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Abstract

We will consider a new model for actin-driven cell movement by action
of a lamellipodium developt in [9], which also takes pressure into account.
Numerical simulations indicate the stability of a steady state of the simplified
version of this model. This work seeks to verify this behavior by carrying out
a linearization around this steady state and imposing rotational symmetry.
The resulting system is well posed and by defining a entropy for this system,
we will determine the long-time behavior of the solution. This indicates
the persistence of the actin-filament network over time for this new model.
Furthermore, we will show that another linearization, without the rotational
symmetry assumption, possesses smooth solutions for all time.



Zusammenfassung

In dieser Arbeit beschéftigen wir uns mit einem neuen Model zur Beschrei-
bung der actin-getriebenen Zellbewegung mithilfe von Lamellipodia, en-
twickelt in [9]. Numerische Simulationen legen die Stabilitdt eines sta-
tionaren Punktes einer vereinfachten Version dieses Models nahe. Meine
Arbeit zielt nun darauf ab, dieses Verhalten zu bestétigen, in dem ich eine
Linearisierung, unter der Annahme von Rotationssymmetrie, in der Nahe
des stationdren Punktes ausgefiihrt habe. Das resultierende Problem besitzt
dann eine eindeutige Losung, und durch die Definition einer Entropie fir
das System konnen wir auch das Langzeitverhalten der Losung bestimmen.
Diese Ergebnisse legen nun nahe, dass im oben angefiihrten Model das Net-
zwerk aus Actinfilamenten auch tber langere Zeit erhalten bleibt. Im Kon-
text einer anderen Linearisierung, die ohne Rotationssymmetrie auskommt,
konnen wir zusatzlich die Existenz von glatten Losungen fiir alle Zeiten
nachweisen.
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Part I. Introduction

Movement, of whatever sort it may be, is a general key characteristic of
living things. So its not surprising that one of the smallest example of
them, cells, have many reasons to do so too. Although the field of questions
as to why they move is quite interesting, this work treats the questions of
how they move. One attempt to mathematically describe the dynamics of
cell migration can be found in [9], on which this work is heavily based. This
unreleased paper is just one of a structured mathematically approach, that
takes place in a series of works (such as [10, 11, 12, 13]). The main goal
of this work is to verify, at least mathematically, certain aspects of this
model. Therefore, before we proceed to the mainly mathematical work, this
introduction is divided into two parts: I will first state some basic facts
about cells (especially their movement) and then conclude with the above
mentioned mathematical modeling approach in the second part.

1.1 Cell migration: From actin to action

The following descriptions of a cell are mostly based on [2], where more
details can be found. The cellular lifeforms can be classified into three
principle domains: bacteria, achaean and eukaryotes. The last ones build up
all complex lifeforms, such as plants, animals and fungi. In the following, we
will only discuss some basic facts about eukaryotes and its ” musculoskeletal
system”, which will help us to understand the modeling assumptions in the
second part.

1.1.1 Cell structure

The eukaryote cell differs by the other types of cells by possessing a cell
nucleus, which carries most of the genetic material. The kernel is surrounded
by cytoplasm, which is filled with other cell organelles like mitochondria
and cytosol (mostly water). The cytosol itself is traversed by a network of
different type of protein filaments, the so-called cytoskeleton.



Cytoskeleton

Every eukaryote cell is sustained by such a skeleton, which enables it to
maintain its shape, move around and organize its cell components. This
network gives the cell not only stability, like the skeleton does inside the
human body, it has also the ability to change its shape dynamically to fulfill
certain tasks, such as moving. The structure consists basically of three types
of protein filaments with different assignments:

e Intermediate filaments (structural integrity)
e Microtubulues (intracellular transport, organizing inner cell structure)

e Actin filaments (movement, cell migration and stability)

1.1.2 Lamellipodia

Migration of a eukaryote cell is rather complex, and consists of different
forms of movement. In the following, we will attempt to describe one of
these forms, the so-called migration by action of a lamellipodium. This kind
of movement is used by cells to crawl across substrates and it is believed to
be mostly driven by actin filaments, therefore we want to take a closer look
at them.

Actin filaments

Actin filaments are rather thin and flexible rodes with a diameter of about
7 nm. These rods, also called F-Actin, are double helix shaped polymers,
which are build up by actin molecules that are all directed parallel to the fila-
ment. Therefore the actin filaments have plus, so-called barbed, and minus,
so-called pointed, ends. The growth of such a rode is the result of poly-
merization, whereby unattached actin monomers (G-Actin) in the cytosol
are carrying ATP (Adenosine triphosphate) and are inserted at the ends of
the filament. After entering the filament, the ATP is hydrolyzed to ADP
(Adenosine diphosphate), and as a byproduct the stability of the polymer is
weakened. This allows proteins like the ADF /cofilin family to remove older
(hydrolyzed) monomers at the minus ends or the removal of larger actin
parts of the filament by severing proteins like gelsolin. Although the poly-
merization happens at both ends, it is more likely to take place at the plus
ends, where the ATP is not transformed yet, which gives the growth a direc-
tion. The removed ADP bound monomers can then again be ”recharged”
with ATP in the cytosol, which forms the last part of the so called actin cy-
cle. Conjointly, this forms a treadmill-like process, during which a inherent
turnover of actin monomers takes place inside the filament. Furthermore,
the F-Actin behaves like a poly electrolyte and is negatively charged, which
leads in principle to a repulsive force between the rods. Nevertheless, actin



filaments are not likely to find themselves isolated, since positively charged
polycations can neutralize the negative charge of the filament, and in gen-
eral, they tend to be part of densely connected durable structures. These
structures can fulfill different types of tasks inside the cell and gain their
stability through cross-links by actin associated proteins such as filamin.
The concentration of actin monomers is in most cells higher along the cell
membrane (called cell cortex), which gives this region the ability to form
protrusions, such as filopoda and lamellipodia. The former are believed to
play a main role in the scout/guide system of the cell, whereby the latter
take a major part in the migration of the cell.

Movement by action of a lamellipodium

Although there are many aspects of this movement, the main sequence of
events can be described for our purpose in the following model:

The cells are moving by protrusions in the front and retracting in the rear.
These protrusions are mainly formed by a complex quasi two-dimensional
network of fast growing actin filaments, the lamellipodium. In this network,
the barbed ends of the actin filaments are directed to the membrane, and
the pointed ends are roughly directed inwards the cell. In order to expand
the protrusion, the filaments are extended at the barbed ends by actin poly-
merization. Furthermore, new filaments can be created at the leading edge
by branching of existing filaments. The protein complex Arp2/3 binds at
existing filaments and allows it to nucleate a new filament, which results in a
dendrite-like growth, or branching. It is also assumed that certain capping
proteins can cap the filaments at the branched ends, and therefore block
further expansion of the capped filament. As mentioned above, the actin
structure forms a dense network by cross-linking and additionally also adher-
ing to the substrate by trans-membrane-proteins (called integrins). Driven
by the constant turnover of the actin filaments, the cross-link network, and
hence each filament itself, is exposed to bending, twisting and stretching
forces. Also the integrins are affected by stretching forces in this process.
Therefore the cross-links and integrins are constantly created, destroyed or
shifted on the filament by tension forces and (de-)polymerization as the pro-
trusion takes place. As a consequence, the force of polymerization, together
with the network of actin rods, drives the membrane forward as the fila-
ments expand. The second important component of this movement is the
retraction at the rear. The motor protein myosin has the ability to attach
to the pointed end of a filament and slide to the barbed end by ATP hy-
drolization. If a myosin protein is attached to two filaments, which point
in different direction, this creates a contraction force. It is assumed that
this actin-myosin interaction plays a major role in the retraction of the cell
towards the migration direction.
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This kind of description is been used for different kind of cells and it models
in many cases the behavior of cell types in natural environments such as
tumor cells or leukocytes.

1.2 The mathematical model

In order to set the results of this work in context, I will present the latest
model derived in [9] in this section. First I would like to mention the evolu-
tion of this model, which captures most of the biological behavior described
above. The basic concept of the model was introduced in the paper [13] and
was limited by assuming a rotational symmetry of the cell shape. In the in-
corporated numerical simulations, it was shown that this concept allows the
existence of stable steady states, and therefore the successful simulation of
the persistence of the tread-milling actin network. Besides the geometrical
assumptions, which can not been guaranteed in the dynamical process, this
Ansatz was leading to a delay problem and was therefore not local in time.
The reason for this was the detailed description of the cross-links and adhe-
sions, which required to know the whole history of the filament dynamic up
to the maximal age of these connections.

In a second paper, [11], a limiting process was carried out, which assumes an
instantaneous turnover of cross-links and adhesion, in order to get a model
local in time. Furthermore, a existence result of solutions local in time
was proven by a time step approximation method, which was also used to
introduce a numerical scheme for simulations.

In a next step, the geometry was generalized to non-rotational symmetric
shapes in [10], whereby also the rotational symmetric case is included. To
verify this, a stability analysis for a trivial steady state in the rotational
symmetric case was carried out, which shows the same behavior as in the
above mentioned first attempt.

The last released paper to this subject, [12], presents a numerical scheme for
the general geometrical case. This was used to produce certain simulations,
which showed the shape stability of the ”cell” influenced by pushing forces.
Although this is very promising, the shape holding feature was achieved (in
all models) by a artificial membrane model, and was not stabilized by the
network dynamic itself.

Finally, we are arriving at the latest model, [9], which is not released yet.
This model deals with certain issues which were not included in the previous
ones, such as confinement by retraction, branching/capping of filaments and
pressure.
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1.2.1 Assumptions and structure

Before I state the assumptions, I would like to emphasize the basic model
structure, in order to motivate certain aspects of the following. The model is
derived by starting at a situation with finite many filaments followed up by
a homogenization limit that leads to a continuous model. This is justified
by a very high density of filaments within the lamellipodium. The three
main features of the model deal with the mechanics of the filament and
the dynamics of cross-links and adhesion. Therefore it is built out of three
sub-models: two age-structured population models for the links to other
rods and substrate and a quasi-static balance of elastic forces determining
the position of the filaments. As mentioned above, this leads to a delay
model, whereby the past of the dynamic of the filament has to be known up
to the maximal age of cross-links and adhesions. In order to get a model
local in time, it is assumed that the lifetime of a such connections is short
compared to the dynamics of the network. The following assumptions are
the foundation of the model, which simplify the movement by only describing
the lamellipodium itself:

Geometry

The lamellipodium assumed to be two dimensional and modeled as homo-
geneous structure which consists out of two families of locally parallel fila-
ments. The filaments are crossing each other at most once transversally, and
are polar with so called barbed and pointed ends. This network is assumed
to surround the entire cell, which leads to the topology of a ring, whereby
the lamellipodium is situated between two curves. The outer curve deter-
mines the shape of the cell and the inner one is a merely artificial boundary,
which divides the lamellipodium from the rest of the cell. Since this inner
boundary will be described by a stochastic process, it is allowed to have
two non-identical inner boundaries corresponding to the two families of fila-
ments. We will also assume that all filaments touch the leading edge, which
can be interpreted as tethering at the membrane.

Polymerization, branching and capping

The filaments expand at the barbed ends by polymerization with a given,
perhaps verifying, speed. In this process, the structural integrity of a fil-
ament is weakened, which leads to a severing process and therefore to a
removal of monomers or bigger pieces of actin. Removed actin components
are assumed to be decomposed immediately. New filaments can be created
by branching off an existing filament of the other family near the membrane,
influenced by the availability of Arp2/3. Furthermore, certain capping pro-
teins have the ability to block polymerization at the barbed ends, which
leads to a fast, in the model instantaneous, removal of this filament.
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Filament mechanics and dynamics

The filaments are affected by bending forces and assumed to be inextensible
rods. As mentioned above, they can create cross-links at the crossing of
two filaments, which build up a stable network. The link-ups are created
spontaneously and can also break, which is assumed to be realized in a high
order turnover. Furthermore, it is assumed that this process only takes place
between two filaments that are not of the same family and there exist at
most one cross-link for any pair of filaments. As long as this connection
exists, the filaments experience twisting and stretching forces through the
cross-links. Another part of the dynamics stems from the linkages by the
actin network to the substrate. These adhesions are assumed to be transient,
again with a rapid recycling time. We will also assume, that a pulling effect
of actin-myosin interaction in the rear of the actin network takes place, which
generates the retraction force mentioned above. Finally, a force between all
filaments of the same family is claimed, which is modeled as pressure between
the rods, due to the negative charging of the filaments.

1.2.2 The model

Since the derivation of the model is not the main topic here, a view details
and all computations are left out.

Geometry and polymerization

We start to model this assumptions by representing the filaments by the un-
known function F* (a, s,t) € R?, corresponding to an arc-length parametriza-
tion of a filament with index « at time t. The superscript + and — refer to
the two filament families, which we will also call clockwise, respectively anti-
clockwise. Due to the homogeneous assumption there are infinitely many
filaments, we will index them by the first variable a which is a element of
[0,27), owing to the ring topology. Therefore, we also assume that F* and
all other functions of o are 2w-periodic. This means in particular that we
claim the existence of a clockwise and an anti-clockwise filament for every «.
The second variable is the negative arc-length parameter s along a filament,
measured from the outer boundary. It describes the length of a filament at
every time ¢, whereby s belongs to the interval [~ L*(a, t), 0] with a maximal
length L* (a,t), which is modeled as random variable. Hence, we introduce
a length distribution function n*(a, s, t), such that

P(—L*(a,t) < 5) = nT (e, s,t).

The function itself takes also severing, branching and capping at the barbed
ends into account. Since branching/capping occurs, barbed ends are created
and destroyed, and therefore the distribution function is not uniform, i.e.
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nF(,0,t) # 1 is allowed.

As counterpart to this disintegration of filaments, polymerization needs to
be described. For fixed ¢, the parameter s can be interpreted as material
coordinate. When we vary t, the polymerization at the barbed ends takes
place, and actin molecules travel along the filament towards the pointed
ends with non-negative polymerization speed v*(a,t). This is modeled by
the interpretation of o* = s + fg v*(a, T)dT as Lagrangian variable, which
labels monomers along a filament with index «. Hence the path of one actin
monomer with label o is given by F*(a,o® — fot vE(a, 7)dr,t). Since we
will later need the orientation of the parametrization of F*, we will assume
that the condition

(1.1) det(9o F£,0,FF) > 0

is satisfied, which implies a clockwise parametrization by a.

So far, we can observe that the shape of the lamellipodium at time ¢t is
represented by the set of all filaments £(t) = LT (t) U L™ (t), with £ (t) =
{F*(a,s,t)(, s) € B(t) = [0,2m)x[~L(a, t),0]}. To ensure the in-extensibility
(resp. the arc-length parametrization) of the filaments and our assumption
that both families share the leading edge, we formulate the following con-
straints for our unknown functions:

0, F%(a,s,t)| =1 for (a,s) € B(t),t>0

(12) {F(a,0,t): 0 < a <21} ={F (a,0,): 0 < @ < 27}

As last step of the geometrical part, we define the outward unit normal
vector along the barbed ends by v(a,t), which can be computed through
O F(a,0,1).

Cross-links and adhesions

Next we have to describe the interactions between filaments. We start by
noting that our assumptions do not allow crossings of filaments inside the
same family, therefore the map F*(-,-,t) : B(t) — L*(t) must be one to
one. The set of clockwise and anti-clockwise filament pairs that are crossing
at a certain time t is given by

C(t) = {(a™,a™) €0,2m) x [0,27) : IsT(t,a™, @) such that
Fr(ta®,s7(t,a",a7)) = F(ta™,s (ta',a7))}

Hence, the set of points for potential cross-links is the following:

BE(t) = {(a*, sT(t,a™,a7)) : (aT,a7) € C(t)} C B(t).
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Figure 1.1: Framework of filaments and crosslinks [10]

According to our assumptions, there is a maximum of one cross-link for each
pair of filaments. Therefore the transformations that map C(t) to BE(t),i.e.
(at,a”) = (o, s (t,a™,a™)), are invertible.

This leads to the existence of a bijective maps ¢* : BT (t) — B*(t), by
using the composition of one transformation with the inverse of the other.
Furthermore, the pullback by ¥+ of a clockwise filament gives the anti-
clockwise one, corresponding to the domain:

FT = Ftoy* BT (t) (for fixed t).

To simplify the notation, we will from now on only consider one family of
filaments. When both families are present in one term, we will denote the
other one with the superscript *.

We are interested in the contribution of the cross-links to the dynamics. So
we introduce a measure for the angle-deviation ¢ — ¢ of two filaments at
the cross-links, with

o(t, o, ) = arccos [0s F(t, o, s(t, o, ™) - Os F* (¢, o, 8™ (¢, v, )]

with (o, a*) € C(t), whereby we compare the angle between them with a
equilibrium angle ¢y. Furthermore, we request that 0 < ¢ and g < 7, to
exclude degenerate examples for these angles.

The stochastic creating and breaking of cross-links and adhesion is modeled
by 2 age-structured population models, which can be solved explicitly af-
ter carrying out a limiting process, when the age of such linkages goes to
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zero. This corresponds with the assumption that the age of such a con-
nection is short compared to the dynamics of the system. The result is a
macroscopic friction effect and resistance to torsion of the continuum at the
potential binding sites, by the stiffness parameters 5 and p”. These pa-
rameters only act on the set B(t), since only there the cross-links have to
be taken into account. The coefficients itself are then given by [ — o]
and u”'[p — o], which describes the friction and resistance to torsion with
respect to the deviation of the equilibrium angle. Similarly, a macroscopic
friction effect for the adhesion is introduced, with a constant friction coeffi-
cient p4.

At this point, their are no constraints that can control the indefinite expan-
sion of the cell. This can be achieved by introducing pulling forces at the
pointed ends of the rods. As described above, this process takes place by
actin-myosin bundles that contract in the rear of the lamellipodium. The
model for describing this consists of 2 non negative forces: fian() pulling in
the tangential direction and fi,(a) pulling to the center of actin mass. For
the first one, the direction is given by dsF(«, s,t). For the second one, we
define V() as a vector valued normalized quantity directed from the center
of mass,

Cy = /B(t) nFd(a,s) </B(t)7] d(a,s)) ,

to F(a, —L(a,t)), the end of the filament with index «. As last step, before
we can take at a look the equations of the model, the repulsive forces between
filaments of the same family are described by a pressure-like force as p(p) =

®’(p)p?. The real valued function ®(p) is an electrostatic potential and we
define

n
1.3 =
(13) P Qet(9aF, 0,F)’
whereby p d(a, s) for (a, s) € L(t) is the filament length in the infinitesimal
area element dA of one family of filaments.

The model

Finally we state the model which will be the topic of this work in the next
two chapters. As mentioned above, the model is derived by the assumption
of a quasi-static force balance, whereby the positions of the filaments, our
unknown functions F(¢,«, s), are obtained by minimizing an energy func-
tional under the constraints introduced above. To find this minimum, the
method of variation is applied, which leads to a weak formulation
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0= / pBOPF - 926F + p A DiF - OF + MinextOs F - O50F | 1 d(av, 5)
B

bending adhesion in-extensibility

_ / p(0) [det(0nF, 0.0 F) + det(9a0F, . F)] d(av, 5)
B(t)

pressure

+ /C( | p?(DiF — DFF*) - 6F F uT (o — 00)0s FL - 0,0 F | mn* d(a, o)
t ~

cross-link stretching cross-link twisting
+/ ((ftanasF + finv) : 5F77)|5:—L do _/ ()\tetherV : 5F)|3:0 dOé,
[0,27) [0,27)
myosin contraction tethering

with the test function 6F : B(t) — R2?, the notation (z1,22)" = (—z2, 1)
and the material derivative D; := 9; — vds. In order to evaluate F™*, we have
to use the above defined transformation ¢*, which maps B(t) to B*(¢).

The first line basically models the linearized deformation of beams, whereby
the first term describes the bending, the second term the friction with
the substrate, and the third term ensures, with the Lagrange multiplier
Ainext (t, @, ), the in-extensibility of the filaments. The second and third
line describe the energy contribution of the interactions between one family
in the second line, and in the third line the interactions at the cross-links of
two different families. In the last line the pulling forces at the pointed ends
of the filaments and the second constraint, which states that all filaments
touch the leading edge, are included.

Now we want to state the strong formulation, whereby we need to map C(t)
to B(t). Therefore, we redefine the new stiffness parameters, which also take
care of the required Jacobians for the transformation as follows:

S = pS |2 | in B(t), AT = pt 195 in B(t),
0 in B(t)\B(t), 0 in B(t)\B(t).
The Euler-Lagrange equations read then as follows:

0= MBag (ﬁﬁgF) - as(nAinextasF) + HAnDtF"‘
+ as(p(p)aaFL) - aa(p(p)asFL)_‘_
+ Os(m* 1" (¢ — 0)0s FH) + ¥ (DL F — D F™).



The corresponding boundary conditions are given by

—1B0s(nO2F)=p(p)OaF™ + NinextOs F F 1" u” (p — o) 0s F+

| (fran(@)OsF + fin(a)V(a) for s = —L,
B )\tothorV for s = O,

n@?F =0 fors=-L,0,

where the Lagrange multipliers Aijpext and Atether have to be determined,
so that (1.2) holds. The functions F™*, n* and ¢ have to be evaluated at
(a*(a*, s,t), s*(av, 8,t)) by using the pullback function, e.g. F™* o ¢*.



Part II. Analysis of the
simplified pressure model

The main goal of this chapter is to analyze the effect of the newly introduced
pressure term. The proposed model in the first chapter is formed by a system
of non-linear (quasilinear) partial differential equations, whereby the non-
linearity steming from the pressure term possesses also mixed derivatives.
Additionally to this difficulty, it is also posed with boundary conditions and
the constraints by the Lagrange multipliers. The numerical simulations as
presented in [9] indicate the stability of a trivial steady state in a rotational
symmetric setting. Under these circumstances, this would imply the persis-
tence of the actin network in this model. Since the analysis of the whole
problem is not part of a standard theory, and would therefore exceed the
boundaries of this work, I will have to make some assumptions and linearize
the equation around the steady state. This will lead us to a situation where,
at least for the linearized equation, well-posedness is evident and we can
characterize the asymptotical behavior of the solutions. The results for the
linearized system indicate that this steady state is stable ( in a rotational
symmetric way).

2.1 Assumptions

Since the pressure effect takes only place between members of the same
family, we will reduce my effort to only one family of filaments. Therefore,
also cross-links and adhesions can be neglected, and in addition, we will
assume that the length distribution is constant, i.e n = 1, as well as no
polymerization is involved. Furthermore, I will dismiss the bending term and
assume that only tangential pulling is present. This leads to the following
simplified set of equations,

0= NAatF — Os(AinextOs F) + 85(p(P)6aFL) - 8a(p(p)8sFL),
|0sF| =1,

18



19

whereby the second line corresponds to the Lagrange multiplier Ajext. Since
we have dismissed the bending term, this system now presents as a full
nonlinear set of equations. The boundary conditions are given by

0 for s =0,

p(ﬂ)aaF + AinextOs F' { ftan(a)aSF for s = _L(a)'

As next step, we make the assumption that our cell is rotational symmetric.
This implies, that all filaments can be described by the rotation of a reference
filament z(s,t) € R?. We choose a clockwise rotation matrix

R(a) = < co§a sina)
—sina cosa

and can deduce that F(a,s,t) = R(«)z(s,t) must hold under this assump-
tion. In the spirit of this geometry, we will transform our equations into
polar coordinates, i.e. set z(s,t) = r(s,t)exp(ip(s,t)). Before taking this
step, we must choose a pressure term and a pulling force. For the first
one, we use the Boltzmann-Poisson model for the mobile carrier density,
which leads to p(p) = ufp, with u” > 0 constant. The pulling force is
assumed to be fian = p!f (7r? — 772) 1, whereby the force gets active, pulls,
until a specified equilibrium area with radius rg is achieved and the coef-
ficient p/P determines the inner pulling strength. The by our assumption
(1.1) positive density function must be computed from (1.3) and reads as
p = @ = ﬁ. For the sake of brevity, we abbreviate Ajnert by A, and
introduce the new notation for time and spatial derivatives by dsr7 = ' and
Oyr = 7. After some computations we arrive at the following system

1 /
pr + p® (r’r) r—XNr' = X" — (¢ )r) =0,
phrg — No'r — A2¢'r" + ¢'r) = 0,
(") + (¢)r* =1,

(2.1)

with boundary conditions:

—£+)\r': 0, for s =0,
! plf (mr? — 7i?) ', for s = —L,

Aro — 0, for s =0,
v = p!P(mwr? — 7i?)  o'r, for s = —L.
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2.2 Definitions and framework

This section is devoted to introducing some definitions and results that we
will need in the following. We start with some basic definitions and notations
and conclude with results of semigroup theory in the second part. In the
following, X will be a Banach space over {C, R} with norm || - || or when
we want to specify || - ||x. If A: D(A) C X — X is a linear operator, we
denote its domain by D(A) and by ||A|| the corresponding operator norm
w.r.t. X.

Definition 2.1 ([14]) Let A be a linear operator, the set
p(A) ={A e C: (N — A)~" exists as a bounded linear operator}

is called the resolvent set of A. The set of bounded linear operators R(\ :
A) = (M — A)~twith\ € p(A), is called resolvent of A. The set o(A) =
C\ p(A) is called spectrum of A.

Definition 2.2 ([14]) A linear operator A is called dissipative, if for every
x € D(A), there exists a 2’ € F(x), with

F(z)={2'€ X": and (z'.x) = ||lz[|* = []2"||*} ,
whereby we denote X' as the dual space of X, such that
Re(Az, 2’y <0.

Definition 2.3 ([3]) For a open set Q@ CR™, n € N, we define the Sobolev
space

: < )
H™(Q) = {u € L3(Q) Va with |af < m,3ge € L*(2) such that }

fQ uD%p = (—1)'0“ fQ Jap Yo €CX(Q)

It can be shown that H™(Q) is a Hilbert space with the following scalar
product:

(2.2) (w,v)gm = Y (D, D).

0<|al<m

Theorem 2.4 ([1]) Let Q be a domain in R™ and let QF be the k-dimensional
domain obtained by intersecting Q) with a k-dimensional plane in R™, 1 <
k < mn. Letj and m be non negative integers, and 02 locally Lipschitz,
then for 2m > n > (m—1)2, such that the following continuously imbedding
exists

HIT™(Q) < @), 0<A<m-— g

where CI is the Hélder space of j-times differentiable functions with Holder
exponent A.
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Definition 2.5 Let Hy and Hy be two Hilbert spaces, then we define the
orthogonal sum Hy @ Hy to be the Hilbert space with f = (f1, fo) € Hy X Ha
and the inner product

<f7 Q>H169H2 = <f1791>H1 + <f27.92>H2'

Definition 2.6 ([4]) The space C([0,T],X) is defined by all continuous
functions u : [0,T] — X such that

= t)]| < oo.
lalleqor ) = ma [[u(®)] < o

We also define the space C*((0,T), X) of all k-times continuous differentiable
functions w : (0,T) — X with the norm

K
lulleromy.x) = 2 NP ®)lleo.,x) < 0.
=

Semigroups

I will now briefly introduce some definitions and Theorems from the field
of Cy semigroups, which will become quite useful to determine the well-
posedness and the regularity of our linearized system. The following defini-
tions and Theorems can be found in [14], where proofs and more details are
presented rigorously.

Definition 2.7 Let X be a Banach space. A one parameter family T(t),
0 <t < oo, of bounded linear operators from X into X is a semigroup of
bounded linear operators on X if

e T(0) =1, (I is the identity operator on X ),
o T'(t+s) =T(t)T(s) for every t,s > 0 (the semigroup property).

A semigroup of bounded linear operators, T(t), is called strongly continuous
(for short Cy semigroup) if

ltiirg |T(t)x —z||x =0 for every z € X.
Furthermore, if there exists a linear operator A defined by

D(A) = {33 €eX: limM e:m'sts}
tl0 t

and N
Ay — Tim T(t)r —x _d T(t)x
10 t dt

for x € D(A),
t=0

is called the infinitesimal generator of the semigroup T(t).
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Definition 2.8 A Cy semigroup is called uniformly bounded, if there exists
M > 1 such that ||T(t)|| < MYt > 0. If in addition M =1 we call it a Cy
semigroup of contractions.

Some basic facts about Cjy semigroups:

Theorem 2.9 Let T'(t) be a Cy semigroup of bounded linear operators on
X, then the following holds:

e there exist constants w > 0 and M > 1 such that
|T(t)||x < Me*t for 0 <t < oo,

e the map t — T(t)z is continuous, for x € X and t € R{,

e for x € D(A) it holds that T(t)x € D(A) and

4Tty = AT(t)e = T(1)Ar.

Lemma 2.10 Let T'(t) be a Cy semigroup which is differentiable for t > ty
and let A be its infinitesimal generator, then

o fort>nty, n=1,2,..., T(t): X — D(A") and T (t) = A"T(t) is
a bounded linear operator.

o If t — T(t) is differentiable for t > 0, then this map is infinitely
differentiable for t > 0.

In particular, if we can show that A is the infinitesimal generator of a Cy
semigroup of bounded operators, we have solved the abstract Cauchy prob-
lem

(2.3) u(t) = Au(t) t>0
u(0) = ug € D(A)

with u(t) = T(t)up. We even get that this solution is unique and wu(t) €
C([0,00), D(A)) NCY([0,0), X), as a simple consequence of theorem 2.9.
The main tools to characterize the infinitesimal generators of Cjy semigroups
are the following Theorems:

Theorem 2.11 (Lumer-Phillips) Let A be a linear operator with dense
domain D(A) in X.

o If A is dissipative and there exists a X > 0 such that R(A] — A) = X,
then A is the infinitesimal generator of a Cy semigroup of contractions
on X.



23

e If A is the infinitesimal generator of a Cy semigroup of contractions
on X, then RNl — A) = X for all A\ > 0 and A is dissipative.

Theorem 2.12 (Hille-Yosida) A linear operator A is the infinitesimal
generator of a Cy semigroup satisfying ||T(t)|| < et if and only if

e A is closed and D(A) = X,

e The resolvent set p(A) of A contains the ray {A : ImA = 0, A > w}

and for such A

1
A < .
1RO A <

This result can be extended to:

Theorem 2.13 ([6]) Let A be a infinitesimal generator of a Cy semigroup
such that ||T(t)]] < e*t, then we have {\ € C: Re X > w} C p(A4) and

N 1
IR = A <

—_— N A )
= Rer—w)n’ Yn €N, Reld >w

Under certain conditions,the asymptotic behavior of a solution of finite di-
mensional dynamical systems can be determined by the spectrum of the dif-
ferential operator. Unfortunately, this is not true in the infinitesimal case.
One example, where this approach is still possible, are analytical semigroups.

Definition 2.14 Let A = {z : p1 < argz < 2,01 < 0 < 2} and for
z € A let T(z) be a bounded linear operator. The family T(z),z € A is an
analytical semigroup in A if the following holds:

e 2z — T'(2) is analytic in A,
e T'(0) =1 and lim, 0 ,ca T'(2)x = x for every z € X,
o T'(z1 4+ 2z2) =T(21)T(22) for z1,22 € A.
The infinitesimal generator is defined similarly to the Cy semigroup case.

Theorem 2.15 Let T'(t) be a uniformly bounded Cy semigroup. Let A be
the infinitesimal generator of T(t) and assume 0 € p(A). The following
statements are equivalent:

1. T(t) can be extended to an analytical semigroup in a sector As =
{z:|arg z| < 0} and ||T(2)|| is uniformly bounded in every closed sub
sector {z : |argz| < § < 4}.

2. There exists a constant C' such that for every o > 0,7 # 0

IR +ir: A < Z

il
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3. T(t) is differentiable for t > 0 and there exists a constant C such that

[|AT'(¢)|] < % fort>0.

We can also perturb our infinitesimal generator and still get an analytical
semigroup:

Lemma 2.16 Let A be the infinitesimal generator of an analytical semi-
group. If B is a bounded operator then A+ B is the infinitesimal generator
of an analytical semigroup.

The asymptotic behavior of a analytical semigroup is determined by the
spectrum of the infinitesimal generator A as follows:

Proposition 2.17 ([8]) Let A be a infinitesimal generator of a analytical
semigroup T'(t) such that

o= sup Rel,
A€o (A)

then for every e >0 and n € NU{0} there exists an My > 0 such that
[t AT (8)|] < My e+ vt > 0.

The last definitions are denoted to a special case of Lyapunov functionals,
the so-called entropies. These functionals can be used to determine the
longtime behavior of solutions, in a more general setting. Since we will only
use them in the semigroup case, I have slightly adopted the definitions.

Definition 2.18 ([7]) Let (T'(t), D(A)) be a differentiable Cy semigroup,
i.e. t — T(t) is differentiable, then we call a point x € D(A) stationary, or
steady state, if it fulfills the following equation:

T(t)x=x forallt>0.
Definition 2.19 ([7]) Let H : B — R be a functional. We call it entropy

of a differentiable semigroup (T(t), D(A)), for a stationary state xoo, if the
following conditions are satisfied:

o Let x € D(A), then the following Lyapunov property holds

dH

E[T(t):c] <0 forallt>0,

e H is conver,
o There exists a continuous function ® : R — R such that ®(0) =0 and
l|d(z,200)|| < ®(H[T(t)x] — H[xoo)) for all z € B
The functional D : B — R, which satisfies
dH[
dt

1s called entropy dissipation.

T(t)x]
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2.3 Linearization

In this section the linearization of (2.1) around the trivial steady state

900(5)20’

(2.4) ro(s) =s+L+rr,
Y | L
o(s) = ns+L+r1+ ’

is carried out. The constants C' and r; are uniquely determined by the
boundary conditions as follows:

P+ C = WP (] — 1),

2.5
(25) —,uP+C':—,uP<ln i >

L+r;

Since we will only analyze the behavior of the linearized equations and not
conclude from this behavior to the whole system, I will not justify the
linearization by a functional analytical framework. Instead, we make the
Ansatz,

R(s,t) =1ro(s) + r(s,t)d,
D(s,t) = p(s,t)0,
A(s,t) = Ao(s) + A(s, t)0,

with 0 > 0, and plug it into our equations. This will lead us to a formal
linearization, which will be sufficient for our purpose.
The main equations
We start with the first equation of (2.1) and compute as follows:
AT P
R
Pt ( RR
/! /!
A TO +7r 5 1 I
ol ((r’o +1/§)2 + ro+ 10 0”0
— (N + X51") 6 — (Norf + Aor”d + Mrj8) + O(6%) =
1 o
A P 1o
et (4 (1)) i
— ( 'rh + )\67”) 0 — (/\07“6’ + Xor”"6 + Ay ) +0(6%).

)/R_A/R/_A(R//_ ((I)/)R) —

Next we can use the fact that the steady state solves the equation and that
r( is equal to one, which leads, by dividing by ¢ and letting § go to zero, to
the following linear equation:

pti — pf (r” — 7;) — XN =X = X" =0
o
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Similarly we can determine the second equation:

p*R® — NO'R— A (20'R + @"R) =

pAropd — Xorow'd — 2X07h0'8 — Aoro”d + O(62).
Dividing by § and take the limit of § goes to zero, leads to:

uAr()(p — Ar0¥’ — 229" — Moo = 0.
The last equation simplifies to
(R/)Q + (@,)2R2 -1
(2.6) (ro)? + 2rpr’s + 17/ =1+ 0(6%) &
r’ = 0.

Boundary conditions

For the left-hand side of the boundary condition we get

—£+AR’——P Lo + Xorh + THAS + Aor'd + O(6%)
RO Gy T |

The right-hand side is given by
MIP(WR2 — 7T’f'2)+R/ = ,uIPW(Tg + 2ror(t)0 — f2)+r6,

where we have used that ' is equal to zero and therefore r(—L,t) = r(0,t) =
r(t). For s = —L we observe that ro(—L) = 77, and can compute for the
case r7 > 7% the following:

—iF X+ A+ Aor(8)'6 = p Pr(r? 4 2r 10 (8)6 — #2) 4 + O(82) &
A = p!Pr2r(t)rd + 0(6%) &
A =2 P rr(t)ry.
If 7‘% < 72, we remain with A = 0 for s = —L. For s = 0 we compute
similarly, and get that A = 0 in both cases.
We turn now our attention to the second boundary condition, which leads,
for s =0, to
AR =0 &
Aor1'd =0 &
o' =0.
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For the other side, we evaluate at s = —L and use the first equations of
(2.5) to obtain
AR® = p'P(zR* — 7%, ®'R &
(mr? — w1 o'r16 4+ O(6%) <
Criy = p'f (mr3 — 77?) Lo'r + 0(6%) &
(

(,uPr[ + p!f (mr? — ﬂf2)+7’1) o = p!(mr? — 7)) Lo'r + 0(6) &

Summary

In summary we have computed the following linearization of (2.1),

where we emphasize also the variables to clarify the dependence of the func-
tions. By using the third equation and 7 is equal to 1, these equations can
be simplified to

PT'
. O R
2.7
$(5,8) = 2L (5,0) 4 o (Vlohrale) + 2Aals)) 5. ),

with boundary conditions for r% > 72

0, for s =0,
(2:8) A= { 2u!Prr(t)ry, for s = —L,

(2.9) =0 s=0=-L
and for r% < 72

(2.10) ¢ =0,2=0, fors=0=—L.
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2.4 Spectral analysis of the linearized system

Our linearized system reads now as a decoupled one for o(s,t) and r(t),
therefore we will discuss the spectral properties of this two equations sepa-
rately for now. In the last part we conclude with the result for the whole
system.

2.4.1 First equation
The first equation is given by

P’/"
phi(e) = =200 ),

with the boundary condition (2.8) or (2.10). Furthermore, we have used
(2.6) which implies that r is independent of s. For both boundary conditions
we can observe that \(s,t) is represented as a rational function in s, and
therefore A is smooth with respect to the spatial coordinate.

We will first examine the case 73 > 72, hence the boundary condition are
given by (2.8). Since A € C* with respect to s, we can integrate the whole
equation in space and use the boundary conditions to obtain

- 1 p"L P
t) = — 2 t
T( ) L,UA (TI(L+T[) +2p T Ty T( )7

Therefore, we can apply Picard-Lindel6f combined with the following growth
result:

Theorem 2.20 Suppose U = R x R"™ and for every T > 0 there are con-
stants M(T), L(T) such that

(2.11) f(t,2)| < M(T) + L(T)|z|, (t,z) € [-T,T] x R".

Then all solutions of the initial value problem

(2.12) @(t) = f(t,x), x(to) = o,
with f € C(U,R™) and (to,x0) € U, are defined for allt € R.

Both results can be found in [16]. Therefore, we have existence and unique-
ness of the solution for all ¢ € R. In our case, the solution can be computed
explicitly by using the separation of variables which leads to

Pr
(2.13) H(t) = -t (st ot )

Tini,
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for a given initial value riy; = r(0) € R.

Next we define K; := ﬁ (,,I(“Lpﬁj) + MIPWQTI), and derive A, by using

(2.13) and the boundary conditions, directly:

P P

I I — Kt
2.14 s, t) = [ —ptKys — s,
( ) (57 ) ( w 18 7“0(5) + L+7“1> € T'inj

In the case of r} < 7% we can compute similarly:

(2.15) r(t) = e M2y,

P P
2.1 A t) = [ —pAKys — H —Katy.
(2.16) (s,1) ( piies ro(s) + L+rp c "

. 1 P
with Ky == -4 (77“1(5-1-1”[))'

Hence, in both cases we have shown the existence and uniqueness of r and A,
which both are infinitely differentiable on [—L,0]. Furthermore, they decay
exponentially to zero for ¢ goes to infinity.

2.4.2 Second equation

Our next equation is given by the linear partial differential equation

Oy 0% Ao o
2.17 Arg=2 = Aoro—=—— —_— 200 | =
(2.17) 105y 07055 + 95 0 + 270 95’
with homogeneous Neumann boundary condition, i.e. ‘gf =0fors=—-L=

0. First, we will fit this equation into the general framework by rewriting
the equation in divergence form

. Oy _Op, B

for some initial data ¢o(s) = ¢(s,0),s € [-L,0], and defining the linear
operator

(219) 9 ()\o 8g0> 2X0 dp

Lp=—|—— )
Y= Bs uA ds uirg Os
In order to show that this operator is uniformly parabolic, we have to inves-

tigate Ao(s). Since the first term of \g is not positive, we have take a look
at the second term C from (2.14). This leads to:

(2.20) No(s) = P (m (HEIHI) t1-n (L if”» _
(2.21) = uP <1n (W) + 1) > uP > 0.

s+ L+rg
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Therefore, we get the following estimate

&52 > £§2 for all £ € R

pAs T oA ’

and we have shown that our operator is parabolic.

With the aim of analyzing the spectrum of this operator, we will now high-
light another perspective of the operator L.

Sturm-Liouville eigenvalue problem

We fix t, and look at our operator L in a ordinary differential equation
setting, as follows

2U u
(222) Luls) = p(s) 3 (5) + a(s) G (5),

where we define: p(s) = ;‘—2 and ¢(s) = (:—é, + #22‘7?0). By (2.9) we also have

homogeneous Neumann boundary conditions,
du _
ds
This corresponds to the stationary case of (2.17), i.e. Lu = 0. We want
to show that this induces a regular Sturm-Liouville problem (for short SL-
problem), whereby we use the following definition and the affiliated Theorem
from [5].

(2.23) 0, fors=0=—-L.

Definition 2.21 Let £ be a ordinary differential operator of the form

L= % (e(x);;) + ().

The eigenvalue equation
Lu=Mp(x)u, z € (a,b),
subject to the separated homogeneous boundary conditions

aru(a) + asu'(a) =0,  |ag| + |as| > 0,
Bru(b) + Bou'(b) = 0, |B1| + [B2| > 0,

where «; and B; are real constants, is called regular SL eigenvalue problem,
if e does not vanish on [a,b] and the interval (a,b) is bounded.

Theorem 2.22 Assuming ¢’,r,p € C([a,b]), and e,p > 0 on [a,b], then the
SL eigenvalue problem defined above has a infinite sequence of real eigen-
values A, n € N. Furthermore, to each eigenvalue A, corresponds a single
eigenfunction u,, and the sequence of eigenfunctions (u, : n € Ny) forms
an orthogonal base of L,%(a, b).
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Whereby Lg is the Hilbert space of L?(a,b)-functions equipped with the

following norm:
lull s = v/Tous w) 2.

This norm is, since p is strictly positive and bounded, easily seen to be
equivalent with the L? norm, so we have:

(2.24) Caownllullz2 < |lullzs < CupllullZa.

Furthermore, the spectrum o (L) of a SL problem is discrete, and consists
only of the eigenvalues of £ (see Teschl, [17] p. 192).

The eigenvalue problem for our operator is given by

(2.25) Lu(s) = Au(s), se€(—L,0),

(2.26) u'=0 for s=—L =0.

We introduce the new operator

d s a(s) g d
(2.27) L, = pLlu= s <ef Z<$>deSu(3)) ,
s q(7)
and multiply equation (2.25) with the weight p(s) := p—ls)ef » 97 0 obtain
(2.28) Lyu = \pu,
(2.29) u'=0 for s=—L =0.

The weight and coefficient functions can be computed explicitly and read as
follows:

p(s) = urg(s),

s q(s)
Pt = ()i (s),
and therefore a(s), p(s) € C*°(—L,0). Equation (2.28) forms a regular SL
problem with a1 = 81 = 0 and ae = B2 = 1, since a(s) is by (2.20) strictly
positive. Hence Theorem 2.22 provides us with the existence of orthogonal
eigenfunctions wu,, of £,.
In summary we can proof the following:

a(s) :=e

Lemma 2.23 The linear operator L : D(L) C LI%(—L,O) — Lg(—L,O)
defined by (2.19), with D(L) = {u € H2(~L,0) : $* € H}(~L,0)}, is
densely defined and

(2.30) sup Re\ <0.
Xeo(L)
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Proof:
We begin with the density of D(L). Since the eigenfunction w,, solves the
weighted SL problem (2.28), we get the following inclusions by using (2.24),

(2.31) up € {u€C*(—=L,0):u' =0fors=—-L=0}C D(L) C L%.

For all u € Lg we can therefore find a sequence of eigenfunctions u,, € D(L),
such that

(2.32) w="Y (U, ) ptin,
n=1

which implies D(L) = Lz.

In order to proof the rest of the statement, we compute the well known
Rayleigh quotient to determine the sign of our eigenvalues. Let A, be an
eigenvalue with corresponding eigenfunction u,, then we compute

0
d (2 g dun
<ﬁpun,un>:/ — <€f q(S) d ; >un ds =

S

2
/ fZEé (du"> ds,

where we integrated by parts and used the boundary conditions. Hence, by
using the eigenfunction property of u.,,

(»Cpuna Un) = <)\npunaun> <~

0 s a(s) d 2 0
_/ ok <u"> ds = /\n/ pul ds <
_I ds —L

0 fs ) g du, \2
el p(s) GlUn ds
f_ . pul ds
Since for a SL operator the spectrum only consists eigenvalues, we are fin-
ished. U

As a last step, we now put the pieces together and can state the main Theo-
rem of this section. We will therefore formulate the problem as follows: Let
Ai(s,t) be the solution of (2.7) with the corresponding boundary conditions,
ie. (2.14) or (2.16). Then the equation for r(¢) can be formulated with
respect to K1 and Ky for i € 1,2, as

(233) ’I“Z(t) = —Kiri(t) 1€1,2,
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and the system can therefore be stated for u(s,t) = (r(t), p(s,t)) as

(2.34) = Au= (‘éﬁ 2) (;)

with boundary and initial conditions

ou ou Tini
(2.35) %(—L,t) = E(O’t) =0, wuy(s,0)= <%ni) )

Lemma 2.23 and equation (2.13) now imply the following Theorem:

Theorem 2.24 The spectrum of the operator A defined in (2.3/) with D(A) =
ReD(L)CR® Lf) = H, possesses the following spectral bound:

(2.36) o= sup ReA<0.
A€o (A)
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2.5 Analytical semigroup

As a next step, we will prove that A is the generator of an analytical semi-
group. This will lead us to the well-posedness of the problem. Furthermore,
the operator L is smoothing initial data, such that after infinitesimal time,
we get infinitely differentiability of solutions. We will proof this property
first for the operator L, and get the whole result by a perturbation of L.

Lemma 2.25 The operator L, defined in Lemma 2.23, is the infinitesimal
generator of a Cy semigroup el of contractions.

Proof:

We will use Theorem 2.11 to proof this result. We already have shown that
L is densely defined and linear. To show that L is also dissipative, we use the
fact that the dual space of L% can be identified with itself. Let ¢ € D(L),
then we compute, by using (2.27) and partial integration,

o= [ oo (a2) as=— [ a) (%) as

This implies that L is dissipative, so its left to proof the second condition.
Therefore, we have to solve the following problem: For all f € Lf) there
exists a u € D(L) such that

u—Lu=Ff
g::Ofor.S:—L:—O

holds. Since our operator L is parabolic, hence elliptic in the stationary case,
this is a 2nd order elliptic problem with Neumann Boundary conditions. We
will therefore use Lax-Milgram with the weak formulation

B(u,v) = (f,v), Yve H;(—L,O),

where B(u,v) = fBL a(s)g—z% ds + (u,v),. The form B(u,v) : Hg — Ris
coercive, since L is elliptic, and continuous, which can be shown in the usual
way. Therefore, Lax Milgram gives us the existence of a function u € H;
for all f € L?,. Furthermore, we have

0 Ou Ov 1
/La(s)asas ds = (f —u,v), YveC.(-L,0),

and therefore a(s)% € H/}, since f —u € L?), which implies u € HPQ. As
a last step, let u be the solution we achieved above, then we integrate by
parts as follows

B(u,v) — (f,v), =0
Ou " ou

(u—Lu — f,v),+ a(0) s
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and by choosing v € H we have that w — Lu — f = 0 a.e. So we are left
with

ou ou
22 0)0(0) — a(~L) (-

This implies that v € D(L), since v(s) is arbitrary. In summary, we have
shown that R(u — Lu) = L2, which implies the statement of the lemma. [J

a(0) Ly(=L)=0 Yve H)(-L,0).

So far, we have shown that there exists a unique function
u € C([0,00), D(A)) N C([0,00), L3(~L,0))

that solves 4(t) = Lu(t), and also takes the boundary conditions into ac-
count. We can also show that this solution is infinitely differentiable in space
and time. To achieve this, we will prove that L is in effect the generator of
an analytical semigroup.

Lemma 2.26 The Cy semigroup el generated by the operator L can be
extended to an analytical semigroup and the map t — et is infinitely differ-
entiable for t > 0.

Proof:

The proof is a simply application of Theorem 2.15, whereby we have to shift
our resolvent set, since 0 ¢ p(L). This can be done for every contraction
semigroup, since by the previous Lemma, we have that ||e!|| < 1. We define
a new semigroup by S(t) = e*e™, w > 0 and get therefore by Hille-Yosida
2.12 that S(t) is another C( semigroup with (—w,o0) € p(Lg), with Lg is
the generator of S(¢). Another application of Hille-Yosida and Theorem 2.13

implies that for all A = o 4+ i, with ¢ > 0, 7 # 0 we set C' = % and get

1 C
: <=
IR(A: Ls)l| < Red—w |7]

Therefore, S(t) can be analytically extended, hence this implies the same
for el*. The second statement follows from Theorem 2.15 (3) and Lemma
2.10 when we restrict the now analytic semigroup e’ to z € Rt O

Finally we can show

Proposition 2.27 The parabolic problem defined in (2.18) possesses a unique
solution (s, t), for every initial data pimi(s) = ¢(s,0) € D(L) such that

@(Sat) € COO([*LvO] X (0,00)),

the solution depends continuously on the initial data, 1.e.

(s, )| < |lemi(s)|] VYt <0,
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and 5
. ¥

A Hat(s’t)H =0
Proof:
We begin by using Lemma 2.25 to solve the abstract Cauchy problem as
stated in (2.3). Therefore, we have already shown that ¢(s,t) = e ‘pii(s) €
C([0,00),D(L)) N C’l([O,oo),Lz). Lemma 2.10 and 2.26 now imply that
t — () is infinitely differentiable in D(L) for ¢ > 0. Furthermore, we also
get %% =L"p € C"O((O,oo),Hg”) for all n € N. This implies, together
with the Sobolev embedding Theorem 2.4 and the second part of Lemma
2.26, the first part of the Theorem. The other two results follow directly by
applying (3) of Theorem 2.15 and the fact that we deal with a Cy semigroup
of contractions.

O

Now we can again use the formulation of (2.34), and state:

Theorem 2.28 The operator A defined in (2.3/) with D(A) =R& D(L) C
R@Lg = H is the infinitesimal generator of a analytic semigroup of contrac-
tions. The linearized system of equations defined in (2.3/) and (2.35) pos-
sesses a unique solution u(s,t), for every initial data up(s) = u(s,0) € D(A)
such that

u(s,t) € C°([0,00)) x C*°([-L, 0] x (0,00)),

the solution depends continuously on the initial data, i.e.

u(s, D)llr < [luo(s)|lr VYt <0,
and

0
lim Hu(s,t)H = 0.
t—oo || Ot H

Proof:

Since the sum of an analytical semigroup with a bounded operator is again an
analytical semigroup by Lemma 2.16, we begin with the following splitting:

_K; 0 0 0
A:A1+A2:< 0 0>+<0 L)'

We already know that L is the generator of a analytical semigroup. Hence,
this implies the same for As by using the arguments as in the previous
proofs.

Hence, by the continuity of A; we get that A is the infinitesimal generator
of an analytical semigroup. By using the same techniques as in Proposition
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2.27, we conclude that u € C°°([0, 00)) x C*°([—L, 0] x (0,00)) is the unique
solution of (2.34) with (2.35). The contraction property follows from

s, )13 = 1171 + llll2 < e 22y + lgumllZ; < [luo(s)] 3,

and
ou 2 _Kit T2
E(S’t) = ||(=Kie” " " rini, Lomi)" || <
H
Cllinil 2.2
< Ko, L

implies the second statement.
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2.6 An entropy functional for the linearized sys-
tem

Since we have shown the well-posedness of our problem in the last section,
we can now finally analyze the longtime behavior of the solutions. We will
again treat the solutions for the two equations separately and combine them
later.

Lemma 2.29 The functional H; : R — R,
1 1
milr] = 5l = v

is a entropy functional.

Proof:

We can compute H; by using the representation of 7 in (2.33):

. d1
Hy[r] = £§T2 =ri=—Kir? <0

O

We have already seen that solutions of the second equation fulfill ||¢(s, t)|| <
[lo(s)]|, since it is a Cy Semigroup of contractions. First, we observe that
we can’t expect a decay to zero for ¢ — oo, since zero is an eigenvalue of
L. Nevertheless, we can show that in our case, every solution converges to
a constant defined by the mean value of the initial data. In order to proof
this, we will need the following result

Lemma 2.30 Let pini(s) = ¢(s,0) € D(L), then the conservation law

0 0
/ ini(3)p(s) ds = / (s, D)p(s) ds V>0
-L L

holds.

Proof:
With (2.27) in mind, we integrate the following equation

Op O ( ysa2 9
= (s) —
o’ = s <€ ’ as‘p>’

over the interval. This leads to

0 0

d s alr) g
— wp ds = (ef vy <Ps>

= 0.
at |,

—L
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Lemma 2.31 The functional

1 B 1 /0 B
(2.37) Hle] = lle = ¢liTz = 2/ plo—o)" ds,
—L
with 0
2 peo ds
P = fLopds’ vo(s) € D(L),
-L

defines an entropy for the analytical semigroup (e™, D(L)).

Proof:

We already have found a weight p that turns our operator in an self-adjoint
one. So we will now again use the p-weighted L?-Norm as an entropy by
defining

1 - 1 (0 _
(2.38) Ml =Zle—@lke=5 [ plp—9)* ds,
2 P 2 L

with initial data ¢o(s) = ¢(s,0) and weighted mean value . Next, we
compute the entropy dissipation of Hs:

d 1d [ 9
—H = - — — d =
o 2[¢] 5 /_Lp(so @)° ds

0 0 0
= / prpp ds = / PPssp ds + / qespp =
—L —L —L

0 0 0 0
= - / ppip ds — / Pspspp ds — / PPspps ds + / qpspp ds
L L L L

where we have integrated by parts and used the last line in the proof of
Lemma 2.30. The last three terms can be computed explicitly using that

q/ [°%4
psp+pps—qp=(pp)s—qp=5(ef P T) —qp =0,

which leads to
0 0 0
—/ PsPspp ds —/ PPsPPs ds+/ qpspp ds =
—L —L —L

0
= —/L(pserpps—qp)ws@ ds =0,

and

d 0
Gt <~ [ petnds<o
t L

This shows the Lyapunov property of Hs.



Now we can estimate the entropy dissipation:

d 0 0 s a(s)
2 (.
S H2lel = —Dlg] = /L@tsop ds = —/ (40s) (6 P“)) ds <

—L

0
< —Co/ (s)? p ds.

-L
To further estimate the right hand side, we use (2.24) and the Poincare-
Friedrich’s inequality with ¢ = + ff) ;¢ ds to get:

—CliownCo )
—COH%H%g < —CuownCol|ps||72 < 0071;71”@ —¢l72 <

~CouwnCoClp 2 ~CaounCoCupCi 2
< _— — < _ .
< cp o=l < Co o = @llzs

This leads again to exponential decay of the entropy in time:
1 —CdownC0oCupCi t

_ -2 _
Holg] = Sl — glli; <e P loomi — @iz

As a consequence we can state the following Theorem:

Theorem 2.32 The solution of (2.34) and (2.35) with initial data up(s) =
(Tinis Pini(8))T € D(A) converges, for t goes to infinity, to the stationary
state (0,9)T, i.e.

l|u(s,t) — (0,@) || =0 fort — oc.

Furthermore, we have found an entropy function H|[u] : D(A) — R for this
problem, given as
Hlu] = Hi[r] + H[g],

with respect to the analytical semigroup (e, D(A)).

Proof:
The previous Lemma implies that |[¢[|3, = ||¢ — @|[7. decays to zero for
b b

t — oco. Therefore, we can compute
[lu(s,t) = (0,)"|IZ = llr ()3 + le — 2ll72,

and the result follows from Lemma 2.29. O



Part III. Smooth solutions
without boundary conditions

In this last chapter, we will analyse another linearization. As mentioned
above, there already exist well-posedness results for the model without pres-
sure term. The following chapter is dedicated to verifying this for a linearized
model which incorperates the new pressure term. So the main idea is to show
that, at least for this kind of linearization, smooth solutions do exist and
therefore one can hope to achieve this also for the whole model.

We will again make a few simplifications with respect to the whole model.
First, we will dismiss the boundary conditions and therefore also the myosin
pulling force. Instead, we will later impose decay conditions for |s| and |«
tend to infinity. Altough this is an rather unbiological condition, we can
imagine this as the situation when we zoom into a small area of the lamel-
lipodium, where boundary effects are negligible. Since the pressure force
only acts between members of the same family, we will not take cross-links
and adhesions into account. We will also assume that the length distribution
is constant equal to one, the polymerisation speed is equal to zero and the
pressure is given by p(p) = u’ p. This leads us to the following model

PPOLF + A DiF — 0y(AinextOsF) + 1 05 (pda 1) — 1l 0a(p0s F1) = 0,
|0,F|> = 1.

These (quasi-linear) equations still features the rather difficult pressure term.
So we will linearize them in a similar manner as before, but since we do not
make assumptions to the geometry, we cannot use the approach from the
last chapter. Instead, we consider the trivial solution

o= (5425) () -+0)

with ¢ > 0 constant. This solution corresponds to a situation in which all
filaments are lined up next to each other and filaments only differ by a shift
in the a-direction. Next, we put this solution into our equation to determine
the Lagrangian function, which leads to dsA(a, s) = 0. In order to simplify

41
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the computations, we choose A(a,s) = A to be constant and greater than
zero. Hence we make the Ansatz

3 — _ (Fi(a9) Fi(a,s,t)
F(a,s,t) '_F(a’8)+6F(a’S’t)_(Fg(a,s)>+5< o ,
Ma, s,t) := A+ M\ (a, s,1)

and put them into our equation. Since we will only consider local pertur-

bations, will also demand that F' and A decay to zero, if |s| or || tend to
infinity.

3.1 Linearization

The first two terms can be computed straightforward, so we begin with the
third term:

—0s(NOF) = —(80s0) (05 F + 00, F) — (A 4 N (002 F) =
- < NO2Fy

2
I+ X8§F2> O+0(%).

Next, we want to linearize the pressure terms, therefore we have to state p

from (1.3), which, after some computations, reads as

1 _OQFI&;FQ + 05 F20, Fy
aaplasFZ (aaF185F2)2

1 O, F I
§+0(6%) = 7%&0(52).

ﬁ =
The other terms that include p are given by

B 8S,aF1 + C@?FQ

- 2
Osp = = d+0(6%),
’Fp s .o F:

Oap = _%5 +0(82).

With these ingredients, we can compute the pressure terms

Ds(pOuFL) = 0spOa F Lt + pds o F+ =

B 0(52) + 1 _8s,aF25 + 0(52) —
| LRttt s [T g s+ 0(6%) ) T

[

__1 83,04F2 2
= — <ca§F2> 5+ O(6%)
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and
Do (pOsFL) = 00pOs F - + poo F+ =
_ (83F1+C§BQ’SF25+0(52)> 1 <—aa,nga+o(52)> _
C

O(62) Da,sF10 + O(6?)
1 (R 9
=5 (C&LSE) 5+ 0(8%).

Now we let § go to zero and get the following linearization of the first two
equations:

P
pPorE + pAoF, — NO2F) — /2—2 (3§F1 + c@syaFg) =0,
(3.1) ,
P BOAEy + A0, Fy — O\ — N2 F5 — “7 (cO2Fy + B sF1) = 0.
Next, we consider the inextensibility condition, which leads to
|05 F > =1 = (0sF1)%6% 4+ 1 4 205 Fa8 + (05 F2)* — 1 = 0.
For § goes to zero, we get 0sFo = 0. Therefore, together with equation (3.1),
we have computed
— MP
pBOtF + p o F — NP — C—QagF1 =0,

3.2 "
( ) ,uA(“)th — OsA — %80473}71 =0,

0sF> = 0.
3.2 Existence and long-time behavior
We will now analyse the linearized system (3.2) for (a, s,t) € R? x [0, 00).

Furthermore, due to our local perturbation assumptions, we impose the
decay conditions

(3.3) lim F(a,s,t)= lim F(a,s,t)=0
|s| =00 |a] =00

and

(3.4) lim A(a,s,t) = lim Aa,s,t) =0.
|s| =00 |a| =00

We start by discussing the first equation, whereby we introduce the new
abbreviation Fi(«,s,t) = Fi(z,t), © = (x1,22) = (e, s). The equation
reads as a linear 4th order equation on the whole space R? and therefore
we can consider Fourier transformation to solve it. We will need standard
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results for Fourier transformation on R?, which can be found in [17] and
[15].
First we define the Fourier transform F : L*(R?) — Cy(R?) by

We also have the following properties of this operator to our disposal:

e The restriction of F to L*(R?) is bijective with the inverse
FUEG) = [ Fp.0er da.
R2

e The operator interchanges differentiation with multiplication by poly-
nomials as follows

(0aF)"(p) = (ip)*F(p)

Furthermore, we will also need the following Lemma, which can be found in
[17] as a stated problem.

Lemma 3.1 Let X C R, Y be some measure space, and f : X XY — R.
Suppose y — f(x,y) is measuralbe for all x and x — f(z,y) is differentiable
for a.e. y. Then

F(z) = /A F (@ y)du(y)

is differentiable if there is an integrable function g(y) such that |%| < g(y).

Moreover, x — % 1s measureable and

@) = [ Fadut)

in this case.
We now use the property of the Fourier transform, interchanging of differ-

entiation with multiplying by polynoms, and are making the following (for
now) formal computations:

P
pBOAR + p A0 Fy — NOPF — %82}71 —0e

P
PBpAR + A0y + \pRE + %pm —0&

o Plpipa)t £
Py =Pty
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(WP owd 2y p?) P2
— < . The function F;¢(0,p) =

F10(p) is given by the Fourier transformation of some initial data F(z,0) €
L?(R?). As next step, we apply the inverse Fourier transformation and get

whereby we define P(p1,p2) =

1 . .
(3:5) Fi(z,t) = o /2 PPy o (p)e™ ™ dp.
R

Lemma 3.2 The function Fi(z,t) defined in (3.5), with Fy o(x) € L*(R?),
has the following properties:

o Fi € (R x (0,00)) N E2([0, 00), L2(R?),
o limy o |Fi(2,t)] =0,
o limy o0 [0F F1(,1)| = limy o0 |0y, F1(, )| = 0,Vn € N1 <i <2,

Furthermore,Fy solves the first equation of (3.2) with the corresponding decay
conditions (3.3) and (3.4).

In prepration for this proof, we will need the following simple Proposition:

Proposition 3.3 The identity

_ |
/xZne—;rQ dr = (2n 1)ﬁ
R

- 22 1(p — 1)
holds for all m € N.

Proof:
We will show this by induction, so let n = 1, and we compute

1
> Jr/e_””Qdac:ﬁ.
R

—oo 2 2

/x(xe_xQ) dz = 22
R
The induction step for n + 1 is now carried out as follows:

/$2”+1(:Ee_$2) dr = o222 " 4 antl / 2?e™ dr =
R —o0 2 Jr

S+l 21T 2m+1) - 1D)T
2 22-l(p 1)l 2+ D)-I((n 4 1) — 1)

O

Now we can continue with the proof of Lemma 3.2.

Proof:

We begin by verifying that Fy is in L2([0, 00), L*(R?)). This follows imme-
diatly from ||eP®1P2)t|| < 1 for all ¢ > 0 and the L? assumption for the
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initial data. Hence, Fy € L?(]0,00), L?(R?)), which implies that our solu-
tion is well defined. To show the decay statement, we use the transformation

A A
oton.pn) = (e Vi) ) and compute

P
N2 B2
uBpd (wa+ Pt

Jerrme, < el [ A =
R2
At Jr2 24/ A\t

for some constant C' > 0. Together with the Cauchy-Schwartz inequality,

we get
1 . 2
RGP < (5 [ e ifialan) <

ule

2/ APt

which implies the second statement. In order to proof the first statement,
we will use Lemma 3.1, therefore we will show that

o

< Clle" |1 | FolfF. < C

P (P1.p2)t ip-x
8I 1,0(p7 0)6

is integrable for i € {1,2} and for all n € R. So we compute, by using
Holders inequality and Proposition 3.3,

2

o , . )
ﬁeP(pl,pz)tFLO(p)ezm _ ||p?6P(p1’p2)tF17o(p)H%1 <
ox] It
~ (>\P2+TP1)t
< 1B o(p)| 2o e et 2, < © / A gy
(3.6) _C/ —C,(vp? /p eGR4y dp. —

1
—C/ —— T /7‘2”6 ™ dr dp; =
(0 Je

_ ( n-— 1)'[ pj _ 1
a C’i(t)% 22n=1(n —1)! Jr ‘ ;=0 ( > ’

with some constant C' > 0, the two ¢ depending coefficicents C(t) = 2%75

Cs(t) = i)‘t j#iand j € {1,2}. We are left to show the differentiabilty in
time, hence

(p1,p2 tF1 0(0 p) ipT

o
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is integrable for all n € R. Therefore, will again use the same techniques as
for the space variables and compute

o .
= || P"(p1, p2)e” PPy o(p) |2, <
o .
< || F10(p)||22]| P™ (p1, p2)eP PPt 2, <

_ 2n o2, ut 2
B 4 2, wf 2 (Ap3+Eyp?)t
_|_)\ + B _ 2T 2 P1
<C (ﬂ V) Y& =2 p1> . 2—~ ¢ T dp.
R2

2
eP(pl,pz)tﬁLO (p)eip-:r

LA

2n
— P
B, 4 2 K 2
KT Pa+Aps+E5p .
We can now expand the term (W) . Every term in the sum
has the following generic form:
(Cl(t>P1+CZ(t)P2)
C / pipsle T dp,

for some 1 < k,l < 16n. Therefore we can again apply Proposition 3.3 as
follows:

(3.7)
C | pPhple=(Cutt IPI+C2(O8) gy —
RQ
_C (2k — 1)l (2l —1)\\/7 _0 <1)
22k_1(k _ 1)!01%2“( t) 92l— l(l _ 1)102l2 7 (t) t%(2k+1)(2l+1) .

With the estimates from above, we can apply Lemma 3.1 for all (mixed)
derivatives of F7, hence the first statement follows. Furthermore, the esti-
mates in the equations (3.6) and (3.7) imply the decay properties for Fj.
This also verifies our formal computation, which implies that Fj is a unique
solution of the equation. U

Next, now that we have established the existence of a solution of the first
equation, we will consider the second equation of (3.2),

1 ub
Oy = Fas()\ + 78(1171).

The decay conditions imply that F5 must be independet of ¢, since otherwise
the structure of the equation would lead to a unbounded linear growth in s
for A. Hence, we compute
1 P
0= 50\ + %aaFl),

M
A= ———0,F Ao(t, ),
CﬂAa 1+ 0( a)



48

for some abbritrary function Ao(t, a) with lim|q o Ao(t, @) = 0. One can
interpret this set of solutions as shifts in the s direction, which, after the
F7 component has vanished, only translate the filament lengthwise for all
time. Such perturbations are therefore neither unique nor will they decay
to zero on the whole space. Hence, the only solution which fulfills the decay
conditions is Fy and Ay equal to zero.

Theorem 3.4 There ezists a unique solution of the linearized system (3.2)
for initial conditions F(0,a,s) = (Fio(a,s),0), with F1o € L?*(R?) and in
respect to the decay conditions (5.3) and (3.4). The solution is given by

1 . ,
F(a,s,t) = (Fi(a,s,t),0) = (271_ /2 eP(PhPQ)tFLO(p)ezp-x dp, 0)
R

and
o —_F O, F
A t) = ———0.,F1.
(78?) c,uA 1

Furthermore, the solution has the following properties:
o I} € C™((0,00) x R?) N L%([0,t), L*(R?)),
o \ e (C™((0,00),
o limy oo [Fays,t)| =0, im0 |A(ev, 5,8)| = 0.

Proof:

The previous considerations imply that (Fp,0) is a solution of the system
with the first two properties. Hence, only the last property and the decay
contitions for \ are left to proof. We use Hlders inequality and (3.6) to
estimate

. 1
N0 =0y, < [IFra)lellpe 7 < 0 (7).

which implies the last statement for A\. The decay conditions follow, since A
is the Fourier transformation of the function p;e” (pl’pQ)tﬁ'Lo(p). Hence, we
can again use the estimate (3.6) of the previous Lemma, and conclude that
this function is in L'(R?) and therefore Riemann-Lebesgues Lemma implies
that A € Cp(R?). O



Bibliography

[1] Adams, R.A.: Sobolev Spaces, Academic Press, New York, 98-99, 1975.

[2] Alberts, B. et al.: Lehrbuch der Molekularen Zellbiologie, Wiley-VCH,
2nd edition, 2003.

[3] Brezis, H.: Functional Analysis, Sobolev Spaces and Partial Differential
Equations, Universitext Series, Springer, 2010.

[4] Evans, L.C.: Partial Differential Equations, American Mathematical So-
ciety, 2nd edition, 2010.

[5] Gwaiz, M.A.: Sturm-Liouville Theory and its Applications, Springer ,
2008.

[6] Jingel, A.: Fine Einfihrung in die Halbgruppentheorie, Lecture notes,
2001.

[7] Jiingel, A.: Entropy dissipation methods for nonlinear partial differential
equations, Lecture notes, 2012.

[8] Lunardi, A.: Analytic semigroups and optimal regularity in parabolic
problems, Birkhauser, Basel, 1995.

[9] Manhart, A., Oelz, D., Schmeiser, C., Sfakianakis, N.: Mathematical
Model and Simulation of Actin-driven Cell Movement, preprint, 2015.

[10] Oelz, D., Schmeiser, C.: Cell Mechanics: From Single Scale-Based Mod-
els to Multi-scale Modeling, chap. How do Cells Move? A Mathematical
Modeling of Cytoskeleton Dynamics and Cell Migration, Chapman and
Hall, 2010.

[11] Oelz, D., Schmeiser, C.: Derivation of a Model for Symmetric Lamel-
lipodia with Instantaneous Cross-Link Turnover, Archive for Rational Me-
chanics and Analysis 198, 963-980, 2010.

[12] Oelz, D., Schmeiser, C.: Simulation of lamellipodial fragments, J. Math.
Biol. 64(3), 513-528, 2012.

49



50

[13] Oelz, D., Schmeiser, C., Small, J.: Modeling of the actin-cytoskeleton in
symmetric lamellipodial fragments, Cell Adhesion and Migration 2, 117-
126, 2008.

[14] Pazy, A.: Semigroups of linear operators and applications to partial
differential equations, Springer, New York, 1983.

[15] Stein, E., Shakarchi R.: Real Analysis: Measure Theory, Integration
and Hilbert Spaces, Princeton University Press, 207-213, 2005.

[16] Teschl, G.: Ordinary Differential Equations and Dynamical Systems,
American Mathematical Society, Providence, 2012.

[17] Teschl, G.: Mathematical methods in quantum mechanics, American
Mathematical Society, 2009.



Curriculum Vitae

Personal data

Full Name: Oliver Leingang

Date of Birth: November 30, 1986

Place of Birth: Steyr, Austria

Education

Since 2011 MSc in Mathematics, University of Vienna

Thesis: Stability Analysis of an Actin-driven Lamellipodium Model
with Pressure
Advisor: Prof. Christian Schmeiser

2007-2011 BSc in Mathematics, University of Vienna
Bachelor Thesis 1: Dispersive waves

Bachelor Thesis 2: The BBM-Equation

Advisor: Prof. Gerald Teschl
2006-2007 Alternative service (ambulance man), Red Cross, Steyr
2001-2006 Austrian High school Degree (,Matura®), Business Academy,Steyr

Teaching Experience

03/2010-06/2013 Supervisor/Tutor, Introduction to Computer Infrastructure, University of
Vienna

10/2011-06/2013 Supervisor/Tutor, Exercise for Mathematics for Mechanical Engineering 1
and 2, Vienna University of Technology

03/2014-06/2014 Tutor, Exercise for Mathematics for Molecular Biologists, University of
Vienna.

Oliver Leingang, April 2015



	Part I. Introduction
	Cell migration: From actin to action
	Cell structure
	Cytoskeleton

	Lamellipodia
	Actin filaments
	Movement by action of a lamellipodium


	The mathematical model
	Assumptions and structure
	Geometry
	Polymerization, branching and capping
	Filament mechanics and dynamics

	The model
	Geometry and polymerization
	Cross-links and adhesions
	The model



	Part II. Analysis of the simplified pressure model
	Assumptions
	Definitions and framework
	Semigroups

	Linearization
	The main equations
	Boundary conditions
	Summary


	Spectral analysis of the linearized system
	First equation
	Second equation
	Sturm-Liouville eigenvalue problem


	Analytical semigroup
	An entropy functional for the linearized system

	Part III. Smooth solutions without boundary conditions
	Linearization
	Existence and long-time behavior


