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Abstract

One mathematical model for the dynamics of the actin filament network in the
lamellipodium of migrating cells is the Filament Based Lamellipodium Model (FBLM)
— a two-dimensional, anisotropic two-phase continuum model. In this thesis, we
aim to propose a simplified version of this model, by considering rigid filaments of
equal length. We then perform a formal asymptotic dimension reduction limit in
the regime of small filaments. The resulting one-dimensional system describes the

processes along the cell periphery.

Keywords: Actin, Cytoskeleton, Cell Movement, Mathematical Model.

Zusammenfassung

Ein mogliches mathematisches Modell fiir die Dynamik des Aktin-Netzes im Lamel-
lipodium von kriechenden Zellen ist das Filament Based Lamellipodium Model
(FBLM) — ein zweidimensionales, anisotropisches Zwei-Phasen-Modell. In dieser
Arbeit wird eine vereinfachte Version dieses Modells vorgestellt, in der die Filamente
als steif und gleicher Lange angenommen werden. Es wird ein formeller asymptotis-
cher Dimensionsreduktionslimes durchgefiihrt, indem die Lange der Filamente gegen
Null gefiihrt wird. Das resultierende eindimensionale System beschreibt die Prozesse

auf der Zellmembran.

Schliisselworter: Aktin, Cytoskelett, Zellbewegung, Mathematisches Modell.
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Introduction

Crawling is one of the most important cell
activities in the animal kingdom, important
i its generality and in its function.

- M. Abercrombie, 1978.1

A central process in the development and maintenance of multicellular organisms is
cell migration. It is crucial to numerous mechanisms in the animal body and its study
is important to many fields of biology and medicine. For example, it contributes to
many human medical conditions, such as vascular diseases or cancer, and insights
into the happenings inside the cell would help to design therapies to counter these

diseases.

So as it is very interesting as to why cells move, the research surrounding this thesis
is dedicated to solve the question of "How”. The cell organelle shouldering this
responsibility is the cytoskeleton. Despite its name, it is not a static structure like
the bone skeleton; in fact it is highly dynamic, continuously being remodeled. A
network of so called actin filaments underlies the plasma membrane of a cell lying on
a flat adhesive surface and experiments? suggest, that the necessary ingredients for

cell movement lie in this thin strip, termed the lamellipodium.

One of many mathematical models to describe the dynamics in this cell protrusion is
the Filament Based Lamellipodium Model (FBLM) — a two-dimensional, anisotropic,
two-phase continuum model. The aim of this thesis is to derive a simplified one-
dimensional version of it, which ideally yields the same results in the numerical
simulations as the full model, but with lower computational costs. The first chapter
is devoted to the presentation of the biological setting and the introduction of the
FBLM. In the second chapter, some simplifying assumptions will be made and a

formal asymptotic dimension reduction limit will be carried out.

1[A78] 2[VSB99]






1 Framework

1.1 The Biological Concept 3

Cell migration is an important part of cell biology, embryology, immunology and
neuroscience as it is fundamental for development, tissue homeostasis and disease
control. Embryogenesis, for example, requires the coordinated migration of cells
to develop the right multicellular structure. Fibroblasts and epithelial cells are
involved in wound closure. Immune cells leave the blood stream to reach their site
of action. The advancing front of a growing axon cuts its way to the synapse. On
the other hand, autoimmune diseases and tumor metastasis can be a consequence of
deregulated cell motility.

Locomotion of cells takes place in fluid, on non-cellular substratum and around or
even through other cells. Most animal cells move in a crawling motion, instead of
swimming using cilia or flagella. One way to effect this is by protrusion of the front,
attachment to the substratum, translocation of the cell body, and retraction of the
rear. (The front-rear-polarity results from molecular and functional intracellular
asymmetry which causes a morphological one.) These characteristic events occur
consecutively in slowly moving cells, or simultaneously when cells move rapidly.
In response to the cell’s microenvironment the activation of multiple intertwined
signaling networks is triggered, with numerous proteins participating: membrane
receptors, signaling kinases, phosphatases, adapters and adhesion and cytoskeletal

components.

1.1.1 The Cytoskeleton

For eukaryotic cells to organize their shape and internal structure and to stay sturdy
and strong in form, as well as to interact mechanically with other cells, they possess
three kinds of highly dynamic families of protein filaments spread across the whole
cytoplasm, collectively called the cytoskeleton. These networks are attached to
the plasma membrane and the internal organelles and have a spatial extent up to
hundreds of micrometers and lifespans ranging from a few seconds up to the cell’s
lifetime. A coordinated interaction allows the cell to function properly during growth
and division and to quickly adapt to changing circumstances.

The cytoskeletal proteins are categorized into intermediate filaments, microtuboli and

3Unless otherwise stated, the information in this section is mainly adapted from [A405, A+15, L+12],
where a more detailed describtion can be found.



4 1.1 THE BiorLocicAL CONCEPT

actin filaments, each possessing its own characteristics and function. The intermediate
filaments protect the DNA by enveloping the nucleus and play a vital role in the
mechanical stability of a tissue by interacting with neighboring cells. Microtuboli
form a transport system for vesicles, organelles and other components, providing the
cell with an organized composition. They also form the spindle apparatus during
mitosis, helping to separate the chromosome pairs. The third type, actin filaments,
or microfilaments, function as tracks for motor proteins transporting cargo across
the cell and as organizers of the plasma membrane, e.g. forming surface structures
like microvilli. Since they are also primarily responsible for the motility of the cell,
such as phagocytosis, mitosis and, especially, migration, we will pay them special

attention.

1.1.2 Actin Filaments: Where Motility Begins

Actin makes up around 5% of a eukaryotic cell’s protein pool; half of it as free globular
monomers (G-actin), the other half in the form of filaments (F-actin), i.e. double
helical chains of identical G-actins with a diameter of approximately 7nm. Each
G-actin is bound to a molecule of ATP (adenosine triphosphate) or ADP (adenosine
diphosphate) and due to an uneven distribution of mass in its subdomains, it is
considered to have a structural polarity. When reversibly polymerized head-to-tail
into F-actin, all subunits point towards the same end, giving rise to a minus and a plus
end, depending on whether the ATP# binding site is exposed or not, respectively. From
their arrow-like appearance when prepared with a certain ”decoration” technique

5 one derives a different nomenclature: The minus end is also

involving myosin
referred to as "pointed” and the plus end as "barbed”.

Actin density is controlled by so-called polymerisation, branching, severing and
capping processes, coordinated by multiple regulatory proteins, and resulting in
a decreasing density from a cell’s front to rear. A polymer is kept together by
weak noncovalent bonds, allowing for rapid assembly and disassembly. So albeit the
filaments diffuse only slowly, disassembling them into smaller - ergo more diffusive -
components and reassembling them at another site, allows for rapid reorganization
of the cytoskeleton. The filaments elongate by attaching monomers at both ends,
with a higher probability at the plus/barbed end, whereas at the minus/pointed
ends mostly decomposition occurs. The difference comes about due to the fact,
that the subunits must be changed conformationally when added at the minus
end.% These processes are referred to as polymerisation and depolymerisation and
count as major features of cell movement. New filaments emerge through branching
or nucleation, old filaments can be severed and capped to protect against further

uncontrolled de-/polymerisation, and stabilisation of the network is guaranteed by

4or ADP °[BRR78] 6[A+02]
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crosslinks. That is to say actin filaments are rarely found isolated; actin binding
proteins bundle them or nucleate them into dendritic or gel-like networks.

Depending on the kind of proteins associated to the filaments, they can take over
different tasks. The highest concentration is found in a phase directly adjacent to
the plasma membrane, the cell cortex, where crosslinking proteins hold the actin
filaments in a gelatinous mesh. This mesh stabilizes the outer edge of the cell and

provides the basis for shape and motion.

Protrusion of the Front

On adhesive surfaces, at and near the front end (with respect to the direction of
motion) - or leading edge - of cultured crawling cells, one observes ”thin, sheet-like,

”7_ which Michael Abercrombie was the

mobile, commonly transitory projections
first to name ”lamellipodium” in 1970. These are roughly 2 pum thick and 1-5pm
wide® flexible structures, consisting mainly of actin; protruding and retracting in an

exploratory manner.

Fig. 1.1: Lamellipodium with actin filaments in a crawling keratocyte.

The force for the membrane deformation is provided by a certain mechanism called
"treadmilling”?: a net flux of subunits through the polymer, while keeping it at
constant length. This is where the above mentioned ATP comes in. Actin can
catalyze the hydrolysis of ATP, at increased speed when assembled into filaments. A
hydrogen atom takes the place of one phosphate group in the trinucleotide, changing
the actin from ”T form” (ATP bound) into ”D form” (ADP bound), which is less
stable and will therefore rather be depolymerised than polymerised. Whether the
ends of a microfilament are in T or D form depends on the rate of polymerization: If
it is higher than the rate of hydrolysis, than the end concerned will more likely still
be in T form. At intermediate concentrations of free G-actin in the cytosol the plus
end will be in T form (net growth), whereas the minus end will be in D form (net
shrinkage at the same rate), effecting a steady state turnover of monomers whereby
the length of the filament stays constant.

In the lamellipodium, the filaments are oriented with their fast growing plus ends

"[A70] ®[Sm+02] °for details see [A+02]
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abutting the membrane. Due to the treadmilling effect, monomers will be removed at
the minus end near the center of the cell and inserted between the plus end and the
membrane in the front. The free energy released during this spontaneous process is
transformed into mechanical work: The elongation of the actin filaments pushes the
leading edge forward, resulting in a progression at constant velocity of approximately

1pum per second while the breadth of the lamellipodium remains constant.

Adhesion to the Substratum

After protrusion as described above and assembly of the cytoskeleton in the front
of the cell have been accomplished, contractile microfilaments called stress fibers
along the basal surface become firmly anchored to the underlying substratum via
specialized regions called (focal) adhesions. This cell-cell or cell-matrix attachment
is implemented by a myriad of cell surface proteins, called integrins. They have an
external domain that binds stably to specific components of the extracellular matrix
or the artificial surface, and a cytoplasmic domain which links to the cytoskeleton.

The importance of this linkage becomes clear when regarding the following step.

Succeeding Steps in Cell Movement

Despite the focus of this thesis will be laid on protrusion via actin polymerisation
and adhesion to the underlying surface, a short overview on the subsequent processes
shall be given.

Translocation of the cell body. Adjacent to the highly dynamic lamellipodium
one finds a more stable region, the lamella, where the concentration of the motor
protein myosin II is increased. This is why it is believed, that the organelles are
translocated by a myosin II mediated cortical contraction. Motor proteins are able
to use energy released from ATP hydrolysis to generate mechanical work, i.e. linear
or rotary motion. A myosin II molecule binds to two antiparallel actin filaments
and walks towards their barbed ends, causing a contraction. The adhesion receptors
allow the cell to transmit these forces to the substratum and prevent the leading
edge from a phenomenon known as retrogate flow: The actin network would simply
slip back inside the cytosol instead of pulling the cell body forwards.

Retraction of the rear. Next, the trailing edge of the cell must be retracted. This
happens by breaking the rear adhesions and contraction of probably the stress fibers
or microtubules.

Finally, recycling should be mentioned. Membrane constituents and adhesion
molecules released at the rear of the cell can be incorporated into the advancing
front.

Summing up, cell migration is a consequence of coordinated interaction of different
components of the cytoskeleton and multiple other proteins, at the basis of balancing

mechanical forces and resisting forces.
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1.2 The Mathematical Model 1°

The history of modelling cell migration reaches back to around 1993 and covers
microscopic as well as macroscopic continuum approaches. The operations on single
filaments are typically discribed by stochastic processes, however these models
are too complex to portray the mechanics of the whole lamellipodium. Instead,
continuum versions for the filament network have been used. C.S. Peskin, G. M. Odell
and G.F.Oster were among the first to introduce a mathematical model for this
phenomenon: the Brownian ratchet [POO93]; soon revised by A.Mogilner and
G.F. Oster [MO96]. In the subsequent years, many publications on the topic followed
[AD98, MB01, GO04, RJM05, M+06, ...]. The underlying model of this thesis has its
origins in publications of D. Oelz and C. Schmeiser of 2008 and 2010 [OSS08, OS10a).
It is a continuum model for the lamellipodium based on models for individual
filaments of graded lengths together with their linkages, which allows to include

detailed physical knowledge on the subprocesses.

1.2.1 The Constituent Elements

The model obeys the following assumptions:

The focus is laid on the processes in the front and rear of an isolated cell on a flat
surface. Its membrane is modeled like a rubber band, which needs applied force to
stretch it away from the equilibrium state. All filaments are required to meet the
membrane with their barbed ends. Observations show, that the angle the filaments
form with the membrane mainly takes two values, because of a branching angle
of ~70°. Therefore it is justified to speak of two families of locally parallel filaments,
referred to as clockwise and anticlockwise, which cross each other transversally. The
lamellipodium is assumed to be two dimensional since it is a very flat structure,
and to surround the whole cell in the shape of a ring of varying width along the
cell periphery. That means, the filaments lie between two closed curves: The outer
defined by the leading edge, the inner rather artificially by the minimum density
of actin, which is distinct for each of the two families, possibly non-identical. The
actin filaments themselves are oriented, curved, inextensible segments, resistent to
bending.

In the following, the position of the filaments of the two families will be given by the

functions

F :[0,27) x [-L,0] x [0, 0] — R?
F*:[0,27) x [-L*,0] x [0,0] — R,

where «, a* € [0,27) are the labels of the filaments, i.e. the positions of the

attachments to the circular membrane; s € [—L(«,t),0] and s* € [—-L*(a*,t),0]

%For a detailed derivation see [0S10a] and [M+15].
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clockwise
<. filaments

membrane
cross-links

barbed

ends anti-clockwise

filamenis

Fig. 1.2: Scheme of the idealized cell.

are the arclength parameters with maximal lengths L and L* measured from the

membrane; and ¢ € [0, 0] is the time.

Convention (C). The model is symmetric in the notion of * and non-x. We make
the following decision: The clockwise family will be denoted F'* and the anticlockwise

family F'. The filaments of both families will be labeled counterclockwise.

The inextensibility condition in mathematical terms states
|0sF| = |0sF*| = 1. (1.1)

This means that F' and F™* represent arclength parametrizations, i.e. the deformation
of all filaments in an infinitesimal a-, resp. «*-interval with length distributions
n(a, s, t),n*(a*,s*,t) € [0,1]. These densities are monotonically nondecreasing in s

and s* resp. with their maximum in s = 0 and s* = 0 resp.

Polymerisation occurs at the barbed ends with given speeds v(a,t),v*(a*,t) = 0,
whereas depolymerization happens at the pointed ends in a stochastic manner
with prescribed distribution. However, it should not be possible that the faster

polymerizing family leaves the slower one behind. This condition is termed
{F(a,0,t) : € [0,27),t € [0,00]} = {F*(a*,0,t) : a* € [0,27),¢ € [0,00]}, (1.2)

i.e. all filaments share the leading edge, which results in a pushing of the membrane

by the fast family and a pulling by the slow family.

Filaments of the same family do not cross each other, which makes F'(+,t) and F*(-, t)
one-to-one, whereas clockwise and anticlockwise filaments are elastically connected
to each other at most once at any time by so-called crosslinks. They are formed
stochastically and then move along the filaments until they eventually break. These

crosslinking proteins ensure the stability of the network and possess an equilibrium
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formation which causes a resistance against relative translational and rotational
movement while attached.

Let C denote the set of index pairs of intersecting filaments:

C(t) = {(a,a*) € [0,2m) x [0,27) : I s € [-L,0],s* € [-L*,0]

s.t. Fa,s,t) = F*(a*, 5*775)}' (1.3)

The uniqueness comes due to the fact, that two given filaments cross at most once.
We define the function

a* :[0,27) x [-L,0] x [0,0) — [0, 27), (1.4a)

such that a*(«, s,t) is the index of the filament of the *-family crossing filament «

at location s and time ¢. Vice versa, the function
a: [0,27) x [-L*,0] x [0,00) — [0, 27) (1.4b)

gives the crossing non-#-filament for given a*, s* and t. Note that the two functions
are inverse to each other for s = s* = 0.

The angle between the filaments at the binding site is determined by
oo, a*,t) = arccos (0sF (o, s,t) - 0:F* (a*, 5%, 1)) € [0, 7] (1.5)

for (a, @) € C, with equilibrium ¢g. Note that ¢ = ¢*, i.e. the angle is the same

regardless of whether being measured from one filament or the other.

The elastic link between a filament and the substratum via a transmembrane linkage
forms spontaneously and breaks depending on the degree of link extension. We
suppose that the number of adhesions per filament length does not exceed a maximal

value given as a parameter of the model.

1.2.2 The Filament Based Lamellipodium Model

Resistance against bending of the filaments, against stretching and twisting of the
crosslinks, and against stretching of the adhesion linkages as well as of the cell
membrane result in a balance of elastic forces. The minimum of the sum over all
potential energy functionals of these elastic effects determine the time-dependent

positions F' of the filaments:
F = min{potential energy functional containing contributions from elastic effects}

under the restraints (1.1),(1.2). This equation is coupled with age-structured popula-

tion models for the contributions of the crosslinks and adhesions.

We suppose that cross-link’s and adhesion’s life times are small compared to the
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F ...anti-clockwise

. «, a*-direction
F' ...clockwise \
y

Fig. 1.3: Scheme of the constituent elements of the model.

time a monomer spends in the filament. As a consequence, their averaged effect is
friction between the filaments and the substrate. (However, this is only justified for
fast moving cells.) A limiting process and other techniques from variational calculus
lead to a dimensionless two-dimensional model local in time, the Filament Based
Lamellipodium Model. It is a two-phase model in which both families of filaments
solve the following equation (the plus before the twisting term corresponds to the

clockwise family, while the minus belongs to the counterclockwise family):
bending adhesion inextensibility
Ba2(, A2 A y \
0= 2 63 (UasF) +u nDtF - aS(nAiHeXtaSF)
+ pSn* (DF = DfF*) & 0,(u ™ (0 — 0) 05 F)

cross-link stretching cross-link twisting

where p® eR"  stiffness parameter
n(a, s, t) € [0,1] filament length density
p e RT  adhesion coefficient
Dy = 0y — vds material derivative
Ainext (@, t) € R Lagrange multiplier, chosen s.t. (1.1) holds

o(a,a* t) € [0,7] angle between two crossing filaments

i
F; —F:
Ft = ( 1> = < 2> orthogonal vector.
Fy Fy
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Moreover in (1.6), the stiffness parameters of the cross-linking molecules are defined by

—~ w’ ]%(a, s,t)] whenever F crosses another filament
(e, s,t) = (1.7a)
0 elsewhere,
where 115 is the crosslink stretching constant, and
—~ ul %(a, s,t)] whenever F crosses another filament
pt(a,s,t) = (1.7b)
0 elsewhere,

where p! is the crosslink twisting constant.

Equation (1.6) is coupled with the condition that all filaments share the leading edge

(1.2) and the boundary conditions read:

115 05(n2F) — NAinext0s F £ pTnn* (¢ — 0)8s F - = —fy
PF =0

for s=0

— (1.8)
:uBaS (775§F) - 77>\inextasF * MT7777*(Q0 - QO())aSFl = fL

for s = —L,
PF =0

where fo(a,t), fr(a,t) are linear forces at s = 0, —L respectively. The pulling force
on the inside of the cell is replaced by the requirement that the area of the cell stays

constant, and can therefore be set to zero:

fr(a,t) =0 (1.9a)
fi(a*,t) = 0. (1.9b)

The force on the leading edge is then determined by this area constraint and that
the families share the membrane. It will be chosen of order L. — this choice will be
justified in Section 2.1. We have

jamﬂ:LmJﬂ&Mme+%%mﬁﬂwmﬂ (1.9¢)
(071 = L7(0° 1) Naner (0%, £) +  Aarea (1) 7 (0%, 1

0 1
= L*(a*’ t) ( — Atether(a07 t)ﬁ(a*v 07 t) + iAarea(t))V(ao, t), (19d)

where the abbreviation

ap = a(a*,0,t) (1.10)
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is used. The vector

duFit(ar, t)

)= — 20\
Vot = = (o))

(1.11)
is the unit vector normal to the membrane pointing outwards. Note that
v¥(a*,t) = v(a(a*,0,t),t) due to convention (C). The variable Agether(cr,t) € R
is the Lagrange multiplier to be chosen such that (1.2) holds and Area(t) € R such
that

2m

1

Ao = —J S Fo(ant) - 2uFy- (o, 1) da (1.12)
0

is satisfied for given area Ay > 0. It suffices to include the area constraint in one of

the forces, since (1.2) ensures that the other family will behave accordingly, but we

include it in both forces for symmetry reasons.

Sidenote on (1.9d): The derivative of a in the definition of Af,, . has been

forgotten in [OS10a, p.13]. See the appendix for the revision.

The FBLM is quasi-stationary, which means, that viscous forces in the cytosol damp
the network such that elastic oscillations can be disregarded in the dynamics. And
anisotropic, which means that the results are independent of the orientation of
the filaments around the cell periphery. Although being very simplistic and not
describing all relevant processes, it already gives quite a realistic simulation of a cell
in motion. Several extensions and modifications to this model have been worked
out in recent years. Geometric simplifications have been realised [0S10a, HMS16]
and parameters have been varied. For branching, severing and capping processes, as
well as pressure-like repulsion between the filaments, see [M+15]. The motor protein
myosin has been introduced in [HMS16]. Numerical treatment including chemotaxis
was treated in e.g. [M+16].



2 A Simplified Version of the FBLM

In this chapter, we aim to introduce more restrictive assumptions to develop a simpler
version of the model. The filaments will be assumed to be rigid and of equal length
with identical constant polymerization speeds. The limit of passing the filament

length to zero will then be carried out formally.

(For reasons of clarity, the arguments of the functions will often be omitted, especially
the time.)

2.1 The Assumption of Rigid Filaments!!

Actin filaments in the lamellipodium can be observed to be rather straight rods.
This justifies the assumption of rigidity, which can be incorporated in the model
through the limit of large bending stiffness: u? — 0. The equation of the FBLM

then becomes
0 = 02(ndiF) (2.1a)
under the boundary conditions

PF =0 fors=0,—L, (2.1b)

the inextensibility condition (1.1), and the condition that all filaments share the
leading edge (1.2).

Integration of the FBLM (1.6), using the boundary conditions (1.8), yields

0
0 :J . uBﬁg(nagF) + ,uAnDtF — Os(MAinext 0s F)
+ uSn* (DeF — D F*) £ 85(uTnn* (¢ — o) 0sF) ds
—~ 0
= [uB 0s(NO3F) = Ninexs s F £ nTn* (i — wo)asFl]fLJr
0 -
+ J D F + pSnyn*(D,F — D F*)ds
L
0 -
=—fo—foL+ J pAnDF + pSnn*(DyF — DfF*) ds
—L

A continuation of [HMS16].
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Including the boundary forces (1.9), we get the total force balances
1 0 A -
L(Atether + iAarea)V = J w*nDF + pSnn* (D F — D} F*)ds (2.2a)
L
1 0 —~
L*(Mether + 5)‘area)7/* = f NAU*Dsz* + pgn (D F* — DyF)ds™  (2.2b)
_ L%

for the two families respectively. Note that this remains valid in the limit of rigid

filaments.

On the other hand, partial integration of the FBLM against (F — Fy)' using the
boundary conditions (1.8) in the limit of rigid filaments yields
0 A
0= [ (F= Rt (WP 03EF) + 1 nDiF = 0,10 F)
—L
+ pSnn* (DeF — DY F™) £ 05(u"nn™ (¢ — @O)GSFL)) ds

:[(F — Ryt (uBaS(naEF) — Dhinext@sF + 1T ( — soo)ﬁsFlﬂ(iL

0 —
- J 0(F = Fo)- - (1P 0,(102F) = nhinext s F £ 171" (9 = 90)0,F )
—L
0 o~
+ f (F — Fo)*- (uAnDtF + pSmn* (D F — DZ‘F*)) ds
—L

0
=(F - Fy)* (=fo) — (F — Fp)* L'fL $J pTmm* (@ — @o) ds
)

s=0

s=—

0 -
+ J (F — Fp)*- (uAnDtF + S (D F — D;}‘F*)) ds
—L

which, together with (1.9), gives the total torque balances

1 0
(F - F‘O)L s—0 : VL()\tether + 5)\area) = +J MTUU*(SO - 800) ds
= —L
0 —~
+ f (F — Fo)*:- (uAnDtF + 1Sy (DeF — D;“F*)) ds (2.32)
L
1 1 0 =

(P = B3|y 7L Ot + o) = = | slnle™ = o) ds”

0 —~
o =Ryt (W DEF i aDEF - DF)) dst (230)
_L*
for the two families respectively.

Ansatz. One ansatz for a solution to (2.1) is

F(a, s,t) = Fo(a, t) + (s — so(a, t))d(w(a, 1)), (2.4)
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where Fj is the unknown center of mass, the mean length sq is determined by
0
J n(e, s,t)(s — so(a, t))ds =0
—L

and d(w) = (c.osw

s w

w: [0,27) x [0,0] — [0,27). Note that in the following d(w(c,t)) will be abbrevi-
ated as d(a) and d{w*(a*,t)) = d*(a™).

) is the direction according to the unknown cartesian angle

Simplifying assumptions. Under the assumption that all filaments have the same
length L(a,t) = L = L*(a*,t), the filament length density is constant n = 1 = n*
and therefore sg = —% = s3. The polymerization speeds of the filaments of the two

families will be assumed constant and identical v = v*.

Under these simplifications, the forces of the filaments acting on one another are
symmetric. This leads to a cancelation of the interaction terms of the total force bal-
ances when the equations for the two families are summed. Note that the integration
domain differs depending on whether the term in question affects just one family of
filaments or both. If it affects just one family, such as the adhesion term, then it will
be integrated over the whole length [—L,0]. An interaction term on the other hand
will be integrated over just that length, where the filaments actually intersect. This
property is already implicit in the interaction parameters: (1.7) can also be written

as

— aa* = 6&
ST _ ST ST _ ST
ST = | = | Loy [ = p ‘63*

Lezsramy,

where 5§ and 5* are the smallest s and s*, i.e. the innermost points, where intersection

occurs. Note that then

0 0 * 0 0
3 da 3 oa

J pdds = J MS‘T ]]-{525}(15 J pgds* = J MS‘F ]1{3*25*}d5*

—L —IL S L% L S

2w 5 2 s
:JO o 1{(a,a*)ec}d0¢* :JO 2 ﬂ{(a,a*)ec}daa
so (2.2) is equivalent to
1 0 21
L(Atether + 5Ama)u = J pADyF ds + J 1° L(aatyec) (D F — DfF*)da*
—L 0

1 0 27
L()‘;kether + 5)\area)l/* :J LMAD:F* ds* + Jo MS]]-{(a,a*)eC}(D:F* — DtF)dOé.

Integrating the first equation over all o and the second one over all a* and summing
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the results, gives the global equation

27 *
’;AJ (1+ da (a,0))v(a) da

0 50{
27 0 27 0
:J f ,uADthsda—i-f J pADFF* ds*da*,
0 —L 0 —L
since
27 2T aa
|| Metalan (@) d0* = [ etnr(a(a”,0) 5 0 O (a(a*,0) do”

2m
= J _)\tether(a)l/(a) dOé,
0

performing a change of variables a = a(a*,0) using a !(a,0) = a*(«,0). The
interaction terms cancel as intended and also the choice of fp and f§ as in (1.9) turns

out to be reasonable, since the orders match.

2.2 The Limit of Short Filaments

In comparison to the size of the cell, the filaments are very short. This motivates
our next simplification: L — 0. Although carried out explicitly only quite late in the
calculations, some assumptions will be made along the way, which arise from what is

expected to be valid in the limit.

2.2.1 The Integration Domain for Interaction Terms

In the setting of short rigid filaments, we aim to compute the lower bounds of the

integration domains, § and §*. Two cases occur:

a) If the »-family is steeper, then there exist intersecting filaments of the other
family on the whole length of the a-filament. Therefore the integration domain
is the whole length [—L,0].

b) If the non-#-family is steeper, then there is a part, where there exist no
intersecting filaments. Therefore the integration domain is just a part of the
whole length, i.e. [s(a*, —L),0], with s(a*, —L) € [-L,0].

Note that case a) for « is case b) for a*.

[o 87

a*(e,0) a*(a,—L) a*(a,0) a*(a,s(a*,—L))

Fig. 2.1: Integration domain: case distinction. Left: case a), right: case b).
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We will calculate s(a*, —L,t) in case b) using the law of sines. Assuming, that the
membrane together with the two filaments build a triangle, is justified since the

curvature of the membrane is small compared to the length of the filaments.

Fig. 2.2: Geometry.

Let ¥(a, t),v*(a*,t) denote the angles to the membrane, as shown in Fig. 2.2. Then

siny  siny*
L |s(a*,~L)|
sin ¢ *
*—L)| =1L
< |$(O[ Y )| Sln¢

daFo(a,t) - d*+(a*(a, —s(a*, —L),t))

=L OaFo(ci, t) - dL(a)

€ [0, L],

using the geometric definition of the scalar product and the fact that d is normalized.
To cover both cases a) and b) in the integration, it is expedient to take the minimum

of —L and s(a*,—L) as the lower bound of the s-intervall of crossing filaments:

~ . . (OaFo(a,t) - d*(a* (o, —s(a*, —L), 1))
(1) = —me{ BuFolont) - dL(a) ,1} (2.5a)
Analogously, for the other family:
s _ sin
S (a*,t) = Lmln{iind)*,l}
B . (OuxFF(a* 1) - dH(a(a*, —s*(a, —L),t))
= Lmln{ Boe FE (0, 1) - d*L(a") ,1} (2.5b)

~

Note that §,5* € [-L,0] and that there are only three possible combinations of

values for § and s* — at least one of the two equals —L.

2.2.2 The Total Force and Total Torque Balances
For the substitution of the ansatz (2.4) into (2.2) and (2.3), we compute
L L
DtF = (8t - v&s)(Fo + (S + §)d) = atF() + (S + §)atd —vd

L L
D F* = DiF* = (0y — vds)(F§ + (s* + §)d*) = 0 Fy + (s* + 5)atd* — vd®.
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* .
Note that a% < 0 and % > 0 as a consequence of convention (C).

Considering all the preceding findings and simplifications, we get

1 0 L
L()\tether + 5)\area)l/ = ,UAJ oy + (8 + E)atd —vd ds
L

0 S
+ S f &’aa (atFo + (s + )6td - vd) ds (2.6a)

s

oa* L. . . .
iy J - (atFO (5" + 5)ord —vd)ds

1 0 L
L(Afether + 5)‘area)7/* = NAJ OFg + (8" + 5)5td* —vd* ds*
—L

OFY + (5" £)atd*—vd*) ds* (2.6b)

+ O Fy + (s + )at - vd) ds*

w2
w2

for the total force, and

L? 1 0 9a*
7()\tether + 5)\area)dj_ V== MTJ; Os (90 - 300) ds (278“)
0
+ uAJ (s + ) (ath + (s + )at — vd) ds
—L
0 L 6@
+ MSL (s + 5) s (atFo + (s + )at — vd) ds
0 L. da*
_ 8 il L. * %, *_ gk
i L(s—i— 2) a5 d (&’tFO +(s +2)é’td vd)ds
L2 % 1 ® | ® T 0 da %
7()‘tether + ikarea)d V= + /’L L* 63* (()0 - ()00) ds (27b)

0 L L
+ ;/‘J (s*+5)d" " (ath‘ + (5" +5)0rd" — vd*) ds*
L

0
- ,ﬁf (s*+ Ly goL. (atFU* + (s*+£)8td*— vd*) ds*

- 27 0s*
0 L. da
S * _ *
+ 1 L*(s +2)68 (6th+(s+ )0ed vd)ds

for the total torque.

2.2.3 Derivation of the Equations

To be able to carry out the integrations and to pass to the limit of L — 0, the
functions which depend on the integration variable will be expanded around zero.

Reminder: We have seven unknowns: the two positions Fy, F, the two angles w,w*,



2.2 THE LIMIT OF SHORT FILAMENTS 19

the Lagrange multipliers Atether, Aarea and the function a* that relates (a*,s*,t)
to (a, s,t). Therefore we need seven equations in dependency of the givens (a,t).
We also want those equations for matching F' and F™*, i.e. those which cross. In
particular those which cross in zero, because the functions a and a* are inverse to
each other in zero. We fix o and choose a* such that a(a*,0,t) = . This particular

o will be denoted a and by definition we have
ay = a*(a,0,t). (2.8)

Hence we will expand all the =-functions in (2.6a, 2.7a) around s = 0:

oa* oa*

g(av S, t) = g(aa 0’ t) + O(L)

Fy(a*(a, s,t),t) = Fi(a*(a,0,t),t) + O(L)
d(w*(a*(a, s,t),t)) = d(w*(a*(a,0,t),t)) + O(L)

ola,a*(a, s,t),t) = p(a,a*(a,0,t),t) + O(L),

and analogously all non-#-functions in (2.6b, 2.7b) around s* = 0.

The first final equation can be directly drawn from (1.2). In the limit we have an

equation for Fj:

Fy(a*(e,0,t),t) = Fo(a,t). (2.9)
Put another way, this reads

Fj(a*,t) = Fo(a(a™,0,1),t),

from which it follows

Oox Fiy (0™ (v, 0,1),t) = aa;* (a™(,0,1),0,t) On Fo(a,t) (2.10)
OLFy (a*(a,0,t),t) = 0 Fp(a, t) + g—j(a*(a, 0,t),0,t) 0o Fo(a,t). (2.11)

Drawing Information from the Ansatz

First, we take a closer look at what’s behind the derivatives % and %. Their

absolute values stand for the number of crossings per unit length. At the intersection

point of two filaments, the following relation holds:

£)al(w*(a*(oz, 8, t),1)).

Foon 1) + (s + 2)d(e(a, 1)) = F§ (a* (05,0, 1) + (" + &

2

Taking the scalar product with d** yields

(FO—F(;" + (s + g)d> Ldrt =0,
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and deriving with respect to s gives

(— aa*F;ag + d) A (Fo (s £)d) Ldd oWt e

2 dw* da* 0Os
Therefore,
Ga*( 5 = d(a) - d*(a*(a, s,t)) + O(L)
s "0V T G FE (a* (o 5, 1), 1) - d*L(a* (o, 5, 1))

and analogously,

oa _d*(a*)-d*(a(a*,s,t)) + O(L)
s,t

© OaFo(alat, s, t),t) - dt(a(a*, s, 1)

With (2.10), the above equations can be written in the corresponding labels just in

terms of («,t) and evaluated in s = s* = 0:

da* & (,0,t)d(w(a, 1)) - d(w*(ag, 1)

g(a,o,t) =0 oFolod) - (a2 ) (2.12a)
da_ _ d(w*(ag, 1)) - d-(w(e, 1))

ggx (00, 0:1) = 6aF0(2¢,t) o) (2.12D)

Remark: That the denominator does not become zero is ensured by the general
prerequisite of the model, that the filaments are not allowed to be parallel to the
leading edge.

Drawing Information from the Modified Total Torque Balances

In the lowest order of (2.7a) we have the twisting term:

0 da*
0= uTﬁ ;9 (a,8,1) (e, a* (e, 5,1),t) — po)ds + O(L?).

With the above expansions, this yields

oa*
0= ( - ) O(L?),
13 (g |z (Ploco = $0) ) +O(Z7)
where § = O(L). Dividing by L and passing to the limit, it follows

oa*
0= p"M——| (¢l )

with M = limr,_,o % = O(1), which means

ola,a*(a,0,t),t) = |w(a,t) — w*(a*(a,0,t),t)| = @o.
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From convention (C), this results in a constraint for the angle w™:
w*(a*(a,0,t),t) = w(a,t) + @o. (2.13)
Therefore, we know that
d*(ay) = d(w*(a*(a, 0,t),t)) = d(w(a, t) + o).

To get information from the second order terms, we take the weighted sum of (2.7a)
and (2.7b), such that the first order twisting term cancels. For this, the equations
have to be written in the corresponding labels, i.e. for fixed o we choose a* = ag.
The weight for (2.7b) shall be the fraction of the two twisting terms:

Sg(a,t) %(Ch, ok t) (90(047 a* (Oé, 3, t)a t) - (PO) ds

0 =
Sg*(aé‘,t) 6637%"(@37 8%, t) ((p(a(a& s*, t)7 az)ka t) - 800) ds*

O(a,t) = —

Expanding the densities and ¢, we get

30, 1) %2 (a,0,1) (p(e, ad, 1) — o) + O(L?)
3% (ag, 1) 2% (ag, 0, 1) (p(a, ad, t) — o) + O(L?)

O(a,t) = —

_ o) G (,0,6)daFp(a,t) - dt(w(a, 1))
$*(ad,t)  daFpla,t)-d+(w(o,t) + o)

using equation (2.13) for the angle w*. For L — 0 this converges to

M(a,t) %2 (e, 0,1)00 Fo(a, t) - d-(w(a, 1))

Do(a,t) = Mo (t)  duFolad)  diw(@.d) + o) (2.14)
where
o Blagt) o daFo(ant) - dt(w(ast) + o)
M(at) = Jim =5 = —min { S Foo D) D) SYRNCREY
« o 8%(ah,t) . OaFo(a,t) - dH(w(a,t))
M*(a,t) = %%TO = _mm{aaFo(o(c),t) (o) _HPO),l}. (2.15b)

Note that M, M* € [—1,0] and at least one of them equals —1. The relation (2.10)
was used to write the derivative in (2.15b) just in terms of («,t).
Depending on the values of M and M*, the function ®( simplifies to

da* _OaFodt(@)  iear At =
By = { 00 (O"O)aQFO-dL(wwo) M =M =1 (2.16)

% (o, 0) else.



22 2.2 THE LIMIT OF SHORT FILAMENTS

On the left hand side of (2.7a)+®(2.7b), we have

2
% (()\tether(a) + %/\afea) (d*(a) - v(a))

2
= % <(/\tether(a) + %)\area) (dL(O‘) ’ V(Ct))
+ ®(a)( - /\tether(a)%(aé, 0) + %/\area) (d*L(a(’;) . 1/(04))).

On the right hand side, the adhesion term is of order 3 and can be disregarded. The
summed stretching term reads

0 L. da*
S
e %

: (6tF0 +(s+ )atd —vd — &, (af)

S 0 L ca 1
- (5*+—)8td*(a3‘) + Ud*(a5)> ds + ®p J (s* + 5 )55 (ag, s*)d* (ap)
2 5% (af) 270s
L E3 L E3 & & * *
(atFo + (s + 5)0rd — vd = 3,5 (a5) — (5" +5)0ud" (a) + vd (a0)> ds
0 L a * 0 L 8a % % ®
:“SKL >(S+2)d8)as(o"0)dl+q’(ﬁ( >(S rd )a (25,0 L(“0)]
o 5% aa‘

: [6tF0 —vd — 3,F¥(al) + vd* (ag)] +O(L?).

The integrals solve to

EM@+§MBZ_<“?2+§am)
L
3

0 k)2
f (S*—i-L)dS*:—(S (QO) +
3*((13‘) 2

and using (2.11), the total equation (2.7a)+®(2.7b) reads

L? 1 1 0
7 (()\tether + *)\area) (dL ) V) + (I)(*)\area - )\tetheraia*(a& 0)) (d*L(aﬁ) ’ V))

[ (d—d*(a})) + ao, 0)duFo | - [( (a)) aa“: (o, 0)d*
+<1>(§*(;‘0)2 +§§*( ) 22 (a5,0)d"af) | + O(L?)
— O(L%) + MS[a;* (a,@)(f + gg)di (gj(ao, 0)00 Fy — vd*(a3))
+ @ai‘fk (a(’)“,())(w;gy + gg’*(ag))d*l(a;) : (%(aé,o)aaFo +vd)|

a2

L
"0
o(L

Dividing by %2 and passing to the limit L — 0, using the equation for w* (2.13) and



2.2 THE LIMIT OF SHORT FILAMENTS 23

the definition (2.14), we obtain an algebraic equation for the angle w:

()\tcthcr + 1)\au“ea) (dJ_ (w) : V) + ®o (%Aarea - Atctheraicj*(aga 0)) (dJ_ (w + 900) : V)
- [aa“ (a, 0) (M? + M) d*(w) - (gj(ao, 0)0aFo — vd(w + o) ) (2.17)

oy 02 " (ag,0) (M*? + M*)d*(w + o) - (Zj(ag, 0)0aFp + vd(w))].

Os*

Drawing Information from the Modified Total Force Balances

Integration of the adhesion term of (2.6a) with respect to s gives

0 L 0 L
,/‘f 0. Fo + (s + 2)0ud — vd ds =y (L(aﬂ?0 —vd) + atdf (s + =) ds)
. 2 LT

= A L(0,Fy — vd).
The first part of the stretching term results in

0 * ®
MSJ da (é’th—i-(s-l- —)oid —vd)ds=,u5§aa

N s (é’th - Ud) + O(LQ)

s=0

S

and the second part gives

0 ®
- usﬁ da (@FS‘ (s™ + )6td* — Ud*> ds

s 0s
oa*
S~ * # 2
= o —vd O(L*).
a0 | (OFe| _ —vd'| )+ O(L7)
Altogether, we deduce
1
L()\tether + *)\area)V = ,uAL(é’tFo — Ud)
oa*
Sy * ® 2
Fo —vd — 0. F, d L
Os s=0(at 00—V Ot 0 =O+U s=0) +O( )
for one family and analogously from (2.6b)
1 ES *
L( tether + 2)\area) = ,Uz (GtFO —od )
da
S ~x # * 2
— KU S Epe s*:O(atFO —vd* — 8tF0 _ + vd S*:O) —+ O(L )

for the other.
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With (2.11), the two equations can be written in matching labels and just in terms
of (a,t):

L(Atether + %Aarea)y = O(L2) + MAL(ﬁtFO - Ud)

oa* oa
+ 135 (a,0) (v(d*(af)") —d) — = (a}, O)aaFo) (2.182)
| 0
L(Nther (@8) + Sharea)v = O(L?) + pL(0Fy + 52 (a§)0a o — vd* (af) )
oa oa
— 153 (af) = (a3, 0) (v(d - d*(af)) + 5 (a5, O)&aFU). (2.18b)

Multiplying (2.18b) by %(a,O) and adding it to (2.18a) cancels the interaction

terms (like in Section 2.1), since

da* oa* oa
)‘tether(a)"'%(a» 0) Afetner (@) = /\tether(a)_g(av O)Atether(a)ﬁ(a(ﬂ)ev 0)=0
for the tether term and
5 oa*| g*‘ da || 0a*
ds | os* 1l da
010a* O daoa*|, ,
J§ 0s ds = L* os*ll da ds
J da* = J 0a da,
a*:(o,a*)eC a:(o,0*)eC da
for the stretching term. It yields
L oa* A oa* oa*
5(1 + aia(a, 0))>\areaV =N L(atFO(]. + aia(()[,O)) + W(O[,O)aaFQ
da*
—v(d+ %(Q,O)d*(a(’)"))) + O(L?).
Dividing by L and passing to the limit L — 0, we have
1 oa* A oa* da*
5 (1 500 0) Aarears = 1 (oo (1 + S (@.0)) + (0, 0)0Fy
da*
—v(d+ S-(a, O)d*(a;;))), (2.19)

which, considering w* = w + ¢ (2.13), results in a transport equation for Fy:

da* _10a* Aarea ()

0t Fo(a,t) + (1 + a—a(a,o,t)) W(a,o,t)aaFg(a,t) = 2 v(a,t)
+ (1 + a&’(j (a,(),t))—ly<d(w(oz,t)) + aéz: (e, 0,t)d(w(a, t) + (po)), (2.20)

Note that 1 + %(a, 0,t) > 0 is nonzero for all (a,t) due to convention (C).
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From (2.19), one can also deduce an equation for A,e,. Scalar multiplication

by 6aFOJ- and integration over all a gives

20y J% da* -1 B
Aarea(l 1+ a,0,t O Fy(a,t
0= i 0+ 7000 ks w0

*

: (d(w(a,t)) + %(a,O,t)d(w(a,t) + (po)) da. (2.21)

The constraint for the area (1.12) was used and the fact, that the area of the cell
stays constant in time: 0;Ag = 0.
Furthermore, substracting (2.18b) from (2.18a), dividing by L and passing to the
limit L — 0 yields
oa A oa* oa
Necther (1 + 5= (a8, 0))v = (* + 1% (M S~ (0,0) = M* <2 (a5, 0))

(v(a*(ad) - d) = S a)oaks).

Taking the normal component, i.e. scalar multiplying by v, gives

oa , oa* L 0a o x
/\tether(l—i-%(ao,O)):<MA+MS(M ER (o, 0)—M ppe (aO,O))>v(d (ao)—d).y,

which can be reorganized to an equation for A¢ether:

* *

Atether (@, 1) = (1 + (%‘;(a,o, )~ (MA + p® (M(a,t)é;l(a, 0,t)

da
— M*(a, t)&’ ” (aa‘,O,t)))v(d(w(a,t) + o) — d(w(a, 1)) - v(a,t). (2.22)
On the other hand, taking the tangential component, i.e. scalar multiplying by 0, Fp,
gives

oa* L 0a . oa ,
0= (MA+/~LS(M 5y (@, 0) = M7~ (aO,O))> (”(do—d)'aaFO—g(ao)faaFOF),

which yields an evolution equation for the function a(-,0, -):

oa

E(a (Oé,O,t),O,t) =

m (d(w(a, t) + 900) - d(w(a, t))) -5aF0(a’ t). (2.23)

Multiplying this by (a 0,t), we obtain a transport equation for a*(-,0,-):

%(a, 0,t)— m (d(w(a, t)+¢o) —d(w(a, t))) 00 Fo(a, t)%(a, 0,t) = 0.
(2.24)
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2.3 Discussion

To summarize, we gather the equations for the five true unknowns of the model:

(2.9) - Equation for the position Fj:

E¥ = F
05:0 0

i.e. the centers of masses of two crossing filaments lie on the leading edge and
coincide.

(2.20) — Equation for the position Fp:

oa* _10a*
F 1+ — —_ W F
6t 0+( + 8@ 3:0) 8t 3:0a 0
oa* 1 oa* Aarea 8aF0i
= 1 —
(1 + 5]y o) + 5| e+ o) 22 [0aFy]

The velocity is given by the lateral flow in tangential direction. Polymerization at the
leading edge acts as a source and the limiting factor is the pressure arising from the
area constraint. Note that Aares 1S scaled like ,uA, so it cancels in the last summand

and adhesion only contributes indirectly through the angle w, see below.

(2.13) — Equation for the angle w*:

w*(a* ) =w+ ¢o

s=0

In the limit, the angle between two filaments of different families is in equilibrium.

(2.17) — Equation for the angle w:

1 1 oa* _aaFi
<()‘tether T iAarea) dJ_(w) + Q)O(iAarea - )\tetheraia _ )dL(w + QO())> . |aaF0f|
oa*
= ,uS[ ;S S:o(MQ + M)di(w) . ((U(d(w + @) — d(w)) - aaFO)aaFO
_ Ud(w + gOo)) + (I)O jsa* (a* 7070) (M*Q + M*)dJ‘(w n gOo)

(o + 00) — de) - 20 Fo)2uFy + v )|

The only contribution of adhesion to the model is through this equation for the angle,

because only here /AA appears inside the definition of Ayea.

(2.24) — Equation for the relating function a*:

oa*

v da*
Ot 1s=0 |aaF0‘2

oa =0

(dlw +90) = d(w) - 2uFo 5|

This convection equation with velocity —dsa describes the lateral flow on the mem-

brane. The difference of the directions multiplied by v gives the forward speed in
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parameter space due to polymerization. The scalar product with the tangential

vector projects it onto the membrane.

The rest are just complimentary equations:
Equation for the weight ®¢
Equation for the Lagrange multiplier Aapea

(2.14)

(2.21)

(2.22) Equation for the Lagrange multiplier A¢ether
(2.12) Equation for the densities % and a%
(2.15)

Equation for the normalized integration bounds M and M.

Since we can calculate the position and the angle of the filaments of the x-family
from the position and angle of the non-*-family, we can reduce the system to just

three unknowns Fy,w, a®.

Reflecting about the solvability, we first regard some special cases:
Case 1: g = 0. This simplification implies parallel filaments: d(w + o) = d(w),
which yields

dra*(a,0,t) =0

)\tether(aa t) =0

2m 1
O by - d(w) d
Marea(t) = 2u v 20 5 0 dw)da = 2uvB.
So |aaFol| da

The quotient B of the integrals represents the length of the mean normal component
of the filament directions, since the denominator is the length of the leading edge.

The angle w is given by
1 1
iAarea(l + ®g)d~(w)-v=0
which, for nonzero Aurea, 1S equivalent to
0=d"(w)-v, (2.25)

i.e. the filaments are orthogonal to the membrane, as expected. Since this means
that d = v, the quotient B reduces to B = —1 and therefore

O Fy = vd(w)(1 + B) = 0.

So we end up with a stationary system where only the angle has to be determined

by the scalar equation (2.25), which expands to

0 = 00 Fp,1(ax,0) cosw(a, t) + 00 Fp2(c,0) sinw(a, t). (2.26)
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Case 2: v = 0. Also in the case of missing polymerization, there is no movement.
We have

so the equation for Fy reduces to
0tFp = 0.

Division of the equation (2.17) for the angle w by v # 0 makes it independent of v,

so it remains valid for v = 0:

oa*
o«

—0aFg-
|00 Fy|

1 1
(O + 5A0)d4 (@) + Bo(570 = Az

)dJ‘(w + gOo))

s=0

_ us[% 08+ M) @) - (e + po) — d)) - CaFo) o
—d(w + wo)) + ®g ;S‘fk (a* Y 0)(M*? + M*)d*(w + o)
: (((d(w + 00) — d(w)) - B F0) BaFl + d(w))], (2.27)
where
Ap = A% = (1+ (%(a,o»—l)*l (MA + uS(M%(a,O)
- M* aa; (ag, O))) (d(w + o) — d(w)) Y
and
L Aarea _ 2,UA 2m E o -1 n
Ay = o = SS”\aaF&\da fo (1+ - (,0))” 0akp
. (d(w) + a;;(a, 0)d(w + @g)) da.

So we again have only one scalar equation to solve for w, using that ¢* and Fy are

given by the initial values of the functions:

a*(a,0,t) = a*(«,0,0) Vo
Fo(a,t) = Fo(a,0) Vau.

Case 3: u4 = 0. In view of the motivational experiments, we also regard the case

of no adhesion. Since the equations for Fy and a* are independent of ;*, they remain
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valid:
oa* v oa*
——(d —d - O Fo— = 2.2
o1 luco ™ Tongpe (U +90) —d(@)) - daFo 5| =0 (2.28)
and
oa* _10a*
O F{ 1 O
t O+( + ox s=0) Ot 1s=0 0
da* ~1 oa* OnFy-
—(1+ — d d A = 2.28b
(1 G loy) o0 + G|l o)) + Aaub] 0 (2280)
with
A ) 2m oa* 1
Ay = e J 1+ @,0,t)) " 0uFi(ast

&

: (d(w(a,t)) + ‘ZC; (o, 0, 8)d(w(ev, 1) + <p0)> da.

With p? = 0, we get
)\area = 07

so the equation for the angle reduces to

0 — 0o Fy-
Atether (dJ_(W) - q)[) 007* dJ_(W + 800)) : |a Ff (228C)
ally
a *
= WS S| (2 M)dH @) - ((0(dw + po) — d(w)) - 0aFb) 2 Fy
2
—vd(w +¢0)) + Bo3(a®| 0)(M*? + MY)dH(w + p0)

. ((v(d(w + ¢0) — d(w)) - 0aFo)0aFo + vd(w))],

where

da* -
Mether = (14 (5 (0, 00) ) ™5 (M

oa* L 0a X
s (o,0) — M ppe (af,0))v(d* —d) - v.

Here, the solvability is not as easy to see, which leads us back to the general case.

General case: When writing u = (Fp,a*) € R?, the system (2.20, 2.17, 2.24) has

the following form:

oru + g(w, pu) =0 (2.29a)
h(w, 0qu) =0 (2.29b)

with initial conditions and periodic boundary conditions.
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Taking the derivative of (2.29a) with respect to o and denoting d,u =: v, we get
01V + Opg(w,v) = 0. (2.30)

If (2.29b) is solvable for w, i.e. w = H(v) for some function H, this can be plugged
into (2.30):

80 + 80 g(H(v),v) = 0. (2.31)

N————

=:f(v)
This is a nonlinear conservation equation. A solution exists if it is hyperbolic, i.e. if
and only if the Jacobian of the flux f’(v) is diagonalizable and all its eigenvalues are

real. The solution u to system (2.29) can then be obtained as the antiderivative of v.



Conclusion and Perspectives

Considering rigid filaments, the two phase FBLM was transformed into four integral
equations and an ansatz for the filament position F' was made. To be able to carry
out the integration, the integration domain for the interaction terms was determined
under the assumption of short filaments. For fixed label «, that filament of the
x-family was taken, which crosses it in s = 0. Expanding the functions depending
on s around zero made it possible to integrate explicitly. Two special cases of the
resulting system were regarded: The case of parallel filaments and the case of no
polymerization. In these simplifications, no movement takes place. The question of

solvability of the system in the general case remains open.

Possible modifications of the model could include individual filament lengths or
different polymerization speeds. Also branching, capping and severing processes
could be included.

Future work should deal with numerical simulations. As we have no theoretical con-
clusions about the solutions, the numerics would enable us to get some information.
It needs to be checked, if simulations yield the same results as the complete FBLM,
which would be a good indicator, that our formal limiting process is actually reason-
able. It is to be expected, that these simulations will run with lower computational
costs. If it is less costly to model a single cell, then it will become easier, for instance,
to analyze multicellular systems. This simplified model could also be a good starting
point to approach the current research objective, to let go of the traditional 2D
studies and to simulate the behaviour of cells in a more realistic 3D setting. Recent
experiments at the IST Austria suggest, that the requirement of adhesion could be
overemphasized, as leukocytes with removed adhesion molecules still show movement
under certain topologies of the tissue. Another idea is to derive a 3D model for the

whole cell cortex analogously to the work in this thesis.
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Appendix: Derivation of A{,..

The Lagrange multiplier corresponding to the condition, that all filaments share the
leading edge, in this thesis is denoted by Atether- In [OS10a] it is denoted by Aegge. It
was first introduced on p.13, point (7), therein. The definition for the second family,
however, turned out to be erroneous. It is missing the inner derivative arising from

the chain rule in the calculation of the variation. It should read

+

_ oo
)‘edge (t> a) = _E(tv a))‘edge (t7 a+ (ta «, 0)) (Al)

instead. In our notation this corresponds to

* * da * *
tether(a 7t) == o™ (a 7t))‘tether(a(a 0, t)? t) (Az)

as used in (1.9).

Detailed derivation

We are using the notation of this thesis. The deviation between the outer edges of

both filament families is described by the energy functional

™

U[F, F*] = J

—T

Avether (@0, 1) (F(a, 0,1) — F*(a(a,t),0, t)) (e, t) da,

where a(a, t) is chosen such that F'(«,0,t) — F*(a(a,t),0,t) is parallel to the outward

unit normal vector v(a,t).

Splitting the integral into two and performing a change of variables a(a,t) = a* in
the second term yields
21

U[F, F*] =J Atether(@, t) F'(a,0,t) - v(a, t)da
0

27 ~—1
—J )\tether(&_l(a*,t), tyF*(a*,0,t) - V(&_l(oz*,t),t) 0&(;* (a*, t)da™.
0

Computing the variation of U in dF and dF'* respectively gives

d
SU|F, F*|6F = —
U[’ ] d€

27
_ f Meether (@, D)0 F (@1, 0, 1) - (e, £)dar
0

U[F + edF, F*¥|
e=0
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and

SU[F.F*I0F* =

27
= - f )\tether(d_l(a*7 t), t)
0

JUIE.F* + 6F]

ol
oa*

=

(*, )6 F*(a*,0,t) - v(a~(a*,t), t)da*.

Once the outer edges of the two families coincide, 4~ '(a*,t) can be replaced by

a(a*,0,t). Therefore, we have the Lagrange multipliers

da
)‘tether(aa t) and A;kether(a*a t) = _)\tether(a(a*a 0, t)a t) oo™

(a*,0,t).



