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Abstract

The aim of this thesis is to introduce a new approach on Poisson transforms be-
tween vector bundle valued di�erential forms on a homogeneous parabolic geometry
G/P and vector bundle valued di�erential forms on the corresponding Riemann-
ian symmetric space G/K. Explicitly, these transforms are given by G-equivariant
integral operators associated to a G-invariant di�erential form on a homogeneous
space of G as its kernel, hence they are fully determined by invariant elements in
a �nite dimensional representation of a reductive Lie group. In addition, since this
approach is tailored to the calculus of di�erential forms, we can express composi-
tions of Poisson transforms with several G-equivariant di�erential operators again
as Poisson transforms. In this way, we can explicitly design such operators with pre-
scribed compatibility conditions via computations on the level of the corresponding
representations. As a demonstration, we will construct a universal family of Pois-
son transforms Φk between real valued di�erential forms, whose images are coclosed
and which reduces to the classical transform for smooth functions.

Afterwards, we apply our method to G = SO(n + 1, 1)0 and prove that the
operators Φk are chain maps between the de Rham sequences on the conformal
sphere and on the real hyperbolic space, respectively. Furthermore, we give an
explicit construction of a family of Poisson transforms between standard tractor
bundle valued di�erential forms, which factor to G-equivariant chain maps between
the corresponding BGG-sequence on G/P and the twisted de Rham complex on
G/K. Furthermore, the images of weighted di�erential forms under these operators
are eigenforms for a covariant Laplace operator.

Finally, we turn to the case G = SU(n + 1, 1), where we obtain a �ner de-
composition of the space of Poisson kernels by exploiting the Kähler structure on
the complex hyperbolic space G/K as well as the CR-structure on the correspond-
ing boundary sphere G/P . This enables us to construct Poisson transforms be-
tween complex valued di�erential forms which descend to G-equivariant operators
on sections of the complexi�ed homology bundles on the CR-sphere. Subsequently,
these will be used to design equivariant chain maps between the real valued BGG-
sequence on G/P and the de Rham sequence on G/K.
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Introduction

An important question in the theory of geometry on homogeneous spaces G/H
is the existence of local invariants, i.e. G-invariant sections of homogeneous bundles,
as well as di�erential operators which are equivariant with respect to the induced
G-actions and therefore intrinsic to the given geometric structure. However, the
existence and properties of such objects strongly depend on the Lie groups G and
H. Indeed, since any Riemannian symmetric space G/K is reductive, every homo-
geneous vector bundle over G/K carries a canonical G-invariant connection, hence
taking iterative derivatives and apply them to its curvature produce a vast amount
of di�erential operators and local invariants, respectively.

On the other hand, the lack of G-invariant data on homogeneous vector bundles
on homogeneous parabolic geometries G/P made the construction of local invari-
ants and G-equivariant di�erential operators an intractable problem for a long time.
This was ultimately solved by the development of a uni�ed theory for parabolic ge-
ometries in terms of Cartan connections, which led to a tractor calculus on homo-
geneous vector bundles V over G/P associated to G-representations. Furthermore,
via the canonical Lie algebra structure on the cotangent spaces of G/P and the
induced homology di�erential ∂∗ on Ω∗(G/P, V ), called the Kostant codi�erential,
the concept of BGG-sequences were introduced in [�SS01] and [CD01]. These
are complexes of G-invariant di�erential operators D between sections of the corre-
sponding homology bundles Hk(G/P, V ) = ker(∂∗)/ im(∂∗). Here, the crucial part
is the existence of a splitting operator L : Hk(G/P, V )→ ker(∂∗) for the canonical
projection, which is characterized by ∂∗ ◦ d∇ ◦ L = 0 in terms of the covariant
exterior derivative d∇ induced by the tractor connection on V .

Naturally, the question arises if these two very di�erent geometric structures
can be related by a natural operator, which is answered by the Poisson transform.
Initially, this was de�ned in the 1850's as an integral operator mapping continuous
functions φ on the boundary ∂B of the unit ball B in Rn to smooth harmonic
functions u on B, which satisfy u|∂B = φ, c.f. [GT01, Theorem 2.6]. Otherwise
said, the Poisson transform provided the solution of the corresponding Dirichlet
problem on the unit ball. Afterwards, it was reformulated in terms of group theory
as an operator from distributions on K/M to smooth functions on G/K, where the
compact symmetric spaceK/M is interpreted as the Fürstenberg boundary ofG/K,
c.f. [BJ06, ch. 1.6]. In this setting, the main purpose of the Poisson transform was
to produce joint eigenfunctions of the algebra ofG-invariant di�erential operators on
G/K, see [Hel94, Proposition II.3.14]. Afterwards, it was reinterpreted in [KZ11,
section 4.1] as a G-equivariant di�erential operator mapping sections of principal
series representations on G/P0, where P0 is a minimal parabolic subgroup of G, to
smooth functions on G/K.

Due to its various important properties the Poisson transform was generalized
to a map between sections of homogeneous vector bundles over K/M ∼= G/P0 and
sections of homogeneous vector bundles over G/K, �rst for the case of real rank 1
in [vdV94] and afterwards in full generality in [Olb95] and [Yan94]. Here, the
existence and the properties of such operators depend directly on anM -equivariant

v



vi INTRODUCTION

map between the representations underlying the natural bundles. Another approach
in this direction was taken by P.Y-Gaillard in [Gai86], in which he de�ned Poisson
transforms between density valued di�erential forms on the conformal sphere and
real valued di�erential forms on the real hyperbolic space of the same degree. This
was done by constructing an SO(n+1, 1)-invariant di�erential form on the product
manifold using �visual maps� as in [Thu, chapter 11], see also section 2.1.3.

The aim of this thesis is to generalize Gaillard's approach to Poisson transforms.
Explicitly, let G be a semisimple Lie group with �nite centre, K its maximal com-
pact subgroup, P a parabolic subgroup of G and let V and W be �nite dimensional
representations of P and K, respectively. Then we construct in section 2.2.1 G-
equivariant Poisson transforms

Φ: Ωk(G/P,G×P V)→ Ωk(G/K,G×K W)

by considering a (G×M L(V,W))-valued di�erential form φ on the product space
G/K ×G/P and de�ne

Φ(α) :=

 
G/P

φ ∧ π∗Pα

for all α ∈ Ω∗(G/P,G×P V), where πP is the canonical projection from the product
manifold G/K×G/P onto its second factor and where

ffl
G/P

denotes the �bre inte-
gral overG/P . Now the crucial observation thatG/K×G/P is itself a homogeneous
space isomorphic to G/M with M = K ∩P implies that the Poisson kernel φ is de-
termined entirely by an invariant element in a �nite dimensionalM -representation,
c.f. Theorem 2.2.1.

Despite being a special case of the general vector valued version of Poisson
transforms (c.f. Theorem 2.2.2), the advantage of our approach is that it is tailored
speci�cally to the calculus of di�erential forms. In this way, the compositions of Φ
with the covariant exterior derivative and the Kostant codi�erential on G/P as well
as with the standard di�erential operators in Hodge theory on G/K can be realized
again as Poisson transforms in our sense, c.f. Proposition 2.2.3. In particular, we
can determine the properties of these compositions on the level of the corresponding
M -representations, i.e. via computations in �nite dimensional vector spaces.

A special focus in this thesis is put on the construction of G-equivariant op-
erators Φ̃ de�ned on sections of the homology bundles Hk(G/P,G ×P V) for irre-
ducible G-representations V. One way to obtain such operators is to �rst identify
the sections of these bundles with the subcomplex of the twisted de Rham-complex
determined by the Casimir eigenvalue of V via the splitting operator using [�S07,
Corollary 1], and afterwards apply a nontrivial Poisson transform. However, the
explicit computation of the image of the splitting operator is a di�cult task in
general, meaning that we cannot relate these to properties of the Poisson kernel
corresponding to Φ. Therefore, we choose to construct Poisson transforms which are
trivial on the image of the Kostant codi�erential, as they factor canonically to such
G-equivariant operators which can be computed independently of the representative
of a section of Hk(G/P,G×P V). Furthermore, in this picture the composition of Φ̃
with the BGG-operators can be described in terms of the corresponding transform
Φ as the composition with the covariant exterior derivative. The study of these
BGG-compatible Poisson transforms culminates in Theorem 2.2.3 which provides
a relation to the Laplace operator on G/K induced by the tractor connection.

Theorem. Let V be a G-representation. Then for any Poisson transform
Φ: Ωk(G/P,G×P V)→ Ωk(G/K,G×K V) the following are equivalent:

(i) The image of the transform Φ is contained in the harmonic di�erential forms.
(ii) The transform Φ is BGG-compatible.
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Afterwards, we will show the e�ciency of our approach by considering several
explicit cases. First, using an easy analysis of the geometry of G/M we uniformly
construct in section 2.3.2 a family of Poisson kernel whose associated Poisson trans-
forms

Φ: Ωk(G/P, E [λ])→ Ωk(G/K)

have the property that their images consist of coclosed di�erential forms. Next,
we turn in section 3 to the case of G = SO(n + 1, 1), where we discuss Gaillard's
transforms in a more conceptual way, recovering many of its properties. In addi-
tion, we present a new construction of a BGG-compatible vector valued Poisson
kernel whose associated Poisson transform maps between standard tractor valued
di�erential forms on the conformal sphere and standard tractor valued di�erential
forms on the real hyperbolic space of the same degree. Then a careful analysis
show that the induced G-equivariant operators Φ̃V

k on the corresponding homology
bundles satisfy the following Theorem 3.4.4.

Theorem. Let V be the standard representation of G = SO(n + 1, 1)0. Then
the G-equivariant operators

Φ̃V
k : Hk(G/P,G×P V[λ])→ Ωk(G/K,G×K V)

satisfy the following properties:

(i) The image of Φ̃V
k consists of coclosed di�erential forms and eigenvectors of

the twisted Laplace Beltrami operator with eigenvalue −λ(n− 2k + λ).
(ii) For λ = 0 let D be the BGG-operator on Γ(Hk(G/P,G ×P V)) and d the

covariant exterior derivative on Ωk(G/K,G×KV) induced by the tractor con-
nection on G×K V. Then

(k + 2)d ◦ Φ̃V
k = (−1)n−kk(n− 2k)Φ̃V

k+1 ◦D.

Finally, we consider the case G = SU(n+ 1, 1) and construct in section 4.3.2 a
family of BGG-compatible Poisson transforms between complex valued di�erential
forms on the CR-sphere and di�erential forms on G/K with a speci�c (p, q)-type.
Due to the di�erent nature of the homology bundles on G/P these operators divide
into two classes depending on the degree k of the di�erential forms in their domain,
where for k ≤ n we will recover the transforms constructed by Gaillard in [Gai78].
For the other degrees, the author recently learned through a private conversation
that these operators where obtained independently by M. Olbrich.

The thesis is divided as follows: After recalling some basic properties of complex
and real semisimple Lie algebras in section 1.1 we will discuss in section 1.2 the
correspondence between G-invariant data on homogeneous spaces G/H and H-
invariant objects in �nite dimensional vector spaces, which will be essential for
the study of our version of Poisson transforms. Subsequently, we will apply this
to the special case of Riemannian symmetric spaces G/K in section 1.3. Here,
we will focus on the calculus for di�erential forms with values in homogeneous
bundles associated to G-representations, which is in contrast to irreducible vector
bundles usually considered in harmonic analysis. In particular, we will prove in
Theorem 1.3.3 a Weitzenböck formula between the resulting Laplace operator and
the di�erential operator induced by the Casimir element of the Lie algebra of G
similar to [�S07, Corollary 1].

Next, we turn to homogeneous parabolic geometries G/P and introduce the
Kostant codi�erential ∂∗ in 1.4.2 on tractor-bundle valued di�erential forms, which
will lead to the de�nition of BGG-sequences in 1.4.3. Furthermore, we establish a
formula for the adjoint of ∂∗ with respect to the wedge product of di�erential forms
in Theorem 1.4.4, which will be needed to relate the composition of this operator
and a Poisson transform to an associated Poisson kernel.
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Section 2 is dedicated to the introduction and general discussion of our version
of Poisson transforms. Explicitly, after their construction in section 2.2.1 we will
prove alternative descriptions in terms of equivariant maps in section 2.2.2 and
show in Proposition 2.2.3 that compositions of Poisson transforms with several
G-equivariant di�erential operators are again Poisson transforms. This general
discussion is completed by the explicit construction of a family of Poisson kernels
whose associated transforms Φk map between real valued di�erential forms and
whose images are contained in the coclosed forms on G/K, c.f. Theorem 2.3.2.
Furthermore, we will see in Proposition 2.3.3 that this example reduces in the special
case of minimal parabolic subgroups and real functions to the classical Poisson
transform as in [Hel94, ch. II.4].

In section 3 we consider Poisson transforms between the conformal sphere and
the real hyperbolic space corresponding to G = SO(n + 1, 1)0. After recalling
the structure of the involved Lie groups and homogeneous spaces in sections 3.1
and 3.2 we focus in 3.3 on the analysis of the Poisson transforms Φk in this case,
which coincide with Gaillard's transforms in [Gai86]. In particular, we recover
many of their properties in a more e�cient and conceptual way. Finally, in section
3.4 we construct vector valued BGG-compatible Poisson kernels whose associated
transforms map between standard tractor bundle valued di�erential forms of the
same degree. Subsequently, we will show that these operators are chain maps
between the corresponding twisted de Rham sequences and that the induced G-
equivariant operators de�ned on sections of the weighted homology bundles produce
eigenforms for the twisted Laplace Beltrami operator on G/K.

Finally, in section 4 we turn to the case G = SU(n+ 1, 1). After a discussion of
the geometry of the corresponding homogeneous spaces in 4.1, the geometric prop-
erties of G/M will be used to de�ne basic invariant forms in 4.2.2 as wedge products
of invariant forms of low degree. Subsequently, these will serve in a sophisticated
ansatz tailored to the structure of the homology bundles on G/P to construct BGG-
compatible Poisson kernels whose associated Poisson transforms Φp,q have values in
the space of di�erential forms of a speci�c (p, q)-type, c.f. section 4.3.2. Finally, in
section 4.4 we will derive formulae for theM -equivariant maps corresponding to dif-
ferential operators on G/K and use them to determine the properties of the images
of Φp,q as well as to construct Poisson transforms between real valued di�erential
forms, which have properties similar to Gaillard's operators.
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CHAPTER 1

Preliminaries

In this preliminary section we develop the tools needed to construct and study
our approach to Poisson transforms. After recalling some of the theory of Lie
algebras in 1.1 we turn to the discussion of the geometry of homogeneous spaces.
Here, we will �rst consider the general case G/H in section 1.2, where G is a Lie
group and H is any closed subgroup, and analyse natural geometric objects, such
as homogeneous bundles and invariant connections, in terms of invariant data on
�nite dimensional H-representations.

Subsequently, we will apply these tools to two speci�c types of homogeneous
spaces, starting with symmetric spaces G/K in section 1.3, where we focus on a
calculus of di�erential forms with values in a tractor bundle. In particular, the
existence of two �at connections on such natural bundles will induce a Laplace
operator on such forms, which can be related to the di�erential operator induced
by the Casimir element of the Lie algebra of g by a Weitzenböck formula, c.f.
Theorem 1.3.3.

Afterwards, we consider the case of homogeneous parabolic geometries G/P in
section 1.4. After a brief discussion of the structure of |k|-graded Lie algebras will
introduce the Kostant codi�erential, i.e. a homology di�erential between di�erential
forms with values in natural bundles which is tensorial and G-equivariant, and the
BGG-operators, which is a series of natural di�erential operators between sections
of the induced homology bundles.

Finally, we de�ne in section 1.5 the integral of vector bundle valued di�erential
forms over the �bres of a �bred manifold E → M and provide a description in a
local coordinates on E. In addition, we will show compatibility of this operation
with covariant exterior derivatives and derive estimates of the pointwise norms of
the integrals in the case of Riemannian submersions.

1.1. Semisimple Lie algebras and their representations

We start our discussion by recalling some properties of complex and real semisim-
ple Lie algebras, which are common knowledge and can be found in any book about
Lie theory, e.g. [Kna02].

1.1.1. Complex semisimple Lie algebras. Let g be a complex semisimple
Lie algebra and let B denote its Killing form, which is an invariant, non-degenerate
bilinear form on g. Choosing a Cartan subalgebra h of g we denote by ∆ the roots
of g and for any α ∈ ∆ by gα the corresponding root space. It is well known that
these spaces are 1-dimensional and that the bracket [gα, gβ ] equals gα+β if α + β
is a root and is trivial if α + β is not a root. In particular, this implies that the
Killing form on g induces a non-degenerate pairing of gα and g−α.

Let h0 denote the real subspace of h on which all roots are real valued. The
Killing form induces a positive de�nite inner product 〈 , 〉 on the real vector space
h∗0. If we �x a total ordering on h∗0 we denote by ∆+ and ∆0 the positive and simple
roots in ∆, respectively, which correspond to the choice of ordering. Then every
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2 1. PRELIMINARIES

positive root can be written as a linear combination of simple roots with positive
integer coe�cients.

For any �nite dimensional representation ρ : g→ gl(V) of g the Cartan algebra h
acts diagonalisable on V. For each weight λ ∈ h∗ we denote by Vλ the corresponding
weight space and by nλ(V) = dim(Vλ) the multiplicity of the weight λ in V. For all
α ∈ ∆ the action of the root space gα satis�es gα ·Vλ ⊂ Vα+λ, where the latter space
is trivial if α + λ is not a weight of V. It is well known that every representation
of g is decomposable and splits into a direct sum of irreducible representations.
Moreover, every irreducible representation is determined by its highest weight with
respect to the total ordering on h∗0.

Recall that the universal enveloping algebra u(g) of g is the unique unital
associative algebra generated by the Lie algebra g. By construction, every g-
representation is canonically a module over u(g). Moreover, the centre of u(g)
commutes with every element in g, so by Schur's lemma acts by a scalar on irre-
ducible representations. The Casimir C of g is the unique element in u(g) which is
the image of the identity on g under the series of isomorphisms

End(g) g⊗ g∗ g⊗ g,
∼= id⊗B

where we view the latter space as a subspace of the universal enveloping algebra of
g. Explicitly, if {Xi} is a basis of g and {Yi} is the dual basis with respect to the
Killing form, then the Casimir is given by C =

∑
i Yi ⊗Xi.

Proposition 1.1.1. Let g be a semisimple complex Lie algebra and h be a
Cartan subalgebra of g. Let 〈 , 〉 and ‖ ‖ denote the inner product and the norm on
the real subspace h∗0, respectively, which are both induced by the Killing form. Let V
be an irreducible representation of g with highest weight λ ∈ h∗. Then the Casimir
C ∈ u(g) of g acts on V by the scalar

‖λ‖2 + 2〈λ, δ〉 = ‖λ+ δ‖2 − ‖δ‖2,

where δ = 1
2

∑
α∈∆+

α is the lowest weight of g.

Proof. [Kna02, Proposition 5.28]. �

1.1.2. Parabolic subalgebras of complex semisimple Lie algebras. Let
g be a complex semisimple Lie algebra. A Borel subalgebra of g is a maximal
solvable Lie subalgebra, which is unique up to inner automorphisms of g. In order
to construct it explicitly, �rst choose a Cartan subalgebra h of g and a positive
subsystem ∆+ of the roots of g. Afterwards, de�ne the nilpotent subalgebra n of
g as the direct sum of all roots spaces corresponding to positive roots. Then the
space b := h ⊕ n is a maximal solvable subalgebra of g, called the standard Borel
subalgebra with respect to the choice of h and ∆+.

A (standard) parabolic subalgebra is a subalgebra p of g which contains a (stan-
dard) Borel subalgebra. It can be shown that every parabolic subalgebra is a
standard parabolic subalgebra for appropriate choices of a Cartan subalgebra and
positive roots. Explicitly, there is a correspondence between parabolic subalgebras
and subsets of simple roots of g.

Proposition 1.1.2. Let g be a complex semisimple Lie algebra, h ⊂ g a Cartan
subalgebra, ∆ the corresponding set of roots and ∆0 the set of simple roots for a
given ordering on h∗0. Then there is a bijective correspondence between subsets of
∆0 and standard parabolic subalgebras p of g.

Explicitly, it is given by the map

p 7→ Σp = {α ∈ ∆0 | g−α 6⊂ p},
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whose inverse assigns to every set Σ of simple roots the direct sum of the stan-
dard Borel subalgebra b and all negative root spaces which can be written as linear
combinations of elements in ∆0 \ Σ.

Proof. [�S09, Proposition 3.2.1] �

This correspondence can be used to associate a direct sum decomposition of
the Lie algebra g, which is nicely compatible with the Lie bracket.

Definition 1.1.2. Let g be a (complex or real) semisimple Lie algebra and
k ≥ 0 an integer. A |k|-grading on g is a decomposition g = g−k⊕· · ·⊕ gk of g into
a direct sum of vector spaces so that
(a) [gi, gj ] ⊂ gi+j , where we agree that gi = {0} if |i| > k,
(b) the subalgebra g− := g−k ⊕ · · · ⊕ g−1 is generated by g−1 as a Lie algebra,
(c) g−k 6= {0} and gk 6= {0}.

Now we explain how parabolic subalgebras are related to |k|-gradings on g. Let
p be a parabolic subalgebra of g corresponding to the subset Σ of the simple roots
∆0 = {α1, . . . , αn}. Then we de�ne the Σ-height htΣ(α) of a root α ∈ ∆ via

htΣ

(∑
i

aiαi

)
:=

∑
i:αi∈Σ

ai.

Moreover, for all i ∈ Z, i 6= 0 we de�ne gi :=
⊕

α:htΣ(α)=i gα, and for i = 0 we put
g0 := h⊕

⊕
α:htΣ(α)=0 gα.

Theorem 1.1.2. Let g be a complex semisimple Lie algebra and h a Cartan
subalgebra of g with corresponding roots ∆. Choose a positive subsystem ∆+ and
let ∆0 be the simple roots in ∆.

(i) For any standard parabolic subalgebra p ⊂ g corresponding to Σ ⊂ ∆0 the
decomposition g = g−k ⊕ · · · ⊕ gk according to Σ-height endows g with a
structure of a |k|-graded Lie algebra such that p = g0 ⊕ · · · ⊕ gk.

(ii) Conversely, for any |k|-grading we can choose a Cartan subalgebra and positive
roots so that p := g0⊕· · ·⊕gk is a standard parabolic subalgebra corresponding
to Σ, and the grading is given by Σ-height.

Proof. [�S09, Theorem 3.2.1] �

Since |k|-gradings of semisimple Lie algebras will play a signi�cant role in the
study of parabolic geometries, we will analyse them further in section 1.4.1.

1.1.3. Real semisimple Lie algebras. Let g be a real semisimple Lie al-
gebra and let B be the Killing form of g. Let θ be a Cartan involution of g and
g = k ⊕ q be the corresponding Cartan decomposition, where k and q denote the
eigenspaces of θ with eigenvalues +1 and −1, respectively. Determining directly
the bracket relations with respect to the Cartan decomposition we obtain that k
is a Lie subalgebra of g, the vector space q is a k-module via the adjoint action
and [q, q] ⊂ k. Moreover, the restriction of the Killing form to k is negative de�nite
whereas its restriction to q is positive de�nite.

From now on we assume that the subspace q is nontrivial. Choosing a maximal
abelian subspace a ⊂ q the maps ad(X) forX ∈ a are simultaneously diagonalisable.
We call the dimension of a the real rank of the Lie algebra g. Moreover, we denote
by ∆r ⊂ a∗ the set of restricted roots and for any such restricted root λ we de�ne
gλ to be the corresponding restricted root space.

If λ is a restricted root, then the Cartan involution induces a linear isomorphism
between gλ and g−λ, which implies that also −λ is a restricted root. Moreover, we
have [gλ, gµ] ⊂ gλ+µ for all λ, µ ∈ ∆r. In particular, the space g0 is a subalgebra
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of g which is invariant under the action of θ. Thus, we can decompose g0 into the
direct sum of m := g0 ∩ k, which is the centralizer of a in k, and g0 ∩ q, which equals
a by maximality.

Choosing a notion of positivity on a∗ we denote by ∆+
r and ∆0

r the positive and
simple restricted roots, respectively. Let n be the direct sum of all restricted root
spaces corresponding to positive roots. Then by de�nition of the Cartan involution
the space θ(n) consists of all negative root spaces. Hence, we can decompose g into
the direct sum

g = θ(n)⊕m⊕ a⊕ n

of g0-modules. In particular, every summand in the above decomposition is an
m-module as well as an a-module. Using the relation [gλ, gµ] ⊂ gλ+µ we deduce
that both n and θ(n) are nilpotent Lie algebras. Moreover, the space a ⊕ n is a
subalgebra of g with bracket relation [a ⊕ n, a ⊕ n] ⊂ n, meaning that a ⊕ n is a
solvable Lie algebra.

Next, we want to see how the Cartan decomposition is related to the above
eigenspace decomposition of g. The maximal compact subalgebra k was de�ned as
the (+1)-eigenspace of the Cartan involution. By de�nition, the Lie algebra m is
contained in k, whereas a is a subalgebra of q. Moreover, we can write every element
X ∈ n as

X =
1

2
(X + θ(X)) +

1

2
(X − θ(X)),

where the �rst summand is contained in k, whereas the second summand lies in q.
In particular, if we de�ne

S±(n) := {X ± θ(X)|X ∈ n}

we see that k = S+(n) ⊕ m and q = S−(n) ⊕ a. From this we immediately obtain
the Iwasawa decomposition g = k⊕ a⊕ n of the Lie algebra g.

Let G be a connected Lie group with Lie algebra g and let Θ: G → G be the
global Cartan involution, i.e. the unique automorphism of G whose derivative is θ.
The groupK of �xed points of Θ is a connected closed subgroup of G which contains
the centre Z(G) and has Lie algebra k. In particular, the group K is compact if
and only if Z(G) is �nite. In this case, K is a maximal compact subgroup of G.

It is also possible to prove a global version of the Iwasawa decomposition. For
that, let A and N be the analytic subgroups of G corresponding to the Lie algebras
a and n and let K be the �x point set of the global Cartan involution as above.

Proposition 1.1.3 (Global Iwasawa decomposition). Using the notation from
above, the multiplication K ×A×N → G, (k, a, n) 7→ kan, is a di�eomorphism.

Proof. [Kna02, Theorem 6.46] �

1.1.4. Parabolic subalgebras of real semisimple Lie algebras. In the
realm of real semisimple Lie algebras g we will de�ne parabolic subalgebras in terms
of their complexi�cation in gC. For that, we �rst have to analyse the connection
between restricted root systems of g and roots in gC.

As before let g be a real semisimple Lie algebra, θ a Cartan involution with
corresponding Cartan decomposition g = k⊕q, a ⊂ q a maximal abelian subalgebra
and m the centralizer of a in k. Let h be a Cartan subalgebra of g, i.e. a maximal
abelian subalgebra so that its complexi�cation hC is a Cartan subalgebra of gC. In
order to get a connection between the roots of gC and the restricted roots of g, we
assume that h is θ-stable. In this way, we can decompose h into the direct sum
(h∩k)⊕(h∩q), and we say that h is maximally noncompact if the dimension of h∩q
is maximal amongst all choices of Cartan subalgebras. We can realize a maximally
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noncompact θ-stable Cartan algebra by choosing a maximal abelian subalgebra t
in m and de�ning h := t⊕ a.

Let ∆ denote the roots of gC with respect to hC. Then the restricted roots ∆r

are exactly the nontrivial restrictions of roots of gC to a. On the other hand, let
∆c = {α ∈ ∆ : α|a = 0} be the set of compact roots of gC. If we denote by σ the
conjugation on gC with respect to the real form g, then a root is compact if and
only if σ∗α = −α. We say that a positive subsystem ∆+ of ∆ is admissible if for
α ∈ ∆+ we either have σ∗α = −α or σ∗α ∈ ∆+.

Definition 1.1.4 (Parabolic subalgebra). Let g be a real semisimple Lie alge-
bra with complexi�cation gC, θ a Cartan involution, h a θ-stable maximally noncom-
pact Cartan subalgebra in g, ∆ the set of roots of (gC, hC) and ∆+ and admissible
positive subsystem.

A Lie subalgebra p of g is called a standard parabolic subalgebra with respect to
h and ∆+ if and only if the complexi�cation pC is a standard parabolic subalgebra
of gC with respect to hC and ∆+.

Analogously to the case of complex parabolic subalgebras, there is a connection
between subsets of the restricted roots and standard parabolic subalgebras.

Proposition 1.1.4. Let g be a real semisimple Lie algebra, θ a Cartan invo-
lution with associated Cartan decomposition g = k ⊕ q and h = t ⊕ a a maximally
noncompact θ-stable Cartan subalgebra. Let ∆ be the roots of gC and ∆+ be an
admissible positive subsystem.

(i) Let m = Zk(a) and n ⊂ g be the direct sum of all positive restricted root
spaces. Then p0 := m⊕ a⊕ n is a subalgebra of g, and the standard parabolic
subalgebras of g are exactly those containing p0.

(ii) Let ∆0
r be the set of simple restricted roots. Then subsets of ∆0

r are in bi-
jective correspondence with the set of all standard parabolic subalgebras of g.
Explicitly, the correspondence is given by mapping Σ ⊂ ∆0

r to the sum of p0

and the restricted root space for those negative restricted roots which can be
written as a linear combination of elements in ∆0

r \ Σ.

Proof. [�S09, Theorem 3.2.9] �

Let p ⊂ g be a parabolic subalgebra of g corresponding to Σ ⊂ ∆0
r. As before,

we can introduce the Σ-height of restricted roots in ∆0
r, which induces a grading

of g via the restricted root space decomposition. Thus, we are able to associate a
|k|-grading on g as in the case of complex Lie algebras.

Theorem 1.1.4. Let g be a real semisimple Lie algebra and θ a Cartan invo-
lution on g. Let h be a θ-stable maximally noncompact Cartan subalgebra of g and
choose an admissible positive subsystem ∆+. Then we have:

(i) For a standard parabolic subalgebra p ⊂ g corresponding to a subset Σ ⊂ ∆0
r,

the Σ-height determines a |k|-grading of g such that p = g0 ⊕ · · · ⊕ gk.
(ii) Given a |k|-grading of g, there is an automorphism φ ∈ Int(g) such that the

image of g0⊕· · ·⊕gk under φ is a standard parabolic subalgebra of g. Denoting
by Σ the corresponding subset of ∆0

r, the given grading on g is induced by the
grading by Σ-height via φ.

Proof. [�S09, Proposition 3.2.9] �

1.2. Geometry of homogeneous spaces

In the sequel we will introduce a new method of constructing Poisson transforms
between sections of homogeneous bundles on homogeneous parabolic geometries
and Riemannian symmetric spaces, respectively, which will depend on invariant
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di�erential forms on a homogeneous space. Thus, for the analysis of these opera-
tors several tools developed in the study of the geometry on homogeneous spaces
G/H can be used, to which this section is dedicated. First, we recall the notion
of (sections of) homogeneous bundles and link these to invariant objects in �nite
dimensional H-representations in sections 1.2.1 and 1.2.2. Next, we turn our focus
to invariant di�erential operators by discussing G-invariant connections on natural
vector bundles and their local invariants in 1.2.3 as well as the corresponding covari-
ant exterior derivative in section 1.2.4. Afterwards, we will introduce the adjoint
tractor bundle in section 1.2.5 and show how it induces a notion of a fundamental
derivative D for all natural bundles, which will be related in section 1.2.6 to the
di�erential operator induced by the Casimir element of the Lie algebra of G.

1.2.1. Homogeneous bundles. Let G be a Lie group and g the Lie algebra
of G. We will denote by Ad: G → GL(g) and ad: g → gl(g) the adjoint actions
of G and g, respectively. In addition, the Maurer-Cartan form will be denoted by
ωG ∈ Ω1(G, g).

For a closed subgroup H of G consider the homogeneous space M := G/H.
Left multiplication on G induces a left G-action `g on the homogeneous space by
di�eomorphisms. Moreover, the canonical projection πG : G → M endows G with
the structure of a principal H-bundle over M .

Let πE : E → M be a homogeneous bundle with G-action ˜̀ on E. Then we
obtain an induced H-action on the �bre Eo = π−1

E (o) over o = eH by restriction.
The associated bundle construction delivers an isomorphism E ∼= G×H Eo, so the
H-manifold Eo determines the bundle E completely.

Proposition 1.2.1. Let o = eH ∈ G/H and let Eo denote the �bre over o.
The mappings E 7→ Eo and f 7→ f |Eo induce an equivalence between the category of

homogeneous �bre bundles over G/H and the category of manifolds endowed with
left H-actions and H-equivariant smooth maps. In this equivalence, vector bundles
correspond to H-representations.

Proof. [�S09, Proposition 1.4.3.] �

Since the associated bundle construction is natural, every natural bundle over
a homogeneous space is again homogeneous. Furthermore, dual bundles, Whitney
sums, tensor products and exterior powers of homogeneous bundles are homoge-
neous, and the corresponding representations are given by their counterpart on the
level of vector spaces. For example, if V and W are homogeneous vector bundles
with corresponding H-representations V and W, then the bundle V ∗ ⊕W is also
homogeneous with underlying H-representation V∗ ⊕W.

Finally, if we choose V to be a representation of the full group G, then we can
view V also as a representation of the Lie group H by restriction. Therefore, we can
form the associated vector bundle G ×H V over G/H, which we will call a tractor
bundle over G/H. We obtain a natural di�eomorphism G ×H V ∼= G/H × V by
mapping [[g, v]] to the element (gH, g · v). This shows that on a homogeneous space
every tractor bundle is globally trivial.

As an important example, we consider the tangent bundle TM of the homoge-
neous space M . Via the tangent maps of the G-action on M this is a homogeneous
bundle. If we denote by g and h the Lie algebras of G and H, respectively, Proposi-
tion 1.2.1 tells us that TM ∼= G×H g/h, where we identi�ed the tangent space ToM
at o = eH with the H-representation g/h. Explicitly, if πh denotes the canonical
projection g → g/h, this di�eomorphism assigns to any tangent vector ξ ∈ TgHM
the element [[g, πh(ωG(ξ̃))]] in the associated bundle G×H g/h, where ξ̃ ∈ TgG is a
lift of ξ to G. Since two such lifts di�er by an element of the vertical bundle VM ,
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which is mapped to h by ωG, this map is indeed well de�ned. A direct computation
shows that the induced action of h ∈ H on the �bre over o = eH is given by

h · πh(X) = πh(Ad(h)(X)) =: Ad(h)(X + h)

for all X ∈ g.
By naturality of associated bundles we deduce that the cotangent bundle T ∗M

of TM is also a homogeneous bundle di�eomorphic to G ×H (g/h)∗. In addition,
functoriality implies that the action of h ∈ H on ϕ ∈ (g/h)∗ is the dual of the
action of H on g/h, i.e.

(h · ϕ)(X + h) = ϕ(Ad(h−1)(X + h))

for all X + h ∈ g/h. In a similar way, we can determine the induced H-actions
on Λk(g/h)∗, which correspond to the homogeneous vector bundles ΛkT ∗M for all
1 ≤ k ≤ dim(M).

For the construction of Poisson transforms we have to analyse the pullback of
a homogeneous vector bundle along di�eomorphisms between homogeneous spaces.

Corollary 1.2.1. Let G be a Lie group, H and K closed subgroups of G
with K ⊂ H and let π : G/K → G/H be the canonical projection. For any H-
representation V let V denote the associated vector bundle over G/H. Then the
pullback bundle π∗V → G/K is a homogeneous vector bundle isomorphic to G×KV,
where V is viewed as a K-representation by restriction.

Proof. By de�nition, the �bre of π∗V over a point gK ∈ G/K is given by
the set of all pairs ξ = (gK, η) with η ∈ VgH . Since V is a homogeneous bundle,
we deduce that g′ · ξ := (g′gK, g′η) is a well de�ned element in (π∗V )gg′K and
thus de�nes a G-action on the pullback bundle compatible with the projection
π∗V → G/K. Therefore, we see that the pullback bundle is a homogeneous bundle
over G/K. The corresponding K-action on the �bre of π∗V over o = eK reads as
k · (o, v) = (o, kv) for v ∈ V, where we consider V with the induced K-action on the
right hand side. Thus, we obtain a di�eomorphism π∗V ∼= G×K V. �

1.2.2. Sections of homogeneous bundles. As in the last section, let G be
a Lie group with Lie algebra g and H be a closed subgroup of G with Lie algebra h.
Let V →M be a homogeneous vector bundle over M := G/H with underlying H-
representation V. Then the space of smooth sections Γ(V ) of V inherits a G-action
via (g · s)(g′H) := g · s(g−1g′H) for all s ∈ Γ(V ) and g, g′ ∈ G. We call Γ(V ) the
induced representation of G corresponding to the H-representation V, and denote
it by IndGH(V).

Equivalently, we can describe the space of sections of V as the set of smooth
maps f : G → V which satisfy the equivariance condition f(gh) = h−1 · f(g) for
all g ∈ G and h ∈ H. Given such a map, we can de�ne a section of V via
s(gH) = [[g, f(g)]] for all g ∈ G, and this assignment is an isomorphism. In this
picture, the G-action on Γ(V ) translates to (g′ ·f)(g) = f((g′)−1g) for all g, g′ ∈ G.

Since every homogeneous vector bundle is determined by its underlying repre-
sentation, we are able to relate G-invariant sections of the bundle with invariant
elements in the vector space.

Theorem 1.2.2. Let V → G/H be a homogeneous vector bundle with underly-
ing H-representation V, and let X be a smooth manifold endowed with a smooth left
G-action. Then the evaluation at o = eH induces a natural bijection between the
set of G-equivariant maps Φ: X → Γ(V ) which are smooth as maps Φo : X → Eo,
and the set of smooth, H-equivariant maps X → V. In particular, there is a natural
linear bijection between the set Γ(V )G of G-invariant sections of V and the set VH
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of H-invariant elements in the standard �bre. Denoting by ResGH(V) the space V
viewed as an H-representation, this implies that we get a linear isomorphism

HomG(V, IndGH(W)) ∼= HomH(ResGH(V),W),

i.e., ResGH and IndGH are adjoint functors.

Proof. [�S09, Theorem 1.4.4.]. Note that the original assumptions in the
book do not guarantee that f : X → V induces a map from X into the smooth
sections of E. �

In section 2.2.1 we will de�ne the Poisson transform by using an G-invariant dif-
ferential form on a homogeneous space with values in a homogeneous vector bundle.
Therefore, it will be important to determine the G-action on this space explicitly.
As before, let V be a homogeneous vector bundle over M with corresponding H-
representation V and denote the G-action on V by ˜̀. If α is a V -valued di�erential
form of degree k on M , then for all g ∈ G, g′H ∈ M and ξ1, . . . , ξk ∈ Tg′HM we
get

(g · α)(g′H)(ξ1, . . . , ξk) = (g · α(g−1g′H))(ξ1, . . . , ξk)

= ˜̀
gα(g−1g′H)(Tg′H`g−1 · ξ1, . . . , Tg′H`g−1 · ξk)

= ˜̀
g(`
∗
g−1α)(g′H)(ξ1, . . . , ξk),

so we see that the G-action on α is given by the pullback along the inverse of `g
composed with the action of g on the bundle V .

If α is G-invariant, then Theorem 1.2.2 tells us that α(o) ∈ Λk(g/h)∗ ⊗ V is
H-invariant. Here, the H-action on an element ϕ ∈ Λk(g/h)∗ ⊗ V reads as

(h · ϕ)(X1 + h, . . . , Xk + h) = h · ϕ(Ad(h−1)(X1 + h), . . . ,Ad(h−1)(Xk + h))

for all X1, . . . , Xk ∈ g. Conversely, if ϕ ∈ Λk(g/h)∗ ⊗ V is H-invariant the corre-
sponding G-invariant k-form αϕ is given by

αϕ(gH)(ξ1, . . . , ξk) := ˜̀
gϕ(TgH`g−1 · ξ1, . . . , TgH`g−1 · ξk)

for all gH ∈M and ξ1, . . . , ξk ∈ TgHM .

1.2.3. Invariant connections. In order to relate di�erential operators to
Poisson transforms it will be necessary to construct a calculus on vector valued
di�erential forms on homogeneous spaces G/H. For that, we have to answer the
question of existence of connections on homogeneous bundles which are compat-
ible with the corresponding actions of the Lie group G. It turns out that such
connections are again determined by data of the underlying H-representation.

Let G be a semisimple Lie group with Lie algebra g and H a closed subgroup
of G with Lie algebra h. Let ρ : H → GL(V) be an H-representation and V be the
homogeneous vector bundle associated to V. Consider a linear connection ∇ on V ,
which is a linear map Γ(V )→ Ω1(G/H, V ) satisfying a Leibniz rule. Since we have
seen before that the space of sections of a homogeneous bundle naturally inherits
a G-action, we require this linear map to be G-equivariant. Explicitly, this means
that

g(∇ξs) = ∇gξ(gs)

for all s ∈ Γ(V ), ξ ∈ X(G/H) and g ∈ G, and in this case we say that the linear
connection ∇ is G-invariant.

For a G-invariant linear connection ∇ on V consider the curvature tensor R ∈
Ω2(G/H,End(V )) given by the formula

R(ξ, η)(s) = ∇ξ∇ηs−∇η∇ξs−∇[ξ,η]s
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for all s ∈ Γ(V ) and vector �elds ξ, η on G/H. By invariance of the connection the
curvature is a G-invariant di�erential form and thus corresponds to an H-invariant
element in Λ2(g/h)∗ ⊗ End(V) due to Theorem 1.2.2.

In the special case of invariant connections on the tangent bundle of G/H there
is another important tensorial quantity. Let ∇ be a connection on T (G/H) and
consider the torsion T ∈ Ω2(G/H, T (G/H)) de�ned by

T (ξ, η) = ∇ξη −∇ηξ − [ξ, η]

for all vector �elds ξ, η ∈ X(G/H). If ∇ is G-invariant, then the torsion is an
invariant section, and therefore by Theorem 1.2.2 corresponds to an H-invariant
element in Λ2(g/h)∗ ⊗ g/h.

Similarly as before, the G-invariance of a linear connection on a homogeneous
vector bundle G×H V suggests that it is entirely determined by data given in terms
of the representation V.

Theorem 1.2.3. Let G be a Lie group with Lie algebra g and H ⊂ G be a
closed subgroup with Lie algebra h. Let ρ : H → GL(V) be an H-representation and
let V = G×H V be the corresponding associated vector bundle over G/H.

(i) G-invariant linear connections on V are in bijective correspondence with linear
maps α : g→ End(V) satisfying
(a) α|h = ρ′

(b) α(Ad(h)(X)) = ρ(h) ◦ α(X) ◦ ρ(h−1) for all X ∈ g and h ∈ H.
Explicitly, if s ∈ Γ(V ) corresponds to the equivariant map f : G → V, then
the H-equivariant map ∇f : G→ L(g/h,V) corresponding to ∇s is given by

∇f(g)(X + h) = (LX · f)(g) + α(X)(f(g))

for all g ∈ G and X ∈ g. Here, LX denotes the left-invariant vector �eld
generated by X ∈ g.

(ii) The curvature of a G-invariant linear connection corresponding to the map
α is the invariant section in Ω2(G/H,End(V )) which is induced by the H-
equivariant map Λ2(g/h)→ End(V) de�ned by

(X + h, Y + h) 7→ α(X) ◦ α(Y )− α(Y ) ◦ α(X)− α([X,Y ]).

(iii) In the case of a G-invariant linear connection ∇ on T (G/H) corresponding
to α : g→ End(g/h), consider the linear map Λ2g→ g/h given by

(X,Y ) 7→ α(X)(Y + h)− α(Y )(X + h)− [X,Y ] + h.

This map factors to an H-invariant map Λ2(g/h)→ g/h, and the correspond-
ing G-invariant section in Ω2(G/H, T (G/H)) is the torsion of ∇.

Proof. [�S09, Thm 1.4.7, Prop. 1.4.7, Prop 1.4.8] �

The formula in Theorem 1.2.3(i) shows that every linear connection is given by
a �rst order operator plus an algebraic part, which is the action of g on V via α. In
particular, if the section s ∈ Γ(V ) is G-invariant, then the corresponding map f is
constant and therefore LX · f = 0. This re�ects the fact that G-invariant sections
can be understood pointwise.

One way to obtain such invariant connections on V is to induce them from
principal connections on G. Recall that π : G → G/H is a principal bundle with
structure group H, and the principal action is simply the restriction of the right
multiplication ρg : h 7→ hg on G. Assume that G is endowed with a principal
connection, i.e. a horizontal distribution H on G such that Tgρh(Hg) = Hgh for all
g ∈ G and h ∈ H. Equivalently, this can be described by the principal connection
form γ ∈ Ω1(G, h) which satis�es (ρh)∗γ = Ad(h−1) ◦ γ for all h ∈ H.
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Proposition 1.2.3. Let G be a Lie group and H a closed subgroup of G. Then
principal connections on G→ G/H are in bijective correspondence with linear maps
β : g→ h such that

(i) β|h = idh

(ii) Ad(h−1) ◦ β ◦Ad(h) = β for all h ∈ H.

In particular, if ρ : H → GL(V) is any �nite dimensional H-representation, then
the linear map α := ρ′ ◦β : g→ End(V) satis�es the properties of Theorem 1.2.3(i)
and thus induces a linear connection on G×H V.

Proof. [�S09, Theorem 1.4.5] applied in the case H = K and i = idH . �

Note that the naturality of the induced connections on associated vector bun-
dles implies that H-equivariant maps between H-representations induce G-equi-
variant bundles maps which are parallel. We will use this Proposition in section
1.3.1 to construct canonical connections on homogeneous vector bundles over sym-
metric spaces.

For the rest of this section let ρ : G → GL(V) be a representation of the full
group G. Then the derivative α := ρ′ satis�es the properties of part (i) in Theorem
1.2.3 and therefore induces a canonical G-invariant linear connection ∇V on the
corresponding tractor bundle V , which we will call the tractor connection. Since
the map α is a Lie algebra homomorphism, we deduce from part (ii) of the same
Theorem that the curvature of ∇V is trivial. Moreover, if s ∈ Γ(V )G is a G-
invariant section corresponding to the H-invariant element v ∈ VH we obtain that
∇V s corresponds to the equivariant map (X + h) 7→ ρ′(X)(v).

Note that we can also relate the tractor connection to the standard exterior
derivative. More explicitly, we have seen above that any tractor bundle is glob-
ally trivialisable, implying that smooth sections of V correspond to smooth maps
G/H → V. Applying the exterior derivative to such functions de�nes a �at connec-
tion d : C∞(G/H,V)→ Ω1(G/H,V), and this corresponds precisely to the tractor
connection in this trivialisation.

1.2.4. The covariant exterior derivative. Following the previous section,
we use the existence of a G-invariant connection on a homogeneous vector bundle
V over a homogeneous space G/H to construct di�erential operators between V -
valued di�erential forms on G/H. In the case of a �at connection we obtain a
complex of di�erential operators, and its cohomology is of major importance in the
study of homogeneous spaces.

Using a G-invariant connection ∇ on V , we can mimic the formula for the
standard exterior derivative of real valued di�erential forms by replacing the Lie
derivative with the connection. In this way, we obtain the covariant exterior deriv-
ative d∇, which is a G-equivariant di�erential operator on Ω∗(G/H, V ) determined
by d∇s = ∇s for s ∈ Γ(V ) as well as

d∇(α ∧ β) = dα ∧ β + (−1)|α|α ∧ d∇β

for all real valued forms α and V -valued forms β on G/H. Explicitly, on V -valued
k-forms α the covariant exterior derivative is given by

(d∇α)(ξ0, . . . , ξk) =

k∑
i=0

(−1)i∇ξi(α(ξ0, . . . , ξ̂i, . . . , ξk))

+
∑
i<j

(−1)i+jα([ξi, ξj ], ξ0, . . . , ξ̂i, . . . , ξ̂j , . . . , ξk)

for all ξ0, . . . , ξk ∈ X(G/H), where the hat denotes omission.
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The covariant exterior derivative is compatible with natural constructions of
vector bundles and induced connections. However, although the operator d∇ is
de�ned analogously to the exterior derivative, it is not a di�erential in general.
We will summarize in the following Proposition some properties of the covariant
exterior derivative, which will be important in the sequel.

Proposition 1.2.4. Let V andW be homogeneous vector bundles over a homo-
geneous space G/H and let ∇V and ∇W be connections on V and W , respectively.
Then we have

(i) For all V -valued forms α on G/H we have d∇
V

d∇
V

α = R∇
V ∧ α, where

R∇
V ∈ Ω2(G/H,End(V )) is the curvature of ∇V .

(ii) For all V -valued forms α and W -valued forms β on G/H we have

d∇
V⊗W

(α ∧ β) = d∇
V

α ∧ β + (−1)|α|α ∧ d∇
W

β,

where we view α ∧ β as an V ⊗W -valued di�erential form on G/H. Here,
∇V⊗W is the induced connection on the homogeneous vector bundle V ⊗W .

Proof. (i) [KMS93, Lemma 11.13(4)]
(ii) Follows immediately from the de�nition of the connection on V ⊗W and the

explicit formula for the covariant exterior derivative. �

For the rest of the section assume that V is a G-representation. Then the cor-
responding tractor bundle V carries a canonical �at linear connection, and we will
denote the corresponding covariant exterior derivative by dV . Note that Proposition
1.2.4(i) shows that dV is always a di�erential and thus induces a complex

Γ(V ) Ω1(G/H, V ) · · · Ωdim(G/H)(G/H, V ),∇ dV dV

called the twisted de Rham complex.
Finally, let α be a G-invariant V -valued k-form on G/H and φ be the corre-

sponding invariant element in the H-representation Λk(g/h)∗ ⊗V due to Theorem
1.2.2. Using G-equivariance, the image of α under the covariant exterior derivative
is again G-invariant, and we can express the corresponding H-invariant element
dV φ in terms of φ. In order to do so, recall from section 1.2.3 that for s ∈ Γ(V )G

corresponding to v ∈ VH the invariant element ∇s ∈ Ω1(G/H, V ) is obtained via
the g-action on v. Using this, a direct computation shows that for all Xi ∈ g we
have

(dV φ)(X0 + h, . . . , Xk + h) =

k∑
i=0

(−1)iXi · φ(X0 + h, . . . , ı̂, . . . , Xk + h)

+
∑
i<j

(−1)i+jφ([Xi, Xj ] + h, X0 + h, . . . , ı̂, . . . , ̂, . . . , Xk + h),

(1.2.4)

where the dot denotes the action of Xi on V. Note that this formula is well de�ned
due to H-invariance of φ. Moreover, if ∂ denotes the standard codi�erential in Lie
algebra cohomology of g with values in V, we can write this formula simply as

π∗h(dV φ) = ∂(π∗hφ)

for all φ ∈ Λk(g/h)∗ ⊗ V, where πh is the canonical projection g→ g/h.
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1.2.5. The adjoint tractor bundle and the fundamental derivative.
Having developed the general theory of homogeneous bundles and invariant con-
nections we will introduce a canonical tractor bundle, called the adjoint tractor
bundle, which will induce a canonical derivative on all homogeneous bundles.

Every Lie group G acts on its Lie algebra g via the adjoint action, implying
that we can always form the adjoint tractor bundle A := G ×H g over G/H. Due
to the de�nition as the bundle associated to the Lie algebra g, the adjoint tractor
bundle carries additional structure. Explicitly, the Lie bracket on g is equivariant
with respect to the restriction of the adjoint action to H and thus gives rise to a
G-equivariant bundle map { , } : A×A → A. For all x ∈ G/H this map turns the
�bre Ax into a Lie algebra isomorphic to g. Moreover, the short exact sequence
0→ h→ g→ g/h→ 0 of H-representations gives rise to an exact sequence

0 G×H h A T (G/H) 0Π

of homogeneous bundles. Finally, we have seen that every tractor bundle is en-
dowed with a canonical G-invariant connection, which we call the adjoint tractor
connection in the case of the adjoint tractor bundle.

Proposition 1.2.5. Let G be a Lie group with Lie algebra g and H ⊂ G be a
closed subgroup with Lie algebra h. Let V be a tractor bundle on G/H corresponding
to the G-representation V with tractor connection ∇V .
(i) There is an isomorphism between the space Γ(A) of sections of the adjoint

tractor bundle and the space X(G)H of H-right invariant vector �elds on G,
which is induced by the map X(G)H → C∞(G, g)H de�ned by ξ 7→ ωG(ξ).

(ii) The g-action on V induces a bundle map • : A× V → V which endows every
�bre Vx with the structure of an Ax-module. This action satis�es for all s1,
s2 ∈ Γ(A) and t ∈ Γ(V ) that

{s1, s2} • t = s1 • (s2 • t)− s2 • (s1 • t).
(iii) The operations { , } and • are parallel with respect to the connections induced

by ∇V and ∇A. This means that

∇Aξ {s1, s2} = {∇Aξ s1, s2}+ {s1,∇Aξ s2},
∇Vξ (s • t) = (∇Aξ s) • t+ s • (∇Vξ t)

for all sections s, s1, s2 ∈ Γ(A) and t ∈ Γ(V ) and all vector �elds ξ ∈
X(G/H).

Proof. [�S09, Proposition 1.5.7(2),(3),(5); Proposition 1.5.8] �

Part (i) of Proposition 1.2.5 leads to a notion of derivative of any sections
of natural vector bundles. Indeed, let V be an H-representation and V be the
corresponding homogeneous vector bundle. We have seen in section 1.2.2 that
sections of V correspond to H-equivariant maps f : G → V. If we derive this map
with respect to an H-right invariant vector �eld ξ ∈ X(G)H , then the resulting map
will again be H-equivariant and thus corresponds to a section of V . On the other
hand, part (i) of Proposition 1.2.5 shows that ξ corresponds to a section of the
adjoint tractor bundle. In this way, we can associate to all s ∈ Γ(A) and t ∈ Γ(V )
a section of V , which we will denote by Dst. The resulting map

D : Γ(A)× Γ(V )→ Γ(V )

is called the fundamental derivative.
By de�nition, the map D is linear in the Γ(A)-slot, whereas is satis�es a Leibniz

rule with respect to the section of V . Thus, we can indeed viewD as a generalization
of a derivative on any homogeneous vector bundle.
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Theorem 1.2.5. Let G be a Lie group with Lie algebra g and H ⊂ G be a
closed subgroup with Lie algebra h.

(i) For all smooth maps f : G/H → R and s ∈ Γ(A) we have Dsf = Π(s) · f ,
where Π: Γ(A)→ X(G/H) is the projection induced by g→ g/h.

(ii) If s is a section of G ×H h ⊂ A, then the fundamental derivative satis�es
Dst = −s • t for all t ∈ Γ(G ×H V), where V is any H-representation and •
is the G-equivariant bundle map induced by the h-action on V.

(iii) The fundamental derivative is compatible with all G-invariant bundle maps
induced by H-equivariant maps between H-representations. In particular, it
is compatible with tensor products and contractions of sections of homogeneous
vector bundles.

(iv) If V is a tractor bundle, then we can express the tractor connection ∇V as

∇VΠ(s)t = Dst+ s • t

for all sections s ∈ Γ(A) and t ∈ Γ(V ).

Proof. [�S09, Proposition 1.5.8; Theorem 1.5.8] �

1.2.6. The action of the Casimir. For any semisimple Lie group g we have
seen in section 1.1.1 that the Casimir C is a distinguished element in the centre of
the universal enveloping algebra u(g) of g. In this section we show how the Casimir
induces a di�erential operator between sections of homogeneous vector bundles on
any homogeneous space, which will be used to relate two Laplace operators on
Riemannian symmetric spaces and homogeneous parabolic geometries via Poisson
transforms, c.f. Theorem 2.2.3.

Let G be a semisimple Lie group, H ⊂ G be a closed subgroup and V be an
H-representation with corresponding homogeneous vector bundle V . Let t ∈ Γ(V )
be a smooth section of V and denote by f : G→ V the corresponding H-equivariant
map. We have seen that G acts on f via (g′ · f)(g) = f((g′)−1g) for all g, g′ ∈ G.
Therefore, the in�nitesimal action of X ∈ g on f is given by

X · f := −Tgf ◦ Teρg ·X = −RX · f,

where RX ∈ X(G) denotes the right invariant vector �eld induced by X ∈ g. The
resulting map X · f is again H-equivariant and thus corresponds to a section of
V . Therefore, every X ∈ g de�nes a di�erential operator DX on Γ(V ) of order
1, which is G-equivariant if and only if Ad(g)(X) = X for all g ∈ G. However,
this is equivalent to X being in the centre of g, which is trivial by semisimplicity.
Therefore, we cannot get G-equivariant di�erential operators in this way.

However, recall that every representation of a Lie algebra g is canonically a
representation of the universal enveloping algebra u(g) of g. Moreover, the Lie
algebra homomorphism X 7→ RX lifts to a homomorphism on u(g), so we can
analogously de�ne di�erential operatorsDX on Γ(V ) for allX ∈ u(g). In particular,
the Casimir operator C is in the centre of u(g) and thus de�nes a G-equivariant
di�erential operator DC on sections of V . Explicitly, if Xi is a basis of g and Yi is
its dual basis with respect to the Killing form B, then this operator is induced by
the map

C · f =
∑
i

RYi ·RXi · f ∈ C∞(G,V)H

for all H-equivariant maps f : G→ V.
Now Proposition 1.2.5(i) implies that for all X ∈ g there is a section sX of

the dual adjoint tractor bundle A on G/H corresponding to RX . By de�nition,
the section of V induced by the H-equivariant map RX · f coincides with DsX t,
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where t ∈ Γ(V ) corresponds to f ∈ C∞(G,V)H . In particular, we can express the
di�erential operator induced by the Casimir in terms of the fundamental derivative.

Proposition 1.2.6. Let G be a Lie group with Lie algebra g and H ⊂ G be a
closed subgroup of G. Let B be the G-equivariant bundle map on the adjoint tractor
bundle A∗ induced by the Killing form on g. Let V be an H-representation and
V be the associated homogeneous vector bundle on G/H. Then we can write the
G-equivariant di�erential operator DC : Γ(V )→ Γ(V ) induced by the action of the
Casimir as the composition

Γ(V ) Γ(A∗ ⊗A∗ ⊗ V ) Γ(V )D2 B⊗idV

Proof. [�S07, Proposition 1]. Note that the proof in this paper is valid for
any homogeneous space. �

1.3. Symmetric spaces

The Poisson transforms we construct in this thesis map between vector valued
di�erential forms, whose underlying manifolds are given by two speci�c classes of
homogeneous spaces whose geometric properties are disparate. The �rst of these
is the class of Riemannian symmetric spaces, which has been intensively studied in
the �eld of harmonic analysis. In section 1.3.1 we recall the basic properties of these
structures and in particular show that homogeneous vector bundles over such spaces
always carry invariant connections. Afterwards, the main focus in section 1.3.2 will
lie in the analysis of invariant geometric objects on tractor bundles, which ultimately
leads to a Laplace operator which satis�es a Weitzenböck formula with respect to
the di�erential operator induced by the Casimir element of g, c.f. Theorem 1.3.3.
This result will be essential for the proof of Theorem 2.2.3, where we relate harmonic
eigenforms of this di�erential operator to Poisson transforms which are compatible
with the BGG-sequence on the corresponding homogeneous parabolic geometry.

1.3.1. De�nition and basic properties. Let G be a semisimple Lie group
with �nite centre and Lie algebra g and let θ be a Cartan involution of g. We have
seen that the corresponding Cartan decomposition g = k ⊕ q is orthogonal with
respect to the Killing form B and the restriction of B to k and q is negative and
positive de�nite, respectively. Moreover, since θ is a Lie algebra homomorphism
the bracket relations read as [k, k] ⊂ k, [k, q] ⊂ q and [q, q] ⊂ k. Therefore, k is a
compact Lie subalgebra of g, whereas q is a k-module via the adjoint action. In
addition, by invariance of the Killing form, the restriction of B to q is k-invariant.

Consider the Lie subgroup K of G whose Lie algebra is k. Since the centre of G
is �nite the group K is a maximal compact subgroup, and both Lie algebras k and
q are K-modules via the adjoint action. By de�nition, the Cartan decomposition
g = k ⊕ q is K-equivariant, so we can identify the tangent bundle of G/K with
G ×K q. The restriction of the Killing form to q is a K-invariant inner product,
which in turn endows G/K with a G-invariant Riemannian metric g. Moreover,
the adjoint tractor bundle A(G/K) of G/K decomposes into the Whitney sum
(G×K k)⊕ T (G/K) of G-invariant bundles.

On the other hand, the K-invariant subspace q of g induces a distribution Q
on the tangent bundle TG ∼= G× g, which is a principal connection for G→ G/K.
By Proposition 1.2.3 we obtain induced linear connections ∇ on any homogeneous
vector bundle over G/K, which are naturally compatible with G-invariant oper-
ations. In particular, for any K-equivariant map between �nite dimensional K-
representations the induced G-equivariant bundle map will be parallel.
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Definition 1.3.1. Let G be a semisimple Lie group with �nite centre, K ⊂ G
the maximal compact subgroup and V a �nite dimensional K-representation with
associated homogeneous vector bundle V → G/K. Then we call the connection
∇ : Γ(V )→ Ω1(G/K, V ) the canonical connection on V .

In the next Proposition we relate the canonical connection to the fundamental
derivative de�ned in section 1.2.5 as well as to the tractor connection on tractor
bundles over G/K.

Proposition 1.3.1. Let G be a semisimple Lie group with �nite centre and
g = k⊕ q be a Cartan decomposition of its Lie algebra. Let K ⊂ G be the maximal
compact subgroup with Lie algebra k and ρ : K → End(V) be a �nite dimensional
K-representation with corresponding homogeneous vector bundle V over G/K.

(i) The linear map α : g → End(V) from Theorem 1.2.3 corresponding to the
canonical connection on V is determined by α|q = 0. In particular, the cur-
vature of ∇ is induced by the map R : Λ2q → End(V) given by (X,Y ) 7→
−ρ′([X,Y ]).

(ii) The canonical connection on V is the restriction of the fundamental derivative
to the subbundle T (G/K) of the adjoint tractor bundle.

(iii) Let V be a tractor bundle and ∇V its tractor connection. Then for all ξ ∈
X(G/K) and t ∈ Γ(V ) we have

∇Vξ t = ∇ξt+ ξ • t.

Proof. (i) Let Q ⊂ TG be the principal connection de�ned by the K-
module q. Then the corresponding connection form γ ∈ Ω1(G, k) is given
by the vertical projection of tangent vectors in TG followed by left transla-
tion to k. In view of Proposition 1.2.3 this shows that the map β : g → k
corresponding to γ is simply given by projection onto the �rst factor of the
Cartan decomposition. Thus, it follows that the K-equivariant linear map
α : g → End(V) corresponding to the canonical connection satis�es α|q = 0
and α|k = ρ′. The second part follows immediately from part (ii) of Theorem
1.2.3.

(ii) Since the tangent bundle T (G/K) is a subbundle of the adjoint tractor bun-
dle we can restrict the fundamental derivative D to vector �elds on G/K.
Moreover, the fundamental derivative satis�es a Leibniz rule and is linear in
the Γ(A)-slot, so this restriction de�nes a connection ∇̃ on Γ(V ). Using the
correspondence between sections of A and K-right invariant vector �elds, part
(i) immediately implies that ∇̃ coincides with the canonical connection.

(iii) The formula follows from part (iv) of Theorem 1.2.5. �

In particular, we can consider the canonical connection∇ on the tangent bundle
T (G/K), which is exactly the Levi Civita connection on the Riemannian symmetric
space G/K.

Corollary 1.3.1. Let G be a semisimple Lie group with �nite centre and Lie
algebra g and let K ⊂ G be a maximal compact subgroup. Let g = k⊕ q be the cor-
responding Cartan decomposition and let g be the G-invariant Riemannian metric
on G/K induced by the Killing form. Then the Levi-Civita connection induced by
g coincides with the canonical connection on the tangent bundle of G/K.

In particular, the Riemann curvature tensor R ∈ Ω2(G/K,End(T (G/K))) is
induced by the map Λ2q→ End(q) de�ned by

R(X,Y )(Z) = −[[X,Y ], Z]

for all X, Y , Z ∈ q.
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Proof. By uniqueness it su�ces to show that the canonical connection on the
tangent bundle is torsion free and metric. However, the Riemannian metric g on
G/K is induced by the restriction of the Killing form to q, so by naturality we
obtain ∇g = 0. Moreover, the Lie bracket maps elements of q into k, so combining
Proposition 1.3.1(i) and Theorem 1.2.3(iii) shows that the torsion of∇ is trivial. �

In the proof of the last Corollary we used that the Riemannian metric is parallel
since it is induced by the restriction of the Killing form to q. However, the same
argument holds for any K-invariant inner product on q, so we have actually proven
that the canonical connection is the Levi Civita of any G-invariant Riemannian
structure on G/K. For a classical proof of this statement see [Hel01, Corollary
4.3].

1.3.2. Tractor calculus on symmetric spaces. After the general discussion
our aim is to establish a calculus for tractor bundles over symmetric spaces. First,
we will show the existence of a second G-invariant �at connection on tractor bundles
over G/K, which in turn give rise to a formal adjoint of the covariant exterior
derivative with respect to a special L2-norm on tractor valued di�erential forms.
The resulting vector valued Laplace Beltrami operator will satisfy a Weitzenböck
formula with respect to the di�erential operator induced by the Casimir element of
G, which will be the main result in section 1.3.3.

Throughout this section let ρ : G → GL(V) be a �nite dimensional represen-
tation of G with associated tractor bundle V over G/K. Since the group K is
compact, we can �nd (many) K-invariant inner products on V, and each choice
induces a G-invariant Euclidean bundle metric h on V . Combining this with the
Riemannian metric on the tangent bundle of G/K induces a G-invariant inner prod-
uct 〈 , 〉 on Ω∗(G/K, V ), which allows us to de�ne a Hodge star operator on tractor
valued di�erential forms.

Since we are in the category of G-representations it would be natural to use an
inner product on V which is invariant with respect to the G-action. However, this
would mean that the image of ρ is in SO(V) which is only possible if G is a compact
Lie group. Therefore, we have to slightly modify the inner product by bringing the
Cartan involution θ of g into the game.

Lemma 1.3.2. Let g be a semisimple Lie algebra with Cartan involution θ and
corresponding Cartan decomposition g = k ⊕ q. Then there is a positive de�nite
inner product 〈 , 〉V on every �nite dimensional g-representation V which satis�es

〈X · v, w〉V = −〈v, θ(X) · w〉V

for all X ∈ g and v, w ∈ V. Moreover, if V is irreducible, then the inner product
is unique up to a positive factor.

Proof. The existence of the inner product is shown in the proof of [�S09,
Prop. 3.3.1]. To obtain uniqueness, let Φ: V → V∗ be the linear isomorphism
induced by the inner product, which satis�es Φ(θ(X)v) = X ·Φ(v) for all v ∈ V and
X ∈ g by de�nition. If there is another inner product on V with induced map Φ̃,
then the composition Φ−1 ◦Φ̃ is a g-equivariant automorphism of V. Therefore, if V
is irreducible, Schur's Lemma implies that this map is an isomorphism. Moreover,
if we complexify g and V, then the corresponding complexi�ed map Φ−1

C ◦ Φ̃C
is a complex multiple of the identity. By construction, this means that the two
complex bilinear products corresponding to ΦC and Φ̃C di�er by a complex number
µ. However, their restrictions to the subspace V ⊗ 1 ⊂ VC have to be positive
de�nite, implying that µ is a positive real number. �
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Recall from section 1.2.4 that the tractor bundle V carries a canonical G-
invariant �at connection ∇V . Moreover, the inner product on V from Lemma 1.3.2
is in particular K-equivariant, so it induces a G-invariant Euclidean bundle metric
h on V . Therefore, we can de�ne a connection on V which is adjoint to the tractor
connection with respect to the bundle metric h.

Definition 1.3.2 (θ-twisted tractor connection). Let G be a semisimple Lie
group with �nite centre and Lie algebra g and K ⊂ G a maximal compact subgroup
with respect to a Cartan involution θ on g. Let V be a �nite dimensional G-
representation and V the associated tractor bundle with tractor connection ∇V .
Let 〈 , 〉V be the inner product on V from Lemma 1.3.2 and denote by h the
induced G-invariant Euclidean bundle metric on V .

The θ-twisted tractor connection ∇θ : Γ(V ) → Ω1(G/K, V ) is de�ned as the
adjoint of the tractor connection with respect to h, i.e. the uniquely determined
connection so that

h(s,∇θξt) = ξ · h(s, t)− h(∇Vξ s, t)
for all vector �elds ξ ∈ X(G/K) and sections s, t ∈ Γ(V ).

In the next Proposition we will clarify the relation between the θ-twisted tractor
connection and the canonical connection introduced in section 1.3.1.

Proposition 1.3.2. Let G be a semisimple Lie group with �nite centre and Lie
algebra g, let K ⊂ G be the maximal compact subgroup corresponding to the Cartan
involution θ on g. Let ρ : G → GL(V) be a �nite dimensional G-representation
with associated tractor bundle V on G/K be its associated tractor bundle and h
be the bundle map V × V → R induced by the inner product 〈 , 〉V from Lemma
1.3.2. Moreover, let ∇V and ∇θ be the tractor connection and the θ-twisted tractor
connection on V , respectively.

(i) For all vector �elds ξ ∈ X(G/K) and sections s ∈ Γ(V ) we have

∇θξs = ∇ξs− ξ • s
via the identi�cation of T (G/K) with G×K q.

(ii) The connection ∇θ is a G-invariant connection on V . In view of Theorem
1.2.3, the corresponding equivariant map α : g→ End(V) is given by the com-
position α := ρ′ ◦ θ. In particular, the connection ∇θ is �at.

Proof. (i) Since the bundle metric h is induced by a K-invariant inner
product on V it follows by naturality of the canonical connection that ∇h = 0.
Moreover, since we identi�ed the tangent bundle of G/K with G ×K q the
fundamental property of the inner product on V implies that h(ξ • s, t) =
h(s, ξ • t) for all s, t ∈ Γ(V ) and ξ ∈ X(G/K). Thus, from Proposition
1.3.1(iii) we obtain

h(s,∇θξt) = ξ · h(s, t)− h(∇Vξ s, t)
= h(∇ξs, t) + h(s,∇ξt)− h(∇Vξ s, t)
= h(s,∇ξt− ξ • t)

for all section s, t ∈ Γ(V ) and vector �elds ξ ∈ X(G/K).
(ii) The bundle map • is G-equivariant and ∇ is G-invariant, so it follows that ∇θ

is a G-invariant connection. Moreover, the corresponding map α : g→ End(V)
is determined by its restriction to q, on which it equals −ρ′. Thus, we obtain
that α = ρ′ ◦θ, and �atness of ∇θ follows directly from Theorem 1.2.3(ii). �

Now we are ready to construct a calculus on di�erential forms on G/K with
values in a tractor bundle. For that, let 〈 , 〉 denote the G-invariant inner product
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on Ωk(G/K, V ) induced by the Riemannian metric on G/K and the bundle metric
h on V and let vol be the G-invariant volume form on G/K. Then we can de�ne
for α, β ∈ Ωk(G/K, V ) with α compactly supported their L2-inner product by

〈〈α, β〉〉V :=

ˆ
G/K

〈α, β〉 vol .

Note that this de�nition sometimes also makes sense for di�erential forms without
compact support, and we extend the de�nition of the L2-inner product to such
forms. By abuse of notation, we will write 〈〈α, β〉〉 for α, β ∈ Ωk(G/K, V ), implicitly
assuming that the L2-inner product is well de�ned for these di�erential forms.

Recall from section 1.2.4 that the tractor connection ∇V on V induces the
covariant exterior derivative dV on V -valued di�erential forms on G/K, which is
a local operator. Our aim is to construct an adjoint of the covariant exterior
derivative on compactly supported di�erential forms with respect to the L2-inner
product. For that, we de�ne for V -valued di�erential forms α and β on G/K a real
valued di�erential form α ∧h β, which is the usual wedge product on di�erential
forms combined with the contraction V × V → C∞(G/K) induced by the metric
h.

Subsequently, we obtain an Hodge star operator

∗ : Ωk(G/K, V )→ Ωdim(G/K)−k(G/K, V )

by the formula

α ∧h ∗β = 〈α, β〉 vol

for all α, β ∈ Ωk(G/K, V ). Note that this operator reduces on decomposable
elements to ∗(ω ⊗ v) = (∗ω)⊗ v for all ω ∈ Ωk(G/K) and v ∈ Γ(V ), where on the
right hand side the operator ∗ is the usual Hodge star on k-forms on G/K.

Let dθ be the covariant exterior derivative on V -valued di�erential forms on
G/K induced by the θ-twisted tractor connection. Then we de�ne the covariant
codi�erential δV : Ωk(G/K, V )→ Ωk−1(G/K, V ) by the formula

δV α = (−1)k ∗−1 dθ ∗ α

and subsequently de�ne the covariant Laplace operator on Ωk(G/K, V ) by ∆V :=
dV δV + δV dV .

In the next Theorem we will show that the covariant codi�erential is an adjoint
map for the covariant exterior derivative with respect to the L2-inner product on
compactly supported di�erential forms. Moreover, we will establish a formula for δV

in terms of the connection on ΛkT ∗(G/K)⊗V induced by the canonical connection
on ΛkT ∗(G/K) and the tractor connection on V , which will be needed in the next
section to clarify the relation between the covariant Laplace and the di�erential
operator induced by the Casimir element of g.

Theorem 1.3.2. Let G be a semisimple Lie group with �nite centre, K ⊂ G
a maximal compact subgroup and let g and k be the Lie algebras of G and K,
respectively. Let V be a �nite dimensional G-representation with associated tractor
bundle V over G/K and denote by h the G-invariant bundle metric on V induced by
the K-invariant inner product from Lemma 1.3.2. Moreover, let ∇V be the tractor
connection and ∇θ the θ-twisted tractor connection on V .

(i) Let α ∈ Ωk−1(G/K, V ) be compactly supported and let β ∈ Ωk(G/K, V ). Then
we obtain that

〈〈dV α, β〉〉 = 〈〈α, δV β〉〉,

so the covariant codi�erential is L2-adjoint to the covariant exterior deriva-
tive.
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(ii) Let ∇θk denote the connection on ΛkT ∗(G/K) ⊗ V induced by the canonical
connection on T (G/K) and the connection ∇θ on V . Then we have

δV = −
n∑
i=1

ιei∇θkei ,

where e1, . . . , en is a local orthonormal frame of G/K.

Proof. Since the covariant codi�erential is linear it su�ces to prove the for-
mulae for decomposable elements β = θ ⊗ t, where θ ∈ Ωk(G/K) and t ∈ Γ(V ).
(i) Let α = ω ⊗ s with ω ∈ Ωk−1(G/K) and s ∈ Γ(V ) and assume that α has

compact support. Since the covariant exterior derivative is a local operator,
the support of dV α is also compact, so the left hand side of the claimed
equation is well de�ned.

By de�nition of the θ-twisted tractor connection we have

dh(s, t) = h(∇V s, t) + h(s,∇θt).
Therefore, applying the exterior derivative to the wedge product α∧h∗β yields

d(α ∧h ∗β) = d(h(s, t)ω ∧ (∗θ))
= (dh(s, t)) ∧ ω ∧ (∗θ) + h(s, t)d(ω ∧ (∗θ))
= h(∇V s, t) ∧ ω ∧ (∗θ) + h(s, t)(dω) ∧ (∗θ)

+ h(s,∇θt) ∧ ω ∧ (∗θ) + (−1)k−1h(s, t)ω ∧ d(∗θ)

= (dV α) ∧h (∗β) + (−1)k−1α ∧ dθ(∗β).

Integrating both sides and using Stokes' Theorem we see that〈〈
dV α, β

〉〉
=
〈〈
α, δV β

〉〉
.

(ii) From [Sch95, Formula 2.19, p. 25] we know that the Riemannian codi�eren-
tial on G/K can be expressed as

δθ = −
n∑
i=1

ιei∇eiθ.

By de�nition, we get

δV β = (−1)k ∗−1 dθ ∗ (θ ⊗ t) = (δθ)⊗ t+ (−1)n ∗−1
(
(∗θ) ∧∇θt

)
.

Since the local frame {ei} is orthonormal, we can rewrite ∇θt in the second
summand as

∑n
i=1 e

[
i∧∇θeit, where

[ : X(G/K)→ Ω1(G/K) is the isomorphism
induced by the Riemannian metric. Next, we move the 1-forms e[i to the
left, which adds the sign (−1)n−k, and �nally apply the formula e[i ∧ ∗θ =
(−1)k−1 ∗ (ιeiθ), which holds on a general Riemannian manifold. All in all,
we deduce that

δV β = −
n∑
i=1

ιei
(
∇eiθ ⊗ t+ (−1)kθ ∧∇θeit

)
= −

n∑
i=1

ιei∇θkei β,

where we used the de�nition of ∇θk for the last equality. �

1.3.3. Laplacian type operators and the Casimir. Continuing the discus-
sion of symmetric spaces we now analyse the relation between two Laplacian type
operators as well as the di�erential operator on vector valued di�erential forms in-
duced by Casimir element. This will enable us in section 2.2.3 to relate eigenvalues
of the Laplacian type operator ∆V = dV δV +δV dV on G/K with eigenvalues of the
curved Box operator on homogeneous parabolic geometries, which we will de�ne in
section 1.4.2.
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Let V be a K-representation with associated vector bundle V on G/K. In
Proposition 1.2.6 we have seen that the di�erential operator on Γ(V ) induced by
the Casimir operator can be expressed in terms of the fundamental derivative. In
order to compute it explicitly on symmetric spaces, we �rst show that we can always
�nd a local frame which is adapted to the speci�c structure of the adjoint tractor
bundle.

Lemma 1.3.3. Let G be a semisimple Lie group with �nite centre, K ⊂ G a
maximal compact subgroup and g = k⊕ q the associated Cartan decomposition. Let
B be the G-invariant bundle map on the adjoint tractor bundle A on G/K induced
by the Killing form. Let U be an open subset of G/K on which the bundle G→ G/K
is trivial. Then we can �nd a local frame {Xi} of G ×K k, which is orthonormal
with respect to −B, as well as an orthonormal frame {Yi} of T (G/K) with respect
to B, which satis�es B(Xi, Yj) = 0 for all i = 1, . . . ,dim(k) and j = 1, . . . ,dim(q).

Proof. We have seen before that the Cartan decomposition isK-invariant and
orthogonal with respect to the Killing form. Therefore, the induced decomposition
of A into the Whitney sum of the G-invariant subbundles (G×K k) and T (G/K) is
orthogonal with respect to the bundle map B. Moreover, in every point this map
induces a Euclidean inner product on the tangent spaces of G/K and a negative
de�nite bilinear product on the �bres of G×K k.

Since G is trivial over U , so are all bundles associated to G. Choose any local
frame {Xi} of G×K k and {Yi} of T (G/K) over U . Since the values of B(Xi, Xj)
depend smoothly on the base point, we can apply in every point the Gram-Schmidt
procedure to obtain a local orthonormal frame of T (G/K). Similarly, −B is a
Riemannian metric on G×K k, so we can proceed analogously. �

We will refer to a local frame as in Lemma 1.3.3 as an adapted frame for
A. Using these we are able to determine the di�erential operator induced by the
Casimir operator on sections of homogeneous bundles. Explicitly, we can express
this operator in terms of the trace of the canonical connection on V and the action
of the Casimir element of the Lie group K.

Proposition 1.3.3. Let G be a semisimple Lie group with �nite centre, K a
maximal compact subgroup and g = k⊕ q the corresponding Cartan decomposition.
Let V be a K-representation and V be the corresponding associated vector bundle
on G/K. Let DC : Γ(V )→ Γ(V ) be the di�erential operator induced by the Casimir
element C on g as in section 1.2.6 and denote by φCK the tensorial, G-equivariant
map V → V induced by the action of the Casimir element CK of k. Then for all
t ∈ Γ(V ) we obtain that

DCt = tr(∇2t) + φCK (t),

where ∇2 is the composition of the canonical connections on the vector bundles V
and T ∗(G/K)⊗ V .

In particular, the Casimir operator on Γ(V ) splits into the sum of a di�erential
operator of order 2 and the algebraic action of the K-Casimir on V.

Proof. Let {Xi} and {Yj} be a local adapted frame for A and let t be a local
section of V . Using Proposition 1.2.6 we can compute

DC(t) = −
∑
i

(D2t)(Xi, Xi) +
∑
j

(D2t)(Yj , Yj) = (∗).

Moreover, by naturality of the fundamental derivative we obtain that

(D2t)(s1, s2) = Ds1(Ds2t)−DDs1s2
t

for all local sections s1, s2 ∈ Γ(A).



1.3. SYMMETRIC SPACES 21

The fundamental derivative in direction of a section of G×K k is the negative of
the algebraic action due to Theorem 1.2.5(ii). Since the action of G×K k on itself is
given by the algebraic bracket we deduce that DXiXi = {Xi, Xi} = 0. Therefore,
we can write the �rst summand of (∗) as

−
∑
i

(D2t)(Xi, Xi) = −
∑
i

DXi(DXit) = −
∑
i

Xi • (Xi • t) = φCK (t).

For the other summand, we use that the restriction of the fundamental derivative
to the subbundle T (G/K) coincides with the canonical connection, see part (ii) of
Proposition 1.3.1. It follows that∑

j

(D2t)(Yj , Yj) =
∑
j

(
DYjDYj −DDYjYj

)
t

=
∑
j

(
DYj∇Yj −D∇YjYj

)
t =

∑
j

(
∇Yj∇Yj −∇∇YjYj

)
t,

which is tr(∇2t) due to naturality of the canonical connection. �

In the case of a tractor bundle we have seen in section 1.3.2 that there is another
di�erential operator of order 2 on V -valued di�erential forms on G/K given by the
covariant Laplacian ∆V . Similarly to 1.3.3, we can prove a Weitzenböck formula
between this operator and the di�erential operator DC induced by the Casimir
element.

Theorem 1.3.3. Let G be a semisimple Lie group with �nite centre and K ⊂ G
a maximal compact subgroup. Let g be the Lie algebra of G and let g = k ⊕ q be
the Cartan decomposition of g so that k is the Lie algebra of K. Let V be a G-
representation with corresponding tractor bundle V on G/K. Let C be the Casimir
operator on g, let DC : Ω∗(G/K, V ) → Ω∗(G/K, V ) be the di�erential operator
induced by C as in section 1.2.6 and φVC be the tensorial map on Ω∗(G/K, V )
which is induced by the action of the Casimir C on V tensorized with the identity
on Λkq∗. Then on V -valued di�erential forms α on G/K we obtain

DCα = −∆V α+ φVC (α).

Proof. Let {X1, . . . , XN} a local frame of G×K k and {Y1, . . . , Yn} be a local
frame of T (G/K) so that the union is a local adapted frame for A. Moreover, let
B be the Euclidean bundle metric on A induced by the Killing form. If we denote
by {Y i} the dual frame of the local frame {Yi}, then we can write

dV α =

n∑
i=1

Y i ∧∇VkYi α, δV α = −
n∑
i=1

ιYi∇
θk
Yi
α

for all α ∈ Ωk(G/K, V ), where ∇Vk and ∇θk are the connections on the bundle
ΛkT ∗(G/K) ⊗ V induced by the pairings of the canonical connection on T (G/K)
with the connections ∇V and ∇θ on V , respectively. From part (iii) of Proposition
1.3.1 we know that the tractor connection is given by the sum of the canonical
connection and the algebraic action on the vector bundle V . Therefore, naturality
of the canonical connection implies

∇VkY α = ∇Y α+ ρVY (α)

for all vector �elds Y ∈ X(G/K), where ρV is induced by the linear map g →
End

(
Λkq∗ ⊗ V

)
given by the tensor product of the identity on the exterior power

and the action of g on V, and similarly for ∇θk .
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Therefore, the covariant exterior derivative and the covariant codi�erential can
be written for all 1 ≤ i0, . . . , ik ≤ n as

(dV α)(Yi0 , . . . , Yik) =

k∑
j=0

(−1)j(∇Yijα+ ρVYij
(α))(Yi0 , . . . , Ŷij , . . . , Yik)

as well as

(δV α)(Yi1 , . . . , Yik−1
) =−

n∑
`=1

(∇Y`α− ρVY`(α))(Y`, Yi1 , . . . , Yik−1
),

c.f. Theorem 1.3.2(ii).
Combining these two formulae a direct computation shows that

(∆V α)(Yi1 , . . . , Yik) = (φVCq
(α)− tr(∇2α))(Yi1 , . . . , Yik)

+

n∑
`=1

k∑
j=1

(−1)j+1

((
ρV(
{Yij ,Y`}+∇Yij Y`

)(α)

)
(Y`, Yi1 , . . . , ̂, . . . , Yik)

+ (ρVY`(α)−∇Y`α)(∇Yij Y`, Yi1 , . . . , ̂, . . . , Yik)

+ (D`,jα)(Y`, Yi1 , . . . , ̂, . . . , Yik)

)
= (∗),

where φCq
is the tensorial, G-equivariant map induced by the action of the q-part

Cq of the Casimir of g on V tensorized with the identity on Λkq∗, and D`,j denotes
the di�erential operator

D`,j(α) = ∇Y`∇Yijα−∇Yij∇Y`α−∇∇Y`Yijα.

For the following computations, we will use Roman numbers to refer to the corre-
sponding lines in (∗).

First, we want to rewrite the third line (III) of (∗). In order to do so, recall
that the Riemannian metric B on G/K is induced by the Killing form, so for the
orthonormal frame {Ym} this implies that

B(∇YkYi, Yj) +B(Yi,∇YkYj) = Yk ·B(Yi, Yj) = 0.

Thus, if we expand the vector �eld ∇Yij Y` in the frame {Ym}, we obtain that

∇Yij Y` =

n∑
m=1

B(∇Yij Y`, Ym)Ym = −
n∑

m=1

B(∇Yij Ym, Y`)Ym.

We insert this into the third line of (∗) and use multilinearity of α as well as linearity
of ∇ in the lower entry to move the coe�cients of ∇Yij Y` in the above expansion
to the vector �eld Y`, which produces ∇Yij Ym. Therefore, after renaming indices
we obtain that

(III) =

n∑
`=1

k∑
j=1

(−1)j
(
ρV∇Yij Y`

(α)−∇∇Yij Y`α
)

(Y`, Yi1 , . . . , ̂, . . . , Yik)

The �rst sum cancels with the corresponding expression in the second line of (∗).
Moreover, the second summand of (III) together with D`,j gives

∇Y`∇Yijα−∇Yij∇Y`α−∇∇Y`Yijα+∇∇Yij Y`α.

By Corollary 1.3.1 the canonical connection on T (G/K) is torsionfree, so the above
expression reduces to

∇Y`∇Yijα−∇Yij∇Y`α−∇[Y`,Yij ]α = R(Y`, Yij )(α),
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where R denotes the curvature of the canonical connection on ΛkT ∗(G/K) ⊗ V .
Now from part (i) of Proposition 1.3.1 it follows that the curvature is given by the
algebraic action of −{Y`, Yij} on α. All in all, we obtain that

(∗) = (φVCq
(α)− tr(∇2α))(Yi1 , . . . , Yik)

+

n∑
`=1

k∑
j=1

(−1)j+1
(
ρV{Yij ,Y`}

(α) + ρ{Yij ,Y`}(α)
)

(Y`, Yi1 , . . . , ̂, . . . , Yik),

where the map ρ denotes the tensorial map induced by the k-action on Λkq∗ ⊗ V.
Since the algebraic bracket {Yij , Y`} is a section of Γ(G ×K k) we can expand

it in the pseudo-orthonormal local frame {Xm}. The invariance property of the
Killing form implies that

{Yij , Y`} = −
N∑
m=1

B({Yij , Y`}, Xm)Xm =

N∑
m=1

B(Y`, {Yij , Xm})Xm,

and inserting this into (∗) gives
(∗) = (φVCq

(α)− tr(∇2α))(Yi1 , . . . , Yik)

+

N∑
m=1

k∑
j=1

(−1)j+1
(
ρVXm(α) + ρXm(α)

)
({Yij , Xm}, Yi1 , . . . , ̂, . . . , Yik).

Let φCK be the tensorial, G-equivariant map induced by the action of the Casimir
element CK of k on Λkq∗ ⊗ V and φVCK the tensorial, G-equivariant map induced
by the action of CK on V tensorized with the identity on Λkq∗. Then by de�nition
of the algebraic action of G×K k on α we deduce that

∆V α = φVCq
(α) + φVCK (α)− tr(∇2α)− φCK (α).

The �rst two summands add up to φVC (α), whereas the last two expressions sum
up to −DCα by Proposition 1.3.3. Thus, we have

DCα = −∆V α+ ρVC (α).

�

1.4. Parabolic geometries

In this section we turn to the analysis of homogeneous parabolic geometries,
which are the second class of homogeneous space appearing in our construction
of Poisson transforms. In contrast to Riemannian symmetric spaces, these geo-
metric structures are quite exotic and were usually studied case by case until the
development of curved BGG-operators in [�SS01].

After a brief discussion of the structure of |k|-graded Lie algebras in section
1.4.1 we use the canonical Lie algebra structure on the cotangent spaces of G/P to
de�ne in 1.4.2 the Kostant codi�erential, which is a tensorial G-equivariant homol-
ogy di�erential. Subsequently, we will introduce the BGG-operators in 1.4.3 as a
distinguished family of di�erential operators between the corresponding homology
groups. Finally, we will analyse in section 1.4.5 density bundles over such manifolds
which are of crucial importance in this �eld.

1.4.1. Structure of |k|-graded Lie algebras. Let g be a semisimple Lie
algebra. We have seen in the Theorems 1.1.2 and 1.1.4 that parabolic subalgebras
of g are in bijective correspondence with |k|-gradings on g. Since this structure will
be of major importance in the analysis of parabolic geometries, we will dedicate
this chapter to give some basic properties about graded Lie algebras. As a reference
for this chapter, see [�S09, Chapter 3.1].
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Let g = g−k ⊕ . . . ⊕ gk be a |k|-graded Lie algebra. The compatibility with
the Lie bracket shows that g0 is a subalgebra of g, which is reductive, and each
gi is canonically a g0-module via the adjoint action. Moreover, the Jacobi identity
implies that the Lie bracket [ , ] : gi⊗ gj → gi+j is a g0-homomorphism. Moreover,
the spaces p+ := g1 ⊕ · · · ⊕ gk and g− := g−k ⊕ · · · ⊕ g−1 are both nilpotent
subalgebras of g, the former being an ideal in the parabolic subalgebra p := g0⊕p+.
We will refer to p as the parabolic Lie algebra associated to the |k|-grading on g.

There is a unique element E, called the grading element, which lies in the centre
z(g0) of g0 and satis�es ad(E)|gj = j · idgj for all j = −k, . . . , k. Therefore, we can
recover the index of the grading components via the action of the grading element.

Next, the |k|-grading determines a �ltration g = g−k ⊃ · · · ⊃ gk ⊃ 0 of g via

gl :=

k⊕
i=l

gi.

In particular, we see that g0 = p, g1 = p+ and the grading property implies that
each gi is a p-module. Since we are interested in p-invariant data the �ltration of g
will be of major importance.

Let B denote the Killing form on g, which is non-degenerate by semisimplicity
of g. Then B is compatible with the grading and the �ltration of g and thus induces
bilinear pairings between gi and g−i as g0-modules for all i = 0, . . . , k. In addition,
it induces a duality of p-modules between g/g−i+1 and gi, so in particular we obtain
an isomorphism (g/p)∗ ∼= p+ of p-modules.

We now turn to the group level. Let G be a Lie group with Lie algebra g. We
de�ne a subgroup P of G via

P = {g ∈ G | Ad(g)(gi) ⊂ gi for all i = 1, . . . , k}.

Then P is a closed subgroup of G with Lie algebra p. We call any subgroup between
P and its connected component a parabolic subgroup. For a �xed parabolic subgroup
P we de�ne the Levi subgroup G0 via

G0 = {g ∈ P | Ad(g)gi ⊂ gi for all i = −k, . . . , k}.

Then G0 is a reductive Lie group with Lie algebra g0. In addition, it can be
shown that the restriction of the exponential map to p+ is a di�eomorphism into
its image, which is a closed, nilpotent and contractible subgroup exp(p+) =: P+

of G. Moreover, P+ is a normal subgroup of P and and the groups G0 and P/P+

are canonically isomorphic. In particular, we see that P is the semidirect product
G0 nP+

∼= G0 np+, the latter isomorphism being induced by the exponential map.

Definition 1.4.1. Let G be a semisimple Lie group with parabolic subgroup
P ⊂ G. Then we call the homogeneous space G/P the homogeneous model of
parabolic geometries of type (G,P ) or shortly a homogeneous parabolic geometry.

The general notion of a parabolic geometry consists of a principal P -bundle
G over a manifold M , together with a distinguished g-valued 1-form on G which
induces a global parallelism and is compatible with the P -structure on G and g. In
our case the bundle over M = G/P is simple given by the Lie group G and the
distinguished 1-form is the Maurer Cartan form.

For the rest of this section, we want to analyse �nite dimensional representations
of the parabolic Lie algebra p.

Proposition 1.4.1. Let g = g−k ⊕ · · · ⊕ gk be a |k|-graded semisimple Lie
algebra, p = g0 the corresponding parabolic subalgebra and E ∈ z(g0) the grading
element.
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(i) Any �nite dimensional completely reducible representation V of p is obtained
by trivially extending a completely reducible representation of g0 to p. More-
over, the grading element acts by a scalar on every irreducible component of
V.

(ii) Let V be a �nite dimensional representation of p such that z(g0) acts diag-
onalisably. Then V admits a p-invariant �ltration V = V0 ⊃ · · · ⊃ VN ⊃
VN+1 = {0} such that each of the quotients Vi/Vi+1 is completely reducible.

Proof. [�S09, Proposition 3.2.12] �

Now consider a �nite dimensional irreducible representation V of the full Lie
algebra g. Then the grading element E acts diagonalisably on V. Moreover, for
any eigenvector v ∈ V with eigenvalue i and any X ∈ gj we obtain that

E ·X · v = X · E · v + [E,X] · v = (i+ j)X · v,
so X · v is an eigenvector of the action of E with eigenvalue i + j. Hence by
irreducibility of V these eigenvalues form an unbroken string of integers i0, . . . , i0+r.
If we denote by Vj the eigenspace to the eigenvalue j then the compatibility with
the grading reads as

gi · Vj ⊂ Vi+j ,

where we agree that Vk = {0} if k is not an eigenvalue of the action of E. Moreover,
the �ltration induced by the grading coincides with the �ltration obtained from
Proposition 1.4.1(ii) by viewing V as a p-representation.

1.4.2. The Kostant codi�erential. The main feature of parabolic geome-
tries is that any cotangent space carries a canonical structure of a Lie algebra so
that the group P acts by Lie algebra homomorphisms. Therefore, we can form the
homology di�erential on the �bres, which induces a tensorial operator on k-forms on
G/P . Together with the covariant exterior derivative, this enables us to generate a
sequence of strongly invariant operators between sections of the homology bundles,
which in the homogeneous case computes the twisted de Rham cohomology.

As before, let g = g−⊕p be a |k|-graded semisimple Lie algebra with parabolic
subalgebra p = g0 ⊕ p+. Since the Killing form on g is nondegenerate it induces a
P -equivariant duality between g/p and p+, so we can identify the cotangent space
T ∗(G/P ) with the bundle of Lie algebras associated to the P -representation p+.
Consider the standard complex for Lie algebra homology H∗(p+,V) of p+ with
values in a G-representation V. The k-chain space in this complex is given by the
P -module Ck(p+,V) := Λkp+⊗V, and the di�erential is the map ∂∗ : Ck(p+,V)→
Ck−1(p+,V) de�ned by

∂∗(Z1 ∧ . . . ∧ Zk ⊗ v) :=

k∑
i=1

(−1)iZ1 ∧ . . . ∧ ı̂ ∧ . . . ∧ Zk ⊗ (Zi · v)

+
∑
i<j

(−1)i+j [Zi, Zj ] ∧ Z1 ∧ . . . ∧ ı̂ ∧ . . . ∧ ̂ ∧ . . . ∧ Zk ⊗ v.

It is easily veri�ed that ∂∗ is P -equivariant and satis�es ∂∗ ◦ ∂∗ = 0. Although
the map ∂∗ is a Lie algebra homology di�erential it is usually called the Kostant
codi�erential for historical reasons. Furthermore, by P -equivariance the subspaces
ker(∂∗) and im(∂∗) of Ck(p+,V) are P -invariant, implying that the associated ho-
mology groups Hk(p+,V) = ker(∂∗)/ im(∂∗) are P -modules. Since p+ acts trivial
on these modules, we see that H∗(g−,V) is completely reducible due to Proposition
1.4.1(i).

There is another construction which can be done using the graded structure
on g. Consider the standard complex for the Lie algebra cohomology H∗(g−,V)
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of g− with values in a g-representation V. Here, the k-cochain spaces are given
by the P -modules Ck(g−,V) := Λkg∗− ⊗ V, which we identify with multilinear
alternating maps (g−)k → V. Moreover, the Lie algebra cohomology di�erential
∂ : Ck(g−,V)→ Ck+1(g−,V) is de�ned by

∂(f)(X0, . . . , Xk) =

k∑
i=0

(−1)iXi · f(X0, . . . , ı̂, . . . , Xk)

+
∑
i<j

(−1)i+jf([Xi, Xj ], X0, . . . , ı̂, . . . , ̂, . . . , Xk)

for all X0, . . . , Xk ∈ g−, where the hat denotes omission. It is well known that
∂ ◦ ∂ = 0, which means that (Ck(g−,V), ∂) is indeed a complex. However, the
cohomology di�erential is only a homomorphism of G0-modules.

In [�S09, Proposition 3.3.1] it is shown that ∂ and ∂∗ are adjoint maps with
respect to an inner product on Ck(p+,V), which immediately induces a Hodge-
decomposition of these cochain spaces. Explicitly, we de�ne the Kostant Laplacian
� as the self-adjoint linear map � := ∂ ◦ ∂∗ + ∂∗ ◦ ∂. Then we have the following
result.

Theorem 1.4.2. Let g = g− ⊕ p be a |k|-graded Lie algebra and V a represen-
tation of g. Then for each k = 0, . . . ,dim(g−) we obtain a decomposition

Ck(p+,V) = im(∂∗)⊕ ker(�)⊕ im(∂),

where the �rst two spaces add up to ker(∂), whereas the last two summands add up
to ker(∂∗).

Proof. The proof of [�S09, Theorem 3.3.1] applies without changes. �

1.4.3. BGG-sequences. Now we turn to the global picture and show how the
operators from the previous section induce di�erential operators between homology
bundles.

Let G be a connected Lie group with Lie algebra g and let P be the subgroup of
G with Lie algebra p. Let V be a G-representation and V be the corresponding trac-
tor bundle. Since V -valued k-forms on G/P are sections of the bundle associated
to the P -representation Λkp+⊗V, the P -equivariant map ∂∗ induces a G-invariant
tensorial operator on Ωk(G/P, V ) for all k. Moreover, the P -invariant subspaces
ker(∂∗) and im(∂∗) give rise to two subbundles of Λ∗T (G/P ) ⊗ V , which we will
denote by the same symbols. By naturality, their quotient bundle Hk(G/P, V ) is
given by the bundle associated to the P -representation Hk(p+,V), so the canonical
projection induces a natural operator π from the space of sections of the bundle
ker(∂∗) to sections of the bundle Hk(G/P, V ).

On the other hand, the operators ∂ and � are only g0-equivariant, so they
do not have immediate geometric counterparts. However, via a careful analysis of
the interaction between the Kostant Laplacian � and the curved Laplace operator
�R := dV ∂∗ + ∂∗dV , where dV denotes the covariant exterior derivative, we can
construct an operator which splits the canonical projection π onto the sections of
the homology bundle.

Theorem 1.4.3. Let G be a semisimple Lie group, P ⊂ G a parabolic subgroup
and let V be the associated bundle corresponding to a G-representation V. Let
∂∗ denote the Kostant codi�erential on C∗(g−,V) and let us denote the induced
operators on the bundles Λ∗T ∗(G/P ) ⊗ V and their sections by the same symbol.
Let π denote the natural operator ker(∂∗) → Γ(Hk(G/P, V )). Then there is a
natural di�erential operator

L : Γ(Hk(G/P, V ))→ Γ(ker(∂∗)) ⊂ Ωk(G/P, V )
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which splits the projection π. Moreover, the operator L is uniquely characterized by
the following conditions: For all α ∈ Γ(Hk(G/P, V )) we have

(i) π(L(α)) = α,
(ii) dV (L(α)) ∈ Γ(ker(∂∗)).

Proof. [�SS01, Section 4]; [CD01] �

The last Theorem allows us to construct natural invariant di�erential operators.
Indeed, we have the following diagram

Γ(ker(∂∗)) Γ(ker(∂∗))

· · · Γ(Hk(G/P, V )) Γ(Hk+1(G/P, V )) · · ·

π L π LdV ◦L

DV

dV ◦L

DV

dV ◦L

DV

,

where the induced operators DV : Γ(Hk(G/P, V ))→ Γ(Hk+1(G/P, V )) de�ned by
DV = π ◦ dV ◦ L are natural di�erential operators. Moreover, since the tractor
connection is �at we deduce from Proposition 1.2.4(i) that DV ◦DV = 0.

Definition 1.4.3. Let G/P be a homogeneous parabolic geometry and let V
be a G-module with associated tractor bundle V on G/P . We call the sequence of
strongly invariant operators

0 Γ(H0(G/P, V )) · · · Γ(Hdim(G/P )(G/P, V )) 0DV DV

the Bernstein-Gelfand-Gelfand sequence or BGG-sequence.

In the de�nition of BGG-sequences we used the covariant exterior derivative dV

as de�ned in section 1.2.4. However, a precise analysis shows that this construc-
tion can be applied to a wider range of di�erential operators between V -valued
di�erential forms on G/P , so called compressible operators. This idea was recently
developed in the setting of relative BGG-sequences in [�S15], which also includes
the classical case above. However, for our purpose it will be su�cient to stick to
the above de�nition of BGG-sequences.

Since the BGG-sequence is a complex on the homogeneous space G/P , we
can compute its cohomology, which turns out to be precisely the twisted de Rham
cohomology as de�ned in section 1.2.4.

Corollary 1.4.3. For any representation V of G the BGG-sequence

0 Γ(H0(G/P, V )) · · · Γ(Hdim(G/P )(G/P, V )) 0DV DV

is a complex, which computes the twisted de Rham cohomology of G/P with values
in the bundle V .

Proof. [�SS01, Corollary 4.15] �

In general, the bundles appearing in the de�nition of the BGG-sequence are
much smaller than those in the twisted de Rham complex. Therefore, the above
Corollary gives an easier way to compute the de Rham cohomology of a homoge-
neous parabolic geometry.

Finally, each section of Hk(G/P, V ) possesses a distinguished representative in
Γ(ker(∂∗)), which can be shown using Theorem 1.4.2
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Proposition 1.4.3. Let G/P be a homogeneous parabolic geometry and let V
be a tractor bundle on G/P . Then every homology class in Hk(G/P, V ) has a
unique representative in the kernel of �R. Therefore, we obtain an isomorphism

Γ(Hk(G/P, V )) ∼= Γ(ker(�R)),

which is given by the splitting operator from Theorem 1.4.3.

Proof. Using that �R is invertible on the image of ∂∗ (see [CD01, Theorem
5.2]) this is a simple consequence of Theorem 1.4.3. �

1.4.4. An adjoint for the Kostant codi�erential. In section 2.2.1 we will
de�ne a Poisson transform on di�erential forms on G/P with values in a tractor
bundle as an integral operator whose kernel is a vector valued di�erential form. In
this context, it will be necessary to determine an operator on such kernels which
is adjoint to the Kostant codi�erential with respect to the wedge product. More
explicitly, let V be a G-representation and consider two chains α ∈ Ck(p+,V∗) and
β ∈ Cn+1−k(p+,V), where dim(g/p) = n. Our aim is to �nd an operator ∂∗A which
satis�es

∂∗Aα ∧ β = (−1)|α|α ∧ ∂∗β,
where the wedge product is formed by applying the contraction V∗ ⊗ V → R. In
this section we will derive this operator by �nding an expression for the Kostant
codi�erential in terms of operators which are compatible with the wedge product.

Recall that the Killing form induces a duality between p+ and g/p as P -
modules, so we can identify Λkp+ ⊗ V with the space of k-linear alternating maps
gk → V which vanish after insertion of any element in p. Explicitly, for all
W1, . . . ,Wk ∈ g, Z1, . . . , Zk ∈ p+ and v ∈ V we have

(Z1 ∧ . . . ∧ Zk ⊗ v)(W1, . . . ,Wk) = det(B(Zi,Wj)i,j) · v,
and since the Killing form is trivial on p× p+ this expression vanishes if Wi ∈ p for
any i = 1, . . . , k.

In this way, we can de�ne two operations on chains. First, for every η ∈ g we can
form the insertion operator ιη, which is a map from k-chains to (k− 1)-chains. On
the other hand, we de�ne for every ξ ∈ p+ the operator εξ : Λkp+⊗V→ Λk+1p+⊗V,
which is given by εξ(α) = ξ ∧ α. By de�nition, we obtain for all η ∈ g and ξ ∈ p+

that

ιηεξα = B(ξ, η)α− εξιηα.
In particular, if ξ and η are orthogonal with respect to the Killing form, then the
operators ιη and εξ anticommute.

Every element Z ∈ p+ acts canonically on both V and Λ∗p+, the latter action
is given by the exterior power of the adjoint action. We denote by ρp+ the action
on the chain space Λ∗p+ ⊗ V given by the adjoint action on Λ∗p+ tensorised with
the identity on V, and similarly by ρV the action of p+ on V tensorised with the
identity on Λ∗p+.

Proposition 1.4.4. Let g be a semisimple Lie algebra and p be a parabolic
subalgebra of g. Let g− denote the negative part of the grading on g induced by the
choice of parabolic. Let V be a p-representation and let φ ∈ Λkp+ ⊗ V, which we
view as a multilinear, alternating map gk → V which vanishes after insertion of
any vector in p. Let ξ1, . . . , ξn be a basis of p+ and let η1, . . . , ηn ∈ g− be the dual
basis with respect to the Killing form. Then

∂∗φ = −
n∑
`=1

(
ρVξ` +

1

2
ρ
p+

ξ`

)
ιη`φ.
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Proof. By linearity of the Kostant codi�erential it su�ces to prove the for-
mula for decomposable elements φ = Z1 ∧ . . . ∧ Zk ⊗ v with Z1, . . . , Zk ∈ p+ and
v ∈ V. Moreover the de�ning formula for the Kostant codi�erential splits into
the sum ∂∗ = ∂∗(1) + ∂∗(2), where the �rst term corresponds to the summand which
contains the p+-action on V, and ∂∗(2) = ∂∗ − ∂∗(1). Since the bases {ξ`} and {η`}
are dual with respect to the Killing form, every element Z ∈ p+ can be written as
Z =

∑
`B(η`, Z)ξ`.

The �rst part of the claimed formula can be computed as

−
n∑
`=1

ρVξ`ιη`φ =

n∑
`=1

k∑
i=1

(−1)iB(η`, Zi)Z1 ∧ . . . ∧ ı̂ ∧ . . . ∧ Zk ⊗ (ξ` · v)

=

k∑
i=1

(−1)iZ1 ∧ . . . ∧ ı̂ ∧ . . . ∧ Zk ⊗ (Zi · v),

which is exactly ∂∗(1)(φ). Similarly, for the second part we deduce

−1

2

n∑
`=1

ρ
p+

ξ`
ιη`(φ) =

1

2

n∑
`=1

k∑
i=1

(−1)iB(η`, Zi)ρ
p+

ξ`
(Z1 ∧ . . . ∧ ı̂ ∧ . . . ∧ Zk ⊗ v)

=
1

2

n∑
`=1

k∑
i<j

(−1)i+jB(η`, Zi)[ξ`, Zj ] ∧ Z1 ∧ . . . ı̂ . . . ̂ . . . ∧ Zk ⊗ v

+
1

2

n∑
`=1

k∑
i>j

(−1)i+j+1B(η`, Zi)[ξ`, Zj ] ∧ Z1 ∧ . . . ̂ . . . ı̂ . . . ∧ Zk ⊗ v.

If we move the Killing form into the Lie bracket and sum over all `, we obtain the
expression [Zi, Zj ]. Next, if we exchange the indices i and j in the second sum and
use skew-symmetry of the Lie bracket we see that the two sums coincide. All in all,
we get

−1

2

n∑
`=1

ρ
p+

ξ`
ιη`(φ) =

∑
i<j

(−1)i+j [Zi, Zj ] ∧ Z1 ∧ . . . ı̂ . . . ̂ . . . ∧ Zk ⊗ v,

which equals ∂∗(2)(φ). �

As mentioned at the beginning of this section, our aim is to construct an opera-
tor which is adjoint to the Kostant codi�erential with respect to the wedge product
in a special case. For that, it will be necessary to rewrite the action ρp+ in an
appropriate way.

Lemma 1.4.4. Let {ξ1, . . . , ξn} be a basis of p+ and let {η1, . . . , ηn} be the dual
basis for g− with respect to the Killing form. Then for all α ∈ Ck(p+,V) and
X ∈ p+ we have

ρ
p+

X α = −
n∑
t=1

εξtι[X,ηt]α,

where we view α as a k-linear alternating map gk → V which vanishes after inser-
tion of an element in p.

Proof. By linearity of the operators it su�ces to consider α = Z1∧. . .∧Zk⊗v
with Z1, . . . , Zk ∈ p+ and v ∈ V. The Killing form induces a nondegenerate pairing
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between g− and p+, so the right hand side of the claimed formula yields

−
n∑
t=1

εξtι[X,ηt]α =

k∑
i=1

n∑
t=1

(−1)iB([X, ηt], Zi)ξt ∧ Z1 ∧ . . . ∧ ı̂ ∧ . . . ∧ Zk

=

k∑
i=1

n∑
t=1

(−1)i+1B(ηt, [X,Zi])ξt ∧ Z1 ∧ . . . ∧ ı̂ ∧ . . . ∧ Zk

=

k∑
i=1

(−1)i+1[X,Zi] ∧ Z1 ∧ . . . ∧ ı̂ ∧ . . . ∧ Zk,

which is exactly the p+-action of X on α. �

We can insert the formula from the last Lemma into Proposition 1.4.4 to obtain
an expression for the Kostant codi�erential which is compatible with the wedge
product. In this way, we can prove

Theorem 1.4.4. Let g be a semisimple Lie algebra and p be a parabolic subalge-
bra of g. Let g− denote the negative part of the grading on g induced by the choice of
parabolic and V be a p-representation. Let α ∈ Ck(p+,V∗) and β ∈ Cn+1−k(p+,V)
be two chains, where n = dim(g/p). Then we obtain that

∂∗α ∧ β = (−1)|α|α ∧ ∂∗β,
where the wedge product is formed by applying the contraction V∗ ⊗ V→ R.

Proof. Let {ξ1, . . . , ξn} be a basis for p+ and {η1, . . . , ηn} the basis of g−
which is dual with respect to the Killing form. Combining Proposition 1.4.4 and
Lemma 1.4.4 we deduce that

α ∧ ∂∗β = −
n∑
s=1

α ∧ ρVξsιηsβ +
1

2

n∑
s,t=1

α ∧ εξtι[ξs,ηt]ιηsβ,

where we view the chains α and β as multilinear, alternating, V-valued maps on gk

which vanish after insertion of an element of p.
For the �rst sum, note that the insertion operator commutes with the action

ρV by de�nition. Therefore, we �rst move ιηs to the left, which produces the sign
(−1)|α|+1. Now we apply the de�nition of the dual representation to obtain

α ∧ ρVξsιηsβ = (−1)|α|
(
ρV
∗

ξs ιηsα
)
∧ β = (∗).

For the second sum, we can �rst move the operator εξt to the left, where we pick
up the sign (−1)|α|. Next, we use the fact that the wedge product of ξt, α and β
is a chain of degree n + 2, so we can move ι[ξs,ηt] to the left, obtaining the sign
(−1)|α|. Finally, the last insertion operator produces (−1)|α|+1 when moved to the
left. Using that two interior products anticommute we deduce that

α ∧ εξtι[ξs,ηt]ιηsβ = (−1)|α|(ι[ξs,ηt]ιηsεξtα) ∧ β.
We want to simplify the last expression by commuting εξt with the interior products.
For that, we will make a speci�c choice of basis for the subalgebra p+.

Assume that the basis {ξ1, . . . , ξn} is the union of bases of the positive grading
components. First, by duality of the bases we see that B(ξs, ηt) 6= 0 if and only if
s = t, so we can easily anticommute εξt and ιηs for all s 6= t. However, if the indices
are the same, the Lie bracket [ηs, ξs] is contained in g0 ⊂ p by the compatibility
condition of the Lie bracket and thus inserts trivially into α. For the other interior
product, note that

B([ξs, ηt], ξt) = B(ξs, [ηt, ξt]) = 0,
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since ξs ∈ p+ and [ηt, ξt] ∈ g0. Thus, we can anticommute both interior products
with εξt , which does not change the sign of (∗). Putting all together we obtain that

α ∧ ∂∗β = (−1)|α|∂∗α ∧ β,
so we see that the Kostant codi�erential is self-adjoint with respect to the wedge
product. �

1.4.5. Densities on G/P . In the last chapter of this section we will introduce
and study density bundles over G/P , which are a tool of major importance in the
realms of parabolic geometries.

Let G be a semisimple Lie group and H a closed subgroup of G. Consider
an orientable, homogeneous line bundle E over G/H with associated 1-dimensional
H-representation E and assume that G acts by orientation preserving bundle maps.
Then the action of H on E is determined by a smooth character χ : H → R+. In
this case, we denote the line bundle by E [χ] and the associated 1-dimensional H-
representation by R[χ]. We call any section of E [χ] a χ-density and we refer to the
bundle as the bundle of χ-densities on G/H. Moreover, if V → G/H is any vector
bundle, then we de�ne V [χ] := V ⊗ E [χ]. Clearly, if V is a homogeneous vector
bundle associated to the H-representation V, then V [χ] is again homogeneous with
corresponding H-representation V⊗ R[χ] := V[χ].

Proposition 1.4.5. Let G be a Lie group and H a closed subgroup.

(i) Let χ and χ′ be two characters H → R+ and V and W be two vector bundles
over G/H. Then there is a canonical isomorphism

V [χ]⊗W [χ′] ∼= (V ⊗W )[χ+ χ′].

(ii) If χ is the trivial character, then V [χ] ∼= V for all vector bundles V over G/H
(iii) For every character χ : H → R+ and every vector bundle V → G/H the dual

bundle of V [χ] is isomorphic to V ∗[−χ].

Proof. This follows directly from the naturality of the associated bundle con-
struction. �

The existence of nontrivial density bundles depends strongly on the Lie group
H. Indeed, if χ : H → R+ is a character on a compact subgroup H, then χ(H) is
a compact subgroup of R+ and thus has to be trivial. In particular, there are no
interesting density bundles over Riemannian symmetric spaces.

On the other hand, density bundles are crucial in the theory of invariant dif-
ferential operators on homogeneous parabolic geometries. In this setting they can
be fully described by a character on the Levi subgroup.

Theorem 1.4.5. Let G be a semisimple Lie group, P ⊂ G a parabolic subgroup
and G0 the Levi subgroup of P . Then any density bundle E over G/P is determined
by a character G0 → R+. Furthermore, if P is a minimal parabolic subgroup, then
E is already determined by a linear functional λ ∈ a∗0.

Proof. Let χ : P → R+ be the character associated to the density bundle
E . Since the corresponding P -representation R[χ] is 1-dimensional we obtain from
Proposition 1.4.1(i) that the nilpotent subgroup P+ of P acts trivially on R[χ],
implying that χ factors to a character χ′ : P/P+ → R+. Furthermore, the quotient
group P/P+ is canonically isomorphic to G0, so we can view χ′ as a character on
G0, which by construction is just the restriction of χ to the Levi subgroup.

Now assume that P is a minimal parabolic subgroup of G with Lie algebra p0.
Then we can �nd a Cartan involution on the Lie algebra of G so that P = MAN ,
where G = KAN is the Iwasawa decomposition of G and M is the centralizer of
the Lie algebra a0 of A in K. In this case, we have G0 = MA and P+ = N , so the
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density bundle is determined by a character on MA. However, since M is compact
this character is trivial on M , and thus its restriction to A = exp(a0) is determined
by a linear functional on a0. �

1.5. Fibre integration

In this section we will introduce the integral over the �bre of a vector valued
di�erential form on a �bred manifold, which will be essential for our construction
of Poisson transforms. Here we will give a broader and more detailed discussion
of this tool since results in this context are usually only formulated for real valued
di�erential forms, c.f. [GHV72].

Explicitly, we de�ne �bre integrals in section 1.5.1 and provide a description in
terms of local coordinates. Moreover, we will prove that this operation is compatible
with pullbacks as well as covariant exterior derivatives. Afterwards, we focus in
section 1.5.2 on �bre integrals in the category of Riemannian manifolds, which will
be used in section 3.3.3 to derive estimates on the pointwise norms of the images
of Poisson transform in the special case of the real hyperbolic space.

1.5.1. De�nition and �rst properties of �bre integration. Let M and
F be smooth manifolds of dimensions m and n, respectively, and let π : E → M
be a smooth (locally trivial) �bre bundle with standard �bre F . For all x ∈M we
denote by Ex = π−1(x) the corresponding �bre, which is a submanifold of E via
the inclusion jx : Ex ↪→ E. Moreover, the union of all tangent spaces of the �bres
forms the vertical bundle VE := ker(Tπ) ⊂ TE.

We say that the �bre bundle E is orientable if there exists a di�erential form
o ∈ Ωn(E) such that the pullback j∗xo orients the �bre Ex for all x ∈M . Two such
di�erential forms are said to be equivalent if they induce the same orientation on
the �bres and any equivalence class is called an orientation on the bundle E. For
trivial bundles E ∼= M × F , orientability of E is equivalent to orientability of the
standard �bre F .

Let α be a di�erential form on E and denote by supp(α) the support of α.
Then α is said to have �bre-compact support if for every compact subset K ⊂ M
the intersection π−1(K) ∩ supp(α) is compact. We denote by ΩF (E) the space of
�bre-compact supported di�erential forms on E. If we denote by Ωc(E) the space
of di�erential forms with compact support, we have the following chain of inclusions

Ωc(E) ⊆ ΩF (E) ⊆ Ω(E),

where the �rst two spaces coincide i� M is compact, whereas the last two coincide
i� F is compact.

Let p : V →M be a vector bundle overM and denote by π∗V → E the pullback
bundle of V along π, i.e. the bundle

π∗V = {(z, v) ∈ E × V | π(z) = p(v)}.

Then any section s ∈ Γ(V ) induces a section π∗s of the pullback bundle π∗V , called
the pullback section of s, which is de�ned via (π∗s)(z) = s(π(z)) for all z ∈ E. In
particular, if {si} is a local frame of V over U ⊂M , then we can write every local
section σ ∈ Γ(π∗V |U ) as σ =

∑
i fiπ

∗si for smooth functions fi ∈ C∞(E|U ,R).
Now we have collected all the ingredients for the de�nition of the �bre integral.

Let α be a π∗V -valued di�erential form on E of degree n + p for any 0 ≤ p ≤ m,
which has �bre-compact support. For any x ∈ M we �x an element z ∈ Ex as
well as tangent vectors ξ1, . . . , ξp ∈ TxM and η1, . . . , ηn in the vertical bundle
VzE. We choose local lifts ξ̃i of the tangent vectors ξi to TzE for all i = 1, . . . , p.
Then by dimensional reasons the element α(z)(ξ̃1, . . . , ξ̃p, η1, . . . , ηn) ∈ (π∗V )z is
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independent of the choice of lifts of the vector �elds ξi. This allows us to de�ne an
n-form αx ∈ Ωn(Ex,Λ

pT ∗xM ⊗ Vx) via

αx(z)(η1, . . . , ηn)(ξ1, . . . , ξp) := α(z)(ξ̃1, . . . , ξ̃p, η1, . . . , ηn)

for all η1, . . . , ηn ∈ VzE and ξ1, . . . , ξp ∈ TxM .

Definition 1.5.1. Let π : E → M be an oriented �bre bundle over M with
smooth �bre F of dimension n and V → M a vector bundle. Then for all �bre
compact di�erential forms α ∈ Ωn+p

F (E, π∗V ) we de�ne a V -valued di�erential formffl
F
α ∈ Ωp(M,V ) via ( 

F

α

)
(x) :=

ˆ
Ex

αx.

The resulting linear map  
F

: ΩF (E, π∗V )→ Ω(M,V )

is called the integration over the �bre F or shortly the �bre integral over F .

Note that if α is a di�erential form on E which vanishes after insertion of n
vertical vector �elds, then its �bre integral is trivial by de�nition. Moreover, we
extend the �bre integral to di�erential forms on E of degree < n trivially. We have
already mentioned that if the �bre F is compact, then every di�erential form has
�bre compact support and thus

ffl
F
is de�ned for all di�erential forms.

In order to give a local description of the �bre integral, we will start our dis-
cussion with the special case of the product bundle E = M × F . The tangent
maps of the canonical projections πM : E → M and πF : E → F induce a linear
isomorphism

T(x,y)(M × F ) ∼= TxM ⊕ TyF
for all x ∈M and y ∈ F . We call a tangent vector ξ ∈ TzE horizontal (respectively
vertical) if its image under TzπF (respectively TzπM ) is trivial. By naturality of
the exterior product the decomposition of TE induces an isomorphism

ΛkT ∗E ∼=
⊕
p+q=k

ΛpT ∗M ⊗ ΛqT ∗F,

and we de�ne the bundle Λp,qT ∗E to be the preimage of ΛpT ∗M⊗ΛqT ∗F under this
isomorphism. The space of smooth sections of Λp,qT ∗E is called the space Ωp,q(E)
of di�erential forms of degree (p, q) and consists of those di�erential forms on E
which vanish after insertion of p+ 1 horizontal or q+ 1 vertical vectors. Moreover,
the space of di�erential forms on E of degree k decomposes into the direct sum

Ωk(E) =
⊕
p+q=k

Ωp,q(E).

for all k = 0, . . . ,m+ n.
Assume now that the product bundle π : E = M × F → M is oriented, which

is equivalent to the standard �bre F being oriented, and let V → M be a vector
bundle. For any di�erential form α ∈ Ωn+p(E, π∗V ) the de�nition of the �bre
integral implies that

ffl
F
α is trivial unless α ∈ Ωp,n(E, π∗V ) for any 0 ≤ p ≤ m.

We can easily get a local description of the �bre integral in this case. Let U
be an open subset of M and choose a local coframe e1, . . . , em on U . Moreover, let
dy ∈ Ωn(F ) be an orientation on F and let {sj} be a local frame of V |U . Then we
can write the restriction of α ∈ Ωp,n(E) to U × F as

α|U×F =
∑
I,j

fI,j(x, y)ei1 ∧ . . . ∧ eip ∧ dy ⊗ π∗sj ,
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where fI,j ∈ C∞(U × F ) and the sum is indexed over all ordered tuples I =
(i1, . . . , ip). If we abbreviate eI = ei1 ∧ . . .∧ eip , then the �bre integral at any point
x ∈ U is simply given by( 

F

α

)
(x) =

∑
I

(ˆ
F

fI(x, y)dy

)
eI(x)⊗ sI(x).

In the next Proposition we will show that the �bre integral is compatible with
isomorphisms of �bre bundles. Together with partitions of unity, this will be used
to obtain a local description of the �bre integral on any bundle E. In particular,
many properties which hold for integration of smooth functions can be translated
to �bre integrals in this way.

Proposition 1.5.1. Let π : E →M and π̃ : Ẽ → M̃ be two oriented �bre bundle
with standard �bres F respectively F̃ and let Ṽ → M̃ be a vector bundle over M̃ .
Let Ψ: E → Ẽ be a �bre bundle isomorphism covering a di�eomorphism ψ : M →
M̃ and assume that for every x ∈ M the map Ψx : Ex → Ẽψ(x) is orientation
preserving.

Then for all α ∈ Ωn+p

F̃
(Ẽ, π̃∗Ṽ ) the form Ψ∗α ∈ Ωn+p(E,Ψ∗π̃∗Ṽ ) has again

�bre compact support. Moreover, 
F

Ψ∗α = ψ∗
( 

F̃

α

)
.

Proof. We will generalize the proof in [GHV72, ch. VII, Prop. VIII] to vec-
tor valued di�erential forms. First, we show that Ψ∗α has �bre compact support.
Since Ψ is an isomorphism of �bre bundles, the base map ψ is a di�eomorphism.
Therefore, we can write every compact subsetK ofM as ψ−1(K̃) for a compact sub-
set K̃ in M̃ . Since Ψ is a �bre bundle map we deduce that π−1(K) = Ψ−1π̃−1(K̃).
On the other hand, we have supp(Ψ∗α) = Ψ−1(supp(α)) by de�nition of the pull-
back of di�erential forms. Thus, we obtain

π−1(K) ∩ supp(Ψ∗α) = Ψ−1
(
π̃−1(K̃) ∩ supp(α)

)
,

and since Ψ−1 is a di�eomorphism it follows that Ψ∗α has �bre compact support.
Therefore, the left hand side of the claimed equation is well de�ned. For x ∈M

let (Ψ∗α)x ∈ Ωn(Ex,Λ
pT ∗xM⊗(ψ∗V )x) be the induced di�erential form on the �bre

Ex used in the de�nition of the �bre integral. The di�eomorphism ψ induces a linear
isomorphism ΛpT ∗ψ(x)M̃ → ΛpT ∗xM and thus a linear map

ψ∗x : Ωn(Ex,Λ
pT ∗ψ(x)M̃ ⊗ Vψ(x))→ Ωn(Ex,Λ

pT ∗xM ⊗ (ψ∗V )x).

From the de�nitions it is immediate that

(Ψ∗α)x = (ψ∗x ◦Ψ∗x)
(
αψ(x)

)
for all x ∈ M . Now the map Ψx : Ex → Ẽψ(x) is orientation preserving, so we can
apply the transformation formula for the integral to obtain that

ˆ
Ex

(Ψ∗α)x =

ˆ
Ex

(ψ∗x ◦Ψ∗x)αψ(x) = ψ∗x

(ˆ
Ẽψ(x)

αψ(x)

)
,

where we can move ψ∗x outside of the integral since it only acts on the values of the
di�erential form Ψ∗xαψ(x) on Ex. Thus, by de�nition of the �bre integral the above
equation implies  

F

Ψ∗α = ψ∗
( 

F̃

α

)
as claimed. �
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For the remainder of this section we want to prove that the �bre integral com-
mutes with the covariant exterior derivative. For that, let π : E → M be a �bre
bundle with standard �bre F and let V → M be a vector bundle over M . If V is
endowed with a linear connection ∇ : Γ(V )→ Ω1(M,V ), then we can construct an
induced connection π∗∇ : Γ(π∗V ) → Ω1(E, π∗V ) on π∗V , called the pullback con-
nection. This connection is determined by the property that the following diagram
commutes:

Γ(V ) Ω1(M,V )

Γ(π∗V ) Ω1(E, π∗V )

π∗

∇

π∗

π∗∇

Otherwise said, we have that π∗(∇Tπ·ξs) = (π∗∇)ξ(π
∗s) for all sections s ∈ Γ(V )

and vector �elds ξ ∈ X(E). In particular, we can form the covariant exterior
derivatives d∇ on Ω∗(M,V ) and dπ

∗∇ on Ω∗(E, π∗V ) as in section 1.2.4, which
by naturality are again compatible with pullbacks of di�erential forms along the
projection π, i.e. these operators satisfy

d∇ ◦ π∗ = π∗ ◦ dπ
∗∇.

Moreover, if R∇ ∈ Ω2(M,End(V )) denotes the curvature of ∇ as de�ned in section
1.2.3 we have d∇d∇α = R∇ ∧ α for all α ∈ Ωk(M,V ), c.f. Proposition 1.2.4.
Since we can locally �nd dual frames of π∗V consisting of pullbacks it follows that
Rπ
∗∇ = π∗R∇.
In the next Theorem we show that the �bre integral commutes with the co-

variant exterior derivatives. In the case of real valued di�erential forms or a �at
connection on V , this will imply that

ffl
F
descends to a map in de Rham cohomology,

which was the initial motivation to study �bre integrals.

Theorem 1.5.1. Let π : E →M be an oriented �bre bundle with standard �bre
F and let V → M be a vector bundle over M . Let ∇ be a connection on V and
denote by π∗∇ the pullback connection on the pullback bundle π∗V → E. Then the
�bre integral commutes with the covariant exterior derivative, i.e.

d∇
 
F

α =

 
F

dπ
∗∇α.

for all α ∈ ΩF (E, π∗V ).

Proof. For real valued forms, the commutation relation between the �bre
integral and the exterior derivative is proven in [GHV72, ch. VII, Prop. X].
However, we will a give a full proof for the general case of �bre integrals of (π∗V )-
valued di�erential forms on E.

For all α ∈ Ωn+p
F (E, π∗V ) the value of

ffl
F
α at x ∈ M only depends on the

restriction of α to the �bre Ex, so if U is an open neighbourhood of x in M and
if αU denotes the restriction of α to E|U := π−1(U), then the values of the �bre
integrals of α and αU coincide at x ∈ M . Thus, after possibly shrinking the open
subset we can assume that U is a coordinate neighbourhood of x in M and that
Φ: U × F → E|U is a local parametrization of E. Then the smooth map Φ is a
bundle isomorphism covering the identity, so Proposition 1.5.1 shows that 

F

αU =

 
F

Φ∗αU .

Therefore, we can assume that E = M×F is a trivial bundle and that there are
a global coordinates x1, . . . , xm on M . We have seen that the space of di�erential
forms on M × F decompose into forms of degree (p, q), and the �bre integral of
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such a form is trivial unless q = n. Moreover, we can split the exterior derivative
on E into the direct sum dπ

∗∇ = dM + dF , where a (p, q)-form is mapped to a
(p+ 1, q)-form by dM and to a (p, q+ 1)-form by dF . Then it follows that the �bre
integral of the exterior derivative of α ∈ Ωp,q(E) is trivial unless q = n−1 or q = n.

In the �rst case consider for x ∈M the (ΛpT ∗xM ⊗ Vx)-valued di�erential form
αx on Ex of degree n− 1 induced by α. By construction we deduce that the form
αx has compact support and satis�es the relation d (αx) = (−1)p(dFα)x. But then
Stokes' Theorem implies( 

F

dFα

)
(x) = (−1)p

ˆ
Ex

dαx = 0

for all x ∈M .
Thus, it su�ces to show that 

F

dMα = d∇
( 

F

α

)
for all α ∈ Ωp,n(E), which we will prove in local coordinates. If dy ∈ Ωn(F ) is an
orientation on F and {sj} is a local frame of V , then we can write

α =
∑
I,j

fI,jdx
I ∧ dy ⊗ π∗sj ,

where the fI,j are smooth functions on E, sI ∈ Γ(V ) and I runs over all ordered
tuples indices (i1, . . . , ip). We want to apply the derivative dM to this di�erential
form. Using the relation (π∗∇) (π∗sj) = π∗ (∇sj) and the antiderivation property
of the covariant exterior derivative we obtain that

dMα =
∑
I,j

m∑
i=1

∂fI,j
∂xi

dxi ∧ dxI ∧ dy ⊗ π∗sj + (−1)p+nfI,jdx
I ∧ dy ∧ π∗ (∇sj) .

Since the partial derivatives in direction of ∂xi commute with the integral over F
we can write the integral of this form as( 

F

dMα

)
(x) = d∇

∑
I,j

(ˆ
F

fI,j(−, y)dy

)
dxI ⊗ sj

 (x) =

(
d∇

 
F

α

)
(x),

proving the claim. �

The last Theorem has an immediate consequence for the twisted de Rham
cohomology on M and E. Explicitly, let the vector bundle V → M be endowed
with a �at connection ∇ : Γ(V )→ Ω1(M,V ). Then the twisted de Rham sequence

Γ(V ) Ω1(M,V ) . . . Ωm(M,V )∇ d∇ d∇

is a complex (c.f. Proposition 1.2.4(i)) and thus we can form its corresponding
cohomology groups Hi(M,V ). Moreover, the pullback connection on the pull-
back bundle is also �at, so we also obtain twisted de Rham cohomology groups
Hj(E, π∗V ).

Corollary 1.5.1. Let E →M be an oriented �bre bundle and let V →M be
a vector bundle endowed with a �at connection. Then the �bre integral descends to

a linear map
ffl ]
F

: Hn+p
F (E, π∗V )→ Hp(M,V ).

Proof. Follows immediately from Theorem 1.5.1. �
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1.5.2. Fibre integration on Riemannian products. Following the general
discussion we will now study �bre integrals on bundles π : E →M in the category of
Riemannian manifolds. In particular, our aim is to deduce an estimate of the norm
on M of �bre integrals in terms of the integral of the norm of the corresponding
di�erential form on E.

As before, let M be a smooth manifold of dimension m, let π : E → M be
a �bre bundle with n-dimensional �bre F and assume that (M, gM ) and (E, gE)
are Riemannian manifolds. For all z ∈ E we obtain a distribution H on TE by
de�ning Hz ⊂ TzE as the orthogonal complement of ker(Tzπ) = VzE with respect
to gE . Otherwise said, H de�nes an Ehresmann connection on E, and we call a
tangent vector ξ ∈ TzE horizontal if ξ ∈ Hz. Moreover, if we de�ne the bundle
Λp,qT ∗E := ΛpH∗ ⊗ ΛqVE, then by naturality of the exterior power we obtain a
Whitney sum decomposition

ΛkT ∗E =
⊕
p+q=k

Λp,qT ∗E.

We denote the space of sections of Λp,qT ∗E by Ωp,q(E) and call any elements in
this space a di�erential form of degree (p, q). By de�nition, Ωp,q(E) consists of
those di�erential forms on E of degree p + q which vanish after insertion of p + 1
horizontal or q + 1 vertical vectors. From above we also obtain a decomposition

Ωk(E) =
⊕
p+q=k

Ωp,q(E)

on the level of sections, and every di�erential form α of degree (p, q) can be locally
written as a sum of elements of the form φ ∧ ψ, where φ is a local section of ΛpH∗

and ψ is a local section of ΛqVE.
The Riemannian metric on E induces a bundle metric 〈 , 〉E on ΛkT ∗E for all

1 ≤ k ≤ m. Since the subbundles H and V E are orthogonal in TE with respect to
gE , so are ΛpH∗ and ΛpV ∗E in ΛpT ∗E for all p. Therefore, the bundle Λp,qT ∗E
is orthogonal to Λp

′,q′T ∗E for all (p, q) 6= (p′, q′) and 〈 , 〉E restricts to a bundle
metric Λp,qE for all 0 ≤ p ≤ m and 0 ≤ q ≤ n. Moreover, the bundle metrics on
ΛkT ∗E and Λp,qT ∗E induce pointwise inner products on the corresponding spaces
of sections, which we will denote by the same symbol, as well as a pointwise norm
| |E . By construction it follows that Ωp,q(E) is orthogonal to Ωp

′,q′(E) for all
(p, q) 6= (p′, q′) as before.

Since we want the Riemannian structures on M and E to be compatible we
assume further that π is a Riemannian submersion, i.e. that the tangent maps
Tzπ : Hz → Tπ(z)M are orthogonal for all z ∈ E. Then the restriction of gE to the
horizontal subbundle is exactly the pullback metric of gM along the projection.

Assume that both M and E are orientable and let volM and volE denote the
corresponding volume forms. Then volE is a nowhere vanishing element in Ωm,n(E),
where m = dim(M) and n = dim(F ) as before. For x ∈ M let ξ1, . . . , ξm be an
orthonormal basis of TxM . Since π is a Riemannian submersion the pullback of
these vectors to any z ∈ Ex form an orthonormal basis of Hz. Thus, insertion of
these vectors into volE de�nes a vertical di�erential form ωx of degree n on the
�bre Ex via

ωx(z)(η1, . . . , ηn) := volE(ξ1, . . . , ξm, η1, . . . , ηn)

for all η1, . . . , ηn ∈ VzE. In this way, we obtain a smooth di�erential form ω ∈
Ω0,n(E) of norm 1 which satis�es

volE = π∗ volM ∧ ω

by construction.
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Theorem 1.5.2. Let (M, gM ) be an oriented Riemannian manifold and F be
an n-dimensional smooth manifold. Let π : E →M be a �bre bundle with standard
�bre F and assume that (E, gE) is a Riemannian manifold so that E → M is a
Riemannian submersion. Let V → M be an Euclidean bundle with bundle metric
h and denote the pullback metric on π∗V by π∗h. Let | |M and | |E denote the
pointwise norms on Ω∗(M,V ) and Ω∗(E, π∗V ) induced by gM and h respectively
gE and π∗h.

Then for all α ∈ Ωp,n(E, π∗V ) we obtain that

∣∣∣∣ 
F

α

∣∣∣∣
M

≤
 
F

|α|E ω.

Proof. Since both sides of the inequality only depend on a point in M it
su�ces to show the inequality locally around any x ∈M . Let U be an open subset
of M with x ∈ U so that there is a �bre bundle parametrization ΦU : U ×F → E|U
as well as a parametrization for the vector bundle V . On U × F we de�ne the
Riemannian metric gU as the pullback of the restriction of gE to E|U along ΦU .
Since the di�eomorphism ΦU preserves the �bres it maps the kernel of the tangent
map of the �rst projection pr1 : U × F → U to the kernel of Tπ. Therefore, by
de�nition of the metric g the same holds for its orthogonal complement, and the
equation pr1 = π◦ΦU shows that the projection onto U is a Riemannian submersion.
Together with Proposition 1.5.1 this implies that it su�ces to derive the claimed
inequality for product manifolds.

Therefore, let M be a Riemannian manifold and let e1, . . . , em be a global
orthonormal coframe for M . Let E = M ×F be the product bundle endowed with
a Riemannian metric so that the projection π onto the �rst factor is a Riemannian
submersion. Then we can write every (π∗V )-valued (p, n)-form α on E as

α =
∑
I

∑
j

fI,je
I ∧ ω ⊗ π∗sj ,

where the fI,j are smooth functions on E, s1, . . . , sr is a global orthonormal frame
of V and I runs over all ordered tuples indices (i1, . . . , ip).

Then the norm of the �bre integral of α at x simply reads as

∣∣∣∣ 
F

α

∣∣∣∣
M

(x) =

∣∣∣∣∣∣
∑
I,j

(ˆ
Ex

fI,j(x, y)ωx

)
eI(x)⊗ sj(x)

∣∣∣∣∣∣
M

=

∑
I

∑
j

(ˆ
Ex

fI,j(x, y)ωx

)2
 1

2

= (∗)

Now we can interpret the collection of the maps fI,j(x,−) as a single smooth map
f : F → ΛkT ∗xM ⊗ V ∼= Rrank(ΛkTM)·rank(V ). Therefore, using the well known fact
that ‖

´
W
f(y)dy‖ ≤

´
W
‖f(y)‖dy, where ‖ ‖ is the standard Euclidean norm on
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the target of f , we further deduce

(∗) = ≤
ˆ
Ex

∑
I

∑
j

fI,j(x, y)2

 1
2

ωx

=

ˆ
Ex

∣∣∣∣∣∣
∑
I

∑
j

fI,j(x, y)eI(x) ∧ ωx ⊗ sj(x)

∣∣∣∣∣∣
E

ωx

=

ˆ
Ex

|α|E (x, y) ωx

=

( 
F

|α|E ω
)

(x).

�





CHAPTER 2

Poisson transforms for di�erential forms

The aim of this thesis is to introduce a new version of Poisson transforms
on vector-bundle valued di�erential forms, which is an immediate modi�cation of
Gaillards approach in [Gai86] in terms of geometry of homogeneous spaces. Ex-
plicitly, let G be a semisimple Lie group with �nite center, K its maximal compact
subgroup and P a parabolic subgroup of G. Then we construct Poisson trans-
forms via an integral transform, whose kernel is a G-invariant di�erential forms on
G/K ×G/P . However, since the latter is di�eomorphic to G/M with M = K ∩P ,
these correspond by Theorem 1.2.2 to invariant elements in a �nite dimensional
M -representation, c.f. Theorem 2.2.1.

Although by Theorem 2.2.2 our transform is a special case of the vector valued
Poisson transforms in the sense of De�nition 2.1.2, our approach is taylored to
the calculus of di�erential forms, which allows us to control the behaviour of the
composition of Poisson transforms with di�erential operators on G/P and G/K
again at the level of the corresponding M -representations, c.f. Proposition 2.2.3.
In particular, we will be able to relate the BGG-sequences of homology bundles
on G/P with the de Rham complex on the Riemannian symmetric space in a G-
equivariant way, c.f. Theorem 2.2.3.

Finally, as a demonstration of the strength of our approach, we present a uni-
form family of Poisson transforms between real valued di�erential forms in section
2.3.2 by explicitly constructing a Poisson kernel in terms of geometric data on
G/M , and show that the images of these operators are contained in the space of
coclosed di�erential forms on G/K. Finally, we will prove that in the special case
of functions these reduce to the classical version of Poisson transforms.

2.1. Previous results on Poisson transforms

This section is dedicated to give an overview on previous results on Poisson
transforms. First we introduce the classical transforms between real valued func-
tions and afterwards consider its generalisation to sections of homogeneous vector
bundles. Finally, we will present a more detailed discussion of the work of Gail-
lard, whose construction of Poisson transforms between di�erential forms was the
inspiration for the topic of this thesis.

Throughout this section let g be a real semisimple Lie algebra, g = k ⊕ q the
Cartan decomposition of g with respect to a Cartan involution θ, a0 a maximal
abelian subspace of q and m0 the centralizer of a0 in k. Let a+

0 ⊂ a0 be a choice
of a positive Weyl chamber, which determines a positive subsystem ∆+

r of the
restricted roots ∆r, and let n0 be the direct sum of all positive restricted root
spaces. Let W be the Weyl group of g determined by the choice of a0 and de�ne
ρ := 1

2

∑
α∈∆+

r
dim(gα)α ∈ a∗0. Let G be a connected semisimple Lie group with

�nite centre and Lie algebra g and let K, A0, M0 and N0 be the Lie subgroups
of G with Lie algebras k, a0, m0 and n0, respectively. Let Θ be the global Cartan
involution corresponding to θ. We denote by g = κ(g) exp(H(g))η(g) the Iwasawa
decomposition of g ∈ G, where κ(g) ∈ K, H(g) ∈ a0 and η(g) ∈ n0. Moreover, the

41
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subgroup P0 = M0A0N0 is a minimal parabolic subgroup of G with Lie algebra
p0 := m0 ⊕ a0 ⊕ n0.

2.1.1. Real valued Poisson transforms. In the �eld of harmonic analysis
the objects of interest are di�erential operators D : C∞(G/K) → C∞(G/K) on
symmetric spaces G/K which are equivariant with respect to the induced G-actions.
In particular, some of the main points in the program proposed by Helgason (see
[Hel77]) were to �nd joint eigenfunctions for the space D(G/K) of all G-invariant
di�erential operators as well as to describe the joint eigenspaces Eχ for a given
eigenfunction χ : D(G/K) → C as G-representations. Via the Harish-Chandra
isomorphism Ξ ([Hel94, Theorem II.2.1]) we can identify D(G/K) with the space
u(a0)W of elements in the universal enveloping algebra of a0 which are invariant
under the Weyl group. In particular, every eigenfunction is determined by a linear
functional λ ∈ (a0)∗C via χλ(D) := Ξ(D)(λ).

We can interpret the homogeneous space G/P0
∼= K/M as the Fürstenberg

boundary of the symmetric space G/K, see [BJ06, ch. I.6]. Now the idea of the
Poisson transform is to extend functions on this boundary to G/K via an integral
transform.

Definition 2.1.1. [Hel94, p.119] For every λ ∈ (a0)∗C we de�ne the Poisson
transform as the linear map Pλ : C(K/M)→ C∞(G/K) de�ned by

Pλ(f)(gK) =

ˆ
K/M

e−(iλ+ρ)(H(g−1k))f(kM)dkM,

where dkM is the normalized volume on the symmetric space K/M .

Note that this de�nition can be naturally extended to hyperfunctions on the
Fürstenberg boundary. Moreover, we will see in Proposition 2.3.3 that this trans-
form can be interpreted as a G-equivariant map de�ned on sections of density
bundles on G/P0. In particular, the parameter λ origins from a principal series
representation on the parabolic boundary geometry, see also [KZ11, section 4.1].

The key property of the Poisson transform is that it produces joint eigenfunc-
tions for the space of G-invariant di�erential operators on G/K. More explicitly,
we have the following result.

Proposition 2.1.1. For every λ ∈ (a0)∗C the Poisson transform Pλ maps
C(K/M) into the space

Eλ := {f ∈ C∞(G/K) | D(f) = Ξ(D)(iλ)(f) for all D ∈ D(G/K)}.
In particular, the images of the Poisson transform are eigenvectors of the Laplace
Beltrami operator on G/K with eigenvalue 〈λ, λ〉+ 〈ρ, ρ〉.

Proof. Follows from [Hel94, Proposition II.3.14] as well as the explicit for-
mula for Ξ. �

A natural question concerns the bijectivity of the Poisson transform depending
on the linear functional λ. This was �rst answered for the case of real rank 1 by
Helgason in [Hel74] and in the general case by Kashiwara et al in [KKM+78].
Here, the bijectivity of the Poisson transform is related to the value of the Harish-
Chandra c-function de�ned by

c(λ) :=

ˆ
Θ(N)

e−(iλ+ρ)(H(n))dn.

We will not need the explicit formulation of the Theorem on the bijectivity in the
sequel; However, as a small result in this direction we will state the result showing
the existence of boundary values of Poisson transforms.
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Theorem 2.1.1. Suppose λ ∈ (a0)∗C satis�es re(〈iλ, α〉) > 0 for all α ∈ ∆+
r .

Then if H ∈ a+
0 and at = exp(tH) for t ∈ R+, then

lim
t→+∞

e(−iλ+ρ)(tH)Pλ(f)(atK) = c(λ)f(eM)

for all f ∈ C(K/M).

Proof. [Hel94, Theorem II.3.16]. �

2.1.2. Vector valued Poisson transforms. Due to its unique properties the
Poisson transform was generalized to a map between sections of homogeneous vector
bundles. Explicitly, let Wτ be a �nite dimensional K-representation with induced
homogeneous vector bundleWτ → G/K. Then due to section 1.2.2 its space of sec-
tions Γ(Wτ ) can be identi�ed with the space C∞(G,Wτ )K of smoothK-equivariant
maps G → Wτ . Moreover, let Vσ be a �nite dimensional P -representation with
associated vector bundle Vσ → G/P and consider the induced representation

C∞(G,Vσ)P,ρ = {f : G→ Vσ | f(gp) = e−ρ(H(p))σ(p)−1f(g)},

where we included a ρ-shift following standard conventions. By Theorem 1.4.5, this
representation is isomorphic to the space of sections of the bundle Vσ⊗E [ρ]→ G/P ,
where E [ρ] is the density bundle over G/P determined by ρ ∈ a∗0.

The following de�nition of Poisson transforms was used by van der Ven in
[vdV94] for the case of rank(G/K) = 1 and in general by Yang in [Yan94]. More-
over, via the arguments used in the proof of Proposition 2.3.3 it can be shown to
be equivalent to the de�nition given by Olbrich in [Olb95].

Definition 2.1.2. Let φ ∈ HomM (Vσ,Wτ ) be an M -equivariant linear map.
Then we de�ne the Poisson transform Pφ : C∞(G,Vσ)P,ρ → C∞(G,Wτ )K associ-
ated to φ via

Φφ(f)(gK) =

ˆ
K

(τ(k) ◦ φ)(f(gk)) dk,

where dk is the normalized Haar measure on the compact Lie group K.

Note that theM -invariance of the integrand allows us to change the integration
to the symmetric space K/M , endowed with the K-left invariant measure induced
by the Haar measures on K and M . We will see in Theorem 2.2.2 that our version
of Poisson transform between vector valued di�erential forms is a special case of
De�nition 2.1.2.

For vector valued Poisson transforms the same questions regarding eigende-
compositions and bijectivity were asked. Again, in our context it will be su�cient
to give the result on the existence of boundary values. For that, consider the
generalized Harish-Chandra c-function de�ned by

c(λ) =

ˆ
Θ(N)

τ(k(n))e−(λ+ρ)(H(n))dn

for all λ ∈ (a∗0)C.

Theorem 2.1.2. Let λ ∈ (a∗0)C be such that re(〈λ, α〉) > 0 for all α ∈ ∆+
r .

Then for all φ ∈ HomM (Vσ,Wτ ) and H ∈ a+
0 we have

lim
t→+∞

e(−λ+ρ)(tH)Pφ(f)(g exp(tH)) = c(λ)φ(f(g)).

Proof. [Yan94, Prop. 2.4]. �

Note that in the last section we used the parameter iλ ∈ (a∗0)C, whereas in the
vector valued case the multiplication with the imaginary unit is usually dropped.
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In particular, we can apply this construction to the representations Wτ =
Λ`(g/k)∗ and Vσ = Λk(g/p)∗[−ρ], obtaining for every φ ∈ HomM (Vσ,Wτ ) a Poisson
transform Pφ : Ωk(G/P ) → Ω`(G/K). However, from this point of view it is not
clear if such a M -invariant linear map φ exists. Furthermore, for a given φ the
relation between the Poisson transform Pφ and various di�erential operators used
in the exterior calculus on G/P and G/K is not obvious.

2.1.3. Gaillard's transform. A di�erent version of a Poisson transform on
di�erential forms in the case of even dimensional real hyperbolic space was devel-
oped by Pierre-Yves Gaillard in this dissertation, see [Gai86]. Speci�cally built in
the language of exterior calculus, his approach enabled him to relate his Poisson
transform with several di�erential operators quite easily. Since his construction was
the main inspiration for the point of view we pursue in this thesis, we will give a
more detailed description of his work.

The key ingredient for the construction of Gaillard's transform was an idea
by Thurston in [Thu, chapter 11], where he studied the interaction between the
geometries of the hyperbolic space Hn and its associated boundary ∂Hn via so
called visual maps. In order to de�ne them, consider the Poincaré ball model of
the hyperbolic space with its boundary given by the unit sphere in Rn, c.f. section
3.1.2. To every x ∈ Hn and every ξ in the unit sphere Sx of the tangent space at
x, the visual map Vx assigns the boundary point y ∈ ∂Hn given by the (Euclidean)
limit of the unique geodesic ray γξ : R+ → Hn de�ned by ξ. Due to the negative
curvature of the hyperbolic space, the maps Vx are G-isomorphisms for the natural
action of the group G = SO(n, 1), c.f. section 3.2.3. Thus, they can be used to
relate the natural conformal structure on ∂Hn with the Riemannian structure on
Hn.

Definition 2.1.3. Let α be a k-form on ∂Hn and for x ∈ Hn let ξ1, . . . , ξk be
vectors in TxHn. Choose a point u ∈ Sx, translate the vectors ξi to u and project
them orthogonally to obtain vectors ζ1, . . . , ζk in TuSx. Let |Sn−1| be the volume
of the (n − 1)-dimensional unit sphere, vol be the hyperbolic volume form on Hn

and ν be the normal unit vector �eld on Sx. Then we de�ne the Poisson transform
Pk : Ωk(∂Hn)→ Ωk(Hn) via

Pk(α)(x)(ξ1, . . . , ξk) :=
1

|Sn−1|

ˆ
Sx

(V ∗x α)(ζ1, . . . , ζk) (ιν vol) (x).

Gaillard extended this de�nition to hyperforms on ∂Hn with values in density
bundles. Subsequently, he showed that it can be expressed as an integral transform,
whose kernel φk is an O(n)-invariant di�erential form of degree (k, n − 1 − k) on
Hn × ∂Hn, i.e.,

Pk(α) =

ˆ
∂Hn

φk ∧ α,

see [Gai86, Lemme 1]. Moreover, he explicitly computed the kernel in terms of
coordinates on the ball model and used it to obtain information on the behaviour of
his transform with respect to exterior derivatives and the Riemannian codi�erential.
In particular, he showed that the image of his transform is contained in the space
of harmonic di�erential forms on Hn.

The main tool for his studies was the �lemme fondamentale� [Gai86, chapter
4], which expresses the Poisson transform in terms of the polar decomposition of
Hn on the Poincaré ball model. Using this, he was able to show that his operator
has boundary values for all degrees lower than n/2. Moreover, using the explicit
formula for the Poisson kernel J. Lott showed by a direct computation the following
condition on L2-integrability of Poisson transforms.
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Theorem 2.1.3. If n is even then up to a constant, Pn
2
is an isometric iso-

morphism between exact n
2 -forms on Sn−1 which are Sobolev H−

1
2 -regular, and

L2-harmonic n
2 -forms on Hn.

Proof. [Lot00, Theorem 1]. �

In order to get a clearer connection to the classical de�nition of Poisson trans-
forms on smooth functions A. Juhl reformulated in [Juh87, De�nition 1] Gaillard's
operator in terms of equivariant maps. In this way, he suggested that this con-
struction should be generalizable to other hyperbolic spaces as well as di�erential
forms with values in a natural vector bundle. In particular, this reformulation
showed that Gaillard's transform is a special case of the vector valued version of
the Poisson transform as in De�nition 2.1.2.

It should also be noted that Pierre Julg proved in his thèse d'État [Jul91]
that there is a boundary value operator on L2-harmonic forms in middle degree
on real and complex hyperbolic space, which is an isometry for a Sobolev norm
on the boundary. In [Pan93], Pansu discussed these operators and posed the
question whether there is a Poisson transform on di�erential forms on the complex
hyperbolic space, which is alsoG-equivariant, commutes with the exterior derivative
and has boundary values, and whose image consists of all harmonic forms on G/K,
generalizing Gaillard's operator. This was partly answered by Gaillard himself in
[Gai78] for di�erential forms with degree smaller than half of the dimension of
complex hyperbolic space, and recently by M. Olbrich, which was communicated
through a private conversation. We will address this question in section 4.

2.2. Construction and properties of Poisson transforms

This section is dedicated to the introduction and general discussion of a new
approach to Poisson transforms between vector valued di�erential forms on homoge-
neous parabolic geometries G/P and vector valued di�erential forms on Riemannian
symmetric spacesG/K, which is the main aim of this thesis. Explicitly, these will be
de�ned in 2.2.1 as G-equivariant integral operators, whose kernels are G-invariant
vector valued di�erential forms on the product space G/K ×G/P . Since the latter
space is itself a homogeneous space, Poisson transforms are in bijective correspon-
dence with invariant elements in �nite dimensional representations of semisimple
Lie groups, c.f. Theorem 2.2.1. Afterwards, we will provide in section 2.2.2 two
alternative descriptions of these operators, which will imply that our Poisson trans-
forms are special case of the vector valued transforms as in 2.1.2. However, since
our approach is tailored to the calculus of di�erential forms, we can express com-
positions of Poisson transforms with several di�erential operators again as Poisson
transforms, c.f. Proposition 2.2.3, and thus compute their properties on the level
of the corresponding representations. In particular, this enables us to explicitly
construct transforms which factor to G-equivariant operators de�ned on sections
of the corresponding homology bundles over G/P , whose image is automatically
contained in the space of harmonic di�erential forms on G/K, c.f. Theorem 2.2.3.

2.2.1. General construction. Let G be a connected semisimple Lie group
with �nite centre and let θ be a Cartan involution on its Lie algebra g with corre-
sponding Cartan decomposition g = k⊕q. Let p be a standard parabolic subalgebra
of g with respect to a θ-stable Cartan subalgebra of g and let g = g−k⊕ · · ·⊕ gk be
the corresponding |k|-grading of g. Let K ⊂ G be the maximal compact subgroup
with Lie algebra k and P be the parabolic subgroup of G with Lie algebra p. Then
G/K is a Riemannian symmetric space and G/P is a homogeneous parabolic geom-
etry. Furthermore, using the Iwasawa decomposition of G we see that the compact
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groupK acts transitively on G/P . (see e.g. [�S09, Proposition 3.2.6]). This action
induces a K-isomorphism G/P ∼= K/M , where M denotes the Lie group K ∩ P
with Lie algebra m. Explicitly, this isomorphism is given by gP 7→ κ(g)M , where
g = κ(g)a(g)η(g) is the Iwasawa decomposition of the element g ∈ G. In particular,
the homogeneous space G/P is compact.

TheG-action on the product spaceG/K×G/P is therefore seen to be transitive.
Indeed, for all g1, g2 ∈ G the element h := g1κ(g−1

1 g2) satis�es hK = g1K as well
as hP = g1κ(g−1

1 g2)P = g2P . Moreover, the kernel of the point (eK, eP ) is exactly
M , so we get a di�eomorphism Ψ: G/M

∼−→ G/K × G/P of G-manifolds and a
double �bration

G/M

G/K G/P

πK πP

The derivative of Ψ induces a splitting of g/m into the direct sum of the M -
representations (g/m)1,0 and (g/m)0,1 corresponding to g/k and g/p, respectively.
Therefore, we obtain a decomposition of the tangent bundle T (G/M) into the
Whitney sum of the two G-invariant subbundles T 1,0 := G ×M (g/m)1,0 and
T 0,1 := G ×M (g/m)0,1. By construction, the tangent maps of the canonical pro-
jections πK and πP are pointwise isomorphisms between T 1,0 and T (G/K) as well
as T 0,1 and T (G/P ), respectively. Otherwise put, the distribution T 0,1 is the ver-
tical bundle of the �bre bundle G/M → G/K, whereas T 1,0 de�nes an Ehresmann
connection on T (G/M).

Via the projections of T (G/M) onto its factors we can view the vector bundles
Λp,qT ∗(G/M) := ΛpT 1,0∗ ⊗ ΛqT 0,1∗ as subbundles in Λp+qT (G/M). We say that
any element in Λp,qT ∗(G/M) is of degree (p, q). By compatibility of the exterior
product with the Whitney sum we obtain a decomposition

ΛkT ∗(G/M) =
⊕
p+q=k

Λp,qT ∗(G/M)

for all 0 ≤ k ≤ dim(G/M). Moreover, we denote by Ωp,q(G/M) the space of sections
of the bundle Λp,qT ∗(G/M) and say that a di�erential form ω ∈ Ωp,q(G/M) has
degree (p, q), as well as K-degree |ω|K := p and P -degree |ω|P := q. Note that the
di�erential forms of degree (p, q) are exactly those (p + q)-forms on G/M which
vanish at every point upon insertion of either p + 1 horizontal or q + 1 vertical
vectors.

Let V be a P -representation with associated bundle V over G/P andW be aK-
representation with associated bundle W over G/K. Moreover, denote the bundles
associated to V and W over G/M by VM and WM , respectively. Then the vector
space L(V,W) of linear maps from V to W is canonically an M -representation, and
we denote by L(VM ,WM ) its associated bundle over G/M . If we consider a k-form
α on G/P with values in V , then we can form the pullback of α along the projection
πP to get a (0, k)-form on G/M with values in the pullback bundle π∗PV , which by
Corollary 1.2.1 coincides with the associated bundle VM .

Let χ : P → R+ be a character on P and let E [χ] be the corresponding density
bundle, c.f. section 1.4.5. Every χ-density σ ∈ Γ(E [χ]) corresponds to a smooth, P -
equivariant map f : G→ R[χ]. From Theorem 1.4.5 we obtain that f can be viewed
as anM -invariant map, and we call the induced smooth function π∗Pσ ∈ C∞(G/M)
given by π∗Pσ(gM) := f(g) the pullback of the χ-density σ. In particular, if we de�ne
V [χ] := V ⊗ E [χ] for all homogeneous vector bundles V → G/P , we can form the
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pullback of any section t ∈ Γ(V [χ]) along the projection πP , which is a section of
the vector bundle VM over G/M and compatible with the G-actions.

Let α ∈ Ωk(G/P, V [χ]) and φk,` be a (`, n − k)-form on G/M with values in
Hom(VM ,WM ), where n is the dimension of the homogeneous space G/P . Then
we can interpret the wedge product φk,` ∧ π∗Pα as a WM -valued di�erential form
on G/M of degree (`, n) simply by applying φk,` to π∗Pα after insertion of vector
�elds on G/M . Moreover, the manifold G/P is compact, so if we assume that it is
oriented we can integrate this form along the �bre to get a k-form on G/K with
values in the vector bundle W .

In this way, we obtain a linear transform

Φk,` : Ωk(G/P, V [χ])→ Ω`(G/K,W )

via the formula

Φk,`(α) :=

 
G/P

φk,` ∧ π∗Pα.

We call φk,` the kernel of the transform Φk,`.
As we have seen in section 1.2.2 we obtain an induced G-action on the space

of Hom(VM ,WM )-valued di�erential forms on G/M . The next lemma derives a
correspondence between G-equivariant integral transformations of the above kind
and invariance properties of the kernel of the operator.

Lemma 2.2.1. Using the notation from above, the integral transform

Φk,` : Ωk(G/P, V [χ])→ Ω`(G/K,W )

is G-equivariant if and only if its kernel φk,` is G-invariant.

Proof. The projection πP : G/M → G/P is G-equivariant, so the pullback
along this map commutes with the G-actions on the sections of the bundles V [χ]
and π∗P (V [χ]) = VM as well as with the pullback of di�erential forms along the
G-actions on G/M and G/P , respectively. Next, for sections s ∈ Γ(VM ) and
ϕ ∈ Γ(Hom(VM ,WM )) we obtain that g ·ϕ(s) = (g ·ϕ)(g ·s) for all g ∈ G, where the
dots denote the actions on the appropriate associated bundles. Finally, Proposition
1.5.1 shows that the �bre integral commutes with pullbacks along smooth functions.

Therefore, if φk,` isG-invariant, we obtain for all g ∈ G and V [χ]-valued k-forms
α on G/P that

g · Φk,`(α) =

 
G/P

(g · φk,`) ∧ (g · π∗Pα) =

 
G/P

φk,` ∧ π∗P (g · α) = Φk,`(g · α),

so Φk,` is G-equivariant.
On the other hand, if the transformation Φk,` is G-equivariant, we see that 
G/P

(g · φk,`) ∧ (g · π∗Pα) = g · Φk,`(α) = Φk,`(g · α) =

 
G/P

φk,` ∧ (g · π∗Pα)

for all V [χ]-valued k-forms α on G/P . Since the wedge product is non-degenerate,
this implies that the kernel φk,` is G-invariant. �

Definition 2.2.1. With the notation from above, we call a G-invariant di�er-
ential form φk,` ∈ Ω`,n−k(G/M,Hom(VM ,WM )) a Poisson kernel and the corre-
sponding G-equivariant integral transformation

Φk,` : Ωk(G/P, V [χ])→ Ω`(G/K,W ), α 7→
 
G/P

φk,` ∧ π∗Pα

a Poisson transform.
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As a G-invariant section of a homogeneous vector bundle over G/M every
Poisson kernel is determined by its value over the base point eM ∈ G/M due to
Theorem 1.2.2. In particular, we immediately obtain the following Theorem.

Theorem 2.2.1. There is a bijective correspondence between Poisson trans-
forms Φk,` : Ωk(G/P, V [χ]) → Ω`(G/K,W ) and the vector space of M -invariant

elements in the �nite dimensional representation Λ`,n−k(g/m)∗ ⊗ L(V,W).

Using the last Theorem we obtain Poisson transforms simply by constructing
invariant vectors in a �nite dimensional M -representation. Moreover, we will show
in Proposition 2.2.3 that the composition of a Poisson transform with several dif-
ferential operators is again a Poisson transform, whose kernel can be determined at
the level of the corresponding M -module.

2.2.2. Alternative descriptions of Poisson transforms. We continue our
discussion by giving two alternative descriptions of our Poisson transforms. One of
them provides a geometric interpretation and thereby creates a link to Gaillard's
initial construction in terms of visual maps as in De�nition 2.1.3. From this we
derive an equivalent description in terms of equivariant functions, proving that our
de�nition can be seen as a special case of the vector valued Poisson transform in
section 2.1.2.

First we have to show that there is a unique vertical form on G/M which serves
as a volume form for every �bre of G/M → G/K.

Lemma 2.2.2. There exists a Poisson kernel vol ∈ Ω0,n(G/M) which satis�es´
K/M

vol = 1.

Proof. By Theorem 1.2.2 it su�ces to construct M -invariant elements in the
1-dimensional representation Λn(g/m)0,1∗. However, compactness of M and ori-
entability of G/P implies that every element in this representation is M -invariant,
so we obtain a family of G-invariant di�erential forms of degree (0, n) on G/M
which di�er by a constant factor. In particular, there is a unique form vol whose
integral over π−1

K (eK) = K/M equals 1. �

Let V be a �nite dimensional P -representation with associated vector bundle
V → G/P and let W be a �nite dimensional K-representation with associated
vector bundleW → G/K. If pk,` : ΛkT 0,1∗⊗V ∗M → Λ`T 1,0∗⊗WM is a G-equivariant
bundle map we de�ne for all α ∈ Ωk(G/P, V [χ]) the W -valued di�erential form
Pk,`(α) on G/K of degree ` via

Pk,`(α) :=

 
G/P

pk,`(π
∗
Pα)⊗ vol .

Then invariance of the volume form vol on G/P implies that the induced linear
map Pk,` : Ωk(G/P, V [χ])→ Ω`(G/K,W ) is G-equivariant.

Proposition 2.2.2. The set of Hom(VM ,WM )-valued Poisson kernels on G/M
of degree (`, n − k) is in bijective correspondence with the space of G-invariant
elements in

Homk,` := Hom(ΛkT 0,1∗ ⊗ VM ,Λ`T 1,0∗ ⊗WM ).

Moreover, if φ is such a Poisson kernel with associated Poisson transform Φ and
corresponding G-equivariant bundle map p ∈ HomG

k,`, then

Φ(α) =

 
G/P

p(π∗Pα)⊗ vol

for all α ∈ Ωk(G/P, V [χ]).
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Proof. For two M -representations X and Y with dim(X) = n consider the
two linear maps

X ⊗ Y ∗ → L(X∗, Y ∗), v ⊗ φ 7→ (ψ 7→ ψ(v)φ)

ΛkX ⊗ ΛnX∗ → Λn−kX∗, v ⊗ α 7→ ιvα,

which both are M -equivariant and bijective. Composing these linear maps we
obtain an isomorphism

L(ΛkX∗,Λ`Y ∗)⊗ ΛnX∗ → Λn−kX∗ ⊗ Λ`Y ∗.

of M -modules.
In particular, for X = (g/m)0,1 and Y = (g/m)1,0 this yields a G-equivariant

isomorphism

Γ(Homk,`)⊗ Ω0,n(G/M)→ Ω`,n−k(G/M,L(VM ,WM )).

For p ∈ HomG
k,` and vol the G-invariant (0, n)-form from Lemma 2.2.2 the tensor

product p⊗ vol is G-invariant and therefore also its image under the above isomor-
phism, which de�nes a Poisson kernel φ of degree (`, n−k). Moreover, by de�nition
we have

p(π∗Pα)⊗ vol = φ ∧ π∗Pα

for all α ∈ Ωk(G/P, V [χ]), and integrating both sides yields the claimed formula.
�

We can use Proposition 2.2.2 to construct Poisson transforms between real
valued di�erential forms as follows: For all z ∈ G/M we can identify the vector
spaces T 1,0

z with TπK(z)(G/K) as well as T 0,1
z with TπP (z)(G/P ) in a G-equivariant

way. Then Proposition 2.2.2 implies that every Poisson transform between real
valued di�erential forms is obtained by specifying a G-equivariant family of linear
maps px,y : ΛkT ∗y (G/P )→ Λ`T ∗x (G/K), which depends smoothly on x ∈ G/K and
y ∈ G/P . In order to construct this set of maps we can use geometric objects and
methods. As an example, Gaillard used the visual maps on the real hyperbolic space
to construct such a family, c.f. section 2.1.3. Note that since G acts transitively
on the product manifold G/K ×G/P , the family {px,y} is determined by a single
M -equivariant map Λk(g/p)∗ → Λ`(g/k)∗ due to Theorem 1.2.2.

Furthermore, we can use Proposition 2.2.2 to obtain an expression of our Pois-
son transform in terms of equivariant maps. For that, let α ∈ Ωk(G/P, V [χ])
correspond to the P -equivariant map f : G → Λk(g/p)∗ ⊗ V[χ]. Then the M -
equivariant map π∗P f corresponding to the pullback of α along the canonical pro-
jection is given by the composition of f with the isomorphism g/p ∼= (g/m)0,1.
Moreover, for any p ∈ HomG

k,` the composition p ◦ π∗P f de�nes an M -equivariant
map G→ Λ`(g/m)1,0∗⊗W, whose target space is aK-representation σ via the iden-
ti�cation of (g/m)1,0 with g/k. Since K is compact, we can average the K-action
on p ◦ π∗P f and obtain a smooth, K-equivariant map

Φ(f) : G→ Λk(g/k)⊗W,

g 7→
ˆ
K

(σ(k) ◦ p)π∗P f(gk) dk,

where dk is the normalized Haar measure on the Lie group K.

Theorem 2.2.2. Let φ be a Hom(VM ,WM )-valued Poisson kernel of degree
(`, n−k) with corresponding Poisson transform Φ and corresponding G-equivariant

map p ∈ HomG
k,` as in Proposition 2.2.2. Let α be a V [χ]-valued di�erential form

on G/P with associated P -equivariant map f . Let σ be the induced representation
of K on Λk(g/m)1,0∗ ⊗W and dk the normalized Haar measure on K.
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Then the K-equivariant map G → Λ`(g/k)∗ ⊗W corresponding to Φk,`(α) is
given by

g 7→
ˆ
K

(σ(k) ◦ p)π∗P f(gk) dk.

Proof. Let f̃ : G → Λk(g/k)∗ ⊗W be the smooth, K-equivariant map cor-
responding to Φ(α), which can be computed via f̃(g) =

(
g−1 · Φ(α)

)
(eK) for all

g ∈ G, where the dot denotes the induced G-action on sections of the homogeneous
vector bundle ΛkT ∗(G/K) ⊗W , c.f. section 1.2.2. Applying Proposition 2.2.2 we
obtain that

f̃(g) =

(
g−1 ·

( 
G/P

p(π∗Pα)⊗ vol

))
(eK) = (∗),

where vol is the unique real-valued Poisson kernel of degree (0, n) constructed in
Lemma 2.2.2. Now we have seen in section 1.2.2 that the G-action on Φ(α) is given
by the composition of the pullback along left translations and the induced action
on the homogeneous bundleW , so by Proposition 1.5.1 we can commute this action
with the �bre integral. Thus, we can write

(∗) =

ˆ
K/M

(
g−1 · (p(π∗Pα)⊗ vol)

)
(kM),

where we used that the �bre of G/M → G/K over the base point eK equals K/M .
By G-invariance of the volume form the above expression becomes

(∗) =

ˆ
K/M

(
g−1 · p(π∗Pα)

)
(kM)⊗ volK/M ,

and the integrand is equal to (σ(k) ◦ p)(π∗P f)(gk) in terms of the corresponding
M -equivariant maps. Finally, the volume form volK/M induces a K-left invariant
measure on K/M so that its volume equals 1. However, it is well known (see
e.g. [Hel84, Prop. I.1.8 and Theorem I.1.9]) that such a measure on K/M is
constructed from normalized Haar measures of the compact Lie groups K and M ,
respectively, and that integrals over K can be expressed in terms of integrals over
K/M and M . Since the function p ◦ f is M -equivariant we obtain that

f̃(g) =

ˆ
K

(σ(k) ◦ p)π∗P f(gk) dk.

�

In particular, Theorem 2.2.2 shows that our construction is a special case of
the classical vector valued Poisson transform in the sense of De�nition 2.1.2.

As a Corollary, we want to apply the above formula to the Poisson kernel vol
of degree (0, n) de�ned in Lemma 2.2.2 in the case of a minimal parabolic subgroup
P , which will be used later to prove Proposition 2.3.3. Recall from Theorem 1.4.5
that in the case of a minimal parabolic subgroup P of a semisimple Lie group
G any density bundle on G/P is determined by a linear functional λ ∈ a∗0. In
this case we denote the corresponding 1-dimensional P -representation by R[λ], its
associated bundle by E [λ] and call any section of E [λ] a λ-density. Explicitly, if
p = m exp(H(p))n is the Iwasawa decomposition of p ∈ P with m ∈ K, H(p) ∈ a0

and n ∈ N , then p · t = eλ(H(p))t for all t ∈ R[λ].

Corollary 2.2.2. Let G be a semisimple Lie group with �nite centre, K its
maximal compact subgroup, P be its minimal parabolic subgroup and letM := K∩P .
Let vol be the real valued Poisson kernel of degree (0, n) de�ned in Lemma 2.2.2
and Φ be the Poisson transform associated to vol. Denote by dkM the normalized,
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K-left invariant measure on K/M . Let g = κ(g) exp(H(g))η(g) the Iwasawa de-
composition of g ∈ G with κ(g) ∈ K, H(g) ∈ a0 and η(g) ∈ N and denote by ρ ∈ a∗0
the lowest form of g.

Then for all λ-densities σ on G/P the smooth function Φ(σ) ∈ C∞(G/K) is
given by

Φ(σ)(gK) =

ˆ
K/M

e(λ−2ρ)(H(g−1k))π∗Pσ(kM) dkM.

Proof. From Proposition 2.2.2 we deduce that the Poisson kernel vol corre-
sponds to the identity in Hom(G/M × R, G/M × R). Therefore, we obtain from
Theorem 2.2.2 that the smooth function Φ(σ) is given by

Φ(σ)(gK) =

ˆ
K

(π∗P f)(gk)dk,

where dk is the normalized Haar measure on K and f : G → R[λ] is the smooth,
P -equivariant map corresponding to σ.

Next, we apply the Iwasawa decomposition to gk and use P -equivariance of the
smooth map π∗P f to obtain

π∗P f(gk) = π∗P f(κ(gk) exp(H(gk))η(gk)) = e−λ(H(gk))π∗P f(κ(gk)).

But the map κg : k 7→ κ(gk) is a di�eomorphism of K with inverse κ−1
g = κg−1

(see [Hel84, Lemma I.5.19]), and the change of the Haar measure on K is given by
κ∗gdk = e−2ρ(H(gk))dk. Inserting this into the above formula and using the relation
H(gκ(g−1k)) = −H(g−1k) we obtain that

Φ(σ)(gK) =

ˆ
K

e(λ−2ρ)(H(g−1k))π∗P f(k)dk.

Finally, since the integrand is invariant under the map k 7→ km for all m ∈ M
we can change the integral to the homogeneous space K/M , obtaining the claimed
formula. �

2.2.3. Poisson transforms and di�erential operators. In section 2.2.1
we have seen how to construct Poisson transforms by reducing the problem to
computations in �nite dimensional M -representations. In the next step we focus
on their compatibility with several di�erential operators on G/P and G/K.

Let V and W be two G-representations with associated vector bundles VM and
WM over G/M . Then the vector space L(V,W) inherits a natural G-action, so its
associated bundle Z := L(VM ,WM ) is a tractor bundle over G/M . Recall from
section 1.2.3 that Z is endowed with the G-invariant tractor connection, which in
turn allows us to form the covariant exterior derivative dZ on the space of Z-valued
di�erential forms on G/M due to section 1.2.4.

Since the space of di�erential forms on G/M is naturally bigraded we obtain
a splitting of the covariant exterior derivative into dZ = dK + dP , where the �rst
operator increases the K-degree, whereas the second summand increases the P -
degree. We call dK and dP the partial derivatives in direction G/K and G/P , or
simply the K-derivative and P -derivative, respectively. Since dZ ◦ dZ = 0 we also
obtain that d2

K = 0, d2
P = 0 and dKdP = −dP dK . Note that we can also twist

the G-action on W with the Cartan involution θ on g as in section 1.3.2. In this
way, we obtain another covariant derivative dZ,θ, which splits into two operators
dθK + dθP in the same way as above. However, since the subbundle T 0,1(G/M) is
associated to the M -representation (g/m)0,1∗ = k/m it follows from formula (1.2.4)
that dθP = dP due to θ-invariance of k.

Furthermore, we have constructed in section 1.4.2 the Kostant codi�erential ∂∗

on homogeneous parabolic geometries and have shown in Theorem 1.4.4 that it is
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selfadjoint with respect to the wedge product. Now the pointwise identi�cation of
T (G/M) with the Whitney sum T (G/K)⊕ T (G/P ) allows us to de�ne a tensorial
operator

∂P : Λp,qT ∗(G/M)⊗ Z → Λp,q−1T ∗(G/M)⊗ Z,

called the P -codi�erential. Explicitly, for x ∈ G/M we de�ne this operator on de-
composable elements α∧β with α ∈ Λp,0T ∗x (G/M)⊗(VM )x and β ∈ Λ0,qT ∗x (G/M)⊗
(WM )∗x via

∂P (α ∧ β) := (−1)pα ∧ ∂∗β

and extend this operator linearly, where we used the pointwise isomorphism between
T 0,1 and T (G/P ) induced by the projection πP . Subsequently, we can de�ne the
P -Laplace �P := dP∂P + ∂P dP on Ωk,`(G/M,Z).

On the other hand, we have de�ned in section 1.3.1 the Hodge star operator
∗W on W -valued di�erential forms on G/K. Similarly as for the P -codi�erential
we obtain a tensorial operator

∗K : Λp,qT ∗(G/M)⊗ Z → Ωdim(G/K)−p,qT ∗(G/M)⊗ Z,

which we will call the K-Hodge star operator. Explicitly, for x ∈ G/M this operator
is de�ned on decomposable elements α ∧ β with α ∈ Λp,0T ∗x (G/M) ⊗ (VM )x and
β ∈ Λ0,qT ∗x (G/M)⊗ (WM )∗x by

∗K(α ∧ β) := (∗α) ∧ β,

where we used the identi�cation of T 1,0 with T (G/K) induced by the projection
πK . Moreover, in analogy to Theorem 1.3.2 we de�ne

δK := (−1)dim(G/K)(p−1)+1 ∗K dθK∗K ,

which is a G-equivariant operator lowering the K-degree by 1. Finally, we de�ne
the K-Laplace ∆K := dKδK + δKdK .

By naturality, all the above maps areG-equivariant and thus haveM -equivariant
counterparts on the level of the correspondingM -representations, which we will de-
note by the same symbols. In particular, for any Poisson kernel we can determine its
image under the above operators via computations at the level of the corresponding
M -representations.

Proposition 2.2.3. Let G be a semisimple Lie group with �nite centre, K its
maximal compact subgroup, P a parabolic subgroup of G and de�neM := K∩P . Let
V and W be �nite dimensional G-representations with corresponding tractor bundles
V over G/P and W over G/K and covariant exterior derivatives dV on V and dW

on W , respectively, which are induced by the respective tractor connections. Let
Z be the homogeneous vector bundle over G/M associated to the M -representation
L(V,W). Let φ be a Z-valued Poisson kernel of degree (`, n− k) and let

Φ: Ωk(G/P, V )→ Ω`(G/K,W )

be the corresponding Poisson transform.

(i) The compositions dW ◦Φ, ∗◦Φ and δW ◦Φ are again Poisson transforms with
kernels dKφ, ∗Kφ and δKφ, respectively.

(ii) The compositions Φ◦dV and Φ◦∂∗ are again Poisson transforms with kernels
(−1)n−k+`+1dPφ and (−1)n−k+`∂Pφ, respectively.

In particular, we have ∗K ◦ dP = (−1)dim(G/K)dP ◦ ∗K , and operators dP and ∂P
anticommute with both operators dK and δK .
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Proof. (i) From Theorem 1.5.1 we know that the covariant exterior deriv-
ative commutes with the �bre integral. Moreover, using Proposition 1.2.4(ii)
and the isomorphism L(V,W) ∼= V∗ ⊗W we can express dWM in terms of dZ

and dVM , which are all induced by the respective tractor connections. There-
fore, for α ∈ Ωk(G/P, V ) we deduce that

dWΦ(α) = dW

( 
G/P

φ ∧ π∗Pα

)

=

 
G/P

dWM (φ ∧ π∗Pα)

=

 
G/P

((
dZφ

)
∧ π∗Pα+ (−1)k+n−`φ ∧

(
dVMπ∗Pα

))
=

 
G/P

(dKφ) ∧ π∗Pα,

where we used in the last line that any di�erential form on G/M with P -degree
n+ 1 is trivial.

For the second operator note that we have

∗WΦ(α) =

 
G/P

(∗Kφ) ∧ π∗Pα,

which follows immediately from the local description of the �bre integral in
section 1.5.1 and the tensoriality of the vector valued Hodge star on G/K.
Therefore, we deduce that

δWΦ(α) =

 
G/P

(δKφ) ∧ π∗Pα.

(ii) By naturality of the covariant exterior derivative we deduce for all α ∈
Ωk−1(G/P, V ) that

Φ(dV α) =

 
G/P

φ ∧ π∗P (dV α)

=

 
G/P

φ ∧ (dVMπ∗Pα)

= (−1)n−k+`

(
dW

 
G/P

φ ∧ π∗Pα−
 
G/P

(dZφ) ∧ π∗Pα

)

= (−1)n−k+`+1

 
G/P

(dPφ) ∧ π∗Pα,

where we used again Proposition 1.2.4 in the third line as well as the fact that
integration over a di�erential form on G/M with P -degree (n− 1) is trivial.

For the other operator, the selfadjointness of the Kostant codi�erential
from Theorem 1.4.4 implies for all α ∈ Ωk+1(G/P, V ) that

Φ(∂∗α) =

ˆ
G/P

φ ∧ ∂Pπ∗Pα = (−1)n−k+`

ˆ
G/P

(∂Pφ) ∧ π∗Pα.

The last part of the Proposition follows by composing the Poisson transform
with pairs of operators and determining the induced Poisson kernels. As an ex-
ample, we consider the Poisson transform ∗ ◦ Φ ◦ dV . The corresponding Poisson
kernel is given by (−1)r ∗K dPφ with r := n − k + ` + 1, where we �rst moved
the covariant derivative to the Poisson kernel and afterwards applied the K-Hodge
star. However, if we apply the operators to the Poisson kernel φ in the other way
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round, we obtain the equivalent expression (−1)dim(G/K)+rdP ∗Kφ for the kernel of
this transform. Therefore, it follows that ∗KdP = (−1)dim(G/K)dP ∗K . �

For the remainder of this section we want to relate the covariant Laplace op-
erator on G/K from section 1.3.2 and the operator �R on G/P from section 1.4.3
via Poisson transforms. For that, recall from section 1.2.6 that the Casimir element
of g induces a di�erential operator DC on di�erential forms on every homogeneous
space with values in a homogeneous bundle, which is constructed via the in�nites-
imal action of g. In particular, if Φ is a Poisson transform, then by G-equivariance
we obtain that

DCΦ(α) = Φ(DCα)

for all α ∈ Ωk(G/P, V ).

Lemma 2.2.3. Let G be a semisimple Lie group with �nite centre, K its maximal
compact subgroup and P a parabolic subgroup of G. Let V and W be irreducible
G-representations, let cV and cW be their Casimir eigenvalues and V and W be
the corresponding tractor bundles over G/P and G/K, respectively. Then every
Poisson transform Φ between Ωk(G/P, V ) and Ω`(G/K,W ) satis�es

2Φ(�Rα) + ∆WΦ(α) = (cW − cV)Φ(α)

for all α ∈ Ωk(G/P, V ).

Proof. In [�S07, Corollary 1] it was proved that the di�erential operator DC

induced by the Casimir element on g acts on V -valued di�erential forms on G/P
via DC = 2�R + cV. On the other hand, we have seen in Theorem 1.3.3 that its
action on W -valued di�erential forms on G/K is given by DC = −∆W + cW, so the
claimed formula follows immediately from DC(Φ(α)) = Φ(DCα). �

One of the major achievements in recent years in the theory of parabolic ge-
ometries was the development of BGG-sequences, which are of crucial importance
for the geometric study of such manifolds. In order to relate these to geometric
objects on their corresponding symmetric spaces, we aim to construct equivariant
operators between sections of homology bundles on homogeneous parabolic geome-
tries and vector valued di�erential forms on Riemannian symmetric spaces which
are compatible with the BGG-operators.

First, we recall from section 1.4.3 the de�nition of BGG-sequences. Let G be a
semisimple Lie group, P ⊂ G a parabolic subgroup and let V be a G-representation
with associated tractor bundle V overG/P . Let ∂∗ be the Kostant codi�erential and
denote the induced tensorial map on the space of V -valued k-forms on G/P by the
same symbol, c.f. section 1.4.2. Then we de�ned the homology bundlesHk(G/P, V )
over G/P as the homogeneous vector bundles associated to the P -representations
Hk(G/P,V) = ker(∂∗)/ im(∂∗). Moreover, in Theorem 1.4.3 we have seen that
there exists a splitting operator L : Hk(G/P, V )→ ker(∂∗), which is a section of the
canonical projection π : ker(∂∗)→ Hk(G/P, V ), and which assigns to each section
of a homology bundle its unique representative in the kernel of �R, c.f. Proposition
1.4.3. Finally, we de�ned the k-th BGG-operatorD : Hk(G/P, V )→ Hk+1(G/P, V )
by D := π ◦ dV ◦ L, where dV is the restriction of the covariant exterior derivative
with respect to the tractor connection to sections of the kernel of the Kostant
codi�erential.

Our aim is construct G-equivariant operators between sections of the homology
bundles Hk(G/P, V ) and tractor bundle valued di�erential forms on the symmetric
space G/K, which are compatible with BGG-operators. In order to do so, we could
�rst identify Γ(Hk(G/P, V )) with sections of the kernel of �R via the splitting
operator L, which coincides with the subcomplex of the twisted de Rham sequence
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on G/P determined by the Casimir eigenvalue of V due to [�S07, Corollary 1], and
afterwards apply a nontrivial Poisson transform. However, the explicit computation
of the image of the splitting operator is a di�cult task in general, so in particular
we cannot relate these to properties of the corresponding Poisson kernel.

Therefore, we will follow another approach by constructing a Poisson transform
Φ which is trivial on the image of the Kostant codi�erential. In this way, this oper-
ator factors canonically to a G-equivariant map Φ̃ on sections of the corresponding
homology bundles via Φ̃ ◦ π := Φ. Furthermore, we also want to consider the com-
position of the equivariant operator Φ̃ with the BGG-operators D = π ◦ dV ◦ L,
which should again be computable independently of the choice of a representative
of a section of the homology bundle. By de�nition, this is satis�ed if and only if the
transform Φ is trivial on the image of dV ◦∂∗. This leads to the following de�nition.

Definition 2.2.3. Let G be a semisimple Lie group with �nite centre, K ⊂ G
a maximal compact subgroup and P ⊂ G a parabolic subgroup. Let V and W
be G-representations, denote by V = G ×P V and W = G ×K W the associated
bundles overG/P andG/K, respectively, and let VM andWM be the vector bundles
on G/M associated to V and W, respectively. Let dV be the covariant exterior
derivative on V -valued di�erential forms on G/P induced by the tractor connection.
(i) We say that a Poisson transform Φ: Ωk(G/P, V ) → Ω`(G/K,W ) is BGG-

compatible i� it is trivial on the images of the operators ∂∗ and dV ◦ ∂∗.
(ii) We say that an End(VM ,WM )-valued Poisson kernel φ on G/M is BGG-

compatible i� its associated Poisson transform has this property. By Theorem
2.2.3(ii) this is equivalent to ∂Pφ = 0 and ∂P dPφ = 0.

The following Theorem proves that BGG-compatibility of a Poisson transform
has strong consequences on the geometric behaviour of its images, which is mainly
due to the relations between the Casimir operator and the Laplace �R on tractor
valued forms on G/P as well as the twisted Laplace Beltrami operator ∆W .

Theorem 2.2.3. Let G be a semisimple Lie group with �nite centre, K ⊂ G a
maximal compact subgroup and P ⊂ G a parabolic subgroup. Let V be an irreducible
G-representation and let VK and VP be the corresponding associated bundles over
G/K and G/P , respectively. Then for a Poisson transform Φ: Ωk(G/P, VP ) →
Ωk(G/K, VK) the following are equivalent:

(i) The image of the transform Φ is contained in the harmonic di�erential forms.
(ii) The transform Φ is trivial on the image of the Laplace operator �R.
(iii) The transform Φ is BGG-compatible.

Proof. The equivalence of (i) and (ii) follows immediately from Lemma 2.2.3,
whereas the implication (iii) ⇒ (ii) is clear by de�nition of the operator �R =
∂∗dVP + dVP ∂∗. Thus, we have to show that (ii) ⇒ (iii).

In [CD01, Theorem 5.2] it is proven that �R is invertible on the space of
sections of im(∂∗). Therefore, we obtain that

Φ ◦ ∂∗ = Φ ◦�R ◦ (�R)−1 ◦ ∂∗ = 0,

i.e. Φ is trivial on the image of the Kostant codi�erential. Finally, by the de�ning
equation of �R it follows that

Φ ◦ dVP ◦ ∂∗ = Φ ◦�R − Φ ◦ ∂∗ ◦ dVP = 0,

so our Poisson transform is BGG-compatible. �

As a Corollary we show that in the case of |1|-graded Lie algebras the image of
every Poisson transform between real valued di�erential forms is contained in the
space of harmonic forms.
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Corollary 2.2.3. Let G be a semisimple Lie group with �nite centre and
assume that the Lie algebra g of G is |1|-graded. Let K ⊂ G be a maximal compact
subgroup and P ⊂ G a parabolic subgroup compatible with the given grading of g.
Then the image of any Poisson transform Φ: Ωk(G/P ) → Ωk(G/K) is contained
in the space of harmonic di�erential forms on G/K.

Proof. Since the Lie algebra g is |1|-graded it follows that Kostant codi�er-
ential is trivial on Ω∗(G/P ) by de�nition. In particular, the Poisson transform Φ
is BGG-compatible and the claim follows from Theorem 2.2.3. �

2.3. A uniform construction of a Poisson kernel

We will conclude this section with a demonstration of the e�ciency of our
method by constructing a uniform family of Poisson kernels φk whose associated
Poisson transforms map between real valued di�erential forms. In order to do so,
we �rst analyse in 2.3.1 the decomposition of the tangent bundle of G/M induced
by the |k|-grading of g and identify the horizontal and vertical subbundles therein.
As a result, we construct in section 2.3.2 a Poisson kernel φk of degree (k, n − k)
in terms of the grading element of g and show that its induced Poisson transform
Φk : Ωk(G/P, E [χ]) → Ωk(G/K) has values in the space of coclosed di�erential
forms on G/K. Finally, in the last section 2.3.3 we prove that in the special case
of smooth functions the operator Φk coincides with the classical Poisson transform
in the sense of De�nition 2.1.1.

2.3.1. The geometry of the space G/M . As a �rst step towards the con-
struction of a uniform family of Poisson kernels we will identify the geometric
properties of the tangent bundle of G/M by analysing the structure of g/m as an
M -module.

Consider the |k|-grading g−k⊕· · ·⊕gk of g and let θ be the Cartan involution on
g, which is M -equivariant and maps gi to g−i for all i = −k, . . . , k. In particular,
the subalgebra g0 is θ-stable and thus decomposes into the direct sum of g0 ∩ k
and g0 ∩ q. Since p+ consists of positive restricted root spaces its intersection with
k is trivial, implying that g0 ∩ k coincides with the subalgebra m. In particular,
this shows that every grading component is an M -module via the restriction of
the adjoint action of the Levi subgroup G0. Moreover, the canonical projection
g→ g/m is an M -equivariant map, so the image of its restriction to every grading
component gi is again anM -subrepresentation (g/m)i of g/m. Thus, passing to the
quotient g/m we obtain an induced decomposition

g/m = (g/m)−k ⊕ . . .⊕ (g/m)k

into M -submodules. By construction, each factor (g/m)i is isomorphic to gi for
i 6= 0, whereas (g/m)0 is isomorphic to g0 ∩ q. In addition, the Cartan involution
factorizes to g/m which maps (g/m)−i to (g/m)i for all i.

Proposition 2.3.1. Let G be a real semisimple Lie group with �nite centre
and K ⊂ G be its maximal compact subgroup. Let g and k be the Lie algebras of G
and K, respectively, and let θ be the Cartan involution on g with associated Cartan
decomposition g = k⊕ q. Let p be a standard parabolic subalgebra of g with respect
to a θ-stable Cartan subalgebra of g. Let g = g−k ⊕ · · · ⊕ gk be the |k|-grading
determined by p and let P be a parabolic subgroup of G with Lie algebra p. Let M
be the intersection of K and P and let m be its Lie algebra.

Then the Cartan involution induces a G-equivariant involutive bundle map ΘM

on T (G/M). Moreover, we obtain a Whitney sum decomposition of the tangent
bundle of G/M into G-invariant Euclidean subbundles

T (G/M) ∼= T−k(G/M)⊕ · · · ⊕ T k(G/M).
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The rank of the bundle T i(G/M) equals the dimension of the i-th grading component
for all i 6= 0, whereas for i = 0 it coincides with the dimension of g0 ∩ q. Moreover,
the G-invariant bundles T i(G/M) and T−i(G/M) are canonically isomorphic via
ΘM for all i = 0, . . . , k.

Proof. Recall that the tangent bundle T (G/M) is the homogeneous bundle
associated to g/m. Since each subspace (g/m)i is M -invariant it gives rise to a G-
invariant subbundle T i(G/M) ⊂ T (G/M) via the associated bundle construction
for all i = −k, . . . , k. Therefore, we obtain a decomposition of the tangent bundle
into the Whitney sum

T (G/M) ∼= T−k(G/M)⊕ . . .⊕ T k(G/M),

where the rank of T i(G/M) equals the dimension of gi for all i 6= 0 as well as
dim(g0 ∩ q) for i = 0. Moreover, the Cartan involution gives rise to a canonical
G-equivariant bundle map ΘM : T (G/M)→ T (G/M), which restricts to an isomor-
phism T i(G/M) ∼= T−i(G/M) of homogeneous bundles for all i = −k, . . . , k. �

Recall from section 2.3 that the product structure of G/M induces a decom-
position of Ωk(G/M) into forms of degree (p, q). In order to keep track of the
bidegree of G-invariant forms on G/M we have to determine how the subbundles
T 1,0 and T 0,1 are related to the splitting of T (G/M) from Proposition 2.3.1. For
that, it su�ces to determine how the M -subrepresentations (g/m)1,0 and (g/m)0,1

sit inside g/m. The derivative of the G-isomorphism Ψ: G/M ∼= G/K ×G/P is an
M -equivariant map which is given by the direct sum of the canonical projections
πk : g/m→ g/k and πp : g/m→ g/p, and the horizontal and vertical subspaces cor-
respond to the kernels of these maps. Therefore, we deduce that (g/m)1,0 equals
p/m, whereas the second representation (g/m)0,1 coincides with k/m.

Thus, we have to determine how the subalgebras k and p sit inside the |k|-
grading of g. By de�nition, the subalgebra p is given by the sum of all nonnegative
grading components, which immediately shows that

(g/m)1,0 =

k⊕
i=0

(g/m)i.

On the other hand, we can determine k as the +1-eigenspace of the Cartan involu-
tion of g, which maps gi to g−i for all i ≥ 0. Therefore, the algebra k is given by
the sum of m together with the symmetrisations

Sθ(gi) : {X + θ(X) | X ∈ gi}

for all i < 0. Since m itself is θ-stable we deduce that the projection of the M -
representation Sθ(gi) to g/m coincides with the symmetrisation Sθm((g/m)i), which
is de�ned analogously for the M -equivariant map θm : g/m → g/m induced by the
Cartan involution.

Theorem 2.3.1. Let G be a real semisimple Lie group with �nite centre and
K be a maximal compact subgroup of G. Let g and k be the Lie algebras of G and
K, respectively, and let θ be the Cartan involution on g with associated Cartan
decomposition g = k⊕ q. Let p be a standard parabolic subalgebra of g with respect
to a θ-stable Cartan algebra and g = g−k ⊕ · · · ⊕ gk the associated |k|-grading on g.
Let P be a parabolic subgroup of G with Lie algebra p and M be the intersection of
K and P .
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Then the horizontal and vertical distributions of the tangent bundle of G/M →
G/K are given by

T 1,0 = T 0(G/M)⊕ . . .⊕ T k(G/M), T 0,1 =

k⊕
i=1

SΘM (T−i(G/M)),

where SΘM (T−i(G/M)) = {ξ + ΘM (ξ) | ξ ∈ T−i(G/M)} denotes the �brewise
symmetrisation with respect to the G-equivariant map ΘM : T (G/M) → T (G/M)
induced by the Cartan involution.

Proof. Follows immediately from the discussion above by applying the asso-
ciated bundle construction. �

Since the group M is compact, the homogeneous space G/M can be endowed
with the structure of a Riemannian symmetric space. However, since g/m is not irre-
ducible as an M -representation, there are numerous choices of possible G-invariant
Riemannian metrics, which are induced byM -invariant inner products on g/m. We
will now specify a class of metrics which is associated to the given product structure
of G/M .

We have already seen that the projection πK : G/M → G/K induces a point-
wise isomorphism of T 1,0

gM and TgK(G/K) for all g ∈ G. Since the symmetric space
G/K naturally carries a Riemannian metric gK we can form the pullback met-
ric gM = π∗KgK , which is a Riemannian metric on the horizontal subbundle T 1,0.
Moreover, we de�ne the metric to be trivial on pairings between horizontal and
vertical vectors so that the Whitney sum decomposition T (G/M) = T 1,0 ⊕ T 0,1

is orthogonal. In this way, the canonical projection πK : G/M → G/K becomes a
Riemannian submersion. However, we will not specify a metric on T 0,1 for now.

2.3.2. A Poisson transform on di�erential forms. We will �nish the dis-
cussion of the general theory of Poisson transform by explicitly constructing a
Poisson kernel of degree (k, n − k). This will give a �rst demonstration of the na-
ture of the computations and serves as a foretaste for the explicit examples of real
and complex hyperbolic spaces in sections 3.3 and 4. For the construction we will
heavily use the geometric structure of the tangent bundle of G/M developed in
section 2.3.1.

We start this discussion by constructing an m-invariant element in Λ∗(g/m)∗

of degree 1 and determine its derivative. In order to do keep track of the bidegree
in future computations, we will split g/m into the direct sum of the horizontal and
vertical subspace according to Theorem 2.3.1. For all X ∈ p+ we denote by FX the
horizontal vector X +m ∈ (g/m)1,0. Similarly, for all Y ∈ g− we de�ne the vertical
vector GY ∈ (g/m)0,1 via GY := Sθm(Y ) + m.

Proposition 2.3.2. Let g be a semisimple Lie algebra and θ a Cartan invo-
lution on g with associated Cartan decomposition g = k ⊕ q. Let p be a standard
parabolic subalgebra with respect to a θ-stable Cartan subalgebra of g and denote by
g = g−k ⊕ · · · ⊕ gk the |k|-grading associated to p. Let m be the intersection of k
and p and let B be the Killing form on g.

Then the grading element of g induces a nontrivial m-invariant element E∗ ∈
(g/m)∗ of degree (1, 0). Moreover, the K-derivative of E∗ is trivial, whereas its
P -derivative is given by

dPE
∗(FX , GY ) = i

 k∑
j=−k

j2 dim(gj)

−1

B(X,Y )
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for all X ∈ gi and Y ∈ g−i. In particular, it induces non-degenerate m-invariant
pairings (g/m)−i × (g/m)i → R for all i = 1, . . . , k.

Proof. The grading element of g is contained in the centre of g0, so in par-
ticular it commutes with the subalgebra m. Moreover, for all X ∈ gi we have

[θ(E), X] = θ([E, θ(X)]) = −iX,

which implies that θ(E) = −E and therefore E ∈ q. Since g0 is θ-stable, this shows
that E is contained in the subalgebra g0 ∩ q, which has trivial intersection with m.
Therefore, we can project the grading element to a distinguished nonzero element
in (g/m)0, which we will denote by the same symbol. Since the grading element is
in the centralizer of m, its dual E∗ ∈ (g/m)∗ is m-invariant and by construction of
degree (1, 0).

Using formula (1.2.4) we can compute the derivative of E∗ via

dE∗(X + m, Y + m) = −E∗([X,Y ] + m)

for all X, Y ∈ g, which is well de�ned due to m-invariance of E∗. Moreover, the
compatibility of the Lie bracket on g with the |k|-grading shows that the derivative
is trivial unless X ∈ g−i and Y ∈ gi for all i = −k, . . . , k. Therefore, we have to
determine the projections of the Lie brackets on g onto the subalgebra generated
by E.

For the subalgebra g0 it su�ces to compute the bracket between two vectors
X and Y in g0 ∩ q. But we have seen in section 1.1.3 that [X,Y ] is an element in
k, which implies that dE∗ is trivial on g0.

For the other components, recall that the Killing form B of g induces a non-
degenerate pairing g−i×gi → R. Moreover, the decomposition of g0 into the direct
sum (g0 ∩ q)⊕m is orthogonal with respect to B and the restriction of the Killing
form to g0 ∩ q and m is positive and negative de�nite, respectively. For X ∈ g−i we
choose Y ∈ gi with B(X,Y ) 6= 0. By the invariance property of the Killing form
we obtain that

B(E, [X,Y ]) = B([E,X], Y ) = −iB(X,Y ) 6= 0.

Extend the grading element E = E1 to an orthogonal basis {E1, E2, . . . , E`} of g0∩
q. Then the dual basis with respect to the Killing form is given by {λ1E1, . . . , λ`E`},
where λj = B(Ej , Ej)

−1 6= 0, and every vector Z ∈ g0 ∩ q can be expressed as
Z =

∑`
j=1 λjB(Ej , Z)Ej . Since the grading element acts on gi by multiplication

with i we deduce that

λ1 = B(E,E) =

k∑
j=−k

j2 dim(gj).

For X ∈ g−i and Y ∈ gi we obtain from above that

dE∗(X + m, Y + m) = −E∗([X,Y ] + m) = iλ1B(X,Y ) 6= 0.

This shows that the restriction of dE∗ to (g/m)−i × (g/m)i is nondegenerate for
all 1 ≤ i ≤ k. In particular, by formula (1.2.4) the derivative is trivial on the
horizontal subspace (g/m)1,0, hence the K-derivative of E∗ is trivial. �

If we assume that the invariant form constructed in Proposition 2.3.2 is also
M -invariant, it can be used to produce a wide number of Poisson kernels on g/m
by applying operators from 2.2.3 and forming wedge products. In particular, the
groupM has this property if it is connected or if P is a minimal parabolic subgroup.
However, in order to get a Poisson transform which preserves the degree of the dif-
ferential forms we need to make an additional assumption on the M -representation
(g/m)0.
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Let d = dim((g/m)0) and assume that the group M acts trivially on the 1-
dimensional representation Λd(g/m)∗0, e.g. M is connected or P is a minimal para-
bolic subgroup. Let τ be any element in this space and denote its trivial extension
to all of g/m by the same symbol. Then the K-derivative of τ is trivial. Indeed,
from formula (1.2.4) we see that in order to compute the K-derivative of τ we have
to insert vectors of the form [X,Y ] +m with X, Y ∈ p. However, the compatibility
of the |k|-grading with the Lie bracket shows that [X,Y ] ∈ g0 if and only if X and
Y ∈ g0. But this means that we have to insert d+1 vectors of (g/m)0 into the form
dKτ , which is trivial by dimensional reasons.

We will from now on assume that M acts trivial on the 1-form E∗ constructed
from the grading element in Proposition 2.3.2 as well as on the 1-dimensional rep-
resentation Λd(g/m)∗0. Note that this is satis�ed if M is connected or if P is a
minimal parabolic subgroup, in which case M acts trivially on (g/m)0

∼= a0.
Before we explicitly construct the Poisson transform we will prove a Lemma in

which we compute the K-derivative of the pullback of densities on G/P along the
projection πP .

Lemma 2.3.2. Let g be a semisimple Lie algebra and θ a Cartan involution on
g with associated Cartan decomposition g = k⊕q. Let p be a standard parabolic with
respect to a θ-stable Cartan subalgebra of g and g = g−k⊕· · ·⊕gk be the |k|-grading
of g corresponding to the choice of parabolic subalgebra. Let G be a semisimple Lie
group with �nite centre and Lie algebra g and let K and P be the subgroups of G
with Lie algebras k and p, respectively. Let M = K ∩ P with Lie algebra m and let
G0 be the Levi subgroup of P .

Any character χ : G0 → R+ induces an M -invariant element χ̃ in (g/m)∗0.
Moreover, if we denote the induced G-invariant 1-form on G/M by the same symbol,
then for every χ-density σ ∈ Γ(E [χ]) on G/P we have

dKπ
∗
Pσ = −π∗Pσ · χ̃.

Proof. The subgroup M is compact and contained in G0, so the restriction
of the character χ to M is trivial. Therefore, its derivative χ′ : g0 → R is trivial
on the subalgebra m and thus factors to an element χ̃ ∈ (g/m)∗0 → R, which is
M -invariant by de�nition.

Via Theorem 2.3.1 we can determine the K-derivative of the pullback π∗Pσ ∈
C∞(G/M) of any χ-density σ by deriving it in direction of (local) sections ξ of the
subbundle T i(G/M) for all i ≥ 0. Equivalently, we can determine the derivative
of the P -equivariant function f : G → R corresponding to the pullback of σ in
direction of local lifts of ξ. Since the derivative only depends on the value of ξ in
the point gM , we can choose a local lift of the form LX(g) with X ∈ gi, where
LX ∈ X(G) denotes the left invariant vector �eld induced by X. In this way,
we can use the in�nitesimal version of the P -equivariance of f which is given by
(LX · f)(g) = −X · f(g) for all g ∈ G and X ∈ p.

If X ∈ p+, then X acts trivial on R, meaning that the K-derivative in direction
of sections of T i(G/M) for i > 0 vanishes. In the remaining case X ∈ g0 we have

−X · f(g) =
d

dt

∣∣∣∣
t=0

e−tX · f(g) =
d

dt

∣∣∣∣
t=0

χ(e−tX)f(g) = −χ′(X)f(g).

On the level of smooth functions on G/M this means that

dKπ
∗
Pσ = −π∗Pσ · χ̃

for all σ ∈ Γ(E [χ]). �

Let E∗ be the M -invariant form constructed in Proposition 2.3.2 and let τ ∈
Λd((g/m)∗0) be any M -invariant element, which is unique up to a constant, and
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extend it trivially to an invariant d-form on g/m. Moreover, denote the induced
G-invariant di�erential forms on G/M by the same symbol. Then we consider the
Poisson kernel

φk := ∗K(τ ∧ (dPE
∗)n−k)

which is of degree (k, n− k) and thus induces a Poisson transform

Φk : Ωk(G/P, E [χ])→ Ωk(G/K)

for all k = 0, . . . , n and any density bundle E [χ] over G/P .

Theorem 2.3.2. Let g be a semisimple Lie algebra and θ a Cartan involution
on g with associated Cartan decomposition g = k⊕ q. Let p be a standard parabolic
with respect to a θ-stable Cartan subalgebra of g and g = g−k ⊕ · · · ⊕ gk the |k|-
grading of g induced by p. Let G be a semisimple Lie group with �nite centre and
Lie algebra g and let K and P be the subgroups of G with Lie algebras k and p,
respectively. Let M = K ∩ P with Lie algebra m and denote by (g/m)0 the image
of g0 under the canonical projection g → g/m. Assume that M acts trivial on
the element E∗ ∈ (g/m)∗ from Proposition 2.3.2 as well as on the representation
Λd(g/m)∗0 with d = dim((g/m)0). Let χ : P → R+ be a character on P and denote
by E [χ] the corresponding bundle of χ-densities.

Then for all k = 0, . . . ,dim(G/P ) the images of the Poisson transform Φk are
coclosed, i.e.

δΦk(σ) = 0

for all σ ∈ Ωk(G/P, E [χ]).

Proof. Let σ be a χ-density on G/P . By Proposition 2.2.3 we have to deter-
mine the image of the di�erential form φk,χ := φk∧π∗Pσ under the K-codi�erential,
which is computed by applying (−1)dim(G/K)(k−1)+1-times the operator ∗KdK∗K .
By de�nition, the �rst K-Hodge star just a�ects the Poisson kernel φk. Next, using
the antiderivation property of the K-derivative and Lemma 2.3.2 the di�erential
form dK ∗K φk,χ splits into the sum

dK ∗K φk,χ = (dK ∗K φk − χ̃ ∧ (∗Kφk)) ∧ π∗Pσ = (∗).
In order to simplify (∗), recall that the K-derivatives of the di�erential forms E∗

and τ are trivial. Furthermore, since d2 = 0 we also obtain that dKdPE∗ =
−dP dKE∗ = 0, which implies that the Poisson kernel φk is K-coclosed and thus
the �rst summand of (∗) is trivial. For the second summand, note that χ̃ is only
nontrivial on (g/m)0, and since τ is a form of maximal degree on this space, their
wedge product is trivial. Thus, the K-codi�erential of φk,χ is zero. �

We will see in section 3.3 that the Poisson kernel constructed in Theorem 2.3.2
will be the unique Poisson transform preserving the degree in the case of the special
orthogonal Lie algebra g = so(n + 1, 1). In particular, this shows that we cannot
expect any other Poisson kernel in general apart from those built from the invariant
1-form E∗.

However, Proposition 2.3.2 implies that the ring of Poisson kernels is more
complicated in general, implying that a �ne-tuned analysis of the ring of Poisson
kernels for speci�c examples could lead to transforms with di�erent properties.
Indeed, �rst we could restrict the derivative dPE∗ to the subspaces (g/m)i×(g/m)−i
and extend them trivially, obtaining a family of M -invariant (1, 1)-forms on g/m,
whose number depends on the length of the grading on g. Moreover, there might
be other central elements in g0 which in the same way as the grading element
induce invariant 1-forms on g/m. Finally, depending on the choice of G there could
be additional geometric structures on G/K or G/P compatible with the G-actions,
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which are re�ected by the existence of additionalM -invariant forms on some grading
components.

If P is a minimal parabolic subgroup we have seen that the subalgebra g0 ∩ q
equals a0, which is also the centre of g0, whereas the algebra m is exactly the
centralizer m0 of a0 in k and coincides with the semisimple part of g0. In particular,
if the real rank of g is 1, then the centre of g0 is generated by E, so there are no
other invariant 1-forms on g/m induced by central elements in g0. Subsequently,
the ring of Poisson kernels will be �small�, and therefore we will focus on these cases
in the last chapters of this thesis.

2.3.3. The classical Poisson transform. In the case of a minimal parabolic
subgroup we will show in this section that the Poisson transform constructed in
Theorem 2.3.2 reduces to the classical Poisson transform between smooth functions.

Let P be a minimal parabolic subgroup and consider for λ ∈ a∗0 the Poisson
transform Φ0 : Γ(E [λ])→ C∞(G/K) from Theorem 2.3.2. Since the corresponding
Poisson kernel φ0 is a G-invariant di�erential form on G/M of degree (0, n), it
can be normalized so that its integral over every �bre of G/M → G/K equals 1.
Note that in this way the form coincides with the Poisson kernel vol constructed in
Lemma 2.2.2.

Proposition 2.3.3. Let ρ ∈ a∗0 be the lowest form on g. Then for all λ ∈ a∗0
the map Φ0 : Γ(E [ρ− λ])→ C∞(G/K) is the classical Poisson transform.

Proof. Since we normalized the Poisson kernel φ0 so that it coincides with
the invariant form vol from Lemma 2.2.2, the claim follows from Corollary 2.2.2 �

We have seen in De�nition 2.1.1 that the classical Poisson transform is usually
de�ned for smooth functions onK/M and depends on a parameter λ ∈ a∗0. However,
for f ∈ C∞(K/M) let f̃ : K → R be the corresponding M -equivariant map given
by f̃(k) = f(kM). For every λ ∈ a∗0 we can de�ne a smooth map χλ : G→ R[λ] via
χλ(g) = e−λ(H(g))f̃(κ(g)), where κ(g) ∈ K and H(g) ∈ a0 are the corresponding
elements in the Iwasawa decomposition of g ∈ G. By de�nition, this map is P -
equivariant and therefore determines a λ-density on G/P . Thus, we obtain an
induced isomorphism

χλ : C∞(K/M)→ Γ(E [λ])

for all λ ∈ a∗0. Using this identi�cation we can write the classical Poisson transform
in De�nition 2.1.1 as P−iλ = Φ0 ◦ χρ−λ.

As an illustration of the e�ciency of our methods we compute the eigenvalues
of the Poisson transform Φ0, reproving Proposition 2.1.1 in this way.

Theorem 2.3.3. Let Φ0 : Γ(E [λ])→ C∞(G/K) be the Poisson transform from
Proposition 2.3.3. Then for all λ-densities σ the image Φ0(σ) is an eigenvector of
the K-Laplacian. Explicitly, we have

∆KΦ0(σ) = −〈λ, λ− 2ρ〉Φ0(σ).

Proof. Using Proposition 1.3.3 and G-equivariance of the Poisson transform
we can compute ∆KΦ0(σ) as −Φ0(DCσ), where DC is the di�erential operator
induced by the Casimir element of g. Moreover, from [�S07, Theorem 1] we see
that DC acts by a scalar on σ. Explicitly, if {Zi} and {Xi} are bases of n0 and
θ(n0), respectively, which are dual with respect to the Killing form B, and if {A`}
is a basis of g0 with dual basis {A`} with respect to B, then this scalar is computed
via the formula

−
∑
i

[Zi, Xi] · t+
∑
`

A` ·A` · t,(2.3.3)
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where t is an element in the P -representation R[λ]. In this paper, this expression was
evaluated by complexifying the representation as well as the Lie algebra. However,
for our purpose it will be convenient to stay in the real picture.

The space n0 consists of all restricted root spaces gα with α ∈ ∆+
r . Choose a ba-

sis {E1
α, . . . , E

mα
α } of gα, wheremα is the dimension of gα, and a basis {F 1

α, . . . , F
mα
α }

of g−α so that B(Eiα, F
j
α) = δij . Then for all i = 1, . . . ,mα the Lie bracket [Eiα, F

i
α]

equals the unique vector Hα ∈ a∗0, which is dual to the restricted root α via the
Killing form. Moreover, the subspace g0 splits into the orthogonal direct sum
m0 ⊕ a0, and we choose an orthonormal basis A` of a0. Since the subalgebra m0

acts trivially on R[λ] we can compute (2.3.3) as

−
∑
α∈∆+

r

mα∑
i=1

[Eiα, F
i
α] · t+

∑
`

A` ·A` · t.

Since λ is the only weight of R[λ], the �rst sum contributes by the factor −2〈λ, ρ〉.
For the other sum, we use that A` is an orthonormal basis to obtain the factor
〈λ, λ〉. �

Note that in the classical theory one usually considers complex line bundles
and chooses the weight ρ − iλ for λ ∈ (a0)∗C. In this way, the eigenvalue of Φ0

on Γ(E [ρ − iλ]) equals 〈λ, λ〉 + 〈ρ, ρ〉, compare with Proposition 2.1.1. Note that
we used the geometric version of the Laplacian, which di�ers by a sign from the
analytic version usually regarded in the theory of harmonic analysis.





CHAPTER 3

Poisson transforms for real hyperbolic space

In section 2.3.2 we have constructed a family of Poisson transforms between real
valued di�erential forms on homogeneous parabolic geometries G/P and Riemann-
ian symmetric spaces G/K, which exists for a wide range of cases. However, we
also mentioned that additional properties of these operators as well as the existence
of other transforms depend strongly on the speci�c structure of the Lie algebra g,
implying that a �ne-tuned analysis for special choices of G is inevitable. For the
rest of this thesis we will illustrate in several examples how such a case by case
analysis leads to additional information about Poisson transforms.

In this section we consider Poisson transforms between the conformal sphere
of dimension n and the (n + 1)-dimensional real hyperbolic space, whose common
automorphism group G = SO(n + 1, 1)0 is of real rank 1 and its Lie algebra g
naturally carries a |1|-grading, c.f. section 3.1.1. In particular, Corollary 2.2.3
shows that the images of the operators Φk from Theorem 2.3.2 consist of harmonic
di�erential forms on G/K. Furthermore, due to the simple structure of the M -
module g/m these transforms are also chain maps between the de Rham sequences
on G/P and G/K. Finally, we are able to determine global norm estimates of the
images of Φk on the Poincaré Ball model of hyperbolic space in section 3.3.3.

In addition, we will compute in Theorem 3.3.2 the dimension of the space
of Poisson kernels in this case, implying that the operators Φk are a multiple of
Gaillard's Poisson transform from section 2.1.3. Thus, we reproved some of the
properties of Gaillard's Poisson transform shown in [Gai86] in a more conceptual
and simple way. In addition, via the interpretation of the homogeneous space G/M
as a sphere bundle in section 3.2.3 we can recover Gaillard's initial de�nition in
terms of visual maps, c.f. De�nition 2.1.3.

In the second part of this section we will illustrate the construction of a Poisson
transform between di�erential forms with values in the standard tractor bundle.
In order to construct Poisson kernels in this case, we proceed as in 2.3 and �rst
analyse the geometries of the vector bundles T (G/M) and G ×M V over G/M ,
where V = Rn+1,1 is the standard representation of G, by identifying theM -module
structure of g/m and V, respectively, in section 3.2. Afterwards, we will present an
explicit construction of a BGG-compatible Poisson kernel φVk in section 3.4.1 and
show that its induced Poisson transform ΦV

k has properties similar to the operator
Φk. Finally, we will prove that the distinguished Poisson transforms induce chain
maps between the BGG-sequence on G/P and the twisted de Rham sequence on
G/K.

3.1. Preliminaries about real hyperbolic space

3.1.1. The Lie groups and Lie algebras. Let V be the real vector space
Rn+2 endowed with the nondegenerate inner product corresponding to the matrix

S =

0 0 1
0 idn 0
1 0 0

 .

65
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We can decompose this Lorentzian vector space into the disjoint union V = V− ∪
Vn ∪ V+, where V−, Vn and V+ denote the set of all negative, null and positive
vectors of V, respectively. By bilinearity of the inner product each of these sets is a
cone in V, so we obtain an action of the Lie group R+ on the set of negative vectors
as well as on the light cone C := Vn \ {0}. We de�ne the real hyperbolic space H of
dimension n as the space of negative lines in V−, which is di�eomorphic to the set
of all vectors v = (v0, . . . , vn+1) ∈ V− with 〈v, v〉 = −1 and v0 − vn+1 > 0 simply
by mapping any generator of a line to its normalization. Similarly, we denote by
P (C) := C/R+ the projectivization of the light cone and call it the boundary at
in�nity ∂H of the hyperbolic space. Note that we can identify these manifolds
as homogeneous spaces by considering the special orthogonal group SO(n + 1, 1),
which we realize as the set of all g ∈ GL(V) satisfying gtSg = S and det(g) = 1.
Then its connected component G acts transitively on both the hyperbolic space
and its boundary.

If `− denotes the negative line in V− de�ned by the di�erence of the �rst and
last basis vector, then by Silvester's law of inertia the Lorentzian inner product on
V induces a positive de�nite inner product gK on (`−)⊥ ∼= T`−H. Furthermore, the
isotropy group K of the negative line also stabilizes this inner product and thus has
to coincide with the maximal compact subgroup SO(n+ 1) in G. In particular, we
deduce that the real hyperbolic space is isomorphic to the symmetric space G/K,
and the K-invariant inner product gK on T`−H ∼= q induces a Riemannian metric
on the real hyperbolic space, called the hyperbolic metric. Note that under the
identi�cations q ∼= Rn+1 and K ∼= SO(n+ 1) the inner product gK corresponds to
the standard Euclidean product on Rn+1, which di�ers from the restriction of the
Killing form of g to q by a constant factor, c.f. Proposition 3.1.1.

Similarly, let `0 be the null line in P (C) generated by the �rst standard basis
vector of V and let P be its stabilizer in G. Then in the representation determined
by the matrix S this group is realized as

P =


a −aY tB − 1

2a ‖Y ‖
2

0 B Y
0 0 a−1

∣∣∣∣∣∣a ∈ R+, Y ∈ Rn, B ∈ SO(n)

 .

In particular, P ∼= CSO(n) × Rn is a minimal parabolic subgroup of G and ∂H is
isomorphic to the homogeneous parabolic geometry G/P . Furthermore, the Lang-
lands decomposition P = MAN of the parabolic subgroup is also nicely visible
in this matrix representation. Indeed, the group M ∼= SO(n) corresponds to the
matrices a = 1 and Y = 0, the abelian subgroup A ∼= R+ corresponds to Y = 0 and
B = idn and the nilpotent subgroup N are those matrices with a = 1 and B = idn.

Turning to the in�nitesimal picture, the Lie algebra g = so(n + 1, 1) is given
by all g ∈ End(V) which satisfy gtS = −Sg. If we write elements of g as real block
matrices whose blocks have the same sizes than those of S, a direct computation
shows that

g =


 a −Y t 0
X B Y
0 −Xt −a

∣∣∣∣∣∣a ∈ R, X, Y ∈ Rn, B ∈ so(n)

 .

Proposition 3.1.1. Let G = SO(n + 1, 1)0 with Lie algebra g and denote by
k and p the Lie algebras of the maximal compact subgroup K ∼= SO(n+ 1) and the
minimal parabolic subgroup P ∼= CSO(n) o Rn of G, respectively. Let P = MAN
be the Langlands decomposition of the minimal parabolic subgroup and denote by m,
a and n the Lie algebras of M , A and N , respectively.

(i) The Lie algebra g carries a natural |1|-grading g = g−1 ⊕ g0 ⊕ g1 so that the
parabolic subalgebra p := g0 ⊕ g1 coincides with the Lie algebra of P .
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(ii) The Lie algebra m is isomorphic to so(n), whereas the Lie algebra a is 1-
dimensional. In particular, we obtain an isomorphism g0

∼= so(n)⊕ R as Lie
algebras.

(iii) The Lie algebra k consists of all matrices in g whose a-part is trivial and which
are symmetric in g−1 and g1.

(iv) The Killing form B on g is determined by the following nondegenerate pair-
ings:

g−1 ⊗ g1 → R, B(X,Y ) = −2n〈X,Y 〉,
a⊗ a→ R, B(E,E) = 2n,

m⊗m→ R, B(A1, A2) = n tr(A1A2).

Proof. (i) If we de�ne the subspaces g−1, g0 and g1 to be generated by the
entries X ∈ Rn, (a,B) ∈ cso(n) and Y ∈ Rn, then the block form of g in our
matrix representation immediately implies the claim.

(ii) From the matrix representation of M we immediately deduce that its Lie
algebra m is given in terms of the |1|-grading by all elements of the form
(0, (B, 0), 0) with B ∈ SO(n), whereas the Lie algebra a of A consists of all
matrices (0, (0, a), 0) with a ∈ R. In particular, we obtain that g0 = m⊕ a as
Lie algebras.

(iii) In the matrix representation of G the global Cartan involution is given by
g 7→ (gt)

−1. Therefore, applying its derivative g 7→ −gt immediately implies
that k is of the claimed form.

(iv) The Killing form on so(n+ 1, 1) is a multiple of the trace form of the matrix
group g, and the factor is determined by the value of B(E,E), which can be
computed directly. �

For later computations, we derive explicit formulae for the Lie bracket on g in
terms of our matrix representation. Via the identi�cations of g±1 with Rn and g0

with so(n)⊕ R we obtain the following nontrivial pairings:

g0 × g−1 → g−1, [(B, a), X] = BX − aX,
g0 × g0 → g0, [(B1, a1), (B2, a2)] = ([B1, B2], 0),

g0 × g1 → g1, [(B, a), Y ] = BY + aY,

g−1 × g1 → g0, [X,Y ] = (Y Xt −XY t, 〈X,Y 〉).

For the rest of this section we want to analyse the geometric structure of the
boundary at in�nity of the real hyperbolic space. The tangent space of C at v ∈ C
is given by v⊥; however, since the vector v is null it is contained in its orthogonal
complement. Thus, the tangent map of the canonical projection πn : C → ∂H at
v factors to a linear isomorphism v⊥/Rv → Tπn(v)P (C). Moreover, the Lorentzian
inner product on V induces a positive de�nite inner product on v⊥/Rv, which can
be carried over to Tπn(v)P (C). If we replace v by λv for any λ ∈ R+ this inner
product is multiplied by the factor λ2, obtaining a conformal metric on ∂H.

We will rephrase the conformal metric as a section of a weighted natural bundle,
where we use the identi�cation of ∂H as a homogeneous parabolic geometry G/P
with P a minimal parabolic subgroup. Recall from Theorem 1.4.5 that density
bundles on G/P are determined by linear functionals on a∗. Since the real rank of g
is 1, we can express each such functional as λ·E∗ for λ ∈ R, where E∗ ∈ a∗ is the dual
of the grading element E of g. Following standing conventions, we will write E [λ] for
the line bundle E [−λE∗] over G/P and call any section of this bundle a λ-density.
Moreover, if W is a vector bundle over G/P , then we de�ne W [λ] := W ⊗E [λ] and
say thatW [λ] has weight λ. Note that if R[λ] is the 1-dimensional P -representation
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underlying E [λ], then for all p ∈ P with p = m exp(tE)n for m ∈ M , t ∈ R and
n ∈ N we obtain by construction that p · σ = e−λtσ for all σ ∈ R[λ].

Theorem 3.1.1. Let G = SO(n + 1, 1)0 and P ∼= CSO(n) o Rn the minimal
parabolic subgroup of G. Then the homogeneous space G/P carries a canonical
G-invariant conformal metric gab ∈ Γ(S2T ∗(G/P )[2]).

Proof. In the matrix representation of G we immediately see that the P -
action on the vector space g/p is determined by the action of the Levi subgroup
G0 = MA. Explicitly, under the identi�cations g/p ∼= Rn,M ∼= SO(n) and A ∼= R+

this action is given by

(Bet) · Y = e−tBY

for all Y ∈ Rn, B ∈ SO(n) and t ∈ R. In particular, the standard inner product on
g/p ∼= Rn de�nes a P -invariant element in S2(g/p)∗[2], which induces a G-invariant
section gab ∈ Γ(S2T ∗(G/P )[2]) due to Theorem 1.2.2. �

3.1.2. The Poincaré ball model. An important feature of the real hyper-
bolic space is the existence of the Poincaré ball model, which provides a strong
connection between Euclidean and hyperbolic geometry. In particular, it is a con-
venient setting to derive norm estimates for Poisson transforms in section 3.3.3, so
we will recall its basic features in this section.

Let Bn+1 be the open unit ball in Rn+1 endowed with the Riemannian metric
ghyp = ρ−2geuc, where geuc is the Euclidean metric on Bn+1 and ρ ∈ C∞(Bn+1,R)
is the smooth map ρ(x) = 1

2 (1−|x|2), which is a de�ning function for the boundary
sphere. If we write a point x ∈ Bn+1 as x = (x0, x̃) with x0 ∈ R and x̃ ∈ Rn,
and if we identify the hyperbolic space H with the set of all negative vectors v =
(v0, . . . , vn+1) ∈ V− with 〈v, v〉 = −1 and v0 − vn+1 > 0, a direct computation
shows that

f : (Bn+1, ghyp)→ (H, gK)

(x0, x̃) 7→ 1

2(1− |x|2)

 1 + 2x0 + |x|2
2
√

2x̃
−(1− 2x0 + |x|2)


is an isomorphism of Riemannian manifolds. We call (Bn+1, ghyp) the Poincaré ball
model of the (n+ 1)-dimensional real hyperbolic space.

Furthermore, in this picture the unit sphere Sn ⊂ Rn+1 is identi�ed with the
boundary at in�nity ∂H as follows: If y = (y0, ỹ) is a unit vector in Rn+1 with
y0 ∈ R and ỹ ∈ Rn, then the vector v(y) = 1√

2
(y0 + 1, ỹt, y0 − 1) ∈ V is null with

respect to the Lorentzian inner product on V. Now if [v] denotes the line generated
by v ∈ C, then a direct computation shows that the map y 7→ [v(y)] de�nes a
di�eomorphism Sn → ∂H so that the conformal structure on the boundary at
in�nity of the hyperbolic space corresponds to the equivalence class of all metrics
which are a positive multiple of the round metric on Sn.

The advantage of the Poincaré ball model is that the hyperbolic metric is given
by a conformal change of the Euclidean metric and therefore easy to understand.
However, it is not quite obvious how the group G acts in this picture. In order to
obtain estimates on the pointwise norm of the Poisson transform on the Poincaré
ball model in terms of a de�ning function of the boundary in section 3.3.3 we need
to express the A-part in the Iwasawa decomposition of elements in G in terms of
coordinates on Bn+1 via the action on its origin.

Lemma 3.1.2. Let G = SO(n + 1, 1)0, K ∼= SO(n + 1) its maximal compact
subgroup and denote by E the grading element in the Lie algebra of G. For all
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g ∈ G let g = κ(g) exp(τ(g)E) exp(Y (g)) be its Iwasawa decomposition, where
κ(g) ∈ K, τ(g) ∈ R and Y (g) ∈ n ∼= Rn. Let Bn+1 be the Poincaré ball model of
the real hyperbolic space G/K and let 0 be the origin in Bn+1. If x ∈ Bn+1 satis�es
g · x = 0, then

eτ(g) =
1− 2x0 + |x|2

1− |x|2
.

Proof. Under the isomorphism f : Bn+1 → H the origin 0 is mapped to 1
2

times the di�erence of the �rst and last basis vector in Rn+1,1. Since this vector is
invariant under the action of the maximal compact subgroup we can assume without
loss of generality that κ(g) = 0, hence in terms of the matrix representation of G
from section 3.1.1 the element g is given by

g =

eτ(g) −eτ(g)Y (g)t − e
τ(g)

2 ‖Y (g)‖2
0 idn Y (g)
0 0 e−τ(g)

 .

In particular, the last component of the equation g · f(x) = f(0) reads as

−e−τ(g) 1− 2x0 + |x|2

2(1− |x|2)
= −1

2
,

showing the claim. �

The previous result is used to derive norm estimates for the Poisson transforms
Φk constructed in section 2.3.2 in the special case of the real hyperbolic space as
follows: We will show in section 3.3.3 that for all g ∈ G the pointwise hyperbolic
norm of Φk(gK) is bounded from above by the integral of a power of e−τ(g−1h)

over hM ∈ K/M . Now Lemma 3.1.2 allows us to rewrite this smooth function as
the classical Poisson kernel on the unit ball in the following Proposition, for which
several integral identities are available in the literature.

Proposition 3.1.2. Let G = SO(n + 1, 1)0, K ∼= SO(n + 1) its maximal
compact subgroup and denote by E the grading element in the Lie algebra of G.
For all g ∈ G let g = κ(g) exp(τ(g)E)η(g) be its Iwasawa decomposition, where
κ(g) ∈ K, τ(g) ∈ R and η(g) ∈ N . Let Bn+1 be the Poincaré ball model of the real
hyperbolic space G/K and let 0 be the origin in Bn+1. For g ∈ G and h ∈ K let
x = g · 0 ∈ Bn+1 and u = h · 1 be in the unit sphere Sn, where 1 ∈ Sn denotes the
�rst unit vector in Rn+1. Then we obtain that

e−τ(g−1h) = P (x, u) :=
1− |x|2

|x− u|2

equals the classical Poisson kernel on the unit ball in Rn+1.

Proof. We can apply Lemma 3.1.2 to the element h−1x, obtaining that

e−τ(g−1h) =
1− |h−1x|2

1− 2(h−1x)0 + |h−1x|2
.

A direct computation shows that the restriction of the G-action on Bn+1 to the
maximal compact subgroup K coincides with the standard action of SO(n + 1),
implying that that |h−1x|2 = |x|2. Furthermore, if the matrix B ∈ SO(n + 1)
corresponds to the element h ∈ K we deduce that the �rst coordinate of h−1x
coincides with the standard inner product of x with the �rst column vector of B
and thus by construction with 〈x, u〉. Since the element u is in the unit circle the
above expression simpli�es to

e−τ(g−1h) =
1− |x|2

|u|2 − 2〈x, u〉+ |x|2
= P (x, u). �
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3.2. The geometry of G/M and the standard tractor bundle

For the construction of Poisson kernels we will proceed as in section 2.3 and
analyse in 3.2.1 the geometry of the tangent bundle of G/M by identifying the
structure of g/m as an M -representation. In particular, we will identify in 3.2.3
the bundle G/M → G/K as a sphere bundle in terms of the Poincaré ball model
of hyperbolic space. Moreover, in section 3.2.2 we also determine the geometric
properties of the homogeneous vector bundles over G/M , G/K and G/P , which
are induced by the standard representation V of G. This analysis will be essential in
section 3.4 where we demonstrate the e�ciency of our approach by constructing a
BGG-compatible Poisson kernel whose associated Poisson transform map between
vector valued di�erential forms.

3.2.1. The geometry of T (G/M). First, we want to identify the decompo-
sition of the tangent bundle of G/M into G-invariant subbundles as in Proposition
2.3.1. For this, we have to express the decomposition of the M -module g/m into
the direct sum (g/m)−1⊕ (g/m)0⊕ (g/m)1 induced by the |1|-grading of g in terms
of its matrix representation. Recall from Proposition 3.1.1(ii) that the subalgebra
m consists of those matrices in g which contain an element of so(n) in their middle
block as the only nontrivial entry. Therefore, we can represent g/m as the set

g/m =


 a −Y t 0
X 0 Y
0 −Xt −a

+ m

∣∣∣∣∣∣a ∈ R, X, Y ∈ Rn
 ,

and for ξ ∈ g/m the induced map ξ 7→ (X, a, Y ) corresponds to the direct sum
decomposition of g/m as above.

Next, we determine the action ofM on g/m with respect to this decomposition.
Letm ∈M correspond to the matrix B ∈ SO(n) and ξ ∈ g/m to the triple (X, a, Y )
with X, Y ∈ Rn and a ∈ R. Then a direct computation shows that the action of
m on ξ is given by Ad(m)(ξ) = (BX, a,BY ). Otherwise said, after identifying
(g/m)±1 with Rn the group M ∼= SO(n) acts by the standard action on (g/m)−1

and (g/m)1 and trivial on the M -invariant subspace (g/m)0. Applying Proposition
1.2.1 this immediately implies

Lemma 3.2.1. The tangent bundle of G/M decomposes into a direct sum of
G-invariant subbundles

T (G/M) = T−1(G/M)⊕ T 0(G/M)⊕ T 1(G/M),

where T±1(G/M) are subbundles of rank n, whereas T 0(G/M) is a line bundle.

For the computations needed in the construction of Poisson kernels in sec-
tions 3.3 and 3.4 we de�ne generators for the M -module g/m which are compatible
with the decomposition of T (G/M) into horizontal and vertical distributions from
Theorem 2.3.1. In order to do so, recall from section 2.3.1 that these bundles
are associated to the M -submodules (g/m)1,0 = p/m and (g/m)0,1 = k/m of g/m,
respectively. Thus, with respect to the decomposition of g/m into irreducible M -
modules we de�ne for all X ∈ Rn the vectors

E := (0, 1, 0) ∈ p/m, FX := (0, 0, X) ∈ p/m, GX := (X, 0, X) ∈ k/m,

and these elements generate g/m as a vector space.
Moreover, in order to determine the properties of the Poisson kernels in the

sequel we will heavily use the calculus on Λ∗(g/m) induced by the structure of
G/K as a Riemannian manifold. Thus, it is necessary to compute the pullback of
the hyperbolic metric on G/K to the horizontal subbundle T 1,0 = G×M (p/m).
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Proposition 3.2.1. Let G = SO(n+ 1, 1)0 be represented as in section 3.1.1,
g its Lie algebra and let g = k ⊕ q be the Cartan decomposition with respect to the
involution g 7→ −gt. Let K ∼= SO(n+1) be the maximal compact subgroup of G with
Lie algebra k, let M ∼= SO(n) be the intersection of K with the minimal parabolic P
in G and m the Lie algebra of M . Then the pullback of the hyperbolic metric along
the canonical projection πK : G/M → G/K is induced by the M -invariant inner
product gM on the M -subrepresentation p/m in g/m which is determined by

gM (E,E) = 1, gM (FX , FY ) =
1

2
〈X,Y 〉Rn

for all X, Y ∈ Rn.

Proof. Recall from section 3.1.1 that the hyperbolic metric on G/K was in-
duced by the standard inner product of K ∼= SO(n + 1) on q ∼= Rn+1. Thus, in
order to determine the M -invariant inner product on p/m we �rst have to apply
the projection g/m → g/k and identify the result with q. Doing this for the base
elements, a direct computation shows that E is mapped to the �rst basis vector,
whereas FX corresponds to −

√
2
−1

(0, Xt)t in q. �

Note that we could extend gM to k/m via

gM (GZ , GW ) = τ〈Z,W 〉
for an arbitrary positive real number τ , obtaining an M -invariant inner product on
g/m with the property that the horizontal and vertical subspaces are orthogonal.
Here, the fact that the factor τ can be chosen arbitrarily re�ects that G/P carries
the structure of a conformal manifold, c.f. Theorem 3.1.1. We will use such an
extension of gM in section 3.3.3 to derive norm estimates on the images of the Pois-
son transform Φk from Theorem 2.3.2 on the Poincaré ball model of real hyperbolic
space.

As a last step, we deduce formulae for calculus on forms on g/m which will
be needed to analyse the ring of Poisson kernels. The invariant inner product gM
on p/m induces an isomorphism [ : p/m → (p/m)∗ via ξ[(η) = gM (ξ, η) for all ξ,
η ∈ p/m. Moreover, we denote by ∗K the operator on Λ∗(g/m)∗ induced by the
Hodge star operator on G/K as de�ned in section 2.2.3. Note that if 〈 , 〉M denotes
the M -invariant inner product on Λk(p/m)∗ induced by gM , then this operator is
characterized by the equation

〈α, β〉M = ∗K (α ∧ ∗Kβ)

for all α, β ∈ Λk(p/m)∗.

Corollary 3.2.1. Let ω be a form on g/m of degree (k, `).

(i) For all ξ ∈ p/m we have ιξ(∗Kω) = (−1)k ∗K (ξ[ ∧ ω) as well as ξ[ ∧ ∗Kω =
(−1)k+1 ∗K (ιξω).

(ii) For all η ∈ k/m we get ιη(∗Kω) = (−1)n+1 ∗K (ιηω).

Proof. It su�ces to consider decomposable elements ω = α∧ β, where α and
β are forms on g/m of degrees (k, 0) and (0, `), respectively.
(i) Let 〈 , 〉M denote the inner product on Λ∗(p/m)∗ induced by gM . By construc-

tion, we have 〈γ, ξ[ ∧ α〉M = 〈ιξγ, α〉M for all ξ ∈ p/m and γ ∈ Λk+1(p/m)∗.
Therefore, the de�ning equation for the K-Hodge star yields

∗K
(
γ ∧ ∗K

(
α ∧ ξ[

))
= 〈γ, α ∧ ξ[〉M = (−1)k〈ιξγ, α〉M = ∗K (γ ∧ ιξ ∗K α) ,

showing that ιξ ∗K α = ∗K(α ∧ ξ[). For the form ω, this means that

ιξ ∗K ω = ιξ(∗Kα) ∧ β = ∗K(α ∧ ξ[) ∧ β = (−1)k ∗K (ξ[ ∧ ω).
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The second equation is obtained by applying the �rst relation to the form
∗Kω and afterwards the K-Hodge star to both sides of the resulting equation.

(ii) The antiderivation property of the interior product implies

ιη ∗K ω = (−1)n+1−k(∗Kα) ∧ ιηβ = (−1)n+1 ∗K ιηω,

where we used that ιη is trivial on both α and its image under the K-Hodge
star. �

3.2.2. The standard tractor bundle. Although we have de�ned Poisson
transforms for di�erential forms with values in general homogeneous vector bun-
dles in section 2.2.1, we have so far only constructed explicit examples in the real
valued case. Therefore we want to demonstrate the e�ciency of our method by
constructing in section 3.4 a Poisson kernel whose associated transform maps be-
tween vector valued di�erential forms. For that, we need to choose appropriate
homogeneous vector bundles over G/P and G/K, which by 1.2.1 are determined
by representations of the Lie groups P and K, respectively.

Here, the simplest examples are given by representations of the full group G,
which induce tractor bundles over all homogeneous spaces G/H for any closed
subgroup H of G, c.f. section 1.2.1. Hence we consider the homogeneous bundle
over G/H associated to the standard representation V of G, to which we will refer
as the standard tractor bundle (over G/H). In this section, we will identify the
geometric structure of the standard tractor bundles over the homogeneous spaces
G/M , G/K and G/P .

Let V := Rn+1,1 be the standard representation of G. Then by Proposition
1.4.1(i) the grading element E of g acts diagonalisable on V, inducing an eigen-
decomposition V = V−1 ⊕ V0 ⊕ V1, where Vj is the eigenspace with eigenvalue j.
Explicitly, the spaces V−1 and V1 are generated by the �rst and last standard basis
vector in V, respectively, whereas V0 is isomorphic to Rn. With respect to this
decomposition we de�ne elements

v1 :=

1
0
0

 ∈ V1, vZ :=

0
Z
0

 ∈ V0, v−1 :=

0
0
1

 ∈ V−1

for all Z ∈ Rn.

Theorem 3.2.2. Let G = SO(n + 1, 1)0 be realized as a matrix group as in
3.1.1 and let M ∼= SO(n) the diagonal subgroup. Let V = Rn+1,1 be the standard
representation of G and V be the standard tractor bundle over G/M . Then V splits
into a Whitney sum

V = V−1 ⊕ V0 ⊕ V1

of G-invariant subbundles. Here, V−1 and V1 are trivial line bundles, whereas V0

is a vector bundle of rank n.

Proof. We have to analyse the structure of V as an M -module. By de�nition
of the matrix representation of G we immediately see that the decomposition of
V into eigenspaces of the action of the grading element is M -invariant. Explicitly,
the group M acts trivially on V1 and V−1, whereas V0

∼= Rn is the standard
representation ofM ∼= SO(n). Applying the associated bundle construction implies
the claimed decomposition of V . �

In the construction of the Poisson transform we also consider the standard
tractor bundles over the Riemannian symmetric space G/K as well as the conformal
sphere G/P , so we have to analyse the structure of the standard representation as
a K-module and a P -module as well.
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Proposition 3.2.2. Let G = SO(n+1, 1)0, K ∼= SO(n+1) its maximal compact
subgroup, P ∼= CSO(n)oRn its minimal parabolic subgroup and V = Rn+1,1 be the
standard representation of G.

(i) The standard tractor bundle VP = G ×P V over G/P is endowed with a
�ltration

VP = V −1 ⊃ V 0 ⊃ V 1 ⊃ {0}

of G-invariant subbundles. The induced quotient bundles are irreducible and
isomorphic to

V −1/V 0 ∼= E [1], V 0/V 1 ∼= T (G/P )[−1], V 1 ∼= E [−1]

as homogeneous bundles over G/P .
(ii) The standard tractor bundle VK = G ×K V over G/K splits into a Whitney

sum of G-invariant subbundles

VK ∼= T (G/K)⊕ L,

where L is a trivial line bundle.

Proof. (i) Via the associated bundle construction it su�ces to prove the
corresponding properties of the P -representation V. In part (ii) of Proposition
1.4.1 we have seen that V carries a P -invariant �ltration

V = V−1 ⊃ V0 ⊃ V1 ⊃ {0},

where the i-th �ltration component is de�ned by Vi := ⊕j≥iVi. Moreover,
the nilpotent subgroup P+ of P maps Vi to Vi+1 for i ∈ {−1, 0, 1}, implying
that it acts trivially on the induced representations Vi/Vi+1. By Proposition
1.4.1(i), it follows that these quotients are irreducible P -representations, so the
P -action is already determined by its Levi subgroup G0

∼= CSO(n). Explicitly,
if (b, B) ∈ CSO(n) with b ∈ R∗ and B ∈ SO(n) corresponds to g ∈ G0, then
a direct computation shows that

g ·

λ
X
µ

 =

 bλ
BX
b−1µ

 .

Comparing this with the formula for the G0-action on g/p in the proof of
Theorem 3.1.1 we deduce that V−1/V0 ∼= R[1], V0/V1 ∼= (g/p)[−1] and V1 ∼=
R[−1] as P -modules, and from Proposition 1.2.1 we obtain the corresponding
isomorphisms on the level of vector bundles.

(ii) By de�nition, the maximal compact subgroup K is the stabilizer of a negative
line in V as well as its orthogonal complement with respect to the standard
Lorentzian product. In this way, we obtain a decomposition V = Rn+1⊕R as
a K-module, where the group K acts on Rn+1 by the standard representation
and trivial on the 1-dimensional part. Explicitly, the trivial representation
is generated by the vector v1 − v−1, whereas Rn+1 is the direct sum of V0

and the line generated by v1 + v−1. Since g/k is also isomorphic to the stan-
dard representation of K the claim follows by applying the associated bundle
construction. �

Finally, for computations in section 3.4 we need to determine formulae for the
induced g-action on V in terms of its decomposition into irreducible M -modules.
By de�nition, the |1|-grading of g is compatible with the eigendecomposition of V
in the sense that gi · Vj ⊂ Vi+j , where we agree that Vi+j is trivial if |i + j| > 1.
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Now if we identify g±1 with Rn and g0 with R⊕ so(n) as in section 3.1.1, a direct
computation shows that the only nontrivial relations are given by

g−1 ⊗ V0 → V−1, X ⊗ vZ 7→ −〈X,Z〉v−1,

g−1 ⊗ V1 → V0, X ⊗ v1 7→ vX ,

g0 ⊗ V1 → V1, (B, a)⊗ v1 7→ av1,

g0 ⊗ V0 → V0, (B, a)⊗ vZ 7→ vB·Z ,

g0 ⊗ V−1 → V−1, (B, a)⊗ v−1 7→ −av−1,

g1 ⊗ V0 → V1, Y ⊗ vZ 7→ −〈Y,Z〉v1,

g1 ⊗ V−1 → V0, Y ⊗ v−1 7→ vY

for all X, Y , Z ∈ Rn, a ∈ R and B ∈ SO(n).

3.2.3. Geometric interpretation of the bundle G/M → G/K. This sec-
tion is dedicated to give a geometric interpretation of the homogeneous space G/M
as a sphere bundle over G/K in terms of the Poincaré ball model (c.f. section
3.1.2). This will lead us in section 3.3.2 back to Gaillard's initial de�nition of Pois-
son transforms. In order to do so, we will use some additional background on the
geometric properties of the Poincaré ball model in the sequel, which can be found
in [CFKW97].

Let B be the open unit ball in Rn+1 endowed with the hyperbolic metric and
denote its boundary sphere by ∂B. For all x ∈ B we denote by Srx the sphere of
radius r > 0 in the tangent space TxB. The union Sr :=

⋃
x∈B S

r
x of all tangent

spheres inherits the structure of a smooth manifold so that the canonical projection
π : Sr → B is a surjective submersion. We call the �bre bundle Sr → B the r-
sphere bundle of B. Note that the action of G of B also induces an action on the
sphere bundle Sr, which is locally given by g · (x, u) = (gx, Tx`g · u) for x ∈ B,
u ∈ Srx and g ∈ G.

The Levi-Civia connection ∇ on B induces a splitting of the tangent bundle
TSrx ⊂ TTB into a Whitney sum H ⊕V , where V is the kernel of Tπ and H is the
horizontal subbundle determined by the connection. Using this, we can endow the
sphere bundle Sr with the structure of a Riemannian manifold as follows: First,
we assume that the subbundles H and V are orthogonal. Moreover, in every point
x ∈ B the tangent map Txπ is a linear isomorphism Hx

∼= TxB, so we can pullback
the bundle metric of the tangent bundle of B to a metric on the distribution H. By
construction, this means that the canonical projection is a Riemannian submersion.
Finally, on the vertical bundle we de�ne the metric to be induced by the inclusion
of the r-sphere into TxB, where we used the identi�cation of the tangent spaces of
TxB with TxB itself. Therefore, the sphere bundle Sr is a Riemannian manifold,
and we denote by gS

r

its Riemannian metric.

Lemma 3.2.3. Let (B, ghyp) be the Poincaré ball model of (n+ 1)-dimensional
hyperbolic space and for r > 0 let π : Sr → B be the r-sphere bundle of B. Then
the Riemannian metric gS

r

on Sr is invariant with respect to the induced action of
G = SO(n+ 1, 1)0.

Proof. For x ∈ B �x a point u ∈ Srx and let ξ, η ∈ TuSr be tangent vectors.
Since the subbundles H and V are orthogonal it su�ces to assume that ξ and η are
both either in H or in V . First, if both vectors are in the horizontal distribution,
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then

gS
r

gu (g · ξ, g · η) = gπ(gu)(Tguπ ◦ Tu(Tπ(u)`g) · ξ, Tguπ ◦ Tu(Tπ(u)`g) · η)

= ggπ(u)(Tπ(u)`g ◦ Tuπ · ξ, Tπ(u)`g ◦ Tuπ · η)

= gS
r

u (ξ, η),

where we used G-equivariance of the projection π as well as G-invariance of the
Riemannian metric on B.

On the other hand, if both vectors ξ and η are in the vertical distribution, we
have to identify those vectors with elements in TxB. Explicitly, we can �nd vectors
v, w ∈ TxB with ξ = ∂t|t=0(u+ tv) =: χu(v) and η = χu(w). By construction, the
map χu satis�es

χgu(gv) = ∂t|t=0Tx`g · (u+ tv) = Tu(Tx`g) · ∂t|t=0(u+ tv) = g · χu(v)

for all v ∈ TxB. In particular, for ξ = χu(v) and η = χu(w) this means that

gS
r

gu (g · ξ, g · η) = gS
r

gu (g · χu(v), g · χu(w)) = ggx(Tx`g · v, Tx`g · w) = gS
r

u (ξ, η).

All in all, we see that the metric gS
r

is G-invariant. �

In the next Proposition we will show that the r-sphere bundle Sr over B is
di�eomorphic to the product bundle B×∂B as a G-manifold, and that the isomor-
phism is induced by the so called visual maps. In order to construct them, recall
from [Thu, ch. 2.1] that for all x ∈ B and y ∈ ∂B there is a unique (hyperbolic)
geodesic ray Γx,y : R≥0 → B which starts at Γx,y(0) = x and approaches the point y
in the limit. In the Euclidean picture, the ray Γx,y is a circle segment starting at x,
which is orthogonal to the boundary in the point y. This means that for all y ∈ ∂B
there is a unique vector γrx(y) ∈ Srx so that the geodesic ray determined by this
vector equals Γx,y. Moreover, it can be shown that the induced map γrx : ∂B → Srx
given by y 7→ γrx(y) is a di�eomorphism. Thus, for every r > 0 the induced map

γr : B × ∂B → Sr, (x, y) 7→ γrx(y)

is a bundle isomorphism covering the identity on B. The inverse of this map is
given by (x, ξ) 7→ V rx (ξ), where V rx : Srx → ∂B is the visual map de�ned by ξ 7→
limt→∞ γξ(t). Note that this is exactly the de�nition of the visual map suggested
by Thurston and used by Gaillard to construct his Poisson transform, c.f. section
2.1.3.

Proposition 3.2.3. Let (B, ghyp) be the Poincaré ball model of hyperbolic space
and let ∂B denote its boundary sphere. For r > 0 let Sr → B be the r-sphere bundle
and let γr : B × ∂B → Sr be the bundle isomorphism de�ned above. Then γr is an
equivariant map for the induced actions of the group G = SO(n+ 1, 1).

Proof. Let Γx,y : R≥0 → B be the unique geodesic ray which start at x ∈ B
and tends to y ∈ ∂B. We have already seen that the group G acts transitively
on the product B × ∂B ∼= G/M . Moreover, for all g ∈ G the geodesic ray Γgx,gy
coincides with the translation g ◦ Γx,y. If we derive this equation we obtain that

γrgx(gy) = Γ′gx,gy(0) = Tx`g · Γ′x,y(0) = Tx`g · γrx(y),

which shows that γr is G-equivariant. �

Thus, we see that G-invariant Riemannian metrics on the product manifold
G/K ×G/P are obtained via the identi�cation with the sphere bundles over B ∼=
G/K. Moreover, via the G-isomorphism G/M ∼= G/K×G/P we see that the visual
map is just the identi�cation of the �bre (G/M)x of the bundle G/M → B over
x ∈ B with the �bre of the r-sphere bundle Srx. Here, the ambiguity given by the



76 3. POISSON TRANSFORMS FOR REAL HYPERBOLIC SPACE

choice of the radius r > 0 of the spheres is re�ected in the conformal choice of the
metric on the vertical subbundle T 0,1 of T (G/M).

3.3. Poisson transforms between real valued forms

In this section we further analyse the Poisson transforms Φk constructed in
Theorem 2.3.2 as operators between the conformal sphere and the real hyperbolic
space. First, due to the simple structure of the Lie algebra so(n + 1, 1) the image
of these operators consists of eigenforms for the Laplace Beltrami operator induced
by the hyperbolic metric, and these Poisson transforms are chain maps between the
de Rham complexes of G/P and G/K, c.f. Theorem 3.3.1. Afterwards, the explicit
computation of the dimension of the space of Poisson kernels in Theorem 3.3.2 im-
plies that the operators Φk are essentially unique and thus coincide with Gaillard's
Poisson transforms, c.f. section 2.1.3. Finally, the existence of a geometric model
describing both the hyperbolic space and its boundary in a uni�ed picture allows
us to gain norm estimates on the images of Φk in section 3.3.3. In particular, we
will reprove many of Gaillard's results in his dissertation [Gai86] in a simpler and
more conceptual way.

3.3.1. The Poisson transform Φk. Recall from Theorem 2.3.2 that we have
constructed a Poisson kernel φk of degree (k, n − k), whose associated transform
Φk maps k-forms on the conformal sphere to coclosed di�erential forms of degree
k on the real hyperbolic space. Since in the special case G = SO(n + 1, 1)0 the
Lie algebra g has a simple structure, these operators possess even more interesting
properties, which are summarized in the following Theorem.

Theorem 3.3.1. Let G = SO(n+ 1, 1)0, K ∼= SO(n+ 1) its maximal compact
subgroup and P = CSO(n)oRn the minimal parabolic subgroup of G. Then for all
k = 0, . . . , n and λ ∈ R the operator

Φk : Ωk(G/P, E [λ])→ Ωk(G/K)

constructed in Theorem 2.3.2 is the unique Poisson transform up to a multiple which
preserves the degree. Moreover, these operators satisfy the following relations:

(i) The image of Φk consists of coclosed forms for all k = 0, . . . , n and all λ ∈ R.
(ii) Let volK ∈ Ωn+1,0(G/M) denotes the K-volume form on G/M , i.e. the pull-

back of the hyperbolic volume form along the canonical projection. Then for
all α ∈ Ωn(G/P, E [λ]) we have

dΦn(α) = (λ− n)

 
G/P

π∗Pα ∧ volK .

(iii) For all α ∈ Ωk(G/P, E [λ]) the di�erential form Φk(α) is an eigenform of the
Laplace-Beltrami operator on G/K with eigenvalue −λ(n− 2k + λ).

Moreover, if λ = 0, then we have

d ◦ Φk = (−1)n−k(n− 2k)Φk+1 ◦ d.
for all k = 0, . . . , n− 1.

Proof. We have already shown (i) in a more general setting in Theorem 2.3.2.
Furthermore, we have seen in section 3.1.1 that the Lie algebra g is |1|-graded, so
Corollary 2.2.3 implies part (iii) in the case λ = 0. Finally, the claim on uniqueness
of these transforms will follow from Theorem 3.3.2.

We translate the remaining claims into properties of the corresponding Poisson
transforms via Proposition 2.2.3, which we will prove in the remainder of this
section. Explicitly, the relation between the exterior derivatives follow from Lemma
3.3.1 whereas (ii) and (iii) is equivalent to Proposition 3.3.1. �
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Before we continue we brie�y recall the de�nition of the Poisson kernels φk
from section 2.3.2. Let E be the M -invariant vector in g/m induced by the grading
element and let E∗ ∈ (g/m)1,0∗ be its dual element. Then the Poisson kernels φk
are de�ned by

φk = ∗K(E∗ ∧ (dPE
∗)n−k)

for all k = 0, . . . , n and satisfy the relations δKφk = 0 as well as ιEφk = 0. More-
over, recall that we showed in Proposition 2.3.2 that dKE∗ = 0 and computed
a formula for the P -derivative of E∗ in a more general setting. Due to the ex-
plicit description of the Killing form in in Proposition 3.1.1(iv) this simpli�es to
dPE

∗(FX , GY ) = 〈X,Y 〉 for all X, Y ∈ Rn in this case.
First, we will focus on the case of unweighted di�erential forms on G/P and

compute the partial derivatives of the Poisson kernels φk. For that, let volK :=
∗K(1) be the M -invariant (n+ 1, 0)-form of unit length, which we will call the K-
volume form. By construction, this is the pullback of the hyperbolic volume form
on G/K, so by naturality we obtain that

α ∧ ∗Kβ = 〈α, β〉M volK

for all (`, 0)-forms α, β on g/m, where 〈 , 〉M denotes theM -invariant inner product
on Λ∗(g/m)∗ induced by gM as in section 3.2.1.

Lemma 3.3.1. For all k = 0, . . . , n let φk be the Poisson kernel de�ned above.

(i) The K-derivative of the form φk is given by

dKφk = (n− 2k)E∗ ∧ φk.

In particular, if n = 2p is even then the form φp is K-closed, whereas for
k = n we have dKφn = −n volK .

(ii) The P -derivative of the form φk equals

dPφk = (−1)kE∗ ∧ φk−1.

In particular, for all 0 ≤ k ≤ n− 1 the partial derivatives are related via

dKφk = (−1)k+1(n− 2k)dPφk+1.

Proof. (i) In order to compute theK-derivative of φk we use formula (1.2.4)
together with the formulae for the Lie bracket on g from section 3.1.1. If
we would only insert vectors of the form FX and GY into dKφ, then the Lie
bracket produces the element E ∈ g/m, which contributes trivially. Therefore,
we see that dKφk = E∗ ∧ ιEdKφk which by a direct computation equals
dKφk = (n− 2k)E∗ ∧ φk.

Moreover, the vector E is normalized due to Proposition 3.2.1 and hence
its dual coincides with E[. Therefore, in the case k = n the formula for the
K-derivative reduces to

dKφn = −nE∗ ∧ ∗K(E∗) = −n volK ,

where we used the de�ning equation of the K-Hodge star.
(ii) Since dim(G/K) = n + 1 the P -derivative satis�es the commutator relation

dP ∗K = (−1)n+1 ∗K dP due to Proposition 2.2.3. Thus, by de�nition of the
K-Hodge star we deduce that

dPφk = (−1)n+1 ∗K
(
(dPE

∗)n−k+1
)

= (−1)n+1E∗ ∧ ιE∗K
(
(dPE

∗)n−k+1
)
,

and application of Corollary 3.2.1(i) yields the claimed formula. �
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Now recall from section 1.4.5 that density bundles over G/P are associated
to one dimensional P -representations, so they do not carry canonical G-invariant
connections. In particular, the partial derivative dP on G/M has no geometric
counterpart on weighted di�erential forms on the conformal sphere. However, we
can still determine the image of Laplace-Beltrami operator of the Poisson transform
of such di�erential forms, which by Proposition 2.2.3 boils down to determining the
K-Laplace of the pullback of λ-densities to G/M .

Proposition 3.3.1. Let G = SO(n+1, 1)0, K ∼= SO(n+1) its maximal compact
subgroup, P ∼= CSO(n)oRn its minimal parabolic and M := K ∩P . For λ ∈ R let
E [λ] denote the bundle of λ-densities over G/P and let φk ∈ Ωk,n−k(G/M) be the
G-invariant Poisson kernel de�ned above. Then for all α ∈ Ωk(G/P, E [λ]) we have

(i) dK (φk ∧ π∗Pα) = (dKφk + λE∗ ∧ φk) ∧ π∗Pα,
(ii) δK(φk ∧ π∗Pα) = (δKφk − λιEφk) ∧ π∗Pα.
In particular, the di�erential form φk ∧ π∗Pα on G/M is an eigenvector of the K-
Laplace with eigenvalue −λ(n− 2k + λ).

Proof. (i) Follows immediately from the antiderivation property of dK and
Lemma 2.3.2.

(ii) It su�ces to consider di�erential forms α = ω ⊗ σ, where ω is a k-form and
σ is a λ-density on G/P . Then by naturality, the pullback of α along the
projection πP can be expressed as (π∗Pσ)π∗Pω.

First, we apply the K-Hodge star to the form φλ := φ ∧ π∗Pα, which by
de�nition only acts on the form φ. Next, using the antiderivation property of
dK , naturality of the pullback of ω and the formula in part (i) we deduce that

dK ∗K φλ = (dK ∗K φ+ λE∗ ∧ (∗Kφ)) ∧ π∗Pα.

Finally, we have to apply (−1)(n+1)(`−1)+1 times the K-Hodge star to this
form. The �rst summand in the bracket equals the K-codi�erential of φ. For
the second summand, we can use part (i) of Corollary 3.2.1 to move E∗ = E[

out of the K-Hodge star, where we pick up the sign (−1)n+1−`. The resulting
operator ∗2K equals (−1)`(n+1−`), so all in all we get

δKφλ = (δKφ− λιEφ) ∧ π∗Pα
as claimed.

For the last part of the Proposition we will apply parts (i) and (ii) to the case of
the Poisson kernels φk. First, recall from section 2.3.2 that δKφk = 0 and ιEφk = 0
in general, which implies that φk,λ := φk ∧ π∗Pα is trivial. Note that this just a
special case of the computation in the proof of Theorem 2.3.2.

On the other hand, combining part (i) with Lemma 3.3.1(i) we get

dKφk,λ = (n− 2k + λ)E∗ ∧ φk,λ.
Since the P -di�erential commutes with the K-codi�erential up to a sign, it follows
from Lemma 3.3.1 that δK(E∗ ∧ φk) = 0. Therefore, applying again the formula
for the K-codi�erential from part (ii) we deduce that

δKdKφk,λ = −λ(n− 2k + λ)φk,λ,

so φk,λ is an eigenvector of ∆K . �

In the special case k = 0 we have already analysed the Poisson transform
Φ0 : Γ(E [λ])→ C∞(G/K) induced by φ0 in section 2.3.3. In particular, we have seen
in Theorem 2.3.3 that this transform produces eigenvectors of the Laplace operator
∆B on G/K induced by the Killing form with eigenvalues −B(−λE∗,−λE∗ − 2ρ).
On the real hyperbolic space, the lowest restricted root ρ is given by 1

2n · E
∗,

and the hyperbolic Laplacian is given by B(E,E)−1 times the Killing Laplace ∆B .
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Inserting this we obtain from Theorem 2.3.3 that Φ0 produces eigenvectors of ∆ with
eigenvalue −λ(n+ λ), which is consistent with the formula in Theorem 3.3.1(iii).

Note that Theorem 3.3.1 also shows that for �xed degree k of the di�erential
form on G/P the largest eigenvalue of the Laplace-Beltrami operator is obtained
for the weight λ = −n−2k

2 , in which case the eigenvalue equals λ2. This is exactly
the lower bound of the continuous L2-spectrum of the Laplace-Beltrami operator
on the real hyperbolic space, see [CP04, Theorem 2.4].

3.3.2. Uniqueness and geometric interpretation. Next, we want to prove
uniqueness as well as give a geometric interpretation of the Poisson kernels φk, which
will be done by identifying their corresponding G-equivariant bundle maps as in
Proposition 2.2.2. Furthermore, we will show how these can be obtained by several
geometric constructions on the Poincaré ball model, which are equivalent in the
case of the real hyperbolic space but di�er in more general settings. In this way, we
also recover the initial de�nition of Gaillard's transforms in terms of visual maps,
c.f. De�nition 2.1.3.

First, we determine the dimension of the space ofM -invariant vectors in Λ∗(g/m)
through a simple exercise in representation theory.

Theorem 3.3.2. Let G = SO(n + 1, 1)0, M ∼= SO(n) the intersection of the
maximal compact and minimal parabolic subgroup of G and denote by g and m the
Lie algebras of G and M , respectively. Then the dimension of the M -invariant
(`, k)-forms is given by

dim
((

Λ`,k(g/m)∗
)M)

=


2 n = 2k, ` ∈ {k, k + 1}
1 n 6= 2k, ` ∈ {k, k + 1, n− k, n− k + 1}
0 otherwise

.

Proof. We have seen in section 3.2.1 that under the identi�cationM ∼= SO(n)
the vertical subspace (g/m)0,1 = k/m is isomorphic to the standard representation,
whereas the horizontal subspace (g/m)1,0 = p/m is the direct sum of the standard
and the trivial representation. In particular, after dualizing Rn via the standard
inner product we obtain that the space of Poisson kernels of bidegree (`, k) is iso-
morphic to(

Λ`,k(g/m)∗
)M ∼= HomSO(n)(Λ

kRn,Λ`Rn)⊕HomSO(n)(Λ
kRn,Λ`−1Rn).

Therefore, it su�ces to determine the dimension of the space of SO(n)-equivariant
maps between exterior powers of the standard representation.

First, it is well known (see e.g. [Pro09, ch. 11.6]) that Λn−kRn is isomorphic
to ΛkRn as an SO(n)-representation for all 0 ≤ k ≤ n, it su�ces to consider the
case 0 ≤ k, ` ≤ n

2 . Furthermore, by [Pro09, Remark ch. 11.6] we know that
the SO(n)-representations ΛkRn are pairwise non-isomorphic for all 0 ≤ k ≤ n

2
and irreducible for k 6= n

2 , whereas for k = n
2 the exterior power splits into the

direct sum of two irreducible representations. Therefore, Schur's Lemma implies
that HomSO(n)(Λ

kRn,Λ`Rn) is trivial unless k = `, in which case this space is of
dimension 1 for k 6= n

2 and of dimension 2 if k = n
2 . �

Note that Theorem 3.3.2 immediately implies that any Poisson transform which
map between di�erential forms of the same degree has to be a multiple of Φk.
In turn, this uniqueness result can be used to determine their corresponding G-
invariant bundle maps pk : ΛkT 0,1∗ → ΛkT 1,0∗ as in Proposition 2.2.2. Recall
that if vol ∈ Ω0,n(G/M) denotes the G-invariant di�erential form from Lemma
2.2.2, then these maps are characterized by φk ∧ π∗Pα = pk(π∗Pα) ∧ vol for all α ∈
Ωk(G/P ). Now by Proposition 1.2.1, these maps pk are induced by M -equivariant
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maps Λk(k/m)∗ → Λk(p/m)∗, which by uniqueness have to be a multiple of the
M -equivariant map induced by

χ : p/m→ k/m,

which is de�ned by E 7→ 0 and FX 7→ GX for all X ∈ Rn.

Corollary 3.3.2. Let χ∗ : Λ∗(p/m)∗ → Λ∗(k/m)∗ be the M -equivariant map
induced by χ and denote the corresponding G-equivariant bundle map by the same
symbol. Then for all α ∈ Ωk(G/P ) we obtain that

φk ∧ π∗Pα = ckφ0 ∧ (χ∗π∗Pα)

with ck ∈ R.

Proof. Since the G-invariant (0, n)-forms vol and φ0 are proportional, the
claim follows immediately from Theorem 3.3.2. �

For later computations we will derive an explicit formula for the relation be-
tween the Poisson kernels φk and φk+1 induced by the map χ.

Lemma 3.3.2. For all k = 0, . . . , n and ξ ∈ p/m we have

ιχ(ξ)φk = (−1)k2(n− k)ιξφk+1.

Proof. We have already seen that ιEφk is trivial for all k, so it su�ces to prove
the equation for ξ = FX with X ∈ Rn. From the formulae for theM -invariant inner
product on p/m in Proposition 3.2.1 we obtain for all vectors X, Y ∈ Rn that

(ιGXdPE
∗)(FY ) = −〈X,Y 〉 = −2F [X(FY ).

Therefore, the formulae for the calculus on Λ∗(g/m)∗ in Corollary 3.2.1 imply that

ιGXφk = (−1)n+1 ∗K ιGX (E∗ ∧ (dPE
∗)n−k)

= (−1)n(n− k) ∗K (E∗ ∧ (dPE
∗)n−k−1 ∧ ιGXdPE∗)

= (−1)n+12(n− k) ∗K (E∗ ∧ (dPE
∗)n−k−1 ∧ F [X)

= (−1)k2(n− k)ιFXφk+1

as claimed. �

For the rest of this section we want to illustrate how geometric methods can
be used to construct the M -equivariant map χ on the real hyperbolic space. Note
that these approaches also make sense in more general settings, where they usually
di�er and thus serve as possible sources for Poisson kernels.

First, recall from section 3.2.3 that we can identify the homogeneous spaceG/M
with the r-sphere bundle Sr over G/K in terms of the Poincaré ball model B. This
was done via the G-equivariant visual maps V rx , which assigned to every x ∈ G/K
and ξ ∈ Srx the limit of the unique geodesic ray determined by ξ. For the base
point 0 = eK the geodesic ray determined by the �rst unit vector e0 in g/k ∼= T0B
is the line γ0 : t 7→ (t, 0, . . . , 0), which approaches the point 1 = eP ∈ G/P in the
limit. Thus, if we identify the tangent space Te0S

r with its natural embedding into
T0(G/K) ∼= g/k, the visual map V0 induces a linear map p/m → k/m, which is
M -equivariant by construction and thus has to be a multiple of χ. This is exactly
the point of view of Gaillard in his initial de�nition of Poisson transforms on the
real hyperbolic space, c.f. De�nition 2.1.3.

On the other hand, we have seen in section 1.4.1 that the Killing form on g
induces a P -equivariant isomorphism between (g/p)∗ and p+. Next, every X ∈ p+

de�nes a fundamental vector �eld ζX ∈ X(G/K), which is by de�nition a Killing
�eld for the Riemannian metric on G/K associated to the Killing form. Moreover,
the map ζ : p+ → X(G/K) is G-equivariant with respect to the adjoint action
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on g and the natural G-action on vector �elds on G/K, so its composition with
the musical operator [ : X(G/K) → Ω1(G/K) is a P -equivariant map (g/p)∗ →
Ω1(G/K). Hence evaluation of these one forms at the base point eK ∈ G/K
induces an M -module homomorphism (k/m)∗ → (p/m)∗, which by uniqueness has
to di�er from the dual of χ by a multiple.

3.3.3. Growth estimates of Poisson transforms. In this �nal part of the
study of the Poisson transform Φk we want to derive growth estimates for the
pointwise hyperbolic norm of its images in terms of a de�ning function for the
boundary sphere in the Poincaré ball model of real hyperbolic space. For this, we
will use the results on �bre integrals from section 1.5.2.

We have already seen in section 2.2.1 that the maximal compact subgroup K
acts transitively on the conformal sphere G/P , which induces a di�eomorphism
G/P ∼= K/M . Explicitly, if κ : G→ K denotes the K-part of the Iwasawa decom-
position of G, then this isomorphism is given by gP 7→ κ(g)M . Otherwise said, this
corresponds to a reduction of the holonomy group of the conformal sphere to the
subgroupM ∼= SO(n), i.e. to a choice of a Riemannian metric in the conformal class
of metrics on G/P . For our purpose, we choose on the symmetric space K/M ∼= Sn

the Riemannian metric induced by the restriction of the standard Euclidean metric
on Rn+1, which is K-invariant by de�nition.

Subsequently, we obtain an isomorphism between G/M and G/K×K/M as G-
manifolds, where the action ` of G on the right hand side is given by `g(g′K,hM) =
(gg′K,κ(gh)M) for all g, g′ ∈ G and h ∈ K. Moreover, the metric onK/M together
with the hyperbolic metric on G/K induce a G-invariant Riemannian metric on
the product manifold G/K × K/M , which we will again denote by gM , so that
the decomposition of its tangent bundle into the Whitney sum of T (G/K) and
T (K/M) is orthogonal. In this way, if vol is the normed G-invariant (0, n)-form
on G/K × K/M constructed in Lemma 2.2.2 and if we denote its restriction to
the �bre over gK ∈ G/K by volgK , then by construction voleK coincides with the
Euclidean volume form on K/M .

In the following Lemma we compare the norm of the pullback of di�erential
forms on G/P along the projection πP : G/K × K/M → G/P induced by the
isomorphism K/M ∼= G/P as well as determine the change in the measure induced
by vol on di�erent �bres over G/K.

Lemma 3.3.3. Let G = SO(n + 1, 1)0, K ∼= SO(n + 1) the maximal compact
subgroup, P the minimal parabolic subgroup of G and M the intersection of K and
P . For all g ∈ G let g = κ(g) exp(τ(g)E)η(g) be its Iwasawa decomposition with
κ(g) ∈ K, τ(g) ∈ R and η(g) ∈ N , where E is the grading element of the Lie
algebra of g. For λ ∈ R denote by E [λ] the bundle of λ-densities over G/P with
underlying 1-dimensional P -representation R[λ].

(i) For all α ∈ ΛkT ∗hP (G/P )[λ] with h ∈ K we obtain that

gM (π∗Pα, π
∗
Pα)(gK, hM) = e2(k−λ)τ(g−1h)gM (π∗Pα, π

∗
Pα)(eK, hM).

(ii) Let | |M denote the pointwise norm on Ω∗(G/M) induced by the metric gM .
Then for all E [λ]-valued k-forms α on G/P we haveˆ

K/M

|π∗Pα|M (gK, hM) volgK

=

ˆ
K/M

e(k−λ−n)τ(g−1h)|π∗Pα|M (eK, hM) voleK .

Proof. (i) The action of the element hg := gκ(g−1h)h−1 ∈ G maps the
point (eK, hM) ∈ G/K ×K/M in the �bre over eK to the point (gK, hM).
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Furthermore, it can be rewritten as

hg = hη(g−1h) exp(−τ(g−1h)E)h−1

using the Iwasawa decomposition of G. Then G-invariance of the metric gM
implies that

gM (π∗Pα, π
∗
Pα)(gK, hM) = gM (h−1

g · π∗Pα, h−1
g · π∗Pα)(eK, hM) = (∗),

and since the canonical projection πP is G-equivariant we can commute the
action of h−1

g with the pullback.
In order to rewrite (∗) we need to simplify the element

h−1
g · α = h exp(τ(g−1h)E)η(g−1h)−1h−1 · α.

For this, note that the covector h−1 · α is an element in ΛkT ∗eP (G/P )[λ] ∼=
Λk(g/p)∗[λ], on which exp(τ(g−1h)) ∈ A acts by the scalar e(k−λ)τ(g−1h),
whereas the group N acts trivially. Thus, we obtain that

h−1
g · α = e(k−λ)τ(g−1h)α,

and inserting this back into (∗) yields

(∗) = e2(k−λ)τ(g−1h)gM (π∗Pα, π
∗
Pα)(eK, hM).

(ii) In order to prove this formula we need to compare the volume forms volgK
and voleK on the homogeneous space K/M . Consider for all g ∈ G the map
κg : K/M → K/M de�ned by hM 7→ κ(gh)M , which is an isomorphism with
inverse κg−1 , c.f. [Hel94, Lemma I.5.19]). Then by de�nition of the G-action
the map `g ◦ κg−1 is the identity on K/M , so applying the transformation
formula for integrals we deduce thatˆ

K/M

|π∗Pα|M (gK, hM) volgK

=

ˆ
K/M

|π∗Pα|M (gK, hM) κ∗g−1`∗g volgK = (∗∗).

By G-invariance of vol, the pullback of volgK along `g coincides with voleK .
Moreover, the latter di�erential form is a multiple of the K-invariant volume
form on K/M induced by the Haar measure on K, so we can apply [Hel84,
Lemma I.5.19] and obtain κ∗g−1 voleK = e−nτ(g−1h) voleK . Inserting this into
the expression (∗∗) and using (i) we obtain the claimed formula for the integral.

�

The previous Lemma allows us to derive growth estimates on the hyperbolic
norm of Φk(α) for all α ∈ Ωk(G/P, E [λ]). Indeed, recall that we chose the G-
invariant Riemannian metric on the tangent bundle of G/K × K/M so that the
projection onto the �rst factor is a Riemannian submersion, so Theorem 1.5.2 is
applicable. Thus, we obtain for all g ∈ G that

|Φk(α)| (gK) ≤
ˆ
K/M

|φk ∧ π∗Pα|M (gK, hM) volgK = (∗),

and we can �nd di�erential forms on G/P so that this inequality is sharp. More-
over, applying Corollary 3.3.2 to the above equation and using orthogonality of the
horizontal and vertical subbundle of the tangent bundle of G/K × K/M we can
rewrite this as

(∗) = ck

ˆ
K/M

|φ0|M (gK, hM) · |χ∗π∗Pα|M (gK, hM) volgK
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for some constant ck 6= 0. Since both the di�erential form φ0 and the metric gM
are G-invariant, the expression |φ0|M is constant and thus can be moved outside
of the integral. Moreover, we have chosen the Riemannian metric on the vertical
bundle so that the map χ∗ satis�es |χ∗π∗Pα|M = 2k|π∗Pα|M . Finally, we can apply
Lemma 3.3.3(ii) to transform the remaining expression into an integral over the
�bre π−1

K (eK). All in all, we have

(∗) = ck2k|φ0|M
ˆ
K/M

e(k−λ−n)τ(g−1h) |π∗Pα|M (eK, hM)dhM,

where dhM is the measure on K/M induced by the round metric.
Our aim is to obtain growth estimates in terms of a de�ning function for the

boundary sphere on the Poincaré ball model of real hyperbolic space. So let x =
g · 0 ∈ Bn+1 and let u = h · 1 in the boundary sphere. Then we have computed in
Proposition 3.1.2 that the expression e−τ(g−1h) translates into the classical Poisson
kernel P (x, u) on the unit ball in Rn+1. Since the Riemannian metric and the
vertical volume form voleK on {eK} × K/M coincide with the Euclidean metric
and the Euclidean volume form on Sn, respectively, we obtain for all λ ∈ R, α ∈
Ωk(Sn)[λ] and x ∈ B that

|Φk(α)|hyp(x) ≤ C ·
ˆ
Sn
P (x, u)n−k+λ|α|euc(u)du ≤ C|α|∞

ˆ
Sn
P (x, u)n−k+λdu,

and these inequalities are sharp. Here, C is a constant and |α|∞ is the maximum
of the pointwise norm of α on the compact space Sn.

In summary, we can estimate the norm of the Poisson transform of Φk(α) via
the average of appropriate powers of the Poisson kernel on the unit sphere Sn.
Moreover, it is well known that

1

|Sn|

ˆ
Sn

1− |x|2

|x− u|n+1
du = 1,

1

|Sn|

ˆ
Sn

1

|x− u|n−1
du = 1,(3.3.3)

see [GT01, chapters 2.4 and 2.5]. Using this, we can prove

Proposition 3.3.3. Let B be the Poincaré ball model of the real hyperbolic
space of dimension n + 1 endowed with the hyperbolic metric ghyp. Let geuc be
the Euclidean metric on B and denote by ρ : B → R the de�ning function ρ(x) =
1
2 (1 − |x|2). Let Φk : Sn → B the Poisson transform from Theorem 3.3.1 and let

α ∈ Ωk(Sn)[λ] for any λ ∈ R.
(i) For k − λ = n+1

2 we obtain that

|Φk(α)|hyp(x) ≤ Cρ(x)k−λ−1

for all x ∈ B, and this inequality is sharp. In particular, we see that the
Euclidean norm of Φk(α)(x) is bounded by a constant multiple of ρ(x)−λ−1.

(ii) If k − λ ≤ n−1
2 , then the hyperbolic norm of Φk(α) satis�es

|Φk(α)|hyp(x) ≤ Cρ(x)k−λ

for all x ∈ B. In particular, the Euclidean norm of Φk(α)(x) is bounded by
ρ(x)−λ.

Proof. From above we obtain that the hyperbolic norm of Φk(α) for all α ∈
Ωk(Sn)[λ] satis�es

|Φk(α)|hyp(x) ≤ C
ˆ
Sn
P (x, u)n−k+λdu

for a constant C ∈ R, and this inequality is sharp.
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(i) Since n+ 1− 2(k − λ) = 0 we immediately obtain that

P (x, u)n−k+λ =
(1− |x|2)n−k+λ

|x− u|n−1
,

and inserting this into the above estimate and use the second integral formula
from (3.3.3) yields

|Φk(α)|hyp(x) ≤ C
ˆ
Sn

(1− |x|2)n−k+λ

|x− u|n−1
du = C2n−k|Sn|ρ(x)n−k+λ.

Moreover, the Euclidean norm of Φk(α) is obtained by multiplying the hyper-
bolic norm with ρ(x)−k. Thus, it follows that

|Φk(α)|euc(x) ≤ C̃ρ(x)−λ−1,

where C̃ is an appropriate constant, and this inequality is sharp.
(ii) Fix a point x ∈ B and write it as x = rv with r ∈ [0, 1) and v ∈ Sn. For all

u ∈ Sn we obtain that

|x− u|2 = |x|2 − 2〈x, u〉+ 1 ≥ r2 − 2r + 1 = (1− r)2.

Since we want to compare the norm of x − u with the value of the de�ning
function at x we further estimate

(1− r)2 > 0⇔ 1− r > 1

2
(1− r2),

and since |x| = r < 1 this implies that

ρ(x) < |x− u| < 2⇔ 1

2
<

1

|x− u|
< ρ(x)−1.

Applying this estimate to the Poisson kernel we obtain for k − λ ≤ n−1
2

that

P (x, u)n−k+λ ≤ 2n−k+λ−1ρ(x)k−λ
1− |x|2

|x− u|n+1
,

so integrating both sides over Sn and using the �rst formula from (3.3.3) yields

|Φk(α)|hyp(x) ≤ Cρ(x)k−λ

for an appropriate constant C ∈ R. In particular, this implies that the Eu-
clidean norm of Φk(α) is bounded by ρ−λ on B from above. �

3.4. Poisson transforms between tractor valued forms

Having concluded the study of real valued Poisson kernels, our aim in this
section is to demonstrate the e�ciency of our method by constructing in section
3.4.1 a family of Poisson transforms between di�erential forms on G/P and G/K
with values in the respective standard tractor bundles, which are BGG-compatible
in the sense of De�nition 2.2.3. Remarkably, it turns out that these operators
are again a chain maps between the corresponding twisted de Rham sequences
on G/K and G/P , respectively, c.f. Theorem 3.4.3. Moreover, their extensions to
weighted di�erential forms factor to G-equivariant operators between sections of the
corresponding homology bundles on G/P and standard tractor valued di�erential
forms on G/K which are eigenforms for the twisted Laplace Beltrami operator.
Furthermore, in the unweighted case these operators are chained maps between the
BGG-sequences on G/P and the twisted de Rham sequence on G/K, c.f. Theorem
3.4.4.
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3.4.1. Construction of a BGG-compatible Poisson kernel. In this sec-
tion we present an explicit construction of a BGG-compatible Poisson transform
which maps di�erential forms on the conformal sphere with values in VP := G×P V
to di�erential forms on the real hyperbolic space with values in the standard tractor
bundle VK := G×K V. In order to do so, we will �rst recall the speci�c geometric
properties of these vector bundles established in section 3.2.2 and subsequently use
them to �nd an appropriate ansatz for the corresponding Poisson kernel.

First, recall from Proposition 3.2.2 that VK decomposes as a homogeneous
vector bundle into the direct sum of the tangent bundle of G/K and a line bundle.
Since the projection to each of these summands is tensorial we obtain an induced
decomposition

Ω`(G/K, VK) = Ω`(G/K, T (G/K))⊕ Ω`(G/K)

for all 0 ≤ ` ≤ n + 1, implying that it su�ces to construct Poisson transforms
with values in each of these summands separately. Note that by naturality of
the pullback this decomposition is re�ected on the space of End(G ×M V)-valued
di�erential forms on G/M . In addition, we have seen in the same Proposition that
VP carries a G-invariant �ltration VP = V −1 ⊃ V 0 ⊃ V 1 whose associated graded
vector bundle gr(VP ) decomposes into

gr(VP ) ∼= E [−1]⊕ T (G/P )[−1]⊕ E [1],

where E [λ] denotes the bundle of λ-densities as before. In particular, we can identify
the space of real valued functions on G/P with the space of sections of the subbun-
dle V 1[−1] of the weighted tractor bundle VP [−1]. Therefore, to avoid recovering
the operators Φk between real valued di�erential forms as in Theorem 3.3.1, we
will focus on constructing Poisson transforms between VP -valued k-forms on G/P
and tangent bundle valued `-forms on the real hyperbolic space G/K in the sequel.
By Theorem 2.2.1, these correspond to M -invariant elements in the �nite dimen-
sional representation Λ`,n−k(g/m)∗ ⊗L(V,VT ), where VT denotes the K-invariant
subspace of the standard representation V corresponding to the tangent bundle
T (G/K).

Furthermore, we want the constructed Poisson kernel to be BGG-compatible,
i.e. to be contained in the kernels of ∂P and ∂P dP , c.f. De�nition 2.2.3, for which
we have to develop a formula for the P -codi�erential on M -invariant elements in
Λ∗(g/m) ⊗ End(V). In order to do so, recall from section 3.2.2 that the standard
representation decomposes as an M -module into V = V−1 ⊕ V0 ⊕ V1, where V±1

are copies of the trivial representation and V0
∼= Rn is the standard representation

ofM ∼= SO(n). Furthermore, this decomposition is compatible with the |1|-grading
of g in the sense that gi · Vj ⊂ Vi+j , where we agree that Vk = {0} if |k| > 1.

Proposition 3.4.1. Let G = SO(n+1, 1)0, K ∼= SO(n+1) its maximal compact
subgroup, P ∼= CSO(n)oRn its minimal parabolic subgroup and M ∼= SO(n) be the
intersection of K and P . Let g, k, p and m be the Lie algebras of G, K, P and
M , respectively. Let V = Rn+1,1 be the standard representation of G, let ρ be the
tensor product of the p action on V with the identity on Λ∗(g/m)∗ and let ρV

∗
be

the tensor product of the p-action on V∗ with the identity on Λ∗(g/m)∗ ⊗ V. Then
the P -codi�erential of φ ∈ Λ∗(g/m)∗ ⊗ End(V) is given by

(3.4.1) ∂Pφ = − 1

2n

n∑
j=1

ιGej ρ
V∗
ξej
φ,

where {e1, . . . , en} is an orthonormal basis of Rn with respect to the standard inner
product and ξej ∈ g1

∼= Rn and Gej ∈ k/m ∼= Rn are the vectors corresponding to
ej ∈ Rn. Moreover,
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(i) If E ∈ g/m denotes the M -invariant vector induced by the grading element of
g, then for all φ ∈ Λ∗(g/m)∗ ⊗ End(V) we have

∂P ιEφ = −ιE∂Pφ, ∂P (E∗ ∧ φ) = −E∗ ∧ ∂Pφ.

(ii) Let W be any subspace of V. Then the image of φ ∈ Λ∗(g/p)∗⊗L(Vi,W) under
the P -codi�erential has values in the subspace L(Vi−1,W). In particular, if φ
has values in L(V−1,W), then it is contained in the kernel of ∂P .

Proof. In section 2.2.3 we de�ned the P -codi�erential by the formula ∂P (α∧
β) = (−1)`α ∧ ∂∗β for all α ∈ Λ`,0(g/m)∗ ⊗ V and β ∈ Λ0,n−k(g/m)∗ ⊗ V∗, where
we used the identi�cation k/m ∼= g/p induced by the restriction of the canonical
projection g/m→ g/p.

Moreover, by Proposition 3.1.1(i) the Lie algebra g is |1|-graded, so the formula
for the Kostant codi�erential proved in Proposition 1.4.4 reduces to the alternation
of the p+-action on V. Explicitly, if {ξj} is a basis for p+ = g1 with dual basis {ηj}
for g−1 with respect to the Killing form, then for all β ∈ Λkp+ ⊗ V we have

∂∗β = −
n∑
j=1

ρVξj ιηjβ,

where ρV is the tensor product of the identity on Λkp+ with the p+-action on V
and where we interpret β as a multilinear, alternating map gk → V which vanishes
after insertion of any vector in p.

Now if we interpret the above formula for the Kostant codi�erential in terms of
theM -module g/m, the subspace g−1

∼= g/p corresponds to k/m, which is generated
by vectors Gej for j = 1, . . . , n. Moreover, we have seen in Proposition 3.1.1(iv) that
the restriction of the Killing form to g−1×g1 equals (2n)−1 times the standard inner
product on Rn under the identi�cations g±1

∼= Rn, implying that we can replace in
the above formula for ∂∗ the vector ξj by ξej and ηj by (2n)−1Gej , respectively.

Thus, on decomposable elements φ = α ∧ β we deduce that

∂Pφ = (−1)`+1 1

2n

n∑
j=1

α ∧ ρξej ιGej β = − 1

2n

n∑
j=1

ιGej ρ
V∗
ξej
φ,

where we used that α is of bidegree (`, 0) and thus trivial upon insertion of the
vectors Gej for all j = 1, . . . , n. Since ∂P is linear this formula holds for all elements
in Λ∗(g/m)∗ ⊗ End(V).

(i) Follows immediately from (3.4.1) by using the antiderivation property of the
interior product.

(ii) If φ is of degree k, then the p-action ρV
∗
in the formula (3.4.1) is given by(

ρV
∗

ξ φ
)

(η1, . . . , ηk)(v) := −φ(η1, . . . , ηk)(ξ · v)

for all ξ ∈ p, η1, . . . , ηk ∈ g/m and v ∈ V. In particular, for ξ ∈ p+ = g1

the values of the Poisson kernels ρV
∗

ξ φ lie in the space L(Vi−1,W). Since we
only act with elements in g1 in the formula for the P -codi�erential the claim
follows. �

In the next step we will choose a natural ansatz for the BGG-compatible Poisson
kernel. For that, recall from section 3.3.1 that we de�ned a distinguished real-valued
Poisson kernel φk of degree (k, n− k) by

φk = ∗K(E∗ ∧ (dPE
∗)n−k),
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where E∗ is the M -invariant element in (g/m)∗ of bidegree (1, 0) induced by the
grading element of g as in Proposition 2.3.2. Therefore, as an ansatz for a vector-
valued BGG-compatible Poisson kernel of degree (k, n− k) we choose

∗K(E∗ ∧ (dPE
∗)n−k−1 ∧ τ),

where τ is a Poisson kernel on g/m of degree (1, 1). Furthermore, we already
mentioned that we want this form to have values in L(V,VT ), so by de�nition of
the K-Hodge star in section 2.2.3 this is satis�ed if

(R1) τ ∈ Λ1,1(g/m)∗ ⊗ L(V,VT ).

Next, for BGG-compatibility we need our ensure that our ansatz is contained in
the kernel of the P -codi�erential. Recall that ∂P commutes with ∗K up to a sign
due to their de�nitions in section 2.2.3, and by Proposition 3.4.1(i) the same holds
for ∂P and the wedge product with E∗. Hence our ansatz form is contained in
ker(∂P ) if

(R2) ∂P
(
(dPE

∗)n−k−1 ∧ τ
)

= 0.

Furthermore, we want the G-equivariant operator on sections of the twisted ho-
mology bundles on G/P induced by the Poisson transform not to be trivial, which
means that our initial form should not be contained in the image of ∂P . Regarding
Proposition 3.4.1(ii) we therefore assume that it is trivial on the M -submodule V1

of V, hence also
(R3) τ(ξ1, ξ2)|V1

= 0

for all ξ1, ξ2 ∈ g/m.
In order to ensure BGG-compatibility we will also need to determine the P -

derivative of our ansatz and apply the P -codi�erential to the result. Since the
P -di�erential satis�es dP ∗K = (−1)n+1 ∗K dP due to Proposition 2.2.3 and is an
antiderivation we obtain that its image under dP is given by

(−1)n+1
(
∗K((dPE

∗)n−k ∧ τ)− ∗K(E∗ ∧ (dPE
∗)n−k−1 ∧ dP τ)

)
.

Hence, if we assume that

(R4) dP τ = 0,

then we can compute the image of our ansatz under the operators ∂P and ∂P dP
in a uni�ed way using the following Lemma.

Lemma 3.4.1. Let E∗ ∈ g/m be the M -invariant (1, 0)-form induced by the
grading element of g and τ be a L(V,VT )-valued Poisson kernel of degree (1, 1)
which is trivial on V1. Write τ in the general ansatz

τ(FX , GY ) :

 w1

W
w−1

 7→
 bw−1〈X,Y 〉
a1〈X,Y 〉W + a2〈X,W 〉Y + a3〈Y,W 〉X

bw−1〈X,Y 〉


τ(E,GY ) :

 w1

W
w−1

 7→
d〈Y,W 〉cw−1Y
d〈Y,W 〉

 .

for all X, Y , W ∈ Rn and w1, w−1 ∈ R, where ai, b, c and d are arbitrary real
numbers.

(i) The invariant form (dPE
∗)r ∧ τ is contained in the kernel of ∂P if and only

if

(r + 1)a1 + a2 + (n− r)a3 = 0, (n− r)d = 0.

Moreover, ∂P is surjective onto the Poisson kernels (dPE
∗)r∧σ for any Pois-

son kernel σ of degree (1, 0) with values in L(V−1,VT ).
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(ii) The invariant form (dPE
∗)r ∧ τ is in the image of ∂P if in addition a3 = 0.

Proof. Let φ be an End(V)-valued Poisson kernel of degree (`, k) and let
e1, . . . , en be an orthonormal basis of Rn with corresponding elements ξej ∈ g1. If
we apply formula (3.4.1) for the P -codi�erential and distribute the interior product
over the wedge product via the antiderivation property we obtain that

∂P ((dPE
∗)r ∧ φ) = − 1

2n
(dPE

∗)r−1 ∧ φ̃,

where the (`+ 1, k)-form φ̃ is de�ned by

φ̃ :=

n∑
j=1

r
(
ιGej dPE

∗
)
∧
(
ρV
∗

ξej
φ
)

+ (dPE
∗) ∧

(
ιGej ρ

V∗
ξej
φ
)
.

(i) Since the Poisson kernel dPE∗ is nondegenerate due to Proposition 2.3.2 it
follows that (dPE

∗)r∧τ lies in the kernel of the P -codi�erential if and only the
corresponding (2, 1)-form τ̃ is trivial. Our aim is to translate this condition
into equations for the parameters of the Poisson kernel τ .

First, we know from Proposition 3.4.1(ii) that the P -codi�erential is trivial
onM -invariant elements with values in L(V−1,V), implying that the parame-
ters b and c of τ can be chosen arbitrarily. Furthermore, {ej} is an orthonormal
basis for Rn, so we can write every X ∈ Rn as X =

∑n
j=1〈X, ej〉ej . Therefore,

from the formulae for the g-action on the standard representation in section
3.2.2 we deduce for all X ∈ Rn that

n∑
j=1

(
ρV
∗

ξej
τ
)

(FX , Gej )(v−1) = −(a1 + a2 + na3)vX ,

n∑
j=1

(
ρV
∗

ξej
τ
)

(E,Gej )(v−1) = dn(v1 + v−1),

where v−1 and v1 are the base element of V−1 and V1, respectively, correspond-
ing to 1 ∈ R, and where vX ∈ V0 corresponds to X ∈ R, c.f. section 3.2.2.
On the other hand, recall from section 3.3.1 that the real valued (1, 1)-form
dPE

∗ was de�ned by dPE∗(FX , GY ) = 〈X,Y 〉 for all X, Y ∈ Rn. Therefore,
we obtain for all X ∈ Rn that

n∑
j=1

(ιFX ιGej dPE
∗) ∧

(
ρV
∗

ξej
τ
)

= −ρV
∗

ξX τ.

Inserting this into the (2, 1)-form τ̃ a direct computation shows that we
can write τ̃ = (dPE

∗) ∧ σ, where σ is the M -invariant (1, 0)-form de�ned by

σ(FX)(v−1) = ((r + 1)a1 + a2 + (n− r)a3) vX ,

σ(E)(v−1) = (n− r)d(v1 + v−1).

for allX ∈ Rn. Now byM -invariance it is easy to see that any (1, 0)-form with
values in L(V−1,VT ) has this form, so surjectivity of ∂P follows. Furthermore,
since dPE∗ is nondegenerate we deduce that τ̃ is trivial if and only if the
equations

(r + 1)a1 + a2 + (n− r)a3 = 0, (n− r)d = 0

on the parameter of τ are satis�ed.
(ii) Now we assume that (dPE

∗)r ∧ τ = ∂P ((dPE
∗)r ∧ θ) is in the image of

the P -codi�erential, where we can choose the (1, 2)-form θ to have values
in L(V,VT ) and to be trivial on V−1 due to Corollary 3.4.1(ii). Since the
real valued (1, 1)-form dPE

∗ is nondegenerate due to Proposition 2.3.2 the
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corresponding (2, 2)-form θ̃ appearing in the formula for ∂P ((dPE
∗)r ∧ θ) has

to satisfy θ̃ = dPE
∗ ∧ τ , and we want to translate this equality into linear

equations for the parameters of τ .
First, note that by M -invariance of θ it can be written as

θ = dPE
∗ ∧ θ1 + E∗ ∧ θ2,

where θ1 and θ2 areM -invariant forms of degree (0, 1) and (0, 2), respectively,
determined by

θ1(GX) :

 w1

W
w−1

 7→
β〈X,W 〉αw1X
β〈X,W 〉

 ,

θ2(GX , GY ) :

 w1

W
w−1

 7→
 0
γ (〈Y,W 〉X − 〈X,W 〉Y )

0


for all X, Y , W ∈ Rn and w1, w−1 ∈ R, where α, β and γ are arbitrary
real numbers. In this decomposition, the corresponding (2, 2)-form θ̃ can be
expressed as

θ̃ =

n∑
j=1

(r + 1)(dPE
∗) ∧ (ιGej dPE

∗) ∧ ρV
∗

ξej
θ1 + (dPE

∗)2 ∧ ιGej ρ
V∗
ξej
θ1

− E∗ ∧
(
r (ιGej dPE

∗) ∧ ρV
∗

ξej
θ2 + (dPE

∗) ∧ ιGej ρ
V∗
ξej
θ2

)
.

In order to write θ̃ as a wedge product of dPE∗ and an End(V)-valued (1, 1)-
form τ we need to rewrite the �rst summand in the second line. Using the
formulae for the g-action on V from section 3.2.2 an explicit computation
shows that

−rE∗ ∧ (ιGej dPE
∗) ∧ ρV

∗

ξj θ2 = dPE
∗ ∧ τ3,

where τ3 is the (1, 1)-form whose only nontrivial parameter is c = −rγ.
The other summands in the expansion of θ̃ are already of the desired form,

so we need to determine the parameters of the occurring Poisson kernels

τ1 := (r + 1)
∑
j

(ιGej dPE
∗) ∧ ρV

∗

ξej
θ1

τ2 :=

n∑
j=1

(dPE
∗) ∧

(
ιGej ρ

V∗
ξej
θ1

)
τ4 := −

n∑
j=1

E∗ ∧
(
ιGej ρ

V∗
ξej
θ2

)
of degree (1, 1). Since the basis {ej} is orthonormal a direct computation
using the formulae for the g-action on V from section 3.2.2 shows that τ1
corresponds to the nontrivial parameters a2 = −(r + 1)α and b = (r + 1)β,
the kernel τ2 corresponds to a1 = α and b = −nβ and �nally τ4 corresponds
to the nontrivial parameter c = (n− 1)γ.

Inserting this into the above expansion for θ̃ shows that θ̃ = dPE
∗ ∧ τ ,

where the parameter of the Poisson kernel τ =
∑4
i=1 τi are given by

a1 = α, a2 = −(r + 1)α, a3 = 0,

b = (r − (n− 1))β, c = −(r − (n− 1))γ, d = 0.

In particular, we see that in comparison to (i) the only additional restriction
is given by a3 = 0. �
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Therefore, we require the L(V,VT )-valued Poisson kernel τ of degree (1, 1) to
satisfy the linear relations from part (i) of Theorem 3.4.1, but not those of part (ii).

Finally, in analogy to the real valued case in section 3.3 it is convenient to
choose our ansatz to be contained in the kernel of the K-codi�erential. Recall
from section 2.2.3 that this operator is de�ned on End(V)-valued Poisson kernels
of degree (k, n− k) via

δK = (−1)(n+1)(k+1)+1 ∗K dθK ∗K .

Here dθK denotes the covariant exterior derivative on Ω∗(G/M,End(V)) with respect
to the θ-twisted tractor connection as de�ned in 1.3.2, which is explicitly given on
invariant maps f ∈ End(V)M by

(3.4.1) (dθKf)(ξ + m)(v) = θ(ξ) · f(v)− f(ξ · v)

for all v ∈ V and ξ ∈ p, where θ denotes the Cartan involution on g. In particular,
for our ansatz we obtain that

δK ∗K
(
E∗ ∧ (dPE

∗)n−k−1 ∧ τ
)

= ± ∗K
(
E∗ ∧ (dPE

∗)n−k−1 ∧ dθKτ
)
,

and thus we want the invariant form τ to satisfy

(R5) dθKτ = 0.

Regarding (R4) and (R5), we now construct τ as a linear combination of M -
invariant (1, 1)-forms which are contained in the kernels of dP and dθK by construc-
tion:

• For all f ∈ End(V)M the M -invariant form dP d
θ
Kf is of degree (1, 1)

and clearly contained in the kernels of dP and dθK . In order to obtain
such M -equivariant maps, we consider the decomposition of the standard
representation into irreducibleM -modules in section 3.2.2. Then it follows
that for all i, j ∈ {−1, 1} the maps f ij : Vi → Vj induced by the identity
on R are in End(V)M .
• Let S ∈ End(V) be the M -equivariant map which induced the matrix
representation of g in section 3.1.1. Otherwise said, this map satis�es
θ(X) · S(v) = S(X · v) for all v ∈ V and X ∈ g by construction, which
by the formulae (3.4.1) and (1.2.4) for the (twisted) covariant exterior
derivatives imply that theM -invariant (1, 1)-form (dPE

∗)⊗S is contained
in the kernels of dθK and the P -codi�erential.

Note that if we de�ne τ as a linear combination of these M -invariant (1, 1)-forms,
then it will be automatically dP -exact. Via a direct computation we deduce that
the P -derivative of the M -invariant (1, 0)-form

σk := (k + 1)E∗ ⊗ S − (k + 1)dθKf
1
1 + (n+ 2)dθKf

−1
1

satis�es (R1) - (R5). Explicitly, in terms of the general ansatz in Theorem 3.4.1
the M -invariant (1, 1)-form dPσk corresponds to the parameter

a1 = a2 = k + 1, a3 = −(n− k + 1), b = n+ 2, c = −2(n+ 2), d = 0,

and thus satis�es the linear relations in part (i) of the same Theorem in the case
r = n− k − 1.

Therefore, with the choice of τ = dPσk our initial M -invariant (k, n− k)-form
given by

∗K
(
E∗ ∧ (dPE

∗)n−k−1 ∧ dPσk
)

has values in L(V,VT ), is trivial on V1 and contained in the kernels of the P -
codi�erential and the K-codi�erential.
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Next, for BGG-compatibility we also have to ensure that the image of our
ansatz lies in the kernel of ∂P dP . Since we have seen in the proof of Proposition
2.2.3 that dP ∗K = (−1)n+1 ∗K dP we can easily compute that

dP ∗K
(
E∗ ∧ (dPE

∗)n−k−1 ∧ dPσk
)

= (−1)n+1 ∗K
(
(dPE

∗)n−k ∧ dPσk
)
.

Now comparing the parameter of dPσk to the linear equations of Theorem 3.4.1(i)
we deduce that this form is not contained in the kernel of the P -codi�erential.
However, note that if we exchanged σk by σk−1 on the right hand side, then the
resulting form would be in ker(∂P ).

Therefore, we have to add an appropriate correction term to our general ansatz
so that the resulting Poisson kernel is contained in the kernel of ∂P dP . Furthermore,
we have to choose this correction term to be contained in the kernel of the P -
codi�erential, which by 3.4.1(ii) can be achieved if we consider invariant elements
with values in L(V−1,VT ).

Regarding the de�nition of σk the M -invariant form σ−1 of degree (1, 0) has
values in L(V−1,VT ) and is trivial under dθK by construction. Moreover, a direct
computation shows that

kσk + σ−1 = (k + 1)σk−1,

and by linearity the same equation holds for their P -derivative.
Thus, we de�ne for all k = 0, . . . , n−1 the Poisson kernel φVk of degree (k, n−k)

by

φVk := k ∗K
(
E∗ ∧ (dPE

∗)n−k−1 ∧ dPσk
)

+ ∗K
(
(dPE

∗)n−k ∧ σ−1

)
.

Then this invariant form has again values in L(V,VT ), is trivial on V1 and contained
in the kernels of ∂P and δK by construction. Furthermore, a direct computation
shows that

dPφ
V
k = (−1)n+1(k + 1) ∗K

(
(dPE

∗)n−k ∧ dPσk−1

)
,

so since the P -codi�erential commutes with the K-Hodge star up to a sign the
(k, n− k + 1)-form dPφ

V
k is contained in the kernel of ∂P due to Theorem 3.4.1(i).

Definition 3.4.1. For all 0 ≤ k ≤ n − 1 we call the L(V,VT )-valued Poisson
kernel φVk on g/m of degree (k, n − k) the distinguished Poisson kernel and the
corresponding integral transformation

ΦV
k : Ωk(G/P,G×P V)→ Ωk(G/K, T (G/K))

the distinguished Poisson transform.

By construction of the distinguished Poisson kernels we immediately obtain the
following Theorem.

Theorem 3.4.1. Let G = SO(n+ 1, 1)0, K ∼= SO(n+ 1) its maximal compact
subgroup and P ∼= CSO(n) o Rn its minimal parabolic subgroup. Let V = Rn+1,1

be the standard representation of G and denote by VK and VP the standard tractor
bundles over G/K and G/P , respectively.

Then for all k = 0, . . . , n− 1 the distinguished Poisson transforms

ΦV
k : Ωk(G/P, VP )→ Ωk(G/K, T (G/K))

are BGG-compatible. Furthermore, their values lie in the space of harmonic and
coclosed T (G/K)-valued di�erential forms on G/K.

Proof. We have constructed the Poisson kernels φVk to be BGG-compatible
and K-coclosed, so the claim follows immediately from Proposition 2.2.3 and The-
orem 2.2.3. �
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Another strategy we could have followed is to classify the full space of M -
invariant elements in Λ∗(g/m)∗ ⊗ End(V) via a similar analysis as in section 3.3.2,
which was done by the author beforehand, and afterwards determine those ele-
ments which are BGG-compatible. Doing this, it turns out that ΦV

k is the unique
BGG-compatible Poisson transform up to a multiple, which preserves the degree.
However, the space of M -invariant elements is signi�cantly larger than in the real
valued case, so such a classi�cation is attended by lengthy and mindless computa-
tions which go beyond the scope of this thesis.

For the remainder of this section we will prove a Corollary of Lemma 3.4.1 which
will be needed to show that the G-equivariant operator on sections of weighted
homology bundles on G/P induced by the distinguished Poisson transform produces
eigenforms of the twisted Laplace operator on G/K, c.f. Theorem 3.4.4.

Corollary 3.4.1. Let φVk be the distinguished Poisson transform as above.

(i) φVk
∣∣
V−1
∈ im(∂P ),

(ii) ιEφ
V
k ∈ im(∂P ).

Proof. (i) The restriction of φVk to V−1 can be written as a linear combina-
tion of the Poisson kernels

∗K
(
E∗ ∧ (dPE

∗)n−k−1 ∧
(
dPσk|V−1

))
, ∗K

(
(dPE

∗)n−k ∧
(
σ−1|V−1

))
by de�nition. Furthermore, by Proposition 2.2.3 and Corollary 3.4.1(i) the P -
codi�erential commutes with the K-Hodge star as well as with the wedge
product with E∗ up to a sign. Therefore, it su�ces to show that both
(dPE

∗)n−k−1 ∧
(
dPσk|V−1

)
and (dPE

∗)n−k ∧
(
σ−1|V−1

)
are in the image of

the P -codi�erential, which we have shown in Theorem 3.4.1.
(ii) Using the calculus on g/m developed in Corollary 3.2.1(i) we can move the

interior product with the M -invariant vector E ∈ g/m inside of the K-Hodge
star, where it transforms into the wedge product with E[ = E∗. Thus, by
de�nition of the distinguished Poisson kernel we obtain that

ιEφ
V
k = ιE ∗K

(
(dPE

∗)n−k ∧ σ−1

)
.

But this is the interior product of E with the second Poisson kernel in the
proof of part (i), so since ιE∂P = −∂P ιE we immediately obtain that ιEφVk is
in the image of the P -codi�erential. �

3.4.2. The p-action on the distinguished Poisson kernel. In this rather
technical section we will compute a formula for the p-action on the values of φVk ,
which will be needed in Proposition 3.4.3 to compute the K-derivative of the dis-
tinguished Poisson kernels.

Let ρ be the g-representation on Λ∗(g/m)∗⊗End(V) given by the tensor product
of the identity on the exterior power and the induced action on End(V). Our aim
in this section is to determine ρξφVk for all ξ ∈ p, which is part of formula (1.2.4)
for the K-derivative. As a �rst step, note that by de�nition of the K-Hodge star
in section 2.2.3 it follows that ρ ◦ ∗K = ∗K ◦ ρ. Now if de�ne for all 0 ≤ k ≤ n the
M -invariant form ϕk of degree (2, 1) via

ϕk := kE∗ ∧ dPσk + (dPE
∗) ∧ σ−1,

then we have

φVk = ∗K
(
(dPE

∗)n−k−1 ∧ ϕk
)

and therefore

ρξφ
V
k = ∗K

(
(dPE

∗)n−k−1 ∧ ρξϕk
)
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for all ξ ∈ g. Hence, we will start this section by computing the p-action on the
M -invariant (2, 1)-form ϕk explicitly.

In order to state this result we need two more ingredients. First, recall from
section 3.3.2 that we de�ned an M -invariant map χ : p/m→ k/m via χ(FX) = GX
for all X ∈ Rn and χ(E) = 0, which was subsequently used to establish a geometric
interpretation of the real valued Poisson kernels.

Furthermore, we de�ne for all ` ∈ R the M -invariant forms ν` ∈ Λ0,1(g/m)∗ ⊗
End(V) by

ν`(GY ) :

 w1

W
w−1

 7→
 −(`+ 1)〈Y,W 〉

(n− `+ 1)w−1Y
0


for all Y ∈ Rn. Note that unless ` = −1, the image of ν`(GY ) is not symmetric
in the �rst and last entry and therefore not contained in the K-invariant sub-
space L(V,VT ) of End(V). Furthermore, the element χ∗ν−1 coincides with the
M -invariant (1, 0)-form σ−1 used in the construction of the distinguished Poisson
kernel.

Lemma 3.4.2. Let g = so(n+ 1, 1) and m ∼= so(n) the intersection of its maxi-
mal compact subalgebra k and minimal parabolic subalgebra p. Let V = Rn+1,1 be the
standard representation of g and denote by ρ the induced g-action on Λ∗(g/m)∗ ⊗
End(V). For U ∈ Rn let ξU be the corresponding element in p+ and FU its projec-
tion to p+/m. Then the M -invariant L(V,VT )-valued (2, 1)-form ϕk de�ned above
satis�es

(i) For all U ∈ Rn we have

kιE (E∗ ∧ ρξUϕk) = ιE

(
F [U ∧ ρEϕk

)
.

(ii) For all U ∈ Rn we obtain that

E∗ ∧ ιEρξUϕk = kE∗ ∧ (− (ιFUdPE
∗) ∧ χ∗νk + (dPE

∗) ∧ ιFUχ∗νk)

− 2kE∗ ∧ F [U ∧ νn−k,

where χ∗νk ∈ (p/m)∗ ⊗ End(V) denotes the pullback of νk along the M -
equivariant map χ : p/m→ k/m.

Proof. We will prove these formulae by explicit computations in terms of
the decomposition of the standard representation into irreducible m-modules as in
section 3.2.2. Recall that for all U ∈ Rn the actions of the vector ξU ∈ g1 and the
grading element E on the standard representation are given by

ξU ·

 w1

W
w−1

 =

−〈U,W 〉w−1U
0

 , E·

 w1

W
w−1

 =

 w1

0
−w−1

 .

Furthermore, in this picture the M -invariant forms σ−1 and dPσk satisfy

σ−1(FX) :

 w1

W
w−1

 7→
 0

(n+ 2)w−1X
0


dPσk(FX , GY ) :

 w1

W
w−1

 7→
 k(n+ 2)w−1〈X,Y 〉
k(k + 1) (〈X,Y 〉W + 〈Y,W 〉Y )− k(n− k + 1)〈Y,W 〉X

k(n+ 2)w−1〈X,Y 〉


for all X, Y , W ∈ Rn and w1, w−1 ∈ R, compare with section 3.4.1.
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(i) By de�nition of the invariant (2, 1)-form ϕk we conclude that the left hand
side of the claimed equation can be rewritten as

kιE (E∗ ∧ ρξUϕk) = k(dPE
∗) ∧ ρξUσ−1,

where σ−1 is the L(V−1,V0)-valued M -invariant form of degree (0, 1) used in
the correction term for the construction of the distinguished Poisson kernel.
In particular, since the action of g1 = p+ on V raises homogeneity by 1 it
follows from the explicit description that the action of ξU on this Poisson
kernel is trivial unless it is applied to a vector in V−1. Explicitly, if we denote
by v±1 the base elements of V±1 corresponding to 1 ∈ R (c.f. section 3.2.2),
then we deduce for all X ∈ Rn that

(ρξUσ−1) (FX)(v−1) = ξU · (σ−1(FX)(v−1))

= −(n+ 2)〈U,X〉v1

= −2(n+ 2)
(
F [U ⊗ f−1

1

)
(FX)(v−1),

where used that F [U (FX) = 1
2 〈U,X〉 for all U , X ∈ Rn due to Proposition

3.2.1. All in all, we see that

kιE (E∗ ∧ ρξUϕk) = −2k(n+ 2)F [U ∧ (dPE
∗)⊗ f−1

1 .

On the other hand, the action of the grading element on Vj is given by
multiplication with j. Therefore, it follows that the expression ρEιEϕk is only
nontrivial upon insertion of v−1 ∈ V−1, which equals

ρEιEϕk(FX , GZ)(v−1) = ρEdPσk(FX , GY )(v−1)

= 2k(n+ 2)〈X,Z〉v1

= 2k(n+ 2)
(
dPE

∗ ⊗ f−1
1

)
(FX , GZ)(v−1).

Thus, we obtain

ιE

(
F [U ∧ ρEϕk

)
= −2k(n+ 2)F [U ∧ (dPE

∗)⊗ f−1
1 ,

which coincides with the formula for kιE (E∗ ∧ ρξUϕk).
(ii) First, by de�nition of ϕk we obtain that ϕk(E,FX , GY ) = dPσk(FX , GY ) for

all X, Y ∈ Rn. Furthermore, using the formulae at the beginning of the proof

shows that ρξUdPσk(FX , GY ) ∈ End(V) maps the vector

 w1

W
w−1

 in V to

k

(n− k + 1)〈X,U〉〈Y,W 〉 − (k + 1) (〈X,Y 〉〈W,U〉+ 〈X,W 〉〈Y,U〉)
−(k + 1)w−1〈X,U〉Y + (n− k + 1)w−1 (〈X,Y 〉U + 〈Y, U〉X)

0


for all X, Y , W , U ∈ Rn and w−1, w1 ∈ R. Comparing this with the de�ni-
tion of the (0, 1)-form νk we see that the �rst summands in each component
of ιEρξUϕk can be rewritten as −2F [U ∧ νn−k, whereas the second and last
summands equal dPE∗ ∧ ιFUχ∗νk and − (ιFUdPE

∗) ∧ χ∗νk, respectively, all
evaluated at FX and GY . �

For the computation of the K-di�erential of the distinguished Poisson kernel
in Proposition 3.4.3 we will apply formula (1.2.4) for the in�nitesimal version of
the covariant exterior derivative, in which we have to alternate over the action of
vectors in p. In order to bring the resulting expression into an appropriate form,
we need to rewrite this action in terms of interior products with the corresponding
vectors in p/m.
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Proposition 3.4.2. Let g = so(n+ 1, 1) and m ∼= so(n) the intersection of its
maximal compact subalgebra k and minimal parabolic subalgebra p. Let V = Rn+1,1

be the standard representation of g and denote by ρ the g-action on Λ∗(g/m)∗ ⊗
End(V) given by the tensor product of the identity on the exterior power and the
induced action on End(V). Let φVk be the distinguished Poisson kernel as in De�-
nition 3.4.1 and φk the real valued Poisson kernels of degree (k, n − k) de�ned in
section 3.3.1. Moreover, for all X ∈ Rn let ξX be the corresponding element in
p+ = g1 and FX its projection onto p+/m.

(i) For all X ∈ Rn we have

kιEρξXφ
V
k = ιE

(
E∗ ∧ ιFXρEφVk

)
(ii) For all X ∈ Rn we have

ιE
(
E∗ ∧ ρξXφVk

)
=− k

n− k
∗K ιFX

(
E∗ ∧ (dPE

∗)n−k ∧ χ∗νk
)

+ k

(
n− k + 1

n− k

)
φk ⊗ (ιFXχ

∗νk)

+ 2k(−1)n−k (ιFXφk+1) ∧ νn−k,

where φk denotes the real valued Poisson kernel of degree (k, n− k) de�ned in
section 3.3.1 and χ : p/m→ k/m is the M -equivariant map de�ned in section
3.3.2.

Proof. (i) As mentioned at the beginning of this section, the operator ∗K
commutes with the g-action ρ, so after insertion the de�nition of the distin-
guished Poisson kernel we obtain that

kιEρξXφ
V
k = kιE ∗K

(
(dPE

∗)n−k−1 ∧ ρξXϕk
)

= kιE ∗K
(
(dPE

∗)n−k−1 ∧ ιE (E∗ ∧ ρξXϕk)
)

= (∗),

where we used for the second equality that ιE ∗K (E∗ ∧ α) = 0 for all M -
invariant forms α by Corollary 3.2.1. Next, we apply Lemma 3.4.2(i) and
afterwards use the calculus on g/m from Corollary 3.2.1 to move ιE as well as
F [U out of the K-Hodge star. All in all, we get

(∗) = ιE ∗K
(

(dPE
∗)n−k−1 ∧ ιE

(
F [X ∧ ρEϕk

))
= (−1)n−k+1ιE

(
E∗ ∧ ∗K

(
F [X ∧ (dPE

∗)n−k−1 ∧ ρEϕk
))

= ιE
(
E∗ ∧ ιFXρEφVk

)
.

(ii) Similar to (i) we use the calculus on g/m from Corollary 3.2.1(i) to rewrite

ιE
(
E∗ ∧ ρξXφVk

)
= ιE

(
E∗ ∧ ∗K

(
(dPE

∗)n−k−1 ∧ ρξXϕk
))

= ∗K
(
(dPE

∗)n−k−1 ∧ (E∗ ∧ ιEρξXϕk)
)

= (∗∗).

Next, we insert the formula from Lemma 3.4.2(ii) and obtain that

(∗∗) = − k ∗K
(
(dPE

∗)n−k−1 ∧ E∗ ∧ (ιFXdPE
∗) ∧ χ∗νk

)
+ k ∗K

(
(dPE

∗)n−k ∧ E∗ ⊗ (ιFXχ
∗νk)

)
− 2k ∗K

(
(dPE

∗)n−k−1 ∧ E∗ ∧ F [X ∧ νn−k
)
.

In order to simply this expression, we �rst use the antiderivation property of
the interior product to write the �rst line as a sum of two expressions, where
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ιFX is either applied to the whole argument of the K-Hodge star or only
to the (1, 0)-form χ∗νk, respectively, and afterwards move the M -invariant
map ιFXχ

∗νk ∈ End(V) out of the K-Hodge star in the �rst and second line.
Moreover, in the third line we can move the (0, 1)-form νn−k out of the Hodge
star as well as apply Corollary 3.2.1(i) to F [X . All in all, we get

(∗∗) = − k

n− k
∗K ιFX

(
E∗ ∧ (dPE

∗)n−k ∧ χ∗νk
)

+

(
k

n− k
+ k

)
φk ⊗ (ιFXχ

∗νk) + 2k(−1)n−k (ιFXφk+1) ∧ νn−k,

which coincides with the claimed formula. �

3.4.3. The distinguished Poisson transforms and exterior derivatives.
One of the main features of the Poisson transforms between real valued di�erential
forms in section 3.3 is that it is a chain map between the de Rham sequences on G/P
and G/K, respectively. Using the technical results from the previous section we will
now prove that the distinguished Poisson transform ΦV

k has the same property with
respect to the covariant exterior derivatives induced by the tractor connections on
the standard tractor bundles on G/P and G/K, respectively. By Proposition 2.2.3,
it su�ces to show that the invariant form dKφ

V
k is a multiple of the P -derivative of

φVk+1. Note that the latter has already been computed in section 3.4.1.
In order to determine the K-derivative of the distinguished Poisson kernel we

will apply formula (1.2.4) for in�nitesimal version of the covariant exterior deriva-
tive. In particular, we will need to alternate over the action of vectors ξX ∈ g1 on
φVk , which we explicitly determined in Proposition 3.4.2. To simplify the formula in
part (ii) of this Proposition, we will prove a relation between the wedge products
of the real valued Poisson kernels φk and the M -invariant elements ν` and χ∗ν`
of degree (0, 1) and (1, 0), respectively, which is the vector-valued generalization of
Lemma 3.3.2.

For that, we need to introduce some notation. By a k-vector X on Rn we mean
a k-fold wedge product X1 ∧ . . .∧Xk of vectors in Rn. Moreover, we denote by FX
the wedge product FX1

∧ . . .∧FXk , and similarly for GX. Finally, for 1 ≤ i ≤ k we
write F i

X
for the wedge product obtained from FX by omitting the i-th factor.

Lemma 3.4.3. Let g = so(n + 1, 1), m ∼= so(n) the intersection of its maximal
compact subalgebra k and minimal parabolic subalgebra p and V = Rn+1,1 the stan-
dard representation of g. Let φk ∈ Λk,n−k(g/m)∗ be the real valued Poisson kernel
on g/m de�ned in section 3.3.1. Let ν be anM -invariant End(V)-valued (0, 1)-form
on g/m and let χ∗ν be the corresponding invariant form of degree (1, 0) de�ned by
(χ∗ν) (ξ) = ν(χ(ξ)) for all ξ ∈ p/m. Then we have

φk ∧ χ∗ν = (−1)k+12(n− k)φk+1 ∧ ν,
where χ : p/m→ k/m is the M -equivariant map de�ned in section 3.3.2.

Proof. Recall from Lemma 3.3.2 that the real valued Poisson kernels φk are
related in di�erent degrees by

ιGXφk = (−1)k2(n− k)ιFXφk+1

for all X ∈ Rn. Furthermore, we have seen in section 3.3.1 that φn = ιE volK ,
where volK = ∗K(1) ∈ Λn+1,0(g/m)∗ is the K-volume form on g/m. Therefore,
applying the above formula inductively we obtain that

φk(FX, GY) = λkιE volK(FX, FY)

for all k-vectors X and (n − k)-vectors Y on Rn, where the coe�cient λk satis�es
λkλ

−1
k+1 = (−1)k2(n− k).
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We have seen in section 3.2.1 that theM -modules (g/m)1 and (g/m)−1 are both
isomorphic to Rn, and under this identi�cation the K-volume form is a multiple of
the determinant. Now by a simple application of the Laplace expansion formula for
matrices we deduce that if v1, . . . , vn+1, w are arbitrary vectors in Rn and if 〈 , 〉
is an inner product on Rn, then

(3.4.3)
n+1∑
i=1

(−1)i+1〈vi, w〉det(v1, . . . , ı̂, . . . , vn+1) = 0.

Due to M -invariance, for all X ∈ Rn the linear map ν(GX) ∈ End(V) is built
up by the SO(n)-invariant parings of X withW ∈ V0

∼= Rn as well as multiplication
on X with elements in V±1

∼= R. Therefore, we can apply equation (3.4.3) to each
of the summands of the decomposition of V into irreducible m-modules. Otherwise
said, we obtain that

n+1∑
i=1

(−1)iιE volK(FX1
, . . . , F̂Xi , . . . , FXn+1

) χ∗ν(FXi) = 0

for all vectors X1, . . . , Xn+1 ∈ Rn, where the hat denotes omission.
Thus, for all k + 1-vectors X and (n− k)-vectors Y on Rn we deduce

(φk ∧ (χ∗ν))(FX, GY) =

k+1∑
i=1

(−1)n+1+iφk(F i
X
, GY)⊗ ιFXi (χ∗ν)

= (−1)nλk

k+1∑
i=1

(−1)i+1ιE volK(F i
X
, FY)⊗ ιFXi (χ∗ν)

= (−1)n−k+1λk

n−k∑
j=1

(−1)jιE volK(FX, F
j
Y

)⊗ ιFYj (χ∗ν)

= (−1)n+12(n− k)

n−k∑
j=1

(−1)jφk+1(FX, G
j
Y

)⊗ ιGYj ν

= (−1)k+12(n− k)(φk+1 ∧ ν)(FX, GY),

which proves the claimed equation. �

Using the formulae for the p-action on φVk in Proposition 3.4.2 as well as Lemma
3.4.3 we are �nally able to compute the K-derivative of the distinguished Poisson
kernel.

Proposition 3.4.3. Let φVk be the distinguished Poisson kernel as in De�nition
3.4.1. Then its image under the K-derivative satis�es

(i) E∗ ∧ ιEdKφVk = (n− 2k)E∗ ∧ φVk .
(ii) ιE

(
E∗ ∧ dKφVk

)
= (−1)n−kk(n− 2k) ∗K

(
E∗ ∧ (dPE

∗)n−k ∧ ιEdPσk
)
,

where σk is the M -invariant element (1, 0)-form used in the construction of φk in
section 3.4.1. In particular, we have

dKφ
V
k = (−1)n−kk(n− 2k) ∗K

(
(dPE

∗)n−k ∧ dPσk
)
.

Proof. In order to prove the Proposition we will use formula (1.2.4) for the
in�nitesimal version of the covariant exterior derivative as well as the vector nota-
tion introduced at the beginning of this section. Moreover, for all X, Y ∈ Rn we
denote by ξX and ηY the corresponding elements in p+ and k and by FX ∈ p+/m
and GY ∈ k/m their projection to g/m, respectively.
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(i) Let X be a k-vector and Y be an (n − k)-vector on Rn. First, we want to
determine

E∗ ∧ ιEdKφVk (E,FX, GY) = dKφ
V
k (E,FX, GY) = (∗)

by applying formula (1.2.4), which splits into (∗) = (I) + (II), where (I) is
the sum of all expressions containing Lie brackets of representatives of the
vectors in g/m and (II) is the sum of all expressions containing the action of
g on End(V).

For the �rst summand we obtain from the bracket relations on g in section
3.1.1 that the only pairings which contribute nontrivially to the K-derivative
are those between the grading element and the representatives ξXi and ηYj ,
which equal ξXi and 2ξYj − ηYj , respectively. Thus, the bracket part of (∗)
equals

(I) = (n− 2k)
(
E∗ ∧ φVk

)
(E,FX, GY).

For the other summand of (∗) we have to alternate over the actions of the
representatives of the vectors in p/m, i.e. we have to determine

(II) = ρEφ
V
k (FX, GY) +

k∑
i=1

(−1)i+1
(
ρξXiφ

V
k

)
(E,F i

X
, GY).

However, we can apply Proposition 3.4.2(i) to the second summand of (II),
obtaining

(II) = ρEφ
V
k (FX, GY) +

1

k

k∑
i=1

(−1)i
(
E∗ ∧ ιFXiρEφ

V
k

)
(E,F i

X
, GY)

= ρEφ
V
k (FX, GY)− 1

k

k∑
i=1

ρEφ
V
k (FX, GY)

= 0

and therefore

E∗ ∧ ιEdKφVk = (n− 2k)E∗ ∧ φVk .

(ii) By de�nition, the expression ιE
(
E∗ ∧ dKφVk

)
is only nontrivial upon insertion

of FX and GY for any (k + 1)-vector X and (n− k)-vector Y. Therefore, we
have to compute the expression

ιE
(
E∗ ∧ dKφVk

)
(FX, GY) = dKφ

V
k (FX, GY) = (∗∗),

for which we will again use formula (1.2.4). Note that the Lie bracket between
two elements in p+ is trivial, and that [ξX , ηY ] = −〈X,Y 〉E is not contained
in k. Therefore, the bracket part of (∗∗) is trivial, obtaining

(∗∗) =

k+1∑
i=1

(−1)i+1ρξXiφ
V
k

(
F i
X
, GY

)
=

k+1∑
i=1

(−1)i+1ιE
(
E∗ ∧ ρξXiφ

V
k

) (
F i
X
, GY

)
.
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Applying Proposition 3.4.2(ii) to (∗∗) and moving the vectors FXi back to the
right position we obtain that

(∗∗) = − k

n− k

k+1∑
i=1

(−1)i+1 ∗K ιFXi
(
E∗ ∧ (dPE

∗)n−k ∧ χ∗νk
)

(F i
X
, GY)

+ (−1)nk

(
n− k + 1

n− k

)
(φk ∧ χ∗νk) (FX, GY)

+ (−1)n−k2k(k + 1) (φk+1 ∧ νn−k) (FX, GY).

For the �rst line, note that by Corollary 3.2.1(i) we can move the interior
product with FX outside of the Hodge star, which transforms into the wedge
product with F [Xi up to a sign. Now if we insert FXj into this (1, 0)-form,
the result is symmetric in i and j, hence the corresponding summands cancel.
Therefore, the �rst line of (∗) is trivial. Moreover, applying Lemma 3.4.3 to
the second line we can write

ιE
(
E∗ ∧ dKφVk

)
= (−1)n−k2kφk+1 ∧ ((k + 1)νn−k − (n− k + 1)νk) .

Finally, in order to simplify the expression in the bracket, recall from
section 3.4.1 that the invariant (0, 1)-forms ν` were de�ned by

ν`(GY ) :

 w1

W
w−1

 7→
 −(`+ 1)〈Y,W 〉

(n− `+ 1)w−1Y
0

 .

for all Y , W ∈ Rn and w−1, w1 ∈ R. Using this, a direct computation shows
that

2 ((k + 1)νn−k − (n− k + 1)νk) = (n− 2k)ιEdPσk.

Therefore, if we move the (0, 1)-form ιEdPσk back into the K-Hodge star we
obtain

ιE
(
E∗ ∧ dKφVk

)
= (−1)n−kk(n− 2k) ∗K

(
E∗ ∧ (dPE

∗)n−k ∧ ιEdPσk
)
.

To prove the �nal statement we �rst use Corollary 3.2.1(i) and afterwards the
identity ιEϕk = kdPσk − kE∗ ∧ ιEdPσk to write

dKφ
V
k = E∗ ∧ ιEdKφVk + ιE

(
E∗ ∧ dKφVk

)
= (n− 2k)

(
E∗ ∧ φVk + (−1)n−kk ∗K

(
E∗ ∧ (dPE

∗)n−k ∧ ιEdPσk
) )

= (−1)n−kk(n− 2k) ∗K
(
(dPE

∗)n−k−1 ∧ ιEdPσk
)
.

�

Using the relation between the image of Poisson kernels under the partial deriva-
tives and compositions of the corresponding Poisson transforms with covariant ex-
terior derivatives provided in Proposition 2.2.3 we immediately obtain the following
Theorem.

Theorem 3.4.3. Let G = SO(n+ 1, 1)0, K ∼= SO(n+ 1) its maximal compact
subgroup, P ∼= CSO(n) o Rn its minimal parabolic subgroup and M = K ∩ P . Let
V = Rn+1,1 be the standard representation of G and denote by VK and VP the
corresponding standard tractor bundles over G/K and G/P with covariant exterior
derivatives dVK and dVP induced by the tractor connections, respectively. Then for
all k = 1, . . . , n− 1 the distinguished Poisson transform ΦV

k satis�es

(k + 2)dVK ◦ ΦV
k = (−1)n−kk(n− 2k)Φk+1 ◦ dVP .
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Proof. In section 3.4.1 we have computed that

dPφ
V
k+1 = (−1)n+1(k + 2) ∗K

(
(dPE

∗)n−k ∧ dPσk
)
.

Comparing this with the formula for the K-derivative of the distinguished Poisson
kernel in Proposition 3.4.3 we deduce that

(k + 2)dKφ
V
k = (−1)k+1k(n− 2k)dPφ

V
k+1,

which by Proposition 2.2.3 translates into the claimed global formula. �

3.4.4. The Poisson transform on weighted di�erential forms. In the
next step we want to extend the domain of the distinguished Poisson transform
to di�erential forms on G/P with values in the weighted standard tractor bundles
VP [λ] for λ ∈ R and consider their induced G-equivariant operators Φ̃V

k on sections
of the homology bundles Hk(G/P, VP [λ]). We will show in Theorem 3.4.4 that the
image of Φ̃V

k consists of eigenforms of the covariant Laplace operator on G/K as
de�ned in section 1.3.2. Furthermore, in the unweighted case λ = 0 these transforms
will be chain maps between the BGG-sequence on G/P with values in VP and the
twisted de Rham sequence on G/K with values in T (G/K). Note that in contrast
to the case of Poisson transform between real valued di�erential forms the images of
weighted di�erential forms under ΦV

k will not be eigenforms of the Laplace operator
in general.

We start this section by computing the image of the distinguished Poisson kernel
under twoM -equivariant operators which will be needed for the proof of Proposition
3.4.4. In order to do so, we de�ne the g-actions ρ and ρθ on f ∈ End(V) by

(ρXf) (v) = X · f(v)− f(X · v),
(
ρθXf

)
(v) = θ(X) · f(v)− f(X · v)

for all v ∈ V and X ∈ g. Furthermore, we denote their trivial extensions to
Λk(g/m)∗ ⊗ End(V) by the same symbols.

Lemma 3.4.4. Let g = so(n + 1, 1) and m ∼= so(n) the intersection of the
maximal compact and the minimal parabolic subalgebra with respect to the Cartan
involution θ. Let V = Rn+1,1 be the standard representation of g and denote by ρ
and ρθ the g-action on Λ∗(g/m) ⊗ End(V) de�ned above. Then the distinguished
Poisson kernel φVk satis�es

(i) dKιEφ
V
k + ιEdKφ

V
k = (n− 2k)φVk + ρE(φVk ),

(ii) δK(E∗ ∧ φVk ) + E∗ ∧ δKφVk = −ρθE(φVk ),

(iii) ρE(φVk ) + ρθE(φVk ) = 2
(
φVk
∣∣
V−1

)
.

Proof. (i) If we apply the formula (1.2.4) for the in�nitesimal version of the
covariant exterior derivative we obtain that ιEdKφVk splits into two summands.
The �rst one is given by all summands containing the Lie bracket of the
grading element and representatives of vectors in g/m, which equals (n−2k)φVk
using the formulae from section 3.1.1. The other contains the actions on the
values of φVk , which cancels with the corresponding expression in dKιEφ

V
k

except for ρE(φVk ).
(ii) The distinguished Poisson kernels isK-coclosed by construction, so the second

summand of the left hand side the claimed formula is trivial. For the other
summand, we �rst insert the de�nition of the K-codi�erential, then apply
Corollary 3.2.1(i) to move the 1-form E∗ inside of the K-Hodge star and
afterwards use that ∗2K is simply given by multiplication with (−1)(n−k)(k+1)
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on all M -invariant forms of K-degree n− k. All in all, we get

δK(E∗ ∧ φVk ) = (−1)(n+1)(k+2)+1 ∗K dθK ∗K
(
E∗ ∧ φVk

)
= (−1)nk+n+1 ∗K dθK ∗2K

(
(dPE

∗)n−k−1 ∧ ιEϕk
)

= − ∗K
(
(dPE

∗)n−k−1 ∧ dθKιEϕk
)
,

where we used in the last line that dPE∗ is K-closed. Finally, since the in-
variant (2, 1)-form ϕk is dθK-closed by construction, formula (1.2.4) for the co-
variant exterior derivative implies that dθKιEϕk = ρθE(ϕk), proving the claim.

(iii) Recall that the actions ρE and ρθE are de�ned by(
ρEφ

V
k

)
(ξ1, . . . , ξn)(v) = E ·

(
φVk (ξ1, . . . , ξn)(v)

)
− φVk (ξ1, . . . , ξn)(E · v),(

ρθEφ
V
k

)
(ξ1, . . . , ξ`)(v) = θ(E) ·

(
φVk (ξ1, . . . , ξ`)(v)

)
− φVk (ξ1, . . . , ξn)(E · v)

for all v ∈ V and ξ1, . . . , ξn ∈ g/m. Now the grading element is mapped to
−E by the Cartan involution, so the �rst summand of ρEφVk is the negative of
the �rst summand of ρθEφ

V
k . Furthermore, from the formulae for the g-action

on the standard representation in section 3.2.2 we know that the grading
element acts by multiplication with j on theM -submodule Vj of the standard
representation. Since we constructed the distinguished Poisson kernel to be
trivial on V1 we obtain that(

ρEφ
V
k + ρθEφ

V
k

)
(ξ1, . . . , ξn)(v) = −2φVk (ξ1, . . . , ξn)(E · v)

= 2φVk (ξ1, . . . , ξn)|V−1
(v)

for all ξ1, . . . , ξn ∈ g/m and v ∈ V. �

Since the distinguished Poisson transform has similar properties as the Poisson
transform Φk : Ωk(G/P ) → Ωk(G/K) from Theorem 3.3.1 we would also expect
the images of VP [λ]-valued forms on G/P under ΦV

k to be eigenforms of the Laplace
Beltrami operator on G/K. By Proposition 2.2.3, this is equivalent to the di�er-
ential forms φVk ∧ π∗Pα ∈ Ωk,n(G/M,G ×M V) being eigenforms of the K-Laplace
for all VP [λ]-valued k-forms α on G/P . However, the following Proposition shows
that this is only satis�ed in the case λ = 0.

Proposition 3.4.4. Let G = SO(n + 1, 1)0, K ∼= SO(n + 1) its the maximal
compact subgroup, P ∼= CSO(n) o Rn its minimal parabolic subgroup and M ∼=
SO(n) the intersection of K and P . Let V be the standard representation of G and
denote by V and VP its associated vector bundles over G/M and G/P , respectively.
Moreover, for all λ ∈ R let E [λ] be the bundle of λ-densities over G/P and put
VP [λ] := VP ⊗ E [λ]. Let φVk be the distinguished Poisson kernel and denote the
corresponding G-invariant di�erential form by the same symbol. Then for all α ∈
Ωk(G/P, VP [λ]) we obtain that

∆K(φVk ∧ π∗Pα) = −λ(n− 2k + λ)φVk ∧ π∗Pα− 2λ
(
φVk
∣∣
V−1

)
∧ π∗Pα,

where φVk
∣∣
V−1

denotes the restriction of the distinguished Poisson kernel to V−1.

Proof. For all α ∈ Ωk(G/P, VP [λ]) we de�ne the (k, n)-form φk,λ := φVk ∧π∗Pα
on G/M . Then the same computations as in the proof of part (ii) of Proposition
3.3.1 show that

dKφk,λ =
(
dKφ

V
k + λE∗ ∧ φVk

)
∧ π∗Pα,

δKφk,λ =
(
δKφ

V
k − λιEφVk

)
∧ π∗Pα,



102 3. POISSON TRANSFORMS FOR REAL HYPERBOLIC SPACE

where E is the G-invariant vector �eld on G/M induced by the grading element of
the Lie algebra of G. Combining these two formulae we obtain

∆Kφk,λ =
(
∆Kφ

V
k

)
∧ π∗Pα− λ2φk,λ − λ

(
(ιEdK + dKιE)φVk

)
∧ π∗Pα

+ λ
(
δK
(
E∗ ∧ φVk

)
+ E∗ ∧ δKφVk

)
∧ π∗Pα,

which by K-harmonicity of the distinguished Poisson kernel in Theorem 3.4.1 as
well as Lemma 3.4.4 reduces to the claimed formula. �

In particular, combining Proposition 3.4.4 with Proposition 2.2.3 we see that for
α ∈ Ωk(G/P, VP [λ]) the image ΦV

k (α) is in general not an eigenform of the twisted
Laplace operator ∆VK on G/K. However, the induced G-equivariant operator on
sections of the corresponding homology bundles will have this property, and the
proof of this fact is our aim for the rest of this section.

Recall from section 1.4.3 that the the homology bundles Hk(G/P, VP [λ]) on
the conformal sphere G/P are de�ned as the homogeneous bundles associated to
the P -representations Hk(G/P, VP [λ]) = ker(∂∗)/ im(∂∗), where ∂∗ denotes the
Kostant codi�erential. Since we constructed the distinguished Poisson transforms
to be BGG-compatible, their restriction to the kernel of the Kostant codi�erential
factor to linear, G-equivariant operators

Φ̃V
k : Γ(Hk(G/P, VP [λ]))→ Ωk(G/K, T (G/K)), Φ̃V

k (α+ im(∂∗)) := ΦV
k (α),

for all α ∈ Γ(ker(∂∗)). Moreover, by Theorem 1.4.3 there are natural splitting
operators

L : Γ(Hk(G/P, VP ))→ Γ(ker(∂∗)),

which are sections of the canonical projection π : Γ(ker(∂∗)) → Γ(Hk(G/P, VP )).
Subsequently, these led to the de�nition of the BGG-operators

DV : Γ(Hk(G/P, VP ))→ Γ(Hk+1(G/P, VP )),

α 7→ (π ◦ dV ◦ L)(α)

for all k = 0, . . . ,dim(G/P )− 1.

Theorem 3.4.4. Let G = SO(n+ 1, 1)0, K ∼= SO(n+ 1) its maximal compact
subgroup and P ∼= CSO(n)oRn its minimal parabolic subgroup. Let V = Rn+1,1 be
the standard representation of G and VK := G×KV the standard tractor bundle over
G/K. For λ ∈ R let VP [λ] be the tensor product of the standard tractor bundle on
G/P with the bundle of λ-densities and Hk(G/P, VP [λ]) the corresponding homology
bundle in degree k. Let

Φ̃V
k : Γ(Hk(G/P, VP [λ]))→ Ωk(G/K, T (G/K))

be the G-equivariant linear operators induced by the distinguished Poisson trans-
form. Then we have:

(i) The image of Φ̃V
k consists of coclosed di�erential forms and eigenvectors of

the twisted Laplace Beltrami operator with eigenvalue −λ(n− 2k + λ).
(ii) For λ = 0 let DVP be the BGG-operator on Γ(Hk(G/P, VP )) and dVK the co-

variant exterior derivative on Ωk(G/K, VK) induced by the tractor connection

on VK . Then the transform Φ̃V
k satis�es the relation

(k + 2)dVK ◦ Φ̃V
k = (−1)n−kk(n− 2k)Φ̃V

k+1 ◦DVP .

Proof. (i) Let σ be a section of Hk(G/P, VP [λ]) and choose any represen-
tative α ∈ Ωk(G/P, VP [λ]) in the kernel of the Kostant codi�erential. More-
over, denote by φk,λ the contraction of the distinguished Poisson kernel with
π∗Pα ∈ Ω0,k(G/M,G×M V).
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By Proposition 2.2.3, the image of the VK-valued di�erential form Φ̃V
k (σ)

on G/K under the covariant codi�erential δVK and the covariant Laplace
operator ∆VK is given by the �bre integral of the di�erential forms δKφk,λ
and ∆Kφk,λ, respectively. Explicitly, we have computed in Proposition 3.4.4
that

δKφk,λ = −λ
(
ιEφ

V
k

)
∧ π∗Pα,

∆Kφk,λ = −λ(n− 2k + λ)φk,λ − 2λ
(
φVk
∣∣
V−1

)
∧ π∗Pα,

where the Poisson kernel φVk
∣∣
V−1

denotes the restriction of the distinguished
Poisson kernel to the M -invariant subspace V−1 of V. Therefore, we have to
show that the Poisson transforms associated to the kernels ιEφVk and φVk

∣∣
V−1

are trivial on the kernel of the Kostant codi�erential. Furthermore, by Propo-
sition 2.2.3(ii) it su�ces to prove that these two Poisson kernels are in the
image of the P -codi�erential, which has already been done in Corollary 3.4.1.

(ii) By Theorem 3.4.3 we obtain that

(−1)n−kk(n− 2k)(Φ̃V
k+1 ◦DVP ) = (−1)n−kk(n− 2k)

(
ΦV
k+1 ◦ dVP ◦ L

)
= (k + 2)

(
dVK ◦ ΦV

k ◦ L
)
,

and since the distinguished Poisson transform is BGG-compatible we have
ΦV
k ◦ L = Φ̃V

k . �





CHAPTER 4

Poisson transform for complex hyperbolic space

The last part of this thesis is dedicated to the construction of Poisson trans-
forms between the CR-sphere and the complex hyperbolic space, which are both
homogeneous spaces of the complex Lie group G = SU(n + 1, 1). In this case, the
homogeneous spaces G/K and G/P have a richer geometric structure (c.f. sec-
tions 4.1.2 and 4.1.3), which induces a �ner decomposition of the space of invariant
forms on the complexi�ed M -representation (g/m)C, c.f. section 4.1.4. Using this,
we de�ne a family of basic invariant forms in 4.2, which serve afterwards as an
ansatz in the construction of BGG-compatible Poisson kernels in 4.3.2. Finally, we
determine the properties of the corresponding BGG-compatible Poisson transforms
in section 4.4.3, which will lead in 4.4.4 to the construction of a family of Poisson
transforms mapping between real valued di�erential forms whose properties are
similar to Gaillard's operators on the real hyperbolic space.

4.1. Preliminaries about complex hyperbolic space

4.1.1. The Lie groups and Lie algebras. Let V be the complex vector
space Cn+2 endowed with the Hermitian product of signature (n + 1, 1) corre-
sponding to the matrix

S =

0 0 1
0 idn 0
1 0 0

 .

Then the complex hyperbolic space H of dimension n is the complex manifold given
by the set of negative complex lines in V, whereas its boundary ∂H is de�ned to
be the set of all complex null lines in V. In order to identify these manifolds as
homogeneous spaces, consider the special unitary group G = SU(n + 1, 1), which
we realize as the group of all matrices g ∈ GL(V) so that g∗Sg = S and det(g) = 1.
Then it follows by construction that G acts transitively on the complex hyperbolic
space as well as its boundary.

Let `− be the negative line in V generated by the di�erence of the �rst and
last standard basis vectors. Since the Hermitian product on the vector space V
has signature (n+ 1, 1), Silvester's law of inertia implies that it induces a positive
de�nite Hermitian product b̃ on (`−)

⊥ ∼= T`−H by restriction. Furthermore, the
isotropy group K of the negative line `− also stabilizes this Hermitian product and
therefore coincides with the maximal compact subgroup U(b̃) ∼= U(n+ 1) in G. In
particular, we have identi�ed the (n+ 1)-dimensional complex hyperbolic space as
the Riemannian symmetric space G/K, and the K-invariant inner product induces
a Riemannian metric on T`−H ∼= q.

Similarly, let `0 be the complex null line in V generated by the �rst standard
basis vector and let P be its stabilizer in G. If we write elements of G as block

105
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matrices with the same sizes as the matrix S we obtain that

P =


a −aY ∗B a

2

(
b− ‖Y ‖2

)
0 B Y
0 0 a−1

∣∣∣∣∣∣ a ∈ C∗, b ∈ C, Y ∈ Cn, B ∈ U(n)
re(b) = 1,det(B) = aa−1

 ,

showing that P ∼= CSU(n) o (Cn ⊕ C) is a minimal parabolic subgroup of G. All
in all, we see that the boundary ∂H of the complex hyperbolic space is isomorphic
to the homogeneous parabolic geometry G/P .

In the above matrix representation, the subgroup M = K ∩ P consists of all
block matrices with Y = 0, b = 0 and a ∈ U(1). In particular, we see that M is
isomorphic to the S(U(n)×U(1)). Moreover, the abelian subgroup A is given by all
matrices whose only nontrivial entries are given by a ∈ R+ and B = idn, whereas
the nilpotent subgroup N is the subgroup of matrices satisfying a = 1 and B = idn.

Turning to the in�nitesimal picture, a direct computation shows that the real
Lie algebra g = su(n+ 1, 1) of G has the form

g =


 b −Y ∗ y
X B Y

x −X∗ −b

∣∣∣∣∣∣ b ∈ C, x, y ∈ iR, X, Y ∈ Cn,
B ∈ u(n), tr(B) = 2 im(b)

 ,

and we refer to such an element by (x,X, (B, b), Y, y).

Proposition 4.1.1. Let G = SU(n + 1, 1), K ∼= U(n + 1) be its maximal
compact subgroup and g and k the Lie algebras of G and K, respectively.

(i) The Lie algebra g = su(n+ 1, 1) naturally carries a |2|-grading
g = g−2 ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ g2,

where g0
∼= C⊕ su(n), g±1

∼= Cn and g±2
∼= iR.

(ii) The Lie algebra m of M is isomorphic to iR⊕ su(n), whereas the Lie algebra
a of A is generated by the grading element E := (0, 0, (0, 1), 0, 0).

(iii) The Lie algebra k is given by all matrices of the form (x,X, (B, b), X, x) with
x, b ∈ iR, X ∈ Cn and B ∈ u(n).

(iv) The Killing form on g is determined by the following nondegenerate pairings:

a× a→ R, B(E,E) = 4(n+ 2),

m×m→ R, B((b1, B1), (b2, B2)) = 2(n+ 2)(b1b2 + tr(B1B2)),

g−1 × g1 → R, B(X,Y ) = −4(n+ 2)〈X,Y 〉,
g−2 × g2 → R, B(x, y) = −2(n+ 2)xy,

where 〈 , 〉 denotes the standard Kähler metric on Cn.

Proof. (i) The block form of g immediately induces a |2|-grading
g = g−2 ⊕ g−1 ⊕ g0 ⊕ g1 ⊕ g2,

with g±1
∼= Cn and g±2

∼= iR. Furthermore, every matrix A ∈ u(n) can be
written as

A =

(
A− tr(A)

n
idn

)
+

tr(A)

n
idn,

and computing the Lie bracket in this decomposition immediately implies that
g0 is isomorphic to C⊕ su(n) as a Lie algebra.

(ii) This follows immediately from the matrix representations of M and A.
(iii) In the given matrix representation of G we can express the Lie group K as the

stabilizer of the global Cartan involution g 7→ (g∗)
−1 on G. Thus, applying

its derivative g 7→ −g∗ to the matrix representation of g immediately shows
that k is of the claimed form.
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(iv) The Killing form is given by a multiple of the real part of the trace form on g
and therefore determined by B(E,E), which can be computed explicitly. �

Finally, for later computations we want to determine explicit formulae for the
Lie bracket on g in terms of the |2|-grading. A direct computation shows that the
only nontrivial relations are given by

g0 × g−2 → g−2, [(A, a), x] = −2 re(a)x,

g0 × g−1 → g−1, [(A, a), X] = AX − aX,
g0 × g0 → g0, [(A, a), (B, b)] = ([A,B], 0),

g0 × g1 → g1, [(A, a), Y ] = AY + aY,

g0 × g2 → g2, [(A, a), y] = 2 re(a)y,

g−1 × g1 → g0, [X,Y ] = (Y X∗ −XY ∗, 〈X,Y 〉),
g−2 × g2 → g0, [x, y] = (0,−xy),

g−1 × g−1 → g−2, [X1, X2] = 2i im(〈X1, X2〉),
g1 × g1 → g2, [Y1, Y2] = 2i im(〈Y1, Y2〉),

g−1 × g2 → g1, [X, y] = yX,

g−2 × g1 → g−1, [x, Y ] = −xY,

where 〈 , 〉 denotes the standard Hermitian product on Cn.

4.1.2. The geometry of G/K. We have seen in section 4.1.1 that the sym-
metric space G/K naturally carries the structure of a complex manifold, which
induces a Hermitian metric on its complexi�ed tangent bundle and as well as a de-
composition of the exterior power of the complexi�ed cotangent bundle into (p, q)-
types. Since these objects will be used extensively in the study of Poisson kernels
on G/M in sections 4.2 and 4.3, we will now recall their construction.

First, we have seen in section 1.3.1 that the tangent bundle of G/K is associated
to q, so we have to explicitly determine the action of K on this vector space. We
could do this in terms of the representation of g as in the last section; however,
it will be more suitable to consider a di�erent matrix representation in this case.
Consider the complex vector space Cn+2 endowed with the standard inner product
of signature (n+ 1, 1), which corresponds to the symmetric matrix

S̃ =

(
idn+1 0

0 −1

)
.

Writing G again as block matrices with the same sizes as the matrix S̃, the maximal
compact subgroup K is given by

K =

{(
A 0
0 det(A)−1

)∣∣∣∣A ∈ U(n+ 1)

}
∼= U(n+ 1),

which can also be expressed as the stabilizer of the Cartan involution g 7→ (g∗)
−1.

Di�erentiating the de�ning equations for G we deduce that the Lie algebra g
is represented as

g =

{(
A X
X∗ a

)∣∣∣∣A ∈ u(n+ 1), a = − tr(A) ∈ iR, X ∈ Cn+1

}
.

The Lie algebra k of K correspond to those matrices with trivial Cn-part, which
is exactly the stabilizer of the Cartan involution θ : g 7→ −g∗ on g. On the other
hand, the (−1)-eigenspace q of θ consists of those matrices with A = 0 and a = 0
and thus is isomorphic to Cn+1, viewed as a real vector space.
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In this picture we immediately see that the adjoint action ofK on q corresponds
to the action of U(n + 1) on Cn+1 given by B · v := det(B)−1Bv. Otherwise
said, this is the standard action of SU(n + 1) combined with the surjective group
homomorphism U(n + 1) → SU(n + 1) mapping B to det(B)−1B. In particular,
the inner product on q corresponding to the standard Kähler metric on Cn+1 is
K-invariant.

Definition 4.1.2. We de�ne the hyperbolic metric ghyp on G/K as the G-
invariant Riemannian metric corresponding to the standard Kähler metric on Cn+1

under the identi�cations K ∼= U(n+ 1) and q ∼= Cn+1.

In contrast to the real hyperbolic space we obtain additional G-invariant geo-
metric structure on the tangent bundle of G/K. Indeed, the K-invariant complex
structure J on q obtained by multiplication with the imaginary unit induces a G-
invariant almost complex structure T (G/K) → T (G/K), which we denote by the
same symbol. Moreover, this bundle map is orthogonal with respect to the hyper-
bolic metric, showing that G/K is a Hermitian manifold. In particular, we obtain
an induced decomposition of its complexi�ed tangent bundle into a Whitney sum of
G-invariant subbundles, which we will prove in the following Lemma by construct-
ing the corresponding K-invariant decomposition of the representation q. For a
general discussion of Hermitian manifolds we refer to [Wel73].

Lemma 4.1.2. Let G = SU(n + 1, 1) and K ∼= U(n + 1) its maximal compact
subgroup. Then the complex linear extension of the almost complex structure J on
T (G/K) to the complexi�ed tangent bundle induces a Whitney sum decomposition
of T (G/K)⊗C into subbundles T 1,0(G/K)⊕ T 0,1(G/K). In particular, we obtain
for all 0 ≤ k ≤ 2n+ 2 a decomposition

ΛkT ∗(G/K)⊗ C =
⊕
p+q=k

Λp,qT ∗(G/K),

where

Λp,qT ∗(G/K) := ΛpT 1,0∗(G/K)⊗ ΛqT 0,1∗(G/K)

is the bundle of forms of (p, q)-type.

Proof. By Proposition 1.2.1 it su�ces to show the corresponding decompo-
sitions of the K-module q. First, the complex linear extension of J to q ⊗R C is
diagonalizable with eigenvalues i and −i, and we denote by q1,0 and q0,1 the cor-
responding eigenspaces. By construction, these are both K-invariant vector spaces
and thus induce the corresponding decomposition of T (G/K)⊗ C.

Furthermore, if we de�ne the K-representations Λp,qq∗ := Λpq1,0∗ ⊗ Λqq0,1∗,
then by naturality of the complexi�cation we obtain a direct sum decomposition

Λkq∗ ⊗ C =
⊕
p+q=k

Λp,qq∗

as K-representations, and applying Proposition 1.2.1 yields the corresponding de-
composition of ΛkT ∗(G/K)⊗ C into (p, q)-types. �

Following the previous Lemma we will introduce some notation. First, we
denote the decomposition of a vector ξ ∈ T (G/K) ⊗ C as in Lemma 4.1.2 by
ξ = ξ1,0 + ξ0,1 and call ξ1,0 and ξ0,1 the holomorphic and antiholomorphic part of
ξ, respectively. In particular, if we identify T (G/K) with its image T (G/K) ⊗ 1
in the complexi�ed tangent bundle, then the holomorphic part of a tangent vector
ξ ∈ T (G/K) is given by ξ1,0 = 1

2 (ξ − iJξ), whereas its antiholomorphic part reads
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as ξ0,1 = 1
2 (ξ + iJξ). Next, the splitting of ΛkT ∗(G/K) ⊗ C from Lemma 4.1.2

induces a decomposition

Ωk(G/K,C) =
⊕
p+q=k

Ωp,q(G/K)

on the level of sections. We call any element ω ∈ Ωp,q(G/K) a di�erential form of
type (p, q). By de�nition, a complex valued di�erential form on G/K is of type (p, q)
if and only if it vanishes after insertion of p+1 holomorphic or q+1 antiholomorphic
vectors. Moreover, the complex conjugate of a form of type (p, q) is of type (q, p),
showing that real forms of type (p, q) can only exist if q = p.

Next, we want to bring the hyperbolic metric into the game. We have seen above
that the almost complex structure on the tangent bundle of G/K is orthogonal
with respect to the hyperbolic metric, so we can de�ne the fundamental form ω ∈
Ω2(G/K) as ω(ξ, η) := g(Jξ, η) for all ξ, η ∈ X(G/K). Furthermore, we extend the
hyperbolic metric complex bilinearly to T (G/K)⊗C and denote this extension by
the same symbol.

Proposition 4.1.2. Let G = SU(n+ 1, 1) and K ∼= U(n+ 1) its maximal com-
pact subgroup. Let J be the complex structure on T (G/K) and g be the hyperbolic
metric on G/K. Let ω ∈ Ω2(G/K) be the associated fundamental form and denote
the complex bilinear extension of the hyperbolic metric to the complexi�ed tangent
bundle of G/K by the same symbol.

(i) The restriction of g to the pairing T 1,0(G/K)×T 0,1(G/K)→ C is nondegen-
erate, whereas both T 1,0(G/K) and T 0,1(G/K) are Lagrangian subbundles of
the complexi�ed tangent bundle.

(ii) The fundamental form ω ∈ Ω2(G/K) is a G-invariant, nondegenerate, closed
di�erential form of type (1, 1). In particular, the almost complex structure on
T (G/K) is integrable and G/K is a Kähler manifold.

Proof. (i) Let g be the hyperbolic metric on G/K and denote the induced
K-invariant inner product on q as well as its complex linear extension to
q ⊗ C by the same symbols. Let q ⊗ C = q1,0 ⊕ q0,1 be the decomposition
corresponding to Lemma 4.1.2. Then by Proposition 1.2.1 and Theorem 1.2.2
it su�ces to show that the restrictions of gK to q1,0 and q0,1 are trivial, whereas
on q1,0 × q0,1 it is nondegenerate. But if J denotes the complex structure on
q⊗C, we can write every vector in q1,0 as 1

2 (X − iJX) for X ∈ q and similarly
for q0,1, hence the claim follows from orthogonality of J .

(ii) Since the hyperbolic metric is nondegenerate and G-invariant and J is a G-
equivariant isomorphism of vector bundles, the fundamental form is a G-
invariant, nondegenerate di�erential form, which is of type (1, 1) by de�nition.
In order to compute its derivative, we apply formula (1.2.4) to the K-invariant
element in Λ2(g/k)∗ corresponding to ω due to Theorem 1.2.2, which we will
denote by the same symbol. However, the Lie bracket on g satis�es [q, q] ⊂ k,
implying that dω = 0. Therefore, by Theorem 1.2.2 the fundamental form is
closed, so J is integrable and G/K is a Kähler manifold. �

The (complexi�ed) Riemannian metric on the complexi�ed tangent bundle
of G/K induces an isomorphism [ : T (G/K) ⊗ C → T ∗(G/K) ⊗ C de�ned by
ξ[(η) := g(η, ξ) for all ξ, η ∈ T (G/K) ⊗ C, which by naturality coincides with
the complex linear extension of the �at operator of the underlying Riemannian
manifold. Following Proposition 4.1.2(i), if ξ is an element in T 1,0(G/K), then its
image under the �at operator is an element in T 0,1∗(G/K), and similarly for their
complex conjugates.
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Second, we proved in Proposition 4.1.2(ii) that the Kähler form ω on G/K
is nondegenerate, which implies that ωn+1 is a nontrivial di�erential form, and
computing its norm shows that vol := 1

(n+1)!ω
n+1 de�nes a volume form on G/K.

Next, let ∗ be the Hodge star operator on G/K and denote its complex linear
extension to complex valued di�erential forms by the same symbol. Then this
operator is determined by the equation

α ∧ ∗β = g(α, β) vol

for all α, β ∈ Ωk(G/K,C), where we consider vol as a di�erential form on G/K of
type (n+ 1, n+ 1). Comparing the types of the forms involved in the characteristic
equation for ∗ we see that the Hodge star restricts to a G-equivariant map

∗ : Ωp,q(G/K,C)→ Ωn+1−q,n+1−p(G/K,C).

Furthermore, we de�ne the Lefschetz map L : Ωp,q(G/K)→ Ωp+1,q+1(G/K) as
the wedge product α 7→ ω ∧ α with the Kähler form on G/K. Note that since ω
is real, the Lefschetz map preserves real di�erential forms. Subsequently, using the
Hermitian metric on G/K we can de�ne its adjoint

L∗ : Ωp,q(G/K)→ Ωp−1,q−1(G/K)

with respect to the hyperbolic metric via g(L(α), β) = g(α,L∗(β)) for all forms α
and β of types (p−1, q−1) and (p, q), respectively. By de�nition of the Hodge star
operator this map is explicitly given by L∗ = ∗−1 ◦ L ◦ ∗. Moreover, we say that
a di�erential form α on G/K is primitive if L∗(α) = 0. It is well known ([Wel73,
Theorem 3.11(b)]) that primitive forms can only exist for degrees up to the complex
dimension of G/K.

Finally, we want to show how the decomposition of the k-th exterior power of
the complexi�ed cotangent bundle induces a re�nement of the de Rham sequence of
di�erential forms. Consider the complex linear extension of the exterior derivative
on G/K, which we will denote by the same symbol. Since G/K is a complex
manifold, we know from [Wel73, Theorem 3.7] that this operator splits into the sum
d = ∂+∂, where the �rst and second operator map a di�erential form of type (p, q)
to a form of type (p+1, q) and (p, q+1), respectively. By de�nition, these operators
are related via ∂α = ∂α for all α ∈ Ωk(G/K,C). Furthermore, both operators
are di�erentials and satisfy the commutator relation ∂∂ = −∂∂. We say that a
di�erential form α ∈ Ωp+q(G/K,C) is holomorphic (respectively, antiholomorphic)
if ∂α = 0 (respectively, ∂α = 0). Similarly, we can decompose the Riemannian
codi�erential δ = ∂∗ + ∂∗, where the �rst operator is de�ned on Ωp,q(G/K) by
∂∗ := (−1)p+q ∗ ∂∗ and similar for ∂∗. Again, we have (∂∗)

2
=
(
∂∗
)2

= 0 and these
two operators anticommute. Finally, we can de�ne the associated Laplace operator
� := ∂∂∗ + ∂∗∂.

Theorem 4.1.2. Let G = SU(n + 1, 1) and K ∼= U(n + 1) be its maximal
compact subgroup. Then the Laplace operators ∆ and � are related via

∆ = 2�.

In particular, the restriction of ∆ to Ωp,q(G/K,C) maps into the space of forms of
type (p, q).

Proof. We have seen in Proposition 4.1.2 that G/K is a Kähler manifold, so
the claim follows from [Wel73, Theorem 4.7]. �
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4.1.3. The geometry of G/P . We continue the discussion of the geometric
framework with the analysis of the tangent bundle of the homogeneous parabolic
geometry G/P . Explicitly, our aim is to show that G/P is naturally endowed with
the structure of a CR-manifold.

Definition 4.1.3. Let M be a smooth manifold of dimension 2n + 1 and let
(L, J) be a complex subbundle of TM of rank 2n. Let L ⊗R C = L1,0 ⊕ L0,1 be
the decomposition of the complex vector bundle L⊗R C into eigenspaces for J ⊗C
with eigenvalues i and −i, respectively. Then (M,L) is called a (hypersurface type)
CR-manifold if the subbundle L1,0 is involutive.

We will show in Proposition 4.1.3 that G/P is a CR-manifold and afterwards
in Theorem 4.1.3 explicitly describe its BGG-complex with values in the trivial
representation, which is also known in this case as the Rumin complex. For a
general discussion of CR-manifolds we refer to [DT06].

First, we will show how the |2|-grading of the Lie algebra g from Proposition
4.1.1(i) de�nes a complex distribution of the tangent bundle ofG/P of complex rank
n. Recall from section 1.4.1 that the grading on g induces a P -invariant �ltration

g = g−2 ⊃ · · · ⊃ g2,

where g` is de�ned as the direct sum of all grading components gj for j ≥ `. In
particular, the vector space L := g−1/p is P -invariant and thus de�nes a subrep-
resentation of g/p isomorphic to Cn. Moreover, since the nilpotent subgroup P+

of P maps g` to g`
′
for `′ > ` we deduce that the action of P on L is determined

by the Levi subgroup G0
∼= CSU(n). In particular, by Proposition 1.4.1(i) the

P -representation L is irreducible.
Using the matrix representations of P and g from section 4.1.1 a direct compu-

tation shows that if p ∈ G0 corresponds to (a,B) ∈ CSU(n) and if ξ ∈ L corresponds
to X ∈ Cn, then the action of p on ξ corresponds to the vector a−1BX ∈ Cn. In
particular, the induced complex structure on L is P -invariant.

Proposition 4.1.3. Let G = SU(n + 1, 1), P its minimal parabolic subgroup
and let g and p be the Lie algebras of G and P , respectively. Let (L, J) be the
P -invariant complex subrepresentation of g/p de�ned above and let L → G/P be
its associated bundle. Then (G/P,L) is a CR-manifold.

Proof. Since L ⊂ g/p is a P -invariant subspace of dimension 2n endowed with
a P -invariant complex structure, we obtain by Proposition 1.2.1 and Theorem 1.2.2
that L is a complex subbundle of T (G/P ) of dimension 2n. Thus, if L1,0 ⊕ L0,1

is the decomposition of its complexi�cation L ⊗ C into eigenspaces of the almost
complex structure induced by J , we have to show that L1,0 is involutive.

The complex structure on L is P -invariant, which implies that L1,0 and L0,1

are the bundles associated to the eigenspaces L1,0 and L0,1 of the complexi�cation
of J on L ⊗ C to the eigenvalues i and −i, respectively. In particular, for two
section ξ1, ξ2 of L1,0 we can compute their Lie bracket [ξ1, ξ2] via ξ̃1 · f2 − ξ̃2 · f1,
where ξ̃i ∈ Γ(TG⊗C) are local lifts of ξi and fi : G→ L1,0 is the P -equivariant map
corresponding to ξi for i = 1, 2. However, the derivative of fi is again a smooth map
on G with values in L1,0, so the Lie bracket [ξ1, ξ2] is again a section of L1,0. �

One feature of CR-manifolds is the existence of a distinguished complex of
di�erential forms, called the Rumin complex. First de�ned in [Rum90], it was
later shown in [BEGN] to be the BGG-sequence on G/P with values in the trivial
representation. Since we want to construct Poisson transforms which are compatible
with this complex in section 4.3, we will determine the homology groups on G/P
explicitly.
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Consider the quotient representation (g/p)/L, which is by construction a P -
representation isomorphic to g/g−1. Since the Killing form on g induces isomor-
phisms (g/p)∗ ∼= p+ and (g/g−1)∗ ∼= g2 of P -modules (c.f. section 1.4.1), the exact
sequence de�ning the quotient g−1/p dualises to the short exact sequence

0 g2 p+ L∗ 0

of P -modules. Moreover, we have seen in Proposition 4.1.1(i) that the grading
component g2 is 1-dimensional, so by naturality of the exterior power we obtain
the short exact sequence of P -representations

0 Λk−1L∗ ⊗ g2 Λkp+ ΛkL∗ 0

for all k = 1, . . . , 2n+ 1.

Theorem 4.1.3. Let G = SU(n + 1, 1) and P its minimal parabolic subgroup.
Let L ⊂ T (G/P ) be the CR-distribution on G/P and de�ne Q := T (G/P )/L. Then
the Kostant codi�erential ∂∗ on ΛkT ∗(G/P ) factors to a G-equivariant bundle map
∂∗ : ΛkL∗ → Λk−2L∗ ⊗ Q∗. Furthermore, if Hk(G/P ) denotes the k-th homology
bundle as de�ned in section 1.4.3, then we obtain that Hk(G/P ) = ker(∂∗) for all
k ≤ n, whereas Hk(G/P ) =

(
Λk−1L∗ ⊗Q∗

)
/ im(∂∗) for all k ≥ n+ 1.

Proof. Recall from section 1.4.2 that the Kostant codi�erential on ΛkT ∗(G/P )
was induced by the P -equivariant map ∂∗ : Λkp+ → Λk−1p+ de�ned by

∂∗(Z1 ∧ . . . ∧ Zk) =
∑
i<j

(−1)i+j [Zi, Zj ] ∧ Z1 ∧ . . . ∧ Ẑi ∧ . . . ∧ Ẑj ∧ . . . ∧ Zk

for all Z1, · · · , Zk ∈ p+, where the hat denotes omission. Now the compatibility
of the Lie bracket with the |2|-grading on g implies that the Kostant codi�erential
factors to a P -equivariant map ∂∗ : ΛkL∗ → Λk−2L∗ ⊗ g2, which integrates to a
G-equivariant bundle map ∂∗ : ΛkL∗ → Λk−2L∗ ⊗ Q∗ due to Proposition 1.2.1.
Moreover, due to dimensional reasons this map is surjective for k ≤ n + 1 and
injective for k ≥ n+ 1.

Next, recall from section 1.4.3 that the k-th homology bundle Hk(G/P ) is
associated to the P -representation Hk(G/P ) := ker(∂∗)/ im(∂∗). For k ≤ n we
obtain that Hk(G/P ) is the projection of ker(∂∗) to ΛkL∗, which coincides with
ker(∂∗) by construction. On the other hand, for k ≥ n + 1 the kernel of ∂∗

equals Λk−1L∗ ⊗ Q∗, so since the images of ∂∗ and ∂∗ coincide we obtain that
Hk(G/P ) =

(
Λk−1L∗ ⊗Q∗

)
/ im(∂∗). Applying Proposition 1.2.1 in both cases

yields the claimed expressions for Hk(G/P ). �

4.1.4. The structure of G/M . Finally, we have to analyse the geometric
structure of the homogeneous space G/M in order to construct Poisson kernels in
the sequel. After decomposing T (G/M) into G-invariant subbundles as in Proposi-
tion 2.3.1 and identifying the Euclidean bundle metric on the horizontal distribution
T 1,0 induced by the hyperbolic metric on G/K, we will consider the complexi�ed
tangent bundle of G/M and its decomposition induced by the Kähler structure
on G/K and the CR-structure on G/P . In this way, we obtain a �ner grading of
di�erential forms, which will be bene�cial for the construction of BGG-compatible
Poisson kernels in section 4.3.

We have seen in Proposition 4.1.1 that the Lie algebra g is |2|-graded, so de-
noting by (g/m)i the image of the i-th grading component under the canonical
projection g→ g/m we obtain a decomposition

g/m = (g/m)−2 ⊕ (g/m)−1 ⊕ (g/m)0 ⊕ (g/m)1 ⊕ (g/m)2
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as M -modules. To write this in terms of the matrix representation of g, recall from
Proposition 4.1.1(ii) that the subalgebra m is isomorphic to iR ⊕ so(n) embedded
diagonally into g. Therefore, we can represent the M -module g/m as

g/m =


 a −Y ∗ y
X 0 Y
x −X∗ −a

+ m

∣∣∣∣∣∣a ∈ R, x, y ∈ iR, X, Y ∈ Cn
 ,

and mapping such an element ξ ∈ g/m to the tuple (x,X, a, Y, y) corresponds
exactly to the decomposition of g/m as above.

Next, we want to determine the action of M on g/m in this picture. For
that, recall from section 4.1.1 that the Lie group M is given by all block diagonal
matrices in G with B ∈ U(n) in the middle and an element b ∈ U(1) in the upper
left and lower right corner satisfying the relation b2 det(B) = 1. Thus, if m ∈ M
corresponds to the matrix (B, b) and if ξ ∈ g/m is given by ξ = (x,X, a, Y, y), then
the action of m on ξ equals (x, b−1BX, a, b−1BY, y), i.e. M acts trivial on (g/m)−2,
(g/m)2 and (g/m)0 and by a twisted action on (g/m)1 and (g/m)−1. In particular,
the complex structures on the latter spaces are M -equivariant.

Applying the associated bundle construction yields

Lemma 4.1.4. The tangent bundle of G/M decomposes into a Whitney sum of
irreducible subbundles

T (G/M) = T−2(G/M)⊕ T−1(G/M)⊕ T 0(G/M)⊕ T 1(G/M)⊕ T 2(G/M),

where T i(G/M) are line bundles for i ∈ {−2, 0, 2}, whereas T±1(G/M) are vector
bundles of rank 2n which are endowed with a G-equivariant complex structure.

In order to obtain the bigrading on the space of Poisson kernels induced by the
isomorphism G/M ∼= G/K×G/P we will de�ne generators of the tangent bundle of
G/M with are compatible with this product. For that, recall from section 2.3.1 that
the horizontal and vertical distributions of G/M → G/K are those associated to the
M -modules p/m and k/m, respectively. Thus, in terms of the above decomposition
of g/m we de�ne the M -invariant vectors

E := (0, 0, 1, 0, 0) ∈ p/m, H := (0, 0, 0, 0, i) ∈ p/m, I := (i, 0, 0, 0, i) ∈ k/m

as well as for all X, Y ∈ Cn the elements

FX := (0, 0, 0, X, 0) ∈ p/m, GY := (0, Y, 0, Y, 0) ∈ k/m.

Furthermore, for the de�nition of the K-Hodge star we need to determine the
G-invariant bundle metric on the horizontal distribution G×M (p/m) obtained by
the pullback of the hyperbolic metric on G/K.

Proposition 4.1.4. Let G = SU(n + 1, 1), K its maximal compact subgroup,
P ⊂ G the minimal parabolic subgroup and let M = K ∩ P . Let g, k, p and m be
the Lie algebras of G, K, P and M , respectively, and let g = k ⊕ q be the Cartan
decomposition corresponding to the choice of maximal compact subgroup.

Then the pullback gM of the hyperbolic metric on G/K along the canonical
projection πK : G/M → G/K is induced by the M -invariant inner product on p/m
determined by

gM (E,E) = 1, gM (FX , FY ) =
1

2
re(〈X,Y 〉), gM (H,H) =

1

4

for all X, Y ∈ Cn, where 〈 , 〉 is the standard Hermitian product on Cn.

Proof. In De�nition 4.1.2 we obtained the hyperbolic metric as theG-invariant
Riemannian metric associated to the standard Hermitian product on q ∼= Cn+1,
which is K-invariant. In order to determine the corresponding M -invariant inner
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product on p/m we �rst apply the projection p/m → g/k then identify this space
with the subalgebra q. An explicit computation shows that in this way E is mapped
to the �rst unit vector in Cn+1, FX is mapped to −

√
2
−1

(0, Xt)t and H is mapped
to − 1

2Je0. �

We could start now to construct BGG-compatible Poisson kernels as we did
in the case of real hyperbolic space, c.f. section 3.4.1. However, we have seen in
Proposition 4.1.2(ii) that G/K is a Kähler manifold, so the corresponding decompo-
sition of the space of di�erential forms into (p, q)-types is re�ected on the horizontal
distribution of T (G/M). Similarly, Proposition 4.1.3 showed that G/P is a CR-
manifold, so we obtain a corresponding decomposition of partial di�erential forms
de�ned on sections of the CR-distribution. In order to include these geometric
structures into our computations we consider complex valued Poisson kernels de-
�ned on theM -module (g/m)C. In this way, we obtain that the horizontal subspace
(p/m)C is a Hermitian vector space with respect to the complex bilinear extension
of gM , which we denote by the same symbol, whereas k/m contains a subrepresen-
tation L endowed with anM -invariant complex structure, which corresponds to the
CR-distribution on G/P . In particular, the induced decompositions of Λk(p/m)∗C
and ΛkL∗C into (p, q)-types are M -invariant.

Definition 4.1.4. Let ω be an M -invariant form of bidegree (p+ q, r + s) on
(g/m)C.
(i) We say that ω is of K-type (p, q) if ω vanishes after insertion of p + 1 holo-

morphic or q + 1 antiholomorphic vectors in (p/m)C.
(ii) We say that ω is of P -type (r, s) if ω vanishes after insertion of r+ 1 holomor-

phic or s+ 1 antiholomorphic vectors in LC.

For future computations we need to adapt our choice of generators of p/m and
L ⊂ k/m to such vectors which are compatible with the complex structures on these
spaces. For the �rst space, the complex structure was obtained by the identi�cation
of p/m with the vector space q ∼= Cn+1. We have seen in the proof of Proposition
4.1.4 that the �rst unit vector e0 in Cn+1 is mapped to E ∈ p/m, whereas Je0

corresponds to −2H. Therefore, we de�ne the elements

Z :=
1

2
(E + 2iH), Z :=

1

2
(E − 2iH),

which are bothM -invariant vectors in the complexi�ed horizontal subspace (p/m)C,
the �rst being holomorphic and the second being antiholomorphic with respect to
the complex structure induced by q ∼= Cn+1. Here, the factors are chosen so that the
pairing gM (Z,Z) equals 1

2 , c.f. Proposition 4.1.4. Moreover, for all X ∈ Cn we split
the vector FX ∈ (p/m)C into its holomorphic part F 1,0

X and antiholomorphic part
F 0,1
X , and similarly for the vector GX ∈ LC. However, since a complex structure

only exists on the CR-subspace L ⊂ k/m, the complex vector I ↪→ I ⊗ 1 ∈ (k/m)C
has to be treated in a special way.

Finally, we need to derive formulae for the di�erential calculus of elements in
Λ∗(g/m)C, which we will use heavily in the construction of Poisson kernels in the
sequel. In order to do so, we de�ne for any element ξ ∈ (p/m)C the covector ξ[ ∈
(p/m)∗C via ξ[(η) = gM (η, ξ), which coincides with the complex linear extension of
the �at operator induced by gM . In addition, theK-Hodge star ∗K has the property
that it mapsM -invariant forms ofK-type (p, q) to those ofK-type (n+1−q, n+1−p)
(c.f. section 4.1.2), leaving the P -type unchanged.

Corollary 4.1.4. Let ω be a form of degree (k, `) on (g/m)C.

(i) For all ξ ∈ (p/m)C we have ιξ(∗Kω) = (−1)k∗K(ξ[ ∧ω) as well as ξ[ ∧∗Kω =
(−1)k+1∗K (ιξω).
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(ii) For all η ∈ (k/m)C we have ιη(∗Kω) = ∗K(ιηω).

Proof. It su�ces to prove the formulae for elements of the form ω = α ∧ β,
where α and β are forms on (g/m)C of degree (k, 0) and (0, `), respectively.
(i) From the de�nition of the �at operator we obtain for all ξ ∈ (p/m)C that

ιξ ∗K α = ∗K(α∧ ξ[). Thus, using that the (0, `)-form β is not a�ected by the
K-Hodge star we deduce

ιξ ∗K ω = (ιξ ∗K α) ∧ β =
(
∗K(α ∧ ξ[)

)
∧ β = (−1)k∗K (ξ[ ∧ ω).

The second equation is obtained by applying the �rst relation to ∗Kω and
afterwards the K-Hodge star to both sides of the resulting equation.

(ii) Since the dimension of g/k equals 2n+ 2 we obtain for all η ∈ (k/m)C that

ιη ∗K ω = (−1)2n+2−k(∗Kα) ∧ ιηβ = (−1)k ∗K (α ∧ ιηβ) = ∗Kιηω,
and by linearity of ιη and the K-Hodge star the claim follows. �

4.2. Poisson kernels on G/M

Following the previous discussion of the geometric properties of G/M we now
turn to the construction of Poisson kernels in this case. In order to do so, recall
from section 4.1.4 that the geometric structures on the Kähler manifold G/K and
the CR-manifold G/P induce a �ner decomposition of the space of M -invariant
forms on (g/m)C into K-types and P -types, respectively. As by de�nition two such
forms with di�erent K or P -type have to be linear independent, these additional
bigradings will be advantageous for the construction of the BGG-compatible Poisson
kernels. Therefore, we will focus on M -invariant forms on (g/m)C in the sequel,
where we start with forms of degree 1 and 2 in 4.2.1 and afterwards use them as
building blocks for a family of Poisson kernels of higher degree in 4.2.2.

4.2.1. Poisson kernels of low degree. We start our analysis of the space
of Poisson kernels by de�ning M -invariant elements in (g/m)∗C. In order to do so,
recall from section 4.1.4 that there are threeM -invariant vectors in (g/m)C, so their
dual elements Z∗, Z

∗
and I∗ will be M -invariant 1-forms:

Table 1. Invariant forms of degree 1

form bidegree K-type P -type
Z∗ (1, 0) (1, 0) (0, 0)

Z
∗

(1, 0) (0, 1) (0, 0)
I∗ (0, 1) (0, 0) (0, 0)

In order to obtain invariant forms of degree 2 we can compute the images of
these invariant 1-forms under the (complex linear extension of the) partial deriva-
tives. However, from Proposition 4.1.2(ii) we know that G/K is a Kähler manifold,
which induces an M -equivariant splitting of dK into ∂K + ∂K , where the �rst and
second operator map an invariant form of K-type (p, q) to an element of K-type
(p+ 1, q) and (p, q+ 1), respectively. Note that these two operators are related via
∂Kφ = (∂Kφ) for all φ ∈ Λ∗(g/m)C.

Now we de�ne

ωK := −i
(
∂KZ

∗
+ Z∗ ∧ Z∗

)
, ωP :=

1

2
dP I

∗, ωtw :=
1

2
(dPZ

∗ − 2iZ∗ ∧ I∗) ,

which areM -invariant forms of degree 2 on (g/m)C which are trivial upon insertion
of any M -invariant vector in (g/m)C. Explicitly, if re〈 , 〉 and im〈 , 〉 denote
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the complex bilinear extensions of the real and imaginary part of the standard
Hermitian product on Cn, respectively, then the formulae for the Lie bracket on g
at the end of section 4.1.1 show that these elements satisfy for all X, Y ∈ Cn:

Table 2. Invariant forms of degree 2

form bidegree K-type P -type formula
ωK (2, 0) (1, 1) (0, 0) ωK(F 1,0

X , F 0,1
Y ) = − im〈X1,0, Y 0,1〉

ωP (0, 2) (0, 0) (1, 1) ωP (G1,0
X , G0,1

Y ) = − im〈X1,0, Y 0,1〉
ωtw (1, 1) (1, 0) (0, 1) ωtw(F 1,0

X , G0,1
Y ) = re〈X1,0, Y 0,1〉

ωtw (1, 1) (0, 1) (1, 0) ωtw(F 0,1
X , G1,0

Y ) = re〈Y 1,0, X0,1〉

In particular, these invariant 2-forms can be related via the interior product,
which in turn will lead to a nontrivial linear relation between M -invariant forms of
higher degree in Theorem 4.2.2.

Lemma 4.2.1. The Poisson kernels ωK , ωtw, ωtw and ωP are related via

ιF 1,0
X
ωK = −iιG1,0

X
ωtw, ιF 0,1

X
ωK = iιG0,1

X
ωtw,

ιF 1,0
X
ωtw = −iιG1,0

X
ωP , ιF 0,1

X
ωtw = iιG0,1

X
ωP

for all X, Y ∈ Cn.

Proof. Follows immediately from re〈X1,0, Y 0,1〉 = i im〈X1,0, Y 0,1〉. �

For the sake of completeness we will compute the partial exterior derivatives
of all the invariant 1 and 2-forms de�ned above. Using the equations ∂2

K = ∂
2

K =
d2
P = 0 as well as the anticommutativity of these three operators we obtain that

∂KZ
∗ = 0, dPZ

∗ = 2ωtw + 2iZ∗ ∧ I∗,

∂KZ
∗

= Z
∗ ∧ Z∗ + iωK , dPZ

∗
= 2ωtw − 2iZ

∗ ∧ I∗,
∂KI

∗ = Z∗ ∧ I∗, dP I
∗ = 2ωP .

as well as

∂KωK = −Z∗ ∧ ωK , dPωK = 2iZ∗ ∧ ωtw − 2iZ
∗ ∧ ωtw,

∂Kωtw = 0, dPωtw = −2iI∗ ∧ ωtw + 2iZ∗ ∧ ωP ,

∂Kωtw = −I∗ ∧ ωK , dPωtw = 2iI∗ ∧ ωtw − 2iZ
∗ ∧ ωP ,

∂KωP = Z∗ ∧ ωP − I∗ ∧ ωtw, dPωP = 0.

In particular, we do not get new M -invariant forms in this way.
Finally, for later computations we need to relate the invariant elements de�ned

in this section with the the �at operator [ : ξ 7→ gM ( , ξ) induced by theM -invariant
inner product on (p/m)C.

Proposition 4.2.1. The invariant forms of degree 1 are related to the �at
operator by

Z∗ = 2Z
[
, Z

∗
= 2Z[.

Moreover, the invariant forms of degree 2 satisfy

ιG0,1
X
ωtw = −2F 0,1[

X , ιG1,0
X
ωtw = −2F 1,0[

X ,

ιF 0,1
X
ωK = −2iF 0,1[

X , ιF 1,0
X
ωK = 2iF 1,0[

X

for all X ∈ Cn.
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Proof. Recall from section 4.1.4 that theM -invariant vectors Z and Z satisfy
gM (Z,Z) = 1

2 by construction, implying the �rst two identities. Moreover, using
Proposition 4.1.4 we obtain that

ιG0,1
X
ωtw(F 1,0

Y ) = − re〈Y 1,0, X0,1〉 = −2gM (F 1,0
Y , F 0,1

X ) = −2F 0,1[
X (F 1,0

Y ).

Furthermore, we can apply complex conjugation to this equation to obtain the
similar statement for the Poisson kernel ωtw. Finally, using the relations in Lemma
4.2.1 the other two identities follow immediately. �

4.2.2. Basic invariant forms. In the next step we construct Poisson kernels
of higher degree by forming wedge products between the invariant forms of degree
2 de�ned in section 4.2.1. In order to do so, recall from section 4.1.4 that the space
of Poisson kernels can be decomposed into K-types and P -types, which are induced
by the complex structures on the Kähler manifold G/K and the CR-distribution in
T (G/P ), respectively. Therefore, our aim is to construct Poisson transforms with
given K-type (p, q) and P -type (r, s) for 0 ≤ p, q, r, s ≤ n.

Consider for non-negative integers a, b, c and d the wedge product

ω := ωaK ∧ ωbP ∧ ωctw ∧ ωtw
d,

which is anM -invariant form on (g/m)C of degree (2a+c+d, 2b+c+d). Moreover,
regarding the complex structures on p/m and L ⊂ k/m its K-type is (a+ c, a+ d),
its P -type is (b+ d, b+ c) and it is trivial after insertion of any M -invariant vector
in (g/m)C. For the parameters of the form ω this means that

a+ c = p, a+ d = q, b+ d = r, b+ c = s,

and adding the �rst and the third as well as the second and the last equation implies
that

k := a+ b+ c+ d = p+ r = q + s,

so the P -type of ω is (k − p, k − q). Moreover, the restrictions on the K-type and
the P -type of ω yield the condition max{p, q} ≤ k ≤ min{n+ p, n+ q} on the sum
of the parameters of ω. In particular, we see that the choices of a K-type (p, q)
and the parameter k already determine the P -type. Explicitly, if we put j := a,
the above equations show that every Poisson kernel of K-type (p, q) and P -type
(k − p, k − q), which is a wedge product of the invariant 2-forms from section 4.2.1
is given by

ωp,q;kj := ωjK ∧ ω
k−(p+q)+j
P ∧ ωp−jtw ∧ ωtw

q−j

for all indices max{0, (p+ q)− k} ≤ j ≤ min{p, q}.

Definition 4.2.2. Let p, q and k be integers so that 0 ≤ p, q, k− p, k− q ≤ n.
Then the Poisson kernel ωp,q;kj on (g/m)C is called a basic invariant form. Moreover,
we call the range of the index j so that ωp,q;kj is well de�ned the admissible range.

The notation we chose for the basic invariant forms is nicely compatible with
the wedge product. Indeed, we have

Lemma 4.2.2. The basic invariant forms satisfy the following relations:

(i) ωp,q;kj = ωq,p;kj

(ii) ωp,q;kj ∧ ωp
′,q′;k′

j′ = ωp+p
′,q+q′;k+k′

j+j′ .

(iii) The powers of the Poisson kernels of degree 2 are retrieved via the formulae

ωjK = ωj,j;jj , ωjP = ω0,0;j
0 , ωjtw = ωj,0;j

0 , ωtw
j = ω0,j;j

0 .

for all 0 ≤ j ≤ n.
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Proof. Follows immediately from the de�nition. �

In section 4.3.2 we will explicitly construct Poisson kernels on (g/m)C which are
BGG-compatible in the sense of De�nition 2.2.3. There, we will proceed by con-
sidering a general linear combination of basic invariant forms and afterwards apply
the operators ∂P and ∂P dP , which will induce linear relations on the coe�cients
of our ansatz. For this, it will be necessary to derive a nontrivial relation between
such basic invariant forms, which we will do in Theorem 4.2.2.

For the proof of this result we need to introduce some notation. Using the
identi�cation of Cn with Cn ⊗ 1 ⊂ Cn ⊗ C we can decompose any vector X ∈ Cn
into its holomorphic part X1,0 and antiholomorphic part X0,1. Then we de�ne a
holomorphic k-vector on Cn to be a k-fold wedge product X1,0 := X1,0

1 ∧ . . .∧X1,0
k

of vectors X1, . . . , Xk in Cn. Moreover, we denote by F 1,0
X

the wedge product
F 1,0
X1
∧ . . .∧F 1,0

Xk
, which is well de�ned since F 1,0

X = FX1,0 for all X ∈ Cn. Similarly,
we de�ne an antiholomorphic k-vector on Cn and denote these elements by X0,1,
as well as de�ne the wedge products G1,0

X
and G0,1

X
.

Theorem 4.2.2. For all 0 ≤ p, q ≤ n we de�ne the rational numbers

κp,q;kj :=

(
k

p

)(
p

j

)(
k − p
q − j

)
,

where we agree that κp,q;kj = 0 if one of the binomial coe�cients is not de�ned.
Then the sum

Rp,q;k :=
∑
j∈Z

κp,q;kj ωp,q;kj

is trivial for all k > n.

Proof. Let X1,0 be a holomorphic p-vector and Y0,1 be an antiholomorphic
q-vector on Cn. Applying the relation ιG1,0

X
ωP = iιF 1,0

X
ωtw from Lemma 4.2.1

iteratively we compute that

ιG
Y0,1 ιGX1,0ω

k
P =

(
k

p

)
ipιG

Y0,1 ιFY1,0

(
ωk−pP ∧ ωptw

)
= (∗).

Next, we want to transform the interior products with the antiholomorphic vectors
GY 0,1 into expressions involving the interior product with the corresponding vectors
FY 0,1 using again Lemma 4.2.1. For that, note that if we move j of the vectors
of G0,1

Y
into ωptw, we have to use q − j for the wedge product ωk−pP . Now a direct

computation shows that

(∗) =

min{p,q}∑
j=max{0,p+q−k}

κp,q;kj ip−qιF
Y0,1 ιFX1,0ω

p,q;k
j .

In particular, for k > n we have ωkP = 0, implying that Rp,q;k = 0. �

For an e�ective application of Theorem 4.2.2 we will now prove a characteriza-
tion of the numbers κp,q;kj in terms of linear recursions.

Proposition 4.2.2. Let p, q and k be integers so that 0 ≤ p, q, k− p, k− q ≤ n
and de�ne j0 := min{0, (p+ q)−k}. Let {κj}j∈Z be a sequence of complex numbers
which satis�es the recursion

(κ) κj(p− j)(q − j) = κj+1(j + 1)(k − (p+ q) + j + 1)

for all j ∈ Z. Then κj = Cκp,q;kj for all j ∈ Z, where C ∈ C is a constant
independent of j.
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Proof. A direct computation shows that the complex numbers κp,q;kj satisfy
the relations (κ). On the other hand, for j = j0 − 1 we obtain that the right hand
side of relation (κ) is trivial, whereas left hand side equals κj0−1(p+1−j0)(q+1−j0).
Since the numbers in the brackets are always positive, this implies that κj0−1 = 0
and inductively κj = 0 for all j < j0. Similarly, for j = min{p, q} the left hand
side of relation (κ) is trivial, whereas the coe�cients on the right hand side are
nontrivial. Inductively, this implies that κj = 0 for all j > min{p, q}. Therefore,
the sequence {κj} is possibly nontrivial only for j0 ≤ j ≤ min{p, q}, where we can
compute κj from κj−1 recursively. Since the relations (κ) are linear, this implies
that {κj} is a constant multiple of {κp,q;kj }. �

4.3. BGG-compatible Poisson transforms

In this section we present an explicit construction of BGG-compatible Poisson
transforms which map between complex valued di�erential forms on the CR-sphere
of degree p+ q and complex valued di�erential forms on G/K of type (p, q) for all
0 ≤ p, q ≤ n. This will be done in section 4.3.2 by choosing an ansatz for the corre-
sponding Poisson kernels in terms of linear combinations of basic invariant forms,
which is adapted to the structure of the homology bundles on G/P . Afterwards,
using the explicit formula for the P -codi�erential in Theorem 4.3.1 we translate the
condition of being BGG-compatible into linear relations on the coe�cients of our
ansatz, which can be solved easily. This family of operators will be used in sec-
tion 4.4.4 to construct a family of real valued Poisson transforms, which resemble
Gaillard's operators on the real hyperbolic space.

4.3.1. Preliminary results. Recall from De�nition 2.2.3 that a Poisson trans-
form Ψ: Ωk(G/P )→ Ω`(G/K) is called BGG-compatible i� it is trivial on sections
of the subbundles im(∂∗) and im(∂∗d) of Ωk(G/P ). By Proposition 2.2.3, this can
be equivalently formulated in terms of its associated kernel ψ by ∂Pψ = 0 and
∂P dPψ = 0. Moreover, note that in this case the Poisson transform factors to a G-
equivariant linear operator de�ned on sections of the homology bundles Hk(G/P )
on G/P so that its composition with the k-th BGG-operator is again induced by a
Poisson transform.

In order to construct such operators explicitly we �rst want to bring the geo-
metric structure of G/K into the game. For that, recall from Lemma 4.1.2 that
the space of complex valued di�erential forms on G/K splits into (p, q)-types so
that the canonical projection πp,q : Ωp+q(G/K,C) → Ωp,q(G/K) is tensorial and
equivariant with respect to the induced G-actions. In particular, this implies that
the composition Ψp,q := πp,q ◦ Ψ is again a Poisson transform for all 0 ≤ p, q ≤ n
with p+ q = `.

Lemma 4.3.1. Let G = SU(n+ 1, 1), K ∼= U(n+ 1) its maximal compact sub-
group and P ⊂ G its minimal parabolic subgroup. Let Ψ: Ωk(G/P,C)→ Ω`(G/K,C)
be a Poisson transform and Ψp,q be its composition with the canonical projection
onto Ωp,q(G/K) for all p + q = `. Then Ψ is BGG-compatible if and only if Ψp,q

is BGG-compatible for all p+ q = `.

Proof. By construction we can write Ψ =
∑
p+q=` Ψp,q, hence composing this

equation with any linear operator D from the right implies that Ψ ◦D = 0 if and
only if Ψp,q ◦D = 0 due to linear independence of di�erential forms on G/K with
di�erent (p, q)-type. In particular, for D = ∂∗ and D = ∂∗ ◦ d this shows that Ψ is
BGG-compatible if and only if Ψp,q is BGG-compatible for all p+ q = `. �

By Lemma 4.3.1 it su�ces to construct BGG-compatible Poisson transforms
whose values have a speci�c (p, q)-type, which in turn correspond to Poisson kernels
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ψ on (g/m)C of K-type (p, q) which satisfy ∂Pψ = 0 and ∂P dPψ = 0. Thus, in the
next step we need to determine an explicit formula for the complex linear extension
of the P -codi�erential, which we denote by the same symbol. For that, we will
interpret the formula for the Kostant codi�erential from section 1.4.2 in terms of
the homogeneous space G/M in the case G = SU(n+ 1, 1).

Proposition 4.3.1. Let {e1, . . . , en} be an orthonormal basis of Cn with respect
to the standard Hermitian product. Then for any Poisson kernel ψ on (g/m)C we
have

∂Pψ =
i

4(n+ 2)

n∑
`=1

I∗ ∧ (ιG
e
0,1
`

ιG
e
1,0
`

− ιG
e
1,0
`

ιG
e
0,1
`

)ψ.

In particular, the P -codi�erential is trivial on the ideal generated by I∗.

Proof. In section 2.2.3 we de�ned the P -codi�erential on decomposable el-
ements by ∂P (α ∧ β) = (−1)`α ∧ ∂∗β for α ∈ Λ`,0(g/m)∗ and β ∈ Λ0,k(g/m)∗,
where we used the identi�cation of k/m with g/p induced by the restriction of the
canonical projection g/m → g/p. Furthermore, we have seen in section 1.4.1 that
the Killing form on g induces an isomorphism (g/p)∗ ∼= p+ of P -modules, so in
particular the Lie algebra p+ acts naturally on β.

First, we consider β as an element in Λk(g/p)∗, which we interpret as a mul-
tilinear, alternating map gk → R which vanishes upon insertion of any element in
p. Then we have proven in Proposition 1.4.4 that the Kostant codi�erential can be
expressed by a sum over the p+-action on β. Explicitly, if {ξ1, . . . , ξ2n+1} is a basis
of p+ with dual basis {η1, . . . , η2n+1} of g− with respect to the Killing form, then
combining Proposition 1.4.4 and Lemma 1.4.4 yields

∂∗β =
1

2

2n+1∑
s=1

2n+1∑
t=1

εξtι[ξs,ηt]ιηsβ.

Note that by naturality of the complexi�cation the same formula holds for the
complex linear extension of the Kostant codi�erential.

Next, by choosing particular bases of p+ we can use the |2|-grading on g from
Proposition 4.1.1(i) to simplify this formula. For X ∈ Cn denote by ξX and ηX the
corresponding elements in g1 and g−1, respectively, and let ν± be the elements in
g±2 corresponding to the imaginary unit. Then {ξe` , ξJe` , ν+} is a real basis of p+,
and from Proposition 4.1.1(iv) we deduce that {−(2µ)−1ηe` ,−(2µ)−1ηJe` ,−µ−1ν−}
is the dual basis of g− with respect to the Killing form, where µ := 2(n+ 2).

Using this basis to compute ∂∗β we deduce that the Lie bracket between base
elements of g− and p+ is contained in p except for [−µ−1ν−, ξe` ] and [−µ−1ν−, ξJe` ],
which equals −µ−1ηJe` and µ

−1ηe` , respectively. Since β is trivial upon insertion
of vectors in p it follows that

∂∗β =
1

2µ2

n∑
`=1

εν+
ιηJe` ιηe`β.

In order to obtain the corresponding expression for the P -codi�erential we have
to interpret the formula for ∂∗ in terms of the M -module g/m, meaning that we
identify g− with k/m as well as p+ with (k/m)∗ via the Killing form. In terms of the
generators of g/m de�ned in section 4.1.4 we deduce that ηe` corresponds to the
element Gηj ∈ k/m, whereas ν+ corresponds to the invariant form µI∗. Therefore,
we obtain that

∂Pψ =
1

4(n+ 2)

n∑
`=1

I∗ ∧ ιGJe` ιGe`β,
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and decomposing the base vectors Ge` into holomorphic and antiholomorphic part
yields the claimed formula. �

From the formula in Proposition 4.3.1 it follows immediately that ∂P anticom-
mutes with the interior products of the vectors Z and Z as well as with the wedge
products of Z∗ and Z∗. Therefore, for the construction of BGG-compatible Pois-
son kernels it su�ces to compute the P -codi�erential of the basic invariant forms
explicitly.

Theorem 4.3.1. Let p, q and k be integers with 0 ≤ p, q, k − p, k − q ≤ n and
let j be in the admissible range. Then

∂Pω
p,q;k
j =

1

4(n+ 2)
((k − (p+ q) + j)(k − j − (n+ 1))I∗ ∧ ωp,q;k−1

j

+ (p− j)(q − j)I∗ ∧ ωp,q;k−1
j+1 ).

Proof. By Proposition 4.3.1 the image of ωp,q;kj under ∂P is computed by
taking pairwise interior products with the vectors ιG1,0

e`
and ιG0,1

e`
and their complex

conjugates, where {e`} is an orthonormal basis for Cn. Using the antiderivation
property of the interior product we deduce that ∂Pω

p,q;k
j can be written as a sum

with each summand having the form

I∗ ∧ ωp
′,q′;k′

j ∧

(
n∑
`=1

(
ιG∗e`

ω1

)
∧
(
ιG∗e`

ω2

))
,

where ω1 and ω2 are contained in the set {ωP , ωtw, ωtw}. Therefore, it su�ces
to determine the sum in the parentheses, where we bene�t from the fact that the
vectors e` are orthonormal with respect to the standard Hermitian metric on Cn.

As an example, we compute
n∑
`=1

(
(ιG

e
0,1
`

ωP ) ∧ (ιG
e
1,0
`

ωP )− (ιG
e
1,0
`

ωP ) ∧ (ιG
e
0,1
`

ωP )

)
(G1,0

X , G0,1
Y ) =

= −
n∑
s=1

i
(

re〈e1,0
` , Y 0,1〉 im〈e0,1

` , X1,0〉 − re〈e0,1
` , X1,0〉 im〈e1,0

` , Y 0,1〉
)

= −iωP (G1,0
X , G0,1

Y )

for all X, Y ∈ Cn, and the other cases can be determined similarly, obtaining the
claimed formula. �

4.3.2. The construction of a BGG-compatible Poisson kernel. Using
the preliminary results in section 4.3.1 we will now construct BGG-compatible
Poisson kernels by choosing a special ansatz consisting of linear combinations of
basic invariant forms de�ned in 4.2.2 and afterwards translate the condition on the
BGG-compatibility into linear recursions for its coe�cients.

In order to choose our ansatz for the Poisson kernel in an e�cient way we will
focus on those invariant elements whose associated Poisson transforms preserve the
degrees of the di�erential forms and have values in Ωp,q(G/K) for �xed 0 ≤ p, q ≤ n.
By construction, this means that we are interested in Poisson kernels on (g/m)C of
bidegree (p+ q, 2n+ 1− (p+ q)) and K-type (p, q). Since we have seen in section
4.2.2 that the basic invariant forms ωp,q;kj are of even total degree for all parameters
p, q and k, we are forced to form wedge products of these elements with an odd
number of M -invariant forms of degree 1 in order to meet our requirements.

Furthermore, since we want to construct our Poisson kernels to be BGG-
compatible, we will adapt our ansatz to the structure of the homology bundles over
G/P . Explicitly, recall from Theorem 4.1.3 that if L denotes the CR-distribution
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on G/P , then Hk(G/P ) is isomorphic to a subbundle of ΛkL∗ for all k ≤ n, whereas
for k ≥ n+1 it is isomorphic to a quotient of Λk−1L∗⊗Q∗, where Q denotes the quo-
tient bundle T (G/P )/L. In terms of the homogeneous space G/M , the distribution
L corresponds to the subbundle of the vertical bundle of πP : G/M → G/P which
is associated to the M -representation L ⊂ (k/m)C. Since the homology bundles
split into two di�erent families, we need to discuss the cases k ≤ n and k ≥ n + 1
in the construction of our Poisson kernels separately.

In the following construction we proceed in 4 steps:
(1) Choose an appropriate ansatz,
(2) Determine the coe�cients of this ansatz so that it is contained in the kernel of

∂P ,
(3) Find an appropriate error term for the ansatz contained in the kernel of ∂P and

translate BGG-compatibility of the resulting form into linear relations on the
coe�cients,

(4) Solve these linear relations explicitly.
For step (4), recall from Theorem 4.2.2 that we de�ned for all p, q and k with

0 ≤ p, q, k − p, k − q ≤ n the complex numbers κp,q;kj via

κp,q;kj =

(
k

p

)(
p

j

)(
k − p
q − j

)
,

and showed that a certain linear combination of the basic invariant forms involving
these coe�cients is trivial. Furthermore, we have proven in Proposition 4.2.2 that
these coe�cients are determined by a linear recursion up to a constant multiple.

Case 1: Let 0 ≤ p, q ≤ n with p+ q ≤ n.
(1) The pullback of a section of Hp+q(G/P ) along πP is a section of the homoge-

neous bundle on G/M associated to the M -representation ΛkL∗. Therefore, it
follows that the wedge product of ψ with such a pullback is nontrivial if and
only if I∗ ∧ ψ = 0 and ιIψ 6= 0.

Hence we consider the ansatz

ψ =
∑
j∈Z

αjI
∗ ∧ ωp,q;nj +

∑
j∈Z

βjI
∗ ∧ Z∗ ∧ Z∗ ∧ ωp−1,q−1;n−1

j ,

where αj and βj are complex numbers for all j ∈ Z which satisfy αj = 0 for all
j < 0 and j > min{p, q}, whereas βj = 0 for j < 0 and j > min{p− 1, q − 1}.

(2) Since ψ is contained in the ideal generated by I∗ by de�nition, it follows im-
mediately from Proposition 4.3.1 that ∂Pψ = 0.

(3) Now we need to ensure that ψ is also contained in the kernel of the operator
∂P dP . Using that the P -di�erential is an antiderivation and the formulae in
section 4.2.1 a direct computation shows

dPψ ≡
∑
j∈Z

2αjω
p,q;n+1
j +

∑
j∈Z

2βjZ
∗ ∧ Z∗ ∧ ωp−1,q−1;n

j mod 〈I∗〉.

Since by Proposition 4.3.1 the ideal generated by I∗ is contained in the kernel of
the P -codi�erential, it su�ces to choose the coe�cients αj and βj appropriately.
Applying Theorem 4.3.1 we deduce that ∂P dPψ = 0 if and only if the recursions

(j + 1)(n+ 1− (p+ q)− j)αj+1 = (p− j)(q − j)αj
(j + 1)(n+ 1− (p+ q)− j)βj = (p− j)(q − j)βj−1

are satis�ed for all j ∈ Z.
(4) In the last step we explicitly solve the above recursions. First, if we compare

the relations of αj and βj with Proposition 4.2.2 we obtain that

αj = ακp,q;n+1
j , βj = βκp,q;n+1

j+1
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for all j ∈ Z, where α and β are complex numbers. Here, the left equation is
well de�ned for all j ∈ Z and all α ∈ C. However, for j = −1 we have β−1 = 0

and κp,q;n+1
0 6= 0 by de�nition, so the second relation implies that β = 0 and

therefore βj = 0 for all j ∈ Z.
In particular, the above congruence for the P -derivative of ψ reads as

dPψ ≡ α
∑
j∈Z

κp,q;n+1
j I∗ ∧ ωp,q;n+1

j mod 〈I∗〉,

and by Theorem 4.2.2 the sum on the right hand side is trivial. Therefore, we
deduce that dPψ is already contained in the ideal generated by I∗.
Thus, we de�ne for all 0 ≤ p, q,≤ n with p+q ≤ n the BGG-compatible Poisson

kernel

ψp,q :=
∑
j∈Z

κp,q;n+1
j I∗ ∧ ωp,q;nj .

Furthermore, we denote its associated Poisson transform by Ψp,q, which factors
to a G-equivariant operator Ψ̃p,q de�ned on sections of the homology bundles
Hp+q(G/P )⊗ C.

Case 2: Let 0 ≤ p, q ≤ n with p+ q ≥ n+ 1.
(1) The pullback of a section of Hp+q(G/P ) along πP is a section of the ho-

mogeneous bundle over G/M associated to the M -representation Λk−1L∗ ⊗
((k/m)/L)

∗ by construction. Moreover, by section 4.1.4 we can identify the
M -module ((k/m)/L)

∗ with the M -invariant subspace of (g/m)∗ generated by
I∗. Therefore, we deduce that the wedge product ψ with of the pullback of a
section of the homology bundle is trivial unless I∗ ∧ ψ 6= 0.

Furthermore, we choose our ansatz to consist of wedge products of basic
invariant forms with an odd number of M -invariant 1-forms, so we need to
ensure that either Z∗ ∧ ωp−1,q;n

j or Z
∗ ∧ ωp,q−1;n

j are summands contained in
our ansatz. Since the latter can be written as the complex conjugate of the
former with the parameter p and q exchanged, so we will consider the ansatz

ψ =
∑
j∈Z

αjZ
∗ ∧ ωp−1,q;n

j

where αj are complex numbers which are trivial for all j < p+ q− (n+ 1) and
j > min{p− 1, q}.

(2) In order to guarantee that ∂Pψ = 0 we apply the explicit formula in Theorem
4.3.1 to our ansatz and shift the index j properly, which yields the condition

(j + 2)((n+ 1)− (p+ q) + j + 1)αj+1 = (p− j − 1)(q − j)αj
for all j ∈ Z. Now comparing this with Proposition 4.2.2 shows that

αj = ακp,q+1;n+1
j+1

for all j ∈ Z, where α is an arbitrary complex number. In order to simplify the
following computations, we will choose α = 1.

(3) Next, we compute the image of our ansatz under the P -di�erential. Since dP
is an antiderivation we can use the formulae for the derivatives of the invariant
forms of low degree in section 4.2.1 to deduce that

dPψ ≡ 2
∑
j∈Z

αjω
p,q;n+1
j + 2i

∑
j∈Z

α̃jZ
∗ ∧ Z∗ ∧ ωp−1,q−1;n

j mod 〈I∗〉,

where the coe�cient α̃j is given by

α̃j := (j + 1)αj+1 + (q − j)αj .
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Since 〈I∗〉 is contained in the kernel of ∂P due to Proposition 4.3.1 we can
compute ∂P dPψ by applying the formulae for the P -codi�erential of the basic
invariant forms in Theorem 4.3.1 to the two sums on right hand side of the
above congruence. In this way, a direct computation shows that ∂P dPψ is
nontrivial.

Thus, we have to �nd an appropriate error term ε for ψ contained in the
kernel of the P -codi�erential which makes our ansatz BGG-compatible. By
Proposition 4.3.1 we will choose ε to lie in the ideal generated by I∗, i.e.

ε =
∑
j∈Z

γjI
∗ ∧ ωp,q;nj +

∑
j∈Z

iδjI
∗ ∧ Z∗ ∧ Z∗ ∧ ωp−1,q−1;n−1

j ,

for appropriate coe�cients γj and δj ∈ C. Explicitly, with j0 := p+ q− (n+ 1)
these satisfy γj = 0 for j < j0 + 1 an j > min{p, q}, whereas δj = 0 for j < j0
and j > min{p− 1, q − 1}.

Using the formula for the P -derivative of such a form from case 1, we
immediately obtain the following congruence modulo 〈I∗〉:

dP (ψ + ε) ≡
∑
j∈Z

2(αj + γj)ω
p,q;n+1
j + 2i(α̃j + δj)Z

∗ ∧ Z∗ ∧ ωp−1,q−1;n
j .

Therefore, if we apply the formula for ∂P from Theorem 4.3.1 we deduce that
∂P dP (ψ + ε) = 0 if and only if the recursions

(αj+1 + γj+1) (j + 1)(n+ 1− (p+ q) + j + 1) = (p− j)(q − j) (αj + γj)

(α̃j + δj) (j + 1)(n+ 1− (p+ q) + j + 1) = (p− j)(q − j) (α̃j−1 + δj−1)

are satis�ed for all j ∈ Z.
(4) Thus, our �nal task is to solve the above recursions for the coe�cients γj and

δj . First, from Proposition 4.2.2 we deduce that

γj + αj = γκp,q;n+1
j , δj + α̃j = δκp,q;n+1

j+1

for complex numbers γ and δ, so if we insert αj = κp,q+1;n+1
j+1 as well as the

de�nition of α̃j we obtain

γj = γκp,q;n+1
j − κp,q+1;n+1

j+1 ,

δj = δκp,q;n+1
j+1 − (j + 1)κp,q+1;n+1

j+2 − (q − j)κp,q+1;n+1
j+1 .

For the �rst equation, recall that we assumed that γj0 = 0, so for j = j0 a
direct computation shows that

γ =
(
κp,q;n+1
j0

)−1

κp,q+1;n+1
j0+1 =

(n+ 1− q)
p+ q − n

.

By de�nition of the coe�cients κp,q;kj this implies

γj =
(n+ 1− q)
p+ q − n

κp,q;n+1
j − κp,q+1;n+1

j+1 =
p+ 1

p+ q − n
κp+1,q+1;n+1
j+1 .

Similarly, if we insert j = j0 − 1 into the expression for δj we use the
assumption δj0−1 = 0 as well as κp,q+1;n+1

j0
= 0 to obtain that

δ = j0

(
κp,q;n+1
j0

)−1

κp,q+1;n+1
j0+1 =

j0(n+ 1− q)
p+ q − n

.
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Using the de�nition of the complex numbers κp,q;kj a direct computation shows
that

δj =
j0(n+ 1− q)
p+ q − n

κp,q;n+1
j+1 − (j + 1)κp,q+1;n+1

j+2 − (q − j)κp,q+1;n+1
j+1

= − p+ 1

p+ q − n
κp+1,q+1;n+1
j+2 .

In particular, we see that the error term ε is uniquely determined.
Thus, for all 0 ≤ p, q ≤ n with p + q ≥ n + 1 we de�ne the BGG-compatible

Poisson kernel

ψp,q :=
∑
j

κp,q+1;n+1
j+1 Z∗ ∧ ωp−1,q;n

j +
p+ 1

p+ q − n
κp+1,q+1;n+1
j+1 I∗ ∧ ωp,q;nj

− i p+ 1

p+ q − n
κp+1,q+1;n+1
j+2 I∗ ∧ Z∗ ∧ Z∗ ∧ ωp−1,q−1;n−1

j

and denote by Ψ1
p,q its associated Poisson transform and by Ψ̃1

p,q its induced G-
equivariant operator de�ned on sections of the (p + q)-th complexi�ed homology
bundle over G/P . Note that by construction the complex conjugate of ψp,q is
also BGG-compatible, and we denote its corresponding Poisson transform and G-
equivariant factorization to the homology bundle by Ψ2

p,q and Ψ̃2
p,q, respectively.

Theorem 4.3.2. Let G = SU(n + 1, 1), K ∼= U(n + 1) its maximal compact
subgroup and P its minimal parabolic subgroup.

(i) If p+ q ≤ n, then the image of the operator Ψ̃p,q is contained in the space of
harmonic di�erential forms on G/K.

(ii) For p+ q ≥ n+ 1, then both operators Ψ̃1
p,q and Ψ̃2

p,q have values in the space
of harmonic di�erential forms on G/K.

Proof. Follows immediately from Theorem 2.2.3. �

4.4. Properties of the BGG-compatible Poisson transforms

Following the construction of BGG-compatible Poisson kernels our next aim
is to analyse the image of the corresponding Poisson transforms with respect to
di�erential operators on G/K. For that, we will �rst analyse the image of the basic
invariant forms under the K-Hodge star in 4.4.1, which will afterwards lead to
explicit formulae for the K-codi�erential as well as for the M -equivariant map L∗K
corresponding to the adjoint of the Lefschetz map. Finally, we use these in 4.4.3 to
determine the properties of the images of the BGG-compatible Poisson transforms
constructed in 4.3.2. Resulting from this, we will also determine a family of BGG-
compatible Poisson transforms between real valued di�erential forms which has
properties similar to Gaillard's operators on the real hyperbolic space.

4.4.1. The K-Hodge dual of the basic invariant forms. In order to ob-
tain formulae for the K-codi�erential and the operator L∗K we have to analyse the
image of the basic invariant forms under the K-Hodge star. Explicitly, if p, q and
k are positive integers satisfying 0 ≤ p, q, k − p, k − q ≤ n, it will be necessary to
derive a formula for ω∧∗Kωp,q;kj , where ω is any of theM -invariant forms of degree
2 from section 4.2.1.

We will start by identifying the pullback of the Kähler form on G/K along the
canonical projection πK : G/M → G/K, which corresponds to anM -invariant form
on g/m of degree (2, 0) and K-type (1, 1). In this way, we also obtain an expression
for the K-volume form volK := ∗K(1) on the horizontal subspace of (g/m)C.
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Lemma 4.4.1. Let G = SU(n + 1, 1), K ⊂ G its maximal compact subgroup
and M ⊂ G the intersection of K and the minimal parabolic subgroup of G. Let g,
k and m be the Lie algebras of G, K and M , respectively. Then the pullback of the
Kähler form of G/K to G/M corresponds to the Poisson kernel

ωM :=
1

2

(
iZ∗ ∧ Z∗ + ωK

)
on g/m. In particular, the (complexi�ed) K-volume form volK is given by

volK =
1

2n+1n!
iZ∗ ∧ Z∗ ∧ ωnK .

Proof. We have seen in the proof of Proposition 4.1.4 that the complex struc-
ture J on p/m induced by the isomorphism p/m ∼= q is given by the complex
structure on the M -module g1/m ∼= Cn as well as the relations JE = −2H
and JH = 1

2E. Since the Euclidean metric on p/m is the pullback of the K-
invariant metric on q we deduce that the M -invariant form ωM can be determined
via ωM (ξ, η) = gM (Jξ, η) for all ξ, η ∈ p/m. Using the formulae for gM from
Proposition 4.1.4 a direct computation shows

ωM =
1

2

(
iZ∗ ∧ Z∗ + ωK

)
.

In particular, we can express the K-volume form via volK = 1
(n+1)!ω

n+1
M by con-

struction, and expanding this wedge product we obtain the claimed formula. �

In the next step we determine the main tool in the proof of Theorem 4.4.1
which is a formula expressing the M -invariant form ∗Kωp,q;kj in terms of powers
of the invariant 2-form ωK . For that, note that the M -invariant form ωP is of
degree (0, 2) and thus commutes with the K-Hodge star. In particular, it su�ces
to consider the K-Hodge star of those basic invariant forms which do not contain
the (0, 2)-form ωP as a factor. By De�nition 4.2.2 this means that the parameters
of ∗Kωp,q;kj satisfy the relation j = p+ q− k ≥ 0. In particular, for any choice of p,
q and k there is exactly one such M -invariant form.

Proposition 4.4.1. Let p, q and k be integers so that 0 ≤ p, q, k−p, k−q ≤ n.
Let X1,0 be a holomorphic (k−p)-vector and Y0,1 an antiholomorphic (k−q)-vector
on Cn, respectively. Then we have

(4.4.1) ιG1,0
X

ιG0,1
Y

∗K ωp,q;kp+q−k = εp,q;kiZ∗ ∧ Z∗ ∧ ιF 1,0
X

ιF 0,1
Y

ω
n−(p+q)+k
K ,

where the factor εp,q;k is given by

εp,q;k = (−1)
1
2 (p+q)(p+q+1)−(p+q−k)2p+q−(n+1) (p+ q − k)!(k − p)!(k − q)!

(n− (p+ q) + k)!
.

Proof. We will prove this formula by induction on the P -type of the M -
invariant form ∗Kωp,q;kp+q−k. If the P -type equals (0, 0), then k = p = q and thus the
interior products in the claimed formula disappear. Therefore, the left hand side
becomes ∗Kωk,k;k

k , which by Lemma 4.2.2(iii) equals ∗Kωkk . Moreover, from the
de�ning equation for the K-Hodge star and the expression for the K-volume form
in Lemma 4.4.1 we deduce that

∗KωkK =
k!

(n− k)!
22k−n−1iZ∗ ∧ Z∗ ∧ ωn−kK .

Now assume that the formula is proven for the invariant form ∗Kωp,q;kp+q−k of

P -type (k− p, k− q) and consider the form ∗Kωp,q+1;k+1
p+q−k , which by de�nition is of

P -type (k − p+ 1, k − q). A direct computation using Lemma 4.2.1 shows that

ιG1,0
Y
∗Kωp,q+1;k+1

p+q−k = (−1)p+q+12(k − p+ 1)ιF 1,0
Y
∗Kωp,q;kp+q−k
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for all Y ∈ Cn, and we apply this equation to (4.4.1) for the interior product with
G1,0
Y1

. Next, we can move the resulting interior product with F 1,0
Y1

to the left, apply
the induction hypothesis and �nally use the relation

(−1)p+q+12(k − p+ 1)εp,q;k = εp,q+1;k+1,

thereby obtaining (4.4.1). Since our formula is symmetric in p and q the same
line of arguments can be applied to the Poisson kernel ∗Kωp+1,q;k+1

p+q−k of P -degree
(k − p, k − q + 1). �

Using Proposition 4.4.1 we are now able to present the main result of this
section which plays an essential role in the derivation of explicit formulae for several
M -equivariant operators in the following section. However, note that the proof of
Theorem 4.4.1 is very technical and involves long computations.

Theorem 4.4.1. Let p, q and k be integers so that 0 ≤ p, q, k − p, k − q ≤ n.
Then we have:

(i) ωtw ∧ ∗Kωp,q;kj = (−1)p+q2i
(
j ∗Kωp,q−1;k

j−1 + (q − j) ∗Kωp,q−1;k
j

)
.

(ii) ωtw ∧ ∗Kωp,q;kj = (−1)p+q+12i
(
j ∗Kωp−1,q;k

j−1 + (p− j) ∗Kωp−1,q;k
j

)
.

(iii) ωK ∧ ∗Kωp,q;kj = 4j(n+ 1− (p+ q) + j) ∗Kωp−1,q−1;k−1
j−1

− 4(p− j)(q − j) ∗Kωp−1,q−1;k−1
j

.

Proof. In all cases we can move the Poisson kernels ωP of degree (0, 2) outside
of the K-Hodge star, so it su�ces to prove the formulae in the case that those forms
do not appear. Otherwise said, the parameters on the left hand sides of (i) - (iii)
satisfy the relation j = p + q − k. Note that in this way, Proposition 4.4.1 is
applicable.

(i) Let X1,0 and Z1,0 be holomorphic vectors on Cn of length n− q+ 1 and k−p,
respectively, and let Y0,1 andW0,1 be antiholomorphic vectors of length n−p
and k − q + 1, respectively. Our aim is to rewrite the expression(

ωtw ∧ ∗Kωp,q;kp+q−k
)
(Z,Z, F 1,0

X
, F 0,1
Y
, G1,0
Z
, G0,1
W

) = (∗)

as the image of a basic invariant form under the K-Hodge star.
In order to do so, we �rst expand the wedge product by inserting the

vectors F 1,0
Xs

and G0,1
Wt

into ωtw, where we pick up the signs (−1)s+1 from the
�rst vector and (−1)t−k+q+1 from the second vector. Next, by Lemma 4.2.1
the expression ωtw(F 1,0

Xs
, G0,1

Wt
) coincides with −iωK(F 1,0

Xs
, F 0,1

Wt
), and we apply

Proposition 4.4.1 to ∗Kωp,q;kp+q−k, which adds the coe�cient iεp,q;k. In this way
we obtain that

(∗) =
∑
s,t

(−1)k−q+s+tεp,q;kωK(F 1,0
Xs
, F 0,1

Wt
)ω
n−(p+q)+k
K

(
F 1,0;s
X

, F 0,1
Y
, F 1,0
Z
, F 0,1;t
W

)
,

where the wedge product F 1,0;s
X

of length (n − q) is obtained from F 1,0
X

by
omitting the s-th factor, and similarly for F 0,1;t

W
.

Using that the Poisson kernel ωK is of K-type (1, 1), an easy computation
shows that (∗) splits into the sum A+B, where

A :=
k − q + 1

n− (p+ q) + k + 1
εp,q;kω

n−(p+q)+k+1
K (F 1,0

X
, F 0,1
Y
, F 1,0
Z
, F 0,1
W

)

B :=

k−p∑
r=1

k−q+1∑
t=1

(−1)k−p+r+tεp,q;kωK(F 1,0
Zr
, F 0,1

Wt
)ω
n−(p+q)+k
K (F 1,0

X
, F 0,1
Y
, F 1,0;r
Z

, F 0,1;t
W

).
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Our aim is to manipulate the expressions A and B so that the occurring
Poisson kernels have the same types and degrees as ωtw ∧ ∗Kωp,q;kp+q−k.

Since A is given by a power of ωK we can immediately apply Proposition
4.4.1, which allows us to write it as a multiple of the kernel ∗Kωp,q−1;k

p+q−k−1

evaluated in the same arguments as (∗). Moreover, for the resulting coe�cient
of A we obtain by de�nition that

k − q + 1

n− (p+ q) + k + 1
εp,q;k

(
iεp,q−1;k

)−1
= (−1)p+q2i(p+ q − k),

so we see that

A = (−1)p+q2i(p+ q − k)
(
∗Kωp,q−1;k

p+q−k−1

)
(Z,Z, F 1,0

X
, F 0,1
Y
, G1,0
Z
, G0,1
W

).

In order to bring B into the right shape, we �rst apply Proposition 4.4.1 to
change the power of ωK to the Poisson kernel ∗Kωp,q−1;k−1

p+q−k . The resulting
coe�cient can be simpli�ed using

εp,q;k
(
iεp,q−1;k−1

)−1
= (−1)p+q+12i(k − p).

Furthermore, we use Lemma 4.2.1 to replace ωK(F 1,0
Zr
, F 0,1

Wt
) with the expres-

sion ωP (G1,0
Zr
, G0,1

Wt
). Since the Poisson kernel ωP is of degree (0, 2) it can be

moved into the K-Hodge star, so by Lemma 4.2.2 we obtain

B = (−1)p+q2i(k − p)
(
∗Kωp,q−1;k

p+q−k

)
(Z,Z, F 1,0

X
, F 0,1
Y
, G1,0
Z
, G0,1
W

).

Since both expressions A and B have the same arguments as (∗), the
corresponding M -invariant forms have to coincide, proving part (i).

(ii) Since the complex conjugate of ∗Kωp,q;kj is ∗Kωq,p;kj the formula follows im-
mediately from (i).

(iii) Let X1,0 and Z1,0 be holomorphic vectors on Cn of length n− q+ 1 and k−p,
respectively, and Y0,1 and W0,1 be antiholomorphic vectors on Cn of length
n− p+ 1 and k − q, respectively. We proceed similar as in (i) and consider(

ωK ∧ ∗Kωp,q;kp+q−k

)
(Z,Z, F 1,0

X
, F 0,1
Y
, G1,0
Z
, G0,1
W

) = (∗∗),

which we want to rewrite as the image of the K-Hodge star using Proposition
4.4.1.

First, we expand the wedge product in (∗∗) by inserting the vectors F 1,0
Xr

and F 0,1
Ys

into ωK , which adds the sign (−1)n−q+r+s. Next, we apply Propo-

sition 4.4.1, thereby changing ∗Kωp,q;kp+q−k to a multiple of ωn−(p+q)−k
K . All in

all we obtain that

(∗∗) =
∑
r,s

(−1)n−q+r+siεp,q;kωK(F 1,0
Xr
, F 0,1

Ys
)ω
n−(p+q)−k
K

(
F 1,0;r
X

, F 0,1;s
Y

, G1,0
Z
, G0,1
W

)
.

By a direct computation we can write (∗∗) as the sum C +D, where

C :=
n− q + 1

n− (p+ q) + k + 1
iεp,q;kω

n−(p+q)+k+1
K (F 1,0

X
, F 0,1
Y
, F 1,0
Z
, F 0,1
W

),

D :=
∑
r,t

iεp,q;k(−1)k−q+r+t+1ωK(F 1,0
Xr
, F 0,1

Wt
)ω
n−(p+q)+k
K (F 1,0;r

X
, F 0,1
Y
, F 1,0
Z
, F 0,1;t
W

),

and we want to rewrite these two expression so that the occurring Poisson
kernels have the same degrees and types as our initial form.
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First, we can immediately apply Proposition 4.4.1 to expression C, and
the resulting coe�cients simplify via

n− q + 1

n− (p+ q) + k + 1
iεp,q;k

(
iεp−1,q−1;k−1

)−1
= 4(n− q + 1)(p+ q − k).

On the other hand, the expression D has the same form as expression (∗) from
part (i), and using

iεp,q;k
(
εp−1,q;k−1

)−1
= (−1)p+q2i(k − q)

we obtain via Proposition 4.4.1 that

D = (−1)p+q+12i(k − q)
(
ωtw ∧ ∗Kωp−1,q;k−1

p+q−k

)
(Z,Z, F 1,0

X
, F 0,1
Y
, G1,0
Z
, G0,1
W

).

All in all we get

ωK ∧ ∗Kωp,q;kp+q−k = 4(n− q + 1)(p+ q − k) ∗K ωp−1,q−1;k−1
p+q−k−1

+ (−1)p+q+12i(k − q)ωtw ∧ ∗Kωp−1,q;k−1
p+q−k ,

so the claimed formula follows from (i). �

As an immediate Corollary we obtain that every M -invariant form ∗Kωp,q;kj

can be expressed as a linear combination of basic invariant forms. In particular, for
the construction of BGG-compatible Poisson transforms in section 4.3 it su�ced
to only consider those operators induced by wedge products of the basic invariant
forms.

4.4.2. The invariant operators from G/K. In the next step we compute
explicit formulae for the images of the basic invariant forms under M -equivariant
maps which are induced by certain G-equivariant di�erential operators on G/K.
These will be needed in section 4.3 to determine the geometric behaviour of the
images of the BGG-compatible Poisson transforms constructed in section 4.3.2.

First, recall from section 4.2.1 that the decomposition of Poisson kernels intoK-
types induces a splitting of dK into the sum of the two operators ∂K and ∂K , which
map Poisson kernels of K-type (p, q) to those of K-type (p + 1, q) and (p, q + 1),
respectively. Geometrically, this corresponds to the decomposition d = ∂ + ∂ of
the exterior derivative on G/K as in section 4.1.2. Indeed, the same arguments as
in Proposition 2.2.3 show that if Ψ is any Poisson transform with kernel ψ, then
∂ ◦ Ψ is again a Poisson transform with kernel ∂Kψ, and similarly for its complex
conjugate. Furthermore, the operators ∂K and ∂K are again antiderivations, square
to zero, anticommute with each other and are related via ∂Kψ = ∂Kψ for all M -
invariant forms ψ on (g/m)C. In particular, we can compute the image of the
basic invariant forms under these operators using the corresponding formulae for
the Poisson kernels of low degree from section 4.2.1.

Next, we want to compute the K-codi�erential of the basic invariant forms
ωp,q;kj . Since the dimension of the symmetric space G/K is even we obtain by de�-
nition that δK = − ∗K dK∗K . Furthermore, the decomposition of the K-derivative
induces a splitting of δK into ∂∗K + ∂

∗
K , where ∂

∗
K = −∗K ∂K∗K maps M -invariant

forms on (g/m)C of K-type (p, q) to those of K-type (p − 1, q), and similarly for
∂
∗
K . In particular, since the K-Hodge star is a complex linear map these operators

are again related via ∂∗Kψ = ∂
∗
Kψ for all M -invariant elements ψ ∈ Λ∗(g/m)C.

In section 4.3 we constructed BGG-compatible Poisson kernels as a linear com-
bination of wedge products of an odd number of M -invariant forms of degree 1

and a basic invariant form ωp,q;kj for speci�c choices of p, q and k. We will deter-
mine formulae for the K-codi�erential of these M -invariant forms in the following
Theorem.
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Theorem 4.4.2. Let p, q and k be integers so that 0 ≤ p, q, k − p, k − q ≤ n
and let j be in the admissible rangle. Then we have

∂∗K
(
Z∗ ∧ Z∗ ∧ ωp,q;kj

)
= 2(n− k)Z

∗ ∧ ωp,q;kj

2ij(k − (p+ q) + j)I∗ ∧ Z∗ ∧ Z∗ ∧ ωp−1,q;k−1
j−1

− 2i(p− j)(n− k + p− j + 1)I∗ ∧ Z∗ ∧ Z∗ ∧ ωp−1,q;k−1
j .

In particular, for the wedge products of a basic invariant form with an odd number
of M -invariant 1-forms this implies that

∂∗K(Z∗ ∧ ωp,q;kj ) = 2(n+ 1− k)ωp,q;kj

+ 2ij(n+ 1− (p+ q) + j)Z∗ ∧ Z∗ ∧ ωp−1,q−1;k−1
j−1

− 2i(p− j)(q − j)Z∗ ∧ Z∗ ∧ ωp−1,q−1;k−1
j

+ 2ij(k − (p+ q) + j)I∗ ∧ Z∗ ∧ ωp−1,q;k−1
j−1

− 2i(p− j)(n− k + q − j + 1)I∗ ∧ Z∗ ∧ ωp−1,q;k−1
j ,

∂∗K(Z
∗ ∧ ωp,q;kj ) = 2ij(k − (p+ q) + j)I∗ ∧ Z∗ ∧ ωp−1,q;k−1

j−1

− 2i(p− j)(n− k + q − j + 1)I∗ ∧ Z∗ ∧ ωp−1,q;k−1
j ,

as well as

∂∗K(I∗ ∧ ωp,q;kj ) = 2ij(n+ 1− (p+ q) + j)I∗ ∧ Z∗ ∧ ωp−1,q−1;k−1
j−1

− 2i(p− j)(q − j)I∗ ∧ Z∗ ∧ ωp−1,q−1;k−1
j ,

∂∗K(I∗ ∧ Z∗ ∧ Z∗ ∧ ωp,q;kj ) = 2(k − n+ 1)I∗ ∧ Z∗ ∧ ωp,q;kj .

Proof. In order to compute the image of ω := Z∗ ∧ Z∗ ∧ ωp,q;kj under ∂∗K we
have to �rst apply the K-Hodge star and afterwards the operator ∂K , which we
want to determine using formula (1.2.4) for the in�nitesimal version of the covariant
exterior derivative. For X, Y ∈ Cn let ξX and ηY be the representatives of FX
and GY in p and k, respectively, whose m-part is trivial. Then if we denote the
representatives of Z, Z and I with trivial m-part by the same symbol, the bracket
relations between these vectors are given by

[Z, ξX ] =
1

2
ξX , [Z, η1,0

Y ] = 2ξ1,0
Y −

1

2
η1,0
Y , [I, ξ1,0

X ] = i(ξ1,0
X − η

1,0
X ).

for all X, Y ∈ Cn via the formulae at the end of section 4.1.1. Since the Poisson
kernel ∗Kω is trivial upon insertion of any invariant vector in (g/m)C, formula
(1.2.4) together with these bracket relations imply that

∂K ∗K ω = Z
∗ ∧ ιZ∂K ∗K ω + I∗ ∧ ιI∂K ∗K ω.

We will �rst compute the expression for the special case that the M -invariant
form ωP does not appear as a factor in ωp,q;kj . By De�nition 4.2.2, this means
that j = p + q − k and that Theorem 4.4.1 and Proposition 4.4.1 are applicable.
Afterwards, we will prove the general case by using the antiderivation property of
the K-derivative.
(i) Therefore, assume for now that j = p + q − k ≥ 0. If we insert the bracket

relations from above into the formula (1.2.4) for the exterior derivative we
immediately obtain that

ιZ∂K ∗K ω = (k − n) ∗K ω.

Thus, it remains to determine ιI∂K ∗Kω. Since the Lie bracket with the vector
I preserves holomorphic and antiholomorphic vectors, it su�ces to consider
the case of inserting k − q − 1 antiholomorphic vectors in LC ⊂ (k/m)C into
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this form. So let X1,0 and Z1,0 be holomorphic vectors on Cn of length n− p
and k− p, respectively, and let Y0,1 and W0,1 be antiholomorphic vectors on
Cn of length n − q + 1 and k − q − 1, respectively. Then the formula (1.2.4)
of the in�nitesimal version of the exterior derivative yields

(ιI∂K ∗K ω)(F 1,0
X
,F 0,1
Y
, G1,0
Z
, G0,1
W

)

=
∑
`

(−1)n−p+` (∗Kω)
(
G0,1
iY`
, F 1,0
X
, F 0,1;`
Y

, G1,0
Z
, G0,1
W

)
= (∗),

where F 0,1;`
Y

is obtained from the wedge product F 0,1
Y

by omitting the `-th
factor. From Lemma 4.2.1 it follows that

ιG0,1
Y
∗K ω = (−1)p+q2(k − q)ιF 0,1

Y

(
Z∗ ∧ Z∗ ∧ ∗Kωp−1,q;k−1

p+q−k

)
,

and inserting this into (∗) and moving the vector F 0,1
Y`

to the right place shows

ιI∂K ∗Kω = (−1)p+q+12i(k − q)(n− q + 1) ∗K
(
Z∗ ∧ Z∗ ∧ ωp−1,q;k−1

p+q−k

)
.

All in all we have determined the expression ∂K ∗K ω, and applying the neg-
ative of the K-Hodge star yields

∂∗Kω = 2(n− k)Z
∗ ∧ ωp,q;kj

− 2i(k − q)(n− q + 1)I∗ ∧ Z∗ ∧ Z∗ ∧ ωp−1,q;k−1
j .

(ii) In the general case we use Lemma 4.2.2 to decompose our Poisson kernel into
the wedge product

ω =
(
Z∗ ∧ Z∗ ∧ ωp,q;p+q−jj

)
∧ ωk−(p+q)+j

P ,

where the �rst factor on the right hand side is of the same form as in (i). If we
apply the de�nition of ∂∗K to this decomposition we can �rst move the power
of ωP outside of the K-Hodge star since this kernel is of degree (0, 2). Next,
being an antiderivation we can distribute the operator ∂K over the wedge
product, where the image of the �rst factor was computed in (i), whereas the
image of the power of ωP can be computed via the formulae in section 4.2.1.
Afterwards, we use Theorem 4.4.1(ii) to write the resulting Poisson kernel as
an image of ∗K and �nally apply Corollary 4.1.4(i) to move the M -invariant
1-forms outside of the K-Hodge star.

The formulae for the images of the other Poisson kernels under ∂∗K follow by
combining the above with the calculus on g/m from Corollary 4.1.4 and the K-
derivative of the Poisson kernels of low degree from 4.2.1. As an example, we
compute theK-codi�erential of the Poisson kernel Z

∗∧ωp,q;kj . In order to do so, �rst
rewrite this form as ιZω and apply the K-Hodge star, which equals 1

2 (−1)p+qZ
∗ ∧

∗Kω using Corollary 4.1.4 and the relation 2Z[ = Z
∗
. Next, we apply the operator

∂K , where we make use of the fact that ∂KZ
∗

= 0 (c.f. section 4.2.1). All in all we
obtain

∂∗K

(
Z
∗ ∧ ωp,q;kj

)
=

1

2
(−1)p+q ∗K

(
Z
∗ ∧ ∂K ∗K ω

)
= −ιZ∂∗Kω,

where we applied Corollary 4.1.4(i) for the last equality. �

Finally, recall from section 4.1.2 that we introduced the Lefschetz map L on
di�erential forms on G/K as the wedge product with the Kähler form ω. Analo-
gously, we de�ne the K-Lefschetz map LK : Ωk(G/M)→ Ωk+2(G/M) as the wedge
product with π∗Kω, where πK is the canonical projection G/M → G/K as before.
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By construction, this map is G-equivariant, and we denote the inducedM -invariant
operator on Λ∗(g/m)∗ as well as on its complexi�cation by the same symbols. Fur-
thermore the image of an M -invariant form of K-type (p, q) under LK is of K-type
(p+1, q+1). Geometrically, if Ψ is a Poisson transform with Poisson kernel ψ, then
the transform associated to the kernel LKψ coincides with the composition L ◦Ψ,
which can be shown using the same arguments as in the proof of Proposition 2.2.3.

Subsequently, we de�ned in section 4.1.2 the G-equivariant operator L∗ as
the adjoint of the Lefschetz map with respect to the Hermitian product, which
can also be computed using the Hodge star operator on G/K. By naturality, we
obtain a corresponding G-equivariant operator L∗K : Ωk(G/M) → Ωk−2(G/M) by
L∗K = ∗−1

K LK∗
−1
K , and we denote its induced M -equivariant map by the same

symbol. By construction, if Ψ is a Poisson transform with Poisson kernel ψ, then
the transform associated to the kernel L∗Kψ coincides with the composition L∗ ◦Ψ,

Proposition 4.4.2. Let p, q and k be integers so that 0 ≤ p, q, k− p, k− q ≤ n
and let j be in the admissible range. Then the image of the corresponding basic
invariant under the operator L∗K is given by

L∗Kω
p,q;k
j = 2j(n+ 1− (p+ q) + j)ωp−1,q−1;k−1

j−1 − 2(p− j)(q − j)ωp−1,q−1;k−1
j .

Furthermore, we have

L∗K(Z∗ ∧ ωp,q;kj ) = Z∗ ∧ L∗Kω
p,q;k
j L∗K(Z

∗ ∧ ωp,q;kj ) = Z
∗ ∧ L∗Kω

p,q;k
j

L∗K(I∗ ∧ ωp,q;kj ) = I∗ ∧ L∗Kω
p,q;k
j

as well as

L∗K(I∗ ∧ Z∗ ∧ Z∗ ∧ ωp,q;kj ) = I∗ ∧ Z∗ ∧ Z∗ ∧ L∗Kω
p,q;k
j − 2iI∗ ∧ ωp,q;kj .

Proof. Recall from Lemma 4.4.1 that the pullback of the Kähler form on G/K
along the canonical projection πK corresponds to the M -invariant form

ωM =
1

2
(iZ∗ ∧ Z∗ + ωK),

which is by de�nition of degree (2, 0) and K-type (1, 1). Therefore, if we apply the
operator L∗K = ∗−1

K LK∗K to any M -invariant form ψ on (g/m)C, then from the
calculus on g/m in Corollary 4.1.4(i) and Proposition 4.2.1 we obtain that

∗−1
K

(
Z∗ ∧ Z∗ ∧ ∗Kψ

)
= 4ιZιZψ.

On the other hand, we can express the wedge product ωK ∧∗Kψ again as an image
under the K-Hodge star using Theorem 4.4.1(iii).

For ψ = ωp,q;kj the interior product with Z and Z is trivial, so the formula for
L∗Kψ reduces to

L∗Kω
p,q;k
j =

1

2
∗−1
K

(
ωK ∧ ∗Kωp,q;kj

)
= 2j(n+ 1− (p+ q) + j)ωp−1,q−1;k−1

j−1 − 2(p− j)(q − j)ωp−1,q−1;k−1
j .

The expressions for the other Poisson kernels follow analogously. �

4.4.3. The image of the BGG-compatible Poisson kernels. Using the
formulae from section 4.4.2 we are able to derive properties of the composition of the
BGG-compatible Poisson transforms from section 4.3 by applying the corresponding
M -equivariant operators to their Poisson kernels.

Proposition 4.4.3. For all 0 ≤ p, q ≤ n let ψp,q be the BGG-compatible Pois-
son kernel de�ned in section 4.3.2.



4.4. PROPERTIES OF THE BGG-COMPATIBLE POISSON TRANSFORMS 133

(i) If p+ q ≤ n, then the Poisson kernels ψp,q satisfy

δKψp,q = 0, L∗Kψp,q = 0.

Furthermore, their partial derivatives are given by the formulae

∂Kψp,q = (n+ 1− (p+ q))Z∗ ∧ ψp,q,

dPψp,q = 2i
(

(n+ 2− p)Z∗ ∧ ψp−1,q − (n+ 2− q)Z∗ ∧ ψp,q−1

)
.

(ii) If p+ q ≥ n+ 1, then the Poisson kernel ψp,q de�ned in section 4.3.2 satisfy

∂Kψp,q = 0, ∂
∗
Kψp,q, = 0 LKψp,q = 0.

Furthermore, the K-derivative of ψp,q is given by

dKψp,q = (n− (p+ q))Z
∗ ∧ ψp,q − (q + 2)I∗ ∧ ψp,q+1,

whereas its P -derivative satis�es for p+ q ≥ n+ 2 that

dPψp,q =
(n+ 1− q)
p+ q − n

2i
(

(n+ 1− (p+ q))Z
∗ ∧ ψp,q−1 − (q + 1)I∗ ∧ ψp,q

)
,

and for p+ q = n+ 1 that

dPψp,q = 2ip
(

(q + 1)Z∗ ∧ ψp−1,q − (p+ 1)Z
∗ ∧ ψp,q−1

)
.

Finally, its K-codi�erential is given by

δKψp,q = 2(p+ q − n)
(
ιZψp,q + (q + 2)p−1ιZψp−1,q+1

)
− 2p−1(p+ q − (n+ 1))2ιIψp−1,q.

Proof. (i) Recall from section 4.3.2 in the case 0 ≤ p + q ≤ n the Poisson
kernel ψp,q was de�ned by

ψp,q =
∑
j∈Z

κp,q;n+1
j I∗ ∧ ωp,q;nj .

First, using the formulae for the holomorphic part of the K-derivative of
the invariant forms of low degree we immediately obtain that

∂Kψp,q = (n+ 1− (p+ q))Z∗ ∧ ψp,q.

Similarly, from the formulae for the P -derivatives of low degree and the rela-
tion

(j + 1)κp,q;n+1
j+1 + (p− j)κp,q;n+1

j = (n+ 2− p)κp−1,q;n+1
j

we deduce that

dPψp,q =
∑
j∈Z

κp,q;n+1
j ωp,q;n+1

j

+ 2i
(

(n+ 2− p)Z∗ ∧ ψp−1,q − (n+ 2− q)Z∗ ∧ ψp,q−1

)
,

and the �rst sum is trivial due to Theorem 4.2.2.
Next, we apply the formulae for the operator ∂∗K from Theorem 4.4.2 and

shift the index j appropriately, obtaining that

∂∗Kψp,q = 2i
∑
j∈Z

κ̃jI
∗ ∧ Z∗ ∧ ωp−1,q−1;n−1

j ,

where the coe�cients are given by

κ̃j = (j + 1)(n+ 1− (p+ q) + j + 1)κp,q;n+1
j+1 − (p− j)(q − j)κp,q;n+1

j .
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However, due to the linear recursion (κ) from Proposition 4.2.2 it follows that
κ̃j = 0 for all j ∈ Z, hence ∂∗Kψp,q = 0. Furthermore, the complex conjugate
of ψp,q equals ψq,p, which implies

∂∗Kψp,q = ∂∗Kψq,p = 0

and therefore also δKψp,q = 0.
Finally, using the formulae for the adjoint of the K-Lefschetz map from

Proposition 4.4.2 and shifting the index j appropriately we obtain in the same
way as above that

L∗Kψp,q = 2
∑
j∈Z

κ̃jI
∗ ∧ ωp−1,q−1;n−1

j = 0.

(ii) If p+ q ≥ n+ 1, then the Poisson kernel ψp,q was de�ned in section 4.3.2 by

ψp,q =
∑
j

κp,q+1;n+1
j+1 Z∗ ∧ ωp−1,q;n

j +
p+ 1

p+ q − n
κp+1,q+1;n+1
j+1 I∗ ∧ ωp,q;nj

− i p+ 1

p+ q − n
κp+1,q+1;n+1
j+2 I∗ ∧ Z∗ ∧ Z∗ ∧ ωp−1,q−1;n−1

j .

In order to determine its image under the operators ∂K and ∂∗K we will rewrite
this form as

ψp,q = Z∗ ∧ ϑp−1,q +
p+ 1

p+ q − n
I∗ ∧ ϑp,q,

where

ϑp,q :=
∑
j∈Z

κp+1,q+1;n+1
j+1 (ωK − iZ∗ ∧ Z

∗
) ∧ ωp−1,q−1;n−1

j−1 .

Using the formulae for the partial derivatives of the invariant forms of
low degree in section 4.2.1 as well as the de�nition of the coe�cients κp,q;kj a
direct computation shows that

∂K(Z∗ ∧ ϑp−1,q) = −(p+ 1)Z∗ ∧ ψp,q,

∂K

(
p+ 1

p+ q − n
I∗ ∧ ϑp,q

)
= (p+ 1)Z∗ ∧ ψp,q,

hence by linearity it follows that ∂Kψp,q = 0.
For the antiholomorphic part ofK-derivative of ψp,q we apply the formulae

in section 4.2.1 as well as the relation

(n+ 1− (p+ q) + j)κp,q+1;n+1
j+1 + (p− j)κp,q+1;n+1

j = (q + 2)κp,q+2;n+1
j+1

to obtain

∂K(Z∗ ∧ ϑp−1,q) = (n− (p+ q))Z
∗ ∧ ψp,q − (q + 2)I∗ ∧ ψp,q+1

− (p+ 1)
∑
j∈Z

κp+1,q+1;n+1
j+1 I∗ ∧ Z∗ ∧ ψp,q.

On the other hand, we have

∂K

(
p+ 1

p+ q − n
I∗ ∧ ϑp,q

)
= (p+ 1)

∑
j∈Z

κp+1,q+1;n+1
j+1 I∗ ∧ Z∗ ∧ ψp,q,

so by linearity of ∂K we obtain the claimed formula.
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Similarly, using the formulae for the P -derivative of the invariant forms
of low degree in section 4.2.1 as well as the de�nition of the coe�cients κp,q;kj

from Theorem 4.2.2 a direct computation shows that

dPψp,q = 2i
n+ 1− q
p+ q − n

∑
j∈Z

(
(n+ 1− (p+ q))κp,q;n+1

j+1 Z
∗ ∧ Z∗ ∧ ωp−1,q−1;n

j

− (p+ 1)κp+1,q;n+1
j+1 Z

∗ ∧ I∗ ∧ ωp,q−1;n
j

− (q + 1)κp,q+1;n+1
j+1 I∗ ∧ Z∗ ∧ ωp−1,q;n

j

)
.

Now for p+ q ≥ n+ 2 the claim immediately follows from the de�nition of the
Poisson kernels ψp,q for p+ q ≥ n+ 1. Moreover, in the case p+ q = n+ 1 we
�rst apply the equation κp+1,q;n+1

j+1 = κp,q−1;n+1
j , and comparing the result to

the de�nition of ψp,q for p+ q = n yields the claim.
Next, we determine the K-codi�erential of ψp,q. Here we can directly

apply the formulae developed in Theorem 4.4.2 and afterwards rewrite the
coe�cients of the resulting linear combination via the de�nition of the complex
numbers κp,q;kj . Similarly, we obtain that ∂

∗
Kψp,q is a linear combination of

the invariant forms I∗ ∧ Z∗ ∧ ωp−1,q−1;n
j . Using the identity

κp,q+1;n+1
j+1 +

p+ 1

p+ q − n
κp+1,q+1;n+1
j+1 =

n− q + 1

p+ q − n
κp,q;n+1
j

the corresponding coe�cients can be written as a multiple of

(j + 1)(n+ 1− (p+ q) + j + 1)κp,q;n+1
j+1 − (p− j)(q − j)κp,q;n+1

j ,

which are trivial due to the relations (κ) in Proposition 4.2.2.
Finally, the K-Lefschetz map is given by the wedge product with the

pullback of the Kähler form of G/K along the canonical projection, which by
Lemma 4.4.1 coincides with the invariant form 1

2 (iZ∗∧Z∗+ωK). Applying this
to our Poisson kernel ψp,q we deduce that the wedge product of �rst summand
i
2Z
∗ ∧ Z∗ is only nontrivial for the second sum of ψp,q. On the other hand,

applying Theorem 4.2.2 to 1
2ωK ∧ ψp,q only the third summand is nontrivial,

and after shifting the index j appropriately we obtain that LKψp,q = 0. �

Using Proposition 2.2.3 we can translate the formulae from the last Proposition
into properties of the corresponding G-equivariant operators

Γ(Hp+q(G/P )⊗ C)→ Ωp,q(G/K)

for all 0 ≤ p, q ≤ n.

Theorem 4.4.3. Let G = SU(n + 1, 1), K ∼= U(n + 1) its maximal compact
subgroup and P its minimal parabolic subgroup. Let p and q be integers with 0 ≤
p, q ≤ n.
(i) For p + q ≤ n let Ψ̃p,q be the G-equivariant operator induced by the BGG-

compatible Poisson kernel ψp,q. Then this operator satis�es

δ ◦ Ψ̃p,q = 0, L∗ ◦ Ψ̃p,q = 0.

(ii) For p + q ≥ n + 1 let Ψ̃1
p,q and Ψ̃2

p,q be the G-equivariant operators on the

homology bundles induce by the kernels ψp,q and ψq,p, respectively. Then the
�rst operator satis�es

L ◦ Ψ̃1
p,q = 0, ∂ ◦ Ψ̃1

p,q = 0, ∂
∗ ◦ Ψ̃1

p,q = 0,
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whereas the second operator has the properties

L ◦ Ψ̃2
p,q = 0, ∂ ◦ Ψ̃2

p,q = 0, ∂∗ ◦ Ψ̃2
p,q = 0.

Proof. (i) By de�nition, for all sections α of ker(∂∗) the di�erential forms
Ψ̃p,q(π(α)) and Ψp,q(α) coincide, so it su�ces to prove the claimed properties
for the Poisson transform Ψp,q. Moreover, by Proposition 2.2.3 we can trans-
late all the other properties to relations on the Poisson kernels ψp,q, which
have been proven in Proposition 4.4.3(i).

(ii) Follows similarly to (i)
�

4.4.4. Real valued BGG-compatible Poisson transforms. So far we
have considered BGG-compatible Poisson transforms which map between complex
valued di�erential forms on the CR-sphere and the complex valued di�erential forms
on the complex hyperbolic space. However, our initial setting was phrased in terms
of real manifolds, hence our aim in this section is to construct BGG-compatible
Poisson kernels ψk whose associated transforms Ψk map between real valued dif-
ferential forms on G/P and real valued di�erential forms on G/K of the same
degree.

First, recall from Lemma 4.3.1 that a BGG-compatible Poisson transform Ψ
between real valued di�erential forms of degree k is BGG-compatible if and only
if the Poisson transforms πp,q ◦Ψ have the same property for all p+ q = k, where
πp,q : Ωp+q(G/K,C)→ Ωp,q(G/K) denotes the canonical projection onto the space
of di�erential forms of type (p, q). Thus, we will de�ne Ψk as a linear combinations
of the operators constructed in section 4.3.2 so that it maps into the space of real
di�erential forms. In terms of the corresponding Poisson kernels this can be ensured
by requiring that

(R1) ψk = ψk

for all 0 ≤ k ≤ 2n+ 1.
Moreover, due to BGG-compatibility the Poisson transforms Ψk factor to G-

equivariant operators Ψ̃k de�ned on sections of the homology bundles over G/P ,
and we want these operators to be chain maps between the BGG-sequence and the
de Rham complex on G/K. Otherwise said, we will construct the Poisson kernels
ψk so that they satisfy

(R2) dKψk = ckdPψk+1

for all 0 ≤ k ≤ 2n, where ck ∈ R is a suitable constant depending on k.
Finally, recall from Proposition 4.4.3 that for p + q ≤ n the Poisson kernels

ψp,q are K-coclosed, which implies that their associated Poisson transforms satisfy
δ ◦Ψp,q = 0 due to Proposition 2.2.3. In particular, for all 0 ≤ k ≤ n the operator
Ψk will have the same property. In order to get a uniform picture we assume that

(R3) δKψk = 0

for all 0 ≤ k ≤ 2n+ 1.
In order to construct Poisson kernels ψk which satisfy the above requirements

we have to distinguish two di�erent cases.

(1) First, let 0 ≤ k ≤ n and recall from section 4.3.2 that the complex conjugate
of the form ψp,q with p + q = k is given by ψq,p. Thus, it su�ces to consider
the ansatz

ψk :=
∑
p+q=k

λp,qψp,q,
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where λp,q are complex numbers satisfying λp,q = λq,p. Then this invariant form
is real by construction and trivial under the K-codi�erential due to Proposition
4.4.3(i).

Thus, we have to choose the coe�cients of ψk in such a way that (R2) is
satis�ed, which by the formulae for the partial derivatives of ψp,q in Proposition
4.4.3(i) is the case if and only if

(n+ 1− k)λp,q = ck2i(n+ 1− p)λp+1,q = −ck2i(n+ 1− q)λp,q+1

for all 0 ≤ p, q ≤ n − 1. In order to obtain simple coe�cients we choose
ck := n+ 1− k and de�ne

λp,q := 2−kip−q
(n+ 1− p)!(n+ 1− q)!

(n+ 1)!2
.

In this way, the Poisson kernel ψk satis�es our requirements (R6) - (R3) for all
0 ≤ k < n.

(2) Similarly, for all n+ 1 ≤ k ≤ 2n+ 1 we consider the ansatz

ψk :=
∑
p+q=k

1

2

(
λp,qψp,q + λq,pψq,p

)
,

which is a real Poisson kernel of degree (k, 2n+ 1− k) by construction. First,
applying the formula for the K-codi�erential of the Poisson kernels ψp,q in
Proposition 4.4.3 and using linearity of δK it follows that ψk is K-coclosed if
and only if its coe�cients satisfy the relation

λp+1,q + λq+1,p = 0

for all p+ q ≥ n+ 1.
Furthermore, we want to choose the coe�cients so that

dKψk = ckdPψk+1

for all k ≥ n + 1. In order to do so, note that Proposition 4.4.3 immediately
implies

(p+ q − n+ 1)dPψp,q+1 = 2i(n− q)dKψp,q.

Thus, using linearity of the partial derivatives we deduce that the coe�cients
of ψk have to satisfy

(k − n+ 1)λp,q = ck2i(n− q)λp,q+1

for all p, q. In order to obtain an explicit solution we choose ck := k − n + 1
and de�ne

λp,q := 2−kip−q
(n+ 1− p)!(n− q)!

(n+ 1)!2
.

In this way, the Poisson kernel ψk satis�es our requirements for all n + 1 ≤
k ≤ 2n+ 1. Note that with these choices of coe�cients the Poisson kernels also
satisfy

dKψn = dPψn+1

due to Proposition 4.4.3.
Let Ψk : Ωk(G/P )→ Ωk(G/K) denote the Poisson transform associated to the

kernel ψk for all 0 ≤ k ≤ 2n + 1 and let Ψ̃k denote the induced G-equivariant
operator on sections of the corresponding homology bundles. Then the connection
between M -equivariant maps on the space of Poisson kernels and the composition
of di�erential operators on G/K with Poisson transforms provided by Proposition
2.2.3 leads to the following Theorem.
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Theorem 4.4.4. For 0 ≤ k ≤ 2n + 1 the Poisson transform Ψk factors to a
G-equivariant operator

Ψ̃k : Γ(Hk(G/P ))→ Ωk(G/K),

which has the following properties:

(i) The image of Ψ̃k consists of harmonic and coclosed di�erential forms.

(ii) The images of Ψ̃k are primitive for 0 ≤ k ≤ n and trivial under the Lefschetz
map for n+ 1 ≤ k ≤ 2n+ 1.

(iii) For all 0 ≤ k ≤ 2n+ 1 we have

d ◦ Ψ̃k = (|n− k|+ 1)Ψ̃k+1 ◦Dk,

where Dk : Γ(Hk(G/P ))→ Γ(Hk+1(G/P )) denotes the k-th BGG-operator.

Proof. (i) Since the operator Ψ̃k is de�ned by Ψ̃k(π(α)) = Ψk(α) for all
α ∈ Γ(ker(∂∗)), it su�ces to prove that the same properties hold for Ψk.
First, by Theorem 4.3.2 the images of the Poisson transforms Ψp,q consist of
harmonic di�erential forms, so by linearity the same is true for the images
of Ψk. Moreover, we constructed the Poisson kernels ψk so that they satisfy
δKψk = 0 for all 0 ≤ k ≤ 2n + 1, hence Proposition 2.2.3 implies that the
images of Ψk are coclosed.

(ii) Follows from Theorem 4.3.2.
(iii) Recall that we de�ned the Poisson kernels ψk so that

dKψk = (|n− k|+ 1)dPψk+1

for all 0 ≤ k ≤ 2n. Since the dimension of G/K is even, we obtain from
Proposition 2.2.3 that d ◦Ψk = (|n− k|+ 1)Ψk ◦ d and therefore

(|n− k|+ 1)(Ψ̃k ◦Dk) = (|n− k|+ 1) (Ψk ◦ d ◦ L) = d ◦ Ψ̃k,

where we used that Ψ̃k = Ψk ◦ L due to BGG-compatibility. �
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Zusammenfassung

Das Ziel dieser Dissertation ist die Einführung eines neuen Zugangs zu Pois-
sontransformationen zwischen vektorbündelwertigen Di�erentialformen auf homo-
genen parabolischen Geometrien G/P und vektorbündelwertigen Di�erentialformen
auf dem entsprechenden Riemannschen symmetrischen Raum G/K. Explizit sind
diese Abbildungen gegeben als Integraloperatoren, die zu G-invarianten Di�eren-
tialformen auf einem homogenen Raum von G assoziiert sind, und damit vollständig
durch invariante Elemente in einer endlich dimensionalen Darstellung einer reduk-
tiven Lie Gruppe bestimmt. Weiters erlaubt der auf den Di�erentialformenkalkül
zugeschnittene Ansatz dass Kompositionen von Poissontransformationen mit bes-
timmten G-äquivarianten Di�erentialoperatoren wieder als solche ausgedrückt wer-
den können. Dadurch können wir Operatoren mit vorgegebenen Kompatibilitäts-
bedingungen durch Berechnungen auf dem Level der zugehörigen Darstellungen
explizit konstruieren. Als Beispiel kreieren wir eine universelle Familie von Pois-
sontransformationen Φk zwischen reellwertigen Di�erentialformen, deren Bilder ko-
geschlossen sind und die sich für glatte Funktionen auf die klassische Transformation
reduzieren.

Danach wenden wir unseren Ansatz auf den Fall G = SO(n + 1, 1)0 an und
zeigen, dass die Operatoren Φk Kettenabbildungen zwischen den de Rham Sequen-
zen auf der konformen Sphäre und dem reell hyperbolischen Raum sind. Zusätzlich
präsentieren wir eine explizite Konstruktion einer Familie von Poissontransforma-
tion zwischen Di�erentialformen mit Werten in den jeweiligen Standardtraktor-
bündeln, die G-äquivariante Kettenabbildungen zwischen der zugehörigen BGG-
Sequenz auf G/P und dem getwisteten de Rham Komplex auf G/K induzieren.
Ferner sind die Bilder von gewichteten Di�erentialformen unter diesen Operatoren
Eigenformen für einen kovarianten Laplace Operator.

Schlussendlich betrachten wir den Fall G = SU(n + 1, 1), wo wir eine feinere
Zerlegung des Raumes der Poissonkerne erhalten, indem wir die Kähler Struk-
tur auf dem komplex hyperbolischen Raum und die CR-Struktur auf der zuge-
hörigen Randsphäre G/P ausnutzen. Dies ermöglicht es in Folge Poissontrans-
formationen zwischen komplexwertigen Di�erentialformen zu konstruieren, die zu
G-äquivarianten Operatoren auf Schnitten der komplexi�zierten Homologiebündel
auf der CR-Sphäre faktorisieren. Im weiteren Verlauf werden diese dazu verwen-
det äquivariante Kettenabbildungen zwischen dem reellwertigen BGG-Komplex auf
G/P und dem de Rham Komplex auf G/K zu de�nieren.
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"Cartan Geometries and Di�erential Equations";
Project leader: Prof. Andreas �ap

Teaching experience (University of Vienna)

- Problem sessions to Linear Algebra for Physicists (in German), Faculty of
Physics, winter terms 2016 and 2015

- Problem sessions to Analysis 2 for Physicists (in German), Faculty of Physics,
summer term 2015

- Problem sessions to Analysis 1 for Physicists (in German), Faculty of Physics,
winter term 2014

- Teaching assistant for Algorithms and Data structures (in German), Faculty
of Informatics, summer term 2010

- Teaching assistant for Introduction to Programming in C++ (in German),
Faculty of Informatics, winter term 2009

- Teaching assistant for Introduction to Scienti�c Computing (in German),
Faculty of Informatics, winter term 2008

Awards

2011 Award of Excellence of the Austrian Ministry of Science and Research

2008 - 2010 Competitive excellence scolarships of the University of Vienna for the
three academic years 2008/2009, 2009/2010 and 2010/2011

Other academic activies

2016 - present Member of the Vienna Doctoral School 'Mathematics'; since Oc-
tober 2016 member of the steering commitee

2016 Member of the habilitation comitee for José Luis Romero

Vienna, February 16, 2017


