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Abstract

This framework is devoted to the study of the Bergman kernel named after
the American mathematician Stefan Bergman (1895 — 1977) whose work was
focused on several complex variables, it represents namely the reproducing
function of the Hilbert space of square integrable functions on a domain €2
in C™. Its definition is quite easy (using Riesz theorem on continuous linear
functional in Hilbert spaces) but it is difficult to obtain a concret computa-
tion for arbitrary domains except the case of an open ball or a polydsic.

To begin with,we recall the basic properties of holomorphic functions in sev-
eral complex variables, so we start at an elementary level with standard
results followed by a thorough discussion of the various fundamental con-
cepts of holomorphy, Cauchy formula for the polydisc power series expansion
and the Weierstrass theorem.

In the second part we recall some basic result from Hilbert spaces theory
(orthonormal decomposition, convergence of series in Hilbert spaces, Riesz
representation theorem).

In the third part, I give (without proof) an overview over the mean value
theorem for harmonic functions, then we start with our main subject: the
notion of Bergman spaces and its reproducing function called Bergman ker-
nel, in the last part of this chapter I give and I analyse some special examples
of how to compute the Bergman function of some special domains namely
the open ball, the open polydisc,upper-half plane and the ellipsoid.Bergman
metric and its invariance under biholomorphic maps will be briefly discussed.
The Fock space in one and several variables will be discussed at the end of
the third chapter .

Finally I give an overview of the so called d-bar operator and its relationship
to our main subject the Bergman kernel, so we derive a solution to the d-bar
problem in the unit disc of the complex plane: Canonical solution operator
in terms of Bergman projection. We prove that this operator is compact and
even a Hilbert Schmidt operator, then we investigate the solution operator
S to O restricted to forms with coefficients in the Fock space (introduced in
the last part of chapter 3), we will prove non-compactness of S restricted to
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(0,1) forms with Fock-space coefficients.



Zusammenfassung

Thema dieser Arbeit ist eine Einfithrung in die Theorie des Bergman Kerns in
mehreren Variablen. In den ersten zwei Kapiteln, sammeln wir alle benotigte
Grundlagen aus der Komplexen Analysis in einer und mehrerer Vernderlichen
sowie wichtige Resultate aus Funktionalanalysis.

Im dritten Kapitel, prasentieren wir die Eingenschaften des Hilbertraums
A%(Q)), wobei Q ein Gebiet in C" ist. Wir beweisen die Existenz einer re-
produzierenden Funktion des Raums A?((2), diese Funktion ist der Bergman
Kern des Gebietes ().

Im nachsten Schritt, werden wir die Bergman Funktion einiger Gebiete ex-
plizit berechnen, wir betrachten den Fall der Einheitskugel in einer und
mehreren Variablen, der Halbebene in C und schliellich den Fall des El-
lipsoids in C™.

Am Ende des dritten Kapitels wird den Bergman Kern des Fockraums in
einer und mehreren Veranderlichen berechnet.

Das letzte Kapitel ist dem Zusammenhang zwischen dem d-quer Opera-
tor und dem Bergman Kern gewidmet. Wir zeigen, dass der kanonische
Losungsoperator fiir die inhomogene Cauchy-Riemannsche Differentialgle-
ichung eingeschrankt auf Elemente des Bergmn Raumes auf dem Einheit-
skreis ein Hilbert-Scmidt Operator ist.

Abschliefend wird bewiesen, dass dieser Operator auf (0,1) Formen mit Ko-
effizienten aus dem Fock Raum sogar nicht kompakt ist.



Historical overview

The theory of integral operators and kernels has been known for a long time,
however the characteristics of such kernels has been studied and applied since
the beginning of the last century.

There have been and continue to be two trends in the consideration of those
kernels.

The first is to consider a kernel as a function of two points in an abstract
domain, say E , having the property, discovered by J.Mercer 1909, for each
points (y;)1<j<n and ((;)1<j<n complex numbers we have:

D kijGG =0 . (0.0.1)

ij=1
So K appears as a positive definite Hermitian matrix,
H = (kij)ij=1.n  kij=Kysy;)-

E.H.Moore 1916 in his papers [2§], considered functions having the property
(001) and proved that to each such function (kernel)corresponds a well
defined class of functions, say F , having the structure of a Hilbert space
with a scalar product such that each element of this class can be reproduced
by a scalar product i.e,

o) = (f@). K@) (0.02)

The second trend was initiated by S.Zaremba in his papers [35] 1907. He
was the first who introduced the notion of the kernel corresponding to a
special class of functions and gave the reproducing formula ([0.0.2]). However
he didn’t develop general theory in this direction nor give any name to those
kernel he introduced. It appears that nothing was done until the third decade
of the 20" century when S.Bergman 1920 introduced reproducing kernels of
the spaces of analytic function, on a domain in one and several variables,
with an integrability condition.Bergman studied spaces of the type,

AP(Q) = {f holomorphic on Q2 and /Q | fIPdX < oo}

7
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He proved that in the special case when p = 2 this space is a Hilbert space,
being a closed subspace of the Hilbert space L?(€2).

The continuity of the evaluation map (introduced in the beginning of chapter
3) leads to the existence of the Bergman Kernel and explicit computation of
these kernels (of given domains) becomes a big challenge.

Several important results were achieved by the use of these kernels in the
theory of the 0 Neumann operator, conformal mapping of simply and multi-
ply connected domains and many other areas of mathematical research.



Chapter 1

Holomorphic functions

1.1 Notations

We introduce the basic notations and conventions used throughout this work.
(A)C"={z:2= (21, 2,.... %), 25 € Cforj = 1,2, ...,n} is the n-dimensional
complex vector space. It is the product of n copies of C, it carries the struc-
ture of an n-dimensional vector space. Its topology is identical with the one
arising from the following identification of C" with R?".
Given an element z = (21, 22, ..., 2, )in C", each component z; can be written
in the form z; = x; + iy;.
The mapping z — (z1,%2,...,Y1,Y2,.--Ys) establishes an R- isomorphism
between C" and R?",
Via this identification we endow this space with the structure of a normed
vector space and hence with a topology. All usual concepts of analysis in the
Euclidean space R?" carry immediately over C".
All norms in C" are equivalent, commonly we use the following two norms:
(i) Euclidean norm:||z[| :== {3_7_, |zj|2}%.
(ii) The sup norm :||z||ec := maz,—1._ |2l
(B) The open ball around a € C* with radius > 0 is defined by
B(a,r) ={z€ C"/||z—a| <r}.
Recall that a set D C C" is open if for every a € D there is an r > 0 such
that the open ball B(a;r) C D.
(C) A domain is an open connected subset.
(D) For a multi-index a = (a1, g, ..., ), ; € Ng. We define:

a) | a|= a1 + ... + a, is the length of a.

b)zo‘—z1 R
c) a' =ail... !

- (90q+ .an
d) T 02191...0z,%n
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E) For an open subset 2 in C" we denote its boundary by b{2 rather than
the usual symbol 9 which has another meaning.
F) The Wirtinger notations:

__1(2+£)
0z 20z Z@y '

o 10 0
0z  2\0x Z@y'

Where %and a% are the usual real partial derivatives.

We recall, in the one-dimensional theory, that for a continuous function

f: G — C(G open subset in the complex plane)is holomorphic if it satisfies
one the following equivalent conditions:

i) f is complex differentiable i.e % exists and coincides with % .

ii) Locally f is representable by a convergent power series.

iii) For each contractible (can be reduced to a point by a homotopy) piecewise
smooth closed curve v in G,f,y f(2)dz = 0 (Cauchy's theorem).

iv) f has a continuous partial derivative with respect to x and y at each point
in G,and they satisfy the Cauchy -Riemann differential equations 2L = 0 or

BE
Uy = =V,
U and V are the real (respectively imaginary) part of f(regarded as a function

of the real variables x and y).
Having that background in mind,we can generalize to the n-dimensional case.

1.2 Cauchy integral formula for polydiscs

In this section we investigate the notion of holomorphy in several complex
variables by combining basic properties in one variable with calculus of sev-
eral variables.

Definition 1.1. Let Q be an open subset in C* and f a C' complex valued
function.

The function f is holomorphic on Q, if for any z = (21...2,) € Q,and any
j =1...n, the function f; : ¢ = f(z1...2j-1,(, 2j41- .. 2,) is holomorphic
in the usual sense as a function of the one complex variable (.
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We recall that in the one dimensional case a function f defined on a subset
G of C is holomorphic, if and only if for every z € G, f verifies the Cauchy
-Riemann equation:

of
0z

For more details on holomorphic functions theory see [19].

= 0.

Let us first recall the classical Cauchy integral formula in the one dimen-
sional case.

Theorem 1.2. Let G be a bounded set of C with C' boundary bG,and
f € CHQ) then for all z € G we have:

f(z) = %(/Iﬁ g(—ozd“//g ifiacdmdg) (1.2.1)

In order to prove this theorem we need the Stokes'formula.
Let w be a differential form defined on G then:

/wadg: //deAdg.

See [4]For a proof of this result.

Proof. Let z € G and 0 < r < dist(z,bG).Consider the 1-form defined on
G, =G\ D(z,r) by,
1)
2w ( — 2

dg

We apply now the Stokes’ formula for G, and get,

1
2mi bGr G Z QWZ/GraC C—

27?2//@ )§C(§1 )]dC/\dC . (1.2.3)

We know that the function { — é is holomorphic on G, then the integral
ffGr 8( ¢— z)dCAdC_O
Let us compute the left hand side in (L22) so we obtain,

27” bGr € ! (_C) = be %d( + fx Jg(CZ)dC ,where y,denotes the circle around z

Vydc ndé (1.2.2)




1.2. Cauchy integral formula for polydiscs 12

with radius r.
For the second term we have,

. C ZdC = fx f(z)dC + f 19-1G) C L [O=1) ge the first integral in this equality is
exactly f(2)I nd(z Xr) = f (z) because the curve is negatively oriented.
For the second integral we have,
| fxT de < 27TT‘?éE)L(X|f(C) — f(2)| = 0 when r — 0.

Now We have,

ffGrC“dQ/\dC ffGC“dQ/\dCJrffD()CaCdC/\dC

For the second integral on the right hand side of this equation we use the
polar coordinates and we obtain,

ffDr( = Z‘dC AdC = f fo Tow T w)r exp (i0)dr'dfd — 0, when r — 0.
This gives the result. ]

By this theorem it follows that every holomorphic function has nice prop-
erties in fact it can be represented locally by a convergent power series.
For several complex variables and for integral representation of a holomor-
phic function, the situation is different to the one dimensional case:integral
formulas exist only for C* domains which are products of C* domains it turns
out that function theory of a ball in C" is different from the one for polydisc.
Let us now generalize this result to holomorphic function on special domains
namely the polydsic.

Definition 1.3. The open polydisc P(a,r) of multi-radius r = (11,......,7y)
and center a = (aj . ....,a,),a € C" is the product of n open discs.
Pla,r)={2€C" |z —aj| <rj,j=1.....,n}.

The distinguished boundary is the n dimensional torus defined by,
bQP = {Z S (Cn, |Zj — aj| = T‘j}
We denote it some times by T,., it is not the topological boundary.

Theorem 1.4. Let U be an open set in C* and let P(a,r) be a polydisc, let
f be a holomrphic function on P C U.
For all z € P we have:

PR / ( FOdG .. ...d¢, (124

2m)" Joop (G —21) oo oo (G — 20)

Proof. By induction on the number of variables.
For n = 1 the result is already proved in theorem (L2).
Suppose that the result holds for n — 1 variables. We fix z € P and we
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consider the function of the one complex variable w — f(w, z2,...,.., Zy).
This function is holomorphic throughout a neighbourhood of the closed disc
D+ (ay,7). By Cauchy applied for z; we have:

1 f(gl,ZQ...Zn)
flz1, ..z :—,/ = —2d( . 1.2.5
( ' ) 2mi |z1—a1]=r1 gl — 2 ! ( )
Fix now ¢; and apply the induction hypothesis to the function of (n — 1)
variables (29, ..., 2,) — f((1, 22, ..., 2,) We obtain:
1 ooy Cu)dCy ... .dC,
f(Clu 22 .., zn) = f(Cl C ) C2 C (126)

QCmi)nt Jyopr (G —22) (G — 20)
Now substitute (LZ3]) in (L26]) we obtain

1 / f(§1,22...zn)dC1 f(Cye o, GdGs .. ..dE,
m—ar=r1  G1 T A bop (G2 —22) o i(Gn — 2n)
_ 1 / f(Q)d¢ ... ...d¢,
@Cri) Jyop (G —21) oo (G — 2n)
In the last equality I used a parametrization of the boundary
boP = [[j_, C:;(2;), where C, (z;) denotes the circle around z; of radius r;,
with polar coordinates.
For every 1 < j < n we have the standard parametrization of C,,

0;

G =z + e’
U

Remark 1.5. All integrals involved in the last theorem were curve integrals.
In the following we give a second alternative dealing with area integrals.
Consider a holomorphic function on an open subset G C C;let z € G and
r >0 such that D(z,r) C G. Then,

1
2) = — w)ldNw) . 1.2.7
£2) Q/D(T,Z)ﬂ) () (12.7)

wr

where dA\(w) denotes the Lebesgue measure on C.
This formula follows directly from the Cauchy integral formula. Indeed,

I Y (9
C2mi Jo (— 2
1 2m

= f(z+ sexp(if))do
2 Jo

f(2)

d¢



1.3. Multiple and power series in several complex variables 14

Cs is the circle around z with radius s parametrised by Cs(0) = z + s exp(if)
A simple computation of the integral in (1.2.7) gives:

/D(z’r)f(W)dA(w) Z/OT /027r f(z + sexp(if))sdsdd (1.2.8)

= 772 /O27r f(z + sexp(if))sdsdd (1.2.9)
= mrif(2). (1.2.10)

Using again an iteration process we get a similar representation for holomor-
phic functions of several complex variables, applying the last formula for each
f; we obtain:

1
)= ———— w)dMw) . 2.
£(2) /P D (12.11)

N2 2
s

Corollary 1.6. If f is holomorphic on 2 C C". Then fis C*.

Proof. Like in the one dimensional case, take some radius r and apply Cauchy
for the closed polydisc contained in €2 and differentiate under the integral sign
to obtain the desired result. O

1.3 Multiple and power series in several com-
plex variables

The main references I use in this section are [1], [3] and [29].

In the one dimensional case we declare that a series is convergent if the
sequence of partial sums converges. Since N has no partial order, the con-
vergence of a multiple series will be defined as follows:

Definition 1.7. A power series at a € C™ has the general form

Z . Z Aogoan (21 — @) (2 — @)™ (1.3.1)

a1=0 an=0

where the Ao, o, are complex coefficients and the «; are integers. By con-
vention mentioned at the beginning it will be written in the form,

> dalz—a)* . (1.3.2)
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This series is said to be convergent at a point w, if it converges with respect
to every (hence arbitrary ) order of summation, this is equivalent to the
statement that it converges absolutely.

Remark 1.8. In the one dimensional case the domain of convergence of a
power series is always a disc however in several variables the domain of con-
vergence of a multi-variable series can have a variety of shapes, consider for
exzample the series: Y >~ (z122)", the domain of convergence consists of an
unbounded hyperbolic region in the absolute space.

Definition 1.9. A Reinhardt domain 2 C C" is one which, whenever it
contains a point (z1 ... z,), also contains all points (A\121 ... A\nzp) with

In several complex variables, the domain of convergence of a power series
is a Reinhardt domain. Furthermore ,every holomorphic function has a power
series expansion valid throughout the domain, for more details see [23] or [25].

Definition 1.10. Let f,, : Q CC" — C,m € N be a sequence of continuous

functions. The series Y °_, fm converges normally on 2 if,

o0

> (sup | fm])

m=0 2EK

converges for every compact subset K such that K C Q.
The series in (1.3.2) converges normally if it converges in the sense of this
definition with f,, replaced by Ao (2 — a)®.

Remark 1.11. Note that if the series (1.3.2) converges at some point w such
that |w—a| = r withr = (r1 . .. 7,) a multi-radius,then the terms A, (w—a)® are
bonded in the sense that there exists M > 0 such that, | Ao |r{* ... r¢ < M.
We will prove even that the series, under the latter condition, converges
absolutely throughout the polydisc P(w,r).

Proposition 1.12. (Abel's lemma)
Let w € C™. If the set {)\a|w —al |a| > O} is bounded, then the series

o0
Z Aagoon (21 — 1) o (2 — ap)®

at,...,an,=0
converges normally in the polydisc:
P={z:|z—da| <r}

where r = (ry...r)and r; = |w;|,j =1,...n.
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Proof. Without lost of generality we can assume that a = 0. So there exists
M such that [Aw®| < M.

For 0 < ¢ < 1 consider the family of polydiscs P. = {z : |2;| < e|w;|} .

For z € P. we have:

|Aa2| < Mel®

and

ngm _ M(Z€al+"'+an>
(Y
=0

:M<1ig>n

Hence the power series converges normally on the polycylinder P..

Now let K C P be a compact subset (FP:). forms an open covering of P hence
of K, but K is compact therefore there exists a finite sub-covering of K i.e,
K CP,U...UP., let ¢ = max{j = 1... k} the series > 2% converges
normally on P, hence on K.

O

Proposition 1.13. Let r be a multi-radius and P the polydisc around zero
with radius r,let T, its distinguished boundary. Consider a continuous func-
tion g : T, — R.Then the function:

1 9(¢)
1) = G / G- o)™ (1.33)

can be expanded as a convergent power series on the whole domain P.
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Proof. Let z € P and ¢ € T fixed. Since |z—’| < 1, we have

q(¢) 9@ 1 !
(G1—21) - (G — 2n) Cl--'Cnl_z_i.“ _%

:@*1<2X2f3~(§xéfﬁ (135
<Z cal <1> @% c<> (13.6)

_Z a1+1 gam (1.3.7)

(1.3.4)

The function ¢ — 9©)_ g continuous on 7, which is compact. Therefore it

€1l
is bounded and there exists M > 0 such that | CQ(C) | < M, for all ¢ € T,.

The sum in(37) converges normally on P and we may interchange summa-
tion and integral to get,

1 9(¢)
fz) = @m /<a—a><<—%ﬂc

Z a1+1 COén-H dC

TTaO

= Z A2
a=0

27?2

where,

Ao = Gy / C‘““ C%HC (1.3.8)

O

Corollary 1.14. Every holomorphic function on a subset Q2 in C" is locally
representable by a convergent power series around every point.
For any w € Q and every r > 0 such that P(w,r) C Q we have for z € P,

=3 Aalz —w) (1.3.9)

with uniform convergence throughout P. The coefficients A\, are given by the
formula,

Aa 271'@ / gOél-H ganJrl C (1310)
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Proof. Without lost of generality we may assume that w = 0.Using the
Cauchy integral formula for the polydisc P(0,r) we have for z € P(0,r),

f(2) =/ g(_ozdc (1.3.11)

and the last proposition gives the desired result. O

Remark 1.15. Using Taylor expansion for holomorphic functions of one

complex variable and an iteration argument we obtain
D f(0) = ol A,.

1.4 The Weierstrass theorem

Theorem 1.16. Let Q C C" and (f,)n>0 a sequence of holomorphic func-
tions converging normally to a function f. Then fis holomorphic on ).

Proof. Since all f,, are continuous then f is.In order to prove that f is holo-
morphic it suffices to show that f can be expanded to a convergent power
series around each point w € €.

Without lost of generality we can assume that w = 0.

Choose an r > 0 such that P(w,r) C €, for z € P,. We have,

f(z) = lm_fu(2)

T 1©
- [

Our aim now is to interchange integration and limits.

The function ( — ¢ — z does not vanish on 7, thus, the function ® : { — Ciz
is continuous on 7, which is closed, hence it is bounded and there exists
M > 0, such that |®(¢)] < M.

We conclude that ||f"2}%f|| < M| fm — fl| = 0 as m — oo and %’f converges
normally to % on T,.

Finally we get

f(z):/ g(_—ozdg . (1.4.1)

By proposition (LI3]) f can be expanded in a convergent power series on 7,

hence it is holomorphic.
O
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1.5 Holomorphic Jacobian
Let 2 C C™ be a domain and
f:Q-=0Cc"

z— (fl(z), . .,fn(z))

where z = (z1, ..., 2z,),be a holomorphic function. In the sequel, we introduce
the notion of the holomorphic Jacobian as presented in [3] and [29)].

Definition 1.17. The complex or holomorphic Jacobian of f at z is defined

by the n X n matriz:
k=1,.n
_ (O
J((jf(Z) - (azj>

Jj=1,...,n
Set f;(z) = u;(z) + w;(2)and z; = x; + iy;. By identifying C" with R*" and
considering f as a function of the 2n variables x1,y1, ... %Tn, Yn, we can write
the usual real Jacobian matriz.

[Ou1  duy Ou  du duy 7]
dry Oxrg 7" Oxn Oy1 " Oyn
OQuz  Odug Ouy  Oug Juy
dry Oxg 77 Oxn, Oy1 T Oyn
If = Oun  Oun Oun  Oun Qun
RJ — ox1 0o CTt Oz oY1 T Oyn
v vy v v Ovy
ox1 0o Tt Oz oy1 T Oyn
Ovn  Oup v Oun dup
LOx1 Ox2 """ Oxn, Oy1 " Oynd

Using the simple notations,

k=1,...,n
U _ (O
8X N &rj )
7j=1,...,n
k=1,....,n
oU _ (Ouk
8Y N 8$‘j )
j=l,..n
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7j=1,...,n
The matriz Jr becomes:
U U
X oY
Jrf =
oV oV
X oY

Note that, each component f; = u; +v; of f is holomorphic, thus it satisfies
the Cauchy-Riemann equations and we obtain,

ou oV
= )
0X oY
and
oU ov

av = ax
Theorem 1.18. With the same notations as in the above definition we have

detJaf = |detdcf|” .

Proof. Using the same notation as in the last definition, equations (*) and
(#x) and since the determinant does not change under linear combinations
of lines(respectively rows)we can write:

ou  _ov
detJpf = %% (i x2" line + 1% line )
X  0X
ou 4 ;ov. ;0U 9V 4
= |0X 50X TOX g, 0X (-i x1% row + 2" row )
Lox Lox
U | BV
= _Z@VJF X  OU ’ v
ax lox T ox
oU n .OVHGU OV
==t i — i
0X 0XIlloX 90X
2
- detJCf‘

In the last equality, we used the fact that,
aof 1 (8 f o of )
_— = —(—— — 71—
0z 2°0r 0Oy

—1(@“@—@(@ ti @)>
- 2\0x Oz Oy Oy
v ou
— 55 5

Oz or
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1.6 Riemann mapping theorem

Now, we go back to the one dimensional complex analysis to state the funda-
mental Riemann theorem dealing with characterization of simply connected
domains in C. To begin with, let us recall some basic definitions of biholo-
morphic functions and simply connected domains.

Definition 1.19. Let Q2 C C be an open subset in the complex plane.

Q is simply connected, if every closed curve can be continuously contracted
to a point within €.

More details on the characterization of simply connected domains can be

found on classical lecture courses on complex analysis, see for example[19](page
119 theorem 4.37).

Definition 1.20. Let U,V C C be open.The holomorphic map f : U — V
s biholomorphic or conformal if it is one-to-one, onto and if its inverse is
holomorphic.

Theorem 1.21. (Riemann mapping theorem)
Ddenotes as usual the unit disc around zero in C.
Let Q) ; C be simply connected. There exists a biholomorphic map

f: Q=D

Furthermore, if a € €1, then there exists a uniquely determined conformal
map
¢:Q—D

such that, ¢p(a) =0 and ¢'(a) > 0.
Proof. For all technical details,see [19]. O

Remark 1.22. This result is of a great importance in the study of the
Bergman Kernel of a simply connected domain in the complex plan. In-
deed, one can gain the Riemann map of a simply connected region in terms
of its Bergman function and vice versa. This will be studied in details in the
third chapter.



Chapter 2

Elementary Hilbert spaces
theory

Hilbert space theory constitutes a part of a large branch in mathematics
called functional analysis. Functional analysis is an important tool in the
investigation of all kind of problems in pure mathematics, physics and even
biology and economics. In fact it is hard to find a branch in science where
functional analysis is not used. In this chapter we shall develop all Hilbert
spaces properties related to the main subject of this work.

We collect all needed ingredients by a short overview of the main defini-
tions and results namely the notion of orthogonality, projection on closed
subspaces,the Cauchy-Schwarz inequality, the fundamental Riesz-Fisher rep-
resentation theorem of continuous linear functional on Hilbert spaces and the
fundamental theorem of vector decomposition in an orthonormal basis(called
Fourier series decomposition in some text books over functional analysis). We
introduce some powerful tools that will be used in the next chapter.
Throughout this chapter H denotes a complex vector space.

For the complex conjugate of a complex number z, I use either the standard
notation z,or z*.

Main references of this chapter are [6], [16] and [31].

2.1 Basic definitions

We recall the basic definitions of normed and Hilbert vector spaces.

Definition 2.1. Let H be a complex vector space. A norm on H is a map

22
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N:H- R,

with the following properties:

a)N(x) =0 implies v = 0.

b) for all A € C and v € H we have :N(\.x) = |A\|N(z).

c) for all x;y € H we have :N(x +y) < N(x) + N(y): Triangle inequality.

H becomes the structure of a normed vector space, commonly a norm is
denoted by the symbol ||.]].

Examples 2.2. 1)On the real line R we define the usual norm by,

2]} = [=].

ii)In the Fuclidean space R™ we define the Euclidean norm by setting:

n

ol = (3" Jif?) 2.

k=1

iii) Let (X, du) be a measure space,
Let ILP,  p > 1,be the set of equivalence classes for the relation:

[f R g& f=g almost everywhere].

On this space we define a norm by setting:

151, = ([ 157d)’

See [F4] for further discussions on the theory of LP-spaces.

Definition 2.3. A metric on H is a map d : H x H — R satisfying:
a) d(z,y) =0 implies © = y.

b) d(z,y) = d(y,z) for all z,y € H, [Symmetry].

c)d(z,y) < d(x,z)+d(z,y) for all x,y,z € H, [Triangle inequality].

Remark 2.4. Due to the triangle inequality, it is trivial to show that every
norm on H induces a metric by setting d(x,y) = N(z — y).
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Having a metric we can now introduce the notion of convergence of se-
quence.

Definition 2.5. A sequence (x,),>0 in H is a Cauchy sequence, if for all
e > 0 there exists ng(g), such that for all n,m > ng we have d(x,, z,,) < € .

Definition 2.6. A sequence (x,),>oconverges to x € H if, for all e > 0, it
exists ng(g), such that if n > ng we have:d(z,,z) < ¢.

H is complete, if every Cauchy sequence converges.

A Banach space is a normed vector space complete with respect to the metric
induced by its norm.

2.2 Hilbert spaces

Definition 2.7. A scalar product on a vector space H is a map:

L) HxH—C
subject to the following rules:
a) (z,2) >0 for allx € H and (z,2) =0 <=z = 0.
b) Foralla, € C , (ax + Py, z) = alx,y) + By, 2).

Remark 2.8. Due to the item c, it is easy to verify that, for a, 5 € C and
z,y, z € H we have: (x,ay+ pz) = o*(z,y)+ *(y, 2), thus an inner product
is linear with respect to the first variable and conjugate linear for the second.

A pre-Hilbert space is a vector space equipped with a scalar product.

Remark 2.9. FEvery inner product induces in a natural way a norm defined
by: [|z]|* = (z, ).

Definition 2.10. A Hilbert space is a complete pre-Hilbert space for the
norm induced by the inner product.

Example 2.11. a)The basic example of a Hilbert space is the space of the
square integrable function on a measure space.
Let (X, ) be a measure space and consider the space,

(L* p) = {f X—=C measu'r’able,/ |fPdu < oo}.
X
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Together with the inner product defined by,
(f.9) = / fadp
X
is a Hilbert space (see[31]).

b) I*(C) = {(an)n cy o an]? < oo}

This space is a Hilbert space with respect to the inner product defined by:
<a,b>=> anb;,

where a = (ap)n and b := (by),.
c) Let 2 be a domain in C" and consider the Bergman space defined as fol-
lows:

AX(Q) = {f X = C holomorphic,/ f2d\ < oo} ,
Q

equipped with the scalar product
(r9) = [ raar

becomes the structure of a Hilbert space, more details will be developed in the
next chapter when we deal with the Bergman kernel.

d) Hardy space H? is defined as follows.
Let D be the unit disc in C,
D={zeC,|z| <1},
We define the Hardy space by:
H? = {f : f holomorphic, f(z) = Zanz" and (ay), € [*(C}

Let f,g : D — C be holomorphic functions on D with Taylor expansion at
z € D:

f(z) = Z 2"
9(z) = Z b 2"

and
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The inner product is defined by the relation

(fag) = Zanb;

n>0

e) The Fock space consists of all analytic functions on C™ with the prop-
erty:

/ 1F(2)Pe P dN < 0o
It becomes a Hilbert space by defining the inner product

(f.9) = . F(2)g(z)e 1 dr

2.2.1 The Cauchy - Schwarz inequality

Proposition 2.12. For every x,y € H we have:

|, y)] < l=[lllyl

Proof. Let (z,y) = |(z,y)]e?, 0 < 6 < 27,
For t € R we compute the following inner product

(z + te’y, z + tey) = ||| + te (2, y) + te (y, z) + t>ee?||y||?
= ||z + 2yl + 2t|(, )]

The last expression is a non-negative polynomial of degree 2 in t, it has there-
fore a negative discriminant,

A =df(z,y)* —4lz*lyl* < 0
This gives the desired result.

Remark 2.13. This result leads to the triangle inequality:

Iz +yll < llzll + [yl
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In fact

2
2 2 2 2 2
[l +ylI” = [l "+lyl"+ (2, y)+y, 2) < N="+ylF+2 2] [yl = (II$||+||y||)

Lemma 2.14. H denotes a complex Hilbert space, let y € H then the follow-
mg maps:
H—C

= (z,9)

and

H— R,

z = |||

are continuous.

Proof. By Cauchy-Schwarz we have, if (7, (s € H.Then,
(€1, y) — (@9l =G = Gy < |G = GlHyll-

By the triangle inequality we have:

LISl = NGl T < 6 = Call-

This shows that these maps are even uniformly continuous.

2.2.2 Orthogonality and the projection theorem

Definition 2.15. Let H be a Hilbert space, x,y € H.

i) z,y are orthogonal if (z,y) = 0.

ii) The orthogonal of a subset M C H is defined by:M* = {y € H, for all
€M, (z,y) =0}.

Remark 2.16. Due to the continuity of the scalar product, we conclude that
the orthogonal of a subset is closed in fact, if (x,), is a sequence in M+
which converges to x we have,

(z,y) = (lim z,,y) = lim (z,,y) =0

n—o0 n—oo

In the sequel we set the following problem:
Let Ml be a proper closed subset in H and let x € H an arbitrary point. Does
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there exist a point xy € M closest to x ? If it exists, is it unique ?
The next theorem gives a positive answer to this question.

Theorem 2.17. Let M be a convex closed subset in H and let x € H an
arbitrary point.
Define § = inf {||x — y||,y € M}. There exists a uniquely determined point
xg € M such that,

0 = |lz— ol ()

Proof. Throughout the proof we take advantage of the so called parallelo-
gram law which reads as follows:

lz +yl* + Il = ylI* = 2 J«|* + 2 1y

a)Uniqueness:
Suppose that there are zo and z{, satisfying (x). Then by the parallelogram
rule we have:

2o — 2p||” = |lzo — = + 2 — xp)?
2
/
— 2o — x| + 2 ||z — | — 4|z — 0o
—
eM

< 262 + 26% — 46°

Thus zg = .
b)Existence:
By definition of § there exists a sequence (x,), in M such that,

lim ||z, —z|| =0
n—oo

We will prove that it is Cauchy sequence and we identify its limits as being
the sought after xo € M.
By the last step we see easily that for n,m € N

|20 = 2l < Nm = 2]* + 2 [lom — z]* — 46°.

Thus (x,), is a Cauchy sequence, it converges in H and setting its limits to
be x( this achieves our proof of existence. O
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Remark 2.18. z( is the unique element satisfying, for all y € M:
(x—x0) Ly

Indeed, let y € M and set:
f:R—=R

A= |l = (a0 + )|

We have:
FO) = llz =yl = 2AR(z — 20, y) + A* [|y||”

which attains its minimum 6%at X = 0, furthermore we have,

f(0) =R(z — x0,y) =0

Similar considerations for the function:
g\ = [l = (zo +idy) |

yield to

%(.T — Zo, y) =0
Hence (x — xo,y) = 0 as claimed.

The ezistence of an other xj, with that property yields to (vo — xf,y) = (x —
zo,y) + (x — x5,y) = 0. The choice of y = xy — x(, leads to x¢ = xj,.

Remark 2.19. If M is only closed then the set

x+M={x+y,y€M} ;

is convex and closed thus theorem (2.17) ensures existence of the so called
orthogonal projection of © on M denoted by x.

Corollary 2.20. Let M be a closed subset in a Hilbert space H. Then there
exist two linear operators P : H — M and Q : H — M~ with the following
properties

(1)For all x € H we have v = Pz + Qx, i.e H = M@ M*.

(2)If v € M. Then Px =z and Qx = 0 hence P? = P.

If v € M+ . Then Pz =0 and Qx = = hence Q* = Q

(P and Q are idempotent).

(3)For any = € H we have ||z||* = ||Pz|]* + ||Qz|*.

(4)P and @Q are continuous and self- adjoint operators.
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Proof. (1)Existence is ensured by the last theorem, the only statement to
prove is that Qx € M*. Indeed,

(i)If y = 0 there is nothing to show.

(i))If y # 0. Then without lost of generality, we can assume that ||y|| = 1.
Let y € M, and a a complex number, since Qx is of minimal norm in z + M
and Qxr — ay € M we have:

0 S (va Ql‘) S (Q‘T - ayan - ay)
= [|Qz|* — 2a(Qz, y) + |a*.

If we set o = (Qz,y) the last inequality becomes,

0 < —|af? thus (Qz,y) = 0.

For the uniqueness of this decomposition we use the fact that,

M NM* = {0}.Indeed if x = z + 2, with 2y € M and z; € M* then

Pr—xy=Qx — 1,
eMNM-+ eMNM-+
Hence Px = xq and Qx = z7.
(2)If x € M. Then x — Px = Qr = x = Px.
— =~
eM eM-Lt
Using the same argument for Q,we obtain the remaining statement.
(3)Straightforward from the computation of the inner-product,
(Pz+ Qz, Pr + Q) = ||Pz|* + (Pz,Qx) + (Qz, Px) + || Qx|
—_—

=0 =0
(4)Let z,y € H by definition of Q we have:

1Q(x = y)|| = min{z —y +m,m e M} < [lz —y]|.

Since P = [ — @),where I is the identity. Then P is continuous.
Self-adjointness follows from the fact that:

(Pr,y) = (Pz, Py + Qy) = (Pz, Py)

and
(z, Py) = (Px + Qu, Py) = (Px, Py)
Thus
(Pz,y) = (z,Py)
and P* = P.

The same argument gives QQ* = Q). O
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2.2.3 Orthogonal sets and orthonormal basis

In this paragraph I give a short overview of the notion of orthogonal basis
and we state the fundamental theorem of Fourier expansion which gives an
elegant way to represent any vector in a Hilbert space as the sum of a con-
vergent series.

Definition 2.21. A collection(finite or infinite, possibly uncountable)of vec-
tors {x; }ier in H is said to be orthogonal if (z;,x;) = 0 whenever i # j.

If in addition ||x;|| = 1 for all i € 1, then the set is called orthonormal.

A set of non-zero vectors {x;} can be transformed into an ON-set by replac-
ng x; with ”22”.

Note that orthonormal sets are linearly independent.

An orthonormal basis is a mazximal orthonormal set(mazimality with respect
to the inclusion order).

Zorn's lemma shows that every separable Hilbert space has an orthonormal
basts.

The fundamental property of orthonormal bases is that they have a natural
interpretation as orthogonal coordinates systems.

Lemma 2.22. (Bessel's inequality ) Let {e;};>1 be a countable or finite
orthonormal set in Hilbert space H. Then,

Y Iz <l

j>1
for all x € H.

Proof. For a finite subset {ey,...e,} we have:

n

T — Z(x, e;)e;

=1

0<
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The last line is due to the fact that,(e,,e;) = 6,;,where the §,; is the Kro-
necker's symbol. The inequality holds therefore for finite sums.

We have now,
n
ol en) < ol
k=1

Since the right side is fixed,a limiting process ensures its validity even for
infinite sums. 0

Lemma 2.23. As in the previous lemma. Let {e;};>1 be an orthonormal set
in a Hilbert space H. Then the following holds:
(a) The series: > - agex, converges in H if and only if,

oo
Z o |? < o0
k=1

(b)If, S vr awer = > oo Bex, in the sense that both series converge to the
same z in H.
Then oy = By, for all k > 1,and:

(4l Z\ z, )]

Proof. (a) Suppose that limy_, o Zzzf[ op = T.
Then by the continuity of the scalar product we have

o0
(x,ex) E e, en =§ ag(er, e,) = an
k=1

Bessel's inequality ensures the convergence of the numerical series Y, | Jax/|*.
Conversely if, > 37 | |og|? < oo.Let S, = >70_, axey
For n > m > 1 we have:

||S7l - Sm||2 = (Sn - Sm7 Sn - Sm)

n n

= E €L, E ;€5
k=m+1 j=m+1

n

= > > amlane)= Y laf

k=m+1j=m+1 k=m+1
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The last line is due to the orthonormality of the set {e;};>1.The sequence
(Sn)n>1 1s a Cauchy sequence in H which is complete hence it converges.

(b) If x = > 77 ager, = > oo, Bex then,

N N N
0= Nlim { Z&kek - Zﬁek} = ]\}1_131 Z(ak — Br)exr
7 = k=1 k=1
By Bessel's inequality we obtain oy = Sy .

Now if x = Zzo:l aper in the sense that the series converges in H to x.
By Cauchy-Schwarz we have,

n n n n
l[|* — Z owl” = (2,2 — Zakek) +(z — Zakek, Z ey
k=1 k=1 k=1 k=1
n n
T — Zakek ( |z|| + Zakek )
k=1 k=1

Since > ;_, ager, — x as n — oo, the right hand side converges to zero.
Therefore ||z]|> < 3777, [an|>.
Combining this with Bessel's inequality we obtain the desired result. O

<

Theorem 2.24. (The best approrimation) Let {e; ...e,} be an orthonor-
mal set in a Hilbert space H and x € H.Then for every choice of complex
numbers: aq,...,a,. We have,

n

T — Z(:p,ek)ek

k=1

<

n
Tr — E ACL
k=1

with equality if and only if:ap, = (, €x).

Proof. In view of theorem (2.17), Zﬁi’f(:p, ex)er, is identified as the orthogonal
projection of x on the n-dimensional linear space spanned by {e;...e,}.
Indeed, by orthonormality we have:

n

(= (w,en)er, > aje—j) = Wz, er) = > > (,ex)a5(ex, €5)

k=1 =1 k=1
n n
= Za_k(xa ek) - Za_k(xa ek)
k=1 k=1
=0

The statement follows at once from theorem (2.17). O
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We are now ready to prove the fundamental theorem dealing with or-
thonormal bases in Hilbert spaces.

Theorem 2.25. Let {e,},>1 be an orthonormal basis in a Hilbert space
H. Then:
(a) For any x € H we have:

T = Z(:c, en)eén
n>1

(b)For allr,y € H,

(7,y) = Z(xa en)(Y; €n)

n>1

(¢) (Parseval identity) For any x € H we have:

lz)* =D (@, en)l?

n>1

Proof. (a)Claim If M is a linear subspace. Then (M*)+ = M.

If {e,} is a maximal orthonormal set, the only vector orthogonal to all of
the e, 's is zero. Set M = span{e,,n > 1}.We have M+ = {0}.But then
(M4)+ = H and M = H. Consequently, for every x € H, we can find a
sequence {y,} of finite linear combinations of vectors from the orthonormal

basis,
N(n)

E Q5 n€j

with v, = x,n — oo.
We may assume that N(n) > n. The best approximation yields:

N(n) N(n)
x—Z(xeje» < x—Za]ne] |z — ynl| = 0,n — o0
j=1
Consequently,

T = Z(az, €n)eén

n>1
(b) Forz =% - (7,en)e, and y =3 -, (y, en)e,.We observe that,

(l‘,y) = (Z("L‘aen)emz yaen En = ZZ l‘ ek ek,e])

n>1 n>1 k>1 j>1

= Z(xv en)(Y; €n)

n>1
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(c)Straightforward by setting x = y in (b). O

2.2.4 Riesz-Fischer theorem

Definition 2.26. The dual space of a Hilbert space is the set of all linear-
continuous functional defined on H i.e:

H*={L:H — C,L linear and continuous }

On this space we define a norm by:

L) = sup {|L(2)], = € H}
= sup {[L(x)]. =] = 1}

L is bounded if: |L|| < oco.
In Hilbert space continuity of a linear functional is equivalent to boundedness.

Remark 2.27. By the Cauchy-Schwarz inequality we know that for every
y € H.The map:

L,:z— (z,y)
is a bounded linear functional (with norm ||y|| ).

The Riesz-Fischer theorem shows indeed, that every linear functional on a
Hilbert space can be written in this way.

Theorem 2.28. Let L : H — C be a bounded linear functional. Then there
15 a uniquely determined vector y € H such that:

L(z) = (z,y) ,
for all x € H.

Proof. a) Existence
i) If L = 0.Then just take y = 0.
ii) If L # 0.Then,
Ker(L) = {x € H,L(z) = O}

€

is a proper subspace in H, therefore Ker(IL)" contains a unit vector, say .

Now remark that for every x € H,

L(z)y — L(g)z € Ker(L)
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Hence
0= (5, L)5 - L))
=L(z)" (9,9) -L(g)"(9. ) ,
i
and

L(z)* = L(5)(9, )

Now take y = LL(7)*7, the desired result follows at once.
b)Uniqueness
Suppose that there are y;,y, € H such that for every = € H we have,

L(JZ‘) = <x7y1) = ('rva)
It follows that 0 = (z,y; — ¥2), therefore y; — yo € Ht = {0}. O

Remark 2.29. The last theorem shows that a Hilbert space is equivalent to
its own dual space i.e H = H* via the map x — (x,.)which is a conjugate
linear isometric bijection between H and H*.



Chapter 3

Bergman spaces and
reproducing formula

3.1 Preliminaries

We recall in this section a standard result in harmonic analysis, the mean
value property. For a proof of this result see for example [14].

Definition 3.1. Let U C R" an open subset, f : U — C a C? function f is
harmonic on U if it is a solution of the Laplace equation AN f = 0 where the
differential operator Laplace is defined as follows,

Remark 3.2. Every holomorphic function on a subset of the complex plane is
harmonic considered as a function of the two real variables x and y, indeed if
f = u-+ 1w where u and v are the real and imaginary parts,these function are
C? because f is holomorphic in particular C?, using the Cauchy -Riemann
equalities and the Schawrz identity we obtain Au = Uyy + Uy = (Uy)y +

(Vy)y = Vyo—Vsy = Uy — Vgy =0
S—— SN——
Cauchy-Riemann Schwarz

Next we derive the fundamental mean value theorem for harmonic func-
tions which explains that, for every x € U and every ball B(z,r) C U, u(z)
equals to the average over the sphere S(z,r) and the average over the entire
B(x,r), these implicit representations have important consequences as we

will see when we introduce the evaluation map on the Bergman space.

37
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Theorem 3.3. (Mean value theorem)
Let U C R™ be an open subset and f : U — C a harmonic function,let x € U
and r > 0 such that B(x,r) C U then

1

wr) =g [ V@il
1

= — u(w)d(w

V Lo (w)dA(w)

A 18 the usual Lebesgue measure and o is the area on the surface of the sphere.
S and V are respectively the area of the sphere S(x,r) and the volume of the
ball B(z,r).

Proof. See [14]for a detailed proof. O

3.2 Bergman spaces

To begin with, let 2 C C" be a domain. As mentioned in the last chapter
the Bergman space is defined as follows:

A? = {f : Q — C; fholomorphic and / |f(2)]Pd\(2) < oo}
Q
= L*(Q) NH(N)

where d\ denotes the Lebesgue measure and H((2) is the space of all holo-
morphic functions on 2. For the discussion below I use [13] and [36].

Proposition 3.4. Let K C Q be a compact subset and f € A%. Then there
exists a constant Ck ,, such that,

sup IF () < Crenll Sz (3.2.1)

Proof. Since K is compact then for every z € K there is rx such that
B(z,rk) € K. By remark (3.2) f is harmonic on Q hence it verifies the
mean value theorem hence;
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1

|f(2)|:m

/B @i
e L
:W/XB(W )| (@) dAw)

-~

V(B(z,rk)) —IIfIILz

In the last inequality I used the Cauchy -Schwartz inequality. Now if we set
C, x = ———=—— we obtain the desired estimate. O
’ V(B(z,rk)
Estimate(3.2.1) means in other words that convergence in the L? norm
implies uniform convergence on compact subsets.

Corollary 3.5. A*(Q) is a closed subspace of 1L2(Q2) and hence a Hilbert
space.

Proof. Let{ f, }n>0 be a sequence in A? such that
fo— f inlL?

From functional analysis we know that there is a subsequence f,, ; converging
almost everywhere to f(see [31]).

On the other hand the last proposition ensures that this sequence is a Cauchy
sequence with respect to the uniform convergence on compact subsets,indeed
for K C Q and p > ¢ we have

sup.ex|fp(2) — f4(2)] < O | fp — qu]L2 —0

This means that {f,} has a limit,say g,which is by the Weierstrass theorem
analytic.

Combining both arguments we can identify f and g.

Since L2 is complete and A? is closed,it follows that the Bergman space is a
Hilbert space. O

Now we introduce the so-called point evaluation map defined by, for z € Q

fixed:
Ev, : A> - C
f— f(z)
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Lemma 3.6. The point evaluation map s a linear bounded functional on

A2,
Proof. a)Linearity : Let f, g € A%and a € C we have
Ev.(f + ag) = (f + ag)(2) = f(2) + ag(z) = Ev.(f) + aEv.(g)

b) Boundedness The set {z} is a compact subset in 2 we have by propo-

sition (B.4))

|E2(f)| < Cn,{Z} ||f||L2

Thus the point evaluation is bounded hence continuous. O

For fixed z € € the point evaluation is a linear continuous functional thus
by the Riesz representation theorem (2.28) there exists a uniquely determined
element, denoted by K., satisfying: For all f € A%

This means that for every z € Q and f € A? we have:

f(z) = /Q F) Ra@)d\(w). (3.2.2)
Definition 3.7. The Bergman Kernel of §) is defined by,

K:OxQ—=C

(z,w) = K(z,w) = K,(w)

The formula becomes

/() = / F(@)K (2, w)dA ()

This is the so-called: reproducing formula .
Now we collect fundamental properties of the Bergmana kernel.

Proposition 3.8. The Bergman kernel is holomorphic in the first variable
and anti-holomorphic in the second.

Proof. For each z € Q we know that the function w — K, (w) is holomorphic.
Since K(z,w) = K,(w), it follows that K is antiholomorphic in the second
variables.

Claim We claim that for each z,w € ) we have:

K(z,w) = K(w, 2)
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For w € Q fixed we apply the reproducing formula (4£.4)) to the function
K, € A%(Q):

K(o.7) g/K K(2,¢)dA(C)
/K K, M)

/K K (w, O)dN(C)
K.(w) = K(z,w)

Hence K(z,w) = K(w,z) and the reproducing kernel is holomorphic with
respect to the first component. O

Proposition 3.9. The Bergman kernel is uniquely determined by the prop-

erties that it is an element of A?(Q) holomorphic in z,conjugate symmetric
and reproduces A*(2).

Proof. Suppose that,there is another K satisfying(4d.4]). For every z € Q and
by its very definition, K/ € A% Thus by the reproducing formula we have,

K'(z,w) =
/K7 K (w, )dA(C)
:AK%@K@QM@

:LK@@?EEM@
= K(z,w)
]

The next result gives an expansion of the Bergman kernel in an orthonor-
mal basis of A%(Q), it leads to a powerful method how to represent the
Bergman Kernel in terms of a convergent series.

Proposition 3.10. Let K C Q be a compact subset and {®,},>1 be an
orthonormal basis of the Hilbert space A%(Q).

The sum o
D 0,(2)2,(Q)

n>1
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sums uniformly on K x K to the Bergman Kernel K i.e
K(z,w) =) ®,(2)2,(Q)
n>1
Proof. Let f € A% Then
f=2_ 4%
j=1
Where

aj = (f ) (I)j)
By estimate(3.2.1]) we know that there exists Ck such that

sup [ f(2)] < Ck.

zeK

On the other hand, by the Riesz-Fischer representation theorem and propo-
sition (3.4 we have:

sup{ (i cbj(z)f)é’,z c K} - sup{} iajcbj(z)},z e K, (]f; |aj|z)5 _ 1}

J=1 J=1

— sup{ 112 € Kol =1} < i

This inequality shows that, for each z € K the sequence of complex numbers

{®,(2)}, C I
Now take z, ( € K, we may use the Cauchy-Schwarz inequality(proposition(2.12]))to
obtain:

D 0(2)Pu(w)| < (Z D,(2) ) (Z @, (w)

This proves the uniform convergence of the series) - ®(2)®,(w) on K x K
and that > >° ®(2)®,(w) € A? as a function of w.Now set

K'(z,w) =Y @(2)®n(w)

n=1
Let f € A?(2). By theorem(2.25]) (a)we have for each z €

o0

F(2) = (f,®0)®0(2)

n=1
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which converges not only in I%(2), but also uniformly on compact subsets
of Q (IL? convergence dominates uniform convergence by proposition (3.4)).

F(2) = (f ®)®u(2)
=3 [ 1O TINOR)
=/ F(O)Y - @u(Q)Pu(2) dA(Q)
w0
= [ FOK(2.QdAQ) (%)

By the reproducing formula we have:

/() = / FOK(2OdNC)  (+%)

Combining(*)and(**) and by the Riesz representation theorem we obtain
K(z,¢) = K'(2,0).
U
Corollary 3.11. Let K C ) be compact. Then for each z € K we have
K(z,2) >0

Proof. We know that K(z,2) = 3720 [®;(2)]* If in fact K(z,2) = 0, we
must have @;(z) = 0,Vj € N which means that f(z) = 0 for each f € A*(Q)
which is absurd. O

3.3 Bergman projection

In corollary(3.5) we have shown that A%(Q) is closed in L*(€2).By the pro-
jection theorem there is a unique operator

P:L*(Q) — A%(Q)

satisfying:
a)Vf € A%(Q), Pf = /.
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b) Pf— f 1 gVg e A*(Q).

This operator is called the Bergman projection. Our next aim is to express
the Bergman projection of a domain in terms of its reproducing kernel.
Since Vf € L*(Q2), Pf € A%(Q2) we can apply the reproducing formula to this
function, so for each z € () we have:

PIE) = [ PH@K(w)dw)
- | PR
(e
- < f, P*Kz>
(k)

= /Qf(w)K(z,w)d)\(w)

3.4 Bergman metric

In this section we describe the behaviour of the Bergman Kernel under bi-
holomorphic maps. In what follows, K denotes the Bergman Kernel of the
bounded domain (2.

Theorem 3.12. Let Q1,02 two bounded domains in C™ and let f : Q1 — Qs
be a biholomorphic map. We have

detdef(2) Ko, ( £(2), f(w))detj]c F@) = Ko, (2,w) (3.4.1)

Proof. For the proof we use a combination between operator theory on Hilbert
spaces and complex analysis.
Define

Tf : L2<QQ) — L2<Ql)
6 — Tré = (¢ ° f)dethf

We claim that, this map is an isometric isomorphism. The linearity of
this map is obvious and for fixed ¢ € L?(£2y) using the change of variable
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¢ = f(z),we obtain:

T30l = [ Vo0 £ Pldetlc ()N

= | le(QPax(¢)
Qo

2
= 91220,

Thus T is an isometry with inverse T'y-1.
Note that, if we differentiate

2= f(f(2))

we obtain

1= detJef ( f(z))detj]c £(2)

Now, take ¢ € A?*(Q;) C L?*(€) and apply the reproducing formula for
A?(£2y) to the function T-1¢for ¢ € Qy and by setting ¢ = f(z) we obtain

Ty-10(0) = [ Ty K (G, N (3.4.2)
= (2) [dethf(Z)} B (3.4.3)

Now since T is a unitary operator,then we have

Ty = (Ty) ' =T}

hence
(Tf—l )* - Tf
BA2)becomes:
(T Ka,(0) o = (0 TrEa,(O) (3.4.4)

/Q O Ren(F@), Odelef @)dA(w)  (3.4.5)

/Q () Koy (1(2), (@) detTe F@)dA(w)
1 (3.4.6)
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Identifying (B.4.3)and ([3.4.6)we obtain
P(z) = g b(w)detIcf(2) Ko, (f(2), f(w))detdc f(w)dA(w)

The right hand-side of the above equality has the same properties of the
reproducing kernel of the domain €2y, so the equality of the two functions
follows.This finishes the proof.

O

Remark 3.13. The last theorem has a nice application in computation of the
Bergman Kernel of some simply connected domain in C namely the upper-
half plane (see next section). It allows us furthermore to express the Bergman
projection of a domain in terms of bi-holomorphic maps.

Corollary 3.14. Let €24,Q)5 be two domains in C". Denote P, respectively
Py the Bergman projections operators. Let f : Qy — Qo be a bi-holomorphic
map. Then for all g € L?(Qy) we have

Py ((detJCf)(g 0 f)) = (detJcf) (Pz(g ° f))

Proof. This identity follows directly from the last theorem and the formula
for the Bergman projection. Indeed,

Pu((detief(go N)(2) = | (detlef@)(go fw)Ka (z0)d\w)

1971

- / (detTef(w))(g 0 f())detde (=) Ko, (£(2), () )detTc fw)dA(w)
:detJCf(z)/

951

(detde f@))] (970 F)Ka (£(2), F() )ar@w)

Ko, (1(2),€)9(Q)aA(Q)
= (detdef)(Palg 1)

O

= detJc f(2) /

— Qs

In what follows,we give a short introduction to Hermitian metrics and
Bergman metric, for more details on this topic see[12].
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Definition 3.15. Let Qng R™ be a domain.A Riemanian metric on 2 is a
matriz of (x) = (ahj(az)) satisfying the following condition
ij>1
For every ¢ € R™ we have:
(/¢ 20

¢T stands for the transpose of the vector (.
In this way we assign to each vector x € R™ a positive definite quadratic
form. For each vector { we can define its length (for each x) by:

ol = o (asst@))” <7

A curve in 2 is a C* map v : [0,1] — Q. We usually define its length by:

-/ o

In our case, the length of the curve with respect to the Riemanian metric o/

1s defined by
1
- / I ()]

In the same way we may define the distance, with respect to this metric,between
p,q € 2 by:

de(p,q) = inf {ld(fy) ,y piecewise C' curve such that v(0) = pand y(1) = q}

Example 3.16. a) Let Q = D be the unit disc in the plane and take

= (12)

Consider the segment y(t) = (At,0),t € [0, 1].
We havey'(t) = (X, 0) and

W, = \/<A,o> (o1)(0)

=\
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Therefore

L(y) = / I (1)t

1

/ Adt
0

A

b)We consider now the following metric defined on the unit disc of the com-

plex plane by
—L 0
() = ( = )
(1=[2]?)?

For the same curve as above we have

! ;22 0 A
L= [ oo (TR ( )dt
0 0 e 0
1

This metric is a version of the Poincare metric on the disc, and we see that
the length of the segment joining 0 and X\ is unbounded when A — 0

Definition 3.17. Let Q be a bounded domain in C" and let K = Kq its
corresponding Bergman Kernel. The Bergman metric is defined via

2 n

A (z) = (aﬁj(z))? = (8Z?az_jlogK(z, z))

i,j=1 i,j=1

This means that the length of a tangent vector ( = ((i,...,(,) at a point
z € Q 1s given by

n n

Q) = [ DD aii(2)6G

i=1 j=1

This definition is meaningful since K (z, z) > 0.(see corollary (3.11)). The
next result shows that the Bergman metric is invariant under biholomorphic

maps.
Let €7 and €5 two domains in C" and ® : 2; — 25 a biholomorphic map.Let
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also 7y : [0,1] = Q1 be a C! curve, define its image v* by v*(t) = ® o 7.
~v* is in fact a curve in 5.

Denote o, (z) = (a%(z))n and o/,(z) = (a?j(z))n the Bergman
’ ij=1 ’ ij=1
metric of €y resp (2o

Proposition 3.18. Under the same notations as above we have

ZJMQI (7) = Z%QQ (7*)

Proof. Our aim is to show that

/0 I (8)] 0t = / 17 ()

It suffices to show that the integrands are equal.
By the transformation formula (4.3.1) we have

e At

detJc®(2) Ko, ((IJ(Z), <I>(z)> det]c®(2) = Ko, (2, 2)

Applying Logarithms on both sides we obtain

Log(detJc®(2)) + Log(Kq, (q)(z), q)(z)) + Log(detJc®(z)) = Log(Kq,(z,2))

Apply now the mixed derivative, the right hand side is nothing but the
Bergman metric of €2;. The first and the last terms of the left hand side
vanish, and we are left only with the term

2

Log(Ka, (cp(z), (IJ(Z))

which is exactly
N~ 0P (z) 09,
S5 L Log(ko, (0). () T 0Pl

82162;1 8ZZ 8zj
(ai?m(z))
0, (2) 09,,(2)

=1 m=1\
Q _ Q
ai,.}(z) - % a’l,fn((b(z)) 822‘ (927]

Therefore we have:
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3.5 Computation of the Bergman Kernel

We start now with the computation of the Bergman kernel of some special
domains.

3.5.1 Bergman kernel of the unit disc

As usual we denote

D(0,1) :={z€C,|z| < 1}

Lemma 3.19. The normalized monomials ®,(z) = ,/"Tﬂz"constitute an
orthonormal basis of the space A?(D)

Proof. Orthonormality
For n # m using polar coordinates we obtain

(@,,®,,) = \/(”“)(m“)/ STAN(2)

™

D(0,1)
1 1 1 2m )
_ \/(TL + (m + ) / / Tn—f—mez(n—m)erdrde
0 0
) 2

™

Vn+1)(m+1 T

5nm
T n+m+2

5m7n:{1 if n#m

)

where,

0 else

is the Kronecker symbol.
This shows that (@, ®,,) = 0 if n # m.
Completeness
In order to show that the family {®,} is completed, we have to show that:

M = span{®,} = A*(D)

which is equivalent to

M- = {0}
Let fe Mt.f L 2" Vnie0= [ f(2)z"d\(z)

Since f is entire, it admits a Taylor expansion,

flz) = Z an 2"
n=0
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which converges uniformly on each compact subset of the unit disc.
By Lebesgue's dominated convergence theorem we may write:

0= /D F()FAN(2)
= lim (kf% akzk)z_"d)\(z)

r=1Jp(0,p)
o0 P 2 )
= lim Z ak/ / phtntleik=n8 g0 dr 276,
p—1 0 0
k=0 < -— _
rk+n+2
k+n+2
2n+2
= a, lim 27
p—oo 21 + 2
B T
 "n41
This implies that a,, = 0,Vn € N and thus f =0 O

Now applying(3.10) for this basis we obtain, for each z,w € D

NE
©
N
©
€

Kp(z,w) = (3.5.1)
_y : Y oy (3.5.2)

1 1
b (3.5.3)

Proposition 3.20. The Bergman kernel of the polydisc P(0,1) C C™ is given
by

1 1 1
Kp(z,w) = — _—
Ay
Proof. By the last lemma we know that, the Bergman kernel of the unit disc
B(0,1) C C has the following expression

1 1
) =

Claim Let Q1,0 C C and Q = Q; x 5. Then

Ko = Ko, Ko,
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Indeed,let f € A?(Q).By the reproducing formula we have
- [ H)Raz i) ()
Where z = (21, 22) and w = (wy,wsy). Now fix 29, and consider the map
¢: —C
21 = f(z1, 22)
We see easily that f € A(Q;) Therefore,

f(z1,22) = | flwi, 22) Ka, (21, w1)dA(wr)

Q1

_ /Q ( A f(wl,WQ)KQQ(ZQ,WQ)dA(M)) Ko, (21,01)d\ (@)

~
reproducing formula for Qg

= / f (w1, w2) Koy (22, w2) Ko, (21, w1 )dA(wi)dA(w2) - ()
Q1 xQo

Identifying () and (*%) we obtain the result, and by an induction process
we can prove even prove that, if ..., C C.Then

e, —HKQ

Now since .
P=[]B(0,1)
i=1

we obtain that, for z = (z1,...2,) and w = (w1, ...wy,)

n

Kp(z,w) = H Kg(z,w;)

=1
n
1 — z]w]

k::l

:|’_‘
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3.5.2 Bergman kernel of the upper-half plane

In theorem (B.I12), we saw how the Bergman Kernel behaves under biholo-
morphic maps so we will take advantage of this tool to derive an explicit
formula of the kernel function of the upper half plane in C.

We define the upper-half plane of the one dimensional complex plane by

U:{zE(C:Imz>O}

This domain is simply connected by the Riemann mapping theorem, indeed
if we set

p:U—D

defined by .
z2—1

(b(z)_z—l—i

we see immediately that ¢ is biholomorphic and even conformal.

Proposition 3.21. For all z,w € U we have
—1
(2 — )

Proof. By theorem (B.12) we have for each z,w € U:

Ky(z,w) =

Ku(z,w) = Ko (9(2), 6(@) )¢/ ()9 @)

o 2
49 (z+1)2
By (B.L53)we have:
1
Kp(¢,n) = (=)

with some intermediary computation we get,

1 21 21
Ku(s,w) = (o)
U(z w> 2—i (@41) 2 (z+1)2 L(w+1)?
™ T @

4
m(—2iz + 2iw)?
-1

m(z — W)
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Remark 3.22. Knowing explicitly the Riemann function of a simply con-
nected domain, one can compute the corresponding Bergman kernel and vice
versa. The next result gives the relationship between the Riemann function
and the reproducing kernel of a simply connected domain.

Proposition 3.23. Let (2 C C be a simply connected domain, a € ) and
let ¢ be the corresponding Riemann map with the property that ¢(a) = 0 and

¢'(a) > 0.
Let Kq be the corresponding Bergman kernel. Then

#(z) = ,/mmm

Proof. By theorem ([B3.12)we have

Ko(2,0) = Ko ((2), 6(a) )¢/ ()9 (@) (3.5.4)
- 50/ (2)0/(a) (3.5.5)

We have furthermore

and by corollary(3.I1)we have
Kay(a,a) >0

this leads to
¢'(a) = v/ Kala, a)
The desired result is obtained by inserting the last equality in(B.5.5]).

Remark 3.24. Practical application of this result is the computation of the
Riemann function of a simply connected domain. Indeed, having an ON-basis
of the space A?(Q) leads to the desired map. At least, if the polynomials are
dense in the Bergman space A?(Q) one can get an ON-basis using the proce-
dure of Gram-Schmidt applied to monomials.
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3.5.3 Bergman kernel of the ball in C"

Now, we restrict our attention to the unit ball B C C".
Lemma 3.25. The set of monomials

{z% a=(ar...a,),a; € No}
is a an orthogonal complete system of the space A%(B).

Proof. We begin with completeness.
Let f € A%(B) such that for each

<f,z“>:0

f=0
Since f is analytic on B, it can be locally represented by a power series (Taylor
expansion) converging uniformly on compact subsets.
Let z € B and 0 < € < 1 consider the sets

Iez{z:||z||§1—e}

jE:{221—6<||Z||<1}

we have to show that

we have
0= <f, za> — /Bf(z)EO‘dA(z)
_ /I e+ [ e

The two integrals on the right hand side have the same absolute value, by
the triangular inequality we obtain

(1.)] <] /J RIEEEE

Now by the Cauchy -Schwarz inequality and using the fact that [2%] < 1 we
obtain

)/c:f(Z)?adA(Z)

(3.5.6)

:)Af@ﬁ%@@MM@

< (/B|f(z)2|d)\(z)>% (/ija(z)d)\(z))Q S 0ase— 0

N

/1142 V(o)

(3.5.7)
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V(Je)denotes the volume of the region J. which tends to zero as € goes to
Z€ero.
Now by Taylor expansion we have

f) =Y Gt

with uniform convergence on I, therefore we may interchange summation and
integration to obtain:

1 f(2)z%d\(z) = /1 > CuTdA(2) (3.5.8)

:Ca/I |2%%d\(2) (3.5.9)

The second line is due to the orthogonality of the monomials (the only con-
tribution arises when p = «).

Combining([B.5.7)and [B.5.9)we get
a2
|Cal 12722 <0

Thus C, = 0 and since « was arbitrary, we conclude that f =0 O

Set

o = / 2%2dA(2)
B

} is an orthonormal basis of A%(B). Thus

24w
K]B(Z,CU) = Z v

za

Ve

we see that {

a

In order to compute the Bergman function of the ball explicitly we have to
determine the coefficients v,.For this purpose we need some lemmas related
to real analysis, these lemmas are formulated in RY. For more details see[34]
(Topics in Real and Functional analysis pages 134-140).

Lemma 3.26. We have that

/ el gy =1
RN
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Proof. For N =1 we have

[:/e’T'leda::Q/ e~ el gg
R 0

—_—
J

By Fubini's theorem we have

o0 2
J? = (/ e"rx2d:p)
0
_ / / e~ @) g dy
0 0

v [0, g] % [0, 0o[— [0, 00[x[0, o0
(0,7) — (rcos(@),rsin(d))

Let now:

@ is a C*°- diffeomorphism and its Jacobian is

Opp1 Oppa
87"901 arQOQ

=—r

J@(Tv 0) =

By the measure transformation's theorem (or change of variables theorem)we
obtain:

J2 — /5 / €f7r(r2 cos? 412 sin? 9) |J¢|de¢9
0 0

:/ / 6_7”"27“d7“d0:1
o Jo 4

Thus J = % and therefore I = 1.
For N > 1 applying Fubini once more we obtain

/ e~ dy = / e‘”dep.../e_”Qd:E =1
RN R R

Let o the unique rotationally invariant area measure on Sy_; = 0By i.e
the measure of the unit sphere in RY and let wy_; = o(Sy_1)

NI

O
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Lemma 3.27. We have

where

F(a:):/ t" e tdt
0

Proof. For this proof I follow [25]. Using polar coordinates we have

- 2
1= el gy
R?’L
> 2
= do e PNy
SN-1 0
WN-—1

—_—
WON oo
= NNl / e %52 1ds
2m2 Jo B
L(%)
The last equality is obtained by setting s = mr2. O

Now return to B C C".We set

n(k) = /a e V() - / [21[2dA(2)

Lemma 3.28. We have

2k!
k) =7n"——
k) = =1
and
N(k)==" i
7 (k+n)

Proof. Polar coordinates again show that n(k) = 2(k + n)N(k).So it suffices
to compute the N (k).
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Let z=(z1...2,) = (2, 7).

N(k) = / )

|2']<1 lz1]<4/ 12" |2
= 27?/ / r?rdrd\(2)
|2/|<1
|

0
= 277/ ww@)
‘Z"<1 2k+2

1
™ _
an_?)/ (1 _T2)k+1,r,2n 3d’f‘
0

R
T ! ds
- B 1 — k+1 _n—12"°
ok + 1) 3/0 (L= o)
T
= — _ —]_ k: 2
2(k+1)w2n 36(” ) + )

Where S is the classical Euler function defined by

B(x,y):/o "1 — )t

and characterized by the fundamental identity

_T@)I'(y)
Using this formula and the fact that I'(n 4+ 1) = n! we obtain
T Cin—1I(k+2)

N(k) = 2+ )" Tln+ k+ 1)

o 27" T(n— DT (k + 2)
C2k+1)T(n—1) T(n+k+1)
k!
(k+n)!
This leads to the desired result.

O

Lemma 3.29. Let 2z € B C C" and 0 < r < 1. The symbol I denotes the
point (1,0,...0). We have
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Proof.
za@ 2 2hrk
Kg(z,rl) = =
R DB 75

Ll k+n)!

= 2.
k=0

! s e k+n

- (rz1) ( n )
K=0

n! 1

7 (1 — rzy )t
In the last step we used the fact that |rz;| < 1,hence

1 = 3
1—rz (rz1)
k=0

Set y = rz; and differentiate n times with respect to this variable. O
Theorem 3.30. For each z,w € B we have

n! 1
K e e ———
B(Z’ w) Tn (1 _ Z@)nJrl
where
20 = Z1W1 . . . ZpWp

Proof. Let z =rZz € B where r = |2| and |Z| = 1.Fix also,w € B. Choose an
unitary rotation p such that p(2) = I,

KB(Zaw) = KB(T‘g,W) = K]B(Tp_lﬂvw) = KB(HL pw) = KB(pwar]I)

! 1 ~nl 1
T A= (1= rw))
_n! 1 n! 1
- _n n+1 = n n+1
T (1 - (rp*ﬂl)(@)) i (1 - zw)
This gives the desired result. O

Remark 3.31. An other method to compute the A%-norm of the monomials
was presented in [11], we recall it in the next section with more details.

Remark 3.32. An other approach of the Bergman kernel of the ball in C"
can be found in [32].
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3.6 Bergman kernel of the ellipsoid

The main reference of this paragraph is[11]:

In the sequel we prove some results giving explicitly the Bergman kernel
function of special domains namely ellipsoid and annulus.

Let p positive number. We consider the domain in Euclidean space C**™
where mn are integers,

0y = {(2,0) €C" x C™ /|2l + ] < 1}

For p=1, ©, is nothing than the unit ball in C"*™
In proposition (3.22) we have shown that whenever {®,} is an ON basis of
the the Hilbert space A?(Q) then the orthonormal series,

Z @n(z)@(w)

sums uniformly to the Bergman kernel function. We will use this method to
compute the desired function.

For this purpose we need some preparation of calculus.

Notations

i) An element ¢ € C"*™ will be denoted as follows ( = (z,w) where z € C"
and w € C™.

ii)In the same way we denote a multi-index p € N"*™ by = (a, ), € N®
and v € N™.

According to these notations we write,(* = (2%, w?).

iii) To avoid any confusion, for a multi-index @ = (ay...q,) we denote
at+l=(a;+1...0n+1).

Definition 3.33. The Fuler Gamma function is defined by

F(az):/ t" e tdt.
0

this function is well defined, continuous on its domain of definition ]0, 0]
and even of class C*.
This function has the basic property that, for x €]0, 00|,

F(z+1) =al'(2).

Thus, for every integer n,
I'(n+1)=n!.
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and for every s,k € RT.

s(s+1)...(s+k—1)T(s) =T(s+ k). (3.6.1)

The Gamma function can be seen as an extension of the factorial function
to non-negative real numbers.
For multi-index o = (0 ... o), a; € Ry, we set:

n

(o) =[] T(a).

j=1
Lemma 3.34. For every positive real numbers a,b. We have:

['(a)I'(b)

Bla,b) = T(atb)

Proof. By making the change of variable t = s?

['(a) = 2/ g2l
0

Now Fubini's theorem and polar coordinates give:

D (a)0(b) = 4 / / G212 =24 gy
0 0

= 4/ /2 TQ(“er)’le’chosz“’l(H)Sin%’l(H)drde
o Jo

™

- (2/ TZ(“’Lb)_le_’"er) (2/2 0032“_1(Q)Sin%_l(ﬁ)drde)

0 J/ 0 J/
~~ —~
1

I'(a+b)

Setting y = sinf, I becomes:

1
I= / (1 — )" ly*"2ydy
0

, ol
= / (1 —w)* "ubrdu = B(a,b).
0

Definition 3.35. In R™ we consider the unit ball,

B”:{X:(xl...,xn)/ix§<l}
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The unit sphere will be denoted by S™~t. When we wish to consider the subset
of these sets for which all the variables are positive, we use + as a subscript.
Fora = (a;...q,), aj € Ry we define:

PB(a) = 2"« r2=Ldr.

Bn

For n = 2 and a = (o, ag) we retrieve the usual 8 function. Indeed,

PBon, az) = 4o + 042)/ a1y drdy

(0,1)
1 pvV1-2a2
=4(ay + a2)/ / perly2ee Lo dy
o Jo
1

_ aq + (6%} / x2a172<1 . x2)azdx
(0%)] 0

1

u=z2 01 + Qg _

= u N1 — u)*du.
[6%) 0

J/

—~
J(al,ag)

J(a1, a2) = Blag,as + 1)
F(og)(ag + 1)
(g +as+1)
asl' (o))

- (o1 + )T (g + an)

Hence
%(O(l, (){2) = 6(0[1, (){2).

Lemma 3.36. For a = (o ...a,), a; € Ry n-tuples of real positive num-
bers. We have,

H;'l:1 F(‘)‘j).

) ="l

Remark 3.37. For the proof of this lemma we need the following identity

fdx = Qn/o r*tdr Snilf('r{)da(g“).

Bn

A proof of this statement can be found in the book of Rudin [32).
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Proof. By definition we have:

n

() = [[T(ay)

J=1

& 2 & 2
2 —
:2”/ e m1(1lx1.../ xff‘"e ndx,
0 0
_ _ 2
10,00[™

/ /gn 1 —p 2\a| 1 204 1dpd0'( )

= 2"_11“(\04)/ w* ldo(w).
syt
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(3.6.2)
(3.6.3)
(3.6.4)
(3.6.5)

(3.6.6)

Using now spherical coordinates: X = pw, where p €]0, 1] and w € S"!(the

unit sphere in R")we obtain,

Al) _

XQO“ldX
2ol

/ / 2|a\ 1 20— ldpdo_( )
Sn—1

wQa 1d0_( )

2|04\ Syt

Thus:

/ W o (w) = '%)(041)
st 2n-

Combining (B.6.6)and (B.6.10) we obtain our equality.

(3.6.7)

(3.6.8)

(3.6.9)

(3.6.10)

O

Next we derive some results related to Taylor expansion of some function

helping us to compute the norm of the monomials in L?(€2,).

Lemma 3.38. For ||z|| <1 and s > 0 we have

R (ol +5) a0
e & T L o D)
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Proof. For |t| < 1 and s > 0.Consider the function f(t) = T t) In a neigh-
bourhood of zero, f has the Taylor expansion:

2 (k)
Fey=>" foO)t’“ (3.6.11)
_y~_Plkts) (3.6.12)

T(s)T(k + 1)

k=0

This is since f®(0) =s(s+1)...(s+k) = rs(j)
Now using the fact that

HF ozl—l—l ’

|a|=F

and substitute t by ||z||* in (BB.12) we obtain:

[e.9]

) (k+ s) [(laf +1) 2
F) = Y- St O T rea

k=0 | =k
Z L(lof + DOGAT)
T(s)C—+D [ Dlas + 1)

O

Lemma 3.39. Let q4 be a polynomial of degree d in one variable. Then there
are constants ¢, such that

d

|7|+8 stk
ZH aalhl)e Zc (1_ o ) . (3.6.13)

=0

Proof. If q4 is constant the previous lemma shows that:

h/‘ _'_8 2c
E X .
(1= [|l=[) !xH [LoT(v+1)

For the vector space of polynomials of degree d in |7|,the set

d—1

(LIl +s, . ] +s+D}

=0
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is a basis, since all entries are of different degree thus they are linearly inde-
pendent.
There exist b, such that

qa(|y]) = Zka (Il +s+1)

k=—1  1=0

with the convention that the product equals 1 for k = —
Now plug this equality in the left of (B.6.13)and write,

i (W +s+k+1)
llww+s+w- R

we obtain:

|ﬂ+s T(y|+5) <=, T(yl+s+k+1) ,
"V‘ by, x
2 Zn T+ D 2" Tl

F(s-Hc)
(1—||=[|2)s+k

Our equality follows by setting ¢ = bi['(s + k). O

Lemma 3.40. Let ( = (z,w) € C"™ and consider the set of monomials

{*p=(v,0),y=(...m)anda = (ay...an)}.
This set is an orthogonal complete set in A%(Q,).

Proof. Let = (v,a) and ¢/ = (v, a’) two multi-indices. Then,

(¢r¢) = /Wm ¢HCHAA(Q)
= / ) 297 A\, (2) / . W@ dAp(2)

_ a1 = o 71 —!
—/Z1 1 1d21.../ " ”dz /W1 wl)ldwl.../wzlmwm“/mdwm.
C C C C

Each integral above can be computed using polar coordinates and it follows

that, unless a; = o:
aj=—a; _
/Czj Z;%dz; = 0,
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and unless vy, = 7,
Vo1 —
/wkkwﬁkdwk =0.
C

This shows that the set is orthogonal.

It is straightforward to see that €2, is a Reinhardt domain, thus each holomor-
phic function has a power series expansion uniformly convergent throughout
2,.Hence

(rey= [ S actano
0
—¢, [ oTn

Thus <f, §“> = 0 implies C}, = 0 . Hence f = 0 and the set is complete. [J

Now our task is to compute the norm of the monomials in order to get
an ON basis.

Lemma 3.41. Let {z“w"} be as above. Then

p
P (] +m)C(laf +n + 1+ D)

2
HZQWWHH(QP) =

Proof. For the proof we will use the same techniques as before.

|22, = / 1222w 27N (2)dA (). (3.6.14)

Qp

Writing again,

z=rexp(ifl) where {; Z 227 ‘9:11))
and
B . 52(31,...3771)
w = sexp(ip) {9 =(¢1...0m)

After integrating out the angular variables,([3.6.14]) becomes:

(%)n+m/|| 2+ s][2P<1 PN dA(s). (3.6.15)
|| +]s]|*P <14
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Introducing the spherical coordinates in the s variable

s = ¢(p,w) = pw,

O<p<landpe ST
The Jacobian of this diffeomorphism is |J¢| = p™~ L.

B6I8)becomes,

(27T)n+m/ / T2a+1p2\'y\+2m71w27+1d)\(r)dpdo_(w)' (3616)
i+ <1y J st

Now we make the change the change of variable
x=p,
(3:6.16) becomes:

2 n+m ) o
%/ / 7“2‘”133%_1w27+1d)\(7’)dxdo—(w). (3.6.17)
7+l <14 J ST

For the integral over the sphere we use the equality (B.6.10)to obtain

1
/ WOt o(w) = &i) (3.6.18)
gm—1 2m=
T T+ "
For the rest of the integral define,
(= (a+1,M) and y=(ry...r,, ),
and use(3.6.9)for the ball in R**! we obtain,
_ %)
201 _
Y=o dAy) = , 3.6.20
/ 0 = G (3.6.20)
where
_'_
¢l =la] 4+n 414 20E™
Thus(B.6.20) becomes:
" T(a; +1).0(2m
I Do + 1)-0(222) oo

[v|+m
I(lef +n+1+-)

B6I9)andB.6.2T)lead to the desired result. O



3.6. Bergman kernel of the ellipsoid 69

We are now ready to compute explicitly the Bergman kernel function of
our domain.

In view of lemma(3.40), the set
{¢" ¢ceCm™ peNTTY
is an ON basis of A%(Q,). Thus
0,60 =) IC“E . (3.6.22)
A
Theorem 3.42. The Bergman kernel of €, is given by,

n+1 (1 o ||Z||2 )7n71+%
Kﬂp ((Za CU), (27 CU)) = Z Ck 1 2 1k
= (=127 = llwl®)™
Proof. It remains to sum (B.6.22)).For this purpose we will use our results.
First we sum out the z:

(3.6.23)

L(|y| +m)T (|a\+n+1+|ﬂ%>

S o = e 2ol
ol Ead % W"+m < T Pl + DI, Tl + DE(RE™)
(3.6.24)
D(}y] +m)T (n+1+”p ). I
7 i Do+ DICS™) (1 —=1l=[]) v
(3.6.25)
Now using(B.6.T)we obtain:
F(n 1 v+ m) _ F(M) H (M + k) (3.6.26)
p p S\ p

h[+my 1 1
=1 g )pn+1H<|”y|+m+kp> (3.6.27)
k=0

The product in(B.6.27) is a ploynomial of degree n+1 in ||, say gni1(|7])-

By inserting(3.6.27)in(3.6.25)we have

|’Y| +m W 2y 1
WWZH G e
(3.6.28)
I (jy] +m) 2 Y
-+ Z VYT nH(w)( = ||z||2>%> (1= [l

(3.6.29)
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The expression above conforms to the hypothesis of lemma(3.39). We can
thus invoke the result to obtain the following expression

n+1 m+k
( || || n+1+m Z ( ﬂ)

(1-=l*)P

Multiplying numerator and denominator of each term in the sum by

(L= [l=1") "

m+k

yields the desired result.
The information on the constants follows from the explicit nature of the
polynomial g,+1(]y|). For more details see[11] page 31 to 33. O

3.7 The Fock space

In this paragraph, we study some examples of Fock spaces in one and several
variables. This subject was studied in numerous books and papers, in this
work we follow [§] and []].

Definition 3.43. Let ) C C™ be a domain.
(a)A weight function is a positive measurable function f:Q — R
(b)A weight is a positive measure p on the Borel o-algebra B(Q2) such that,

for each A € B(2) we have
- [ a0
A

where dA is the usual Lebesgue area measure in the complex plane.

(c)The weighted space L*(C™, f) is the space of all square integrable functions
with respect to the weighted measure dy = fdA

In order to get a non-trivial L*(C™) of entire functions, we need a reasonable
decay of the weight function. If for example the weight has only a polynomaial
decay the space will be finite dimensional.

(d)Let f(z) = e " (Gaussian weight)

The Fock space F2(C", e’a‘Z‘Q)is the space of all holonorphic square integrable
functions with respect to the measure d\, = fdA in other words

F2(Cn, eol) = {gp holomorphic on Cand | |p(z)[?e 7 d), < oo}
(C?’L
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On this space we define an inner product via

<f,g>% = . f(2)g(2)dA

and

1115, = (5.0)

We start with the one dimensional case.

Theorem 3.44. With respect to the this inner product, ﬂa(C,e’a‘z‘Q) be-
comes a Hilbert space.

In order to prove this theorem we need the following two results.

Proposition 3.45. For each f € F2(C,e ") we have

FE)] < EF 1] 5

For the proof we follow [37].

Proof. For z = 0,the mean value theorem gives, for r > 0

1 2 ) )
:%/0 flre™yie™dt
Thus
1 [ _
0) < — ) |dt
10 < 5= [ 15t
Cauchy—Schwarz | 2 ) 1 2m i
< —( / |f(re”)|2dt> ( / 1dt>
2\ J, 0
Thus

= or

1O < 5 [ Isenpar

Now multiply by re~* and integrating over (0, 00) we obtain

FO)P / re oy < - / / 2o gy
%,_/

3a Jolf(z)Peelz . 17122
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For an arbitrary z, define G(w) = f(z — w)e®= 512
By the preceding we have |G(0)| < ||G]| z»

> o2 2
eQawz alz|?—a|w| dA(CU)

2
1GI%, = 2 / f(z - w)

™

2 _ -
_ 9/ F( — w)| emalwl 2R g 4,
C

™

=2 [ Jrte—w) etraac)

™

=2 [ ro

2
= /15

2 2
e dA(w)

Now replacing G(0) by f(z)e”51*” we obtain the desired estimate.

Lemma 3.46. The multiplication operator

M : L*(C) — L2(C)

\/7f S22

is an isometry between L?(C) and L2(C

defined via

Proof. Just remark that

MO, = 22 [ IR e aat)
i

and that the inverse operator M ~! is simply multiplication by \/;e_%MQ

Theorem 3.47. The Fock space F? is complete hence a Hilbert space.

«

72

O

Proof. Let (fn)n be a Cauchy sequence in %2, proposition(B.45)shows that
(fn)n is uniformly Cauchy on each compact subset of C. Indeed, let K C C

be compact and set
2
M = sup{e®*" 2 € K}

For n > m € N we have

supzex|fn(2) = fm(2)| < M| fo = fnll 72
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It follows that (f,), converges uniformly to some g which is analytic by the
Weierstrass theorem. Our task now is to show that g is square integrable.
(fa)n is Cauchy in L? since .Z2 C L2.We will show that this sequence is
Cauchy in L*(C).

Since the multiplication operator defined in lemma (348 is invertible, it
follows that (M~!'f,), is Cauchy in L*(C) which is complete hence it con-
verges in norm of L? to some function say M ~!f.This leads to the existence
of a subsequence converging almost everywhere to M ! f(see Theorem 3.12
in[30]). Thus (f,), converges to f almost everywhere, and (f,,),, converges to
g on compact subsets, so we can identify f with an analytic function g. This
achieves the proof. O

Remark 3.48. Proposition (3.47) shows that the evaluation maps are bounded
on F2 which leads to the existence of the Bergman kernel of the space F?2
say K,.

Our next aim is to give an explicit formula for this kernel function by means

of ON basis.

Proposition 3.49. For any non-negative integer n.

Let, e,(z) = (/%5 2".

Then the set {e,} is an ON basis for F2

Proof. Polar coordinates show that this set is an orthonormal set.
Given f € .Z2 and n > 0, dominated convergence gives

(1), - [ s,

[

= lim f(2)en(z)dA,

|z|<R

Since the Taylor series
o
E akzk
k=0

converges uniformly on |z| < R we obtain,

lim f(2)en(2)dN, = Z ay lim 2Fen(2)dNg
k=0

R—o00 |Z|<R R—o00 |Z|<R
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Using polar coordinates again, we obtain

<f’6">3,~2 Zlcf(Z)T(z)dAa

[e3

= lim f(2)en(z)dA,

R—o0

Therefore, the condition that < f, en> , for all n > 0 implies that a,, = 0 for

Z,

[e3

all n > 0 which in turn implies that f = 0. This shows that the system {e,}
is complete in Z2. O

Now, since the series

o0

Z en(2)en(w)

n=0

sums uniformly to K, on compact subsets of {2 x {2, we obtain,

K, (z,w) = Z %z”w”
n=0

ozw
= e

Now, we study an example of Fock space in several variables.
Consider the space

F2(C e ) = {gp holomorphic on C"and/ lp(2)Pe P dN, < oo}
c
Define the scalar product

(£:9),= [ fE9G T are)

and

1% = (1.5)

Proposition 3.50. With respect to the scalar product defined above,
F2(C", e 1) becomes a Hilbert space.

Proof. We show that the Fock space is a closed subspace of L*(C", f) us-
ing the same arguments used in the proof of corollary(33]), just replace the
Lebesgue measure by the weighted measure dy. O
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Similar discussion as in the second paragraph leads to the existence of the
Bergman Kernel of the Fock space. Our next aim is to give an explicit formula
of that kernel by means of an ON-basis of the Hilbert space .#(C", e’|z|2).

Proposition 3.51. The normalized monomials {gba = sz” ya=(ag... ,an)}

form an ON-basis of the Fock space.

Proof. The proof is analogous to the one done in(3.25). It is easy to show
that each ¢, belongs to .# and that the elements of this set are orthogonal
to each other. O

We can even show that the series
Y 6a(2)¢a(w)

sums uniformly on compact subsets of C" to the Bergman kernel of the Fock
space. Now,our task is to compute the norm of the monomials.

Lemma 3.52. For every multi-inder o = (. .., o) we have
2
12 = o

Proof. An easy computation shows that

1 2
2 _
1 = = [ e a)
ko=
Fubini 1 r 20, —|zp)?
=2 T [ el e = A ()
™ rodc

1
= —a"aq!. .. oy
,n-n

= al

Polar coordinates gives that for every 0 < m <n

/‘z|2am€—IZI2d)\(z) :/ / 1
C
= / 720m e~ oy
0
S:TQW/ sYmeds
0

=7l(a, + 1) = may,!
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Lemma 3.53. The Bergman kernel of the Fock space is given by,
Kg(z,w) = e*, for every z,w € C".

Proof. The set {ﬁ, amulti —index} is an ON basis of the Fock space thus
the Bergman kernel has the form

zOé —Q
) =
#29) = 2 e
«
B (zw)~
o al



Chapter 4

Bergman Kernel and the d-bar
problem

In this chapter we are going to give an overview of the d-bar Neumann prob-
lem in one and several complex variables, this theme still be a huge area
of mathematical research and numerous books and papers were written in
this subject. I give just a warm up to the subject with introducing its rela-
tionship with our main topic of the work namely the Bergman kernel. We
will show how to take profit of the Bergman projection to solve the one di-
mensional inhomogeneous 0 problem on the unit disc of the plane. We will
show that in this case the canonical solution operator is compact and even
Hilbert-Schmidt. However, if the dimension is grater than one, this operator
fails to be compact. We prove furthermore that the canonical solution oper-
ator on (0,1)-forms with Fock space coefficients is also non compact. Several
investigations on compactness of the d were made, see for example [17], [?] ,
[38] and [33].

4.1 Introduction

Let Q C C" be an open subset and consider f : Q — C a C' map.For each
component we write z; = x; + 1y;, let p € Q, the differential of f at p is:

A =3 (g—i@)d% ¥ g—;j@uyj)

Jj=1

Write now
de = dl’j —+ Zdy] dZ_] = dl’j — ’ldy]

77
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and using the Wirtinger symbols,

9 _ l(ﬁ - ﬁ)
Jz 2\0x Oy
of _L1cof  ,of
0z 2<8$ +Z@y)
We can rewrite the differential of f in the form
N (9f of . -\ _ 5
Y0) = 3 (55 W)+ 5o 0)45) = 07(w) + 01 (p)

j=1

Definition 4.1. A general(p,q)-differential form is given by

W = Z IaJ,KdZJ/\dZK

|J|=p|K|=q

where the ay i are C* functions on Q. The prime symbol means that we sum
over all increasing multi-indices

J:(jljp) and K:(kflqu)
The derivative of this form is defined by

dw = Z "daj Ndzy N\ dzg = Z "(Oask + Oayx) Ndzy N dzg

|J|=p|K|=q |J|=p|K|=q
We denote
Ow = Z ’8aJ7K/\dzJ/\dZK
|J|=p|K|=q
and B B
&u: Z '8aJ,K/\dzJ/\dZK
|J|=p|K|=q
Definition 4.2. C§°(2)denotes the set of all infinitely differentiable maps
with compact support in Q0. A function f € L*(Q)) has a derivative of order

a in the distributional sense. If for each ¢ € C5°(Y), there exists a function
g € L*(Q) such that

/Q fo"gdA = (—1) /Q by

g=0f

We denote

n the distributional sense.
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Definition 4.3.
L(oq)(Q) = {U = Z 'ugdzg , ug € LQ(Q)}
|K|=q

The topology of this space is defined via the scalar product

<u,v>= Z /quKd)\

|Kl=q

Where

/

/
U = ZuKdz}( and v = Zdez}(
K

K

The O acts on this space in the following way

ou = Z Z au—Kdz] Ndzgk (%)

J=0 |K|=¢

The deriwative is again in the distributional sense.

The domains of this operator consists of all (0,q) forms with L? coefficients
such that the right hand-side of (x) belongs to L(o o) ().

On its domain O acts as an unbounded, densely defined and closed operator
therefore it has an adjoint operator defined on L( (Q),denoted by O*.
The complex Laplacian is defined by

0=00"+ 00

0,g+1)

A self contained and an elegant discussion of the properties of L can be found
in[21).

In the sequel we focus on (0,1) forms.

For f € L3(Q),the 0 acts as follows:

4.2 Canonical solution operator with Bergman
space coeflicients

Let © be a bounded domain in C".
As usual we consider:

9 : Dom(d) € L*(2) — L, 1,(Q)
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We consider the problem:

{au —g =Y g5, g€ ANQ)

u L (Kerd) (4.2.1)

The second condition makes the solution unique.
A bounded operator

is a solution operator to 0 if
0519 = g, forevery g € L} ,(Q)
If

Si1g L Ker(0)

is valid as well, then we call S; the canonical solution operator.

Proposition 4.4. Let g = Y77, g;dz; be a (0,1)form such that g; € A*().
The canonical solution operator has the following form:

S19(z) = /QK(Z,W) < g(w),z —w > dA(w). (4.2.2)

K is the Bergman kernel of the domain and

<g(w),z —w >= Zgj(w)(zj —wj)

Proof. Since g; € A*(Q2) then

4;(w) = / K(w,Og(OMC) ()

Now set N
v(z) = %9;(2)
j=1
we get:
_ "0 -
v = Z E(ngj)dzj
j=1 "7

gi(2)dz; =g
j=1
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Hence the canonical solution operator has the form S;g = (I — P)(Zg) where
P is the Bergman projection defined in (3.3)).
The identity (%) gives:

S19(2) = 29(2) — P(z9)(2)

/Eyjzw&>ww—AK@mikwwww>
/szzgj ©)d\ (w)

= / K(z,w) < g(w), z —w > d\(w)
Q
O
Definition 4.5. Recall that the Bergman projection is defined as follows:
P: L*(Q) — A%(Q)
f—=Pf

/sz )N (W)

K is the corresponding Bergman kernel of the domain.
We define the Hankel operator with symbol ) (satisfying suitable conditions)by

Hy : A%(Q) — L*(Q2)\A*(Q)

9= Hyg = (I = P)(¢yg)
A simple calculation shows that

Hog(2) = [ (9(2) = 0)) Kz 0)A(w)

Remark 4.6. The canonical solution operator to O restricted to the Bergman
space A% can be interpreted as a Hankel operator with symbol z

Hzg = (1= P)(z9)

Remark 4.7. Investigations of the solution operator on (0,1)-forms with
entire coefficients are made in[18].

In the next section we will show that, for the unit disc in C the canonical
solution operator restricted to A?(D) is a Hilbert Schmidt operator whereas
for the unit ball in C", n > 2, the canonical solution operator fails to be
Hilbert Schmidt. A self contained and elegant survey on this subject can be
found in[17].
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4.3 Inhomogeneous Cauchy-Riemann equation
in one dimension

The following contains a discussion of the inhomogeneous Cauchy-Riemann
equation restricted to holomorphic functions in one complex variable.
Let g € A*(D) and consider the problem

of

Let P be the Bergman projection defined in (B3 We define an operator
S A*(D) — Z*(D)

by #(9)(2) := Zg(2) — P(9)(2) where g(w) := wg(w)
We claim that,.#(g)is a solution to (A3.1]). Indeed

0S(g), , 0zg g
19 )= P02y - D

chain rule az _ ag
L er9<>+(2‘1> (=)
= =0

=g(2)

./ is called the canonical solution operator. In the following we will show
that .77 is compact and even a Hilbert-Schmidt operator.
Let {¢, = -, ¢, = [|2"[| 42, n € N}be an ON-basis of A%(D) and define:

Theorem 4.8. The canonical solution operator of (4.2-1))is compact.

Proof. In order to prove the result, we will show that .*.% is compact which
implies that . is also compact(detailed discussion on compact operators and
its properties can be found in[4]chapter 6).

First step

Recall that if ¢ € £?(D) then

/sz )M (w)
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Where P is the Bergman projection.
Now let us compute P(¢,),

P(6,)(2) = / K (2, 0)@60 () dA (@)

n

/DZ“"W—CM w)

k>0

L/n —k+1 ndA
CkCn

=0, unlessk n—1

anl
== / w'w"dA(w)
Ch—16n JD
—_

second step
Let us compute the adjoint operator of .
Let ¢ € £*(D), since g, P(g) € A%(D) we have:

(#9:0) o, = [ ZOHINE)

=/D(g<> (P ><w>)$<> Aw)

Reproduciggformula/l;) (/DK(w,z)g(z)(w—5)03)\(2))5(“)@‘(“’)
e ( [ e w—z>¢<w>dx<w>>dx<z>

- (9

22 (D)

Where
= /DK(z,w)(w — 2)p(w)dA(w).

For n > 1 we have
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S S (6)w) = 7 (20u(2) = P(d(2) ) @)

n n—1
= 5”‘(?2— — can )
Cn Ch—1
n n—1
= /DK(z,w)(z —w) (EZ— - cn;—)d)\(z)
n n—1
<k, k n n—1
= / Z - (; (z — w)(Ez— - cnz2—>d)\(z)
Diso Ck Cn Cn—1

This integral will be computed in two steps, first we multiply by z, we may
interchange integral and sum because of uniform convergence to get:

gk k _ZnJrl o Wk SR+l nt1
/Z 5 (z — )d)\(z) = Z —2(/ ———d\(2)—
D k>0 -1 % D _

C C C
k n n k>0 N

~
=0unless k=n

Cn / ZF2"d)\(2) )
= D
—_—

=0 unless k=n

n .2 n
_wanrl_ w

a c Ch
(4.3.2)
Next we multiply by w and we get,
<k, k+1 n n—1 k+1 k+1.n
[E (- - ([ e
Diso Gk Cn Cn—1 >0 kD Cn _

~
=0unless k=n—1

S
2 /Dzkz ld)\(z)>

71 A g
Vv
=0unless k=n—1
w'e, wW'e,

2
Cn-1 Cr—1

=0

(4.3.3)
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Finally we get:

7 F o)) =[xt - 1]

C?l Cn—l
2 2
C C
_ +1
- [ Rl ]‘bn(w)
Cn Cnfl

Similar computations leads to

Lwywmwzg%w>

Now let f € A*(D). With respect to the ON-basis {¢,} f has the following

representation:
F=3"(f 6n)on

n>0

Therefore,

S I(f) = (S F.60)6n

n>0
= 7S (00) + 3 (1.5 S 6. )6
n>1
c 2 1
= Zoo(w) + [ = ] S (.60 )00
52
Recall that
2 n|2 T
¢, = |z ”AQ(ID)) = n+1
Therefore
s n+1l n
o = —
" n4+2 n+1
1
= —0 as n—
(n+1)(n+2)
Conclusion

S*.S is compact hence . is also compact. O
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Next we introduce the notion of Hilbert-Schmidt operators and we show
that the canonical solution operator is Hilbert-Schmidt. In my discussion we
follow[20)].

Definition 4.9. a)Let H be a Hilbert space and T € £ (H) a linear operator.
The s-numbers of T are the eigenvalues of the linear operator T*T.
b)T is a Hilbert-Schmidt operator if its sequence of s-numbers belongs to [?

Proposition 4.10. The canonical solution operator of (4.2.1))is a Hilbert-
Schmidt operator.

Proof. We have already shown that the s-numbers of .% are

B 1
At D+ 2)

Since
T
— (n+1)(n+2)
we obtain the desired result. O

4.4 Canonical solution operator on (0,1) forms
with Fock space coefficients

Our main purpose of this section is to show that the solution operator of
the O restricted to (0,1) forms with coefficients in the Fock space .% is non
compact. For this purpose I use the papers [I8] and the dissertation [33].
Recall that we understand under the Fock space .% the space of holomorphic
functions that are square integrable with respect to weight function eI,
Let consider the following notation :

ci:/ BRI NE)

Here k = (ky ... k,) is a multi-index.
By proposition(3.5]])the set,

(67

{Hz—“H’a: (al...an)}
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is an ON-basis of the Fock space furthermore

The Bergman kernel of this space has the explicit form:
K(z,w) =e"*
Here wz = z1w01 . .. 2,W0,,.

Definition 4.11. The space L?OJ)((C", e *) is the set of all(0,1)-forms with
coefficients in the weighted space L2(C", e~ "), Let du = e 1#”d\.
The topology of this space is defined via,

n

2

= [ fusPdn
j=17C"
Here
n

U = Zujdz_j

j=1

In the same way we define Fo1)(C") the space of(0,1)forms with coefficients
in the Fock space F .

In the sequel,we will show that the canonical solution operator of(4.2.1])
with right hand side in .%o 1)(C") can be written as a Hankel operator with
symbol Z.

Definition 4.12. We define

\/ﬁz{f:fef(mdﬂgefsuchthat :fzzg}

Lemma 4.13. Let M: be the multiplication operator.
Then
M.(V.Z) C L*(C", e 1?7

Proof. Let f € v.%, then g € % such that f2 =g
By Cauchy-Schwarz inequality in the Hilbert space .# we obtain

(e < ([ e o) ([ et ae)’

< gl > [12[1 5
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Remark 4.14. Every monomial of the form z* belongs to /.F since 2* and
22F belong to F . Furthermore the set \/F is clearly dense in F .

Let us again define the Hankel operator with symbol f on the Fock space
Z by:
Hf D F = ﬁl

g (I —P)(fg)

P is now the Bergman projection from the weighted space L?*(C", |z|?) onto
the closed subspace .Z.

Theorem 4.15. The following holds

Here S, denotes the canonical solution operator to 0 on (0,1)-forms with
holomorphic coefficients. Moreover,S; can be interpreted as L* limit of the
images of suitable elements of V.% .

Proof. Let as usual ¢ = >, = ¢;dZ; be a (0,1)-form with holomorphic

coefficients and define .

v(z) =) Zgi(2)
i=1
It follows that
5’0 = @dfl

=1 8271
= =gdzi=g
=1

The solution operator is orthogonal to the kernel of 0.The kernel is ex-
actly the Fock space, so the Bergman projection and the projection onto
the kernel of 0 coincide. The solution operator is well defined. It follows by
Hoérmander(see[23]) that the solution operator is bounded. It has to coincide
with the Hankel operator on the dense set .%. O

Remark 4.16. Proposition(.4)gives an integral representation of the solu-
tion operator with A2-coefficients. It turns out that this property remains
valid if the right-hand side of (.2.1) has coefficients in /7.

The proof is the same as in proposition ({.4]).

Now we want to compute the projection of certain functions explicitly. For this
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purpose, we take profit of the Taylor expansion of the reproducing kernel. Let
us, before doing this, make the following conventions.
Let k = (ky ... k,) be a multi-index. Then

Lemma 4.17. Let f the(0,1)-form defined by F = z7dz, then

2

P(f2)(w) = Cz—ilel

Proof. By orthogonality of the set {2*,a € N"} we have:
P(fz)(w) = g K(w, 2) < f(2),2 > dp(z)
— z" m(z 53 d
- [ > 2w ES )

gl
- [ e

m

cr, C
1 .
= —w™ < 2, Zmh s o
C
m m
§ : Cm411 m
= —02 (5m+117jw
m m
2
c: )
J w]_ll
c2
j—1

Lemma 4.18. Let 51 : F 1) — F(C") with adjoint S .
For the special (0,1)-form defined by

g = gdz where g € F(C")
We have:

St = ([ K(w2)h(z) (21 —wi)dp(z) ) den

Cn
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Proof. Let h € #(C"). By(@d.22)we have:

- /C ﬁ(z)( | Kew) <gz-w> du(w)>du(2)

= /C” H(w)( . K(z,w)g(w)(z — wl)d,u(w))d/t(z)

:/ g(w)( K(w, 2)h(2)(z —w1)d#(2)>dﬂ(w)
n Ccn
=<9,51h >7,,)
I

Remark 4.19. LetA : Hi — Hy be an operator between Hilbert spaces, it is
well known that A*A is compact if and only if A is,see for example [16], we
are going to use this method in order to prove non-compactness of Si.

Theorem 4.20. Let

zm
Um(Z) = ad?ﬁ
where m = (my ... my,) is a multi-index.
If my > 1.Then
2 2
Si51(Un)(w) = (252 = ) U ()
Cm, 2y,

Proof. We still know from lemma(d.I7)that, if f = 2"™dz;.Then

P(f2)(w) = 50w
Cm—11
Hence )
— Cm m—11
S1(Un)(2) = 21U, (2) — R
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By the last lemma, it follows that

2

S8 (Up) (w) = 5 K(w,2) (zaUm(z) - Cé—mlzml) (21 — wi)dp(z)
= /n <; Z—k]{;lj—%> (51Um(z) - CQCQTh Zm_h) (21 — wi)dp(z)
_ / n (Z z—;j—;> (z‘lUm(z) . Cgibhzmh)@l)du(z)

2
m—1q
w™ w™
= e gz - R
Cn Jen m—1,m n
2
Cm+11 m >U
< 2 21, m(w)
(4.4.1)
For the integral of the second line in the equality above we have of course,
2k WP )( c? 1
— ) 71U, (2 ——mzm’l)w du(z
| ( o) (AU = e it
P )( c? 1
=w —— (74U, (= —mzm’l)d z
/(Z o) (AUn(2) = = (o)

=wP(I — P)(z1Un(2)) =0

Now we are ready to prove the main result of this section.

Corollary 4.21. The canonical solution operator Sy on (0,1)-forms with
Fock-space coefficients is not compact.

Proof. The set
{Um(z) = z—dz_l ,m = (my .. mn)}

Cm
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is orthonormal.
Now remember the definition of the ¢y,

cz:/ 2|27 N (2)
(Cn
= / 20|20 2| e (P lon P g (2 L 2)
n

By Fubini and using the Euler I' function we obtain

C = k!
Now,
2 2
Cntly  Cm  _ (m+1)!  ml
e 2y, m! (m —1p)!
=mq + 1-— my = 1
So we have,

S1S1Um(2) = Upnn(2)

which means that the operatorS;5; is not compact (it has the special eigen-
vectors to the eigenvalue 1). For an excellent survey on characterisation of

compact operators see [4] or [9].
0



Bibliography

1]

8]
[9]

[10]

[11]

[12]

K.Adaichi, Several complex variables and integral formulas, Nagasaki
University, Japan 2007.

N.Aronszajn, Theorie generale de noyaux reproduisant - Premiere partie,
(vol 39 1944), Proceeding of Cambridge Philosophical Society.

S.Bartokos, Reproducing Kernel Hilbert Spaces, Master's thesis, Vienna
University 2011.

H.Brezis, Functional Analysis Sobolev Spaces and Partial Differential
Equations, ISBN 978-0-387-70913-0, Springer New York Dodrecht Hei-
delberg London 2001.

A.Cap, Differentialgeometrie 1, Universitat Wien Sommersemester 2011,
available on line under http://www.mat.univie.ac.at/~ cap/

A.Constantin, Fourier Analysis, Cambridge University Press, 2016.

D.Catlin and J.P.D'Angelo, Positivity conditions for bihomogeneous
polynomials, Math.Res Lett.4(1997),555-567.

Yan-Chun, James Tung, Fock Spaces,University of Michigan 2005.

J.B.Conway, A Course in functional analysis, 2nd edition. Graduate
texts in mathematics, 1996.

J.P.D'"Angelo, Inequalities from complex analysis. The Mathematical As-
sociation of America 2002,ISBN 0-883585-000-1.

J.P.D"Angelo, An explicit computation of the Bergman Kernel function.
The journal of geometric Analysis vol 4, Number 1, 1994.

J.P.D'Angelo, Complex variables and the geometry of real hypersurfaces,
Boca Raton, Fla: CRC Press, 1993.

93



BIBLIOGRAPHY 94

[13]

[20]

[21]

22]

23]

[24]

[25]

D.Peter, S.Alexander, Bergman spaces. Mathematical Surveys and
Monographs, 100. American Mathematical Society, Providence, RI,
2004.

L.C.Evans, Partial Differential Equations, Graduate Studies in Mathe-
matics, AMS volumel9.

S.Fu, E.Straube, Compactness in the O -Neumann problem,Complex
Analysis and Geometry (j.McNeal,ed.) Ohio State Math.Res.Inst.Publ
9(2001), 141-160.

H.Heuser, Funktionalanalysis , B.G. Teubner, Stuttgart.

F.Haslinger, The canonical solution operator to 0 restricted to Bergman
sapces, Pro.Amer.Math Soc 129,(2001)3321-3329.

F.Haslinger, The canonical solution operator to 0 restricted to spaces of
entire functions, Annales de la faculté des sciences de Toulouse 6 serie,
tome 11 n 1 (2002) p 57-7.

F.Haslinger, Komplex Analysis 1 und 2 lecture notes on complex
analysis, available on line under http://www.mat.univie.ac.at/~ has/.

F.Haslinger, The d-bar Neumann problem and Schrodinger operators,
De Gruyter Expositions in Mathematics 59, Walter De Gruyter Berlin
2014.

F.Haslinger, Spectral Analysis, lecture notes ,summer term 2014,avail-
able on line under http://www.mat.univie.ac.at/~has/

H.Hedenmalm, B.Korenblum, K.Zhu, Theory of Bergman Spaces,
Springer Verlag, New York Berlin Heidelberg ISBN 0-387-98791.

L.Hérmander, An Introduction to Complex Analysis In Several Vari-
ables, North-Holland Publishing Company - Amsterdam 1973, ISBN
044105239.

L.Hormander, L? - estimates and existence theorems for the O operator,
Acta Mathematica 113(1965) 89-152.

S.G.Krantz, Function Theory of Seveal Complex Variables . Second Edi-
tion, AMS Chelsea publishing 2000.



BIBLIOGRAPHY 95

[26]

[27]

28]

[29]

[30]

[31]

32]

[33]

[34]

[35]

[36]

[37]

[38]

S.G.Krantz, Geometric Function Theory Ezxplorations in Complex Anal-
ysis. Birkhuser Boston 2006,ISBN 10 0-8176-4339-7.

S.G.Krantz, Partial Differential Equations and Complex Analyis, CRC
Pres Boca Raton Ann Arbor London Tokyo 1992, ISBN 0-8493-7155-4.

E.H.Moore, On properly positive Hermitian matrices, Bull AMS vol 23,
1916.

R.M.Range, Holomorphic Fuctions and integral Representations in sev-
eral compler variables , Graduate texts in mathematics 108, 1986 by
springer verlag New York Inc.

W.Rudin, Real and functional analysis, 1921-2010 New York McGraw-
Hill, 1987.

W.Rudin, Functional Analysis, McGraw-Hill, 1991.

W.Rudin, Function Theory in the Unit Ball of C". Springer-Verlag
Berlin Heidelberg, ISBN 3-540-90514-6.

G.Schneider, The O Neumann problem and spaces of holomorphic func-
tions Dissertation zur Erlagung des Grades Doktor der Naturwis-
senschaften, Wien 2002.

G.Teschl, Topics in Real and Functional Analysis 2013 available on line
under http://www.mat.univie.ac.at/~gerald/.

S.Zaremba, On boundary value problem for harmonic and biharmonic
functions, 1907.

K.Zhu, Operator Theory In Function Spaces, Marcel Dekker INC 1990,
ISBN 0-8247-8411-1.

K.Zhu, Analysis on Fock spaces. Graduate Texts in Mathematics, 263.
Springer, New York, 2012.

K.Zhu, Hilbert-Schmidt Hankel operators on the Bergman space, Proc.
Amer. Math. Soc, 109(1990), 721-730



	Holomorphic functions
	Notations 
	 Cauchy integral formula for polydiscs 
	 Multiple and power series in several complex variables 
	The Weierstrass theorem
	Holomorphic Jacobian 
	Riemann mapping theorem

	Elementary Hilbert spaces theory 
	Basic definitions 
	Hilbert spaces 
	The Cauchy - Schwarz inequality 
	Orthogonality and the projection theorem
	Orthogonal sets and orthonormal basis 
	Riesz-Fischer theorem 


	Bergman spaces and reproducing formula 
	Preliminaries
	Bergman spaces 
	Bergman projection 
	Bergman metric
	Computation of the Bergman Kernel
	Bergman kernel of the unit disc 
	Bergman kernel of the upper-half plane
	Bergman kernel of the ball in Cn

	Bergman kernel of the ellipsoid 
	The Fock space 

	Bergman Kernel and the d-bar problem 
	Introduction
	Canonical solution operator with Bergman space coefficients 
	Inhomogeneous Cauchy-Riemann equation in one dimension
	Canonical solution operator on (0,1) forms with Fock space coefficients 


