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Abstract

Quantum entanglement is a phenomenon that describes very strong correlations between physical
quantum systems and cannot be explained by classical theories. Experimentally, quantum entan-
glement has been shown in a variety of physical systems, for example, 14 ions entangled in 2
dimensions each or two photons entangled in more than 100 dimensions each. So far, no experi-
mental demonstration of the entanglement of more than two particles in more than two dimensions
has been reported in the literature. Thus, this thesis aims to experimentally create the first simulta-
neously multi-partite and high-dimensional entangled state. Specifically, a three-photon entangled
state, where two photons reside in a three dimensional state space and one photon resides in a
two dimensional space is created. In order to create such a state, several novel techniques such
as a Hong-Ou-Mandel (HOM) effect in the orbital-angular-momentum (OAM) degree of freedom
and a high-dimensional entanglement router (HDR) are developed. Furthermore, merging these
newly developed tools and exploiting the OAM-HOM effect at the HDR results in creating the
first multi-partite high-dimensionally entangled state. Very high visibilities of more than 90 per-
cent were achieved in OAM-HOM interference, demonstrating the suitability of using the OAM
of photons for such experiments. Additionally, long term stability of the HDR for more than
35 hours and the high routing precision during this time prove the usefulness of this device for
multi-photon experiments. Finally, the high-dimensional multi-partite state was created with an
experimental fidelity of more than 80 percent as compared to an ideal pure state. A fidelity witness
designed to test for the presence of high-dimensional multi-partite entanglement was violated by
7 standard deviations, clearly showing the creation and verification of the first multi-photon and
high-dimensionally entangled state. The results presented in this work demonstrate the capability
of the OAM of photons to serve as a test bed for even more complex quantum states in the future.
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Zusammenfassung

Das quantenphysikalische Phinomen der Verschrinkung beschreibt Korrelationen zwischen quan-
tenphysikalischen Systemen welche mit klassisch-physikalischen Theorien nicht erklédrbar sind.
Diese Verschrinkung wurde experimentell bereits in komplexen Systemen mit bis zu 14 Ionen in
zwei Dimensionen, oder auch zwischen zwei Photonen in mehr als 100 Dimensionen nachgewiesen.
Allerdings gibt es bis heute keinen experimentellen Nachweis von Verschrinkung in einem Sys-
tem zwischen mehr als zwei Objekten und gleichzeitig in mehr als 2 Dimensionen. Die vor-
liegende Arbeit hat daher zum Ziel, Verschrinkung in einem derartig komplexen System zum
ersten Mal experimentell nachzuweisen. Genauer gesagt sollen drei Photonen derart miteinander
verschrinkt werden, dass zwei Photonen in einem drei-dimensionalen Zustandsraum existieren,
wihrend das dritte in einem zwei-dimensionalen Zustandsraum verbleibt. Um solch einen Zustand
experimentell erzeugen zu konnen, wurden neuartige Techniken wie z.B. ein Hong-Ou-Mandel
(HOM) Effekt im Drehimpuls-Freiheitsgrad von Photonen (OAM) oder auch ein hochdimension-
aler Router (HDR) fiir Quantenzustinde entwickelt. Die geschickte Kombination dieser Elemente
in Form eines OAM-HOM Effektes direkt am HDR erlaubt es letztlich, die Verschriankung von
mehreren Photonen in mehreren Dimensionen zu erzeugen. Experimentell wurde ein Interferen-
zkontrast des OAM-HOM Effekts von mehr als 90 Prozent erreicht, was auf die gute technische
Beherrschbarkeit des Drehimpuls-Freiheitsgrades der Photonen zuriickzufiihren ist. Die Langzeit-
stabilitdt des HDR von mehr als 35 Stunden bei konstant hoher Routing-Qualitdt demonstriert die
Einsatztauglichkeit dieses Elements in Viel-Photon-Experimenten. Letztlich wurde der hochdi-
mensionale Viel-Photon-Quantenzustand mit einem Uberlapp von mehr als 80 Prozent zum the-
oretischen Idealzustand bestitigt. Dieses Ergebnis konnte mit Hilfe eines Verschrinkungszeugen
mit einer statistischen Sicherheit von 7 Standardabweichungen belegt werden. Die vorgelegten
experimentellen Ergebnisse zeigen deutlich, dass der Drehimpuls von Photonen auch zur Real-
isierung von Quantensystemen mit noch komplexerer Verschrinkung geeignet ist.
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Introduction

One of the most intriguing and fascinating effects in quantum mechanics is entanglement. The
word entanglement in this context describes a very strong connection between at least two spa-
tially separated physical objects that is not explainable using classical physics. Historically, the
seminal paper by Einstein, Podolsky and Rosen (EPR) [1]] published in 1935 is the first work
investigating this strong connection. Later that year, Schrodinger named this strong connection
“Verschréinkung’ﬂ in his famous work Die gegenwdirtige Situation in der Quantenmechanik [2]).
The groundbreaking article “On the Einstein Podolski Rosen Paradox” by John Bell in 1964 [3]]
used entanglement to derive an inequality, the so-called Bell-inequality, that allows one to experi-
mentally verify that nature is indeed as counterintuitive as predicted by quantum theory. Soon after
this, quantum entanglement not only proved to be useful for answering fundamental questions, but
also in modern technology. Ranging from applications in unconditionally secure communication
to ultra-precise metrology, quantum entanglement promises huge advantages for future applica-
tions based on this technology. Today, a wide range of research areas has been established in-
vestigating entanglement in very different operational systems. Trapped ions [4]], superconducting
circuits [Sl], NV-centers [6]], electrons [7]], and photons [8] are all examples of different physical
systems that have been shown to be capable of being entangled. The simplest system exhibiting
entanglement is a two-partite two-level system. Such a theoretical system describes for example
a physical system consisting of two electrons in their spin degree of freedom, or two photons
in their polarization degree of freedom. The main focus of research so far has been on increas-
ing the number of particles entangled. This is mainly due to the fact that for a general quantum
computer, many entangled qubits (two-level particles) are necessary. The current record for the
highest number of particles entangled in two dimensions is with 14 ions [4]. Just recently, the en-
tanglement dimensionality of a two-photon state was been shown to be at least 103-dimensionally
entangled [8]]. Although there has been theoretical work on multi-partite and high-dimensionally
entangled systems [9]], there have been no reports of experiments creating such states.

Therefore, this thesis aims to investigate the creation and verification of the first simultane-
ously multi-partite and high-dimensional entangled state. The information carriers of choice for
this experiment are photons. Photons have a very low decoherence rate and at the same time allow
certain degrees of freedom to be manipulated in a highly controlled fashion. Secondly, the orbital-
angular-momentum (OAM) degree of photons naturally spans a high-dimensional state space,
thus it is perfectly fitted for the task at hand. In this thesis, established methods like Hong-Ou-
Mandel [[10] interference for creating multi-partite entangled states are generalized to the OAM de-
gree of freedom. Furthermore, a new device called a high-dimensional entanglement router (HDR)
is developed. The HDR is capable of routing a high-dimensional entangled state into two spatially
separated lower-dimensional entangled states. Finally, a novel experiment using the OAM-HOM
effect at the HDR is proposed and realized in the lab to create, for the first time, a three-particle
high-dimensionally entangled quantum state. The results of this thesis show how to experimen-

lentanglement
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tally create and verify multi-partite and high-dimensionally entangled states. These experiments
pave the way for investigating even more complicated entanglement structures. Given these new
tools, other fundamentally interesting quantum states such as a high-dimensional version of the
Greenberger-Horne-Zeilinger (GHZ) state [11]] could be created in high dimensions. Creating and
investigating such states potentially leads to further fundamental insight into the strange behavior
of the quantum world. Going to multiple particles in high-dimensions also opens the possibility
for realizing complex quantum communication protocols by introducing a completely new type of
asymmetric entanglement structure that simply does not exist in two-dimensional bipartite entan-
glement.



Chapter 1

“Verschrinkung” — Entanglement

“Bestmogliche Kenntnis eines Ganzen schlief3t nicht

bestmogliche Kenntnis seiner Teile ein— und darauf

beruht doch der ganze Spuk.’ﬂ

— Erwin Schrédinger, Die gegenwdirtige Situation in der
Quantenmechanik [2]

1.1 Verschrinkung — A Brief History

The concept of entanglement appeared for the first time in 1935 in the seminal paper by Einstein,
Podolsky and Rosen [1]]. In this article the authors posed the question whether the quantum me-
chanical description of physical reality can be considered complete or not. Here we will solely
focus on the part referring to entanglement rather than the implications that the EPR paradox ac-
tually give rise to. The “Gedankenexperiment’ﬂ assumes the following situation: Two separate
particles are in a well defined state before + = 0. Then these two particles interact for some
time 7. During the interaction time only the combined state exists and in general it cannot be
separated anymore. After the time ¢ = T the two systems are not interacting anymore. This non-
separability of the wave-functions is then called “Verschrdinkung” in Erwin Schrodinger’s essay
“Die gegenwirtige Situation in der Quantenmechanik™ [2]]. Literally translated this word means
entanglement. Its origin is actually from the idea that the two wave functions are tangled up in a
way such that they cannot, even in principle, be separated anymore. Thus only the combined state
remains. Note that even though only the combined state exists, this does not mean that the two
particles are at the same place. Actually this is the most important point, that the two particles are
well separated spatially. But what implications does this entanglement has now? Consider two
physical observables A 7, B » acting on two physical systems 1, 2. Now after the interaction time
T, the two particles are well separated spatially and the two different measurements A and B are
performed. As shown in the EPR paper, this leads to the following results:

Al :Az and Bl = —Bz. (1.1)

This means that whenever measurement A; is performed on system 1, it is known with certainty
that a measurement A, performed right after the first one A results in exactly the same outcome

“Best possible knowledge of a whole does not include best possible knowledge of its parts — and that is what keeps
coming back to haunt us.”, Trans. John D. Trimmer [[12]
2thought-experiment

11



12 CHAPTER 1. “VERSCHRANKUNG” — ENTANGLEMENT

on system 2. The situation is analogous for the B measurements, but with anti-correlated mea-
surement outcomes. Is this calculation telling us that even though the two particles are far apart
from each other and not interacting anymore, that if we perform a measurement on one system
we know with certainty the outcome of the second measurement performed later on the other sys-
tem? Indeed it does, and the reason for that is exactly this new phenomenon called entanglement.
Now we can also understand the famous quote from Einstein “spooky action at a distance”. To-
day, we have a complete branch of physics that developed out of these seminal articles, namely,
that of quantum information. The modern view of entanglement is very much like the one in
Schrodinger’s essay- it is about information. Although entanglement is hard to grasp empirically,
there exists a surprisingly simple mathematical definition. In the following text we will focus on
the mathematical description of entanglement rather than the implications on the interpretation of
quantum mechanics and appearing paradoxes.

1.2 Verschrinkung — From a Mathematical Point of View

In this section we will focus on the mathematical description of entanglement. Therefore, we as-
sume that the reader is familiar with the basic mathematics and theoretical concepts that underly
quantum theory. The overall aim of this section is to explain and understand what “Multi-Partite
High-Dimensional Entanglement” means. However, keep in mind that quantum information the-
ory is still a very active research area, thus we will not be able to give a final answer to all the
questions that may arise. Additionally, there are many exciting and interesting theorems in quan-
tum information theory and we will by far not be able to cover them all here. The interested reader
is referred to the following papers which give an excellent overview [13} (14} 15} [16].

1.2.1 Definitions and Restrictions

As we will see in the following, although the mathematical idea of separability is formulated in
a simple way, the operational approach is very difficult in general. Actually, only a few classes
restricted in their number of particles and dimensionality are understood well. For a given quantum
state we may ask the following questions, see Fig.

In mathematical terms a quantum mechanical system is described by a Hilbert space H. It is
postulated that a number of such systems, denoted H Va2, . HN, are represented in a Hilbert
product space

HZN =H @H*®--- @ HV, (1.2)

with ® denoting the tensor product. A general quantum state is denoted by its density matrix p
where p € H'2. In this work the focus lies on discrete and unbounded Hilbert spaces. Thus contin-
uous variable systems are not treated here. The first question raised in Fig. [I.1]is mathematically
formulated as follows:

Definition 1.2.1. Separability for pure states: Suppose a Hilbert space H is composed of two
subspaces H! and H? such that H'? = H' ® H? holds. Furthermore, assume an element of
the composite Hilbert space |y € H'2. We call |y) separable if and only if it can be written as

|o12) € H'2, meaning [y) = l¢1) ® g2).

Definition 1.2.2. Separability for mixed states: Similar to the case for pure states, we assume
a Hilbert space H'> = H' ® H? and a mixed state p which is an element of this space p € H.
A mixed state p is called a separable state iff it can be written as p = ), p,-,oi1 ® pé, with p; > 0,
Yipi=1landp; € H', py € H?.
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Questions for a given Quantum State

Separable?

operational non-operational
e.g. PPT, Schmidt Rank e.g. Positive Map, Witness

How “much” entanglement?

e.g. Entanglement Cost e.g. Schmidt-Witness
Entanglement of Formation
Relative Entropy of Entanlgement
Distillable Entanglement

Useful?
e.g. Distillable, Maximally Entangled

Figure 1.1: Questions for a given quantum state. The most important question is whether the state
is separable or not. If yes, the next question is probably how much is this state entangled? Is it
useful for some applications or fundamental questions?

As depicted in Fig. [I.1] there is a distinction between operational and non-operational tools.
Operational here means that there exists a “simple” algorithm to determine whether a given quan-
tum state is separable or not. More insight and examples are given later in the text. With these
definitions of the separability of a given quantum state it is possible to define entanglement in a
mathematical form:

Definition 1.2.3. Entanglement: We call a quantum state p (pure or mixed) entangled, if and
only if it is non-separable.

While this definition is simple to understand, it remains an NP-hard problem to decide whether
a given state p is actually separable or non-separable [17]]. Thus finding necessary and sufficient
conditions for general states is still part of active research. To illustrate such an operational sepa-
rability criterion let us give an example:

The Positive Partial Transpose:
For a 2x2 or 2x3 dimensional bipartite system, a necessary and sufficient condition for separability
that should be mentioned here is the so called “PPT” or “Peres-Horodecki criterion” [[18]]. For this
assume a general state

p= " Pl Gl @) . (1.3)

i,j.k,l

The partial transpose on subsystem B is denoted as p’? = (I® T)p, meaning the identity is applied
to system A and the transpose ma;ﬂ is applied to system B. The criterion states that if p’# has
negative eigenvalues, then p is guaranteed to be entangled. Note, this is only sufficient for p € H
with dim(H) < 6.

Another powerful tool for pure states is the so called Schmidt decomposition:

3the subspace B is transposed: k) (/|5 i |y (kg
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Theorem 1. A pure state [yap) € HAE with HAB = Hy @ Hp and dim(Hy) = m < dim(Hp) = n
has Schmidt-rank r < m if it can be decomposed as the bi-orthogonal sum

Wap) = ) Ailai} b, (1.4)
i=1

with /li > 0, <ai|bj> = 6ij and Z:":l /112 = 1.

A given pure state y4p) is called separable if and only if r = 1. Note that this is easy to
compute since the /l? are the eigenvalues of the reduced density matrices, see Appendix

Non-operational tools to distinguish separable from non-separable states include for e.g. pos-
itive maps [14] or entanglement witnesses [16]. In the following paragraph, the fundamental
theorem of entanglement witnesses is explained:

Theorem 2. A general quantum state p € H is entangled iff there exists a hermitian operator ‘W
such that
Tr (o'W) < 0, (1.5)

otherwise the quantum state p is called separable. This is a direct consequence of the Hahn-
Banach theorem of functional analysis (19, 120].

a

b)

[

Wopt

Figure 1.2: Intuitive picture of entanglement detection with witnesses. a) S, E are separable
and entangled sets, respectively. Given a quantum state p there exists according to theorem 2] a
hermitian operator ‘W to detect whether p € S or p € E. In order to completely distinguish S and E
for all possible density matrices p an infinite number of witnesses ‘W are necessary. Note that the
dashed line represents the hyperplane Tr (0W) = 0. Additionally, it is not necessary that a given
W optimally detects an entangled state p. But there exist cases where an optimal entanglement
witness Wy can be constructed. b) Analog picture in vector representation. The scalar product

— —
of two normalized vectors @ and b is negative dependent on which side b is on.

In order to get an intuitive idea of what an entanglement witness means, it is helpful to think
of Tr(pW) as a scalar product <p?,(W>. The scalar product of two normalized vectors @ and

—b> reads @ —b> = cos(p), with ¢ describing the enclosed angle between @ and _b) All vectors
orthogonal to @ span a plane. Vectors on this plane have a scalar product of zero and enclose an
angle of 7/2 with 4. According to the properties of the cosine, cos(¢) € [—1,1] Vo € [0, 7], the
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scalar product is either positive (e.g. _b>) or negative (e.g. ﬁ). Hence, vectors _b) or? on one side
of the plane orthogonal to @ yield a positive or negative outcome, respectively. This picture can
also be transferred to the hyperplane spanned by Tr (0'W) = 0. Density matrices on one side of
this hyperplane yield a negative result and are guaranteed to be entangled, while the ones with a
positive outcome are not guaranteed to be entangled.

Now suppose a given quantum state p is shown to be non-separable, then the next question
one could ask is how entangled is this state? In Fig.[I.I|some examples for different entanglement
measures are given. We will focus on two specifically the relative entropy of entanglement and the
Schmidt witness. The first one beautifully shows the connection of information and entanglement
and the second one is essential for the understanding of this work. There are several requirements
for a “good” entanglement measure [16]:

o Separability
If p is seperable, then E(p) = 0.

e Normalization
If p is a state consisting of two d-dimensional systems, then E(p) = log,(d).

e No increase under LOCC
E(p) does not increase under local operations and classical communications

e Continuity
In the limit of zero distance between two density matrices, the difference of their entangle-
ment measures is also zero.

o Additivity
A number of N identical copies of a quantum state contains N times the entanglement of
one copy.

o Subadditivity
The entanglement measure of the tensor product of two density matrices is not greater than
the sum of the entanglement of both systems, E(o; ® p2) < E(p1) + E(02).

o Convexity
The entanglement measure is a convex function.

In general, not all the examples given in Fig. fulfill the above mentioned requirements. A sim-
ple yet instructive example of an entanglement measure is the so-called entropy of entanglement.
Let us first define the Von Neumann entropy:

Definition 1.2.4. von Neumann Entropy:

S(p) = =Tt (plogp) (1.6)

Rewriting p into a decomposition of eigenstates yields p = }; A; |i) {i|]. Hence, the Von Neu-
mann entropy then reads

S(p) == ) Alogh;. (1.7)

This equation directly shows the similarity between the Von Neumann entropy and the information-
theoretically defined Shannon entropy [21]]. If p is a pure bipartite state the following theorem
applies:
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Theorem 3. Suppose p is a pure bipartite d-dimensional quantum state. Then E(p) is called an
entanglement measure if E(p) = S(pa) = S(op), with pa p denoting the partial trace with respect
to the according subsystem p; = Tr j(p) and j denotes the complement of i.

For the proof of the theorem see Appendix [A.2] Let us briefly study two instructive cases, a
pure separable state and a maximally entangled state. For a pure separable two-dimensional state
let us write

sy = 1/2(0) + 1) ® (10) + [1)) = 1/2(10,0) + 0, 1) + 10, 1) +[1, 1)). (1.8)

The corresponding density matrix reads pg = |,) (5| = 1/4 Zil’ kI=0 lij) (kl|). The partial trace
over sub-system B leads to p? =1/23 11 1=o |0 {l|. Hence for the entanglement measure

1
E(py) = S(p}) = ~Tr(pllogo?) = = > Ailogd;, (1.9)
i=0

where 4o = 0 and 4; = 1 and thus E(pg) = 0. Note that lim,_,o xlog(x) — 0. We have thus cal-
culated that a bipartite pure two-dimensional quantum state is not entangled and its entanglement
entropy therefore is zero.

Repetition of the same calculation for a maximally entangled state Bell state

le*) = 1/V2(10,0) + 1, 1)) (1.10)

leads to E(p,+) = 1. Thus, although the von Neumann entropy for the total state |¢,o+) gives
S (pg+) = 0 meaning we have all information available, the von Neumann entropy for the subsys-
tems only lead to S(p?,) = S(p5,) = 1 meaning we have no information about the state. This
directly leads us the beautiful quote stated in the beginning of this chapter:

“Best possible knowledge of a whole does not include best possible knowledge of
its parts — and that is what keeps coming back to haunt us.”

It is very fascinating and impressive that Schrodinger had such deep insights even though com-
plex mathematical tools such as these hadn’t been developed at that time.

A very important concept for this thesis are the
so called Schmidt classes [22]]. For this classifica-
tion, the Schmidt-rank defined in theorem I]is gen-
eralized to the Schmidt-number k for mixed bipar-
tite systems [23]].

Definition 1.2.5. Schmidt-Number: A bipartite
system with density matrix p has Schmidt number
kif

(i) for any decomposition of p = 3 ; p; ) (Wil

with p; > 0 at least one of the vectors {|y;)}
has Schmidt-rank k, Figure 1.3: Russian nesting doll-like struc-

ture of the Schmidt classes. ‘W) denotes a
(ii) there exists a decomposition of p with all vec- hermitian operator to detect a density matrix
tors {[i¥;)} of Schmidt-rank at most k. p.
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Note, for pure states p the Schmidt number and
Schmidt rank are equivalent. Additionally, the Schmidt number does not increase under local oper-
ations and classical communication (LOCC). According to the Schmidt number, a given quantum
state can further be classified into Schmidt classes S;. A Schmidt class Sy is a subset of all density
matrices p that contains the density matrices p € S that have a Schmidt number < k. The Schmidt
classes are successively embedded into each other like a Russian nesting doll S; c S, Cc--- C Sp,
see Fig. Furthermore, Schmidt class witnesses ‘W are defined as follows.

Definition 1.2.6. Schmidt Witness: A given quantum state p € S can be further classified ac-
cording to Schmidt classes with a hermitian operator “‘W;,. For

peSL: Tr(eWi) <0 (1.11)
p€Sse: Tr(eWo) =0 (1.12)

In section ?? we will explicitly show how to construct such a bipartite high-dimensional wit-
ness.

Now the final step to reach the aim of this chapter is to take multiple parties into account. So
far, our focus lay on bipartite systems and the corresponding mathematical tools to decide whether
a given bipartite state is separable or entangled. The basic idea of the Schmidt-Rank-Vector [9] is
to investigate all possible bipartitions and store the dimensionality information (Schmidt number)
of each bipartition in a vector. Let us consider a quantum system composed of three subsystems
lWasc) € Ha ® Hy ® Hc. For simplicity only pure states are considered for now, thus papc =

¥ aBC) (¥ ABCI.

ABCD

(AIéCD) (BILCD) (CILBD) (DILBC)

ABC

(AILC) (BIAC) (ClAB)

(ABICcD) (ACIBD) (ADIBC)

Figure 1.4: Bipartite decomposition of multi-partite systems. A tripartite system ABC is decom-
posed into three bipartite systems. Here x|yz denotes the bipartition x with respect to yz, where yz
is still combined. Similarly, for a four partite system ABCD, seven bipartite subsystems exist. In
general, 2"~! — 1 bipartitions exist for an n-partite system.

As shown in Fig. the tripartite system can be decomposed into three possible bipartitions
PaBC- pBjAC and pcja. From Def. [I.2.3]it is already clear how to classify bipartite systems ac-
cording to their entanglement dimensionality. As mentioned before, for pure states the Schmidt
number is equivalent to the Schmidt rank. The Schmidt rank is denoted as r;, with r; = rank(p;),
pi = Trj(p) and j denotes the complement of i. Thus the Schmidt rank vector (SRV) reads
SRV(paBc) = (ra, s, rc), with r; denoting the Schmidt number of the respective bipartition. Note,
that ro = rgc, rB = rac and rc = rap holds. Due to the sub-additivity of the Renyi O-entropyﬂ only
certain combination of 7;’s are allowed. Suppose rp > rg, rc, then for every combination fulfilling
ra < rp - rc a pure state [y apc) exists realizing this combination. This boundary condition is not
sufficient any more for four or n-partite systems.

4which translates as the sub-multiplicity of the Schmidt rank
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Table 1.1: Different tripartite pure states and their Schmidt rank vectors (SRV). Note, the SRVs
are always sorted such that (r, r;, r3) with r; > r, > r3. Normalization is omitted for the sake of
readability.

Nr. | State SRV
1 | ]000)+|111) +]201) +|321) | (4,3,2)
2 | ]000) +|111) +]221) +|321) | (3,3,2)
3 | |000) +|111) + |222) (3,3,3)
4 | ]000) + [111) + |220) (3,3,2)
5 | 1000) +|111) + |210) 3,2,2)
6 | |000) +|111) (2,2,2)
7 | (100) +|11) +[22)) ®|0) 3.,3,1)

Definition 1.2.7. Schmidt-Rank-Vector (SRV): Given a pure tripartite state [y) € Hapc, the
Schmidt rank vector is defined as

SRV(Y)) = (ra,rp,rc), (1.13)
with r; = rank(p;), p; = Tr(p) and j denotes the complement of i.
Some general remarks about the SRV:
(i) A given state |¢) is called multipartite entangled iff r; > 2, Vi.

(i1) Different subsets in the SRV are LOCC incomparable, this means it is not possible to trans-
form a state from (4, 3,2) — (3, 3,2) with LOCC transformations. This results from the
LOCC invariance of the Schmidt rank. Note that this only imposes a partial ordering (e.g.
for mixed states).

(iii) There exists a Russian nesting doll like structure for pure states only.

(iv) The lack of a Russian nesting doll-like structure for mixed states can be explained as follows.
Consider two subsets e.g. (4,2,2) and (3,3,2) see Fig.[I.5] It cannot be guaranteed that for a
set of mixed states p = p [Wa22) (Wa2a| + (1 — p) [¥r332) (¥332| one is always embedded in the
other.

There exists a generalization to mixed states to resolve the above mentioned inconsistency and
get a clear mathematical structure. Since this generalization is not necessary for this thesis the
interested reader is referred to [9]. In table [I.I] some examples of tripartite high-dimensionally
entangled pure states are given. While the first state in table [1.1]is indeed a (4, 3,2) entangled
state, the second (very similar looking) state is not. The third state shows a generalization of the
famous GHZ-like state [I1]. Two different (3,3,2) states (2" and 4™) can have the same SRV.
The difference will be clear after the definition of the maximally entangled states. Additionally,
to show an example of the lowest genuinely tripartite high-dimensionally entangled SRV state, a
(3.2,2) state in number 5 is displayed. The two-dimensional GHZ state has an SRV of (2,2,2),
thus showing genuine tripartite entanglement in two dimensions. A three-dimensional maximally
entangled bipartite state in a product state with a third party (number 7) has a SRV of (3,3,1) and
hence belongs to the bi-separable set displayed in Fig. [I.5]

To further clarify the SRV and gain some more insight, let us also consider different high-
dimensional quadripartite systems. In table [I.2] different quadripartite pure states are displayed.
The first state is a four-dimensional quadripartite GHZ like state. Other dimensionality structures
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bi-
separable

Figure 1.5: Structure of the SRV-subsets of a given [i)),3, state.

Table 1.2: Different quadripartite pure states and their Schmidt rank vectors (SRV). Note, the
SRVs are always sorted such that (ry, 72, 3, 74, 15, 16, 7) With r{ > r, > -+ > r;. Normalization is
omitted for the sake of readability.

Nr. | State SRV

1 | |0000) +|1111) +12222) + [3333) | (4,4,4,4,4,4,4)
2 | |0000) +|1111) +12222) +[3210) | (4,3,3,3,3,3,3)
3 | 10000) + |1211) + [2200) + |3210) | (4,2,2,2,2,2,2)
4 | (J00) +[11)) ® (J00) + |11)) 4,2,2,2,2,1,1)
5 |0000) +[1111) (2,2,2,2,2,2,2)

of quadripartite pure states are 2, 3 and 5. A product state of two maximally entangled bipartite
two-dimensional states is shown as number 4. As expected, the SRV of this state clearly shows
that there is no genuine quadripartite entanglement contained in this state.

Let us summarize the most important features of the SRV:

(i) A given state i) is called multipartite entangled iff r; > 2, Vi.
(ii) For a system composed of n parties there are 2"~' — 1 possible bipartitions.

(iii) Different subsets in the SRV are LOCC incomparable, this means for example that it is not
possible to transform a state from (4,3,2) — (3,3,2) with LOCC transformations. This
results from the LOCC invariance of the Schmidt rank.

(iv) There exists a Russian nesting doll like structure for pure states only.

(v) There is no information about the amount of entanglement contained in the state (maximally
entangled, distillable,...).

(vi) There is no information about the usefulness of the state.

(vii) Therefore, the SRV is not a complete but versatile tool to further classify multipartite quan-
tum mechanical systems in higher dimensions and gives a deeper insight into the complexity
and structure of entangled states.

As mentioned above, it is not possible to quantify the amount of entanglement of a multipartite
and high-dimensionally entangled state with the SRV. Thus we define the maximally entangled
pure state with a given SRV as follows:
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Definition 1.2.8. Maximally entangled states: Consider a state p(r4,7,7.) = |[Wasc) {(WaBcl,
which refers to a quantum state Y agc with a Schmidt rank vector (74, g, r.). In this thesis, such a
state is considered maximally entangled if:

(i) For r4 > rg > r. there exists a decomposition of |y apc) = ;21 a;|a;, bi, c;) such that
Yilail = 1 and |ay] = || = ... = |a,, | = 1/ yra.

For an illustrative example of what this definition means, consider state number 2 and 4 of ta-
ble While both states have an SRV = (3, 3, 2), state number two does not fulfill the maximally
entangled state requirement mentioned above because there are four «; coefficients necessary to
write this state down. Rewriting to three coeflicients is possible but then violates the equality and
maximality condition imposed on the coefficients || = || = ... = |a/rA| = 1/+4/ra. On the other
hand, state number 4 does fulfill all the necessary conditions and is thus considered to be a maxi-
mally entangled (3, 3, 2) state. The goal of this thesis is to create such a state experimentally, see
section

Finally, let us briefly discuss the last question raised in Fig. [[.I| About the usefulness of a
given quantum state p. By “usefulness”, we mean that the state be used in a quantum information
protocol (e.g. QK]fl quantum teleportation, quantum computing, etc.) or for fundamental tests
of nature (e.g. Bell test, GHZ-like tests, etc.). In the standard quantum teleportation protocol by
Bennett et.al., [24] maximally entangled Bell states are used as EPR channels to transmit the non-
classical quantum information. In reality, such pure quantum states rarely exit between two distant
parties due to interaction of the two particles with the environment. Therefore, the initially pure
state, lets call it |¢), decoheres to a mixed state p. Now the question arises whether a protocol based
on LOCC exists that would enable Alice and Bob to recover the pure state |¢) from p? Indeed,
under certain circumstances such protocols do exist and they are called distillation protocols. A
simple yet instructive example of such a protocol is given in Ref. [25].

Squantum key distribution



Chapter 2

Orbital Angular Momentum of Light

“War es ein Gott der diese Zeichen schrieb?’{]
— Ludwig Boltzmann zitiert aus Goethe’s “Faust” iiber
Maxwell’s Theorie des Elektromagnetismus

In this chapter, the origin of orbital angular momentum of light is presented. Beginning with
Maxwell’s equation of electromagnetism in vacuum, the wave-equation and its paraxial approxi-
mation are derived. Solutions of this equation are discussed, among them the Laguerre-Gaussian
(LG) modes. It is then argued that the helical phase front of the LG beam gives rise to the so-called
orbital-angular-momentum of light.

2.1 From Maxwell’s Equations to the Paraxial Approximation

The Maxwell equations in SI units and in vacuum are given by:

V.E=0 2.1)

V.B=0 2.2)
0B

VXE = —— 2.3

X P (2.3)
1 oE

VxB=—2" 24

% c2 ot 24

with E, B, ¢ denoting the electric and magnetic field and the speed of light in vacuum, respectively.
Taking the curl of eq. [2.3]leads to

B
VX(VXE):V(V-E)—VZE:—(Vx%—t) (2.5)
and with Eq.[2.3| & [2.4] follows
1 *E
VE- —— =0, 2.6
c? 012 (2.6)

which is the well known wave equation, and we used the curl of the curl relation. The same
procedure also holds for the B-Field.

“Was it a god who wrote these signs?”, Ludwig Boltzmann quotes Goethe’s “Faust” on Maxwell’s Theory of
Electromagnetism [26]

21
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2.2 The Helmholtz Equation

Let us now derive the Helmholtz equation. Starting at the wave-equation with the Ansatz that the
function E(r, f) can be written as the product of two functions

E(r, 1) = R(OT (7). 2.7)
Substituting this into Eq. [2.6|leads to
1 *RMOT(1) 0

2 —_— —
\Y [R(r)T(z)] =23 (2.8)
1 8°T
T(HV[R()] - R(r);Tz(t) =0 (2.9)
2 2
VZRr) 1 8T 2.10)

R(r) 2T 082

This can only be true if the left and the right hand side above are constant. In general, this constant
is named —k2. Rewriting this equation yields

VZR(r)
RO = —k (2.11)

(V? + ©°)R(r) =0,

and is called Helmholtz equation for the spatial variable r.

2.3 Paraxial Approximation

The paraxial approximation is the basic equation to describe non-tightly focused laser beams. In
geometrical optics a paraxial ray encloses only a small angle with the optical axis and is therefore
almost parallel. Hence, the field associated with a paraxial beam can be written as

E(r) = E(r)e’, (2.12)

where the term ¢**? denotes propagation in z direction and E(r) is varying slowly compared to e/,
Inserting this into Eq. yields

(V? + ©)Em)e™ =0 (2.13)
(62 + 02 + 02 + P)E(r)e™ = 0
(62 + 82 + 82 )E(r)e™ + 2ikd E(r) = 0.

The paraxial approximation is made by neglecting the second derivative with respect to z, assum-
ing

8?E(r)| <<k

8zﬁ(r)| (2.14)

afﬁ(r)| << ’V{E(r)’,
with V2 = 92 + 65. Thus, the paraxial approximation is

(V3 + 2ikd; )E(r) = 0. (2.15)
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As pointed out by Lax et al. [27], this contradicts Maxwell’s equations. The Maxwell equation
V - E = 0 requires the divergence of the source-free field to vanish, in contradiction to the approx-
imation in Eq. [2.T4] This apparent paradox is resolved in the article by Lax et al.and beautifully
confirmed in a different and very elegant way by Davis [28]]. Davis shows that within the frame-
work of vector potentials with Lorentzian gauge condition, that Eq.[2.15]is equivalent in the lowest
order without inconsistencies.

2.4 Solutions of the Paraxial Approximation

There exist several different families of solutions of the paraxial approximation. These are clas-
sified by their separability and the type of coordinate system used (e.g. Cartesian, Cylindrical,
Elliptical, etc.). The main focus here lies on the so-called Laguerre-Gauss solutions in cylindri-
cal coordinates. In Appendix [A.3|a detailed derivation of the paraxial approximation is given for
Cartesian coordinates resulting in the so-called Hermite-Gauss solutions.

2.4.1 Laguerre-Gaussian Modes

Amplitude

p=1 p=2

Figure 2.1: Amplitude and phase distribution for different Laguerre-Gaussian modes are displayed.
The amplitude is given by the absolute value squared |#|* and the phase is the argument of the
complex function u and is given by arg(u).

The well known Laguerre-Gaussian solution of the paraxial approximation reads

LG
ul’p (p’ (pa Z) =

CLG \/— k ,
m(w(g) |z|(w2(z)) xp| 2()]exp[ il exp| -1 (@,p(z)+2R())], (2.16)
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with the following definitions:

LG _ 2+1 5y
Cip - \/n(p+|f|)! .17

D) = (2p+ I+ Dan~'(£)

2
R(2) =1+ %]
2 2 2
, = 1+ 4
w(2) w1+ ]
Lp _ kw;(O)

and Lllil(x) denoting the associated Laguerre polynomials defined as

-1 ap
1 _ e'x d -x p+l
L) (x) = 5 @(e ). (2.18)
Note for p = 0 it follows
przo(x) =1 Vi{xI. (2.19)

The Laguerre-Gaussian modes form a complete and orthogonal basis in both indices / and p:

21 00 «
f de f p dp i (0.0, 2|, (0.0 D] = 6108p. (2.20)
0 0
Thus a general solution to the paraxial wave equation can be written as

Flprg. 2= ) ai,ufSip, ¢,2), @21)
Lp

with @;, denoting the expansion coefficients. In Fig. 2.1 some examples of different LG modes
are given.

2.5 The Origin of Orbital Angular Momentum

The formal similarity between the paraxial wave equation [2.14]and the Schrédinger equation [29]
may suggest that eigenmodes of the angular momentum operator L, carry orbital angular momen-
tum of ¢4 [30]. The linear momentum density of an electromagnetic field is given by the vector
p = gFE x B. Thus a transverse plane wave in z-direction cannot have an angular momentum
density j = r X p in the same direction. In the following we will show that this is not true for
Laguerre-Gaussian modes or more general for light beams within the paraxial wave equation with
helical wavefront[31} 132} 33]], see Fig. Since the helical wave front is dominated by exp(ify)
we write

u(r, @, z) = u(r, z) exp(ity). (2.22)

Thus the components of the linear momentum p for a circularly polarized beam are given by (for

details see[A.6):

wkrz
pr = e0———5 lul’, (2.23)
(zg +2°)
wl 1 Ouf
=gl — — zwo .
Py 0 r 2 or

2
pz = sowk |ul
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where p, relates to the spread due to divergence of the beam, p,, describes the rotation of the linear
momentum according to the elliptical polarization o and the orbital angular momentum ¢ while p,
is the linear momentum density in direction of propagation. The rate of change in the azimuthal

a) )

b) d)

Figure 2.2: Helical phases of different {-values are displayed. Insert a) shows a £ = 0 and
therefore flat phase. In b) one helical twist in a 27 period is shown. Intertwined helices with
¢ = 2,3 are shown in ¢) and d), respectively.

00 _ 1P

angle of the momentum density ® with respect to the z-axis is 57 = 5 > and it follows for o = 0:
Z

0 _1p, € (2.24)
0z  rp, kr?
This result shows the spiraling feature of the linear momentum density for a fixed radius r. How-
ever, if the natural divergence (p,) is taken into account and the propagation along the radius of
maximum intensity is calculated (which is also dependent on ¢), it turns out that the rotation of the
linear momentum density is independent of the orbital angular momentum.
The orbital angular momentum density is given by j = r X p and with the component in
direction of z with Eq. [2.23]is given by

Jz = sowl ul*, (2.25)

again with o = 0. Integration of this quantity over the whole beam and dividing by the energy
yields

J. szrdr de B t’flul2 rdr de L (226)
W [w.rdrde wflul2 rdrde '

Hence, if photons are radiated in units of 7, their orbital angular momentum also changes with ¢7.
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Chapter 3

Tools in Linear and Non-linear Optics

In this chapter, the basic tools used in quantum optics are presented. Since the details of the
specific elements are well known and described elsewhere, the focus here lies on the mathematical
transformations these elements perform on a given input state. The transformations are described
in the creation/ annihilation operator notation based on the second quantization notation. For
simplicity only the considered degree of freedom will be denoted, which in this case is mostly the
orbital angular momentum of photons. In this description an orbital angular momentum state of a
photon in path a is given by

ay 10y = (14, 6) = [0),, 3.1

with |0) denoting the vacuum state and |1,, ) is the Fock-state number state describing 1-photon
in mode a with an OAM value of £. Hence, in general

@,)"10) = Vn + Tlng, ) (32)
aclnp, my = \néap0emlng —1,8)
agl0g4,€) =0
[ag.an] =0
[a¢,am] =0
[&5, lA?,Tn] = 04.600.m>
with [-, -] denoting the bosonic commutation relations. Finally, the number operator is defined as
Ne(a) := &;&g with the property
Ne(a)(@))"10) = n(a))" 10y, (3.3)

thus the creation operator is an eigenstate of the number operator.

3.1 Linear Optical Elements for manipulating Photons

Optical elements that respond linearly to the electric field of the incoming light field are called
linear optical elements. In this thesis the focus is on orbital angular momentum of light, thus we
will mainly discuss optical elements operating on the OAM of light. The simplest such element is
a mirror.

Definition 3.1.1. Mirror: Suppose an incoming photon &IT |0) is reflected at a perfect mirror M,
then the photon undergoes the following transformation

at10y 5 iat, 10). (3.4)

27
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Thus, the OAM value ¢ flips to —¢ and the photon acquires a phase shift of i = exp(in/2).
For simplicity, from now on only the transformation of the operators is given.

Definition 3.1.2. Beamsplitter: A general unitary beam splitter with splitting {r, 1 — n} acting
between two paths a, b, see Fig.[3.1|denoted by BS,(a, b) reads

. BS,(a,b) e
a; e Via, + \1-nbl, (3.5)
N (a,b)
bt 2 bt + VT al

If not explicitly denoted otherwise, BS(a, b) is understood to be BS;,>(a, b) which describes a
50/50 beam splitter.

. d)
1n 1n
>
out
out

Figure 3.1: Linear optical elements frequently used in quantum and classical OAM setups. a)
beam splitter: splits up an incoming beam in path a into a superposition of output paths a and b,
b) Dove prism: changes the sign of the incoming OAM value by (—1) and adds a complex phase
according to the OAM value of the incoming photon and the rotation angle of the Dove prism, ¢)
a spiral phase plate (SPP) adds a fixed amount of OAM to the incoming beam, d) a liquid crystal
phase only spatial light modulator (SLM): is capable of changing the incoming beam phase profile
arbitrarily.

Definition 3.1.3. Dove Prism: The transformation of a Dove prism DP(«@) at an arbitrary az-
imuthal rotation angle « is given by
AT N iexp (i2ta)a’ T (3.6)
Definition 3.1.4. Spiral Phase Plate: The spiral phase plate, shown in inset ¢) in Fig.[3.1] is a
device to add or subtract OAM from an incoming beam, such that
o SSPOm) 4

5
ag Apym

3.7
holds. Note, these devices usually only support m € N.

Definition 3.1.5. SLM: With a computer controlled liquid crystal phase-only spatial light modu-
lator (SLM), arbitrary diffraction holograms can be applied to an incoming beam. It thus can be
used for arbitrary transformations of the form

¢ SLM@) 4
a4, > Aoy

(3.8)

with y describing an arbitrary superposition, e.g. y = y1£1 + y202 + -yl and }; il = 1.
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Definition 3.1.6. SMF: A single mode optical fiber (SMF) only carries light of a single optical
mode efficiently. This is the TEMyy mode. Thus the transformation of an SMF reads

at SMEF(m) At
a, — o(l - m)a,,, 3.9

thus it only carries the part of the incoming photon which resides in the £ = 0 mode.

Note than an SLM in combination with an SMF can be used to perform arbitrary projection
measurements. Apart from the above mentioned elements there exist combinations of these ele-
ments exhibiting completely new transformations, e.g. sorting of OAM modes in different paths
or cyclic transformations of OAM. These transformations are based on interferometric principles,
as explained in detail in section ??. Here we present the mathematical transformations in brief:

Definition 3.1.7. Mode Sorter: A mode sorter is capable of sorting OAM modes according to
their OAM value ¢ parity:

a, ——ia', +b | (3.10)
51 MS@a,b) .

A At
_>
4 lb_feven + a[()dd’

hence acting similarly to a polarizing beam splitter.

Definition 3.1.8. Cyclic Transformation: [34]] A cyclic transformation (CT) for an element a; €
S reads

//_\
apg—ay — ay — ... a, 3.11)
thus an arbitrary input state with £ € S is transformed like

CTk)  +

—a (3.12)

AT
a mod(¢+1,k)?

(4

with mod(¢ + 1, k) describing the cycling through all elements in S as given by Eq.

3.2 Non-Linear Optical Elements for creating Entangled Photon Pairs

In non-linear optics, the interactions of the incoming field with the dielectric polarization of the
material become relevant and cannot be neglected. There are several very nice books describing
this fascinating topic [35]]. In this thesis, non-linear crystals are used for two different purposes.
Firstly, the main source of entanglement is a spontaneous parametric down conversion process
(SPDC) in a periodically poled potassium titanyl phosphate (ppKTP) crystal. Other non-linear
crystals, like BBO, are used in the pump laser source, for details see section [5.2] In an SPDC
process, the second order non-linear susceptibility y? leads to the conversion of an incoming pump
photon into two down-converted photons called signal and idler. Due to energy and momentum
conservation the down-converted signal and idler photon read

Wy = Wy + W, (3.13)
k, =k, +k;.

The second equation is also called the phase matching condition, also see Fig.[3.2] The SPDC pro-
cess only happens efficiently if the phase matching condition is met. In a non-linear and anisotropic
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— A | /V\’
Ws
wp v
) (2

)

Figure 3.2: Energy and momentum conservation in a SPDC process. Inset a) shows the energy
splitting of the pump photon into signal and idler photons. In b) the phase matching condition is
displayed, here shown as matched. Collinear phase matching is shown in ¢). Part d) illustrates an
example of a periodically poled crystal.

birefringent crystal, the wave vector k is dependent on the direction and polarization of the beam
such that

k| = ) (3.14)

with n(w) denoting the frequency-dependent index of refraction. The phase-matching is called

type I if the crystal properties are chosen such that an incoming e polarized light beam is down-
converted into two o polarized light beams, while the phase-matching condition is fulfilled in order
for the process to happen efficiently. In this thesis, a type II source is used, meaning the crystal is
cut such that the phase matching condition is met for an incoming e polarized beam and outgoing
o and e polarized beams. More precisely, a periodically poled crystal is used where a quasi phase-
matching is achieved by domain inversion, which means that the sign of the nonlinear coefficient
changes and an effective phase-matching occurs, see Fig.[3.2] Furthermore, a SPDC process is
called collinear if the magnitudes of the the pump photon and the sum of the down-converted
photons are equal |kp| = |ks| + |k;|. As shown in [36], OAM is naturally conserved in the SPDC
process

ty=t+6, (3.15)

with ¢; denoting the pump, signal and idler OAM values. Thus, if the crystal is pumped with a
Gaussian beam ¢, = 0, the down-converted state is perfectly anti-correlated £; = —¢; and reads

L
v = el1t.-0 +1-6,0)), (3.16)
=0

with Z?:o lcgl> = 1 and the polarization state is omitted for simplicity. The distribution of the c;
coefficients depends on several experimental factors. Miatto et al. [37] showed the most important
factors are the ratioy = w,/w;; between pump and signal, idler waist as well as the ratio Lg = L/z,

2
between crystal length and the Rayleigh range of the pump beam zz = 7% A formula is given

4
2
N 7 §|f|+l(D§R0’ _ (D(;J’ , 3.17)
LR 1+2y2
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la) 1b)
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|Cl| 0.20¢ arg(ce) 1.5
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Figure 3.3: Predicted theoretical distribution of the absolute squared values of the coefficients
c¢, given by lcel? and complex phases arg(c,) for a down-converted state in a non-linear crystal
W) = 25:0 Cg( |6, =€) + |-¢, €) ) Experimentally reasonable values of the ratio between the crystal
length and the Rayleigh range of the pump beam L with Lg = 0.0032 and the ratio of the beam
waists of the pump beam and the collection beam 7y, withy = 11 (in 1) and v = 1.5 (in 2). Note, in
both cases (1&2) the absolute square values are approximately the same, but the complex phases
differ drastically.

with d)[f’”' = @(—272, 1, €]+ 1) describing the Lerch transcendent function and ¢ = l._‘; yLZRLR A plot
with reasonable Valuesﬂis given in Fig. Both ratios y; = 11 and y, = 1.5 give about the same
absolute squared value distribution of ¢; coefficients. However, there is a significant difference in
the complex-phase distribution.

Experimentally, Mair ef al. [38] showed entanglement of OAM modes for the very first time.
Since then a huge effort has been made in increasing the dimensionality. Just recently, OAM-

entangled photon pairs in 100-dimensions were confirmed by Krenn ef al. [8]].

'L = 0.0032
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Chapter 4

Hong-Ou-Mandel Interference with
OAM of Light

The Hong-Ou-Mandel (HOM) effect [10], named after the three physicists who explored this
effect, is a two photon interference process. Let us first discuss the classical case. Suppose we
have a 50/50 beam splitter as displayed in Fig. @.I] If two input beams are considered at each
port, one would expect to have the four possibilities of outcomes as listed in Fig. .1} namely both
photons exit in one path (either A or B) and one photon is in path A while the other is in path B.
In quantum mechanics, however, this is not the case. With the formalism introduced in section @

af bf af bt af it

Figure 4.1: Illustration of the HOM effect. Two incoming photons on a beam splitter. Classically
one would expect all four possibilities. Quantum mechanically, it turns out that under certain
circumstances the photons always stick together. The fundamental reason for that is the bosonic
commutation relation.

the problem can be described as follows:

~ 1 ~ PN ~ ] PN
athtoy 2 5 (-a'd +ia'a’ +ib'b" + b'a’) 0y = %(aT at +5'5%)10) 4.1

L
V2

meaning 2 photons are in mode a or 2 photons are in mode b, but there is never one photon in
mode a and at the same time one photon in b. Note, that we assumed her [&T, bT] = 0, which
assumes the two photons are completely indistinguishable and this is not necessarily the case in

general. For example, if the two photons carry polarization information, then [&L, BH # 0 and

(|2a’ 0> + |0’ 2b>) 5

! Additionally, the state is normalized because (a7)" |m) = vVm + n|m + n), and the overall i phase is omitted.
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thus the above mentioned state reads
1 . .
3 (i|Hy, Va) + Vo, Hp) = |Hy, Vi) + i |Hp, V) , 4.2)

and thus all the possibilities mentioned in Fig. [4.1] are present and no HOM interference takes
place. In Eq. , the final state reads %2 (124, 0) + 10, 2;)) and therefore is a maximally entangled
state. As discussed in section[I.2] no entanglement can be created with LOCC operations. Hence,
the HOM effect is a non-local effect. In fact, it is a quasi non-local effect since the two photons
arriving at the beam splitter have to overlap perfectly in the spatial and temporal domain in order
for the HOM effect to occurl

Let us discuss a more sophisticated model where the two incoming photons have a spectral
bandwidth. Additionally, the two photons must be perfectly overlapped at the beams splitter at the
same time. Thus let us use a setup as depicted in Fig. .2] a), where one photon is shifted in time
with a so-called trombone system. Hence, the incoming photons in modes a, b are now rewritten

a)

A B
IF IF
TB
af bt

Figure 4.2: Different experimental setups to study the HOM effect. Inset a) shows a sketch of the
theoretical model studied in the text. b) and ¢) depict experimental setups built to study the HOM
effect with OAM of light. In this figure, A and B denote detectors, IF are interference filters, TB
is the abbreviation for trombone system, SPP is a spiral phase plate and M stands for mirror.

as

A~ 10) add bandwidth
a _—

f dor (@)’ (@) [0) “3)
b joy Ll bandwidh, f dws p(w2)b'(w2) [0),

with ¢(w) denoting the spectral distribution of the photons where f dw |‘,0(a))|2 = 1. The trombone
system, depicted as TB, acts like

' (w1) 25 explion)a’ (1), (4.4)
and thus the state for a reads
f dwy @(wn)explior V)i’ (@) [0). 4.5)

The overall state before the beam splitter is thus

by = f dw; f dw, g(wi)p(wa)expiviT)a’ (w1)b' (w2)10) . (4.6)

2The HOM effect can also be used to project onto a maximally entangled state, as will be shown later.
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The action of the beam splitter is already discussed in section The detailed calculations are
given in appendix The next step is to model the detectors. For now, let us neglect the
interference filters and assume perfect detectors with a flat frequency response. Thus, such a
detector can be written as

b= [ 4o, (@000l @.7)
Thus the expectation value for having one photon in each mode is given by
P =Tr( 1) (1 Da ® Da) = (4| Da ® Da ) (4.8)

Performing this calculation yields, for details see Appendix
1
P=3 f dw, f dwy, lp(@a)e(@p)P |1 = Cos((wa — wp))]. (4.9)

The first term in the integral can readily be performed, since f dw |p(w)|* = 1 and hence

1 1
P=1-2 f dw f dw o(@a)p(ws)P Cos[(wa — wp)T], (4.10)

and the second part is the Cosine transformation of the absolute value squared of the spectral
distribution function.
. . . _ 1 _ u)_2 .
For a Gaussian spectral distribution ¢(w) = _\/TWEXP( 402) the result is

1
— EEXP( ) 4.11)

with o denoting the standard deviation. A plot of this result is in Fig. Thus the shape of
the HOM interference curve or HOM dip tells us something about the spectral distribution of the
interfering photons.

In most experiments, the two photons are usually from the same SPDC source and are spec-
trally correlated due to energy conservation, such that the input state reads

P =

N1 —

W) sppc = f f dw;dw, ®(wy, w2)a" (w1)b' (W) 10), (4.12)

with ®(w;, w,) describing the joint spectral amplitude (JSA). The JSA is given the product of
the pump distribution with the phase matching condition (w1, w,) of the crystal ®(wr, wy) =
O(w1 +wr — wp)h(wi, wy), where we assume a delta-like peaked pump laser. After integration over
w> and substitution of w’ = w; — % yields

f dw’g(@)a (w,/2 + )b (wp/2 - ') |0), (4.13)

with w, describing the pump beam frequency and we additionally assume a symmetric JSA
Mwi,wy) — g(w’). With this input state the expectation value to detect two photons simulta-
neously in A and B is given by

1
Pseoc = 5 f dw’ g’ |1 - Cos2w'7)]. (4.14)

Comparing the previous result given in Eq[4.10]with the SPDC case shows that the cosine transfor-
mation differs by a factor of 2. Therefore we expect differently shaped HOM interference curves.
For example, the same Gaussian spectral distribution yields for a spectrally correlated source

11
Pspoc = 5 = SExp( - 20°72). (4.15)
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Let us compare the two cases with differently shaped spectral distributions of the photons.

In the first case where we assumed a factorizable joint spectral amplitude just the two filtering

functions need to be known to calculate the HOM dip shape. In the SPDC case the situation

is a little more complicated. Typically the phase matching function is a non-linear function of

the frequencies w;. Thus, an approximation in form of a linearizatiodﬂ is performed to derive

analytical res_ul(ts. A typical phase-matching function for an SPDC process is a “sinc” function
SIm(o

sinc(ow) = W‘”), the respective expectation value of detecting a coincidence between detector

A and B is shown in Fig.[#.3]

a) b)

P Pspoc
06 0.8

= =
=05 = 0.5
< <
] el
S 0.4 S 04
(2} [a]
9.) (]
203 2 0.3
(o} [}
o 9
302 2 02
g g
0.1 01

2 3 0 1 2 " 5 3 0 1 2 7

Delay [time] Delay [time]

Figure 4.3: Theoretically expected coincidence events detected between detectors A & B accord-
ing to equations [4.10]and [4.14] For each case, two different spectral distributions are calculated.
A Gaussian and a Sinc distribution, where the plot is shown with o = 1 in both cases. Note, not
only the expected width differs for the correlated case versus the uncorrelated case, but also the
shape of the function for non-Gaussian distributions. Inset a) shows the uncorrelated case while
in b) the correlated case with the SPDC source is displayed.

4.1 Different Schemes Exploiting the HOM Effect

So far the OAM degree of freedom of the incoming photons was neglected and it was implicitly
assumed that £ = O for both photons. In section [3|the state produced in the non-linear crystal was
given by

L
W) = e 16, -0 +1-6,0)), (4.16)

=0

where the frequency correlations previously discussed in this section are omitted. For now we
will assume that the joint spectrum amplitude (JSA) function is separable and thus the frequency
correlations are not present. This assumption will be verified by comparing the expected with the
measured dip width, see section For the sake of readability we omit the “hat” of the operator
and write the OAM value in brackets after the operator a'(¢). Thus the SPDC state now reads,
only ¢ € {—1,0, 1} is considered for simplicity

Wsepc) = [a"(=1).b7(1) +a"(0).b7(0) + a"(1).b"(=1)] 10). (4.17)

3Note, the k-vectors in the phase matching function depend on the refraction index n(w;) which depend non-linearly
on the frequency. This function n(w;) is linearized in a small region.
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Adding a mirror in path A flips the OAM sign in this path (see section [3.1))

Wsppe) —2, [a"(=1).b7(=1) + a"(0).b7(0) + a"(1).b"(1)] 0) , (4.18)

where the overall i phase is omitted. Sending this state onto a beam splitter as depicted in
Fig.[4.2]b) yields

Wsppe) o), %( —iaf(=1).bT(=1) = iaf (0).67(0) — ia’(1).b(1) (4.19)

+ib'(=D).a’(=1) + ibT(0).a"(0) + ibT(1).a’ (1)
—a'(=D.a’(1) —a'(0).a"(0) - a’(D).aT(-1)
-b"(=1).b7(1) = b7(0).b7(0) = b’ (1).b*(—1)) 0).

Considering £ = 0 photons only, then the same result as previously calculated occurs. This means
that “filtering” the correct terms yields also the HOM type interference. For example, applying an
SLM operation of SLM(—1) and additionally using a single mode fiber SMF in both arms A and
B results in selecting only modes where £ = 1 in both modes

Wsene) SERENE, Lt ()b (1) + b (1)a(1) 0). (4.20)

Note that although technically the above state should have £ = 0 everywhere because the photons
are physically in this state, here they are written with £ = 1 to make it clear that the interference
happened between these modes. The projection into £ = 0 mode with the SLM and the SMF
is only to post-select these events. It should be stressed that in any experimental configuration
one relies on this kind of selection, also in the £ = 0 case. Therefore, to observe the desired
HOM interference the commutator between these two terms [aT(l), bT(l)] must vanish. This is
accomplished by overlapping the two photons perfectly in the spatial and temporal domain. The
spatial domain is addressed by careful alignment of the incoming beams at the beam splitter, while
the temporal domain is dependent on the spectral bandwidth as well as on the arrival time of the
two photons at the beam splitter. A trombone system and narrow bandpass filters, as depicted in
Fig. B.2]b), are used to ensure the temporal overlap. This very same procedure also applies to
higher order £ modes and is demonstrated experimentally, see section 4.3

In Fig. 4.2] ¢) another experimental setup is shown. This setup contains an additional spiral
phase plate (SPP). For simplicity let us consider here only the £ = 0 modes emitted by the ppKTP
crystal. Then the SPP adds an OAM value of £ = 2 in arm A to the state and then we apply the
beam splitter operation, thus the state reads

% (—a*(—z).b"'(O) +b7(2).a%(0) + ia’ (=2).a7(0) + ib*(z).b"“(O)) |0 (4.21)

and after another reflection in arm A
1, .. .
3 (—ia’ (2).67(0) + ib7(2).a"(0) — a’(2).a"(0) — bT(z).bT(O)) 0). (4.22)

Since only coincidence events between detector A and B are detected, the state can be written as
1
V2

where the state is properly renormalized. Measuring in the superposition |0) +|2) on both detectors
yield a minimum and hence a HOM interference like previously observed is expected. On the

> = —=(10,2) - 12,0)), (4.23)
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contrary, measuring |0) + |2) on detector A and |0) — |2) on detector B yields a maximum, thus
resulting in the observation of a HOM interference bump. The expectation value of an operator
Poump With

1
Poump = 7(10) + [2))4(0 + (24 @ (10) = [2))5(C0] = 25 (4.24)

= %( |00) (00| + |20) 00| + |00} <20| + |20) (20|
—102) (00| - |22) (00| = 102) (20| — |22) (20|
—100) (02| - |20) (02| — |00) (22| — [20) (22|
[02) (02| + |22) (02| + |20) (22| + |22) (22| )

Thus the expectation value of Ppump i8

1
X1 Poump ) = X (4.25)

Note that for a mixed state p, we would expect
1
Tr(pprump) = Za (4.26)

with p, = %( [02) (02| +20) (20| ) This shows that an expectation value of % is indeed a bump with
double the expectation value as compared to a mixed state. Additionally, a detailed calculation
shows that higher order ¢ terms produced in the SPDC process do not interfere with the derivation
shown here. Furthermore, the SPP could take any arbitrary value of £, thus the scheme presented
here is a method to create arbitrary states of the from

1
V2

conditioned on coincidence-events between detector A and B. These states are called £00¢-states.

ey = —=(16,0-10,0)), (4.27)

4.2 Experimental Setup

The detailed experimental setup is displayed in Fig.[4.4] The central photon source in this thesis is
the so-called high-dimensional entanglement photon pair (HDEPP) source, for a detailed charac-
terization and description see section[5.2] Since entanglement is not required for the experiments
reported here we omit the details of the source. It is important to know the center wavelength and
the FWHM bandwidth of the emitted photons, which is measured to be A4, = (808 + 0.2)nm and
AA = (7 £ 0.5)nm. The average pump power is 360mW of pulsed laser light centered at 404nm.
The ppKTP crystal is cut for type II and thus emits horizontally and vertically polarized photon
pairs. These pairs are deterministically separated with a polarizing beam splitter (PBS). In order to
“erase” the polarization information, a half wave plate (HWP) oriented at 45° is used. To scan for
the HOM interference dip, a motorized trombone (TB) system is used. To avoid wave-front distur-
bances due to propagation, 4f-systems are used in each arm (lenses of the 4f-system are depicted
as L6). The spiral phase plate (SPP) add an OAM value of ¢ = 2 to the transmitting photon. Note,
the SPP is only mounted in one experiment. The HOM interference finally occurs at the 50/50
beam splitter (BS). Careful alignment of the incoming beams is crucial to obtain a high visibil-
ity. To select and detect certain subspaces of the OAM spectra, a spatial light modulator (SLM) in
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Figure 4.4: Detailed experimental setup. A high-dimensional entangled photon pair (HDEPP)
source is used. For details of this source see section [5.2] Lenses annotated with L6 depict 4f-
systems to compensate for long distance propagation. The trombone (TB) system is operated
with a computer controlled motorized stage. The spiral phase plate (SPP) is only mounted when
explicitly mentioned i.e. the last experiment reported here. The spatial light modulators (SLM)
in combination with single mode fibers and narrow-band interference filters (IF) build up the
detection unit. The photons are finally detected in avalanche photodiodes and coincidence events
are recorded in fast counting electronics.

combination with a single mode fiber (SMF) is used. Additionally, narrow band interference filters
extend the coherence length of the HOM interference dip. Finally, the SMF guides the projected
photons to a single-photon avalanche photodiode (APD). The TTL signal created by the APDs is
compared in a home made coincidence logic with a coincidence time window of approximately
1.5ns.

4.3 Data Analyzation and Results

Here the experimental results are presented and the data analyzation procedures used are ex-
plained. First an overview of the experimental results is given. The measured data for the first
set of experiments is shown in Fig.[4.5] This data represents the results corresponding to the ex-
periment depicted in Fig. [#.2]b) (without SPP inserted). Detailed experimental settings for each
measurement result is given in the following:

(i) € = 0: Two interference filters with IF4 = 1nm and IFg = 1.2nm are inserted. Measurement
time is 1 second per measurement point.

(i) € = 1: Two interference filters with IF4 = 1nm and IFp = 1.2nm are inserted. Measurement
time is 1 second per measurement point.

(iii)) € = 2: Two interference filters with IF4 = 1nm and IFg = 1.2nm are inserted. Measurement
time is 10 seconds per measurement point.

(iv) ¢ = 3: Two interference filters with IF4 = 1nm and IFg = 1.2nm are inserted. Measurement
time is 1 second per measurement point.
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(v) € = 4: Two interference filters with IF4 = Inm and IFp = 3nm are inserted. Measurement
time is 5 seconds per measurement point.

(vi) £ = 5: Two interference filters with each IF4 = 1nm and IFg = 1.2nm are inserted. Mea-
surement time is 1 second per measurement point.

The measured visibilities and the corresponding HOM interference widths are displayed in Ta-
ble @1l

Table 4.1: Measured visibilities V and estimated HOM interference dip widths o. Errors are
calculated using Gaussian error propagation with Poissonian distribution of counting statistics.

OAM Visibility V o [mm]
=0 0.845 +0.013 0.16 = .01
=1 0.94 +0.014 0.17 = .01
=2 0.925 +0.006 0.18 = .01
=73 0.944 + 0.02 0.16 = .01
=4 0.82 +0.03 0.18 +.012
=5 0.91 +£0.02 0.17 = .01

From the theoretical treatment of the HOM interference effect two different dip-widths are
expected in principle. The first one according to the spectrally uncorrelated case Eq. {.T1] and
the second one the spectrally correlated (SPDC) case. Note, as argued previously narrow-band
filtering should suppress the spectral correlations. In order to verify this claim these two theoretical
predictions are compared here. The experimental results in Fig. .5 are given with respect to the
movement of the trombone system in mm. The theoretical treatment on the other hand is units of
seconds, thus the time 7 is given by 7 = % with x giving the position of the trombone system. The
two filters with slightly different bandwidths (see Fig. [ref]) result in an effective bandwidth of

2012032
et = |- (4.28)
o1“+ 0

This is the result of comparing the cosine transform of two different functions ¢;(o1), ¢2(0>) in
Eq.[.11|with Eq. d.10] The measured bandwidth of the two filters are

o1 = 0.3nm (4.29)
o = 0.36nm

Oefr = 0.33nm,

according to the theoretical definition of ¢(w) and note that these values convert to the frequency
bandwidth according to
c

Av = EAA (4.30)
with Ay, A1 denoting the respective o~ widths and c is the speed of light in vacuum. Since the dip-
width is not dependent on the OAM value ¢, we do not expect the dip width to vary with higher
order £ modes. Even though the spectral filtering determines the dip-width it does not affect the
theoretically expected visibility. Thus even for a very broad spectrum we expect a visibility equal
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to 1. This is due to the specific assumption made in the theoretical derivation. For example, taking
a non 50/50 beam splitter into account leads to a theoretically expected visibility

(1-a)a
= 7 4.31
3a-—Da+1 ( )
with @ denoting the sorting efficiency of the beam splitter according to
BS(a)-a'— Vab' +iVl-aa'. (4.32)

Typical values of modern beam splitters with a distinction ratio of 1:100 yields a theoretically
expect visibility of V = 0.99. Additionally, the spatial overlap is assumed to be perfect. This
is a fair assumption for HOM interference in fibers for example. Here the HOM interference is
taking place in free space. Thus perfect overlap cannot be guaranteed at the beam splitter. The
experimentally observed visibilities given in Table4.1|show a clear trend that higher order £ modes
result in a higher visibility. For ¢ = 4, the experiment was performed with a different alignment
and thus cannot directly be compared to the other measurements. A possible explanation for this
is that the spatial light modulator is acting as a spatial filter for the higher order £ modes. Since the
transformation of any ¢ mode to the £ = 0 mode depends on the position of the incoming beams
to the SLM and the hologram displayed on it. Thus it seems to be reasonable to think of the SLM
as a spatial filter for higher order £ modes.

The second experiment performed as depicted in Fig. 4.2 ¢). As explained in the previous
section, the inserted spiral phase plate adds an OAM value of £ = 2 to one path. This results in a
€00¢ state with € = 2 |
V2

conditioned on coincidence events between detector A and B. Given this state, one can observe
a HOM interference for specific measurement settings. Two different measurement settings have
been used to explore HOM dip and bump interference:

2y = —=(12,0) - 10,2)), (4.33)

Dip-settings: det A :|0) +(2) detB:|0)+]2) (4.34)
Bump-settings: det A :]0)+1(2) detB:|0)—|2).

In Fig. the HOM dip and bump interference is presented. The observed visibilities are

Vbip = 0.82 % 0.03 (4.35)
VBump = 0.66 + 0.04
(4.36)

with a FWHM width of Wp;, = (0.3 + 0.02)mm and Wgymp = (0.32 £ 0.04)mm. The values for
calculating the visibilities are taken from the fit, for details see appendix[A.8] The error bars shown
in Fig. are due to counting statistics i.e. according to Poissonian statistics given by AN = VN
if N is the number of counts. The fitted curve is weightecﬂ with the inverse of the variance, given
by 1/(AN)>. The detailed fit values and the corresponding standard deviations for each plot are
given in Appendix [A.8] A Gaussian function is used to fit the HOM dip

2
FitF(x, Ax, o) = A — Bexp [— (AX il x) J . 4.37)

o

“using the NonlinearModelFit function in Mathematica 9.0
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The visibility is calculated according to

y = max —min (4.38)
max + min

where the max- and min- values are defined as

max = lim,_, FitF(x,Ax,0) > A 4.39)

min = limay y—0 FitF(x, Ax,0) - A - B,

and thus the visibility in terms of the fit values A, B reads

B

V= : 4.40
2A-B (4.40)
The error in the visibility is estimated with Gaussian error propagation
0N s (02
Af(x,y, ) = \/(5) Ax +(5) Ay2 + -, (4.41)

with Ax, Ay, - - - denoting the errors of the respective argument. Hence, for the visibility it follows

4B2AA2 B 1\
AV = {|———— + AB? + ) (4.42)
(2A - B)* (2A-B)? 2A-B
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Coincidence Counts [1/s]

Figure 4.5: Experimental data showing the HOM interference effect for different {-modes. Count
rates are displayed per second, actual integration time does vary (¢ = {0,1,3,5} — 7ip = 1s,
=2 —> 1y = 10s and € = 4 — 1y, = 55). The light gray dotted and dashed theory functions
correspond to the correlated and uncorrelated dip-width expectation, respectively. Error bars are
due to Poissonian counting statistics. The abscissa depicts the position of the trombone system in
mm.
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Figure 4.6: Hong-Ou-Mandel dip and bump interference for the £00¢ state with £ = 2. The dip
can be observed for a diagonal superposition measurement on both detectors A and B: [0) + |2).
The bump can be observed for a diagonal superposition at detector A: |0)+|2), and an anti-diagonal
superposition measurement on detector B: |0) —|2). This property arises due to the anti-symmetric
£00¢-state with € = 2: |y;) = %( 12,0) —10,2) )



Chapter 5

A High-Dimensional Quantum State
Router

This chapter is based on a yet unpublished article. A short introduction is given followed by
additional information on techniques used.

High-dimensional states as information carriers promise very exciting applications in both
classical and quantum information science. In classical communication technology for example,
record-breaking data transmission rates of greater than 200 TBit/s have been achieved [39]. In
quantum information theory, quantum entanglement plays a central role. For example, in quantum
key distribution (QKD) scenarios not only the amount of data being sent can be increased by
raising the number of dimensions, but also the degree of security. As shown by Durt etal [40]]
high-dimensional quantum states, so called qudits, offer a higher resistance against errors and at
the same time enhance the security in the protocol.

A natural choice as a physical information carrier for high-dimensional information is the
orbital angular momentum of light (OAM). The OAM of photons is due to their helical wavefront,
typically given by exp(ify). The number of twists £ in a 27 period describes the OAM in units of
fi. In principal this degree of freedom spans a discrete unbounded space which has proven to be
very useful in experimental quantum optics as well as in classical optics.

Quantum entanglement of OAM states was shown for the first time by Mair etal in 2001 [38]].
There has been a huge effort in increasing the dimensionality, until recently even 100 dimension-
ally entangled photon pairs have been confirmed [8]. In the present work we will show how to
route a two photon d-dimensionally entangled state between three parties (Alice, Bob and Carol)
with a device called "HD router”. Thereby the two-photon (d = m + n)-dimensionally entangled
state |i/) is routed into a m-dimensionally entangled state |@) shared between Alice and Bob and a
n dimensionally entangled state |7) shared between Alice and Carol, see Fig.[5.1|and the following
equation

45
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Figure 5.1: A two photon d-dimensionally entangled state |i/) is routed to three parties. The high-
dimensional router (HDR) routes the even/odd part of ) to the two parties Bob and Carol. Alice
and Bob then share the m-dimensional state |@), while Alice and Carol share the n-dimensional
state |7r).

o) = > el —6,0)
({cEVEN
L

|¢> = Z CE| _€7€>

Ty =) el -4

£eODD

Figure 5.2: Entanglement routing displayed with explicit states. The high-dimensionally entan-
gled initial state i) is routed into two high-dimensionally entangled states |a) and |7). As depicted
in Fig. [5.1] the two routed states |e) and |r) are shared between spatially dislocated participants
Bob and Carol.

The basic idea behind the HD router is simple. It is a device capable of sending even £-modes
to Bob and odd ¢-modes to Alice, or vice versa. Now the question that arises is: what happens
if one photon of a high-dimensionally entangled two-photon quantum state is sent through this
device? Are the non-classical correlations destroyed or weakened? If the entanglement survives
this routing operation, is it still high-dimensionally entangled? In this article we will show that
a high-dimensional quantum state does indeed survive this routing operation. Additionally, we
show a fast switching capability meaning sending evern/odd or odd/even modes to Alice or Bob
can be changed quickly and in a well controlled fashion. We also demonstrate a passive control
of the HD router to achieve a high distinction ratio between even/odd modes over several hours
of continuous data sampling. This is especially important if one considers using this device in a
multi-photon experiment [41]], which heavily rely on high precision and a very stable long-term
operation.
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5.1 Idea and Physical Principal of Operation

The physical principle of this HD router is based on interferometry. As already shown by Leach
etal [42], a modified Mach-Zehnder interferometer can be used to sort even and odd modes of
OAM. Here the focus is on routing high-dimensionally entangled quantum states, rather than
sorting OAM states of single photons. Consider a simple Mach-Zehnder interferometer with a
dove prism inserted in each of the two arms (upper/lower) with a relative angle of 90° with re-
spect to each other. A dove prism rotates the helical phase-front depending on the orientation
angle a and the orbital angular momentum of the incoming photon. The transformation law reads
|€) — exp(£2ifa)| - €), with a describing the relative angle between the two dove prisms. The rel-

a) hodo" b) A 3 C)
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Figure 5.3: Interferometric working principle of the HD router. A Mach-Zehnder interferometer
with two Dove-prisms (DP) inserted, shown in b), is used to route even/odd parts of the input state
). The relative angle of 90° between the two DPs leads to a 7 rotation of the phase, shown in inset
a). This leads to destructive interference for odd modes and constructive interference (invariant
under 7 rotation) for even modes in output A. Inset ¢) shows the actual technical implementa-
tion. A folded double-path Sagnac interferometer is used because of the intrinsic stability of this
configuration. Additionally, to actively adjust and precisely align the interferometer a computer
controlled piezo actuator (P) is mounted on one mirror. This piezo actuator is also used to switch
the routing direction of the HD router.

ative angle between the dove prisms in the upper and lower path of the interferometer effectively
rotates the phase front of incoming photons with odd OAM values by m. Therefore, recombin-
ing these two paths results in destructive interference. Even OAM valued photons are effectively
invariant under this specific arrangement of dove prisms. Hence, even valued incoming photons
exhibit constructive interference. By changing the relative path length by 7/2, the sorting direction
can be changed.

However, this also means that for a stable operation of the HD-router the relative path length
needs to be very stable. The Sagnac configuration offers such an intrinsically stable design. A
Sagnac type configuration is achieved by replacing the output beam splitter of the Mach-Zehnder
interferometer with a mirror. Hence, the input beam is split into two beams at the input beam
splitter and the two beams are now counter propagating on exactly the same path. Thus path
length stability is guaranteed. A double-path Sagnac configuration offers the possibility to insert a
dove prism in each path. Although the beams in the double path configuration are not propagating
on exactly the same paths, this configuration is still significantly more stable than a Mach-Zehnder
configuration. The reason is that for a small separation distance between the two paths, mechanical
disturbances are still changing both paths approximately in the same way. Hence, path length
fluctuations due to mechanical stresses or vibrations cancel out. As shown in Fig.[5.4] (Setup B) a
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folded double path Sagnac configuration is used. This special folded design offers two advantages.
First, mirrors work more efficiently for smaller enclosed angles. Note, in this configuration it is
necessary to use at least three mirrors, since a two mirror configuration does not lead to a double
path geometry as shown in Fig.[5.4] Second advantage is that one of the mirrors could be replaced
with a reflective spatial light modulator (SLM) to add additional transformations on the OAM
degree of freedom. Since very high stability is a crucial requirement of the HD router, a piezo
actuator (P) is mounted on one of the mirrors, see Fig. Changing the voltage of the piezo
actuator slightly changes the angle and thus the relative path length. This feature can now be used
for passive stabilization and precise alignment to achieve a very high distinction ratio between
even and odd modes. Furthermore, changing the relative path length of the interferometer by 7/2
switches the output configuration from even/odd to odd/even configuration. This feature is used to
demonstrate the fast and precisely controlled switching capability of the HD router.
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5.2 Experimental Realization
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Figure 5.4: Setup A shows the detailed experimental setup for verifying a high-dimensionally
entangled input state |y). In setup B the HD router is placed into path B to demonstrate high-
dimensional entanglement routing. A pulsed laser source operating at 404nm pumps a non-linear
ppKTP crystal, type II collinearly phase matched, to produce high-dimensionally entangled two-
photon states at a wavelength of 808nm. A dichroic mirror (DM) passes the 808nm photons to a
polarizing beam splitter (PBS), where the photon pairs are deterministically separated. The HD
router is displayed in the green shaded region. Spatial light modulators (SLM) in combination with
single mode fibers and single photon detectors are used to measure the photonic quantum state.
With this measurement scheme only projective measurements can be performed. Interference
filters (IF) ensure a narrow bandwidth.

Two different experimental setups are used in this work. Setup A displayed in Fig. [5.4] is used
to demonstrate a high-dimensionally entangled input state |i/). In setup B the high-dimensional
entanglement router is implemented to verify the proposed routing operation. In order to cre-
ate high-dimensionally entangled photon pairs, a periodically poled potassium titanyl phosphate
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(ppKTP) crystal, cut for Type II phase matching, is used. The laser source consist of a pulsed
Ti:sapph laser with 140fs pulse length and 80 MHz repetition rate operating at a wavelength of
808nm. A second harmonic generation non-linear process in a beta barium borate (BBO) crystal
produces the 404nm laser light. The average power at the 1mm thick ppKTP crystal is 360mW
with a beam waist of approximately 240um. The beam waist is chosen such that the distribution
of OAM values is very broad, see Fig.[5.6] Note, the width of the distribution not only depends on
the pump beam waist, but also on the collection beam waist given by the detection system.

In order to fulfill the collinear phase-matching condition, the crystal is constantly kept at
120.1°C. The two collinearly propagating entangled photons are deterministically separated with
a polarizing beam splitter. The reflected photon A is Alice’s photon and thus propagates directly
to the detector. The detection system consists of a spatial light modulator, a single mode fiber and
a single photon detector. This detection system is only capable of performing projective measure-
ments. To understand this fact, suppose we have an incoming photon with OAM value ¢ = 1. To
measure this photon, the conjugated hologram (in this case £ = —1) is displayed on the SLM to
project this photon onto the fundamental Gaussian mode ¢ = 0. Only the fundamental Gaussian
mode can efficiently propagate in a single mode optical fiber to the single photon detector. Thus,
only projections displayed at the SLM can be measured. The spatial light modulator is polariza-
tion sensitive and only operates on horizontally polarized photons, hence a half-wave-plate (HWP)
oriented at 45° rotates the vertically polarized photon A.

In setup B, the HD routing device is inserted in beam path B. Thus path B is split into two
paths B and C. The HD router is realized as a folded double-path Sagnac interferometer with
two dove prisms inserted. To adjust the sorting efficiency (even/odd) with high precision, a piezo
actuator (P) is mounted on one of the mirrors. Thus, computer controlled recalibration of the HD
router is possible by simultaneously measuring ¢ = 0 coincidences between detector A-B and A-C
while maximizing one of these coincidence counts with the piezo actuator. Additionally, the piezo
actuator also enables automated switching between routing directions.

5.3 High-Dimensional Entanglement Verification

First, we verify the entanglement dimensionality of the input state [i). In order to prove high-
dimensional entanglement, a fidelity witness developed in [43] is used. The fidelity is calculated
between a theoretically expected d-dimensional entangled target state |pg) = 25:_ pcel— ¢, €)and
the measurement data pys, with d = 2L + 1. If this fidelity exceeds a certain bound B(d) for
a d-dimensional entangled state, then the measurement data can only be explained with a d + 1
dimensional entangled state. As theoretically predicted in section and shown in Fig. the
correlations of the measured states shown in the computational basis are unequally distributed.
The peaked distribution of the OAM values ¢ directly shows the unequal amplitudes c, for differ-
ent ¢ values. Thus, it seems advantageous to find a target state |p,) which is close to the observed
distribution. On the other hand, the d-dimensional entanglement bound B(d) = Z,[-lz_ol A; is depen-
dent on the Schmidt coefficients A; of the target state |¢;). Note, the Schmidt coefficients are sorted
such that 19 > 4; > ... > 44_1. Hence, always the smallest Schmidt-coefficient is neglected in the
entanglement bound B(d). Since the size of the smallest Schmidt coefficient is directly connected
to the smallest probability amplitude in the target state, this entanglement bound B(d) approaches
one as the probability to observe a high OAM value ¢ goes to zero. Therefore, to find the optimal
balance we define a parameter & = F,,, — B(d) measuring the distance between the experimental
fidelity Fey, = Tr[lpa){@alom] and the entanglement bound B(d). By maximizing & we find the
entanglement dimensionality d represented by the measured density matrix py. From the defi-
nition of F,, it can be seen that only the theoretically expected density matrix elements have to
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be measured. As explained in the previous section, our measurement scheme only allows us to
perform projective measurements. This means we decompose all the necessary high-dimensional
measurements into two-dimensional subspace measurements. Diagonal elements can be measured
directly while the off-diagonal elements require 16 two-dimensional projective measurements, for
details see Appendix & The entanglement dimensionality verification for the input
state |¢) yields at least 10-dimensional entanglement. The detailed estimated values are given in
table Thus this 10-dimensional entanglement source is perfectly suited to test the HD router.

5.4 Bipartite High-Dimensional Entanglement Source

In this section additional experimental details about the high-dimensional entanglement source
are presented. The experimental results of this thesis show complex valued coefficients c, for the
OAM distributions in various different experimental setups. As argued in the theory section
the pump beam vs collection beam waist ratio y could cause such complex phases. We will show,
however, that this explanation does not fit with our experimental results. Additional evidence
comes from the fact that no complex phases were observed in another high-dimensional bipartite
entanglement source with the same experimental ratio of beam waists. The two main differences
between these two experimental setups are that a pulsed source and an elliptical pump beam was
used in our case. In the following section the elliptical-Gaussian pump waist will be discussed. As
depicted in Fig. [5.4]and explained in section [5.2] a pulsed Ti:sapph laser with 140fs pulse length
and 80 MHz repetition rate operating at a wavelength of 808nm is used to pump an SHG process.
The spatial profile of this up-converted beam is of the form of an elliptical-Gaussian shape, for
details see Appendix [A.T1] This ellipticity may cause problems in the down-converted spectrum,
more precisely in the complex phase of the ¢, coefficients in the down converted state. The recon-
structed density matrix of a 15 dimensional measurement is shown in Fig. [5.5]a) (for details see
Appendix[A.12)). Note, only the theoretically expected non-zero elements of the density matrix are
displayed. The theoretically expected density matrix for y = 11 and L = 0.032 is depicted in inset
b). The L value is determined by experimental parameters and chosen to match our setup. The
v ratio is chosen such that the absolute values of the measured density matrix and the predicted
density matrix match. Although the absolute values match, the real and imaginary part of the den-
sity matrix do not. Thus the complex phases are most likely not due to the y-ratio, describing the
ratio between beam waist and collection waist. For the purpose of this thesis the complex phases
are actually not relevant, because the entanglement measures developed here are not sensitive to
complex phases. In fact, only the absolute values matter for the entanglement witnesses used here.
To date, the origin of these surprising complex phases has not been understood. A numerical sim-
ulation of the SPDC process involving an elliptical pump beam could help to further understand
this issue.
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Figure 5.5: Inset a) shows the experimentally measured density matrix of a high-dimensionally
entangled state created in a non-linear process in the ppKtp crystal. Only the theoretically expected
elements are displayed. Figure b) depicts the theoretical prediction for a y ratio between pump
and collection beam waist of ¥ = 11, and the ratio between crystal length and Rayleigh range of
the pump beam Lg = 0.0032 according to section[3.2] The y ratio has been chosen such that the
absolute values of the theoretical predicted density matrix and the experimentally measured one
matches.
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Figure 5.6: Correlation matrices showing the OAM of one photon with respect to the OAM of the
other displayed in the computational basis. Inset a) shows the correlations measured for the input
state |y). Inset b), ¢) shows the correlation measurements for the |@), |) states, respectively. The
evenjodd part of the input state |if) is routed to Bob and Carol. These probabilities are directly
proportional to the diagonal elements of the states |y), |ayand|r).

5.5 Experimental Results

Table 5.1: Measured fidelity F,, and estimated entanglement bounds B(d). Errors are calculated
using Monte Carlo simulation with Poissonian distribution of counting statistics.

State | Fexp Bound B(d) | Dimensionality d
vy 0.692 + 0.003 0.649 10
|a) 0.937 + 0.004 0.843 5
) 0.956 + 0.004 0.898 6

Passing the input state through the HD router yields two states, the |a) state containing only even
modes and the |7) state containing only odd modes. The |a) state with the even modes is shared
between Alice and Bob. Estimating the entanglement dimensionality of this states results in at
least 5-dimensional entanglement. The |r) state shared between Alice and Carol containing only
odd modes is at least 6-dimensionally entangled, see table [5.1|for details.

The presented results give rise to an immediate question. How can a 10-dimensionally entan-
gled input state be split up into a 5 and 6 dimensionally entangled state? The answer is that the
input state is very close to the bound of being 11 dimensionally entangled. Additionally, the HD
router acts like a filter for evenjodd modes. This means the cross talk between even/odd modes
is lowered and therefore the visibility in the respective measurements increases. Long term mea-
surements carried out over 39 hours of continuous fidelity measurements are shown in Fig.
Both states are well above the entanglement bound for their respective entanglement dimension-
ality. During the 39 hours, the HD router is calibrated every 26 minutes with the piezo crystal
to ensure a high visibility in sorting the even/odd modes. The results of the first measurements
were taken to estimate the optimal target state |¢;). The following fidelities are computed with
respect to this first optimal target state. Although the HD router is continuously re-calibrated, the
experimental fidelities decrease steadily. At the same time, the count rates in the correlation matrix
measurement decrease. The reason for this is gray tracking of the ppKTP crystal over the 39 hours
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Figure 5.7: Long term measurement of the experimental fidelity F,,,. The straight lines represent
the respective dimensionality bound. The shaded area displays the error from counting statistics.
This error is simulated via a Monte Carlo simulation with Poissonian statistics.

measurement time. This also affects the higher order OAM mode correlations and thus lowers the
experimental fidelity over time.

Finally we report the switching capability of the HD router. By changing the relative path
length of the interferometer with the piezo crystal it is possible to choose whether Bob or Carol
receive even or odd modes and thus the |@) or the |r) state. In Fig. @ the recorded coincidence
counts for a |0) + |2) superposition of OAM values are displayed. Every point corresponds to an
integration time of Sms, thus the coincidence counts are displayed in counts/(5ms). The elapsed
time between two measurement points is 31ms. The piezo motor is programmed such that it
switches back and forth between two voltages (V; = 31.5V,V, = 51.4V). The limitation on the
switching time here is mainly due to low count rates. The average visibility of the switching pro-
cess is 0.97+0.02. In summary, we have reported the development of a high-dimensional quantum
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Figure 5.8: Switching of even/odd modes via changing the phase in the interferometer. Here the
coincidence counts of a |0) + |2) superposition of OAM values are displayed.
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state router. We showed that a two-photon high-dimensionally entangled input state can indeed be
routed to three spatially different locations while maintaining its high-dimensional non-classical
correlations. Due to its intrinsic stable design as a folded double-pass Sagnac-type interferometer
with passive stabilization, the HD router is capable of routing high-dimensional quantum states
over several days without realigning the optical system. This is especially important for multi-
partite and high-dimensional entanglement experiments. Furthermore, the switching capability of
the HD router was demonstrated. The switching frequency is only limited by the signal strength
and the phase-shifting device.
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Chapter 6

Experimental Creation of a (3,3,2)
Entangled State

This chapter is largely based on a recently published article by Malik et al. [41]. The idea to
create a (3,3,2) high-dimensional multi-partite entangled state arose in the process of developing
an experimental setup to create a 3-dimensional GHZ state. Melvin, a computer algorithm devel-
oped by Krenn et al. [44] found several different experimental setups to create higher-dimensional
multi-partite entangled states, among them a (3,3,2) entangled state.

6.1 Physical Principal of Operation

In our experiment, we aim to create a state which has the form
1
V3

Notice that the first two photons, A and B, live in a three-dimensional space, while the third
photon, C, lives in a two-dimensional space. The dimensionality of this state is given by a vector
of three numbers (3, 3, 2). Specifically, these are the ordered ranks of the single particle reductions
of the state density operator:

)33 = —=[10)410)510)c + [Da [Dp e + 1204 12)5 11)c |- (6.1)

rank(ps) = 3, rank(pp) = 3, rank(pc) = 2, (6.2)

where p; = Tr; V)33, (Plaz; is the state of system i € (A, B,C). Only certain combinations of
these three ranks are allowed, leading to a rich structure of possible asymmetric high-dimensional
multipartite entangled states[45]. States such as these lie at the frontier of quantum entanglement
and have not yet been realized in the laboratory. Their experimental creation would extend this
frontier, allowing fundamentally new types of entanglement to be investigated in the laboratory.
The entanglement of three photons was first achieved by combining two pairs of polarization-
entangled photons in such a way that it became impossible, even in principle, to know which
pair one of the detected photons belonged to[46]. The workhorse of such experiments is the
polarizing beam-splitter (PBS), which was designed to separate a light beam into its horizontal and
vertical polarization components. Interestingly, a PBS can also be used to mix the polarizations of
two input photons from independent polarization-entangled pairs in such a manner that an output
photon contains polarization components from both input photons. In this manner, information
about their origin is erased, producing a four-photon, two-dimensional GHZ state[46]. The largest
such state created thus far used seven PBSs to entangle eight photons in their polarization[47]].

57
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In order to manipulate the high-dimensional space of OAM, one would need a device akin to the
PBS, but operating on a photon’s spatial wavefunction as opposed to its polarization.

In our experiment, we use the high-dimensional entanglement router as a OAM parity sorter.
We use this device as a two-input, two-output “OAM beam splitter” that reflects photons with odd
OAM values and transmits even ones. In this manner, an outgoing photon contains a superposition
of odd and even values of OAM from two independent input photons.

Our procedure for generating the high-dimensional tripartite state uses two independent entan-
gled photon pairs created in two non-linear crystals (NL1 and NL2). Suppose that the two pairs
are in the state

)apcp = \/%(H)A I-Dp +10)410)p + -1a 11)p)
®%(|1>c -Dp +10)c10)p + -1 [1)p ), (6.3)

which is a tensor product of two OAM-entangled photons pairs (A, B and C, D) of dimensiond = 3
each (OAM quantum number ¢ € {—1,0, 1}). At this stage, mixing these two states results in nine
possible four-photon amplitudes. Photons B and C are then incident on the two inputs of the OAM
beam splitter. Since this device reflects odd values of OAM and transmits even ones, a coincidence
detection between the two outputs can only arise when photons B and C are both carrying either
odd or even values of OAM. This projects the state from Eq. (6.3) onto a subspace spanned by the
five terms (|14 -1 g [Lc |-1)p), (D4 -Dg1-1)c11)p), (1034 10)810)c 10)p), (F1)a [L)g1)c |-1)p),
and (-1)4 |1)g|-1)c |1)p). Photon D is then measured in a superposition state given by |P>%’1 =
\/Li(lO) p+1-1)p) via a mode-projection carried out by a spatial light modulator (SLM) and a single-
photon detector (T). This acts as a trigger for the three-photon entangled state:

1
exp = %[ DA -Dg1e +10)410)510)c + -1 [1)p 11 |- (6.4)
Note that this state has the same form as equation [6.1} except photons A and B are in a three-
dimensional space given by the OAM quantum numbers (-1, 0, 1), while photon C is in a two-
dimensional space given by (0, 1).

6.2 HOM Interference and Experimental Constraints

In order to ensure that these three terms are in a coherent superposition (as opposed to an incoher-
ent mixture), we perform superposition measurements in a two-dimensional subspace spanned by
the second and third terms in equation Measuring photon A in a superposition state given by
M )2"1 = \%(lO) 4 — |-1)4) projects the three-photon state into:

1 ]
NG MY (P IMDE + MDY PYS, (6.5)
where |P>%;C = \/Li(l(»B/C +1|1)p/c) and |M>(1)§/lc = %(|0>B/C — [1)p/c)- The terms |P)OB’1 |P)g’1 and

IM>%1 |M>g’1 are missing because of two-photon destructive interference at the OAM beam splitter,
which only occurs when photons B and C are indistinguishable[10]. Note that this requires both
two-photon and one-photon interference (for two different photons) to occur at the OAM beam
splitter, which proved to be an experimental challenge.

The use of narrowband interference filters (IF2) before detectors B and C blurs out the tempo-
ral correlations of the photons with their entangled partners to a certain extent, ensuring that they
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Figure 6.1: A blue laser pulse creates two pairs of OAM-entangled photons in two nonlinear
crystals (NL1 and NL2). A moving trombone prism ensures that a photon from each pair arrives
simultaneously at the OAM beam splitter. The OAM beam splitter reflects odd components of
OAM and transmits even ones, mixing the OAM components of two input photons. A coincidence
at detectors B and C can only arise when both detected photons have the same mode parity. This
projects photons at detectors A, B, and C into an asymmetric three-photon entangled state that is
entangled in 3 X 3 X 2 dimensions of its OAM. The detection of a trigger photon at detector D
heralds the presence of this state.

cannot be distinguished based on their time of arrival[48]. We look for destructive interference
between photons B and C by projecting them into states IM)OB’1 and |M)g’l, and scanning the trom-
bone prism shown in Fig.[6.1} At the zero-delay position, both photons arrive at the first beam
splitter (BS1) at precisely the same time and interfere destructively, leading to a drop in coinci-
dence counts between detectors B and C, conditioned on photons A and D being detected in states
IM)S\"l and IP)%_1 respectively.

As mentioned above, the interference of two photons at the OAM beam splitter critically de-
pends on the indistinguishability of the two particles involved. Since the presence of the interfering
photons is indicated by the trigger detection events of their respective partner photons, we effec-
tively observe four-photon coincidence events. The interference visibility strongly depends on the
physical properties of these four photons, as well as the process by which they are created. This
particular phenomenon has been studied in great detail[48]] and the theoretically expected visibility
is calculated to have the form

2 2 2 2 2 2.2 -1
Vv [2\/O-T+O-P\/O-S+O-P+O-SO-PTJ 1]

Op\JOs + 07+ 0

Here, op, o5, and o are the gaussian spectral widths of the pump, signal, and trigger photons
respectively (in units of frequency). os and or are determined by the widths of narrowband
interference filters IF2 and IF1, respectively. 7, has units of time and refers to the relative timing
jitter between the two crystals, which arises due to the group velocity mismatch between the
404nm pump pulse and the 808nm down-converted photons in the ppKTP crystals. Additionally,
due to the finite pulse width of the 404nm pump beam, a second relative timing jitter between the
two crystals is also present. In our experiment, the sum of these two timing jitters is approximately
1ps [49].

(6.6)
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Figure 6.2: Three-photon coherent superposition. Experimental data showing the result of
measuring photons A, B, and C in states |M)2"1, |M)%1, and |M)OC’1 respectively, conditioned on
measuring photon D in state |P>%'1. The drop in coincidence counts at the position of zero delay
results from interference between photons B and C. This indicates that the 3-photon state from
equation is in a coherent superposition. A Gaussian fit is calculated based on the spectral
shape of our narrowband filters and has a full-width at half-maximum of 473um and a visibility of
63.5%.

In addition to spectral distinguishability, the spatial and temporal distinguishability of the two
photons both play an important role in the interference visibility. The moving trombone system
of mirrors (TB) is used to find the position of zero-delay when photons from both crystals arrive
at the OAM beam splitter at the same exact time. The spatial-mode distinguishability of the two
input photons at the OAM beam splitter has a further detrimental effect on the total interferometric
visibility. We use a 4 f imaging system of lenses (L6) in order to compensate for the extra propa-
gation that the photon from NL1 undergoes with respect to the photon from NL2. Nonetheless, the
mode overlap of the two photons at the OAM splitter is not perfect, and reduces the two-photon
interference visibility in the following way:

)72 \%

Here, n = noamXnsp is the product of the sorting efficiency noam of the OAM beam splitter and the
spatial mode overlap nsp of the two input photons. Inserting our measured/estimated experimental
parameters (op = 3.67THz, o7 = 588GHz, oy = 184GHz, t; = 1ps, noam = 0.99 and nsp = 0.9)
into the above formula yields a two-photon interference visibility of V = 0.64, which is very close
to the experimental visibility observed in Fig.[6.2] The visibility critically depends on the spectral
width og of the two interfering photons. A smaller o greatly improves the interference visibility
at the cost of lowering the four-photon count rates. It is therefore important to find an optimal
value that provides both sufficiently high visibility and practical count rates. In our experiment, we
found this value to be o = 184GHz. Assuming a Gaussian spectral distribution, the theoretical
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. ?5, £ DetC

Figure 6.3: Detailed Experimental Setup. For a detailed description see main text. L...Lens;
BBO...S-Barium Borate crystal; DM...dichroic mirror; ppKtp...periodically poled potassium ti-
tanyl phosphate crystal; PBS...polarizing beam splitter; HWP...half-wave-plate; TB...trombone
system; SLM...spatial light modulator; IF...interference filter; Det...detector;

¢

full-width at half-maximum (FWHM) of the two-photon interference dip is then given by

2In2
Lgip = £ ——— . " (6.8)
T O'[_J +0'E +Tj

Inserting the corresponding values from above leads to a expected FWHM dip-width of 624um,
which is close to our experimentally observed value of 473um in Fig.[6.2] Itis clear from equations
(6) and (7) that the spatial mode overlap nsp has a drastic effect on the interference visibility, and
hence on the fidelity of our state. Since the experiment was run over a long time, we suspect that
the air flow in the laboratory had a direct impact on the time-averaged spatial mode overlap at the
OAM-BS. We believe that this can be improved by more effectively isolating the beam paths from
the laboratory environment.

The characteristic dip in Fig.[6.2]has a width of 473um that matches what we expect from the
bandwidth of our filters and the thickness of our crystals.

6.3 Detailed Experimental (3,3,2) Setup

As shown in extended data Fig. 1, a 140 femtosecond pulsed Ti:Sapphire laser with a repetition
rate of 80 MHz (Coherent Chameleon Ultra II) and a center wavelength of 808nm is focused by
lens L1 into a S-Barium Borate crystal (BBO) to generate blue pump pulses at 404nm via the
process of second-harmonic generation. The BBO crystal is incrementally moved by a motor
(M) in order to avoid damage to it. The generated pump pulses (average power of 820mW) are
re-collimated by lens L2 and separated from the 808nm light by a dichroic mirror (DM1). They
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are then focused with lens L3 onto two periodically poled potassium titanyl phosphate (ppKTP)
crystals (NL1 and NL2) with dimension 1mm X 2mm X 1mm and poling period 9.55um for type-
II phase matching. Two independent photon pairs entangled in their orbital angular momentum
(OAM) are generated in the two crystals via spontaneous parametric down-conversion (SPDC) of
the same pump pulse. The crystals are spatially oriented so that down-conversion occurs when
the pump pulses are vertically polarized. In order to conform to the phase-matching conditions
for producing wavelength-degenerate photon pairs at 808nm, NL1 (NL2) is heated to 119.1°C
(121.9°C). A 4f imaging system composed of two lenses (L4) between between the two crystals
ensures that the waist of the pump pulse is approximately 240um at both crystals. The pump
waist is chosen such that generation rate of / = 0 photons is approximately twice that of the [ = +1
photons in the two OAM-entangled photon pairs. Note that the OAM state distributions in equation
(6.3) are flat, while our experimentally generated distributions are not. We account for this by
unbalancing the trigger photon (D) state superposition to |P)%_1 = 0.51|0)p + 0.86|-1)p, which
surprisingly lowers our average four-fold count rates only by 6%. Two dichroic mirrors (DM?2)
separate the 404nm pump pulses from the entangled photon pairs. Due to the high pump power,
the Kerr-lensing effect cannot be neglected and adds an equivalent lens with 1m focal length into
the optical path. This is compensated by carefully aligning the 4 f imaging system (L.4). To avoid
gray-tracking due to the high pump power, the ppKTP crystals are also moved incrementally in
steps of 200um with motors (M). Movement of the BBO and ppKTP crystals shows slight variation
in the count rates, which is compensated for by averaging over several periods of movement within
each measurement interval. Two polarizing beam splitters (PBS) deterministically separate both
photon pairs such that all four photons are propagating in different directions.

The single photon projective measurements are performed in the following way. Two addi-
tional 4 f imaging systems (L6) image the output of the OAM beam splitter onto two holographic
spatial light modulators (SLMs). These are liquid-crystal devices that can impart an arbitrary 2D
phase pattern onto a photon. We use these devices to perform projection measurements of OAM.
These measurements are carried out by flattening the phase of incident photons such that they
couple into a single-mode optical fiber[38]]. The scheme is based on the fact that a single-mode
fiber (SMF) only carries spatial modes with £ = 0. In order to detect a photon with £ = 1, a holo-
gram with £ = —1 displayed on the SLM projects the photon into mode £ = 0. The photon then
couples efficiently to an SMF and is guided to an single photon avalanche photodiode (Excelitas
SPCM-AQRH-14-FC). The same procedure also applies to projective measurements of mode su-
perpositions. Note that in our experiment, phase-only holograms are used, which take only the
vortex phase structure /¥ of a Laguerre-Gaussian mode into account, and not its amplitude. This
results in an imperfect mode overlap at the SMF [50] and leads to lowered coupling efficiencies
for modes with ¢ = +1. This drop in efficiency can be somewhat compensated by adding a mode-
dependent quadratic phase to these holograms, which changes the effective coupling mode-waist.

6.4 Entanglement Verification

Fully reconstructing our quantum state via quantum tomography would be impractical, even with
the use of modern techniques as such compressive sensing[31]]. Instead, we have developed a new
method for certifying high-dimensional multipartite entanglement using a minimum number of
measurements.

This method relies on proving that the measured (332)-state cannot be decomposed into entan-
gled states of a smaller dimensionality structure [9}43]], such as a (322)-state or a two-dimensional
GHZ/(222)-state. As shown in Fig. [6.4(a), these states take on a “Russian nesting doll” structure
of concentric subsets embedded in the set of (332)-states, and can be ruled out as follows. First,
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Figure 6.4: In order to verify that our three-photon state is entangled in 3 X 3 X 2 dimensions,
we have to show that it cannot be decomposed into entangled states of a smaller dimensionality
structure. First, we calculate the best achievable overlap of a (322)-state o~ with an ideal target
(332)-state [¥') to be Fax = 2/3. Next, we calculate the overlap Feyp of our experimentally
generated state pexp, With the target state V).

we find the best achievable overlap Fy,x of a (322)-state o~ with an ideal (332)-state [¥'). Next, we
calculate the overlap Fex, of our experimentally generated state pexp With an ideal (332)-state. If
Fexp > Frmax, our state is certified to be entangled in 3 X 3 X 2 dimensions.

In order to prove that the state is indeed a (332)-type entangled state we have to prove that it
cannot be decomposed into states of a smaller dimensionality structure. We thus have to show that
it lies outside the (322)-set of states, that is the convex hull of all states that can be decomposed
into 322 and 232 states. From the measured data we can extract the fidelity to the ideal state

|P) = %(I0,0,0)+|1,—1,1)+|—1,1,1)) , (6.9

which we will denote as Fexp := Tr(pexp|'¥)('P]). We thus need to compare the experimental fidelity
with the best achievable fidelity of a (322)-state, i.e.

Frax := max Tr(o|¥Y)X}Y)). (6.10)
5€(322)

If Fexp > Fmax, we can conclude that the experimentally certified fidelity cannot be explained by
any state in (322) and thus the underlying state is certified to have an entangled dimensionality
structure of (332). To calculate Fi,,x it is useful to observe that it is convex in the set of states, i.e.
the maximum will always also be reachable by a pure state. Furthermore, since the set (322) is the
convex hull of 322 and 232, we can write the following

Frax = max [(P|®)> = max[ max [(P|®)]>, max [(¥|D)]. (6.11)
|D)Ye(322) |D)Ye322 |D)e232

Now for a fixed rank vector xyz, these fidelities can be bounded by noticing that

max [(¥|®)* < min[ max (P DY, max (P |D)|%, max (P |D)?].
|D)exyz rank(Trp3 | DY D|)=x rank(Try3|@) D))=y rank(Trip| @)Y D|)=z

(6.12)

Now inserting (6.12)) in (6.1T) we can compute each of the appearing terms using a previously
published theorem [43]]. It states that if a state has a Schmidt decomposition across a cut A|A given
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by |¥) = Zfo‘l Ai|v2) ® Iv%), we can compute the maximal overlap with a state of bounded rank
across this partition as

x—1
max o)’ = ) 47,
rank(Trg| @)} ®|)=x |< | >| ; l

where we assumed ordered Schmidt coefficients, i.e. A; > A;41. Now all we need are the coef-
ficients for the Schmidt decompositions for our target state for all three partitions. For 3|12 they
R

1 1 1 ;
are { L \/3} and for 2|13 and 1|23 we get { 5V \@}. Inserting these numbers we find that the
maximum overlap of the target state (6.9) with a (322) state is given by

FmaX=

W

6.5 Measurement Results

(b)

0.3

\kF\BsG\Pm\N BN

Figure 6.5: The 18 diagonal and 3 unique off-diagonal elements of pey, that are measured in
order to calculate a value of Feyp = 0.801 + 0.018 (elements not measured are filled in with
crossed lines). This is above the bound of Fi,x = 0.667 by 7 standard deviations and verifies that
the generated state is genuinely multipartite entanglement in 3 X 3 X 2 dimensions of its orbital

angular momentum. Fey, does not reach its maximal value of 1 because the state superstition is
not perfectly coherent. Theoretical values are shown by empty bars.

The experimental fidelity Fexp := Tr(pexp|¥)(¥|) determines which measurements are re-
quired. The projector [¥){'¥| projects only onto the theoretically expected non-zero diagonal and
off-diagonal elements contained in the density matrix pexp. Additionally, for the purpose of nor-
malization, it is necessary to measure all other diagonal elements in pexp. This results in 18 diag-
onal and 3 unique off-diagonal elements that need to be measured in order to calculate Feyp. In

(6.13)

(6.14)
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our experiment, we can only perform projective measurements with SLMs. A diagonal element
is given by one single projection (i jk|p|ijk) = %;k), with Cr 1= Xi—_1 01 2 j=—1,0.1 2k=0,1 C(ijk)
containing all diagonal elements for normalization. Out of the six off-diagonal elements, only
three are unique and need to be measured: {000|p|1-11), (000|p|-111) and (-111|p|1-11). Note that
the last off-diagonal element is only in a two-particle superposition. Hence, it can be measured in
the standard way that two-particle two-dimensional states are usually measured. In order to mea-
sure the other two off-diagonal elements with projective measurements, we decompose them into
ox and oy measurements. The real and imaginary part of each element can be written in analogy

to section as

R[(i jklolimn)] = (6.15)
=(oe"eo") - () e " @ay") - (o} @ " @ oY) - (o} @ " @ oy ")
I jklplimn)] =

= (o} e "o ay") - (o @ " @y — (oY @ " @ k") - (0 @ A" @ k"),

where O'Q’b = |a) (b|+|b) {a| and 0'§’b = ila)(b|-i|b) (al. The o, operators here can be measured in
an identical procedure as given in section[A.10] In summary, this leads to 64 projection measure-
ments required for measuring each of the two off-diagonal elements (000|p|1-11) and (000|p[-111).
Only 16 projection measurements are required for the off-diagonal element (-111|p|1-11) since it
involves only one dimension for photon C. Summing up these measurements as well as the 18
diagonal elements leads to 162 measurements in total. The results of these are given in extended
data table 1. From these measurements, the overlap between the generated state pexp and the ideal
state (332)-state |¥') is calculated to be

Fexp = 0.801 +£0.018. (6.16)

This is the main result of this thesis. It proves the first multi-photon high-dimensionally entangled
state. With a violation of the fidelity witness by 7 standard deviations it clearly demonstrates
the experimental creation of a quantum state with a SRV of (3,3,2). The error in the overlap
is calculated by propagating the Poissonian error in the photon-counting rates by performing a
Monte Carlo simulation of the experiment.
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Chapter 7

Conclusion

The seemingly simple quote from Schrodinger:

“Best possible knowledge of a whole does not include best possible knowledge of its parts — and
that is what keeps coming back to haunt us.”

states the very essence about entanglement, but still doesn’t quite give an impression of what
wonderful and strange types of entanglement there can exist in complex quantum systems. To in-
troduce the reader of this thesis to this fascinating topic we started in Chapter 1 with the simplest
possible system of two particles in two dimensions. Then, a new theoretical classification tool
for entanglement of more general quantum systems in terms of the Schmidt-Rank-Vector (SRV)
for multiple particles in high-dimensions was introduced. The SRV for an n-partite system is a
vector with 2~! — 1 entries, where each entry describes the Schmidt-Rank of the reduced den-
sity matrix with respect to the possible bipartite decompositions. A given quantum state is called
genuinely multi-partite and high-dimensionally entangled iff all entries of the SRV are strictly big-
ger than one and at least one of them is strictly bigger than two. Furthermore, different aspects
about entanglement, e.g. the amount of entanglement in a given system or the usefulness of this
entanglement for certain tasks, were discussed. As the title of this thesis Experimental Multi-
Fartite High-Dimensional Entanglement suggests, the main body of the work at hand is about the
experimental realization of such multi-partite high-dimensionally entangled states.

The experimental goal of this thesis was to create such a multi-partite high-dimensionally
entangled state for the very first time. Strictly speaking, the aim was to create a three-partite en-
tangled state in high dimensions. In our case this is a state with a SRV = (3, 3,2), meaning two
bipartitions have dimensionality three and one bipartition has dimensionality two. As a physical
carrier of information, photons have proven to be very useful. The reason is that photons don’t
interact with their environment easily, but still can be manipulated very precisely and in a highly
controlled fashion. A natural high-dimensional degree of freedom is given by the orbital-angular-
momentum (OAM) of photons. Therefore, the OAM of photons is used in this work to experimen-
tally create a (3,3,2) entangled state. The tools needed to create such a state experimentally have
been developed during the course of this work.

One of the key elements to create multi-partite entanglement is the so-called Hong-Ou-Mandel
(HOM) effect. To the best of my knowledge, this effect has been shown with the OAM of photons
for the first time in this work. The resulting very high visibilities of approximately 90 percent for
¢ =1,2,3,4,5 show the ability to handle this specific degree of freedom very well technically.
Not only has the HOM effect itself been shown experimentally, a new protocol to generate so-
called £00¢-states has been found in addition. In principle, this protocol can produce arbitrarily
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high £-values of £00¢-states. The 2002-state created in this work showed a HOM-dip visibility of
82 percent and a HOM-bump visibility of 66 percent. These two visibilities are a measure of the
purity of the created 2002-state.

The second tool developed in this work is the high-dimensional entanglement router (HDR).
Based on an interferometric principle, this device is capable of splitting up even (£ = 0,2,4,...)
and odd (¢ = 1,3,5,...) OAM modes. It was found that that the HD router is not only capable
of splitting up even and odd modes, but also to split up a high-dimensionally entangled state into

o . . HDR
two smaller but still high-dimensionally entangled states: |w):vgn/°dd — |)§" + |7T>ch(~l. In

our experiment we have been able to show the routing of an at least 10-dimensionally entangled
input state |¢) into a 5-dimensionally entangled state |@) and a 6-dimensionally entangled state |rr).
The experimental challenge to stabilize the interferometer was addressed by using an intrinsically
stable interferometer design (folded double-path Sagnac-Type-Interferometer) with an active piezo
control. With this configuration we have been able to show a long term stability of more than
35 hours continuous data sampling without manual adjustments. The long-term stability of this
device is a necessary condition for multi-photon experiments, since the measurement time for such
experiments can reach several days.

Finally, to create a multi-partite high-dimensionally entangled state experimentally, all these
tools have been generalized and merged in one setup. Two high-dimensionally entangled states
produced in two non-linear crystals are overlapped at the HDR to exploit a HOM effect in cer-
tain OAM modes. Thus the HDR in combination with the HOM effect in the OAM degree of
freedom is used to create a multi-partite high-dimensionally entangled state from two bipartite
high-dimensionally entangled states. One of the four photons created is used as a trigger-photon,
which means that if this photon is detected in a certain state given a four-fold detection event,
the other three photons are in the desired (3,3,2) state. The four-photon HOM effect in the OAM
degree of freedom at the HDR exploited in this setup showed an experimental visibility of 63.5
percent. The reduced visibility observed here is analyzed in detail. The theoretical estimations of
the spectral properties and the spatial overlap of the freely propagating photons result in an ex-
pected visibility close to the experimentally observed one. Furthermore, we have experimentally
verified the creation of a (3,3,2) state with a fidelity of F,,, = 0.801 £ 0.018. This violates the
fidelity witness bound of F = 2/3 for a SRV=(3,3,2) state by more than 7 standard deviations,
thus demonstrating the first experimental creation of a multi-photon high-dimensionally entangled
quantum state [41].

In conclusion, this thesis showed the possibility of creating multi-photon, high-dimensionally
entangled states experimentally with the OAM of photons. Additionally, it also demonstrated the
ability of the OAM of photons to serve as a testing bed for more complex entanglement structures
in future. The creation of a three-dimensional Greenberger-Horne-Zeilinger state is one possible
application stemming from the methods developed in this thesis, allowing us to further investigate
fundamental questions in quantum physics. Furthermore, technological applications like quantum
cryptography in hierarchical-layered communication schemes [41]] constitute other interesting di-
rections of research that could be investigated with the tools developed in this work.
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Appendix A

Appendix

A.1 Schmidt-Decomposition

Consider a state |iy) with a bi-orthogonal decomposition |) = >}; a;la;) |b;), where @; € C and
<a,-| b j> = 0;,j. The density matrix of [y) thus reads

p =)Wl = aiila) by (a|(bj] = ) e lai) (a)] @ Ibi) (by]. (A1)
ij i.j

The partial trace over subsystem A yields

Tra () = ) ier}Tra (1ai) (a)]) @ Ibi) (] (A2)

Lj

with Tra (|a;) (a;{) = 6;. Hence,
Tra (o) = ) ciaf 1bi) (bil = il o) b (A3)

with >;|b;) (b;| denoting a diagonal matrix. The entries of a diagonal matrix correspond to the
eigenvalues of this matrix. This result shows that for a bi-orthogonal state decomposition the
partial trace over one subsystem leads to the sum of eigenvalues. Additionally, this also proofs
that the rank of the reduced density matrix corresponds to the Schmidt rank of the pure state |y).
O

A.2 Entropy of Entanglement Proof

Schmidt decomposition of a pure bipartite qudit state:

Wan) = > Ailas) 1bi) (A4)

where |a;) , |b;) form a basis of H,4 and Hp respectively.

pa =Trp(pap) = ) Aidlas) (a,lTr (Ib;) <bjl) (A.5)
ij
= > dj lai) (ai

If pap is separable, there is only one non-vanishing A and therefore S (04) = 0. The same calcula-
tion can be done for pp. O
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A.3 Solving the Paraxial Equation in Cartesian Coordinates

The following sections are about solving the paraxial equation and follow the treatment in Ref. [52].
The paraxial approximation of the Helmholtz equation has the same structure as the Schrodinger
equation. Hence it is worth reminding ourselves that spherical waves are the solutions of the
Schrodinger equation. We take this as the motivation for our Ansatz.

eikr otk x24+y2472 eikz V12 +y2)/22

o242 1+ (242
ok e—ik(x2+yz)/21

(A.6)

~
s

Z

where we substitute p> = x> + y?. The “quadratic” form of this approximate solution suggests
looking for an axially symmetric solution of the form:

—ikp?

24(z)

Ec(p,z) = Agexp[—iP(z)]exp[ I (A.7)
Simply substituting this in Eq. [2.15]yields:

kexp( ( (o) | 2P(z)))

q(2)
q(2)?

In order to satisfy the equation above, the following two equations must hold:

(k(* +3*) (@@ - 1) - 29@) (@@P' @D +)) =0.  (A8)

qd@-1=0 (A.9)
q(P'(2) +i=0. (A.10)

These equations can simply be solved by integration, which leads to

q(2) =2+ qo (A.11)
P(2) = iln(z + qo) (A.12)

For convenience, we compare these results with the standard representation of Gaussian beams
and find
o1 1 N -2i
9@  z+q0 R@ ko)
where R(z) is the radius of curvature and w(z) is the width of the beam. In order to obtain the
integration constant go we assume a plane wavefront at an arbitrary point z = 0. Thus, R(0) — o
and

(A.13)

1 _2i ikw?
e SN bt ) (A.14)
g0 kw(0)? 2
where we call Ly Fresnel length or diffraction parameter. Substituting go into Eq. and equat-
ing the real and imaginary parts yields

R(z) = z[l + —] (A.15)

2
w(z)’ = wj[1 + 2] (A.16)
F
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The Ansatz in Eq. can also be motivated from a mathematical point of view, which clearly
shows its origin. If we set the boundary conditions of the differential equation to be

Eg(x,v,z = 0) = Ag exp[—ik(x* + y*)/2al, (A.17)

where Ag and a are constants. Thus the boundary condition is set to be a Gaussian distribution of
the intensity. This is especially the case for paraxial beams, e.g. laser beams. We don’t know how
the beam profile in the transverse plane scales with the distance z from the origin. Hence, we scale
the exponent with an unknown function ¢(z). The same is true for the propagation in z-direction.
We may use another unknown function P(z) as a trial function. Putting all these together yields
Eq. the Ansatz for solving the paraxial approximation of the Helmholtz equation. Note, that
so far the two coordinates x and y are not independent of each other! We will study this case in
the next section.

A.4 Generaliztion of the Gaussian Beam Solution

A more general approach to solving the paraxial approximation of the Helmholtz equation is to
assume that the two coordinates x and y are independent of each other. To take this into account,
we modify the Ansatz given in Eq. as follows:

E(x9y7 Z) = F(x’y’ Z)EG(x7y7 Z) (AIS)

where F(x,y,2) = f(== e )g( w(z)) exp[—i®(z)]. This equation describes the electric field, where the
two coordinates x and y are scaled with a real valued function w(z) which is dependent on the z-
coordinate. Furthermore, the phase is modulated with a function also dependent on z, called ®(z).
Substituting this Ansatz in Eq. yields

(V3 + 2ikd;)F(x..)EG(x.3.2) =0 (A.19)
V.(V.FE) +2ik((0,F)E + F(0,E)) =0
V.((VLF)E + F(V.E)) + 2ik((0:F)E + F(9:E)) =0
(V2F)E + 2(V, F)(V.E) + F(V2E) + 2ik((0.F)E + F(3,E)) =0,
and we note that (ViE + GZE) = 0 is already satisfied. Thus, the only these terms are left
(V2 F)E + 2(V.F)(V_E) + 2ik(8,F)E) = 0. (A.20)

Inserting the definition of F(x,y, z) in the last equation yields

L(f_” N g_”)+2(_ %)(f'gx fg y) Zk(f gxw’ N fg'yw' +ifg<D') _o0, (A21)

W\ f g w w2 w2
where ' = 0,.f, f" = 0*f, ¢ = 0,8, 8 62g, W' = 0w, ¥ =0,D, g = q(z) and w = w(z). This
was calculated using

V%_F — exp[;iz‘l’(z)] (f/lg + fg//) (A22)
_ expl-iv@)] (f'8
V.F = SR (g, f) (A.23)
V,E =E:X (;‘) (A.24)
Py
o.f = L e (A.25)
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Further simplifying of Eq. leads to

4 7 / a ’ a
LA S 2ikxf—(—“’ -2 2ikyS (22 - 2) (A.26)
fog fho g'0z ¢
—2kw*®'(2) = 0
From Eq.[A.T5|we see that
ow w o w2
———==—-(z-— A27
0z g R (R kw) ( )
holds. Thus, Eq. further simplifies to
T 8 42 Y8 e =o, (A.28)
f g wf wg
where we see that |
]—C( £ =26f") = =2m (A.29)
satisfies a Hermite differential equation, which reads
Pu—210.u — 2tu = 0. (A.30)

The solutions of this equation are the so called Hermite-polynoms H,(7). The definition is

t
Hy(r) = (—l)fe#%e-fz. (A1)
T

From Eq.[A.29|we see that the last term in Eq.[A.28 must satisfy the following equation
—2m = 2n - 2k’ ®'(7) = 0, (A.32)

where we already assumed that f = H,,(¢) and g = H,(y), where & = V2 ~and y = \5% Note,
the rescaling by V2 is due to the derivative. Integration of the equation above yields

m+n z
D7) = - Lrarctan| — ). A.33
@) w ( LF) (A33)

Hence, the generalized solution of the paraxial approximation of the Helmholtz equation is

ik()c2 + yz)]

2q(z)
(A.34)

)Hn( \/EL) exp [— iCDm,,,(z)] exp [— iP(z)] exp [ -

Em,n X Y,7 =Am,n H \/5
H—G( ¥:2) H-G m( w(z)

x
w(2)

where A%, - is a normalization constant.

A.5 Generalized Solution in Cylindrical Coordinates, LG-Modes

The solution of the paraxial approximation of the Helmholtz equation [2.15|in cylindrical coordi-
nates follows the same procedure as given in the previous section for cartesian coordinates. The
transverse Laplacian in cylindrical coordinates reads

V2 = 1ﬁ(p5_f) 1 &f (A.35)

= _ + =,
T pdpdp p?og?
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where p> = x> + y> and ¢ = arctan(%). The Ansatz is slightly modified and now reads

E(p. ¢, w) = glp/w)exp| — i®()] exp| - i(P + 2—kqp2 +lp)]. (A.36)

We spare out the detailed calculation, and just present the result here. For the function g we find
! 2
¢(2) = (V22Y L2, (A37)
w w w

where Lﬁ, denotes the generalized Laguerre polynomial, and p and [ are the radial and the angular
mode numbers, respectively. The phase shift is again dependent on the mode number and reads in
the case of cylindrical coordinates

D) = 2p +1I| + 1)arctan(Li). (A.38)
F

Collecting all the results leads to the general solution in cylindrical coordinates, and reads
Lp Lp \/_ PN\ 102 . . k 2
E (p.g.2) = A o 25) Lp(2E)exp | - i®()|exp| - i(P + o o)) (A.39)

. alp . ..
where again A L“i  1s a normalization constant.

A.6 Linear Momentum Density of a Helical Beam

The vector potential of a linearly polarized laser mode in the Lorentz gauge is given by
A = xu(x,y,2)e”, (A.40)

with x denoting the unit vector in x-direction and u(x,y, z) is a complex scalar function. In the
Lorentz gauge the electric and magnetic field can be expressed as

B=VxA (A41)
E =-Vp—ikA = —(i/k)V (V- A) — ikA,

and thus the electric and magnetic field can be written as

—i (kzu(x, y,2) + u®00(x,y, Z))
E=¢® — (1O, v,72) (A.42)
ku(l,0,0)(x’ y’ Z) — iu(lvo,l)(_x’ y’ Z)

0
B = ¢ | u©0D(x, y, 2) + iku(x, y,2) |,
—M(O’I,O)(-xa Y Z)

with 49 denoting the number of partial derivatives with respect to the respective coordinate.
Neglecting second derivatives and the product of first derivatives yields

) —ikzu(x, ¥,2)
E=¢ 0 (A.43)

kM09 (x, y, 2)

0
B = ¢ | u®0D(x, y, 2) + iku(x,y,2) |.
_M(O’I’O) (x’ y’ Z)
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The time averaged real part of the linear momentum density egE X B is evaluated to
€0 iwt * —iwt iwt * —iwt
(R [pO]), = (R [20E@0) x BOI), = > (R[Ee™ +E'e ™| x R[Be™ + B'e™])  (A44)

T
20 f dr (E xB* + E X Heiz“”)
0

=R|57

_ %O(E ><B+E><B*).
With the electric and magnetic fields given in Eq. the expression
‘9—20(1«: X B +E x B*) - is—zo(u*Vu — uVi*) + keo luP z, (A.45)

can be calculated. This expression can now be used to calculate the linear momentum density in
the regime of the paraxial approximation.

A.7 HOM Interference Theory Details

Starting from Eq. .6| we will show here how to calculate Eq. .10}

BS , 1 . A ~ 2 ~
Wy = [y =5 f f dwidw; pw)p(@expliorn[ia’ (wp) + b (@i (ws) +a" (@2)]10).
(A.46)
According to Eq. 48] the expectation value of detecting a coincidence event is given by

P =D, ® Dy vy, (A.47)
with
1 . . A o
Wl = 3 0] ff dw]dw), ¢*(w))¢" (W))exp(—iw| )| — ia(w)) + b(W)][ — ib(w)) + a(w))] (A.48)

and
D,® Dy = f dw, dwp &' (wa)b" (wp) [0) (O] a(wa)b(wp). (A.49)

Inserting the last two equations into Eq. yields
P= %<0l f f dw|dw) ¢" (@))e" @) )exp(=ia D) = ia(w)) + b)][ - ib(w)) + a(w))] X(A.50)
X f deg f dewy, &* (wa)b' (wp)10) (0] a(wy)b(wp) X
X f dw; f dws p(w))e(wa)expliwyT)[id’ (wy) + b (w))][ib (w2) + &' (w2)]10) .

Equations like these are solved as follows. We may recognize that there are actually two expecta-
tion values involved:
O+« +--]0Y¢0[--- ---]|0) (A.51)

and in each of them are the creation and annihilation operators. Lets take the first expectation
value as an example. There are two creation operators acting on the vacuum ar (wa)lAJT (wp) 10). The
aim is to get rid of all creation and annihilation operators. This can be done by reordering (also
called normal ordering) of the operators, such that all annihilation operators are far right acting on
the vacuum ket |0). Then the annihilation operator is acting on the vacuum and this will be zero.
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In order to do so, the two creation operators have to be moved to the very left of the equation. This
can be achieved by using the commutator relations defined in section 3}

[a(wy), éf(wy)] = 6(wy — wy) (A.52)
[b(wy), b (wy)] = S(wx — wy).

Expanding the square brackets in the first expectation value yields

| - ia(wna(w,) — awnb(w) + blw)a(ws) = ib(w)b(w2)|a" (wa)b' (wp) [0 . (A.53)
Whenever there are two terms in the same mode, e.g. lA)(a)l)lA)(wz), the creation operator a'(wy)
can be interchanged with these terms because they commute and thus (0| a'(w,) = 0. So these
terms do not contribute. The other two terms left in the equation yield:

|6(w2 = w)d(w1 = wp) = (w1 = w)S(w2 = wp)]10). (A.54)

Since there are no more operators left in the expectation value (0]--- ---|0) and with (0]0) = 1
follows for the first part

ffff dw,dwpdw] dw) ™ (w) )4’0*(a)'z)exp(—iw’l7')[(5(6:)’2 — We)O(W| — wp) — 6(W] — We)O(W — a)b)].

(A.55)
Evaluating the two integrals f f dw]dw) results in
ff dwadwb<p*(wa)<p*(a)b)[exp(—iwb‘r) - exp(—ia)aT)]. (A.56)
Repeating the same calculation for the second part gives
f f dwadwpe(wa)p(w)|expliwyT) — expliw,T)), (A.57)

where the integrals in the above two equations are over both expressions, hence

f f dwadwy lp(w)e(ws)* |exp(—iwyT) - exp(—iwaT)|[expliwsT) - expliwat)|.  (A.58)

Simplifying and substitution into the equation for the expectation value P yields the final result:

1
P = [[ dwudon letwarp@n? [z~ 2Costiw, - i)} (A59)

A.8 HOM Interference Supplementary Data

Data for € = 0:

‘ Estimate Standard Error t-Statistic P-Value
0.00452409 0.0016068 2.8156 0.00590874
305.283 7.36987 41.423 0 (A.60)
0.163756 0.00493086 33.2105 O
279.79 7.29734 383415 0

= 9 b?
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Data for € = 1:
Estimate Standard Error t-Statistic P-Value
Ax | —0.00643404 0.00128128 -5.02158 2.361533"-6
A | 235.506 6.52007 36.1201 0
o | 0.166037 0.00480536 345525 O
B | 228.615 6.48255 352662 O
Data for € = 2:
Estimate Standard Error t-Statistic P-Value
Ax | 0.00168968 0.000510236  3.31155 0.00130848
A | 153.046 1.77636 86.1571 O
o |0.18132 0.00217809 83.2473 0
B | 147.102 1.75855 83.6494 0
Data for € = 3:
Estimate Standard Error t-Statistic ~ P-Value
Ax | —0.000202158 0.00200002 -0.101078 0.919699
A | 54.2777 2.15611 25.1739 0
o | 0.157575 0.0066269 23.7781 0
B | 52.9281 2.15 24.6177 0
Data for £ = 4:
Estimate Standard Error t-Statistic ~ P-Value
Ax | —0.00122533 0.00351524 —0.348577 0.728998
A ]56.1218 3.0633 18.3207 0
o | 0.17667 0.0124797 14.1566 0
B | 50.5842 2.9881 16.9286 0
Data for £ = 5:
Estimate Standard Error t-Statistic P-Value
Ax | —0.00353906 0.00200383 -1.76615 0.0805501
A | 12.8785 0.514283 25.0416 O
o | 0.171916 0.00752344 228507 O
B | 12.2874 0.50903 241387 O
Data for dip measurement of a superposition of £ = 0 and £ = 2:
Estimate Standard Error t-Statistic =~ P-Value
Ax | —0.00122533 0.00351524 —0.348577 0.728998
A ]56.1218 3.0633 18.3207 0
o | 0.17667 0.0124797 14.1566 0
B | 50.5842 2.9881 16.9286 0

Data for bump measurement of a superposition of £ = 0 and £ = 2:

Estimate Standard Error t-Statistic P-Value
Ax | 0.0137063 0.00906623 1.5118 0.137424
A |53.9051 2.14421 25.1398 0
o ]0.189422  0.0198024 9.56557 O
B | —-39.8251 3.02491 —13.1657 0

(A.61)

(A.62)

(A.63)

(A.64)

(A.65)

(A.60)

(A.67)
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A.9 2-Dimensional Subspace Measurements

Let us assume a general two particle d-dimensional pure state reads

d-1

W) = > aylij) (A.68)

i,j=0
. _ 2 .. . . .. . .
with g;; € C, Z? j:l() |a,~ j| = 1 and {|ij) } forming a bi-orthonormal basis in d-dimensions. Thus the
corresponding density matrix is given by

d-1

p =)Wl = Z aijay |ij) <kl (A.69)

i,jk1=0
We define the Pauli matrices in analogy to the two-dimensional ones as
o = 1Dy G+ 1<l (A.70)
oy = iliy (Gl = i1y il
with i outside the ket denoting the imaginary unit. Thus for a two party system the tensor product
of two Pauli matrices is given by

" @t = (Im) (nl + In) (ml ) @ (10} (pl + Ip) (ol ) = (A1)
[mo (npl + Ino) (mpl + lmp) nol + Inp) (mol
o ® P = = |mo) (npl + Ino) (mpl + Imp) nol — Inp) (mol
o ® P = imo) np| + ilno) (mp| - ilmp) (nol — i lnp) (mol

oy @ oYP = i|moy (np| — ilno) (mp| + ilmp) (nol — i|np) {mol .
The expectation value of these operators is then given by
Tr(pO'T’n ® oy’ ) = (A.72)

= Tr( X454 1= @ijafy i) (Kl (1mo) (npl + Ino) (mpl + Imp) (nol + Inp) (mol )) =

= Tr( X4 120 @ity (Skmb1o 1) (Pl + Skn010 1if) (mpl + Sk p i) (n0| + 6indtp lif) (mol)) =
= TI'( Zl[{;/iJZO aijazl(ék,m(sl,oéi,néj,p + 5k,n51,06i,m6j,p + 6k,m51,p6i,n6j,o + 6k,n61,p6i,1116j,())) =

-
np —

= 2R((nplplmo) ) + 2R ((mpl plno) )

where we used in the second row (kl|mo) = 6y,,0;, and in the third row that the trace yields
Tr(lij)(npl) = 6indj,. Calculating the other three expectations values results in

_ % ® *
= AupQpe + Qmplpe T Anolyyp + Amod

Tr(pa';"’" ® 0';’17) = —2%( (np|p|mo) ) + 2?{( (mp|p |n0>) (A.73)
Tr(poﬂ?’” ® 0';’17) = —25( (nplp |m0>) + 25( (mp|p |n0))
Tr(pO"y"’" ® O'fc’p) = —23( (nplp |m0)) - 25( (mp| p |no) )

Hence, a general element of the d-dimensional bipartite density matrix p is given in terms of the
above introduced generalization of the Pauli-matrices by

‘R( (mplp |n0)) = L—llTr(p(O'T’" oy’ +oy"® 0';’17)) (A.74)

3( (mp| p |no) ) = %Tr(p((r;"’" Qo - ® O'}OP))
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A.10 Measuring Generalized Pauli Matrices with Projective Mea-
surements

As mentioned in the main text, with the experimental apparatus available in our setup, only pro-
jective measurements can be performed. A projective measurement # is decomposable in the
following way

P = Ip)(pl, (AT5)

and |p) can be any arbitrary normalized superposition |p) = ay |p1) + @2 |p2) + -+ + ak |px). Thus
the generalized Pauli matrices introduced in the previous section[A.9]are non-projective measure-
ments. Given the definition of the generalized Pauli matrices and projective measurements, it is
straightforward to find a recipe to decompose the generalized Pauli matrices into projective mea-
surements. Let us start with some definitions

Po(a,b) = |+) (Hapy = la) (al + b) b] + la) (Bl + b) ¢al (A.76)
P_(a,b) = |-) (~l(wp = la) {al + |b) (bl — |a) (bl - ) (al
Pi(a,b) = |+i) (+ilipy = la) al + b} (b| — i|a) (bl + i|b) {al
P_ila,b) = |-i) (~iliup) = la) al + |b) (bl + i |a) bl — ib) {al,
where [+ = |a) + B), [ =) = 1a) = Ib), I+i)q) = la} +i[b) and =i} = la) — i |b). Thus the
generalized Pauli matrices now read
o" = 1 (Pi(a.b) - P_(a.b))
73 = L (P_i(a.b) - P.ila.b)). (A7)
Hence, in order to measure one generalized Pauli operator on one subsystem, two projective mea-
surements need to be performed in the actual experiment. Furthermore, to measure the real and

imaginary part of one off-diagonal element according to Eq.[A74] 16 projective measurements
need to be performed in the experiment.

A.11 Details of the SHG beam

The pump beam intensity profile is depicted in Fig.[A.T] The abscissa and ordinate represent pixels
of the camera. The major axis of the elliptical Gaussian is given by 370um and the minor axis is
231um. These results in an ellipticity of approximately & ~ 0.61. This could potentially be the

10

Figure A.1: Intensity plot of the pump beam for the SPDC process created in a BBO SHG process.

reason for the complex phases introduces in the down-converted state, see Fig. [5.5] for example.
However, this has not been verified yet.
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A.12 Density Matrix Elements Reconstruction

Here we describe in detail how the reconstruction of density matrix elements is performed. In
section the measurement procedure is given in terms of generalized Pauli matrices. The pro-
jective measurement to be performed for each Pauli matrix is explained in section [A.10] As an
illustrative example let us reconstruct one specific element of the 10-dimensionally entangled state
shown in Fig.[5.5] We choose |-3, 3) (0, 0], thus the real and imaginary part is given by

R((-3.31p10.0)) = i Te(p(c © 02 + 07,0 @ o)) (A.78)
8( (=3,31p10,0) ) = A—llTr(p(O'y_iO @r -0’ 0'8’3)),
and furthermore the projective measurements are given by

o® = 1 (Pi(a.b) - P_(a, b))

oy® = 1 (P_ia.b) - P.ila.b)). (A.79)
with the definitions of P given in Eq. From the equation for the real and imaginary part
of the density matrix element, it can be seen that the {—3,0} and {0, 3} subspaces span the space
of the corresponding density matrix element. The definitions of the projective measurements P
yield that all mutually unbiased bases in these two-dimensional subspace have to be measured.
This is the computational basis, the diagonal and anti-diagonal basis and the left/right basis. In the
following some sample data is given: In Fig. [A.2]the different subspace measurement results are

[-3], [3] (0], [3] (-3], [3] 0], [3]

[-3]. [0] (0], [0] (-31. [0] 0], [0]

1645 21 1625 15

21 5456 15 5496

[-3]+[0], [0]+(3] [-31-[0], [0]+[3] [-3]+[0], [0]+[3] [-3]-i[0], [0]+(3]
[-3]+[0], [O]-[3] (-3]-[0], [0]-[3] [-3]+i[0], [0]-{3] [-3-i[0], [0]-[3]
580 4291 1029 3863

4458 579 3901 1086

[-3]+i[0], [0]+i[3] [-3J-i[0], [0]+i[3] (-3]+[0], [0]+[3] [-3]-[0], [0]+i[3]
[-3]+i[0], [0]-i[3] [-3-i[0], [01-i[3] [-3]+[0], [0]-i[3] [-3]-[0], [0]-i[3]
618 4280 3934 1034

4095 608 1139 3766

Figure A.2: Sample data to demonstrate the reconstruction of an off-diagonal matrix element.

given. Comparison of the total counts in each subspace surprisingly yields different results. For
example, the total counts in the computational basis are 1654 + 21 + 21 + 5456 = 7143, while the
counts in the A,D basis yields 580 + 4291 + 4458 + 579 = 9908. Since the total counts in a two-
dimensional subspace are necessarily conserved in any mutually unbiased basis, we “renormalize”
the total counts in any basis to the total counts in the computational basis. Note, however, this
does definitely not result in a higher visibility in the subspaces that would in turn result in higher
fidelity. In fact, with this method we account for imperfections in superposition measurements.
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Furthermore, there is no clear trend in the observed data meaning sometimes the computational
basis yields higher total counts and sometimes the superposition basis (A,D,L,R) result in higher
total counts. We can attribute this to the fact that we do not measure exactly Laguerre-Gaussian
modes with the SLMs, but close approximations to them [50].

A.13 Extended Data Table (3,3,2) State

9g|s|s|s|g|sg|s|s|s|g|z|=z|z|z|z|z|=|=
S - - R A R R I B - - = R < <)

ABCIX] — - - - - - - - - -

(-1,1,0| | 0.003

{0,-1,0] 0.009

{1,-1,0] 0.003

(-1,0,0] 0.006

{0,0,0] 0.296 0.190-i0.133 0.178-i10.129

{1,0,0| 0.011

{-1,1,D| 0.000

{0,1,0] 0.014

{1,1,0] 0.003

(-1,-1,0| 0.006

{0,-1,1] 0.017

{(1,-1,1] 0.190 +i0.133 0.290 0.297 -i0.026

(-1,0,1] 0.006

{0,0,1] 0.003

{1,0,1| 0.003

{-1,1,1] 0.178 +i0.129 0.297 +i 0.026 0.313

{0,1,1| 0.014
(1,1,1] 0.003

Figure A.3: Numerical values of the measured density matrix elements. Note that here we show
the real and imaginary parts of the elements.

The density matrix elements displayed in Fig. show significant complex phases in the off-
diagonal elements. From the theory, we would not expect complex phases. Due to the entan-
glement detection scheme used here the complex phases do not matter, since only the absolute
value of the off-diagonal elements is accounted for. Nevertheless, it is interesting to investigate the
source of these imaginary parts of the off-diagonal elements. In section[5.4 we show that the state
created in one crystal already contains significant imaginary parts in certain off-diagonal elements.
A possible issue here could be the elliptical pump beam discussed in section [A.TT]

A.14 Pulsed vs. CW Pump Laser Source

In this section the use of pulsed vs. continuous wave (cw) laser sources in multi-photon experi-
ments will be discussed. In this thesis and in several other experiments multiple entangled photon
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pairs are combined in such a way that a genuinely entangled multi-partite state is created. In order
to coherently overlap two photons from two independently created pairs, these photons must be
indistinguishable and- within their coherence time. The coherence time is governed by the spectral
bandwidth of the down converted photon pairs. Typically, the bandwidth of photon pairs created
in an SPDC process is on the order of several nanometers. Assuming a Gaussian shaped spectral
distribution with a FWHM on the order of nanometers the coherence time is on the order of pi-
coseconds. This means that the four-fold coincidence detection window must be on the order of
picoseconds to ensure that only photons that are created within their coherence time are detected.
Such a method is called an ultracoincidence detection technique and was implemented experi-
mentally by Halder et al. [S3]] in 2007. The niobium nitride (NbN) superconducting single-photon
detector used in their experiment has a resolution of 74ps. With 10pm narrowband filters centered
at a wavelength of 1560nm the coherence time results in 350ps, which is much larger than the
detection resolution. With this technique Halder er al.demonstrated quantum interference of two
independently created photon pairs created with a continuous wave laser source.

A different approach used in most multiphoton entanglement experiments (for a comprehen-
sive review on the topic see e.g. [54]) is to create the photon pairs with a pulsed laser source. The
big advantage of this technique is the commercial availability of femtosecond pulsed Ti:Sapph
laser sources. The femtosecond pulses with a repetition rate of roughly 80MHz relaxes the strin-
gent condition on the detection time window. If we assume that the photon pairs are created within
the same pulse, then a nanometer spectral filtering is sufficient to ensure that the independently
created photon pairs are within their coherence time. The repetition rate of 8OMHz allows for a
detection window of several nanoseconds.

A.15 Power Dependence and Statistics of Four-Fold-Events

10000, sl
"g o}
5 8000} g
Q Q
3 2
5 6000] 5 1O
o o
2 4000 2
< S osl
[\l <t
2000]
00 0.1 02 03 04 05 00 0.1 02 03 0.4 05
avg. Power [W] avg. Power [W]

Figure A.4: Two and four-fold dependence on the average pump power P. The experimental data is
depicted in blue, while the linear and quadratic fit is displayed in red. The linear dependence of the
two-folds on the average pump power is clearly shown. Additionally, the quadratic dependence of
the four-folds on the pump power is shown. The error bars depicted are due to counting statistics.
Note that the integration time for the four-fold counts is 120 seconds.

As depicted in Fig.[A.4]the 2-fold coincidences in the spontaneous parametric down conversion
process are linearly dependent on the pump power. The pump laser used in this experiment is a
pulsed Ti:Sapph laser with 80MHz repetition rate and a pulse length of 140fs. The maximal output
power is approximately 3.8W at 808nm wavelength. Due to the short pulses (Fourier-limit) the
spectral bandwidth is approximately 20nm. With a second harmonic process in a S-barium-borate
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(BBO) crystal the 808nm laser light is transformed to 404 nm. The pump power shown in Fig.
varies from 0.1W to 0.5W. The number of photons contained in each pulse is given by

PA

-2 A.
PP 2nchR’ (A.80)

where P is the average power, A the center wavelength, ¢ the speed of light, 7 the reduced Planck
constant and R the repetition rate of the laser. Thus for 0.5W there are approximately 10'? photons.
Let us describe the linear dependence of the 2-fold coincidences with [I55]]

Cay = Run? (A.81)

with u denoting the average pair number created in a pulse and 7 describing the overall efficiency.
The overall efficiency is given by

e Detector: 65%

e SLM: 85%

e Reflection and absorption: 95%

o Single mode fiber coupling: 60%
e Narrowband filtering (3nm): 30%

which leads to an overall efficiency of approximately 10%. This yields an average photon pair
number of u = 0.01 per pulse at 0.5W pump power. The expected N pair emission of the SPDC
process is of order [55]]

Con = RN V. (A.82)

For the case of 2 pairs created simultaneously this (N = 2) this results in a quadratic dependence
of the mean photon number p:
Cay = R, (A.83)

and inserting the above numbers yield 0.8 four-fold coincidences per second as an estimate. The
four-fold measurement results in Fig. clearly shows the quadratic dependence on the power,
hence the mean pair number per pulse.

A.16 Higher Order Effects

Higher-order effects. There are two kinds of higher order effects that need to be addressed in
our experiment. The expected output from down-conversion in the OAM basis can be written as
A0Y [0 + |- 1) 1) + 1) -1y +[-2) 12) +12) |-2) +-3) [3) +13) |-3)...). We only use the first three terms in
our experiment, because they have the largest amplitudes that give us the largest count rates. If a
higher-order mode (|£] > 1) is created in the first crystal NL1, the trigger T would not fire (because
it only triggers for mode O and -1). Thus, these higher-order modes do not contribute to the state.
As we consider only the 3 x 3-dimensional space spanned by ¢ € {—1,0, 1}, higher-order modes
from the second crystal NL2 also do not contribute to our measured state, as in that case photon A
would be outside the considered subspace.

The second type of higher order effect concerns the generation of higher order emission in
SPDC. The probability of obtaining two pairs from one crystal and one pair from each crystal
is essentially the same. However, the contribution from higher order terms such as double-pair
emission from one crystal is ruled out because our state is conditioned upon a detection event
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occurring at all four detectors. The four photons created in double-pair emission from either one
of the crystals cannot, even in principle, be detected at all four detectors. This is because our
experiment is constructed in such a way that detectors A and T only measure photons created
crystal 2 and 1 respectively. The probability of even higher-order terms being generated, such as
triple-pair emission, is roughly 10~* to 10> times more unlikely than a double-pair emission, and
can be safely neglected.
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