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Abstract

The aim of this thesis is to introduce a new approach on Poisson transforms be-
tween vector bundle valued differential forms on a homogeneous parabolic geometry
G/P and vector bundle valued differential forms on the corresponding Riemann-
ian symmetric space G/K. Explicitly, these transforms are given by G-equivariant
integral operators associated to a G-invariant differential form on a homogeneous
space of G as its kernel, hence they are fully determined by invariant elements in
a finite dimensional representation of a reductive Lie group. In addition, since this
approach is tailored to the calculus of differential forms, we can express composi-
tions of Poisson transforms with several G-equivariant differential operators again
as Poisson transforms. In this way, we can explicitly design such operators with pre-
scribed compatibility conditions via computations on the level of the corresponding
representations. As a demonstration, we will construct a universal family of Pois-
son transforms ®;, between real valued differential forms, whose images are coclosed
and which reduces to the classical transform for smooth functions.

Afterwards, we apply our method to G = SO(n + 1,1)¢ and prove that the
operators @ are chain maps between the de Rham sequences on the conformal
sphere and on the real hyperbolic space, respectively. Furthermore, we give an
explicit construction of a family of Poisson transforms between standard tractor
bundle valued differential forms, which factor to G-equivariant chain maps between
the corresponding BGG-sequence on G/P and the twisted de Rham complex on
G /K. Furthermore, the images of weighted differential forms under these operators
are eigenforms for a covariant Laplace operator.

Finally, we turn to the case G = SU(n + 1,1), where we obtain a finer de-
composition of the space of Poisson kernels by exploiting the K&hler structure on
the complex hyperbolic space G/K as well as the CR-structure on the correspond-
ing boundary sphere G/P. This enables us to construct Poisson transforms be-
tween complex valued differential forms which descend to G-equivariant operators
on sections of the complexified homology bundles on the CR-sphere. Subsequently,
these will be used to design equivariant chain maps between the real valued BGG-
sequence on G/P and the de Rham sequence on G/K.
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Introduction

An important question in the theory of geometry on homogeneous spaces G/H
is the existence of local invariants, i.e. G-invariant sections of homogeneous bundles,
as well as differential operators which are equivariant with respect to the induced
G-actions and therefore intrinsic to the given geometric structure. However, the
existence and properties of such objects strongly depend on the Lie groups G and
H. Indeed, since any Riemannian symmetric space G/K is reductive, every homo-
geneous vector bundle over G/ K carries a canonical G-invariant connection, hence
taking iterative derivatives and apply them to its curvature produce a vast amount
of differential operators and local invariants, respectively.

On the other hand, the lack of G-invariant data on homogeneous vector bundles
on homogeneous parabolic geometries G/P made the construction of local invari-
ants and G-equivariant differential operators an intractable problem for a long time.
This was ultimately solved by the development of a unified theory for parabolic ge-
ometries in terms of Cartan connections, which led to a tractor calculus on homo-
geneous vector bundles V' over G/ P associated to G-representations. Furthermore,
via the canonical Lie algebra structure on the cotangent spaces of G/P and the
induced homology differential 0* on Q*(G/P, V), called the Kostant codifferential,
the concept of BGG-sequences were introduced in [CSS01] and [CDO01]|. These
are complexes of G-invariant differential operators D between sections of the corre-
sponding homology bundles H(G/P,V) = ker(0*)/im(9*). Here, the crucial part
is the existence of a splitting operator L: Hy(G/P, V) — ker(90*) for the canonical
projection, which is characterized by 0* o d¥ o L = 0 in terms of the covariant
exterior derivative dV induced by the tractor connection on V.

Naturally, the question arises if these two very different geometric structures
can be related by a natural operator, which is answered by the Poisson transform.
Initially, this was defined in the 1850’s as an integral operator mapping continuous
functions ¢ on the boundary OB of the unit ball B in R™ to smooth harmonic
functions w on B, which satisfy u|lsp = ¢, c.f. [GT01, Theorem 2.6]. Otherwise
said, the Poisson transform provided the solution of the corresponding Dirichlet
problem on the unit ball. Afterwards, it was reformulated in terms of group theory
as an operator from distributions on K/M to smooth functions on G/K, where the
compact symmetric space K /M is interpreted as the Fiirstenberg boundary of G/ K,
ctf. [BJO6, ch. 1.6]. In this setting, the main purpose of the Poisson transform was
to produce joint eigenfunctions of the algebra of G-invariant differential operators on
G/K, see [Hel94, Proposition 11.3.14]. Afterwards, it was reinterpreted in [KZ11,
section 4.1] as a G-equivariant differential operator mapping sections of principal
series representations on G/ Py, where Py is a minimal parabolic subgroup of G, to
smooth functions on G/K.

Due to its various important properties the Poisson transform was generalized
to a map between sections of homogeneous vector bundles over K/M = G/P, and
sections of homogeneous vector bundles over G/ K, first for the case of real rank 1
in [vdV94] and afterwards in full generality in [Olb95] and [Yan94|. Here, the
existence and the properties of such operators depend directly on an M-equivariant
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map between the representations underlying the natural bundles. Another approach
in this direction was taken by P.Y-Gaillard in [Gai86], in which he defined Poisson
transforms between density valued differential forms on the conformal sphere and
real valued differential forms on the real hyperbolic space of the same degree. This
was done by constructing an SO(n+1, 1)-invariant differential form on the product
manifold using “visual maps” as in [Thu, chapter 11], see also section 2.1.3.

The aim of this thesis is to generalize Gaillard’s approach to Poisson transforms.
Explicitly, let G be a semisimple Lie group with finite centre, K its maximal com-
pact subgroup, P a parabolic subgroup of G and let V and W be finite dimensional
representations of P and K, respectively. Then we construct in section 2.2.1 G-
equivariant Poisson transforms

d: QG/P,G xpV) = QG/K,G x W)

by considering a (G x pr L(V,W))-valued differential form ¢ on the product space
G/K x G/P and define

D(a) := PNATH
/P
for all « € Q*(G/P,G x pV), where mp is the canonical projection from the product
manifold G/K x G/ P onto its second factor and where /P denotes the fibre inte-

gral over G/P. Now the crucial observation that G/K x G/ P is itself a homogeneous
space isomorphic to G/M with M = K N P implies that the Poisson kernel ¢ is de-
termined entirely by an invariant element in a finite dimensional M-representation,
c.f. Theorem 2.2.1.

Despite being a special case of the general vector valued version of Poisson
transforms (c.f. Theorem 2.2.2), the advantage of our approach is that it is tailored
specifically to the calculus of differential forms. In this way, the compositions of ®
with the covariant exterior derivative and the Kostant codifferential on G/P as well
as with the standard differential operators in Hodge theory on G/K can be realized
again as Poisson transforms in our sense, c.f. Proposition 2.2.3. In particular, we
can determine the properties of these compositions on the level of the corresponding
M -representations, i.e. via computations in finite dimensional vector spaces.

A special focus in this thesis is put on the construction of G-equivariant op-
erators @ defined on sections of the homology bundles H(G/P,G xp V) for irre-
ducible G-representations V. One way to obtain such operators is to first identify
the sections of these bundles with the subcomplex of the twisted de Rham-complex
determined by the Casimir eigenvalue of V via the splitting operator using [CSO7,
Corollary 1], and afterwards apply a nontrivial Poisson transform. However, the
explicit computation of the image of the splitting operator is a difficult task in
general, meaning that we cannot relate these to properties of the Poisson kernel
corresponding to ®. Therefore, we choose to construct Poisson transforms which are
trivial on the image of the Kostant codifferential, as they factor canonically to such
G-equivariant operators which can be computed independently of the representative
of a section of H(G/P,G x pV). Furthermore, in this picture the composition of ®
with the BGG-operators can be described in terms of the corresponding transform
® as the composition with the covariant exterior derivative. The study of these
BGG-compatible Poisson transforms culminates in Theorem 2.2.3 which provides
a relation to the Laplace operator on G/K induced by the tractor connection.

THEOREM. Let V be a G-representation. Then for any Poisson transform
®: OF(G/P,G xpV) = QF(G/K,G x i V) the following are equivalent:
(i) The image of the transform ® is contained in the harmonic differential forms.
(ii) The transform ® is BGG-compatible.
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Afterwards, we will show the efficiency of our approach by considering several
explicit cases. First, using an easy analysis of the geometry of G/M we uniformly
construct in section 2.3.2 a family of Poisson kernel whose associated Poisson trans-
forms

o: QF(G/P, ENN) — OF(G/K)

have the property that their images consist of coclosed differential forms. Next,
we turn in section 3 to the case of G = SO(n + 1, 1), where we discuss Gaillard’s
transforms in a more conceptual way, recovering many of its properties. In addi-
tion, we present a new construction of a BGG-compatible vector valued Poisson
kernel whose associated Poisson transform maps between standard tractor valued
differential forms on the conformal sphere and standard tractor valued differential
forms on the real hyperbolic space of the same degree. Then a careful analysis
show that the induced G-equivariant operators éX on the corresponding homology
bundles satisfy the following Theorem 3.4.4.

THEOREM. Let V be the standard representation of G = SO(n+ 1,1)g. Then
the G-equivariant operators

) Hi(G/P,G xp V[\]) = Q(G/K,G xx V)
satisfy the following properties:

(i) The image of @X consists of coclosed differential forms and eigenvectors of
the twisted Laplace Beltrami operator with eigenvalue —A\(n — 2k + \).

(ii)) For A = 0 let D be the BGG-operator on T'(Hi(G/P,G xp V)) and d the
covariant exterior derivative on QF(G/K,G x V) induced by the tractor con-
nection on G X V. Then

(k+2)do®) = (-=1)""*k(n — 2k)®},, o D.

Finally, we consider the case G = SU(n + 1,1) and construct in section 4.3.2 a
family of BGG-compatible Poisson transforms between complex valued differential
forms on the CR-sphere and differential forms on G/K with a specific (p, g)-type.
Due to the different nature of the homology bundles on G/ P these operators divide
into two classes depending on the degree k of the differential forms in their domain,
where for k < n we will recover the transforms constructed by Gaillard in [Gai78|.
For the other degrees, the author recently learned through a private conversation
that these operators where obtained independently by M. Olbrich.

The thesis is divided as follows: After recalling some basic properties of complex
and real semisimple Lie algebras in section 1.1 we will discuss in section 1.2 the
correspondence between G-invariant data on homogeneous spaces G/H and H-
invariant objects in finite dimensional vector spaces, which will be essential for
the study of our version of Poisson transforms. Subsequently, we will apply this
to the special case of Riemannian symmetric spaces G/K in section 1.3. Here,
we will focus on the calculus for differential forms with values in homogeneous
bundles associated to G-representations, which is in contrast to irreducible vector
bundles usually considered in harmonic analysis. In particular, we will prove in
Theorem 1.3.3 a Weitzenbdck formula between the resulting Laplace operator and
the differential operator induced by the Casimir element of the Lie algebra of G
similar to [CS07, Corollary 1].

Next, we turn to homogeneous parabolic geometries G/P and introduce the
Kostant codifferential 9* in 1.4.2 on tractor-bundle valued differential forms, which
will lead to the definition of BGG-sequences in 1.4.3. Furthermore, we establish a
formula for the adjoint of 0* with respect to the wedge product of differential forms
in Theorem 1.4.4, which will be needed to relate the composition of this operator
and a Poisson transform to an associated Poisson kernel.
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Section 2 is dedicated to the introduction and general discussion of our version
of Poisson transforms. Explicitly, after their construction in section 2.2.1 we will
prove alternative descriptions in terms of equivariant maps in section 2.2.2 and
show in Proposition 2.2.3 that compositions of Poisson transforms with several
G-equivariant differential operators are again Poisson transforms. This general
discussion is completed by the explicit construction of a family of Poisson kernels
whose associated transforms ®; map between real valued differential forms and
whose images are contained in the coclosed forms on G/K, c.f. Theorem 2.3.2.
Furthermore, we will see in Proposition 2.3.3 that this example reduces in the special
case of minimal parabolic subgroups and real functions to the classical Poisson
transform as in [Hel94, ch. I1.4].

In section 3 we consider Poisson transforms between the conformal sphere and
the real hyperbolic space corresponding to G = SO(n + 1,1)¢. After recalling
the structure of the involved Lie groups and homogeneous spaces in sections 3.1
and 3.2 we focus in 3.3 on the analysis of the Poisson transforms ®; in this case,
which coincide with Gaillard’s transforms in [Gai86|. In particular, we recover
many of their properties in a more efficient and conceptual way. Finally, in section
3.4 we construct vector valued BGG-compatible Poisson kernels whose associated
transforms map between standard tractor bundle valued differential forms of the
same degree. Subsequently, we will show that these operators are chain maps
between the corresponding twisted de Rham sequences and that the induced G-
equivariant operators defined on sections of the weighted homology bundles produce
eigenforms for the twisted Laplace Beltrami operator on G/K.

Finally, in section 4 we turn to the case G = SU(n+1,1). After a discussion of
the geometry of the corresponding homogeneous spaces in 4.1, the geometric prop-
erties of G/M will be used to define basic invariant forms in 4.2.2 as wedge products
of invariant forms of low degree. Subsequently, these will serve in a sophisticated
ansatz tailored to the structure of the homology bundles on G/P to construct BGG-
compatible Poisson kernels whose associated Poisson transforms ®,, , have values in
the space of differential forms of a specific (p, q)-type, c.f. section 4.3.2. Finally, in
section 4.4 we will derive formulae for the M-equivariant maps corresponding to dif-
ferential operators on G/K and use them to determine the properties of the images
of @, , as well as to construct Poisson transforms between real valued differential
forms, which have properties similar to Gaillard’s operators.
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CHAPTER 1

Preliminaries

In this preliminary section we develop the tools needed to construct and study
our approach to Poisson transforms. After recalling some of the theory of Lie
algebras in 1.1 we turn to the discussion of the geometry of homogeneous spaces.
Here, we will first consider the general case G/H in section 1.2, where G is a Lie
group and H is any closed subgroup, and analyse natural geometric objects, such
as homogeneous bundles and invariant connections, in terms of invariant data on
finite dimensional H-representations.

Subsequently, we will apply these tools to two specific types of homogeneous
spaces, starting with symmetric spaces G/K in section 1.3, where we focus on a
calculus of differential forms with values in a tractor bundle. In particular, the
existence of two flat connections on such natural bundles will induce a Laplace
operator on such forms, which can be related to the differential operator induced
by the Casimir element of the Lie algebra of g by a Weitzenbdck formula, c.f.
Theorem 1.3.3.

Afterwards, we consider the case of homogeneous parabolic geometries G/P in
section 1.4. After a brief discussion of the structure of |k|-graded Lie algebras will
introduce the Kostant codifferential, i.e. a homology differential between differential
forms with values in natural bundles which is tensorial and G-equivariant, and the
BGG-operators, which is a series of natural differential operators between sections
of the induced homology bundles.

Finally, we define in section 1.5 the integral of vector bundle valued differential
forms over the fibres of a fibred manifold £ — M and provide a description in a
local coordinates on F. In addition, we will show compatibility of this operation
with covariant exterior derivatives and derive estimates of the pointwise norms of
the integrals in the case of Riemannian submersions.

1.1. Semisimple Lie algebras and their representations

We start our discussion by recalling some properties of complex and real semisim-
ple Lie algebras, which are common knowledge and can be found in any book about
Lie theory, e.g. [Kna02].

1.1.1. Complex semisimple Lie algebras. Let g be a complex semisimple
Lie algebra and let B denote its Killing form, which is an invariant, non-degenerate
bilinear form on g. Choosing a Cartan subalgebra h of g we denote by A the roots
of g and for any o € A by g, the corresponding root space. It is well known that
these spaces are 1-dimensional and that the bracket [gq, 93] equals go1p if o +
is a root and is trivial if o + S is not a root. In particular, this implies that the
Killing form on g induces a non-degenerate pairing of g, and g_,.

Let ho denote the real subspace of h on which all roots are real valued. The
Killing form induces a positive definite inner product { , ) on the real vector space
b;. If we fix a total ordering on b we denote by AT and A° the positive and simple
roots in A, respectively, which correspond to the choice of ordering. Then every

1



2 1. PRELIMINARIES

positive root can be written as a linear combination of simple roots with positive
integer coefficients.

For any finite dimensional representation p: g — gl(V) of g the Cartan algebra b
acts diagonalisable on V. For each weight A € h* we denote by V, the corresponding
weight space and by n) (V) = dim(V,) the multiplicity of the weight A in V. For all
a € A the action of the root space g,, satisfies g,-Vy C V4, where the latter space
is trivial if & + X is not a weight of V. It is well known that every representation
of g is decomposable and splits into a direct sum of irreducible representations.
Moreover, every irreducible representation is determined by its highest weight with
respect to the total ordering on hg.

Recall that the universal enveloping algebra u(g) of g is the unique unital
associative algebra generated by the Lie algebra g. By construction, every g-
representation is canonically a module over u(g). Moreover, the centre of u(g)
commutes with every element in g, so by Schur’s lemma acts by a scalar on irre-
ducible representations. The Casimir C of g is the unique element in u(g) which is
the image of the identity on g under the series of isomorphisms

End(g) —— g®g" ~- g® g,
where we view the latter space as a subspace of the universal enveloping algebra of
g. Explicitly, if {X;} is a basis of g and {Y;} is the dual basis with respect to the
Killing form, then the Casimir is given by C =5, Y; ® X.

PROPOSITION 1.1.1. Let g be a semisimple complex Lie algebra and b be a
Cartan subalgebra of g. Let (, ) and | || denote the inner product and the norm on
the real subspace b, respectively, which are both induced by the Killing form. LetV
be an irreducible representation of g with highest weight A € b*. Then the Casimir
C € u(g) of g acts on 'V by the scalar

IXZ + 20X, 8) = [Ix+8]1* — 18|,
where § = %ZQGA+ « is the lowest weight of g.

Proor. [Kna02, Proposition 5.28]. O

1.1.2. Parabolic subalgebras of complex semisimple Lie algebras. Let
g be a complex semisimple Lie algebra. A Borel subalgebra of g is a maximal
solvable Lie subalgebra, which is unique up to inner automorphisms of g. In order
to construct it explicitly, first choose a Cartan subalgebra h of g and a positive
subsystem AT of the roots of g. Afterwards, define the nilpotent subalgebra n of
g as the direct sum of all roots spaces corresponding to positive roots. Then the
space b := h & n is a maximal solvable subalgebra of g, called the standard Borel
subalgebra with respect to the choice of h and AT,

A (standard) parabolic subalgebra is a subalgebra p of g which contains a (stan-
dard) Borel subalgebra. It can be shown that every parabolic subalgebra is a
standard parabolic subalgebra for appropriate choices of a Cartan subalgebra and
positive roots. Explicitly, there is a correspondence between parabolic subalgebras
and subsets of simple roots of g.

PROPOSITION 1.1.2. Let g be a complex semisimple Lie algebra, h C g a Cartan
subalgebra, A the corresponding set of roots and A° the set of simple roots for a
given ordering on hi. Then there is a bijective correspondence between subsets of
A and standard parabolic subalgebras p of g.

Ezxplicitly, it is given by the map

pHEp:{aEAO\g,a§Zp},
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whose inverse assigns to every set X of simple roots the direct sum of the stan-
dard Borel subalgebra b and all negative root spaces which can be written as linear
combinations of elements in A°\ X.

Proor. [CS09, Proposition 3.2.1] O

This correspondence can be used to associate a direct sum decomposition of
the Lie algebra g, which is nicely compatible with the Lie bracket.

DEFINITION 1.1.2. Let g be a (complex or real) semisimple Lie algebra and
k > 0 an integer. A |k|-grading on g is a decomposition g = g_x @ - - - ® g, of g into
a direct sum of vector spaces so that
(a) [9i,9;] C gi+j, where we agree that g; = {0} if |i] > &,
(b) the subalgebra g_ :=g_x & --- ® g_1 is generated by g_; as a Lie algebra,
(¢) g—x # {0} and g). # {0}.

Now we explain how parabolic subalgebras are related to |k|-gradings on g. Let
p be a parabolic subalgebra of g corresponding to the subset ¥ of the simple roots
A% ={ay,...,a,}. Then we define the X-height htx(a) of a root a € A via

hts; (;aim) = > a

Lo EX
Moreover, for all i € Z, i # 0 we define g; := €D, 1ty (a)=i 9o, and for i =0 we put
9o = h D @a:htz(a):() Ga-

THEOREM 1.1.2. Let g be a complex semisimple Lie algebra and b a Cartan
subalgebra of g with corresponding roots A. Choose a positive subsystem AT and
let A° be the simple roots in A.

(i) For any standard parabolic subalgebra p C g corresponding to ¥ C A° the
decomposition § = g_x D --- ® gr according to Y-height endows g with a
structure of a |k|-graded Lie algebra such thatp = go @ -+ - D g.-

(ii) Conversely, for any |k|-grading we can choose a Cartan subalgebra and positive
roots so that p := go®- - -Dgx 1s a standard parabolic subalgebra corresponding
to X, and the grading is given by X-height.

PRrROOF. [CS09, Theorem 3.2.1] O

Since |k|-gradings of semisimple Lie algebras will play a significant role in the
study of parabolic geometries, we will analyse them further in section 1.4.1.

1.1.3. Real semisimple Lie algebras. Let g be a real semisimple Lie al-
gebra and let B be the Killing form of g. Let 6 be a Cartan involution of g and
g = t @ q be the corresponding Cartan decomposition, where £ and g denote the
eigenspaces of 6 with eigenvalues +1 and —1, respectively. Determining directly
the bracket relations with respect to the Cartan decomposition we obtain that €
is a Lie subalgebra of g, the vector space q is a £-module via the adjoint action
and [q, q] C €. Moreover, the restriction of the Killing form to ¢ is negative definite
whereas its restriction to q is positive definite.

From now on we assume that the subspace q is nontrivial. Choosing a maximal
abelian subspace a C ¢ the maps ad(X) for X € a are simultaneously diagonalisable.
We call the dimension of a the real rank of the Lie algebra g. Moreover, we denote
by A, C a* the set of restricted roots and for any such restricted root A\ we define
g, to be the corresponding restricted root space.

If A is a restricted root, then the Cartan involution induces a linear isomorphism
between g, and g_», which implies that also —\ is a restricted root. Moreover, we
have [gx, g.] C gayp for all A, € A,. In particular, the space g is a subalgebra



4 1. PRELIMINARIES

of g which is invariant under the action of #. Thus, we can decompose g, into the
direct sum of m := go N ¢, which is the centralizer of a in ¢, and gy Nq, which equals
a by maximality.

Choosing a notion of positivity on a* we denote by A and A the positive and
simple restricted roots, respectively. Let n be the direct sum of all restricted root
spaces corresponding to positive roots. Then by definition of the Cartan involution
the space 6(n) consists of all negative root spaces. Hence, we can decompose g into
the direct sum

g=0n)dmedadn

of go-modules. In particular, every summand in the above decomposition is an
m-module as well as an a-module. Using the relation [gx,g,] C g+, we deduce
that both n and 6(n) are nilpotent Lie algebras. Moreover, the space a @ n is a
subalgebra of g with bracket relation [a @ n,a @ n] C n, meaning that a ®n is a
solvable Lie algebra.

Next, we want to see how the Cartan decomposition is related to the above
eigenspace decomposition of g. The maximal compact subalgebra ¢ was defined as
the (41)-eigenspace of the Cartan involution. By definition, the Lie algebra m is
contained in ¢, whereas a is a subalgebra of q. Moreover, we can write every element
X enas

X = %(X +0(X)) + %(X - 0(X)),

where the first summand is contained in ¢, whereas the second summand lies in g.
In particular, if we define

S.(n) == {X £ 0(X)|X €n}

we see that € = Sy (n) @m and q = S_(n) ® a. From this we immediately obtain
the Iwasawa decomposition g = € @ a @ n of the Lie algebra g.

Let G be a connected Lie group with Lie algebra g and let ©: G — G be the
global Cartan involution, i.e. the unique automorphism of G whose derivative is 6.
The group K of fixed points of © is a connected closed subgroup of G which contains
the centre Z(G) and has Lie algebra €. In particular, the group K is compact if
and only if Z(G) is finite. In this case, K is a maximal compact subgroup of G.

It is also possible to prove a global version of the Iwasawa decomposition. For
that, let A and N be the analytic subgroups of G corresponding to the Lie algebras
a and n and let K be the fix point set of the global Cartan involution as above.

ProprosITION 1.1.3 (Global Iwasawa decomposition). Using the notation from
above, the multiplication K x A x N — G, (k,a,n) — kan, is a diffeomorphism.

Proor. [Kna02, Theorem 6.46] O

1.1.4. Parabolic subalgebras of real semisimple Lie algebras. In the
realm of real semisimple Lie algebras g we will define parabolic subalgebras in terms
of their complexification in gc. For that, we first have to analyse the connection
between restricted root systems of g and roots in gc.

As before let g be a real semisimple Lie algebra, § a Cartan involution with
corresponding Cartan decomposition g = €@ q, a C q a maximal abelian subalgebra
and m the centralizer of a in €. Let h be a Cartan subalgebra of g, i.e. a maximal
abelian subalgebra so that its complexification h¢ is a Cartan subalgebra of gc. In
order to get a connection between the roots of g¢ and the restricted roots of g, we
assume that h is f-stable. In this way, we can decompose h into the direct sum
(hNe) @ (hNgq), and we say that b is mazimally noncompact if the dimension of hNgq
is maximal amongst all choices of Cartan subalgebras. We can realize a maximally
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noncompact 6-stable Cartan algebra by choosing a maximal abelian subalgebra t
in m and defining h :=t® a.

Let A denote the roots of g¢ with respect to hc. Then the restricted roots A,
are exactly the nontrivial restrictions of roots of g¢ to a. On the other hand, let
A, ={a € A: alq = 0} be the set of compact roots of gc. If we denote by o the
conjugation on gc with respect to the real form g, then a root is compact if and
only if 0*a = —a. We say that a positive subsystem AT of A is admissible if for
a € AT we either have 0*a = —a or o*a € A™T.

DEFINITION 1.1.4 (Parabolic subalgebra). Let g be a real semisimple Lie alge-
bra with complexification gc, # a Cartan involution, b a #-stable maximally noncom-
pact Cartan subalgebra in g, A the set of roots of (gc, hc) and At and admissible
positive subsystem.

A Lie subalgebra p of g is called a standard parabolic subalgebra with respect to
h and AT if and only if the complexification p¢ is a standard parabolic subalgebra
of g¢ with respect to hc and A™.

Analogously to the case of complex parabolic subalgebras, there is a connection
between subsets of the restricted roots and standard parabolic subalgebras.

PROPOSITION 1.1.4. Let g be a real semisimple Lie algebra, 6 a Cartan invo-
lution with associated Cartan decomposition g = €@ q and h = t S a a mazimally
noncompact 0-stable Cartan subalgebra. Let A be the roots of gc and AT be an
admissible positive subsystem.

(i) Let m = Z¢(a) and n C g be the direct sum of all positive restricted root
spaces. Then py :=m @ adn is a subalgebra of g, and the standard parabolic
subalgebras of g are exactly those containing pg.

(ii) Let AU be the set of simple restricted roots. Then subsets of AV are in bi-
jective correspondence with the set of all standard parabolic subalgebras of g.
Eaxplicitly, the correspondence is given by mapping X C A% to the sum of po
and the restricted root space for those negative restricted roots which can be
written as a linear combination of elements in A%\ X.

PrOOF. [CS09, Theorem 3.2.9] O

Let p C g be a parabolic subalgebra of g corresponding to ¥ C AY. As before,
we can introduce the Y-height of restricted roots in A, which induces a grading

of g via the restricted root space decomposition. Thus, we are able to associate a
|k|-grading on g as in the case of complex Lie algebras.

THEOREM 1.1.4. Let g be a real semisimple Lie algebra and 0 a Cartan invo-
lution on g. Let by be a 0-stable mazimally noncompact Cartan subalgebra of g and
choose an admissible positive subsystem AT. Then we have:

(i) For a standard parabolic subalgebra p C g corresponding to a subset ¥ C AL,
the X-height determines a |k|-grading of g such that p =gy & --- & gg.

(i) Given a |k|-grading of g, there is an automorphism ¢ € Int(g) such that the
image of go®- - -Bgr under ¢ is a standard parabolic subalgebra of g. Denoting
by ¥ the corresponding subset of AL, the given grading on g is induced by the
grading by Y-height via ¢.

Proor. [CS09, Proposition 3.2.9] O
1.2. Geometry of homogeneous spaces

In the sequel we will introduce a new method of constructing Poisson transforms
between sections of homogeneous bundles on homogeneous parabolic geometries
and Riemannian symmetric spaces, respectively, which will depend on invariant
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differential forms on a homogeneous space. Thus, for the analysis of these opera-
tors several tools developed in the study of the geometry on homogeneous spaces
G/H can be used, to which this section is dedicated. First, we recall the notion
of (sections of) homogeneous bundles and link these to invariant objects in finite
dimensional H-representations in sections 1.2.1 and 1.2.2. Next, we turn our focus
to invariant differential operators by discussing G-invariant connections on natural
vector bundles and their local invariants in 1.2.3 as well as the corresponding covari-
ant exterior derivative in section 1.2.4. Afterwards, we will introduce the adjoint
tractor bundle in section 1.2.5 and show how it induces a notion of a fundamental
derivative D for all natural bundles, which will be related in section 1.2.6 to the
differential operator induced by the Casimir element of the Lie algebra of G.

1.2.1. Homogeneous bundles. Let G be a Lie group and g the Lie algebra
of G. We will denote by Ad: G — GL(g) and ad: g — gl(g) the adjoint actions
of G and g, respectively. In addition, the Maurer-Cartan form will be denoted by
wg € QYG, g).

For a closed subgroup H of G consider the homogeneous space M := G/H.
Left multiplication on G induces a left G-action ¢, on the homogeneous space by
diffeomorphisms. Moreover, the canonical projection 7g: G — M endows G with
the structure of a principal H-bundle over M.

Let 75: E — M be a homogeneous bundle with G-action ¢ on E. Then we
obtain an induced H-action on the fibre F, = 75" (0) over o = eH by restriction.
The associated bundle construction delivers an isomorphism F = G x g E,, so the
H-manifold E, determines the bundle E completely.

PROPOSITION 1.2.1. Let 0 = eH € G/H and let E, denote the fibre over o.
The mappings E — E, and f — f\EO induce an equivalence between the category of
homogeneous fibre bundles over G/H and the category of manifolds endowed with
left H-actions and H -equivariant smooth maps. In this equivalence, vector bundles
correspond to H-representations.

Proor. [CS09, Proposition 1.4.3.] O

Since the associated bundle construction is natural, every natural bundle over
a homogeneous space is again homogeneous. Furthermore, dual bundles, Whitney
sums, tensor products and exterior powers of homogeneous bundles are homoge-
neous, and the corresponding representations are given by their counterpart on the
level of vector spaces. For example, if V' and W are homogeneous vector bundles
with corresponding H-representations V and W, then the bundle V* & W is also
homogeneous with underlying H-representation V* @& W.

Finally, if we choose V to be a representation of the full group G, then we can
view V also as a representation of the Lie group H by restriction. Therefore, we can
form the associated vector bundle G x g V over G/H, which we will call a tractor
bundle over G/H. We obtain a natural diffeomorphism G xg V = G/H x V by
mapping [g, v] to the element (gH, g-v). This shows that on a homogeneous space
every tractor bundle is globally trivial.

As an important example, we consider the tangent bundle T'M of the homoge-
neous space M. Via the tangent maps of the G-action on M this is a homogeneous
bundle. If we denote by g and b the Lie algebras of G and H, respectively, Proposi-
tion 1.2.1 tells us that TM = G x g g/b, where we identified the tangent space T, M
at o = eH with the H-representation g/h. Explicitly, if m, denotes the canonical
projection g — g/h, this diffeomorphism assigns to any tangent vector { € Ty M
the element [g, 7 (we(€))] in the associated bundle G' x i g/h, where € € T,G is a
lift of £ to G. Since two such lifts differ by an element of the vertical bundle V' M,
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which is mapped to § by wg, this map is indeed well defined. A direct computation
shows that the induced action of h € H on the fibre over o = eH is given by

h- 7y (X) = mp(Ad(R) (X)) =: Ad(R)(X +b)

for all X € g.

By naturality of associated bundles we deduce that the cotangent bundle 7 M
of TM is also a homogeneous bundle diffeomorphic to G x g (g/h)*. In addition,
functoriality implies that the action of h € H on ¢ € (g/h)* is the dual of the
action of H on g/b, i.e.

(h- @)(X +1b) = p(Ad(h™")(X + b))

for all X +bh € g/h. In a similar way, we can determine the induced H-actions
on A¥(g/h)*, which correspond to the homogeneous vector bundles A¥T*M for all
1 <k < dim(M).

For the construction of Poisson transforms we have to analyse the pullback of
a homogeneous vector bundle along diffeomorphisms between homogeneous spaces.

COROLLARY 1.2.1. Let G be a Lie group, H and K closed subgroups of G
with K C H and let 7: G/K — G/H be the canonical projection. For any H-
representation V let V' denote the associated vector bundle over G/H. Then the
pullback bundle 7V — G/K is a homogeneous vector bundle isomorphic to GX gV,
where V is viewed as a K-representation by restriction.

PRrOOF. By definition, the fibre of 7*V over a point gK € G/K is given by
the set of all pairs £ = (¢K,n) with n € V. Since V is a homogeneous bundle,
we deduce that ¢’ - £ := (¢'gK, ¢'n) is a well defined element in (7*V)g4e x and
thus defines a G-action on the pullback bundle compatible with the projection
™V — G/K. Therefore, we see that the pullback bundle is a homogeneous bundle
over G/K. The corresponding K-action on the fibre of 7*V over o = eK reads as
k- (0,v) = (0, kv) for v € V, where we consider V with the induced K-action on the
right hand side. Thus, we obtain a diffeomorphism 7*V = G x i V. O

1.2.2. Sections of homogeneous bundles. As in the last section, let G be
a Lie group with Lie algebra g and H be a closed subgroup of G with Lie algebra b.
Let V. — M be a homogeneous vector bundle over M := G/H with underlying H-
representation V. Then the space of smooth sections I'(V') of V inherits a G-action
via (g-s)(g'H) :=g-s(g 'g'H) for all s € ['(V) and g, ¢’ € G. We call I'(V) the
induced representation of G corresponding to the H-representation V, and denote
it by Ind% (V).

Equivalently, we can describe the space of sections of V' as the set of smooth
maps f: G — V which satisfy the equivariance condition f(gh) = h=!- f(g) for
all g € G and h € H. Given such a map, we can define a section of V via
s(gH) = [g, f(g)] for all g € G, and this assignment is an isomorphism. In this
picture, the G-action on I'(V) translates to (¢’ f)(g9) = f((¢’)"'g) forall g, ¢’ € G.

Since every homogeneous vector bundle is determined by its underlying repre-
sentation, we are able to relate G-invariant sections of the bundle with invariant
elements in the vector space.

THEOREM 1.2.2. Let V. — G/H be a homogeneous vector bundle with underly-
ing H-representation V, and let X be a smooth manifold endowed with a smooth left
G-action. Then the evaluation at o = eH induces a natural bijection between the
set of G-equivariant maps ®: X — I'(V') which are smooth as maps ®,: X — E,,
and the set of smooth, H -equivariant maps X — V. In particular, there is a natural
linear bijection between the set T' (V)Y of G-invariant sections of V and the set V¥
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of H-invariant elements in the standard fibre. Denoting by Resg(V) the space V
viewed as an H-representation, this implies that we get a linear isomorphism

Home (V, Ind$% (W) = Homp (Res$ (V), W),
i.e., Resg and Indg are adjoint functors.

ProOOF. [CS09, Theorem 1.4.4.]. Note that the original assumptions in the
book do not guarantee that f: X — V induces a map from X into the smooth
sections of E. 0

In section 2.2.1 we will define the Poisson transform by using an G-invariant dif-
ferential form on a homogeneous space with values in a homogeneous vector bundle.
Therefore, it will be important to determine the G-action on this space explicitly.
As before, let V' be a homogeneous vector bundle over M with corresponding H-
representation V and denote the G-action on V by . If o is a V-valued differential
form of degree k on M, then for all g € G, ¢H € M and &,...,& € TyuM we
get

(g-)(gH) (&, &) = (9-alg” g H))(&, - &)
=Llya(g ' H)(Tymly &1y Tylyr - &)
=Ly(€; 1) (g'H) (&1, - &n),

so we see that the G-action on « is given by the pullback along the inverse of ¢,
composed with the action of g on the bundle V.

If o is G-invariant, then Theorem 1.2.2 tells us that a(o) € A*(g/h)* @V is
H-invariant. Here, the H-action on an element ¢ € A¥(g/h)* ® V reads as

() (X1 +b,..., X +b) =h-o(Ad(h™)(X1 +b),..., Ad(h™")(Xk + 1))
for all Xi,..., X € g. Conversely, if ¢ € A¥(g/h)* ® V is H-invariant the corre-
sponding G-invariant k-form «, is given by

au(gH) &1y &) o= Lyo(Tymly - €1y, Tyrrly-—1 - &)
for all gH € M and &;,...,&, € TyuM.

1.2.3. Invariant connections. In order to relate differential operators to
Poisson transforms it will be necessary to construct a calculus on vector valued
differential forms on homogeneous spaces G/H. For that, we have to answer the
question of existence of connections on homogeneous bundles which are compat-
ible with the corresponding actions of the Lie group G. It turns out that such
connections are again determined by data of the underlying H-representation.

Let G be a semisimple Lie group with Lie algebra g and H a closed subgroup
of G with Lie algebra h. Let p: H — GL(V) be an H-representation and V be the
homogeneous vector bundle associated to V. Consider a linear connection V on V|
which is a linear map I'(V) — Q'(G/H, V) satisfying a Leibniz rule. Since we have
seen before that the space of sections of a homogeneous bundle naturally inherits
a G-action, we require this linear map to be G-equivariant. Explicitly, this means
that

9(Ves) = Vge(gs)
for all s e T'(V), £ € X(G/H) and g € G, and in this case we say that the linear
connection V is G-invariant.

For a G-invariant linear connection V on V consider the curvature tensor R €
Q?(G/H,End(V)) given by the formula

R(&n)(s) = VeViys =V Ves — Ve s
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for all s € T'(V) and vector fields &, n on G/H. By invariance of the connection the
curvature is a G-invariant differential form and thus corresponds to an H-invariant
element in A?(g/h)* ® End(V) due to Theorem 1.2.2.

In the special case of invariant connections on the tangent bundle of G/H there
is another important tensorial quantity. Let V be a connection on T(G/H) and
consider the torsion T' € Q?(G/H,T(G/H)) defined by

T(&,m) =Ven— V& =€,

for all vector fields &, n € X(G/H). If V is G-invariant, then the torsion is an
invariant section, and therefore by Theorem 1.2.2 corresponds to an H-invariant
element in A?(g/h)* @ g/b.

Similarly as before, the G-invariance of a linear connection on a homogeneous
vector bundle G x g V suggests that it is entirely determined by data given in terms
of the representation V.

THEOREM 1.2.3. Let G be a Lie group with Lie algebra g and H C G be a
closed subgroup with Lie algebra b. Let p: H — GL(V) be an H-representation and
let V=G xg V be the corresponding associated vector bundle over G/H.

(i) G-invariant linear connections on'V are in bijective correspondence with linear
maps a: g — End(V) satisfying
(a) aly = ¢
(b) a(Ad(h)(X)) = p(h)oa(X)op(h™!) for all X € g and h € H.
Euxplicitly, if s € T(V) corresponds to the equivariant map f: G — V, then
the H -equivariant map Vf: G — L(g/h,V) corresponding to Vs is given by

V@)X +b) = (Lx - f)(9) + a(X)(f(9))

for all g € G and X € g. Here, Lx denotes the left-invariant vector field
generated by X € g.

(ii) The curvature of a G-invariant linear connection corresponding to the map
a is the invariant section in Q*(G/H,End(V)) which is induced by the H-
equivariant map A%(g/b) — End(V) defined by

(X+5Y+h = aX)oaY) —aY)oa(X) —a([X,Y]).

(iii) In the case of a G-invariant linear connection V on T(G/H) corresponding
to a: g — End(g/h), consider the linear map A*g — g/b given by

(X, V) = a(X)(Y +h) —a(Y)(X +b) = [X, Y]+

This map factors to an H-invariant map A*(g/h) — g/b, and the correspond-
ing G-invariant section in Q*(G/H,T(G/H)) is the torsion of V.

ProoF. [CS09, Thm 1.4.7, Prop. 1.4.7, Prop 1.4.8| O

The formula in Theorem 1.2.3(i) shows that every linear connection is given by
a first order operator plus an algebraic part, which is the action of g on V via a.. In
particular, if the section s € I'(V') is G-invariant, then the corresponding map f is
constant and therefore Ly - f = 0. This reflects the fact that G-invariant sections
can be understood pointwise.

One way to obtain such invariant connections on V is to induce them from
principal connections on G. Recall that 7: G — G/H is a principal bundle with
structure group H, and the principal action is simply the restriction of the right
multiplication p9: h — hg on G. Assume that G is endowed with a principal
connection, i.e. a horizontal distribution H on G such that T,p"(H,) = H,, for all
g € G and h € H. Equivalently, this can be described by the principal connection
form v € QY(G, b) which satisfies (p")*y = Ad(h~!) o for all h € H.
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PROPOSITION 1.2.3. Let G be a Lie group and H a closed subgroup of G. Then
principal connections on G — G/H are in bijective correspondence with linear maps
B: g — b such that

(i) Bly = idy

(ii) Ad(h=') o Bo Ad(h) = B for all h € H.
In particular, if p: H — GL(V) is any finite dimensional H-representation, then
the linear map o := p' o 8: g — End(V) satisfies the properties of Theorem 1.2.3(i)
and thus induces a linear connection on G x g V.

ProOOF. [CS09, Theorem 1.4.5] applied in the case H = K and i = idyg. O

Note that the naturality of the induced connections on associated vector bun-
dles implies that H-equivariant maps between H-representations induce G-equi-
variant bundles maps which are parallel. We will use this Proposition in section
1.3.1 to construct canonical connections on homogeneous vector bundles over sym-
metric spaces.

For the rest of this section let p: G — GL(V) be a representation of the full
group G. Then the derivative « := p’ satisfies the properties of part (i) in Theorem
1.2.3 and therefore induces a canonical G-invariant linear connection VY on the
corresponding tractor bundle V', which we will call the tractor connection. Since
the map « is a Lie algebra homomorphism, we deduce from part (ii) of the same
Theorem that the curvature of VV is trivial. Moreover, if s € ['(V)% is a G-
invariant section corresponding to the H-invariant element v € V¥ we obtain that
VV's corresponds to the equivariant map (X + b) — p/(X)(v).

Note that we can also relate the tractor connection to the standard exterior
derivative. More explicitly, we have seen above that any tractor bundle is glob-
ally trivialisable, implying that smooth sections of V' correspond to smooth maps
G/H — V. Applying the exterior derivative to such functions defines a flat connec-
tion d: C*°(G/H,V) — QY(G/H,V), and this corresponds precisely to the tractor
connection in this trivialisation.

1.2.4. The covariant exterior derivative. Following the previous section,
we use the existence of a G-invariant connection on a homogeneous vector bundle
V over a homogeneous space G/H to construct differential operators between V-
valued differential forms on G/H. In the case of a flat connection we obtain a
complex of differential operators, and its cohomology is of major importance in the
study of homogeneous spaces.

Using a G-invariant connection V on V, we can mimic the formula for the
standard exterior derivative of real valued differential forms by replacing the Lie
derivative with the connection. In this way, we obtain the covariant exterior deriv-
ative dV , which is a G-equivariant differential operator on Q*(G/H, V) determined
by dVs = Vs for s € T(V) as well as

dV(a A B)=dan B+ (=1)andp
for all real valued forms « and V-valued forms 8 on G/H. Explicitly, on V-valued

k-forms « the covariant exterior derivative is given by

k

(d¥0) (&0, &) = D (—1)'Ve (6o, &ir- 1 6k))
1=0
+ ) (D)€ €] 60v - Eiv e G ER)

i<j

for all &, ..., & € X(G/H), where the hat denotes omission.
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The covariant exterior derivative is compatible with natural constructions of
vector bundles and induced connections. However, although the operator dV is
defined analogously to the exterior derivative, it is not a differential in general.
We will summarize in the following Proposition some properties of the covariant
exterior derivative, which will be important in the sequel.

PROPOSITION 1.2.4. Let V' and W be homogeneous vector bundles over a homo-
geneous space G/H and let VV and VW be connections on V and W, respectively.
Then we have

(i) For all V-valued forms o« on G/H we have dV'd% " a = RV A «, where
RY" € O2(G/H,End(V)) is the curvature of VV.
(ii) For all V-valued forms « and W-valued forms 8 on G/H we have

d¥" " @anB) =d" anB+ (~D)and”" B,

where we view a A as an V @ W-valued differential form on G/H. Here,
VVEW s the induced connection on the homogeneous vector bundle V @ W.

Proor. (i) [KMS93, Lemma 11.13(4)]
(ii) Follows immediately from the definition of the connection on V' ® W and the
explicit formula for the covariant exterior derivative. O

For the rest of the section assume that V is a G-representation. Then the cor-
responding tractor bundle V carries a canonical flat linear connection, and we will
denote the corresponding covariant exterior derivative by d¥. Note that Proposition
1.2.4(i) shows that dv is always a differential and thus induces a complex

(V) Yo QUG/H, V) —L s . 2 Qdim(G/H) (G /H, V),

called the twisted de Rham complex.

Finally, let @ be a G-invariant V-valued k-form on G/H and ¢ be the corre-
sponding invariant element in the H-representation A*(g/h)* @ V due to Theorem
1.2.2. Using G-equivariance, the image of o under the covariant exterior derivative
is again G-invariant, and we can express the corresponding H-invariant element
dV ¢ in terms of ¢. In order to do so, recall from section 1.2.3 that for s € I'(V)¢
corresponding to v € V the invariant element Vs € Q!(G/H,V) is obtained via
the g-action on v. Using this, a direct computation shows that for all X; € g we
have

(1.2.4)
k
(@ ¢)(Xo+b,.... Xp+b) =D (—=1)'X; - ¢(Xo+b,....0,...,Xx +b)
=0
+ Z(il)kkjgb([X’mX]] + baXO + ha cee 7’27' .. 7j7 cee 7Xk + h)?

1<J

where the dot denotes the action of X; on V. Note that this formula is well defined
due to H-invariance of ¢. Moreover, if 0 denotes the standard codifferential in Lie
algebra cohomology of g with values in V, we can write this formula simply as

my(d" ¢) = 9(my9)

for all ¢ € A¥(g/h)* ® V, where 7 is the canonical projection g — g/b.
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1.2.5. The adjoint tractor bundle and the fundamental derivative.
Having developed the general theory of homogeneous bundles and invariant con-
nections we will introduce a canonical tractor bundle, called the adjoint tractor
bundle, which will induce a canonical derivative on all homogeneous bundles.

Every Lie group G acts on its Lie algebra g via the adjoint action, implying
that we can always form the adjoint tractor bundle A := G x g g over G/H. Due
to the definition as the bundle associated to the Lie algebra g, the adjoint tractor
bundle carries additional structure. Explicitly, the Lie bracket on g is equivariant
with respect to the restriction of the adjoint action to H and thus gives rise to a
G-equivariant bundle map { , }: Ax A — A. For all € G/H this map turns the
fibre A, into a Lie algebra isomorphic to g. Moreover, the short exact sequence
0—b—g— g/b— 0 of H-representations gives rise to an exact sequence

0——Gxyh—— AL T(@/H) —0

of homogeneous bundles. Finally, we have seen that every tractor bundle is en-
dowed with a canonical G-invariant connection, which we call the adjoint tractor
connection in the case of the adjoint tractor bundle.

PROPOSITION 1.2.5. Let G be a Lie group with Lie algebra g and H C G be a
closed subgroup with Lie algebra b. Let V' be a tractor bundle on G/H corresponding
to the G-representation V with tractor connection VV .

(i) There is an isomorphism between the space I'(A) of sections of the adjoint
tractor bundle and the space X(G)™ of H-right invariant vector fields on G,
which is induced by the map X(G)? — C=(G,g)" defined by & — wg ().

(i) The g-action on 'V induces a bundle map o: A xV — V which endows every
fibre V. with the structure of an A, -module. This action satisfies for all sy,
sg €T(A) and t e T(V) that

{s1,80} @t =510 (s0@t) — 50 @ (51 @1).

(iii) The operations { , } and e are parallel with respect to the connections induced
by VV and VA. This means that

V?{Sh 82} = {V?Sl, 82} + {81, V?SQ},
Vg(s o) = (V?s) ol +se (Vgt)

for all sections s, s1, s2 € T'(A) and t € T(V) and all vector fields £ €

Proor. [CS09, Proposition 1.5.7(2),(3),(5); Proposition 1.5.8] 0

Part (i) of Proposition 1.2.5 leads to a notion of derivative of any sections
of natural vector bundles. Indeed, let V be an H-representation and V be the
corresponding homogeneous vector bundle. We have seen in section 1.2.2 that
sections of V' correspond to H-equivariant maps f: G — V. If we derive this map
with respect to an H-right invariant vector field £ € X(G)¥, then the resulting map
will again be H-equivariant and thus corresponds to a section of V. On the other
hand, part (i) of Proposition 1.2.5 shows that £ corresponds to a section of the
adjoint tractor bundle. In this way, we can associate to all s € I'(A) and t € T'(V)
a section of V| which we will denote by Dst. The resulting map

D:T(A) xI'(V) = T'(V)
is called the fundamental derivative.
By definition, the map D is linear in the I'(.4)-slot, whereas is satisfies a Leibniz

rule with respect to the section of V. Thus, we can indeed view D as a generalization
of a derivative on any homogeneous vector bundle.
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THEOREM 1.2.5. Let G be a Lie group with Lie algebra g and H C G be a
closed subgroup with Lie algebra b.

(i) For all smooth maps f: G/H — R and s € T'(A) we have Dsf = TI(s) - f,
where II: T'(A) — X(G/H) is the projection induced by g — g/b.

(ii) If s is a section of G xg h C A, then the fundamental derivative satisfies
Dst = —set forallt € I'(G xy V), where V is any H-representation and e
is the G-equivariant bundle map induced by the h-action on V.

(iii) The fundamental derivative is compatible with all G-invariant bundle maps
induced by H-equivariant maps between H -representations. In particular, it
is compatible with tensor products and contractions of sections of homogeneous
vector bundles.

(iv) If V is a tractor bundle, then we can express the tractor connection VV as

Viigsyt = Dst + s ot
for all sections s € T'(A) and t € T(V).
PrOOF. [CS09, Proposition 1.5.8; Theorem 1.5.8] O

1.2.6. The action of the Casimir. For any semisimple Lie group g we have
seen in section 1.1.1 that the Casimir C' is a distinguished element in the centre of
the universal enveloping algebra u(g) of g. In this section we show how the Casimir
induces a differential operator between sections of homogeneous vector bundles on
any homogeneous space, which will be used to relate two Laplace operators on
Riemannian symmetric spaces and homogeneous parabolic geometries via Poisson
transforms, c.f. Theorem 2.2.3.

Let G be a semisimple Lie group, H C G be a closed subgroup and V be an
H-representation with corresponding homogeneous vector bundle V. Let t € T'(V)
be a smooth section of V' and denote by f: G — V the corresponding H-equivariant
map. We have seen that G acts on f via (¢ - f)(g) = f((¢’)"tg) for all g, ¢’ € G.
Therefore, the infinitesimal action of X € g on f is given by

X-fi=—T,foT.p? X =—Rx -/,

where Rx € X(G) denotes the right invariant vector field induced by X € g. The
resulting map X - f is again H-equivariant and thus corresponds to a section of
V. Therefore, every X € g defines a differential operator Dx on I'(V) of order
1, which is G-equivariant if and only if Ad(g)(X) = X for all g € G. However,
this is equivalent to X being in the centre of g, which is trivial by semisimplicity.
Therefore, we cannot get G-equivariant differential operators in this way.

However, recall that every representation of a Lie algebra g is canonically a
representation of the universal enveloping algebra u(g) of g. Moreover, the Lie
algebra homomorphism X — Ry lifts to a homomorphism on u(g), so we can
analogously define differential operators Dx on I'(V) for all X € u(g). In particular,
the Casimir operator C is in the centre of u(g) and thus defines a G-equivariant
differential operator D¢ on sections of V. Explicitly, if X; is a basis of g and Y; is
its dual basis with respect to the Killing form B, then this operator is induced by
the map

C-f=> Ry, -Rx, -feCGWV)"

for all H-equivariant maps f: G — V.

Now Proposition 1.2.5(1) implies that for all X € g there is a section sx of
the dual adjoint tractor bundle A on G/H corresponding to Rx. By definition,
the section of V' induced by the H-equivariant map Rx - f coincides with D t,
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where t € T'(V) corresponds to f € C=(G, V). In particular, we can express the
differential operator induced by the Casimir in terms of the fundamental derivative.

PROPOSITION 1.2.6. Let G be a Lie group with Lie algebra g and H C G be a
closed subgroup of G. Let B be the G-equivariant bundle map on the adjoint tractor
bundle A* induced by the Killing form on g. Let V be an H-representation and
V' be the associated homogeneous vector bundle on G/H. Then we can write the
G-equivariant differential operator De: T'(V) — T'(V) induced by the action of the
Casimir as the composition

T(V) -2 T(4* @ A* @ V) 229 1v)

ProoF. [CS07, Proposition 1]. Note that the proof in this paper is valid for
any homogeneous space. O

1.3. Symmetric spaces

The Poisson transforms we construct in this thesis map between vector valued
differential forms, whose underlying manifolds are given by two specific classes of
homogeneous spaces whose geometric properties are disparate. The first of these
is the class of Riemannian symmetric spaces, which has been intensively studied in
the field of harmonic analysis. In section 1.3.1 we recall the basic properties of these
structures and in particular show that homogeneous vector bundles over such spaces
always carry invariant connections. Afterwards, the main focus in section 1.3.2 will
lie in the analysis of invariant geometric objects on tractor bundles, which ultimately
leads to a Laplace operator which satisfies a Weitzenbock formula with respect to
the differential operator induced by the Casimir element of g, c.f. Theorem 1.3.3.
This result will be essential for the proof of Theorem 2.2.3, where we relate harmonic
eigenforms of this differential operator to Poisson transforms which are compatible
with the BGG-sequence on the corresponding homogeneous parabolic geometry.

1.3.1. Definition and basic properties. Let G be a semisimple Lie group
with finite centre and Lie algebra g and let 8 be a Cartan involution of g. We have
seen that the corresponding Cartan decomposition g = ¢ @ q is orthogonal with
respect to the Killing form B and the restriction of B to ¢ and q is negative and
positive definite, respectively. Moreover, since 6 is a Lie algebra homomorphism
the bracket relations read as [¢,€] C ¢, [¢,q] C q and [q,q] C €. Therefore, £ is a
compact Lie subalgebra of g, whereas q is a £-module via the adjoint action. In
addition, by invariance of the Killing form, the restriction of B to q is £-invariant.

Consider the Lie subgroup K of G whose Lie algebra is £. Since the centre of G
is finite the group K is a maximal compact subgroup, and both Lie algebras £ and
q are K-modules via the adjoint action. By definition, the Cartan decomposition
g = t® q is K-equivariant, so we can identify the tangent bundle of G/K with
G Xk q. The restriction of the Killing form to q is a K-invariant inner product,
which in turn endows G/K with a G-invariant Riemannian metric g. Moreover,
the adjoint tractor bundle A(G/K) of G/K decomposes into the Whitney sum
(G xk ¢) ® T(G/K) of G-invariant bundles.

On the other hand, the K-invariant subspace q of g induces a distribution @
on the tangent bundle TG = G x g, which is a principal connection for G — G/K.
By Proposition 1.2.3 we obtain induced linear connections V on any homogeneous
vector bundle over G/K, which are naturally compatible with G-invariant oper-
ations. In particular, for any K-equivariant map between finite dimensional K-
representations the induced G-equivariant bundle map will be parallel.
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DEFINITION 1.3.1. Let G be a semisimple Lie group with finite centre, K C G
the maximal compact subgroup and V a finite dimensional K-representation with
associated homogeneous vector bundle V. — G/K. Then we call the connection
V:T(V) = QYG/K,V) the canonical connection on V.

In the next Proposition we relate the canonical connection to the fundamental
derivative defined in section 1.2.5 as well as to the tractor connection on tractor
bundles over G/K.

ProproSITION 1.3.1. Let G be a semisimple Lie group with finite centre and
g=¢t®dq be a Cartan decomposition of its Lie algebra. Let K C G be the mazximal
compact subgroup with Lie algebra ¢ and p: K — End(V) be a finite dimensional
K -representation with corresponding homogeneous vector bundle V' over G/K.

(i) The linear map o: g — End(V) from Theorem 1.2.3 corresponding to the
canonical connection on V is determined by a|q = 0. In particular, the cur-
vature of V is induced by the map R: A%’q — End(V) given by (X,Y)
—p (X, Y]).

(i) The canonical connection on 'V is the restriction of the fundamental derivative
to the subbundle T(G/K) of the adjoint tractor bundle.

(iii) Let V be a tractor bundle and VV its tractor connection. Then for all & €
X(G/K) and t € T(V) we have

Vit =Vt + &t

ProoOF. (i) Let @ C TG be the principal connection defined by the K-
module q. Then the corresponding connection form v € Q(G,¥) is given
by the vertical projection of tangent vectors in T'G followed by left transla-
tion to . In view of Proposition 1.2.3 this shows that the map g: g — ¢
corresponding to v is simply given by projection onto the first factor of the
Cartan decomposition. Thus, it follows that the K-equivariant linear map
a: g — End(V) corresponding to the canonical connection satisfies al; = 0
and ale = p’. The second part follows immediately from part (ii) of Theorem
1.2.3.

(ii) Since the tangent bundle T(G/K) is a subbundle of the adjoint tractor bun-
dle we can restrict the fundamental derivative D to vector fields on G/K.
Moreover, the fundamental derivative satisfies a Leibniz rule and is linear in
the T'(A)-slot, so this restriction defines a connection V on T'(V). Using the
correspondence between sections of A and K-right invariant vector fields, part
(i) immediately implies that V coincides with the canonical connection.

(iii) The formula follows from part (iv) of Theorem 1.2.5. O

In particular, we can consider the canonical connection V on the tangent bundle
T(G/K), which is exactly the Levi Civita connection on the Riemannian symmetric
space G/K.

COROLLARY 1.3.1. Let G be a semisimple Lie group with finite centre and Lie
algebra g and let K C G be a mazimal compact subgroup. Let g =€ ® q be the cor-
responding Cartan decomposition and let g be the G-invariant Riemannian metric
on G/K induced by the Killing form. Then the Levi-Civita connection induced by
g coincides with the canonical connection on the tangent bundle of G/K.

In particular, the Riemann curvature tensor R € Q*(G/K,End(T(G/K))) is
induced by the map A’>q — End(q) defined by

R(X,Y)(Z) = —[[X,Y], Z]
forall X,Y,Z €q.
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PRrROOF. By uniqueness it suffices to show that the canonical connection on the
tangent bundle is torsion free and metric. However, the Riemannian metric g on
G/K is induced by the restriction of the Killing form to ¢, so by naturality we
obtain Vg = 0. Moreover, the Lie bracket maps elements of q into €, so combining
Proposition 1.3.1(i) and Theorem 1.2.3(iii) shows that the torsion of V is trivial. O

In the proof of the last Corollary we used that the Riemannian metric is parallel
since it is induced by the restriction of the Killing form to q. However, the same
argument holds for any K-invariant inner product on ¢, so we have actually proven
that the canonical connection is the Levi Civita of any G-invariant Riemannian
structure on G/K. For a classical proof of this statement see [Hel01, Corollary
4.3].

1.3.2. Tractor calculus on symmetric spaces. After the general discussion
our aim is to establish a calculus for tractor bundles over symmetric spaces. First,
we will show the existence of a second G-invariant flat connection on tractor bundles
over G/K, which in turn give rise to a formal adjoint of the covariant exterior
derivative with respect to a special L2-norm on tractor valued differential forms.
The resulting vector valued Laplace Beltrami operator will satisfy a Weitzenbock
formula with respect to the differential operator induced by the Casimir element of
G, which will be the main result in section 1.3.3.

Throughout this section let p: G — GL(V) be a finite dimensional represen-
tation of G with associated tractor bundle V over G/K. Since the group K is
compact, we can find (many) K-invariant inner products on V, and each choice
induces a G-invariant Euclidean bundle metric A on V. Combining this with the
Riemannian metric on the tangent bundle of G/K induces a G-invariant inner prod-
uct (, ) on Q*(G/K, V), which allows us to define a Hodge star operator on tractor
valued differential forms.

Since we are in the category of G-representations it would be natural to use an
inner product on V which is invariant with respect to the G-action. However, this
would mean that the image of p is in SO(V) which is only possible if G is a compact
Lie group. Therefore, we have to slightly modify the inner product by bringing the
Cartan involution 6 of g into the game.

LEMMA 1.3.2. Let g be a semisimple Lie algebra with Cartan involution 6 and
corresponding Cartan decomposition g = € @ q. Then there is a positive definite
inner product { , )y on every finite dimensional g-representation V which satisfies

(X -v,w)yy = —(v,0(X) -w)y

for all X € g and v, w € V. Moreover, if V is irreducible, then the inner product
s unique up to a positive factor.

ProoOF. The existence of the inner product is shown in the proof of [CSOQ,
Prop. 3.3.1]. To obtain uniqueness, let ®: V — V* be the linear isomorphism
induced by the inner product, which satisfies ®(6(X)v) = X - ®(v) for all v € V and
X € g by definition. If there is another inner product on V with induced map ®,
then the composition ®~!o® is a g-equivariant automorphism of V. Therefore, if V
is irreducible, Schur’s Lemma implies that this map is an isomorphism. Moreover,
if we complexify g and V, then the corresponding complexified map ®; Lo &¢
is a complex multiple of the identity. By construction, this means that the two
complex bilinear products corresponding to ®¢ and P differ by a complex number
. However, their restrictions to the subspace V® 1 C V¢ have to be positive
definite, implying that p is a positive real number. O
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Recall from section 1.2.4 that the tractor bundle V carries a canonical G-
invariant flat connection VY. Moreover, the inner product on V from Lemma 1.3.2
is in particular K-equivariant, so it induces a G-invariant Euclidean bundle metric
h on V. Therefore, we can define a connection on V' which is adjoint to the tractor
connection with respect to the bundle metric h.

DEFINITION 1.3.2 (6-twisted tractor connection). Let G be a semisimple Lie
group with finite centre and Lie algebra g and K C G a maximal compact subgroup
with respect to a Cartan involution # on g. Let V be a finite dimensional G-
representation and V' the associated tractor bundle with tractor connection VV.
Let ( , )v be the inner product on V from Lemma 1.3.2 and denote by h the
induced G-invariant Euclidean bundle metric on V.

The 0-twisted tractor connection V?: T(V) — QY(G/K,V) is defined as the
adjoint of the tractor connection with respect to h, i.e. the uniquely determined
connection so that

h(s,Vit) =& h(s,t) — h(V{s,t)
for all vector fields £ € X(G/K) and sections s, t € T'(V).

In the next Proposition we will clarify the relation between the -twisted tractor
connection and the canonical connection introduced in section 1.3.1.

PROPOSITION 1.3.2. Let G be a semisimple Lie group with finite centre and Lie
algebra g, let K C G be the maximal compact subgroup corresponding to the Cartan
involution 6 on g. Let p: G — GL(V) be a finite dimensional G-representation
with associated tractor bundle V on G/K be its associated tractor bundle and h
be the bundle map V x V — R induced by the inner product { , )y from Lemma
1.8.2. Moreover, let VV and YV be the tractor connection and the -twisted tractor
connection on V', respectively.

(i) For all vector fields ¢ € X(G/K) and sections s € I'(V') we have
Vgs =Ves—ECes

via the identification of T(G/K) with G Xk q.

(ii) The connection V? is a G-invariant connection on V. In view of Theorem
1.2.3, the corresponding equivariant map «: g — End(V) is given by the com-
position o := p' 0 0. In particular, the connection V? is flat.

Proor. (i) Since the bundle metric A is induced by a K-invariant inner
product on V it follows by naturality of the canonical connection that VA = 0.
Moreover, since we identified the tangent bundle of G/K with G xk q the
fundamental property of the inner product on V implies that h(£ e s,t) =
h(s,§ ot) for all s, t € I'(V) and £ € X(G/K). Thus, from Proposition
1.3.1(iii) we obtain

h(s,VEit) =€ h(s,t) — h(V{s,1)
= h(Ves,t) + h(s, Vet) — h(V{ s,1)
=h(s,Vet —&ot)
for all section s,t € T'(V) and vector fields £ € X(G/K).
(ii) The bundle map e is G-equivariant and V is G-invariant, so it follows that V¢
is a G-invariant connection. Moreover, the corresponding map «: g — End(V)

is determined by its restriction to ¢, on which it equals —p’. Thus, we obtain
that a = p’ 06, and flatness of V¢ follows directly from Theorem 1.2.3(ii). [

Now we are ready to construct a calculus on differential forms on G/K with
values in a tractor bundle. For that, let (, ) denote the G-invariant inner product
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on Q¥(G/K,V) induced by the Riemannian metric on G/K and the bundle metric
h on V and let vol be the G-invariant volume form on G/K. Then we can define
for o, B € QF(G/K,V) with a compactly supported their L2-inner product by

(o, B)v = / {a, B) vol.

G/K

Note that this definition sometimes also makes sense for differential forms without
compact support, and we extend the definition of the L?-inner product to such
forms. By abuse of notation, we will write (o, 3)) for a, 8 € Q¥(G/K, V), implicitly
assuming that the L?-inner product is well defined for these differential forms.

Recall from section 1.2.4 that the tractor connection V' on V induces the
covariant exterior derivative dV on V-valued differential forms on G/K, which is
a local operator. Our aim is to construct an adjoint of the covariant exterior
derivative on compactly supported differential forms with respect to the L?-inner
product. For that, we define for V-valued differential forms o and 8 on G/K a real
valued differential form a Ap 5, which is the usual wedge product on differential
forms combined with the contraction V x V. — C*°(G/K) induced by the metric
h.

Subsequently, we obtain an Hodge star operator

w: QF(G/K, V) = QImG/K~k(q /K V)
by the formula
a Ay *f8 = {(a, B) vol

for all o, 8 € QF(G/K,V). Note that this operator reduces on decomposable
elements to *(w ® v) = (+w) ® v for all w € Q¥(G/K) and v € I'(V), where on the
right hand side the operator * is the usual Hodge star on k-forms on G/K.

Let d? be the covariant exterior derivative on V-valued differential forms on

G/K induced by the f-twisted tractor connection. Then we define the covariant
codifferential §V: QF(G/K,V) — Q¥=Y(G/K,V) by the formula

Va=(=DkFs"1d x o

and subsequently define the covariant Laplace operator on QF(G/K,V) by AV :=
dveV +6vdY.

In the next Theorem we will show that the covariant codifferential is an adjoint
map for the covariant exterior derivative with respect to the L2-inner product on
compactly supported differential forms. Moreover, we will establish a formula for 6V
in terms of the connection on A*T*(G/K)®V induced by the canonical connection
on A¥T*(G/K) and the tractor connection on V, which will be needed in the next
section to clarify the relation between the covariant Laplace and the differential
operator induced by the Casimir element of g.

THEOREM 1.3.2. Let G be a semisimple Lie group with finite centre, K C G

a mazimal compact subgroup and let g and € be the Lie algebras of G and K,

respectively. Let V be a finite dimensional G-representation with associated tractor

bundle V over G/K and denote by h the G-invariant bundle metric on V induced by

the K-invariant inner product from Lemma 1.8.2. Moreover, let VV be the tractor
connection and V9 the O-twisted tractor connection on V.

(i) Leta € Q*=Y(G/K, V) be compactly supported and let 3 € QF(G/K,V). Then

we obtain that

(d"a, B) = (e, 8" B),

so the covariant codifferential is L?-adjoint to the covariant exterior deriva-
tive.
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(ii) Let V% denote the connection on A*T*(G/K) ® V induced by the canonical
connection on T(G/K) and the connection V° on V. Then we have

n
8V == 1, VI,
i=1
where e1,. .., e, is a local orthonormal frame of G/ K.

PROOF. Since the covariant codifferential is linear it suffices to prove the for-
mulae for decomposable elements 3 = 0 ® t, where § € Q*(G/K) and t € T'(V).

(i) Let o = w® s with w € Q¥ 1(G/K) and s € I'(V) and assume that o has
compact support. Since the covariant exterior derivative is a local operator,
the support of d¥« is also compact, so the left hand side of the claimed
equation is well defined.

By definition of the #-twisted tractor connection we have

dh(s,t) = h(VVs,t) + h(s, Vt).
Therefore, applying the exterior derivative to the wedge product aAp xS yields
d(a Ay #8) = d(h(s, t)w A (x0))
= (dh(s,t)) Aw A (x0) + h(s,t)d(w A (x0))
= h(VVs,t) Aw A (%0) + h(s,t)(dw) A (x0)
+h(s, VIt Aw A (x0) + (=) Lh(s, t)w A d(x0)
= (d"a) An (x8) + (=) Ta A d’(xB).

Integrating both sides and using Stokes’ Theorem we see that

(d"a,B)) = (.67 B).

(if) From [Sch95, Formula 2.19, p. 25] we know that the Riemannian codifferen-
tial on G/K can be expressed as

50 = — zn: te, Ve, 0.
=1

By definition, we get
VB =(-DFxtd x (0@t) = (60) @t + (—1)" " ((x0) A V¢).

Since the local frame {e;} is orthonormal, we can rewrite V%t in the second
summand as Y, €AV t, where”: X(G/K) — Q'(G/K) is the isomorphism
induced by the Riemannian metric. Next, we move the 1-forms e? to the
left, which adds the sign (—1)"~*, and finally apply the formula e’ A %6 =
(—=1)*=1 % (1,,0), which holds on a general Riemannian manifold. All in all,

we deduce that
n n

VB ==Y te, (Ve 0@t + (~1)POAVEE) = =D 1, VIR,

i=1 i=1

where we used the definition of V% for the last equality. O

1.3.3. Laplacian type operators and the Casimir. Continuing the discus-
sion of symmetric spaces we now analyse the relation between two Laplacian type
operators as well as the differential operator on vector valued differential forms in-
duced by Casimir element. This will enable us in section 2.2.3 to relate eigenvalues
of the Laplacian type operator AV = dV'§V +6Vd" on G/K with eigenvalues of the
curved Box operator on homogeneous parabolic geometries, which we will define in
section 1.4.2.
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Let V be a K-representation with associated vector bundle V on G/K. In
Proposition 1.2.6 we have seen that the differential operator on T'(V') induced by
the Casimir operator can be expressed in terms of the fundamental derivative. In
order to compute it explicitly on symmetric spaces, we first show that we can always
find a local frame which is adapted to the specific structure of the adjoint tractor
bundle.

LEMMA 1.3.3. Let G be a semisimple Lie group with finite centre, K C G a
mazimal compact subgroup and g = € ® q the associated Cartan decomposition. Let
B be the G-invariant bundle map on the adjoint tractor bundle A on G/K induced
by the Killing form. Let U be an open subset of G/K on which the bundle G — G/ K
is trivial. Then we can find a local frame {X;} of G Xk ¢, which is orthonormal
with respect to —B, as well as an orthonormal frame {Y;} of T(G/K) with respect

to B, which satisfies B(X;,Y;) =0 for alli=1,...,dim(¢) and j = 1,...,dim(q).

ProOF. We have seen before that the Cartan decomposition is K-invariant and
orthogonal with respect to the Killing form. Therefore, the induced decomposition
of A into the Whitney sum of the G-invariant subbundles (G x k ) and T(G/K) is
orthogonal with respect to the bundle map B. Moreover, in every point this map
induces a Euclidean inner product on the tangent spaces of G/K and a negative
definite bilinear product on the fibres of G x g ¢.

Since G is trivial over U, so are all bundles associated to G. Choose any local
frame {X;} of G xk € and {Y;} of T(G/K) over U. Since the values of B(X;, X;)
depend smoothly on the base point, we can apply in every point the Gram-Schmidt
procedure to obtain a local orthonormal frame of T(G/K). Similarly, —B is a
Riemannian metric on G X g £, so we can proceed analogously. (]

We will refer to a local frame as in Lemma 1.3.3 as an adapted frame for
A. Using these we are able to determine the differential operator induced by the
Casimir operator on sections of homogeneous bundles. Explicitly, we can express
this operator in terms of the trace of the canonical connection on V and the action
of the Casimir element of the Lie group K.

PROPOSITION 1.3.3. Let G be a semisimple Lie group with finite centre, K a
mazimal compact subgroup and g =t @ q the corresponding Cartan decomposition.
Let V be a K-representation and V be the corresponding associated vector bundle
on G/K. Let Do: T'(V) — I'(V) be the differential operator induced by the Casimir
element C' on g as in section 1.2.6 and denote by ¢c,. the tensorial, G-equivariant
map V — V induced by the action of the Casimir element Cx of . Then for all
t € T'(V) we obtain that

Dot = tr(V2) + ¢y (1),
where V2 is the composition of the canonical connections on the vector bundles V
and T*(G/K)® V.
In particular, the Casimir operator on T'(V') splits into the sum of a differential

operator of order 2 and the algebraic action of the K-Casimir on V.

PrOOF. Let {X;} and {Y;} be a local adapted frame for A and let ¢ be a local
section of V. Using Proposition 1.2.6 we can compute

De(t) = = Y (D*)(Xi, Xo) + Y _(D*)(Y;,Y5) = (%)
( J
Moreover, by naturality of the fundamental derivative we obtain that
(D*t)(s1,52) = Ds,(Ds,t) — Dp,_s,t

5152

for all local sections sy, so € T'(A).
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The fundamental derivative in direction of a section of G X g £ is the negative of
the algebraic action due to Theorem 1.2.5(ii). Since the action of G x g € on itself is
given by the algebraic bracket we deduce that Dx, X; = {X;, X;} = 0. Therefore,
we can write the first summand of (x) as

—Z D*t)(Xi, X;) ZDX Dx,t) = ZX = ¢o (1)

For the other summand, we use that the restriction of the fundamental derivative
to the subbundle T'(G/K) coincides with the canonical connection, see part (ii) of
Proposition 1.3.1. It follows that

(D)5, %) = 3 (Dy, Dy, = Doy, )

J
ZZ(DYijj—Dvyjyj)t :Z(VYijj_nyij)t;
J J

which is tr(V?t) due to naturality of the canonical connection. ]

In the case of a tractor bundle we have seen in section 1.3.2 that there is another
differential operator of order 2 on V-valued differential forms on G/K given by the
covariant Laplacian AY. Similarly to 1.3.3, we can prove a Weitzenbock formula
between this operator and the differential operator D¢ induced by the Casimir
element.

THEOREM 1.3.3. Let G be a semisimple Lie group with finite centre and K C G
a mazimal compact subgroup. Let g be the Lie algebra of G and let g = € ® q be
the Cartan decomposition of g so that t is the Lie algebra of K. Let V be a G-
representation with corresponding tractor bundle V on G/K. Let C be the Casimir
operator on g, let Do: Q*(G/K,V) — Q*(G/K,V) be the differential operator
induced by C as in section 1.2.6 and ¢¢ be the tensorial map on Q*(G/K,V)
which is induced by the action of the Casimir C' on V tensorized with the identity
on A*q*. Then on V -valued differential forms a on G/K we obtain

Dea = —AVa + ¢4 (a).

Proor. Let {Xi,...,Xn} alocal frame of G X € and {Y7,...,Y,} be alocal
frame of T(G/K) so that the union is a local adapted frame for A. Moreover, let
B be the Euclidean bundle metric on A induced by the Killing form. If we denote
by {Y'} the dual frame of the local frame {Y;}, then we can write

n n
dva:ZYi/\Vx‘ffoz, (5Vo¢:—ZLYiV€,’Za
i=1 =
for all @ € QF(G/K,V), where VV& and V% are the connections on the bundle
AFT*(G/K) ® V induced by the pairings of the canonical connection on T(G/K)
with the connections V¥ and V% on V, respectively. From part (iii) of Proposition
1.3.1 we know that the tractor connection is given by the sum of the canonical
connection and the algebraic action on the vector bundle V. Therefore, naturality
of the canonical connection implies

V¥ia = Vya+p¥(a)

for all vector fields Y € X(G/K), where p" is induced by the linear map g —
End (A*q* ® V) given by the tensor product of the identity on the exterior power
and the action of g on V, and similarly for V%.
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Therefore, the covariant exterior derivative and the covariant codifferential can

be written for all 1 <ig,...,ix <n as
k
(@7 0) (Y. - ¥i) = (1P (Vo Y, (@) (Vi VoY)
i=0
as well as ]
(5‘/&)(}/1'1" .- ’}/7:}9—1) - - Z(Vyza - p)‘% (O‘))(Yfa Yim s 7}/;k—1)7
(=1

c.f. Theorem 1.3.2(ii).
Combining these two formulae a direct computation shows that

(AY) (Y, ..., Ys) = (6¢, (@) = tr(VZa))(Yi,, ..., Vi)

n k
+ Z:Z(_l)]+1 ( (p‘(/{}/lj,}/g}-i-VleYg) (a)> (n’ Yi17 AR 7j’ AR 71/;]9)

(=1
+(pY, (@) = Vv, @) (Vy, Yo, Yiy, oo o, Yay)

+ (De,ja)(Y&Yil,-~-,j,-~-,1/ik)>

= (%),
where ¢¢, is the tensorial, G-equivariant map induced by the action of the g-part
Cy of the Casimir of g on V tensorized with the identity on A¥q*, and D, ; denotes
the differential operator
Dg,j (a) = szsz‘j a — inj Vyza - VVYZYz'j .
For the following computations, we will use Roman numbers to refer to the corre-
sponding lines in ().

First, we want to rewrite the third line (I17) of (). In order to do so, recall
that the Riemannian metric B on G/K is induced by the Killing form, so for the
orthonormal frame {Y,,} this implies that

B(Vy.Y.,Y;) + B(Yi, Vv, Yj) = Yi - B(Yy,Y;) = 0.
Thus, if we expand the vector field Vy, Y} in the frame {Y,»}, we obtain that

n n
Vy, Yo=Y B(Vy, Y, Y)Y = = > B(Vy, Y, Y0) Y.
m=1 m=1
We insert this into the third line of (%) and use multilinearity of « as well as linearity
of V in the lower entry to move the coefficients of Vy,ing in the above expansion
to the vector field Yy, which produces Vyij Y,.. Therefore, after renaming indices
we obtain that

n k
(111 = 3031 (6, vfa) = Vo, i) (Yoo Vi)

=1 j=1

The first sum cancels with the corresponding expression in the second line of (x).
Moreover, the second summand of (I17) together with Dy ; gives

vY/szq:j o — sz‘j Vy[Oé — VVYgYi]- o+ Vvyi Y, Q.
J
By Corollary 1.3.1 the canonical connection on T'(G/K) is torsionfree, so the above
expression reduces to
Vy, Vy, a=Vy, Vy,a = Vi, v, ja = R(Y;, i) (a),
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where R denotes the curvature of the canonical connection on A*T*(G/K) ® V.
Now from part (i) of Proposition 1.3.1 it follows that the curvature is given by the
algebraic action of —{Y,Y;; } on a. All in all, we obtain that

() = (¢¢, (@) = tr(V2)) (Viy ..., V3,

n k
+ Z Z(_l)J+1 (p}/Yij,Ye}(a) + p{Yij,Yz}(a)) (YE»Y;U ey Jees Ylk)v
=1 j=1

where the map p denotes the tensorial map induced by the £-action on AFq* ® V.

Since the algebraic bracket {Y;,,Y;} is a section of I'(G xk £) we can expand
it in the pseudo-orthonormal local frame {X,,}. The invariance property of the
Killing form implies that

N N
{Vi,, Vel == > BUY:, . Yo}, X)) Xon = > BV, Vi, X }) X,
m=1

m=1

and inserting this into (x) gives

() = (8, (@) = r(T2a) Vi, Vi)
N k
+ DO V(P (@) + px, (@) ((Yigs X Vs d e V).
m=1 j=1

Let ¢¢, be the tensorial, G-equivariant map induced by the action of the Casimir
element Ck of £ on AFq* ® V and ngK the tensorial, G-equivariant map induced
by the action of Cx on V tensorized with the identity on A*q*. Then by definition
of the algebraic action of G X ¢ on o we deduce that

AVa = g (a) + ¢t (@) — t1(V?a) = 6o, (a).

The first two summands add up to ¢ (a), whereas the last two expressions sum
up to —D¢ca by Proposition 1.3.3. Thus, we have

Dea = —AYa + pi(a).

1.4. Parabolic geometries

In this section we turn to the analysis of homogeneous parabolic geometries,
which are the second class of homogeneous space appearing in our construction
of Poisson transforms. In contrast to Riemannian symmetric spaces, these geo-
metric structures are quite exotic and were usually studied case by case until the
development of curved BGG-operators in [CSS01].

After a brief discussion of the structure of |k|-graded Lie algebras in section
1.4.1 we use the canonical Lie algebra structure on the cotangent spaces of G/P to
define in 1.4.2 the Kostant codifferential, which is a tensorial G-equivariant homol-
ogy differential. Subsequently, we will introduce the BGG-operators in 1.4.3 as a
distinguished family of differential operators between the corresponding homology
groups. Finally, we will analyse in section 1.4.5 density bundles over such manifolds
which are of crucial importance in this field.

1.4.1. Structure of |k|-graded Lie algebras. Let g be a semisimple Lie
algebra. We have seen in the Theorems 1.1.2 and 1.1.4 that parabolic subalgebras
of g are in bijective correspondence with |k|-gradings on g. Since this structure will
be of major importance in the analysis of parabolic geometries, we will dedicate
this chapter to give some basic properties about graded Lie algebras. As a reference
for this chapter, see [CS09, Chapter 3.1].
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Let g = g ® ... ® gi be a |k|-graded Lie algebra. The compatibility with
the Lie bracket shows that gy is a subalgebra of g, which is reductive, and each
g; is canonically a go-module via the adjoint action. Moreover, the Jacobi identity
implies that the Lie bracket [, |: g; ® g; — gi+; is @ go-homomorphism. Moreover,
the spaces p; = g1 ®--- D gr and g_ = g B --- b g_1 are both nilpotent
subalgebras of g, the former being an ideal in the parabolic subalgebra p := go ®p.
We will refer to p as the parabolic Lie algebra associated to the |k|-grading on g.

There is a unique element, F, called the grading element, which lies in the centre
3(go) of go and satisfies ad(E)|gj = j-idg, for all j = —k, ..., k. Therefore, we can
recover the index of the grading components via the action of the grading element.

Next, the |k|-grading determines a filtration g = g=* > --- D g¥ D 0 of g via

k
o =P
1=l

In particular, we see that g° = p, g' = p, and the grading property implies that
each g’ is a p-module. Since we are interested in p-invariant data the filtration of g
will be of major importance.

Let B denote the Killing form on g, which is non-degenerate by semisimplicity
of g. Then B is compatible with the grading and the filtration of g and thus induces
bilinear pairings between g; and g_; as go-modules for all i =0, ..., k. In addition,
it induces a duality of p-modules between g/g~**! and g‘, so in particular we obtain
an isomorphism (g/p)* = p4+ of p-modules.

We now turn to the group level. Let G be a Lie group with Lie algebra g. We
define a subgroup P of G via

P={gecG|Ad(g)(g")Cg' foralli=1,... k}.

Then P is a closed subgroup of G with Lie algebra p. We call any subgroup between
P and its connected component a parabolic subgroup. For a fixed parabolic subgroup
P we define the Levi subgroup G via

Go={g€P|Ad(g)g; Cg; foralli=—Fk,...,k}.

Then Gy is a reductive Lie group with Lie algebra go. In addition, it can be
shown that the restriction of the exponential map to py is a diffeomorphism into
its image, which is a closed, nilpotent and contractible subgroup exp(p+) =: Py
of G. Moreover, P, is a normal subgroup of P and and the groups Gy and P/Py
are canonically isomorphic. In particular, we see that P is the semidirect product
Gy x Py =2 Gy X p4, the latter isomorphism being induced by the exponential map.

DEFINITION 1.4.1. Let G be a semisimple Lie group with parabolic subgroup
P C G. Then we call the homogeneous space G/P the homogeneous model of
parabolic geometries of type (G, P) or shortly a homogeneous parabolic geometry.

The general notion of a parabolic geometry consists of a principal P-bundle
G over a manifold M, together with a distinguished g-valued 1-form on G which
induces a global parallelism and is compatible with the P-structure on G and g. In
our case the bundle over M = G/P is simple given by the Lie group G and the
distinguished 1-form is the Maurer Cartan form.

For the rest of this section, we want to analyse finite dimensional representations
of the parabolic Lie algebra p.

PROPOSITION 1.4.1. Let g = g D -+ D gx be a |k|-graded semisimple Lie
algebra, p = g° the corresponding parabolic subalgebra and E € 3(go) the grading
element.
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(i) Any finite dimensional completely reducible representation V of p is obtained
by trivially extending a completely reducible representation of gg to p. More-
over, the grading element acts by a scalar on every irreducible component of
V.

(i) Let V be a finite dimensional representation of p such that 3(go) acts diag-
onalisably. Then V admits a p-invariant filtration V. = V° > ... 5 VNV 5
VN*+L = {0} such that each of the quotients Vi /Vit1 s completely reducible.

Proor. [CS09, Proposition 3.2.12] O

Now consider a finite dimensional irreducible representation V of the full Lie
algebra g. Then the grading element E acts diagonalisably on V. Moreover, for
any eigenvector v € V with eigenvalue ¢ and any X € g; we obtain that

E-X v=X-E-v+[E,X]-v=(i+j)X v,

so X - v is an eigenvector of the action of F with eigenvalue i + j. Hence by
irreducibility of V these eigenvalues form an unbroken string of integers ig, . . ., ig+7.
If we denote by V; the eigenspace to the eigenvalue j then the compatibility with
the grading reads as

8i-V; C Vi,

where we agree that Vj, = {0} if k is not an eigenvalue of the action of E. Moreover,
the filtration induced by the grading coincides with the filtration obtained from
Proposition 1.4.1(ii) by viewing V as a p-representation.

1.4.2. The Kostant codifferential. The main feature of parabolic geome-
tries is that any cotangent space carries a canonical structure of a Lie algebra so
that the group P acts by Lie algebra homomorphisms. Therefore, we can form the
homology differential on the fibres, which induces a tensorial operator on k-forms on
G/P. Together with the covariant exterior derivative, this enables us to generate a
sequence of strongly invariant operators between sections of the homology bundles,
which in the homogeneous case computes the twisted de Rham cohomology.

As before, let g = g_ @ p be a |k|-graded semisimple Lie algebra with parabolic
subalgebra p = go @ p+. Since the Killing form on g is nondegenerate it induces a
P-equivariant duality between g/p and py, so we can identify the cotangent space
T*(G/P) with the bundle of Lie algebras associated to the P-representation p.
Consider the standard complex for Lie algebra homology H.(p4,V) of py with
values in a G-representation V. The k-chain space in this complex is given by the
P-module Cy(p4,V) := AFp, @V, and the differential is the map 0*: Cy(py,V) —
Cr—1(p+,V) defined by

k
D(ZAN...NZp @) = Z(—l)iZl/\.../\i/\.../\Zk®(Zi-v)
i=1
Y (D) Z ZIANZIA NN AN N 2 @ .
1<j

It is easily verified that 0* is P-equivariant and satisfies 0* o 9* = 0. Although
the map 0* is a Lie algebra homology differential it is usually called the Kostant
codifferential for historical reasons. Furthermore, by P-equivariance the subspaces
ker(9*) and im(9*) of Ci(p+,V) are P-invariant, implying that the associated ho-
mology groups Hy(py,V) = ker(9*)/im(9*) are P-modules. Since py acts trivial
on these modules, we see that H,(g_, V) is completely reducible due to Proposition
1.4.1(31).

There is another construction which can be done using the graded structure
on g. Consider the standard complex for the Lie algebra cohomology H*(g_,V)
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of g_ with values in a g-representation V. Here, the k-cochain spaces are given
by the P-modules C*(g_,V) := A*g* ® V, which we identify with multilinear
alternating maps (g_)¥ — V. Moreover, the Lie algebra cohomology differential
d: C*(g_,V) — C*+1(g_,V) is defined by

k

)Xoy, Xe) = D> _(-1)'X; - f(Xo,.. 0., Xk)

=0
Y (D) F(X X)) Koy ody e Xa)
1<j
for all Xy,..., X, € g_, where the hat denotes omission. It is well known that
000 = 0, which means that (C*(g_,V),0) is indeed a complex. However, the
cohomology differential is only a homomorphism of Gy-modules.

In [CS09, Proposition 3.3.1] it is shown that 9 and 0* are adjoint maps with
respect to an inner product on C(p4,V), which immediately induces a Hodge-
decomposition of these cochain spaces. Explicitly, we define the Kostant Laplacian
O as the self-adjoint linear map [0 := 9 o 9* + 0* o 0. Then we have the following
result.

THEOREM 1.4.2. Let g=g_ @ p be a |k|-graded Lie algebra and V a represen-
tation of g. Then for each k =0, ...,dim(g_) we obtain a decomposition

Ci(p+,V) =im(0") @ ker(O) & im(9),

where the first two spaces add up to ker(9), whereas the last two summands add up
to ker(0%).

PROOF. The proof of [CS09, Theorem 3.3.1] applies without changes. O

1.4.3. BGG-sequences. Now we turn to the global picture and show how the
operators from the previous section induce differential operators between homology
bundles.

Let G be a connected Lie group with Lie algebra g and let P be the subgroup of
G with Lie algebra p. Let V be a G-representation and V' be the corresponding trac-
tor bundle. Since V-valued k-forms on G/P are sections of the bundle associated
to the P-representation AFp, ®V, the P-equivariant map 0* induces a G-invariant
tensorial operator on QF(G/P,V) for all k. Moreover, the P-invariant subspaces
ker(0*) and im(9*) give rise to two subbundles of A*T(G/P) ® V, which we will
denote by the same symbols. By naturality, their quotient bundle Hy(G/P,V) is
given by the bundle associated to the P-representation Hy(p, V), so the canonical
projection induces a natural operator 7 from the space of sections of the bundle
ker(9*) to sections of the bundle Hy(G/P, V).

On the other hand, the operators d and [0 are only gg-equivariant, so they
do not have immediate geometric counterparts. However, via a careful analysis of
the interaction between the Kostant Laplacian [J and the curved Laplace operator
OF .= dVo* 4+ 0*dV, where d¥ denotes the covariant exterior derivative, we can
construct an operator which splits the canonical projection 7 onto the sections of
the homology bundle.

THEOREM 1.4.3. Let G be a semisimple Lie group, P C G a parabolic subgroup
and let V' be the associated bundle corresponding to a G-representation V. Let
0* denote the Kostant codifferential on C.(g—,V) and let us denote the induced
operators on the bundles A*T*(G/P) ® V' and their sections by the same symbol.
Let © denote the natural operator ker(0*) — T'(Hi(G/P,V)). Then there is a
natural differential operator

L:T(Hi(G/P,V)) — T(ker(0*)) C Q*(G/P,V)



1.4. PARABOLIC GEOMETRIES 27

which splits the projection w. Moreover, the operator L is uniquely characterized by
the following conditions: For all o € T(Hy(G/P,V)) we have

(i) =(L(@)) = a,
(i) dV(L(a)) € T'(ker(9%)).

Proor. [CSS01, Section 4]; [CDO01] 0

The last Theorem allows us to construct natural invariant differential operators.
Indeed, we have the following diagram

I'(ker(9*)) I'(ker(9%))

R

L T(HA(G/P,V)) —2 T(Hiya (G/P,V)) 2

where the induced operators DV : T(H(G/P,V)) — I'(Hi+1(G/P,V)) defined by
DV = wod" o L are natural differential operators. Moreover, since the tractor
connection is flat we deduce from Proposition 1.2.4(i) that DY o DV = 0.

DEFINITION 1.4.3. Let G/P be a homogeneous parabolic geometry and let V
be a G-module with associated tractor bundle V on G/P. We call the sequence of
strongly invariant operators

0 —— T(Ho(G/P,V)) -2 . 2 P(Hgimm(y ) (G/P,V)) —— 0

the Bernstein-Gelfand-Gelfand sequence or BGG-sequence.

In the definition of BGG-sequences we used the covariant exterior derivative d"
as defined in section 1.2.4. However, a precise analysis shows that this construc-
tion can be applied to a wider range of differential operators between V-valued
differential forms on G/ P, so called compressible operators. This idea was recently
developed in the setting of relative BGG-sequences in [CS15], which also includes
the classical case above. However, for our purpose it will be sufficient to stick to
the above definition of BGG-sequences.

Since the BGG-sequence is a complex on the homogeneous space G/P, we
can compute its cohomology, which turns out to be precisely the twisted de Rham
cohomology as defined in section 1.2.4.

COROLLARY 1.4.3. For any representation V of G the BGG-sequence
0 —— T(Ho(G/P,V)) 25 oo 25 DM p) (G/P,V)) —— 0

is a complex, which computes the twisted de Rham cohomology of G/P with values
in the bundle V.

ProoOF. [CSS01, Corollary 4.15] 0

In general, the bundles appearing in the definition of the BGG-sequence are
much smaller than those in the twisted de Rham complex. Therefore, the above
Corollary gives an easier way to compute the de Rham cohomology of a homoge-
neous parabolic geometry.

Finally, each section of Hy(G/P, V) possesses a distinguished representative in
I'(ker(0*)), which can be shown using Theorem 1.4.2
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PROPOSITION 1.4.3. Let G/P be a homogeneous parabolic geometry and let V
be a tractor bundle on G/P. Then every homology class in Hi(G/P,V) has a
unique representative in the kernel of OF. Therefore, we obtain an isomorphism

D(H1,(G/P,V)) =T (ker(D)),
which is given by the splitting operator from Theorem 1.4.3.

PRrOOF. Using that OF is invertible on the image of 9* (see [CD01, Theorem
5.2]) this is a simple consequence of Theorem 1.4.3. O

1.4.4. An adjoint for the Kostant codifferential. In section 2.2.1 we will
define a Poisson transform on differential forms on G/P with values in a tractor
bundle as an integral operator whose kernel is a vector valued differential form. In
this context, it will be necessary to determine an operator on such kernels which
is adjoint to the Kostant codifferential with respect to the wedge product. More
explicitly, let V be a G-representation and consider two chains a € C(p4, V*) and
B € Cnt1-k(p+,V), where dim(g/p) = n. Our aim is to find an operator 9% which
satisfies

A B =(=1)and*s,

where the wedge product is formed by applying the contraction V* ® V — R. In
this section we will derive this operator by finding an expression for the Kostant
codifferential in terms of operators which are compatible with the wedge product.

Recall that the Killing form induces a duality between p, and g/p as P-
modules, so we can identify AFp, ® V with the space of k-linear alternating maps
g® — V which vanish after insertion of any element in p. Explicitly, for all
Wi,...,Wr€g, Z1,...,Z, € py and v € V we have

(Zl N oo N2 ® ’U)(VVl7 ey Wk> = det(B(Zi7 Wj)i)j) -,

and since the Killing form is trivial on p x p, this expression vanishes if W; € p for
any : =1,... k.

In this way, we can define two operations on chains. First, for every n € g we can
form the insertion operator ¢,, which is a map from k-chains to (k — 1)-chains. On
the other hand, we define for every & € p, the operator €¢: AFp, @V — AFlp, @V,
which is given by e:(a) = £ A a. By definition, we obtain for all n € g and £ € p.
that

tpeca = B(&,n)a — egipa.
In particular, if £ and 7 are orthogonal with respect to the Killing form, then the
operators ¢, and € anticommute.

Every element Z € py acts canonically on both V and A*p., the latter action
is given by the exterior power of the adjoint action. We denote by pP+ the action
on the chain space A*p; ® V given by the adjoint action on A*p, tensorised with
the identity on V, and similarly by p¥ the action of p, on V tensorised with the
identity on A*p. .

PROPOSITION 1.4.4. Let g be a semisimple Lie algebra and p be a parabolic
subalgebra of g. Let g_ denote the negative part of the grading on g induced by the
choice of parabolic. Let V be a p-representation and let ¢ € AFp, ® V, which we
view as a multilinear, alternating map g* — V which vanishes after insertion of
any vector in p. Let &1,...,&, be a basis of p4 and let n1,...,n, € g be the dual
basis with respect to the Killing form. Then

= 1
o =— Z <p§]Z + 2,02;) e ®-

{=1
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PRrROOF. By linearity of the Kostant codifferential it suffices to prove the for-
mula for decomposable elements ¢ = Z1 A ... A Z @ v with Z1,...,Z; € p; and
v € V. Moreover the defining formula for the Kostant codifferential splits into
the sum 0* = 8* + 5‘{2), where the first term corresponds to the summand which

contains the p+ actlon on V, and df) = 0" — 9(;. Since the bases {{} and {n}
are dual with respect to the Killing form, every element Z € p, can be written as

Z = Z[ (7727 )

The first part of the claimed formula can be computed as

Zp&bmaﬁ ZZ B, Z)Zy Ao . NN N Zy @ (€ - 0)

=1 i=1
:Z(—l)iZl/\.../\i/\.../\Zk®(Zi‘”)7
1=1

which is exactly 8?1)(¢). Similarly, for the second part we deduce

1 n 1 n k . )
—5 D Pk () =52 (V' Bne. Z)pk (Zu A NN A Zy @)
=1 (=1 i=1
1 n k
:522(_1)”]13(% Ve ZANZINA .G G N @
1=1i<j

o~
I
—
-
Y

<

If we move the Killing form into the Lie bracket and sum over all ¢, we obtain the
expression [Z;, Z;]. Next, if we exchange the indices ¢ and j in the second sum and
use skew-symmetry of the Lie bracket we see that the two sums coincide. All in all,
we get

—72,)& b (8) =D (1) Z ZINZ A i j N2 @,

1<j

which equals 9(,,(¢). O

As mentioned at the beginning of this section, our aim is to construct an opera-
tor which is adjoint to the Kostant codifferential with respect to the wedge product
in a special case. For that, it will be necessary to rewrite the action pP+ in an
appropriate way.

LeEMMA 1.4.4. Let {&1,...,&.} be a basis of py and let {n1,...,n,} be the dual
basis for g_ with respect to the Killing form. Then for all o € Ci(p4,V) and
X € py we have

n

P
PRa==D eqix g0

t=1

where we view o as a k-linear alternating map g* — V which vanishes after inser-
tion of an element in p.

PROOF. By linearity of the operators it suffices to consider a = Z; A.. . AZp Qv
with Z1,...,Z; € py and v € V. The Killing form induces a nondegenerate pairing
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between g_ and p,, so the right hand side of the claimed formula yields

= ey ,ma*ZZ B(X, 0], Z)es NZL A .. NP ... A Zy,
t=1 =1 t=1
—ZZ U B0, [X, Z)E& N2y A - NN N 2
=1 t=1
_Z DX, ZOANZUA NN A Ty,
which is exactly the p-action of X on a. O

We can insert the formula from the last Lemma into Proposition 1.4.4 to obtain
an expression for the Kostant codifferential which is compatible with the wedge
product. In this way, we can prove

THEOREM 1.4.4. Let g be a semisimple Lie algebra and p be a parabolic subalge-
bra of g. Let g_ denote the negative part of the grading on g induced by the choice of
parabolic and V be a p-representation. Let o € Ci(p+,V*) and 8 € Cpy1-k(p4,V)
be two chains, where n = dim(g/p). Then we obtain that

*anpB=(=1)and B,
where the wedge product is formed by applying the contraction V* @ V — R,

PRrOOF. Let {&1,...,&,} be a basis for p, and {n,...,7n,} the basis of g_
which is dual with respect to the Killing form. Combining Proposition 1.4.4 and
Lemma 1.4.4 we deduce that

aNd B =— Za/\pgsLnsﬁ+ Za/\egt Ly me)bns B

s=1 stl

where we view the chains « and 3 as multilinear, alternating, V-valued maps on g*
which vanish after insertion of an element of p.

For the first sum, note that the insertion operator commutes with the action
p" by definition. Therefore, we first move ¢, to the left, which produces the sign
(—1)"""‘1. Now we apply the definition of the dual representation to obtain

oA plin B = (=) (o ty.a) A B = (x).

For the second sum, we can first move the operator €¢, to the left, where we pick
up the sign (—1)1*l. Next, we use the fact that the wedge product of &, o and 3
is a chain of degree n + 2, so we can move ([, ] to the left, obtaining the sign
(—1)lel. Finally, the last insertion operator produces (—1)!*/*1 when moved to the
left. Using that two interior products anticommute we deduce that

a A eg,tie, miin B = (=) (e, min,ce,0) A B.
We want to simplify the last expression by commuting ¢, with the interior products.
For that, we will make a specific choice of basis for the subalgebra p .

Assume that the basis {1, ...,&,} is the union of bases of the positive grading
components. First, by duality of the bases we see that B(&s,n:) # 0 if and only if
s =t, so we can easily anticommute ¢¢, and ¢,,, for all s # ¢t. However, if the indices
are the same, the Lie bracket [ns,&;] is contained in go C p by the compatibility
condition of the Lie bracket and thus inserts trivially into «. For the other interior
product, note that

B([s,me),6¢) = B(&s, [ne,&]) = 0
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since & € py and [, &] € go. Thus, we can anticommute both interior products
with eg,, which does not change the sign of (x). Putting all together we obtain that

aNId*B= (—l)la‘a*a A B,

so we see that the Kostant codifferential is self-adjoint with respect to the wedge
product. O

1.4.5. Densities on G/P. In the last chapter of this section we will introduce
and study density bundles over G/P, which are a tool of major importance in the
realms of parabolic geometries.

Let G be a semisimple Lie group and H a closed subgroup of G. Consider
an orientable, homogeneous line bundle £ over G/H with associated 1-dimensional
H-representation E and assume that G acts by orientation preserving bundle maps.
Then the action of H on E is determined by a smooth character x: H — R;. In
this case, we denote the line bundle by £[x]| and the associated 1-dimensional H-
representation by R[x]. We call any section of £[x] a x-density and we refer to the
bundle as the bundle of x-densities on G/H. Moreover, if V' — G/H is any vector
bundle, then we define V[x] := V ® &[x]. Clearly, if V is a homogeneous vector
bundle associated to the H-representation V, then Vx| is again homogeneous with
corresponding H-representation V & R[x] := V[x].

PROPOSITION 1.4.5. Let G be a Lie group and H a closed subgroup.

(i) Let x and x' be two characters H — Ry and V and W be two vector bundles
over G/H. Then there is a canonical isomorphism

ViXle WX = (Ve W)x+ X

(i1) If x is the trivial character, then Vx| =2 V for all vector bundles V over G/H
(iii) For every character x: H — Ry and every vector bundle V — G/H the dual
bundle of V[x] is isomorphic to V*[—x].

ProoF. This follows directly from the naturality of the associated bundle con-
struction. O

The existence of nontrivial density bundles depends strongly on the Lie group
H. Indeed, if x: H — R is a character on a compact subgroup H, then x(H) is
a compact subgroup of R, and thus has to be trivial. In particular, there are no
interesting density bundles over Riemannian symmetric spaces.

On the other hand, density bundles are crucial in the theory of invariant dif-
ferential operators on homogeneous parabolic geometries. In this setting they can
be fully described by a character on the Levi subgroup.

THEOREM 1.4.5. Let G be a semisimple Lie group, P C G a parabolic subgroup
and Gy the Levi subgroup of P. Then any density bundle £ over G/P is determined
by a character Gy — Ry. Furthermore, if P is a minimal parabolic subgroup, then
€ is already determined by a linear functional X € af.

ProOF. Let x: P — R, be the character associated to the density bundle
£. Since the corresponding P-representation R[y] is 1-dimensional we obtain from
Proposition 1.4.1(i) that the nilpotent subgroup P, of P acts trivially on R[],
implying that y factors to a character x': P/P, — R. Furthermore, the quotient
group P/P; is canonically isomorphic to Go, so we can view X’ as a character on
G, which by construction is just the restriction of x to the Levi subgroup.

Now assume that P is a minimal parabolic subgroup of G with Lie algebra pg.
Then we can find a Cartan involution on the Lie algebra of G so that P = M AN,
where G = KAN is the Iwasawa decomposition of G and M is the centralizer of
the Lie algebra ag of A in K. In this case, we have Go = M A and P, = N, so the
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density bundle is determined by a character on M A. However, since M is compact
this character is trivial on M, and thus its restriction to A = exp(ag) is determined
by a linear functional on ag. (|

1.5. Fibre integration

In this section we will introduce the integral over the fibre of a vector valued
differential form on a fibred manifold, which will be essential for our construction
of Poisson transforms. Here we will give a broader and more detailed discussion
of this tool since results in this context are usually only formulated for real valued
differential forms, c.f. [GHV72].

Explicitly, we define fibre integrals in section 1.5.1 and provide a description in
terms of local coordinates. Moreover, we will prove that this operation is compatible
with pullbacks as well as covariant exterior derivatives. Afterwards, we focus in
section 1.5.2 on fibre integrals in the category of Riemannian manifolds, which will
be used in section 3.3.3 to derive estimates on the pointwise norms of the images
of Poisson transform in the special case of the real hyperbolic space.

1.5.1. Definition and first properties of fibre integration. Let M and
F be smooth manifolds of dimensions m and n, respectively, and let 7: E — M
be a smooth (locally trivial) fibre bundle with standard fibre F. For all x € M we
denote by E, = 7 !(z) the corresponding fibre, which is a submanifold of E via
the inclusion j,: E, — E. Moreover, the union of all tangent spaces of the fibres
forms the vertical bundle VE :=ker(Tr) C TE.

We say that the fibre bundle FE is orientable if there exists a differential form
o € Q"(FE) such that the pullback j*o orients the fibre E, for all x € M. Two such
differential forms are said to be equivalent if they induce the same orientation on
the fibres and any equivalence class is called an orientation on the bundle E. For
trivial bundles £ = M x F, orientability of F is equivalent to orientability of the
standard fibre F'.

Let o be a differential form on E and denote by supp(«) the support of .
Then « is said to have fibre-compact support if for every compact subset K C M
the intersection 7—1(K) N supp(«a) is compact. We denote by Qr(FE) the space of
fibre-compact supported differential forms on E. If we denote by Q.(F) the space
of differential forms with compact support, we have the following chain of inclusions

Q.(E) € Qr(E) € QE),

where the first two spaces coincide iff M is compact, whereas the last two coincide
iff F'is compact.

Let p: V — M be a vector bundle over M and denote by 7*V — E the pullback
bundle of V along m, i.e. the bundle

'V ={(z,v) e ExV | n(z) =pv)}.

Then any section s € I'(V') induces a section 7*s of the pullback bundle 7*V, called
the pullback section of s, which is defined via (7*s)(z) = s(n(z)) for all z € E. In
particular, if {s;} is a local frame of V over U C M, then we can write every local
section o € I'(m*V|y) as 0 = ), fim*s; for smooth functions f; € C*°(E|y,R).
Now we have collected all the ingredients for the definition of the fibre integral.
Let a be a 7*V-valued differential form on F of degree n + p for any 0 < p < m,
which has fibre-compact support. For any x € M we fix an element z € F, as
well as tangent vectors &i,...,&, € T, M and n,...,7n, in the vertical bundle
V.E. We choose local lifts & of the tangent vectors & to TLE for alli = 1,...,p.
Then by dimensional reasons the element a(z)(1,...,&p, M1y, 7m) € (7*V), is
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independent of the choice of lifts of the vector fields &;. This allows us to define an
n-form o, € Q"(E,, A’T:M ®@V,) via

ap(2) (s M) (€n -5 &) = () (€05 Epa i)
forall m,...,np, € V.E and &,...,§ € T, M.

DEFINITION 1.5.1. Let m: E — M be an oriented fibre bundle over M with
smooth fibre F' of dimension n and V — M a vector bundle. Then for all fibre
compact differential forms o € Q%P (E, 7°V) we define a V-valued differential form

fraeQP(M,V) via
(f)or= Lo

][ :Qp(E, V) = Q(M,V)
F

The resulting linear map

is called the integration over the fibre F or shortly the fibre integral over F'.

Note that if « is a differential form on F which vanishes after insertion of n
vertical vector fields, then its fibre integral is trivial by definition. Moreover, we
extend the fibre integral to differential forms on E of degree < n trivially. We have
already mentioned that if the fibre F' is compact, then every differential form has
fibre compact support and thus fF is defined for all differential forms.

In order to give a local description of the fibre integral, we will start our dis-
cussion with the special case of the product bundle £ = M x F. The tangent
maps of the canonical projections my;: £ — M and np: E — F induce a linear
isomorphism

T(x7y)(M X F) =T.M EBTyF

for all z € M and y € F. We call a tangent vector £ € T, E horizontal (respectively
vertical) if its image under T,7p (respectively T,mys) is trivial. By naturality of
the exterior product the decomposition of TE induces an isomorphism
AFT*E @ APT*M @ AT*F,
pt+a=k
and we define the bundle AP¢T* E to be the preimage of APT* M @A?T* F under this
isomorphism. The space of smooth sections of AP¢T*FE is called the space QP4(E)
of differential forms of degree (p,q) and consists of those differential forms on E

which vanish after insertion of p 4+ 1 horizontal or ¢ + 1 vertical vectors. Moreover,
the space of differential forms on E of degree k decomposes into the direct sum

OkE)= P ari(E).
p+q=k
forall k=0,...,m+n.

Assume now that the product bundle n: E = M x F — M is oriented, which
is equivalent to the standard fibre F' being oriented, and let V' — M be a vector
bundle. For any differential form o € Q"*P(E,7*V) the definition of the fibre
integral implies that fF a is trivial unless a € QP (E, 7*V) for any 0 < p < m.

We can easily get a local description of the fibre integral in this case. Let U
be an open subset of M and choose a local coframe e', ..., e™ on U. Moreover, let
dy € Q"(F) be an orientation on F and let {s;} be a local frame of V|y. Then we
can write the restriction of o € QP (E) to U x F as

aluxr = z:ij(:zz,y)Ei1 A ANEP Ndy® T*s;,
I,j
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where f;; € C®(U x F) and the sum is indexed over all ordered tuples I =
(i1,...,1p). If we abbreviate e/ = e’ A...Ae'», then the fibre integral at any point
x € U is simply given by

(]i O‘) (z) = XI: (/F fi(, y>dy> el (z) @ s1(2).

In the next Proposition we will show that the fibre integral is compatible with
isomorphisms of fibre bundles. Together with partitions of unity, this will be used
to obtain a local description of the fibre integral on any bundle E. In particular,
many properties which hold for integration of smooth functions can be translated
to fibre integrals in this way.

PROPOSITION 1.5.1. Letw: E — M and 7: E — M be two oriented fibre bundle
with standard fibres F' respectively F and let V. — M be a vector bundle over M.
Let U: E — E be a fibre bundle isomorphism covering a diffeomorphism 1: M —
M and assume that for every x € M the map V,: E, — E~¢(I) is orientation
preserving.

Then for all o € Q%+p(E~’,7~r*f/) the form U*a € Q"tP(E, U*7*V) has again
fibre compact support. Moreover,

fo-v(f2),

Proor. We will generalize the proof in [GHV72, ch. VII, Prop. VIII] to vec-
tor valued differential forms. First, we show that U*« has fibre compact support.
Since ¥ is an isomorphism of fibre bundles, the base map v is a diffeomorphism.
Therefore, we can write every compact subset K of M as 1)~ (K' ) for a compact sub-
set K in M. Since W is a fibre bundle map we deduce that 7~ *(K) = ¥~ '71(K).
On the other hand, we have supp(¥*«a) = ¥~!(supp(c)) by definition of the pull-

back of differential forms. Thus, we obtain
7 (K) Nsupp(¥*a) = U* (ﬁ_l(K) N Supp(a)) ,

and since ¥~ is a diffeomorphism it follows that ¥*« has fibre compact support.

Therefore, the left hand side of the claimed equation is well defined. For x € M
let (U*a), € Q"(E,, APTX M ®(¢*V),) be the induced differential form on the fibre
E, used in the definition of the fibre integral. The diffeomorphism ¢ induces a linear
isomorphism APTY M — APTIM and thus a linear map

b QY (Eg, NPT} () M @ V(o)) —= QY (B, APTEM @ (V7))
From the definitions it is immediate that
(T a)e = (¥} 0 ) (o))

for all x € M. Now the map V¥,: E, — Ew(I) is orientation preserving, so we can
apply the transformation formula for the integral to obtain that

e = [ wioviasn - ( L %(m))

x

where we can move ¥} outside of the integral since it only acts on the values of the
differential form W} v, () on E,. Thus, by definition of the fibre integral the above

equation implies
][ Ura =" ( ][ a)
F F

as claimed. O
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For the remainder of this section we want to prove that the fibre integral com-
mutes with the covariant exterior derivative. For that, let 7: £ — M be a fibre
bundle with standard fibre F' and let V' — M be a vector bundle over M. If V is
endowed with a linear connection V: T'(V) — Q(M, V), then we can construct an
induced connection 7*V: I'(7*V) — QY(E,7*V) on 7*V, called the pullback con-
nection. This connection is determined by the property that the following diagram
commutes:

L(V) —Y— QY (M, V)

I'(mV) =Y QUE, V)

Otherwise said, we have that 7*(Vrr.es) = (7*V)¢(n*s) for all sections s € I'(V)
and vector fields £ € X(E). In particular, we can form the covariant exterior
derivatives d¥ on Q*(M,V) and d™ V on Q*(E,7*V) as in section 1.2.4, which
by naturality are again compatible with pullbacks of differential forms along the
projection 7, i.e. these operators satisfy

dVor* =n*od" V.

Moreover, if RV € Q?(M,End(V)) denotes the curvature of V as defined in section
1.2.3 we have dVdVa = RY A« for all a € QF(M,V), cf. Proposition 1.2.4.
Since we can locally find dual frames of 7*V consisting of pullbacks it follows that
R™V = n*RV.

In the next Theorem we show that the fibre integral commutes with the co-
variant exterior derivatives. In the case of real valued differential forms or a flat
connection on V, this will imply that fF descends to a map in de Rham cohomology,
which was the initial motivation to study fibre integrals.

THEOREM 1.5.1. Let m: E — M be an oriented fibre bundle with standard fibre
F and let V. — M be a vector bundle over M. Let V be a connection on V and
denote by ™V the pullback connection on the pullback bundle 7*V — E. Then the
fibre integral commutes with the covariant exterior derivative, i.e.

dV][ « :][ d” Va.
F F

PROOF. For real valued forms, the commutation relation between the fibre
integral and the exterior derivative is proven in [GHV72, ch. VII, Prop. X].
However, we will a give a full proof for the general case of fibre integrals of (7*V)-
valued differential forms on F.

For all a € QpP(E,7*V) the value of f, a at + € M only depends on the
restriction of « to the fibre E,, so if U is an open neighbourhood of z in M and
if ay denotes the restriction of o to E|y := 7~ (U), then the values of the fibre
integrals of a and ay coincide at € M. Thus, after possibly shrinking the open
subset we can assume that U is a coordinate neighbourhood of x in M and that
®: U x F — E|y is a local parametrization of E. Then the smooth map @ is a
bundle isomorphism covering the identity, so Proposition 1.5.1 shows that

][OtU :][ (I)*OzU.
F I3

Therefore, we can assume that £ = M x F'is a trivial bundle and that there are
a global coordinates z',...,2™ on M. We have seen that the space of differential
forms on M x F decompose into forms of degree (p,q), and the fibre integral of

for all a € Qp(E,7*V).
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such a form is trivial unless ¢ = n. Moreover, we can split the exterior derivative
on E into the direct sum d™ ¥V = dy; + dp, where a (p,q)-form is mapped to a
(p+1, q)-form by dy and to a (p,q + 1)-form by dr. Then it follows that the fibre
integral of the exterior derivative of o € QP9(E) is trivial unless ¢ = n—1 or ¢ = n.

In the first case consider for x € M the (APT;M ® V,)-valued differential form
a, on E, of degree n — 1 induced by «. By construction we deduce that the form
o, has compact support and satisfies the relation d (a,) = (=1)?(dra),. But then
Stokes’ Theorem implies

(][F dFa> (2) = (—1)? /E da, = 0
for all z € M.

Thus, it suffices to show that

—

for all a € QP"(E), which we will prove in local coordinates. If dy € Q"(F) is an
orientation on F and {s;} is a local frame of V, then we can write

a= Z flyjdxl Ndy @ T*s;,
I,
where the fr; are smooth functions on E, s; € I'(V)) and I runs over all ordered
tuples indices (i1, ...,4,). We want to apply the derivative dps to this differential
form. Using the relation (7*V) (7*s;) = 7* (Vs,;) and the antiderivation property
of the covariant exterior derivative we obtain that

LAPY . -
dya = ZZ %dmZ ANda! Ndy @ 7%s; + (=1)PT 1 jda’ Ady AT (Vs;) .
I i=1

Since the partial derivatives in direction of d,: commute with the integral over F
we can write the integral of this form as

<]i dMa) (2) = d” ; </F fl’j(_’y)dy> dz' @55 | (2) = <dv ]i a) (z),

proving the claim. ]

The last Theorem has an immediate consequence for the twisted de Rham
cohomology on M and E. Explicitly, let the vector bundle V' — M be endowed
with a flat connection V: T'(V) — QY(M, V). Then the twisted de Rham sequence

v 1 dav dav m
Ny —— Q' (M,V) — ... — Q™(M,V)

is a complex (c.f. Proposition 1.2.4(i)) and thus we can form its corresponding
cohomology groups H'(M,V). Moreover, the pullback connection on the pull-
back bundle is also flat, so we also obtain twisted de Rham cohomology groups
HI(E, V).

COROLLARY 1.5.1. Let E — M be an oriented fibre bundle and let V- — M be
a vector bundle endowed with a flat connection. Then the fibre integral descends to

a linear map ﬁi HP(E,n*V) — HP(M,V).

ProoF. Follows immediately from Theorem 1.5.1. O
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1.5.2. Fibre integration on Riemannian products. Following the general
discussion we will now study fibre integrals on bundles 7: E — M in the category of
Riemannian manifolds. In particular, our aim is to deduce an estimate of the norm
on M of fibre integrals in terms of the integral of the norm of the corresponding
differential form on FE.

As before, let M be a smooth manifold of dimension m, let 7: E — M be
a fibre bundle with n-dimensional fibre F' and assume that (M, gy) and (E, gg)
are Riemannian manifolds. For all z € E we obtain a distribution H on TE by
defining H, C T, E as the orthogonal complement of ker(7,7) = V,E with respect
to gg. Otherwise said, H defines an Fhresmann connection on E, and we call a
tangent vector £ € T, E horizontal if £ € H,. Moreover, if we define the bundle
APIT*E .= APH* ® AYVE, then by naturality of the exterior power we obtain a
Whitney sum decomposition

ANT*E= @ AT E.
p+q=k
We denote the space of sections of APIT*E by QP1(E) and call any elements in
this space a differential form of degree (p,q). By definition, QP4(E) consists of
those differential forms on F of degree p + ¢ which vanish after insertion of p + 1
horizontal or g + 1 vertical vectors. From above we also obtain a decomposition

oME) = @ U(E)

p+q=k

on the level of sections, and every differential form « of degree (p, ¢) can be locally
written as a sum of elements of the form ¢ A 1, where ¢ is a local section of AP H*
and 1 is a local section of AIVE.

The Riemannian metric on E induces a bundle metric ( , )z on A¥T*E for all
1 < k < m. Since the subbundles H and V E are orthogonal in T E with respect to
gE, so are APH* and APV*FE in APT*FE for all p. Therefore, the bundle AP9T*FE
is orthogonal to AP4'T*E for all (p,q) # (p',¢') and ( , )p restricts to a bundle
metric AP9E for all 0 < p < m and 0 < ¢ < n. Moreover, the bundle metrics on
A*T*E and AP9T*E induce pointwise inner products on the corresponding spaces
of sections, which we will denote by the same symbol, as well as a pointwise norm
| |g. By construction it follows that QP4(E) is orthogonal to Q¥4 (E) for all
(p,q) # (P, q') as before.

Since we want the Riemannian structures on M and E to be compatible we
assume further that = is a Riemannian submersion, i.e. that the tangent maps
T.m: H, — Tr,)M are orthogonal for all 2 € E. Then the restriction of g to the
horizontal subbundle is exactly the pullback metric of gj; along the projection.

Assume that both M and E are orientable and let voly; and volg denote the
corresponding volume forms. Then volg is a nowhere vanishing element in Q™" (E),
where m = dim(M) and n = dim(F) as before. For z € M let &,...,&,, be an
orthonormal basis of T, M. Since 7 is a Riemannian submersion the pullback of
these vectors to any z € E, form an orthonormal basis of H,. Thus, insertion of
these vectors into volg defines a vertical differential form w, of degree n on the
fibre E, via

WI(Z)(nlv"'ann) = VOIE(glv"‘7§M77717"'a77n)

for all ny,...,n, € V,E. In this way, we obtain a smooth differential form w €
Q0" (E) of norm 1 which satisfies

volg = ¥ volpyr A w

by construction.
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THEOREM 1.5.2. Let (M, gpr) be an oriented Riemannian manifold and F be
an n-dimensional smooth manifold. Let m: E — M be a fibre bundle with standard
fibre F' and assume that (E,gg) is a Riemannian manifold so that E — M is a
Riemannian submersion. Let V. — M be an Fuclidean bundle with bundle metric
h and denote the pullback metric on 7V by w*h. Let | |pr and | |g denote the
pointwise norms on Q*(M,V) and Q*(E,7*V) induced by gns and h respectively
ge and 7™h.

Then for all o € QP (E, 7*V') we obtain that

][a §][|a|Ew.
F lmu JF

PRrROOF. Since both sides of the inequality only depend on a point in M it
suffices to show the inequality locally around any x € M. Let U be an open subset
of M with 2 € U so that there is a fibre bundle parametrization &y : U x F — Ely
as well as a parametrization for the vector bundle V. On U x F we define the
Riemannian metric gy as the pullback of the restriction of gg to E|y along ®y.
Since the diffeomorphism &y preserves the fibres it maps the kernel of the tangent
map of the first projection pr;: U x F' — U to the kernel of T'r. Therefore, by
definition of the metric g the same holds for its orthogonal complement, and the
equation pr; = wo®; shows that the projection onto U is a Riemannian submersion.
Together with Proposition 1.5.1 this implies that it suffices to derive the claimed
inequality for product manifolds.

Therefore, let M be a Riemannian manifold and let e',...,e™ be a global
orthonormal coframe for M. Let £ = M x F be the product bundle endowed with
a Riemannian metric so that the projection 7 onto the first factor is a Riemannian
submersion. Then we can write every (7*V)-valued (p,n)-form « on E as

o= ZmeeI ANw®T*s;j,

Ir g

where the f; ; are smooth functions on F, s1,..., s, is a global orthonormal frame
of V' and I runs over all ordered tuples indices (i1, ..., p).
Then the norm of the fibre integral of « at = simply reads as

f.a

(z)

M

IZ </ET fI,j(%y)ww) el () ® s;(x)

2

M

2
SY ([ sratene)
I j By
= (%)
Now we can interpret the collection of the maps f; ;(x, —) as a single smooth map

i F = ANT'MeV = Rrank(A*TM)-rank(V) Therefore, using the well known fact
that || [, f(¥)dyll < [y IIf(y)lldy, where || || is the standard Euclidean norm on
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the target of f, we further deduce
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CHAPTER 2

Poisson transforms for differential forms

The aim of this thesis is to introduce a new version of Poisson transforms
on vector-bundle valued differential forms, which is an immediate modification of
Gaillards approach in [Gai86] in terms of geometry of homogeneous spaces. Ex-
plicitly, let G be a semisimple Lie group with finite center, K its maximal compact
subgroup and P a parabolic subgroup of G. Then we construct Poisson trans-
forms via an integral transform, whose kernel is a G-invariant differential forms on
G/K x G/P. However, since the latter is diffeomorphic to G/M with M = KNP,
these correspond by Theorem 1.2.2 to invariant elements in a finite dimensional
M -representation, c.f. Theorem 2.2.1.

Although by Theorem 2.2.2 our transform is a special case of the vector valued
Poisson transforms in the sense of Definition 2.1.2, our approach is taylored to
the calculus of differential forms, which allows us to control the behaviour of the
composition of Poisson transforms with differential operators on G/P and G/K
again at the level of the corresponding M-representations, c.f. Proposition 2.2.3.
In particular, we will be able to relate the BGG-sequences of homology bundles
on G/P with the de Rham complex on the Riemannian symmetric space in a G-
equivariant way, c.f. Theorem 2.2.3.

Finally, as a demonstration of the strength of our approach, we present a uni-
form family of Poisson transforms between real valued differential forms in section
2.3.2 by explicitly constructing a Poisson kernel in terms of geometric data on
G /M, and show that the images of these operators are contained in the space of
coclosed differential forms on G/K. Finally, we will prove that in the special case
of functions these reduce to the classical version of Poisson transforms.

2.1. Previous results on Poisson transforms

This section is dedicated to give an overview on previous results on Poisson
transforms. First we introduce the classical transforms between real valued func-
tions and afterwards consider its generalisation to sections of homogeneous vector
bundles. Finally, we will present a more detailed discussion of the work of Gail-
lard, whose construction of Poisson transforms between differential forms was the
inspiration for the topic of this thesis.

Throughout this section let g be a real semisimple Lie algebra, g = € & q the
Cartan decomposition of g with respect to a Cartan involution 6, ay a maximal
abelian subspace of q and mg the centralizer of ay in €. Let ag C ag be a choice
of a positive Weyl chamber, which determines a positive subsystem A of the
restricted roots A,, and let ng be the direct sum of all positive restricted root
spaces. Let W be the Weyl group of g determined by the choice of ag and define
p = %ZaeAi dim(gq)a € af. Let G be a connected semisimple Lie group with
finite centre and Lie algebra g and let K, Ay, My and Ny be the Lie subgroups
of G with Lie algebras ¥, ag, mg and ng, respectively. Let © be the global Cartan
involution corresponding to 6. We denote by g = x(g) exp(H(g))n(g) the Iwasawa
decomposition of g € G, where k(g) € K, H(g) € ap and 1(g) € ng. Moreover, the
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subgroup Py = MyAgNy is a minimal parabolic subgroup of G with Lie algebra
Po ;= mp D ag D ng.

2.1.1. Real valued Poisson transforms. In the field of harmonic analysis
the objects of interest are differential operators D: C*(G/K) — C*(G/K) on
symmetric spaces G /K which are equivariant with respect to the induced G-actions.
In particular, some of the main points in the program proposed by Helgason (see
[Hel77]) were to find joint eigenfunctions for the space D(G/K) of all G-invariant
differential operators as well as to describe the joint eigenspaces £, for a given
eigenfunction x: D(G/K) — C as G-representations. Via the Harish-Chandra
isomorphism = ([Hel94, Theorem II1.2.1]) we can identify D(G/K) with the space
u(ag)" of elements in the universal enveloping algebra of ag which are invariant
under the Weyl group. In particular, every eigenfunction is determined by a linear
functional A € (ag)¢ via xA(D) := Z(D)(N).

We can interpret the homogeneous space G/Py = K/M as the Fiirstenberg
boundary of the symmetric space G/K, see [BJ06, ch. 1.6]. Now the idea of the
Poisson transform is to extend functions on this boundary to G/K via an integral
transform.

DEFINITION 2.1.1. [Hel94, p.119] For every A € (ag)& we define the Poisson
transform as the linear map Py: C(K/M) — C*°(G/K) defined by

PA(f)(gK) = / e~ AR R F (kAT dkM,
K/M

where dkM is the normalized volume on the symmetric space K /M.

Note that this definition can be naturally extended to hyperfunctions on the
Fiirstenberg boundary. Moreover, we will see in Proposition 2.3.3 that this trans-
form can be interpreted as a G-equivariant map defined on sections of density
bundles on G/P,. In particular, the parameter A\ origins from a principal series
representation on the parabolic boundary geometry, see also [KZ11, section 4.1].

The key property of the Poisson transform is that it produces joint eigenfunc-
tions for the space of G-invariant differential operators on G/K. More explicitly,
we have the following result.

PROPOSITION 2.1.1. For every A € (ap){ the Poisson transform Py maps
C(K/M) into the space

Ex = {f € C®(G/K) | D(f) = Z(D)(iN)(f) for all D € D(G/K)}.

In particular, the images of the Poisson transform are eigenvectors of the Laplace
Beltrami operator on G/ K with eigenvalue (\, \) + (p, p).

Proor. Follows from [Hel94, Proposition I1.3.14] as well as the explicit for-
mula for Z. O

A natural question concerns the bijectivity of the Poisson transform depending
on the linear functional A\. This was first answered for the case of real rank 1 by
Helgason in [Hel74] and in the general case by Kashiwara et al in [KKM™"78].
Here, the bijectivity of the Poisson transform is related to the value of the Harish-
Chandra c-function defined by

c(\) == / e~ @+p)(HM™) g7
O(N)

We will not need the explicit formulation of the Theorem on the bijectivity in the
sequel; However, as a small result in this direction we will state the result showing
the existence of boundary values of Poisson transforms.
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THEOREM 2.1.1. Suppose X € (ag) satisfies re((iX,a)) > 0 for all o € A},
Then if H € af and a; = exp(tH) for t € Ry, then

lim TR Py (£)(a,K) = ¢(N) f(eM)

t—4o00
for all f € C(K/M).
PrOOF. [Hel94, Theorem I1.3.16]. O

2.1.2. Vector valued Poisson transforms. Due to its unique properties the
Poisson transform was generalized to a map between sections of homogeneous vector
bundles. Explicitly, let W, be a finite dimensional K-representation with induced
homogeneous vector bundle W, — G/K. Then due to section 1.2.2 its space of sec-
tions I'(W,) can be identified with the space C>°(G, W, )¥ of smooth K-equivariant
maps G — W.. Moreover, let V, be a finite dimensional P-representation with
associated vector bundle V,, — G/P and consider the induced representation

C=(G, V)P = {f: G =V, | f(gp) = e PHPg(p)~ f(g)},

where we included a p-shift following standard conventions. By Theorem 1.4.5, this
representation is isomorphic to the space of sections of the bundle V,®E[p] — G/P,
where £[p] is the density bundle over G/P determined by p € ag.

The following definition of Poisson transforms was used by van der Ven in
[vdV94] for the case of rank(G/K) = 1 and in general by Yang in [Yan94]. More-
over, via the arguments used in the proof of Proposition 2.3.3 it can be shown to
be equivalent to the definition given by Olbrich in [Olb95].

DEFINITION 2.1.2. Let ¢ € Homp;(V,, W,) be an M-equivariant linear map.
Then we define the Poisson transform Py: C®(G,V, )PP — C*°(G,W, )X associ-
ated to ¢ via

Bo(f)(gK) = / (r(k) 0 8)(f(gh)) dk,

K
where dk is the normalized Haar measure on the compact Lie group K.

Note that the M-invariance of the integrand allows us to change the integration
to the symmetric space K/M, endowed with the K-left invariant measure induced
by the Haar measures on K and M. We will see in Theorem 2.2.2 that our version
of Poisson transform between vector valued differential forms is a special case of
Definition 2.1.2.

For vector valued Poisson transforms the same questions regarding eigende-
compositions and bijectivity were asked. Again, in our context it will be sufficient
to give the result on the existence of boundary values. For that, consider the
generalized Harish-Chandra c-function defined by

c(\) = / T(k(ﬁ))e_()\+p)(H(Tl))dﬁ
o(N)

for all A € (af)c.

THEOREM 2.1.2. Let X\ € (af)c be such that re((\,a)) > 0 for all « € A[.
Then for all ¢ € Homp (V,, W) and H € ag we have

lim AP (f)(gexp(tH)) = e(N)o(f(g)).

t——+oo

PRrROOF. [Yan94, Prop. 2.4]. O

Note that in the last section we used the parameter i\ € (af)c, whereas in the
vector valued case the multiplication with the imaginary unit is usually dropped.
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In particular, we can apply this construction to the representations W, =
A(g/8)* and V, = A¥(g/p)*[—p], obtaining for every ¢ € Hom,(V,, W, ) a Poisson
transform P,: QF(G/P) — Qf(G/K). However, from this point of view it is not
clear if such a M-invariant linear map ¢ exists. Furthermore, for a given ¢ the
relation between the Poisson transform P, and various differential operators used
in the exterior calculus on G/P and G/K is not obvious.

2.1.3. Gaillard’s transform. A different version of a Poisson transform on
differential forms in the case of even dimensional real hyperbolic space was devel-
oped by Pierre-Yves Gaillard in this dissertation, see [Gai86]. Specifically built in
the language of exterior calculus, his approach enabled him to relate his Poisson
transform with several differential operators quite easily. Since his construction was
the main inspiration for the point of view we pursue in this thesis, we will give a
more detailed description of his work.

The key ingredient for the construction of Gaillard’s transform was an idea
by Thurston in [Thu, chapter 11], where he studied the interaction between the
geometries of the hyperbolic space H™ and its associated boundary 0H™ via so
called visual maps. In order to define them, consider the Poincaré ball model of
the hyperbolic space with its boundary given by the unit sphere in R", c.f. section
3.1.2. To every z € H™ and every £ in the unit sphere S, of the tangent space at
x, the visual map V,, assigns the boundary point y € 9H™ given by the (Euclidean)
limit of the unique geodesic ray v¢: Ry — H"™ defined by £. Due to the negative
curvature of the hyperbolic space, the maps V,, are G-isomorphisms for the natural
action of the group G = SO(n, 1), c.f. section 3.2.3. Thus, they can be used to
relate the natural conformal structure on 0H™ with the Riemannian structure on
H™.

DEFINITION 2.1.3. Let  be a k-form on 0H™ and for x € H™ let &1, ...,& be
vectors in T, H™. Choose a point u € S, translate the vectors &; to u and project
them orthogonally to obtain vectors (y,...,(x in T, S,. Let \S"’1| be the volume
of the (n — 1)-dimensional unit sphere, vol be the hyperbolic volume form on H"
and v be the normal unit vector field on S,. Then we define the Poisson transform
Py: QF(OH™) — QF(H™) via

Po(o)(@) (€, &) = ﬁ /S (VEa)(Crr e Go) (i vol) (2).

Gaillard extended this definition to hyperforms on 0H"™ with values in density
bundles. Subsequently, he showed that it can be expressed as an integral transform,
whose kernel ¢y, is an O(n)-invariant differential form of degree (k,n — 1 — k) on
H"™ x OH™, i.e.,

Pk (a) = (bk A«
dH™
see [Gai86, Lemme 1]. Moreover, he explicitly computed the kernel in terms of
coordinates on the ball model and used it to obtain information on the behaviour of
his transform with respect to exterior derivatives and the Riemannian codifferential.
In particular, he showed that the image of his transform is contained in the space
of harmonic differential forms on H™.
The main tool for his studies was the “lemme fondamentale” [Gai86, chapter
4], which expresses the Poisson transform in terms of the polar decomposition of
H™ on the Poincaré ball model. Using this, he was able to show that his operator
has boundary values for all degrees lower than n/2. Moreover, using the explicit
formula for the Poisson kernel J. Lott showed by a direct computation the following
condition on L2-integrability of Poisson transforms.
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THEOREM 2.1.3. If n is even then up to a constant, P% 1§ an isometric 1S0-

. _ . 1
morphism between exact % -forms on S" L which are Sobolev H™ 2 -regular, and
L?-harmonic 5-forms on H™.

Proor. [Lot00, Theorem 1]. O

In order to get a clearer connection to the classical definition of Poisson trans-
forms on smooth functions A. Juhl reformulated in [Juh87, Definition 1] Gaillard’s
operator in terms of equivariant maps. In this way, he suggested that this con-
struction should be generalizable to other hyperbolic spaces as well as differential
forms with values in a natural vector bundle. In particular, this reformulation
showed that Gaillard’s transform is a special case of the vector valued version of
the Poisson transform as in Definition 2.1.2.

It should also be noted that Pierre Julg proved in his thése d’Etat [Jul91]
that there is a boundary value operator on L?-harmonic forms in middle degree
on real and complex hyperbolic space, which is an isometry for a Sobolev norm
on the boundary. In [Pan93|, Pansu discussed these operators and posed the
question whether there is a Poisson transform on differential forms on the complex
hyperbolic space, which is also G-equivariant, commutes with the exterior derivative
and has boundary values, and whose image consists of all harmonic forms on G/K,
generalizing Gaillard’s operator. This was partly answered by Gaillard himself in
[Gai78] for differential forms with degree smaller than half of the dimension of
complex hyperbolic space, and recently by M. Olbrich, which was communicated
through a private conversation. We will address this question in section 4.

2.2. Construction and properties of Poisson transforms

This section is dedicated to the introduction and general discussion of a new
approach to Poisson transforms between vector valued differential forms on homoge-
neous parabolic geometries G/ P and vector valued differential forms on Riemannian
symmetric spaces G/K, which is the main aim of this thesis. Explicitly, these will be
defined in 2.2.1 as G-equivariant integral operators, whose kernels are G-invariant
vector valued differential forms on the product space G/K x G/P. Since the latter
space is itself a homogeneous space, Poisson transforms are in bijective correspon-
dence with invariant elements in finite dimensional representations of semisimple
Lie groups, c.f. Theorem 2.2.1. Afterwards, we will provide in section 2.2.2 two
alternative descriptions of these operators, which will imply that our Poisson trans-
forms are special case of the vector valued transforms as in 2.1.2. However, since
our approach is tailored to the calculus of differential forms, we can express com-
positions of Poisson transforms with several differential operators again as Poisson
transforms, c.f. Proposition 2.2.3, and thus compute their properties on the level
of the corresponding representations. In particular, this enables us to explicitly
construct transforms which factor to G-equivariant operators defined on sections
of the corresponding homology bundles over G/P, whose image is automatically
contained in the space of harmonic differential forms on G/K, c.f. Theorem 2.2.3.

2.2.1. General construction. Let G be a connected semisimple Lie group
with finite centre and let 6 be a Cartan involution on its Lie algebra g with corre-
sponding Cartan decomposition g = ¢®q. Let p be a standard parabolic subalgebra
of g with respect to a 6-stable Cartan subalgebra of gandlet g=g_r ®--- D g be
the corresponding |k|-grading of g. Let K C G be the maximal compact subgroup
with Lie algebra ¢ and P be the parabolic subgroup of G with Lie algebra p. Then
G/K is a Riemannian symmetric space and G/P is a homogeneous parabolic geom-
etry. Furthermore, using the Iwasawa decomposition of G we see that the compact
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group K acts transitively on G/P. (see e.g. [CS09, Proposition 3.2.6]). This action
induces a K-isomorphism G/P = K/M, where M denotes the Lie group K N P
with Lie algebra m. Explicitly, this isomorphism is given by gP — k(g)M, where
g = k(g)a(g)n(g) is the Iwasawa decomposition of the element g € G. In particular,
the homogeneous space G/P is compact.

The G-action on the product space G/K x G/ P is therefore seen to be transitive.
Indeed, for all g;, go € G the element h := g1r(g; ' go) satisfies hK = g1 K as well
as hP = g1r(gy 'g2) P = g2 P. Moreover, the kernel of the point (eK, eP) is exactly
M, so we get a diffeomorphism ¥: G/M = G/K x G/P of G-manifolds and a
double fibration

G/M
G/K G/P

The derivative of ¥ induces a splitting of g/m into the direct sum of the M-
representations (g/m)*? and (g/m)%! corresponding to g/€ and g/p, respectively.
Therefore, we obtain a decomposition of the tangent bundle T(G/M) into the
Whitney sum of the two G-invariant subbundles 7% := G xj; (g/m)*Y and
TO! := G x s (g/m)%L. By construction, the tangent maps of the canonical pro-
jections 7k and 7p are pointwise isomorphisms between T1° and T'(G/K) as well
as T%! and T(G/P), respectively. Otherwise put, the distribution 77! is the ver-
tical bundle of the fibre bundle G/M — G/K, whereas T1° defines an Ehresmann
connection on T'(G/M).

Via the projections of T'(G /M) onto its factors we can view the vector bundles
APAT*(G /M) := APTH9* @ A9T%1* as subbundles in APT9T(G/M). We say that
any element in AP9T*(G/M) is of degree (p,q). By compatibility of the exterior
product with the Whitney sum we obtain a decomposition

ATH(G/M) = @ AT (G/M)

ptq=k

forall 0 < k < dim(G/M). Moreover, we denote by QP-4(G /M) the space of sections
of the bundle A?9T*(G/M) and say that a differential form w € Q”9(G/M) has
degree (p,q), as well as K-degree |w|x := p and P-degree |w|p := q. Note that the
differential forms of degree (p,q) are exactly those (p + ¢)-forms on G/M which
vanish at every point upon insertion of either p + 1 horizontal or ¢ + 1 vertical
vectors.

Let V be a P-representation with associated bundle V over G/P and W be a K-
representation with associated bundle W over G/ K. Moreover, denote the bundles
associated to V and W over G/M by Vj; and W)y, respectively. Then the vector
space L(V, W) of linear maps from V to W is canonically an M-representation, and
we denote by L(Vas, W) its associated bundle over G/M. If we consider a k-form
a on G/ P with values in V, then we can form the pullback of « along the projection
mp to get a (0, k)-form on G/M with values in the pullback bundle 75V, which by
Corollary 1.2.1 coincides with the associated bundle V.

Let x: P — Ry be a character on P and let £[x] be the corresponding density
bundle, c.f. section 1.4.5. Every x-density o € I'(€[x]) corresponds to a smooth, P-
equivariant map f: G — R[x]. From Theorem 1.4.5 we obtain that f can be viewed
as an M-invariant map, and we call the induced smooth function 750 € C*(G/M)
given by nho(gM) := f(g) the pullback of the x-density o. In particular, if we define
Vix] :==V ® &[x] for all homogeneous vector bundles V' — G/P, we can form the
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pullback of any section ¢t € T'(V[x]) along the projection 7p, which is a section of
the vector bundle Vs over G/M and compatible with the G-actions.

Let o € Q¥(G/P,V[x]) and ¢x ¢ be a ({,n — k)-form on G/M with values in
Hom(Vas, Way), where n is the dimension of the homogeneous space G/P. Then
we can interpret the wedge product ¢y, A mha as a Wiys-valued differential form
on G/M of degree (¢,n) simply by applying ¢y ¢ to mpa after insertion of vector
fields on G/M. Moreover, the manifold G/P is compact, so if we assume that it is
oriented we can integrate this form along the fibre to get a k-form on G/K with
values in the vector bundle W.

In this way, we obtain a linear transform

Dpo: Q(G/P,Vx]) — QYG/K, W)

via the formula

CI)k)g(a) = Ore N TpQ.
G/P
We call ¢, ¢ the kernel of the transform @ ,.
As we have seen in section 1.2.2 we obtain an induced G-action on the space
of Hom(Vyr, Wys)-valued differential forms on G/M. The next lemma derives a
correspondence between G-equivariant integral transformations of the above kind
and invariance properties of the kernel of the operator.

LEMMA 2.2.1. Using the notation from above, the integral transform
Dy QY(G/P,V[Y]) = QUG/K, W)
is G-equivariant if and only if its kernel ¢y, ¢ is G-invariant.

PRrROOF. The projection mp: G/M — G/P is G-equivariant, so the pullback
along this map commutes with the G-actions on the sections of the bundles V[x]
and 75 (V[x]) = Vas as well as with the pullback of differential forms along the
G-actions on G/M and G/P, respectively. Next, for sections s € I'(Vys) and
¢ € I'(Hom(Vas, W) we obtain that g-¢(s) = (g-¢)(g-s) for all g € G, where the
dots denote the actions on the appropriate associated bundles. Finally, Proposition
1.5.1 shows that the fibre integral commutes with pullbacks along smooth functions.

Therefore, if ¢y, ¢ is G-invariant, we obtain for all g € G and V[x]-valued k-forms
a on G/P that

g Bps(a) = ][G (07980 1 0w = ][G | Ore AT 0) = Bicly ),

so @y ¢ is G-equivariant.
On the other hand, if the transformation ®; , is G-equivariant, we see that

F (g-600 (g 7pa) =g+ Busla) = Budlg ) = | duin(g-mpa)
G/P G/P
for all V[x]-valued k-forms o on G/P. Since the wedge product is non-degenerate,

this implies that the kernel ¢y, ; is G-invariant. O

DEFINITION 2.2.1. With the notation from above, we call a G-invariant differ-
ential form ¢y, € Q5" ~*(G/M,Hom(Vyr, War)) a Poisson kernel and the corre-
sponding G-equivariant integral transformation

o0 QY(G/P,VIX]) = QYG/K,W), a Brp N Tha
G/P

a Poisson transform.
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As a G-invariant section of a homogeneous vector bundle over G/M every
Poisson kernel is determined by its value over the base point eM € G/M due to
Theorem 1.2.2. In particular, we immediately obtain the following Theorem.

THEOREM 2.2.1. There is a bijective correspondence between Poisson trans-
forms @0 QF(G/P,V[x]) — QYG/K,W) and the vector space of M -invariant
elements in the finite dimensional representation A*"~F(g/m)* @ L(V,W).

Using the last Theorem we obtain Poisson transforms simply by constructing
invariant vectors in a finite dimensional M-representation. Moreover, we will show
in Proposition 2.2.3 that the composition of a Poisson transform with several dif-
ferential operators is again a Poisson transform, whose kernel can be determined at
the level of the corresponding M-module.

2.2.2. Alternative descriptions of Poisson transforms. We continue our
discussion by giving two alternative descriptions of our Poisson transforms. One of
them provides a geometric interpretation and thereby creates a link to Gaillard’s
initial construction in terms of visual maps as in Definition 2.1.3. From this we
derive an equivalent description in terms of equivariant functions, proving that our
definition can be seen as a special case of the vector valued Poisson transform in
section 2.1.2.

First we have to show that there is a unique vertical form on G /M which serves
as a volume form for every fibre of G/M — G/K.

LEMMA 2.2.2. There exists a Poisson kernel vol € Q%"(G /M) which satisfies

fK/MVOI: 1.

PRrROOF. By Theorem 1.2.2 it suffices to construct M-invariant elements in the
I-dimensional representation A"(g/m)%*. However, compactness of M and ori-
entability of G/P implies that every element in this representation is M-invariant,
so we obtain a family of G-invariant differential forms of degree (0,n) on G/M
which differ by a constant factor. In particular, there is a unique form vol whose
integral over mx ' (eK) = K/M equals 1. O

Let V be a finite dimensional P-representation with associated vector bundle
V — G/P and let W be a finite dimensional K-representation with associated
vector bundle W — G/K. If py o: A*TOV @V, — APTH0*@W), is a G-equivariant
bundle map we define for all « € Q¥(G/P,V][x]) the W-valued differential form
Py ¢(o) on G/K of degree ¢ via

Py o(a) = ][ pre(Tha) ® vol.
G/P

Then invariance of the volume form vol on G/P implies that the induced linear
map Py o: QF(G/P,V[x]) = QYG/K, W) is G-equivariant.

PROPOSITION 2.2.2. The set of Hom(Vyy, Wiy )-valued Poisson kernels on G /M
of degree ({,m — k) is in bijective correspondence with the space of G-invariant
elements in

Homkﬁg = HOIn(AkTO’l* ® Vs, AfT0x & W]yj).

Moreover, if ¢ is such a Poisson kernel with associated Poisson transform ® and
corresponding G-equivariant bundle map p € Homgz, then

O(a) = ]{;/Pp(ﬂ}a) ® vol

for all o € Q¥(G/P,V[x])-
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PRrROOF. For two M-representations X and Y with dim(X) = n consider the
two linear maps

X®@Y* - L(X*,Y"), v® ¢ (Y= P(v)g)
AFX @ APX* — AP X VR A Ly,

which both are M-equivariant and bijective. Composing these linear maps we
obtain an isomorphism

LAFX* A'Y*) @ A"X* — AR X @ Ay,
of M-modules.

In particular, for X = (g/m)%! and Y = (g/m)>? this yields a G-equivariant
isomorphism

T'(Homy, o) @ QO"™(G /M) — Q5" (G /M, L(Vas, War)).

For p € Homkc)@ and vol the G-invariant (0,n)-form from Lemma 2.2.2 the tensor
product p ® vol is G-invariant and therefore also its image under the above isomor-
phism, which defines a Poisson kernel ¢ of degree (¢, n— k). Moreover, by definition
we have

p(rpa) @ vol = ¢ A mha

for all @ € QF(G/P,V|[x]), and integrating both sides yields the claimed formula.
O

We can use Proposition 2.2.2 to construct Poisson transforms between real
valued differential forms as follows: For all z € G/M we can identify the vector
spaces TH° with Ty (.)(G/K) as well as 2" with T, (.)(G/P) in a G-equivariant
way. Then Proposition 2.2.2 implies that every Poisson transform between real
valued differential forms is obtained by specifying a G-equivariant family of linear
maps pqy: AFTY(G/P) = A'T;(G/K), which depends smoothly on z € G/K and
y € G/P. In order to construct this set of maps we can use geometric objects and
methods. As an example, Gaillard used the visual maps on the real hyperbolic space
to construct such a family, c.f. section 2.1.3. Note that since G acts transitively
on the product manifold G/K x G/P, the family {p,,} is determined by a single
M-equivariant map A*(g/p)* — A*(g/€)* due to Theorem 1.2.2.

Furthermore, we can use Proposition 2.2.2 to obtain an expression of our Pois-
son transform in terms of equivariant maps. For that, let a € QF(G/P,V][x])
correspond to the P-equivariant map f: G — A¥(g/p)* ® V[x]. Then the M-
equivariant map nj f corresponding to the pullback of a along the canonical pro-
jection is given by the composition of f with the isomorphism g/p = (g/m)%!.
Moreover, for any p € Homﬁe the composition p o 75 f defines an M-equivariant
map G — Af(g/m)>0* @W, whose target space is a K-representation o via the iden-
tification of (g/m)>Y with g/€. Since K is compact, we can average the K-action
on po7pf and obtain a smooth, K-equivariant map

B(f): G — A (g/t) © W,

9 [ (o) op)mifiab) di,
where dk is the normalized Haar measure on the Lie group K.

THEOREM 2.2.2. Let ¢ be a Hom(Vys, Was)-valued Poisson kernel of degree
(¢,n—k) with corresponding Poisson transform ® and corresponding G-equivariant
map p € Homkc)e as in Proposition 2.2.2. Let « be a V|[x|-valued differential form
on G/P with associated P-equivariant map f. Let o be the induced representation
of K on A*(g/m)10* @ W and dk the normalized Haar measure on K.
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Then the K -equivariant map G — A*(g/€)* @ W corresponding to ®j, 4(c) is
given by

g /K (o(k) o p)p f(gk) d.

PROOF. Let f: G — A¥(g/t)* ® W be the smooth, K-equivariant map cor-
responding to ®(«), which can be computed via f(g) = (97! ®(a)) (eK) for all
g € G, where the dot denotes the induced G-action on sections of the homogeneous
vector bundle A*T*(G/K) @ W, c.f. section 1.2.2. Applying Proposition 2.2.2 we

obtain that
f(g) = <g-1 - (7[ p(rpo) ®v01>> (eK) = (+),
G/P

where vol is the unique real-valued Poisson kernel of degree (0,7) constructed in
Lemma 2.2.2. Now we have seen in section 1.2.2 that the G-action on ®(«) is given
by the composition of the pullback along left translations and the induced action
on the homogeneous bundle W, so by Proposition 1.5.1 we can commute this action
with the fibre integral. Thus, we can write

() = / (67 - (p(pa) ® vol)) (kM),
K/M

where we used that the fibre of G/M — G/K over the base point eK equals K/M.
By G-invariance of the volume form the above expression becomes

() = / (67" p(pa)) (kM) © vol g jar,
K/M

and the integrand is equal to (o(k) o p)(75f)(gk) in terms of the corresponding
M-equivariant maps. Finally, the volume form volg,y; induces a K-left invariant
measure on K /M so that its volume equals 1. However, it is well known (see
e.g. [Hel84, Prop. I.1.8 and Theorem I.1.9]) that such a measure on K/M is
constructed from normalized Haar measures of the compact Lie groups K and M,
respectively, and that integrals over K can be expressed in terms of integrals over
K/M and M. Since the function p o f is M-equivariant we obtain that

flg) = /K (o (k) o p) £ (gh) db:
[

In particular, Theorem 2.2.2 shows that our construction is a special case of
the classical vector valued Poisson transform in the sense of Definition 2.1.2.

As a Corollary, we want to apply the above formula to the Poisson kernel vol
of degree (0,n) defined in Lemma 2.2.2 in the case of a minimal parabolic subgroup
P, which will be used later to prove Proposition 2.3.3. Recall from Theorem 1.4.5
that in the case of a minimal parabolic subgroup P of a semisimple Lie group
G any density bundle on G/P is determined by a linear functional A € af. In
this case we denote the corresponding 1-dimensional P-representation by R[)\], its
associated bundle by £[A] and call any section of E[A] a A-density. Explicitly, if
p = mexp(H(p))n is the Iwasawa decomposition of p € P with m € K, H(p) € ag
and n € N, then p-t = eAHP)¢ for all t € R[A].

COROLLARY 2.2.2. Let G be a semisimple Lie group with finite centre, K its
mazimal compact subgroup, P be its minimal parabolic subgroup and let M := KNP.
Let vol be the real valued Poisson kernel of degree (0,m) defined in Lemma 2.2.2
and ® be the Poisson transform associated to vol. Denote by dkM the normalized,
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K -left invariant measure on K/M. Let g = k(g)exp(H(g))n(g) the Iwasawa de-
composition of g € G with k(g) € K, H(g) € ag and n(g9) € N and denote by p € af
the lowest form of g.

Then for all A-densities o on G/P the smooth function ®(0) € C*(G/K) is
given by

B(0)(gK) = / P20 (H(a™ B) o 5 (KAL) dle M.
K/M
PrROOF. From Proposition 2.2.2 we deduce that the Poisson kernel vol corre-
sponds to the identity in Hom(G/M x R,G/M x R). Therefore, we obtain from
Theorem 2.2.2 that the smooth function ®(o) is given by

B(0)(gK) = /K (w3 F)(gh)d

where dk is the normalized Haar measure on K and f: G — R[A] is the smooth,
P-equivariant map corresponding to o.

Next, we apply the Iwasawa decomposition to gk and use P-equivariance of the
smooth map 7} f to obtain

T f(gk) = 7p f(k(gk) exp(H (gk))n(gk)) = e XD £ (k(gk)).

But the map ky: k — k(gk) is a diffeomorphism of K with inverse £, ' = kg1

(see [Hel84, Lemma 1.5.19]), and the change of the Haar measure on K is given by
rgdk = e~ 2°(H(9k)) dk. Inserting this into the above formula and using the relation
H(grk(g~'k)) = —H(g9~'k) we obtain that

B(0)(gK) = [ 2 ) 1)
K
Finally, since the integrand is invariant under the map k — km for all m € M
we can change the integral to the homogeneous space K/M, obtaining the claimed
formula. O

2.2.3. Poisson transforms and differential operators. In section 2.2.1
we have seen how to construct Poisson transforms by reducing the problem to
computations in finite dimensional M-representations. In the next step we focus
on their compatibility with several differential operators on G/P and G/K.

Let V and W be two G-representations with associated vector bundles Vj; and
Wir over G/M. Then the vector space L(V, W) inherits a natural G-action, so its
associated bundle Z := L(Vys, Wyy) is a tractor bundle over G/M. Recall from
section 1.2.3 that Z is endowed with the G-invariant tractor connection, which in
turn allows us to form the covariant exterior derivative d on the space of Z-valued
differential forms on G/M due to section 1.2.4.

Since the space of differential forms on G/M is naturally bigraded we obtain
a splitting of the covariant exterior derivative into d? = dx + dp, where the first
operator increases the K-degree, whereas the second summand increases the P-
degree. We call dx and dp the partial derivatives in direction G/K and G/P, or
simply the K-derivative and P-derivative, respectively. Since d? o d? = 0 we also
obtain that d%( =0, d?; = 0 and dgdp = —dpdg. Note that we can also twist
the G-action on W with the Cartan involution € on g as in section 1.3.2. In this
way, we obtain another covariant derivative d%?, which splits into two operators
d% + d% in the same way as above. However, since the subbundle 701 (G/M) is
associated to the M-representation (g/m)%!* = ¢/m it follows from formula (1.2.4)
that d% = dp due to f-invariance of &.

Furthermore, we have constructed in section 1.4.2 the Kostant codifferential 0*
on homogeneous parabolic geometries and have shown in Theorem 1.4.4 that it is
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selfadjoint with respect to the wedge product. Now the pointwise identification of
T(G/M) with the Whitney sum T(G/K) @ T(G/P) allows us to define a tensorial
operator

Op: APIT*(G/M) @ Z — AP T*(G/M) @ Z,

called the P-codifferential. Explicitly, for x € G/M we define this operator on de-
composable elements aAS with o € APOT(G/M)®(Vas), and B € A%TH(G/M)®
(WM); via

Op(aNpB) = (-1)PaNd*B

and extend this operator linearly, where we used the pointwise isomorphism between
T%! and T(G/P) induced by the projection 7p. Subsequently, we can define the
P-Laplace Op := dpdp + Opdp on Qk’Z(G/]W7 Z).

On the other hand, we have defined in section 1.3.1 the Hodge star operator
*W on W-valued differential forms on G/K. Similarly as for the P-codifferential
we obtain a tensorial operator

s : APIT*(G/M) @ Z — QUG K)=par(G /M) @ Z,

which we will call the K -Hodge star operator. Explicitly, for x € G/M this operator
is defined on decomposable elements a A 8 with a € APOT*(G/M) @ (V). and
B € AMTH(G/M) @ (W) by

sic(anB) = (xa) A B,

where we used the identification of 7% with T(G/K) induced by the projection
T - Moreover, in analogy to Theorem 1.3.2 we define

S 1= (71)dim(G/K)(p71)+1 *g¢ d?{*K7
which is a G-equivariant operator lowering the K-degree by 1. Finally, we define
the K-Laplace A = dgdx + dxdy.

By naturality, all the above maps are G-equivariant and thus have M-equivariant
counterparts on the level of the corresponding M-representations, which we will de-
note by the same symbols. In particular, for any Poisson kernel we can determine its
image under the above operators via computations at the level of the corresponding
M -representations.

PROPOSITION 2.2.3. Let G be a semisimple Lie group with finite centre, K its
mazimal compact subgroup, P a parabolic subgroup of G and define M := KNP. Let
V and W be finite dimensional G-representations with corresponding tractor bundles
V over G/P and W over G/K and covariant exterior derivatives d¥ on'V and d"
on W, respectively, which are induced by the respective tractor connections. Let
Z be the homogeneous vector bundle over G/M associated to the M-representation
L(V,W). Let ¢ be a Z-valued Poisson kernel of degree (¢,n — k) and let

: QF(G/P,V) = QYG/K,W)

be the corresponding Poisson transform.

(i) The compositions dV o®, xo® and §" o ® are again Poisson transforms with
kernels dix ¢, *k¢ and dx @, respectively.

(ii) The compositions ®od" and ®od* are again Poisson transforms with kernels
(1) =k ++1ldpg and (—1)""**+0p¢, respectively.

In particular, we have xx o dp = (—1)dim(G/K)dp o *g, and operators dp and Op
anticommute with both operators di and 0.
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PrOOF. (i) From Theorem 1.5.1 we know that the covariant exterior deriv-
ative commutes with the fibre integral. Moreover, using Proposition 1.2.4(ii)
and the isomorphism L(V, W) = V* @ W we can express dV™ in terms of dZ
and d¥™, which are all induced by the respective tractor connections. There-
fore, for o € QF(G/P, V) we deduce that

dV®(a) =dV (7[ d N W}@)
G/P
—f d™ (@nmpa)
G/P
_ ][ ((d2¢) Amha + (—1)F+1~46 A (d 1pa))
G/P

- f (dx) ATha,
a/P

where we used in the last line that any differential form on G/M with P-degree
n + 1 is trivial.
For the second operator note that we have

V(o) = ][ (%K @) AN Tpa,
G/P

which follows immediately from the local description of the fibre integral in
section 1.5.1 and the tensoriality of the vector valued Hodge star on G/K.
Therefore, we deduce that

Vo (a) = ]£¥/P(5K¢) A Tpau.

11) By naturality of the covariant exterior derivative we deduce for all o €
ii) B li f th i ior derivati ded f 11
QF=1(G/P,V) that

®(dV o) = o dATH(dV )

= o A (d™Mrha)

= (=1 (dW ¢ A Tha — ][ (dzaﬁ)M}Sa)
G/P

= (cpynoe ][ (dpd) ATpa,
G/P

where we used again Proposition 1.2.4 in the third line as well as the fact that
integration over a differential form on G/M with P-degree (n — 1) is trivial.

For the other operator, the selfadjointness of the Kostant codifferential
from Theorem 1.4.4 implies for all a € Q¥*1(G/P, V) that

P(0*a) = O NOpTpa = (71)"71”4/ (0pd) N Tha.
G/P G/P

The last part of the Proposition follows by composing the Poisson transform
with pairs of operators and determining the induced Poisson kernels. As an ex-
ample, we consider the Poisson transform % o ® o dV. The corresponding Poisson
kernel is given by (—1)" *x dp¢ with r := n — k 4+ £ + 1, where we first moved
the covariant derivative to the Poisson kernel and afterwards applied the K-Hodge
star. However, if we apply the operators to the Poisson kernel ¢ in the other way
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round, we obtain the equivalent expression (—1)3™(G/K)+7qp 4 for the kernel of
this transform. Therefore, it follows that xxdp = (—1)dim(G/K)dp*K. O

For the remainder of this section we want to relate the covariant Laplace op-
erator on G/ K from section 1.3.2 and the operator 0 on G/P from section 1.4.3
via Poisson transforms. For that, recall from section 1.2.6 that the Casimir element
of g induces a differential operator D¢ on differential forms on every homogeneous
space with values in a homogeneous bundle, which is constructed via the infinites-
imal action of g. In particular, if ® is a Poisson transform, then by G-equivariance
we obtain that

ch)(oz) = @(Dca)
for all a € QF(G/P,V).

LEMMA 2.2.3. Let G be a semisimple Lie group with finite centre, K its mazimal
compact subgroup and P a parabolic subgroup of G. Let V and W be irreducible
G-representations, let cy and cw be their Casimir eigenvalues and V and W be
the corresponding tractor bundles over G/P and G/K, respectively. Then every
Poisson transform ® between QF(G/P,V) and Q'(G/K, W) satisfies

20(0%a) + AW (a) = (ew — cv)®(a)
for all « € QF(G/P,V).

ProOF. In [CS07, Corollary 1] it was proved that the differential operator D¢
induced by the Casimir element on g acts on V-valued differential forms on G/P
via D¢ = 20% + ¢y. On the other hand, we have seen in Theorem 1.3.3 that its
action on W-valued differential forms on G/K is given by Do = —AW + ¢, so the
claimed formula follows immediately from Do (®(a)) = ®(Doa). O

One of the major achievements in recent years in the theory of parabolic ge-
ometries was the development of BGG-sequences, which are of crucial importance
for the geometric study of such manifolds. In order to relate these to geometric
objects on their corresponding symmetric spaces, we aim to construct equivariant
operators between sections of homology bundles on homogeneous parabolic geome-
tries and vector valued differential forms on Riemannian symmetric spaces which
are compatible with the BGG-operators.

First, we recall from section 1.4.3 the definition of BGG-sequences. Let G be a
semisimple Lie group, P C G a parabolic subgroup and let V be a G-representation
with associated tractor bundle V over G/P. Let 0* be the Kostant codifferential and
denote the induced tensorial map on the space of V-valued k-forms on G/P by the
same symbol, c.f. section 1.4.2. Then we defined the homology bundles H(G/P,V)
over G/P as the homogeneous vector bundles associated to the P-representations
H,(G/P,V) = ker(0*)/im(0*). Moreover, in Theorem 1.4.3 we have seen that
there exists a splitting operator L: Hy(G/P, V) — ker(0*), which is a section of the
canonical projection m: ker(9*) — Hy(G/P, V), and which assigns to each section
of a homology bundle its unique representative in the kernel of O, c.f. Proposition
1.4.3. Finally, we defined the k-th BGG-operator D: Hy(G/P,V) = Hp11(G/P,V)
by D :=mod" oL, where dV is the restriction of the covariant exterior derivative
with respect to the tractor connection to sections of the kernel of the Kostant
codifferential.

Our aim is construct G-equivariant operators between sections of the homology
bundles Hy(G/P, V) and tractor bundle valued differential forms on the symmetric
space G/ K, which are compatible with BGG-operators. In order to do so, we could
first identify I'(Hx(G/P,V)) with sections of the kernel of O via the splitting
operator L, which coincides with the subcomplex of the twisted de Rham sequence
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on G /P determined by the Casimir eigenvalue of V due to [CS07, Corollary 1], and
afterwards apply a nontrivial Poisson transform. However, the explicit computation
of the image of the splitting operator is a difficult task in general, so in particular
we cannot relate these to properties of the corresponding Poisson kernel.
Therefore, we will follow another approach by constructing a Poisson transform
® which is trivial on the image of the Kostant codifferential. In this way, this oper-
ator factors canonically to a G-equivariant map ® on sections of the corresponding
homology bundles via ® o 7 := ®. Furthermore, we also want to consider the com-
position of the equivariant operator ® with the BGG-operators D = 7o d" o L,
which should again be computable independently of the choice of a representative
of a section of the homology bundle. By definition, this is satisfied if and only if the
transform @ is trivial on the image of d" 09*. This leads to the following definition.

DEFINITION 2.2.3. Let G be a semisimple Lie group with finite centre, K C G

a maximal compact subgroup and P C G a parabolic subgroup. Let V and W

be G-representations, denote by V = G xp V and W = G xxg W the associated

bundles over G/P and G/ K, respectively, and let Vs and W), be the vector bundles

on G/M associated to V and W, respectively. Let d” be the covariant exterior

derivative on V-valued differential forms on G/ P induced by the tractor connection.

(i) We say that a Poisson transform ®: Q¥(G/P,V) — QYG/K,W) is BGG-
compatible iff it is trivial on the images of the operators 9* and d¥ o 0*.

(ii) We say that an End(Vjs, Ws)-valued Poisson kernel ¢ on G/M is BGG-

compatible iff its associated Poisson transform has this property. By Theorem

2.2.3(ii) this is equivalent to dp¢ = 0 and dpdp¢p = 0.

The following Theorem proves that BGG-compatibility of a Poisson transform
has strong consequences on the geometric behaviour of its images, which is mainly
due to the relations between the Casimir operator and the Laplace [O¥ on tractor
valued forms on G /P as well as the twisted Laplace Beltrami operator A",

THEOREM 2.2.3. Let G be a semisimple Lie group with finite centre, K C G a
mazimal compact subgroup and P C G a parabolic subgroup. Let'V be an irreducible
G-representation and let Vi and Vp be the corresponding associated bundles over
G/K and G/P, respectively. Then for a Poisson transform ®: QF(G/P,Vp) —
OF(G/K, Vi) the following are equivalent:

(i) The image of the transform ® is contained in the harmonic differential forms.
(ii) The transform ® is trivial on the image of the Laplace operator [IFF.
(iii) The transform ® is BGG-compatible.

PROOF. The equivalence of (i) and (ii) follows immediately from Lemma 2.2.3,
whereas the implication (iii) = (ii) is clear by definition of the operator O =
0*d¥? + dVP9*. Thus, we have to show that (i) = (iii).

In [CDO1, Theorem 5.2] it is proven that [J® is invertible on the space of
sections of im(0*). Therefore, we obtain that

Pod*=dofo (@) 1od* =0,
i.e. @ is trivial on the image of the Kostant codifferential. Finally, by the defining
equation of O it follows that
PodPod =PoOF —Po0d*0d” =0,
so our Poisson transform is BGG-compatible. (|
As a Corollary we show that in the case of |1|-graded Lie algebras the image of

every Poisson transform between real valued differential forms is contained in the
space of harmonic forms.
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COROLLARY 2.2.3. Let G be a semisimple Lie group with finite centre and
assume that the Lie algebra g of G is |1|-graded. Let K C G be a mazimal compact
subgroup and P C G a parabolic subgroup compatible with the given grading of g.
Then the image of any Poisson transform ®: QF(G/P) — Q*(G/K) is contained
in the space of harmonic differential forms on G/K.

PRrOOF. Since the Lie algebra g is |1]-graded it follows that Kostant codiffer-
ential is trivial on Q*(G/P) by definition. In particular, the Poisson transform @
is BGG-compatible and the claim follows from Theorem 2.2.3. O

2.3. A uniform construction of a Poisson kernel

We will conclude this section with a demonstration of the efficiency of our
method by constructing a uniform family of Poisson kernels ¢, whose associated
Poisson transforms map between real valued differential forms. In order to do so,
we first analyse in 2.3.1 the decomposition of the tangent bundle of G/M induced
by the |k|-grading of g and identify the horizontal and vertical subbundles therein.
As a result, we construct in section 2.3.2 a Poisson kernel ¢y of degree (k,n — k)
in terms of the grading element of g and show that its induced Poisson transform
®;: QOF(G/P,E[x]) — QF(G/K) has values in the space of coclosed differential
forms on G/K. Finally, in the last section 2.3.3 we prove that in the special case
of smooth functions the operator ®; coincides with the classical Poisson transform
in the sense of Definition 2.1.1.

2.3.1. The geometry of the space G/M. As a first step towards the con-
struction of a uniform family of Poisson kernels we will identify the geometric
properties of the tangent bundle of G/M by analysing the structure of g/m as an
M-module.

Consider the |k|-grading g_®- - -®gy of g and let 6 be the Cartan involution on
g, which is M-equivariant and maps g; to g_; for all i = —k, ..., k. In particular,
the subalgebra gg is f-stable and thus decomposes into the direct sum of gg N ¢
and go Ng. Since p consists of positive restricted root spaces its intersection with
¢ is trivial, implying that gg N ¢ coincides with the subalgebra m. In particular,
this shows that every grading component is an M-module via the restriction of
the adjoint action of the Levi subgroup Gg. Moreover, the canonical projection
g — g/m is an M-equivariant map, so the image of its restriction to every grading
component g; is again an M-subrepresentation (g/m); of g/m. Thus, passing to the
quotient g/m we obtain an induced decomposition

g/m=(g/m)- @ ... O (g/m)x

into M-submodules. By construction, each factor (g/m); is isomorphic to g; for
1 # 0, whereas (g/m)o is isomorphic to go N g. In addition, the Cartan involution
factorizes to g/m which maps (g/m)_; to (g/m); for all .

PROPOSITION 2.3.1. Let G be a real semisimple Lie group with finite centre
and K C G be its maximal compact subgroup. Let g and t be the Lie algebras of G
and K, respectively, and let 6 be the Cartan involution on g with associated Cartan
decomposition g = €@ q. Let p be a standard parabolic subalgebra of g with respect
to a 0-stable Cartan subalgebra of g. Let g = g_ ® --- D g be the |k|-grading
determined by p and let P be a parabolic subgroup of G with Lie algebra p. Let M
be the intersection of K and P and let m be its Lie algebra.

Then the Cartan involution induces a G-equivariant involutive bundle map © pr
on T(G/M). Moreover, we obtain a Whitney sum decomposition of the tangent
bundle of G/M into G-invariant Euclidean subbundles

T(G/M) =T G/M)& - & TG /M).
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The rank of the bundle T*(G /M) equals the dimension of the i-th grading component
for all i # 0, whereas for i = 0 it coincides with the dimension of go Nq. Moreover,
the G-invariant bundles T*(G/M) and T—(G/M) are canonically isomorphic via
O foralli=0,... k.

PRrOOF. Recall that the tangent bundle T'(G/M) is the homogeneous bundle
associated to g/m. Since each subspace (g/m); is M-invariant it gives rise to a G-
invariant subbundle T%(G/M) C T(G/M) via the associated bundle construction
for all i = —k, ..., k. Therefore, we obtain a decomposition of the tangent bundle
into the Whitney sum

T(G/M)=T*G/M)®...0TG/M),

where the rank of T¢(G/M) equals the dimension of g; for all i # 0 as well as
dim(go N q) for ¢ = 0. Moreover, the Cartan involution gives rise to a canonical
G-equivariant bundle map ©;: T(G/M) — T(G /M), which restricts to an isomor-
phism T%(G /M) = T~%(G/M) of homogeneous bundles for all i = —k,..., k. O

Recall from section 2.3 that the product structure of G/M induces a decom-
position of Q¥(G/M) into forms of degree (p,q). In order to keep track of the
bidegree of G-invariant forms on G/M we have to determine how the subbundles
TH0 and T are related to the splitting of T(G/M) from Proposition 2.3.1. For
that, it suffices to determine how the M-subrepresentations (g/m)>? and (g/m)%!
sit inside g/m. The derivative of the G-isomorphism ¥: G/M = G/K x G/P is an
M-equivariant map which is given by the direct sum of the canonical projections
me: g/m — g/€ and 7, : g/m — g/p, and the horizontal and vertical subspaces cor-
respond to the kernels of these maps. Therefore, we deduce that (g/m)'° equals
p/m, whereas the second representation (g/m)%! coincides with €/m.

Thus, we have to determine how the subalgebras £ and p sit inside the |kl
grading of g. By definition, the subalgebra p is given by the sum of all nonnegative
grading components, which immediately shows that

k

(a/m)"* = B(g/m)..

=0

On the other hand, we can determine £ as the +1-eigenspace of the Cartan involu-
tion of g, which maps g, to g_; for all ¢ > 0. Therefore, the algebra t is given by
the sum of m together with the symmetrisations

So(g:): {X +0(X) | X € gi}

for all ¢ < 0. Since m itself is #-stable we deduce that the projection of the M-
representation Sp(g;) to g/m coincides with the symmetrisation Sp,, ((g/m);), which
is defined analogously for the M-equivariant map 60y, : g/m — g/m induced by the
Cartan involution.

THEOREM 2.3.1. Let G be a real semisimple Lie group with finite centre and
K be a mazimal compact subgroup of G. Let g and ¢ be the Lie algebras of G and
K, respectively, and let 6 be the Cartan involution on g with associated Cartan
decomposition g = ¢ @ q. Let p be a standard parabolic subalgebra of g with respect
to a 0-stable Cartan algebra and g = g_i © - - - ® gx the associated |k|-grading on g.
Let P be a parabolic subgroup of G with Lie algebra p and M be the intersection of
K and P.
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Then the horizontal and vertical distributions of the tangent bundle of G/M —
G/K are given by

k
T =T%G/M)& ... e THG/M), T =P Se, (T(G/M)),
i=1

where So,, (T (G/M)) = {£+0Om(¢) | € € T"(G/M)} denotes the fibrewise
symmetrisation with respect to the G-equivariant map ©yr: T(G/M) — T(G/M)
induced by the Cartan involution.

PRrOOF. Follows immediately from the discussion above by applying the asso-
ciated bundle construction. O

Since the group M is compact, the homogeneous space G/M can be endowed
with the structure of a Riemannian symmetric space. However, since g/m is not irre-
ducible as an M-representation, there are numerous choices of possible G-invariant
Riemannian metrics, which are induced by M-invariant inner products on g/m. We
will now specify a class of metrics which is associated to the given product structure
of G/M.

We have already seen that the projection nx: G/M — G/K induces a point-
wise isomorphism of Tglz’\g and Ty (G/K) for all g € G. Since the symmetric space
G/K naturally carries a Riemannian metric gx we can form the pullback met-
ric gy = 79K, which is a Riemannian metric on the horizontal subbundle 7.
Moreover, we define the metric to be trivial on pairings between horizontal and
vertical vectors so that the Whitney sum decomposition T(G/M) = T+° ¢ 79!
is orthogonal. In this way, the canonical projection g : G/M — G/K becomes a
Riemannian submersion. However, we will not specify a metric on T°! for now.

2.3.2. A Poisson transform on differential forms. We will finish the dis-
cussion of the general theory of Poisson transform by explicitly constructing a
Poisson kernel of degree (k,n — k). This will give a first demonstration of the na-
ture of the computations and serves as a foretaste for the explicit examples of real
and complex hyperbolic spaces in sections 3.3 and 4. For the construction we will
heavily use the geometric structure of the tangent bundle of G/M developed in
section 2.3.1.

We start this discussion by constructing an m-invariant element in A*(g/m)*
of degree 1 and determine its derivative. In order to do keep track of the bidegree
in future computations, we will split g/m into the direct sum of the horizontal and
vertical subspace according to Theorem 2.3.1. For all X € p; we denote by Fx the
horizontal vector X +m € (g/m)>?. Similarly, for all Y € g_ we define the vertical
vector Gy € (g/m)%! via Gy := Sy (V) +m.

PROPOSITION 2.3.2. Let g be a semisimple Lie algebra and 0 a Cartan invo-
lution on g with associated Cartan decomposition g = € @ q. Let p be a standard
parabolic subalgebra with respect to a 6-stable Cartan subalgebra of g and denote by
0=9g_r D D g the |k|-grading associated to p. Let m be the intersection of ¢
and p and let B be the Killing form on g.

Then the grading element of g induces a nontrivial m-invariant element E* €
(g/m)* of degree (1,0). Moreover, the K-derivative of E* is trivial, whereas its
P-derivative is given by

-1

k
dpE*(Fx,Gy) =i | Y j*dim(g;) | B(X,Y)
j=—k
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for all X € g; and Y € g_;. In particular, it induces non-degenerate m-invariant
pairings (g/m)_; x (g/m); = R foralli=1,... k.

ProoF. The grading element of g is contained in the centre of gg, so in par-
ticular it commutes with the subalgebra m. Moreover, for all X € g, we have

[Q(E)vX] = 6‘([E79(X)]) = —iX,

which implies that 6(F) = —FE and therefore E € q. Since g is f-stable, this shows
that E is contained in the subalgebra go N g, which has trivial intersection with m.
Therefore, we can project the grading element to a distinguished nonzero element
in (g/m)o, which we will denote by the same symbol. Since the grading element is
in the centralizer of m, its dual E* € (g/m)* is m-invariant and by construction of
degree (1,0).

Using formula (1.2.4) we can compute the derivative of E* via

dE* (X +m,Y +m) = —E*([X,Y] + m)

for all X, Y € g, which is well defined due to m-invariance of E*. Moreover, the
compatibility of the Lie bracket on g with the |k|-grading shows that the derivative
is trivial unless X € g_; and Y € g; for all i = —k,... k. Therefore, we have to
determine the projections of the Lie brackets on g onto the subalgebra generated
by E.

For the subalgebra gg it suffices to compute the bracket between two vectors
X and Y in go N gq. But we have seen in section 1.1.3 that [X,Y] is an element in
¢, which implies that dE* is trivial on gg.

For the other components, recall that the Killing form B of g induces a non-
degenerate pairing g_; x g; — R. Moreover, the decomposition of gq into the direct
sum (go N q) ® m is orthogonal with respect to B and the restriction of the Killing
form to go N q and m is positive and negative definite, respectively. For X € g_; we
choose Y € g, with B(X,Y) # 0. By the invariance property of the Killing form
we obtain that

B(E,[X,Y]) = B(|[E, X),Y) = —iB(X,Y) #0.

Extend the grading element F = F; to an orthogonal basis {F1, Fs, ..., Es} of goN
q. Then the dual basis with respect to the Killing form is given by {\1 E1, ..., A\¢Ey},
where \; = B(E;, E;)~! # 0, and every vector Z € go N q can be expressed as
Z = Zﬁ:l N;B(E;,Z)E;. Since the grading element acts on g, by multiplication
with ¢ we deduce that
k
A =B(E,E) =) j*dim(g;).
j=—k
For X € g_; and Y € g; we obtain from above that
dE*(X +m,Y +m) = —-FE*([X,Y]+m) =i\ B(X,Y) £0.

This shows that the restriction of dE* to (g/m)_; x (g/m); is nondegenerate for
all 1 < ¢ < k. In particular, by formula (1.2.4) the derivative is trivial on the
horizontal subspace (g/m)%°, hence the K-derivative of E* is trivial. O

If we assume that the invariant form constructed in Proposition 2.3.2 is also
M-invariant, it can be used to produce a wide number of Poisson kernels on g/m
by applying operators from 2.2.3 and forming wedge products. In particular, the
group M has this property if it is connected or if P is a minimal parabolic subgroup.
However, in order to get a Poisson transform which preserves the degree of the dif-
ferential forms we need to make an additional assumption on the M-representation

(g/m)o.
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Let d = dim((g/m)p) and assume that the group M acts trivially on the 1-
dimensional representation A%(g/m)%, e.g. M is connected or P is a minimal para-
bolic subgroup. Let 7 be any element in this space and denote its trivial extension
to all of g/m by the same symbol. Then the K-derivative of 7 is trivial. Indeed,
from formula (1.2.4) we see that in order to compute the K-derivative of 7 we have
to insert vectors of the form [X,Y]+m with X, Y € p. However, the compatibility
of the |k|-grading with the Lie bracket shows that [X,Y] € go if and only if X and
Y € go. But this means that we have to insert d+ 1 vectors of (g/m)g into the form
dg T, which is trivial by dimensional reasons.

We will from now on assume that M acts trivial on the 1-form E* constructed
from the grading element in Proposition 2.3.2 as well as on the 1-dimensional rep-
resentation A?(g/m)s. Note that this is satisfied if M is connected or if P is a
minimal parabolic subgroup, in which case M acts trivially on (g/m)o = ao.

Before we explicitly construct the Poisson transform we will prove a Lemma, in
which we compute the K-derivative of the pullback of densities on G/P along the
projection mp.

LEMMA 2.3.2. Let g be a semisimple Lie algebra and 6 a Cartan involution on
g with associated Cartan decomposition g = €@ q. Let p be a standard parabolic with
respect to a 0-stable Cartan subalgebra of g and g = g_r @ - - D g be the |k|-grading
of g corresponding to the choice of parabolic subalgebra. Let G be a semisimple Lie
group with finite centre and Lie algebra g and let K and P be the subgroups of G
with Lie algebras € and p, respectively. Let M = K N P with Lie algebra m and let
Gy be the Levi subgroup of P.

Any character x: Go — Ry induces an M -invariant element x in (g/m)g.
Moreover, if we denote the induced G-invariant 1-form on G /M by the same symbol,
then for every x-density o € T'(E]x]) on G/P we have

dgmpo = —mpho - X.

PROOF. The subgroup M is compact and contained in G, so the restriction
of the character x to M is trivial. Therefore, its derivative x': go — R is trivial
on the subalgebra m and thus factors to an element x € (g/m)§ — R, which is
M-invariant by definition.

Via Theorem 2.3.1 we can determine the K-derivative of the pullback 7o €
C>*(G/M) of any x-density o by deriving it in direction of (local) sections £ of the
subbundle T%(G/M) for all i > 0. Equivalently, we can determine the derivative
of the P-equivariant function f: G — R corresponding to the pullback of ¢ in
direction of local lifts of £. Since the derivative only depends on the value of £ in
the point gM, we can choose a local lift of the form Lx(g) with X € g;, where
Lx € X(G) denotes the left invariant vector field induced by X. In this way,
we can use the infinitesimal version of the P-equivariance of f which is given by
(Lx - f)(g)=—-X-f(g) forall g € G and X € p.

If X € p,y, then X acts trivial on R, meaning that the K-derivative in direction
of sections of T(G/M) for i > 0 vanishes. In the remaining case X € go we have

X flo)= g @)= G| xS0 = N 5(0)
On the level of smooth functions on G/M this means that
dgmpo = —Tpo - X
for all o € T(E]x]). O

Let E* be the M-invariant form constructed in Proposition 2.3.2 and let 7 €
A4((g/m)§) be any M-invariant element, which is unique up to a constant, and
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extend it trivially to an invariant d-form on g/m. Moreover, denote the induced
G-invariant differential forms on G/M by the same symbol. Then we consider the
Poisson kernel

o1 = i (T A (dpE*)"F)
which is of degree (k,n — k) and thus induces a Poisson transform
@, Q5(G/PE[N]) — Q¥(G/K)
for all k =0,...,n and any density bundle £[x] over G/P.

THEOREM 2.3.2. Let g be a semisimple Lie algebra and 6 a Cartan involution
on g with associated Cartan decomposition g =t @ q. Let p be a standard parabolic
with respect to a 0-stable Cartan subalgebra of g and g = g_ ® --- D gi the |k|-
grading of g induced by p. Let G be a semisimple Lie group with finite centre and
Lie algebra g and let K and P be the subgroups of G with Lie algebras € and p,
respectively. Let M = K N P with Lie algebra m and denote by (g/m)g the image
of go under the canonical projection g — g/m. Assume that M acts trivial on
the element E* € (g/m)* from Proposition 2.3.2 as well as on the representation
Ad(g/m)} with d = dim((g/m)o). Let x: P — Ry be a character on P and denote
by E[x] the corresponding bundle of x-densities.

Then for all k =0,...,dim(G/P) the images of the Poisson transform ®j, are
coclosed, i.e.

§(I)k(0) =0
for all o € Q*(G/P, E[x])-

PROOF. Let o be a x-density on G/P. By Proposition 2.2.3 we have to deter-
mine the image of the differential form ¢y, , := ¢ Ampo under the K-codifferential,
which is computed by applying (—1)3m(G/K)(k=D+1_times the operator *xdg*x .
By definition, the first K-Hodge star just affects the Poisson kernel ¢;. Next, using
the antiderivation property of the K-derivative and Lemma 2.3.2 the differential
form dx *k ¢, splits into the sum

di *1 Oy = (di *K Op — X N (kK O1)) A Tpo = (%).

In order to simplify (x), recall that the K-derivatives of the differential forms E*
and 7 are trivial. Furthermore, since d> = 0 we also obtain that dgdpE* =
—dpdg E* = 0, which implies that the Poisson kernel ¢; is K-coclosed and thus
the first summand of (x) is trivial. For the second summand, note that X is only
nontrivial on (g/m)y, and since 7 is a form of maximal degree on this space, their
wedge product is trivial. Thus, the K-codifferential of ¢y, , is zero. O

We will see in section 3.3 that the Poisson kernel constructed in Theorem 2.3.2
will be the unique Poisson transform preserving the degree in the case of the special
orthogonal Lie algebra g = so(n + 1,1). In particular, this shows that we cannot
expect any other Poisson kernel in general apart from those built from the invariant
1-form E*.

However, Proposition 2.3.2 implies that the ring of Poisson kernels is more
complicated in general, implying that a fine-tuned analysis of the ring of Poisson
kernels for specific examples could lead to transforms with different properties.
Indeed, first we could restrict the derivative dp E* to the subspaces (g/m); x (g/m)_;
and extend them trivially, obtaining a family of M-invariant (1,1)-forms on g/m,
whose number depends on the length of the grading on g. Moreover, there might
be other central elements in gy which in the same way as the grading element
induce invariant 1-forms on g/m. Finally, depending on the choice of G there could
be additional geometric structures on G/K or G/P compatible with the G-actions,
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which are reflected by the existence of additional M-invariant forms on some grading
components.

If P is a minimal parabolic subgroup we have seen that the subalgebra go N q
equals ag, which is also the centre of gy, whereas the algebra m is exactly the
centralizer mg of ag in € and coincides with the semisimple part of go. In particular,
if the real rank of g is 1, then the centre of gy is generated by E, so there are no
other invariant 1-forms on g/m induced by central elements in gg. Subsequently,
the ring of Poisson kernels will be “small”, and therefore we will focus on these cases
in the last chapters of this thesis.

2.3.3. The classical Poisson transform. In the case of a minimal parabolic
subgroup we will show in this section that the Poisson transform constructed in
Theorem 2.3.2 reduces to the classical Poisson transform between smooth functions.

Let P be a minimal parabolic subgroup and consider for A € af the Poisson
transform ®¢: I'(E[A]) » C*°(G/K) from Theorem 2.3.2. Since the corresponding
Poisson kernel ¢ is a G-invariant differential form on G/M of degree (0,n), it
can be normalized so that its integral over every fibre of G/M — G/K equals 1.
Note that in this way the form coincides with the Poisson kernel vol constructed in
Lemma 2.2.2.

PROPOSITION 2.3.3. Let p € af be the lowest form on g. Then for all A € aj
the map ®o: T'(E[p — \]) = C>®(G/K) is the classical Poisson transform.

PROOF. Since we normalized the Poisson kernel ¢y so that it coincides with
the invariant form vol from Lemma 2.2.2, the claim follows from Corollary 2.2.2 [

We have seen in Definition 2.1.1 that the classical Poisson transform is usually
defined for smooth functions on K/M and depends on a parameter A € af. However,
for f € C®°(K/M) let f: K — R be the corresponding M-equivariant map given
by f(k) = f(kM). For every \ € aj we can define a smooth map x»: G — R[)] via
xalg) = e MH@) f(k(g)), where k(g) € K and H(g) € ag are the corresponding
elements in the Iwasawa decomposition of g € G. By definition, this map is P-
equivariant and therefore determines a A-density on G/P. Thus, we obtain an
induced isomorphism

xa: CF(K/M) — T(E[N])

for all A € aj. Using this identification we can write the classical Poisson transform
in Definition 2.1.1 as P_;» = ®g 0 xp—x.

As an illustration of the efficiency of our methods we compute the eigenvalues
of the Poisson transform ®g, reproving Proposition 2.1.1 in this way.

THEOREM 2.3.3. Let ®g: T'(E[A]) = C°(G/K) be the Poisson transform from
Proposition 2.3.3. Then for all \-densities o the image ®o(c) is an eigenvector of
the K-Laplacian. Fxplicitly, we have

Ax®o(o) = —(\, A — 2p)B ().

Proor. Using Proposition 1.3.3 and G-equivariance of the Poisson transform
we can compute Axg®Po(0) as —Py(D¢o), where D¢ is the differential operator
induced by the Casimir element of g. Moreover, from [CS07, Theorem 1] we see
that D¢ acts by a scalar on o. Explicitly, if {Z;} and {X;} are bases of ny and
6(np), respectively, which are dual with respect to the Killing form B, and if {A,}
is a basis of gy with dual basis { A’} with respect to B, then this scalar is computed
via the formula

(2.3.3) > 1Zi, Xt + > Ag- ALt
i 14
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where ¢ is an element in the P-representation R[A]. In this paper, this expression was
evaluated by complexifying the representation as well as the Lie algebra. However,
for our purpose it will be convenient to stay in the real picture.

The space ng consists of all restricted root spaces g, with o € A;F. Choose a ba-
sis {E},..., Ema} of g, where m,, is the dimension of g, and a basis {F1,... Fma}
of g_, so that B(E!, FJ) = §;;. Then for all i = 1,...,m, the Lie bracket [E’, F]
equals the unique vector H, € afj, which is dual to the restricted root a via the
Killing form. Moreover, the subspace go splits into the orthogonal direct sum
my @ ap, and we choose an orthonormal basis A, of ag. Since the subalgebra mg
acts trivially on R[A] we can compute (2.3.3) as

Mo

— > D ELFED t+ > A At
acAt =1 ¢

Since A is the only weight of R[)], the first sum contributes by the factor —2(X, p).

For the other sum, we use that A, is an orthonormal basis to obtain the factor

(A A). O

Note that in the classical theory one usually considers complex line bundles
and chooses the weight p — i) for A € (ag)g. In this way, the eigenvalue of @
on I'(E[p — iA]) equals (A, ) + (p, p), compare with Proposition 2.1.1. Note that
we used the geometric version of the Laplacian, which differs by a sign from the
analytic version usually regarded in the theory of harmonic analysis.






CHAPTER 3

Poisson transforms for real hyperbolic space

In section 2.3.2 we have constructed a family of Poisson transforms between real
valued differential forms on homogeneous parabolic geometries G/P and Riemann-
ian symmetric spaces G/K, which exists for a wide range of cases. However, we
also mentioned that additional properties of these operators as well as the existence
of other transforms depend strongly on the specific structure of the Lie algebra g,
implying that a fine-tuned analysis for special choices of G is inevitable. For the
rest of this thesis we will illustrate in several examples how such a case by case
analysis leads to additional information about Poisson transforms.

In this section we consider Poisson transforms between the conformal sphere
of dimension n and the (n + 1)-dimensional real hyperbolic space, whose common
automorphism group G = SO(n + 1,1)¢ is of real rank 1 and its Lie algebra g
naturally carries a |1|-grading, c.f. section 3.1.1. In particular, Corollary 2.2.3
shows that the images of the operators ®;, from Theorem 2.3.2 consist of harmonic
differential forms on G/K. Furthermore, due to the simple structure of the M-
module g/m these transforms are also chain maps between the de Rham sequences
on G/P and G/K. Finally, we are able to determine global norm estimates of the
images of ®;, on the Poincaré Ball model of hyperbolic space in section 3.3.3.

In addition, we will compute in Theorem 3.3.2 the dimension of the space
of Poisson kernels in this case, implying that the operators ®; are a multiple of
Gaillard’s Poisson transform from section 2.1.3. Thus, we reproved some of the
properties of Gaillard’s Poisson transform shown in [Gai86] in a more conceptual
and simple way. In addition, via the interpretation of the homogeneous space G /M
as a sphere bundle in section 3.2.3 we can recover Gaillard’s initial definition in
terms of visual maps, c.f. Definition 2.1.3.

In the second part of this section we will illustrate the construction of a Poisson
transform between differential forms with values in the standard tractor bundle.
In order to construct Poisson kernels in this case, we proceed as in 2.3 and first
analyse the geometries of the vector bundles T(G/M) and G x5 V over G/M,
where V = R*t11 is the standard representation of G, by identifying the M-module
structure of g/m and V, respectively, in section 3.2. Afterwards, we will present an
explicit construction of a BGG-compatible Poisson kernel ¢} in section 3.4.1 and
show that its induced Poisson transform @2’ has properties similar to the operator
®,. Finally, we will prove that the distinguished Poisson transforms induce chain
maps between the BGG-sequence on G/P and the twisted de Rham sequence on
G/K.

3.1. Preliminaries about real hyperbolic space

3.1.1. The Lie groups and Lie algebras. Let V be the real vector space
R"*2 endowed with the nondegenerate inner product corresponding to the matrix

0 0 1
S=10 id, O
1 0 0

65
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We can decompose this Lorentzian vector space into the disjoint union V =V_ U
V, UV, where V_, V, and V, denote the set of all negative, null and positive
vectors of V, respectively. By bilinearity of the inner product each of these sets is a
cone in V, so we obtain an action of the Lie group R on the set of negative vectors
as well as on the light cone C :=V,, \ {0}. We define the real hyperbolic space H of
dimension n as the space of negative lines in V_, which is diffeomorphic to the set
of all vectors v = (v%,...,v"*!) € V_ with (v,v) = —1 and v° — v"*1 > 0 simply
by mapping any generator of a line to its normalization. Similarly, we denote by
P(C) := C/Ry the projectivization of the light cone and call it the boundary at
infinity OH of the hyperbolic space. Note that we can identify these manifolds
as homogeneous spaces by considering the special orthogonal group SO(n + 1,1),
which we realize as the set of all g € GL(V) satisfying ¢*Sg = S and det(g) = 1.
Then its connected component G acts transitively on both the hyperbolic space
and its boundary.

If /_ denotes the negative line in V_ defined by the difference of the first and
last basis vector, then by Silvester’s law of inertia the Lorentzian inner product on
V induces a positive definite inner product gg on (¢_)* = T,_H. Furthermore, the
isotropy group K of the negative line also stabilizes this inner product and thus has
to coincide with the maximal compact subgroup SO(n + 1) in G. In particular, we
deduce that the real hyperbolic space is isomorphic to the symmetric space G/ K,
and the K-invariant inner product gx on T, H = ¢ induces a Riemannian metric
on the real hyperbolic space, called the hyperbolic metric. Note that under the
identifications q = R"*! and K = SO(n + 1) the inner product gx corresponds to
the standard Euclidean product on R™*!, which differs from the restriction of the
Killing form of g to q by a constant factor, c.f. Proposition 3.1.1.

Similarly, let ¢y be the null line in P(C) generated by the first standard basis
vector of V and let P be its stabilizer in G. Then in the representation determined
by the matrix S this group is realized as

a —aY'B —la|Y|?
P = 0 B Y a€Ry,Y e R", B e SO(n)
0 0 a~ !

In particular, P = CSO(n) x R™ is a minimal parabolic subgroup of G and 0H is
isomorphic to the homogeneous parabolic geometry G/P. Furthermore, the Lang-
lands decomposition P = M AN of the parabolic subgroup is also nicely visible
in this matrix representation. Indeed, the group M = SO(n) corresponds to the
matrices a = 1 and Y = 0, the abelian subgroup A = R corresponds to Y = 0 and
B =id,, and the nilpotent subgroup N are those matrices with a« = 1 and B = id,,.

Turning to the infinitesimal picture, the Lie algebra g = so(n + 1,1) is given
by all g € End(V) which satisfy g*S = —Sg. If we write elements of g as real block
matrices whose blocks have the same sizes than those of S, a direct computation
shows that

a -Y' 0
g= X B Y |leaeR, X, Y eR"”, Beso(n)
0 —X! —a

PropOSITION 3.1.1. Let G = SO(n + 1,1)¢ with Lie algebra g and denote by
t and p the Lie algebras of the mazimal compact subgroup K = SO(n + 1) and the
minimal parabolic subgroup P = CSO(n) x R™ of G, respectively. Let P = M AN
be the Langlands decomposition of the minimal parabolic subgroup and denote by m,
a and n the Lie algebras of M, A and N, respectively.

(i) The Lie algebra g carries a natural |1|-grading g = g_1 ® go b g1 so that the
parabolic subalgebra p := go ® g1 coincides with the Lie algebra of P.
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(ii)) The Lie algebra m is isomorphic to so(n), whereas the Lie algebra a is 1-
dimensional. In particular, we obtain an isomorphism go = so(n) ® R as Lie
algebras.

(iii) The Lie algebra t consists of all matrices in g whose a-part is trivial and which
are symmetric in g_1 and g;.

(iv) The Killing form B on g is determined by the following nondegenerate pair-

mygs:
g-1®0 — R, B(X,Y)=—-2n(X,Y),
a®a— R, B(E,E) = 2n,
m®m — R, B(A1, Ag) = ntr(A;1As).

Proor. (i) If we define the subspaces g_1, go and g; to be generated by the
entries X € R”, (a, B) € cso(n) and Y € R”, then the block form of g in our
matrix representation immediately implies the claim.

(ii) From the matrix representation of M we immediately deduce that its Lie
algebra m is given in terms of the |1|-grading by all elements of the form
(0,(B,0),0) with B € SO(n), whereas the Lie algebra a of A consists of all
matrices (0, (0,a),0) with a € R. In particular, we obtain that go = m @ a as
Lie algebras.

(iii) In the matrix representation of G the global Cartan involution is given by
g (gt)fl. Therefore, applying its derivative g — —g' immediately implies
that £ is of the claimed form.

(iv) The Killing form on so(n + 1, 1) is a multiple of the trace form of the matrix
group g, and the factor is determined by the value of B(E, E), which can be
computed directly. O

For later computations, we derive explicit formulae for the Lie bracket on g in
terms of our matrix representation. Via the identifications of g4; with R™ and gg
with so(n) @ R we obtain the following nontrivial pairings:

go Xg_1—>9g_1, [(B,a),X]=BX —aX,
g0 X 8o — 9o, [(B1,a1), (B2,az2)] = ([B1, B2],0),
go X g1 — 91, [(B,a),Y] = BY 4 aY,
g-1 X g1 — 9o, [X,Y] = (Y)(1t - XY, (X,Y)).

For the rest of this section we want to analyse the geometric structure of the
boundary at infinity of the real hyperbolic space. The tangent space of C at v € C
is given by v'; however, since the vector v is null it is contained in its orthogonal
complement. Thus, the tangent map of the canonical projection m,: C — IH at
v factors to a linear isomorphism v*/Rv — T} (,)P(C). Moreover, the Lorentzian
inner product on V induces a positive definite inner product on v*/Rv, which can
be carried over to Ty () P(C). If we replace v by Av for any A € Ry this inner
product is multiplied by the factor A2, obtaining a conformal metric on OH.

We will rephrase the conformal metric as a section of a weighted natural bundle,
where we use the identification of 9H as a homogeneous parabolic geometry G/P
with P a minimal parabolic subgroup. Recall from Theorem 1.4.5 that density
bundles on G/P are determined by linear functionals on a*. Since the real rank of g
is 1, we can express each such functional as A\-E* for A € R, where £* € a* is the dual
of the grading element E of g. Following standing conventions, we will write £[A] for
the line bundle E[-AE*] over G/P and call any section of this bundle a A-density.
Moreover, if W is a vector bundle over G/P, then we define W[\] := W ® £[)\] and
say that W[\ has weight X. Note that if R[)\] is the 1-dimensional P-representation
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underlying £[)\], then for all p € P with p = mexp(tE)n for m € M, t € R and
n € N we obtain by construction that p- o = e o for all o € R[]

THEOREM 3.1.1. Let G = SO(n + 1,1)¢ and P = CSO(n) x R™ the minimal
parabolic subgroup of G. Then the homogeneous space G/P carries a canonical
G-invariant conformal metric g,, € T'(S*T*(G/P)[2]).

PROOF. In the matrix representation of G we immediately see that the P-
action on the vector space g/p is determined by the action of the Levi subgroup
Go = M A. Explicitly, under the identifications g/p = R™, M = SO(n) and A 2 R
this action is given by

(Be') Y =e 'BY

forall Y € R®, B € SO(n) and ¢t € R. In particular, the standard inner product on
g/p = R" defines a P-invariant element in S2(g/p)*[2], which induces a G-invariant
section g, € ['(S?*T*(G/P)[2]) due to Theorem 1.2.2. O

3.1.2. The Poincaré ball model. An important feature of the real hyper-
bolic space is the existence of the Poincaré ball model, which provides a strong
connection between Euclidean and hyperbolic geometry. In particular, it is a con-
venient setting to derive norm estimates for Poisson transforms in section 3.3.3, so
we will recall its basic features in this section.

Let B"*! be the open unit ball in R™*! endowed with the Riemannian metric
Ghyp = P~ geuc, Where geyc is the Euclidean metric on B! and p € C*°(B"" R)
is the smooth map p(z) = 1(1—|z[?), which is a defining function for the boundary
sphere. If we write a point z € B"™! as # = (2°,%) with 2° € R and 7 € R”,
and if we identify the hyperbolic space H with the set of all negative vectors v =
(v0,...,v"*) € V_ with (v,v) = —1 and v — v"*! > 0, a direct computation
shows that

f: (Bn+1>ghyp) — (H,g[()
1 1+ 229 + |z|?
(2°,%) = s 2v/2i
2(1—[z]?) —(1—21‘0—|—|x|2)

is an isomorphism of Riemannian manifolds. We call (B"™!, gny,,) the Poincaré ball
model of the (n + 1)-dimensional real hyperbolic space.

Furthermore, in this picture the unit sphere S” C R"*! is identified with the
boundary at infinity OH as follows: If y = (°,7) is a unit vector in R"*! with
y® € R and § € R, then the vector v(y) = %(y0 + 1,7,y — 1) € V is null with
respect to the Lorentzian inner product on V. Now if [v] denotes the line generated
by v € C, then a direct computation shows that the map y — [v(y)] defines a
diffeomorphism S™ — OH so that the conformal structure on the boundary at
infinity of the hyperbolic space corresponds to the equivalence class of all metrics
which are a positive multiple of the round metric on S™.

The advantage of the Poincaré ball model is that the hyperbolic metric is given
by a conformal change of the Euclidean metric and therefore easy to understand.
However, it is not quite obvious how the group G acts in this picture. In order to
obtain estimates on the pointwise norm of the Poisson transform on the Poincaré
ball model in terms of a defining function of the boundary in section 3.3.3 we need
to express the A-part in the Iwasawa decomposition of elements in G in terms of
coordinates on B"*! via the action on its origin.

LEMMA 3.1.2. Let G = SO(n + 1,1)9, K = SO(n + 1) its mazimal compact
subgroup and denote by E the grading element in the Lie algebra of G. For all
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g € G let g = k(g)exp(7(9)F)exp(Y(g)) be its Iwasawa decomposition, where
k(g) € K, 7(9) € R and Y(g) € n = R™. Let B"*! be the Poincaré ball model of
the real hyperbolic space G/K and let 0 be the origin in B"T1. If x € B"! satisfies
g-x = 0, then
1— 220 + |z

L—fz2

ProOF. Under the isomorphism f: B"t! — H the origin 0 is mapped to %
times the difference of the first and last basis vector in R"*1:1. Since this vector is
invariant under the action of the maximal compact subgroup we can assume without
loss of generality that «(g) = 0, hence in terms of the matrix representation of G
from section 3.1.1 the element g is given by

W —@Y ()t~ |y ()2

(@) —

g= 0 id,, Y(g)
0 0 e—7(9)
In particular, the last component of the equation g - f(z) = f(0) reads as
=22 1
2(1 — [=[?) 2’
showing the claim. (]

The previous result is used to derive norm estimates for the Poisson transforms
®;, constructed in section 2.3.2 in the special case of the real hyperbolic space as
follows: We will show in section 3.3.3 that for all ¢ € G the pointwise hyperbolic
norm of ®(gK) is bounded from above by the integral of a power of e~
over hM € K/M. Now Lemma 3.1.2 allows us to rewrite this smooth function as
the classical Poisson kernel on the unit ball in the following Proposition, for which
several integral identities are available in the literature.

PRrROPOSITION 3.1.2. Let G = SO(n + 1,1)9, K = SO(n + 1) its mazimal
compact subgroup and denote by E the grading element in the Lie algebra of G.
For all g € G let g = k(g9)exp(7(9)E)n(g) be its Iwasawa decomposition, where
k(g) € K, 7(9) € R and n(g) € N. Let B"*! be the Poincaré ball model of the real
hyperbolic space G/K and let O be the origin in B"*1. For g € G and h € K let
x=g-0€ B"" and u = h- 1 be in the unit sphere S™, where 1 € S™ denotes the
first unit vector in R"*1. Then we obtain that

(g~} 17|£L’|2
(& (g h):P(m,U) Z:m

equals the classical Poisson kernel on the unit ball in R™"1.
PROOF. We can apply Lemma 3.1.2 to the element h~'x, obtaining that

e*T(g_lh) _ 1— |h71$|2 .

1—2(h 12)0 + |h—1a|?
A direct computation shows that the restriction of the G-action on B™*! to the
maximal compact subgroup K coincides with the standard action of SO(n + 1),
implying that that |h~'x|?> = |z|?>. Furthermore, if the matrix B € SO(n + 1)
corresponds to the element h € K we deduce that the first coordinate of h~1z
coincides with the standard inner product of x with the first column vector of B

and thus by construction with (x,u). Since the element u is in the unit circle the
above expression simplifies to

2
—T(gflh) — 1- ‘l‘l -p O
¢ W —2(a,uw) 2 L@
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3.2. The geometry of G/M and the standard tractor bundle

For the construction of Poisson kernels we will proceed as in section 2.3 and
analyse in 3.2.1 the geometry of the tangent bundle of G/M by identifying the
structure of g/m as an M-representation. In particular, we will identify in 3.2.3
the bundle G/M — G/K as a sphere bundle in terms of the Poincaré ball model
of hyperbolic space. Moreover, in section 3.2.2 we also determine the geometric
properties of the homogeneous vector bundles over G/M, G/K and G/P, which
are induced by the standard representation V of G. This analysis will be essential in
section 3.4 where we demonstrate the efficiency of our approach by constructing a
BGG-compatible Poisson kernel whose associated Poisson transform map between
vector valued differential forms.

3.2.1. The geometry of T(G/M). First, we want to identify the decompo-
sition of the tangent bundle of G/M into G-invariant subbundles as in Proposition
2.3.1. For this, we have to express the decomposition of the M-module g/m into
the direct sum (g/m)_; @ (g/m)o @ (g/m); induced by the |1|-grading of g in terms
of its matrix representation. Recall from Proposition 3.1.1(ii) that the subalgebra
m consists of those matrices in g which contain an element of so(n) in their middle
block as the only nontrivial entry. Therefore, we can represent g/m as the set

a =Yt 0
g/m=4 X 0 Y |+macRX,YeER"Y,
0 —-X' —a

and for £ € g/m the induced map { — (X,a,Y) corresponds to the direct sum
decomposition of g/m as above.

Next, we determine the action of M on g/m with respect to this decomposition.
Let m € M correspond to the matrix B € SO(n) and £ € g/m to the triple (X,a,Y)
with X, Y € R” and a € R. Then a direct computation shows that the action of
m on & is given by Ad(m)(§) = (BX,a,BY). Otherwise said, after identifying
(g/m)1; with R™ the group M = SO(n) acts by the standard action on (g/m)_;
and (g/m); and trivial on the M-invariant subspace (g/m)g. Applying Proposition
1.2.1 this immediately implies

LeEmMA 3.2.1. The tangent bundle of G/M decomposes into a direct sum of
G-invariant subbundles

T(G/M) =T G/M)&T°(G/M) & T G/M),
where TT1(G /M) are subbundles of rank n, whereas T°(G /M) is a line bundle.

For the computations needed in the construction of Poisson kernels in sec-
tions 3.3 and 3.4 we define generators for the M-module g/m which are compatible
with the decomposition of T'(G/M) into horizontal and vertical distributions from
Theorem 2.3.1. In order to do so, recall from section 2.3.1 that these bundles
are associated to the M-submodules (g/m)1* = p/m and (g/m)%! = €/m of g/m,
respectively. Thus, with respect to the decomposition of g/m into irreducible M-
modules we define for all X € R™ the vectors

E::(Ovlao)ep/ma FX 5:(070aX)€p/m» GX ::(X,O,X)Eé/m,

and these elements generate g/m as a vector space.

Moreover, in order to determine the properties of the Poisson kernels in the
sequel we will heavily use the calculus on A*(g/m) induced by the structure of
G/K as a Riemannian manifold. Thus, it is necessary to compute the pullback of
the hyperbolic metric on G/K to the horizontal subbundle 7%° = G x,; (p/m).
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PROPOSITION 3.2.1. Let G = SO(n + 1,1)o be represented as in section 3.1.1,
g its Lie algebra and let g = € ® q be the Cartan decomposition with respect to the
involution g — —gt. Let K =2 SO(n+1) be the mazimal compact subgroup of G with
Lie algebra t, let M =2 SO(n) be the intersection of K with the minimal parabolic P
in G and m the Lie algebra of M. Then the pullback of the hyperbolic metric along
the canonical projection i : G/M — G/K is induced by the M-invariant inner
product gyr on the M -subrepresentation p/m in g/m which is determined by
gm(E,E) =1, gu(Fx, Fy) = %

forall X, Y € R™.

(X,Y)gn

PROOF. Recall from section 3.1.1 that the hyperbolic metric on G/K was in-
duced by the standard inner product of K = SO(n + 1) on q = R"*L. Thus, in
order to determine the M-invariant inner product on p/m we first have to apply
the projection g/m — g/t and identify the result with q. Doing this for the base
elements, a direct computation shows that E is mapped to the first basis vector,

whereas F'x corresponds to fﬂil(O,Xt)t in g. O
Note that we could extend gps to €/m via
gu(Gz,Gw) =1(Z, W)

for an arbitrary positive real number 7, obtaining an M-invariant inner product on
g/m with the property that the horizontal and vertical subspaces are orthogonal.
Here, the fact that the factor 7 can be chosen arbitrarily reflects that G/P carries
the structure of a conformal manifold, c.f. Theorem 3.1.1. We will use such an
extension of gjs in section 3.3.3 to derive norm estimates on the images of the Pois-
son transform @ from Theorem 2.3.2 on the Poincaré ball model of real hyperbolic
space.

As a last step, we deduce formulae for calculus on forms on g/m which will
be needed to analyse the ring of Poisson kernels. The invariant inner product gps
on p/m induces an isomorphism ”: p/m — (p/m)* via & (1) = gn(&,n) for all &,
1 € p/m. Moreover, we denote by *x the operator on A*(g/m)* induced by the
Hodge star operator on G/K as defined in section 2.2.3. Note that if { , ),s denotes
the M-invariant inner product on A*(p/m)* induced by gy, then this operator is
characterized by the equation

(o, BYm = xxk (A %k 3)
for all a, 3 € A¥(p/m)*.
COROLLARY 3.2.1. Let w be a form on g/m of degree (k, ().
(i) For all € € p/m we have te(xgw) = (—1)* xx (€ Aw) as well as & N\ xgw =

(—D)F g (rew).
(i) For all n € ¢/m we get v,(xxgw) = (—1)" T xx (tyw).

PRrROOF. It suffices to consider decomposable elements w = a A 3, where « and
B are forms on g/m of degrees (k,0) and (0, £), respectively.

(i) Let (, )ar denote the inner product on A*(p/m)* induced by gps. By construc-
tion, we have (v, A a)y = (Ley,a)p for all € € p/m and v € AT (p/m)*.
Therefore, the defining equation for the K-Hodge star yields

wxc (17 (a1 €) = (ra A€ = (1) e, ahn = 5 (Y A re ¢ @),
showing that t¢ *x @ = *x(a A €”). For the form w, this means that

e w=1e(xga) A B = (@ NEYAB = (—1)F 5k (& Aw).
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The second equation is obtained by applying the first relation to the form
xw and afterwards the K-Hodge star to both sides of the resulting equation.
(ii) The antiderivation property of the interior product implies

by ke w = (—1)" T ea) Ay B = (1) xg 1w,

where we used that ¢, is trivial on both o and its image under the K-Hodge
star. U

3.2.2. The standard tractor bundle. Although we have defined Poisson
transforms for differential forms with values in general homogeneous vector bun-
dles in section 2.2.1, we have so far only constructed explicit examples in the real
valued case. Therefore we want to demonstrate the efficiency of our method by
constructing in section 3.4 a Poisson kernel whose associated transform maps be-
tween vector valued differential forms. For that, we need to choose appropriate
homogeneous vector bundles over G/P and G/K, which by 1.2.1 are determined
by representations of the Lie groups P and K, respectively.

Here, the simplest examples are given by representations of the full group G,
which induce tractor bundles over all homogeneous spaces G/H for any closed
subgroup H of G, c.f. section 1.2.1. Hence we consider the homogeneous bundle
over G/H associated to the standard representation V of G, to which we will refer
as the standard tractor bundle (over G/H). In this section, we will identify the
geometric structure of the standard tractor bundles over the homogeneous spaces
G/M, G/K and G/P.

Let V := R"*tL! be the standard representation of G. Then by Proposition
1.4.1(i) the grading element E of g acts diagonalisable on V. inducing an eigen-
decomposition V = V_; & Vg ® V;, where V; is the eigenspace with eigenvalue j.
Explicitly, the spaces V_; and V; are generated by the first and last standard basis
vector in V, respectively, whereas Vj is isomorphic to R™. With respect to this
decomposition we define elements

1 0 0
vi:= (0] €V, vy = | Z | €V, v_1:=|0] €eV_,
0 0 1

for all Z € R™.

THEOREM 3.2.2. Let G = SO(n + 1,1)¢ be realized as a matriz group as in
8.1.1 and let M = SO(n) the diagonal subgroup. Let V = R"*11 be the standard
representation of G and V' be the standard tractor bundle over G/M. ThenV splits
into a Whitney sum

V=V_1oVodW

of G-invariant subbundles. Here, V_1 and Vi are trivial line bundles, whereas V
is a vector bundle of rank n.

PrOOF. We have to analyse the structure of V as an M-module. By definition
of the matrix representation of G we immediately see that the decomposition of
V into eigenspaces of the action of the grading element is M-invariant. Explicitly,
the group M acts trivially on V; and V_;, whereas Vy = R™ is the standard
representation of M = SO(n). Applying the associated bundle construction implies
the claimed decomposition of V. (]

In the construction of the Poisson transform we also consider the standard
tractor bundles over the Riemannian symmetric space G/ K as well as the conformal
sphere G/P, so we have to analyse the structure of the standard representation as
a K-module and a P-module as well.
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PROPOSITION 3.2.2. Let G = SO(n+1, 1)y, K = SO(n+1) its mazimal compact

subgroup, P = CSO(n) x R™ its minimal parabolic subgroup and V = R"TH1 be the
standard representation of G.

(i) The standard tractor bundle Vp = G xp V over G/P is endowed with a

filtration
Vp=V"1oV'>VvVi>{0}

of G-invariant subbundles. The induced quotient bundles are irreducible and
isomorphic to

vhve =g, VY vt =T1(G/P)[-1], Vi gl-1]

as homogeneous bundles over G/P.

(i) The standard tractor bundle Vk = G xg V over G/K splits into a Whitney

sum of G-invariant subbundles
Vk 2T(G/K)® L,

where L is a trivial line bundle.

ProoF. (i) Via the associated bundle construction it suffices to prove the

corresponding properties of the P-representation V. In part (ii) of Proposition
1.4.1 we have seen that V carries a P-invariant filtration

V=v1oV’>Vv!>{o},

where the i-th filtration component is defined by V' := @;>;V;. Moreover,
the nilpotent subgroup Py of P maps V¢ to Vit! for i € {—1,0, 1}, implying
that it acts trivially on the induced representations V?/Vi*1, By Proposition
1.4.1(i), it follows that these quotients are irreducible P-representations, so the
P-action is already determined by its Levi subgroup Gy = CSO(n). Explicitly,
if (b, B) € CSO(n) with b € R* and B € SO(n) corresponds to g € Gg, then
a direct computation shows that

A bA
g-| x| =|[Bx
[ b~

Comparing this with the formula for the Gy-action on g/p in the proof of
Theorem 3.1.1 we deduce that V=1/V°? = R[1], V°/V! = (g/p)[—1] and V! =
R[—1] as P-modules, and from Proposition 1.2.1 we obtain the corresponding
isomorphisms on the level of vector bundles.

By definition, the maximal compact subgroup K is the stabilizer of a negative
line in V as well as its orthogonal complement with respect to the standard
Lorentzian product. In this way, we obtain a decomposition V= R"T! @R as
a K-module, where the group K acts on R"*! by the standard representation
and trivial on the 1-dimensional part. Explicitly, the trivial representation
is generated by the vector v; — v_;, whereas R*t! is the direct sum of V
and the line generated by v; +v_;. Since g/t is also isomorphic to the stan-
dard representation of K the claim follows by applying the associated bundle
construction. O

Finally, for computations in section 3.4 we need to determine formulae for the

induced g-action on V in terms of its decomposition into irreducible M -modules.
By definition, the |1|-grading of g is compatible with the eigendecomposition of V
in the sense that g; - V; C V,,;, where we agree that V,; is trivial if |i + j| > 1.
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Now if we identify g4 with R™ and go with R @ so(n) as in section 3.1.1, a direct
computation shows that the only nontrivial relations are given by

g 1®Vy—V_q, XQuyz— —(X,Z)v_q,
g1 ®V; — Vg, X ®v, — vy,

go®Vy =V, (B,a) ® v1 — avy,

go ® Vg — VY, (B,a) ® vz — vB.7,
goR®V_1 —>V_q, (B,a) @ v_q — —av_q,

g1 ® Vo — Vy, Y ®@vg — —(Y, Z)vy,
901 ®@V_1 =V, Y @v_q1— vy

forall X,Y,Z eR" a€Rand B € SO(n).

3.2.3. Geometric interpretation of the bundle G/M — G/K. This sec-
tion is dedicated to give a geometric interpretation of the homogeneous space G/M
as a sphere bundle over G/K in terms of the Poincaré ball model (c.f. section
3.1.2). This will lead us in section 3.3.2 back to Gaillard’s initial definition of Pois-
son transforms. In order to do so, we will use some additional background on the
geometric properties of the Poincaré ball model in the sequel, which can be found
in [CFKW97].

Let B be the open unit ball in R"*! endowed with the hyperbolic metric and
denote its boundary sphere by 0B. For all x € B we denote by S, the sphere of
radius r > 0 in the tangent space T, B. The union S” := J,.p S of all tangent
spheres inherits the structure of a smooth manifold so that the canonical projection
m: 8" — B is a surjective submersion. We call the fibre bundle S” — B the r-
sphere bundle of B. Note that the action of G of B also induces an action on the
sphere bundle S, which is locally given by g - (z,u) = (g9z,T¢, - u) for z € B,
uwe Sy and g € G.

The Levi-Civia connection V on B induces a splitting of the tangent bundle
TS, C TTB into a Whitney sum H @V, where V is the kernel of T'r and H is the
horizontal subbundle determined by the connection. Using this, we can endow the
sphere bundle S” with the structure of a Riemannian manifold as follows: First,
we assume that the subbundles H and V' are orthogonal. Moreover, in every point
x € B the tangent map 7,7 is a linear isomorphism H, = T, B, so we can pullback
the bundle metric of the tangent bundle of B to a metric on the distribution H. By
construction, this means that the canonical projection is a Riemannian submersion.
Finally, on the vertical bundle we define the metric to be induced by the inclusion
of the r-sphere into 7}, B, where we used the identification of the tangent spaces of
T.B with T, B itself. Therefore, the sphere bundle S” is a Riemannian manifold,
and we denote by ¢°" its Riemannian metric.

LEMMA 3.2.3. Let (B, gnyp) be the Poincaré ball model of (n + 1)-dimensional
hyperbolic space and for v > 0 let m: S™ — B be the r-sphere bundle of B. Then

the Riemannian metric g5 on S” is invariant with respect to the induced action of
G =S0(n+1,1)o.

Proor. For z € B fix a point u € S, and let &, n € T,,S" be tangent vectors.
Since the subbundles H and V are orthogonal it suffices to assume that ¢ and 7 are
both either in H or in V. First, if both vectors are in the horizontal distribution,
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then
951: (9691 = Gr(gu)(Lgum 0 Tu(Tr(uyly) - & Toum © Tu(Tr(uyly) - 1)
= Ygr(u) (Tﬂ(u)gg oy - 57 Tﬂ’(u)ég o Ty - 77)
=g (&),

where we used G-equivariance of the projection 7 as well as G-invariance of the
Riemannian metric on B.

On the other hand, if both vectors £ and 7 are in the vertical distribution, we
have to identify those vectors with elements in T, B. Explicitly, we can find vectors
v, w € T B with € = O¢|t—o(u + tv) =: xu(v) and n = x,(w). By construction, the
map x, satisfies

Xgu(gv) = Otlt=0Tuly - (u+ tv) = Ty (Tily) - Olt=o(u + tv) = g - xu(v)
for all v € T, B. In particular, for £ = y,(v) and n = x,(w) this means that
9509 €91 = g5 (9 Xu(©), 9 Xu(W)) = gga(Tuly - v, Tuly - w) = g (£,7).
All in all, we see that the metric ¢°  is G-invariant. O

In the next Proposition we will show that the r-sphere bundle S™ over B is
diffeomorphic to the product bundle B x 9B as a G-manifold, and that the isomor-
phism is induced by the so called visual maps. In order to construct them, recall
from [Thu, ch. 2.1] that for all x € B and y € 9B there is a unique (hyperbolic)
geodesic ray I';, ,,: R>¢ — B which starts at ', ,,(0) = = and approaches the point y
in the limit. In the Euclidean picture, the ray I'; ,, is a circle segment starting at z,
which is orthogonal to the boundary in the point y. This means that for all y € OB
there is a unique vector 7% (y) € S% so that the geodesic ray determined by this
vector equals I'; ,. Moreover, it can be shown that the induced map v, : 05 — S,
given by y — 7% (y) is a diffeomorphism. Thus, for every r > 0 the induced map

" Bx OB — S, (2, y) = 72 (y)

is a bundle isomorphism covering the identity on B. The inverse of this map is
given by (z,&) — VI(£), where V: ST — OB is the visual map defined by £ —
limy o0 Ve (t). Note that this is exactly the definition of the visual map suggested
by Thurston and used by Gaillard to construct his Poisson transform, c.f. section
2.1.3.

PROPOSITION 3.2.3. Let (B, gnyp) be the Poincaré ball model of hyperbolic space
and let OB denote its boundary sphere. Forr > 0 let S™ — B be the r-sphere bundle
and let v": B x 0B — S" be the bundle isomorphism defined above. Then v is an
equivariant map for the induced actions of the group G = SO(n + 1,1).

Proor. Let I'; ,: R>o — B be the unique geodesic ray which start at x € B
and tends to y € OB. We have already seen that the group G acts transitively
on the product B x 9B = G/M. Moreover, for all g € G the geodesic ray I'y; g,
coincides with the translation g o I'; ,. If we derive this equation we obtain that

which shows that +" is G-equivariant. (]

Thus, we see that G-invariant Riemannian metrics on the product manifold
G/K x G/P are obtained via the identification with the sphere bundles over B =
G /K. Moreover, via the G-isomorphism G/M = G/K x G/P we see that the visual
map is just the identification of the fibre (G/M), of the bundle G/M — B over
x € B with the fibre of the r-sphere bundle S7. Here, the ambiguity given by the
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choice of the radius r > 0 of the spheres is reflected in the conformal choice of the
metric on the vertical subbundle T%! of T(G/M).

3.3. Poisson transforms between real valued forms

In this section we further analyse the Poisson transforms ®; constructed in
Theorem 2.3.2 as operators between the conformal sphere and the real hyperbolic
space. First, due to the simple structure of the Lie algebra so(n + 1,1) the image
of these operators consists of eigenforms for the Laplace Beltrami operator induced
by the hyperbolic metric, and these Poisson transforms are chain maps between the
de Rham complexes of G/P and G/K, c.f. Theorem 3.3.1. Afterwards, the explicit
computation of the dimension of the space of Poisson kernels in Theorem 3.3.2 im-
plies that the operators ®; are essentially unique and thus coincide with Gaillard’s
Poisson transforms, c.f. section 2.1.3. Finally, the existence of a geometric model
describing both the hyperbolic space and its boundary in a unified picture allows
us to gain norm estimates on the images of ®; in section 3.3.3. In particular, we
will reprove many of Gaillard’s results in his dissertation [Gai86] in a simpler and
more conceptual way.

3.3.1. The Poisson transform ®;. Recall from Theorem 2.3.2 that we have
constructed a Poisson kernel ¢, of degree (k,n — k), whose associated transform
®;, maps k-forms on the conformal sphere to coclosed differential forms of degree
k on the real hyperbolic space. Since in the special case G = SO(n + 1,1)g the
Lie algebra g has a simple structure, these operators possess even more interesting
properties, which are summarized in the following Theorem.

THEOREM 3.3.1. Let G = SO(n+1,1)p, K = SO(n + 1) its mazimal compact
subgroup and P = CSO(n) x R™ the minimal parabolic subgroup of G. Then for all
k=0,...,n and X € R the operator

oy QF(G/P,E[N]) — Q¥ (G/K)

constructed in Theorem 2.3.2 is the unique Poisson transform up to a multiple which
preserves the degree. Moreover, these operators satisfy the following relations:

(i) The image of @y, consists of coclosed forms for all k =0,...,n and all X € R.

(ii) Let volx € Q"T19(G /M) denotes the K-volume form on G /M, i.e. the pull-
back of the hyperbolic volume form along the canonical projection. Then for
all a € Q" (G/ P, E[N]) we have

d®,(a) = (A —n) ][ Tpa A volg .
G/pP

(iii) For all o € QF(G/P,E[N)) the differential form ®x(a) is an eigenform of the
Laplace-Beltrami operator on G/K with eigenvalue —A(n — 2k + X).

Moreover, if A =0, then we have
do®y = (_1)n7k(n — 2]{:)(I)k+1 od.
forallk=0,...,n—1.

PrOOF. We have already shown (i) in a more general setting in Theorem 2.3.2.
Furthermore, we have seen in section 3.1.1 that the Lie algebra g is |1|-graded, so
Corollary 2.2.3 implies part (iii) in the case A = 0. Finally, the claim on uniqueness
of these transforms will follow from Theorem 3.3.2.

We translate the remaining claims into properties of the corresponding Poisson
transforms via Proposition 2.2.3, which we will prove in the remainder of this
section. Explicitly, the relation between the exterior derivatives follow from Lemma
3.3.1 whereas (ii) and (iii) is equivalent to Proposition 3.3.1. O
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Before we continue we briefly recall the definition of the Poisson kernels ¢y
from section 2.3.2. Let E be the M-invariant vector in g/m induced by the grading
element and let E* € (g/m)1%* be its dual element. Then the Poisson kernels ¢y
are defined by

br = *x(E* A (dpE*)"F)

for all £k = 0,...,n and satisfy the relations dx ¢ = 0 as well as tgppr = 0. More-
over, recall that we showed in Proposition 2.3.2 that dg E* = 0 and computed
a formula for the P-derivative of E* in a more general setting. Due to the ex-
plicit description of the Killing form in in Proposition 3.1.1(iv) this simplifies to
dpE*(Fx,Gy) = (X,Y) for all X, Y € R"™ in this case.

First, we will focus on the case of unweighted differential forms on G/P and
compute the partial derivatives of the Poisson kernels ¢,. For that, let volg :=
* (1) be the M-invariant (n + 1, 0)-form of unit length, which we will call the K-
volume form. By construction, this is the pullback of the hyperbolic volume form
on G/K, so by naturality we obtain that

aAxgf = {(a,B)p volk

for all (¢,0)-forms «, 8 on g/m, where (, )as denotes the M-invariant inner product
on A*(g/m)* induced by gas as in section 3.2.1.

LEMMA 3.3.1. For all k=0,...,n let ¢x be the Poisson kernel defined above.
(i) The K-derivative of the form ¢y is given by

dr i = (n - Qk)E* A Op.

In particular, if n = 2p is even then the form ¢, is K-closed, whereas for
k =n we have dg ¢, = —nvolg.
(i) The P-derivative of the form ¢y equals

dpor = (—1)*E* A ¢p_1.
In particular, for all0 < k <n — 1 the partial derivatives are related via
drdr = (=" (n — 2k)dpdria.

Proor. (i) In order to compute the K-derivative of ¢ we use formula (1.2.4)
together with the formulae for the Lie bracket on g from section 3.1.1. If
we would only insert vectors of the form Fx and Gy into di ¢, then the Lie
bracket produces the element E € g/m, which contributes trivially. Therefore,
we see that dx¢r = E* A tpdg¢r which by a direct computation equals
dgor = (’Il — 2k)E* A .

Moreover, the vector E is normalized due to Proposition 3.2.1 and hence
its dual coincides with E”. Therefore, in the case k = n the formula for the
K-derivative reduces to

drn = —nE* A xg(E*) = —nvolg,

where we used the defining equation of the K-Hodge star.

(ii) Since dim(G/K) = n + 1 the P-derivative satisfies the commutator relation
dpxg = (—1)"*! % dp due to Proposition 2.2.3. Thus, by definition of the
K-Hodge star we deduce that

dp¢;€ = (—1)”—%—1 * ((dPE*)n—k-H) — (_1)n+1E* ALp*i ((dpE*)n_k-H) 7

and application of Corollary 3.2.1(i) yields the claimed formula. O
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Now recall from section 1.4.5 that density bundles over G/P are associated
to one dimensional P-representations, so they do not carry canonical G-invariant
connections. In particular, the partial derivative dp on G/M has no geometric
counterpart on weighted differential forms on the conformal sphere. However, we
can still determine the image of Laplace-Beltrami operator of the Poisson transform
of such differential forms, which by Proposition 2.2.3 boils down to determining the
K-Laplace of the pullback of \-densities to G/M.

PROPOSITION 3.3.1. Let G = SO(n+1,1)¢, K = SO(n+1) its mazimal compact
subgroup, P = CSO(n) x R™ its minimal parabolic and M := KN P. For A € R let
E[N\] denote the bundle of \-densities over G/P and let ¢5, € Q*"~F(G/M) be the
G-invariant Poisson kernel defined above. Then for all o € QF(G/P,E[N]) we have

(i) dx (¢x Ampa) = (dxdr + AE™ A ¢) Ampa,

(ZZ) 5K(¢k /\7T;>Oé) = (5K¢k — )\LE(bk) A ThHa.
In particular, the differential form ¢ A mha on G/M is an eigenvector of the K-
Laplace with eigenvalue —\(n — 2k + X).

ProoOF. (i) Follows immediately from the antiderivation property of dx and
Lemma 2.3.2.

(i) It suffices to consider differential forms o = w ® o, where w is a k-form and
o is a A-density on G/P. Then by naturality, the pullback of a along the
projection mp can be expressed as (Tpo)Tpw.

First, we apply the K-Hodge star to the form ¢ := ¢ A Tpa, which by
definition only acts on the form ¢. Next, using the antiderivation property of
dx, naturality of the pullback of w and the formula in part (i) we deduce that

di *K ox = (dx ¥k ¢ + AE™ A (xx®)) A Tpa.

Finally, we have to apply (—1)*+DE=D+1 times the K-Hodge star to this
form. The first summand in the bracket equals the K-codifferential of ¢. For
the second summand, we can use part (i) of Corollary 3.2.1 to move E* = E°
out of the K-Hodge star, where we pick up the sign (—1)"*'=¢. The resulting
operator *2% equals (—1)/"+1=0) 5o all in all we get

Srdr = (6xd — \epd) N Tpa
as claimed.

For the last part of the Proposition we will apply parts (i) and (ii) to the case of
the Poisson kernels ¢,. First, recall from section 2.3.2 that dx¢r = 0 and tggr =0
in general, which implies that ¢\ := ¢, A Tpa is trivial. Note that this just a
special case of the computation in the proof of Theorem 2.3.2.

On the other hand, combining part (i) with Lemma 3.3.1(i) we get

drdrs = (n— 2k + N E™ A ¢ -

Since the P-differential commutes with the K-codifferential up to a sign, it follows
from Lemma 3.3.1 that 0 (E* A ¢) = 0. Therefore, applying again the formula
for the K-codifferential from part (ii) we deduce that

Ordrdrr = —A(n — 2k + N o, a,

SO ¢ » is an eigenvector of Ag. [l

In the special case k = 0 we have already analysed the Poisson transform
Dy: T'(E[N]) — C*°(G/K) induced by ¢y in section 2.3.3. In particular, we have seen
in Theorem 2.3.3 that this transform produces eigenvectors of the Laplace operator
AP on G/K induced by the Killing form with eigenvalues —B(—AE*, —AE* — 2p).
On the real hyperbolic space, the lowest restricted root p is given by %n - B,
and the hyperbolic Laplacian is given by B(E, E)~! times the Killing Laplace AB.
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Inserting this we obtain from Theorem 2.3.3 that ®( produces eigenvectors of A with
eigenvalue —A(n + \), which is consistent with the formula in Theorem 3.3.1(iii).
Note that Theorem 3.3.1 also shows that for fixed degree k of the differential
form on G/P the largest eigenvalue of the Laplace-Beltrami operator is obtained
for the weight A = f”_z%, in which case the eigenvalue equals A2. This is exactly
the lower bound of the continuous L?-spectrum of the Laplace-Beltrami operator

on the real hyperbolic space, see [CP04, Theorem 2.4].

3.3.2. Uniqueness and geometric interpretation. Next, we want to prove
uniqueness as well as give a geometric interpretation of the Poisson kernels ¢y, which
will be done by identifying their corresponding G-equivariant bundle maps as in
Proposition 2.2.2. Furthermore, we will show how these can be obtained by several
geometric constructions on the Poincaré ball model, which are equivalent in the
case of the real hyperbolic space but differ in more general settings. In this way, we
also recover the initial definition of Gaillard’s transforms in terms of visual maps,
c.f. Definition 2.1.3.

First, we determine the dimension of the space of M-invariant vectors in A*(g/m)
through a simple exercise in representation theory.

THEOREM 3.3.2. Let G = SO(n + 1,1)g, M = SO(n) the intersection of the
mazximal compact and minimal parabolic subgroup of G and denote by g and m the
Lie algebras of G and M, respectively. Then the dimension of the M -invariant
(¢, k)-forms is given by

2 n=2kte{kk+1}
: Lk s\ M
dlm((A’(g/m)) ): 1 n#2kle{kk+1l,n—kn—k+1}.
0 otherwise

PrOOF. We have seen in section 3.2.1 that under the identification M = SO(n)
the vertical subspace (g/m)%! = £/m is isomorphic to the standard representation,
whereas the horizontal subspace (g/m)%? = p/m is the direct sum of the standard
and the trivial representation. In particular, after dualizing R™ via the standard
inner product we obtain that the space of Poisson kernels of bidegree (¢, k) is iso-
morphic to

(Ae’k(g/m)*)M o~ Homso(n)(AkR", AZR") @ Homso(n)(AkR”7 Aé_lR").

Therefore, it suffices to determine the dimension of the space of SO(n)-equivariant
maps between exterior powers of the standard representation.

First, it is well known (see e.g. [Pro09, ch. 11.6]) that A" *R" is isomorphic
to AFR™ as an SO(n)-representation for all 0 < k < n, it suffices to consider the
case 0 < k0 < % Furthermore, by [Pro09, Remark ch. 11.6] we know that
the SO(n)-representations A*R™ are pairwise non-isomorphic for all 0 < k < 5
and irreducible for k # %, whereas for & = 4 the exterior power splits into the
direct sum of two irreducible representations. Therefore, Schur’s Lemma implies
that Homgo ) (AFR™, A’R™) is trivial unless & = ¢, in which case this space is of
dimension 1 for k # 5 and of dimension 2 if k = 3. O

Note that Theorem 3.3.2 immediately implies that any Poisson transform which
map between differential forms of the same degree has to be a multiple of ®y.
In turn, this uniqueness result can be used to determine their corresponding G-
invariant bundle maps pj: A¥T%™* — A*T1L.0% a5 in Proposition 2.2.2. Recall
that if vol € Q%"(G/M) denotes the G-invariant differential form from Lemma
2.2.2, then these maps are characterized by ¢ A mha = pr(mpa) A vol for all o €

QF(G/P). Now by Proposition 1.2.1, these maps pj, are induced by M-equivariant
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maps AF(¢/m)* — A¥(p/m)*, which by uniqueness have to be a multiple of the
M-equivariant map induced by

X:p/m—t/m,
which is defined by F — 0 and Fx — Gx for all X € R™.

COROLLARY 3.3.2. Let x*: A*(p/m)* — A*(¢/m)* be the M -equivariant map
induced by x and denote the corresponding G-equivariant bundle map by the same
symbol. Then for all o € QF(G/P) we obtain that

1 AN Tpa = cppo A (X Tpa)
with ¢ € R.

PROOF. Since the G-invariant (0,n)-forms vol and ¢g are proportional, the
claim follows immediately from Theorem 3.3.2. O

For later computations we will derive an explicit formula for the relation be-
tween the Poisson kernels ¢, and ¢ induced by the map x.

LEMMA 3.3.2. Forallk=0,...,n and { € p/m we have
@9k = (=1)"2(n — k)igdpa.

PrOOF. We have already seen that tg¢y is trivial for all &, so it suffices to prove
the equation for £ = Fx with X € R™. From the formulae for the M-invariant inner
product on p/m in Proposition 3.2.1 we obtain for all vectors X, Y € R™ that

(Lo dpE*)(Fy) = —(X,Y) = —2F% (Fy).
Therefore, the formulae for the calculus on A*(g/m)* in Corollary 3.2.1 imply that
tax Ok = (—D)" sk 1g (E* A (dpE*)"F)
(=1)"(n — k) *x (E* A (dpE*)" "' NG dpE¥)
= (=1)""12(n — k) *x (E* A (dpE*)"F"L A FY%)
(=1)*2(n = k)try drt1
as claimed. O

For the rest of this section we want to illustrate how geometric methods can
be used to construct the M-equivariant map y on the real hyperbolic space. Note
that these approaches also make sense in more general settings, where they usually
differ and thus serve as possible sources for Poisson kernels.

First, recall from section 3.2.3 that we can identify the homogeneous space G/M
with the r-sphere bundle S™ over G/K in terms of the Poincaré ball model B. This
was done via the G-equivariant visual maps V', which assigned to every z € G/K
and & € S the limit of the unique geodesic ray determined by £. For the base
point 0 = eK the geodesic ray determined by the first unit vector eq in g/¢ = Ty B
is the line vo: ¢t — (¢,0,...,0), which approaches the point 1 = eP € G/P in the
limit. Thus, if we identify the tangent space T,,S" with its natural embedding into
To(G/K) = g/t, the visual map Vp induces a linear map p/m — €/m, which is
M-equivariant by construction and thus has to be a multiple of y. This is exactly
the point of view of Gaillard in his initial definition of Poisson transforms on the
real hyperbolic space, c.f. Definition 2.1.3.

On the other hand, we have seen in section 1.4.1 that the Killing form on g
induces a P-equivariant isomorphism between (g/p)* and p.. Next, every X € py
defines a fundamental vector field (x € X(G/K), which is by definition a Killing
field for the Riemannian metric on G/K associated to the Killing form. Moreover,
the map ¢: py+ — X(G/K) is G-equivariant with respect to the adjoint action
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on g and the natural G-action on vector fields on G/K, so its composition with
the musical operator b: X(G/K) — QY(G/K) is a P-equivariant map (g/p)* —
OY(G/K). Hence evaluation of these one forms at the base point eK € G/K
induces an M-module homomorphism (¢/m)* — (p/m)*, which by uniqueness has
to differ from the dual of x by a multiple.

3.3.3. Growth estimates of Poisson transforms. In this final part of the
study of the Poisson transform ®; we want to derive growth estimates for the
pointwise hyperbolic norm of its images in terms of a defining function for the
boundary sphere in the Poincaré ball model of real hyperbolic space. For this, we
will use the results on fibre integrals from section 1.5.2.

We have already seen in section 2.2.1 that the maximal compact subgroup K
acts transitively on the conformal sphere G/P, which induces a diffeomorphism
G/P = K/M. Explicitly, if k: G — K denotes the K-part of the Iwasawa decom-
position of G, then this isomorphism is given by gP — k(g)M. Otherwise said, this
corresponds to a reduction of the holonomy group of the conformal sphere to the
subgroup M =2 SO(n), i.e. to a choice of a Riemannian metric in the conformal class
of metrics on G/P. For our purpose, we choose on the symmetric space K/M = S™
the Riemannian metric induced by the restriction of the standard Euclidean metric
on R™*!, which is K-invariant by definition.

Subsequently, we obtain an isomorphism between G/M and G/K x K/M as G-
manifolds, where the action £ of G on the right hand side is given by ¢,(¢' K, hM) =
(99' K, k(gh)M) for all g, ¢’ € G and h € K. Moreover, the metric on K/M together
with the hyperbolic metric on G/K induce a G-invariant Riemannian metric on
the product manifold G/K x K/M, which we will again denote by gy, so that
the decomposition of its tangent bundle into the Whitney sum of 7T(G/K) and
T(K/M) is orthogonal. In this way, if vol is the normed G-invariant (0, n)-form
on G/K x K/M constructed in Lemma 2.2.2 and if we denote its restriction to
the fibre over gK € G/K by volyk, then by construction vol.x coincides with the
Euclidean volume form on K/M.

In the following Lemma we compare the norm of the pullback of differential
forms on G/P along the projection 7p: G/K x K/M — G/P induced by the
isomorphism K /M = G/P as well as determine the change in the measure induced
by vol on different fibres over G/K.

LeEMMA 3.3.3. Let G = SO(n+1,1)g, K = SO(n + 1) the mazimal compact
subgroup, P the minimal parabolic subgroup of G and M the intersection of K and
P. Forall g € G let g = k(g) exp(7(9)E)n(g) be its ITwasawa decomposition with
k(g) € K, 7(9) € R and n(g) € N, where E is the grading element of the Lie
algebra of g. For A € R denote by E[\] the bundle of \-densities over G/P with
underlying 1-dimensional P-representation R[\].

(i) For all o € A*T}p(G/P)[\| with h € K we obtain that
gu(mha, mha) (9K, hM) = k=707 h) g (0% o wta) (e K, hM).

(ii) Let | |pr denote the pointwise norm on Q*(G/M) induced by the metric gpr.
Then for all E[N\]-valued k-forms o on G/P we have

/ |Tpa|m (9K, hM) voly i
K/M
:/ e(kf)‘fn)T(g_lh)|7r}3a|M(eK, hM) volek .
K/M

ProoF. (i) The action of the element h, := gr(g~'h)h~' € G maps the
point (eK,hM) € G/K x K/M in the fibre over eK to the point (gK, hM).
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Furthermore, it can be rewritten as
hg = hn(g~"h) exp(=7(g~"h)E)h~"

using the Iwasawa decomposition of G. Then G-invariance of the metric gy,
implies that

gu(mpa, mpa) (9K, hM) = gar(hy ' - mpa, byt - mha)(eK, M) = (),
and since the canonical projection 7wp is G-equivariant we can commute the

action of ! with the pullback.
In order to rewrite (x) we need to simplify the element

hg_l ~a=hexp(t(g 'h)E)n(g  h)*h™ - a.

For this, note that the covector h=! - « is an element in A*T*,(G/P)[)\] =
1

A*(g/p)*[)\], on which exp(T(g~'h)) € A acts by the scalar e(*=N7(9" h)
whereas the group N acts trivially. Thus, we obtain that

hotea = et-Nrla g,
and inserting this back into (x) yields
() = 62(k_>\)7(g71h)g]\/[(7(‘;0£,W;O&)(EK, hM).

(ii) In order to prove this formula we need to compare the volume forms vol,x
and vol.x on the homogeneous space K/M. Consider for all g € G the map
kg: K/M — K/M defined by hM — k(gh)M, which is an isomorphism with
inverse rg4-1, c.f. [Hel94, Lemma 1.5.19]). Then by definition of the G-action
the map ¢, o ky-1 is the identity on K /M, so applying the transformation
formula for integrals we deduce that

/ |7r}3a\M(gK7 hM) VOng
K/M

= /K/M |Tpa|a (95, hM) k-2 €y volgi = (#x).

By G-invariance of vol, the pullback of volyx along ¢, coincides with volcg.
Moreover, the latter differential form is a multiple of the K-invariant volume
form on K/M induced by the Haar measure on K, so we can apply [Hel84,
Lemma 1.5.19] and obtain nz,l volegr = e—n(g7 h) voleg. Inserting this into

the expression (x*) and using (i) we obtain the claimed formula for the integral.
O

The previous Lemma allows us to derive growth estimates on the hyperbolic
norm of ®(a) for all a € QF(G/P,E[)\]). Indeed, recall that we chose the G-
invariant Riemannian metric on the tangent bundle of G/K x K/M so that the
projection onto the first factor is a Riemannian submersion, so Theorem 1.5.2 is
applicable. Thus, we obtain for all g € G that

D) (9F) < /K [0 ATl 91K RAD) vl = (4,

and we can find differential forms on G/P so that this inequality is sharp. More-
over, applying Corollary 3.3.2 to the above equation and using orthogonality of the
horizontal and vertical subbundle of the tangent bundle of G/K x K/M we can
rewrite this as

(%) = e / ol (9K B0 [ ey (9K hM) voly
K/M
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for some constant ¢, # 0. Since both the differential form ¢y and the metric gy,
are G-invariant, the expression |¢g|as is constant and thus can be moved outside
of the integral. Moreover, we have chosen the Riemannian metric on the vertical
bundle so that the map x* satisfies |[x*mpal,, = 2¥|7haly. Finally, we can apply
Lemma 3.3.3(ii) to transform the remaining expression into an integral over the
fibre 7! (eK). All in all, we have

(%) = 20| s / ek AIT(97 ) |2 | (e ], hM )dh M,
K/M

where dhM is the measure on K /M induced by the round metric.

Our aim is to obtain growth estimates in terms of a defining function for the
boundary sphere on the Poincaré ball model of real hyperbolic space. So let =z =
g-0¢€ B™" ! and let w = h -1 in the boundary sphere. Then we have computed in
Proposition 3.1.2 that the expression e~7(97"h) translates into the classical Poisson
kernel P(x,u) on the unit ball in R"*1. Since the Riemannian metric and the
vertical volume form vol.x on {eK} x K/M coincide with the Euclidean metric
and the Euclidean volume form on S™, respectively, we obtain for all A € R, a €
QF(S™)[A\] and = € B that

[Pk () |nyp(x) < C - Pz, 1) "M aeue (1) du < Cla)so Pz, u)" " du,
Sn Sn
and these inequalities are sharp. Here, C is a constant and |a|« is the maximum
of the pointwise norm of o on the compact space S™.
In summary, we can estimate the norm of the Poisson transform of ®;(«) via
the average of appropriate powers of the Poisson kernel on the unit sphere S™.
Moreover, it is well known that

1 1— |z 1 1

(3.3.3) du =1, -
157 Jsn | — ul™H! B e

du =1,

see [GTO1, chapters 2.4 and 2.5]. Using this, we can prove

PRrROPOSITION 3.3.3. Let B be the Poincaré ball model of the real hyperbolic
space of dimension n + 1 endowed with the hyperbolic metric gnyp. Let geuc be
the Euclidean metric on B and denote by p: B — R the defining function p(z) =
(1 — |z|?). Let ®: S™ — B the Poisson transform from Theorem 3.3.1 and let
a € QF(S™)[A] for any A € R.

(i) For k— X = " we obtain that

| @ () |nyp(x) < Cp(x)F A1

for all x € B, and this inequality is sharp. In particular, we see that the
Euclidean norm of ®(a)(x) is bounded by a constant multiple of p(x)~*~1.
(i) If k — A < "7_1, then the hyperbolic norm of ®(«) satisfies

[Pk (0) hyp () < Cp(a)*

for all x € B. In particular, the Fuclidean norm of ®y(a)(x) is bounded by
pla) ™.

Proor. From above we obtain that the hyperbolic norm of ®4(«) for all o €
QF(S™)[)] satisfies

[Pk (a)|nyp(z) < C Pla, )" * du
S’!L

for a constant C' € R, and this inequality is sharp.
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(i) Since n+ 1 —2(k — X) = 0 we immediately obtain that

noktr _ (1= |z[?)

| —ulnt

P(z,u)

Y

and inserting this into the above estimate and use the second integral formula
from (3.3.3) yields

(1 _ |x|2)n7k+)\

o T et = C2 S ()"

@ (@) [nyp(z) < C
Moreover, the Euclidean norm of ®;(«) is obtained by multiplying the hyper-
bolic norm with p(z)~*. Thus, it follows that

|(I)k(a)|euc(x) < ép(z)i)\ilv

where C is an appropriate constant, and this inequality is sharp.
(ii) Fix a point x € B and write it as « = rv with € [0,1) and v € S™. For all
u € S™ we obtain that

|z —ul* =z = 2(z,u) +1>72 —2r +1 = (1 —7)%

Since we want to compare the norm of x — u with the value of the defining
function at x we further estimate

1
(1—r)2>0<:)1—r>§(1—7"2),

and since |z| = r < 1 this implies that

1
pla)<|lz—ul<2& =< < p(z)~h

2 —u
Applying this estimate to the Poisson kernel we obtain for k£ — A < ”T_l
that
P e

P(:L‘,u)nik‘k)\ < 2n7k+)\71p(x) m’

so integrating both sides over S™ and using the first formula from (3.3.3) yields
[Pk (0) yp () < Cp(a)*

for an appropriate constant C' € R. In particular, this implies that the Eu-
clidean norm of ®(«a) is bounded by p~* on B from above. O

3.4. Poisson transforms between tractor valued forms

Having concluded the study of real valued Poisson kernels, our aim in this
section is to demonstrate the efficiency of our method by constructing in section
3.4.1 a family of Poisson transforms between differential forms on G/P and G/K
with values in the respective standard tractor bundles, which are BGG-compatible
in the sense of Definition 2.2.3. Remarkably, it turns out that these operators
are again a chain maps between the corresponding twisted de Rham sequences
on G/K and G/P, respectively, c.f. Theorem 3.4.3. Moreover, their extensions to
weighted differential forms factor to G-equivariant operators between sections of the
corresponding homology bundles on G/P and standard tractor valued differential
forms on G/K which are eigenforms for the twisted Laplace Beltrami operator.
Furthermore, in the unweighted case these operators are chained maps between the
BGG-sequences on G/ P and the twisted de Rham sequence on G/ K, c.f. Theorem
3.4.4.
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3.4.1. Construction of a BGG-compatible Poisson kernel. In this sec-
tion we present an explicit construction of a BGG-compatible Poisson transform
which maps differential forms on the conformal sphere with valuesin Vp := G xpV
to differential forms on the real hyperbolic space with values in the standard tractor
bundle Vi := G x i V. In order to do so, we will first recall the specific geometric
properties of these vector bundles established in section 3.2.2 and subsequently use
them to find an appropriate ansatz for the corresponding Poisson kernel.

First, recall from Proposition 3.2.2 that Vi decomposes as a homogeneous
vector bundle into the direct sum of the tangent bundle of G/K and a line bundle.
Since the projection to each of these summands is tensorial we obtain an induced
decomposition

QYG/K,Vk) = Q(G/K, T(G/K)) ® Q' (G/K)

for all 0 < ¢ < n + 1, implying that it suffices to construct Poisson transforms
with values in each of these summands separately. Note that by naturality of
the pullback this decomposition is reflected on the space of End(G x s V)-valued
differential forms on G/M. In addition, we have seen in the same Proposition that
Vp carries a G-invariant filtration Vp = V~1 5 V? 5 V! whose associated graded
vector bundle gr(Vp) decomposes into

gr(Ve) = E[-1]a T(G/P)[-1] & &[],

where £[)] denotes the bundle of A-densities as before. In particular, we can identify
the space of real valued functions on G/ P with the space of sections of the subbun-
dle V1[—1] of the weighted tractor bundle Vp[—1]. Therefore, to avoid recovering
the operators @ between real valued differential forms as in Theorem 3.3.1, we
will focus on constructing Poisson transforms between Vp-valued k-forms on G/P
and tangent bundle valued ¢-forms on the real hyperbolic space G/K in the sequel.
By Theorem 2.2.1, these correspond to M-invariant elements in the finite dimen-
sional representation A“"~*(g/m)* ® L(V,Vr), where V7 denotes the K-invariant
subspace of the standard representation V corresponding to the tangent bundle
T(G/K).

Furthermore, we want the constructed Poisson kernel to be BGG-compatible,
i.e. to be contained in the kernels of dp and dpdp, c.f. Definition 2.2.3, for which
we have to develop a formula for the P-codifferential on M-invariant elements in
A*(g/m) @ End(V). In order to do so, recall from section 3.2.2 that the standard
representation decomposes as an M-module into V=V_; & Vo ® V;, where V4
are copies of the trivial representation and Vg = R" is the standard representation
of M 22 SO(n). Furthermore, this decomposition is compatible with the |1|-grading
of g in the sense that g; - V; C V,;;, where we agree that V, = {0} if |k| > 1.

PROPOSITION 3.4.1. Let G = SO(n+1,1)g, K = SO(n+1) its mazimal compact
subgroup, P = CSO(n) x R™ its minimal parabolic subgroup and M = SO(n) be the
intersection of K and P. Let g, &, p and m be the Lie algebras of G, K, P and
M, respectively. Let V = R"*11 be the standard representation of G, let p be the
tensor product of the p action on V with the identity on A*(g/m)* and let p¥ be
the tensor product of the p-action on V* with the identity on A*(g/m)* @ V. Then
the P-codifferential of ¢ € A*(g/m)* ® End(V) is given by

1 -
(3.4.1) Op=—5-> G, e, b
j=1
where {e1,...,e,} is an orthonormal basis of R™ with respect to the standard inner

product and ., € g1 = R" and G, € ¢/m = R" are the vectors corresponding to
e; € R". Moreover,
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(i) If E € g/m denotes the M -invariant vector induced by the grading element of
g, then for all ¢ € A*(g/m)* ® End(V) we have

Optp¢ = —Lg0po, Op(E* N ¢) = —E* AN Opo.

(i1) Let W be any subspace of V. Then the image of ¢ € A*(g/p)*QL(V;, W) under
the P-codifferential has values in the subspace L(V,_1,W). In particular, if ¢
has values in L(V_1, W), then it is contained in the kernel of Op.

PRrOOF. In section 2.2.3 we defined the P-codifferential by the formula dp(a A
B) = (=1)fa A 0*B for all @ € A*O(g/m)* ® V and 8 € A®"F(g/m)* ® V*, where
we used the identification ¢/m = g/p induced by the restriction of the canonical
projection g/m — g/p.

Moreover, by Proposition 3.1.1(i) the Lie algebra g is |1|-graded, so the formula
for the Kostant codifferential proved in Proposition 1.4.4 reduces to the alternation
of the p-action on V. Explicitly, if {¢;} is a basis for p, = g; with dual basis {n;}
for g_; with respect to the Killing form, then for all 8 € AFp, ® V we have

OB == 0 in, B,
j=1

where pV is the tensor product of the identity on A*Fp, with the p -action on V
and where we interpret 3 as a multilinear, alternating map g* — V which vanishes
after insertion of any vector in p.

Now if we interpret the above formula for the Kostant codifferential in terms of
the M-module g/m, the subspace g_; = g/p corresponds to £/m, which is generated
by vectors G, for j = 1,...,n. Moreover, we have seen in Proposition 3.1.1(iv) that
the restriction of the Killing form to g_1 x g; equals (2n)~! times the standard inner
product on R™ under the identifications g4+ = R™, implying that we can replace in
the above formula for 9* the vector &; by &, and n; by (2n)*1G6j, respectively.

Thus, on decomposable elements ¢ = a A 8 we deduce that

1 & 1 & .
opd = (—1)”1% D anpe a., B= ™ > e, Pz{j ¢,
j=1 j=1

where we used that « is of bidegree (¢,0) and thus trivial upon insertion of the
vectors G, for all j = 1,...,n. Since dp is linear this formula holds for all elements
in A*(g/m)* ® End(V).
(i) Follows immediately from (3.4.1) by using the antiderivation property of the
interior product.
(ii) If ¢ is of degree k, then the p-action p¥ in the formula (3.4.1) is given by

(P770) (ms- (@) 1= =00, )€ - v)

forall £ € p, n1,...,m% € g/m and v € V. In particular, for £ € py = g4
the values of the Poisson kernels pg*gﬁ lie in the space L(V;_1, W). Since we
only act with elements in g; in the formula for the P-codifferential the claim
follows. O

In the next step we will choose a natural ansatz for the BGG-compatible Poisson
kernel. For that, recall from section 3.3.1 that we defined a distinguished real-valued
Poisson kernel ¢y, of degree (k,n — k) by

ok = *k(E* A (dpE*)"F),
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where E* is the M-invariant element in (g/m)* of bidegree (1,0) induced by the
grading element of g as in Proposition 2.3.2. Therefore, as an ansatz for a vector-
valued BGG-compatible Poisson kernel of degree (k,n — k) we choose

s (BE* A (dpE*)" k=1 A7),

where 7 is a Poisson kernel on g/m of degree (1,1). Furthermore, we already
mentioned that we want this form to have values in L(V, V), so by definition of
the K-Hodge star in section 2.2.3 this is satisfied if

(R1) e A (g/m)* @ L(V,Vr).

Next, for BGG-compatibility we need our ensure that our ansatz is contained in
the kernel of the P-codifferential. Recall that 0p commutes with xx up to a sign
due to their definitions in section 2.2.3, and by Proposition 3.4.1(i) the same holds
for dp and the wedge product with E*. Hence our ansatz form is contained in
ker(ﬁp) if

(RZ) op ((dpE*)n_k_l AN T) = 0.

Furthermore, we want the G-equivariant operator on sections of the twisted ho-
mology bundles on G/P induced by the Poisson transform not to be trivial, which
means that our initial form should not be contained in the image of dp. Regarding
Proposition 3.4.1(ii) we therefore assume that it is trivial on the M-submodule V;
of V, hence also

(R3) 7(&1,&)|v, =0
for all &1, & € g/m.

In order to ensure BGG-compatibility we will also need to determine the P-
derivative of our ansatz and apply the P-codifferential to the result. Since the
P-differential satisfies dpxr = (—1)"T! % dp due to Proposition 2.2.3 and is an
antiderivation we obtain that its image under dp is given by

(=)™ (xx ((dpE*)""F A7) — 5k (E* A (dpE*)"* "1 NdpT)).
Hence, if we assume that
(R4) dpt =0,

then we can compute the image of our ansatz under the operators Op and dpdp
in a unified way using the following Lemma.

LEMMA 3.4.1. Let E* € g/m be the M-invariant (1,0)-form induced by the
grading element of g and T be a L(V,Vr)-valued Poisson kernel of degree (1,1)
which is trivial on Vy. Write T in the general ansatz

w1 bw_1<X, Y>
T(Fx,Gy)l w — al(X,Y>W+a2<X,W>Y+a3<Y,W>X
w_q bw_1(X,Y)
w1 d(Y, W>
T(E,Gy): | W | » | cw_1Y
wW_1 d(y, W)

forall X, Y, W € R" and wy, w_q1 € R, where a;, b, ¢ and d are arbitrary real
numbers.

(i) The invariant form (dpE*)" A T is contained in the kernel of Op if and only
if
(r+1)a; +az+ (n—1r)az =0, (n—r)d=0.
Moreover, Op is surjective onto the Poisson kernels (dp E*)" Ao for any Pois-
son kernel o of degree (1,0) with values in L(V_1,Vr).
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(i) The invariant form (dpE*)" A T is in the image of Op if in addition a3 = 0.

PROOF. Let ¢ be an End(V)-valued Poisson kernel of degree (¢,k) and let
e1,...,en be an orthonormal basis of R™ with corresponding elements £, € g1. If
we apply formula (3.4.1) for the P-codifferential and distribute the interior product
over the wedge product via the antiderivation property we obtain that

Op ((dpE™)" N o) =

where the (¢ + 1, k)-form ¢ is defined by

1 ~
o El* r—1
m (dP ) A ¢a

n
o= Z’I‘ (LGej dpE*> A (pgj d)) + (dpE™) A (LGej pzf; QS) .
j=1
(i) Since the Poisson kernel dpE* is nondegenerate due to Proposition 2.3.2 it
follows that (dp E*)" AT lies in the kernel of the P-codifferential if and only the
corresponding (2, 1)-form 7 is trivial. Our aim is to translate this condition
into equations for the parameters of the Poisson kernel 7.

First, we know from Proposition 3.4.1(ii) that the P-codifferential is trivial
on M-invariant elements with values in L(V_1,V), implying that the parame-
ters b and c of 7 can be chosen arbitrarily. Furthermore, {e;} is an orthonormal
basis for R™, so we can write every X € R™ as X =37, (X, e;)e;. Therefore,
from the formulae for the g-action on the standard representation in section
3.2.2 we deduce for all X € R" that

n
> (pgj T) (Fx,Ge;)(v-1) = —(a1 + az + naz)vx,

> (E7) (B.Ge (o) = dnfor +v-),

where v_; and v; are the base element of V_; and V1, respectively, correspond-
ing to 1 € R, and where vx € V{ corresponds to X € R, c.f. section 3.2.2.
On the other hand, recall from section 3.3.1 that the real valued (1,1)-form
dpE* was defined by dpE*(Fx,Gy) = (X,Y) for all X, Y € R™. Therefore,
we obtain for all X € R” that

Z(LFX La., dpE™) A (pgcj T) = —pzf;T.

j=1

Inserting this into the (2,1)-form 7 a direct computation shows that we

can write 7 = (dpE*) A 0, where o is the M-invariant (1, 0)-form defined by

o(Fx)(v=1) = ((r+1as + a2 + (n — r)as) vx,
o(E)(v_1) = (n—r)d(vy +v_1).
for all X € R™. Now by M-invariance it is easy to see that any (1,0)-form with
values in L(V_1, V) has this form, so surjectivity of 9p follows. Furthermore,

since dpE™ is nondegenerate we deduce that 7 is trivial if and only if the
equations

(r+1ay +az+ (n—r)ag =0, (n—r)d=0
on the parameter of T are satisfied.
(ii) Now we assume that (dpE*)" A7 = Op((dpE*)" A 0) is in the image of
the P-codifferential, where we can choose the (1,2)-form 6 to have values

in L(V,V7) and to be trivial on V_; due to Corollary 3.4.1(ii). Since the
real valued (1,1)-form dpE* is nondegenerate due to Proposition 2.3.2 the
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corresponding (2,2)-form @ appearing in the formula for dp((dpE*)" A 6) has
to satisfy 6 = dpE* A 7, and we want to translate this equality into linear
equations for the parameters of 7.

First, note that by M-invariance of # it can be written as

0 =dpE* A6y + E* A,

where 6; and 6, are M-invariant forms of degree (0, 1) and (0, 2), respectively,
determined by

w1 5<Xa W>
01(Gx): W | = annX |,
w1 6<X7 W>
w1 0
HQ(GX,GY): w — "}/(<Y,W>Xf <X,W>Y)
w_q 0

for all X, Y, W € R" and wi, w_1 € R, where a, 8 and v are arbitrary
real numbers. In this decomposition, the corresponding (2,2)-form 6 can be
expressed as

0= 3o(r+ D) A, drB) Ao, 01+ ({rE) A, oL 0
]:

—E* A (r (tg.,dpE") A pzf:j 02+ (dpE™) Mg, pgj 92> .

In order to write  as a wedge product of dp E* and an End(V)-valued (1,1)-
form 7 we need to rewrite the first summand in the second line. Using the
formulae for the g-action on V from section 3.2.2 an explicit computation
shows that

—rE* A (1., dpE*) A pz’j*eQ = dpE* A T3,
where 73 is the (1,1)-form whose only nontrivial parameter is ¢ = —r.
The other summands in the expansion of 8 are already of the desired form,
so we need to determine the parameters of the occurring Poisson kernels
L * A
mi=(r+1)) (e, dpE") A pi 6

J
n

To 1= Z(dpE*) A (LGej pg; 01>

Jj=1

n
Ty = — ZE* A (LGej pgej 92)
j=1

of degree (1,1). Since the basis {e;} is orthonormal a direct computation
using the formulae for the g-action on V from section 3.2.2 shows that 7
corresponds to the nontrivial parameters as = —(r 4+ 1) and b = (r + 1)8,
the kernel 75 corresponds to a; = o and b = —nf and finally 74 corresponds
to the nontrivial parameter ¢ = (n — 1)7.

Inserting this into the above expansion for 6 shows that § = dpE* A T,
where the parameter of the Poisson kernel 7 = Z?:l T; are given by

a1 = a, az = —(r+ 1a, az =0,
b=(r—(n—1))8, c=—(r—(n-1))y, d=0.

In particular, we see that in comparison to (i) the only additional restriction
is given by a3 = 0. O
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Therefore, we require the L(V, Vr)-valued Poisson kernel 7 of degree (1,1) to
satisfy the linear relations from part (i) of Theorem 3.4.1, but not those of part (ii).

Finally, in analogy to the real valued case in section 3.3 it is convenient to
choose our ansatz to be contained in the kernel of the K-codifferential. Recall
from section 2.2.3 that this operator is defined on End(V)-valued Poisson kernels
of degree (k,n — k) via

Src = (_1)(n+1)(k+1)+1 *K d?{ —

Here df denotes the covariant exterior derivative on Q*(G/M, End(V)) with respect
to the O-twisted tractor connection as defined in 1.3.2, which is explicitly given on
invariant maps f € End(V)™ by

(3.4.1) (dic )€ +m)(v) = 0(E) - f(v) = f(€-0)
for all v € V and £ € p, where 6 denotes the Cartan involution on g. In particular,
for our ansatz we obtain that

Op %5 (E* A (dpE*)"_k_1 A 7') =+ xp (E* A (alpE*)”_k_1 A d%r) ,
and thus we want the invariant form 7 to satisfy

(R5) dfer = 0.

Regarding (R4) and (R5), we now construct 7 as a linear combination of M-
invariant (1, 1)-forms which are contained in the kernels of dp and df by construc-
tion:

e For all f € End(V)M the M-invariant form dpdf f is of degree (1,1)
and clearly contained in the kernels of dp and d%. In order to obtain
such M-equivariant maps, we consider the decomposition of the standard
representation into irreducible M-modules in section 3.2.2. Then it follows
that for all 4,5 € {—1,1} the maps f;: V; — V; induced by the identity
on R are in End(V)™.

e Let S € End(V) be the M-equivariant map which induced the matrix
representation of g in section 3.1.1. Otherwise said, this map satisfies
0(X)-Sw) = S(X -v) for all v € V and X € g by construction, which
by the formulae (3.4.1) and (1.2.4) for the (twisted) covariant exterior
derivatives imply that the M-invariant (1, 1)-form (dp E*)®.S is contained
in the kernels of d% and the P-codifferential.

Note that if we define 7 as a linear combination of these M-invariant (1, 1)-forms,
then it will be automatically dp-exact. Via a direct computation we deduce that
the P-derivative of the M-invariant (1,0)-form

o= (k+1)E*®S — (k+1)d% fi + (n+2)d% fi*
satisfies (R1) - (R5). Explicitly, in terms of the general ansatz in Theorem 3.4.1
the M-invariant (1, 1)-form dpoy, corresponds to the parameter
a=a=k+1, az=—-(n—-k+1), b=n+2, c=-2(n+2), d=0,

and thus satisfies the linear relations in part (i) of the same Theorem in the case
r=n—k—1.

Therefore, with the choice of 7 = dpoy, our initial M-invariant (k,n — k)-form
given by

wx (B* A (dpE*)""* ' Ndpoy)

has values in L(V,Vy), is trivial on V; and contained in the kernels of the P-
codifferential and the K-codifferential.
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Next, for BGG-compatibility we also have to ensure that the image of our
ansatz lies in the kernel of Opdp. Since we have seen in the proof of Proposition
2.2.3 that dpxx = (—1)"" xx dp we can easily compute that

dp *x (E* A (dpE*)" "1 Ndpoy) = (—1)" T sk (dpE*)"* Adpoy) .

Now comparing the parameter of dpoy, to the linear equations of Theorem 3.4.1(i)
we deduce that this form is not contained in the kernel of the P-codifferential.
However, note that if we exchanged o; by ox—1 on the right hand side, then the
resulting form would be in ker(9dp).

Therefore, we have to add an appropriate correction term to our general ansatz
so that the resulting Poisson kernel is contained in the kernel of Opdp. Furthermore,
we have to choose this correction term to be contained in the kernel of the P-
codifferential, which by 3.4.1(ii) can be achieved if we consider invariant elements
with values in L(V_1, V7).

Regarding the definition of o) the M-invariant form o_; of degree (1,0) has
values in L(V_1,V7) and is trivial under dj by construction. Moreover, a direct
computation shows that

kop+o_1=(k+1)og_1,

and by linearity the same equation holds for their P-derivative.
Thus, we define for all k = 0,...,n—1 the Poisson kernel ¢, of degree (k,n—k)
by

o =k xx (E*A(dpE*)" "1 Ndpoy) +xx (dpE*)" F no_y).
Then this invariant form has again values in L(V, V), is trivial on V; and contained

in the kernels of dp and dx by construction. Furthermore, a direct computation
shows that

dpdy = (=1)" " (k+1) =k ((dpE*)"* Adpoy_1),

so since the P-codifferential commutes with the K-Hodge star up to a sign the
(k,n — k + 1)-form dp@, is contained in the kernel of dp due to Theorem 3.4.1(i).

DEFINITION 3.4.1. For all 0 < k < n — 1 we call the L(V, Vr)-valued Poisson
kernel ¢; on g/m of degree (k,n — k) the distinguished Poisson kernel and the
corresponding integral transformation

@/ OMG/P,G xp V) — QF(G/K,T(G/K))
the distinguished Poisson transform.

By construction of the distinguished Poisson kernels we immediately obtain the
following Theorem.

THEOREM 3.4.1. Let G = SO(n+ 1,1)g, K =2 SO(n + 1) its mazimal compact
subgroup and P = CSO(n) x R™ its minimal parabolic subgroup. Let V = RnTL1
be the standard representation of G and denote by Vi and Vp the standard tractor
bundles over G/K and G/P, respectively.

Then for allk =0,...,n —1 the distinguished Poisson transforms

o) QFG/P,Vp) = QF(G/K, T(G/K))

are BGG-compatible. Furthermore, their values lie in the space of harmonic and
coclosed T(G/K)-valued differential forms on G/K.

Proor. We have constructed the Poisson kernels (2527 to be BGG-compatible
and K-coclosed, so the claim follows immediately from Proposition 2.2.3 and The-
orem 2.2.3. 0
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Another strategy we could have followed is to classify the full space of M-
invariant elements in A*(g/m)* ® End(V) via a similar analysis as in section 3.3.2,
which was done by the author beforehand, and afterwards determine those ele-
ments which are BGG-compatible. Doing this, it turns out that @X is the unique
BGG-compatible Poisson transform up to a multiple, which preserves the degree.
However, the space of M-invariant elements is significantly larger than in the real
valued case, so such a classification is attended by lengthy and mindless computa-
tions which go beyond the scope of this thesis.

For the remainder of this section we will prove a Corollary of Lemma 3.4.1 which
will be needed to show that the G-equivariant operator on sections of weighted
homology bundles on G/ P induced by the distinguished Poisson transform produces
eigenforms of the twisted Laplace operator on G/K, c.f. Theorem 3.4.4.

COROLLARY 3.4.1. Let (;5};’ be the distinguished Poisson transform as above.
(i) ¢X|V_1 € im(dp),
(ii) tpdy € im(dp).

ProOF. (i) The restriction of ¢} to V_; can be written as a linear combina-
tion of the Poisson kernels

wic (B A B A (dpoly ))s e (@B A (ol )

by definition. Furthermore, by Proposition 2.2.3 and Corollary 3.4.1(i) the P-
codifferential commutes with the K-Hodge star as well as with the wedge
product with E* up to a sign. Therefore, it suffices to show that both
(dpE*)"*=1Y A (dpokly_,) and (dpE*)" % A (0_1]v_,) are in the image of
the P-codifferential, which we have shown in Theorem 3.4.1.

(ii) Using the calculus on g/m developed in Corollary 3.2.1(i) we can move the
interior product with the M-invariant vector E € g/m inside of the K-Hodge
star, where it transforms into the wedge product with E> = E*. Thus, by
definition of the distinguished Poisson kernel we obtain that

LE¢Z = LR *K ((dpE*)nik A 0'_1) .

But this is the interior product of E with the second Poisson kernel in the
proof of part (i), so since tpdp = —OpLp we immediately obtain that tz¢) is
in the image of the P-codifferential. O

3.4.2. The p-action on the distinguished Poisson kernel. In this rather
technical section we will compute a formula for the p-action on the values of (b}:,
which will be needed in Proposition 3.4.3 to compute the K-derivative of the dis-
tinguished Poisson kernels.

Let p be the g-representation on A*(g/m)*®@End(V) given by the tensor product
of the identity on the exterior power and the induced action on End(V). Our aim
in this section is to determine pe@, for all & € p, which is part of formula (1.2.4)
for the K-derivative. As a first step, note that by definition of the K-Hodge star
in section 2.2.3 it follows that p o xx = %k o p. Now if define for all 0 < k < n the
M-invariant form ¢ of degree (2,1) via

QYR = kE* Ndpoy, + (dpE*) No_q,
then we have
on =k ((dpE*)" " Nopy)

and therefore

pedy, = *x ((dpE*)""F 1 A peor)
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for all £ € g. Hence, we will start this section by computing the p-action on the
M-invariant (2,1)-form ¢y, explicitly.

In order to state this result we need two more ingredients. First, recall from
section 3.3.2 that we defined an M-invariant map x: p/m — ¢/m via x(Fx) = Gx
for all X € R™ and x(E) = 0, which was subsequently used to establish a geometric
interpretation of the real valued Poisson kernels.

Furthermore, we define for all £/ € R the M-invariant forms v, € A%!(g/m)* ®
End(V) by

w —(t+ DY, W)
l/g(Gy): w — (n—(—i— 1)w,1Y
w_1 0
for all Y € R™. Note that unless £ = —1, the image of v,(Gy) is not symmetric

in the first and last entry and therefore not contained in the K-invariant sub-
space L(V,Vr) of End(V). Furthermore, the element x*v_; coincides with the
M-invariant (1,0)-form o_; used in the construction of the distinguished Poisson
kernel.

LEMMA 3.4.2. Let g =so(n+1,1) and m = so(n) the intersection of its maxi-
mal compact subalgebra € and minimal parabolic subalgebra p. Let V = R"T 11 be the
standard representation of g and denote by p the induced g-action on A*(g/m)* ®
End(V). For U € R™ let &y be the corresponding element in p and Fy its projec-
tion to po/m. Then the M-invariant L(V,Vr)-valued (2,1)-form i, defined above
satisfies

(i) For all U € R™ we have
* _ b
kg (E* A peyor) = te (FU A PE(Pk) :
(i) For allU € R™ we obtain that
E* Nppey ok = EE* A (= (tpy dpE*) A X v + (dpE™) A tpy X Vk)
— 2kE* AFY A vy,

where x*v, € (p/m)* ® End(V) denotes the pullback of v along the M-
equivariant map x: p/m — €/m.

ProOF. We will prove these formulae by explicit computations in terms of
the decomposition of the standard representation into irreducible m-modules as in
section 3.2.2. Recall that for all U € R" the actions of the vector {y € g1 and the
grading element E on the standard representation are given by

w1 —<U, W> w1 w1
|l W= waUu |, E-|l W |= 0
w_q 0 w—1 —w-

Furthermore, in this picture the M-invariant forms o_; and dpo} satisfy

w1 0
O'_l(Fx)Z w — (TL+2)’U},1X
w_1 0
w1y kE(n+2)w_1(X,Y)
dpoe(Fx,Gy): | W | = [ k(k+ 1) (X, Y)W + (Y, W)Y) — k(n — k + 1){Y, W)X
w_q k(n+2)w_1(X,Y)

forall X, Y, W € R" and wy, w_1 € R, compare with section 3.4.1.
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By definition of the invariant (2,1)-form ¢y we conclude that the left hand
side of the claimed equation can be rewritten as
kg (E™ A pey i) = k(dpE™) A pey o1,

where o_; is the L(V_1,Vp)-valued M-invariant form of degree (0, 1) used in
the correction term for the construction of the distinguished Poisson kernel.
In particular, since the action of g; = p; on V raises homogeneity by 1 it
follows from the explicit description that the action of £y on this Poisson
kernel is trivial unless it is applied to a vector in V_;. Explicitly, if we denote
by vy the base elements of Vi corresponding to 1 € R (c.f. section 3.2.2),
then we deduce for all X € R™ that

(peyo—1) (Fx)(v-1) = &u - (0-1(Fx)(v-1))
=—(n+2)(U,X)n
= =2(n+2) (Fy @ f") (Fx)(v-1),
where used that F},(Fx) = $(U, X) for all U, X € R" due to Proposition
3.2.1. All in all, we see that
ki (B* A peyior) = —2k(n+2)Fh A (dpE") & [

On the other hand, the action of the grading element on V; is given by
multiplication with j. Therefore, it follows that the expression pgtpyy is only
nontrivial upon insertion of v_; € V_q, which equals

petEek(Fx,Gz)(v-1) = pepdpor(Fx,Gy)(v_1)
— 2h(n + 2)(X, Z)0,
= 2k:(n—|— 2) (dpE* & fl_l) (Fx,Gz)(U_l)

Thus, we obtain
o (2 Apsen) =0+ DR A 01

which coincides with the formula for kig (E* A pe, k).
First, by definition of ¢ we obtain that ¢k (E, Fx,Gy) = dpoy(Fx, Gy ) for
all X, Y € R™. Furthermore, using the formulae at the beginning of the proof

shows that pe, dpok(Fx,Gy) € End(V) maps the vector ZI;)[} in V to
w_q
(n—k+ D)X, U)Y, W) = (k+1) (X, Y)(W,U) + (X, W)(Y,U))
k| —(k+Dw_ (X, 0)Y + (n—k+Dw_, (X, Y)U + (Y, U)X)

0

forall X, Y, W, U € R" and w_1, w; € R. Comparing this with the defini-
tion of the (0,1)-form v, we see that the first summands in each component
of tgpe, 1 can be rewritten as —2FB A Vn_k, whereas the second and last
summands equal dpE* A tp, x*vi and — (tp, dpE*) A x*g, respectively, all
evaluated at Fx and Gy. O

For the computation of the K-differential of the distinguished Poisson kernel

in Proposition 3.4.3 we will apply formula (1.2.4) for the infinitesimal version of
the covariant exterior derivative, in which we have to alternate over the action of
vectors in p. In order to bring the resulting expression into an appropriate form,
we need to rewrite this action in terms of interior products with the corresponding
vectors in p/m.
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PROPOSITION 3.4.2. Let g =so(n+1,1) and m = so(n) the intersection of its
mazimal compact subalgebra £ and minimal parabolic subalgebra p. Let V = R* 11
be the standard representation of g and denote by p the g-action on A*(g/m)* ®
End(V) given by the tensor product of the identity on the exterior power and the
induced action on End(V). Let qﬁX be the distinguished Poisson kernel as in Defi-
nition 3.4.1 and ¢y, the real valued Poisson kernels of degree (k,n — k) defined in
section 8.3.1. Moreover, for all X € R" let £x be the corresponding element in
p+ = g1 and Fx its projection onto p4 /m.

(i) For all X € R™ we have
ktppexdn =t (B* A tpy pedy)
(i) For all X € R™ we have

k
LE (E* /\nggf)X) = — m *K Ly (E* A\ (dpE*)nik AN X*Vk)

n—k+1 N
+I€(H> (bk@(LFXX Vk)

+2k(—=1)""F (Lpy Grt1) A Vi,

where ¢, denotes the real valued Poisson kernel of degree (k,n — k) defined in
section 3.8.1 and x: p/m — t/m is the M-equivariant map defined in section

PrROOF. (i) As mentioned at the beginning of this section, the operator
commutes with the g-action p, so after insertion the definition of the distin-
guished Poisson kernel we obtain that

kippey o) = kip *x ((dpE*)"7k71 A pex k)
= kig *x ((dpE*)"7k71 Ave (E* A pexor))
= (%),
where we used for the second equality that tg *x (E* Aa) = 0 for all M-
invariant forms « by Corollary 3.2.1. Next, we apply Lemma 3.4.2(i) and

afterwards use the calculus on g/m from Corollary 3.2.1 to move ¢g as well as
F(b] out of the K-Hodge star. All in all, we get

(%) =g *K ((dpE*)"ik*1 ALE (F)b( A pEgok)>
= (=) (B A (Fe A (dpE)" ™51 A piy ) )
=15 (E* A LFXpE¢X) .
(if) Similar to (i) we use the calculus on g/m from Corollary 3.2.1(i) to rewrite
LE (E* A pgxqbg) =g (E* A * g ((dpE*)”fk*1 A pgxgpk))
= sk ((dpE*)" " "V A (E* A tgpeypr))
= (xx).
Next, we insert the formula from Lemma 3.4.2(ii) and obtain that
(#5) = — kg ((dpE*)" """V AE* A (LpedpE*) A X 1)
+ko*xg ((dpE*)"_lC ANE*® (prx*l/k))
Ok kg ((dpE*)”*’“*1 AE* A F8 A un_k) .

In order to simply this expression, we first use the antiderivation property of
the interior product to write the first line as a sum of two expressions, where
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try is either applied to the whole argument of the K-Hodge star or only
to the (1,0)-form x*vg, respectively, and afterwards move the M-invariant
map g, X i € End(V) out of the K-Hodge star in the first and second line.
Moreover, in the third line we can move the (0, 1)-form v,,_, out of the Hodge
star as well as apply Corollary 3.2.1(i) to F%. All in all, we get

k
(3%) = — Tk XK LRy (E* A (dpE*)"_k A X*I/k)
k
+ <n —k + k) P ® (LFxx*Vk) + 2]@(71)717]@ (LFX¢k+1) N Vp—k,
which coincides with the claimed formula. O

3.4.3. The distinguished Poisson transforms and exterior derivatives.
One of the main features of the Poisson transforms between real valued differential
forms in section 3.3 is that it is a chain map between the de Rham sequences on G/P
and G/ K, respectively. Using the technical results from the previous section we will
now prove that the distinguished Poisson transform @} has the same property with
respect to the covariant exterior derivatives induced by the tractor connections on
the standard tractor bundles on G/P and G/ K, respectively. By Proposition 2.2.3,
it suffices to show that the invariant form d K¢X is a multiple of the P-derivative of
¢}~ Note that the latter has already been computed in section 3.4.1.

In order to determine the K-derivative of the distinguished Poisson kernel we
will apply formula (1.2.4) for infinitesimal version of the covariant exterior deriva-
tive. In particular, we will need to alternate over the action of vectors £x € g1 on
zi)z', which we explicitly determined in Proposition 3.4.2. To simplify the formula in
part (ii) of this Proposition, we will prove a relation between the wedge products
of the real valued Poisson kernels ¢; and the M-invariant elements v, and x*vy
of degree (0, 1) and (1,0), respectively, which is the vector-valued generalization of
Lemma 3.3.2.

For that, we need to introduce some notation. By a k-vector X on R" we mean
a k-fold wedge product X; A ... A X} of vectors in R™. Moreover, we denote by Fx
the wedge product Fx, A...A Fx,, and similarly for Gx. Finally, for 1 <¢ < k we
write Fy for the wedge product obtained from Fx by omitting the i-th factor.

LEMMA 3.4.3. Let g = so(n +1,1), m = so0(n) the intersection of its mazimal
compact subalgebra € and minimal parabolic subalgebra p and V = R"tH1 the stan-
dard representation of g. Let ¢, € A*"~F(g/m)* be the real valued Poisson kernel
on g/m defined in section 3.3.1. Let v be an M -invariant End(V)-valued (0,1)-form
on g/m and let x*v be the corresponding invariant form of degree (1,0) defined by

(x*v) (&) = v(x(&)) for all £ € p/m. Then we have
ok AXTv = (=)"12(n — k)pry1 A v,
where x: p/m — €/m is the M-equivariant map defined in section 3.3.2.

PRroor. Recall from Lemma 3.3.2 that the real valued Poisson kernels ¢ are
related in different degrees by
tax ok = (=1)*2(n — k)t dria
for all X € R™. Furthermore, we have seen in section 3.3.1 that ¢, = (g volg,

where volg = *x(1) € A"19(g/m)* is the K-volume form on g/m. Therefore,
applying the above formula inductively we obtain that

or(Fx,Gy) = At volg (Fx, Fy)

for all k-vectors X and (n — k)-vectors Y on R™, where the coefficient \; satisfies
Aty = (=1)F2(n — k).
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We have seen in section 3.2.1 that the M-modules (g/m); and (g/m)_; are both
isomorphic to R”, and under this identification the K-volume form is a multiple of
the determinant. Now by a simple application of the Laplace expansion formula for
matrices we deduce that if vy,...,v,41,w are arbitrary vectors in R™ and if { , )
is an inner product on R™, then

n+1
(3.4.3) > (=1 g, w) det(vr, .4, .. Vng) = 0.

i=1

Due to M-invariance, for all X € R" the linear map v(Gx) € End(V) is built

up by the SO(n)-invariant parings of X with W € Vy = R™ as well as multiplication
on X with elements in V1, 2 R. Therefore, we can apply equation (3.4.3) to each
of the summands of the decomposition of V into irreducible m-modules. Otherwise
said, we obtain that

n+1
Z(—l)zbE VO].K(FXI, ey FX“ e 7FXn+1) X*V(in) =0
i=1

for all vectors Xq,..., X, 11 € R™, where the hat denotes omission.

Thus, for all k + 1-vectors X and (n — k)-vectors Y on R"™ we deduce

k+1
(dk A (X)) (Fx, Gy) = (1) 6, (Fx, Gy) ® try, (XV)
=1
k+1 ) )
= (=)™ Y (=) g volk (Fx, Fy) @ tpy, (X'v)
=1

n—Fk
= (—=1)" kN, Z(—l)jLE volg (Fx, F%) ® LPy, (x*v)
j=1

n—k
= (=1)""2(n = k) Y (-1 b1 (Fx, GY) © iy, v

<.
I
—

= (=1)*"'2(n — k)(¢r+1 A v)(Fx, Gy),

which proves the claimed equation. O

Using the formulae for the p-action on ¢, in Proposition 3.4.2 as well as Lemma
3.4.3 we are finally able to compute the K-derivative of the distinguished Poisson
kernel.

PRrOPOSITION 3.4.3. Let ¢X be the distinguished Poisson kernel as in Definition
3.4.1. Then its image under the K-derivative satisfies
(i) E* Npdrd) = (n—2k)E* A ¢).
(ii) g (E* A dK(bX) = (—1)"_kk}(n —2k) xx (E* A\ (dpE*)n_k A LEdPUk) 5
where oy, is the M-invariant element (1,0)-form used in the construction of ¢ in
section 8.4.1. In particular, we have

droy = (—1)" "k(n — 2k) = ((dpE*)""* Ndpoy) .

PROOF. In order to prove the Proposition we will use formula (1.2.4) for the
infinitesimal version of the covariant exterior derivative as well as the vector nota-
tion introduced at the beginning of this section. Moreover, for all X, Y € R" we
denote by {x and 7y the corresponding elements in py and € and by Fx € py/m
and Gy € t/m their projection to g/m, respectively.
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Let X be a k-vector and Y be an (n — k)-vector on R™. First, we want to
determine

E* Npdioy (B, Fx,Gy) = dig ¢, (B, Fx,Gy) = (%)

by applying formula (1.2.4), which splits into (x) = (I) + (II), where (I) is
the sum of all expressions containing Lie brackets of representatives of the
vectors in g/m and (I7) is the sum of all expressions containing the action of
g on End(V).

For the first summand we obtain from the bracket relations on g in section
3.1.1 that the only pairings which contribute nontrivially to the K-derivative
are those between the grading element and the representatives {x, and ny;,
which equal {x, and 2¢y; — 7y,, respectively. Thus, the bracket part of ()
equals

(I) = (n—2k) (E* A ¢)) (E, Fx,Gy).

For the other summand of (x) we have to alternate over the actions of the
representatives of the vectors in p/m, i.e. we have to determine

k
(IT) = pudy (Fx, Gv) + Y (=)' (pex, 61) (E, Fx, Gv).
=1

However, we can apply Proposition 3.4.2(i) to the second summand of (I7),
obtaining

(IT) = ppoy (Fx.Gy) + kz (E* Ay, pedy) (B, Fx, Gy)

= pdy (Fx,Gy) — me (Fx,Gy)
i=1

=0
and therefore
E* Ngdiy = (n—2k)E* A ¢).

By definition, the expression 1 (E* A di¢)) is only nontrivial upon insertion
of Fx and Gy for any (k + 1)-vector X and (n — k)-vector Y. Therefore, we
have to compute the expression

5 (B Adio]) (Fx, Gy) = did) (Fx, Gy) = (#%),

for which we will again use formula (1.2.4). Note that the Lie bracket between
two elements in p is trivial, and that [x,ny] = —(X,Y)FE is not contained
in . Therefore, the bracket part of (xx) is trivial, obtaining

k+1
() = > (=1 pey @) (Fx, Gv)
=1
k+1 '
= Z D™ g (B A pey,df) (Fx, Gy) -
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Applying Proposition 3.4.2(ii) to (x) and moving the vectors Fx, back to the
right position we obtain that

k+1
k , :
(r4) = — — S0 kg ipy, (B A (dpE*)" ™ A X 1) (Fi, Gy)
i=1

+(=1)"k (Tl;k—l:l) (A X"vk) (Fx,Gy)

+ (=1)" 2k (k + 1) (dr+1 A Vi) (Fx, Gy).

For the first line, note that by Corollary 3.2.1(i) we can move the interior
product with Fx outside of the Hodge star, which transforms into the wedge
product with F)b(1 up to a sign. Now if we insert Flx, into this (1,0)-form,
the result is symmetric in ¢ and j, hence the corresponding summands cancel.
Therefore, the first line of () is trivial. Moreover, applying Lemma 3.4.3 to
the second line we can write

vp (E* Ndgoy) = (=1)" F2kgpyr A ((k+ Vv — (n— k+ D)y

Finally, in order to simplify the expression in the bracket, recall from
section 3.4.1 that the invariant (0, 1)-forms v, were defined by

w1 —(L+ 1)y, W)
l/g(Gy): w — (n—ﬁ—&-l)w,lY
w_1 0

forall Y, W € R" and w_1, wy; € R. Using this, a direct computation shows
that

2 ((k + ]-)ank — (n —k+ ].)l/k) = (n — Qk)LEdPO'k.

Therefore, if we move the (0, 1)-form ¢gdpoy back into the K-Hodge star we
obtain

v (B* Ndgo)) = (—1)"Fk(n — 2k) xx (E* A (dpE*)""* A vpdpoy) .
To prove the final statement we first use Corollary 3.2.1(i) and afterwards the
identity tgpr = kdpor — kE* A tgdpoy to write
dxdy = E* Npdgd) +vg (E* Adioy)
= (n — 2k) (E AL+ (—1)" Kk wge (E* A (dpEY)"™% A tgdpoy) )
= (=1)""*k(n — 2k) xx (dpE*)""* ' Nipdpoy) .
d
Using the relation between the image of Poisson kernels under the partial deriva-
tives and compositions of the corresponding Poisson transforms with covariant ex-

terior derivatives provided in Proposition 2.2.3 we immediately obtain the following
Theorem.

THEOREM 3.4.3. Let G = SO(n+ 1,1), K =2 SO(n + 1) its mazimal compact
subgroup, P = CSO(n) x R™ its minimal parabolic subgroup and M = K N P. Let
V = R be the standard representation of G and denote by Vi and Vp the
corresponding standard tractor bundles over G/K and G/P with covariant exterior
derivatives dV% and dV7 induced by the tractor connections, respectively. Then for
all k=1,...,n— 1 the distinguished Poisson transform ®) satisfies

(k+2)d"s 0 @) = (—1)""k(n — 2k)®yy1 0 d"".
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PROOF. In section 3.4.1 we have computed that
dpy = (—1)" T (k +2) xx ((dpE*)"* Adpoy) .

Comparing this with the formula for the K-derivative of the distinguished Poisson
kernel in Proposition 3.4.3 we deduce that

(k+2)dxdy = (—1)"k(n — 2k)dpdy 4,

which by Proposition 2.2.3 translates into the claimed global formula. O

3.4.4. The Poisson transform on weighted differential forms. In the
next step we want to extend the domain of the distinguished Poisson transform
to differential forms on G/P with values in the weighted standard tractor bundles
Vp[A] for A € R and consider their induced G-equivariant operators ®} on sections
of the homology bundles Hy(G/P, Vp[A]). We will show in Theorem 3.4.4 that the
image of fﬂj counsists of eigenforms of the covariant Laplace operator on G/K as
defined in section 1.3.2. Furthermore, in the unweighted case A = 0 these transforms
will be chain maps between the BGG-sequence on G/P with values in Vp and the
twisted de Rham sequence on G/K with values in T(G/K). Note that in contrast
to the case of Poisson transform between real valued differential forms the images of
weighted differential forms under @X will not be eigenforms of the Laplace operator
in general.

We start this section by computing the image of the distinguished Poisson kernel
under two M -equivariant operators which will be needed for the proof of Proposition
3.4.4. Tn order to do so, we define the g-actions p and p’ on f € End(V) by

(pxf) (v) = X - f(v) = f(X-v), (o5 S) (0) = 6(X) - f(v) = f(X - v)

for all v € V and X € g. Furthermore, we denote their trivial extensions to
AF(g/m)* @ End(V) by the same symbols.

LEMMA 3.4.4. Let g = so(n + 1,1) and m = so(n) the intersection of the
mazimal compact and the minimal parabolic subalgebra with respect to the Cartan
involution 0. Let V = R"T11 be the standard representation of g and denote by p
and p’ the g-action on A*(g/m) ® End(V) defined above. Then the distinguished
Poisson kernel (;SX satisfies

(i) dxipd, + tedxd) = (n—2k)¢) + pe(d)),
(ii) Ok (E* A ¢)) + E* N ooy = —ph(8)),

(i) po(6?) + (el =2 (6],_).

Proor. (i) If we apply the formula (1.2.4) for the infinitesimal version of the
covariant exterior derivative we obtain that tgd K¢X splits into two summands.
The first one is given by all summands containing the Lie bracket of the
grading element and representatives of vectors in g/m, which equals (n—2k)¢),
using the formulae from section 3.1.1. The other contains the actions on the
values of zi)z', which cancels with the corresponding expression in dKLE(;SX
except for pg (o))

(ii) The distinguished Poisson kernels is K-coclosed by construction, so the second
summand of the left hand side the claimed formula is trivial. For the other
summand, we first insert the definition of the K-codifferential, then apply
Corollary 3.2.1(i) to move the 1-form E* inside of the K-Hodge star and
afterwards use that 2 is simply given by multiplication with (—1)m=*)(k+1)



3.4. POISSON TRANSFORMS BETWEEN TRACTOR VALUED FORMS 101

on all M-invariant forms of K-degree n — k. All in all, we get
Sk (E* AgY) = (—1)n+D+D+1 b (E* A )
= (=)™ e die w5 ((dpE")" 1 Ay
= —¥g ((dPE*)nfkfl A d(;(LE%ﬂk) )

where we used in the last line that dp E* is K-closed. Finally, since the in-

variant (2, 1)-form ¢y, is d%-closed by construction, formula (1.2.4) for the co-

variant exterior derivative implies that d%tp¢r = p% k), proving the claim.
(iii) Recall that the actions pr and p% are defined by

(Pedl) (€1, n) (V) = B (04 (€1, &) () = & (&1, -, En) (B - 0),
(p%¢¥) (fla s 7&)(”) = 0(E) : ((ﬁc/(glv .- 75()(“)) - ¢X(§1» .- 7€n)(E : ’U)

for all v € V and &,...,&, € g/m. Now the grading element is mapped to
—E by the Cartan involution, so the first summand of pr¢) is the negative of
the first summand of p%cbg. Furthermore, from the formulae for the g-action
on the standard representation in section 3.2.2 we know that the grading
element acts by multiplication with j on the M-submodule V; of the standard
representation. Since we constructed the distinguished Poisson kernel to be
trivial on V; we obtain that

= 2¢§c/(£17 cee 75”)‘V71(U)
for all &,...,&, € g/mand v € V. O

Since the distinguished Poisson transform has similar properties as the Poisson
transform ®: QF(G/P) — QF(G/K) from Theorem 3.3.1 we would also expect
the images of Vp[)\]-valued forms on G/P under ®) to be eigenforms of the Laplace
Beltrami operator on G/K. By Proposition 2.2.3, this is equivalent to the differ-
ential forms ¢ A mha € QF"(G/M,G x V) being eigenforms of the K-Laplace
for all Vp[A]-valued k-forms oo on G/P. However, the following Proposition shows
that this is only satisfied in the case A = 0.

PROPOSITION 3.4.4. Let G = SO(n + 1,1)g, K = SO(n + 1) its the mazimal
compact subgroup, P = CSO(n) x R™ its minimal parabolic subgroup and M =
SO(n) the intersection of K and P. Let V be the standard representation of G and
denote by V and Vp its associated vector bundles over G/M and G /P, respectively.
Moreover, for all A € R let E[N] be the bundle of \-densities over G/P and put
Vp[A :== Vp ® E[N]. Let ¢ be the distinguished Poisson kernel and denote the
corresponding G-invariant differential form by the same symbol. Then for all o €
QOF(G/P,Vp[\]) we obtain that

A () Aha) = —A(n — 2k + A)é! A mha — 2 (¢§gyv_l) Aha,

where ¢}Z denotes the restriction of the distinguished Poisson kernel to V_;.

|V_1

ProOF. For all o € QF(G/P, Vp[N]) we define the (k, n)-form ¢y, \ := ¢} Amha
on G/M. Then the same computations as in the proof of part (ii) of Proposition
3.3.1 show that

drdp = (dxdy + AE* A ¢}) Ampa,
Ok QA = (6K¢X — )\LEqﬁX) A Tpa,
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where F is the G-invariant vector field on G/M induced by the grading element of
the Lie algebra of G. Combining these two formulae we obtain

Ardpr = (Axd)) Ampa— Mo — X ((tpdx + drir) 6)) ATha
+ A (6k (E*Ao)) + E* Nogdy) Apa,

which by K-harmonicity of the distinguished Poisson kernel in Theorem 3.4.1 as
well as Lemma 3.4.4 reduces to the claimed formula. O

In particular, combining Proposition 3.4.4 with Proposition 2.2.3 we see that for
a € QF(G/P,Vp[\]) the image ®) () is in general not an eigenform of the twisted
Laplace operator A% on G/K. However, the induced G-equivariant operator on
sections of the corresponding homology bundles will have this property, and the
proof of this fact is our aim for the rest of this section.

Recall from section 1.4.3 that the the homology bundles H(G/P,Vp[)\]) on
the conformal sphere G/P are defined as the homogeneous bundles associated to
the P-representations Hy(G/P,Vp[A]) = ker(9*)/im(9*), where 0* denotes the
Kostant codifferential. Since we constructed the distinguished Poisson transforms
to be BGG-compatible, their restriction to the kernel of the Kostant codifferential
factor to linear, G-equivariant operators

&) T(Hi(G/P,VP[N)) = OMG/K, T(G/K)),  ®}(a+im(d")) = @/(a),

for all a € T'(ker(9*)). Moreover, by Theorem 1.4.3 there are natural splitting
operators

L: T(Hi(G/P,Vp)) — T'(ker(9%)),

which are sections of the canonical projection 7: I'(ker(0*)) — T'(Hi(G/P,Vp)).
Subsequently, these led to the definition of the BGG-operators

DV: F(Hk(G/P7 Vp)) — F(Hk+1(G/P7 Vp)),
ar (rod oL)(a)
forall k=0,...,dim(G/P) —1.

THEOREM 3.4.4. Let G = SO(n+1,1)p, K =2 SO(n + 1) its mazimal compact
subgroup and P = CSO(n) x R™ its minimal parabolic subgroup. Let V = R"t1:1 pe
the standard representation of G and Vi := G X 'V the standard tractor bundle over
G/K. For X € R let Vp[A] be the tensor product of the standard tractor bundle on
G/ P with the bundle of \-densities and H(G/P,Vp[\]) the corresponding homology
bundle in degree k. Let

®): T(H1(G/P.Vp[N)) = Q"(G/K, T(G/K))
be the G-equivariant linear operators induced by the distinguished Poisson trans-
form. Then we have:
(i) The image of i)X consists of coclosed differential forms and eigenvectors of
the twisted Laplace Beltrami operator with eigenvalue —\(n — 2k + \).
(ii) For A\ =0 let DV? be the BGG-operator on T'(Hy(G/P,Vp)) and dV% the co-
variant exterior derivative 0n~Qk(G/K7 Vi) induced by the tractor connection
on Vi. Then the transform ® satisfies the relation

(k+2)d"% 0 ) = (=1)""*k(n — 2k)®}, o DV7.

PRrROOF. (i) Let o be a section of Hy(G/P,Vp[)\]) and choose any represen-
tative o € QF(G /P, Vp[)\]) in the kernel of the Kostant codifferential. More-
over, denote by ¢  the contraction of the distinguished Poisson kernel with
mha € QOF(G/M,G x 3 V).
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By Proposition 2.2.3, the image of the Vi -valued differential form ég(a)
on G/K under the covariant codifferential §"* and the covariant Laplace
operator AV is given by the fibre integral of the differential forms &z @y
and Ag ¢y z, respectively. Explicitly, we have computed in Proposition 3.4.4
that

Sxder = —A(Ledy) ATha,
Axdrn = Al =2k + N — 27 (]], ) Amha,

where the Poisson kernel ¢, denotes the restriction of the distinguished

[y
Poisson kernel to the M —invaria;t subspace V_; of V. Therefore, we have to
show that the Poisson transforms associated to the kernels LE(Zﬁ}; and ¢2’|V )
are trivial on the kernel of the Kostant codifferential. Furthermore, by Propo-
sition 2.2.3(ii) it suffices to prove that these two Poisson kernels are in the
image of the P-codifferential, which has already been done in Corollary 3.4.1.
By Theorem 3.4.3 we obtain that

(—1)" Fk(n — 2k) (D}, 0 DV7) = (=1)"*k(n — 2k) (¥}, 0d"" o L)
=(k+2)(d""o®)oL),

and since the distinguished Poisson transform is BGG-compatible we have
¢/ oL =0). O






CHAPTER 4

Poisson transform for complex hyperbolic space

The last part of this thesis is dedicated to the construction of Poisson trans-
forms between the CR-sphere and the complex hyperbolic space, which are both
homogeneous spaces of the complex Lie group G = SU(n + 1,1). In this case, the
homogeneous spaces G/K and G/P have a richer geometric structure (c.f. sec-
tions 4.1.2 and 4.1.3), which induces a finer decomposition of the space of invariant
forms on the complexified M-representation (g/m)c, c.f. section 4.1.4. Using this,
we define a family of basic invariant forms in 4.2, which serve afterwards as an
ansatz in the construction of BGG-compatible Poisson kernels in 4.3.2. Finally, we
determine the properties of the corresponding BGG-compatible Poisson transforms
in section 4.4.3, which will lead in 4.4.4 to the construction of a family of Poisson
transforms mapping between real valued differential forms whose properties are
similar to Gaillard’s operators on the real hyperbolic space.

4.1. Preliminaries about complex hyperbolic space

4.1.1. The Lie groups and Lie algebras. Let V be the complex vector
space C""2 endowed with the Hermitian product of signature (n + 1,1) corre-
sponding to the matrix

0 0 1
S={(0 id, O
1 0 0

Then the complex hyperbolic space H of dimension n is the complex manifold given
by the set of negative complex lines in V, whereas its boundary dH is defined to
be the set of all complex null lines in V. In order to identify these manifolds as
homogeneous spaces, consider the special unitary group G = SU(n + 1,1), which
we realize as the group of all matrices g € GL(V) so that g*Sg = S and det(g) = 1.
Then it follows by construction that G acts transitively on the complex hyperbolic
space as well as its boundary.

Let _ be the negative line in V generated by the difference of the first and
last standard basis vectors. Since the Hermitian product on the vector space V
has signature (n + 1, 1), Silvester’s law of inertia implies that it induces a positive
definite Hermitian product b on (é_)L > T, H by restriction. Furthermore, the
isotropy group K of the negative line ¢_ also stabilizes this Hermitian product and
therefore coincides with the maximal compact subgroup U(b) = U(n + 1) in G. In
particular, we have identified the (n + 1)-dimensional complex hyperbolic space as
the Riemannian symmetric space G/K, and the K-invariant inner product induces
a Riemannian metric on Ty H = q.

Similarly, let £y be the complex null line in V generated by the first standard
basis vector and let P be its stabilizer in G. If we write elements of G as block
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matrices with the same sizes as the matrix S we obtain that
a —aY*B 4 (b—|Y][?)
P= 0 B
0 0 a !
showing that P = CSU(n) x (C™ @ C) is a minimal parabolic subgroup of G. All
in all, we see that the boundary 0H of the complex hyperbolic space is isomorphic
to the homogeneous parabolic geometry G/ P.

In the above matrix representation, the subgroup M = K N P consists of all
block matrices with Y = 0, b = 0 and a € U(1). In particular, we see that M is
isomorphic to the S(U(n) x U(1)). Moreover, the abelian subgroup A is given by all
matrices whose only nontrivial entries are given by a € Ry and B = id,,, whereas
the nilpotent subgroup N is the subgroup of matrices satisfying a = 1 and B = id,,.

Turning to the infinitesimal picture, a direct computation shows that the real
Lie algebra g = su(n + 1,1) of G has the form

aeC*beCY eC™BeUn)
re(b) = 1,det(B) = aa~* ’

B )b(_g V|| beC zyeiR XY eC,
8= - _3)| Beu), w(B)=2imb)

and we refer to such an element by (z, X, (B,b),Y,y).

PROPOSITION 4.1.1. Let G = SU(n + 1,1), K = U(n + 1) be its mazimal
compact subgroup and g and € the Lie algebras of G and K, respectively.

(i) The Lie algebra g = su(n + 1,1) naturally carries a |2|-grading
§9=0-2D9-19D 90 D1 D g2,

where go =2 C P su(n), g+1 = C" and g2 = iR.

(i) The Lie algebra m of M is isomorphic to iR @ su(n), whereas the Lie algebra
a of A is generated by the grading element E := (0,0, (0,1),0,0).

(iii) The Lie algebra t is given by all matrices of the form (x, X, (B,b), X, z) with
z,b€iR, X € C" and B € u(n).

(iv) The Killing form on g is determined by the following nondegenerate pairings:

axa—R, B(E,E) =4(n+2),
mxm— R, B((by, B1), (b2, B2)) = 2(n + 2)(b1bs + tr(B1 B2)),
g_1x9g1 — R, B(X,Y)=—-4(n+2)(X,Y),
g2 X g2 =~ R, B(z,y) = —2(n + 2)zy,

where (, ) denotes the standard Kdhler metric on C™.
PrOOF. (i) The block form of g immediately induces a |2|-grading
g=9-2D9g-1Dgo D g1 D g2,

with g41 = C” and g4o = iR. Furthermore, every matrix A € u(n) can be

written as
A= (A _ i) idn> PG
n n

and computing the Lie bracket in this decomposition immediately implies that
go is isomorphic to C @ su(n) as a Lie algebra.

(ii) This follows immediately from the matrix representations of M and A.

(iii) In the given matrix representation of G we can express the Lie group K as the
stabilizer of the global Cartan involution g — (g*)f1 on G. Thus, applying
its derivative g — —g* to the matrix representation of g immediately shows
that £ is of the claimed form.
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(iv) The Killing form is given by a multiple of the real part of the trace form on g
and therefore determined by B(E, F), which can be computed explicitly. O

Finally, for later computations we want to determine explicit formulae for the
Lie bracket on g in terms of the |2|-grading. A direct computation shows that the
only nontrivial relations are given by

go X g—2 — g2, (A, a), —2re(a)z,

go X g—1 — g—1, (4, a), AX —aX,
go X go — 9o, [(A,a),(B,b) ([4,B],0),
go X g1 — 91, [(4,a), AY +ay,

g—1 X g1 — 9o, [ YX* - XY* <Xa Y))a

g—2 X g2 — go, [z, zy),

] =
X]=
] =
Y]=
8o X g2 — 02, [(4,a),y] = 2re(a)y,
Y] =
yl = (0,
] = 2iim((X1, X)),
| =2ii
yl =

g-1 X g-1—0g-2, (X1, Xo
g1 X g1 — 02, [Y1,Y> ((Y1,Y2>)
g-1 X g2 — 61, [X,
g2 X g1 —g_1, [z,Y] = —3cY7

where (, ) denotes the standard Hermitian product on C™.

4.1.2. The geometry of G/K. We have seen in section 4.1.1 that the sym-
metric space G/K naturally carries the structure of a complex manifold, which
induces a Hermitian metric on its complexified tangent bundle and as well as a de-
composition of the exterior power of the complexified cotangent bundle into (p, q)-
types. Since these objects will be used extensively in the study of Poisson kernels
on G/M in sections 4.2 and 4.3, we will now recall their construction.

First, we have seen in section 1.3.1 that the tangent bundle of G/ K is associated
to g, so we have to explicitly determine the action of K on this vector space. We
could do this in terms of the representation of g as in the last section; however,
it will be more suitable to consider a different matrix representation in this case.
Consider the complex vector space C"*2 endowed with the standard inner product
of signature (n + 1,1), which corresponds to the symmetric matrix

o _ id-n+1 0
5= (% 0.

Writing G again as block matrices with the same sizes as the matrix S, the maximal
compact subgroup K is given by

K:{(‘g det&) )‘AeU(n—i—l)} U(n+1),

which can also be expressed as the stabilizer of the Cartan involution g — (g*)
Differentiating the defining equations for G we deduce that the Lie algebra g
is represented as

= {(; f)‘Aeu(n—i—l), a=—tr(A) € iR, Xe(C"“}.

-1

The Lie algebra ¢ of K correspond to those matrices with trivial C™-part, which
is exactly the stabilizer of the Cartan involution 6: g — —g* on g. On the other
hand, the (—1)-eigenspace q of 6 consists of those matrices with A =0 and a =0
and thus is isomorphic to C**!, viewed as a real vector space.
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In this picture we immediately see that the adjoint action of K on q corresponds
to the action of U(n + 1) on C"*! given by B - v := det(B) 'Bv. Otherwise
said, this is the standard action of SU(n + 1) combined with the surjective group
homomorphism U(n + 1) — SU(n + 1) mapping B to det(B) !B. In particular,
the inner product on q corresponding to the standard Kihler metric on C"*! is
K-invariant.

DEFINITION 4.1.2. We define the hyperbolic metric gny, on G/K as the G-
invariant Riemannian metric corresponding to the standard Kéhler metric on C*+!
under the identifications K 2 U(n + 1) and q = C"*L.

In contrast to the real hyperbolic space we obtain additional G-invariant geo-
metric structure on the tangent bundle of G/K. Indeed, the K-invariant complex
structure J on q obtained by multiplication with the imaginary unit induces a G-
invariant almost complex structure 7(G/K) — T(G/K), which we denote by the
same symbol. Moreover, this bundle map is orthogonal with respect to the hyper-
bolic metric, showing that G/K is a Hermitian manifold. In particular, we obtain
an induced decomposition of its complexified tangent bundle into a Whitney sum of
G-invariant subbundles, which we will prove in the following Lemma by construct-
ing the corresponding K-invariant decomposition of the representation g. For a
general discussion of Hermitian manifolds we refer to [Wel73].

LeEmMA 4.1.2. Let G = SU(n+1,1) and K = U(n + 1) its maximal compact
subgroup. Then the complex linear extension of the almost complex structure J on
T(G/K) to the complexified tangent bundle induces a Whitney sum decomposition
of T(G/K) @ C into subbundles T*°(G/K) ® T%(G/K). In particular, we obtain
for all0 < k <2n+ 2 a decomposition

MNTHG/K)eC= @ AT (G/K),

ptHg=k

where
APIT*(G/K) := APTH(G/K) @ AT (G/K)
is the bundle of forms of (p, q)-type.

ProOOF. By Proposition 1.2.1 it suffices to show the corresponding decompo-
sitions of the K-module q. First, the complex linear extension of J to q ®g C is
diagonalizable with eigenvalues ¢ and —i, and we denote by q*° and q%! the cor-
responding eigenspaces. By construction, these are both K-invariant vector spaces
and thus induce the corresponding decomposition of T(G/K) @ C.

Furthermore, if we define the K-representations AP9q* := APqh%* @ A1q%1*,
then by naturality of the complexification we obtain a direct sum decomposition

MyeC= P A
ptg=k

as K-representations, and applying Proposition 1.2.1 yields the corresponding de-
composition of A*¥T*(G/K) ® C into (p, q)-types. O

Following the previous Lemma we will introduce some notation. First, we
denote the decomposition of a vector £ € T(G/K) ® C as in Lemma 4.1.2 by
&= ¢80 4 €06 and call €10 and €91 the holomorphic and antiholomorphic part of
&, respectively. In particular, if we identify T(G/K) with its image T(G/K) ® 1
in the complexified tangent bundle, then the holomorphic part of a tangent vector

£ € T(G/K) is given by £0 = 1 (£ — iJ&), whereas its antiholomorphic part reads
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as &1 = L (£+1iJE). Next, the splitting of A¥T*(G/K) ® C from Lemma 4.1.2
induces a decomposition

OMG/K,C)= @ (G/K)
pt+q=k

on the level of sections. We call any element w € QP9(G/K) a differential form of
type (p, q). By definition, a complex valued differential form on G/K is of type (p, q)
if and only if it vanishes after insertion of p+1 holomorphic or ¢+ 1 antiholomorphic
vectors. Moreover, the complex conjugate of a form of type (p, q) is of type (g, p),
showing that real forms of type (p,q) can only exist if ¢ = p.

Next, we want to bring the hyperbolic metric into the game. We have seen above
that the almost complex structure on the tangent bundle of G/K is orthogonal
with respect to the hyperbolic metric, so we can define the fundamental form w €
D%(G/K) as w(&,n) := g(JE,n) for all &, n € X(G/K). Furthermore, we extend the
hyperbolic metric complex bilinearly to T(G/K) ® C and denote this extension by
the same symbol.

PROPOSITION 4.1.2. Let G = SU(n+1,1) and K 2 U(n+1) its maximal com-
pact subgroup. Let J be the complex structure on T(G/K) and g be the hyperbolic
metric on G/K. Let w € O*(G/K) be the associated fundamental form and denote
the complex bilinear extension of the hyperbolic metric to the complezified tangent
bundle of G/K by the same symbol.

(i) The restriction of g to the pairing T*°(G/K) x T*1(G/K) — C is nondegen-
erate, whereas both T*9(G/K) and T%*(G/K) are Lagrangian subbundles of
the complexified tangent bundle.

(ii) The fundamental form w € Q?(G/K) is a G-invariant, nondegenerate, closed

differential form of type (1,1). In particular, the almost complex structure on
T(G/K) is integrable and G/K is a Kdihler manifold.

PrOOF. (i) Let g be the hyperbolic metric on G/K and denote the induced
K-invariant inner product on q as well as its complex linear extension to
q ® C by the same symbols. Let q ® C = q*° @ q%! be the decomposition
corresponding to Lemma 4.1.2. Then by Proposition 1.2.1 and Theorem 1.2.2
it suffices to show that the restrictions of gx to q**? and q%! are trivial, whereas
on q'? x ¢%! it is nondegenerate. But if .J denotes the complex structure on
q®C, we can write every vector in ¢*% as § (X —iJX) for X € q and similarly
for q”1, hence the claim follows from orthogonality of .J.

(if) Since the hyperbolic metric is nondegenerate and G-invariant and J is a G-
equivariant isomorphism of vector bundles, the fundamental form is a G-
invariant, nondegenerate differential form, which is of type (1, 1) by definition.
In order to compute its derivative, we apply formula (1.2.4) to the K-invariant
element in A?(g/€)* corresponding to w due to Theorem 1.2.2, which we will
denote by the same symbol. However, the Lie bracket on g satisfies [q,q] C &,
implying that dw = 0. Therefore, by Theorem 1.2.2 the fundamental form is
closed, so J is integrable and G/K is a Kahler manifold. O

The (complexified) Riemannian metric on the complexified tangent bundle
of G/K induces an isomorphism *: T(G/K) ® C — T*(G/K) ® C defined by
£ (n) == g(n,€) for all &, n € T(G/K) ® C, which by naturality coincides with
the complex linear extension of the flat operator of the underlying Riemannian
manifold. Following Proposition 4.1.2(i), if £ is an element in 7%%(G/K), then its
image under the flat operator is an element in 7%1*(G/K), and similarly for their
complex conjugates.



110 4. POISSON TRANSFORM FOR COMPLEX HYPERBOLIC SPACE

Second, we proved in Proposition 4.1.2(ii) that the Kahler form w on G/K
is nondegenerate, which implies that w™t! is a nontrivial differential form, and
computing its norm shows that vol := ﬁw”“ defines a volume form on G/K.
Next, let * be the Hodge star operator on G/K and denote its complex linear
extension to complex valued differential forms by the same symbol. Then this
operator is determined by the equation

a A xf = g(a, f)vol

for all o, 8 € QF(G/K,C), where we consider vol as a differential form on G/K of
type (n+1,n+1). Comparing the types of the forms involved in the characteristic
equation for * we see that the Hodge star restricts to a G-equivariant map

x: QP9(G/K,C) — QUHi-ant1=p(G/K C).

Furthermore, we define the Lefschetz map £: QP4(G/K) — QPTLITYHG/K) as
the wedge product o — w A o with the Kahler form on G/K. Note that since w
is real, the Lefschetz map preserves real differential forms. Subsequently, using the
Hermitian metric on G/K we can define its adjoint

L QP(G/K) — QP11 (G/K)

with respect to the hyperbolic metric via g(£(a), 8) = g(a, L*(5)) for all forms «
and S of types (p—1,¢—1) and (p, q), respectively. By definition of the Hodge star
operator this map is explicitly given by £* = *~! o £ o x. Moreover, we say that
a differential form o on G/K is primitive if £*(a) = 0. It is well known ([Wel73,
Theorem 3.11(b)]) that primitive forms can only exist for degrees up to the complex
dimension of G/K.

Finally, we want to show how the decomposition of the k-th exterior power of
the complexified cotangent bundle induces a refinement of the de Rham sequence of
differential forms. Consider the complex linear extension of the exterior derivative
on G/K, which we will denote by the same symbol. Since G/K is a complex
manifold, we know from [Wel73, Theorem 3.7] that this operator splits into the sum
d = 0+ 0, where the first and second operator map a differential form of type (p, q)
to a form of type (p+1,¢) and (p, g+1), respectively. By definition, these operators
are related via da = da for all @ € QF(G/K,C). Furthermore, both operators
are differentials and satisfy the commutator relation 00 = —99. We say that a
differential form o« € QPT¢(G/K,C) is holomorphic (respectively, antiholomorphic)
if da = 0 (respectively, da = 0). Similarly, we can decompose the Riemannian
codifferential § = 9* + 0%, where the first operator is defined on Q79(G/K) by
8* := (—1)P*7 % 9% and similar for 9*. Again, we have (9*)> = (?)2 = 0 and these
two operators anticommute. Finally, we can define the associated Laplace operator

O := 00" 4+ 0*0.

THEOREM 4.1.2. Let G = SU(n + 1,1) and K = U(n + 1) be its mazimal
compact subgroup. Then the Laplace operators A and O are related via

A =200

In particular, the restriction of A to QP1(G/K,C) maps into the space of forms of
type (p,q)-

PrOOF. We have seen in Proposition 4.1.2 that G/K is a Kahler manifold, so
the claim follows from [Wel73, Theorem 4.7]. O
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4.1.3. The geometry of G/P. We continue the discussion of the geometric
framework with the analysis of the tangent bundle of the homogeneous parabolic
geometry G/ P. Explicitly, our aim is to show that G/ P is naturally endowed with
the structure of a CR-manifold.

DEFINITION 4.1.3. Let M be a smooth manifold of dimension 2n + 1 and let
(L, J) be a complex subbundle of TM of rank 2n. Let L ®g C = L' & L% be
the decomposition of the complex vector bundle L ®g C into eigenspaces for J @ C
with eigenvalues ¢ and —i, respectively. Then (M, L) is called a (hypersurface type)
CR-manifold if the subbundle L™ is involutive.

We will show in Proposition 4.1.3 that G/P is a CR-manifold and afterwards
in Theorem 4.1.3 explicitly describe its BGG-complex with values in the trivial
representation, which is also known in this case as the Rumin complex. For a
general discussion of CR-manifolds we refer to [DTO06].

First, we will show how the |2|-grading of the Lie algebra g from Proposition
4.1.1(i) defines a complex distribution of the tangent bundle of G/ P of complex rank
n. Recall from section 1.4.1 that the grading on g induces a P-invariant filtration

g=g > D¢

where g° is defined as the direct sum of all grading components gj for 5 > ¢ In
particular, the vector space L := g~!/p is P-invariant and thus defines a subrep-
resentation of g/p isomorphic to C™. Moreover, since the nilpotent subgroup Py
of P maps g’ to g* for ¢ > ¢ we deduce that the action of P on L is determined
by the Levi subgroup Gy = CSU(n). In particular, by Proposition 1.4.1(i) the
P-representation L is irreducible.

Using the matrix representations of P and g from section 4.1.1 a direct compu-
tation shows that if p € G corresponds to (a, B) € CSU(n) and if £ € L corresponds
to X € C", then the action of p on & corresponds to the vector a " 'BX € C". In
particular, the induced complex structure on IL is P-invariant.

PROPOSITION 4.1.3. Let G = SU(n + 1,1), P its minimal parabolic subgroup
and let g and p be the Lie algebras of G and P, respectively. Let (L,J) be the
P-invariant complex subrepresentation of g/p defined above and let L — G/P be
its associated bundle. Then (G/P,L) is a CR-manifold.

PRrOOF. Since L C g/p is a P-invariant subspace of dimension 2n endowed with
a P-invariant complex structure, we obtain by Proposition 1.2.1 and Theorem 1.2.2
that L is a complex subbundle of T(G/P) of dimension 2n. Thus, if L0 @ L1
is the decomposition of its complexification L ® C into eigenspaces of the almost
complex structure induced by J, we have to show that L'° is involutive.

The complex structure on L is P-invariant, which implies that L' and L%!
are the bundles associated to the eigenspaces LY and L%! of the complexification
of J on L ® C to the eigenvalues i and —i, respectively. In particular, for two
section &1, & of LYY we can compute their Lie bracket [¢;,&)] via &1 - fo — & - f1,
where &; € ['(TG®C) are local lifts of ¢; and f;: G — L0 is the P-equivariant map
corresponding to §; for ¢ = 1, 2. However, the derivative of f; is again a smooth map
on G with values in L1, so the Lie bracket [¢1, &3] is again a section of L0, [0

One feature of CR-manifolds is the existence of a distinguished complex of
differential forms, called the Rumin complex. First defined in [Rum90], it was
later shown in [BEGN] to be the BGG-sequence on G/P with values in the trivial
representation. Since we want to construct Poisson transforms which are compatible
with this complex in section 4.3, we will determine the homology groups on G/P
explicitly.
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Consider the quotient representation (g/p)/LL, which is by construction a P-
representation isomorphic to g/g~!. Since the Killing form on g induces isomor-
phisms (g/p)* = p, and (g/g™!)* = go of P-modules (c.f. section 1.4.1), the exact
sequence defining the quotient g—!/p dualises to the short exact sequence

0 g2 Py L* 0

of P-modules. Moreover, we have seen in Proposition 4.1.1(i) that the grading
component go is 1-dimensional, so by naturality of the exterior power we obtain
the short exact sequence of P-representations

0 —— A IL* @ gy AFp AFL* —— 0
forall k=1,...,2n+ 1.

THEOREM 4.1.3. Let G = SU(n + 1,1) and P its minimal parabolic subgroup.
Let L C T(G/P) be the CR-distribution on G/P and define Q :== T(G/P)/L. Then
the Kostant codifferential 0* on A*T*(G/P) factors to a G-equivariant bundle map
9" ALY — AF2L* @ Q*. Furthermore, if Hi(G/P) denotes the k-th homology
bundle as defined in section 1.4.3, then we obtain that Hy(G/P) = ker(9") for all
k < n, whereas Hy(G/P) = (A*"1L* @ Q*) /im(0") for all k > n + 1.

PROOF. Recall from section 1.4.2 that the Kostant codifferential on A*T*(G/P)
was induced by the P-equivariant map 0*: A¥p, — A~ 'p, defined by

O(ZiN . NZ) =S (VM Z, ZINIAN AL N NN N,
i<j

for all Zy,---,Z; € py, where the hat denotes omission. Now the compatibility
of the Lie bracket with the |2|-grading on g implies that the Kostant codifferential
factors to a P-equivariant map 0*: AFL* — A*~2L* ® g, which integrates to a
G-equivariant bundle map 9*: AFL* — A*72L* ® Q* due to Proposition 1.2.1.
Moreover, due to dimensional reasons this map is surjective for £ < n + 1 and
injective for k > n + 1.

Next, recall from section 1.4.3 that the k-th homology bundle Hy(G/P) is
associated to the P-representation Hy(G/P) := ker(0*)/im(0*). For k < n we
obtain that Hy(G/P) is the projection of ker(9*) to A*L*, which coincides with
ker(9*) by construction. On the other hand, for k& > n + 1 the kernel of 0*
equals A*'L* ® Q*, so since the images of 9* and 0" coincide we obtain that
Hy(G/P) = (A*'L* ® Q*) /im(9*). Applying Proposition 1.2.1 in both cases
yields the claimed expressions for Hy(G/P). O

4.1.4. The structure of G/M. Finally, we have to analyse the geometric
structure of the homogeneous space G/M in order to construct Poisson kernels in
the sequel. After decomposing T'(G/M) into G-invariant subbundles as in Proposi-
tion 2.3.1 and identifying the Euclidean bundle metric on the horizontal distribution
T19 induced by the hyperbolic metric on G/K, we will consider the complexified
tangent bundle of G/M and its decomposition induced by the Kahler structure
on G/K and the CR-structure on G/P. In this way, we obtain a finer grading of
differential forms, which will be beneficial for the construction of BGG-compatible
Poisson kernels in section 4.3.

We have seen in Proposition 4.1.1 that the Lie algebra g is |2|-graded, so de-
noting by (g/m); the image of the i-th grading component under the canonical
projection g — g/m we obtain a decomposition

g/m = (g/m)_2 ® (g/m)_1 & (g/m)o & (g/m)1 & (g/m)2
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as M-modules. To write this in terms of the matrix representation of g, recall from
Proposition 4.1.1(ii) that the subalgebra m is isomorphic to iR @ so(n) embedded
diagonally into g. Therefore, we can represent the M-module g/m as

a —Y* y
g/m= X 0 Y | +mlaeRz,yeiR, X, Y €C" 3,
r —X* -—a

and mapping such an element £ € g/m to the tuple (x,X,qa,Y,y) corresponds
exactly to the decomposition of g/m as above.

Next, we want to determine the action of M on g/m in this picture. For
that, recall from section 4.1.1 that the Lie group M is given by all block diagonal
matrices in G with B € U(n) in the middle and an element b € U(1) in the upper
left and lower right corner satisfying the relation b? det(B) = 1. Thus, if m € M
corresponds to the matrix (B, b) and if £ € g/m is given by & = (z, X, a,Y,y), then
the action of m on € equals (7,07 'BX,a,b"1BY,y), i.e. M acts trivial on (g/m)_o,
(g/m)2 and (g/m)g and by a twisted action on (g/m); and (g/m)_;. In particular,
the complex structures on the latter spaces are M-equivariant.

Applying the associated bundle construction yields

LEMMA 4.1.4. The tangent bundle of G/M decomposes into a Whitney sum of
irreducible subbundles

T(G/M)=T"%G/M)s T (G/M)®T*(G/M)® T (G/M) o T*(G/M),

where T*(G/M) are line bundles for i € {—2,0,2}, whereas T (G /M) are vector
bundles of rank 2n which are endowed with a G-equivariant complex structure.

In order to obtain the bigrading on the space of Poisson kernels induced by the
isomorphism G/M = G/K x G /P we will define generators of the tangent bundle of
G/M with are compatible with this product. For that, recall from section 2.3.1 that
the horizontal and vertical distributions of G/M — G/K are those associated to the
M-modules p/m and €/m, respectively. Thus, in terms of the above decomposition
of g/m we define the M-invariant vectors

E:=(0,0,1,0,0) € p/m, H :=(0,0,0,0,%) € p/m, [I:=(:,0,0,0,7) € ¢/m
as well as for all X, Y € C” the elements
Fx :=(0,0,0,X,0) € p/m, Gy :=(0,Y,0,Y,0) € ¢/m.
Furthermore, for the definition of the K-Hodge star we need to determine the

G-invariant bundle metric on the horizontal distribution G x s (p/m) obtained by
the pullback of the hyperbolic metric on G/K.

PROPOSITION 4.1.4. Let G = SU(n + 1,1), K its maximal compact subgroup,
P C G the minimal parabolic subgroup and let M = K N P. Let g, £, p and m be
the Lie algebras of G, K, P and M, respectively, and let g = € @ q be the Cartan
decomposition corresponding to the choice of mazimal compact subgroup.

Then the pullback gpr of the hyperbolic metric on G/K along the canonical
projection i : G/M — G/K is induced by the M -invariant inner product on p/m
determined by

1 1
gM(E7E):17 gM(FX7FY):§rC(<XvY>)a gM(H7H):Z
forall X, Y € C", where ( , ) is the standard Hermitian product on C".

PROOF. In Definition 4.1.2 we obtained the hyperbolic metric as the G-invariant
Riemannian metric associated to the standard Hermitian product on q = C"*1,
which is K-invariant. In order to determine the corresponding M-invariant inner
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product on p/m we first apply the projection p/m — g/¢ then identify this space
with the subalgebra q. An explicit computation shows that in this way E is mapped
to the first unit vector in C"*!, F is mapped to —\/5_1(0, X" and H is mapped
to —%Jeo. O

We could start now to construct BGG-compatible Poisson kernels as we did
in the case of real hyperbolic space, c.f. section 3.4.1. However, we have seen in
Proposition 4.1.2(ii) that G/K is a Kdhler manifold, so the corresponding decompo-
sition of the space of differential forms into (p, ¢)-types is reflected on the horizontal
distribution of T(G/M). Similarly, Proposition 4.1.3 showed that G/P is a CR-
manifold, so we obtain a corresponding decomposition of partial differential forms
defined on sections of the CR-distribution. In order to include these geometric
structures into our computations we consider complex valued Poisson kernels de-
fined on the M-module (g/m)c. In this way, we obtain that the horizontal subspace
(p/m)c is a Hermitian vector space with respect to the complex bilinear extension
of gar, which we denote by the same symbol, whereas €/m contains a subrepresen-
tation L endowed with an M-invariant complex structure, which corresponds to the
CR-distribution on G/P. In particular, the induced decompositions of A*(p/m)Z
and AFL into (p, q)-types are M-invariant.

DEFINITION 4.1.4. Let w be an M-invariant form of bidegree (p + ¢, + s) on
(g/m)c-
(i) We say that w is of K-type (p,q) if w vanishes after insertion of p + 1 holo-
morphic or ¢ + 1 antiholomorphic vectors in (p/m)c.
(ii) We say that w is of P-type (r, s) if w vanishes after insertion of r + 1 holomor-
phic or s + 1 antiholomorphic vectors in Lc¢.

For future computations we need to adapt our choice of generators of p/m and
L C ¢/m to such vectors which are compatible with the complex structures on these
spaces. For the first space, the complex structure was obtained by the identification
of p/m with the vector space q = C"*!. We have seen in the proof of Proposition
4.1.4 that the first unit vector ey in C"*! is mapped to E € p/m, whereas Jeg
corresponds to —2H. Therefore, we define the elements

1 — 1
7 = 5(E + 2H), Z = (B —2iH),

which are both M-invariant vectors in the complexified horizontal subspace (p/m)c,
the first being holomorphic and the second being antiholomorphic with respect to
the complex structure induced by q = C"*!. Here, the factors are chosen so that the
pairing gas(Z, Z) equals 3, c.f. Proposition 4.1.4. Moreover, for all X € C" we split
the vector Fx € (p/m)c into its holomorphic part F' )1(’0 and antiholomorphic part
F )0(’1, and similarly for the vector Gx € L¢. However, since a complex structure
only exists on the CR~subspace I C ¢/m, the complex vector [ — I ® 1 € (¢/m)¢
has to be treated in a special way.

Finally, we need to derive formulae for the differential calculus of elements in
A*(g/m)c, which we will use heavily in the construction of Poisson kernels in the
sequel. In order to do so, we define for any element & € (p/m)c the covector £ €
(p/m) via € (n) = gar(n,€), which coincides with the complex linear extension of
the flat operator induced by g,s. In addition, the K-Hodge star *x has the property
that it maps M-invariant forms of K-type (p, ¢) to those of K-type (n+1—¢, n+1—p)
(c.f. section 4.1.2), leaving the P-type unchanged.

COROLLARY 4.1.4. Let w be a form of degree (k,¢) on (g/m)c.
(i) For all & € (p/m)c we have te(xgw) = (—1)**x (" Aw) as well as & N*gw =
(=) g (Lew).
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(it) For alln € (¢/m)c we have 1,(xgw) = *x (tyw).

ProoF. It suffices to prove the formulae for elements of the form w = a A B,
where a and 8 are forms on (g/m)c of degree (k,0) and (0, ¢), respectively.

(i) From the definition of the flat operator we obtain for all £ € (p/m)c that
le g 0= xx (A E). Thus, using that the (0, £)-form f is not affected by the
K-Hodge star we deduce

Lexgw = (1 k5 Q) A B = (*K(a A Eb)) AB=(—1)Fxk (& Aw).

The second equation is obtained by applying the first relation to *xw and
afterwards the K-Hodge star to both sides of the resulting equation.
(if) Since the dimension of g/¢ equals 2n + 2 we obtain for all n € (¢/m)¢ that

by %K W= (=12 27k (kea) A Ly = (—1)* g (@A L) = *Klyw,

and by linearity of ¢, and the K-Hodge star the claim follows. O

4.2. Poisson kernels on G/M

Following the previous discussion of the geometric properties of G/M we now
turn to the construction of Poisson kernels in this case. In order to do so, recall
from section 4.1.4 that the geometric structures on the K&hler manifold G/K and
the CR-manifold G/P induce a finer decomposition of the space of M-invariant
forms on (g/m)c into K-types and P-types, respectively. As by definition two such
forms with different K or P-type have to be linear independent, these additional
bigradings will be advantageous for the construction of the BGG-compatible Poisson
kernels. Therefore, we will focus on M-invariant forms on (g/m)c in the sequel,
where we start with forms of degree 1 and 2 in 4.2.1 and afterwards use them as
building blocks for a family of Poisson kernels of higher degree in 4.2.2.

4.2.1. Poisson kernels of low degree. We start our analysis of the space
of Poisson kernels by defining M-invariant elements in (g/m)&. In order to do so,
recall from section 4.1.4 that there are three M-invariant vectors in (g/m)c, so their
dual elements Z*, Z" and I* will be M-invariant 1-forms:

TABLE 1. Invariant forms of degree 1

form || bidegree || K-type | P-type
Z* || (1,0) (1,0) | (0,0)

Z (1,0) (0,1) 1 (0,0)
I (0,1) (0,0) ](0,0)

In order to obtain invariant forms of degree 2 we can compute the images of
these invariant 1-forms under the (complex linear extension of the) partial deriva-
tives. However, from Proposition 4.1.2(ii) we know that G/K is a Kdhler manifold,
which induces an M-equivariant splitting of dg into Ox + Ok, where the first and
second operator map an invariant form of K-type (p,q) to an element of K-type
(p+1,q) and (p,q+ 1), respectively. Note that these two operators are related via
I = (99) for all ¢ € A*(g/m)c.

Now we define

Wi = —i (aKZ Y Z°NZ ) o wpi=sdel’, ww =5 (dpZt =22 AT),

which are M-invariant forms of degree 2 on (g/m)c which are trivial upon insertion
of any M-invariant vector in (g/m)c. Explicitly, if re( , ) and im( , ) denote
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the complex bilinear extensions of the real and imaginary part of the standard
Hermitian product on C”, respectively, then the formulae for the Lie bracket on g

at the end of section 4.1.1 show that these elements satisfy for all X, Y € C™:

TABLE 2. Invariant forms of degree 2

form || bidegree || K-type | P-type | formula
WK (2a0) (131) (an) wK(F)l(’Ov 3’

wp || (0,2) (0,0) | (1,1)
Wew (la 1) (la O) (Oa 1) th(F)l(:O: Gg/zl) = re(Xl’O YO 1>
T | (1,1) 0,1) | (1,0) | T (FY,Gy°) = re(Y10, X001

In particular, these invariant 2-forms can be related via the interior product,
which in turn will lead to a nontrivial linear relation between M-invariant forms of
higher degree in Theorem 4.2.2.

LEMMA 4.2.1. The Poisson kernels wi , Wiw, Wrw and wp are related via

LpLoWE = —icG;owtw, LpOIWE = iLG())(,lwtw,
LF)l(,Owtw = —iLG;owP, LF;)(.IWtW = “G(;(’IWP
forall X,Y € C".
PROOF. Follows immediately from re(X >0 Y1) = jim (X0 yO.1), O

For the sake of completeness we will compute the partial exterior derivatives

of all the invariant 1 and 2-forms defined above. Using the equations 0% = 5; =
d% = 0 as well as the anticommutativity of these three operators we obtain that

O Z* =0, dpZ* = 2wy + 2027 N T,
OkZ =7 NZ*+iwg, dpZ" = 2o — 2i2 N7,
oxI* = Z* NI, dpI* = 2wp.
as well as
Oxwr = — 2% Awre, dpwi = 202" NGy — 27 N W,
O wiw = 0, dpwiw = =211 AN wiw + 212" AN wp,
Ok = —1" Awk, dpwey = 201" Nwy — 202 Awp,
Oxwp = Z* Nwp — I'" N\ wiw, dpwp = 0.

In particular, we do not get new M-invariant forms in this way.

Finally, for later computations we need to relate the invariant elements defined
in this section with the the flat operator ”: £ — gm(, &) induced by the M-invariant
inner product on (p/m)c.

PROPOSITION 4.2.1. The invariant forms of degree 1 are related to the flat
operator by

75 =927, AT YA
Moreover, the invariant forms of degree 2 satisfy
LG(}J(,lth = —2F§71b, LGﬁ(‘Om = —2F)1(’0b,
Lporwic = —20FRY, Lprowic = 20FK”

for all X € C™.



4.2. POISSON KERNELS ON G/M 117

PROOF. Recall from section 4.1.4 that the M-invariant vectors Z and Z satisfy
g (2, 7Z) = % by construction, implying the first two identities. Moreover, using
Proposition 4.1.4 we obtain that

Lo (Fy %) = —1e(Y10, XO) = —290 (Fy°, FY) = —2FR 7 (Fy°).

Furthermore, we can apply complex conjugation to this equation to obtain the
similar statement for the Poisson kernel wi,. Finally, using the relations in Lemma
4.2.1 the other two identities follow immediately. O

4.2.2. Basic invariant forms. In the next step we construct Poisson kernels
of higher degree by forming wedge products between the invariant forms of degree
2 defined in section 4.2.1. In order to do so, recall from section 4.1.4 that the space
of Poisson kernels can be decomposed into K-types and P-types, which are induced
by the complex structures on the Kahler manifold G/K and the CR-distribution in
T(G/P), respectively. Therefore, our aim is to construct Poisson transforms with
given K-type (p,q) and P-type (r,s) for 0 < p,q,r,s < n.

Consider for non-negative integers a, b, ¢ and d the wedge product

W= wh Awh Awl, ATt

which is an M-invariant form on (g/m)c of degree (2a+c+d, 2b+ c+d). Moreover,
regarding the complex structures on p/m and L C £/m its K-type is (a + ¢, a + d),
its P-type is (b+d,b+ ¢) and it is trivial after insertion of any M-invariant vector
in (g/m)c. For the parameters of the form w this means that

a+c=p, a+d=gq, b+d=r, b+c=s,

and adding the first and the third as well as the second and the last equation implies
that

k:=a+b+c+d=p+r=q+s,

so the P-type of w is (k — p, k — ¢q). Moreover, the restrictions on the K-type and
the P-type of w yield the condition max{p, ¢} < k < min{n + p,n + ¢} on the sum
of the parameters of w. In particular, we see that the choices of a K-type (p,q)
and the parameter k already determine the P-type. Explicitly, if we put j := a,
the above equations show that every Poisson kernel of K-type (p,q) and P-type
(k — p, k — q), which is a wedge product of the invariant 2-forms from section 4.2.1
is given by

k—(p+q)+j

ik . . o
PO = wl ANwp A WP N ??

w
j
for all indices max{0, (p + ¢) — k} < j < min{p, ¢}.

DEFINITION 4.2.2. Let p, ¢ and k be integers so that 0 < p,q,k —p,k—q < n.
Then the Poisson kernel w? “4F on (g/m)c is called a basic invariant form. Moreover,
we call the range of the index j so that wé”q;k is well defined the admissible range.

The notation we chose for the basic invariant forms is nicely compatible with
the wedge product. Indeed, we have

LEMMA 4.2.2. The basic invariant forms satisfy the following relations:
) Pk apik
(i) Wit = wj
(ii) WP T AP d R ptpatd sk k
J 3’ = Yt :
(i) The powers of the Poisson kernels of degree 2 are retrieved via the formulae

0,0;5 J 7,037
wO I I

J 3,333 J _
Wiy = Wp

Wy = w7, wp =

for all0 < j <n.

—j _ , 0,55
Wew? = wy” ™.
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ProoOF. Follows immediately from the definition. O

In section 4.3.2 we will explicitly construct Poisson kernels on (g/m)c which are
BGG-compatible in the sense of Definition 2.2.3. There, we will proceed by con-
sidering a general linear combination of basic invariant forms and afterwards apply
the operators dp and Opdp, which will induce linear relations on the coefficients
of our ansatz. For this, it will be necessary to derive a nontrivial relation between
such basic invariant forms, which we will do in Theorem 4.2.2.

For the proof of this result we need to introduce some notation. Using the
identification of C™ with C* ® 1 C C™ ® C we can decompose any vector X € C"
into its holomorphic part X' and antiholomorphic part X%'. Then we define a
holomorphic k-vector on C™ to be a k-fold wedge product xXh0 .= Xll’O A /\X,i’0
of vectors Xi,..., Xy in C*. Moreover, we denote by F)lc’0 the wedge product
FyOA...AFy?, which is well defined since Fiy” = Fy1.0 for all X € C". Similarly,
we define an antiholomorphic k-vector on C™ and denote these elements by Xt
as well as define the wedge products G’;’O and Gg&l.

THEOREM 4.2.2. For all 0 < p,q < n we define the rational numbers

5= ()0 6)
J T ; _ a0
b/ \J q—17
D,q;

where we agree that F=0 if one of the binomial coefficients is not defined.
Then the sum

RPOk .— E :prq;sz?,q;k
J J
JEL
is trivial for all k > n.

ProoF. Let X*° be a holomorphic p-vector and Y*! be an antiholomorphic
g-vector on C". Applying the relation i 10wp = itpiowe, from Lemma 4.2.1
X X
iteratively we compute that

k
k _ :p k—p P\
LGyo,1tGx1,0WP = <p VlGyo1tFy10 (wP /\wtw) - (*)

Next, we want to transform the interior products with the antiholomorphic vectors
Gyo,1 into expressions involving the interior product with the corresponding vectors
Fyo,1 using again Lemma 4.2.1. For that, note that if we move j of the vectors
of G%l into wl , we have to use g — j for the wedge product wf;p . Now a direct
computation shows that

min{p,q}
_ D,q;k -p—q p,q;k
(x) = E KT R o U oWy
j=max{0,p+q—k}

In particular, for £ > n we have w% = 0, implying that RP-%* = (. O

For an effective application of Theorem 4.2.2 we will now prove a characteriza-
tion of the numbers % ‘4% in terms of linear recursions.

PROPOSITION 4.2.2. Let p, q and k be integers so that 0 < p,q,k—p,k—q<n
and define jo := min{0, (p+q) —k}. Let {k;},cz be a sequence of complex numbers
which satisfies the recursion

(x) kip =) g—J)=rjn(G+Dk-(p+qg+ji+1)

for all j € Z. Then k; = Cli?’q;k for all j € Z, where C € C is a constant
independent of j.
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PROOF. A direct computation shows that the complex numbers % 4R satisty

the relations (k). On the other hand, for j = jo — 1 we obtain that the right hand
side of relation () is trivial, whereas left hand side equals kj,—1 (p+1—70)(g+1—Jo).
Since the numbers in the brackets are always positive, this implies that x;,—1 = 0
and inductively x; = 0 for all j < jo. Similarly, for j = min{p, ¢} the left hand
side of relation (k) is trivial, whereas the coefficients on the right hand side are
nontrivial. Inductively, this implies that x; = 0 for all j > min{p, ¢}. Therefore,
the sequence {x;} is possibly nontrivial only for jo < j < min{p, ¢}, where we can
compute k; from k;_; recursively. Since the relations (x) are linear, this implies
that {x;} is a constant multiple of {/{?’q"k}. O

4.3. BGG-compatible Poisson transforms

In this section we present an explicit construction of BGG-compatible Poisson
transforms which map between complex valued differential forms on the CR-sphere
of degree p + ¢ and complex valued differential forms on G/K of type (p, q) for all
0 < p,q < n. This will be done in section 4.3.2 by choosing an ansatz for the corre-
sponding Poisson kernels in terms of linear combinations of basic invariant forms,
which is adapted to the structure of the homology bundles on G/P. Afterwards,
using the explicit formula for the P-codifferential in Theorem 4.3.1 we translate the
condition of being BGG-compatible into linear relations on the coefficients of our
ansatz, which can be solved easily. This family of operators will be used in sec-
tion 4.4.4 to construct a family of real valued Poisson transforms, which resemble
Gaillard’s operators on the real hyperbolic space.

4.3.1. Preliminary results. Recall from Definition 2.2.3 that a Poisson trans-
form U: QF(G/P) — QY(G/K) is called BGG-compatible iff it is trivial on sections
of the subbundles im(9*) and im(9*d) of Q¥(G/P). By Proposition 2.2.3, this can
be equivalently formulated in terms of its associated kernel ¥ by 0py) = 0 and
Opdp1y = 0. Moreover, note that in this case the Poisson transform factors to a G-
equivariant linear operator defined on sections of the homology bundles H(G/P)
on G/P so that its composition with the k-th BGG-operator is again induced by a
Poisson transform.

In order to construct such operators explicitly we first want to bring the geo-
metric structure of G/K into the game. For that, recall from Lemma 4.1.2 that
the space of complex valued differential forms on G/K splits into (p, g)-types so
that the canonical projection mp ,: QPT4(G/K,C) — QP9(G/K) is tensorial and
equivariant with respect to the induced G-actions. In particular, this implies that
the composition ¥, , := m, 4 o ¥ is again a Poisson transform for all 0 < p,q < n
with p+¢q = /.

LEMMA 4.3.1. Let G = SU(n+ 1,1), K = U(n + 1) its mazimal compact sub-
group and P C G its minimal parabolic subgroup. Let ¥: QF(G/P,C) — QY(G/K,C)
be a Poisson transform and VU, , be its composition with the canonical projection
onto W9(G/K) for all p+q = L. Then ¥ is BGG-compatible if and only if U, ,
is BGG-compatible for all p+q = 1.

PROOF. By construction we can write U =3_ . _, ¥, ;. hence composing this
equation with any linear operator D from the right implies that ¥ o D = 0 if and
only if ¥, , 0 D = 0 due to linear independence of differential forms on G/K with
different (p, ¢)-type. In particular, for D = 9* and D = 9* o d this shows that ¥ is
BGG-compatible if and only if ¥, , is BGG-compatible for all p + ¢ = ¢. O

By Lemma 4.3.1 it suffices to construct BGG-compatible Poisson transforms
whose values have a specific (p, ¢)-type, which in turn correspond to Poisson kernels
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¥ on (g/m)c of K-type (p,q) which satisfy dp1) = 0 and dpdpt) = 0. Thus, in the
next step we need to determine an explicit formula for the complex linear extension
of the P-codifferential, which we denote by the same symbol. For that, we will
interpret the formula for the Kostant codifferential from section 1.4.2 in terms of
the homogeneous space G/M in the case G = SU(n + 1,1).

PROPOSITION 4.3.1. Let {eq,...,e,} be an orthonormal basis of C"™ with respect
to the standard Hermitian product. Then for any Poisson kernel ¥ on (g/m)c we
have

7: n
opth = ———S"I" A
Py A(n+2) ; (16 ata

In particular, the P-codifferential is trivial on the ideal generated by I'*.

0 LGel,o LGeo,l )1/}
¢ ‘ ’

PRrROOF. In section 2.2.3 we defined the P-codifferential on decomposable el-
ements by dp(a A B) = (=1)'a A 9*B for a € A*O(g/m)* and B € A%F(g/m)*,
where we used the identification of ¢/m with g/p induced by the restriction of the
canonical projection g/m — g/p. Furthermore, we have seen in section 1.4.1 that
the Killing form on g induces an isomorphism (g/p)* = py of P-modules, so in
particular the Lie algebra p acts naturally on 5.

First, we consider 3 as an element in A*(g/p)*, which we interpret as a mul-
tilinear, alternating map g¥ — R which vanishes upon insertion of any element in
p. Then we have proven in Proposition 1.4.4 that the Kostant codifferential can be
expressed by a sum over the p_-action on . Explicitly, if {&1,...,&n+1} is a basis
of p; with dual basis {n1,...,m2n+1} of g— with respect to the Killing form, then
combining Proposition 1.4.4 and Lemma 1.4.4 yields

2n+ 12n+1

b= Z > eetieondin.3
s=1 t=1
Note that by naturality of the complexification the same formula holds for the
complex linear extension of the Kostant codifferential.

Next, by choosing particular bases of py we can use the |2|-grading on g from
Proposition 4.1.1(i) to simplify this formula. For X € C" denote by {x and nx the
corresponding elements in g; and g_1, respectively, and let vy be the elements in
g42 corresponding to the imaginary unit. Then {&.,,&e,, v+ } is a real basis of py,
and from Proposition 4.1.1(iv) we deduce that {—(2u) " 1n.,, —(2u) " 1nse,, —pu~tv_}
is the dual basis of g_ with respect to the Killing form, where p := 2(n + 2).

Using this basis to compute 9*8 we deduce that the Lie bracket between base
elements of g_ and p. is contained in p except for [—p~tv_, &, ] and [—p~tv_, e, ],
which equals —p =11 ., and p~1n.,, respectively. Since 3 is trivial upon insertion
of vectors in p it follows that

n
Z L"]Jee Lﬂeg
=

In order to obtain the corresponding expression for the P-codifferential we have
to interpret the formula for 0* in terms of the M-module g/m, meaning that we
identify g_ with ¢/m as well as p, with (¢/m)* via the Killing form. In terms of the
generators of g/m defined in section 4.1.4 we deduce that 7., corresponds to the
element 7,), € €/m, whereas v corresponds to the invariant form pI*. Therefore,
we obtain that

opyp = ﬁ [z:[ Nigy.,ta., B,
1
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and decomposing the base vectors G., into holomorphic and antiholomorphic part
yields the claimed formula. O

From the formula in Proposition 4.3.1 it follows immediately that 0p anticom-
mutes with the interior products of the vectors Z and Z as well as with the wedge
products of Z* and Z*. Therefore, for the construction of BGG-compatible Pois-
son kernels it suffices to compute the P-codifferential of the basic invariant forms
explicitly.

THEOREM 4.3.1. Let p, q and k be integers with 0 < p,q,k —p,k —q < n and
let j be in the admissible range. Then

1

pgk _ - . . o " paaik—1
Opwy ™ = gy (k= (P @) + ) (k=i = (n+ D) Ao

; -\ T @5k —
+(p—)q—HI* APEET).
PRrOOF. By Proposition 4.3.1 the image of w;”q;k under Op is computed by

taking pairwise interior products with the vectors ¢,1.0 and ¢0.1 and their complex
€l €l

conjugates, where {e;} is an orthonormal basis for C". Using the antiderivation
property of the interior product we deduce that 8pw§?’q;k
with each summand having the form

n
/, /;k;/
I* /\wﬁ-7 TEA (Z (Lc;z[wl) A (LGzew2)> ,

(=1

can be written as a sum

where w; and ws are contained in the set {wp, Wiy, Ww. Therefore, it suffices
to determine the sum in the parentheses, where we benefit from the fact that the
vectors ey are orthonormal with respect to the standard Hermitian metric on C".
As an example, we compute
n
5 (6, g.0m) A 06y o) = (16, yr) G 00m) ) (G0, G =
=1

n
-3y (re(e;’O,Ym} im (e, X10) — re(ed, X10) im(eh?, Y0’1>>
s=1

= —iwp(GY°, G%)

for all X, Y € C™, and the other cases can be determined similarly, obtaining the
claimed formula. O

4.3.2. The construction of a BGG-compatible Poisson kernel. Using
the preliminary results in section 4.3.1 we will now construct BGG-compatible
Poisson kernels by choosing a special ansatz consisting of linear combinations of
basic invariant forms defined in 4.2.2 and afterwards translate the condition on the
BGG-compatibility into linear recursions for its coefficients.

In order to choose our ansatz for the Poisson kernel in an efficient way we will
focus on those invariant elements whose associated Poisson transforms preserve the
degrees of the differential forms and have values in Q”9(G/K) for fixed 0 < p,q < n.
By construction, this means that we are interested in Poisson kernels on (g/m)c¢ of
bidegree (p + ¢,2n+ 1 — (p+ ¢)) and K-type (p,q). Since we have seen in section
4.2.2 that the basic invariant forms wf 4k are of even total degree for all parameters
p, q and k, we are forced to form wedge products of these elements with an odd
number of M-invariant forms of degree 1 in order to meet our requirements.

Furthermore, since we want to construct our Poisson kernels to be BGG-
compatible, we will adapt our ansatz to the structure of the homology bundles over
G/P. Explicitly, recall from Theorem 4.1.3 that if L denotes the CR-distribution
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on G/P, then Hy(G/P) is isomorphic to a subbundle of A¥L* for all k < n, whereas
for k > n+1 it is isomorphic to a quotient of A*~'L*®Q*, where Q denotes the quo-
tient bundle T(G/P)/L. In terms of the homogeneous space G/M, the distribution
L corresponds to the subbundle of the vertical bundle of 7p: G/M — G/P which
is associated to the M-representation . C (¢/m)c. Since the homology bundles
split into two different families, we need to discuss the cases k <nand k >n+1
in the construction of our Poisson kernels separately.
In the following construction we proceed in 4 steps:

(1) Choose an appropriate ansatz,

(2) Determine the coefficients of this ansatz so that it is contained in the kernel of
BP,

(3) Find an appropriate error term for the ansatz contained in the kernel of 9p and
translate BGG-compatibility of the resulting form into linear relations on the
coefficients,

(4) Solve these linear relations explicitly.

For step (4), recall from Theorem 4.2.2 that we defined for all p, ¢ and k with

p,q;k
J

()0

and showed that a certain linear combination of the basic invariant forms involving

these coefficients is trivial. Furthermore, we have proven in Proposition 4.2.2 that

these coefficients are determined by a linear recursion up to a constant multiple.
Case 1: Let 0 < p,q < n with p+ ¢ < n.

(1) The pullback of a section of H,4,(G/P) along 7p is a section of the homoge-
neous bundle on G /M associated to the M-representation A*IL*. Therefore, it
follows that the wedge product of ¥ with such a pullback is nontrivial if and
only if I* A =0 and ;¢ # 0.

Hence we consider the ansatz
=Y o NPT LN BTN ZINZ AW
JEL JEZ

0<p,qk—p,k—q<n the complex numbers x via

where «; and 8; are complex numbers for all j € Z which satisfy «; = 0 for all
j <0and j > min{p, ¢}, whereas §; =0 for j <0 and j > min{p —1,¢ — 1}.
(2) Since 1 is contained in the ideal generated by I'* by definition, it follows im-
mediately from Proposition 4.3.1 that dpy = 0.
(3) Now we need to ensure that ¢ is also contained in the kernel of the operator
Opdp. Using that the P-differential is an antiderivation and the formulae in
section 4.2.1 a direct computation shows

dpy) = Z 2ajwf’qm+1 + Z 28,2 NZ" A wffl’qflm mod (I™*).
JEL JEL
Since by Proposition 4.3.1 the ideal generated by I* is contained in the kernel of
the P-codifferential, it suffices to choose the coefficients o; and 3; appropriately.
Applying Theorem 4.3.1 we deduce that dpdp1p = 0 if and only if the recursions
G+D+1=(p+4q)—jojr = —J)a— 1)y
G+Dn+1=(p+q) —5)B=w—i)g—i)Bi-

are satisfied for all j € Z.

(4) In the last step we explicitly solve the above recursions. First, if we compare
the relations of a; and ; with Proposition 4.2.2 we obtain that

o p,q;n+1 L p,qg;n+1
aj = oK , B = ﬁﬁj+1
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for all j € Z, where « and 8 are complex numbers. Here, the left equation is
well defined for all j € Z and all o € C. However, for j = —1 we have f_; =0
and kD@1 =£ 0 by definition, so the second relation implies that § = 0 and
therefore 3; = 0 for all j € Z.

In particular, the above congruence for the P-derivative of i reads as
dpt =« Z n?’q;n"'ll* A wé”qm'i_l mod (I*),
JEZ
and by Theorem 4.2.2 the sum on the right hand side is trivial. Therefore, we
deduce that dpt is already contained in the ideal generated by I*.
Thus, we define for all 0 < p, ¢, < n with p+¢ < n the BGG-compatible Poisson

kernel

- p,gin+1 rx D,q;n
Vpg = E K " Awy™.
JEZ

Furthermore, we denote its associated Poisson transform by W, ,, which factors

to a G-equivariant operator W, , defined on sections of the homology bundles
Hpiq(G/P)  C.

(1)

Case 2: Let 0 < p,g <nwithp+q¢g>n+1.

The pullback of a section of H,;,(G/P) along mp is a section of the ho-
mogeneous bundle over G/M associated to the M-representation A*1L* ®
((e/m)/L)" by construction. Moreover, by section 4.1.4 we can identify the
M-module ((¢/m)/L)" with the M-invariant subspace of (g/m)* generated by
I*. Therefore, we deduce that the wedge product ¢ with of the pullback of a
section of the homology bundle is trivial unless I* A ¢ # 0.

Furthermore, we choose our ansatz to consist of wedge products of basic
invariant forms with an odd number of M-invariant 1-forms, so we need to
ensure that either Z* A “han o or 75 A w¥ 41" are summands contained in
our ansatz. Since the latter can be written as the complex conjugate of the
former with the parameter p and ¢ exchanged, so we will consider the ansatz

Y= ZajZ* /\wﬁ?fl’qm
JEZ
where «; are complex numbers which are trivial for all j < p+¢—(n+1) and
j > min{p — 1,q}.
In order to guarantee that dpy = 0 we apply the explicit formula in Theorem
4.3.1 to our ansatz and shift the index j properly, which yields the condition

G+2)((n+1)=p+q +i+Dajm=@—7—1)(q—ja;

for all j € Z. Now comparing this with Proposition 4.2.2 shows that

- p,q+1n+1
Qj = QK

for all j € Z, where « is an arbitrary complex number. In order to simplify the
following computations, we will choose o = 1.

Next, we compute the image of our ansatz under the P-differential. Since dp
is an antiderivation we can use the formulae for the derivatives of the invariant
forms of low degree in section 4.2.1 to deduce that

dp) =2 Z ajwf’q;nﬂ +2i Z & Z*NZ A wffl’qfl;" mod (I*),
JEZ JEZ
where the coeflicient @&; is given by

a; = (j+ Daji1 + (¢ — j)oy.
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Since (I*) is contained in the kernel of dp due to Proposition 4.3.1 we can
compute dpdpip by applying the formulae for the P-codifferential of the basic
invariant forms in Theorem 4.3.1 to the two sums on right hand side of the
above congruence. In this way, a direct computation shows that Opdpt) is
nontrivial.

Thus, we have to find an appropriate error term e for ¢ contained in the
kernel of the P-codifferential which makes our ansatz BGG-compatible. By
Proposition 4.3.1 we will choose € to lie in the ideal generated by I, i.e.

e=> Yl AWPE LN iGN ZENZ AT
JEL JEL
for appropriate coefficients ; and ¢; € C. Explicitly, with jo :=p+¢— (n+1)
these satisfy v; = 0 for j < jo + 1 an j > min{p, ¢}, whereas J; = 0 for j < jo
and j > min{p —1,q — 1}.
Using the formula for the P-derivative of such a form from case 1, we
immediately obtain the following congruence modulo (I*):

dp(Y+¢€) = Z 2(aj + ’Yj)wf’qurl +2i(a; + ;) 2% A Z°A wﬁ?*l,qfl;n.
JEZ
Therefore, if we apply the formula for Op from Theorem 4.3.1 we deduce that
Opdp (1 + €) = 0 if and only if the recursions
(1 +%+1) G+ Dn+1-@+g +i+1)=(—75)qg—J) (o +75)
(@ +0;)(G+Dn+1—(p+q)+j+1)=p—j)a—7)(@-1+5-1)
are satisfied for all j € Z.

Thus, our final task is to solve the above recursions for the coefficients v; and
;. First, from Proposition 4.2.2 we deduce that

— APt tl 5o Sepantl
Vit oy =YK ) (5j—|—0¢j_(5/-§j+1
. . Lint1
for complex numbers y and &, so if we insert a; = x5 as well as the
definition of a;; we obtain
— ~ApPantl P,q+1in+1
Vi = UK — Kj11 )
— §ppantl ; P,q+1;n+1 - Pa+1ntl
6 = ORI — (1 + )R = (g = 7)r5 .

For the first equation, recall that we assumed that ~;, = 0, so for j = jo a
direct computation shows that

_ (pant1\ " pagttns1 _ (R+1—9)
7= "o Kjot1 - Yg—n
pr-gqg—n
By definition of the coefficients nf’q;k this implies

(n+1-—9q) P @l pigtlintl p+1 Pt Latlind1

T g —n i+ T ptq—n it

Similarly, if we insert j = jo — 1 into the expression for §; we use the
assumption d;,_1 = 0 as well as Hf{’)qﬂ;”ﬂ = 0 to obtain that

5= jO (K:;'),q;nJrl)_l Hp,q+1;n+1 _ ]O(TL + 1-— q) )
Jo Jo+1 p+qg—n
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Using the definition of the complex numbers % 4k 3 direct computation shows
that
Jom+1—9q) pant1 ) q+lintl N pgtlintl
b = B = G D — -
_ p +1 I{erl ,q+1; n+1
p+g—n 7t

In particular, we see that the error term € is uniquely determined.
Thus, for all 0 < p,q < n with p+ ¢ > n 4+ 1 we define the BGG-compatible
Poisson kernel

1. +1 .
_ PAFLntL g n phan p gEPLathntlpe o pain
2 : Rj+ j prq—n it j

. p+1 - 1g—Tlin—
—4 p Kpi—%,q-&-l n+1I* ANZ*NT* A wp 1,q—1;n—1
ptqg-—n’ !

and denote by \I/ o its associated Poisson transform and by ‘I’l its induced G-
equivariant operator defined on sections of the (p + ¢)-th complex1ﬁed homology
bundle over G/P. Note that by construction the complex conjugate of 1, , is
also BGG-compatible, and we denote its corresponding Poisson transform and G-

equivariant factorization to the homology bundle by \IJ . and \Ilg o> respectively.

THEOREM 4.3.2. Let G = SU(n + 1,1), K =2 U(n + 1) its maximal compact
subgroup and P its minimal parabolic subgroup.

(i) If p+ q < n, then the image of the operator @pyq is contained in the space of
harmonic differential forms on G/K.

(i) For p+q > n+ 1, then both operators \I'p q and \Isz),q have values in the space
of harmonic differential forms on G/K.

ProoF. Follows immediately from Theorem 2.2.3. O

4.4. Properties of the BGG-compatible Poisson transforms

Following the construction of BGG-compatible Poisson kernels our next aim
is to analyse the image of the corresponding Poisson transforms with respect to
differential operators on G/K. For that, we will first analyse the image of the basic
invariant forms under the K-Hodge star in 4.4.1, which will afterwards lead to
explicit formulae for the K-codifferential as well as for the M-equivariant map L,
corresponding to the adjoint of the Lefschetz map. Finally, we use these in 4.4.3 to
determine the properties of the images of the BGG-compatible Poisson transforms
constructed in 4.3.2. Resulting from this, we will also determine a family of BGG-
compatible Poisson transforms between real valued differential forms which has
properties similar to Gaillard’s operators on the real hyperbolic space.

4.4.1. The K-Hodge dual of the basic invariant forms. In order to ob-
tain formulae for the K-codifferential and the operator L} we have to analyse the
image of the basic invariant forms under the K-Hodge star. Explicitly, if p, ¢ and
k are positive integers satisfying 0 < p,q,k — p,k — ¢ < n, it will be necessary to
derive a formula for w A gw?’ @k where w is any of the M-invariant forms of degree
2 from section 4.2.1.

We will start by identifying the pullback of the Kéhler form on G/K along the
canonical projection g : G/M — G/K, which corresponds to an M-invariant form
on g/m of degree (2,0) and K-type (1,1). In this way, we also obtain an expression
for the K-volume form voly := % (1) on the horizontal subspace of (g/m)c.
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LEMMA 4.4.1. Let G = SU(n+ 1,1), K C G its mazimal compact subgroup
and M C G the intersection of K and the minimal parabolic subgroup of G. Let g,
t and m be the Lie algebras of G, K and M, respectively. Then the pullback of the
Kdhler form of G/K to G/M corresponds to the Poisson kernel

1 —x
wpr = 5 (ZZ* NZ +wK)
on g/m. In particular, the (complezified) K -volume form voly is given by
1 =
VOIK = MZZ NZ /\OJK
PRrOOF. We have seen in the proof of Proposition 4.1.4 that the complex struc-

~

ture J on p/m induced by the isomorphism p/m 2= q is given by the complex
structure on the M-module g;/m = C" as well as the relations JE = —2H
and JH = 1E. Since the Euclidean metric on p/m is the pullback of the K-
invariant metric on q we deduce that the M-invariant form wj; can be determined
via wyr(€,m) = gu(JEm) for all £ n € p/m. Using the formulae for gp; from

Proposition 4.1.4 a direct computation shows

1 —
wMzi(iZ*/\Z +WK>.

In particular, we can express the K-volume form via volgx = ﬁw}’jl by con-
struction, and expanding this wedge product we obtain the claimed formula. O

In the next step we determine the main tool in the proof of Theorem 4.4.1
which is a formula expressing the M-invariant form *gw? Uk in terms of powers
of the invariant 2-form wg. For that, note that the M-invariant form wp is of
degree (0,2) and thus commutes with the K-Hodge star. In particular, it suffices
to consider the K-Hodge star of those basic invariant forms which do not contain
the (0,2)-form wp as a factor. By Definition 4.2.2 this means that the parameters
of *Kw;”q;k satisfy the relation j = p+q—k > 0. In particular, for any choice of p,
q and k there is exactly one such M-invariant form.

ProrosITION 4.4.1. Let p, q and k be integers so that 0 < p,q,k—p,k—q < n.
Let X*° be a holomorphic (k—p)-vector and Y*' an antiholomorphic (k— q)-vector
on C™, respectively. Then we have

Dk p.gkp g A 7w n—(p+q)+k
(4.4.1) Lalotayt kK Wyl = € IYANNVA /\LF;(,OLF;),,le ,

where the factor eP%* is given by

Pk — (71)%(p+q)(p+q+1)*(p+q*k)2p+q*(n+1) (P +a—Fk)'(k=p)k = q)
(n—(p+aq)+k)

Proor. We will prove this formula by induction on the P-type of the M-
invariant form *Kwif;’ik. If the P-type equals (0,0), then k¥ = p = ¢ and thus the
interior products in the claimed formula disappear. Therefore, the left hand side
becomes *sz’k;k, which by Lemma 4.2.2(iii) equals *Kw’g. Moreover, from the
defining equation for the K-Hodge star and the expression for the K-volume form
in Lemma 4.4.1 we deduce that

s gwh = (nf!k)'sznliZ* NZ"A Wik,
Now assume that the formula is proven for the invariant form *xw?%* | of

p+q—k
P-type (k —p,k — q) and consider the form *pw? f;r_ljfﬂ, which by definition is of

P-type (k—p+ 1,k —q). A direct computation using Lemma 4.2.1 shows that

p,q+1Lik+1 _ p+q+1 D,a;k
LaLo XKWy Ty = (-1) 2(k—p+1>LF‘1/,o *RWpY g
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for all Y € C™, and we apply this equation to (4.4.1) for the interior product with
G%/’IO. Next, we can move the resulting interior product with Fll/io to the left, apply
the induction hypothesis and finally use the relation

(=1)Pratiok —p+ 1)5p,q;k = ghatliktl

thereby obtaining (4.4.1). Since our formula is symmetric in p and ¢ the same
line of arguments can be applied to the Poisson kernel * ngi;fjfﬂ of P-degree

Using Proposition 4.4.1 we are now able to present the main result of this
section which plays an essential role in the derivation of explicit formulae for several
M-equivariant operators in the following section. However, note that the proof of
Theorem 4.4.1 is very technical and involves long computations.

THEOREM 4.4.1. Let p, q and k be integers so that 0 < p,q,k —p,k —q < n.
Then we have:

— yPta; (j *ng-”fl—l;k +(q—1) *Kwﬁ”q_l;k).

) 5 A7 = (P (o0 () et 1)
—1,qg—1;k—1

(_
(iii) wic Al = 4j(n+1— (p+q) +j) xxwl”|

—4(p — j)(q — j) #ewt BT EE

PRrooOF. In all cases we can move the Poisson kernels wp of degree (0, 2) outside
of the K-Hodge star, so it suffices to prove the formulae in the case that those forms
do not appear. Otherwise said, the parameters on the left hand sides of (i) - (iii)
satisfy the relation j = p + ¢ — k. Note that in this way, Proposition 4.4.1 is
applicable.

(1) wiw A *wa’q;k 1
k 1

(i) Let X% and Z*° be holomorphic vectors on C™ of length n —g+1 and k —p,
respectively, and let Y®! and W' be antiholomorphic vectors of length n—p
and k£ — ¢ + 1, respectively. Our aim is to rewrite the expression

(wew A xxwPEF ) (2,7, FR°, Fy', G, GRy) = ()

as the image of a basic invariant form under the K-Hodge star.

In order to do so, we first expand the wedge product by inserting the
vectors F)l(O and G?,[’,t into wiy, where we pick up the signs (—1)**! from the
first vector and (—1)*"%*¢+! from the second vector. Next, by Lemma 4.2.1
the expression wtw(F)l(’_?, G%’,ﬁ) coincides with fin(F)l(’SO, F&}tl), and we apply
Proposition 4.4.1 to * Kw;’fz]’i 4> which adds the coefficient ic”%*. In this way
we obtain that

_ k—q+s+t_p,q;k 1,0 20,1\ n—(p+q)+k 1,0;s 10,1 1,0 10,15t
(*) —Z(_l) Trettepa WK(FXS’FWt)wK (Fx By Fy L B )7

s,t

where the wedge product F)li’O;s of length (n — ¢) is obtained from F)l(’0 by
omitting the s-th factor, and similarly for F&’,l;t.

Using that the Poisson kernel wg is of K-type (1, 1), an easy computation
shows that () splits into the sum A + B, where

k—qg+1 &k n—(p+q)+k+1,-1,0 ~0,1 01,0 0,1
A::n—(p—‘,—q)—i—k‘—FlEp,q) W pra (FX7FY7FZ 7FW)
k—pk—q+1

oy
I

k—p+r+t_p,q;k 1,0 70,1\ n—(p+q)+k 1,0 10,1 7521,0;r 770,158
Z Z (—1)FmPrrTiend wK(FZr7FWt)wK (B By By 70 By ).
t=1

r=1
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Our aim is to manipulate the expressions A and B so that the occurring
Poisson kernels have the same types and degrees as wyy, A * ngf;k_ K

Since A is given by a power of wg we can immediately apply Proposition
4.4.1, which allows us to write it as a multiple of the kernel *ngf;_l}f_l
evaluated in the same arguments as (x). Moreover, for the resulting coefficient

of A we obtain by definition that

k—q+1
n—p+q +k+1

Pk (Z-gp,q—l;k)_l = (=1)P92i(p+q — k),

so we see that
A= (rip g = k) (e 10 ) (27,50 YL G 6.

In order to bring B into the right shape, we first apply Proposition 4.4.1 to
change the power of wx to the Poisson kernel x ngfq:l}f_l. The resulting
coefficient can be simplified using

etk (jera=lik=1) "1 _ (_ypratlojf — p).

Furthermore, we use Lemma 4.2.1 to replace wK(Fé’TO, FI(/)th) with the expres-
sion wp(G}S, G%,lf) Since the Poisson kernel wp is of degree (0,2) it can be
moved into the K-Hodge star, so by Lemma 4.2.2 we obtain
. a—1ik = 1,0 0,1 ~1,0 ~0,1
B = (-1)"*92i(k - p) (ool ) (2.2, P PG G0, G,
Since both expressions A and B have the same arguments as (x), the
corresponding M-invariant forms have to coincide, proving part (i).

Since the complex conjugate of * wa LT ijq-’p * the formula follows im-
mediately from ().

Let XY and Z*° be holomorphic vectors on C" of length n—g+1 and k —p,
respectively, and Y%! and W' be antiholomorphic vectors on C™ of length

n —p+ 1 and k — ¢, respectively. We proceed similar as in (i) and consider

(i A ereit ) (2,7, R0, B G, G = (o),

which we want to rewrite as the image of the K-Hodge star using Proposition
4.4.1.

First, we expand the wedge product in (xx) by inserting the vectors F' )1(?
and Fg;l into wx, which adds the sign (—1)"~97"%. Next, we apply Propo-
sition 4.4.1, thereby changing *ngf;k_k to a multiple of w?(_(p+q)_k. All in
all we obtain that

— - S . . R — 7k . .
(**) — Z(_l)n q+7+él€p’q’kwK(F)1(’0,Fg‘l)w?( (p+q) (}7}1(70,7‘71_73,1,57 lez,O7 G%Vl) '
T8

By a direct computation we can write (xx*) as the sum C + D, where

n—q+1 . pagk n—(p+Q)+k+1, 41,0 0,1 1,0 70,1
C .= eP Ty (Fy , Fy , F; " Fy ),

n—(p+q)+k+1l

N\ sk k—q+r+t+1 1,0 70,1\ n—(p+q)+k 71,000 10,1 @10 70,13t
D= ightk(—1)k1 wi (Fy?, Py Jwie (F"" Fyt Fp 0 Ft),
r,t

and we want to rewrite these two expression so that the occurring Poisson
kernels have the same degrees and types as our initial form.
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First, we can immediately apply Proposition 4.4.1 to expression C, and
the resulting coefficients simplify via

n—q+1
n—(p+q) +k+1
On the other hand, the expression D has the same form as expression (*) from
part (i), and using
jeP Tk (Ep—l,q;k—l)*1 — (_1)p+q2i(k _ q)

we obtain via Proposition 4.4.1 that

D = (=1)Pt9H12i(k — q) (wtw A *ng;;f;j‘l) (2,7, F°, Fy', G0 G

ieP B (jeP=ha= IR T g g 4 1) (p+ g — k).

All in all we get
Wi A kP Bk r=4n—q+1)(p+q—Fk)xx w;:;f,;l;lk_l

ptq—
+ (=1)PTI24(k — q)wiw A *ng_;;f;f_l,

so the claimed formula follows from (i). O

As an immediate Corollary we obtain that every M-invariant form gw? ik

can be expressed as a linear combination of basic invariant forms. In particular, for
the construction of BGG-compatible Poisson transforms in section 4.3 it sufficed
to only consider those operators induced by wedge products of the basic invariant
forms.

4.4.2. The invariant operators from G/K. In the next step we compute
explicit formulae for the images of the basic invariant forms under M-equivariant
maps which are induced by certain G-equivariant differential operators on G/K.
These will be needed in section 4.3 to determine the geometric behaviour of the
images of the BGG-compatible Poisson transforms constructed in section 4.3.2.

First, recall from section 4.2.1 that the decomposition of Poisson kernels into K-
types induces a splitting of dg into the sum of the two operators Ox and O, which
map Poisson kernels of K-type (p,q) to those of K-type (p + 1,¢) and (p,q + 1),
respectively. Geometrically, this corresponds to the decomposition d = 0 4 0 of
the exterior derivative on G/K as in section 4.1.2. Indeed, the same arguments as
in Proposition 2.2.3 show that if ¥ is any Poisson transform with kernel 1, then
0o VU is again a Poisson transform with kernel dx v, and similarly for its complex
conjugate. Furthermore, the operators Ok and dx are again antiderivations, square
to zero, anticommute with each other and are related via dxv = Ox for all M-
invariant forms ¢ on (g/m)c. In particular, we can compute the image of the
basic invariant forms under these operators using the corresponding formulae for
the Poisson kernels of low degree from section 4.2.1.

Next, we want to compute the K-codifferential of the basic invariant forms
w 4% Since the dimension of the symmetric space G/K is even we obtain by defi-
nition that g = — *x dx*x. Furthermore, the decomposition of the K-derivative
induces a splitting of dx into 0% —&—5;, where 0% = —*x Ok maps M-invariant
forms on (g/m)c of K-type (p,q) to those of K-type (p — 1,¢q), and similarly for
5}. In particular, since the K-Hodge star is a complex linear map these operators
are again related via 951 = 52@ for all M-invariant elements ¢ € A*(g/m)c.

In section 4.3 we constructed BGG-compatible Poisson kernels as a linear com-
bination of wedge products of an odd number of M-invariant forms of degree 1
and a basic invariant form wy ¥ for specific choices of p, ¢ and k. We will deter-
mine formulae for the K-codifferential of these M-invariant forms in the following
Theorem.
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THEOREM 4.4.2. Let p, q and k be integers so that 0 < p,q.k —p,k—q <n
and let j be in the admissible rangle. Then we have

* x A ¥ ,q:k Z* ,q;k
N (Z*NZ ANPTT) = 2(n—k)Z Aw?
2ij(k — (p+q) + )" NZ*NZ" NwhZ e
—2i(p—j)n—k+p—j+D)I"ANZ*NZ AwhPEEL
In particular, for the wedge products of a basic invariant form with an odd number
of M -invariant 1-forms this implies that

0 (Z* N wf’q;k) =2n+1- k,)w]p,q;k
+2ij(n+1—(p+q) + )2 NZ Awh_ Pt H
_ Qi(p—j)(q —j)Z* /\7* /\w;)—l,q—l;k—l
+2ij(k — (p+q) + )" A Z* NwbZ P!
—2i(p—j)n—k+q—j+V)I"NZ" N
O (Z" Nl Y = 2ij(k — (p+q) + )" NZ" AWl PP
—2ilp—Nn—k+q—j+V)I*"ANZ /\wg?—l,q;k—l’

—1,q;k—1
9

as well as
* * R . A A —1,q—1;k—
05 (I" NP T*) = 2ij(n+ 1= (p+q) + HI"AZ NP1 H
— QZ(p _])(C] —j)I* A Z* Aw§—17q—1§k—1’
(I NZ* NZ" ANPT*) = 2(k —n+ )" NZ AWl

PROOF. In order to compute the image of w := Z* A Z A wf’q;k under 9% we

have to first apply the K-Hodge star and afterwards the operator O, which we
want to determine using formula (1.2.4) for the infinitesimal version of the covariant
exterior derivative. For X, Y € C" let £x and ny be the representatives of F'y
and Gy in p and ¢, respectively, whose m-part is trivial. Then if we denote the
representatives of Z, Z and I with trivial m-part by the same symbol, the bracket
relations between these vectors are given by

1 1 )
Z.6x]=5¢x, 121 =26 - o (L6 =6 —ny).

for all X, Y € C" via the formulae at the end of section 4.1.1. Since the Poisson
kernel *xxw is trivial upon insertion of any invariant vector in (g/m)c, formula
(1.2.4) together with these bracket relations imply that

5K*KW:7*/\L75K*KW+I*/\L15K*KW-

We will first compute the expression for the special case that the M-invariant
form wp does not appear as a factor in wﬁ-”q;k. By Definition 4.2.2, this means
that j = p+ g — k and that Theorem 4.4.1 and Proposition 4.4.1 are applicable.
Afterwards, we will prove the general case by using the antiderivation property of
the K-derivative.

(i) Therefore, assume for now that j = p+ ¢ — k > 0. If we insert the bracket

relations from above into the formula (1.2.4) for the exterior derivative we
immediately obtain that

L75K kg w=(k—n)*x w.
Thus, it remains to determine ¢;0x * g w. Since the Lie bracket with the vector

I preserves holomorphic and antiholomorphic vectors, it suffices to consider
the case of inserting k — ¢ — 1 antiholomorphic vectors in L¢ C (¢/m)¢ into
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this form. So let X'° and Z'° be holomorphic vectors on C" of length n — p
and k — p, respectively, and let Y%?! and W%! be antiholomorphic vectors on
C™ of length n — ¢ + 1 and k — g — 1, respectively. Then the formula (1.2.4)
of the infinitesimal version of the exterior derivative yields

(10K +x w)(FR"Fy', Gy°, Gyy)
_ 0,1 1,0 0,136 ~1,0 ~0,1
ZZ(—U” PH (xgw) (GiYg’FX Fy T, Gy aGW)
¢

= (%),
where F%M is obtained from the wedge product F%l by omitting the ¢-th
factor. From Lemma 4.2.1 it follows that

g w0 = (P25~ g (27 AT A )

and inserting this into (%) and moving the vector F}%l to the right place shows

Bk = (~DPH ik~ g)(n— g+ 1) #xc (2 AT AW ).

All in all we have determined the expression O *x w, and applying the neg-
ative of the K-Hodge star yields

Dew =2(n—k)Z A wf’qﬂ“

—2i(k—q)(n—q+ )" ANZ* NZ" AP HERL

J
(ii) In the general case we use Lemma 4.2.2 to decompose our Poisson kernel into
the wedge product

W= (Z* AT A w§77q;p+q—j) A w;c;(zﬂrq)ﬂ"

where the first factor on the right hand side is of the same form as in (i). If we
apply the definition of 9}, to this decomposition we can first move the power
of wp outside of the K-Hodge star since this kernel is of degree (0,2). Next,
being an antiderivation we can distribute the operator dx over the wedge
product, where the image of the first factor was computed in (i), whereas the
image of the power of wp can be computed via the formulae in section 4.2.1.
Afterwards, we use Theorem 4.4.1(ii) to write the resulting Poisson kernel as
an image of xx and finally apply Corollary 4.1.4(i) to move the M-invariant
1-forms outside of the K-Hodge star.

The formulae for the images of the other Poisson kernels under 9} follow by
combining the above with the calculus on g/m from Corollary 4.1.4 and the K-
derivative of the Poisson kernels of low degree from 4.2.1. As an example, we
compute the K-codifferential of the Poisson kernel Z~ Ay 4k In order to do so, first
rewrite this form as 1zw and apply the K-Hodge star, which equals %(—l)pﬂf* A
s gw using Corollary 4.1.4 and the relation 22° = Z". Next, we apply the operator
O, where we make use of the fact that 9xZ = 0 (c.f. section 4.2.1). All in all we
obtain

e . 1 e
% (Z A wqu»’“) = ()P g (z Ak K w) = 10%w,

2
where we applied Corollary 4.1.4(i) for the last equality. d

Finally, recall from section 4.1.2 that we introduced the Lefschetz map £ on
differential forms on G/K as the wedge product with the Kéhler form w. Analo-
gously, we define the K-Lefschetz map L : QF(G/M) — QF+2(G /M) as the wedge
product with 73w, where 7k is the canonical projection G/M — G/K as before.



132 4. POISSON TRANSFORM FOR COMPLEX HYPERBOLIC SPACE

By construction, this map is G-equivariant, and we denote the induced M -invariant
operator on A*(g/m)* as well as on its complexification by the same symbols. Fur-
thermore the image of an M-invariant form of K-type (p, q) under L is of K-type
(p+1,q+1). Geometrically, if ¥ is a Poisson transform with Poisson kernel v, then
the transform associated to the kernel Lx coincides with the composition £ o ¥,
which can be shown using the same arguments as in the proof of Proposition 2.2.3.

Subsequently, we defined in section 4.1.2 the G-equivariant operator L£* as
the adjoint of the Lefschetz map with respect to the Hermitian product, which
can also be computed using the Hodge star operator on G/K. By naturality, we
obtain a corresponding G-equivariant operator L% : QF(G/M) — QF=2(G /M) by
Ly = *Rlﬁ K*I}l, and we denote its induced M-equivariant map by the same
symbol. By construction, if ¥ is a Poisson transform with Poisson kernel v, then
the transform associated to the kernel £} coincides with the composition £* o U,

PROPOSITION 4.4.2. Let p,q and k be integers so that 0 < p,q,k—p,k—q<n
and let j be in the admissible range. Then the image of the corresponding basic
invariant under the operator Ly, is given by

* »q5 , sk— . s k—
Lyl =2j(n+1— (p+q) + j)w? - —2(p — j) (g — jwh L
Furthermore, we have
L3 (27 NDTRY = 25 A L3l L3 (27 ADTRY = 77 A Ll T
Lic(I* AwhT®) = T* A LjewhT*
as well as
Ly(I"NZ*NZT NP TEY =T NZENT A Ljewl T — 200 AWl oE,
PRrOOF. Recall from Lemma 4.4.1 that the pullback of the Kéahler form on G/K
along the canonical projection mx corresponds to the M-invariant form
1 —x

which is by definition of degree (2,0) and K-type (1,1). Therefore, if we apply the
operator L}, = *}1£K*K to any M-invariant form ¢ on (g/m)c, then from the
calculus on g/m in Corollary 4.1.4(i) and Proposition 4.2.1 we obtain that

*I_(l (Z* ANZ" A *K¢) = diz17.

On the other hand, we can express the wedge product wy A xx1) again as an image
under the K-Hodge star using Theorem 4.4.1(iii).
For ¢ = w¥ ¢k the interior product with Z and Z is trivial, so the formula for
%Y reduces to

k1 k
xwi =~ st wie A kW)
K 5 *K

=2j(n+1—(p+q) + i)W T —2(p — j) (g — jwb BT

The expressions for the other Poisson kernels follow analogously. O

4.4.3. The image of the BGG-compatible Poisson kernels. Using the
formulae from section 4.4.2 we are able to derive properties of the composition of the
BGG-compatible Poisson transforms from section 4.3 by applying the corresponding
M-equivariant operators to their Poisson kernels.

PROPOSITION 4.4.3. For all 0 < p,q < n let ¢, , be the BGG-compatible Pois-
son kernel defined in section 4.3.2.
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(i) If p+ q < n, then the Poisson kernels 1, , satisfy
Oxtpq =0, Licp.q = 0.

Furthermore, their partial derivatives are given by the formulae
Oktpg=(n+1=(p+9)Z" Ny,
Aptbpq =2 (042 D)2 ANbprg = (n+2= )7 Atpg1)
(i1) If p+q > n+ 1, then the Poisson kernel v, , defined in section 4.3.2 satisfy
Oxtpg =0, Dxpgr =0 Lgtp,q = 0.

Furthermore, the K-derivative of 1y, , is given by

dxtpg = —P+9)Z Apg— (@ +2)T" ANy gs,
whereas its P-derivative satisfies for p+ q > n + 2 that

1-— —x
dptpq = (Ziqz)% ((n +1=P+9))Z Npg—1—(¢+1)I" A wp,q) 3

and for p+q=n+1 that

dpipq = 2ip ((q + 1) Z" Apo1,g— P+ 1)Z A 1/)1074—1) -
Finally, its K -codifferential is given by
Sxtpg =20+ q—n) (tz¥pq + (0 + 2P 1zp-1,441)
=27 (p+a— (n+ 1) utp-1,

Proor. (i) Recall from section 4.3.2 in the case 0 < p + ¢ < n the Poisson
kernel v, , was defined by

JEZL
First, using the formulae for the holomorphic part of the K-derivative of
the invariant forms of low degree we immediately obtain that

Oxthpg=Mn+1=(p+q9)Z" Ny 4.
Similarly, from the formulae for the P-derivatives of low degree and the rela-
tion
(] + 1)H§f;ln+l + (p _ j)ﬁ?qwﬂrl _ (’I’L +2— p)ﬁ;;fl,q;rpkl
we deduce that

dpthp.q = Z P e tl  pantl
) J J

JEL

+2i (0 +2=p)Z* Abprg =~ (0 +2=0F Atpaa),
and the first sum is trivial due to Theorem 4.2.2.

Next, we apply the formulae for the operator 9} from Theorem 4.4.2 and
shift the index j appropriately, obtaining that
Opcthpg =20y RjI" NZ" Awb™hI Tl
JEZ

where the coefficients are given by

~ . . : 1 . . ; 1
Fi=0+Dm+1=p+q +i+Ds0E" = (p—j)(g— j)sh e
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However, due to the linear recursion (x) from Proposition 4.2.2 it follows that
k; = 0 for all j € Z, hence 0%, 4 = 0. Furthermore, the complex conjugate
of ¥y, 4 equals v, ,, which implies

@wp,q - 8?(1/}11717 =0

and therefore also 6k, 4 = 0.

Finally, using the formulae for the adjoint of the K-Lefschetz map from
Proposition 4.4.2 and shifting the index j appropriately we obtain in the same
way as above that

E}'{)f}p,q = QZ I?Ej.[* A w;{)*l’q*l;nfl —0.
JEL
If p+ ¢ > n+1, then the Poisson kernel 1, ; was defined in section 4.3.2 by
_ P:q+1;n+1Z* p—1,q;n P+ 1 P+1,q+1;n+11—* puain
Ypq = Z Fjt1 A wj + ki A
j p+qg—n
— i£HP+1JI+1;n+1I* A Z* NN P e lin—1
p+qg—mn It2 j .

In order to determine its image under the operators 0k and 9} we will rewrite
this form as

_pHl

Upq=2" NUp_1,4+ p+q-— nPk N p.g;

where

L p+1,qg+1;n+1 crx A 7T p—1,g—1in—1
Upq = E Kii1 (wrg —iZ"NZ ) Nwj—y .
JEZ

Using the formulae for the partial derivatives of the invariant forms of
low degree in section 4.2.1 as well as the definition of the coefficients ok g
direct computation shows that

Ok (Z* Np-1,4) = =P+ 1)Z" ANy g,

ptl . .
O (Gt ) = 007

hence by linearity it follows that Ok, ¢ = 0.
For the antiholomorphic part of K-derivative of 1/, ; we apply the formulae
in section 4.2.1 as well as the relation

(41— (p+q) +j)rEEH" T 4 (p— j)RDITET = (g 4 2)rBf 20
to obtain
5K(Z* N 19p—l,q) =n-(p+ Q))j* ANpq — (g+2)I" A Up,g+1

—(p+ 1)) RELPTTEIAZT Ay .
JEL

On the other hand, we have

Ix <p+qn1 A 19p,q) =+ 1) K TENT Ay g,
JEZ

so by linearity of Jx we obtain the claimed formula.
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Similarly, using the formulae for the P-derivative of the invariant forms
of low degree in section 4.2.1 as well as the definition of the coefficients KJp ik
from Theorem 4.2.2 a direct computation shows that

n+1
dpthpq = 2t p+qq2<n+1—(p+q)) ?finHZ /\Z*/\wp Lg—lLin
JEZL

(p_|_1) p+1,q,n+1Z /\I*/\wpq Lin
— (q+ VDI A 27 AT )

Now for p+ ¢ > n+ 2 the claim immediately follows from the definition of the
Poisson kernels v, 4 for p4+ ¢ > n+ 1. Moreover, in the case p+¢=n+1 we
first apply the equation nﬁ’f’q’"ﬂ ﬁ?’q_l;"ﬂ, and comparing the result to
the definition of v, , for p + ¢ = n yields the claim.

Next, we determine the K-codifferential of 1, ,. Here we can directly
apply the formulae developed in Theorem 4.4.2 and afterwards rewrite the
coefficients of the resulting linear combination via the definition of the complex

numbers n? ik . Similarly, we obtain that 01, is a linear combination of

the invariant forms " NZF Nwi™ La=bn Using the identity
o Poatlint1 P+l prigrimer _m—gtl P @+l
I p+g—n It p+q*n K

the corresponding coefficients can be written as a multiple of
. . NH 1 . »q; 1
G+Dn+1—(p+q) +j+DPE" = (p—j)(g— j)rb?

which are trivial due to the relations (k) in Proposition 4.2.2.

Finally, the K-Lefschetz map is given by the wedge product with the
pullback of the Kéhler form of G/K along the canonical projection, which by
Lemma 4.4.1 coincides with the invariant form 1 (zZ*/\Z +wg). Applying this
to our Poisson kernel v, , we deduce that the Wedge product of first summand
%Z* ANZ" s only nontrivial for the second sum of 9, 4. On the other hand,
applying Theorem 4.2.2 to %w;{ A p q only the third summand is nontrivial,
and after shifting the index j appropriately we obtain that Lx,,=0. O

Using Proposition 2.2.3 we can translate the formulae from the last Proposition
into properties of the corresponding G-equivariant operators

L(Hp44(G/P) @ C) — QP9(G/K)
for all 0 < p,q < n.

THEOREM 4.4.3. Let G = SU(n + 1,1), K 2 U(n + 1) its mazimal compact
subgroup and P its minimal parabolic subgroup. Let p and q be integers with 0 <
p,q < n.

(i) For p+q < n let \i/p’q be the G-equivariant operator induced by the BGG-
compatible Poisson kernel 1, ,. Then this operator satisfies

do \I'pﬂ =0, Lo \i/p,q =0.

(i) For p+q > n+1 let \illlw and \1'1277,1 be the G-equivariant operators on the

homology bundles induce by the kernels v, ; and 1), p, respectively. Then the
first operator satisfies

Eo\ifé)q:(), Dol =0, d oU! =0,

p,q p,q
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whereas the second operator has the properties

Eo\i/f,’q:(), 9o U2 0, O o2 =0.

g g

PrOOF. (i) By definition, for all sections « of ker(9*) the differential forms
¥, ,(7(a)) and ¥, () coincide, so it suffices to prove the claimed properties
for the Poisson transform ¥, ,. Moreover, by Proposition 2.2.3 we can trans-
late all the other properties to relations on the Poisson kernels 1, ,, which
have been proven in Proposition 4.4.3(i).

(ii) Follows similarly to (i)
O

4.4.4. Real valued BGG-compatible Poisson transforms. So far we
have considered BGG-compatible Poisson transforms which map between complex
valued differential forms on the CR-sphere and the complex valued differential forms
on the complex hyperbolic space. However, our initial setting was phrased in terms
of real manifolds, hence our aim in this section is to construct BGG-compatible
Poisson kernels v, whose associated transforms ¥, map between real valued dif-
ferential forms on G/P and real valued differential forms on G/K of the same
degree.

First, recall from Lemma 4.3.1 that a BGG-compatible Poisson transform W
between real valued differential forms of degree k is BGG-compatible if and only
if the Poisson transforms 7, ; o ¥ have the same property for all p + g = k, where
Tp,q: QPTG /K,C) — QP9(G/K) denotes the canonical projection onto the space
of differential forms of type (p,q). Thus, we will define ¥y, as a linear combinations
of the operators constructed in section 4.3.2 so that it maps into the space of real
differential forms. In terms of the corresponding Poisson kernels this can be ensured
by requiring that

(R1) Uk = Y

forall 0 < k <2n+1.

Moreover, due to BGG-compatibility the Poisson transforms Wy factor to G-
equivariant operators ¥, defined on sections of the homology bundles over G/P,
and we want these operators to be chain maps between the BGG-sequence and the
de Rham complex on G/K. Otherwise said, we will construct the Poisson kernels
1) so that they satisfy

(R2) drr = crdpiPria

for all 0 < k < 2n, where ¢;, € R is a suitable constant depending on k.

Finally, recall from Proposition 4.4.3 that for p + ¢ < n the Poisson kernels
¥p,q are K-coclosed, which implies that their associated Poisson transforms satisfy
0 oW, , =0 due to Proposition 2.2.3. In particular, for all 0 < k < n the operator
Uy, will have the same property. In order to get a uniform picture we assume that

(RS) oY =0

forall0 <k <2n+1.
In order to construct Poisson kernels v, which satisfy the above requirements

we have to distinguish two different cases.

(1) First, let 0 < k < n and recall from section 4.3.2 that the complex conjugate
of the form 1, , with p + ¢ = k is given by 1, ,. Thus, it suffices to consider
the ansatz

Yy = Z )\p,qu,qv

p+aq=k
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where )\, , are complex numbers satisfying A, ; = A, ,. Then this invariant form
is real by construction and trivial under the K-codifferential due to Proposition
4.4.3(1).

Thus, we have to choose the coefficients of 15 in such a way that (R2) is
satisfied, which by the formulae for the partial derivatives of v, 4 in Proposition
4.4.3(i) is the case if and only if

m+1—-k)Apg=c2i(n+1—p)Apt1,4 = —cx2i(n+1—q)Apg41
for all 0 < p,g < n — 1. In order to obtain simple coefficients we choose
¢ :=n+1—k and define
(n+1—pln+1-ygq)
(n+1)2
In this way, the Poisson kernel v, satisfies our requirements (R6) - (R3) for all

0<k<n.
(2) Similarly, for all n +1 < k < 2n + 1 we consider the ansatz

1 -
Yy = Z 9 ()‘p,qu,q + )‘q,pwq’p) )

p+q=k

. 9—k;p—q
Apg i=2""1

which is a real Poisson kernel of degree (k,2n + 1 — k) by construction. First,
applying the formula for the K-codifferential of the Poisson kernels 1, , in
Proposition 4.4.3 and using linearity of dx it follows that ) is K-coclosed if
and only if its coefficients satisfy the relation

)‘p+1,q + /\q+17p =0

forallp+g>n+1.
Furthermore, we want to choose the coefficients so that

Ay = crdpri1
for all kK > n+ 1. In order to do so, note that Proposition 4.4.3 immediately
implies
(p+q—n+1)dptpgr1 = 2i(n — q)drpq.

Thus, using linearity of the partial derivatives we deduce that the coefficients
of v, have to satisfy

(k=n+1)Apq = cx2i(n — q)Ap g11

for all p,q. In order to obtain an explicit solution we choose ¢, := k —n +1
and define

P (n+1)12
In this way, the Poisson kernel 1, satisfies our requirements for all n +1 <
k < 2n+1. Note that with these choices of coefficients the Poisson kernels also
satisfy

dthn = dptny1
due to Proposition 4.4.3.

Let Uy: QF(G/P) — QF(G/K) denote the Poisson transform associated to the
kernel ¢y, for all 0 < k < 2n + 1 and let U, denote the induced G-equivariant
operator on sections of the corresponding homology bundles. Then the connection
between M-equivariant maps on the space of Poisson kernels and the composition
of differential operators on G/K with Poisson transforms provided by Proposition
2.2.3 leads to the following Theorem.
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THEOREM 4.4.4. For 0 < k < 2n + 1 the Poisson transform Vi factors to a
G-equivariant operator

Uy D(Hi(G/P)) — Q(G/K),
which has the following properties:
(i) The image of \iljc consists of harmonic and coclosed differential forms.
(i) The images of Uy, are primitive for 0 < k < n and trivial under the Lefschetz

map forn+1<k<2n+1.
(iii) For all 0 < k < 2n+ 1 we have

do \I’k e (|n — /45| + l)qlk-&-l o Dy,
where Dy,: T'(Hi(G/P)) = I'(Hi4+1(G/P)) denotes the k-th BGG-operator.

PROOF. (i) Since the operator Wy, is defined by Wy (7w(a)) = ¥y (a) for all

a € T'(ker(9*)), it suffices to prove that the same properties hold for Uy.
First, by Theorem 4.3.2 the images of the Poisson transforms ¥, , consist of
harmonic differential forms, so by linearity the same is true for the images
of U,. Moreover, we constructed the Poisson kernels 5 so that they satisfy
o = 0 for all 0 < k < 2n + 1, hence Proposition 2.2.3 implies that the
images of Wy, are coclosed.

(ii) Follows from Theorem 4.3.2.

(iii) Recall that we defined the Poisson kernels 1)y, so that

drr = (In — k[ + 1)dptri1

for all 0 < k < 2n. Since the dimension of G/K is even, we obtain from
Proposition 2.2.3 that d o Uy, = (Jn — k| + 1)U}, o d and therefore

(In—k|+1)(TpoDy) = (n—k|+1)(Trodo L) =do Wy,
where we used that ¥y, = ¥}, o L due to BGG-compatibility. (]
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Zusammenfassung

Das Ziel dieser Dissertation ist die Einfiithrung eines neuen Zugangs zu Pois-
sontransformationen zwischen vektorbiindelwertigen Differentialformen auf homo-
genen parabolischen Geometrien G /P und vektorbiindelwertigen Differentialformen
auf dem entsprechenden Riemannschen symmetrischen Raum G/K. Explizit sind
diese Abbildungen gegeben als Integraloperatoren, die zu G-invarianten Differen-
tialformen auf einem homogenen Raum von G assoziiert sind, und damit vollstindig
durch invariante Elemente in einer endlich dimensionalen Darstellung einer reduk-
tiven Lie Gruppe bestimmt. Weiters erlaubt der auf den Differentialformenkalkiil
zugeschnittene Ansatz dass Kompositionen von Poissontransformationen mit bes-
timmten G-dquivarianten Differentialoperatoren wieder als solche ausgedriickt wer-
den konnen. Dadurch kénnen wir Operatoren mit vorgegebenen Kompatibilitéts-
bedingungen durch Berechnungen auf dem Level der zugehorigen Darstellungen
explizit konstruieren. Als Beispiel kreieren wir eine universelle Familie von Pois-
sontransformationen ®; zwischen reellwertigen Differentialformen, deren Bilder ko-
geschlossen sind und die sich fiir glatte Funktionen auf die klassische Transformation
reduzieren.

Danach wenden wir unseren Ansatz auf den Fall G = SO(n + 1,1) an und
zeigen, dass die Operatoren ®;, Kettenabbildungen zwischen den de Rham Sequen-
zen auf der konformen Sphére und dem reell hyperbolischen Raum sind. Zusétzlich
prisentieren wir eine explizite Konstruktion einer Familie von Poissontransforma-
tion zwischen Differentialformen mit Werten in den jeweiligen Standardtraktor-
biindeln, die G-dquivariante Kettenabbildungen zwischen der zugehorigen BGG-
Sequenz auf G/P und dem getwisteten de Rham Komplex auf G/K induzieren.
Ferner sind die Bilder von gewichteten Differentialformen unter diesen Operatoren
Eigenformen fiir einen kovarianten Laplace Operator.

Schlussendlich betrachten wir den Fall G = SU(n + 1,1), wo wir eine feinere
Zerlegung des Raumes der Poissonkerne erhalten, indem wir die K&hler Struk-
tur auf dem komplex hyperbolischen Raum und die CR-Struktur auf der zuge-
horigen Randsphére G/P ausnutzen. Dies ermdglicht es in Folge Poissontrans-
formationen zwischen komplexwertigen Differentialformen zu konstruieren, die zu
G-aquivarianten Operatoren auf Schnitten der komplexifizierten Homologiebiindel
auf der CR-Sphére faktorisieren. Im weiteren Verlauf werden diese dazu verwen-
det dquivariante Kettenabbildungen zwischen dem reellwertigen BGG-Komplex auf
G/P und dem de Rham Komplex auf G/K zu definieren.
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