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Abstract

In this thesis we investigate the effects of massive primary quark production in the process
e+e− → hadrons, using an event-shape variable called “heavy jet mass” (HJM). We calculate the
cross section with respect to this observable up to N2LL accuracy, including non-perturbative
effects and renormalon subtractions. First we perform the fixed order QCD calculation with
massive quarks at next to leading order in the strong coupling constant αs and discuss the problem
of large logarithms in the dijet region. To resum these logarithms we introduce soft-collinear
effective theory (SCET), an effective field theory well suited for the region of interest where just
jets of collinear particles and soft radiation are present in the final state. The part of the cross
section described by SCET, called the “singular contribution”, can be factorized into several
functions, describing the dynamics at the different characteristic energy scales present in the
dijet region. This formula is used to resum the large logarithms by applying a renormalization
group evolution for each factor. To obtain accurate predictions we also implement non-singular
contributions, which are not described by leading order SCET and become important for large
HJM values, and non-perturbative corrections to account for hadronization, which is especially
important for small HJM values. Furthermore, we carry out renormalon subtractions to improve
perturbative convergence. We then check the convergence of our results and examine bottom
mass effects by comparing our results for massive and massless bottom quark pair production
at different energies. This is done for the tagged bottom cross section as well as for all-flavor
production.

Zusammenfassung

In dieser Arbeit benutzen wir die Event-shape Variable “Heavy Jet Mass” (HJM), um die Effekte
von massiver primärer Quarkproduktion im Prozess e+e− → Hadronen zu untersuchen. Wir
berechnen den Wirkungsquerschnitt bezüglich dieser Observable mit der Genauigkeit N2LL,
wobei wir auch nicht-perturbative Effekte und die Subtraktion des führenden Renormalons
miteinbeziehen. Zuerst führen wir die fixed-order QCD Rechnung mit massiven Quarks in erster
Ordnung in der starken Kopplungskonstante αs durch und diskutieren das Problem der großen
Logarithmen in der 2-Jet Region. Um diese großen Logarithmen zu resummieren, führen wir
die soft-collinear effective theory (SCET) ein, eine effektive Feldtheorie, welche gut geeignet ist
um die Phasenraumregion, in der die großen Logarithmen auftreten und in welcher nur Jets
von kollinearen Teilchen und niederenergetische Strahlung im Endzustand vorhanden ist, zu
beschreiben. Der Teil des Wirkungsquerschnitts welcher von SCET beschrieben wird, auch
“singuläre Beiträge” genannt, kann in mehrere Funktionen faktorisiert werden. Diese Funktionen
beschreiben die Dynamik an den unterschiedlichen charakteristischen Energieskalen, welche in der
2-Jet Region auftreten. Diese Faktorisierungsformel wird verwendet um die großen Logarithmen
zu resummieren, indem für jeden Faktor eine Renormierungsgruppen-Evolution angewendet wird.
Um exakte Vorhersagen zu erhalten, implementieren wir auch die nicht-singulären Beiträge,
welche nicht durch die führende Ordnung in SCET beschrieben werden und besonders wichtig
für hohe HJM-Werte sind. Weiters inkludieren wir nicht-perturbative Korrekturen, welche der
Hadronisierung Rechnung tragen und besonders für niedrige HJM-Werte von Bedeutung sind,
und Renormalon-Subtraktionen, welche die störungstheoretische Konvergenz stark verbessern.
Anschließend testen wir die Konvergenz unserer Ergebnisse und untersuchen Bottom Quark
Masseneffekte, indem wir unsere Ergebnisse für massive und masselose Bottom Quark Paar
Produktion bei unterschiedlichen Energien vergleichen. Wir tun dies für den tagged Bottom
Wirkungsquerschnitt, sowie für die Produktion aller Flavor.
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Chapter 1

Introduction

Today we are living in an era of precision physics, in which continuously increasing accuracy at
collider experiments requires high precision calculations to do a proper analysis of experimental
data and discover potential deviations from standard model predictions.

In this context quantum chromodynamics (QCD), the quantum field theory of strong interactions,
is especially interesting for phenomenological as well as theoretical reasons. In high energy
processes, where strongly interacting particles are created, the measured final states are often
found in the form of (hadronic) jets, which are objects containing highly boosted particles,
collineated in specific directions. Due to this fact, a very popular set of observables to test QCD
are event shapes, which measure the geometric form of final state particles [1, 2] and therefore
can be used to study jet properties like the distribution of their broadening. This gives not only
important hints to understand basic features of QCD, but also allows to perform very precise
determinations of the strong coupling constant αs due to the high sensitivity of event shapes to
this fundamental constant [1, 2].

For this purpose often the process e+e− → hadrons is considered, since no parton distribution
functions are involved and theoretical predictions are especially clean. Some popular event shapes
used in this context are thrust, C parameter, and heavy jet mass, which belong to the class of
“2-jet event shapes”, i.e. they give a minimal or maximal value if the final state consists of only
two pencil-like back-to-back jets.

It is observed that fixed order QCD calculations contain logarithmic contributions which become
large close to the dijet region and spoil the perturbative expansion in αs, since corrections of
higher orders are not necessarily small. This is of course a big problem, since it leads to bad
convergence and poor quality of predictions. The origin of this problem is the existence of a
strong hierarchy between the characteristic scales which affect the dynamical process in this
region of phase space, manifesting in logarithms containing fractions of these widely separated
scales. To cure this, one has to resum the logarithms to all orders.

A very convenient way of doing this is by using “soft-collinear effective theory” (SCET) [3–9], an
effective field theory well suited for the dijet region, which makes the relevance of different scales
explicit at the Lagrangian level. It can be shown that the part of the cross section described by
SCET (called the singular contribution) factorizes into distinct functions, where each describes
the dynamics at one characteristic scale. For these functions, separate renormalization group
evolutions can be derived, which individually resum the corresponding logarithms [10–12].

In the past many sudies concerning event shape distributions in e+e− collisions have been carried
out for massless quark production. For center of mass energies Q that are much larger than the
quark mass m (e.g. LEP energies with respect to the bottom quark) this is a valid approximation,
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since mass effects are suppressed by factors of m/Q and give only small corrections. Nevertheless,
the full mass dependence plays an important role in some phenomenological studies and, making
predictions with higher and higher accuracy, detailed information about mass dependencies of
various event shapes should be known at some point.

Considering recent studies, full mass corrections were included in the thrust analysis in [10]
and leading order mass effects were considered in the heavy jet mass analysis in [13] using a
Monte Carlo approach, where it was pointed out that the full form of mass corrections should
be examined at some point. In context of a recent precise αs determination from C parameter
distributions in [14], which assumed massless quarks, the exact massive contribution at NNLL
order was derived in [15], which gave hints that this assumption is valid at least to this accuracy.

In this thesis we examine the full primary quark mass dependence of the heavy jet mass cross
section for e+e− → hadrons. To do so we derive this quantity with massive primary quarks at order
αs, including NNLL resummation, non-perturbative corrections, and renormalon subtractions.

This thesis is organized as follows. In chapter 2 we introduce event shapes in more detail. In
particular, we discuss the heavy jet mass and related quantities.

In chapter 3 we calculate the massive heavy jet mass cross section in fixed order QCD up to
order αs, which was not known analytically before. At the end we point out the problem of large
logarithms and consequently the importance of log resummation.

To set up the theoretical basis for resummation, we give a short introduction to soft-collinear
effective theory in chapter 4 and prove factorization of the singular heavy jet mass cross section
in chapter 5.

In chapter 6 we collect all ingredients for our final result of the heavy jet mass cross section,
which is used in our analysis. This includes in particular the calculations of the functions that
appear in the factorized cross section, the solution of their renormalization group equations
to resum the contained logarithms up to NNLL, the determination of the non-singular part,
the non-perturbative corrections via a model function convolution, and details concerning the
renormalon subtractions.

Finally, in chapter 7 we analyze our results and draw first conclusions. We check convergence
and the impact of bottom mass induced corrections at different energies. At the end, all-flavor
production is considered, where again the size of mass related contributions is investigated.
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Chapter 2

Event-Shapes and the Heavy Jet
Mass

In this chapter we will explore event-shapes and their usage, especially the definition and basic
properties of the heavy jet mass (HJM). In connection to this observable, a very short introduction
to the popular event-shape “thrust” is given and different definitions of hemispheres are discussed.

“Event-shapes”, also called “shape variables”, are observables which can be used to measure the
geometric form of final state particles in collider experiments, especially in e+e− collisions and
deep inelastic scattering [1, 2]. Since these event-shapes are very sensitive to strong interaction
dynamics, they are often used to determine the strong coupling constant αs via fitting theoretical
predictions to experimental data.

Since the probability of a quark radiating soft or collinear gluons is enhanced, the objects observed
in a detector are mostly soft radiation and “jets”, which are objects consisting of highly boosted
collinear particles. Since event-shapes measure the global geometric properties of an event, the
characteristics of jets, and consequently of QCD, can be explored by studying their distributions.

One of the most popular event-shapes is called “thrust” [16], which is defined as

T := max
~n

∑
i |~n · ~pi|∑
i |~pi|

, (2.1)

where the sum runs over all final state particles with momenta ~pi, and ~n is a unit vector which is
chosen so that the whole expression is maximized. Very often the parameter τ = 1− T is used
(also called thrust most of the times), which is minimal for a 2-jet event with thin pencil-like jets,
and maximal for a spherical final state. Event-shapes which are minimal or maximal for a 2-jet
event are called “2-jet event-shapes”. It should be also noted that the region of an event-shape
distribution, which is associated with a dijet event is called the “peak region”, while the regions
further away are called the “tail” and “far-tail region”. This naming becomes obvious when
looking at the shape of the distribution as in subsection 6.8.

The direction of ~n which maximizes T is called the thrust axis. In a 2-jet event, it coincides with
the jet axis up to power suppressed corrections related to soft radiation. The plane perpendicular
to the thrust axis divides the event into two hemispheres, which can be used to define other
event-shapes like the invariant mass of the left and right hemisphere (indicated with subscripts l
and r respectively) [1, 17]

ρl,r :=

(∑
i∈Hl,r pi

)2

(
∑
iEi)

2 , (2.2)
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where Hi denotes the respective hemisphere. Note that this is the usual definition of hemispheres
used in experiments [18], in contrast to other types as explained at the end of this section.

The heavy jet mass, which we will consider in this theses, is defined as the heavier of the two
hemisphere masses [1, 17], so

ρ := max(ρl, ρr). (2.3)

Since the invariant mass of a hemisphere is minimal for exclusively collinear particles, and
the heavy jet mass is by definition the heavier one, a minimal value for ρ forces also the light
hemisphere to consist of a pencil-like jet. Consequently, like thrust, heavy jet mass is a 2-jet
event-shape. On the other hand it can be shown that the maximal value of ρ for arbitrary many
particles is not a spherical configuration as it is for thrust [19].

It is clear that for massless particles (m = 0) the minimal value of the heavy jet mass is

ρm=0
min = 0. (2.4)

Considering massive primary quarks, the basic situation for the minimal value is analogous and
thus

ρmin = m̂2, (2.5)

where
m̂ := m

Q
. (2.6)

It is easy to show that for three massless particles (corresponding to O(αs)) ρ(3),m=0 = τ (3),m=0,
thus the maximal value for this setting is

ρ(3),m=0
max = 1

3 , (2.7)

as for thrust. For 2 massive primary quarks the value is

ρ(3)
max = 1

3
(
5− 4

√
1− 3m̂2

)
, (2.8)

as we will see in section 3.4. Finding the final state configuration corresponding to the maximal
value of the heavy jet mass for arbitrary many particles is a very interesting kinematic and
geometric problem. The value for the massless case is expected to be near [19]

ρm=0
max = 0.477, (2.9)

while a situation including massive primary quarks has not been considered yet. Since the exact
value of ρmax is not important for the results in this thesis, this problem will be investigated in
future works.

For completeness it should be noted that there are two different definitions of heavy jet mass in
the literature [19], which are only equal for three massless particles. In contrast to the definition
given above, which will be used in our analysis, the other one defines the hemispheres not through
the thrust axis but by minimizing the hemisphere mass sum [20–22]

Hl,r : min
Hl,Hr

(ρl + ρr), (2.10)

which is in fact the way hemispheres were originally introduced theoretically [20]. In this case the
maximal value for arbitrary many massless particles is 1/3, as shown in [21]. For three massless
particles, both hemisphere definitions are equivalent.

For further theoretical considerations regarding heavy jet mass differential cross sections with
massless particles we refer to [17,23–25], while a more extensive analysis can be found in [13].
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Chapter 3

Fixed-Order Calculation

In this chapter we will present the O(αs) fixed order QCD calculation of the e+e− → qq̄ differential
cross section with respect to the heavy jet mass (HJM) with massive primary quarks. We ignore
the masses of the incoming electron-positron pair, since energies much higher than the electron
mass scale are considered. QED loop effects are omitted as well, since in the considered energy
range O(αem) ∼ O(α2

s).

After some general considerations we calculate the Born cross section, and the virtual and real
radiative contributions at O(αs).

The virtual contribution is proportional to a delta function and can be obtained from the total
virtual cross section. For the real radiation contribution the calculation in d = 4− 2ε dimensions
is very complicated and, as it turns out, not necessarily needed. To get the full result, we first
calculate the real radiation contribution to the cross section in d = 4 dimensions, which is not
properly regularized and is valid only in the region ρ > ρmin. The structure at ρ = ρmin is
determined afterwards in a second calculation in the soft limit and d = 4− 2ε dimensions.

At the end we will shortly discuss the problem of large logarithms, which shows the need of
resummation e.g. by using effective field theory methods. In order to have a complete description
of the cross section, we use the factorized SCET cross section to resum large logs in the dijet
region, as well as the non-singular contributions, which can be extracted from the full QCD result
and are important away from the dijet region. This will be done in later chapters.

3.1 General Considerations and Leptonic Part

Let us start by noting some properties of the cross section which simplify the calculation.

The general formula of a cross section for the process e+e− → X in d = 4 − 2ε space-time
dimensions reads

σ = µ̃−2ε

2Q2

∫ (∏
i∈X

dd−1pi
(2π)d−1

1
2p0
i

)
(2π)dδ(d)

(
q −

∑
i∈X

pi

) ∣∣∣M(e+e− → X)
∣∣∣2 , (3.1)

where Q is the center of mass energy, pi is the momentum of the ith final state particle, k1 and k2
are the momenta of the electron and positron, and q = k1 + k2 is the momentum of the virtual γ
or Z with q2 = Q2.

We use dimensional regularization to regularize the amplitude M as well as the phase space
integration. The factor

µ̃2 := µ2 eγE
4π , (3.2)
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is the renormalization scale used in the MS scheme. Note that a factor µ̃−2ε was added in Eq.
(3.1) to obtain the right energy dimensions when expanding in ε � 1. Of course in the limit
ε→ 0 the final result is independent of this scale.

At O(αem) the amplitude can be written in the factorized form

M = i4παµ̃2ε

Q2

{[(
QeQf + vevf

1− m̂2
Z

)
〈X|J µv |0〉+

(
veaf

1− m̂2
Z

)
〈X|J µa |0〉

]
v̄(k1)γµu(k2)

+
[(

aevf
1− m̂2

Z

)
〈X|J µv |0〉+

(
aeaf

1− m̂2
Z

)
〈X|J µa |0〉

]
v̄(k1)γµγ5u(k2)

}
, (3.3)

with α ≡ αem, Qf the charge of the produced fermion, Qe the charge of the incoming lepton,
and m̂Z := mZ/Q is the mass of the Z boson divided through the center of mass energy. The vi
and ai factors arise from the Z coupling and read

vi :=
T f3,L − 2Qi sin2 θW

sin θW
, ai := −

T i3,L
sin(2θW ) , (3.4)

where θW is the weak mixing angle, and T i3,L is the weak isospin of the incoming lepton and the
outgoing fermion respectively. The quark current reads J µi (x) = ψ̄(x)Γµi ψ(x) with Γµv := γµ for
the vector, and Γµa := γµγ5 for the axial current.

When squaring the amplitude and averaging over the lepton spins, the following structures have
to be considered:

s(1)
µν := 1

4
∑
spins

[v̄(k1)γµu(k2)]† [v̄(k1)γνu(k2)] = 1
4Tr [/k2γµ/k1γν ]

= gµαgνβ(kβ1 kα2 + kα1 k
β
2 )− gµν

Q2

2 ,

s(2)
µν := 1

4
∑
spins

[v̄(k1)γµγ5u(k2)]† [v̄(k1)γνγ5u(k2)] = 1
4Tr [/k2γµ/k1γν ] = s(1)

µν ,

s(3)
µν := 1

4
∑
spins

[v̄(k1)γµγ5u(k2)]† [v̄(k1)γνu(k2)] = −iεανβµkα1 k
β
2 ,

s(4)
µν := 1

4
∑
spins

[v̄(k1)γµu(k2)]† [v̄(k1)γνγ5u(k2)] = −s(3)
µν . (3.5)

Since we are not interested in the directions of the final state jets with respect to the beam axis,
we average the expressions in (3.5) with respect to the direction of the incoming leptons. This
simplifies the subsequent calculations considerably.

To figure out the averaged expressions, we choose the most general ansatz

l(i)µν := A(i) qµqν
Q2 +B(i)gµν , (3.6)

and derive the unknown coefficients A(i) and B(i) via demanding∫ dd−2Ω
Ωd−2

tot
s(i)
µν

!= l(i)µν , (3.7)

where
Ωd−2

tot = Ω2−2ε
tot = (4π)1−ε Γ(1− ε)

Γ(2− 2ε) , (3.8)
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is the (d− 2)-dimensional total solid angle.

Since s(3)
µν and s

(4)
µν are antisymmetric, the respective A and B are zero. On the other hand, the

solutions for s(1)
µν and s

(2)
µν are

A(1,2) = −B(1,2) = Q2 1− ε
3− 2ε,

⇒ l(1,2)
µν ≡ lµν = Q2 1− ε

3− 2ε l̃µν , (3.9)

with
l̃µν := qµqν

Q2 − gµν . (3.10)

Using these results, the squared amplitude can be written in the form

|M|2 =
∫ dd−2Ω

Ωd−2
tot

1
4
∑
spins

16π2α2µ̃4ε

Q4

{
[cvv 〈X|J µv |0〉+ cva 〈X|J µa |0〉] v̄(k1)γµu(k2)

+ [cav 〈X|J µv |0〉+ caa 〈X|J µa |0〉] v̄(k1)γµγ5u(k2)
}2

= 16π2α2µ̃4ε

Q4

{
(c2
vv + c2

av) 〈X|J µv |0〉
2 + (c2

va + c2
aa) 〈X|J µa |0〉

2
}
lµν , (3.11)

where the coefficients cij can be read off from Eq. (3.3). Note that the square means (Oµ)2 =
O†µOν for simplicity of notation, and that there is no vector-axial mixing due to the symmetry
of the averaged spin structures. In the squared hadronic matrix element spin and color sums are
implied.

Consequently the final form of the cross section at leading order in the electroweak coupling
constant α for arbitrary final state particles is

σ = µ̃−2ε∑
X

∫
dΠX (2π)dδ(d)(q − PX)

∑
i=a,v

LiµνH
i,µν , (3.12)

H i,µν :=
〈

0
∣∣∣J †µi ∣∣∣X〉〈X∣∣∣J νi ∣∣∣0〉 , (3.13)

where dΠX =
∏
i∈X

dd−1pi
(4π)d−1

1
2p0
i
, and H i,µν is the hadronic tensor. The leptonic tensor is defined

as

Lvµν := cv,εlep l̃µν := 8π2α2µ̃4ε

Q4

( 1− ε
3− 2ε

)
(c2
vv + c2

av)l̃µν ,

Laµν := ca,εlep l̃µν := 8π2α2µ̃4ε

Q4

( 1− ε
3− 2ε

)
(c2
va + c2

aa)l̃µν , (3.14)

with

c2
vv + c2

av = Q2
eQ

2
f +

v2
f (v2

e + a2
e)

(1− m̂2
Z)2 +

(
ΓZ
mZ

)2 + 2QeQfvevf (1− m̂2
Z)

(1− m̂2
Z)2 +

(
ΓZ
mZ

)2 ,

c2
va + c2

aa =
a2
f (v2

e + a2
e)

(1− m̂2
Z)2 +

(
ΓZ
mZ

)2 , (3.15)

and ΓZ the width of the Z, which has to be included near the Z pole.
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p2 − k

p2

p1

p1 + k

k

Figure 3.1: The virtual QCD diagram.

3.2 Born Cross Section

To get the Born cross section for e+e− → qq̄, we apply the QCD Feynman rules to calculate
the hadronic tensor and compute the phase space integral in a straightforward way. When
contracting with the leptonic tensor, we can use the Ward identity qµHv,µν = 0 to simplify the
calculation.

In d = 4− 2ε dimensions the vector and axial Born cross sections read

σv,εtot,Born = NcQ
2µ̃−2ε

2π
Γ(1− ε)
Γ(2− 2ε)

( 4π
Q2

)ε
v1−2ε(1 + 2m̂2 − ε)cv,εlep,

σa,εtot,Born = NcQ
2µ̃−2ε

2π
Γ(1− ε)
Γ(2− 2ε)

( 4π
Q2

)ε
v1−2ε(1− ε)(1− 4m̂2)ca,εlep, (3.16)

with v :=
√

1− 4m̂2.

In the d→ 4 limit we get

σvtot,Born = NcQ
2

2π v(1 + 2m̂2)cv,0lep,

σatot,Born = NcQ
2

2π v(1− 4m̂2)ca,0lep, (3.17)

and furthermore the massless d→ 4 Born cross section

σi0 := NcQ
2

2π ci,0lep, (3.18)

with i = v, a will be used as a normalization in the following calculations.

3.3 Virtual Contribution

The virtual contributions arise from the diagram in Fig. 3.1. The corresponding result will be
used in two places: It is part of the O(αs) fixed order cross section, and it is needed for the
SCET to QCD current matching calculation in section 6.1.

Since the virtual diagram has just two back-to-back final state particles, it is obvious that the
virtual differential cross section is proportional to δ(ρ− ρmin). The factor of this delta function
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has to be equal to the integrated virtual cross section to give the right integral, hence, we just
have to compute the total cross section from the beginning. For convenience we will use the
variable ρ̄ := ρ− ρmin.

Using QCD Feynman rules in Feynman gauge, the virtual diagram reads

V µ
i = ū(p1, s1)

∫ ddk
(2π)d

(
igsγ

αTAµ̃ε
) i

(
/p1 + /k +m

)
(p1 + k)2 −m2 + i0Γµi

×
i(−/p2 + /k +m)

(p2 − k)2 −m2 + i0(igsγαTAµ̃ε)
−i

k2 + i0v(ps, s2)

= − i4παsCF ū(p1, s1)

×
{
µ̃2ε

∫ ddk
(2π)d

γα(/p1 + /k +m)Γµi (−/p2 + /k +m)γα
[(p1 + k)2 −m2 + i0] [(p2 − k)2 −m2 + i0] [k2 + i0]

}
v(p2, s2). (3.19)

The calculation of this loop integral is performed in appendix A and the results read

V µ
v = CFαs

4π ū(p1, s1)
[
A

(p1 − p2)µ

2m +Bγµ
]
v(p2, s2),

V µ
a = CFαs

4π ū(p1, s1)
[
Cγµ +D

qµ

2m

]
γ5v(p2, s2), (3.20)

with

A = v2 − 1
v

log v − 1
v + 1 ,

B = 1
ε

(
1− 1 + v2

v
log v − 1

v + 1

)
− log m

2

µ2 − 3v log v − 1
v + 1

+ 1 + v2

v

(
π2

6 −
1
2 log2 v − 1

v + 1 + log m
2

µ2 log v − 1
v + 1

+ 2 log 2v
1 + v

log v − 1
v + 1 + 2Li2

1− v
1 + v

)
,

C = B + 2v
2 − 1
v

log v − 1
v + 1 ,

D = 1− v2

v

(
2v + (2 + v2) log v − 1

v + 1

)
. (3.21)

Note that v :=
√

1− 4m̂2 and that the term proportional to qµ in Eq. (3.20) vanishes when
contracting with the leptonic tensor due to the Ward identity. The result coincides with the
corresponding expressions in [26,27].

Including LSZ and wave function renormalization factors, the physical current matrix element
reads

〈qq̄|J µi |0〉QCD = ZOS
ψ

(
ū(p1, s1)Γµi v(p2, s2) + V µ

i

)
, (3.22)

where

ZOS
ψ = 1 + CFαs

4π

[
−3
ε

+ 3 log m
2

µ2 − 4
]
, (3.23)

is the O(αs) on-shell wave function renormalization factor [4]. Note that the vector and axial
quark current operators are conserved in QCD, and therefore no further renormalization is
needed [28].
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For the virtual cross section contribution, we square the matrix element, sum over spins, and
contract it with the leptonic structure l̃µν given in Eq. (3.10). Due to the Ward identity, the
term proportional to qµqν in the leptonic structure vanishes in the vector case, and only the
−gµν contraction is relevant. We obtain

−gµν 〈qq̄|J µv |0〉QCD 〈0|J
ν
v |qq̄〉QCD = −Tr

[
γµ(/p2 −m)γµ(/p1 +m)

]
− 2CFαs4π

[Re(A)
2m Tr

[
γµ(/p2 −m)(/p1 +m)

]
(p1 − p2)µ + Re(B)Tr

[
γµ(/p2 −m)γµ(/p1 +m)

]
+
(
−3
ε

+ 3 log m
2

µ2 − 4
)

Tr
[
γµ(/p2 −m)γµ(/p1 +m)

] ]
= 2Q2(3− v2 − 2ε)

+ CFαs
4π

{
−Re(A)

[
4Q2v2

]
+
(

Re(B)− 3
ε

+ 3 log m
2

µ2 − 4
)[

4Q2(3− v2 − 2ε)
]}

, (3.24)

and

l̃µν 〈qq̄|J µa |0〉QCD 〈0|J
ν
a |qq̄〉QCD = 2Q2

[
2v2(1− ε)

]{
1 + CFαs

4π 2
(

Re(C)− 3
ε

+ 3 log m
2

µ2 − 4
)}

.

(3.25)
Since the expressions (3.24) and (3.25) are independent of the particle momenta, the phase space
integral reduces to a factor

µ̃−2ε
∫ 2∏

i=1

(
dd−1pi

(2π)d−12p0
i

)
(2π)dδ(d)(q − p1 − p2) = vµ̃−2ε

16π
1
2 Γ
(

3
2 − ε

) ( 16π
Q2v2

)ε
. (3.26)

Finally, including this phase space factor, the normalization (3.18) and the squared matrix
element (3.25), and after summing over colors, one can write the virtual part of the differential
cross section as

1
σi0

(
dσiBorn

dρ + dσivirt
dρ

)
= δ(ρ̄) π

1
2 vµ̃−2ε

8Γ
(

3
2 − ε

) ( 16π
Q2v2

)ε ci,εlep

ci,0lep

1
Q2 l̃µν 〈qq̄|J

µ
i |0〉QCD 〈0|J

ν
i |qq̄〉QCD ,

(3.27)
with i = v, a. After simplifying the expressions, the final results for the O(αs) virtual cross
sections read

1
σv0

dσvvirt
dρ = CFαs

4π

[(v2 − 3)
(
(v2 + 1) log 1−v

v+1 + 2v
)

ε

− 2
(
v2 − 3

) (
v2 + 1

)
Li2

(1− v
v + 1

)
− 2π2

3
(
v2 − 3

) (
v2 + 1

)
+ 4v

(
2v2 − 5

)
− 2v

(
v2 − 3

)
log

(
−1

4v
2
(
v2 − 1

))
+ 4v(3− v2) log Q

2

µ2

+ 1
2 log 1− v

v + 1

(
8v4 − 20v2 − 4

(
v2 − 3

) (
v2 + 1

)
log v

2Q2

µ2

+
(
−v4 + 2v2 + 3

)
log 1− v

v + 1 − 8
)

+O (ε)
]
δ(ρ̄),
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1
σa0

dσavirt
dρ = CFαs

4π

[
−

2v2
(
2v + (v2 + 1) log 1−v

v+1

)
ε

+ 4v2

3

(
π2
(
v2 + 1

)
+ 3v log

(1
4v

2
(
1− v2

))
− 9v + 6v log Q

2

µ2

)

+ v2 log 1− v
v + 1

(
− 4v2 + 4

(
v2 + 1

)
log v

2Q2

µ2 +
(
v2 + 1

)
log 1− v

v + 1 − 6
)

+ 4v2
(
v2 + 1

)
Li2

(1− v
v + 1

)
+O (ε)

]
δ(ρ̄). (3.28)

Note that there are still divergences in terms of 1/ε present. These are of IR type and will be
canceled by equivalent terms in the real radiation part.

3.4 Real Radiation Contribution

We will now consider the real radiation contribution to the O(αs) heavy jet mass distribution.
In this setting it is quite useful to define the dimensionless variables

xi := 2p0
i

Q
, (3.29)

where i = 1, 2 denotes the two quarks, and i = 3 the gluon. As an intermediate step to the real
radiation contribution to the HJM cross section, we will compute the cross section with respect
to x1 and x2, which contains the full kinematic information, and then project the result onto the
heavy jet mass.

Using the xi variables, energy and momentum conservation read

x1 + x2 + x3 = 2, and ~0 = n̂1

√
x2

1 − 4m̂2 + n̂2

√
x2

2 − 4m̂2 + n̂3x3, (3.30)

respectively, and the scalar products of the particle momenta can be written as

p1 · p2 = Q2

2
(
x1 + x2 − 1− 2m̂2

)
,

p1 · p3 = Q2

2 (x1 + x3 − 1) ,

p2 · p3 = Q2

2 (x2 + x3 − 1) . (3.31)

The contribution from real radiation can be calculated via the two diagrams shown in Fig. 3.2.
Using Feynman rules, the sum of both diagrams gives

hµi,R(1+2) = ū(p1, s1)
[ (
igsµ̃

εTAγα
) i

(
/p1 + /p3 +m

)
(p1 + p3)2 −m2 + i0Γµi

+ Γµi
−i(/p2 + /p3 −m)

(p2 + p3)2 −m2 + i0
(
igsµ̃

εTAγα
) ]
v(p2, s2)εA ∗α (p3), (3.32)
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p2

p1 + p3

p1

p3

p1

p3

p2 + p3

p2

Figure 3.2: Real emission QCD diagrams.

and after squaring this expression and summing over final particle spins, polarizations, and colors,
the hadronic tensor reads

Hµν
R,i = g2

s µ̃
2εCFNC

× Tr
[
(/p1 +m)

(
γα

/p1 + /p3 +m

(p1 + p3)2 −m2 + i0Γµi − Γµi
/p2 + /p3 −m

(p2 + p3)2 −m2 + i0γ
α
)

× (/p2 −m)
(
γα

/p2 + /p3 −m
(p2 + p3)2 −m2 + i0Γνi − Γνi

/p1 + /p3 +m

(p1 + p3)2 −m2 + i0γα
)]

. (3.33)

To derive the x1, x2 cross section, we consider the contribution of real radiation to the total
cross section

σirad = µ̃−2ε
∫ dd−1p1

(2π)d−1
dd−1p2
(2π)d−1

dd−1p3
(2π)d−1

1
2p0

1 2p0
2 2p0

3
(2π)dδ(d)(q− p1− p2− p3)ci,εlep l̃µνH

µν
R,i, (3.34)

and change the variables of the phase space integration to x1 and x2, so that the differential
cross section can be read off.

Here, we use polar coordinates so that

dd−1p1 dd−1p2 = Ωd−2
tot Ωd−3

tot |~p1|d−2 |~p2|d−2 dθ d |~p1| d |~p2| sind−3 θ

= Ωd−2
tot Ωd−3

tot |~p1|d−3 |~p2|d−3 p0
1p

0
2dudp0

1 dp0
2 (1− u2)

d−4
2 , (3.35)

with u := cos θ = ~p1·~p2
|~p1||~p2| ∈ [−1, 1], and |~pi| =

√
(p0
i )2 −m2. Moreover, we use the relation

δ(x2 − c2) = δ(x− c)
|2c| + δ(x+ c)

|2c| , (3.36)

to rewrite the delta function in the form

δ(Q− p0
1 − p0

2 − p0
3) = 2p0

3δ
(
(Q− p0

1 − p0
2)2 − (p0

3)2
)
− δ(Q− p0

1 − p0
2 + p0

3). (3.37)

We will negelect the second term, since it does not correspond to the considered physical situation,
and therefore vanishes within the considered phase space region.

After inserting Eqs. (3.35) and (3.37) into (3.34), and integrating over the p3 components, we
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obtain

σirad = µ̃−2ε

4Q2 Ωd−2
tot Ωd−3

tot

∫ dp0
1

(2π)d−1
dp0

2
(2π)d−2

1∫
−1

du (1− u2)
d−4

2 |~p1|d−3 |~p2|d−3

× δ
(

1− 2p0
1

Q
− 2p0

2
Q

+ 1
2

2p0
12p0

2
Q2 + 2m̂2 − 2 |~p1| |~p2|

Q2 u

)[
ci,εlep l̃µνH

µν
R,i

]
~p3=−~p1−~p2

= µ̃−2εQ2

32 Ω2−2ε
tot Ω1−2ε

tot

∫ dx1
(2π)3−2ε

dx2
(2π)2−2ε

1∫
−1

du (1− u2)−ε |~p1|−2ε |~p2|−2ε

× δ
(
u− Q2

2 |~p1| |~p2|

(
1− x1 − x2 + 1

2x1x2 + 2m̂2
))[

ci,εlep l̃µνH
µν
R,i

]
~p3=−~p1−~p2

, (3.38)

where we changed the variables p0
1 and p0

2 to x1 and x2.

We use the remaining delta distribution to perform the u-integration. Finally, one can read off the
cross section with respect to x1 and x2 from the integrand. The vector and axial contributions
are

1
σv0

d2σvrad
dx1 dx2

= CFαsµ̃
4ε

2π

(
Q2

8π

)−2ε (x2
1 − 4m̂2)−ε(x2

2 − 4m̂2)−ε(1− u2)−ε

(x1 − 1)2(x2 − 1)2Γ(2− 2ε)

×
{
ε2(x1 − 1)(x2 − 1)(x1 + x2− 2)2

+2ε
[
−(x1 − 1)(x2 − 1)

(
x2

1 + x1(x2 − 2) + x2(x2 − 2) + 2
)

+ m̂2(x1 + x2 − 2)2
]

+(x1− 1)(x2 − 1)
(
x2

1 + x2
2

)
+ 2m̂2

(
x2

1(2x2 − 3) + 2x1(x2 − 2)2 + x2(8− 3x2)− 6
)

−4m̂4 (x1 + x2 − 2)2
}
,

1
σa0

d2σarad
dx1 dx2

= CFαsµ̃
4ε

2π

(
Q2

8π

)−2ε (x2
1 − 4m̂2)−ε(x2

2 − 4m̂2)−ε(1− u2)−ε

(x1 − 1)2(x2 − 1)2Γ(2− 2ε)

×
{
ε2(x1 − 1)(x2 − 1)(x1 + x2 − 2)2

−2ε
[
(x1 − 1)(x2 − 1)

(
x2

1 + x1(x2 − 2) + x2(x2 − 2) + 2
)

+ m̂2
(
x3

1(x2 − 1) + x2
1 (x2 (2x2 − 11) + 8)

+ x1(x2 − 2) (x2(x2 − 9) + 6)− (x2 − 6)(x2 − 2)x2 + 4
)

+ 4m̂4(x1 + x2 − 2)2
]

+(x1 − 1)(x2 − 1)(x2
1 + x2

2) + 2m̂2
(
x3

1(x2 − 1) + x2
1 (x2(2x2 − 11) + 8)

+ x1(x2 − 2)(x2(x2 − 9) + 6)− x2(x2 − 6)(x2 − 2) + 4
)

+ 8m̂4(x1 + x2 − 2)2
}
. (3.39)
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3.4.1 Real Radiative Heavy Jet Mass Cross Section for ρ > ρmin

As mentioned at the beginning of this chapter, we will calculate the HJM distribution in two parts.
In the first part we compute the cross section in d = 4 dimensions, which gives an expression
which is adequate to calculate in the region ρ̄ > 0 where only real radiation contributes.

We obtain the 4-dimensional cross section with respect to x1 and x2 by taking the ε→ 0 limit of
Eq. (3.39). They read

1
σv0

d2σv,d=4
rad

dx1 dx2
= CFαs

2π(x1 − 1)2(x2 − 1)2

×
{

(x1 − 1)(x2 − 1)
(
x2

1 + x2
2

)
+ 2m̂2

(
−6 + 2x1(x2 − 2)2 + x2

1(2x2 − 3) + x2(8− 3x2)
)

− 4m̂4(x1 + x2 − 2)2
}
,

1
σa0

d2σa,d=4
rad

dx1 dx2
= CFαs

2π(x1 − 1)2(x2 − 1)2

×
{

(x1 − 1)(x2 − 1)
(
x2

1 + x2
2

)
+ 2m̂2

(
4 + x3

1(x2 − 1)− x2(x2 − 6)(x2 − 2)

+ x1(x2 − 2)((x2 − 9)x2 + 6) + x2
1(x2(2x2 − 11) + 8)

)
+ 8m̂4(x1 + x2 − 2)2

}
, (3.40)

and agree with the corresponding expressions in the literature [29–31] (note that there is a known
sign error in [29]).

Phase Space Considerations

To simplify the calculation, it is convenient to divide the phase space into three regions as shown
in Fig. 3.3. Each region represents a specific kinematic situation for the heavy jet mass as follows:

• Region 1 (2): The heavy hemisphere consists of quark number 1 (number 2) and the gluon,

• Region 3: The heavy hemisphere consists of the two quarks.

The lines which separate these different regions are the lines where the hemisphere division, and
therefore, per definition, the thrust axis changes. Note that for three final state particles the
thrust axis is always aligned with the momentum of one of them.

Let’s consider some characteristic points on the border of phase space depicted in Fig. 3.3 and
3.4:

Point A: Zero gluon energy and a symmetric quark configuration with x3 = 0, x1 = x2 = 1.

Point B: Maximal gluon energy. For the xi follows

x3 = 4p̂ = 2− x1 − x2 = 2− 4
√
m̂2 + p̂2,

⇒ x1 = x2 = 1
2 + 2m̂2, x3 = 1− 4m̂2, (3.41)
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Figure 3.3: Three particle phase space showing characteristic points and regions with m̂ = 0.15.

p = pmaxp = pmax
2p

p

p

pp

(A) (B) (C)

Figure 3.4: Kinematic situations at the characteristic points.

where p̂ := |~p|/Q, and ~p is the momentum of each quark as depicted in Fig. 3.4.

Point C: Zero quark energy. The xi read

x1 = 2m̂2,

x2 = 2
√
m̂2 + p̂2 :

⇒ x1 = 2m̂, x2 = (1− m̂)2 + m̂2

1− m̂ , x3 = 1− 2m̂
1− m̂ . (3.42)

Point C′: Zero antiquark energy. Same as point C with x1 and x2 interchanged.

The expression describing the boundary line CBC′ can be derived from the maximal gluon energy
line, which corresponds to a kinematic situation shown in the left panel in Fig. 3.5. By using

p
yp

(1− y)p

p
yp

(1− y)p

Figure 3.5: Kinematic situation for the maximal and “minimal” gluon energy line.
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energy conservation for the three particles, we find

x3 = 2p̂ = 2− 2
√
m̂2 + y2p̂2 − 2

√
m̂2 + (1− y)2p̂2,

x2
1 = 4m̂2 + 4y2p̂2,

x2
2 = 4m̂2 + 4(1− y)2p̂2 :

⇒ x2 = 1
2(1 + m̂2 − x1)

(
(1 + 2m̂2 − x1)(2− x1)− (1− x1)

√
x2

1 − 4m̂2
)
. (3.43)

Note that Eq. (3.43) is symmetric in x1 and x2.

For the boundary line CAC′ we consider the kinematic configuration in the right panel of Fig.
3.5. Again by using energy conservation we obtain

x3 = 2(1− y)p̂, x1 = 2
√
m̂2 + p̂2, x2 = 2

√
m̂2 + y2p̂2 :

⇒ 2− x1− x2 =
√
x2

1 − 4m̂2 −
√
x2

2 − 4m̂2. (3.44)

The solution of this equation is identical to Eq. (3.43), such that this expression describes the
full boundary.

To separate the regions in the way mentioned at the beginning of this section and depicted in
Fig. 3.3, we use the fact that for three particles thrust can be written as

T = max
{√

x2
1 − 4m̂2,

√
x2

2 − 4m̂2, x3

}
, (3.45)

which can be easily derived from the thrust definition in Eq. (2.1). The lines where the thrust
axis changes are found by setting two of these arguments equal which gives

• x1 = x2,

•
√
x2

2 − 4m̂2 = x3 = 2− x1 − x2 ⇒ x2 = 4m̂2+(2−x1)2

2(2−x1) ,

•
√
x2

1 − 4m̂2 = x3 ⇒ x2 = 2− x1 −
√
x2

1 − 4m̂2,

and the intersection of all lines lies at x1 = x2 = 2
3(2−

√
1− 3m̂2).

Projection onto the Heavy Jet Mass

We project the double differential cross section in d = 4 dimensions onto the heavy jet mass via

dσi

dρ =
∫

dx1 dx2
d2σi

dx1 dx2
δ(ρ− ρ(x1, x2)). (3.46)

A useful set of variables to obtain ρ(x1, x2) in the different phase space regions are the invariant
masses of two out of the three final state particles

t21 :=(p1 + p3)2

Q2 = 1 + m̂2 − x2,

t22 :=(p2 + p3)2

Q2 = 1 + m̂2 − x1,

τ2 :=(p1 + p2)2

Q2 = x1 + x2 − 1, (3.47)
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which correspond to ρ(x1, x2) in the different regions: ρ = t22 in region 1, ρ = t21 in region 2 and
ρ = τ2 in region 3.

Region 1 (2):

To obtain the contribution from region 1 (which is identical to the contribution of region 2 for
symmetry reasons), we divide region 1 further into the parts 1A and 1B to simplify the integral,
where the line of separation goes through point C′ with constant x1. Consequently the projection
looks like

1
σi0

dσi,ρ̄>0
rad,R1
dρ =

L2∫
L1

dx1

x1∫
L3

dx2 δ(ρ− t22(x1, x2)) 1
σi0

d2σi,d=4
rad

dx1 dx2

+
1∫

L2

dx1

x1∫
L4

dx2 δ(ρ− t22(x1, x2)) 1
σi0

d2σi,d=4
rad

dx1 dx2
, (3.48)

where the first integration corresponds to region 1A, and the second one corresponds to region
1B. The integration limits are

L1 = 2
3
(
2−

√
1− 3m̂2

)
,

L2 = (1− m̂)2 + m̂2

1− m̂2 ,

L3 = 2− x1 −
√
x2

1 − 4m̂2,

L4 = 1
2(1 + m̂2 − x1)

(
(1 + 2m̂2 − x1)(2− x1)− (1− x1)

√
x2

1 − 4m̂2
)
. (3.49)

To carry out the integrations, we put t2(x1, x2) from Eq. (3.47) into the delta function which
gives δ(ρ− t22(x1, x2)) = δ(x1 − (1 + m̂2 − ρ)).

The validity intervals for ρ in these regions are

m̂3 + m̂2 − m̂
m̂− 1 ≤ ρ ≤ 1

3
(
−1 + 3m̂2 + 2

√
1− 3m̂2

)
, (3.50)

for 1A and

m̂2 < ρ ≤ m̂3 + m̂2 − m̂
m̂− 1 , (3.51)

for 1B.

We use a similar approach for region 3 and divide it into region 3C and 3D, where the separating
lineconnects point C and C′. Here we use the more convenient coordinates x := τ2 = x1 + x2 − 1
and t := x1 − x2. The contribution of region 3 is given by

1
σi0

dσi,ρ̄>0
rad,R3
dρ =

L5∫
4m̂2

dx
L6∫

x−1

dt δ(ρ− x)1
2

1
σi0

d2σi,d=4
rad

dx1 dx2

+
L7∫
L5

dx
L8∫
−L8

dt δ(ρ− x)1
2

1
σi0

d2σi,d=4
rad

dx1 dx2
, (3.52)
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with

L5 = m̂

1− m̂ ,

L6 = (1− x)

√
x− 4m̂2

x
,

L7 = 1
3
(
5− 4

√
1− 3m̂2

)
,

L8 = −1− x+ 2
√

(1− x)2 + 4m̂2. (3.53)

The corresponding intervals of validity are

m̂

1− m̂ ≤ ρ ≤
1
3
(
5− 4

√
1− 3m̂2

)
, (3.54)

for 3C and
4m̂2 ≤ ρ ≤ m̂

1− m̂ , (3.55)

for 3D.

The complete HJM cross section for ρ̄ > 0 results from adding the contributions of all regions,
which gives

1
σi0

dσi,ρ̄>0
rad
dρ = 1

σi0

2

dσi,ρ̄>0
rad,1A
dρ +

dσi,ρ̄>0
rad,1B
dρ

+

dσi,ρ̄>0
rad,3C
dρ +

dσi,ρ̄>0
rad,3D
dρ

 . (3.56)

The full expressions of the different terms are collected in appendix B.

As mentioned above, this expression is not properly regularized (i.e. not integrable), and
information about the distribution at ρ̄ = 0 is lost. The expression which describes the HJM
distribution for all values of ρ has to be integrable and the left IR divergence in the virtual
contribution has to be canceled, which is a clear indication that a delta function at ρ̄ = 0 is
missing and the ρ̄−1 divergence at 0 is unphysical. It is known that the general structure of the
distribution of a generic event-shape e with a corresponding minimal value emin has the structure

1
σi0

dσi

de = f i0δ(ē) + CFαs
4π

[
f iδδ(ē) +

∑
j=0

f i+,jLj(ē) +O
(
ē 0
) ]
, (3.57)

where ē = e− emin. Ln(x) is a plus distribution, which is defined in appendix C, and behaves like
x−1 logn x for x > 0. Since the O(ē) terms consist only of integrable regular functions, they are
called “non-distributional”. It turns out that at O(αs) only the j = 0 term arises in the heavy
jet mass fixed order result with massive quarks, so

1
σi0

dσi

dρ = f i0δ(ρ̄) + CFαs
4π

[
f iδδ(ρ̄) + f i+L0(ρ̄) +O

(
ρ̄ 0
) ]
, (3.58)

where f i+ ≡ f i+,0.

The plus distribution in the full result corresponds to a O(ρ̄−1) term in our d = 4 result, valid
in the region ρ̄ > 0. Thus we can extract the plus distribution coefficient via obtaining the
coefficient of the term proportional to ρ̄−1 in the d = 4 result by applying an expansion around
small r̄ho. The only region in phase space contributing to this term is 1B (and the equivalent
area in region 2), thus

1
σi0

dσi,ρ̄>0
rad,1B
dρ = CFαs

4π

(1
2f

i
+

1
ρ̄

)
+O

(
ρ̄ 0
)
. (3.59)
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Figure 3.6: The three particle phase space parametrized by the new coordinates y and z.

We obtain

fv+ = − 2(3− v2)
(

2v + (1 + v2) log 1− v
1 + v

)
,

fa+ = − 8
(
v3 + v2

2 (1 + v2) log 1− v
1 + v

)
, (3.60)

with v =
√

1− 4m̂2 for the plus distribution coefficients.

The remaining expressions to obtain are f i0, f iδ, and the non-distributional terms. f i0 is given by
the Born cross section, the non-distributional part can be obtained from the d = 4 HJM cross
section via subtracting the ρ̄−1 term, and f iδ is computed in the following section. Note that f i+
and the non-distributional part do not contain any virtual contributions.

3.4.2 Derivation of the Real Radiative Delta Function Coefficient

In this section we compute the contribution of real radiation to the delta coefficient f iδ at O(αs).
To this end we will introduce a method which can be applied for a general 2-jet event-shape e.

General method

At the beginning of this chapter we derived the general d = 4− 2ε dimensional double differential
cross section with respect to x1 and x2, where the final expressions are given in Eq. (3.39). The
contribution of real radiation to the delta coefficient, f iδ,rad, corresponds to the region where the
gluon is very soft, or equivalently x1 + x2 ≈ 2 and ē ≈ 0. In the following calculation we take the
soft limit of the double differential cross section and compute the real radiative cumulant

Σi
rad(ec) :=

ec∫
emin

de dσirad
de , (3.61)

with ec = emin + ∆ in the limit ∆ � 1. Afterwards, we expand the result for small ∆. The
resulting constant term corresponds to f iδ,rad, while the next term is proportional to log ∆ and
originates from the integrated plus distribution.
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To take the soft limit we use the coordinates

x1 =: 1− zy,
x2 =: 1− (1− z)y, (3.62)

where y ≡ x3 and the soft limit corresponds to y → 0. In Fig. 3.6 we show the three particle
phase space with respect to the new coordinates.

Let us start with the projection of the double differential cross section onto the generic 2-jet
event-shape e by considering the expression

dσirad
de =

∫
dx1 dx2

d2σirad
dx1 dx2

δ(e− e(x1, x2)). (3.63)

Using this equation we write the cumulant of the event-shape as

Σi
rad(emin + ∆) =

emin+∆∫
emin

de
∫

dx1 dx2
d2σirad

dx1 dx2
δ(e− e(x1, x2))

=
∫

dz dy y d2σirad
dx1 dx2

(y, z)Θ (∆ + emin − e(y, z)) , (3.64)

where we took the integral over e to obtain the second line. Now we expand the expression in
y � 1 up to the leading order. Since e is a 2-jet event-shape, the corresponding soft expansion
reads e(y, z) = emin + y de

dy

∣∣∣
y=0

+O(y2), and therefore we can write

Σi
rad,soft(emin + ∆) =

∫
dz dy y

d2σirad,soft
dx1 dx2

(y, z)Θ
(

∆− y de
dy

∣∣∣∣
y=0

)
, (3.65)

where the subscript “soft” denotes that only the leading order term in y is taken into account.
Note that we assumed de

dy

∣∣∣
y=0
6= 0. The O(αs) soft x1, x2 cross sections read

1
σv0

d2σvrad,soft
dx1 dx2

(y, z) =
{

Q2−4ε

27−6επ3−2εΓ(2− 2ε)y
1−2ε

(
4z(1− z) + v2 − 1

)−ε}

×
{
αsCFπ

2 16(3− v2 − 2ε)(v2 − 1 + 4z(1− z))
y2z2(1− z2)

µ̃4ε

Q2

}
,

1
σa0

d2σarad,soft
dx1 dx2

(y, z) =
{

Q2−4ε

27−6επ3−2εΓ(2− 2ε)y
1−2ε

(
4z(1− z) + v2 − 1

)−ε}

×
{
αsCFπ

2 32v2(1− ε)(v2 − 1− 4z(z − 1))
y2z2(1− z2)

µ̃4ε

Q2

}
, (3.66)

where the first factor originates from phase space, and the second one from the amplitude.

The relevant phase space region for the delta term is 1B (and the equivalent area in region 2),
so we apply the known integration limits corresponding to this region. Applying the Heaviside
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function we get

1
σv0

Σv
rad,soft(emin + ∆) = Q−4εCFαsµ̃

4ε(3− v2 − 2ε)
41−3επ1−2εΓ(2− 2ε)

×


∆/ de

dy

∣∣
y=0∫

0

dy y−1−2ε


1
2∫

1
2 (1−v)

dz (v2 − 1 + 4z(1− z))1−ε

z2(1− z)2

= CFαs
4π

−3 + v2 + 2ε
21−6επ−2εΓ(2− 2ε)

(
µ̃2

Q2

)2ε ∆−2ε

ε

×

1
2∫

1
2 (1−v)

dz (v2 − 1 + 4z(1− z))1−ε

z2(1− z)2
(

de(y,z)
dy

∣∣∣
y=0

)−2ε ,

1
σa0

Σa
rad,soft(emin + ∆) = CFαs

4π
v2(ε− 1)

2−6επ−2εΓ(2− 2ε)

(
µ̃2

Q2

)2ε ∆−2ε

ε

×

1
2∫

1
2 (1−v)

dz (v2 − 1 + 4z(1− z))1−ε

z2(1− z)2
(

de(y,z)
dy

∣∣∣
y=0

)−2ε . (3.67)

Note that in the vector and axial case just the prefactors are different, while the integrals are
identical. In order to get the y integral correct, it had to be properly regularized by dimensional
regularization, however, it is save to expand the remaining z integrand in ε prior to the integration,
since there are no divergences present. We obtain

(v2 − 1 + 4z(1− z))1−ε

z2(1− z)2
(

de(y,z)
dy

∣∣∣
y=0

)−2ε = v2 − 1 + 4z(1− z)
z2(1− z)2

+ ε
(v2 − 1 + 4z(1− z))

(
2 log de(y,z)

dy

∣∣∣
y=0
− log

(
v2 − 1 + 4z(1− z)

))
z2(1− z)2 +O(ε2), (3.68)

and moreover the corresponding integrals give

F0 :=

1
2∫

1
2 (1−v)

dz v
2 − 1 + 4z(1− z)
z2(1− z)2 = 2v

(
−2− 1 + v2

v
log 1− v

1 + v

)
,

F1 :=

1
2∫

1
2 (1−v)

dz v
2 − 1 + 4z(1− z)
z2(1− z)2

(
2 log de(y, z)

dy

∣∣∣∣
y=0
− log(v2 − 1 + 4z(1− z))

)

= 2

1
2∫

1
2 (1−v)

dz v
2 − 1 + 4z(1− z)
z2(1− z)2 log de(y, z)

dy

∣∣∣∣
y=0

+ 2
{

4v log(2v) + 2 log 1− v
1 + v

− (1 + v2)
[
−π

2

6 − log 1− v
1 + v

log(2v(1 + v)) + Li2
( 2v
v − 1

)
+ Li2

(1− v
1 + v

)]}
.

(3.69)
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The only part which depends on the event-shape is the integral in the second line of Eq. (3.69).
The last piece needed is the O(ε0,∆0) expansion of the non-integral factors in Eq. (3.67). For
these we get

CFαs
4π

−3 + v2 + 2ε
21−6επ−2εΓ(2− 2ε)

(
µ̃2

Q2

)2ε ∆−2ε

ε
= CFαs

4π

[
1
ε

v2 − 3
2 +

(
−2 + v2 + (3− v2) log Q2

2µ2

)]
+O(ε, log ∆)

=:CFαs4π

[1
ε
Gv−1 +Gv0

]
+O(ε, log ∆), (3.70)

in the vector and

CFαs
4π

v2(ε− 1)
2−6επ−2εΓ(2− 2ε)

(
µ̃2

Q2

)2ε ∆−2ε

ε
= CFαs

4π

[
−1
ε
− 1 + 2 log Q2

2µ2

]
v2 +O(ε, log ∆)

=: CFαs4π

[1
ε
Ga−1 +Ga0

]
+O(ε, log ∆), (3.71)

in the axial case. The term proportional to log ∆ would correspond to the plus distribution
coefficient. The final result for the cumulant in the soft limit is

1
σ0
i

Σi
rad,soft(emin + ∆) = CFαs

4π

[1
ε
Gi−1F0 +Gi−1F1(e) +Gi0F0 +O(log ∆, ε)

]
. (3.72)

Now we can easily read off the delta function coefficients which have the form

f iδ,rad = 1
ε
Gi−1F0 +Gi−1F1(e) +Gi0F0. (3.73)

Application to the Heavy Jet Mass

Here we apply the general method to the heavy jet mass. Using dρ(y,z)
dy

∣∣∣
y=0

= z, we can carry
out the remaining integral in F1, defined in Eq. (3.69). We obtain

1
2∫

1
2 (1−v)

dz v
2 − 1 + 4z(1− z)
z2(1− z)2 2 log z = −4

(
v2 + 1

)
Li2

(
v + 1

2

)

+ 1
3

[
π2
(
v2 + 1

)
− 6

(
v
(
v
(
2 + log2 2

)
+ 2− 4 log 2

)
+ log2 2

)]

+ 2 log(1− v)
((
v2 + 1

)
log 4

1− v − 4v
)

+ 2
(
v2 − 1

)
log 1− v

v + 1 , (3.74)
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and after several manipulations we get

fvδ,rad =
(
3− v2) ((v2 + 1

)
log 1−v

v+1 + 2v
)

ε
+
(
v2 − 3

)
×
[ (
v2 + 1

)(
− 2

(
Li2

(
v + 1

2

)
+ Li2

(1− v
v + 1

))
− 3

2 log2(v + 1) + log 1− v
v + 1

+ log(1− v)
(

log(v + 1)− 1
2 log 1− v

16

)
− log2 2

)

+ π2

2
(
v2 + 1

)
− 2v(v + 1)− 4v log 1− v

4v

]

− 4
(1

2
(
v2 + 1

)
log 1− v

v + 1 + v

)((
3− v2

)
log Q2

2µ2 + v2 − 2
)
,

and

faδ,rad = v2
[
2

2v +
(
v2 + 1

)
log 1−v

v+1
ε

−
(
v2 + 1

)
×
(

4
(

Li2
(
v + 1
v − 1

)
− Li2

( 2v
v − 1

))
− 4 log 2 log

(
1− v2

)
− log2(v + 1)

+ log(1− v)
(

2 log(v + 1)− log 1− v
256

))

− 4
(
v2 + 1

)
log 1− v

v + 1 log Q
2v

2µ2 − 8v log Q
2

µ2

+ 1
3
(
12v(v + 2− log 4)− π2

(
v2 + 1

))
+ 8v log 1− v

v

]
. (3.75)

Note that the 1/ε terms precisely cancel the IR divergences in the virtual contributions given in
Eq. (3.28).

3.5 The Fixed Order Delta Function Coefficient

Adding the corresponding real and virtual contributions from Eqs. (3.28) and (3.75) we obtain
the full fixed order delta coefficients

fvδ =
(
CFαs

4π

)−1 σvvirt
σv0

+ fvδ,rad = −(3 + 10v2 − 3v4) log 1− v
1 + v

+ (v2 − 3)
{

2v(1− v)− 2v log (1− v)3(1 + v)
16

+ (1 + v2)
[
−π

2

6 − 2 log 1− v
1 + v

log 2v2

1 + v
+ 2Li2

(
v + 1
v − 1

)
− 4Li2

(1− v
1 + v

)]}
, (3.76)

and

faδ =
(
CFαs

4π

)−1 σavirt
σa0

+ fvδ,rad = v2
{
− 2(3 + 2v2) log 1− v

1 + v
+ 4v

(
v − 1 + log (1 + v)(1− v)3

16

)

+ (1 + v2)
[
π2

3 + 4 log 2v2

1 + v
log 1− v

1 + v
− 4Li2

(
v + 1
v − 1

)
+ 8Li2

(1− v
1 + v

)]}
. (3.77)
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Note that our results are cross checked via integrating the differential distribution and comparing
it with the total cross section, which can be found in [32] and reads

σtot = σvtot + σatot = σvtot,Born

[
1 + CFαs

π
Kv(v)

]
+ σatot,Born

[
1 + CFαs

π
Ka(v)

]
, (3.78)

with the coefficients

Kv(v) := 1
v

[
A(v) + P v(v)

1− v2/3 log 1 + v

1− v + Qv(v)
1− v2/3

]
,

Ka(v) := 1
v

[
A(v) + P a(v)

v2 log 1 + v

1− v + Qa(v)
v2

]
,

A(v) := (1 + v2)
[
Li2

([1− v
1 + v

]2
)

+ 2Li2
(1− v

1 + v

)
+ log 1 + v

1− v log (1 + v)3

8v2

]

+ 3v log 1− v2

4v − v log v,

P v(v) := 33
24 + 22

24v
2 − 7

24v
4, Qv(v) := 5

4v −
3
4v

3,

P a(v) := 21
32 + 59

32v
2 + 19

32v
4 − 3

32v
6, Qa(v) := − 21

16v + 30
16v

3 + 3
16v

5. (3.79)

3.6 Large Logarithms and the Need for Resummation

Although fixed order calculations properly describe the partonic contribution of event-shape
cross sections in the far-tail region, in the dijet region one needs to address two relevant issues.

The first issue arises since perturbative cross sections are calculated with partons in the final
states, what’s measured in experiment, however, are hadronic final states. Therefore, to obtain
the full prediction one has to account for non-perturbative contributions, which we implement
by using a so called “model function” [10,12,33], explained in more detail in section 6.6.

The second issue is related to the problem of large logarithms that are appearing in the dijet
limit [1, 2]. Looking at the O(αs) cumulant of the heavy jet mass distribution in the limit
m̂ ∼ ρ̄� 1, one obtains

1
σi0

Σi
ρ(ρ) = 1 + CFαs

4π
[
−6 log ρ̄− 4 log2 ρ̄+O(ρ̄ 0, m̂0)

]
. (3.80)

It is evident that for small ρ̄ the logarithms are large and spoil the perturbative expansion.

The source of this problem lies in the presence of a strong scale hierarchy in the dijet limit.
In fact, the enhancement of collinear and soft radiation leads to three distinct scales, namely
the hard scale µH ∼ Q, related to the hard interaction, the jet scale µJ ∼ Q

√
ρ̄, related to the

collinear particles in the jet, and the soft scale µS ∼ Qρ̄, related to soft radiation (of course in
QCD we also have the non-perturbative scale ΛQCD). The cross section contains logarithms of
ratios of these characteristic scales, which leads to the logarithms of ρ̄ we see above.

These logarithms have to be resummed to get a valid expansion in the region of small ρ, and it
is necessary to introduce a new counting by considering αs log ρ̄ ∼ O(1). This counting can be
best understood by considering the logarithm of the cumulant, which has the form [34]

log Σρ ∼ log ρ̄
∑
i=0

(αs log ρ̄)i+1 +
∑
i=0

(αs log ρ̄)i+1 + αs
∑
i=0

(αs log ρ̄)i + . . . . (3.81)
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These terms are called leading log (LL), next to leading log (NLL), next to next to leading log
(N2LL), and so on [10].

To resum these terms we will factorize the cross section in the dijet limit into parts which
contain only one of the characteristic scales via using soft-collinear effective theory. In this
framework we resum large logarithms by using the renormalization group evolution for each
sector independently.
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Chapter 4

Soft-Collinear Effective Theory with
Masses

In this chapter we will give a short introduction to soft-collinear effective theory (SCET) [3–9],
which is an effective field theory suitable for situations in which just soft radiation and jets of
collinear particles are present. In the setup considered in this thesis, this corresponds to the 2-jet
limit with two thin pencil-like jets and soft radiation where we found large logarithms in the fixed
order result.

The SCET framework will be used in chapter 5 to prove the factorization formula where hard,
collinear, and soft contributions to the cross section decouple, which consequently allows us to
resum the large logarithms [10–12].

First we will introduce light-cone coordinates, which are very convenient when dealing with highly
boosted particles. To obtain the SCET Lagrangian we will explore the scaling of collinear and
soft particles, which we use to expand the QCD Lagrangian.

4.1 Basic Setup

Since collinear particles are boosted objects with velocities near the speed of light, we will
use light-cone coordinates which are useful in calculations, and make lots of formulations very
transparent. To introduce these coordinates we define two light-like vectors

nµ = (1, 0, 0, 1), n̄µ = (1, 0, 0,−1), (4.1)

where
n · n̄ = 2, n · n = n̄ · n̄ = 0. (4.2)

n and n̄ can be used to split any vector p into three components in the form

pµ = n̄µ

2 p · n+ nµ

2 p · n̄+ pµ⊥ = n̄µ

2 p+ + nµ

2 p− + pµ⊥. (4.3)

One obtains a component parallel to n and n̄ respectively, and a contribution perpendicular
to both vectors, which can have two non-zero components. The scalar product of two vectors
expressed in terms of these coordinates reads

p · q = p+q− + p−q+ + p⊥ · q⊥. (4.4)
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Light-cone coordinates are very handy when thinking about momentum scalings and therefore
we will use the notation

p = (p+, p−, p⊥), (4.5)

for scaling considerations from now on.

Let’s consider the mentioned 2-jet limit with collinear and soft particles. A collinear particle per
definition moves in a specific direction with high momentum and is nearly on-shell. To learn how
the scaling of boosted particles looks like, we consider a particle with small momentum and no
preferred direction

ps ∼ Q(λ, λ, λ), (4.6)

where λ is a small parameter, and Q is the center of mass energy. Boosting this momentum into
the −x3 direction by a large amount of 1/λ leads to a scaling

pc ∼ Q(λ2, 1, λ), p2
c ∼ Q2λ2. (4.7)

This is the momentum scaling of a boosted particle. We see that there is a strong hierarchy
p− � p⊥ � p+ between the momentum components, where the large component scales with Q
like we would expect.

We already mentioned that there is one more mode to consider in jet processes, which comes
from homogeneously radiated soft gluons. Since the interaction of such a soft particle with
collinear modes should not push the collinear particle too far off-shell, and soft radiation should
be homogeneous, the scaling has to be

pus ∼ Q(λ2, λ2, λ2), p2
us ∼ Q2λ4. (4.8)

This can also be seen as the consequence of fixing the scaling of a jet mass m2
J to m2

J ∼ Q2λ2 [9].
In the SCET literature this mode is mostly called the ultra-soft mode, however, in this context
we will call them soft, since we don’t have other types of soft modes.

It should be mentioned that additional “mass modes” with soft scaling have to be included in
O(α2

s) calculations, originating from secondary massive quark corrections [35].

4.2 SCET Lagrangian

After considering the modes and scalings which are important in the 2-jet limit, let’s construct
the effective Lagrangian describing them. To do so we split the original QCD fields into the
relevant modes of our problem. Both the quark and the gluon field, denoted with ψ and Aµ, are
split into a n-collinear, n̄-collinear, and a soft part in the form

ψ → ψn + ψn̄ + ψs,

Aµ → Aµn +Aµn̄ +Aµs . (4.9)

Using the projection operators

Pn = /n/̄n

4 , Pn̄ =
/̄n/n

4 , (4.10)

we split the collinear quark field further, which we demonstrate on the n-collinear field (the
n̄-collinear one behaves in an analogous manner). We write

ψn = Pnψn + Pn̄ψn =: ξn + ηn, (4.11)
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and it follows that

Pnξn = ξn,

Pn̄ξn = 0,
⇒ /nξn = 0. (4.12)

The scaling of these two fields can be checked by considering the related two point functions. It
turns out that [4]

ξn(x) ∼ λ, ηn(x) ∼ λ2, (4.13)

thus, the ηn field is suppressed relative to ξn.

The scaling of the remaining fields can also be checked quite easily. They read

ψs ∼ λ3, Aµs ∼ λ2, (4.14)

and the collinear gluon components Aµn,n̄ scale just like the analog momentum components

pn ∼ Q(λ2, 1, λ), pn̄ ∼ Q(1, λ2, λ). (4.15)

To derive the SCET Lagrangian we consider the collinear quark contribution to the QCD
Lagrangian. By writing the covariant derivative in light-cone coordinates and using Eqs. (4.11)
and (4.12) we get

Lq,n = ψ̄n(i /D −m)ψn

= ξ̄n
/̄n

2 iD
+ξn + ξ̄n(i /D⊥ −m)ηn + η̄n(i /D⊥ −m)ξn + η̄n

/n

2 iD
−ηn. (4.16)

As mentioned above, ηn is suppressed in the SCET power counting parameter λ and therefore it
can be integrated out. Since the Lagrangian is quadratic, this can be done exactly by using the
classical equations of motion for ηn [4, 36]

ηn = i /D⊥ +m

iD−
/̄n

2 ξn, (4.17)

which leads to

Lq,n = ξ̄n
/̄n

2 iD
+ξn + ξ̄n(i /D⊥ −m) 1

iD−
(i /D⊥ +m)

/̄n

2 ξn. (4.18)

Here we applied SCET power counting to the covariant derivatives.

In contrast to this more complicated structure, the soft Lagrangian and the collinear gluon
Lagrangian look just like in QCD with only soft or collinear particles (including covariant
derivatives). Finally the full leading order SCET Lagrangian appropriate for a dijet problem
reads

LSCET = ψ̄s(i /Ds −m)ψs −
1
4
(
Fµν As

)2
− 1

4
(
Fµν An

)2

+ ξ̄n
/̄n

2 iD
+ξn + ξ̄n(i /Dn

⊥ −m) 1
iD−n

(i /Dn
⊥ +m)

/̄n

2 ξn + [n̄-terms], (4.19)

where the subscript s and n mean that only soft or n-collinear fields are involved. This Lagrangian
can be used to derive the SCET Feynman rules given in appendix D.
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Figure 4.1: Graphical representation of the emergence of a collinear Wilson line.

4.3 Wilson Lines

4.3.1 Collinear Wilson Lines

In QCD, interactions between n̄-collinear (anti)quarks and n-collinear gluons are possible, however,
they produce (anti)quarks which are far off-shell. Such contributions have to be integrated out
in SCET and reappear in the matching conditions to QCD. In the following section we will focus
on collinear Wilson lines [4, 6], which account for these contributions and are needed to preserve
collinear gauge invariance.

Let us consider a diagram containing a n̄-collinear antiquark, a n-collinear quark, and several
n-collinear gluons radiated off the n̄-collinear quark, as shown in Fig. 4.1. The full theory
amplitude with spinors and polarization vectors replaced by SCET fields is

1
m!

∑
perm

ξ̄nΓµi
i(−/p2 −

∑
i /qi +m)

(p2 +
∑
i qi)

2 −m2 + i0
(igsγµmAµmn (qm)µ̃ε)× . . .

· · · ×
i(−/p2 − /q1 +m)

(p2 + q1)2 −m2 + i0
(igsγµ1A

µ1
n (q1)µ̃ε) ξn̄. (4.20)

Since we have to consider diagrams with crossed gluon lines, we have to sum over all permutations
of the gluon momenta qi. Additionally, the symmetry factor m! accounts for the fact that all the
gluon fields are identical and can be contracted with any external gluon state.

After applying SCET power counting to Eq. (4.20) we obtain

∑
perm

(gsµ̃ε)m

m!
n̄µm · · · n̄µ1

(q−1 + i0) · · · (
∑
i q
−
i + i0)

ξ̄nΓµi (Aµmn (qm) · · ·Aµ1
n (q1)) ξn̄ +O(λ). (4.21)

Summing over all numbers of radiated gluons, we can read off the n-collinear Wilson line in
momentum space

Wn =
∑
m

∑
perm

(gsµ̃ε)m

m!
n̄µm · · · n̄µ1

(q−1 + i0) · · · (
∑
i q
−
i + i0)

Aµmn (qm) · · ·Aµ1
n (q1), (4.22)

and analogously the adjoint n̄-collinear Wilson line

W †n̄ =
∑
m

∑
perm

(−gsµ̃ε)m

m!
nµ1 · · ·nµm

(q+
1 + i0) · · · (

∑
i q

+
i + i0)

Aµ1
n̄ (q1) · · ·Aµmn̄ (qm). (4.23)
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In position space they read

Wn = P̄ exp

−igsµ̃ε ∞∫
0

ds n̄ ·An(sn̄+ x)

 ,
W †n̄ = P exp

igsµ̃ε ∞∫
0

ds n ·An̄(sn+ x)

 , (4.24)

where P is the path ordering, and P̄ the anti-path ordering operator.

After integrating out these modes the SCET current reads χ̄nΓµi χn̄, where χn := W †nξn is the jet
field [7] which contains the n-collinear quark field, as well as the n-collinear Wilson line which
encodes n-collinear gluon emissions off n̄-collinear quarks.

4.3.2 Soft Wilson Lines

Let’s look at a similar situation for soft gluons interacting with collinear quarks. In this case the
resulting propagators do not become off-shell as in the situation before, however, it turns out
that the soft radiation can be resummed anyways in terms of soft Wilson lines [6, 37]. Using
these soft Wilson lines we can completely decouple interactions of soft and collinear degrees of
freedom. This is the basis of the SCET factorization formula for the cross section.

Considering a diagram analogous to fig. 4.1 with soft gluons, we find the soft Wilson lines in n
and n̄ direction

Yn =
∑
m

∑
perm

(gsµ̃ε)m

m!
nµm · · ·nµ1

(q+
1 + i0) · · · (

∑
i q

+
i + i0)

Aµms (qm) · · ·Aµ1
s (q1),

Y †n̄ =
∑
m

∑
perm

(−gsµ̃ε)m

m!
n̄µ1 · · · n̄µm

(q−1 + i0) · · · (
∑
i q
−
i + i0)

Aµ1
s (q1) · · ·Aµms (qm), (4.25)

in momentum space and

Yn = P̄ exp

−igsµ̃ε ∞∫
0

ds n ·As(sn+ x)

 ,
Y †n̄ = P exp

igsµ̃ε ∞∫
0

ds n̄ ·As(sn̄+ x)

 , (4.26)

in position space.

In chapter 5 we will also use barred Wilson lines, which are defined as

Ȳn = P̄ exp

−igsµ̃ε ∞∫
0

ds n · Ās(sn+ x)

 , (4.27)

where Ā = AAT̄A = −AA
(
TA
)T

is the gluon field in the 3̄ representation of SU(3).

To achieve the soft-collinear decoupling we perform the field redefinitions

ξn → Ynξ
(0)
n , An → YnA

(0)
n Y †n , (4.28)

and analogously for the n̄-collinear fields. The added (0) indicates that these fields are not
interacting with soft fields any more. These interactions reappear in the SCET current in terms
of soft Wilson lines (see Eq. (4.35)).
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4.4 Label Formalism

Here we derived the SCET Lagrangian in pure position space. However, in chapter 5 and in
most of the literature [4–7, 11, 36] the label formalism is used, which works with a mixture of
momentum and position space [8].

When using the label formalism, one splits the collinear momentum p into a large label momentum
p̃ and a small residual momentum k like

pµ = p̃µ + kµ, (4.29)

with
p̄µ = p−

nµ

2 + pµ⊥, (4.30)

where the residual momentum scales like a soft one.

One can now write the jet fields as

χn(x) =
∑
p̃

e−ip̃xχn,p̃(x), (4.31)

such that a derivative acting on χn,p̃(x) is of order λ2. The analogous decomposition is also
performed on the collinear gluon field.

The notation of the sum in Eq. (4.31) is of course symbolic and p̃ is still a continuous variable,
nevertheless it is often useful to think of the label momentum as discrete, dividing momentum
space into a certain number of bins. In this picture the small residual momentum specifies the
position inside one bin.

Since collinear fields have large label momenta it is problematic to sum over the whole range of
values of the labels (e.g. in collinear loop integrals), including the small ones (the “zero-bin”).
This leads to double counting of soft contributions, that can be cured by the so called “zero-bin
subtraction” [38], where one subtracts the contributions corresponding to collinear diagrams
with soft scaling.

To extract the label momentum of a collinear field one can introduce the label operator P , which
acts in the form

Pµχn,p̃(x) = p̃µχn,p̃(x). (4.32)

Using the label formalism the collinear quark Lagrangian (prior to the field redefinition) takes
the form

Ln,q = e−ix·P ξ̄n,p′
/̄n

2 iD
+ξn,p + e−ix·P ξ̄n,p′(i /D

n
⊥ −m) 1

iD−n
(i /Dn

⊥ +m)
/̄n

2 ξn,p, (4.33)

with an implicit sum over the appearing label momenta in the form ξn,p ≡
∑
p ξn,p and

iDnµ
⊥ = Pµ⊥ + g

∑
k

Anµ⊥,k,

iD−n = P− + g
∑
k

A−n,k. (4.34)

Integrating out off-shell propagators, redefining the collinear fields using soft Wilson lines, and
using the label formalism leads to the current operator

J
(0)µ
i (ω, ω̄, µ) =

(
χ̄n,ωY

†
nS
†
nΓµi Sn̄Yn̄χn̄,ω̄

)
(0), (4.35)

which is used as a starting point for proving the factorization theorem in chapter 5. Sn is the
mass mode Wilson line, which describes contributions of virtual secondary massive particles,
which start contributing at the two-loop level (see [11]).
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Chapter 5

Factorization Theorem for Jet Cross
Sections

Here we will derive the factorized heavy jet mass (HJM) cross section in the dijet limit. We start
by considering the QCD cross section in this limit and match the QCD to the SCET current
operator. As the final result we will factorize the cross section into three sectors in the form

σ = H · J ⊗ S. (5.1)

The resulting three functions describe the dynamics at different characteristic scales, which are
used in the resummation procedure by choosing appropriate scales for each factor. H is called the
hard function, which is the squared Wilson coefficient and describes the hard interaction, J is the
jet function and describes the dynamics of the jets i.e. the collinear particles, and S is the soft
function, which describes the soft radiation and soft crosstalk between the jets.

5.1 General Factorization Theorem in SCET

In this and the following section we will largely follow [11] and therefore we omit some of the
intermediate steps. Starting from the expression for the leading order QED, full QCD cross
section as written in Eq. (3.12), we restrict the final state particles to a situation with just
back-to-back jets and soft radiation via writing

σ =
res∑
X

(2π)4δ(4)(q − PX)
∑
i=v,a

Liµν

〈
0
∣∣∣J †µi (0)

∣∣∣X〉〈X∣∣∣J νi (0)
∣∣∣0〉 . (5.2)

Here the first sum includes the phase space integration and accounts for all possible final states
restricted to the dijet kinematics, which is denoted by “res”. In this region of phase space SCET
is applicable and we can make use of to the SCET current Jµi with the matching condition

J µi (0) =
∫

dω dω̄ C(ω, ω̄, µ)J (0)µ
i (ω, ω̄, µ), (5.3)

where J µi is the QCD current, and C is the matching coefficient. As derived in the last chapter
the SCET current is given by

J
(0)µ
i (ω, ω̄, µ) =

(
χ̄n,ωY

†
nS
†
nΓµi Sn̄Yn̄χn̄,ω̄

)
(0). (5.4)
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We impose factorization of the final state (and consequently the phase space) into collinear and
soft degrees of freedom in the form

|X〉 = |Xn〉 |Xn̄〉 |Xs〉 . (5.5)

It is worth noting that when squaring the hadronic matrix element〈
X
∣∣∣Tχ̄n,ωY †nS†nΓµi Sn̄Yn̄χn̄,ω̄

∣∣∣0〉† =
〈

0
∣∣∣T̄χ̄n̄,ω̄Y †n̄S†n̄Γµi SnYnχn,ω

∣∣∣X〉 , (5.6)

where T̄ is the anti-time ordering operator. The (anti-) time ordering can be dropped when using
the bared Wilson lines as defined in Eq. (4.27) because of the intrinsic path ordering structure.

Using some manipulations, SCET power counting, and a generalized Fierz identity (which can
be derived from Eq. (33) in [39]), one can write the total cross section as

σi = Ki
0

16N2
C

Mm

∑
~n

res∑
Xn,n̄,s

(2π)4δ(4)(q − PXn − PXn̄ − PXs)
〈

0
∣∣∣Ȳn̄Yn∣∣∣Xs

〉〈
Xs

∣∣∣Y †n Ȳ †n̄ ∣∣∣0〉
×
∫

dω dω̄ |C(ω, ω̄, µ)|2
〈
0
∣∣/̄nχn∣∣Xn

〉
〈Xn|χ̄n,ω|0〉 〈0|χ̄n̄|Xn̄〉 〈Xn̄|/nχn̄,ω̄|0〉 , (5.7)

where color and spin traces are implied in every factor and Ki
0 = 2(d − 2)cilep. Mm =

1
N2
c

∣∣∣〈0
∣∣∣S̄n̄Sn∣∣∣0〉∣∣∣2 is the mass mode vacuum amplitude, which will be neglected for the rest

of this presentation since it is, as mentioned, of order α2
s.

In the next step we note that due to momentum conservation C(ω, ω̄, µ) = C(Q,−Q,µ) =:
C(Q,µ). Furthermore we implement kinematic constraints by introducing delta functions and use
label and residual momentum splitting. The remaining delta functions are turned into integrals
over exponentials, which gives the general factorized SCET cross section formula

σi = NCQ
2Ki

0
8π |C(Q,µ)|2Mm

∫
dk+

n dk−n̄ dk+
s dk−s

×
res∑
Xn

1
2π

∫
d4x e

i
2k

+
n x
− 〈0

∣∣∣/̄nχn(x)
∣∣∣Xn

〉〈
Xn

∣∣∣χ̄(0)
n,Q

∣∣∣0〉

×
res∑
Xn̄

1
2π

∫
d4y e

i
2k

+
n̄ y

+ 〈0
∣∣∣χ̄n̄(y)

∣∣∣Xn̄

〉〈
Xn̄

∣∣∣/nχ(0)
n̄,−Q

∣∣∣0〉

×
res∑
Xs

1
4NC(2π)2

∫
dz+ dz− e

i
2(k+

s z
−+k−s z+) 〈0

∣∣∣Ȳn̄Yn(z+, z−)
∣∣∣Xs

〉〈
Xs

∣∣∣Y †n Ȳ †n̄ (0)
∣∣∣0〉 . (5.8)

Note that the momenta k are residual.

5.2 Factorization of the Double Hemisphere Mass Cross Section

In the following discussion we will use the general formula in Eq. (5.8) to derive the factorization
theorem for the double hemisphere masses cross section. To achieve this we assign every particle
in the final state (collinear as well as soft ones) to one of the two hemispheres, labeled by a and
b. We define the invariant mass of the hemispheres as

M2
a := (pn + kas )2,

M2
b := (pn̄ + kbs)2, (5.9)
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where pn (pn̄) is the sum of all n (n̄)-collinear momenta, and kas (kbs) the sum of soft momenta in
hemisphere a (b). After integrating over k+

s and k−s , and consequently set the argument of the
soft Wilson lines to zero, we implement the hemisphere masses via inserting the identity in the
form

1 =
∫

dM2
a dM2

b δ
(
(pn + kas )2 −M2

a

)
δ
(
(pn̄ + kbs)2 −M2

b

)
, (5.10)

under the sum over soft states in Eq. (5.8). Splitting the occurring momenta into label and
residual ones, implementing kinematic constraints, and applying power counting one gets

(pn + kas )2 → Q(k+
n + ka+

s ). (5.11)

Furthermore we rewrite the hemisphere mass as

M2
i = m2 + si, (5.12)

where m is the mass of the primary quark, produced in the hard interaction, and si is the
corresponding off-shellness which is small in the two-jet limit.

To make the Xs dependence of ka,bs ≡ ka,bs [Xs] explicit we insert the identity in the form

1 =
∫

d`+ d`− δ
(
`+ − ka+

s

)
δ
(
`− − kb−s

)
. (5.13)

Since now all kinematic constraints are implemented through the delta functions and the
demanded smallness of the offshellness si, we can drop the “res” from the sums. Finally, after
applying some more simplifications and taking the derivatives with respect to the hemisphere
masses, we obtain the desired factorization formula for the double hemisphere mass cross section

d2σi

dM2
a dM2

b

= σi0H(Q,µ)
∫

d`+ d`− Jn(sa −Q`+, µ)Jn̄(sb −Q`−, µ)Shemi(`+, `−, µ). (5.14)

The occurring ingredients are the hard function

H(Q,µ) := |C(Q,µ)|2, (5.15)

which encodes the hard interaction in the process, the jet functions

Jn(Qk+
n −m2) := − 1

2πQDisc
[∫

dx4 eiknx
〈

0
∣∣∣∣∣Tχ̄n,Q(0)

/̄n

4Nc
χn(x)

∣∣∣∣∣0
〉]

,

Jn̄(Qk−n̄ −m2) := 1
2πQDisc

[∫
dx4 eikn̄x

〈
0
∣∣∣∣Tχ̄n̄(x) /n

4Nc
χn̄,−Q(0)

∣∣∣∣0〉] , (5.16)

which encode the dynamics of the jets, and the hemisphere soft function

Shemi(`+, `−) := 1
Nc

∑
Xs

δ
(
`+ − ka+

s

)
δ
(
`− − kb−s

) 〈
0
∣∣∣Ȳn̄Yn(0)

∣∣∣Xs

〉〈
Xs

∣∣∣Y †n Ȳ †n̄ (0)
∣∣∣0〉 , (5.17)

which describes the soft radiation and the communication of the two jets through soft crosstalk.

Since the soft function accounts for low energy radiation, it is partly governed by non-perturbative
effects realized through power corrections to the partonic result [40]. In order to incorporate
these effects, the soft function can be factorized further into a convolution of a perturbative
partonic soft function and a non-perturbative shape or model function [12,33] in the form

Shemi(`+, `−) =
∫

d`′+ d`′− Spart
hemi(`

+ − `′+, `− − `′−)Smod
hemi(`′+, `′−), (5.18)

where Spart
hemi is the partonic soft function, and Smod

hemi is the soft model function, which will be
described in more detail in section 6.6.

Note that the only function which depends on the primary quark mass is the jet function.
However, at two loops additional mass dependencies associated with massive secondary particles
come into play for all the corresponding functions.
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5.3 Factorization of the Heavy Jet Mass Cross Section

To project the double differential cross section in Eq. (5.14) onto the heavy jet mass we use the
HJM definition from Eq. (2.3) and insert the identity in the form

1 =
∫

dρ δ
(
ρ− max{M2

a ,M
2
b }

Q2

)
=
∫

dρ δ
(
ρ− m̂2 − max{sa, sb}

Q2

)
, (5.19)

into (5.14), such that the HJM cross section can be obtained by the formula

dσ
dρ =

∫
dsa dsb

d2σ

dM2
a dM2

b

δ

(
ρ− m̂2 − max{sa, sb}

Q2

)

= 2Q2
Q2ρ̄∫
0

dsa
d2σ

dM2
a dM2

b

∣∣∣∣∣
sb=Q2ρ̄

. (5.20)

In the last line we used the basic structure of the double differential cross section as given in Eq.
(5.14).

However, it should be stressed that the direct use of this formula can be problematic. The
reason is that when deriving the partonic cross section, the double hemisphere mass cross section
contains distributions such as delta functions or plus distributions, which make some of the
transformations made in (5.20), and thus the final formula, not well defined. This can lead to
ambiguous or wrong results. A convenient approach to deal with this problem is to calculate the
cumulant

Σρ(ρc) =
ρc∫

ρmin

dρ dσ
dρ , (5.21)

and then differentiate Σρ(ρc) with respect to ρc to get the differential cross section. When first
integrating over ρ in the first line of (5.20), the subsequent manipulations are well defined and
the corresponding formula reads

Σρ(ρc) =
Q2ρ̄c∫
0

dsa dsb
d2σ

dM2
a dM2

b

. (5.22)
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Chapter 6

Theoretical Ingredients for the Full
Cross Section

In this chapter we present the differential cross section with respect to the heavy jet mass (HJM)
and the corresponding ingredients including log resummation in the peak and tail region at N2LL
order, non-singular contributions, non-perturbative corrections, and renormalon subtractions.

First we determine the functions present in the SCET factorization formula given in Eq. (5.14)
and discuss the corresponding renormalization group equations to resum the related logarithms of
the hard, jet, and soft scales. To have accurate predictions in the far-tail region, where the fixed
order result is valid, we include the non-singular contributions to the cross section, containing
the unresummed contributions subleading in SCET.

Afterwards we will introduce the soft model function which accounts for non-perturbative power
corrections. These are especially important in the peak region, whereas in the tail and far-tail
region only the leading power corrections are dominant, resulting in a simple shift of the partonic
soft function. Subsequently, we remove the O(ΛQCD) renormalon ambiguity present in the pole
mass and the soft function to improve convergence of the perturbative series.

6.1 Hard Function

The hard function is obtained from squaring the Wilson coefficient C, originating from matching
the quark current operator in QCD and SCET as given in Eq. (5.3). To do so the corresponding
matrix elements have to be computed and compared. The matching takes place at a certain scale
named the hard scale, at which we impose the matrix elements to give the same results at all
orders.

Since the mass is of order of the SCET expansion parameter λ, higher order mass effects are
subleading and so in SCET only the leading IR structure of QCD is reproduced. Therefore, the
matching has to be done by using the leading order λ expansion of the QCD result. It is easy
to see that the tree level matrix elements are the same in QCD and SCET, thus only the loop
contributions have to be considered in more detail.

The virtual O(αs) QCD diagram was calculated in section 3.3. Expanding Eq. (3.22) in m̂2 ∼ λ2
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Figure 6.1: The Feynman diagrams which correspond to loop corrections to the SCET quark
current, excluding obviously vanishing contributions.

we get

〈qq̄|J µi |0〉QCD = ū(p1, s1)Γµi v(p2, s2)
{

1 + CFαs
4π

[1
ε

(
−2− 2 log

(
−m̂2

))
+ π2

3 − 4− log
(
−m̂2

)
+ 2 log −Q

2

µ2 + log2
(
−m̂2

)
+ 2 log

(
−m̂2

)
log −Q

2

µ2

]
+O

(
m̂2
)}

, (6.1)

where m̂2 ≡ m̂2 − i0, Q2 ≡ Q2 + i0.

To obtain the right expression for the O(αs) matrix elements in SCET we have to compute the
diagrams shown in Fig. 6.1, which is done in appendix E.2. Note that diagrams with gluon loops
including just Wilson line vertices are zero, since n2 = 0.

Like in the fixed order QCD calculation we multiply the matrix element with the on-shell wave
function renormalization ZOS

ξ = ZOS
ψ and obtain the matrix element

〈qq̄|Jµi |0〉SCET = ZOS
ξ ūn(p1, s1) (Γµi + 2Ha) vn̄(p2, s2)

= ūn(p1, s1)Γµi vn̄(p2, s2)
{

1 + αsCF
4π

[
2
ε2 + 1

ε

(
1− 2 log m

2

µ2

)
+ 4 + π2

6 − log m
2

µ2 + log2 m
2

µ2

]}
,

(6.2)

where Ha corresponds to diagram (a) in Fig. 6.1 and is given in appendix E.2.

Using C(ω, ω̄, µ) = C(Q,µ) (see chapter 5) the matching condition reads

〈qq̄|J µi |0〉QCD

∣∣∣
m̂�1

= C0(Q) 〈qq̄|Jµi |0〉SCET , (6.3)

where C0 is the bare Wilson coefficient

C0(Q) = 1 + αsCF
4π

[
− 2
ε2 −

1
ε

(
3− 2 log −Q

2

µ2

)
− 8 + π2

6 − log2 −Q2

µ2 + 3 log −Q
2

µ2

]
. (6.4)

Note that all the remaining divergences are of UV type. The bare and renormalized coefficients
are related by

C0(Q) = ZC(Q,µ)C(Q,µ), (6.5)

which results in the renormalization factor

ZC(Q,µ) = 1− αs(µ)CF
4π

[
2
ε2 + 1

ε

(
3− 2 log −Q

2

µ2

)]
, (6.6)
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Figure 6.2: Feynman diagrams used for the jet function computation.

and the desired renormalized one-loop hard function

H(Q,µ) = |C(Q,µ)|2 = 1 + αs(µ)CF
4π

[
−16 + 7π2

3 + 6 log Q
2

µ2 − 2 log2 Q
2

µ2

]
. (6.7)

6.2 Jet Function

The jet function is defined in Eq. (5.16) and describes the dynamics of the collinear particles
in the jets. Here we will calculate the jet function at O(αs) by taking the imaginary part of
the diagrams in Fig. 6.2 and the tree level diagram (which is just the collinear propagator),
multiplied with the appropriate factors [12]. The diagrams containing two gluon-Wilson line
interactions are obviously zero, just as in the hard function.

The individual diagrams are computed in detail in appendix E.1. The sum of these diagrams,
multiplied with the needed factors and traced, reads

Ĵ := Ĵtree + Ĵa + Ĵb + Ĵc + Ĵd + Ĵe

= − 1
πs

{
1 + CFαs

4π

[
4
ε2 −

4
ε

log −s
µ2 + 3

ε
+ 2 log2 −s

µ2 − 2 log2 −s
m2 − 4Li2

(−s
m2

)
− 3 log −s

µ2

+ 4 log −s
m2 log −s

m2 + s
− m2(m2 + 2s)

(s+m2)2 log −s
m2 −

s

m2 + s
+ 8 + π2

]}
, (6.8)

where s = p2−m2 + i0. Using the imaginary part relations described in appendix C.3, we obtain
the unrenormalized one-loop jet function

J0
n(s) = δ(s) + CFαs

4π

{[
4
ε2 + 3

ε
+ 8− π2

3 + log m
2

µ2 + 2 log2 m
2

µ2

]
δ(s)

+
[
−4
ε
− 4− 4 log m

2

µ2

]
Lµ

2

0 (s) + 8Lµ
2

1 (s) + Θ(s)
[

s

(m2 + s)2 −
4
s

log
(

1 + s

m2

)]}
.

(6.9)
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Since the jet function depends on the dynamical quantity s and the renormalization procedure
has to be local i.e. an ordinary multiplication in position space, the bare and renormalized
momentum space jet functions are related via a convolution, so [12]

J0
n,n̄(s) =

∫
ds′ ZJn,n̄(s− s′, µ)Jn,n̄(s′, µ). (6.10)

Subsequently, the jet function renormalization factor reads

ZJn,n̄(s, µ) = δ(s) + CFαs(µ)
4π

{[ 4
ε2 + 3

ε

]
δ(s)− 4

ε
Lµ

2

0 (s)
}
, (6.11)

and the one-loop renormalized jet function

Jn(s, µ) = δ(s) + CFαs(µ)
4π

{[
8− π2

3 + log m
2

µ2 + 2 log2 m
2

µ2

]
δ(s)

+
[
−4− 4 log m

2

µ2

]
Lµ

2

0 (s) + 8Lµ
2

1 (s) + Θ(s)
[

s

(m2 + s)2 −
4
s

log
(

1 + s

m2

)]}
.

(6.12)

Note that the jet function is mass dependent, while the renormalization constant is not, since the
UV divergences are universal. Thus the jet function evolution, which will be derived in section
6.4, is identical to the massless one. Note also that at this point we use the pole mass scheme for
convenience. We describe the procedure to change to a short distance mass scheme in section
6.7.2.

6.3 Soft Function

The hemisphere soft function is defined in Eq. (5.17). As already explained, the soft function has
contributions from perturbative i.e. partonic, and non-perturbative regimes, where the partonic
contribution at O(αs) is determined by the diagrams in Fig. 6.3 and the appropriate tree level
diagram. Note that again some diagrams obviously vanish, namely the ones where the gluon
connects two n or two n̄ soft Wilson lines. At tree level the soft function can be computed in a
straightforward way, since no soft gluons are emitted (|Xs〉 = |0〉) and so

Spart,tree
hemi = δ(`+)δ(`−). (6.13)

The O(αs) diagrams are calculated in appendix E.3 and the final result of the soft function reads

Spart,0
hemi (`+, `−) = δ(`+)δ(`−) + CFαsµ

2ε eγEε

πεΓ(1− ε)

(
δ(`−)Θ(`+)

(
`+
)−1−2ε

+ δ(`+)Θ(`−)
(
`−
)−1−2ε

)

= δ(`+)δ(`−)− CFαs
π

[
1
ε2 δ(`

−)δ(`+)− 1
ε
δ(`−)Lµ0 (`+)− 1

ε
δ(`+)Lµ0 (`−)−GS(`+, `−) +O(ε)

]
,

(6.14)

with
GS(`+, `−) = π2

12δ(`
−)δ(`+)− 2δ(`−)Lµ1 (`+)− 2δ(`+)Lµ1 (`−). (6.15)

To perform the ε expansion of Eq. (6.14) we used relation (C.4) to get the right distributional
structure. Note that since in (C.4) the variable x is a dimensionless quantity, we had to introduce
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Figure 6.3: Diagrams determining the soft function.

an arbitrary dummy variable κ with energy dimension one, and set li = κxi. At the end we
specified κ = µ to simplify the result.

Similar to the jet function the renormalized soft function is determined by

Spart,0
hemi (`+, `−) =

∫
d`′+ d`′− ZS(`+ − `′+, `− − `′−, µ)Spart

hemi(`
′+, `′−, µ), (6.16)

which leads to the renormalization factor

ZS(`+, `−, µ) = δ(`+)δ(`−) + CFαs(µ)
π

[
− 1
ε2 δ(`

−)δ(`+) + 1
ε
δ(`−)Lµ0 (`+) + 1

ε
δ(`+)Lµ0 (`−)

]
,

(6.17)
and the renormalized one-loop hemisphere soft function

Spart
hemi(`

+, `−, µ) = δ(`+)δ(`−) + CFαs(µ)
π

GS(`+, `−, µ). (6.18)

Note that all our results coincide with [12].

6.4 Renormalization Group Equations and Solutions

To resum the large logarithms as explained in section 3.6, we have to solve the renormalization
group equations (RGEs) for the hard, jet, and soft functions given in Eqs. (6.7), (6.12), and
(6.18) respectively.

For the hard function, the RGE reads

µ
d

dµH(Q,µ) = γH(Q,µ)H(Q,µ), (6.19)
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and the general form of the anomalous dimension of the hard function is [12]

γH(Q,µ) = −ΓH [αs] log Q
2

µ2 + γH [αs], (6.20)

where ΓH [αs] and γH [αs] are perturbative coefficients given by

ΓH [αs] =:
∑
i=0

ΓH,i
(
αs(µ)

4π

)i+1
, γH [αs] =:

∑
i=0

γH,i

(
αs(µ)

4π

)i+1
. (6.21)

Solving the RGE leads to

H(Q,µ) = H(Q,µH) exp
(
−ωH(µ, µH ,ΓH , 2) log Q

2

µ2
H

+KH(µ, µH ,ΓH , γH)
)

=: H(Q,µH)UH(Q,µH , µ), (6.22)

where UH is the “evolution kernel” of the hard function, and the occuring functions are

ωF (µ, µF ,ΓF , j) := 2
j

αs(µ)∫
αs(µF )

dα ΓF [α]
β[α] ,

KF (µ, µF ,ΓF , γF ) := 2
αs(µ)∫

αs(µF )

dα ΓF [α]
β[α]

α∫
αs(µH)

dα′ 1
β[α′] +

αs(µ)∫
αs(µi)

dα γF [α]
β[α] , (6.23)

with the QCD beta function

β[αs] = −α
2
s(µ)
2π

∑
i=0

βi

(
αs(µ)

4π

)i
, (6.24)

which is described in more detail in appendix F.1.

The renormalization of the jet and soft functions in Eqs. (6.10) and (6.16) is given by a
convolution, thus the running has a convoluted structure as well, so [12,34]

µ
d

dµJ(s, µ) =
∫

ds′ γJ(s− s′, µ)J(s′, µ),

µ
d

dµS(`+, `−, µ) =
∫

d`′+ d`′− γS(`+ − `′+, `− − `′−, µ)S(`′+, `′−, µ), (6.25)

with S ≡ Shemi and

γS(`+, `−, µ) = δ(`+)γs(`−, µ) + δ(`−)γs(`+, µ),

γF (t, µ) = − 2
j

ΓF [αs]Lµ
j

0 (t) + γF [αs]δ(t), F = J, s. (6.26)

j is the energy dimension of the argument t, and ΓF [αs] and γF [αs] are defined perturbatively
analogous to Eq. (6.21). The splitting of the soft anomalous dimension into two parts as given
in (6.26) follows from the consistency relation given by Eq. (6.39).

To solve the RGEs in (6.25) it is convenient to Fourier transform these equations so that

µ
d

dµJ̃(y, µ) = γ̃J(y, µ)J̃(y, µ),

µ
d

dµS̃(Qy+, Qy−, µ) =
(
γ̃s(Qy+, µ) + γ̃s(Qy−, µ)

)
S̃(Qy+, Qy−, µ), (6.27)
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where y and y+,− are the Fourier space variables with energy dimension −2. These equations
can be solved analogously to the hard function, giving the solutions

J̃(y, µ) = J̃(y, µJ) exp
(
ωJ(µ, µJ ,ΓJ , j) log(iy eγEµjJ) +KJ(µ, µJ ,ΓJ , γJ)

)
=: J̃(y, µJ)ŨJ(y, µJ , µ),

S̃(y+, y−, µ) = S̃(y+, y−, µS)ŨS(y+, y−, µS , µ) =: S̃(y+, y−, µS)Ũs(y+, µS , µ)Ũs(y−, µS , µ).
(6.28)

To Fourier transform the plus distribution present in the anomalous dimensions, we used the
corresponding relation given in the second line of Eq. (C.9). The soft evolution kernel Ũs has
the same structure as UJ , with the functions ωF and KF defined by the Eq. (6.23).

Taking the inverse Fourier transform, the final form of the evolution kernels read

UF (t, µF , µ) = eKF eγEωF
Γ(−ωF ) L

µj

0,ωF (t), (6.29)

containing the fractional plus distribution, which is defined and explained in appendix C.1.

The calculation of the perturbative coefficients contained in the anomalous dimensions of the
hard, jet, and soft functions is straightforward. Since the bare functions are independent of the
renormalization scale µ, it holds that

µ
d

dµH
0(Q) = µ

d
dµ (ZH(Q,µ)H(Q,µ)) = 0,

µ
d

dµJ̃
0(y) = µ

d
dµ
(
Z̃J(y, µ)J̃(y, µ)

)
= 0,

µ
d

dµS̃
0(Qy+, Qy−) = µ

d
dµ
(
Z̃S(Qy+, Qy−, µ)S̃(Qy+, Qy−, µ)

)
= µ

d
dµ
(
Z̃s(Qy+, µ)Z̃s(Qy−, µ)S̃(Qy+, Qy−, µ)

)
= 0, (6.30)

where we used ZH = Z2
C and ZS(Qy+, Qy−, µ) = Zs(Qy+, µ)Zs(Qy−, µ), following from the first

line in Eq. (6.26). The corresponding solutions read

γH = − µ
d

dµZH

ZH
,

γ̃F = − µ
d

dµ Z̃F

Z̃F
, F = J, s, (6.31)

thus the results for the leading terms of the anomalous dimensions in Eq. (6.21) (and analogously
for the jet and soft functions) are

γH,0 = −12CF ,
ΓH,0 = −8CF ,
γJ,0 = 6CF ,
ΓJ,0 = 8CF ,
γs,0 = 0,
Γs,0 = −4CF . (6.32)

Since in this thesis we aim to carry out the analysis at N2LL order, we need higher order
coefficients, namely ΓF up to three, and γF up to two-loop order. The relevant coefficients for
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ΓF γF FO
LL 1 0 0

NLL 2 1 0
N2LL 3 2 1
NLL′ 2 1 1
N2LL′ 3 2 2

Table 6.1: This table shows to which order the various ingredients for the resummed cross section
are needed to achieve a certain accuracy. The fixed order result is needed in the matching as
well as for the non-singular contribution, and corresponds also to the needed order of the jet and
soft functions. The numbers specify the order in αs.

the hard and jet function can be found in [41–43], and the coefficients for the soft function
running can be computed via the consistency relation (6.39). Table 6.1 shows to which order
in perturbation theory the matrix elements and the anomalous dimensions are needed in the
resummation procedure for specific orders of log resummation. The naming corresponds to
reference [10].

In the following we give a summery of all perturbative coefficients regarding the anomalous
dimensions needed for N2LL resummation:

Hard Function (j = 2):

ΓH [αs] = −2Γcusp[αs],
γH,0 = −12CF ,

γH,1 = −7976
27 − 136

9 π2 + 736
3 ζ3 +

(1040
81 + 16

9 π
2
)
nf . (6.33)

Jet Function (j = 2):

ΓJ [αs] = 2Γcusp[αs],
γJ,0 = 6CF ,

γJ,1 = 7220
27 + 8

3π
2 − 704

3 ζ3 −
(968

81 + 16
27π

2
)
nf . (6.34)

Soft Function (j = 1):

Γs[αs] = −Γcusp[αs],
γs,0 = 0,

γs,1 = −γJ,1 −
1
2γH,1, (6.35)

where the cusp anomalous dimension Γcusp is defined as

Γcusp[αs] =
∑
i=0

Γcusp
i

(
αs(µ)

4π

)i+1
, (6.36)

with the perturbative coefficients

Γcusp
0 = 16

3 ,

Γcusp
1 = 1072

9 − 16
3 π

2 − 160
27 nf ,

Γcusp
2 = 1960− 2144

9 π2 + 176
15 π

4 + 352ζ3 +
(
−5104

27 + 320
27 π

2 − 832
9 ζ3

)
nf −

64
81n

2
f . (6.37)
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Now we derive the consistency relation used several times in this section. This relation corre-
sponds to the fact that the double hemisphere mass cross section has to be independent of the
renormalization scale, which leads to certain relations between the anomalous dimensions. Let’s
consider the Fourier transformed double hemisphere mass cross section. From the µ independence
follows that

F
(

d2σi

dsa dsb

)
(xa, xb) = σi0H(Q,µ)J̃n(xa, µ)J̃n̄(xb, µ)S̃(Qxa, Qxb, µ)

⇒ 0 = µ
d

dµ

(
F
(

d2σi

dsa dsb

)
(xa, xb)

)
= (γH(Q,µ) + γ̃J(xa, µ) + γ̃J(xb, µ) + γ̃S(Qxa, Qxb, µ))

×F
(

d2σi

dsa dsb

)
(xa, xb), (6.38)

and therefore
γH(Q,µ) + γ̃J(xa, µ) + γ̃J(xb, µ) + γ̃S(Qxa, Qxb, µ) = 0. (6.39)

This equation justifies the splitting of γ̃S in the form γ̃S(Qxa, Qxb, µ) = γ̃s(Qxa, µ) + γ̃s(Qxb, µ),
as used in (6.26), and subsequently in the solution of the soft RGE. Considering the relations
between the anomalous dimension γ̃S , the renormalization factor Z̃S , and the evolution kernel
ŨS , the respective splittings used in (6.28) and (6.30) are obvious.

Writing Eq. (6.39) in terms of cusp and non-cusp anomalous dimensions leads to the equations
which give the relations between the respective coefficients

γH [αs] + 2γJ [αs] + 2γs[αs] = 0,
ΓH [αs] = −ΓJ [αs] = 2Γs[αs]. (6.40)

Note that these relations are valid to all orders in perturbation theory.

6.5 Non-Singular Contribution

In this section we will calculate the non-singular contribution to the cross section, i.e. the
subleading contributions in the SCET power counting parameter λ. As explained in chapter 4,
SCET is an effective theory suitable for the dijet region, where large logs appear. Away from
this region, especially in the far-tail, terms which are subleading in the SCET power counting
are getting more and more important and have to be taken into account in a full description. In
order to calculate these contributions we first derive the unresummed SCET cross section. For
reasons explained in section 5.3, this will be done via the HJM cumulant (5.22), which is then
differentiated. Then we subtract the result from our fixed order expression, derived in chapter 3.
In the full description this non-singular contribution is added to the resummed singular terms of
the factorized SCET cross section.

We start by computing the double hemisphere mass cross section in SCET using the factorization
formula in Eq. (5.14), and the appearing functions derived in the sections 6.1, 6.2, and 6.3. In
terms of off-shellness si, as defined in (5.12), the cross section gives

1
σi0

d2σiSCET
dsa dsb

=
{
δ(sa) + CFαs

4π

[ (
π2 + log m̂2 + 2 log2 m̂2

)
δ(sa) +

(
−4− 4 log m̂2

)
LQ

2

0 (sa)

+
(

sa
(m2 + sa)2 −

4
sa

log
(

1 + sa
m2

))
Θ(sa)

]}
×
{
sa → sb

}
+O(α2

s), (6.41)
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where the expression in the second pair of curly brackets is obtained by replacing sb → sa in the
first one.

After applying the formula for the HJM cumulant, given in (5.22), the O(αs) expression reads

1
σi0

Σi
ρ,SCET(ρ) = Θ(ρ̄) + CFαs

4π

[
(2π2 + 2 log m̂2 + 4 log2 m̂2)Θ(ρ̄)− 8(1 + log m̂2)Θ(ρ̄) log ρ̄

+ 2
Q2ρ̄∫
0

ds
(

s

(m2 + s)2 −
4
s

log
(

1 + s

m2

))]
, (6.42)

from which we can deduce the HJM differential cross section

1
σi0

dσiSCET
dρ = δ(ρ̄) + CFαs

4π

[ (
2π2 + 2 log m̂2 + 4 log2 m̂2

)
δ(ρ̄)− 8

(
1 + log m̂2

)
L0(ρ̄)

+ 2
(
ρ̄

ρ2 −
4
ρ̄

log
(

1 + ρ̄

m̂2

))
Θ(ρ̄)

]
. (6.43)

The non-singular cross section can now be obtained easily and is given by

1
σi0

dσins
dρ = 1

σi0

dσiQCD
dρ − 1

σi0

dσiSCET
dρ

= f0,i
ns δ(ρ̄) + CFαs

4π
[
f δ

,i
ns δ(ρ̄) + f+,i

ns L0(ρ̄) + fnd,i
ns (ρ)Θ(ρ̄)

]
+O(α2

s), (6.44)

where f j,ins = f j,iQCD − f
j,i
SCET, with the coefficients for SCET and QCD defined analogously to

the non-singular ones. These coefficients can be found in Eq. (6.43) and chapter 3. Some
of the non-singular coefficients are rather lengthy expressions but they can be computed in a
straightforward way. It should be noted that the coefficients of the non-singular distributional
parts vanish for m̂→ 0, as expected.

6.6 Non-Perturbative Corrections

As explained in section 5.2 the soft function is partly governed by non-perturbative effects,
appearing in the form of power corrections of the form (ΛQCD/(Qρ))k [10, 40]. The structure
of the power corrections makes clear that in the tail and far-tail, where ρ� ΛQCD/Q, only the
leading terms, related to the lowest moments of the soft function, have to be considered, which
leads to a simple shift of the distribution. However, in the peak region infinitely many terms
are needed to fully account for non-perturbative corrections. In this context non-perturbative
contributions in the form of power corrections were investigated in [44], using the so called
“dispersive method”.

We already mentioned the popular strategy to include these corrections via convoluting the
partonic soft function with a model function. This approach incorporates the non-perturbative
corrections in a continuous way and allows to smoothly connect the peak and tail region [10,12,33].
For such a model function it is useful to choose a series of linearly independent functions in a
way that already the first orders give a qualitatively good choice for the peak region. The series
of functions is then implemented to a specific order and the coefficients are fit to data.

Due to the structure of thrust with respect to the hemisphere masses for τ � 1, it can be shown
that for the singular distribution it does not matter if a model function is incorporated at the
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level of the double hemisphere mass cross section, or after a projection onto thrust. Of course
in the first case a two-dimensional model is needed, where in the second case the model is just
one-dimensional, which simplifies the situation. For example, a one-dimensional model function
was implemented in the thrust analysis in [10]. However, in the case of heavy jet mass, one is
forced to incorporate a two-dimensional model function at the hemisphere mass level and to do
the projection afterwards.

Note that the structure of the factorized cross section (5.2) allows to rewrite the convolution
with the partonic soft function into a convolution with the whole singular cross section.

A common set of functions for a one-dimensional model function is given in [45] and reads

F (k, λ, {ci}) := 1
λ

[
N∑
n=0

cnfn

(
k

λ

)]2

,

fn(z) := 8

√
2z3(2n+ 1)

3 e−2zPn[g(z)],

g(z) := 2
3
[
3− e−4z

(
3 + 12z + 24z2 + 32z3

)]
− 1, (6.45)

where Pn are Legendre polynomials and
∑
i c

2
i = 1 for normalization. A straightforward general-

ization to the two-dimensional case is given by

F (`1, `2, λ, {cij}) := 1
λ2

 N∑
m,n=0

cmnfm

(
`1
λ

)
fn

(
`2
λ

)2

, (6.46)

with Tr(c2) = 1. This function will be used in our analysis where we set c00 = 1 (and therefore
all other coefficients to zero) for simplicity, denoted by Smod(`+, `−, λ) ≡ F (`+, `−, λ, c00 = 1).
This has the advantage that a splitting of the model function, such that Smod(`+, `−, λ) =
Smod(`+, λ)Smod(`−, λ), is possible.

For HJM values ρ� ΛQCD/Q, an operator product expansion of the full cross section can be
performed, which gives [46]

dσ
dρ = dσpart

dρ −
Ω̄[1,0]
Q

d2σpart

dρ2 + . . . , (6.47)

with the [m,n]-moment of the soft model function

Ω̄[m,n] :=
∫

d`1 d`2 `m1 `n2Smod(`1, `2, λ). (6.48)

Eq. (6.47) shows that in this region the effect of convoluting with a model function is a shift of
the distribution. This demonstrates that away from the peak the full form of the model function
is not relevant, and therefore one only needs the first model moment for hadronic predictions in
this region. Note also that the leading power correction can in principle be achieved by using
a one-dimensional model with first moment Ω̄1 = Ω̄[1,0]. This agrees with the two-dimensional
approach to a very high extent in the tail and far-tail region as expected.

Interestingly this shift is a universal quantity, which can relate several event-shape power
corrections by multiplying an event-shape specific factor, which is easy to compute [47–49]. The
HJM shift is related to the thrust (or 2-jettiness) one by a factor of 1/2 [49].

However, the first moment of the HJM distribution

Mρ
1 := 1

σ

∫
dρ ρdσ

dρ , (6.49)
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which encodes information about the peak position, differs from the leading tail correction Ω̄[1,0],
in contrast to the thrust case [46]:

Mρ
1,tree = ρmin + 1

Q

(
Ω̄[1,0] + Υ[0,0]

)
, (6.50)

with
Υ[m,n] :=

∫
d`1 d`2 Θ(`1 − `2) (`1 − `2) `m1 `n2Smod(`1, `2, λ). (6.51)

This is induced by the more complicated structure due to the two-dimensional model.

Note that the corrections realized through the model function convolution have to be applied
to the non-singular contribution as well, such that the cancellations between singular and non-
singular contributions, especially in the far-tail where the pure fixed order result is valid, remain
intact.

For practical calculations there are essentially two ways to implement the model convolution:
To perform a direct convolution in momentum space, and to do a multiplication in Fourier
space. Both procedures are carried out numerically. Since the computation of the distributional
singular part is numerically more stable in Fourier space, we chose this approach, while we use
the momentum space computation as a cross check. The Fourier transformed non-distrubutional
part of the jet function as well as the non-singular part are not known analytically, hence for them
the calculation is done in momentum space only. The needed Fourier transformed one-variable
model function with c0 = 1 is

F(Smod)(Qy) = 256
(Qyλ− 4i)4 . (6.52)

6.7 Renormalon Subtraction

In this section we will discuss another problem connected to non-perturbative effects, namely
renormalons.

It is well known that perturbative expansions in a quantum field theory are in general divergent
asymptotic series [50]. Renormalons are certain sources of divergence, which are related to large
and small momentum behavior. Since QCD is an asymptotic free theory, especially renormalons
originating from small momentum, infrared renormalons, are arising and have to be considered.
Renormalons can be studied best when using the Borel transform of the perturbative series.
The renormalons then manifest themselves as divergences in the Borel plane, which turn into
ambiguities of order (ΛQCD/Q)k when doing the inverse Borel transform. These ambiguities
have to be removed to get good perturbative convergence and accurate predictions.

Basically these IR renormalons emerge when doing loop integrals, which always include small
loop momenta and consequently include corrections from the non-perturbative region [51]. In
the presented HJM cross section two quantities emerge which contain renormalons, which will be
treated in the next two sections.

The first one is the soft renormalon, related to the soft function splitting into a perturbative
and non-perturbative part, and to the problem that the partonic threshold at l+,− = 0 is
obviously unphysical [10]. To correct this issue we introduce a gap parameter [10, 33] in the
soft model function, which shifts this threshold and can be interpreted as the minimal hadronic
energy deposit in one hemisphere. This gap parameter is then split into a perturbative and
non-perturbative part, where we use a scheme such that the non-perturbative one is free of the
leading renormalon ambiguity and can be extracted from experimental data. The perturbative
part on the other hand cancels the renormalon in the partonic soft function order by order. Note
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that the soft renormalon is just an artifact of the partonic soft function containing low energy
contributions e.g. from loop integrals, so that the splitting into a partonic and non-perturbative
part is problematic. The arising renormalon is then present in the partonic as well as in the
non-perturbative part of the soft function, which finally cancel order by order by using the
explained method.

The second renormalon is related to the mass scheme used for the heavy quark mass. So far
we used the pole mass scheme in our calculations, which is known to be very sensitive to small
energy dynamics and therefore introduces a renormalon ambiguity [51]. Mass schemes for which
this is not the case are called “short distance masses” [52,53], since the low energy effects are
related to long distance fluctuations. From a physical point of view it is intuitive that the pole
mass is a problematic quantity, since the quark propagator which is used to define it is an object
assuming asymptotic quark states which do not exist.

6.7.1 Gap Formalism

As explained above, we switch to a new scheme for the non-perturbative soft function. We
consider a class of non-perturbative functions with a gap parameter ∆ with support for k ≥ ∆.
This can be implemented in our usual model function, writing Smod(k, k′)→ Smod(k−∆, k′−∆)
(we will suppress λ dependencies in this section and S ≡ Shemi).

Hence the relation for the first moment becomes∫
dk dk′ kSmod(k, k′) = Ω̄[1,0] → ∆ +

∫
dk dk′ kSmod(k, k′) = Ω̄[1,0]. (6.53)

where ∆ should contain the same renormalon as the power correction Ω̄[1,0].

Based on this, one can obtain a renormalon free definition of Ω̄[1,0], which we call Ω[1,0], by
splitting ∆ into a non-perturbative component ∆̄(R,µS), free of the O(ΛQCD) ambiguity, and
a perturbative series δ(R,µS) with the same ambiguity as Ω̄[1,0]. Note that in contrast to ∆,
the new objects ∆̄ and δ depend on a subtraction scale R and the soft scale µS , and that Υ[0,0]
is not changed by the introduction of a gap. Ω[1,0], the renormalon free definition of Ω̄[1,0], is
consequently

Ω[1,0](R,µS) = Ω̄[1,0] − δ(R,µS) = ∆̄(R,µS) +
∫

dk dk′ kSmod(k, k′). (6.54)

By applying this method to the full hemisphere soft function we can write

S(k+, k−) =
∫

dk′+ dk′− Smod(k′+ −∆, k′− −∆)Spart(k+ − k′+, k− − k′−)

=
∫

dk′+ dk′− Smod(k′+ − ∆̄, k′− − ∆̄)Spart(k+ − k′+ − δ, k− − k′− − δ)

=
∫

dk′+ dk′− Smod(k′+ − ∆̄, k′− − ∆̄) e−δ
∂

∂k+ e−δ
∂

∂k− Spart(k+ − k′+, k− − k′−),

(6.55)

where we omitted the dependence on R and µS . The last line induces a perturbative subtraction
which must be done strictly order by order.

A convenient scheme for δ(R,µS) is given and explained in [54,55], which reads

δ(R,µ) = R eγE
[ d

d(ix1) log S̃part(x1, x2, µ)
]
x1=x2=(iR eγE )−1

, (6.56)

48



where S̃ is the soft function in Fourier space and the scale R, already introduced above, is
associated with the scale where the renormalon is subtracted.

Since the renormalon must be subtracted order by order, we define a perturbative expansion of δ
in the form

δ(R,µS) = R eγE
∑
i=1

(
αs(µS)

4π

)i
δi(R,µS) =:

∑
i=1

δ̂i(R,µS), (6.57)

such that the O(αs) subtraction for the one-argument soft function reads

S(k − k′ − δ) = S(k − k′)− S′(k − k′)δ + ... = S(k − k′)− δ′(k − k′)δ̂1 +O(α2
s). (6.58)

The first two coefficients of the perturbative series in (6.57) can be computed by using the log
structure and exponentiation property of the soft function [54]. They read

δ̂1(R,µ) = R eγE αs(µ)
4π

(
−8CF log µ

R

)
,

δ̂2(R,µ) = R eγE
(
αs(µ)

4π

)2
CF

[(
−808

9 − 22π2

3 + 84ζ3 +
(
−539

3 + 8π2
)

log µ
R
− 88 log2 µ

R

)

+ nf

(112
27 + 4

9π
2 + 80

9 log µ
R

+ 16
3 log2 µ

R

)]
. (6.59)

Since Ω̄[1,0] ∼ ΛQCD, the natural choice to set R seems to be R ∼ 1 GeV, such that Ω[1,0] ∼ ΛQCD
and αs(R) is still perturbative [10]. However, this leads to large logs in the tail region and is
therefore not a wise choice. The solution to this problem is to parametrize ∆̄ at the reference
scales R∆ ∼ µ∆ ∼ 1 GeV, and then evolve them to the appropriate scale, namely the soft scale.
The evolution of ∆̄ is explained in appendix F.3 and in [56,57].

6.7.2 MS Mass

At the beginning of this chapter we noted that we should change the mass scheme from the pole
mass, which contains an IR renormalon ambiguity, to a short distance mass. A short distance
mass suitable for our problem is the MS mass. To change the mass scheme from pole to MS we
use the relation between these scemes at one-loop order, which reads [58]

m̂ ≡ m̂pole = m̂(µ) + δm̂(µ), (6.60)

with

δm̂(µ) = αs(µ)CF
π

m̂(µ)
[
1− 3

2 log m(µ)
µ

]
+O(α2

s), (6.61)

where m̂(µ) is the MS mass in units of center of mass energy.

The MS mass depends on a renormalization scale µ, which should be chosen at the characteristic
scale where the mass dependence appears, namely the jet scale. On the other hand, it can be
seen from the form of δm̂(µ) that it is best to choose µ ∼ m̂ to avoid large logarithms, which
arise at scales far from the mass scale. Again we solve this issue by choosing m(m) as an input
parameter, which we then evolve to the appropriate scale by using the renormalization group
evolution, described in more detail in appendix F.4.
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6.8 Final Result

In the past sections we introduced the most important corrections to the differential fixed
order cross section. We introduced resummation of large logarithms, arising from strong scale
hierarchies in the tail and peak region, non-perturbative corrections, and renormalon subtractions
in the soft function and the heavy quark mass. As already mentioned, we computed the
distributional singular cross section in Fourier space as well as in momentum space as a cross
check. Here we present the final formula in Fourier space, since all the involved convolutions
become multiplications, which makes the equation more overseeable. Including all the mentioned
pieces the singular differential cross section reads

1
σi0

dσis
dρ = 2Q2H(Q,µH)UH(Q,µH , µ) 1

(2π)2

×
∫

dxa dxb
exp

(
i(xa + xb)Q

(
Qρ̃− ∆̄(R∆, µ∆)− U∆̄(R∆, R, µ∆, µS)

))
ixa

×
[
J̃n(xa,m, µJ)ŨJ(xa, µJ , µ)S̃mod(Qxa, λ)Ũs(Qxa, µS , µ)

×
(
S̃part(Qxa, µS)− ixaQ

(
δ̂1(R,µS) + 2Qm̂ δm̂(µJ)

)) ]
×
[
a→ b

]
+O(α2

s),

(6.62)

where the tilde denotes the Fourier transformed expressions, which are easy to obtain by using
the formulas given in appendix C.2, and the remaining expressions are defined as ρ̃ = ρ− m̂2

and m ≡ m(m)Um(m,µJ). The last factor in square brackets is the same as the first one with
xa → xb. When multiplying these brackets, one has to take care of the strict αs expansion of the
perturbative corrections.

A note to the numerical evaluation of the integral above: Taking the formula in (6.62) as it is,
the evaluation contains numerical instabilities due to the presence of a pole and a branch cut
at xa,b = 0. To solve this issue we considered the integrand on the complex plane, and used
Cauchy’s integral theorem to transform the integration path away from the pole such that an
effective substitution x→ x(1 + i)− i is made in the integrand.

To convolute the non-singular contribution with the two-dimensional model we have to obtain
the non-singular double hemisphere mass cross section. Knowing the expressions of the HJM
cross section in the different phase space regions, introduced in section 3.4.1, and the associated
kinematic situations for the three final state particles, we can obtain the double differential cross
section by multiplying the HJM cross section, associated with the different regions, with the
related delta functions, arising from the single particle in the light hemisphere. In phase space
region 1, the light hemisphere consists of one heavy quark, where in region 3 the light hemisphere
contains the massless gluon. These considerations lead to the expression

d2σins
dsa dsb

(Q2ρ̄a, Q
2ρ̄b) = 1

2Q4

[
2dσi,(1)

ns
dρ (ρa)δ(ρ̄b) + 2dσi,(1)

ns
dρ (ρb)δ(ρ̄a)

+ dσi,(3)
ns

dρ (ρa)δ(ρb) + dσi,(3)
ns

dρ (ρb)δ(ρa)
]
, (6.63)

where (1) and (3) denote the different phase space regions. The Born and virtual contributions
are included in the expressions denoted with (1). Using the projection formula (5.20), including
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the gapped model function, and the MS mass scheme, the non-singular cross section reads

1
σi0

dσins
dρ = 1

σi0
Q

∫
d`

×

{
2Smod (Qρ̃− ∆̄

)
Smod (`)

ρ− ∆̄
Q∫

m̂
2

dρ′ dσ
i,(1)
ns

dρ

(
ρ′− `

Q

)
+ 2dσi,(1)

ns

dρ

(
ρ− ∆̄

Q
− `

Q

)
Smod (`)

ρ̃− ∆̄
Q∫

0

dρ′Smod (Qρ′)

+Smod (Qρ− ∆̄
)
Smod (`)

ρ− ∆̄
Q∫

4m̂2

dρ′ dσ
i,(3)
ns

dρ

(
ρ′− `

Q

)
+ dσi,(3)

ns

dρ

(
ρ− ∆̄

Q
− `

Q

)
Smod (`)

ρ− ∆̄
Q∫

0

dρ′Smod (Qρ′)

−2δ̂1f0,i
ns

[
dSmod (k)

dk

∣∣∣∣
k=Qρ̃−∆̄

Smod (`) + dSmod (`)
d` Smod (Qρ̃− ∆̄

)

+ dSmod (`)
d` δ

(
ρ̃− ∆̄

Q
− `

Q

)ρ̃− ∆̄
`∫

0

dρ′Smod (Qρ′) + 1
Q
Smod (Qρ̃− ∆̄

)
Smod (`)δ

(
ρ̃− ∆̄

Q
− `

Q

)]

−4m̂δm̂

[
f0,i

ns Q
dSmod (k)

dk

∣∣∣∣
k=Qρ̃−∆̄

Smod (`) +Smod (Qρ̃− ∆̄
)
Smod (`)

df0,i
ns
(
m̂
)

dm̂

+ f0,i
ns δ

(
ρ̃− ∆̄

Q
− `

Q

)
Smod (`)Smod (Qρ̃− ∆̄

)
+

df0,i
ns
(
m̂
)

dm̂
δ

(
ρ̃− ∆̄

Q
− `

Q

)
Smod (`)

ρ̃− ∆̄
Q∫

0

dρ′Smod (Qρ′)

−Qf0,i
ns δ

(
ρ̃− ∆̄

Q
− `

Q

)
dSmod (`)

d`

ρ̃− ∆̄
Q∫

0

dρ′Smod (Qρ′)
]}

, (6.64)

with omitted λ and µ dependencies. As in the singular contribution, ∆̄ and m are evolved from
the log-minimizing to the appropriate characteristic scales.

51



Chapter 7

Analysis

In this chapter we will analyze our final results for the heavy jet mass (HJM) cross section
regarding perturbative convergence and mass effects. While showing some plots we will draw first
conclusions.

Prior to this we will introduce profile functions, which determine the renormalization scales such
that logarithms are resummed correctly in all regions of the distribution.

7.1 Profile Functions

In chapter 5 we proved factorization for the heavy jet mass cross section in the 2-jet region,
which led finally to the factorization formula (5.14). In this factorized form the cross section is
built out of several functions, where each contains a distinct logarithm containing fractions of
the renormalization scale and one of the characteristic scales, as explained in section 3.6. To
ensure small logs we choose the renormalization scale in each function to be of the order of
the contained characteristic scale, and evolve them to a common scale via the evolution kernels
obtained in section 6.4, which resumms the large logs. Since the characteristic scales depend on
the event-shape value, the renormalization scales should as well, which leads to certain theoretic
constraints for different regions of the cross section [10]:

In the non-perturbative region: µH ∼ Q, µJ ∼
√

ΛQCDQ, µS ∼ R ∼ ΛQCD.

In the resummation region: µH ∼ Q, µJ ∼ Q
√
ρ, µS ∼ R ∼ Qρ.

In the fixed order region: µH = µJ = µS = R ∼ Q.

The basic character of these regions can be understood rather easily. In the non-perturbative
region, which is associated with the peak, the cross section is governed by non-perturbative effects
(modeled by the model function in section 6.6), and the appearing scales are characterized by a
distinct hierarchy where the soft scale is of order of ΛQCD (note that resummation is nevertheless
important in this region). The resummation region, associated with the tail, is the area where we
want to apply our techniques to resum the large logarithms. Consequently, the scales are chosen
to be similar to the scales appearing in the logarithms. In the fixed order region, associated with
the far-tail, the scales are of the same order, and the cross section is well described by the fixed
order result. To meet all these constraints we use profile functions [10,59], which assign smooth
functions of ρ to every renormalization scale. Note that the points of transition between these
regions are in general process dependent.
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The scale dependence of the cross section is a useful measure of the remaining theoretical
uncertainty, arising from the truncation of the perturbation series [60], since this accounts for
missing higher order effects. We use this feature by varying several parameters contained in the
profile functions, to account for uncertainties and test the perturbative convergence of the cross
section via comparing the resulting error bands at different orders.

For our analysis we use the same form and parameters as for massless thrust given in [59]. As
noted in chapter 2, thrust and heavy jet mass are equivalent for three massless final state particles.
Therefore, it is expected that for m̂ � 1/2 (which is necessary anyways in our analysis as we
will explain in section 7.2), corrections for the profile parameters are negligible. Nevertheless,
heavy jet mass specific massive profile functions will be constructed in future works to predict
distributions for arbitrary m̂.

According to the profile functions in [59], we set the hard scale to µH = eHQ, where eH is a
parameter which is varied between 0.5 and 2.

The soft profile function is more complicated and reads

µS =



µ0 (0 ≤ ρ < t0)
ζ(µ0, 0, 0, rsµH , t0, t1, ρ) (t0 ≤ ρ < t1)
rsµHρ (t1 ≤ ρ < t2)
ζ(0, rsµH , µH , 0, t2, ts, ρ) (t2 ≤ ρ < ts)
µH (ts ≤ ρ)

, (7.1)

where µ0 controls the starting point of the soft scale at ρ = ρmin, r0 determines the slope
in the resummation region, and the ti specify the transition points of the different regions
as described above. Since t0 and t1 depend on the center of mass energy Q, we use the
variable ni = ti

Q/1 GeV when fixing central values and performing variations. The function
ζ(a1, b1, a2, b2, t1, t2, t) connects the different profile regions so that the profile itself and its first
derivative are continuous. ζ is a smooth piecewise function out of two quadratic equations, which
meet at tm = t1+t2

2 . It reads

ζ(a1, b1, a2, b2, t1, t2, t) :=
{
â1 + b1(t− t1) + e1(t− t1)2 (t1 ≤ t ≤ tm)
â2 + b2(t− t2) + e2(t− t2)2 (tm ≤ t ≤ t2)

, (7.2)

with

â1 = a1 + b1t1, â2 = a2 + b2t2,

e1 = 4(â2 − â1)− (3b1 + b2)(t2 − t1)
2(t2 − t1)2 , e2 = 4(â1 − â2) + (3b2 + b1)(t2 − t1)

2(t2 − t1)2 . (7.3)

The jet scale profile function is motivated by the natural relations between the hard, jet and soft
scales (µHµS ∼ µ2

J) and reads

µJ(ρ) =
{[

1 + eJ(ρ− ts)2]√µHµS(ρ) (ρ ≤ ts)
µH (ts < ρ)

, (7.4)

where eJ allows to vary the jet scale with respect to this natural relation.

The scale R, used in the gap formalism, should have the same value as the soft scale in the
resummation and fixed order region to avoid large logs. However, it has been shown in [10] that
in the non-perturbative region a non-vanishing O(αs) subtraction piece has positive effects on
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Parameter name Central value Variation interval
µ0 1.1 GeV -
R0 0.7 GeV -
n0 2 1.5 to 2.5
n1 10 8.5 to 11.5
t2 0.25 0.225 to 0.275
ts 0.4 0.375 to 0.425
rs 2 1.77 to 2.26
eJ 0 −1.5 to 1.5
eH 1 0.5 to 2
ns 0 −1, 0, 1

Table 7.1: Central values and intervals of variation for the profile function parameters as given
in [59].

perturbative convergence. Thus the R profile function is chosen to be

R(ρ) =


R0 (0 ≤ ρ < t0)
ζ(R0, 0, 0, rsµH , t0, t1, ρ) (t0 ≤ ρ < t1)
µS(ρ) (t1 ≤ ρ)

, (7.5)

where R0 is the parameter which specifies R at ρ = ρmin.

For the renormalization scale of the non-singular distribution we use the three prescriptions [59]

µns(ρ) =


1
2 (µH + µJ(ρ)) (ns = 1)
µH (ns = 0)
1
2 (3µH − µJ(ρ)) (ns = −1)

. (7.6)

The standard values and variation ranges of all occurring parameters are summarized in Table
7.1. Note that the parameter rs, which controls the slope, has the standard value 2. In contrast
to the expected natural choice rs = 1, it turns out that the factors of log rs, which get shifted
between different orders, are small and the perturbative convergence is better due to increased
smoothness of the profiles [59].

A plot showing the profile functions of the hard, jet, and soft scales, including the variation
bands, are shown in Fig. 7.1 for a center of mass energy of Q = 91.2 GeV.

7.2 Initial Bottom Quark Pair Production

Let’s start analyzing our results by looking at initial bb̄ pair production. We will test perturbative
convergence via varying the profile parameters as explained in the last section, and compare bb̄
results with the massless distribution.

For a complete description, vector as well as axial contributions have to be included, so

1
σ0

dσ
dρ = 1

σ0

∑
i=v,a

σi0

(
1
σi0

dσis
dρ + 1

σi0

dσins
dρ

)
, (7.7)

has to be considered. To see the tail region more clearly we multiply the distributions with ρ,
which flattens the peak region.
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Figure 7.1: Profile functions for µH , µJ , and µS , using the parameters given in Table 7.1 and
including variation bands. Note that the hard scale variation is not shown.

The values for the appearing physical constants are taken to be [10]

mZ = 91.187 GeV, ΓZ = 2.4952 GeV, θw = sin−1(
√

0.23119),

αs(mZ) = 0.118, α(mZ) = (127.925)−1, (7.8)

and for the soft model parameter λ and the gap parameter ∆̄ we choose

λ = 0.5 GeV, ∆̄(R∆, µ∆) = ∆̄(2 GeV, 2 GeV) = 0.05 GeV, (7.9)

which are realistic values to check our results qualitatively.

It is important to note that our results are only valid in the region where the mass is smaller than
the soft scale, i.e. µH > µJ > µS > m� ΛQCD, which is called “scenario IV”. At a certain point,
which in our case lies near the peak, the mass gets larger than the soft scale (named scenario III).
Here one has to account for threshold corrections in the evolution of the soft function, which is
not included in our results. Thus our results are only designed for the tail and far-tail region.

A top quark analysis is beyond the scope of this thesis. Apart from finite lifetime effects, for
masses of the order of the top a more general analysis, involving other scenarios, is necessary.
When examining the jet function a bit more closely, it gets apparent that it contains the scale
Q
√
ρ̄+ m̂2 as well as Q

√
ρ̄. For small m̂ these two scales are similar, and it’s OK to choose

µJ ∼ Q
√
ρ̄ in the resummation region, since no large logs are introduced. However, for large m̂,

including most situations containing top quarks, additional large logs emerge, which have to be
resummed by an additional effective field theory called “boosted heavy quark effective theory”
(bHQET).

To initiate the discussion let’s consider the massless case. In Fig. 7.2 plots of the HJM distributions
at N2LL and NLL accuracy with the corresponding error bands at center of mass energies of
91.2 GeV and 35 GeV are depicted. We observe that the results converge very well in the tail
region for both energies.

The massive results show a similar behavior. In Fig. 7.3 the same parameter setup as for
the massless case is depicted, but for initial quark pair production with a finite quark mass
of m(m) = 4.2 GeV, corresponding to bottom quarks. In the same figure the profile functions,
including the mass scale, for the considered center of mass energies can be seen. The intersection
point of the soft and mass scale, and therefore the beginning of the region of scenario IV,
where our results are valid, is clearly visible. For a center of mass energy of Q = 91.2 GeV the
intersection point lies at ρ ≈ 0.05, where for Q = 35 GeV we find ρ ≈ 0.12.
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Figure 7.2: Massless heavy jet mass cross sections at different center of mass energies and orders
of log resummation.
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Figure 7.3: Massive heavy jet mass cross sections at different center of mass energies and orders
of log resummation with m(m) = 4.2 GeV. In the upper row the related profiles including the
mass scale are depicted.
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Figure 7.4: Comparison of the massless and massive heavy jet mass cross section at different
center of mass energies and N2LL accuracy.
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Figure 7.5: Comparison of the all-flavor heavy jet mass cross section with massless and massive
b-quark.

In Fig. 7.4 a comparison between the massive and massless distribution at 91.2 GeV and 35 GeV
is depicted. The difference at 91.2 GeV is very small, where the difference at 35 GeV is noticeable.

Note that tagged bottom quark cross sections are hard to measure experimentally, such that
the given pure massive results may not be of practical use e.g. to determine the bottom mass.
Hence in the next section we discuss the cross section for all-flavor production.

7.3 All-Flavor Production

In this section we investigate the all-flavor heavy jet mass distribution, which can actually be
measured in experiments. For the massive case we include four massless and one massive quark
flavors, such that the correct sum of up and down type quarks in the all-flavor cross section reads

dσAF
dρ = 2

(
σu0 + σd0

)( 1
σ0

dσs
dρ + 1

σ0

dσns
dρ

)
m=0

+ σd0

( 1
σ0

dσs
dρ + 1

σ0

dσns
dρ

)
m6=0

. (7.10)

Since the difference between the bb̄ cross section and the massless one is small at a center of mass
energy of 91.2 GeV, as seen in the last section, it is expected that the massive quark impacts the
all-flavor production only slightly. This is confirmed by Fig. 7.5.
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For a center of mass energy of 35 GeV the effect is also quite small (see Fig. 7.5). Apart from
the quite low mass sensitivity we already saw in pure bb̄ production, bottom mass effects are
additionally suppressed, since at the considered energies the down type Born cross section is
nearly four times smaller than the up type one. It can be seen that the two cross sections with
massless and massive bottom quarks are compatible to a very high extend, such that at this
stage mass effects on αs determinations are negligible.

It should be noted that for top quarks, much larger effects are expected, and that tagging is
much less problematic.
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Chapter 8

Outlook

In this thesis we investigated effects of massive primary quarks in heavy jet mass (HJM)
distributions, considering the process e+e− → hadrons. Heavy jet mass distributions were
studied in several works including [17, 23–25], where quark mass effects were ignored since
they provide only very small corrections at energies similar to LEP, and make the calculations
considerably more complicated. In [13] the leading quark mass contribution was included by a
Monte Carlo based approach, but it was pointed out that a full inclusion of bottom quark mass
corrections should be considered to investigate the exact form of these contributions.

We contributed to this proposition by computing the full massive fixed order cross section
at O(αs). This result was not known analytically before. Additionally we resummed large
logarithms, which appear in the dijet region, up to N2LL by using factorization in soft-collinear
effective theory (SCET). To obtain a full description of the HJM distribution we included the
non-singular contributions, which are absent in leading SCET, and due to the m/Q suppression
of mass effects we had to implement non-perturbative effects and renormalon subtractions to get
a stable and reliable analysis.

The non-perturbative effects were included by convoluting the partonic distribution with a soft
model function, which encodes the non-perturbative power corrections. The leading renormalon
ambiguities were prevented by using a short distance mass scheme, specifically the MS mass, and
by introducing a gap, which accounts for the minimal hadronic energy deposit in the final state, in
a renormalon free scheme. Finally we used ρ dependent profile functions for the renormalization
scales to resum the logarithms correctly over the full range of the distribution.

We analyzed tagged bottom pair production and all-flavor production with sufficiently low m/Q
and showed that the effects of primary massive quarks are negligible (e.g. for αs determinations).
Nevertheless mass effects are important in cases which are very interesting for phenomenological
studies with larger m/Q, e.g. top quark mass effects.

The study of such effects is beyond the scope of this thesis, since additional effects, like the
instability of the top quark, have to be taken into account. Additionally, our analysis is valid
only in a specific kinematic situation called “scenario IV”, i.e. where the scale hierarchy is
m < µS < µJ < µH . In the kinematic region where the soft scale gets smaller then the mass
scale (“scenario III”), threshold corrections have to be implemented in the evolution kernels, and
with even higher m/Q such that µS < µJ < m < µH (“scenario II”), additional large logarithms
appear in the jet function which can not be resummed by using the SCET approach. To do so,
another effective field theory named “boosted heavy quark effective theory” (bHQET) has to be
applied, which is the reason why scenario II is also called the “bHQET region”.

All these generalizations of the results obtained in this thesis will be considered in future works.
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Additionally, specific massive HJM profile functions have to be constructed for arbitrary m/Q.

The generalized results can be used to study the connection between the so called “Monte Carlo
Top Mass” mMC

t and theoretically well defined mass schemes, like the MS or MSR mass. This
application is very important, since top mass determinations are usually done by comparing the
output of Monte Carlo event generators and experimental results, which leads to (presumably)
small errors. Although one would naively expect the output to be the pole mass, due to the used
parton shower structure and hadronization models this is not true [61]. The relation between the
Monte Carlo mass and short distance masses is currently explored by comparing 2-jettiness in
Monte Carlo event generators and N2LL calculations [62]. Based on the initiated work in this
thesis we can test the consistency of these results.
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Appendix A

Virtual Integral

To solve the loop integral in Eq. (3.19) we first modify the Dirac structure with the symbolic
manipulation program FORM [63]. Using

ū(p)/p = ū(p)m,

/pv(p) = −mv(p), (A.1)

and anti-commutation relations we get

ū(p1)γα
(
/p1 + /k +m

)
Γµv
(
−/p2 + /k +m

)
γαv(p2)

= 1
[
2γµ

(
2m2 −Q2

)]
+ kα [4mδµα − 4γα (p1 − p2)µ + 4γµ (p1 − p2)α]

+ kαkβ
[
2γαδµβ (2− d) + γµgαβ (d− 2)

]
,

ū(p1)γα
(
/p1 + /k +m

)
Γµa
(
−/p2 + /k +m

)
γαv(p2)

= 1
[
2γµ

(
2m2 −Q2

)]
γ5

+ kα [4m (δµα − γαγµ)− 4γα (p1 − p2)µ + 4γµ (p1 − p2)α] γ5

+ kαkβ
[
2γαδµβ (2− d) + γµgαβ(d− 2)

]
γ5. (A.2)

So basically we obtain the integrals

I [0,µ,µν]
3 := µ2ε

∫ ddk
(2π)d

[1, kµ, kµkν ]
[k2 + i0] [(k + p1)2 −m2 + i0] [(k − p2)2 −m2 + i0] , (A.3)

which will be solved by reducing the tensor integrals to known standard scalar loop integrals as
defined in [64]. The solutions for the specific scalar integrals appearing in this calculation are
given at the end of this appendix in Eq. (A.20).

By comparing I0
3 and the integrals in [64] we find the relation

I0
3 = iπd/2rΓ

(2π)d Id3 (m2, Q2,m2; 0,m2,m2), (A.4)

with
rΓ := Γ2(1− ε)Γ(1 + ε)

Γ(1− 2ε) . (A.5)
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Next, let us consider Iµ3 . Due to the symmetry Iµ3 (p1, p2) = Iµ3 (−p2,−p1) and the fact that the
only available vector-like quantities in the expression are p1 and p2, the solution has to be of the
form

Iµ3 (p1, p2) = A(p1 − p2)µ, (A.6)

with a yet unknown coefficient A. Contracting both sides with p1µ we obtain

µ2ε
∫ ddk

(2π)d
[ 1

[k2 + i0] [(k − p2)2 −m2 + i0] −
1

[(k + p1 + p2)2 −m2 + i0] [k2 −m2 + i0]

]
= A

(
4m2 −Q2

)
, (A.7)

and therefore, comparing with the standard integrals in [64], the desired coefficient reads

A = iπ
d
2 rΓ

(Q2 − 4m2)(2π)d
[
Id2 (Q2;m2,m2)− Id2 (m2; 0,m2)

]
. (A.8)

Finally, the integral Iµν3 fulfills Iµν3 (p1, p2) = Iνµ3 (p1, p2) = Iµν3 (−p2,−p1) and has therefore the
form

Iµν3 = B (pµ1pν1 + pµ2p
ν
2) + C (pµ1pν2 + pν1p

µ
2 ) +Dgµν , (A.9)

where B, C, and D are again coefficients which have to be determined in terms of known standard
integrals.

Contracting both sides of (A.9) with gµν , the ansatz gives

2m2B + 2
(
Q2

2 −m
2
)
C + dD = iπ

d
2 rΓ

(2π)d I
d
2 (Q2;m2,m2). (A.10)

Two more equations are needed to solve for the coefficients. We contract both sides of Eq. (A.9)
with p1ν and get[

m2pµ1 +
(
Q2

2 −m
2
)
pµ2

]
B +

[
m2pµ2 +

(
Q2

2 −m
2
)
pµ1

]
C + pµ1D

= 1
2

[
Iµ2 (0,−p2; 0,m)− Iµ2 (0, q;m,m)− pµ2

iπ
d
2 rΓ

(2π)d I
d
2 (Q2;m2,m2)

]
, (A.11)

with q = p1 + p2 and

Iµ2 (p1, p2;m1,m2) := µ2ε
∫ ddk

(2π)d
kµ[

(k + p1)2 −m2
1 + i0

] [
(k + p2)2 −m2

2 + i0
] , (A.12)

which has to be reduced to known scalar integrals as well. To do this reduction we set

Iµ2 (0, p;m1,m2) = E(p;m1,m2)pµ, (A.13)

and contract with pµ to obtain

E(p;m1,m2) = 1
2p2

iπ
d
2 rΓ

(dπ)d
[
Id1 (m2

1)− Id1 (m2
2) + (m2

2 −m2
1 − p2)Id2 (p2;m2

1,m
2
2)
]
. (A.14)

For the special cases of Iµ2 , appearing in Eq. (A.11), the result simplifies to

Iµ2 (0,−p2; 0,m) = − E(0,−p2; 0,m)pµ2 ,

E(0,−p2; 0,m) = − 1
2m2

iπ
d
2 rΓ

(2π)d I
d
1 (m2), (A.15)
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and

Iµ2 (0, q;m,m) = E(0, q;m,m)qµ,

E(0, q;m,m) = − 1
2
iπ

d
2 rΓ

(2π)d I
d
2 (Q2;m2,m2). (A.16)

Putting (A.15) and (A.16) back into (A.11), the equation reads[
m2pµ1 +

(
Q2

2 −m
2
)
pµ2

]
B +

[
m2pµ2 +

(
Q2

2 −m
2
)
pµ1

]
C + pµ1D

= 1
2
iπ

d
2 rΓ

(2π)d

[
pµ2

2m2 I
d
1 (m2) + 1

2(p1 − p2)µId2 (Q2;m2,m2)
]
. (A.17)

We again contract with p1 and p2, which results in two equations additional to (A.10), determining
B, C, and D. The equations read

m2B +
(
Q2

2 −m
2
)
C +D = 1

4
iπ

d
2 rΓ

(2π)d I
d
2 (Q2;m2,m2),(

Q2

2 −m
2
)
B +m2C = 1

4
iπ

d
2 rΓ

(2π)d
[ 1
m2 I

d
1 (m2)− Id2 (Q2;m2,m2)

]
, (A.18)

and the resulting coefficients are

B = 1
2(d− 2)Q2(4m2 −Q2)

iπ
d
2 rΓ

(2π)d

×
[
(d− 2)2m2 −Q2

m2 Id1 (m2) +
(
(d− 2)Q2 − 4m2

)
Id2 (Q2;m2,m2)

]
,

C = 1
2(d− 2)Q2(4m2 −Q2)

iπ
d
2 rΓ

(2π)d

×
[
2(d− 2)Id1 (m2)−

(
(d− 4)Q2 + 4m2

)
Id2 (Q2;m2,m2)

]
,

D = 1
2(d− 2)

iπ
d
2 rΓ

(2π)d I
d
2 (Q2;m2,m2). (A.19)

The solutions to the scalar integrals needed in this calculation and given in [64] read

Id1 (m2) = − µ2εΓ(−1 + ε)(m2 − i0)1−ε,

Id2 (m2; 0,m2) =
(
µ2

m2

)ε (1
ε

+ 2
)

+O(ε),

Id2 (Q2;m2,m2) = µ2ε
{1
ε

+ 2− log(Q2 − i0)

+
2∑
i=1

[
γi log γi − 1

γi
− log(γi − 1)

]}
+O(ε),

Id3 (m2, Q2,m2; 0,m2,m2) = x̃s
m2(1− x̃2

s)

{
log x̃s

[
−1
ε
− 1

2 log x̃s + 2 log(1− x̃2
s) + log m

2

µ2

]

− π2

6 + Li2
(
x̃2
s

)
+ 2Li2(1− x̃s)

}
+O(ε), (A.20)

63



with

γ1,2 = 1
2Q

(
Q±

√
Q2 − 4(m2 − i0)

)
,

x̃s = −
1−

√
1− 4m2

Q2+i0

1 +
√

1− 4m2

Q2+i0

. (A.21)

Inserting the obtained results into (A.2), working out all contractions, and performing an
expansion in ε, the expression can be simplified to the final form in Eq. (3.20).
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Appendix B

Expressions of the Real Radiative
Cross Sections for ρ > ρmin

In section 3.4.1 the O(αs) real radiative cross section for different regions in phase space with
ρ̄ > 0 was calculated. In this appendix the full expressions are given. Remember the intervals of
validity for the different regions as given in Eqs. (3.50), (3.51), (3.54), and (3.55).

With ρ1 :=
√

(m̂2 − ρ+ 1)2 − 4m̂2, ρ2 :=
√
m̂4 − 2m̂2(ρ+ 1) + (ρ− 1)2, ρ3 :=

√
4m̂2 + (ρ− 1)2

and ρ4 :=
√

1− 4m̂2

ρ the results are

1
σv0

dσv,ρ̄>0
rad,1A
dρ = αsCF

4πρ̄2

[
2ρ̄
(
−3m̂4 + m̂2(2− 6ρ) + ρ2 − 2ρ+ 2

)
log

(
ρ1
ρ̄
− 1

)

− 4
(
2m̂2 + 1

)
ρ(ρ1 − 2ρ̄) + ρ1ρ̄(ρ1 − 2ρ̄) + 4m̂2ρ̄

ρ2 − 2ρ̄
ρ̄− ρ2

(
2m̂2 + 1

) ]
,

1
σv0

dσv,ρ̄>0
rad,1B
dρ = αsCF

4πρ̄2

[
ρ̄3 (m̂2 + ρ− ρ2 − 1

)2
4ρ2 + 2

(
2m̂2 + 1

)
ρ̄
(
−m̂2 + 3ρ− ρ1 − 1

)
− 8m̂2 (2m̂2 + 1

)
ρρ̄

m̂2 + ρ− ρ2 − 1 + 2
(

3m̂6 + m̂4(3ρ− 2) + m̂2
(
−7ρ2 + 4ρ− 2

)
+ ρ

(
ρ2 − 2ρ+ 2

))
log

(
−m̂2 − ρ+ ρ1 + 1

2ρ

)
− ρ̄3

]
,

1
σv0

dσv,ρ̄>0
rad,3C
dρ = αsCF

π(ρ− 1)(ρ3 − 1)(ρ3 − ρ)

×
[ (

8m̂4 − 4m̂2(ρ− 1)− ρ2 − 1
) (
−4m̂2 − ρ2 + ρρ3 + ρ+ ρ3 − 1

)
log

(
ρ3 − 1
ρ− ρ3

)

+ (ρ− 1)
(
− 4m̂4(ρ− 2ρ3 + 1) + 2m̂2(5ρ− 2ρ3 + 5)

+ ρ2(3ρ− 3ρ3 − 2)− 2ρ+ 3(1− ρ3)
)]
,
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1
σv0

dσv,ρ̄>0
rad,3D
dρ = αsCF

2π(ρ− 1)

[
2ρ4

(
4m̂2ρ+ ρ2 + 1

)

+ 2
(
8m̂4 − 4m̂2(ρ− 1)− ρ2 − 1

)
log

(1 + ρ4
1− ρ4

)]
,

1
σa0

dσa,ρ̄>0
rad,1A
dρ = αsCF

2πρ̄2

[
2(ρ2 − 2ρ̄)

(
2m̂2

(
2ρ+ ρ̄2

)
− ρ

)
+ 1

2
(
2m̂2 + 1

)
ρ̄(ρ1 − ρ̄)2

− 1
2
(
2m̂2 + 1

)
ρ̄3 + 2m̂2

(
4m̂2 − 1

)
ρ̄− 2

(
4m̂2 − 1

) (
m̂3 − m̂ρ

)2
ρ2 − ρ̄

+ ρ̄
(
2m̂6 + m̂4(9− 4ρ) + 2m̂2(ρ(ρ+ 3)− 5) + (ρ− 2)ρ+ 2

)
log

(
ρ1
ρ̄
− 1

)]
,

1
σa0

dσa,ρ̄>0
rad,1B
dρ = αsCF

2πρ̄2

[(
2m̂2 + 1

)
ρ̄3 (m̂2 + ρ− ρ2 − 1

)2
8ρ2 + 4m̂2 (4m̂2 − 1

)
ρρ̄

m̂2 + ρ− ρ1 − 1

− 1
2
(
2m̂2 + 1

)
ρ̄3 + 2m̂2

(
4m̂2 − 1

)
ρ̄

+ ρ̄
(
2m̂6 − 4m̂4ρ+ 2m̂2ρ(ρ+ 2)− ρ

) (
−m̂2 − 3ρ+ ρ2 + 1

)
ρ

−
(

2m̂8 + m̂6(9− 6ρ) + m̂4
(
6ρ2 − 3ρ− 10

)
+ m̂2

(
−2ρ3 − 5ρ2 + 8ρ+ 2

)
− ρ

(
ρ2 − 2ρ+ 2

))
log

(
−m̂2 − ρ+ ρ1 + 1

2ρ

)]
,

1
σa0

dσa,ρ̄>0
rad,3C
dρ = αsCF

π(ρ− 1)(ρ3 − 1)(ρ3 − ρ)

×
[
(ρ− 1)

(
8m̂4(ρ− 2ρ3 + 1) + 2m̂2(5ρ− 2ρ3 + 5) + 3ρ3 − ρ2(3ρ3 + 2)

− 2ρ− 3ρ3 + 3
)
−
(
16m̂4 + 2m̂2

(
ρ2 − 6ρ− 1

)
+ ρ2 + 1

)
×
(
−4m̂2 − ρ2 + ρρ3 + ρ+ ρ3 − 1

)
log

(
ρ3 − 1
ρ− ρ3

)]
,

1
σa0

dσa,ρ̄>0
rad,3D
dρ = αsCF

2π(ρ− 1)

[
2ρ4

(
−8m̂2ρ+ ρ2 + 1

)

+ 2
(
16m̂4 + 2m̂2 ((ρ− 6)ρ− 1) + ρ2 + 1

)
log

(1− ρ4
1 + ρ4

)]
. (B.1)
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Appendix C

Distributions and Related Identities

C.1 Plus Distribution

In this appendix we will define the plus-distribution and give some useful relations.

The ordinary plus distribution can be defined as (n > 0) [12,34][Θ(x) logn x
x

]
+

:= lim
β→0

d
dx

[
Θ(x− β)

∫
dx logn x

x

]
= lim

β→0

[
Θ(x− β) logn x

x
+ 1
n+ 1 logn+1(β)δ(x− β)

]
, (C.1)

such that the integral with a test function f(x) and ∆ > 0 reads

∆∫
0

dx
[Θ(x) logn x

x

]
+
f(x) =

∆∫
0

dx f(x)− f(0)
x

logn x+ f(0) logn+1 ∆
n+ 1 , (C.2)

and
∆∫
0

dx
[Θ(x) logn x

x

]
+

= logn+1 ∆
n+ 1 . (C.3)

An important scenario where plus distributions appear, is in ε expansions of the form

Θ(x)
x1+aε = − 1

aε
δ(x) +

[Θ(x)
x

]
+
− aε

[Θ(x) log x
x

]
+

+ (aε)2

2

[
Θ(x) log2 x

x

]
+

+O(ε3). (C.4)

This shows clearly the reason we loose the term proportional to the delta function and obtain
a ρ̄−1 term instead of a plus distribution for the 4-dimensional computation of the fixed order
cross section in section 3.4.1.

Another important relation which is often used when manipulating plus distributions, is the
rescaling identity [12]

κ

[Θ(x) logn(κx)
κx

]
+

= logn+1 κ

n+ 1 δ(x) +
n∑
k=0

n!
(n− k)! k! logn−k(κ)

[
Θ(x) logk(x)

x

]
+
, (C.5)

where κ is a dimensionless constant.
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The “fractional plus distribution”, appearing in evolution kernels, is a generalization of the
ordinary one and can be defined as [34,54]

[Θ(x) logn x
x1+ω

]
+

:= lim
β→0

d
dx

[
Θ(x− β)

∫
dx logn x

x1+ω

]
→ lim

β→0

[
Θ(x− β) 1

x1+ω − δ(x− β) 1
xωω

]
(n→ 0), (C.6)

where ω < 1. Another way to define this distribution is via integrating Θ(x) logn x
x1+ω for values of ω

where the integral converges, and analytically continue the result to other values.

To make some formulas more readable, we will use a notation similar to the one used in [9, 34]:

Lµn(`) := 1
µ

[
Θ(`) logn `

µ

`/µ

]
+
,

Lµn,ω(`) := 1
µ

[
Θ(`) logn `

µ

(`/µ)1+ω

]
+
, (C.7)

where µ and ` can be dimensionful quantities of the same order. It is implied that the superscript
can be dropped if µ = 1.

C.2 Fourier Transforms of Distributions

The Fourier transform of the distributions defined in appendix C.1 can be obtained from the ε
expansion of the expression

F
( Θ(x)
x1+aε

)
(y) =

∫
dx e−ixy Θ(x)

x1+aε , (C.8)

where x and y are dimensionless quantities. The relevant results which are used in this thesis
read

F (δ) (y) = 1,
F (L0) (y) = − log(iy eγE ),

F (L1) (y) = π2

12 + 1
2 log2(iy eγE ). (C.9)

C.3 Imaginary Part Identities

Finally, we summarize a set of useful relations between the plus distribution and the imaginary
part of some analytic functions. These identities are used in the computation of the jet function
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calculation in appendix E.1. The relations read [12]

Im
{ 1
x+ i0

}
= − πδ(x),

Im
{ log(−x− i0)

x+ i0

}
= − πL0(x),

Im
{

log2(−x− i0)
x+ i0

}
= π3

3 δ(x)− 2πL1(x),

Im

Li2
(
−x−i0
y

)
x+ i0

 = − π
Θ(−x− y) log −xy

x
,

Im
{
y(y + 2x)
x(x+ y)2 log y

−x− i0

}
= π

[
− δ(x) log y + L0(x)− Θ(x)x

(x+ y)2 + y log y

−x
δ′(x+ y)

]
,

Im

 log y
−x−i0 log

(
1 + x+i0

y

)
x+ i0

 = π

[1
x

log y

−x
Θ(−y − x) + log

(
1 + x

y

)
L0(x)

]
. (C.10)
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Appendix D

Feynman Rules for SCET with
Masses

In chapter 4 we derived the leading SCET Lagrangian (see Eq. (4.19)), and expressions for
collinear and soft Wilson lines (see section 4.3). It is straightforward to derive the SCET Feynman
rules from the corresponding Lagrangian and the momentum space representations of the Wilson
lines [9, 36].

p = i
/n

2
p−

p2 −m2 + i0 (D.1)

p p′

µ,A

= (igsTAµ̃ε)nµ
/̄n

2 (D.2)

p p′

µ,A

= (igsTAµ̃ε)

nµ +
γµ⊥

(
/p⊥ +m

)
p−

+

(
/p ′⊥ −m

)
γµ⊥

p′−

−

(
/p ′⊥ −m

) (
/p⊥ +m

)
p−p′−

n̄µ

 /̄n
2

=: V µ,A(p, p′,m) (D.3)
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p p′

µ,A ν,B

q = ig2
sT

ATBµ̃2ε

p− − q−

γµ⊥γν⊥ − γµ⊥

(
/p⊥ +m

)
p−

n̄ν

−

(
/p ′⊥ −m

)
γν⊥

p′−
n̄µ +

(
/p ′⊥ −m

) (
/p⊥ +m

)
p−p′−

n̄µn̄ν

 /̄n
2

+ ig2
sT

BTAµ̃2ε

q− + p′−

γν⊥γµ⊥ − γν⊥

(
/p⊥ +m

)
p−

n̄µ

−

(
/p ′⊥ −m

)
γµ⊥

p′−
n̄ν +

(
/p ′⊥ −m

) (
/p⊥ +m

)
p−p′−

n̄µn̄ν

 /̄n
2

=: Wµν AB(p, p′, q,m) (D.4)

q
µ, A

Wn

= gsµ̃
ε n̄

µTA

q− + i0 (D.5)

q
µ, A

W †
n

= gsµ̃
ε n̄

µTA

q− − i0 (D.6)

µ,A

q

Y

=



gsµ̃
ε nµTA

q++i0 (Yn)

−gsµ̃ε n
µTA

q++i0 (Y †n )

gsµ̃
ε nµT̄A

q++i0 (Ȳn)

−gsµ̃ε n
µT̄A

q++i0 (Ȳ †n )

(D.7)

For n̄-collinear Wilson lines one just has to swap n↔ n̄ and q+ ↔ q− in the expressions (D.5)
to (D.7).
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Appendix E

Calculation of the Hard, Jet, and
Soft Functions

In this appendix the calculations of the hard, jet, and soft functions used in sections 6.1, 6.2,
and 6.3, are summarized. Note that spinors are omitted, and that the results and parts of the
calculations can be found in [12].

E.1 Jet Function

If J is the sum of all jet function diagrams, the jet function is given by

Jn,n̄(s,m, µ) = 1
Qπ

Im
{
iTr

[
/̄n

4J
]}

=: Im{Ĵ}. (E.1)

The first diagram we want to treat is Ja, where the subscript refers to the corresponding panel
in Fig. 6.2. Using SCET Feynman rules we obtain

Ja =
∫ ddq

(2π)d
i/n

2
n̄ · p

p2 −m2 + i0V
A
µ (p− q, p,m)−ig

µνδAB

q2 + i0
i/n

2
n̄ · (p− q)

(p− q)2 −m2 + i0 µ̃
εgs

TBn̄ν
q− + i0

= − 4παsCF /n
p−

p2 −m2 + i0 µ̃
2ε
∫ ddq

(2π)d
p− − q−

[(p− q)2 −m2 + i0] [q− + i0] [q2 + i0]︸ ︷︷ ︸
=:Ia

. (E.2)

After doing a light-cone coordinate transformation such that ddq
(2π)d = 2−dπ−1− d2

Γ( d−2
2 ) (q⊥)d−3dq+ dq− dq⊥

the integral reads

Ia = µ̃2ε 2−dπ−1− d2

Γ
(
d−2

2

) ∞∫
0

dq⊥
∫

dq− qd−3
⊥

Q− q−

q− + i0
−1

(Q− q−)q−

×
∫

dq+ 1[
q+ − q2

⊥−i0
q−

] [
q+ − s−q2

⊥−p+q−

Q−q−

] , (E.3)

with s := p2 −m2 + i0. Note that at leading order in the SCET power counting parameter λ,
p− = Q, and that p⊥ = 0 if the light-cone vector (4.1) is chosen to be aligned with the thrust
axis.
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The integral in the second line of (E.3) is only non-zero if the poles are located on different
complex half planes. Using the residue theorem, the q+ integral can be solved and the remaining
expression is

Ia = −2πiµ̃2ε 2−dπ−1− d2

Γ
(
d−2

2

) Q∫
0

dq−
∞∫
0

dq⊥ qd−3
⊥

Q− q−

q− + i0
1

q−(s− p+q−)−Qq2
⊥ + i0

, (E.4)

which was solved by using Mathematica. Rewriting Qp+ = s + m2 and d = 4 − 2ε, the final
result reads

Ia = − i2−4+2επ−1+ε Γ(−ε)
Γ(2− ε)Γ(1− ε)

(
µ̃2

−s

)ε
csc ((2− ε)π) F2 1

(
ε,−ε; 2− ε; s+m2

s

)

= − i

16π2

[
1
ε2 + 1

ε

(
1 + log µ2

−s

)
− m2

s+m2 log m
2

−s
− Li2

(
s+m2

s

)
+ 2 + π2

12 + log µ2

−s

+ 1
2 log2 µ

2

−s

]
+O(ε)

=:− i

16π2

(
1
ε2 + 1

ε

(
1 + log µ2

−s

)
+GJa

)
+O(ε). (E.5)

which, inserting Ia back into Eq. (E.2), leads to (omitting O(ε) terms)

Ja = iαsCFQ

4πs /n

[
1
ε2 + 1

ε

(
1 + log µ2

−s

)
+GJa

]
. (E.6)

To expand the hypergeometric function we used the Mathematica package hypexp [65].

It is easy to see that Jb = Ja, so the next diagram to consider is Jc which reads

Jc =
∫ ddq

(2π)d
i/n

2
p−

p2 −m2 + i0V
A
µ (p− q, p) i/n2

p− − q−

(p− q)2 −m2 + i0
−igµνδAB

q2 + i0 V B
ν

i/n

2
p−

p2 −m2 + i0

= g2
sCF

/n

2
Q2

s2 µ̃
2ε
∫ ddq

(2π)d
Q− q−

[q2 + i0][(p− q)2 −m2 + i0]

×
(

2dm2

Q(Q− q−) + (d− 2)−q
2
⊥ −m2

(Q− q−)2 − (d− 2)m
2

Q2

)
+ [terms with even numbers of γs] ,

(E.7)

where the terms with an even number of gamma matrices are vanishing when the trace is taken
at the end (see Eq. (E.1)). It is advisable to add diagram Jd before solving the integral in Jc,
since the pole at (Q− q−) = 0 cancels in the sum. Jd reads

Jd = 1
2

∫ ddq
(2πd)

i/n

2
p−

s
WAB
µν (p, p, q)−ig

µνδAB

q2 + i0
i/n

2
p−

s

= − g2
sCF (d− 2)Q

2

s2
/n

2 µ̃
2ε
∫ ddq

(2π)d
1

[q2 + i0] (Q− q−) , (E.8)
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and therefore the sum of both diagrams reads

Jc + Jd = g2
sCF

Q2

s2
/n

2 µ̃
2ε
∫ ddq

(2π)d
1

[q2 + i0][(p− q)2 −m2 + i0]

×
[

2dm2

Q
− (d− 2)m

2(Q− q−)
Q2 − (d− 2)(p+ − q+)

]
+ [#γ even]

= − iαsCF4π
Q

s2
/n

2

[
1
ε

(s− 6m2) + m4(6m2 + 7s)
(m2 + s)2 log m

2

−s
− (6m2 − s) log µ2

−s

− 8m2 + s2

s+m2

]
+ [#γ even] . (E.9)

Finally the mass counterterm Je has to be computed. For simplicity we will renormalize the
mass in the pole mass scheme, hence Je reads

Je = i/n

2
Q

s

(
−i
/̄n

s

2mδmpole

Q

)
i/n

2
Q

s

= i
αsCF

4π
Q

s2
/n

2 (−2m2)
(

3
ε

+ 4 + 3 log µ2

m2

)
. (E.10)

Omitting the terms with even numbers of γ matrices, the sum of Jc, Jd, and Je can be written as

Jc + Jd + Je = −iαsCF4π
Q

s

/n

2

[
1
ε

+ s

s+m2 + log µ2

−s
− m2(6s+ 5m2)

(m2 + s)2 log m
2

−s

]
. (E.11)

Note that the mass scheme can be changed later. The zero-bins, as described in section 4.4, are
scaleless for all jet function diagrams and therefore do not contribute to the result.

E.2 Hard Function

The first hard function diagram as seen in 6.1 gives

Ha =
∫ ddq

(2π)d V
A
µ (p, p− q,m) i/n2

p− − q−

(p− q)2 −m2 + i0
−igµνδAB

q2 + i0 Γαi

(
gs

TBn̄ν
q− + i0 µ̃

ε

)

= 2ig2
sCFΓαi µ̃2ε

∫ ddq
(2π)d

Q− q−

[(p− q)2 −m2 + i0] [q2 + i0] [q− + i0]
= 2ig2

sCFΓαi Ia(s = 0), (E.12)

where the integral Ia is already defined in Eq. (E.2).

Using the same approach for Ia as in the jet function calculation it gives

Ia(s = 0) = − i2−dπ1− d2

Γ
(
d−2

2

) µ̃2ε csc dπ2

1∫
0

dx 1− x
x+ i0

(
−x

(
−p+Qx

)) d−4
2

= − i2−dπ1− d2

Γ
(
d−2

2

) csc dπ2

(
m2

µ̃2

) d−4
2

B(d− 4, 2), (E.13)
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with the beta function B(x, y). Thus the full result of diagram Ha reads

Ha = Γαi
αsCF

4π

[
1
ε2 + 1

ε

(
2 + log µ2

m2

)
+ 4 + π2

12 + 2 log µ2

m2 + 1
2 log2 µ

2

m2 +O(ε)
]
. (E.14)

It is straightforward to show that Hb = Ha, so the last piece to consider is diagram c), for which
the SCET Feynman rules lead to the scaleless integral

Hc =
∫ ddq

(2π)d (igsTAµ̃ε)nµ
/̄n

2
i/n

2
p− + q−

(p+ q)2 −m2 + i0Γαi

× i/̄n

2
q+ − p′+

(p′ − q)2 −m2 + i0(igsTBµ̃ε)n̄ν
/n

2
−igµνδAB

q2 + i0

= i8παsCFΓαi µ̃2ε 2−dπ−1− d2

Γ
(
d−2

2

) ∫
dq− dq+ dq⊥

(
q⊥
)d−3 1

[q+q− − (q⊥)2 + i0] [q+ + i0] [−q− + i0] ,

(E.15)

which does not contribute to the full result.

Therefore, expression Ha is the only SCET contribution to the hard function.

E.3 Soft Function

Using the Feynman rules for soft Wilson lines, diagrams Sa and Sb, shown in Fig. 6.3, give
(already including all ingredients as seen in the soft function definition (5.17))

Sa = Sb = δ(`+)δ(`−)
∫ ddq

(2π)d

(
−gs

TAnµµ̃
ε

q+ + i0

)(
−iδABgµν

q2 + i0

)(
−gs

T̄Bn̄ν µ̃
ε

−q− + i0

)

= − 2ig2
sCF µ̃

2ε
∫ ddq

(2πd)
1

(q+ + i0)(q2 + i0)(q− − i0) , (E.16)

which is a scaleless integral and therefore not contributing.

To compute contribution Sc, it’s useful to notice that the diagram is independent of perpendicular
momenta such that the phase space integral reduces to∫ ddq

(2π)d 2πδ(q2)Θ(q0) → 22ε−4πε−2

Γ(1− ε)

∫
dk+ dk−Θ(k+ + k−)Θ(k+k−)

(
k+k−

)−ε
, (E.17)

and we obtain

Sc = 22ε−4πε−2

NcΓ(1− ε)

∫
dk+ dk−Θ(k+ + k−)Θ(k+k−)

(
k+k−

)−ε
×
[
Θ(k− − k+)δ(`+ − k+)δ(`−) + Θ(k+ − k−)δ(`+)δ(`− − k−)

]
×
(
−gs

T̄An̄µ
k− + i0 µ̃

ε

)(
gs

TBnν
−k+ + i0 µ̃

ε

)(
−gµνδAB

)
= 1

2π
CFαsµ

2ε eγEε

εΓ(1− ε)

(
δ(`−)Θ(`+)

(
`+
)−1−2ε

+ δ(`+)Θ(`−)
(
`−
)−1−2ε

)
. (E.18)

The last contribution to the soft function is diagram Sd, which gives the same result as Sc.
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Appendix F

Evolutions

Here we discuss the renormalization group equations and the associated solutions for αs, the
hard, jet, and soft functions, the gap parameter, and the MS mass.

F.1 Running of αs

For our numerical results we use 4-loop running of the strong coupling constant αs. The
renormalization group equation reads

dαs(µ)
d logµ = β(αs) =: −α

2
s

2π

∞∑
i=0

βi

(
αs
4π

)i
, (F.1)

where β(αs) is the QCD beta function for which the perturbative coefficients are known up to
β3. They read [58]

β0 = 11− 2
3nf ,

β1 = 102− 38
3 nf ,

β2 = 2857
2 − 5033

18 nf + 325
54 n

2
f ,

β3 = 149753
6 + 3564ζ3 +

(
−1078361

162 − 6508
27 ζ3

)
nf +

(50065
162 + 6472

81 ζ3

)
n2
f + 1093

729 n
3
f . (F.2)

Equation (F.1) can be solved iteratively which gives

1
αs(µ) = ϕ

αs(µ0) + β1 logϕ
4πβ0

+ αs(µ0)
ϕ

1
(4πβ0)2

[
(β2

1 − β0β2)(1− ϕ) + β2
1 logϕ

]
+ α2

s(µ0)
ϕ2

1
(4πβ0)3

[
β2

0β3
2 (ϕ2 − 1) + β0β1β2(logϕ+ ϕ− ϕ2) + β3

1
2
[
(1− ϕ2)2 − log2 ϕ

]]
,

(F.3)

with ϕ := 1 + αs(µ0)β0
2π log µ

µ0
. This expression is used in our analysis.
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F.2 Evolution Kernels

The evolution of the hard, jet, and soft functions derived in section 6.4 is governed by the
functions ω and K, defined in Eq. (6.23), with the appropriate perturbative coefficients which
are given in Eqs. (6.33) to (6.35).

The perturbative expansions of ω and K have the form [10]

ωN3LL(µ, µ0,Γ, j) = 2
j

αs(µ)∫
αs(µ0)

dα Γ(α)
β(α)

= Γ0
β0j

[
− log r + αs(µ0)

4π

(
β1
β0
− Γ1

Γ0

)
(r − 1) + 1

2

(
αs(µ0)

4π

)2 (β1Γ1
β0Γ0

− Γ2
Γ0
−B2

)
(r2 − 1)

+ 1
3

(
αs(µ0)

4π

)3 (β1Γ2
β0Γ0

−B2
Γ1
Γ0
− Γ3

Γ0
−B3

)
(r3 − 1)

]
, (F.4)

and

KN2LL(µ, µ0,Γ, γ)− ωNLL(µ, µ0, γ, 2) = 2
αs(µ)∫
αs(µ0)

dα Γ(α)
β(α)

α∫
αs(µ0)

dα′ 1
β(α′)

= Γ0
2β2

0

{
4π

αs(µ0)

(1
r

+ log r − 1
)

+
(Γ1

Γ0
− β1
β0

)
(r − 1− log r)− β1

2β0
log2 r

+ αs(µ0)
4π

[(Γ1β1
Γ0β0

− β2
1
β2

0

)
(r − 1− r log r)−B2 log r +

(Γ2
Γ0
− Γ1β1

Γ0β0
+B2

)
r2 − 1

2

+
(Γ2

Γ0
− Γ1β1

Γ0β0

)
(r − 1)

]}
, (F.5)

with B2 :=
(
β1
β0

)2
− β2

β0
, B3 := −β3

1
β3

0
+ 2β1β2

β2
0
− β3

β0
and r := αs(µ)

αs(µ0) .

F.3 R-Evolution

In section 6.7.1 we introduced the gap formalism to avoid the renormalon ambiguity in the soft
function. As explained, we have to run the gap parameter ∆̄(R,µ) from the scale where the logs
are small to the scale where we subtract the renormalon. A short overview considering the gap
parameter running can be found in [10], and a detailed derivation is given in [54,56,57].

To obtain the running in µ one can use the fact that ∆ = ∆̄ + δ is scale independent. Hence we
deduce that

µ
d

dµ∆̄(R,µ) = −µ d
dµδ(R,µ) = −2R eγEΓs[αs] =: −Rγµ∆̄[αs(µ)], (F.6)

where Γs[αs] is defined in Eq. (6.26), arising from the used gap scheme given in (6.56). Solving
this differential equation is straightforward and gives

∆̄(R,µ) = ∆̄(R,µ0)−R eγEωs(µ, µ0,Γs, 1), (F.7)

with ωs as defined in (6.23).
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The RGE which governs the R-evolution is given by

R
d∆̄(R,R)

dR = −RγR∆̄[αs(R)],

γR∆̄[αs(R)] =
∑
n=0

γR∆̄,n

(
αs(R)

4π

)n+1
. (F.8)

and the solution reads [56]

∆̄(R1, R1) = ∆̄(R0, R0)− ΛQCD

t(R1)∫
t(R0)

dt γR∆̄(t) d
dt e−G(t), (F.9)

with

t(R) := − 2π
β0αs(R) ,

G(t) := −
∫

dt 2π
β0β(t)t2 ,

ΛQCD = R eG(t(R)) = R0 eG(t(R0)), (F.10)

where one should note that β(t) ≡ β[αs] and γR∆̄(t) ≡ γR∆̄[αs].

After using the µ running from Eq. (F.7), and expanding all ingedients to the appropriate order
in αs, one gets [54]

[
∆̄(R,µ)− ∆̄(R∆, µ∆)

]NkLL
= −R∆ eγEωNk−1LL

s (R∆, µ∆,Γs, 1)−R eγEωNk−1LL
s (µ,R,Γs, 1)

+ Λ(k)
QCD

k−1∑
j=0

Sj(−1)j
[
Γ(−b̂1 − j, t(R))− Γ(−b̂1 − j, t(R∆))

]
eiπb̂1 ,

(F.11)

with

b̂(t) := dG(t)
dt =:

∑
j=0

b̂jt
−j ,

b̂0 = 1, b̂1 = β1
2β2

0
,

S(t) := − tγR∆̄(t)b̂(t) e−G(t) et(−t)b̂1 =:
∑
j=0

Sj(−t)−j ,

Λ(k)
QCD := R exp

 k∑
j=0

b̂j

∫
dt t−j

∣∣∣∣∣∣
t=t(R)

, (F.12)

and the incomplete gamma function Γ(s, x).

The Si needed to obtain N2LL accuracy are given by [54]

S0 = 0,

S1 =
γR∆̄,1

(2β0)2 = eγE−CFπ
2β0 + γs,1
4β2

0
. (F.13)
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F.4 Running of the MS Mass

In section 6.7.2 we introduced the MS mass which is, in contrast to the pole mass, free of the
leading renormalon ambiguity. This short distance mass depends on the renormalization scale
with the corresponding renormalization group equation [58]

µ
dm(µ)

dµ = m(µ)γm[αs(µ)] =: −2m(µ)
∑
i=0

γm,i

(
αs
4π

)i+1
, (F.14)

with the perturbative coefficients

γm,0 = 4,

γm,1 = 202
3 − 20

9 nf ,

γm,2 = 1249−
(2216

27 + 160
3 ζ3

)
nf −

140
81 n

2
f ,

γm,3 = 4603055
162 + 135680

27 ζ3 − 8800ζ5 +
(
−91723

27 − 34192
9 ζ3 + 880ζ4 + 18400

9 ζ5

)
nf

+
(5242

243 + 800
9 ζ3 −

160
3 ζ4

)
n2
f +

(
−332

243 + 64
27ζ3

)
n3
f . (F.15)

Solving the differential equation in (F.14), the 4-loop evolution which is used in our analysis
reads

m(µ) = exp
(
−2ωN3LL(µ, µ0, γm, 2)

)
m(µ0) =: m(µ0)Um(µ0, µ). (F.16)
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