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Abstract

Residually amenable groups arise as a common generalisation of amenable and residually finite groups.
These two classes of groups, that share little in common, are deeply rooted in modern group theory
and connect it with many other branches of mathematics. Recently, residually amenable groups at-
tracted considerable attention for their relation to soficity, a notion introduced by Gromov to tackle
Gottschalk’s surjunctivity conjecture in dynamical systems.

In this thesis we systematically study the class of residually amenable groups. Our approach focuses
on one side on the structural properties of the class, and on the other on a quantitative description of
residual amenability.

We prove that residual amenability is preserved by taking free products and, more generally, by
graph products. We introduce the notion of proamenable topology on a discrete group, and we take
advantage of its properties to provide necessary and sufficient conditions, for certain HNN extensions
and amalgamated free products of residually amenable groups, to be again residually amenable. This
is far from being true in general, and exploiting these obtained conditions we construct countably many
pairwise non-isomorphic finitely presented groups that are not residually amenable.

We study an asymptotic invariant for finitely generated groups, the residually amenable profile,
which quantifies how much a given group is residually amenable. This generalises the well-known
notion of Fglner functions for amenable groups to the residually amenable setting. We analyse the
behavior of the residually amenable profile with respect to group-theoretic operations that preserve
the class of residually amenable groups, as for direct products, free products, and extensions with
amenable quotient.

Lastly, we investigate the class of sofic groups, producing a new, independent, proof of the soficity
of any group extension with sofic kernel and amenable quotient. This proof, as well as the original one
of Elek and Szab¢, underlines how the amenability assumption might be the optimal one for results in
this direction. We then propose a strengthened notion for soficity, that is, conjugacy soficity, and we
study its properties. In this new context, and in contrast to soficity, the sofic approximations cannot
anymore be homomorphisms onto finite symmetric groups, but are forced to be maps that are not
homomorphisms.
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Zusammenfassung

Residuell mittelbare Gruppen treten als gemeinsame Verallgemenierung mittelbarer und residuell end-
licher Gruppen auf. Diese beiden Klassen von Gruppen, die wenig miteinander gemeinsam haben,
sind tief in der modernen Gruppentheorie verwurzelt und verbinden sie mit vielen anderen Zweigen
der Mathematik. Vor kurzem erlangten residuell mittelbare Gruppen grofie Beachtung aufgrund ihrer
Beziehung zur Eigenschaft “Soficity” (ein Begriff, der von Gromov eingefiithrt wurde, um Gottschalks
Surjunctivity-Vermutung dynamischer Systeme zu behandeln).

In dieser Arbeit untersuchen wir systematisch die Klasse der residuell mittelbaren Gruppen. Unser
Ansatz konzentriert sich einerseits auf die strukturellen Eigenschaften dieser Klasse und andererseits
auf eine quantitative Beschreibung der residuellen Mittelbarkeit.

Wir beweisen, dass die Eigenschaft der residuellen Mittelbarkeit durch das Bilden freier Produkte,
und allgemeiner durch Graph-Produkte, erhalten bleibt. Wir fithren den Begriff einer pro-mittelbaren
Topologie auf diskreten Gruppen ein und nutzen die Eigenschaften solcher Gruppen, um notwendige
und hinreichende Bedingungen zu finden, die sicherstellen, dass bestimmte HNN-Erweiterungen und
amalgamiert freie Produkte residuell mittelbarer Gruppen wieder residuell mittelbar sind. Im Allge-
meinen gilt dies bei weitem nicht; durch diese Bedingungen konstruieren wir abzéhlbar viele paarweise
nichtisomorphe endlich erzeugte Gruppen, die nicht residuell mittelbar sind.

Wir untersuchen eine asymptotische Invariante fiir endlich erzeugte Gruppen, das residuell mittel-
bare Profil, das quantifiziert, wie sehr eine bestimmte Gruppe residuell mittelbar ist. Dies verallgemei-
nert den bekannten Begriff von Fglner-Funktionen fiir mittelbare Gruppen auf die Klasse der residuell
mittelbaren Gruppen. Wir analysieren das Verhalten des residuell mittelbaren Profiles im Bezug auf
gruppentheoretische Operationen, die die Klasse der residuell mittelbaren Gruppe erhalten, wie direkte
Produkte, freie Produkte und Erweiterungen mit mittelbarem Quotienten.

Schliellich untersuchen wir die Klasse von Sofic-Gruppen und bringen einen neuen, unabhéngigen
Beweis fiir die Tatsache, dass jede Gruppenerweiterung mit einem Sofic-Kern und mittelbarem Quo-
tient wiederum eine Sofic-Gruppe ist. Dieser Beweis zeigt, wie auch der urspriingliche von Elek und
Szabd, wie die Voraussetzung der Mittelbarkeit die bestmoglichste fiir Resultate in diese Richtung
sein konnte. Wir schlagen einen verschérften Begriff fiir Soficity vor, ndmlich Konjugations-Soficity,
und untersuchen die Eigenschaften dieses Begriffes. In diesem neuen Kontext kénnen (im Gegensatz
zur Soficity) die Soficity-Approximationen nicht mehr Homomorphismen auf endliche symmetrische
Gruppen sein, sondern vielmehr Karten, die keine Homomorphismen sind.
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Chapter 1

Introduction

The natural idea of approaching more difficult situations through our understanding of easier cases is
ubiquitous in mathematics and life in general. At the beginning of last century, this paradigm found at
least two applications in the study of infinite discrete groups, giving birth to the notions of residually
finite and amenable groups.

On one side, residually finite groups are groups whose elements can always be distinguished in
suitable finite quotients, and hence groups where an understanding of the finite images - or, equivalently,
the subgroups of finite index - yields back information about the original group. On the other side, an
amenable group is approximated by a sequence of finite sets, called Falner sets, which exhaust the group
and become more and more invariant under the natural group action on itself by left multiplication.

In both these situations, the philosophy is to approximate an infinite group that one wants to
investigate through its pieces - being finite images or almost invariant finite subsets - over which one
has more control and a much better understanding.

Amenable groups were defined in 1929 by von Neumann [94] in his work on the Banach-Tarski
paradox and, since then, the study of amenability has been impressively fruitful in a variety of branches
of mathematics. Amenable groups were originally defined as groups admitting an invariant finitely
additive probability measure. Following this first definition, many more equivalent characterisations
of them have emerged. Tarski [110, 111] proved that a group is amenable if and only if it admits
no paradoxical decomposition. Fglner [54] gave a characterisation of amenability in terms of almost
invariant subsets, that later assumed the already mentioned name of Fglner sets. This rich variety of
equivalent descriptions just underlines the central role of amenable groups in modern group theory,
and shows how deeply they are intertwined with other, seemingly distant, mathematical areas.

Von Neumann already noted that abelian groups are amenable, and that the class of amenable
groups satisfies the following permanence properties: it is closed under the operations of taking sub-
groups, quotients, extensions and direct limits. Moreover, he recorded that a group that contains a
non-abelian free subgroup cannot be amenable. Whether or not this was another characterisation of
amenability became known as the von Neumann conjecture, even if its statement as a conjecture is
due to Day [40] in 1957.

This question later proved to have a negative answer: in 1980 Ol’shanskii [95] proved that the
so-called Tarski monsters are not amenable. Shortly after, Adian [1] showed that free Burnside groups
with at least two generators and odd exponent bigger than 665 are also non-amenable. Both these
examples consist of torsion groups, and hence cannot contain a free subgroup. Nevertheless, these
groups are not finitely presented, and for some years the speculation was that the conjecture could
hold for finitely presented groups. In 2002, Ol’'shanskii and Sapir [96] gave the first finitely presented
counterexamples to the von Neumann conjecture. Working on a result of Monod [91], Lodha and
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Moore [81] recently isolated a counterexample with just three generators and nine relators.

In 1930 Levi [80] proved that every non-trivial element of a free group can be mapped non-trivially
into some finite quotient, even if this had been already implicitly showed in 1927 by Schreier [107,
page 169] in his proof of the solution of the word problem for free groups. Soon after, the notion of
residual property was considered by Mal’cev [84] and independently by P. Hall [68]. Residually finite
groups, in particular, received considerable attention.

Mal’cev, starting from the 1940s, proved that finitely generated linear groups are residually finite,
and that finitely generated residually finite groups are hopfian [84]. This was the basis for the revolu-
tionary result of Baumslag and Solitar [12], who provided the first example of a non-residually finite
one-relator group, destroying several conjectures long and strongly held by many, and some published
and unpublished “theorems”!.

Since the early 1960s, the study of residual properties expanded from residual finiteness to include
residually free, fully residually free (also known as Sela’s limit groups or w-residually free groups), and
residually solvable groups.

In 1997 Vershik and Gordon [115], with ideas going back to Mal’cev, introduced a slight generalisa-
tion of residual finiteness: the concept of LEF groups, that is, groups that are locally embeddable into
the class of finite groups. These are precisely the groups where every finite subset has a partial multi-
plication table that can be recovered in a finite group. Obviously, this definition is more general and
other classes of approximating groups might be considered instead of just finite ones. Hence, a group
is LE-C if each of its finite subsets has a partial multiplication table that can be witnessed in a group
of the given class C. This is the first appearance of residual approximations that are not constructed
using surjective homomorphisms, but that are just maps having a good behavior on prescribed finite
sets. This peculiarity will be exploited to its maximum a few years later, by Gromov.

The most recent application of the approximation paradigm in the realm of discrete groups indeed
came to light in 1999, with the work of Gromov [62] towards Gottschalk’s surjunctivity conjecture
in dynamical systems [58]. Gromov defined the concept of sofic groups (although the name sofic is
coined a year later by Weiss [116]): as residually finite groups are groups that can be studied through
their finite quotients, sofic groups ought to be thought as groups that can be approximated by finite
symmetric groups. In this case, the approximation - which is a metric approximation - is much weaker
and hence covers a much wider family of examples.

The idea is to consider finite symmetric groups equipped with a metric, which in this case is the
bi-invariant normalised Hamming distance. A group G is sofic if for any given positive € - the error
allowed in the approximation - and for any finite subset K C G, there exist a finite symmetric group
Sym(F) on a finite set F' and a map ¢: G — Sym(F’) that behaves like a homomorphism on K, up to
the error €, and which injects K in a strong sense into the symmetric group. This means that different
elements are sent to permutations whose distance is one, up to the error €.

It is clear, and instructive, to prove that residually finite groups and amenable groups are sofic.
For (residually) finite groups, one should apply Cayley’s theorem, while for amenable groups a careful
choice of a Fglner set gives the desired approximation.

Gromov [62] considered and defined sofic groups because these metric approximations are sufficient
for a proof of surjunctivity, that is, a proof that sofic groups satisfy the aforementioned Gottschalk’s
conjecture. Since then, the theory of sofic groups flourished, and now they are known to satisfy
Connes’ embedding conjecture [47], Kaplansky’s direct and stable finiteness conjectures over any divi-
sion ring [46], the determinant conjecture [47], and the algebraic eigenvalue conjecture [112].

Moreover, soficity is known to be preserved by several group constructions: direct and free prod-
ucts [48] and more generally graph products [34], free products and HNN extensions with amalgama-

IThese are the words of B. H. Neumann that can be found in the MathSciNet review of the article [12] of Baumslag
and Solitar.



tion over amenable subgroups [49, 98], restricted wreath products [70], extensions with sofic kernel and
amenable quotient.

Whether or not all groups are sofic is still an open question, but some experts suggest that Higman’s
group [71], or Deligne’s group [41], might be good candidates for finitely presented non-sofic groups.

We stress that both answers to this question, a positive or a negative one, would be very interesting.
If all groups are sofic, this would immediately confirm many famous conjectures on soficity. On the
other hand, if there are groups that are not sofic - as many believe - these could shed some light on
these unresolved conjectures and, maybe, disprove them.

To overcome these difficulties and attack these open problems, weak notions of soficity have recently
emerged: the classes of weakly sofic groups [56], weakly hyperlinear groups, linear sofic groups [9], are
all generalisations of the original notion introduced by Gromov. This was done on one hand in an
attempt to highlight possible ways and methods that would produce a non-sofic group, and on the
other hand to give new alternative points of view on the class of sofic groups, admitting one can prove
that these notions are equivalent to soficity.

Residually amenable groups are a natural, common generalisation of amenable and residually finite
groups. By definition, the elements of such groups can always be distinguished in appropriate amenable
quotients. Amenable groups and residually finite groups are particular examples of residually amenable
groups, but this class is in fact much richer. They appeared in the literature in 1999, when Clair [35]
extended to the residually amenable setting what was known to hold in the residually finite case [83]
and in the amenable case [44]: the L2-Betti numbers of the universal cover X of a finite simplicial
complex X with residually amenable fundamental group can be approximated by the L2-Betti numbers
of the amenable coverings of X (which in turn are approximated by the ordinary Betti numbers of a
sequence of Fglner subsets exhausting the amenable cover).

These groups are now interesting because they represent a huge subfamily of the class of sofic
groups (nowadays it is well known that there exist finitely presented sofic groups that are not residually
amenable [37, 76]), but still their approximations are well understood. Indeed, sofic approximations of
a residually amenable group can always be obtained by first projecting onto an appropriate amenable
quotient, and then by exploiting the approximations of this amenable quotient. These are, by far, the
most natural to consider, being governed by the Fglner sets of the amenable group.

Outline of the thesis

In this thesis we present a systematic study of the class of residually amenable groups. We are particu-
larly concerned with the structural characteristics of the class, and therefore we study its permanence
properties. The approach we undertake is general, and deals with abstract classes of groups C satisfy-
ing some mild conditions that are met, in particular, by the class of amenable groups. This allows us
to unify and recover the known facts concerning residual properties, while also proving new results in
this direction.

In Chapter 2 we recall the definitions and basics of amenable groups and of residual properties,
with a particular emphasis on residual finiteness. After this material, Chapter 3 is mainly devoted to
free products. In Section 3.1 we explain why the classical machinery introduced by Gruenberg in his
study of free products of residually C groups, that is, his notion of root classes, does not work in the
context of residual amenability.

Before properly considering free products, we turn our attention to finitely generated, non-simple,
groups without non-trivial finite quotients, and we inquire whether or not there exists such a group
that, in addition, is residually amenable. Our result in this direction is the following:

Proposition 3.2.2 (Berlai). Let G be a finitely presented group without non-trivial finite quotients.
Then the only LEF quotient of G is the trivial group.
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As an immediate application of this proposition, we conclude that the famous Higman’s group
does not admit any non-trivial LEF quotient. In particular, it cannot surject onto the simple, infinite,
amenable groups recently constructed. For these groups Matui [90] proved simplicity, Grigorchuk and
Medynets [61] that they are LEF (see also an alternative proof provided by Elek [50]), and Juschenko
and Monod amenability [79].

This is further evidence that, despite being SQ-universal, Higman’s group might have no amenable
quotients, which is currently a well-known open problem.

With Example 3.2.9 we establish the existence of finitely generated LEF groups (and therefore,
locally embeddable into amenable groups, and sofic) without any non-trivial finite quotient, which
are also SQ-universal. In particular, this shows that the “finitely presented” assumption in Proposi-
tion 3.2.2 is optimal and cannot be relaxed to “finitely generated”.

The last two sections of Chapter 3, that contribute to the published paper [19], focus on free
products of residually C, and LE-C, groups.

Theorem 3.3.5 (Berlai [19]). Let C be a class of groups that is closed under taking subgroups, finite
direct products, and such that free-by-C groups are residually C. Then the class of residually C groups
is closed under taking free products.

This theorem recovers the known facts about free products of residually finite, residually p-finite
or residually solvable groups. Moreover, it extends the result to residually elementary amenable and
residually amenable groups, and is followed by a similar result concerning local embeddings.

Theorem 3.4.1 (Berlai [19]). Let C be a class of groups, and suppose either that C is closed under
taking free products, or that C is closed under finite direct products and the free product of residually
C groups is residually C. Then the class of LE-C groups is closed under taking free products.

Notably, this also applies to groups that are locally embeddable into free groups, whilst Theo-
rem 3.3.5 does not apply to residually free groups, and indeed its conclusion is false in that case.

In Chapter 4 we introduce the notion of pro-C topology and take advantage of it to further produce
permanence results for the class of residually amenable groups. The content of the first two sections
of this chapter also appear in the published paper [19].

Given a group G, its pro-C topology is defined by letting all normal subgroups with quotient in C
be the base at eg for the topology. Under some natural conditions, namely if the class C is closed
under taking subgroups and finite direct products, this is a group topology, meaning that the group
operations are continuous maps.

Using this machinery, we precisely characterise those special HNN extensions and doubles of groups
that are residually amenable. An HNN extension is called special if the amalgamating isomorphism
is the identity map, while an amalgamated free product is a double if its free factors are isomorphic
copies of the same group and the amalgamation isomorphism is nothing more than the map that sends
a subgroup of one of the factors element-wise to its image in the other.

Theorem 4.2.2 (Berlai [19]). Let A be a group, H < A and consider the special HNN extension
G = Axyq amalgamating the subgroup H. Let C be a class of groups that is closed under taking
subgroups, finite direct products, and such that free-by-C groups are residually C.

Then G is residually C if and only if A is residually C and H is closed in the pro-C topology of A.

Theorem 4.2.6 (Berlai [19]). Let A be a group, H < A a subgroup and consider the double G :=
Axg A. Let C be a class of groups that is closed under taking subgroups, finite direct products, and
such that free-by-C groups are residually C.

Then G is residually C if and only if A is residually C and H is closed in the pro-C topology of A.



In the third section of Chapter 4 we obtain a direct application of the aforementioned results
concerning the proamenable topology of a group. Generalising a construction of Kar and Nikolov [76],
we produce countably many pairwise non-isomorphic finitely presented groups that are not residually
amenable. Namely, let n > 3, p > 2 be a prime number, I' and T be two isomorphic copies of the
finitely presented linear group SL,, (Z[l / p])7 and consider the matrices

1 2 0 1 0 0
a=[0 1 0o |, b=[2 1 0
0 0 In_g 0 0 In—2

If F,, denotes the free subgroup of I' of rank m generated by {a,bab™!,...,b™ tab=™%1} then the
group 'z T is not residually amenable, as proved in Corollary 4.3.2. For each fixed n, the countable
family {T *p f}ng consists of pairwise non-isomorphic groups.

Exploiting Theorem 4.2.2 and Theorem 4.2.6, this result immediately translates into a statement
for special HNN extensions: the finitely presented group I'sp  is not residually amenable, as proved
in Corollary 4.3.4, and pairwise non-isomorphic as m varies.

It is not known whether or not these groups are sofic, but some believe that amalgamated products
of sofic groups over free non-abelian subgroups could be the critical construction for producing non-
sofic groups. Higman’s group is an example, being the amalgamated product of two residually solvable
groups over a free non-abelian subgroup.

Chapter 4 ends with partial results concerning HNN extensions and amalgamated products that
are not special HNN extensions or doubles. Of these, Lemma 4.4.3 is in collaboration with Michal
Ferov.

Graph products are a common generalisation of free and direct products, and Chapter 5 of this
thesis is devoted to them. Its first three sections appear in the published paper [20], written jointly
with Michal Ferov.

Very often, a property that is preserved under taking free products and direct products is preserved
by graph products as well. This is indeed the case for residual finiteness and residual p-finiteness [59],
soficity [34], (hereditary) conjugacy separability [53], Tits’ alternatives [3], Haagerup’s property, or
finiteness of asymptotic dimension [2]. We confirm this intuition about properties inherited by graph
products, proving that graph products also preserve residual elementary amenability, and residual
amenability.

Theorem 5.2.3 (Berlai, Ferov [20]). Let C be a class of groups that is closed under taking subgroups,
finite direct products, and such that free-by-C groups are residually C. Then the class of residually C
groups is closed under taking graph products.

The statement is proved also in the analogous case of local embeddings. The proof, in contrast
with Theorem 3.3.5 and Theorem 3.4.1, does not plainly generalise the one of Theorem 5.2.3, and this
time a careful treatment of reduced words in graph products is required.

Theorem 5.3.1 (Berlai, Ferov [20]). Let C be a class of groups that is closed under taking subgroups,
finite direct products, and such that graph products of residually C groups are residually C. Then the
class of LE-C groups is closed under taking graph products.

In the fourth section of Chapter 5 we apply the Reidemeister-Schreier method to obtain presenta-
tions for specific subgroups of graph products. This is inspired by the analogy with the theory of raags
and their subgroups, and by the known fact that there are finitely generated subgroups of raags that
are not raags themselves, occurring as kernels of projections onto the infinite cyclic group.

Our strategy is to consider specific graph products, and suitable projections onto Z. We prove
that the presentations of the obtained kernels correspond to graph products associated with a trivial
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graph, that is a graph with one vertex and no edges. This naturally leads to the problem of rigidity, or
uniqueness, of graph products decompositions: given two isomorphic graph products - or two different
presentations of the same group - does it follow that the underlying graphs are isomorphic, and does
this graph isomorphism induce an isomorphism of the vertex groups?

This is the content of the fifth section of Chapter 5. As one soon understands, the answer to this
general question is no. Hence, we discuss some sufficient, but somehow very restrictive, conditions that
guarantee such uniqueness.

After having dealt with structural properties of the class of residually amenable groups, in Chapter 6
we focus on quantitative aspects. In the realm of amenable groups, Folner functions [114] are an
asymptotic invariant that describe how fast the cardinality of e-Fglner sets grows, as we consider
smaller and smaller . Following Arzhantseva and Cherix [6], we export this machinery into the
context of residually amenable groups and we consider the notion of residually amenable profile for a
group.

Our approach is novel, because we do not necessarily equip a countable group with a word metric,
but we also consider groups equipped with proper metrics, that is, metrics in which all metric balls of
finite radius are finite subsets. This has the clear advantage of including groups that are not finitely
generated, and this wider point of view is beneficial, and often necessary, for the description of the
residually amenable profile of group extensions.

In an amenable group @, let Ag(n) denote the smallest possible cardinality of a %—F@lner set for
the finite ball of radius n. Given a residually amenable group G, its residually amenable profile is
defined by

RAc(n) =min{Ag(n) | Q amenable quotient of G, B (n) < Q}.

This is reminiscent of the notion of full residual finiteness growth introduced by Bou-Rabee and
McRaynolds [22] in the context of residually finite groups, where a natural number n is mapped
to the smallest cardinality of any quotient of G in which the ball of radius n injects.

After proving that the residually amenable profile for a finitely generated group is invariant within
word metrics associated to finite generating sets, we discuss its asymptotic behavior under group
extensions. We give a bound for the residually amenable profile of an extension of a residually solvable
group by an amenable one.

Theorem 6.2.7 (Berlai). Let G be a finitely generated residually amenable group, generated by the
finite set X. Let N 4G be residually solvable, with amenable quotient Q = G/N, and equip N with
the proper metric induced by the word metric of G.

There exists a sequence of natural numbers {sp }nen, which depends only on G and N, such that

where Nn) denotes the s,-th derived subgroup of N, |B,| = AN/N(SH>(2n2|An|2(2|An\X +n)) and
[An] = Ag(2n).

In Chapter 7 we turn our attention to sofic groups. One of the leading questions in the field is
the extension problem: given two sofic groups, is their extension again sofic? This question is known
to have a positive answer in the very particular case of an extension of a sofic group by an amenable
one [48].

A classical result, known as the Kaloujnine-Krasner Theorem, guarantees that each extension of
two groups G and H is isomorphic to a certain subgroup of the unrestricted wreath product G H.
Independently from the methods of [48] and in collaboration with Goulnara Arzhantseva, Martin
Finn-Sell, and Lev Glebsky [5], we prove that the unrestricted wreath product G2 H is a sofic group
whenever G is sofic and H is amenable. This provides a general, alternative proof of the soficity of any
extension with sofic kernel and amenable quotient, because soficity is stable under taking subgroups.



This new approach also makes explicit how amenability is used in an essential way, and how the
amenability assumption may be the optimal one.

In the second part of this last chapter, we propose a natural strengthening of the notions of soficity
and weak soficity, which we call conjugacy soficity and conjugacy weakly soficity. These results are
from ongoing collaboration with Michal Ferov and Martin Finn-Sell. Inspired by the analogy between
residually finite groups and conjugacy separable ones, to define conjugacy soficity we simply impose an
additional condition: elements that lie in distinct conjugacy classes of the group G should be mapped
to permutations that, up to an error of ¢, live in different conjugacy classes of the finite symmetric
group.

As a consequence of this definition, a conjugacy sofic group G always admits an injective homo-
morphism into a metric ultraproduct of finite symmetric groups equipped with normalised Hamming
distances, and this embedding satisfies the following property: if two elements of G are not conjugated
in G, then their images are not conjugated in the metric ultraproduct.

However, we prove that this seemingly innocuous additional condition has dramatic consequences
for the sofic approximations one is allowed to consider: these maps cannot no longer be homomor-
phisms.



CHAPTER 1. INTRODUCTION



Chapter 2

Amenable groups and residual
properties

In this chapter we fix the main notation and we recall basic facts about amenable groups and residual
properties, with a particular emphasis on the classical notion of residual finiteness.

Notation

A class of groups is a collection of groups closed under isomorphic images. For a non-trivial class of
groups we intend a class which is not empty and does not consist just of the trivial group.

The identity of a group G is denoted by eg, or simply by e if the group is clear from the context.
If G is a group and g, h € G, then by g" we mean the conjugate hgh™', and the conjugacy class of g
is denoted by ¢©. If H is a subgroup of G and g € G, by H9 = gHg™' we mean the conjugate of H
by the element g, defined to be the subgroup consisting of all the elements of the form ghg™', where
h € H. The commutator of two elements is [g, h] = ghg~'h~!, and if H, K are two subgroups of G,
their commutator subgroup [H, K] is the subgroup generated by all the elements of the form [h, k],
where h € H and k € K.

The solvable length of a solvable group is the length of the derived series of the group. It is the
minimal length for any abelian subnormal series of the group.

We use the standard notation of an A-by-B group to denote a group G with a normal subgroup
N < G such that N € A and G/N € B, where A and B are given classes of groups (e.g. A being the
free groups and B being the amenable groups, in the case of a free-by-amenable group).

The free group on n free generators is denoted by F,,, and if X is a set, the free group freely
generated by X is denoted by F(X).

If X is a set, Sym(X) denotes the group of permutations of X, Symy(X) the group of permuta-
tions of X with finite support, and Alt(X) denotes the subgroup of Sym,(X) consisting of all even
permutations.

If {G,}ier is a family of groups, then the direct product is denoted by

HGi = {(gi)iel | g9: € Gi},
icl

while the direct sum is denoted by

@Gi = {(gi)ig | g; € Gi, g; # eg, for only finitely many i € I} < HGi'
iel iel
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Given two groups G and H, the (restricted) wreath product G H is the semidirect product

GUH = (@G) x H,

heH

where H acts on the direct sum shifting the coordinates:

((g$)$6H7 h) : ((g;/c)JCEI:“ h/) = ((gﬂcg;l—lx)$€H7 hh/) .
The unrestricted wreath product G H is the semidirect product

GuH := (H G) w H,

heH

and H acts on [], ., G by shifting the coordinates, analogously to the action in the above restricted
wreath product G H.

Let K C G be a subset of a group G. The Cayley graph T'(G, K) of G with respect to K is the
graph constructed as follows. The vertex set consists of the elements of the group G, and two vertices
g and ¢’ are connected if there exists an element k € K U K~! such that ¢’ = gk. It is a fact that
I'(G, K) is connected if and only if K is a generating set for the group G. If K is a generating set, we
define the word metric d = dg, x (which depends on K) on the group G: the distance d(g, ¢’) is defined
to be the minimal number of edges necessary to reach the vertex ¢’ from the vertex g in the graph
I'(G, K). Moreover, with |g|4 we intend the distance d(g,eq), and if d is a word metric associated to
the generating set K, then the notation |g|4 might be replaced by |g| k.

By Bg,x(n) we denote the set

Boxn):={k -k | ki e KUK Vi=1,...,rand 0 < r < i}
={9€G|dgK(g,ec) <n}.

If K is a generating set for G, then Bg i (n) is the usual ball of radius n in the Cayley graph I'(G, K).
If the group is equipped with a metric d then the ball of radius n with respect to this metric is denoted
by Bg,q(n). Let K and F be finite subsets of a group G. By 0 F we denote the set

OxF = {f eFr ‘ dG’K(f,G\F) = 1}

A metric on a group is called proper if all balls of finite radius are finite subsets of the group. If the
group G is generated by the finite set K, then the associated word metric is proper.

All graphs considered, except for the just mentioned Cayley graphs, that is, all graphs considered in
the chapter regarding graph products, are simplicial graphs, even if not explicitly stated. This means
that there are no loops, nor multiple edges. Whilst Cayley graphs never have multiple edges, it might
happen that they have a loop on every vertex: this is the case if the trivial element belongs to the
considered generating set.

If T' is a graph, then its vertex set is denoted by V(I'), and its edge set is denoted by E(T'). If the
graph is clear from the context, then these two sets might be denoted also by V and FE.

With P¢(G) we denote the collection of finite subsets of the group G. Given two functions f,g: N —
N, we write f < g if there exists a constant C' > 0 such that f(n) < C-g(Cn) foralln e N. If f x ¢
and g < f then we write f ~ g.

2.1 Amenable groups

Amenable groups were defined in 1929 by von Neumann in his work on the Banach-Tarski paradox.
Since then, the notion of amenability found applications and surprising connections in a variety of
branches of mathematics.

We collect here a few equivalent characterisations of amenability that will be relevant in the thesis.
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Definition 2.1.1. A group G is amenable if it satisfies one of the following equivalent definitions:
1. there exists a left-invariant finitely additive probability measure p: P(G) — [0, 1];

2. for every finite subset K C G and every real number € > 0 there exists a non-empty finite subset
F C G such that |F\ kF| < e|F|, for all k € K;

3. for every finite subset K C GG and every real number € > 0 there exists a non-empty finite subset
F C G such that |F A kF| < ¢|F|, for all k € K;

4. for every finite subset K C G and every real number € > 0 there exists a non-empty finite subset
F C G such that |0x F| < €| F|.

The finite sets F' of the previous definition are called Fglner sets for the group G, or more precisely
e-Fglner sets for K. We stress that this notion of Fglner set do depend on which of the equivalent
conditions 2., 3. or 4. we are considering.

The list in Definition 2.1.1 is far from being complete. For example, these conditions are also equiv-
alent to not admitting a paradoxical decomposition, or to the isomorphism of the reduced C*-algebra
of the group with the full C*-algebra.

We collect basic, well known, permanence properties of the class of amenable groups in the following
theorem. We refer to [31] for proofs.

Theorem 2.1.2. The class of amenable groups is closed under taking subgroups, extensions, quotients,
and direct limits.

We stress that in this thesis we will only consider discrete amenable groups. Indeed, for the notion
of amenability there is also a well developed theory in the context of locally compact topological groups.

In that case, the cardinalities appearing in Definition 2.1.1 are replaced using the Haar measure of
the given locally compact group, and finite sets are replaced by compact sets. Theorem 2.1.2 has its
equivalent reformulation in this setting of topological groups, but a notable difference is that topological
amenability is preserved just passing to closed subgroups.

Finite groups are amenable, as well as abelian groups. Hence, it follows that every virtually solvable
group is amenable. It is immediate to produce a paradoxical decomposition for free non-abelian
groups [31, Example 4.8.2]. It thus follows that groups that contain free non-abelian subgroups are
not amenable.

Definition 2.1.3. Let £ be the smallest class that contains all finite groups and all abelian groups,
and that is closed under taking subgroups, extensions, quotients and direct limits. A group in & is
called elementary amenable.

Following this definition, virtually solvable groups are elementary amenable. By now, there are
many examples of amenable groups which are not elementary amenable: the first was presented by
Grigorchuk [60] in 1984.

Elementary amenable groups were defined in 1980 by Chou [33], when he proved that £ equals
the smallest class of groups containing finite and abelian groups, and that is closed under just taking
extensions and direct unions. We record the following easy consequence of this.

Lemma 2.1.4. Let G be a finitely generated elementary amenable group. Then G has non-trivial finite
quotients.



12 CHAPTER 2. AMENABLE GROUPS AND RESIDUAL PROPERTIES

Fglner functions on amenable groups

Let G be a countable group endowed with a proper metric d, so that every ball of finite radius is a finite
subset of G. If GG is amenable, Definition 2.1.1 implies that for every n € N there exists a %—F(zﬁlner set
for the finite subset Bg q(n).

Define the function Ag q: N — N U {+occ} as

min{|A| | [A\ gA| < 1|A|, Vg € Bg,q(n)}  if such sets exist,
+00 otherwise.

AG7d(n) = {
Analogously, define the functions Ag ;: N — NU {+oo} as

min{|A| | |4 & gA| < L|A|, Vg € Bg.a(n)}  if such sets exist,
400 otherwise,

AG a(n) = {

and Folg 4: N - NU {+00} as

min{|A| | [0, A < 2|A[}  if such sets exist,

+o0 otherwise,

Folga(n) == {

where 9, A stands for dp,, ,(n)A.

If the proper metric d is a word metric associated to the finite generating set X, then we denote
these three functions also by Ag x, Aé, y and Folg x. In this case, if Y is another finite generating
set, it is an easy fact that there exists a constant C' > 0 such that Ag x(n) < C - Ag,y(Cn) for all
n € N.

Remark 2.1.5. Let G be a group generated by the finite set X. In contrast with our definition,
Erschler [51] defines Folg x(n) to be the minimal cardinality of a finite set A for which |0xA| is
smaller than 1/n|A|, that is, at each n € N the same boundary Jx is considered, instead of taking
On,. Hence, at each level n € N our function Fglg 4(n) is as in Erschler’s work, but with the new finite
generating set Bg q4(n).

We stress that defining the Fglner function with respect to increasing balls is rather reasonable.
Indeed, it allows us to extend this classical notion of Fglner functions to groups that are not necessarily
finitely generated. If the group is indeed not finitely generated and Y is an infinite generating set,
then Equation (2.4) would not hold for the set B¢ y (1), because amenability produces Fglner sets for
given ¢ and given finite sets.

For a finite generating set X of the group G, we have that
Agﬁx(|X U Xﬁl‘ . n) < F(Z)lcyx(n) < Acvx(n) (21)

and that
Az x(n) < Ag x(2n),  Ag,x(n) < Ag x(n). (2.2)

Hence, when the group G is finitely generated, the asymptotic behavior of these three functions is the
same. If G is not finitely generated, we have that

F(Z)lgvd < AG,d ~ Aé‘,d' (23)

The next theorem is a slight modification of a result of Cavaleri [30, Theorem 4], and refers to
Folner sets A satisfying the condition

1
[A\gAl < —|A] Vg € Bg,a(n), (2.4)
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where the natural number n will be specified. In the following statement, |A|4 denotes the maximum
of |alq over all the finitely many a € A. Moreover, given a group G generated by the finite set X and
the canonical projection 7: G — G//N onto a quotient, with X we denote the finite set 7(X) C G/N,
which is a finite generating set for the quotient group.

Theorem 2.1.6. Let G be an amenable group generated by the finite set X, let N be a normal subgroup
of G, d be the restriction on N of the word metric associated to X, and fix a natural number n € N.
Then there exists a %—Fﬂlner set in G for Bg, x(n) that is of the form A- B C G, where

e AC G is such that |A] = |A'| and A C n=1(A');
e A C G/N is a 5=-Folner set for Bg v x(2n);
e BC N is a -%-Folner set for By,a(n*), where n* = (2n?|A’|? - (2| 4’|z + n)).

The modification is due to the fact that Cavaleri’s Fglner functions, like Erschler’s, are with respect
to the same finite set (which is the finite generating set of the group G) at each level n € N, while
ours are with respect to the increasing family of finite sets { B, q(n) }nen. Up to noticing this fact, the
proof of Theorem 2.1.6 is the one that can be found in [30, Theorem 4].

2.2 Residual properties

In this section we first give the general definition of residual property, and then specify it for residually
finite groups. Hence, we introduce the Gruenberg condition.

Definition 2.2.1. Let C be a class of groups. A group G is residually C if for every non-trivial element
g € G there exist a group C € C and a surjective homomorphism ¢: G — C such that ¢(g) # ec.

This definition has several equivalent reformulations, of which we collect some in the following
lemma. We refer to [31] for the proofs.

Lemma 2.2.2. Let C be a class of groups and let G be a group. The following properties are equivalent:
1. the group G is residually C;

2. for every non-trivial element g € G there exists a normal subgroup N < G such that g ¢ N and
G/N € C;

3. the intersection of all normal subgroups N of G with G/N € C is equal to {eg}.
If the class C is closed under taking subgroups, then each of the above properties is also equivalent to:
4. there exist groups C; € C and a family of indices I such that G is a subgroup of [[;c; Ci.

When the class C is closed under taking subgroups, then in Definition 2.2.1 the requirement that ¢
is a surjective homomorphism may be dropped, as whenever there exists a homomorphism ¢: G — C
such that ¢(g) # ec, then the restriction ¢': G — ¢(G) is surjective, does not map g to the trivial
element of (G), and ¢(G) € C being a subgroup of C € C.

Definition 2.2.3. Let C be a class of groups. A group G is fully residually C if for each finite subset
F C G\ {eg} there exist a group C' € C and a surjective homomorphism ¢: G — C such that ¢ [ is
injective.
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By definition, a fully residually C group is always residually C, as one may consider finite subsets
in G consisting of only one element. If, in addition, the class C is closed under taking finite direct
products and subgroups, then also the converse is true.

Lemma 2.2.4. Let C be a class of groups closed under taking finite direct products and subgroups.
Then a group G is residually C if and only if it is fully residually C.

Proof. Suppose that G is residually C, and that the class C is closed under finite direct products. We
prove that G is fully residually C.
Let F' C G be a finite subset, and consider

K:={fh™"| f,h € F and f # h}.

The group G is residually C and thus for every element & € K there exist a group Cy € C and a
homomorphism ¢y : G — Cj, such that ¢ (k) # ec,. As C is closed under finite direct products and
K is finite, it follows that C' = [], . x Ck is a group belonging to C.

Consider the group homomorphism ¢: G — C, defined as ¢(g) := (cpk(k))keK for all g € G.
Suppose that f and h are distinct elements of F, so that k = fh~! € K. By definition we have that

on(k) = o (fh1) # ec,,

hence ¢(fh™t) # ec. As ¢ is a homomorphism, it follows that ¢(f) # @(h).
As C is closed under taking subgroups, this is enough to prove that G is fully residually C. O

We now collect two interesting examples. In the first one, we consider a class of groups C which is
not closed under finite direct products, and we provide an example of a residually C group that is not
fully residually C.

In the second example, we consider a class D for which every group that is fully residually D is
already a group belonging D. This is not known to hold for residually D groups.

Example 2.2.5. Let C be the class of free groups, so that C is not closed under finite direct products
and Lemma 2.2.4 cannot be applied. To see that the classes of residually free groups and fully residually
free groups are distinct, notice that fully residually free groups are commutative transitive (see, for
instance, [32, Corollary 2.11]). This means that, given three non-trivial elements a,b,c in a fully
residually free group, if [a,b] = [b, ¢| = e then also [a, ] = e.

Consider now the group Fb X Z, the direct product of a non-abelian free group with an infinite
cyclic group. Let a and b be generators for Fs, and let z be a generator for Z.

The group F5 X Z is residually free, being the direct product of two residually free groups. Never-
theless, it is not commutative transitive. Indeed, we have that

la, 2] = [2,b] = e,

but the element [a, b] is not trivial in F» x Z.
We deduce that F» x Z is not a fully residually free group.

For the next example, we need the following definition. Let D be a division ring and G be a group.
The group ring D[G] is the ring defined as follows. As a set,

D[G] = {Z reg9 g € G,rg €D, ry =0 for all but finitely many g}.
geG



2.2. RESIDUAL PROPERTIES 15

The sum is defined component-wise:

(ngg) + <Z 599) = Z(Tg + 59)9

geG geG geG

while the multiplication is

(Z rgg) . (Z sgg> = Z 199, where t, = Z ThSp-1g-

geqG geG geG heG

A ring (in particular, a group ring DI[G]) is called directly finite if for every element x and y of the
ring, the equality zy = 1 implies that also yx = 1.

Example 2.2.6. Let D be a division ring and consider the class
D := {groups G such that the group ring D[G] is directly finite}.

Whether or not, given G, H € D, also the group G x H is directly finite is a well known open problem.
This is related to the famous Kaplansky’s direct and stable finiteness conjectures [75, pages 122 — 123]
(see also [42, 43] for recent developments over the topic).

Nevertheless (as mentioned in [93]) if a group G is fully residually D then G € D. To prove this,
let us consider two elements z,y € D[G] such that zy = 1. If yx # 1, then we can write

yr—1= Z aqg, ag € D, with only finitely many a4 # 0. (2.5)
geG

Let F' = {g1,...,gn} be the set of all elements of G for which a4 # 0. As G is fully residually D, there
exist a group @ € C and a homomorphism ¢: G — @ such that ¢ [g is an injective map. Moreover,
the homomorphism ¢: G — @ canonically induces a homomorphism ®: D[G] — D[Q)]. Let ®(z) = 7,
P(y) =g and P(g9) = ¢(g9) =g for all g € G.

As ¢ is injective on the set F' and the ring elements {ag,,...,a4,} are not equal to 0, from
Equation (2.5) we derive that

n
g — 1= ag,gi #0 (2.6)
i=1
in D[Q].
As zy = 1 in D|G], we have that ®(xy) = zy = 1 in D[Q]. But D[Q] is directly finite, and hence
also the equality yz = 1 holds. This contradicts Equation (2.6).
Hence, a group which is fully residually D is in fact already a group in D.

Residually finite groups

Here we collect some useful properties of residually finite groups.

It is well known that free groups are residually finite. This can be proved in the following manner.
Using the Ping-Pong Lemma, one sees that the free group F» = F(a,b) on two generators is isomorphic
to the subgroup of SL2(Z) generated by the two matrices

() )

The linear group SLy(Z) is residually finite (consider the projections SLy(Z) — SLo(Z/nZ) for n € N),
and therefore it follows that Fj is residually finite as well.
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Every finitely generated free group is a subgroup of Fy = F(a,b) (see, for instance, [69, I1.A.20], or
consider the subgroup generated by the elements {b‘ab=*}"_,), and hence they are residually finite as
well. Free groups which are not finitely generated (countable or not) are again residually finite, because
any element w has only finitely many generators appearing in its reduced form, and the problem of
finding a suitable finite quotient can be reduced to the residual finiteness of the finitely generated free
group generated by all the generators appearing in the element w.

In fact, one can prove more than this:
Lemma 2.2.7. Free groups are

1. residually {finitely generated torsion-free nilpotent} [87];
2. residually p-finite for all prime numbers p [64].

We present here the famous result of Mal’cev [86] on split extensions of residually finite groups. We
also provide a proof in order to shed light on how to exploit root properties to prove the permanence
of residual properties. Moreover, we give the proof of an analogous (but not quite the same) result for
residually amenable groups in Proposition 3.1.3.

Proposition 2.2.8. Let G, H be two residually finite groups, let a: G — Aut(H) be a homomorphism
and suppose that G is finitely generated. Then the semidirect product G %, H is residually finite.

Proof. Let (g,h) be a non-trivial element of G xq H. If h # ey then m3((g,h)) = h # ey. As H is
residually finite, there exists a normal subgroup N;, < H of finite index such that h ¢ Nj. Hence,
G %o H - H/Ny, is a surjective homomorphism onto a finite group that maps h non-trivially.

If h = ey then it must be that g # eg. As G is residually finite, there exists a normal subgroup
N,y < G of finite index such that g ¢ N,. As G is finitely generated, it has only finitely many subgroups
of a given finite index. Let

K=(){{N<G|[G:N]=[G:N,]}.

As K is the intersection of finitely many finite index subgroups, it also has finite index in the group
G,as [C: ANB] < [C: A]-[C : B]. By construction it is a characteristic subgroup of G, and hence it
is normal in G x,, H.

Hence the group (G x, H)/K, isomorphic to G/K %, H, has a finite-index subgroup that is
residually finite, and (g,em)K is not the trivial element. A virtually residually finite group is itself
residually finite, and hence there exists a finite quotient G/K x, H — @Q such that the element (g, ef ) K
is mapped non-trivially into @ by the canonical projection.

This concludes the proof that G x, H is residually finite. O

We stress that the finite generation of the normal subgroup in Proposition 2.2.8 cannot be dropped,
see Remark 4.3.5. Moreover, Proposition 2.2.8 does not extend to extensions that are not split, as the
next Example shows.

Example 2.2.9. A famous example considered by Deligne [41] is the following. Let n > 2 be an
integer and Sp,,,(Z) be the symplectic group defined as

Spo,(Z) := {S € SLon(Z) | S'JS = J}, where J = (_(;n Ig) )

—_~

Let Sp,,,(R) be the universal cover of Sp,,, (R), and consider the preimage of Sp,,,(Z) in it, which we
denote by Sps,,(Z). It is proved in [41] that Sps,(Z) is given by the following central' extension

—_~—

1 — Z — Sp,,,(Z) — Sp,,,(Z) — 1. (2.7)

LAn extension 1 - N — G — Q — 1 is called central if the image of N is contained in the center of G.
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—_~—

The group Sp,,, (R) is thus an extension of two finitely generated residually finite groups. Nevertheless
the extension is not split, and the group Sps, (R) is not itself residually finite, as proved in [41].

Moreover, S;Q—;(/R) satisfies Kazhdan’s property (T) [17, Example 1.7.13 (iii)], and this immediately
implies that it is not a residually amenable group.

Gruenberg condition and root classes

In 1957, Gruenberg [64] introduced the concept of root property, or root class of groups, to give a
general condition ensuring that the free product of residually C groups is again residually C.

Definition 2.2.10. A non-trivial class R is a root class if
1. R is closed under taking subgroups;
2. R is closed under taking finite direct products;

3. Gruenberg Condition: for any chain K < H < G such that G/H and H/K are in R, there exists
L < @G such that L is contained in K and G/L € R.

Finite groups, finite p-groups and solvable groups are known to satisfy the Gruenberg condition [64],
while nilpotent groups do not satisfy it. Using the fact that finite groups form a root class, Gruenberg
proved that the free product of residually finite groups is residually finite [64, Theorem 4.1].

In the following lemma we collect some easy properties implied by the Gruenberg condition. The
second claim is false in general if the class C does not satisfy the Gruenberg condition. Indeed,
Proposition 3.1.7 and Example 3.1.6 provide a counterexample, when C = {amenable groups}. The
second fact is proved in [64, Lemma 1.5].

Lemma 2.2.11. If a non-trivial class R satisfies the Gruenberg condition then:
1. R is closed under extensions;
2. a group which is (residually R )-by-R is residually R;
3. free groups are residually R.

Proof. To prove that C is closed under taking extensions, consider a group G with a normal subgroup N
such that N and G/N are in R. Apply the Gruenberg condition to the subnormal chain {e} < N <G
to conclude that G € R.

For the second claim, let G be a (residually R)-by-R group, with a normal residually R subgroup
N such that G/N € R.

Consider an element g € G \ {eg}. If g ¢ N then the canonical projection 7: G — G/N maps g
to the non-trivial element gN € G/N € R. If g € N then there exist a group C' € R and a surjective
homomorphism ¢: N — C such that ¢(g) # ec, that is, g ¢ K = ker p. As ¢ is surjective, we have
that N/K = C € R, so in the subnormal chain K < N < G both quotients are groups in R.

Thus, applying the Gruenberg condition, we obtain a subgroup L < G contained in K such that
G/L € R. As L C K, we have that g ¢ L, and the canonical projection G — G/L does not map g to
the identity of G/L. This means that G is residually R.

To conclude, let G € R be a non-trivial group and g be a non-trivial element of G. Then either
g has infinite or finite order. In the first case, R contains all finitely generated torsion-free nilpotent
groups. In the second, R contains all finite p-groups, for p a prime dividing the order of g.

Free groups are both residually finitely generated torsion-free nilpotent and residually p-finite, as
Lemma 2.2.7 recalls. Hence, it follows that they are residually R. O
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In particular, if R satisfies the Gruenberg condition then R is closed under taking finite direct
products. This shows that the second condition in the definition of root class is redundant.

We take advantage of the following characterisation of the Gruenberg condition, which is provided
in [109, Theorem 1].

Theorem 2.2.12. Let C be a class of groups closed under taking subgroups. The following conditions
are equivalent:

1. C satisfies the Gruenberg condition;
2. C is closed under taking unrestricted wreath products;

3. C is closed under taking extensions and for any two groups G, H € C the group [,y G is again
in C.

2.3 Local embeddings

A related notion is the one of local embeddability, which is a local form of a residual property. An
established terminology for the following concepts is the one of [31], in particular of Sections 7.1 and 7.2.
In this thesis we follow instead a terminology that is closer to the one of [4].

Definition 2.3.1. Let G and C be two groups and K C G a finite subset. A map ¢: G — C is called
a K-approximation if it satisfies the following conditions:

(al) (almost homomorphism) p(ki1ks) = p(k1)p(ks) for all k1, ko € K;
(a2) ¢ [k is injective.
With this definition in mind, we define the concept of local embeddability into a class of groups C.

Definition 2.3.2. Let C be a class of groups. A group G is locally embeddable into the class C (or G
is an LE-C group) if for each finite subset K C G there exist a group C' € C and a K-approximation
p:G—=C.

Restricting this definition to C = {finite groups}, we obtain the concept of LEF groups, lo-
cally embeddable into finite groups, which were defined by Vershik and Gordon in [115]. If C =
{amenable groups}, then we get the notion of groups which are locally embeddable into amenable
groups, also known as LEA groups. These groups were considered in 1999 by Gromov [62, page 133]
in his work towards the famous Gottschalk’s surjunctivity conjecture, and called initially subamenable
groups.

With very mild assumptions on the class of group C, we have that

residually C = LE-C. (2.8)

Indeed, this is the case if the class C is closed under finite direct products [31, Corollary 7.1.14].
We record here that, if the class C is closed under taking subgroups, then a finitely presented LE-C
group is residually C [31, Corollary 7.1.22], and hence the implication of Equation (2.8) can be reversed.

Remark 2.3.3. Deligne’s group considered in Example 2.2.9 is finitely presented and is not residually
amenable. Hence, it is not an LEA group.

The following example, which can be found in [31, Proposition 7.3.9], provides a finitely generated
LEF group that is not residually finite. In particular, this group is not finitely presented.
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Example 2.3.4. The subgroup G = (a,T) < Sym(Z), where a is the transposition (0 1) and T is the
translation T': n + n + 1, is LEF. The translation T shifts a, so that T%aT~" = (i i + 1) is an element
of G. The set of transpositions {(i ¢ + 1)};cz generates Sym(Z), which contains the infinite simple
subgroup Alt(Z). Hence G, containing an infinite simple group, cannot be residually finite.

The following proposition can be found in [31, Proposition 7.1.6].

Proposition 2.3.5. Let G be a group and C be a class that is closed under taking subgroups. The
following conditions are equivalent:

e G is LEC;

o for every finite K C G there exists K C C C G and a binary operation o: C x C — C such that
(C,O) € C and k1 0 kg = k1ko fOT’ all ki,ky € K.

As a consequence, it produces an interesting characterisation of LEA groups, which we record in
the following proposition:

Proposition 2.3.6. Let G be a group. The following conditions are equivalent:
e (Gis LEA;

o for every finite K C G there exists K C A C G and a binary operation ¢: A x A — A such that
(A, ) is an amenable group and ky o ks = k1ks for all ky, ke € K.
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Chapter 3

Free products

In this chapter we prove that the class of residually amenable groups is closed under taking free
products. Our approach is more general, and we present sufficient conditions, for a class of groups C,
implying that the class of residually C groups is closed under taking free products. In the first section
we collect basic properties for the class of residually amenable groups, and a nice counterexample of
two nilpotent groups whose free product fails to be residually nilpotent.

The content of the last two sections appear in the published paper [19].

3.1 Basic permanence properties

Specialising Definition 2.2.1, we say that a group G is residually amenable if for every non-trivial
element g € G there exist an amenable group A and a surjective homomorphism ¢: G — A such
that ©(g) # ea. As noted in the previous chapter, being the class of amenable groups closed under
taking subgroups, we may drop the “surjectivity” condition without any change in the notion of residual
amenability.

The proof of the following lemma can be adapted from [31, §2.2].

Lemma 3.1.1. The class of residually amenable groups is closed under taking subgroups, direct prod-
ucts, direct sums, inverse limits.

Lemma 3.1.2. Let G be a virtually residually amenable group. Then G is residually amenable.

Proof. Let H < G be a residually amenable subgroup of finite index of G. Then there exists N < G
of finite index in G such that N < H. Hence N is residually amenable.
Let g € G\ {e} be a non-trivial element, we want to find a normal subgroup of G not containing g
such that the quotient is amenable. If g € G\ N then it is sufficient to consider the finite quotient G/N.
Suppose that g € N \ {e}. As N is residually amenable, there exists K < N such that ¢ ¢ K and
N/K is amenable. Let
G/N = {glN,92N7«~«,ng}

and define L :=(),_, g;Kg; . Then L < G, g ¢ L and N/L has finite index in G/L.
We now show that N/L is amenable, that is, G/L is virtually amenable. In fact, as N < G, we
have that
gngz_lggzNgl_lzN’ Vi:]-a"'ara

and so every conjugate ¢;Kg,; ! is again a normal subgroup of N. It follows that

N/L < (N/giKgi') x - x (N/g,Kg; ") = (N/K)',

21
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Thus N/L is amenable because it is a subgroup of an amenable group.

Hence G/L is indeed virtually amenable, that is, amenable. This concludes the proof, as we have
shown that for every non-trivial element g there exists L << G which does not contain ¢ and with
amenable quotient G/ L. O

Following the proof of Proposition 2.2.8, from Lemma 3.1.2 we obtain the following:

Proposition 3.1.3. Let G be a finitely generated, residually finite group, and H be a residually
amenable group. Let a: G — Aut(H) be a homomorphism. Then the semidirect product G x H ‘s
residually amenable.

We collect here an instructive, negative result: the free product of nilpotent groups may fail to be
residually nilpotent.

Proposition 3.1.4. The free product of the nilpotent groups (a | a®) and (b | b3) is not residually
nilpotent. In particular, the class of residually nilpotent groups is not closed under taking free products.

Proof. Suppose that the free product G = (a,b | a?,b3) is residually nilpotent, and in particular
residually {finitely generated nilpotent}. A finitely generated nilpotent group is residually finite [72].
Moreover, quotients of nilpotent groups are again nilpotent, hence a finitely generated nilpotent group
is residually {finite nilpotent}. We will use the fact that a finite group is nilpotent if and only if it
isomorphic to the direct product of its p-Sylow subgroups.

Suppose that the element g = [a,b] € G is mapped non-trivially, by the surjective homomorphism
m, into a finite nilpotent quotient of G. As the element a has order two in G, and b has order three,
it follows that either the order of w(a) or the order of 7(b) will be coprime with p, for each p-Sylow
subgroup appearing in the direct product decomposition of the finite nilpotent group. In any case, it
must be that the element [a, b] is trivial, and this contradicts the assumption that the free product is
residually nilpotent. O

Proposition 3.1.4 shows that the free product of nilpotent groups is, in general, not residually
nilpotent. Nevertheless, the result can be proved if we restrict our attention to torsion-free nilpotent
groups [85], as recorded in Theorem 3.3.7.

We now prove that the class of amenable groups is mot a root class. The following proposition,
jointly with Theorem 2.2.12, already implies the claim. In Example 3.1.6 we present a group which is
an extension of a residually amenable group by an amenable group, and prove that the group itself is
not residually amenable, contradicting Gruenberg’s condition (confront Definition 2.2.10).

Proposition 3.1.5. The group [[,Symy(Z) has free non-abelian subgroups. In particular it is not
amenable.

Proof. We produce an embedding of the free group F> on two generators into [ [, Sym(Z). Let ¢ and
b be two letters, and consider the group F» = F(a,b). This group is residually finite, so for all n € N
there exists a finite quotient @, of F, in which the ball Bp, (4,3(n) is injected, that is 7, restricted
to the finite set Bp, f4,51(n) is an injective map, where 7, : F» — @, is the canonical projection onto
the quotient.

For all n € N fix a bijection b,: Q.,, — Z, of Q, with a finite set Z,, C Z. As the groups @Q,, are
finite, they are injected into Symg(Z) via the injective homomorphism ¢,, o L,,

Qn L2 Sym(Qn) =5 Symy(Z),
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where the permutation L, (q): @, — Q. is the left-multiplication in @,, induced by the element ¢ € Q,,,
and ¢y, : Sym(Q,) — Symg(Z) is the injective homomorphism that identifies the set @), with the set
Zn C 7. 1t is defined as

(tn(0))(2) =

1 .
{bn (U(bn (Z)) if 2z € Zy, Vo € Sym(Qn% Vz € Z.

z ifZ¢Zn,

The injective homomorphism L, : @, — Sym(Q,,) is classically called the Cayley map.

Proceding in this manner, we see that for all n € N the ball Bp, (45} (n) is mapped injectively by
tn © Ly o7, into the n-th copy of Symy(Z). Let ¢, : F» — Sym(Z) denote the composition 7, 0 ¢y, 0 Ly,
and let ®: Iy — [], ., Symg(Z) be the homomorphism defined as

®(x) = (...,0,0,¢0(x), p1(x), p2(x), ..., on(x),...) € I_ISymO(Z)7 Vx € Fy,
Z

where ¢;(z) is in the i-th coordinate.
By construction ® is an injective homomorphism, and hence ®(Fy) = Fy is a free non-abelian
subgroup of [[, Sym(Z). O

Thus, there exist (elementary) amenable groups G such that the direct product [], G contains free
non-abelian subgroups. Notice that this cannot occur if G is finite, as in this case the group [], G is
locally finite, and hence elementary amenable.

With the following example, we show that the Gruenberg condition does not hold for the class of
(elementary) amenable groups. This means that amenable groups, and elementary amenable groups,
do not form a root class.

Example 3.1.6. Let A = Sym(Z), consider the unrestricted wreath product G = A2Z, and define
N = {(az)rez € A% | ag = e} < AZ. (3.1)

Then the subnormal chain of subgroups N < AZ G G does not satisfy the Gruenberg condition, and
the group G is not residually amenable.

We write Z additively, so that if z € Z then its inverse is —z, and 0 € Z is the identity element.
Notice that the two quotients G /A% = 7Z and A?/N = A are both elementary amenable. Suppose now
that the Gruenberg condition holds, so that there exists a normal subgroup L < G such that L C N
and G/L is amenable.

As L < G, we have that

Lc () N

g=(e,2)
Z€EZL

Let g = (e, 2), then

N9 = {(e,2)((az)zez,0)(e,2) " | (az) € N} = {((02-2)zez, 2) (e, —2) | (az) € N}
= {((aw7Z):E€ZaO) | (aw) € N} = {(aw)wEZ € A" | Ay = eA}’

thus L is contained in

{eaz} = ({(a)iez € A% | az = ea},

zZEZL

that is, L is the trivial subgroup. This implies that G/L = G is amenable, and this contradicts
Proposition 3.1.5.
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We now prove that G is not residually amenable. Consider the alternating group B = Alt(Z) < A,
which is an infinite simple group, and it has index two in A [31, C.4]. The quotient group A%/B?% = 7%
is amenable because it is abelian. This implies that B? is not amenable, because amenability is closed
under extensions and A” is not amenable by Proposition 3.1.5.

The group BRZ is a subgroup of G = ANZ, so if BRZ is not residually amenable then neither
is G. Let N < BuZ be a normal subgroup with amenable quotient, then the normal subgroup
N N B% < BuZ is not trivial. Let eq # ((agc),O) € NN BZ, so that a, # ep for some &’ € Z. The
center of B is trivial because B is simple and non-abelian, so there exists b € B such that a := [b, a,]
is not the trivial element of B.

Consider the new element 3 = (8;)zez € B defined as

&6{63 if x #£2/,

b ifoe =41,
then a = (ag)zez = [(az), ] is an element of B% with only one non-trivial component. Indeed, we
have that
en if ¢ # 2/,
Oy = .
a ife=ua.

An easy computation shows that

((92),2) ((@2),0) ((92),2) "' = ((goa—205 ez, 0),  ¥((92),2) € BUZ.

These elements lie in N N B%Z, because N N B%Z < B Z.
As ep # a € B and B is simple, we have that

{hah™* |he B} =B
and that
B D> NNB” 2 {(g,2)(,0)(g,2)"" | (9,2) € BuZ}
={(go:(a)g™",0) | (9,2) € BuZ} = {o:(9ag™") | (9.2) € BuZ} = B”,
that is, N N B = BZ.

This means that BQZ is not residually amenable, because for the elements (b,0) € BRZ there is
no normal subgroup N with amenable quotient, such that (b,0) ¢ N. Hence the group

ANZ = (H SymO(Z)) S/

2EL
is not residually amenable.

The group in Example 3.1.6 is an extension of a residually amenable group by an amenable one, but
it is not residually amenable. This highlights the difference between residual amenability and residual
finiteness: as we saw in Lemma 2.2.11 any extension of a residually finite group by a finite one is again
residually finite.

Therefore:

Lemma 3.1.7. The class of residually amenable groups is not closed under extensions by amenable
groups. The class of residually elementary amenable groups is not closed under of extensions by
elementary amenable groups.
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3.2 Groups with no finite quotients

In this section we collect some examples of finitely generated groups without' finite quotients. As a
finitely generated elementary amenable group does have finite quotients, it follows that these groups
with no finite quotient are not residually elementary amenable in a strong sense.

Lemma 3.2.1. Let G be a finitely generated group without finite quotients. Then the only elementary
amenable quotient of G is the trivial group and, hence, G is not residually elementary amenable.

Proof. The claim follows from Lemma 2.1.4. O

The following proposition is of particular interest for Higman’s group, which will be described
below.

Proposition 3.2.2. Let G be a finitely presented group without finite quotients. Then the only LEF
quotient of G is the trivial group.

Proof. Suppose there exists a surjective homomorphism 7: G — @, where @ is a non-trivial LEF group.
As G is finitely generated, so is Q. Let G = (X¢ | Rg) and Q = (Xq | Rq), where Rg = Rg U Ry,
X¢ is finite and X¢g = 7(X¢). The group Q is non-trivial and generated by the set 7(Xg), so at least
one of the elements of X is mapped non-trivially.

Let FF = F(Xg) be a free group freely generated by the finite set Xg, and consider the set of
reduced words R = {r1,...,7s} C F. As G is finitely presented and hence Rg is a finite set, there
exists

M := max{|r;|r | s € Ra}.

Let B = Bg x,(M) be the ball in @ of radius M. This subset is finite as @ is finitely generated and
so, by hypotheses, there exists a B-approximation ¢: ) — A into a finite group A.
Consider the map ®: G — A defined as

O(w) = p(n(z1)) ... o(n(zy)) Vw=a1...7, € G, 2, € XagUX;".
As m(X¢g) C X, we have that 7(Bg,x.(n)) € B. Thus

O(zy) = p(m(2))p(n(y) = (2)@(y)  Va,y € XgUXg',

and P rBG,Xg(M): pom.

By construction, we have that ® maps all the relators of Rg into the trivial element. Hence,
®: G — Aisahomomorphism from G to a finite group A. By hypotheses, it must be that ®(G) = {ea},
contradicting the injectivity of ¢ [5.

Hence, the proposition is proved. O

Example 3.2.3. Higman’s group is given by the presentation
H:={(a,b,c,d| b tab=a? ¢ 'be =b*,d 'ed = 2,a 'da = d?). (3.2)

It was defined in [71], where it is proved that H is infinite and has no finite quotients. By Lemma
3.2.1, Higman’s group has no elementary amenable quotients either. Nevertheless, it is SQ-universal
[108], that is, every countable group C' is a subgroup of some quotient of H.

A recent major advance in its understanding was obtained in [89], where Martin proved several
fascinating results about this group: every non-trivial endomorphism of Higman’s group is in fact an
automorphism, and hence the group is both hopfian and cohopfian; the automorphisms of the group,
up the cyclic permutations of the four generators, are just inner automorphisms.

1From now on, for a “group without finite quotients” we mean a group whose only finite quotient is the trivial group.
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Applying Proposition 3.2.2 we exclude the possibility for H to surject onto the simple infinite
amenable LEF groups constructed as commutator subgroups of topological full groups of Cantor sys-
tems. Matui [90] provided a proof for simplicity, Grigorchuk and Medynets [61] for LEF, whilst
amenability was proved by Juschenko and Monod [79].

Corollary 3.2.4. Higman’s group does not project onto LEF groups, and in particular onto the simple
amenable LEF groups constructed as commutator subgroups of full topological groups of Cantor systems.

This leads to the following well-known open question:
Question 3.2.5. Does Higman’s group admit amenable quotients?

To the author’s knowledge, there is no known example in the literature of amenable groups without
any LEF quotient, and we wonder if such groups can exist at all.

Question 3.2.6. Does there exist a finitely generated amenable group without any LEF quotient?

If the answer to Question 3.2.6 is no, that is, all finitely generated amenable groups have non-trivial
LEF quotients, then it would follow that Higman group does not admit any amenable quotient.

A slight variation of this construction of Higman yields finitely presented groups which indeed do
not have any amenable quotient group [92]. One of the key features of [92] is to consider infinite
groups which have Kazhdan’s property (T) (instead of the groups Z), and starting from these apply
the construction of Higman of Equation (3.2).

The following construction is due to Baumslag and Miller IIT [14, Theorem D]. It is a finitely
presented group G that contains a finitely generated non-trivial subgroup K with the property that
K =2 K x K. Other finitely generated groups that are isomorphic to their own square are constructed
in [78].

Example 3.2.7. To construct this group G, consider
A= {a,h,t|[a,h],t " a*t = a® t h%t = h3), B=(bs|s 'b?s =1).

Notice that B = BS(2, 3) is a Baumslag-Solitar group, whilst A is a two-dimensional variation of it.
The subgroups (t,[a,t tat]) of A and (s, [b,s1bs]) of B are free groups on two generators. The
finitely presented amalgamated free product

C=(AB|t=bs "bs],[a,t  at] = s)

has the peculiar property of admitting a surjective homomorphism onto C' x C, [14, Theorem C]. This
is achieved considering the surjective (but not injective) homomorphism ¥: C — Cy x C; defined on
the generators of C' to be

I(a) = agar, V(b) = bob1, V(s)=ses1, O(t)=tot1, U(h)=a; hih3,

where Cy and C are two isomorphic copies of C' and, if x € C, then x¢ and z; represent the image of
z in Cy and C respectively. Let A be the automorphism of Cy x C; that switches the element zgy;
into the element x1yg.

The Baumslag-Miller III group G is defined to be a double HNN extension of the group Cy x Cy:

G:=(Cox Ci,p,q|p'ap=Az) Vze€CoxCi, ¢ 'yg=9(y) Vye Co).

Since ¥ is not injective, Cy and C; are not injected in G. Let K; be the image of C; in GG, and let
K = (Ky, K1) 2 Ko x K;. As the group C is finitely generated, also Ky, K7, and K are.
As Cy =2 (4, we have that Ky 2 K;. Moreover, K = K [14, Theorem D], and thus K = K x K.
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We cannot expect a result as strong as Proposition 3.2.2 for the Baumslag-Miller IIT group, because
it maps onto the free group (p,q), which is residually finite. Nevertheless, the same argument gives
the following:

Proposition 3.2.8. Let G be the Baumslag-Miller III group described in Example 3.2.7. Suppose that
m: G — Q is a surjective homomorphism with @ a LEF group. Then K C kerm.

Proof. Following the argument of the proof of Proposition 3.2.2, we can construct a homomorphism
®: G — L from G to a finite group L. To prove that the homomorphism ® [x: K — L has trivial
image, we exploit the fact that K = K x K and that K is finitely generated. As recorded in [14,
Proposition 2], suppose that there exists a subgroup of a given finite index. As K is finitely generated,
it has only finitely many, say k, subgroups of this given index, but the isomorphism K = K x K implies
that K should also have two times this finite number of subgroups. This can happen only if k is equal
to zero, that is, there is no subgroup of finite index. O

The final example of this section comes from classical small cancellation theory [101, §2].

Example 3.2.9. Let a and b be two letters, for all n € N let U,,, V,, be words in {a", ™}, and consider
the group
G ={a,b | aUy,bVy,aUs,bVa, ..., aU,, bV, ...). (3.3)

To ensure that the group G obtained in this way is not trivial, we need to rely on small cancellation
theory: the set of words {U,,V,,}nen can be chosen is such a way that the resulting group G is an
infinite small cancellation group. Now, suppose that N is a finite-index normal subgroup of G. As
G/N is a finite group by assumption, there exists m € N such that o™ and ™ are elements of N. This
implies that the words U,,, and V,,, become trivial in the quotient group G/N, and hence the generators
a and b are too, by means of Equation (3.3). This surely implies that the quotient G/N is trivial, and
hence that the group G has no finite quotient. Nevertheless, notice that G is SQ-universal [63].
Every truncated presentation

G, = {a,b | aly, bV, aUs, bVa, ..., aUp,, bV,,)

yields a finitely presented residually finite group (confront, for instance, [8, Example (i),§1]). Therefore,
the group G is a limit, in the space of marked groups, of residually finite groups [32, §2.3, (a)]. A
residually finite group is in turn limit of its finite quotients, and therefore G is a limit of finite groups
in the space of marked groups.

This implies that G is a finitely generated LEF group, and in particular LEA. Nevertheless, it has
no finite quotient.

We end this section with the following intriguing question:
Question 3.2.10. Does there exist a residually amenable non-simple group without finite quotients?

The requirement “non-simple” is necessary to discard the simple infinite amenable groups already
discussed in this section, whilst the question should be read in the context of groups with abundantly
many amenable quotients, none of which is finite.

3.3 Free products of residually C groups

We saw in the first section of this chapter that amenability is not a root property, thus [64, Theorem 4.1]
cannot be applied to show that residual amenability is preserved under taking free products. We adopt
here a general strategy that dodges this problem, and allows us to prove that residual amenability is
indeed preserved by taking free products. In what follows, a root class is generally denoted by R, to
distinguish it from C (which, in the applications, will be the class of amenable groups).
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Lemma 3.3.1. Let C be a class of groups that contains a root class R. Suppose that
1. C is closed under taking subgroups;
2. every R-by-C group belongs to C;
3. for every group in C there is a group in R of the same cardinality.

Then a (residually R )-by-C group is residually C.

Proof. Let G be a (residually R)-by-C group, with a residually R normal subgroup N such that
G/N € C.

Consider a non-trivial element g € G. If ¢ ¢ N then g is not mapped to the identity of G/N by
the canonical projection. If g € N\ {e}, then there exists a normal subgroup K < N such that g ¢ K
and N/K € R. Let S be a set of representatives of N in G, then the group G/N € C has the same
cardinality of S. The hypotheses imply that there exists a group I' € R of the same cardinality of
G/N, so

IT| = |G/N]| = |].

Consider the normal subgroup L :=(),.¢ K® of G, then

seSs

N/L < [[N/K* =[] N/K.

ses sesS

The third condition of Theorem 2.2.12 implies that [[,. 4 N/K € R, because |S| = [['| and T' € R. As
R is closed under taking subgroups, this implies that N/L € R.
By the Third Isomorphism Theorem for groups

G/L

N/L:G/N’

so the group G/L is the extension of the group N/L, which is in R, by the group G/N, which is in C.
Thus G/L € C.
As L < N we have that g ¢ L. Thus, the surjective homomorphism

¢:G—>G/L,  o(g)=gL Vgel

maps g to a non-trivial element of G/L, and G is residually C. O
Corollary 3.3.2. Let C be a class of groups that contains a root class R. Suppose that

1. C is closed under taking subgroups

2. every R-by-C group belongs to C;

3. for every group in C there is a group in R of the same cardinality.
If a group is free-by-C then it is residually C.
Proof. Free groups are residually solvable, as recalled in Lemma 2.2.7. O

We apply Lemma 3.3.1 in the case when R is the class of solvable groups and C is the class of
amenable groups.

Lemma 3.3.3. If a group is (residually solvable)-by-amenable then it is residually amenable.
If a group is (residually solvable)-by-(elementary amenable) then it is residually elementary amenable.
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Proof. Solvable groups form a root class, as proved by Gruenberg. To apply Lemma 3.3.1, we note that
both the classes of amenable groups and elementary amenable groups are closed under extensions, and
they contain the class of solvable groups. In particular the first two conditions are satisfied. Moreover,
for every cardinal number there exist solvable groups of that cardinality (for instance, given k, the
solvable group [[, Z), so the hypotheses are satisfied and we can conclude. O

As a particular case, we have that
Corollary 3.3.4. If a group is free-by-amenable then it is residually amenable.

We are now ready to prove the main theorem of the section, which is about free products. In view
of Corollary 3.3.2, we can state the result without any reference to root classes of groups.

Theorem 3.3.5. Let C be a class of groups that is closed under taking subgroups, finite direct products,
and such that free-by-C groups are residually C. Then the class of residually C groups is closed under
taking free products.

Proof. Let {G;};er be a family of residually C groups. We want to prove that the free product *;c;G;
is residually C.

Without loss of generality we can suppose that I is finite. Indeed, if I is not finite, let w € *;c;G;
be a non-trivial reduced word and let J C I be the finite set of indices of I that appear in w. Consider
then the surjective homomorphism

Y ke Gy = *5e5G;
such that ¢(g;) = g; for j € J and ¢(g;) = e for i € I\ J. Via ¢ we see that if the theorem holds
when the index set is finite, it will hold in full generality. We prove the theorem for |I| = 2, as the
same argument applies to the other cases.

Consider a reduced non-trivial word w € G * G5 containing letters from both groups. Let

A;:={g € G; | g appears in w}, fori=1,2.

The sets A; are finite, non-empty subsets of GG;, and they do not contain the identity of G;. The
groups G; are residually C, and C is closed under taking finite direct products and subgroups. Using
Lemma 2.2.4, we have that these groups are fully residually C, that is, there exist groups Cy,Cs € C
and surjective homomorphisms

p1: G1 = Oy, p2: Go = O
such that

p1(A1) CCi\ {ea,},  w2(A2) € Co\ {ea,}
and that ¢; [4, is injective. Define the surjective homomorphism ¢: G * Gy — C1 = C3 such that

o la,= wi and o(gi---gr) =0(g1) ... 0(g:) Vg €G,,,Vr €N,

This surjective homomorphism ¢ maps w to a non-trivial element of Cy * Cy, which is a free product
of groups belonging to C.
Consider the canonical projection

W:Cl*CQ—»C1XCQ.

The class C is closed under finite direct products, so Ciy x Cy € C. Let K = kerm, then K is free
because it is normal, has trivial intersection with each C;, and therefore acts freely on the Bass-Serre
tree associated to the free product Cj * Cy. Hence C; x C3 is an extension of a free group by an
amenable one, and therefore it is a residually C group by hypotheses. This implies that G; * G is
residually C. O
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In particular, this is the case if the class C satisfies the hypotheses of Corollary 3.3.2.

Corollary 3.3.6. The classes of residually amenable groups and of residually elementary amenable
groups are closed under taking free products.

Proof. Let C be the class of amenable groups, or the one of elementary amenable groups, R be the
class of solvable groups and apply Theorem 3.3.5. O

Theorem 3.3.5 guarantees sufficient conditions for a free product of residually C groups to be again
residually C. In general, this is not always the case. A pathological counterexample is given by the class
of abelian groups, and another one is given by the class of nilpotent groups, as seen in Proposition 3.1.4.

For a further example when the conclusion of Theorem 3.3.5 fails, [11, Theorem 6] guarantees that a
free product of two non-trivial groups is residually free if and only if the two groups are fully residually
free. So consider a residually free group that is not fully residually free, for instance G = F, X Z. Then
G x G is a free product of two residually free groups, and it is not residually free. Note that, in both
cases - abelian groups or free groups - the two classes considered are not closed under extensions.

The approach used in this section cannot be applied to the family of torsion-free nilpotent groups,
as they do not contain a root class with the properties of Lemma 3.3.1. Nevertheless, it is true that
the free product of residually torsion-free nilpotent groups is again residually torsion-free nilpotent, as
proved by Mal’cev [85] (compare also [16, Theorem 1.2]).

Theorem 3.3.7. The free product of residually torsion-free nilpotent groups is residually torsion-free
nilpotent.

Remark 3.3.8. In [73] (see also [69, III. 13.]) the following class of groups is considered. Let C be
the smallest class of groups satisfying the following conditions:

(c1) C contains all amenable groups;
(2) if G,H € C then G x H € C;
(¢3) if G is virtually C then G € C.

It is known that the fundamental group

k
Gk = <a1,b17--~7ak7bk¢ | H[a'“bz]> (34)
i=1

of a closed orientable surface of genus k > 2 does not belong to C [73].
Corollary 3.3.6 and Lemma 3.1.2 imply that the class of residually amenable groups satisfy the
previous conditions (¢2) and (¢3), and condition (c1) is trivially satisfied. Thus

C C {residually amenable groups},

where the inclusion is strict because the groups given by the presentation (3.4) are residually finite [13,
§1.3], hence residually amenable.
Moreover
C ¢ {residually elementary amenable groups},

in fact this inclusion is not true because there exist finitely generated simple amenable groups [79] that
are not elementary amenable (hence, they are not residually elementary amenable). These groups are
not elementary amenable because they are infinite and [33, Corollary 2.4] guarantees that a finitely
generated simple elementary amenable group is finite.

Also the reverse inclusion does not hold, that is

{residually elementary amenable groups} ¢ C,

because the groups given by Equation (3.4) are residually finite, hence residually elementary amenable.
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3.4 Free products of LE-C groups

In this section we consider local embeddings, and we prove the analogous of Theorem 3.3.5.

Although the class of residually free groups is not closed under taking free products, Theorem 3.4.1
can be applied also to the class of free groups. Hence, it follows that a free product of groups that are
locally embeddable into free groups is again locally embeddable into free groups. In particular, the
class of fully residually free groups is closed under taking free products.

Theorem 3.4.1. Let C be a class of groups, and suppose that
(a) C is closed under taking free products
or
(b) C is closed under finite direct products and the free product of residually C groups is residually C.
Then the class of LE-C groups is closed under taking free products.

Proof. Let {G;} be a family of groups locally embeddable into C. As in the proof of Theorem 3.3.5,
we can suppose that the index set I is finite, and the argument for |I| = 2 applies to all other cases.
Let K = {wy,...,w,} be a finite set of reduced words of G1 * G2, and consider the finite subsets

K; :={eq,} U{g € G; | g appears in some w; for j =1,...,7} C G;, fori=1,2.

The groups G; are locally embeddable into C, hence there exist C; € C and K;-approximations p;: G; —
C;. Moreover e, € K;, thus ¢;(eq,) = ec,. This implies that

vi(g) #ec, Vg€ K;\{eq,}- (3.5)

Then the map ¢: G * Go — C; * Cs defined by

o la,= @i and o(gr-..95) = p(q1)..-0(g9s) Vg € G,,,Vs €N

is well defined in view of Equation (3.5). Let us see that ¢ is a K-approximation.
Consider the reduced words

w=g1...gs € K, g; € G,V and w =hy...h €K, h; € Gy, Vj,

where ¢;, k; € {1,2}, and suppose that p(w) = ¢(w’). It follows that s = ¢. Moreover, as w and w’
are reduced words, also p(w) and ¢(w’) are reduced. This implies that ¢; = &, forall j =1,...,s and
that

e (91) =0 (h1), oy 0, (gs) = pu, (hs).

As the maps ¢, ; are Kj-approximations and g;, h; € K, it follows that g; = h; forall j =1,...,5s =t.
This means that w = w’, that is, ¢ [k is injective.

Moreover, condition (al) of the definition of K-approximation is satisfied, because the maps ¢;
satisfy the same conditions for K, respectively. Thus ¢ is a K-approximation.

If condition (a) holds, then C; * Co € C and so Gy x G4 is locally embeddable into C. On the
other hand, if condition (b) holds then Cy * Cs is residually C. As the class C is closed under finite
direct products, the group C * Cs is fully residually C, that is, there exists a surjective homomorphism
: C1 % Cy — D € C which is injective on the finite subset ¢(K) of C; * C3. Thus, the composition
Pop: Gy *x Gy = D is a K-approximation, and G * G2 is LE-C.

O
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Conditions (a) and (b) of the previous theorem are independent one from the other. In fact the
class of free groups satisfies the first one but not the second, and the class of finite (or amenable, etc.)
groups satisfies the second but not the first. As for the residual case, a class of groups C such that
being locally embeddable into C is not preserved under free products is the class of abelian groups.

Applying Theorem 3.4.1 to specific classes of groups, we obtain the following corollary.

Corollary 3.4.2. Let C be one of the following classes:
1. finite groups;
. finite p-groups;

. finite-solvable groups;

2

3

4. solvable groups;
5. free groups;

6. elementary amenable groups;
7.

. amenable groups.

Then the class of LE-C groups is closed under taking free products.



Chapter 4

Proamenable topology

In this chapter we introduce a topology suited for the study of residually amenable groups, namely
the proamenable topology. Our approach is in fact more general, as we work in the context of pro-C
topologies, for a class of groups C. The results of the first two sections are published in the paper [19].

4.1 The pro-C topology

Given a class C, the idea of characterising residually C groups looking at a topology these groups carry
goes back to M. Hall [67], who introduces the profinite topology as a tool to understand residually
finite groups. Strictly related to this is the concept of profinite (or pro-C) completion of a group.

In [7] the analogous true' prosoluble completion is studied, and in [53, 104] pro-C groups are
considered, where C are various classes of finite groups.

To define the proamenable and the pro-C topologies, we begin with the following notion.

Definition 4.1.1. A subdirect product of the family of groups {G;}:cs is a subgroup H of their direct
product [[;.; G, such that the projection H — G; on each coordinate i € I is surjective.

The direct product of groups is itself a subdirect product. Given a group G, the diagonal product
{(9,9) | g € G} < G x G is another example of subdirect product. More generally, if 7: G — H is a
surjective homomorphism, then the group {(g,7(g)) | g € G} < G x H is a subdirect product of G
and H.

Lemma 4.1.2. Let G be a group and Ny, Ny be two normal subgroups in G. The (isomorphic copy in

NQ X —2 of the) group G/(N1 N Na) is a subdirect product of the family {N , N2

Proof. The group G/(N; N N3) is isomorphic to a subgroup of NQ 2, because of the injective
homomorphism
G

G
G/(N1 N N3) — N SNy g(N1 N Na) — (gN1, gNa), Vg eG.
1 2

Let H < & X & be the isomorphic image of G/(N; N Na) under the above mentioned injective map.
By COIlth"uCthIl the two projections H — G/N; and H — G/N, are surjective homomorphisms.
Hence H is a subdirect product. O

1The term true appears here to stress that the completion is taken with respect to all solvable quotients of the given
group, and not just the finite-and-solvable quotients. In prior works considering prosoluble completions, the authors
usually took the completion with respect to all finite-and-solvable quotients only.

33
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Given a class C and a group GG, we define the family of subgroups
Ne(G):={N <G |G/N €eC}. (4.1)
Remark 4.1.3. Consider the following closure properties for a class of groups C:
1. C is closed under taking finite subdirect products;
2. C is closed under taking subgroups;
3. C is closed under taking finite direct products.

Notice that, from Definition 4.1.1, we have
1=3 and 2&3=1.

If the class C of Equation (4.1) satisfies the first condition, that is C is closed under taking finite
subdirect produts, then the set N¢(G) is closed under intersections for every group G € C, as proved
in Lemma 4.1.2. This implies that Nz(G) is a base at eg for a topology on G.

Definition 4.1.4. Let C be a class of groups. The pro-C topology of a group G is the topology that
has M¢(G) as basis at eg. A normal subgroup N € N¢(G) is also called a co-C subgroup.

By definition of basis for a topology, the open sets of the pro-C topology are
0= {Uoi 10; € {gN | g€ G, NeNC(G)}}.
iel
The pro-C topology of a group is a group topology, namely, the group operations
p:GxG—G,  ulg,h)=gh

and
t:G— G, W(g) =g "
are continuous maps, where G x G is endowed with the product topology.

If the class C satisfies conditions two and three of Remark 4.1.3, or equivalently, conditions one
and two, then equipping a group G with its pro-C topology is a faithful functor from the category of
groups to the category of topological groups. That is to say, for groups G and H every homomorphism
@: G — H is a continuous map with respect to the corresponding pro-C topologies.

A set X C G is C-closed in G if X is closed in the pro-C topology of G: for every g ¢ X there exists
N € N¢(G) such that the open set gIN does not intersect X, that is, gN N X = (). Accordingly, a set
is C-open in G if it is open in the pro-C topology of G.

Definition 4.1.5. Let C be a class of groups. The pro-C completion of a group G is the inverse limit

G:= lm G/N
NeNc(G)

with respect to the canonical surjective homomorphisms G/N — G/M, for N < M in N¢(G).
Let i be the natural homomorphism
n: G — G, n(g) := (gN)NeNc(G)'

We have the following characterisations.
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Theorem 4.1.6. Let G be a group and C be a class closed under taking subgroups and finite direct
products, or, equivalently, closed under subgroups and subdirect products. The following conditions are
equivalent:

(cl) GeC;

(c2) {ec} € Nc(@G), that is, the pro-C topology over G is the discrete topology;
(¢3) G=G andn: G — G is the identity map.

Also the following conditions are equivalent:

(rel) G is residually C;

(rc2) the pro-C topology over G is a Hausdorff topology;

(re3) the homomorphism n: G — G is injective.

For the rest of the section, also if not explicitly stated, C is assumed to be closed under subgroups and
finite direct products. The proof of the following lemma is adapted from the proof of [67, Theorem 3.1],
where M. Hall proved the same statement for the profinite topology.

Lemma 4.1.7. Let G be a residually C group and consider its pro-C topology. A subgroup H contains
an open set if and only if it contains a subgroup N € N¢(G).
Moreover, in such a case, H is both open and closed.

Proof. If H is open in the pro-C topology, then there exist a family of indices I, elements g; € G and
subgroups N; € N¢(G) such that

H={JgN: (4.2)
il
As eq € H, there exists j € I such that eq € g;N;, so that gj_1 € N;. As Nj is a subgroup, it follows
that g;N; = N;, and thus N; C H by Equation (4.2).
Suppose now that H contains N € N¢(G). It follows that

H= ] hN. (4.3)

heH

Equation (4.3) implies that H is opes, because it is the union of the open subsets {hN},cpy. But, in
the same manner, we see that the complement of H in G equals

G\H= | gH, (4.4)
g¢H

and hence it is itself open. Equation (4.4) implies that the complement of H is open, so that H is
closed. O

We underline the following immediate corollary:

Corollary 4.1.8. Let G be a residually C group, H a subgroup and N € N¢(G). Then the subgroup
HN s both open and closed in the pro-C topology.

In the following lemma we characterise subgroups that are closed in the pro-C topology.

Lemma 4.1.9. Let H be a subgroup of the group G. The following conditions are equivalent:
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1. H is closed in the pro-C topology of G;

2. for every g € G\ H there exists a surjective homomorphism ¢: G — C such that C € C and
w(9) & w(H);

3. for every g € G\ H there exists N € Ne(G) such that g ¢ HN;
4. H=N{HN | N € Ne(G)}.

Proof.

1.=2. Suppose that H is closed in the pro-C topology of G, so that there exists an open set gIN, with
N € N¢(G) satisfying
HnNgN=0. (4.5)

Consider the surjective homomorphism ¢: G — G/N. Equation (4.5) implies that the intersection
©(9)p(N)N@(H) is empty. But N is the kernel of ¢, so this means that ¢(g) ¢ ©(H).
2. 3. The second and the third condition are clearly equivalent, setting N = ker .

3.=4. The existance of an element

ge (ﬂ{HN N eNC(G)}> \H

is a contradiction with condition three.

4.=1. Condition four means that H is the intersection of closed sets (confront Corollary 4.1.8). Hence,
it is itself closed. O

When C is the class of finite groups, a subgroup satisfying one of the above conditions is sometimes
called separable in the profinite topology.

Remark 4.1.10. If the class of groups C is such that a residually C group is fully residually C then,
in Lemma 4.1.9, conditions two and three can be replaced respectively by:

2% for every finite subset ' C G'\ H there exists a surjective homomorphism ¢: G — C such that
C €Cand (F) ¢ p(H);

3.7 for every finite subset F' C G\ H there exists N € N¢(G) such that F N HN = ().
We will exploit these conditions, when possible, even if referring to Lemma 4.1.9.

We end this section with the following proposition. In the particular case when the class C contains
only finite groups, the statement is proved in [104, Lemma 3.1.5]. To state it, we need to define the
notion of retract. A retract of a group G is a subgroup R < G admitting a surjective homomorphism
p: G — R, called a retraction, such that p(r) = r for all » € R.

Proposition 4.1.11. Let C be a class of groups closed under subgroups and finite direct products, and
let G be a residually C group. A retract R of G is closed in the pro-C topology of G.

Proof. Let p: G — R be the retraction corresponding to R and let ¢ € G\ R be an element. As g
is not an element of R, we have that p(g) # g, that is, p(g)g~! is not the trivial element of G. As
the group G is residually C, there exist a group C' € C and a homomorphism ¢: G — C such that

©(p(9)g™1) # ec, that is, ¢(p(g)) # ©(g).
Consider the homomorphism

P:G-CxC,  B(g) = (p(9),¢(p(9), Vgeq.
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Let D = {(c,c) | c € C} < C x C be the diagonal subgroup of C' x C. As R is a retract and p(g) = ¢
for all g € R, we have that ®(R) < D. Moreover, ®(g) ¢ D, thus ®(g) ¢ ®(R). As the class C is closed
under taking subgroups and direct products, we have that ®(G) € C.

Hence, ker(®) € N¢(G) and g ¢ Rker(®). Lemma 4.1.9 implies that R is closed in the pro-C
topology of G, and the proof is completed. O

4.2 Special HNN extensions and amalgamated products

To fix the notation and recall some terminology, we start with the following classical definition.

Definition 4.2.1. Given a group A, two subgroups H and K and an isomorphism ¢: H — K, the
HNN extension with base group A and amalgamated subgroups H and K is the group given by the
presentation

Axy, = (At | tht ' = p(h) VYh e H).

We call the HNN extension special if H = K and ¢ = idy.

In the next theorem we extend [113, Theorem 4.2] exploiting Lemma 3.3.1 to classes of groups
C that are closed under taking subgroups, finite direct products, and such that free-by-C groups are
residually C.

Remember that, in view of Corollary 3.3.2, the hypotheses of Theorem 4.2.2 are satisfied if the
class C contains a root class R, every R-by-C group belongs to C, and for every group in C there is one
of R of the same cardinality.

Theorem 4.2.2. Let A be a group, H < A and consider the special HNN extension G = Axyq
amalgamating the subgroup H. Let C be a class of groups that is closed under taking subgroups, finite
direct products, and such that free-by-C groups are residually C.

Then G is residually C if and only if A is residually C and H is closed in the pro-C topology of A.

Proof.

We first assume that A € C and we prove that the HNN extension G is residually C. In this case
the pro-C topology of A is discrete, as noticed in Theorem 4.1.6. Hence, all the subgroups are closed.
Consider the surjective homomorphism 7: G — A defined by 7(a) = a for all a € A and 7n(t) = ea.
This is a homomorphism because the considered HNN extension is special. Let K := kermw, then
ANK = {ea}, and for all g € G we have that

g 'AgNK =g "Agng'Kg=g " (ANK)g = {ea}.

Hence, K is a free group because it acts freely on the Bass-Serre tree of the HNN extension Ax;q. This
means that G is free-by-C and, by hypotheses, we conclude that G is residually C.

Suppose that the base group A is residually C and that H is closed in A. We want to prove that G
is residually C. Let g be a non-trivial element of G. By Britton’s lemma [82, §IV.2, page 181], ¢ has
the following reduced form

g =apttay...t°"ay,, (4.6

)
where the elements a; arein A, ¢; = 1 foralli =0,...,n, and if ;6,47 = —1 forsomei=1,...,n—1
then a; ¢ H.

If g = t¢ for some € € Z\ {0}, then for all normal subgroups N < A the element g is mapped
non-trivially by 7: G — G to the special HNN extension

Gy = A/Nxjq = (A/N,t|tat ' =2 Vx € HN/N),
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where id: HN/N — HN/N is the identity map. Let N € N¢(G), then Gy is residually C because the
base group A/N is in C. Hence there exists a surjective homomorphism ¢: Gy — B, where B € C is
such that p(t°) # ep. Thus, the composition ¢ o maps g to a non-trivial element of the group B € C.

If g is not of the form ¢°, then in Equation (4.6) there are some a; which are not the trivial element
of A. As H is closed in the pro-C topology of A, there exists a surjective homomorphism ¢: A - B,
with B € C, such that for every non-trivial of these a; we have that

v(a;) ¢ o(H) = HN/N, where N := ker ¢. (4.7

Extend ¢: A — B to @: Axjq — Bxiq, where in Bx;q the identity map is id: p(H) — ¢(H), that
is, the identity map of HN/N. The element ¢(g) is non-trivial in B4, because of the conditions in
Equation (4.7), and Bxq is residually C by the first part of the theorem, because B € C.

This means that G is residually (residually C), that is, G is residually C.

Suppose that the special HNN extension G = Axjq is residually C, we want to show that A is
residually C and that the subgroup H is closed in the pro-C topology of A.
As A < G, it is residually C. Suppose that H is not closed in A, so there exists an element
@ € A\ H such that @ € HN for all the normal subgroups N € N¢(G). Consider the non-trivial
element g = tat~'a~! € G. The group G is residually C, so there exists a normal subgroup K < G
such that g ¢ K and G/K € C.
Let N:=KnNA<A, then A/N € C, because

A AK
= gi< .
AIN ANK K SG/K

Extend the canonical projection 7: A - A/N to
T A*id —» (A/N)*id7

where in the second HNN extension the identity map is id: HN/N — HN/N. As A/N € C, it follows
that @ € HN. So there exist h € H and n € N such that @ = hn. Thus

7(a) =n(a) = w(h)n(n) = n(h) € 7(H) = HN/N
and hence

7(g) = wn(tat‘a"') = tr(h)t'w(h7Y)

m(h)r(h™1) (hh™') =e.

Thus g € kermy < K and in particular ¢ € K. This is a contradiction with the initial choice of the
normal subgroup K, and this contradiction arises from supposing that H is not closed in A.
O

As corollaries, we obtain:

Corollary 4.2.3. Let C be a class of groups as in the previous theorem, A a residually C group and
H < A a finite subgroup of A. Then the special HNN extension Axiq with associated subgroup H is
residually C.

Corollary 4.2.4. A special HNN extension G := Axiq is residually amenable if and only if A is
residually amenable and the amalgamated subgroup is closed in the proamenable topology of A.

A similar statement is true for amalgamated free products.
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Definition 4.2.5. Given the groups A and B, two subgroups H < A and K < B and an isomorphism
@: H — K, the amalgamated free product of A and B along ¢ is the group given by the presentation

Ax,B:=(A,B|h=p(h) YheH). (4.8)

We call the amalgamated free product A *, B a double if A = B and ¢ = idy. In this case, we
write A xg A for A x, A, and we denote by A the right hand side copy of A in the double, so that
Equation (4.8) reads as

Axg A= (A A|h=h VYheH).

Theorem 4.2.6. Let A be a group, H < A a subgroup and consider the double G := Axy A. Let C be
a class of groups that is closed under taking subgroups, finite direct products, and such that free-by-C
groups are residually C.

Then G is residually C if and only if A is residually C and H is closed in the pro-C topology of A.

Proof.

We start with the case when A € C. Let id: A — A be the isomorphism sending @ to a. By the
universal property of amalgamated free products, there exists a unique homomorphism ¢: G — A that
extends id: A — A and id: A — A, so that ¢ [4=id and ¢ [ 1= id.

Let K = ker ¢, then KNA = KNA = {eg}. This means that K is a free group. The homomorphism
@ is surjective and A € C. Hence, it follows that the group G is free-by-C and thus residually C by
Corollary 3.3.2.

Suppose that A is a residually C group and that H < A is closed in the pro-C topology of A. Let
g € G be a non-trivial element of the double A xy A. If g € A then p(g) =g € A\ {ea}. The group
A is residually C, so there exists a group B € C and a surjective homomorphism : A — B such that
¥(g) # ep. The same argument works if g € A.

If g ¢ AU A then it can be expressed [88, Corollary 4.4.1] as

g = a1b1 . anbn,

where a; are elements of A, not in H for i > 2, and b; are elements of A, not in H for i < n — 1.
The subgroup H is closed in the pro-C topology of A, thus there exist a group C' € C and a surjective
homomorphism 9: A — C' such that

Wa;) ¢ 9(H),  O(a) ¢I(H), Vi=1,...,n.
Consider the surjective homomorphism
0:G—~C *19(H) C

such that

g+ O(g) = (a1)0(b1) ... 9(an)d(by).
As 9(a;) ¢ 9(H) and 9(b;) ¢ U(H), it follows that ©(g) is not trivial in C #y(g) C. By the first part
of this proof C xy gy C is residually C, hence there exists a quotient B € C of G' where g is mapped
non-trivially.

Suppose now that the amalgamated free product G is residually C and thus that A is residually C.
We need to prove that the amalgamated subgroup H is closed in the pro-C topology. Suppose it is
not, then there exists an element a € A\ H such that a € HN for all normal subgroups N < A with
A/N € C, as Lemma 4.1.9 shows. Consider the element [a,a] € G'\ (AU A).
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As the group G is residually C, there exists a normal subgroup K < G such that [a,a] ¢ K and

G/K €C. Let N:= KN A, then N < A and the quotient

AK G

AN~ ¢ 2

/ K K

Thus a € HN, so there exist h € H and k:_e Zy such_that a = hk. Moreover N < A, so there ezcist

elements n,m € N such that hk = nh and k~'h~! = h~!m. This means, remembering that h = h in
G for all h € H, that

eC.

= [hk, hk] = hk(hE) (K~ R~V k" Rt = hEk(nh)(h ™ m)k A1
= hknmk *h™' = h(knmk~')n 1.

(@, d]

(4.9)

The element knmk~! is an element of N because each of the four elements appearing in the product
lies in N. Hence, Equation (4.9) implies that

[a,a) € ANh' = N=KnA<K.

This is a contradiction, because [a, a] is mapped non-trivially in the quotient G/K. Hence the subgroup
H is closed in the pro-C topology of A, and the proof is completed. O

Corollary 4.2.7. Let C be a class of groups as in the previous theorem, A a residually C group and
H < A a finite subgroup of A. Then the double A xg A is residually C.

Corollary 4.2.8. A double Axg A is residually amenable if and only if A is residually amenable and
H s closed in the proamenable topology of A.

Our results are optimal. Indeed, Theorem 4.2.6 is no longer valid if the amalgamated free product is
not a double. In [26] infinite simple groups are constructed as amalgamated free products of free groups
amalgamating subgroups of finite index (hence, closed in the profinite and proamenable topologies of
the given free groups).

Thus an amalgamated free product of residually amenable groups, amalgamating two closed sub-
groups, may be not residually amenable in general.

Consider a solvable group A with two isomorphic subgroups ¢: H — K, and suppose that ¢ is the
restriction of an automorphism of A. It was proved [103, Lemma 1.2] that, under these hypotheses, the
HNN extension Ax,, is residually solvable. Proposition 4.2.9 is the generalization of the just-mentioned
fact.

Proposition 4.2.9. Let A be a group, H, K two subgroups of A and ¢: H — K an isomorphism.

Suppose that there exists an automorphism a: A — A such that o [g= . Let C be a class of groups

such that free-by-C groups are residually C, and such that every split extension C-by-Z belongs to C.
If A € C then Ax, is residually C.

Proof. Consider the two HNN extensions
G=(At|tht™' = p(h) Vhe H), G* = (At |tat™ = ala) Va € A).

As H C A and o [g= ¢, the map p: G — G* defined by p(a) = a for all a € A and p(t) =1 is a
well-defined surjective homomorphism. Moreover, G* is isomorphic to the semidirect product A x, (t),
hence it is a group in C, as implied by the hypotheses.

Let K = ker p, we have that AN K = {ea}, thus K intersects trivially each conjugate of A in G
because K is normal in G. Hence K is a free group, because it acts freely on the Bass-Serre tree of
the HNN extension Ax,. This means that G is free-by-C. Hypotheses two and three mean that we
can apply Corollary 3.3.2, so that G is residually C. O
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Corollary 4.2.10. Let A be a group, H, K two subgroups of A and ¢: H — K an isomorphism.
Suppose that there exists an automorphism «: A — A such that o [g= ¢. If A is amenable then the
HNN extension Ax, is residually amenable.

With the same hypotheses of Proposition 4.2.9, if the base group is residually amenable then the
HNN extension need not be residually amenable: Example 3.1.6 gives the counterexample.

4.3 Finitely presented non-residually amenable groups

Here we apply the results of the previous section, Theorem 4.2.2 and Theorem 4.2.6, to provide
examples of finitely presented groups which are not residually amenable.

From now on, if I is a group then T' denotes an isomorphic copy of I'. If I' = (X | R) is a
presentation of the group I, let X and R denote the same generators and relators in the isomorphic
copy T.

Let p > 2 be a prime number and n > 3. The group SL,(Z[1/p]) is finitely presented [66, The-
orem 4.3.21] and has Kazhdan’s property (T) [17]. Moreover, it satisfies the congruence subgroup
property [10]. This means that every finite index subgroup H < SL,,(Z[1/p]) contains the kernel of the
natural projection

74t SLa(Z[1/p]) = SLa(Z/4Z), (4.10)

for some ¢ coprime with p. In particular, if the finite index subgroup H is normal in SL, (Z[1/p]), it

follows that
w ~ SLn(Z/QZ) or w o PSLn(Z/qZ)7 (4.11)

H
for exactly one ¢ coprime with p.
In what follows, given an element x € SL,(Z[1/p]) and a projection 7 from SL,(Z[1/p]) onto
SL,.(Z/qZ) or PSL,,(Z/qZ), we denote the order of 7(z) by 0.
The proof of the following theorem is adapted from [76, Theorem 1], where an analogous fact is
proved, but in the case when the amalgamated subgroup is infinite cyclic.

Theorem 4.3.1. Let p > 2 be a prime number, n > 3, let I' := SL,(Z[1/p]) = (X | R). Let
(a,b) = F < T be the subgroup generated by the matrices

1 2 0 1 0 0
a=[01 o |, b=[21 0o |,
0 0 In_Q 0 0 In—2

where 1,_o is the identity matriz of dimension n — 2. Then the group
G:=T*rT=(X,X|R Ra=a,b=>b)
is not LEA.

Proof. The group G is finitely presented. Hence it is sufficient to prove that it is not residually
amenable. Let

2
L= 0
r=10 1 0
0 0 I,—2
and consider the element g = [z,Z] € G. Since z ¢ F, using normal forms for the elements of the

amalgamated free product [82, I1.11], it follows that g # eg.
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Let m: G — A be a surjective homomorphism with A amenable. We claim that w(g) = e4. Indeed,
consider the restriction 7 [p: I' = 7(T"). The group m(I') < A is amenable and moreover it is a quotient
of T, which is a group with Kazhdan’s property (7). Hence 7(T') is finite and, in particular, 7(z) has
finite order o,,.

The element x is unipotent, that is, there exists an integer m such that (z —I,)™ = 0, so w(x) is
unipotent too. As the group I satisfies the congruence subgroup property, it follows that 7(x) is an
element of some SL,,(Z/qZ) or PSL,(Z/qZ), for q coprime with p. As 7(z) is a unipotent element, the
order o, divides a power of ¢, [117]. Moreover ged(p,q) = 1, so ged(p,0,) = 1.

As 2P = a, we have that (7(a)) < (m(z)) and that

Oz

00 =0 = ged(p, 04)

= 0g.

This implies that the two finite groups (m(a)) and (w(z)) have the same cardinality, and so (7 (a)) =
(m()).

The same argument applies to the elements Z and @, so (m(a)) = (7(Z)). As in the group G we
have a = @, it follows that (n(z)) = (x(Z)), and so w(g) = [r(x),7(Z)] = ea. That is, the element g is
mapped to the trivial element in all amenable quotients of G. Thus, G is not residually amenable. [

Corollary 4.3.2. With the notation of the previous theorem, for r > 2 let I, < T be generated by
{b'ab™" |i=0,...,r —1}. Then the groups

G,:=T#p I'=(X,X|R,Ria=a,...,b" tab " =p"lap—"+1)
are pairwise non-isomorphic and are not LEA.

Proof. The subgroup F, is a free group of rank r. The argument of the proof of Theorem 4.3.1 shows
that the element g = [z, Z] is mapped to the trivial element in all amenable quotients of G,. Hence
G, is not LEA.

To prove that the family {G,},>2 consists of pairwise non-isomorphic finitely presented groups,
recall that the deficiency def(G) of a finitely presented group G is defined as the maximum of | X|—|R)|,
over all the finite presentations G = (X | R). It is invariant under isomorphism, and we have

def(G,) = 2 - def(SL,,,(Z[1/p]) — r.
Therefore, the groups {G, },>2 are pairwise non-isomorphic. O

Remark 4.3.3. The groups G of Theorem 4.3.1 and G, of Corollary 4.3.2 are not residually amenable
because they are constructed starting from groups that satisfy property (T). Nevertheless, they do not
have themselves property (T) [17, Remark 2.3.5 and Theorem 2.3.6], because they split as amalgamated
free products.

From Corollary 4.3.2 and the results of the previous section we obtain:

Corollary 4.3.4. Let p > 2 be a prime number, n > 3 and SL,(Z[1/p]) = (X | R). For r > 2 the
groups

D= (X,t| R, tat™" =a, t(bab™ ")t =bab ', ... t(b" tab” ")t = b7 lab (7 Y)

are pairwise non-isomorphic and are not LEA.
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Proof. As proved in Corollary 4.3.2, the group G, :=I'xp_ I is not residually amenable. As the group
T is residually amenable, by Corollary 4.2.8 we have that F). is not closed in the proamenable topology
of T.

Hence, by Corollary 4.2.4, the group I',. is not residually amenable. As the groups I',. are finitely
presented, it follows that they are not LEA. O

Remark 4.3.5. The groups I';. of Corollary 4.3.4 are isomorphic to a semidirect product, where the
normal subgroup is a free group and the second subgroup is I' = SL,,(Z[1/p]). As T, are not residually
finite, it follows that these normal free subgroups cannot be finitely generated, because this would be
a contradiction to Proposition 2.2.8.

To see that I',. is a split extension and that the kernel is indeed a free group, let us consider the
surjective homomorphism ¢: I',, — T that extends id: T' — I and id: T' — T. Let K = ker ¢, then
KNI = KNT = {e}. This means that K acts freely on the Bass-Serre tree associated to the
amalgamated free product I';., that is to say, K is a free group.

The extension is split because the homomorphism s: I' — I';., which maps I" to the left hand side
copy of I' inside I', =T" %, I, is such that ¢ o s = idr.

4.4 Amalgamated products that are not doubles

In this final section, we collect permanence results that concern free amalgamated products and HNN
extensions that are not doubles, or special HNN extensions.

Proposition 4.4.1. Let C be a class closed under taking quotients, and such that free products of
C groups are residually C. Let A, B be residually C groups, and H < A, K < B be normal, finite
subgroups of A and B respectively, with isomorphism p: H — K. The amalgamated free product
A x, B is residually C.

Proof. Let g € G = A, B be a non-trivial element. Let Ty be a transversal of H in A and Tk be a
transversal of K in B. The element g can be uniquely expressed as

g = haibiasbs . ..anb,, heH, a; €Ty, b; € Tk. (412)

The subgroups H and K are finite, hence we can find appropriate C quotients of A and B, where
HU{ay,...,a,} and KU{by,...,b,} are injected, respectively. So, assume without loss of generality
that A and B are groups in C.

If g € A (respectively g € B), then the surjective homomorphism G — A (respectively G — B)
maps g to a non-trivial element of A € C (respectvely of B € C). If ¢ ¢ AU B, then consider the
projection 7: G — A/H x B/K. Equation (4.12) implies that

7m(g) = (e H)(01K) ... (anH)(b, K) # e.

By hypotheses, the groups A/H and B/K are in C, and the free product A/H x B/K is residually C.
This concludes the proof. O

Proposition 4.4.1 goes towards an answer to [76, Question 2], where it is asked if the amalgamated
free product of residually amenable groups, amalgamated over any finite subgroup (no normality
assumption here) is again residually amenable.

Corollary 4.4.2. Let A and B be residually amenable groups, with isomorphic normal, finite subgroups
H < A and K < B respectively. The amalgamated free product A x, B is residually amenable, where
p: H— K is an isomorphism.
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The previous results concern normal subgroups. In what follows, we focus on retracts.

Lemma 4.4.3. Let C be a class of groups which is closed under taking subdirect products, and let A, B
be two groups in C, with a common retract R. The amalgamated free product A xr B is free-by-C.

Proof. The subgroup R is a retract of both A and B, and hence there exist retractions pa: A - R
and pg: B —» R. Moreover, A 2 K, x R and B = Kg x R, where K4 = kerps and Kg = ker pp.
These isomorphisms imply that Axr B = (K4 * K) x R. Hence, an element g of A g B can uniquely
be expressed as

g=ayby...ab,r, a; € Kp, bj€ Kg, r € R. (4.13)

Consider the surjective homomorphism
m: Axg B — {(a,b) € Ax B|pa(a) = pp(b)}
defined, for an element g expressed as in Equation (4.13), as
m(g) = w(a1by ... anbyr) = (alag c.apT,biby. .. bnr).

The group {(a,b) € A X B | pa(a) = pp(b)} < A x B is a subdirect product of A and B, which are
groups in C. Hence, the hypotheses imply that it is also a group belonging to C.

Moreover, it is immediate to check that A Nkerm = B Nkerm = {e}. Hence, K = ker w acts freely
on the Bass-Serre tree of the amalgamated free product A xz B. This concludes the proof. O

Corollary 4.4.4. Let A and B be amenable groups, with a common retract R. The amalgamated free
product A xr B is residually amenable.

Lemma 4.4.3 does not readily extend from groups in C to residually C groups. If A and B are
residually C groups, in view of Proposition 4.1.11 we can find surjective homomorphisms m; and 7o
from A and B onto Q1 and Q5 respectively, such that these two groups belong to C and such that

mi(a;) ¢ m(R),  ma(bi) ¢ m2(R),

for all elements appearing in Equation 4.13. This can be exploited to reduce the problem to the setting
of Lemma 4.4.3 only if m1(R) = ma(R).



Chapter 5

Graph products

Graph products were introduced by Green [59] in her PhD thesis, with ideas going back to unpublished
work of Bergman' [18], and are a common generalisation of direct and free products.

In this chapter we consider graph products of groups, and we extend the results of the previous
chapters from the free products context to the graph product context. The first three sections of this
chapter correspond to the published paper [20], which is joint work with Michal Ferov.

5.1 Graph products of groups

Definition 5.1.1. Let I' = (V, E) be a simplicial graph. Let G = {G,},cv be a family of groups
indexed by the vertex set V. The graph product I'G of the groups G with respect to the graph T' is
defined as the quotient of the free product *,cy G, obtained by adding all the relations of the form

Judv = GoJu  YGu € Gu, gy € Gy, {u,v} € E.
The groups G, € G are called the vertex groups of I'G.

We stress that we are not making any assumption on the cardinality of the vertex set V', which
could be finite, countable or uncountable.

Let G =T'G be a graph product. Every element g € G can be obtained as a product of a sequence
W = (91,92, --,9n), where each g; belongs to some G, € G. We say that W is a word in G and that
the elements g; are its syllables. The length of a word is the number of its syllables, and it is denoted
by |W].

Transformations of the three following types can be defined on words in graph products:

(T1) remove the syllable g; if g; = eq,, where v € V and g; € Gy;

(T2) remove two consecutive syllables g;, g;+1 belonging to the same vertex group G, and replace
them by the single syllable g;gi+1 € Gy;

(T3) interchange two consecutive syllables g; € G,, and g;+1 € G, if {u,v} € E.

The last transformation is also called syllable shuffling. Note that transformations (T1) and (T2)
decrease the length of a word, whereas transformations (T3) preserve it. Thus, applying finitely many
of these transformations to a word W, we obtain a word W’ which is of minimal length and that
represents the same element in G.

1We thank Warren Dicks for mentioning this unpublished work.
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For 1 < i < j < n, we say that syllables g;,g; can be joined together if they belong to the same
vertex group and ‘everything in between commutes with them’. More formally: g;,g; € G, for some
v € V and for all i < k < j we have that g € G,, for some vy € link(v) := {u € V | {u,v} € E}. In
this case the words

W =(g1,--19i-1:9isJit1r-->9j—1,95:Gj+1s- - 9n)
and
W = (g1, 5 9i-1,9i95> Git1>- - - Gj—15Gj+ 15+ - - » In)

represent the same group element in G, and the length of the word W' is strictly shorter than W.

We say that a word W = (g1, 92, ...,9n) is reduced if it is either the empty word, or if g; # e for
all 7 and no two distinct syllables can be joined together. As it turns out, the notion of being reduced
and the notion of being of minimal length coincide, as it was proved by Green [59, Theorem 3.9]:

Theorem 5.1.2 (Normal Form Theorem). FEvery element g of a graph product G can be represented
by a reduced word. Moreover, if two reduced words W, W' represent the same element in the group G,
then W can be obtained from W' by a finite sequence of syllable shufflings. In particular, the length of
a reduced word is minimal among all words representing g, and a reduced word represents the trivial
element if and only if it is the empty word.

Thanks to Theorem 5.1.2 the following are well defined. Let g € G and let W = (g1,...,9,) be a
reduced word representing g. We define the length of ¢ in G to be |g| = n and the support of g in G
to be

supp(g) ={v e V| Fi e {l,...,n} such that g; € G, \ {e}}.

Let z,y € G and let W, = (z1,...,20), Wy = (Y1-..,Ym) be reduced expressions for = and y,
respectively. We say that the product zy is a reduced product if the word (x1,...,Zn, Y1, -, Ym) iS
reduced. The element xy is a reduced product if and only if |zy| = |z|+|y|. We can naturally extend this
definition: for g1,..., g, € G we say that the product ¢; ... g, is reduced if |g; ... gn| = g1+ - +]|9n]-

A subset X C V induces the full subgraph T'x of ', which is defined to be the graph I'x whose
vertex set is X, and whose edge set consists of all edges in I' connecting two vertices of X C V. Let Gx
be the subgroup of G = I'G generated by the vertex groups corresponding to X and, by convention, let
G be the trivial subgroup. It follows from Theorem 5.1.2 that Gx is isomorphic to the graph product
of the family Gx = {G, € G | v € X} with respect to the full subgraph I'x. Subgroups of G that can
be obtained in this way are called full subgroups. For such subgroups, there is a canonical retraction
px: G — Gx defined on the vertex groups as

g ifge G, and v € X,
px(g9) =

e otherwise.

Thus, G splits as the semidirect product G = ker(px) x Gx, and full subgroups are retracts of G.
Let B < A and C be groups, we define A xg C, the special amalgam of A and C over B, to be the
free product with amalgamation

AxpC:=Axp(BxC)=(A,C|[b,cJ=e ¥be B,Vce (). (5.1)
Special amalgams generalise the notion of special HNN extensions: every special HNN extension
Axiq, = (At | tht™ =b Vb€ B)

is isomorphic to Axp (t) = A*p (B x Z).
Graph products can be seen in a natural way as special amalgams of their full subgroups:
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Fact 5.1.3. Let G =I'G be a graph product. Then, for every v € V, we have that G = G4 *a, G,
where A =V \ {v}, B =link(v) and C = {v}.

Consider G = A xg C, then every element g € G can be represented as a product agciay ... Cpay,
where a; € Afor ¢ =0,1,...,nand ¢; € C for j = 1,...,n. We say that g = agcia;...cpa, is in a
reduced form if a; ¢ Bfori=1,...,n—1landc¢; #efor j=1,...,n.

The following lemma is proved in [53, Lemma 5.3], and describes reduced forms for elements of
special amalgams.

Lemma 5.1.4. Let B < A and C be groups, and consider G = AxgC. Suppose that g = agciay ... cpan
is in reduced form, where a; € A, ¢; € C andn > 1. Then g is not the trivial element of G.

Moreover, suppose that [ = xoy11 ... YmTm 5 in reduced form, where x; € A, y; € C. If f =g
thenm =mn and c; =y; foralli=1,...,n.

Special amalgams satisfy a functorial property.

Fact 5.1.5. Let B < A,C, P,Q be groups and let Ya: A — P, ¥o: C — Q be homomorphisms. By
the universal property of amalgamated free products, the homomorphisms 14 and ¢ uniquely extend
to the homomorphism v : G — H, defined on the generators by

W(g) = Yala) if g=a for some a € A,
7 Yole)  if g=c for some c € C,

where G := Axp C and H := P xy,(p) Q.

5.2 Graph products of residually C groups

The following lemma will be useful for later proofs. It is noted in [53, Lemma 6.6], and we report a
short proof of it.

Lemma 5.2.1. Let C be a class of groups closed under finite direct products, let A,C € C and suppose
that B < A. Then the special amalgam G = A*p C' is free-by-C.

Proof. The class C is closed under taking finite direct products, and hence A x C belongs to it. Consider
the canonical surjective homomorphism 7: Axg C — A x C, and let K be its kernel. We have that
KnNA={e} =KnNC. From this, being K a normal subgroup in G, we deduce that K acts freely on
the Bass-Serre tree associated to the amalgamated free product Axp C. Hence, it is a free group, and
it thus follows that G is free-by-C. O

In the following proposition we characterise precisely which special amalgams are residually C. This
should be compared with Theorem 4.2.2 and Theorem 4.2.6.

Proposition 5.2.2. Let B < A, C be groups and suppose that C is a class of groups closed under taking
subgroups, finite direct products and that free-by-C groups are residually C. The group G = Axp C is
residually C if and only if A,C are residually C and B is closed in the pro-C topology of A.

Proof.

Suppose that the groups A and C are residually C and that the subgroup B is closed in A. We
need to prove that the group G is residually C.
Let g € G\ {e} be arbitrary and let g = agcias ... c,a,, where a; € A fori =0,...,n, ¢; € C for
j=1,...,n, be a reduced expression.
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There are two cases to consider. If n = 0, then ¢ = a9 € A\ {e}. Note that A is a retract
of G and thus for the canonical retraction ps: G — A we have pa(ag) = ag # e in A. The group
A is residually C, so there is a group H € C and a surjective homomorphism ¢: A — H such that
w(ag) # em. We see that (popa)(g) # en.

Suppose now that n > 1. As B is closed in the pro-C topology of A, there is a group @ € C and
a surjective homomorphism a: A — @ such that a(a;) ¢ «(B) for all i = 1,...,n — 1. Moreover, C
is residually C, so there exists a group S € C and a surjective homomorphism ~: C' — S such that
v(ci) # es foralli=1,...,n. Let ¢: G — P, where P = Q xo(p) 5, be the canonical extension of a
and v given by Fact 5.1.5. It follows that

P(g) = alao)y(cr)alar) .- y(en)a(an)

is a reduced expression for ¢ (g) in P. Hence ¢(g) # ep by Lemma 5.1.4.
The group P is free-by-C by Lemma 5.2.1, and thus residually C by assumption. Hence, G is
residually C.

To prove the other implication, suppose now that G is residually C. As A,C' < G and C is closed

under subgroups, it follows that the groups A and C' are residually C.

Looking for a contradiction, suppose that B is not closed in A. Then there exists an element
a € A\ B such that ¢(a) € ¢(B) for all surjective homomorphisms ¢: A — @, with @ € C, as proved
in Lemma 4.1.9.

Let ¢ € C be a non-trivial element, then the element g := [a,c] € G is not trivial, as a ¢ B and C
only commutes with B.

The group G is residually C, hence there exist a group @ € C and a surjective homomorphism
¢: G — @ such that ¢(g) # eq.

By the choice of the element a, it follows that ¢(a) € ¢(B). Moreover, B and C' commute
elementwise in G, so ¢(B) and ¢(C) commute elementwise in (). This implies that

e(g) = [p(a),p(c)] € [9(B),(C)] = {eq},
contradicting the assumption ¢(g) # eg. Hence, B is closed in the pro-C topology of A. O

Theorem 5.2.3. Let C be a class of groups that is closed under taking subgroups, finite direct products,
and such that free-by-C groups are residually C. Then the class of residually C groups is closed under
taking graph products.

Proof. Let T be a graph and let G = {G, | v € V} be a family of residually C groups. We want to
prove that the graph product G :=I'G is residually C.

Let g € G be a non-trivial element and set S = supp(g). Consider the retraction pg: G — Gg onto
the graph product associated to the finite graph I's. As ps(g) = g # e, without loss of generality we
can assume that the graph I is itself finite.

We proceed by induction on |V|. If |V] =1 then G = G,, is residually C by assumption. Suppose
now that |V| = r > 1 and that the statement holds for all graph products on graphs with at most r — 1
vertices.

Fix a vertex v € V and let

A=V {v}, B := link(v), C:={v}.

From Fact 5.1.3 it follows that G = G4 *g, G¢. Moreover, G4 is a graph product of residually C
groups with respect to a graph with r —1 vertices, hence G 4 is residually C by the induction hypothesis.
Note that G¢ is a vertex group, thus it is residually C by assumption. Finally, Gp is a retract of G 4
and thus Gp is closed in the pro-C topology of G 4 by Proposition 4.1.11.

Hence, applying Proposition 5.2.2, we see that G is residually C. O
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Corollary 5.2.4. Let R be a root class. Then the class of residually R groups is closed under taking
graph products.

Proof. Root classes are closed under taking subgroups, finite direct products and free-by-R groups are
residually R. O

Using this, we recover Green’s result that residually finite and residually p-finite groups are closed
under taking graph products [59, Corollary 5.4, Theorem 5.6]. Moreover, Corollary 5.2.4 covers [53,
Lemma 6.8] for the class of residually finite solvable groups, and yields the same statement for residually
solvable groups:

Corollary 5.2.5. Graph products of residually finite groups are residually finite. The same holds for
the classes of residually p-finite groups, residually finite solvable groups and residually solvable groups.

Proof. All the classes considered are root classes, so the claims follow from Corollary 5.2.4. O

Moreover, we have the desired result for residual amenability, and residual elementary amenability:

Corollary 5.2.6. Graph products of residually amenable groups are residually amenable. The same
holds for residually elementary amenable groups.

Proof. Free-by-amenable groups are residually amenable in view of Corollary 3.3.4, hence all the hy-
potheses of Theorem 5.2.3 are satisfied. O

5.3 Graph products of LE-C groups

Theorem 5.2.3 has an analogue for graph products of LE-C groups.

Theorem 5.3.1. Let C be a class of groups that is closed under taking subgroups, finite direct products,
and such that graph products of residually C groups are residually C. Then the class of LE-C groups is
closed under taking graph products.

Proof. Let T' = (V, E) be a graph, G = {G, | v € V} be a family of LE-C groups and let G :=T'G be
the graph product of G with respect to I'. Let K C G be a finite subset of G. The set Uge gsupp(k)
is a finite subset of V', thus without loss of generality we can suppose that V itself is finite. Set

K' =K 'K ={k"'K | k,k € K U{ec}}

and suppose that K/ = {g1,...,9,}. Let Wq,..., W, be reduced words in G representing the elements

gi1s---59r-
For every v € V consider the finite subset

K, :={eq,} U{g € G, | g is a syllable of some W;} C G,,.
By assumption, the vertex group G, is LE-C for every v € V. Hence, there exist a family of groups

F ={F, €C|v eV} and a family of K,-approximations {¢,: G, = F, |v € V}.
As eg, € K, it follows ¢, (eq,) = ep,. This implies that

polg) #er, Vg€ K, \{eg,}.

Let F :=T'F be the graph product of F with respect to I'.
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Let Wg and Wy denote the set of all the words in G and F respectively. We define the function
@: We — Wr in the following manner: for W = (g1,...,9s), where g; € G,, for some v; € V for
1=1,...,n, we set
@(W) = (@m (gi)’ s Puy, (gn))

By definition, if W is the empty word in G then ¢(W) is the empty word in F. Let us note that the
map ¢ is compatible with concatenation: for all U,V € Wg we have g(UV) = ¢(U)@(V).

Let g € G be an arbitrary element and let W = (g1, ...g,), W = (¢}, ..., g},) be two reduced words
representing g in G. By Theorem 5.1.2 we see that m = n and that the word W can be transformed to
W' by a finite sequence of syllable shufflings. Since the groups G, F' are graph products with respect
to the same graph, it can be easily seen that the word ¢(W) can be transformed into @(W’) (using the
same sequence of syllable shufflings). Hence the words @(W) and ¢(W’) represent the same element
in F.

We see that the map ¢ induces a well defined map ¢: G — F given by

©(9) = v (91) - Pu, (gn)-

Clearly, ¢ [q,= @v for every v € V and thus it makes sense to omit the subscripts and write

©(g) = ¢(g1) - - ¢(gn)-

We claim that ¢ is a K-approximation, that is, ¢ [k is an injective map and ¢(kk’) = @(k)p(k') for
all k, k' € K.

First of all, let us show that if the reduced word Wy = (f1,..., fn) represents k € K’ in the group
G, then the word ¢(Wy) = (¢(f1),...,¢(fn)), which represents (k) in F, is a reduced word in F.

As the maps ¢, are K,-approximations for every v € V, it follows that ¢(f;) # e in F for
i =1,...,n, so no syllable of g(W}) is trivial. Suppose that ¢(W}) is not reduced in F. This means
that there exist ¢ < j € {1,...,n} such that the syllables ¢(f;) and ¢(f;) can be joined together.
However, this implies that the syllables f; and f; can be joined in the word W}, which contradicts the
fact that Wy, is reduced. Hence ¢(Wy) is reduced.

Now, let us prove that ¢(kk’) = @(k)p(k’) for all k,k' € K’'. Let k,k' € K be arbitrary and
let W, W'’ be reduced words representing k and k' respectively. We want to show that the word
S(WW') = o(W)@(W') represents the element o(kk').

Suppose that the product kk’ is reduced, i.e. the concatenation WW’, which is a word representing
kk' in G, is reduced. Using a similar argument as above, we see that the word g(WW’) = g(W)p(W’)
is reduced. The word ¢(W)@(W) represents ¢(k)p(k’) in F by definition, but at the same time we
see that the word @(WW') represents p(kk’) in F, and thus p(kk') = o(k)p(k').

Now, suppose that the product k&’ is not reduced. Let ¢, f,g € G be such that k factorises as a
reduced product k = fc, k' factorises as a reduced product ¥’ = ¢~!g and |c| is maximal. Clearly,
kk' = fg. Without loss of generality we may assume that

Wz(fly-u,fn,cl,...Cl) and W/

(cl_l,...,cl_l,gl,...,gm),

wherec=cy...c;, f=f1i...fnand g=¢g1...gm.
Consider the word X € Wg, where X is

((p(fl)’ BERE) @(fn)v 90(81)’ R 90(01)7 @(Cl_l)’ EERE) <P(C1_1)a 90(91)7 EEEE tp(gm))-

Note that X = @(WW’) = (W)@(W’). The syllable ¢(c;) can be joined with syllable ¢(c; ).
Obviously, ¢; € G, for some u € V. As ¢ [q, is a K,-approximation and cl,cfl € K, we see that
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o(e)p(c ) = plac ) = p(ea,). As stated before, p(eq,) = er, for every v € V and thus we can
remove the trivial syllable. Note that this transformation is compatible with the function ¢:

(k)oK = o(f1 . facr o cc—)p(e ) e g1 gm)-

Repeating these two steps [ — 1 more times, the word X can be rewritten as

X' = (So(fl)a EERE) SO(fn), 90(91), SERE) cp(gm))

and thus we see that (k)o(k") = ¢(f)e(g)-
Note that the word X’ is reduced in F' if and only if the word

(fla .. 'af’rwgla .. agm)
is reduced in G. Suppose that the word X’ is reduced. It then follows that

o(k)p(k") = o(fe(g) = o(fg) = w(kk).

Suppose that the word X’ is not reduced. As all the syllables of X' are nontrivial we see that two
syllables of the word X’ can be joined together. The word (p(f1),...,©(fn)) is a subword of (W),
which is a reduced word, and thus it is reduced, hence no two syllables of (¢(f1),...,¢(fr)) can be
joined together. The same argument applies to (p(g1),...,¢(gm)). Hence, we see that there exist
1 <i<nand1<j<msuch that the syllables ¢(f;) and ¢(g;) can be joined together in X'. Again,
fi,g; € Gy for some uw € V and thus o(f;)e(g;) = ©(fig;) as fi,g; € K,. By the assumptions (as
¢ |k, is injective), ¢(fig;) = er, if and only if fig; = eq,. However, f; = g;l would contradict the
maximality of |c|, hence ¢(f;)¢(g;) # er,. As ¢ |q, is a K,-approximation we see that joining the
syllable o(f;) with the syllable ¢(g,) is compatible with the map @.

Suppose that the syllable ¢(f;g;) can be joined with some ¢(f). By definition, this means that
o(fr) and @(f;) could have been joined in @(W). This contradicts the fact that ¢(W) is reduced. By
an analogous argument, the syllable ¢(f;g;) cannot be joined with any syllable ¢(g;).

By iterating the previous step at most min{n,m} times, we obtain a sequence of transformations
compatible with the map ¢. All together, we have shown that the word ¢(W)@(W') can be rewritten as
a reduced word X" that represents the element ¢(k)p(k’) in F', and each rewriting step is compatible
with the map @: if we applied the analogous transformations to the word WW’ we would obtain
a reduced word U, that represents the element kk’ in G, such that ¢(U) = X”. It follows that
p(kk") = o(k)e(K').

To finish, we need to prove that ¢ [k is an injective map. Let k, k' € K C K’ be arbitrary such that
k # k', or equivalently k’k~! # eg. We have already shown that p(k'k=1) = p(k')¢(k~!). Consider
a reduced word Wj,,—1 representing the element k’'k~! € K’. Note that by the construction of the
function ¢ it follows that ¢(k) = ¢(k)~! for all k € K. By the previous argumentation, the word
@(Wyp—1) is reduced in F' and thus by Theorem 5.1.2 we see that p(k'k™1) = (k' )o(k)™! # er. It
follows that ¢(k) # (k).

Thus, we proved that ¢ is a K-approximation.

The graph product F' = I'’F is residually C by assumption. Hence, there exists a surjective homo-
morphism ¢: F — D € C which is injective on the finite subset (K) C F. Thus, the composition
Yow: G— D is a K-approximation, and G is LE-C. O

As an immediate corollary we get the following.

Corollary 5.3.2. Let R be a root class. Then the class of LE-R groups is closed under graph products.

Corollary 5.3.3. Graph products of LEF' groups are LEF. The same holds for the classes of LE-(finite
p-groups), LE-(finite solvable) groups and LE-solvable groups.
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Proof. All the classes considered are root classes, so the claims follow from Corollary 5.3.2. O

Corollary 5.3.4. Graph products of LEA groups are LEA. The same holds for LE-(elementary
amenable) groups.

Proof. Graph products of residually amenable groups are residually amenable in view of Corollary 5.2.6,
hence all the hypotheses of Theorem 5.3.1 are satisfied. O

5.4 Subgroups of graph products

In this section we compute some explicit examples of residually amenable groups, using Theorem 5.2.3.
The idea is to draw an analogy with subgroups of right-angled Artin groups (raags?). It is well-known
that, given a finitely generated raag with associated graph T', all its finitely generated subgroups are
again raags if and only if I' does not contain, as an induced subgraph, a square on four vertices, or a
line on four vertices:

v3 v3
Vg V4 V2 V4

U1 U1

A notable example of a finitely generated subgroup of a raag which is not itself a raag is the kernel of
the surjective homomorphism

©: G = (v1,v2,v3,04 | [U1,V2] = [V2,v3] = [U3, 4] = [Va,01] = €q) > Z

that sends each generator of G to 1 € Z. Then, it is a fact that ker ¢ is finitely generated but not
finitely presented, and hence it cannot be a raag.

In a similar fashion, in what follows we compute the presentation for such a kernel, when the
vertex groups are Baumslag-Solitar groups. The presentation obtained in this manner corresponds to
a finitely generated, not finitely presented, group. Moreover, we prove that it is associated to a trivial
graph product, that is, a graph product associated to a graph with only one vertex.

We use the Reidemeister-Schreier method to produce a presentation for the subgroups we are
interested in. We recall this powerful method here, and we give reference to [15] for more details.

Definition 5.4.1. Let F be a free group, freely generated by a set X. Let H < F and T be a right
transversal of H in F. The set T is called a Schreier transversal (confront [15, page 47]) if

it xSl e T implies it al ) e T, e; € {-1,+1}, =z € X,
that is, every initial segment of an element of T is again an element of T'.

For an element w € F, let w be the unique element in the Schreier transversal T' so that wT = wT.
We now state the Reidemeister-Schreier Method [15, III. 6].

2We share an idea first heard from Warren Dicks, and we believe that the acronyms raag and raags should be written
as normal text, and not as RAAG, or RaAg, or raAg, which will all eventually became old fashioned.
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Theorem 5.4.2. Let G = (X | R) be a group with a subgroup H, and let m: F(X) — G denote the
canonical surjection. If T is a Schreier transversal for m=1(H) in F(X), then the group H admits the

presentation (Y | S), where
Y = {to(@@) " | t€ T,z € X} {e}

and
S:={t"'rt|teT,r e R} (expressed as words in'Y ).

The graph is a square
Let 1 < p < g € Z be two natural numbers, and define the graph I" to be

X

Y

Consider the family of groups G = {G'}ic{s,y.2,¢}, Where each group is isomorphic?® to the Baumslag-
Solitar group BS(p, q). For convenience in the notation, let us write

Gy = (a,x |2 'aPx =a?), Gy =(by|y b’y =19

and
G, =(c,z| 27 Pz = c?), Gy = (d,t |t drt = d9).
Notice that each G; = (g)*gr=ga is an HNN extension, and it admits a surjective homomorphism onto

Z that sends the stable letter of this HNN extension to 1 and the other generator to 0. Hence G =I'G
admits the surjective homomorphism ¢: G — Z defined on the generators as

p(a) = ¢(b) = ¢(c) = ¢(d) =0
and

p(x) = e(y) = ¢(2) = ¢(t) = L.
The group G is residually solvable because it is a graph product of residually solvable groups. Moreover,
it is not residually finite because the vertex groups are not residually finite.

Let K = ker ¢ be the kernel of this projection. Using the Reidemeister-Schreier Method we now
produce a presentation for this group.

Let G = (X | R), where X = {a,b,¢,d,z,y,2,t} and R is given by the four relations from the
groups G, plus the sixteen commutation-relations induced on the generators of G from the graph I'.
Let K’ be the preimage of the group K in F(X), and consider the set T = {z'},cz C F(X). Let us
see that T is a Schreier transversal for K’ in F(X) (confront Definition 5.4.1). To do so, notice that

K'={we F(X) | e(w) = 0},

where €: F(X) — Z is the function that associates to an element w € F(X) the sum of all the
exponents of the generators x,y, z and t appearing in the element w. To show that T is a transversal,
it suffices to understand that K’ = yK’. This is surely the case because y~'2 € K’, and hence

yK' =y(y '2)K' = 2K'.

3The computations that follow do not require, in principle, the vertex groups to be isomorphic. Nevertheless, we
consider this particular case to ease the notation, and because doing so simplifies the shape of the Schreier transversal.
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By induction on e(w) one shows that, given an arbitrary element w € F(X), we have that
wK' ==K’

Hence we proved that T is a right transversal for K’ in F(X). Given this, the fact that it is a Schreier
transversal follows by the definition of T
The Reidemeister-Schreier method guarantees that K satisfies the presentation (Y | S), where

Y = {tz(tz) ' |t e T,z € X}\ {e} C F(X),

S={trt"'|teT,rc R} CF(X)

and the elements of S are expressed as words in the alphabet Y.
For i € Z and w € {a,b,c,d,y, z,t} let w; := x*wx~*. Moreover, let

a; =yl Bi = zz !, v =t L (5.2)

In the list that follows we compute the elements of the generating set Y. The boxed letter | means
that we are considering the case of ' € T and [ € X.

[a] In this case we have that

rla(zia) ™! = 2lax™" = a;.

@ Analogously, for the element b we have that

z'b(zib) " = bt = b;.

Similarly

zle(zic) ™t = xlea = ¢

Moreover

2ld(zid) ™t = 2'dx" = d;.
This choice of 2' € T and = € X gives the trivial element of F'(X), which is discarted.
In this case we have that

Here we have that

Concluding,

ot(xit) " = 2ttt =t h
Summarising, we have that the group K is generated by the set
Y = {ai7 bi7 Ci, di7 yi$_17 Z’ix_la tix_l}i627

which can be rewritten as
Y = {ai, b, ci, di, i, Biy Vitiez (5.3)

in view of Equation (5.2).
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Now, let us compute the relations of the group, that is, we express the elements of the set S in
terms of the alphabet Y. Again, the boxed word 7 in the following list means that we are considering
the case of #' € T and r € R.

If r is one of the four words

{la,c],la, d], [b, ], [b, d]}
then _ 4
lreT' e {[ai, Ci], [ai, dl}, [bi, Ci], [bi, dl]}

[x,c] | In this case

2z, et = 2 e N e O  Yper ™ = ¢ e

[z,d] | As in the previous case, we have that

2ix, djz™ = d d;.

[x, 2] | In this case

1 1

p et = a2 Y (@ D ) pag

o[z, 2]x

i i
= (222 L~ D) (@ Lep~ (Vg1 = gL B,
Analogously one has that
a'la, )" = % 5o
[a, z] | We have that
2'a, 2z = 2'a 2 aza Tl = 2ta T (@ et 2 (@ m Tat  a(am T D i 2
= (zia~le ) (zai~te tem 0D (g Lag— D) (g1 pp— (=D g1y

=a; (22, )ai—1(zicie™ ") = a; ' B aim1Bio.

Analogously as in the previous case, we have that

i —i_ —1_-—1
z'[a, t]x =a; V;1@i—1%Yi—1-

[b, z] | Also here
2'b, 2o = b B bim1 Bia

[b,t] | And
b, ™" = b, 'y b 1yi

As before, we have that

i —i -1 -1
e, yla™" = ¢; Ta; cim10—1.

[d,y] | Moreover

o'ld,yla™ = d o sy
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[y, 2] | For this choice of the element in R we have that

xi[y,z]xfi _ xiyfl(xf(ifl) i’l)z’l(x’(i’z)xi’z)y(x’(i’l)xi’l)zx’i
(xly—lx—(z 1))(xi—lz—lx—(i—Q))(xi—Zyx—(i—Z)x—l)(xi—lzx—i)

-1 p—1
= Q; 1 0;_ o0 2Bi—1.

[y,t] | For the analogous choice of [y, t], we have that

2y, tle™" = o v haioavio.

ybPy~1b~7| In this case
wiybpy_lb_qx_i:xiy(x_(”l)x”l)bp(x_(i'H) i—i—l)y—l( —1 z)b a0
— (l‘iy.ﬁ_(i+1))($i+1bp$_(i+1))( H—ly—lx—z)(xzb—qx—z)

— . HP —17—q
= aibjy 05

Analogously

ghacPz e = Bl B e Y.

tdPt—'d=?| With the same computations we have that

td’t™ e = ydl vy

Finally

1

slraPrta T = ' TP (2 T g Tl T = al qja; %

Collecting all the cases discussed, we have that

S = {las, e, [ai, di], [bi, e, [biy dil, e eay di diy B Bim1, Vi 5 i1,
flﬂi_llai 1Bi1, a7 v aim1vie1, b BT b1 Bie 1,bi_1%_11bi 1%i—1, (5.4)
¢ ta;! 101 o1, d; oy 1d o1, 0 BBt o v ayioa, .
ain_la i -9 Bi z+16 i a’Vz z+1% d; , i+1ai }ieZ'
Using Tietze transformations [15, III. 5, Proposition 2] we can significantly simplify the presentation
of the group K. In fact, this group is finitely generated.

Let a,b,c,d,«, 5,7 denote ag, by, cg, dy, g, Bo, Vo respectively. Using induction, we notice that
relations five through eight in Equation (5.4) imply that

Ci = C, dlzda aﬂl:ﬂv Yi =7, Vi € Z.

Hence, applying Tietze transformations of type 1 to Equation (5.3), we obtain that an equivalent
presentation of K is given by (Y7 | S), where

le = {ai?bi7c7 d7 aiaB?V}i€Z~ (55)
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Applying now Tietze transformations of type 2 to the elements of Equation (5.5), we obtain that
K = (Y1 | S1), where

Sl = {[aiac]a [aivd]a [biacL [biad]aai_l 71ai—1ﬂ7ai_lfyilai—lf)/abi_lﬂilbi—lﬁa
by 'y iy, ¢ oyt

3

—1;— -1 _— -1 45— p —q
Oéipréi b anCpB c qa’ydp’y d qaai+1ai }i€Z~

cai, d o Moy, o BT a1 B iy ey, (5.6)

Rearranging the elements in S; and writing the commutators at the beginning, we have that
Sl = {[a/ia C], [0,7;, d]) [bia C]a [blvd]a [Oéi,C], [Oéi, d])ai_lﬁ_lai—lﬁvai_lfy_lai—lr}/?
by BT i B0y T iy, B i By Iy T ey,
aibPa; b7, B BT ydPy T A a; Yien.
Let us split S7 in a convenient way:
Sl :{[a'iu C]? [aiv d]7 [b'u C]? [blv d]7 [aiv C]» [aiv d]}iGZ U {aiilﬂ_la'iflﬂa aiil’y_laifl’y}iGZU
ULb; B i1 8, b 'y b1y ez U {ag P B i1 By o Ty T i1y ez (5.7)
U {ozibpozi_lb_q,Bcpﬁ_lc_q,’ydpy_ld_q,afﬂai—q}iez.

The second set appearing in Equation (5.7) can be replaced, again using Tietze transformations of
type 2, by the relations

a; = (ﬂ7_1>_1ai<5’y_1)5 VZ S Z7 (5 8)

a; = B ta;i_1p, Vi € Z. '
An induction argument then shows that

a; = B 'ap’ € (a,B), Vi € 7. (5.9)

The same rewriting processes can be now applied to the third and fourth sets appearing in Equa-
tion (5.7). Analogously to what is shown in Equation (5.9), we have that

bi = BB € (b, B), a; = B 'ap € (o, B), Vi € Z. (5.10)

Hence, combining Equations from (5.7) to (5.10), we obtain that the presentation (Y; | S1) of K is
equivalent to
V2 | S2), (5.11)

where
Yo ={a,b,c,d, o, 8,7} (5.12)
and
52 :{[ﬁ_ia’ﬁia C], [ﬁ_iaﬁi7 d]7 [B_ibﬁia C]a [ﬁ_ibﬂi7 d]7 [B_iaﬁia C]a [ﬁ_iaﬁi7 d]}iEZU

U{8™"aB" = (By~ )18 'aB (By ) YiezU

U{B708" = (By )1 BTB By ) YienU (5.13)

U{B'af’ = (By )18 B (By ) ez

U{a(Bb87)Pa™t = (B'0B7")1, BP B = ¢t ydPy ™! = d7, BT aP B = a%}ien.
Proposition 5.4.3. Suppose that the presentation (Ya | So) of the group K < T'G given by Equa-

tion (5.11) corresponds to a graph product ©H, for some graph © and some family of groups H. Then
the graph © has one vertez.
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Proof. To prove the claim, we inspect the presentation K = (Y5 | Sa).

First of all, notice that K is finitely generated. Hence, © is a finite graph. Inspecting the last set
contributing to Sy in Equation (5.13), we notice that the relation Bc?P3~! = ¢? implies that 8 and
¢ belong to the same vertex group, because it is not a commutator, and hence it cannot possibly be
induced by the graph ©. Call this vertex group H; € H.

Analogously, 37 'a?3 = a9 means that the generators 8 and a belong to the same vertex group,
and in particular also a € Gj.

As for all i € Z we have that a(8'087%)Pa~t = (83797, we can also conclude that o,b € Hj.
From the very last relation, ydPy~! = d9, we obtain that the generators v and d belong to the same
vertex group, call it Hy € H.

It remains to show that these two vertex groups H; and Hs are, in fact, attached to the same
vertex v € V(©). It would hence follow that all elements of the generating set Y» lie in the same
vertex group, and hence that ©® = {v}. This claim is indeed implied by the relation S~ ‘a3’ =
(By~1)"tB~taBi(By~!) involving the letters a, 3,7. This, jointly with the fact that the element -y
does not commute with « or with 8 in the group K, implies that this relation cannot be possibly
induced by the graph O, but it is indeed induced by one of the vertex groups, H; = Hs.

Hence, all the generators of K lie in the same vertex group, that is, ©® = {v} is the trivial graph. O

The graph is a pentagon

It may be noticed that the graph I' of the previous example is bipartite, and therefore the group G is
isomorphic to

G = (BS(p,q) * BS(p,q)) x (BS(p,q) * BS(p, q)).

In particular, the fact that G is residually solvable follows from Theorem 3.3.6, and not for the more
general result about graph products, Theorem 5.2.3.
Let A be the graph

u
and associate to each vertex a Baumslag-Solitar group G; = BS(p, q), so that
Go=(ax|a s =a?), G, =@byly BPy=b), G =lez|z"z=cT)

and
Gu = {d,u | u'dPu = d?), Gy = (f,v| v fPv = f9).

Let G denote the family of these five groups. Analogously to what is shown in the previous example,
when the graph was a square, one can prove that the kernel K of the canonical projection AG — Z
satisfies the presentation

K= (X'|R), (5.14)

where

X'={a,b,c.d, f,a,B,7,6} (5.15)
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and
R = {[5*ia5i, bl, [0 %ad?, f],[671dd, £], [0~ 407, f], [a " teat, 671dd, [a teat, b, [ Bal, b,
daP6 = a?, o WPa = b9, (af P (af™H) T = ¢4, (v6TH T AP (40T = d9, 67 fPS = 9,
§7ist = a_(i_l)ﬁai_lé_(i_1)'y6i_1a_iﬁai, 5D g5+l = a_ld_(i_l)aéi_la,
57" = o~ Bai— 15— (=D ggi—1q~ (=1 goi—1,
a~ieat = 5—(1—1)7—15—(i—1)cai—15—(i—1)751—1}

i€z’
(5.16)

As in Proposition 5.4.3, a careful inspection of the presentation (X' | R') reveals that it is associated
to a graph product with only one vertex.

Proposition 5.4.4. Suppose that the presentation (X' | R') of the group K < AG given by Equa-
tion (5.14) corresponds to a graph product ©H, for some graph © and some family of groups H. Then
the graph © has just one vertex.

5.5 Rigidity of graph product decompositions

Our Proposition 5.4.3 and Proposition 5.4.4 lead to the following natural question:

Question 5.5.1. Suppose that the group K given by the presentation of Equation (5.14) is isomorphic
to the graph product ©H. Does it follows that © is the trivial graph with one vertex and no edges?

A more general problem is to determine sufficient conditions for rigidity of graph product decom-
positions: given a group G, is its graph product decomposition unique?

Fact 5.1.3 immediately suggests that one should impose restrictions on the vertex groups appearing
in the graph product decompositions, as every graph product can be expressed as an amalgamated free
product. For instance, the raag associated to a square is isomorphic, as a group, to the graph product
with trivial graph and (Z x Fy) *p, (Fa X Z) as vertex group:

Z

. (Z X FQ) ¥, (FQ X Z)

Z

It is well known [45] that, for finitely generated right-angled Artin groups, the isomorphism of two
such groups is equivalent to the graph isomorphism of the underlying finite graphs. Hence, in this
case, the graph product decomposition is rigid. As we already stated, this is far from being true in
general, even for right-angled Artin groups that are not finitely generated.

Example 5.5.2. Let F be a free group with countably many generators, so that
FXF«F>. > F, Vn € N. (5.17)

The isomorphisms of Equation (5.17) carry over to graph product decompositions, so that F, as a
graph product, can be associated to any totally disconnected graph on n vertices, with each vertex
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group isomorphic to F'.

F . F

Example 5.5.2 suggests that one should restrict the attention to groups that are finitely generated. On
the other hand, the next example shows that one should also require the vertex groups to be directly
indecomposable, that is, the vertex groups should not be expressable as A x B, with both the factors
A and B non-trivial groups.

Example 5.5.3. Let G be a finitely generated group that is isomorphic to its square [14, 78] (see also
Section 3.2). Analogously to Equation 5.17, we have that

GngGg...g@G, Vn e N. (5.18)
i=1

Hence, in this case, G can be associated to any complete graph on n vertices, with each vertex group
isomorphic to the group G.

G

G G

It is proved in [102] that, whenever a group can be expressed as a graph product of finitely many finite,
directly indecomposable vertex groups, then this decomposition is unique. The same result holds if
the vertex groups are cyclic (finite or not) [65].

With the next example, which in [55] is attributed to Kuros, we notice that direct indecomposability
of the vertex groups is, in general, not enough to guarantee uniqueness of graph product decomposition,
even when the vertex groups are finitely presented.

Example 5.5.4. Let
A:<a17a2‘a§:a%>7 B:<b17b2‘b?:bg>

and
C:<617627C37c4 |c?=c%=c§=ci>, D:<d>

Then these four groups are directly indecomposable, pairwise non-isomorphic and A x B & C' x D.
Hence, the group A x B, as a graph product, does not determine uniquely the vertex groups.

In [55] it is proved that, given two finite graphs I" and A and two finite families of groups G and H
that are directly indecomposable and satisfy Serre’s property FA, the graph product I'G is isomorphic
to AH if and only if the graphs I' and A are isomorphic and the groups in G are isomorphic to the
ones in H.



5.5. RIGIDITY OF GRAPH PRODUCT DECOMPOSITIONS 61

Property FA seems to be too strong, because in [55] it is just used for this consequence: a group
satisfying FA cannot split as an amalgamated free product. In the treatment of rigidity for graph
product decompositions, we only need to exclude the case of groups splitting as in Fact 5.1.3, that is,
we only deal with very peculiar amalgamated free products splittings.

Notice that the group of Equation (5.11) does not satisfy property FA, because its abelianisation

73 x (ﬁ)4 is infinite. For the same reason, the group of Equation (5.14) does not satisfy property
FA either.

It is reasonable, to the author’s view, to ask whether the rigidity results proved for infinite cyclic
vertex groups [45], for finite groups [102], or for cyclic groups [65], could be extended to the setting
of amenable groups, or even to groups without free subgroups. This setting, of course, excludes the
possibility of shrinking the graph attached to the graph product by considering amalgamated free
products as vertex groups, as showed just before of Example 5.5.2.

Conjecture 5.5.5. LetT', A be two finite graphs and let G = {Gi}icv(ry, H = {H;}jcv(a) be family of
directly indecomposable finitely generated groups without free subgroups. If the graph products I'G and
AH are isomorphic, then there exists an isomorphism of graphs ¢: T' — A that induces isomorphisms
of groups Gy = H;y.

Notice that, by [55], this can hold also if the vertex groups do contain free subgroups. For instance,
the linear group SL3(Z) satisfies Serre’s property FA, and hence falls in the family of groups considered
in [55].
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Chapter 6

Quantification of residual
amenability

In this chapter we discuss how to quantify residual amenability of groups. There are mainly two
approaches to quantification of residual properties, and here we follow the definitions coming from the
unpublished work of Arzhantseva and Cherix [6].

The first article on the subject that appeared in the literature in 2010 is due to Bou-Rabee [21],
and it was devoted to residual finiteness. The idea is as follows: given a residually finite group G with
a finite generating set X and a non-trivial element g € G, let ¢ x(g) be the smallest cardinality of
any finite quotient of G where the element ¢ is mapped non-trivially, and let Fg x (n) be the maximum
of ¢i,x(g), where g ranges through all the elements of the ball Bg x(n). This viewpoint generated a
quite active direction of research.

A closely related, but different, approach to the quantification problem for a residually finite group,
is to study the function ®¢ x(n) mapping n to the smallest cardinality of any finite quotient of G
where the whole ball Bg x(n) of radius n is injected. This notion was introduced by Bou-Rabee
and McRaynolds [22], and is called the full residual finiteness growth of a group by Bou-Rabee and
Studenmund [24]. A slight variation is the one of normal systolic growth, studied by Bou-Rabee and
de Cornulier [23, 39].

6.1 Residually amenable profile

Let G be a group equipped with a proper metric d. In this chapter all groups are assumed to be
countable, because we want to exploit the fact that the finite metric balls {Bg q4(n)}nen exhaust the

group.
If f e {Fol,A, A%} is one of the three Fglner functions introduced in Section 2.1, then define
Rfga: N — NU {400} as the function

Rfa,a(n) :=min{fg 4(n) | @ amenable quotient of G, Bg a(n) — Q},
where d is the metric on the quotient @ = G/N induced by d:
d(g,q') == min{d(g,q') |gN =q, N =4¢'},  Vq¢,d' €Q.

The metric d is proper, because d is.
Thus, we have defined the three functions RFglg 4, RAg,q and RA(A;, 4 I the proper metric d is a
word metric, corresponding to a finite generating set X of G, then we may indicate these functions by

63
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RFole x, RAg x and RAé’X. Notice that, in this case, the metric d coincides with the word metric
induced by (the embedded image of) X on the quotient Q.
Following Equation (2.3) we have that

RF®1G7d < RAg)d ~ RAé’d. (61)

Moreover, when d is a word metric induced by the finite generating set X, Equation (2.1) and Equa-
tion (2.2) imply that
RF¢1G7X ~ RAG7X ~ RAév7X (62)

Hence, the following definition is well posed:

Definition 6.1.1. The residually amenable profile of a finitely generated group G is the ~-equivalence
class of the functions RFglg x ~ RAg x ~ RAé’ v, where X is a finite generating set.

The notion of residually amenable profile is well defined because, asymptotically, it does not depend
on the choice of the finite generating set.

Lemma 6.1.2. Let G be a finitely generated group, X and Y be two finite generating sets. Then
RAG,X ~ RAG7y.

Proof. Without loss of generality we can assume that G is residually amenable.

If we consider the constant C1 = maxgcx|z]y, we have that Bg x(n) € Bg,y(Cin) for all n € N.
Let @ be an amenable quotient of the group G where the finite set By (Cin) injects, and such
that there exists a finite subset A C @ satisfying |A| = RAg y(Cin). By definition, the following
inequalities hold:

1
A\ gA| < @lA‘v Vg € Bg y(Cin). (6.3)

As B¢ x(n) is contained in Bg,y(Cin), also the finite set Bg x(n) is injected into the quotient Q.
Moreover, being 1/Cyn strictly smaller than 1/n, from Equation (6.3) we can conclude that

1
|A\ gA| < E'AL Vg € Bg x(n).

This surely implies that RAg, x (n) < |A|, which was chosen to be equal to RAg,y (Cin).
For the other inequality, one can reverse the roles of the two generating sets, and consider the new
constant Cy = maxyey |y|x- O

Analogously, for f € {Fol, A, A%} we define the functions
LEfg.q:=min{fy g| 3 Bg a(n)-approximation into the amenable group H }, (6.4)

and the LEA profile of a finitely generated group G to be the ~-equivalence class of (one of) these
functions.

Remark 6.1.3. In principle, it is not required for the amenable group H appearing in Equation (6.4)
to be finitely generated. However, this can always be achieved considering the finitely generated
subgroup of H that is generated by the images of the elements of B¢ q(n), because H is not required
to be a quotient of G, and the Bg q(n)-approximation from G to H restricts to a map with the same
required properties from G to the finitely generated subgroup of H.

If the group G is amenable, then there is a natural relation between its residually amenable profile
and its Fglner function: the former is not bigger than the latter.
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Lemma 6.1.4. Let G be an amenable group and d be a proper metric on it. Then RAg qa(n) < Ag,qa(n)
for all n € N.

Proof. The group G is an amenable quotient of itself. O

In analogy to Lemma 6.1.4, if the group G is residually finite, then the residually amenable profile
is dominated by the full residual finiteness growth, which is defined to be the function

D 4(n) = min{|Q| | @ finite quotient of G, Bg,q(n) — Q}, Vn € N.

Lemma 6.1.5. Let G be a residually finite group and d be a proper metric on it. Then RAg q(n) <
&g a(n) for alln € N.

Proof. Let @ be a finite quotient of G such that the ball Bg 4(n) injects, and of minimal cardinality
among the quotients with such property. Then Ag z(n) < [Q], so that RAg a(n) < [Q] = ®¢4(n). O

In [51, Lemma 4] it is proved that, if H < G are two finitely generated amenable groups and Y, X
are two finite generating sets such that Y C X, then Foly y (n) < Folg x(n). This immedialy extends
to a similar statement for residually amenable groups: if H < G are two finitely generated residually
amenable groups, Y, X two finite generating sets such that ¥ C X, then RFolyy(n) < RFo¢lg x(n)
for all n € N.

From this fact and Equation (6.2) it follows that RAyy < RAg x and that RAIA{,Y < RAéX
when G and H are finitely generated groups.

In fact, this holds also in the case when the subgroup H is not finitely generated, but is equipped
with a proper metric that agrees with the word metric of G:

Lemma 6.1.6. Let H < G be two groups, d’ be a proper metric for H and d be a proper metric for G
such that d [g=d'. Then RFplg o (n) < RFplg.qa(n).

It is natural to ask how this invariant behaves under taking direct products, and in the next lemma
we describe this behaviour. If d is a proper metric on the group G and d’ is a proper metric on the
group H, a natural proper metric dj; on the direct product G x H is obtained as the maximum over
d and d’:

dr ((g.h), (¢', 1)) := max{d(g,q'),d (h, ')}, Vg,9' € G, Vh, I/ € H. (6.5)

This metric is not artificial at all. Indeed, if the two groups are finitely generated, generated respectively
by the finite sets X and Y, and d and d’ are the respective word metrics, then the metric dj; is nothing
but the word metric associated to the finite generating set

Z ={(x,y) |z € X U{ec}, y €Y U{en}, (z,y) # (ec,en)}
of the group G x H.

Lemma 6.1.7. Let G and H be two groups equipped with the proper metrics d and d' respectively. We
have that
RFgZGXH,dM (n) < RFﬁlcyd(n) . .Z')?f’_'ﬁlH’d/(n)7 Vn € N. (66)

Proof. By Equation (6.5) we have that
BGx,an (n) = {($>y) | z € Bg,a(n), y € B, (n)}

If G or H is not residually amenable, then both sides of Equation (6.6) are equal to +o00, and the claim
holds.
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If both the groups G and H are residually amenable, the same is true for G x H. In this case, if
@1 is a quotient of G where Bg 4(n) is injected, and Qs is a quotient of H where By 4 (n) is injected,
it then follows that Bgx m,4,, () is injected into ()1 x (2, which is a quotient of G x H. Hence

RFolgxi,dy (1) < RF@lg q(n) - RE6ly a(n),

as desired. O

6.2 Extensions

In the previous section we defined the residually amenable profile, and we described its behavior under
direct products. In this section we consider the case of group extensions.

It is not true, in general, that a group extension with residually amenable kernel and amenable
quotient is again residually amenable, as recorded in Lemma 3.1.7. Nevertheless, if we restrict our at-
tention to residually solvable kernels, then the resulting extension is residually amenable, Lemma 3.3.3.

We start our discussion focusing on solvable and residually solvable groups, which are remarkable
for the following fact (see [51, 97]):

Fact 6.2.1. Let G be a solvable group of solvable length l, equipped with a proper metric d. The Folner
function of G is bounded from above by an iterated exponentiation:

n

Folga(n) <n™ ,  VneN. (6.7)

l times

Let G be a group and d a proper metric on it. Let us consider the following function, called the
residually solvable profile of the group G:

ming l € N Bg.a(n) = Q, Q solvable
lga(n) = quotient of G of length {

+00 otherwise.

} if such quotient exists, (6.8)

It is useful to define the above function more generally, and not just for balls in G of finite radius.
Hence, consider the function ¢g: Pr(G) — N defined by

le(F)=min{l e N| F — @, Q solvable quotient of G of length [}. (6.9)

An analogous proof to the one of Lemma 6.1.2 gives the following result:

Lemma 6.2.2. Let G be a finitely generated residually solvable group, X andY be two finite generating
sets. Then g x ~ gy

Theorem 6.2.3. Let G be a group generated by the finite set X, and suppose N < G is a normal
residually solvable subgroup, such that Q = G/N is solvable of length £g. Then

le,x(n) < In(Bgx(2n) NN) + lg. (6.10)

Proof. Notice that G is residually solvable by Lemma 2.2.11, and hence its residually solvable profile
always takes finite values. Let B = Bg x(n) be a finite ball in G, and consider the finite subset
Bg.x(2n) NN of the subgroup N. This set contains all elements of the form zy~!, where z,y € B and
m(x) = 7(y), where m: G — @ is the canonical surjective homomorphism.
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As N is residually solvable, there exists a normal subgroup L < N such that N/L is solvable and
the finite set Bg, x(2n) N N injects in this solvable quotient. Let L be chosen so that the solvable
length of N/L is minimal, and hence equal to / (Bg,x(2n) N N) by definition.

From L, construct its characteristic core:

K=({L'|LCN, L'=L}, (6.11)

which is a characteristic subgroup of N. The group N/K embeds canonically into [[,, N/L’, which is
a solvable group with the same solvable length as N/L.

Hence, the solvable length of N/K is at most the one of N/L. If it was smaller, we would have
found a solvable quotient of N/L where the finite set Bg x(2n) N N injects, and this would be a
contradiction with the choice of the subgroup L.

As K is characteristic in N, it is normal in G. Moreover, G/K is an extension of the group N/K
by the quotient

Q= (G/K)/(N/K). (6.12)

Hence, it is a solvable group of solvable length at most ZN (BG7X(2n) N N) +4g.

It remains to be shown that Bg x(n) injects into this solvable quotient G/K. Let z,y € B be two
elements such that K = yK: we need to prove that the equality x = y holds already in the group G.

The quotient map G — Q = G/N factors through the group G/K because the group @ is a quotient
of G/K, by Equation (6.12). Hence, the elements z and y are mapped to the same element of the
quotient G/N. From this, it follows that zy~* € N N Bg x(2n). This set is injected into N/K by
construction, and e € NN B¢ x(2n). Hence, from the equality 2K = yK we conclude that = y must
hold, and the proof is complete. O

Remark 6.2.4. The function EG has been introduced to obtain a better bound in Theorem 6.2.3.

Even if the subgroup N is finitely generated, we are not equipping it with a word metric coming
from a generating set. Considering a word metric on the finitely generated subgroup N would mean
to introduce inside the formula for the bound the distortion function Asf of the subgroup N in the
group G. Recall that the distortion function Asf: N — N is defined to be

A (n) = max{|gly | g € Bax(n) N N}.
This would significantly worsen the bound of Equation (6.10), as the new bound would be
lox (n) < Uny (A7 (2n)) + Lo.

In a sense, in fact, we are implicitly using the trivial distortion function from the group G to its
subgroup with the induced metric, so that AX(n) = n for all n € N. This falls out of the classical
setting for the study of distortion functions, where only word metrics coming from finite generating
sets are considered.

As a corollary of Theorem 6.2.3 we obtain the following bound for the residually amenable profile
of a residually solvable group:

Corollary 6.2.5. Let G be a residually solvable group with a normal subgroup N and a solvable
quotient Q = G/N of solvable length Lg. Then
RFgla x(n) < n" |

I(n) times

where l(n) = EN(BG,X@n) NN) +Lg.
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Remark 6.2.6. Another upper bound for the Fglner function of a finitely generated residually solvable
group can be obtained considering the values of the Fglner function for free solvable groups, which are
computed in [105, Theorem 7.4]. Let S; , denote the free object in the cathegory of r-generated groups
of solvable length [. The group Sj,, is called the free solvable group of rank r and degree [.

Let logj;)(n) := log(1 + n) and define inductively log, 41(n) = log(1 + log, (n)) for all z € N.
Then Folg, , is ~-equivalent to the inverse function of

. (10g[zf1] (U)>%
logpy(v) /

The function Felg x decreases when passing to quotients [52, Lemma 2.2], hence it follows that
RFQ&IG’X(TL) < FQISz(n)Jx\ (n),

where }
l(n)= EN(ngx(ZFA) N N) + L.

The proof of Theorem 6.2.3 can be generalised to the case when the quotient G/N is amenable
and not just solvable, at the cost of getting a slight worse bound. In this case, the strategy is to apply
Theorem 2.1.6 to a particular solvable-by-amenable quotient to obtain the desired Fglner set.

In general, if the normal subgroup N is supposed to be residually amenable, two problems can
occurr. Firstly, when considering the characteristic subgroup of Equation (6.11), it may happen that
the resulting quotient N/K is not amenable. Secondly, supposing that this quotient group N/K is in
fact amenable, the knowledge of the Fglner sets (and so, the Fglner function) in N/L does not guarantee
any knowledge on the Fglner sets in N/K, because of the embedding of N/K into [[,, N/L'.

In the next theorem we use the function RAg x, and not RFglg x, because the result about
extensions of Fglner sets that we need to exploit uses the Fglner function Ag x. Nevertheless, these
functions are ~-equivalent. On the other hand, previously we used RFglg x because the Fglner
function Felg x is the one which is classically considered [51, 52].

Theorem 6.2.7. Let G be a finitely generated residually amenable group, generated by the finite set
X. Let N 4 G be residually solvable, with amenable quotient Q = G/N, and equip N with the proper
metric d induced by the word metric of G.

There exists a sequence of natural numbers {s, }nen, which depends only on G and N, such that

RAg,x(n) < |An|-|Bnl, (6.13)

where N©n) denotes the s, -th derived subgroup of N, |B,| = AN/N(sn)7J(2TL2|An‘2(2‘An|)§v +n)) and
[An| = Ag x (2n).

Proof. The number s,, € N is the smallest natural number such that the finite set NN Bg, x (2n) injects
into the solvable quotient N/N (). It always exists because N is residually solvable.

The proof follows the lines of Theorem 6.2.3, using Cavaleri’s Theorem 2.1.6 to bound the Fglner
function of the solvable-by-amenable extension G/N (%), O

Remark 6.2.8. We stress that in Equation (6.13), the value for | B,| might be strictly larger than
RAN’d(2n2|An|2(2|An\X + n)7

and the former value cannot be replaced by the latter. Indeed, in order to be able to consider the
quotient group G/K we need to work with a characteristic subgroup K of N.
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For instance, if N is a free group of countable rank, then its residually amenable profile is bounded
by its full residual finiteness growth in view of Lemma 6.1.5, which is obtained considering finite
quotients, that is, normal subgroups of finite index. Nevertheless, characteristic subgroups of free
groups of countable rank have infinite index, and hence the bound of Theorem 6.2.7 is obtained
considering an extension of an infinite solvable group by an amenable quotient.

With this result, we can approach the free product case: let G and H be two finitely generated
residually amenable groups, generated by the finite sets X and Y respectively, and consider the ball
Bgsm,z(n), where Z = X UY. Let Q1 be an amenable quotient of G where Bg x(n) injects, and Q2
be an amenable quotient of H where By,y (n) injects. Then, it follows that Bg.m,z(n) is injected into
Q1 * Q2, which is the extension of the free group [Q1, Q2] by the amenable quotient Q1 X Qs.

Hence, we are in the situation of Theorem 6.2.7, and so we can find an amenable quotient of Q1 * Q2
where the (image in Q1 *Q2 of the) ball Ba.p,z(n) injects, and with a Fglner set of cardinality bounded
by Equation (6.13).

Example 6.2.9. Consider a non-amenable Baumslag-Solitar group
G := BS(p.q) = (a,t | t"'at = a?),

where 2 < p <gq.

Consider the surjective homomorphism 7: G — Z defined on the generators by 7(a) = 0 and
m(t) = 1. The kernel N = kerr is the normal closure of a in G, and has the following presentation,
neither finitely presented nor finitely generated (confront with [27], for instance):

N = ({ai}iez | {a} = al,}ien), where a; := t'at™" for all i € Z
kg a1, (@o2) *ap =g (A1) *qP —ag (Q0) *ar=q? (1) *aP=ag (a2) *a2=as - -- (6.14)

= "'*ZZ*ZZ*ZZ*ZZ*ZZ*Z"‘
As G/N = Z is the abelianisation of G, it follows that N is the first derived subgroup [G, G] of G. By

a result of Kropholler [77] the second derived subgroup of G is a free group of countable rank. Let
D =[N, N] be the second derived subgroup of G. We have that

Dicz Z
({af = a;'1+1}i€Z> ’

where the element a; generates the group Z in the i-th coordinate.
Hence, the group BS(p,q) is the extension of a free group of countable rank by the metabelian
group @ given by the short exact sequence

{e} — N/D <= Q - Z — {e},

N/D =

and its residually amenable profile is bounded as in Theorem 6.2.7.

In the next example we consider Houghton’s groups, which are in fact (locally finite)-by-metabilian
groups, and therefore elementary amenable.

Example 6.2.10. Let n > 1 and consider S = N x {1,...,n}. Let H, be the subset of Sym(S)
containing all the elements o such that, on each N x {7}, the permutation o is eventually a translation.
It is a fact that the subset H,, forms a subgroup of Sym(S), called Houghton’s group of rank n. They
were defined by Houghton [74] (see also [25, 36]). It is known that, for n > 3 these groups are finitely
presented [25], that their abelianisation is Z™, and that their second derived subgroup is Alt(.S), the
alternating group over the infinite set .S, which is an infinite, locally finite, not finitely generated,
simple group.

Therefore, H,, is an extension of the locally finite group Alt(S) by the metabelian group H,,/Alt(S).
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The difficulty of obtaining explicit computations in these examples is at least twofold. In Exam-
ple 6.2.10, one needs to deal with a locally finite, not finitely generated group, whose proper metric is
induced by the Houghton’s group H,. A crude estimation of Fglner sets can be obtained as follows:
let B be the finite metric ball in Alt(S) of radius n. It contains only finitely many permutations of
finite support, and hence the subset of elements of S which is permuted by any of the elements of B

supp(B) = {s € S| 3o € B such that o(b) # b}

is finite. Hence, a Folner set for B is surely given by Sym (Supp(B)), which is a finite symmetric group
containing the subset B.

In Example 6.2.9, the obstacle is that the solvable group N/N(») regardless of being finitely
generated or not, is not equipped with a word metric, and that in principle its Fglner sets are not the
ones obtained with the residually amenable profile of V. Therefore, the knowledge of the residually
amenable profile of N does not guarantee bounds for the Fglner sets in N/N (sn),



Chapter 7

Sofic groups

In this final chapter we consider sofic groups and some of their generalisations. The proof of Theo-
rem 7.1.10 is fruit of collaboration with Goulnara Arzhantseva, Martin Finn-Sell and Lev Glebsky [5],
while the second section is a joint work with Michal Ferov and Martin Finn-Sell.

7.1 Sofic groups

Sofic groups were introduced in 1999 by Gromov [62] (the name is coined by Weiss a year later [116]),
in his work towards a solution of Gottschalk’s surjunctivity conjecture in dynamical systems [58].

To define them, we need the concept of Hamming distance on a finite symmetric group. Let A be a
finite set and consider, on the symmetric group Sym(A), the following distance, called the normalised
Hamming distance:

1
da(o, B) = WH“ € Al a(a) £ Bla) ]| (7.1)
The Hamming distance is bi-invariant, in the sense that, for any «, 8,7 € Sym(A) we have that

dA(’YO‘”Yﬂ) = dA(‘%ﬂ) = dA(OL’)/, 5’7)

Another way of expressing the Hamming distance between two permutations « and [ is to count the
elements in the set A which are not fixed by a1 3:

1
da( ) = p{ac Al B)@) £ af|
Definition 7.1.1. A group G is sofic if for every finite subset K C G and for every € > 0 there exists
a finite set A and a map ¢: G — Sym(A) satisfying:
(s1) (almost homomorphism) for all ki, ks € K we have that da(¢(k1k2), ¢(k1)p(k2)) < &;
(s2) (uniform injectivity) for all distinct k1, ko € K we have that da(¢(k1), o(k2)) = 1 —e.

Historically, these conditions were proved to be equivalent to Gromov’s original definition of soficity
by Elek and Szabé in [46]. This equivalent definition of soficity has the advantage of not requiring the
group G to be countable.

We call such a map ¢: G — Sym(A) a (K, e)-approzimation for the group G, and when K and ¢
are clear from the context, we refer to these maps as to approximations for the group.

71
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From the definitions, we see that a (K,0)-approximation is a K-approximation in the sense of
Definition 2.3.1.
The following question drives the current interest in the topic:

Question 7.1.2. Does there exist a group which is not sofic?

As we will see, LEF groups (Proposition 7.1.5) and LEA groups (Proposition 7.1.7) are sofic, and
thus a non-sofic group cannot be constructed starting from amenable components.

Remark 7.1.3. In Definition 7.1.1 one can replace the symmetric groups and their normalised Ham-
ming distances with finite groups equipped with some bi-invariant distances (F,d). This leads to the
notion of weakly sofic groups, defined in [56]. As the Hamming distance on Sym(A) is a bi-invariant
distance, it follows that every sofic group is weakly sofic. The other implication is a known open
problem.

We record the following immediate remark.

Remark 7.1.4. Let ¢ < 6, G be a group, K C K’ C G be finite subsets and consider a (K ¢)-
approximation ¢: G — Sym(A). Then ¢ is also a (K', d)-approximation.

In view of this lemma, it suffices to consider constants € such that 0 < ¢ < 1. We collect here the
two first classes of groups which satisfy the above definition.

Proposition 7.1.5. Finite groups are sofic. Consequently, LEF groups are sofic.

Proof. Let G be a finite group. By Cayley’s Theorem, G embeds into the finite symmetric group
Sym(G) via the map L: G — Sym(G), where L(g) = Ly is the permutation Ly(h) = gh of G. As L is
a homomorphism, we have that

dc(L(gh),L(g)L(h)) =0,  Vg,h€G. (7.2)
Moreover, if g and h are distinct elements of G, we have that
Ly(k) = gk # hk = Ly (k), Vk e G.

This implies that

Equations (7.2) and (7.3) imply that a finite group is sofic, and the approximations can always be
chosen with € = 0.

Suppose now that G is locally embeddable into finite groups, and let K C G be a finite subset.
Then, there exists a map ¢: G — G into a finite group G that is injective on K and such that
w(gh) = ¢(g)e(h) for all g,h € K. As Gy is a finite group, by the previous case we know that
L: Gy — Sym(Gy) is a (G, 0)-approximation. It is now immediate to check that

®:=Loy: G— Sym(Gy)
is a (K, 0)-approximation. O

Proposition 7.1.5 shows that the approximations for LEF groups can always be chosen with € = 0.
Notice that the finitely generated group without finite quotients we considered in Example 3.2.9 is
LEF, and hence sofic in view of Proposition 7.1.5. This group is not finitely presented, and the fact
that it does not admit finite quotients exploits a limiting process for its infinitely related presentation.
Strictly related to this, we pose the following question.
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Question 7.1.6. Does there exists a finitely presented sofic group without finite quotients?

This question would have a positive answer if a finitely presented, infinite, simple sofic group existed.
This is not known, and the Burger-Mozes simple groups constructed as amalgamated free products
of free groups [26], are among candidates. Even more intriguing would be the existence of a finitely
presented sofic group without finite quotients, which is in addition SQ-universal. Higman’s group is a
potential example to Question 7.1.6.

We now reproduce the proof that amenable groups are sofic, following [31, Proposition 7.5.6],
because the understanding of the argument is required for the proof of Theorem 7.1.10.

Proposition 7.1.7. Amenable groups are sofic. Consequently, LEA groups are sofic.

Proof. Let K C G be a finite subset and fix € > 0. To symmetrise the set K, let us consider the finite
subset

S=({ec} UK UK, (7.4)
and set &/ = ﬁ As G is amenable, there exists a finite non-empty set F' C G such that
|F\ sF| < €'|F), Vs € S. (7.5)

Consider the set E' = () ,.gsF. As the trivial element eg is in S, we have that 2 C F'. Moreover, as
S = S~ is symmetric, we also have that

sE CF, Vs e S. (7.6)

By construction, we obtain that

|[FI = |E| = [F\E|=|F\ (] sF|=|{J(F\sF)

ses sES

(7.7)
<Y IF\sF| <Y £IF| <elF|.
ses ses
Hence, it follows that
|El = |F| = |F\E[>(1-¢)|F]|. (7.8)

We now construct the map ¢: G — Sym(F'), and prove that it is a (K, )-approximation.

As |F| = |gF| for any element g € G, we have that |F \ gF| = |gF \ F|. Hence, we can fix an
arbitrary bijection ay: gF \ F — F \ gF for each g € G. Consider then the map ¢: G — Sym(F')
defined as

gf ifgf ek,

©(9)(f) {%(gf) it of € g\ Vg€ G, Vf € F.

If k1,ko € K and f € E, we have that ko, k1ke € S by Equation (7.4), and that ko f, k1kaf € F by

Equation (7.6). This means that the permutations ¢(k1kz2) and ¢(k1)¢(k2) coincide on E C F. Hence,

it follows that

[\ E|
||

dp ((k1ka), (k1)p(k2)) < <&, Vki,k €K, (7.9)

where the last inequality is due to Equation (7.7).
Suppose now that kq, ks € K are distinct elements, and f € E. By Equation (7.6) we have that

o(k1)(f) = ko f # kaf = @(k2)(f).
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Hence, we have that
E
dr((k1), o(ks))> ||F: >1—c. (7.10)
Equation (7.9) and Equation (7.10) imply that the amenable group G is sofic.
As in the proof of Proposition 7.1.5, from the amenable case we can immediately conclude the
claim for LEA groups (that is, locally embeddable into amenable groups). O

It is clear that soficity is a local property, and hence a group that is locally embeddable into sofic
groups is itself sofic. With the next theorem we collect the known stability results for the class of sofic
groups. We refer to [28, 31, 34, 70] for the proofs.

Theorem 7.1.8. The class of sofic groups is closed under taking subgroups, direct products, free
products with amalgamation over amenable subgroups, HNN extensions over amenable subgroups, graph
products, restricted wreath products, extensions with sofic kernel and amenable quotient.

The finitely presented groups of Corollary 4.3.2 and of Corollary 4.3.4 are not known to be sofic,
except for the case when the amalgamated subgroup is cyclic (case when r = 1). In all cases, they are
not residually amenable nor LEA (as these notions coincide for finitely presented groups). If soficity
will be proved for these groups, there will be further evidence that an amalgamated free product of
sofic groups is again sofic, regardless of the amenability of the amalgamated subgroup, whilst now this
permanence result is known only if the amalgamated subgroup is amenable, as remarked in Theorem
7.1.8.

The group G of Example 3.1.6 is sofic, because it is a split extension of a residually amenable group
by an amenable group, but it is not itself residually amenable. Being an unrestricted wreath product
of infinite groups, it is uncountable. A finitely generated split extension of a residually amenable group
by an amenable group, which is itself not residually amenable, is given by Elek and Szabé in [48, §3].
As in Corollary 4.3.2 and in Corollary 4.3.4, Kazhdan’s property (T) is crucial for the non residual
amenability of this last example of Elek and Szabd.

Remark 7.1.9. While every solvable group is sofic by Proposition 7.1.7, it is an open problem to
determine if an extension with solvable kernel and sofic quotient is again sofic. This extension problem
is even open when the kernel is finite (solvable or not). Hence, the hypotheses of Theorem 3.3.5 and
of Theorem 5.2.3 are not known to be satisfied for the class of sofic groups, and those results cannot
be applied to yield an alternative proof for the soficity of free products and graph products.

We now present a new proof of the fact that any extension with sofic kernel and amenable quotient is
again a sofic group. Our approach exploits unrestricted wreath products and the classical Kaloujnine-
Krasner Theorem:

Kaloujnine-Krasner Theorem. Let G and H be two groups, and let m: GQH — H denote the
canonical projection onto the quotient H. There is a bijection of sets E — E between

{Ele->G—FE—»H—e}
isomorphism of extensions

and
{EXGuH |7n(E)=H, Enkern =2 G via [[;G 3 (9z) — ge € G}

conjugacy of subgroups of G H

that induces a group isomorphism between the extension E and the subgroup E < GUH.
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The alternative proof of the soficity of any group extension with sofic kernel and amenable quotient
combines the Kaloujnine-Krasner Theorem and Theorem 7.1.10, where we are going to prove that an
unrestricted wreath product of a sofic group with an amenable group is again sofic.

For notational convenience in the next proof, given a set C', an element ¢ € C' and two permutations
o,7 € Sym(C), by (o7)(c) we mean 7(o(c)), that is, the composition of permutations in Sym(C) is
from the right to the left.

Theorem 7.1.10. Let G be a sofic group and H be an amenable group. Then the unrestricted wreath
product G H is sofic.

Proof. Consider a finite subset K C GQ H and ¢ > 0. Without loss of generality, we may suppose
that the identity element of G 2 H belongs to K, and that 0 < e < 1.
Let us define the maps

wlszzH—»HG, m: GUH - H
H

to be the projections onto the first and second component of the semidirect product G 2 H, respectively.
The map 7 is not a group homomorphism.

The set K is finite, hence there exists a finite separating set I C H for m1(K) C [[; G. This means
that, given two distinct sequences (g,) and (g,) in 71 (K'), there exists an index ¢ € I that detects this
difference, so that g; # g/.

As the group H is amenable, its approximations can be constructed starting from Fglner sets for
the set we want to approximate (confront Proposition 7.1.7). Let

Ky :WQ(K)UI

and choose an ey such that
e <e. (7.11)

By Proposition 7.1.7, there exist a finite subset B C H and a (Kpg,ep)-approximation pg: H —
Sym(B), such that
bh if bh € B
h)b = 7.12
o (h) {ah(bh) if bh € Bh\ B, (7.12)

where ay,: Bh\ B — B\ Bh is an arbitrarily chosen bijection. Moreover, there exists a set Eg C B
such that |Ep| > (1 — ey )|B| and

eu(h)b=>bh  and (e (h)en(h'))b=">bhh' = ou(hh')b  Vh,h' € Ky,¥be Eg.  (7.13)
By Equation (7.5), we have that
|B\ Bh| < en|B|, Vh e Ky =T Umy(K). (7.14)
Concerning the approximation of G, consider
Kg={9: €G|(9:) €Em(K), z€ BB}

Choose an ¢ such that
1-(1—eg)(1—ceg)Bl<e. (7.15)

This condition is equivalent to require that

1—c¢

1—eq)Bl > :
( EG) 1—epg

(7.16)
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As eg < e by Equation (7.11), the right hand side of Equation (7.16) is strictly smaller than one.
Hence, as the constants € and ey - and consequently also |B| - are fixed, there exists e¢ > 0 satisfying
Equation (7.15).

As G is sofic, there exists a finite set A and a (K¢, e¢)-approximation ¢ : G — Sym(A). Moreover,
there exists a set E4 C A such that |E4| > (1 —eg)|A| and

(ec(9)pa(d))a=vclgq)a,  Vg,9' € Kg,Va € Ea. (7.17)

Given the approximations ¢ and @y, let us consider the finite set C = B x AP and define the map
¢: GUH — Sym(C) as follows. For an element (g,h) € GRH and (b,7) € C, let

@((gvh))(l% T) = (‘pH(h)IL 77—)7 (7'18)
where 7: B — A is the function defined by
7(1) := v (gp-14)7(4), Vi € B. (7.19)

We now prove that ¢ satisfies the first condition for soficity, meaning that for (g, k) and (¢’, h’) in the
set F' the inequality
de (09, h) (g '), 0((929p-1,), W) < €

holds. Hence, let (b,7) € C. We have that

((92h-14), W) (b, 7) = (@u (RR)b, T1), (7.20)
=(72)
where
71(1) = pa(W-10)7(8) = Pa(gy-1iG,-1p-1,)7(0)- (7.21)
Moreover
(p(g, W)p(g', 1)) (0, 7) = @(g's ") (e (h)b, 72) = ((prr (h)pm (B'))b, 73), (7.22)
where
7o(1) = wa(g-1:)7(1) (7.23)
and
73(1) = 96 (9( gy (mpy-10)72(1) = (06 (96-10) L6 (G( gy (yp)-10)) T (D) (7.24)

Notice that if b € Ep (see Equation (7.13)), then ¢g(h)b = bh € B. In this case, from Equation (7.24)
we obtain that

73(1) = (9a(9-10) 26 (9(pny-1:)) T(0) = (Pa(9-10) 06 (gh-1p-14)) T(D)- (7.25)

Confronting Equations (7.21) and (7.25), we notice that the functions 7 and 75 will surely be equal
if, in addition to b € Ep, we have that 7(i) € E4 for all i € B (see Equation (7.17)).
Hence, we conclude that

e (2(0. 1ol W), (9:85-1,). ) < 1= 2= (1E5 - |Ea] )
o 1Bsl (|Ealy®
=t ()
<1—(1—ep)(1—eg)Pl

This is smaller or equal to ¢ in view of Equation (7.15).
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It remains to be shown that ¢ satisfies also the second condition for soficity. Hence, let (g, h) and
(¢’, ') be different elements of the finite set F. Two cases may occur: h # h' or h = h'.
If h # k' then

de((g.h), 0(g' 1)) = dp(eu(h), ou(h') > 1—eg >1—¢, (7.26)

where the last inequality is due to Equation (7.11).

If h = h’ then it must be that (g;) # (g;), and hence there exists an index ¢ in the finite set I for
which g; # g}. To proceed, for every choice of b € B we want to be able to express this coordinate i as
b=1b;, where b; € B is an element which depends on i and on b. We have that

i=b"'y; & bl=iy' & b leB'niBh
As |[B7'NiB~| = |BN Bi| and |B\ Bi| < ey|B| for every i € I (by Equation (7.14)), we have that
|B~'niB~Y = |BNBi|=|B| - |B\ Bi| > |B| —ey|B| = (1 —¢cg)|B|.

This means that, given i € I, this coordinate can be expressed as i = b~ 'b; with b, b; € B for almost
all choices of b € B (almost all meaning > (1 — eg)|B|).
Suppose now that (b,7) € C and b is such that i = b=1b;, for b; € B. We have that

90(.97 h)(b7 T) = ((pH(h)ba T4)7
where 74(j) = ©c(gp-1,)7(j) for all j € B, and
50(9/, h)(b,7) = (pu(h)b, 75),

where 75(j) = ¢c(g,-1;)7(j) for all j € B.

As G is sofic, i = b~'b; and gbflb“gl/),lbi are different elements, there exists X C A such that
|X| > (1 —eg)|A| and for which, for all a € X, we have that ¢G(g5-11,)a # ©c(g;,-1,,)a-

Hence, the two functions 74 and 75 will surely be different if 7(b;) € X. This implies that

do (g, h), (g’ ) > ﬁ((l —en)|Bl-(1—eqg)|Al- \A||B|71)

B AP~ en)(1 - e6)
EREK

(7.27)
=(l—em)(l—cq)>1—¢

where the last inequality is due to Equation (7.15) and to 1 —e¢ > (1 — eg)!BL

To conclude, combine Equation (7.26) and Equation (7.27) to see that ¢ satisfies condition (s2) of
Definition 7.1.1, as required. O

Remark 7.1.11. The proof of Theorem 7.1.10 no longer works if we relax the condition on H from
amenability to residual amenability (or to local embeddability into amenable groups, or to residual
finiteness). Suppose that H is residually amenable. Using Proposition 2.3.6, we obtain a set Ky C
L C H and a binary operation ¢ such that (L,¢) is an amenable group, and such that ¢ corresponds
to the group operation of H when restricted to the finitely many elements of K.

This causes many problems, in particular when comparing Equations (7.21) and (7.24), because in
this case one needs to restrict the attention to b € Eg N Ky (and not just b € Ep, as in the amenable
case). For everything to hold, we would need to impose, instead of Equation (7.15), the new condition

_ |Bpn K4l

1
Bl

(1—eq)Pl <e.
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on eg.
This, of course, cannot happen, because this new condition is equivalent to

1—¢

1—¢ IBl}—.
U =ee)™ > [E A RalIB]

and we would therefore require the quantity (1 — e¢)!Bl (which is smaller than one) to be bigger
than m. However, this last quantity is bigger than one, as |Ky|/|B| < 1 —¢e. This is a
contradiction that exposes how amenability for the group H is the optimal condition in this approach
(as well as in the proof of [48]), and it cannot be relaxed to residual amenability.

Remark 7.1.12. The strategy in the proof of Theorem 7.1.10 is not applicable to the (a priori) more
general context of weak soficity either. Indeed, it is strictly related to soficity and symmetric groups
equipped with the normalised Hamming distance.

The reason for this is that the sofic approximation for the group G @ H constructed in Equa-
tion (7.18) produces, starting from the maps pg: G — Sym(A) and ¢y : H — Sym(B), the new map
p: GULH — Sym(B X AB). This new map is not diagonal, that is, its image is not contained in

Sym(B) x Sym(A”) < Sym(B x A?).
This makes the whole procedure that follows incompatible with finite groups with normalised bi-
invariant metrics, other than symmetric groups and their subgroups equipped with Hamming distances.

We record here that, similarly to the quantification of residual amenability of Chapter 6, there
are several notions of quantification for soficity. One such is the sofic dimension growth, defined
by Arzhantseva and Cherix [6], and recently considered by Cavaleri [29]. This notion studies the
asymptotic behaviour of the function Kg x: N — N, defined as

1
Kg x(n):= min{|F\ | 3 (Bg,x(n), g)—approximation G — Sym(F)}7

where G is a group generated by the finite set X.

Another quantitative notion for soficity is the sofic profile, introduced by de Cornulier [38]. This
profile is much coarser than the sofic dimension growth, it is indeed bounded - that is trivial - on LEF
groups. Nevertheless, this behavior seems to exactly grasp and convoy the fact that the approximations
of LEF groups can always be taken with error ¢ equal to zero.

This is greatly beneficial for concrete examples. In particular, the group of Example 6.2.9 has a
sofic profile that is ~-equivalent to the Fglner function of Z, whilst the groups of Example 6.2.10 have
a sofic profile that is ~-equivalent to the Fglner function of a metabelian group.

7.2 Conjugacy sofic groups

In this section we consider a strengthening of soficity and weak soficity.

Definition 7.2.1. A group G is conjugacy sofic if for every finite subset K C G and for every € > 0
there exist a finite set A and a map ¢: G — Sym(A) satisfying the following three conditions:

(s1) for all k1, ke € K we have that da(o(kike), o(k1)p(k2)) < &
(s2) for all distinct k1, ke € K we have that da(¢(k1), o(k2)) =1 —¢;

(cs) for all o € Sym(A), for all k1, ks € K that are not conjugated in G, we have that

da(e(k1),p(k2)7) 21 —e.
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Notice that, as id4 € Sym(A), condition (s2) is just a particular case of condition (cs) in the above
definition. We call such a map ¢ a conjugacy approzimation.

Remark 7.2.2. As in Remark 7.1.3, if we replace the symmetric group Sym(A) with a finite group
F equipped with a bi-invariant metric d, we obtain the concept of conjugacy weakly sofic groups.

Classical conjugacy separable groups provide examples of conjugacy weakly sofic groups:

Definition 7.2.3. A group G is conjugacy separable if for every g,h € G that are not conjugated in
G, there exists a finite quotient @ of G where the images of g and h are not conjugated.

Equivalently, a group is conjugacy separable if for every finite subset K C G there exists a finite
quotient @ such that K is injected into @), and whenever g, h € K are not conjugated in GG, then their
images are not conjugated in (). In particular, if 7: G — @Q denotes the projection, we have that 7 [x
is an injective map.

As finitely presented residually finite groups have a solvable word problem, finitely presented con-
jugacy separable groups were considered because they have a solvable conjugacy problem.

Lemma 7.2.4. Let G be a conjugacy separable group. Then G is conjugacy weakly sofic.

Proof. Let ¢ > 0 and K C G be a finite subset. Let @ be the finite quotient of G that witnesses
the conjugacy separability of G for the finite set K, and let 7: G — @ be the projection onto the
quotient Q.

Consider on @ the trivial bi-invariant metric

0 ifg=d,
d(q’q/):{l if q# ¢

Condition (s1) of Definition 7.2.1 is immediately satisfied because 7 is a homomorphism, so
d(m(gh),w(g)m(h)) =0 Vg,h € K.

The second and third conditions are also immediate, because all the elements involved are different,
so their distance will always be equal to 1, and in particular greater than 1 — ¢. O

In analogy with soficity, conjugacy soficity is a local property, and therefore groups that are locally
embeddable into conjugacy (weakly) sofic groups are conjugacy (weakly) sofic. Moreover, the class of
conjugacy (weakly) sofic groups is closed under taking subgroups and direct products.

One characterisation of soficity for countable groups is obtained in terms of metric ultraproducts
of finite symmetric groups [31, Theorem 7.6.6]: a group G is sofic if and only if it can be embedded
into a metric ultraproduct of finite symmetric groups equipped with Hamming distances, in such a
way that different elements of G are sent to elements of maximal distance in the metric ultraproduct.
This result was originally proved in [47].

A metric ultraproduct is defined in terms of an indexing set I, an ultrafilter w on I, and a family
{F;}icr of nonempty finite sets, and it is the group

Hie[ Sym(Fi)

GT: N )

where T' denotes the triple (I,w, {F;}icr) and N is the normal subgroup

{a=(i)ier € HSym(Fi) | }E}; dp,(idp,, 0;) =0} < HSym(Fi).
iel iel



80 CHAPTER 7. SOFIC GROUPS

We define a partial order < on the index set I: (K',n) < (K,¢e) if K’ D K and n < e. Moreover, given
the ultrafilter w on I, the metric ultraproduct G inherits the bi-invariant metric

0u(a, B) := 1Lm dr, (o, ;) € 10,1], (7.28)

where o = (o;)ier and 8 = (Bi)ics- The limit of Equation (7.28) always exists, and it is unique,
because 0 < dp, (o, 8;) < 1 is a bounded sequence in a Haussdorf space, and w is an ultrafilter.

The embedding of a sofic group into a metric ultraproduct is obtained considering the index set I
given by all pairs (K, ¢), where K is a finite subset of G and £ > 0. For each i = (K, ¢) then there exist
a finite set F; and a (K, €)-approximation ¢;: G — Sym(F;). Therefore, the injective homomorphism
®: G — Gr is given by the composition m o ¢, where

gZ:Hgoi: G%HSym(Fi)

i€l 1€1

is the product map and m: [],.; Sym(F;) — Gr is the canonical projection. As recalled previously,
different elements of G are sent by ® to elements at distance one in Gr.

In Theorem 7.2.5 we prove that a conjugacy sofic group G can be embedded in the same fashion
into a metric ultraproduct of finite symmetric groups, with the additional property that whenever two
elements are not conjugated in G then their images are not conjugated in Gr.

Theorem 7.2.5. Let G be a group. The following are equivalent:
1. G is conjugacy sofic;

2. there exist a triple T = (I,w7 {Fi}iel) and an injective homomorphism ®: G — G that sends
different elements of G to elements of Gr at distance one. Moreover, if g,h € G are not
conjugated in G, then ®(g) and ®(h) are not conjugated in Gr, and ®(g) and ®(h)Y have
distance one in G for all v € Grp.

Proof. If the second condition is satisfied, then G is necessarily conjugacy sofic.

Suppose hence that G is conjugacy sofic. We closely follow the construction of [31, Theorem 7.6.6],
and we consider the set I consisting of all pairs (K,¢), where K is a finite subset of G and € > 0.
The group G is conjugacy sofic, therefore for each i = (K,e) € I there exists a finite set F; and a
(K, e)-approximation ¢;: G — Sym(F;) satisfying, in addition, condition (cs).

Then, the map ®: G — G obtained composing the product map [[,; ;s with the projection from
[Lic; Sym(F;) onto G is an injective homomorphism, as proved in [31, Theorem 7.6.6], and different
elements of G have images whose distance is one in Gr.

Suppose that g, h are two non-conjugated elements of G, and consider v = (v;);etN € Gp. We
want to prove that ®(g) and y®(h)y~! have distance one in Gr.

Let K = {g,h} C G, ¢ > 0 and consider ig = (K,e) € I. Then, as G is conjugacy sofic, we have
that

dFi (‘Pz(g)a%%(h)%_l) zl-n=21l-e¢ Vi = (Kl777) < 1p.

This implies that
0 (®(9), 72 (h)y ™) = lim dp, (¢i(g), vipi(h)7; ') = 1.

This concludes the proof. O

We now see how the addition of condition (cs) in Definition 7.2.1 seriously changes the approxima-
tions that one is allowed to consider:
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Proposition 7.2.6. Let p be a prime number. If the cyclic group Z, tis conjugacy sofic, then its
conjugacy approrimations cannot be homomorphisms.

Proof. Let G denote the cyclic group of order p. As G is cyclic, all its elements are pairwise not
conjugated. Suppose that a homomorphism ¢: G — Sym(A) is a conjugacy approximation for the
group G, and let g,h € G\ {eg} be non-trivial different elements. As G is cyclic, there exists
n € {2,...,p — 1} such that h = ¢g™. As the order of g and h is the prime number p and ¢ is a
homomorphism, it follows that this is the order of ¢(g) and (k) too.

In Sym(A) the following holds: two permutations are conjugated if and only if they can be decom-
posed with the same number of disjoint cycles of the same lengths [31, Proposition C.3.2].

We apply this to ¢(g) and ¢(h): express ¢(g) as a product of commuting cycles

¢(g) =01...0k, o; € Sym(A).

As g has order p in G, we have that each o; has order, that is length, p. Moreover, as ¢ is a
homomorphism, we have that

and these cycles o' are again of length p, because n is coprime with p. Hence the above fact implies
that ¢(g) and ¢(h) are conjugated in Sym(A), which is a contradiction. O

Proposition 7.2.7. If the group Z is conjugacy sofic, then its conjugacy approximations cannot be
homomorphisms.

Proof. Looking for a contradiction, suppose we have a finite set K C Z and an ¢ > 0, and that there
exists a homomorphism ¢: Z — Sym(A) into a finite symmetric group satisfying conditions (s1), (s2)
and (cs).

As ¢ is a homomorphism, the image ¢(Z) is a finite cyclic group: let ¢: ¢(Z) — Sym(A) be the
subgroup inclusion. Properties (s1), (s2) and (cs) satisfied by ¢ (with respect to K and €) imply that

1. for all different h, k € ©(Z) we have that da(c(h),c(k)) > 1 —¢;
2. for all different h, k € p(Z), for all o € Sym(A) we have that da(¢(h),(k)?) > 1 —e.

The second condition is a contradiction with Proposition 7.2.6. O
These results imply the following corollary.

Corollary 7.2.8. Conjugacy approximations cannot be homomorphisms.

Proof. Let ¢: G — Sym(A) be a homomorphism which is a (K, 0)-conjugacy approximation, for some
finite subset K C G.

If G has elements of finite order (other than the trivial element), then it has an element of order
a prime number. This element generates a cyclic subgroup of prime order, and Proposition 7.2.6
produces a contradiction for the existence of such a ¢.

If G is torsion-free, then it has Z as a subgroup, and Proposition 7.2.7 again shows a contradiction
for ¢. O

We conclude with the following remark. We defined and considered conjugacy sofic groups be-
cause they are naturally related to the known concept of conjugacy separable groups. Nevertheless,
Definition 7.2.1 can be generalised to the following setting:
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Definition 7.2.9. Let F = F(a,b) be the free group on two generators, and consider a reduced word
v € F. A group G is v-sofic (or verbally sofic) if for every finite subset K C G and for every £ > 0
there exist a finite set A and a map ¢: G — Sym(A) satisfying the following conditions:

(s1) for all k1, ke € K we have that da(p(kika), p(k1)p(k2)) < ¢
(s2) for all kq, ks € K we have that da(e(k1), o(ke)) = 1 —¢;

(vs) for all ky, ks € K such that ki # v(x, ko) for all x € G, we have that da (¢(k1), v(y, p(k2))) > 1—¢
for all y € Sym(A).

If the map ¢ satisfies these conditions, we call it a v-approximation.

Therefore, the conjugacy sofic groups discussed in this section are v-sofic groups for the choice of
the word
v=aba"t € F,.

As we saw in Corollary 7.2.8, for this choice of the word aba~! the v-approximations cannot be
homomorphisms, because the conjugacy classes in finite symmetric groups are determined by the
cycle decompositions of the permutations. It is not, therefore, clear how to construct these conjugacy
approximations in basic examples such as (finite or infinite) cyclic groups, or not even if the additional
condition (es) of Definition 7.2.1 forces the group G to be trivial.

On the other hand, could it happen that a group fails to be conjugacy sofic, but it is conjugacy
weakly sofic? This is a well-known open problem in the context of soficity and weak soficity. Or, for a
word v other than aba™!, could it happen that a group is not v-sofic, but it is weakly v-sofic (we did
not define explicitly weakly v-sofic groups. Analogously to weakly sofic groups, they are obtained from
Definition 7.2.9 replacing symmetric groups by finite groups equipped with bi-invariant metrics)?

Question 7.2.10. Can a group be conjugacy weakly sofic, but not conjugacy sofic?

We did not pursue this direction of research, but we notice that natural choices for the word v in
the context of v-soficity could be (iterated) commutators. Would these other choices for the word v
imply a result along the lines of Corollary 7.2.87

All this leads to the following problem:

Problem 7.2.11. Let v € F5 be a reduced word. Give sufficient conditions so that the class of v-sofic
groups is not trivial.
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