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2 Abstract

This Master’s thesis is separated into two parts. The first part deals with crystal structure
prediction of different materials. The materials of interest are, selenium, tellurium, arsenic
and antimony. We are especially interested in Van der Waals (vdW) interactions, which
play an important role in these materials. These vdW interactions can lead to problems
for density functional calculations (DFT) with a local density approximation (LDA) or a
generalized gradient approximation (GGA). To deal with vdW interactions several methods
were developed. A class of such methods are the vdW functionals. A vdW functional can
be seen as a DFT calculation with an additional energy correcting term. In this master
thesis we use three different vdW functionals, the D2 method of Grimme, the method of
Tkatchenko-Scheffler and the vdW-DFT method. However there are also other ways to deal
with vdW interactions, for example the HSEO6 hybrid functional or the random phase ap-
proximation (RPA). We tested these methods on the named materials. Using these methods
we predicted some structure parameters of these materials and compared them to experi-
mentally measured values.

In the second part we tried to predict the melting temperature of silicon. Previous investi-
gations on this problem led to a melting temperature far below the experimentally measured
melting temperature. With the use of the HSE06 functional we improved the melting tem-
perature prediction, compared to previous calculations using DFT-LDA.

3 Zusammenfassung

Diese Masterarbeit besteht aus zwei Teilen. Im ersten Teil wurde die Kristallstruktur von vier
verschiedenen Materialien bestimmt. Diese Materialien sind Selen, Tellur, Arsen und Anti-
mon. Dabei interessieren wir uns besonders fiir Van der Waals (vdW) Wechselwirkungen, die
in diesen Materialien auftreten. VAW Wechselwirkungen konnen durch die Dichtefunktion-
altheorie (DFT) mit einer ,local density approximation“ (LDA) oder mit einer,generalized
gradient approximation“ (GGA) nur schwer beschrieben werden. Um diese vdW Wech-
selwirkungen dennoch beschreiben zu konnen wurden mehrere Methoden entwickelt. Eine
bestimmte Klasse dieser Methoden sind die vdW Funktionale. Ein vdW Funktional kann
als eine DFT Rechnung mit einem zusatzlichen Energie Korrekturterm gesehen werden. In
dieser Masterarbeit verwenden wir drei verschiedene vdW Funktionale, die D2 Methode von
Grimme, die Methode von Tkatchenko-Scheffler und die vdW-DFT Methode. Jedoch gibt
es auch andere Methoden um vdW Wechselwirkungen zu beschreiben. Zum Beispiel das
»HSEO06 hybrid Funktional“ oder die ,Random Phase Approximation“ (RPA). Wir haben
all diese Methoden an den hier genannten Materialien getestet. Mit diesen Methoden haben
wir einige Strukturparameter von diesen Materialien bestimmt und sie mit experimentell
gemessenen Werten verglichen.

Im zweiten Teil haben wir versucht den Schmelzpunkt von Silicium zu bestimmen. Friithere
Versuche, den Schmelzpunkt zu bestimmen, resultierten in einer Schmelztemperatur weit
unter der experimentell gemessenen Schmelztemperatur. Mit dem ,HSE06 hybrid Funk-
tional konnten wir die Bestimmung des Schmelzpunktes gegeniiber DFT-LDA Rechnungen
verbessern.
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4 Introduction

With the big success of the electronic industry, the research of new materials has become a
very important function. For example, to produce small and efficient computer processors,
it is important to know the properties of the materials, which are used. A special interest
exists for the properties of silicon and materials alloyed with silicon. These materials are
used in many microelectronic devices.

In materials science, many materials can be modelled by computer simulations based on
theoretical solid state physics. The big advantage of computer simulations, compared to
experimental measurements, is that a large number of materials can be screened in a rather
short time period. Another advantage is that computer models can simulate materials under
outside influences, which can not be simulated in a laboratory. One example is very high
pressure.

To describe the properties of a material, like the bulk modulus, the heat capacity or the
electrical conductivity, it is important to calculate the electronic structure of a material.
The electronic structure is relevant for the atomic binding in the solid and therefore relevant
for the properties of the material. To give a quantum mechanical description of the elec-
tronic structure it is necessary to solve the many body Schrodinger equation. This equation
is so complex, that it can not be exactly solved. But there are two approximations of the
Schrodinger equation, which have gained a lot of success in the last several decades. These
are the Hartree-Fock (HF') theory and the density functional theory (DFT). The HF theory
does not fully incorporate electronic correlation and the resulting energies tend to be too
high. In the DFT framework there is an unknown term called the exchange and correla-
tion energy. The accuracy of a DFT calculation strongly depends on the approximation of
the exchange and the correlation energy. The two most common approximations for the
exchange and correlation energy terms are the local density approximation (LDA) and the
generalized gradient approximation (GGA). For many materials, a DFT calculation with
GGA approximation gives a better approximation to the result of the Schrodinger equa-
tion than the HF theory. A problem for the LDA and GGA approximations are materials
where Van der Waals (vdW) interactions play a role. By dealing with vdW interactions the
dependency of the charge density is nonlocal. Therefore the charge density can not be suffi-
ciently precisely described by the LDA and GGA approximations. Nowadays there are some
ways to approximate the exchange and correlation energy of the DFT, to deal with vdW
interactions. One of them are the vdW functionals. These methods add a non local energy
term to the exchange and correlation energy term, which is calculated by LDA or GGA.
This nonlocal energy term consists of empirical parameters, which come from experimental
measurements or from atomic theory. Another way to deal with vdW interactions are the
so called HF/DFT hybrid functionals. One type of the HF/DFT hybrid functionals is the
HS06 functional. This functional separates the energy exchange and correlation term into a
short range part and into a long range part. In the short range part the HSE06 functional
adds a Hartree-Fock exchange energy term to the GGA exchange energy term. In the long
range part the exchange and correlation energy is approximated by the GGA functional.
There is also another way, where the exchange and correlation energy is approximated with
the use of linear response functions. These response functions react on small changes in
the external potential and correct the charge density. This is described by the adiabatic
connection fluctuation-dissipation theorem (ACFDT).



5 Born Oppenheimer approximation

The Born Oppenheimer approximation is a method to simplify the many body Schrodinger
equation. The idea of this approximation is to separate the motions of the atomic nuclei
from the motions of the electrons. Due to the large difference between nuclear and electronic
masses, the variations of electronic motions happen on a different time scale than the varia-
tions of nuclear motions. Therefore the separation leads to an acceptable approximation of
the Schrodinger equation. The Hamiltonian for the hole system can then be written as

H:Te+TN+‘Z>e+VNN+VeN- (1)

In the last equation T, is the kinetic energy operator for the electrons, Ty is the kinetic
energy operator for the atomic nuclei, Vee is an operator, which describes the interactions
between electrons, the VAN operator describes the interactions between atomic nuclei and the
\A/EN operator describes the interactions between electrons and atomic nuclei. In some cases
only the electronic structure is interesting, then this can be described by the Hamiltonian

He:Te_}_‘A/:ee"i_‘A/eN (2)
) 62N N 1
=YV Y Y Yy ¥
=

In the last equation the vector r describes the position of an electron, the vector R describes
the position of an atomic nuclei, e is the elementary charge and 7 is the charge of the atomic
nuclei. The Born Oppenheimer approximation is usually the basis, which is used in density
functional theory as well as in Hartree-Fock theory.

6 Density functional theory (DFT)

Hohenberg and Kohn dealt with the theoretical description of an inhomogeneous electron
gas. In 1964 they published a paper, where they proved that for an interacting electron
gas in an external potential v(r), there exists an energy functional of the electron density,
Fn(r)], which corresponds to the total energy E of the system. By minimizing the total
energy E[n(r)] the ground state energy FEj is obtained.

E, = m(zv)iE[n(r)] = m(m)z/ v(r)n(r) + Fln(r))]. (4)
The mathematical proof of this theorem won’t be shown in this work, it can be found in ref-
erence [1]. The theorem (4) says, that for every external potential there is a certain electron
density.

In a paper of Kohn and Sham [2], they published a theorem to rewrite the energy functional
of the Hohenberg-Kohn theorem. The idea of this new form is to find an effective potential,

which includes the contribution of the electron-electron interaction. In this effective potential
the electrons can be treated as non-interacting particles.

Eln(r)] = / o O // ‘r_r,l o)nlr) g, #7 +Glnle) 5)

Gn(r)|=F // |r—r’\ d3 d*r’. (6)




When we plug equation (6) in equation (5) we obtain equation (4). In equation (5) it can
be seen, that the Coulomb term of the electrons, which is commonly termed as the Hartree
term By, is written explicitly and a new functional G[n(r)] is introduced (6). The energy
functional G[n(r)] can also be written as

Gln(r)] = Tiln(r)] + Exc[n(r)], (7)

here Ti[n(r)] is the kinetic energy of the non-interacting particles and we define Ey.[n(r)]
as exchange and correlation energy. According to the Hohenberg and Kohn theorem for
every v(r) there is a certain Ty[n(r)]. The Ey[n(r)] cannot be written in a simple exact
expression. There are many ways to approximate this term, which will be shown in section
2. From equation (5) the following variational equation can be obtained

5,0 OL[n(r)], 5 _
/ | ,|d + fixe[n ()l+ e )dPr =0 (8)

pafn(r)] = 2 )

According to the theory of Hohenberg and Kohn [1], we can interpret equation (8) as a
variational equation that stems from the Hamiltonian

HYS = VES 1 7. (10)

Using the field operators (r) and ' (r) we obtain

% = [ wetwumar - 5 [ wse (1)
With the ground state wave function W, and

n(r) = (U] (r)y(r) V) (12)

we obtain

Ey = (Wo H¥S 1) = / oESn(r)dr + T[n(r) (13)

So the Hohenberg and Kohn theorem holds for our Hamiltonian HXS, therefore we can for-
mulate the time-independent Schrodinger for a system of non-interacting particles.

(——V2—|—v /

d3 " (1)) 0 (1) = €y (r) (14)

=
=2 |k (15)

Equations (14) and (15) have to be solved iterative.



6.1 Exchange and correlation energy

In the last section we showed that the many body Schrédinger equation for an electron gas in
an external potential can be rewritten to a Schrodinger equation of non-interacting particles
in an effective potential. The new equation (14) can be solved, but there is the exchange and
correlation term. This Fy.[n(r)] term is a functional of the electron density and is unknown.
There are several ways to approximate this term that we will discuss in this section.

6.1.1 Local density approximation (LDA)

In a system where the variations of the electron density are small, the exchange and corre-
lation energy can be approximated by

Buolin) & ENw) = [ 0yt nw)s (16
E.=FE,+E, (17)
where ¢!P4 is the local exchange correlation energy per particle of a homogeneous electron

gas with the density n(r). For a homogeneous electron gas, the contribution of the exchange
energy per particle €2°™(n) can be calculated in an analytical way [3].

X

_§(§)%né (18)
47
For the correlation energy per particle €1°™(n) analytical expressions are not known. There-
fore quantum Monte Carlo simulations for the energy of an homogeneous electron gas have
been performed for different densities [4]. The usual approach for the LDA calculation is
to interpolate the data points of the quantum Monte Carlo simulations and parameterize

hom

€2°™(n). An analytical expression for the interpolation was suggested by Perdew and Wang

[5].

€hom(n) =

X

6.1.2 Generalized gradient approximation (GGA)

A more advanced way to approximate the exchange and correlation energy functional is the
generalized gradient approximation GGA. In the GGA the exchange and correlation energy
functional is approximated by an integral over a function. The function depends on the
density and the gradient of the density

Eyo(n) = ESC4(n) = /f(n,Vn)d3r. (19)
In a paper of Perdew, Burke and Ernzerhof (PBE) [6] they show a concrete implementation

of the generalized gradient approximation GGA. In this master thesis we used the PBE and
the B88 functionals.



6.2 Limitations of density function theory

Density functional theory has a wide field of applications and it is often used for electronic
structure calculations in science and engineering. The quality of these calculations strongly
depends on the approximation of the exchange and correlation energy. A famous example
where LDA and GGA lead to big errors are Van der Waals (vdW) interactions. The problem
of vdW interactions is that they always correlate electrons at two points in space. With other
words to approximate the vdW interactions, a functional would have to know the electron
density at two points in space at each time and this is something that the local functionals
(LDA and GGA) do not do. In the next chapter we present some DFT correction methods
for vdW interactions.

7 vdW functionals

To use DFT for problems which include vdW interactions, some vdW functionals methods
have been developed. Some of them are also semi empirical. We call a method semi empirical,
when a energy correction E,.. term is add to a DFT calculation. The energy correcting
therm includes empirical parameters.

E = EDFT + Ecorr' (20)

In the following sections some of these methods will be presented.

7.1 Method of Grimme (D2)

In the D2 method of Grimme [7] the energy correction term is called energy dispersion term
Faisp and has the form of

Nat Nat

Edisp:——zzjzc‘“ fuolris L), (21)

i=1 j=1 L 1]7

where N, is the number of atoms and L = (1, l5, 3) are the translational vectors of the unit
cell. So in the reference cell L = 0. 7451, is the distance between atom ¢ in the reference cell
and atom j in cell L. Cg;; is the dispersion coefficient between atom ¢ and j. The coefficient
can be calculated by

Cﬁij =V Cﬁiicﬁjj- (22)

Where Cg’s are called dispersion coefficients. They can be theoretical calculated for different

element. The function 5
6

1+ e drij/(srRoij)—1) (23)

fae (Tij) =

is called a damping function. Where sg is a global scaling factor which depends on the
density functional (PBE sg = 0.75) that is used. d is a damping parameter. It’s usually set
to a small number, like d = 20. sp is another scaling factor and Rg;; is set to

ROij =V ROiROj (24)

Where Ry’s are the experimentally determined values for the atomic vdW radii. They are
different for each element.

10



7.2 Tkatchenko-Scheffler method (TS)

Tkatchenko and Scheffler published another method [8]. In this method the energy correction
term is identical to the term of the D2 method of Grimme. The idea from Tkatchenko and
Scheftfler was to rescale the dispersion coefficient and the vdW radius by the volume of an
atom in a solid divided by the volume of an atom in free space.

eff
Vi

free
VA

Cair = (e ) Cir'- (25)

The ratio of volume of an atom in a solid and the atom in free space can be calculated by
using the Hirschfeld partitioning of electron density:

Vit [rdwa(r)n(r)dr

— 26
V/{ree f 7,3n£1iee (r)d37° ) ( )
where wy(r) is the Hirschfeld weight:
free
wa(r) = _ i) (27)

> pnEe(r)

Where n'™¢(r) is the electron density of a free atom. By defining a rule for the strength of
the dipole-dipole dispersion interaction between different species, Tkatchenko and Scheffler

obtained
= 2C%;iC; (28)
o [Z—Zcﬁii + z_;Oij]'
The polarizability can be rescaled to
Veff
TS A free
;= (W)iai 7 (29)
and the vdW radius can be rescaled to
al 5 ree
ROi - (W) é R{)z (30)
with
Roij = Ro; + Ro;. (31)

7.3 vdW-DFT

An other method for dealing with vdW interactions is the vdW-DF'T. It has been proposed
by Dion et al [9]. The idea is, to write the exchange-correlation energy like

Ey = EJ%* + EI°A + B, (32)

where E™ is a nonlocal exchange-correlation energy.
EM = % / / dcrd®r'n(r)o(r, v )n(r’). (33)
Here n(r) is the electron density at r and ¢(r,r’) is called the nonlocal exchange-correlation

kernel. The exchange-correlation kernel has a complicated form and depends on and
on additional parameters.

_1
|r—r|

11



8 Hybrid functionals

8.1 Hartree-Fock (HF)

The Hartree-Fock theory [10] is like the DFT theory, an approximation for the many body
Schrodinger equation. In this approximation we start with the Born Oppenheimer approx-
imation. In the next formula we write down the stationary Schrédinger equation for the
electronic system.

Hi(r;) = E(r;) (34)

with the Hamiltonian:

N ) 2NN ]
=35V Z|r—R| MEP IO Myrry (%)
i PR 2 AN ,

0

For equation (34) with the Hamiltonian of (35) the resulting wave function is too complex,
to find an exact result. The idea of the Hartree theory is to separate the wave function in a
product of orthonormal one-electron wave functions x;(x,).

P(ri) = x;(r)xe(r2)- xi(ry) (36)

These are called spin orbitals and include the spin coordinates. We can also separate the
Hamiltonian H.

N
H=> h (37)
=1

with,
M N
A 1 Z.e e?
h; = —=V?— g 4 E U;. 38
2" j:1|ri J|+2j¢iv ( )

0;
Here 0 describes the one particle part of the operator h and © describes the interaction be-
tween the particles. With this operator and the spin orbitals we can calculate the eigenvalues
€.
hix(r:) = €;x;(r:) (39)
with,

E = i €;. (40)

Now we can write the stationary Schrodinger equation in the following way

l l
Hl[x=E]]x (41)
j j

The problem of this Hartree product ansatz is that it just describes symmetric wave func-
tions, but electrons are Fermions and they have to be described by an antisymmetric wave
function. The wave function has to be antisymmetric for exchange of two coordinates.

Y(T1y oy Ty oy Ty oo ly) = —V(T1, oy Ty oy Ty o). (42)
When we now write the product ansatz for two electrons.
V12(71, 72) = Xi(71)X;(72) (43)

12



Ya1 (1, T2) = Xi(w2)X;(71). (44)

It is easy to see, that this product is not antisymmetric. The proper ansatz must account
for the Fock part, that electrons are indistinguishable particles. So we have to modify the
Hartree product ansatz to a Hartree-Fock product ansatz. A linear combination of the
products was used.

(21, 22) = %[Xi(wl)xj(ﬂﬁz) = Xi(x2)x; (1)) (45)

Here the factor LZ is the normalization constant and in formula (45) we can see that the
wave function disappears, if both electrons occupy the same spin orbital. This fulfills the
Pauli exclusion principle. We can write this modified product ansatz in a more general way.

l

Lo )
V(xy, 29, .y TN) = ﬁ;(_l)mpvnxj (46)

J

Where \/Lﬁ is the normalization constant and P, is the particle-permutation operator. We
also can write the wave function in an alternative way, with the so called Slater-Determinant.

ngxlg nghg Xlgxlg
1 | x(x2)  XelZ2) - Xi(Z2
Xi(rn) xu(zn) -0 xi(ww)

When we exchange two rows of a determinant the sign changes, this fulfills the antisymmetric
principle. If two columns of a determinant are equal, the result is 0. This rule forbids that
two electrons are in the same spin orbital. For calculating the wave function, we can separate
the spin orbital in an orbital function ¢ and a spin component s.

Xi(@i) = o(x:) - 5 (48)
These orbitals are calculated by linear combination of a set of basis function.
M
¢ = Z Cik Yk (49)
k

For the basis functions ¢, plane wave and Gaussian functions are commonly used. We will
now look at the expected value of H.

E = (y|Hy) =

=2 / Xa(Fi)oixa(r:)drs +

1

g;l(//XZ(ri)Xi(rj)@ijxv(I‘j)xa(ri)di‘rid?’ri_

.

o2
2

/

= [M]=

-~

2

—

(T (05) Di X (1) Xa (v dPridPr; ) )

-~

3
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Part 2 and 3 of formula (50) describe the interactions between electrons and contribution
1 describes the kinetic energy. Here 2 is the exchange interaction energy between electrons
and 3 describes the coulomb interaction between electrons. The disadvantage of the Hartree-
Fock theory is that one particle only sees the average potential of all other particles and not
the current potential of all other particles and the Hartree-Fock theory does not incorporate
the correlation energy between electrons. Therefore in some cases DFT is more accurate,
because the theory incorporate the correlation energy of electrons by the approximation of
the F,. term.

8.2 Hybrid functionals HSE06

With the use of hybrid functionals, the exchange and correlation energy FE,. for density
functional theory can be approximated. The approximation of E,., with the HSE hybrid
functional, can be written in the following way.[11]

1 3
e = Ly o D prensn ) o preRLn ) 4 pPRE) 651)

In this approximation we separate the electron-electron interaction into a short ranged SR
and a long ranged part LR. This separation is only realized in the exchange part of the
interaction, the correlation energy is approximated by the PBE density functional theory.
The separation of the coulomb kernel is realized in the following way.

L SR () + LR (r) = L) erf )
r r ,

(52)

In this formula u is a parameter, which defines the separation range. The parameter is re-
lated to a characteristic distance of % At this distance the short range interaction becomes

insignificant. It has been shown that the optimal range of u is between (0.2 — O.3)A. The
parameter p can be set by the HFSCREEN flag in the INCAR file. By setting HFSCREEN=0.2
the HSEO6 method is obtained. The exchange part of PBE density functional theory is
calculated for the short and long range (EYBESR(y), EPBELR(1)) part. For the short range
part the exchange energy is also calculated by Hartree-Fock theory ESR(u).

) = SN [ [nan LD ) 59)

o r; —
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9 The Random Phase Approximation (RPA)

9.1 The Adiabatic Connection Fluctuation-Dissipation Theorem
(ACFDT)

In this section we show another approximation for the exchange and correlation energy
term. The idea of the adiabatic connection fluctuation dissipation theorem is to approximate
Ey. [12], by observing a system which turns from the Kohn Sham Hamiltonian into the
fully interacting Hamiltonian. To obtain this we have to introduce a parameter A and the
corresponding Hamiltonian H(\).

HO\) =T +V()) + AV (54)

In this Hamiltonian V' (\) is an external potential, and V;. is the potential of the electron-
electron interaction. The parameter is A € [0, 1]. For A = 1 we deal with the fully interacting
system and for A = 0 we have a non interacting Kohn Sham system V(0) = VXS Now
we have to require that the electron densities for all different ground states [¢)())) of the
Hamiltonians H(\) are equal.

WD) (r) [(N) = ()] (r) () [ (1)) = n(r)¥A (55)
So the external potential V() has to be chosen in such a way, that the electron density n(r)
is independent of .

In the following, we like to derive the adiabatic connection fluctuation-dissipation theorem.
First it will be shown that an integral over the expectation value of the electron-electron
interaction of the A dependent ground state will lead to the exchange and correlation energy.
This is known as adiabatic connection. Then this integral is expressed by an analytic contin-
uation of a linear response function y*(r,r’,iw), which represents the fluctuation-dissipation
part. The fluctuation-dissipation theorem [13] predicates that the response of a system to a
small external perturbation is the same, as its spontaneous fluctuation.

With the equations (5) and (7) we can write
Eu+ By=FE— By —T. (56)

The energies for the fully interacting system and the Kohn-Sham system have to be equal
to the Hohenberg-Kohn theorems. Therefore we can write,

B = Bua = (D] H(1) [0(1)) — (1] V(1) [$(1)) (57)
and T can be written as

T; = ($(0)| H(0) |4(0)) — (¢(0)] V(0) [+(0)) - (58)
When we now insert equation (57) and (58) into (56) we obtain

Ech = EH + EXC
= (MIHD) [¢(1)) = M)V Q) [(1)) = ((0) H(0) [1(0)) — (£ (0)[ V(0) [1:(0))

= /0 dA% WIHA) [PN) = @GNV A [$(A)

(59)
With the help of the Hellmann-Feynman theorem,
d d d
SB() = = WO HO ) = O] S HO () (60)
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Equation (59) can be written as,

Bine = / I ()| Vi [4(V)) - (61)

Now we like to introduce the linear response function y. This response function describes
the reaction of the system to a small perturbation to the external potential §V.. In the
case of non-interacting particles the response function is called the independent particle
polarizability x° and this function describes the response of the system to a small change in
the Kohn Sham potential V55, In the perturbed system there is also a change in the electron
density, which depends on the time ¢ and is denoted by dn(r,t) = npe(r,t) — no(r). The
change in the electron density which depends on the perturbation 6V (r,t) can be described
by the linear response function x(r,r’, ¢t —t').

- / d’ / Bry(r, v’ t —t)oV (r,t') (62)

From this equation follows, that the response function x(r,r’,t—t') is the derivative of n(r, t)
with respect to oV (r/,t').

on(r,t)
SV (', ")

An explicit expression for the response function x(r,r’,¢ —t’) can be found in [14], it is

X, v’ t —t") = —i0(t — t") (Vo [n(r, 1), n(x, )] [¥y) . (64)

In this formula ¥, is the ground state of the unperturbed system and [,] is the commutator
and 0(t —t') is a step function. Now we like to change this response function which depends
on t — t' to a function which depends on a fixed frequency w. For this we use a Fourier
transformation.

x(r, 't —t) = (63)

X(r, 1 iw) = /_00 dte™'x(r, 1’ 1) (65)
= (Wo| n(r) |‘ZI:>_<‘1;JJ| n(r') [Wo) (Yol n(r) |ijr<ij| n(r) [¥o) (66)

J#0
The derivation of the last equation can be found in [14]. In the last equation ¥; are excited
states and w; = F; — K.

Now the response function x°(r,r’,w) of a non-interacting system of N fermions shall be
introduced. This response function can be written with single particle energy eigenfunctions
¢n(r) and the corresponding eigenvalues €,. In the ground state the lowest N energy eigen-
states are occupied with one particle and all other states are unoccupied. The expectation
value of the density can be written as.

(U] n(r) Vo) = Zeb ) (U] afan, Vo) (67)

Here the creation and annihilation operators, a! and a,, have been used. This expression is
zero for m > N, because in the ground state there are no occupied states that are higher than
¢n. Unoccupied states can’t be annihilated. For the next step we need the anticommutator
relation for a! and a,, which is

{al  am} = 6mn (68)
with that we can rewrite equation (67) in
(W5 n(r) [Wo) = D dn(®)dm(®) (V] 6mn [Wo) = (U] amal, [Wo)). (69)
n,m<N
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For j # 0, the term (V,|6,,, | Vo) vanishes, because the W; are orthogonal to each other.
The term (V| a,af, [¥o) vanishes for n < N, because the states below ¢y1 are already
occupied in the ground state. Now we obtain:

(5 n(r) [To) = = D $r(0)dm(r) (V] amal, [Wo) Vj # 0 (70)

n>Nm<N

We denote m < N as "m € occ”, which are the energy levels occupied in the ground state
and we denote n > N as "n € uocc”, which are the unoccupied energy levels in the ground
state. Now we have to consider the term a,,a! |¥y). Therefore we introduce a ”single”
excited state |W,,,). This state is by a single excited particle, from one energy €,, to €,,
different to the ground state. In a set of such states, the states are orthonormal to each
other. When we use equation (70) and set ¥;=W,,,, we obtain

(Uypn| (x) [Tg) = zﬁk¢n (V| aa [ o) = — @7 (r) i (r) (71)

This means that we can reduce the response function x°(r,r’,w) from a sum over all excited
states as in equation (66), to a sum over all ”single” excited states ¥,,,. The next equation
shows the final expression of the response function at imaginary frequency.

S On (1) 07, (1) 07, ()i (v) P (x) 87, (1) 97, (1) o () (72)

0 /- _
X (r, 1 iw) = . :
W — €, + € W + €, — €

neuocc,meocc
In the last equation we had used, that the frequency w; depends on the energy difference of

a single excitation w; = €, — €.

After this introduction of the response functions, we can consider the Hartree-exchange-
correlation energy.

EMzAVM<M%mb t/w/fw“ ) (73)

e —r|

Where the electron density operator can be written as n(r) = >, 6(r — r;) and the pair
density as:

n*A (e, r) = (EV)] Y 6 =)o —x5) |(A) = (74)

iJ,i#]

/\)|Z(5(r—ri)5(r’—rj)|\I/(/\)) —(r—r') |Za (r—r) [ T(\) = (75)

(A)) = a(r)é(r —r') (76)
[W(A)) = n(r)d(r —r'). (77)

Now the last term of equation (77) should be expressed by the linear response function. To
obtain this, it is useful to consider the following expression:

X(r, v’ iw) + x (¢, 1, iw) = (78)
(Wol n(r) [W)) (W] n(r') [Wo)  (Woln(r) [¥;) (W] n(r) [¥o)
- ; iw + in — wj - W 411 + W ()
L (Yol n(r) [¥;) (F;|n(r) [¥o) _ (Yol n(r) [¥;) (¥;| n(r) [Yo) (80)
W+ 11 — Wj 1w + 11 + wj

17



= > (ol n(r) [¥;) (U] n(r') [To) + (Yol n(r') [¥;) (¥ n(r) [¥o)

LA X (81)
'<iw+in—wj B iw+in+wj>
== (Woln(r) |9;) (W] n(x') [Wo) + (To| n(r') |¥;) (¥;] n(r) |¥o)
J#0
» (82)

( )

The integration of this expression is:

EETIERR;
/ X(r, v iw) + x (¢, 1, iw)dw =
0

+ (Wol a(r")(r) [Wo)) + 27 (Vo[ ) [Wo) (Wo| (") [Wo)
+ (Wol A(x)in(r) [Wo)) + 2mn(r)n(r’)
)n(r) W(0)) = _1/0 x(r, r'iw) J;x(r , T, W)

e

dw + n(r)n(r’)
(83)

This last relation holds for all systems. By replacing ¥, with ¥y and y with x*, we can
write:

1 1 1 1 00 A X Af 4! .
0 0

—r| \r 2

- %/ [t -1 /Ooo V(e i) dew + n(r)n(r') — n()(r )

r—r| 7

(84)

In equation (84), the integration variables, for the term x*(r, r,iw), were interchanged. The
Hartree term can be written as:

Ey = 1/d?’rclST’ ! n(r)n(r’). (85)

2 Ir — 1/

We finally obtain the exchange-correlation energy, by subtracting the Hartree energy from
the Hartree-exchange-correlation energy.

Exc = Ech - EH

1 00
— _%/ d)\/d3rd3r’ 1 (l/ xMr, v'iw)dw + n(r)s(r — 1))
0 0

r—r| 'z

(86)

The last equation shows the ACFDT exchange-correlation energy. For the following RPA
method it is common to use the ACFDT correlation energy. To obtain the correlation energy,
we have to prove the following expression.

1 —r 1 LX),
—§/d3rd3r’n<r)5(r I‘) :EExx+§/d3’I"d3T‘,—/ X (rarvzw)dw (87)
0

lr — 1| T r — 1’|

Now the expression for the response function for non-interacting systems from equation (72)
and formula (83) are used.
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1 1 oo 0 /g " :n :L / . /
_/dSTdST/;/O X |(r’r7zw)dw: —/dSTdST/ Z (b (I')¢ (I')¢ (I‘ )‘b (I‘) (88)

2 r= r” neuocc,meocc ’I‘ o I'/’

The exact exchange energy, for the Kohn-Shan orbitals is given by [2]

_ 8. 13 On (1) (x') O (') 7, (x)
EEXX—_/d rd°r Z |I‘—I‘/| (89)
neocec,meocc
When we now express the right side of equation (87), with (88) and (89).
1 oo 0 /o
2Fpxx + / dBrd3r' = / XL, W) (r’r’fw)dw (90)
T Jo |r — 1|

- / oY OEOOEEIE) s o))

rr] ror

neuocc,meocc neoce,meoce

(91
[y O .
Sl i r D SO D SEMEITAD (93)
= —/d37"d37~/n(r‘)r§(_r;‘ r') (94)

From equation (93) to (94) the fact that the ¢, are orthonormal and the definition of a
density (15) have been used. Now we finally obtain the correlation energy.

Ec - Exc - EEXX
1 [t 1 1 [~ 95
= ——/ d)\/d3rd3r’ (_/ XA(r,r’iw)dw—Xo(r,r',iw)dw> (95)
2 /o r—r'| \=7J,

The correlation energy per unit cell can also be written in the reciprocal space.

c / / dw Z Z |q+G|2{XG G(q’lw) XG G(q7 Z("J)}

qeBZ G (96)

1
=5 d)\/ dwTr{v[x*(iw) — x°(iw)]}
™
For the last expression we have used the Coulomb kernel, vg g/(q) = |Gi—ﬂq|25G,G" In real

space this kernel depends on

1
[e—r'["
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9.2 Random phase approximation (RPA)

The RPA [15] is a way to approximate the response function x*, to solve the ACFDT
correlation energy. The response function " of a non-interacting system is connected to the
response function of an interacting system y*, through the Dyson equation.

A

|I‘” _ r///|

e, v iw) = XO(r, v, iw) + / " d*r" (v, x” iw)( + KX iw)  (97)

Where K. is the exchange-correlation kernel. In the random phase approximation the
exchange-correlation kernel is set to zero.

XM, iw) & MR (e i)
_ . A . (98)
— XO(R I‘/, zw) + /d37’”d37”///x0<1‘, I‘//, Zu}) |r// - IJN|X)\,RPA(I,///’ I‘/, zw).
We can formulate equation (98) in the reciprocal space,
\RPA N 0 . 0 . 4T\ ARPA .
Xe.o (@iw) =Xg g (d w)+ Z Xa.ar (4, zw)me,,7G,(q, iw) (99)
GN
which can be solved explicitly for y»*P4 we obtain
47 Ax°(q, iw)
AMRPA X \4q; - .
Xe.o (@ iw) = > (- W)G%GHX%”,G’(qa iw). (100)

GN

To avoid the A integral in equation (97) we can use:

Tr{x*PAv} = Tr{(1 — M’ (iw)v) 'x(q, iw)v} = —iTr{ln(l — A (iw)v)} (101)

oA
With this expression and equation (97) we finally obtain:
1 oo
ERPA — 7 / dwTr{In(1 — x°(iw)v) + x°(iw)v} (102)
T Jo
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9.3 Calculations with RPA
The total ACFDT energy in the RPA is given by

Egrpa = Ty + By + Epxx + EFPA = Eyp + ERFPA (103)

As it is seen in formula (103) the Hartree-Fock energy for the Kohn-Sham wave functions
and the RPA correlation energy have to be calculated. In VASP, the RPA energy is calculated
in four steps. The first step is a standard DFT run, with a high precision. In the second step
the Hartree-Fock energy Epp is calculated with the DFT orbitals. To obtain a HF energy,
the flag LHFCALC=.TRUE. and AEXX=1.0 has to be set. The flag NELM=1 sets the number
of electronic self-consistency steps to one, because the DFT orbitals need to be used. The
AEXX=1 (section 12) flag specifies that the whole exact exchange energy is calculated. To
allow to recalculate electron energies and perform selected postprocessing using the current
orbitals specified in the WAVECAR file, ALGO=E1GENVAL was set. To prevent the program
form overwriting the orbitals from step one, the flag LWAVE=.FALSE. was set. For insulators
and materials with a sizeable band gap, the flag HFRCUT=-1, for a faster convergence of the
Hartree-Fock energy, can be set. In the third step, all virtual states are determined by an
exact diagonalization of the DF'T Hamiltonian. We obtain this by setting ALGO=ExacT. Also
the flag NBANDS has to be set to the 'maximum number of plane-waves’ which were used in
the first step. Additionally LOPTICS=.TRUE. is used to calculate the frequency dependent
dielectric matrix [16]. In the fourth step the RPA correlation energy is calculated. This is
obtained by setting ALGO=ACFDT. Additionally the flag NOMEGA=8 is set, which determines the
grid which is used for Fourier transforms between imaginary time and imaginary frequency
domains. For the RPA correlation energy formula (102) is used, which is in the reciprocal
space

prea L / ey D) {1 =X (qiwv(@)ec + X (@ iw)ecv(@act  (104)

27
qeBZ G
The sum over G is truncated at a certain Gp.x, which is determined by the ENCUTGW flag.

hilq + Guax|?
2m,

< ENCUTGW (105)

After these four steps the Hartree-Fock and the RPA correlation energy per unit cell have
been calculated.

In the case of metals, HFRCUT in step two is not set and an additional correction energy for
the Eyp, related to partial occupancies has to be added.

Erpa = E(?PA + Enr + Enrc (106)

This additional energy term is calculated for any Hartree-Fock type calculation, like in step
two.
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10 Performing a DFT calculation

When we simulate materials, we are not interested in electrons that are near the atomic core.
We are predominantly interested in electrons in valence bands, because they are essential
for chemical bonding. Electrons can be described through Bloch waves. The Bloch waves
are realized by a linear combination of plane waves[17].

Gn(r) =D cp(G)e T, (107)

G

where G is a reciprocal vector. The reciprocal vectors have the right periodicity to fulfill
the boundary conditions of a crystal and there is an infinit set of reciprocal vectors G. For
computational reasons we have to define a cut-off energy E.;.

h
B > —|k + GJ? 108
> ok + Gl (108)
This expression limits the set of G vectors.

For calculating the electron density, we have to integrate over all possible k vectors in the
Brillouin-Zone.

n) =3 [ fonaloP (100)
— JBz
To approximate the integral, a set of k points is used.

n(r) =Y Y wilénu(r)l (110)

This approximation depends on how the k points are set and therefore on the symmetry of
the Brillouin-Zone. In VASP there are two automatic ways to set the k points [18]. One of
them is called the Gamma centered k point mesh. Here it is necessary to set subdivisions
Ni , Ny and N3. The k points are then calculated in the following way.

No + So ns + S3

ny+ s
Ll b, + by (111)

k=b
! N1 N2 N3

with,
ny :O,Nl—l n2:0...,N2—1 n3:O...,N3—1. (112)

Where by, by, and bs are reciprocal lattice vectors. s;, sy and s3 can be set to obtain an
additional shift away from the I' point. Normally these shifts are set to zero.

The other method is called the Monkhorst-Pack k point mesh. Here the k points are calcu-
lated in the following way.

ny+ s+ 2 ng + 89 + = ns + s3 + 1
1 1 2—|—b22 2 2—|—b33 3 2

k=b N, N, N

(113)

The choice of the k mesh depends on the symmetry of the Brillouin-Zone. A good choice
of the k points leads to convergence with fewer k points and therefore it also leads to less
computing time.
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10.1 Pseudopotentials

To describe the wave function of the core electrons and the rapid oscillations of valence
electrons a very large plane wave basis set would be necessary [17]. With the use of a
pseudopotentials we can reduce the basis set and give a sufficiently accurate description of
the electronic system. The idea of the pseudopotential approximation is that most of the
properties of solids are predominantly determined by the valence electrons and much less by
the core electrons. The pseudopotential contains both, the Coulomb potential of the nucleus
and the effects of core electrons on the valence electrons. If a pseudopotential is used, the
true wave functions are replaced by pseudo wave functions. A pseudo wave function can be
different to the true wave function in the core region, but outside the core region the pseudo
wave function has to be identical to the true wave function of the valence electrons. In this
master thesis we mainly use the projected augmented wave (PAW) pseudopotential. Valence
wave functions tend to have rapid oscillations near the ion core. The PAW approach replaces
these wave functions with smooth pseudo wave functions. This leads to less computational
requirement|19].
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11 Free energy calculations

The free energy can not be calculated directly from a single molecular dynamics simulation
(MD), because the free energy cannot be expressed by an ensemble average. In this section
some methods to calculate free energy differences between two systems will be presented.
And in the end of this section lattice vibrations and the free energy in crystals will be dis-
cussed.

11.1 Thermodynamic Integration (TT)

The free energy difference AF between a reference system and a final system can be cal-
culated by different methods. Thermodynamic Integration (TI) [20] is such a method to
calculate the free energy difference AF'. In TT we require that the two systems have different
potential energies. We denote the reference system with U, and the final system with Ug.
To apply TI we need to construct a potential energy function which describes the system
going from the reference state to the final state. The most convenient choice is a linear
function

U()\):UA—F/\(UB—UA), (114)

with the parameter A € [0,1]. To write the free energy difference AF = Fp — F4 in an
integral form we used the fundamental theorem of calculus [21]

LOF(\)
AF = [ Z==ZLd). 11
o d\ (115)

This integral can be calculated by using the free energy formula for the canonical ensemble

F\) = _% In Z(). (116)

7 is the partition function

Z(\) =) e U, (117)

When we now use equation (116) and (117), we can find an expression for the derivation of
the free energy.

aF(\) 1 sy OUN)
_1 z 11
N Z Z ¢ N (118)

The expression of (118) can be written as the expected value in the canonical ensemble

F(\)  0U(N)
o\ = o\ )

(119)

When we now insert equation (119) in equation (115) we obtain the final form of our integral

L oUu(\)
AF = dA. 120
JR o (120
With the use of formula (114) we obtain
1
AF:/ (AU) \d, (121)
0

with AU = Ug — Uy.
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The value of (AU(\)), for a fixed A can be calculated, by performing a molecular dynam-
ics (MD) simulation. In the MD simulation U(\) is the potential energy, which moves the
atoms in the simulation. Uy and Up have to be evaluated for each resulting configuration,
to calculate AU. For integral (121) multiple simulations for different values of A have to be
performed. After that a numerical integral scheme has to be used.

11.2 Thermodynamic Perturbation Theory (TPT)

Thermodynamic perturbation theory (TPT) [22] is another method to calculate the free
energy difference AF between two systems. For presenting the method, we start with the
partition function.

Z =Y e (122)

Using (116) we can write the free energy difference as:

1. Zp

AF =Fg—Fy=—=In(=). 123
B— Fa 3 D(ZA) (123)
With the equation (122) we obtain:
AF = —Lin(= 3 e ms). (124)
B Za%
We can multiply the integrand with e#U4+ and e=#V4.
1 1
AF = —— In(— e—ﬁ(UB,i—UA,i)e—ﬁUA,i
Ln Y |
1 .
=73 (> e AU Ry(Uy)) (125)
_ 1 In{e PAUY .
B

Where Py(Ua) is the probability density to find the system A in a certain state Ujs,. It
can also be seen as a function of AU. The probability density Py(AU) is often a Gaussian
distribution and can be approximately written as:

Py(AT) = oS5 (126)
2mo
With the standard deviation,
o= (AU?) — (AU);. (127)

By multiplying the probability density with the Boltzmann distribution e=#2Y Py(AU) a new
shifted Gaussian distribution is obtained. It can be show that the mean value of this new
function is shifted by —3 802 from (AU),.

AF = (AU)q — %502 (128)

This can be seen in figure 1.
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Figure 1: Probability density Py(AU), Boltzmann distribution e P2V and e P2V Py(AU) as
a function of AU [37]

Figure 1 shows the probability to find system A and system B in certain configurations where
the energy is AU = U — Uy. If the distribution Py(AU) has a large standard deviation o
1

compared to 3> the shift —%ﬁaQ is large and then there are not many configurations which

sample the e P2V Py(AU) distribution. But this distribution is used to calculate the free
energy difference AF. In other words, if there are no configurations in the hatched area of
figure 1 than the result for AF will be inaccurate.

To calculate this expected value from equation (125), it is necessary to perform an MD
simulation with the potential U4 and a calculation for the resulting configurations with
potential Ug. For calculating AU = Up — Uy it is more efficient to use statistically in-
dependent configurations for the calculation of Ug. In this way if the calculation of Ug is
much more expensive than of Uy, Ug does not have to be calculated for every simulation step.

The thermodynamic perturbation theory can take less computing time than the TI, because
only one MD is required. The problem of the TPT is that it becomes inaccurate if U4 and
Ug are too different. When Uy, and Ug are very different the probability distribution Py(AU)
has a large standard deviation o. Therefore the calculation of AF' is inaccurate. To test if
U and Up are close enough, we use the 2nd order Taylor expansion of equation (125)

AF = —pln(e?2) s m (MDY — D (AU 4+ 5

If this approximation is very close to the value of the logarithm, the result for AF can be
often used.

(AU)Y. (129)

11.3 Lattice vibrations and free energy in crystals

In this section we like to describe the lattice vibrations in crystals [23]. First we have to
make an assumption about all displacements, that the atoms can adopt through the lattice
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vibrations. The displacements have to be small compared to the lattice constant. The
position r; of each atom is then given by

r, = Rz + u;, (130)

with R; the positions in a Bravais lattice and u; the displacements. With this relation we
can write the potential U as

U=¢(r;) =oR; +u;). (131)
We can now apply a Taylor expansion around R;. We expand this series to the third order

and neglect all the higher order terms. The error than is proportional to O(Au?).

0 1 0? 1 03
U= ¢>(1‘¢)+; a—ricb(ri)'uﬁi ; ariarjﬁb(rz‘)'ui'ufra 2; mgb(ri)-ui-uj-uk (132)

4,0

Now we apply a harmonic approximation to this potential. In the harmonic approximation
we describe the potential just for small displacements around the equilibrium. For these
small displacements the potential from (132) can be replaced by a harmonic potential.

1 0?
Uharm = ¢(I'l) =+ 5 ; M¢(I‘2) - u; - u] (133)

With this potential we can calculate a coupling constant

. o?
C?! = ——Uparm. 134
‘' Or;0r, harm (134)
The coupling constant describes how the displacement of atom j acts on atom ¢ and the
constant has the dimension of a spring constant

Fy = —C/u;. (135)

With this relation we can write the equation of motion. In this equation the displacements
from all atoms in the system act on the atom ¢ and m; denotes the mass of atom i

mitly; = — Y Cluy. (136)
J

To solve this equation we use a plane wave ansatz u; = ﬁA(k) -k Ri—wh) for the displace-
ments. Where k is the wave vector. When we plug this ansatz into the equation of motion,
we obtain )

2 _ik-(Rp—R.

WA (K) + ) Y ———Cle™ R A (k) = 0. (137)
j nm V i

This equation can be rewritten, by using the dynamic matrix D

. 1 o
Dik) = 3~ Cle i), (138)
n,m v

With D we obtain the equation of motion

—w’Ai(k)+ ) DI(k)A;(k) = 0. (139)

This equation of motion can be seen as a homogeneous equation system and the coefficients
can be determined by solving
det[D — w?1] = 0. (140)
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This equation has s = 3 - r results of w(k) for each wave vector k. r is the number of basis
atoms and w(k) is known as the dispersion relation. The s different solutions of w(k) are
known as the dispersion branches. These branches can be separated in acoustic branches
and optic branches. The difference between these branches are their frequency ranges. In
a crystal there are 3 acoustic branches and 3 - r — 3 optical branches. A crystal with a one
atom basis only has 3 acoustic branches, one of them is a longitudinal wave and two of them
are transversal waves.

11.3.1 Quantum mechanical description of the harmonic lattice vibrations

To obtain a quantum mechanical description, we have to quantize the lattice vibration modes
into phonons. Each one of the 3 - N frequency modes of w,(k) are connected to a harmonic
oscillator with the frequency wg(k). s describes the dispersion branch. For a one atomic
basis s € [1,3] and N is the total number of atoms in the system. The energy for one mode
is given by,

i = hioa(K) - (mis 4 3). (141)

We can say that ny s phonons are in the state of the energy fiws(k). Now we can write the
energy of a crystal as

1 1
Eagn = 57 > wos(k) - (nes + 5). (142)
k,s

The last formula also describes the zero point energy of

Ey=Y_ MT(k) (143)

This is the vibrational energy, which the crystal has at zero temperature. Phonons are
bosons, therefore the occupation number ny, s for each energy state is calculated through the
Bose-Einstein statistic. The average of the occupation value for a given state is given by

1

) = (B, )~ 1 ey

We can use equation (144) and plug it into formula (142) for the energy of the crystal, which

gives us
1 Z hws (k) Z huws (k)
Eayn = N( 2 * exp(Shws(k)) — 1)7 (145)

k,s k,s

and the internal energy is given by

3 1 hw,(k) hws (k)
UfEeq+N(Z : +Zexp(ﬁhws(k))_1). (146)

k,s k,s
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11.3.2 Free energy of a harmonic oscillating crystal

The free energy of a harmonic oscillating crystal can be calculated through the partition
function Z [24].
F=—kgTn(Z) (147)

The canonical partition function for one quantum mechanical oscillator Zj, ¢ is given by

= exp[—Bhw,(k) - (n+ %)]. (148)

n=0

This is a geometric series and can be written as,

exp(Pe) (et
Dt = T exp( Bl (X)) exp(—Blann(K)) — 1 (149)

For a crystal of N atoms the partition function is a product of the partition functions of 3N
different quantum mechanical oscillators

exp(24519)
Z = Hexpﬁhw 07T (150)

With this we obtain the free energy of a harmonic oscillating crystal

Fran = =5 0(2) = YL T o tn1 - expl- o). (150
k,s

To obtain the free energy per unit cell. We can rewrite the sum over the k vectors to an
integral over the Brillouin zone.

1 hw
Farm = 5
" QBZ;/BZ[

11.3.3 Anharmonic oscillations

K) o knT - In(1 — eap(—Bhw, (k)] dk (152)

In every crystal there are also anharmonic oscillations. These oscillations are seen as the
deviation from a system to the harmonic oscillation. To deal with anharmonic oscillation,
we have to consider all terms of equation (132). In the phonon picture this means that the
phonons interact with each other and can be scattered. In practise anharmonic oscillations
are calculated by a full interacting ab-initio molecular dynamic simulation.

12 Thermostat

The MD method is an approach to simulate a micro-canonical (NVE) ensemble. When we
want to simulate a canonical (NVT) ensemble we have to use a thermostat. There are two
kinds of thermostats. Some of them use stochastic particle collisions, which should simulate
the heat bath. Other thermostats modify the equations of motion in the MD simulation,
to simulate a canonical ensemble. In this master thesis both types of thermostats had been
used. Here we present the Langevin thermostat and the Nosé-Hoover thermostat.
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12.1 Langevin thermostat

The Langevin thermostat is a stochastic thermostat [25]. We can write the equation of
motion in the following way

i = 2L (153)
m;
p;, = F —vip; + [ (154)

In equation (154) F; is the force acting on atom i and ~; is a friction coefficient. f; is a
random force chosen from a Gauss distribution, with an mean value of zero and a variance
of o2.

o2 2myyikgT
! At
The variance ¢? depends on the friction coefficient 7;, on the temperature T and on the
time-step At of the MD simulation. In VASP this method can be set with following flags.
MDALGO=3 to set the Langevin thermostat, the flag TEBEG is used to set the temperature and
with the LANGEVIN GAMMA flag the friction coefficient v; can be set.

(155)

12.2 Nosé-Hoover thermostat

The idea of the Nosé-Hoover thermostat is to extend phase space from a normal 6N to a
6N + 2 dimensional system [26]. Here 6 stands for 3 space coordinates and 3 momentum
coordinates. The value N stands for the number of particles. So in the Nosé-Hoover ther-
mostat there are two additional phase coordinates. This system can be described with the
following Hamiltonian

N

2 2
Pi o)+ Ly L), (156)

H N _ N 5 — LYs

1=

Here the parameter ) determines how quickly the thermostat reacts. This relates to the
common notion that the parameter () is often called the thermostat mass. T is the parameter
for the temperature of the ensemble and g is a scaling constant. This Hamiltonian leads to
the following equations of motion.

iy = % - m‘jfsz (157)

P, = —5;1? =F, (158)

§= 5;5 - % (159)

po =~ 1[N 24 (160

In these equations it is easy to see that s controls the velocities of the particles, but the
change of s corresponds to p,. On the other hand the change of ps corresponds to the mo-
mentum of the particles p, scaled by the temperature T. With this method an MD simulation
for a canonical ensemble can be performed. To set this thermostat in VASP, the following
flags are required. MDALGO=2 to set the Nosé thermostat, SMASS to set the thermostats mass
and TEBEG to set the temperature of the simulation.
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13 Block averages

In an MD simulation the averages are calculated over a finite time. Therefore these averages
are affected by statistical errors. These errors can be described through the autocorrelation
function C'4 and the correlation length 74 [27]. The correlation length is the number of time
steps between two configurations that they require to become statistical uncorrelated. The
sample size M is the number of time steps which are made in the MD simulation. With the
correlation length 74 and the sample size M. There is a relation between the variance of a
finite sample 0?(A) and the variance of the ensemble o%(A)
27‘ A 92

o?(A) = 5 ° (A). (161)

The block average method is one way to obtain the correlation length 74. Imagine your
sample has M different configurations and you separate this sample in ng blocks, which
have all the same size Mp.

_M (162)
np = MB
For these blocks we can calculate the block averages
A 1 Mg
AW = i > A — 1)Mg + ). (163)
j=1

Where ¢ denotes the number of the block and A(...) is the element of the sample. Using the
block averages we can calculate the average of the entire sample

_ 1 B, .
A=—5"4Y. 164
L3 (161
Now we can use formula (161) for the variance. We use this formula to compute 2 - 74,
0*(Ap)
P(Mg) =M . 165
(Mg) B34, (165)

In formula (165) 0?(Ay) is the variance of the entire sample with A, the average of the sample

and 0%(Ap) is the variance of the block averages A.

2(A,) ~ % > (A - A2 (166)
o2(Ap) ~ ni (A Ay (167)

If the block size MB is larger than the correlation length 7, then P(Mpg) from formula (162)
should converge towards 274. P(Mp) will be also called the statistical inefficiency s.

lim P(Mpg) =214 (168)

MBA)OO

This block average method is a powerful tool to check if a simulation is sufficiently long. If
P(Mgpg) keeps changing as Mp approaches M, the simulation is too short. If our simulation
is long enough we can calculate the variance 0% and the standard deviation oy = ivi for the
sample. In the last expression for the standard deviation /N is the number of elements in the
sample. This method will be often used in this master thesis.
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14 List of VASP flags

Here we describe some VASP INCAR flags, which are used for this master thesis [28].

e ISMEAR & SIGMA

ISMEAR determines how the partial occupancies f,; are set for each orbital. ISMEAR=-1
means that the Fermi-Dirac-Statistic is used, for the partial occupancies, with ISMEAR=0
a Gaussian distribution is used. SIGMA determines the width of the smearing in eV
and it can be calculated through the temperature which is used in a simulation.

e NKRED

NKRED is a flag which can be used with the HSE hybrid functionals. With NKRED we
can set a considerably coarser mesh of points in the BZ {¢;}, which is used for the
calculation of the short range exchange potential.

qx = by n}\gl + by nﬁ% + bs nfvf?’ (165)

Where by 2 3 are the reciprocal lattice vectors and C; is the integer grid reduction fac-
tor. This leads to a reduction of the computational costs by a factor.

0101203 (166)

(123 can be set through the NKRED flags ( NKREDX, NKREDY, NKREDZ).

e IBRION, NSW & POTIM

IBRION determines how the ions are updated and moved. The default value of IBRION
is zero. With IBRION=0 a standard ab-initio molecular dynamic simulation with a
Verlet algorithm will be performed. NSW sets the number of steps which are used and
POTIM sets the time step. In the case of lattice vibrations we set IBRION to 6. IBRION=6
determines the energy for harmonic oscillations and the phonon frequencies.

e ISIF

ISIF determines if the stress tensor is calculated and which degrees-of-freedom are
allowed to change in a molecular dynamic simulation. We use ISIF=2. With this set-
ting the forces and the Stress tensor is calculated and the positions are free to move.
With ISIF=3 also the cell shape can be relaxed. This flag has to be set if the external
pressure should be calculated.

o ISPIN

ISPIN determines whether in the calculations the electrons can be spin polarized. With
ISPIN=2 spin polarized calculations are performed.
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e ALGO

The ALGO flag specifies which electronic minimisation algorithm is used in the cal-
culations. With ALGO=VErYFAST a RMM-DIIS (residual minimization method direct
inversion in the iterative subspace) is used, which makes the calculation fast but might
result in instabilities. By setting ALGO=NorMAL a blocked Davidson iteration scheme
is used. And with setting ALGO=FAST then a mixture of the Davidson and RMM-DIIS
algorithms is used. With ALGO=ALL a conjugate gradient algorithm is used.

e LUSE_VDW,GGA & AGGAC

These are flags, which are used for vdW-DFT. LUSE_VDW=.TRUE. switches on vdW
corrections. GGA sets the type of the generalized gradient approximation. If the GGA
flag is unset, the generalized gradient approximation is chosen from the POTCAR file.
By setting GGA=BO, the B88 functional is used. And with AGGAC=0 the generalized
gradient approximation is removed from the correlation energy part.

e LHFCALC, HFSCREEN & AEXX

These flags are used for HT /DFT hybrid functionals. The method of hybrid function-
als is set by LHFCALC=.TRUE. With HFSCREEN the separation range can be set. The
AEXX flag sets the fraction of Hartree-Fock exchange energy in the hybrid functional.
The default value is AEXX=0.25.

¢ PRECFOCK

In a HF/DFT hybrid functional calculation, it is possible to choose different FFT
grids for the Hartree Fock exchange part and the DFT potentials. The PRECFOCK flag
controls the FFT grid of the Hartree-Fock exchange routines. By PRECFOCK=FAST the
smallest possible FFT grid is used, it is determined by the plane wave cutoff. This
accelerates the calculations by a factor of two or three, but causes slight changes in
the total energies and some noise in the calculated forces. For PRECFOCK=NoORMAL, the
FFT grid for the Hartree Fock exchange is identical to the FFT grid in the DFT part.
This results in high quality calculations.

e IVDW

This flag selects a special semi empirical method. Fot IVDW=1 the D2 method of
Grimme is set and for IVDW=2 the Tkatchenko-Scheffler method is set.

e EDIFF, EDIFFG & ENCUT

EDIFF is a condition to stop the electronic selfconsistent loop. The relaxation of the
electronic degrees of freedom will be stopped if the total free energy change and the
band structure energy change between two steps are both smaller than EDIFF. EDIFFG
is a condition to stop the ionic relaxation loop. If the total free energy is smaller than
EDIFFG between two ionic steps the relaxation will be stopped. With ENCUT the energy
cutoff for a plane wave basis set can be set.
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15 Crystal structure prediction

In this section we try to predict crystal structure properties of different materials. We
are particularly interested in materials, where vdW interactions play a decisive role. As
mentioned before DFT methods with a GGA functional have problems describing vdW in-
teractions. Therefore materials, where vdW interactions play a part, are good examples for
comparing different DF'T methods with each other. The materials of interest are selenium
(Se), tellurium (Te), arsenic (As) and antimony (Sb). The properties of these materials have
been calculated with five different methods and the following settings.

To predict the crystal structure we tried to relax all parameters of the crystal structure
to their ground state values. By setting IBRION=2, a conjugate-gradient algorithm is used
to relax the ions into their energy ground states. All simulations were performed with
6x6x6 k-points, an energy cutoff of 400 eV, the accuracy of the ionic relaxation was set to
EDIFFG=10"* and the allowed error in total energy was set to EDIFF=10"%. The calculations
of this section are all performed using the VASP version vasp.5.4.2. Here the different meth-
ods are listed. The flags which are used are described in section 11.

e PBE is a DFT calculation with a generalized gradient approximation, as described in
section 5.1.2.

e Method of Grimme (D2) is the D2 method of Grimme, which is described in section
6.1. In VASP we obtain this method, by setting IVDW=1.

e Tkatchenko-Scheffler (TS) is the method of Tkatchenko-Scheffler, which is de-
scribed in section 6.2. In VASP we obtain this method, by setting IVDW=2.

e vdW-DFT is described in section 6.3. Here we used the optB88 exchange functional.
We obtained this by setting GGA=B0O, LUSE _VDW=.TRUE., AGGAC=0 and the vdW-kernel
(vdW_kernel.bindat) have been used.

e Hybrid functional HSEQG6 is described in section 7.2. For the HSE06 the flags
LHFCALC=.TRUE., HFSCREEN=0.2 and AEXX=0.25 were set.

e Random phase approximation (RPA) How to perform the RPA calculation and
the flags which are used, can be seen under section 8.3.
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15.1 Selenium Se

The materials selenium and tellurium have both the same crystal structure. It is a hexagonal
structure, which is described by the Pearson symbol hP3. The structure is presented by the
following vectors.

Primitive lattice vectors:

32 (169)
a = —a - — — .
1 =50 x— 3%y
1 1
a=ga-x+ 53%(1 "y (170)
az=c-z (171)
Basis vectors:
b 41 ! Las 41 (172)
1=a-atg-ag=gar-x - 3%y + ez
2 1 1. 2
b2:$-a2+§~a3:§ax-x+§3§ax-y+§c-z (173)
bs=—-x-a, —z-a,=—axr X (174)

In the last equations, the vectors x, y and z are the unit vectors of the Cartesian coordinate
system. a,c and x are scalars. The following figure shows the hP3 crystal structure.

Figure 2: Properties of crystal structure hP3 [38|
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The hP3 structure can be seen as a hexagonal structure with an atomic chain on each cor-
ner. Figure 2 shows some properties which were calculated for the selenium structure. In
the picture ¢ and a are the lattice constants. The distance d; is called the intrachain dis-
tance, it describes the length from one atom to the neighbor atom in the same chain. ds
is called the interchain distance and it describes the nearest distance from one atom to an-
other atom of a different chain. 6 is the binding angle and the parameter u is the radius of
an atomic chain. Another important property, which was calculated, is the volume per atom.

For calculating these structure properties we pursue the following strategy. To calculate the
total energy of the selenium unit cell at different c¢/a-ratios and different cell volumes, several
simulations were performed. Overall 56 points of a uniform grid, of different c¢/a-ratios and
different volumes were simulated. For these simulations the flag ISIF=2 was used, which
does not change the cell shape and the cell volume. For the calculations, the POTCAR file
PAW Se_.GW 20Mar2012 was used. This leads to the following energy plots.
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Figure 3: Total energy of selenium as a func- Figure 4: Total energy of selenium as a func-
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Figure 7: Total energy of selenium as a function of the volume/atom and the c/a-ratio,
calculated with the RPA.

The smallest energy of these plots, is the black area. The structure properties for the small-
est energy corresponds to the structure properties of the relaxed ground state. For PBE,
D2, TS, vdW-DFT and RPA, the ground state energy has been predicted through the in-
terpolation of 56 points. For PBE, D2, TS and vdW-DFT, another simulation with ISIF=3
was performed, to verify the solutions. ISIF=3 also relaxes the shape of the cell and the
volume of the cell. But the manual scan of the c¢/a-ratio and the volume, as described before,
was more accurate. In the following table we like to present the structure properties of the
selenium calculations and compare them to experimental data of [29]. The properties are
the volume per atom, the c¢/a-ratio, the u parameter, the binding angle 6 and the ratio of
intrachain and interchain distances Z—f. Note that in the RPA calculations, selenium was
treated as an insulator and for the RPA calculations the parameter u was determined for
each c¢/a-ratio and each volume using the PBE functional.

Table 1: Crystal structure properties of selenium calculated with different methods compared
with the experimental values (Ezpt).

volume/atom (A3) | c/a-ratio (A) | u |6 (deg) Z—f
PBE 29.03 1.208 0.223 | 104.4 | 1.462
D2 26.51 1.208 0.236 | 103.6 | 1.384
TS 26.12 1.215 0.234 | 103.8 | 1.377
vdW 26.33 1.227 0.238 | 105.1 | 1.358
RPA 27.33 1.15 0.232 | 102.5 | 1.411
Expt 27.27 1.136 0.229 | 102.5 1.43
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15.1.1 Atomization energy

To calculate the atomization energy in a crystal structure. It is necessary to calculate the
total energy of an atom in a crystal structure and the total energy of a free atom. The
difference of these two energies is the binding energy or cohesive energy. We obtain the
total energy of an atom in a crystal structure from the calculations before. The energy of
the ground state calculations was used. To predict the energy of a free atom, we put one
atom in the middle of a cubic cell and increased the volume until the energy value started
to converge. For the calculation of the free atom we also set ISPIN=2, to perform a spin
polarized calculation.

-04 ' ' ' PBE 1
-0.6

-0.8

-,
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-1.2
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-1.8
9L ]
-2.2 ' ' ' ' '
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energy [eV]

Figure 8: Convergence of the total energy with increasing volume of the unit cell and calcu-
lated with PBE, D2 and TS

Figure 8 shows the converge of the energies, calculated with PBE, D2 and TS, by increasing
the volume of the cubic cell. It is easy to see, that these three methods converge to the same
value. That is, because the energy correcting term of D2 and TS vanishes for large atomic
distances. The energy of an atom in a 500 A3 cubic cell, is Free = 0.7848 eV. This leads to
following binding energies. AFEppg = 2.718 eV, AEpy = 2.914 eV and AFE1g = 2.888 eV
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Figure 9: Convergence of the total energy with increasing volume of the unit cell and calcu-

lated with the vdW-DF'T.

Figure 9 shows the calculations for the vdW-DF'T. The energy calculated for a free atom is
Etee = 1.046 V. This leads to the binding energy of AE qw = 2.891 eV.
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Figure 10: Convergence of the RPA correlation energy plus the Hartree-Fock energy as a
function of 1/(volume of the unit cell).

The calculations of figure 10 show the RPA energy as a function of 1/V. This energy con-
verges at a volume of 2000 A3, This leads to Ege. = 14.708 €V and to the cohesive energy
of AERPA = 2.319 eV.

In the following table we list the cohesive energies predicted with every method compared
to the experimental values [30].
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Table 2: Cohesive energies of selenium calculated with different methods and compared with
the experimental values (Ezpt).

cohesive energies [eV]

PBE 2.718
D2 2.914
TS 2.888
vdW 2.891
HSE06 2.641
RPA 2.319
Expt 9.95

15.1.2 Conclusion

We now discuss the results of table 1 and 2. When we look at the PBE calculations it
can be seen that two parameters, the volume/atom and the j—f—ratio are large compared
to the experimental values [29]. In selenium we expect a vdW interaction between the
atomic chains. This interaction should have an influence on the interchain distance ds. The
PBE functional does not consider vdW interactions leading to a large g—f—ratio and a too

large volume/atom. The vdW functionals D2, TS and vdW-DFT predict small Z—f—ratios,
small volumes/atom and large c/a-ratios, as expect from the vdW functionals. The vdW
interaction pulls the atomic chains together, which result in a small Z—f—ratio. In the case
of the vdW functionals the vdW interaction is overestimated. These vdW corrections also
lead to smaller volumes/atom and to larger ¢/a-ratios than using PBE. The RPA is for the
values of the volume/atom, the c/a-ratio, the binding angle 6 and the Z—f-ratio very close
to the experimental values. In the case of cohesive energies the vdW functionals predict
the largest values. We expect this behavior from the vdW functionals, because they add an
energy correction term to the DFT calculation. This correction term is zero for one atom
in a large cubic cell. Therefore the cohesive energy is too large. The RPA predicts the best
cohesive energy compared to the experiment.

15.2 Tellurium

Tellurium has the same crystal structure as selenium. The calculations were performed in
the same way as described in the section before, except of the RPA calculations. In these cal-
culations tellurium was treated as a metal. For the calculations, the POTCAR file PAW_PBE
Te.GW 22Mar2012 was used. These calculations lead to the following energy plots.
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Figure 15: Total energy of tellurium as a function of the volume/atom and the c/a-ratio,

15

1.4

13

cla-ratio

1z

11
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The following table presents the structure properties of the tellurium calculations and com-
pare them with experimental data of reference [31]. For the RPA calculations the u param-
eter was determined for each c¢/a-ratio and each volume using the PBE functional.

Table 3: Crystal structure properties of tellurium calculated with different methods compared
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volume/atom (A%) | c/a-ratio (A) | u | 6 (deg) | %
PBE 34.57 1.31 0.275 | 100.3 | 1.19
D2 32.38 1.4 0.281 | 102.6 | 1.16
TS 32.77 1.32 0.29 979 | 1.14
vdW 34.22 1.34 0.279 98.9 1.16
RPA 34.51 1.29 0.273 | 101.3 | 1.23
Expt 33.74 1.33 0.264 103 1.23
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15.2.1 Atomization energy

The cohesive energies were calculated as described in the section of selenium. Table 4 shows
the final results.

Table 4: Cohesive energies of tellurium calculated with different methods.

binding energies [eV]
PBE 2.374
D2 2.683
TS 2.608
vdW 2.641
RPA 2.054

15.2.2 Conclusion

For tellurium the trends are similar to selenium, however, this time the PBE prediction of
the volume/atom and the c/a-ratio is almost correct. The % ¢ -ratio is already too small for
PBE and with the vdW functional the ratio becomes even smaller. The vdW functionals
D2 and TS, which both use an additive energy correction term to the DFT energy, yield a
too small Volume/ atom and a small 2_ratio. This is the same trend as for selenium. The
vdW- DFT leads to a too large Volume/ atom, but a good c¢/a-ratio. The RPA again predicts
the best 2_ratio compared to the experimental value. For the cohesive energy we finally
note that experlmental results are not available. The trends for the cohesive energies are
similar to the trends for selenium.
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15.3 Arsenic

Arsenic and antimony have both the same crystal structure. It is a thombohedral structure
with the Pearson symbol hR2. The unit cell has two atoms and the structure can be seen
as a layer structure. The structure can be described by the following vectors.

Primitive lattice vectors:

a=b-xt+ta-yta-z (175)
a=aXxX+b-y+ta-z (176)
a3=a-Xx+a-y+b-z (177)
Basis vectors:
by =u(a; + as +a3) =u(2a +b)(x+y +2) (178)
by = —u(a; +as +a3) = —u(2a + b)(x +y + 2) (179)

In the last equations the vectors x, y and z are the unit vectors of the Cartesian coordinate
system. a,b and u are scalars. The following figure shows the hP3 crystal structure.

Figure 16: Properties of crystal structure hR2
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Figure 16 shows two layers of the arsenic structure. The figure also presents some structure
properties. Distance d; is called the interlayer distance, it describes the length from one
atom to the neighbor atom in the same layer. ds is called the interlayer distance and it
describes the nearest distance from one atom to another atom of a different layer. Then we
have 6 which is the binding angle. Other important properties are the volume per atom and
the z parameter. The z parameter is the z-component of the primitive lattice vectors.

To calculate the structure of the arsenic unit cell we pursue the same strategy as for selenium
in section 12.1. Only our two dimensional uniform grid depends now on the volume/atom
and on the z parameter. In the RPA simulations, arsenic was treated as a metal and for the
calculations, the POTCAR file PAW _PBE As _GW 20Mar2012 was used.
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Figure 17: Total energy of arsenic as a func- Figure 18: Total energy of arsenic as a func-
tion of the volume/atom and the z parameter, tion of the volume/atom and the z parameter,
calculated with PBE. calculated with D2.
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Figure 19: Total energy of arsenic as a func- Figure 20: Total energy of arsenic as a func-
tion of the volume/atom and the z parameter, tion of the volume/atom and the z parameter,
calculated with T'S. calculated with vdW-DF'T.
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Figure 21: Total energy of arsenic as a function of the volume/atom and the z parameter,
calculated with the RPA.

The structure properties of the smallest energy corresponds to the structure properties of the
relaxed ground state. In these energy plots the z parameter is scaled by a constant, in table
5 the unscaled value of the parameter is presented. We also performed a HSEO6 calculations,
with ISIF=3. The results of the calculations compared to the experimental results [33] are
shown in table 5.

Table 5: Crystal structure properties of arsenic calculated with different methods and com-
pared with the experimental values (Expt).

volume/atom (A®) | lattice constant a (A) | z parameter (A) | 0 (deg) Z—f
PBE 22.51 4.22 3.56 93.8 1.252
D2 21.13 4.06 3.39 92.6 1.212
TS 22.01 4.12 3.49 92.8 1.224
vdW 22.75 4.2 3.99 93.4 1.245
HSE06 22.07 4.29 3.62 96.8 1.243
RPA 21.87 4.18 3.57 94.3 1.249
Expt 21.53 4.13 3.35 93.5 1.251
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15.3.1 Atomization energy

The cohesive energies were calculated as described in the section of selenium. Table 6
presents the results.

Table 6: Cohesive energies of arsenic calculated with different methods

binding energies [eV]
PBE 3.000
D2 3.327
TS 3.219
vdW 3.403
HSEO06 2.751
RPA 2.816

15.3.2 Conclusion

As for selenium and tellurium we find the trend that the 2_ratio is very small for the vdW
functionals, specially for the D2 and TS method. This trend is expected from the vdW
functionals, because vdW functionals add a pairwise interaction between the layers. The
vdW functionals seem to overestimate this interaction. However the D2 method predicts
about 1.9% smaller volume/atom and about 1.2% larger z parameter compared to the ex-
periment. The TS method predicts an almost perfect lattice constant. The vdW-DFT leads
to a too large volume/atom as for tellurium. Interesting is that the PBE functional predicts a
good ——ratlo which means that the vdW interaction between the layers is already captured
well by PBE. The HSE06 functional overestimates the volume/atom and the z parameter
is too large. In terms of the volume/atom and the lattice constant the RPA improves the
PBE functional. For the cohesive energy experimental results are not avoidable. As before
the trend that the vdW functionals predict the largest cohesive energies is the same as for
selenium and tellurium.
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15.4 Antimony

Antimony has the same crystal structure as arsenic. The calculations were performed in the
same way as for arsenic. In the RPA simulations antimony was also treated as a metal and
for the calculations, the POTCAR file PAW_PBE Sb_GW 21Mar2012 was used.
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Figure 22: Total energy of antimony as a Figure 23: Total energy of antimony as a
function of the volume/atom and the z pa- function of the volume/atom and the z pa-
rameter, calculated with PBE. rameter, calculated with D2.
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Figure 24: Total energy of antimony as a Figure 25: Total energy of antimony as a
function of the volume/atom and the z pa- function of the volume/atom and the z pa-
rameter, calculated with TS. rameter, calculated with vdW-DF'T.
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Figure 26: Total energy of antimony as a function of the volume/atom and the z parameter,

calculated with the RPA.

The following table presents the structure properties of the antimony calculations and com-
pare them with experimental data of [33].

Table 7: Crystal structure properties of antimony calculated with different methods and com-
pared with the experimental values (Ezpt).

volume/atom (A®) | lattice constant a (A) | z parameter (A) | 8 (deg) Z—f
PBE 31.84 4.64 3.852 92.7 | 1.177
D2 29.65 4.44 3.725 91.9 |1.124
TS 30.73 4.48 3.734 90.6 | 1.127
vdW 32.06 4.61 3.871 92 1.167
HSE06 30.95 4.52 3.852 92.5 1.18
RPA 31.74 4.61 3.869 92.3 1.172
Expt 30.2 4.51 3.784 91.7 | 1.158
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15.4.1 Atomization energy

The cohesive energies were calculated as described in the section of selenium. Table 8
presents the results.

Table 8: Cohesive energies of antimony calculated with different methods.

cohesive energies [eV]
PBE 2.445
D2 2.862
TS 2.728
vdW 3.484
HSE06 2.51
RPA 2.492

15.4.2 Conclusion

In antimony the trend that the vdW functionals D2 and TS overestimate the vdW interaction
between the crystal layers, can be seen recognized again at the too small ——ratlos The D2

and the TS method yield this time to similar results for the 2_ratio, the z parameter and
the lattice constant a. The D2 method underestimates the volume /atom and the TS method
overestimates it. The vdW-DFT method predicts a too large volume and overestimates the
Z—f—ratio. In terms of the volume/atom and the lattice constant a, the HSE06 functional
really improves upon the PBE functional. For this improvement the short range Hartree-
Fock exchange energy term of the HSE(06 functional is most likely responsible. For the
j—f—ratio the HSE06 functional is similar to the PBE functional, this can be explained by the
long range part of the HSE06 functional, which does not include the Hartree-Fock exchange
energy. The RPA hardly improves upon the PBE functional in terms of volume/atom, lattice

constant a and % —ratlo
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16 Melting temperature of silicon

The prediction of the melting temperature of silicon is a huge challenge to ab-initio technics.
Previous investigations on this problem led to a melting temperature far below the exper-
imentally measured melting temperature of 1687 K, for example the prediction of Osamu
Sugino and Roberto Car [35]. They used a DFT-LDA technic, which resulted in a melting
temperature of 1351 K. We believe that with the HSEO6 functional the predicted melting
temperature will be closer to the experimental melting temperature than predictions using
the LDA or GGA functional. This assumption is based on the investigation of the silicon
[-tin structure. The [S-tin structure appears when a diamond crystal is under pressure. The
[-tin structure has a similar short range order as the liquid. Therefore the energy difference
between the [-tin phase and the diamond phase of silicon can be seen as a prognosis for the
energy difference between the liquid phase and the diamond phase of silicon. We assume
that the liquid phase will have a slightly higher internal energy than the (-tin phase. In
the next two figures we show the internal energy as a function of the volume/atom of the
B-tin structure and the diamond structure calculated with the PBE and with the HSE06
functional.
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Figure 27: Energy as a function of volume/atom for B-tin and diamond silicon calculated
with the PBE functional.
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Figure 28: Energy as a function of volume/atom for -tin and diamond silicon calculated
with the HSEO6 functional.

We calculated the energy difference between the S-tin phase and the diamond phase, with the
PBE and the HSEO06 functional. The energies are calculated for the equilibrium volume/atom
of both phases. This results in AFEpgg = 0.29 eV and in AFEysgos = 0.39 eV. We can see
from these results that AFysgos is larger then AFEpgpg. Previously the DFT-LDA calcula-
tions underestimated the melting temperature of silicon. According to the energy difference
between the [-tin phase and the diamond phase calculated with the HSE06 functional, we
assume that the melting temperature of silicon calculated with the HSEO06 functional will be
larger than the melting temperature calculated with the LDA functional.

The strategy for the melting temperature prediction is to calculate the Helmholtz free energy
difference between silicon in the liquid phase and silicon in the solid phase. Our system
consists of 64 atoms and has a diamond structure in the solid configuration. The Helmholtz
free energy will be calculated for the solid and the liquid configurations at their equilibrium
volume. For the calculation of the Helmholtz free energy we used thermodynamic integration
and thermodynamic perturbation theory. The Helmholtz free energy will be calculated for
both configurations for HSEO6 using 3x3x3 k-points and a monkhorst pack grid. With
the free energy difference between the two phases at the calculation temperature of 1687 K
and the internal energies of both phases, the melting temperature can be predicted. As we
will show below, the predicted melting temperature is 1798 K, which is 111 K above the
experimental melting temperature. [36].
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16.1 Equilibrium volume of silicon (Si)

In this section we try to predict the equilibrium volume of a cell of 64 silicon atoms. The
volume should be predicted for 64 silicon atoms in a liquid configuration and for 64 silicon
atoms in a diamond crystal structure configuration. The equilibrium volumes of these two
configurations are interesting for the prediction of the silicon melting point. The strategy to
predict the melting point is to calculate the Gibbs free energy for the solid and the liquid
phase at a certain temperature. The Gibbs free energy is lower, at the more stable phase.
With the Gibbs free energies of the two phases the melting temperature can be approxi-
mated. The equilibrium volume is important for these calculations, because at this volume
the pressure is approximately zero. In this certain case, the Gibbs free energy is equal to the
Helmholtz free energy G=F. Predicting the melting temperature with the Helmholtz free
energy makes the calculations less expensive. The idea of the equilibrium volume prediction
is to calculate the total pressure for 3 different volumes. With these pressure points we
can interpolate a function, which depends on the volume. Then we have to find the point
where the function is zero. For the prediction of the equilibrium volume the HSE06 hybrid
functional was used.

16.1.1 Equilibrium volume of liquid silicon (1-Si)

A diamond structure cell with 64 Si atoms was set up. Then we performed a molecular
dynamics (MD) simulation at a very high temperature, to melt the crystal and to obtain a
liquid configuration. Starting from this liquid configuration, MD simulations for 3 different
volumes were performed at a temperature of 7" = 1687 K. For these simulations we used
the Langevin thermostat, with the friction coefficient of v = 5%. The MD simulations were
performed for 3000 time steps, with a time step of 3 fs. In these simulations the hybrid
functional HSEO06 was used. An additional flag called NKRED=2 was set, which should reduce
the computing time. The simulations were performed with 2x2x2 k-points, ISIF=2 to cal-
culate the pressure, EDIFF=10"* and an energy cutoff of 245.34 eV. The flags ISMEAR=-1
and the SIGMA, which can be calculated through o = kgT', were set. For these calculations
SIGMA=0.149 was set. The flags which are used are described in section 11. For the POTCAR
file we used the PAW_PBE Si_GW_new 19Mar2013 file.

First we look at the configuration after it was heated up. To be sure that the system is in a
liquid phase, one can look at the mean square displacement (MSD).
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Figure 29: Mean squared displacement (MSD) at a temperature of 1687 K, f(x) linear fit of
the MSD

Figure 29 shows the MSD of the simulation. The linear behavior of the MSD and the high
diffusion constant D = 7.196 - 10*5%2, are typical signs of a liquid phase. In figure 30 we

can see the pair correlation function.
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Figure 30: Pair correlation function of liquid silicon at a temperature of 1687 K.

The pair correlation function shows a short range ordered ensemble, which we expect for
a liquid. We are therefore pretty confident that the simulation conditions correspond to a

phase point in the liquid region of silicon.
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The volumes per atom where the calculations were performed are 17.29 A% 18.15 A% and
19.06 A3. Now we will inspect the average pressures at these three volumes.
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Figure 31: Instantaneous pressure of liquid silicon at a volume per atom of 17.29 A® and a
temperature of 1687 K, f(x) is the average pressure
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Figure 32: Instantaneous pressure of liquid silicon at a volume per atom of 18.15 A® and a
temperature of 1687 K, f(x) is the average pressure
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Figure 33: Instantaneous pressure of liquid silicon at a volume per atom of 19.06 A® and a
temperature of 1687 K, f(x) is the average pressure.

Figures 31, 32 and 33 show the microscopic pressure of the silicon liquid simulations at
different volumes per atom. The results for the average pressures are (p) = 7.4 kbar for
a volume per atom of 17.29 A3, (p) = —7.1 kbar for a volume per atom of 18.15 A% and
(p) = —20.6 kbar for a volume per atom of 19.06 A*. To obtain the standard deviation of
the pressure, a block-average analysis, like it is described in section 10, was performed for

each of these three MD simulations.
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Figure 34: Block-average analysis of liquid silicon at a volume per atom of 17.29 A3 and a
temperature of 1687 K.
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Figure 35: Block-average analysis of liquid silicon at a volume per atom of 18.15 A® and a
temperature of 1687 K.
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Figure 36: Block-average analysis of liquid silicon at a volume per atom of 19.06 A® and a
temperature of 1687 K.

The figures 34, 35 and 36 represent the block-average analysis for each volume. It can be
seen that the block averages become reasonably uncorrelated at a block length of mpg = 60
for a volume per atom of 17.29 A3, at a block length of mg = 50 for a volume per atom of
18.15 A® and at a block length of mp = 60 for a volume per atom of 19.06 A®. Therefore
the standard deviations of the pressures are, o, = 1.52 kbar for 17.29 A® o, = 1.22 kbar for
18.15 A% and o, = 1.4 kbar for 19.06 A3.
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Since we have used a reduced k-point set to evaluate the non-local exchange potential we
did this with the NKRED flag and since errors are introduced by the finite energy cutoff, it
is important to correct the pressure for these errors. Therefore we took some statistically
independent configurations of the MD simulations. For these configurations, one calculation
with the hybrid functional HSE06 at ENCUT=250 eV and another calculation with HSE06
at ENCUT=350 eV were performed. Both simulations were calculated without the NKRED
flag. Between the pressures of the MD simulations and pressures of the calculations, with
ENCUT=350 eV and without the NKRED flag, we could detect a constant shift. Table 9 shows
the pressure shifts and the final results for the pressures.

Table 9: Pressures of liquid silicon by different volumes and a temperature or 1687 K.

volume/atom [A3] pressure shift Ap [kbar] final pressure [kbar]

17.29 10.1 17.6 £1.52
18.15 94 23£122
19.06 7.7 —121+14

For calculating the equilibrium volume, we can now plot the three average pressure points
of table 9 against the volume.
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Figure 37: Pressure as a function of the volume per atom of liquid silicon.

With the function p(V) the equilibrium volume can be determined. It is the volume where
the pressure is zero (p(V)=0). The result of the equilibrium volume in liquid silicon at a
temperature of 1687 K is Vi, = (18.29 +0.077) A3
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16.1.2 Equilibrium volume of solid silicon (s-Si)

To calculate the equilibrium volume of solid silicon, we pursue two different strategies. The
first one is, similar to the section of 1-Si, to perform an MD simulation for three different
volumes. The other one is the quasi harmonic approximation to perform phonon frequency
calculations for different volumes. In the next section the first strategy is presented.

16.1.3 MD simulation of solid silicon (s-Si)

For this simulation a diamond super cell of 64 Si atoms was set up. To keep the solid
configuration, we did not heat the system up, we just performed an MD simulation at the
experimental temperature 7' = 1687 K. The flags, the thermostat and the POTCAR file for
these simulations are the same as for the liquid. So we used the Langevin thermostat, the
HSEO06 functional with the NKRED flag and the simulations were performed at 2x2x2 k-
points. We performed 3 MD simulations for different volumes, where each simulation had
3000 time steps of 3 fs.

First we look at the MD simulation for the volume per atom of 20.02A%. To be sure that
the system did not melt, we checked the mean square displacement (MSD).
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Figure 38: Mean square displacement of solid silicon at a volume per atom of 20.02 A® and
a temperature of 1687 K.

The shape and the magnitude of the MSD in figure 29 compared to figure 38 is very different.
The mean square displacement rises to about 0.13 A2, but then it remains constant. Which
is a sign for a solid phase. In figure 39 the pair correlation function can be seen.
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Figure 39: Pair correlation function of solid silicon at a volume per atom of 20.02 A and a
temperature of 1687 K.

The pair correlation function shows a fairly well ordered structure, which we expect for a
solid. We are now confident, that we have performed the MD simulation in the solid phase.
Now we can present the result for the average pressure for the different volumes. The vol-
umes per atom where the calculations were performed are 20.02 A3, 21 A3 and 22 A3.
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Figure 40: Instantaneous pressure of liquid silicon at a volume per atom of 20.02 A3 and a
temperature of 1687 K, f(x) is the average pressure.

62



-10

o ﬂ "
T o) | Jﬁ | N | A “’L
I 1 O YTV T
2 o3 unﬁ\WqHW&mf”ﬂy“ﬂmWMﬁ
) 35 | 'F“L 'd "}

0 500 1000 1500 2000

number of simulation

Figure 41: Instantaneous pressure of solid silicon at a volume per atom of 21 A% and a
temperature of 1687 K, f(x) is the average pressure.
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Figure 42: Instantaneous pressure of solid silicon at a volume per atom of 22 A% and a
temperature of 1687 K, f(x) is the average pressure.

Figures 40, 41 and 42 show the microscopic pressure of the solid silicon simulations at differ-
ent volumes per atom. The results for the average pressures are (p) = 12.3 kbar for a volume
per atom of 20.02 A3, (p) = —25.5 kbar for a volume per atom of 21 A% and (p) = —54.4
kbar for a volume per atom of 22 A3. To obtain the standard deviation of the pressure, a
block-average analysis was performed for each of these MD simulations.
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Figure 43: Block-average analysis of solid silicon at a volume per atom of 20.02 A3 and a
temperature of 1687 K.
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Figure 44: Block-average analysis of solid silicon at a volume per atom of 21 A® and a
temperature of 1687 K.
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Figure 45: Block-average analysis of solid silicon at a volume per atom of 22 A® and a
temperature of 1687 K.

The figures 43, 44 and 45 represent the block-average analysis for each volume. It can be
seen that the block averages become reasonably uncorrelated at a block length of mpg = 40
for a volume per atom of 20.02 A3, at a block length of mp = 80 for a volume per atom
of 21 A® and at a block length of mp = 76 for a volume per atom of 22 A3. Therefore the
standard deviations of the pressures are, o, = 0.55 kbar for 20.02 A3, o, = 0.79 kbar for 21
A3 and o, = 0.76 kbar for 22 A3.

Then w