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Abstract

This thesis deals with semidefinite programming, the basic theory and the
respective algorithms, as well as with its many applications in finance, rang-
ing from asset pricing to portfolio optimization. Semidefinite programming is
a convex optimization technique, that seeks to optimize the a linear objective
function over a convex set that is described via linear matrix inequalities or via
intersections of affine sets with the cone of positive definite matrices. The power
of this problem formulation arises not only from the fact, that it generalizes
linear programming as well as second order cone programming and quadratic
programming, but also from the fact, that many non-convex and combinatorial
problems can be relaxed as semidefinite programs and solved approximately,
where the so obtained bounds can often be shown to be comparatively tight.
Though the concept is known at least since the 1980’s (with the earliest ref-
erence even dating back to 1961), interest only started to excel in the 1990s,
when it became clear, that interior point methods (previously used to solve lin-
ear and quadratic programs) could also be used to solve semidefinite programs
efficiently. Since then a plethora of algorithms have been developed with ap-
plications ranging from engineering, over statistics and logistics to, of course,
finance.

The Thesis will start out by briefly reviewing some important concepts from
linear algebra and convex analysis. After that, there will be a more extensive
discussion of the model itself, as well as of its properties, as far as they will be
useful for the understanding of the applications and algorithms. The later will
be discussed in the subsequent chapters, where the focus will be on Primal-Dual
Potential Reduction Methods. The theoretical part will close with a survey of
basic ideas, that may guide the formulation of generic problems as semidefinite
programs.

Following that, there will be an extensive discussion of models, that are ad-
dressing problems in finance. The survey contains applications in asset pricing,
sparse principal component analysis and portfolio selection under data certainty
as well as with uncertain data. If necessary for the understanding of the respec-
tive model, the chapters will provide some background in financial theory or
other fields that might be of interest, in order to contextualize the models dis-
cussion as well as to highlight their significance. In the final two chapters we
will first introduce the reader to a relatively new framework for distribution-
ally robust convex programming, recently established by Wiesmann, Kuhn and
Sim. Preceding that, their theory will illustrated by applying it to the famous
Knapsack problem. Although other authors have proposed formulations for the
distributionally robust Knapsack problem, the approach presented here is solely

based on the aforementioned framework.
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Zusammenfassung

Die vorliegende Arbeit beschiftigt sich mit semidefiniter Programmierung,
der ihr zugrundeliegenden Theorie, den entsprechenden Algorithmen, sowie
die wichtigsten Anwendungen in der Finanzwirtschaft, von Preisfindung bis
zur Portfolio Optimierung. Semidefinite Programmierung ist eine Technik der
konvexen Optimierung. Dabei wird eine lineare Funktion iiber eine Konvexe
Menge maximiert oder minimiert. Diese Menge wird durch lineare Matrixun-
gleichungen, sowie tiber Schnittmengen von Affinen Mengen mit dem konvexen
Kegel der positive Semidefinite Matrizen beschrieben. Die Stiarke der semidefi-
nite Programmierung ruht einerseits auf der Tatsache, dass es sich bei ihr um
eine Verallgemeinerung der linearen als auch der quadratischen und Second-
Order-Cone Programmierung handelt, andererseits erlaubt sie die Relaxierung
vieler nicht konvexen und kombinatorischen Problemstellungen, wobei die so
erhaltenen Schranken vergleichsweise eng sind. Obwohl das grundlegende Kon-
zept bereits seit den 1980-ern bekannt ist, gelangte diese Technik erst in den
1990-ern zu grofierer Popularitdt, nachdem man herausfand, dass Innere-Punkt
Methoden, die urspriinglich zur Lésung linearer und quadratischer Program-
me entwickelt wurden, auch zur effizienten Losung semidefiniter Programme
geeignet sind. Seitdem wurde eine Vielzahl an Algorithmen entwickelt, wobei
die Anwendungsgebiete von Maschinenbau tiber Statistik und Logistik bis hin
zur Finanzwirtschaft reichen. Am Beginn dieser Arbeit, werden die wichtigsten
Konzepte aus der linearen Algebra sowie der Konvexen Analysis kurz aufberei-
ten. Dem folgen eine ausfiihrlichere Diskussion der Grundlagen der semidefi-
niten Programmierung, sowie wichtige Eigenschaften des Models sofern sie fiir
das Verstandnis der Anwendungen und Algorithmen mafigeblich sind. Letz-
tere werden in dem darauf folgenden Kapitel dargestellt, wobei der Fokus auf
Primal-Dual-Potential-Reduction-Methods liegen wird. Der theoretische Teil en-
det mit einer Darstellung von wichtigen Modellierungstechniken. Anschliefiend
werden wichtige Anwendungen in der Finanzwirtschaft prasentiert, wobei Pro-
bleme wie die Preisfindung von Finanztiteln, Hauptkomponentenanalyse und
Portfoliooptimierung sowie robuste Portfoliooptimierungen behandelt werden.
Soweit es dem besseren Verstiandnis der Modelle dient, werden Grundlagen aus
dem jeweiligen Bereich kurz dargestellt. In den letzten beiden Kapiteln wird
zuerst ein relativ neuer theoretischer Rahmen fiir die Verteilungsrobuste (”dis-
tributionally robust”) Optimierung wiedergegeben der von Wiesmann, Kuhn
und Sim ausgearbeitet wurde. Danach wird zum Zwecke der Illustration diese
Theorie, auf das Rucksack Problem angewandt. Zwar haben andere Autoren
bereits verteilungsrobuste Formulierungen dieses Problems ausgearbeitet, der
hier prasentierte Ansatz baut jedoch alleine auf der besagten Rahmentheorie

auf.
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1 Basic Concepts

For the sake of self-containment, various basic concepts and some of their implica-
tions, as far as they are useful in later chapters, shall be revisited in the following.
These include basic concepts of linear Algebra as well as of convex analysis of which
an extensive outlay can be found in [48]. A layout more focused on SDPs is given
in [15].

1.1 The Convex Cone of Positive Semidefinite Matrices

A real, square, symmetric matrix (which is the only type of matrix of interest here),
say X, is an n X n matrix, with real entries, where X" = X. It is said to be positive
semidefinite (p.s.d.) if its quadratic form v'Xv is greater or equal to zero for any

vector v € R". Thus we can define the set of real p.s.d. matrices as
Si={XeR™|X"=X, “Xv=0 YveR". (1)

Positive definite (p.d.) matrices fulfill the condition on the quadratic form with strict
inequality, and the respective set shall be denoted by S’} , . The (partial) order induced
by the notion of definiteness is called the Loewner partial order. It allows us to write
A > 0 whenever A € S, and A > 0 whenever A € S",. Further A > B means that
A —B > 0. Not all properties of scalar inequalities translate into the Loewner partial

order, but we will skip a discussion here.

Figure 1: The graphs show the locus of all Matrices of the form (; g) that are p.s.d.

One can easily show that the convex combination Z = Xa+Y(1-a) with X, Y € S}
and a € [0,1]isitself p.s.d. (i.e. Z € S, thus S’} is closed under convex combinations).
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It is obvious in that calculating the quadratic form of Y amounts to adding up two
non-negative real numbers. This establishes S’} and (by a similar argument) S’ as
convex sets. S as well as S', are also closed under multiplication with a positive
scalar (i.e. Y = Xa with X € §"” and a € R* implies Y € S, analogously with S"_;
to see this, again observe that the quadratic form of Y amounts to the product of
two non negative/positive scalars, respectively). Thus both sets are also cones by
the standard definition, so that one can indeed speak of the convex cone of p.s.d/p.d.
matrices. The case where X € S? allows for a nice graphical representation of that
fact (see Table 1).

The eigenvalues of p.d. matrices are strictly positive, whereas in the case of p.s.d.
matrices that are not also p.d., at least one is equal to zero. Since the determinant of
a matrix can be represented by the product of its eigenvalues (i.e. det(X) = []iL; Ai),
p.s.d. matrices are singular unless they are also p.d., in which case they have a positive
determinant. By definition, S’} represents the closure of S%,. Thus all singular p.s.d.
matrices lie on the boundary of the p.s.d cone, which one has to cross when trying
to “leave” the cone. More formally da € [0,1] : det(Aa + B(1 —a)) = 0if A € S
and B ¢ S'. So, if the p.s.d. cone is "left” along a line between A > 0 and B # 0, at
least one of the eigenvalues of that matrix converges to 0 as the boundary of S} is
approached.

1.2 Linear Matrix Inequalities and Constraints using a

Frobenius Product

Let’s define a matrix F(x) as follows:
m
F(x) = FO + Z xl-Fl- (2)
i=1

where x € R, F; € R™™" with FiT = F;. Then the constraint
F(x) =0 3)

is called a Linear Matrix Inequality, which by restricting F(x) to S’ also restricts x to
a convex subset of R". To see this, observe that for any x, y € R" for which (3) is
fulfilled one has

F(xa+y(1 - a)) = aF(x) + (1 — a)F(y) = 0. 4)

The equality in (4) is true by linearity of F(x); the inequality is due to the convexity
of §%. Figure X gives an illustration of an example where m = 2 and n = 3.
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Figure 2: The graphic shows the set of alle x and y for which ( 0 L0 w0y ) >0
x+0.5y x4y

Another key way of using the p.s.d. cone to confine variables to convex sets is
invoked by the so called FrobeniusProduct. It is defined as follows:

AeB= TI‘(ATB) = i i ai]‘bi]‘ (5)

i=1 j=1

The matrix norm that is induced by the Frobenius Product is called the Frobenius
Norm and is given for any A = AT € R™" by

|All=AeA= a (6)

Clearly, the equation
AeX=c (7)

with symmetric A, X € R"™" and ¢ € R restricts the entries of X to a hyperplane in
R for given A and c. If one adds to that the restriction X > 0, the set of entries
of X so described is the intersection between that hyperplane and the convex p.s.d.
cone. Since both represent convex sets, their intersection itself is again convex. For
a graphic example with n = 2, see Figure 3.

It is worth mentioning that any constraint expressed via a linear matrix inequality
can also be stated in terms of intersections of hyperplanes with §”. Consider a system

of m equations of the (7) form, where A;...A,, are linearly independent.Then the set



Figure 3: The intersection of the p.s.d. cone with a hyperplane

of solutions is an affine set expressed by
X | XI'=XeR™, AeX=c, i=1,..,m).

By choosing appropriate F; one can describe the same set by

P
(F(y) = Fo+ ) yiFil y € R}

i=1

where p = n.

2 Semidefinite Programs (SDPs)

In this chapter, a summary of the basic literature on SDPs is given. The main sources
are [45], [13] and [24]. First, the statement of the problem is presented along with the
derivation of its dual. Then some important concepts are explained in more detail,
before discussing the algorithms. Finally, the chapter provides some remarks on
problem formulation, which will also give an idea of the plethora of problems that
can be cast as SDPs.

2.1 Statment of the Problem and its Dual

The problem considered in semidefinite programming is to minimize a linear func-

tion subject to the constraint given by a linear matrix inequality:
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mxin cTx (8)

subject to F(x) > 0

where x,c € R"™, F(x) = Fo+ Y., x;F; and PZ.T =F e R fori=0,..,m. The problem
in its primal form (8) will henceforth be denoted as P, the set of its feasible solutions
as

P={x| F(x)>=0, xeR"}

and its optimal solutions as p* = inf,cp(c’ x), with the respective set denoted as
P ={x| F(x) =0, xeR", ch:p*}_

In order for p* to always have a value, it is defined to be equal co whenever ¥ is
infeasible, i.e. if there is no solution that satisfies the constraint. Elements of P that
tullfil the constraint with strict inequality, i.e. solutions that satisfy F(x) > 0, are
called strictly feasible solutions.

Since the objective function is linear and the feasible set convex, semidefinite
programming presents itself as an instance of convex programming. Further, the
restriction can be reformulated as

Fx)—-Y=0
Y>0 (or YeS))

in order to emphasize the fact that SPDs are special cases of cone programming,
where the respective cone is S'.

The dual may be established by the standard procedure. One turns the con-
strained problem into an unconstrained problem with more variables that act as
(positive) penalties to the objective function. These penalties are incurred whenever
a constraint is violated (and forgiven, whenever the constraint is exceeded), in the

case of the primal problem that is:
mizn L(x,Z) := c'x — Z o F(x) )

where L(x, Z) is called the Lagrangian Function. Note that Z e F(x) is non-positive if
F(x) < 0, since Z > 0 (the proof is due to Fejer, see [13] pp. 233). Thus Z can be
interpreted as a price that has to be paid in order to perturb F(x) > 0. Further, notice
that for a given Z > 0 the minimum of the Lagrangian gives a lower bound on the
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optimal value of (8). This naturally raises the question of what the "best” (meaning
the highest) lower bound might be. A simple reformulation shows that

Thus

(10)

_ZeF, ZeF=c¢ Vi
infL(x,Z):{ *ho *hi=e l}

—00 else

with the largest lower bound being given by

g(x, Z) = supinf L(x, Z)

Z>0

where g(x, Z) is called the Lagrangian Dual of P. It can be stated as an optimization

problem of the form

max -Z e F (11)
subjectto ZeF;=c; Vi=1,.,m
Z >0

. This problem is further referred to as the Dual of , and will be denoted by D. The

set of its feasible solutions is given by
D={Z|ZeF=¢; Vi=1,.,.m , Z>0}
and its set of optimal solutions d* = sup, D by
D'={Z|ZeF;=¢; ¥Yi=1,..m , Z>0, -ZeFy=d}.

Again, if D is empty, i.e. D is infeasible, then d* = —oco, which preserves the lower
bound property in any case. Again, solutions for which Z > 0 holds are called strictly
feasible solutions. The constraints can be reformulated as a linear matrix Inequality.

Also, by reformulating the objective function, one can state O in the same form as

12



P. So D is also an SDP.

2.2 Duality, Optimality, Feasibility and Orthogonality

As already mentioned, the solutions for O provide a lower bound for . Let’s
consider the difference in their objective function values for any x € P and Z € D:

ch+ZoF0=Z(ZoFi)xi+ZoF0=ZoP(x)20 (12)
=1

This quantity is called the Duality Gap, and we can easily see that it is positive, since
by feasibility, F(x) and Z are both p.s.d (A e B > 0if A, B > 0). Of course, this is also
clear from the construction of the Lagrangian dual. The fact that the duality gap is
positive is called Weak Duality.

If, however p* = d*, one speaks of Perfect Duality, which does not necessarily
imply that P* or D" are nonempty. Indeed one can construct examples, where perfect
duality holds, while either P* or D" is empty, but these are of little interest here.
Rather, we consider the case in which both sets are nonempty, in which case one

speaks of Strong Duality. The following theorem can be proved for Strong Duality:

Theorem 2.2.1.: Given p* > —oo and 4" < oo, further P and D contain strictly fea-
sible solutions. Then it holds that P* # 0, D* # 0 and p* = d" (i.e. Z @ F(x) = 0)

Proofs can be found in [48], [13], [53]. Given that Strong Duality holds, we find
for x € P and Z € D" that F(x)Z = 0 which is implied by Z e F(x) = 0. Adding to that

the problems constraints we can characterize any optimal solution by

F(x)>0 (13)
Z>0
ZeoF =g
F(x)Z = 0.

It is intuitively clear that if  is unbounded, i.e. the constraints are such that
the target function value can be minimized arbitrarily, O is by definition infeasible
since it has the lower bound property. The converse is true if D is unbounded. In
the following, analytic conditions that characterize such cases are disclosed in more
detail.

We say P has a Primal Improving Ray if their exists a vector Ax such that )i, F;Ax >

13



0 and ¢’ Ax < 0. In such a case, one could always add Ax to any feasible solution and
maintain feasibility while improving the value of the target function. Analogously,
we say that O has a Dual Improving Ray if there is a symmetric AZ > 0, such that
AZeF,=0Vi=1,..,mand —AZ e Fy > 0.

We can now show that the existence of a primal improving ray is incompatible
with dual feasibility. Assume D is feasible and that there exists a primal improving
ray. Then there is a Ax such that

m m
O>cTAx:ZZoFiAxi:ZoZFiAxi>O (14)

i=1 =1

which is a contradiction. Assuming primal feasibility and a Dual Improving Ray,
an analogous argument can be made.The concept of infeasibility discussed above is
called Strong In feasibility. We can state the following Theorem:

Theorem 2.2.2.: If D has an improving ray, then % is strongly infeasible, and vice

versa.

Finally an important concept in this regard is the fact that P and D are orthogonal
in the following sense. Note that for any primal step 6x = x° — x we have

SF = Z(x? — x)F: (15)
i=1

such that
OF € span{F, ..., F,}.
So any dual step given by 6Z = Z; — Z has it that
Fie0Z=F eZy—FeZ=ci—c;=0 Vi (16)
which further implies
0Z € span{Fy, ..., Fy,}*.

In other words, 6F and 6S lie in subspaces of 5" that are perpendicular to each other,
ie. 0Fe6Z =0
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Figure 4: The graphics show the graphs of det F(x), detF(x)™! and finally ¢(x) respec-
tively, for the example from Figure 3

2.3 The Central Path

2.3.1 Logarithmic Barrier Function for a Linear Matrix Inequality

Many interior point methods rely heavily on functions that give a strong ”signal” in
an analytical sense whenever the algorithm in question is evaluating how close the
current iterate is to the boundaries of the feasible set. A natural way to provide such
a function is given by

(17)

o) = { log det F(x)™ if F(x) >0 .
+00 else

Note that the quantity inside the log-function is one over the product of the eigenval-
ues of F(x), which will go to infinity as at least one of these eigenvalues approaches
zero, i.e. as x approaches the boundaries of the feasible region. The log-function
itself provides for the barrier function to stay fairly flat inside the feasible region,
and to become very steep at its borders. Figure 4 provides the graph of ¢ for the
example from Figure 3.

Besides being intuitively reasonable, it is also analytic, strictly convex and self
concordant as long as F(x) > 0 (for a proof, see [53]). The entries of the gradient and
the Hessian of ¢ are given by

Tr F(x)™'F; (18)
Tr F(x)"'F;F(x)"'F;.

(Vo(x))i
(V2p(x));j

The minimizer of the barrier function is called the analytic centre, which can be

15



computed efficiently using Newton’s method ( [53] provides a complete analysis of
the speed of convergence of such an algorithm).

2.3.2 Objective and Duality Gap Parametrization

In the following we want to convey a picture of what the idea behind the central

path really is. To this end, consider the linear matrix inequality given by

F(x) =0 (19)

c'x=7y

where p* <y < sup{c’x | F(x) = 0}. Minimizing ¢(x) over this set along all values of
y within the constraints yields a curve called the Central Path. One can analyze the

respective minimization problem given by

min logdet F(x)™! (20)
subject to F(x) >0

cTx=y
and find that for any given y the minimizer x*(y) satisfies
TrF(x*() 'F;=Ac; , Vi=1,..,m (21)
where A is a Lagrange multiplier. This implies that F(x*(y))"'A™! is a dual feasible

solution, with the associated duality gap given by

n

n=F@eZ=Fx()eFxr()'A" =2

(22)

Further one can consider the optimization problem that yields Ds central path,

parameterized using the above duality gap:

mzin logdet Z™! (23)
subjectto TrFiZ=¢; , Yi=1,..,m
FoeZ=y-7%
Z>0

and find that F(x*(y))"'A™! is its minimizer, i.e. Z*(y — %) = F(x*(y))"'A~!. This gives
a nice pairing between points on the dual and the primal Central Path.
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Finally, one can simultaneously solve both problems by considering

r?,izn logdet F(x)™ + log det Z* (24)
subjectto TrFiZ=c¢ , Vi=1,..,m
cIx+FyeZ =1
F(x) >0
Z>0

where the parameter now is the duality gap 1. From the optimality conditions we
have that the optimal pair x*(17), Z*(n) satisfies

* * T]
Z (Fe ) = (1)1 25)
Note that (25) converges to zero as 1 — 0, so that eventually x*(1), Z*(n) satisfy the
optimality conditions in (13). The principal idea behind many algorithms that solve
SPDs is to follow the central path on its way to the optimal primal dual solution pair.
Now we can construct a quantity that will serve as a measure of deviation from the

central path. Let x and Z be a feasible pair with duality gap 1 = ¢'x + Fy @ Z. Then
x*(1n), Z*(n) is the pair on the Central Path with the same duality gap and we have

—logdet Z*(n)F(x*(n)) = —nlog (77) =nlogn —nlogF(x) e Z. (26)

n
Thus we can define

Y(x,Z) = —log det ZF(x)) + log det Z*(n)F(x*(1)) (27)
= —log det ZF(x)) + nlogn — nlog F(x) e Z.

This quantity is zero if x and Z are central, and is positive and increasing as they
diverge from centrality. Note that there is no necessity to actually compute the

respective central pair in order to evaluate {(x, Z).

2.4 Algorithms for solving SDPs

Extensive literature exists that covers all different kinds of algorithms. However, the
discussion here will be restricted to one approach that is provided in [45] since this
approach appears to be the most comprehensive given the material covered thus far.
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Next, a short survey of other algorithms will be given that lays out the basic ideas
and the respective literature without going into great detail.

2.4.1 Primal-Dual Potential-Reduction Methods

So far we have studied two decisive ideas that will guide the construction of this
type of algorithm. The first being Strong Duality (i.e. the fact that the duality gap is
zero at the optimum), and the second being the primal-dual central path. The aim
of potential-reduction methods is to reduce the duality gap at every iteration, while
maintaining proximity to the central path in order to ensure feasible convergence.
To this end, consider the following Potential Function:

@(x,Z) := v\nlog(F(x) ® Z) + (x, Z) (28)
= (n +v\n)log(F(x)  Z) — log det F(x) — log det Z — nlogn

which is a combination of the Duality Gap and the aforementioned measure of
deviance from the Central Path (it was first introduced in [23] and [54], hence it is
also called Tanabe — Todd — Ye potential function). The constant v > 1 is a parameter
that gives relative weight to the term involving the duality gap.

Note that since ¢/(x, Z) > 0 for all x € P and Z € D, it holds that

n < evvn, (29)

Thus, minimizing the ¢ over the feasible set eventually results in optimal Solutions
(x*, Z) of P and D.
The basic outline of potential-reduction algorithms is as follows:
Initialization
give strictly feasible (x©, Z®)
give v
repeat
1. Find a suitable direction 6x and a suitable dual feasible direction 6Z
2. Find (p,q) € R? that minimize @(x + pdx, Z + g6Z) (plane search)
3. Update: x® = x®&V 4+ pox and Z® = Z*D + 457
until Duality Gap <€

There are many different ways to achieve step 1., but they all have it in common
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that the directions 6x and 0Z are obtained by solving system equations of the form

S67S + Z 5x;F; = —D (30)
i=1
F;e6Z=0, j=1,...,m.

Matrices D = D" and S = ST > 0 depend on the method of choice, one of which
will be introduced below. Others can be found in [45], which are originally due
to [53], [14], [32] and [26].One can solve this system by calculating 6Z from the first
equation, and substituting into the m remaining equations. The system so obtained
is given by

6xi(Fj @ S7)(F; 0 57) = ~(Fj e ST)D o S (31)

i=1
While there are many ways to specify (31), we restrict ourselves to the basic example
given in [45]. For convenience, x and Z here denote the current iterates and F =
Fo + Y.iL; x;F;. The specification of (31) is obtained by setting S = Fand D = F — pFZF

so that we have

FSZPF + Z 5x'F; = —pFZF + F (32)
=1
FieZ'=0, j=1,...,m

m
771679771 + Z SxIF; = —pF + Z7! (33)
i=1

FieZ'=0, j=1,...,m.

The primal step is computed from (32) and the dual step from (33). Both arise
from a modified Newton’s Method. Recall that the aim of Newton’s Method is to
iteratively minimize a function by considering its second order approximation from
which a suitable direction for updating a current iterate is obtained. This might only
work with functions that are convex, since otherwise there is no guarantee that the
direction obtained actually points to the minimum. Unfortunately, the first term
of ¢(x,Z), involving the Duality Gap, is concave. This is simply accounted for by
skipping the second derivative of that term when calculating the approximation.
There are obvious downsides to this approach. The first is that two systems of
equations have to be solved in every iteration of the algorithm. Second, solving
these two systems requires the calculation of inverses of Z and F, which poses a
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problem especially as they approach the optimal solution, thus becoming singular.
The aforementioned alternatives for specifying (31) tackle this issues to some extent.

Once suitable directions have been calculated, the step-length is determined by
plane search, i.e. by minimizing ¢(x + pdx,Z + q6Z) over p and d. To this end,
the potential function can be reformulated (recall, that the term 6F6Z = 0 and thus

vanishes):

Q(x +pox, Z +qdZ) = p(x,Z) + (n + v \/ﬁ) log(1 + c1p + c29) (34)
—log det(I + pF~Y26FF /%) — log det(I + qgZ~26277/%)

where again F = F(x), 6F = )., 0x;F; and

_clox _ Fpoz
~ F(x)eZ’ 2= F(x)eZ’ (35)

C1

This can be minimized quite efficiently by diagonalizing F~'/25FF /2 and Z~1/26ZZ /2.
Once the respective eigenvalues are obtained, (35) can be further reformulated into

Q(x +pdx,Z+q0Z) = p(x,Z)+ (n+v \/ﬁ) log(1 + c1p + c29) (36)
- Z log(1 + pu;) — Z log(1 + qv;).
i=1 i=1

From this it is clear that step lengths p and g are restricted to the rectangle given by
the intervals puin < P < Pmax and Guin < g < Gmax, Where

-1
Pmin = Max {? pi > O} (37)
Pmax = min{_—1 pi < 0}
max 1 ‘L[l 1
= max{_—1 Vv > 0}
qmm - ; v; i
= min{_—1 V; < 0}
qmax - ; v; i .

Two facts are worth mentioning in regard to plane search. The first thing is that
@(x + pdx, Z + q0Z) is quasi-concave and has a unique local minimum in the feasible
region, which makes standard algorithms, such as the guarded Newton’s Method or
the Nelder-Mead Method, viable options for solving this problem. Second, note that
trivially the minimization of duality gap is achieved by one of the corner solutions of
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the aforementioned rectangle. Thus, if the duality gap can at that stage be reduced

to a size meeting the stopping criterion of the algorithm, it can terminate.

2.4.2 Primal Logarithmic Barrier Methods

These methods are quite similar to the potential reduction method discussed above
with the difference being that they only consider the primal (or the dual) and follow
the respective primal (or dual) central path. The method goes back to [36], who
presented the principle idea for linear programs, which was later extended to SPDs.

The basic approach is to incorporate the barrier into the objective function to obtain
Lr -1
f(x) = Ec x +logdet F(x)™". (38)

This function is then minimized in an iterative process, where the steps for updating
current iterates comprise an affine scaling component that aims to minimize the pri-
mal target function, and a centering component that minimizes the barrier function.
The various methods that follow this general design differ in what is considered the
primal problem (either #, or O in which case the target function looks slightly dif-
ferent) and the step length. A detailed discussion of these algorithms can be found
in [41] and [13].

2.4.3 Primal-Dual Affine-Scaling Methods

Since optimality conditions for the minimization of the duality gap are given by
(12), it comes as an immediate idea to find some iterative scheme to solve this non
linear system of equations. This is achieved by Affine-Scaling Methods, which aim
to minimize the duality gap over some ellipsoid inscribed in P X D. They can be
viewed as ‘greedy’ algorithms, which seek to reach an optimum in a single step.
This general idea has been introduced by [46] and [31] whose results differ in the
computation of the step direction. First, note that F(x) and Z can be scaled to the

same symmetric matrix such that
V2 = D 1F(x)ZDz? (39)

where D is an appropriate matrix. This type of scaling can be applied to any primal
and dual step direction AZ and Ax, such as

F(x + Ax) = F(x) + AF > 0 (40)
FieAZ=0 Yi=1,...,m
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so that one has scaled search directions

Dy = D" 2AFD? (41)
D, = D2AZD:

and a scaled primal-dual step direction

Dy = Dx + Dg (42)
which is computed as
D}, = argminV e (V + Dy) (43)
Dy

subject to ||V_%DVV_% || <1.

The step that is computed using the Frobenius-Norm is called the Dikin — Step.
If the spectral norm is used, the resulting step is called Primal — Dual Af fine —
Scaling Direction. It is worth mentioning that these step directions are also known
as predictor directions in the predictor-corrector methods discussed in the next
subsection. For a complete layout of the algorithms, the reader can refer to [13].

2.4.4 Primal-Dual Path-Following Methods

As the name suggests, these types of algorithms seek to follow the central path to
its limit point, i.e. the optimal solution.This is achieved by solving the optimality
conditions of (24) (which are basically given by [13] where the last equality is replaced
by [25]) for different (decreasing) values of . Thus at every iteration one looks for

step directions such that

F;eAZ =0 (44)
Z+AZ >0

i AxiFi = AF
i=1

F(x) + AF(x) > 0

(Z4<AZXP@)+AF)=(3)L

This is an overdetermined nonlinear system, where the Nonlinearity stems from

the last equation. Using the scaling strategy as in the previous subsection, one can
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symmetrize and linearize the equation such that a unique solution is obtained. This

solution is given by
n

Dy =(3)vi-v (45)

and a suitable step direction can be obtained from

AZ + DAFD = (Z)F‘l _7 (46)
Fi e AZ =0
m
Z AxiFl- = AF
i=1

A popular way to implement these ideas is in combination with affine scaling
methods, which results in algorithms known as predictor — corrector algorithms. The
predictor steps arise from the affine scaling methods, and are carried out first, but
not fully. The step is then corrected using the path following step directions. For a

detailed discussion see [29].

2.5 Some useful remarks on formulating SDPs

Semidefinite Programming contains many instances of convex optimization as spe-
cial cases. However, it is not always trivial to find the respective SDP-formulation.
In the following, a quick survey of useful formulation strategies is presented, some
of which will be also helpful in later chapters. This is by far not a complete survey,
and even in later chapters of this thesis, more complicated procedures of problem
formulation will be needed.

2,51 Linear Programs
A linear program is of the form

minc’x (47)
X

subject to Ax < b

where A € R™" ¢,x € R" and b € R™. Note that the inequality in (47) is meant
component-wise, such that we have m linear inequalities of the form A;x < by where
Ay is the kth row of A and b, kth component of b. Thus, the set of feasible solutions
is the intersection of m half-spaces, which gives a polyhedral unless the set is empty.
Recall that the diagonal matrix is p.s.d. only if all its diagonal elements are greater
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or equal zero. This is because the eigenvalues of that matrix are given by these very

elements. It then becomes clear that the constraint above can be rewritten as

bl—Alx 0
: - : > 0. (48)
0 . by, —Aux

Replacing the inequality in (47) with (48) gives a semidefinite program. Whenever we
further encounter a diagonal matrix that comprises linear functions like in (48), it will
be denoted by Diag(b — Ax), albeit with slightly different arguments. The somewhat
reverse operation diag(A) gives the vector that is comprised of the diagonal elements

of the argument matrix.

2.5.2 Schur Complements and other Nonlinear Problems

First, there shall be a quick review of the idea behind the Schur Complement (as
provided in [44] Appendix A.5.5). Given a linear system of equalities of the form

A B I Ax+By=
= f = x+By=f (49)
C DJ\y g II Cx+Dy=g
where all capital letters denote matrices and all lower case letter denote vectors of

an appropriate size. One can perform iterations of the Gaussian algorithm such that
1 =11-CA"H =D -C(A By = g — C(A™!)f and the system becomes

Codellde
0 D-cAMBJly) |(g-c@ahf

The lower right entry of the new matrix, D — C(A™")B, is called the Schur Complement
of the original matrix. It has many interesting properties of which the following is
of particular interest for SDPs. A symmetric matrix of the form like in (49) is p.s.d
only if its Schur complement and A are p.s.d (given that A is square symmetric and
nonsingular). Now consider the following nonlinear program (an example taken
from [45]):

min (e’
x dlx
subjecttoAx +b >0

(51)
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We assume that the objective function exists and is always positive for all feasible
x, i.e d'x > 0 whenever Ax +b > 0. Again we can linearize the target function by

introducing an extra variable as well as an extra constraint so that we have

mint (52)

t,x
T2
(c"x) <t

dTx
Ax+Db>0.

subject to

The new constraint can be written as t — (c'x)?(d"x)~! > 0, where the left hand side is
a Schur complement. So this constraint is implied by

(d;x ch) .0 (53)

c'x t

as long as d"x is positive, which holds for feasible x by assumption. Thus we see

that (57) can be written as an SDP given by

min ¢ (54)

t,x
ding(Ax+b) 0 O
subject to 0 d'x c¢'x|>0.
0 c’x t

2.5.3 Quadratic Programms and Quadratic constraints
Consider the problem

min (on + bo)T(A()x + b()) — ng — do (55)
subject to (Aix +b) (Aix +b;) —c/x—d; <0 Vi=1,...,m
where A; € R p; € R, x € R" and d; € R. The target function and the left

hand sides of the constraints are convex quadratic functions. First, note that the m

constraints can be written as linear matrix inequalities of the form

I Aix + bi

56
(Aix + bi)T CZTX + dl' B ( )
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In order to linearize the target function, it is simply replaced by t and introduced as
an additional constraint of the form

subject to (Apx + b) (Apx +b) —cix —dy < t (57)

and finally reformulated as

(( I on + bl’ ) > 0. (58)

Agx + bi)T ng + do +t

We then obtain an SDP of the form

min ¢ (59)

t,x

I AOX+b0 >0
(AoX'i‘bo)T ng+d0+t B

I Aix + bi
> 0.
(Aix + b,‘)T CITX + dl'

Note that this is of the standard form, since the two linear matrix inequalities can
be summarized into a single one where the respective matrix has a block diagonal

structure. The ideas presented above are a review from [45].

2.5.4 Second Order Cone Programms (SOCP)

The Material covered here is mainly due to [18]. The unit second order cone (SOC)
is given by the epigraph of the 2-norm function.

ol

where ||x||, = (xTx)%. In R? the graph has the shape of an upright ice-cream cone

xp€ R,xe R x> ||x||2} (60)

that emerges from the origin and is symmetric around the z-axis. Note that a SOC

is a closed convex cone. In a SOCP, the task is to minimize a linear function over a
sS0C™:

minc’x (61)

subject to [[A;x + bil| < diTx +e Yi=1,...,m
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where ¢; € R, ¢,d;,x € R", b; € RE&D and A; € R& DX The constraint is called a
Second-order cone constraint. All points that satisfy the constraint belong to a set,
which is given by the inverse image of the SOC under an affine mapping, i.e.

A; b; .
IAx +bill < dTx +e; = x+| | esock, (62)
! dZT €;

Many different instances of convex programming can be cast as a SOCP, but here the
focus is on the relation between SOCPs and SDPs. Note that

x|l < ¢ (63)
(xTx)% <t
0<t—xTtlx

gives a formulation of the second-order cone constraint that involves a Schur com-

plement. Thus it can be rewritten as a linear matrix inequality:

[HT f) >0 (64)

X
Thus the SOCP can be cast as an SDP of the form

minc’x (65)
X

(dZTX + €1')I Aix + bl'

bject t
subjec °[(A,-x +b)T dlx+e

]20 Vi=1,...,m.

It is worth mentioning that from an SDP point of view this problem can be seen
as a special case of restricting a spectral- or maximum singular value norm of an

affine linear combination of matrices. Such a restriction is given by
A < ¢ (66)

where A(x) = Ag + Y1, x;A; € RP" and t € R". By a similar argument as in the

SOC-case, it can be written as a Linear Matrix Inequality:

tI Ax)
(A(x)T t )Z 0 (67)

Considering t a decision variable, one can formulate the problem of finding the
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smallest spectral norm of A(x) as

min ¢ (68)

t,x

t A(x)) .

subject to
AX)T

2.5.5 Relaxations of some NP-Hard Problems

Consider the nonconvex quadratic problem

min x’ Agx + 2b) x + ¢o (69)
X

subject to x"Aix +2bjx+¢; <0 Vi=1,...,m.

A; are not confined to S., so neither the objective function nor the constraints
are convex, which makes (69) a hard problem. However, one can derive the dual
and introduce an extra variable ¢, which results in an SDP. The Lagrangian of (69) is

given by

L(x,z,t) =t + (xTAox + 2bg X+co—t)+ Z zi(xT Ajx + 2biTx + ¢;) (70)

i=1

[N S R A

which for a given (z,t) € R™*! is bounded below if

(0 t)z(f“ b) | @

1=

Thus, the dual can be cast as an SDP:

max ¢ (72)

Ao b - A bi
bject t >0
subjec O(bo ¢ - t] Z ( b, Ci]

As usual, weak duality holds, i.e. the dual yields a lower bound on the primal prob-
lem. However, since (69) is not a convex problem, strong duality is not guaranteed.
But having a good and easily computed bound on a problem is still useful, e.g. in
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order to evaluate the performance of heuristics or for the implementation of branch
and bound type algorithms.

The MAX-CUT problem is a famous instance, where the relaxation is a special
case of (72). It aims to separate the nodes of a graph into two groups such that the

weight of the arcs across groups is maximized. Formally it is given by

max 31 Zn: Zn: w;i(1 — x;x;) (73)

i=1 j=1
subjecttox; € {-1,1} Vj=1,...,m.

Here w;; denotes the weight on the arc between nodes i and j. x;is 1 if node i belongs

to group one, and —1 otherwise. The objective function can be reformulated into

411 Zn: Zn: wij(1 - xixj) = % Zn: Zn: wij — xT W, (74)

i=1 j=1 i=1 j=1

The first term is now a constant and W is a matrix whose jith entry is given by
wj;. Further the constraint is equivalent to x7 = 1 which can be represented by two
quadratic inequalities. Thus (73) is equivalent to

min x" Wx (75)
subjecttox; <1V j=1,...,n

—x><-1V j=1,...,n

which clearly is a special case of (69) and might be relaxed as an SDP accordingly.
The above example is taken from [40].

2.5.6 S-Lemma and S-Procedure

The above result is a special case of a wider class of problems that are not as easily
dealt with. The basic motivation behind these is the question of when a quadratic
inequality is a consequence of other quadratic inequalities. As an illustration one
could consider the problem of finding the smallest ball that contains a set of k other
ellipsoids (this is an example from [45]). Since ellipsoids may be described as the

sub level sets of quadratic functions, we may define the respective sets as

&i = {x|fi(x) = xTApx + 2bix + ¢; < 0} (76)
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If the ellipsoid that is to be minimized is described by
E = {xlfi(x) = x"x — 2x"x + y < 0}, (77)

then we want to find a condition that is equivalent to
xe& Vi=1,... . k=>xeé&. (78)

Such a condition can be obtained from the so called S—Ilemma, a detailed discussion
of which can be found in [47]. We present here a corollary which can be found in [37]
(chapter 9.3)

Lemma 2.5.6: Let

fi(x) = xTAix + ZbiTx +c¢ 1=0,1,...,p (79)
be quadratic function of x € R". Then,
filx)>0,i=1,...,p= fo(x) >0 (80)

if there exist 7; > 0 such that

A() bo & Ai bi
- ) T > 0. 81
[ o2l >
If p = 1, then the converse also holds as long as Jx, s.t. f1(x) > 0.

This way of obtaining constraints is often referred to as S-Procedure. For the above

example, we can thus formulate constraints, which guarantee that the minimized

ball contains all the ellipsoids by applying that very procedure, thus obtaining
I —Xc F Ai bi <0 )
BPN B ML /i EL (2)

2.5.7 Sufficient Conditions for Positive Polynomials

For any polynomial of the form g(x) = }.,_, y.x", one could ask for the conditions
on the coefficients y, € R such that the polynomial stays non negative on a given
domain. It turns out that such conditions can be stated in terms of linear and positive
semidefinite constraints. These are due to [20] and since they will be very useful in
later chapters, their results will presented in the following. The interested reader

may refer to the source literature for the proofs. [16] found some minor mistakes in
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the original version the paper from 1999, which was later revised. What follows is
the corrected version:

Proposition 2.5.7

(a) The polynomial g(x) = Y2, y,x" satisfies g(x) > 0 for all x € R if and only if there
exists a p.s.d. matrix X € REDXED X = [x;]; .,k such that

Y, Y xj Vr=0,...,2 (83)

i,jii+j=r

X = 0.

(b) The polynomial g(x) = Zf o ¥rx" satisfies g(x) > O for all x > 0 if and only if
there exists a p.s.d. matrix X € REDXED X = [x;]; o, such that

0 = Z xi; Vl=1,...,k (84)
i ji+j=21-1

v = Z Xl',]' Vl:O,...,k
i ji+j=2l

X > 0.

(c) The polynomial g(x) = Z’; o Y-X" satisfies g(x) > 0 for all x € [0, a) if and only if
there exists a p.s.d. matrix X € REDXED X = [x;;]; i, such that

0 = Z xij VI=1,...,k (85)
i,ji+j=21-1
)
Zyr(l—i’) = Z xl',]‘ VlZO,...,k
r=0 i,jii+j=21
X = 0.

(d) The polynomial g(x) = Y'*_, y,x" satisfies g(x) > 0 for all x € [a, ) if and only
if there exists a p.s.d. matrix X € REDED X = [x,]; ..k, such that

.....

0 = Z xij VI=1,...,k (86)
i ji+j=21-1
£ r
Zyr(l)ar_l = Z xi,]‘ VZIO,...,k
r=I iji+j=21
X > 0.

(e) The polynomial g(x) = er(:o y,x" satisfies g(x) > 0 for all x € (=00, a] if and only
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.....

0 = Z x; Vl=1,...,k (87)
i,jii+j=21-1
k
(—1)lZyr(;)ar_l = Z xij VI=0,...,k
r=0 i, jii+j=21
X > 0.

(f) The polynomial g(x) = er(:o y,X" satisties g(x) > 0 for all x € [a, b] if and only if
there exists a p.s.d. matrix X € REDXED X = [x;]; . 4, such that

0 = Z xij VI=1,...k (88)
i, jui+j=21-1
L kel N
Z yr(l)(l—m)a o= Z xij ¥1=0,...k
m=0 r=m i,jii+j=21
X = 0.

3 Asset Pricing Approaches using Conic and Semidefi-
nite Optimization

One of the most important areas of research in finance is the problem of pricing
a security, whose payoff lies in the future, which is a especially hard task if that
payoff is uncertain. The following chapter will provide some insight in how SDPs
are helpful in such an endeavor.

3.1 Arbitrage Pricing Theory: Recovering Risk Neutral Probability
Measures ("RNPM”) from Option Prices

In this chapter we will review the results by [25]. Before the actual problem is intro-
duced, the basic ideas behind the arbitrage pricing theory will be briefly revisited,
albeit in a sketchy way. The interested reader may refer to [49] or [42] for a more
detailed discussion.

3.1.1 Arbitrage Pricing : Basic Theory

Consider a one period model of an economy (i.e. the set of points in time is given by
t € T ={0,1}) endowed with a risk free rate r. Lets € S = {1,...,m} denote a set of
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possible states of the economy at t=1. Further assume that there are m fundamental
assets with indices i = 1,...,m, each costing q; at t = 0 and paying X® at t = 1 if the
economy is in state s. The respective vector of payoffs of asset i is denoted by X;,and
the vector of prices as q. The matrix whose entry in the i-th column and the j-th row
gives Xl] is denoted as X € R™". Further assume all X; to be linearly independent,

i.e. X has full column rank. Then one can always find a vector b; € R™ such that
Xb; = X4 (89)

with j > 0 where X,,,; is the payoff-vector of an arbitrary, non-fundamental asset.
Thus any non-fundamental assets payoff can be generated as a linear combination
of the payoffs of the fundamental ones, which is called a replicating portfolio.The
price of such an asset can then be inferred via the price of the replicating portfolio
Gmrj = b]Tq. However, another way to price such an asset is as follows. Find a vector
1 € R™ such that

X't =q(1 +7). (90)
The price of any asset is then given by
X].Tn =q;(1+7). (91)

This already bears some resemblance to a discounted expected value, where the
entries 7, of the vector m play the role of quasi probabilities for the states of the
economy. But under the conditions introduced so far, there is no guarantee that
0 <my; <1V s eSS Thus, we are looking for conditions for the existence of a
probability measure under which the price of an asset is equal to its expected payoff.
Such a probability measure is called a Martingale Measure or Risk Neutral Probability
Measure. It exists and is uniquely implied by (90) if there is no b; such that b]Tq <0
and Xb; > 0, which is the condition that the market is free of arbitrage opportunities.
This gives rise to the first fundamental theorem of asset pricing.

Theorem 3.1.3.: Given a discrete and complete market that is arbitrage free, there
exists a unique probability measure f(x) on a probability space (S,¥,f(x)) such that
qi=1= Y f (5)X:, i.e. that is a martingale measure.

These basic ideas can be transfered to the continuous case where S = [a,b] and f(x)
is a density function. The prices are then given by

1 S
5=157 j; f(s)X: ds. (92)
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In this case the no-arbitrage-condition has to be tightened, such that market returns

of assets follow a Brownian motion.

3.1.2 Model for Recovering the RNPM

The question potentially raised is how one can recreate the RNPM by observing mar-
ket data. Of course this would by useful since we could price any asset accordingly,
as soon as we know its value in any given state. But at first glance this seems like a
hopeless endeavor, since the number of possible states is now infinite, and we can
only observe a finite number of prices. However, [25] gave a sensible solution to this
problem using cubic splines.

The idea is to recreate the density function f : [4,b] — R first using estimates
for f(x;) on a set of points {x;},i = 1,...,m + 1, where x; = a and x,,41 = b, and then
filling the gaps with appropriate polynomial functions. A spline in this regard is
a piecewise polynomial approximation f(x) to f, such that they are identical at the
nodes x;, i.e. f (xi) = f(x;). Here cubic splines are of specific interest, i.e. splines
where the respective polynomials are of the form ﬁ(x) = a;x° + Bix? + y;x + 6;. Further
the spline function as a whole has to fulfill the requirement that its second derivative
exists at each node, as to ensure the smoothness of f (x). Given m + 1 nodes, we
have m intervals for which the respective polynomials have to meet the following

4m conditions:

fo)=f) i=1,...,m and fo(Xpe1) = f(Xmar) (93)
f;_l(xi) =filx;) i=2,...,m
fli)=flx) i=2,...,m
) =) i=2,...,m

V(1) = fl (Xma1) = 0.

The last condition leads to a so called natural spline, and ensures that their is no
curvature at the tails of the density function. Each of the m partial functions f;(x)
bring along unknown parameters a;, ;y;, 6;. The aim is to set their values in a
way such that the resulting density function f;(x) implies option prices for a chosen
security that are as close as possible to observed option prices. To this end we chose
an arbitrary security and identify the state space S in terms of possible future prices

of that security, i.e. s € S = [a, b] contain the future prices of the stock. Option prices
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on the chosen security in the arbitrage pricing framework are given by

K

f f(s)(s = K)"ds (94)

1+7
?fu f(s)(K —s)"ds

where Cg, Px € R are the call and put prices, respectively, and K € ‘R is the strike
price. If Cx and Py are the put and call prices, respectively, according to f(x), then

the objective is to minimize

Y (Cx = C)? + (P = P?, (95)

KeK

i.e. the squared difference between the actual option price and its theoretical coun-
terpart (K is the set of strike prices which is chosen conveniently). The former are
easily obtained from market data and their respective strike prices will serve as
nodes such that we have x; € K with x; = a,x,,,1 = b and x; < x;;1. The latter can be

computed as follows:

1+ Cx f f(s)(s — K)*ds (96)

a

xH—l

= Zm: (s)(s — K)"ds
=1

i Xi

' [ fos - Kd

f (a;s> + Bis® + yis + 0;)(s — K)ds

i=j+1
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b
(1+7rPx = f(s)(K = s)*ds (97)

fx”l (5)(K — s)*ds

f - (5)(K — s)ds
j

= fl (a;s® + Bis* + yis + 6;)(K — s)ds

i=1

Il
)L £M3 N

M

_

where x; = min;{x;lx; > K}. Note that these expressions are linear in the parameters
of the spline function which are our decision variables. So far we have ensured that
f(x) is a natural cubic spline, with the desired properties of matching the real density
function at the nodes, and implying the observed option prices as close as possible.
For it to be a proper density function its integral over S has to equal one and it must

be non-negative.The first requirement is easily enforced via

Zm: fx“ f(s)ds =1. (98)
i=1 %

The second is much harder and requires some additional theory, which is already
discussed in chapter 2.5.7. However, for the sake of self-containment of this chapter,
the result in question is stated again one more.

Theorem 3.1.3.b: The polynomial g(x) = Y, y,x" satisfies g(x) > 0 for all x € [a, b] if
and only if there exists a positive semidefinite matrix X = [x;;]; j,..x such that

Z xj = 0, Vl=1,...,k (99)
i,jii+j=21-1
I k+m+l k—
DMEIEDY y(;’;)(l ) n:)af—'“bm VI=0,...k
i,jii+j=21 m=0 r=m
X >0.

For the case of a third degree polynomial, the following corollary can be stated:
Corollary 3.1.3.b: The polynomial f,(x) = a,x® + 3% + y,x + 5, satisfies f,(x) > 0
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Xl = 0, if i+je(L5) (100)
Xgg + X), + X5 + 23 = 0
Xog = agXy + P+ yax, + 6,
X, +al +ad = 3aqx§xq+1 + By(2xXg11 + x?) + 4(Xga1 + 2%,) + 36,
Xy +a, + 25 = Bagxgxl )+ B(2xxgn +x0,) + (X + 2x51) + 30,
Xig = QgXp, F eXi + VeXpa + 0
XT>0.

Now that we have a found sufficient condition for a polynomial to be positive
we can state the whole problem. Note that if we choose to represent the 4m decision
variables as a 4m dimensional vector y, we can find appropriate vectorsc, f;, g1 € R*",
and matrices Q € R4 and H! € R** such that the model can be represented as

min 'y + %yTQy (101)

XL, Xm

subjecttofly = b VY i=1,...,4m
HZ-X" 0 Vk=1,2¢g=1,...,m
(gh'y +H] e X1 0 Vk=3456q=1,...,m
X > 0 Vg=1,...,m.

Since the objective function is quadratic and convex, it can be turned into a linear

matrix inequality constraint such that the problem becomes an SDP.

3.2 Option Pricing

In this section we start out by briefly discussing the famous result of [27] and [7]
as well as its shortcomings. Next we review the work of [16] as an alternative
framework for finding tight upper and lower bounds for the price of options based
on SDPs. Additionally, an outlook on other applications of similar sort is provided
at the end of the second part of this chapter.

3.2.1 Merton-Black-Scholes Model (MBSM)

The MBSM in its basic form is a closed formula solution to the problem of finding the
price of a European call or put. What follows is an abbreviated version of the very

comprehensive derivation of the formula given in [42]. The basic idea is to find the
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replicating portfolio, comprised of a stock and the risk free asset that yields the same
payoff as the option that is to be priced, and to price the option accordingly, given
that the market is arbitrage free. The concept has been presented above (chapter
3.1.1), where the generic case of an arbitrary asset in a one period economy was
considered. The idea similarly extends into the multi period case. When pricing
an option which pays off only in the last period, the replicating portfolio has to be
adjusted in every period such that its payoff mimics the payoff of the option in the
last period, but is zero in every other period. Let’s further specify the model in a
way where at every point in time t € 7 = {1,... T} the economy is in one of two
states s € S = {up, down} and there are only two assets, one of which earns the risk
free rate r; in every period, while the other’s value at time t is S; = S;_; * u if at that
point in time the economy is in the up state and S; = S,_; * d otherwise. Coefficients
u and d are set such that u > 1 and 0 < d < 1. Then at any point in time the risk
neutral probability of the “up”-state is given by

1+1’f—d

— (102)

For a call option which is exercised at t = T at which point it pays off (St — K, 0), (K
being its strike price), we can find its price by calculating the expected value of its

replicating portfolio consisting of the riskless and the risky asset as

T

1 T
Co= WZ(k)qm — Sl d™ — K0, (103)

k=0

where k is the number of states where the payoff of the option is non zero. Note that
for K = 0 (103) gives a valuation of the risky asset as the discounted expected payoff
in period T under the martingale measure which we can denote as

So = ¢ 7"E[Sr] where S = Soufd™* (104)

where we now introduce continuous compounded discounting ( r’} =1In(1+7r) and

7 = T — t) which allows us to identify the continuous rate of the risky assets price

7s =1In (2—2)

development as

kIn(u) + TIn(d) — kIn(d) (105)

Tln(d) + 1n(%)12.
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Note that k is a binomially distributed random variable which converges to a nor-
mally distributed one as T — oo. Further, since 7 is a linear combination of k, it
also becomes normally distributed, where the mean is given by 7 and the variance

given by 702. Here usand o, denote the one period moments of 7;. We can thus state
Sr=Spe” thus [E[Sr] = Spe™ 2%, (106)

Since in the arbitrage free framework every asset is expected to earn the risk free

rate, we y;, has to fulfill

X * 1
riT= T 5057, (107)

and the respective mean and the resulting rate of return of the risky asset shall be
marked with an asterisk. If f(r;) denotes the density of the normally distributed
return, then the price of a call is given by

Co=e /" f F(r)(Soe” = K, 0),dr’. (108)
The maximum function at the end is only greater than zero if

See"—K > 0 (109)
o> ln(ﬁ)
s = SO

such that (108) can be written as

K
So S0

Co = Soe 7" f ¢ f(rdr; —Ke '™ | f(r)dr (110)
In K

Solving the integral (a difficult task which is spared here) finally yields the famous

formula

In (%) + T + 05T ln(%) + Wyt

0sT

w1 2«
Co = Soe”s“% rfN

0sT

] —Ke'''N

] (111)

where N(.) is the c.d.f of the standard normal distribution.
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3.2.2 Tight Bounds for Option Prices via an SDP-Approach

As any model, the MBSM rests on assumptions, some of which might be too re-
strictive, in order for it to accurately describe reality. One of the most restrictive
assumptions of the model is that the underlying stock prices follow geometric Brow-
nian Motion. Of course this hampers the reliability of the model, leading to what is
called a pricing bias. As a consequence many alternative approaches were pursued,
some of which rely on mathematical programming (see for example [35] [43] [33]).
We will focus here on the work of [20](the original version dates back to 1999) which
was later expanded upon in [16]. Their approach aims to find tight upper and lower
bounds on option prices, given only the first n moments of the RNPM. We start out
by stating the problem in its basic form. Let T € N be the exercise date and K € R
the strike price of an option. The price of the underlying at any point in time t € Nis
givenby S; € R. Further ry is the risk free rate and we use continuous compounding
for discounting. Finally the RNPM is denoted by f(Sr). Hence the price of a call at

time ¢ is given by
C=e ™ [ (57 =K. f(Sdsr. (112)
0

The idea now is to find the density function f(Sr) with known moments q; € ‘R,
j=1,...,n which imply the highest and the lowest option price, respectively, i.e.

max E_r(T_t)f (ST —K)+f(ST)dST (113)
f(S1) 0

subject toe /"0 f SLf(Sr)dSr
0
f(S7)

L]]‘ Vj:O,l,...,n

v
(a)

and

min e f (St — K), f(S1)dSt (114)
f(S1) 0

subject to e /"7 f S]‘Tf(ST)dST = q; ¥j=01,...,n
0
f(Sr) = 0.
Both of these problems can be viewed as linear programs with an infinite number

of variables f(St). Therefore their duals may be obtained via the usual procedure.
We will contract notation in that we define x = ¢T=9S, which allows us to write the
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duals as
min Vi 115
y ZO] 91y (115)
subject to Z Xy, > (x—eTPK), VxeR,
i=0

and

; 116
m;X;qyl (116)

subject to Z Xy, < (x—eTIK), VxeR,.
i=0
In what follows we will use the results from [20] as discussed in chapter 2.5.7.
These propositions allow us to formulate two problems that are equivalent to the
upper bound problem. The first is given by

min ) yig; (117)
i=0
subject to Z xij = 0 Vli=1,...,n
i, juit j=21-1
b= Y % = 0 =0,
i jit =2l
Y, zij = 0Vi=1,...n
i, jii+ j=21-1
yo—zo0 = —¢"IK
Y1 — Z zij = 1
i jiitj=2
yi— Y, oz o= 0VI=2..,n
i, jiitj=21
Z,X = 0.

To see that these constraints are equivalent to those in (115), observe that the feasible
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region described in that problem can be represented as

Z yx’ >0, Vx>0 (118)

r=0

(Yo + e TIK) + (g — Dx + Z Y’ >0, Vx> 0.

r=2

Following proposition 2.5.7 b), these constraints can be replaced by those stated

above. Another way to describe the feasible set in (115) is given by

Z yx’ >0, Vxel0,eTIK) (119)
r=0

(yo + e TIK) + (3 — Dx + Z y,x' >0, Vxe[e"TIK, o).

r=2

According to Proposition 2.5.7 ¢) and d), these can also be represented by semidef-
inite constraints such that another version of the problem is given by

h=0
subject to Z xij = 0 Vli=1,...,n
i i+ j=21-1
: n—nh
), % = th(l h)(e_r(T_”K)h VI=0,1,...,n
i,ji+j=21 h=0 N
zii = 0 Vi=1,...,n
i, jiij=21-1
Zop = (e T IKYy,
h=0
n
Z zij = —1+Zh(e_r(T_t)K)(h_1)yh
i,ji+j=2 h=1
= (h
i, joi+j=21 =l
X/Z E O.

Solving any of these problems yields the optimal bound, yet there might be
computational differences due to the formulations. However, the source literature
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states nothing about which of the two formulations is advantageous. We proceed in
deriving a similar reformulation for the lower bound problem (117). Again, we can

observe that the respective feasible region is given by

- Z yx >0, Vxe[0,e"TIK) (121)
r=0

~(yo + e TIK) — (y; — 1)x — Z yx" 20, Vxe[e"TIK, o).

r=2

Using Proposition 2.5.7 ¢) and d), we can thus formulate the lower bound problem

as

max ) iy (122)
h=0

subject to Z xiji = 0 Vli=1,...,n
i, jii+j=21-1

i,jii+j=21-1

Y (TR Y+ 20 = 0
h=0

Zh(e_r(T_t)K)(h_l)yh'i‘ Z Zij = 1
h=1

i, jiitj=2
- h —r(T—t)K (h-1) _ V] =2
Z l(e "y + Z zij = 0 =2,...,1n
h=1 i,jii+j=21
X,Z = 0.

All of the problems given above are SDPs, and might be solved by standard
algorithms. The authors of [16] argue that their approach could potentially also be
used to price more complicated exotic options. But despite some research, we have
not found any publication that deals with this particular problem of pricing exotic
options using the framework presented above. This might be due to the fact that
other authors have proposed more advanced techniques to address this issue. [28] for
example have developed SDP-Relaxations for pricing a class of exotic options such
as Asian and barrier options modeling the underlying assets price by a Brownian

motion and a number of mean reverting processes. However, [21] generalized the
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ideas above in order to formulate SDP-Relaxations for the Multi-Asset Options (i.e.

options where there is more than one underlying asset).

4 Sparse Principal Component Analysis: SDP-Relaxations

and Application

Assume one has a data set in matrix form, where the rows represent observations
and the columns represent different variables. In case the number of variables is very
extensive, one might want to combine those that are highly correlated into artificial
variables, which still account for most of the variance in the data while being easily
interpreted. This is achieved via Principal Component Analysis (PCA), which was
turther developed into Sparse Principal Component Analysis (SPCA), which will be
the centre of attention in this section. Specifically we will review the results by [12]
and [10]. Still there will be a brief discussion on the former, again for the sake of the
self containment of this text. The main source for this discussion within this paper
is [52].

4.1 Standard Principal Component Analysis

Again, now more formally, assume a data matrix X € R™* that is comprised of n
observations for which k variables were recorded. The seminal idea is to find vectors
a; € R¥ such that the vectors z; = Xa; € R" give a new matrix Z = (z1,2a,...,Zm)
with m < k. This has to happen in way, such that Z can be seen as a new data
matrix with fewer variables that might be more easily interpreted, and that conveys
a similar amount of information as did X. In other words, we want to project X onto
z;, such that as much of the variance as possible is preserved. z; is accordingly called
a Principal Component of X. Let’s assume for now that every value in X has been
standardized and centered and that X; are ordered by decreasing variances. Next
we want to chose a; such that

1v 1 1
Var(z)) = — Y zi= ~lziIP = —a X Xa, (123)
i=1

are maximized. Note that ¥ = 1X"X is the empirical Covariance matrix of X. The
maximization of course can be simply achieved by making |a;| arbitrarily big. This

option has to be ruled out with an appropriate constraint. The problem can thus be
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stated as

max a]TZa j (124)

subjecttollajll2 = 1

i.e. to find the vector of unit length that maximizes the variance of the projection on
the component. By stating the Lagrangian function L(x, A;) = a].TZaj - A j(ujraj -1),
taking the derivative and setting it to zero, one finds the optimality condition to be

le]' = /\]‘11]‘. (125)

Thus a; are eigenvectors of X, and A; are the respective eigenvalues. Under the
conditions introduced so far, A; is the biggest eigenvalue, and we further express
this fact by giving it as well as the respective eigenvector and the resulting principal
component the index j = 1. So far we have found that the optimal coefficients for
generating z; from X are given by the elements of 4;, which are also called loadings.
Yet one can capture the remaining variance in a second principal component z, which
is obtained in a similar procedure, with the addition of an extra constraint in the

optimization program.

max a]TZa i (126)
subject to ||a]»||2 =1 (127)
aja; = 0 (128)

The orthogonality condition provides that the correlation between the two principal
components is zero, which implies that they cover different portions of the overall
variance in the data. Again, we find 4, to be the eigenvector of £ which has the
second largest eigenvalue A,. Applying this procedure consecutively yields all
eigenvectors of X in order of their eigenvalues, where their respective principal
components capture decreasing amounts of the variance in the data. Of course, all
principal components together result in Z’;zl Var(z;) = Z’;zl Var(x;), butif the leading
principal components have a significant contribution, one can ignore the other and
thus gain a reduction of complexity. Nicely, the size of the eigenvalue gives an

indication of the importance of the respective principal component. To see this,
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observe that
Var(zj) = a;Xa; = A (129)

thus

Aj

A1+"'+Ak (130)

gives a measure of the percentage of variance, captured by the j-th principal com-
ponent, and one simply has to choose m < k such that

YA
k
Z]‘:l Aj

(131)

becomes reasonably big, which might vary depending on the specific application.
We skip a further discussion on the topic of determining the appropriate number of
components and turn to another issue that, as we will see, is a domain where SDPs
come in as very helpful.

4.2 Sparse Principal Component Analysis: Two SDP-Relaxation
Approaches

In general, factor loadings (i.e. the entries of a;) will be nonzero, making the prin-
cipal components linear combinations of all original variables, which might be an
undesirable effect, since it hampers interpretability of the principal components.
This is the very problem tackled in the so called Sparse Principal Component Anal-
ysis. The aim is simply to find sparse factor loadings, while still keeping the goal
of maximizing the variance of the principal component. Obviously it is not enough
to simply find the ordered eigenvalues along with the associated eigenvectors, since
a choice has to be made as to which original variable should be excluded from a
certain component. Rather, the task becomes a combinatorial problem, which can
be shown as NP-hard. [12] and [10] however have shown that there are powerful

relaxations of the problem, which we will revisit in the following.

46



4.2.1 SDP-Relaxation based on the cardinality constrained Eigenvalue Problem

In the following we discuss the results due to [12]. The problem of SPCA can be
stated as

max a;Xa; — pCard(a;) (132)
aj

subject to llajl| <1

where p > 0 is a parameter that gives a penalty for an increase of Card(a;) which
is a function that returns the cardinality of a vector, i.e. the number of its nonzero
elements. This problem is related to
max a;Xa; (133)
4
subject to llajl| =1
Card(a;) < k

which is the Cardinality constrained maximum eigenvalue problem. We find that a

dual of (133) is given by

inf sup (a]TZaj — pCard(a;) + pk) (134)

PEP ajl<1

which by weak duality, gives an upper bound on its optimal value. This in turn
implies that an optimizer a* for (132) is also globally optimal for (133) with k =
Card(a"), given that P is the set of all values for p, which leads to sparse loadings of
cardinality k. Thus we turn our attention to (133) and find the semidefinite relaxation
to be

max X e X (135)
subject to Tr(X) 1
Card(X) < K
Rank(X) 1
X 0.

\'%

This is achieved by noting that a].TZa]- =Tr(Xa /-a]T) =Y eXand |laj|| = \/ﬁ = \/’m
To insure that X is of the form X = aja]T it has to be p.s.d. and of rank one. Further
Card(xx") = Card(x)>. (135) is still a hard problem due to the constraints on the
rank and the cardinality, which are non-convex. To resolve this problem, note that
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x'1 = x'1; if 1 is a vector of ones and 1; is suitable vector of k ones and n — k zeros.
Obviously, Card(x) = Card(1;) which we set equal to k for convenience. The Cauchy-

Schwarz Inequality then implies that x'1 = x'1; < VaTx 11 = Vxlx Vk. Thus if
Card(x) = k, X = xx' and Tr(X) = 1 we can show that it is implied that

x'1 < VaTx Vi = Tr(X) Vk = Vk (136)
(x"1)(x'1) <k
17X1 < k.

Thus we can substitute the cardinality constraint with the weaker but linear con-
straint obtained above. The rank constraint is simply dropped to finally formulate
the relaxed problem

max Y. e X (137)
subjecttoTr(X) = 1
1'X1 < k
X =0

which is an SDP. In the original paper by [12], an even stronger constraint is intro-
duced by turning the third constraint into1”|X|1 < k, where |X| denotes the matrix
whose entries are the absolute values of X. The weaker version was chosen for the
purposes of this text, since is yields an SDP in standard form, which is handled easily
with the algorithms presented in previous chapters. The stronger version requires
a more specific algorithm, which the interested reader may study from the primary
source. In any case, it is obvious that the optimizer will not always be of rank
one. To obtain an approximate solution, one has to truncate the optimizer and keep
only its dominant eigenvector (i.e. whose corresponding eigenvalue is the largest in
magnitude). [12] argue that their approach usually yields solutions X* that have a
rank near one, and that the respective dominant eigenvector 4’ is indeed sparse. In

order to derive further sparse loadings, one has to deflate X as to obtain
Z]'+1 = Z] — (a]TZ]a])aja]T, (138)

thus removing the respective eigenvector and eigenvalue pair from the current it-
erate. The so generated matrix is the new iterate for further computation. The
natural question again is when to stop the decomposition process. Of course, as in

the standard case there might be qualitative reasoning depending on the application
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in question, but unlike the standard case there is no natural barrier in the form of
Rank(X;) becoming zero eventually. There is no guarantee that the decomposition
procedure above will ever stop finding eigenvectors whose corresponding eigenval-
ues are unequal to zero. [12] found a meaningful interpretation of their procedure
that may guide a reasonable stopping criterion. One can transform (137) into a
model where the relaxed cardinality constrained is enforced via a penalty

max X e X — p17X1 (139)
subjecttoTr(X) = 1
X =0

where again p is a parameter controlling sparsity. This problem can be rewritten as

max m&n Tr(X(Z + U)) (140)
subject toTr(X) = 1
Uil < p
X =0
which is equivalent to
m&n AMHE + U) (141)
Uil < p.

This can be interpreted as a worst-case maximum eigenvalue computation of the
matrix X of which each component is subject to noise bounded by p. Note that once
problem (137) has been solved, p can easily be obtained from the Lagrange multiplier
associated with the relaxed cardinality constraint. This interpretation however gives
rise to the following stopping criterion for the decomposition process. If the absolute
values of all coefficients at an iterate X; are smaller than the noise level p (obtained
from the last problem calculated), then the iterate is indistinguishable from the zero

matrix and the process has to come to an end.

4.2.2 SDP-Relaxation based on a convex Restriction

Another approach is attributable to [10]. They again start with (132), and show that
the optimal solutionis a; = 0if p > 1. To see this, recall that a].TZa]T < Tn(Xity I@a))il)?
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and (XiL, [(a))i)* < |lajl*Card(a;) which implies that

max a].TZaj — pCard(aj) < (£ — p)Card(a;) < 0. (142)

llajll<1

Thus we turn to the opposite case. Here the inequality a; > 1 is tight and one can

represent the sparsity pattern of a; by a vector u € {0,1}". (132) can thus be cast as

maxjg, <1 4;Xa; — pCard(a)) (143)
= maXxyeo1 Amax(Diag(u)ZDiag(u)) — p1Tu
= maXye(o1)r Amax(Diag(u)STSDiag(u)) — p1Tu
= maXx,e(o,1) Amax(SDiag(u)ST) — p1Tu
= maX|y=1 MaXye1)r X' SDiag(u)STx — p1Tu
= MaXjq-1 MaXueo,1y Licy Ui((5]%) = p)

= maXjx||=1 Z?:l((SiTx) — P+

Here we used the facts that Diag(u)*> = Diag(u) for u € {0,1}", that A,,,(B'B) =
Amax(BBT) and that maxqe(o1) fv = B+ where B, = max(B, 0). By the same argument as
before we can restate this above problem in terms of X = xx7, i.e.

max }_((s7Xs) = p)- (144)
i=1
subjecttoTr(X) = 1
Rank(X) = 1
X = 0.

Note that since both the objective function and the elliptope A, = {X > 0 : Tr(X) = 1}
are convex, the solution must be an extreme point of A,, which are of rank one
anyway.Thus the rank constraint can be dropped. The problem is still hard since
the convex function is maximized. [10] however show that on the rank one elements
of A,, the objective function equals a concave function of X which gives rise to
semidefinite relaxation.

Theorem 4.2.2.: Let S € R™", p > 0 and denote by sy,...,s, € R" the columns of A,
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then an upper bound on (144) can be computed by solving

maxZ((x%BiX%))+ (145)
i=1
subjecttoTr(X) = 1
X > 0

in the variables X € S, where B; = sl-sf - pL, or also

max Z Te(P:B;) (146)
i=1
subject toTr(X) = 1
X = P
P, > 0

which is an SDP in the variables X, P; € S'}.
The proof can be found in [10]. The optimal value of (146) is of course always
greater or equal to its counterpart for the un-relaxed problem. But if the optimizer

X is of rank one, then the optimal values of both are the same.

4.3 Applications of SPCA in Finance

PCA is useful for analysts who are trying to find out how a plethora of underlying
fundamentals drives asset prices. An example for such an analysis is given by [8].
The author shows that local and global variables that explain returns in emerging
stock markets are summarized by GDD, inflation, money and interest rates (local
factors) as well as by world industrial production and world inflation (global factors).
These categories were obtained using PCA on a wide variety of variables. SPCA
could potentially facilitate these kinds of analysis, allowing for even more variables
that could be summarized in a meaningful way. Another example for such an
endeavor is given in [11], where the historical daily returns of S&P stocks (N = 472)
over a five year period were investigated. The authors showed that if one wishes to
represent 90% of the overall variance with the first sparse principal component, one
needs almost 300 out of 472 stocks to do so. When they inspected the first principal
components for increasing cardinality, they found that initially only stocks from
“Financials” are incorporated, while stocks from other sectors start to appear only
later at cardinality 32. They thus set the cardinality of the first principal component
to 32 and proceeded to the second one, using the same guideline, which eventually
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leads them to a cardinality of 26 for the second principal component. They observe
that it mainly incorporates stocks from the “Energy” and the "Materials” sector.
Further they find that there is a positive correlation between the first and the second
principal component. Void of any theoretical background, it is hard to give an
interpretation of such results. But nonetheless it illustrates the usefulness of SPCA
for data analysis, especially considering that none of the phenomena described above
were observed when standard PCA was applied.

Another way to utilize the SPCA in a finance context is portfolio hedging. Given
a portfolio of assets with known covariance matrix, instead of hedging across all
components of the portfolio, one could hedge only with respect to the most important
factors. If this is done using SPCA, one could greatly reduce the number of assets

necessary for the hedge, thus minimizing transaction costs.

5 Portfolio selection under data certainty

5.1 Classical Portfolio Theory

The Problem of selecting financial securities from a given set of existing titels was first
famously explored in [19] (a very detailed introduction and discussion of the theory
can be found in [50]). The decisive measure the theory relies on is the one-period-
return of a security which is modeled as a random variable. The random vector of
returns is jointly normal and given by » ~ N, (u, X), where first and second moments
are assumed to be known. X in this regard is also referred to as the risk model. The
variance of the return of a title or a portfolio is the only measure of riskiness in this
framework. By combining securities into a portfolio, one can diversify this risk due
to the covariance structure of the risk model. Portfolios are selected according to the
u — o—criteria, where portfolios with high expected returns and low risk dominate
portfolios with low expected returns and high risk. The decision variable then is the
vector of weights x € R" of the n securities in the optimized portfolio. Investors wish
either to minimize the portfolio risk o, = x"Zx while targeting a certain expected
portfolio return y, = x"y, or to maximize that return for a given target risk. The

respective optimization problems are given by

min, 1x7Xx max, xT i
subject tox” i = lyargr and subject tox"EXx = o2, get (147)
x1=1 x1=1
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where 1 € R” is a vector of ones.Since both are quadratic or quadratically con-
strained, respectively, they could in principle be cast as SDPs, while in practice there
would be no benefit for doing so.

The model was later expanded upon in [22], where a risk-less asset was intro-
duced. It yields the risk free return r¢, and can be combined with any risky portfolio,
one of which has it that its combinations with 7 dominate combinations of r¢ with
any other risky portfolio. Thus the choice of the optimal bundle of assets is separable
into identifying this dominant risky portfolio, and afterwards choosing a combina-
tion of that risky portfolio with . The respective optimization problem can be cast
as

min, 1x7YXx maxx’p + (1 - xT1)ry

2
target

148
subject tox"u + (1 — xT1)rf = e and subjecttox’Lx = o (148)
) H f = Htarg )

where (1-x"1) gives the share of the risk free asset in the portfolio. Obviously, any of
the cases discussed so far give instances of quadratic programming, since either the
objective function is quadratic while the constraints are linear or vice versa. Thus one
could in principle apply SDP-tools in order to solve these problems, but this is hardly
of practical significance. However, classical portfolio theory gives the foundation
for more advanced methods that will be of greater interest for the purpose of this
text.

5.2 Tracking error

In practice, portfolio managers are often confronted with the task of “beating a
benchmark”. This might be a stock index, or another fonds portfolio, whose return
should be outperformed by the return of the actively managed portfolio. That is to

maximize
g — rTx = 1 (xpm — x) (149)

where xp) € R" is the vector of weights of the securities in the benchmark portfolio,
while x € R" is the vector of weights in the portfolio that is be optimized. In order
to assess whether the achieved excess return is in line with the risk undertaken, it
is common use to measure the Tracking Error Volatility (TEV), i.e. the volatility of

excess returns,

TE := J(x — xpp0)TZ(x — Xpp1), (150)
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and to demand that a certain level of TE not be exceeded. Thus the overall problem

can be stated as

max u" (xpy — x) (151)

subject to (x — xpm)  Z(x — xpm) < (TE)%.

The inequality is quadratic, and by X > 0 also convex, thus it can be stated in terms
of linear matrix inequality. To this end, note that 3R : © = R'R thus

(x — xm) ' RTR(x — xpum) < (TE)?

0 < (TE) — (x — xgm)" R"(TE)"'R(x — xpm)
(TE) R(x — xpm) >0

(x — xgm) "RT TE T

The problem was first considered by [39] and further analyzed by [34], where
the author points out that a portfolio strategy that is purely driven by the emphasis
of beating the benchmark is likely to result in the creation of portfolios that have
systematically high risk. This is especially the case if the manager to whom the
task is delegated is exclusively rewarded for outperforming the benchmark. In light
of classical portfolio theory, the target even seems nonsensical, since there is no
guarantee that the benchmark portfolio is efficient (with respect to the u — o-criteria),
or if it is even possible to create a tracking portfolio that is itself efficient. However,

due to its relevance in practice, it is a model worth mentioning.

5.3 SDP-Relaxation for Portfolio Selection with Higher Order Mo-

ments

In this chapter we review the results by [55]. They seek to overcome one of the
shortcomings of the classical portfolio selection framework in that higher moments
of the returns distribution are incorporated in the model. Hence, besides mean and
variance, skewness and the kurtosis are taken into account. However, transaction
costs are not accounted for, and shortselling is forbidden. The vector of returns is
givenby R = (4, ...,7,)T and there is a risk-less asset that yields return r . The vector

of the respective means is denoted u = (y4,..., pn)T. The covariance, coskewness
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and cokurtosis matrices are given in that order by

M; = E[R-p)R-p)] (152)
M; = E[R-p)R~-p) ®R~p)]
M; = E[R-p)R-p) &R-w &R-w]

where ® denotes the Kronecker product, i.e.

AuB ... AyB
A®B=| ... . .| (153)
AmB ... AuB

2 3 . .
Hence, M, € R™" M5 € R™" and My € R™". Given vector weights x = (x1,...,x,)"
in a portfolio, the expected return, variance, skewness and kurtosis are calculated
from

Rp = x"p+(1—-x"1)rs (154)
V, = x"Myx

Sp = x'M3(x®x)

Kp = ¥Mi(x®x®x).

The model considered in [55] is a constrained kurtosis minimization model:

min x" My(x ® x ® x) (155)
x'Mox < Vp
xXTMz(x®x) > Sp
X'u+ 1 -x"1)r; > Rp
x; > 0 Vi=1,...,n

where Rp,Vp,Sp are critical levels for the expected return, variance and skewness
that are acceptable to decision makers. The problem stated above is hard due to
its objective nature and being that the second constraint is non convex. In order to
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derive the SPD-Relaxation, additional notation has to be introduced. Let

p(x) = X’ My(x ® x® x) = Zn: i i Zn: XX X XK jon1 = Z Pax® (156)

i=1 j=1 m=1 I=1 a
where

n
L wich a; <4

i=1

and p, be the respective coefficient. The vector of (1,1, X, ..., X, X1X2, ..., X1Xp, ..., X, X}, .., Xt)
is called the basis of p(x). In order to be identifiable, « is a n-digit number where the

i-th digit equals «;. Further, let

K={xe R"x"Ms(x®x) = Sp, x' Mox = Vp, (157)
xT[,L + (1 —le)rf =Rp,x;>0 Vi=1,...,n}.

Now one can show that the following proposition holds (see [55] for a proof)
Proposition 5.3.1: If p}, = min,gp(x) then pi = minsepi) fK p(x)df where f is an
arbitrary measure over the semi-algebraic set K, and P(K) is the finite space of Borel
probability measures over K.

The objective of (155) can thus be converted in minscp, fK p(x)df. We can then

reformulate as follows:

fK pOOdf = f Yperds =Y. f edf = Y pube (158)

where {y,} is the sequence of moments associated with f € P(K). Let I be the set
of sequences of moments associated with all probability measures over K. Then the

objective of (155) can be cast as

min Z PalYa (159)

{ya}aer

which achieves a linearization of the original objective. We now turn to further
characterization of {y,} in order to obtain the SDP-Relaxation of (155). We define the
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moment matrix as

Yo00..0 Y100.0 Yoi0.0 --- Ya
Y100..0 Y200..0 Y110..0

Moy =| T IR T 160

yb .o DY CEEEY yﬂ+b

the truncated moment matrix M;(y) as the leading principal sub-matrix of dimension
s(t), where t denotes the degree of the objective function, and s(t) as the dimension
of its basis. We further define M;(hy) as the matrix whose components M;(hy);; =
Yo NaYigiij+a) Where B(i, j) is the subscript of the component in M,(y) in the i-th row
and the j-th column, while A, is the coefficient of the corresponding component in
the basis of the function h(x) which is a polynomial function. We then can state the
following proposition:

Proposition 5.3.2: If h(x) is a polynomial of degree 2d or 2d — 1 and H = {x|h(x)} > 0
then M;(y) = 0 and M;_,.

We can now state the relaxed problem as

minp’y (161)
subject to M;(y) = 0
Mt—dj(hjy) z 0

deglh; .
where t > max(do, s, . .., de), dy = “S2N g = B gor i 21, 6.

5.4 The Knapsack Problem: SDP-Relaxations and Applications in

Finance

The classical Knapsack problem deals with the task of assigning # items to be packed
into a knapsack that has capacity restrictions, in a way that maximizes the utility
gained from the items packed. The knapsack has restriction with respect to more
than just one dimension (space, weight ect.), such that multiple constraints have to be
considered. In finance on the other hand, one often has to choose which investments
out of a set of positive NPV (Net Present Value) projects should be undertaken, while
maintaining a budget constraint or constraints on the number of investments in a
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certain industrial sector. In either case the problem can be formulated as

max m’ x (162)

subjecttowix < d; j=1,...,]

x €{0,1}"

where m,w; € R, j = 1,...] are vectors of added value(i.e. NPV in the finance
context) and resource consumption respectively and d; is the amount of the j-th
resource available. The binary decision variables x; € {0, 1} encode whether an item
is packed (x; = 1) or unpacked (x; = 0). Sometimes there might be interactions
between two items with respect to the utility they deliver. For example, the utility
of packing a screw increases, if the screwdriver is packed as well. In a finance
context, their might be synergies or cannibalization effects between projects that
effect their NPV if both are realized. In this case the problem becomes what is called
the quadratic knapsack problem

max x’ Mx (163)

X

subjecttow]Tx <d j=1,..,]

x€{0,1}"

where the diagonal elements of the matrix M € S, capture the marginal utility of the
items while the off-diagonal elements m;; give half of the interaction effect on utility
of items j and i are packed simultaneously. The quadratic Knapsack problem was
tirst introduced by [6] and is known to be NP-hard. A recent survey of the most
important ways of solving this problems is given in [9]. In what follows we will
briefly introduce the SDP based relaxations due to [38] (as presented in [9]).

We start out by introducing variables y;; which are defined as the products x;x;
fori < j,i.e. the product xx” is replaced by as symmetric matrix Y € §". The diagonal
of the this matrix is denoted as y. In order for a solution for Y to satisfy Y = xx” with
x € {0, 1}" it must fulfill Y > 0 and rank(Y) = 1 and Y;; € {0,1}. An SDP formulation
of (163) is given by

max YeM (164)
subject to Diag(w;) e Y < d;
Y > 0
Rank(Y) = 1
Y;€{0,1}
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Dropping the rank constraint and relaxing the last one to 0 < Y;; < 1, the problem
becomes an SDP, which unfortunately yields a very poor upper bound for the original
problem (see [38]). However, the bound can be tightened by the following strategy.
First observe, that if Y > 0, Rank(Y) = 1 and Y; € {0,1}, then Y — yyT > 0. This can
be seen by observing that (x + v)(x + v)T > 0 for any v € R". Thus

xxT +oxT + x0T + 00T >0 (165)
Using the fact that diag(xx”) = x when x € {0, 1}" yields

Y +oy" +yo’ + oo’ =0 (166)
Y+@+y@+y —yy' =0

we can now choose v = —y to obtain the statement. Further, using Schur’s comple-

ment we can reformulate Y — yy’ > 0 as

(; 31: ]zo (167)

which binds the diagonal elements y; between zero and one, which is not the case
for the off-diagonal elements. This gives rise to an SDP-relaxation given by

m?xM oY (168)
subject to Diag(w;) e Y < d;

T
R
y Y
y = diag(Y)
YijZO Viij

The model can be further enhanced if we reformulate the constraints by squaring
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both sides in order to obtain w]xx"w; < d7. Again setting Y’ = xx" we obtain

m?xMOY

. T 2

subject towjw; Y < d;
T

Y V50
y Y

y = diag(Y)

Yl']' >0 Viij

(169)

An alternative relaxation is achieved by multiplying both sides of a constraint by

the respective right hand side thus obtaining

(wix)* < dj(w;x)

0

IA

wi x(d; — x"w))

0 (%)

© w3 )

dj

1
Setting Y’ = ( )(1 xT) = x’x’T the last expression can be written as
X

)0 e

thus obtaining the relaxed problem in the form of

maxMeY
Y

: dj T /

subject to (O w) oY >0
~w; j

T

LY so
y Y

y = diag(Y)
Yii>20 Vi#j

v=[i)o )
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A final tightening of the relaxation is obtained by multiplying each capacity
constraint with each of the variables x; as to get xiw]Tx < x;c, which can be written as

n
Z(wj)kxkxi < Xxic (174)
k=1
or by substituting Y for x;x;, and Y;; for x; as
n
Y (@)Y < Yie (175)
k=1

The final formulation is thus given by

myaxM oY (176)

n

subject to Z(w]-)kYik — Yid,

k=1
T
L N
y Y

y = diag(Y)
Yi]‘ZO Viij

IA
e}

Each of the relaxations above yields an upper bound to the original problem, but
with varying quality. The problems are presented here in order of decreasing upper
bound, such that the last formulation is to be preferred (for a proof see [38] or [9]).

6 Portfolio Selection with uncertain data

The parameters in any application of optimization are often estimates based on past
events or on genuine models of the future. As such, they are subject to error and
uncertainty. It is therefor preferable to find solutions to a given problem that are not
perfect in a certain case, but rather perform well in any, or at least a lot of cases. In
the following we discuss some instances of uncertainty, how they are modeled, and

the relevance of such models in finance.

6.1 Modeling Uncertainty using Ellipsoidal Sets

One of the most popular ways to account for uncertainty in the input data is to

assume that the set of possible values of a given datum is given by ellipsoidal sets,
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i.e. sets that are described using ellipsoids, which are themselves simply given as
subsets of second order cones. The later is easily handled in convex optimization as
discussed above, making these types of models particularly useful. In the follow-
ing, we will discuss how to model ellipsoidal uncertainty in the case of linear and
quadratic constraints. All theory presented below is due to [1], but the notation and
presentation was mainly adapted from [37] since it is more compact than the one
from the original source. Further, after reading [1], one might notice that there is an
entire chapter dealing with uncertainty in the case of SDP-constraints, which raises
the obvious question of why this was not included in this text. The main conclusion
that can be drawn from the aforementioned chapter is that such problems are in-
tractable, with only a few exceptions for which an approximation can be found. For
all we know, no finance relevant models of that type have been thus far developed.

6.1.1 Ellipsoidal uncertainty for linear constraints

We now consider the case where the constraint coefficients of a linear constraint are
subject to ellipsoidal uncertainty;, i.e.

min clx (177)
subjecttoa’x +b >0 V(a,b) e U
where

k
U = {(@°, b°) + Z wi(al, bl) : |lull < 1.
j=1

Note that a/,a,x € R", b/,b € R for j = 0,...,k and u € R, so that (a/,/),(a,b) €
R In the context of the minimization problem, this constraint will force the
optimal solution to be feasible even in the worst case scenario that is captured by
the restriction (which is not necessarily the worst case scenario in the model from

which the set is inferred). Thus for any given x, the robust constraint is fulfilled if

< . T — . T
0< (%161%([51 X+ b] umﬁrgl[a +u f] (178)
where a = (1°)"x + b’ and B = (By, ..., Bx) with B; = (@/)"x + /. Note that here «a is
constant such that the optimal value of the second optimization problem in (178) is
obtained by minimizing u’f constrained by |[u|| < 1. From trigonometry we have
that u”B = ||ul| ||Bl| cos(6) which is minimized when ||u|| = 1 and cos(6) = —1 in which
-

case u points in the opposite direction of . Thus u* = T 1-e the normalized vector,
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points in the opposite direction of f. We can therefore substitute

k
< i T =a— =4° 0_ T 7)2
0< mina'x+b=a-|jf=av+b J]Z:‘((a)x+b)

and finally formulate the robust version of the linear constraint as SOC one:

k
0<a’x+01°- J Z((af)Tx + b2 =a% +1° - ||Ax + b)|

=1
or equivalently

(@)Tx+)  Ax+b .
Ax+b)T  @)'x+5")

(179)

(180)

(181)

where A is the matrix comprised of all #/ and b is the vector comprised of all b/, where

i=1,...k

6.1.2 Ellipsoidal uncertainty for quadratic constraints

In a similar fashion as above, one can address convex quadratic constraints, where the

coefficients as well as the coefficient matrices are subject to uncertainty described

by an ellipsoidal set, albeit of slightly different sort. Consider the quadratically

constrained minimization problem
mind’x
subject to —x"(ATA)x +2b"x +c >0 V(A,b,c) e U
where

k
U = (A%, ) + ) ui(AT, b, s lull < 1)

=1

(182)

where A, A7 € R™" p,bi,x € R" and ¢,c/ € R for j = 0,...,k. Thus we want to

choose x such that

(A,b,c) e U = —x"(ATA)x +2b"x + ¢ > 0.
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Substituting the definition of (A, b, c) that is in U we find that this is equivalent to

1@+j:mw

=1

lul| <1 = —xT

T
k
1M+2:Nm]x (184)

=

k T k
+2 [bo + Z bfuj] X+ [co + Z cfu]'] > 0.
= =

Now we define

Ax) = (Alx, A%x, ..., AFx),
b(x) = (xTbY, xT0?, ... xTHHT + %(cl,cz, o, = A(x)TA%
and

c(x) =+ 2% x — xT(A%)TA%.
Further we rewrite |[u|| < 1 as —u’Iu + 1 > 0. We can then reformulate (184) as
~u'Tu+1>0= —u AX)TA@x)u + 2b(x)"u + c(x) > 0. (185)

Thus we want to find a condition for the unit ball to be engulfed by the ellipsoid
described by the second part of the constraint. Such a condition is given by the
S-lemma:

7> 0 (186)
c(x)—1 b(x)"

subject to =
b(x)  A)TAx) -1l

The last entry of the above matrix is non linear. However, the condition is equivalent
to the following:

>0
cdx)—-1t V)T (A%)T
v ot A@T =0 (187)
Ax  A(x) I

where V'(x) = (xTb!, 2702, ..., xTV") + 1(c!, ..., ") and ¢'(x) = ® + 2(b°)"x. With this
formulation we have that A(x), b’(x) and ¢’(x) are linear in x, so that (187) is a linear

matrix inequality.
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6.1.3 A Robust Multi-Period Portfolio Selection Model

In this section, we discuss a model that uses ellipsoidal uncertainty sets in order
to illustrate the theory discussed above. The model is attributed to [5], and will be
presented in the notation of [37]. However, the model will be presented in a different
way than it is presented in the original source, in order to make the connection to
the above theory more apparent. We consider an existing portfolio where the shares
of asset i = 0,...,n are given by x? € R and the corresponding vector of shares
by x° € R". By convention, asset 0 is cash. In the next L investment periods the
composition of the portfolio is to be readjusted, pursuing the goal of maximizing
total wealth at the end of period L. In each period I =1, ..., L a decision is made on
bﬁ, i.e how many shares of asset i should be sold, and on the number sf. of shares of
asset i that should be sold such that x! shares of asset i are in the portfolio in period
I. In any period the number of shares is thus given by

xi=axt -+ bl Vil (188)
In period /, asset i is traded at price Pﬁ. Cash does not earn interest, so that its price
is P) = 1 VI, which for real world applications can always be achieved by a simple
change of numeraire. We further assume proportional transaction costs for buying
denoted by a!, and for selling,. Cash holdings in each period are thus given:

xh <xb 4 Y (1 a)Plsi = Y (1+ B)PIL VI (189)
i=1 i=1

The inequality is due to technical reasons. Adding the objective function to the

picture, the deterministic model is given by

n

max Z PiLxl.L (190)
1=0
n n
xh < 2+ Y (1T-a)Ps =Y (1+ )Pk, VI
i=1 i=1
xo= At =gl bl i
st > 0 Vil
b, > 0 Vil
xﬁ > 0 Vil
x; > 0
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which is easily solved as it is an LP. Note that the non-negativity constraints which
forbid short selling and borrowing imposed in [5] are entirely optional. The obvious
restriction of the model is due to the fact that asset prices cannot be known in
advance, which motivates the formulation of a model that is robust with respect to
that very uncertainty. In the previous two chapters we only considered uncertainty
in constraints, while the model requires us to take care of the objective function as
well. This problem is easily dealt with by simply moving the objective function into

a constraint such that we have

max t (191)
t< ) Phat
1=0

in place of the original objective. In order to account for the uncertainty of future

prices we introduce ellipsoidal uncertainty sets
U= (' + ()l < 3) (192)

where i is the vector of expected prices in period /, and ' the respective covariance
matrix. Thus (192) gives the set of prices, which are no further than three standard
deviations away from their mean. Assuming that prices are normally distributed,
we can guarantee that constraints relying on these uncertainty sets will be fulfilled
in 99,9% of cases. Applying this uncertainty set to the constraint in (191) we have

PHIxt—t>0 VP e Ut (193)
(

which is of similar form as in (177), the differences being that there is no constant
and no uncertainty in the coefficient of t and that u is restricted to the unit ball times
three. We thus can use a similar strategy for reformulation in order to obtain

t< (ub)Tak = 34/(xL)TVLAL (194)

as the robust version of the respective constraint. Now we use the same procedure

on the second inequality of the deterministic problem to see that

X < +Z(1 ;)P —2(1 +B)PI. VP e U VI (195)
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is equivalent to

T
~ s! sl D! s!
X=X 2 (#I)T(DQ,—Df;)(b,)—3 (bl] (—Dé)Zl(Dé"_Dé)(b’)(l%)

where D, and Dlﬁ are diagonal matrices whose i-th diagonal entry is given by (1 — a;)
and (1 + f3;), respectively. Since both of these new constraints are conic, the robust
problem can be cast as an SDP.

6.2 Distributional Robust Modelling

The example in the previous section illustrates an approach where robustness rests
on the idea that the uncertainty in the data is subject to a certain known distribution.
This is viable if there is a lot of information, e.g. from past events, that provides
valid estimates or supports one or the other hypothesis about the true distribution.
In many situations however, the distribution itself is subject to uncertainty, either
because information is scarce or not valid for future events, as is the case if the
true distribution changes over time. Thus it is desirable to have a model that is
not only robust in the face of uncertainty by obeying a single specified distribution
but also governed by a distribution which is itself uncertain. This problem was
tirst addressed by [17], who explored the problem of purchasing an amount of an
item given future uncertain demand. At that time (1958) the approach was not very
fruitful due to computational difficulties. More recently, and substantially due to
the work of [51] and [30], the topic has become more popular as it turned out that
SDPs provide an efficient way for solving many instances of distributionally robust
optimization. In the following the framework presented in [30] will be summarized,
as it is very comprehensive and rich in its possible applications. We then turn to
the models presented in [2] and [51]. Both deal with the knapsack problem and the
portfolio selection problem, respectively. We will illustrate the power of the general
framework discussed in the following by applying it to these problems.

6.2.1 A General Framework

The framework presented in [30] deals with tractable representations of robust coun-
terparts of deterministic constraints. Let z € R° be a vector of uncertain problem
parameters and x € RN a vector of decision variables that have to be set before the
realization of z. Further C C RS is the uncertainty setand v : RN x R — R a given
constraint function with a prescribed threshold w € R. A robust counterpart of a
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constraint is then given by
u(x,z) <w VzeC (197)
or equivalently by

sup v(x, z) < w.

zeC
Such a constraint provides that the solution for x will not violate the threshold
in any case of z. This is the very idea that guided the approach in the previous
chapter. But we can address the problem of uncertainty also from another angle,
specifically Stochastic Programming, where distributional information is incorporated

via expectation constraints, i.e.
Eml[v(x,2)] <w (198)

where Z € R? is now a random vector. The expectation is taken with respect to the
distribution Q° which is the true distribution of Z. The final step is now to account
for uncertainty in that distribution, again using the robustness approach and thus
obtaining the distributionally robust counterpart given by

Ep[v(x,2)] <w VP eP (199)
or equivalently

sup Ep[v(x,2)] < w

PepP
where Q" is known to be in the so called ambiguity set P which is a set of joint
distributions of Z that are generally denoted as P. The characterization of this set is
critical, and we will further assume that it is in any case representable in the standard
form

(200)

Ep[AZ + Bl = b,
P:{PEPO(‘RSX‘RT):P Az + Bl }

(ZiaeC)elp,p] Viel

Here i1 € R® is an auxiliary random vector, which might be helpful in structuring the
marginal distribution of Z. Further A € R®®, B € R®T and b € RX. The confidence
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sets C;, withie 7 =1,...,I are defined as
Ci ={(z,u) € RS x R : Ciz + Dt =y, c;} (201)

where C; € RL*Q, D, € RL*Q, ¢; € Rli, and K; are proper cones (i.e. closed, convex,
pointed and nonempty cones, with the respective dual denoted as K)In the fashion
of the Lowner partial order we note x <x y whenever y —x € K. The Lowner Partial
order is a special case where K = S... Kand T are allowed to be zero in which case
the expectation condition or @ vanishes. Also let p;,p; € [0,1] andp; < p; Vi € 1.
In order for later theorems to hold it is necessary that P satisfies the_following two
regularity conditions:

(C1) The last confidence set C; is bounded and has a probability of one, i.e. p; = p; =1
(C2). Thereis a P € P such that P(Z, i € C;) € (pi, pi), whenever p; < pj, i € 1.

The first condition ensures that the confidence set with the highest index contains
the support of the joint random vector (Z,i). The second requires the existence of
a distribution in the ambiguity set that satisfies the probability bounds with strict
inequality whenever [p;, p;] is non-degenerate. Further the following requirement
on the constraint function v has to be met

(C3). The constraints function v(x, z) can be written as
v(x,z) = ng:x vi(x, 2) (202)
where £ =1,...,L and the functions v, : RN x RF — R are of the form
vi(x, z) = s1(2)"x + t(2) (203)

with s/(z) = Sz +5, S, € RN and s, € RN, fi(z) =tz + f,t € RS and t; € R.
This renders v a convex, piecewise bilinear function in (x, z). However, (C3) is rela-

tively restrictive but in can be suspended if the following two conditions hold.

(C3a) The constraint function v(x,z) is convex in x for all z and can be evaluated

in polynomial time.

(C3b) For i € I, x € x(which is an arbitrary set of feasible solutions) and 0 € ‘R,
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it can be decided in polynomial time whether

,2) <06 204
o v o
Moreover, if (204) does not hold, then a separating hyperplane (7, ) € RN x R can
be constructed in polynomial time such that n'x > ¢ and n'% < ¢ for all £ € x
satisfying (204).

(C3) implies (C3a) as well as (C3b). The former conditions ensures that the dis-
tributionally robust expectation constraint (199) has a convex feasible set. The latter
enables us to efficiently seperate the semi-infinite constraints, which we will see,
arise from the dual formulation of (199). Finally the confidence sets have to fulfill

the following nesting condition
(N) Forall i,i’ € I,i # i we have either C; C int(Cy), Cy C int(C;)) orCy NC; =0

Under the conditions (C1)-(C3) and (N) we can formulate equivalent deterministic
counterparts of (199) . Since it is a nice exercise in duality theory and also illustrates
the necessity of the conditions, the derivation of those counterparts will be provided
in the following.

We start by observing that if (C3) is satisfied, then the constraint

o(x,z) + flz+ g"'u<h Y(z,u) € C; (205)

is satisfied if and only if there is ¢, € Kl € L, such that ¢/ + ¢, +s/x + 1 < h,
Cl¢y = S/x+t+ fand D/ ¢, = g for all | € L. This can be seen by observing that
(205) is equivalent to

(Six+t+z+gu<h-s/x—t Vie LV(z,u) € R° X RT: Ciz+ Diu <y ¢;
(206)

which is the same as requiring that no optimal solution of the L strictly feasible

problems

max(SlTx +4+ f)z+gu (207)
subject to Ciz + Diu <. ¢;

ze R ueRT
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is smaller than the respective values h — s/ x — t;. This is the case only if the optimal
values of the L dual problems

min ¢} ¢; (208)
subjecttoC/ ¢y = S/x +t; + f
Di¢p=2g
b1 € K;

do not exceed the respective values i — s/x — t; as well. This implies the above
statement. Now further observe that the left hand side of distributionally robust

constraint

sup Ep[v(x,2)] < w
PeP

is equivalent to the optimal value of the following moment problem:

max f v(x,z)du(z, u) (209)

Cr

Il
S

subject tof [Az + Buldu(z, u)
Cr

v

f L wec1dp(z, 1) p; VieTl
c uad

1[(Z,u)ecl.]d‘u(z,u) < ]51‘ Viel
Cr

1 e M.(R® x RT)

of which the dual is given by

min bTﬁ + Z [ﬁﬂ{i — PiAi] (210)
iel
subject to[Az + Bu]Tﬁ + Z L wecylxi — Ail =2 v(x,z) Y(z,u) € C;
iel
Be R, x,AieR, Viel

Due to (C2), strong duality holds (for a proof see [4]). Further, the nesting condition
allows us to partition C; into I nonempty and disjoint sets C; = C; \ Uy ep, Cr, Where
D(i) is the index set of strict subsets of C;, i.e D(i) = {i € I : C; C ri(C;)}, while the
respective index set of all supersets is given by A(i) = {i} U {i' € I : C; c Cy}. This
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allows us to reformulate the duals constraint into a set of constraints given by

[Az + Bu]"B + Z [k, —Ay]1>0(x,z) Y(z,u)eC;,Vie T
i €A

of which the i-th constraint is equivalently given by

max {v(x,z) — [Az + Bu]"B - Z [k, — A% < 0. (211)
(z,u)eC; T

Due to the convexity of v, the expression that is maximized is also convex, implying
that the solution to the maximization lies on the boundary of C; which due to
the nesting condition coincides with the boundary of C;. The distributionally robust
constraint is thus satisfied if and only if there existsa g € R¥and x;, A, e R,i=1,...,1I
such that

bTp+ Y [P - pidi] < w (212)
iel o
[Az + Bu]" g - Z [k, — As1>0(x,2) Y(z,u)€C;Vie T
i eA()
Now we can use the initially obtained result with f = —A'B8, ¢ = —B’g and

h=Y.rcaplks — Ay]in order to finally obtain the following theorem:

Theorem 6.2.1a: Assume that conditions (C1)-(C3) and (N) hold, then the distribu-
tionally robust constraint (199) is satisfied for the ambiguity set (200) if and only if
there are B € RX, x;,A; € R and ¢y € K:,i € I and | € L that satisfy the constraint
system

bTﬁ + Z [ﬁiki — &Al] <w (213)

iel

CiT(Pil + SlTx +6 < Zi'eﬂ(z‘)[Ki' - Ar]
CiTqZ)ﬂ +ATg = SlTx+t1 VYiel, Vel

DT¢y +BTB =0

If we choose K; = S} = (S})" (since it is self dual), then the above system gives
the constraints of an SDP. Besides the above result, [30] derive a conservative ap-
proximation for the generic case of N being violated. However, as this case will
not be relevant to the models provided later in the text, we will not discuss these
approximations here and instead turn to a useful remark on the representability of

the ambiguity set, which will allow us to incorporate information on moments into
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the model.

Before proceeding in this direction, further notation has to be introduced. A
K-epigraph of a function f : RM — RN and proper cone K given by the set
{(x,y) € RM x RN : f(x) =<« y} is said to be conic representable if that very set
can be expressed in terms of conic inequalities, allowing for cones other than K and
auxiliary variables to be involved. Now the following “Lifting Theorem” can be
stated as follows:

Theorem 6.2.1b: Let f € RM and ¢ : R® — RM be a function with a conic
representable K-epigraph and consider the ambiguity set

: Ep[g(2)] =x f
— Sy .
P = {P S Po(% ) : P[Z c CZ] c [&, ﬁz] Vi e I} (214)
as well as the lifted ambiguity set
Epla] = f
P =P € Py(R° x RMy: P[g(?) <« ii] = 1 (215)

PzeClep,p| Vierl

which involves the auxiliary random vector 7 € RM. We then have that (i) P’ is the
set of marginal distributions of Z contained in #, and (ii) #’ can be reformulated as
an instance of the standardized ambiguity set.

Finally, one might observe that the distributionally robust constraint requires
the stochastic constraint to be satisfied in the expected sense. This of course is
problematic, e.g. assume that the worst distribution in # is symmetric and that it is
tight for the optimal solution, then the constraint would be satisfied in only half of
the cases. However, the risk aversion of a decision maker can be accounted for by
introducing a disutility function of the form U(y) = maxyeq{y,y + 6.} where U is a
tinite index set and y > 0. The distributionally robust constraint is then formulated
as

sup Ep[U(v(x, 2))] < w.
PeP

The decision maker thus becomes more and more cautious with consuming an extra
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unit of the capacity. The deterministic counterpart for such a constraint is given by

B+ Y [pi-pidi] < (216)
iel o
CI.TQDI‘I + ')/uSlTx + ')/ut] + 6u < Zi'e:ﬂ(i)[Ki' - Ai’]r
Clopa+ATB =y, STx+yty pVieI Nle LYuelU
D¢y + BT =0

Similarly, one can formulate safeguarding constraints based on the shortfall risk
measure introduced by [3] which is defined through

p°Rlo(x, 2)] = inf {17 ssup E,[U(v(x, 2) — )] < 0} (217)
neR Pep

where U is a non-decreasing convex disutility function with U(0) = 0 and the
sub-differential map of JU(0) = {1}. Shortfall risk can be interpreted as the amount
of cash one would have to add to position in order to make it an acceptable position,
i.e. to have non negative disutility. If U is of the form introduced above, then
pR[v(x, 2)] < w is equivalent to

sup E,[U(v(x,Z) —w)] <0 (218)
PepP

and the deterministic counterpart is given by

bp+ Y [pmi—pii] < w (219)
iel -
¢l it + Yus| X + Vut — yuw + 6, < Z [k, —As] VieI ¥le LNueU
i €A(i)
Cloa+A"B = yuS/x+yy VieINle LNuelU
D{¢ys+B'p = 0 Vie I, Vle L,NueU.

6.2.2 Applying the theory to the Knapsack Problem

Recently [2] and [51] have proposed distributionally robust models for the Knapsack
and the Portfolio selection problem respectively. Their approaches differ from each
other in the way the deal with the semi-infinite constraints arising from dual of the
the moment problem, and in the ambiguity sets they assume. What follows is an
attempt to apply the framework reviewed above to those very same problems, in

order to demonstrates its strengths and restrictions. We start out with simple models
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and extend them step by step as to capture more challenging cases. The notation
from Chapter 5.4 will be continued here. For the most part we will assume the
following ambiguity set

PzZeS)=1
P = 1P| Eplz] = u (220)
Epl(z — i) - w)'1< &

which by the lifting Theorem 6.2.1b can be stated as

p:{p

where § is the support of Z. If we choose S = R, the last condition is implied by

EP[ZF”,P[(} (Z_J“‘)T]ZOFLP(ZeS):l (221)
Eft=x" [\G-w U

the preceding one, so it can be omitted. Thus there is only one confidence set, which
will be denoted by C; so that

P N A
Cl—{(z,U).((Z_M) g ]zo} (222)

is of the standard form. Further, we will assume, that the data of the problems will
linearly depend on the random vector Z € R™i.e. for the classical and the quadratical
knapsack problem respectively

m = Z mz, M= ZM'Z w; = Z w'z; (223)
i=1 i=1 i=1

1

where m!,w' € R", M' € R™", The robust counterpart of the classical knapsack
problem is then obtained by a straightforward application of the theory discussed
above. We still provide the step by step derivation in order to maintain transparency
of the results. Let’s start out with the stochastic representation

max inf Ep[m’x] (224)
x  PeP

subject to sup ]Ep[w]Tx] <d j=1,..,]
Pep’

x €1{0,1}"
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or equivalently

max d (225)

x,do

IA
I
2

S

subject to sup Ep[-m'x]
Pep’
sup IEp[w]T x]
Pep’
x€{0,1}"

IA

QU
<
‘\A;

Il

—_
~

~
~

Now the former objective and the constraints are of the same form, with the argument

of the expectation function is given by

vj(x,2) = vj X = (Z % z,] = Z xT (226)

where V) is the matrix composed of the vectors vj € R", j=1,...,m. Thus the
constraints are fulfilled, if the respective right hand side is not exceeded by the

optimal value of the moment problem given by

max f vi(x,z)dF (227)

C

fzd?‘":y

Cr

fuorf:z
Cr

jﬁhwmde=1

Ci

F e M, (R" x Rm<m)

the dual of which is given by

min Blu+TjeX+x; (228)
BiTixj J
subject to ‘BTZ + r]' o]+ Kjl[(z,u)eCII > Z)]'(x, Z) V(Z, U) eC;
pieR"
F]- S S:l_ U Sr_l
Kj eR
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Since there is only one confidence set, we don’t need the subdivision argument that
was used above. We rather observe, that the indicator function always gives one,

and we can thus reformulate the dual as

min Biu+T; @ L +x; (229)
BiLjix; J
subject to ﬁfz +TjeU+x;>vi(x,2) VY(z,U)eC
pieR”
F] (S Sf_ U S’i
K]' S %
where the constraint is of the form
XVz+flz+GelU<h Yz U)eC (230)

which is equivalent to stating that the optimum of the problem
mz&xxTﬂ/jz +flz+Gel (231)
z,

1 _ T
subject to( - ] >0
z-w) U

should not exceed h, which in turn is implied if the optimal value of its dual given
by

min 7 — 2r" u (232)
T —
Vix+f+2r=0
G+R=0

7Forl
>0

does neither. Setting f = —;, G =-I';, h = I_cj, and indexing all of the dual variables
with j, the deterministic counterpart of the distributionally robust constraint is given
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ﬁfy+rjOZ+Kdej

17]' - 21’?[.1 < Kj XT(V]'[J + er‘u + 1“]» o) + Kj < d]'
_ 7. _ 9T )
(V].Tx—ﬁ]-+2r]-—0 R Fj—2r i < K;
— = T
—Fj+Rj—0 T I’j >0
7’]' r]‘

T r]T >0
r Rj)

where the second step is achieved by solving I'; = R and ; = V'x + 2r which can be
simplified further into

xTij +7;+ 1“]- oY < d]' (233)
720

T; >0

We can now insert Vo = -M = —(m',...,m"), V; = W; = (@',...,w") j=1,...,j,

and remove the auxiliary variable d, to obtain

maxx My -7 —Tpe X (234)
XWip+7+TjeL<d; j=1,...,]
17]‘20 .
=0,...,
erO}] J
x €{0,1}

One immediately observes, that the variance is irrelevant for solving this problem,
which is the case, because we assumed a linear (i.e. risk neutral) utility function for
the objective as well as for the constraints. Of course this model is useless for any
practical purpose, so we need to extend it. We start out by modeling risk aversion
regarding the constraints, by introducing a disutility function of the form proposed
in [30], i.e.

D(y) = m%}[)ﬁty + 04] (235)

where U = {1,...,U} is an index set and all y, > 0. The constraints are thus given

by

suplEp[D(v]Tx)] <d j=1,...,] (236)
Pep’
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and . Such a constraint can be interpreted as an increasing reluctance of the decision
maker to further consume a recourse, thus seeking to avoid situations where this
is likely to occur. Since now v; = U(x"V;Z) the dual of the moment problem is
unaffected, given the notation above, but when we insert

ﬁ].Tz +TelU+x;> rie;&([yux”\/z +6,] VYU eC

we see that in order for this to be fulfilled, the optimal values of the U problems of
the form (231) must not exceed the respective right hand side. Again, by formulating
the U duals, we find the equivalent conditions to be

= _ T L
Tiu 2rjuy <Kj— 0y

)/u(V].TX - ‘3]‘ + 21’]'u =0 fju + )/L,XT(V]"LL - ,Bfl-l < Kj— 6u
-Ii+Ryy=0 = 1 Tiu ) 5B — yu‘V]Tx)T >0

Z LT

rju rju > 0

Vju Rju
Note that we do not assume that each constraint is treated with the same disutility

function, but for ease of Notation we forgo an accordant subindex for the u indices.

Thus the distributionally robust counterpart is given by

Biu+TieT+x;<d, (237)
Piu+ yuX! Vi — i < 1 — Oy
Tju %(:B] - Vu(V?X)T > 0 YueU
3(Bi = yuV;x) I -

For the objective function, there are two strategies that will allow us to model
risk aversion. The first one is to define a utility function Uy(y) = minyeq/[y.y + 0.]
and change the objective function accordingly

o d
max inf Ep[Up(mTx)] = o 40 ; (238)
x  Pep subject to suppp, Ep[max,cq/(yu(—m'x) — 6,)] < —do

The distributionally robust counterpart is then of similar form as it was the case for
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the constraints. The model can thus be stated as

max —fy it — o ® T — i

subject to
— yuxX" My — By < ko + O
( Tou 1(Bo + yuMTx)T] 0 Yuel
L(Bo + yuM'x) T N

Biu+TjeL+x;<d,
Fiu + yux Wi = pip <5+ 0y

( Fiu %(5j—7/u(W]Tx)T]>O VYuelU V=t
3B = yu W) T )

x €1{0,1}"

pieR" T;eS xjeR Vj=0,...,]

fueR Vj=0,...,] Yuel

(239)

(240)

Alternatively we can minimize the shortfall risk as presented in the previous

chapter i.e.

. RrT min, 4, do
min p”"[m’ x] = ) T
subject to sup ., Ep[U(m'x — dg)] <0

The model then becomes

mind,
subject tofgp + To®@ X+ 19 <0

Fou + YuX My = BE i < 19 — O + Yudo
( Pou (8o - yuMTxFJ Lo (Tuel

(ﬁO Vu ) I-|0

Biu+TjeT+x;<d

Fiu+ yuX! Wit = Blu < xj = b
Tju %(18] - ‘)/ll(W;x)T > 0 YueU

(Bj - Vu(W]rx) [ -

x€{0,1}', dyeR
ﬁjE‘P\m F]ES?_ K]'E% ijO,...,]
f]-ue‘R Vi=0,...,] Yuel
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In each of the models the relaxations of the binary constraint can be achieved by
substituting it with 0 < x; < 1, Vi = 1,...,n. Further, by replacing all the capacity
constraints with 17x = 1 the models become instances of the portfolio selection
problem, where m is a vector of uncertain revenues and x; gives the share of the
ith stock in the portfolio. This illustrates, that the framework presented above is
suitable to reproduce the results achieved in [51]. Of course, the ambiguity set the
authors assumed there is much richer than the one we are working with here, but it
is still well within the scope of the general framework. Further remarks on the above
models will be made in the conclusion of this chapter. We meanwhile proceed with
tackling the quadratic knapsack problem.

What has been written so far, is a straight forward application of the theory by [30].
If we now want to consider the quadratic knapsack problem we unfortunately cannot
proceed with the same strategy, which becomes apparent when we observe that for

the rearranged problem

m‘}n do (244)
subject to sup Ep[Uo(x"Mx —dy)] < 0
Pep’
sup ]Ep[U(w]Tx)] <d j=1..,]
PeP’
x €{0,1}"
(245)

the left hand side of the constraint is not necessarily convex, and thus (C3a) is not
always fulfilled unless M > 0. This has a couple of consequences. Set aside for a
moment, that (C3b) might be problematic as well, requiring M to be p.s.d. implies,
that we can only ever model situations, where even in the worst case, we can only
ever end up with an positve overall NPV. One could argue, that such a comfortable
situation rarely occurs, and if it did, one could raise the question whether applying
sophisticated optimization techniques is worth the effort. We will come back to this
issue in the conclusion of this chapter.

Now, we have to adopt the model in order ensure that M = Y., M%; stays
positive semidefinite for all possible values of Z. To this end we have to specify the
support S of Z accordingly. A simple choice is to restrict Z so that 1”2 =1and z >0,
i=1,...,m,such that M is a convex combination of all M/, which of course have to
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be p.s.d. for all i. The respective set can be represented as

Diag(2) 0 0
S=1{z 0 17z -1 0 >0 (246)
0 0 -1z +1

Unfortunately C; and S as stated above do not fulfill the the nesting condition
(N), but since Z is in either of those with certainty we can combine them into one
confidence set

1 ee-pr 0 0 0
(- u 0 0 0
Cs={¢E || o 0 Diag(2) 0 0 >0 (247)
0 0 0 17z -1 0
0 0 0 0 -1"z2+1

where p has to be chosen, such that the set is nonempty. The function v(x, Z) is now
of the form

T

(248)

I\

" xTVix
v(x,z) = xT
=

i Vizi)x = Z XTVaxz = -
i=1 ;

i xTV,x

The moment problem is similar as before, with the only difference being, that the
integral is now over Cs. If we again have the objective to minimize shortfall risk,
the dual of the moment problem is given by

min Biu+T; @ L +x; (249)
Bi.TjKj /
subject to ﬁ]Tz +T; 0 U+« > maxyey Yul()'z2—-dj]+ 06, VY(z,U) eCs
ﬁ] € R"
I"] € Sﬁ u st
K eRr
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where the semi-infinite constraint is fulfilled if the U equation systems

= T
Piu+Cy— 2rjuy < Kj—Ou+yud;

T

xTVix
Yul - |=Bj+2rju+b,—c,1=0
xTV,,x
T +R; =0
(7j” rJT”] >0
Tiw Rjy
U
xTVix !
Fiu + Cu + Ou + Vud; p=Bip+byp — ey < i = 0y + yud,
xTV,x
xTVix
Fiu HNB=vu|  |—butcl
xTV,x
xTVix
HB=vul - |-bu+cd T
xTV,x
are fulfilled.

(250)

We further impose safeguarding constraints in order to model risk aversion with

regard to the distributionally robust constraints. The moment problems and the

respective duals as well as the finite reformulation of the semi-infinite constraints

are very similar to the ones obtained above. We therefore skip the step by step

derivation. The deterministic counter part of the distributionally robust model is

then given by
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mind,
subject to

Bou+TgeZ+1x;<0

T
xTMx
Fou + Cu+yul - u=Biu+blu—c1y <= 04+ yudo
xTM,,x
T
xTM;x
Fou HBo=yul -+ |-butca YueU
T
x' M, x - 0
xTMx
% ,30_7/14 —bu+Cu1 ro
x"M,,y
Biu+TjeL+x;<d,
fju+cu+yuxT(ij—ﬁ].Ty+bTy—cu1TySKj—(Su Vie1
Tiu %(ﬁj_Yu(W]Tx—bu+cu1)T .0 YueUl j=ld
%(ﬁ] - Vu(W]Tx - bu + Cul) 1—‘j B
eR™ T.eS" €R Vi=0,...,
x €{0,1)" P K e% VK.] 0 ]] y E(J
i =0,...,] Yu
doE?’\ J J

c, €R b,eR"™ Yuel

This model gives an exact distributionally robust counterpart for the quadratic knap-
sack problem with safeguarding constraints that account for the risk aversion of the
decision maker. As with the deterministic model, their might be many ways to find
relaxations for the binary constraint. Here we will restrict ourselves to the approach
presented in Chapter 5.4 for obtaining (168). To this end we substitute Y = yy’ and
relax Y > yy" which can be represented as

(}1/ yYT )zo (252)

The relaxed model is given by
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mind,
subject to

Bou+TgeZ+1x;<0

YOMlT
FoutCutyu| oo | p—PBlu+blu =T < ko — O+ Yudo
YeM,,
Y o M, !
ou 2B=ve| o |Fhatad fuetd
Yo My, >0
Y e M;
HB=yu| ++ |-butad T
Y e M,
ﬁ]Ty+Fon+K]-de
fju+Cu+7/uxT(WjIJ_5]'T‘“+bZH_Cu1TIJSKJ'_(S“ Vi=1 Ji
i M- Wik =boved))Avued =5
1B - yu(W]Tx — b, +c,1) L -

1y’ i o

>0, y=diag(Y), Y;;j>0 VYi#]j
y Y

Xi = Yi Vizl,...,n

doeﬁ)\

BieR" T;jeS, xjeR Vj=0,...,]

fu€R Vj=0,...,] Yuel

c, €R b,eR" Yuel

While the classical knapsack problem was handled with relative ease using the
theory by [30], the quadratic knapsack was a little more resilient. In any case
the approach chosen above is questionable for relying on safeguarding constraints.
First of all, it is hard to quantify the probability of each individual constraint being
tulfilled. But even if we could formulate safeguarding constraints, that guarantee
a high probability for the constraints to hold individually, the chance of them to
hold collectively would deteriorate exponentially as more constraints are added.

Without further analytical investigation and numerical experiments we cannot asses
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the impact of this issue yet. The alternative approach proposed by [2] is to use
chance constraints, that enforce a certain probability for the constraints to be fulfilled
jointly. However, their approach only gives conservative approximations if the
chance condition is imposed in the case of multiple constraints.

Another obvious disadvantage of the model is, that the NPV-Matrix M needs to
be positive semidefinite in order to ensure convexity of the of the constraint function.
The consequence is, that we can only model situations, where it is sure that even in
the worst case it would be impossible to achieve negative total NPVs. Needless to
say, that such a restriction renders the models quite useless for practical application.
The convexity of the constraint function comes into play first when deriving the
dual of the moment problem, where in absence of convexity their would be no
guarantee, that the duality gap is zero. Let’s denote the optimal value of the primal
moment problem as p,,,c and the optimal value of the dual d,,;,. The Argument is
that the left-hand side of the sup,., Ep[v(x,Z)] < w coincides with p,,,, and thus
the constraint is fulfilled if p,,, < w which is in turn implied by d,,;, < w. This
is certainly true even in absence of strong duality since p,.e < dyin holds by weak
duality. However if there is a duality gap such that d,.i, = puax + dcap, Where dg,p
is some positive duality gap, we have that d,,;, < W = Py < w — dg,y, which is a
tightening of the original distributionally robust constraint, which in the worst case
could lead to an infeasible problem. The second time convexity is important, is when
the semi-infinite constraints are reformulated by partitioning the confidence set and
then using an optimization argument to find equivalent conditions. However, in the
above model there is only one confidence set, in which case this reformulation does
not depend on such an argument, so non-convexity does not harm the model here.
Finally, convexity of the constraint function comes into play when the reformulated
semi-infinite constraints are again transformed into finite constraints using a duality
argument. In our case, the respective function is linear in Z, such that there is no
issue with convexity here. Thus the requirement of convexity might be restricted to
the objective function of the moment problem, whose convexity rests not only on
the definiteness of the NPV-Matrix but also on the probability measure. Therefore,
even if not all M; are positive definite, convexity of the moment problems objective
could still be ensured if the set of feasible measures is restricted accordingly. Finding
out whether such constraints exist and how they could be formulated could be a
worthwhile task for the future.

Finally, the ambiguity set that was necessary in order to achieve the regularization
of M excludes a lot of distributions that are common in optimization modeling such

as the normal distribution. While the condition, that the random vector gives weights
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of a convex combination, can be omitted easily, this is not the case with the non-
negativity constraints since they have to be imposed in order to guarantee that the
NPV matrix is p.s.d. for all realizations of the random vector. This of course also
hampers the applicability of the model if e.g. the normal distribution is known to

belong to the “real” ambiguity set.

Conclusion

The field of semidefinite programming has grown extensively in the last two decades,
as was demonstrated in this thesis. Many of the ideas discussed are relatively
young, but due to the vast attention the field lately received from researchers, the
above discussion is by far not exhaustive even within the finance world. That
does not mean however, that there is no room for further research. The conclusion
of the final chapter already addressed many unanswered questions regarding the
distributionally robust knapsack problem with respect to the way of obtaining the
robust model. Shading further light on that area will require the combination of
ideas from stochastic and convex analysis. But beyond that, there is also much to be
discovered concerning the quality of the bounds obtained by the relaxed model, and
whether or not one can achieve improvements in that regard by applying alternative
relaxation strategies. Besides the strategies presented for the deterministic model,
copositive programming could potentially yield new approaches, which deserve
thorough studying. Finally, we have not addressed at all the issue of the performance
of each of the models when applied in a real world setting. This as well remains a

challenging task for the future.
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