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Abstract

We study the Cauchy problem for symmetric hyperbolic systems of partial differ-
ential equations in Colombeau algebras of generalised functions. This framework
allows to consider equations with highly singular coefficients, for which distribu-
tional solution concepts fail. In particular, it is possible to deal with coefficients
incorporating the delta distribution or its derivatives on a mathematically sound
basis. Differential equations with coefficients of this type occur in various contexts
in physics. The essential methods for our existence and uniqueness results are based
on energy estimates on lens-shaped domains in space-time. We investigate the reg-
ularity of generalised solutions and their distributional limits when the coefficients
are obtained as regularisations of non-smooth Sobolev functions. Specifically, we
show that distributional limits of generalised solutions exist even for coefficient reg-
ularities below those required within classical weak solution concepts. Furthermore,
we establish the transformation from scalar second-order wave equations to related
symmetric hyperbolic first-order systems in a generalised functions setting, thereby
obtaining existence and uniqueness results for second-order wave equations. The
operations involved in the transformation algorithm are not defined classically for
coeflicients of low regularity. As applications in physics, we consider the Dirac equa-
tion and the Klein-Gordon equation with delta distribution potentials, as well as the
wave equation derived from the Laplace-Beltrami operator of a Lorentzian metric
of low regularity. Motivated by the significant role of convolution regularisations
in the embedding of distributions in Colombeau algebras, we develop an explicit
construction of Schwartz functions with prescribed moments and support contained
in an arbitrarily chosen cone. Our construction provides tailor-made mollifiers, sat-
isfying adaptable support and convergence conditions. In addition, it yields explicit
solutions to several variants of the Stieltjes moment problem for rapidly decreasing
smooth functions.
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Chapter 1

Introduction and preliminaries

Partial differential equations (PDEs) are at the heart of many physical models. In
particular, our fundamental theories of nature are most beautifully represented in
the form of PDEs. Famous and often celebrated examples include the Schrédinger
equation in quantum mechanics, the Dirac equation and the Klein-Gordon equation
in relativistic quantum mechanics, the Maxwell equations in electrodynamics, and
the Einstein equations in general relativity.

Solutions of these and many other PDEs in physics are quantities that assign
numbers to points in space and time. In physics, such quantities are called (classical)
fields, a term that was originally introduced by M. Faraday (cf. [McMO02]). However,
not all fields in physics are directly measurable in experiments and some are, in addi-
tion, even subject to a gauge freedom. It has been debated among physicists whether
certain fields constitute any kind of physical reality or whether they are merely the-
oretical objects simplifying the mathematical description of a physical problem (cf.
[WF98, p. 163] and [EI38, p. 152]). A famous contribution to this discussion is
the Ehrenberg-Siday-Ahoronov-Bohm effect [ES49, AB59], in which an electrically
charged particle is influenced by the presence of an electromagnetic field enclosed
in a solenoid, although the particle is completely shielded from the electromagnetic
field, in the sense that the overlap between the particle’s wave function and the
electromagnetic field is negligible. The particle seems to be affected by the electro-
magnetic potential field which extends beyond the solenoid, but was believed to be
a purely mathematical construct without physical reality. Moreover, the meaning or
interpretation of fields used in physical theories may change as the theories evolve or
are replaced by more accurate or more elegant descriptions of nature. For example,
the fields in general relativity represent the geometry of space-time itself, whereas
in Newton’s theory of gravity, space and time were separated and considered to be
the everlasting and unchangeable arena in which the gravitational field acts. In any
case, the notion of a field has been and still is of utmost importance in modern
physics.

Since nothing can travel faster than the speed of light, disturbing a field in
some region in space and time cannot be felt instantaneously by distant observers.
Physical particles or disturbances of physical fields always propagate at finite speed.
Disturbing an initially static field gives rise to a ‘wave-like’ phenomenon travelling
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through space at a certain speed. In fact, waves or ‘wave-like’ phenomena are
nothing but travelling disturbances of physical fields. Finite propagation speed of
disturbances is an inherent property of hyperbolic PDEs, the wave equation being
an archetypical example. Electromagnetic waves travel essentially at the speed of
light, that is why telecommunication is such a successful technology. In relativistic
quantum mechanics, moving particles are described by ‘wave packets’ whose speed
is limited by the speed of light. Wave-like phenomena are ubiquitous in modern
physics. As a matter of fact, describing any physical quantity that can be represented
by a field in a way consistent with special relativity, will most of the time lead to a
hyperbolic PDE or a system of such equations.

Considering only first-order systems does not pose a restriction inasmuch as
any system of PDEs can be written as a first-order system. Establishing existence
and uniqueness of solutions of the initial value problem (or Cauchy problem) for
hyperbolic systems used in physical models is indispensable from a mathematical
point of view, but it is also important for the physical interpretation of solutions.

1.1 Partial differential equations with distributions as
coefficients

PDEs with discontinuous or distributional coefficients are widely used in physics.
The prototype of a discontinuous function is the Heaviside function and the most
famous example of a distribution is Dirac’s delta distribution (also called delta func-
tion, d-distribution, d(x)). It is an efficient and practical tool to model sharp im-
pulses or ‘point-like’ concentrations of energy. By employing the delta distribution
to represent a narrow spike in a coefficient of a differential equation, one often ob-
tains a good approximation of the real physical situation without having to deal
with the detailed structure of the spike. If, for instance, the coefficient represents an
energy density, then only the total energy contained in the spike has to be known,
while its inner structure is submersed in the delta distribution.

However, using a delta distribution in the coefficient of a differential equation
is not always tantamount to ignoring the details of an interaction on purpose, in
order to simplify a physical model. Elementary particles like electrons or quarks
are assumed to be physical point particles. As far as we know today, they do
not possess any spatial extension in a classical sense. Consequently, the charge
density of an electron within the framework of classical electrodynamics has to be
a delta distribution. This is not a deliberate simplification, but the best possible
description of the charge density of an electron that is available in the classical theory
of electrodynamics. The delta distribution may also arise in certain limiting cases of
physical models, as for instance in the Aichelburg-Sexl boost, describing the physical
experience of an observer moving past a spherically symmetric gravitating object as
it approaches the speed of light [AS71]. Discontinuous functions as coefficients occur
even more very frequently in PDEs in physics, for instance in continuum mechanics,
where the Heaviside function provides an accurate description of the behaviour of
certain material parameters across a boundary surface between two regions made
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up of different compounds. Of course, Dirac’s delta distribution is just a theoretical
construct. But in a less obvious way, the same is true for the Heaviside function
or any other function, smooth or not. Ultimately, the mathematical formulation of
any physical theory cannot be more than a theoretical model designed to describe
nature. Distributions appear as coefficients in PDEs in many branches of physics,
sometimes for the purpose of simplifying an otherwise too complicated problem,
sometimes just because it is the most authentic description of a physical reality, at
least within our current theories of nature. Therefore, the study of discontinuous
functions or distributions as coefficients of (hyperbolic) PDEs is not only an issue in
mathematics, but also of substantial significance in physics, as numerous applications
show.

The d-distribution was given its name by P.A.M. Dirac in 1926 in analogy to
the ‘Kronecker-6’ (cf. [Dir27, p. 625] and [Dir30, p. 58]), but concepts which are at
least closely related go back to the 1820ies. Different representations of the delta
distribution had already been used by Fourier in 1822 (cf. [Fou09, §235]) and, around
the same time, by Poisson and Cauchy [Cau27]. An in-depth discussion of the origins
of the delta distribution is given in [KT13], [Lau89], [Lau92], and [Liit82]. Dirac’s
delta distribution soon proved to be a valuable tool in manifold applications and
gained great popularity in physics. It is now widely used in many circumstances
and physics students often encounter it already in introductory courses.

A popular example that can be found in many undergraduate textbooks on
quantum mechanics is the one-dimensional Schrodinger equation with a potential
barrier proportional to the delta distribution:

m(’iw(t’ x) = <_2mc9332 + a5(x)> P(t,x). (1.1)

For a > 0, this simple model demonstrates the ‘quantum tunnelling effect’, as
travelling plane waves hitting the barrier from one side are partially transmitted
through the barrier. Interpreting the transmission coefficient (that is, the ratio
of the intensity of the transmitted wave to that of the incident wave) associated
to this model as the probability for a single particle to penetrate the barrier, a
quantum mechanical particle can ‘tunnel’ through a potential barrier of arbitrary
height, provided the barrier is sufficiently narrow. In this standard example, the
wave function is usually constructed by joining ‘plane wave solutions’ on both sides
of the barrier by means of a continuity condition derived from the equation. The so-
obtained solution candidate (¢, x) + (¢, x) is continuous across the barrier, but its
z-derivative exhibits a jump at x = 0. Although a mathematically educated reader
would be concerned about regularity issues and well-posedness of the problem, to
begin with, physics textbooks typically ignore such things or bypass them in a more
or less elegant way. Yet, from a mathematical point of view we can still make sense
of the equation by employing a weak solution concept. The product of the delta
distribution and the continuous function ) is defined and the solution candidate
indeed satisfies the equation in a weak sense, the equation being interpreted as an
equality in the space of distributions. However, the theory of distributions does not
provide a general framework for dealing with PDEs whose coefficients are allowed
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to be as singular as Dirac’s delta distribution. Suppose we replace the potential
barrier §(z) in (1.1) by a ‘shock in time’ §(¢). Then it is easy to see that any
nonzero wave function that is continuous at ¢ = 0 cannot be a (weak) solution in
any classical sense. Exchanging the roles of space and time in the potential term
drastically affects the regularity here, since space derivatives and time derivatives
are not represented symmetrically in the Schrédinger equation. Nevertheless, if a
solution still exists, then it must satisfy the free Schrodinger equation for all ¢ # 0.
Therefore, a reasonable strategy to find a solution candidate, would be, once again,
to first ‘solve’ the equation for ¢ < 0 (before the shock) as well as for ¢ > 0 (after
the shock) and then use the equation and, if necessary, additional input from the
underlying physical theory, to determine how these two wave functions should be
glued together at t = 0. Whatever the details of such a procedure, the obtained
solution candidate will have to be discontinuous at ¢t = 0. As a consequence, testing
this candidate by inserting it into the equation, we inevitably have to deal with an
ill-defined product, that is, the product of the delta distribution 4(¢) and a function
which is discontinuous at t = 0.

As this elementary textbook example for the Schrodinger already indicates,
products of distributions occur very frequently in physics. Physicists have long ago
developed and probably always been using heuristic multiplications of distributions,
often adapted to the physical problem under consideration. Some of these meth-
ods and the occasionally involved ad-hoc-assumptions can be justified and explained
mathematically by invoking distribution theory and suitable concepts of weak solu-
tions of differential equations, but some go beyond the theory of distributions. For
instance, the latter is an inadequate and insufficient setting for problems involving
singular products of the delta distribution with a discontinuous function or with
another distribution.

Algebras of generalised functions as introduced by Colombeau in [Col84, Col85]
constitute a framework in which singular problems arising from nonlinear operations
on distributions can be dealt with on a mathematically rigorous basis. Although
Colombeau theory has still not been widely adopted by the mathematical physics
community, it is a flourishing field of research in mathematics. It has proven to be
a valuable tool for studying PDEs with coefficients of low regularity, including ex-
amples such as (1.1), thereby not only securing paths already travelled by physicists
on a heuristic level, but also contributing new mathematical aspects in various con-
texts. In particular, the theory provides solution concepts for PDEs with coefficients
whose regularity is substantially below the regularity required in classical existence
and uniqueness theories. Distributions can be embedded in Colombeau algebras by
convolution with a mollifier function, satisfying certain moment conditions.

Singular equations have been used as model equations in physics for a long time,
not only in quantum mechanics. Examples range from classical mechanics over elec-
trodynamics to general relativity. Moreover, singular products of distributions are
omnipresent in quantum field theory, rendering algebras of generalised functions in
the sense of Colombeau a promising tool that might eventually contribute to the
development of a mathematical foundation for physically relevant but still mathem-
atically consistent quantum field theories (cf. [GOT00]). Dirac was a strong advocate
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for mathematical rigour in physical theories, as can be inferred from this quote:

I want to emphasize the necessity for a sound mathematical basis for
any fundamental physical theory. Any philosophical ideas that one may
have play only a subordinate role. Unless such ideas have a mathematical
basis they will be ineffective. [Dir78, p. 1]

Over the last three decades, numerous interesting applications of Colombeau theory
have emerged, not the least in mathematical physics, including PDE models for
acoustic and elastic or seismic waves in low regularity settings, for example in [CLS88,
Obe89, Col92, Obe92, HAHO1, dHHOO08, Hor11], as well as manifold contributions to
general relativity in a non-smooth setting [CVW96, Bal97, Vic99, VW00, GKOSO01,
KSV05, SV06, GMS09, Hanl1, HKS12, Vic12]. Clearly, the theory has proven its
strength and capability in various fields of modern analysis. However, in spite of
the important results mentioned, its full scope with regard to applications in physics
has not yet been exploited, as there are many more possible applications to consider
and pursue.

1.2 Main results and outline

We briefly summarise the main results of the thesis:

e We provide three variants of existence and uniqueness results for generalised
solutions of the Cauchy problem for first-order symmetric or Hermitian hyper-
bolic systems of PDEs (Theorems 2.7, 2.8, 2.13). These results were published
in [HS12]. Furthermore, distributional limits of generalised solutions are ob-
tained, if the coefficients are defined as regularisations of functions which are
locally integrable in the time variable and of a certain Sobolev regularity in
the spatial variables (Proposition 2.28). However, the required regularity as-
sumptions can be substantially relaxed, even including the case of a delta
distribution in the time variable, if additional conditions on the regularisation
methods or on the structure of the coefficients are imposed (Propositions 2.32,
2.34, 2.36).

e We establish the transformation from a scalar second-order wave equation to
a related symmetric hyperbolic first-order system in a generalised functions
setting (Theorem 3.5), thereby obtaining existence and uniqueness results for
second-order wave equations (Theorem 3.7). The required regularity assump-
tions are sufficiently general to cover wave equations derived from the Laplace-
Beltrami operator of a metric of Geroch-Traschen class. These results were
presented in [HHSS13]. We also discuss further examples and give a refined
analysis of the necessary regularity assumptions.

e We present an explicit construction of Schwartz functions with prescribed mo-
ments and support contained in an arbitrarily chosen cone (Theorems 4.4,
4.12), providing Colombeau mollifiers with special convergence and support
properties. In addition, our construction yields explicit solutions to several
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variants of the Stieltjes moment problem for rapidly decreasing smooth func-
tions (Corollaries 4.7, 4.14). This immediately implies a density result for
Schwartz functions with vanishing moments in spaces of Lebesgue integrable
functions.

The outline of the remaining parts of the thesis is as follows:

Section 1.3 introduces and briefly reviews the required notions from Colombeau’s
theory of generalised functions and numbers, including basic concepts from linear
algebra in a generalised setting. For convenience of the reader we also provide a
proof of specific versions of Gronwall inequalities in Section 1.4, with emphasis on
explicit expressions for all occurring constant. These inequalities are an essential
tool in several proofs and will be used repeatedly to generate different variants of
energy estimates.

In Chapter 2 we study existence, uniqueness, and distributional limits of gener-
alised solutions of the Cauchy problem for first-order symmetric or Hermitian hyper-
bolic systems of partial differential equations with Colombeau generalised functions
as coefficients and data. The proofs of solvability are based on energy estimates
on lens-shaped domains with spacelike boundaries. We obtain several variants of
existence and uniqueness results, including partial extensions of previous results
in [Obe89, LO91, Hor04]. In addition, we investigate the regularity of generalised
solutions in terms of Sobolev norms of their distributional limits, thereby providing
aspects accompanying related work in [Obe09, GO14, GO15, Garl5]. We recover
distributional limits of the generalised solution in situations where the regularity
of the coefficients of the equation is below the usual regularity assumptions in cor-
responding classical theorems on distributional solutions. Under certain structural
assumptions on the coefficient matrices, we obtain distributional limits of generalised
solutions also for coefficient regularities which do not allow for a weak interpretation
of the differential equation outside the framework of Colombeau generalised func-
tions. As an application in physics, we discuss the Dirac equation with coefficients
proportional to the delta distribution, modelling an impulsive electromagnetic field.
Finally, we address the question of propagation of coefficient singularities by car-
rying out a case study in which we consider an explicitly solvable scalar first-order
hyperbolic PDE. We calculate the distributional limit of the generalised solution
and its singular support.

Chapter 3 is devoted to the transformation of a second-order hyperbolic PDE
with generalised coefficients into a hyperbolic first-order system, using an explicit
method that guarantees the symmetry of the system. The operations involved in
this process are not defined classically for coeflicients of low regularity. In partic-
ular, the low regularities covered by the existence and uniqueness results obtained
in Chapter 2 do not even allow to extend these operations to a distribution theor-
etic setting. Within the framework of generalised functions, well-definedness of the
transformation algorithm can be restored. In particular, we arrive at clear state-
ments about the transfer of questions concerning solvability and uniqueness from
wave equations to symmetric hyperbolic systems and vice versa. This enables us
to reformulate our results on first-order systems for wave equations, thereby estab-
lishing unique solvability of the Cauchy problem for second-order wave equations



1.3 Colombeau algebras of generalised functions

with generalised coefficients. The admissible coefficient regularities are below those
required in similar existence and uniqueness results for wave equations. As applica-
tions, we consider the Klein-Gordon equation with an impulsive coupling term and
the wave equation derived from a Lorentzian metric of low regularity. In Section 3.3,
we briefly discuss aspects of the Hadamard parametrix construction for second-order
elliptic PDEs, based on [Hor07, Chapter XVII, Section 17.4].

In the final Chapter 4 we provide an explicit construction of Schwartz func-
tions with prescribed moments and support bounded from below. The presented
algorithm automatically yields an elementary and constructive proof of the Stieltjes
moment problem for rapidly decreasing smooth functions, which has been discussed
and solved in [Dur89, DE94, LS08]. The main result of this chapter is a similar
construction for the multidimensional case, extending and refining the techniques
used in the proof of the one-dimensional case. We show that any test function
o can be approximated in Sobolev norms by a function ¢ € S(R™) with pre-
scribed moments. Moreover, given an arbitrary open cone I' in R”, it is pos-
sible to have supp(p) C supp(yp) U . Schwartz functions with vanishing mo-
ments are required as mollifiers for the embedding of distributions in the special
Colombeau algebra. Our construction provides tailor-made mollifier functions with
additional features such as satisfying certain support conditions or approximating a
given test function in a particular norm. In addition, the method can be employed
to create generalised mollifiers with special properties, as considered and used in

[NPS98, OT98, OV08, SV09, Hérl5).

1.3 Colombeau algebras of generalised functions

This section contains a short introduction to Colombeau’s theory of generalised
functions, focussing on aspects that will be of relevance in the following chapters. It
also serves to fix some notational conventions.

In 1954, L. Schwartz proved the ‘impossibility of the multiplication of distribu-
tions’ [Sch54], an important result we want to briefly review. If we want to have an
(associative and commutative) algebra A containing objects such as the delta distri-
bution and equipped with a product extending the pointwise product of continuous
functions, then A should have the following properties:

(i) There exists a linear embedding of the space of distributions D’ into the algebra
A such that the constant function with value 1 is the multiplicative unit in A.

(ii) There exists a linear map D : A — A, generalising the differential operator
for continuously differentiable functions and satisfying the Leibniz rule.

(iii) If the generalised derivative operator D on A is restricted to the space D/,
then it coincides with the distributional derivative.

(iv) If we restrict the product in A to continuous functions, then it coincides with
the usual pointwise product of functions. In other words, A contains the
algebra CY of all continuous functions as a subalgebra.
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All of these requirements appear to be very natural and even necessary, if A ought
to be of any practical value. Yet they are impossible to fulfil. More precisely, L.
Schwartz showed that an algebra A satisfying (ii)-(iv) cannot contain the delta dis-
tribution. There are actually no distributions involved in the proof, it only uses
the differential algebra property of A and the pointwise product of continuous func-
tions. In fact, the usual differentiation rules are already not compatible with the
pointwise multiplication of functions of finite differentiability. For instance, if H
denotes the Heaviside function, then we clearly have H" = H in LllOC for all n € N
(since this is true pointwise almost everywhere). Differentiating this equation yields
H1H = %H’ for arbitrary n € N, in particular HH' = %H’ and H?H' = %H’.
Upon the substitution H? = H in the last equation we obtain HH' = %H " and
since HH' = %H " as well, we end up with %H ' = %H ' which is a contradiction for
H' # 0. If associativity and commutativity of A are not to be given up, then the
only way to avoid such contradictions is to replace (iv) by the weaker condition

(iv’) A contains the algebra C* of smooth functions as a subalgebra.

Differential algebras satisfying (i)-(iii) and (iv’) exist and were introduced by J.-F.
Colombeau [Col83, Col84, Col85, Col92], who called their elements ‘new generalised
functions’. For a comprehensive introduction to Colombeau algebras we also refer

to [GKOS01].

Construction of the special Colombeau algebra

The underlying principle for constructing a differential algebra containing the dis-
tributions is regularisation by sequences (nets) of smooth functions. The sequential
approach to distribution theory has already been developed around 1950 by Mikus-
inski [Mik48] and Temple [Temb3], but it was lacking a concept of multiplication
compatible with differentiation in all circumstances.

Colombeau generalised functions are basically (equivalence classes of) nets of
smooth functions indexed by a parameter ¢ € |0, 1] and obeying certain asymptotic
growth estimates as ¢ tends to zero. For such objects we shall write (u.). in place of
(c)eeo,1) to simplify notation. Throughout this thesis we will use the ‘special’ (or
‘simplified’) version of the theory, since it is much more convenient in the context of
differential equations compared to the ‘full’ Colombeau algebra as it is presented in
[Col85]. Moreover, the ‘special’ Colombeau algebra possesses all essential features
of the full theory, except allowing a canonical embedding of D’.

Definition 1.1 (Moderate and negligible nets). Let §2 be an open subset of R™. Set
E() == (N = {(u2)zepo | ue € CZ(Q)}-

Then the elements of

Ev(Q) :={(us)e € E(Q)|VK CC QVa € Nj IN € Ny :

10%ue | ooy = O(™™) as € — 0}
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are called moderate and those of

N(Q) :={(uec)e € Em(Q)|VK CC QVa € Ny Vm € Ny :
10|y = O(™) a5 = = 0}

are called negligible.

Defining vector space operations, partial derivatives, and multiplication component-
wise, the space £y/(€2) of moderate nets on  is an associative and commutative
differential algebra with V() a differential ideal in it.

Definition 1.2 (Colombeau generalised functions). The Colombeau algebra of gen-
eralised functions on 2 is defined as the quotient space

G(Q) = Em(Q) /N ().
A generalised function u € G(£2) is written as

u = [(ue)e] = (ue)e +N(Q),

where the functions u. are assumed to be complex-valued, if not stated otherwise.

A function f € C*°(2) is canonically embedded into G(2) via the trivial assignment
[ = [(f)e]. A compactly supported distribution w € &'() can be embedded by
regularisation via convolution with a net (p.). where

pe(x) = e (E)

en’ \e

and the mollifier function p € S(R™) satisfies

/p(x)d:v =1, /xap(a:)dx =0 forall a € Nj, |a] > 0.
Rn R

Extending w to R™ by setting w = 0 on R" \ , the map w — [((w * ps)|a)e]
defines a linear embedding of £'(Q2) into G(€) that coincides with the canonical
embedding of smooth functions, if restricted to D(Q2). It is exactly this compatibility
with the trivial embedding of smooth functions that makes it necessary to take a
mollifier with all moments of order |a| > 0 vanishing. Distributions in D’'(£2) can
be embedded with the help of an open covering (€2))aca of € (all ) relatively
compact) and a subordinated partition of unity by smooth cut-off functions. The
so-obtained embedding ¢ : D'(Q) — G(€) does not depend on the particular choice
of (2))xea and is consistent with the previously defined embeddings of £'(Q2) and
C>(€2). However, this construction is mainly of theoretical value, but not very
practicable to actually compute ((w) for a given w € D'(Q2). At least, a direct
calculation of ¢(w) is possible for all distributions on €2 that admit an extension
as a tempered distribution to all of R™. Obviously, the embedding considered here
depends on the chosen mollifier. This is remedied by the construction of the full
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Colombeau algebra where one uses the set of all admissible mollifiers rather than
picking a particular one. Yet, this comes at the cost of more technicalities and a less
transparent notation.

Colombeau algebras contain the distributions as a linear subspace and enable
us to give a meaning to ill-defined or ambiguous products as, for instance, H§ or
§2. The ill-definedness on the distributional level is rectified in G(Q2), since in con-
trast to distributions, Colombeau generalised functions representing H or § contain
precise information on the microscopic structure of their singularities. This inform-
ation is lost in the distributional limit, but it is essential when we want to multiply
distributions. Representing the delta distribution by a generalised function always
means to choose a certain regularisation, thereby endowing this model of the delta
distribution with a ‘history’ of how its singularity formed or where it evolved from.

The concept of association

We say that a Colombeau function w is associated with a distribution ug € D'(§2) if
some (and hence every) representative (u.). converges to ug in D'(£2), that is, if

Vo e D(2): lim [uc(z)p(z)dr = (uo, ¢).
Q

The distribution wug represents the macroscopic behaviour of u and is called the
distributional shadow of u. Apparently, different Colombeau functions can have the
same distributional shadow. For example, taking an arbitrary function p € D(R)
with [ p(z)dz = 1 and a net (o.). with 0. — 0 and 67! = O(e™™) as € — 0 for
some m € N, the generalised function [(o-'p(c-!)).] has the delta distribution as
its shadow.

A delta net is any net (p.). that converges to the delta distribution. Since there
are many ways to create a delta net, there are obviously also many generalised
functions in G(Q) representing the delta distribution. They differ in their ‘micro-
structure’ and behave differently under nonlinear operations. To illustrate this, the
distributional limit (if it exists) of a product in G(R) corresponding to H&, H?, or
62 will strongly depend on the very regularisations of H and § that we use.

Any delta net (). for which ¢ () = (%) is called a model delta net, whereas
a strict delta net (Y:)., Y- € D(R™), satisfies the following conditions (cf. [GKOSO01,
Section 1.1]):

(i) supp(vpe) — 0 as e — 0,

(ii) lim / be(z)dz =1,

e—0
R

(iii) / |te(z)|dz is bounded uniformly in €.
R”L

Association defines an equivalence relation on G(2), where all representatives of
an equivalence class share the same distributional shadow. But not every element

10



1.3 Colombeau algebras of generalised functions

of a Colombeau algebra is associated with a distribution. For example, the gen-
eralised function [(2).] has no distributional shadow. Association is stable under
linear operations, in particular differentiation. It is thus an important concept when
studying differential equations in G(€2). For instance, when modeling a differential
equation with distributional coefficients in G(£2), the generalised coefficients must
be associated with the original distributional coefficients, but there is some freedom
in choosing a special regularisation satisfying certain additional properties. Most
significantly, if a generalised solution is associated with a distribution of a certain
regularity, the latter can directly be compared with a weak solution obtained from
other solution concepts for differential equations with non-smooth coefficients. Dif-
ferent solution concepts for first-order hyperbolic differential equations with coef-
ficients of regularity below Lipschitz continuity are discussed in [HHO08]. Among
these, the framework of generalised functions can deal with the lowest coefficient
regularities and provides unique generalised solutions even for coefficient regular-
ities substantially below those required within other solution concepts. If, in this
situation, the generalised solution admits a distributional limit that is independent
of the particular regularisations of the coefficients, the transfer to and from G(2)
can be viewed as a technique to extend classical results on weak solutions. However,
even if the generalised solution is not associated with a distribution, it may still
be of physical relevance, since the solution of a differential equation is not directly
observable anyway. Only certain quantities derived or computed from the solution
can be measured, and predictions for the outcomes of measurements may be also be
derived from generalised solutions.

Variants of Colombeau algebras

The special Colombeau algebra introduced in Definition 1.1 is based on the space
C>(92). However, analogous constructions are possible for any locally convex topo-
logical vector space [Gar05b].

Definition 1.3 (Generalised functions based on a locally convex vector space). Let
E be a locally convex topological vector space whose topology is given by the family
of semi-norms {p;};cs. The elements of

Mg :={(u.)- € E®U|vjeJIN eNy: pj(u) =0E™N) as e — 0}
and
Ng = {(us). € B0V | vj e JvmeNy: pj(us) = O(e™) as € — 0}

are called E-moderate and E-negligible, respectively. The generalised functions based
on E are then defined as the quotient Gg := Mpg/Ng. If E is a differential algebra,
then Ng is an ideal in Mg and Gg is a differential algebra as well, called the
Colombeau algebra based on E.

In this thesis we will also employ variants of Colombeau algebras with other basic
spaces than C*°(Q2). Specifically, we will frequently use the Sobolev spaces E =

11



1 Introduction and preliminaries

H>®(Q) = {h € C®(Q) |Va € Ng : 9°h € L*(Q)} with the family of semi-norms

1/2
bl = (32 10rnlEs) (ke )

la| <k

as well as E = W>°(Q) = {h € C>(Q) |Va € Ny : 9°h € L=(Q)} with the family
of semi-norms
e = max [0 hl (k€ No)

|al

and E = C>®(I x R™), where I is an open interval, equipped with semi-norms

1Pll i = max 10%R| oo (7x ) (m € No),
where K CC R"™. To simplify notation and avoid overloaded subscripts, we use
notations as in [Hoérll] and denote

ng (Q) = gHoo(Q), gLoo (Q) = QWoo,oo(Q) and Q(T X Rn) = Qcm(fon).

Regularity theory in Colombeau algebras

In [Obe92], the subalgebra G*(Q) of regular generalised functions in G(2) was in-
troduced to develop an intrinsic regularity theory in G(€2). The subalgebra Gg of
a Colombeau algebra Gg is obtained by demanding that the inverse e-power N in
the moderateness estimates (see Definition 1.1) can be chosen uniformly over all
derivatives (cf. [Obe92, Definition 25.1, Chapter VII]). For instance, an element
u = [(ue)e] € G(2) belongs to G(Q) if and only if

VK CC Q3N € NoVa € Nj : [[0%Ue| poo () = OE™) as e—0.

Conversely, the derivatives of a generalised function which is not G°-regular must
become more and more singular in terms of inverse e-powers as the order of the
derivatives increases. For instance, taking a function p € D(R) with [*°_p(z)dz =1
and considering the model delta net (p.). = (% P ( i))g, its n-th derivative will satisfy

€
168 ooy = O(e~(+D) s € — 0, but will not behave better.

The subalgebra G*>°(Q2) plays the same role within G(Q2) as C*°(€2) does within
D'(Q) and one obtains the important compatibility relation (cf. [Obe92, Theorem
25.2, Chapter VII))

gx(Q)ND () =C(NQ).

Here, D'(Q2) and C*°(Q2) are identified with the corresponding subspace ¢(D’(Q2)) and
1(C>(2)) of G(2). Note that not every generalised function belonging to G*°(£2) is
associated with a smooth function. For instance, with p € D(R) as before, the class
[(log%p (log% . ))E] is both an element of G*°(Q) as well as associated with the delta
distribution.

A generalised function v € G() is called of L>-type if it has a representative
(ue)e € Ep(R2) such that

e[ oo () = O(™™)

12



1.3 Colombeau algebras of generalised functions

as € — 0. It is called locally of logarithmic growth or locally of log-type, if it has a
representative (ug): € Ep(2) such that for all K CC €,

[l oo 5y = O(log(1/¢))

as € — 0 (cf. [Obe88, Definition 1.1}). It is called of L*°-log-type if

Jtell e = Olog(1/2))

as ¢ — 0 (cf. [GKOSO01, Definition 1.5.1]). Moreover, we call u € G(Q) locally
uniformly bounded if it has a representative (ug)s € Epr(€2) such that

VK cc Q 3C > 0350 . ||u5||L°°(K) < C Ve< €0-

Generalised numbers and point values of generalised functions

Although a concept of point values for Schwartz distributions had been developed
prior to Colombeau algebras [Loj57], an arbitrary distribution need not have a point
value in this sense at every point. For instance, the Dirac delta distribution cannot
be assigned a point value at 0. However, point values of a Colombeau generalised
function arise naturally by evaluating its representatives, yielding nets of complex
numbers. Thus, point values of Colombeau generalised functions are not elements in
C (or R), but represent generalised numbers. For K = C or R, the ring of generalised
numbers, ]K, is defined analogous to the algebra of Colombeau generalised functions
as the quotient ring of moderate nets of complex numbers modulo negligible nets,
that is,

Ev = {(re)e € K04 |AN € Ny : |re| = O(g*N) as € — 0}
N = {(ro)e e KOU | Vm e Ny : |re] = O(e™) as € — 0}
K = Env /N,

and all operations defined componentwise on representatives. Denoting the class of
a net (rz)c in K by [(rc)c], the generalised number [(sin(1/¢)):] is an example for a
zero divisor in K. With

{1 if EzﬁforsomekEN
Ce =

0 else,

the product [(sin(1/¢))<][(ce)e] vanishes in K. Thus K is not a field.

The basis for studying algebraic properties of K was laid in [AJO1], further ana-
lysis of the ring of generalised numbers in different contexts was carried out in
[GKOS01, May08, AJOS08, AFJ09, Ver10, BK12, HKK14]. For a thorough com-
pilation of properties of K we refer to [HKK14]. Here, we only gather some basic
notions required for our investigations.

For any r € K, the following statements are equivalent (cf. [AJO1, Theorem 2.18]
or [GKOSO01, Theorem 1.2.39]):

13
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(i) 7 is non-invertible.

(ii) there exists a representative (r.). and a sequence (gx)ren with e — 0 as
k — oo and r., =0 for all k£ € N.

(iii) r is a zero divisor.

On the converse, r is invertible if and only if there exists some m € N such that
|re] > €™ for e sufficiently small. Then r is called strictly nonzero. Furthermore,
an element of r € R is called strictly positive if there exists some m € N such that
re > €™ for small €.

A generalised function is not uniquely determined by prescribing its point values.
However, a function u € G(Q) is characterised by its generalised point values, a
concept introduced in [OK99]. For any open subset 2 C R”, the corresponding set
of generalised points is defined as Q:=0 M/ ~, with

Q= {(2): € QO [Fp>03eg > 0: |z| <eP(0<e<ep)},
where |z| is the Euclidean norm of a vector x € R", and
(o)e ~ (Ye)e 1= Vqg>03e9g>0: |z —ye| <e?(0< e <eg).

Then u = 0 in G(€) if and only if u(#) = 0 in C for each # € €, where €2, denotes
the set of compactly supported generalised points,

Q. = {i& € Q| Irepresentative (z.). IK CCQIp>0: z. € K (0<e <n)}.

Subsequently, characterisations of generalised functions by their generalised point
values were given for Colombeau algebras on manifolds in [KS02a] and for diffeo-
morphism invariant full Colombeau algebras in [Nigl3].

Matrices and linear algebra in Colombeau algebras

Since K is not a field, the translation of standard concepts from linear algebra to
a generalised numbers setting deserves special attention. In this section we collect
some basic notions and results for matrices over K that will be important for our
considerations.

We denote the set of square matrices of size n with entries in K by M, (K). Then,

for any A € M, (K), the following assertions are equivalent (cf. [GKOS01, Lemma
1.2.41)):

(i) A is non-degenerate, that is, Vo € K" : rTAy=0Vy € K" = z = 0.
(i) A is injective as a linear operator on K™.
(ili) A is bijective as a linear operator on K™.
(iv) det(A) is invertible.

14
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Symmetric matrices over R were studied in [May08], mainly with regard to applic-
ations in low-regularity Riemannian and Lorentzian geometry. Linear algebra over
the ring of generalised numbers has been re-investigated and further developed in
[HKK14], including revised notions of eigenvalues and eigenvectors.

Adopting the definitions given in [HKK14], we call a generalised number A an
eigenvalue of A € Mn(@), if there exists a vector z € C" such that Az = Az and
(x,x) is strictly positive. Here, (-, -) is the standard unitary inner product. Note
that this condition is stronger than the non-invertibility of det(A — AI,,), where I,
denotes the n-dimensional identity matrix. The vector x is then called an eigenvector
for A associated with A. Furthermore, we call A € M, (C) Hermitian, if it is equal
to its Hermitian transpose, that is, if A* = A. Under these premises, Hermitian
matrices in Mn(@) possess the usual properties. More precisely, if A € Mn(@) is
Hermitian and A € C is an eigenvalue of 4, then A = A, that is, \ € R (cf. [HKK14,
Proposition 3.18]). In addition, by [HKK14, Proposition 3.18], there exists a unitary
matrix U € M,(C) such that U*AU = diag(A1, ..., \,) with \; € R. The matrix
A is called positive definite, if all its eigenvalues are strictly positive (cf. [May08,
Definition 4.8]).

1.4 Gronwall inequalities

Gronwall’s lemma and similar estimates play a central role in results on existence
and uniqueness of solutions of PDEs. For convenience of the reader we provide a
proof of specific versions of Gronwall inequalities, based on [DL92, Chapter XVIII,
§5, Section 2.2]. Here we focus on explicit expressions for the involved constants.
For a comprehensive collection of comparable estimates for differential and integral
equations of various types we refer to [Pac98].

Lemma 1.4 (Gronwall estimates). Let u , o, and B be real-valued and continuous
functions on the interval [0,T]. We assume

u(t) < aft) + /5(s)u(s)ds forall t € [0,T7.
0

Then we have the following inequalities:
(i) If B is non-negative, then

t t
u(t) < alt) + / a3)8s) et as forall te 0,71,
0

(ii) If B is non-negative and « is constant, then

t
B(s)ds
u(t) < aeg forall t € [0,T.
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1 Introduction and preliminaries

(iii) If B is a positive constant and a is absolutely continuous, then

t

u(t) < e [ a(0) + /eﬁsa’(s)ds for all ¢ € [0,T7.
0
Proof. We set
— [ B(r)dr /
v(s) :=e Of /B(T)u(r)dr
0
and obtain
— Sﬁ(r)dr ; — S,B(r)dr
V()= —e " [ Bruar+e 3”7 s(eu(e)
0
/ — S,B(T)dr _f B(r)dr
= (ut) - [ Brpuar)sere 7 <apee ¢
0
since 3 is non-negative. Integration leads to
/ [ B(r)a
v(t) < /a(s)ﬁ(s)e 0 ds. (1.2)
0
Rewriting the assumed inequality for u(t) as follows,
t t
[ B(r)dr
u(t) < a(t) + /B(s)u(s)ds = aft) + ed v(t), (1.3)
0

and using (1.2), we get

u(t) < al(t) + eUfﬂ(T)dT/a(s)B(s)e 0 Tds = /a(s)ﬁ(s)es ds,
0

which proves assertion (i). If « is constant, we find from (1.2) that

t s t
— [ B(r)dr — [ B(r)dr
v(t) < a/ﬁ(s)e Of ds=a | —e Of +1
0

In combination with (1.3), this yields the desired inequality (ii). Turning to (iii),
integration by parts in (i) yields

¢ t
—i—/a’(s) e Pds | < et | a(0) —l—/eﬁsa’(s)ds
0 0

s=t

u(t) < a(t) + Pt | —a(s)e P

s=0
since o exists and is integrable in the Lebesgue sense. O
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Chapter 2

Symmetric hyperbolic systems
in algebras of generalised
functions

The motivation for the work presented in this chapter originated from the study of
a physical model describing the scattering of neutrons by an ultra-short laser pulse,
that is, the collision of a neutron and an impulsive electromagnetic wave whose
time duration is of the order of femtoseconds or less. A neutron is not affected by
electric fields, but it is susceptible to the magnetic field of the laser pulse due to
its magnetic moment. The Dirac equation, a hyperbolic first-order system of PDEs,
is used to model the interaction of a neutron with the laser pulse, the latter being
represented by a coupling term proportional to the delta distribution, corresponding
to a high concentration of energy within a very short time or space interval. The
solution of the corresponding initial value problem then represents the quantum
mechanical wave function of a neutron colliding with the pulse. Because of the
delta distribution appearing in the coefficients of the model equation and, as a
consequence, the occurrence of ill-defined products of distributions when physically
reasonable solution candidates are inserted in the equation, classical concepts of
weak solutions are not applicable in this setting. The nonlinear theory of generalised
functions in the sense of Colombeau provides solution concepts even for PDEs with
coefficients of very low regularity, including coefficients proportional to the delta
distribution.

In this chapter we establish existence and uniqueness of a generalised solution of
the hyperbolic Cauchy problem

Ou+ Y Adyu+Bu = f  on]0,T[xR", (2.1)
=1
uli=o = g, (2.2)

where u, f, and g are vectors of length m and A7 and B are m x m-matrices.
All coefficients and data are Colombeau generalised functions and may therefore
represent functions or distributions of low regularity.
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2 Symmetric hyperbolic systems in algebras of generalised functions

Apart from the Dirac equation, which is a special case of a hyperbolic first-order sys-
tem, problem (2.1-2.2) includes PDE models for the propagation of electromagnetic,
acoustic, and elastic waves. In these PDEs, non-smooth coefficients typically arise
when highly heterogeneous media are considered. For example, at the boundary
layer between two different material compounds, physical properties of the medium
determining the velocity, direction, or attenuation of propagating waves may be
discontinuous. In general, this will also lead to discontinuous coefficients in the
model equations, but may even result in regularities below LllOC7 if derivatives of the
position-dependent material parameters appear the coefficients.

The content of this chapter is mainly based on [HS12], supplemented by ad-
ditional results on distributional limits in Section 2.3 and a case study on the
propagation of singularities in Section 2.4. The main focus of our investigations
as well as the essential methods are following up along the lines of the seminal
papers [Obe88, Obe89, LOI1].

Initial value problems of the form (2.1-2.2) with generalised functions as coef-
ficients and data have also been studied in [CO90, KHO1, HdHO01, H6r04, Kmi06,
Kmi07, Obe09, GO14, GO15, Garl5], to which we refer the reader for closely related
research and further mathematical aspects in the context of generalised functions.
Second-order wave equations in a similar mathematical setting have been discussed
in [Gra94, VW00, GMS09, Han11, HKS12, DHO13, GR15].

In addition to existence and uniqueness of generalised solutions to the Cauchy
problem, we are interested in existence and regularity of distributional limits of
generalised solutions. If the coefficients represent regularisations of non-smooth
functions or distributions whose regularity properties allow to interpret (2.1-2.2) as
a Cauchy problem within a classical weak or distributional solution concept, then
the classical solution can be compared with the distributional shadow of the unique
Colombeau solution. The analysis of the relation between generalised and classical
weak solutions, as well as several convergence results in this context, are going back
to investigations in [Obe88, Obe89, LO91, HAH01, NOPO05]. More recently, con-
vergence properties of generalised solutions to the initial value problem have been
studied in [NO12] for ordinary differential equations, and in [DHO13, GR15, Garl5]
for hyperbolic PDEs. Different solutions concepts for linear first-order hyperbolic
differential equations with non-smooth coefficients have been discussed and com-
pared in [HHOS].

The outline of this chapter is as follows. First we devote a section to the details
of the construction of lens-shaped domains and to energy estimates on these domains
with explicit expressions for the involved constants. The energy estimates derived
in Section 2.1 are essential ingredients in proving three variants of existence and
uniqueness results in Section 2.2. We obtain generalised solutions for coefficients
and data with substantially weaker regularities than those typically required in clas-
sical existence and uniqueness results. Section 2.3 investigates regularity properties
of generalised solutions, both in terms of intrinsic regularity in the Colombeau al-
gebra and in terms of the regularity of their associated distributional shadows. The
distributional limit of the unique generalised solution of the Cauchy problem is
shown to be consistent with classical results on weak solutions for non-smooth coef-

18



2.1 Standard lenses and basic energy estimates

ficients and data. More precisely, if coefficients and data of the required regularity
are regularised to obtain corresponding generalised objects, then the distributional
limit of the generalised solution coincides with the classical weak solution. However,
the unique generalised solution may possess a distributional limit even in circum-
stances in which classical results on weak solutions are not applicable, for instance
when the involved regularities do not prevent the occurrence of products of the delta
distribution with a discontinuous function. We present different variants of results
on distributional shadows of generalised solutions, aiming at an exploration of this
range of regularity constellations. If the distributional limit of the unique general-
ised solution only depends on the macroscopic aspects of the coefficients and data,
it may be interpreted as a (classical) weak solution, obtained by transferring the
problem to a generalised functions setting, thereby eliminating the ill-definedness of
the original PDE. In Section 2.4, we consider scalar first-order hyperbolic PDEs and
discuss an explicit example as a case study for the propagation of coefficient singu-
larities, that is, singularities propagating along characteristic curves, but originating
from singularities in the coefficients and not from initial data singularities.

2.1 Standard lenses and basic energy estimates

Central elements of our proofs of unique solvability of the Cauchy problem will be
L?-estimates, carried out on lens-shaped subsets of the domain [0, 7] x R". Similar
constructions or domains have been used, for example, in [BGS07, Part I, Section
2.2], in [HET73, Section 4.3], in [Tay11, Chapter 6, Section 5], and in [Fri75, Section
4.4]. Since we are working in a generalised functions setting, it is essential to have
precise information on all dependencies of various constants involved in these estim-
ates. For this reason we devote this section to the construction of a special variant
of lens-shaped domains and to some basic estimates for these types of lenses.

Definition 2.1 (Standard lenses). A standard lens £ C R'*™ of thickness T > 0,
inner radius R; > 0 and outer radius Ry > R is the image set of the map

er,y)" for |yl <R
(0T B2l )T for |yl > Ry

LZJ : [0, 1] X BR2 — [O,T] X Rn, ZD(@’y) = {

where Br denotes the closed ball of radius Ra, centred at the origin. We introduce
sections or slices of a lens,

Ho := (0, Bg,), where © €[0,1],
as well as partial lenses of £, defined as

Lo= |J H. for ©€]0,1].
0<r<O

Partial lenses Lg are compact convex subsets of [0, 7] x R™ with Lipschitz continuous
boundary 0Le = Ho U He (see Figure 2.1). Note that £(1) = L.
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Ry

Y

Ry

Y

Figure 2.1: A standard lens in [0, 7] x R with a section Hg and a partial lens Lg.

A standard lens consists of a cylinder (the inner part) and a ring (the outer part),
enclosing the cylinder. Each part is responsible for one of two properties that are
important for our considerations. Firstly, for any K CC [0,7] x R™, there exists
a cylinder [0,7] x Bg, (and thus a standard lens) containing K. Secondly, by
increasing the outer radius of the lens we can control the slope of its outer part.

The standard lens map 1 introduced in Definition 2.1 as well as its restrictions
Yo : Br, — He, y — ¥(0,y) are Lipschitz continuous, but not differentiable at
points (0,y) with |y| = Ry. More precisely, we have

for | ‘ <R
Yy >~ M,
0 In

7 R2—ly| orT  y
Ro—R1  (R2—R1) |yl for ‘y| > R;.
0 1,

Dy(©,y) = (Dot (0,y), Dyih(0,y)) =

However, the collection of points where ¢ or g is not differentiable is of Lebesgue
measure zero with respect to ¢([0,0] x Br,) = Lo or Ye(Br,) = He respectively.
Therefore these points can be ignored when using the lens map to transform integrals
over the lens £ or the section Hg into integrals over the cylinder [0, 7] x Bg, or the
ball Bg, (cf. [Rud87, Lemma 7.25 and 7.26)).

Remark 2.2 (Smooth lenses). By a slight modification of the lens map introduced
in Definition 2.1, lenses with differentiable or even smooth sections Hg can be con-
structed. However, since smooth sections are not necessary for our considerations,
we use the most elementary variant in order to keep the expressions for the derivat-
ives of the lens map as simple as possible.

Basic estimates for standard lenses

Standard lenses and their sections will later serve as domains for energy estimates.
Therefore we first gather two basic estimates relating integrals over a lens £ C R!*"
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to integrals over its sections Heg.

Lemma 2.3 (Integrals over lenses and their sections). For u € C°([0,T] x R™) and
L a standard lens of thickness T and radii Ry > R; > 0, we have

Q) /\u|dV1+n<T sup /yu(@ AV,
1

W o< / ful dViy, < T / 0(®, )] Vi

Proof. First note that the map g : BR2 — He is a (global) parametrisation of the
section He and that Diyg(y) = Dyy(0,y). The volume density on He is then given
by

) = \Jdet(Die (y)TDio(y)) = \/det(Dy1(0,4)T Dy(©,1)),

where Dy1) is obtained from the Jacobian matrix D1 by removing the first column
and (Dy1) T Dyt is the Gramian matrix of the vectors Dy, (1 < j < n). Hence

|detDw(@7y)| = <Dy17/’(@ay) X X Dynw(@JJ)’D@w(@vy))
< Dy ¢ X X Dy, )(8,9)| [Deh(6, )]
< pe(y)T,

where we have used that |[Dg| < max (T Ty R2 |y‘) < T. Employing this estimate
in the transformation formula for integrals we may write

/ ] dVign = / / w0 $(©, )| [det Dib(©, )| dy dO

0 Bg,

_T//|uow<@,y>>|p@<y>dyd@ST sup /u ) dv,

O¢lo, 1]
0 Br,

which proves inequality (i). To show the second inequality, we again transform the
integral by means of the standard lens map ¥ and obtain

2 / uldVi = - / / w0 (e, y)| [det Dip(e, y)| dy de

0 Bp,

/Iuowe y)| |det Dy (e, y) |dy<T/ luoh(0©,y)| pe(y)dy =T /!u )| dVi,.

O]

Preparatory for the generalised setting we pursue, we give a full proof of a Gronwall-
type estimate in [BGS07, Appendix A, Lemma A.3], based on the elementary Gron-
wall inequality derived in Lemma 1.4 (iii). Here we focus on explicit expressions for
all constants appearing in the calculation.

21



2 Symmetric hyperbolic systems in algebras of generalised functions

Lemma 2.4 (Basic estimate relating different sections of a lens). Let £ be a standard
lens of thickness T and suppose that u and f are functions of class C°([0,T] x R™)
such that

/\u rdV</ru )] v, +a/\u|dv1+n /|frdv1+n (2.3)

for all © €]0, 1] with a constant o > 0, independent of ©. Then we have

/\u J]dv, < o0 /|u 3| dv, +/|f|dV1+n> (2.4)

Ho

for all © € [0, 1].

Proof. We introduce an auxiliary function v € C%([0, 1]),

o(0) ::21T/\u\dV1+n for ©€10,1] and v(0) := 0.
Lo

In addition we abbreviate the terms independent of © on the right-hand side of (2.3)
by
ai= [ a0 Ve + [ 114V,
Ho L

Applying Lemma 2.3 (ii) yields

0<'(0)< ;/u\dv for all © €0, 1].
Ho

By assumption (2.3) this implies v'(©) < a 4+ Cv(0), where C := 2T «.. Integrating
the last inequality, we find

which, upon using Gronwall’s inequality (see Lemma 1.4 (iii)), leads to
(C]
Cv(0) < C’eC@/ae_CTdT < (609 —1)a for all © € [0,1].
0

Expressing the result in terms of w and f, we obtain

o [ luldVis, < / 00, )] AV, + / Vi) (@5)

Lo

for all © €]0,1]. Finally, using this estimate in assumption (2.3) and recalling that
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2.1 Standard lenses and basic energy estimates

C = 2T «, we arrive at

/yu )]dv, <O /yu 3| dV, +/|f|dV1+n)

for all © € [0, 1]. O

Spacelike standard lenses for hyperbolic partial differential operators

The aim of this section is to construct standard lenses which are tailored to the
principal symbol of a first-order partial differential operator (PDO). For convenience
of the reader, we first review some of the relevant notions in this context. To a first-
order PDO

n
P(t,x;0,0,) = 0r + > _ Al (t, )0, + B(t,x),
j=1
with A; and B matrices of size m and (¢,z) € R (we will generally omit the
identity matrix in front of 0;), we assign its principal symbol

o(t,z;7,§) =71y + Z@Aj(t x

Jj=1

If the matrices A7 are Hermitian, then the principal symbol of P is a linear combin-
ation of Hermitian matrices and therefore Hermitian for all directions (7, £) € R1*™.
At a point (¢t,7) € R1™, one may then define the forward cone T'(t,x) as the set of
all directions (7,§) where o(t,x;7,£) is a positive definite matrix. A hypersurface
is called spacelike (with respect to the principal symbol of P) if its normal vector is
almost everywhere contained in the forward cone. In the following lemma we will
construct a lens whose individual sections are spacelike hypersurfaces with boundary

OHe = {(0,z) : || = Ra}.

Lemma 2.5 (Constructing a spacelike lens). Let (A7)1<;<, be Hermitian matrices
of size m such that HAj(t,x)Hop < C for |x| > Ra. Then a standard lens L with
radii Ry > Ry and Ry > Ry + T(1 + 2C+/n) has unit normal vector fields vg on
He (pointing outwards with respect to Leo) satisfying the inequality

1
(n,o(t,x;ve(t,x))n) > §|77]2 Y(t,x) € Ho VO €]0,1] Vn € C™. (2.6)

Proof. For a lens of thickness T and radii R; and Ry, the section Hg can be repres-
ented as the graph of the map g : R” — R, vg(x) = ¥(0,x) (see Definition 2.1).
We have

. (0,...,0)T for |z|< Ry
R" 3 grad ¢e(z) = { or u

y o for |x| > Ry

and the unit normal vector field on He, (t,7) — ve(t,z) € R™ (6 €]0,1)),
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2 Symmetric hyperbolic systems in algebras of generalised functions

pointing outwards with respect to Lg, is given by

(1,0,...,0)T for |z| < Ry
ve(t,x) = 1 Ry — Ry
V/(©T)2+(Ry— Ry )2 @Tﬁ for |z| > Ry.
' v
[
145} : Vo
i Lo
[
Vo ¢ Ry

Ry

Y

Figure 2.2: The unit normal vector field vg on 0Lg.

The condition R; > R4 ensures that the plateau of the lens extends beyond the

region where ||A7(t,z)||,, may be unbounded. The larger the outer radius Ry of

lop
the lens, the smaller the spatial components of the normal vector of the lens for
Ry < |z| < Rg, where we have || A7 (¢, ) lop
satisfied on the plateau of Lg, since (n, o(t, x;ve(t,))n) = (n,n) = |n|? for |z| < Ry.

If |z| > R1 > Ra, we find by virtue of (2.7) that

< C. The inequality in (2.6) is obviously

(n, (8 (t,2)In + 3w () AT )) > v, )l — C S (¢, )] I
j=1

J=1

B RQ_Rl _CH@Tﬁ”l |772 = (RQ_RI_TC\/H) ’ |2
- 2

V@I + (Ra— R = O + (Ba—Ri?

since ||@T|5x”—|\\1 < TH@—‘H1 < T\/ﬁ“ﬁ—'{ = T/n (where |lz|l; = 377, |z;[). The
condition Ry > Ry + T'(1 + 2C+/n) ensures that the numerator is positive and we
may proceed to estimate

Ry — Ry —TCy/n | ’2>R2—R1—%(R2—R1—T)

1
2 Lo
\/(@T)2+(R2—R1)2 = T+ Ry — Ry |77| 2|77|

Energy estimates for symmetric hyperbolic operators

A first-order partial differential operator P = 9y + Z}Ll Al Oz; + B with smooth
coefficient matrices is called symmetric hyperbolic if

(i) the principal coefficients A7 are Hermitian and
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2.1 Standard lenses and basic energy estimates

(ii) the matrices A’ and B are uniformly bounded together with all their derivat-
ives.

With applications in Colombeau theory in mind, we perform energy estimates for
symmetric hyperbolic operators on standard lenses. It is important to keep explicit
expressions for all involved constants, in order to have precise information on their
e-dependence in a generalised setting later on. We provide L?-estimates in two
versions, the second of which can be interpreted as the limiting case for lenses with
infinite radius.

Lemma 2.6 (Energy estimates for spacelike lenses). Let P = 0; + 2?21 ATQ, ., +B
be a symmetric hyperbolic PDO, where A7 and B are matrices of dimension m,
depending on variables (t,z) € [0,T] x R™. Then, for any u € C*([0,T], L*>(R™))™ N
CO([0,T), HL(R™))™, the following statements are true:

(i) Let £ C[0,T] x R™ be a standard lens of thickness T that satisfies inequality
(2.6) and set

where divA = Z?:1 Oz; AT and the L>®-norm is understood as taking the oper-
ator norm first and then the supremum over all (t,x) € Lo. Then we have:

[ull> 0y < 207 (Jlull720y,) + 1 Pulliazy)- (2.7)

(ii) Denote € :=]0,t[ x R™ and
Bt) =1+ ||divA(t,-) = B(t,-) = B*(t; )| oo (mn)-

Then u satisfies the inequality
t

J B(s)ds
) oy < e (00, ) B+ [PulZaey)  (28)

t
for allt € [0,T], where ||’L)H%2(Qt) = [|lv(s, -)||iQ(Rn)ds for any v € L?(Qp)™.
0

Both assertions are also true for non-smooth coefficients A € M, (W ([0, T| xR™))
and B € My, (L*([0,T] x R™)).

Proof. Let (-, -) be the standard unitary inner product on C™ and let || - || denote
the associated norm. Applying the operator P to an arbitrary u € C*>°([0, 7] x R™)™,
we may write

(Pu,u) = (Opu,u) + Z(Ajarju, u) + (Bu, u). (2.9)
j=1

Aiming at an expression in divergence form, we calculate

Orllul® +> 0, (Alu,u) = 2Re(Opu, u) + ((divA)u, u) + > 2Re(AI D, u, pu),

j=1 j=1
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2 Symmetric hyperbolic systems in algebras of generalised functions

implying that

2Re((8tu, )+ > (A0, u, u)) = allull® + 3" s, (AT, u) — ((divA)u,u), (2.10)

J=1 J=1

where divA = Z?:l Oz; A7 is again a Hermitian matrix. Taking two times the real
part of (2.9) and using (2.10), we obtain

2Re(Pu,u) = Oyl|ull® + Y O, (Alu,u) — ((divA)u, u) + 2Re(Bu, u) ,
=1

which can be written as
div(||ul|?, (A1, w), . . ., (Apu, u)T = ((divA — B — B*)u, u) 4+ 2Re(Pu,u). (2.11)

Integrating equation (2.11) over a partial lens Lo C R'*" and using the divergence
theorem yields

/ @guw%i%m%,w) dS:/((divA—B—B*)u,u)dV—|—2Re/<Pu,u) av,

Lo J=1 Lo Lo

where vg is the unit normal vector field on 0Lg, pointing outwards with respect to
Le. Since 19 = (—1,0,...,0)T, we conclude from inequality (2.6) that

noo 1
/ (V%HuH2 + Zué(AJu,W) d$ > 2 [[u(©, ) 72(34) — 1(0: IZ2 (240
Lo =1

Hence we have for all © €10, 1]:

1 . *

§||u(@,.)||?42(7_[®) < Hu(O,.)‘|%2(H0)+/<(d1vA—B—B Ju, u) dV+2Re/<Pu,u) dv.
L@ EG)

The terms on the right-hand side can be estimated by means of the Cauchy-Schwarz

inequality, leading to

| /((divA ~B-Bu,udv| < / I(divA — B — B*)ul| |ul| dV
[:@ £®
< ||divA = B = B*|| ooy [l 7220

and

N

2Re [(Pupav] <2 [Pululav < [ (1Pl + ulf)av
Lo Lo Lo

2
= | Pullza(ee) + lullz2(zo)-
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2.1 Standard lenses and basic energy estimates

Putting everything together yields the estimate

1
S0, ) 2300y < 1600, M) + DNl + 1Pl

where a(£) =1+ [|divA — B — B*|| (). By Lemma 2.4 this implies

1
S0, ) By < 7O (Ju(0, ) 2y + 1 Pulaczy)-
Finally, applying Lemma 2.3, we obtain
[ < T sup [lu(©,)|72
L2(L) oc0.1] L*(He)

< T sup (279D (JJu(0, )72 300) + 1 Pull]
@E[O,l]( (H ( )||L2(7'l0) H ”LQ(L)))

oT eQTa(c) (||u(0, .)||2L2(H0) + ||Pu\|%2(c)).

IA

To prove (ii), we consider time t as a parameter and integrate equation (2.11) over
the spatial domain R", leading to
d 2 - 7 : *
Nty + 7 | 0u(ATu,u)dV = [ ((divA — B — B )u,u)dV
Jj=1 Rn R

—|—2Re/<Pu,u> dv.
Rn

After integration with respect to the the time variable between 0 and ¢, we get with
B(t) =1+ ||divA(¢,-) — B(t,-) = B*(t, )| ooy’

t t
ey < 000 ey + [ BG6) s, s + [ 1P, ) e
0 0

Here we have used that [p, 0, (A7(s,-)u(s,-),u(s,-))dV = 0 for all j = 1,...,n and
for all s € [0,T], since z + u(s,z) belongs to H'(R") and the latter possesses
C°(R™) as a dense subspace. More precisely, regularising s — u(s,-) and applying
proper cut-off functions yields a C°-sequence u,(s, ) — u(s,-) € H'(R"). Since
Jgn Oz, (A7 (s, Jun(s, ), un(s,))dV = 0 and [, 9, (A7 (s, Jun(s, ), un(s,))dV —
Jgn 0z, (A7 (s, )u(s, ), u(s, -))dV, the limit must vanish as well. Employing the Gron-
wall estimate in Lemma 1.4 (ii), we turn the last inequality into the desired estimate

t
J B(s)ds
lu(t, ) Z2g@ny < €0 (w0, 122 (@ny + 1Pull72 (o) -
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2 Symmetric hyperbolic systems in algebras of generalised functions

2.2 Generalised solutions of the Cauchy problem

Having all necessary prerequisites at hand we now draw our attention to the initial
value problem (2.1-2.2) on the space-time domain Q7 =]0,T[ xR". We will give
three versions of an existence and uniqueness result, each using different spaces of
initial data and right-hand side. Working with a smaller space in this respect allows
to relax the asymptotic conditions on the coefficient matrices A7 and B.

We call a partial differential operator P = 0; + Z?Zl Al Oz; + B with Colombeau
generalised coefficients symmetric hyperbolic, if

(i) all matrices A7 are Hermitian and

(ii) the entries of A7 and B together with all their derivatives are of L>-type, that
is, A7, B € My,,(Gr=(Q)).

This ensures that there exists g > 0 and representatives (Ag)s and (B:). such that
P. =0, —1—2?21 A‘g Oz; + B¢ is a classical symmetric hyperbolic operator for all € < gy
(the existence of Hermitian representatives of A7 is clear by [HKK14, Lemma 3.23]).
The corresponding family of smooth solutions of the classical Cauchy problem for
fixed € then represents the natural candidate for the generalised solution. Yet some
additional asymptotic growth conditions in € have to be imposed on the coefficients
to obtain a moderate family of solutions. In particular, certain log-type conditions
on the coefficient matrices are essential in order to use a Gronwall-type argument in
the proof (cf. [Obe88, Obe89, LO91, Hor04, Horl1]).

The first theorem admits the most general initial data and right-hand side, but
requires the principal coefficients Ag(t, x) to be bounded uniformly in € and (¢, x) for
large |z|. Given a compact set K C Qp, we use a suitable standard lens containing
K and apply the energy estimates derived in Section 2.1 to show moderateness of the
e-wise constructed solution candidate. More precisely, the uniform boundedness of
AJ outside an arbitrarily large cylinder of radius R4 (independent of ) guarantees
that the generalised forward cones [(I'<(¢,x)).] do not collapse outside this cylinder
as € — 0. This in turn enables us to construct a fixed standard lens enclosing
K C Qp, whose sections Hg satisfy the inequality (2.6) uniformly in . However,
the forward cones are allowed to collapse inside the cylindrical region of the lens,
hence the boundedness condition actually only restricts the behaviour of Ag(t, x) at
infinity, that is, in the limit |z| — oc.

Theorem 2.7 (Existence and uniqueness in G). The Cauchy problem (2.1-2.2) for a
symmetric hyperbolic operator with generalised coefficents A7, B € M, (G (R'T)),

8tu+ZAj8$ju+Bu =f on Qp =]0,T[xR"
j=1
u‘tZO =g,
has a unique solution u € G(Qp)™, if the following conditions are satisfied:
(1) The initial data g and the right-hand side f are Colombeau generalised func-
tions, that is, g € G(R™)™ and f € G(Qr)™.

28



2.2 Generalised solutions of the Cauchy problem

(2) All spatial derivatives 0., A7 as well as the Hermitian part of B are locally of
log-type.

(3) There exists Ra > 0 such that HAg(t,x)Hop = O(1) as € — 0 uniformly on
10, T[x{x € R™: |x| > Ra}.

Proof. We pick Hermitian representatives (Ag)g and representatives of B, f, and g.
There exists g > 0 such that for all € < gq, the initial value problem

n
Opue + > Aldy uc + Boue = fe (2.12)
j=1

Ueli=0 = ge (2.13)

has a unique solution u. € C*°(Q7)™ (cf. [BGS07, Theorem 2.12]). We claim that
the equivalence class u = [(us)] is the unique Colombeau solution. Hence we must
show that the net (u.). is moderate and that negligible variations of the coefficients
or the data yield the same generalised solution. Note that if u € G(27)™, we also
have ult=o = [(ue|t=0)<] € G(R™)™.

Let K CC Qp and assume that K C]0,T[x{z € R" : |z| < Rg}. We choose
Ry > max(Ra,Rk) and Ry > Ry + T(1 + 2C/n). Then a standard lens £ of
thickness T, inner radius R; and outer radius Ry will contain K and satisfy the
positivity condition (2.6) by Lemma 2.5. Subsequently we apply the energy estimate
(2.7) in Lemma 2.6 (i) e-wise and obtain

uell3a(zy < 2T €27 (|lgel[F2 ) + 1ol 720)) = O€™™) (2.14)

as ¢ = 0 for some m € Ny, since ||ge|l2(3;,) and [|fell;2(z) grow only with some
inverse power of € as € — 0 and assumption (2) implies that

ae(L) =1+ ||divA: — Bz — Bl|| poo(g) = O(log(1/e)) as e —0.

We attempt to show that all derivatives of u. satisfy an estimate similar to (2.14).
For this purpose we introduce some convenient notations. For A € M,,(C*® (7))
and u € C*(Qr)™ we define

V4 = diag(d,, A, ..., 0, A) Vi = (0pt,...,00,u)7
vVtla = vivr4a Vtly = VIV'u
YA = diag(A,...,A),, Sruoi= (uye,u)t

For example, V'Aisa blockdiagonal matrix of dimension n"m, built from all spatial
derivatives 02 A of length |a| = r. Correspondingly, > A is a blockdiagonal matrix
whose blocks are just n” copies of A itself. The notation for vectors is analogous, that
is, if uw is a vector of length m, then the vector V"u has n”m components, representing
all partial derivatives 0%u of length |a| = r, and X"u is built by concatenating n”
copies of u to a vector of size n"m.
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2 Symmetric hyperbolic systems in algebras of generalised functions

Claim 1. The vector V" u, satisfies an equation of the form

OV ue + Y (STAL) 0y V' ue + BIV ue = QU S us + Ve (2.15)
j=1

where Eg = ilBe + (8xiAg)1§i7an, E;—H = ilé; + (8xiirAg)1§i7j§n for r > 1,
and Q7 is a purely spatial partial differential operator of order r with coeflicients
depending linearly on spatial derivates of AL and B. up to order r + 1.

Proof of Claim 1. We present the base case r = 1 in detail and proceed by induction.
Differentiating equation (2.12) with respect to zj, yields

OO tic + Y AlDy Opytic + > (02 AL) syt + BeOyytic + (O Be)ue = O, fe.

j=1 j=1

One would like to read this as an equation for J;, u., but the third term on the left-
hand side spoils the idea by introducing a coupling between the k systems. However,
combining all partial derivatives 0., u. to the vector V'%u., we may consider this as
one big system of PDEs and write, using our special notation,

OV ue + Y (STAL) 0, Viue + Y (VAL 0, 5 ue + (51 B2) Ve
=1 j=1
= —(V'B.) S, + Vf..
There are no derivatives of u. present on the right-hand side and the only term on

the left-hand side that does not fit into our concept can be rewritten in a suitable
form, since

D (VIAD) 0y Stue = (VVAD) S0, ue = (02, AD) 15 j<n V.

j=1 Jj=1
Consequently, V%u, satisfies the system of PDEs
n ~ . ~
0V u + > (51AD) 0, Viue + BV i = QIS ue + VU fe,
j=1

where Eg = i‘lBa + (8361.142)197%” and QY = —%135, which can be interpreted as a
PDO of order 0. We proceed by induction with respect to the differentiation index
r. Applying J,, to the induction hypothesis (2.15), we obtain

002,V e + Y (02, 5" AD) Dy Ve + Y (X7 AL) Oy, 05,V e + BLO2, Ve |
j=1 j=1 (2.16

= — (02, BD)V" e + 85, (QT 715" ue) + 8,V f-.

Just as in the case r = 1 we try to write these k coupled systems of PDEs as one
big system. It is easy to see that the right-hand sides of the k equations above can
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2.2 Generalised solutions of the Cauchy problem

altogether be written as Q' X Tlu, + V™! f. with QT representing a purely spatial
partial differential operator of order r with coefficients depending linearly on spatial
derivates of AZ and B. up to order r + 1. More precisely, writing Q7! in a general
form as Q77! = Z| aj<r—1 C207 with n"m-dimensional matrices C¢', we have

QY = ~(V'B)S (Vi) + 3 (VIes .+ Y B0V (ZTu),

la|<r—1 |a|<r—1
hence the components of the coefficient matrices of the PDO QL emerge from those

of Q7! essentially by differentiating them and adding derivatives of components of
AJ and B. In particular,

Qlx%u, = —(V'BH =Y (Viu.) — (VHV'B.))2%u. — (B1(V'B)) V(S ue),

where B! = 1B, + (82, AL)1<i j<n. Thus the coefficients of Q" are built from spatial
derivatives of the matrices AZ and B. of highest order r 4+ 1 and we get

1QE T el 2y < Cr (0 NALlwrooey + 1Bellwnoe ) el zrr-1cy:

1<j<n
Furthermore we can rewrite the lower-order terms on the left-hand sides of the &
systems in (2.16) as

§§+1vr+lu€ — Z(%lirAg)Zﬂ(ax] VTUE) + (ilég)vTJrlu(g
J=1

(amii’"Aj)lgi,jgnV’"“us + (ilg’;)vrﬂus,

|

1

J
finally leading to

n
OV Hue + ) (S AL 0, Ve + BIFIV = QI + VILE
j=1

where indeed Bt = S1BT 4 (8,57 Af )i<ij<n. This completes the inductive step
and thus the proof of Claim 1.

Since ||irAg||op = HAg”op’ ~ ) _
ric hyperbolic operator P! = I,,r,0; + Z;‘:l(E’"Aé)azj + B! and the same standard
lens as used in (2.14). By (2.7) in Lemma 2.6 (i) we therefore have

the positivity condition (2.6) is also valid for the symmet-

T T rT— T T 2
IV 3oy < Come (179200 + Q'S e + V7 el Tay)  (217)
where Cp ;¢ := 2T e?Taz(£) and
0L(L) =1+ |[div " As = BL = (BL) |z

Note that the Hermitian part of E; only involves the Hermitian part of B. as

31



2 Symmetric hyperbolic systems in algebras of generalised functions

well as first-order derivatives &EiAg. By assumption (2), all constituents &ciAg and
B: + B! are locally of log-type, hence we have Cr,. = O(e™") as e — 0 for
some N € Ny. By (2.14) we know that ||u5||%2(£) = 0O(e™™) as ¢ — 0 and since
HQgilZ’"uEHLQ(Q = O(E*M)HUEHWT_LQ(E) for some M € Ny (depending on ), we
may apply (2.17) iteratively for r = 1,2, 3, ... to conclude that

Vr € Ng3m € Ny : HVTUEH%Q(E) =0(™) as e£—0. (2.18)

This automatically implies moderateness of the net (Jyu.): by (2.12). It remains to
show a similar asymptotic estimate for mixed derivatives.

Claim 2. All mixed derivatives 0}V u. satisfy an equation of the form
OV u. = RV u. + 01V f. (2.19)

where R : C®(Qr)™ — C(Q7)™ ™ is a linear partial differential operator of order
r + [ involving time derivatives only up to order | — 1. Moreover, the coefficients
of RY! are linear combinations of mixed derivatives of A and B., including spatial
derivatives up to order r and time derivatives up to order [ — 1.

Proof of Claim 2. Again we prove this assertion by induction. The base case [ = 1
follows immediately from (2.15) by setting

n
Ry, = QT 1y u, — Z(fJTAg)(?Ij V'ue. — BI'Vu,.
j=1

By this definition, RY is a PDO of order r+1 with respect to the spatial coordinates
and of order 0 with respect to the time variable. Applying the operator 0; to equation
(2.19) gives

OV U, = 9y (RV ) + 0V'f.

and RV, = 9,(RMu.) = 81(RI'ue) amounts to the action of a PDO of order
r + | + 1 containing time derivatives only up to order ! and spatial derivatives up
to order r + 1. As an obvious implication of the Leibniz rule, the coefficients of RZ’I
are linear combinations of derivatives of A7 and B. including spatial derivatives of
order r at most, since the coefficients of the PDOs Q”~! depend (only) on spatial
derivatives of AZ and B up to order r. Moreover, by construction, the coefficients
of RP! carry time derivatives of (spatial derivatives of) Al and B. of order [ — 1.
This completes the proof of Claim 2.

Successively making use of (2.19) for [ = 1,2, 3, ... implies in combination with (2.17)
that
VI,r € Ng3m € Ny : ||8£VTU€HL2(£) =0(E™) as e—0. (2.20)

Employing the Sobolev embedding theorem on domains with a locally Lipschitz
continuous boundary (cf. [AF03, Theorem 4.12, Part II]) and the fact that K C L,
this yields

Vo € Ni*™3m € Ny : [0%Ue|| oo () = O(™™) as =0, (2.21)
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2.2 Generalised solutions of the Cauchy problem

that is, the class [(uc)c] is moderate, since K CC Qp was arbitrary.

Uniqueness of the generalised solution amounts to stability under negligible per-
turbations of the data. To show uniqueness of the e-wise constructed generalised
solution, we choose negligible nets (]75)6 and (gz)c to represent right-hand side and
initial data. From the energy estimates (2.14), (2.17), and equation (2.19) it is then
easy to see that the corresponding solution [(%.)c] of the Cauchy problem will also
be negligible. By [GKOS01, Theorem 1.2.3], it actually suffices to show the negli-
gibility estimate for the zeroth derivative only, that is, in terms of L?-estimates, for
all derivatives of u. with order less than or equal to [(n + 1)/2]. O

If condition (3) in Theorem 2.7 is dropped, then the coefficient matrices Ag(t, x)
will not bounded independently of ¢ for large || anymore. This means that the
generalised forward cones [(I':(¢, x))] might not only collapse in a bounded region,
but also at spatial infinity as ¢ — 0. Thus it is impossible to construct a fixed
standard lens whose normal vector field remains everywhere in the local forward
cone for all € < gg. Therefore it seems that the energy estimates obtained in Section
2.1 can no longer be applied. However, giving up the idea of using a fixed standard
lens (for each K CC Q) which is independent of ¢ and working with an e-indexed
family of standard lenses (L.). instead, we can increase the diameter of the lens
L. as € — 0, thereby steadily tilting its normal vector field as the forward cones
get narrower. The slices of this ‘generalised lens’ remain spacelike for all ¢ < gg
and since the growth of its volume as ¢ — 0 is under control in terms of inverse
powers of €, we can still establish a generalised solution by restricting the initial
data g to Gre(R™)™, interpreted as a subset of G(R™)™, and the right-hand side f
to Greo (7)™, interpreted as a subset of G(7)™.

Theorem 2.8 (Existence and uniqueness in G without uniform bounds on the coef-
ficients). Consider the initial value problem (2.1-2.2) with the following alternative
conditions:

(1) The initial data g € G(R™)™ and the right-hand side f € G(Qp)™ satisfy the
asymptotic estimates of Groo (R™)™ and Gr(Q7)™ respectively.!

(2°) All spatial derivatives Oy, A7 as well as the Hermitian part of B are of L*°-log-
type.

Then there exists a unique solution u € G(Qr)™.

Proof. The loss of condition (3) and the alternative version (1’) of (1) have no effect
on the applicability of Theorem 2.12 in [BGS07] for fixed ¢ < 9. Hence we still get
a solution candidate [(uc)| from the e-wise construction of a family (u.)..

After choosing a compact set K CC 7, we again aim at building a standard
lens around K such that the positivity condition (2.6) in Lemma 2.5 is satisfied.
Assuming that K C|0,T[x{z € R" : |z| < Rk}, we fix the thickness T" of the
lens and its inner radius R; > Rpg. Since the coefficient matrices are no longer

'Every representative (f.) of a generalised function f € Gr ()™ is also moderate in the sense
of G(2)™, thus Gr(2)™ can be interpreted as a subset of G(Q)™ if we allow the difference of two
representatives of f to be in the ideal N'(2)™ instead of Ny (2)™.
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bounded independently of ¢ at spatial infinity, but satisfy HAQH Leo(Qp) S Ce™™ for
some C' > 0 and for all € < gy, we use a family of radii R = Ry + T(1+2Ce ™ /n)
to meet the positivity condition (2.6) for all € < g9. We thus obtain a family of
standard lenses (L.). with outer radii R = O(¢™™) as € — 0, all containing the
compact set K and all staying spacelike as ¢ — 0.

We put af := 1+ [|divA. — B: — BZ||»(q,), that is, the supremum is taken
over the whole domain Q7. Employing the energy estimate (2.7) e-wise with the
integration domains now changing with ¢ as well, leads to

2 ! 2 2
luelaey < 27 €% (llgelaags) + 1Fel3eesy)

2T €272 (Vo (H5) 1 9¢ 13 ) + Volusn (L) fo e )
O(afN) (e = 0)

IA

for some N € Ny, since Vol,(H5) = Vol,(Bgg) = O((R3)") = O((e™™)") and
Voli4n(Le) < T'Volu(Brs) = O((e7™)") as € — 0. The analogue of the energy
estimate (2.17) for spatial derivatives of u. now yields

Ir _ 2
IV uelFaqc,) < 2T €2 (197 gl 2 + QLT ST ue + V74 fell )

where /" := 1+ ||divE" A; — BL = (BL)"|| oo,y = Ollog(1/€)) as & — 0 by as-
sumption (2’). Using the triangle inequality, we may write

QS e+ V" el < (N S el oy + 197 fell e,y
< 2005 S well e,y + IV el aie, )
Hence there exist C' > 0 and [ € Ny such that
IV e 22y < Co™ (IV7 0ol B ey + 197 fel ey + 1QE S e e )
and all norms on the right-hand side are of moderate growth: We have
o 9703240y < VoL (HE) V7 g2 gy = Oe™N) a5 & 0,
o IV felZaeny < Volipn (L) |V fell o gny = O(e7N2) as & — 0,

for some N1, Ny € Ng. Moreover, since the coefficient matrices C¢ of Q=1 are
built from spatial derivates of A and B. of order less than or equal to r and
1CE ooy < ICE lwroo (> We have

_ 2 _N
o ||QF 12ru5||L2(£6) =0(e N3)||u€HWr71,z(£E) as € — 0.

Combining these observations, we consecutively obtain moderate growth of all spa-
tial derivatives V"u. with respect to || - lz2coy 2 - 12k
With the help of (2.19) it is then easy to see that

VK CC QpVl,r € No3m € No : |0,V uc| 250y = O(e™™) (e = 0).
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By virtue of the Sobolev embedding theorem we conclude that for all a € N(1)+",

there exists m € No such that [[0%uc|| () = O(e™™) as € — 0. The uniqueness
part of the proof is similar to the corresponding part in the proof of Theorem 2.7. [

Remark 2.9 (On the solution concept in Theorem 2.8). In assumption (2’) of The-
orem 2.8, we consider g as an element of G(R™)™, additionally satisfying the moder-
ateness estimates of Gre (R™)™. In particular, the initial condition u|;—¢p = ¢ has to
be understood as an equality in G(R™)™, that is, we have (uc|i=o — ge)e € N (R™) for
any representative (ug)e of the solution u € G(Q7)™ and any representative (g:). of
g, but not necessarily (uc|i—o — ge)e € Np<(R™).

Remark 2.10 (Dirac measures as coefficients). In contrast to Theorem 2.7, uniform
boundedness of the principal coefficients AL(t, z) for |z| — oo is no longer required
in the assumptions of Theorem 2.8. Existence and uniqueness of the solution is also
guaranteed for principal coefficients associated with the delta distribution, concen-
trated on a hypersurface. For instance, we may consider matrices A7(¢, ) includ-
ing entries of the form §(z1) ® h(t, x2,...,x,), in the sense of association (with h a
bounded function). Then condition (3) in Theorem 2.7 is violated, since || AZ(t, z) llop
is not uniformly bounded in ¢ as € — 0 for |x| — oo. Notwithstanding this broader
range of applicability compared to Theorem 2.7, condition (2’) imposes a log-type
asymptotic growth of the generalised function modelling d(x;), meaning that we have
to work with a logarithmically rescaled delta net. Only if the entries of A’(t,z) are
of the form ¢;;0(t) with constants ¢;; = (¢j;)*, the log-type scaling is not necessary,
since 0, 47 = 0 in this case.

Apart from the possibility to consider coefficients proportional to the delta distribu-
tion concentrated on an arbitrary hypersurface, Theorem 2.8 also incorporates the
case of coefficients with periodic singularities, as the following remark illustrates.

Remark 2.11 (Lattices of Dirac measures). Theorem 2.8 provides a unique gen-
eralised solution even for coefficients and data which are both associated to highly
singular and periodic distributions. Denoting the Dirac measure at a point y € R"
by d, = d(- — y), it is possible to consider, for example, generalised coefficients
B(t,z) = 3 ,.cpn 81.(2)B(t,x) and initial data g(z) ~ > wezn Ogr(2)g(x) with B
and ¢ smooth, and real numbers [,q > 0, representing n-dimensional lattices of
Dirac measures with lattice constants 1/l and 1/q, respectively. However, the scal-
ing of the corresponding delta nets still has to be of logarithmic type. Interpreting B
as an electromagnetic potential, such periodic structures could be used to model dif-
fraction gratings or crystal lattices in certain limiting cases of the involved physical

parameters.

Remark 2.12 (Infinite propagation speed). The conditions in Theorem 2.8 allow
for infinite propagation speed near spatial infinity as € — 0. In general this may
cause non-uniqueness of solutions, see [Obe92, Example 17.1]. Furthermore, non-
vanishing initial data may yield the solution v = 0 in G(Q7). Consider the scalar
equation dyu + 19,u = 0 with uli—o = ¢, where ¢ € D(R) and ¢(0) = 1. Then the
unique Colombeau solution is the class [((t,z) — ¢(z — 1t)).] = 0 in G(J0, T[xR),
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2 Symmetric hyperbolic systems in algebras of generalised functions

since for all K CC]0,T[xR we have supp((t,z) — ¢(z — 1t)) N K = () for  small
enough. Imposing the asymptotic estimates of Gr for initial data and right-hand
side saves uniqueness of the solution in G, but non-vanishing initial data yielding
the solution u = 0 are still possible. In Theorem 2.7, infinite propagation speed may
also occur, but only inside a cylindrical tube Sy = {(t,z) : 0 <t < T Alx| < Ra}
with R4 independent of £. As time starts to evolve, initial data (g.)e, concentrated
in the ball Br,, may propagate away infinitely fast, leaving the tube S4 (almost)
instantaneously as ¢ — 0. However, since propagation speed is limited outside S4
by condition (3) in Theorem 2.7, the generalised solution [(u.).] cannot be zero.

Inspecting the structure of L?-based energy estimates more closely, one often finds
some freedom to play with the coefficienties regularity of the PDE, balancing them
against the regularity of initial data and right-hand side. In fact, initial data and
right-hand side decaying at spatial infinity (|| — oo) make it possible to relax the
conditions on A7 and B even a bit further. In particular, the required asymptotic
behaviour of (A). and ((B+ B*).)- can be made less restrictive with respect to the
time variable. To set up a convenient notation first, we introduce the mixed norm

T
1Al e gy = / 1A(S, ) ooy ls
0

for any A € My, (Cp°(Qr)). We say that an element A € M, (G (7)) is of
L1 _log-type, if it has a representative (A.). such that

| Aell 1,00 (27) = O(log(1/e)) as e —0.

A similar norm was introduced in [CO90, Definition 2.1]. Using the alternative
energy estimate (2.8), we obtain a refined existence and uniqueness result for gen-
eralised hyperbolic systems of PDEs with regard to the time dependence of the
coefficients. Here, the logarithmic growth condition with respect to the time vari-
able can be dispensed with.

Theorem 2.13 (Existence and uniqueness in G;2). The initial value problem (2.1
2.2) together with the regularity conditions

(17) indtial data g € Gr2(R™)™ and right-hand side f € Gr2(Qr)™,

(27) all spatial derivatives 0, A7 as well as the Hermitian part of B are of L1*°-
log-type,

has a unique generalised solution u € Gr2(Qr)™.

Proof. Having fixed Hermitian representatives of A7 and representatives of B, f
and g, we may use Theorem 2.6 in [BGS07] to provide smooth solutions u. €
C>([0,T], H>*(R™))™ to the corresponding classical initial value problems for each
e < g9. To show moderateness, we apply inequality (2.8) and estimate

el ) ST sup et MFaqeey < Te (lgeliFagun + 1elFacan) ) = O™,
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2.2 Generalised solutions of the Cauchy problem

ase — 0, where f; := [|divAe — B: — B[ 1.00(qy,) = O(log(1/¢)) as € — 0. In Claim
1 in the proof of Theorem 2.7 it has been shown that the n"m-dimensional vector
V"u, satisfies the equation

OV ue + Y (S7AL) 0y V' ue + BIV ue = QU Y ue + V' f.
j=1

where 7 is a purely spatial partial differential operator of order r, the matrices
ST AL are blockdiagonal matrices con51st1ng of AZ-blocks and BT depends solely on
B. and first-order spatial derivatives 8xiA5. Thus, using inequality (2.8) once again,
we get

Oiltlg V" ue(t, )HLQ Rr) < e (HVTQEHL?(]Rn + QS + V" fe||L2 (Qr) )

where 87 = 1+ [[divErAc — BL — (BD)*|| pioe(yy = O(log(1/€)) as e — 0. This
implies that for all » € Ny there exists m € Ny such that HVTUEH%Q(QT) =0(e™™) as
e — 0. Finally, iteratively employing equation (2.19) for I = 1,2,3, ... one finds that
for all » € Ng and for all I € Ny, [|OLV” ug|| 12(0y) is of moderate growth as well. Thus
we again obtain moderateness of the representatlve (ue)e of the solution candidate,
that is,

Vo € Ni™™ 3Im € Ny : 0%l 20y = O(™™) as €0

and hence [(ue)e] € Gr2(Q7). To show uniqueness of the generalised solution in
Gr2(Qr), we assume negligible initial data (g:): € Nz2(R™) and right-hand side
(]?;)5 € Nr2(Q27). Then the same energy estimates we used to prove moderateness
immediately imply negligibility of the solution [(ue).]. O

Remark 2.14 (Model delta nets are admissible). In Theorem 2.13, thanks to the
LY*°-norms in condition (2”), a logarithmic rescaling of the mollifier is not required
anymore to model singular principal coefficient matrices A7(¢,z) containing entries
associated with §(t) ® h(z), where h is Lipschitz continuous, and lower-order coef-
ficient matrices B(t,x) incorporating entries associated with () ® k(z), where k
is a bounded function. Within the conditions of Theorem 2.8, avoiding a logar-
ithmic scaling of the delta net in these circumstances would only be possible if h is
a (generalised) constant and k = 0.

Remark 2.15 (Extending solutions to infinite time). For the existence and unique-
ness results presented in this section, there exist versions which are also global
in time. In correspondence with Theorem 2.7, given coefficients A7 and B in
M (Greo (RY™))) initial data g € G(R™)™, and right-hand side f € G(R'f™)™
one obtains a global solution u € G(R'™)™  if all 9,,A’ as well as the Hermitian
part of B are locally of log-type and || AZ(¢, z)|lop = O(1) as € — 0 outside R x Bg,
for some R4 > 0. Considering the generalised initial value problem (2.1-2.2) on
R+ we briefly sketch how to obtain a representative (u.). of the global solution:

First we pick Hermitian representatives of the matrices A7 and representatives
of B, F', and G. Then we construct (uc). separately for ¢t > 0 and ¢t < 0 as follows:
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e For any t > 0, we pick some T > t and construct (ul). € C®(Qyp)I%=0l as
in the proof of Theorem 2.7. The energy estimates therein together with
the Sobolev embedding theorem imply that for any 7> > 17, we must have
(u?2|QT1)5 = (ul)., since for all € < &g, v. := qu‘QTl —ul" solves the initial
value problem in C*°(€Q7) with initial data g. = 0 and right-hand side f. = 0.
Thus, by setting ue(t, ) := ul (t,) for some T' > t, we are able to consistently

define u. (¢, x) for all t > 0.

e For any t < 0, we pick some T" > —t > 0. Putting gﬁ(t,a?) = —Ag(—t,x),
B:(t,x) := —B:(—t,x), and f.(t,z) = — f-(—t,x), we again construct a solu-

tion representative (ul

)e € C(Qr)0%l for the corresponding initial value
problem on €, just as in the proof of Theorem 2.7. This in turn yields
a ‘negative-time’ solution in C*°(2_7) for the original initial value problem,

considered on Q_7, by setting uZ7 (t,x) := ul (—t, ). We then have

(at + zn: AL(t, %), + B(t, x))us—T(t, z)

j=1

- (—a_t =N Al(~t,2)ds, —ég(—t,:c))ﬁg(—t,:c) — fi(—t,2) = fo(t, ).
j=1

for —T <t < 0. Finally, we put uc(t,z) := u- 1 (t, ).

It is evident that the constructed family (u.). is smooth for ¢ # 0. Smoothness at the

= 03 9e

initial surface t = 0 is also clear since P.u. = f. everywhere and (8§u5)} =0

for all o € Njj and € < «.

Similarly extending the respective asymptotic growth conditions from Q7 to R,
we also obtain ‘global in time’ variants of Theorems 2.8 and 2.13. The construction
of global solutions as outlined in Remark 2.15 reveals that the conditions on the
coefficients with regard to their dependence on the time variable can even be slightly
relaxed. It suffices to demand the asymptotic estimates required in Theorems 2.7,
2.8, and 2.13 only locally in time, that is for all compact intervals I CC R. A similar
observation was made in [GKOS01, Remark 1.5.3].

Having established existence and uniqueness of generalised solutions, we revisit
the physical model for the interaction of a relativistic neutron with an ultra-short
laser pulse, briefly discussed at the beginning of this chapter. The Dirac equation,
a first-order system ‘by nature’, is used to account for the neutron’s spin. The
laser pulse propagates at the speed of light and is described mathematically by the
delta distribution, concentrated on a null hyperplane in Minkowski space, with an
additional matrix-valued ‘profile function’, characterising the transversal shape of
the pulse. We may now consider this problem in a generalised framework.

Example 2.16 (Dirac equation with impulsive wave potential). We use the Dirac

equation (describing spin—% massive particles) with a non-minimal coupling term to
model a neutron in an electromagnetic field (cf. [BD64, Chapter 3]). The Dirac
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equation for the spinor wave function 1 of a relativistic neutron in an impulsive
electromagnetic wave can formally be written as

3
6t'¢(t7 l‘) + Z ’YO’Yjaxﬂﬁ(ta ZL‘) + im70¢(t7 l‘) + 6(t - xl)F(x% $3)¢(ta 33) = 07 (222)
j=1

where 7* are the Dirac gamma matrices, m is the mass of the neutron, i is the
imaginary unit, and we are using units of measure such that h = ¢ = 1 (where h
is Planck’s constant and c is the speed of light). The matrix F' is derived from the
electromagnetic field tensor and satisfies additional conditions determined by the
Maxwell equations. In order to obtain a symmetric hyperbolic system of the form

(2.1), Dirac’s gamma matrices are represented in the Weyl basis, that is

0010 0 0 0 1
o o001 N R
T {1000 77| 01 0 o |’
010 0 1 0 0 0
0 0 0 —i 0 0 1 0
, | o0 i o s | o 0 0 -1
Tl 0 i o0 o |0 7TTl 21 0 0 o |
i 0 0 0 0O 1 0 0

yielding Hermitian principal coefficients 4%/ in system (2.22). There is no rigorous
solution concept for this equation within a distribution-theoretic setting, as ¢ can-
not be continuous across the hyperplane ¢t — 1 = 0, if it ought to be a ‘solution’ in
any (weak) sense and therefore the product 6(t — x1) F'(x2, x3)1 (¢, ) will in general
be ill-defined. However, interpreting equation (2.28) as an equality in the differen-
tial algebra of Colombeau generalised functions and imposing the initial condition
V|0 = ¢ € G(R3)4, the corresponding initial value problem in G(]0, T[xR3)? is in
fact well-defined, if we use a logarithmically rescaled mollifier to model the delta
distribution.? This guarantees that condition (2) in Theorem 2.7 is satisfied and we
thus obtain a unique solution ¥ € G(]0, T[xR?)* of the initial value problem for the
generalised symmetric hyperbolic system (2.22).

2.3 Regularity theory and distributional limits

In this section we explore regularity properties of the unique generalised solution of
the initial value problem (2.1-2.2) upon comparison with solutions obtained from
classical existence and uniqueness theorems, in cases where the coefficients are of
compatible regularity. Moreover, we investigate the regularity of the generalised
solution in terms of an intrinsic notion of regularity in the algebra of generalised

2For the generalised coefficients to belong to Gre (R'™), an additional cut-off is necessary, if
the entries of F' are not bounded functions. This issue can be resolved by using a net (xc)e of &-
dependent cut-off functions approaching 1 as € — 0. Moreover, a suitable cut-off procedure can also
be justified physically, as long as it occurs sufficiently ‘far away’ from the particle’s wave function.
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2 Symmetric hyperbolic systems in algebras of generalised functions

functions, developed in [Obe92]. We also present several variants of results on dis-
tributional limits of the generalised solution, if the generalised coefficients A7 and
B are constructed by regularising functions of low regularity, or even distributions.

To begin with, when the coefficients are smooth, the unique Colombeau solution
should in a certain sense be equal to the respective classical solution. As in [Hor04]
and [LO91], the following two propositions establish coherence with classical results
for smooth and distributional data respectively.

Proposition 2.17 (Smooth coefficients and data). In Theorem 2.7, additionally
assume that A’ and B have components in C°(Qr). If f € C®(Qr)™ and g €
C>®(R™)™, then the generalised solution u € G(Qr)™ is equal to the classical smooth
solution, that is, the classical solution is one of its representatives.

Proof. Since we may choose the constant nets (f). and (g). as representatives of the
classes of f and g in G(Q7)™ and G(R™)™, we obtain the classical smooth solution
to problem (2.1-2.2) as a representative of the unique Colombeau solution. ]

In the case of non-smooth initial data gy and right-hand side fj, we obtain corres-
ponding generalised objects g and f via regularisation. Then, any representative
(ue)e of the generalised solution u converges to the distributional solution wy.

Proposition 2.18 (Smooth coefficients and data in Sobolev spaces). Suppose that
AJ and B in Theorem 2.13 are smooth. For some s € R, let fo € L*([0,T], H*(R"))™
and gy € H*(R™)™. Denote by ug the unique distributional solution to the initial
value problem (2.1-2.2) in the space C°([0,T], H*(R"™))™. Define generalised initial
data g :=[(ge)e] € Gr2(R™)™ and right-hand side f := [(fz)e] € Gr2(Qr)™, where g.
and f. are moderate regularisations such that g- — go in H*(R™)™ and f. — fo in
L2([0,T], H*(R™))™ ase — 0. If u = [(uc)c] is the corresponding generalised solution
in Gr2(Qr)™ provided by Theorem 2.13, then us — ug in C°([0,T], H*(R™))™.

Proof. By Theorem 2.6 in [BGS07], we have the inequality

t
=2, ) = w0, Moy < € (9= = ol gy + / 1F2(5,7) = 905, )3 nyds)
0

for all t € [0,7], where the constant C' does not depend on &, since all coeffi-
cient matrices A’ and B are assumed have components in C®(Qr). Taking the

supremum over all ¢ € [0, 7] and considering ¢ tending to 0 yields the convergence

in CY([0, T, H*(R™))™. O

We may interpret Proposition 2.18 as a statement about the regularity of the gen-
eralised solution, measured in terms of H®*-norms of the associated distributional
shadow. Yet this concept of regularity is restricted to situations in which distribu-
tional limits exist and therefore not applicable if initial data or right-hand side are
not associated with any distribution.

Intrinsic regularity theory in Colombeau algebras is based on the subalgebra
G>°(Q) of regular generalised functions in G(2), introduced in [Obe92], and has been
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investigated in the context of hyperbolic PDEs in [HK01, HOP06, Obe09, GO14,
GO15]. In the study of intrinsic regularity of generalised solutions of PDEs, the
notion of slow-scale nets was introduced in [HO04] and has proven to be essential
in many circumstances (cf. [HOP06, GO14, GO15]).

A net (rc)e of complex numbers is said to be of slow scale if

|relP =0(1/e) as e—0 forall p>0.

As in [Hor04] we call a net (s.). of complex numbers a slow-scale log-type net if
there is a slow-scale net (r.). of real numbers, r. > 1, such that

|se] = O(log(rz)) as e —0.

Generalised functions satisfying the moderateness estimate in Definition 1.1 with

m

slow scale nets in place of inverse powers ¢~ are called slow-scale regular. They

represent a different notion of regularity than regular generalised functions.

Proposition 2.19 (Intrinsic regularity). In Theorem 2.7, assume all coefficients
AJ and B to be slow-scale reqular generalised functions. In addition, replace the log-
type conditions in assumption (2) by the corresponding slow-scale log-type estimates.
Then, given regular initial data g € G°(R™)™ and regular right-hand side f €
G>([0,T] x R™)™ the solution will also be regular, that is, u € G=(Qp)™.

Proof. Fix a standard lens £ C Qg of thickness T" with initial surface Hg. Since
both g and f are regular generalised functions, there exists M € Ny such that for
all ;1 € Ny, we have for ¢ — 0:

||3,{VTf5”L2(g) =0(™M) as well as IV"9ell L2 340) = O(e™™M).

With A7 and B satisfying slow scale log-type estimates, the generalised bounds
in the L%-estimates (2.14) and (2.17) will now be of slow scale. Hence, for each
a € N we obtain a certain slow-scale net (). of positive real numbers such that
105 uell 120y = O(ree=M) as e — 0. Finally, by (2.19) we will only pick up slow-scale
factors with each additional time derivative we apply to 0%u., and so we have

Haéagusﬂw(c) = 0@
as € — 0, for all [ € Ng and all o € Njj. This proves the assertion. ]

The intrinsic regularity property holds also for the generalised solutions obtained
from Theorems 2.8 and 2.13 respectively, if all log-type conditions are replaced by
slow-scale log-type estimates and all coefficients are slow-scale regular generalised
functions. Note that all these conditions are automatically satisfied when the coef-
ficients are smooth (as in Proposition 2.17).

Despite its G*°-regularity, the solution in Proposition 2.19 may not be associated
to any distribution. In the remaining part of this section we want to investigate
distributional limits of the generalised solution when the coefficients are non-smooth.
To this end we consider the generalised Cauchy problem (2.1-2.2) with initial data,
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right-hand side, and coefficients representing regularisations of corresponding non-
smooth objects. For convenience of the reader we first gather some basic properties
of regularisations of W*P-functions obtained by convolution with a mollifier.

Lemma 2.20 (Convolution regularisations). Let p € D(R") with [p, p(z)dz =
1, supp(p) € Bi(0), and put p.(z) = o "p(x/0o:) where o — 0 as ¢ — 0 and
o=l =0(E™™) as e = 0 for some m € N. Given u € WEP(R") with k € Ny and
1 < p < oo, we put ue := u *x pe. Then the family of regularisations (uc): has the
following properties:

(i) Ifu € LP(R™) for some 1 < p < oo, then [(ue)e] € Groo(R") and [|[0%uc|| oo (gny =

n

O(ajal_p) as € — 0.
(ii) If u€ WEP(R™), then ||0%ue|lynpgny = O(0z ) as e — 0.
(iii) If u € WEY(R") with 1 < q < oo, then |jus — ullyyrggny — 0 as e = 0.

(iv) If uw € L*(R") is uniformly continuous, then we have [|us — [ jo0gny — 0 as
e — 0. In particular, if w € W*(R"), then its reqularisations (u.). satisfy
Hua - UHwk—l,oo(Rn) —0ase —0.

Proof. (i): If uw € LP(R™) and « € NjJ, we may use Young’s inequality to estimate

HaausHLw(Rn) = [|(0%pe) * UHLOO(]R") < H@O‘pEHLq(Rn)||u||Lp(Rn)
with 1/p+ 1/¢ = 1. Moreover we have

—|a|—n+

10%pell amy =0 " 710 Pll ageny

for 1 < g < oo. Hence [|0%ue|| 00 (gny = O(aei'a‘i;) as ¢ — 0 for all @ € N{! and
since o1 = O(™™) as ¢ — 0, this implies [(u:)e] € G (R™).
(ii): For o € N§j with |a| < k, we obtain

o0 - ootB o = o* o° n
[0%uelyyr.o(mr) g@ll Ue || o) ‘rg@gll( p=) * 0°u|| Lo (rmy

IN

Ua_‘odHaapHLl(R")HuHWhP(R")'
For (iii) and (iv) we refer to [Fol99, Theorem 8.14]. O

The propositions to follow are concerned with the generalised Cauchy problem (2.1—
2.2) when A7, B, f, and g are not generic generalised functions, but represent
regularisations as in Lemma 2.20. Thus we consider the (formal) Cauchy problem

Opug + Y AJOuo+ Boug = fo  on Qp =]0,T[xR" (2.23)

j=1
uole=0 = 9o, (2.24)

where A% (Hermitian), By, fo, and go are classical, non-smooth objects. We translate
(2.23-2.24) to a generalised initial value problem (2.1-2.2) by means of regularising
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A%, By, fo, and go to obtain corresponding generalised functions Aj , B, f, and
g. Then, our aim is to identify sufficient regularity conditions on A}, By, fo, and
go, such that the unique generalised solution u has a distributional limit ug, the
regularity of which can be measured in terms of Sobolev norms. We refer to the
regularity of ug as ‘extrinsic regularity’ of the generalised solution. Note that ug
need not necessarily represent a solution of the original problem (2.23-2.24) within
any classical concept of ‘solution’.

The following Propositions 2.21, 2.25, 2.28 constitute a series of successive refine-
ments of extrinsic regularity results, where the required regularity of the coefficients
with respect to the time variable is more and more weakened, without producing a
substantial loss of regularity of the distributional limit of the solution. Proposition
2.30 establishes a stronger convergence result for the generalised solution obtained
in Proposition 2.25 by employing a refined energy estimate.

Subsequently, Propositions 2.32 and 2.34 are concerned with distributional shad-
ows of the generalised solution in case of coefficients whose regularity with respect
to the spatial variables is (slightly) below Lipschitz. Finally, Proposition 2.36 es-
tablishes a distributional shadow of the generalised solution even for lower-order
coefficients proportional to a Dirac measure in the time variable, at the cost of
additional structural assumptions on these coefficients.

Proposition 2.21 (Extrinsic regularity for non-smooth coefficients and data). In
the initial value problem (2.25-2.24), assume that the components of A% and By be-
long to the space C°([0, T], WH°(R™)). Let initial data go € H'(R™)™ and right-hand
side fo € L*([0,T], H'(R™))™ be given. Define corresponding generalised coefficients
and data for the initial value problem (2.1-2.2), satisfying the assumptions in The-
orem 2.13 (for instance by regularisation with a mollifier as in Lemma 2.20). Then
there exists ug € C°([0,T], HX(R™))™ N HY(Qr)™ such that u. — ug as € — 0 in
the norm L>([0,T], L*(R™)) for every representative (u.). of the unique Colombeau
solution u € Gr2(Qp)™.

Proof. First we verify that the e-wise constructed family (uc). of solutions of the
Cauchy problem (2.12-2.13) satisfies [Juc|| g1, = O(1) as € — 0. Using inequality
(2.8), it was shown in the proof of Theorem 2.13 that

2 2 2 2
sup |[Jue(t, ')Hp(Rn) < e’ (Hgs||L2(R") + Hf€”L2(QT))’
0<t<T
where 8; = [|divAe — Be — Bl 1,00 (o), implying that [Juc||2(q,) = O(1) as e = 0
by virtue of the regularity assumptions on A} and By (see Lemma 2.20). This is
true for all representatives of the generalised solution. Moreover, since

2 1 2 = 2

sup ||V ue(t, )| pany < € (HVlgsHm(Rn) +[I(V!Be) Shue + vleHL2(QT))7
0<t<T

where 81 = 1+||div 3t A, — B! — <§F})*HL1’°°(QT)7 the uniform boundedness of (u.).,

(V" ge)e, (V" f2)e, and (V!B.). in their respective norms also yields [0z, UEHLZ(QT)

O(1) as € = 0. As an immediate consequence, [|0uc||}2(q,) must obey the same

asymptotic estimate, since we have Oyu. + zyzl Aéaw Jue + Beue = fe. We aim at
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2 Symmetric hyperbolic systems in algebras of generalised functions

showing that the family (u.). represents a Cauchy net in C°([0, 7], L?(R"))™. With
this in mind, we consider P.(us. — ug) for 0 < £ < ¢ small enough and apply the
energy estimate (2.8) to obtain

sup |lue(t, ) — uz(t, ) p2@ny < Cr(llge — gell pogny + 1fe = Peuellp20,9)
0<t<T

where we have used that |a|?> < [b2 + |c|? implies |a| < [b] + |¢|, to get rid of the

squares. The constant Cr does not depend on €. We may write

Pous = (PE — P+ Pg)Ug = (A‘g. — Aé)@xjugj + (BE - Bg)Ug + Psug

NE

1

.
Il

(Ag — Aé)@ijg + (Bg — Bg)Ug + fa.

I
M=

1

.
I

Substituting this for P.us in the energy estimate, we find

||UE — u€||L°°([O,T},L2(R”)) S CT(HgE - géHLQ(]R”L) + ||f€ - f5||L2(QT)

314 — ALl 10n, el gy + 1B = Bell oy el 20y )-
j=1

The convergence properties of the nets (g-)e, (fo)e, (AL)e, (Bo)e, and the uni-

)
L>([0,T), L*(R™)), thus there exists a function uy € C([0,T], L?(R™))™ such that

[[te = woll 100 jo, 77,2 (7)) — 0 s € — 0. For any ¢ € [0, 7] and any ¢ € D(R")"™, we

form boundedness of ||0y;uzl|, @ imply that (uc)e is a Cauchy net in the norm

have
‘<8-77ju0(t7 ')7 90>| = ‘ ;iir(l)<8xju£(t, ')’ SOH < ;g% ‘(axjuef(t? ‘)7 90>’ < C||90HL2(R")7

hence 8,uo(t,-) € L*(R™) and therefore ug € C°([0,T], H*(R™)). In addition, for
any ¢ € D(Q7)™ and 0y representing 0y or spatial derivatives 0, ;» We obtain

|(Okuo, p)| = |31§(1)<3kus,@>| < gg%“akusa@ﬂ < Clloll L2 @n)

since [|Okuel[12(q,y < C. Hence all first-order derivatives Oyug belong to L?(R™)™
and therefore ug € C°([0, 7], HL(R™))™ N H(Qr)™. O

The conditions on the coefficient matrices in Proposition 2.21 are typical assump-
tions in results on weak solutions. For a comparison of solution concepts for linear
first-order hyperbolic differential equations with non-smooth coefficients we refer to
[HHOS].

Proposition 2.21 provides a distributional shadow of the generalised solution
which is continuous in the time variable and enjoys a certain Sobolev space regularity
with respect to the spatial variables. We may interpret this distributional shadow
as a weak solution of the original first-order system with coefficients Ag and By.
However, weak solutions for PDEs with non-smooth coefficients can also be obtained
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2.3 Regularity theory and distributional limits

without Colombeau theory. Therefore it should be checked whether both solution
concepts are compatible, that is, wether they yield ‘the same’ solution. The following
Proposition establishes the desired consistency.

Proposition 2.22 (Coherence with weak solution concepts). The initial value prob-
lem (2.23-2.24) with Aj, Bo, g0, and fo as in Proposition 2.21 has a unique weak
solution ug € CO([0,T], L*(R™))™ N H'(Q7)™, which is equal to the distributional
limit of the generalised solution.

Proof. We show that the distributional limit of the generalised solution u = [(ue)e]
is the unique weak solution.

First, observe that the limit ug of u. is continuous in time, hence it satisfies the
initial condition uo{ o = 90- Moreover, since u. converges to ug in LQ(QT)m7 we
also get the convergence B.u. — Boug in L2(QT)m as ¢ — 0. It remains to calculate
the limits for the terms including derivatives of the generalised solution.

We claim that dyu. — Opug and AZ@xjua — A%(?xjuo weakly in L?(Q7)™ as
e — 0. Since there exists C' > 0 such that [luc|| g1,y < C for all € < o (see
the Proof of Proposition 2.21), we know that the set {u;/,|n € N} is bounded
in H'(Q7)™. By the weak compactness theorem, this implies that there exists a
weakly* convergent subsequence (1 /,, )ken With limit a2y € H'(Q7)™ (cf. [RRO4,
Theorem 6.64]). Therefore we have dyuy ), — Oytig (k — o0) weakly in L?(Qq)™
and indeed @y = ug since uy/,, — ug in L*(Qr)™ (k — oc0). Moreover, for any
¥ € L*(Qr)™, we find

}<A{/nk8wju1/nkvw> - <A6 8$jU0,1/1>‘ = ‘<a$ju1/nk’ (A{/”k - A6)¢>|
< Haivjul/nkHLQQTH(A{/nk - Ag))wHLz(QT)
— 0 (k— o0).

Hence, applying the operator Py = 8t—|—2?:1 A%@mj + By to the distributional shadow
of the generalised solution, ug € C°([0, T, L2(R™))™ N H'(Qr)™, we obtain for any
P e L*(Qr)™,

(Pouto, ) = lim (e, ) + D (AL0, e ) + (Beue, ) = i fe, ) = (fo ).

J=1

This in turn shows that ug is a weak solution of the initial value problem (2.23-2.24)
with non-smooth coefficients. To prove uniqueness, suppose that there exists another
solution vy € CO([0, T, L*(R™))™ N H'(Qr)™ such that Pyvg = fo and vg|i=0 = go-
We may regularise this solution so that ve — v as € — 0 in C°([0, T, L*(R™))™ as
well as in H1(27)™. Then we must have ’Ue‘t:O — go in L2(R™)™ as ¢ — 0 and,
moreover,

n
il_l}% <8t’05 + Zl Agaxjvs + Bs”e) = fo
]:

in L2(Q7)™, irrespective of the explicit regularisations we choose for Ag, By, and

. . . . . . j e—=0 45 .
vg. To see this, consider otherwise arbitrary regularisations AZ = Al in L>®(Qy),
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2 Symmetric hyperbolic systems in algebras of generalised functions

B- e By in L>®(Qr), and v =9 vo in H*(Q7). Then we have

Hpgvg — P()’U()HLQ(QT) = HPE’UE — PEU() =+ PEU() — POUOHLQ(QT)

< |0(ve — UU)HLQ(QT) + HAg(aﬂﬁgvf - 8ijO)||L2(QT) + H(Ag - Aé)aﬂchOHLQ(QT)
+ 11 Be(ve = v0)ll 22 + (B = Bo)voll 2 ()
< e - UOHHl(QT) + HAgHLOO(QT)HUE - UDHHl(QT) + HAQ - A{)HLoo(QT)HUOHB(QT)

+ 1Bell oo (g lve = voll 207y + 1B = Boll oo () 100l 1200y
— 0 (6—=0)

and therefore Pov. =29 fo in L2(Qr). Denoting by (uc). the representative of the
generalised solution constructed in the proof of Theorem 2.13 and applying the basic
energy estimate (2.8) to the difference u. — v, yields

OzltlgT Jue(t, ) — ve (2, ')||L2(]Rn) < CT(HQE - Us}tZOHLQ(Rn) +11fe — PEU€||L2(QT)>a

which converges to zero as ¢ — 0. Thus we have ug = vo in C°([0, 7], L*(R™))™. O

Remark 2.23 (Weak solutions via generalised solutions). Note that the statement
in Proposition 2.22 is not just a compatibility result, in fact we directly obtain
a unique weak solution of the initial value problem (2.23-2.24) with non-smooth
coeflicients, merely by studying properties of the generalised solution when the coef-
ficients and data arise as regularisations of Sobolev functions. In case of smooth
coefficients, the methods applied in the proofs of Proposition 2.21 and Proposition
2.22 would lead to the corresponding classical existence and uniqueness results as
well (see Propositions 2.17 and 2.18).

The asymptotic estimates for the generalised coefficients demanded in Theorems
2.7, 2.8, and 2.13 are substantially weaker than those obtained for the regularised
versions of the Sobolev-type coefficients used in Proposition 2.21. This is a typ-
ical situation for existence and uniqueness results for PDEs in Colombeau algebras.
While generalised solutions frequently exist for much rougher coefficients and ini-
tial data than those required in corresponding classical results on weak solutions,
distributional limits of the generalised solution can often only be shown to exist for
coefficients whose regularity is similar or equal to the regularity required in results
within other weak solution concepts. In this sense, Colombeau theory, albeit very
successful in many circumstances, does not always provide the means to considerably
extend results on distributional solutions beyond what is already known. However,
not being able to show that the generalised solution has a distributional shadow
does not mean that a distributional limit does not exist. In any case, there is almost
always a regime of coefficient regularities, for which generalised solutions exist, but
the existence of a distributional limit of the solution is unclear.

The generalised solution [(ue)<] obtained in Theorem 2.13 satisfies [[uel|2(q,) =
O(1) as € — 0 even for coefficients with components of the form §(t—ty)®h(z1, ..., Tn)
with h € W1°(R"). This suggests that there might exist a distributional shadow
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2.3 Regularity theory and distributional limits

of the solution even for regularity assumptions which are significantly weaker than
those in Proposition 2.21. However, to show that (u.). is a Cauchy net and therefore
possesses a weak limit, asymptotic boundedness of the coefficients was needed. Yet
this is mainly because the corresponding energy estimates relied on L?-norms of u,
and Pu.. By inspecting the proof of Theorem 2.13, it becomes clear that as soon as
asymptotic boundedness of the solution is established, there is actually no need to
keep working with the same energy estimates that led to the existence of a solution
satisfying certain asymptotic estimates. In particular, there is no need to stick to
using L?-norms of Pu.. Lemma 2.24 gathers some alternative estimates involving
mixed norms, which will be the basis for a variant of Proposition 2.21, providing
a distributional limit of the generalised solution for matrices A% and By belonging
to M,,(L*([0,T], Wh*(R™))). This will enable us to consider coefficient matrices
with entries proportional to H(t —to) ® h(z1, ..., 2, ), where H denotes the Heaviside
function and h € W1 (R").

Lemma 2.24 (Energy estimates with mixed norms). Let P = Bt—l—zyzl ATy, +B be
a symmetric hyperbolic PDO and u,w € C1([0,T], L*(R"™))™ N C°([0, T], H*(R"))™
For1l <p,qg<oo, let

140 gy = s HAG, M zagan o
Then we have
fﬁ( ) ’
s)ds
0) Tl wnory < e (100, ager) + 2Re [ (Pusu)any(s)ds).

0
(i) 1B 0l 32z < 1Bl proe gy (Il gy + ol (e )

(1) 11047010} 1 3, < 1470 g1 ogagy (190,802 2y + 102y )-

Proof. The proof of (i) follows along the lines of the proof of inequaltiy (2.8) in
Lemma 2.6 until we integrate equation (2.11) over the domain 7. From here on,
we follow a slightly different route regarding the integral of 2Re(Pu,u). Instead of
estimating this term by

‘2/Re/ (Pu(s )>dVds( < |Pulliz0p) + Ul 20y

we directly apply Gronwall’s lemma to obtain

T T
J B(s)ds
fullf gy < e (100, ) ey + 2Re [ (Pusu) ey (s)ds).
0
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2 Symmetric hyperbolic systems in algebras of generalised functions

To prove (ii), we consider

T

T
2 2
2 [ [ IButs. )] (s, ) dvds < 0/ 1B, Mgy [(lutos )+ fuots, )[P)avas

0 R R™

< 1Bl () ([l 2 + 0l mzq):

where we have used that |ab] < 1(|a|? + |b|?). Finally, assertion (iii) is proved in a
similar fashion, that is,

T
2 [ [14° 00,065 s, avs

0 R»
T
< / 14, Y o sy (10,105, 1 gy + e, ) ey ) s
0

3 2 2
<Ay (50 10 (s, Mgy + 510 05, ) By )
S8 S8

O

At first sight, the estimate in Lemma 2.24 (i) seems to be futile, if we are interested in
bounds of [uc|[ ;00 2(q,.) (or any other norm of u. on Q) in terms of initial data and
right-hand side of the PDE system (for instance to show moderateness). We keep the
term (Pu,u)2®n) unaltered throughout the estimate and thus do not get rid of u
on the right-hand side of the inequality. However, if boundedness of the generalised
solution has already been established by some other method, this inequality turns
out to be very valuable. The crucial point is that the term fOT<Pu, u) r2(rn)(8) ds in
the Cauchy net estimate (see the proof of Proposition 2.21) can now be estimated
using L'-norms of the coefficient matrices with respect to the time variable, instead
of L*-norms, thereby leading to expressions as on the left-hand sides of inequalities
(ii) and (iii) in Lemma 2.24. In fact, since we already have a representative (u.). of
the generalised solution with certain uniform boundedness properties at hand, we can
employ Lemma 2.24 to prove convergence of the generalised solution in L°2(Qr).

Proposition 2.25 (Extrinsic regularity, coefficients L? in the time variable). In the
initial value problem (2.23-2.24), assume that the components of Ag) and By belong
to the space L*([0, T), WH*(R™)). Let initial data go € H*(R™)™ and right-hand side
fo € L2([0,T], H(R™))™ be given. Define corresponding generalised coefficients and
data for the initial value problem (2.1-2.2), satisfying the assumptions in Theorem
2.13. Then there exists ug € C°([0,T], H'(R™))™ N HY(Q7)™ such that ues — ug as
e — 0 in the norm L>®([0,T], L3*(R™)) for every representative (uc)e of the unique
Colombeau solution u € Gr2(Qr)™.

Proof. Let (ug). denote the e-wise constructed family (uc). of solutions to the
Cauchy problem (2.12-2.13). First, we have [luc||je2(q,) = O(1) as e — 0 by
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means of inequality (2.8),

302 et Vzaqan < ¢/ (19l ey + Welzzca )

where 3 = [|divA: — Be — B[ }1.00(qy,)- Now we turn our attention to the spatial
derivatives of u., for which

. -
IV el o2y < 6ﬁ5/2(”vlg~€“L2(R") +[1(V'B:) Shue + vlfSHLQ(QT))

. -
< 2 (|90 gl oy + (V1 B) Sl gy + IV Fell 2y )

where ||Vlgs||L2~(Rn), ||Vif5||L2@T) =0(1) ase — 9 by Limma 2.20. Rgcalling that

551 =1 + ||diVElA€ - Bgl - (Bal)*HLlOO(QT) and B€1 = ElBE + (8wiA‘g)1§i7j§n, we

conclude that e%/2 = O(1) as £ — 0 as well. Finally, we inspect the only remaining
term ||(V!B;) ZlugHLg(QT) more closely and estimate

T
~ 2 ~
I(V'Be) S el oy = /H(VlB (5,)) Shue(s, ) [ ny s

2
< / 1972 B (5, ) o 5 10 (5, ) 2 gy s
< sup [Sluc(s, HL2 R™) /HV Be( HLOO(R")d
0<s<T
< C el IV Bell ey

implying that HVIUEHLOO,Q(QT) = O(1) as € — 0. Next we want to show that the
family (ue)e represents a Cauchy net in L>([0, T, L?(R™))™. Considering P:(u.—uz)
for 0 < & < £ small enough and applying Lemma 2.24 (i), we obtain

lte = well gy < € (1l9: = g3z + 2 P (e = ue), ue = uedlls(ay),

where C' is independent of €. Since P.u. = f. and recalling that we can write
Pouz = Z?:l (Al — AL)0,,us + (B: — Bz)us + fz, we estimate the integrand in the
last term by

|<Pe(u5 - Ué)aue - ’LLg>’ = ‘(fs - Z (Aé *Ag)axjué - (Ba - Bg)Ug* Je, ue *Ug>
=1
< (fe — fa ue —us |+Z| A] 8&5]”57“8_U§>|+|<(Ba_Bé)uéaua_ue§>‘-

Using this representation of the integrand and applying Lemma 2.24, (ii) and (iii),
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we get
2 2
e = uel| 7002y < C<||gs — Gellzeny + e = fell 2 llue — uell 2oy

£ 37 1AL — Al gy (10n, el ez + e = vy
j=1

+ [1Be = Bell 1.0 (0 (HuéH%OOaQ(QT) + flue — ué||%oo,2(QT)>>-

The convergence properties of the nets (g:)s, (fc)e, (Ag)s, (B:): and the uniform
boundedness of ||0;; ugHLQ(QT) as € — 0 imply that (uc)c is a Cauchy net in the norm
L>°([0,T], L*(R™)). Thus there exists a function ug € C°([0,T], L*(R™))™ such that
l[ue = woll oo (o, 77,22 (Rnyy —+ O @s € — 0. For any ¢ € [0,7] and any ¢ € D(R")™, we
have

(Do (t, ), £} = | 10 (0, (8, ), 9} < i | (@, 18, ), 9)] < Ol pagany-

hence 9;,uo(t,-) € L*(R™) and therefore ug € C°([0,7], H'(R™)). In addition, we
have

Hatua”LQ(QT) < Z |’Aga$ju€|’L2(QT) + HBeueHLQ(QT) + Hfa"LQ(QT)
j=1

n
< D AL 2o ) 101 oy + I1Bell 2o gy Nt N L2y + el 2 g -
j=1

Therefore, since \|A£HL2,OQ(QT) = O(1) as € — 0, we have Qyug € L*(Qr) as well.
Considering the distributional action of djug on a test function ¢ € D(Qr), we
obtain ug € C°([0,T], H*(R™))™ N HY(Qr)™. O

Remark 2.26 (Weaker regularity assumptions are possible). In Proposition 2.25,
using the slightly weaker assumption Ag € My, (LY([0,T), WE°(R™))) instead of
A% € M,,(L*([0,T], WH>*(R"™))), we would still obtain a distributional limit ug €
Co([0, T], L*(R™))™ with 8,,ug € L*(Q7)™, but the time derivative dyug would not
necessarily belong to L?(Qr)™. However, the proof of Proposition 2.25 requires By
to belong to M,,(L?([0,T], WL>°(R™))), in order to get asymptotic boundedness of
(Viue)e, so we cannot work with By € M,,(L'([0, T], WL (R"))).

With the regularity conditions we imposed on the coefficient matrices Ag and By in
Proposition 2.25, we could still interpret the PDE system Pyug := (6t+2?:1 A%&Ej +
Bo)uo = fo in a weak sense without having to transfer the problem to a differential
algebra of generalised functions. For example, since ug is continuous in the time vari-
able, we can make sense of products of uy(¢,z) and the Heaviside function H (t — to)
in the space of distributions. Naturally, it would be nicer to obtain a distributional
shadow of the generalised solution for regularity assumptions which do not easily
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2.3 Regularity theory and distributional limits

allow for a weak interpretation of the formal expression Pyug. However, the energy
estimate we used so far (see inequality (ii) in Lemma 2.6) is essentially an estimate
of the L>2-norm of the solution. But since the limit of a net of continuous functions
converging in the L°°-norm is continuous, it is clear that if we obtain a distributional
limit of the generalised solution by using this estimate, the limit must automatically
be continuous. Yet if we want to allow for coefficients whose regularity with respect
to the time variable is below Ll1 -» we cannot expect the limit of the solution (if it
exists) to be continuous. This implies that for coefficient regularities below Lloc, it is
impossible to show that the solution has a distributional limit, if our method relies
on the the basic estimate (ii) in Lemma 2.6, even if a limit exists. The content of the
following Lemma 2.27 is a ‘refined’ energy estimate, which is coarser with respect

to the time variable, preparing the stage for another variant of Proposition 2.21.

Lemma 2.27 (Adapted energy estimates). Let P = 0y + >}, A0y, + B be a
symmetric hyperbolic PDO and u,w € C'([0,T], L>(R™))™ n C°([0, T], H'(R™))™
Then, for v(t) := sup ||divA(s,-) — B(s,") — B*(s,")|| e (rn), we have

0<s<t

T T
) JA(r)dr
0) Tl <€ (TIa0.) s +2Re [ [ (Puls ), us. ) aanydsdr).
0 0

T

T
3 T+ [ ~v(r)dr
) oy <Te 0 (60, ) s + 1Pulliagy )

T n

T
(iii) e// Z (A0, u, w )L2(®ny(8) + (Bu, U}>L2(Rn)(8))d3d7’
0

J=1
T 7
(R / 1495, ) ey s I
0

T T
+ (g + lolesian) [ [ IBG N gdsdr
0 0

Proof. Starting from equation (2.11), integration over the spatial domain R™ yields

d . %
) aquny = /((dlvA _ B - BYu,u)dV, + 2Re/(Pu,u> av,,
R7 R”
where 7 € [0,T]. With 5(s) := 1+ ||divA(s,-) — B(s,:) = B*(s, )| pec(gn) = 1 as in
Lemma 2.6 and setting v(7) := ||u(T, -)||%2(Rn), we integrate the last equation over
the interval [0, 7] and get

T T

v(1) —v(0) < /(ﬁ(s) —1)v(s)ds + 2Re/<Pu(5, )y u(s, 7)) L2 @mnyds.

0 0
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2 Symmetric hyperbolic systems in algebras of generalised functions

Denoting V(¢ fo T)dT1, we deliberately integrate once more and find

t T t T
0)t—|—// dsdT+2Re// ,u(s, ) p2rnyds dr.
0 0

Before using Gronwall’s lemma to get an upper bound for V(t), we estimate the
terms in the last inequality as follows:

T

t T
V(t T—i—/’y T)dT +2Re//<Pu(s, )5 u(s,+)) p2@myds dr
0 0 0

where 7 = ¥(7) = supg<s<,(B(s) — 1) > 0 is continuous, if § is. Now applying
Gronwall’s inequality, Lemma 1.4 (ii), we arrive at

9 f’y(T)d’T "
gy < €0 v(O)T+2Re//<Pu(s, ) (s, )) oy ds dr
0

To prove (ii), we estimate

T

2Re / (Pu(s, ), u(s, ) z2eyds < ulZay + | PullZa)
0

just before the second integration with respect to the time variable, then apply
Gronwall’s inequality, and end up with

T
T+ [ A (r)dr
2oy <Te 0 (a0, ) 3an + 1Pul3a,))-

Finally, the proof of (iii) is similar to the proof of inequalities (ii) and (iii) in Lemma
2.24. O

Using the refined estimates of Lemma 2.27, the required regularity assumptions for
the matrices Ay and By can be slightly weakened without losing the distributional
limit of the solution.

Proposition 2.28 (Extrinsic regularity, coefficients L! in the time variable). In the
initial value problem (2.23-2.24), assume that the components ofA% and By belong to
the space L*([0, T], WL (R™)), and that go € H'(R™)™ and fo € L*([0,T], H(R™))™.
Define corresponding generalised coefficients and data for the initial value problem
(2.1-2.2), satisfying the assumptions in Theorem 2.13. Then there exists a function
ug € CO([0,T), HL(R™))™ N WL (Qr)™ such that u. — uo as € — 0 in the norm
L>([0,T], L*(R™)) for every representative (ue)e of the unique generalised solution
u € Grz(Qp)™

Proof. The coefficients fulfil assumptions (1”7) and (2”) in Theorem 2.13 and we
immediately obtain a unique generalised solution u € Grz2 (7)™ with [[uc|| .20,y =
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2.3 Regularity theory and distributional limits

O(1) as ¢ — 0. As was shown in Theorem 2.7, the spatial derivative vector V'u.
satisfies the PDE system

n
O V'ue + > (S'A2) 0, Ve + BV ue = —(V'B)S . + V' fe,
j=1

where Eg =3B, + (8%142)&@5”. We now use the alternative energy estimate in
Lemma 2.24 (i) and find

2 div(ETA)—B1—(B1)*|| 1,00 2
HVIUEHLOOQ(QT) < 6H iv( )—B:—(B2)" .1, Q) <||V1951|L2(Rn)

T
+2Re/<—(%138(s, NElue(s, ) + Vs, ), VViue(s, ) p2gn)ds >
0

This implies that there exists a constant C' > 0 such that

IV e (t, )HL?(Rn < C(”gEHHl (R™)

T
b (T Bl )= s,y + 175 ey 17 5 s )
0
We may now apply Gronwall’s inequality as in Lemma 1.4 (ii) to obtain
2
HVIUsHLooﬁ(QT) < ClHQeH?{l(Rn)
T
-exp</ (V' Be(s, )2 ue (s, )| g2y + ||f8(37')”H1(R"))dS>
0

< C”HgEH?{l(R") 'eXp<”€13€HL1«OO(QT)HUEHLOOQ(QT) + [ £= (s, ')||L1([0,T],H1(Rn))>

which is uniformly bounded as e — 0, since we already have ||uc||j00.2(q,) = O(1) as
¢ — 0 and, by the regularity assumptions for fy, go, and By, the same is true for the
other norms on the right-hand side. Thus we have shown that ||V'ue|| o2,y =
O(1) as e — 0.

Aiming at a Cauchy net argument to show the existence of a distributional
shadow of the generalised solution of [(uc)c], we will now make use of the refined
energy estimate in Lemma 2.27 (i) to get

T
Jue — wel32 () < exp< [ sup l@iva. - B, —B:><s>HLoo<Rn>dT)

0<s<t
T 7

’ <T|g€ - gENH%Q(Rn) + 2Re//<PE(UE - U§)(s, ')7 (UE - ’LLg)(S, ')>L2(R”)d8 dT) .
0 0

93
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We proceed as in the proof of Proposition 2.25, but use the refined estimate in
2.27 (iii) for the right-hand side. Thus we can essentially work with L!*°-norms of
the coefficients, instead of L?*°-norms, and with L'2?-norms of the right-hand side,
showing that (uc). is still a Cauchy net in L?(Qr). Moreover, the O(1)-estimate
for 0., u. remains true, so we still get 0;;up € L?(Q7)™. For dyu. we only obtain
boundedness in the L!(Qr)-norm, since the coefficients and the right-hand side are
no longer in L? with respect to the time variable and we have to estimate them
against the L°2-norm of the solution. However, since L?([0,T]) € L'([0,T]) by
Holder’s inequality, we obtain at least ug € C°([0, T], HX(R™))" n Wti(Qr)™. O

As Proposition 2.28 shows, weakening the regularity assumptions for Aé and By
from L2([0,T], WH2(R"™)) to L1([0,T], WH*°(R")) does not significantly alter the
regularity of the distributional limit. However, changes in the coefficient regularities
should somehow be reflected in the regularity of the solution. Lemma 2.29 provides
yet another version of an energy estimate, which will be used to prove that the
solution actually belongs to L*([0, 7], W1°°(R"))™, if the coefficient matrices have
components in L2([0, 7], W1°°(R")), as in Proposition 2.25.

Lemma 2.29 (Refined energy estimate). Let P =0 + > 7, A1y, 4+ B be a sym-
metric hyperbolic PDO and u,w € C*([0,T], L2(R™))™ NC°([0,T], H*(R™))™. Then,
for p(r) =2||divA — B — B*H%Zoo(my we have

T

T
2
sy < 2eb " (e / (Pu,u) AV 4 (0, ) gy ) -
0

7_

Proof. We start as in the proof of Lemma 2.27, integrating

[d
/d8||u(s, -)H%Q(Rn)ds = /<(diVA — B — B")u,u)dV + 2Re/<Pu,u) dv

0 Q. Q,

and estimate this as follows,
1
2

o, gy < IdivA — B — Bl o, / (s, 2 e

i 2Re/<Pu,u) AV + [|u(0, )l[72@n);
Qr

where we have used that

T

law?ll ;s 0, < / (a2 g lll 2 oy ) (5)ds

N|=

/ ] e gy el 2 gry) () < llal 2. / (s, ) [£2ganyds
0 0

54



2.3 Regularity theory and distributional limits

with a(t,z) = |[(divA — B — B*)(t,z)||,,- Taking the square on both sides of the
inequality for |ju(T, -)H%Q(Rn) and using twice that (¢ + d)? < 2(c? + d?), we find

o, M agmy < 2NilivA — B — B s / (5, )42 gyl
0
2 4
4<2Re/<Pu,u> dV) + 4[w(0, ) z2gny-
Q,

A second integration with respect to the time variable yields

el 1y <2 / JdivA — B — B* |2 Il bag, d7

t

+4/((2Re/(Pu,u> aV)" (0. ) [agar )

Q,

[e=]

Finally, applying Gronwall’s inequality, Lemma 1.4 (ii), we get

T

T
2
lulltaagey) < b " / 2Re/ Puu)aV) + u(0,) [ L2qan ).
0

‘r

where pu(7) = 2||divA — B — B*HLQOO o) < u(T). O

Proposition 2.30 (Improved regularity result). With the assumptions of Proposi-
tion 2.25, the limit ug of the generalised solution u satisfies ug € L*([0,T], H'(R™))™N
HY(Qr)™, where ue — ug as € — 0 in the norm L*([0,T], L>(R™)) for any repres-
entative (uz)e of u.

Proof. First note that conditions (i) and (ii) in Theorem 2.13 are satisfied and
we get a unique generalised solution u € G2 (7)™ with [|uc|[ 002,y = O(1) as
¢ — 0. Considering the spatial derivatives of u., we proceed just as in the proof
of Proposition 2.28, leading again to ||V! Ue| poo2(,y = O(1) as e — 0 (by the
very same estimate, since [|v[[;1.00(0,) < C’HUHLQ,OO (@) and thus the upper bound
for || Viu.|| L2(qy) i terms of L2([0, T])-norms automatically produces an upper
bound in terms of L'([0,7])-norms). For the Cauchy net argument, we employ the
energy estimate in Lemma 2.29 to obtain

T

Hua - Ué”i4,2(QT) <4 eXP<2/ H(diVAs - B, — B:)HiQ»OO(QT)dT)
0

T
(2R [Ptue = we)(o, ) e = w5 ) AV) g gl )
0

Q,

The integral of (P:(ue —uz)(s, ), (ue —uz)(s, -)) over the domain €, can be estimated
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2 Symmetric hyperbolic systems in algebras of generalised functions

similarly to Lemma 2.27 (iii), taking the square after the integration does not cause
any problems. It is then straightforward to see that the convergence properties of
(A). and (B.). imply that (u.). is a Cauchy net in L*([0,T], L?(R"™))™. O

In order to get more information on the regularity of the distributional shadow ug and
how it is influenced by the regularity of the coefficients Aé, By, initial data gg, and
right-hand side fj, it is essential to have precise estimates on the speed of convergence
of the regularised objects (cf. the notion of ‘strong association’ introduced in [Sca98]).
To show that the conditions in the proposition to follow are realistic, we briefly
discuss estimates on the convergence speed of convolution regularisations.

Lemma 2.31 (Convergence rate of convolution regularisations). Let p € S(R™) with
Jgn p(x)dz =1 and [, x*p(x)dz =0 for all « € N§, 0 < |a| < m, s € R, and put
pe =0 "p(5-) where oc = 0 as e — 0.

(i) If u € W™(R"), then |[pe * u — ul[ oo (gny = O(0") as e — 0.
(ii) Ifu € LY(R™), then |pe * u — Ull sy = O(0F") as e — 0 for all s < —5 —m.

(i) If u € H*(R"), s € R, then ||pe * u — ul| gs(gny = 0
and [|ps * u = ul| grs—mgny = O(0f") as e = 0.

Proof. The claimed asymptotic estimates can be obtained as follows:

(i): Writing |[pe * u — ul| oo (gny = [(u(z —o-y) —u(x))p(y)dy and using Taylor’s
formula to represent u(z — o.y) as a polynomial of order m — 1 plus a remainder
term, only the latter will survive thanks to the fact that p has vanishing moments
up to order m — 1.

(ii): For ¢ € D(R™) we find (p-xu—1u, ) = [ [u(y)p(z)(p(y+e2) — p(y))dzdy
by a transformation of variables and using Fubini’s theorem. Taylor expansion then
yields

ol <m 3 | [ [tz (0:2)°

1
/(1 — )" 9% (y+s0.2)dsdzdy|
lal=m gnRgn 0

< Coolull o 10l ey < CoaZ 10l gm0 oy

for all & > 0 and therefore ||p- * u — “HHS(Rn) <CpuoMase —0foralls < —%—m.
(iii): Denoting the Fourier transform of u € S’'(R™) by u we estimate

@ﬂ%%*u—ﬂﬁsm_/ﬁ+KHsmW(NMW£)H%£ /1+H ) " fae)l®

R
1
8aﬁ 0 a m m— @
1Y P20 g mo /(1—t) LY @)t ] e
1<]al<m 0 la=m
< Co2plfymny [ (L 1€E)@EPIEPAE < Cor

R
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2.3 Regularity theory and distributional limits

since 97p(0) = 0 for 0 < [a < m. The assertion |[pe * u — ul| gogny — 0 as € = 0
follows directly from the estimate

(2m) "l 1w = e ey < / (L+1¢[2)° (€ PIp(0=€) — 117de
Rn

by dominated convergence. O

Fast convergence of the regularised coefficients and data results in stronger asso-
ciation of the generalised solution to its distributional limit, measured in terms of
e-powers. The following proposition shows that rapidly converging principal coef-
ficients yield the existence of a distributional shadow under weaker regularity as-
sumptions on the initial data gg and right-hand side fy than in Proposition 2.21.

Proposition 2.32 (Lower-order coefficients below Lipschitz regularity in the spatial
variables). In the initial value problem (2.23-2.24), let the entries of Ag) belong to
LY([0,T], WL°(R™)) and those of By belong to L*([0,T], L=(R™)) and be uniformly
continuous with respect to the spatial variables. For given initial data gy € L*(R™)™
and right-hand side fo € L*(Q7)™, define corresponding generalised coefficients and
data for the initial value problem (2.1-2.2), satisfying the assumptions in Theorem
2.13 and denote

’ys = Z (HaijEHLZ,oo(QT) + ||8xngHL2(Rn) + ”8931fEHLl([O,T],LQ(Rn))).
1<j<n
If the condition
VIAL = Apll ey =0 as €0, (2.25)

is satisfied, then the corresponding generalised solution u = [(uc):| has a distribu-
tional shadow ug € C°([0,T], L*(R™))™ such that for any representatives (uc)e of u,
ue — ug in the norm L([0,T], L*(Qr)).

Proof. By Theorem 2.13, we obtain a generalised solution u = [(u.).] with the
property ||zl poo2(q,y = O(1) as € = 0. Moreover, as in the proof of Proposition
2.21, we have

2 1 2 = 2
OiltlET IV e (2, M2 @ny < e (HVIQEHL?(R") + (V'B.) £lue + vleHLQ(QT))v

and since [|(V'B2) S'uel| ) < C e Fnqo, [V Bellaeqay): o shown in the
proof of Proposition 2.25, we obtain Hﬁlu‘EHLOO’Q(QT) < C9¢. Once again invoking a
Cauchy net argument by applying the energy estimate in Lemma 2.24 (i) to u. — ug,
where € < € < g9 and ¢¢ small enough, we find

T

J B(s)ds
[[ue — ug”%va(QT) < Cev (HQe - gé)”%%w) + 1fe = fellpreap

1Bz = Bl e gy + (142 —AéuLl,mmTﬁHA;—Aé\Ll,oo(QT))Hvluguwmﬂ),
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2 Symmetric hyperbolic systems in algebras of generalised functions

where we have used that [us — uzllfe2(q,) < C. Since we already know that
\|€1u§||Loo,3(QT) = O(o0z), the family (uc;). will be a Cauchy net if the product
el AL — Ag)HLLw(QT) vanishes in the limit € — 0. O

Condition (2.25) can be fulfilled easily by using a suitably rescaled mollifier to regu-
larise the principal coefficients, see Lemma 2.31. One may first regularise By, go, and
fo, and choose a proper scaling for the convolution regularisation of the coefficient
matrices Aé afterwards. If the principal coefficients Ag enjoy a better regularity than
LY([0,T], WH>°(R™)), and therefore a faster rate of convergence after regularisation,
the usual scaling of the mollifier can also be sufficient. In particular, if the Ag) are
smooth, there will always be convergence, as long as we use the standard embed-
ding into the Colombeau algebra for all coefficients and data. On the other hand,
lower regularity of the principal coefficients (but not below L!([0,T], W1>(R")))
can be compensated by a proper rescaling of the mollifier. However, the adverse
effect of this approach is that using different regularisation methods or scalings for
the coefficients will generate additional constraints, which are not inherent to the
original problem, but only required to endow the generalised solution with certain
asymptotic bounds.

While the required regularity of the coefficients with respect to the time variable
could be substantially weakened to Lll0 . for A‘é and By in Proposition 2.28 (compared
to the classical result in Proposition 2.22, requiring the coefficients to be continuous),
the achievements in regularity reduction for the spatial variables is less encouraging.
Here, the principal coefficients have to be at least Lipschitz continuous and the
condition on the lower-order coefficients could only be slightly relaxed to uniform
continuity in Proposition 2.32. Given the structure of the PDE system (2.23), energy
estimates will inevitably involve spatial derivatives of the coefficients. Thus the
margins between the regularity assumptions hitherto used for the x-dependence and
the minimal regularity needed to obtain a distributional limit of the solution, are
probably much smaller than for the ¢-dependence. However, a little improvement
might still be possible by a fine-tuning of the involved regularisations. If we want to
avoid spatial L°°-norms of the coefficient matrices in the Cauchy net estimate, we
have to work with higher-order Sobolev norms of the solution.

Lemma 2.33 (Basic estimates with H®-norms). Let s € R, s > %, and as-
sume that A7, B € My, (L'([0,T], H~*(R"))), f € L'([0,T], L*(R™))™, and that
u € CO([0,T], HTL(R™))™, w € C°([0,T], H*(R™))™. Then we may estimate

Z (Ajazjw W) r2(Qp) + (Bu+ fiw) 20,
1<ji<n

< > 14 b oy ey 1l oo o,z ar5+1 oy 10 oo (0,27, )
1<j<n

Bl L2 o1, 15—+ ®ey 1l oo 0,77, 75wy W oo 0,77, 175 Ry I L2200 10 oo 22 -
Proof. The proof is a straightforward calculation, based on the inequalities
HaUIwHLl(Rn) < ”aHH*S(R")HuleHS(R") < HQHH*S(RN)HUHHSH(R")HwHHS(R")?
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2.3 Regularity theory and distributional limits

which are valid for s > % by [AF03, Theorem 3.12 and Theorem 4.39]. O

Proposition 2.34 (Lower-order coefficients bounded and square integrable in the
spatial variables). In the initial value problem (2.23-2.24), let the components of
Al belong to LY([0,T]), WhH*(R™)) N L1([0,T], L*(R™)) and those of By belong to
LY([0,T], L (R™)NLY([0, T], L2(R™)). Let initial data go € L*(R™)™ and right-hand
side fo € L'([0,T], L*(R™))™ be given. Define corresponding generalised functions
Al B, f, g for the initial value problem (2.1-2.2), satisfying the assumptions in
Theorem 2.13. Forl € N, denote

v o= (1= 00 D N ALl g oy wtoe () + 1Bell o1 o wrtoe ny)
j=

+ N 9ell gy + (1 fell 10,77, 12 R

where ;1 represents the Kronecker delta (67 =1 for 1 =1 and 6,1 = 0 otherwise).
If there exists k € N, such that

(i) (7]?)2 HBa - BO”Ll([(%T]’H—k(Rn)) —-0 as €—0,

then the corresponding generalised solution u = [(ug)e] has a distributional limit
ug € CO([0,T], L2(R™))™ such that u: — ug in the norm L*([0,T], L*(R™)) for any
of its representatives (ue)e.

Proof. As in Proposition 2.28, we obtain a generalised solution u = [(u.).| with
[uellpoo2oy = O(1) as € — 0. Moreover, invoking energy estimates for the

spatial derivatives H%ku€HL°°«2(QT)7 as in the proof of Theorem 2.13, we obtain
l[tell oo o, 77,1 (mn)) < C for all e < g (note that the exponents (. and I as
defined in the proof of Theorem 2.13 are still uniformly bounded as & — 0). Turning
to the usual Cauchy net argument, we rewrite the term |(P.-(us — uz), us — uz)| as
in the proof of Proposition 2.25 and use Lemma 2.33 to estimate the resulting term
<Z;’:1 (Ai~ — Ag)@ng + (BE~ — BE)Ug + fs,us — uz) on the right-hand side of the
Cauchy net inequality. The convergence conditions (i) and (ii) then guarantee that
the family (u.). is a Cauchy net in the norm L°°([0, T], L2(R")). O

Note that in Proposition 2.34, it is not required that A%, By, f, or g to belong to some
higher-order Sobolev space related to k. For instance, regularisation by convolution
with a mollifier as in Lemma 2.20 (ii) guarantees that for arbitrary | € N, the norms
used in the definition of +} are finite and therefore [|ue|| foo 0,77, gi(rny) < C7f for all
£ < €, that is, ue € L>=([0,T], H'(R™))™ for each € < gg. Similarly, the assumption
Ag,Bo € M, (L*([0,T], L2(R™))) ensures that the regularisations (A?). and (B.).
are convergent nets in the norm L'([0, T], H~*(R")) for any k € Ng, where the rate
of convergence increases with k, see Lemma 2.31 (iii).

Remark 2.35 (Admissible coefficients in Proposition 2.34). Conditions (i) and (ii)
in Proposition 2.34 are automatically satisfied for k = 1, if, in addition to the other
regularity assumptions, A} € M,,(L*([0,T], H3(R"))) and the lower-order coefficient
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2 Symmetric hyperbolic systems in algebras of generalised functions

matrix By € M,,(L'([0,T], H?>(R"))). More precisely, defining regularised objects
(A). and (B.). by convolution with a model delta net? p.(-) = }np (£), we obtain
e = O(e7%) as ¢ — 0. By Lemma 2.31, we have 1B = Boll g1 jo, 11, -+ ®n)) =
O(e"*?) and || A — AOHLl([O,T],H—k(Rn)) = O(e"3) as ¢ — 0. Hence, for k = 1 we
get

b (’7%)2 ||B€ - BOHLl([O,T],H*l(R")) = O(E) as & — 0,

i 7?75 Z?:l HA% - A%HLl([O,T],Hfl(Rn)) = O(€> as € —0.

However, there is no k > 1 for which (i) and (ii) are satisfied, since for k > 1, (v£)?

grows faster in terms of inverse powers of & than || Bz — Bo|[ 1[0 7], —#(rny) tends to
zero. Note that the Sobolev index in the assumed regularities of the coefficients is
independent of the spatial dimension n. Thus, with regard to Sobolev embeddings,
the required coefficient regularities for the existence of a distributional shadow of
the generalised solution get weaker as the dimension n increases.

It is clear that our methods do not allow to consider regularity assumptions for
Aé and By below W1 (R") and L°°(R"™) with respect to the spatial domain, since
otherwise their regularisations (AZ). and (B.). would not satisfy condition (2”)
in Theorem 2.13, which is essential to get a generalised solution v € G(Qp)™ with
[uell 20,y = O(1) as € — 0, giving at least hope for the existence of a distributional
shadow. Thus, concerning lower regularities with respect to the spatial variables, we
cannot expect much further progress compared to Proposition 2.34 without having
an alternative way to establish the generalised solution in the first place. On the
other hand, as was already pointed out in Remark 2.14, condition (2”) is satisfied
for coefficients Ag and By proportional to §(t — tp), so there is still some room for
improvement with respect to the dependence on the time variable, to which we will
now turn our attention again.

Whereas the energy estimate in Lemma 2.24 provides a bound for the L>2 (7 )-
norm of the solution, the refined estimate in Lemma 2.27 only yields an inequality
for the L?(27)-norm. If the generalised solution converges in L?(Q7), but not in
L>2(Q7), then the estimate in Lemma in 2.24 cannot be used to prove this conver-
gence by means of a Cauchy net argument, but the modified estimate in Lemma 2.27
may still be applied in this situation. However, the required convergence properties
of the coeflicient matrices are still too strong to allow for a term proportional to
0(t — to) in their components. We will now use a different approach to include this
case, thereby keeping the convergence of the generalised solution to a distributional
limit. The basic idea is to impose certain structural conditions on the coefficient
matrices in order to split the solution into a product of a continuous part and a
possibly discontinuous, but explicit part. Since discontinuities of the solution are
then represented explicitly and in terms of the coefficients, the energy estimates are
only needed to prove convergence of the regular part of the solution.

Proposition 2.36 (Lower-order coefficients including time derivatives of a bounded
function). Let A}, By € My, (L>([0,T], WL(R™))), fo € L*([0,T], HX(R™))™, go €

*Here, p € S(R") and [, 2% p(z)dz = 8o, |a|-
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2.3 Regularity theory and distributional limits

HYR™™, and let Co € My, (L>¥([0,T], W?>°(R™))) be continuous at t = 0. Define
corresponding generalised coefficients, right-hand side and data A7, B, C, f, g for the
generalised initial value problem

Ou+» Ay u+Bu+ (0C)u = f  on Qp=]0,T[xR"  (2.26)
j=1
uli—o = g (2:27)

satisfying the assumptions in Theorem 2.13. For square matrices X,Y , denote the
commutator as [X,Y] = XY - YX. If
(i) [C,8:C] = [C,0,,C] =0,
(if) e =[(e")] € Mm(Gr~(Qr)),
and, for any representative (C¢)e of C,
(iil) |leTC= — etCo 20,77, L0 (Rmy) — 0, as € = 0,
(V) 10:Cell 1o, w100 (mmy) = O(1) as € =0,

then the unique generalised solution u € G2(Qr) has a distributional shadow ugy €
([0, T), HI(R™)™.

Proof. Let u € Gr2(Qr)™ be the unique generalised solution of the initial value
problem (2.26-2.27), established by Theorem 2.13, and put v = e“u. We compute
Pu = P(e%v) in G, yielding

n n
Pu = e %9 — Z Aj(ax]. C)efcv + Z Ajefoamjv + Be v,
j=1 j=1

since C' commutes with its derivatives by (i) and, as a consequence, we have dyu =
—(0;C)u + e~“v. Multiplying by e® from the left, we obtain

n n
Opv — Z eCAj(ﬁxj C’)e_cv + Z eCAje_C@xjv +e“Be %y = €°F,
=1 =1

where we have used that [C, ,,C] = 0. Thus

Pu=f «<— ow+ Z ecAje*C&,;jv +e¢ (B — Z Ajf)ij>efcv =eff
j=1 j=1

and regarding the last equation together with the initial condition v|;—g = (e%|=0)g €
Gr2(R™)™ as an initial value problem for v, we may apply Theorem 2.13 and obtain
a unique solution v € Gr2(7)™. The regularities of A%, By, Cy imply that for any
representatives of A7, B, C, we get the asymptotic estimates

o HeCnge*Cf]]Loo([07T}7W1,oo(Rn)) =0(1) ase — 0,

Ce _\n J —C: _
o |l <B€ zjzlAEaxj@)e | ooy, = Q1) 85 =20,
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which, together with condition (iv), yield |[ve|[ 2o 77, g1 (rny)y = O(1) as e — 0 for
any representative (v.). of v. In addition, we obtain convergence in L*°(Qr) of

° eCEAge*CE — eCOAée*CO and

o ¢ (B. - il 4L0,,C. )0 — ¢ (By - il 440, Co) e
Jj= j=

as £ — 0, a consequence of (iii) and the fact that (AZ)., (B.). and (0z,C¢)e con-
verge in LP([0,7],L>°(R™)) for 1 < p < oo. Thus, following the steps in the
proof of Proposition 2.25, we conclude that v must have a distributional limit
vp € C([0,T], HY(R™))™ N HY(Qr)™, where ||ve — vol| oo 0,77, 22(Rny) — 0 as € — 0.
Finally, since © = e~“v, we may estimate

le” % ve — =Pl 129, <

e G — e_CO)

—C
e 5||L2»OO(QT)||U5 - ’UOHLOO»Q(QT) + I( ”LstO(QT)||U0HL°<%2(QT)3

showing that u. — e~%uvy € L®([0,T], L2(R™))™ in the norm L%(Q7) for any
representative (u.). of w. O

Remark 2.37 (Dirac measures as coefficients). Proposition 2.36 establishes a dis-
tributional shadow of the generalised solution even in cases where the lower-order
coefficients include terms proportional to the delta distribution, concentrated at
the hyperplane ¢t = t3. More precisely, representing the Dirac measure in G as a
non-negative model delta net (pz)-, where p € D(]0,T), we have [[pc|[1(o7)) =
1ol 12 (o) = 1 and may therefore consider (2.26) with 0,C of the form 4(¢ — )5,
where S is a constant matrix. Then conditions (i)-(iv) are automatically satisfied.
The same is true for 9;C being a diagonal matrix A(¢,z) with entries containing
terms such as §(t — tg) ® h(z) and h sufficiently regular. Less restrictive conditions
for matrices to commute with their derivatives can be found in [Eva85].

In Example 2.16 we have considered the Dirac equation with a coupling term pro-
portional to §(t — z), representing an impulsive electromagnetic wave. Modelling the
delta distribution therein as an L°°-log-type generalised function, the corresponding
generalised initial value problem has a unique generalised solution. Unfortunately,
our results on distributional limits of the generalised solution fail for coefficients of
the form §(t — x), as they unavoidably require the representatives of the generalised
coefficients to be bounded uniformly in ¢ in the L»*-norm. However, this condition
can be fulfilled if the delta distribution occurs in the time variable only. In the fol-
lowing example we discuss a physical model that falls into the scope of Proposition
2.36 and preserves at least the impulsive character of the interaction term in the
Dirac equation.

Example 2.38 (Dirac equation with delta potential). As a simplified model for
a spin—% particle in an impulsive electromagnetic field (see Example 2.16), we now
consider the Dirac equation with a coupling term of the form 6(t —tp).S, where S # 0
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2.4 Propagation of coefficient singularities

is a constant matrix, that is

3
Oup(t,x) + )79 0 (t, ) + imap(t, ) + 5(t — t0) SY(t,x) = 0, (2.28)

J=1

Theorem 2.13 establishes a unique solution v € G;2([0,T] x R3)# for a broad spec-
trum of generalised function models for the delta distribution appearing in equa-
tion (2.28). In addition, Proposition 2.36 provides a distributional shadow of the
generalised solution under fairly general circumstances. To meet the assumptions
in Proposition 2.36, we may define initial data 9|i—g = ¢ € G2(R3)* via regu-
larisation of an initial spinor wave function ¢y € H'(R*)? and model the delta
distribution as a non-negative delta net. For this purpose we may take any non-
negative function p € D(R) with unit integral and represent 6 in G by the class of
(pe)e = (0t p(ot+))e where 0. — 0 as e — 0 and 02! = O(s™™) for some m € N.
Then the matrices )
Cg(t) _ eS({pg(sfto)ds

satisfy conditions (i)-(iv) in Proposition 2.36 and thus there exists a function g €
L>([0,T), L*(R?))* such that ||1. — Yol 2(o,r)xrs) — 0 as € = 0 for any represent-
ative (). of the unique generalised solution ¢. Moreover, following the construc-
tion in the proof of Proposition 2.36, we even obtain detailed information on the
singularity structure of g, since

Yo(t,x) = (Iy + (7% — L)) H(t — to))dho(t, x)

where H is the Heaviside function and 1y € C°([0,T], H(R?))%. In other words, we
have o (t,z) = tho(t, ) for ¢ < to and o(t,2) = e Stho(t, ) for t > tg.

Discussing equation (2.28) physically, one would expect the electromagnetic
shock to affect at least the spin state of the neutron, amounting to a linear transform-
ation of the spinor wave function at time ¢ = tg. Yet this transformation is not dir-
ectly given by the operator e~ acting on 1%, since the electromagnetic field matrix .S
is also incorporated in the ‘reduced’ initial value problem for ¢ € G2 ([0, T], L2(R3))*
itself and will therefore already influence the behaviour of 4y € CO([0, T, H*(R3))*
at t = tg. For 1;0 to be completely independent of S, the latter would have to com-
mute with all gamma matrices, which is not the case for a coupling term describing
a realistic electromagnetic field.

2.4 Propagation of coefficient singularities

In the results presented in Section 2.3, only global regularity of the generalised
solution of the Cauchy problem has been investigated. It has been shown that for
sufficiently regular coefficients and data, the solution will be of a certain global reg-
ularity, measured intrinsically as G*°-regularity or extrinsically in terms of Sobolev
norms of the distributional limit of the solution. Of course, the regularity of the
solution will depend on the regularity properties of the coefficients as well as the

63



2 Symmetric hyperbolic systems in algebras of generalised functions

initial data and right-hand side. In some of the results, this relationship can be seen
very clearly, for instance in Proposition 2.18, where the coefficients are assumed to
be smooth and the solution inherits the regularity of the data. Similarly, for smooth
data but non-smooth coefficients, the regularity of the solution would be in some
precise correspondence with the regularity of the coefficients. This is obvious, since
energy estimates for higher-order derivatives of the solution involve higher-order de-
rivatives of the coefficients (the detailed relationship was discussed in the proof of
Theorem 2.7). Yet, none of the results in Section 2.3 provides any information on
how discontinuities or singularities of the coefficients and data are propagated or
imprinted in the solution, that is, how the subset of the domain €27, where the gen-
eralised solution is non-smooth or not G*°-regular, is related to the set of singular
points of the data and coefficients.

For partial differential operators with smooth coeflicients, the propagation of ini-
tial data singularities is well understood, based on Hérmander’s notion of the wave
front set and the techniques of microlocal analysis (cf. [H6r03, Chapter VIII]). In
Cauchy problems for PDEs with non-smooth coefficients, the presence and propaga-
tion of singularities in the solution is affected by the coefficient singularities as well.
However, the influence of coefficient singularities on the singularity structure of the
solution and their possible propagation is less understood, even in the case of smooth
initial data and right-hand side. Colombeau theory provides a promising framework
to study such questions, especially in situations where both coefficients and data are

non-smooth.

The concept of the wave front set was transferred to Colombeau algebras in
[NPS98] and microlocal analysis in this setting was further developed in [Ho6r99,
HKO1, GHO5]. Microlocal analysis of propagation of singularities for hyperbolic
PDEs with discontinuous coefficients in Colombeau algebras goes back to [HdHO01],
more recent results can be found in [Degll, DHO13, DO16].

In general, precise information on the singularity structure of the solution to
an initial value problem is very difficult to obtain, when the coefficients are non-
smooth. One approach to explore and test possible dependencies and effects is to
study equations for which the solution can be represented in explicit form in terms
of the initial data and right-hand side. In this section we discuss an example of a
scalar PDE with principal coefficients depending on time only, intended as a case
study for the propagation of coefficient singularities.

We consider the initial value problem

ou(t,x) + a(t)Opu(t, ) + b(t, z)u(t,z) = f(t, x), (2.29)
u(to,z) = g(x). (2.30)

for (t,x) €lto, T| xR with smooth data f, g, and smooth coefficients a,b. The solu-
tion to (2.29-2.30) is given by (cf. [Tre75, Chapter II, Section 16))
t

—f b(s,TSt(x))ds

u(t,z) = e 'o g (T}, (z)) +/e

to

fb r, Tt (z))dr
4O i as ).
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2.4 Propagation of coefficient singularities

where

a(r)dr.

S
5
I
8
|
m\“

In fact, s — (s, Tst(a:))T is the projected characteristic curve v running through the
point (¢,x) at parameter value s = t, that is,

v(t,z,:) : R — R?, 5 (’yo(t,x, s),vl(t,az, s))T = (s,Tﬁ(x))T.

Using this notation we may also write

fftbo'y(t,x,s)ds ) ! fsbo'y(t,x,r)dr
u(t,r) = e o g oitas) + [ /o Aty s)ds ).

to

The proof is a straight-forward calculation. The advantage of studying the exem-
plary PDE in (2.29) lies in the fact that a more or less explicit solution formula
exists. This in turn allows not only to obtain distributional limits for much rougher
coefficients than those admissible in general results on weak solutions, but also to
investigate relations between singularities in the coefficients of the PDE and sin-
gularities in the solution. A particularly interesting subject in this respect is the
possibility of coefficient singularities propagating along the characteristics of the
PDE, although initial data and right-hand side are smooth. The solution might
then be singular along characteristic curves, while the only non-smoothness in the
PDE stems, for instance, from an isolated singularity in a coefficient of the PDE
(that is, the solution will be singular at points where all coefficients are smooth).

To illustrate this phenomenon, we examine a special case of (2.29-2.30) in more
detail and consider the generalised initial value problem

Opu(t, x) — Opu(t,x) + b(t,x)u(t,x) = 0 in G(I xR)
u(=1,z) = g(z) in G(R),

where I =]—1,7[ and T' > 0. Here b and g are Colombeau generalised functions
and we are looking for a solution u € G(I x R). For fixed ¢, the classical smooth
solution at (t,x) is given by

Ittt
ue(t,x) =exp | — / be(t+x —s,8)ds | ge(1+t+ x). (2.31)
x
We thus obtain a natural candidate for the generalised solution. From the structure

of us(t,z) it is clear that any g € G(R) is admissible as initial data. Then, for the
family of e-wise solutions (u.)e to be moderate, we basically need the integral

1+t+x
Fe(t,z) == / be(t + 2 —s,5)ds
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2 Symmetric hyperbolic systems in algebras of generalised functions

to be of L>®-log-type, that is, H]:EHLOO(IXR) = O(log%) as € — 0. We aim at deriving
asymptotic estimates that guarantee moderateness of the solution. Considering only
coefficients with tensor product structure, that is b(¢,x) = p(t) ® h(x), we have

Lttt
Fe(t,z) = / pe(t +x — s)he(s)ds.

T

Hence, the following estimates are possible:
(1) [Fe(t, )| < llpell ooy el L1 ()
(i) [F=(t, 2)| < llpell prpyllhell poo(m)

(i) [Fe(t2)] < llpell 2y 1hell L2 gy

For positive functions p. and h., we may also estimate |F.(¢,x)| by extending the
integral to a convolution integral, that is,

(iv) |Fe(t,2)] < llpe * ell poomy < [1Pell Lo el Lary

with ;1) + % = 1. Based on these estimates, it is easy to formulate proper asymptotic
growth conditions on the nets (p:)e and (h.)., ensuring moderateness of (ug). and
thus the existence of a unique generalised solution.

By estimate (ii) it is possible, for instance, to consider p. — ¢ (¢ — 0) and
he — H (¢ — 0), representing a coefficient associated with the distribution

bo(t,x) = 0(t) ® H(x).

Note that a logarithmic scaling of the delta net (p.)e is not necessary. We further
specify the coefficients b.(t, ) = pe(t) ® he(x) by assuming that

o (p:)e is a strict delta net with supp(p:) C [—¢, €],
t
o ho(t):= [ pe(s)ds,
—00

e g. — go € C°(R) in the L*°-norm.

Then || F[|foo(sxr) is uniformly bounded in e, implying that this is also true for
representatives (ug). of the solution. Next we calculate the distributional limit of
the generalised solution. To this end we divide the domain I xR into the subdomains
I, IT, and III, as shown in Figure 2.3.

For x > 0 and ¢ small enough, we may write

Lttt I+tta
Fe(t,z) = / pe(t + x — s)he(s)ds Vezeo / pe(t +x — s)ds

r=t+r—s dr = _ — Vs;&o .
- _/1;)5( )dr = he(t) — he(—1) "= p(t)
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t+x=0 t=T

II

Figure 2.3: Division of the domain I x R into the subdomains I, II, and III.

In the first line we have used that h.(s) = 1 for all s > ¢ and therefore
he(s) = 1 in the whole domain of integration if eg < x. Since wu.(t,z) =
exp(—F:(t,z))g:(1 + ¢t + z), we obtain the pointwise convergence

we(t,z) =% ub(t,2) = (1 + (é - 1) H(t)> gL+t + )

in subdomain I, that is, for x > 0 and —1 <t < T.

For x < 0 and ¢t + x > 0, we may write for all ¢ < —z,

l+tta
Fe(t,z) = / pe(t +ax — s)he(s)ds =

€ 1+t4x
/ps(t + 2 — s)h-(s)ds + / pe(t +x — s)ds,
i ok )
—I (L4a.e) —Iy(ta.e)

since the integrand vanishes vor < —e and h.(s) = 1 for s > . For all e < ¢
small enough, we have

e [1(t + x,e) = 0, since the interval of integration [—e, ] will be disjoint
with supp(s — ps(t + = — s)), and

o Ir(t+x,e) =1, since supp(s — ps(t +x —s)) C [e,1 +t + z].
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2 Symmetric hyperbolic systems in algebras of generalised functions

Thus we get F(t,x) = 1 for £ < ¢ small enough and therefore, by (2.31),

e—0

1
us(t, z) = ubl(t,z) = = go(1 +t + )
e
pointwise in subdomain 11, that is, for x < 0, -1 <t <7, and t +x > 0.

Now let x < 0 and ¢t + < 0. First note that if ¢t + x < —1, the interval
[z, 14t+x] will be disjoint with supp(h.) for all £ < gy small enough, implying
that F.(t,x) = 0. If =1 < t+ 2 < 0, we again split the integral for all £ < —z.
Then, considering I1(t + x,¢) and I3(t + x,€), we observe that for all € < gg
small enough,

e [1(t+ x,e) = 0, since the interval of integration [—e,¢| will be disjoint
with supp(s +— p-(t + 2 — s)), and

o Ir(t+ x,e) =0, since the interval of integration [e,1 + ¢t 4+ z] will also be
disjoint with supp(s — p:(t +z — s)).

Thus, we obtain F.(t,z) =0 for —1 < t+x < 0 as well. To sum up, we obtain

the convergene
e—=0 T1II

us(t7x) — Up (ta l‘) = 90(1 +t+ .T)
pointwise in subdomain III, that is, for x < 0, =1 <t < 7T, and t + z < 0.

Combining these results, the uniform boundedness of |luc|[ 0 (j«g) together with
pointwise convergence almost everywhere allows us to write the distributional limit
ug € L>®(I x R) of the generalised solution as

u(tx):{m(;—1>H<t>>go<1+t+x> >0,
o I+ (-1 H({t+2)go(l+t+2) x<0.

In particular, for constant initial data go = 1 we may write this as

uolt, z) = H(z) (1 " (Z - 1) H(t)) +(1- H(w) (1 + (i - 1) H(t+ :c)) ,
which is shown in Figure 2.4. The singular support of ug is therefore
singsupp(ug) = {(t,z) :x > 0Nt =0)} U{(t,z) : x <OAt+z =0},
whereas the singular support of the coefficient by is given by
singsupp(by) = singsupp(d ® H) = {(¢t,z) : 2 > 0At =0)},
implying that

singsupp(uo) \ singsupp(bp) = {(¢t,z) : « <OAt+z = 0}.

Thus, although the initial data are smooth, the distributional limit of the generalised
solution is not only discontinuous at points where the coefficient is singular, but also
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2.4 Propagation of coefficient singularities

/
VS

Figure 2.4: Distributional limit of the generalised solution of the initial value problem
(2.29-2.30) with by(t,z) = 0(t) ® H(x) and gg = 1.

at points where the coefficient is smooth. A singularity in the coefficient of the
PDE propagates along a characteristic curve. The possible visibility of coefficient
singularities in the singularity structure of solutions of initial value problems of the
type (2.29-2.30) has also been discussed in [HdHO1, Section 5].

Note that a coefficient of the form by(¢,x) = d(t) ® H(x) is admissible in Propos-
ition 2.36. In fact, the initial value problem (2.29-2.30) can be regarded as a special
case of the more general situation covered there.

Inspecting the proof of Proposition 2.36, in particular the splitting of the general-
ised solution into a continuous factor and a potentially singular part, it is easy to see
that propagation of coefficient singularities will occur in much more general circum-
stances than those we have considered here, with respect to the regularity of the coef-
ficients as well as the dimension of space and the number of equations. For instance,
in the initial value problem (2.29-2.30), we may also consider a bounded coefficient
of the form by(t,z) = H(t) ® H(z) or, without time dependence, byo(x) = H(z — 1).
Then the distributional limit of the generalised solution would be continuous, but
not differentiable along the line ¢ + x = 0 (recall that we imposed initial data at
time t = —1).

However, if we replace the coefficient by(t, ) = 6(t) @ H(z) by bo(t, z) = 5(t) ®
(1 + H(x)) and compute the corresponding solution @y of the initial value prob-
lem (2.29-2.30) with go = 1, then its singular support remains the same, that is
singsupp(ug) = singsupp(up), although the singular support of the coefficient has

changed, that is, singsupp(by) # singsupp(bp). On the other hand, we may con-
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sider bo(t, ) = §(t), for which no propagation of coefficient singularities occurs, that
is, singsupp(ug) = singsupp(bg) and thus singsupp(ty) # singsupp(ug), although
singsupp(bg) = singsupp(go). These observations imply, as one would expect, that
the notion of singular support is insufficient to fully describe the propagation of coef-
ficient singularities. Microlocal analysis in Colombeau algebras offers a setting that
could be capable of providing the means to study coefficient singularity propagation
on a mathematically rigorous level.

From a physical viewpoint, the propagation of coefficient singularities is a very
realistic scenario, for example in the context of seismic waves. An initially smooth
wave may pick up discontinuities by propagating through a medium with singular
material parameters. A precise mathematical description of the relation between
coefficient singularities and the singularity structure in the solution of an initial
value problem would also be desirable for various other applications. Recent progress
in this direction of research has been made in [DO16]. The authors derive upper
and lower bounds on the G*°-singular support of the generalised solution of the
one-dimensional wave equation with an z-dependent coefficient exhibiting a jump
singularity.
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Chapter 3

Second-order wave equations in
algebras of generalised functions

Although any system of PDEs can formally be rewritten as a first-order system
(cf. [Tre75, Section 18]), the results of Chapter 2 on generalised solutions of the
initial value problem for symmetric hyperbolic systems are not directly applicable
to second-order hyperbolic PDEs. The transformation from a hyperbolic second-
order PDE to a symmetric first-order system requires nonlinear operations of the
coefficients, which are not defined for coefficients of low regularity. However, PDEs
in physics often present themselves as second-order equations. To utilise the full
scope of Theorems 2.7, 2.8, and 2.13 for applications in physics, this chapter is
devoted to a reformulation of these results for second-order wave equations. The
content of Sections 3.1 and 3.2 is based on [HHSS13]. Section 3.3 briefly discusses
the Hadamard parametrix construction for second-order elliptic PDEs.

Wave equations arising via the Laplace-Beltrami operator of a Lorentzian met-
ric of low regularity have been studied in the framework of Colombeau generalised
functions in [VW00, May06, GMS09, Han11, HKS12], motivated by potential applic-
ations in general relativity. For a wide class of ‘weakly singular’ space-time metrics,
local and global existence and uniqueness of generalised solutions have been estab-
lished. By translating Cauchy problems for second-order wave equations of low
regularity into Cauchy problems for symmetric hyperbolic systems, results obtained
for the latter can be made available to the existence and uniqueness theory for
the former and, albeit in a less general sense, also vice versa. In view of the broad
spectrum of results that have already been achieved in ‘both worlds’, separated from
each other, re-establishing their connection in a low-regularity setting is a reasonable
undertaking.

General methods of modern analysis for the reduction of hyperbolic higher-order
PDEs to (symmetric) hyperbolic first-order systems rely on pseudodifferential op-
erator techniques (cf. [Tay81, Chapter IV], and [Kg81]). The mathematical opera-
tions employed in the reduction algorithm are highly nonlinear and require a certain
smoothness of the coefficients (or symbols). In a low-regularity setting, the necessary
manipulations on the coefficients are no longer well-defined on the level of distribu-
tions. Colombeau theory provides the means to retain the transformation algorithm
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3 Second-order wave equations in algebras of generalised functions

for rewriting a second-order scalar PDE as a first-order system in the context of low
regularities.

Notation

In the following, we will write v; for the components of a vector v and R;; for the
components of a matrix R. The spatial gradient of a scalar function « shall be Vu
and Hess(u) shall represent the spatial Hessian of u. We denote the i*" row or ;!
column of a matrix R by R;. or R.; respectively. For any symmetric matrix S, we
set the divergence (div S); = Z?Zl 0z;Sij, meaning that div S is a vector whose ith
entry is the divergence of the i*" row of the matrix S. Partial derivatives written as

9;S include time derivatives 0;.S and spatial derivatives 0, S.

3.1 Transformation to a first-order system

We want to relate solutions of wave equations to solutions of corresponding sym-
metric first-order systems. Omitting initial conditions for the moment, we consider
a scalar wave equation in G(R!'™™),

_ 8t2u +2 Z hiOy, Opu + Z R0y, 05;u + alyu + Z b0y, u + cu = f, (3.1)
i=1 ij=1 i=1

where R = (R;;) is a positive definite, symmetric matrix of generalised functions, h
and b are vectors with entries in G(R'™), and a, ¢, and f are generalised functions.

Thus the principal part of this wave equation is derived from g = ( *hl ’g ), defining

a generalised Lorentzian metric! (cf. [May08, Section 2.4]). There are several ways
to rewrite equation (3.1) as a first-order system (cf. [Eva98, Section 7.3.2]). From
the possible algorithms, we employ one that guarantees the symmetry of the arising
system. To this end we construct the positive definite matrix S = R> via diagon-
alisation (cf. [HKK14, Proposition 3.25]) and define the vector w = (u, dsu, SVu)T,
thereby arriving at the system

— Oyw + Z Ajﬁxjw +Bw=F (3.2)
j=1
in G(R'T™)2+" where
0 0 O1xn 0
Al=10 2h; S;. F= f
Onx1 S Onxn Onx1
X J X X (3.3)
0 1 O1xn
B=| ¢ a (divS)T + (b — divs?) TSt
Onx1 Onx1 —(atS)Sil

'n fact, our arguments still hold in the more general case, where the matrix entry goo is a strictly
negative generalised function, upon dividing equation (3.1) by goo-

72



3.1 Transformation to a first-order system

On the level of representatives, the square root matrix S is given by

Se(t,x) = Ue(t, @) TAL(t,2)2 UL (t, @)

with
1
Aot 2) = diag(\hc(t.2), P e (t2)),
and Aig,..., A\, are the eigenvalues of a symmetric and positive definite represent-

ative (R:). of R. The nets (A;). and (U:). do not necessarily have smooth entries,
1

yet the product (UTA2U.). is smooth by virtue of the following lemma.

Lemma 3.1 (Smoothness of the square root). Let S;(R) denote the space of positive
definite symmetric matrices in My,(R). Then the smooth map f : S} (R) — S} (R)
with f(A) = A? is a diffeomorphism.

Proof. Themap f : S (R) — S} (R) is bijective (cf. [Lan02, Proposition 6.8]) and we
employ the inverse function theorem to conclude that f is a global diffeomorphism.
Let S,,(R) denote the space of symmetric matrices in M,(R). Since S} (R) is an
open subset of S, (R), we may identify the tangent space TS} (R) for A € S} (R)
with S, (R) and obtain the derivative df(A)(B) = AB + BA. To show that df(A)
is injective, we notice that for any B # 0 there exists A # 0 such that Bv = \v
for some v # 0. Now assume that AB + BA = 0. Then BAv = —ABv = —)\Av
and thus Av is an eigenvector of B associated with the eigenvalue —\. Since B is
symmetric, this means that Av is orthogonal to v, that is (Av,v) = 0, contradicting
positive definiteness of A. O

From the wave equation to a first-order system

Assuming that u is a solution of an initial value problem for the wave equation (3.1),
we show that the vector w = (u, dyu, SVu)T is indeed a solution of a corresponding
initial value problem for the first-order system (3.2). Note that since we do not
specify any further assumptions on the coefficients other than being generalised
functions, uniqueness of solutions is not guaranteed, but also not relevant at this
stage of our considerations.

Lemma 3.2 (Transformation to a system). Let u®,u' € G(R") and consider the
second-order equation (3.1) with the initial condition

(u, Opu)|i=0 = (u,u"). (3.4)

Then, if u € G(RY™) is a solution of this initial value problem, the vector w =
(u, Opu, SVu)T represents a solution of the first-order system (3.2) with initial con-
dition

wli—o = (u®, ul, S|=eVu?)T. (3.5)
Proof. We basically have to rewrite the wave equation in terms of the three com-
ponents of w. First we rewrite equation (3.1) in divergence form, that is

—02u + 2(h, 9, Vu) + div(S*Vu) + adyu + (b — div $?, Vu) + cu = .
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Introducing new variables z := dyu and v := SVu, we may write this as
—0sz 4 2(h, V2) + div(Sv) + az + (b — div %, S71v) + cu = f.
Hence the vector w = (u, dyu, SVu)T satisfies the system of equations

n 0 0 01><n
~dw+>» | 0 2h; ;. D, w
=1 0n><1 Sz 0n><n

0 1 017 0
+1 ¢ a (divS)T + (b —divS?) TSt |w= f :
On><1 0n><1 (atS>S_1 0n><1

where we have used that div(Sv) = 3" | 5;.0;,v + (div S)Tv. Note that the second
equation in the above system is just the original wave equation written in new
variables, whereas the other equations represent the transformation of variables.
Finally, evaluating w at time ¢ = 0 yields w|—g = (u?, u', S|;=oVu®)T. O

From a first-order system to the wave equation

We now look at the converse situation: We start with a system of the form (3.2),
where S is a symmetric and invertible n-dimensional matrix (not necessarily positive
definite) with entries in G(R!*"), h and b are vectors with entries in G(R'*"), and a
and c are generalised functions. Then, given a solution of the initial value problem
(3.2,3.5), we show that the first component of the solution vector yields a solution
of the initial value problem (3.1,3.4).

Lemma 3.3 (Transformation back to the wave equation). Let u® and u' belong to
GR™). If w = (u,2,v)T € GRW™)2" s q solution to the first-order system (3.2)
with initial condition w|i—o = (u®,u', Sli=oVu®)T, then u is a solution to the wave
equation (3.1) with initial condition (u,Opu)|i—o = (u®,ut).

Proof. Observe that the first equation of our system is just z = Oyu. The last n
equations read —dv + SVz + (9;5)S v = 0, which is equivalent to
SVz = 50,(S 1) (3.6)

since SOL(S™1v) = 9,(SS~1v) — (0:S)S™1v = 9w — (8:9)S~v. Multiplying by S—1
from the left in equation (3.6) and substituting z = dyu, we find

o (Vu — S~ tv) = 0. (3.7)

By the initial condition we have v|;—g = S|;=oVu" and therefore (Vu—S~1v)|;—g = 0.
Equation (3.7) then implies Vu—S~1v = 0 for all ¢, which is equivalent to v = SVu.
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Hence, replacing z by d;u and v by SVu, the second equation of the system becomes

—at?u + 2 Z hiOy, 0ru + adyu + Z biOyz;u + cu

i=1 i=1

+ Y (Si0, (S0, ) + (02,5i5) Sk, u — O, (SiSik) ) = F,
i, k=1

which is the same as

—8t2u + 2 Z h;iOz,; 0w + Z SikSkjOr;Or;u + adpu + Z biOz,u + cu = f.

i=1 ij,k=1 i=1

Moreover, the equality (u,dyu)|i—o = (u’,u!) is a direct consequence of the initial
condition for w. O

Remark 3.4 (Structure of the first-order system). Obviously, the coefficient matrices
in the PDE system (3.2) are of a very special type, which simply reflects the fact
that in general, a first-order system cannot be transformed into a scalar PDE. How-
ever, note that the complete second row of matrix B can be chosen freely, as the
structure of the term (div S)T + (b — div S?)TS~! does not impose any constraints
on the corresponding entries of the matrix. Indeed, let b be an arbitrary element of
GR™™)™ and set bT = (divS)T + (b — div.$2)TS~L. Multiplying with S from the
right gives
bTS = (divS)TS + (b— divs?)T

and transposition leads to an equation for b entirely in terms of .S and E,
b=5Tb— ST divS + (divS?).

Equivalence of initial value problems

In the following theorem, we summarise the content of Lemmas 3.2 and 3.3, showing
that the problem of finding a solution of the Cauchy problem for the wave equation
(3.1) is equivalent to the problem of finding a solution of the corresponding Cauchy
problem for the first-order system (3.2). In addition, uniqueness of solutions is also
preserved during the transformation process.

Theorem 3.5 (Equivalence of initial value problems). Let u®,u! € G(R"), let u €
G(RY™™), and define w = (u,Ou, SVu)T € GRF™)247. Then the following are
equivalent:

(i) The generalised function w is the unique solution of the wave equation (3.1)
with initial condition (u, Opu)|i=o = (u®,ul).

(ii) The vector-valued generalised function w is the unique solution of the first-
order system (3.2) with initial condition w|i—o = (u®,u', S|;=oVu?)T.

Proof. The translation of solutions between wave equations and first-order systems is
an immediate consequence of Lemmas 3.2 and 3.3. Equivalence of unique solvability
is more or less obvious, as the following considerations elucidate.
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3 Second-order wave equations in algebras of generalised functions

(i)=(ii): Let u be the unique solution of the initial value problem (3.1, 3.4) and
suppose there were two different solutions w and w of the initial value problem
(3.2,3.5) with w|i—g = W= = (u°,u, S|=oVu®)T. Then the first components of w
and w would represent two different solutions of (3.1,3.4). But since the problem
(3.1,3.4) has a unique solution, the first component of w must be equal to the first
component of w. From the proof of Lemma 3.3 it is then clear that z = z and v = v,
hence w = w.

(ii))=(i): By Lemma 3.2, two different solutions of the initial value problem
(3.1,3.4) for the wave equation would give rise to two different solutions of the
initial value problem (3.2,3.5), since u +— w = (u,dyu, SVu)' is injective. Hence
unique solvability of the initial value problem (3.2,3.5) implies unique solvability of
the initial value problem (3.1,3.4). O

Theorem 3.5 guarantees that in the context of the differential algebra G, the initial
value problem for the second-order wave equation (3.1) is equivalent to the initial
value problem for the corresponding first-order system (3.2-3.3). This is true in a
very general sense, if only the natural, and merely algebraic, consistency of initial
data holds. However, this is not true in spaces of distributions. When the coefficients
are of low regularity, the transformation process may fail at various places. For
instance, we might end up with differential equations that do not make sense in space
of distributions, as we want to illustrate with the help of the following example.

Example 3.6 (Ill-definedness of the transformation algorithm in a distributional
setting). We consider a wave equation frequently used as a model in linear acoustics.
Let p: R? — R and let ¢, p : R? — [a, b] with @ > 0. Then the acoustic wave equation

can be written as

afp — 2o, (;8”) =0, (3.8)

where p represents the pressure in the medium, p is the density, and ¢ is the propaga-
tion speed. All coefficients may depend on both the time variable and the space vari-
able. We define w = (p, dsp, c9,p)T and formally obtain the symmetric hyperbolic

system
—0yw1 + we =0, (3.9&)
—0ywa + cOyws — (0z¢ + ¢ 0, (In p))ws =0, (3.9b)
—Oyws + cOywy + (Orc)ws =0. (3.9¢)

Equation (3.8) can be regarded as an equality in L?(R?), if we have p € H?(R?),
p € Lip(R?) and ¢ € L>®(R?). We then have 0;p € H'(R?) and cd,p € L*(R?), since
c € L*(R?) and 9,p € H'(R?). Therefore we obtain w € H?(R?)x H(R?) x L*(R?),
but not better in general circumstances. Hence equation (3.9b) will in general not
be defined on the level of distributions. For example, if ¢(t,z) = 1+ H(z), then
(Ozc)ws would represent a product of the delta distribution with an L2-function.
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3.2 Existence and uniqueness for the Cauchy problem

Rewriting the wave equation (3.1) as a first-order system (3.2) via Theorem 3.5
allows to apply existence and uniqueness theorems for the latter to prove existence
and uniqueness of a solution of the initial value problem for the wave equation.
More precisely, let a vector w of generalised functions with representative (w;). =
((ue, 2e,v:)T)e be given that is the unique solution of the Cauchy problem for the
system (3.2-3.3) with initial data w|i—o = (u®, u!, S|;=oVu®)T, then Theorem 3.5
implies that [(u¢):] will be the unique generalised solution of the Cauchy problem
for the wave equation (3.1) with initial data (u, 9yu)|i—o = (u°,u!). Hence, each of
the existence and uniqueness results for hyperbolic first-order systems established in
Theorems 2.7, 2.8, and 2.13 gives rise to a corresponding existence and uniqueness
result for second-order wave equations. The following theorem gathers these results,
formulated for second-order PDEs of the type (3.1). Although we only considered
wave equations with real-valued coefficients in Section 3.1, the transformation also
works for complex-valued coefficients and a Hermitian principal part (meaning that
its spatial part R is a Hermitian positive definite matrix).

Theorem 3.7 (Existence and uniqueness of generalised solutions). Consider the
wave equation

—8314 + 2 Z hiOy, Oru + Z R;j0y,0x;u + aliu + Z biOp,u+cu = f
i=1 ij=1 i=1
on Qp =10, T[ xR™ with the initial condition

(u, ) |p=0 = (u, u),

where a, ¢, and the entries of R, h, and b belong to Gro(Qr) and R is symmetric
1

and positive definite. Furthermore, let S = R2 be the positive definite square root of

R, obtained via diagonalisation. Then we have the following three results.

(I) The Cauchy problem with initial data v®,u' € G(R™) and right-hand side
f € G(Qr) has a unique solution u € G(Qr) if

(i) the coefficients a, c, and the spatial derivatives 0, h are locally of log-

type.

(ii) the entries of S, 8,,S, (0:S)S™!, and (b — div SHTS=1 are locally of
log-type.

(iif) there exists dgp > 0 such that supy,|he(t,z)] = O(1) and

SUp(.z) HSE(t,x)HOp =0(1) on |0,T[x{zx € R": |z| > dgs} as e — 0.

(I1) The Cauchy problem with initial data u®,u' € Gr2(R™) and right-hand side
f € Gr2(Qr) has a unique solution u € Gr2(Qr) if

(i) the coefficients a, c, and the spatial derivatives O;;h are of L1 log-type.
(ii) the entries of S, 85,5, (0:S)S™!, and (b — div.S?)TS™! are of L1>-log-
type.
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(III) Let initial data u®,u' € Gr (R™) and right-hand side f € Gr () be given.
Assume that

(i) the coefficients a, c, and the spatial derivatives O;;h are of L>-log-type.

(ii) the entries of S, 0x,S, (0:9)S7L, and (b — div.S?)TS™! are of L*>®°-log-
type.

Then there ezists a unique solution uw € G(Q2r) of the wave equation (3.7) such
that (u, Ou)|i=o — (u%,ul) € N(R™) x N (R").

Proof. We rewrite the wave equation (3.7) as the corresponding symmetric hy-
perbolic system (3.2) with A7, B and F as in (3.3). Then, considering case (I)
first, we observe that all entries of A7 and B belong to Gre(R'*"). The vector
wli—o = (u®,ul, Sli=oVu®)T € G(R™)>**" is admissible as initial data for the system
and the right-hand side F' = (0, £, 0) belongs to G(Q27)?™™. Hence assumption (1) in
Theorem 2.7 is satisfied. Conditions (i) and (ii) ensure that the matrix coefficients
A7 and B of the system are locally of L>-log-type and thus fulfil assumption (2)
in Theorem 2.7. Finally, condition (iii) implies that ||A£(t,:v)||op =0(l)ase =0
uniformly on |0, T[ x{z € R : |z| > dg,} for any representative (AZ). of A7 (which
is exactly assumption (3) in Theorem 2.7).

Summing up, all conditions in Theorem 2.7 are satisfied and we therefore obtain
a unique solution w € G(Q7)?™ of the initial value problem for the symmetric
hyperbolic system (3.2). Theorem 3.5 then guarantees that the first component
u € G(Qr) of the vector w is the unique solution of the Cauchy problem for the
wave equation.

In case (II), the coefficient matrices d,, A7 and B are of L!'*°-log-type. Moreover,
the initial data w|i—g = (u®,u', S|=oVu®)T belong to G2(R™)?*" since S has
entries in Gre(€27). Applying Theorem 2.13, we thus obtain a unique solution
w € Gr2(Q7)*T™ of the initial value problem (3.2,3.5), generating a unique solution
u € Gr2(Qr) of the corresponding Cauchy problem (3.1,3.4) for the wave equation.
The proof of case (III) follows the same pattern and employs Theorem 2.8. O

In Theorem 3.7, all coefficients have to obey certain log-type estimates, either loc-
ally as in variant (I) or globally as in variants (II) and (III). Those are the ‘minimal
assumptions’ necessary to ensure that the related first-order system satisfies the cor-
responding conditions in Theorems 2.7, 2.8, and 2.13. As a result of the underlying
transformation algorithm, the conditions labeled (ii) in Theorem 3.7, involving the
matrix S (or R = S? respectively) are not very practical. In the following corollary
we formulate more transparent, but stronger conditions on the principal coefficients
of the wave equation, similar to the conditions used in [SV09, Definition 4.5].

Corollary 3.8. In Theorem 3.7 (1), replace assumption (ii) by the alternative con-
dition

(i) Tr(R) and (det R)~! are locally uniformly bounded and b as well as the deriv-
atives O; R (that is, OyR and O,; R) are locally of log-type.
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Then the Cauchy problem with initial data u®,u' € G(R™) and right-hand side f €
G(Qr) has a unique solution u € G(Qr).

Proof. Noting that det R is invertible since R is positive definite (cf. [HKK14, Pro-
position 3.20]), condition (ii’) implies that the eigenvalues of R are locally uniformly
bounded away from zero and bounded from above. Hence R and R™' are loc-
ally uniformly bounded in the operator norm and the same is true for the square
root S and its inverse S~!, since ||S| < |R["? and ||S7Y| < |R|"? by con-
struction. Moreover, the eigenvalues of S are also locally uniformly bounded away
from zero. Hence, for each K CC (Qp, there exists a constant Ck such that
10;ell oo iy < CrllOiRell oo (), Where (Re)e is any positive definite represent-
ative of R and (S:). is its square root. Therefore 0;S is locally of log-type as well.
Summing up, we find that S, 9,5, (0;9)S~1, and (b — div.S?)TS~! are locally of
log-type and hence condition (ii) in Theorem 3.7 (I) is indeed satisfied. O

In cases (II) and (III) of Theorem 3.7, condition (ii) may also be replaced by a
simpler but more restrictive version. Instead of local bounds, one has to use global
bounds in the respective norms, but otherwise the statements are as in Corollary
3.8 and the proofs follow the same pattern.

Theorem 3.7 demonstrates that transforming results for first-order systems of
PDEs into results for higher-order PDEs is straightforward and comparatively simple
in a generalised functions setting. Example 3.6 already indicates this is not the case
in more classical, weak or distributional solution concepts. The lack of a general
equivalence statement of the type of Theorem 3.5 in such frameworks might be part
of an explanation for the fact that the existence and uniqueness theory for higher-
order PDEs has to a large extent been developed in parallel to the theory for first-
order systems, in particular in the context of non-smooth coefficients or symbols.
However, in differential algebras of Colombeau generalised functions, transferring
results from one world to the other almost reduces to mere algebraic manipulations
and to keeping track of their effects on asymptotic estimates for the involved objects.

The asymptotic estimates on the coefficients of the wave equation required in
Theorem 3.7 are less restrictive than those supposed in (local) existence results
for the initial value problem for the wave equation on ‘weakly singular’ Lorentzian
manifolds, c¢f. [GMS09, Theorem 3.1] and [Hanl1, Theorem 3.1].

A Lorentzian metric g on a smooth manifold M belongs to the Geroch-Traschen
class if g and its inverse g~! belong to Hl (M) N L2 (M) and, furthermore, if g
is non-degenerate in the sense that |det g| > C' > 0 almost everywhere on compact
sets (cf. [SV09, Section 3]). This class of metrics was introduced in [GT87] and is
viewed as the ‘largest reasonable’ class of metrics, for which the Riemann curvature
tensor can be defined as a distribution (see also [LMO07]).

The conditions of Theorem 3.7 (I) are sufficiently general to cover the Laplace-
Beltrami operator [y, given by

n
Dgu= > |detg| 28;(|det g|Zg" du), (3.10)
ij=0
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of a metric g in the Geroch-Traschen class, which was not possible previously. To
demonstrate how Theorem 3.7 can be employed to obtain a local existence res-
ult for wave equations derived from a Geroch-Traschen metric, we consider a local
representative of the metric in a coordinate chart. We cut off this representat-
ive outside some ball in R'*" and extend it to a Lorentzian metric gy on R'*"
by setting it constant outside this ball. Then the components of gy will belong
to L>®°(R'*"). Regularising go via componentwise convolution with a model delta
net, we obtain g = [(g)e] € M11n(Gr~(R™)). A detailed discussion of regular-
isations of Geroch-Traschen metrics can be found in [SV09], including convergence
results and more sophisticated ways of smoothing a metric. In order to end up
with a generalised metric, as introduced in [KS02b], the metric go has to satisfy
a certain stability condition related to its eigenvalues and only a special class of
mollifiers are admissible (see [SV09, Proposition 4.6]). Employing a mollifier with
a general scaling o — 0 as in Lemma 2.20, the components of ¢ will belong to
Gro(R*7) and for any representative (g.). of g, we have 19| oo (R14n) = O(1) as
well as 0;jgel| (RL+n) = O(o-'). However, unless go is Lipschitz continuous, we
will in general not get ||0;gc|| Loo(RI+n) = O(1) as € — 0 and therefore condition
(B) of Theorem 3.1 in [GMS09] is violated, as well as condition (i) of Theorem
3.1 in [Hanll]. On the other hand, logarithmically rescaling the mollifier by tak-
ing o, = (log%)_l, we may still apply Theorem 3.7 (I), as the following corollary
exemplifies.

Corollary 3.9 (Wave equation derived from the Laplace-Beltrami operator of a

—1hAT
h R

) be a generalised Lorentzian metric on R™,
obtained as the smoothing of a non-degenerate and stable Geroch-Traschen class

Lorentzian metric). Let g = <
metric go as described above, using a logarithmically rescaled mollifier. Then the
Cauchy problem

Oju = 0 on Qp=]0,T[xR"
(u, 0pu)i—0 = (u,u') € GR™) x G(R™)

has a unique solution u € G(Qr) for arbitrary T > 0.

Proof. In local coordinates, the equation Uyu = 0 takes on the form of equation
(3.1) with ¢ = 0 and f = 0. The components of the generalised metric g arise
as special convolution regularisations ensuring that det(g.) — det(go) as ¢ — 0 in
HL (RY™™) 0 LP (R'™) for all p < oo and |det(g:)| > C > 0 uniformly in e for
any representative of (g:). of g (see [SV09, Proposition 4.2 and Proposition 4.6]).
Moreover, g(t,x) is constant for large |x| as a result of the cut-off procedure. It
is then easy to see that all coefficients in equation (3.1) belong to Gre(27). We
construct S = R? via diagonalisation and check that the conditions of Theorem
3.7 (I) hold (note that ||S|| < HR||%) Again thanks to the cut-off, condition (ii) is
trivially satisfied, since h(t,x) and S(t,z) are constant for |z| sufficiently large. As
for condition (i), S and its inverse S~! are uniformly bounded and the logarithmic
rescaling of the mollifier implies that a, all derivatives 9;S, and the spatial derivatives
dx;h are (locally) of L>-log-type. Hence (8,5)S~! and (b— div S%HTS~1 are locally
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of L*-log-type as well. O

In Theorem 3.7, the necessary regularity assumptions are naturally weaker for the
lower-order coefficients than for the principal part of the PDO. Complementary to
Corollary 3.9, the following example discusses an equation with constant principal
coefficients, but highly singular lower-order coefficients.

Example 3.10 (Klein-Gordon equation with an impulsive wave potential). The
Klein-Gordon equation describing a spinless relativistic particle? in an electromag-
netic field can be written as

3
— (0 —iA0)’d + Y (Oa; — i4;)%p — mPp =0, (3.11)
j=1

where A = (Ag, A1, Ag, A3)T represents the vector potential describing the electro-
magnetic field and m is the mass of the particle (cf. [BD64, Chapter 9]). Rewriting
equation (3.11) in the form of (3.1), we identify the coefficients therein as R = I3,
h = 0 (thus the principal part of (3.11) is the d’Alembert operator) and

3
a=2Ay, by =2iA;,  c=i0Ag+ AF =D (i0sA; + AD),
Jj=1

which could of course be written more elegantly in relativistic notation, but we want
to keep the notation and the symbols used in (3.1). As in Example 2.16, we may
now consider an impulsive electromagnetic wave travelling in z1-direction, modelled
by a vector potential of the form Ag(t,z) = A1(t,x) = §(t — x1) f(x2, x3), where f
satisfies the two-dimensional Laplace equation, and As = Az = 0. The lower-order
coefficients are then formally given by

a(t,r) =bi(t,r) = 6(t—x1)f(wa,23), ba=b3=0, c(t,x)=2i(t—x1)f(2,3),

hence we encounter § and even ¢ in the coefficients of equation (3.11). Distribu-
tional solution concepts will fail in this situation, but in the differential algebra
G, the corresponding initial value problem is well-defined and we obtain a unique
generalised solution, if the regularisations are chosen appropriately. More precisely,
condition (ii) in Theorem 3.7 (II) is trivially satisfied, since S = I3 and h = 0. Using
a delta net (p:). with p.(z) = o= 'p(o-tx) and 0. = (log(l/s))_% as a model for the
delta distribution, all coefficients are locally of L*°-log-type and thus condition (i) is
also satisfied. For the generalised coefficients a, b1, and ¢ to belong to Gre(2r), an
additional cut-off is necessary, if f : R? — R is not bounded. Imposing initial data
(¢,0:0)|t=0 = (¢°, ") € Gr2(R3) x Gr2(R3), Theorem 3.7 (II) provides a unique
solution ¢ € Gr2(Q7) of the Cauchy problem for the Klein-Gordon equation (3.11)
with an impulsive electromagnetic wave potential.

2The elementary building blocks of matter are ‘fermions’ or spin-% particles and therefore not
correctly described by the Klein-Gordon equation. However, composite particles can have zero
spin, for example pions, each consisting of a quark and an antiquark. The Higgs boson, apparently
discovered in 2012, would be the first elementary particle described by the Klein-Gordon equation.
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Remark 3.11 (Distributional shadows). All results from Chapter 2 on distribu-
tional limits of a generalised solution w of a symmetric hyperbolic system can be
transformed into corresponding ‘extrinsic’ regularity results for a generalised solu-
tion u of a second-order wave equation. To this end we only have to rephrase the
required regularity conditions on the coefficients of the system as conditions for the
coeflicients of the related second-order wave equation. The regularity of the distri-
butional limit ug of the unique generalised solution of the initial value problem for
the wave equation is then determined by the regularity of the distributional limit
wo of the corresponding first-order system via the relation w = (u, dyu, SVu)'. In
particular, dyu and SVu will enjoy the same extrinsic regularity as w. Thus, roughly
speaking, the regularity of ug will in general be better than that of wg by one Sobolev
index (recall that the invertibility of S is essential in the transformation algorithm
to a first-order system and thus we have Vu = S~1(SVu)).

3.3 A note on the Hadamard parametrix construction
The general wave equation (3.1) can also be written as
Ogu + Pu = f,

where g = [(g:)c] represents a generalised Lorentzian metric and P is a PDO of
first order. If we consider a representative (g ). of g for fixed €, we get a PDE with
smooth coefficients,

Og.u+ Peu = fe.

In fact, for the existence and uniqueness results in Chapter 2, we constructed gener-
alised solutions e-wise, as nets of smooth solutions of ‘smooth initial value problems’,
with smooth initial data and smooth right-hand side. Subsequently, we investigated
regularity properties of generalised solutions mainly in terms of their distributional
shadows, that is, by taking any of its representatives (uc). and considering the
limit ¢ — 0, in an appropriate sense. However, regularity information about the
generalised solution may already be extracted in the process of its construction, in
particular with regard to a more detailed analysis of its singularities, in contrast to
the essentially global regularity results obtained in Section 2.3.

The singularity structure of the solution of a PDE with smooth coefficients and
non-smooth initial data or right-hand side is encoded in its fundamental solution
or Green’s function. With the help of the topological dual of a Colombeau algebra
[Gar0Oba, Gar05b], it is possible to consider fundamental solutions also in a gener-
alised functions setting [Gar08]. A parametrix represents an ‘approximate funda-
mental solution’. More precisely, a distribution K € D'(Q2x Q) is called a parametrix
of the PDO Q(z, 0,), where z € Q C R™ open, if

Q(x,0:)K(z,y) = 6(z — y) + h(z,y),

where 6(x — y) is the Dirac measure on the diagonal of Q x © and h is a smooth
function on © x Q (cf. [Tre67, Section 52]). The Hadamard construction [Ho6r07,
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Chapter XVII, Section 17.4] yields an explicit parametrix for elliptic PDOs, giving
precise information about the singularities of the fundamental solution. An e-wise
application of Hadamard’s method to construct a generalised Hadamard parametrix
could provide some new aspects in the regularity theory of generalised solutions,
especially concerning the interplay between coefficients, right-hand side, and initial
data.

A second-order PDO with smooth coefficients is called elliptic, if its principal
symbol is a positive definite quadratic form. If g is a smooth Riemannian metric, the
corresponding Laplace-Beltrami operator [, is elliptic (see (3.10)). In the context of
wave propagation, elliptic operators typically arise, in a certain sense, as the ‘spatial
parts’ of hyperbolic PDOs. For example, if the principal coefficients of the wave
equation (3.1) do not depend on time, then its principal part for fixed € can be
written as —0%u + Q. (z, 9, )u, where the purely spatial PDO Q.(x,d,) is elliptic.
Specifically, the free Klein-Gordon equation, whose principal part is derived from
the Minkowski metric?, is given by

— o+ Ap—m2p=0 (3.12)

with the Laplace operator representing the ‘spatial part’.

Hadamard’s method uses the fundamental solution of a constant coefficient op-
erator (g, obtained by evaluating the coefficients of the elliptic operator @ at a
certain point. Based on the constant coefficient case, a parametrix of the operator
Q is constructed with the help of the distance function induced by the Riemannian
metric associated with the principal symbol of (). The principal part of the ‘frozen
coefficients’ operator Qg is essentially the Laplace operator (up to a rescaling of the
coordinates). However, for technical reasons, one considers the operator —A — z
where z € C\ Ry is a fixed complex number, and introduces ‘associated Bessel
potentials’

fu(z) = ]-'g_lm <(|£|21j'z)”+1> (v € Np), (3.13)

where F~! denotes the inverse Fourier transform on the space of tempered distri-
butions §’'(R™). The essential properties of f, are

(i) (A —=2)fu,=vf,—1 for v>1 and (—A—2)fy=49,

(ii) _26mjfl/(x) = xjfl/—l(x):

which both follow directly from definition of f, and basic properties of the Fourier
transform. The associated Bessel potentials f,, are basically fundamental solutions of
powers of the operator —A —z and therefore smooth except at the origin (see [H6r03,
Theorem 7.1.22]). Moreover, they are also locally integrable at the origin. This we
show in the following lemma, using regularisation techniques, basic properties of the
Fourier transform, and arguments from distribution theory.

Lemma 3.12 (Integrability of associated Bessel potentials). Let a € Nij and |a| <
v+ 1. Then we have 0% f, € L*(R").

3In Minkowski space-time, the Laplace-Beltrami operator becomes the d’Alembert operator O =
—02 + A, where A = 851 + 852 + 853 is the Laplacian.
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Proof. We introduce auxiliary distributions F. € §’'(R"), ¢ € [0, 1],

—e([¢)P~2)
Fe(l') = fgim (e’€‘2 _ ) (3.14)

where 135(5) = Fooe(Fe(x)) = e*€(|5‘2fz)ﬁ)(§). Note that Fy(z) = fo(x) and F; €
S(R™) for € €]0,1]. We consider the map [0,1] — S'(R"™), € — F, and differentiate
with respect to ¢, yielding %Fg(g) = —e—<("~2) and

d _ d -~ _n —_n _ 1.2

d—SFa(a?) =F! (dsFE) = —(2m) 2 (2e) 2w 0,
Writing fo(z) = Fo(x) = Fi(x) — (Fi(x) — Fy(z)) and applying the fundamental
theorem of calculus, we get an integral representation for fo(z) for all x # 0 (recall
that fo is smooth off the origin),

1
folz) = Fi(2) + (27) % / *(2e) FeE1Pde (2 £0).  (3.15)
0

For a € Njj and |a| <1 (that is, either &« = 0 or o = e, where {e;} are the standard
basis vectors), we define h® as

0(py . JJo@) w#F0 O fole) z#0
h()-—{o o @ {o iy

implying that A% coincides with the distribution 0% fy (Ja| < 1) on R™\{0}. Hence
the difference between h* and 0“fy must be a linear combination of derivatives of
the delta distribution, that is

h* =% = Y ¢t (3.16)

|7 <Na

for some constants N, € No and ¢y € Njj (see [Bhal2, Theorem 5.7.2]). Using the
integral representation (3.15) of fy for  # 0, it is easy to see that h® € L'(R™),
where || < 1. Fourier transformation of equation (3.16) leads to h®(§) — 0% (§) =

Ay

2 y|<Na ¢y€7- From the definition of fo in (3.13) it is clear that 9*fo({) — 0 as

|€] — oo. But the same is true for ho by the Riemann-Lebesque lemma (see [Bhal2,
p. 401]). These observations immediately imply that all coefficients ¢y must be zero
and therefore 9 fy € L1 (R™) for |a| < 1.

Employing the convolution theorem for L'-functions, we may write
fo=vlfox fox...* fo,
—
v+1 times

which can also be described in terms of distributional convolutions &'(R™)x D' (R™) —
D'(R™) by using appropriate cut-off sequences. Distributional derivatives of convo-
lution products can thus be carried out as usual. Since 9°fy € LY(R") for |a| < 1,

84



3.3 A note on the Hadamard parametrix construction

we conclude that 9%, € L'(R") for |a| < v + 1, in particular these functions are
locally integrable, also at the origin, for |a| < 2, except in the case v = 0 and |a| = 2
(where the derivatives cannot be distributed among convolution factors). O

The functions f, defined as

V!
fu(x) = ]-"g_lm <(|£|2_2)V+1) (v € Np)

are essential ingredients of the Hadamard construction. By their definition in (3.13),
it is obvious that they are rotationally symmetric, that is, each f,(x) only depends
on |z|. Thus we may write f,(z) = f,(|z|). If d, denotes the Riemannian distance
function defined by the principal symbol szzl g (x)€:&; of an elliptic PDO Q
(cf. [Hor07, Appendix C.5]), the Hadamard construction yields recursively defined
smooth functions U, (defined on a neighbourhood of the diagonal in 2 x §2) and a
smooth cut-off function x such that Ky € D'(Q x ),

N

Kn(z,y) = x(x.9) Y Un(z,9) fu(dy(z,y)) (3.17)
v=0

satisfies
(Q(x,8;) — 2)Kn(x,y) = (det g(y))26(z — y) + R(z,y)

where R € C?N+1="(Q x Q) and can thus be made as smooth as we wish by taking
N large enough, that is, by including more and more terms in the expansion (3.17),
see [Hor07, Chapter XVII, Section 17.4]. The fact that the distributions 0°f, are
integrable for |a| < 2 (except for v = 0 and |a| = 2) is important, in particular for
analysing the singularity structure of the Hadamard parametrix Kpy.
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Chapter 4

Colombeau mollifiers and the
Stieltjes moment problem

Distributions are embedded in the special Colombeau algebra by convolution with a
mollifier function. For the embedding to be consistent with the constant embedding
of smooth functions, recall that the mollifier ¢ must have all moments of order
greater than zero vanishing (cf. [GKOSO01, p. 9]), that is

/gp(:c)da: =1, ta(p) == /wago(x)da: =0 foralla eNg, |a] > 0.
R™ R™

A smooth function with the desired properties can be obtained by taking some
Schwartz function ¢ € S(R™) with ¢(0) = 1 and 0%¢(0) = 0 for all & € N, || > 0.
Then its Fourier transform ¢ € S (R™) has unit integral (that is, the zeroth moment
or mass of 121\ is equal to 1) and vanishing moments of nonzero order ( fR" 50‘@2 (&)d¢ =
0 for |a| > 0). A smooth function satisfying this ‘moment condition’ cannot belong
to D(R™). Indeed, the Fourier transform of a compactly supported smooth function
must be an entire function by the Payley-Wiener-Schwartz theorem (cf. [Bhal2,
Theorem 8.4.1]). If ¢ € D(R™) has all moments of order |a| > 0 vanishing, then
0°p(0) = 0 for all || > 0. But since @ is an entire function, it must then be
constant, which is a contradiction to ¢ € S(R"™), if ¢ # 0. Hence a mollifier cannot
have vanishing moments and compact support at the same time.

Now the question arises, how much of R™ must actually be occupied by the
support of a mollifier in order to satisfy the moment condition. Considering the one-
dimensional case first, we may therefore ask whether there exists a Schwartz function
whose support is bounded from above or from below and which has all moments of
nonzero order vanishing. If we assume its support to be contained in the interval
[0, oo[, then this question is in fact closely related to the Stieltjes moment problem,
posed and solved in its original form by T.J. Stieltjes in 1894 [Sti94]. There one seeks
necessary and sufficient conditions on a sequence of real numbers (p1,,)22  to be of the
form p, = fooo x2"d¢(z) for some measure ¢. Compared to the Hamburger moment
problem (cf. [RS75, Chapter X, Example 3]), the domain of integration is only the
positive real axis instead of R. In fact, the Hamburger moment problem was posed
in [Ham20] as an extension of the Stieltjes moment problem. Over the last century,
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4 Colombeau mollifiers and the Stieltjes moment problem

several variants of the Stieltjes moment problem have been formulated and solved.
One of these variants is a direct generalisation of the Colombeau mollifier problem
described above: Given an arbitrary sequence of real numbers (i, )nen,, does there
exist a function ¢ € S(R) with supp(¢) C [0, oo such that its moments coincide with
this sequence? Indeed, a function with the desired properties exists, as was shown
by A.J. Duran [Dur89], using approximation aspects of the Laguerre polynomials,
the Laplace transform and the Hankel transform of order zero. Other proofs were
given in [DE94] as well as in [LS08], relying on Fourier analysis, asymptotic power
series expansions, and existence results such as the Borel-Ritt theorem (cf. [Was87,
Section 9]). Generalisations of the Stieltjes moment problem for rapidly decreasing
smooth functions of several variables have been studied in [Est98, GLSO01].

In Section 4.1, we show that any function D(R) can be approximated in LP(R)
forp € ]%, oo] by a Schwartz function with prescribed moments and support bounded
from below. The presented construction is a modified version of a similar algorithm
used in [WBO03, Proposition A.1]. We then adapt and generalise the construction
to the multidimensional case in Section 4.2, thereby extending the approximation
property to W*P(R™) (k € Ny, p € [1,00]). However, as some aspects of the one-
dimensional scheme cannot be transferred to R", for example the approximation in
LP(R) for p < 1, we provide a full proof of the one-dimensional case first. Our res-
ults yield an elementary and completely constructive proof of the Stieltjes moment
problem for rapidly decreasing smooth functions. They also provide an explicit con-
struction of Colombeau mollifiers in R™, supported in an arbitrarily small cone and
satisfying additional constraints such as approximating a given test function with
compact support. Moreover, we obtain generalised mollifiers of the types considered
in [OV08, Propositions 4.1 and 4.2] and in [SV09, Lemma 4.3].

4.1 An explicit one-dimensional mollifier construction

The basic idea underlying the mollifier construction presented in this section is the
following observation: Consider a test function ¢ € D(R) with [*_¢(x)dz # 0 and

set
T

f@) = @) +a¢ (T)
for some a € R and b > 0. Then [*_ f(z)dz = [*_¢(x)dz, since ¢ has compact
support and thus ffooo ¢'(x)de = 0. To calculate the first moment of f, we use
integration by parts and a transformation of variables to obtain

o0 o0 o0

/@ﬂmmz/@MQM—m{/wmm.

— 00 —00 —00

It is now easy to see that for all € > 0 and all v; € R, there exist real numbers a > 0
and b such that

[ee]

(i) the first moment of f is equal to vy, that is [ zf(x)dz = vy,

— 00

(i) [[f = ¢llpoom) <&
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4.1 An explicit one-dimensional mollifier construction

T

Figure 4.1: The first moment of f vanishes, if the dilation parameter b is chosen
large enough.

Condition (ii) can be satisfied by choosing the absolute value of the scaling parameter
a small enough. The sign of a and the value of the dilation parameter b > 0 are
then determined by condition (i). Put differently, the added function a¢’(-/b) can
be made as small as we want in all LP-norms, without changing its first moment
(see Figure 4.1 for an illustration). This scheme can be extended to approximate ¢
by a test function with prescribed moments up to some finite order, since adding
the m-th derivative of ¢ to the approximation f will not compromise its moments
of order k£ < m.

Preparatory for the general construction to follow, we introduce a sequence of
functions (¢n)nen,, derived from a given test function ¢y € D(R).

Definition 4.1 (Construction of elementary building blocks). Let a = (an)neny,
ap =1, and b = (by)nen, be sequences of real numbers such that (b,)nen, is strictly
increasing. Let ¢9 € D(R) be a test function with supp(¢o) C [bo, b1]. For any
triple (a, b, po) with these properties we define a sequence of test functions (¢ )nen,,
¢n € D(R),

n x — by
Pn(2) 1= anpy” <bb(b1 —bo) + bo) : (4.1)
n+1 — Un

Basically, the function ¢, is a dilated, translated, and scaled version of the n-
th derivative of (g. Before collecting some properties of these ‘clones’ of ¢g, we
introduce a notation for a special choice of the antiderivative of a test function. We
define the (injective) map ¢ — (=1, D(R) — C®(R) by setting

o V(z) = / () dy (4.2)



4 Colombeau mollifiers and the Stieltjes moment problem

and write ¢(=™) for the m-th antiderivative of ¢ € D(R). Note that p(~1) € C>(R)
is again a test function if and only if the mass of ¢ vanishes.

The functions ¢, € D(R) can be used as building blocks for the construction of a
Schwartz function with prescribed moments which approximates the basic function
¢ in LP(R). In the following two lemmas we will prove some properties of ¢, that
will be basic ingredients in the proof of Proposition 4.4.

Lemma 4.2 (Antiderivatives of elementary building blocks). For ¢, as in (4.1),
(—=m)

the m-th antiderivative of v, © , 1s given by
b1 — b\ (e x—b
(=m) () — Intl — On (n=m) (L 70 o py 4
) = an (B (I ) ) (4

Proof. For comfort we introduce the affine linear transformation

z—bn
Bn() := g == (b1 = bo) + bo
n+1 — Un
with constant derivative 3/, = b:i;f%n' We then calculate
e (z) = / en(y) dy = an / 20" (Bu(y) dy
) , B () b b
Z%NQnHPW1/wm@@:%”“_”%HWmm%
b1 — by b1 — bo

—0o0

Thus, after m integrations we arrive at

bt —ba\™ (nem) [ T —b
(—m) _ n+1 n (n—m) n .
on () = an <b1 - ) Po (an - bn(bl bo) + bo> :
O

Lemma 4.3 (Support and moments of the elementary building blocks). The test
functions @, (n € Ny) as defined in (4.1) have the following properties:

o0
(i) supp(¢n) C [bn,bnt1] and z — > pn(x) converges pointwise to a smooth
n=0
function .

(ii) Denoting the m-th moment of a function f by um(f), we have

0 (m <n)
_ n+1 ya
o) (—1)"n! (%) / o (z)dx (m=n)
Hm\Pn) = e
—1)"ml! bny1—bn \" T m—n (l’ - bn)(bl - bO)
((m)_n)! Qnp, < bi—l—bo ) / T ®o < bn+1 — bn + b() dzx (m > TL)
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4.1 An explicit one-dimensional mollifier construction

for m,n € Np.

Proof. (i): We show that supp(¢n) C [bn, bnt1):

x — by
T € supp(pn) == ﬁ(bl — bo) + bo € [bo, b1]
n+1 — Un
—b,
= 0< P (b —by) < by — by
bn+1 - bn
T —b,

—
— 0<z—0by <bpy1 — by
& by < < by,

Note also that

o Gulbn) = angl” (Ll (b1 = bo) + bo) = angl” (bo),

bn+1 _bn

bn+1_bn

o onlbne) = angl’ (P02 (b~ bo) + Do) = anel (1),

Pointwise convergence of > > ¢, (z) to a smooth function is guaranteed, since
supp(¢n) C [bn, bnt1] and (by)nen, is a strictly increasing sequence by assumption.

(ii): The case m = 0 is settled by noting that [*_¢n(z)dz = 0 for all n > 0
and verifying that the formula reduces to an identity for n = m = 0. For m,n > 1

we calculate

[amen@as = s @) —m [ o e @)
= —m [ V@) da, (4.4)

since gogl_l) has compact support by (4.3). In fact, (pgfm) € D(R) for all m < n and

thus, even after n successive integrations by parts, no boundary terms will survive.
If 0 < m < n, we exploit this fact by performing m integrations by parts, thereby

obtaining
/wmwn(x)drr 8 (—1)mm!/<p$;m)(x)dg:_0.

This proves the first assertion in (ii). If m > n, we integrate by parts n times,
leading us to

Ji m (44 (_1)nm! 7 m—n__(—n)
/x on(x)de "= (m — )] ™ oy (x) da
@3) (=1)"m! (bt —bp\™ /OO . v —by,
= ———— (b1 —b bo | dz.
(m —n)! fin by — by v 0 bnt1 — bn( ! 0) +bo | do
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4 Colombeau mollifiers and the Stieltjes moment problem

In the case m = n, an additional variable transformation as in the proof of Lemma

4.2 gives
o0 o0
n n bnt1 — bn s
2"pp(x)de = (-1)"nla, | ———— wo(x) de.
b1 — bo

We are now prepared to state and prove the main result of this section, showing
that any compactly support smooth function on R with non-vanishing mass can be
approximated in L? (p > %) by a Schwartz function with prescribed moments of

order greater than zero and support bounded from below.

Theorem 4.4 (Schwartz functions with prescribed moments). Let oo € D(R) with
J75 wo(x) da # 0 and supp(po) C [bo, oo be given. Let (vn)nen be a sequence of real
numbers and (pp)nen be a sequence of polynomials on R, where p, is of degree n.
Then, for all q € ]%, 1] and for all € > 0 there exists a Schwartz function ¢ € S(R)
such that

(i) supp(y) C [bo, oo,

(ii) 70 p(z)dz = 7 vo(z) dz and 7 pu(2)p(z)dz = vy, Yn € N

w 1
(@) llo = ol < and ([ 1o(o) = eo(@) dz)” < ¥p € fg.oc]

(note that the latter is not a norm for p < 1).

Proof. We will construct a sequence (an)nen, (a0 = 1) and a strictly increasing
sequence (bp)nen, (supp(eo) C [bo, 0o[) such that ¢ = > ¢y, with ¢, as defined
in (4.1) has the desired properties (i)-(iii). First we assume that

_Z z"p(r)dz = _7 g;)xmwn(x) de = g_z 2™, (z) dz. (4.5)

for all m € Ny. This assumption will later be justified by a dominated convergence
argument. Until then, we may formally calculate

4.5) T 4.3(ii T
/ o(z)dx (45 Z / on(x)de 361) / vo(x)dz
—00 n=0_r, —o0
m—1
and, using that p,,(z) = cpax™ + Y cmik z* where ¢,, # 0, we find for m € N via
k=0
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4.1 An explicit one-dimensional mollifier construction

integration by parts that

(0] m— 1 o0 o
45 3(ii)
[ pal@et@)d / pula)er(@)de+ [ p(aon(z) da
s =0_"w —0
—
4.3(11) Jm+cm/xmg0m(:n) dx
i b1 — by \ ™
Mt (1) ml a2 [ o)z,
b1 — bg
<
=:Jo
where we have introduced the notation
oo m— 1 o0
= /pm or(x)de for m>1 and Jy:= /goo(x)daz. (4.6)
—o0 k=0 —00

o0

In order to satisfy the constraint / Pm(x)p(x) dx = vy, for all m € N, we must
—0o0
have

byt — b \ ™
H> Jo,

Um = Jm + em(=1)"m! ap, < —

which immediately implies

(=)™ vy — Jp [ b1 — by ™
- 4.
¢ m! cmJo b1 — b ( 7)
since ¢, # 0 and by, 11 — by, # 0 as well. Setting
— (k) (n)
Ay = max <1,0<s;p (18 oy / N ||Loo(R))> (4.8)

for all n € Ny, we impose two growth conditions on the sequence (by,)men,, namely

by > max (1, by + A1), bpmy1 > max ((m!)'l(ml—1> , b + /\m> for m>2 (4.9)

and o
m+i-1 Um — JIm b1 — bo m (m) £
! . 4.1
b+ mlcmJo (bm+1 - bm) lo0™ ey < e—1 (4.10)
=lam|

Note that the left-hand side of inequality (4.10) is just

m1 - me—
bt ||90mHLoo(R = by i |am|||90o HLoo)

We will show by induction that sequences (an)nen, and (by)nen, satisfying (4.7),

93



4 Colombeau mollifiers and the Stieltjes moment problem

(4.9), and (4.10) can be constructed by an iterative procedure. We put ap = 1 and
pick
b1 > max (0,sup{:v ceR:ze supp(goo)}).

Now suppose that all distances up to b,, and all coefficients up to a,,_1 have been
picked suitably. Then J,, is uniquely determined according to (4.6). Hence all
symbols in (4.9) and (4.10) except b,,4+1 are fixed and we may think of the left-hand
side of inequality (4.10) as a function by,41 — h(bm+1). Since ¢ > 1 and therefore
1/¢ —1 < 1, we have h(bpy+1) — 0 as by,+1 — oo. Thus conditions (4.9) and (4.10)
can always be achieved simultaneously by taking b,,11 large enough. The coefficient
ap, is then determined by (4.7).

Observe that (4.7) and (4.10) imply the inequality

n+;{(e —1) , (4.11)

|an| <
(n)
nt1 o HLoo(R)

b

and therefore the amplitudes of the building blocks decay according to the estimate

e/(e=1) —n
lenll Loy < 17 < €bntr (4.12)
q

n+1
For the sequences (ap)nen, and (bp)nen, constructed above, we now define ¢ €
C>®(R) by setting ¢(z) := Y2 pn(z). We claim that ¢ € S(R). To this end we
have to show that all semi-norms ||zo(™ ||, o (r) With I,m € Np are finite. We have

||l’l<ﬂ(m)||Loo(R) < max (Hﬂﬂl@ém)HLoo(R)v Slég ||93l90£7,m)||Loo(R))

m bl - bO n m—+n
< max <]$ltp(() )HLOO(R)7 sup (biv,—i-l’a’”’ (_) ||90(() " )||L°°(R)>>
neN b +1 bn

n

+
< L) (b1 — bo)™ Y 17l [
< max | [lz'¢; HLoo(R)’ T o_1 P | %n I T ;
neN Antlleg ”LOO(R)

where the last line follows from (4.11) and (4.9), which we have used to estimate

(b1 —bp)™ > A™. The finiteness of the supremum is immediate after substituting

for A, more precisely we have for n € N,
(m+n

ton- 2 8™l ey
n+1

m—+n
R 7 Sl P

n+1

k
sup (067 | e )

)
Ao Il oo my 0<k<2n

< 1 for n > max(l,m).
The norm ||:Ulg0(()m) HLOO(R) is finite, since o € D(R). Finally we estimate the L!-norm
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4.1 An explicit one-dimensional mollifier construction

of | — olP (where p > 1> ¢ > ),

[ 6@~ enlalrds <Y brallonlleg, (supb(en)  lbr o)
—c0 n=1
e = 1-p(nti-1)
< e evan)
eP - 1-n .
< elnz::lbﬁ&l) (since 1 —p/q < 0)
& & _r
< > ()71 (by (49)
n=1
P o= 1 .
< 6_1;n! (since p/q > 1)

This proves that
1/p

/ () — po(@)Pdz | <e

for all p > ¢, in particular for all LP-norms with 1 < p < oo (since ¢ €]3,1]), but
also for all LP-metrics with p € [g,1]. Moreover we find that

oo — @l Loy < sup lonll oy < 5P lanel” |l o)
neN neN

—n—141
< b ¢ by (4.11
i B (by (4.11))
<

supb ™, < e
e—1 neN ot ’

where the last inequality follows from the fact that —% + 1 < 0 and that by > 1 by
(4.9). It remains to show that ¢ indeed satisfies the polynomial moment condition

(ii), namely
o0

/ pn(x)p(z)de = v, forall neN.

—00

In order to prove this, we only have to show that the formal calculation (4.5) ‘was
not only formal’, that is, we have to check that indeed

[ rn@ Y- crwte =" [ pul@ortors
e k=0 k=0_"

For this purpose we introduce the non-negative functions

P (@) = lema™| + emm-12"" + . + lemo| = pm(2)
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4 Colombeau mollifiers and the Stieltjes moment problem

and as well as the step functions g, : R — R,

0 for = <bg
gm(z) = n
P (k)| @kl ooy for br <@ <bgya, keNo

whose L!-norm is finite by the estimate

o0

HQmHLl(R) < Z(ka - bk)p;<bk+1)H§0kHLw(R)
k=0
<> beap Ok ) 1okl Lo gy
k=0
(4.12) e
< e PRtk < oo
k=0

Since > p_opm(2)pr(z) < gm(x) for all € R and this sum converges pointwise
to pm(x)e(x), we can apply dominated convergence to pull the sum through the
integral sign. O

The proof of Proposition 4.4 contains an explicit construction of Schwartz functions
with support contained in |0, oo[, unit mass and otherwise vanishing moments. Hence
they qualify as mollifiers for the embedding of £’(]0, oo[) into the special Colombeau
G(]0, 00]).! Moreover, the difference to a given test function of unit integral, meas-
ured in LP-norms, can be made as small as we wish. In fact, Proposition 4.4 can
be employed to construct a sequence or net of Schwartz functions with vanishing
moments, converging in all W*P-norms to a given test function.

Corollary 4.5 (Nets of Schwartz functions with vanishing moments). Let ¢ € D(R)
with [§° ¢(x)dz = 1, supp(p) €]0,00(, and a net (o). with o — 0 as e — 0 be
given. Then there exists a net of Schwartz functions (1)e such that

(i) supp(v¥:) €10, 00[ for alle >0,
(ii) /@ZJE(:U)d:L‘ =1 and /ajnws(x)dx =0 for alle > 0 and for alln € N,

(ili) [ — @llwrrm) = Oloc) ase — 0 for all k € Ng and 1 < p < oco.

Proof. The case k = 0 is an immediate consequence of Proposition 4.4, as it can
be employed to create an approximating sequence (or net) of Schwartz function,
converging to the given function at the desired rate. Indeed, we may use Proposition
4.4 for ¢ = 1 to construct a net (¢:). approximating ¢ in LP(R) up to an error
proportional to o.. The functions ¢, € S(R) are then defined pointwise by

bE
Z«w (20—t +10)

L This possible application has been suggested by Michael Oberguggenberger.
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4.1 An explicit one-dimensional mollifier construction

where (b5): = (b)e with by > 0 and (b5)c = (b1)e, since supp(po) C ]bo, b1[ is inde-
pendent of €. The indexed families of coefficients a : Nyx ]0,1[— R and distances
b:Nyx]0,1[— [0,00] are determined by following the steps in the proof of Propos-
ition 4.4, but with numerator o, in place of € in growth condition (4.10), implying

that
oe/(e—1)

b5 1)™ 1™ | Lo 10,00

£ n -1
lay,| < ( < e[l [l oo 10,00 (4.13)

To show convergence in W#P(R), we note that

BE — bE k n
190 = Moo = plei] (22 ) I gy

(k+n)
< ou(bt — bo)F sup 120

neN  Sup  [l9™|| oo 10 oap)
0<m<2n

< CkUg,

where we have used that (b5, — b5)F > Af > A, as defined in (4.8), which is
independent of €.
For p € [1,00[, we find

1 (bl - bo)k n
1040 = Mlasgoey < 2 G P1ail P 10 g
neN
k+mn)
. Lopoe(b — bo)* ||‘P( | oo 0,00
< ] e
neN 0<m<2n (10,00()
o~ 1,
< 10 > ()
neN
< 5}60—87
iI_p
where we have used the first inequality in (4.13) and that (b5 ;)7 " < 1 by (4.9).
This proves convergence in W#?(]0, oco[) for 1 < p < oco. O

Remark 4.6 (Moments and negligibility in G). Corollary 4.5 implies that for any
¢ € D(R) with supp(p) C]0,00[ and [;° ¢(x)dz = 1, the class of the constant
net (¢)e in G*°(R) contains a representative (1).). satisfying conditions (i), (ii),
and (iii): We obtain a net of the desired type by taking, for example, 0. = e~z
in Corollary 4.5. Then we have [[ve|lyroor)y < [[@llproog) for all € < o and
[be = @llyrco@y = O(€™) as € = 0 for all m € No. This implies [(¢2)c] = [(0)e]-

In fact, the negligible parts of (¢:), running off to infinity as ¢ — 0, exactly
compensate the (nonzero) moments of ¢. This may seem counterintuitive at first
sight, but it is actually not very surprising. Take, for instance, ¢, := ¢( - —e71),
yielding [(¢:)s] = 0 in G(R), since (¢:). vanishes on any compact set for & small
enough. However, for the componentwise moments of the special representative
(pe)e, we get fin(pe) = O(e™™) as e — 0. Similarly we may consider (. ). with @, :=
e_%go(e_g - ), which is negligible even in Gy~ (R). However, the componentwise
moments of this representative are p,(p:) = e tn () and thus not even generalised
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4 Colombeau mollifiers and the Stieltjes moment problem

numbers, if y,,(¢) # 0 (which must be true for some n € N). Of course, the problem
is that @, stretches out to infinity as ¢ — 0, but there is no inconsistency here, since
componentwise integration on the level of representatives differs from integration in
G, unless the integrand is a compactly supported generalised function. Integration in
Colombeau algebras can be defined in the space of tempered generalised functions G,
(see [GKOSO01, Definition 1.2.24]), using damping measures to produce convergence
(cf. [H6r99] and [GKOSO01, Section 1.2.5]). Both [(¢.)] and [(¢:)c] belong to the
null ideal MV (R) in G-(R) and, consistently, their moments (in G,(R)) vanish as well
(since [(z — 2")] € G- (R)).

Note that in Proposition 4.4, the mass or zeroth moment of the constructed mollifier
is equal to the mass of the given test function, which is required to be nonzero. Yet,
this is not the case in the Stieltjes moment problem, where the zeroth moment
may be zero as well. The following corollary includes this possibility, as it allows
to choose also the zeroth moment of the generated Schwartz function without any
restriction. However, this modification of the construction comes at the cost of losing
the approximation of the given function in LP(R) for p < 1.

Corollary 4.7 (The Stieltjes moment problem for Schwartz functions). Assume that
a function ¢ € D(R) with non-vanishing integral [~ @(x)dz # 0 and supp(p) C
[b_1,bo], where by > 0, is given. In addition, let (vn)nen, be a sequence of real
numbers and (pp)nen, @ sequence of polynomials on R, where py, is of degree n and
po # 0. Then, for any q €]1,2[ and for all € > 0, there exists a Schwartz function
Y € S(R) such that

(i) supp(v)) € [b_1,00],

o0

(ii) / pn(2)(x) dr = v, Vn € Ny,

(ili) [ — @l ppw) <€ for ¢ <p < oo.

Proof. For indices n € Ny we define the building blocks

n x — by
P (7) = anp™ <bn+1—bn(b0 —b_1) + b1> (4.14)
and put
Y(x) = (@) + > Pnlx). (4.15)
n=0

From here on, the proof is similar to the proof of Proposition 4.4. Instead of (4.6),
we now have

o0

Ip 1= /pn(x) (go(a?) + Tii/%(m))daﬁ for n € Ny, (4.16)
k=0

—00

in particular, Jy = ffooo cop(x)dz, where ¢, is the highest-order coefficient of the
polynomial p, and pg = ¢y # 0. In order to satisfy ffooo pr(2)(x)de = v, for all
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4.1 An explicit one-dimensional mollifier construction

n € Ny, we set

ay = T 0V = Jn (B0 = o AT (4.17)
n! Cp, J() bn+1 - bn

Analogously to (4.10), we pick the distances b,, such that they fulfil the inequality

bO _ b_l n+1 ( ) c
"M oo < -.
(et ) 1ol < €

n+= nt1

1 co(vp — Jn
bn+f”¢n||Loo(R) = byt ol )

nle,Jo

The distance by > 0 has already been chosen. Hence, b1 > bg should satisfy

bo —b_1

Vo — Jo
bl . b() HSOHLOO(R) S

Jo

1
- 3
q

bl -

(&

Since ¢ > 1 (which is essential here), the left-hand side tends to zero as b; tends to
infinity, so the inequality will be satisfied for b; large enough. The coefficient ag is
then determined by equation (4.17). The remaining part of the proof follows closely
the line of arguments in the proof of Proposition 4.4 and we eventually obtain

‘|¢_90HLP(R) <e for g <p<co.
O

Taking ¢ € D(R) with supp(¢) C [0,00] and p,(x) = z" for all n € Ny, Corollary
4.7 provides a constructive solution to the special variant of the Stieltjes moment
problem solved in [Dur89, DE94, LS08] as well as to the ‘strong Hamburger mo-
ment problem’ solved in [DE94]. However, our result is stronger in the sense that
we additionally require the desired Schwartz function to approximate a given test
function.

Remark 4.8 (A counter example). Note that the statement of Corollary 4.7 would
be wrong in the case ¢ = 1. This can be seen as follows: Consider a non-negative
function ¢ € D(R) with [ ¢(z)dz = 1, and the choices 1y = 0 and ¢y = 1.
Now assume that there exists a function ¥ € S(R) with the desired properties, in

particular
o:7wmm=7wm+%mmmﬂ+7%mm7

implying that ||1)g]] nmw = 1 since g is either non-negative or non-positive, de-
pending on the sign of ag.2 On the other hand,

> tn
n=0

1Y — ol m) =

= [¥nllni > ol @) > 1,
L1(R) n=0

since the functions v, have pairwise disjoint supports. Hence assertion (iii) in Co-
rollary 4.7 is violated, contradicting our assumption.

2More generally, for 1)y to compensate the unit mass of ¢, its L'-norm cannot be smaller than
1. However, its LP-norms for 1 < p < oo can still be made arbitrarily close to zero.
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4 Colombeau mollifiers and the Stieltjes moment problem

Remark 4.9 (Schwartz functions with vanishing moments are dense in L?). Corol-
lary 4.7 basically shows that the vector space

So(]0, 00[) := {gp € S(R)|Vn € Ny : / 2"p(x)de =0 and supp(yp) Q]O,oo[}

—0o0

is a dense subspace of LP(]0, oo[) for 1 < p < oo, since D(]0, o) is dense (cf. [Bhal2,
Theorem 6.8.3]). The space Sp(]0, 0c[) is invariant under dilation ¢ — @(A-) with
A > 0. It is also closed under taking derivatives, since for any ¢ € Sp(]0, 0c[) and
any n € N, integration by parts yields

o0 o0

/ 2" (z)dz = —n / 2" Lp(z)da = 0,

—00 —0o0

and the mass of ¢’ vanishes as well.

4.2 Conical Schwartz functions with vanishing moments

The investigations in this chapter originated from the observation that a function
with vanishing moments cannot have compact support, yet its support may not ne-
cessarily extend to infinity in all directions. As the one-dimensional case is settled
and we even obtained an explicit construction of Schwartz functions with vanishing
moments and support contained in ]0, 0o[, we now turn our attention to the mul-
tidimensional case. An obvious possibility to generalise the mollifier construction
in the proof of Proposition 4.4 to arbitrary dimensions is to consider n-fold tensor
products of one-dimensional mollifiers.

Corollary 4.10 (A trivial generalisation to arbitrary dimensions). There exists a
function p € S(R™) with [z, p(x)dz =1, [, 2%p(x)dz =0 for all @ € Nj, |a| > 0,
and support contained in the (conical) set |0, 00[™.

Proof. Take @9 € D(R) with [ @o(x)dz = 1, supp(¢o) €]0,00[, and apply Pro-
position 4.4 to construct ¢ € S(R) with supp(y)) C]0,00[ and all moments of order
m > 0 vanishing. Composing a multidimensional mollifier p € S(R™) by taking
p(x) = Y(r1) @ Y(x2) ® ... @ P(xy), it is easy to see that p has the desired proper-
ties. O

Aiming at a generalisation of the one-dimensional construction in Section 4.1, the
multidimensional mollifier example in Corollary 4.10 already hints at the possible
shape of the required ‘minimal’ support. This section is devoted to an explicit
construction of Schwartz functions on R™ with vanishing moments and support con-
tained in a conical subset of R™. It is also possible to create a sequence of Schwartz
functions of this type, converging in the space W*P(R™) to a given compactly sup-
ported smooth function.

First, we set up the fundamental scheme of the construction by introducing
building blocks for the prospective mollifier, derived from a given ‘basic function’
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4.2 Conical Schwartz functions with vanishing moments

vo € D(R™). All derivatives 0%pg of the same order || = m are combined to one
‘wave packet’ ¢, positioned along a ray in the direction of some vector . Com-
pared to the one-dimensional case, we allow for independent dilation and translation
parameters. This decoupling allows to control the angle covered by the support of
each packet.

Lemma 4.11 (Multidimensional building blocks and essential properties). Let &y €
R™ be nonzero, let a = (ap)nen, and b = (bm)men, be sequences of real numbers
with am # 0, ag = 1, and by = 0. Let 99 € D(R") with [z, po(x)dz # 0 and
¢ = (Ca)acn, With co € R (playing the role of a weight) and ¢ = 1 . For any
quadruple (a,b, c, o) with these properties and multi-indices o € N, we define a
sequence of test functions (@m)meny, Pm € D(R™),

om(x) = Capalr), (4.18)

laj=m
where
Pa(x) 1= 0%p0 <a”; - bm&)) : (4.19)
Then, given 3 € Nij, we have
for |8] < m,
/xwm(:v)dm = 9 (=1)lBlgll+n Cﬂ/%(x)dx for |8] = m. (4.20)
R™ s

Proof. We show that if |a| = m, we obtain

for |8] < |a| and B # a,
/x%a(w)dx = (_am)al+n/¢o(x)dx for 8= a,

R™ Rn

implying (4.20). If |a] = m, |B] < m and B # «, then there exists at least one
component 3; of 8 which is smaller than the corresponding component of «, that
is, aj — B > 1. Rewriting the integral under consideration, using Fubini’s theorem
and integrating by parts §; times with respect to x; yields

Rn Rn-1 R
= / xﬁzvj_”gj /:Ufjﬁo‘gpg <x — bm§0> dzjdzp;
am
Rn—1 R
. _B; x
= (—am)? / 2P EJ/BIJGWO (am —bm€o> dzjdz
Rn—l R
= 0.

Here, v € Ny is some multi-index with v; > 0 and dz; is the (n—1)-dimensional
volume element without dzj. The inner integral vanishes because the function
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4 Colombeau mollifiers and the Stieltjes moment problem

xj — 0Vpo(x/am — bm&o) has compact support. Boundary terms occurring through
integration by parts vanish for the same reason. If 8 = «, an analogous calculation
leads to

[aeate)ds = (an)?! [ oo (fn) do = (<1)lalg!*" [ go(o)da.
Rn Rn Rn

O

The functions ¢,, as defined in Lemma 4.11 will be the basic elements for the con-
struction of a mollifier function with vanishing moments on R in Theorem 4.12. To
obtain a rapidly decreasing function ¢ which is close to its ancestor ¢q in the W#»-
norm, the involved sequences of dilations and translation have to be constructed
carefully. The essential steps in the proof are similar to the one-dimensional case,
yet some of the estimates are slightly more delicate and the recurrence relations have
to be modified to achieve the cone property and to include the approximation of g
in WkP(R™) instead of LP(R") right from the start.

Theorem 4.12 (Conical Schwartz functions with vanishing moments). Let ¢g €
D(R") with [g. eo(x)dz # 0 and 0 ¢ supp(po) be given. Choose & € R"™ and
ro > 0, such that supp(po) C & + By,, where |§o| > 1o > 0 and By, is the open ball
of radius rg, centred at 0. Let T be the smallest open cone (that is, for all§ € T' and
A >0, X €T'), containing the set &g + By,. Then, for all k € Ny, for all1 < p < 0o
and for all € > 0, there ezists a Schwartz function ¢ € S(R™) with

(i) supp(p) C T,
(i) [ e@)s= [ oola)de and [ a*p(alde =0 for alla € N, o] >0,
R™ R™ Rn
(iii) [l — <P0||Wk,p(Rn) <e.

Proof. We will construct ¢ as the infinite sum of building blocks ¢, as defined in
Lemma 4.11, that is,

)= 3 pml@) = 3 3wt (a"” - bmso) | (4.21)
m=0 m=0|a|=m m

where a, b, ¢ have to be defined appropriately. We put ag = 1, by = 0 and require the
sequences (an)neNgs (bn)nen, to be strictly increasing. In addition, we assume that
the sum in (4.21) converges pointwise. This will be justified later on. By setting

70

o

for all m € Ny, we automatically have supp(¢,,) C T (for all m € Ny) and supp(p,,)N

bma1 = max <am+1, by, + (am + am+1)> (4.22)

supp(¢n) = 0 if m # n (see Figure 4.2).
From (4.21) it follows that supp(¢m) C bm&o+ Ba,,ro, that is, ., has its support
in a ball of radius a,,rg centred at b,,&y. A simple scaling argument then reveals
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4.2 Conical Schwartz functions with vanishing moments

Figure 4.2: The ‘wave packets’ ¢, have pairwise disjoint supports and are contained
in the cone T

that the cone I' contains all sets of the form u&y + By, with > X > 0. Hence, the
ball b,,&0 + Ba,,r, Will be contained in I' if only b,,, > a,,. Moreover,

Supp(@m—&—l) N Supp(@m) - (Z) < (bm+1§0 + Bam+1r0) N (bm€0 + Bam’ro) = (Z)
= |bms1&0 — bméol = amro + amy17o

To

<~ bm+1 > bm + —

€0l

(am + am+1),

which is also guaranteed by (4.22). Finally, since the supports of the functions ¢, are
lined up along the ray {A& : A > 0}, this also ensures that supp (¢, )Nsupp(ey,) =0
for any m # n.

Concerning the dilation parameters a,,, for the time being we only impose that
Amt1 > Max(ap, by )- (4.23)

Note that this together with (4.22) implies the estimate

tm < b < am <1 + 2|2°‘> < 3am. (4.24)
0

Since the building blocks (¢, )men, have pairwise disjoint supports, the infinite sum
in (4.21) converges pointwise to a smooth function. Most importantly, we want ¢ to
have vanishing moments. To achieve this, we need for any 5 € N{j with |3]| > 0 that

18]-1

/xﬁcp(:c)daj =0 — Z /wﬁgok(x)dx+ Z /xﬁgok(a:)dx =0
Rn k=0 Rn k:|,8‘ Rn
=:Jg (|8]>0)
(4.20) n
Byt () M) s [ puards =0
R
=:Jo
_ (=D)L
<~ cg = Bl
g +Jo

where Jg depends on all a,, by, and ¢, with m < || and |a| < |3|. Hence the
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4 Colombeau mollifiers and the Stieltjes moment problem

coefficients cg will be determined by the equation

(- )|B|+1Jﬁ
Yp 0

making sure that the moment of order 5 (|5| > 0) will be zero. Before we proceed

we estimate ||¢ — gooﬂlzp(Rn) for 1 < p < oo, assuming that all limits exist and the
infinite sum commutes with the integral, leading to

/ lo(x z)|Pdz

< 3 [lentwras
m= 1R"
Tarh >
< 70 n P
= F(n/2—|—1)m2:1am”<pm”L°°(R”)’

since the support of ¢, is contained in an n-dimensional ball of radius a,,rg. Here

and in the following equations, I'(n/2 4+ 1) denotes the Gamma function, evaluated

at & + 1. Similarly we estimate || — g00||€vk p(grny> THOTE precisely

> [10ew - ra@res Y Y [re@re
“1|SkRn

|a‘<k m=1 R

S 7T27"0 ZZ nHaaSDmeooRn

m=1|a|<k
7r2r0
Z > anlla™™ 3 0™ 00 )
m=1|a|<k |B]=m
71'27’0 Z Z al —lalp | @™ " Z “]lg‘aa—i—ﬁ Hpoo &
m=1a|<k om0
(425 % B J
Z Z |a|p—mp—n(p—1) H Z ﬁ’aa—l—ﬁcpo Hpoo &)
m=1|o \<k |8|=m
7r2r0 —mp—n(p—1)1.. k I8 | pats P
za o | 3 ] T

Hence we get [[¢ — @ollyyr.p@n) <€, if am = NEPE where the sequence (NgP) e,
is defined by

1
mp+n(p—1)
NEpe . 2" 71-2T0
m :

I8 | g+ P
E * . 4.2
e (2 |a\<k x| ‘ Jo ‘ 070 [[pee ) (4.26)

for 1 < p < oo. The required growth a,, > N,]f{p ° can be accomplished for all m > 1
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4.2 Conical Schwartz functions with vanishing moments

since for |3| = m, Jz only depends on (ay)o<k<m—1. In addition we obtain

> 0% = 0%0llpm@ny < D0 D 10%mll e an)

lal<k lal<k m=1

(o]
<> Z Z _|a‘||053a+5900||Loo(Rn)
m=1 |a|<k |B|=m
> J
Z Z ey ’Ji’ 18°F 20| oo (gny
al<k

|8|=m
—m— nk 80{—1—,3 - n)
< 3 et (X |2 10° gl o)
m=1 |B]l=m

implying that [l — @ollyr.ce(ny < & if @ > Nii™*, where

1
m—+n

. 2m knk J, o
wm | B (2 2ljo ) | - a2

Since ¢ shall be a Schwartz function, the supremum of the functions ¢, must
decrease sufficiently fast as m — oo. Aiming at a corresponding condition on the
parameters a,, and b,,, we estimate

o0

8 8
sup |z%0 < sup |20
sup [2°0% ()| ZO GRH\ o ()|
4.19) X 1
Y S el 10 ) (e — o)
=0 |y|=m TzeR™
(4.25) _ J. -
z Za Bl=m=n 5™ sup [2%(0% o) (apta — bino) |
Iy=m 0| zeRn”
[e.e]
< agﬁ\*m*”( m|&o] + ammo) SDOHLOO(]R")
m=0 Iyl=m
(4.24) = s 8
= Za PI=m=m(a, (€0] + 270) + amro)® 1077 0] e
[y[=m
o)
< S alglB=mn (g 4 3rg)led 0700l oo )
m=0 lyl=m

from which we conclude that in order to achieve ¢ € S(R™), it would be sufficient
to have

Cap
2m

a == N L 107 0]l ooy <
[v|=m

for m > my. (4.28)

where my may depend on a and 5. We have to make sure that for all o, 8 € Nj,
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4 Colombeau mollifiers and the Stieltjes moment problem

there exists mg € Ny such that (4.28) holds. Therefore we set

Am =1+ sup Z | Ty H\@*BM(PoHLoo(Rn (4.29)
|,8|<2m| |=m

noting that A, is uniquely determined, once the coefficients ¢, for |y| < m are fixed.
If
am > 2" A\, (4.30)

then, given «,5 € Nj, condition (4.28) will be satisfied for all numbers m >
max(|a| — |8 — n,|5|/2), in particular for all m > mg = max(|«|, |3]).

For convenience of the reader, we briefly summarise the first part of the proof. At-
tempting to construct a function ¢ € S(R™) which satisfies the conditions supp(p) C
I and [l — @ol[yykpgny < €, we formally defined

p(r) = i > cad®po (ax - bm&)) :

m:0 |a‘:m m

in (4.21) and subsequently derived several growth conditions on the sequence scal-
ing parameters (@, )men,, With a,,ro representing the radius of the ball containing
supp(¢m), see the figure below.

——————————————————— biméo supp(©m),

Figure 4.3: The translation along &y is determined by b,,, the dilation by a,.

All of the conditions arising from (4.23), (4.26), (4.27) and (4.30) are satisfied, if we
put
(4, = max (am_l, b1, NEP<, zmAm> (4.31)

for m > 1 and agp = 1. Here, a,, > max(am—1,bm—1) was a technical condition
necessary to control the distances b,,|{o| in terms of the radii a,,rp, whereas the
condition ap, > NiP€ (1 < p < oo, see (4.26-4.27)) implies [|¢ — eollwrs@ny < €
and finally, a,, > 2™\, (see (4.29)) settles the rapid decay property of ¢, that is,
¢ € S(R™). The other parameters were also defined recursively by

(@m—1 + am)>

bm:max<am, e 1+‘§‘

for m > 1 (bp = 0) in (4.22) and by

(—1)8i+1 18]

e = \5|+n
gl Jo k=0 gn

2’ oy (z)da
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4.2 Conical Schwartz functions with vanishing moments

for |3 > 1 (¢p = 1) in (4.25). So far, all calculations were performed under the
assumption that the infinite sum in (4.21) converges in L'(R") to ¢ € S(R"). It
remains to show that (am)mengs (bm)meng, and (ca)aeny, satisfying (4.22), (4.25),
and (4.31), can indeed be constructed and that the resulting function ¢ € C>*(R"™)
has all the desired properties. We show by induction that for all m € N,

/xa > on(@)dr =6 0J0 for 0< ol <m, (4.32)
Rn k‘:0

where 0|, o represents the Kronecker delta. First, we construct o1 explicitly and
consider m = 1 as the base case. Note that ag = 1, bg = 0 and ¢g = 1. We then
have

p1(x) = ce;(900) (a7 'z — bi1o)
and put
a] := max <a0, bo, Nf’p’a, 2)\1) ,

according to (4.31), where Nf P and 2\ are already determined by ¢o. We set

b1 = max (al, by + ‘270’ (ao + a1)> (4.33)
0

as in (4.22) and compute the coefficients c.; by

Je, 1
Ce; = I = /xjgoo(a:)da:

J a1+nJ0 a1+"J0
1 1
Rn

as in (4.25). Then

/ (o(@) + pr(@)dz = Jo+ / o1 (2)d = Jo

R™ R

by (4.20). Now, regarding (4.32) as the induction hypothesis, we construct ;11
by computing am,+1, bym+1 and ¢, for |a| = m+ 1, which are all determined by their
direct predecessors and by all previously constructed wave packets (¢x)j-,- We then

consider
m—+1 m
[ o = [ a@det [atena @
4.32
(:) 5|a\,OJ0 + /xatpm+1(a;)da;
Rn
(4.20)

=" dalodo for |af <m.

This completes the induction and also proves that ¢ with ¢(z) = > °_@m(z) is
indeed rapidly decreasing, as well as all its derivatives, since we obtain a sequence

(m)men, satisfying (4.28).
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4 Colombeau mollifiers and the Stieltjes moment problem

Finally, we show that (z — 2% 1 ¥k(2))men, converges in L'(R") as m — oo
for every o € Njj. Therefore we define ¢, : R™ — [0, 00|,

(bml€0l + amro)™ [ om |l oo @y for @ € bm&o + Bay,r
%(m) = { Lo (®™) 0

0 else,

implying that [z%¢op, (z)| < Yo (z) for all x € R™. We have

i o T2y an,
WaHLl(Rn) < Z(bm|§0|+am7’0)| ‘1“(”71) Z Hcﬁa SOOHLoo R™)
m=0 2 |Bl=m
(4.24) 4|a|(’§0| _|_7a0 \ Iﬂgr N
< . Z o= Z HJﬂa’B‘POHLoo(Rn)
PAING; Flt
(4.29) e
< oy di
Ioz\
< CZ lel=mx\,, + C Z
m=|a|+1
; lot]
(4.30)
< |a|— m)\
< C Z +C |Z+1 o

and thus [[¢all;1(gny is finite. Since z +— 234" pr(x) converges pointwise as
m — oo and is dominated by 1, € L'(R"), taking the limit m — oo in (4.32)
commutes with integration and

/ ngk dx—Z/x or(z)dr = 0|g0Jo for o€ Ny.

k=0 gn
In particular, the formal estimates showing that || — @ol|yykpgn) < € are valid. O

While in Theorem 4.12, the conic set I' ist determined by the support of ¢y, we may
also take any cone I', not related to supp(¢p), as this does not affect the construction
in any way. More precisely, we are free to choose an arbitrary cone I" (which may
be as narrow as we wish) and obtain ¢ € S(R™) with supp(¢) C supp(yo) UT and
satisfying conditions (ii) and (iii). Here it is not required that 0 ¢ supp(o).

Corollary 4.13 (Mollifiers with vanishing moments and ‘minimal’ support). Let
I' be a cone in R", R > 0 and Br = {x € R" : |z| < R}). Then there exists
¢ € S(R™) with supp(p) € '\ Br, [ga@(x)dz =1 and [z, 2*¢(z)dz = 0 for all
a e Ny, |al > 0.

Proof. The statement follows immediately from Theorem 4.12 by choosing any ¢qg €
D(R™) with supp(¢g) € I'\ Bg and [g, wo(z)dz = 1. O

The construction in the proof of Theorem 4.12 can easily be modified to provide a
solution of the Stieltjes moment problem in arbitrary dimensions, formulated on a
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4.2 Conical Schwartz functions with vanishing moments

cone I in R™. To this end we take any ¢ € D(R™) with supp(¢) C T, [p, ¢(x)dz # 0
and set Y(z) := p(z) + > oy em(z) with ¢, defined as in (4.18-4.19), in particular
we have po(x) = cop(r/ag — bp&y). Note that compared to definition (4.21), the
sum representing the function ¢ additionally includes the original function ¢ itself.
Whereas we had put ag = ¢y = 1 and by = 0 in Lemma 4.11, we now determine ag >
0, bo > 0, and ¢y € R by demanding that the conditions [, (¢(x)+¢o(z))dz = 0 and
supp(pg) C I' are satisfied. We then proceed as in the proof of Theorem 4.12, but
replace J, by Jo — 4 in the recurrence relation (4.25). By this we obtain ¢ € S(R")
with supp(¢)) € I and [, %Y (z)dx = v, for all o € Nj and thus a solution to a
variant of the ‘vector moment problem for functions of several variables’ considered
in [Est98] and in [GLSO01]. Moreover, we can make [[¢) — ¢|[p(gny as small as we
wish for any fixed p > 1. This also implies that

So(T) := {w € SR")|Va € Nj : /w“¢(x)dm =0 and supp(y)C F}
RTL

is a dense subspace of LP(I') for 1 < p < oo, since D(I') is dense (cf. [Bhal2,
Theorem 6.8.3]). As already discussed for the one-dimensional case (see Remark
4.8), the approximation fails for p = 1, since the condition ||y — <,0HL1(Rn) < ¢ will be
in contradiction to [, ¢(x)dz = 0 for small e. Note that the statements in Theorem
4.12 remain true, if we replace the monomials {z%}eny in the moment condition
Jrn ¥@(x)dz = v by polynomials {pa }aeny, Where po(z) = Z\ﬁlﬁlal Cap2?, as this
modification does not compromise the algorithm employed in the proof.

Corollary 4.14 (The multidimensional Stieltjes moment problem). Let real num-
bers (Va)aeny, a cone I' C R™, and a function ¢ € D(R™) with supp(p) C I' and
fRn o(x)dx # 0 be given. Let € > 0 and 1 < p < co. Then there exists a function
Y € S(R) such that

(i) supp(y) C T,

(ii) /xo‘w(m) dz = v, Ya € Ny,
R”

(i) ¢ = @llp@ny <€

Proof. The proof follows along the lines of the proof of Theorem 4.12, with minor
adaptions as described above. ]

In the embedding of distributions into the special Colombeau algebra, technical
difficulties arise from the fact that a mollifier p € S(R™) with vanishing moments
cannot have compact support and therefore p.(-) = Ein P (g) cannot be convolved with
every element of D'(R™). To overcome this restriction, nonstandard or generalised
mollifiers p € G(R™) with compact support have been introduced in [OT98] and
[OV08]. Another approach is to use smooth cut-off functions y. € D(R") converging
to 1 at a certain rate and create a delta net (6% P (g) XE)a whose moments differ from
those of p. only by an element of N (R"), as discussed in [NPS98] and in [Del05].
The purpose of the following corollary is to put our results in relation to these

constructions and to offer a different perspective on Theorem 4.12.
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4 Colombeau mollifiers and the Stieltjes moment problem

Corollary 4.15 (Approximating sequences with vanishing moments). Let I' C R™
be an open cone, gy € D(R™), supp(¢o) C T, k € Ng, 1 < p < o0, and d > 0.
Then there exists a sequence (Ym)men, i S(R™), supp(pm) C T', and a function
Y € S(R™) with supp(¢)) C T, such that

(i) nlgnoo ||'¢m - w”wk,p(ﬂgn) = Oz

(i) [ Y(z)dz = [ Ym(z)dz =1 for all m € Ny,
Lo

(iii) /:L‘aﬂ)(l’)dl' =0 for |a] > 0 and /wawm(af;)dac =0 for 0 < o] <m,
R" R™
(1v) [|[Ym — QOOHWk,p(Rn) <y — SOOHWk,p(]Rn) <d for all m € Ny.

Proof. Assertions (i)-(iii) follow immediately from Theorem 4.12 by defining 1y, as
the m-th partial sum in (4.21). The inequalities in (iv) are also clear, since

|%m — SDOHka(Rn) < [hm — ¢’|W’67P(R") + Y — SDOHkap(Rn)
and [|¢ — <P0HWk,p(Rn) can be made as small as we wish. O

Notice that if we assume that ¢g(x) > 0, we automatically get 1 (z) +d > 0 for
all x € R™, that is, we also obtain ‘almost non-negative’ mollifiers. The following
Proposition 4.16 demonstrates how Corollary 4.15 can be employed to construct a
generalised function p € G(R™), sharing the properties of generalised mollifiers with
compact support as established in [OV08, Propositions 4.1 and 4.2]. An alternative
proof of this result can be found in [SV09, Lemma A.1].

Proposition 4.16 (Generalised mollifiers with support conditions). Let I' C R" be
an open cone, By = {x € R" : |z| < 1}, and d > 0. Then there exists an element
p = [(p:)s] € G(R™) such that

0 [ parie =1,

R”
(i) /x“p(a:)dx =0 for all « € Njj, |a| > 0,
Rn

(iii) supp(p) € B1 NT, more precisely
supp(p:) € B1NT foralle > 0,

(iv) /\p(x)ydx <1+d
RTL

Proof. First we choose any non-negative function pg € D(R") with [p, ¢o(z)dz = 1
and supp(pg) € By NI'. We construct a sequence (¢p,)n, converging to ¢ € S(R")
as in Corollary 4.15 such that ||[¢) — ¢ol| 1 gn) < d. We may then define

N(e) := max {m € Ny : supp <wm (;)) C Bl}
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4.2 Conical Schwartz functions with vanishing moments

and set p.(z) := E%?,Z)N(E)(g), representing a finite sum of functions with support
contained in By NT'. Since [|0%pel|foo(gny < Cne~1o=" we obtain a generalised
function p = [(p:):] € G(R™). Condition (iii) is automatically satisfied, implying
that the integrals in (i) and (ii) can be carried out componentwise on representatives.
Since [pn ¥n(e) (%) dz = [z po(x)dz = 1 for all € > 0 by Corollary 4.15 (i), we
immediately get (i). Moreover we have [p, arawN(E)(%) dz = 0 for all @ € N,
0 < |a] < N(e), as a consequence of Corollary 4.15 (iii). This proves assertion (ii),
since N(g) — oo as ¢ — 0. Finally, we observe that

19e g gy =1 €0 (/) lla@my= 1ol a gy < 10l agamy < 1+ d

since 6111 ) < ol ) + 16 = Poll s amy < 1+ d. s

Remark 4.17 (Dependence on ¢ and rescaling). The net (¢/()). employed in the
proof of Proposition 4.16 does not incorporate any e-dependent scaling or dilation of
the underlying sequence (¢, ). The role of € is merely that of a cut-off parameter,
determining how many of the previously constructed wave packets are included in
Yn(e)- Using a more general scaling net o. — 0, o7l = 0(¢7%) as ¢ — 0 for some
g € N, to eventually define p.(z) := a;"wN(UE)(ngx), allows us to control the
rate of convergence of (p. )., for instance to satisfy additional asymptotic conditions
such as L>-log-type estimates. In particular, taking o. = 1/log(1/¢), the mollifier
p = [(pe)e] will be a regular generalised function, that is p € G (R"™), as in [OVO08,
Propositions 4.1 and 4.2]. Further adaptation is possible by choosing a specific cone
T containing the support of p.

The generalised function p € G(R™) obtained in Proposition 4.16 is associated with
the delta distribution. In fact, the constructed family (p;). is a strict delta net
satisfying the conditions used in [SV09, Lemma 4.3] to specify admissible mollifiers
for regularisations of Geroch-Traschen class metrics in order to end up with a gen-
eralised metric. An application of mollifiers whose L'-norm can be made arbitrarily
close to 1 can also be found in [Horl5, Section 3.

The explicit construction of Schwartz functions with prescribed moments presen-
ted in this chapter has some advantages compared to less explicit solutions of the
Stieltjes moment problem for rapidly decreasing smooth functions ([Dur89, DE94]).
Moreover, the underlying method may also be applied to generalisations and other
variants of the Stieltjes moment problem discussed in [Est98, GLS01, LS08]. Our
construction is flexible in the sense that there is a lot of freedom in the choice of
the basic function as well as the positions of the wave packets composed of higher-
order derivatives of the basic function. Mollifiers satisfying additional support and
stability conditions as in [Del05, OV08, SV09] are easily obtained by exploiting this
freedom. The need for tailor-made mollifiers with special properties may arise in
future applications of Colombeau theory.
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Zusammenfassung

In dieser Arbeit wird das Cauchy-Problem fiir symmetrisch hyperbolische Systeme
partieller Differentialgleichungen in Colombeau-Algebren verallgemeinerter Funk-
tionen untersucht. Dieser Rahmen erlaubt es, Gleichungen mit hochsinguléren
Koeflizienten zu betrachten, fiir welche distributionelle Losungskonzepte nicht an-
wendbar sind. Insbesondere konnen auch Koeffizienten, die die Delta-Distribution
oder ihre Ableitungen enthalten, in mathematisch rigoroser Weise behandelt wer-
den. Differentialgleichungen mit Koeffizienten dieses Typs treten in der Physik in
verschiedensten Zusammenhéngen auf. Die wesentlichen Methoden fiir die Existenz-
und Eindeutigkeitsresultate dieser Arbeit basieren auf Energieabschéatzungen auf lin-
senformigen Teilgebieten der Raumzeit. Dariiber hinaus wird die Regularitat ver-
allgemeinerter Losungen analysiert, wenn die Koeflizienten als Regularisierungen
nichtglatter Sobolev-Funktionen definiert sind. Es wird gezeigt, dass distribution-
elle Limiten verallgemeinerter Losungen auch im Falle von Koeffizienten existieren,
deren Regularitaten schwécher sind als jene, die in klassischen schwachen Loéung-
skonzepten verlangt werden. Weiters wird die Transformation einer skalaren Wel-
lengleichung mit verallgemeinerten Funktionen als Koeffizienten in ein symmetrisch
hyperbolisches System erster Ordnung untersucht. Die dafiir benttigten mathem-
atischen Operationen sind fiir Koeffizienten schwacher Regularitét in einem distri-
butionellen Rahmen nicht anwendbar. Als Beispiele aus der Physik werden die
Dirac-Gleichung und die Klein-Gordon-Gleichung mit einer Delta-Distribution als
Potential diskutiert. Auch die durch den Laplace-Beltrami-Operator einer nichtglat-
ten Lorentz-Metrik definierte Wellengleichung wird behandelt. Ausgehend von der
wichtigen Rolle von Faltungsregularisierungen bei der Einbettung von Distributionen
in Colombeau-Algebren wird eine explizite Konstruktion von Schwartz-Funktionen
mit vorgegebenen Momenten und einem in einer kegelférmigen Menge enthaltenen
Tréager entwickelt. Diese Konstruktion liefert mafigeschneiderte Glattungsfunktionen,
die adaptierbare Konvergenz- und Tragerbedingungen erfiillen. Insbesondere ergeben
sich daraus explizite Losungen fiir Varianten des Stieltjes-Momentenproblems fiir
rasch fallende glatte Funktionen.
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