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Preface

This thesis is meant as an overview of the Theory of Semigroups and its
applications to the abstract Cauchy Problem. Chapter 1 explains some mo-
tivation behind the definition of semigroups and how these could be used
to solve partial differential equations. In Chapter 2 we will define what
uniformely bounded Cj semigroups are and describe how unbounded linear
operators generate such. We will prove the famous Hille-Yosida theorem and
show just how useful semigroups can be when it comes to a certain type of
PDEs. In Chapter 3 we will generalize the results of Chapter 2 for nonlin-
ear operators as far as possible - it will contain a variant of the celebrated
Crandall-Liggett Theorem - and end with an illustration of the theory by
some examples.
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Notations

N (1,2,3,..}

No 0,1,2,..}

R, {t e RJt € (0,00)}

<l 5 Euclidean norm of ¢ € R

((,n)E Dot product of the two vectors ,n € R"

X A real Banach space

X+ Dual space of X; {z* : X — R|z* linear and bounded}
(y,x*) Application of a function z* € X* to an element y € X

Il |l Norm of Banach space/Dual space
conv(V)  Convex hull of a subset V' C X

% Closure with respect to the norm of the space X
B* Composition of the operator B k times with itself
D(B) Domain of the operator B

BCA D(B) C D(A) and Bx = Az for all x € D(B)

1 Identity map

L(X) Set of bounded linear operators from X to X
o(B) The spectrum of B; {z € C|(1 —zB)™ ' € L(X)}
p(B) The resolvent set; C — o(B)

F(x) Duality Mapping; {z* € X*|(z,27) = |l||* = |=*|*}
%Jr f(t) Right derivative; limy\ o %

Q Open subset of R"

supp(u)  For a function u : 2 — R this is defined as the set
[r € Ofu(x) £ 0}

Cx(Q) {u: Q — Ru is infinitely many times differentiable and
supp(u) is compact}

C(Q) {u:Q — Ru is infinitely many times differentiable and
has finite essential supremum}

L*(Q) {u:Q — R|u is measurable and [, u* < oo}

(u,v)12(0) [ uv for u,v € L*(Q)

H(S2) Closure of C'2°(€2) under the norm

2
lullZy = Joyu? + 5 o (2w)
v




C(I,X) Set of continuous functions from the intervall
I CRinto X
L'(I,X) {u:I— X Bochner measurable | [, [|f(t)|| < oo}



CHAPTER 1

Some motivation

We will start this chapter by some heuristic considerations which will then
motivate the definition of operator semigroups.

1.1 Viewing a PDE as an ’ODE’ in a Banach space

At the heart of semigroup theory and its application to PDEs stands the
observation that in certain circumstances one can view a PDE as an "ODE”
in a suitable Banach space.

Suppose that we are trying to solve the heat equation

%u(:v,t) — Au(z,t) =0, (x,t) € Q x (0,7, (1.1)
u(x,t) =0, (x,t) € 09 x (0,7, (1.2)
u(z,0) = g(z), x €, (1.3)

where () is an open and bounded subset of R", with Lipschitz boundary 0f).

As a first attempt to determine solvability of this equation, we could see if the
Lax-Milgram Lemma, where we just perceive the time variable as a ”space”
variable, applies. However this approach does not work, as the bilinear form
will not be coercive. So a different method is necessary.

We could look at the equation from a different angle. One way is to view ¢
as a ”distinguished” variable. Instead of considering the function v mapping
values from the space Q x [0,T] to R, we consider a vector valued function v
that maps every t € [0,7] to v(t) = u(t,-). Heuristically, the heat equation



rewrites as:

d
Ju(t) = Bu(t), te (.71, (1.4)

v(0) =g, (1.5)
where B : D(B) — L*(Q) is defined by

D(B) :={x € H&(Q)Ely € L2(Q) D (Y, 2) ) = —(Va, Vz) 2 Vz € H&(Q)}
Bz :=y.

Remark. The "weak formulation” (1.4)-(1.5) is obtained by noticing that if
¢ : Q2 — R is a test function - that is to say ¢ € C°(2) - then, multiplying
(1.1) by () and integrating, we get

/utgpz/Au@:—/Vqup.
Q Q Q

It is evident that many PDEs which include a time derivative can be rewritten
in this form for an operator B.

All in all we are interested in the solvability of the so called Cauchy Problem
associated to an operator B : D(X) C X — X:

%U(t) = Bo(t), te(0,T], (1.6)

with initial value x € X. From now on X will always denote a Banach space.
So the question that immediately arises is, for which operator B are we able
to construct a solution. This is the content of the upcoming chapters.

1.2 A first approach for bounded linear operators

To get an idea what a solution of the Cauchy Problem could look like, we
look at the simplest case at first. This section follows loosely Chapter 1,
Section 1 of Pazy [1].

From the theory of ODEs we know that the constant-coefficient linear initial
value problem

u'(t) = bu(t), te€(0,T), (1.8)
u(0) = uyp, (1.9)



for some fixed b € R, has the unique solution u(t) = e”uy. The important

observation here is that e’uq is a solution of the problem above primarily
because differentiating e” is the same as multiplying it by b. This follows
from the fact that the exponential function has a series expansion, namely
et = o (b,i, As this series is a power series, differentiation can be pulled
in and, after rearranging the sum, one can take the constant b out, arriving
at the expression be®.

It turns out that this approach works even if instead of a constant b we would

have taken a linear bounded operator B, defined on the whole Banach space.

Motivated by the above, consider an operator B € L(X).

Definition 1.1. We define for the bounded linear operator tB, where t €
[0,00), the corresponding exponential function e'® : X — X as the linear
function .
¢Pri=)" kll (tB)*x (1.10)
k=0
Remark. Actually we would have had to check before the definition if the
right side of the definiton makes sense. Indeed this is the case. On the one
hand, t Bz is in X. So iteratively (tB)*z is in X for any k € N. On the other

hand, we have
n

Z%(tB k

k=m

< Jlell S 5 1BI)- (111)

Therefore we get that Z,]CVZO % (tB)*z is a Cauchy sequence in a Banach space.
So the limit exists and Pz thus is well defined. The linearity follows directly
from taking partial sums of €' and then passing to the limit.

Before turning to the question if e'®z actually solves the Cauchy Problem,
we note some very important properties of this function.

Proposition 1. For any z € X and s,t € [0,00) we have
(1) 6(H—s)B — esB o e1EB (2) 6OB =1

(3) limePe = (4) [leB| < et

Proof. (4) follows by a simple computation. We get, because H(tB)kH <
|tB]|" holds, the following

o0

Z th

k=

le" x| =

<Z tkIIBH ]| = €21 ]




(2) is trivial as when ¢ = 0 only the identity operator is left in the sum.
As for (3), we have the following estimate

[e e} 1 o0
tB k+1
_ — —(tB
ez — || ;k,( kzo k;+1 x

< E —— [ @B)[[* ||
|
2 (k:+ 1)!
<t Bl Pz

So, for fixed z, we get (3) by letting ¢ \, 0.

To prove (1) we rewrite e*Z o !B :

Z %(SB)k (Z: ll‘(tB)lx) = Z Z (k i l)| (SB)k_ll—l!(tB)l.

This can be proven by using that e*? is continuous - (4) - and arguing as
it is done in a standard proof of the Cauchy Product Formula. We further
deduce, by using the binomial theorem,

© k (9] k
1 1
S3 et b = 3 Ay
k=0 1=0 k=0 I=
— 1 k
k=0
As the last sum is equal to e**+)8 we are done. ]

We will now see how Propositon 1 can be used to solve the Cauchy Problem
for an operator B € £(X). For the difference quotient from above and below,
in t > 0, of the function t — e!Px, with h > 0, we get

o(t+h)By_tBy ohBotBy_otBy "B_1 4B

R B B A— - A —F €

e(t—h)B,_,tB, - e(t=h)Bg_chBg(t—h)B, - e"B-1 (t—h)B )
fa—c'’s o e x

h( hB

So we see that the limit of the expression 1), when h goes to 0 from
above, plays an important role in determining the derivative. As for any



h > 0, the estimate, in the operator norm,

hB _ 1 - 1 k—1 pk
Z Hh B
k=2

h

(&

-

0 1 -
<> Bl
k=2

= 1
< hk‘-i—l B k+2
< ’; HTo) 1B]]

<h ”BH2 Ml
holds, we get for the right derivative
i+etB:c = Be'Pr. (1.12)
dt

With the same estimate, and by using (3) and (4) of Proposition 1, we get
that the left derivative is also equal to Be'Pz, as the following chain of
inequalities shows

ehB —1
¢ T (t-WB,. _ BBy,

h
< o1 1e(t_h)Bx i 16“333 + e"B——leth — Be'x
s hB _
<|° 1“ | e®MIBN| |2 — e"Pa|| + ‘ 3 - BH "] 0.

All in all, we have proven the following theorem.

Theorem 1.1. Given an operator B € L(X) the function t — ez solves
the Cauchy Problem for any initial value v € X.

Remark. One can also prove that ¢ — e'Pz is actually the unique solution.
For this we refer to Chapter 3 or [1].

Ezxample 1.1.

(1) Taking a matrix B € R™™ and X = R™ we see, by what we have just
said, that the solution to the corresponding Cauchy Problem is given by
u(t) = eBu.

(2) Let K : [0,1]> — R be a continuous function. Then B : C([0,1],R) —
C([0,1],R), where C([0,1],R) is endowed by the supremum norm |lu| :=
SUP,e(o1) |u(z)| for u € C([0,1],R), defined by

Bf() = / K(y)f()dy



is a bounded linear operator as

1
1B < [ IKCONIFONdr < | maox 1K (o) 1]

holds. So we get that u(t) = e'Px solves the integro-differential equation

%u(t,x):/o K(z,y)u(t,x)dy.

So now we are able to solve the Cauchy Problem for bounded linear operators.
However, in a lot of applications the operator B may be linear but not
bounded (for example, this is the case for the heat equation). It is therefore
important to see what happens when we only assume linearity. This will be
the content of the next chapter.



CHAPTER 2

Semigroups generated by unbounded linear
operators

2.1 Introduction

As for unbounded linear operators the definition of e®z by a series doesn’t
necessarily make sense - because Y-, %(tB)kx may not converge - another
approach is needed. One way to do so is to define this "exponential” as the
limit of a sequence of exponentials which stem from bounded linear operators.
This also has the advantage that many proofs can be boiled down to the
bounded case.

2.2 Uniformely bounded () semigroups

We have seen in the previous chapter, more specifically in Proposition 1, that,
for B € L(X), the function ¢ — e'Px has some interesting properties, which
came in handy when dealing with the Cauchy Problem. To be able to solve
the Cauchy Problem for unbounded linear operators, we therefore try to find
a function with the same properties. On one hand this makes sense because
it encapsulates the linear bounded case and on the other, when calculating
its derivative, we want to be able to use the same "tricks” as in Chapter 1.
We therefore define:

Definition 2.1. Let X be a Banach space. A family {S(t) : X — X[t > 0} of
linear operators is called a uniformely bounded Cy semigroup if the following
conditions

(1) S(s+te=S()SMr (2) S0)=1

(3) lmS(H)r = CIEOIES!



are fulfilled for any s,t € [0,00) and x € X.

It may seem odd, as we are dealing with unbounded operators in this chap-
ter, that we included in the definition that S(¢) must be bounded. However,
as we already mentioned, we will construct the semigroup stemming from
an unbounded linear operator as the pointwise limit of bounded operators.
By the uniform boundedness principle this limit operator is therefore also
bounded. Thus, this condition indeed does make sense.

Remark. The properties of this definiton are the exact same properties than
in Proposition 1. The only difference is that, for a given bounded linear
operator, we look at the semigroup e “1Bllet5 instead of just looking at e'?,
which also explains the upper bound in item (4) of Definition 2.1.

If the fourth condition is omitted one just speaks of a Cy semigroup.

We have the following theorem.

Theorem 2.1. If S(t) is a Cy semigroup then there exist constants ¢ > 0
and D > 1 so that for all t € [0,00) we have

IS < De.
Proof. For a proof see [1]. O

Therefore, when dealing with a Cj semigroup, one can use Theorem 2.1 and
look at the uniformely bounded Cy semigroup (De®)~1S(t) instead. Cjy semi-
groups do not really generate any new results. We’ll concentrate therefore on
uniformely bounded Cj semigroups and just mention the generalised results.
From now on we only write semigroup when talking about uniformely bounded
Cp semigroups, unless stated otherwise.

Let’s assume for a second that there is a solution of the Cauchy Problem,
associated to an operator B, and in analogy to Chapter 1 this solution is
a semigroup. Also in Chapter 1 we have seen that knowing limy S(t)ffx
corresponded to the initial operator B evaluated in z. So the question now
is, in what case do we have a semigroup S(t), for a given linear unbounded
operator B, such that the expression lim\ g S(t)tx_x can be written as Bx? It

therefore makes sense to introduce the following definition.




Definition 2.2. If S(t) is a semigroup we define its infinitesimal generator
by

St)yr —

whenever it exists

lim w em’sts} .

Bz :=lim
N0

D(B) := {x € X|lim

Remark. 1t is easy to see that D(B) is a linear subspace.

First we check that, if given a semigroup and its infinitesimal generator, it
actually fulfills the equation £5(t)z = BS(t) for z € D(B).

Theorem 2.2. Let S(t) be a semigroup and B its infinitesimal generator.
Then for any x € D(B) we have S(t)x € D(B) and

d
58tz = BS(t)z = 5(t) B (2.1)

Furthermore t — S(t)x is continuous for any x € X.

Proof. This proof follows loosely the proofs of Corollary 2.3 and Theorem
2.4 of Chapter 1 of Pazy/[1].

We will prove first that ¢ — S(t)z is continuous. For A > 0, small enough,
we have

15t +h)z = SOzl = [S@)S(h)a = SH)z| < |S@[15(h)z — =]
——

<1
and

1S = h)z = St)z]| = ISt = h)z = S(t = h)S(h)z]|
< [[SE—=n)f[S(h)x — |
—_——

<1

And so, as the right hand side, in each case, goes to zero, we have that our

function is indeed continuous.

Now as for the other part of the proof we look at the limit from above and

below. So, take again h > 0 and a z € D(B). Then we get
S({t+h)x—St)x St)S(h)x —S(t)x

h N h =S50




Letting i \, 0 we therefore get ( )+ S(t)x = S(t)Bx. But, from the above

it also follows that we can write
S(h)x —x  S(h)—1
t = t)x.

s =2 5(1)r
And so if A 0 then, as the limit on the left hand side exists, we get on the
one hand S(t)x € D(B) and on the other BS(t)x = S(t)Bx.
To see that the derivative from above is also equal to the derivative from
below we write, for h > 0,

4
dt

S(t—h)x—St)x  St—h)z—St—h)Sh)x S(h)x —x
—h - —h =S
Now as
HS(t - h)% — S(t)Bx
< HS(t - h)% — S(t — h)Bz|| + ||S(t — h)Bx — S(t)Bz|

< |IS(t—n)| H% — Bz| +||S(t — h)Bzx — 5(t) Bz
——

holds, and the right side of this estimate goes to zero, because t — S(t)x is

continuous and because (%)+ S(t)x = S(t)Bx holds by above, we get

lim S =M= 50T gy p,
r\0 —h

This completes the proof. n

Remark. So we see that a crucial ingredient so that the derivative of S(t)x
exists is, that x € D(B) holds; this was also the case in Chapter 1 where
D(B) = X.

One implication of Theorem 2.2 is that the infinitesimal generator of a semi-
group S(t) must be closed. This means that, as we will see later on, for our
construction of a semigroup stemming from a unbounded linear operator B
to work, we must impose the condition of closedness upon B.

Corollary 2.1. Let S(t) be a semigroup and B its infinitesimal generator.
Then B is a closed operator.

10



Proof. The ideas of this proof are borrowed from Chapter 1, Section 1, The-
orem 2.4 and Corollary 2.5, of Pazy [1].

Assume that we have a sequence z,, € D(B) such that x,, — x and Bz, — y.
Then integrating equation (2.1), which can be done for any x, as u +—
S(u) Bz, is continuous, gives us

t
S(t)x, —x, = / S(u) Bx,du.
0

The left side now converges, as S(t) is bounded, to S(t)z — x. Because

15(t) By = S@)yll < SOl 1 Brn —yl| < [|Ban =y
~——

<1

holds, we see

¢ ¢
lim S(u)andu:/ S(u)ydu.
0

n— o0 0

So, in total we have

St)yr —z = /Ot S(u)ydu. (2.2)

Dividing this expression by ¢ > 0 and letting ¢ go to zero we get for the right
side of (2.2)

t

lim1 S(u)ydu =y, (2.3)

ot
H%/otS(u)ydu_yH = H/Ot (S(u)y—y)du} ‘

< —yl| —
< supyeppq ||S(w)y — 9| t\oo

as

holds. And so finally we obtain

lim 22—
Nt y

This means on the one hand x € D(B) and on the other Bz = y. Therefore
B is closed. L

11



As Theorem 2.2 states, we get, for € D(B), that S(t)z € D(B) holds.
Therefore we might expect, as the Riemann Integral of the function ¢ — S(t)x
is the limit of a sequence I, of linear combinations which are all in the linear
subspace D(B), that the integral fOT S(t)xdt is in D(B). An even stronger
statement is true, as the following Corollary shows.

Corollary 2.2. Let S(t) be a semigroup and B its infinitesimal generator.
The following hold for any x € X and T € [0, c0):

1
(1) fm

/ T S(tyedt = S(T)e
2) /0 " S(t)wdt € DB).

(3) B ( /0 S(t)xdt) — S(T)x — =
(4) For any x € D(B) and tg,t > 0:

4 t
S(t)x — S(ty)x —/ BS(s)xds —/ S(s)Bxds.
to to
Proof. The ideas for the following proof and its implication are borrowed
from the proof of Theorem 2.4 and Corollary 2.5 in Chapter 1 of Pazy [1].
(4) is a direct consequence of the previous theorem. The function s
S(s)Bx is continuous in s on [t, %] and so the Riemann Integral exists. By
taking the integral of £S(s)z = S(s)Bz on both sides we are done.
Now to the proof of (1). Again, t — S(t)z is continuous and so the integral
exists. From the following
1 T+h
— {/ (S(t)x—S(T)x)dt]H
h lJr

< supuejo.n) [|S(T — u)z — S(T)z|
< supuefon |S(w)z — x|,

H% /T T+hS(t)xdt — S(T)z

where the last estimate follows the same way as in the proof of continuity of
t — S(t)x, we deduce that, as the expression in the last line of the estimate
goes to zero as h — 0, that (1) holds.
(2) and (3) hold because for a h > 0 small enough we get, since S(h) is a
bounded linear operator,
T
0

% /OT S(t)adt = %/ (S(t+h)a — S(t)x) dt

12



and furthermore since
1 T 1 T+h 1 T
1 / S(t+ h)xdt = ~ / S(t)zdt + / S(t)zdt
h Jo h Jr h Jn
holds, we have
h—1 T 1 T+h 1 h
Sh) =1 / S(t)zdt = ~ / S(t)adt — / S(t)dt.
h 0 hJr h Jo

Now letting ~ — 0 and using (1), we have proven (2) and (3). O

We see from Corollary 2.2, statement (1), that every x € X can be repre-
sented as the limit of h™! foh S(t)zdt where h goes to 0, since S(0)z = =.
However this integral is by statement (2) of Corollary 2.2 always in D(B).
Therefore D(B) is dense in X. So we have the following

Lemma 2.1. For the infinitesimal generator B of a semigroup S(¢) we have
that the domain of B is dense in X, meaning D(B) = X.

We will close this section by a Lemma which shows that a semigroup is
already determined by its infinitesimal generator B. For a proof we refer to

[1].
Lemma 2.2. If two semigroups S(t) and T'(¢) have the same infinitesimal
generator B then they are equal.

2.3 Yosida Approximation

We now turn our attention to the question of how we could actually construct
a semigroup S(t), given a linear unbounded operator B : D(X) — X, so that
we might be able to solve the corresponding Cauchy Problem. As we have
seen in Theorem 2.2, the operator B should correspond to its infinitesimal
generator. So by Corollary 2.1 and Lemma 2.1 we can only consider opera-
tors B which are densely defined and closed.

As mentioned in the previous chapter, the idea is to boil down the con-
struction of S(t) to bounded linear operators. So how could we approximate
pointwise an operator B by a family {B)},s¢ of bounded linear operators?
One, and probably the most obvious way, is to try to find operators C) :
X — X, which converge pointwise to the identity map when A\ goes to infin-
ity and which have the property that C) o B is bounded for any A > 0.
Heuristically speaking, assume that we have a sequence a, € R, with a,, ~
+00. One way to obtain a bounded sequence out of a, by multiplying it

13



with another sequence ¢, is to choose ¢, as a suitable function of a!. If for
example we take ¢, = (1 + %an)_l, we obtain c,a, < A for all n € N. So
with this choice of ¢, we control the growth of ¢,a,.

This works as well for operators. If we choose C\ = (1 — %B)_l, assuming
R, C p(B), we are able to ”control the growth” of C\ o B and obtain thus a
bounded operator, for each A > 0, since

Byx = 1—1B 7lB = A 1—1B - 1B — T+ (24)
AL = \ xr = \ \ rxT—T+x .

1 —1
=\ (1 - XB) x — Mz (2.5)

holds.

Lemma 2.3. Assume that B is a unbounded linear closed operator that has
a dense domain. Furthermore assume R, C p(B) and

=

Then, for any fixed x € X, the following holds:

<1 VA>0. (2.6)

1 \!
lim <1 — XB) r=x. (2.7)

A—00

Proof. The ideas of the proof are borrowed from Lemma 3.2. of Chapter 1
of Pazy [1].
For any = € D(B) we get, by using the assumptions, that

1. \! 1. \N'/1 1
|(1_XB) T — x| = (1_XB) (XBx—XBx—I—x)—x
1 1. \!
1 1
1--B
(1-32)

1
< B2

< | Bl

1
A

holds. Now letting A go to infinity the Lemma is proven for z € D(B).
For a general © € X one just takes a sequence z,, € D(B) with z,, — x. This

14



can be done as the operator domain is dense. From the estimate

1 1 1 -1 1 1
|(1_XB> z—zx| < (1_XB) x—(l—XB> T,
1 -1
+ <1_XB) Ty — T || + ||zn — 2|
A (1= 2B) | e =l + 2 1Bl = — )

1
< llz = @all + S| Baall + 2w — 2l

where we used the estimate from before, we see that if n is chosen such that
|z, — z|| < €, we get, by taking A big enough,

1 —1
(1_XB> Tr—x

As € was arbitrarily small we are done. m

< 3e.

Remark. One drawback of taking a family ( — %B)f1 is that it is usually
quite hard to determine if R, C p(B) holds and if this family is really
uniformely bounded by 1.

Having this result at hand we now proceed as follows.

Definition 2.1. (Yosida Approximation) With the same assumptions as in
Lemma 2.3, we define on D(B), for A > 0, the Yosida Approximation of B
as the operator

1 -1
Byx = (1 — XB> Bz.

Now as for any x € D(B) we have Bx € X we can use Lemma 2.3 to get

1\
lim (1 — XB> Bx = Bx. (2.8)

A—00

The Yosida Approximation thus tells us that we can approximate pointwise,
under certain conditions, an unbounded linear operator B, by bounded ones.

So as we want to construct a semigroup by pointwise approximation out
of the family {e'P*}y~o, we need to check that for any z € X the limit of
e!Brx, when A — oo, actually exists. Also we need to check if the limit is a
semigroup. The following two Lemmata address these issues.
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Lemma 2.4. With the same assumptions as in Lemma 2.3 we get that the
family {e?P*};5, for fixed A, is a semigroup and that

|z — ePra|| < t| By — By
holds for any x € X and A,y > 0.

Proof. We follow the proof of Lemma 3.4. in Chapter 1 of Pazy [1].

That e'?» is a Cjy semigroup follows by Chapter 1 Proposition 1. For it to be
a uniformly bounded Cj semigroup we still need to check (4) of Definition
2.1. We get by using (2.4)-(2.5), the estimate

HetB*H = ‘ et’\(1_§3)_l—t/\1 eft)\let)\(l—§3)_1 (2.9)
= [feraentin (2.10)
-1
_ eftAetA(l—%B) (2.11)
= e erts) 212
S 3T
<1 2.14)

That is to say, {e'P*};>¢ is a semigroup.

For the second part of the proof we rewrite e/®rx — etB+®

as

tByx

ePry —e

— etSB)\et(l_S)B'yl‘lzi[l)-

Now by showing that (1 —$B)~* and (1 — %B)*l commute, we can show by

using (2.4)-(2.5) that By and B, commute. Therefore also e'5» ¢! B, B,
commute. With this we get

d d d
€tSB)‘€t(1_s)B7.I _ (etsB)\) et(l—s)B,yl, + etsB)\_et(l—s)wa

ds ds ds

_ tB/\etsBA et(l_S)BW‘T . tetSB)‘ B’yet(l—s)wa

_ tetSB’\et(l_S)BV (B)\ . B’Y) x.

So, if we take the integral over this last term, which can be done as it is
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continuous, we get

HetBAI — ethxH = H/l %etSB*et(l_s)wads
0

1
/ tet*BretU=9By (B, — B.)ads
0

g /1 HtetsB)\et(l—s)BA, (By — Bv)xH ds
< tﬁB,\:r; — B,z||,
where in the last line we used (2.14). O
Lemma 2.5. Assume the same conditions as in Lemma 2.3. Then
S(t)x = /\h_)rglo Py, r € X,
defines a semigroup.

Proof. This proof is borrowed from the proof of Theorem 3.1 of Chapter 1
of Pazy [1].
By Lemma 2.4 we directly get from

|e"Pra — ePra|| < t||Bax — Bya|| < t||Bax — Ba|| +t||Bx — By,

for fixed t > 0 and x € D(B), that Pz is a Cauchy sequence in ), since
limy_,oo Byz = Bz holds. So limy_, e'® z exists.

We still need to prove that this actually constitutes a semigroup. A simple
calculation shows

S(t+ s)x = lim e)B g = lim ePresBry.
A—00 A—00

Now the right side is equal to limy_, e!P*S(s)z as the following holds

N I O ]

<1 —0

So we get

S(t+ s)x = lim P2 S(s)z = S(t)S(s)z.

A—00

S(0)x = x for all x is obvious as ¢"Prx = .
The continuity in 0, that is to say lim; o S(t)z = z, follows from the estimate

|S(t)x — x| < ||S(t)x — etBAx” + HetBAx — xH
< t||Bxz — Bx|| + || — 2|,
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where we used Lemma 2.4. By taking A big enough such that || Byz — Bz|| is
small and then taking ¢ > 0 small enough such that HetB*x — xH is also small,
we see that the right side of the above estimate is also small. So continuity
is proven.

Finally, since sup, HetBAxH < 1, as it was done in the proof of Lemma
2.4, holds, we get directly that ||S(¢t)z| < 1 for ||z|| = 1, by letting A go to
infinity. Therefore ||S(¢)|| < 1 is true. O

We have seen in this section how one can generate a semigroup given a certain
type of operator B. In the next section we will see exactly how a semigroup
corresponds to an operator and the way we can use this to solve the linear
Cauchy Problem.

2.4 The Hille-Yosida Theorem and the linear Cauchy
Problem

In Section 2.2 we found out that if a semigroup S(t) exists, its infinitesimal
generator must be closed and densely defined. Furthermore, in Section 2.3,
we’ve seen that given an unbounded linear operator B, fulfilling the assump-
tions of Lemma 2.3, we can construct a semigroup.

One question now is, if this also works the other way around. Meaning, that if
given a semigroup S(t), does this imply that R, C p(B) and H (1- %B)_l <
1 for all A > 0, holds for the infinitesimal generator B?

Another question is, if starting from a semigroup and going to its infinitesimal
generator, is the semigroup obtained by applying the Yosida Approximation
to the infinitesimal generator equal to the original one?

We will first answer the second question with the following two Lemmata.

Lemma 2.6. Assume that S(t) is the semigroup of Lemma 2.5, that is to say,
constructed by the Yosida Approximation By. Then we have

%s(t)x — S(t)Bx = BS(t)z, z € D(B).

Proof. We follow Pazy [1].
By Theorem 2.2 we only need to prove that, for all x € D(B), B is the
infinitesimal generator of the semigroup. We have the following estimate

< -  — Bu| +||Bxx — Ba.

R

H S(h)a —

18



The first term on the right side can be estimated by

HS(h)x—x ehBry — By —x

h

- B
h h AT

and furthermore, using the estimate of Lemma 2.4, we get

H S(h)x —x o —w H S(h)x — ePrg

h h h
< ||Bx — Byx|| .
So, all in all, we have
S(h)x — hBrg —
H% - BmH < 2Bz — By + % ~ Byl

By choosing A big enough the first term will become arbitrarily small, as it
is just the Yosdia Approximation, and then by choosing h > 0 also small the
second term also becomes arbitrarily small, because B, is the infinitesimal
generator of e"®». We are therefore done with the proof. O

Lemma 2.7. Assume the same conditions as in Lemma 2.3 for the operator
B. Further let B be the infinitesimal generator of the semigroup S(t). Then
we have for any x € X

S(t)r = lim Pra.

A—00

Proof. We follow Pazy [1].
By assumtion we know, after Lemma 2.5, that T'(t)z := limy_,, /P 2 is a
semigroup. We will now show that T'(t) = S(t) holds for all ¢. Looking at
the derivative of the function s — S(t — s)T'(s)z at 0 < s < ¢, for z € D(B),
we get

%S(t —s)T(s)x

 lim S(t— §)T(§):€ —S(t—s)T(s)x

— lim S(t—38)T(s)xr — S(t— §)T(s)1i + S(t—35)T(s)x — St —s)T(s)x
_ li_r>nS(t B §)T(§):g : Z(s)x N ll_r)n S(t— §; : SS(t - S)T(s)x

Now for the first term we get

lim St — ) LT =TT g oDy,

s—s §—s ds
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as

t— —S(t—
HS( 2 5—s St =) §—58
R T(S)x —T(s)x
<[|St—58)—-50t—-s)| ()é—s()
% L_s7s
%%T(s)x

holds, for z € D(B), by Lemma 2.6. And as T'(s)z € D(B), again by Lemma
2.6, we get in total

%S(t —8)T(s)x = S(t — s)diST(s)x + <d£SS(t - s)> T(s)x
= S(t—s)BT(s)x — S(t — s)BT(s)x
=0.

So, all in all, we have

¢
d
T(t)x — S(t)xr = S(0)T(t)xr — St)T(0)x = / %S(t —5)T(s)xds = 0.
0
As T'(t)x = S(t)z holds for any € D(B) and the domain is dense, we are
done because T'(t) and S(t) are bounded operators and as such it is easily
deduced that they must be equal on the whole space X. O

Finally we arrive at the Hille-Yosida Theorem which is of great importance. It
shows how one can either start from a semigroup or an infinitesimal generator
B to arrive at the other. It also provides an answer to our first question.

Theorem 2.3. (Hille-Yosida Theorem) Let B be an unbounded linear oper-
ator. Then B is the infinitesimal generator of a semigroup S(t) if and only
if the following two conditions are fulfilled

(1) B is closed and D(B) is dense in X.

1\
1--B

(-37)

Proof. The proof is borrowed from Chapter 1, Theorem 3.1 of Pazy [1].

— Let B be an unbounded operator which is the infinitesimal generator of
the semigroup S(t). We have by Lemma 2.1 and Corollary 2.1 that B must

(2) Ry Cp(B) and <1 forall x> 0.
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be closed and densely defined. So only (2) needs to be proven. We make an
Ansatz by defining

LNz := /000 e MS () xdt

for x € X, and try to prove that this is the resolvent. L(\) is well defined
because for a,b > 0 we get

b b b
/ )\eMS(t):cdtH §/ H)\eAtS(t):cHdtS/ Ae S ]|

b
< ||x||/ e Mt .

———
<1

So we see that N +— fON Ae S (t)zdt is a Cauchy sequence and L()) is well
defined. From this we also see that L()\) is bounded for every A > 0 and so
we have to check, that L(A)(1 — +B) =1 and (1 — +B)L(A) = 1 holds for
every A > 0, to be done with the proof.

We quickly motivate the definition of L(A). Assume that B = b > 0, then we
have that u(t) = e'uq solves the Cauchy Problem. Now a straightforward
computation shows (1 — %b)*1 = fooo eGO-Digt for A big enough, and by
a change of variable we get (1 — $b)7! = [ Ae MeMdt = [[° Ae Mu(t)dt.
The right side is now exactly the definition from above but for an operator B.

Now let’s continue with the proof. We get for A > 0, because S(h) is contin-
uous and because [ Ae"MS(t + h)zdt exists, that

S(h) — 1L(/\)x - 1 / e MS(t + h)xdt — / Ae NS (t)adt
h h 1Jo 0
_ 1 [ / Ae NS ()t — / Ae—”S(t):vdt}
h 1), 0
e/\h -1 oo 6)‘h h
— / e MS()xdt — — [ Ae MS(t)xdt
h 0 h 0

holds. Now letting h — 0 we get L(A\)x € D(B) and BL(A)x = AL(\)x — Az.
So we have proven (1 — +B)L(A)z = z. Now let 2 € D(B) then we get, by
using Theorem 2.2,

L(\) Bz = / e MS(t)Brdt = / Ne MBS(t)xdt = B / e MS(t)zdt
0 0 0
= BL(\)z,
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where we used that B is closed in the forelast equation. Thus L(\)Bxz =
BL(A)xz = AL(A)x — Az and so we are done.

pr—

Proving this direction is rather fast as we have already done most of the work.
By Lemma 2.5 we have that for B there is a semigroup S(t), obtained by the
Yosida Approximation. We need to check now if B is also its infinitesimal
generator. Let B denote its infinitesimal generator. Lemma 2.6 then tells us
that for any = € D(B) we have 2 € D(B). So we have B C B. By assumption
of the Theorem we have 1 € p(B) and so we get, by definition of the resolvent
set, (1 — B)D(B) = X. As B C B holds we deduce X = (1 — B)D(B) C

A ~

(1 — B)D(B). So also (1 — B)D(B) = X holds. But we know from the

A

proof of the other direction that 1 € p(B) holds. That means that we get
D(B) = (1 — B)~"'X. All in all this means D(B) = (1 - B)"'X = D(B).
This finishes the proof because B = B means that B is indeed also the

infinitesimal generator of S(t). O

We remark that the following two extended results hold. For a proof see
Pazy [1].

Theorem 2.4. Let B be an unbounded linear operator. Then B 1is the in-
finitesimal generator of a Cy semigroup S(t), with ||S(t)|| < e, if and only
if the following two conditions are fulfilled

(1) B is closed and D(B) is dense in X.
(2) (c,00) € p(B)

(ko)

Theorem 2.5. Let B be an unbounded linear operator. Then B s the in-
finitesimal generator of a Cy semigroup S(t), with |S(t)|| < De, if and only
if the following two conditions are fulfilled

A
<——  forall XA>c.
A—c

and

(1) B is closed and D(B) is dense in X.
(2) (¢,00) € p(B) and

=

Before finishing this chapter we quickly want to talk about how we could use
semigroups to solve the Cauchy Problem for an unbounded linear operator B.
If the operator B satisfies condition (1) and (2) of the Hille-Yosida Theorem

gD(L> for all A > ¢,n € N.
A—c
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we know that we can construct a semigroup S(¢). By Lemma 2.6 we know,
that

d

aS(t)x = BS(t)x

holds, for any # € D(B) and t > 0. So if the initial value z is in D(B),
we can at least find one solution. Motivated by this we define now what we
actually mean by a solution.

Definition 2.2. A solution of the Cauchy Problem for a linear unbounded op-

erator B, that satisfies conditions (1) and (2) of the Hille-Yosida Theorem,

with initial value = € D(B), is a function ¢ — u(t) that satisfies u(0) = z,
d

solves Su(t) = Bu(t) for t € (0,00), is continuous on [0, 00) and is continu-

ously differentiable in (0, co).

So S(t)z is a solution of the Cauchy Problem with initial value = € D(X).
Actually, this is also the unique solution. A proof of this will be provided in
Chapter 3, Theorem 3.3.

2.5 Linear examples

2.5.1 The Heat equation

As a first example we look at the heat equation, which we have already seen
in the first chapter,

%u(w,t) = Au(z,t), (x,t) € Q2 x (0, 00), (2.15)
u(z,t) =0, (x,t) € 0Q x (0, 00), (2.16)
u(z,0) = ug(x), x €. (2.17)

This equation describes the development of temperature u on an area with
insulated boundary 0f2, over time.

We will assume that 2 C R? is bounded, open and has a Lipschitz boundary.
Defining the operator B by

D(B) :={u € Hy(Q)|Fw € L*(Q) :
(’LU,U)L2(Q) = _(VU/,V'U)LQ(Q) Yv € HS(Q)}
Bu :=w
- where we remark that such a w is unique as H}(Q) is dense in L*(Q) -

we can "rewrite” the heat equation as a Cauchy Problem and use the Hille-
Yosida Theorem to find the unique solution; given uy € D(B). So we proceed
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by checking the assumptions of the Hille-Yosida Theorem.

D(B) is a dense subspace:

It is trivial to see that D(B) is a linear subspace of L?((2).

D(B) is dense in the latter as for any u € C*(Q) we have (Au,v) =
—(Vu, Vo), for all v € C*(Q2). By definition of HJ(2) we get that this
also holds for all v € H}(2). So we get u € D(B). As C°(Q) is dense in
L?(Q) we get that D(B) is dense in L*(2).

B is closed:

Let ux € D(B) be a sequence such that uy L 4w and Buy, = w, for some
u,w € L*(N). As up € D(B), we get

|((Vug, V)| = |(Bug, u)| < || Bug| [urll = [Jw[] full

So we get supy, ||Vug|| < oo. Because L?(1Q) is reflexive we have that there
exists a ¢ € L?(2) such that Vuy, converges weakly to ¢; where uy, is a
subsequence. All in all we have, for any v € C°(2),

(¥,v) = im (Vug,,v) = im —(ug,, Vo) = —(u, Vv).
l—o0 l—o00
This means that the weak derivative of u exists and that it is equal to . For
any v € H}(Q) we get

—(Vu, Vo) = lim —(Vuy,, Vv) = lim (Buy,,v) = (w,v).
l—00 l—o0

So we have u € D(B) and, as such a w is unique, we get Bu = w.

R, C p(B) and uniform boundedness :

We define a bilinear form on Hj(Q) by a(u,v) := (u,v) + $(Vu, Vo). It is

easy to see that this form is continous and elliptic, with ellipticity constant

min(1,$). By the Lax-Milgram theorem we get that for any f € L*(Q),

there exists a unique v € Hj(2) that solves

a(u,v) = (f,v) Vv € HY(Q).

This is equivalent to having (A(u— f),v) = —(Vu, Vo) for all v € HJ(Q). So
by definition of B we get Bu = A(u— f), which is the same as (1 — %B)u = f.
So we get that the inverse of (1 — §B) exists on L*(Q).

We will now show the uniform boundedness of (1— %B)_1 for any A € R,. By
Poincaré’s inequality there exists a constant ¢ > 0, such that ||u]] < ¢||Vu]|.
This means that for any v € D((1—+B)) we have that a(u,u) > (14+2) | w|®

holds. As a(u,u) can be estimated by || f| |[u]], for f with u = (1—$B)7'f,
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we get in total the estimate

Jull < —— 71 < 11
cA
So we have in total
H(1 - lB)—1 <1.
A

By the Hille-Yosida Theorem we can thus find a semigroup which is the
unique solution to the heat equation.
2.5.2 Advection—diffusion equation

As a second application of semigroup theory we will look at an advection-
diffusion equation of the form

%u(:c,t) =V . (Ax)Vu(z,t)) — V- (b(x)u(x,t)), (z,t) € Qx(0,00),
u(z,t) =0, (x,t) € 92 x (0,00),
u(z,0) = ug(x), x € (),

where € C R" is an open and bounded set with Lipschitz boundary, b(x) €
R™ with b; € C;°(Q2) and A(x) € R™" is a symmetric matrix such that
A; ;€ Cp°(2) holds. Furthermore we assume that we have ||b|| . > 0 and
that there exists a constant ¢ > 0 such that (A(x)(,()g > ¢(¢, () g holds for
all z € Q and ( € R"™.

Advection-diffusion equations appear in many different disciplines. For ex-
ample u can describe the density of some quantity. The term V-(A(z)Vu(z,t))
then describes the diffusion, heuristically this means that if there is a maxi-
mum or minimum at a certain point, over time v will, if there is no source,
level, meaning that u will become almost the same around where the maxi-
mumu or minimum was before. The second term V - (b(z)u(z,t)) leads to a
change of the density u.

To be able to treat this problem as a Cauchy Problem we introduce the
operator B as

D(B) = {u € Hy(Q)|Fw € L*(Q) :
(U}, U)L2(Q) = —(AVU, VU)LQ(Q) + (bu, VU)LQ(Q) Yv € H& (Q)}

Bu = w.

We remark again that such a w is uniquely determined as Hj}(f2) is dense in
L3(9).
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D(B) is a dense subspace:

D(B) is a dense subset by the same arguments as in the example before, so
we will go to the next part that has to be proven.

B is closed:

2 2
Let ux, € D(B) be a sequence such that wuy L w and Buy, L w, for some
u,w € L*(Q).
First we prove u € H;(f2). By using the assumptions on A we get

c(Vug, Vug) < (AVuyg, Vuy) = —(Buy, ug) + (bug, Vug)

1
< —(Buy, ug) + " 18012 [Jurll + €| V],

where we used the Cauchy inequality for some 0 < ¢ < ¢. Now, because
(Bug,ur) — (w,u) holds, we get that

1

CcC—¢€

1
—(Bug, ux) + - 16115 lluxlI”

has a limit. This means that sup, ||Vuy|l is bounded and so, as L*(2) is
reflexive, that there exists a ¢ € L?(2) such that Vuy, converges weakly to
it. As we have seen in the example before this means u € H}(€2).

By assumption we get, for any v € C2°(£2), as A is symmetric and V-(AVv) €
(),

—(AVuy,, Vv) = (ug,, V- (AV0)) = (u, V- (AV0)) = —(AVu, Vo).
Furthermore we have (buy,,v) — (bu,v), as
|(bug, — bu, Vo)| < |6l Vol flu — || = 0
holds. So all in all we get
(w,v) = li}n(Bukl, v) = lim (—(AVuy,, Vo) + (buy,, v))
= —(AVu, Vo) + (bu,v).

Since this holds for all v € C2°(Q), it will hold for all v € H}(Q). This means
that v € D(B) and that Bu = w, by definition of B.
(J|b]]* (4¢)~1, 00) C p(B) and uniform boundedness :
First we show that for any f € L*Q), (1 — yB)u = [ has a unique
solution v € D(B). We define a bilinear form on H}(Q) by a(u,v) :=
(u,v) + 3 (AVu, Vo) — $(bu, Vv), for a fixed A > 16|* (4¢)~1. Tt is easy to
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show that @ is a continous form, one just uses that A;; and b; are bounded,
so we skip this part of the proof.

We show now that a is an elliptic form. By using the Cauchy-Schwarz in-
equality and the Cauchy inequality for €, with HbH2 (4N)! <€ < ¢, we get

1
V0 = [(0us [ ol Vallp < [ Sl + e[ Valf;
Q Q O *€
1
= LI Jull + € [Vl
With this we deduce, also by using the assumption on A,

1 1 €
2 2 2 2 2
a(u,u) > [|ul|” + —CIIVUII - IIbIIOo IIU|| -~ IIVUII

€
— —c— < 1=
vl ( . A) #ul? (1= 1 bl
. 1 € 1 2 2
> min (XC 7 1- e ||b||oo> HUHH(% :
c_ €

As we chose [|b]|* (4\)"! < € < ¢ we get that min (¢—£,1— = I1b]12, ) is
strictly positive and therefore a is elliptic. By Lax-Milgram theorem we get
that there exists a unique u € HJ(2) such that a(u,v) = (f,v) is fulfilled for
all v € H}(2). This is equivalent to having (A\(u — f),v) = —(AVu, Vo) +
(bu, Vv) for all v € Hj(Q2). By definition of D(B), this means on one hand
that u € D(B) and on the other that Bu = A(u— f). The latter is equivalent
to (1 — $+B)u = f. So all that is left to do is to show the boundedness.

As already shown before we get, for ||b||2 (4Nt <e<e,

o) 2 [Vl (5= 5) 1l (1- o BIE) . 219

Now by using that €2 is open, bounded and has a Lipschitz boundary, we
get that there exists, by Poincaré’s inequality, a constant d > 0 such that
|Vu|® > d||ul|* holds. So 2.18 becomes

a(u,u) > Hu||2 <>\dc — Xde +1—-— Hb|| )

As a(u,u) = (f,u) < ||f|| |lz|| holds we arrive at

Il 1
1711 = 1= % (de —de+ £ Jbl%)
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By letting € ¢ we get

[(1—5B)"'f| 1 A
S 11 2 1 2
£l L=zl A=z lblls

By using the more general version of the Hille-Yosida Theorem, Theorem
2.4, we get that there exists a unique solution for the Advection-diffusion
problem above.
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CHAPTER 3

Semigroups generated by nonlinear operators

3.1 Introduction

In Chapter 2 we saw how we could construct a semigroup given an unbounded
linear operator B with some properties. Now, in applications, a lot of time
one deals with nonlinear operators. We will see in this chapter how a semi-
group can be constructed, even if we drop the linearity condition. That this
will not work without certain restrictions to the operator is clear. Crandall
and Liggett proved in their paper [2], how and under what restrictions, this
could be done. We describe their approach and, furthermore, we will see
how such semigroups can be used to solve Cauchy problems for nonlinear
operators.

3.2 The Crandall-Liggett Theorem

Analogously to Section 2.3 and 2.4, we would like to know under what kind
of conditions we can find a semigroup for a nonlinear operator B.

Contrary to Section 2.2 we will not discuss what existence of a semigroup
should imply for its infinitesimal generator. However, this theory should en-
capsulate the one for linear unbounded operators and by Section 2.2 we know
that certain restrictions have to be imposed on the operator B. The following
discussion will rather be heuristic and gives some motivation to comprehend
the assumptions and the statement of the Crandall-Liggett Theorem.

As we cannot use the Yosida Approximation for a nonlinear operator in
general, since it relies too much on the linearity of B, we need a different
approach on how to construct a semigroup.

Because our main goal is to get a solution for the Cauchy Problem, we try the
follwing. Let’s assume for a moment that there actually exists a solution to
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the Cauchy Problem for B. For any fixed t > 0 we can look at a equidistant
partition t; = %, for i = 0,..., N, of [0,¢], for a fixed N € N. For a solution
t — u(t) of the Cauchy Problem we get, as %u(t) can be approximated by a
finite difference quotient - forward or backward - the two possibilities,

ulty) ~ (1 _ %B) ultisr) (3.1)
(i) ~ (1 4 %B) ults). (3.2)

At the first look these two do not seem that useful to get an idea on what
u(t) could approximately look like, as in general we have no information on
the behaviour of the operators (1 + %B) and (1 - %B)

Nevertheless, if the operator B is linear, we know that we must assume
conditions (1) and (2) of the Hille-Yosida Theorem. In that case we can
rewrite the approximation (3.1) as

u(tip) ~ (1 — %B>_l u(t;)

and so iteratively, as (1 — %B’)*1 is bounded,

u(t) ~ (1 _ %B) ),

So, for the general nonlinear case, we could try to see if limy_,.(1—%B) Ny
defines a semigroup.

First of all we need the family of operators (1 — AB) to be injective, for
all A > 0, to be able to talk about their inverse on a suitable domain -
surjectivity is not needed.

However, there has to be some restriction on what y can be. Looking at
(1 — £B) "y we need to have that y belongs to D((1 — £B)™) = (1 —
~B)(D(B)). This means that for any y € (1 — £B)(D(B)) there exist an
x € D(B), such that y = (1 — £ B)z.

So computing

Clpyvy—a-oteva- e - Loy
(1 NB) y=(1 NB) (1 NB)x—(l NB) x

we see that we should also assume D(B) C D((1—AB)™!) for all A > 0; why
we take the closure here will become apparent later.
Thirdly we need N — (1 — £B)"y to be a Cauchy sequence so that the
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limit exists. The question is now, if we have any information on
(1= LB)Ny—(1—LB)"My|, for N, M.

Within the hypotheses of the Hille-Yosida Theorem, in the case of a lin-
ear unbounded operator, it turns out that we get by some reformulation,

<1 (3.3)

<yl VyeX (3.4)

1 —1
L\ L\

and so, for N > M, we deduce

-N -M

6-) "o (o-20)
for any y € X.
As we will soon see in a more rigorous way even the term on the right side
of (3.6) can be estimated in a "nice” way, so that one can show that we
actually have a Cauchy sequence. The key to convergence will be to assume
estimate (3.5), with the slight modification that we don’t need it to hold for
all y1,y0 € X.

<l|ly1 — ol Yyi,y2€ X (3.5)

Before coming to the Crandall-Liggett Theorem we want to define what we
mean by a semigroup on a subset V' of X.

Definition 3.1. A semigroup on a subset V' of X is a family of operators
{S(t) : V — X]|t € [0,00)} that satisfies for all t,s € [0,00) and z,y € V

(D)S(t+s)z=S5()S(s)z (2)S(0)xr ==z
(3)lim S(t)z = = (4) [15()z = Syl < [l =yl -

Remark. This definition has all the important properties which also the def-
inition of semigroups of Chapter 2 had. To solve the Cauchy Problem, we
do not need linearity, neither can we hope to achieve it when constructing a
”semigroup” from a nonlinear operator B.
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We will now get to the most important theorem of this chapter.

Theorem 3.1. (Crandall-Liggett Theorem) Let B : D(B) — X be a nonlin-
ear operator such that 1 — AB is injective for all A € (0,c], for some fixed
¢ > 0. Furthermore assume that

H(l—)\B)_ —(1-=AB)" Q2H <llyr =2l Yyr,p2 € D((1 = AB)Y)
(3.7)

and D(B) C D((1 — AB)™!) for all X € (0,¢], is satisfied. Then

f\N
S (1 - NB) !
exists for any t > 0 and x € D(B). Furthermore the function t — S(t)

defined by S(t)r = limy_ e (1 —
D(B).

%B)fo 18 a semigroup on the subset

The proof of the Crandall-Liggett Theorem requires many estimates. We
want to mention and prove these beforehand, so that the proof of the Crandall-
Liggett Theorem will stay overseeable.

First off we mention some results that will allow us to estimate
|(1=pB) ™"z —(1-AB) "z

for n,m € N and A\, u € (0, .

Proposition 2. Suppose that the assumptions of the Crandall-Liggett Theo-
rem are fulfilled. Then we have for y € D((1 — AB)™'), z € D(B), \,u €
(0,c], m e N:

1) |lz— @ =AB)""z|| < X|Bz|
2) |l#—@=AB) "z <mlz—(1-AB)" 2

® -y = - (S 2T 0 am )

Proof. The following proof is an adaptation of the proof of Lemma 1.2 of
Crandall and Liggett [2] and of the proof of Lemma 1.3, Chapter 3 of Barbu
(3]

(1) By assumption we get for x € D(B)

Hx— (1—-AB)"~ a:H—”l—)\B) 1(1—)\B)x—(1—/\B)71xH
<[[X=AB)z — =z
= [[ABz|| = A || Bz||.
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(2) By the estimate (3.7) of the Crandall-Liggett Theorem we get

ni ( 1-\B) g (1— AB)%)

1=

Hx— (1—-AB)~ :EH—

< 3 H(1 —AB) D g (1 - AB)%H

=0
m—1

<Y llr—@=rB)"a|
=0
=mllz—(1-AB)"z|.

(3) As we are trying to relate (1 — AB)™" to (1 — uB) ™" we take a z € D(B)

and then write the following
(1 —wuB)z=2—puBz+ ABz — \Bz
=(1—-AB)z+ (A —p)Bz.

We would like to factorize the last line, so we continue, to get to
A= (—p
(1—AB)2+(A—M)XBz+ A
(A—p) { A }
= 1-AB)z—(1—-AB)z| +
| B - (1)

_ (A;“) [((Aiu) —1) (l—AB)z} +()\;#)z

(/\—M)Z
)

= <1_@> (1-AB)z +@z.

J/

~~
=3
A

So in total we get

(1—uB)z— (/\;'u)zzg(l—)\B)z.

Now as we did this for any z € D(B), we can take, by assumption, z such

that y = (1 — AB) z. So we deduce

1By -amy Ty - Ay =ty
s 1-uB) -8 y="y AT aapyy

Applying now (1 — /LB)_1 we are done.
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Proposition 3. Let n > m > 0 where n,m € N, a« > 0 and § > 0 be such
that a + 8 = 1, then we have the following

n

() ; (?) B = (a+ ) =1

2) Z j (?) of"1 = an(a + )" = an

(3) ij <ZL) B =a*n(n — 1) (a+B)"* +an(a+ )" !

=a’n(n—1) +an

@®§3<iii)w7nzziéag

. =1\ ... m
o
(&}ju—nﬁ(;jj)Wﬂ”=ww@?%%$§

D> (M) m i) < Vo= mp nas

(8)> <j_1)04mﬁjm(n—j) < \/m—ﬁ+(m—ﬁ+m—n)2.

m—1 o? «

Jj=m

Proof. This proof is a combination of the proof of Lemma 1.5, Chapter 3 of
Barbu [3] and the proof of Lemma 1.4 of Crandall and Liggett [2].

(1) This is just the binomial theorem.

(2) is obtained by differentiating (1) and the multiplying it with «.

(3) is obtainted by differentiating (2) and the multiplying it by «.

Now to (4). We get, because

(—;n) _ (=m)(=m — 1; SRR S Y

o mj—) o fmetj—1
_(l)ﬂOn—1+j—ﬁ!_(1)( j )

_(—1y (mﬁjizij) = (-1y (m +j7j R 1) = (-1 (mn:iz 1)
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holds, by using the generalised binomial theorem and an index change,

B S-S

j=0 7=0

So (4) is proven.

(5) now follows by differentiating both sides of (4) with respect to 5 and the
multiplying by f.

Equivalently (6) follows by differentiating both sides of (5) with respect to
and the multiplying by /5.

Now to (7). As m < n, we get for j < m:

where the last estimate follows by Cauchy—Schwarz inequality. Furthermore,
by using (1), (2) and (3) we get

5 ()i

(e e er A
=0
=m®—2man+a*n(n—1)+an = (m —an)*+an(l —a).
B

So we are done with (7).
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(8) is quite similar, using the Cauchy—Schwarz inequality and j < n, we have

n

_q .
3 (37 amsra—

- J—1 m Qj—m . < J—1 mpj—m :
= . (m_l)aﬂ In—JISE (m_1>a5 In — Jji

(S B G )erwes)

The first term of the product is, by (4), equal to (amW)% = (
1. For the second term we get by using (n — j)? = (n — m)? + (m — j)* —

2(n —m)(j —m), (4), (5), (6) and remembering 1 — 5 = a,

S (17

N|—=

IN

Y ) L S T P

I S
bt mf3

—2(n— m)—(l = gy

= (n—m)? = 2(n—m) ™2 "L (0

+mp mf + 1 )

ﬁ_m) mf3

o o

-

By taking the square root of the last term we are done. O

At last we also will need the follwing estimate.

Proposition 4. Assume that for a sequence a,,, : N2 — R, we have

CLerl,nJrl S aam,n + Bam+1,n (38)

for all (m,n) € N2 and fixed a, 8 > 0. Then we get for 1 < m < n the
following estimate

n < Zoﬂﬂ” ]< )am ]O‘i‘zamﬁj m( __11>a07n—j' (39)

36



For m > n > 1 we get

A < E ajﬁn_j (n> Am—5,0- (310)
~ J
Jj=0

Before the proof of this Proposition let’s motivate quickly the two terms on
the right side of (3.9). For n < 3,m < n, we can estimate a,,, by a sum of
a0, a2,0, 43,0, 40,0, Go,1, 4,2, G,3 With coefficients shown in the next two tables.

n=3 a a a N
n=2 apo aip ap 1 og léo (2)70 (3)70
m=1 fSa 52 0 e o ’
m=2 a? 2af [(? m=2 22’4 3af* 0
- m=3 o 3’8 3aB* 3

We know by (3.8) that for fixed m only a;, for [ = 0,...,m, appear. Fur-
thermore we see for each fixed m that the exponents of the product of v and
B always adds up to n. For j = 0,...,m we see that in the first and in the
second table in the last line the coefficients of o/ 5"y, ;o are the binomal
coeflicients (?) and that for m smaller than n the coefficients of o/ 377 Qm—j.0

can be bounded by (") This motivates the expression

J
moo N
Z o’ g ( ) Am—j,0-
=0 J

The other term of (3.9) is motivated by the following. Let’s look again at
the table for the first couple of a,, .

n=3 apo Qo1 Qo2 Qo3
m=1 af* af o 0

m=2 22?8 o> 0 0

m=3 o 0 0 0

First of all we see that only coefficients ag;, with { = 0,...,n — m, seem to
appear. Furthermore we see from both tables that the exponent of a seems
to be m and that the exponents of the product of o and 3 for ag,—;, with
Jj =m,...,n, seem to add to j. To get an idea on what the coefficient of
a™BI"™maq,,; could look like and that they seem to be bounded by ( 73;_11)
one would have calculate further a,,,. This motivates the second sum of

(3.9).

n=2 Qp,0 Qo1 Ap2
1 af « 0
=2 o> 0 0
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Figure 3.1: The blue circles represent the induction hypothesis. The red
crosses represent the (m,n) for which the statement needs top be proven.
The first figure represents the way the substeps will be carried out the get to
N + 1, indicated by (1), (2), (3), (4) and (5). The second figure shows the
terms involed in the estimate 3.8 of a @y, .

The estimate (3.9) can be motivated in a similar way by looking at the
coefficients of the first couple of (n,m).

Proof. We will prove (3.9) and (3.10) at the same time by ”induction”. We
will assume (3.9) and (3.10) to hold true for the set Qn := {(m,n)|1 < m <
N,1 <n < N} and then prove it to be also true for Qyy1. One ”induction
step” will be done by five "substeps”, see figure 3.1.

Induction basis N=1: We only need to check m =1,n =1. So as

1 1
a1 < aago + Pary = apl (0) aio + o' o (1) 0,0

1 1 0
<a’p! (0) aio + o' (1> ago + o' B° (O) a0,0

holds, we get that (3.9) and (3.10) are fulfilled.
Inductive step N — N + 1:
First substep: (N, 1) +— (N +1,1)
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We want to prove (3.10) for (N +1,1). By (3.8) we get

1

ant1,1 < aano + Baniio = Z&Jﬁlﬁ C) AN+1—45,0

=0

and so (3.10) is true.
Second substep: (N +1,1) = (N +1,2) — ... (N+1,N+1)
We want to do an induction over n = 1,..., N+1 for (N+1,n). That is to say,
we want to prove (3.10) for ayi1, with n =1,..., N + 1. As induction basis
we use the first substep. So assume now that (3.10) holds for ayiq,-1 with
2 <n < N+ 1 then we get, by using (3.8), ant1n < @@y n—1 + Ban+1n-1-
For the first term we get by using the induction hypothesis (3.10) of Qx

- n—1
j pn—1—73 -
AN, <oy of ]( : )aNj,O-
j=0 J

For the second term we have by induction hypothesis over n for fixed N + 1

n—1
oo fn—1
Bantin-1 < ﬁzajﬁn ! ]( i )GNHJ‘,O

j=0

n—1
n—1 . fn—1
= Ba’p" ! ( 0 >GN+1,0 + 0 Z ol gt ( i )GN+1—j,0
=1

_ Baﬂﬁn—l (n 8 1)

J
~~

Bn

n—2
) 5 . f(n—1
aAN+1,0 +5204]+15n 2 ]< . 1)le—j,O-
j=0 I

So in total we get

AN -1+ Bant1n-1
n—1 n—1
<« Z ol gt ( . )aNj,o + B"an+10
Jj=0 J
2 n—1
+ af Z al g2 < . )aN—j,o
= J+1
2 n—1 n—1
oo () (o
]Z:; J J+1 !
nfT— 1 n
+ o 0 anN—(n-1),0 + B8"any10-
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We can further write this as

n—2
. A n n—1
o ol gt an—_io+a” an—_m—10+ 0" a
> as (0 Jowsnt o ("5 Dav-omna+ Pavno
n—1 n
-« Z ol gt <j L 1) an—jo + B ant10
§=0
i . In n n Comei T
= Z o’ 5" ]( .)GN—j+1,o + flani10 = ZOZJB J( .)CLN—j—H,Oa
j=1 J Jj=0 J

where we used (”;1) + (?;11 ) = (].Zl) and in the forelast equality a change of
index.

Third substep:(N + 1, N 4 1) for (3.9)

From the last substep it is easy to see that (3.9) holds for (N + 1, N 4+ 1) as

N+1
| IN+1
N+1—

aN+1,N+1 < E o BT J( i AN—j11,0

Jj=0
N+1 )
A (N +1 . 7—1
<3 aﬂﬁN*H( | )N " aN“ﬂf‘“V*”( )N
o 7 N+1-1

Fourth substep:(1, N) — (1, N + 1)
We want to prove (3.9) for (1, N + 1). By using (3.8) iteratively, we get

2
a1 N+1 < aagn + Barn < aagn + aflag n—1 + Bar o1

< aag,n + afagn-1 + aBQGO,NfQ + Bgal,NfQ

IN

N
<« Z ﬁjao,ij
j=0
N+1

i—1
:042 B aoNy1-j

j=1
1 N+1 .
- N +1 . —1
< Z aJﬁN+1—J ( ; )al—j,(] + Z alﬁ]_l <i ) 1) Ao.N11—;-
=0 j=1

So we are done with this substep.
Fifth substep:(1, N) — (2, N+ 1) — ...(N, N + 1)
We want to do an induction over m = 1, ..., N for (m, N 4+ 1). That is to say,
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we want to prove (3.9) for a,, y+1 with m = 1,..., N. As induction basis we
use the fourth substep. So assume now that (3.9) holds for a,,_1 yy1, with
2 <m < N. With the induction hypothesis (3.9) of Qn we get

Qm, N+1

<aam 1N+ﬁamN

N .
—1
<azw (Mawersnra 3 a0 auw

j=m—1

—(1) ~(2)
- JRN—j N m = -1
+5ZO‘B ] Ay — j0+6z& B 1 ao,N—j -
j=0
—) V(

m—1
(1) +(3) =Y a1V (N) PR QNP (N) =0

Jj=0 J

m e/ N v (N
=D alphr (j - 1) amso+8)_a'B" (j )a’"‘j’“

J=0

B (Rl USROS o P

J=0

S () () (s

where we used (; 1) + (]jv) = (NjH). On the other hand we get, by using
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(s) + () = ()

(2) +(4)
j=m—1 Jj=m

al j—1 j—1 m— 2
Z Q"B <(m B 2) + <m B 1)) ao,N—j + o™ g (m B 2) Qo N—m+1
j=m

N
amﬁj—m—i—l (
=m

m
)GO,N_j +aag N+1-m

, m—1
J
N4+1 .
o m Qj—m J— 1 m
= a™p Ao, N+1—5 T QAo N+1—m-
. m— 1
j=m+1

N+1 .
= E am™piTm 71 a ;
= m— 1) 0Nt

Adding (1) + (3) and (2) + (4), we see that we are done with this substep.
All in all this means that we have proven the Proposition. O

We have now all the tools to prove the Crandall-Liggett Theorem.

Proof. (Crandall-Liggett Theorem) Our presentation relies on the proof of
Theorem 1 of Crandall and Liggett [2].

For pu, A\ > 0, with A > p, © € D(B) and m,n € N, with m < n, we get, by
(3) of Proposition 2, with y = (1 — AB)~(m~ Uy

(1—AB) ™"z
=(1—AB) ' (1=AB) ™Yy
= (1—puB)™" H (1—AB)" " Va4 A_T“ (1—AB)™ x} .
We therefore obtain
Ump o= ||(L—pB) "z — (1 —AB) "z
:Ha_ﬂmnx

@) (@A e A @ am H
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< H (1—pB) "V

K (1—AB)~ ™D +)\;)\M(1—)\B)mx1

i

< H (1—puB) " Vet % (1—puB)" " Vg

A —
- {H (1—AB)" ™ Vg4 T“ (1—AB)™ x]

A
< 'LXL H(l —uB) "V — (1= AB)"mY xH
N\ —
+ % H(1 B (1 AB)—%H
N\ —
= %am—l,n—l + — \ amn 1-
Set a := 4 and 3 := )‘% y (2) and (1) of Proposition 2 we have a,,_jo <
(m — j)A||Bz|| and ag,—; < (n — j)p||Bz||. We can therefore use (3.9) of
Proposition 4 to obtain
= —1
amngza]ﬁnj< )am J0+Zamﬁj m( _1> ao,n—j

sHBwH(Azga%Wﬂ(?)On—j>+u§;amﬁFm(;iﬂ)0@—ﬁ>-

Now by (7) and (8) of Proposition 3 and remembering the definition of «a, 8
we get

am,n (311)
< || Bz|| (A\/(na—m)2+na6+u\/ mp +(?ﬁ+m—n)2> (3.12)

— || Bz <\/A2(n§ —m)? + A%%A_T“) (3.13)

+ || Bz| \I/PWZE)T: +u2(m?u +m—n)? (3.14)

= 1Bz || (V/np = mNZ + na(3 = ) + v/mA = 1) + (mA = nge)?)
(3.15)
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Finally if we take 1 := £ and A := L, with m # n, then A > y, so everything
of the proof still holds and we get

t t t 1 t

<|B e m=)4n—(—— —

Ball | (n> —mo ) ns (=~ 2

~—_—————
=0

t 1 t t t
Bl |me (= =)+ ()
m -m n m n
—_———

1 1
= ||Bx| 2t <— - —>.
m n

So we deduce that n — ( — %B) "z is a Cauchy sequence.
We want to show now that the family S(¢), defined by

S(t)x := lim, o (1 — LB) "z for x € D(B), actually can be extended to

D(B) and that on D(B) it is a semigroup. To do so we use the assumption
(3.7) of the Crandall-Liggett Theorem to get

t \ " t \ "
n n

So by letting n — oo we get

< a1 — 22

1S(@)xy = S(t)aall < llwr — ol -

This proves that S(t) satisfies (4) of Definition 3.1. Furthermore by the last
inequality we see that, if we take x,, € D(B) such that x,, — =, for a fixed
x € D(B),

[1S@)zn = SE)zm|| < [l2m — 20|

holds. So S(t)z, is a Cauchy sequence and therefore we can define S(t)z as
its limit. (4) of Definition 3.1 therefore also holds for z € D(B).
Let’s show next that t — S(t)x is continuous for a fixed x, that is to say

(3) of Definition 3.1 is fulfilled. First take x € D(B). Now going back to
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estimate (3.15) we get by taking y := £ and A := I, with 7 > ¢, the estimate

< |1Ba| <\/(t—r)2 + %(T—t) + \/(t—7)2 + %(T—t)) |

So if we let n — oo, then ||S(t)x — S(7)z|| < 2||Bz|| |t — 7| holds. Therefore
t — S(t)x is continuous for x € D(B).

Now for a general x € D(B), take a sequence z,, € D(B) such that z,, — x.
Taking n big enough so that ||x,, — z|| is small and then taking 7 close enough
to t so that also ||Bx,|| |t — 7| is small, we get, by

[1S@)x = 5(7)z]]
< ISz = Szl + [[S@)2n — S(T)znll + 1S(T)2n — S(7)2]]
< lz =zl + 2| Baall [t = 7] + [l — zn]

that ||S(¢)z — S(7)z|| is also small. This implies (3) of Definition 3.1 for
z € D(B).

At last we will verify (1) of Definition 3.1. To do so we will first show by
induction that for any m € N and x € D(B)

Jim ((1 _ %B) n) s S(t)™a (3.16)

holds. We have already proven this for m = 1 so the induction basis holds
true. Now assume that (3 16) holds for m. Then we get, with the definitions

y:=S(t)"z and y,, = n) x,

<1 _ %B _n>m x— Sty
_ %B> - ((1 - %B) _n>mx = S(t)S(t)"x
B

<1
- (1—% >_nyn—5(f)y
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<

t \" t \ "
(-4 " (-2)
n n

(1 _ %B) sl

< ly = ynll +

Now we have by the induction hypothesis that ||y — y,| goes to zero for
n — oo. Also H( — %B) Tty — S(t)yH goes to zero by definition of S(t). So

we have proven (3.16).
With this result at hand we can deduce the following

S(t)"x = lim ((1 — EB> ) r = lim (1 - iB) x
n—00 n n—00 n

— lim (1—@3) .

n—00 nm
tm -k
= lim (1 — —B) T
k—o0 k

So all in all we get S(t)™x = S(tm)x. Furthermore if we take m,n,r, s € N
then we get, as ms + rn € N holds, by what we have just proven,

S<@+£>$:S(%(ms+rn))x

(ms+rn) ms rn
1 1 1
() s () s()

ns ns ns

ms ™ m r
5(5)5(5)e=5(5)s(5)=
So S(t+ 7)x = S(t)S(r)z holds for t,7 € QN {s > 0}. Ast — S(t)z is
Lipschitz continuous we get that this also holds for ¢,7 € R,. Furthermore

this also holds for x € D(B), because if we take x, € D(B) with z, — =,
then we have

IS(t+ 1) — S(t)S(7)x||
<|[S(t+7)x = St +7)an|| +[|S(E + 7)), — S()S(7)]]
<SE+ D lzn — 2| + 1SE S Nln — ]

The two terms of the last line now go to zero for n — oo. This means that

we have proven (1) of Definition 3.1 for any = € D(B). So we are done with
the proof. O
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Remark. We remark that we successfully constructed a semigroup without
assuming B to be closed or even densely defined. However, this will come in
play when discussing if this constructed semigroup actually solves the Cauchy
Problem.

The following was proven on the way.

Corollary 3.1. Let the assumptions of the Crandall-Liggett Theorem be sat-
ified. Then we have for a fixed x € D(B) that t — S(t)x is Lipschitz
continuous.

We have seen how and under what conditions we can construct a semigroup
on a subset of X. In the next chapter we will see if this semigroup satisfies
the Cauchy Problem associated to the operator B.

3.3 Nonlinear Cauchy Problem

In this section we will discuss under what conditions the semigroup con-
structed in the Crandall-Liggett Theorem is the unique solution of the Cauchy
Problem. First we will talk about differentiability, then uniqueness of S(t)x
and finally if S(¢)z is indeed a solution of the Cauchy Problem.

Before continuing we mention two Propositions which are motivated by the
following two observations.

Assume we have given a nonlinar operator B with domain in a real Hilbert
space H. Then we get, for all t > 0 and y; = (1 — tB) z;,

@ =tB) "y = (1 =tB) ]| < o —
& |21 — 22| < |2y — xy — By + tBas)?
& |z — :L‘2H2 < |z — a:2H2 +t*||Bxy — BJ;2||2 + 2t(x1 — x9, Bxy — Bxs)
< 0<t|Bx; — Bx2||2 — 2(xy — x9, By — Bxs)
& (1 — 9, Bry — Bxy) < 0.

Furthermore we get for a differentiable function ¢ — u(t) with values in H,

1d , 1.1
S ol = L tim L (Gt + ).t + 1) — (ult), u(e)
= & Jim 3 (Cult -+ h) — u(t), u(®)) + Gult + h), u(t + B) — u(®)
1.d d d
= SuO.u(0) + (u(0), () = (Gt () ).

We have the following Propositions.
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Proposition 5. For an operator B : D(B) — X we have the equivalence

1 1
Ty — T9 — —Bxi + —Bxo VA > O, T1,T2 € D(B)

A A
=4 Elf S F(xl — .Z'Q) . (Bl’l — B.Z'Q, f) S 0 \V/Il,l'g € D(B)

|21 — 2] <

Proof. For a proof see [3]; here F' stands for the duality mapping (see the
Notation section). O

Remark. An operator B that fulfills one of the equivalent conditions of Propo-
sition 5 is called a dissipative operator.

Proposition 6. Let t — u(t) be a function on [0, co) with values in a Banach
space. Assume that t — ||u(t)| is differentiable on (0, c0), except on null set
N, and that there exists a function ¢ — g(t) on [0, co) such that & (u(t), z*) =
(g(t), z*) holds for all z* € X*, except on N, then we have

5= u@)I* = (g(t). /) for all f € F(u(t)),t ¢ N.

Proof. The proof is borrowed from the proof of Lemma 1.3 of Kato [6].
For f € F(u(t)) we get, by Cauchy Schwarz Inequality and because (u(t), f) =
l|w(t)|* holds,

I
(u(t+h), f) < lJu(t+ R I f]

& (ut +h) —u(t), ) < fu@®)]l ([ut + m)|| = lu@®)])-

Dividing both sides by h > 0 and letting it go to zero we get (g(t), f) <
14 |u(t)||*. The other direction follows if we divide by h < 0 and let it go
to zero. [
Remark. The duality mapping is motivated by the fact that for a Banach
space one would like to be able to connect for an element x € X its norm ||z||
with a linear map f, while still preserving the useful property that (z, f) =
|z||> = || f|I%, as it’s the case for a Hilbert space. In a Hilbert space there’s
only exactly one such a map, namely y — (y, x), by the Riesz representation
theorem.

Now we want to discuss the differentiability of ¢ — S(t)x. In Section 2.4 we've
seen in Lemma 2.6 that if S(¢) is constructed by the Yosida Approximation
then ¢ +— S(t)x is differentiable. However for a nonlinear operator B we can

not say much about the differentiability of ¢ — ( — %B) ~". Even if this
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function was differentiable it is hard to say what happens in the limit case.
Nevertheless, we have seen, in Corollary 3.1, that the function ¢ — S(t)x
is, for a fixed x € D(B), Lipschitz continuous. This means that ¢t — S(t)x
is a absolutely continuous function. In the case of X = R we know for a
function ¢ — w(t) that is absolutely continuous, that the derivative exists
almost everywhere. This holds also for a general Banach space X under
some restrictions.

Definition 3.2. A function ¢ — u(t) defined on an intervall I with values in a
Banach space X is called absolutely continuous if Ve > 0 there exists a § > 0
such that for any finite number of disjoint subset (¢;,¢;+1) of I we have

D lies =t <3 > D ultied) — )] <

How come one would expect an absolutely continuous function to be almost
everywhere differentiable? Well heuristically speaking finding a derivative
almost everywhere would follow by the weaker statement, from being able
to write u(t) = u(ty) + j; s)ds, for a function g € Ll(] X), as, by the
Lebesgue differentiation theorem which also holds for functions with values
in a Banach space, we’d get

t+h) —u(t I
}llii% ult £ }1 u(t) :,115%5/ g(s)ds = g(t) a.e in t.

If we could now define a "measure”, constructed by the differences u(t)—u(s),
with values in a Banach space, we see by looking at the question, if a g €
L'(I, X) exists such that u(t) — u(ty) ft s)ds holds, that this is very
similar to asking the question if a "Radon- leodym Theorem” holds for
Banach spaces as well.

Furthermore we know that for X = R a construction of this measure is
possible if u has finite total variation. Therefore we might expect that for a
absolutely continuous function with values in a Banach space, as it has finite
total variation, we are able to construct such a "measure” and so that we
can then use the "Radon-Nikodym Theorem”. However it turns out that a
”"Radon-Nikodym Theorem” doesn’t hold, in general, in a Banach space X,
but if we assume X to be reflexive, it does.

We will however not prove all theses things and directly prove the following.

Theorem 3.2. Let X be a reflexive Banach space. Then any function t —
u(t) on [0,00) that is absolutely continuous on every compact subset of [0, 00)
is a.e differentiable on (0,00) and

u(t) = u(0) —{—/0 d%u(s)ds (3.17)
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holds.

Proof. The following proof is borrowed from the proof of Theorem 2.1, Chap-
ter 1 of Barbu [3].

We will do the proof only for the case where w is Lipschitz continuous, with
constant L, as we will use this Theorem only for ¢ — S(t)x. For the general
case we refer to [3].

So let’s prove that for any interval [0, 7] equation (3.17) holds. The first idea
is to only look at the space Y := span{u(t)|0 <t < T} - as we will only be
interested to consider the difference quotient w, which always stays
in Y. The second idea is to use the Fundamental theorem of calculus, which
implies that a absolutely continuous function in R is a.e differentiable. So
we'll be looking at t — (u(t),y").

It is easy to show that Y is seperable. Basically this follows from u being
continuous and [0, 7] being separable. So as Y is a closed subspace of a re-
flexive space we know that Y is also reflexive. Furthermore it follows that Y*
is separable as Y is separable. We will now show that there exists a function
t — g(t) such that < (u(t),y*) = (g(t),y*) holds; that is to say g is the weak
derivative of u.

As w is Lipschitz continuous we get that ¢ — (u(t), y*) is Lipschitz continuous.
So we have that < (u(t),y*) exists a.e and is in L'([0,7],R). Now assume
that {y;} is a dense countable subset of Y*. So we get that < (u(t),y;) exists
a.e. If N, are the null sets such that £ (u(t),y;) doesn’t exist, then we get
for t € (0,T7) — N, with N := U, N, that % (u(t), y;) exists for any n.

Now if for any fixed ¢ € (0,T") we choose a sequence h,, — 0 we see that, as
u is Lipschitz continuous, %ﬂw € Y is bounded. So as Y is reflexive
we have that there exists a subsequence h,,, and a g(t) such that we have,
for t € (0,7) — N and for any n,

d (Ut ) — u(t)
0(05) = Jim (e

) = 0,50

We also note that g doesn’t actually depend on the choice of the sequence,
because if h would have been another such function, we would have gotten
lg(t) — h(t)[| = sup{(g(t) = h(t),y")| lly*|| <1} = 0. Now as £ (u(t),y;) is in
L'([0, T],R) we get especially that ¢t — (g(t), y*) is measurable. For any y* we
have therefore, as we can find a sequence vy — y* and as lim,, . (g(t),y}) =
(g(t),y*), that t — (g(t),y") is also measurable. So as g is separably valued
we get by Pettis’ Theorem that ¢ is measurable. Now as ¢(t) is the weak
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u(t+hn, )—u(t)

. we have
kg

limit of limy_,

U(t + hnk) —
Do,

t
llg(t)] < lilgninf u >H <L forte(0,7)— N.
—00

So by Bochner’s Theorem we get that g is Bochner integrable. So all in all
we get

t

(u(t) = u(0),y") = lim (u(t) —u(0),y,) = lim

n—00 n—oo [ ds

= [ at.ts = tim ([ owas.;) = ([ atorts.or).

And as this holds for any y* this means that u(t) — u(0) = f(f g(t)ds and we
are done. ]

(u(t), yp)ds

So we see that ¢t — S(t)z is a.e differentiable, with derivative in L*(I, X).
Even though we can not expect a function that is a solution of the Cauchy
Problem to have a continuous derivative - as it was the case for linear un-
bounded operators B that satisfy the assumptions of the Hille-Yosida Theo-

rem, see Lemma 2.6 - we would at least like to have that the derivative is in
LY(I,X).

Definition 3.3. A function t — wu(t) on [0,00) is a solution to the nonlinear
Cauchy Problem, with initial value x € D(B), for an operator B satisfy-
ing the assumptions of the Crandall-Liggett Theorem if and only if u is
Lipschitz continuous on compact subsets of [0, 00), it is almost everywhere
differentiable, solves £u(t) = Bu(t) a.e on (0,00) and fulfills u(0) = .

Remark. We have already defined for linear unbounded operators that satisfy
the conditions of the Hille-Yosida Theorem what we mean by a solution of the
Cauchy Problem associated with it. However such operators satisfy also the
Crandall-Liggett Theorem and as we had included in the Definition 2.2 that
u should be continuously differentiable, it follows easily, that u is Lipschitz
continuous on compact subsets of [0,00). Therefore the Definition above is
just an extension of the Definition 2.2. The uniqueness proof below therefore
also covers this case.

Now we want to turn to the question of uniqueness.

Theorem 3.3. If a solution of the nonlinear Cauchy Problem for an operator
B satisfying the assumptions of the Crandall-Liggett Theorem exists, then it
18 UNLQUE.
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Proof. We follow Barbu [3]. Assume that ¢ — u(t) and ¢ — v(t) are solutions.
Define w(t) := u(t) —v(t). We have Lw(t) = Bu(t)— Bv(t) a.e. Furthermore
we get as the derivative of w exists a.e that (Lw(t), z*) = £ (w(t), z*) holds
for all 2* € X*. Now as w is also Lipschitz continuous we get that ¢ — ||w(t)||
is also Lipschitz continuous. So the derivative of t — ||w(t)]| exists a.e, as R is
reflexive. Therefore we get by Proposition 6 for f € F(w(t)) = F(u(t)—v(t))

and for almost all ¢,

5 (o) = (Sawlt), £) = (Bu(t) — Bu(t), /) < 0

where the last estimate follows from Proposition 5. So Integrating from 0 to
t we get [|[w(t)|| < ||w(0)|]. And as w(0) = 0 we have w = 0. O

Finally we will turn to a result that tells us under what conditions we get
that ¢ — S(t)x solves the nonlinear Cauchy Problem. We’ll make some
heuristic observations first (with ideas borrowed from [5]). One question is,
how could we get to 4£S(t)z = BS(t)z when we only know that ¢ — S(t)z
is a.e differentiable and that S(t)z = lim,_, (1 — A, B)™ " 2 holds? Well one
goal should be to make B "appear” outside of the (1 — \,B) " z. We can
do the following

(1=X\B) " Vg=1-XB) """z
(1-XB)(1=\B) "z

1-X\B)"z—\,B(1—-\,B) "x.

So we see that we were able to factor out B. Furthermore we see that this is
equivalent to

(1=X\B) "z—(1-XB) " YVa=)\B(1-\B) "z (3.18)

At a first glance this looks as if we could get to %S (t)x = BS(t)z, by choosing
Ap = # , dividing it by A,, and then letting n — oo - as we can estimate, by
(3.15), (1 = A\,B) " x = S(t+ -L5)z. However there are two problems. First

B is usually not continuous and secondly the order of the approximation

is o, /ﬁ) and so dividing by —f5 shows that an approximation of the

difference qoutient doesn’t work in this way. Nevertheless we can do the
following by using that B is dissipative and using equation (3.18),

((1 B e — (1= \B) " Vg f(t)) = (MB (1= \B) "z, f(1))
< A\ (BZ, f(1)) (3.20)
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for f(t) e F((1 —\,B) "z — &) and any & € D(B). Using

2

(L=XB) "z —2,f(t) =||1-AB) "z -2

and
- ((1 CAB) Vg g f(t))
> || = AB) "V

|1 =X.B) "z —2

we get that (3.19), by using a®—ab > 3(a®—b?) which follows from (a+b)* > 0
for a,b € R, is equivalent to
)

ol =By e = |- A Ve -

! (H<1 CAB) Tr—i

g H(1 By Vg

<|@-NB) "z —i

= (=B e = (1= XB) "V (1))
< A (B, f(1)) -

Under certain assumptions, which we will see in the next Theorem that is
basically due to Brezis [4], one can then integrate with respect to ¢ and let
n — 00 to get to

Theorem 3.4. Assume that the requirements of the Crandall-Liggett Theo-
rem hold for a closed nonlinear operator B. Furthermore assume conv(D(B))
C D((1—AB)™Y) for all X € (0,|, for a fized c, then we get for any & € D(B)
and x € D(B)

O)|W®x—ﬂ”%5@ﬂ—iW§2/SwﬂBiWWGF@@M—iH%

0 g (25

t—0

veF(— x)}
< sup{(Bz,v)|lv € F(Z —x)}.
Proof. For a detailed proof see [2], [3] or [4]. O

With the previous theorem we can prove the following theorem, which tells
us under what conditions the semigroup constructed by the Crandall-Liggett
Theorem actually is a solution, moreover its unique solution, of the Cauchy
Problem associated with the operator B.
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Theorem 3.5. Assume that X is a reflexive Banach space. Furthermore
let B be a closed nonlinear operator that satisfies the requirements of the
Crandall-Liggett Theorem as well as conv(D(B)) C D((1 — AB)™Y) for all
A € (0,¢], for a fixzed c. Then we get that the semigroup S(t) constructed
in the Crandall-Liggett Theorem is the unique solution of the corresponding
Cauchy Problem for any initial value x € D(B).

Proof. The proof of this Theorem is borrowed from the proof of Theorem
1.5, Chapter 3 of Barbu [3].

As we know from Theorem 3.2, t — S(t)z is differentiable. Therefore we
have for h > 0 small enough S(t — h)z = S(t)z — h-2S(t)z + o(||h])). So,
as S(t — h)z € D(B) holds by construction and as conv(D(B)) C D((1 —
AB)™!) holds by assumption, we get that for each h there exists z;, such that

S(t — h)x = x,, — hBxy),. So we have

S(t)r — h%S(t)x + o(||h]]) = xp, — hBxy,. (3.21)

This is equivalent to S(¢)z — z, = h (£S(t)x — Bxy) 4 o(||k[]). By Theorem
3.4 we get by (2)

i sup sup { (S(S)S(t)x - S(t)xw)

s—0 S

ve F(S(t)x — a:'h)}
< sup{(Bxp,v)|v € F(S(t)x — )}

From this follows
sup { <%S(t)x, v)

Since F'(S(t)x — xp,) is weak™ compact - this basically follows from the Ba-
nach—-Alaoglu Theorem, see [5] - we have that there exists a f, € F(S(t)x —
xp,) such that sup{(Bzp,v)lv € F(S(t)x — xp)} = (Bxp, fr). With this we
get from (3.22)

ve F(S(t)x — mh)} < sup{(Bzxp,v)|v € F(S(t)x — zp)}.

(3.22)

(%ﬁﬂ%fh) < (Bxp, fa) = h (%S(t)x — By, fh) <0
= (S()z —xn +o([|Al]), fn) <0

= Stz —zall® < (o(l|R]), fa)
= [|S()x = @]l < o([[A]]),
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where the forelast implication follows from the fact that (S(t)x — xp, fr) =
|S(t)z — z4||” holds. So we get limj,_oz, = S(t)z. With this we get by
using (3.21) also limy,_,o Bx), = %S(t)x. Finally we have, as B is closed, that
BS(t)z = 4S(t)z. The uniqueness now follows from Theorem 3.3. O

3.4 Nonlinear examples
We will now see two nonlinear examples. In the following let n > 3.

3.4.1 Diffusion with nonlinear additive term

As a first example we look at the following semilinear equation

%u(x,t) = Au(z,t) + g(u(z,t)), (z,t) € Qx(0,00),
u(z,t) =0, (x,t) € 002 x (0, 00),
u(z,0) = up(x), x € €,

where 2 C R" is an open and bounded set with Lipschitz boundary and
g : R — R is a locally Lipschitz continous function that is monotonically
decreasing, for example, g(u) = —u® — u.

One could think of this PDE as a diffusion process of particles where g would

represent some potential. We will make use of the following result.

Theorem 3.6. Let h : R — R be an increasing locally Lipschitz continous
function and f € L*(Q). Then there exists a unique solution uw € H} () to
the problem

/QVquJr/Qh(u)v:/va, Vo € HL(Q) N Lo(Q).

Proof. This theorem is basically proven by using Stampacchias Theorem,
which is an extension of the Lax-Milgram Theorem. For a proof we refer to
the proof of Theorem 4.7, Chapter 4, [9]. ]

We will now check all the assumptions of the Crandall-Liggett Theorem and
Theorem 3.5 of Chapter 3 for the operator B defined by

D(B) = {u € Hy(Q)|3w € L*(Q) :
(w,v)Lz(Q) = —(VU, VU)LQ(Q) + (g(u),v)L2(Q) Yv € H&(Q) N LOO(Q>}
Bu = w.
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Yet again B is well defined, because as C2°(Q) C H(Q2) N L>=(Q) holds we
have, as C2°(Q) is dense in L*(), that such a w is unique. From this point
on we will assume uy € D(B).

First of all we show that 1 — AB is injective for all A > 0 small enough.
1 — AB is injective:
Assume (1 — AB)u; = (1 — AB)ug. So we get by definition of B,

0= /Q(ul —u2)(1 — AB)u; — /Q(ul —u2)(1 — AB)uy
= /Q(ul — ug)(up — ug) + )\/QV(ul —ug)V(ug — ug)
- A/Q(g(ul) — g(u2)) (w1 — ua).

As g is a decreasing function we get that 1 — Ag(+) is an increasing function.
This means that

Aum—ug—xwwn—mwnum—ugzo

holds, as for any x;,29 € R we have [(x1 — Ag(z1) — (22 — Ag(x2)))] (x1 —
x9) > 0. So in total we get

/Q(ul —ug)(up — ug) + )\/QV(ul — ug)V(ug — ug)
- [ (gtw) = glwa)) )
> /\/QV(ul — ug)V(ug — ug).

As Q is open, bounded and has a Lipschitz boundary, we get, by Poincaré’s
inequality, |[Vu; — Vuy|® > d|luy — uy|”, for a constant d > 0. As 0 >
M| Vuy — Vg ||> > d) |Juy — ug|]” this means uy = uy. So 1 — AB is injective.
Now we will prove D(B) C Ny~oD((1 — AB)™"). We will do this by showing
D((1 —AB)™ ) = L*(Q).

D(1—-AB)™) =L*Q):

As $1 — g(+) is an increasing function on R we get, by Theorem 3.6, that
there exists a unique u € HJ(f2) such that

1 1 1 o
/QVqu—i—/Q(Xu—g(u))v:/Qva Vo € Hy(Q2) N L>(Q)
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holds. But this is equivalent to

~(Vu, Vo) + (gl),0) = (5 (u— 1)0) Yo € HY(Q) N L¥(9),
meaning that v € D(B) on the one hand and on the other Bu = +(u — f).
So we have (1 — AB)u = f. Therefore D((1 — AB)™!) = L*(Q).
At last we will prove that B is a dissipative operator.
B is dissipative:
By Proposition 5 we need to prove (Buj — Bug, uy —ug) < 0 for any uy, uy €
D(B). Using the definition of B we get,

(B'LLl — BUQ,Ul — UQ) = (Bul,ul — UQ) — (BUQ,Ul — UQ)
= —(Vu1 — VUQ, Vu1 — VUQ)

+ (g(u1) — g(uz), ur — uz)
<0,

where the last estimate follows from the fact that ¢ is a decreasing function.
B is closed:

2 2
Let u, € D(B) be a sequence such that wy Ly w and Buy, Ly w for some
u,w € L*(Q). We get, as

(Bug, u,) = —(Vug, Vug) + (9(uk), ug)

and (Bug,u) — (w,u) as well as (g(ug),ur) — (g(u),u) holds, because ¢
is continous, that, by the same reasoning as in the linear examples, we have
u € H}(Q) and furthermore u € D(B) as well as Bu = w.

So, as L*() is a reflexive space, by the Crandall-Liggett Theorem and The-
orem 3.5 of Chapter 3, we know that the function ¢ — S(t)ug is the unique
solution of the Cauchy Problem associated with the operator B.

3.4.2 Nonlinear diffusion

We now look at quasi-linear equations of the form

%u(x,t) =V -o(x,Vu(zr,t)), (z,t)€Qx(0,00),
u(z,t) =0, (x,t) € 09 x (0, 00),
u(z,0) = ug(x), x €,
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where (2 C R” is an open and bounded set with a Lipschitz boundary. We
will assume that ¢ : 2 x R” — R" is a continuous function that satisfies:

(1) there is a o > 0 such that for all 2 € Q : ||(z, )|, < o ||b]|% "
(2) there is a v > 0 such that for all z € Q : p(x,b) - b > v ||b||%
(3) for any by, by € R? by # by, € Q: (0(x,b1) — p(,by)) - (by — by) > 0,

for some fixed p € (1, 00), for example, @(z,b) = ((e7% + 1)by, by, ..., b,) and
p = 2. Here [|-|| ; denotes the Euclidean norm.

Before proving the assumption of the Crandall-Liggett Theorem we mention
the following result which we’ll need.

Theorem 3.7. Assume 2 C R"™ is an open and bounded set and that for a
continuous function ¢ : Q x R™ — R"™ the conditions (1), (2), (3) from above
are satisfied. Then for any f € L*(Q) we have that there exists a solution
u € H(Q) to the following problem

/¢('>VU)Vv+uv=/fv Vv € Hy(Q).
Q Q

Proof. For a proof see [9], Theorem 5.11, Chapter 5. ]
We define the operator B by

D(B) := {u € Hy(Q)|Fw € L*(Q) :
(w,v) p20) = —((+, Vu), Vo) 12y Yo € HY(Q)}
Bu = w.

We remark again that such a w is unique as Hj(Q) is dense in L*(Q). In
the following we have A > 0 and we will now check the assumptions of the
Crandall-Liggett Theorem.

1 — AB is injective:

Assume (1 — AB)u; = (1 — AB)uy for uy,us € D(B). By using assumption
(3) for ¢ we get

o8



So it follows that u; = uy holds.
D((1—AB)™ ) = L*Q):
By the theorem above we get that there exists a u € H} () such that

(Ap(-, V), Vo) + (u,v) = (f,v) Vv € HE (),

is fulfilled. As this is equivalent to
1
_(30('7 VU), VU) = (X(u - f),?]) Vo € H&(Q>7

we get on the one hand u € D(B) and on the other Bu = §(u— f). The last
expression is the same as (1 — AB)u = f.

B is dissipative:

We quickly prove (Bu; — Bug,u; — ug) < 0 for any uy,us € D(B). With
assumption (3) on ¢ we get

(Buy — Bug, u; — us)

= (Buy,u; — uz) — (Bug, u; — usg)

= —(o(, Vuy), Vuy — Vuy) + (¢(+, Vug), Vug — Vuy)
= —(¢(+, Vur) = ¢(+, Vug), Vu; — Vup) < 0.

So by the Crandall-Liggett Theorem we know that for uy € D(B) there exists
a semigroup t — S(t)uyo.
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Outlook

Many extensions of the theory mentioned are possible. First of all, one could
also look at semigroups where its "time” variable is in the complex numbers,
as it is done in [1]. Another extension would be that the Crandall-Liggett
Theorem also works for multivalued operatos; this case was actually treated
in their original paper [2], but wasn’t done here for the sake of simplicity. We
also didn’t look at perturbations of operators which offers us an even richer
toolbox when it comes to dealing with PDEs, see [1], [3] and [5]. Another
important extension would be to look at time dependent operators. This is
done for example in [2] or [1].
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Deutsche Zusammenfassung

Diese Masterarbeit handelt von Operatorhalbgruppen und ihren Anwen-
dungen auf das abstrakte Cauchy-Problem. Den grofiten Teil der Arbeit
nimmt die Konstruktion von Operatorhalbgruppen ein. Diese werden zuerst
fiir beschrankte lineare Operatoren, dann fiir unbeschrankte lineare und
schlieBllich fiir nichtlineare Operatoren konstruiert. Des Weiteren wird im
Laufe der Kapitel immer eine Verbindung zu dem zugehorigen abstrakten
Cauchy-Problem hergestellt. Die Niitzlichkeit von Operatorhalbgruppen bei
der Losungsfindung von partiellen Differentialgleichungen wird anhand von
Beispielen illustriert.
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