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Summary

A numerical study of a system of spinless fermions on a two dimensional lat-
tice is performed. The system is small enough such that exact diagonalization
up to machine precision can be applied. The aim is to study the equilibration
and thermalization of closed quantum systems by looking at the expectation
values of certain observables, a topic which lies at the foundations of statisti-
cal mechanics but has recently become also of great experimental interest. In
particular the eigenstate thermalization hypothesis (ETH) is being tested, a
proposal that thermalization of quantum systems takes place at the level of in-
dividual energy eigenstates and which has been conjectured for Hamiltonians
far from integrability. By changing the interactions between the particles the
system is moved away from the integrable free fermion model and the validity of
the ETH is being inferred. In addition indicators of quantum chaos are being
studied. These measure how far a system is from integrability and have been
proposed to be tightly linked to eigenstate thermalization. In particular we are
looking at level spacing statistics and delocalization measures of energy eigen-
states with respect to the eigenbasis of the free fermion system.

Before presenting the results of our computations the required theoretical con-
cepts are introduced.

Zusammenfassung

Eine Studie eines Systems spinloser Fermionen auf einem zweidimensionalen
Gitter wird gemacht. Da das zu untersuchende system klein genug ist kann
eine exakte Diagonalisierung bis zur Maschinenprézision durchgefiihrt werden.
Das eigentliche Ziel ist es die Thermalisierung abgeschlossener Quantensysteme
zu untersuchen indem man die Erwartungswerte gewisser Observablen betra-
chtet. Dieser Themenkreis ggehort zu den Grundlagen der statistischen Physik,
wurde aber in den letzten Jahren immer mehr auch von experimentellem In-
teresse. Konkret wird hauptséchlich die eigenstate thermalization hypothesis
ETH getestet. Diese besagt dass sich Thermalisierung von Quantensystemen
auf der Ebene der Eigenzustédnde vollzieht und wurde vorhergesagt fiir Systeme
die weit entfernt sind von Integrabilitdt. Indem man die Stdrke der Wechsel-
wirkung zwischen den Telchen variiert bewegt man das System weg von der
Integrabilitét freier Fermionen und die Giiltigkeit der ETH kann getestet wer-
den. Zusétzlich werden Indikatoren von quantenchaotischem Verhalten unter-
sucht. Diese messen wie weit weg von Integrabilitét sich ein System befindet und
wurden mit der ETH in Verbindung gebracht. Dabei geht es konkret um die
level spacing statistcs und um Mafle fiir die Delokalisireung von Energieeigen-
zustdnden in Bezug auf die Eigenbasis des freien Systems.

Bevor die Ergebnisse prasentiert werden, werden die notwendigen theoretischen
Konzepte eingefiihrt und erldutert.



1 Introduction

The ability to cool, trap and control the physical parameters of atomic gases
has opened up new possibilities for many body physics [1]. The extremely low
temperatures and low densities achieved mean that these gases can be consid-
ered as nearly perfectly isolated from the environment for considerable time
scales. This has for the first time opened up the possibility to experimentally
study closed macroscopic quantum systems out of equilibrium. Especially the
long standing question of thermalization of these systems could be addressed in
experiments for the first time in the history of physics ([2],[3]).

The question of thermalization has to do with the fact why large systems relax
after some time to stationary states which can be described with one of the
well known ensembles of quantum statistical mechanics. In contrast to classical
statistical mechanics, where a satisfactory solution to this problem exists [4], no
general solution has been found in the quantum case [56]. The main conceptual
difficulty being the seemingly incompatibility with unitary time evolution.

Quite recently new concepts were proposed how the tackle this puzzle ([25],[31],[28],
[47],[37]). One of the most studied of these new concepts is the eigenstate ther-
malization hypothesis (ETH), which states that thermalization in quantum
mechanics happens at the level of individual energy eigenstates. The very influ-
ential work [5] proposed to test the ET H numerically using a system of particles
on a lattice small enough such that exact diagonalization could be performed.
Other studies followed and soon a new paradigm arose which states roughly
that systems far away from integrability should thermalize through the eigen-
state thermalization hypothesis whereas integrable models should not. It must
be noted however that the notion of quantum integrability (in simple terms
systems possessing many conserved quantities) is at first a much less clear cut
concept than its classical counterpart and requires some clarification.

It is the aim of this work to test this paradigm numerically applying exact
numerical diagonalization. For this a system of particles on a 2d lattice is con-
sidered, very similar to the one in [5]. In contrast to hardcore bosons however we
are looking at systems of interacting spinless fermions. By varying the interac-
tion strength we move the system away from the integrability of the free fermion
model and observe how properties of the system change. One of the studies we
will perform on our models is the time evolution of the expectation value of an
observable following a quantum quench. This corresponds to first start the sys-
tem in some eigenstate of the Hamiltonian. By changing some parameter in the
Hamiltonian the system starts to evolve in time. This is especially interesting
since quantum quenches are being applied in the above mentioned experiments
on cold atomic gases.

To give a short overview, before presenting our results in section 3 we are going
to introduce the required theoretical concepts used in our studies in section 2.



First we will define the concept of equilibration, the fact that in the long term
a system can often be described by a stationary state. We will explain how
this is compatible with the unitarity and time reversal invariance of quantum
mechanics and state the main known general results about equilibration. These
results will be tested in our numerical computations. Then we are going to ex-
plain in what sense this stationary state can be taken as a thermal state. This is
where we are going to introduce the eigenstate thermalization hypothesis in its
various variants. To provide some justification for the ETH we will discuss the
recently revived notion of typicality, which states that thermal behaviour is in a
sense a typical property of a quantum state (pure or mixed). Both concepts of
equilibration and thermalization will be defined in for the expectation values of
observables and the distinguishability of states with respect to measurements.
Finally we will provide a proper definition of quantum integrability suited for
our purposes. To measure how far a system departs from integrability quanti-
ties will be introduced that previously appeared in the study of quantum chaos,
namely level spacing distributions and delocalization measures of energy eigen-
states with respect to some basis. The change in these quantities has been
conjectured to go hand hand with a change in the thermalization properties as
one moves away from integrability [61]. One of the main aims of our studies is
to test this conjecture and how accurately it applies to the systems described
above.



2 Theoretical background

2.1 The problem of thermalization in quantum systems

For macroscopic quantum systems it is in general impossible to determine the
exact form of the many body state and as well as the exact time evolution.
However it is an experimentally well established fact that macroscopic quan-
tum systems are well described (expectation values of observables, correlation
functions,..) in their long time behaviour by the predictions of quantum statis-
tical mechanics. The ‘textbook’ way of dealing with this problem is, instead of
looking at the ‘real’ microstate of the system, represented by a vector in Hilbert-
space, to introduce a statistical ensemble (the macrostate) [7]. This corresponds
to a formal copies of the same system described by a density operator pgnsemble;
in analogy with the classical phase space density pq(p,q,t) in classical phase
space. All system properties are then to be averaged over the individual copies.
The ensemble evolves in time according to the Von Neumann-equation

0

'LhapEnsemble = *[pEnsemblev H] (211)
where H is the system Hamiltonian. The time independent equilibrium solution
Peq is then assumed by plausibility to be the microcanonical ensemble, where
every energy eigenstate from a narrow energy shell is equally probable.

However, level populations are constants of motion. This means that they must
have the same values for the, in general, far from equilibrium initial ensemble
as well as for the equilibrium one. But this is very unlikely to be the case for
the ‘real’ system and its ‘real’ time evolution. It is thus necessary to clarify the
physical meaning of the thermal ensemble p., since it cannot be seen as a state
the real system evolves into under the ordinary unitary time evolution. Ther-
malization must as such be given an operational definition which goes beyond
unitary time evolution.

It is therefore the aim of these following chapters to try to define and explain
the phenomena of equilibration and thermalization of closed systems (and their
subsystems) by looking at the time evolution of the ‘real’ initial states according
to the general rules of quantum mechanics. Since the details of the ‘real’ system
are unknown, but statistical mechanics has proven to apply to many systems, it
is to be expected that general features of these system are sufficient to describe
these phenomena.

2.2 Basic set up

In this chapter we will now first lay down the general features of quantum
systems that are necessary for the definition and study of the concepts of equi-
libration and thermalization in the sense described above.



2.2.1 Systems and Hamiltonians

The systems we are mainly interested in are condensed matter systems and
systems of cold atoms on optical lattices. These can be described by spins
or systems of particles (fermions, bosons) on a lattice. Since we are mainly
interested in closed systems, we will consider systems with a finite number of
degrees of freedom f and a finite dimensional Hilbert space H. Most such
systems in nature have short ranged interactions. The general Hamiltonian of
such systems can be written as

d—1
H:=>" E,n)(n| (2.2.1)
n=0

where d is the dimension of H and the eigenvalues F,, are assumed to be ordered
Ey<E;<Ey<.. (2.2.2)

with Eq the ground state energy. In the case of degenerate energies, we write
the projector Pr to the degenerate eigenspace with energy F as

Pgi= Y |m)(m| (2.2.3)

E,=FE

where the sum is over all eigenvalues satisfying F,, = F. The Hamiltonian can
then be written as
H=Y E,Pg, (2.2.4)
E”L

where the sum is only over mutually different E,,-values, such that degenerate
energies only appear once. We will call d’ the number of different energy values.

A property which turns out to be very important for equilibration and which
is believed to be of a generic character is the so called non-degenerate energy
gaps condition (also called non-resonance condition). It says that for every
k,l,m,ne (0,d—1)

E.—-E =E,—E,= (k=landm=mn)or (k=mandl=n), (2.2.5)

meaning that every energy gap F,, — E, appears exactly once in the spectrum
of H. Keep in mind that the condition still admits degenerate energies, for
example in systems with symmetries. The following intuitive argument is given
for why it is believed that this property is generic [7]: if one takes a path H(\)
in the ‘space of all Hamiltonians’, parametrized by A, then every energy gap
FE,, — E,, evolves differently to all other energy gaps as a function of \. While
crossings cannot be excluded in general, these special points will be of measure
zero. This means that Hamiltonians with degenerate energy gaps will be of
measure zero compared to all Hamiltonians.

10



Systems possessing a large number of degenerate energy gaps are integrable
models [53], consisting of interacting subsystems, for example non-interacting
particles on a lattice. Excluding such non-interacting particles was one of the
main motivations for the non-degenerate energy gaps condition, since small sub-
systems of these systems cannot equilibrate.

2.2.2 Initial states and time evolution

In quantum mechanics the general state of a system is described by a density
operator p. This includes mixed and pure states as special cases. With the
unitary propagator

d—1
U; = exp(—iHt/h) = Zexp(—iEnt/h)|n>(n| (2.2.6)

n=0

the time evolution of such a state can be written as

p(t) := Upp(0)U] (2:2.7)
where p(0) is any initial state. Denoting the matrix elements of p(¢) by
pran(t) = (mlo(t)|n) (2.2.8)
yields
d—1
p(t)= D pun(0)[m){n] exp(—i[Em — Enlt/h) (2.2.9)

m,n=0
The mean (ensemble averaged) level populations p,, of the energy eigenstates
|n), which are constants of motion, can then be written as

P = Tr{m){nlp(t)} = pun(t) = pun(0) (2:2.10)

In a similar way, the mean occupation pg, of the energy E is given by

pE = Tr{Pep(t)} = Z Pmm () = Z Pm (2.2.11)

En,=FE

The state p(t) fulfils the normalization condition

d—1 d—1
L= (o0} = 3 pun® = S 00 = Y, (2.2.12)

One very useful property can be obtained by considering the fact that Pg, p(0)Pg,,
commutes with H. This means that there is a basis of the subspace of energy F,,,
where both operators are diagonal. Doing this for all the energy subspaces leads
to a new complete basis of energy eigenstates, which can labelled as |E,,7;),
where r; is the degeneracy index. The normalization of this new set can then
be written as (E,,7j|Ey, k) = 0E, E,,0r;r,. For the matrix elements of p we
get

PEn,1;Em,re = 0if (Tj 75 re N E, = En) (2213)

11



2.2.3 Subsystems

For us subsystems will usually be systems corresponding to subsets of the set
of lattice points of the whole lattice. For any state p states of such subsystems
correspond to the reduced states, which are defined [11] as the unique quantum
states p° with the property that for every observable A% of the subsystem

Trg(A°p%) = Tr{A%p}, (2.2.14)

where Trg is the trace over the states of the subsystem. In the case of spinsys-
tems the Hilbert space of the whole system is the tensor product of the Hilbert
space of the subsystem and its complement (bath). The state reduction then
corresponds to the partial trace,

0% =Trp{p}, (2.2.15)

where Trp is the trace over the states of the bath. For fermions and bosons the
Hilbert space of the whole system is not the tensor product of the subsystem
and bath. This is so because of the indistinguishability of the particles. The
Hamiltonian H of whole system can then be written as

H=Hy+H;=Hs+ Hp+ H; (2.2.16)

where Hg (Hp) is the Hamiltonian of the system (bath) and H; is the Hamil-
tonian which describes the interaction between system and bath.

It is important to stress that the time evolution of the state of the subsystem
is in general not unitary any more.

2.2.4 Experimental conditions

The important question is now how realistic initial states look like for exper-
iments with closed quantum systems. This knowledge can then be used to
estimate equilibration time scales (see section 2.3.4). For that, one has to con-
sider the fact that even for closed systems the preparation of the initial condition
happens through interaction with the environment ([7], [8], [9]). This leads to
entanglement between the system and environment, which means that the sys-
tem will start in a mixed state even for a single realization of the experiment.
Closing the connection to the outside then usually leads to a diffusive spreading
of the occupations over neighbouring energy levels [7]. For macroscopic systems
the number of degrees of freedom f ~ N4, where N, := 6 x 1023 is Avogadro’s
number. The average energy spacing between neighbouring energy levels scales
typically approximately like 10~©(f) [18]. This is a huge number of energy levels
(of the order of 100 )) on any energy scale one encounters in today’s physics,
usually a few joules in closed system experiments. Even if it were possible to
prepare a state with an energy width as small as for example 10-107 , there
would still be roughly 100-9%10%* gtates within that interval.

12



It is then plausible to assume [7], that the above mentioned diffusive spreading
of level populations will randomize the p,’s in such a way that they can be
written as

Pn = WEy) + 0pn, (2.2.17)

where h(FE) is a smooth function which corresponds to an averaging of the p,’s
over local energy intervals. It is independent of the exact choice of the inter-
vals, which are small compared to the experimental (global) energy scale, but
still entail a huge number of energy states. The dp,, are ‘unbiased fluctuations’
such that their average over an interval is very small compared to h(E) of that
interval.

One can estimate (in a heuristic way) from 2.2.17 the typical maximum value of
the p,,’s in an experimentally realistic initial state [7]. The easiest way is to first
assume that one has exactly 10°) states per Joule and that h(E) is approx-
imately constant over the whole energy range. We can then deduce from the
normalization condition 2.2.12 that h(E)’s value must be 10~°). Since h(E)
is the local average of the p,,, the individual p,, can hardly get much bigger than
about 101022h(E). Otherwise the local average of the dp, could not be small
compared to h(F) for any choice of the intervals. From this we deduce that

max p, = 1079, (2.2.18)

In general, h(E) can vary fast on the global experimental scale and the occupa-
tions differ strongly. It is however reasonable to assume that they still remain
small and that 2.2.18 still holds.

Because for most realistic Hamiltonians the degeneracies of the spectrum are
much smaller than 10°() we can deduce from 2.2.18 that typically

max pp, = 1079, (2.2.19)

This statement is independent of the chosen energy basis. These maximum
populations will turn out to be crucial for equilibration time scales.

Exceptions to such small maximum populations can arise at very low temper-
atures where the ground state probability might be significantly larger [10]. In
such cases, one has

n]gax pE, =107°0), (2.2.20)

where the prime indicates that the largest p, is not included in the maximiza-
tion. Other exceptional situations are systems with energy gaps or levels with
very high degeneracies.

All this shows that it is nowadays experimentally impossible to prepare states

of closed macroscopic systems which have an overlap with only a small num-
ber of energy eigenstates. Another argument in this direction comes from the

13



time-energy uncertainty [19].
h

AFE ~ A (2.2.21)
To prepare a single eigenstate, AE would have to be of the order of the spacing
between two neighbouring energy values, which is about 10~°(). That means
that an astronomically long time would be needed to prepare such a state. And
even if one was to perform an ideal energy measurement, leading to an exact
eigenstate, one has to keep in mind the finite measurement resolution. This
again leads to a significant population of many levels.

2.2.5 Observables and measurements

General observables are Hermitian operators and are written in the usual way
as

d—1
A= " Apu|m)(n] (2.2.22)
m,n=0
where
Amn = (m]A|n). (2.2.23)

Expectation values in an arbitrary state p(t) are given by
(A) oy == Tr{p(t)A} (2.2.24)

Realistic measurement devices have a finite range of possible measurement out-
comes (even in the case of infinite dimensions) which can be defined as [7]
Ay = max (U]|A|¥) — min (V]|A|¥) = @max — Cmin (2.2.25)
veS(H) veS(H)

where S(#) is the set of normalized vectors in H and Gmax and amin are the
maximal and minimal eigenvalues of A.

Additionally a measurement device has a finite resolution dA. Every measure-
ment known to date yields less than 20 relevant digits [7], i.e.
Ay

<1 < 1020 (2.2.26)

Observables represented by Hermitian operators are not the most general form of
a measurement possible in quantum mechanics. These are the so called positive
operator valued measures (POVM) [20]. A general measurement M is described
by giving a positive operator M, to every measurement outcome a with the
normalization condition

> M, =1Id. (2.2.27)

The probability of obtaining outcome a in a state p is given by

Pa :=Tr{pM,}. (2.2.28)

14



In the case of observables A, the M, correspond to the projectors of the cor-
responding eigenspaces of A. For this reason these types of measurements are
called projective measurements. All this can be generalized to continuous mea-
surement outcomes. In realistic situations these can be modelled by discrete

ones with the number of possible outcomes given by 5—2.

2.2.6 Thermal states

In this section, we will define and describe the statistical ensembles known from
statistical mechanics. We will also sketch the usual derivation of the canonical
ensemble for the state of a subsystem if the whole system is in the microcanonical
state and point out the problems associated with it. This is done as preparation
for later chapters where we will speak of thermalization when the system is in
some sense close to one of these thermal states.

Microcanonical ensemble:

It is defined with respect to a Hamiltonian H = ) 5, kP, and an energy
interval Ig A := [E—A/2, E4+ A/2]. The corresponding density matrix is given

by
Dkmyelpa Dk
H)(E,A) = =22 . 2.2.2
me[ ]( ’ ) ZmC[H](E,A) ( 9)
Here Z,.[H](F,A) is the microcanonical partition function given by
I HI(E,A) :=Te{ > P} =dim(Hga), (2.2.30)
k::EkEIE,A

where (Hg,a) is the space spanned by the energy eigenstates with energies in
I A. The von Neumann entropy of a quantum state p is defined as

S := —kpTr{plogp}, (2.2.31)
where kg is the Boltzmann constant. For the microcanonical state one has
S = kplogZn[H|(E, A). (2.2.32)

It is the unique state which maximizes S under restriction of the energy range.
The temperature is given by

1 oS

— = . 2.2.
T OF (22.33)
Canonical ensemble:
The canonical density matrix (also called Gibbs state) is defined as
exp (—=SH)
H|(B) = ———2, 2.2.34

15



where 8 € R and Zg[H](B) is the canonical partition function given by
Zg[H|(B) := Tr{exp (—SH)}. (2.2.35)

The Gibbs state is the unique maximum entropy state given a fixed mean en-
ergy Emean- The corresponding (3 is a Lagrange multiplier determined by the
condition

Ernean = (W(0)|H|¥(0)) = Tr{pc[H](8)H}. (2.2.36)

For a finite system the two ensembles give in general different results. This has
to do with the fluctuations of the energy in the canonical ensemble. However in
the thermodynamic limit, where the number of particles (spins) N — oo, while
the density N/V is kept constant, the canonical probability is so sharply peaked
around the mean energy that the ensemble becomes essentially indistinguishable
from the microcanonical one. This can be seen as follows [24].

From the definition of canonical density matrix pg[H](3) one obtains for the
mean energy in the Gibbs state

_ dlogpa[H](B)

Emean = <H>p(; = 8,3 (2237)

Similarly one gets for the mean squared deviation of the energy

logoclH)(8)  O(H)
2 . 2 2 _ _ — 2
B = (H ) pe — (H)}, = R = aﬂpc = kpT?Cx, (2.2.38)
where o)
._ PG

Cx = 5T (2.2.39)

is the specific heat and X stands for the set of generalized displacements (vol-
ume, magnetic field,...). Since Cx is an extensive quantity (it is the quotient of
the extensive energy and the intensive temperature), we have that E.,, oc N/2.
It follows that the relative error

E var

mean

o N7V/2, (2.2.40)

This means that for large N the canonical probability distribution (as a func-
tion of energy) is sufficiently sharp around the most probable energy which can
then be identified with the mean energy Fiean. Thermodynamic potentials
then usually differ from their microcanonical values by terms proportional to
logN. These terms than become less significant as N — oo, such that the two
ensembles become more and more identical.

We are now going to review the derivation of the Gibbs ensemble [11] and
point out some crucial difficulties that one encounters when dealing with large

16



quantum systems. We will do so only for the case of spin systems (the deriva-
tion for indistinguishable particles using properties of creation and annihilation
operators can be found in [11]).

As already explained above, the main assumption is that the whole system
(system + bath) is in a microcanonical state on some narrow energy interval
Ig A. Narrow means that the interval is small compared to the experimental
energy scale but still contains many energy eigenstates.

Another important assumption is the weakness of the interaction between sys-
tem and bath. One could argue for eigenstates of Hy to be good approximations
for eigenstates of the total system. This is however a very problematic assump-
tion for the following reason.

The eigenstates of Hy can be taken as products of eigenstates of the system and
the bath (because of the tensor product nature of the Hilbert space for spins).
In general, when the interaction Hj is weak compared to the measurement res-
olution (or energy uncertainty) one can expect the shift of the eigenenergies of
H compared to those of Hy to be small. In the case of short range interactions,
the strength of H; will scale like the boundary between system and bath, while
Hy will scale like the volume. By increasing the total system size, one can thus
make the interaction small. However, even when the interaction is weak, the
form of the eigenstates will change strongly compared to those of Hy. This has
again to do with the fact that the gaps between the eigenstates is exponentially
small in the number of degrees of freedom f. This means that conventional
perturbation theory will usually break down, because even if the interaction is
small in the above sense there will still be of the order of 10/ eigenstates of H
in that energy window. The eigenstates of H will then in general be superposi-
tions of all these eigenstates.

Putting these difficulties aside for now and ignoring the interaction term, the
spectral projectors of Hy have the form

Pgo= Y |EE| @ EINEL (2.241)
l,m:ES + EE =E?

where |E7) and |EB) are eigenstates of the system and the bath respectively.
For the microcanonical state we then get (ignoring the normalization)

pmclHOl(E,A) o 3 S BOEF| 0 [BENED).  (2.242)
k:EV€lp A l,m:ES+EB=E?

The reduced state of the system can now be computed as the partial trace with
respect to the bath, p® = Trg{pmc[Ho)(E,A)}. This gives the result

o5 o S dim(HP) | EF)(EF), (2.2.43)
l

17



where HP :=HE s \
1

ergies of H? in Iy _ps a- If now for some 5 € R

is the spectral subspace of H? associated with eigenen-

dim(Hp o) x exp 77, (2.2.44)

then
p® o< pc[Hs)(B)- (2.2.45)
This means that [, which was introduced as a parameter measuring the num-

ber of states of the bath becomes the inverse temperature of the thermal state
pc[Hs](B) of the subsystem.

The relation 2.2.44 is a general property of large quantum systems and can
be derived as a consequence of the extensivity of the Von Neumann entropy
[56]. For the energy of a large system, extensivity is a consequence of the fact,
as explained above, that the interaction H; becomes very small compared to the
total energy, at least for short range interactions. More generally it seems plau-
sible to divide any large system into a very big number N of parts (subsystems),
such that the individual parts are almost non interacting, even though the in-
dividual constituents (particles, spins) might interact strongly. (However one
has to be cautious, because we have seen that the eigenstates of large systems
can change dramatically even for weak interactions.) The density of states of
the total system can then be approximately computed as the convolution of the
state densities of the individual parts (the density of states can be basically seen
as the limit of the number of states dim(Hg a) for small A and large particle
number)

N—1
G(E) ~ /"'/9(E1)9(E2 —E1)...9(Ei —Ei—1)...9(E— En_1) H dE;,
i=1
(2.2.46)
where E; are the total energies of the first ¢ parts and g are the state densities of
the individual parts. From this one can deduce an approximately Gaussian form
for the state density as a function of energy and the extensivity of the entropy,
which is essentially the logarithm of the density of states [56]. Formally, one
writes

S(E,V) = Ns(E/N,V/N), (2.2.47)

where S, E,V are the entropy, energy and volume of the total system and s is
the entropy of the individual parts. Expanding now S(E) around some fixed
energy per particle € := Ey/N [56]

1 d2s

ds
— | (F
2N (dE)? |6(

kplog(dim(Mp.a)) = S(E) ~ Nslet—=| (E

7E0)2+O(63).
(2.2.48)

—Ep)+
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Applying the chain rule of differentiation one obtains the crucial result that
terms of order n in the expansion scale like N'=™. Therefore it is justified to
truncate after the linear term since N was assumed to be large. Defining now

1 ds
= ——], 2.2.49
b= dE . ( )
the desired result 2.2.44 for the number of states is obtained. For a more rigor-
ous derivation see [21].

Coming now back to the question about the validity of the above derivation
in the case of an interaction H; between system and bath. Recently an upper
bound on the mistake that one makes when ignoring this interaction has been
obtained [21]. More specifically it was found for the trace distance

D(p%, palHs](8)) € O((BIlHrll) "), (2.2.50)

where p° := Trg{pmc[H](E,A)}. This means that D scales like the left hand
side of eq. 2.2.50. The condition for the validity of the above statement is that
the interaction is weak enough such that

1
1Hille < 5 < A (2.2.51)

However, the weakness of this statement is that while ||H/||o is an extensive
quantity, 1/ is intensive. If we enlarge the whole system the interaction be-
tween S and B scales with their boundary but the temperature remains the
same, meaning at some point the interaction becomes larger than 1/8 and the
statement does not apply. This contradicts our intuition that scaling the total
system should not change the thermal state of the subsystem.

Generalized Gibbs ensemble:

If a system has the property that there is a set of algebraically independent
operators {I,k = 1,...n < d} such that [I,I;] = 0 VI, k and the Hamiltonian
H is a member of that set, we define the generalized Gibbs state by

pocrl{T)({6e)) == ;;(E,i[{i:fj?{kéf})»w

(2.2.52)

where

Zaae[{Ie)({Bk}) = Tr{exp (= Y _ Belx)} (2.2.53)

k

is the generalized canonical partition function. The fact that the I’s commute
with H means that they are integrals of motion. In analogy to the Gibbs ensem-
ble, the generalized Gibbs ensemble has the maximum entropy [52] among all
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states with fixed values ny of I;. The §;’s are Lagrange multipliers determined
by the conditions

ne = (W) 19 (0)) = Tripoasl{LNABDLY  (22.54)

for all k. For the relation of the generalized Gibbs ensemble to the concept of
integrability see section 2.5.2.

2.3 Equilibration
2.3.1 Equilibration of expectation values

We will now define a concept of equilibration which is fully compatible with uni-
tary quantum mechanical time evolution including the time reversal symmetry.
In order to speak of equilibrium, p(¢) has to, in some sense, reach a time inde-
pendent state w. However if the system starts in some time dependent initial
state pg, no time independent state state can be approached in the long time
limit. This is because of the so called recurrence property of the unitary time
evolution [37], which is always present in finite dimensional systems (for pure
and mixed initial states): there are always arbitrarily large ¢ for which the state
returns arbitrarily close to its initial value (quasi-periodicity). The same is true
for expectation values of observables and for the reduced states of subsystems
of the system.

We can say that in this sense equilibration and quantum mechanics are in-
compatible. One way out is to consider the following situation. The system
spends most of the time close to the equilibrium state w, in the sense that if
there are larger excursions, these will be very short in time (compared to the
total time interval), followed by long times spent close to equilibrium. In such a
situation w should be approximately equal to the infinite time-average of p(t).

More formally, we define the time average for states

T
(p)r = 7 ; p(t)dt (23.1)
(p(t))oo := lim (p(t))7
It follows that [11]
w = (plt)) o0 = $11(p(0)) (23.2)

is a proper density matrix. Here $g is the dephasing map with respect to H,
acting as

p+—S$u(p) = Pg,pPs,. (2.3.3)
E.,
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Using the special basis introduced in eq. 2.2.13, one has
W= pB.r;Bury OB, (Bnyril = Y peyry | Eny i) (Enyrs| - (23.4)
En,T‘j En,rj

Analogously, we define time averages for expectation values of observables A as

T
((A)py ) == %/o (A) ppydt. (2.3.5)

One then obtains
{((A)p(t)) oo = Tr{wA} (2.3.6)

In order to properly formalize the above mentioned concept of equilibration for
expectation values, it is crucial to study how much these deviate from the time
average for each individual time ¢. That is, one has to find out whether the
quantity

o(t) == Tr{p(t)A} — Tr{wA} (2.3.7)
is small for the majority of times ¢ in any sufficiently large time interval [0, T7].
By small we mean, in a realistic situation, that |o(t)| < d4.

To determine the smallness of o(¢) for most times one has to look at the variance
0% (T) = (o?(t))r. (2.3.8)

Viewing 02(t) as a random variable, one can invoke the Chebyshev inequality,
which states that for any random variable z with mean value p and variance
0% and any given x > 0, the probability that  deviates from g by more than &
satisfies Prob(|x — pu| > k) < (0/k)?. Applied to o2(t) one gets

Prob(|ITr{p(t)A} — Tr{iwA}| > 6A) := % < (;4—2’42 (2.3.9)
where
Tsa ={0<t <T:|Tr{p(t)A} — Tr{wA}| > 6A}| (2.3.10)

denotes the measure (|S] is the Lebesgue measure of the set S) of all the times
t € [0,T) for which |o(t)| > 0A holds true. If o4 is small, one can infer from
this the smallness of T4, which means that the conditions for equilibration of
expectation values of A have been fulfilled.

It is important to keep in mind that it is the existence of the finite resolu-
tion dA which makes this concept of equilibration compatible with the quantum
mechanical time evolution. If one was able to measure with any accuracy, ar-
bitrarily small fluctuations could be resolved and the system could never spend
most of the time close to equilibrium, i.e. equilibration would lose its meaning.
One also sees the compatibility with time-reversal symmetry. Non-equilibrium
situations happen to be just these very short excursions (for sufficiently large
total time intervals) away from the average.
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2.3.2 Distinguishability

The fact that the difference in expectation values of an observable between p(t)
and w is smaller than the minimal resolution of course does not imply that
the two states cannot be distinguished. Especially it does not mean that the
system as a whole has equilibrated, as usually assumed in ordinary statistical
mechanics. It is, for example, possible that they yield different probabilities
for different measurement outcomes, despite giving the same expectation value.
More generally one can ask how to distinguish two states by a general measure-
ment M represented by a POVM. This leads to the so called distinguishability
of quantum states by measurement [20]. It can be motivated in the following
way.

Suppose you are given with equal probability one of the two states p; and
p2 and you have to tell which of the two it is by performing the measurement
M. The maximum success probability p** corresponds to choosing for each
measurement outcome of M the state which has the higher probability for that

outcome. This can be calculated to give

1
Pt = 5(1 + Dar(p1, p2))s (2.3.11)

where Dps(p1,p2) is the aforementioned distinguishability of p; and ps using
measurement M, given by

Das(p1, p2) == %Z \Tr{p1M,} — Tr{psM,}|. (2.3.12)

In the case of a set of measurements M we define
D = D . 2.3.13
M (pl, P2) AI/}léij)\(/[ M (017 P2) ( )

The distinguishability with respect to M is symmetric in its arguments and
satisfies the triangle inequality. If p; = ps it is equal 0. However even if the
two states are not equal Dq(p1, p2) can vanish, i.e. it does not define a proper
metric. This is not surprising since one particular set of measurements might
simply be not good enough to distinguish them. There is however always an
optimal measurement, which is a two-outcome projective measurement onto the
positive and negative eigenspaces of p; — pa [12]. The distinguishability with
respect to that measurement is given by the trace-distance

1
D(p1, p2) := 5Trlp1 = p2l}, (2.3.14)

where |p| := v/pTp. Tt is equal to the case when M corresponds to the set of all
measurements and we have

0 < Dm(p1,p2) < D(p1,p2) < 1. (2.3.15)
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The trace distance defines a proper metric with the property that D(p1, p2) =
0 < p1 = p2 and as such can always be used two distinguish any two states.

During the time evolution of a system usually no single measurement will be
able to distinguish the current state from the equilibrium state for most times.
One will have to use different measurements at different times. However espe-
cially for macroscopic systems with huge dimensions of H the realistic number
of possible measurements M will be very limited, normally it will be finite. As
such, the trace distance is of little use here.

Taking such a set of measurements one can define equilibration to a state o
over the time interval [0,T] with respect to M, if and only if

(Dm(p(t),0))r < 1. (2.3.16)

Since Daq(p(t), o) is a non-negative number for all ¢, then if (Daq(p(t),0))r is
small, Dpq(p(t),0) must be small for most of the time.

2.3.3 Results on equilibration

We will now give the known strongest general results on the equilibration of
expectation values and equilibration with respect to measurement outcomes.
First two important definitions are necessary.

The first concerns differences in the d’ unique energy values. Every energy
gap E; — E; can be labelled by an ordered pair of integers 7, j with ¢ # j. One
can now define the set of energy gaps G by

G={(i,§):i,j€{1,2,..d'},i #j} (2.3.17)

There are d'(d’ — 1) energy gaps, some of which can be degenerate. We say N (¢)
is the maximum number of energy gaps in any energy interval of length ¢, i.e.
(using the notation Go = E; — Ej; for a = (i, 7))

N(e) := m§x|{a:a€g,Ga € [E,E+¢]}|. (2.3.18)
The maximum number D¢ of energy gaps is given by
D¢ = 611_% N(e), (2.3.19)
while Dg = 1 corresponds to the non-degenerate gaps condition.

The second definition concerns the number of energy eigenstates that are pop-
ulated by the initial state p(0). For every such state we define the effective

dimension as 1

2k, (Tr{p(0)Pg,})*

dogt = (2.3.20)
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It follows that 1 < deg < d’ and deg = N, when the state is spread equally over
N different energy levels. The motivation behind this definition is, that states
which are superpositions of a small number (but larger than 1) of energy states,
have small dog. This leads to strong oscillatory behaviour in time for observable
expectation values, reminiscent of Rabi-oscillations and prevents equilibration.
As we have seen in 2.2.2, realistic initial states have large effective dimensions.

The relation deg(maxg, pg,) > 1 always holds. However, as we will see, it
will prove sufficient for equilibration that max’En pE, , the second largest level
occupation, is small.

We will now state the general results on equilibration in the form of two theo-
rems ([11], [12], [10], see also [13] for earlier results, a partial proof can be found
in the appendix).

Theorem 1:(equilibration of expectation values) Let p(0) be the initial state,
w the time-averaged state, pg, the energy level occupations of p(0) and A the
observable to be measured (all defined as above). Then, for every ¢ > 0 and
every time interval [0,T) it holds that

oA (T) < ||AlI%N () f(e T)g((pe,)T ), (2.3.21)
where ||A||s is the operator norm of A and

8 log, d’

feT): =1+ T

(2.3.22)

’

. 1
g((pEn)‘li ) := min (d—, 3max/ pg, ).
eff En

Theorem 2:(equilibration with respect to measurement outcomes) With the
same notation as in theorem 1, let M represent a set of measurements, then

(Daa(p(t),w))r < SM)(N(e) f(e T)g((pe, )T ), (2.3.23)

where
S(M) 1= min(| UM|/4, dim Hgupp(ae)/2), (2.3.24)

with UM the set of all distinct POVM elements in M, and supp(M) := (e psupp(M).

As discussed in 2.2.2, the quantity g((pg,)?) is small under reasonably real-
istic conditions. The quantity S(M) can be assumed to be much smaller than
d'. TIf then the number of energy gaps is not too large, these theorems imply
equilibration under reasonable restrictions on measurements for large enough
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time intervals.

It is also possible to express these results in terms of A4 and 0A. By setting e
equal to the minimum spacing between non-degenerate energy gaps, i.e.

€ = emin = min{|Gy — Gg| : G, # G}, (2.3.25)

one sees, using eq. 2.3.19, that N(emin) = Dg. One can then make T sufficiently
large such that N(¢)f(e T) < 2D¢. Finally replacing A by A + ¢ Id, where ¢

is a real number, leaves o(t) unchanged. Choosing ¢ so that amer = —min, it
follows that ||A||cc = A4/2. From this one can deduce, using eq. 2.3.9, that
T5A 1 AA 2 d’
e e . 3.

for all sufficiently large T

In the case where the support of M is contained in a subsystem of the whole
system, S(M) is bounded by d,/2, where d, is the dimension of the subsystem.
One then obtains the remarkable result that

(D(ps(t),wo))r < 5(dZN(e) f(e T)g((pe,)T )2, (2.3.27)
where py(t) is the reduced state of p(t) and ws = (ps(t))eo. If d2 > g((pg, )¢ ),
subsystem equilibration with respect to any measurement follows. However, as
opposed to the results on the whole system, the equilibration of the subsystem

is not a consequence of our experimental limitations (on M and d4), but an
objective property, since it is valid for all measurements on the subsystem.

2.3.4 Time scales for equilibration

So far we have inferred only the existence of equilibration, but not the time
scale on which it occurs. First, the uncertainty between H and A gives a basic
minimum time scale on which equilibration can happen [14]. This follows from
20p04 > |([H,A])| = |(A)|, where o is the energy uncertainty and o4 the
uncertainty of the observable A in the initial state p(0). Transforming these
inequalities one defines the time scale

gA
tmin = —— =

[(A)]

The time scale 1/0g (recall that h = 1) corresponds to the minimal time such
that one observes significant variations in the observable A. As such it is also
the minimal time to observe equilibration.

1
—. (2.3.28)
2UE

We can now use the formulas from theorems 1 and 2 to derive lower bounds
Thin on equilibration times together with their scaling properties. This means
that all the system fulfilling the conditions of the theorems will have definitely
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equilibrated after this time. However they might already have done so after a
much shorter time. Ty, can then be compared to tyin [14].

First we choose € such that N(¢) < deg. N(e) is bounded by d'(d’" — 1), the
number of energy gaps, and has its minimum at € = €p;,. Assuming that the
eigenvalues of the Hamiltonian are reasonably evenly distributed over the energy
width of the initial state AF, one can expect that the optimal value is ¢ = nAd‘,E ,
where n < 1. We then deduce from 2.3.23, that equilibration will occur as long
as

logod”  d'logyd
Tmin 2 = . 2.3.29
~ € nAE ( )

!
This means that in general equilibration times scale roughly as ok This cor-

responds to a scaling that is linear in the dimension d’, and as such exponential
in the number of degrees of freedom f. Even though this is much shorter than
the recurrence time, which scales exponentially in d’, it is huge (it easily exceeds
the age of the universe) compared to the very short time scale .

One might first be inclined to view this time as far too long (unphysical) and
so the bound as too rough. However one has to keep in mind that the condi-
tions for theorem 1 and 2 are very general. It is indeed possible to find systems
and measurements, which fulfill these conditions, having such long equilibration
times [14]. This then means that a smaller bound requires a stronger restriction
on the Hamiltonian or the measurements. So far almost all systems for which
equilibration in the sense as we have defined it has been shown in numerical
simulations, have reasonable time scales. The lower bound is then not very
tight for them.

Basically all the analytical results, which go beyond these theorems, have the
form of typicality theorems ([14],[15],[16],[17]). They prove reasonable equili-
bration times for all but a few Hamiltonians from certain probability measures,
but cannot be applied to any concrete Hamiltonian. Usually the time scales are
very short, of the order of ¢,,;,, which begs the question why equilibration times
of known systems are often longer (for example cooling of hot coffee at room
temperature [15]).

2.4 Thermalization
2.4.1 General definition

After defining what it means for a quantum system to equilibrate in the previ-
ous chapters, we are now ready to ask the question whether and in what sense
such a system behaves thermally. We have described in the previous chapter
equilibrium states through the diagonal ensemble $5(p(0)). However, this state
depends on the initial state p(0). This does not agree with the concept that we
have of a thermal state which should be largely independent of the initial con-
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dition. So in order to speak of thermalisation, $5(p(0)) must somehow be close
to a thermal state. This will lead us again to the concept of distinguishability
of states with respect to general measurements.

We will now first described what we see as general conditions for thermalization
of a quantum system [11].

e Equilibration: The system must equilibrate with respect to some set of
measurements M or expectation values of observables A in the sense de-
scribed in the last chapter. This includes also the case where only a
subsystem of the whole system equilibrates.

e Independence of the initial state: The equilibrium state should depend
only on some macroscopic properties like the mean energy density of the
initial state for at least a large class of initial states. In the case of sub-
system thermalization this should apply to both the initial states of the
subsystem and the bath.

e (lose to a thermal state: We mean by thermal states one of the statistical
ensembles defined in section 2.2.6, namely the microcanonical, the Gibbs-
and generalized Gibbs ensemble. In the case of the microcanonical ensem-
ble one expects its applicability only in the case where the energy width
AFE of the initial state is very small. The generalized Gibbs ensemble is
usually only considered as being thermal when the number of conserved
quantities grows slowly (i.e. slower than the dimension of the Hilbert
space of the system) with the system size (see section 2.5). Otherwise one
could hardly speak of initial state independence.

From these conditions we distil, using the concepts introduced in the previous
chapters, the following general definition of thermalization [11]. We will only
consider the microcanonical and canonical ensembles.

Thermalization with respect to measurements:

We say that a system with Hamiltonian H thermalizes with respect to a set
of generalized measurements M for a set of initial states Sy, if for each py € Sp
it equilibrates to w = $y(po) and Da(w, per) is sufficiently small. Here pyp
means either pmJH](E,A) or pa[H](B(Tr{Hpy})), where (E,A) are the mean
energy and energy width of py and H is some Hamiltonian. This definition

implicitly also defines thermalization for subsystems.

Thermalization with respect to expectation values:
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We say that a system with Hamiltonian H thermalizes with respect to expec-
tation values of observables A for a set of initial states Sy, if for each pg € Sy it
equilibrates to w = $u(po) and for each A € A the difference |(A)w — (A)p,, | is
sufficiently small, where small usually means smaller than 6A. Also the fluctua-
tions around the expectation value are required to be small in the thermodynamic
limat.

2.4.2 Eigenstate thermalization hypothesis

After this general definition the question raises how to determine whether a
concrete system thermalizes or not. Is there some necessary and sufficient con-
dition for thermalization?

In attempting to answer this question one concept that has become popular
in recent years is the so called Eigenstate thermalization hypothesis (ETH)
([5],[25],128],[31]). It is a condition on the eigenstates of a system. In its simplest
form it can be defined as follows [5]

Suppose that a system with Hamiltonian H = ), E,Pg, (we are using the
special basis |E,,r;) defined in eq. 2.2.13) and initial state py equilibrates
with respect to the expectation value of some observable A. The equilibrium
state is then, according to eq. 2.3.6, w = ZE”,” PE,,r; PE, r;- The equilibrium
expectation value of A is given by

dim(He,a)
Tr{Aw} = Y pg,.r (EnrlAlEn,ry) = > pilklAlk),  (24.1)
En,Tj k=1

where we have changed the notation for the basis states |E,,, r;) to |k) , assuming
that pr # 0 only in some narrow energy interval Ig . For thermalization to
happen, eq. 2.4.1 must be close to the expectation value of A in a thermal state.
We can compare the above expression with the expectation value of A in the
microcanonical state defined on that energy interval, ppc[H](E, A):

1 dim(Hg,A)
Te{Apye) = — kAlk) | 9.4.2
) = gy 2 A 2.42)

Under which conditions on H, pg and A could these two expressions be very
close in value? Basically three different possibilities suggest itself [5]

e unbiased sampling: Both the expectation values (k|A|k) and the proba-
bilities pi will have large fluctuations even for states close in energy. How-
ever for physically interesting initial conditions the fluctuations of these
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two quantities are uncorrelated. Equation 2.4.1 then basically corresponds
to an unbiased sampling of (k|A|k) . This is equal to eq. 2.4.2.

o cqual probabilities: For physically interesting initial conditions the prob-
abilities py are almost equal for eigenstates close in energy. Equality of
2.4.1 and 2.4.2 then follows.

e ETH: The ETH states that (k|Alk) is a smooth function of the energy
eigenstates |k) (or any other energy eigenstates). Again equality of the
two expressions follows, if all eigenstates |k) are close in energy. In that
case it holds for all initial states with a sufficiently small energy width,
unlike in the other two scenarios. There particular states could violate the
assumptions.

It then follows that the expectation value of A in any of the energy eigen-
states |k) is approximately equal to a thermal expectation value:

(k|A|k) =~ (A) pp. (2.4.3)

This is where the name eigenstate thermalization comes from.

Because of their strong dependence on particular properties of the initial state,
the first two scenarios can hardly present general mechanisms for thermaliza-
tion. Especially the second one can be basically ruled out. According to the
discussion in 2.2.4, the assumption of equal probabilities is violated by the form
of experimentally realistic initial states in closed system experiments.

This leaves us with the ETH. Using again the concept of distinguishability of
states with respect to measurements, it is possible to give a more general and
precise definition of the ETH [11].

ETH with respect to measurements:

Let H be some Hamiltonian and I some energy interval. We denote by S
the set of all eigenenergies Ey of H, with Ey € I. Let Hg, be the projective
subspace of Pg,. We say that H fulfils the eigenstate thermalization hypothesis
in I with respect to the set of measurements M, if for every Ei € S and for
every normalized pure state ¢ € Hp, the distinguishability D (¢, pen(Ex)) is
sufficiently small. Here py,(Ey) is either ppc|H](Ex, A), with A small such that
Iga CI. Or py, is equal to pg[H|(B(EL)), where B is some smooth function
I— Rt

ETH with respect to expectation values:
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Let H be some Hamiltonian and I some energy interval. We denote by S
the set of all eigenenergies Ey of H, with Ey € I. Let Hg, be the projective
subspace of Pg,. Let A be a set of observables. We say that H fulfils the
etgenstate thermalization hypothesis in I with respect to the expectation values
of A, if for every A € A, for every E, € S and for every normalized pure
state 1 € Hp, the difference [(Y|Alp) — (A),,, (e s sufficiently small. Here
pin(Ey) is either pme[H)(Egk, A), with A small such that Ig a C I. Or py, is
equal to pc[H|(B(Ex)), where B is some smooth function I — RY. Sufficiently
small means again usually smaller than JA.

In the case where the energy interval I is very narrow, p;, corresponds basically
to just one pm[H](E,A) in the microcanonical scenario while /5 is basically
constant in the canonical scenario. In each case there is just one thermal state.
Every initial state, which has an energy distributions entirely contained in I and
which equilibrates, does so to $x(p(0)), which has the form defined in equation
2.3.4 and as such is diagonal in the eigenstates of H. From the triangle inequal-
ity for the distinguishability with respect to M (respectively from the triangle
inequality for absolute values of real numbers in the case of expectation values),
thermalization in the sense of definition 2.4.1 then follows from the ETH for all
such initial states.

There is a second part of the ETH which gives a condition on the equilibra-
tion of the system in the diagonal ensemble ([26], [27]). To formulate it we can
use the concepts developed in the section on equilibration. In a general energy
eigenbasis, under the assumption of the non-degenerate energy gaps condition
(see section 2.2.1), the squared variance 0% (T — 00) can be written as

AT =)= > pr,pe,|Awm| (2.4.4)
Ep£Em

In order to guarantee the smallness of the right hand side of eq. 2.4.4 for general
initial states (recall that Theorem 1 gives an upper bound), the second part of
the ETH imposes that the absolute values of the off diagonal matrix elements
|Apm| are small. More exactly | Ay, | should be exponentially small in the sys-
tem size. In section 3 we are going to see that this is indeed the case for the
Systems used in our numerical studies.

The ETH can then be seen as a sufficient condition for thermalization. Is it
also necessary? The intuition seems to suggest that it is also a necessary condi-
tion. If the ETH is not satisfied then there exist eigenstates of H which can be
distinguished from thermal states by some measurements. Taking some initial
state which has an overlap with such eigenstates, the distinguishability should
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then also be seen in the dephased state and hence survive equilibration [11].

The question is now how to test the ETH. If one cannot give strong general
criteria how to test it, then one could argue that one has replaced one poorly
understood problem, namely thermalization, by another poorly understood phe-
nomenon [23].

So far the ETH has been shown to be true mainly in numerical studies of rela-
tively small (up to about 25 sites) systems of particles or spins ([5],[25],[60],[63],
[64],[65]). This was done usually by exact numerical diagonalization or finite
size scaling. Rigorous analytical result exist so far only for systems with very
special Hamiltonians [29].

In [28] thermalisation of the momentum distribution numbers via the ETH was
shown for a system which is the quantisation of the classical hard sphere gas.
The result is based on the Berry conjecture [59], which is a statement about
the eigenstates of quantum systems whose classical counterparts exhibit chaotic
behaviour (classically non integrable models like the hard sphere gas). Similar
ideas based on random Hamiltonians were considered in [31] (see also [33] and
32)).

One can ask whether there is some intuitive argument that explains which are
the particular measurements that satisfy (or violate) the ETH in the case of
eigenstates of a particular Hamiltonian. Looking for example at the expectation
value version of the ETH, how can an observable that satisfies the hypothesis
tell that two eigenstates are close in energy [33]?

In general it is clear, that the ETH cannot be fulfilled for all observables for
any particular Hamiltonian [33]. Taking an observable A with matrix elements
in the energy basis |n), defined as A,,, = (—1)" and A,,, arbitrary for n # m.
This observable certainly violates the ETH in any energy interval. It is of course
another question whether this so defined observable represents any experimen-
tally measurable quantity. We will later see that there are currently two known
classes of system, for which observables can be found, that violate the ETH.
The integrable systems and the many body localised systems.

One problem with our intuition about the ETH seems to be that we usually
think about observables as one particle observables, like kinetic energy, density
or magnetisation. This is so because our intuition is strongly based on thinking
in terms of individual particles (or spins) ([34], [46]). These observables are ex-
actly the ones which have eigenstates that are products of single particle states.
Non interacting systems have these states as their eigenstates and they violate
the ETH. They are special cases of the above mentioned integrable models.
However, a generic Hamiltonian has interactions and its eigenstates have in
general no special relation to that of a generic observable A. We have already
seen in our discussion of perturbation theory in section 2.2.6 that even a small
perturbation of a Hamiltonian, like a small interaction among particles, changes
drastically the eigenstates with respect to the original unperturbed eigenbasis
because of the huge number of states that are close in energy. The eigenstates
become randomized with respect to the non interacting ones and as such also
with respect to the one particle observables. In this way neighbouring levels
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become similar to each other and as such one could see this as a first hint to
the ETH.

2.4.3 Typicality

In the previous chapters we have formulated the general concept of thermaliza-
tion in the terms of the distinguishability of states with respect to measurements
and expectation values. We have introduced the eigenstate thermalization hy-
pothesis and given arguments for it to be a necessary and sufficient condition
for thermalization. However, we also noted that general proofs of the ETH are
lacking.

The concept of typicality, which we will discuss in this chapter, can shed new
light on both thermalization and the ETH. It is based on the idea that a cer-
tain property (like thermalization) might be, in a way to be defined precisely, a
typical property of quantum systems. As a first example, in random matriz the-
ory [35] one studies the properties of a particular (probably not exactly known)
Hamiltonian by looking instead at a whole ensemble of Hamiltonians and av-
erages over the properties of them. In the case where most Hamiltonians have
the same property, this might give a meaningful result even for the particular
system one is interested in. This method has proven very successful in the study
of the spectra of complex nuclei.

In order to properly define the notion of most, we use the language of prob-
ability theory. In particular we will need the concept of a probability measure.
The one that we will use here is the uniform Haar measure. It is the unique,
left /right invariant, countably additive, normalized measure on the group U(d)
of unitary transformations of a d-dimensional Hilbert space H [11], and we de-
note it by paar[U(d)]. Left/right invariant means that for any unitary U € U(d)
and any Borel set B C U(d)

Piaar [U(d)](B) = piiaar [U(d)|(UB) = piaa: [U (d)|(BU), (2.4.5)

where UB and BU are the left and right translates of B. It is this property why
the Haar measure is called the uniform measure on U(d). One obtains from
the Haar measure a probability distribution (the uniform distribution) over the
set of orthonormal basis of . This is done by first fixing any particular or-
thonormal basis. Applying the random-Haar distributed U’s to the basis vectors
one gets a Haar-random orthonormal basis. The marginal distribution of any
fixed basis vector defines the uniform distribution on the unit sphere of physical
states of H. We call states drawn according to this measure Haar-random. In
an analogous way the Haar measure can be extended from orthonormal basis to
Hamiltonians and observables.

Before applying typicality to our problems of thermalization, in order to avoid

crucial misunderstandings, we want to first address some of the general criticism
that this method has faced in the past [37].
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It has been argued that the assignment of equal probabilities to for example ob-
servables is physically unjustified because in reality it is not possible to measure
every observable. While this is certainly correct, the usage of the language of
probability theory in the method of typicality is only a formally elegant tool to
obtain information about the sizes of certain sets (of states, Hamiltonians,...).
So one in reality does not use random objects, like for example the above men-
tioned random matrices, but looks for behaviour that is typical among different
systems. If some condition is shown to be true for most states (Hamiltonians,
observables,...), than this suggests that it might also be true for some given con-
crete system, unless we have reasons to expect otherwise. Of course this does
not prove that the condition is really true for the given system, this can only be
done by checking it directly. But to know which behaviour is typical and which
is exceptional might be a very useful information.

Generally, the greater the degree of certainty a typicality theorem confers, the
smaller is its explanatory power. This shall be illustrated on an example [37].
Let the Hamiltonian H belong to some subset Sy of the set S of all self-adjoint
operators on H. There are in principal two typicality theorems of interest. One
says the the relevant behaviour occurs for most H € Sy, the other that it is true
for most H € S.

When Sy is very small compared to S, the two statements are logically indepen-
dent. However, each statement has its own merits: The first theorem gives us a
greater certainty that the relevant behaviour will occur for the given Hamilto-
nian H. The second theorem tells us that the relevant behaviour has not much
to do with Sy but is widespread all over S. As such it has greater power in
explaining why the property occurs.

Generalization of Von Neumann’s approach:

In section 4.2 we describe Von Neumann’s typicality. One weakness of this
approach to thermalization is that it applies only to macroscopic observables.
However experiments and numerical simulations have established that the ap-
plicability of statistical mechanics is far greater than that (one well know classic
example is Brownian motion). Very recently Von Neumann’s approach to ther-
malization has been generalized in ref. [46]. The established typicality results
apply to general observables and to general initial states, including mixed states.
The only prerequisite is for the Hamiltonian to fulfil the non-degenerate energy
gaps condition (and as such especially no degenerate eigenvalues).

Considering now one such Hamiltonian H and some arbitrary observable A,
we denote by U the unitary transformation between the eigenstates of H and
A. The time averaged deviation

o4(T) == (({(A) oty — (A)w)?)7 (2.4.6)

where w = (p(t))oo = $H(p(0)) is the infinite time averaged state (see section
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2.3.1) satisfies the following relation in the limit T' — oo:

D
01%\(00) = Z |pmn(0)|2|Amn|2

m#n

D
< Z |pmn(0)|2 ITS;{Z%( |Amn|2

m#n
’ (2.4.7)
<> 1910 (0 pram (0)* x| A
m#n

D
< %: ‘pmm(o)‘Q gliif |Amn‘2 = ?nliili |Amn|2-

For the step from the second to the third line the Cauchy-Schwartz inequality
for the scalar product

(n,m) 3= ppm(0) = (n|p(0)[m) (2.4.8)

has been used. It follows from this inequality that equilibration, measured by
0%, is linked to the smallness of the off diagonal elements of the observable A
in the energy eigenbasis. This corresponds to the second part of the eigenstate
thermalization hypothesis discussed in section 2.4.2. In [46] it is shown that
these matrix elements are so small that

9 eD
pu (o4 (00)) =€) < 46XP(_M + 2InD) (2.4.9)

for any € > 0, where py is again the uniform measure on the unit sphere in H.
The main ingredient in the derivation of eq. 2.4.9 is the so called Levy’s Lemma
(see [47], [48]). It is a statement about the statistical properties of functions
which are defined on the d-dimensional unit sphere S¢ in R4+, More preciselly
it states that

e2(d+1)

Prob(|g(¢) — (g)| > ¢) < 2exp(— 9752

) (2.4.10)
for randomly and uniformly distributed points ¢ on S% and g is a Lipschitz
continuous function S — R with Lipschitz constant 7 and mean value (g).
Any [¢) = >, cn|n), where |n) is a complete set of energy eigenstates, can
be represented as a point ¢ on the (2D — 1)-dimensional unit sphere via it’s
real and imaginary parts. Levy’s Lemma can then be applied to the function
g(¢) = (6| A|¢) which is shown to be Lipschitz continuous with n = A4 in
reference [48]. The fact that (g) = (A),,. has been proven in 4.2.8. Since
randomizing ¢ is equivalent to randomizing the unitary U, one thus obtains
2
257]32) (2.4.11)

o (A1416) = (A) o] 2 <) < 2exp(—g 5
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for any £ > 0. From this the desired result bout the maximal |A4,,,| can be
derived (see [46]) such that eq. 2.4.9 follows. The important thing about this
result is that it demonstrates equilibration for an arbitrary initial state p(0) un-
der the assumption that the relation U between H and A is typical. By choosing
for example € = 0A%/+/D, which is much smaller than the resolution, the right
hand side of eq. 2.4.9 becomes very small.

In order to demonstrate thermalization it is is still necessary to make sure
that the difference between (A),, and (A4),, . is negligibly small. Defining the
quantity

B = (A)y = (A)ppe = Y pun(0)(Ann — (A),,.), (2.4.12)

one has

|B] < max |Ap, — (A) e (2.4.13)
n

This result is equivalent to first part of the ET H. Similarly to above, eq. 2.4.11
can now be used to prove ([46]) that the typical values of |A,, — (4),,..| are so
small such that )

uy(|Bl >¢) < Qexp(fﬂJrlnD) (2.4.14)

- 9m3AY o

for any € > 0. This results implies that for any pair H, A with a typical U the
difference |(A),, — (A),,..| is smaller than the resolution limit 0A, which corre-
sponds to thermalization. It is again important to emphasize that the result
is independent of the initial state p(0). It now follows from eq. 2.4.9 and eq.
2.4.14 that the measure of U’s which give rise to both equilibration and negli-
gibly small | B|-values is close to unity. This corresponds to a generalization of
Von Neumann’s QET (normal typicality), which is only valid for macroscopic
observables characterized by the decomposition D and for pure initial states.

It is also possible, using this approach, to infer about behaviour for finite time
intervals. Defining now the unitary W as the mapping between the eigenstates
of the initial state (represented by the density operator p(0)) and the observable
A, we consider the quantity

e (t) = ((A) 1) — (A)me)*. (2.4.15)

Similarly as before it can be shown ([46]) that

A2
for arbitrary t and € > 0, and that
L[, A%
td >e) < —2£, 2.4.17
(g [ e e < 3 (2417)
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for arbitrary t; < to and € > 0. It is important to note that while the right
hand side of eq. 2.4.16 and eq. 2.4.17 is time independent, the set of W’s on
the left hand side in each case depends on t.

Considering the observable A as fixed the above two equations can be interpreted
in the following way: for any Hamiltonian H, for any fixed time point ¢ , (A),«)
yields almost the same value as (A4)y,. for most initial states p(0). The same is
true for almost all times ¢ in any arbitrary time interval [t1,t2]. This means that
non equilibrium initial conditions with respect to A are rare among all initial
states, as they require a special “orientation” W of p(0) against A.

Conversely when considering p(0) as given, it follows from equations 2.4.16 and
2.4.17 that for any Hamiltonian H most observables A cannot distinguish p(t)
from ppme at any fixed time ¢ and also for almost all time from and arbitrary
time interval [t1, to].

The viewpoint of taking H as fixed and requiring a generic constellation W of
A and p(0) has been taken in references ([49], [50], [51], see also the discussion
in [37]). As such it only infers about thermalization for most initial states but
not for all. In Von Neumann’s approach and it’s generalization in eq. 2.4.9 and
eq. 2.4.14 a generic orientation U between H and is required but any p(0) is
admitted. Since non equilibrium initial states are special, it is this approach
which can infer about thermalization in the sense of the normal typicality defined
above.
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2.5 Transition from integrability to quantum chaos
2.5.1 Motivation

It has been shown in numerical studies that that the transition away from inte-
grability is often accompanied by a qualitative change in a system’s properties
other than thermal behaviour. Two of the most often studied quantities are
level spacing distributions of energy levels and delocalization measures of en-
ergy eigenstates with respect to some basis. The changes in these quantities
often go hand in hand with a switch from non-thermal to thermal behaviour in
the sense of the ETH as one departs from integrability ([60], [61], [62]). This
can be anticipated by considering that as the energy eigenstates become delocal-
ized, neighbouring levels become similar to each other (see the discussion at the
end of section 2.4.2). This is the apperent reason why delocalization measures
are such good indicators of thermal behaviour. We will also see in section 3.5.1
and 2.5.4 that systems far from integrability behave in many ways like random
matrices.

The original studies were performed on quantum systems which possess a clas-
sical analogue ([66], [67]). One then observed the above mentioned change in
behaviour as the corresponding classical system changed from integrability to
ergodicity (chaos). This is the reason for calling the above quantities indicators
of quantum chaos. It was later found that analogous behaviour also occurrs in
systems without a well defined classical limit.

There is a similar phenomenon in classical mechanics when integrability is bro-
ken by changing a system parameter. At a certain strength of the integrability
breaking term the system starts showing ergodic behaviour. The important
point is that this transition is sharp as there is a threshold (K AM-threshold
[70]) at which the system properties change abruptly.

In contrast the finite quantum systems studied display a smooth transition from
integrability to quantum chaos which again usually goes hand in hand with a
smooth transition to thermal behaviour. As the change in properties normally
scales with the system size across the transition, the question remains whether
in the thermodynamic limit there is a sharp K AM-like threshold [71].

The sudy of delocalization measures was motivated by Berry’s conjecture on
eigenstates of quantum hard sphere gases mentioned in section 2.4.2. Analogous
behaviour (both for level spacing statistics as well as delocalization measures)
was also observed ([72], [73]) for disordered system as they switch from many
body localisation to thermal behaviour. This is not surprising as integrable
systems can be viewed as being localised in conserved mode-space (also often
called quasi particle space)( [74], [75]). However there is one important differ-
ence between integrability and M BL. Whereas the first is destroyed by the
tiniest perturbation the second prevails up to some critical value.

We are now going to first give a precise definition of integrability in quantum

mechanics and then introduce in more detail the above mentioned indicators of
quantum chaos.
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2.5.2 The concept of integrability in quantum mechanics

In classical mechanics, there is a clear and powerful concept of integrability of
a Hamiltonian system based on the existence of a certain number of integrals
of motion (conserved quantities) and the stability with respect to small pertur-
bations of integrability by means of the K AM-theorem. In quantum mechanics
the situation is far more confusing with various (partially inequivalent) notions
of integrability being used [53]. We will not dwell on these matters here. The
notion of integrability we will use for the study of thermalization is motivated
by two convictions:

(i) That systems with a large number of conserved quantities do not thermal-
ize in the sense of the eigenstate thermalization hypothesis, where thermal
states correspond either to the microcanonical- or canonical ensemble.

(ii) That it is possible for such systems to thermalize if one uses the general-
ized Gibbs ensemble as alternative definition of a thermal state.

Following [53], we believe our definition of integrability fulfils the following fun-
damental criteria [53] of being

e unambiguous;
e it partitions all physical systems into inequivalent classes;

e different classes of systems show different physical behaviour.

We will now state our definition of integrability of quantum systems. For a more
general and formal definition see [53].

Def.:(integrability) We call a system of size N with Hamiltonian H quantum
integrable, if it possesses the following properties:

(i) There is a set of operators {I,k = 1,...,n} such that [I}, ;] = 0 for all
k,l =1,..,n and the Hamiltonian H is one of these I;’s. This means that
the Ij’s are integrals of motion.

(ii) The operators in {I),k =1,...,n} are algebraically independent.

(i) The cardinality n of the set {Ix, k = 1,...,n} grows like O(f(NN)) with the
system size N. Here O denotes the Landau symbol and the function f is
maximally sub exponential.
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The property (iii) is the main difference to the most common definition of inte-
grability used in the literature. It guarantees that the number of the conserved
quantities Iy grows slower with increasing system size than the dimension D of
the Hilbert space, which grows exponentially fast. The most common notion of
integrability (and the one that mostly resembles the notion of integrability used
for classical systems) requires the number of integrals of motion to be maximal,
equal to D. However, in every system one always has the projectors |n)(n| to
the energy eigenstates |n) which satisfy this definition of integrability. In this
sense every system could be called integrable.

The other reason for us to abandon the usual concept of integrability and the
one directly related to thermalization has to do with the convictions (i) and
(ii) formulated above. First, it seems plausible (and is confirmed by numerical
studies) that it is the large number of additional (to the |n)(n|’s) conserved
quantities what is responsible for integrable systems to fail to thermalize. This
is due to the expected correlations between probabilities p, and expectation
values (n|A|n) of observables in the diagonal ensemble (see section 3.3).
Secondly, let us look back at the definition of the generalized Gibbs ensemble in
section 2.2.6 in terms of the integrals of motion I. Only when the number of
these integrals is much smaller than the dimension D of the Hilbert space does
it make sense to call the generalized Gibbs state thermal. Otherwise one needs
as many Lagrange multipliers i to compute the GGE as one has coefficients ¢,
to describe the initial state of the system. Taking for example again the |n)(n|’s
as integrals of motion one has from eq. 2.2.54 that

exp (—fnln) 2
= cn 5 2.51
ZoceTN(5eh) (25.1)
where I,, = |n)(n|. This clearly contradicts the idea of what a thermal state

should be. Using our definition of integrability and the corresponding general-
ized Gibbs ensemble it is possible to define a version of the eigenstate thermal-
ization hypothesis for integrable models where the thermal state corresponds to
the GGE ([54], [55]).

2.5.3 Level spacing distributions

We have discussed in the previous section how our notion of integrability leads
to differences in the thermalization properties between integrable and non-
integrable systems. These thermalization properties can then be been seen as
fundamental criteria in the above sense which can used to distinguish the two
classes of systems according to their physical behaviours. We are now going to
discuss another such property which has proven very popular and which also
brings out the connections to the integrability of classical systems. It is the
so called level spacing distribution. For this we define the set {s;} of nearest
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neighbour energy level spacings by
s;=Fi 1 — E; (2.5.2)
where E; are the energy values of the system. The probability p(s)ds of s to be
a level spacing is defined as
number of level spacings of value s

ds = . 2.5.3
P(s) total number of level spacings ( )

Unfolding of spectra:

In order to be able to compare level spacings of between two local spectral
regions with different average level densities (or between different systems) in a
meaningful way, it is necessary to locally rescale the unit of energy to obtain a
uniform mean spacing throughout the whole spectrum. This is the procedure of
spectral unfolding [57]. For this it is first necessary to obtain an average density
of states defined as

D
1
G(E) =5 2_; §(E — Ey), (2.5.4)
which is the derivative of the level staircase function

D
N(E) := % Y OE - E), (2.5.5)
i=1

counting the number of energy states up to a certain energy. The average density

of states is obtained by AN

— 1

G(E) = DAE (2.5.6)
The energy interval AF which must be small enough such that only local but no
systematic (global) fluctuations appear. On the other hand AE must be large
enough to contain many energy levels AN such that local energy fluctuation do
not prevent G'(E) from being a smooth function of E. One method to practically

implement the averaging of the level density [57] is to consider the function

D
1
GA(E) := 529(E—Ei). (2.5.7)
It is the convolution of G(F) with the Gaussian function

g(E) = exp(—E?/A?). (2.5.8)

1
Ay
One then looks for the optimal value of A by minimizing the mean square
deviation between the level staircase and the integral of Ga (FE),

NA(E) = /_ dE'GA(E'), (2.5.9)
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which can be seen as the smooth average level staircase N(E).
The unfolding of the spectrum now leads to the task of finding a function f(E)
such that the rescaled energy levels, given by

ei = f(Ei), (2.5.10)

have globally constant mean spacings which are set to unity. The mean is being
evaluated with respect to energy intervals E — AE /2, E + AE /2. The function
f(E) can be obtained as follows [57]:

Ae
1=
= ﬁ[f(E—i-AE/Q) — f(E - AE/2)] (2.5.11)
AE ! _ ! al
=y (B)=f(E)/GE)D.

Integration leads to
E p— —
f(E) = D/ dE'G(E"Y = DN(E). (2.5.12)

This means that the rescaled energy level are now given by

e; = DN(E;). (2.5.13)

Poisson distribution for integrable models:

Numerical studies ([60], [61], [62]) of integrable models have often shown a
distribution of level spacings which is of Poisson type. One then speaks of level
clustering, because of the tendency of the energy levels to come very close to-
gether. Based on semiclassical torus quantization, Berry and Tabor [59] have
been able to derive the Poisson distribution for system whose classical counter-
parts are integrable in the classical sense. However many of the above mentioned
numerics were performed on systems which do not possess any clearly defined
classical limit. It is possible to give a derivation of the Poisson probability which
is only based on the assumption that the levels form a random sequence with-
out any correlation between them [57]. This can be formalized ([57], [58]) by
considering the spectral autocorrelation function

C(E) : = (p(E)p(E + E)) — {p(E)){p(E + E))
= (p(E

(p(E)p(E+E)) -1, (2.5.14)

where the brackets indicate local averaging over E (recall that the local average
of p(E) = 1). In the case of random matrices an ensemble average of the
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expression in the brackets has to be performed first. No correlation between
eigenvalues then corresponds to

C(B) = §(E). (2.5.15)

Assuming an already unfolded spectrum one considers the conditional probabil-
ity g(s)ds of finding a level in the interval [E, E + s] if there is one at E. The
assumption of no correlations means that g(s) must be a constant as a function
of E and s. Denoting by Pr(E; U E3)dE,dE> the probability of finding an energy
eigenvalue in dF, at E; and another eigenvalue in dFs at Fs, one has

. (Pr(FUE+5s))
AR (2]
_ (p(E)p(E + s)) —d(s)
(p(E))
=C(s)+1—-4(s)
0(s)+1—46(s) =1.

(2.5.16)

We see that the assumption of no correlations leads to g(s) = 1. The probability
p(s)ds of finding in ds at E + s the nearest neighbour of the energy level at E
can now be written as the product of g(s) times that probability that there is
no other level between FE and F + s,

M®=AQ/M£M@. (2.5.17)

Differentiating this equation with respect to s gives

b _ & /°° ' 1%
~ = A —gp = = —g)p. 2.5.1
| &'p(s’) —gp= (97 5 —9)p (2.5.18)
The general solution of this equation is
p(s) = const g(s) exp(f/ ds'g(s")). (2.5.19)
0

Since ¢(s) must be a constant, by normalizing and scaling such that the global
mean spacing

5= /00 dssp(s) =1, (2.5.20)
0

it follows that
p(s) = exp(—s). (2.5.21)

This is the Poisson distribution.
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Wigner-Dyson distribution:

For systems far away from integrability, and which do not exhibit many body
localisation of their energy eigenstates, numerical results ([60], [61], [62]) show
that the level spacing distribution is of the Wigner-Dyson type. This distribu-
tion can also be derived for the Gaussian ensembles of random matrices ([66],
[67]). These two results indicate that the Wigner-Dyson distribution can be
considered as typical in the sense of the discussion in section 2.4.3.

The ensembles are defined by specifying for every Hamiltonian H a probability
density p(H) such that

(i) /P(H117H127 ...Hpp)dH11dH12...dHpp =1,

(i) p(H) = p(H"), H' = OHO', OT = 07,
(iii) p(H11, Hi2, ..., Hpp) = p(H11)p(Hi2)..0(Hpp)

(2.5.22)

Condition number (iii) means that the matrix elements are uncorrelated. For
the transformation matrices (the canonical transformations) in condition (ii) one
distinguishes between three different types of systems, depending on the trans-
formation properties under the anti unitary time reversal operator 7 ([57],[58]).
First case one considers systems of spinless particles with time reversal sym-
metry ([H,7] = 0). In this case T corresponds to the complex conjugation
operator K (where the complex conjugation is defined with respect to the posi-
tion basis) with the property that 72 = 1. The Hamiltonian H can be chosen as
a real matrix and the transformation matrices O are orthogonal matrices with
Ot = OT. This is the so called Gaussian orthogonal ensemble.

For a system of N spin-1/2 particles T = exp(iSy/h)K, where S, is the y-
component of the total spin operator S = (o1 4+ 02 + ... + o) /2. The square
of T now fulfils

+1 N even
T2 = 2.5.23
{—1 N odd. ( )
A consequence of T2 = —1 is Kramers’ degeneracy, the fact that
(U|TP) =0. (2.5.24)

For spin-1/2 systems with time reversal symmetry the matrix elements of the
Hamiltonian H can then be combined into 2 x 2 matrices

Hom = ((@nH|<I>m> <<I>nH|<1>m>> ; (2.5.25)
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where ®,, = T®,,. Using the anti-Hermitian matrices 7 = —io, the matrix
elements of the Hamiltonian can be written as

3
Hp = HOL 4+ > H 700, (2.5.26)
pn=1

where the real coefficients Hﬁ%, 7%1 characterize the block Hy,,. They satisfy

the relations ([57])
HY) — B
H®W = —HW 1 =1,23.

This form of the Hamiltonian is referred to as quaternionic real. The time
reversal operator 7 can be written as

T = ZK, (2.5.28)

(2.5.27)

where the unitary matrix Z, viewed as a D x D matrix, is given by
Zom = OnmT). (2.5.29)

It is now possible to find the unitary transformation matrices S which preserve
the form of the the basis spanned by ®,,, ®,, and which transform a quaternionic
real Hamiltonian into another quaternionic real Hamiltonian [57]. They must
satisfy the condition that

T=8TS'=52KS ! =525TK. (2.5.30)

From this it follows that
szsT = z. (2.5.31)

Matrices satisfying this condition are the so called symplectic matrices. Using
them as the transformation matrices in the above condition (ii) leads to the
Gaussian Symplectic Ensemble (GSE) for spin- 1/2 particles with time reversal
symmetry.

In the general case of no 7- invariance the transformation matrices are general
unitaries, transforming a Hermitian operator into another, with the property
that UT = U~'. The corresponding ensemble is the Gaussian Unitary Ensemble
(GUE).

By appropriately choosing the zero of energy the following form for p(H) can
be derived for all three of the above ensembles ([57],[58])

p(H) = Cexp(—ATr{H?}), (2.5.32)

where A fixes the unit of energy and C' is determined by normalization. For the
computation of the level spacing distribution (and for comparison with experi-
ments) it is necessary to switch to an eigenenergy representation p(FE, ..., Ep)
of the probability density. From eq. 2.5.32 one obtains ([57],[58])

1...D D
p(F1, ..., Ep) = const H |E, — E,|" ' exp(—A Z Ei)7 (2.5.33)
u<v p=1
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where n = 2, 3 or 5 for the GOE, GUE and the GSE respectively. For D = 2,
eq. 2.5.33 can be used to derive the level spacing distribution p(s), namely

+oo +oo
s) =const dE dF16(s — |Ey — E
pls) /_oo 2 [, Bl [B =B (2.5.34)

x |Ey — En|" " exp{~A(E] — E})}

where E4, E5 are the two eigenvalues of H. Choosing A in such a way that the
mean spacing is unity, [dssp(s) = 1, and normalizing such that [ dsp(s) = 1,
yields
(sm/2) exp(—s®m/4) GOE
p(s) = < (s232/7%) exp(—s24/) GUE (2.5.35)
(s1218/3673) exp(—5%64/97) GSE.

These are the so called Wigner surmises. For general values of D the results
differ from the Wigner-Dyson distribution. However, in the especially inter-
esting limit D — oo the Wigner surmises are approached ([57],[58]), provided
the local mean density is uniform (after the proper spectral unfolding has been
performed).

Finally it is important to stress that for systems with symmetries level spacing
statistics are only meaningful in a certain symmetry sector. If different symme-
try sectors are mixed, level repulsion (Wigner-Dyson statistics) may be missed
even for systems far from integrability ([61], [68], [69]).

2.5.4 Delocalization measures

Shannon enropy:

For an eigenstate |¢,) of the Hamiltonian H the Shannon (information) en-
tropy S, with respect to the basis |¢x) (k = 1,..., D) is defined as

D
Sy 1= — Z |cF [2In|ck |, (2.5.36)
k=1

where |¢,) = Zszl c*|¢pr). Tt measures the number of basis vectors |¢y) that
contribute to the state |¢,). For integrable models as well as for many body
localised systems, for which the energy eigenstates can be be considered as lo-
calised in some basis, S,, shows strong fluctuations throughout the whole spec-
trum [rigol].

For random matrices the coefficients £ can be considered as independent ran-
dom numbers and all energy eigenstates are completely delocalized in any basis.
For the GOE one obtains for the average value over the ensemble [61]

Scor = In(0.48D) + O(1/D), (2.5.37)
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6 8 10

Figure 2.1: Normalized Poisson distribution (blue curve) and Wigner-Dyson dis-
tribution (red curve) for nearest neighbour level spacings plotted against the energy
differences Ae of the unfolded levels. The main difference, as explained in the main
text , is the level clustering in the Poisson distribution and Level repulsion for Wigner-
Dyson statistics.

which is however different from the maximum value S = InD. The GOE-value
is also expected for systems far from integrability and for eigenstates around
the center of the spectrum.

Inverse participation ratio (IPR):

In analogy with the Shannon entropy the inverse participation ratio IPR,, with
respect to the basis |¢g) (k= 1,..., D) is defined as

. 1
T <D | ria’
2= lenlt

and can equally be viewed as a measure of the number of basis states |¢y)
which significantly contribute to |¢,). It is analogous to the notion of the
effective dimension in section 2.3.3. The statements made about the Shannon
entropy with respect to the transition from integrability to quantum chaos all
apply equally to the IPR.

IPR,, : (2.5.38)
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3 Results

3.1 The systems and observables considered

Our model consists of N = 5 spinless fermions on a 19-site, two-dimensional
lattice (figure 3.1). The Hamiltonian H is given by

H=—tY (@e;+he)+ VY iy (3.1.1)

(i,5) (i,5)
where (i,7) indicates that the sum is taken over nearest-neighbour sites, ¢ is
the hopping parameter, V the nearest-neighbour repulsion and n; = E;[a is the
density operator. The units have been chosen in such a way that A = 1. Our
work was strongly inspired by [5], where the authors study 5 spinless hardcore
bosons on a lattice of 21 sites. Our lattice differs from their lattice by removing
two sites.

The main difference between the two systems is that fermionic creation (’c\j)
and annihilation (¢;) operators satisfy the anti-commutation relations

{&ely ={ear={e.ey =0 (3.1.2)
for all 4 and 7 # j and
{eiely =1 (3.1.3)

for all 4, where {A, B} := AB + BA is the anti-commutator of the operators A
and B. When V = 0, we have a system of free fermions which is integrable. A
single-particle canonical transformation of the creation and annihilation oper-
ators diagonalizes the Hamiltonian, and the occupation numbers of these new
modes are the integrals of motion. N

Hardcore-boson creation (b}) and annihilation (b;) operators on the other hand
commute on different sites,

(b, b1) = by, bi] = [b],B] = 0 (3.1.4)

for all i and ¢ # j, where [A, B] := AB — BA is the commutator of the operators
A and B. The hardcore condition imposes the anti-commutation relations

{b;, 01} =1, (3.1.5)

and R R
(B2 = (b;)> =0 (3.1.6)

for all . This implies that each site can be occupied by at most one particle,
as is the case for fermions. However in contrast to fermions, even when V = 0,
the system of hardcore-bosons is not integrable, because the hardcore condition
ensures that it cannot be diagonalized by a single-particle canonical transfor-
mation of the creation and annihilation operators.
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Figure 3.1: The 19-site lattice of the model system studied in this work, which
consists of 5 spinless fermions with Hamiltonian defined in eq. 2.1.1. In comparison
with the lattice of the system used in [5], 2 additional sites have been removed. The
7 green sites in the lower part represent the subsystem whose ground state serves as
the initial state for the time evolution of n(k; = 0) shown in figure 3.2.

In order to study the dynamics of our fermionic system we have performed a full
diagonalization of H (dimension D = 11628), which was achieved to machine
precision. The observable we studied was the marginal momentum distribution
along the horizontal axis, n(k;) := Zky n(ky, ky), where

kg, ky) = 1/L*) " e i2mklmmr)/L(Gla), (3.1.7)

,J

Here L := L, = L, = 5 are the linear sizes of the lattice and r; = (i,d, i,d),
where d is the lattice constant. For the summation over k, in n(k;) we have
divided the first Brillouin zone [~%, %] of the k,-axis into 15 points, uniformly
distributed around 0. The summation is done over these points (in comparison
[6] have summed over 50 uniformly distributed points).

This quantity is not a mascroscopic obervable in the sense described in sec-
tion 4.2. However according to the generalization of Von Neumann’s typicality
approach in [46] fulfilment of the eigenstate thermalization hypothesis is to be

expected.

We are looking at the system for different values of V' to see how the prop-
erties change as we move from the integrable to the non integrable case.

3.2 Time evolution

We want to first look at the time evolution of n(k;) and see whether we can
observe relaxation and thermalization. For this we choose as our initial state
[)(0)) (analogous to [5]) the ground state of the 5 fermions when they are con-
fined to the 7 sites in the lower part of the lattice (see figure 3.1). We then
let them expand over the whole lattice by opening the link, as indicated in the
figure. The fact that there is only one link to the upper part ensures that the
energy width of the initial state in the eigenstate basis (of the large system on
the full lattice) is small ([5], see supplementary information). It is important
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to note that this state does not classify as a typical initial sate in cold atom
experiments as described in section 2.2.4.

Denoting the eigenstates of H by |«), the initial state can be expanded as
[4(0)) =Y Cale, (3.2.1)

where C, = (a]1)(0)). For the time evolution of n(k,) one then gets

(n(ko) (1)) = D CLCsexp Po=Fal an(k,)|B), (3.2.2)
a.B

where F,, are the eigenenergies of |a). In figure 3.2 we compare the time evolu-
tion of n(k;) for k, = 0 to the infinite time averaged value and the microcanon-
ical average. This is done for different values of the interaction strength V. The
infinite time averaged state corresponds in the case of no degeneracies (for all
V # 0) to the diagonal ensemble paiag = >, |Ca|?|a)(a| (see 2.3.1), so one has

(n(ke) (D)oo = (k) = 3 [Cal*(aln(ks)a). (3.2.3)

For the microcanonical ensemble we are averaging over all eigenstates of H that
lie within a narrow window [Ey — A, Ey + A], where Ey = (¢(0)|H|(0)) is the
mean energy in the initial state and A = 0.1¢.

One can now try to use Theorem 1 from 2.3.1 to infer whether equilibration
takes place in the infinite time limit. By taking the limits 7' — oo and € — 0 in
inequality 2.3.21 one obtains

02 kamo) (T = 0) < [k = 0)|Z N (0)g((pi, )T ). (3.2.4)

As explained in 2.2.4 and 2.3.1, one can only speak of equilibration when
oA(T — o0) < 6A. Since it is nowadays possible in cold atom experiments
[Bloch] to measure n(k,) to within 1 — 2% precision, one has to take these val-
ues for dn(k,; = 0). Due to the small size of our systems, for no value of V' which
we have used in our computations the left hand side of 3.2.4 is small enough for
the above condition to be fulfilled. The number of occupied energy eigenstates
in the diagonal ensemble (see Theorem 1), although growing with increasing
V, is simply too small. As a result the quantity g((pEn)‘f/) is too large and
we cannot use Theorem 1 to infer infinite time equilibration in our models. In
figure 3.5 we plot g((pg, )% ) against the interaction strength V.

Additionally for the non interacting integrable model at V' = 0 the degenerate
energy gaps condition (see section 2.3.3) is strongly violated (it is fulfilled for
the all the other systems considered). Additonally to the integrablilty there is a
3-fold degeneracy in the spectrum of the corresponding single particle Hamilto-
nian (see 3.5.1). As a result the maximum number of degenerate gaps N(0) in
eq 3.2.4 is much larger than 1. This apparently explains the large fluctuations
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in figure 3.2 a).
However, figure 3.2 indicates that for the 3 largest values of V equilibration is
achieved or at least almost achieved during the finite time intervals considered.

In figure 3.3 we are testing the equilibration condition imposed by the second
part of the ETH (see section 2.4, we note that the non-degenerate gaps condi-
tion is valid for all the systems with V' # 0 we have considered). For this we
plot the absolute values of the matrix elements of n(k,) in the energy eigenbasis
for certain consecutive eigenstates around Fy. It is clear that we cannot test in
this numerical simulation the full condition which states that the off diagonal
matrix elements are exponentially small in the system size. Our aim here is to
show that at least they are much smaller than the diagonal matrix elements [5].
Again we compare the results for the different values of V. One can see that
the condition is well fulfilled for all value of V' considerd by us, although for the
smaller V’s the fluctuations of the off diagonal elements, although still smaller
than the diagonal ones, increase.

Finally in figure 3.4 we compare the equilibration times T,;, of the 3 systems

with largest values of V' with the 2 minimal time scales t,,;, and Ty,i, introduced
!

in section 2.3.4 (we have set here Tinin = —. As one can see in all 3 cases Tiin

is much closer to ¢y, (but larger as it must be). This is to be expected because
of the very general nature of theorem 1, from which Ty,;, has been derived (see
section 2.3.4).
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Figure 3.2: Time evolution of n(k, = 0) for different values of V' ((a)-(h)). V
is measured in the strength of the hopping parameter ¢, and time is measured in its

inverse. The actual values are compared to the microcanonical and diagonal ensembles.
The initial states are as described in the main text.
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(g) V=075

Figure 3.3: The absolute values of the matrix elements of n(k, = 0) in the en-
ergy eigenbasis computed for 300 consecutive eigenstates around Eo. The results are
compared for different values of V' ((a)-(h)).
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Figure 3.4: For better comparison of the various time scales we again plot the time
evolution of n(k; = 0) for the 3 largest values of V. Indicated in the graphics are the
2 minimal times Ty,in and ty,in, which are explained in the main text and compared
to the equilibration time T.q.
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Figure 3.5: The parameter g(pg, ), which measures the number of occupied energy
eigenstates in the diagonal ensemble, as a function of the interaction strength V'

3.3 Momentum distribution

We now want to study the values of n(k;) for different k, in the diagonal- and
microcanonical ensembles. We are again varying the interaction strength V.

In figure 3.6 we compare the 2 ensembles for 25 different values of k, which
have been uniformly distributed on the first Brillouin zone of the k. -axis. For
comparison we also include the values of n(k;) in the initial states. One can see
that as V' is increasing the values match better and better. Especially for the
largest 3 values of V, for all k;, the differences between them are getting close to
on(k, = 0) discussed in the previous section. In these cases one can then speak
of thermalisation in the sense defined in section ??. For the smaller values of
V there are certain k, for which the difference between the 2 ensembles is also
very small, but in general it is clearly larger.

To answer the question whether the ETH (see section 2.4.2) is responsible for
the thermalisation or failed thermalisation of n(k,) for the particular systems,
we computed in figure 3.7 the values of the central component n(k, = 0) in the
eigenstates of the Hamiltonian. In addition we plot the probability p of each
eigenstate in the initial state [1)(0)) to see which eigenstates have the highest
weights in the diagonal ensemble (the probabilities are equal to the |C,|? for the
C, ineq. 3.2.1). Both quantities are plotted against the particular eigenenergies
of the eigenstates. One sees very nicely how n(k, = 0) changes slowly from a
wildly fluctuating behaviour into an almost smooth function of the eigenenergies
as V is increasing.

In figure 3.8 we plot the canonical predictions for n(k,) and compare them
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to the diagonal and microcanonical values. The temperature of the canonical
ensemble is computed by solving eq. 2.2.37 for § and setting Eean equal to the
mean energy of the initial state Fy. As explained in section 2.2.6 the observed
differences are a consequence of the finite size of our systems. One observes that
in general the microcanonical predictions are slightly closer to the diagonal ones
than the canonical predictions.

To strengthen the case for the validity of the ETH for large values of V' and
its failure for smaller ones, we compute in figure 3.9 n(k,) for 100 consecutive
eigenstates around Ey. We then plot the mean values and variances against k..
Again one observes how the fluctuations decrease drastically as the interaction
strength increases.

Figures 3.7 and 3.9 strongly indicate that eigenstate thermalistation fails for
small values of V' but gets fulfilled more and more accurately as V becomes
larger. However as already mentioned above, in 3.6 there are individual values
of k; where the the two ensembles are very close, such that thermalisation still
happens for these values. To find out what is the reason for the apparent ther-
malisation we plot in figure 3.10 again the fluctuations of n(k,) in the energy
eigenstates and compare them to the corresponding probabilities of the diagonal
ensemble as in figure 3.7. This time however we chose a much smaller number of
eigenstates from the vicinity of Ey used for the microcanonical ensemble. This
allows us to investigate which of the 3 conditions of section 2.4.2 is responsible
for the thermal behaviour.

For V = 0 the ETH is not fulfilled in the cases of n(k, = 1.875) and n(k, =
1.25). In figure 3.10 (a) and (b) we see that in both cases there are correlation
between the values of the probabilities and the values of n(k;) in the particular
eigenstates. This is to be expected as ET H is not fulfilled in the cases of rep-
resents an integrable system.

The ETH is also not fulfilled in the case of V' = 0.1 for n(k, = 0). However in
that case we observe thermalisation according to figure 3.6 (ignoring for now the
dynamical fluctuations during time evolution in figure 3.2). In figure 3.10 (c)
one can see that here both the fluctuations of the n(k,) and the fluctuations of
the probabilities are large, which excludes condition 3, the equality of all prob-
abilities. However, the fluctuations are unbiased in that case and so condition
1 is the underlying reason for the small differences between the diagonal and
microcanonical predictions.

In contrast we have seen that for V' = 0.25 the fluctuations of n(k, = 0) in
the corresponding energy eigenstates are much smaller than in the previous two
examples, such that the ETH is approximately fulfilled. However figure 3.6
shows that the the microcanonical and diagonal ensemble predictions differ in
that case. In figure 3.10 (d) one sees that for the case of V' = 0.25 there are
correlations between the values of n(k, = 0) and P. For most eigenstates with
significant values of P, the n(k, = 0) are larger than the microcanonical values.
As such the microcanonical ensemble gives a smaller value than the prediction
from the diagonal ensemble.
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For completeness we also show the case of V = 1, where the FTH is valid and
no apparent correlations between P and n(k, = 0) can be observed as expected,
since the system with V =1 is already far from integrability.

Finally we have to address the dependence of the microcanonical ensemble on
the size of the energy width A defined in section 3.2. Since we are dealing here
with a small system, making A too small would mean that at some point here
would be no eigenstates left in the energy window around Ej [5]. All one can
do is to test the robustness of the microcanonical predictions with respect to
sizes of A which are not too small. In figure Afig:microcanonical distribution
with smaller AFe compare our original microcanonical ensemble defined for
A = 0.1t to a second ensemble defined for A = 0.05¢t. As expected one sees
stronger robustness in the cases of larger V.

3.4 Measurement fluctuations

So far we have only considered expectation values. However it is well known
that in the usual ensembles of statistical mechanics fluctuations around mean
values scale like 1/v/N (see section 2.2.6). Since we are dealing here with small
systems quantum fluctuations in the time dependent states measurement to
measurement fluctuations) in figure 3.2 are expected to be large [5]. This is
confirmed in figure of 3.12 were we plot the time evolution of n(k, = 0) together
with the variance at each point in time.
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Figure 3.11: Comparison between the original microcanonical prediction for A = 0.1¢
and a second microcanonical ensemble (microcanonical2 in the figure) with A = 0.05¢.
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Figure 3.12: We plot again the time evolution of n(k, = 0) (blue line). This time

we add for each time dependent state the variation, represented through the two red
lines, of n(k, = 0) in that state.
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3.5 Signatures of the transition to quantum chaos

We have studied the changing of three quantities (with varying V') for the transi-
tion from integrability to quantum chaotic (and thermal) behaviour. The first is
the distribution of spacing of neighbouring energy levels s, which depends only
on the spectrum. The other two are Shannon entropy S and the inverse partici-
pation ratio I PR. Both depend on the eigenstates of the integrable Hamiltonian
at V =0.

3.5.1 Level spacings

As explained in section 2.5.3, we expect to see a change in the level spacing
distribution as we move away from integrability from Poisson to Wigner-Dyson
statistics. In figure 3.13 we plot the level spacing distribution for various values
of V. In each case we also plot the Poisson- and Wigner-Dyson distribution for
comparison.

We have performed the unfolding of the spectrum (as explained in section 3.5.1)
by fitting the staircase function N(E) with a polynomial of degree 15 [5] to
obtain smooth averaged N(E). 20% of the energy levels at the edges of the
spectrum, where fluctuations are largest, have been discarded.

As one can see the distribution develops smoothly from a huge peek at s = 0 for
V =0 to a nearly Poissonian distribution for small V' and then to the Wigner-
Dyson form for larger V. The why there is a peak instead of the Poisson form (as
expected for an integrable system) at V' = 0 is a 3-fold degeneracy in the center
of the spectrum of the corresponding single particle Hamiltonian (one particle
hopping on the lattice). As the eigenstates of the 5-particle system are Slater-
Determinants of the single particle eigenstates, this explains the huge peak at
s = 0. The 3 degenerate single particle eigenstates are localised at a sublattice,
whereas the other non-degenerate eigenstates are delocalized. This degeneracy
cannot be caused by a symmetry since the only possible symmetries would be a
point group symmetries and the time reversal symmetry 7. However the 19-site
lattice does not poses a point group symmetry and the time reversal symmetry
fulfils 72 = 1. Similar peaks peaks have been observed in [44], where they have
been linked to a quasi degeneracy due to time reversal symmetry. Turning on
the interaction V' the degeneracies get split and the peak disappears. For small
V’s the distribution is nearly Poisson and smoothly changes into Wigner-Dyson
upon increasing V. This is the expected transition which has been described in
section 2.5.3.

3.5.2 Shannon entropy

If we denote by |1,,) the eigenvectors of the Hamiltonian for a certain value of
V # 0 and by |¢r) the eigenvectors of the integrable model for V' = 0, then the
Shannon entropy of |¢,,) with respect to the |¢) as defined in section 2.5.4 is
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given by
D
Sp=—>_ |ck|?In|ck|*. (3.5.1)
k=1

In figure 3.14 we plot S,, against energy for all energy eigenstates and for systems
with various values of V. For systems close to the integrable point with small
V' one observes strong fluctuations of S, in all regions of the spectrum. As
V increases the fluctuations around the center of the spectrum decrease and
only remain at the edges of the spectrum. This confirms our expectations that
as one moves away from integrability the eigenstates of the Hamiltonian with
energies around the center of the spectrum become delocalized in the eigenbasis
of the integrable model. This result shows that as expected delocalization of
energy eigenstates goes hand in hand with thermal behaviour in the sense of
the eigenstate thermalization hypothesis [61].

As was seen in above results (see figures 3.6-3.9) an analogous smooth change
in thermalization properties was observed. In particular the fact that even far
away from integrability the states at the edges of the spectrum do not show
delocalization (as well as violate the ETH) indicates that the Shannon entropy
should be regarded as a better indicator of quantum chaos (and thermalization)
than level spacing distributions.

3.5.3 Inverse participation ratio

With the same notation as for the Shannon entropy the inverse partitipation
ration IPR,of |1,) with respect to |¢x) as defined in section 2.5.4 measures is
given by
1

S lek ]
In figure 3.15 the IPR,, of all energy eigenstates is plotted against energy for
systems with various values of V. As for the Shannon entropy one sees strong
fluctuations for small V' and smooth behaviour around the center of the spec-
trum as V increases. This indicates as for S that the IPR should be regarded as
a better indicator of quantum chaotic behaviour as well as thermal behaviour
than level spacing distributions.

IPR,, : (3.5.2)
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Figure 3.13: Level spacing distribution of systems with various values of V. The red
curve is the Poisson distribution, the blue curve the Wigner-Dyson distribution.
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Figure 3.14: Shannon entropy S of the energy eigenstates with respect to the basis
of the integrable model at V' = 0 for various systems with V' # 0.
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Figure 3.15: Inverse participation ratio (I PR) of the energy eigenstates with respect
to the basis of the integrable model at V' = 0 for various systems with V' # 0.
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3.6 Summary and discussion

In summary we can draw the conclusion from our results that basically all of
our expectations have been met and that previously established results (mainly
the ones in [5], [61]) have been confirmed.

To summarize we have studied a system of 5 spinless fermions on a 2d lattice
very similar to the one in [5] where however hardcore-bosons were considered.
As observables we have taken n(k, ), which are frequently being measured in cold
gas experiments and which has have also been used in other numerical studies.
First we have studied equilibration of the expectation value of n(k, = 0). We
have seen that the temporal fluctuations of n(k, = 0) decreased with increasing
interaction strength. This was traced this back to the fact that the number of
occupied energy eigenstates in the diagonal ensemble increased with increasing
V', which is in accordance with Theorem 1. We have also argued that the espe-
cially large fluctuations for the system with V' = 0 are due to the fact that it
is the only system considered were the degenerate energy gap condition is not
satisfied. We have then tested the second part of the eigenstate thermalization
hypothesis. It was shown that the absolute values of the off diagonal elements
of n(k, = 0) are significantly smaller than the diagonal ones for all values of
V. They are however slightly larger for smaller interactions.Our studies were
however limited by the fact that we could not increase the system sizes so that
no clear conclusion can be made about equilibration. Finally we have seen that
the quantum fluctuations of n(k, = 0) are very big for each time dependent
state, which is due to the small sizes of the systems studied.

We have then looked at the thermalization properties of n(k,) for various val-
ues of k,, mainly the first part of the eigenstate thermalization hypothesis. The
result was that as we depart from integrability by increasing V' the difference
between the values of n(k,) in the diagonal and the microcanonical ensemble
smoothly decreased for all k,. We have seen that for certain values of k, the
above difference was small even for systems close to integrability. However this
was due to the fact, as we have shown, that in these cases the diagonal ensemble
value corresponds to an unbiased sampling and not due to the fulfilment of the
ETH. To test the ET H more properly we have ploted the values of n(k, = 0) in
each individual energy eigenstate. As expected with increasing interaction, for
eigenstates around the center of the spectrum, the fluctuations evolve more and
more into a smooth curve. We have also shown that there is a small disagree-
ment between the predictions of the microcanonical and the canonical ensemble.
This has to do with the small size of the systems considered as the equivalence
of the two ensembles strictly exists only in the thermodynamic limit.

Finally the indicators of quantum chaotic behaviour were considered. First
the level spacing distribution p(s), which depends only on the systems spec-
trum, was studied. We have seen that for the integrable system at V' = 0 there
is a large peak at s = 0 instead of the expected Poisson-distribution. This is
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due to the fact, as explained above, that there is an accidental degeneracy in
the spectrum of the corresponding single particle Hamiltonian. When the in-
teraction between the particles is turned on the level spacing distribution first
resembles a Poisson curve. Upon increasing V it then smoothly evolves into
the Wigner-Dyson distribution valid for Gaussian ensembles of random matri-
ces and expected for systems far from integrability.

The second class of indicators of quantum chaos we looked at were delocalization
measures of energy eigenstates with respect to some basis. The basis we have
chosen is the eigenbasis of the integrable Hamiltonian with V' = 0. We have
shown that both the Shannon entropy and the inverse participation ratio evolve
from strongly fluctuating behaviour throughout the whole spectrum for small V'
into a smooth curve and highly delocalized eigenstates around the center of the
spectrum for systems with large V. The fact that away from the center large
fluctuations remain indicates that delocalization measures are better indicators
of quantum chaos than level spacing distributions.

In conclusion we have confirmed a smooth transition of a system from strong
eigenstate to eigenstate fluctuations of observables at and close to integrability
into thermal behaviour in the sense of the eigenstate thermalization hypothesis.
This transitions is accompanied by a smooth transition of the energy eigenval-
ues and eigenstates from integrability to quantum chaotic behaviour.

The main limitation of our study is that we have not varied the system sizes,
as was done for example in ref. [61]. There it is shown for 1d systems of bosons
and spinless fermions that the transition to quantum chaos becomes faster with
increasing system size, meaning that smaller integrability breaking terms are
needed for larger systems. This suggests that in the thermodynamic limit ther-
malization might occur for infinitesimal integrability breaking terms (quantum
K AM-threshold).
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4 Appendix

4.1 Appendix A: proof of Theorem 1

/ 1
We are now going to give a proof of Theorem 1 for the case g((pg, )¢ ) =

det
following [12]. For a proof of the other case see [10].

We will first consider a pure state ¥(¢) and later extend to case of mixed states
by purification. As explained in section 2.2.2 it is always possible to choose an
eigenbasis |n) of H such that ¥(¢) has finite overlap with only one state |n) for
each distinct energy. One then has

U(t) = cnexp(—iByt)|n), (4.1.1)

where ¢, = (n|¥(0)). This time evolution (in the subspace spanned by {|n)}
is equivalent to the one caused by the Hamiltonian H = )" FE,|n)(n| and the
time averaged state is given by

w= Z len 2 |n) (n]. (4.1.2)
Denoting the observable by A it then follows

(ITr{@(t)A} — Te{wA} ) = (| Y (¢; Ajics) exp{—i(Bi — Ej)t)}*)r
i#£]
= > (¢ Ajici)(cf Awer)* (exp{il(Ex — Bi] — (B — Ej)t)})r.
i£g, k£l

(4.1.3)

Using the notation o = (i, 7) and 8 = (k, ) introduced in section 2.3.3 we define
the vector

Vg = U(i,j) = C;Ajici (414)

and the matrix
Mg = (exp{i(Ga — Gp)t)})1. (4.1.5)
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Using this notation eq. 4.1.3 can be written as
(ITe{@ () A} — Tr{wA} )z = 3 v Mapvs
a,B
<[[M|l2 ) [val?
= [IMll2 ) leille; 1Al

i#£]j
<M Y lealles 21 Age? (4.16)
,J
= ||M||sTr{AwATw}
1M]J2/ Tr{ AT Aw?) Tr {AATw2)
|| M][2]|Al[2,Tr w?}
1ML,
dcﬁ ’

<
<

The first enequality follows from the Cauchy-Schwartz inequality and the fact
that the 2-norm for operators is an induced norm [22]. The third inequality is
a consequence of the Cauchy-Schwartz inequality for operarors with the scalar
product Tr{AfB}, and the fourth follows from Tr{PQ} < ||P||Tr{Q}, where
P, Q) are positive operators.

It is our aim to express ||M||2 in terms of N(e). For this we first notice that

[[M]]2 Smng|Ma5\- (4.1.7)

This follows from || M||3 < ||M]|1]||M || and the fact that for hemitian matrices
[|M][oo = [|M]1 = maxg >_,, [Mag] [22].
The matrix elements of M are

1 when G, = Gg
Mag = exp{i(Ga - Gﬁ)T} —1
i(Ga —Ga)T

4.1.8
otherwise, ( )

and they satisfy [M,g| < 1.

In order to find an upper bound on the sum over « in 4.1.7 we take some
arbitrary € > 0 and seperate the energy gap-axis in intervals of length € centered
symmetrically around Gg. For every integer k there are per definition N (¢) gaps
G satisfying (k+1/2)e > G, — Gg > (k — 1/2)e. Additionally for k non zero
one has |G, — Gg| = (|k| — 1/2)e and hence from eq. 4.1.8

2

Myl < ————.
| M| (| = 1/2)eT

(4.1.9)
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Keeping in mind that there are d'(d’ — 1) terms in the sum Y, |M,g| one has

d'(d'—1)/2 2N(e)
In ref. [12] it is shown that for d’ > 1
d’'(d'—1)/2 1 /

From this it follows that

1 + 8log,d’
| L+ 8logyd”

IM]l2 < N(e)(1 4+ =2

(4.1.12)

In order to prove the theorem for mixed states we use purification. For a system
with Hilbert space H we define a corresponding system on H ® H. For every
initial state p(0) on H there is a pure state |¥(0)) on H ® H such that p(0) is
the reduced state of |¥(0)). For the Hamiltonian H and every observable A the
corresponding Hamiltonian is H ®Id and the corresponding observable is A®Id,
which has the same expectation value as A and satisfies || 4]/ = ||A ® Id||so-
Also N (e) is equal for both systems as well as the effective dimension because
Tr{Pgrp(0)} = Tr{Pr ® Id|¥(0))}. It is then possible to infer about the system
on H by applying Theorem 1 to the corresponding system defined on H ® H.

4.2 Appendix B: Von Neumann’s QET

We are now going to introduce another known concept of typicality, due to
Von Neumann ([39], [37]), which has been applied to the thermalization of
closed quantum systems. We will then discuss how these results relate to the
eigenstate thermalization hypothesis. Being historically the first such approach
it has been called quantum ergodic theorem (QET). It is based on the concept of a
macroscopic observable. For a system with Hamiltonian H we call an observable
A macroscopic, if on a microcanonical Hilbert space H of the form Hpg a (see
section 2.2.6) it can be decomposed into mutually orthogonal subspaces H, such

that
"= (4.2.1)

The subspaces H,, correspond to eigenspaces of A with eigenvalues a,, and have
huge degeneracies. We denote by D the family {#,} and set

d, = dimH,,. (4.2.2)

Macroscopic observables can be motivated by considering a partition of the
system’s volume into cells that are small on the macro scale but still contain
a large number of degrees of freedom [37]. Examples of observables which are
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expected to be of this type are, for each cell, the density of particles, the total
energy, the kinetic energy, the total momentum and the magnetization.

Von Neumann [39] argued that because the gaps between the eigenvalues of such
observables will be smaller than the macroscopic resolution (which makes them
highly degenerate on the macro scale), by “rounding off“(coarse-graining) such
macroscopic observables one can make them into almost commuting operators
on the microcanonical Hilbert space. The subspaces H, can then be viewed as
simultaneous eigenspaces of a family of commuting observables Aj, .., A; with
corresponding eigenvalues characterized by a list v = (a1, ...,a;) and d, is the
degree of simultaneous degeneracy of aq, ..., a;.

Von Neumann assumed one of the macroscopic observables A1, .., A;, say A, to
be the “macro energy“, corresponding to a coarse-graining of the Hamiltonian
H. This can be achieved by considering a partition of the energy axis into
microcanonical intervals I, and setting

Ay = Zfl(Ea)\aMaL (4.2.3)

with the step function

o Ea + Eat1

fi(E): 5 for E €I, =[ 4, 0+1) (4.2.4)
Since all A; commute, they all map H onto itself (recall that H corresponds
to one energy interval I,). As such the A; can be regarded as operators on H.
However they in general do not correspond to conserved quantities because they
commute with A;, the macroscopic energy, but not with H.

However, motivated by the renewed interest in Von Neumann’s results it has
been shown that for observables A1, .., 4; with small commutators it is in gen-
eral not possible to find approximation for which the commutators vanish for

1 >3 (see [40]).

In order to formulate Von Neumann’s ergodic theorem for every pure state
U € H with ||¥|| = 1 we consider the probability distribution over all macro
states v defined by the projectors P, onto the eigenspaces H, of macroscopic
observables, defined by

1PW|[2 = (w|P,|w) (4.2.5)

This is the probability of obtaining in a joint measurement of the observables
Aj, .., A; the outcome v = (aq,...,a;). One then compares this probability dis-
tribution to the probability distribution over all macro states v defined by the
microcanonical state pme[H](F,A) on H, given by

dy

Tr{pmc P, } = ) (4.2.6)

where D is the dimension of H. In [39] (see also [37]) Von Neumann showed
that for most wave functions ¥ on the unit sphere the probability distribution
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over all macro states v is close to the probability distribution defined by ppc.
Here “most” corresponds to the uniform measure on the unit sphere of pure
states in H (see above), such that the measure of the subset of states for which
the above statement is true. Von Neumann reached this conclusion by proving
for the expectation value E and the variance Var of (¥|P,|¥) that

_ b
-,

Var<\p|Pu‘\I/> = E(<\IJ|PV|\I’>

E(W[P,|¥)

W1a (4.2.7)

2 2
< —(=)".
D ) d, ( D )
The first equation is proven using the fact that for any observable A the expec-
tation value in the microcanonical state ppm is equal to the average of (U|P,|¥)

according to the uniform measure on the unit sphere in H. This can be seen as
follows:

Jwawuaw) = [ mlamuan)
D
=52 [lamutan
D

— [ (5 S wlAmutn)

n=1

(4.2.8)

D
1
= =3 (nlAln) = Te{pne},
n=1

where |n) is some complete set in H and p is the uniform measure. The above re-
sults imply that (¥|P,|¥), averaged over the unit sphere in H, gives exactly the
microcanonical value %”. At the same time the standard deviation of (¥|P,|¥)
from %’ is small, provided that d, << 1. It then follows from Chebyshev’s in-
equality that the measure of the states for which (¥|P,|¥) deviates much from
the expectation value %” is small. This means that most states from the unit
sphere give a probability distribution which is close to the microcanonical one

which corresponds to the above claim.

Following Von Neumann we now make the following definition of thermalisa-
tion in a pure state.

Def.: We call a state U from the unit sphere in H thermal with respect to
the commuting macroscopic observables Ay, .., Ay, if the probability distribution
(P|P,|W) is close to the microcanonical distribution defined in eq. 4.2.6 for ev-
ery v in D.

Put loosely the above typicality statement says that when looked upon macro-
scopically most pure states from the unit sphere look like thermal states. It
is however clear that this statement cannot be true for all states, rather than
most. Taking for example ¥ € H, for a particular v, such a state cannot be
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thermal.

The important question is now how (¥|P,|¥) evolves in time if the system starts
in some initial state ¥y. More specifically one would like to know whether

(w(o)| P w (1) ~ %

(4.2.9)
for most of the time. From the above statement one can easily deduce that
(¥|P,|¥) will be thermal for most ¥, and for most times ¢. However one cannot
be satisfied with such a result because one expects thermal states to represent
the majority, while non equilibrium states should be exceptional. Since one is
mainly interested in time evolution of (¥|P,|¥) from non equilibrium situations,
statements about most states are not sufficient. For that reason Von Neumann’s
QET goes further and provides conditions under which eq. 4.2.9 holds for most
initial wave functions Wq. In order to formulate it properly we need the follow-
ing definition [37]

Def.: We call a macroscopic system, defined by H,H,D and Yy € H, nor-
mal if and only if eq. 4.2.9 holds for most t. We speak of normal typicality
if for most choices of D, any macroscopic system corresponding to some fired
pair H,H is normal for all Wy. This is equivalent to the statement that for
most Hamiltonians, any macroscopic system corresponding to some fized D, H
18 normal for every V.

We are now ready to formulate the QET. (For a more precise formulation
see [37]).

Von Neumann’s QET: Let H be a Hilbert space of finite dimension D, let
D = {H,} be an orthogonal decomposition of H with dimH, = d,,, and let H be
a Hamiltonian on H which satisfies the the non-resonance condition of section
2.2.1. If H and D satisfy a technical condition, which ensures normality for
energy eigenstates as initial states (see [37] for a precise formulation of this
condition) then, for every initial wave function Wo from the unit sphere in H,
the system is normal. Moreover, for sufficiently large d,’s with >, d, = D,
most families D = {H,} of mutually orthogonal subspaces H, with dimH, = d,
are such that the above technical condition is satisfied.

Recently [37] have developed a modified version of Von Neumann’s normal typ-
icality. Their work is motivated by the fact that it has been shown ([41],[42])
for some reasonable choice of macro observables that among the subspaces H,
in D there is one particular subspace, called Hcq, such that

de
S 1. (4.2.10)

76



More precisely, the difference 1 — dﬁ is exponentially small in the number of
particles. This implies that each observable A; in D is “nearly constant” on the
microcanonical shell H. The existence of a dominant subspace H.q gives rice
to a modified (with respect to Von Neumann) definition of thermal equilibrium
for macroscopic observables [37].

Def.: (thermal equilibrium for observables with Heq ) We say that a
state W from the unit sphere in H is in thermal equilibrium if and only if

(U] Peq|¥) =1 -6, (4.2.11)
where P.q 1s the projection operator to the equilibrium subspace Heq.

In reference [36] the authors are calling the set of states satisfying eq. 4.2.13
MATE. This definition implies that a joint measurement of the the observables
Ay, .., A;, which give rise to D, will yield with probability close to 1 the equilib-
rium value corresponding to Heq. Analogously to Von Neumann’s definition of
thermal equilibrium above, one can prove that most ¥ from the unit sphere are
in thermal equilibrium according to this new definition. This follows from the
fact, proven above, that the microcanonical density matrix can be obtained by
averaging |U)(¥| over the unit sphere. This means that

/ (| Peg [ W)(AT) = Tr{ punc Peg} =

de
= Dq ::]_—6‘7

(4.2.12)

where p is again the uniform measure. Since the quantity (¥|P.q|¥) is bounded
from above by 1, it follows that most states ¥ must satisfy eq. 4.2.13 under the
assumption that ¢ << 4.

It is possible to prove a theorem about normal typicality along the lines of
Von Neumann’s QFET, but using eq. 4.2.13 as definition of thermal equilibrium
(see [38]). This theorem asserts that for most Hamiltonians with non degener-
ate eigenvalues (alternatively for most D), ¥(t) will spend most of the time in
thermal equilibrium (according to the new definition) for all initial states ¥y.

The concept of thermal equilibrium based on a dominant subspace Hq allows
one to show that most energy eigenstates are thermal states (lie in M AT E),again
in the sense of eq. 4.2.13, and in this way to verify the ETH [36]. This is so
because

D

1 1

= D (nlPegn) = STr{Peg} =1 <. (4.2.13)
n=1

Since (n|Peq|n) cannot exceed 1, most of these terms must be close to 1 under
the assumption ¢ << ¢. Under the assumption that the ETH holds strictly
such that all energy eigenstates are in M ATE, it is even possible to prove a
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normal typicality. Every initial state ¥y will reach M ATE at some point in
time and spend most of the time in M ATE in the long run (provided that H
has non degenerate eigenvalues). This can be seen as follows:

(1) | Peq| ¥ (1)) o0 = Z<‘Ifo|n><exp(iEnt)<n|ch|m> exp(iLmt))o (m|¥o)
Z (To|n)|? (n|Puog|m)
Z (Wo|n)|?(1 - 6)

(4.2.14)
where () refers to the infinite time average ()70 (see section 2.3.1). Since
it’s time average is close to 1, (¥(t)|Peq| ¥ (t)) must be close to 1 for most of the
time in the long run.

One interesting aspect of the concept of MATE is that the fact that most
normalized pure states are in this set is true for any system. As such it is also
true for so called many body localised systems (M BL). This are systems which
have in some sense localised eigenstates, Anderson localised systems of particles
in a random potential [43] being an example (see [45],[11] for an overview about
MBL). However since these systems have vanishing transport coefficients, such
that non equilibrium initial states remain out of equilibrium indefinitely, not
all eigenstates can be in MATE. Because most energy eigenstates belong to
MATE, such initial states must be superpositions of predominantly those eigen-
states that are not in M ATE.
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