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Abstract

This dissertation is dedicated to the portfolio optimization problems which aim to max-
imize the expected utility value of the terminal wealth. The main concern is to study
properties of optimal dual processes producing the unique dual optimizer by applying
duality theorems provided in [63] [13], [19].

It has been pointed out in [63] that the unique optimal dual process is in general not
a local martingale, but a supermartingale. Here, provided that the stock price process
has continuous paths, we show the local martingale property of the unique optimal dual
process. For Brownian filtration, this result is extended to frictionless markets with
bounded random endowment. Mathematically, this result means that the countably
additive part of the dual optimizer obtained in [I3] can be attained by a local martingale,
which is a supermartingale deflator defined in [63].

In chapter 3, we consider markets with proportional transaction costs. Under the
strict positivity of the liquidation value process of the optimal trading strategy and the
continuity of the stock price process, we prove that all optimal dual processes are local
martingales. Furthermore, we perform a stability analysis for the utility maximization
problem by investigating the small perturbations of the initial investment and the in-
vestor’s preference. The sequence of optimal dual processes is proved to converge in
the sense of [I8, Theorem 2.7] to an optimal dual process in the original market under
some conditions. This limit process allows us to construct a shadow price for the original
market.

In the last part, we focus on the utility maximization problem in markets with random
endowment and proportional transaction costs. For such markets equipped with at least
one supermartingale-consistent price system, we find the unique solution to the utility
maximization problem and verify the existence of a shadow price under the no-short-
selling constraint. Finally, we present an example showing that the shadow prices may
exist even if the no-short-selling constraint does not hold.






Zusammenfassung

Diese Dissertation widmet sich den Portfolio-Optimierungsproblemen, die darauf abzie-
len, den erwarteten Nutzen des Endvermogens zu maximieren. Das Hauptinteresse dieser
Arbeit besteht darin, unter Zuhilfenahme von Dualitédtsergebnissen aus [63, 13, 19], die
optimalen dualen Prozesse und ihre Eigenschaften genauer zu charakterisieren. Dies ist
von besonderem Interesse, da diese Prozesse die Losung des dualen Problems eindeutig
festlegen.

Es wurde in [63] darauf hingewiesen, dass der eindeutige optimale duale Prozess im
Allgemeinen kein lokales Martingal, sondern ein Supermartingal ist. Fiir Preisprozesse
mit stetigen Pfaden zeigen wir, dass dieser optimale Prozess ein lokales Martingal ist.
Im Fall einer Brownschen Filtration wird dieses Ergebnis auf Markte mit beschranktem,
zufélligem Kapital erweitert.

In Kapitel 3 untersuchen wir die optimalen dualen Prozesse fiir Méarkte mit Transak-
tionskosten. Fiir Preisprozesse mit stetigen Pfaden und unter der Annahme, dass der
Wertprozess aller optimalen Handelsstrategien streng positiv ist, zeigen wir, dass alle
optimalen dualen Prozesse lokale Martingale sind. Weiterhin fithren wir eine Stabilitats-
analyse fiir das Nutzenmaximierungsproblem durch. Wir beweisen, dass unter bestimm-
ten Bedingungen die Folge der optimalen dualen Prozesse im Sinne von [I8, Theorem 2.7]
gegen einen optimalen dualen Prozess im Originalmarkt konvergiert. Dieser Grenzprozess
ermoglicht es uns, einen Schattenpreis fiir den Originalmarkt zu konstruieren.

Im letzten Teil konzentrieren wir uns auf das Nutzenmaximierungsproblem in Markten
mit zufalligem Kapital und proportionalen Transaktionskosten. Unter der Zusatzan-
nahme, dass ein solcher Markt mindestens ein Supermartingal-konsistentes Preissystem
besitzt, beweisen wir, dass das Nutzenmaximierungsproblem eine eindeutige Losung hat.
Auflerdem verifizieren wir die Existenz eines Schattenpreises unter der Annahme, dass
Leerverkaufe verboten sind. Schliellich stellen wir ein Beispiel vor, das zeigt, dass Schat-
tenpreise auch dann existieren konnen, wenn Leerverkaufe zuldssig sind.
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Chapter 1

Introduction

1.1 Background

Portfolio optimization is a classical problem in mathematical finance, which concerns
an economic agent who invests his money in different assets in a financial market so
as to maximize the expected utility of his terminal wealth. The portfolio optimization
problem is most generally specified as a constrained utility maximization problem, which
leads to an efficient pricing tool. Such problems can classically be solved by primal
methods leading to Hamilton-Jacobi-Bellman equations, which are hard to solve (see
e.g., [20, 85]); or by applying the duality methods (martingale approach) where one
optimizes a conjugate functional (Legendre Transform). Duality methods enable to deal
with models which are not necessarily Markovian.

A complete review of the literature on utility maximization problems is too extensive.
We only concentrate on such problems solved by duality methods, where a utility function
U is supported on R. For the articles in the area of utility maximization in a complete
market solved by martingale methodology, see [76, [10, 11l 57]. In incomplete financial
markets, after the problem in It6-processes models was solved in [58], it is generalized
to the framework of semimartingale market by Kramkov and Schachermayer (1999) in
[63]. They provided a necessary and sufficient condition called “reasonable asymptotic
elasticity” of the utility function for the existence of an optimal solution of utility maxi-
mization problem, and constructed an optimal trading strategy by solving a dual problem
defined on LY. The other important innovation is that the dual domain is a family of
supermartingale deflators, which is not necessarily a local martingale as in [58].

The result in [63] is subsequently generalized by Cvitani¢, Schachermayer and Wang
[13] to allow for receiving a bounded random endowment ey other than the deterministic
initial wealth, which, for example, can be an exogenous non-traded European contingent
claim. In this case, the dual domain is no longer in the space L!, but in (L*°)*, so the
authors of [I3] employ the duality between L and (L*)*. The obtained dual optimizer
@\ is unique up to the singular part, and moreover the primal optimizer can be formu-
lated by the regular part of the dual optimizer @’“. Then, in [48], the authors relaxed
the boundedness assumption on the random endowment and instead only required an
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integrability condition. Another extension of [I3] is provided by Karatzas and Zitkovié
in [60] by additionally considering intertemporal consumption.

Besides the duality between the primal and dual problem, many authors are concerned
with the properties of the dual optimizer in the case when U is defined on R, . Particularly,
the following representation conjecture is studied: can the dual optimizer be attained by an
equivalent local martingale deflator (for short ELMDs, see e.g., [50, [61])? Actually, this
conjecture fails for general semimartingale models, because Kramkov and Schachermayer
provided an example in frictionless case showing that the associated process could only be
a strict supermartingale (cf. Example 5.17 in [63]). However, once further conditions are
imposed on the stock price process S, one could have some positive results. For example,
Karatzas and Zitkovié observed that this conjecture is true for Ito-process models in
[60]. Another important result is presented in [65]: the represented conjecture is true
for all continuous semimartingale models. Even in the market with bounded random
endowment, but in the Brownian framework, [38] shows the countably additive part @T
of the dual optimizer @ € (L*°)* obtained in [I3] can be represented by the terminal
value of a supermartingale deflator Y defined in [63], which is a local martingale.

However, if we look over the order book in real stock exchanges, there always exists
a bid-ask spread in the price of a stock’s share, meanwhile transaction fees are always
charged for many kinds of reasons. The presence of these factors in real financial markets
are crucial in the equilibrium between traders and market makers and also affects the
market liquidity. Therefore, many researchers devoted to improve classical models such
that these factors can be taken into consideration, in particular, the constant proportional
transaction costs. Since the 1990s, many authors have found that essential properties on
the frictionless market can be still valid here, merely through defining some concepts in a
new language. Precisely, the notion called “consistent price system” (CPS) is introduced,
which plays a similar role as the equivalent local martingale measure in the frictionless
framework and so that the equivalence between the existence of a such system and the
“no arbitrage condition” can be well set up (see e.g., [50), 81, 42, [44] 45] [43]).

On markets with transaction costs, Magill and Constantinides [69] have first dis-
cussed this problem in Merton’s model (cf. [71], [72]) with the continuous time setting.
Since then, many authors have contributed to this topic from different aspects. In fact,
the dual approach for solving this problem under transaction costs dates back to Cvitanié¢
and Karatzas [12], yet the authors assume a priori that the dual optimization problem
admits a solution so that the primal optimizer can be constructed. This assumption
is proved true by Cvitani¢ and Wang in [I4] by suitably enlarging the domain of the
dual problem as Kramkov and Schachermayer did in [63] for investigating a frictionless
counterpart. For more general market models with transaction costs, Kabanov [52] in-
troduced a more general multi-currency model based on the concept of solvency cone. In
this framework, Deelstra, Pham and Touzi gave a dual formulation of the multivariate
utility maximization with the non-smooth utility function in [21], when the market is as-
sociated with a continuous semimartingale of classical no-arbitrage features. Afterwards,
Campi and Owen [6] solved the utility maximization problem by convex duality under
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existence of CPSs (cf. [7]). In particular, duality results in [0] rely on the enlargement of
the dual domain formed by CPSs to a set of finitely additive measures, which is based on
the idea of [13| [60] [74]. Notice that this step is altered in the proof of a similar problem
in the numéraire-based context (cf. [I7, [19]), where the abstract theorem in [63] applies,
which is owed to the L?r—bipolar property between the dual domain defined in terms of
supermartingale deflators and the primal one. The results in [6] has been subsequently
generalized by Benedetti and Campi in [4] to the case with bounded random endowment.

It has been observed that the original market with transaction costs can sometimes
be replaced by a frictionless “shadow market” that yields the same optimal strategy
and utility, though even small transaction costs could dramatically influence the optimal
choice of the investor in utility maximization (cf. [66]). The existence of such shadow
market was first implied in [12], which shows if the solution of a suitable dual problem
could be attained by a CPS which is a (local) martingale, then the optimal solution
could be characterized by solving a hedging problem in the “shadow” market associated
with this CPS. Then, Kallsen and Muhle-Karbe [55] showed that the shadow prices
always exist in finite probability spaces. More recently, for the continuous stock price
processes S, a sufficient (but not necessary) condition for the existence of a shadow price
is provided in [19], that is, S satisfies the condition of “no unbounded profit with bounded
risk” (NUPBR). After that, in [I6] a shadow price is still proved to exist by the weaker
condition of “two way crossing” (TWC) introduced by Bender [3]. For general cadlag
stock price processes S, Czichowsky and Schachermayer [17] clarified the existence of a
shadow price in the sense of “sandwiched” process, which consists of a predictable and an
optional strong supermartingale. This idea is afterward generalized by Bayraktar and Yu
[2] in order to study a similar problem but with random endowment: they constructed
shadow prices in the sandwiched sense as [I7], whenever the duality result holds and a
sufficient condition on the dual optimizer is assumed.

If such a shadow price exists, then transaction costs do not lead to qualitatively new
effects for portfolio choice, as their impact can be replicated by passing to a suitably
modified frictionless market. Starting from [54], shadow prices have also proved to be
useful for solving optimization problems. With geometric Brownian motion models, the
authors of [54] considered the optimal investment and consumption problem with log-
arithmic utility in an infinite horizon by employing tools from stochastic control and
constructed explicitly a shadow price by solving a free boundary problem. In the same
framework, this idea was afterward generalized in [8] [46] for power utility to derive a
shadow price. By the same token, Gerhold et al. [35, 34] constructed shadow prices for
logarithmic and long-run power utility functions when the time horizon becomes finite.

Instead of studying the dual optimizer, Loewenstein [67] constructed shadow markets
directly from the derivatives of dynamic primal value functions under no-short-selling
constraints. This argument is based on the existence of the constrained primal solution,
which was a hypothesis assumed by [67] but has been indeed obtained by Benedetti et
al. [5] when they applied Loewenstein’s approach to a similar problem with Kabanov’s
multi-currency model.
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What will happen to the optimal investment problem, if there are small changes
of input parameters? This question brings us an interesting study on stability. Until
now, the investigation of stability only focuses on the frictionless market. There are two
different settings for such stability analysis. One is with respect to the small variations
of the preference, while the stock price process is fixed. The other one is with respect to
the changes of asset price but the utility function is fixed.

One type of stability problem launched by Larsen and Zitkovié¢ [65] refers to misspec-
ifications in the model. That is to say, the stability of an agent’s optimal behavior is
studied through the perturbations of the market coefficient processes and fixed utility
function. Such problem has been researched later by Frei [33], Bayraktar and Kravitz [I]
for the exponential utility function. More recently, Weston [87] investigated the stability
with respect to a sequence of financial markets in incomplete Brownian setting.

The first analysis of continuity with respect to the preferences goes back as far as to
the article of Jouini and Napp [51I]. The authors received the LP-convergence (p > 1)
of optimal wealth and consumption at each date when they considered the complete
[t6-process model, the pointwise convergence of utility functions. Larsen [64] extended
the stability study to more general model — continuous semimartingale model. He also
pointed out that only the pointwise convergence of utility functions is not enough to have
the stability of utility maximization problems by providing a counterexample. Placing
a growth condition on the possible choice utility functions, that is U(-) < U(-), where
U(-) is the universal upper bounded utility function, [64] shows the continuity of value
function as well as the continuity of the optimizer in the sense of LO(P). Afterwards,
Kardaras and Zitkovi¢ [62] proved the same result as in [64], when they considered not
only the changes of the utility function, but also variations of the subjective probability
measure in a more general model additionally with random endowments. More recently,
Mocha and Westray [73] discussed the stability with respect to the relative risk aversion
of power utility function, market price of risk, statistical probability measure and extra
investment constraints that the set of strategies is a convex cone. Xing [88] focused on
the stability of the exponential utility maximization when there are small variations on
the agent’s utility defined both on R and R, .
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1.2 Outline

This dissertation is based on a published paper [3§], a submitted paper [39], and a work-
ing paper [40] written with collaborators Yiqing Lin and Junjian Yang. Focusing on the
properties of optimal dual processes which induce the unique dual optimizer, we begin
our study on incomplete markets introduced in [63], then we investigate such problem in
markets with bounded endowment. Further, financial markets with proportional trans-
action costs is also concerned, for example, the stability problem and the optimization
problem are observed.

We pay attention to the dual problem of utility maximization in incomplete markets
with and without bounded random endowment in Chapter 2, which is based on the
published paper [38]. Firstly, we show that under the continuity assumption of the stock
price process, the optimal dual process Y € Y(y) obtained in [63] Theorem 2.2], is a
local martingale, where )(¥) is the family of supermartingale deflators. Then we extend
this result to the case with bounded random endowment e introduced in [I3]. That is,
under the Brownian filtration, the regular part CA)” of any dual optimizer @\ obtained in
[13, Theorem 3.1] can be attained by a local martingale, which belongs to Y(1).

In chapter 3, which is based on the working paper [40], we consider the stability
problem of utility maximization in markets with transaction costs. According to the du-
ality results in [17, Theorem 3.2], where the stock price is cadlag, we perform the static
stability analysis by perturbing initial capitals, utility functions and physical probability
measures. We have the continuity of the value function and the convergence in L°(P)
of primal and dual optimizers by imposing an additional assumption of uniform inte-
grability of the family of V., where V,, is the conjugate of U,. In order to discuss the
dynamic stability, we assume the stock price process is continuous. The local martin-
gale property of all optimal dual processes still holds true, when the liquidation value
process of each optimal trading strategy is strictly positive. In line with such property,
which guarantees the existence of a shadow price process, we prove the convergence in
the sense of [18, Theorem 2.7| for optimal dual processes in terms of the changes of initial
capital and utility function. Mathematically, for the sequence of optimal dual processes
{?"}neN = {(}A@O(:Un;Un,P),ﬁl(xn; Un,P)> } with respect to the perturbed

0T | eny
market parameterized by (z,;U,,P), there is a local martingale Y and a sequence of
convex combinations of {¥™},en, still denoted by {Y"},en, then for every [0, T]-valued
stopping time 7,
yr 2y

Moreover, the limit process Y is also an optimal dual process in the original market
parameterized by (z; U, P). This convergence offers a possibility to construct a shadow
price in both perturbed and original markets according to the ensured existence of a
shadow price.

Considering the optimal portfolio in financial markets with transaction costs and
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random endowment, we find the optimal terminal wealth and the maximal expected
utility in Chapter 4. It is based on a preprint [39]. In this case, under the existence of
supermartingale-consistent price systems, we assume the agent cannot short sell assets
and is endowed with a strictly positive contingent claim rather than a deterministic initial
wealth. We first show that a primal optimizer of this utility maximization problem exists
and is unique. Then, we follow the lines of [67, 5] to construct a shadow price directly from
the primal solution. Further, we provide an example in the Black-Scholes framework with
a constructive random endowment, which shows that even without the no-short-selling
constraint shadow prices can be explicitly defined.
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Chapter 2

Dual optimizer in utility
maximization problems in
incomplete markets

A dual optimizer of utility maximization problem is obtained by duality methods, where a
conjugate functional (Legendre Transform) should be optimized. We discuss the property
of dual optimizer in the cases with and without random endowment.

2.1 Dual optimizer in the classical case

We start with a brief introduction of settings and notation described by Kramkov and
Schachermayer (1999) in [63], where the authors are concerned with optimal solutions of
utility maximization problems solved by martingale approach in incomplete semimartin-
gale markets, then we discuss the property of the obtained optimal dual process inducing
the unique dual optimizer.

2.1.1 Financial model and duality results

We consider a security market consisting of d+ 1 assets, one bond and d stocks. The time
horizon T' is assumed to be finite T' < co. We suppose without loss of generality that the
price of the bond is constant. The price process of d stocks denoted by S = (S5%)1<i<q
is a strictly positive semimartingale on a filtered probability space (2, F, (F;)o<i<r, P)
satisfying the usual conditions, i.e., the filtration is P-complete and right-continuous
(Fi = Fi+ = N> Fs), where Fy is assumed to be trivial.

Assume the agent is endowed with initial capital x and the amount of each asset
held in his portfolio is described by H = (H")g<;<q, which is a predictable S-integrable
process. The value process X = (X;)o<i<r of such a portfolio (z, H) is given by

Xt:X0+(H'S)t, 0§t§T7 (211)
where (H * S); = fg H,dS, denotes the stochastic integral with respect to S.
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Definition 2.1.1. The predictable process (trading strategy) H is called admissible, if
it is S-integrable with Hy = 0, and the process (H * S) is uniformly bounded from below
by some constant.

For x € R, the family of wealth processes with nonnegative capital at any moment
is denoted by X (z), that is, X; > 0 for all ¢ € [0, T], and with initial value X equal to z,

X(x)={X >0: X is defined by (2.1.1) with X, = z}.

Definition 2.1.2 (ELMM). A probability measure Q ~ P is called an equivalent local
martingale measure (ELMM), if any X € X(1) is a local martingale under Q. The
family of ELMMs is denoted by M*(S) or shortly by M.

Remark 2.1.3. if S is bounded (resp. locally bounded), under an ELMM Q, S is a Q
martingale (resp. Q-local martingale).

Assumption 2.1.4. We assume throughout this chapter that
M # (. (2.1.2)

Remark 2.1.5. This assumption is equivalent to the absence of arbitrage opportunities
on the security market. For the general semimartingale S, the existence of equivalent o-
martingale measure is equivalent to “no free lunch vanishing risk” (NFLVR). For precise
statements and references please see [22] and [26]. Moreover, if S is locally bounded (resp.
bounded), then the existence of ELMM (resp. EMM) is equivalent to (NFLVR).

Assumption 2.1.6. Throughout the paper, suppose the agent’s preferences over terminal
wealth are modeled by a utility function U : (0,00) — R, which is strictly increasing,
strictly concave, continuously differentiable and satisfies the Inada conditions:

U'(0) :=limU'(z) =0, U'(c0):= lim U'(z) =0.

z—0 T—00

as well as the condition of “reasonable asymptotic elasticity”, that is,

!
AE(U) := limsup V()

1.
Mol Ty

Remark 2.1.7. AE(U) < 1 is the necessary and sufficient condition on utility function to
guarantee the existence of the optimal solution to the following primal problem ([2.1.3]).
For more financial interpretation and results about the condition of “reasonable asymp-
totic elasticity”, we refer to [63].

For a given initial capital z > 0, the goal of the agent is to maximize the expected
value from terminal wealth:

u(z) = sup E[U(Xr)]. (2.1.3)

XeX(x)

18



To avoid the trivial case, we assume

Assumption 2.1.8.

u(z) = sup E[U(X7)] <oo, for somex > 0.
XeX(x)

To obtain the dual optimizer, we should dualize the optimization problem (2.1.3)). Let
us denote V' : Ry — R the convex conjugate function of U defined by

V(y) :==sup{U(z) — zy}, y>0.

>0

From classical results of convex analysis, we know that V is strictly decreasing, strictly
convex and continuously differentiable and satisfies

V/(0) = —00, V'(c0)=0, V(0)=U(c0), V(c0)="U(0).

We also define I : (0,00) — (0, 00) the inverse function of U’ on (0, c0), which is strictly
decreasing, and satisfies

I(0) =00, I(c0)=0 and [=-V'=(U)"

The dual problem is to minimize the expectation of V' over the dual domain Y(y):

oy = inf E[V(YD)], (2.1.4)

where )(y) is the family of nonnegative semimartingales Y with Yy = y and such that,
for any X € X(1), the product XY is a supermartingale,

V() ={Y >0:Y, =y, XY = (X;Y;)o<t<r is a supermartingale, VX € X (1)}.
(2.1.5)

Theorem 2.1.9 ([63, Theorem 2.2]). Let Assumptions|2.1.4, |2.1.6] and |2.1.§ hold true.
Then:

(i) The primal value function u is finitely valued, i.e., u(x) < oo, for all x > 0, and is
continuously differentiable, strictly concave on (0, 00).

(i) The dual value function v is finitely valued, i.e., v(y) < oo, for all y > 0, and is
continuously differentiable, strictly convex on (0, 00).

(11i) The value functions u and v are conjugate,

v(y) = sup {u(z) —zy}, y>0,

u(z) = ;rig {v(y) +zy}, x>0
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The functions u' and —v" are strictly decreasing and satisfy

! N / o / . / _
u(O)—glclir(l)u(x)—oo, U(oo)—yh_{(r)lov(y)—o.

/ 1 / _ o B PO _
u(oo)—xh_glou(:c)—o, v'(0) il_l’)l(l) v'(y) = oo.

The asymptotic elasticity AE(u) of u is also less then 1, precisely,
AE(u)t < AE(U)" < 1,
where x* denotes max{x,0}.

(iv) The optimal solution X(z) € X(z) to (m exists and is unique. The optimal
h)

solution Y () € (7)) to 4)) exists and is unique, where y = u'(z), and we have
the dual relation

Xr(z) = 1(Yr(§), Yr(@) = U'(Xr(x)).

Moreover, the process )A((x)f/@\) is a uniformly integrable martingale on [0, T].

(v) We have the following relations between u', v’ and )/(\', }/}, respectively,

) —E XT<x>U;<XT<x>>] ) — 5 YT@W;YT@»
(vi)
o) = o B[V 2.1.6)

where 3—3 denotes the Radon-Nikodym derivative of Q with respect to P on (2, Fr).

Remark 2.1.10. The value function u can also be regarded as a kind of utility function,
namely the expected utility of the agent at time T'. For more properties of u we refer to

[63].
Actually, Kramkov and Schachermayer also gave a useful “abstract version” of above

mentioned Theorem [2.1.9] which is also copied here. Define

C(x) := {geLi(Q,F,P):0<g< Xp, for some X € X(2)}, (2.1.7)
D(y) = {h € LY(Q,F,P):0<h <Yy, forsome Y € Y(y)}.
For simplicity, write C, D, X, Y for C(1), D(1), X(1), Y(1) and observe that

C(x):mC:{xg:gEév}, for z > 0,
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and the analogous relations for D(y), X(x) and Y(y). The sets C and D are polar to
ecach other in LY. The details are showed in [63, Proposition 3.1].

Proposition 2.1.11 ([63, Proposition 3.1]). Suppose that the Re-valued semimartingale
S satisfies . Then the sets C, D have the following properties:

(a) C and D are subsets of L% (Q, F,P) which are convez, solid, and closed in the
topology of convergence in measure.

(b)

geC iff Elghl<1, forall heD and
heD iff Elghl<1, forall geC.

(¢) C is a bounded subset of L°(P) and contains the constant function 1.

Remark 2.1.12. The first assertion of (b) in Proposition [2.1.11}is in the spirit of Super-

replication theorem.

The “abstract versions” of primal problem ([2.1.3) and the dual problem ([2.1.4) can
be denoted by

u(z) = SEF)E[U(Q)] = Slch)E[U(fvg)], (2.1.8)
v(y) = heigfy)E V()] = hei%fl)E [V(yh)] .- (2.1.9)

We denote by u' and v’ the right-continuous versions of the derivatives of u and v.

Theorem 2.1.13 ([63, Theorem 3.2]). Assume that the sets C and D satisfy the assertions
of Proposition|2.1.11. Let Assumptions|2.1.4],|2.1.0 and|2.1.8 hold true. Then in addition
to assertions (1)-(iii) of Theorem[2.1.9, we have

(1) The optimal solution g(z) € C(x) to exists and is unique. The optimal
solution h(y) € D(y) to exists and is unique, where y = u'(x), we then have
the dual relation

i) = 1((@). W@ =U'Gx)).
Moreover,
E [g(x)ﬁ@)} = 7. (2.1.10)
Obviously, Xr(z) = §(z), and Yr(J) = h(7).

(2) We have the following relations between u', v’ and §,/ﬁ, respectively,

g(@)U'(g(z))

~

Y

W(z) =E { } V() =E

E@V'(?z@))] |
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The proof of Theorem we refer to [63]. By the uniqueness of the solution
g9(z), h ) to respectlvely, we can show the unlqueness of the optimal
processes Y( ) and X ( ) from assertion (iv) of Theorem . For simplicity, we give
the following definition.

Definition 2.1.14. Let y = u/(z). The optimal solution X(m) € X(x) (resp. XT(x)) to
the primal problem is called optimal wealth process (resp. primal optimizer).
The optimal solution Y (§) € V(7)) (resp. Yr(§)) to the dual problem is called
optimal dual process (ODP) (resp. dual optimizer). The strateqy H which induces
the optimal wealth process, i.e., X(x) =z + H-+S is called optimal trading strategy.

Proof of the uniqueness of the Optimal processes. Let Xl X?2e X (z) be two different op-
timal wealth processes with XL = X 2 a.s., which are produced by the optimal trading
strategies H' and H? , respectively. Thus, the terminal values X L and X 2 are maximal,
then by |25, Remark 2.7] which shows if a contingent claim f produced by the strategy
H is maximal admissible, then the strategy is uniquely determined in the sense that any
other admissible strategy K that produces f necessarily satisfies H « S = K + .S, we have
H'+S = H?+ S, which shows X! and X? are indistinguishable.

For the uniqueness of the optlmal dual process, we suppose both ?1 Y2 e Y(y) are
optimal solutions to 1) with Y} = Y2 a.s., and such that there exists a time ¢ € [0,T)
and a set A € F; Wlth P(A) > 0, such that Y;l > Y;Z on A. The value function V is
strictly decreasing, then,

7o
VELTR)

t

E F| <E [V(?ﬁ)

F|=E|v(E})

.

The optimizer Y7 > 0 a.s. implies Y > 0 a.s., since Y is supermartingale. Then define

~

~ Y~ S
V=Yg + SV o Loy + V'L
t

which is right continuous, and also an element in the set Y (7). Indeed, for any admissible
wealth process X € X (1), XY is a supermartingale.

f0<u<s<t BE[X,)Y)F]=E [XS?; u} < X, VL
AN ~
H0<t<u<s<T, E[XV|A]=E| XLV 1w 7| +E [XSYSH{Ac} fu}
t
v _
= LLwE | X2| B+ 1B | X2 7

t

Y,! S S
< },}—tQ]_{A}XuYUQ + 1{Ac}XuYul
t

= XuYu;
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if0<u<t<s<T, then

~

A .
E[X.Y)| F) =B | XLV 0| 7| +B [XsYsll{Ac} fu}
i t
S i
=B |E | X T 0| B || 7 +E [E[ X7 14| F]| 7]
i t
L i
=E|1y5E (X2 R F| +E[100E [ X2 7] | 7]
i t
XY, -
<E 1{A} },/\;; Y;Z Fu|l +E |:1{A6}Xt}/;l fu]
—E[X.7| 7]

<X, Y'=X,Y,.

u

It is clear that R R
E[V(¥2)] <E V(T3] = E [V(T})]

which is in contradiction to the optimal solution of Y*,Y2. Thus, Y;' = ¥} a.s. for each
t € [0,T], which implies they are indistinguishable, as they are cadlag. ]

2.1.2 Property of the dual optimizer

Let us recall Example 5.1” of one period process defined on a countable probability space
Q in [63]. The obtained optimal dual process Y (1) € V(1) fails to be a local martingale,
but only a supermartingale. One may ask an interesting question: may the dual optimizer
Yey (y) be a (local) martingale? In which setting could it be a local martingale?

Theorem 2.1.15. Let Assumptions|2.1.4},(2.1.6 and|2.1.8 hold true. In addition, assume
the price process S is continuous. Then the optimal dual process Y € Y(y) obtained in
Theorem is a local martingale.

Remark 2.1.16. Without the continuity of S, a counterexample for continuous time model
can be constructed based on Example 5.17 in [63]. Let Sp, S; be the same one period stock
price process as defined in [63]. Set S; = Sy for all ¢ € [0,T) and Sy = S, which means
that the price process jumps suddenly at time 7. The dual optimizer is associated with
a process Y that is constant 1 at all time ¢ € [0, T). However, jumps to S;' at the time
T, ie., Y = S;l. Its expectation is strictly less than 1.

Remark 2.1.17. Larsen and Zitkovié showed in [65] §3.2] that if the stock-price process S is
a continuous semimartingale in the problem in [63], then the dual optimizer is associated
with a local martingale living in the set of supermartingale deflators. Their method is
based on the representation theorem in [23] for continuous arbitrage-free price processes
and the multiplicative decomposition of supermartingale deflators. They examined the
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decomposition of the dual optimal process, and found that the decreasing part vanishes
and only the local martingale part left due to the maximality. Here, we give alternative
proofs for the same assertion based on the dynamics of the primal solution X and the
dual one Y.

We recall the definition of optional strong supermartingales. These processes are
introduced by Mertens [70] as a generalization of cadlag supermartingales. We also refer
to Appendix I of [28] for more properties of these processes.

Definition 2.1.18. A real-valued stochastic process Y = (Y;)o<i<r is called an optional
strong supermartingale (OSS) , if

1. Y is optional;
2. 'Y, is integrable for every [0, T)-valued stopping time T;
3. For all stopping times o and 7 with 0 < o <7 < T, we have

Y, > E[Y;|%,].

Proof of Theorem [2.1.15. Let Xex () be the optimal wealth process with primal op-
timizer Xp(x) > 0, P-a.s. obtained in Theorem m, then

~

(1) X(x) is continuous.
(2) Xr > 0, Q-a.s.,as Q~ P.

(3) X is Q-supermartingale with Xr > 0, Q-a.s., by Theorem VI-17 in [28], we have
info<i<r Xy > 0, Q-a.s. Equivalently,

inf )?t > 0, P-a.s.

0<t<T
By the continuity of X , define a sequence of stopping times
o 1
o) 1= {t>0:Xt< E}’ for k € N, (2.1.11)

which goes to infinity.
Since the assertion (vi) in Theorem [2.1.9] (see also [63, Proposition 3.2]) shows

D).

v(y) = L E[V(yh)] = inf E [v(yﬁ

heD QeM

the value v(y) of the dual problem can be approximated by choosing a minimizing se-
quence {Q"}5°; C M associated with its density process {Y"}>° | such that Y converges
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almost surely to the dual optimizer h € D(1) to [@2.1.9), where

aQr
dp

Yt”::E{

]—"t} >0 (2.1.12)

is a strictly positive martingale. By [I8, Theorem 2.7], there exists a subsequence Yy e

conv (Y™ Y"1 ...) and an optional strong supermartingale (not necessarily cadlag) Y
s.t. for each [0, T]-valued stopping time 7,

vr 2 Y, and  Y§ sV

In particular, for a fixed stopping time, passing to a subsequence, still denoted by 17”,
we have

~n P-a.s. o

et P-a.s.
n
oL AT > Yok AT aIld YT >

Yr =h,

so that ?T is the dual optimizer.

Then we will prove the sequence {}7;; AT} is uniformly integrable. Applying once
n=1
again Theorem 2.7 in [I8] and passing to a subsequence, we can show for each stopping
time oy,

<0 o P-as. o o Sns P-As. O O
n n
Y, arXopat Yorr Xopar  and Yy Xy —" YrXrp,

where Y X is an optional strong supermartingale, then we can deduce that VX is a
martingale from (2.1.10). Consequently, we arrive at

G N ! (2.1.13)

It follows immediately by Lemma|5.1.1| that {370’2 Artod is uniformly integrable. Then

~. < ~
Yak/\ Y. AT Yo AT

[

L' & .
v — Yoar, le., ]E[

]—>0, as n —» o0.

Fix t € [0, 7],

~

F| BT

| =E [ [Vor = Tounr

n ~
YO'k AT Yo'k AT

E[|E |V

7

dll
7]

| —o.

<E E[

~

- n
- E de/\T - Yak/\T

Therefore we have

~ Ll ~
n
Yironr — Yinouar, as n — oo.

> > . : > P o .
Moreover, Y3, r = E [YJZ AT ]-"t} is a martingale, and Y;x, \7 — Yiaq a7, Which imply

25



SA/M% ar=E [}A{,k /\T’ ft], SO }A/./\Uk A7 1s a true martingale. We now can conclude that Y is
a local martingale, thus is cadlag.

For any X € X(1), again applying Theorem 2.7 in [I§], X Y is an optional strong
supermartingale. But X is continuous and Y is cadlag, one can see that XY is still a
(cadlag) supermartingale, which implies Y € Y(1). O

Remark 2.1.19. Actually, we can prove the uniform integrability of the sequence {57;1 AT}
n=1
directly, where oy is defined in (2.1.11]).

Proof. If the sequence {170’2 AT} is not uniformly integrable, by the definition, there
n=1

exists € > 0, for all n € N, there is a sequence of sets A, st. P(A4,) < 1/2" and

E [Yak/\TlAn] > €. Define

VO ~n . n ,__ ~TL
7] T YUkATlAn7 5 T Yak/\TlA%'

Obviously, }N/U’Z/\T =n"+E&" and " — lA/gkAT a.s., as n — 00.

By Fatou’s Lemma,

€r = E |:)/<\—O'k/\T?0'k/\T:|
< liminf E [)Z,Ngn]

~

= liminf E [)?GkAT?gkAT - XokATnn}

= hm lnf {E [)?UkAT?Uk/\T} - E [)?O'k/\Tnn] }

n

<z -

> o

which is a contradiction. ]

Remark 2.1.20. According to [56], the inspection of the proofs in [63] reveals that the usual
assumption (NFLVR) can be replaced by a weaker one (NUPBR), which is equivalent to
that Y(1) # 0 or the existence of ELMDs (see e.g. [61]). In this case, to deduce that ¥
is a local martingale, we could proceed the same as above with a minimizing sequence of
ELMDs and a classical localization argument if necessary.

2.2  Dual optimizer of utility maximization with ran-
dom endowment

In this section, we extend the above mentioned classical financial model to a little com-
plexer case with bounded random endowment. That is, we discuss the dual optimizer in
utility maximization problem in incomplete markets with bounded random endowment.
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The model and duality results are described by Cvitanié¢, Schachermayer and Wang (2001)
n [13]. Clearly, if there is no random endowment, then this complexer model goes back
to the classical case introduced in [63].

2.2.1 Convex duality in the case with random endowment

With the same settings introduced in subsection §2.1.1, we additionally assume the agent
receives an exogenous endowment er at time 7', for example, a non-traded European
contingent claim. It is Fr-measurable and satisfies p := ||er||oc < 00. Then, the corre-
sponding value of his portfolio at time 7" can be written as

WT:$+(H'S)T+€T:XT+€T.

Let %% be the convex cone of Fp-measurable random variables dominated by admissible
stochastic integrals, i.e.,

%y = {9 € Fr:g9<(H*S)r, for some admissible strategy H} .

Moreover, we define € = %?[; N L*>.

Remark 2.2.1. In markets with bounded random endowment, the Fr-measurable random
variable g € 6, C L can be negative.

Employing a utility function in Assumption 2.1.6] we assume U(oo) > 0 and define
U(z) = —oo, if x < 0. The primal problem in this case with random endowment is to
maximize the expected utility from terminal wealth

u(x) = sup E[U(z + g +er)]. (2.2.1)

IS

To build the dual problem, we should first define the dual domain. However, in this
case with bounded random endowment, the usual dual domain Y(y) C L! is not large
enough, so we extend it to (L>°)*, the dual space of L*°. Define the subset of (L>)%,

9 = {Q € (L7)% 1@l pey- = 1,{Q,9) <0, forall g € %7} : (2.2.2)

which is not empty, convex, closed and compact with respect to the weak-star topology
o((L*°)*, L>). For details please see Appendix §5.2.2|

In fact, the space (L*°)* can be identified with the space of bounded additive measures.
For each element in (L°°)% , it admits a unique Yosida-Hewitt decomposition @ = Q"+Q?,
where the regular part Q" € L! is countably additive and the singular part Q° is purely
finitely additive (see e.g. §5.2.1 or [89]). Then the dual problem can be formulated as

o) = int {&7 [V ]| +vi@en |, (223)

Qeg
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where V' is the conjugate of U.

Similarly, as Assumption [2.1.8] we need the following assumption.
Assumption 2.2.2. In this case, we assume |u(z)| < oo holds for some x > p.
Now we summarize the results obtained in [I3] as the following theorem:

Theorem 2.2.3 (Theorem 3.1 and Lemma 4.1 in [13]). Under Assumptions
and we have

(1) The primal value function u is finitely valued for all x > xo, and u(z) = —oco for
all v < o, where o 1= supg 5 (Q, —er).

(2) The dual value function v is finitely valued and continuously differentiable on (0, 00).

(8) The functions u and v are conjugate in the sense that

v(y) = sup {u(x) —zy}, y >0,

x>x0

u(z) = inf {v(y) + xy}, = > .
y>0

(4) For all y > 0, there ezists a solution @ € 9 to the dual problem (M, which
: . : . ~dQr :
is unique up to the singular part. For all x > xy, g := I(Jzp ) — = — er 1is the
solution to the primal problem , where I = =V and y attains the infimum of
{v(y) + zy} satisfying V'(y) = —x. There is an admissible trading strategy H s.t.

g=(H+9)r.

(5) The following equality is verified for the solutions of the primal and the dual prob-
lems:

<A5,a: (H S+ eT> = <@y,x (- S)r+ eT> —r+ <@g, eT> (2.2.4)

Remark 2.2.4. 1. Since the random variable x + (ﬁ] . S)T + er in Theorem [2.2.3| is
uniformly bounded from below, then <@g, x4+ (ﬁ S )T + €T> is well defined by

(Qga+ (H+S)y +er):= lim (Qg (x+ (H+5), +er) A M),

although it is not necessarily an element in L>.

r

. . . dQr.
2. From the construction of the primal solution, one can see that d?)y > 0, P-a.s., so
that Q5 ~ P.

3. The equality of optimality (2.2.4)) shows that the purely finitely additive part @%
“concentrates” its mass on the sets,

{x+(ﬁ-S)T+eT<%}, for any n € N.
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2.2.2 Property of the dual optimizer in the case with random
endowment

We discuss here the properties of the dual optimizer obtained in Theorem [2.2.3] Espe-
cially, we are interested in the property that the dual optimizer is associated with a local
martingale, as we know that the optimal dual process is not always the local martingale,
even in the classical case. Actually, our main result in this section shows that in the
Brownian filtration, the regular part Q)" of the dual optimizer Q €9 C (L*°)% obtained
in Theorem can be attained by the terminal value of a local martingale Y € ()
defined in (2.1.5), which is the set of all supermartingale deflators.

Proposition 2.2.5. Under Assumptions|2.1.4} [2.1.0] and|2.2.2, let § satisfy v'(y) = —z.
If Qy is a dual optimizer (denote by Q for short) for the problem (|2.2. S§’|) then there exists
a sequence {Q"}>2, C M, s.t.

dQ"  dQr . 5
5 — P P —a.s. and (Q",er) — (Q,er), as n — oo. (2.2.5)

Proof. As Proposition [5.2.11] shows that the dual domain Z is o((L*)*, L>)-closure of
M, then it follows from Corollary that we can find a sequence {Q"} 7, C M, such

that (2.2.5)) holds. O

Remark 2.2.6. Since the dual solution @ € 7 is unique up to the singular part, one
question arises: is any cluster point Q of the sequence chosen in Proposition the
dual solution to the dual problem ? Actually, the answer is affirmative. It is
guaranteed by [13, Proposition A.1], which is also presented in Proposition [5.2.2]

Similarly as in the proof of Theorem , we choose a sequence {Q"}>°;, C M,
s.t. it converges to the dual optimizer @\ in the sense of . For each n € N, define
the density process (¥;")o<i<r of Q" as (2.1.12). By Theorem 2.7 in [I8], there exists a
sequence {Y"}22, of convex combinations Y™ € conv(Y™, Y™ .. ) and a non-negative
optional strong supermartingale Y (not necessarily cadlag), such that for every [0,T7-
valued stopping time o, we have

Y 25 Y,, as n — oo. (2.2.6)
Then we have the following properties of the optional strong supermartingale Y:
(pl) Obviously, B ~
A S Al

where dQ" = YdP.

P —a.s., asn — oo,

(p2) As stated in Remark [2.2.4] Yy = % > 0, P-a.s.
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(p3) For the nonnegative supermartingale with EA/T > 0, P-a.s., Theorem VI-17 in [2§]
points out that

inf Y, >0, P-as. (2.2.7)

0<t<T

Moreover, although Y is only an optional strong supermartingale, we can also apply
martingale inequality to show that (see P395, Appendice I-3 in [28])

sup Y; < oo, P-ass. (2.2.8)
0<t<T

Our aim is to prove that Y is a local martingale under the following assumption:

Assumption 2.2.7. The underlying filtration (F;)o<i<r S generated by a Brownian mo-
tion.

Once the local martingale property is verified, then Y is continuous and thus a (cadlag)
supermartingale. By the similar argument as in the proof of Theorem [2.1.15] for any X €
X (1), applying Theorem 2.7 in [18] again, one can see that X Y is still a supermartingale,
which implies Y € Y(1).

Remark 2.2.8. One can also apply the well-known Fatou-convergence result (see Lemma
5.2 in [31]) to construct Y as the Fatou limit of {Y"},cn, whose terminal value is exactly

the density %. Although the process Y’ constructed in this way is certainly cadlag, yet
(2.2.6) may fail. Therefore, the advantage of the result in [I8] is that we could find a
unified sequence which is not only the limit of Y™ at the terminal time 7" but also at any
intermediate time. Particularly, one can pick a subsequence such that the convergence
holds P-a.s. at countably many times. Note that the difference between the two kinds of
limit is only on the graph of countably many stopping times (see Section A.1 in [19]).

Remark 2.2.9. Under Assumption [2.2.7], every local martingale has a continuous modifi-
cation, which is equivalent that every F-stopping time is predictable (cf. P.30 in [9]). In
particular, from Assumption [2.1.4] the stock-price process S in our setting is indeed con-
tinuous. It is not clear to us whether this assumption is really necessary for the following
theorem or it could be weakened. We leave this as an open question.

Now, we are ready to state our main result. Its proof is postponed to the next
subsection.

Theorem 2.2.10. Under Assumptions|2.].4L |2]6L |2 QQ and|2.2. 7L the process Y defined
mn s a local martingale and thus, the reqular part Q" of any dual optimizer obtained
in Theorem ([153, Theorem 3.1]) can be attained by a local martingale Y € Y(1).
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2.2.3 Proof of the local martingale property

We present the proof of Theorem in this subsection. The main idea is to apply
Lemma [5.1.1] and then to verify that the singular part of the dual optimizer only works
in a small set as states in Remark [2.2.4, We split the proof into three main steps. In the
sequel, each part stands for a step.

Fictitious optimal wealth process

Firstly, we should make the optimal wealth process clear, since we only know the random
endowment er at the terminal time 7', but not the process e of random endowment.
The terminal value of an optimal wealth process is WT =x+ (ﬁ[ *S)r + er, so we can
construct a fictitious optimal wealth process W with the optimal /WT by the sequence
{yn}ee associated with {Q"}>°, € M. Then, we look for a sequence of stopping times,
such that at each stopping time, the process W is bounded away from 0.

Define
Wt” :::1:+(PAI°S)t+EQn ler| F], 0<t<T, foralneN.
Then we have the following properties of fVIZ":

(P1) It follows from the optimality of H that /erﬁ =z+ (ﬁ *S)r+er = Wr > 0, P-as.,
equivalently, Q"-a.s.

(P2) Since > M is closed with respect to convex combination, Q" € M isstill an ELMM, so
that TW" is a Q"-supermartingale. Indeed, (E®" [ep| F]) is Q"-martingale, (H + S)
is Q"-supermartingale.

(P3) For the nonnegative supermartingale, we can employ the same argument as ([2.2.7))
to deduce that

oé?ngWt >0, Q"-a.s., even P-a.s., as Q" ~ P. (2.2.9)

Consider the process

VW =Y Ma+ (H + ), + EY [er] F))

— Y"(x + (H + S),) +EP [ffﬁeT’ﬂ} -0, 0<t<T,

which is obviously a strictly positive P-supermartingale. Again applying Theorem 2.7
in [18], there exists a subsequence of convex combinations of {Y"}7°,, denoted still by

{Yn o)

o |, and a nonnegative optional strong supermartingale Z, such that for every [0, T'-

valued stopping time o we have
?U”WU” L2y 7, asn — oco. (2.2.10)
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Recall (2.2.6) still holds for the subsequence {Y"}, i.e.,

v 2 ¥ asn— oo [2-2.6)
Hence the fictitious optimal wealth process W can be defined as follows.
Proposition 2.2.11. The process W= 2/? is well defined.

Proof. The strict positivity of Y 1) guarantees that W is well-defined. O

Proposition 2.2.12. The process 7 is a martingale and thus, it has a continuous mod-
ification as the underlying filtration F is Brownian filtration. Moreover,

inf 7, >0, P-a.s., and (2.2.11)
0<t<T
sup 7, < 0o, P-a.s. (2.2.12)
0<t<T

Proof. From (2.2.5) in Proposition [2.2.5 and the optimal equality (2.2.4) in Theorem
2.2.3 we have

Zy = lim YW = lim W) =z + lim EQ" ler] =z + lim <(:)"76T>
n—0o0 n—o0 n—oo

n—o0

=x+ <(:2\, eT> = <@", T+ (?I «S)r+ €T> —EP [?TVV\T} —EF [Z\T} )

It is known that the process 7 is an optional strong supermartingale, so it is a martingale.

Note that L
Wr=Wi=x+(H-+S)+ep, forall neN,

SO 2T = ?T/WT > 0, P-a.s. Together with the martingale property of 2, we have (2.2.11])
by [28, Theorem VI-17]. Proceeding with the same argument as (2.2.8]), we obtain
22.19). 0

Therefore, we can find a sequence of stopping times to keep the stopped optimal
wealth process bounded away from 0.

Proposition 2.2.13. There exists a sequence of stopping times {15 }32,, s.t.
— 1
Wine, = o forall 0 <t<T,

and P(r, =T) M1, as k — .

Proof. Without loss of generality, we assume that Z = Zp, for all ¢ > T. From ([2.2.11])

and (2.2.8)), it is easy to see that

inf W, >0, P-as. (2.2.13)

0<t<T
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Like (2.1.11f), define
—~ 1
o) 1= {t>O:Wt < E}’ for all ke N, (2.2.14)

which goes to infinity. Under the Assumption m, all stopping times defined in ([2.2.14])
are predictable. Thus, for every k, we can choose a sequence o0y, — 0} and oy, < 0%
on the set {0} > 0}. Define 7, := 0y 4m, AT, where

P(|0k,mk - O‘k| > Q_k) <27k,

The sequence {7}%2, is as desired. O

Fictitious process for the random endowment

The fictitious optimal wealth process W= % has been obtained, but the process of e for
random endowment e is still unknown. We shall construct a fictitious process (e;)o<t<r
and a dual optimizer Q. Then we discuss how and where the dual optimizer works on
the fictitious optimal wealth process. In fact, the random variable e, is the conditional
expectation of er under a dual optimizer Q.

From now on, fix £ € N and denote 7 = 7. Then according to ([2.2.14]), /WT >1/k >
0, P-a.s. It follows from (2.2.6) and (2.2.10) that for every stopping time 7 € [0, 77,

—~ P —_~
W — W,, as n — oo.

Then, we can rewrite the process W as

—~ ~

Wt:$+(H’S)t+€t, OStST,

where ~
e =P — lim EQ[ep|F}] (2.2.15)

with e
- EP [V

EQ" [er| F)] = B” [Viterl7i]

EP [Y7|F]

Remark 2.2.14. In [13], er is indeed associated with a cumulative process e := (e;)o<i<T
with ey = 0, however, only the terminal value ey influences the choice of the agent.
Here, e := (e;)o<t<r is the fictitious value process with the terminal value er, which is

constructed by (2.2.15)) and should be differed from the one in [13].
and {]EP [}7{1 .7-}] }Oo
n=1 n=1

are bounded in L'(P). Recalling Komlds’ lemma, we can find a subsequence {Yn},?f’:l of
convex combinations Y € conv(Y™, Y"1 ... ) associated with Q" € conv(Q", Q" ---)

o0

With the stopping time 7, both sequences {EP [?Q’JeT‘ .7-"7} }
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s.t. for some g € LY(Q, F,, P),

lim EP [?;eT‘ FT] =g, P-as.,

n—oo
lim EP [V} F] = 1lim Y, =Y,, P-as., and
_ Pry"
= lim EQ [er| F;] = lim E? [Vrer| 7] = Ai, P-as..
n—00 n—oo EP [YT‘ ft] Y:r

Remark 2.2.15. The random variables {EQ [e7|F,]}22, and e, are elements in L (9, ., P),
and

—n 1
Qlep|F]° e L)eT, as n — o0o.

Indeed, for each step function §™ € F., m € N, it follows from the bounded convergence
theorem that (EQ [er|F,],€™) — (e,,&™). Suppose €™ — £ in L1(Q, F,, P), from the
uniform integrability of

{EQ €T|f§ }

m,n=1’

we have <E§n ler|Fr], &) = (er, €).

Further, by Egorov’s Theorem, there exists an increasing sequence of sets {Qn}77_;,
s.t. for each m, P(Q,) > 1 — 2™, and {Y .}, converges uniformly to Y; on Q,,. Ob-

serving that for each n € N, YT € L1+(Q, F,,P), from Fatou’s Lemma that EF [ AT ] <1,
thus

{Y}>°, is uniformly integrable on Q,,.
We need to verify that the cluster point of the sequence {Q 1> | associated with
{Y'}2° | is a dual optimizer as required.

Proposition 2.2.16. The sequence {Q" 1>, C M associated with {Y 1>, admits a
cluster point Q € 9 s.t.

(1) 72 dP, P-a.s.;
(2) <@: 6T> = <Q76T>:'

(3) Q is a dual optimizer to the problem (2.2.3).

Proof. Note {Qn}n . C M C D. Since D is a weak-star compact subset of (L>°)*, the
sequence {Q" 1>, admits a cluster point @ € D. (1) follows from Proposition A.1 in
[13]; (2) holds because of (2.2.5); (1) and (2) imply (3). O

Then we have the following corollary:

Corollary 2.2.17. The finitely additive measure Q|, is countably additive on Q,,, for
each m € N, where Q| denotes the restriction of Q on F,. In other words, (Q|z,)*
vanishes on Q,, i.e., for each A C Q,,, A€ F,, {(Qlx.)%,1a) =0.
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Proof. Q is the cluster point of the sequence {Qn};’le, according to the procedure in the
proof of Corollary 5.2 in [75], Q| % is the cluster point of the sequence {Qn| 7100, By
Proposition A.1 in [I3]

dQ"5) p-as d(Qlr)

dp P’
then for each A C Q,,,, A € F,
dQ"|%), p-as. d(Q|r)"
I S

It follows from the uniform integrability of 7: on (2, and the fact 7: = EFP [%‘ .7:7} =

dQ"|7,)

d—P]:’ that B

Q') Qe
ap T dP

]EP

14 ] — 0,

which means B
(@"17):1a) — ((Qlr)" 1)

On the other hand, we have <Gn, 1A> — (Q,14), then <(Qn\;7), 1A> — ((Ql£.),14),
which gives

((Ql7)" 1) = ((Qlr,), 14) -

Again from [13, Proposition A.1] we have
Proposition 2.2.18.

oo 7 d(Q|x)"
Y, = lim E¥ [V7| 7] = d—g, P-a.s.

Remark 2.2.19. We remark that the choice of the finitely additive measure Q depends on
the stopping time 7.
The following corollary is straightforward from 1) which implies }A/T > 0, P-a.s.
Corollary 2.2.20.
(Qlr)" ~P.
Proceeding with a similar argument as Proposition [2.2.18] we obtain

Proposition 2.2.21.

g lim BP [Phep ] = W&eDI=)

Jim P , P-a.s.,

where Qer denotes the linear operator (Q,er-) € (L>)* and

((Qen)lz)" = ((QeP)lx )" + ((Qep)lx)";
((Qer)lz)" = ((Qe)lz)" + ((Qer)lz) "
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The lemma below is the core of this part, even is the core of the proof to Theorem

2.2.10:

Lemma 2.2.22. The random variable e, is the conditional expectation of er under Q
with respect to Fr. In particular,

<Q|]:7'7 67) - <Q’ 6T>'

Proof. 1t follows from the boundedness of er, there exists a unique random variable
n € F-, (see Definition 7.1 and Theorem 7.2 in [6§]), such that for each A € F,

((Ql7)n, 1a) = (Qer, 14) .

Our aim is to prove
d((Qer)| 7, )"
. P
=6 =~ P-a.s.
P
It is evident that Qer is a cluster point of the sequence {QneT}j’f:l, and similar to
Corollary [2.2.17, we know that for each m € N, ((Qer)|£.)® vanishes on €2,,. Then, for

any A C Q,,, A€ F,,

d((QeT)l]'_T)T
<(Q|7T)T, d—P1A> =EF

d(QlF.)"
dP

S| = (((Qenl) 1)

= ((Qer)|7,,14) = (Qer, 14) = (Q|£.1n, 14)
= ((Ql#.)",nla),

d((QeT)LFT)T 1,4]

which implies n = e,, (Q|£.)"-a.s. on §2,,. Thanks to Corollary [2.2.20, n = e,, P-a.s. on
Q. Letting m — oo, we end the proof. O

Now let consider the dynamic version of the optimal equality (2.2.4)) in Theorem [2.2.3}

Proposition 2.2.23.

(9~ WT> = (Qlr,x+ (fAf *S)rte) =2+ (Q,e,), especially,
(Qlz, Wr) = ((Qlx)", Wr).

Proof. Since Q € Z, by definition, (Q| 7., (H S)-) = (9, (H + S),) < 0. Thus, from the

positivity of (Q|x,)?, the martingale property of YW together with Lemma [2.2.22 we

obtain

(Qlr,, Wr) = (Qlr,x + (H + 8);) + (Qlr, er) < w4+ (Qex),

and

(Qlr,, W,) > ((Qlr,), W) =z +(Q, er).
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As all inequalities are equalities, we have

(Ql7)", W) =0, (2.2.16)

Proof of the local martingale property

We show that {Y.}°°, is uniformly integrable here, so that Y is a martingale up to .
Then, substituting 7 by 7,k € N, we can conclude Y is a local martingale.

o0

ops . VMoo dqQ"
Proposition 2.2.24. The sequence of random variables {Y  }7°, = {EP [W‘ ]:T} }

1s uniformly integrable and

n=1

—n Ll ~
Y — Y. asn — oo.

T

Proof. According to Proposition [2.2.13] /WT > 0, P-a.s. Then together with (2.2.16]), we
derive that (Q|z, )® = 0. Recalling that ||Q||e~) = 1, we have

EP f@] — EP {Ml ~ 1.

L—

dpP

On the other hand,

~

EP [?Z] =1land Y, P Y., as n — oo.

By Lemma [5.1.1}, we obtain that {Y }2°  is uniformly integrable. (Actually, the desired
result can also follow by Scheffé’s lemma.) O

Proof of Theorem [2.2.10| For each 7,k € N defined in Proposition [2.2.13] by Propo-
sition [2.2.24 {7:; 122, is also uniformly integrable. Thus,

n L' &
Y, — Y., as n— oo

Similarly as in the proof to Theorem [2.1.15] from the martingale property and ([2.2.6)),

we also have )
mek N Yirr, as n— oo, forall t € [0,7],

which implies Y a martingale up to 7.

By the definition of {74}32,, we see that Y is a local martingale, thus, ¥ has a
cadlag modification. Applying the similar argument in the proof of Theorem in
the previous section, for each X € X(1), X Y is a supermartingale. Therefore, Y is a
supermartingale deflator, i.e., Y belongs to Y(1). .

Remark 2.2.25. Indeed, for each k, the dual optimizer Q we constructed generates an
ELMM on [0, 73] such that the pricing of the fictitious random endowment e,, under this
measure is exact (@), er), in particular, (@, er) is a no-arbitrage price for e, .
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Remark 2.2.26. We would like to explain a little about the dynamics of Q|z. Under
Assumption that F is the Brownian filtration, the underlying price process S and
the local martingale Y are continuous, so is the wealth process . Consider a set A € Fr,
where 7 is a [0, T]-valued stopping time, and suppose WT is strictly positive on A. For
an infinitesimal 0t such that /WT+& cannot suddenly jump to 0, we can show that if
(Q|F,)° =0o0n A, then (Q|£,,,,)° =0 on A. Otherwise,

<Q|]:T+57/WT+51A> = <(Q|]—‘T+5)T,/M77—+51A> + <(Q|~7:7+5)87/WT+51A>
> {(Qlr, )" Wrssla) = ((Qlr,)", WrLa) = (Ql,, Wr1a),

which implies <Q, ((f-\[ *S)rist — (ﬁ . S)T) 1A> > 0 in contradiction to the definition of
2.

Remark 2.2.27. We compare with the proof for the case without random endowment in
the last subsection § 2.1.2.

1. Obviously, in the case without random endowment, the proof is much simpler, since
we do not care where the mass loses by the “optimal” supermartingale deflator, we
could avoid settling in the much more complicated (L>)* space. Just as showed
in [I3], the singular part of the dual optimizer defined in (L*)* only works on
the bounded random endowment ey. Thus, without random endowment, the dual
domain of supermartingale deflators ﬁ(y) works enough.

2. Without random endowment, we only need the continuity of the stock-price process
rather than the assumption on the underlying filtration. We explain as follows.
Firstly, the wealth process X in both lines of is unified, in contrast, for the
case with non-trivial ey, our sequence of fictitious wealth processes depends on n,
and it is not easy to find a sequence of stopping times that stop the fictitious wealth
processes simultaneously to let all of them stay above 0. Secondly, by the continuity
of (f-\l + S), we can easily stop the process by some 7 and let it be bounded away
from 0, while in the other case, we lack the continuity of W,
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Chapter 3

Stability of utility maximization
problems under transaction costs

In general, there are different sorts of transaction costs in financial markets. We are
interested in portfolio optimization problems in markets with proportional transaction
costs, for instance, the property of dual optimizer and the stability of the problem.

3.1 Formulation of the financial model

We introduce the market model and the convex duality results obtained in [I7]. The
financial market consists of only one bond which has constant price 1 and one stock under
transaction costs. Fix a finite time horizon T" > 0. The market involves proportional
transaction costs 0 < A < 1. The process (S, (1 — A)S;) models the bid and ask price, in
other words, a financial agent has to buy stock shares at a higher ask price S;, and only
receive a lower bid price (1 — \)S; when selling them.

Assumption 3.1.1. The stock price process S = (Sy)o<i<r 18 strictly positive, cadlag and
adapted to a filtered probability space (Q, F, (Ft)o<t<r, P) satisfying the usual conditions
of right continuity and saturatedness. Additionally, we assume Fpr_ = Fp and Sp_ = Sr.

Remark 3.1.2. The additional assumptions Fr_ = Fr and Spy_ = Sy are to avoid special
notation for possible trading at the terminal time T'. Without loss of generality, we can
assume that the price S cannot jump at the terminal time 7', while the investor can still
liquidate her position in the stock shares, i.e., we can assume ¢} = 0. For more details
on these assumptions we refer to, e.g., [7, Remark 4.2] or [17, p. 1895].

Definition 3.1.3. A trading strategy, which models the holdings in units of the bond

and the stock, is an R*-valued, predictable, finite variation process o = (p?, o} )o<i<T Such
that the following A-self-financing constraint is satisfied:

t t t
/dgog < —/ Sudgp;»uf (1 — N\)S,dpt, (3.1.1)
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for all0 < s <t <T, where o' = @} + " — '+ denotes Jordan-Hahn decompositions of
ol into the difference of two nondecreasing processes both null at zero, and the integrals

are defined via

/de —/ Sudoy ™+ Y S AplT+ > S ALl

s<u<t s<u<t
t
/ S dgou.—/ Sudoy e+ > S Aplt+ Y S ALyt
s s s<u<t s<u<t

The self-financing condition (3.1.1]) states that purchases and sales of the risky asset
are accounted for in the riskless position:

dpy© < —Spdpy ™ + (1 — N)Sydip, ™,

A < =S ApiT + (1= NS, Ag;,
App) < —StAJrSOtl’T + (1 — A)StAJrSO%’i,

N

for 0 <t <T.

Remark 3.1.4. Any finite variation process ¢ is ladlag. As pointed out in [19], we may
assume trading strategies to be cadlag, if the price process is continuous.

Definition 3.1.5. Fiz the level 0 < A <'1 of transaction costs. For a trading strategy
© = (%, phoci<r, we define the liquidation value V" (p) at time t € [0,T] by

Vi) = @] + (01)T(1 = NSy — (1) Se.

If thiq(gp) >0, a.s., for all0 <t < T, we call the trading strateqy 0-admissible.

For x > 0, we denote by A(x) the set of all 0-admissible, self-financing trading strate-
gies © = (¢, 0} o<i<r under transaction costs \, starting with the initial endowment
(8, 08) = (x,0). Denote by C(x) the convex subset of terminal liquidation values

C(z) = {v#q(ga) L pe A(m)} C L0(P), (3.1.2)

which equals the set {p% : = (p°, ') € A(x), ot =0} as defined in [17].

We accept the same utility function from Assumption to model the agent’s
preferences. Given the initial endowment x > 0, the agent wants to maximize his expected
utility at the terminal time 7T, i.e.,

E[U(g)] — max!, g €C(x). (3.1.3)

In order to avoid the trivial case, we have the following assumption.

Assumption 3.1.6. Suppose that

sup E[U(g)] < oo,
g€C(z)
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for some z > 0.

Similarly to the assumption of the existence of equivalent local martingale measures
or some similar weaker conditions in the frictionless setting, the duality theorem for the
utility maximization in [17] requires the existence of consistent price systems, which are
defined as follows.

Definition 3.1.7. Fiz 0 < A < 1. A \-consistent price system (CPS") is a two
dimensional strictly positive process Z = (Z°, Z})o<i<r with Z§ = 1, that consists of a
martingale Z° and a local martingale Z* under P such that

~ Ztl

St = Z_to € [(1 — )\)St, St]7 0 S t S T, a.S.
We denote by Z*(S) the set of A\-consistent price systems and we say that S satisfies the
condition (CPS™) of admitting a \-consistent price system, if Z*(S) is nonempty.

Sometime, we define the A-consistent price system by using the other notation.

Definition 3.1.8. Fiz 0 < A < 1. A process S = (St)o<t<r Satisfies the condition
QCPSj) of having a consistent price system under transaction costs A, if there is a process
S = (St)o<i<T such that

(1-XS, <8, <8, 0<t<T,

as well as a probability measure Q on F equivalent to P, such that (gt)OStST s a local
martingale under Q.

We say that S admits consistent price systems for arbitrarily small transaction costs
if (CPS™) is satisfied, for all 0 < X < 1.

Remark 3.1.9. In the above definitions, Z° defines a density process of an equivalent

local martingale measure Q ~ P for a price process S evolving in the bid-ask spread
[(1—=X)S,S], and Z! = Z°8S.

Definition 3.1.10. We say that S satisfies the condition (CPS?) locally, if there exists
a strictly positive process Z and a sequence (7,)>2, of [0, T U{occ}-valued stopping times,
increasing to infinity, such that each stopped process Z™ defines a A-consistent price
system for the stopped process S™. Denote Z'°“* the set of all such processes Z, which
are called local \-consistent price systems (LCPS").

Assumption 3.1.11. The stock price process S satisfies (CPS*) locally, for all 0 < p <
A

We consider all optional strong supermartingale deflators as dual variables. The set
of such processes is defined in the following.
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Definition 3.1.12. We denote by B(y) the set of all optional strong supermartin-
gale deflators (OSSD), which are pairs of nonnegative optional strong supermartin-
gales Y = (Y2, Y o<i<r such that Yy =y and

. 1

Y,
Sy = Yo € [(1 = N)S;, 84,

for all 0 <t < T, and such that Y°(o° + ¢'S) = YO0 + Yo' is a nonnegative optional
strong supermartingale for all (¢°, ') € A(1). Accordingly, define

D(y) = {Y;J (YO v e B(y)}, fory > 0.

Remark 3.1.13. In the frictionless case, we do not need to pass to the optional version of
supermartingale deflator, since the wealth process associated with a trading strategy is
always cadlag as a stochastic integral. However, in this new context, we do not have this

property.

The polar properties of the sets C := C(1) and D := D(1) C LY (P) are described
n [I7, Lemma A.1], which means that C and D in this new context satisfy verbatim
the conditions listed in [63 Proposition 3.1]. As a result, the following duality result is
obtained in [I7] by following the lines of [63].

Theorem 3.1.14 (Duality Theorem, [I7, Theorem 3.2]). Under Assumptions
(3.1.1,(5.1.6,(5.1.11], define the primal and dual value functions as

u(x) = EEE)E[U@]’
v(y) == inf E[V(h)], (3.1.4)

heD(y)

where
V(y) :==sup{U(z) —zy}, y >0,

>0

1s the conjugate function of U.
Then, the following statements hold true.

(i) The functions u(zx) and v(y) are finitely valued, for all x, y > 0, and mutually
conjugate
v(y) =suplu(z) — ayl,  u(z) = inflv(y) + 2y].

>0 y>0

The functions u and v are continuously differentiable and strictly concave (respec-
tively, convex) and satisfy

(ii) For all x, y > 0, the solutions g(x) € C(x) and /f\L( ) € ( ) exist, are unique and
take their values a.s. in (0,00). There are (3°(x), ' (z)) € A(z) and (Y°(y), Y (y)) €
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B(y) such that

Vi(3(x) = 33 =G(x) and Y2(y) = h(y). (3.1.5)

(iti) If x >0 and y > 0 are related by u'(x) =y, or equivalently x = —v'(y), then g(z)
and h(y) are related by the first order conditions

h(y) =U'(§(z)) and G(z) = —V'(h(y)),

and we have

E[§(x)h(y)] = zy. (3.1.6)
In particular, 3°(z)Y°(y) + 3 (2)Y(y) is a P-martingale for all (P°(z), ¢ (2)) €
A(z) and (Y°(y),Y'(y)) € B(y) satisfying (3.1.5).

(iv) Finally, we have
= inf  E[V(yZ})].
U(y) (ZO,Z%?GZlOCv)‘ [ (y T):|
Remark 3.1.15. Similar to [63, Proposition 3.2] (see also [17, Appendix A]), the infimum
of v(y) defined in could be approximated by the element from {Z9 : Z € Ze},
ie.,

v(y) ;== inf E[V(h)] = inf E[V(yZ))]. (3.1.7)

he'D(y) Zezloc,)\

We clarify here notation for our argument of stability in the following sections. For
the utility maximization problem in the market under the physical probability P, we
employ

B(y) = B(y,P), D(y) = D(y,P), 2* = Z\(P), 2" = Z"(P).

The market parameterized by (z,U;P) is treated as the original market.

3.2 Static stability

Given the inputs: a physical probability measure P, a utility function U, an initial en-
dowment z, then under the assumptions of Theorem [3.1.14] we obtained the optimal
value u(x) as well as the existence and uniqueness of the primal optimizer @9 (x). In this
section, we shall consider the stability of the outcomes from the previous result, i.e., how
does the model perturbation impact the solution of the utility maximization problem.
Precisely, this gives rise to the following mathematical formulation of the problem: sup-
pose that the utility maximization problems are associated with a sequence of physical
probability measures {P,} , of initial endowments {z,} -, and of utility functions
{U,.},~,, when z,, » z, U, — U, P, ~ P and P,, — P, shall we have

e the convergence of value functions, i.e., u(z,; U, P,) — u(z; U, P);
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e the convergence of primal optimizers, i.e., P%(z,, U,, P,) — 0%(x; U, P)?

Now let make the notation clear, set
Up, = w(zn; Uy, Pr), uw=u(z;U,P), v, =0(yn; Vo, Pn), v=0(y;V,P),

for each n € N, u, and v, have the same property as u and v described in Theorem
3.1.14] And let %L;, g—z be the corresponding derivatives with respect to the first variable.
imilarly, note

(@, ") = (@° (203 Uy, P)
f/o

(:En; Um Pn))v (9/507 @1) = (‘:/50(1:7 Uv P)v (1/51($; Uv P))v
(Yor, Y1) = (YO(yn; Vi, P) YO,

@1
Y (yoi Vs Pa)), (VOV1) = (VO(y; V.P) Y (5 V. P)).
Before presenting our results, we should first precise the assumptions, which are in

accordance with the ones in [62] for considering the frictionless case with random endow-
ments.

Assumption 3.2.1. For each n € N, P, ~ P and lim,,_.. P,, = P in total variation,
lim, .o, U, = U pointwise and z, — x >0, y, — y > 0.

Remark 3.2.2. (1) Since P,, ~ P, the Radon-Nikodym derivatives exist, denoted by

Zy = %a_ 1t is obvious that Z'°“*(P) # () implies Z'***(P,,) # 0, for each n € N.

(2) That lim,_, U, = U pointwise implies the pointwise convergence of the sequence of
their Legendre-Fenchel transforms, i.e., lim, . V,, = V pointwise (see e.g. [79] for
the general analysis or in the proof of Theorem 2.1 (p. 246) in [64]).

3) The sequences {U, }nen, {Va }nen as well as their derivatives {U’, }nen, {V'n }nen con-
(3) q eN, € €N, €
verge uniformly on compact subsets of (0, 00) to their respective limits U, V, U’ and V'
(see e.g. [78] for a general statement or [65, Proposition 3.9]).

In the frictionless case, Larsen mentioned in [64, Section 2.6] that the pointwise con-
vergence of {U, }nen is not sufficient to prove the upper semicontinuity of the dual value
function v, and more structure conditions on the converging sequence of {U, },en should
be imposed. In the present section, we introduce the following assumption, whose ana-
logue in the frictionless case could be found in [62] condition (UI) and §2.2.3].

Assumption 3.2.3. Define

Zp¢ = {Zy: (2°,2") € 217}

There exists 23 € Z¢, for all y > 0, (va,j (y?)) 1s P-uniformly integrable.
n neN
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Theorem 3.2.4. Under the assumptions of Duality Theorem (Theorem|(3.1.14)) and As-
sumptions we have the following limiting relationships for value functions
and optimal solutions:

lim u, =u, lim v, =v;
n—oo n—oo
. ou,, Ou . ov, Ov
im = — im — = —;
n—oo O Ox’  n—oo Oy oy’
LO(P) — lim &2" = 3%, L°(P)— lim Yo" = Y2

n—oo n—oo

To prove this theorem, we first need to reformulate the dual problem v,, with the help
of the following proposition.

Proposition 3.2.5. Denote ¢, = L. If h € D(y,P) := D(y), then for each n €
N, % € D(yn, Pn). Conversely, if h € D(yn, P,,), then c,hZ, € D(y,P).

Proof. Without loss of generality, let h € D(1,P,). By definition of D(1,P,,), there
is a nonnegative P,-optional strong supermartingale (Y° Y?!) with Y = 1, Y = h,
satisfying that };—(1) € [(1-X)S, 5], and "Y? + 'Y is a nonnegative P,-optional strong
supermartingale for all ¢ € A(1). Define

~n ap,
Z{ :=E*° { B ft] :
which is a P-martingale. Indeed, Z, = Z = %=,

It suffices to show the supermartingale property of the process Y0Z" 4+ oly1zn
under P, for all ¢ € A(1). For 0 < s <t < T and ¢ = (¢?, ¢}, Jo<t<r € A(1), by Bayes’
formula, we obtain

(Y0 + oY N ZI > EP | (@)Y + o1 Y 27

]-"s] .
]

Therefore, the dual problem v(y,;V,,P,) corresponding to the utility maximiza-
tion problem parameterized by (z,;U,,P,) can be reformulated with the parameters
(x; Uy, P). Precisely,

gV o) = inf  EP [V(h)] = EP- [vn(ﬁ(yn,Pn))} (3.2.1)
heD(yn,Pr)
1 p[- h 1 pls o (Puly.P
— inf —EP {van (_—)} _ gz (P (500
EG'D(y,P) Cp Zn Cp, Zn
where the ratio ¢, = 2= > 0 converges to 1, and Zy = Zncy converges to 1 in L1(P)

and also in LO(P), the dual optimizer h,(y;P) € D(y,P) and h(yn;Pn) € D(yn, Pn)
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attain the infimum of v(y,;V,,P,) corresponding to the utility maximization problem

parameterized by (x,; U, P,).

3.3 Proof of static stability

The proof of limiting relationships of static stability in our case with transaction costs,
which is very similar as in [62] for the case in incomplete markets by setting the random
endowments ¢ = 0, will be separated into the following steps:

(1)

The dual value function v is Ls.c., which does not need Assumption [3.2.3] Indeed,
after we have the observation ({3.2.2)) that

— o (haly, P

o

n

1
U(yn; Vn7 Pn) = C_EP

Y

we can carry over verbatim the whole proof from [62], Section 3.2], because the proof
only depends on the sequence of {V}, },en-

The dual value function v is also u.s.c. For any Z% € Zk¢ y > 0, we define

~ 70

D(y, Z3) = {h € D(y,P): TT € L‘X’} :
In [62 Section 3.3], two important lemmas are applied to show the upper semiconti-
nuity property of v in frictionless markets. Passing to the transaction costs case, we
have the analogous lemmas as [62, Lemma 3.3 and 3.4] which can be proved in an
analogous way. Then by the same proof in [62], Section 3.3.2], we finish it.

The continuity of the primal value function u comes from the continuity of the dual
value function v.

Finally, we prove LY convergence of the dual optimizer }7’79 We can also follow the
proof in [62], Section 3.5, because only the convexity of the function V, V,, and a
more elaborate version of the method used in the proof of [22, Lemma Al.1] plays
the key role.

In the following, we will provide the proof in details for the case of transaction costs

for the convenience of the reader (compare with [62, §3]). The preparatory work described
in the following subsection §3.3.1]is no difference from [62} §3.2.1].

3.3.1 Preparatory work

Without loss of generality, we assume that each of the utility functions has U, (1) = 0
and U] (1) = 1. This means V,,(1) = —1 = V/(1). To proceed with the proof, we define
some helpful functions.
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(I) For eachn € N and € € (0, 1), define the function as follows: set V¢(z) = V,,(x) for

(1)

x > €, and extend V¢ to [0,¢) in affine and continuously differentiable way, that is
match the Oth and first derivatives at x = €. In the similar way, we define V¢ by
using the function V for all x € (0,1). Then we have

1. the function V¢ is unique defined, convex, decreasing.

2. Forallz > 0, V¢(z) < V,(x). At the point x =€, V. (z) = V,,(z) and (V) (z) =
(V) ().
3. limeo | Vii(z) = Vo), V2 > 0.

4. Remark (3) shows

lim V,,(z) = V(z) and lim V,(z) = V'(z) uniformly for = € [e, 1],

n—oo n—oo

so we have
lim V¢(x) = V(x) uniformly for x € [0, 1].
n—oo

Notice the uniform convergence fails in general for € = 0, unless (Up,)nen is
uniformly bounded from above. It follows that

Vee(0,1), I3ni(e) eN, Vo el0,1], Vn>ni(e), Vi(zr) > VY(r)—e (3.3.1)

Define V,, the convez minor of the family {V,,, Viy1, - -+ }, in other words, V,, is the
largest convex function that is dominated by all Vj for £ > n, so V,, < infy>, Vi.

(1) Since V is the (pointwise) limit of the sequence V,,, then V,,(z) < V (), V2 > 0.

(2) Each V,, is convex and decreasing. But the sequence is increasing, V,,(z) <
Vot1(x), for a fixed x.

(3) Recall V(1) = V/(1) = —1, thus V,(z) > —z,V n € N. Then —z < V,(z) <
V(z).

(4) V,, is the largest convex function that is dominated by all Vj, for k > n, while
=14 [{ (infy>, V(1)) dpe is convex and dominated by all Vi, ¥V k > n. Thus

—1+ /j <Ig£ V,C'(u)) dp < V(). (3.3.2)

(5) We can present the following lemma.

Lemma 3.3.1. lim, oo 1V, =V uniformly on compact subsets of (0, 00).

Proof. As lim,,_,« V,! = V' uniformly on compact subsets of (0,00), we have
Ve>0,3IN(e), Vn=N(e), Vpue[lal V() — V(W] <e ie,

Vip) —e < Vi(p) < e+ V'(p).
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Fix an n, for all £ > n, we have V'(u) — e < V/(u), which shows

V(1) — e < inf V().

k>n

Therefore, V € > 0, AN (), V n > N(e),
~1 +/ (gf Vk'(u)) du > —1 —i—/ (V') —e)du=V(x) —e(xz—1).
1 = 1

This means V(z) — e(z — 1) < V,(2) < V(2). Letting n — 00, Va(z) 7 V()
pointwisely. By Dini’s theorem, V,,(x) ,* V(z) uniformly on compact subsets
of (0, 00). O

(6) V,(1) = V/(1) = —1, because of the normalization V,,(1) = V/(1) = —1.

n n

Vi (z)

(III) Define the “average” functions V,(z) := 22 2 > 0 for all n € N, as well as

V(x):= @, x> 0.

(a) For x> 0, we have V,(z) < V41 (2), since V,(z) < Vi (2).

(b) Following (I1)(6) that V,(1) = V/(1) = —1, and V(1) = V'(1) = —1, we see
that V, V,, are increasing for x € [1,00).

(c) lim, 4o TV, = V.

(d) The following stronger statement holds true.
Lemma 3.3.2 ([62, Lemma 3.1)). lim,, o, V,, = V uniformly on [1,0).

Proof. Define V,,(00) 1= lim, 0, V,o(7), and V(c0) := lim,_,, V(z). Since

. Y7 _ . ] _
2n Vo) = Vi) =0,
we have V(co) = 0. Then we can pick M > 1 such that V(M) > —£ for
arbitrary € > 0. As V,, /' V, there is an no(e, M) € N such that

V(M) > V(M) - % > e, V> nale, M).

Va(o0o) > V(M) > —¢, ¥ n >
1%

Since V() is increasing for all z € [1,00), ) >
Vn(00) n(z) <0,Vz > 0. Hence,

na(e, M). Moreover, we have V,,(c0) <0, as
—& < V(o) <0,

which implies
lim V,,(c0) = V(o0) = 0.

n—oQ

By Dini’s theorem,

lim V,, = V uniformly on [1, c0).
n—oo
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]

(IV) With the same method, we can also define V' (z) := ‘7535%), x>0 foralln € N
Ve(z)

as well as V'(z) = , x> 0, where V(x) is the convex minor of the family

{Vne) Vrf—&-l? T }
a. Following Lemma [3.3.2] lim,,_. V, = V" uniformly on [1, c0), which implies

Insg(e) €N, st. Yz >1, n>ns(e), V,(z) >V (z) —e (3.3.3)

b. Now we can present the following lemma, which is the same as [62], Lemma 3.2].

Lemma 3.3.3 ([62, Lemma 3.2]). The mapping (z,y) — 2V(y/z) is convex
in (z,y) € (0,00)%. Furthermore, for each € > 0, there exists no(c) € N such
that for all n > ny(€), we have

2Vily/z) 2 2V(y/z) —ely + 2) (3.3.4)
for all pair (z,y) € (0,00)2.

Proof. Since the function V¢ is convex, by [47, p. 90], we have the convexity of
the mapping (z,y) — 2V<(y/z2).

For the second statement, choose ng(e) := ni(€) V ns(e), where ni(e) is from

(3-3.1) and nz(e) is from (3.3.3). For all n > ng(e), under the help of (3.3.1)
that V() > V(z) — ¢, Vo € [0,1] and (3.3.3)) that V"ET(:C) > VST(JC) —e, Ve >1as
well as the fact that V¢ (z) > V¢(x), we have

2Vi(y/z) = 2V (y/2) Ly eeony + 2V (4/2) 1y 601,000
> 2(V(y/2) — ) 1gysacionn + ¥V (y/2) — €)1iy/ze(1.00)
> 2V(y/2) 1y zepayy + 2V(W/2) Ly zei,00) — €(2 + 1Y)

=2V (y/z) — e(z +y).
c. V' is increasing on [1,00) and satisfies V(1) = —1 and V" (c0) = 0.
(V) Choosing M > 1, such that V(M) = —e, then construct a function by defining
Vi(z) for x € (0, M];

Vi (x) =4 —€ for x = M;
0 forx > M + 1,

and interpolating in a continuous way between M and M + 1 such that V' < A
It satisfies . y
1 —e <V —e<V <V,
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3.3.2 Lower semicontinuity of the dual value function

We contribute to show v(y) < liminf, . v(yn; Vi, Py). If necessary, we will pass to an
attaining subsequence so that the liminf will be regarded as an actual limit. Recall the

observation (3.2.2)) that
Z3Vy (—h”(ﬁ/’P)>
Zn

where ¢, = yin > 0 converges to 1, and Z, = chn converges to 1 in L'(P) and in

L°(P), the dual optimizer iy = /fzn(y; P) € D(y, P) attains the infimum of v(y,; V,,, Py)
corresponding to the utility maximization problem parameterized by (z,; U,, P,). Then,

1
U(Yn; Vo, Pr) = —EF

Cn

> 1ge

1
U(yn; Vn> Pn):_EP
Cn

n

Z, Vil )| -

2 ZnVi(

SES

N

Fix € € (0, 1), according to in Lemma[3.3.3] for each e > 0, Ing(e) €N, Vn >
no(€), we have

Taking expectation w.r.t. P, we have

% o
B | Z.Vi(Z)| 2 BP | Z,V(=") | - B [hn+2n}

> EF Z,VI(=)| — cne(y+1).

1 Ry,
im vy, (Yn; Vi, Pp) > limsup —EF | Z,VE(=>)
n—00 n—oo Cn Zn
. 1 _p T
> limsup — | EF | Z,V¢(=%)| — cpe(y + 1)
n—oo Cn Zn
P € E
=limsupE" | Z,V(=2)| —e(y +1). (3.3.5)
n—00 Zn

Now we need to find an intermediate term such that the connection to compare
limy, 00 Un (Yn; Vi, Pr) and E [V (h)] with h € D(y, P) can be built.
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Define
Mn mn
o= 0pZy, and hy = ajhy,
k=n k=n
where m, >n, 0 < a} <1st. Y ;" af = 1.1t is easy to see (, converges to 1 almost
surely, and

hn, € COHV{/ﬂn,/ﬁn+1, )= conv{/f;n(y, Vs P),/f;nﬂ(y, Vo1, P), .o 1

Moreover, the set D(1,P) is convex and closed w.r.t. the topology of convergence in
measure, so

VneN, lim h, =h, as., and h € D(y, P).
n—oo

The convexity of the mapping (Z,y) — ZV(y/Z) implies

GV (/) €S R Z4V () Z).

k=n

Taking expectation and the limsup, we have

lim sup EP [¢,V(hy /)] < lim sup Z QEP [ZkV (h /Zk)}

n—o0 n—oo

< limsup IEP [vaxﬁn /7 n)] . (3.3.6)

n—oo

Combining the inequalities (3.3.5)) and (§ - we have

_ _h
lim vy, (Yn; Vi, Pr) > limsup EP ZnVe(i—n

n—00 n—00

)] —e(y+1)

> limsup EF [, V(h,/Co)] — e(y + 1).

Since V" — ¢ < V°, by the definition of V¢,
GV (M fGn) = GV (B Ga) b /G = V' (/G P
> hy (v M ha/G) =€)
so that
EP [V (/)] = B [V (ha/Go) | = BP [hae]
> E® |1V (ha/G)]| = ve

M(Z_:) < Gumax{V(0), M + 1}, so that the sequence

Now we verify the term
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{thE’M(Z—:)}nEN is uniformly integrable. Indeed,
h —e, M h
—V” < V<0).
oV Cn) (0)

By the definition of vt VG’M(Q:) > —1, Vo >0 and VE’M(J:) =0,Vao>M+1, we
have

—€,M h —€e,M h —€e,M h
hn V'™ (Cn>_h nV (C )1 {’L"<M+1}+h v (Cn>1{%r;>M+1}

> _hnl{%gMJrl}
—(M + 1),

As G, = Yo aﬁcngk converges a.s. to 1, where Zy is uniformly integrable, and A,
converges a.s. to h, then

E” [h V™ (ha/Go)| = ye — EP [V ()] = ye,
Therefore,

lim sup EP [¢,V(hn /C,)] > EF [hVe’M(h)] — ye. (3.3.7)

n—o0

Combining the inequalities (3.3.5)), (3.3.6) and (3.3.7]), we have

T
lim v, (yn; Vy, Pp) > limsup EF | Z, V(=) | —e(y + 1)
n—00 n—00 n
> limsup B [G,V(hn/Ga)] — €y + 1)
n—oo

> EP [hve’M(h)} — (2y + 1)e
> EP [RV(h)] — (2y + 1)e
= EP [V<(h)] — (2y + 1)e.

Since —h < V¢(h) < V(h) and h € D(y,P) C L!(P), using monotone convergence
theorem, let € | 0,

im v, (yn; Vi, Pn) > EP [V(h)] > inf  EP [V(h)] = v(y, V, P).

n—00 heD(y,P)
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3.3.3 Upper semicontinuity of the dual value function

Just as done in [62, Section 3.3.1], for any Z% € Z¥¢ 4 > 0, we define
N 0 Z% 00
D(y,Zy) ==<heD(y,P): - € L> 5.

Then, D(y, Z2) # ), because 2yZ9 4+ (1—3)h e Dy, ZY) for all h € D(y,P) and k € N.

Lemma 3.3.4 (compare [62, Lemma 3.3]). Fiz y > 0, let Z% € Zk° be such that
VT (yZY) € LY(P), then
oy, P) = meﬂwm.

heD(y,Z9,)

Proof. Let h € D(y,P) satisfy v(y; P) = E [V(/fz)} Define hy, := zyZ3 + (1 — ¢ h e

D(y, ZY) for all k € N. Moreover, V*(yZ9) € LYP) and V(yZ2) > —yZ% € L'(P)
imply V(yZ2) € L'(P). Then it follows from the convexity of V' that

E V()] < 1E[Vz9)] + (- DE V)]

Letting k — oo, we get v(y, P) = limy_o E [V (h)] . ]

The following Lemma applied in the case of transaction costs here is as same as [62],
Lemma 3.4].

Lemma 3.3.5 ([62, Lemma 3.4]). Suppose the collection {Z,V.* (f/Zn) ynen is P-uniformly
integrable for some f € LY. Let h € LY(P) be such that h > f a.s. Then

lim Z,V,(h/Z,) = V(h) in L'(P).

n—o0

Proof. Z, = cn 2 converges to 1 in LO(P), since cn converges to 1 in L'(P). Moreover
V,, — V pointwisely, so we have

lim Z,Vy(h/Z,) = V(h) in LO(P).

n—o0

We only need to show {Z,,V,,(h/Z,)}nen is P-uniformly integrable.

Each V,, is decreasing, thus Z,V.' (h/Z,) < Z, V.7 (f/Z,), and {Z, V. (f/Z,) }nen is
P-uniformly integrable, then we obtain the P-uniform integrability of {Z,V.*(h/Z,) }nen-

For the negative part of the V,,, because V,,(r) > —z, Vn € N, we get Z,,V."(h/Z,) <
h € L'(P), which means the uniform integrability of the {Z,V,~(h/Z,)}nen- O

To show the upper semicontinuity of the function v, we pick some Z9 € ZX¢ such

that Assumption |3.2.3| is satisfied, i.e., {7nVn+(yg—%)}neN is P-uniformly integrable for
all y > 0. Since {Env,j(yg—%)} converges to V*(yZ2) in L°(P), then it converges

neN
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to V*(yZ?%) in L'(P). Moreover, V*(yZ?) € L'(P) and by Lemma [3.3.4 we have
o(y, P) = infj 5, 0 E” [V(h)] .

For any h € D(y, Z3) € D(y,P), we have % € L. By Lemma [3.3.5|

lim E [Zlvn(%/zl)} —E [V(ﬁ)] .

n—o0

Let us again recall the observation (|3.2.2]),

1 o= . h 1 ol=. &
U(yn;VmPn) = inf _EP ZTLVTL(—_) < inf _EP Z”V”(__) ’
heD(y,P) Cp, Zn ﬁeﬁ(y,Z%) Cn Zn
R
S _EP van(—_) )
Cn, Zn

where h in the last inequality belongs to the set 5(3/, Z9). Therefore, for any =

D(y, Z%) C D(y, P),

1 pls ., h
lim sup v(y,; Vip, Pr) < limsup —EF ZnVn(?—)

n—00 n—oo Cn

— EP [V(E)] .
Since v(y, P) = infﬁeﬁ(y,zg) EP [V(%)} , we have

lim sup v(yo; Vi, P) < inf EP [V(B)] = o(y: V. P).

n—00 EEﬁ(y,Z%)

We can conclude that the dual value function is continuous, so that

lim v(yn; Vo, Pn) = v(y; V,P) pointwisely.

n—o0

Thanks to the conjugate properties of the family of the convex functions {v, },en, v and
the concave functions {u, }nen, u, this fact yields the convergence of the concave primal
value functions, i.e., lim, oo u(x,; Up, Pp,) = u(z; U, P) pointwisely.

3.3.4 Convergence of dual and primal optimizers

Though we consider the convergence of the dual and primal optimizers in markets with
transaction costs, we can prove it by carrying over the proof in [62], Section 3.5]. We still
write down the proof explicitly for the convenience of the reader.
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Duality theorem (Theorem [3.1.14]) points out that

, N (s,
VTllq(a(fL’n% Un, Pp) = _Vw;(ng(ym Vo, Py)), where y, = ua(:j )7

so we only need to show the continuity of the dual optimizer, then by this equation, it is
obvious that the primal optimizer is continuous.

To ease notation, we denote
h, := 7,1/\79(1/”; Vo, P,) and h:= ?jg(y; V,P).

Then h, € D(y;P) satisfies v(y,; Vo, Pn) = EF [ZLVR(%—")} for each n € N. And h €
D(y; P) satisfies v(y; V,P) = EP [V(h)]. Obviously, h, is bounded in L°(P). To prove
limy, oo Y2 (Yn; Vs Pr) = Y2(y; V,P) in L°(P), we need to prove lim,, o %—" = h in

L°(P). Assume that an arbitrary subsequence has already been extracted from {% Fnen-

It suffices to show that LO(P)—limy %’; = h along some further subsequence {%}%N.

Pick some Zj € Z§° such that f := yZ} satisfies V*(f) € L'(P). For each n € N,
define f, :== Lf 4+ (1 — 2)h € D(y, Z), so the sequence {f, }nen is bounded in L? and
lim,_,00 fn = h in LY. By the following lemma, we can conclude the sequence {%—”}neN

converges in L°.
Lemma 3.3.6 ([62, Claim 3.8]).
For any m € N, define

1 1 1
R 1= {(a,b) eR*:ac[—m], be[—,ml]a—b|> —}~
m m m

Then there exists a strictly increasing sequence {ny } ey so that the subsequences (A, )men
and (fn,, Jmen Of (hn)neny and (f)nen, respectively, satisfy

hn n
lim P, {(_ n oy Rm] = 0. (3.3.8)
m—00 an o

Remark 3.3.7 ([62, Remark 3.9]). In (3.3.8)), P, is instead of P. Let (A,)n,en be a
sequence of F-measurable sets.

lim P, (A,) =0 is equivalent to lim an{An} =0in L(P),

n—oo n—oo

which is equivalent to lim,,_,o 1{4,3 = 0in L(P), or lim,_,o P(A,) = 0, since lim,,_,o; Z,, =
1 in L'(P). In our case, Z, = c¢,Z, converges to 1 in L'(P).

Proof. [62, Proof of Claim 3.8] The conjugate function V is strictly convex, so there is
By > 0 for any m € N such that for all (a,b) € (0,00)?,

a+b) < V(a) + V(b)
2 2

V( - /Bml{Rm}(a’ b)
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As the sequence {V},}nen converges uniformly to V' on compact subsets of (0, 00), we can
choose a possible lower but still strictly positive 3,,, then we have

a+b < Vol(a) + Vi, (b)

V() <

- ﬁml{Rm}(aa b)a Vne Na (aab) € (07 00)2'

Multiplying both sides of ZL, then take expectation with respect to P,

EP {van(“ ; b)} < %]EP [ZnVn(a)} n %EP [szn(b)} _EP [@man{Rm}(a, b)} .

Set a = %" and b = %’“ we obtain

I, fk 1 P {~ hn ] 1 P {~ fk } P {~ o, fk }
mPn |l =, = | € Rnn| < ZE" | Z V(=) |+=E" | Z, V(=) | -E" |2,V (= — ).
ook (70 7,) < o] = 307 (B | Er (i o [ )
It is known that
1 ~ h 1
“EF | Z.Vo(=2) | = =0(yn; Vi, P
B | (5] = S o)
~ hy, n : hn, n
EP [ZnVn(TJr Ji )] > oYy P, sinee Sy S cpn Y py
2Z, 27, 2 2Z, 27, 2
and by Lemma |3.3.5]
1 p Jx I p o] 1
nhg)lo 2]E {Z Vn (Zn)] = JEEO EE [Z Vi, (Zn> = §IE [V (fr)], for all fixed k € N.

Therefore, we have

P | (25 ) € R < qoltni Vi Po) + JEWV ()] - o2, ).

n n

Furthermore, the proof of Lemma [3.3.4f shows lim,, .. E[V(fi)] = E [V(ﬁ(y, P))] =

v(y; V,P). As the sequence {v,}nen converges to v uniformly on compact subsets of
(0,00), we can choose k,, and n,, large enough so that

P, [(ﬁnm S ) ER ] l
Znm Zn m

Then one can choose a universal strictly increasing sequence k,, = n,,,m € N with all

the desired properties. O

3.4 Dynamic stability

In the previous section, our stability result is only on the terminal value of the wealth
process as well as the terminal value of the optional strong supermartingale deflator at-
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taining the dual optimality, that is why we call it static stability result. In the present
section, we are concerned not only with the terminal value but with the whole process
which produces the optimizer. In particular, we will discuss the so-called dynamic sta-
bility for the optimal dual processes, and construct the shadow price for the limiting
problem by the sequence of shadow prices corresponding to the problems parameterized
by (z,; Uy, Pp).

Throughout this section, we need the following assumption, which is necessary for the
existence of shadow price processes (see [19]).

Assumption 3.4.1. Additionally, the stock price process S is continuous.

3.4.1 Properties of optional strong supermartingale deflators

In what follows, we shall first study the properties of optional strong supermartingale
deflators. For the simplicity of notation, we consider only Y := (Y, Y') € B(1). Since
the processes Y? and Y are optional strong supermartingales, according to [70], they
admit unique Mertens decomposition, which is an analogue of the Doob-Meyer type
decomposition for cadlag supermartingales, i.e.,

Yi=M — A i=0,1, (3.4.1)

where M? is a cadlag local martingale and A’ is a nondecreasing ladlag predictable pro-
cess. We now introduce the following proposition, which shows the relation between the
nondecreasing parts A° and A!, that is, symbolically,

(1—\)S,dA? < dA! < S,dA°.

Lemma 3.4.2. Let Assumption hold and Y := (Y°,Y') € B(1). The processes Y°
and Y1 admit the unique Mertens decomposition as (W Let e+ A <1 and let o be a
stopping time taking values in [0,T]. Define

Tg::inf{tZU‘%:(l—i—s) 07“(1—5)}/\T,

g

and
t

Tes2 i= Int {t > U‘g— =(14¢/2) or (1 —5/2)} AT.

g

Then, for all stopping time T satisfying o < 7 < 7.9,

(1—e)(1 = NS,E [A} — AY|F,| <E[AL - AL|F,]
< (1+¢)S,E[A?— A2|F,].

Hence,
(1 - N)S,dAY < dA} < S,dAY,
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which 1s the symbolic differential notation for the integral inequality

T T T
/ (1—A)St1DdA§§/ (1—A)1DdAgg/ Si1pdAY,
0 0 0

which we require to hold true for every optional subset D C 2 x [0,T].

Remark 3.4.3. A similar lemma can be found in [19, Lemma 3.5], which shows the same
property between A® and A! for a particular supermartingale deflator constructed as the
Fatou limit process of a sequence of local consistent price systems. We remark that our
proof of the above proposition will not depend on the construction of Y, but only on the
supermartingale property of the process @Y + Y1 for all p € A(1).

Proof. Consider the following trading strategy ¢ = (¢?, ¢} )Jo<i<t € A(1) defined by

(I-(1=X(1-¢),0), 0<t<o;
(eh) =4 (-0-Na-9.%), o<t<m;
(Va(g),0), . <t<T.

Obviously, this trading strategy defined as above is A-self-financing and O-admissible.
Indeed, we only need to consider the worst case, i.e., the stock price attains (1 — €)S,,
then we have for 0 <t < T, the liquidation value

V() > —(1 = )1 =) + (1= X) o (1= <), =0

[

By the definition of the optional strong supermartingale deflator, we obtain that for
T € [o, 7],

(L= )1 (MY A9 + o (M) — A}

> [ (1 X)) (M0 - AY) + & (1! - A1)

7).

We may assume without loss of generality that M° and M are true martingales, other-
wise, stopping technique applies. Therefore, we obtain

E[AL - AL|IF,] > (1 —e)(1 = N)S,E [A? — AY|F,] .

For the other inequality, let us define another trading strategy ¢ = (¢Y, o} )o<i<r €
A(1) by

(A+¢,0), 0<t<o;
“02)790%) = ((1_)‘)4‘)\4-5,—5%), o <t<T
(Via(g),0), n.<t<T.

With the same argument, we have
(1+¢e)S,E[A2 — AY|F,] > E[AL — AL|F,],

o8



which ends the proof. O]
The following corollary is straightforward.

Corollary 3.4.4. For each optional strong supermartingale deflator (Y°(y),Y'(y)) €
B(y), if the first component Y°(y) is a local martingale, then the second component Y (y)
18 also a local martingale.

Proof. From Lemma [3.4.2, for each OSSD (Y°(y),Y(y)) € B(y) with the Mertens de-
composition, we have

(1= N\)S;dA) < dA} < SidA).

If Y°(y) is a local martingale, which implies dA? = 0, then dA} = 0. This means Y (y)
is a local martingale. O

Remark 3.4.5. Actually, we can still have Corollary without Lemma [3.4.2 The
proof is also provided here.

Another proof method of Corollary[3.4.4 Suppose the first component Y°(y) of an OSSD
(Yo(y),Yl(y)) € B(y) is a local martingale, then there is a sequence of almost surely
increasing and diverging stopping times o, such that the stopped process (Y, \,(y))icio,1]
is a true martingale.

The continuity of S implies the locally boundedness of S, so define a sequence of
stopping times
pn = 1inf{t : |S;| > n+ 1}, for n € N.

Take 7, := p, A 0, and a trading strategy (o), o} )oci<r = (1 + =, —2),n € N, which is
0-admissible with

1 1
1+-—2=8. >0.
n n

Then for 0 < s <t < T, by the definition of supermartingale deflator and the positivity
of the optimal dual process, we have

1 1, 1 1

(L DVE () = 2V () 2 B (14 DY, ()~ 1Y, )]

— (14 72,00 - B 234 )] 7

which shows Y2

8/\7'( )<]E|:Y;}\T )}FS]
For the other direction, set (¢f,¢;)oct<r = (1 — £, 1), we can obtain Y (y) >
E [Yih., ()| Fs]. Thus, Y. (y) = E [V}, (y)|F], i-e., the stopped process Y}, (y) is a

martmgale which has a cadlag version. Thus, (V! (y))ogth is a local martingale. O

It follows from Duality Theorem that under appropriate assumptions, both the pri-
mal and dual problems are solvable, in particular, there exists a unique dual optimizer
ﬁ(y) € D(y) solving the dual problem, and moreover there exists an optional strong
supermartingale deflator (Y°(y), Y(y)) € B(y) such that Y2(y) = /f\z(y), where y = u/(z).
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Similarly as Definition [2.1.14] for the case in incomplete markets in §2.1.1, we define
optimal dual and primal processes for the case with transaction costs by the same spirit
as follows.

Definition 3.4.6. The optional strong supermartingale deflator (}A/O(y),f/l(y)) € B(y)
satisfying Y2(y) = h(y), where y = u/(z) is called optimal dual process (ODP).
~1

Similarly, we call the trading strategy (2°(z), o' (x)) € A(zx) satisfying V) (P(z)) = g(=)
optimal trading strategy.

In what follows, we shall study the existence of shadow price processes. Generally
speaking, it states in [I7, Proposition 3.7] that if the optimizer h(y) in the Duality The-
orem is induced by a local martingale (Z°, Z') € B(y), then there exists a shadow price

which could be defined as the quotient S = g—; (Sometimes, we use the calibrated pro-

cesses Z := (Z°,Z") € B(1), and by abuse of definition, we still call it ODP.) In particular,
Czichowsky, Schachermayer and Yang found a sufficient condition which guarantees this
local martingale property of ODPs when S is continuous, that is, the liquidation value
process of the optimal trading strategy is a.s. strictly positive, i.e., info<;<r XZM(@) >0
a.s. We summarize the result of [19] in the following proposition.

Proposition 3.4.7 ([19, Proposition 3.3]). Fiz the level 0 < X\ < 1 of transaction costs.
We assume that Assumption and all assumptions for Duality Theorem (Theorem
3.1.14|) are satisfied. In addition, suppose that the liquidation value process of the optimal
trading strateqy = (99, ¢} )o<i<t € A(x) is strictly positive, i.e.,

e Tiligy . . -

inf V"(p):= oé?ng {B+ (1 =N (B,)"S — (&) S} >0, as. (3.4.2)

0<t<T

Let y = u/(x), then there exists a local A-consistent price system 7 € ZloeA " such that
yZ% = h.

Remark 3.4.8. The continuity of the price process S is essential in the above proposition.
Otherwise, counterexamples could be found, e.g., in [15].

Remark 3.4.9. It is shown in [19] that under the condition of “no unbounded profit with
bounded risk” (NUPBR), the condition is satisfied. Very recently, it is proved in
the working paper [16] that even the condition (NUPBR) is replaced by a weaker condition
of “two way crossing” (TWC), still holds. We remark that the condition (TWC)
is introduced by Bender in [3], which means that, for each stopping time o, we have
0, = 0_ a.s., where

oy =inf{t>0:5>5,} and o_ :=inf{t >0:5, < 5,}.

Besides, by [84, Theorem 5.11 (ii) and p.116], (TWC) implies that S satisfies (C'PS*)
locally for all 0 < p < 1.

The proof of the proposition above in [19] is based on the strict positivity of the
liquidation value of the optimal trading strategy and [I9] Lemma 3.5] (see also Lemma
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3.4.2). In the present paper, we shall give an alternative proof of this proposition, in
which the martingale property of the product of the optimal trading strategy and ODP
( in Theorem plays the central role. The same methodology applies in the
next subsection.

Proof of Proposition[3.4.7. Fix y > 0 and assume without loss of generality that y = 1.
From (B.1.7), we can choose a sequence {27} = {(Z", Z}"™)o<i<r}22, C 2" such
that

E[V(Z7")] \eE[V(R)] = v(y).

Then, by [I8, Theorem 2.7], there exists a subsequence of convex combinations of {Z"}5° ;|
still denoted by {Z"}°° |, and a positive optional strong supermartingale (Z°, Z1), such
that for each stopping time p taking values in [0, T,

(2%, Zbmy = (29, ZY). (3.4.3)

In particular, we have Z%" — 2%, a.s. Applying Fatou’s lemma and [63, Lemma 3.2], we
have

E[V(Z2)] < liminf E[V(Z™)] < lim E[V(Z§"™)] = E[V(h))].
n—oo n—oo
Then, the infimum of v(y) and the uniqueness of the dual optimizer show that Z9 = h
a.s., which is the dual minimizer. It is easy to verify that Z € B(1).

Since the stock price process S is continuous, S is locally bounded. We may as-
sume without loss of generality that the liquidation value of the optimal trading strategy
(XZZA Jo<t<T 18 predlctable (otherwise, consider the caglad version of the trading strategy),
then from info<;<p V > 0 a.s., we can find a sequence of a.s. increasing and diverging
stopping times {o,,},-_,, such that, for each m € N and ¢ € [0, 7], we have V;l,gm > Tln,
< (1 - )\)St/\gm < St/\gm <m,

1
m
0,n 1,n 0o : .
and {(Z.3,,., 2.\, ) oo, is a sequence of martingales.

For the optimal trading strategy (2°,3') € A(z), we have

- Ztn 1
~0 ~1 n ._ 0 ~1 Om liq .
SOQm + SOQm)S'Qm T SOQm + SOQm 0,n Z VQm Z )
Lo, m

~ 71 ~ 1

(’09 + gOQ'm om gOQ'm + (’OQm Z\g — " Om — m

From (3.4.3)), we have moreover (up to a subsequence), for all m € N
On 7ln 70 71
(ZQm ’ Z.Qm ) — (ZQm’ Z.Qm)’ a.s.
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Since {Z"}%2, C Zloe» C B(1) and Z € B(1), we can deduce
Zl,n
B |z (7o )| < o

A /Z\;TVL
Z C’OQ + gOQTn ZO

where the second equality is deduced from the martingale property of 2070 + golZ ! (see
Duality Theorem). Now we are ready to apply Lemma and conclude that for each
m € N, the sequence {Z)"}2 | is uniformly integrable. Thus,

E

:x’

70m 25 70 (3.4.4)

In addition, for each m € N

, ZO” [(1 — NS, S, ] is uniformly bounded. Thus,

{Z; )02, is also uniformly mtegrable so that
zn 27 (3.4.5)

It is obvious that ( - ) and (| - as well as the local martingale property of Z%" R om
and Z4" Ao iMply that the stopped processes (Z. g\ om ,Z,l,\ o) are true martingales, for each

m € N. Therefore, the process (20, 7 1) is a local martingale. Moreover, under the usual
conditions of the filtration, they admit cadlag modifications. m

Indeed, the result above could be sharpened and thus we provide the following propo-
sition. We are grateful for the fruitful discussion with Walter Schachermayer.

Proposition 3.4.10. Fix the level 0 < X < 1 of transaction costs. Under the assumptions
of Proposition let y = u/(x) and Z € B(1) be the optional strong supermartingale
deflator associated with the dual optimizer in the sense that yz\% = h as. Then, 7 is
a local A-consistent price system. In other words, all A-optional strong supermartingale
deflator associated with the dual optimizer is a local \-consistent price system.

Remark 3.4.11. The result of Proposition [3.4.7| only provides the existence of such ODP,
which is a local martingale, however, it is sufficient to construct a shadow price. The
result of Proposition above is a little stronger, since it states that all ODPs are
local martingales. The proof of Proposition [3.4.10] will be more straightforward and
general, nevertheless, we keep the proof of Proposition [3.4.7], because of its own interest
for the next subsection. Besides, both proofs show explicitly the mechanism that the first
coordinate optimal dual process will not “lose” its mass whenever the liquidation value
is strictly positive, while in the frictionless case, the unique ODP has the same property
when S is continuous (see e.g. [65] [38]). We remark that these arguments here are also
applied in the frictionless case by simply replacing the liquidation value process by the
wealth process.
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Proof of Proposition|3.4.10, We pick up the sequence of stopping times as in the proof
of Proposition [3.4.7, Fix the optimal trading strategy (¢°(z),3'(z)) € A(x). It is easy
to verify that (2%, —L,8%, )€ A(z). Thus,

1\ ~ ~
(90~Agm — —m) Z° + go,AQmZ

is an optional strong supermartingale. Recall that 3°Z° + 3'Z! is a martingale, so that
70 is an optional strong submartingale up to g,,. Furthermore, we deduce that ZOA om 18
a martingale because 7 e B(1). The remainder of the proof goes in a similar way as in
the previous one. O

Remark 3.4.12. The optimal dual process may not be unique, even the first component of
the optimal dual process may not be unique. This is quite different from the frictionless
case. We refer the reader to [84, Remark 6.9] for the counterexample.

3.4.2 Convergence of optimal dual processes

In this subsection, we move to discuss the dynamic stability, which means the stability
of the optimal dual processes. For the sake of simplicity, we first consider the utility
maximization problem under perturbations of the initial endowments and the utility
functions, while we keep the physical probability measure unchanged, i.e., P,, = P. We
assume all conditions of Proposition for each utility maximization problem u(z,; U,)
as well as for the limiting problem u(x; U) hold and moreover, let assumptions of Theorem
hold true. Then, by Theorem [3.2.4], we have

lim u, =u, lim v, = v;
n—0o0 n—o0
lim P _ Oy, Oon O (3.4.6)

=—, lim — = —.
n—soo Jr  Or n—oo Jy Oy

L°(P) — lim V7(3") = V*(9), L°(P) - lim A" =h.

n—oo n—oo

From the result in the previous subsection the optimal dual process Zn = (2 Om, 7 Lny .=
(Z°(yn; Vi), Z (yn; Vi) is P-local martingale, i.e., Z" € Z°*(P).

Proposition 3.4.13. Let P,, = P. We assume all conditions of Proposition [3.4.7 for
each utility mazimization problem u(x,;U,) as well as for the limiting problem u(z;U)
are satisfied. Moreover, let assumptions of Theorem[3.2.4 and Theorem[3.1.14) hold true.
Then, for a sequence of ODPs Zn = (2\0’”, 2\1’”) that associated with the dual optimizers
% (i.e., ynZ;’o = /l{") corresponding to the dual problems v(y,; V), there exist a local
martingale 7 = (20, 21) and a subsequence of convex combinations of {Z"};ﬁf’zo, denoted
still by {Z"}22,, such that for every [0, T)-valued stopping time T,

~

7h).

(Zon, 2y 25 (20,
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Moreover, the couple Z € ZlX is an ODP corresponding to the limiting dual problem
v(y; V) with yZ% = h.

Proof. Since for each n, Zn e Zloer C B(1), then by [1I8, Theorem 2.7], there exist

[e.o] oo

, still denoted by {Z”} and an

a subsequence of convex combinations of {Z”}
n=1

n=1
optional strong supermartingale Z = (Z°, Z1), for every stopping time 7 taking values in
[0, 77,

(20, ZEm) = (20, Z)). (3.4.7)

From the result of Theorem |3.2.4] y,, — y and ynfgn = 2 h = yZOF. It is obvious
that Z € B(1) and thus an ODP corresponding to the utility maximization problem
u(x;U). The constructed process 7 = (Z°, Z") is a local martingale, which thus admits
cadlag versions. Indeed, this could be done by first showing that for optimal trading
strategy (%, ') corresponding to the utility maximization problem u(x; U), the process
P°Z° + 3'Z' is a true martingale, and then applying the methodology of Proposition

[B.4.7 Mathematically,

B [30) 2} + BH0) 28] = B | 3(a)h)| == = B [0 28 + 330123

which ends the proof. O

Secondly, we consider the more general case with perturbation on the physical proba-
bility measures, i.e., for each n, we solve a utility maximization problem under P,,, satis-
fying Assumption [3.2.1 and Assumption [3.2.3] Without loss of generality, let y, = y = 1.
For each n, the ODP (Z2°(1;V,,, P,,), Z(1; V,,, P,,)) € Zl°*(P,,) are P,,-local martingales.
By change of measure, we obtain

~ ~ dP,, S ap,,
(ZO,n’ Zl,n) — ZO(l7 Vn7 Pn)EP F 7 Zl(l, vn; Pn)EP F c Zloc)\(P>’
ap ap
which are P-local martingales and belong to B(1, P). Moreover, by the fact dcg,” — 1in

L!(P) and Theorem [3.2.4] we have

N dP,, ~
Z9(1;V,, P,)—= 2 h(1,V, P),
dP
which is the dual optimizer for v(1,V,P). Applying Proposition [3.4.13] we deduce that
there exists a subsequence of convex combinations, denoted also by (Z%", Z1™), such that

for every stopping time 7 taking values in [0, 77,

(Z0m, 71y B (20,21,

where the limit process (22, 271) € ZleA(P) is the ODP for v(y; V, P), which are P-local
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martingales.

Remark 3.4.14. We emphasis here that the cadlag property of the path of ODPs is
important for the construction of a shadow price process in the next subsection.

3.4.3 Construction of shadow price processes

Under certain conditions, the original markets with transaction costs can be replaced by
a frictionless market that yields the same optimal strategy and utility. Such frictionless
market is called shadow market for the utility maximization problem. This subsection is
devoted to the construction of shadow price processes for the limiting utility maximization
problem.

Definition 3.4.15. A semimartingale S = (gt)OStST 18 called shadow price process

for the optimization problem ([3.1.3)) if
(i) S takes its values in the bid-ask spread [(1 — \)S, S].

(i) The optimizer to the corresponding frictionless utility maximization problem (2.1.8)),
i.e.,

E[U(3)] — max!,  §eC(a), (3.4.8)

exists and coincides with the solution g(x) € C(z) for the optimization problem

(3.1.3) under transaction costs, where C(x) is defined in (2.1.7)).

(i1i) The optimal trading strategy f-\l, which is predictable, §—mtegmble process for the
frictionless market S as described in §2.1.1 (orin [63]), is equal to the left-continuous
version of the finite variation process p'(x) of the unique optimizer (?(x), o} (x))o<i<r

of the optimization problem (3.1.3)).

In general, the shadow price process can be constructed by ODPs, which are local
martingales. On the other hand, each shadow price process can be represented by the
quotient of some ODPs. Here below are the results obtained in [17].

Proposition 3.4.16 ([I7, Proposition 3.7]). Under conditions for the Duality Theorem,
fix x > 0. Assume that the dual optimizer h(y) equals Y7 (y), where u'(z) = y and
Y(y) € B(y; P) := (Y%y),Y'(y)) are local P-martingales. Then, the strictly positive

Yi(y)
YO(y)

semimartingale S = s a shadow price process for the optimization problem (3.1.3)).

Proposition 3.4.17 ([I7, Proposition 3.8]). If a shadow price S exists, it 1s given by
S=2W g an ODP (YO(y),Y(y)) € B(y,P) of the dual problem (3.1.4).

YO(y)

In what follows, we shall show how to construct a shadow price process for the limiting
utility maximization with respect to the sequence of shadow price processes corresponding
to the perturbed problems. First, we consider the case when the perturbation is not
applied to the physical probability measure, i.e., P, = P.
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Proposition 3.4.18. Let P,, = P. We assume all conditions of Proposition [3.4.7 for
each utility mazximization problem u(x,;U,) as well as for the limiting problem u(x;U)
hold true and moreover, let assumptions for Theorem and Theorem[3.1.14 hold. For
each n, suppose that Sn = S(yn, Vy.) is a shadow price process correspondmg to the nth

problem, which can be represented by Sn = 1{;", where Y™ (YO" YL ™ € B(y,) are

P-local martingales. Then, there exists a subsequence of convex combinations of {Y”}n 0
and a limit process Y € B(y) such that yn converges to Y in the sense of -

Moreover, S = == defines a shadow price process for the limiting problem u(z;U).

Remark 3.4.19. This proposition can be proved simply by applying Proposition [3.4.13
and Proposition |3.4.17]

Remark 3.4.20. For the more complicated situation with the perturbation of the physical
probability measures, we also assume all conditions of Proposition for each utility
maximization problem u(z,; U,, P,) as well as for the limiting problem u(x; U, P). More-
over, let assumptions for Theorem hold, then the definition of the shadow price and
the observation observation of v(yn; Vi, Pp) expressed by P show that for each n,
a shadow price

?1(y§Vn,P) ~

§n — §(y Vo, P,) = ﬁEP[%V‘.] _ Yl(y; Vi, P)
ny Vo, &'n) -— ?O(yVn P) = So

yinEp[dPn‘]_-] Y (y7 V’mP)

(3.4.9)

and S(z; U, P) := L& “;3, where (Yo(y, V.P),Y(y;V, P)) € B(y, P) is the limit process

Y

Yo(y
of the sequence of (YO y; Vi, P), Yy Vi, P)) € B(y,P) in the sense of (3.4.7) ([18
Theorem 2.7]). The limit process is an ODP in the market parameterized by (z; U, P).
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Chapter 4

Utility maximization problems with
transaction costs and random
endowment

In this chapter, we discuss the utility maximization problem in markets with transaction
costs and random endowments. Under the no-short-selling constraint, we prove that such
utility maximization problem admits a unique solution, then shadow price processes are
constructed directly by the derivatives of dynamic primal value functions. However, we
provide an example to show that there may exist a shadow price if the random endowment
becomes negative.

4.1 On the existence of shadow prices for optimal
investment with random endowment

We shall briefly introduce the basic setting of the utility maximization problem in markets
with nonnegative random endowment and transaction costs, then we construct a shadow
price process. The reader, who has more interests in the details of these topics, is referred
to [54, (55, Bl 15 19).

4.1.1 Formulation of the problem

We consider a numéraire-based model in financial markets: the financial market consists
of two assets, one bond and one stock, where the price of the bond B is constant and
normalized to B = 1. The market is equipped with proportional transaction costs A €
(0,1) as in §3.1. The stock price process satisfies the Assumption [3.1.1]

We also assume that the agent is endowed with an exogenous random endowment ey
at the terminal time 7', which is represented by an Fpr-measurable random variable.

Assumption 4.1.1. The endowment ey € Fr is a strictly positive and finite-valued
random variable, which can be decomposed into a deterministic part and a random part,
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i.e., ey = x +ep, where x > 0 and ey > 0, a.s. We assume that x is the initial wealth of
the agent and er is endowed at time T'.

Remark 4.1.2. In the financial market, er can be explained as a positive contingent claim,
e.g., an option contract.

As the counterpart of martingale measures in the frictionless case, consistent price
systems (CPSs) play a very important role in the framework with transaction costs (com-
pare, e.g., [53[83]). To establish the utility maximization problem, we adopt an extended
notion — A-supermartingale-CPSs, similarly defined as in [5].

Definition 4.1.3. Fiz A\ > 0 and the price process S = (Si)o<t<r satisfying Assump-
tion [3.1.1. A A-supermartingale-CPS is a couple of two positive processes Z =
(Z?, Z ) o<i<r consisting of two supermartingales Z° and Z', such that

1

Z
SZ .= Z—zo c[(1-NS, 8], as., (4.1.1)
forall0 <t <T.
The set of all \-supermartingale-CPSs is denoted by Z)

sup*

We introduce now the following assumption on the existence of a supermartingale-
CPS, which is an analogue to the existence of an equivalent supermartingale density in
the frictionless setting.

Assumption 4.1.4. For some 0 < X < X\, we have that Z ().

sup

Remark 4.1.5. We remark that this condition corresponds to the “no unbounded profit
with bounded risk” with no-short-selling constraint on portfolios in the frictionless theory,
see [50].

Remark 4.1.6. Instead of all 0 < X' < A, we only need that the condition above holds for
some 0 < X' < A, similar to Lemma 3.1 in [83]. This condition is sufficient to show the
convex compactness and the L°-boundedness of the set of admissible terminal wealth.

In markets under transaction costs, the following definition of self-financing trading
strategies is commonly adopted, e.g., in [80, 82].

Definition 4.1.7. Fiz A € (0,1). A self-financing trading strategy under transaction
costs \ is a predictable R*-valued finite variation process o = (Y, o} )o<i<T such that

t t t t
/ dpl = / (1 —N\)S,del, / dpdt = / Sudoy’,

for all0 < s <t < T, where o' and @* denote the Jordan-Hahn decomposition of .

The processes ) and ¢} describe the amount of bond and the number of stock shares
held at time ¢ € [0, T], respectively.
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For any process v of finite variation, we denote by ¢ = v + ¢ — ¢+ its Jordan-Hahn
decomposition into two non-decreasing T, 1* both null at zero. Any process v of finite
variation is in particular ladlag (with right and left limits). For any ladlag process X, we
have

X =X{+ > AX,+ > AX,,
s<t s<t
where A, X; = Xy — X;, and AX; = X, — X;_ are its right and left jumps respectively
and X¢ is the continuous part of X. Now we define the integrals for a finite variation
process ¥ and a ladlag process X

/X Vb (w /X (W) de + Y X (@) A (w) + Y Xy(w)Ashy (w)

O0<u<t 0<u<t

1#&—/% X, /%%X 3 AG@) (X () — Xu (@)

O<u<t

+ ) A (W) (X (W) — Xu(w)) (4.1.2)

o<u<t

pathwise by using Riemann-Stieltjes integrals such that the integration by parts formula
holds true.

Gl@) X(w) = o /de /%M

If X is a semimartingale and 1 is in addition predictable, (4.1.2]) coincides with the
classical stochastic integral. For more details we refer to, e.g., [17], p. 1894] or [1I8, Section
7].

We shall consider a utility maximization problem similar to the one in Benedetti
et al. [5], where the agent is facing the no-short-selling constraint, which forces him to
keep both the amount of bond and the number of stock shares positive. In other words,
with the initial wealth x, the agent is only allowed to trade with the admissible (under
no-short-selling constraint) strategies defined as follows:

Definition 4.1.8. Under transaction costs A € (0,1), a self-financing strateqy ¢ =
(0%, oY) with (5, 0}) = (x,0) and (¥, o) = (p%,0) is called admissible under no-
short-selling constraint (for short NSS-admissible), if for each t € [0,T] we have
that

gpg >0 and cp% >0, a.s.

We denote by A*(z) the collection of all such strategies. Moreover, we define

) i={g e L |g < b, for some (4°") € )},

We suppose that the agent’s preferences over terminal wealth are modeled by a utility
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function U : (0,00) — R, which satisfies Assumption m Without loss of generality,
we may assume U(oco) > 0 to simplify the analysis and we define U(x) = —oo whenever
x < 0. Then, the primal problem for the agent is to maximize expected utility at terminal
time T from his bond account derived from trading and the random endowment, i.e.,

u(zyer):= sup E[U(g+ er)]. (4.1.3)
g€C (z)
For Z € Z;,,, define 57 := g—; By the definition, SZ is a positive semimartingale

taking values in [(1 — A)S,S]. Then, we can construct a frictionless market consisting
of one bond with zero interest rate and an underlying asset, whose price process is S%.
In order to adapt the previous setting under transaction costs, we adopt the following
notion of self-financing trading strategies.

Definition 4.1.9. In the frictionless market associated with SZ, an R?-valued predictable
process @ := (%, ¢1) starting from (x,0) is a self-financing trading strategy, if ' is
SZ -integrable and

t
95?+<Z§Sf=a:+/ oLdSZ, 0<t<T.
0

Here, ¢? and @} describe the amount of bond and the number of stock shares held at time
t€0,7].

We shall formulate a utility maximization problem for the frictionless model with SZ.
In accordance with , we always assume that neither asset can be shorted, so that
the maximization problem is established over all NSS-admissible strategies defined as
follows.
Definition 4.1.10. Let S% = g—;, for some Z € Zg‘up. A self-financing strateqy ¢ is
admissible under no-short-selling constraint (NSS-admissible) in the market
driven by SZ, if we have

Cp’? >0 and Cétl >0, a.s.,

forall0 <t <T.

We denote by A% (x) the collection of all such NSS-admissible trading strategies start-
ing from (x,0). Moreover, we define

C7(x) = {§ € LY |G < &)+ GhSE, for some (3,3") € A%(x)} .

Lemma 4.1.11. Any payoff in the original market S with transaction costs can be dom-
inated by that in the potentially more favorable frictionless markets S%, where Z € Z2\

sup*

Namely, fir Z € 22, and let (°, p') € ANx) be arbitrary, then there exists a (§°, ') €

sup

AZ(z) such that
Q) > ) and o} > ¢y, a.s., (4.1.4)

forall0 <t <T.
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Proof. For any (©°, ') € A*x), since (¢, o) is a A-self-financing trading strategy,
applying the integration by parts formula introduced in [I8] §7], we have that

gomotsz—aw/ dg + / LdS? + /Sfdso;
t
=x+/(d<pu + SZ2dpl) + / id55§$+/ oLdS?.
0 0 0

Then, define a self-financing trading strategy in the frictionless market associated with
SZ by

t

Pt r=x+/ o dS7 — o1 ST > ¢},
0

o1 = oy,

which satisfies (4.1.4]). O

Obviously, C*(z) C C%#(x), for any Z € Z2 . Therefore, letting

sup*

uZ(x;eT) = sup E[U(g+ er)],
gecZ(z)

it follows that

u(wser) < inf u”(z;er),

sup

which means each frictionless market with S? affords better, at least not worse, in-
vestment, opportunity than the original market With transaction costs. An interesting
question is whether there exists a least favorable 7 € Z?up, such that the gap is closed,
i.e., the inequality becomes equality. If so, the corresponding price process S Z .= g—; is
called shadow price. Below is the definition of the shadow price similar to [5, Definition

3.9.

Definition 4.1.12. Fix the initial value x and the terminal random endowment er. We
assume that short selling of either asset is not allowed. Then, the process SZ associated

with some Z := Z(x er) € Z;\up is called a shadow price process, if

sup E[U(g+er)]= sup E[U(g+ er)].
geCH (2) gecZ(z)

4.1.2 Solvability of the problem and existence of shadow prices

We shall present and prove our result here, that is, the solvability of (4.1.3) and the
existence of shadow prices.

71



Solvability of the problem

In the previous chapters, the solution to the primal problem is obtained by duality meth-
ods. By contrast, we shall solve (4.1.3)) directly by following the line of [5].

First of all, we display a superreplication theorem as an analogue of [5, Lemma 4.1]:

Lemma 4.1.13. For any Z € Z3,,,, the process Z°°+Z' " is a positive supermartingale,
for any (¢°, ") € AMNx).

Proof. As (©°, ') is of finite variation and (Z°, Z') is a supermartingale, again applying
the integration by parts formula introduced in [I8], §7], we obtain that

t t
20+ 2t = B+ Zheh) + [ (a2t + plazd) + [ (2deh+ Zidsl
0 0

t t
—o+ [ (dz Pz + [ (2250 + Ziagl),

0 0
The first integral defines a supermartingale due to the positivity of ¢©° and ¢!. The
second integral defines a decreasing process by the fact that (¢, !) is A-self-financing

1

and that Z& takes values in [(1 — A)S,,S,]. Therefore, the process Z%° + Z'o! is a
positive supermartingale. O

Remark 4.1.14. Comparing with [83, Theorem 1.4], we require less on the underlying
asset price S for the superreplication theorem, since we are working with a smaller set of
trading strategies.

Furthermore, we have some properties of the convex sets A*(z) and C*(z) as follows.

Lemma 4.1.15. Under Assumptions|3.1.1 and |4.1.4}, the total variation Var(p°) and
Var(¢') remain bounded in L°, when o runs through A*(x).

Proof. Fix 0 < X < A, by Assumption there is a couple of supermartingales Z =
(Z?, Ztl)oSth such that

Sfi="Le[1-N)S, S as, 0<t<T.

And the position in stock is assumed to be liquidated at the terminal time, i.e., pk = 0.

Fix a A-self-financing, NSS-admissible trading strategy ¢ € A*(x) with (), o)) =
(2,0). Write ¢@° = %7 — % and ¢! = o — b as the canonical differences of
increasing processes. Then, we could define a strategy ¢ by

A= N
1—-A

Pr = <¢?+ so?’ﬁso%) , 0<t<T
It is clear that ¢ is N-self-financing, NSS-admissible. It follows from Lemma [4.1.13
E[Z3¢% + Z1@r] < w, ¥ Z € 2},

sup
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that
A= N
E | 20637 | < ElZ0e} + Zioh) + T—SE | 28| < w.

A= N
1—-A

Then

1- A ,
E [Z%go%q < x()\ - X), Zez),

As 0 < 2900 = 2905 — Z00%" a.s., we have

E|Z3¢%| <E|20601] <a
therefore

(1-2)

E[Zp(pr" + 7)) < 20—

Inspired by the proof of [7, Lemma 3.2], we construct a probability measure Q by
defining

dQ g inf,c(0,7) Z?
_— = =, where g := _ = > 07 4.1.5
dP ~ E[g] E[Z7] L)
h Z | Th
we have W -~ 1, a.s. en,
(1= (AP o0 o4, 04
20— > B9 _EZT(QOT +¢77)
E[g]
_ mQ 0/, .01 0,4
- E inftG[O,T] ZtO ZT(SOT + (IOT )
E[Z3]

ZO
_ElJEIZ0IEQ [—T 01 0@}
9| E[Z7] T (o7 + o)

>E| inf 2° EQ[ 0,1 “}.
= |:t61[%7T] t:| (SOT +90T)

Thus, we have

(1-=A)
(/\ — )\,)E [infte[o’T] Z?} ’

EQ () + )] <20 (4.1.6)

which shows |¢%] is L'(Q)-bounded.

The reminder of the proof, which is identical with the one of [83] Lemma 3.1], is still
provided here.

For € > 0, there is a 6 > 0 such that for subsets A € F with Q(A) < 4, we have

P(A) < e. Setting K = 2z (1=3) s, and applying Tschebyscheff to (4.1.6)), we
(A=N)E|infye(o,7) 27|
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get
P (@%T + ot > K) < €, (4.1.7)

which shows the total variation of the first component of (¢, ¢} )o<i<r is bounded in
LO(P).

As regards the boundedness of the total variation of ¥ in L°, it follows from the
self-financing definition that

(4.1.8)

d?b AP+ A, ot
precisely, dl™ =T AQM = 2P A oI = +Tsot
t

Since the trajectories of S are strictly positive, we even have info<;<r Si(w) > 0, P-
a.s. for almost all trajectories (S¢(w))o<t<r. Moreover, by the same argument as ([2.2.13)),
we obtain info<;<7 S7(w) > 0, P-a.s. Thus, for € > 0, there is § > 0 such that

P( inf St<5) <e
0<t<T

hence we can control 3! by applying (4.1.8) and estimating ¢% by (4.1.7)). Finally, we
can control py* by the fact that ¢p — pp* = @k — b = 0. m

Remark 4.1.16 (|83, Remark 3.2]). In the proof, we have shown ¢, %", o3, oht remain
bounded in L°(P), when ¢ runs through the NSS-admissible self-financing processes 1n
the set A*(x). The proof also shows the convex combinations of the functions e

etc. remain bounded in L°(P). Indeed, the convex hull of the functions 3!, %" are

bounded in L'(Q), where Q is defined in . For goT ,goT¢ the argument is similar.

Then, we state the following lemma. In spite of showing the closeness of C*(z), the
proof is as same as the one of [83] Theorem 3.4]. We still present the proof for the
convenience of the reader.

Lemma 4.1.17. Under Assumptions|3.1.1 and|4.1.4}, the set C*(z) is convez closed and
bounded in LY.

Proof. Lemmal.1.15and its subsequent remark show that %", 05, b, oht are bounded
in L°(P), so ©%, oL are bounded in L°(P). Moreover, because of the no-short-selling
constraint that ¢ > 0, ¢} > 0 a.s., they are bounded in L.

Let {go%”}n .y b€ a nonnegative sequence in C*(x) converging a.s. to some nonnegative
0% € LO%R,). We have to show ¢% € C*x). We may find A-self-financing, NSS-
admissible trading strategies " = (9", ¢, "Jo<i<r € A(z) starting at pf = (z,0),
. . . Oo.n . .
ending with terminal values (¢7",0). Decompose canonically these nonnegative processes
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into two nonnegative increasing processes as

0,n 0 7T 0 7\L
Yr = (PTn SOTn

We know from above ((,DOTn T)n 1 (@%n ¢)

bounded in LY, then by [22, Lemma Al.1a], we can find convex combinations converging
a.s. to elements cpT ,cpTi. We claim that

°, as well as their convex combinations are

0% = oy — oyt € Cra).

By passing to convex combinations inductively, still denoted by the original sequences,
we assume that (p2m1)%0  (QOm4)oe (phn)e (phmt)> | converge to some elements
Qo1 g0 Gt okt in LY, for each rational number r € [0, 7. Then passing to diagonal
subsequence, we suppose that this convergence holds true for all rationals r € [0, T]. The
four limit processes (¢21),cqno,r] ete. are a.s. increasing, nonnegative.

We have to consider these processes at all time ¢ € [0,7]. To do this, we let

ey = lim T, 0<t<T.

rN\it,r€Q

It is cadlag with @8’T = 0 and @O’T = ng’T Then we exhaust the jumps of the process
(@) N o<i<r by a sequence (73,)52, of stopping times. By passing once more to a sequence
of convex combinations, still denoted by (¢" )72, we assume that (p2™1)>°, converges
almost surely for each k£ € N.

Define

n=1»

0 TL,T

07 { hmn_>C>O Yo if t =74, for some k € N,
L

2.7, otherwise.

The process is predictable. Indeed, there is a subset A C €2 of full measure P(A) = 1,
such that (¢%™1)2, converges pointwisely to %" everywhere on A x [0, T]. The processes
©%1 is also a.s. increasing in ¢t € [0,T]. Therefore, we have found a predictable process
Ot = (@?’T)ogth such that the sequence (go?m’T)ogth converges to p*T = (SOS’T)ogth
a.s. for all t € [0,T7.

In a similar way, we can find the other three limit processes ", @b+ % They are
predictable, increasing and satisfy the self-financing conditions.

Finally, we define the process (¢?, o} )o<i<r as (r" — @2 orT — o )ocir. Tt is pre-
dictable, nonnegative and satisfies the self-financing conditions because of the convergence
of the processes (™), for all t € [0,T]. O

In what follows, we shall establish the existence and uniqueness for the primal solution
of . In the frictionless case, a similar result without random endowment has been
proved in [80] (compare also [41] and [5]). The author of [80] applied a technical lemma
([80, Lemma 3.16]) to conduct a proof by contradiction and show that the limit of a
maximizing sequence indeed solves the utility maximization problem. We find that the
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assumption {f,}neny > 0 in [0, Lemma 3.16] is not essentially needed for proceeding the
argument. Thus, we reorganize a lemma in the Appendix (Lemma[5.1.2)) and for the sake
of completeness, we also give the proof of the following theorem.

Theorem 4.1.18. Let Assumptions|2.1.0,(53.1.1,|/.1.1} and|{.1./| hold. Assume moreover
that

u(z;er) < oo.
Then, the utility mazimization problem (4.1.3)) admits a unique solution g € C*(x).

Proof. (i) Since u(z;er) < 0o, we could pick a maximizing sequence {g, }nen C C*(x) for

E13). ic.
u(z;er) = lim E[U(g, + er)].

n—oo

By passing to a sequence of convex combinations conv(g,, gn11,- - -), still denoted by g,,
and applying the Komlés’ theorem (e.g. [22, Lemma Al.1a]) as well as Lemma4.1.17, we
may suppose that g, converges a.s. to g € C)‘(x).

(il) We claim that (U(g+ er))™ is integrable and thus E[U(g + e7)] exists. Without
loss of generality, assume that U(1) = 0. For any g € C*z), g+ 1 € CMa +1). Tt
is easy to verify that w is still a concave function in x and thus u(x;er) < oo implies
u(z 4+ 1;er) < 0o. We suppose (U(g + er))* is not integrable, then

o =E[(U@G+er) | <E[U@G+1+er)T]=E[U@G+1+er)] <ulzx+1)< oo,

which is contradiction. Therefore, E[U(g + er)] exists.

(iii) We now prove that g is the primal optimizer by applying Lemma If not,
there exists an a € (0, 00| such that

a =u(z;er) — E[U(g + er)].

For each n, denote f,, = U(g, + er) and fy = U(g + er). Fixing ¢ > 0, there exists an
m’ € N, such that for each n > m/,

u(z;er) — E[f,] <e. (4.1.9)

Since AE(U) < 1, by [63, Lemma 6.3], there exists some v > 1, such that U(5) > 1U(z),
for all x > zy > 0. Note that for each n € N and any M > 0,

M M
P[f,>M] <P [Ifn—fol > 7} +P [f()* > ﬂ :
Thus, for any § > 0, we can choose sufficiently large M > 0 with U~'(M) > 2x, and find
a mgo > m’ such that for any n > mg, P[f, > M| < J. Due to the integrability of f,,, for

properly chosed 9, E[|fm’|1{fn2M}] < ¢ holds for any n > my. From Lemma we fix
m > myg such that

E[fm]‘{fmZM}] Z a—¢€ and E[‘fm"]‘{fmZM}} S e. (4110)
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Then,

m’_'_ m m’+ m
E{U (—g . J —i—eT)] :E{U (—g . J +eT> 1{fsz}]

m’+ m
+ E |:U (% + BT) 1{fm<M}1 .

Furthermore, due to the positivity of ¢,./, g,» and er, we have

m! T Gm
E {U (u + €T> 1{fmZM}:| >

DO |2

5 E [U (g + gm + 267) 1if,500] > %E [l (f=ary]

and

w + Gm g !
E {U (9 2 Im eT) 1{fm<M}} 2 E [fmrL{pa<an] + §E [l igmerry] -

Therefore, we can deduce from (4.1.9)) and ( m,

E {U <M 4 eT)} % [frLisann] + E [fm] + 1 lg [fm{puzay]

2 2
(7—1)0[_7—1-28
2 2

> u(x;er) +

Letting ¢ — 0, we have

E {U (W + eT)] > u(x;er),

which is a contradiction to the maximality of u(x;er).

The uniqueness is due to the strict concavity of U. Let ]?, g € C*x) be two solutions
to the primal problem (4.1.3)). Fix a € [0,1], then af + (1 — a)g € C*(z), so we have

-~

E[U(af + (1 = 2)g)] > aB[U(f)] + (1 - @)B[U(9)] = u(x),

which is contradiction to the optimality of u(x). O

Existence of shadow prices

The existence of shadow prices for the utility maximization problem with neither the
no-short-selling constraint nor random endowment has been studied in [55] [15] 17 T9] by
duality methods. Here we shall construct shadow price directly from the derivatives of
dynamic primal value functions.

Now we turn to consider the frictionless market associated with S#, for Z € Z, .

Similarly to Lemma [4.1.13 m, we have the supermartingale property of Z0 + Z'@! for
(@°, @) € AZ(x). The subsequent lemma has been reviewed in [5, Lemma 4.1]. However7

7



for the convenience of the reader, we prove it in the numéraire-based case.

Lemma 4.1.19. Fiz Z € Z}, .
for any (2°,¢") € A% ().

Proof. Note that Z°¢° + Z'¢" = Z°(@° + ¢'S%) = Z°(x + @' » S%) by the frictionless
self-financing condition. Using Itd’s formula and [36, Proposition A.1], we obtain that

The process Z°G° + Z1p' is a positive supermartingale,

2000+ 2,y = wZy + ((§L + @LSZ) « 2°) + (22« (&' = §7)), + [¢" + 8%, 2],
=aZy+ (@ +§L57)+ 2°),+ (8"« (2° - 87)),+ (§" + [57. 27]),.

t

It follows from the frictionless self-financing condition again and [49, 1.4.36] that
AR +3'5%) = A+ 5%) = §'As7,
therefore, @° + ¢ S% = ¢ + $*S%. By [49, 1.4.37, Definition 1.4.45], we obtain

200+ 2oy = xZy + (0 2°), + (' =+ (87« 2°+ Z2° + §% + [57, 2"))),
=aZy + (§"+ 2°), + (&' + (572)),
=aZy+ (§"+2°),+ (&' - Z'),,

which is a positive local supermartingale and hence a supermartingale. O

Then, it is easy to deduce that for each § € C#(x) and Z € Z))

E[U(G+er)] SEV(ZY) + Z2(G + er)] < EV(Z))] + E[Zber| + Z, (4.1.11)

where V' is the conjugate of U. Therefore, to prove the existence of shadow prices, it
suffices to have the following lemma.

Lemma 4.1.20. Let Assumptions [2.1.0, [3.1.1, [{.1.1) and |{.1.4) hold. There exists a
Z € Z), . such that

sup?

(i) Z0=U'(G+ er);

(ii) E[Z9g) = Za.

Theorem 4.1.21. The \-supermartingale-CPS Z € Z},, satisfying Lemmal4.1.20) (i)-(ii)
_ 7
=Z.

defines a shadow price SZ .

Proof. Consider the frictionless market associated with S Z, By Lemma 4.1.20, we have

u?(z;er) > u(w;er) = E[U(G + er)] = E[V(Z9) + Z2(§ + er)]
= E[V(Z%)] + E[Z%er] + 207 > uZ(z;eq),

where the last inequality follows from (4.1.11)). The inequality above implies u? (x;er) =
u(x; er), which proves that SZ is a shadow price for the problem (4.1.3)). O
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Remark 4.1.22. As has been indicated in the proof of Theorem @.1.18 by the strict
concavity of U, § is the unique solution in C#(z) for the frictionless problem u?(z;er).
Moreover, the trading strategy @, that attains the maximality in the market with trans-
action costs, does the same in the frictionless one associated with the shadow price SZ.
Therefore, the optimal trading strategy (@°, ') for S under transaction costs \ satisfies

{dp} > 0} C {S7 = 5.},
{dp} <0} C{S7 = (1 - NS},

forall0 <t <T.

Remark 4.1.23. In our case, shadow prices are determined not only by the random en-
dowment but also by its decomposition (see Assumption. The decomposition of the
random endowment together with the no-short-selling constraints can be explained as the
agent’s trading rule created by his/her controller. Precisely, if the random endowment
er that the agent will eventually receive is decomposed into z + e by his/her controller,
then it means that the agent is allowed to spend at most x in the bond market for trading
the stock. Thus, the different ways of decomposition mean the different limits of short
selling in bond, which lead to different maximal utilities and also shadow prices.

In what follows, we shall prove Lemma [£.1.20] Generally speaking, we shall follow
the line of construction of a shadow price in [5, page 814-816]. However, we still give
the details in order to show how it develops in the numéraire-based context and how a
positive random endowment works. The proof is divided into several stages.

Firstly, similar to [5, Lemma 4.4], we have the following dynamic programming prin-
ciple (see also [30, Theorem 1.17]), which could be proved in a direct way with the
numeéraire-based model.

Proposition 4.1.24. Define

Ul ps) = esssup  E[U@WG +er)| ],
(WO W) EAT 7 (92.03)

where A2 (0%, @) is the set of all NSS-admissible \-self-financing trading strategies,

S,

which agree with ¢ € A*x) in [0, s].

Then, the process (Z/{s((ﬁg, QB;))0<S<T is a martingale, i.e.,
Us(22, 8.) =E [U(), 8)| F] a5, 0<s<t<T,

for all optimal trading strategies @ attaining g.

Proof. Without loss of generality, it suffices to verify the following claim
E [U@Wg +er)| Fo] <E[U(@T +er)| F], (4.1.12)
for all (4°,9") € A 7(30, &5)-
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To obtain a contradiction, we suppose that (4.1.12]) is not true, i.e., there exists a
(0, 9") € A} p(@9,8L) and a set A C Q with P(A) > 0 defined as

A= {E[UWS + er)|F] > BUE + er)| ]} € Fu. (4.1.13)

Then define
(W2, ) 1a + (2%, 81 = (n°, ') € AL (20, 1).
We have
E [U(n% + eT)} >E [U(gﬁ?p + eT)} = u(z;er),

which is in contradiction to the maximality of @. Thus, by the definition of U,(¢?, p?})

and (4.1.12)), we obtain

U(P2, ) = esssup  E[UWS +er)| F] =E [U(@) +er)| Fi
(WO, p1)eAX 1(89,31)

=E[E[U@}+er)| F]| 7] =E [th(?),8})| 7] -

O

The next step goes in an exactly same way as in [5], i.e., we should first construct a
71

pair Z = (Z°, Z})o<i<r, then verify the shadow price can be defined by Z5- The additional
positive er in the dynamic will not alter the following results.

Proposition 4.1.25. The following processes are well defined:

- 1 R R

Z) = lim — (U@} + £, 81) — U@, 81)),

- e\ % (4.1.14)
7! = li{%g(ut(@?, &y +e) — U, 31)),

for0<t<T, and

70 . T
Zri=Ul@rten), (4.1.15)
Zp =U'(pr+er)(1 —X)Sr.
Furthermore, define N
Zl=1lim Z, 0<t<Ty
s (4.1.16)
Zy = Zp, t="T.
Then, the process 7 is a cadlag supermartingale and moreover, for all 0 < t < T, we
have R
Z;
t

Consequently, 7 isa A-supermartingale- CPS.
The proposition will be showed by the following lemmas.
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Lemma 4.1.26. For each t € [0,T], the random variables ZZ, i = 0,1 are well defined
as the limit of an increasing sequence.

Proof. Consider €1 > g9 > 0, it follows from the the concavity of U and the definition of
Ut that

PR 9%) &9 PR
M@%@wbz%cﬁﬁ+m+u—;mwﬁ

52 N €2 A
> 6—1%((95? +e1), @) + (1 - E—l)ut(@?, ).

which implies

U (B + 2, 01) — U(DY, 1) S U (B) +e1,81) —U(DY, 1)
€9 - €1 '

Similarly, we have

ut(@?a@% +€2) _ut<§5g7()/0\t1) > ut(()/p\&@% +51) _ut<9/0\?7@t1)
€9 - €1 '

Thus, Z°, Z} are well-defined as the limit of an increasing sequence. O

For simplicity, we rewrite ZtZ = hmg\o (U (prtee;)—U(pr)), t = 0,1, and t € [0,T].

Lemma 4.1.27. The family

{E[ (Y7 +er) |]:t] } w)GAtT(SOt+5ez)}

is directed upwards (see e.g., [38, Theorem A. 32]), i.e., for all (V°,¢') and (¢°, ') in
Al (Pe + ce;), there exists (n°,n') € A}p($y + ce;) such that

E[U(df:or‘f‘@:r’”}—t]VE[U(SOOT‘F@T)}}}] §E[U(U%+€T)}}—t],

then there exists an increasing sequence (Y™ )neny = (U™, 0™ )pen C AXp (31 + €€;) such
that

Ui +eei) =/ — lim E [U(vp" +er)| F] .
Proof. Define a set
= {E[UW? +en)| F] > E[U(dr +er)| Fi]} € F
and the process

W0, ") 14 + (00, ") 1ae = (1, 0") € ALy (B + ces).
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Easily, we have
E[U@W+er)| Fo] VE [U(e} + er)| F] <E[U®G +er)| F]

so the proof is completed. O]

Proposition 4.1.28. The process Z defined in (4.1.14) and (4.1.15)) is a (not necessarily
cadlag) supermartingale.

Proof. Clearly, A}p(@r + ee;) C AL (P + €e;), for 0 < s <t < T. Then we have

U(Ps +ee;) = esssup  E[U@WY + er)| Fi
(YO P1)EA 1 (Prtee)

> ess sup E [U(¢%+€T)|]:5}

(WO Y1) EA} 1 (Brtee)

= ess sup E[E [U(iﬁ%—i—@T)’]:t”fs}
(WO W1 EAD 1 (Petees)

>E[E U@y +er)| F]| 7] -
By the monotone convergence theorem,

Uy(Ps + ee;) > Tim E [E[UWR° + er)| F]| F] -

n—o0

_E [ lim E [U(g2° + er)| F]

n—oo

= E[U(P: + ges)| Fl

.

which shows

US<S/0\S + 561’) - MS(QS)
19

U (D1 + ce;) — Uy (Dr)
19

>k |

7.

Therefore, for 0 <t < T, by definition of ZZ,Z =0,1,

Z’{S(S/O\s + 561’) — US(GS)

Z; : = lim
e\o0 £
> limE {Ut(% + ee;) — Uy (0r) ]_-S}
e\o 15
—E {hm Ul tce:) — (@) ]-"s}
e\0 £
—E [Zf ]—"8] .

Because of the different definition of Z at time T , we have to verify it at ¢ = T'. For ¢ = 0,
by the definition of ¢/ that

U(P)+e,0y) > E[UBY +e+er)| F] and U, 3;) =E [U(B) + er)| F]
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and the monotone convergence theorem that

U (P8 + e, 85) — Us(27, 85)

Zg::lim
e\0 £
~0 - ~0
Zlim]E[U(SOT+€+€T) U(@7 + er) ]_—S}
eNo £
=E [U'(} +er)| F
:E[Z%‘]-"S]

For the second component 7 ! by the similar way, we have

U(DY,Pr+e) > E[U(@) +e(1 = N)Sr+er)| F| and U(8,2)) =E [U(S) + er)| F]

SO
_ 50 51 /(50 ot
7' —lim Us (5, P +€) — Us(&5, &5)
e\0 15
=0 _ _I7(50
Z mE |:U(¢T + 8(]‘ A)ST + eT) U(QOT + eT) fs:|
e\o €
=K [U’((/ﬁ% + €T)<1 — )\)ST| .Fs}
—E [2} ]—"s] .
Now we should check 28:
70 — lim Un(P6 + ¢, 5) = Uo (P, P0) _ . ule +eser) —ulzser) 0.
e\0 € N0 €
for > 0, as u(x;er) < oo and concave on R,. O
Proposition 4.1.29. The process Z satisfies
Z
%o € [(1=XN)S;, S, a.s., forall0 <t <T.
t

Proof. By (4.1.15)), it is obvious that % € [(1 — A\)Sy, Sr] at the terminal time 7. Fix

0<t<T,let (k');>0 be a partition of [0,00), with mesh size decreasing to 0 as n goes
to infinity. Note that for all € > 0, on the set A; := {k’ < S; < kJ';;}, we observe that

~ R € R c
t I+1

Therefore,

Uy (9,84 + 7 ) — U@, 8

U(PY +e,8;) — U7, D) >
€ - 15
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Again using monotone convergence, this implies

~ ~ 1
721y, > Ztl—kn 14,
[+1

ZlAzZO > ZlAlk

>0 >0 I+1

and thus

Then letting n — oo, we obtain S; > ~O, 0<t<T.
For the other inequality, by the observatlon that

U, ) +e) > Un(P) + (1= N)S, By).

With the similar method, we have (1 — \)S; < %, 0<t<T. O

Proposition 4.1.30. The process Z belongs to 22

cupy 1-€., 1 1s a cadlag supermartingale

satisfying R
Z;
= € [(1—=MN)S;, S, a.s., forall0 <t <T.

Zy

Proof. By [59, Proposition 1.3.14(iii)], (4.1.16) is a well-defined cadlag supermartingale.
In particular, Z0 < 78, As S'is cadlag, (£.1.17 (A.1.17) holds true. O

Proof of Lemmal[{.1.20. It remains to proof (2) in Lemma[4.1.20} Since (2\0, 21) €z}

sup?

we have
E[Z39] < Zgx. (4.1.18)

It remains to show the reversed inequality. For 0 < a < 1, we note that u(azx;er) >
E[U(ag + er)]. By the concavity of u, we obtain

Z0(x — ax) < u(x;er) — u(ax;er) < E[U(G + er)] — E[U(ag + er)].
Therefore, it follows from the strict concavity and the continuous differentiability of U

that N R
U(g+er) —U(ag + er)

20 <E — <E[U'(ag + er)g] .- (4.1.19)

Letting o ' 1, monotone convergence yields
73 < ZYx <E[U'(G + er)g) < E[Z37]. (4.1.20)
We complete the proof by comparing (4.1.18) and (4.1.20)). O

Remark 4.1.31. We have seen here that the nonnegativity of the random endowment
is important. This ensures the strict positivity of ag + e, for 0 < a < 1, such that

E[U'(ag + er)g] in (4.1.19) is well defined.
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Remark 4.1.32. We study in this paper the numéraire-based two-asset model just for the
sake of simplicity, however, the argument could adapt to the multi-currency setting as
in [5] with no essential changes. Notice that both the present paper and [5] concern a
univariate utility function.

4.2 Example: when the random endowment becomes
negative

We have discussed the existence of shadow price processes for the utility maximization
problem with positive random endowment under the no-short-selling constraint of each
asset. Actually, the positivity constraint on the random endowment is a sufficient condi-
tion. However, when the random endowment becomes negative, the existence of shadow
prices is not clear if we keep our setting. This will be an interesting problem for our
future research. We need to mention here that with a different definition of admissibility
for portfolios, the existence of sandwiched shadow price is proved in [2], in which the
random endowment could be negative.

Here, we provide a nontrivial and heuristic example showing that even when the
random endowment becomes negative, there may exist a shadow price for the utility
maximization problem in the market under transaction costs. In particular, we discuss
maximal trading strategies in the context with transaction costs. Notice that the ran-
dom endowment constructed in our example is associated with such a maximal trading
strategy.

4.2.1 Financial model

We consider the Black-Scholes model with finite time horizon. Assume that the market
consists of a saving account with zero interest rate and a stock with price dynamics

g exp(Bt+§), 0<t<T/2
! St/2, T/2<t<T,

where (By)>0 is a Brownian motion on a filtered probability space (€2, F, (Ft)i>0, P).

Now fix a level of transaction costs A € (0,1). We assume that an agent is endowed
with the initial capital = 1 at time 0 and the random endowment ez := —((1—X\)Sp/, at
terminal time 7', where ( is an Fp-measurable (0, 1)-valued uniformly distributed random
variable which is independent of Fr/,. Then, we have the following proposition.

Proposition 4.2.1. The buy-hold-sell strategy

(170)’ =0;
(@ 2r) =4 (0,1), 0<t<T/2; (4.2.1)
((1_)\)ST/270)7 T/2§t§T7

solves the utility mazximization problem .
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Before proceeding the proof of this proposition, we first introduce the notion of max-
imal trading strategy in this market with transaction costs. Notice that a similar notion
in frictionless markets is created by Delbaen and Schachermayer in [22] for considering a
superreplication problem.

Definition 4.2.2. An element ¢ € C*(1) is called maximal, if for $3. € C*(1) satisfying
&% > %, a.s., we have ¢% = ¢, a.s. A trading strategy (¢°, p') is called mazimal in
AN1), if it is associated with (pY,0), where % is a mazimal element in C(1).

Remark 4.2.3. The existence of a maximal element in C*(1) could be deduced by trans-
finite induction, provided that C*(1) is bounded in L° and closed w.r.t. convergence in
probability (cf. Schachermayer [83]).

Indeed, the trading strategy defined by (4.2.1]) is maximal in A*(1). The proof is
postponed to the next subsection.

Proposition 4.2.4. The random variable (1 — X)Srs is a mazimal element in C*(1).
Therefore, the trading strategqy (2°, 3') defined by (4.2.1) is mazimal in A*(1).

Before proving the proposition above, we first give the proof of Proposition [4.2.1| with
the help of the maximality of the trading strategy (2%, ') defined in (4.2.1]).

Proof of Proposition[].2.1. Consider an element ¢ € C*(1) such that ¢% # % = (1 —
A)St/2. From the maximality of (¢°, @'), we have P[¢} < $9] > 0. Therefore, there
exists k € N, such that

P [} < (1—1)(1 = A)Srp2] > 0.
Note that {gb?r < (1 — %) (1— /\)ST/Q} € Fr/2 and ( is independent of Fr/,. Then,
Plo) < (1—1)1—=N)Srpand1—¢ < 1] >0,

which implies P[¢% + er < 0] > 0. Consequently, E[U(¢% + er)] = —oc.
On the other hand, by the definition of {, we have

P9 +er=(1-C)(1—NSrp >0, as.

Thus, u(1;er) = E[U($% + er)] > —oo. The proof is completed. O

Remark 4.2.5. Even without the no-short-selling constraint, (%, @') is still the unique
strategy on [0,7/2] solving the problem (4.1.3). Indeed, we shall prove in the next
subsection that (2°,$') is a maximal trading strategy in a larger space introduced in

[17, [19] (still denoted by A*(1)).

Next, we shall construct a shadow price in the following corollary.
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Corollary 4.2.6. Define

SO; t= 07
gt:: exp(Bt—F(%—I—%Tk)‘))t), 0<t<T/2
(1 = X)St/2, T/2<t<T.

Then, the process S is a shadow price of the utility maximization problem .

Proof. 1t follows from the definition of S that S € [(1 — \)S, S].

Obviously, the wealth process associated with the buy-hold-sell strategy under S is
S itself. Thus, we can find an equivalent martingale measure Q € ./\/le(g ), under which
this wealth process is a uniformly integrable martingale. By [24] Corollary 4.6], 7. = St
is a maximal element in C¥(1), where

Cg(l) = {)?T =1+ (H- §>T ’ His admissible} .

Similarly to the proof of Proposition , one can see that @) = St solves the utility
maximization problem in the frictionless market u°(1;er), and

ug(l; er)= sup E [U()N(T + 6T)] =E [U(gT — (1= /\)gT)]

Xrecs(1)

=E[U((1—)(1=NS7)] =u(l;er),

which implies that S is the desired shadow price. O

4.2.2 Proof of Proposition 4.2.4

In this subsection, we shall prove that (4.2.1]) defines a maximal trading strategy in A*(1),
ie, Propositionm Here, A*(1) could be the set of admissible trading strategies defined
in [17] without no-short-selling constraint.

Proof of Proposition[].2.4. Let ¢ = (¢, 0} )o<t<r be another trading strategy in A*(1).
Since the stock-price process S is continuous and the trading strategies are pathwisely
of finite variation, we could only consider those (¢°, ') with right-continuous paths
(cf. [19]). In addition, we assume that the agent buys no more stocks after time 7'/2.

In what follows, we shall discuss trading strategies ¢ in two cases and furthermore,
we shall prove that the following statement cannot hold

01 > 8% = (1 — \)Sr)2, a.s. with Plp). > 3] > 0, (4.2.2)

and thus § is a maximal trading strategy in A*(1).

Case I. Suppose that there exists a v > 0 and a set B € Fr/, with P(B) > 0 such that
for w € B, o} (w) <1—7,0<t<T/2 P-as. (ie., the holding in stock never excesses
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1+B

1-A/3

—  plosty —————>

0 TB T/ 2

Figure 4.1: Case 1

1 — ). Our aim is to construct a set B € Frp with P(B) > 0, such that for w € B,
P7(w) < Pp(w).

For 8 > 0, define
Tpi=inf{t >0: 5, > 1+ 5} ANT/2.

Then, by choosing < A sufficiently small, we can find an F,,-measurable set defined
by
B i={w:75(w) <T/2} N{w:1-X/3<S(w) <1+8, 0<t < 75(w)},

such that P(B’) > 1 — P(B). It is obvious that P(B'N B) > 0 and for w € B/,

Srsw)(w) =1+ B. Furthermore, we define

B=Bn{wiplw)<1-7 0<t<msw)} 2B NB.

From P(B' N B) > 0, we have P(B') > 0. We now construct a corridor K of stock
price on the time interval [75,7'/2] with width § (see Figure [£.1). The center point of
the corridor at 75 is 1 4+ 8 while at 7'/2 is a sufficiently large number C. Obviously, the
stock-price process S has conditional full support (see, e.g., [44]), which implies the set

B’ := B'N {8 stays in the corridor K on [75.T/2]},

has a strictly positive measure, i.e., P(EI) > 0. Forw € EI, the most advisable trading
strategy is to buy 1 —~ stock shares at the lowest price, which should be at least 1 — \/3,
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and hold them until 7'/2. Therefore,

A (w) = VI (p)(w) < 1= N (C+2)(1—7) + 1.

On the other hand,

By properly choosing

we could ensure that % (w) < P9 (w).

Case II. Suppose that Case I cannot happen, then for almost every w € €2, the following
stopping time takes values in [0,7"/2]:

=inf{t >0:¢f >1or ¢ >1}.

For any stopping times 7 and p taking values in [0,7/2], p > 7, we have:

, p p
V() = @) + 1S, +/ pidS, — A/ Sudip* — XS, (p)
p p
=¢2+¢1ST+/ gotldSt—)\/ Sdpyt — NS, () ++/\/ LS, — / ©rdsS,
P
=2+ (1= N)plS, + (1 - )\)/ ©rdS; — \S,( gop )\/ ) (4.2.3)

In the sequel, we shall consider two situations, i.e.,

(i) For almost every w € €,
Po(w) + (1 = X, (W) Sy (w) = Zo(w) + (1 = X5 (w) So(w);
(ii) There exists an F,-measurable set D, with P(D) > 0, for w € D,
o (W) + (1= N)o(w) S5 (w) < Fg(w) + (1 = N)Z5(w) Sy (w)-
Assume that (i) holds, then we observe that for almost every w € €2,
o (W) + (1 = Vo (w) S5 (w) = Fo(w) + (1 = ) B3 (w)Se (w)- (4.2.4)
Indeed, if Wi(w) (w) > 1, then
o (w) + (1= Ny (w)So(w) = Vil (9)(w) < Vo) (9)(w);
if gpi,(w) (w) < 1, then goi(w)f(w) > 1, and thus from the self-financing constraint,
Po (@) + (1 = Ny (w)So(w) < 95 (w) + (1 = N)gp_ (W) So(w) = Vol _(9)(w).
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Consider a frictionless market in which the agent trades for (1 — \)S, where the agent
gains better than trading in the market with transaction costs. Then, we can deduce

30+ b8+ (1= N) / BldS; = 3%+ (1 - \)BLS,
0
T

< ¢+ S0+ (1 - A)/ ydS;.
0

Since ¢ + @5 (1 —A)So = @5+ Po(1—X)Sp = 1 and 1 is a maximal trading strategy when
trading for (1 — X).S, we can prove (4.2.4)).

Now we calculate V(). From (4.2.3), we obtain

T
Vi) < @l + (1= N Se + (1 — A)/ ¢ dS;
o T
0+ (1= N@eSo + (1 — )\)/ PrdSy + (1 — )\)/ @i dS, (4.2.5)
0 o

I
52

T
B0+ (1= N@Se + (1— A) / (B 5001 (1) + Mg (1)) dS:.
0

It is obvious that trading for (1 —X)S, (($'Lpe1(-) + ¢ Lery()) * (1 — A)S) is uniformly
bounded from below, and thus admissible. Comparing (4.2.5) with

T
VE(3) = 304+ (1— N@So+ (1 - A) / 2Lds,,

we can conclude from the maximality of (1 — \) fOT 1dS; that (4.2.2)) cannot happen.

On the other hand, if (ii) holds, then by similar reasoning, we have for w € D,

o T
V() < G0+ (1— A)BLSo + (1— N) / 5L, + (1— A) / oLdS,
0 4 (4.2.6)

T
=@+ (L= NES+ 1= [ (@Hpa®) + ¢ ol (D) dS.
0

Again, ((p'1p,0) + ¢'1p1pery) * (1 — A)S) is uniformly bounded from below when
trading for (1—\).S, and thus admissible. Comparing (($'1j.0)+¢'1p1[ory) * (1=A)S),,.
with (1« (1 — X)S)z, we can conclude that either for almost every w € D,

((@11[[0’01] + 9011D1[[U,T}]> i (1 — )\)S)T = (1 i (1 — )\)S)T,
or there exists a subset D' C D, D' € Frs, such that for w € I,
((@11[[0’01] -+ 9011D1[[U,T}]> ° (1 - )\)S)T < (1 ° (1 - )\)S)T
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In particular, we exclude (4.2.2) by recalling (4.2.6]).
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Chapter 5

Appendix

5.1 Referenced lemmas

Lemma 5.1.1. Let {Y"}22, C LL(Q, F,P) and {X"}3>, C LY(Q, F,P), where for each
n, X" > a > 0, P-a.s.. If there exists another couple of random wvariables (Y, X) €
LY(Q, F,P) x L°(Q, F,P), such that

Y" - Y and X <liminf X", P —a.s.,

EP[Y X] > liminf EP[Y"X"].
Then, {Y"}22, is uniformly integrable.

Proof. 1f the sequence {Y™}2 | is not uniformly integrable, by passing to a subsequence
if necessary, there exists ¢ > 0, for each n € N, there exists A,, such that

1
P(An)<2—n and EFP[Y"1,,]>e.

Define
77” = Yn]_An, gn = Yn]_A%.

It is obvious that £ — Y, a.s., while by Fatou’s Lemma, we have

EP [V X] < liminf EP[¢"X"] = lim inf E¥ [Y" X" — " X"] < EF [Y X] — ae,

n—oo n—oo

which is a contradiction. ]

Lemma 5.1.2. Suppose {f}nen 8 a sequence in L', f, — fo € LY, almost surely.
Moreover, lim,, o E[f,] is finite and fi is integrable. We denote o := lim,, oo E[f,] —
E[fo]. In particular, if E[fo] = —oo, we note o := 0o. Then, we have

(i) For any M >0,

limsupE[f,1¢s503] > o (5.1.1)

n—oo
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(i1) For any o < a and M > 0, there exists a subsequence { fp, }ren and a sequence of
disjoint sets (Ag)ken, such that for each k € N, f,, > M on Ay, and

E[fuda,] = <. (5.1.2)

Proof. (i) We suppose, contrary to our claim ({5.1.1]), there exists M > 0, such that

limsup]E[fnl{fnZM}} = <a, (5.1.3)
n—oo

which implies the boundedness of {E[f,1{s,>m}]}nen. Suppose E[fo] = —oo, then we

have

E[fol{fo<M}] < E[fo] = —o0.

Thus,

limsupE[fnl{fn<M}} < ]E[fol{f0<M}} = —00. (5.1.4)
n—oo

From (5.1.4) and (5.1.3), we can conclude that lim, . {E[f,]}neny = —00, which contra-
dicts to the assumption. Therefore, E[fy] € R. In this case, we have

E [fol{f0<M}] Z lim sup]E [fnl{fn<M}]
n—oo

= lim E[f.] — lini)infE[fnl{fnzM}} (5.1.5)
> E[fo] + o= B,

where the equality is deduced from the convergence of {E|[f,|},en and the boundedness
of {E[fn1¢s,>m}]}nen. Obviously, (5.1.5)) is a contradiction.

(ii) We first consider the case that a < co. Fix o/, M and denote by ¢ := a — /. We
now construct inductively a subsequence { f,,, }ren as well as a sequence {A™},,cn, where
A™ consists of m subsets of €2, i.e.,

A™ = {A™ AT A}, moe N.

Let M; = M. From (i), we could choose ny such that E[f,, 1¢s, >an}] > o —5 and define
Al == {f., > M;}. Suppose that {f, }Y_, and {A™}N_, are well-defined and we now
define f,,,, and ANTL | Note that for each n € N and any M > 0,

ol > 5

P[f,> M| <P +P sz%].

Thus, for any 6 > 0, we can choose sufficiently large My,; > My and find a ng > ny
such that for any n > ng, P[f, > Myi1] < 6. Due to the integrability of f,.,, fu,, --

°)
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fny, for properly chosed 4,

9
E[lfaelLifusrinay] < S k=12 N, (5.1.6)

holds for any n > ny.
Then, we fix ny;, > ny satisfying E[f, ., 1{an+1ZMN+1}] > a— 5 and define A%ﬁ =

{fanss = Myi1} and AYH = AN\ANT]. Note that the sequence {A™},,en we defined
above has the following properties:

(a) For each k, {A}"};n>k is decreasing in m;
(b) For each m, A", A}, ..., A are disjoint;

(c) For each k and m > k,

1=k

Letting Ay := ﬂmZk AP, Tt is easy to verify that the sequences {f,, }ren and {Ag bren

are well defined and satisfy ((5.1.2)).
If a = 0o, we could complete the proof by a similar argument. n

5.2 Space of bounded and finitely additive measures

We state some known results in the space (L*°)* for the convenience of the reader. A
detailed discussion can be found in [29] 77, [89].

5.2.1 Finitely additive measure

A function @) from a field F of subsets of a set {2 to a Banach space & is called a finitely
additive measure if

QAU Ag) = Q(A1) + Q(Ay),

whenever A; and A, are disjoint members of F. We are concerned with the special case
that & = R. The total variation of a (finitely additive) measure @) : 7 — R is the
function |Q| : F — [0, oo] defined by

QI(A) = sup Y~ Q(A))

where the supremum is taken over all finite sequences (A;)7_, of disjoint sets in F with
A; € A, A measure @ is said to have bounded total variation if |Q[(2) < co. A
measure () is said to be bounded if sup{|Q(A)|: A € F} < co. Indeed, we can show

sup {[Q(A)] : A € F} < |Q|(©) < 2sup {|Q(A)| - Ae F},
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hence a measure is bounded if and only if it has bounded total variation. A measure
@ is said to be purely finitely additive, if 0 < u < |@Q| and pu is countably additive,
implying ¢ = 0. A measure @ is said to be weakly absolutely continuous with respect
to P, if Q(A) = 0 whenever A € F and P(A4) = 0.

Let (92, F, P) be the underlying probability space. Denote by ba(R) = ba((2, F, P; R)
the space of bounded (and finitely additive) measures @ : F — R which are weakly
absolutely continuous with respect to P. Denote by ca(R) the subspace of countably
additive members of ba(R). Equipped with the norm

1Qlba) == |QI(€2),

the spaces ba(R) and ca(R) are Banach spaces.

We shall see that the elements of ba(R) play a natural role as linear functionals on
spaces of (essentially) bounded R-valued random variables. We need some notations:

e Let L°(R) = L%, F,P,R) the space of R-valued random variables (identified
under the equivalence relation of a.s. equality).

e Let L'(R) denote the subspace of L°(R) consisting of those random variables X for
which [| X || r) == E[|X]] < oo.

e Let L®(R) denote the subspace of LY(R) consisting of those random variables X
for which [|X||ger) := esssup{|X]|} < oo.

e Finally, denote by L>°(R)* the dual space of (L*(R), || - ||Le(r))-

o Let LO(R,) and L*°(R,) denote respectively the convex cones of random variables
L°(R) and L*(R) which are R -valued a.s.

e let ba(R;) denote the convex cone of R, -valued measures within ba(R).
We define the map ¥ : ba(R) — (L*)* by

(W(Q)(X)) = /Q<X,dQ> ::/QXdQ. (5.2.1)

For details we refer to, for example, [77, Chapter 4]. We also define the map = : ca(R) —
L'(R) by
o dQ

where Z—g the Radon—Nikodym derivative of the measure. Finally, we define the isometric
embedding [ : L' — (L>)* by

(I(Y)(X) :=E[(X,Y)].
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Proposition 5.2.1. The map V¥ and = are isometric isomorphisms. Furthermore,
lo= = \D‘ca(R)'

Proof. See, for example, [77, Theorem 4.7.10]. ]

In our case, given @ € ba(R) and X € L*, we write Q(X) as an abbreviation of
(T(Q))(X), and we define % := Z(Q). Given z € R, A € F, it follows from (5.2.1) that
Qx1a) = (z,Q(A)).

Note if @ € ba(R;) and X € L*(R,), then Q(X) > 0 (see [77, Theorem 4.4.13]).

This observation allows us to extend the definition of Q(X) to cover the case where
Q € ba(R,) and X € L°(R,) by setting

Q(X) :=supQ(X An). (5.2.2)

neN

It is trivial that the definition is consistent with the definition of Q(X) for X €
L>*(R). Furthermore, the supremum in can be replaced by a limit because the
sequence of numbers is increasing. It follows that given Q1,Q. € ba(R,), Xi, X5 €
LO(R,) and oy, ao, i1, gt > 0, we have

(1Q1 + Q) (1 X1 + peXs) = a1 Q1 Xy + aqgpe@Q1 X + iy Qo Xy + aopin@r Xos.

Note that the final statement of Proposition means that given ¢ € ca(R) and

X € L™(R), we have Q(X) = E [(X, %}]. It is easy to show that this property is also

true under the extended definition ([5.2.2)).

The following proposition collects some properties of the space ba,; more information
can be found in Appendix of [13] and references there.

Proposition 5.2.2.
1. The set bay can be identified as the set of all nonnegative finitely additive bounded
set functions on F, which vanish on the P-null sets.
(See, for example, [29, Theorem IV.8.16].)
2. Fvery Q € ba, admits a unique decomposition in the form of Q = Q"+Q°, where the
reqular part Q" is the maximal countably additive measure on F, that is dominated

by Q, and the singular part Q° is purely finitely additive and does not dominate any
nontrivial countably additive measure.

(See, for example, [77, Theorem 10.2.1].)

3. Q € bay is purely finitely additive, i.e., Q" = 0, if and only if for every € > 0, there
exists a set A. € F such that P(A.) > 1 —¢ and Q(A.) = 0.

(See e.g. [13, Lemma A.1].)
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4. Suppose (Qn)nen C bay is a sequence such that dgl — f almost surrely for some
f > 0. Then any weak-star cluster point Q) of (Qn)nen satisfies ‘fi% = f almost

surely.

(See e.g. [13], Proposition A.1].)

Proposition 5.2.3. Suppose D is a convex subset of L}r, which is also a subset of (L)%
via the canonical embedding. Denote by D the weak-star closure of D in (L)%, Then,
for each Q € D, there erists a sequence {Q"}>°, C D, such that Q" — Q", P-a.s., as

n — OQ.

Proof. Fixing Q € D, for each n € N, there exists a set A, € F, such that P(A4,) > 1— 2%
and @° is null on A,,. By the definition of D, we see that () is a weak-star limit point of
D and thus, Q|4, € (L*)* is also a weak-star limit point of D|,,, where D| 4, := {Q|4, :
Q € D}. From Q|a, = Q"|4, € L, we know that Q"|4, is a weak limit point of D], .
Moreover, due to the fact that D|4, is convex, Q"|4, belongs to the Ll-closure of D|4. .
Therefore, there exists an element Q" € 15, such that

1Q" 4, — Q| a,llLr < 55

Finally,
1Q" |4, = @ [l < [1Q"a, — Q"4 [y + Q74 — Q" [l — 0,

which yields Q" — @Q", P-a.s. up to a subsequence. O]

Corollary 5.2.4. Suppose D is a conver subset of L1, which is also a subset of (L™)*
via the canonical embedding. Denote by D the weak-star closure ofﬁ in (L>)%. Then,
for each Q € D, there erists a sequence {Q"}>°, C 15, such that Q" — Q", P-a.s., as
n — oo, and for countably many f; € L™, 1 € N,

Q" i) — (Q, f;), as n — 0.

Proof. For each n, define

B (V{@ e B:1G.5) - (@A)l <1}

=1

It is evident that @ belongs to the weak-star closure of D, Applying the proposition
above, one can find a sequence {Q™™}°_, C D", such that Q™™ — @, P-a.s. By the
diagonal argument, we complete the proof. O

Remark 5.2.5. We remark that the assumption that D c L! is crucial in the above
proposition. For a general subset DcC (L*)* and an element @ in its weak-star closure
D, one may not find a sequence {Q"}°°, from D, such that (Q™)" — Q. For instance,
Q = [0,1], F is the Lebesgue sigma-algebra and P is the Lebesgue measure. Define
D= {Q € (L™)% 1 [|Q]|u=y» = 1,Q = Q°}, then we find that statement of Proposition
does not hold, since {@ € L} : [|Q[|r=) = 1} C {Q € (L®)% : |Q||w=) = 1} = D.
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5.2.2 Properties of the dual domain

We present and prove the properties of the dual domain 17 (2.2.2) for the case in incom-
plete markets with random endowment. Let repeat some notation here. Denote by %
the convex cone of random variables dominated by admissible stochastic integrals, and
define

6o :={g€ Fr:g9<(H-=S)p, for some admissible strategy H},
CK ._% NL>,

7 ={Q € L)} : |Ql gy =1.(Q.f) <O, forall f € €},
MCP" = 2NL.

Some properties of 7%

1. Zis convex, o(ba, L>)-compact.

2. —L¥ C %Z’ then 9 C ba,, hence 74 - L}r.
3. The set Z is the o(ba, L*)-closure of M.

4. 9" is the set of absolutely continuous local martingale measures in the case of
locally bounded S. (See [22 Theorem 5.6], see also [26] for the general case and
the notation of equivalent sigma martingale measures.)

5. 7 is the polar set of % intersected with the norm-1 elements.

Remark 5.2.6. Let consider the properties of the dual domain with the same setting
introduced in [13] but in markets with transaction costs. Denote by 7 (z) the set of
all admissible self- ﬁnancing trading strategies under transaction costs A € (0,1) with
(5, 08) = (x,0) and ¢k = 0. Then, define

“(@) = {eh o = ("9 e A (@)},
2 :={Q €ba, ||Q|| =1 and (Q,g) <0 for all g€ € NL*},
Z) = {Z% c L'(P) ‘ (2°,2") € 278 }
ZrCP":=9NnL"
We can still have the similar properties of the dual domain & as 2. For more details, we
refer to [37].

Proposition 5.2.7. 9 is convex.

Proof. Let Q1,Q> € 7, define Q :=1Q; + (1 —7)Q2, 7 € [0, 1]

Q) = (@, 1a) =7 (Q1, 1a) + (1 —7) (Q2;, 1a)
= @il ) + (1 = DNQafl ooy =1
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It is obviously that (@, f) <0, for all f € %. Thus, Q € 2. H
Proposition 5.2.8. 9 is weak star closed.

Proof. Let {Qa},c; be net in 2, which converges to Q* in weak star topology, i.e., for all
feL® (Qa, f) — (@, f). Since g € € = (L>*N%p) C L*, 500 > (Qn,g) — (QF, ).
Thus, (Q*,g) <0.

Moreover,

Q" |(Leey = (R, 1) = Eg} (Qa, 1) = ng} |QallLeeys =1

Proposition 5.2.9. 9 is weak star compact.

Proof. Define

7" ={Q e @)} 1 |Qll gy <1,(Q. ) <0, forall f €7}

then 2" is a closed unit ball in (L>)*, so it is weak star compact by Alaoglu’s Theorem.
9 is a weak star closed subset of 2°, every closed subset of a compact space is compact,
so ¥ is compact. n

Proposition 5.2.10. The set M is a subset in é, i.e.,
McC .

Proof. By definition, M is a subset in L'(P), and we know (L'(P),| - ||Lip)) is the
norm-topology, so M C (L'(P),|| - |[Lip)). Let Q € M be arbitrary, after embedding
M into the space ((L>°)*, || - [|(Le)-), we have

T
]

Proposition 5.2.11. 9 is the weak star closure of M, i.e.,
9 =M (5.2.3)

Proof. Since M C 2 and 7 is weak star closed, we have

MU((L“’)*L‘X’) cC9
To show the equality, we suppose, contrary to the claim, there exists a point @ € 7 sat-
isfying @) ¢ H"“L ") As 2 is compact, applying Hahn-Banach separation theorem,
one can find a linear functional f € L* and a constant o € R s.t.
o), Lee)

Q. f)<a, ¥V Qe ™ ,
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but
«if>>cv (5.2.4)

By superreplication theorem, for all Q € M, (Q, f) < «a, we have f — «a € %. Then by
definition of .@, we have <@, f— a> <0, ie., <@, f> < « which is in contradiction to

5.2.4)). Therefore, 17 C ﬂg((Lm)*’ v, n

5.3 FTAP

5.3.1 Incomplete markets

Let (2, F, (Ft)o<i<T, P) be a stochastic basis satisfying the usual conditions.

Definition 5.3.1 (NFLVR). Given the (locally) bounded real-valued semimartingale S,
we denote

Ko = {(H * oo 1 H admissible and (H * S)o = tlirgo(H « S); exists a.s.} c L

and

C=(Ky—Ly)NL>.
We say that S satisfies the condition no free lunch vanishing risk (NFLVR), if
CNLY = {0},
where C' denote the closure of C with respect to the norm topology of L.

More details we refer to [22] or [27, Chapter 9.

Remark 5.3.2. Actually, the condition of (NFLVR) means: there is no sequence of final
payoffs of admissible integrands, f,, = (H"-S) such that the negative parts f, tend to
0 uniformly and such that f,, tends a.s. to a [0, oo]-valued function f, satisfying

P[fo > 0] > 0.

In the property (NFLVR), one only requires that this risk is uniformly bounded below
and that the variables f, tend to 0 in probability.

Theorem 5.3.3. Let S be a (locally) bounded real-valued semimartingale. There is an
(ELMM) EMM for S if and only if S satisfies (NFLVR).

Proof. See [22, Theorem 1.1 and Corollary 1.2]. ]
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Definition 5.3.4 (sigma-martingale). An R%- valued semimartingale S is called a sigma-
martingale, if there is an R%-valued martingale M and an M -integrable predictable
R, -valued process H such that S = H « M.

Theorem 5.3.5. Let S be a real-valued semimartingale. Then S satisfies (NFLVR) if
and only if there exists a probability measure Q ~ P such that S is a sigma-martingale
with respect to Q.

Proof. See [26, Theorem 1.1]. O

Definition 5.3.6. An R-valued predictable process H is called 1-admissible trading
strategy for R-valued semimartingale S, if H is S integrable and (H * S); > —1, a.s.,
t€0,7].

Definition 5.3.7 (NUPBR). The semimartingale S is said to satisfy the no unbounded
profit with bounded risk (NUPBR) condition if the set

Ki:={(H *S)r: H is a 1-admissible strategy for S}
is bounded in LY, i.e.,

lim sup P[(H<*5r| > =0
T u is 1-adm

Definition 5.3.8 (NA). The semimartingale S is said to satisfy the no arbitrage (NA)
condition if 0 is the maximal element in the set Ky, i.e., if there does not exist any I-
admissible strateqy H such that

(H+S)r >0, as., and P[(H +S)r > 0] > 0.

Remark 5.3.9. We may adopt the definition of (NA) from [27, Chapter 9.2.8] that a
locally bounded semimartingale S satisfies (NA) if C N LY = {0}.

Definition 5.3.10. An R-valued cadlag local martingale Z is called a strict sigma-
martingale density for S if the following holds:

1. Z 1s strictly positive,
2. E [Zo] < o0y
3. ZS is an R¥-valued sigma-martingale.

Theorem 5.3.11. The semimartingale S satisfies (NUPBR) if and only if there ezists a
strict sigma-martingale density for S.

Proof. See [86, Theorem 2.6]. O

Definition 5.3.12. An R-valued process Z is called an equivalent local martingale
deflator (ELMD) or strict martingale density for semimartingale S if Z is a
strictly positive localmartingale with Zy =1 P-a.s. such that ZS is a local martingale.
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Theorem 5.3.13. The condition (NUPBR) is equivalent to the existence of at least one
ELMD.

Proof. See [61, Theorem 2.1]. O

Remark 5.3.14 ([86, Remark 2.5]). Being the reciprocal of a strict sigma-martingale den-
sity is equivalent to being an ELMD.

Remark 5.3.15. NFLVR is equivalent to NA plus NUPBR (see e.g. [22 Corollary 3.8],
[24, Theorem 2.9]), and it is also equivalent to NA plus the existence of a strict sigma-
martingale density.

Remark 5.3.16. A result of [56, Theorem 4.12] proves that the condition of (NUPBR) is
equivalent to the existence of an equivalent supermartingale deflator for the price process.

5.3.2 Markets with transaction costs

We recall the Fundamental Theorem of Asset Pricing for the continuous process in mar-
kets with transaction costs A € (0,1). We adopt the Definitions [3.1.8 and [3.1.7] of C' PS*
in Chapter 3.

Assumption 5.3.17. Assume the stock price process S = (St)o<i<r 15 adapted to (Fi)o<i<r,
with continuous and strictly positive paths.

Definition 5.3.18 (Arbitrage). The process S admits arbitrage with A-transaction costs,
if there is an admissible self-financing trading strategy ¢ starting at (p3,05) = (0,0),
such that the liquidation value

V() >0, a.s., and P[VF9(p) > 0] > 0.
Theorem 5.3.19. Under Assumption[5.3.17, the following are equivalent:
1. For each p > 0, there exists an pu-CPS.
2. For each > 0, there exists NA for p-transaction costs.
Proof. See [45, Theorem 4]. O

We now give a similar local version of the Fundamental Theorem of Asset Pricing,
which is described in e.g. [84, Theorem 5.11]. We shall use the subsequent variants of
the concept of no arbitrage: no obvious arbitrage (NOA) from [45] with an additional
boundedness condition in the case (b) below. We need this additional condition here as
we now use a different notion of admissibility than in [45].

Definition 5.3.20. Under Assumption we say that S allows for an obvious
arbitrage if there are o > 0 and [0,T] U {oo}-valued stopping times o < 7 with Plo <
oo] = P[r < 00| > 0, such that either

(a) S: > (1+a)S,, as. on{o < oo}, or
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(b) S; < ﬁsg, a.s. on {o < oo}.

In the case of (b) we also impose that (Si)s<i< is uniformly bounded.

We say that S allows for an obvious tmmediate arbitrage if, in addition, we have
(a) Sy > S,, fort e o, 7], a.s. on{oc <oo}, or
(b) S; < S,, fort € [o,7], a.s. on{o < oo}.

We say that S satisfies the condition (NOA)(resp. (NOIA)) of no obvious arbitrage

(resp. mo obvious immediate arbitrage) if no such opportunity exists.

In markets with sufficiently small transaction costs 0 < A < 1 (compare [45]), we
will see how to make an arbitrage if (NOA) fails. Assuming e.g. condition (a), one goes
long in the asset S at time o and closes the position at time 7. In case of an obvious
immediate arbitrage one is in addition assured that during such an operation the stock
price will never fall under the initial value S,. In the case of condition (b), one does a
similar operation by going short in the asset S. The boundedness condition in the case
(b) of (NOA) makes sure that such a strategy is admissible.

Theorem 5.3.21. Let S satisfy Assumption|5.3.17. The following assertions are equiv-
alent.

1. Locally, there is no obvious immediate arbitrage (NOIA ).

2. Locally, there is no obvious arbitrage (NOA).

3. Locally, for each 0 < p < 1, there exists a p-consistent price system.
4. For each O < p <1, there exists a local p-consistent price system.

Proof. See [16, Theorem 3.3]. O
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