component of C,(I'(q)) N C-(I'(q)) lies over some intersection component
of C,(I') N C,(T), hence it again has a positive intersection multiplicity®, and
we have [C, (I(a))][C (D(@)] > 0

The multiplication by an element of the group I'/T'(q) on T'(q)\X is a deck
transformation of the covering I'(q)\X — T'\X. Hence, if we find an element

a el s.t.
[aCs(I'(a))] # [Co(I'(a))],

then both [C,(I'(q))] # 0 and [aCy(T(q))] # 0 5 in H.(T'(q)\X) cannot be
dual to a G-invariant cohomology class.

It suffices to find an @ € T s.t. aC,(T'(q)) NC,(I'(q)) = 0: in that case we have
[aC, (T(@))][C+ (I ()] = 0, and since [Co(N(@)][Cr (T(@))] # 0 we must have
(aCa(T(@))] # [Co (T ().

Note that aCy(I'(q)) N C-(I'(q)) = 0 follows immediately if 7(aC,(I'(q))) N
aCy(T'(q)) = 0. We have 7(aCy(I'(q))) = 7(«)C,r(I'(q)), and the cycles
7(a)C,(I'(q)) and aC,(T'(q)) are disjoint if 7(a)a~! is not congruent to an
element of I', modulo q, so we are searching for elements of I' whose image in

the group
(T/T())/(Ts/Ts(q))

is not fixed under the involution induced by 7.

If o, 7 are as in section 1.2, we have the following:

—1

Lemma 12. There ezists a prime ideal q and o € T s.t. 7(a)a™' is not

congruent to an element of I';, modulo q.

2A deck transformation of the covering 7: X — Y isamap f: X — X s.t. mo f = 7.

3For now, o is an involution of X and 7 is the composition of o with the geodesic symmetry
at the origin of X, as in the section 1.2. Then o, 7 are given by elements s,t € G(R) of order 2
(i.e. s71 =s,t~! =), and we denote again by o, T the involutions g — sgs, g — tgt on G(R).
If o, 7 are defined over Q, we have induced involutions on G(F) for every field Q C F C C.

4Tn order to achieve this, starting with a torsion-free arithmetic subgroup I" i.g. we have
to pass to a suitable congruence subgroup I'(p) < I'. Having this in mind, we work with such
T'(p) and for the notation simplicity we denote it by T'.

5This is a direct consequence of Lemma 5 and Proposition 8.

5aCy (D(@))] # 0 in H.(T(q)\X) since [aCy (D(q))][aCx (T(a))] = [Co (T(@)][Cr (T(a))] >
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Proof. First, there exists an element o € ' s.t. 7(a)a™t ¢ [',:

define ¢ : G(C) — G(C) by g — 7(g9)g~!. Suppose that for all o € T'
we have 7(a)a~t € Ty, i.e. ¢(a) € I',. So, under this assumption we have
o) C T'y. Since T is Zariski dense in G(C), this implies ¢(G(C)) C G,(C)
(the polynomial function oo ¢ — ¢ is 0 on I', and thus it is 0 on G¢).
Since 7 is given on G by the inner automorphism g — tgt~! = tgt for an element
t € G (which is exactly the involution 7 on X), we have ¢(g) = R,-1 o Int;(g)
and d¢ : g(C) — g(C) is given by z +— tat —x. 7 Under the assumption above,
we have do(g(C)) C g(C),-
We have g =k @ (p, ® p,). Identify g with its image in g(C). Let z; € p,,
29 € p,. Then = := [x1,29] € k. Ad; is the Cartan involution on g,, hence
it is the identity Idy, on k, and —Id,_ on p,. We have Adi(z1) = —x1,
Ady(xz2) = x9, hence dp(x) = —22. However, —2z ¢ g(C)_, since otherwise
—2x € k, but we have Ady(—2x) = 2z, a contradiction since as mentioned
above Ad; acts as identity on k.
Hence, there exists an element a € ' s.t. 7(a)a™t ¢ T',.

Now let p := 7(a)a™! ¢ T',. Then choose a rational representation p of G
on a vector space V such that G, is the stabilizer of a line through v € V. Then
v and p(p)(v) are linearly independent, since p ¢ G,. Complete v, p(u)(v) to
a Q- basis of V. Let d = § € Q be the discriminant of this basis. Let {2 be
a lattice in V, obtained as the Z-span of this basis. Now if we take a prime
ideal g not dividing a or b, then our basis of Q projects to a Z/qZ- basis of the
reduced lattice Q(q), and the images of v and p(p)(v) in Q(q) are again linear
independent, hence p is not congruent to an element of I'; modulo q.

O

Note that almost all prime ideals satisfy the assumption of the Lemma above
(only finitely many divide the numerator or denominator of a discriminant ¢ € Q
above ), hence we have the following:

Corollary 5. In the setting as in the section 1.2, suppose we have found I s.t.
the special cycles Cy(T') and C,(T) intersect transversely and that the intersec-
tion multiplicity of each intersection component is positive. Then, for almost
all prime ideals q we have that the special cycle C,(I'(q)) is not dual to a G-
invariant cohomology class in H*(I'(q)\X).

"The derivative of the inner automorphism Int; : g — tgt is the adjoint map Ads, which
is given by = +— txt on a Lie algebra of a linear Lie group, and the derivative of the right
multiplication (by the multiplicative inverse element) is the right translation (by the additive

inverse element), so d¢ = dR, 1 gt © Adyg is given by x — tat — x
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2.2 Description of the deck transformation group
using strong approximation

In the last section we have seen that by passing to a deeper congruence subgroup
I we find special cycles which represent non G-invariant homology classes in
H;(T\X). There is a natural action of T'/T" on classes of H;(T'\X) represented
by submanifolds, given by

o [M] := [yM],

and the choice of T' (from the previous section) guarantees that this action is
not trivial. Thus, the structure of the group I'/I" and its representations can be
used to get bounds on the dimension of H;(I'\X). In this section we focus on

the description of the group T'/T.

In the paper by Millson, [Mil], the author considers the following example:
let F' be a totally real number field, Op the ring of integers in F'; Id, o9, ..., 0,
the embeddings of F' into R, and f the quadratic form given by

f(X1, o Xng) = ZaiXiQ —an41 X2,
i=1

with a; € Op,a; > 0, s.t. fI9 has signature (n,1) and all its conjugates f°
are positive definite. Denote by & the subgroup of GL,4+1(OF) consisting of
matrices which preserve f. Then & is a subgroup of a group isomorphic to
O(n,1), wlo.g. ® <O(n,1).

The group O(n,1), n + 1 > 4 (defined as the group of matrices in GL,11(R)
which preserve the quadratic form Y. | X? — X2 +1) has 4 connected compo-
nents. Denote by O(n,1)" the subgroup of O(n,1) which preserves the half-
space Tp4+1 > 0. Then O(n,1)" has two connected components, and the con-
nected component of the identity equals SO(n,1)?. Let I' := ® N O(n, 1)*. For
a collection of prime ideals p1,...,p, of Op, define

I(p1,...,pr):={7v €Ty =1mod p;,1 <i <r}.

The group I'(p) acts on hyperbolic n-space O(n,1)T/O(n), and hence we get a
compact® constant negatively curved manifold

L(p)\O(n, 1) /O(n),

and except for those ideals p with norm 2, we have I'(p) < SO(n,1)? (since
we have already intersected I' with O(n, 1) so the sufficient condition for ori-
entability is that the matrices contained in I' have the determinant 1. The
determinant of a matrix in O(n, 1)" is either 1 or —1 and the congruence con-
dition with respect to primes with norm different from 2 forces the determinant
to be 1), so we can work in SO(n,1)°/SO(n).

In order to apply the method of strong approximation to determine T'/T(p1, ..., Pr),
in the case where I' < O(n, 1) it is necessary to consider the groups ® := {y €

8To see that this is a compact locally symmetric space, see f.e. [Mil], discussion on p.239.
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®NSO(n,1)°|0(y) =1} and T := {v € T|A(y) = 1}, where 6 is defined in the
following way:

given u € O(f), we can write u = 7, - -+ 1, as a product of reflections r,,
in certain vectors v; (see [O’M], Theorem 43.3.), and let

0:0(f) — K*/(K*)?
u s f(vy) -+ f(vg) mod (K*)2.

Denote by O(f)/ the kernel of 6. Now, O(f)l is the image of Spin(f), a simply
connected group, in SO(f) and has the strong approximation property (see
Appendix, section 5.4), which is the key concept in the proof of the following:

Proposition 20. Suppose p1,...,Pr is a collection of prime ideals of O which
do not divide the discriminant of f. Then f reduced modulo p; gives rise to a
nondegenerate form f, taking values in the finite field O /p;, and we have an
exact sequence

1—T(p1,....py) — ® — O(f) x---x0(f,) —1

Proof. The set of R-points of O(f)/ is not compact, hence (see Theorem 12 in
Appendix, section 5.4) the set of K-rational points of O(f) is dense in the finite
adeles of O(f)". Intersecting with integral adeles (which are an open subset of
the finite adeles) we get that ® is dense in the integral ideals of O(f)". Given
a; € O(f;), 1 < i <r, the set of finite integral adeles of O(f)" congruent to a;
modulo p; for all 1 <4 < r is an open subset of the finite integral ideals of O(f)/
and as such has a nonzero intesection with (a dense subset) ® . This shows the
surjectivity of the map ® — O(f;) x --- x O(f,)’. The rest is obvious. [

As a direct consequence we get

Corollary 6. ) ) o
L' (p1)/T (p1,p2) = O(f3)

and

O(f,) € T(p1)/T(p1,p2) € SO(F,)

which basically describes the deck transformation group.

Note that the complications in this case arise from the fact that the group
O(n, 1) is not a simply connected group, and thus we must consider the group
I instead of T. In the case where I' is an arithmetic subgroup of a reductive
simply connected group G defined over some number field F, then (with respect
to a suitable finite set of places of F) G itself already has the strong approxi-
mation property (see Appendix, section 5.4) and in order to describe the deck
transformation group, we can use the following (see [PR] p.434, Th.7.15):

For a finite set of prime numbers S, let Z(S) := {z € Q||z|, < 1 for all
prime numbers p ¢ S}, where | - |, denotes the p—adic norm on Q. Let G
be a linear algebraic Q-group (i.e. a linear algebraic group defined over Q).
The group G(Z(S)) is called the group of S-integral points of G. We have
G(Z(5)) = G(Ag(S)) N G(Q) (for definitions, see section 5.4).
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Theorem 8. [PR], Th.7.15.

Let G be a simply connected simple Q-group, S a finite set of prime num-
bers and I' < G(Z(S)) be a Zariski-dense subgroup of G. Let m, : G(Z) —
G,(Z/pZ) denote the reduction map modulo p, where G,, denotes the reduction®
of G modulo p. Then, for almost all p ¢ S, we have

mp(L) = Gp(Z/pZ).
Corollary 7. In the setting above, we have for almost all p ¢ S:

['/T(p) = Gp(Z/pZ).

We present a short sketch of the result in [MOV], Ch.4., which can be considered
as a special case of the Corollary 7: 1°

let A be a central simple algebra over an algebraic number field F'; A an
Op-order in A. If p is a maximal ideal of Op, let F, and Op denote the
corresponding p-adic field /ring of integers, and let Ap :== A ®o,. Op and Ap =
A®p Fp.
For a finite subset of maximal(prime) ideals of Op, S C VF, let Op(S) =
HpGVfF\S Op and A(S) == HpEVfF\S Ap, and let A(S) be the restricted product
H;)eva\S A, with respect to Ay’s. If S = 0, then let Op := Op(0), A := A(D)
and A := A(0).
The kernel of the reduced norm defines SL;(A), the special linear group of A,
and SLl(fl) is obtained analogously. Endow each A, with the p-adic topology,
A with the product topology and A with the smallest topology in which A
is an open topological subring. Now, if A is noncommutative and Eichler!'!,
then SLy(A) is a simple, simply connected algebraic group (see [Re|) and by
the strong approximation theorem, SLq(A) is dense in S’Ll(fl), a fact which is
applied in the proof of the following Lemma:

Lemma 13. In the setting above, choose ¢ € Op s.t. for every prime ideal p
of O containing c: Ay is a mazimal Op-order in Ap'® and Ap = M,,(Fp) for
some m € N. Then:

a)
AJeA 2o, M, (OF/cOF)
b) If c1 € Of s.t. Op = cOfp + ¢10Fp, the composite map
1+ Ay = A — A/A¢c — M,,(Op/cOF)

induces a surjective homomorphism

9This notion is explained in Appendix, section 5.5.

10This result considers arithmetic groups similar to those we have to deal with in the case
of quaternion hyperbolic spaces, namely, those arising from orders in quaternion algebras.

Such an algebra A is called Eichler algebra if it is unramified at at least one archimedean
place

12This is always true if A is a maximal Op-order in A, since in O prime ideals are maximal
ideals, and then use [Re|, Th.11.1 on p.132.
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SL(]. + ACl) — SLm(OF/COF),

Proof. (sketch)

The part a) of the Lemma above is a technical application of the Chinese
Remainder Theorem. For the part b), note that for a prime ideal p of O
containing ¢, and e the exponent of p in the prime ideal factorization of the
ideal cOp, the reduction modulo the image of p® in Op is a surjective map
SLp(Op) — SLiy(Op/p°), hence using the Chinese Remainder Theorem the
reduction modulo ¢ induces a surjective map ¢ at the bottom of the following
diagram:

SL1(1—|—A61) SL7,L(OF/COF)

1R

SLy(1+ Acy) SLnm(Op/cOp)
We have SL(1 + Ac;) = SLi(A) N SLi(1+ Acy). Since SLi(1 + Acy) is an
open subset of SL;(A) and SL;(A) is a dense subset of SL;(A), we have that
SLy(1+ Acy) is dense in SLy (1 + Acy).
Since the group SL,,(Op/cOp) is finite, we have that Kerp is open in SL;(1+
Acy) and so the cosets of SL; (14 Ac;) modulo Kery are open in SL;(1+ Acy),
and since SL;(1 + Ac;) is dense in SL;(1 4+ Ac;), we have that every such
coset contains an element of SLi(1 4+ Acy). Thus, ¢ o i is surjective, and so is
SLl(l + Acl) — SLm(OF/COF)

O
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2.3 A result of I. Agol on bounds for Betti num-
bers

Here, we just make a brief note on the result of I. Agol ([Ag]). There, under
the assumption that there is a non G-invariant cohomology class in H*(T'\ X),
where I'\ X is a compact locally symmetric space, it is shown how to produce
subgroups of T' s.t. the corresponding locally symmetric space has arbitrary
large k-th Betti number. This is proven as follows:

if dimH*(I\X) > dim H(X), '3 then one can find a non G-invariant, I'-
invariant harmonic form w on X (obtained as a pullback of a non G-invariant
harmonic k-form on I'\X). Then consider the span of the form w by all the
elements in the commensurator of I':

V=< g.(w)|lg € Comm(T) > .

Now, the author shows that dimV = oo, hence for all ¢ > 1 we can find
g1s---,9i € Comm(T) s.t. g1,(w),...,g:.(w) are linearly independent. Let

Then ¢1,(w), ..., gi,(w) are linearly independent I';-invariant forms, and hence

dimH*(T;\X) > i.

13Here, HE (X) denotes the space of G-invariant harmonic forms on X.
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Chapter 3

An Example: Quaternion
hyperbolic manifolds

3.1 Description of the quaternion hyperbolic space

In the section 1.4.1 we have seen the CW-structure (i.e. the cell complex struc-
ture) of the projective quaternion space. The duality between the real projective
and real hyperbolic spaces extends to the complex and quaternion case. Con-
cretely, in the symmetric space description of a quaternion hyperbolic space
G/K resp. quaternion projective space G, /K we have that the group G, is
the compact dual group of G. We have already seen the example of the use
of this duality in section 1.4.3. Now, we construct and describe the quaternion
hyperbolic space as a Riemannian symmetric manifold.

3.1.1 Standard model of quaternion hyperbolic spaces

Let H be the skewfield of quaternions over R with basis 1,1, j, k subject to the
equations i2 = —1, j2 = —1, k = ij = —ji. Let H**! be a right H-vector space.
Let * — T be the standard symplectic (anti-)involution on quaternions given
by:

To + X1t + x2f + x3k — o + T11 4+ X2J + x3k 1= 10 — 11 — 2] — x3k.

Define a quadratic form b :=< -,- >: H*t! x H**! — H on H"t! by:
n
<a,b>= Zﬁbk — Unt1bn+1,
k=1
where a = (a1,...,an11),b= (b1,...,bpy1) € H* L.
Then < .,. > is a Hermitian bilinear form.! Note that for  := xg + 210+ 22j +
r3k € H we have the reduced norm n : H — R, n(z) := 27 = 22 +2i+23+23 €
R. Now, for a = (a1,...,ap41) we have < a,a >=>_"  n(a;) — n(an41) € R,
The quaternion hyperbolic space of dimension n is defined as the quotient

H"(H) :={a € H"™| < a,a > < 0} /H*,

I The general notion of a Hermitian form on quaternion algebras will be defined in section
3.2.1
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where A\ € H* acts on a = (a1,...,an4+1) € H"™ by a- X := (a1, ..., ani1 ).

Let [z] = 2H* denote the image of z € H""! under the identification with

respect to the above described action of H*.

Let ||z]| := /< z,7 > denote the norm of € H"*!, and let |¢| :== \/n(q) for

q € H; then

| <y >
ERTR

|l - Ilyll

is a well defined distance function on H™(H), i.e. defines a metric on H™(H).

d([z], [y]) == arccosh(

Since we consider H" ™! as a right vector space over H, then the group GL,, 1 (H)
acts on H"*! in a natural way. Let G be the subgroup of GL,,1(H) preserving
the hermitian form b. Then

G{gEGLnH(HHg*(I(;L _01 >9<% —01 >}’

where g* := g is the matrix obtained by replacing every entry g;; of g by gi;;
and taking the transpose matrix.

The group G obtained in this way is the quaternion-analogue of the groups
O(n,1) and U(n, 1) 2 and is denoted by Sp(n, 1). It can easily be seen that G <
SLy+1(H), where SL,11(H) is defined as the group of matrices in GL,,1(H)
having reduced norm 1. 3

Let Sp(n) denote the subgroup of GL, (H) acting on H" as a right vector
space over H which preserves the quadratic form ((a1,...,an), (b1,...,b,)) —
>or_, arby on H". The group Sp(n) is the analogue of the groups O(n) and
U(n).

The action of the group G = Sp(n,1) on H"™! induces the action on H™(H)
via [z] — [Ax]. The latter action is transitive, which is ensured by quotienting
{a € H""!| < a,a > < 0} modulo H*.

Let K < G be a subgroup of G which leaves the point [(0,...,0,1)] = (0,...,0,1)H*
fixed. Then K = Sp(n) x Sp(1) < G, and the quaternion hyperbolic space
H"(H) can be identified with G/K:

H"(H) = Sp(n,1)/(Sp(n) x Sp(1)).

We shall describe in the next section the geometry of the H™(H) induced by
this description.

Before we proceed with the standard description of the quaternion hyperbolic
space, we note that there are some alternative descriptions isometric to the
standard one:

Remark 7. The upper half-space model in C*".
One can realise the quaternion hyperbolic space as the upper half space in C*",
{z=(z1,...,220)|[[Im(z1) > 0} endowed with o Riemannian metric

2Tor the definition and properties of this groups, see f.e. [Hel].

3We have H ®g C =2 M2 (C), hence there is an isomorphism M, (H) ®g C 2 Ma,(C), and
the reduced norm of A € My (H) is defined as the determinant of the image of A in Ma,(C)
under this isomorphism (see f.e. [Re], §9a).
Note that here lies one of the differences between the real/complex case and the quaternion
case. Foe example, we have det(—I,) = —1, but n,..q(—I,) = 1.
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(dy)? 1 ¢

ds?(2) = 54—+ — > _(dzxdZy, + dznxdZn k) +
y Yy =
1 n
+E(d9€ + Im(Z(deZk + Zngrdznir)))’+
k=2

1 n
+—ldzni1 + Y (znirdar — 2dzngr)],
Y k=2
where zy = x4+ 1.y, 2z = x +1 -y, for k > 2. The Riemann volume element
s given by

2n
dV(z) = y~ ) dyda H dxgdyy
k=2
For details, see [Ve].

The following description can be found in [Vol]:

Remark 8. An analogue of the Poincaré model
Let x := xo+ x19+ x2f + 23k € H. We have x = (xo +x1i) + (22 + 231)j, where
2o + 219 and (z2 + x31) can be considered as elements in C.
This identification induces the identification of H" with C?" if we identify a :=
(a1,...a,) € H™ with (ay,...q0,) € C*™ where we set ar, = ag + i) as
above with oy, oy € C.
This induces the representation of the general linear group GL,,(H) in GLa,(C):
. A B

A+ Bir— [—B A:|
Let B*" := {a € H"|||a||lu < 1} = {z € C*"|||z||c < 1} with the above identifi-
cation.
For w:= (w1, ..., wap), 2 := (21,..., 20n) € C*", we have the distance function

1- <zw>|+]u—zP+][<w,z> 2 —|z[?|w]?

1
d(z,w) = =In )
=) (\1*<Z,w>|*\/Iw*zl2+|<w,Z>|2*|Z\2\wl2

which defines the metric on B*™. With this metric, B is isometric to the
quaternion hyperbolic space (as described in the next section).

3.1.2 The group Sp(n,1) and quaternion hyperbolic space
as a Riemannian symmetric space

The group Sp(n, 1) belongs to the class of non-compact simple real Lie groups
1 (see [WM], p.23., Ex.3.23).

4A Lie group G is called simple if it is not abelian and if it contains no nontrivial, connected,
closed, proper, normal subgroups. Note that this definition allows the existence of discrete
normal subgroups.
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The Lie algebra of the Lie group Sp(n, 1) is identified with

sp(n, 1) i= {X € My, 1(H) | X* ( Ig N > - < %l N )X, Re(tr(X)) = 0},

where Re(tr(X)) denotes the real part of the (quaternion) trace of the ma-
trix X. sp(n,1) is a real simple Lie algebra with the Cartan involution X —

0 -1
k @ p we have k = sp(n) ® sp(1), where sp(n) = {X € M,(H) | X* =
—X, Re(tr(X)) = 0} is the Lie algebra of the Lie group Sp(n). k is the Lie
algebra of Sp(n) x Sp(1), which is a maximal compact subgroup of Sp(n,1).

X < L 0 )X. In the corresponding Cartan decomposition sp(n,1) =

Now consider the group Sp(1). It is defined as the subgroup of GL,(H) = H*
which preserves the form H — H, = — zZ = n(z). Since the norm n is a
multiplicative function, we can identify

Sp(1) = H',

where H! is the multiplicative group of quaternions of norm 1. We have H!' =
{z = (zo + 10 + 22j + x3k) € H|zd + 27 + 23 + 2% = 1}, and this gives the
identification of Sp(1) with the 3-sphere in R*:

i.p. Sp(1) is simply connected and compact.

Similarly, Sp(n) acts transitively on a sphere S*"~1  and the isotropy of (1,0, ...,0)
can be identified with Sp(n—1). Hence, Sp(n)/Sp(n — 1) can be identified with
the sphere S*"~!. By induction (since Sp(1) is simply connected, and so are
all the spheres S* for k > 2), this implies the following (similarly, using Hopf
fibrations, all of the homotopy groups of orthogonal and unitary groups can be
described, see [Ha], p.383-384.) :

Corollary 8. Sp(n) is simply connected for all n € N.

Since Sp(n, 1) is diffeomorphic to (Sp(n) x Sp(1)) x R4™P (see Appendix, The-
orem 9), we have that m;(Sp(n, 1)) = 71 (Sp(n) x Sp(1)) x 71 (RY™P) 22 (), thus:

Corollary 9. Sp(n,1) is a simply connected Lie group for all n € N.

We describe briefly how the quaternion hyperbolic space H™(H), now described
as the symmetric space G/K becomes a Riemannian manifold:

let g = sp(n,1) and k = sp(n) & sp(1) be the Lie algebras of G and K,
respectively, and let g = k @ p be the Cartan decomposition of g. Since G =
K - exp(p) (again, as in Theorem 9 in Appendix), we have:

TeK(G/K) =p.

A multiple of the Killing form on p induces a positive definite scalar product on
T.x(G/K) = p, which will define a G-invariant Riemannian metric on G/K.
This metric is described as follows:
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using the standard identification H = C? as in Remark 8, we have the following
descriptions (see f.e. [Hel2], Ch.X.):

A ¢ B d
¢ uw dbow
spin,)={|_5 4§ A _¢| Acun),BeSymm(n,C),c,deC" ucu(l)veC},
d —v - u
A o B 0
k={ 0 w 0w A € u(n), B € Symm(n,C),u € u(l),v € C}
"B 0 4 ol 7 =) ) )
0 —-v 0 7w
0 ¢ 0 d
¢ 0 d 0 .
p=A{ 0 d 0 -z ,e,d € CM}.
d 0 —¢ o0

The Killing form on g is given by «(X,Y) := 2(n + 2)trc(XY); and one fur-
ther constructs a bilinear form #(X,Y) := 1trc(XY), which is positive definite
on p = T.x(G/K) and induces a G-invariant Riemannian metric on H™(H).
For further description of the geometric properties of H™(H) with the above
constructed Riemannian metric see [Pe].

From the description above, one can easily read off that the dimension of p
equals 4n and we have that H™(H) is a simply connected Riemannian symmetric
space of non-compact type of dimension 4n.

We note that the compact group Sp(n+1) is the compact dual® of Sp(n,1). The
corresponding symmetric space Sp(n+1)/(Sp(n)xSp(1)) associated to Sp(n+1)
is the compact symmetric space P"(H), called the quaternion projective space.

Now we want to pass from symmetric space X to locally symmetric spaces. We
have to find certain subgroups of the group of isometries of X acting freely and
properly discontinuously on the symmetric space X and consider the quotient
space:

5By a compact dual of a non compact real Lie group G having K as a maximal compact
subgroup of GG, we mean the maximal compact subgroup G, of the complexification G @ C
containing K. On a Lie algebra level, if g = k @ p is the Cartan decomposition of the Lie
algebra g of G, then the Lie algebra of Gy, is k @ ip.
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3.2 Description of arithmetic groups acting on
H"(H)

3.2.1 Arithmetic lattices in Sp(n,1)

The theory of arithmetic lattices in classical groups is described in [WM]. In
order to avoid repetition, we just state the result which is of importance to us
([WM] p.152., Cor.10.58.):

for a field F; a,b € F* let Q(a,b|F) denote the quatermon algebra over F
with basis 1,1, §, k; where the defining equations are i2 = a, j2 = b, k = ij = —ji.
The standard symplectic (anti-)involution® 7, on Q(a,b|F) is given by

xo + 1'12. +.’L‘2] + $3k = Tg — xli — xgj — xdk

A 7.-Hermitian form on Q(a,b|F)™ is a map B : Q(a,b|F)"™ x Q(a,b|F)" —
Q(a,b|F) s.t.:
*B(x+vy,z2) = B(z,2) + By, 2) and B(z,y + 2) = B(z,y) + B(z, 2)
for all ,y,z € Q(a,b|F)™,
* B(Ax,y) = AB(z,y), B(xz, \y) = B(z,y)7.(A) for all A € Q(a,b|F),
z,y € Q(a,b|F)"
* B(y,(L’) = Tc(‘B(xvy)) for all z,y € Q(avb|F)n

The Hermitian form B is non-degenerate if for each nonzero z € Q(a,b|F)"
there exists y € Q(a,b|F)" s.t. B(x,y) # 0. For such a form, let [B] :=
[(B(es, €5))i,;] be the corresponding matrix of B for a (standard) Q(a, b|F')-basis
{e1,...en} of Q(a,b|F)™. Then the group of isometries SU(B; Q(a,b|F), ) of
Bin SL,(Q(a,b|F)) is given by

U(B; Q(a,b|F), 7e) = {g € SL.(Q(a,bF)) | 7e(g")[Blg = [B]}.

An Op-order A in Q(a,b|F) is a subring of Q(a,b|F) with 1 € A s.t. A is
a full Op- lattice in Q(a,b|F), i.e. a finitely generated Op-submodule with
F-A=Q(a,blF)."

Proposition 21. Let I' be an arithmetic lattice in G = Sp(p,q),8 for some
p,q > 1. Then there exist:

* a totally real algebraic number field F

*a,b € F such that for every place o of F: o(a),c(b) <0

*B1,...,Pprq € F such that 31, ... 0, are positive, Bpi1,...,Optq are neg-
ative and for each place o # Id of F, the numbers o(51),...,0(Bpt+q) € R are
either all positive or all negative

* an isomorphism ¢ : SU(B; D := Q(a,b|F),7.) @ » R — Sp(p, q), where B
is the T.-hermitian form on DP9 defined by

p+q

)= Z Bixite(yi)

6This map is sometimes referred to as the conjugation or the standard antiinvolution of
Q(a, bl ).

"For the existence and properties of orders, see [Re].

8For the definition of the group Sp(p, q) see f.e. [WM], §3D.
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such that the image of SU(B; A, 7T.) under ¢ is commensurable with T for any
Op- order A in D .

We shall construct examples of cocompact arithmetic subgroups of Sp(n,1) in
the following way:

let p be a prime, then ' = Q(,/p) is a totally real number field, having
the Galois group Galp/g = {Id,c}, where ¢ is given by \/p — —,/p. Choose
a,b € F s.t. a,b;0(a),o(b) are all negative and such that D := Q(a,b|F) is a
quaternion skewfield over F . Let 7. be the standard symplectic involution on
D, and B=< -,- > a Hermitian form on D"*! given by the matrix {Ig (\)/]77} ,

ie.
n
<,y >=Y wime(yi) = VPTar1TeYnt)-

i=1

Consider the group!®
Py— . — t In O _ ITL O
G(F)i= SUB D7) = (g € SLan(D)lo) [ la= {5 00D,

Then G is an algebraic group defined over F' and since D does not split'! over
R, we have (see [WM], Prop.10.55.):

G®R = Sp(n,1)

Furthermore, the o- conjugate B? of the form B is given by a definite form

represented by the matrix Ig , which (since a, b are chosen so that

D ®p F, = Q(o(a),c(b)|R) = H) implies that the group G is isomorphic to
Sp(n+1).12

We have

G(R) = G' x G7 = Sp(n, 1) x Sp(n + 1),
and choosing a maximal Op- order A in D,
I':=SU(B;A, 1)

embeds in GT¢ = Sp(n, 1) as a cocompact arithmetic lattice by Proposition 6.49.
in [WM].

9We can choose a = b= —1 or any a,b € Q C F s.t. a,b < 0. In that case, since F' C R,
the equation 22 — ay? — bz2 = 0 has no nontrivial solution in F3, which implies that Q(a, b|F)
is a skewfield (see f.e. §10.7, Lemma on p.86. in [Ke]).

10Here, we abuse notation and actually specify the F-points G(F) of the group G. This
does not induce complications and inconsistencies, since in order to specify a group G that is
defined over F, it suffices to specify G(F).

1By this we mean: D ®p R = H.

2For a place o of F, the group G? is given the set of solutions to 7.(g%)[B%]g = [B?] in
SLn(D ®F Fs), where F5; is the completion of F with respect to the embedding o : F — C.
In our case, since F is totally real, Galp,q = {Id, 0} we have Frq = F» = R and by the choice
of a,b we have for D = Q(a,b|F): D®p Frq 2 D ®p Fo 2 H.
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Remark 9. Using Proposition 21 above, we see that any arithmetic lattice in
Sp(n, 1) is commensurable to a lattice constructed similarly as in our example.
The choice of F' and D are the only arithmetically relevant informations, not
the choice of A itself. However, we choose to deal with the maximal orders A,
since maximal orders are much more convenient to deal with - the arithmetic of
the prime ideals in mazimal orders fully resembles the arithmetic of Dedekind
rings, and enables some direct elementary calculations.
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3.2.2 Torsion-free criterion for S, over a maximal arith-
metic order

In order to ensure that the quotient space I'\X of a symmetric space under
a discrete subgroup of isometries is a manifold, we need to ensure that there
are no nontrivial elements of finite order in I'. Otherwise, the quotient is an
orbifold™3.
Since the groups I' we are dealing with are subgroups of SL,(A) for some
maximal order A in a quaternion skewfield over a number field, the following
criterion for groups arising from orders in skewfields applies:

let D be a (central, simple) skewfield over a (totally real) algebraic number
field F. Let Op be the ring of integers of F' and A a maximal Op-order in D.
According to [Re], p.193., Theorem 22.10. the arithmetic of the two-sided ideals
of A fully resembles the case of Dedekind rings, in the sense that we have a
unique factorization of a two-sided ideal as a product of prime ideals.
By an ideal 8 of A we mean a full Op-lattice in D'* contained in A which is a
two-sided ideal in A in the usual ring-theoretic sense. By a prime ideal p of A
we mean an ideal of A s.t. for all ideals «, 8 of A with a8 C p we have a C p

or 3 Cp.

Remark 10. Since D is a skewfield, every two-sided ideal (in a ring-theoretic
sense ) in A is a full Op-lattice so the notion "ideal of A" applies to two-sided
ideals in A in a ring-theoretic sense. This can be seen in a following way:

let o C A be a nonzero ideal in A in a ring theoretic sense. Then there exists
a non-zero x € a. Since D is a skewfield, there exists an inverse v~ of x in D.
Now, D = F - A, so there exist finitely many k; € F, \; € A s.t. 271 = kA,
Since F is the field of fractions of Op, we can write k; = :—Z withr;,s; € Op. Let
s:=1T1[,8 #0. Then sx=* =3 .r;X\i € A. Lp. st 'x =s € anOp. Hence,
in the case that D is a skewfield, every (ring-theoretic) ideal in A contains a
non-zero element of Op.
Now let y € D. Since F - A = D, there exist finitely many f; € F, \; € A s.t.
y=>, fixi. For s#0, s € anNOp we have

with%EF, s\ € a, hence F-a=D.

Let T' be a subgroup of SL,(A). For an ideal 8 of A let

L) ={yeTl|y=1 (modf3) }.

Let 3 := p'ph2...pkr, where k; > 1 for all i = 1,...,r, be the unique de-
composition of § into distinct prime ideals p; of A (see [Re], Th. 22.10.). The
intersection of p; with Z is a prime ideal, hence we have p;, N Z = p;Z for a
corresponding prime number p;. Note that although p; # p; for i # j we can
have p; = p;.

13 An orbifold is a generalization of a manifold, in the sense that every point has an open
neighborhood homeomorphic to the quotient of an Euclidean space under the linear action of
a finite group.

147 e. a finitely generated Op-submodule containing an F-basis of D.
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For such a T, its congruence torsion-free subgroups can be determined by the
following:

Lemma 14. Let T be a subgroup of SL,(A). Let 5 := p’flpé€2 ...pFr be an ideal
of A. Suppose either that there exist i,j € {1,...,7}, i # j s.t. p; # p; or that
there exists a single j € {1,...,r} such that

expp, (p;) < kj(p; — 1),

where expy, (pj) is the exponent of p; in the prime ideal decomposition of the
two sided ideal < p; >n= Ap; of A generated by p;.'°
Then T'(0) is torsion-free.

Proof. We show that given a prime number k and v € T'(3), v # I we have
7% # I, hence T'(3) does not contain any nontrivial element of finite order.'6
Let v € T'(8) and write

y=I+1B
with .
B =0 (mod g™)
B # 0 (mod gm+1)
for some m > 1. Lp., we have for j € {1,...,r}:

B =0 (mod pf"mH")
B # 0 (mod pfijjH)

for some [; > 0.

Now suppose v¥ = I for some prime number k € Z. If there exist i,j €
{1,...,r}, i # j sit. p; # p; then the proof reduces to the case 1° below using
congruences modulo p; resp. p; if k = p; resp. k = p;. For k ¢ {p;,p;} we
can use congruences modulo any of the prime ideals p;,p;. Otherwise, suppose
there exists j € {1,...,7} such that expp,(p;) < kj(p; — 1). Fix this j and
consider the following two cases:

CASE 1°: k +# p;
Now:

Yo =(I+B*=I+k-B+ (}) -B>+...+ B,
and since

kjm+1;
B? =0 (mod p?( smt)y

B? =0 (mod p?(kjm+lj))

k]’m+l]’+l
)

we have (5) -B2+ ...+ B¥ =0 mod p; and:

Y =T+k-B (mod p?ijjH).

15 This number is uniquely determined by the following property:

(pj)ﬁzl’p] (Pj)+1 g < p; >A g (pj)ﬁzppj (Pj)'

161t is important for the proof that we assume that k is a prime number, since then k divides
(’;.) forall j =1,..,k— 1.

51



Now if v* = I, we get:
k-B =0 (mod p?ijjH),

so there exists an entry b;; of B such that b;; € P; ;

kj lj+1
k- bij c pj1m+ it )

Since k is contained in the center of A, we have
<k'bij >A:<k>A'<bij >A,
where < x >, is the two sided ideal of A generated by x. This implies:

k]‘m+lj+1

; | <k >p-<biy>a

and since < b;; >, is divisible!” by p§-kjm+lj), but not by p?jmﬂjﬂ, we must
have p; | < k >a, a CONTRADICTION since k is a prime number other than
p; which implies k ¢ p;.

CASE 202 k= pj
Let e := expp,(p;) be the exponent of p; in the prime-ideal factorization of
<pj >a=<k >4, le. p§ | <k >A but p¢t! does not divide < k >4.

Now: ’
V=T +BF=1+k-B+ (5) B2+ (5) B> +...+ (},) B*'+ BF

We have k | (¥) for all r =2...% — 1 since k is a prime number. Now, B" = 0

ky’7"’+lj+1) foralr=2...k— 1: S0

(mod p;

(’;) B’ =0 (mod p}nHﬁHe) forall j=2...k—1

We have B¥ = 0 (mod p?(k'7771+l'7)), and the condition e < kj;(k — 1), (here

k =p;), implies k;m +1; + 14+ e < k(k;m +1;), since
Em+l+1+e<klkm+1;) < (km+l)(k—1)>e+1,
and the minimum of the term (k;m+1;)(k — 1) is achieved when m =1, [; = 0;

in that case the last inequality becomes equivalent to e < k;(k — 1).
Hence we have

(726) B2+ (I?f) ~33 L (kﬁl) _Bk—l _|_Bk =0 (mod p;fjm+lj+1+e)
which implies that
v* =T+k- B (mod p?jm+lj+1+e).

Now we proceed as in Case 1’: under the assumption that v¥ = I we have
k-B =0 (mod p?ijjHJre), so we find b;;, entry of the matrix B such that
bij € p?’mﬂj, bij ¢ p?"mﬂﬁl but k-b;; € pf"mHﬁHe and analogously we get
that p;°*! | < k >, a CONTRADICTION.

O

"Here we use the term divisible in a ideal-theoretic sense, « | B means that 8 C «.
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The criterion above enables us to deal with congruence subgroups of I' con-
structed directly by means of ideals in A. Usually, I' is embedded in SL,,(OF)
for a suitable m € N and the congruence subgroups are constructed modulo the
ideals in Op. However, the distinction in using the ideals of Or and those of
A is purely technical (although the above criterion captures a wider range of
torsion-free subgroups than the one based on the same idea and dealing with
prime ideals of Op or prime numbers in Z), since in our case, for a maximal
order A there is a 1 — 1 correspondence between the ideals of A and those of O
(see [Re], Th.22.4, p.191.).

Another resemblance between the ideals in a maximal order and those of O is
reflected in the following (see [Re], Ex.13. on p.204.):

Proposition 22. Let o be a prime ideal of Op, and let pA = p1°* - ... p1 be
a prime ideal decomposition of pA in A. Let f; := dimo, /,A/pi. Then:

l
Z eifi = dimFD

i=1

Lp., we have that dimpD (which equals 4 for the quaternion skewfield) is an
upper bound for the exponents expp(p), so for almost all prime ideals we have
expp(p) < p—1. Now, either by enlarging k;’s in the prime ideal decomposition
of an ideal or by multiplying the ideal with prime ideals which do not divide
the ideal itself (i.e. which are not factors in the prime ideal decomposition) , we
will get a torsion-free congruence subgroup after finitely many steps:

Corollary 10. Let 3 be an ideal in a mazimal order A in D. Then, for all but
finitely many ideals o C B:

TNa):={yeT |y=1I (mod o) } is torsion-free.
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3.3 Cycles in compact locally symmetric spaces
modelled on H"(H)

Let D := Q(a,b|F) be a quaternion skewfield over an algebraic number field
F :=Q(y/p), s-t. D does not split at both archimedean places of F' (see section
3.2.1). Equip D" with the hermitian form < -, - > with respect to the standard

. . . .| .
symplectic involution 7., given by the matrix [ i 0 ], i.e.

0 —p

n
< T,y >i= inTc(yi) - \/ﬁmn—&-l'rc(yn-&-l)-
i=1

Let m € {1,...,n — 1}. Write D"*! as a direct sum:
Dl =<ey,...,em >P < emglye--s6n>P < epp1 >

with respect to the standard D-basis (ey,...e,41) of D", Consider the fol-
lowing two commuting involutions o, 7 on D"*! defined by:

O—|<elv---7e7n> = Id7 0—|<em,+17--~7en> = _Id7 o—|<5n+1> = Id

7-|<€17~~;€m> = _Id7 T\<Em+1,---«,€n> = Id7 T\<€n+1> = Id.

Let'® G(F) := SU(B; D,7.) be the F-points of an algebraic group G defined

I 0 0 I 0 0
over F. Wehaveo = |0 —-I,_,, 0|, 7= 0 I—m 0. We see that
0 0 1 0 0 1

0,7 € G(F), hence they induce the following involutions on G(F'), which we
again denote by ¢ and 7:

(1, 0 ol [In 0 0]
c:g— |0 —-I,_, 0lg|0 —-I,_, O

| 0 0 ] L0 0 1]

[—1I,, 0 ol [-In 0 0]
T: g 0 ILym Olg]| O Iy_m

| O 0 11 10 0 1]

The set of fixed points G(o) of o resp. G(7) of 7 on G(F') are matrices of the
form

resp.

¥ X ¥ ¥

¥ ¥ ¥ ¥
O % ¥ ¥ ¥

EE RS

o

¥ ¥ ¥ ¥ ¥
I T
E R I R
EIE
¥ X ¥ ¥ ¥

* * *

We have:

18 Again, as in section 3.2.1 we specify the F-points of an algebraic group G defined over F.
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G(o) ® R = Sp(m, 1) x Sp(n —m),
G(1) @ R = Sp(m) x Sp(n —m,1).

Remark 11. In the case that G is a form of the orthogonal group SO(p,q),
pursuing the analogous construction of the involution o we have to be careful
about the real points of G(o). In that case we get S(O(p) X O(q)) as set of fived
points. This does not happen in our case since SL(H) is defined via the reduced
norm, which has value 1 both on the matriz I and —1I.

We have 0 = 70, where O is the Cartan involution on Sp(n, 1) with respect to
the maximal compact subgroup Sp(n) x Sp(1) (see section 3.1.2), and it is easy
to see that the involutions induced by o, 7 on a quaternion hyperbolic space
H™(H) form an orthogonal decomposition of H™(H) satisfying the assumptions
of section 1.2.

The arithmetic subgroup I' < G(R) arising from an order A in D as described
in section 3.2.1 is obviously < o, T >- stable, since the matrix entries of o, T are
just I’s and —1’s on the diagonal.

Using the torsion-free criterion (section 3.2.2) we can easily find a torsion-free
(finite-index) congruence subgroup of I', hence w.l.o.g. we assume I' is torsion-
free.

Let I, resp. I'; be the subgroup of I fixed by o resp. 7. Let X := G(R)/K =
Sp(n,1)/(Sp(n) x Sp(1)). Let X,, X, denote the sets of fixed points of o,
7 on X. They are the subsymmetric spaces corresponding to the inclusions
G(o)(R) — G(R) resp. G(7)(R) — G(R), and we have

X, =~ H™(H), X, H"™(H).

The quotients I', \ X, resp. I';\ X, are compact locally symmetric spaces'®, and
correspond to the projection of X, resp. X, under the natural map X — I'\ X

(see Proposition 5), and we have totally geodesic immersions?’:

L, \X, — '\ X resp. I'\X, — I\ X.

In this way we have constructed compact totally geodesic locally symmet-
ric subspaces of non-compact type inside a compact locally symmetric space
of non-compact type arising from the canonical inclusion H™(H) — H"(H)
resp. H" ™(H) — H" ™(H). The latter inclusions induce the corresponding
inclusions in the compact dual space:

P™(H) — P™(H) resp. P*™(H) — P™(H),

and the induced maps on the cohomology (this is the map p : H™(P"(H); R) —
H™(P™(H);R) resp. H*™(P"(H);R) — H™ ™(P" ™(H)) as in Theorem
7) are nontrivial, as it can be seen from the cell complex structure of quaternion
projective spaces and its homology described in sections 1.4.1, 1.4.2 (and then
using the Poincaré duality for compact oriented manifolds). Now, Theorem7
applies, and we have:

19This follows from Proposition4.
20The injectivity follows as in section 1.3.1.
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Corollary 11. Under the assumptions above, the homology classes [I'5\X,]
resp. [[':\X,| represented by the submanifolds T;\X, resp. T \X, are not
trivial in H™(T\X;R) resp. H" ™ (T\X;R).

However, as mentioned earlier, we do not have any information about the G-
invariance of this classes (i.e. if their cohomological duals represent invariant or
non-G invariant classes). For this, we use the fact that these two complementary
dimensional submanifolds satisfy the conditions needed to apply the Millson-
Raghunathan and the Rohlfs-Schwermer method:

Note that the submanifolds I';\ X, resp. I';\ X, are special cycles as defined in
section 1.3.1.

We can assume w.l.o.g. that the submanifolds represented by I',\ X, and T';\ X
and all of their intersection components are oriented, since this can be arranged
by passing to a suitable congruence subgroup of T' (see section 1.2 or 1.3.3). Since
the (topological) group G(R) = Sp(n, 1) x Sp(n + 1) is simply connected®! (see
section 3.1.2), and X,, X, intersect exactly in one point (w.l.o.g. with positive
intersection number). T';\X, and T';\ X, are compact, thus their intersection
I, \X, NT,\X, is compact??. Hence, the special cycles I';\X, and I';\ X,
satisfy the assumptions of the Theorem 6:

Corollary 12. There exists a < 0,7 >-stable normal subgroup T of finite index
in I s.t. ~ B
CAX] [ \X] > 0.

Lp. both special cycles represent nontrivial homology classes.

This follows also by the Millson-Raghunathan method (but for not necessarily
the same subgroup ' < T') since the inclusions G(o) N G(7) — G(o), G(o) N
G(t) — G(r) induce injective map H(R,G(o) N G(1)) — H'(R,G(0)) x
H'(R,G(7)) on the real cohomology.??

Hence, the submanifolds constructed above always represent a non-trivial ho-
mology class by Corollary 11, which is a consequence of the result of Lafont-
Schmidt; and using the Rohlfs-Schwermer or the Millson-Raghunathan method,
one can find a finite index subgroup of I' s.t. the corresponding cycles inter-
sect nontrivially. Now, using the result of section 2.1, there exists a further
congruence subgroup where the corresponding cycles represent non-G-invariant
homology classes.

21 This is the assumption of Proposition 14

22The intersection of two compact subsets of a Hausdorff space is compact.

23Note that the same holds for orthogonal and unitary groups. For a summary of similar
injectivity questions see [Se], p.192.
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Chapter 4

Further results

4.1 Remarks concerning locally symmetric spaces

4.1.1 Orientability questions

Contrary to the case of the group Sp(n, 1), the special orthogonal group SO(n, 1)
is not connected, hence a locally symmetric space of the form

T\SO(n,1)/8(0(n) x O(1))

is not necessarily orientable. Namely, the group I' in question is i.g. not con-
tained in the group SO(n,1)°, which is the connected component of the identity
of the group SO(n, 1). The group SO(n,1)° is described in the following way:
The group SO(n, 1) is defined by matrices in SL,1(R) which satisfy

I 0 1 0
t n o n
w5 5)a- (5 5)

The polar decomposition of a matrix contained in the group SO(n, 1) is of one
of the following two forms (see [Gal, Prop.2.3.):

(8 ()

or

A:(Q O> (\/I+vvt v)
0 1 vt c )’

where @ is an orthogonal matrix with determinant —1 in the first case and 1
in the second case; v a vector in R” and ¢ = /|[v]|2+ 1. The second case
corresponds to matrices contained in SO(n,1)° (see [Ga], Cor.2.27.). This is
exactly the case when the lower right entry a,41 n41 of a matrix A € SO(n, 1)
is positive, hence:

A e SO(n,1)° < apt1nt1 > 0.
Consider the following class of arithmetic subgroups of SO(n,1): let F =
Q(/p) for a prime number p, having the Galois group < Id,o >, and let f be

a quadratic form on R™*! given by Y7 | #? — \/pa? ;. Let G be defined as the
group of matrices in SL,,4+1(F) which preserve the form f, i.e.
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I, 0

G:z{AeSLnH(F)At( ; ﬁ)A(% f\)@ )}

There is a natural isomorphism
GR) = G x G =2 50(n,1) x SO(n+1)

The isomorphism ¢ : G4 = SO(n, 1) is given by sending the matrix X € G'?

to
I, 0 I, 0
(5 ) (i)

This isomorphism preserves topological properties as well and since it does not
change the lowest right entry of the matrix, we have:

X € (G if and only if 241,41 > 0.

Now, the group of units of f, i.e. the intersection I" := GL,,+1(Or) NG, embeds
in G(R) as an arithmetic lattice. (see section 5.2 in Appendix). In this way, we
have an arithmetic subgroup ¢(I') < SO(n,1).

As described in section 2.2, Millson ([Mil]) considers the analogous exam-
ples of arithmetic groups contained in O(n, 1), then he takes the intersection
with O(n, 1)™ (which is the subgroup of O(n, 1) preserving the upper half-space
Tpy1 > 0in R to obtain a group I' < O(n, 1)*. Further, choosing an ideal p
of O with norm different from 2, for the congruence subgroup I'(p) := {7y €T
| ¥ =1 (mod p) } the desired det = 1 condition is met and I'(p) < SO(n,1)°
holds.

In some published papers this is falsely cited: an arithmetic subgroup I' <
SO(n,1) is considered, arising in the same way as above from an algebraic
number field F', and it is claimed that for any ideal q of Op with norm different
from 2, the group I'(q) is contained in SO(n,1)° (the difference lies in the
fact that Millson already intersected the group I' < O(n, 1) with O(n,1)* and
further required just the det = 1 condition).

In order to see that the latter claim is not correct, we give the following coun-
terexample:

let F = Q(\/g) Then Op = Z @ 7Z+/3. Let f be a quadratic form on R?
given by

I%f\/gzga
and let
1 0 1 0
o t _
G.—{AGSL2<F)|A <O _\/§>A ( 0 _\/g )},
FZZGQGLQ(OF).
Let

(98 —57V3 (—75-43V3)V3
T ( —75-43v3  —98—57V3 )
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We have

(0 )= (0 8)

and det(vy) = 1, hence v € T'. Furthermore:

- < —98 — 57V/3 (=75 —43v/3)V3 >

—75 — 433 —98 — 573
(14 (=99 —57V3) (=75 —43V3)V3 |
( 75— 43/3 1+ (=99 — 57v/3) ) B

( 1+ (=15 -9v3)(3+2v3) V3(—11 - 7V3)(3+2V3) )
T (11 =7V3)(34+2v3) 14+ (—15-9v3)(3+2V3)

- ( (1) ; ) mod (< (3 +2v3) >o,)
Thus, for q ;=< (3 +2v/3) >0, we have v € T'(q). However, N(q) # 2 and for
the lower right entry one has 729 = —98 — 57v/3 < 0, so v ¢ (G'9)°. Using the
above mentioned isomorphism ¢ : G'¢ = SO(1,1), and the canonical inclusion
SO(1,1) — SO(n,1) for n > 1 we get a counterexample to the claim of "ori-
entability properties" for arithmetic groups in SO(n, 1). Hence, the orientability
condition cannot be settled by such weak congruence requirements.

We note that the orientability question (i.p. for an arithmetic group I' <
SO(n, 1)) can be solved (passing to congruence subgroups in the "adelic sense")
using the following result of Rohlfs and Schwermer (see [RSchw], Prop. 2.2 and
discussion before for the definition of a congruence subgroup):

Proposition 23. Let G be a linear algebraic group defined over Q, and let
I' < G(Q) be an arithmetic subgroup. Then there exists a congruence subgroup
[ <T s.t T is contained in the connected component of the identity GR)° of
the real Lie group G(R).

4.1.2 Non-G-invariant classes

In section 2.1 the Millson-Raghunathan idea is presented which enables to pass
to a covering where the class carried by the corresponding special cycle is not
dual to a G-invariant cohomology class. This is settled by passing to a congru-
ence subgroup I'(q) < T's.t. we can find @ € T’ with aC,(I'(q)) N C-(I'(q)) =0
which is fulfilled by ensuring that 7(aC,(I'(q))) N aCy(I'(q)) = 0.

An alternative approach can be applied based on the following idea of X.Xue
([XD):

in the setting of section 1.2 choose a locally symmetric space I'\ X where the cor-
responding cycles intersect in finitely many points with positive multiplicity (see
Theorem 5). These intersection points correspond to a finite set I(T') C T' (as
in section 1.2). Passing to a congruence subgroup I'(q) < I' we get coverings 7 :
F(g\X — INX, 7, : Co(I'(q)) — C,(T") and 7, : C-(I'(q)) — C-(I') with
the corresponding deck transformation groups I'/T(q), ' /T'»(q) and T+ /T';(q).
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We denote by d(q), d,(q) and d-(q) the (finite) orders of these groups. In
I'(q)\X we can "shift" the cycle C (o) by elements of the deck transformation
group I'/T'(q). The group I';/T'.(q) (considered as the subgroup of I'/T'(q))
stabilizes C;(T'(q)), and since T acts freely on X, by "shifting" C,(T'(q)) we
get d(q)/d-(q) disjoint submanifolds p;C-(I'(q)), . .., ta(q)/d, (@ Cr(T'(q)), for
certain elements fi1,. .., fiq(q)/d,. (q) €5 p1 = 1.

The following observation is Lemma 5 of [X]:
note that every point in the intersection (Cy(I'(q)) N u;Cr(I'(q))) lies over a
point in the intersection C,(I') N C-(T'), i.p. we have

(Co(T(@) NUYY 1,0,(T(a))) € 5 (Co (D) N C(T)),
hence

(Co(T(q)) NUAD 4D 0 (T(q)))] < do (@) I(T)]

and we see that C,(I'(q)) can intersect at most d,(q)|I(T)| of the "shifted"
cycles 11;C-(T'(q)).

Now consider the following:

we have d(q)/d,(q) cycles u;Cr(I'(q)) and we know that C,(I'(q)) can intersect
at most d,(q)|I(T')| of them, so if d,(q)|I(T")] < d(q)/d-(q) we know that
there exists u s.t Cy(T(q)) N pCr(T'(q)) = 0, and consequently [(C,(T'(q))] #
[4C>(T'(q)))] are non G-invariant classes.

do(Q)|I(T)| < d(q)/d-(q) is equivalent to |I(T')| < d(q)/d-(q)d,(q) and since
|I(T")| is a fixed number, in order to get the desired result it suffices to show
that the right hand side of the inequality can be made large enough by taking
large primes q.

Given the above settings, denote by G? resp. G” the groups of fixed points of o
resp. 7 of G and assume in addition that the groups G, G° and G7 are R-rational
points of the simply connected simple Q-groups G, G° and G”. Suppose (as in
Theorem 8) that the group I' is a Zariski dense subgroup of G(Z(S)), where S
is a finite set of prime numbers. Using Theorem 8 and the discussion above we
have:

Corollary 13. For almost all prime ideals q ¢ S we have

d(q) _ |Gq(Fq)‘
dr(@)do(a)  |GG(Fq)l|GG(Fq)l

Furthermore, if
[Ga(Fq)|
I(l) < ,
1GG(Fa)l|GG(Faq)l
then the homology class carried by C,(I'(q)) and C,(I'(q)) are not dual to G-
invariant classes.

In the case where G reduces to a finite classical group this number can be easily
calculated and goes to co as q grows (for the orders of the finite classical groups
in question see [W], Ch.3.), for example:

* if GQ(FQ) = Sp2n(q)7 Gg(Fq) = Sp?m(q) and Ga(Fq) &= Sp2(n—m)(q)7 we
have
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2

|Span(q)| _ q" [T, (a* - 1)

[Sp2m(@SP2(n-—m) (@] (@™ TTI2, (a% — 1)) (@™ [[12" (q? — 1))

2m(n—m) H?:m—&-l(q% - 1)
[ (@* - 1)

and this can be made arbitrary large by enlarging q.

=q

4.1.3 Growth of Betti numbers

In the paper of Millson ([Mil]) the author constructs nontrivial 1-dimensional
homology classes in compact locally symmetric spaces modelled on real hyper-
bolic spaces. These locally symmetric spaces correspond to arithmetic groups
arising from a quadratic form, as explained in section 2.2. Without going into
details, we give a brief sketch of the idea: The first Betti number can be made
arbitrarily large by passing to congruence subgroups where in the correspond-
ing locally symmetric space M we can find disjoint homologically non-trivial
hypersurfaces' Fy,..., F, s.t. M\J,_, F; is connected. For each hypersurface
F; we can find a 1-dimensional compact loop C; having intersection number 1
with the chosen hypersurface and 0 with other hypersurfaces (for example C;
can be chosen s.t. C; N F; = for ¢ # j). Hence for the intersection number we
have [C;][F;] =1 and [C}][F;] = 0 for ¢ # j, i.p. [Ci] # [C)].

Linear independence of these classes follows immediately: suppose Y ;_, \;[C;] =
[0] represents a trivial homology class in H; (T'\X; R), then (for technical pur-
pose we denote by [f;] the cohomology class dual to the homology class of
a submanifold F; and we use the cap product as explained in section 1.1.1)
0=[f;1N(i_; M[Ci]) = A for all j =1,...,r; hence the classes [C4], ..., [C,]
are linearly independent.

For higher dimensional homology groups it is more difficult to find k-dimensional
submanifolds (k > 2) carrying different homology classes. In the notation and
the setting of section 2.1 we can "shift" the submanifold C,(q) by a deck trans-
formation represented by an element of the group I'/I'(q). It is obvious that
elements 7, 4 in T whose images in I'/T'(q) are not congruent modulo the sub-
group I', /T»(q) produce disjoint submanifolds vCy(q), uC,(q) but these can
represent the same homology class (this fact is ignored in some published papers
on this subject). For example, this happens if the homology class carried by
C,(q) has a G-invariant dual cohomology class. However, the result of Millson-
Raghunathan in section 2.1 enables to find a congruence subgroup I'(q) < T s.t.
there exists a € T' s.t. [aCy(q)] # [Cx(q)]. In this case, the deck transformation
group acts non-trivially on the R- (resp. C-) vector space Hy(I'(q)\X;R) (resp.
Hy(T(@)\ X5 C).

If the assumptions of the Theorem 8 are satisfied, we have that T'/T'(p) =
Gp(Z/pZ) for almost all primes p, and we get an estimate of the lower bound
for Betti numbers by calculating the dimension of the smallest (non-trivial)
representation spaces for a finite group G,(Z/pZ).

LA hypersurface is a submanifold of codimension 1.
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For a large class of finite groups the bounds on the minimal degree of a non-
trivial irreducible complex character (i.e. a minimal dimension of a nontrivial
irreducible complex representation) are already known. Let G be a finite group
of Lie type?, and 7(G) defined as in [LiSha], p. 327. Consider G(q), a group of
Lie type over a finite field F,, where ¢ = p for a prime p and [ € N. Then there
is a constant ¢ (independent of g) s.t. the dimension of the smallest nontrivial
representation is greater than c - ¢"(¢) (|LiSha|, Lemma 2.1.).

Bounds of this type should hold for the homology groups of locally symmetric
spaces modelled on the quaternion symmetric space, however this topic requires
more careful analysis (f.e. to determine the reduction modulo a prime of the
underlying algebraic group).

2Tor a definition of a finite group of Lie type see [Cu], §4.1.

62



4.2 Description of the stable general linear group
over an arithmetic order

As mentioned in the introduction, we present a new proof of a result on the
stable range of an arithmetic order in a skewfield over a number field:

We shall briefly introduce some ring-theoretic notions, for a general theory
of noncommutative rings see [L]. Let R be a ring with 1. Denote by radR
the Jacobson radical of R, defined as the intersection of all the maximal left
ideals of R. A ring R is called semisimple if it is isomorphic to a finite product
My, (Dy) x ... x M, (D,) of matrix rings over skewfields D;. A ring R is called
semilocal if R/radR is a semisimple ring. If R is commutative, this is equal to
the condition that R has finitely many maximal ideals. If a (noncommutative)
ring has only finitely many maximal left ideals, then it is semilocal. Lp. finite
rings are semilocal.

Let R be a ring, kK € Z,k > 1. An element (zy,72,...,7;) € R* is called
unimodular in R* if Zle Rx; = R. Let m € Z, m > 2. We call a unimodular
element in R™ reducible if there exist elements ¢1,¢s,...,t,,—1 € R such that

(1 + 12T, T2 + 2Ty o s Tt + b 1Tm)

is unimodular in R™~!. If every unimodular vector in R™ is reducible, then so
is every unimodular vector in R™, for all n > m.

Let k € Z,k > 1. We say: k defines a stable range for GL(R), if for all m > k
every unimodular element (x1,x9,...,%,;,) € R™ is reducible. The smallest
integer n such that for every k > n, k defines a stable range for GL(R), is called
the stable rank of R, to be denoted sr(R). To prove that the stable rank of
a ring R equals r, it suffices to show that every unimodular vector in R"*1 is
reducible.

We will make use of the following result often referred to as "Bass’ Theorem",
which we cite without proof:

Lemma 15. [Ba], Lemma 6.4.
Let R be a semilocal ring, a € R and I a left ideal of R. If Ra+ I = R, then
the coset a + I contains a unit of R.

We present an elementary proof of the result on the stable rank of an arithmetic
order in a skewfield (this result is proved in [Ba] using the theorem of Serre on
the structure of direct summands of a direct sum of finitely presented modules
over a finitely generated algebra over a commutative Noetherian ring):

Lemma 16. Let D be o finite dimensional separable® skewfield over an algebraic
number field K, let O be the ring of integers in K. Let A be an Og-order in
D.

Then sr(A) < 2.

Proof. Tt suffices to show that every unimodular element in A? is reducible, that
is: given x1, o and x3 in A such that

A~$1+A-$Q+A'$3=A

3By a separable K-algebra D we mean that the center of D is a separable field extension
of K.
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there exist p1, p2 € A such that
A(xp4+pr-a3)+ A (xa+pe-23) =A

W.l.o.g. we may suppose 1 # 0. Let :=A -z, a left ideal in A. Since K-A=D,
we have .
wt = ki A
i=1

(z7! is the inverse of x; in D, this element needs not to be in A).
Now k; = % with r;, s; € Ok, so for s = H?Zl s; we have: 5:171_1 € A, with s €
Ok, s # 0. Then

s=sxy -x €1,

so B = 1N Og is a nonzero ideal in Og.
Consider

E:A'ﬂz{Zﬁnite}‘i'bi | AieA’ bieﬂ}’

contained in A - 1 = I. The definition of § implies that £ is a left ideal in A,
and since b;’s are elements of the center of A, f# is a two sided ideal. Since A is
a finitely generated module over O, we have that A/§ is a finitely generated
module over Ok /8. Ok /[ is finite, hence A/R is finitely generated over a finite
ring, so A/R is finite itself. Ip. A/B is a semilocal ring.

The equality A -x1 + A-zo + A - 23 = A leads to

A/B (25 + B) + A/ B (1 + ), (a3 + B)) — A/8

and now we can apply Lemma 15 for semilocal rings to conclude that

(z2 + B) + A/ & ((z1 + B), (23 + §))

contains a unit, so there exist p,7 € A such that
AR (e +p-x1+ 7 23)+ B) = A/R.

That implies
B+A-(zo+p-z1+7-235) =A.

Now consider Axy + A(zy + 7 - 23):

A.’L’l D) 1
and xo +p-x1 + 7 23 € Ary + A(xo + 7 x3).
Thus
Az +A(xo+7-23)=A
and we get the desired reduction. O
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Remark 12. Note that the idea on the proof is based on the fact that the left
ideal A - x1 has a nonzero intersection with Og. This allows us to factor the
ring A modulo f§ and then at the end capture § with x1. However, this can not
be done if we leave out the condition "D is a skewfield”, since then there exist
left ideals of orders having zero intesection with O . One can verify this easily
for M,,(Z) as a Z-order in the matriz algebra M, (Q).

The stable range conditions have applications for the structure of the general
linear group over a ring (see [Ba], Ch.1.). We briefly mention one application

concerning the structure of the general linear group over an arithmetic order
considered in the Lemma above. Identify X € GL,(R) with )O( (i ) €
GLy+1(R). This induces the embedding GL,(R) — GL,(R) for m > n. Let
Ei;, i # j, 1 <1i,j <n be the matrix in GL,,(R) having 1 in the (¢, j)-th place
and zeros elsewhere. A matrix in GL,(R) is called elementary if it is of the
form x;;(r) := I, + rE;; for some r € R and i # j. Denote by E,(R) the group
generated by elementary matrices in GL,(R). Let G be a group. For z,y € G
we define the commutator of z and y as [z, y] := xyz~'y~!. Define [G,G] to be
the subgroup of G generated by [hi, he] with hy, he € G. Now, using Theorem
4.2. in [Ba] and the Lemma above we have the following description of the
general linear group over an arithmetic order:

Corollary 14. Let D be a finite dimensional separable skewfield over algebraic
number field K, Ok ring of integers in K. Let A be an Ok -order in D. Then:

1. For all r > 2:
GL,.(A) = GL2(A) - E.(A).

GLy(A) — Ki(A) :=limp—0oGLp(A)/[GL,(A), GL, (A)],
18 surjective.

3. Forallr>4
E.(A) = [GL.(A),GL.(A)].

4. For n > 4 all the maps below are surjective, and all these groups are
abelian:

- SLp(A)/En(A) — SLpi1(A)/Ensi(A) —> ... — SL(A)/E(A).
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Chapter 5

Appendix

5.1 Decomposition of a semisimple Lie group

The following theorem, quoted from [Hel], Ch.VI, p.214., is frequently used:
Let g be a noncompact semisimple Lie algebra over R with the Cartan decom-
position g = k @ p, and 6 the corresponding Cartan involution (i.e. 0 = Idy,
0)p = —Idp). Let G be a connected Lie group with Lie algebra g, K a Lie
subgroup of G with Lie algebra k.

Theorem 9. In the notation above, we have:

1) K is connected, closed and contains the center Zg of G. Moreover, K is
compact if and only if Zg s finite.

2) there exists an involutive analytic automorphism © of G with
Fixg® = K, and whose differential at e is 0.

3) the mapping p x K — G, (X, k) — exp(X)k is a diffeomorphism,
and the mapping exp : p — G/K is a diffeomorphism onto the
symmetric space G/K.

5.2 Arithmetic groups

Suppose Vg is a Q— subspace of a finite dimensional vector space V over C s.t.
dimgVp = dimcV and Vg contains a C-basis of V. By a lattice of Vy we mean
a free Z-submodule of Vg of maximal rank.

Let A be a lattice in Vg, G an algebraic subgroup of GL(V) defined over Q.
Denote by G be the stabilizer of A in G(Q), i.e. Gy := {g € G(Q)|g(A) = A}.
A subgroup T' < G(Q) is called an arithmetic subgroup of G if there exists a
lattice A of Vg such that I' is commensurable with G (i.e. I' N G, has finite
index both in " and in Gy)

It can be seen that the definition of an arithmetic subgroup of G is independent
of the choice of a faithful representation of G on a vector space V and a lattice
A, i.e. it depends only on the Q-structure of G.

In the above definition of an arithmetic group one can replace Q by an arbitrary
algebraic number field F' and Z by the ring of integers Op of F. Given an
algebraic subgroup G < GL,,(C) one can define arithmetic subgroups of G as
those subgroups commensurable with Go,. := GNSL,(OF). However, this does
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not produce any new groups since as it can be seen by reducing the latter case
via restriction of scalars' to the case F = Q.

5.3 Cohomological dimension

As described in the previous section, a torsion-free arithmetic subgroup I" of G
acts freely and properly discontinuously on X = G/K. Since X is contractible,
I'\X is an "Eilenberg-Maclane space”" of type K(T',1), i.e. m(T\X) =2 T and
m(P\X) 20 for 7 > 1.

'\ X can be thought of as a geometric analogue of the arithmetic group I'". The
group (Eilenberg-MacLane) cohomology of the group I' equals the cohomology
of the manifold T\ X.? Lp. the cohomological dimension cd(I') is at most
n = dimX, more precisely

cd(T) = n, if T\ X compact
cd(T") < m, if I'\X non-compact.

In the latter case, when X does not have any compact factors, the difference
n — cd(I") equals the Q-rank of T'.

5.4 Adeles, strong approximation and its appli-
cations

The following is a short summary of the theory of adeles and adele groups which
can be found in detail in [PR], ch.5.:

Let K be an algebraic number field. For every prime ideal p of the ring of
integers Ok of K we have a corresponding valuation | - |, € VfK , and for every
infinite place of K (equivalent embeddings of K in C) we have an archimedean
valuation | - |, € VE. Let K, denote the completion of K with respect to the
valuation | - |, and O, := {z € K,||z|, < 1} the valuation ring (which is the
closure of the ring of integers Ox in K,). Let VX := VK UVE.

Denote by Ag the subset of the direct product [], .« K, consisting of those
x = (x,) such that z, € O, for almost all v € VfK ("restricted product"). Ag
is a ring with respect to the addition and multiplication in the direct product.

We can introduce a topology on A, letting the base of the open sets consist of
the sets of the form

H m} X H OU?

veS veVE\S

where S C VE is a finite subset containing VX, and W, C K, are open subsets
for each v € S. This is called the adele topology and it makes Ay a locally
compact topological ring.

LFor this notion, see [PR], p.49, §2.1.2. "Restriction of scalars".
2This is explained in detail in [Bo], §1.
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For a finite subset S C VX containing VX, let

Ak(S) =[] Ko x [] 0

veS vgS

be the ring of S-integral adeles. For S = VX the corresponding ring is called
the ring of integral adeles, denoted by Ak (00).

There exists a diagonal embedding K — Ak, given by = — (z,z,z,...), whose
image is called the ring of principal adeles, and can be identified with K. Since
Ok = ﬁverK(KﬂOv), we have K NAg(00) = Ok, and using the fact that O

is discrete in [[, oy« Ky = K ®g R we have:

oo

K (identified with its image in A ) is discrete in Ag.

Analogously, one can define the ideles [ i as the set consisting of those z = ()
in [[,cyx K st @, € U, := O} for almost all v € V. Then Ix = Aj.
Ik is not a topological group with respect to the topology induced from Ag,
so the idele topology is defined as the topology induced from Ax x Agx with
the embedding I — Ag X Ax and it makes [ a locally compact topological
group. Analogously as in the case of adeles, we have the group of principal
ideles obtained as the image of K* < [, and is discrete in [f.

Weak and Strong approximation

Let S be a finite subset of V. Denote by Ak 5 the image of Ag under the
natural projection onto HU¢ s Ky. A topology on Ak g is given analogously as
in the case of Ax. For T a finite subset of VX containing 9, let Ak s(T") denote
the image of the ring of T-integral adeles Ay (T) in Ax 5. For S = VE we write
Ak s = Ak, ¢, called the ring of finite adeles.

We have A = Kg U Ag s, where Kg := [],.g K, with the direct product
topology, and the diagonal embedding of K in A is the product of the diagonal
embeddings in Kg and Ak g. Although the image of K in Ak is discrete, each
embedding K — Kg and K — Ak g is dense:

Theorem 10. Weak Approximation

The image of K under the diagonal embedding is dense in Kg.

Theorem 11. Strong Approzimation

If S # 0. the image of K under the diagonal embedding is dense in Ak g.

Remark 13. The strong approxzimation theorem can be considered as a general-
ization of the Chinese Remainder Theorem, in the following sense: Let K = Q
and S = {oo}. If v € Aqy, there exists an integer m s.t. mz € Ag s(c0),
and the statement of the theorem can be reduced to the question of density of
Z in Ag,r(00). Now, any open set in Ag r(00) contains a set contained in
the base of topology, a set of the form W = [[._,(a; + pi*)Zy, % I,p, Zp:
for a finite collection of prime numbers {p1,...p,} and integers a; > 0. Then
ZNW # 0 is equivalent to the solvability of the system of congruences {x = a;(
mod p?)}z:lr

68



Adelized varieties and algebraic groups

Let X be an affine variety defined over an algebraic number field K with presen-
tation as a K-closed subset of some affine space A”. Then X (Ag) consists of the
points of X over Ag. X(Ak) is a restricted topological product (analogously
as in the case of adeles) of the spaces X (K, ) with respect to the distinguished
open spaces X (O,). As in the case with adeles, X (K) embeds diagonally into
X (Ak) as a discrete subset. It can be seen that this construction is independent
of the choice of a geometric realization of X.

Let G be a linear algebraic K-group. G can be realized as a closed K-subgroup
of some full linear group GL,,. In order to describe G(Ag) it suffices to describe
GL,(Ak)) (a set of matrices in M, (Ax) with invertible determinant in A ):
GL,(Ak) can be viewed as a restricted topological product of the GL,,(K,) with
respect to the distinguished subgroups GL,,(0,) for v € VfK . The topology on
GL,(Ak) is defined by the base of open sets consisting of sets of the form

10 x [ GLn(0w).

vES vgS

where S is a finite subset of VX containing VX, and U, are open subsets of
GLy(Ky). Let GLy(Ag(S)) = [[,e5 GLn(Ky) X [[,¢5 GLn(Oy) (S-integral
adeles), and GL,, (Ak(0)) := GL,(Ax(VE)).

Now the adele group can be defined for any closed subgroup G of GL, as
the restricted product of the groups G(K,) with respect to the distinguished
subgroups G(0,) := GNGL,(0,) 3 forv € VfK, with the topology induced from
GL,(Ak). G(Ak) is alocally compact topological group, and G(K) embeds into
G(Ak) as a discrete subgroup. The groups G(Ak(S)) are defined analogously
as in the case of GL,(Ak).

Analogously as in the case of adeles, we can consider the "truncated" adele
group: for an arbitrary subset S of V| define the group of S-adeles G(Ag s) as
the image of G(A) under the natural projection of [[, G(K,) onto [], ¢ 5 G(Ky).
Then, G(Ak,s) is a restricted product of the G(K,), v ¢ S with respect to
G(Oy), v e VfK\(VfK n.s).

As in the case of adeles, it is useful to consider the diagonal embedding G(K) —
(;O%kgsy

G is said to satisfy the strong approximation property relative to S if the image
under the diagonal embedding G(K) — G(Ak g) is dense.

The following theorem gives a criterion for strong approximation in algebraic
groups:

Theorem 12. Let G be a reductive algebraic group over an algebraic number
field K, and S a finite subset of V. Then G satisfies the strong approzimation
property with respect to S if and only if the following two conditions are satisfied:
* G is simply connected (i.p. G is semisimple)

* G does not contain a K -simple component G* with G% := ]
pact

ves GH(K,) com-

Corollary 15. If G is a K-simple, simply connected group G, then G has a
strong approximation with respect to S if and only if Gg = [[,cq G(Ky) is
noncompact.

veS

30ne has to be careful, since G(O,) depends on the choice of matrix realization of G.
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5.5 Reduction of algebraic varieties

The summary of the theory of the reduction of the affine algebraic varieties is
given in [PR], p.141.-148. Here we briefly mention some definitions and results:
Let K be the field of fractions of an integral domain R, and let p be a maximal
ideal in R. Let X be an affine algebraic variety defined over K. By means of
reduction, one can associate to X an algebraic variety Xy, defined over the field
k:= R/p.

Let a C K|[z1,...,x,] be the ideal of polynomial that vanish on X. By reduction
of X modulo p we mean the variety X, over a universal domain containing the
field k = R/p, defined by the ideal a, which is obtained by reducing all the
polynomials of aN R[z1,...,z,] modulo the ideal p.

There is a natural reduction map p : X(R) — X (k) whose nonempty fibers
are the congruence classes modulo p of points of X (R).

Let K be an algebraic number field and O its ring of integers. Then K is the
field of fractions of Ok. Let X be an affine algebraic variety defined over K.
For a finite valuation v € VX of K let X, denote the reduction of X modulo the
corresponding maximal ideal p = p(v) of Ok. Let K, denote the completion
of K at the place v € VfK, O, the ring of integers in K, and p, the (unique)
maximal ideal of O,. Then X can be considered as an affine algebraic variety
over K, and the reduction X, of X coincides with X,.

If G C GL, is an algebraic group defined over K, then for all v € V/* the
reduction G, is an algebraic group defined over the residue field Ok /p(v) and
the reduction map G(Og) — G,(Ok/p(v)) is a group homomorphism.
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Abstract

In this thesis, we apply geometric methods ([Mil], [MR], [RSchw], [LS])
for construction of (co-)homology classes in locally symmetric spaces to treat
the case of arithmetically defined compact quaternion hyperbolic manifolds.
These are of the form T'\Sp(n,1)/(Sp(n) x Sp(1)) for a suitable torsion-free
arithmetic group I' arising from an arithmetic order in a quaternion skewfield
over a totally real number field. We construct non-trivial homology classes on
I'\Sp(n,1)/(Sp(n) x Sp(1)) in dimensions 4,8, ...,4n — 4 using special cycles
(as in [MR] and [RSchw|) and describe the way to obtain non Sp(n, 1)-invariant
classes and to give a lower bound of the dimension of the part of homology gen-
erated by certain translates of the cycles in question. Furthermore, we discuss
orientability questions arising in the analogous context of arithmetically defined
real hyperbolic manifolds. In addition, we present an elementary proof of the
stable range property of an arithmetic order A in a skewfield over a number
field, a result which is used to study the structure of general and special linear
groups over such an order (these are related to our choice of the arithmetic
group I above).

Zusammenfassung

In dieser Arbeit werden geometrische Methoden ([Mil], [MR], [RSchw], [LS])
zur Konstruktion von Kohomologieklassen in lokal symmetrischen Ridumen ange-
wandt, um den Fall von arithmetisch definierten kompakten quaternionisch hy-
perbolischen Mannigfaltigkeiten zu behandeln. Jene sind von der Form
\Sp(n,1)/(Sp(n)xSp(1)) fiir eine geeignete torsionsfreie arithmetische Gruppe
I" entstehend aus einer arithmetischen Ordnung in einem Quaternionenschiefkor-
per iiber einem total reellen Zahlkdrper. Es werden, unter Verwendung spezieller
Zykeln (wie in [MR] and [RSchw]), nicht triviale Homologieklassen auf
M\Sp(n,1)/(Sp(n) x Sp(1)) in den Graden 4,8,...,4n — 4 konstruiert. An-
schlieffend wird der Weg beschrieben, nicht Sp(n,1)-invarianten Klassen und
eine untere Schranke der Dimension der Kohomologiegruppen zu erhalten.
Dariiber hinaus diskutieren wir Fragen der Orientierbarkeit wie im analogen
Fall einer arithmetisch definierten reellen hyperbolischen Mannigfaltigkeit. Ab-
schliefsend wird ein elementarer Beweis der stabilen Rang Bedingung einer arith-
metischen Ordnung A in einem Schiefkérper iiber einem Zahlkérper gegeben.
Dieses Resultat wird in der Strukturanalyse von allgemeinen linearen Gruppen
iiber A benutzt. Diese wirkt sich auf die Struktur von I' aus.



