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Abstract

A measurable discrete dynamical system is a mathematical structure consisting of
a measurable space (X,A, λ) and a map T : X → X whose iterations describe the
development in time. Such systems are often motivated from a physical problem like
gas particles in a sealed container. Although T is a deterministic function, in the
system itself we can find plenty of randomness if we do not specify a definite starting
point x0 ∈ X but model our uncertainty with a probability density on X. Despite
the short-term chaotic behaviour in complicated systems we can frequently make
statements about the long-time evolution. To prove such often very strong results
we usually want two things.

First there should exist an invariant probability measure denoted by µ in this
work such that µ = µ ◦ T . For a general system it is not always clear if such a
measure exists and even if so, it might be hard to find one. We avoid such difficulties
by restricting our analysis to such systems where we already know the desired µ. For
practical reasons, we want µ to be absolutely continuous to the reference measure
λ about which we eventually forget by looking at (X,A, µ) in the first place. Often
one can think of λ to be the Lebesgue measure.

The second big assumption is the ergodicity of T . If a set A ∈ A is invariant,
meaning A = T−1A holds, we want it to be trivial, i.e. µ(A) ∈ {0, 1}. This might
sound counter-intuitive since it forces the system to be even more chaotic, but it
turns out that we need this level of chaos to avoid certain dependence structures
which impede general statements.

In this paper, we examine so-called rare events - meaning a sequence (Al)l≥0 ∈ A
such that µ(Al)→ 0 holds. Considering their first hitting time ϕAl we observe that
this random variable often converges to some variant of the exponential distribution
if we use the right scaling. Furthermore we will show that under the right conditions,
we see Poisson asymptotics, i.e. convergence to a point process with exponentially
distributed waiting times.

As so often in higher mathematics, a certain problem permits very different meth-
ods of approach. In chapter 1 we prove some results for the convergence of the pro-
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cess following the work of my supervisor Roland Zweimüller. Here we will start with
showing a connection between first hitting and first return time and eventually we
will also use this connection to establish a efficient way to prove the existence of an
exponential law. Furthermore we will extend this ideas to point processes, where
we look at consecutive visits to a small set. It turns out that many ideas from the
one-dimensional case can be adapted and transferred to the level of processes.

In chapter 2, we completely change our point of view to talk about the hitting
time. We identify the Al’s with shrinking ε-balls around a certain point x∗. In each
step, we look at some specific function of the distance to x∗ in such a way that if the
maximum of those first n measurements exceeds ε, we have hit the set Al up to time
n. So we moved the problem to the study of extremal behaviour of functions. This
idea is mostly motivated by the papers [3,4,7,5,8] of Jorge Milhazes Freitas.

Finally I would like to thank Professor Zweimüller for the supervision of my work.
He answered my questions and gave me hints in countless meetings, and it was him
in die end who created my curiosity about dynamical systems.

Sebastian Fischer
Wien, September 2, 2016

3



Chapter 1

Exponential laws and Poisson
asymptotics

This chapter follows some papers of Roland Zweimüller. Let S = (X,A, λ, T ) be
an ergodic dynamical system. We want it (or rather the map T ) to be 0-preserving
(i.e. λ ◦ T−1 � λ) and we assume there exists an invariant probability measure
µ = µ ◦ T−1, which in addition is absolutely continuous with respect to λ. In this
setting we look at so called rare events.

Definition 1.0.1. We call a sequence (Al)l≥0 in an 0-preserving system
S = (X,A, λ, T ) a sequence of asymptotically rare events if all Al are measur-
able, λ(Al) is positive and at the same time converging to 0.

For those sequences we look at the first hitting time of the sets, defined by

ϕAl(x) := min{n ≥ 1 : T nx ∈ Al}.

If we restrict ϕAl to the set Al, we get the first return time. Unsurprisingly, those
two random variables are deeply connected, as we will see in section 1.2. The main
difference is that while the first hitting time is defined on (X,A, µ), the first return
time lives on (Al,A ∩ Al, µAl), where

µAl(B) :=
µ(Al ∩B)

µ(Al)

denotes the normalised trace of µ. Consequently the measures change with the index
l.

Another important property of a dynamical system is called conservativity, which
demands that any set with positive measure is recurrent, i.e. almost every point in
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it will return. By Poincaré’s recurrence theorem, a finite invariant measure already
ensures conservativity. Note that in the case of a conservative ergodic system, the
hitting time is finite almost everywhere.

1.1 Interval maps - A first example

We start with introducing a class of examples, so called Folklore interval maps.
So let X be the unit interval and λ the Lebesgue measure. We assume there is
a countable partition ξ which divides the interval into subintervals called cylinder
sets. For every cylinder Z, we want the branch T |Z : Z → TZ to be injective with
inverse vz : TZ → Z. An easy example is the so called doubling map, given by
Tx = 2xmod 1.

Figure 1.1: The doubling map

The doubling map is a special case of a bigger class of examples, which have very
nice properties. We call an interval map a Folklore one, if the following assumptions
are fulfilled:
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F1) For all cylinders Z ∈ ξ the branch T |Z is twice continuously differentiable.

F2) We want uniform expansion, that is the derivative of T should have absolute
value greater some constant ρ > 1.

F3) We want Adler’s condition to be true, this is

AT := sup
Z

∣∣∣∣ T ′′(T ′)2

∣∣∣∣ <∞.
F4) T has full branches, i.e. TZ = X.

Figure 1.2: Different Folklore maps

Those assumptions have far-reaching consequences. In [18], the following theorem
is shown:

Theorem 1.1.1. A system S = (X,A, λ, T, ξ) with a map T that fulfils F1)-F4) and
λ(X) = 1 has the following properties

a) S is ergodic.

b) S is recurrent with a unique invariant probability density h with

0 < inf h ≤ suph <∞

which is additionally Lipschitz continuous.
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c) For all Lipschitz densities u, the mapped version T̂ nu, where

T̂ u :=
(du� µ) ◦ T−1

µ

denotes the transfer operator, converge to h uniformly and exponentially fast,
i.e. there is some q ∈ ]0, 1[ such that

||T̂ nu− h||∞ ≤ K · qn

where K only depends on the regularity of u.

In [16], another important property of our Folklore maps is shown, the so-called
exponential decay of correlations. To understand this, we need the concept of
bounded variation.

Definition 1.1.2. Let

P = {P = {x0, . . . , xnP }|P is partition of [0, 1]}

be the set of all partitions of [0, 1]. The total variation of a real-valued function f
on [0, 1] is the quantity

V (f) := sup
P∈P

nP−1∑
k=0

|f(xk)− f(xk+1)|.

We can use this to define the norm

||f ||BV := ||f ||L1(µ) + V (f),

which makes BV := {f ∈ L1(µ) : V (f) < ∞} a Banach space. Using this norm, we
can finally state what decay of correlations means.

Theorem 1.1.3. Let S = (X,A, λ, T, ξ) be a Folklore system. For any two observ-
ables φ ∈ L1(µ) and ψ ∈ BV there exists some constant K and q ∈ ]0, 1[ such
that ∣∣∣∣∣

∫
X
φ ◦ T nψ dµ−

∫
X
φ dµ

∫
X
ψ dµ

∣∣∣∣∣ ≤ K||φ||L1(µ)||ψ||BV · qn

holds.
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1.2 Duality of hitting and return time

The idea is now to look for normalising constants γl such that γlϕAl converges in
distribution to some non-trivial random variable R. Convergence in distribution for
these real-valued random variables means

µ(γlϕAl ≤ t)
l→∞−−−→ F (t)

for all continuity points t of F (t), where F represents the distribution function of R.
We denote this situation with respect to the measure with

γlϕAl
µ

=⇒ R.

In [17] we see that this kind of convergence does in fact come from the system itself
and does not depend that strongly on the measure we choose. This fact is captured
by the following proposition.

Proposition 1.2.1 (Strong distributional convergence). Let S = (X,A, λ, T ) be a
conservative ergodic system on a σ-finite space and µ some probability measure which
is absolutely continuous to λ. For a sequence of asymptotically rare events (Al)l≥0
and normalising constants γl and any non-negative random variable R

γlϕAl
µ

=⇒ R implies γlϕAl
P

=⇒ R for all P� λ.

We use the notation γlϕAl
L(λ)
=⇒ R in this case.

A proof for this can be found in [9]. Regarding the question of the right scaling
we have Kac’ lemma, which tells us that the expectation of the first return is given
by the inverse of the measure of the set, that is∫

Al

ϕAldµAl =
1

µ(Al)
.

Actually this gives the right hint for the choice of γl. The product µ(Al)ϕAl is a
random variable with expectation 1 on (Al,A ∩ Al, µAl) and it turns out that this
normalisation guarantees useful limit random variables.

Now as one can suspect, the hitting and return time are deeply connected since
the return time is simply the restriction of the hitting time viewed through another
measure. Actually in [9] the following theorem is shown.
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Theorem 1.2.2. Let S = (X,A, µ, T ) be an ergodic probability preserving system
and (Al)l≥0 a sequence of asymptotically rare events. Then

µ(Al)ϕAl
µ

=⇒ R for some random variable ϕ in [0,∞] (1.1)

if and only if

µ(Al)ϕAl
µAl=⇒ R̃ for some random variable ϕ̃ in [0,∞]. (1.2)

In this case the sub-probability functions F and F̃ of ϕ and ϕ̃ satisfy the equality∫ t

0

(
1− F̃ (s)

)
ds = F (t).

The functional equation above determines the distribution functions uniquely. In
the special case where F is standard exponentially distributed, solving a ODE yields
that F̃ is exponential as well. Following [17], we need the next lemma to prove the
theorem. It provides an estimate for the law of the hitting time compared with the
law of the return time. We state a more general version from [22], in fact we only
need the special case for the proof. Nevertheless, the main statement will be useful
later. To formulate the lemma, we need the following definition.

Definition 1.2.3. Let S = (X,A, µ, T ) be a dynamical system and A ∈ A. Define

TAx := TϕA(x)x,

then TA : X→ A is called the first entrance map and TA : A→ A the first return
map.

With this, we can state the following

Lemma 1.2.4. Let S = (X,A, µ, T ) be a conservative ergodic measure preserving
system and A and B measurable sets with B ⊆ A and µ(B) > 0. Then we have for
every n ≥ 1

µ
(
{ϕA = n} ∩ T−1A B

)
= µ

(
A ∩ {ϕA ≥ n} ∩ T−1A B

)
and for every t > 0

µ
(
{µ(A)ϕA ≤ t} ∩ T−1A B

)
≤
∫ t

0

µA

(
{µ(A)ϕA > s} ∩ T−1A B

)
ds

≤ µ
(
{µ(A)ϕA ≤ t} ∩ T−1A B

)
+ µ(A). (1.3)

In particular, for B = A, we get

µ
(
µ(A)ϕA ≤ t

)
≤
∫ t

0

µA

(
µ(A)ϕA > s

)
ds ≤ µ

(
µ(A)ϕA ≤ t

)
+ µ(A).
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Proof. Denote with A(n) := Ac ∩ {ϕA = n} for n ≥ 1 and A(0) = A. Then we get

T−1
(
A(n)

)
= T−1

(
Ac ∩ {ϕA = n}

)
= T−1Ac ∩

{
x ∈ X : T n+1x ∈ A, T jx /∈ A for j ∈ {2, . . . , n}

}
=
{
x ∈ X : T n+1x ∈ A, T jx /∈ A for j ∈ {1, . . . , n}

}
= {ϕA = n+ 1}
=
(
A ∩ {ϕA = n}

)
] A(n+ 1). (1.4)

Let T̂ be the transfer operator with respect to µ, that is∫
f · T̂ u dµ =

∫
(f ◦ T ) · u dµ for f ∈ L∞(µ) and u ∈ L1(µ).

By this definition, we get for indicator functions 1A = T̂1T−1A almost everywhere.
Hence by (1.4) it follows that

1A(n) = T̂1A∩{ϕA=n+1} + T̂1A(n+1)

holds almost everywhere for n ≥ 0. Now we can repeat this idea to get

T̂ n1{ϕA=n} = T̂ n1A∩{ϕA=n} + T̂ n1A(n)

= T̂ n1A∩{ϕA=n} + T̂ n+1
1A∩{ϕA=n+1} + T̂ n+1

1A(n+1)

= T̂ n1A∩{ϕA=n} + T̂ n+1
1A∩{ϕA=n+1} + T̂ n+2

1A∩{ϕA=n+2} + T̂ n+2
1A(n+2)

...

=
∑
k≥n

T̂ k1A∩{ϕA=k}

where we used that µ(A(n)) goes to zero for n→∞, so the remaining term vanishes.
But this shows the first assumption:

µ
(
{ϕA = n} ∩ T−1A B

)
=

∫
T−nB

1{ϕA=n}dµ =

∫
B

1{ϕA=n} ◦ T ndµ

=

∫
B

T̂ n1{ϕA=n}dµ =
∑
k≥n

∫
B

T̂ k1A∩{ϕA=k}dµ

=
∑
k≥n

µ
(
A ∩ {ϕA = k} ∩ T−kB

)
= µ

(
A ∩ {ϕA ≥ n} ∩ T−1A B

)
.
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Now take t > 0. Since ϕA only takes integer values, we obtain the equality

µ
(
{µ(A)ϕA ≤ t} ∩ T−1A B

)
=

bt/µ(A)c∑
n=1

µ
(
{ϕA = n} ∩ T−1A B

)
=

bt/µ(A)c∑
n=1

µ
(
A ∩ {ϕA ≥ n} ∩ T−1A B

)
=

∫ bt/µ(A)c
0

µ(A ∩ {ϕA ≥ r})dr.

But then we change variables to see∫ bt/µ(A)c
0

µ
(
A ∩ {ϕA ≥ r}

)
dr ≤

∫ t/µ(A)

0

µ
(
A ∩ {ϕA ≥ r}

)
dr

=

∫ t

0

µ
(
A ∩ {µ(A)ϕA > s}

) 1

µ(A)
ds

=

∫ t

0

µA
(
A ∩ {µ(A)ϕA > s}

)
ds

We get the result since the error we make with the inequality above can be estimated
by

0 ≤
∫ t/µ(A)

bt/µ(A)c
µ(A ∩ {ϕA ≥ r})dr ≤

∫ t/µ(A)

bt/µ(A)c
µ(A)dr ≤ 1 · µ(A).

With this result, we can almost proof theorem 1.2.2. As in [17], we do this in two
steps. The following proposition represents the core of the later proof. In fact, again
we will state a slightly more general version from [22], which we will use again later.

Proposition 1.2.5. Let (F̃l)l≥0 be a sequence of probability distribution functions on
[0,∞[. Define F̃l(∞) := limt→∞ F̃l(t) and assume that F̃l(∞)→ f ∈ [0, 1] as l→∞.
Then

a) If F is some sub-probability function on [0,∞[ (i.e. limt→∞ F (t) ≤ 1) such that∫ t

0

(
F̃l(∞)− F̃l(s)

)
ds

l→∞−−−→ F (t) (1.5)

holds for a dense set in (0,∞) (e.g. the continuity points of F ), then F is
continuous and F̃l ⇒ F̃ for a sub-probability distribution F̃ which is uniquely
defined by ∫ t

0

(
1− F̃ (s)

)
ds = F (t) (1.6)

for all t ≥ 0. Moreover, F̃ (∞) = f.
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b) If conversely F̃l ⇒ F̃ holds for some sub-probability function F̃ on [0,∞[, then
(1.5) is true for the uniquely defined continuous non-decreasing function F
satisfying (1.6).

Proof. a) Any subsequence of (Fl)l≥1 has weak accumulation points by Helly’s selec-
tion theorem (e.g. [11]). Let F̃ be the limit of the subsequence (F̃lj)j≥1. Since any
sub-probability function is non-negative and bounded by 1, we get by dominated
convergence for every t ≥ 0∫ t

0

(
F̃l(∞)− F̃lj(s)

)
ds→

∫ t

0

(
f− F̃ (s)

)
ds.

Hence we get by continuity of the integral and monotonicity of F∫ t

0

(
f− F̃ (s)

)
ds = F (t).

In particular, F is continuous. Since F̃ is right-continuous, it is uniquely determined
by this equation. Therefore all possible weak accumulation points of (F̃l)l≥1 equal
F̃ , so we have proven weak convergence of the sequence. Furthermore, the equation
above guarantees that F is continuous. Since F is bounded, f − F̃ (s) goes to 0 for
s→∞, hence F̃ (∞) = f.
b) Again we know by dominated convergence that F̃l ⇒ F̃ implies for all t ≥ 0∫ t

0

(
F̃l(∞)− F̃l(s)

)
ds→

∫ t

0

(
f− F̃ (s)

)
ds =: F (t).

The function F is non-decreasing and continuous by it’s definition.

Now the remaining proof of the theorem is quite short. Note that we use the
special case of the foregoing lemma where the F̃l and Fl are distribution functions,
in particular F̃l(∞) = f = 1.

Proof of theorem 1.2.2. We define two sequences of probability functions on [0,∞[
via

Fl(t) := µ
(
µ(Al)ϕAl ≤ t

)
and F̃l(t) := µAl

(
µ(Al)ϕAl ≤ t

)
for t ≥ 0. Assume that (1.1) is true and fix a continuity point t > 0 of F . By
assumption Fl(t) converges to F (t). Using lemma 1.2.4 together with µ(Al)→ 0, we
get ∫ t

0

(
1− F̃l(s)

)
ds→ F (t).
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Finally part a) of the foregoing lemma 1.2.5 proves the result. If we assume that
(1.2) is true, then the second part of lemma 1.2.5 guarantees that∫ t

0

(
1− F̃l(s)

)
ds→

∫ t

0

(
1− F̃ (s)

)
ds =: F (t)

for t ≥ 0 is a continuous non-decreasing function. Again we use lemma 1.2.4 to
obtain Fl ⇒ F . Since the Fl are distribution functions, F is at least a sub-probability
distribution.

1.3 Exponential limits

In any ergodic probability preserving system, a variety of distributions can by found
if we choose the rare events in the right way. In [12] and [13], the following result is
shown.

Theorem 1.3.1. Let (X,A, µ, T ) be an aperiodic ergodic probability preserving sys-
tem. Then

• for any sub-probability distribution function F on [0,∞[ which is absolutely
continuous, concave and fulfils F (t) ≤ t for t ≥ 0, we can find a sequence of
rare events such that the normalised first hitting time distribution converges
weakly to it.

• for any probability distribution function F on [0,∞[ which fulfils∫ ∞
0

(1− F (s))ds ≤ 1,

we can find a sequence of rare events such that the normalised first return time
distribution converges weakly to it.

We will not prove this result here. Nevertheless, it demonstrates the variety of
limiting distributions that is contained in any reasonable chaotic system. For now,
we take a closer look under which conditions we see an exponential distribution in
the limit. It will turn out that this is a rather common situation.

Theorem 1.3.2. Let (X,A, µ, T ) be an ergodic probability preserving system and
(Al)l≥1 a sequence of asymptotically rare events. If there is a sequence of non-negative
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integers (ml)l≥0 and a collection U ⊂ D(µ) of probability densities which is relatively
compact in L1(µ) such that

mlµ(Al) −→ 0 for l→∞ (1.7)

and

µAl(ϕAl ≤ ml) −→ 0 for l→∞ (1.8)

and finally

T̂ml
(
µ(Al)

−1
1Al

)
∈ U for l ≥ 1. (1.9)

If all three assumptions are true, we see an exponential law for the first return time
(and thus for the first hitting time), i.e.

µ(Al)ϕAl
L(µ)
=⇒ E for l→∞.

In section 1.4.2 we will see that these three conditions even imply convergence on
the level of processes. Since this will be a generalisation of the statement above, we
look at the proof later. But first, we try to use this theorem for our class of Folklore
maps.

Exponential law for the Folklore maps

Now we try to apply theorem 1.3.2 to our class of Folklore maps. We follow [19]. We
will show that we see an exponential law for certain sets, namely cylinders of rank l.

Definition 1.3.3. Let S = (X,A, λ, T, ξ) be a Folklore map. We call sets of the
form

[Z0, Z1, . . . , Zl−1] := Z0 ∩ T−1Z1 ∩ · · · ∩ T−l+1Zl−1

with Zi ∈ ξ cylinders of rank l. For a fixed x ∈ X, we denote with ξl(x) the
cylinder of rank l that contains x.

As figure 1.3 illustrates, the Lebesgue measure of order l cylinders goes to 0 for
l→∞. In fact, there is some δ ∈ ]0, 1[ given by the Lebesgue measure of the largest
cylinder set, such that

λ([Z0, Z1, . . . , Zl−1]) ≤ δlλ(X) = δl. (1.10)
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Figure 1.3: Cylinders shrink with increasing rank

We choose a point x in such a way that it is non-periodic and a continuity point of
every iteration of T and take a closer look at Al := ξl(x). The choice ml = l seems
to be the natural one since T lAl = X holds. Now condition (1.7) is fulfilled since

mlµ(Al) = lµ(Al) = l

∫
1Alh dλ ≤ lλ(Al) sup

x∈X
h(x) ≤ lδl sup

x∈X
h(x)→ 0.

For the third condition, we need another inequality which is connected to (1.10).
If we reduce our system to some rank l cylinder Al, then T−jAl is a rank j cylinder
for this new system and we can use (1.10) to show

µ(Al ∩ T−jAl) ≤ λ(Aj ∩ T−jAj) sup
x∈X

h(x) ≤ δjλ(Aj) sup
x∈X

h(x) ≤ δjµ(Aj)
supx∈X h(x)

infx∈X h(x)
.

Now we get (1.8) with a simple continuity argument. Since x is not periodic, we
have for all M ∈ N

max
1≤j≤M

|x, T jx| =: εM > 0.

Now fix M and take γ so small such that T and the first M iterations are continuous
on Bγ(x) and such that

|x− y| < γ ⇒ |T jx− T jy| < εM
2

holds. Now take l0 = l0(M) so large such that we get Al0 ⊆ Bγ(x). Thus

|x− T jy| ≥ |x− T jx| − |T jx− T jy| ≥ εM −
εM
2

=
εM
2
> γ.
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Consequently, for l > l0, we get no returns up to time M to Al. But then we can
conclude

µAl(ϕAl ≤ l) = µ(Al)
−1µ

(
l⋃

j=M+1

Al ∩ {ϕAl = j}

)

≤ µ(Al)
−1µ

(
l⋃

j=M+1

Al ∩ T−jAl

)

≤ µ(Al)
−1

l∑
j=M+1

µ(Al ∩ T−jAl)

≤ µ(Al)
−1

l∑
j=M+1

supx∈X h(x)

infx∈X h(x)
µ(Al) · δj

≤ supx∈X h(x)

infx∈X h(x)
· δM

1− δ
.

So for every ε > 0 we can find M = M(ε) ∈ N such that

supx∈X h(x)

infx∈X h(x)
· δM

1− δ
< ε

holds and for l > l0 = l0
(
M(ε)

)
µAl(ϕAl ≤ l) < ε

is true. To show (1.9), we need two results from [18], by proposition 1.2.4. and
lemma 1.6.5., the mapped densities are given by

T̂ l
(
1Alµ(Al)

−1) = µ(Al)
−1
∣∣∣(T−l|Al)′∣∣∣

and all those densities have bounded regularity with the same universal bound. But
this implies that they are all Lipschitz with a common Lipschitz constant, which
implies equicontinuity. Furthermore, since we only look at propability densities, a
uniform Lipschitz constant together with common integral 1 gives uniform bound-
edness. So we can apply Arzela-Ascoli to show that this set of uniform Lipschitz-
bounded probability densities is precompact. Hence we meet all three requirements
and by theorem 1.3.2 we see an exponential law.
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1.4 Rare event processes

Instead of looking at one visit to Al, we define, inspired by [22] and [20], a process
which counts the time between two consecutive visits. To formulate this definition,
recall the first return map TAx := TϕA(x). Then we can consider
S̃ = (A,A ∩ A, µA, TA) as a new system, and it turns out that many properties of
the original one stay preserved. In fact, if S = (X,A, µ, T ) is probability preserving
or ergodic, then S̃ is so as well.

The idea is now to look at the sequence of consecutive return and hitting times.
Note that after the first visit, the following hitting and return times coincide since
we are already in the set.

Definition 1.4.1. Let S = (X,A, µ, T ) be a ergodic probability preserving dynam-
ical system and A ∈ A. Define

ΦA := (ϕA, ϕA ◦ TA, ϕA ◦ T 2
A, . . . ),

then ΦA : X→ [0,∞)N0 on (X,A, µ) is called hitting time process and ΦA : A→
[0,∞)N0 on (A,A ∩ A, µA) is called return time process. We write Φ

[d]
A for the

d-dimensional marginal of the process.

Note that the return time process is stationary, since µA ◦ TA = µA holds. The
sequence space

S = [0,∞]N0 =
{
s = (sj)j≥0 : sj ∈ [0,∞]

}
is a compact Polish space with the metric

dS(s, s̃) =
∑
j≥0

2−jd[0,∞](sj, s̃j)

(note that [0,∞] is homeomorphic to [0, 1], so we can find some metric d[0,∞] there).
As before, we try to find out what happens for l→∞ under the right normalisation.
Since the random elements we consider now are not longer real-valued, we need to
redefine what weak convergence means.

Definition 1.4.2. A sequence of random variables (Rn)n≥1 with values on a metric

space S converges weakly to some random variable Rn denoted by Rn
µ

=⇒ R, if and
only if ∫

ψ ◦Rn dµ
n→∞−−−→

∫
ψ ◦R dµ

for all bounded Lipschitz-continuous functions ψ : S→ R.
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In [2], example 2.4 shows the following equivalence to weak convergence, which
turns out to be practical or various calculations.

Proposition 1.4.3. For a sequence of random variables (Rl)l≥0 on the space S =
[0,∞]N0, weak convergence to some random variable R with distribution function F
is equivalent to convergence of all finite dimensional marginals in the sense of the
first section, that is if Fl is the distribution function of Rl, then we have

F
[d]
l (t0, . . . , td−1) −→ F [d](t0, . . . , td−1)

for all d ≥ 1 and all continuity points (t0, . . . , td−1) of F [d].

In section 1.4.2 we will concentrate on the multidimensional generalisation of the
exponential laws we have seen in the foregoing part. Our strategy also resembles
closely the one before. In section 1.4.1 we try to establish a connection between
the possible limits, which we then use later to find a sufficient condition for the
exponential limit. Before we do this, we state the following observation from [22],
which tells us more about the limit of the return time process.

Proposition 1.4.4. Let S = (X,A, µ, T ) be an ergodic probability preserving dy-
namical system and (Al)l≥1 a sequence of asymptotically rare events. If the return
time process converges weakly to some process Φ̃ =

(
ϕ̃(j)
)
j≥0 in [0,∞], i.e.

µ(Al)Φ̃Al

µAl=⇒ Φ̃,

then the limit is again stationary and E
[
ϕ̃(0)

]
≤ 1.

Proof. Let us start with the expectation. If we have weak convergence for the whole
process, we get it especially for the first coordinate. But then by Skorokhod’s rep-
resentation theorem (e.g. [11]), we know that there exists a sequence of random
variables (Rl)l≥0 and some other random variable R all defined on the same proba-

bility space such that Rl
d
= µ(Al)ϕ̃Al , R

d
= ϕ̃(0) and Rl −→ R almost surely. Hence

we can apply Fatou’s lemma to get

1 = lim
l→∞

E
[
µ(Al)ϕ̃Al

]
= lim

l→∞
E
[
Rl

]
≥ E

[
lim
l→∞

Rl

]
= E[R] = E

[
ϕ̃(0)

]
.

To show stationarity of Φ̃, we look at it’s finite dimensional distribution functions.
But µ(A)Φ̃A is stationary whenever µ(A) > 0, thus it is straightforward for the weak
limit as well.
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1.4.1 Connection between the two processes

The first step to deal with the limits of hitting time and return time processes is to
prove a similar statement to theorem 1.2.2. As in [22], we state

Theorem 1.4.5. Let (X,A, µ, T ) be an ergodic probability preserving system and
(Al)l≥1 a sequence of asymptotically rare events. Then

µ(Al)ΦAl

µ
=⇒ Φ for some random sequence Φ in [0,∞] (1.11)

if and only if

µ(Al)ΦAl

µAl=⇒ Φ̃ for some random sequence Φ̃ in [0,∞]. (1.12)

In this case the sub-probability functions F [d] and F̃ [d] of Φ[d] and Φ̃[d] satisfy for any
d ≥ 0 and tj ≥ 0∫ t0

0

(
F̃ [d](t1, . . . , td)− F̃ [d+1](s, t1, . . . , td)

)
ds = F [d+1](t0, t1, . . . , td) (1.13)

with the convention F̃ [0] := 1. Through this equality, the families {F [d]}d≥1 and
{F̃ [d]}d≥1 are uniquely determined.

In the remaining section we will try to prove this theorem. For the beginning, we
show the following observation from [22].

Lemma 1.4.6. In an ergodic probability preserving system S = (X,A, µ, T ) we can
find for any sequence (Al)l≥1 of asymptotically rare events a subsequence (Alj)j≥1 and

random elements Φ and Φ̃ on [0,∞]N such that

µ(Alj)ΦAlj

µ
=⇒ Φ and µ(Alj)Φ̃Alj

µAlj
=⇒ Φ̃ holds for j →∞. (1.14)

Proof. For a fixed d we can use the d-dimensional version of Helly’s selection theorem
to show that any sequence mi →∞ of indices contains a subsequence mij →∞ that

converges, i.e. there exist random elements Φ
[d]
∗ and Φ̃

[d]
∗ of [0,∞]N such that

µ(Alj)Φ
[d]
Alj

µ
=⇒ Φ[d]

∗ and µ(Alj)Φ̃
[d]
Alj

µAlj
=⇒ Φ̃[d]

∗ (1.15)

hold for j →∞. We can actually take the same subsequence if we take a converging
one for the hitting time and then a further refinement such that also the return time
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converges. By diagonalisation, we can find a sequence such that (1.15) holds for any
d ≥ 1. But then we found a consistent family of probability measures, hence by
Kolmogorov’s extension theorem [11], there exists a random element Φ on [0,∞]N

such that µ(Alj)ΦAlj

µ
=⇒ Φ holds and Φ satisfies Φ[d] = Φ

[d]
∗ in law for every d ≥ 1.

The same arguments also hold for Φ̃
[d]
∗ .

Now the core result for the later proof is the following observation from [22].

Lemma 1.4.7. Let S = (X,A, µ, T ) be an ergodic probability preserving system and
(Al)l≥1 a sequence of asymptotically rare events. If

µ(Al)ΦAl

µ
=⇒ Φ and µ(Al)Φ̃Al

µAl=⇒ Φ̃

holds for two random sequences in [0,∞], then the finite-dimensional distributions
F [d] and F̃ [d] satisfy for every d ≥ 0 and tj ≥ 0 (1.13).

Proof. (i) Note that the case d = 0 is given by theorem 1.2.2. So let us fix some
d ≥ 1. Since we assume convergence for the whole process, we get

µ(Al)Φ
[d]
Al

µ
=⇒ Φ[d] and µ(Al)Φ̃

[d]
Al

µAl=⇒ Φ̃[d] (1.16)

automatically. We will show (1.13) on a dense subset M ⊆ (0,∞)d. Using the
projection maps πj we define

Dj :=
{
t ∈ ]0,∞[ : µ(πjΦ = t) > 0

}
D̃j :=

{
t ∈ ]0,∞[ : µ(πj−1Φ̃ = t) > 0

}
with D̃0 := ∅. Note that both sets are countable. Now set

M := {(t1, . . . , td) : tj /∈ Dj ∪ D̃j for 0 ≤ j ≤ d},

i.e. we remove countable many hyperplanes. Once we have (1.13) on [0,∞[×M ,
we can show that this set is dense in [0,∞[d+1 and that both sides of the equality
define right-continuous functions on it. Consequently, the relation is true for all
(t0, . . . , td) ∈ [0,∞[d+1.
(ii) Now we try to show (1.13) on M . Note that by definition, we removed any
discontinuous point with the definition of this set (the sets Dj and D̃j are exactly
the sets where mass is concentrated, i.e. a jump in the distribution occurs). In
particular, every (t0, t1, . . . , td) ∈ Dc

0 ×M is a continuity point for F [d+1] and F̃ [d+1].
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Additionally (t1, . . . , td) is a continuity point of F̃ [d] since Φ̃ is stationary. Fix a point
(t1, . . . , td) ∈M . We abbreviate for t ∈ [0,∞[

Fl(t) := µ
(
µ(Al)Φ

[d+1]
Al
≤ (t, t1, . . . , td)

)
, F (t) := F[d+1](t, t1, . . . , td),

F̃l(t) := µ
(
µ(Al)Φ̃

[d+1]
Al
≤ (t, t1, . . . , td)

)
, F̃ (t) := F̃[d+1](t, t1, . . . , td).

Note that since ϕAl is finite a.e. and Φ̃Al is stationary with respect to µAl , we get
with dominated convergence

F̃l(∞) : = lim
t→∞

F̃l(t)

= lim
t→∞

µAl

(
µ(Al)

(
ϕAl , ϕAl ◦ T−1Al

, . . . , ϕAl ◦ T
−(d+1)
Al

)
≤
(
t, t1, . . . , td

))
= µAl

(
µ(Al)Φ̃

[d]
Al
◦ T−1Al

≤ (t1, . . . , td)
)

= µAl

(
µ(Al)Φ̃

[d]
Al
≤ (t1, . . . , td)

)
.

Since (t1, . . . , td) is a continuity point of F̃ [d], the weak convergence in (1.16) ensures

lim
t→∞

F̃l(t)
l→∞−−−→ F̃ [d](t1, . . . , td) =: f ∈ [0, 1].

Moreover if we take t0 ∈ Dc
0, (t0, . . . , td) is a continuity point of F [d+1] and F̃ [d+1], so

by assumption we have

Fl(t0) −→ F (t0) and F̃l(t0) −→ F̃ (t0).

Now we define the set

Bl := Al ∩
{
µ(Al)Φ

[d]
Al
≤ (t1, . . . , td)

}
=
{
µ(Al)Φ̃

[d]
Al
≤ (t1, . . . , td)

}
.

With this definition, we can rewrite{
µ(Al)Φ

[d+1]
Al
≤ (t, t1, . . . , td)

}
=
{
µ(Al)ϕAl ≤ t

}
∩
{
µ(Al)(ϕAl ◦ TAl , ϕAl ◦ T 2

Al
, . . . , ϕAl ◦ T d+1

Al
) ≤ (t1, . . . , td)

}
=
{
µ(Al)ϕAl ≤ t

}
∩ T−1Al

Bl.

Using the identity A ∩B = B \ (Ac ∩B), we end up with

µAl
({
µ(Al)ϕAl > s

}
∩ T−1Al

Bl

)
= µAl

(
T−1Al

Bl \
({
µ(Al)ϕAl ≤ t

}
∩ T−1Al

Bl

}))
= µAl

(
T−1Al

Bl

)
− µAl

({
µ(Al)ϕAl ≤ t

}
∩ T−1Al

Bl

})
= µAl(Bl)− µAl

(
µAlΦ̃

[d+1]
Al
≤ (s, t1, . . . , td)

)
= F̃l(∞)− F̃l(s).
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Now we use lemma 1.2.4 again to get

Fl(t) ≤
∫ t

0

(
F̃l(∞)− F̃l(s)

)
ds ≤ Fl(t) + µ(Al)

for every l ≥ 1 and t > 0. Since the measure of Al goes to zero, we get for a continuity
point t0 ∈ Dc

0 ∫ t0

0

(
F̃l(∞)− F̃l(s)

)
ds −→ F (t0)

as l increases. But this applies for every t0 in the set Dc
0 which is dense in [0,∞], so

we can use the first part of proposition 1.2.5 to conclude that the limit distribution
F̃ is uniquely defined by the relation∫ t

0

(
f− F̃ (s)

)
ds = F (t). (1.17)

Hence we proved (1.13) for [0,∞)×M .
(iii) We still need to show uniqueness. By (1.13), F [d+1] is determined by F̃ d+1 and
F̃ d. On the other hand (1.17) shows us that F̃ [d+1] is given by F̃ [d] and F [d+1] on a
dense set. By right-continuity, this extends to all points. By theorem 1.2.2, F̃ [1] and
F [1] determine each other. The claim follows therefore by induction.

With all this preparation, only a few steps are missing for the main result.

Proof of theorem 1.4.5. (i) In the first step, we show that (1.11) and (1.12) are equiv-
alent. By the foregoing lemma, we know together they imply (1.13). So assume (1.12)
and let F̃ [d] be the distribution function of Φ̃[d]. Via (1.13), we find another variable
Φ uniquely determined by the according family of finite distribution function {F [d]}.
By lemma 1.4.6, any sequence has a converging subsequence and by lemma 1.4.7, the
limit coincides with Φ. So assume (1.11) fails, i.e. there exists d ≥ 1 and a continuity
point (t0, . . . , td−1) of F [d] such that

µ
(
µ(Al)Φ

[d]
Al
≤ (t0, . . . , td−1)

)
9 F [d](t0, . . . , td−1).

Therefore there exists ε > 0 and lj →∞ such that the Lévy distance

dist
(
F

[d]
lj
, F [d]

)
≥ ε

for all j ≥ 1. But as before, by lemma 1.4.6 there is a further subsequence where
convergence takes place. This contradiction shows (1.11). The other direction works
in the same way.
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1.4.2 Poisson asymptotics

Now we will show under which conditions we see the generalisation of theorem 1.3.2,
i.e. convergence to some process

ΦExp =
(
ϕ
(0)
Exp, ϕ

(1)
Exp, . . .

)
where the components are i.i.d. variables with exponential distribution. If we have
convergence to such an object, we say we have Poisson asymptotics for the hitting
and return time. Indeed, by theorem 1.21 in [10], it is shown that ΦExp can be
identified with the interarrival times of a standard Poisson point process and that
the convergence of the return time process is in fact equivalent to the convergence of
the corresponding point process.

We start with a generalised version of theorem 1.4.5.

Proposition 1.4.8. Let Φ is a stationary random sequence in [0,∞). Then it’s
finite-dimensional marginals have distribution functions F [d] satisfying∫ t0

0

(
F [d](t1, . . . , td)− F [d+1](s, t1, . . . , td)

)
ds = F [d+1](t0, t1, . . . , td), (1.18)

for all d ≥ 0 and tj ≥ 0 if and only if Φ = ΦExp.

Proof. Assume (1.18) and rewrite Φ = (ϕ0, ϕ1, . . . ). The case d = 0 gives a simple
ordinary differential equation with solution with solution F [1](t) = 1 − e−t. Hence
we conclude all one-dimensional marginals ϕi are exponentially distributed. In the
independent case, those marginals would already define the joint distribution. So we
try to show that ϕ0 is independent of the other ones. By stationarity, we get that
the whole sequence is independent. So fix d ≥ 1 and (t1, . . . , td) ∈ [0,∞)d. We show

if µ
(
(ϕ1, . . . , ϕd) ≤ (t1, . . . , td)

)
> 0 is true, then so is

µ(ϕ0 ≤ t) = µ
(
ϕ0 ≤ t|(ϕ1, . . . , ϕd) ≤ (t1, . . . , td)

)
for every t ≥ 0. This is a simple consequence of (1.18) and stationarity, since

µ
(
ϕ0 ≤ t|(ϕ1, . . . , ϕd) ≤ (t1, . . . ,td)

)
=
F [d+1](t0, . . . , td)

F [d](t1, . . . , td)

=

∫ t0
0
F [d](t1, . . . , td)− F [d+1](s, . . . , td)ds

F [d](t1, . . . , td)

=

∫ t0

0

1− µ(ϕ0 ≤ s|(ϕ1, . . . , ϕd) ≤ (t1, . . . , td)
)
ds
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holds. Hence the left hand side fulfils the same ODE as above, and therefore

µ
(
ϕ0 ≤ t|(ϕ1, . . . , ϕd) ≤ (t1, . . . , td)

)
= 1− e−t = µ(ϕ0 ≤ t).

For the other direction, we need to show that ΦExp fulfils (1.18). But since ΦExp

consists of independent random variables, this breaks down to the same equation we
have seen in the one-dimensional case.

Now inspired by the foregoing proposition, we get the following sufficient condi-
tion for Poisson asymptotics.

Theorem 1.4.9. Take a probability preserving system S = (X,A, µ, T ) and a se-
quence of asymptotically rare events (Al)l≥1. Then we have equivalence of the follow-
ing statements:

a) For the distribution functions F̃
[d]
l and F

[d]
l of Φ

[d]
Al

we have for each d ≥ 0 on a

dense subset of [0,∞[d

F̃
[d]
l − F

[d]
l −→ 0 for l→∞. (1.19)

b) We see Poisson asymptotics for the hitting-time process, that is

µ(Al)ΦAl

µ
=⇒ ΦExp. (1.20)

c) We see Poisson asymptotics for the return-time process, that is

µ(Al)ΦAl

µAl=⇒ ΦExp. (1.21)

Proof. By theorem 1.4.5 and the foregoing proposition the equivalence of (1.20) and
(1.21) is clear. Also, it is obvious that the difference between the finite distribution
functions tends to zero since. Now assume (1.19). By lemma 1.4.6, it is enough to
show that every accumulation point of Ψ coincides with ΨExp. So take a converging
subsequence (lj)j≥1. Since (Alj) is also asymptotically rare, we can use theorem 1.4.5
to see that (1.13) holds for all d ≥ 0 and tj ≥ 0. By definition of convergence of the
process’ distribution, we also have for every d

F
[d]
lj
⇒ F [d] and F̃

[d]
lj
⇒ F̃ [d].

Since all the functions are right-continuous, (1.19) implies that F [d] = F̃ [d]. Hence Ψ
and Ψ̃ have the same distribution and we already know that Φ̃ is stationary. Applying
proposition 1.4.8 gives Φ = ΦExp.
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For the next statement, we need the following definition:

Definition 1.4.10. Let (Rl)l≥1 be a sequence of random variables on [0,∞]. We
call the sequence asymptotically invariant in measure if and only if

dS(Rl ◦ T,Rl)
µ−→ 0 as l→∞

holds, where
µ−→ denotes convergence in measure.

Following [20], we state the following generalisation of the principle of proposition
1.2.1, a uniform version of the idea of strong distributional convergence.

Theorem 1.4.11. Let S = (X,A, µ, T ) be an ergodic probability preserving system.
Assume (Rl)l≥1 is a sequence of Borel measurable maps from X into some separable
metric space (M, dM) which is asymptotically invariant in measure. Take a collection
U ⊆ D(µ) which is relatively compact in L1(µ). If there exists ν � µ and a random
element R of M such that

Rl
ν

=⇒ R as l→∞ (1.22)

holds, then we have for every sequence (ul) ∈ U

Rl
ul�µ=⇒ R as l→∞. (1.23)

To prove this theorem, we use the following well-known characterisation of er-
godicity. Both the statement and the proof can be found in [18].

Theorem 1.4.12. A measure preserving map T on a probability space (X,A, µ) is
ergodic if and only if∣∣∣∣∣

∣∣∣∣∣ 1n
n−1∑
k=0

T̂ k(u− u∗)

∣∣∣∣∣
∣∣∣∣∣
L1(µ)

−→ 0 ∀ u, u∗ ∈ D(µ).

Now the only missing thing is some technical lemma.

Lemma 1.4.13. Let (S, dS) be a metric space, w ∈ S constant and mn : S → S
a sequence of operators such that mn(u) → w for all u ∈ S. Assume (mn)n≥1 is
equicontinuous, i.e.

∀u ∈ S ∀ε > 0 ∃δ > 0 ∀n ∈ N ∀u′ ∈ S : dS(u, u′) ≤ δ ⇒ dS
(
mn(u),mn(u′)

)
≤ ε.

Then mn → w uniformly on the closure of any U which is relatively compact in S.
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Proof. Fix ε > 0 and take δ > 0 in such a way that equicontinuity is fulfilled for ε/2.
Take U arbitrary such that it’s closure is compact and let (Ui)

N
i=1 be a finite δ-cover.

Denote the midpoint of Ui with ui and take ni ∈ N such that

dS
(
mn(ui), w

)
≤ ε

2
∀n ≥ ni.

If we define n′ = max{n1, . . . , nN}, we can take an arbitrary u ∈ Ui and obtain

dS
(
mn(u), w

)
≤ dS

(
mn(u),mn(ui)

)
+ dS

(
mn(ui), w

)
≤ ε.

Since the choice of n′ is independent of u, we are done.

Proof of theorem 1.4.11. (i) W.l.o.g. we assume that v := dν/dµ is in U . Otherwise
we add v to U and the set remains relatively compact. Fix a sequence (un)n≥1 in U .
We know by (1.22) that ∫

ψ ◦Rn · vdµ −→ E[ψ(R)]

holds for every bounded Lipschitz function ψ : S → R. Therefore we get the claim
as soon as we can show∫

ψ ◦Rn · vdµ−
∫
ψ ◦Rn · undµ

n→∞−−−→ 0

for all those ψ.
(ii) Note that since µ is the invariant probability, by theorem 1.4.12 and ergodicity,
the averaged densities converge to 1, i.e.∣∣∣∣∣

∣∣∣∣∣ 1

M

M−1∑
m=0

T̂mu− 1

∣∣∣∣∣
∣∣∣∣∣
L1(µ)

−→ 0.

The operators M−1∑M−1
m=0 : L1(µ) → L1(µ) all have norm 1 and are therefore

equicontinuous. By the foregoing lemma, this implies uniform convergence, i.e.∣∣∣∣∣
∣∣∣∣∣ 1

M

M−1∑
m=0

T̂mu− 1

M

M−1∑
m=0

T̂mu∗

∣∣∣∣∣
∣∣∣∣∣
L1(µ)

M→∞−−−−→ 0 uniformly in u, u∗ ∈ U .

Hence we can find some M ≥ 1 such that for every n ≥ 1∣∣∣∣∣
∣∣∣∣∣ 1

M

M−1∑
m=0

T̂mv − 1

M

M−1∑
m=0

T̂mun

∣∣∣∣∣
∣∣∣∣∣
L1(µ)

<
ε

4||ψ||∞
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and consequently∣∣∣∣ ∫ ψ ◦Rn ·
(

1

M

M−1∑
m=0

T̂mv

)
dµ−

∫
ψ ◦Rn ·

(
1

M

M−1∑
m=0

T̂mun

)
dµ

∣∣∣∣ (1.24)

=

∣∣∣∣||ψ||∞ ∫ ( 1

M

M−1∑
m=0

T̂mv

)
−
(

1

M

M−1∑
m=0

T̂mun

)
dµ

∣∣∣∣ < ε

4
.

(1.25)

(iii) Since ψ is Lipschitz and (Rn)n≥1 asymptotically rare in measure, we have∣∣ψ ◦Rn ◦ T, ψ ◦Rn

∣∣ ≤ LψdM(Rn ◦ T,Rn)
µ−→ 0.

So not only (ψ ◦ Rn)n≥1 is also asymptotically invariant in measure, the same holds
for each sequence (Ψi,n)n≥1 with Ψi,n = ψ ◦ Rn ◦ T i since µ is T -invariant. Since U
is precompact in L1(µ), it is especially uniformly integrable. Therefore we can find
some δ > 0 such that ∫

A

u dµ <
ε

16M ||ψ||∞
holds for all u ∈ U and A ∈ A with µ(A) < δ. Denote η = (16m)−1ε > 0. Hence
asymptotical invariance we find some ni ≥ 1 such that

µ
(
|Ψi,n −Ψi,n◦T | > η

)
< δ

holds for n ≥ ni. Define n′ = max{n0, . . . , nM−1}. Then, using the definition
A := {|Ψi,n −Ψi,n ◦ T | > η}, we see∫

|Ψi,n −Ψi,n ◦ T | · undµ

=

∫
A

|Ψi,n −Ψi,n ◦ T | · undµ+

∫
Ac
|Ψi,n −Ψi,n ◦ T | · undµ

≤ 2||ψ||∞
∫
A

undµ+ η

∫
Ac
undµ

≤ 2||ψ||∞
ε

16M ||ψ||∞
+ η =

3ε

16M
≤ ε

4M
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(iv) We can use this inequality to gain∣∣∣∣∣
∫
ψ ◦Rn · undµ−

∫
ψ ◦Rn ·

(
1

M

M−1∑
m=0

T̂mun

)
dµ

∣∣∣∣∣
≤ 1

M

M−1∑
k=0

∣∣∣∣ ∫ ψ ◦Rn · un − ψ ◦Rn · T̂ kundµ
∣∣∣∣

=
1

M

M−1∑
k=0

∣∣∣∣ ∫ (ψ ◦Rn − ψ ◦Rn ◦ T k
)
· undµ

∣∣∣∣
=

1

M

M−1∑
k=0

∣∣∣∣∣
∫ k∑

i=0

(
ψ ◦Rn ◦ T i−1 − ψ ◦Rn ◦ T i

)
· undµ

∣∣∣∣∣
≤ 1

M

M−1∑
k=0

k∑
i=0

∫ ∣∣ψ ◦Rn ◦ T i−1 − ψ ◦Rn ◦ T i
∣∣ · undµ

=
1

M

M−1∑
k=0

k−1∑
i=0

∫ ∣∣Ψi,n −Ψi,n ◦ T
∣∣ · undµ

≤ 1

M

M−1∑
k=0

k−1∑
i=0

ε

4M
≤ ε

4

for all n ≥ n′. Since we can repeat the whole procedure for v, we can obtain∣∣∣∣∣
∫
ψ ◦Rn · vdµ−

∫
ψ ◦Rn ·

(
1

M

M−1∑
m=0

T̂mv

)
dµ

∣∣∣∣∣ ≤ ε

4

for all n greater some other number n′′. But now we can combine all we have shown
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to ∣∣∣∣∣
∫
ψ ◦Rn · v dµ−

∫
ψ ◦Rn · un dµ

∣∣∣∣∣
≤

∣∣∣∣∣
∫
ψ ◦Rn · un dµ−

∫
ψ ◦Rn ·

(
1

M

M−1∑
m=0

T̂mun

)
dµ

∣∣∣∣∣
+

∣∣∣∣∣
∫
ψ ◦Rn ·

(
M−1∑
m=0

T̂mv

)
dµ−

∫
ψ ◦Rn ·

(
1

M

M−1∑
m=0

T̂mun

)
dµ

∣∣∣∣∣
+

∣∣∣∣∣
∫
ψ ◦Rn · v dµ−

∫
ψ ◦Rn ·

(
1

M

M−1∑
m=0

T̂mv

)
dµ

∣∣∣∣∣
≤ ε

4
+
ε

4
+
ε

4
< ε

for all n ≥ max{n′, n′′} and M big enough such that (1.24) is fulfilled.

Now as nice as theorem 1.4.9 is, it does not provide an easy checkable criterion to
show Poisson asymptotics. In the last theorem of this chapter we try to find useful
sufficient conditions which do not depend on anything but what happens to Al until
some time which is o(1/µ(Al). So we close this chapter with the statement from [20].

Theorem 1.4.14. Let (X,A, µ, T ) be an ergodic probability preserving system and
(Al)l≥1 a sequence of asymptotically rare events. Suppose there is a sequence of non-
negative integers (ml)l≥0 and a collection U ⊂ D(µ) of probability densities which is
relatively compact in L1(µ) such that

mlµ(Al) −→ 0 for l→∞ (1.26)

and

µAl(ϕAl ≤ ml) −→ 0 for l→∞ (1.27)

and finally

T̂ml
(
µ(Al)

−1
1Al

)
∈ U for l ≥ 1. (1.28)

If all three assumptions are true, we see an exponential law for the first hitting time
(and thus for the first return time), i.e.

µ(Al)ΦAl

L(µ)
=⇒ ΦExp for l→∞. (1.29)
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Proof. (i) Let Fl be the distribution function of µ(Al)ΦAl and FExp the one of ΦExp.
We prove the theorem by contradiction. So assume (1.29) fails, i.e. there is some
metric d on S (e.g. the Prokhorov metric) which characterises weak convergence and
some ε > 0 such that some subsequence (Flj)j≥1 fails to converge, i.e.

d(Flj , FExp) > ε ∀ j ≥ 1.

But due to lemma 1.4.6 there exists a further subsequence with indices kj := lij and

random elements Φ and Φ̃ such that

µ(Akj)ΦAkj

µ
=⇒ Φ and µ(Akj)Φ̃Akj

µAl=⇒ Φ̃

holds. In the second step, we will show that for the finite-dimensional distribution
function F

[d]
kj

and F̃
[d]
kj

of Φ and Φ̃ the assumptions (1.26)-(1.28) already imply for
every d ≥ 1

F̃
[d]
kj
− F [d]

kj
−→ 0

on a dense set. Hence we can use theorem 1.4.9 for the subsequence to show that we
have in fact convergence to ΦExp, which is a contradiction.
(ii) Fix d ≥ 1. Note that on {ϕAl > ml} we can rewrite for every l ≥ 1

Φ
[d]
Al

= Φ
[d]
Al
◦ Tml + (ml, 0, . . . , 0).

Now multiplying this with µ(Al) and using (1.26) we get

µ(Al)Φ
[d]
Al
− µ(Al)Φ

[d]
Al
◦ Tml =

(
µ(Al)ml, 0 . . . , 0

)
→
(
0, . . . , 0

)
where the convergence is even in probability, with respect to µAl . Consequently we
know that

µ(Akj)ΦAkj

µAkj
=⇒ Φ̃ implies µ(Akj)ΦAkj

◦ Tmkj
µAkj
=⇒ Φ̃.

If we define

ul =
d(µAl ◦ T−ml)

dµ
= T̂ml

(
µ(Al)

−1
1Al

)
we can rewrite this as

µ(Akj)ΦAkj

ukj�µ
=⇒ Φ̃.

On the other hand, µ(Akj)ΦAkj

µ
=⇒ Φ implies

µ(Akj)ΦAkj

ukj�µ
=⇒ Φ
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by theorem 1.4.11 because ul ∈ U for all l by assumption (1.28). Consequently, Φ̃
and Φ have the same distribution and therefore their finite dimensional distribution
functions fulfil

F̃
[d]
kj
− F [d]

kj
−→ 0

on a dense set (the continuity points of F ). By theorem 1.4.9 this contradicts the
assumption that we do not have convergence to an ΦExp.

Note that this theorem immediately implies the one-dimensional version, theorem
1.3.2. In the next chapter we will show an alternative way to find exponential laws for
rare events. In contrast to the theorem above, we will use conditions which depend
on the mixing properties of the system.
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Chapter 2

An approach via extremal
behaviour

This chapter follows the idea of some papers of Jorge Milhazes Freitas, namely
[3,4,7,5,8]. We strengthen our assumption on µ in such a way that we now want
it to be equivalent to the reference measure λ. We start with showing what it means
that the maximum of some sequence has an extreme value law and specify the right
conditions that such a law exists in the presence and absence of periodicity. It is
quite simple to connect hitting times and extreme values by identifying the small
sets from chapter 1 with topological ε-balls around some point x∗. If we consider a
suitable function of the distance to x∗ in each time step, not visiting the ball equals
the maximum of the sequence being smaller than some bound depending on ε. In
section 2.2 we will examine that the occurrence of hitting time statistics and so called
extreme value laws is equivalent. Finally, we define a point process that counts how
often a sequence exceeds some level un. Also in this situation we will find a certain
limit behaviour.

As already mentioned in the introduction, we look for an observable f : X → R̄
such that Xn := f ◦ T n corresponds to the (negative) distance of some point x∗, i.e.
it possesses a global maximum at x∗. We choose

Xn(x) = (f ◦ T n)(x) := −µ
(
B|Tnx−x∗|(x

∗)
)

since it fulfils a number of worthy properties, for example

EB1 If u is close to the maximum, the event Uu = {X0 > u} describes a ball around
x∗ and the radius of the ball depends on u continuously.

EB2 Let x∗ be a repelling periodic point of minimal period p. Then for big enough
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u

{X0 > u} ∩ {Xj > u}

{
= ∅ for 1 ≤ j < p

6= ∅ for j = p

holds. Additionally, since x∗ is repelling, the pre-image of the ball is again a
ball of smaller radius. We want to specify the quantity of the growth with some
parameter θ ∈ ]0, 1[ such that

µ

(
i⋂

j=0

T−jp(X0 > u)

)
= µ

(
i⋂

j=0

(Xjp > u)

)
∼ (1− θ)iµ(X0 > u) (2.1)

holds for large u.

2.1 Extreme value laws

We start by proving the existence of a limit distribution for the random variable
measuring the maximum of a stationary sequence. We follow 3.1-3.4 of [3]. As in [4]
we define

Mi,j = max
{
Xi, Xi+1, . . . , Xi+j−1

}
and Mn := M0,n−1. Similar as in the first chapter, we look for normalising sequences
an and bn such that

µ
(
an(Mn − bn) ≤ y

) n→∞−−−→ H(y) (2.2)

holds for some non-trivial distribution function H. We say in this situation, the
sequence (Xn)n≥1 has the extreme value law (abbreviated EVL) H. Note that
since µ is a probability measure, our choice of f implies that the range of Xn (and
therefore of Mn) is [−1, 0]. For our choice of (Xn)n≥0, it turns out that the right
normalisation is given by an = n and bn = 0, which is motivated from the i.i.d. case.
The next proposition makes this a little bit clearer. To shorten notation we will write
un = y/n.

Proposition 2.1.1. For the sequence un = y/n we get for all y ≤ 0

nµ(X0 > un) = −y. (2.3)

For y ≥ 0, the left hand side expression is 0.
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Proof. Defining l(γ) = inf{η > 0 : µ(Bη(x
∗)) = γ}, we get

nµ(X0 > un) = nµ
(
− µ(B|x−x∗|(x

∗)) > un

)
= nµ

(
µ(B|x−x∗|(x

∗)) < −un
)

= nµ
(
µ(B|x−x∗|(x

∗)) < µ(Bl(−un)(x
∗))
)

= nµ
(
|x− x∗| < l(−un)

)
= nµ

(
Bl(−un)(x

∗)
)

= −nun = −y.

For y ≥ 0, the measure is zero since the range of X0 is given by [−1, 0].

Now (2.3) would be very useful if we were in the classical i.i.d. case, as shown in
[3]. If F is the distribution function of Xn, then we would get by independence

µ(Mn ≤ un) = µ

(
n−1⋂
j=0

Xj ≤ un

)
= F (un)n = (1− µ(X0 > un))n =

(
1− −y

n

)n
→ ey

for all y ≤ 0. Clearly the i.i.d. setting does not apply in an general dynamical
system. To get limit law nevertheless, we need some extra conditions. We follow the
notation of [4] and [15].

Definition 2.1.2. A sequence (Xn)n≥0 fulfils condition D2(un) if for all l, t and n
we have

|µ({X0 > un} ∩ {Ml ◦ T t ≤ un})− µ(X0 > un)µ(Ml ≤ un)| ≤ γ(n, t),

where γ(n, t) is decreasing in t for each n and

nγ(n, tn)→ 0 for n→∞

holds for some sequence (tn)n≥0 ∈ o(n).

Intuitively D2(un) ensures that the further we look into the future, the more we
gain independence from our first observation X0. A second condition, stated in [3],
is given by

Definition 2.1.3. Assume a sequence (Xn)n≥0 fulfils condition D2(un). Then it
fulfils in addition D′(un) if there exists a diverging sequence (kn)n≥1 of integers such
that

lim
n→∞

n

bn/knc∑
j=1

µ({X0 > un} ∩ {Xj > un}) = 0

is true and
(kntn)n≥0 ∈ o(n)

holds for the sequence (tn)n≥1 from condition D2(un).
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Regardless of its technical flavour condition D′(un) can be seen as an easy way
to impede multiple exceedances in a ’short’ period of time. This behaviour, called
clustering, occurs for periodic points and will be reconsidered in section 2.1.2. For
the moment, as un increases, we want isolated exceedances. To prove the existence
of an EVL we first need two technical but helpful lemmas. To shorten the notation,
we abbreviate Uu := {X0 > u} and Mj

i := {Mi,j ≤ u}.

Lemma 2.1.4. For s, t ∈ N0 and m ∈ N we have

|µ(Ms+t+m
0 )− µ(Ms

0 ∩Mm
s+t)| ≤ tµ(Uu).

Proof. First notice that

Ms
0 ∩Mm

s+t = (Ms
0 ∩Mt

s ∩Mm
s+t) ]

(
Ms

0 ∩Mm
s+t ∩ (Mt

s)
c
)

=Ms+t+m
0 ]

(
Ms

0 ∩Mm
s+t ∩ (Mt

s)
c
)

holds and by stationarity of (Xn)n≥0 we also get µ(Xn ≤ u) = µ(X0 ≤ u). So a short
calculation gives

µ(Ms
0 ∩Mm

s+t)− µ(Ms+t+m
0 ) = µ

(
Ms

0 ∩Mm
s+t ∩ (Mt

s)
c
)
≤ µ

(
(Mt

s)
c
)

= µ
(
(Mt

0)
c
)

= µ

(
t−1⋃
j=0

{Xj > u}

)
≤

t−1∑
j=0

µ({Xj > u}) = tµ(Uu),

where we used stationarity of Mn in the second equality.

We will use this result later also for m = 0. In this case, we define M0
j = X for

every j. The proof then starts with

µ(Ms
0)− µ(Ms+t

0 ) = µ(Ms
0 \Ms+t

0 ) = µ
(
Ms

0 ∩ (Ms+t
0 )c

)
= µ({Ms ≤ u} ∩ {Ms+t > u}) = µ({Ms ≤ u} ∩ {Ms,t > u})
= µ

(
Ms

0 ∩ (Mt
s)
c
)

and continues analogously.

Lemma 2.1.5. For any non-negative integers s, t and m we have

|µ(Ms
0 ∩Mm

s+t)− µ(Mm
0 )
(
1− sµ(Uu)

)
|

≤
∣∣∣sµ(Uu)µ(Mm

0 )−
s−1∑
j=0

µ(Uu ∩Mm
s+t−j)

∣∣∣+ 2s
s−1∑
j=1

µ(Uu ∩ T−jUu).
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Proof. First we use the triangle inequality to show

|µ(Ms
0 ∩Mm

s+t)− µ(Mm
0 )
(
1− sµ(Uu)

)
|

≤
∣∣∣sµ(Uu)µ(Mm

0 )−
s−1∑
j=0

µ(Uu ∩Mm
s+t−j)

∣∣∣
+
∣∣∣µ(Ms

0 ∩Mm
s+t)− µ(Mm

0 ) +
s−1∑
j=0

µ(Uu ∩Mm
s+t−j)

∣∣∣
For the second term, note that

µ(Mm
0 ) = µ(Mm

s+t) = µ(Ms
0 ∩Mm

s+t) + µ
(
(Ms

0)
c ∩Mm

s+t

)
holds by stationarity. Therefore we obtain

∣∣∣µ(Ms
0 ∩Mm

s+t)− µ(Mm
0 ) +

s−1∑
j=0

µ(Uu ∩Mm
s+t−j)

∣∣∣
=

∣∣∣∣∣
s−1∑
j=0

µ(Uu ∩Mm
s+t−j)− µ

(
(Ms

0)
c ∩Mm

s+t

)∣∣∣∣∣
=

∣∣∣∣∣
s−1∑
j=0

µ(Uu ∩Mm
s+t−j)− µ

(
s−1⋃
i=0

T−iUu ∩Mm
s+t

)∣∣∣∣∣
=

∣∣∣∣∣
s−1∑
j=0

µ(T−jUu ∩Mm
s+t)− µ

(
s−1⋃
i=0

T−iUu ∩Mm
s+t

)
︸ ︷︷ ︸

≥0

∣∣∣∣∣
≤

s−1∑
j=0

j−1∑
i=0

µ
(
T−jUu ∩ T−iUu

)
≤ 2s

s−1∑
j=1

µ
(
Uu ∩ T−jUu

)
.

The next proposition is the actual core result in this section. The existence of a
EVL will be a direct consequence. It is inspired by [3] but differs slightly.
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Proposition 2.1.6. Let n, t ∈ N be fixed and choose l, k ∈ N such that l = bn/kc
and lµ(Uu) < 2. Then we have

∣∣µ(Mn
0 )−

(
1− lµ(Uu)

)k∣∣ ≤ 2ktµ(Uu) + 2n
l−1∑
j=1

µ(Uu ∩ T−jUu)

+ k max
1≤i≤k

∣∣∣∣∣lµ(Uu)µ
(
M(i−1)(l+t)

0

)
−

l−1∑
j=0

µ
(
Uu ∩M(i−1)(l+t)

l+t−j

)∣∣∣∣∣.
Proof. In the remark after lemma 2.1.4 we established∣∣∣µ(Mn

0 )− µ
(
Mk(l+t)

0

)∣∣∣ ≤ ktµ
(
U(un)

)
.

Now our two lemmas from before show∣∣∣µ(Mk(l+t)
0

)
−
(

1− lµ(Uu)
)
µ
(
M(i−1)(l+t)

0

)∣∣∣
≤
∣∣∣µ(Mi(l+t)

0

)
− µ

(
Ml

0 ∩M
(i−1)(l+t)
l+t

)∣∣∣
+
∣∣∣µ(Ml

0 ∩M
(i−1)(l+t)
l+t

)
−
(

1− lµ(Uu)
)
µ
(
M(i−1)(l+t)

0

)∣∣∣
≤ tµ(Uu) +

∣∣∣∣∣lµ(Uu)µ
(
M(i−1)(l+t)

0

)
−

l−1∑
j=0

µ
(
Uu ∩M(i−1)(l+t)

l+t−j

)∣∣∣∣∣
+ 2l

l−1∑
j=1

µ(Uu ∩ T−jUn)

≤ tµ(Uu) + max
1≤i≤k

∣∣∣∣∣lµ(Uu)µ
(
M(i−1)(l+t)

0

)
−

l−1∑
j=0

µ
(
Uu ∩M(i−1)(l+t)

l+t−j

)∣∣∣∣∣
+ 2l

l−1∑
j=1

µ(Uu ∩ T−jUn) =: Υ.

Note that in the inequality above we additionally get∣∣µ(Ml+t
0

)
−
(
1− lµ(Uu)

)∣∣ ≤ Υ

if we choose i = 1. Since lµ(Un) is smaller 2 by assumption, clearly |1− lµ(Un)| < 1
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holds true. Now we can recursively estimate∣∣∣µ(Mk(l+t)
0

)
−
(
1− lµ(Uu)

)k∣∣∣
=

∣∣∣∣∣
k−1∑
i=0

((
1− lµ(Uu)

)k−1−i
µ
(
Mi(l+t)

0

)
−
(
1− lµ(Uu)

)k−i
µ
(
M(i−1)(l+t)

0

))∣∣∣∣∣
≤

k−1∑
i=0

∣∣∣∣∣(1− lµ(Uu)
)k−1−i

µ
(
Mi(l+t)

0

)
−
(
1− lµ(Uu)

)k−i
µ
(
M(i−1)(l+t)

0

)∣∣∣∣∣
=

k−1∑
i=0

∣∣∣1− lµ(Uu)
∣∣∣k−1−i∣∣∣∣∣µ(Mi(l+t)

0

)
−
(
1− lµ(Uu)

)
µ
(
M(i−1)(l+t)

0

)∣∣∣∣∣
≤

k−1∑
i=0

∣∣∣1− lµ(Uu)
∣∣∣k−1−iΥ ≤ kΥ.

Finally we can conclude∣∣µ(Mn
0 )−

(
1− lµ(Uu)

)k∣∣
≤
∣∣µ(Mn

0 )− µ
(
Mk(l+t)

0

)∣∣+
∣∣µ(Mk(l+t)

0

)
−
(
1− lµ(Uu)

)k∣∣
≤ ktµ(Uu) + kΥ,

which is exactly what we wanted to show.

2.1.1 EVL for the non-clustering case

With the proposition above, it is rather easy to show the existence of an extreme
value law.

Theorem 2.1.7. If (Xn)n≥1 fulfils the conditions D′(un) and D2(un), then we see
an extreme value law with standard exponential distribution function, i.e.

lim
n→∞

µ(Mn ≤ un) = lim
n→∞

µ(nMn ≤ y) =

{
ey for y ≤ 0

1 for y > 0.

As in [3] we use the foregoing proposition for the proof.

Proof. Use 2.1.6 with l = bn/knc, k = kn and t = tn as in the conditions D′(un) and
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D2(un). Then we get∣∣∣∣µ(Mn ≤ un)−
(

1−
⌊
n

kn

⌋
µ(X0 > un)

)kn∣∣∣∣
≤ 2kntnµ(X0 > un) + 2n

bn/knc−1∑
j=1

µ(X0 > un ∩Xj > un)

+ kn max
1≤i≤kn

∣∣∣∣lµ(X0 > un)µ(M(i−1)(l+tn) ≤ un)−
l−1∑
j=0

µ
(
X0 > un ∩M(i−1)(l+tn)

l+tn−j

)∣∣∣∣.
By D′(un) the first two terms vanish. To prove that this holds also for the last term,
we calculate

kn max
1≤i≤kn

∣∣∣∣lµ(X0 > un)µ(M(i−1)(l+tn) ≤ un)−
l−1∑
j=0

µ
(
X0 > un ∩M(i−1)(l+tn)

l+tn−j

)∣∣∣∣
= kn max

1≤i≤kn

∣∣∣∣ l−1∑
j=0

(
µ(X0 > un)µ(M(i−1)(l+tn) ≤ un)− µ

(
X0 > un ∩M(i−1)(l+tn)

l+tn−j

))∣∣∣∣
≤ kn max

1≤i≤kn

l−1∑
j=0

∣∣∣∣µ(X0 > un)µ(M(i−1)(l+tn) ≤ un)− µ
(
X0 > un ∩M(i−1)(l+tn)

l+tn−j

)∣∣∣∣
≤ kn max

1≤i≤kn
lγ(n, tn) = kn

⌊
n

kn

⌋
γ(n, tn)

n→∞−−−→ 0.

Now on the left side we use (2.3) to get(
1−

⌊
n

kn

⌋
µ(X0 > un)

)kn
∼
(

1− −y
kn

)kn
= ey.

Exponential law for the Folklore maps - Part 2

As in the first chapter, we now try to apply the established theory on our class of
examples, the Folklore maps. Independent of our chosen size for the balls, we can
show condition D2(un) with theorem 1.1.3. Since indicator functions are in L1(µ)
and have bounded variation, we get∣∣µ({X0 > un} ∩ {Ml ◦ T t ≤ un})− µ({X0 > un})µ({Ml ≤ un})

∣∣
≤ Kµ(X0 > un)

∣∣∣∣1{Ml≤un}
∣∣∣∣
BV
· qt ≤ 3K · qt
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for some q ∈ ]0, 1[. Hence we can for example choose tn =
√
n and we get D2(un).

Now to show D′(un), take kn = 3
√
n such that (kntn)n≥1 = o(n). Note that by

decay of correlations, we get

µ({X0 > un} ∩ {Xj > un}) ≤ µ(X0 > u)µ(Xj > u)

+K
∣∣∣∣1{X0>u}

∣∣∣∣
BV

∣∣∣∣1{Xj>u}∣∣∣∣L1(µ) · qn
≤ µ(X0 > un)2 + 3Kµ(X0 > un) · qn.

Now we prove that if the radius of the ball gets smaller and smaller, the min-
imal return time of the set tends to infinity. We show this for some subsequence
(Ank)k≥1 := ({X0 > unk})k≥1 and use the fact that ϕAn ≤ ϕAn+1 holds. We want to
have

µAnk
(
ϕAnk ≤ k

)
= 0 (2.4)

so we fix and define εk = min1≤j≤k |T jx∗−x∗| > 0. Let γ be the radius of the largest
ball around x∗ such that T and it’s first k iterations are continuous on that ball.
Now choose δk < γ so small that

|x∗ − x| < δk ⇒ |T jx− T jx∗| < εk
2

holds. Then we have for all such close x and for 1 ≤ j ≤ k

|x∗ − T jx| ≥ |x∗ − T jx∗| − |T jx∗ − T jx| > εk
2
> δk. (2.5)

Hence if we choose nk in such a way that the radius of the associated ball is smaller
than δk, (2.4) is fulfilled. This ensures the existence of some Rn ↗∞ such that

µ(An ∩ T−jAn) = 0 for all j < Rn.

But then we can conclude using proposition 2.1.1

lim
n→∞

n

bn/knc∑
j=1

µ(An ∩ T−jAn) = lim
n→∞

n

bn/knc∑
j=Rn

µ(An ∩ T−jAn)

≤ lim
n→∞

n

⌊
n

kn

⌋
µ(An)2 + 2nµ(An)K

bn/knc∑
j=Rn

qj

≤ lim
n→∞

(nµ(An))2

kn
+ 2nµ(An)K

∞∑
j=Rn

qj

= lim
n→∞

y2

kn
− 2yK

∞∑
j=Rn

qj = 0.
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2.1.2 EVL for the clustering case

If the point x∗ is periodic and repelling, then we get the same sort of periodicity for
Xn and exceedances may accumulate in a short time period. Unsurprisingly we have
to use some different concepts to prove existence of an EVL. The main problem is
that since (2.1) holds there exists a parameter θ ∈ ]0, 1[ with

µ(X0 > u ∩Xp > u) ∼ (1− θ)µ(X0 > u).

Hence condition D′(un) cannot be true any longer. As in [5], we get by (2.3) and
EB2

n

bn/knc∑
j=1

µ(X0 > un ∩Xj > un) ≥ nµ(X0 > un ∩Xp > un)
n→∞−−−→ (1− θ)(−y).

Since this condition was crucial for proving the existence of an EVL, we have to
replace it with some alternative. First we define the annulus of un to be

Qp(u) := {X0 > u} ∩ {Xp ≤ u}.

This set represents the points that fail to return into the ball after p steps. Besides
we define

Qp,s,l(u) :=
s+l−1⋂
i=s

T−i
(
Qp(u)

)c
,

which corresponds to no entrances to the annulus from time s to s+ l− 1. As in [5],
before getting to the actual EVL, we need the following proposition.

Proposition 2.1.8. If x∗ is a repelling periodic point of minimal period p such that
EB1 and EB2 are fulfilled, then we have

lim
n→∞

µ(Mn ≤ un) = lim
n→∞

µ(Qp,0,n).

Proof. First we observe

{Mn ≤ un} =
n−1⋂
i=0

T−i({X0 ≤ un}) ⊆
n−1⋂
i=0

T−i({X0 ≤ un} ∪ {Xp > un}) = Qp,0,n.

Now consider Qp,0,n \ {Mn ≤ un}. Those are all sets which do not enter any the
annulus, but nevertheless have at least one exceedance up to time n. Denote the
first of those times with i. Then p time steps later, we have to have an exceedance
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again, since the only way to leave {X0 > un} in p steps is by ending up in the annulus
Qp(un). But we already know this does not happen. The same argument holds for
every other multiple of p, hence {Xi+jp > un} occurs for all i+ jp < n. Thereby we
showed

Qp,0,n \ {Mn ≤ un} ⊆
n−1⋃
i=0

b(n−1−i)/pc⋂
j=0

{Xi+jp > un}.

Now it is not hard to see

µ(Qp,0,n)− µ(Mn ≤ un) = µ

(
n−1⋃
i=0

b(n−1−i)/pc⋂
j=0

{Xi+jp > un}

)

= µ

(
n−1⋃
i=0

T−i
( b(n−1−i)/pc⋂

j=0

T−jp({X0 > un})
))

≤
n−1∑
i=0

µ

(
T−i
( b(n−1−i)/pc⋂

j=0

T−jp({X0 > un})
))

=
n−1∑
i=0

µ

( b(n−1−i)/pc⋂
j=0

T−jp({X0 > un})

)
EV 2∼

n−1∑
i=0

(1− θ)b(n−1−i)/pcµ(X > un)

≤ µ(X > un)︸ ︷︷ ︸
→0

p

1− (1− θ)
→ 0.

The ideas to proof existence of an EVL in the clustering case a similar to the
ones before, but now annuli play the part of the sets T−j{X0 ≥ u}. Following [5],
we introduce new conditions the sequence has to satisfy. The first one captures the
ideas from EV1 and EV2.

Definition 2.1.9. A sequence (Xn)n≥0 fulfils condition SPp,θ for p ∈ N and θ ∈ [0, 1]
if

lim
n→∞

sup
0<j<p

µ(Xj > un|X0 > un) = 0 and lim
n→∞

µ(Xp > un|X0 > un)→ (1− θ)

42



and furthermore

lim
n→∞

b(n−1)/pc∑
i=0

µ
( i⋂
j=0

{Xjp > un}
)

= 0

for any sequence (un)n≥0) = (y/n)n≥0 with y ≤ 0.

Note that this condition together with (2.3) implies

nµ(X0 > un ∩Xp ≤ un) = nµ(X0 > un)µ(Xp ≤ un|X0 > un)
n→∞−−−→ −yθ. (2.6)

We need two more conditions from [5]:

Definition 2.1.10. • A sequence fulfils condition Dp(un) if for any integers l, t
and n ∣∣µ(Qp(un) ∩Qp,t,l(un)

)
− µ

(
Qp(un)

)
µ
(
∩Qp,0,l(un)

)∣∣ ≤ γ(n, t)

holds where γ(n, t) is non-increasing in t and

nγ(n, tn)→ 0 for n→∞

holds for some sequence (tn)n≥0 ∈ o(n).

• A sequence (Xn)n≥0 fulfils condition D′p(un) if it fulfils Dp(un) and additionally
we have

lim
n→∞

n

bn/knc∑
j=1

µ
(
Qp ∩ T−j(Qp)

)
= 0,

where kn goes to infinity such that (kntn)n≥0 ∈ o(n) for (tn)n≥0 from condition
Dp(un).

Condition Dp(un) resembles D2(un) the same way D′p(un) resembles D′(un) up
to the fact that we replaced {X0 > un} with the annulus Qp(un). So analogously to
theorem 2.1.7 we can now state

Theorem 2.1.11. If for the sequence (Xn)n≥0 the conditions Dp(un), D′p(un) and
SPp,θ(un) hold for some p ∈ N and θ ∈ ]0, 1[, we get the limit law

lim
n→∞

µ(Mn ≤ un) = lim
n→∞

µ
(
Qp,0,n(un)

)
= eθy

for all y ≤ 0 and 1 for y > 0. We say in this case the sequence has extremal index
0 < θ < 1.
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We follow the proof from [5], therefore we need two lemmas.

Lemma 2.1.12. For any integers p and l ∈ N and s ∈ N0 and real number u we
have

s+l−1∑
j=s

µ
(
T−jQp(u)

)
≥ µ

(
Qp,s,l(u)c

)
≥

s+l−1∑
j=s

µ
(
T−jQp(u)

)
−

s+l−1∑
j=s

s+l−1∑
i=s,i 6=j

µ
(
T−jQp(u) ∩ T−iQp(u)

)
.

Proof. The first inequality comes in fact with the subadditivity of the measure by

Qp,s,l(u)c =

(
s+l−1⋂
j=s

T−j
(
Qp(u)

)c)c

=
s+l−1⋃
j=s

T−j
(
Qp(u)

)
.

The second inequality is a rough estimate for the error we make by the first one.
Denote T−jQp(u) = Aj. By summing up the measures of the single Aj’s, we count
subsets which are in the intersection of k single sets k times. We fix this by sub-
tracting it 2k times with the double sum.

Lemma 2.1.13. Let t, m, l and s be non-negative integers and u ∈ R. Then on one
hand we have

µ
(
Qp,s,l(u)

)
− µ

(
Qp,s,l+t(u)

)
≤ tµ

(
Qp(u)

)
(2.7)

and on the other hand∣∣∣∣µ(Qp,0,s+t+m(u)
)
− µ

(
Qp,0,m(u)

)
+

s−1∑
j=0

µ
(
Qp(u) ∩Qp,s+t−j,m(u)

)∣∣∣∣
≤ tµ

(
Qp(u)

)
+ 2s

s−1∑
j=1

µ
(
Qp(u) ∩ T−jQp(u)

)
. (2.8)

We adapt the proof of a similar result for the non-clustering case from [4].

Proof. Proofing the inequality (2.7) works completely analogous to lemma 2.1.4, in
fact both statements are the same but this time we consider annuli. So to show (2.8)
we observe that we can decompose

Qp,0,s+t+m = Qp,0,s ∩Qp,s,t ∩Qp,s+t,m.
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Thus (
Qp,0,s ∩Qp,s+t,m

)
\ Qp,0,s+t+m ⊆ Qcp,s,t.

By σ-subadditivity we obtain

µ(Qp,0,s ∩Qp,s+t,m)− µ(Qp,0,s+t+m) ≤µ(Qcp,s,t) = µ

(
s+t−1⋃
i=s

T−iQp(u)

)

≤
s+t−1∑
i=s

µ
(
T−iQp(u)

)
= tµ

(
Qp(u)

)
. (2.9)

By stationarity we get furthermore

µ(Qp,0,s ∩Qp,s+t,m) = µ(Qp,s+t,m)− µ(Qcp,0,s ∩Qp,s+t,m)

= µ(Qp,0,m)− µ(Qcp,0,s ∩Qp,s+t,m)

≥ µ(Qp,0,m)−
s−1∑
j=0

µ
(
T−jQp(u) ∩Qp,s+t,m

)
.

The non-trivial inequality of lemma 2.1.12 and stationarity lead us to

µ(Qp,0,s ∩Qp,s+t,m) = µ(Qp,s+t,m)− µ(Qcp,0,s ∩Qp,s+t,m)

= µ(Qp,0,m)− µ(Qcp,0,s ∩Qp,s+t,m)

≤ µ(Qp,0,m)−
s−1∑
j=0

µ
(
T−jQp(u) ∩Qp,s+t,m

)
+

s−1∑
j=0

s−1∑
l=0,j 6=l

µ
(
T−jQp(u) ∩ T−lQp(u) ∩Qp,s+t,m

)
.
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The two foregoing inequalities together give∣∣∣∣µ(Qp,0,s ∩Qp,s+t,m)− µ(Qp,0,m) +
s−1∑
j=0

µ
(
T−jQp(u) ∩Qp,s+t,m

)∣∣∣∣
≤

s−1∑
j=0

s−1∑
l=0,j 6=l

µ
(
T−jQp(u) ∩ T−lQp(u) ∩Qp,s+t,m

)
≤

s−1∑
j=0

s−1∑
l=0,j 6=l

µ
(
T−jQp(u) ∩ T−lQp(u)

)
=

s−1∑
j=0

s−1∑
l=0,j 6=l

µ
(
Qp(u) ∩ T−|l−j|Qp(u)

)
≤ 2s

s−1∑
j=1

µ
(
Q(u) ∩ T−jQ(u)

)
,

where we reordered the double sum using stationarity. Finally, we can combine this
with 2.9 and conclude∣∣∣∣µ(Qp,0,s+t+m(u)

)
− µ

(
Qp,0,m(u)

)
+

s−1∑
j=0

µ
(
Qp(u) ∩Qp,s+t−j,m(u)

)∣∣∣∣
≤
∣∣µ(Qp,0,s ∩Qp,s+t,m)− µ(Qp,0,s+t+m)

∣∣
+

∣∣∣∣µ(Qp,0,s ∩Qp,s+t,m)− µ(Qp,0,m) +
s−1∑
j=0

µ
(
T−jQp(u) ∩Qp,s+t,m

)∣∣∣∣
≤ tµ

(
Qp(u)

)
+ 2s

s−1∑
j=1

µ
(
Qp(u) ∩ T−jQp(u)

)
.

With all those technical preparations we can now finally proof the theorem.

Proof of theorem 2.1.11. We have already shown the first equality in proposition
2.1.8. For the other one, define for the use of D′p(un) k = kn and l = ln := b n

kn
c.

Using (2.7) and Qp(un) ⊆ {X0 > un} we get∣∣µ(Qp,0,n(un)− µ(Qp,0,k(l+t)(un)
)∣∣ ≤ ktµ

(
Qp(un)

)
≤ ktµ(X0 > un). (2.10)
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Now we use (2.8) and stationarity to show for 1 ≤ i ≤ k∣∣µ(Qp,0,i(l+t)(un)
)
−
(
1− lµ(Qp(un))

)
µ
(
Qp,0,(i−1)(l+t)(un)

)
|

≤

∣∣∣∣∣lµ(Qp(un)
)
µ
(
Qp,0,(i−1)(l+t)(un)

)
−

l−1∑
j=0

µ
(
T jQp(un) ∩Qp,l+t,(i−1)(l+t)(un)

)∣∣∣∣∣
+

∣∣∣∣∣
l−1∑
j=0

µ
(
T jQp(un) ∩Qp,l+t,(i−1)(l+t)(un)

)
+ µ(Qp,0,i(l+t)(un))− µ(Qp,0,(i−1)(l+t)(un))

∣∣∣∣∣
≤

∣∣∣∣∣lµ(Qp(un)
)
µ
(
Qp,0,(i−1)(l+t)(un)

)
−

l−1∑
j=0

µ
(
T−jQp(un) ∩Qp,l+t,(i−1)(l+t)(un)

)∣∣∣∣∣
+ tµ(X0 > un) + 2l

l−1∑
j=1

µ
(
Qp(un) ∩ T−jQp(un)

)
:= Γn,i

Note that for the case i = 0 we identify Qp,0,0 with the whole space X. The given
estimate is not good enough, we want to find a bound which is actually independent
of i. Hence we use Dp(un) and the fact that γ(n, t) is non-increasing in t. So

Γn,i =

∣∣∣∣∣
l−1∑
j=0

(
µ
(
Qp(un)

)
µ
(
Qp,0,(i−1)(l+t)(un)

)
− µ

(
T−jQp(un) ∩Qp,l+t,(i−1)(l+t)(un)

))∣∣∣∣∣
+ tµ(X0 > un) + 2l

l−1∑
j=1

µ
(
Qp(un) ∩ T−jQp(un)

)
l−1∑
j=0

∣∣∣∣∣µ(Qp(un)
)
µ
(
Qp,0,(i−1)(l+t)(un)

)
− µ

(
Qp(un) ∩Qp,l+t−j,(i−1)(l+t)(un)

)∣∣∣∣∣
+ tµ(X0 > un) + 2l

l−1∑
j=1

µ
(
Qp(un) ∩ T−jQp(un)

)
≤ lγ(n, t) + tµ(X0 > un) + 2l

l−1∑
j=1

µ
(
Qp(un) ∩ T−jQp(un)

)
:= Υn.

In (2.6) we showed nµ(Qp(un)) → −θy. Hence there exist n and kn large enough
such that

lµ(Qp(un)) ≤
(
n

kn
+ 1

)
µ
(
Qp(un)

)
< 2
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holds. With the exact same induction arguments as in the proof of proposition 2.1.6,
we obtain ∣∣∣µ(Qp,0,k(l+t)(un)

)
−
(
1− lµ(Qp(un))

)k∣∣∣ ≤ kΥn.

Using this together with (2.10) now gives∣∣µ(Qp,0,n(un)
)
−
(
1− lµ(Qp(un))

)k∣∣ ≤ ∣∣µ(Qp,0,n(un)− µ(Qp,0,k(l+t)(un)
)∣∣

+
∣∣µ(Qp,0,k(l+t)(un)

)(
1− lµ(Qp(un))

)k∣∣
≤ ktµ

(
Qp(un)

)
+ kΥn.

Note that by (2.6) the subtrahend converges

lim
n→∞

(
1−

⌊n
k

⌋
µ
(
Qp(un)

))k
∼ lim

n→∞

(
1−

nµ
(
Qp(un)

)
k

)k
∼ lim

n→∞

(
1− −θy

k

)k
= eθy.

So it suffices to show that ktµ
(
Qp(un)

)
+ kΥn vanishes in the limit, i.e.

lim
n→∞

ktµ
(
Qp(un)

)
+ ktµ(X0 > un) + klγ(n, t) + 2kl

l−1∑
j=1

µ
(
Qp(un) ∩ T−jQp(un)

)
= 0.

Since we took k = kn and t = tn as in D′p(un), we know that the first part vanishes

since kt = kntn ∈ o(n) and by (2.3) nµ
(
Qp(un)

)
≤ nµ(X0 > un) = −y for un = y/n

holds. The same argument applies for the second term. The product nγ(n, t) goes
to zero by Dp(un) and finally the sum vanishes by D′p(un) again.

2.1.3 Classic distributions for independent sequences

In [3] and [7], there are three families of distribution functions presented which occur
in the study of maxima of independent random sequences. The Gumbel extreme
value distribution is given by

F (y) = e−e
−y

for y ∈ R,

the family of Fréchet extreme value distributions for α > 0 by

F (y) =

{
e

1
yα for y > 0

0 else
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and finally the Weibull family of distributions for α > 0 by

F (y) =

{
1 for y > 0

e−(−y)
α

for y ≤ 0.

As a matter of fact, with the right normalisation we can find those distribution
in our system, too. Consider

F (y) = µ
(
γnψ(Mn)− ϑn ≤ y

)
.

• The choice ψ(x) = − ln(−x), γn = 1 and ϑn = lnn gives

µ
(
− ln(−Mn)− lnn ≤ y

)
= µ

(
− ln(−Mn) ≤ y + lnn

)
= µ

(
ln(−Mn) ≥ −(y + lnn)

)
= µ

(
−Mn ≥ e−(y+lnn)

)
= µ

(
nMn ≤ −ne−(y+lnn)

)
= µ

(
nMn ≤ −e−y

)
→ e−e

−y
,

so the Gumbel distribution.

• To get Weibull in the limit, we choose ψ(x) = (−x)
1
α , γn = −n 1

α and ϑn = 0.
Then for y ≤ 0 we obtain

µ
(
− n

1
α (−Mn)

1
α ≤ y

)
= µ

(
(−Mn)

1
α ≥ −y

n
1
α

)
= µ

(
−Mn ≥

(−y)α

n

)
= µ

(
nMn ≤ −(−y)α

)
→ e−(−y)

α

and for y > 0

µ
(
− n

1
α (−Mn)

1
α ≤ y

)
= µ

(
(−Mn)

1
α︸ ︷︷ ︸

≥0

≥ −y
n

1
α︸︷︷︸
≤0

)
= 1.

2.2 Connection between extreme value laws and

hitting-time statistics

Now there is a certain duality between hitting times and extreme values, in fact,
they are two sides of the same coin. Notice for a ball with radius r around some
point x∗ we have the following useful
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Lemma 2.2.1. Let Mn and ϕ be defined as above. Then we have{
ϕBr(x∗) > n

}
=
{
Mn ◦ T ≤ −µ

(
Br(x

∗)
)}
.

Proof. A short calculation gives{
ϕBr(x∗) > n

}
=
{
∀i ∈ {1, . . . , n} : |T ix− x∗| ≥ r

}
=
{
∀i ∈ {1, . . . , n} : B|T ix−x∗|(x

∗) ⊇ Br(x
∗)
}

=
{
∀i ∈ {1, . . . , n} : µ

(
B|T ix−x∗|(x

∗)
)
≥ µ

(
Br(x

∗)
)}

=
{
∀i ∈ {1, . . . , n} : −µ

(
B|T ix−x∗|(x

∗)
)
≤ −µ

(
Br(x

∗)
)}

=
{
∀i ∈ {1, . . . , n} : Xi ≤ −µ

(
Br(x

∗)
)}

=
{
Mn ◦ T ≤ −µ

(
Br(x

∗)
)}
.

Note that in the third equality we used the equivalence of µ and the reference
measure. The conclusion that two balls with equal measure have equal radius is
wrong, as it depends on the null sets of the measure. Following [6] and [3], we can
finally combine HTS and EVL.

Theorem 2.2.2. Let (X,A, µ, T ) be a dynamical system and µ an equivalent prob-
ability measure with respect to Lebesgue. Let Mn be defined as above. Then we have
hitting time statistics for small balls around x∗ if and only if we have an extreme
value law for Mn. In particular we get

nMn
µ

=⇒ R if and only if µ
(
Bl(x

∗)
)
ϕBl(x∗)

µ
=⇒ −R.

The proof follows the ideas of [6]. However, by our choice of Xn it gets simplified
since we have now limits in (2.3).

Proof. (i) Assume we have hitting time statistics for balls. By a short calculation
we obtain

{Mn ≤ un} =
n−1⋂
j=0

{Xj ≤ un} =
n−1⋂
j=0

{
x : −µ(B|T jx−x∗|(x

∗)) ≤ un
}

=
n−1⋂
j=0

{
x : µ

(
B|T jx−x∗|(x

∗)
)
≥ −un

}
.
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Figure 2.1: The two distribution functions for the exponential case

Recalling l(γ) = inf{η > 0 : µ(Bη(x
∗)) = γ} we can continue

µ({Mn ≤ un}) = µ

(
n−1⋂
j=0

{
x : µ

(
B|T jx−x∗|(x

∗)
)
≥ µ

(
Bl(−un)(x

∗)
)})

= µ

(
n−1⋂
j=0

{
x : |T jx− x∗| ≥ l(−un)

})

= µ

(
n⋂
j=1

{
x : |T jx− x∗| ≥ l(−un)

}
◦ T−1

)
= µ

({
x : ϕBl(−un)(x

∗)(x) > n
})

(2.11)

Note that we have

n =
y

un
=

−y
µ(Bl(−un)(x

∗))
. (2.12)

Now we can conclude

H(y) = lim
n→∞

µ(Mn ≤ un) = lim
n→∞

µ

(
ϕBl(−un)(x

∗)(x) >
−y

µ(Bl(−un)(x
∗))

)
= 1−G(−y).
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(ii) To show the other direction, we use almost the same strategy. Let (δn)n≥0 be a
sequence of decreasing radii, in particular δn → 0. For the hitting time distribution,
we need positive arguments while y < 0. Hence we define

κn :=

⌈
−y

µ
(
Bδn(x∗)

)⌉

and note that κn → ∞ holds for n → ∞. Since −unn = y holds, we especially get
with (2.3)

−uκn =
y

κn
∼ µ

(
Bδn(x∗)

)
. (2.13)

Now as in (2.11) we get

µ(Mκn ≤ uκn) = µ
(
ϕBl(−uκn )(x

∗) ≥ κn

)
.

Our goal is to show

1−G(−y) = lim
n→∞

µ

(
ϕBδn (x∗) ≥

−y
µ
(
Bδn(x∗)

)) = lim
n→∞

µ
(
Mκn ≤ uκn

)
= H(y).

So we are still missing the first equality. To show it, we use the triangle inequality
for

µ

(
ϕBδn (x∗) ≥

t

µ
(
Bδn(x∗)

))− µ(Mκn ≤ uκn) =
(
µ
(
ϕBδn (x∗) ≥ κn

)
− µ(Mκn ≤ uκn)

)
+

(
µ

(
ϕBδn (x∗) ≥

t

µ
(
Bδn(x∗)

))− µ(ϕBδn (x∗) ≥ κn
))
.

For the first term, observe that if A ⊆ B or B ⊆ A holds, we get

|µ(A)− µ(B)| = µ(A4B).
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With that idea, we obtain∣∣∣µ(ϕBδn (x∗) ≥ κn
)
− µ(Mκn ≤ uκn)

∣∣∣
=
∣∣∣µ(ϕBδn (x∗) ≥ κn

)
− µ

(
ϕBl(−uκn )(x

∗) ≥ κn
)

= µ

(
κn⋃
j=1

T−j
(
Bδn(x∗)4Bl(−uκn )(x

∗)
))

≤
κn∑
j=1

µ
(
T−j

(
Bδn(x∗)4Bl(−uκn )(x

∗)
))

= κnµ
((
Bδn(x∗)4Bl(−uκn )(x

∗)
))

∼ −y
µ
(
Bδn(x∗)

)∣∣µ(Bδn(x∗)
)
− µ

(
Bl(−uκn )(x

∗)
)∣∣

= −y
∣∣∣∣1− µ

(
Bl(−uκn )(x

∗)
)

µ
(
Bδn(x∗)

) ∣∣∣∣ = −y
∣∣∣∣1− −uκn

µ
(
Bδn(x∗)

)∣∣∣∣,
which tends to 0 by (2.13). For the second term, observe that ϕBδn (x∗) is integer-
valued. Hence{

ϕBδn (x∗) ≥
t

µ
(
Bδn(x∗)

)} =

{
ϕBδn (x∗) ≥

⌈
t

µ
(
Bδn(x∗)

)⌉} =
{
ϕBδn (x∗) ≥ κn

}
,

and the difference is 0 in the first place.
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Abstract

Für seltene Ereignisse werden hinreichende Bedingungen formuliert, durch welche
im Grenzübergang eine Exponentialverteilung erzeugt wird. Dies wird durch zwei
verschiedene Herangehensweisen verwirklicht, einerseits durch Annahme bestimmter
Mischungseigenschaften des Systems entsprechend einiger Arbeiten von Jorge Mil-
hazes Freitas, andererseits durch aktuelle Forschungsergebnisse von Roland Zwei-
müller, wobei hierbei auf Mischungseigenschaften verzichtet wird. Die Resultate
werden auf eine Klasse von Intervallabbildungen angewendet.

Wien, 30. August 2016

56


	Exponential laws and Poisson asymptotics
	Interval maps - A first example
	Duality of hitting and return time
	Exponential limits
	Rare event processes
	Connection between the two processes
	Poisson asymptotics


	An approach via extremal behaviour
	Extreme value laws
	EVL for the non-clustering case
	EVL for the clustering case
	Classic distributions for independent sequences

	Connection between extreme value laws and hitting-time statistics


