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Chapter 1

Introduction

1.1 About the Thesis

There are two main goals in this thesis:

We want to give an overview of methods for pricing barrier options in certain
models, including the Black-Scholes model, the Heston model and further-
more a model-free approach.

The second aim is to give an overview of the mathematical foundation to
the approach of approximating the Black-Scholes formulas for an up-and-out
call (UOC) option in the Heston model, given in the paper by Griebsch and
Pilz in [4].

In subsection 1.2, we define and explain the most important technical terms,
which we need throughout the following chapters, including vanilla options,
strike price, expiration date and corresponding pay-off formulas, as well as
the introduction to barrier options, i.e. different types like knock-out and
knock-in, single - and double barriers and corresponding pay-off formulas.
This chapter aims to give a financial interpretation and some general infor-
mation on barrier options and their properties .

In the second chapter we introduce the classical Black-Scholes model (BSM),
its assumptions and the most important results in a mathematically precise
way. Subsection 2.1 aims to briefly derive the pricing formula, which we use
to price the first two types of barrier options in the following two subsections
The assumptions in the BSM - those of a complete market without arbitrage
- guarantee us the existence of a unique risk neutral measure, under which



we can give unique prices of contingent claims as discounted expected values
of their pay-off formulas at expiration date.

In subsection 2.2 we price a UOC option in the Black-Scholes framework.
Like mentioned above, we use the pricing formula for this. So, in other
words, we calculate the discounted expected value of the UOC’s pay-off.
The calculation is straight forward and results in an explicit pricing formula
for the UOC.

In section 2.3 we price the remaining three types of barrier options and we
start with the pricing of a down-and-out call, which is done analogously to
section 2.2.

For the remaining two options we use some general relation between bar-
rier - and vanilla options. For an up-and-in call (UIC), this means, we can
replicate the pay-off of a vanilla call with adding the pay-offs of an UIC and
a UOC, so in the absence of arbitrage the price of an UIC is equal to the
price difference of a vanilla call and a UOC.

With a similar relation, we calculate the price of the remaining down-and-in
call (DIC).

The third chapter is about pricing of barrier options in the Heston frame-
work.

In 3.1 we briefly discuss the most unrealistic features of the BSM as a mo-
tivation to introduce stochastic volatility.

In subsection 3.2 we give the definition of a general stochastic volatility
model, where stock price and volatility are modeled with a general diffusion
process and furthermore, we point out the additional feature which renders
this market structure incomplete. The problem we face in this set up is, that
we don’t have a unique risk neutral measure like in the BSM, but several
measures, which depend on the market price of volatility risk. This is a
function of volatility and the underlying and has to be determined exoge-
nously.

This leads to subsection 3.3, where we introduce the Heston model. We
specify the volatility process as a Cox-Ingersoll-Ross square root process
and assume a specific form for the market price of volatility risk. Having
specified this function, there exists a unique risk neutral measure and we
derive the stock price - and volatility dynamics under it.

Since there are no closed formula solutions for barrier option prices in the
Heston framework, in 3.4, we give an overview of methods used to approxi-
mate those.

In 3.4.1 we give the foundation for the finite difference approach, i.e. we
show the PDE with the corresponding boundary conditions.



In 3.4.2 we focus on a method to approximate the price of an UOC option
within the Heston model, using the same pricing formula, which we also use
in the second chapter within Black-Scholes model.

This approach starts in a Heston model framework under some risk neutral
measure, derived in 3.3.

Three cases are considered, namely the case with zero interest rate and zero
correlation, arbitrary interest rate and zero correlation and the last case
considers arbitrary interest rate and - correlation.

In the end of this subsection, we get an explicit formula for the price of an
UOC option for the first case and approximation formulas for the remaining
two cases.

The derivation is structured in four steps:

In the first step, we rewrite the stock price process in a way that it incor-
porates the variance dynamics. Then, we condition on the sigma algebra
generated by the variance path up to exercise time. In other words, we treat
the variance as a deterministic function of time, which is governed by the
independence lemma, described in the appendix A.2.6.

The pricing formula, which we used in section 2.2 and 2.3, applies here as
well and can be divided into two parts: in order to calculate the discounted
expected value of the UOC option’s pay-off, we first calculate the expected
value of the pay-off conditioned on the variance path, called inner expecta-
tion and afterwards, we take the expected value of the result.

To compute the inner expectation, we need to derive the density function of
the stock price and its maximum process, which is done in step 2, which is
done for each case individually. For case A we get an exact formula for the
density and for case B and C approximation formulas.

In the third step we use these densities for each case to calculate the inner
expectations. We divide this step as follows:

according to the independence lemma, we calculate the (unconditional) ex-
pected value of the pay-off, treating the variance as deterministic. This is
content of step 3.1. By the implication of the independence lemma, we get
the conditional expected value by replacing the deterministic variance func-
tion by our initial variance process, which is done in step 3.2.

In the last step, we calculate the outer expectation, which means, we calcu-
late the expected value of the resulting formulas from step 3.2. Those con-
tain the time integrated variance as random variable, therefore we have to
find the corresponding density function, which can be calculated by Fourier
transformation of the characteristic function of the time integrated variance.
The derivation is done in appendix A.2.6.

For case A we get an explicit pricing formula and for cases B and C we get



approximation formulas, since the densities are approximated as mentioned
above.

In chapter 4 we consider a completely different approach, which is known
in the literature as robust hedging. Assuming that call option prices are
given for a continuum of strike prices, allows us to build a hedge, by buying
and selling amounts of the underlying and call options in order to replicate
the pay-off of a barrier option.By no arbitrage arguments, the price of the
barrier option is equal to the time zero value of the hedge.

In chapter 4.1 we motivate this approach, followed by assumptions and the
important results in 4.2. Then, in 4.3, we derive upper and lower bounds
for a UIC option (in 4.3.1) and for a UOC option (in 4.3.2), as well as their
corresponding hedges.

1.2 About Barrier Options

Vanilla Option, Strike Price, Expiration Date, Pay-Off

A European style (vanilla) put/call option, is the right to sell/buy a fixed
amount of underlying assets for fixed price and time.

This fixed price is usually called strike price and is denoted with K and
the time when the option is exercised is called exercise time or expiration
date, denoted with T'.

The value of a call at expiration date C is given by
Cr = (St — K)" = (St — K)l{5;> K73

where St denotes the underlying stock price at time 7" and Ig,~ ) the
indicator function, which takes values 1 if S > K and 0 if S < K.

The pay-off of a put option is given by
CT == (K - ST)+ == (K - ST)]I{ST<K}'

Barrier Option

A barrier option is an exotic option, for which its value at exercise time
doesn’t only depend on the value of the underlying at exercise time, but



also on the path of the stock price. This means, there is the additional
requirement that the stock price has to stay below/above a predetermined
level, called barrier level, in order not to knock out and lose its value/exceed
this level, in order to be activated.

We will explain this more precisely when we classify different types of barrier
options.

Usually the barrier level is denoted with a B.

Knock-out

Is a vanilla option with the requirement that the stock price has to stay be-
low or above the barrier level. We distinguish between Up-and-Out Call/Put
and Down-and-Out Call/Put.

Up-and-Out Call/Put (UOC/UOP) and Pay-Oft:

The stock price starts below B and must not exceed this level, in order
not to lose its value. An equivalent formulation is, that the maximum of the
stock price path must not exceed B.

So the value of a UOC option at exercise time can be described by:
UOCT = (S — K) VI max s,<81 = (ST — K)If max Si<B.Sp>K}>
0<t<T 0<t<T
and for a UOP option its pay-off is given by:

UOPr = (K — ST)+]I{Or<nta<xTSt<B} = (K — ST)]I{Or<nta<XTSt<B,ST<K}-

Down-and-Out Put/Call:

The stock price starts above the Barrier level, and the minimum of the
stock price path has to stay above B.

For the pay-off of a DOC at time T', we get
DOCT - (ST - K)+]I{ min St>B} = (ST - K)H{ min St>B,ST>K}7
0<t<T 0<t<T
and for a DOP it is given by
DOPr = (K — S7)*I{ win 558}y = (K = S7)I{ win $,>B,Sp<K}-
0<t<T 0<t<T

7



Knock-In

The other type of Barrier Options are knock-in options, where the price
of the underlying has to exceed a certain limit, in order to be activated. In
other words, the value of the option is zero until the barrier level is reached
and behaves like a vanilla option from that point.

We distinguish again if the Barrier is above or below the stock price and
if the stock price has to exceed from below or above or equivalently, if the
maximum of the stock price path has to exceed B or the minimum has to
go below B, respectively.

Up-and-In Call/Put (UIC/UIP), Pay-Off

The stock price starts below B and must exceed this level, in order not
to lose its value/the maximum of the stock price path has to exceed B. So
the value at expiration date can be described by
UIC = (ST - K)+I[{ max Si>B} — (ST - K)H{ max Si>B,St>K}>
0<t<T 0<t<T

for a call and for put it is given by

UIP = (K - ST>+]I{ max S;>B} — (K - ST)H{ max S;>B,Sr<K}-
0<t<T 0<t<T

Down-and-In Put/Call

Here, the stock price starts above B and the minimum of its path has to be
below B:

DIC = (St — K)VI{ win s,<8} = (ST — K)If min 8,<B,Sp>K}>
0<t<T 0<t<T
for a call and for put we have

DIP = (K — ST)+]I{0£ntigTSt<B} = (K — ST)]I{OLntigTSt<B,ST<K}‘

Single vs Double Barriers



So far we have introduced single barrier options, this means there is only
one barrier level B.

A double barrier option is a barrier option with two predetermined barriers
Bj and Bs, (Bl < BQ).

There are various knock in/out combinations on the stock price path re-
quirements.

For example, in a double knock out option, the stock price path has to stay
within the barrier interval [By, Bs|, with By < K < Bg, in order to be valid.
In the following, we will focus on single barrier options only.

General Information on Barrier Options

In general, there are two main exercise types, i.e. European-style and
American-style. In the first, the option holder can exercise his option only
on execution date, whereas in the latter, the holder can exercise his option
at all times up to exercise time.

Barrier options are a special type of financial derivatives and can be counted
to the class of exotic option. We will focus only on European-style exercise
type.

Since the additional requirement has to be fulfilled, it is clear that all these
types of barrier options are riskier than vanilla options and therefore should
be cheaper as well.

Mostly they are traded on OTC-markets, but also more liquidly on foreign
exchange markets, (see [12]).



Chapter 2

Pricing of Barrier Options in
the Black-Scholes Model

2.1 The Black-Scholes Model and the Valuation
Formula

We follow the assumptions of Black and Scholes, given in [3].

We assume that our market is frictionless, i.e. there are no transaction costs,
furthermore, we can lend and borrow from the money market with the same
interest rate r, which is known and continuously compounded over [0, 7], so
the discount factor at time ¢ is given by e~". Borrowing or lending can also
be interpreted as buying or selling a risk-free asset.

In addition, there is a risky asset, which can be interpreted as a - in our case
dividend-free - stock, described below.

Short-selling is permitted and any amount of the risky and risk-free asset
can be bought or sold.

Let (2, F,P) be a probability space. The stock price process {S;} is mod-
eled by the geometric Brownian motion and is described by the following
stochastic differential equation (SDE):

dS; = pSydt + 0 S dW; , t € 0,7, (2.1)

where {W,} is a P-Brownian motion, y and o are constants, which influence
the trend and the volatility of the stock price process [26, p. 148].

The filtration generated by {S;} is denoted by F := F° and it holds that

10



FS =FW, where FW denotes the standard filtration generated by the Brow-
nian motion {W;}. The details are captured in appendix A.1.2.

The Black-Scholes Model is arbitrage-free, with an appropriate choice of ad-
missible trading strategies. The first fundamental theorem of mathematical
finance proves, that there exists an equivalent martingale measure (EMM) or
risk neutral measure, respectively, such that the value of a contingent claim
can be given as the discounted conditional expectation under the EMM [26,
p. 231].

Since one can show that this EMM is unique [22, p. 121], the second fun-
damental theorem tells us, that the Black-Scholes model is complete [26,
p. 232].

This means, a European-style financial derivative can be priced uniquely as
the expected value under the unique EMM of the derivative’s discounted
pay-off at expiration date.

The construction of this EMM is captured in Girsanov’s theorem and is de-
rived in appendix A.1.1.

We call P the real world measure and P shall denote the EMM.

In appendix A.1.1.2, we show that, under the EMM PP, (2.1) can be rewritten
into o
dSy = rSidt + oS¢ dWy, (22)

with P-Brownian motion {W;}, which can be solved with Ito’s formula,
given in appendix A.2.2 and has the following solution:

Sy = Spe” Vet =29t v € [0, T, (2.3)
where Sy denotes the initial value of our stock at time ¢ = 0.

As we said above, we can give the value of any contingent claim X (St)
at time ¢, as its discounted conditional expected value, i.e

X(Sy) = Eple " T X (Sy)|F).

So if Vp denotes the pay-off of a European-style derivative security at exe-
cution time T', we can describe its value or price, respectively, at time ¢, as

Vi = Egle "0V Ay,

11



and for ¢t = 0, we get the Pricing Formula
Vo = Esle V7, (2.4)

where Vj denotes the price of the derivative security.

We will use this formula in the next section, in order to derive prices of
barrier options.

2.2 Pricing of an Up-and Out Call Option

We follow the approach in [26, p. 295-307] and [22, p. 235-238|.
The pay-off of an up-and-out call (UOC) option is given by

UOCr =V = (ST - K)Jrﬂ{ max S;<B} — (ST - K)H{ max S;<B,S7r>K}
0<t<T 0<t<T
where K denotes the strike price and B the barrier level of the UOC.

Now we use the pricing formula (2.4) and we get
UOC = Vo = Egle™™ (Sr — K)I{ max s5,<B,57>K}]-
0<t<T

If we plug in the solution to (2.2), given by (2.3) and resolve the bracket, it
follows

Wr—Lio2T —rT
UOC = SoEg {6” P27 max St<B,ST>K}} —e " KEp[I{ max Si<B,Sp>K})
0<t<T 0<t<T
and we set
L =Es |37 T] Si<B,Sr>K
P {021%)% +<B,Sr>K}
I = E@ I:]I{Or_%;?TSt<B,ST>K}:| ’

so, for the UOC price, we get
UOC = S()Il - B_TTKIQ.

and we calculate I1 and I separately in the following and start with the

12



easier one, i.e. Iy and using this result, we derive I;.

Rewriting S5; and max S; for Is:
0<t<T

We set W, = W, + ot, with a = 1(r — 10?), tE[OT]andMT—OIEtz?%ﬂW

this implies B
Sy = Spe”Vt Wit

and for the maximum of the stock price process, we get

W o max Wi O'M
max S; = Sp max e?"'t = Spe 0St<T = §,e7MT,
0<t<T 0<t<T

The set of the indicator function can be rewritten in the following way:
{Omta<x S, < B, Sp > K} = {Soe"MT < B, Spe”V7T > K} = {MT <b, Wr> k:},
whereb=2In 2 and k=1 &,

0 o 0
Therefore, we can rewrite the indicator function in I, as

I2 = Eﬁ [H{MT<6,/WT>]€}:| -

In order to calculate this expected value, we have to find the joint density

fM W of (MT, WT) under P, since

E@[H{MTG),WTNQ] =P{Mr <b,Wr >k} = / meWT
{MT<6,WT>k}

Density of (MT,WT):
Note that, since V[N/O = 0, MT > 0 and WT < MT the pair (MT,WT)

can take values in the area {(z,y) : x>0, y < z}.
The next theorem and corresponding proof are from [26, p. 296].

13



Theorem:

The joint density function f~ Wy of (MT,WT) is given by

2(237 — y) eoay—foﬂT——(Qa: y)?

T (my) =
P g 0 (0 Y) = o=
Proof:

,forx>0and y <z

The proof will consist of several steps:

First we change the risk neutral measure | P to measure IP’ via Girsanov’s
theorem, under which {Wt} is a drift-less P-Brownian motion.

In the next step, we derive the joint density f( N, W) of the pair (MT, WT),

under ]TD, using the reflection principle of the Brownian motion, given in ap-
pendix A.1.3, and in the last step, we derive the joint density f (Vr V) of

(MT, WT) under P.
1. Changing the measure:
Recall that Wt =W, + at and set
ZT _ e—aWyv—%oﬁT

then, defining P as

P(A) = / ZrdP | A€ F,
A

from Girsanov’s theorem® (see appendix A.1.1.1) follows, that {Wt} is a
standard Brownian motion under P.
2. Finding fMT,WT:
Let z and y be real numbers, with y < x and x > 0, furthermore let 7,
be the first passage time, defined as
T, = min{t > 0: W; = z}.

The reflection principle [26, p.111-112], tells us that

P{r, <T,Wr <y} =P{Wr > 2z —y}.

Trivially, the Novikov condition is fulfilled in this case, allowing us to use Girsanov’s
theorem.

14



We can express the fact, that the path of the Brownian motion exceeds point
z in the interval [0, 7] at least once at some time point, equivalently with
requiring, that its maximum in [0, 7] exceeds x.

Mathematically speaking;:

7. < T iff My > .
We use this relation to rewrite the reflection principle into

P{M¢ >z, Wy < y} = P{Wr > 22 — y}. (2.5)

Since Wy is normally distributed with zero mean and 7' variance [26], we
can rewrite the right hand side of (2.5) into

~ o~ 1 7
P{WT Z 2x — 'y} = \/ﬁ / 6_%‘22612 (26)

2rx—y

The left hand side of (2.5) can be rewritten into

o — — oo Yy
Bz o Wr <oy = [ [ Ty mw)dedm (20

Combining (2.6), (2.7) and partially differentiating both sides with respect
to x and y, we get

0 /oo /y 7 (. w)dwdim 0 1 7 ey
T w)dwdm = ——— — z
yox J, J_oo MrWrto 0yox /27T
2x—y
g (Y o 2 1 2
= — _f - — d _ ——(Qx—y)
ay e fMT,WT(x7w) w ay /27'['T6 2T
7 2(2z — y) — g (22—y)?
& —f~ = (v,y) = ————=e ot (22-Y)°,
¥t 72 (:9) TV2rT
Hence,
r3 2(2$ - y) —i(Qac—y)2
~ = (x,y) = ———=-¢€ 2T .
It () TV2rT
3. Finding 7MT Wy

15



We want to find ?MT W by deriving @{MT >, Wr < y} with respect

to 2 and y, using the relation between P and P:

P{My >z, Wr <y} = E; [H{Mm,wﬁy}} = / I3ty AP
{Mp>z,Wr<y}

I = ™ <Y cw—La2T 7
- / ZfMvaTdP - /$ /OO © ’ TfMTawT (m’ w)dwdm
{Mr>a,Wr<y}

Hence,
@{MT > %WT <y}

oyox
0 0 ry
- 3y8w/x /oo I 5ty 7y (0 w)dwdm

o v -
=y ), Il

— T i (@) (2.8)

x, w)dw

For the right side, we get

9 B e aw—%oﬁTAJ dwd
e _Ooe f]T/f%WT(m,w) wdm
o [V

1 2m
= — —ewm2 T f— — (g w)dw
0y /oo Ttz g (21

ay—1a2T 7
= —e® 2 TfMT,WT(CE’y) (2.9)

So, combining (2.8) and (2.9) and plugging in for f, we get

ay—%aQT g 2(256 - y)

()= Y
327 1 (0 ) V27T

for all x and y, with > 0 and y < z. U

— 1 1
Fit, v, (29) = € ey 2o T ar )

16



Calculation of Is:

Knowing the density ?1\71} I, We can rewrite

Iy = / Iz, 7,4 (2.10)

{Mp<b,Wr>k}

into a double (Riemann-) integral, but in order to do this, we have to figure
out the integration limits first:

Adding the bounds k and b to the requirement x > 0 and y < x, we look at
two cases:

If £ <0, we get {(z,y):k<y<z, 0<z<b}and

if k>0, we get {(z,y): k <y <ax<b}

We can capture both cases by the set
{(zy):k<y <z, y" <a<b},

where y* =y if y > 0 and y™ = 0 else.

So the double integral of (2.10) reads

Iy = /b /b 2(2x - y) eay—%oﬂT—%(Zw—yﬁdwdy'
k Jy+t TV2nT

Solving the first integral and rearranging terms, we get

b _
1 1 27 1 2|z=b
o= — 76043/_50‘ T— 2T(2x—y) d
? /k; V2T =yt Y

1

b b
1 1
= |, T [ ety

1 b 1 b
= — 27TT/k eﬂ1+51y—§y2dy+ 271-T/k eﬁ2+52y_%y2dy,

2
where 1 = —%aQT— %, h=a+ 2%’ and By = —%aQT, =N

17



Furthermore, we get

b
\/21 T/ ey,
Y8

2
) dy+652+ BT

1
\V2rT

1527 1 y— 52T
— 76614_56

2
62 )dy

l
e 2

m/ p

. . _ y=nuT _ y—08T _ s
tSubs‘mtutmg n =S, = and dy = VTdz, i = 1,2, leads
o}

b—61T) b—02T)

—=( (
514— 52T 1 VT e %Z%d21+652+%6§T 1 \F

V21 ) L (k-5:T) V2T J I (k=2T)

_ _ SHisT [N <b —\/C;T> _N (k :F;S}Tﬂ
i (BT ()]

where N (z) denotes the standard cumulative normal distribution
up to point x.

_1.2
e 2%2dzy

First we resolve the factors before the brackets in (2.11).

Using the definitions of «, b, 81 and §; for the first factor, we get
651+%(a+2Tb) 51+1a2T+275’2+2ba — o2ba

1
2 B 1 1.2 7
_ eElnST)E(T_EU ) eln<50) ‘

2r

= (é’;) E (2.12)

Analogously we can resolve the second factor and we get

Ptz — 0 — . (2.13)

Now we plug in «, b and §; into the cumulative normal distribution and for
the first brackets in (2.11) we get

N <\/1T (b— 51T)> N <\/1T (k- 61T)> _

18



(2.14)

ond term and hence

Analogously we rewrite the sec

)

k — 6T

)=

b — 02T

i

(2.15)

(2.11),

19
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Finally, using (2.12), (2.13), (2.14) and (2.15) in

we can compute Io:



Calculation of I;:

Instead of calculating
Il — / eUWT*%UzT?N N d@
M ,Wrp
{Mr<b,Wr>k}

and transform it into a double integral, like we did for I», we will change the
measure by applying Girsanov’s theorem and end up in the same situation
as for I.

We start with the initial definition of S;:
Sy = 5060Wt+(T_%”2)t.

Next, we set
ZT — echTf%UQT

Wt:Wt—O't

Then, applying Girsanov’s theorem, defining our new measure as
P(A) :/ZTdIP’ ,Ae F,
A
{Wt} becomes a P- Brownian motion.
So we can rewrite 7 in the following way:

1
Es|e 7871 | =EpeT—s11 |
P T {OrgntagXTSt<B7ST>K} P ZT T {OléltaSXTSt<B,ST>K}

Since .
T T —oWrtle?T o oW 1.2yp
" _—Sr=e""e T2 4 §he?" 1 (r=3097T — So,

e Zr

we get

1
—rT
]Eﬁ}, |:€ ZSTH{O?tag(T St<B,ST>K}:|

= SoFs [H{Og% <55 K}]. (2.16)

Rewriting S; in terms of Wy, gives us

S, = SOeJWH-(r—%aQ)t _ Soea[wt+at]+(r—%a2)t _ Soeawt-l—(r—&—%UQ)t

20



Similar like we did for I, we define W, = Wt + At, with A = %(r + %02) and
MT = max Wt, this implies
0<t<T

Sy = Spe?™ for all t and max S; = M7,
0<t<T

Now we can rewrite the set of the indicator function, like we did it for
12:
B K} ={Mp <b, Wr>k
{Or%ltaé)%st< LS > } { T <b, Wp> },

for b and k& like above.

Therefore, (2.16) can be rewritten into
E@ ]I{OTSI?SXT St<B:ST>K}:| = ]Eﬁ []I{]\;[T<b7 WT>k}] :
We observe, that this can be solved exactly like I5, replacing the P- Brown-

ian motion W; with the P-Brownian motion Wt and replacing the drift term
o in Iy with X in 1.

Henee: i b= T k — 64T
h= =P TN (22 ) - V()|
4Bt aoiT [N(b _\/%‘T> - N(k ?/%T)}, (2.17)

where 3 = —%)@T 2b2 , 03 = A+ 275’ and B4 = —%)\QT, 04 = A
So plugging in, calculating the factors before the brackets in (2.17) and
rearranging terms, like in (2.11), we get

2

h= () NG ) A g g e )

+[N<axlf[l @—i-(r—l—;aQ)T]) N(U\lﬁ{l @—i-(r—i-;az)TD}
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So to summarize, we get the following

Price of the UOC option:

UOC = Soly — e "TK I,

[ f; (r+200)7] ) - (-2 f[lnBHH;aaTm

g\lf[ +(r+;0 )T]) N(U\lﬁ[lnso—k(r—kztﬁ)TD]
v i () V(g +e—gonT] )N ([ 2 go%1] )
So

—e""TK[N alf [ln——i—(r—%aQ)TD —N(L [ln@—l—(r—}JQ)TD].

=5(g) [

+So [

(v

2.3 Pricing of DOC-, UIC-, DIC Options

Now we want to derive pricing formulas for the remaining barrier options,
which we listed in the introduction, i.e. DOC, UIC and DIC.
As we have seen in the first chapter, the pay-off formulas are given by

DOCr = (St — K)]I{OgntigT S:>B,Sr>K}

UICT = (ST — K)If max 5,5>B,57>K}
0<t<T

DICT = (St — K)I{ win $,<B,Sr>K}
0<i<T

As we see, there does not change a lot in the pay-offs from case to case, with
respect to the UOC pay-off, so their prices can be derived quite similar to
the one of the UOC.

First, we will derive the price of a DOC, using the same approach as above.
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The main difference to the UOC is, that we are dealing here with the mini-
mum of the stock price process.

Price of a DOC Option

First of all we assume that K > B.
Given the pay-off of the DOC option DOCT, we again use the pricing for-
mula (2.4) in order to get:

DOC = Eﬁ[efrT(ST — K)H{OgltigT St>B,ST>K}]

Ti7 1 2
= SEs[e”Wr—2o° T, . — e "TKE[T; ..
IP’[ {OggTSt>BvsT>K}} ]P’[ {OgltlélTSt>BysT>K}]

= S()Il - B_TTKIQ (218)

and we calculate I} and Iy separately, starting again with Io.

Again, we call Wt = Wi+at, with « = L (r — 1o?) and now m7 = min Wt,
o 2 0<I<T
SO

S7 = Spe®V7T and min S; = Spe” ™7,
0<t<T

Furthermore
{OrgntlgnTSt > B,Sr > K} = {ivr > b, Wr > k),

_ 11, B _ 11, K
whereb—alnso andk—alnso.

In order to calculate
EF[H{mpb, WT>k}]

we need the joint density again, but this time of the pair (mrp, WT) under
P, which is slightly different from f Ny Wi but the derivation is similar, so
we will do it briefly. 7

Density of (mr, WT):

First we derive the density fmT Wy of a Brownian motion without drift
(ﬁ’LT,WT)
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We use the same notation as above and will not repeat the measure change.

The key difference comes from the "reverse” reflection principle, which says
P{mr <z, Wr >y} = P{Wr < 2z — y}, (2.19)

forx <0andy > x.

Proof: Let x <0 and x <y. Then —z > 0 and —z > —y, therefore
(g <, Wr >y} = {—mp > —z,—-Wr < —y}

— W) > — =W < —q/Y.
{Orggg( Wi) > —z,-Wr < —y}

Since —Wt is a Brownian motion as well, we get that MT has the same
distribution as maxo<i<7 W; and so

Py < z,Wp >y} = P{Mp > —z, —Wyp < —y}

=P{-Wr > —2z +y} = P{Wr < 22—y},

where the second equality in the first line is the reflection principle from
(2.5). O

From (2.19), we get

2zx—y

x oo — 1 1 2
~ — (m,w)dwdm = e 2% dz, 2.20
/- / T 3, (mow) — / (2:20)

—00

deriving both sides again, with respect to x and y, we get

0 T oo
8ya(l}' /;OO/ZJ fmvaT(m,w)dwdm: —fmT7WT(x7y)

for the left side of equation (2.20) and for the right side, we get

2rx—y
; ,/71 / ewtgy = 0L ey 22 Y) ey
Oydw /2rT dy v2rT V27T
Hence,
}:; . ( y) . _2(233' - y) *ﬁ(?mfy)Q _ 2(y — 2:13) 7%(2367?/)2‘
mp,Wp ™’



T(y TM) , (com-

pared to f MT,WT) and this factor doesn’t influence the result for Ny Wy

how we derived it in chapter 2.2, we can adopt it for ?ﬁw W and we get

Since the only thing that is different comes from the factor

— 2(y — 2
fm%WT("E)y) = 1(5/\/277_[_;)

eay—foFT—*(?l‘ y)? for <y and z < 0.

So, in order to rewrite

Ep [H{ﬁw>b, WT>k}] = / i i AP

{p>b,Wr>k}

into a double integral, we have to find the integration limits (which differ
from the ones of the double integral of I in chapter 2.2).

Since m7 has to stay above b and Wy above k, the area is given by
{(z,y) : b <z <y, k <y}, therefore

v 2( y 2x) 1 27 1 2
T Y5 T— 57 (22-y) dxd
T / / TV2rT Y

Similar as before, we calculate these integrals and we get

—LlooT+1a2T o —1,2
Iy = —e 29 2 7]" e 2 \/sz
k—aT
Vol Je=ek
L2 (2b—am)? ] > 1,2
+e 20‘2T + 2T e 2% ﬁdz
‘/27TT k*&T*Zb
1 aT+2b k
1.2 _ 1.2
— e 27 dz—c e 27 dz
2 V2T

- N(M) - cN(O‘TtﬁTb_k), (2.21)

2
+(2b aT) .

where

_1 2b
c=c¢e yo2l=
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Like in chapter 2.2 we can plug in for ¢ and resolve and we get the same

result as in (2.11), i.e.
B\ 2
_ p2ab _ [
c=e <50>

Plugging in o, b and ¢ in (1.21), gives us

I, = N<(;\1/T {m %—F(T—%JQ)TD— (g) ’ N(J 1T {m Ii;o—i—(r—;JQ)TD.

We will solve I; the same way as in chapter 2.2. that’s why we do it very
briefly and skip all the details regarding the measure change. So

T57 1_2
I, = Es eUWT*§U TH .
l {,min, 5i>B5r>K)]

L oWr-io

2
=Es5[— T, .
P[ZT {OglélTSt>B7ST>K}:|

— E. []1 s }
P {OgntlélT StiB,ST>K} I
where P and Zr are defined as in the previous section.

Rewriting S; in terms of Wt, gives us

Sy = Spe?WetHr—20")t — Soe"wt*(”%"z))t

(e

and W, = W, + M, with A = 1(r + 10?) and iy = OgiélT W4, this implies

Sy = Soe"wt for all t and min S; = "™
0<t<T

Therefore, we get

Il = ]E@ |:]I{77LTZI7, WT>]€}:|

and we know this expected value from I, we just have to replace a with A,

i AT — & AT +2b—
),

=N VT

(2.22)
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27
o212
where d = 22 = ( ) .

Hence,

B
So

2
242

11:Nuf[mfgﬂrgaaq)_(;)“ N@T[ If; retoty1]).

Finally, if we plug in for I; and I in (2.22), we can compute the

Price of the DOC Option:

DOC = SON(ml/T [m f?ﬂr%ﬁ)ﬂ)—B(g))(igmjv(mlﬁ [m [f;jt(wrla )T])
e TN ([ S o] e TR (2) N ([ o)),

Pricing of UIC and DIC:
We could derive the prices of an UIC and a DIC option the same way as
for the UOC and DOC, but we will use an easy relation to determine those

prices. First we start with the

UIC Price:
The following relation holds:

(St — K)H{O?%XT S,<B,Sp>K} T (ST — K)H{OrgntagT S;>B,Sr>K)
= (S — K) [H{ogltang $<B,Sy>K} T+ ]I{OISH%XT St>B,ST>K}}
= (St — K) [H{ogta;% sth,sT>K}u{0§?T St>B,ST>K}}

= (St — K)lis,>xy = Cr,
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where Ct denotes the pay-off of a vanilla call option.
So,
UOCr+UICy =Crp (2.23)

Taking the discounted expectation under P on both sides of equation (2.23),
we get

Esle "™ (UOCT + UICT)] = Esle "TUOCYT] + Egle " UICY]

=UOC+UIC =Egle "I Cr] = C,

hence

C =U0C+UIC, (2.24)

where UIC and C denote the prices of a UIC and a vanilla call option,
respectively.

The price of a call option is given by the well-known Black-Scholes for-
mula (see e.g. in [22], [26] or any other financial mathematics book):

C = SoN S°+(r+1a )TD *’”TKN(

(vrln g+

Since one can separate the UOC price into two parts, i.e.

UvocC = SON< ln&—{—(r—&—%aQ)TD _TTKN<

v
B(g)) EH[N(Ulﬁ[anBSO (r+ e ]) (ml/f[lng)Jr(rJr;a?)Tm

—TTK(SB;)“‘”[N(UHIHIf;OH L oAT]) =N ([ Zrr—tot11])]

In &—l—(r— 1o*Q)TD —I—SON<7

_TTKN<Jf[ 5
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261
te TR (S) N(ﬁ[ 30T )N (= f[mb_;a?)Tm
U\l/T[lnio—k(r—;U) })+SQN(J\/T[1H?+(T+;J )T]),

we can use equation (2.24) and resolve for the price of the UIC, we get

vic=Cc-Uo0cC, (2.25)
therefore
vic=c-cC
~[8(5)" 7 [V (g [ gy re3er] )5 (g [m gt ge0])

NG g g e s gl g

{ln &—f—(’r—%oj)T] ) +SON<0\1/T {ln %%—(T—l—%g?)T] )}

- TKN( —

Hence, we get the

Price of the UIC Option:

010 = B(2) 7 V([ et 3o1] )N (= [1n S go%01] )

. 2
T%) il o) Nzl
So 1,

[1n—+(r—§a) D SON<

[ln ﬁ—l—(r—l—lJQ)T]).

—rT
KN(
2

oV'T oV'T

DIC Price:

Similar, we get the price of an DIC option, using the relation

C = DOC + DIC, (2.26)
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which can be derived analogously as for UIC.
Again we can separate the DOC price into two parts:

DOC = SON(U}[ SO—!—(H—%UZ)TD _TTKN<
—TTK(g)”S”N(J;Tpnffgow_lgzw])

2

—B(;)(ﬂJrl)N(U\l/T {ln Iigo +(r+ %02)T])

Q

TR (2 )”HN(M[mKB;O )

B(S())(UEH) (g\f[anSg "’+1U)TD

=l

Resolving (2.26) for DIC and plugging in, we get

DIC =C - DOC
2

B(SU> )N(g\lf[lnlf&)+(r+ U)TD

rTK<§)>("2_1)N<U\/T[In[f;) + (r— %U2)TD'

(Q'r

Remark:

e The fact, that we can separate the DOC- and UOC prices into the
price of a vanilla call minus a positive rest, can be interpreted as
pricing a knock out call option, as a vanilla call and subtracting the
risk premium, that comes from the additional barrier requirement.

e Like we said before, it doesn’t make sense for the UOC to require
B < K, since the option has to be knocked out to be in the money,
but for the DOC we can choose B > K, which would be even more
restrictive, since the option can be knocked out although the stock
price path is in the money at all times.
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Chapter 3

Pricing of Barrier Options in
the Heston Model

3.1 Shortcomings of the Black-Scholes Model

It is well known that the Black-Scholes Model is based on some unrealistic
assumptions, which are all those of a perfect market, amongst others.

In real life there are transaction costs, the lending rate is different from the
borrowing rate and changes in time and might depend on w €  as well.
Furthermore, assuming log-normal distributed stock-returns is not realistic
as shown in various empirical studies.

Another well known, crucially wrong assumption, is that volatility of the
stock price is constant and known. See e.g. in [22].

In fact, it may seem reasonable to assume that volatility depends on events
that influence the stock price.

We use this fact as a motivation to describe volatility as a stochastic process,
in addition to the stock price process.

3.2 General Stochastic Volatility Models

We follow [22] and define a general stochastic volatility model, where the
volatility of the stock price is described by a general diffusion process.
Although, we want to derive prices for barrier options in the Heston model
later on, we use the general definition to point out, where exactly the in-
completeness of the model comes into play.

Let (92, F,P) be a probability space. The stock price {S;} and its volatility
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process {0} are given by

dS; = /J(St, t)Stdt + atStthl (31)
doy = ai(og, t)dt + as(oy, t)dW2 (3.2)
where {W}}, i = 1,2 are correlated (standard) Brownian motions, with

covariation given by
t
Wt w2, = / pudut.
0

(see A.1.4 for a general definition of covariation stochastic processes) or in
differential notation

AWrdW? = d[W', W?); = pydt

for ¢ € [0, T].

Let {F:} be a filtration for {v;} and {S;}. The correlation {p;} shall denote
an Fi-adapted process with p € (—1,1) for all ¢t € [0,7] and p and «; are
some functions of the stock price and the volatility at time ¢, respectively.
Finally, we assume a constant interest rate r, like in chapter 2.

Our next goal is to find any measure P equivalent to PP, s.t. the discounted
stock price process becomes a martingale under P.

Following [22, p.267], we decompose W7 as follows:

wi= [ puawi+ [ VT gaw;
where {W;} is a standard BM on (2, F,P), independent of {W}!}.
Therefore (W}, W) = W, can be interpreted as a 2-dim. BM on (£, F,P).
Let © = (©',02?) be an adapted process.

To get rid of the drift term in (3.1) under our new measure, we already know

how to chose ©', namely
—r

o ="
O¢

Furthermore, since we want © to hold that

1 (7 )
E |- H@tH dt < 00,
2 Jo
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in order to be able to apply Girsanov’s theorem and this holds if
1 (T (p—1\?
IE[/ (“ T) dt]<oo
2 0 Ot

E B /OT(@f)th} < o0.

which is the only assumption we make on ©2.

and

Next define process {Z;} as

t 1 t
Z; = exp {/ Oy X AW, — 2/ |9u|]2du} : (3.3)
0 0

and by Girsanov’s theorem in appendix A.2.1, we get that, under measure
P, defined as

P(A) = /A Z(w)dP(w) , A € F (3.4)

the 2-dimensional process

S+ =1 ¢ uw—=rr —==% t

Wt == <Wt = th +/ du, Wt == Wt* + / 93du>
0 Ou 0

is a two-dimensional P-B.M.

Clearly {Wz } and {W;} are also two one-dim. P-B.Ms and for {W?} we
get

t _ t .
W2 = [ o, =" Tany+ [T - 62
0 u 0

o
t t . t p—r
:/0 puquJr/O le%th/O <pu > +\/1pi®i> du.

Now setting

—-T
Moo= o 4 1-p?6}
(%47

t
W, =W2+ / Audu
0
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we get that {Wf} is a (one-dim.) P-B.M. as well.
Expressing (3.1) and (3.2) with {Wz}, i=1,2, we get
dSt = TStdt + UtStdW:

doy = (a1 — ag\¢)oydt + OKQO'tdW?,

Hence, choosing a process {)\;} defines us {©7} and clearly
1 (T
E [2 / A?dt} < 0
0

E B /OT(@E)th} < o0,

This means that every process {\;} which fulfills the above condition defines
our Radon-Nikodym derivative Z7 with corresponding measure P = Py, un-
der which the discounted stock price process is a martingale.

implies

Usually {\;} is described by
)\t = )\(0’7 t)

for a (sufficient regular) function A of the variance process and is called mar-
ket price of vol. risk. It has to be determined exogenously and ”its choice
is motivated by practical considerations”, [22, p.291].

Therefore, using the same valuation methods as in the previous chapter,
i.e. give the arbitrage price of a contingent claim as the discounted ex-
pected value under an EMM, leads to different prices, which depend on the
particular choice of A.

Hence, to actually price barrier options in a stochastic volatility model,
we have to be more precise about the structure of the volatility process and
the ”right” choice of the corresponding market price of volatility risk.

Several models were developed in the course of time and they mostly differ
in the diffusion process, describing volatility.

The Heston model is one of the most popular ones and is widely used by
practitioners in order to price vanilla- and exotic options, (see [13]). For
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this reason, we will use it to analyse some methods of how to price barrier
options under this specific type of stochastic volatility.

Remark:

We set
A(v,t) = agA(v, t), (3.5)

since Heston specifies A instead of A in [14] and gives a motivation for his
choice.
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3.3 The Heston Model

Following [13], let {S:} be the stock price process and {v;} the volatility
process of the stock on a filtered probability space (2, F,P), given by

dSy = pSidt + /vy Sy dW} (3.6)
dvy = k(0 — vy)dt + o\/v dW} (3.7)

where x, § and o > 0 are constants and the correlation between W} and
W2 is described by the differential of the covariation dW}ldW2 = pdt, with

pe(-1L1).

The variance process {v;} belongs to the class of square root processes and
is called "CIR” (from Cox-Ingersol-Ross), who used it for modeling interest
rate behavior. A Further name is ”"Feller” process (after the mathematician
William Feller).

Remark: (Ornstein-Uhlenbeck process)

Instead of (3.7) Heston (in [14]) proposed the so called Ornstein-Uhlenbeck
process, given by

dy/v; = —B\/vidt + 6dW? (3.8)

to model the volatility.
We show that this form is equivalent to (3.7) by applying Ito’s Lemma, in
appendix A.2.2, for f(t,z) = 22, where z is the value of VUt = X; at time ¢.

From Ito’s Lemma it holds, that

O g+ W gx 4 lﬁ(dX)

dfttx) = Gyt + o dX + 55,

So plugging in for f, its derivatives and X we get

1
dvy = 0dt + 2y/vd\/v + 52(d¢17,5)2.

From (3.8), we have
d\/v; = — B\ vdt + SdAW}?
and
(dy/vr)? = (—=By/vgdt + §dWE)? = §2dWEdW} = §%dt,
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since dtdt = dtdW? = 0 and dW2dW}? is the differential of the quadratic
variation [W, W], of a standard Brownian motion (see appendix A.1.4 for a
general definition of quadratic variation) and it holds that [W,W]; =t a.s.
(See also appendix A.1.4 or [26] for the proof, respectively).

Hence,
dvy = 2y/vy(—B/vedt + 6dWE) + 6dt

= (6% — 2Bvy)dt + 26/ dWE. (3.9)

Setting 28 = &, 62/28 = 0 and 26 = o, we get our initial equation (3.7).
But there is a subtle disadvantage to this approach:

Problem: From (3.9) we see that there are only two parameters ¢ and
defining the volatility process and furthermore, § occurs even in both terms
before the dt and dW}? part. This leads to less flexibility for calibrating the
process and more importantly, the structure of the parameters prevents the
process to fulfill the Feller condition (see right below in the next paragraph).
That is the reason why we start with the CIR process defined in (3.7).

Properties of the CIR Process
The Feller condition is defined as
260 > o2

on the parameters k, 6 and o from (3.7) and prevents process {v:} to take
the value zero, i.e. v; > 0 for all ¢ € [0, T]. See e.g. [17]

In [9] there is a collection of interesting results concerning our CIR process:
the moment generating function is derived and shown, that this process fol-
lows a non-central chi squared distribution.

Furthermore it is shown, that all moments of the integrated process

t
Yt:/ Uy du,
0

E[Y}] < oo (3.10)

exist, i.e.
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for r € R. See [9, p.18] for details and proof.

The CIR process belongs to the class of diffusion processes, therefore its
sample paths are continuous but nowhere differentiable. See e.g. [12] or
[17].

In the following we will always assume that the Feller condition is fulfilled,
since later on we will have expressions are not defined if the variance takes
the value zero.

Market Risk and Risk-Neutrality
Heston proposed
Av,t) =y (3.11)

for (3.5), where v is some constant, with v # —23 (note that Heston used
the Ornstein-Uhlenbeck process (3.8)).

An economic motivation for this particular choice of A, can be found in [14,
p.329].

We rewrite A in terms of the market price of volatility risk A, so using
(3.5), we get
A(v,t) = yvg = (v, t)o/ /vy,

hence, (v, t) = X\\/vy, for some constant A, with v = Ao.

After the method in the previous subsection about the measure change in the
general stochastic volatility model, we get an EMM P for the corresponding

A = \ /vy if we show that
1 /T
E [/ Ath} < o0,
2 Jo

which follows immediately from (3.10).

Hence, defining the Radon-Nikodin derivative Z; as in (3.3) with corre-
sponding EMM P as in (3.4), we get the following P-Brownian motions

(Wi}, i=1,2
AW, = dW} + vdt

AW: = dW? + A/vgdt,
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where {1} is given by

vy = \/’(Tt

Therefore (3.6) can be written as

dS; = rSidt + /0y S, dW, (3.12)

and if we plug in for (3.7), we get
dv, = K(0 — v)dt + o /o[ dW, — AJ/vidt]

= (k(0 — v) — oAvy)dt + o/ dWV 2

= (k+ o)( — v)dt + oSO d W,
K+ Ao
finally, set & = (kK + Ao) and § = mfga’ in order to get v; back in the
differential form of the CIR process:
dv; = 70 — v)dt + o\ /o d WV .. (3.13)

The only assumption on the parameters &, X and o is that they are chosen
such that k + Ao # 0.

3.4 Methods and Approaches for the Pricing of
Barrier Options in Heston’s Stochastic Volatil-
ity Model

There exist closed formula solutions for the price of (European) vanilla op-
tions, but there are no such solutions for barrier option prices. [11, p.2]
Therefore, several numerical methods were developed in the course of time.
We follow [13] and distinguish between Simulation Methods on the one hand
and Finite Difference Methods on the other, in order to categories the main
approaches of evaluating barrier options.

A third approach, which cannot be counted as a proper numerical method,
tries to relate Black-Scholes formulas for barrier option prices, to approxi-
mations to closed formula expressions for these prices in the Heston model.
As Griebsch puts it: 7 for practitioners in the financial industry, it may be
important to understand what makes a stochastic volatility price different
from the Black-Scholes price that often serves as the basic hedging tool.
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Therefore, a recent focus in the literature has been the development of ap-
proximate closed-form option pricing formulas using the main features of
the Black-Scholes model.”[13, p.1-2]

In the next section we talk about finite difference methods first and set
the ground scene for these type of approaches. But since it is more related
to numerically solving PDE’s, we will just give an overview and want to
focus more on the approach in approximating pricing formulas, given by
Griebsch in [13].

3.4.1 Finite Difference Methods

Motivated by Black and Scholes and their PDE-approach in [3], it is pos-
sible to derive an analogue for the Heston model and even for the general
stochastic volatility model, presented in section 3.2.

We will present the PDE, which every stock dependent derivative security
in the Heston model has to satisfy, but we will skip the derivation, since
it is beyond the scope of this thesis. A detailed derivation of this PDE in
the general stochastic volatility model, with subsequent application on the
Heston model, can be found in [20].

Following Heston in [14], in the absence of arbitrage, the value of any asset
U(S,v,t) has to fulfill the following PDE

105282—(] + 0115827(] + 1U?)aQ—U + rSa—U
2”7 95 TP 500 T 27002 TV 08
ou ou
+[/<a(0 - ’Ut) - A(S,U,t)]% —rU + 5 = 0, (314)

where A(S,v,t) is given by (3.11) and  and 6 are the constants from (3.9).
If we plug in for A in the brackets in (3.14), we get
[K(0 — ve) — A(S,v,1)] = [K(0 — v;) — Aowy]

and we can rewrite this in terms of & and @ like we did in the previous
section for dv; in (3.13), hence

[K(0 — v) — Aovg] = [R(O — vy)].
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So using the measure change to P in chapter 3.3, reduces the PDE in (3.13)
to

1 52—82[] + povS O°U 41 il + Y
2" a5 T P7"8500 T2 90 TP 0s
. aU U
+/i(9 — Ut)% — TU + 5 = 0, (315)

In order to numerically solve (3.14) or (3.15), one has to specify the fi-
nancial derivative U(S) and its boundary and terminal conditions.

So in the case of an UOC option, we set
U(S,v,0)=(S - K)"

with domain 0 < § < B, 0 < v < oo, with boundary conditions

U(0,v,7) =0
U(B,v,7) =0
lim U(S,v,7) =0

v— 00

with time to maturity 7 =1 — t.

This function together with its boundary conditions and the coresponding
PDE in (3.15) is the basis where most PDE-approaches start. (After [7]).

3.4.2 Approximation Approach

Like mentioned above, in this subsection we want to discus an approach to
approximate the Black-Scholes formulas for barrier options from chapter 2,
following [13].

This method, uses probabilistic methods similar to chapter 2 and can be
regarded as an extension of it. Again, the price is given by the discounted
expected value of the barrier options’ pay-off under the chosen risk neutral
measure. In the following approach, we consider a UOC option only.

We start with the stock price - and volatility dynamics, described by (3.12)

41



and (3.13), i.e. we already use the rewritten form of (3.6) and (3.9), respec-
tively, under the risk neutral measure P. For simplicity we write P instead of
P, W instead of W', for i = 1,2 and furthermore, we write x and 0 instead
of ®, 6.

So the stock price - and volatility dynamics are given by

dS; = rSydt + /vy SydW} (3.16)
dvy = k(0 — v)dt + /o dWE, (3.17)

for fixed T and t € [0, T] and positive constants «, o, § and r, where {W}},
1 = 1,2, are both standard Brownian motions under the risk neutral mea-
sure P, on a probability space (2, F,Q), (with real world measure Q).

The correlation between the Brownian motions is given by
dWrdW? = pdt
with p € [-1,1].

Let {F:} be the filtration of {S;} and {v:}.

Pay-off of an UOC Option:

We will focus on the pricing of an UOC option, with pay-off given in section
1.2 and 2.2, i.e.

UOCr = (S — K)+H{Or<nta<xT s,<By = (ST — K)H{orﬁffT Si<B,Sp>K}-

We distinguish between three cases and then follow four steps to get an ex-
act pricing formula for the first case and approximations to the true prices
for the last two cases.

Three Cases:

(A p=0andr=0

(B): p =0 and arbitrary r

42



(C): p € [-1,1] and arbitrary r

Four Steps:
1. Condition on the variance paths up to exercise time 7.

2. Find the common density of the Brownian motion and its maximum
for all cases.

3. Using the density, compute the price by calculating the expected value
of the UOC option’s pay-off conditioned on the variance paths.

4. Calculate the outer expectation.

1. Conditioning;:

We start with rewriting (3.17) into its integral form:

t t
vy = vg + / k(0 —vs)ds + / o\ /usdW?2,
0 0

where vg is the (given) starting value of {v;}. We reformulate this into
t 1 t
/ VU dW2 = —(v; — vg — KOt + H/ vsds). (3.18)
0 o 0

Now, we want to express W} (from the stock price dynamics) as the sum of
W2 and another standard Brownian motion W;, independent of W2, for all
te[0,7].

For every t it holds, that W}, i = 1,2, are normal distributed random

variables, with zero mean and ¢ variance. Hence, the variance-covariance
matrix V of the pair (W72, W})T is given by

2 ov[W?2 Wl
o (8 (2

We use the Cholesky decomposition of V', see appendix A.2.3, i.e.
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V=i i) (0 ) e

then, there exists some standard normally distributed random vector (¢!, $)7,

s.t. w2 )
(w) =7 (%)
Hence,
W2 =Vt (3.19)
W = pVig! + V/t — p2te?
= pVio! + /1 - p?Vig? (3.20)

and if we define ¢? := %Wt and plug in for ¢! of (3.19) in (3.20), we get

W} = pW? + /1 — p2W,, t €0,T). (3.21)
Following [26], the general solution of the SDE in (3.16) for the stock price
Sy, is given by

o= s [~ s [[ v

1 t t
= Spexp {rt - / vgds +/ \/lTdeSI}.
2 Jo 0
Using (3.21) for dW}, i.e.

AW} = d|pW2 4+ /1= W, | = pdW2 + /1= p2aw,

we get

1 t t t
Sy = Soexp {rt—2/ vsds—i—p/ \/@dW3+\/l—p2/ mdws} (3.22)
0 0 0

44



Now we use equation (3.18) and multiply both sides with p and replace
fg V/UsdW2 by the right hand side of equation (3.18), hence

1 t t
St = Spexp {rt — / vsds + B(vt — vy — KOt + /@/ vsds)
2 Jo o 0

+V/1-p? /Ot \/EdWs}. (3.23)

Before we technically start with the conditioning, we substitute the drift
part of (3.23) by

1 t t
v=rt—— / vsds + B(vt — v — KOt + Ii/ vsds) (3.24)
2.Jo o 0

and furthermore, the stochastic integral term by R;:
t
Ri=+v1- p2/ VusdWs. (3.25)
0

Similar to chapter 2, we set
Ry = Ry +~(t) (3.26)

My = Orggéct{Rs +v(s)}. (3.27)

So we can rewrite the pay-off of the stock price process the following way:
R
(St — K)H{OE?T Se<B,sr>K} = (Soe™ = KLz 5oy (3.28)

where b = lns% and k = lnSKO.

Now, we define the filtration of the variance process {Fy}, as F} = o(vs :
0<s<t),tel0,T]

In the following, we need the ”conditional” probability measure P?, defined
in appendix A.2.6, i.e. for any function h : {W(w) : w € Q} x {v(w) : w €
0} — R, we have

P{h(W,v) < a} :=P{h(W,0) <a} ,a€R
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where v = {0;} is deterministic and can be considered as a non-random
dummy variable. The reason behind all that, is the independence lemma,
given in A.2.6.

Pay-off and Pricing Formula:

Like in chapter 2, we use the pricing formula (2.4), i.e.
UOoC =e""E [(ST - K)H{ max St<B,ST>K}} )
0<t<T

since clearly Fy C F7, we can use the tower property of conditional expec-
tations, see e.g. [26], and we get

UvocC = e "TE |:(ST - K)H{ max St<B7ST>K}"FO}
0<t<T

— TR [E [(ST - K)]I{Og?T St<B7ST>K}‘f,‘}[){| ]:0]

Hence, we can split the pricing process into two parts, i.e. calculating the
conditional expectation, which we call the inner expectation,

E |:(ST - K)H{Ointa%xT Sit<B,S7>K} “F;{| )

which is - by definition of the conditional expectation - a random variable
and as a second part, we take the expected value, called outer expectation,
of the result.

Because of (3.28) we can write the inner expectation in the following way:

E (ST_K)]I{OI%Htaé(TSt<B,ST>K}"/—-%:| = E[(SoeRT_K)]I{MT<b’ ET>]€}"F’}L =: EU

As a result of the independence lemma in appendix A.2.6, we can calculate
EV in two steps, i.e. first calculate

Ep [(SOeET ~K) = EY, (3.29)

H{MT<I7, §T>/€}i|

and secondly, replacing the dummy variance function {o;} with the initial
variance process {v;}, in order to get E.
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In order to calculate Eg,, we have to find the joint density of the pair
(Mr, Rr) under PV. This is content of the second step.

2. Calculating Densities.

The derivation of the densities will be similar to chapter 2. This means,
at first, we find the joint density of the drift-less pair (M, R;), where
M; = max R, and this result holds for all three cases. L
Then, for each case individually, we find the exact density of (Myp, Rr) for
case A and approximation formulas for the densities for cases B and C.

To find the joint density of (M, R;), we follow the same steps as in the
second chapter, therefore we will do it rather briefly.

Density of (My, Ry):

Again, the key relation is given by a reflection principle, but since R; is
not a Brownian motion, we can not use the same as in chapter 2 (or A.1.3).
Nevertheless, there is a version for R; and we refer to the appendix of [13],
where this is explained in detail. The result applied to our case of (M, R;)
is

P{M; >z, R, <y} =P{R; > 2z — y} (3.30)

forx >0 and y < z.

Theorem 3.1:

The joint density function fa, g, of the pair (M, Ry), is given by

2

222 —y) -3y

fMt:Rt (xvy) = Vf’ﬁ?’ o v (331)
for x > 0 and y < x, where
t
v = / vsds and p = /1 — p? (3.32)
0

Proof:
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Since, by definition, we have
0oy
P{M; >z, R <y} = / / fu,,r, (M, w)dmdw

and we know from (A.28) in appendix A.2.6, that R; is normally distributed
(under P?), therefore

22

PAR; > 2z —y} = / e 1P dz.
vipV2m 2z —y

Hence, from the extended version of the reflection principle in (3.30), we get

2

L[t L_ [T i
fu r, (M, w)dmdw = / e *Pvidy
x —00 o vipV 2T Jor—y

and partial differentiation with respect to = gives us

’ 2 -1
— M, R (T, w)dw = — e [
et wd =~
then with respect to y we get

2

2(2z —y) -1y

— MR (X, Y) = ————F—€ = "

f ts t( 7y) Vtgﬁg 27T

g

Now we treat each case individually, in order to get the joint distribution of
(Mr, Rr).

Case A: (p=0=r)

We will show, that the joint distribution of the pair (MT, ET) is given by

21 (2a—y)?
2

222 —y) —3y—3v
Qe —y) ~avan T forx > 0and y < z.

Tt e (29) = =3 e

v,
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Proof:

Since p = 0, for p in (3.32), we get p = 1 and therefore R; from (3.25)
reads

t
R, = / JidW,,
0
in differential notation, this is
ARy = /e dWr.

For the drift v(¢) in (3.24), we get

since r = 0. Equivalently
d"}/(t) = —*’Utdt.

Hence, for R, from (3.26), we get

— t 1 t
Ry =R, +~(t) = / VusdWs — 2/ veds,
0 0
with differential )
th = \/TTtth - i'l)tdt.

We can use Girsanov’s theorem again, like we did it in the second chapter:

Define process {W;} as

— 1 v 1
AW, = dW; — §ﬁdt =dW; — §ﬁtdt = dW; + ©O.dt,

where ©; = —% Ut.

Hence, - -
ARy = /v dW.

Furthermore, define

t 1 t t _ 1 t
Z; = exp {—/ O, dW, — 2/ @gds} = exp {—/ O, dW, + 2/ @gds}
0 0 0 0
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and after Girsanov’s theorem! (see appendix A.1.1.1), we define our new
probability measure as

B(A) = / ZrdP | A € Fb,
A

and {V[N/t} becomes a P - Brownian motion, without drift.
So, using the density from Theorem 3.1 and plugging in for Zr = exp{%}NZT—i—
112}, we get

P'{My <z, Ry <y}

= Epv |:]I{MT§£U7ETSZ/}:| =Ep [ZTIH{MTQU RT<y}:|

— E@[exp { “Ryp — 13 } {Mr<a, RT<y}}

1
8
y e Lo,
= . _Ooexp —5W = ghr fM o (m,w)dmdw

Lyl 1@mow)?
/ / 20m =)~ (3.33)
~ vrpV 27T
Since 5
8yal‘PU{MT < CL',RT < y} = fMTvéT(l‘ay)v
differentiating (3.33), analogously to the calculations in (2.8) and (2.9), gives
us the resulting density for (MT, Rr) (under Pv). O

Case B: (p=0,r#0)
For case B, we get an approximation to the joint distribution of the pair

(Mr, Rr), given by

(2z—y)?

I fora >0,y <z (3.34)

202z —y) AMD+(Z—3)y—3
Sty R (T Y) ® —5 == Tt
' Vi 2m

where
A(T):ir y%——y% — 57 1Z —§TT+8VT

! Again, the Novikov condition is fulfilled because of (3.10)
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with v2 defined as in (3.32) and
T
1
A / —ds.
0 Us

Proof:
Since r # 0, we get a different drift term (¢) (3.24), i.e.

1 t

y(t) =1t — / vsds,

2 Jo

with differential
1/t 1 1 ,
dvy(t) = d(rt — B vsds) = rdt — §vtdt =(r— ivt)dt =~/(t)dt
0

So + is still differentiable, which allows us to change the measure analogously
to case A, the only difference is that we get a different ©, namely

.
N

and therefore our exponential martingale Z; is given by

t __ 1 t
Zt:exp{—/ @SdWS—i-/ @zds}
0 2 Jo
tror 1 ~ 1 [t
= — - = AWy + = 2d
oo - [ (G~ 3vn) W+ 5 [ o]
1 t N t 1 o 1 t )
=expy — vdes—r/ dWs—i—/ @sds}
p{2/0 ves 0 Vi 2 Jo

1~ ~
= exp {2Rt —rU; + a(t)}

1
Or=—=— 5V (3.35)

where

~ t —_—
Rt:/ w/UdeS
0
~ t 1 -
U, :/ —dW;
! 0 VUt
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L[t
t):§ OGSdS.

Plugging in the right hand side of equation (3.35) for © in «(t), we get

L[t r 1 ? 1, ("1 L[ L
a(t)—2/0< US—Q\/?TS> ds-ir ; vsds—Qr/O ds+8/ovsd8
So

1 1 1
at) = §r2yf - §Tt + 8Vt2, (3.36)

where v} is defined as above in (3.32) and

t
7= | —ds.
0 Us

Hence, following the calculation of case A%, we get

IP’”{MT <z Ry < y} =Eg [ZT {Mp<«z, RT<y}}

~ 1~
= E@ |:eXp {TUT - iRT - CM(T)} H{MT<x,I~%T<y}:| (337)

The problem we are facing now is, that we have an additional random vari-
able Uy in (3.37), i.e. in order to solve this expected value, we require the
common density of the triple (ﬁT,MT,ET) and the method of using the
extended reflection principle, as in case A, fails here.

Therefore, at first we try to express (,~7T in terms of ET and an indepen-
dent, normally distributed random variable Ur and secondly, we will make
the assumption that Ur and Mr are independent, or how Griebsch puts it
in [13, p.11]: 7... but ignoring the dependence of My and Ur...”. The intu-
ition is, that MT depends on the path of Rr only and therefore shouldn’t
contribute much information to the value of Urp.

This is also the reason, why the resulting formula will be an approximation
to the density of (MT, Ry).

2 Again, the Novikov condition is fulfilled becuase of (3.10) and furthermore 7% does
not make any trouble, since v; > 0 for all t. Therefore Girsanov’s theorem can be applied
here like in case (A).
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Decomposition of Ur:

The pair (Rp,Ur) is normally distributed with zero mean and variance-
covariance matrix

where Cov(Ry, Ur) = Cov(Up, Ry) =T.
The proof is given in appendix A.2.4.3.

An equivalent notation is:

(Rr,Ur) ~ N ((0,0),%).

Now we use the Cholesky decomposition of ¥, i.e.

Y = RR"
T
<y% T> vr 0 i vr s
= -2 | = | T —2 T —: 72 | -
T l/T E VT — g 0 V% — g
Again, using appendix A.2.4.3, there exists a random vector

@ron ~ N (0.0 (5 1))

such that

0 vrd1

Ry _R<¢1>_ vr ; <¢1>_ ;
or)  \e2) ik \/VQT*% ¢2) %¢1+\/f?r*%2 '

Solving the fist equation for ¢; and plugging into the second and further-
more, calling ¢ = Ur, we get the decomposition of Up:

~ T ~ T2
Ur = TRT + ﬁ% — TUT'
vr V vr
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We rewrite this into:

ﬁT = aléT + asUr, (3.38)
where
T . T2
alzg,ag: V%—g (3.39)

with standard normal distributed random variable Up, independent of ]?ET.
If we replace Uy in (3.37) by its decomposition (3.38), we get

P*{Mr <z, Ry < y}
~ 1~
= E@ exp r(alRT + GQUT) — §RT — a(T) H{MTSUC,ETSy}

1 ~
=E; {exp {(ml — i)RT + aorUp — a(T)} H{MTSzﬁTSy}] ) (3.40)

Since ]A%T and Ur are independent and we assume MT and Ur to be inde-
pendent as well, like mentioned above, one can approximate (3.40) by

1 ~
Es [exp {(rcu — §)RT + agrUr — a(T)} H{MT<x7§T<y}:|

asr 1.5
~ Eg [e 2 UT] Es [exp {(Tal - §)RT - oz(T)} H{J\AJ/TSxﬁTSy}}

lCl T 1 D
= e2 % ]Eﬁ |:eXp {(T‘(M — §)RT - a(T)} H{MT<x,§T<y}:| ) (3'41)

since

as shown in appendix A.2.4.

Rewriting the expected value in (3.41) in terms of a double integral, we
get

1,2,2 Lis
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Yy T 1 ~
= ebadr® / ) / e {<m1 - Jw- a(T)} Tty o (> w)dmew

So, to summarize, we have

P'{Mr < z, Ry <y}
~et [0 ! )¢ f; dmdw. (3.42
~e2 ] exp < (ra; — §)w —a(T) fMT,ET(m’ w)dmdw. (3.42)

Like in case A, we get the approximation formula for the density fMT Ry of
(M7, Rr), by deriving (3.42) with respect to z and y, i.e.

2

Tty r(0:¥) = 5 5, B AMr < @ Br < y}

1,2,2_ ra1—Lyy 7 ra1—3)y ¥
~exdrtalD O DU L (2, y) = ADHCODFL o (0y),
where 1
A(T) = 5@%7"2 —a(T), (3.43)

a(T) given in (3.36) and a2 given in (3.39).
Now, plugging in for fMT Ry from Theorem 3.1, we finally get

fMT,ET (%y) R W@ YT (344)

Case C: (p# 0,17 #0)

So far, we could easily change the probability measure and apply Girsanov’s
theorem to get rid of the drift term in ET, in both previous cases. The
reason was, that the drift-term ~ was differentiable with respect to t or put
differently, d~y(t) was of order dt.

Now we face the problem that v; is part of the drift term, which is not of
order dt.

To see this recall that v was given by

1 [t p t
y(t) =71t — = / vsds + = (v — vg — KOt + ﬁ/ vsds)
2 0 o 0
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and in differential form, we get
1 P
dv(t) = rdt — §vtdt + = (dve — KOdt + Kudt),
o
rearranging terms and plugging in the definition of dv; from (3.17), gives us

1
dy(t) = (r — S0~ P+ Bﬂwt)dt + B(H(@ — vp)dt + o\ /o dW?)
g g g

1
=(r— ivt — gnﬁ + gmvt + 55(9 —vp))dt + P@th2~

So the differential of Et reads
5 2 1 P P P
dRy = p\/vpdWy + p\/updW{ + (r — JVt— ;/{9 + el + ;F&(Q —vr))dt

and hence, Girsanov’s theorem cannot be applied here, (at least not di-
rectly).

We fix this problem by approximating v, by a differentiable function @,
with vg = 79 and vy = @T.?’
In this case, the differential of the drift can be written as

1
dy(t) = rdt — Suidt + P (dv, — kOdt + rudt)
g

1 dv
= {r — Ut g(d—; — Kb + m;t)} dt

where dv/dt = U,.

Again we change the measure analogously to case A, this time with the

following ©:
_ (@)
PV

3Note: We are still in the first step of the independece lemma, from A.2.6. This means
that ve, t € [0,7] is not stochastic but one particular path of the set of all paths of
the variance process. Since all those paths are continuous but not differentiable, we can
apply e.g. the Stone-Weierstrass theorem, which states that every real-valued continuous
function on a closed interval can be approximated by polynomials.

O
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1 p p 1 P
_ P P _ = Ll
r K )‘l‘(o_li 2)vt+0_vt

P p 1y p v
=(r—=rl)—=+ (=K — 2)— =+ ——
O oA Wt W

where
P p
—(r— 2o Lalyr - dey=* 3.45
= (r UH),CQ (Um ) and c3 ( )
Hence, the exponential Brownian motion Z; is of the form
t _ 1 t
Zt:exp{—/ @SdWS—I—/ @gds}
0 2 Jo
exp a /t /\/>dW
= eX —_ — Vs
P Jo \F p
t
/ s AW, + = / 02ds
:exp{— ;Utl—%Rt ;gﬁg-‘—B(t)},
where
o
Us dW, (3.46)

" t o1 t N " t
U1:/ o :/ vsdW andU2:/
t POX/@ PO\F t PO\/U—S

and
1t
0
which is
1 t 1 t t (=1\2
B(t) = — (C%/ ds+c§/ vsdercg/ (v.) ds
2p* 0 Us 0 0o Us
t t 5 t
+26162/ ds + 2cyc3 8d8+26263/ @;ds)
0 0 Us 0
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or in short notation,
1
B(t) = TﬁQ(C%P% + v + By}

+2cicot + 26103@}2 + 20203(575 - Uo)), (347)

tq t t ()2 R t
72 :/ —ds , v? :/ vyds , V2 :/ (7:) ds , D} :/ s gs. (3.48)
0 Us 0 0 Us 0 Us

Like in the cases before, we write

PU{MT = Z, ET = y} = E@ [Z;IH{MTSLETSZ/}}

C1 71 (652 C3 ~9
~E; [exp {%UT + 2Ry + 20f - B(T)}H{MTSIﬁTSy}} (3.49)

and in order to get the joint density of (MT, ]SLT), we have to find the com-
mon density of the vector (ﬁ%, ﬁ%, MT, ET)

From here, we follow the same steps as in case B, i.e. we express the random
variables ﬁfr, 1= 1,2, in terms of ET and independent standard normally
distributed random variables U%, 1 = 1,2 and again, we ignore the depen-
dence between [7% and MT.

Decomposition of [7% and [7%
Case (7%
The decomposition of (7} works exactly like in case B (although, now we

have p # 1 ), therefore N N
U% =a1Rr + (IQU*]l“, (3.50)

T _ T2
a; = g and ay = py |75, — g, (3.51)

with standard normal distributed random variable U%,, independent of ET.

where
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Case (7%

For [7%, we consider the pair (ET, ﬁ%), with distribution given by

(#r. 09 ~ ¥ (00, (07 7L =x),

U — vp) pUT

which is shown in appendix A.2.4.4.

The Cholesky decomposition of ¥, is given by

Y = RRT
pvr 0 pvr prL e
= pETl’;vo ﬁ Z% o (ETV—Q”UO)2 O p V2 (ETV—Uo)2
T T

So after A.2.3, there exists a random vector

o)~ (0.0 (; 1)),

~ 1 0

Br) _ p <¢1> — iOVT - - <¢1>

03 d2) ~ \ P By i - Sl ] \ o
prT 1

~ UO¢1+P\/VT Tr—v)? 4,
T

Solving the fist equation for ¢; and plugging into the second and further-
more, calling ¢o = U%, we get the decomposition of U%:

= 2
~ U — U 3 vT — Vo
U:% Ry +p\/ %U:%

VT vp

s.t.

We rewrite this into B B
U} = asRy + a,U7, (3.52)
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where

2 2

T e 2
0y — Ur—v ay _p\/u% _ Mj (3.53)
vp vV

with standard normal distributed random variable U%, independent of Rr.

If we replace ﬁ% from (3.50) and (7% from (3.52) in (3.49), we get
P'{My <z, Ry < y}
C1 71 Co =~ C3 ~9
= Eﬁ |:€Xp {,OZUT + j2RT + foT - B(T)} H{MTSCFJF%TS?J}}
c1
:E~[6Xp{p (alRT—I—agUT) + RT

C3
;(agRT +ayUF) — (T>}H{MTSZ,ETS@/}]

cia1 +co + c3a
:E@[exp{( 17 73 3 3)RT}
D
.exp{p aaU7 + > a4UT} exp{—DBI(t )}H{MTSI,ETSy}]' (3.54)

Like mentioned above, U} and U% are independent of ]A%?T and we assume
their independence of My and since from appendix A.2.4.5 we have

E5 exp{ a2U + a4U }:|
P[ R i

1
= exp {2104 (C%ag + a2 + 20103a5)} (3.55)
— B
where
o~ T
as =p (I/T 3 (v — v0)> (3.56)
vr
and !
B(T) = ot (cfa3 + c3a] + 2cicsas) - (3.57)
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Therefore, we can approximate (3.54) by

S (c1a1 + c2 + c3a3)
- Y x r3
_ BB / / exp { (cra1 +E§ + 03a3)w}fMT ET(m’ w)dmdw
N - p ’

So, to summarize, we have
P*{Mr < z, Rr < y}

~ BD)-B(T)

e (cra1 +c2 +cza3) =+
L/W/w“p{ 7 w}Figy i (mow)dmdw — (3.58)

Now, like in the cases A and B, we get the density fMT By of (MT, ET), by
deriving (3.58) with respect to = and y, hence

2 —~— o~
P*{Mr < z,Rr <y}

St (T 0) = Dyor

~ +ept ~
B()-B(T) , Ty

~e A e b ().

Finally, plugging in for the driftless density f}/fT By of (3.31), we get

cla C c3a9 ) xTr— 2
| 220 —y) ey B Gy

St 5 (T 0) & (3.59)

531/% 27
for x > 0 and y < x, where
B(T) = B(T) - B(T),
with B(T) is given in (3.57) and B(T) given in (3.47), i.e.

~ 1
B(T) = DT (c%a% + Bak + 2c1c305)

1 ~
B(T) = g(cfﬁ?p + BUE + EvE + 2¢169T + 2¢1¢30% + 2¢oe3(Tr — w0))
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and the corresponding a2 given in (3.51), as4 in (3.53), as in (3.56), c12.3
in (3.45) and v2, U4, v and 72 in (3.48).

General Form of the Density:

We will summarize the density function for all three cases as follows.
Define

—% for Case A
F=<ra; — % for Case B
(cwﬁ;iycm) for Case C

and
—%V% for Case A
G=4qA(T) for Case B

B(T for Case C

and hence, the joint density of (MT, Ry), is of the form
2

_2(2z —y) FutG-3 5

e = S I razose o

In the next step, we calculate EV using the general form of the density in
(3.60).

3. Calculating the Inner Expectation EY

Like mentioned before, by the independence lemma and appendix 3.5, we
calculate first Ep,, where the variance is treated as deterministic and then
in the second step, we replace it with the our initial variance process {v;},
in order to get K.

3.1 Calculating E3,:
Recall, that Ep, was given by
EY = Ep [(soef"lT — K)I

{]/\\J/T<b7 ET>I€} .
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From chapter 2, we know the area in order to compute the double integral

in order to calculate the expected value, i.e.

Ep, = / . (Soe” — K) f37. B (z,y)dxdy

b b _ FyrG1@z=p)
:—/ / (Spe? — K) M e R dxdy.
k Jwt p VT 27

E G 1(2 ) FZ 1(2 y)
a Y 2 p$2 VyT2 2(2x y) G 2 :’21 21

e
72 2 bl
ox PV

therefore, we can solve the inner integral in (3.61) and we get

2

1 b Fy+G-1 54
Ep, = / (Spe? — K)e Y 297t dy
ovrV 2T Jk
1 b Fy+G— 1 (2b y)
- Soe¥ — K T d
VT | (e~ 5 y

= Solog — Kloog — Soli,1 + K,

where
I ,ﬁ / 7% ) Fﬂ)y%g;}d
T
0,z — Bur o Y
22 b _1((_ ) e
Il,xzil eG_Pz”%/ e 2(( 2F) ﬁZV%)erﬁgV%)dy
pvrV 2w k
for x € {0,1}.

For any f and g, it holds

(3.61)

(3.62)

(3.63)

(3.64)

1 b
/ o5 (fytay? )dy
b _1 ,L b
RO Ny SR
V2T Jk \/271' k



i

= ¥ () ()

using N(z) =1 — N(—z), we get

i

S UGERIRIEER)]

To summarize, we get
Sl (a () e
Now, for In in (3.63), we plug in for f = —2(F 4 z) and g = =5 and use

the result in (3.65), therefore
b _1|_ x y?
e 2{ 2AF+ )y+52”%}dy

€
I = ———
T prrvan

(

e 1 { 2(F —|— x)
= — 1 exp
1%
pvT 521/%
1 —2
N —=2.2 _( - 1
PV 2521,%
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1
= exp {G + §(F + m)2p2u%}

e (F+x)ﬁ2y%—|—ln% _N (F—l—:r)ﬁzy%—i—ln% '
pvr pvr

For I, in (3.63), we plug in f = —2(F + z) — b and ¢ = =5 and
’ vy P vp
use (3.65) again, hence
1 G— 2b2

2
o PG,
pvr \/ 2

1
vr P vr p%/% ﬁ2l’%
. ((F+a)+ 2 ) o2 —k N ((F+2)+ 2 ) 723 — b
pvr pvT

2b? 1 2
:exp{G—pZVQ}eXp{2(F+x) 202+ 2b(F + x) + }

T p*vi
‘[N<(F+x)pVT—i—2b k:> N((F+x)pVT+2b—b ]
pvT pYT

1
:am{2ﬁhwm%%%+2MF+xy+G}

A (F‘HU)P’/T‘HHSOK N (F +2)p*vi +n £
pvr pur '

So, to summarize, for I; ., 7 = 0,1 we get

1
Iy = exp {G’ + §(F + :c)2p2y%}
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— S — S
.[N<(F+x)p21/%+lnlg>_N<(F+m),021/%+ln5‘?)] (3.66)
pvr pvT

1
Iz =exp {2(F + 2)%5%V2 + 2b(F + ) + G}

F 4 )22 +1In B2 F+2)p2v2 +In 2
. [N <( )/37 T SoK | _ N ( )/i T S . (3.67)
pvr pvr

forx =0,1.

Now, we come to the case by case distinction and we plug in for F' and
G.

Case A: (p=0=r)

In this case, we have ' = —%, G = —%1/% and p = 1.

For the factor of Iy, in (3.66), we get

vits(—3to)?vE
forx =0,1.

Hence, I, is of the form

1.2 S 1.2 S
— 2 +1 20 Y 3 +1 20
Jm:N<iﬁ“nK>—N<2WnB> (3.68)
vr vt
1.2 S 1.2 S
=N <2VT+IHK> N (WlnB> | (3.69)
vr vr

For the factor of I , in (3.67), we get

for x =0 and B
_%V%—i—%(_%)QV%—Fb = eb = —

e S,
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for z = 1.

Hence I o and I ; are of the form

1.2 B? 1.2 B
S, —5vp+1In o5 —svp +1n o
Iig = 20 | (”5(11() _N <2T50>] (3.70)
B vr vy
lu2—i—lnB—2 L2imE
h=2|n <2TSK oy (2t hEs (3.71)
So VT VT

Case B: (p=0and r #0)

Here, we have F' = ra; — %, G = A(T) and p = 1, where a1 = ul?’ given in
T
(3.39).

Recall, A(T) was given in (3.43), by

A(T) = 2a3r? — a(T),

2
with ay = | /74 — I7 and a(T) = jvgr® — 51T + g7 (see (3.36)), therefore
we get ,
A(T) = %(7T 2)7"2 5 %TQ + %T‘T — gy%
= —1 @ + er

. (3.72)

hence, for x = 0, we get

22 22

1.2 ,rT _r°T r°T v, 1.2

L et 17

87T 2 2 2 2 87T

e ro 2T =e'=1 (3.73)
and for x = 1, we get

2T r2T2 1T 12,2
8°T 2 QV% 2 ,,% 2 T



0+l-2(%fl)uz+lu2
—e 2 V22T ETT

Therefore, we get the following Iy o and g 1:

1.2 S
Iy [N (rT— QVT—f—lnI?) N (rT VT+ln 5 )] (3.74)
vr vr

T+ 33 +1n%2 T+ 303 +In
Io,lze’“T[NC QT TR ) N (EEETEE )| 37)
vr vr

We rewrite the factors of I , into

N[

exp {;(F—i—x)Qz/% +2b(F 4 z) + G}

(F + 2)202 + G} exp {2b(F + z)} (3.76)

For x = 0, we get

it
exp { 22 + G} exp {20F} = exp {2bF'} = exp {Qb (ZT 1> }
U

2
2brT 2brT
L —b}—exp{ b}exp{ L }
vi

= exp

2rT 2r g
_ (S0 (BNA _(BY\#
- \B/) \S S
and for x = 1, we get
1
exp{2(F+ 1)%v2 —i—G} exp {2b(F + 1)}

= exp{rT} exp {26 (ZT + ;) } = exp {rT} exp{2b} exp { Ql;TT}

T T
2rT 2rT
_ eTT E E l/% _ eTT E V% +1
S() SO SO ‘
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Therefore, 119 and I ; are of the form

vr

rT — 302 +1n 22 rT — 12 +In
. [N( 27T SoK - N 27T So (377)

Case C: (p# 0 and r # 0)

In this case, F' = (01‘11?73%3‘13) and G = B(T). First we will recall the
definitions of the a; and B(T). (See (3.47), (3.57), (3.51), (3.53) and (3.56)

for their derivations).
Since B(T) and B(T) were given by

1 ~
B(T) = 2—#(0%?% + BV + VA + 2¢160T + 2¢1¢30% + 2cac3(vr — wp))

and )
B(T) = ﬁ(c%ag + c3a% + 2cic3a5)
1 9, T2 . vT — Vo 2 9 T
= 1 (AP0 - )+ B - T 29 - (o - )
p 7z v iz
1 N 2 v — Vo 2 = T
= L (@t -+ s - P00 ooy — L or — )
2p T Iz 1z
. C%f% C%g% Clcgﬁ% 1 2T2 9 (UT — U0)2 T(UT — 2}0)
= toat——m —om|a g ta—m t2aa——— |,
2p 2p p 2 T Vi Vr



B Avd vk ciesvd 1 o T? 5 (v — vg)? T (v — vp)
= o= — = — o=z Gzt 2 +2c1c3 2
2p 2p D 2p Iz vy 1z

— <2p2(c%1/?p + cgl/?p + cgg% + 2c1e9T + 201035% + 2coc3(vr — vo))>

1 T2 v — )2 T(vp — v
=—— <C%2 —1—012;)7( T 5 0) —1—201037( T2 0) +c§1/%+20203('UT — 1)) +20102T>,
2p 1z vy Vi

where ¢1, o and c3 are given in (3.45).

For F, we get

r_ (clal +co + Cgag)

2

1 T v — v
_ 1 <612+CQ+03(T0)>,
D v

2
T vr

Hence, for the factor of Iy, in (3.66), we get

1
exp {2(F + 2)%p% V3 + G}

1/1( T (vr — o) =
:eXp{2(p2<CIV%+CQ+C3V2 +x pVT+G

T

V2 T v — ) 2
:exp{2T2(012+02+03(T20)+w> +G .
p vy v

T

and for x = 0, we get

V2 T v — U 2
exp{2TQ<Cl2+CQ+Cg(T2O)> +G
p v v

T

1 T2 v — vg)? T(vr — v
—epl L (T pplm o)y, Tlor — )
2p %

5 + C%V% + 2coc3(vp — o)) + 20102T> }
T v

v
1 T2 vp — )2 T(vr — v
.exp{_2 <032 Lol o T — )
2p v

5 + C%V% + 2cocs(vp — o)) + 20162T> }
v vr
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since G = B(T).

Therefore,

1
exp {2F2p2u% + G} =1. (3.79)

Using this result, the factor for x = 1 reads

1
exp {2(F +1)%p%v7 + G}

1 1
= exp {2F2p21/:2p + G} exp {Fp2u% + 2p2u%}

1 T (vr —v0)\ 2 2 15 4
=exps 5 |15 +a+e——5— | pvr+ spv
Xp{p2<1y% 2 1T C3 2 PvT T 5P VT

1
= exp {ClT + CQV% + Cg(UT — Uo) + 2,021/%}
=ex {h }*2 2}
- p +2,0 vroes

where
h =T + cova + e3(vr — ). (3.80)

Hence, Iy and Ip; are given by

h + In 50 h+1In 50
Lo=nN(2F2E ) _y(2E0E (3.81)
’ pvT pyT
1
In; =exp {h + 2p21/%}
A h+ p*V2 +In 50 N h+p*v2 +1In 5 (3.82)
pvr pvr ' '

We rewrote the factor of I7 , in (3.67) into (3.76), i.e.
1
exp {2(F + z)%p% V3 + G} exp {2b(F +z)},
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so, for z = 0, we use (3.79) and the definitions of F', G and b, hence

exp {2bF'}

o 2h ) B

=exps 55— In| —

P ﬁ2v% So
2h

where h is given in (3.80.).

In the same way we get the factor for x = 1, hence

exp {;(F +1)%2 + G} exp {2b(F + 1)}

1 B\ 2F+D)
el ) (2

1 B\ 7z
:exp{h—i—szV%} <SO>P”T .

Therefore, I1 9 and I 1 are of the form

2h 32 B
B\ 72,2 h+1n h+In &
oo () () (58] e
So pvT pvr

B\ 2z t?
I = ettar’v (2
1,1 =€ 2 S
h+p*v2 + In B? h+7p%2+ &
N PUrTRSE | _ N PUTT Bs |, (3.84)
pvr pYT

3.2. Computing E":

Remember that so far, by calculating Ep,, we have done the first (and
hardest) step in calculating EV. In order to actually get EV, we just have
to replace our dummy variance by the initial variance process. (Again, see
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appendix A.2.6 for details).

In addition, this subsection is like a summary of step 3.1. Since using the
notation of PV instead of writing vy for the dummy, the substitution for the
variance process will not be visible in the formula of (3.62) and the corre-
sponding I, in equations (3.68), (3.69), (3.70), (3.71) for case A; (3.74),
(3.75), (3.77), (3.78) for case B and (3.81), (3.82), (3.83), (3.84) for case C,
since we used the abbreviations Ep, and EY, but remember, that they where
given by -
— R __ _
Ep, = Epv [(SO@ "= K)o, RT>k}}
and _
_ R __ _
E" = Be|(Soe™ — K)Li57, oy 7oy FF)

So in EY we are back to our initial measure P with random variance v (and
therefore random v). Keeping this in mind we can take these equations or
the I, directly.

Using (3.62) - which can be used for all three cases - and replacing the
dummy variance by {v;}, we get

EY = Soloy — Kloo — Soliq + K1,

where I, , differ from case to case:

Case A: < <
1,2 1,2
PP (L o IR (L R (3.85)
’ vr vt '
1 S 1 S
Li—N $V2 +1n 32 _N sV3 +1n 0 (3.56)
’ vr vr '
1,2 B2 1,2 B
—5v5 +1n —5v5 +1In &
o= 20 [N (M) N (HS)] (3.87)
’ B vr vr
1.2 B2 1.2 B
svs+1In & svsm+1n &
n,=2 N (Ms) N <2Ts>] , (3.88)
’ So vr vr
Case B
1.2 S ) S
Ioo = [N(TT_Q THDI?)—N<TT_2 Tﬂng)] (3.89)
VT %



)

1.2 S 1.2 S
L= [N <T‘T—|—2VT—|—1H]?>_N(TT+2VT—|—1HBO>] (3.90)

h+ In 50 h+1In50
1@-N<+“K)—N<+“B> (3.93)

1
Ioy = exp {h + 2027/%}

_ S, — S
'[N <h+,021/:2p—|—lnlg>_N<h+p21/:2p+ln}30>]' (3.94)

pvrT pvr

2h BQ B
B\ 7.2 h+In &+ h+In &
Lo=(=)""7T|N[—2&L) -N|—2 (3.95)
So pvT pvT
h
h1:Jﬁﬂ%<B>£%H

h—l—*21/2—|—hr1B—2 h+7p%2+In &
[N< PUrTRSE ) N PITT i )|, (3.96)

pvr puT
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where h is given by (3.80), as
h=cT+ 021/% + c3(vp — o)

and the ¢; are given in (3.45).

Now, we are finally ready to compute the price of the UOC, by taking
the expectation of the inner (conditional) expectation E", i.e.

UOC = e "TE[EY].

This is content of the next subsection.
4. Calculating the Outer Expectation:

All that is left to do in order to compute the price of an UOC option,
is to calculate the outer expectation given by

UOoC = eirTEP[S()[OJ — KIO,O — 5011,1 + KIL()].

In order to do this, we need the density fy% of v2 under P for cases A and

B and the joint density fl,% oy Of (vr, 1/%) for case C, which is explained in
the following.

Case A:

A powerful tool to calculate a density function for a random variable is
to compute the Fourier inverse of its characteristic function. From proba-
bility theory we know that the characteristic function of a random variable
always exists (see e.g. [19]). Since Iy, and Ij , contain the time integrated
variance V% as random variable, we can calculate its characteristic function
and we get an explicit formula for it (actually for all three cases).

Like mentioned, the density function fl,% , 18 given by the Fourier inverse

foz (@) = 1/R R(e_imgby%(u))du, (3.97)

™

where R denotes the real part of e*im‘d)l,% (u), (which is a complex number
for every v € R) and gZ)V% denotes the characteristic function of v2 , which
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is of the form
vy (u) = AT+ B (wvo , u € R,

where p - 0
K K
AuT)= —=(k—-d) T+ —In|——-—
(u,T) 02(/1 )T+ o? n[d€++/€6_:|
2iue”
B T = ————
1(“7 ) P —|—d€+’
with
er = (1+e )
and

d = v/ K2 — 2iuc?.

The derivation is given in the appendix A.2.5, (see equations (A.20) and
(A.21).

Price of the UOC Option

This enables us to compute the price of the UOC option, given by

UoC = e_’"T/R (Sol11(y) — K1 o(y) — Sol2n(y) + Koo(y)) fo2(y)dy
" (3.98)

where Iy, and I} ,, z = 0,1 are given in (3.85), (3.86) and (3.87), (3.88).
Case B:

In this case, the density fl,% is the same as in case A, but recall, since
we derived an approximation formula to the density fMT By of the random

vector (MT,}T’,T), we only get an approximation to the true price of the
UOC, hence

UOC ~ e [ (Soha(y) ~ KTio(w) — Solaa(w) + KLao(w) £3 (),

Ry
(3.99)
with corresponding I, from (3.89), (3.90), (3.91) and (3.92).
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Case C:

In this case, we have an additional random variable in the I ,, vr.
Recall, e.g. I 1 is given by

2brT 1.2 B2 1,2 B
Lo B ,,%"‘1 N h+§VT+1n&J7 Y h+§VT+lnsT)
’ So VT VT

where v is hidden in h, given by

h = ClT + CQV%‘ + Cg(UT - U[)).

This means, in order to compute the price in the same way as we did in case
B, we need to find the joint density fl,% wp of the pair (v2,vr), which can
be done like for fy% : we derive the characteristic function qﬁ,/% vy Of the pair
(v2,vr) and give the density as the Fourier inverse of D2 -

So, the joint density f,2 . of the pair (v2,vr), is given by the (double)

Fourier inverse

,UT

1 —UT—Iw
fy%jvT(a:,y) = (271')2//]1@26 y(f),jizmvT(u,w)dudw, (3.100)

where ¢,2 . denotes the bivariate characteristic function of (v2,vr) and is

given by
¢UT,VT (u7 U)) = eA(u,w,T)+B1(u,w,T)vo , u,w € R
where
/q/e 250 2d
(u,w,T) 3 (k —d)T + 3 In (k — iwo2)e_ + des
and
O
8, W, L) = (k —iwo?)e_ +dey ’
with

er = (1 e )

7



and

d =\ k2 — 2iuc?

The derivation is given in the appendix A.2.5, (see equations (A.24) and
(A.25)).

Price of the UOC Option:

Like in case B, we had a an approximation formula to the density fA~/IT By
therefore, we get the following approximation to the UOC price:

UOC =~

T /2 (Sol11(x,y) — K o(z,y) — Sola1(x,y) + Ko o(x,y)) fV%,vT (x,y)dzdy
RY
(3.101)

where I; ;, i,j € {0,1} are given in (3.93), (3.94) and (3.95), (3.96).

Remark:

The densities and the resulting approximation formulas for our UOC option
prices can be calculated numerically. This involves, given the characteristic
functions, to compute the (inverse) Fourier transformation in (3.97) (for case
A and B) and (3.100) (for case C) in order to get the densities, which can be
done e.g. by fast Fourier transformation with low computation times. (See
numbers below).

The second step involves calculating the one dimensional integrals (3.98)
and (3.99) (for case A and B resp.) and the two-dim. integral in (3.101) (for
case C), for which there are plenty of efficient methods to do so. (Matlab
offers a number of solver functions, e.g. integral2).

In the numerical analysis in [13, p.22-29] UOC prices are calculated with
our approximation method (AM) for all three cases for barriers in the in-
terval [105,145], as well as strikes in the interval [80,100], using a set of
parameters, which fulfill the Feller Condition. As reference method, a finite
difference (FD) method was considered, derived by Foulon and In’t Hount
in [11] and is used as benchmark model for cases B and C. (Recall, in case
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A we have an exact formula given by (3.98)).
For case A the results show, that absolute differences between the prices of
both methods stay below 0.0015. Mathematically speaking

|Pari(B,K) — Ppp(B, K)| < 0.0015 for B € [105,145], K € [80,100],

where P4y (B, K) and Ppp(B, K) denote the prices calculated with the AM
and FD method respectively, for barrier B and strike K.
Relative price differences stay below 0.04%, i.e.

|Pari(B, K)/Ppp(B,K) — 1| < 0.04%

for all B and K in the above intervals and it can be observed that the highest
deviations occur for low barrier- and high strike level. The computation
times for the FD scheme is about 150 seconds and the AM does not exceed
1.1 seconds.

In case B, where a non-zero r is chosen, absolute price differences stay below
0.025% of the initial spot price Sy (which was set to 100 in the parameter
setup) and relative price differences stay below 2.5%, with highest deviations
for barriers and strikes in the same region as in case A. The computation
times also stay the same as in case A.

For the most general case C, with an additional correlation parameter of
p = —0.5, the absolute price differences stay below 0,25% of the initial
spot price and relative price differences stay below 8% and reach those for
low barriers close to the initial spot. The region where the percentages are
high is neglectable though, since prices there are virtually zero (due to high
probability of knocking out). Computation times for our AM stay below 8
seconds and depend mostly on the computation of the density in (3.100).
For details and exact numbers and visualizations, we refer to [13, p.22-29].
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Chapter 4

Pricing of Barrier Options:
A Model-free Approach

4.1 Motivation

So far, our approach, concerning the pricing of financial derivatives, was to
propose a model for the underlying stock price and using Girsanov’s theo-
rem to eliminate the market price of risk and use the resulting risk neutral
measure as pricing tool.

But there is still a crucial problem with this approach: We do not know
how precise our proposed models describe reality. So we face the problem
of model risk and model-misspecifications might lead to wrong derivative
prices.

In practice the option price formula is not used to calculate option prices
itself, but for calibration purposes. This means, the model parameters are
determined by observations in real markets. For example instead of propos-
ing a (constant) volatility as an input parameter and calculate the price of
a call option via its Black-Scholes formula, the observed call option price
is used to determine the volatility (called implied volatility), which can be
used in turn, to calculate prices of exotic options. For example, the price
of an UOC using formula 2.23 with this calculated implied volatility as an
input parameter.

Nevertheless, this method leads to problems as well, since options with dif-
ferent strike prices or maturities lead to different implied volatilities (well
known as volatility smile). So, the question remains, which strike price/maturity
to use, in order to calculate the "right” implied volatility to price the exotic
option.
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These ambiguities were the motivation for the development of the model-
free approach:

Since nowadays, (vanilla) options are liquidly traded assets, we take their
prices as given, for a whole spectrum of strike prices (with common, fixed
maturity). Then, by investing in options and in the underlying, we replicate
the pay-off of an exotic option. By no arbitrage arguments, the price of the
exotic option must be equal to the prices of the options used for hedging.
A huge advantage is, that there is no dynamic hedging involved in this ap-
proach, but a semi-static hedging. This means, that we trade only in a few
time points (in our particular case, three at most).

Another crucial part is that we do not propose a model for the underlying
stock price. So the resulting price (or price range, resp.) holds for a whole
class of models. A model whose prices fit in this range is called robust and
this whole approach therefore robust hedging. (After [15] and [5]).

4.2 Assumptions and important Results

4.2.1 Assumptions

Following [15], let 7' > 0 denote a fixed exercise time and K denote the
strike price of a vanilla call option. Let S be the forward price of the asset.
The price of a call option with underlying S and strike K is denoted with
C(K) and has pay-off (Sp — K)*.

Let B be a barrier level and we define the first hitting time for the forward
to cross the barrier, as

Hp = inf{to >0: Sto > B},
then the pay-off of an UOC for example, can be written as
UOCT - (ST - K)+H{HB>T}' (41)

We assume that call options with corresponding prices C(K) are given as
differentiable function of strike price K, in our case it will be enough to
consider all K € (0, B).

Since we are interested in unique prices or price ranges, we have to ban
arbitrage, or, equivalently, consider the class of all arbitrage-free models.
We assume that there are no transaction costs and also allow for buying and
short selling any amounts of the underlying at any time. Our replicating
strategies will consist of investing in call - or put options and buying or
selling the underlying at certain time points.
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The only assumptions we make on the price process of the underlying, is
right-continuity of its paths. (Note, we do not assume any distribution of
the stock returns, like in the previous chapters).

Last but not least, we work in zero interest rate environment. Adding
non-zero interest rates complicates things in the sense, that we have a non-
constant barrier level.

In section (4.3) we will focus on finding replicating strategies for UIC and
UOC options. Since barrier options are path dependent, we can only find
sub- and super-replicating strategies, which means that the pay-off of the
barrier options is always lower, higher respectively, than the value of our
portfolio. Therefore the price of a BO ends up lying in an interval.([15,

p.5]).
4.2.2 Important Results

(See [5] and [15]).

Instead of proposing a distribution for our underlying process, like we did
in the previous approaches, we can deduce it from given option prices. This
means, on a probability space (2, F,P), the probability law p of St (see
Appendix A.4 for more information), is the solution to

C(K) = Bl(S1 = K)'] = [ (0= K)* () (4.2)

In chapter 4.3 we will need some simple results concerning digital options
with pay-off I;g,>py.

First of all, if the call option price, interpreted as a function of strike K, is
differentiable, then, using (4.2), we get

dK/ x— K)" p(dr) dK/ (x — K)u(dz) =

hence,
plK,00) = —C'(K). (4.3)
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Furthermore, we have

P{Sr > B} = Eull;s,om)] = /R Iys 5y (@) u(der) = / (dz)

x>B
- / j(da) = plB, o0).
x>B

So, using (4.3), we get

P{Sy > B} = u[B, o) = —C"(B). (4.4)

Best lower /upper Bound:

We want to briefly discuss the procedure, how to prove that a certain
lower /upper bound for the arbitrage price of a financial derivative is indeed
the best possible lower/upper bound, without going too much into detail,
because the methods are based on some deeper results of robust hedging
theory and is beyond our scope.

Let a financial derivative on an underlying forward price S (e.g. an exotic
option) be defined by its pay-off f(S7), with corresponding arbitrage-free
price P(f(St)). Furthermore, let U be an upper bound for this price, i.e.

P(f(51)) <U

Our process S here, can be interpreted as a variable out of the class of all
arbitrage-free models M.

The idea how to show that our bound U is the lowest upper bound for
a hole class of models is quite standard:

First of all it has to hold, that
P(f(St)) U ,vVSeM
and furthermore

38 e M:P(f(Sr)) =U. (4.5)
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To actually show the existence of such a process is the difficult part and its
construction generally uses some particular solution of the Skorokhod Em-
bedding Problem (SEP) (see chapter 3 in [5]), which aims to find a stopping
time for a given process and a given law, such that the stopped process at
this time possesses this law. There are several approaches to tackle that
problem and the construction of a process fulfilling (4.5) depends on the
derivative (its pay-off, resp.) and on the (sub/super-) replicating hedge and
corresponding to that, the solutions to the SEP- which fits best to the par-
ticular case- can be applied for the construction.

4.3 Replicating Strategies and Price Ranges of Bar-
rier Options

In the following subsection, we consider an UIC option and give a sub- and
super-replicating strategy and derive the corresponding price bounds. In
section 4.3.2, we consider the case of a UOC and use relations (2.23) and
(2.24) to derive the sub- and super-replicating strategy and price bounds
from the results of the UIC in subsection 4.3.1.

4.3.1 UIC Options
For the UIC Option with pay-off
UICT - (ST - K)JFH{HBST}

we set K < B, since for K > B the UIC is automatically knocked-in and
therefore has the pay-off and price of a vanilla call option with strike K.

Upper Bound:

For K < B, we have the following super-replicating strategy:

B-K a— K
(S — K) Tipy<ry < B4 (St —a)t + B4 (Sup — ST)ry<ry (4.6)
for a € [K, B).
Proof:
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We distinguish the cases Hg > T and Hp < T first.

Hp > T: The left hand side of (4.6) is equal to zero in this case and
the second term of the right hand side vanishes, since the indicator function
is zero. Hence, for all a € [K, B)

B-K
<
— B—-a

0 (St —a)t.

If Sy < a the right hand side and the inequality is correct (in that case it
is an equality). For Sp > a the right hand side is positive, since all factors
are positive and the inequality is correct as well.

Hp < T: In that case, we get

a— K
B —a

(57— K)" <

o +
_B—G(ST CL) +

(SHp — ST)

Firstly, we consider the easiest case, where S < K, hence

a— K
0< 3 (Sup — ST)

—a

this is true, since Sg, > B > K > Sr, therefore (Sg, — St) is positive.

Let Sp > K. In this case we get

B-K a—K
_ < —_ a7t _
St — K < B—a(ST a) +B—a(SHB ST)
If St < a, we get
-K
ST—KgaB_ (Si, — St).

Since
Sr—K<a—K

this holds if we show that

Sup — St
K< — K)y=—=/8_ -
¢ < (a ) B—a
which is equivalent to
| < Stp = 5T
- B-a

or
B —a< Sy, — St.

85



This is true, since B < Sg, and St < a.

If St > a, we get

B-K a— K
B_G(ST—G)+B7_CL(SHB—ST>.

St — K <

which is equivalent to
(57— K)(B —a) < (B — K)(57 —a) + (a = K)(Suy — 57)
StrB—KB-Sra+aK < StB—-StK—aB+aK+Sy,a— Sy, K—Sra+KSr
—KB < —aB+ Sp,(a—K)
B(a—K) < Spp(a—K)
which is true for all a € (St, B). O

The corresponding upper bound for the UIC is given by:

_ C(a)
UIC< (B—-K f
o ( )ael[rll{,B) B—a

and the infimum is attained for some a* € [K, B).
Proof:

Taking expectations on both sides of (4.6), leads to

B-K a—K
< —a)" — St).
UlIC < B—aE(ST a) +B—GE(SHB St)
Since,
E(Su, —St) =S50 — So =0,
we get
B-K
UIC < 5 C(a) ,a€[K,B)

When optimizing over all a € [K, B), the minimum is attained for some
a* € [K, B), since, first of all, the right interval bound B is not interesting
for us, since for a 7 B, we get

C(a)
B—-a

— O0.
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C'is continuous on [K, B] and we can assume that option prices are positive
on this interval, we don’t get any problems at point C(B), such as C(B) = 0.

Therefore we can choose a B~ = B — ¢ for some € > 0 and consider the
interval [K, B™].

Since C(a)/(B — a) is a continuous function on this interval, such an a* €
[K, B™] exists and we get

, C(a) C(a®)
IC<(B-K f =(B-K
UIc = ( )ael[rlz,B)B—a ( )B—a*

Lower Bound:

For K < B, when no assumptions are made on S, we have the following
(trivial) sub-replicating strategy:

(St — K) Ig,<ry > (S7— K) s> m (4.8)

Proof:

This inequality holds since
{Sr > B} C{Hp <T} (4.9)

which is true, since the set on the right hand side contains all paths, where
the underlying has crossed the barrier level at time Hpg, all paths with
St > B are included. O

The corresponding price bound is given by

UIC > C(B)+ (B — K)u|B,o0) (4.10)

Proof:

First, we split the right hand side of (4.8) the following way:

(ST — K)+]I{STZB} = (ST — B+ B - K)+H{ST2B}
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= ((S7 = B)" + (B — K))l{s,;>p
= (St — B)"Iis,>py + (B — K)s,>p)
= (St — B)" + (B - K)Is,>5y,
therefore
(St — K) Iig,>py = (S — B)" + (B = K)ljg,>p)-
Taking expectations and using (4.4), we get
UIC > E[(Sr — B)] 4+ (B — K)E[l{s,> 5]

=C(B)+ (B— K)u|B, )

If we allow S to be continuous, we can even improve this bound, using
the following sub-replicating strategy:

B-K
(S~ K) Wyery > (St~ K)" = 2= (57— a)* — (87— B)"]
a—K
+(B - K)]I{STEB} + T_G(SHB/\T - B), (4.11)
for a € [K, B).
Proof:

Case Hp > T In this case we get

B R s —ayt - (sr - By 8

> —K)"
0= (Sr ) B—a B—a

(S — B).

If K > S, we get
0>

a— K
a(ST_B)v

which is true since a < B and St < B.

Ifa > St > K, we get

a— K
OZST—K—I—B

(S — B).
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0= (B—a)(Sr— K)+(a— K)(Sr— B)
=SrB+aK — KB — Sra+ Sta— KSp —aB + KB
:STB+GK—STK—CLB:(ST—CL)(B—K)

which is true by our assumption that Sr < a.

Finally, let a < S, then

%:I;[(ST —a)— (St - B+ (;3__[2

0>5r—K— (St — B).

Since St > B is not possible, (because we assumed Hg > T'), we get

B-K a— K
> — K — _
0> 57 B (ST CL)+B

(St — B)

and reformulating this, leads to
0> (57— K)(B—a)—(B—K)(Sr —a)+ (a - K)(Sr — B)

= SrB—KB—aSr+aK—-SpB+KSr+aB—aK+aSt—ST7K—aB+KB =0

Hence, we have equality for a € [K, St).

Case Hg < T': Here, we get

(Sr— K)™ > (Sr— K)" - B, o~ a)* —(Sr — B)7]

a— K
B—a

Since S is continuous, we have Sy, = B, hence

therefore
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If a > S, St < B, therefore we have equality in that case.

If a < Sy and St > B, we get

B-K
0>-—""[Sq—a-Sr+B]+B-K=0
B—-a
if Sp < B, we have
B—-K
0> —r(ST—a)
which is a strict inequality for a € [K, ST). O

For the corresponding price bound, we get
UIC > C(K)+ (B — K)u[B,)

¢ [ (B K)(C(a) ~C(B)) , (a—K)(B~5)
—alng{ B—a * B—a : }

where the infimum is attained by some a* € [K, B).

Proof:

Analogously to the upper bound above -
by taking expectations on both sides (4.8) and also the same argument as
above, proves the existence of a* € [K, B). O

Remark: Like mentioned in (4.2.2), in order to prove that a boundary is
the best possible, one has to find a process and show that it attains the
bound. For both boundaries such processes can be constructed. Further
information can be found in [5].

4.3.2 UOC Options

For the UOC option with pay-off (Sp — K) I, 7}, we use relation (2.23),
ie.

(St — K) " Lyy<ry + (S7 — K) Lipysry = (Sr— K)F (4.12)
and corresponding prices, by taking expectation:

UIC +UOC = C. (4.13)
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This relation allows us to derive the sub- and super-replicating strategies
and their corresponding price boundaries quite easily.

Upper Bound:

Without continuity assumptions on S, we get the following (trivial) super-
replicating strategy:

(St — K) Iig,ory < (S7— K) is,<ny,
with corresponding price bound
UOC <C(K)—-C(B)— (B—-K)ulB,) (4.14)

If S is continuous, we get the following super-rep. strategy:

(St — K) Ligysry < (@ __IZ) (B = SHpat)
P oyt (- B (B B (115)

with corresponding price bound

(" —K)(B-S) B-K

<
voc = B —a* B —a*

Proof:

For S without any assumptions, for the super-rep. strategy, we take com-
plements on (4.9) in order to get the relation

{Hp > T} C {Sr < B}.
For UIC we plug in (4.10) and using (4.12), we get
C(K)—-UOC >C(B)+ (B — K)u[B,o0)
solving for UOC gives us (4.14).

If S is continuous, use (4.12) in (4.11) and solve for (Sp — K)*liy,~m
in order to get (4.15).
For (4.16), we can use (4.13) in the corresponding UIC price bound and
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solve for UOC.
Lower Bound:
For every a € [K, B) a sub-replicating strategy is given by

(S — K) Igyary > (S0 — K)© — (St —a)*

B—a

a— K
. K(SHB — ST Hy<ry

with best possible lower price bound

o Cla)
>C(K)—(B—-—K f
UOoC > C(K) — ( )ael[rfqu)B—a’

furthermore, the infimum is attained by some a* € (K, B).

Proof:

(4.17)

(4.18)

For (4.17), take the result of (4.12), plug in (4.6) and solve for (Sp —

K) gty
For (4.18), take (4.13), plug into (4.7) and solve for UOC.

The existence of a* can be shown analogously to the upper bound of the

UIC in the section before.

Remark:

g

Like for the case of an UIC, it is possible to construct a process, which

actually attains the (lower/)upper price bound. See again [5].
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Appendix A

Relevant Material for all
Chapters

A.1 Appendix for Chapter 2

A.1.1 Girsanov’s Theorem

(After [26]).

Let t € [0,7] and {W;} be a Brownian motion on (€, F,P) with filtration
{Fi}. Let {©:} be an adapted stochastic process and define

t 1 t
z_em{—/(an—z/\ﬁ@}
0 0

t
VVt:Wt—i-/ Oyds , t € [0,T)
0

T
E [/ @gszu] < 00
0

and assume that

Then, it follows that E[Z7] = 1 and under the probability measure
B(A) ;_/ ZrdP, A € F
A

{W,} is a P-Brownian Motion.

94



P is called equivalent Martingale measure (EMM).

A.1.1.1 Novikov Condition

It suffices to show that the Novikov condition holds, i.e.

1 /T
E [/ @zdu} < 00,
2.Jo

as condition for Girsanov’s theorem. See [26, p.250].

A.1.1.2 The discounted Stock Price under the EMM
Let the stock price process {S;} be given by
dS; = pSidt + oS dWy
and the discount factor {D;} by
dD; = —rDydt.

We want to apply Girsanov’s theorem to the discounted stock price process
DSy and using [to’s Lemma in A.2.2, its differential is given by

d(DySy) = dDyS; + DydS; + dD,dS;

= —T‘DtdtSt + Dt(,U,Stdt + O'Stth) — TDtdt(/,LStdt + O'Stth)
= —TDtStdt + MDtStdt + O'DtStth

= (,u — r)DtStdt + o DS dWy = 0Dy S; (th + i Tdt)

o
since dtdt = dW;dt = 0, hence

d(DyS) = 0 DyS, <th + B Tdt)
g

We want to get rid of the dt-drift term of the last equation, therefore we use
Girsanov’s theorem! by defining

w—r

Wt 2:Wt+ t

'Novikov’s condition is clearly fulfilled here.
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o=l [ (45 a3 [ (457 o
:exp{_<“;7“)w _;<“;T)2T}

and the new probability measure P, by

P(A) = / ZrdP, A € F,
A

then {W,} is a drift-less Brownian motion under P.

Applying this to d(D;S;), we get

d(DtSt) = O’DtSt <th + i rdt) == O'DtStth

g

Finally, for our undiscounted process {S;}, we get

dSt = /LStdt + O'Std (Wt — i Tt)

g

dSt = rStdt + O'Stth.

A.1.2 Filtrations and Usual Conditions

Definition and Filtered Probability Space. (After [23, p.98])

Let (Q, F,P) be a probability space. A filtration {F;} = F is an increasing
family of o-algebras, such that F5 C F; for all s <¢ and all ¢ € [0, 7.

We call (,F,F,P) a filtered probability space and since we want that
Fr = F, we just write (Q,F,P).

Generated Filtration. (After [23, p.98, p.99])

The natural filtration of a stochastic process {X;}, ¢t € [0,T], is given by

FX=o{Xy:u<t)=0{Xu(B) ' :u<t,BeB}, tec|0,T]
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where B denotes the Borel o-algebra on R.
Furthermore, {X;} is called F-adapted if ;¥ C F; for all ¢ € [0, T].

Usual Hypothesis (After [23, p.117])

Filtration F fulfills the ”"usual hypothesis” or ”usual conditions” with re-
spect to P, if:

1. Fp contains all null-sets of F, i.e.
N={NeF:P(N)=0} CFy
2. the filtration is right-continuous, i.e.

Fe=()Fere,t€[0,T).
e>0

The motivation behind this hypothesis is of technical nature:

We want to exclude cases, where for two random variables X and Y, it holds
that X =Y almost surely, where X is F;-measurable, but Y is not. Fur-
thermore, we want that if X is F;-measurable, then X is also Fs-measurable
for all s < t, which is assured by 2.

Let FV be the natural filtration of a Brownian motion {W;}. We set
—~W
FY =o{F UN}

for every ¢t and we call F = {F}V'} the standard filtration of {W;}, then it
holds that F" satisfies the usual conditions. (See [23, p.118] for a proof).

Filtration generated by the Stock Price Process

Finally, we consider our stock price process {S;} of chapter 2. In [22, p.103]
it is shown, that F = FS = F". This means, that the only information
which we need in our model, stems from the stock price process and fur-
thermore that only the Brownian motion part in the geometric Brownian
motion is responsible for this information flow.

To sum up, we work on a filtered probability space (Q2,F,P) and we as-

sume that F = FW, where FW is the standard filtration of the Brownian
motion {W;}.
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Equivalently, we can start on a probability space (2, F,P), with standard
filtration IF := F", generated by the Brownian motion {W;}, with Fr = F,
which is how we start in chapter 2.

A.1.3 Reflection Principle

Let {W;} be a drift-less Brownian motion with standard filtration F and let
r > 0.

A random variable 7. : Q — [0, 7] is called first passage time, if

7, = min{t > 0 : W; = r}. If W, doesn’t reach r in the interval [0, 7], we
set 7, = oo.

Then the reflection principle holds, that is

P{r, <T,Wr <y} = P{Wr > 2z —y}.
A derivation can be found in [26, p.111-112].

A.1.4 Quadratic Variation and Covariation

(After [16, p.83])

Let { X}, t € [0, T], be a stochastic process and ¢,, a partition of the interval
[0,1], i.e.
o ={0=ty) <ty <..<ty,="t}.
and
10nl = jmax  (tj+1—1;)

=U,1,...,

Then the quadratic variation, denoted by [X, X]; is defined as

n—1

[X7 X]t =p— i Z(th+1 - th)2

1m
[
1621150 =

where p — lim denotes the convergence in probability.
Process {X}} has finite quadratic variation if [X, X]; is bounded a.s. for all
te[0,7].

Let {Y;} be another process, then similarly to the quadratic variation, the
covariation between {X;} and {Y;} is defined as

n—1

[(X,Y]g=p— lim Z(th+1 - th)(ytk+l - Ytk)
[[0n||—0 =0
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Quadratic Variation of Brownian Motion
(After [26, p.102])

Let {W;} be a Brownian motion. Then [W, W], =t for all t € [0,T] a.s.
(See [26, p.103] for a proof.)

A.2 Appendix for Chapter 3

A.2.1 Multidimensional Version of Girsanov’s Theorem

(After [26, p.224]).

Let W(t) = (Wi(t),..., W,(t)) be a n-dim. Brownian motion and ©(t) =
(©1(t), ..., O,(t)) be an n-dimensional adapted process. For t € [0, T, define

Zt:exp{—/ot@(u)dW(u)—;/:H@(u)ﬂgdu}

W(t) = W(t) —|—/0 O(u)du

and assume that .
B | [ lewPzPd) <.
0

where the norm ||.|| denotes the usual Euclidian norm and ©(u)dW (u) the
usual inner product, given by

O(t)dW (t) = zn:@i(t)dWi(t) ,te[0,7).
i=1

Then E[Z7] = 1 and under measure P, given by
P(A) = / Z(w)dP(w) , Ae F
A

process {W (t)} is an n-dimensional Brownian motion.
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A.2.1.1: (Novikov Condition for the Multidimensional Version)
See [17].

Like in the 1-dimensional case, the Novikov condition can be extended to
the multi-dimensional case:

T
E [/ y|@u|\2du] < .
0

A.2.2 Cholesky Decomposition
After [1, p.152-153]

For our purposes it is enough to show the two-dimensional case of the
Cholesky decomposition.

Let V be a 2x2-Matrix, given by
V= <a11 Cl12> ’
a1  a22

where a;; are real numbers, with a2 = a1 and a1 > 0.
We want to decompose V, into

V = RRT

where R is an upper triangular matrix, given by

R— T1 0
o\ 13
and RT denotes its transpose.

So, we for the elements in R, we get

T
(&) 0 T1 0 A 0 rT T
ro T3 To T3 To T3 0 rs3
2
o L] rira [ a11 a12
= 9 9] =
rire T3+ 713 a1 ag
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therefore, we get

2
a12 aio
rn = a1l , ro = and r3 = agy — —.
\/a11 ar
Hence
A/ A11 0
B=1 o _
ail CL22 ail
o2 o1 .
Let X = (X1,X2) ~ N (= (u1,p2),V = 01 22 ) ) with 0,09 > 0
12 2

and o109 # 012, be a random vector on (2, F,P). Then there exists a
standard normal distributed vector ¢ = (¢1, ¢2), s.t.

X=Ro+p

where R is the matrix from the Cholesky decomposition of V.
Furthermore ¢; is independent of ¢s.

The existence is easy to show, since we can construct our standard nor-
mally distributed random variables the following way:

Plugging in the corresponding coefficients of V', for R we get

o1 0
= 2
R g12 0.2 _ 01y
o1 2 cr%

Since the determinant of V' is not zero its inverse exists, therefore the inverse
of R exists as well and is given by

1/0’1 0

2 2
— 2 2_ %2 2_ %2
o12/074/ 05 o 1/4/03 o

R =

Hence, we can construct our vector ¢ as

¢=RY(X )

1 0
(oot wr2) () -(2)
012/01\/05;%2 1/ 0570—1% Xo 12




therefore,

o1 o1
and
P2 = _#(Xl — )+ Lﬂi
of\]o2 — ‘;—1122 03 — ‘;—1122

Since (X1, X») is bivariate normally distributed and then every linear trans-
formation of it is normally distributed as well. Therefore ¢; and ¢o are
normally distributed as well, with mean and variance given by:

Bl = -BPG] - 2 =0

o1
o12 E[X2] — po
E[ga] = — — (E[X1] — ) + = =0
0'% O'% — %1122 0'2 — %1122
and ) )
Vip1] = 5V[X1] = 501 =1
1 07
2
012 V[XQ]
Vi) = | - — | v+
oty [o3 = T# ]
019 1
-2 COV (X1, X2)
2 2
0.%\/0.% _ ‘;1%2 O‘% _ ‘;1%2
_ 0%20'% 0'% _ 0%2
a4 2 o + 9 o} 2 2 2 o
o] (02 — ﬁ) o5 — ﬁ o7 (02 — ﬁ)
_ U% 0%2
- 2
0.% ‘;1%2 U% (J% _ 31%2)
_ ‘7%‘75 - 0%2 1
— 2 .

For the independence it is enough to show that ¢; and ¢2 are uncorrelated,
since their distribution coincides. It holds, that

Cov(¢1, ¢2)
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= Cov
2
71 _ @ o2 — L122
2 o
= Cov
2
‘712 L122
gy
1 012 1 Cov(Xq, Xo
- - COU(Xl,Xl) ( ’ )
91 o [ 2 oty 9L o2 oy
1 2 o2 o2
012 012
o 02 ‘7%2 o 2 ‘7%2
1 - 2 1 - 2
2 o2 2 o

A.2.3 Moment Generating Function (MGF) of Normal Dis-
tribution

After [26, p.90]

Let X ~ N(p,0?) and Y = eX be random variables on a probability space
(Q, F,P).

The MGF of X is defined, for all u € R, as

¢(u) = E[e"¥]

Since X is normally distributed, its density is of the form

1 _1@-w?
flo)= =2 weR
oV2r
So, for ¢ we get
2
¢(u u;r -5 5) dr

oV 2

1 —LG=te 2u))?
— euu+§a u 2 T

il

103



1.2
:euu-i-ga u,

since ﬁ exp{—%(x*(“j%} is the density of a N (u+02u, 0?)-distributed

random variable and hence,

1 1 (@—(utoZu))?
e 2 o2 dr = 1.
oV2T J_so

Therefore
B[] = oo

A.2.4.1 (Distribution of an Ito-Process)

Let {W;} be a Brownian motion on (2, F,P), with standard filtration F and
{X:} be a stochastic process of the form

t
Xt:/ A(s)dW, , t € [0,T],
0

where {A(s)} is a non random function in s.

Then, from [26, p.149], we know that

t
X~ N (o,/ A?ds) .
0

A.2.4.2 (Multivariate Characteristic Function )
After [19].

Let X = (X1,.X,)T ~ N (,u = (p1, . pin) 7, E), where ¥ denotes the (posi-
tive semi-definite) variance-covariance Matrix of X.
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Then the characteristic function of X, defined by
n
exp {z Z uka}] ,
k=1

1
dx(u) = exp {iuT,u - 2uT2u} ,

ox(u) =E

is given by

where u = (u1, ..., u,)T € R®

For the MGF Mx(u) of X, which we obtain by Mx(u) = ¢x(—iu) =
dx(—iug, ..., —iuy), we get

exp {an uka}] = exp {uTu + ;uTzu} (A1)

k=1

E

and it holds
X = (X1,.X0)" ~ N (= (1, -p0)", )

if and only if its characteristic function is of the form of ¢ x above, the MGF
is of the form (A.1), respectively. [19]

A.2.4.3 (Distribution of (Ur, Rr))

The pair (U, Ry) is normally distributed with zero mean and variance-
covariance matrix
(7 %)
2
T vy)’
where Cov([?T,]?{T) =T.
Proof:

For (ﬁT, }~¥T) and (ug,u2) € R?, by definition of the characteristic function
of a random vector, we have that

¢((7TJ§T) (ula UZ) = E@[eiulUT+iu2RT]
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T 1 _ T N
=[5 ] —dW; +1 dW;
P[exp{wl/o N ”“‘2/0 Vo tH

— Fy [exp {z /OT(:/‘% + uQm)th}] (A.2)

and from appendix A.2.4.2, we know the solution to (A.2), i.e.

T
—exp{ 5 [ (Ot way)t
2 Jo Vo

1 T q T T
= exp —(u%/ —dt + 2U1U2/ dt —I-u%/ Utdt> ,
2 0 Ut 0 0
1
= exp {—2 <u%ﬁ2 + 2ujus + U%I/Z) } .

So to summarize, we have

(Ur, Rr) ~ N <(0,0), <V1% ;))

T

or equivalently

A.2.4.4 (Distribution of (Rr, U2))

For [7%, we consider the pair (]S;T, 17%), with distribution given by

(fr 09~ v (00,5 = (000 7)),

Proof:
The characteristic function of (Rp, (7%) reads
(1, ) = Bgle™ Firival)

O (Fr.2)
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-t o [ o)
:exp{—;p2/0T (ul\/v“ﬁu?\/v%)zdt}

1 T T T (5/)2
= exXp {—2p2(u% / Utdt + QU1UQ / Egdt + U% / Jtdt)}
0 0 0

1
= exp {—2(u%p2v% + 2uyugp” (U — vo) + u%p%%)}

A.2.4.5 (Proof of Equation (3.55))

Let X = (Cl‘12 Ul + (”3“4 U%), then X is multivariate normally distributed,

since UL are (standard) normally distributed, with mean g = (0,0) and
variance-covariance matrix

€193 €1€30204 1 2
L L ov(Us, U,
Y p4 p4 ) 2( T» T)
€1€30204 () 1 U2 C3ay
o ov(Ur, Ur) 7

We want to show that equation (3.55) holds, i.e.

1
Egz [exp {p aaU7 + > a4UTH = exp { T (cla2 + c2a? + 20163a5)}

using (4.19) for (u1,u2) = (1,1).
So, plugging in for X, u, 4 and X, we get

1
Es [exp {,0 as Ut + > a4UTH = exp {2,04 (cfa3 + c3ai + 2c1c3a2a4Cov (U, U%))} .

So, it remains to show, that
as

Cou(U},U}) = 22—,

where a5 = p? (D% — %(vt — vo)), given in (3.56).
T
Since U;lp = a—iﬁ% — Z—;ﬁT and U% = a—tﬁ% — Z—iET, we get

1~ 1 _
Cov(UL, U2) = Cov(—Uk — LRy, — U2 — B Ry)
a9 as aq aq
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1 _ _ _ -
= (COU(U%, U%) — a3Cov(U}, Rr) — a1Cov(U2, Ry) + alagV[RT])
204
v — V) _ T o T (vp —
vr vVt vr vr

1 o~
_ (covw%,v%) -

a20a4

1 - _
= <COU(U71~, U%) — (UTQUO)p2T) :
v

asay T
In the last step, we show that
Cov(Us, U3) = p*v (A.3)

This can be done by using the characteristic function qb(ﬁl 72) of (ﬁ%, ﬁ%),
=T
given by

¢(ﬁ%,ﬁ%)(u1,u2) = E@[exp{ /T(\F \F)thH

1, (7 @2 2
ZeXp{—p /( o ﬁ) dt}
1 ~ _
= exp {—2 (u%ﬁQﬁ% + 2u1uQﬁ2V% + u%pQVQT)} ,

which shows (A.3) O

A.2.4 Characteristic Functions for Cases A+B and C
(After [10], [21] and [18]).

We want to derive the characteristic function of 1/% for cases A and B and
afterwards the (bivariate) characteristic function of the pair (v2, vr) for case

C.
Before we do that, we need some preliminaries:

Let {X;} be a stochastic process on (2, F,F,[P), with values in an open
subset D C R?, described by

dXt = a(t, Xt)dt + b(t, Xt)th
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with d-dimensional {F;}-Brownian motion {W;}, drift vector a : D — R?
and volatility matrix b : D — R4,

Process {X;} is called affine diffusion process, if a and b are of the form:
a=A)+ A1 X,

d
b = By + 2(31)1‘()(15)1'
i=1

with Ag € R%, Ay, By € R¥*? and By € R9*xdxd,

The characteristic function (CF) of X; (for fixed t) is defined by
ox,(u) =E [ewTXt} ,u € R?

and the conditional CF (CCF) for X4., for 7 > 0 is given by

dxprr (ulFy) = E [ei“TXW\ft} ,ue R

Theorem: For an affine diffusion process {X;} the CCF is given by
(bXt (u’ft) =E [eiUTXt"B] — @A(uvT)+B(u77)TXt , U € Rd

where A € C and B € C" are the solutions to the followig Riccati equations:

;B(u, ) = ATB(u, ) + %B(u, ATBiB(u,7) , Bu,0) = iu  (A4)
.

aaA(u,T) — AT Afu,7) + %A(U,T)TBOA(u, )L AW0) =0 (A5)
.
A Proof can be found in [10].

Remark: There are several methods of solving such Riccatti equations
and depend also on the dimension d, one considers. In [21] those approaches
are discussed in detail.

We are only interested in small dimensions (< 3). In fact in our cases, there
are closed form solutions to the Riccatti equations, which we will see in the
following application of the theory above, for the CCF of the extended He-
ston Model.
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Application: Let {X;} be the logarithmic stock price process (X; = In Sy),
where the appropriate form of S; is given in (3.21) and {v;} its volatility
process given in (3.17). Furthermore, let {Y;} be the time integrated vari-
ance process, given by v; = fg vsds for t € [0,T].

The SDE’s are given by

dvi = K(0 — vy)dt + o\ /o dWE  vg € R (A.6)

1
dX; = (r — Jui)dt + PO dWE + /1 — p2 /o dWy , Xo =InSy  (A.7)
dyy = vdt , vy = 0. (A.8)

This model is affine with dimension d = 3, therefore the CCF of Xy, is of
the form

(b(u’]:t) _ eA(u,T)-‘rBl(uﬂ')’vt-ﬁ-BQ(u,T)Xt-‘ng(u,T)Vt  u € Ri’:_ (A9)
where
—dr __
A(u, T) = tugrt + %g {(f —d))T —2In 1(22) 7 1] (A.10)
€+ dI(u)e™? — H(u)
By (u,7) = [ T Tl -1 ] (A.11)
Bg(u, T) = iUQ (A.12)
Bs(u,T) = ius, (A.13)
where wno? (6 — d)
A (e
I(u) = oT— (1 d) (A.14)
_&-d
H(u) = 1 d (A.15)
with
§=¢&(u2) = Kk —iopuy (A.16)
d = d(uz, u3) = \/€(ua)? — 202 (ius — iua/2 — u3/2). (A.17)

(See [10] for more details).

One can proof this also with a guess and verify method, i.e. we suppose
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that the CCF ¢ is of the form in (A.9), then we show that the coefficients
A and By, i = 1,2, 3 fulfill their corresponding Ricatti equations in (A.10)
and (A.11)-(A.13).

Characteristic Function of vp: (For cases (A) and (B))

In order to get the characteristic function ¢,,., given by
Gup(s) =E[e"7] , s €R.

We use the application above, but ignoring the contributions to the joint
CCF of processes (A.6) and (A.7), i.e. we set u3 = ug = 0 and u = us.
Furthermore, we set ¢ = 0 and 7 = T, then 1y = 0 and using (A.9), we get

¢UT Xr VT(([)? 0, U)) _ eA((O,O,u),T)+B1((O,O,u),T)UoJrBz((O,O,u),T)XoJng((O,O,u),f)l/o7
which can be reduced to
¢VT (u) — eA(u,T)+Bl (u,T)vo = R

since from (A.12) and (A.13), By = 0 and since vy = 0, B3 vanishes as well.

The solutions to A and B are then given by (A.18), (A.19) respectively:

K6 I(uw)e 9" — 1
Alu,T) = — -d)T —-2In——F—— Al
(n.1) = T | (s = )T — 20 S (A.18)
where I and d are given by
k—d
I pr—
() k+d
d = v/ k2 — 2iuc?
e (we" — H(u)
k+dI(u)e * — H(u
B T) = Al
l(ua ) o2 I(u)e—dT 1 ( 9)
with P
K —
H(u) = .
(u) k+d

To show that this is consistent with the result of Griebsch in [GR,p.19], we
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reformulate (A.18) and (A.19):

Since
I(we T -1 29 —1  (k—d)e ™ — (k+d)
Ifw)—=1 — =41 — k—d—(k+d)
k(e 1) —d(em T —1) k(1 —e ) +d(1+eT)
B -2d B 2d
_dey + ke
2

where e+ = (1 4+ e ) and

n |:d€++/€6_:| :ln[ 2d ]7

2d dey + rke_
we get
K0 2k6 2d
Alu,T)= 5k —-d)T+ —FIn | ——— . A2
(0,7 = = T+ 2 |2 (A.20)

For B; we reformulate

_ ~d_—dT _ k—d
I(we ™ — H(u) _ 5a¢ " — Fd

then
B o=t dk—d)e T —(k—d) 1 (k2 — d?)e~ T — (k? — d?)
T2 (h—d)e T —(k+d) o2 (k—d)e T — (k+d)
1 (k2 — K2 + 2iuc?)e™ T — (k? — K% 4 2iuc?)
o? k(e=d4T — 1) —d(e=9T — 1)
2iue” T — 24u B 2iu(1 — =)
k(e=dT —1) —d(e=T — 1) k(1 —e~T) + d(1 + e~97)
_ 2iue”
ke_ +dey
Therefore 0;
iue
Bl=—— A21
17 kel + dey ( )
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Characteristic Function of vy and vp: (For case (C))

In order to get the characteristic function ¢y, ..., given by
¢UT7VT (’LL,U}) ) [ez‘uvT—H’qu] LU, W E R.

We again use the application above, but ignoring the contributions to the
joint CCF of the process (1.4), so in this case, we only set ug = 0 and u = us,
w = uy. Again, we set t = 0 and 7 = T', then 1y = 0 and using (1.6), we get

¢'UT Xr VT((w’ O, u)) _ eA((w,O,u),T)—l—Bl((w,O,u),T)UO—I—BQ((w,O,u),T)X0+B3((w,0,u),’r)uo

stT,l/T (ua ’LU) = eA(u,w,T)—l—Bl(u,w,T)vo y U, W € R

where By and Bj disappear like in the latter case.
The solutions to A and B; are then given by (A.22), (A.23) and their refor-
mulations are given in (A.24) and (A.25):

K0 I(u,w)e™ T —1

A(u,w,T) = — |(k —d)T —21n T(u,w) =1

= (A.22)

where I and d are given by

iwo? — (k — d)
iwo? — (k + d)

d = VK2 — 2iuc?

k+dI(u,w)e T — H(u)
o2 I(u,w)e 9T —1

I(u,w) =

and

Bi(u,w,T) = (A.23)

with
Kk—d
Kk+d

Again, we show that this is consistent with the result of Griebsch in [GR,p.19],
we reformulate (A.22) and (A.23).

H(u) =

Since 00—l
I(u,w)e’dT 1 B %e‘dT 1
_ - iwo2—(k—d)
Iu,w)—1 e e 1
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_ (iwo? — (k — d))e™ T — (iwe? — (k + d))
iwo? — (k — d) — (iwo? — (k + d))
_ (k—iwo?)e_ + dey
2d

where e = (14 e7T),

Hence, A reads

/439 2%9 2d
(u,w,T) o2 (r )T+ (/1 —iwo?)e_ + dey

(A.24)

For By, we reformulate

iwo?—(k—d) _dT _ k=d

I(u,w)e™™ — H(u) _ iwo?—(n4d) nrd
—dT _ = 2 _(n—d) _
I(u,w)e 1 %e ar _q

. _ k—d) (two2—(k+d
(Z?UO’Q o (I{ . d))e ar _ ( )( e ( )

(two? — (k — d))e= T — (iwo? — (k + d))

So for By we get

K+ d (iwo? — (k — d))eidT _ (H*d)(“:U d*("Ger))
Bi(ww.T) = = 5 o~ (= AT (iwo? (w3 d))
1 (k+d)(iwo? — (k — d))e™ T — (k — d)(iwo? — (k + d))
Bi(u,w,T) = o2 (iwo? — (k — d))e=9T — (iwo? — (k + d))
1 (k+ d)iwo?e™ T — (k% — d?)e™ T — (k — d)iwo? + (k? — d?)
T o2 (iwo? — (k — d))e T — (iwe? — (k + d))

1 (s + d)iwe?e~ T — 2iuc?e™ T — (k — d)iwo? + 2iuc?
2 (iwo? — (k — d))e T — (iwo? — (k + d))
(k4 dyiwe™ T — 2iueT — (k — d)iw + 2iu
(two? — (k — d))e 9T — (iwo? — (k + d))
riwe™ T — giw — 2iue™ T 4 2iu + diwe™ T + diw
(k — two?)e_ + dey

_ (2iu — Kiw)e_ + diwe

(k —iwo?)e_ + dey (A.25)
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A.2.5 Independence Lemma v.s. Conditional Probability

Independence Lemma:
(After [8]).

Let (2, F,P) be a prob. space, and let G be a sub-c-algebra of F. Let
(E1,&1) and (E9,&) be two measurable spaces and X : Q — Fj and
Y : Q — FE5 two random variables, where X is independent of G and Y
is G-measurable.

Let g : Fh x E5 — R be bounded and measurable.

Define

f(y) = Elg(X,y)]

for some y € Y = {Y(w) : w € Q}.
Then
fY) =E[g(X,Y)[g].

A proof can be found in [8].

On our probability space (2, F,P), consider processes {W;} and {v}, t €
[0, T], as random variables W :  — C°[0,7] and v : Q — C°[0, T, with mea-
surable space (C°[0, T}, Beopo,r1), where C°[0, T] denotes the set, of continuous
functions f : [0,7] — R on the interval [0, 7] and Beojg 7 the corresponding
Borel-o-algebra. This makes sense, since all paths of the Brownian motion
and the variance are continuous and are therefore contained in C°[0, T7.

Recall, the filtration of the variance process {F}} is given by Fy = o(vs :
0<s<t),tel0,T)

Since W; is independent of W2, which generates 7', W; is independent of
FP for all t € [0,T]. Therefore the random variable W is independent of
FY = Fp and v is FY-measurable.

Our overall goal is to calculate EV, given by
B’ = E[(SOeET — K)I

__ - U
{Mr<b, RT>k}‘]:T :

With respect to the independence lemma, we define ¢ : C°[0, T] x C°[0,T] —
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R as
T
g(v, W) = (50 exp {P/O Vo dWy + ’YT} - K) ISyAwS §T>k}2

Since g is Borel-measurable by construction, we still have to show that it is
bounded in order to apply the lemma above.
Recall, that our stock price at exercise time St is given by

T
St = S exp {,O/ \/ath + ’}/T} .
0

Whenever we have Sy > B, the pay-off of the UOC is zero. Therefore a
natural bound for ¢ is given by

glv,W) < SyB—- K

for all pairs (v, W) € C°[0,T] x C°[0,T).

Next, define
f(0) =E[g(v, W)]
for some fixed (or dummy) path, v € {v(w) : w € Q}.

Therefore, using the result of the independence lemma, we get
f(v) =E[g(v, W)| 73] = B”. (A.26)

To show what this means in our case, we plug in for g in f(?), hence

f(@)=E [(SOeRT ~K)NMg ﬁpk}} , (A.27)
where ~ ~
Rr =41+ Rr
and —~ ~
Mr = rglgajzc{% + R},
with

T
Ry Zﬂ/ \/E:th
0

20ur emphasis here is on the exponential in 1 the brackets, not on the indicator function,
which is the reason why we do not write out M7 and Ry in I

{Mp<b, Rp>k}
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and
1 (T o T
’S/T:TT—/ f)tdt+<f)T—ﬁo—1€9T—|—/€/ f)tdt).
2 Jo o 0

Now, the expectation in (A.27) is way easier to compute than the conditional
expectation in (A.26), which is the reason why we apply the independence

lemma here. To do this, we find the density function of the pair (M T, RT)

which is done in step 2 and then calculate the expectation as integral of
the pay-off times the density. Once we have a resulting formula for f(9),
we replace the dummy function {7;} by the initial variance process {v;} in
order to get the conditional expectation in (A.26).

Notation:

Instead of rewriting the random variables ET and MT into RT and M T,
whenever we want to express that v; is deterministic, we introduce the no-
tation of "measure” PV, given by

PU{ET<CL} ::IP’{RT<CL} ,a €R
and we call PV conditional probability measure .

In this notation, we have

E[(SOJ?T ~ K)I } — Epe [(SQeET ~ K)I

{AMJT<(), §T>k} {MT<b7 §T>k“} ’

So, whenever we calculate something under PV, this means that we actually
calculate it under IP but treat the variance as deterministic wherever it ap-
pears.
Distribution of RT:
Using the result in appendix A.2.4.1 or [26, p.149], we have
~ T
Ry~ N <O,p2 / Tjtdt> , (A.28)
0
under P, which after our notation above, can be written as
T
Ry ~ N <O,p2 / vtdt)
0
under P".
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A.3 Appendix for Chapter 4

A.3.1 Probability Law

Let (2, F,P) be a probability space and X : 2 — R a random variable.
Then, the probability law p of X is defined by

w(B)=PlweN: X(w) € B}, BeB,
where B denotes the Borel-o-algebra on R.

It is easy to show, that p is a measure on (R, B).
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Abstract

The aim of this thesis is to give an overview of pricing methods for barrier
options in different models and furthermore, derive price boundaries in a
model-free approach.

At first the Black-Scholes model is considered and prices of four standard
types of single barrier options are derived within this model.

Next, the Heston model is considered, allowing the volatility of the under-
lying to follow its own stochastic dynamics.

There, special emphasis is put on an approach to derive semi-analytic formu-
las as approximations to barrier option prices (for one type of single barrier),
with the aim to give a precise mathematical derivation of this approach.
Finally the model-free approach is considered, where no specific dynamics
of the underlying is assumed (nor of its volatility). Using no-arbitrage argu-
ments, upper and lower price boundaries for the two types of single barrier
options are derived.



Abstract

Das Ziel dieser Arbeit ist es einen Uberblick iiber die Methoden zur Be-
wertung von Barrier Optionen in verschiedenen Modellen zu geben und
dariiberhinaus noch einen modellfreien Ansatz zu betrachten und in diesem
Preisgrenzen herzuleiten.

Als erstes wird das klassische Black-Scholes Modell betrachtet und darin
Preisformeln fiir vier Typen von Barrier Optionen mit einem Barrier-Level
(single Barrier) hergeleitet .

Als néchstes wird das Heston Modell betrachtet, indem die Volatilitiat des
Basiswertes einer eigenen stochastischen Dynamik folgt.

Besondere Aufmerksamkeit wurde einer Methode geschenkt, um semi-analytische
Formeln als Approximationen fiir Barrier Optionspreise herzuleiten. Der
Fokus hier war auf eine mathematisch prézise Herleitung dieser Formeln
gelegt.

Zum Schluss wird noch ein modellfreier Ansatz betrachtet, in dem weder der
Basiswert, noch seine Volatilitdt einer bestimmten stochastischen Dynamik
folgt. Mit No-Arbitrage Argumenten werden obere- und untere Schranken
fiir zwei Typen von single Barrier Optionen hergeleitet.



