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Abstract

Models treating the adaptation of a population to a new environment are often based
on a single newly arisen bene�cial mutation which then goes to �xation. However, also
parallel adaptation generated by multiple mutations of similar phenotypic e�ect is pos-
sible and several examples are known. There already exist various models assuming a
continuous space with global selection pressure as well as models treating a spatially
structured population with local selection. In both models limited dispersal leads to a
pattern of distinct areas formed by the propagation of mutations of separated origins.
In the present work we treat a model with discrete demes where we consider a determin-
istic spread of a bene�cial mutation from any given deme to its neigboring demes. This
already existed in continuous space, where the deterministic spread of an adaptation
wave has been analyzed, but not in a discrete deme model.
We mainly focus on the one-dimensional model but also the case of the two- and the
three-dimensional model will be treated.
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1 Introduction

There exist many examples of parallel evolution of phenotypes within species caused by
multiple, independent mutations at the same gene that induce the same or functionally
equivalent adaptive phenotypic e�ect. Some well-studied examples are the cyclodiene
insecticide resistance within several insect species (Ffrench Constant et al. (2000)) or
the loss of pigmentation in Drosophila santomea due to a mutational inactivation of a
speci�c cis-regulatory element through at least three independent loss-of-function alleles
(Jeong et al. (2008)).
Parallel adaptation can occur in a panmictic population adapting to a global selection
pressure where limited dispersal leads to a slow propagation of selected alleles allowing
other bene�cial alleles to arise and spread (see e.g. Ralph and Coop (2010)). However,
in many known examples selection is local and rates of gene �ow are low which leads
to a spatially structured population where parallel adaptation is even more favored and
produces a patchwork of the propagation areas of distinct selected alleles.
In this thesis we treat the case of a spatially structured population. The main questions
that we consider here arised from Greven et al. (2014) where they were concerned with
the time it takes for a strongly bene�cial allele to eventually go to �xation in a spatially
structured population.
From the panmictic case it is already known that the �xation time for large selection
coe�cient α is approximately 2 log(α)

α
. Although the �xation process may be slowed down

by the spatial setting, Greven et al. showed that the same time-scale log(α)
α

also applies in
a structured population with migration. They found that the asymptotic of the �xation
time as α → ∞ di�ers depending on the migration rate µ and came up with three
regimes for the migration rate relative to the selection speed, namely with µ of order α,
µ of order αp (0 ≤ p ≤ 1) and µ = 1

log(α)
.

Using these results for our model, we consider migration from one colony to its neighbors
to take place after a deterministic time after the arising of a new selected allele. To our
knowlegde there exists no work about a model with such a deterministic feature.
Assuming the in�nite alleles model, we are then interested in the spatial pattern formed
by the spreading mutations that re�ect their separate origins. More precisely, our main
concern will be the expected proportion of new mutation origins and the propagation
areas of these mutations which we will denote as clusters.
Let us now give a brief outline of the thesis. In the �rst part we introduce our model
and apply it to the one-dimensional stepping stone model with a �nite number of demes
arranged in a circle. As it turns out that general results in this setting are not feasible
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1 Introduction

due to boundary conditions, we then modify the one-dimensional setting into a linear
arrangement with in�nitely many demes in the main part of the thesis. This modi�cation
leads to results about the expected frequency of new mutations and the distribution of
cluster sizes, as well as to results about the correlation of sizes of neighboring clusters
and the distance of adjacent cluster origins. In a further step we extend our model in
a simpli�ed version to two and three dimensions where we come up with similar results
about the expected proportion of new mutations and the distribution of cluster sizes. In
the last chapter of this thesis we �nally draw a conclusion between our one-dimensional
model and the model coalescent with killings by comparing results of our spatial model
to results given by the Ewens' sampling formula.
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2 The �nite one-dimensional model

with a circular arrangement of

demes

In this chapter we introduce our model in detail and then start by looking at the model
in one dimension. Here, �nitely many demes are arranged in a circle and we are �rst
interested in the expected number of spontaneous mutations that can occur until all
demes �nally carry a bene�cial allele. It turns out that this can be explicitely calculated
for a small number of demes, but for more demes, due to boundary conditions, no general
solution that would be useful to answer our question, can be derived. Some details of
the calculations for a small number of demes are presented in order to show what kind
of problems occur for an arbitrary number of demes.

2.1 The model

We consider a spatially structured population model on k demes (for some k ∈ N). The
population is panmictic in all demes, and all demes are of equal size which remains con-
stant for all time. Moreover, we assume this model to be a stepping stone model, hence
migration is only possible between adjacent demes. After an environmental change, the
population needs to adapt to its new environment where a global selection pressure acts.
We assume that there exists some bene�cial allele which is responsible for the adaptation
and arises from the wild-type allele by a single mutation (e.g. a point mutation). This
bene�cial mutation occurs spontaneously and at the same rate λ in each deme and will
then spread to all adjacent demes after a deterministic time if these demes do not carry
the bene�cial allele by then. By talking about an arising mutation, we always mean that
the mutation arises successfully in a deme and immediately gets to �xation within that
deme. Thus, in particular, we do not consider genetic drift and, as Greven et al. (2014)
already treated it in detail, we do not care about the time it takes a mutation to get to
�xation.
The following de�nition describes the dynamic of the process in detail.

De�nition 2.1. Consider the process Y = (Y (t))t≥0 with state space ({◦} ∪ [0, 1])k.
Here, Yi(t) = ◦ means that deme i is not yet infected by the bene�cial mutant. Any new
origin of the bene�cial allele will give a new color u ∈ [0, 1], so, e.g. Yi(t) = Yj(t) = u 6= ◦
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2 The �nite one-dimensional model with a circular arrangement of demes

means that by time t both demes i and j carry the bene�cial allele and both carry the
same mutation. The process starts in Y (0) = ◦ and has the following dynamics:
i) As soon as for some k the process Yk reaches the value u 6= ◦, then after a �xed
additional time of length 1 all the neighboring demes Yj of k for which Yj = ◦ by that
time are set to u.
ii) Each deme i with Yi(t) = ◦ has an instantaneous rate of λ ∈ (0, 1] to change to some
uniformly distributed u ∈ [0, 1].

For simplicitiy we consider the demes to be arranged cyclically where each deme is
connected to its two neighbors by migration. This is shown in Fig. 2.1.

Figure 2.1: Circular stepping stone model with k demes. The deme where the �rst mutation arises, is

de�ned as deme 1.

On the genetic level this corresponds to an in�nite alleles model, so all mutations are
distinguishable by their nucleotide sequence. But on the phenotypic level they show the
same phenotype, or at least a phenotype of similar functional e�ect, so that they all
have the same �tness. Note that in contrast to our model, Greven et al. (2014) do not
assume distinguishable mutations. In fact, they do not assume a mutation rate at all
but consider one single mutation that is already given at the beginning and then spreads
throughout the structured population.
Moreover, note that no other mutation can infect a deme anymore once that deme carries
a bene�cial mutation.

2.2 Expected number of new mutations

As a �rst aim, we treat in this section the question about how many independent origins
the bene�cial allele has when it �nally gets to �xation in the whole population.

6



2 The �nite one-dimensional model with a circular arrangement of demes

Let Ti be the time of the �rst appearance of a spontaneous mutation in deme i and M
the number of independent origins of the bene�cial allele. The random variables Ti are
all exponentially distributed with parameter λ.
Throughout the whole chapter we always label the deme where the �rst mutation appears
as deme 1 and the occuring mutation as u1. Moreover, we can set T1 = 0 due to
the memoryless property of the exponential distribution since for any strictly positive
mutation rate λ there will always be a �rst mutation appearing somewhere within a
�nite waiting time.
Note that we did not de�ne the model for λ = 0 in De�nition 2.1 since, obviously, from
a biological point of view there should be no mutation at all if the mutation rate equals
zero. However, we will mention the case λ = 0 at some point in the next chapter as the
limit case for very small mutation rates. In that context, we like to point out that all
the following equations are likewise de�ned for λ = 0.
Before treating the general case with an arbitrary number of demes, we consider the cases
k = 2, 3, 4, 5 and derive the expected number of independent spontaneous mutations in
detail.

2.2.1 The case k=2

In the case of just two demes there are two possibilities. Either deme 2 gets infected
by deme 1 after an additional time of length 1, or a spontaneous mutation u2 occurs in
deme 2 before the infection u1 is transmitted from deme 1.
For the �rst case, a new mutation in deme 2 must not occur before time 1 and hence,
the probability for this event is given by

P (T2 > 1) = e−λ. (2.1)

For the second case, which is exactly the counterevent of the �rst, it thus yields

P (T2 < 1) = 1− e−λ. (2.2)

Therefore, the expectation for the number of independent spontaneous mutations is
given by

E(M) = 1 · P (T2 > 1) + 2 · P (T2 < 1)

= 2− e−λ.
(2.3)

2.2.2 The case k=3

For k = 3 we can distinguish three cases.

1) Only one mutation u1 occurs and infects the other demes. The probability for this
event is given by

P (T2, T3 > 1) =
(
e−λ
)2
. (2.4)
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2 The �nite one-dimensional model with a circular arrangement of demes

Here we used independence of the events T2 > 1 and T3 > 1 and the assumption that
the distribution ot mutation times is the same in all demes.

2) Two mutations occur which means that either in deme 2 or in deme 3 a new mutation
can occur but not in both. By symmetry, both events have the same probability and
hence, it su�ces to look at the case where deme 3 is infected by one of the other
demes and a new mutation can occur in deme 2. As by de�nition it always holds that
T1 < T2, deme 3 gets infected by deme 1 before u2 could be transmitted. Therefore, the
probability for exactly two mutations is given by

2 · P (T2 < 1, T3 > min(T1 + 1, T2 + 1)︸ ︷︷ ︸
=1

) = 2 · P (T2 < 1) · P (T3 > 1)

= 2 ·
(
1− e−λ

)
e−λ,

(2.5)

where the factor 2 occurs because of symmetry.

3) Three spontaneous mutations occur independently, so mutations in demes 2 and 3
have to occur before the mutation u1 can be transmitted. This immediately implies that
deme 2 and 3 cannot infect each other since both mutations have to arise before time 1.
It follows for the probability of this event

P (T2, T3 < 1) =
(
1− e−λ

)2
. (2.6)

As a consequence we obtain for the expected number of independent spontaneous mu-
tations

E(M) = 1 ·
(
e−λ
)2

+ 2 · 2 ·
(
1− e−λ

)
e−λ + 3 ·

(
1− e−λ

)2
= 3− 2 · e−λ.

(2.7)

2.2.3 The case k=4

We treat the case k = 4 in a similar way and obtain four di�erent cases.

1) One mutation: The bene�cial allele of deme 1 can spread to all other demes before
another mutation can arise in one of them. This means that mutations in demes 2 and
4 must not appear before time 1 whereas in deme 3 no mutation occurs before time 2.
The corresponding probability is given by

P (T2, T4 > 1;T3 > 2) = P (T2, T4 > 1)P (T3 > 2), (2.8)

where all the events are independent of each other.

2) Two mutations: Either the second mutation happens in deme 2 or 4, which by
symmetry has the same probability, or deme 1 transmits its bene�cial allele to deme 2
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2 The �nite one-dimensional model with a circular arrangement of demes

and 4 and the second mutation arises in deme 3. Hence, we obtain for the probability
of exactly two mutations

2 · P (T4 > 1, T2 < 1;T3 > T2 + 1) + P (T2, T4 > 1;T3 < 2)

= 2 · P (T4 > 1)P (T2 < 1;T3 > T2 + 1) + P (T2, T4 > 1)P (T3 < 2),
(2.9)

where the factor 2 appears by symmetry and some of the events are independent.

3) Three mutations: Only one of the three remaining demes gets infected by one of its
neighbors while new mutations can successfully arise in the other demes before they get
infected. This is given by

2 · P (T4 > 1;T2 < 1;T3 < T2 + 1) + P (T2, T4 < 1;T3 > min(T2, T4) + 1)

= 2 · P (T4 > 1)P (T2 < 1;T3 < T2 + 1) + P (T2, T4 < 1;T3 > min(T2, T4) + 1),
(2.10)

where again the factor 2 occurs because of symmetry. Note that here we need a dis-
tinction of cases for the explicit calculation of P (T2, T4 < 1;T3 > min(T2, T4) + 1). This
calculation can be found in Appendix A.

4) Four mutations: No deme gets infected by an adjacent deme. As always T3 > T1,
deme 2 and 4 could only get infected by deme 1 and hence, a new mutation has to arise
before time 1 in both demes. The admissible time interval for the mutation of deme 3
depends on which of its neighbors has the �rst mutation, so which of its neighbors would
be the �rst to infect deme 3. Thus, we obtain

P (T2, T4 < 1;T3 < min(T2, T4) + 1). (2.11)

This leads again to the distinction of two di�erent cases, namely T2 < T4 and T2 > T4.
The corresponding calculation is shown in Appendix A.

Finally, the expectation of M is given by

E(M) = 4− 8

3
e−λ − 1

3
e−4λ. (2.12)

2.2.4 The case k=5

Before considering the general case, we still treat the case of �ve demes where we can
have up to �ve separate origins of the bene�cial allele.

1) One mutation: The only mutation is u1 and it is transmitted to all other demes before
a spontaneous mutation can arise in one of them. Thus, no mutation can occur in demes
2 and 5 before time 1 while in demes 3 and 4 there must not be a new mutation before
time 2. This leads to

P (T2 > 1)2 · P (T3 > 2)2. (2.13)
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2 The �nite one-dimensional model with a circular arrangement of demes

Note that again we used the fact that the distribution of mutation time does not depend
on the demes.

2) Two mutations: A second mutation occurs either at a distance of one from deme 1
or at a distance of two. The �rst case corresponds to the arising of a new mutation in
deme 2 or 5, the latter to a mutation in 3 or 4. If a new mutation occurs in deme 2, so
before time 1, then u1 is still the �rst to reach demes 4 and 5 but deme 3 necessarily
gets infected by deme 2. If it is deme 3 where the second mutation occurs, then the
mutation u1 spreads to the demes 2 and 5 before u3, but which one of the two mutations
reaches deme 4 �rst depends on the time when the mutation in deme 3 takes place. By
symmetry, the equivalent holds for a mutation in deme 4 or 5 and therefore, it yields

2P (T2 < 1;T3 > T2 + 1)P (T4 > 2)P (T5 > 1)

+ 2P (T2 > 1)2P (T3 < 2;T4 > min(2, T3 + 1))
(2.14)

3) Three mutations: There are four possible patterns for the case of three mutations.
The second and the third mutation can arise in deme 2 and 5 which immediately implies
that deme 3 gets infected by deme 2 and deme 4 by deme 5.
On the other hand, demes 2 and 5 can get infected by deme 1, hence the time interval
for a mutation in deme 3 depends on T4 and that of deme 4 on T3.
Moreover, the two mutations can also occur in deme 2 and 3. In that case T2 takes place
before time 1, deme 5 gets infected by deme 1 and since u1 cannot reach deme 3 before
time 3, T3 only depends on T2. It then depends on T3 by which mutation deme 4 gets
infected, either by u1 or u3. Of course, the symmetrical case of new mutations in demes
4 and 5 has the same probability.
As a last case, we can have new mutations in demes 2 and 4. This directly implies that
deme 1 transmits its bene�cial allele to deme 5 and deme 3 is either infected by deme 2
or 4, depending on T2 and T4. Again, the equivalent holds for the symmetrical case of
new mutations in demes 3 and 5.
This can be summarized as

P (T2 < 1;T3 > T2 + 1)P (T5 < 1;T4 > T5 + 1)

+ 2P (T2 < 1;T3 < T2 + 1;T4 > min(2, T3 + 1))P (T5 > 1)

+ 2P (T2 < 1;T4 < 2;T3 > min(T2, T4) + 1)P (T5 > 1)

+ P (T2 > 1)2P (T3 < min(2, T4 + 1);T4 < min(2, T3 + 1))

(2.15)

4) Four mutations: In the case of four origins of the bene�cial allele, there is only
one deme which cannot generate its own mutation before being infected by one of its
neighbors.
If this deme is at distance one from deme 1, let us say deme 5, then u1 spreads to deme

10



2 The �nite one-dimensional model with a circular arrangement of demes

5 and u2 has to occur before time 1. The time intervals for the mutations in deme 3
and 4 depend on the mutation times of their adjacent demes where of course deme 5 is
infected by deme 1 exactly at time 1.
If the deme without an own mutation is at distance two from deme 1, let us say deme 4,
deme 3 cannot infect demes 2 and 5 before they are reached by u1 but, depending on T3
and T5, it could reach deme 4 before this deme is reached by u5. On the other hand, the
time interval for T3 only depends on T2 because it holds that T2, T5 < 1 and therefore,
u2 reaches deme 3 before u5.
By symmetry, it yields

2P (T2, T5 < 1;T3 < T2 + 1;T4 > min(T3, T5) + 1)

+ 2P (T5 > 1)P (T2 < 1;T3 < min(T2, T4) + 1;T4 < min(2, T3 + 1))
(2.16)

5) Five mutations: Finally, the probability that a new mutation can arise in every deme
is given by

P (T2, T5 < 1;T3 < min(T2, T4) + 1;T4 < min(T3, T5) + 1). (2.17)

The time intervals in which the mutations in demes 3 and 4 have to occur, depend on
the mutation times of the adjacent demes. Mutations in demes 2 and 5 have, of course,
to arise before time 1.

Note that for the calculation of some of the probabilities from above a distinction of
several cases is required. These calculations are shown in detail in Appendix A.

Finally, we obtain the expected number of independent spontaneous mutations which is
given by

E(M) = 5− 10

3
e−λ − 3

2
e−3λ +

7

3
e−4λ − 3

2
e−5λ. (2.18)

2.2.5 The general case

The general case for an arbitrary k can be treated in a similar way but it quickly turns
out that this does not lead to any feasible expression because it requires the distinction
of many cases. We brie�y outline the problem and then slightly modify our model in
the next chapter in order to obtain tractable expressions.
For only one successful mutation, i.e. the bene�cial mutation u1 can be transmitted to
all other demes before a new mutation could successfully arise in one of them, we obtain
because of symmetry

b k
2
c∏

j=2

P (Tj > j − 1)2 · P
(
Tb k

2
c+1 >

⌊
k

2

⌋)α
(2.19)
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2 The �nite one-dimensional model with a circular arrangement of demes

with α = 1 for k even and α = 2 for k odd. Here, we used again that the distribution of
the mutation times is independent of the demes. This expression can still be calculated
easily.
We now treat the case of i + 1 mutations (for 1 ≤ i ≤ k − 1) which leads to far more
complex expressions.
In order to obtain the time interval in which a spontaneous mutation can arise in an
arbitrary deme l > 1 before an infection is transmitted from one of the adjacent demes,
we need to know the nearest mutation origins on each side of l. Therefore, we de�ne

al := max
1≤j≤k−1

(Deme j is the origin of a bene�cial mutation and j < l )

and

bl := min

(
k + 1, min

2≤j≤k
(Deme j is the origin of a bene�cial mutation and j > l )

)
.

By these de�nitions, we immediately obtain the distance between deme l and the nearest
origin demes on each side of l as |l − al| and |l − bl| respectively.
Using these de�nitions yields the probability that exactly i + 1 mutations (for 1 ≤ i ≤
k − 1) occur

1

i!

k∑
x1=2

k∑
x2=2
x2 6=x1

...
k∑

xi=2
xi 6=xi−1,...,x1

P
( i⋂
l=1

Txl < min(Taxl + |xl − axl |, Tbxl + |xl − bxl |,

k⋂
j=2

j 6=x1,...,xi

Tj > min(Taj + |j − aj|, Tbj + |j − bj|
)
,

(2.20)

where i! appears because of the number of possible permutations. For an explicit calcu-
lation of this expression one needs to distinguish many cases.
Even for the case i = 1 this expression gets rather complex and requires a distinction
of many cases as we brie�y like to point out. By symmetry, (2.20) can be simpli�ed for
the case i = 2 and it yields

2 ·
b k
2
c∑

j=2

P
(
Tj < j − 1;

k⋂
l=2
l 6=j

Tl > min(l − 1, Tj + |j − l|)
)

+ α · P

(
Tb k2c+1 <

⌊
k

2

⌋
;

k⋂
l=2

l 6=b k2c+1

Tl > min

(
l − 1, Tb k

2
c+1 +

∣∣∣∣⌊k2
⌋

+ 1− l
∣∣∣∣)
) (2.21)
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2 The �nite one-dimensional model with a circular arrangement of demes

with α de�ned as above.
We have a closer look at the �rst expression of equation (2.21):

P
(
Tj < j − 1;

k⋂
l=2
l 6=j

Tl > min(l − 1, Tj + |j − l|)
)

=

j−1∫
0

λe−λtj
∞∫
c2

...

∞∫
cj−1

∞∫
cj+1

...

∞∫
cb k2 c

λb
k
2
c−2e−λ(t2+...+tj−1+tj+1+...+b k2 c)dtb k

2
c...dtj+1dtj−1...dt2dtj

=

j−1∫
0

λe−λtj · e−λ(c2+...+cj−1+cj+1+...+cb k2 c
)
dtj

(2.22)
with cl := min (l − 1, tj + |j − l|) .

At this point, due to the boundary conditions that follow from the circular arrangement
of demes, we need to distinguish all di�erent cases for the cl and as one can easily
imagine, this gets even more complex for larger i.
Hence, this is not feasible in a general way for larger k, so in a next step we will
slightly modify our model regarding the arrangement of demes in order to get rid of
these boundary conditions. This modi�ed model will be the subject of the next chapter.
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3 The one-dimensional model with

an in�nite chain of demes

In this chapter we extend the one-dimensional model of the previous chapter where we
considered only a �nite number of demes in a circular arrangement, to an in�nite, lin-
ear chain of demes. Arranging demes in a linear way allows us to avoid the boundary
conditions which we faced in the �rst chapter.
Similarly as before, we start by deriving the expected frequency of new mutations and
compare this to our results of the �nite model. Moreover, we compare this result of the
in�nite model to results of a continuous space model from the literature. We then have
a closer look at the distribution of cluster sizes and the correlation of the sizes of adja-
cent clusters. At the end of this chapter about the one-dimensional in�nite model we
brie�y focus on the distance between the nucleation points of two neighboring clusters
and compare our model to a model with independent nucleation origins.

3.1 Expected frequency of new mutations

In this section we derive the probability for an arbitrary deme that a spontaneous mu-
tation successfully arises and gets to �xation. But as the arising of a new mutation
is identically distributed for all demes and we consider in�nitely many demes, this is
not only the probability for a single deme to have a spontaneous mutation but at the
same time it is also the expected proportion of demes with a new mutation in the whole
one-dimensional space.

Throughout the whole chapter demes are labeled by integers. We �x an arbitrary focal
deme which we sometimes may also call �deme 0�.
Let n denote the number of demes that a mutation u0 which has arised from deme 0,
can cover before being stopped by other mutations. With

nr := number of covered demes on the right side of deme 0

and
nl := number of covered demes on the left side of deme 0,

the total number of covered demes for deme 0 can be written as

n = nr + nl + 1. (3.1)

14



3 The one-dimensional model with an in�nite chain of demes

We start by calculating the probability that a spontaneous mutation arises and gets to
�xation in the focal deme. This probability will be denoted by P (n > 0). Let T ∈ R≥0
be the time of the �rst successful mutation that occurs in deme 0 and let us keep T �xed
for a moment.
The distance of two distinct demes x and y is de�ned by d(x, y) = |x − y|. Obviously,
only demes j (j 6= 0) with d(0, j) ≤ T could infect deme 0 with a mutation uj until time
T and hence,

dT := bT c

is the maximal distance that an arbitrary mutation can spread in one direction until
time T .
Therefore, if dT > 0, the probability that no infection from any other deme reaches the
focal deme until a spontaneous mutation u0 successfully arises at time T is given by

P (n > 0|T0 = T ) = P (T±1 > T − 1, T±2 > T − 2, ..., T±dT > T − dT ). (3.2)

Since all these events are independent of each other and the distribution of the mutation
times Ti does not depend on the demes, (3.2) simpli�es to

P (n > 0|T0 = T ) =

dT∏
j=1

P (T±j > T − j)

=

dT∏
j=1

P (T0 > T − j)2

= e−2λ
∑dT
j=1(T−j)

= e−2λTdT+λdT (dT+1).

(3.3)

For the special case of dT = 0, no other deme is able to infect deme 0 before time T and
hence, P (n > 0|T0 = T ) = 1.
Using this expression, integration over T yields the probability for an arbitrary deme to
get infected by a spontaneous mutation instead of being infected by another deme. It is
given by

P (n > 0) =

∞∫
0

λe−λT · P (n > 0|Ti = T )dT

=

1∫
0

λe−λTdT +

∞∫
1

λe−λT · e−2λTdT+λdT (dT+1)dT

= 1− e−λ +
∞∑
j=1

j+1∫
j

λe−λT · e−2λTj+λj(j+1)dT.

(3.4)
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3 The one-dimensional model with an in�nite chain of demes

We obtain for the integral over this step function with j ≥ 1

j+1∫
j

λe−λT · e−2λjT+λj(j+1)dT =
1

2j + 1
eλj(j+1)

(
e−λ(2j+1)j − e−λ(2j+1)(j+1)

)
=

1

2j + 1

(
e−λj

2 − e−λ(j+1)2
)
.

(3.5)

Hence, (3.4) becomes

P (n > 0) =
∞∑
j=0

1

2j + 1

(
e−λj

2 − e−λ(j+1)2
)
. (3.6)

We can compare this result for the expected frequency of new mutations with the pre-
vious results that we obtained for two, three, four and �ve demes in Chapter 1. This is
shown in Fig. 3.1 for di�erent values of λ.

Remark 3.1. Throughout the whole thesis we choose the approximation of all in�nite
sums, including step integrals, in a way that the graphical visualisation does hardly di�er
from the true values.

As a �rst general observation we see that for both models the expected frequency of new
mutations increases with increasing mutation rate which we have of course expected.
Moreover, for all values of λ the expected proportion of new mutations in the �nite case
approaches the expected frequency in the in�nite case asymptotically. This convergence
becomes faster with increasing mutation rate and for large values of λ the cases k = 4, 5
and even k = 3 are already very good approximations for the in�nite model.
In order to explain this, let us �rst have a closer look at the special case λ = 0. The
result shown in the �gure re�ects the di�erent assumptions in the �nite and the in�nite
model. In the �nite model we assume that a mutation occurs in the origin deme 1 at
time T1 = 0, so we always start in our model with a mutation regardless of the value of
the mutation rate. For all λ > 0, this can be justi�ed by the Memoryless property be-
cause there will always be a �rst mutation appearing somewhere within a �nite waiting
time, even if this time can be very large for small λ. The case λ = 0 can be considered
as the limit case for very small mutation rates. Hence, there is exactly one mutation for
λ = 0. In contrast, in the in�nite model we do not start with a mutation in any deme
and new mutations can only arise if the mutation rate is strictly positive, so there will
be no mutation at all for λ = 0. Moreover, the probability for a new mutation in any
�nite subset of demes always tends to zero for very low λ whereas in the �nite model
there must be at least one origin.
These di�erent assumptions are also the main reason why for smaller λ the di�erence
between �nite and in�nite model is larger, especially for only a small number of demes.
For larger mutation rates, which implies that more new mutations can occur, the very
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3 The one-dimensional model with an in�nite chain of demes

Figure 3.1: The expected relative frequencies of demes with a new mutation for the �nite (blue dots)

and the in�nite deme model (red line) are shown for di�erent values of λ.

�rst mutation in the �nite model becomes less relevant and has less in�uence. This argu-
ment also contributes to the observation that the approximation is asymptotic since the
in�uence of this main di�erence in model assumptions decreases with increasing number
of demes. Moreover, it explains why we see an approximation from above, so why for a
small number of demes the expected frequency of new mutations is larger in the �nite
deme model compared to the in�nite deme model.
Interestingly, for larger mutation rates the expected frequency of new mutations is
slightly smaller in the �nite model for k = 5 than in the in�nite model. This can
be explained by the fact that we assume a circle of demes in the �nite model whereas
in the in�nite model we assume a linear chain of demes and, of course, the mean time
it takes a randomly positioned mutation to cover a �nite number of demes arranged in
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3 The one-dimensional model with an in�nite chain of demes

a circle is shorter than for the same number of demes arranged as a chain. Thus, the
mean time that is left for new mutations to arise is smaller for a circular arrangement and
therefore, less mutation events are expected to take place. This e�ect becomes smaller
with an increasing number of demes. So, if we derived results for more demes of a �nite
circle, we would expect that the mutation frequency �rst drops but later increases again
to the red line.

3.2 Comparison with a continuous space model

In this section we compare the expected frequency of new mutations from our discrete
space model, which we obtained in (3.6), with the expected value given by a continuous
space model. We use for our discussion some results from Evans (1945).
Evans considers raindrops which randomly fall on a two-dimensional area and produce
expanding circles. In a �rst step he assumes an unbounded growth of these circles, in
particular this means that circles do not disturb each others propagation.
Then, for a random distribution of the raindrops, a constant radial velocity v for the
growth of the circles and a rain at uniform rate, the number of circles which pass over an
arbitrary point P within a certain time from the start of the rain, is Poisson distributed.
Consequently, the probability that a certain point is not passed by any circle within that
time is given by

p0 = e−E, (3.7)

where E is the mean number of passing circles.
In order to compute E, Evans states that only raindrops fallen within a distance vt from
point P can reach this point within time t. Hence, it follows

E =

vt∫
0

Ω(t− r

v
)2πrdr =

πΩv2t3

3
, (3.8)

where r is the distance from point P and Ω the two-dimensional nucleation rate. This
is a time-dependent Poisson process.
Expanding his model by introducing the additional assumption that raindrops can only
fall on areas which are not yet covered by other circles, Evans argues that in general the
number of circles passing P is no longer Poisson distributed but for the special case of P
remaining uncovered until a certain time t, the expression p0 = e−E is still valid because
only the �rst arriving circle matters and this circle is not a�ected by the constraint that
new drops are only allowed to fall on uncovered area.

We can now use these results to derive the probability that at some point a raindrop
falls on an arbitrary point P which has to remain uncovered until that event. As we
would like to compare this to the results from our one-dimensional mutation model, we
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3 The one-dimensional model with an in�nite chain of demes

slightly modify Evans' results of his two-dimensional model, more precisely we consider
the one-dimensional area 2r instead of 2πr and we use our one-dimensional mutation
rate λ. The spreading velocity v can be set to 1, corresponding to the deterministic time
it takes a mutation to spread from one deme to the next.
With these modi�cations, Evans model is exactly the corresponding continuous space
model to our one-dimensional discrete space model that we have treated so far and
hence, the probability that a raindrop falls on a still uncovered area is equivalent to the
probability that a mutation successfully arises in a still uninfected deme.
By introducing the notation of our model, this probability then becomes

Pcont(n > 0) =

∫ ∞
0

λe−λtp0dt

=

∫ ∞
0

λe−λte−
λt3

3 dt.

(3.9)

In Fig. 3.2 we compare this result with the result of (3.6) of our discrete space model.

Figure 3.2: The expected frequency of new mutations in the discrete space and the continuous space

model is shown. The red line represents the discrete case, the blue one the continuous

space model.

Obviously, the expected proportion of demes with a new mutation is larger in the discrete
space model than in the continuous space model and the larger the mutation rate, the
larger is the absolute di�erence. This perfectly re�ects the fact that in the discrete
space model a mutation does not at all a�ect the adjacent demes until time 1 while in
the continuous space model mutations spread in a wave-like manner which means that
they continuously cover the area around them. So, a mutation travels the same distance
within time 1 in both models but in one case it is a continuous spreading while in the
other case the area remains uncovered until 1 and then gets completely covered from
one moment to the next. Hence, in the discrete case there is more uncovered area at
any time before 1 and therefore, more mutations are expected to take place compared
to the continuous model.
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3 The one-dimensional model with an in�nite chain of demes

3.3 Distribution of cluster sizes

Next, we are interested in the spreading of mutations, more precisely in the number of
demes that are infected by one single mutation, and in the distribution of these cluster
sizes.
Again, we start by considering an arbitrary deme and label it as deme 0. We already
de�ned nr and nl as the number of demes located to the right and to the left side of the
focal deme that are infected by mutation u0.
The distribution of cluster sizes in general is given by

P (n = k)

P (n > 0)
=

∞∫
0

λe−λT · P (n = k|T0 = T )dT

P (n > 0)
for k ≥ 1 and λ 6= 0. (3.10)

In order to ensure that the denominator P (n > 0) does not equal zero, we have to
exclude the case λ = 0. But as we already mentioned before, this is just the trivial limit
case where the mutation rate equals zero and therefore, no mutations occur at all.

We now derive the probability for any cluster to have size k for an arbitrary k ≥ 1. The
probability for a mutation to arise in deme 0 and to form a cluster of size k ≥ 1 given
the condition T0 = T can be written as

P (n = k|T0 = T ) =
k−1∑
j=0

P (nr = j, nl = k − 1− j|T0 = T ). (3.11)

We start by deriving the joint probability P (nr = k1, nl = k2|T0 = T ) for arbitrary
integers k1, k2 ≥ 0.
First of all note that a cluster of size k with nr = k1 and nl = k2 is described by the
intersection of the events given by the following de�nition.

De�nition 3.2. For an arbitrary deme 0 and integers k1, k2 ≥ 0 we de�ne:

N1
r (k1) := u0 can reach all demes on the right side of deme 0 until deme k1 before

a spontaneous mutation arises in one of these demes,

N1
l (k2) := u0 can reach all demes on the left side of deme 0 until deme − k2 before

a spontaneous mutation arises in one of these demes,

B1
r (k1) := a mutation coming from the right side of deme k1 reaches deme

k1 + 1 before time T0 + k1 + 1,

B1
l (k2) := a mutation coming from the left side of deme − k2 reaches deme

− (k2 + 1) before time T0 + k2 + 1,
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3 The one-dimensional model with an in�nite chain of demes

C1
r (k1) := u0 can reach deme k1 before another mutation coming from the right side

of deme k1,

C1
l (k2) := u0 can reach deme − k2 before another mutation coming from the left side

of deme − k2.

Note that one of these events alone cannot guarantee that deme 0 is not yet infected by
another mutation at time T0 but the events N

1
r (k1), N

1
l (k2), C

1
r (k1) and C

1
l (k2) together

do ensure it.
As we will need them in the following, we now calculate the probabilities of these events,
each of them under the condition T0 = T .
Let us start with the events N1

r (k1) and N1
l (k2). First, we set P (N1

r (k1)|T0 = T ) =
1 and P (N1

l (k2)|T0 = T ) = 1 for k1 = 0 and k2 = 0 respectively. Note that this
de�nition is perfectly consistent with the fact that a right cluster size of zero is su�ciently
charaterized by B1

r (k1) and C
1
r (k1) and the equivalent holds for k2 as well.

For k1 > 0 and k2 > 0 we obtain

P
(
N1
r (k1)|T0 = T

)
= P (T1 > T + 1, ..., Tk1 > T + k1)

=

k1∏
j=1

P (Tj > T + j)

=

k1∏
j=1

P (T0 > T + j)

=

k1∏
j=1

e−λ(T+j)

= e−λTk1e−λ
k1(k1+1)

2 ,

(3.12)

where we again used independence of the mutation events above and that the distribution
of mutation times is independent of the demes.
Similarly, we get

P
(
N1
l (k2)|T0 = T

)
= P (T−1 > T + 1, ..., T−k2 > T + k2)

=

k2∏
j=1

P (T−j > T + j)

=

k2∏
j=1

P (T0 > T + j)

= P
(
N1
r (k2)|T0 = T

)
.

(3.13)

For the other events we can consider arbitrary k1, k2 ≥ 0 and by using the same argu-
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3 The one-dimensional model with an in�nite chain of demes

ments as above, we obtain for B1
r (k1)and B

1
l (k2)

P
(
B1
r (k1)|T0 = T

)
= P

(
T + k1 + 1 > min

(
Tk1+1, ..., TdT+2(k1+1) + dT + k1 + 1

))
= 1− P

(
T + k1 + 1 < min

(
Tk1+1, ..., TdT+2(k1+1) + dT + k1 + 1

))
= 1−

dT+k1+2∏
j=1

P (Tk1+j > T + k1 + 2− j)

= 1−
dT+k1+2∏
j=1

P (T0 > T + k1 + 2− j)

= 1−
dT+k1+2∏
j=1

e−λ(T+k1+2−j)

= 1− e−λT (dT+k1+2)e−λ(k1+2)(dT+k1+2)eλ
(dT+k1+2)(dT+k1+3)

2

(3.14)
and by symmetry, it obviously holds

P
(
B1
l (k2)|T0 = T

)
= P

(
B1
r (k2)|T0 = T

)
. (3.15)

In the same way we calculate the two remaining events C1
r (k1) and C

1
l (k2) and obtain

P
(
C1
r (k1)|T0 = T

)
= P (T + k1 < min (Tk1+1 + 1, ..., TdT+2k1 + dT + k1))

=

dT+k1∏
j=1

P (Tk1+j > T + k1 − j)

=

dT+k1∏
j=1

P (T0 > T + k1 − j)

=

dT+k1∏
j=1

e−λ(T+k1−j)

= e−λT (dT+k1)e−λk1(dT+k1)eλ
(dT+k1)(dT+k1+1)

2

(3.16)

and
P
(
C1
l (k2)|T0 = T

)
= P

(
C1
r (k2)|T0 = T

)
. (3.17)

The joint probability for the right cluster size to be k1 and the left cluster size to be k2
respectively conditioned on T0 = T is then given by

P (nr = k1, nl = k2|T0 = T )

= P (N1
r (k1), N

1
l (k2), B

1
r (k1), B

1
l (k2), C

1
r (k1), C

1
l (k2)|T0 = T )

= P (N1
r (k1)|T0 = T ) · P (N1

l (k2)|T0 = T ) · P (B1
r (k1), C

1
r (k1)|T0 = T )

· P (B1
l (k2), C

1
l (k2)|T0 = T ),

(3.18)
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where in the last step we used that some of these events are independent of each other.
Obviously, the events B1

r (k1) and C1
r (k1) are not independent of each other but the

probability P (B1
r (k1), C

1
r (k1)|T0 = T ) can be further simpli�ed into

P (B1
r (k1), C

1
r (k1)|T0 = T )

= P (C1
r (k1)|T0 = T )− P (C1

r (k1), B
1,C
r (k1)|T0 = T )

= P (C1
r (k1)|T0 = T )− P (C1

r (k1)|T0 = T,B1,C
r (k1))P (B1,C

r (k1)|T0 = T )

= P (C1
r (k1)|T0 = T ) + P (B1

r (k1)|T0 = T )− 1

=

dT+k1∏
j=1

e−λ(T+k1−j) −
dT+k1+2∏
j=1

e−λ(T+k1+2−j)

=

dT+k1∏
j=1

e−λ(T+k1−j)
(
1− e−2λ(dT+k1+2)e−λ(T+1−dT )e−λ(T−dT )

)
= e−λT (dT+k1)e−λk1(dT+k1)eλ

(dT+k1)(dT+k1+1)

2

(
1− e−2λT e−λ(2k1+5)

)
,

(3.19)

where B1,C
r (k1) denotes the complementary event of B1

r (k1). In the second equation we
used the fact that P (C1

r (k1)|T0 = T,B1,C
r (k1)) = 1 because if deme k1 + 1 has not been

reached by a mutation coming from the right side until time T0 + k1, then u0 can reach
deme k1 + 1, and therefore also deme k1, before another mutation coming from the right
side of deme k1.
By symmetry, it follows for the left side of the focal deme

P (B1
l (k2), C

1
l (k2)|T0 = T )

= P (C1
l (k2)|T0 = T ) + P (B1

l (k2)|T0 = T )− 1

= e−λT (dT+k2)e−λk2(dT+k2)eλ
(dT+k2)(dT+k2+1)

2

(
1− e−2λT e−λ(2k2+5)

)
.

(3.20)

We are now able to derive P (nr = k1, nl = k2) explicitely for arbitrary integers k1, k2 ≥ 0
and obtain

P (nr = k1, nl = k2)

=

∞∫
0

λe−λTP (nr = k1, nl = k2|T0 = T )dT

=

∞∫
0

λe−λTP (N1
r (k1)|T0 = T )

[
P (C1

r (k1)|T0 = T ) + P (B1
r (k1)|T0 = T )− 1

]
· P (N1

l (k2)|T0 = T )
[
P (C1

l (k2)|T0 = T ) + P (B1
l (k2)|T0 = T )− 1

]
dT.

(3.21)

Although the calculation is straightforward, it becomes rather complex and there is no
need to go into details at this point. All further details can be found in Appendix B.
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3 The one-dimensional model with an in�nite chain of demes

The distribution of the cluster sizes is shown in Fig. 3.3 for di�erent mutation rates.
Obviously, the larger the mutation rate, the earlier the propagation of bene�cial alleles
is stopped by other mutations, i.e. the smaller the chance of forming large clusters.
Therefore, for large λ, the distribution puts almost all weight on small clusters, for
λ = 1 even more than 70% of the clusters are only of size one, i.e. bene�cial alleles do
not even succeed in spreading to adjacent demes.
On the other hand, the smaller λ, the higher is the chance that also large clusters can
be generated and thus, the distribution becomes broader.

Figure 3.3: The distribution of cluster sizes is shown for di�erent values of λ.

The expected cluster size and the corresponding variance, shown in Fig. 3.4, re�ect the
pattern of the above distribution. Both are small for large λ but become arbitrarily
large for arbitrary small mutations rates since mutations happen so slowly that also
larger clusters can be formed with an increasing chance. In particular, the variance is
high for low λ which goes very well together with the broad distribution of cluster sizes
for small mutation rates.

Remark 3.3. These results are likewise re�ected by the number of steps which are needed
for good approximations of the step integrals. There are far more steps needed for low
λ since mutations can spread more and also for increasing time, demes are still likely
to be uninfected by then and to become the origin of a new bene�cial allele. For a high
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3 The one-dimensional model with an in�nite chain of demes

Figure 3.4: The expectation value and the variance of the cluster size are shown.

mutation rate, the spreading of mutations is stopped earlier and demes are unlikely to
stay uninfected for a long time.

3.4 Distribution of right and left cluster sizes

From the results above we can easily derive the distribution of the right and left cluster
size of an arbitrary cluster X which we de�ne as

Xr := nxr given n
x > 0 (3.22)

and
Xl := nxl given n

x > 0, (3.23)

where nx, nxr and n
x
l are de�ned as n, nr and nl for cluster X.

Given the condition T0 = T , the random variables Xr and Xl are independent and iden-
tically distributed. Without this condition, right and left cluster sizes are still identically
distributed but not independent since cluster sizes � and as a consequence also right and
left cluster sizes � strongly depend on the time when the origin mutation arises � the
earlier a mutation arises, the higher is the chance to produce large clusters.

Let us derive the probability P (nr = k). For an arbitrary cluster with nr = k and nl of
arbitrary size, it is su�cient to consider C1

l,0 as the only condition for the left side of the
cluster in order to make sure that no mutation coming from the left side can infect the
origin deme of our cluster before time T . Hence, it yields for an arbitrary integer k ≥ 0

P (nr = k) =

∞∫
0

λe−λTP (nr = k|T0 = T )dT

=

∞∫
0

λe−λTP (C1
l (0), B1

r (k), C1
r (k), Nr(k)1|T0 = T )dT
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=

∞∫
0

λe−λTP (C1
l (0)|T0 = T )P (N1

r (k)|T0 = T )

·
[
P (C1

r (k)|T0 = T ) + P (B1
r (k)|T0 = T )− 1

]
dT, (3.24)

where we used (3.19) in the third equation. Again, we do not show all details here and
leave the rest of the calculation for Appendix B.
The distribution of the random variable Xr is given by P (nr=k)

P (n>0)
which is shown in Fig.

3.5.
Of course, the distribution of the right cluster size strongly ressembles that of the size of
the whole cluster. But, as the left cluster size is not taken into account, the distribution
of right cluster sizes puts even more weight on small values compared to the distribution
of the size of the whole cluster.

Figure 3.5: The distribution of Xr is shown for di�erent values of λ.

3.5 Correlation of right and left cluster sizes

We are now interested in the correlation of the random variables Xr and Xl which
means the correlation between right and left cluster sizes. As we already mentioned,
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3 The one-dimensional model with an in�nite chain of demes

they are only independent of each other if conditioned on a �xed mutation time T0 = T .
Consequently, they are also uncorrelated given the condition T0 = T but this turns out
to be wrong for general T .

We already have all the ingredients to calculate the covariance of Xr and Xl. Using that
Xr and Xl are identically distributed and that therefore, it holds E(Xr) = E(Xl), we
obtain

Cov(Xr, Xl) = E(XrXl)− E(Xr)E(Xl)

= E(XrXl)− E(Xr)
2

=
∞∑
k1=1

∞∑
k2=1

k1k2 ·
P (nr = k1, nl = k2)

P (n > 0)
−

(
∞∑
k1=1

k1 ·
P (nr = k1)

P (n > 0)

)2

.

(3.25)

Using again that Xr and Xl are identically distributed, the correlation can be simpli�ed
into

ρXr,Xl =
Cov(Xr, Xl)√

Var(Xr)
√

Var(Xl)

=
Cov(Xr, Xl)

Var(Xr)
,

(3.26)

where the variance of Xr is given by

Var(Xr) = E(X2
r )− E(Xr)

2

=
∞∑
k1=1

k21P (Xr = k1)−

(
∞∑
k1=1

k1P (Xr = k1)

)2

.
(3.27)

The correlation of Xr and Xl is illustrated in Fig. 3.6. This correlation is necessarily
positive since, as we already indicated before, the cluster size, and hence also the right
and left cluster sizes, strongly depend on the time at which the origin mutation takes
place � the earlier, the higher the probability to generate a large cluster which in general
means that both, right and left cluster size, become large. Moreover, the correlation
becomes of course stronger with decreasing λ as low mutation rates allow larger cluster.
For λ→ 1, which leads to clusters of size one with high probability, right and left cluster
sizes are zero with high probability anyway, and therefore, correlation is low.
Interestingly, the correlation is approximately linear, in other words the ratio between
mutation rate and correlation remains the same for all λ.

3.6 Correlation of cluster sizes

We are now interested in the correlation of adjacent cluster sizes, let us say in the
correlation of cluster X and its right neighbor Y with nucleation points 0 and dc, where
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3 The one-dimensional model with an in�nite chain of demes

Figure 3.6: This �gure shows the covariance and the correlation of Xr and Xl.

dc is the distance between the two nucleation points. The corresponding mutation times
are denoted by Tx and Ty, and we call right and left cluster sides Xr, Yr and Xl, Yl
respectively.
Then, the covariance is given by

Cov(X, Y ) = E(XY )− E(X)E(Y )

= E(XY )− E(X)2,
(3.28)

where the last equation follows by symmetry since X and Y are identically distributed.
By similar arguments as in the previous section, we obtain for the correlation of X and
Y

ρX,Y =
Cov(X, Y )√

Var(X)
√

Var(Y )

=
Cov(X, Y )

Var(X)
,

(3.29)

with
Var(X) = E(X2)− E(X)2

=
∞∑
k=1

k21P (X = k)−

(
∞∑
k=1

kP (X = k)

)2

.
(3.30)

Before going into details, we treat the simpler problem of the correlation between Xr and
Yl. We will later use the results that we get from this problem for our origin problem.
So, we will have a closer look at

Cov(Xr, Yl) = E(XrYl)− E(Xr)E(Yl)

= E(XrYl)− E(Xr)
2,

(3.31)
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3 The one-dimensional model with an in�nite chain of demes

where again the last equation follows because of the identical distribution of X amd Y .
We �x time T and obtain

E(Xr) =
∞∑
k1=1

k1 ·
P (nxr = k1)

P (nx > 0)

=
1

P (nx > 0)

∞∑
k1=1

k1 ·
∞∫
0

λe−λTP (C1,x
l (0), N1,x

r (k1), B
1,x
r (k1), C

1,x
r (k1)|Tx = T )dT

=
1

P (nx > 0)

∞∑
k1=1

k1 ·
∞∫
0

λe−λTP (C1,x
l (0)|Tx = T )P (N1,x

r (k1)|Tx = T )

· P (B1,x
r (k1), C

1,x
r (k1)|Tx = T )dT,

(3.32)
where the events B1,x

r (k1), B
1,x
l (k2), C

1,x
r (k1), C

1,x
l (k2), N

1,x
r (k1) and N

1,x
l (k2) are de�ned

as before, so as B1
r (k1), B

1
l (k2), C

1
r (k1), C

1
l (k2), N

1
r (k1) and N1

l (k2) for cluster X and
hence, (3.19) also applies here.
Next, we need to evaluate the expectation value E(XrYl) which is given by

E(XrYl) =
∞∑
k1=1

∞∑
k2=1

k1k2 · P (Xr = k1, Yl = k2)

=
∞∑
k1=1

∞∑
k2=1

k1k2 ·
P (nxr = k1, n

y
l = k2)

P (nx > 0)
.

(3.33)

At this point we have to take into consideration that we want the cluster Y to be the
right neighbor of X, that means no other mutation occurs between the nucleation points
of these two clusters. In order to obtain clusters with Xr = k1 ≥ 0 and Yl = k2 ≥ 0, so
dc = k1 + k2 + 1, the origin mutation of cluster Y has to arise in a certain time interval
depending on Tx which is given by

τ := τ̃\(τ̃ ∩ R<0), (3.34)

where
τ̃ := {Tx + k1 − k2 − 1 < Ty < Tx + k1 − k2 + 1}. (3.35)

We brie�y show that the events N1,x
r (k1) and N

1,y
l (k2) together with the condition τ̃ are

su�cient to guarantee that no other mutations occur between the two nucleation points
that could occupy one of them. Let us start with k1, k2 > 0. For demes 1 ≤ j ≤ k1, it
immediately follows by N1,x

r (k1) that deme 0 infects deme j before a new mutation can
arise in this deme and therefore, deme j cannot infect any other deme, in particular not
0 and dc. The same holds for demes k1 + 1 ≤ j ≤ dc − 1 because of N1,y

l (k2). Because
of the condition τ̃ , X and Y cannot infect each other either.
For k1 = 0 and k2 > 0, no mutation arises in demes j with 1 ≤ j ≤ dc − 1 because

29



3 The one-dimensional model with an in�nite chain of demes

of N1,y
l (k2) and again, X and Y cannot infect each other because of τ̃ . The analogous

argument holds for k1 > 0 and k2 = 0. For the special case k1 = k2 = 0, where the
nucleation points of X and Y are located in adjacent demes, τ̃ guarantees that the two
clusters do not disturb each other.
For further illustration see Fig. 3.7.

Figure 3.7: This �gure shows the two adjacent clusters X and Y with Xr = 7 and Yl = 4.

Hence, the joint probability P (nxr = k1, n
y
l = k2) for k1, k2 ≥ 0 can be calculated as

follows

P (nxr = k1, n
y
l = k2)

=

∞∫
0

∫
τ

λe−λTλe−λT̃P (C1,x
l (0), C1,y

r (0), N1,x
r (k1), N

1,y
l (k2)|Tx = T, Ty = T̃ , τ)dT̃dT

=

∞∫
0

∫
τ

λe−λTλe−λT̃P (C1,x
l (0)|Tx = T, Ty = T̃ , τ)P (C1,y

r (0)|Tx = T, Ty = T̃ , τ)

P (N1,x
r (k1)|Tx = T, Ty = T̃ , τ)P (N1,y

l (k2)|Tx = T, Ty = T̃ , τ)dT̃dT

=

∞∫
0

λe−λTP (C1,x
l (0)|Tx = T )P (N1,x

r (k1)|Tx = T )

∫
τ

λe−λT̃P (C1,y
r (0)|Ty = T̃ )

P (N1,y
l (k2)|Ty = T̃ )dT̃dT

=
∞∑
j=0

j+1∫
j

λe−λTP (C1,x
l (0)|Tx = T )P (N1,x

r (k1)|Tx = T )

 max(0,j+k1−k2)∫
max(0,T+k1−k2−1)

λe−λT̃P (C1,y
r (0)|Ty = T̃ )P (N1,y

l (k2)|Ty = T̃ )dT̃

+

max(0,j+k1−k2+1)∫
max(0,j+k1−k2)

λe−λT̃P (C1,y
r (0)|Ty = T̃ )P (N1,y

l (k2)|Ty = T̃ )dT̃

+

max(0,T+k1−k2+1)∫
max(0,j+k1−k2+1)

λe−λT̃P (C1,y
r (0)|Ty = T̃ )P (N1,y

l (k2)|Ty = T̃ )dT̃

 dT, (3.36)
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3 The one-dimensional model with an in�nite chain of demes

where we used independence of some of the events for the second equality of (3.36).
Moreover,

P (C1,x
l (0)|Tx = T, Ty = T̃ , τ) = P (C1,x

l (0)|Tx = T )

and
P (C1,y

r (0)|Tx = T, Ty = T̃ , τ) = P (C1,y
r (0)|Ty = T̃ )

hold since we de�ned the event τ such that clusters X and Y do not disturb each others
nucleation. Similarly, it holds

P (N1,x
r (k1)|Tx = T, Ty = T̃ , τ) = P (N1,x

r (k1)|Tx = T )

and
P (N1,y

l (k2)|Tx = T, Ty = T̃ , τ) = P (N1,y
l (k2)|Ty = T̃ ).

Note that P (C1,y
r (0)|Ty = T̃ ) and P (N1,y

l (k2)|Ty = T̃ ) do depend on dT̃ :=
⌊
T̃
⌋
just as

P (C1,x
l (0)|Tx = T ) and P (N1,x

r (k1)|Tx = T ) do depend on dT .
Moreover, it holds that P (Xr = k1, Yl = k2) = 0 if τ = ∅ for this pair (k1, k2).

Figure 3.8: The graphic on the left side shows the covariance of Xr and Yl, on the right the correlation

of Xr and Yl (blue dots) is compared to that of Xr and Xl (red dots).

Fig. 3.8 shows the correlation of Xr and Yl in comparison to the correlation of Xr and Xl.
In order to understand these results, we have to discuss two e�ects which in�uence the
correlation of Xr and Yl in opposite directions. First, one can �x the mutation times Tx
and Ty and keep the distance between the corresponding nucleation points variable. This
leads to a distribution of the distances which obviously satis�es that greater distances
imply larger values of both, Xr and Yl. In other words, there is a positive correlation.
But on the other hand, there also exists a negative correlation when �xing the distance
and keeping the mutation times variable instead. This time one obtains a distribution
for the di�erence of the mutation times for every �xed distance. Now, since we assume
an arbitrary but �xed distance, a di�erence of the mutation times that leads to a large
Xr, corresponds to a small value of Yl.
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3 The one-dimensional model with an in�nite chain of demes

According to Fig. 3.8, it seems to be the �rst e�ect, i.e. the e�ect of the positive cor-
relation, which dominates. Obviously, the dominance is even strong enough that the
correlation of Xr and Yl is larger than that of Xr and Xl for all mutation rates. Possible
reasons for this last point will be discussed below.

We will now come back to our original question, namely the correlation of the cluster
sizes X and Y . With the results from above, this becomes a rather simple calculation.
The covariance of X and Y is given by

Cov(X, Y )

= E(XY )− E(X)E(Y )

= E(XY )− E(X)2

=
∞∑
k1=1

∞∑
k2=1

k1k2P (X = k1, Y = k2)−

(
∞∑
k=1

kP (X = k)

)2

=
∞∑
k1=1

∞∑
k2=1

k1k2

(
k1−1∑
i=0

k2−1∑
j=0

P (nxl = i, nxr = k1 − 1− i, nyr = j, nyl = k2 − 1− j)
P (nx > 0)

)

−

(
∞∑
k=1

k
P (nx = k)

P (nx > 0)

)2

,

(3.37)

where P (nx = k) is already known from one of the last sections and the joint probability
P (nxl = i, nxr = k1 − 1− i, nyr = j, nyl = k2 − 1− j) can be easily derived as

P (nxl = i, nxr = k1 − 1− i, nyr = j, nyl = k2 − 1− j)

=

∞∫
0

λe−λTP (B1,x
l (i), C1,x

l (i)|Tx = T )P (N1,x
l (i)|Tx = T )P (N1,x

r (k1 − 1− i)|Tx = T )

∫
τ

λe−λT̃P (B1,y
r (j), C1,y

r (j)|Ty = T̃ )P (N1,y
r (j)|Ty = T̃ )P (N1,y

l (k2 − 1− j)|Ty = T̃ )dT̃dT,

(3.38)
where τ̃ is now given by

τ̃ := {Tx + k1 − k2 − i+ j − 1 < Ty < Tx + k1 − k2 − i+ j + 1}. (3.39)

The correlation of X and Y is shown in Fig. 3.9 in comparison with the correlations of
Xr/Xl and Xr/Yl. Again, we basically have the same two opposed e�ects as for Xr and
Yl. But obviously, this time the positive correlation is weakened and the negative one is
strengthened in comparison to before although the positive correlation still dominates
the negative such that the total correlation becomes positive. Let us again have a closer
look at these two e�ects in order to explain what we see.
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3 The one-dimensional model with an in�nite chain of demes

Figure 3.9: The graphic on the left side shows the covariance of X and Y , on the right the correlation

of X and Y (green dots) is compared to that of Xr/Xl (red dots) and Xr/Yl (blue dots)

respectively.

We start with the negative correlation. We already know that for a �xed distance dc
large values of Xr imply small values of Yl and vice versa. But a large Xr and small
Yl simply means that the mutation time Tx is relatively small compared to Ty and as a
consequence, the whole cluster X has a high chance to become great in comparison to
cluster Y . Obviously, this correlation is stronger than the one of Xr and Yl since now
Xl and Yr are likewise a�ected and, as we already know, they are positively correlated
with Xr and Yl respectively.
On the other hand, the positive correlation is weakened because the size of the whole
clusters X and Y does not only depend on the distance of their own nucleation points
but also the left neighbor of X and the right neighbor of Y do play a critical role.
Let us extent this last argument a bit further in a way that it may also explain why
the correlation of Xr and Xl is located in the middle of the two others. As we already
noticed, the correlation of Xr and Yl does only depend on two nucleation points. In
contrast, two further nucleation points, namely those of the two adjacent clusters of X
and Y , do in�uence the size of clusters X and Y , hence their correlation will be lower.
Finally, there is the size of Xr and Xl which is determined by three nucleation points -
the one of X and those of the two adjacent clusters.
In order to con�rm this idea, let us assume Xl := Xr and Yr := Yl, i.e. the size of
cluster X and Y is no longer determined by four nucleation points but only by the two
nucleation points of X and Y . If our idea holds true, then we will expect that the
correlation of X and Y equals the one of Xr an Yl. Indeed, we then obtain

Cov(X, Y ) = Cov(2Xr + 1, 2Yl + 1)

= Cov(2Xr, 2Yl)

= 4 · Cov(Xr, Yl)

(3.40)
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and
Var(X, Y ) = Var(2Xr + 1, 2Yl + 1)

= Var(2Xr, 2Yl)

= 4 · Var(Xr, Yl).

(3.41)

Hence, it holds
ρX,Y = ρXr,Yl . (3.42)

Therefore, we conclude that the correlation of cluster sizes is directly linked to the
number of in�uencing nucleation points � the more nucleation points, the lower the
correlation.

3.7 Distance between nucleation points of adjacent

clusters

We like to close this chapter by some results about the distance between the nucleation
points of two adjacent clusters. We will also compare this to results from a more general
model where we assume nucleation points to be independent.

Let dc be the distance between the nucleation points of two neighboring clusters. By
the de�nition of Xr and Yl, it yields dc = Xr + Yl + 1 and therefore, as Xr and Yl are
identically distributed, the expectation value of dc becomes

E(dc) = E(Xr + Yl + 1)

= 2 · E(Xr) + 1

= E(X).

(3.43)

Similarly, it follows for the variance of dc

Var(dc) = Var(Xr + Yl)

= 2 · Var(Xr) + 2 · Cov(Xr, Yl).
(3.44)

Using the results from the last section, we easily obtain the distribution of the distance
dc as

P (dc = k) =
k−1∑
i=0

P (Xr = i, Yl = k − 1− i)
P (nx > 0)

(3.45)

for an arbitrary k ≥ 1.

Obviously, the nucleation points of clusters X and Y are not independent of each other
in our model. If the mutation origins were independent of each other, this would lead
to a geometric distribution with P (nx > 0) as the probability of success, which means
that a new mutation can successfully arise in an adjacent deme of cluster X before the
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3 The one-dimensional model with an in�nite chain of demes

infection of cluster X can spread and infect that neighbor. A distance of size k between
neighboring nucleation points would therefore correspond to k− 1 failures until the �rst
success. We call the distance between neighboring nucleation points in this case Dc.
The distribution of the distance between two adjacent nucleation points in this model
is given by

P (Dc = k) = (1− P (nx > 0))k−1P (nx > 0) (3.46)

according to the geometric distribution. Then it yields for the corresponding expectation
value

E(Dc) =
1

P (nx > 0)
(3.47)

and the variance is given by

Var(Dc) =
1

P (nx > 0)2
− 1

P (nx > 0)
. (3.48)

Figure 3.10: The expectation value and the variance of the distance between adjacent nucleation points

are shown. The red dots represent our model, the blue line shows the model with inde-

pendent nucleation points.

We compare the expected distance as well as the variance of both models in Fig. 3.10.
The solid line represents the second model, i.e. the model with independent nucleation
origins, whereas the red dots belong to our model where the origins are not independent
of each other.
Obviously, the expected distance between adjacent nucleation origins is the same in
both models. This holds since the expectation value of the geometric distribution equals

1
P (nx>0)

which, as P (nx > 0) is the density of clusters, is necessarily the average distance
of two adjacent nucleation points in our model.
Of course, the expected distance tends to one for large λ because mutations happen
so quickly that bene�cial alleles have only a very small chance to spread outward their
origin deme. On the other hand, for arbitrarily small λ, mutations happen so slowly
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Figure 3.11: The distribution of distances between adjacent nucleation points is shown for our model

(red dots) and the model with independent nucleation points (blue dots).

that bene�cial alleles do have the possibility to form arbitrarily large clusters and hence,
the expectation value becomes arbitrarily large for very low mutation rates.
In contrast, the variances of both models di�er signi�cantly. Similarly to the expectation
value, both variances are small for large mutation rates and tend to in�nity as λ goes
to zero since the smaller λ, the broader the distribution of cluster sizes, i.e. the higher
the chance that not only small but also large clusters do exist. Compared to our model,
the variance is larger for the model with independent nucleation points for every muta-
tion rate λ. This can be explained with the help of Fig. 3.11 where the distributions of
the distance between adjacent nucleation points of both models are shown for di�erent
mutation rates. One can easily see that the distribution of the model with independent
nucleation points puts more weight on small distances than the distribution of our model
- in comparison with the corresponding expectation value in Fig. 3.10 this means fur-
ther away from the expectation value. Obviously, the distribution is strictly monotonic
decreasing for the model with independent nucleation origins as (3.46) strictly decreases
with increasing k whereas, similar to the distribution of cluster sizes, there exists an
intermediate maximum for our model.
In order to understand the di�erences that we observe in the distribution of both mod-
els, let us have a closer look at the di�erences in model assumptions and in particular
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at the probability of success. For the model with independent nucleation origins, the
probability of success always stays the same, independently of the time that has already
past. In contrast, in our model the probability that a new mutation successfully arises in
any deme in a certain time interval [0, T ] increases with increasing T , i.e. with increasing
distance from a given focal deme. But by de�nition of P (nx > 0), this probability will
always be strictly smaller than P (nx > 0) for any �nite time interval. Hence, if we
ignored that there are still other demes that could potentially infect a deme in a local
neighborhood of a given focal deme, we would expect much greater distances between
the nucleation points of this focal deme and its adjacent demes in our model in com-
parison to the model with independent nucleation origins. Of course, we can not simply
neglect an infection by other demes since this strongly in�uences the probability that
a deme already carries another bene�cial allele at the time it would be reached by the
infection of the given focal deme, but this does not completely neutralize the e�ect of
the di�erent probabilities of success as one can see in Fig. 3.11.

Figure 3.12: The distribution of the distance between adjacent nucleation points is shown (red dots).

In order to show the similarity between the distribution, it is compared to the distribution

of cluster sizes (blue dots).

By Fig. 3.12 we brie�y like to point out that the distribution of cluster size and distance
between adjacent nucleation points look very similar because they are, of course, related
to each other but still, the derivations di�er signi�cantly.

37
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Figure 3.13: The variance of distances between adjacent nucleation points (red dots) is compared to

the variance of cluster sizes (blue dots).

In Fig. 3.13 the corresponding variances are compared to each other. Although the
di�erences in the distributions are small, the variance of the distance between new
mutations is slightly larger than the variance of cluster sizes. This nicely �ts the fact
that the covariance of Xr and Yl is larger than the one of Xr and Xl.

With these results about the distance between nucleation points of adjacent clusters, we
like to close this chapter about the one-dimensional model. We will once again come
back to this model in the last chapter of this thesis where results of this spatial model
are compared to results of the model coalescent with killings.
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4 The two-dimensional model with

an in�nite grid of quadratical

demes

In this chapter we extend our model to an in�nite two-dimensional grid of quadratical
demes. In the �rst part we brie�y present the model by pointing out the di�erences to
the one-dimensional case and introduce the important parameter of v-step neighbors.
As before, we then derive the expected proportion of new mutations as well as the
distribution of cluster sizes and compare this to the results of the in�nite one-dimensional
model. Note that for the derivation of the distribution of cluster sizes we use a simpli�ed
version of the two-dimensional model, namely we measure cluster sizes along a horizontal
line.

4.1 The model

We extend our model to an in�nite two-dimensional grid of quadratical demes as it is
shown in Fig. 4.1. Unless stated otherwise, all assumptions and notations of the one-
dimensional model will be kept and, in particular, the underlying process is again given
by De�nition 2.1. In two dimensions each deme has four neighbors and any deme with
a bene�cial allele can transmit its infection to all of its neighbors that do not carry a
mutation, after a deterministic time 1.
We label demes by pairs of numbers (x, y) with x, y ∈ Z.
The time a mutation needs to spread from a deme (x1, y1) to another deme (x2, y2) is
equivalent to the distance between the two demes which is given by

d((x1, y1), (x2, y2)) := |x1 − x2|+ |y1 − y2|. (4.1)

Obviously, this even de�nes a metric.

A very important parameter in this context is the number of demes that could be reached
by a mutation of an arbitrary deme i within a certain time v ∈ N, so all demes within a
distance of at most v from the focal deme i. We call all demes which are reached exactly
at time v, the v-step neighbors of deme i. The �rst v-step neighbors (until v = 4) of
an arbitrary deme are shown in Fig. 4.1 and, as one can easily see by this �gure, the
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Fig. 4.1: Demes are arranged chessboard-like in the two-dimensional plane. One deme and its corre-

sponding v-step neighbors until v = 4 are highlighted.

number of v-step neighbors is simply given by the function

f2(v) = 4 ∗ v. (4.2)

Note that in the one-dimensional model the number of v-step neighbors is exactly 2 for
each v.

We will need this function immediately in order to derive the probability for an arbitrary
deme to be the origin of a new bene�cial allele.

4.2 Expected frequency of new mutations

In this section we derive the expected proportion of new mutations on the whole grid
which is the same as the probability that a new mutation successfully arises in an
arbitrary deme. We focus on deme (0, 0) as our focal deme which we will sometimes
simply call �deme 0�.
Exactly as in the previous chapter, we �rst �x time T ∈ R≥0 and focus on the probability
that at this time the focal deme is not infected by a mutation of another deme and a new
mutation u0 successfully arises instead. In order to guarantee that no other mutation
reaches the origin deme before time T , we have to consider all v-step neighbors within
the distance dT := bT c. Hence, as the following events are pairwise independent and
the distribution of the mutation times does not depend on the demes, it follows

P (n > 0|T0 = T ) =

dT∏
v=1

v∏
v1=0

P
(
T(±v1,±(v−v1)) > T − v

)
=

dT∏
v=1

P (T0 > T − v)f2(v)
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4 The two-dimensional model with an in�nite grid of quadratical demes

= e−λT
∑dT
v=1 f2(v) · eλ

∑dT
v=1 vf2(v)

= e−2λTdT (dT+1) · e
2
3
λdT (dT+1)(2dT+1) (4.3)

for T ≥ 1. For T < 1, it obviously yields P (n > 0|T0 = T ) = 1.
Again, a simple integration over a step function yields the probability for an arbitrary
deme to be the origin of a newly arisen mutation

P (n > 0) =

∞∫
0

λe−λT · P (n > 0|T0 = T ) dT

=

1∫
0

λe−λTdT +
∞∑
j=1

j+1∫
j

λe−λT e−2λTj(j+1) · e
2
3
λj(j+1)(2j+1)dT

=
∞∑
j=0

1

2j2 + 2j + 1
e

2
3
λj(j+1)(2j+1)

(
e−λ(2j

2+2j+1)j − e−λ(2j2+2j+1)(j+1)
)

=
∞∑
j=0

1

2j2 + 2j + 1

(
e−

1
3
λj(2j2+1) − e−

1
3
λ(j+1)(2j2+4j+3)

)
.

(4.4)

We compare the expected proportion of new mutations for the one- and the two-
dimensional model in Fig. 4.2. The two curves closely resemble each other due to the
very similar derivation that was used. But the number of v-step neighbors, i.e. the num-
ber of demes that could potentially infect the origin deme in each time step, is of course
signi�cantly larger in the two-dimensional model and, consequently, new mutations have
a higher chance to arise in a given focal deme in the one-dimensional model than in the
two-dimensional grid of demes. Therefore, it is not surprising that the red line lies above
the blue one.

Fig. 4.2: The expected frequency of new mutations in the one- and the two-dimensional model is shown.

The red line represents the one-dimensional, the blue one the two-dimensional model.
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4 The two-dimensional model with an in�nite grid of quadratical demes

4.3 Distribution of cluster sizes along a horizontal

line

As in the previous chapter, we are now interested in the clusters that are generated by
the spreading mutations and the distribution of their sizes. But as this problem becomes
very complex in the two-dimensional case, we focus on cluster sizes along a horizontal
line. Let us consider the horizontal line (x, 0) for x ∈ Z.
This does not mean that mutations spread along this horizontal line exclusively. Demes
still can transmit bene�cial alleles in all four directions but the size of a cluster is
measured only by demes along the horizontal line (x, 0). For a further illustration see
Fig. 4.3.

Fig. 4.3: The bene�cial allele of the focal deme (black) has spread and generated a cluster (grey and

red). The size of the resulting cluster is measured along a horizontal line (red demes).

Moreover, nr and nl describe again the spreading distance on the right and left side of
the origin deme. For instance, the cluster shown in Fig. 4.3 is of size 7 with nr=2 and
nl=4
We consider clusters of size k and their distribution which is given by

P (n = k)

P (n > 0)
=

∑k−1
j=0 P (nr = j, nl = k − 1− j)

P (n > 0)

=

∑k−1
j=0

∞∫
0

λe−λT · P (nr = j, nl = k − 1− j|T0 = T )dT

P (n > 0)

(4.5)

for k ≥ 1 and λ 6= 0.
A cluster of size k with nr = k1 ≥ 0 and nl = k2 ≥ 0 is described by the intersection
of the following events which are simply an extension of the corresponding events of the
one-dimensional model, using the idea of a separation between demes on the left and the
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4 The two-dimensional model with an in�nite grid of quadratical demes

right side of the focal deme. But since in the two-dimensional plane there exist demes
which are neither on the left nor on the right side of the origin deme, namely all demes
(0, y) with y 6= 0, an additional condition N2

0 is required in order to ensure that these
demes cannot infect the origin deme before time T0 either.
Similar to the previous chapter, we give the following de�nition.

De�nition 4.1. Let v := v1 + v2. Then, we de�ne the following events:

B2
r (k1) := a mutation coming from a deme (x, y) with x > k1 reaches deme (k1 + 1, 0)

before time T0 + k1 + 1

= {T0 + k1 + 1 > min
(
T(k1+v1,±v2) + v − 1|v1 ≥ 1, v2 ≥ 0, 1 ≤ v ≤ dT + k1 + 2

)
},

B2
l (k2) := a mutation coming from a deme (x, y) with x < −k2 reaches deme

(−k2 − 1, 0) before time T0 + k2 + 1

= {T0 + k2 + 1 > min
(
T(−k2−v1,±v2) + v − 1|v1 ≥ 1, v2 ≥ 0, 1 ≤ v ≤ dT + k2 + 2

)
},

C2
r (k1) := no mutation coming from a deme (x, y) with x > k1 reaches deme (k1, 0)

before time T0 + k1

= {T0 + k1 < min
(
T(k1+v1,±v2) + v|v1 ≥ 1, v2 ≥ 0, 1 ≤ v ≤ dT + k1

)
},

C2
l (k2) := no mutation coming from a deme (x, y) with x < −k2 reaches deme

(−k2, 0) before time T0 + k2

= {T0 + k2 < min
(
T(−k2−v1,±v2) + v|v1 ≥ 1, v2 ≥ 0, 1 ≤ v ≤ dT + k2

)
},

N2
r (k1) := u0 can reach all demes (x, 0) with 1 ≤ x ≤ k1 before these demes can be

infected by another mutation coming from any deme of the form (x, y)

= {T0 + 1 < min
(
T(1,0), T(1,±1) + 1, ..., T(1,±(dT+1)) + dT + 1

)
,

T0 + 2 < min
(
T(2,0), T(2,±1) + 1, ..., T(2,±(dT+2)) + dT + 2

)
,

...,

T0 + k1 < min
(
T(k1,0), T(k1,±1) + 1, .., T(k1,±(dT+k1)) + dT + k1

)
},

N2
l (k2) := u0 can reach all demes (−x, 0) with 1 ≤ x ≤ k2 before these demes can be

infected by another mutation coming from any deme of the form (x, y)

= {T0 + 1 < min
(
T(−1,0), T(−1,±1) + 1, ..., T(−1,±(dT+1)) + dT + 1

)
,

T0 + 2 < min
(
T(−2,0), T(−2,±1) + 1, ..., T(−2,±(dT+2)) + dT + 2

)
,

...,

T0 + k2 < min
(
T(−k2,0), T(−k2,±1) + 1, .., T(−k2,±(dT+k2)) + dT + k2

)
},

N2
0 := no mutation coming from a deme (0, y) with y 6= 0 reaches the focal deme

before time T0

= {T0 < min
(
T(0,±v2) + v2|1 ≤ v2 ≤ dT

)
}.
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4 The two-dimensional model with an in�nite grid of quadratical demes

The probabilities of each of these events conditioned on T0 = T can be calculated
completely analogous to the previous chapter. The calculations are shown in detail in
Appendix C. Note that these probabilities strongly depend on the number of v-step
neighbors, hence the function f2(v) plays an important role for these calculations.

The probability for an arbitrary cluster to have right and left cluster size k1 and k2
respectively is given by the joint probability of all the events above. Thus, it yields

P (nr = k1, nl = k2)

=

∞∫
0

λe−λTP (nr = k1, nl = k2|T0 = T )dT

=

∞∫
0

λe−λTP (N2
0 , N

2
r (k1), N

2
l (k2), C

2
r (k1), B

2
r (k1), C

2
l (k2), B

2
l (k2)|T0 = T )dT

=

∞∫
0

λe−λTP (N2
0 |T0 = T )P (N2

r (k1)|T0 = T )P (N2
l (k2)|T0 = T ) ·

[
P (C2

r (k1)|T0 = T )

+ P (B2
r (k1)|T0 = T )− 1

]
·
[
P (C2

l (k2)|T0 = T ) + P (B2
l (k2)|T0 = T )− 1

]
dT.

(4.6)
Note that for P (B2

r (k1), C
2
r (k1)|T0 = T ) it still holds

P (B2
r (k1), C

2
r (k1)|T0 = T ) = P (C2

r (k1)|T0 = T ) + P (B2
r (k1)|T0 = T )− 1 (4.7)

as in equation (3.19) of the previous chapter. An analogous result holds, of course, for
P (B2

l (k2), C
2
l (k2)|T0 = T ).

We spare ourselves the detailed calculation of P (nr = k1, nl = k2) because it is very
complex and does not yield further useful information. In principle, it follows the same
steps as the corresponding calculation of the one-dimensional model which can be found
in Appendix B.

Fig. 4.4 shows the distribution of cluster sizes of the one- and the two-dimensional
model for di�erent values of the mutation rate λ. Again, the underlying idea that we
used for the derivation is very similar in both models. It is thus not surprising that the
distributions closely resemble each other: Both models show a �at distribution for low λ
allowing also clusters of larger size whereas for large λ most of the weight lies on smaller
cluster sizes. But as the number of v-step neighbors is larger in the two-dimensional
model, even more weight is put on small clusters compared to the one-dimensional case
and this holds for all λ.
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4 The two-dimensional model with an in�nite grid of quadratical demes

Figure 4.4: The distribution of cluster sizes of the one-dimensional and the two-dimensional model

are compared for di�erent values of λ. Red dots represent the one-dimensional model, blue

dots show the results for the two-dimensional model.

Remark 4.2. Instead of measuring the size of a cluster along the horizontal line, we
could likewise measure it along the vertical line. Let Xh be the cluster size along the hor-
izontal and Xv along the vertical line. These random variables are obviously independent
of each and identically distributed, hence it yields

E(Xh +Xv) = 2 · E(Xh)− 1, (4.8)

where, of course,

E(Xh) =
∞∑
k=0

k · P (n = k)

P (n > 0)
. (4.9)

From this point the extension of the model to three dimensions is only a small step.
We will do this in the next chapter where we derive the corresponding results in three
dimensions.
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5 The model in three dimensions

with cubic demes

As a last step we now extend our model to three dimensions. This chapter follows the
same structure than the previous. It starts with a short presentation of the model where,
in particular, the de�nition of the number of v-step neighbors in three dimensions di�ers
from the corresponding de�nition of the two-dimensional model. Then, we derive the
expected proportion of new mutations as well as the distribution of cluster sizes and
compare the results of all three models. As before, we consider a simpli�ed version of
our model for the derivation of the distribution of cluster sizes by measuring cluster sizes
along a horizontal line.

5.1 The model

We consider an in�nitely large, three-dimensional space �lled with in�nitely many cubic
demes of the same size situated next to each other, so every deme has six direct neighbors
in total. Demes are labeled by (x, y, z) with x, y, z ∈ Z. Then, the distance between two
demes (x1, y1, z1) and (x2, y2, z2) is de�ned by

d((x1, y1, z1), (x2, y2, z2)) := |x1 − x2|+ |y1 − y2|+ |z1 − z2|. (5.1)

As long as it is not stated otherwise, all assumptions and notations of our model re-
main unchanged. The main di�erence to the assumptions of the model in one or two
dimensions is the larger number of direct neighbors of each deme. As a consequence,
the number of v-step neighbors also increases in comparison to the models of lower di-
mensions.
We brie�y derive the number of v-step neighbors in three dimensions using the function
f2 which we obtained in two dimensions.
This problem can be reduced to a two-dimensional problem by counting the number of
v-step neighbors of an arbitrary deme in each two-dimensional plane. This can easily be
done by using our well-known function f2.
We focus on deme (0, 0, 0) as the focal deme and de�ne plane z ∈ Z as the set of all
demes whose last coordinate equals z. Then, in plane 0, the number of v-step neighbors
equals f2(v). In plane 1, the number of v-step neighbors is given by f2(v − 1) since
it takes the mutation one additional time step to reach this plane. By symmetry, the
same holds for plane −1. Similarly, the number of v-step neighbors in plane k and −k
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5 The model in three dimensions with cubic demes

(for 1 < k < v) equals f2(v−k). Finally, in plane v and −v, the only demes which can be
reached at time v by a mutation from the origin deme, are demes (0, 0, v) and (0, 0,−v)
respectively. Obviously, planes z with |z| > v cannot contain any v-step neighbors of
our focal deme.
Putting all this together, it yields for the number of v-step neighbors of an arbitrary
deme in three dimensions

f3(v) =

{
6 v = 1

f2(v) + 2 ·
∑v−1

j=1 f2(j) + 2 v > 1

=

{
6 v = 1

4v2 + 2 v > 1.

(5.2)

Remark 5.1. The function describing the number of v-step neighbors can easily be
extended to any dimension d ≥ 1 by the same underlying arguments that we used for the
extension of f2 to f3. For an arbitrary d > 1, it is given by

fd(v) =

{
2d v = 1

fd−1(v) + 2 ·
∑v−1

j=1 fd−1(j) + 2 v > 1.
(5.3)

For d = 1, the number of v-step neighbors is simply the constant function f1(v) = 1 for
all v.

With the function f3, we can now easily derive the expected number of independent
origins of bene�cial mutations as well as the distribution of the size of their propagation
area by following the same steps and arguments that we already used in the previous
chapters.

5.2 Expected frequency of new mutations

In this section we derive the expected proportion of new mutations for the three-
dimensional model by using the same idea as in one and two dimensions, namely that
this is the same as the probability for an arbitrary deme to be the origin of a newly arisen
bene�cial allele. We already know that at each time the probability that an arbitrary
deme does not carry a bene�cial mutation by then, is only in�uenced by all demes whose
infection could potentially reach this deme until then.
Let be T ∈ R≥0 a �xed time. Then, the expected frequency of new mutations in our
population is given by

P (n > 0) =

∞∫
0

λe−λTP (n > 0|T0 = T )dT, (5.4)
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5 The model in three dimensions with cubic demes

where for the probability that deme 0 is not yet infected at time T under the condition
T0 = T , it holds

P (n > 0|T0 = T ) =

dT∏
v=1

v∏
v1=0

v−v1∏
v2=0

P
(
T(±v1,±v2,±(v−v1−v2)) > T − v

)
=

dT∏
v=1

P (T0 > T − v)f3(v)

= e−λT
∑dT
v=1 f3(v) · eλ

∑dT
v=1 vf3(v)

(5.5)

for T ≥ 1. For T < 1, it obviously yields P (n > 0|T0 = T ) = 1.
The result is shown in Fig. 5.1 where we also compare it to the proportion of new
mutations that is expected in one and two dimensions.

Figure 5.1: The expected frequencies of new mutations in the one-, two- and three-dimensional model

are shown. The red, blue and green line represent the one-, two- and the three-dimensional

model respectively.

We can basically draw the same conclusions from this �gure than we did in the last
chapter in the context of the comparison of only one and two dimensions. All curves
look very similar but the higher the dimension, the higher the number of v-step neighbors
at each time and therefore, the expected frequency of new bene�cial alleles decreases
with higher dimension.

Remark 5.2. By using the function fd, we could derive the expected frequency of new
mutations for any dimension d ≥ 1 as the conditional probability P (n > 0|T0 = T ) in
general is given by

P (n > 0|T0 = T ) =

dT∏
v=1

P (T0 > T − v)fd(v) (5.6)
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5 The model in three dimensions with cubic demes

for T ≥ 1. For T < 1, it obviously yields P (n > 0|T0 = T ) = 1.
Obviously, we would expect the same pattern as can be seen in Fig. 5.1, i.e. the higher
the dimension, the lower the expected proportion of new mutations.

The subject of the last part of this chapter will be the distribution of cluster sizes. With
the results of this section, it is very likely that we will see a similar pattern as in the
two-dimensional case, i.e. a tendency towards small clusters, even smaller than in two
dimensions.

5.3 Distribution of cluster sizes along a horizontal

line

Similarly to the two-dimensional model, we simplify the question about general clus-
ter sizes by measuring the size of a cluster along a horizontal line. We focus on deme
(0, 0, 0) and measure the size of a cluster generated by this deme along the horizontal
line (x, 0, 0) for x ∈ Z.
Given that a bene�cial allele successfully arises in this deme, we can derive the proba-
bility that this cluster is of a certain size in a similar way as in the previous chapters.
Since this probability is the same for all demes, the distribution of cluster sizes in the
whole space is again given by our well-known formula

P (n = k)

P (n > 0)
=

∑k−1
j=0 P (nr = j, nl = k − 1− j)

P (n > 0)

=

∑k−1
j=0

∞∫
0

λe−λT · P (nr = j, nl = k − 1− j|T0 = T )dT

P (n > 0)

(5.7)

for k ≥ 1 and λ 6= 0.
For the derivation of P (nr = j, nl = k − 1− j) we use the same idea as in one and two
dimensions. Only some slight modi�cations concerning the additional third coordinate
are needed in order to adjust the events of De�nition 4.1 from the two-dimensional to
the three-dimensional model.

De�nition 5.3. Let v := v1 + v2 + v3. Then, we de�ne the following events:

B3
r (k1) := a mutation coming from a deme (x, y, z) with x > k1 reaches deme

(k1 + 1, 0, 0) before time T0 + k1 + 1

= {T0 + k1 + 1 > min(T(k1+v1,±v2,±v3) + v − 1|v1 ≥ 1, v2, v3 ≥ 0,

1 ≤ v ≤ dT + k1 + 2)},
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B3
l (k2) := a mutation coming from a deme (x, y, z) with x < −k2 reaches deme

(−k2 + 1, 0, 0) before time T0 + k2 + 1

= {T0 + k2 + 1 > min(T(−(k2+v1),±v2,±v3) + v − 1|v1 ≥ 1, v2, v3 ≥ 0,

1 ≤ v ≤ dT + k2 + 2)},
C3
r (k1) := no mutation coming from a deme (x, y, z) with x > k1 reaches deme (k1, 0, 0)

before time T0 + k1

= {T0 + k1 < min(T(k1+v1,±v2,±v3) + v|v1 ≥ 1, v2, v3 ≥ 0, 1 ≤ v ≤ dT + k1)},
C3
l (k2) := no mutation coming from a deme (x, y, z) with x < −k2 reaches deme

(−k2, 0, 0) before time T0 + k2

= {T0 + k2 < min(T(−(k2+v1),±v2,±v3) + v|v1 ≥ 1, v2, v3 ≥ 0, 1 ≤ v ≤ dT + k2)},
N3
r (k1) := u0 can reach all demes (x, 0, 0) with 1 ≤ x ≤ k1 before these demes can be

infected by another mutation coming from any deme of the form (x, y, z)

= {T0 + 1 < min(T(1,±v2,±v3) + v2 + v3|v2, v3 ≥ 0, 0 ≤ v2 + v3 ≤ dT + 1),

T0 + 2 < min(T(2,±v2,±v3) + v2 + v3|v2, v3 ≥ 0, 0 ≤ v2 + v3 ≤ dT + 2)k,

...,

T0 + k1 < min(T(k1,±v2,±v3) + v2 + v3|v2, v3 ≥ 0, 0 ≤ v2 + v3 ≤ dT + k1)},
N3
l (k2) := u0 can reach all demes (−x, 0, 0) with 1 ≤ x ≤ k2 before these demes can be

infected by another mutation coming from any deme of the form (x, y, z)

= {T0 + 1 < min(T(−1,±v2,±v3) + v2 + v3|v2, v3 ≥ 0, 0 ≤ v2 + v3 ≤ dT + 1),

T0 + 2 < min(T(−2,±v2,±v3) + v2 + v3|v2, v3 ≥ 0, 0 ≤ v2 + v3 ≤ dT + 2),

...,

T0 + k2 < min(T(−k2,±v2,±v3) + v2 + v3|v2, v3 ≥ 0, 0 ≤ v2 + v3 ≤ dT + k2)},
N3

0 := no mutation coming from a deme (0, y, z) with y, z 6= 0 reaches the focal

deme before time T0

= {T0 < min(T(0,±v2,±v3) + v2 + v3︸ ︷︷ ︸
=v

|v2, v3 ≥ 0, 1 ≤ v ≤ dT )}.

Again, we need the probability of each of these events conditioned on T0 = T . The
corresponding calculations follow the same pattern as in one and two dimensions and
can be found in Appendix D.

Moreover, also equation (3.19) is still valid here:

P
(
B3
r (k1), C

3
r (k1)|T0 = T

)
= P

(
C3
r (k1)|T0 = T

)
+ P

(
B3
r (k1)|T0 = T

)
− 1 (5.8)

and the same applies to P (B3
l (k2), C

3
l (k2)|T0 = T ).
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5 The model in three dimensions with cubic demes

Now, we have all the ingredients for the calculation of the joint probability P (nr =
k1, nl = k2) which becomes

P (nr = k1, nl = k2)

=

∞∫
0

λe−λTP (nr = k1, nl = k2|T0 = T )dT

=

∞∫
0

λe−λTP (N3
0 , N

3
r (k1), N

3
l (k2), C

3
r (k1), B

3
r (k1), C

3
l (k2), B

3
l (k2)|T0 = T )dT

=

∞∫
0

λe−λTP (N3
0 |T0 = T )P (N3

r (k1)|T0 = T )P (N3
l (k2)|T0 = T ) ·

[
P (C3

r (k1)|T0 = T )

+ P (B3
r (k1)|T0 = T )− 1

]
·
[
P (C3

l (k2)|T0 = T ) + P (B3
l (k2)|T0 = T )− 1

]
dT.

(5.9)
Putting this into (5.7) yields the distribution of cluster sizes which is illustrated in Fig.
5.2 for di�erent values of the mutation rate λ. Moreover, the results of one and two
dimensions are also shown.

Here, we exactly see what we have already expected at the end of section 5.2, namely
that the distribution is again similar to those of the one- and the two-dimensional case
but the main weight lies even more on small cluster sizes. For large λ, especially for
λ = 1 but even for λ = 0.5, almost all weight is put on clusters of size one, i.e., it is
nearly impossible for a bene�cial allele to spread at all after it has arised.
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5 The model in three dimensions with cubic demes

Figure 5.2: The distribution of cluster sizes of the one-, two- and three-dimensional model are com-

pared for di�erent values of λ. Red dots represent the one-dimensional model, blue and

green dots show the results for the two- and the three-dimensional model.
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6 Comparison with the model

coalescent with killings

In this chapter we compare some of our results of the one-dimensional model to a model
from coalescence theory, namely the model known as coalescent with killings. In the
�rst two sections we derive the summary statistics that we then use in the last section
for the comparison of the two models. We focus on the number of bene�cial alleles and
the distribution of cluster sizes. The last one is described by the well-known Ewens'
sampling formula for the coalescent with killings.

6.1 The model coalescent with killings

The amount of variation in a panmictic population governed by the in�nite alleles model
can be characterized by drawing a random sample and calculating summary statistics
as the number of di�erent alleles or the allelic partition in the sample.
Let Km be the number of di�erent bene�cial alleles which can be observed in a sample
of size m and aj the number of alleles that appear exactly j times in that sample. Then,
the vector a := (a1, ..., am) is called the allelic partition of our data.
As an easy consequence, the following identities will be satis�ed

m∑
j=1

aj = k (6.1)

and
m∑
j=1

j · aj = m. (6.2)

One approach to analyze the sampling distributions of these two statistics is the so-called
coalescent with killings. This model is based on the assumption that for the in�nite alleles
model only the most recent mutations can be observed. Therefore, when constructing
the genealogical tree of a sample, we only need to trace lineages back until we encounter
the most recent mutation or the root of the tree. We then know the genetical state of
this ancestor as well as of all its descendants, thus there is no need to construct the
genealogy of this lineage further back in time, so we can kill this branch.
Based on these observations, our model contains two kind of events for a tree in state m,
i.e. a tree with m ancestral lines. First, there exist coalescence events. This means that
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6 Comparison with the model coalescent with killings

two lineages are chosen uniformly at random and merged at rate
(
m
2

)
which reduces the

number of lineages by one. On the other hand, a mutation event occurs at rate m · θ
2

and since the corresponding branch is then removed from the coalescent, this reduces
the number of lineages to m − 1 as well and moreover, the number of alleles decreases
by one. The parameter θ is called the population mutation parameter. It is de�ned as
θ := 2Nu for a haploid population where N denotes the size ot the total population and
u is the mutation rate per generation per individual in a Wright-Fisher model. Note
that the waiting time until the next event, which is either a coalescence or a mutation,
is exponentially distributed with parameter

(
m
2

)
+m · θ

2
.

By using these observations, we �nd the following relation of Km and Km−1

P (Km = k) =
m · θ

2(
m
2

)
+m · θ

2

P (Km−1 = k − 1) +

(
m
2

)(
m
2

)
+m · θ

2

P (Km−1 = k)

=
θ

m− 1 + θ
P (Km−1 = k − 1) +

m− 1

m− 1 + θ
P (Km−1 = k).

(6.3)

Given the initial condition P (K1 = 1), this recursion can be solved by

P (Km = k) =
θk

θ(m)

· S(m, k) (6.4)

where
θ(m) = θ(θ + 1)...(θ +m− 1). (6.5)

The expression S(m, k) denotes the Stirling numbers of the �rst kind which satisfy the
recurrence

S(m, k) = S(m− 1, k − 1) + (m− 1) · S(m− 1, k). (6.6)

Moreover, we are interested in the allelic partition of our data which is given by the
Ewens' sampling formula.

Theorem 6.1. Let ai be the number of alleles that appear exactly i times in a sample
of size m. Then, under the standard neutral model, the distribution of the vector a :=
(a1, ..., am) is given by the Ewens' sampling formula:

Pm(a) =
m!

θ(m)

m∏
j=1

( θ
j
)aj

aj!
. (6.7)

For a proof of this theorem see e.g. Durrett (2008), or Gri�ths and Lessard (2005) where
a proof based on combinatorical arguments is given.
Obviously, for m = 2 and m = 3 the Ewens' sampling formula is equivalent to (6.4).

In the following section we compare results that we obtain from the model described
above to results that can be received from our model.

54



6 Comparison with the model coalescent with killings

6.2 Derivation of P (Km = k) in our model

In Chapter 3 we considered a chain of in�nitely many demes and derived the distribution
of cluster sizes. Out of these demes, we now choose �nitely many demes in a local
neighborhood, i.e. M demes next to each other, and have a look at how many di�erent
clusters will be contained in a sample of m individuals that we draw with replacement
from these M demes. We restrict ourselves to the cases m = 2 and m = 3 as the case
m > 3 becomes much more complex and would exceed the scope of this thesis.
As all individuals of a deme are genetically equal and we sample with replacement, it
makes no di�erence if we draw a single individual or the whole deme instead. In the
follwing we will always consider a sample of demes that we draw with replacement.
The underlying idea is to characterize the probability that the sample contains a certain
number of demes drawn from the same cluster, based on the distance between the
sampled demes.

6.2.1 Sample of size two

We denote the two sampled demes by m1 and m2 such that, if the sample is not drawn
from the same deme anyway, m1 is located to the left of m2. The distance between them
is de�ned as ds ∈ [0,M − 1].
Using the notation of the previous section, the probability that K2 takes the value one,
hence m1 and m2 belong to the same cluster, is given by

P (K2 = 1) =
M−1∑
k=0

P (Km = 1|ds = k)P (ds = k). (6.8)

First, we derive the distribution of ds. There exist
M(M−1)

2
possibilities to draw m1 and

m2 from two distinct demes andM possibilities to draw them from the same. Moreover,
for a �xed k ∈ [0,M − 1], there are M − k possibilities to place the left deme m1 in a
way that m2 is still contained in our selected set of M demes. Hence, we obtain for the
distribution of ds

P (ds = k) =
M − k

M(M−1)
2

+M

=
2(M − k)

M(M + 1)
.

(6.9)

Next, we have a closer look at the derivation of the conditioned probability P (K2 =
1|ds = k). In order to guarantee that, given a distance of k between them, the two
sampled demes are part of the same cluster, m1 has to be contained in a cluster of size
at least k + 1 and it needs to be at least k demes away from the right border of this
cluster. The probability that m1 is sampled from a deme of size j is j · P (n = j). With
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6 Comparison with the model coalescent with killings

probability j−k
j

its distance to the right border of the cluster is at least k. Therefore, it
yields

P (K2 = 1) =
M−1∑
k=0

P (K2 = 1|ds = k)P (ds = k)

=
M−1∑
k=0

∑
j>k

(j − k) · P (n = j) · 2(M − k)

M(M + 1)
.

(6.10)

As a simple consequence, the probability to draw m1 and m2 from two di�erent clusters
is given by

P (K2 = 2) = 1− P (K2 = 1). (6.11)

6.2.2 Sample of size three

In the case of m = 3, there are three possibilities. Either we sample all demes from the
same cluster, or two of the demes come from the same cluster whereas the third belongs
to a di�erent cluster, or all three sampled demes are located in di�erent clusters.
We start by deriving the probability to sample three demes from the same cluster in the
same way as for m = 2.
Similarly as before, we label the sampled demes as m1, m2 and m3 such that m1 is
situated to the left, m2 in the middle and m3 to right of the other two demes. The
distances between m1 and m2 as well as between m2 and m3 are denoted by ds1 ∈
[0,M − 1] and ds2 ∈ [0,M − 1 − ds1 ] respectively. De�ning ds as the distance between
left and right deme, it immediately yields ds = ds1 + ds2 .
Then, we obtain for the probability that K3 takes the value one

P (K3 = 1) =
M−1∑
k1=0

M−1−k1∑
k2=0

P (K3 = 1|ds1 = k1, ds2 = k2)P (ds1 = k1, ds2 = k2). (6.12)

The distribution of P (ds1 = k1, ds2 = k2) can easily be derived. We set k := k1 + k2 and
observe that for given values of k1 and k2, there are M −k possibilities to place m1 such
that m2 and m3 are still contained in our set of M demes. If only k is given, there still
existM−k possibilities to place m1 in an appropriate way and moreover, there are k+1
possible positions for m2 between the two other demes of the sample. Hence, it yields

P (ds1 = k1, ds2 = k2) =
M − k∑M−1

k=0 (M − k)(k + 1)
. (6.13)
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Using exactly the same arguments for the derivation of P (K3 = 1|ds1 = k1, ds2 = k2) as
in the previous section, we �nally obtain

P (K3 = 1) =
M−1∑
k1=0

M−1−k1∑
k2=0

P (K3 = 1|ds1 = k1, ds2 = k2)P (ds1 = k1, ds2 = k2)

=
M−1∑
k1=0

M−1−k1∑
k2=0

∑
j>k

(j − k) · P (n = j) · M − k∑M−1
k=0 (M − k)(k + 1)

.

(6.14)

For the case K3 = 2, there are now two possibilities. Either m1 and m2 belong to the
same cluster and m3 does not, or m2 and m3 come from another cluster than m1. Let
us call these two clusters A and B. Then, we obtain

P (K3 = 2)

=
M−1∑
k1=0

M−1−k1∑
k2=0

[
P (m1,m2 ∈ A,m3 ∈ B|ds1 = k1, ds2 = k2)

+ P (m1 ∈ A,m2,m3 ∈ B|ds1 = k1, ds2 = k2)
]
P (ds1 = k1, ds2 = k2).

(6.15)

Let us focus on the �rst case, i.e. m1, m2 ∈ A and m3 ∈ B. The remaining case then
immediately follows by symmetry.
In order to guarantee that m1 and m2 are part of the same cluster, it is again required
that cluster A is at least of size k1 + 1 and that the distance between m1 and the right
border of this cluster is at least k1. Concerning the condition that m3 belongs to another
cluster, we have to distinguish two cases for the size j of cluster A. If j ≤ k, then it
is impossible that all demes are sampled from the same cluster and the probability
P (m1,m2 ∈ A,m3 ∈ B|ds1 = k1, ds2 = k2) reduces to P (m1,m2 ∈ A|ds1 = k1, ds2 = k2).
But if j > k, we need an additional constraint for the position of m1 within cluster A.
Its maximal distance from the right border is now given by k1 + k2 − 1, otherwise m3

would also be part of cluster A. Taking also the minimal distance between m1 and the
right border into account, which is given by k1, it yields

k2
j
for the probability of this

event and hence, we obtain

P (m1,m2 ∈ A,m3 ∈ B|ds1 = k1, ds2 = k2)

=
∑
j≥k1

jP (n = j) ·
(
1{j≤k} ·

j − k1
j

+ 1{j>k} ·
k2
j

)
(6.16)
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By symmetry, equation (6.15) becomes

P (K3 = 2)

=
M−1∑
k1=0

M−1−k1∑
k2=0

[∑
j>k1

P (n = j) ·
(
1{j≤k} · (j − k1) + 1{j>k} · k2

)
+
∑
j>k2

P (n = j) ·
(
1{j≤k} · (j − k2) + 1{j>k} · k1

) ] M − k∑M−1
k=0 (M − k)(k + 1)

.

(6.17)

Finally, it yields for the probability that all sampled demes belong to di�erent clusters

P (K3 = 3) = 1− P (K3 = 1)− P (K3 = 2). (6.18)

Remark 6.2. Note that for m = 2 and m = 3 this ansatz requires no information about
the correlation of cluster sizes. But it is not an appropriate ansatz for larger sample size
as we would not only need information about the correlation of adjacent cluster sizes but
also about the correlation of clusters which are not next to each other.

6.3 Comparison of the two models

In this section we �nally compare the two models to each other by developping a concept
which could be further used for hypothesis testing in order to decide which model best
describes a given population with unknown structure.

In the model coalescent with killings, we consider a panmictic population with N in-
dividuals whereas in our model we have a spatially structured population in a local
neighborhood of M demes of equal size, so each deme consists of N

M
individuals. Here,

we assume haploid populations, hence the population mutation parameter is given by
θ = 2Nu where u is again the mutation rate per generation per individual.
The �rst step of this comparison consists of an appropriate choice of the mutation
parameter θ. We de�ne θ such that for a sample of size two, the models are not distin-
guishable, i.e. they have the same probabilities for K2 = 1 as well as for K2 = 2. Let
P ∗(K2 = 1) and P ∗(K2 = 2) be the solution of (6.10) and (6.11) respectively. Then, as
P ∗(K2 = 1) + P ∗(K2 = 2) = 1, it immediately follows for θ by (6.4)

θ =
P ∗(K2 = 2)

P ∗(K2 = 1)
. (6.19)

This θ is then �xed for the coalescent with killings. Note that it depends on the corre-
sponding mutation rate λ of our spatial model.
Now, the underlying idea is that one can assume one of the models as the null model
which describes the structure of the given population, and although we cannot decide
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6 Comparison with the model coalescent with killings

on the underlying model by samples of size two, we could do so by randomly sampling
three individuals and using some statistical methods as hypothesis testing. Although
we do not want to go further into details concerning hypothesis testing here, we brie�y
like to discuss the results of the two models for a sample of size three. These results are
shown in Fig. 6.1.

Figure 6.1: The gra�cs at the top on the left and on the right show the probability for K3 to take the

values one and two respectively, below the results for P (K3 = 3) are shown. The red dots

represent the spatial model, the results of the coalescent with killings are illustrated by blue

dots. The values N = 100000 and M = 10 were used as parameters.

Apparently, the di�erences between the two models are rather small for M = 10 accord-
ing to Fig. 6.1. For both models the probability to draw all individuals from the same
cluster tends to one as λ tends to zero since the number of clusters tends to in�nity.
This probability is slightly smaller for the spatial model, thus, as P (K2 = 1) is the same
for both models, it is more likely for the coalescent with killings that one draws a third
individual from a certain cluster after already having drawn two other individuals from
this cluster. On the other hand, the probability that all sampled individuals belong to
distinct clusters is likewise larger for the coalescent with killings. Consequently, it is
more likely to draw three individuals from two di�erent clusters in our spatial model
than for the coalescent with killings.
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6 Comparison with the model coalescent with killings

In order to explain what we see, let us have a look at the following approach. We de�ne
pi as the proportion of all individuals of cluster i in the total population. Note that
the total number if clusters, which we denote as imax, as well as the proportion pi vary
among replicates.
As the number of individuals of any cluster is large, we can assume that we draw random
samples with replacement. Then, the probability across replicates that we sample two
individuals of the same cluster becomes

P (K2 = 1) = 〈
imax∑
i=1

p2i 〉, (6.20)

where 〈...〉 denotes the average across replicates.
Similarly, one obtains

P (K3 = 1) = 〈
imax∑
i=1

p3i 〉 (6.21)

and

P (K3 = 2) = 3 · 〈
imax∑
i,j=1,
j 6=i

p2i pj〉, (6.22)

where the factor 3 appears because either the �rst, the second or the third sampled
individual belongs to cluster j.
It always holds

imax∑
i,j=1,
j 6=i

p2i pj =
imax∑
i,j=1

p2i pj −
imax∑
i

p3i

=
imax∑
i=1

p2i −
imax∑
i=1

p3i

(6.23)

for any replicate and thus also for the average over replicates. Hence, it yields

P (K3 = 2) = 3 · (P (K2 = 1)− P (K3 = 1)) . (6.24)

All these equations hold for both, for the spatial model as well as for the coalescent with
killings.
Now, we set P (K2 = 1) as well as P (K2 = 2) equal for both models. Then, we �nd that

∆1 := P (K3 = 1)− P ∗(K3 = 1) > 0 (6.25)

according to Fig. 6.1. Again, P ∗ denotes the corresponding probabilities for the spatial
model.
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6 Comparison with the model coalescent with killings

With ∆1, we are now able to explain the di�erences that we see for the cases K3 = 2
and K3 = 3. By (6.24), it immediately follows

∆2 := P (K3 = 2)− P ∗(K3 = 2)

= 3 (P (K2 = 1)− P (K3 = 1))− 3 (P ∗(K2 = 1)− P ∗(K3 = 1))

= 3 (P ∗(K3 = 1)− P (K3 = 1))

= −3 ·∆1

< 0

(6.26)

and

∆3 := P (K3 = 3)− P ∗(K3 = 3)

= (1− P (K3 = 1)− P (K3 = 2))− (1− P ∗(K3 = 1)− P ∗(K3 = 2))

= 2 (P (K3 = 1)− P ∗(K3 = 1))

= 2 ·∆1

> 0.

(6.27)

Thus, if we know the di�erence ∆1 between the two models, we are able to explain the
sign as well as the absolute values of the di�erences ∆2 and ∆3 by the relations given
above.
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A Calculations related to the �nite,

circular one-dimensional model

Some of the probabilites that we obtained in Chapter 2, namely for the cases k = 4 and
k = 5, lead to more complex calculations or even require a distinction of cases. In this
appendix we show the explicit calculations in detail.

A.1 The case k = 4

In the case of four demes we obtained in the context of three and two mutations the
probabilities P (T2 < 1, T3 < T2 + 1) and P (T2 < 1, T3 > T2 + 1) respectively. We
calculate the �rst expression explicitly.

P (T2 < 1, T3 < T2 + 1) =

∫ 1

0

∫ t2+1

0

λe−λt2λe−λt3dt3dt2

=

∫ 1

0

λe−λt2
(
1− e−λ(t2+1)

)
dt2

=

∫ 1

0

λe−λt2dt2 − e−λ
∫ 1

0

λe−2λt2dt2

= 1− 3

2
e−λ +

1

2
e−3λ.

(A.1)

In a similar way we get

P (T2 < 1, T3 > T2 + 1) =
1

2
e−λ

(
1− e−2λ

)
. (A.2)

In the context of three and four mutations we were confronted with a distinction of two
cases. We start by calculating the probability P (T2, T4 < 1;T3 < min(T2, T4) + 1) where
we need to distinguish the cases T2 < T4 and T2 > T4.

P (T2, T4 < 1;T3 < min(T2, T4) + 1) =

∫ 1

0

∫ 1

0

∫ min(t2,t4)+1

0

λe−λt2λe−λt4λe−λt3dt3dt4dt2

=

∫ 1

0

∫ 1

0

λe−λt2λe−λt4
(
1− e−λ(min(t2,t4)+1)

)
dt4dt2.

(A.3)
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For the case t2 ≤ t4 this becomes∫ 1

0

∫ t4

0

λe−λt4λe−λt2
(
1− e−λ(t2+1)

)
dt2dt4

=

∫ 1

0

λe−λt4
(∫ t4

0

λe−λt2 − e−λλe−2λt2dt2
)

dt4

=

∫ 1

0

[
λe−λt4 − 1

2
e−λλe−λt4 − λe−2λt4 +

1

2
e−λλe−3λt4

]
dt4

=
1

2
− 4

3
e−λ + e−2λ − 1

6
e−4λ.

(A.4)

By symmetry, we obtain the same result for t2 ≥ t4, so that we end up with

P (T2, T4 < 1;T3 < min(T2, T4) + 1) = 1− 8

3
e−λ + 2e−2λ − 1

3
e−4λ. (A.5)

An analogous calculation leads to

P (T2, T4 < 1;T3 > min(T2, T4) + 1) =
2

3
e−λ − e−2λ +

1

3
e−4λ. (A.6)

A.2 The case k = 5

Now, we calculate the probabilities of the case k = 5 for each possible number of muta-
tions in more detail.

2) Two mutations:

P (T2 < 1;T3 > T2 + 1)P (T4 > 2)P (T5 > 1) = e−3λ
1∫

0

∞∫
t2+1

λe−λt2λe−λt3dt3dt2

=
1

2
e−4λ

(
1− e−2λ

) (A.7)

and
P (T2 > 1)2P (T3 < 2;T4 > min(2, T3 + 1))

= e−2λ
2∫

0

∞∫
min(2,t3+1)

λe−λt3λe−λt4dt4dt3

=


e−2λ

1∫
0

λe−λt3
∞∫

t3+1

λe−λt4dt4dt3 for t3 ≤ 1

e−2λ
2∫
1

λe−λt3
∞∫
2

λe−λt4dt4dt3 for t3 > 1

=

{
1
2
e−3λ

(
1− e−2λ

)
for t3 ≤ 1

e−4λ
(
e−λ − e−2λ

)
for t3 > 1.

(A.8)
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Therefore, (2.14) becomes

e−3λ
(
1− e−2λ

) (
1 + e−λ

)
+ 2e−5λ

(
1− e−λ

)
. (A.9)

3) Three mutations:

P (T2 < 1;T3 > T2 + 1)P (T5 < 1;T4 > T5 + 1) =

 1∫
0

∞∫
t2+1

λe−λt2λe−λt3dt3dt2

2

=
1

4
e−2λ

(
1− e−2λ

)2
(A.10)

and
P (T2 < 1;T3 < T2 + 1;T4 > min(2, T3 + 1))P (T5 > 1)

= e−λ
1∫

0

t2+1∫
0

∞∫
min(1,t3)+1

λe−λt2λe−λt3λe−λt4dt4dt3dt2

=


e−λ

1∫
0

1∫
0

∞∫
t3+1

λe−λt2λe−λt3λe−λt4dt4dt3dt2 for t3 ≤ 1

e−λ
1∫
0

t2+1∫
1

∞∫
2

λe−λt2λe−λt3λe−λt4dt4dt3dt2 for t3 > 1

=

{
1
2
e−2λ

(
1− e−2λ

) (
1− e−λ

)
for t3 ≤ 1

e−4λ
(
1
2
− e−λ + 1

2
e−2λ

)
for t3 > 1

(A.11)

and

P (T2 < 1;T4 < 2;T3 > min(T2, T4) + 1)P (T5 > 1)

= e−λ
1∫

0

2∫
0

∞∫
min(t2,t4)+1

λe−λt2λe−λt4λe−λt3dt3dt4dt2

=


e−λ

1∫
0

t2∫
0

∞∫
t4+1

λe−λt2λe−λt4λe−λt3dt3dt4dt2 for t4 ≤ t2

e−λ
1∫
0

2∫
t2

∞∫
t2+1

λe−λt2λe−λt4λe−λt3dt3dt4dt2 for t4 > t2

=

{
1
2
e−2λ

(
2
3
− e−λ + 1

3
e−3λ

)
for t4 ≤ t2

e−2λ
(
1
3
− 1

2
e−2λ − 1

3
e−3λ + 1

2
e−4λ

)
for t4 > t2

(A.12)
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and

P (T2 > 1)2P (T3 < min(2, T4 + 1);T4 < min(2, T3 + 1))

= e−2λ
min(2,t4+1)∫

0

min(2,t3+1)∫
0

λe−λt3e−λt4dt4dt3

=



e−2λ
(

2∫
1

λe−λt3dt3

)2

for t3, t4 ≥ 1

e−2λ
(

1∫
0

λe−λt3dt3

)2

for t3, t4 < 1

e−2λ
1∫
0

t3+1∫
1

λe−λt3λe−λt4dt4dt3 for t3 ≤ 1 ≤ t4

e−2λ
1∫
0

t4+1∫
1

λe−λt3λe−t4dt3dt4 for t4 ≤ 1 ≤ t3

=


e−4λ

(
1− e−λ

)2
for t3, t4 ≥ 1

e−2λ
(
1− e−λ

)2
for t3, t4 < 1

e−3λ
(
1
2
− e−λ + 1

2
e−2λ

)
for t3 ≤ 1 ≤ t4 and t4 ≤ 1 ≤ t3.

(A.13)

By inserting these results into (2.15), it yields for the probability that exactly three
independent spontaneous mutations occur
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12
e−2λ − 7

2
e−3λ − 1

2
e−4λ − 17

6
e−5λ +

13

4
e−6λ. (A.14)

4) Four mutations:

P (T2, T5 < 1;T3 < T2 + 1;T4 > min(T3, T5) + 1)

=

1∫
0

1∫
0

t2+1∫
0

∞∫
min(t3,t5)+1

λe−λt2λe−λt5λe−λt3λe−λt4dt4dt3dt5dt2

=


1∫
0

1∫
0

t5∫
0

∞∫
t3+1

λe−λt2λe−λt5λe−λt3λe−λt4dt4dt3dt5dt2 for t3 ≤ t5

1∫
0

1∫
0

t2+1∫
t5

∞∫
t5+1

λe−λt2λe−λt5λe−λt3λe−λt4dt4dt3dt5dt2 for t3 > t5

=

{
1
2
e−λ

(
1− e−λ

) (
2
3
− e−λ + 1

3
e−3λ

)
for t3 ≤ t5

e−λ
(

1
3

(
1− e−λ

) (
1− e−3λ

)
− 1

4
e−λ

(
1− e−2λ

)2)
for t3 > t5

(A.15)
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A Calculations related to the �nite, circular one-dimensional model

and

P (T5 > 1)P (T2 < 1;T3 < min(T2, T4) + 1;T4 < min(2, T3 + 1))

= e−λ
1∫

0

min(t2,t4)+1∫
0

min(1,t3)+1∫
0

λe−λt2λe−λt3λe−λt4dt4dt3dt2

=


e−λ

1∫
0

1∫
0

t3+1∫
0

λe−λt2λe−λt3λe−λt4dt4dt3dt2 for t3 ≤ 1

e−λ
1∫
0

min(t2,t4)+1∫
1

2∫
0

λe−λt2λe−λt3λe−λt4dt4dt3dt2 for t3 > 1

=



e−λ
(
1− e−λ

) (
1− 3

2
e−λ + 1

2
e−3λ

)
for t3 ≤ 1

e−λ
1∫
0

2∫
t2

t2+1∫
1

λe−λt2λe−λt3λe−λt4dt3dt4dt2 for t3 > 1, t2 ≤ t4

e−λ
1∫
0

t2∫
0

t4+1∫
1

λe−λt2λe−λt3λe−λt4dt3dt4dt2 for t3 > 1, t2 ≥ t4

=


e−λ

(
1− e−λ

) (
1− 3

2
e−λ + 1

2
e−3λ

)
for t3 ≤ 1− p

e−2λ
(
1
6
− e−2λ + 4

3
e−3λ − 1

2
e−4λ

)
for t3 > 1, t2 ≤ t4

1
2
e−2λ

(
1
3
− e−λ + e−2λ − 1

3
e−3λ

)
for t3 > 1, t2 ≥ t4.

(A.16)

Hence, (2.16) becomes

−1

6

(
−1 + e−λ

)3
e−λ

(
20 + 17e−λ + 9e−2λ

)
. (A.17)
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A Calculations related to the �nite, circular one-dimensional model

5) Five mutations:

P (T2, T5 < 1;T3 < min(T2, T4) + 1;T4 < min(T3, T5) + 1)

=

1∫
0

1∫
0

min(t2,t4)+1∫
0

min(t3,t5)+1∫
0

λe−λt2λe−λt5λe−λt3λe−λt4dt4dt3dt5dt2

=


1∫
0

1∫
0

t5∫
0

t3+1∫
0

λe−λt2λe−λt5λe−λt3λe−λt4dt4dt3dt5dt2 for t3 ≤ t5

1∫
0

1∫
0

min(t2,t4)+1∫
t5

t5+1∫
0

λe−λt2λe−λt5λe−λt3λe−λt4dt4dt3dt5dt2 for t3 > t5

=



(
1− e−λ

) (
1
2
− 4

3
e−λ + e−2λ − 1

6
e−4λ

)
for t3 ≤ t5

1∫
0

1∫
0

t2∫
0

t4+1∫
t5

λe−λt2λe−λt5λe−λt3λe−λt4dt3dt4dt5dt2 for t3 > t5, t2 ≥ t4

1∫
0

1∫
0

t2+1∫
t5

t5+1∫
t2

λe−λt2λe−λt5λe−λt3λe−λt4dt4dt3dt5dt2 for t3 > t5, t2 < t4

=


(
1− e−λ

) (
1
2
− 4

3
e−λ + e−2λ − 1

6
e−4λ

)
for t3 ≤ t5

1
2

(
1− e−λ

) (
1
2
− 7

6
e−λ + 1

2
e−2λ + 1

2
e−3λ − 1

3
e−4λ

)
for t3 > t5, t2 ≥ t4

−2
3
e−λ

(
1− e−λ

) (
1− e−3λ

)
+ 1

4

(
1− e−2λ

)2 (
1 + e−2λ

)
for t3 > t5, t2 < t4.

(A.18)
Therefore, it yields for (2.17)

1

12

(
−1 + e−λ

)4 (
12 + 8e−λ + 3e−2λ

)
. (A.19)
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B Calculations related to the

in�nite, linear one-dimensional

model

In this Appendix we explicitly calculate the probabilities P (nr = k1, nl = k2) and
P (nr = k) for the one-dimensional model which we derived in Chapter 3.

B.1 Calculation of P (nr = k1, nl = k2)

The joint probability of P (nr = k1, nl = k2) for k1, k2 ≥ 0 is given by the intersection of
all events de�ned in De�nition ??. As some of these events are independent under the
condition T0 = T and (3.19) holds, we obtain

P (nr = k1, nl = k2)

=

∞∫
0

λe−λTP (nr = k1, nl = k2|T0 = T )dT

=

∞∫
0

λe−λTP (N1
r (k1), N

1
l (k2), B

1
r (k1), B

1
l (k2), C

1
r (k1), C

1
l (k2)|T0 = T )dT

=

∞∫
0

λe−λTP (N1
r (k1)|T0 = T )

[
P (C1

r (k1)|T0 = T ) + P (B1
r (k1)|T0 = T )− 1

]
· P (N1

l (k2)|T0 = T )
[
P (C1

l (k2)|T0 = T ) + P (B1
l (k2)|T0 = T )− 1

]
dT

=
∞∑
j=0

j+1∫
j

λe−λT (1+2(j+k1+k2))e−λ(−j(j+1)+k21+k
2
2)
(

1− e−2λT e−λ(2k1+3)
)

·
(

1− e−2λT e−λ(2k2+3)
)

dT

69



B Calculations related to the in�nite, linear one-dimensional model

=
∞∑
j=0

[ 1

1 + 2(j + k1 + k2)
e−λ(−j

2−j+k21+k22)
(
e−λ(1+2(j+k1+k2))j − e−λ(1+2(j+k1+k2))(j+1)

)
− 1

3 + 2(j + k1 + k2)
e−λ(−j

2−j+k21+k22+2k1+3)
(
e−λ(3+2(j+k1+k2))j − e−λ(3+2(j+k1+k2))(j+1)

)
− 1

3 + 2(j + k1 + k2)
e−λ(−j

2−j+k21+k22+2k2+3)
(
e−λ(3+2(j+k1+k2))j − e−λ(3+2(j+k1+k2))(j+1)

)
+

1

5 + 2(j + k1 + k2)
e−λ(−j

2−j+k21+2k1+k22+2k2+6)
(
e−λ(5+2(j+k1+k2))j − e−λ(5+2(j+k1+k2))(j+1)

)]
=
∞∑
j=0

[ 1

1 + 2(j + k1 + k2)
e−λ(j

2+k21+k
2
2+2j(k1+k2))

(
1− e−λ(1+2(j+k1+k2))

)
− 1

3 + 2(j + k1 + k2)
e−λ(j

2+2j+k21+k
2
2+3+2j(k1+k2))

(
e−2λk1 + e−2λk2

)(
1− e−λ(3+2(j+k1+k2))

)
+

1

5 + 2(j + k1 + k2)
e−λ(j

2+4j+k21+k
2
2+6+2(k1+k2)(j+1))

(
1− e−λ(5+2(j+k1+k2))

)]
. (B.1)
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B Calculations related to the in�nite, linear one-dimensional model

B.2 Calculation of P (nr = k)

The probability P (nr = k) can be calculated in a similar way by using exactly the same
arguments. It yields

P (nr = k) =

∞∫
0

λe−λTP (nr = k|T0 = T )dT

=

∞∫
0

λe−λTP (C1
l (0), B1

r (k), C1
r (k), Nr(k)1|T0 = T )dT

=

∞∫
0

λe−λTP (C1
l (0)|T0 = T )P (N1

r (k)|T0 = T )

·
[
P (C1

r (k)|T0 = T ) + P (B1
r (k)|T0 = T )− 1

]
dT

=
∞∑
j=0

j+1∫
j

λe−λT (1+2(j+k))e−λ(−j(j+1)+k2)
(
1− e−2λT e−λ(2k+3)

)
dT

=
∞∑
j=0

[
1

1 + 2(j + k)
e−λ(−j(j+1)+k2)

(
e−λ(1+2(j+k))j − e−λ(1+2(j+k))(j+1)

)
− 1

3 + 2(j + k)
e−λ(−j(j+1)+k2+2k+3)

(
e−λ(3+2(j+k))j − e−λ(3+2(j+k))(j+1)

)]
=
∞∑
j=0

[
1

1 + 2(j + k)
e−λ(j+k)

2 (
1− e−λ(1+2(j+k))

)
− 1

3 + 2(j + k)
e−λ(j

2+2j+k2+2k+2kj)
(
1− e−λ(3+2(j+k))

)]
.

(B.2)
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C Calculations related to the

two-dimensional model

In this section we calculate in detail the conditioned probability for each event de�ned
in De�nition 4.1 given T0 = T for a �xed time T ∈ R≥0. All de�nitions and notations
from Chapter 3 will be kept throughout this section.
We start with the probabilities for B2

r (k1) and B
2
l (k2). For the �rst one we obtain

P (B2
r (k1)|T0 = T )

= P
(
T + k1 + 1 > min

(
T(k1+v1,±v2) + v − 1|v1 ≥ 1, v2 ≥ 0, 1 ≤ v ≤ dT + k1 + 2

))
= 1− P

(
T + k1 + 1 < min

(
T(k1+v1,±v2) + v − 1|v1 ≥ 1, v2 ≥ 0, 1 ≤ v ≤ dT + k1 + 2

))
= 1−

dT+k1+2∏
v=1

v∏
v1=1

P (T(k1+v1,±(v−v1)) > T + k1 + 2− v)

= 1−
dT+k1+2∏
v=1

P (T0 > T + k1 + 2− v)2v−1

= 1−
dT+k1+2∏
v=1

e−λ(T+k1+2−v)(2v−1),

(C.1)

where the exponent f2(v)−2
2

= 2v − 1 corresponds to the number of v-step neighbors of
deme (k1, 0) that are located to the right side of deme (k1, 0), which means that they
are of the form (x, y) with x > k1.
By symmetry, it immediately follows

P (B2
l (k2)|T0 = T ) = P (B2

r (k2)|T0 = T ). (C.2)
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C Calculations related to the two-dimensional model

Similarly, we get for C2
r (k1) and C

2
l (k2):

P (C2
r (k1)|T0 = T ) = P

(
T + k1 < min

(
T(k1+v1,±v2) + v|v1 ≥ 1, v2 ≥ 0, 1 ≤ v ≤ dT + k1

))
=

dT+k1∏
v=1

v∏
v1=1

P (T(k1+v1,±(v−v1)) > T + k1 − v)

=

dT+k1∏
v=1

P (T0 > T + k1 − v)2v−1

=

dT+k1∏
v=1

e−λ(T+k1−v)(2v−1)

(C.3)
and by symmetry,

P (C2
l (k2)|T0 = T ) = P (C2

r (k2)|T0 = T ). (C.4)

By making use of the same argument as in Chapter 3, we again set P (N2
r (k1)|T0 = T ) = 1

and P (N2
l (k2)|T0 = T ) = 1 for k1 = 0 and k2 = 0 respectively. For k1 > 0 and k2 > 0

we obtain

P (N2
r (k1)|T0 = T ) = P

(
T + 1 < min

(
T(1,0), T(1,±1) + 1, ..., T(1,±(dT+1)) + dT + 1

)
,

T + 2 < min
(
T(2,0), T(2,±1) + 1, ..., T(2,±(dT+2)) + dT + 2

)
,

...,

T + k1 < min
(
T(k1,0), T(k1,±1) + 1, .., T(k1,±(dT+k1)) + dT + k1

) )
=

k1∏
v1=1

P
(
T + v1 < min

(
T(v1,0), .., T(v1,±(dT+v1)) + dT + v1

))
=

k1∏
v1=1

P (T(v1,0) > T + v1)

dT+v1∏
v2=1

P (T(v1,±v2) > T + v1 − v2)

=

k1∏
v1=1

P (T0 > T + v1)

dT+v1∏
v2=1

P (T0 > T + v1 − v2)2

=

k1∏
v1=1

e−λ(T+v1)
dT+v1∏
v2=1

e−2λ(T+v1−v2)

(C.5)
and by symmetry,

P (N2
l (k2)|T0 = T ) = P (N2

r (k2)|T0 = T ). (C.6)
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C Calculations related to the two-dimensional model

Finally, the probability for N2
0 conditioned on T0 = T is given by

P (N2
0 |T0 = T ) = P (T < min

(
T(0,±v2) + v2|1 ≤ v2 ≤ dT

)
)

=

dT∏
v2=1

P (T(0,±v2) > T − v2)

=

dT∏
v2=1

P (T0 > T − v2)2

=

dT∏
v2=1

e−2λ(T−v2).

(C.7)
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D Calculations related to the

three-dimensional model

In this section we show the detailed calculations for the conditioned probability of each
event of De�nition 5.3 given T0 = T for a �xed time T ∈ R≥0. The underlying idea for
the de�nition of these events is the same as in the two-dimensional model and so are the
calculations. The main di�erence between the calculations in two and three dimensions
is the number of v-step neighbors that has to be taken into account.
We will keep all de�nitions and notations from Chapter 4 throughout this section.
Let us start with the probabilities for B3

r (k1) and B
3
l (k2). For the �rst one we obtain

P (B3
r (k1)|T0 = T )

= P (T + k1 + 1 > min(T(k1+v1,±v2,±v3) + v − 1|v1 ≥ 1, v2, v3 ≥ 0, 1 ≤ v ≤ dT + k1 + 2))

= 1− P (T + k1 + 2 < min(T(k1+v1,±v2,±v3) + v|v1 ≥ 1, v2, v3 ≥ 0, 1 ≤ v ≤ dT + k1 + 2))

= 1−
dT+k1+2∏
v=1

v∏
v1=1

v−v1∏
v2=0

P (T(k1+v1,±v2,±(v−v1−v2)) > T + k1 + 2− v)

= 1−
dT+k1+2∏
v=1

P (T0 > T + k1 + 2− v)
f3(v)−f2(v)

2

= 1−
dT+k1+2∏
v=1

e−λ(T+k1+2−v)( f3(v)−f2(v)
2

),

(D.1)

where the exponent f3(v)−f2(v)
2

corresponds to the number of v-step neighbors to the right
side of deme (k1, 0, 0), exactly as in the two-dimensional case.
Again, it immediately follows for B3

r (k2) by symmetry:

P (B3
l (k2)|T0 = T ) = P (B3

r (k2)|T0 = T ). (D.2)
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D Calculations related to the three-dimensional model

Similarly, we obtain for C3
r (k1) and C

3
l (k2)

P (C3
r (k1)|T0 = T )

= P (T + k1 < min
(
T(k1+v1,±v2,±v3) + v|v1 ≥ 1, v2, v3 ≥ 0, 1 ≤ v ≤ dT + k1

)
)

=

dT+k1∏
v=1

v∏
v1=1

v−v1∏
v2=0

P (T(k1+v1,±v2,±(v−v1−v2)) > T + k1 − v)

=

dT+k1∏
v=1

P (T0 > T + k1 − v)
f3(v)−f2(v)

2

=

dT+k1∏
v=1

e−λ(T+k1−v)(
f3(v)−f2(v)

2
)

(D.3)

as well as
P (C3

l (k2)|T0 = T ) = P (C3
r (k2)|T0 = T ). (D.4)

As for the one- and the two-dimensional model we can again set P (N3
r (k1)|T0 = T ) = 1

and P (N3
l (k2)|T0 = T ) = 1 for k1 = 0 and k2 = 0 respectively. For k1 > 0 and k2 > 0

we obtain

P (N3
r (k1)|T0 = T )

= P
(
T + 1 < min

(
T(1,±v2,±v3) + v2 + v3|v2, v3 ≥ 0, 0 ≤ v2 + v3 ≤ dT + 1

)
,

T + 2 < min
(
T(2,±v2,±v3) + v2 + v3|v2, v3 ≥ 0, 0 ≤ v2 + v3 ≤ dT + 2

)
,

...,

T + k1 < min
(
T(k1,±v2,±v3) + v2 + v3|v2, v3 ≥ 0, 0 ≤ v2 + v3 ≤ dT + k1

) )
=

k1∏
v1=1

P
(
T + v1 < min

(
T(v1,±v2,±v3) + v2 + v3|v2, v3 ≥ 0, 0 ≤ v2 + v3 ≤ dT + v1

))
=

k1∏
v1=1

P (T(v1,0,0) > T + v1)

dT+v1∏
v2+v3≥1,
v2,v3≥0

P (T(v1,±v2,±v3) > T + v1 − v2 − v3)

=

k1∏
v1=1

P (T0 > T + v1)

dT+v1∏
v2+v3≥1,
v2,v3≥0

P (T0 > T + v1 − v2 − v3)f2(v2+v3)

=

k1∏
v1=1

e−λ(T+v1)
dT+v1∏
v2+v3≥1,
v2,v3≥0

e−λ(T+v1−v2−v3)f2(v2+v3)

(D.5)
and

P (N3
l (k2)|T0 = T ) = P (N3

r (k2)|T0 = T ). (D.6)
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D Calculations related to the three-dimensional model

Finally, the probability for N3
0 conditioned on T0 = T is given by

P (N3
0 |T0 = T ) = P

(
T < min

(
T(0,±v2,±v3) + v2 + v3|v2, v3 ≥ 0, 1 ≤ v2 + v3 ≤ dT

))
=

dT∏
v2+v3≥1,
v2,v3≥0

P (T(0,±v2,±v3) > T − (v2 + v3))

=

dT∏
v2+v3≥1,
v2,v3≥0

P (T0 > T − (v2 + v3))
f2(v2+v3)

=

dT∏
v2+v3≥1,
v2,v3≥0

e−λ(T−(v2+v3))f2(v2+v3).

(D.7)
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Zusammenfassung

Modelle, die die Anpassung einer Population an eine neue Umwelt beschreiben, basieren
oft auf dem Auftreten einer einzelnen vorteilhaften Neumutation, welche dann in der
Population �xiert wird. Doch es sind auch zahlreiche Beispiele bekannt, bei denen
mehrere Mutationen mit ähnlichem phänotypischen E�ekt eine parallele Anpassung er-
möglichen. Es gibt bereits unterschiedliche Modelle, die einen kontinuierlichen Raum
mit einem globalen Selektionsdruck annehmen, sowie auch Modelle mit einer räumlich
strukturierten Population, die einer lokalen Selektion unterliegen. In beiden Fällen führt
eine eingeschränkte Ausbreitung zu einem Muster abgegrenzter Gebiete, welche durch
die Ausbreitung der Mutationen verschiedener Ursprünge entstehen.
In der vorliegenden Arbeit behandeln wir ein Modell mit diskreten Demes und betra-
chten eine deterministische Ausbreitung einer vorteilhaften Mutation aus einem beliebi-
gen Deme zu allen benachbarten Demes. Dies existiert bereits im kontinuirlichen Raum,
wo die deterministische Ausbreitung einer Anpassung analysiert wurde, jedoch nicht in
einem Modell mit diskreten Demes.
Im Mittelpunkt dieser Arbeit steht das eindimensionale Modell, doch auch der zwei- bzw.
dreidimensionale Fall werden behandelt. Abschlieÿend wird ein Vergleich mit Resultaten
der Ewens' Sampling Formel gezogen.
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