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Abstract(deutsche Version)

Die von Wang, Bridges und McKubre entwickelte konstruktive Theorie des
Dirichletproblems der Poisson-Gleichung wird vorgestellt. Hierbei wird
Bridges und McKubres Brouwer’sches Gegenbeispiel zur Existenz von Lösun-
gen des Problems für beliebige stetige Randbedingungen und beliebige inte-
grierbare, total-beschränkte offene Teilmengen des R2 gegeben. Weiters wird
ein Theorem von Wang vorgestellt, dass zur Lösbarkeit des Dirichletprob-
lems der Poisson-Gleichung für beliebiege L2-Funktionen als Inhomogenität
äquivalente Bedingungen gibt. Zu diesen Bedingungen zählt der Rellich-
Kondrachov’sche Kompaktheitssatz, dem der Rest der Arbeit gewidmet ist.

Es wird ein Kriterium an offene Teilmengen Ω des Rn (n ¥ 1) (Definition 3.4)
und ein Beweis des Rellich -Kondrachov’schen Kompaktheitssatzes für jene
Ω, die diesem Kriterium genügen, gegeben (Theorem 4.14). Jenes Kriterium
wird ebenfalls für zwei große Beispielklassen (sternförmig-zusammenhängende
Gebiete und eine spezielle Klasse von C1-Gebieten) von offenen Teilmengen
gezeigt (Theorem 3.16, Theorem 3.15).



abstract(english version)

The constructive theory of the Dirichlet problem for the Poisson equation,
developed by Wang, Bridges and McKubre, will be presented. As part of this
task Bridges’s and McKubre’s Brouwerian counterexample to the existence
of solutions of the problem for arbitrary continuous boundary conditions and
arbitrary integrable, totally bounded open subsets of R2 will be given. Ad-
ditionally a theorem of Wang, giving equivalent conditions to the solvability
of the Dirichlet problem for arbitrary L2-functions as an inhomogeneity, will
be presented. The rest of the thesis will be devoted to one of these condi-
tions, the Rellich-Kondrachov-Theorem.

A property of open subsets Ω of Rn (n ¥ 1) (Definition 3.4) will be de-
fined, as well as a proof of the Rellich-Kondrachov-Theorem for those Ω
admitting this property (Theorem 4.14). This property will also be proven
(Theorem 3.16, Theorem 3.15) for two big classes of open subsets of Rn
(star-shaped domains and a special class of C1-domains)
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Introduction

In my sixth semester I was particularly interested in the representation the-
ory of von-Neumann-algebras and the theory of Schrödinger-operators. Dur-
ing that time a good friend of mine who studied physics challenged me on
some of the theorems discussed in a functional analysis course I took at the
time. He doubted that the theorems can be of any practical use. At first
I completely denied that, but accepted the challenge to prove him wrong.
So I showed him one particular theorem that in my opinion could be useful,
at least for a physicist. It was Gelfand’s representation theorem of abelian
C�-algebras and as a consequence the continuous functional-calculus. He
was quite impressed by it, but doubted that the theorem had any numerical
content. As a consequence I tried to come up with a constructive proof of
Gelfand’s representation theorem. The classical proof of this theorem re-
lies on the existence of maximal ideals by an application of Zorn’s lemma,
which of course is a non-constructive theorem. At some point I came across
Brouwer’s Intuitionism and dismissed it immediately after I read that the
law of excluded middle is rejected in intuitionistic mathematics. A short
time after that I found the Wikipedia article on ”Specker sequences” and
was shocked to realize that the least-upper-bound-principle, Heine-Borel and
Bolzano-Weierstrass fail to hold in a computational sense. This was the first
Brouwerian counterexample I encountered and I wish to share it with
the reader.

Before I can do that, I need to define a few things and give a few expla-
nations for the reader not familiar with computability theory. There are a
lot of different notions of computability. A few of them like for example the
notion of recursive functions and Turing machines can emulate any,
according to any other known definition of computability, computable func-
tion. In fact there is no known computable function, that is not recursive or
equivalently can be represented as a Turing machine. This does not mean
that there cannot be any, we just don’t know, but we shall assume it for
this example. A set B � N is called recursive if there exists a computer
program that can decide in a finite amount of time whether or not a given
natural number belongs to B. If on the other hand there is only a computer
program that given n P N will either after a finite amount of time halt and
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say ”yes, n belongs to B” if n is in fact an element of B or otherwise run
forever, then the set B is called recursively enumerable. Like the name
suggests if a set B is recursively enumerable then we can use this to write a
computer program, that enumerates B. Obviously a set B � N is recursive
if and only if B and Bc are recursively enumerable.

The important question now is whether or not there is an example of a
recursively enumerable set that is not recursive. Before I answer this ques-
tion let me introduce the notion of a Gödel enumeration. A program in a
given programming language is a finite sequence of elementary instructions.
Given a programming language P , there exists an algorithm g, the Gödel
enumeration, that computes a unique natural number for each syntactically
correct program in P . Therefore we can encode every program p into a
single natural number m, called the Gödel number of p.

The question I stated at the beginning of the last paragraph is connected
to the so called halting problem. The halting problem is the question,
if there is a computer program, that can decide whether or not a specific
computer program halts or runs forever given a specific input. We can use
Gödel enumeration and Cantor’s pairing function to represent the set of
program-input pairs halting after a finite amount of time as a subset A of
N. Any strong enough programming language contains a Gödel enumer-
ation of its programs and if we assume that our programming language
can in fact encode any computable function this is obviously the case. We
can now use this property to show that the halting problem is not decidable
through a diagonal argument and therefore conclude that A is not recursive.

Now we are ready to proceed: Let paiqi¥0 be an enumeration of the ele-
ments of A. The sequence of partial sums sn �

°n
k�1 2�ai converges classi-

cally since it is bounded and monotone. Assume that there is a computable
modulus of convergence Npεq, then if we want to decide whether n is in A or
not, we just compute Np2�pn�1qq and look if in the binary representation of
sNp2�pn�1qq the n-th digit is zero or one. If it is one obviously n P A and if it
is zero n R A. We get a contradiction to A being not recursive and therefore
there cannot be a modulus of convergence, if we assume that all functions
are recursive. As a result of this all the theorems mentioned above fail to
hold.

There are weak and strong Brouwerian counterexamples. The weak coun-
terexamples reduce a problem to a problem which is at the moment unsolved.
The strong Brouwerian counterexamples reduce a problem to an unsolvable
problem, like for example the halting problem. If we assume that all al-
gorithms are recursive strong Brouwerian counterexamples become in fact
actual counterexamples. Either way even the existence of a weak Brouwe-
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rian counterexample makes the constructive content of a theorem at least
highly questionable. After the discovery of a few other Brouwerian coun-
terexample like the one of the trichotomy of the real number line, I embraced
intuitionistic logic and in particular understood what Brouwer meant by the
”unreliability of the logical principles”.

A Brouwerian counterexample to the trichotomy: For every algorithm g
and input m P N define a binary sequence ĝ by ĝn � 0 if for all k ¤ n the al-
gorithm g did not halt after the k-th ”elementary computation” and ĝn � 1
otherwise. Assume that the law of trichotomy holds constructively. There-
fore there exists an algorithm, that can decide for a given x P R whether
x ¡ 0, x � 0 or x   0. Now define a real number x � °8

i�0 ĝi2
�i. We

are now able to decide whether x ¡ 0 or x � 0, therefore whether g halts
or not, which is a contradiction if we assume that all algorithms are recursive.

After a while I got my hands on the book ”Constructive Analysis” by Er-
rett Bishop and Douglas Bridges and there I found a constructive version
of Gelfand’s representation theorem and later I read in Bas Spitters doc-
toral thesis that the theorem in its original form is constructively valid. The
only difference is that not all algebras that are classically C�-algebras are
C�-algebras constructively. For example not every bounded linear operator
admits a norm. As we will see this is important for the constructivization
of the Riesz-representation theorem. Anybody interested in constructive
Gelfand-theory can read up on Bas Spitters work.

I was originally introduced to the constructive Dirichlet problem at Prof.
Douglas Bridges homepage at the university of Canterbury in the same sum-
mer of 2013 and after a course in differential equations attended the next
semester, held by Prof. Friedrich Haslinger and another course on the finite
element method, held by Prof. Ilaria Perugia, the semester afterwards, I
decided to write my thesis on this topic.

I adapted the proof of the Rellich-Kondrachov Theorem from Prof. Haslingers
course to work constructively (Theorem 4.13) for every domain Ω possess-
ing an exhaustion by compact sets, which are diffeomorphic to Ω itself.
Additionally I proved this property for domains with a boundary that is
diffeomorphic to the sphere Sn�1 in a certain way (Theorem 3.15) and for
certain star-shaped domains (Theorem 3.16).
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Outline

In the first chapter a little introduction to constructive analysis and con-
structive mathematics as a whole will be given. The second chapter deals
with the work of Yuchuan (Michael) Wang, Douglas Bridges an McKubre
Jordans on the Dirichlet problem for the Poisson equation. The main re-
sults will be presented and it will be examined why the classical approaches
fail. The third chapter contains a useful new property (Definition 3.4), that
will be applied in the fourth chapter to constructively prove the Rellich-
Kondrachov theorem, and a proof that this property is possessed by certain
domains,.
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Chapter 1

Constructive Mathematics

Constructive mathematics is an alternative form of mathematics. It defers
a lot from so called classical mathematics in some regards, but seems to be
very similar in others. The source of these differences is a simple but also
fundamental question:

”What do we mean in mathematics when we say something does exist?”

The answer of most contemporary mathematicians would probably be, that
we can infer existence from the axioms of set theory through the rules of
logic. There are two problems with this answer: The first problem is that
we don’t know if we can apply the logic, we derived from the study of finite
objects, to infinite objects. There is a-priori no reason to believe we can
do this and of course also no reason that we can’t do it. The second prob-
lem that at the end also boils down to the first problem is: ”Why should
we believe in the axioms of set theory?”. It seems to be absurd to doubt
them, but if we infer from this absurdity that they have to be true, we are
again at the first problem. At the end it all burns down to your personal
preference of what existence should mean. The constructive mathematician
believes that existence of an object means that there is an algorithm that
produces said object. This interpretation has some immediate consequences
on the logic we are allowed to use. It gives rise to so called intuitionistic
logic. Here logic becomes a consequence of mathematical practice and not
the other way around.

A short introduction into constructive analysis, including intuitionistic logic
and results of the constructive theory of the real line, metric spaces and
Integration-theory will be given in this chapter. Relevant references will be
indicated.
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1.1 Intuitionistic logic

”Constructive mathematics is mathematics developed using intuitionistic
logic”(Richman 1990, Bridges 1999)

Every object in constructive mathematics is essentially an algorithm which
includes at least the integers, the arithmetic relations and operations. The
language(logic), it is written in, should encompass the constructive inter-
pretation in such a way that every provable proposition can be used in an
algorithm. For example if we have proved φ _ ψ, we should be able to de-
cide whether φ or ψ is provable. Intuitionistic logic does exactly that and
this is done by applying the so called Brouwer-Heyting-Kolmogorov (BHK)-
Interpretation to the logical connectives.

The BHK-Interpretation is the criterion for what constitutes a proof of a
logical statement in intuitionistic logic. A proof of the statement Dx : ψpxq
for example has to contain an algorithm x and a proof of ψpxq. On the
other hand a proof of @x : ψpxq has to contain an algorithm that produces
for every object x in the universe of discourse a proof of ψpxq. A proof of
a disjunction φ_ ψ has to contain the information, which of the two state-
ments is true, and a proof of said statement. In order to prove a conjunction
φ^ ψ we have to give of course a proof of both of the statements:
The constructive interpretation also forces us to abolish the interpretation
of φñ ψ as  φ_ψ, since we would have to establish the truth value of both
statements beforehand. This asks for too much as the following example,
due to Heyting, shows:
Consider the following two statements

ψ � ”there occur twenty consecutive 7’s in the decimal expansion of π”

φ � ”there occur nineteen consecutive 7’s in the decimal expansion of π”

We would have to compute decimals of π until we can establish φ[9]. This
is neither practical nor necessary. We can interpret the implication just as
we do it in normal mathematical practice: A proof of ψ ñ φ is an algo-
rithm that out of each proof of ψ produces a proof of φ. The negation  φ of
a statement φ is then interpreted as φ implies a contradiction ( φ � φñ K).

As already mentioned under this interpretation of logical formulas some
familiar tautologies like the law of excluded middle fail. Another widely
used tautology that constructively fails is the law of double negation elimi-
nation, which fails since   ψ only asserts that there is no proof for  φ and
in general contains no more information[9]. As a conclusion we see that in
constructive mathematics one cannot establish the existence of something
by showing that its non-existence leads to a contradiction. Here is a short
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but obviously incomplete list of statements with indications whether or not
they are also tautologies in intuitionistic logic.

Formula Status

φ_ φ unprovable
  φ_ φ unprovable
φñ   φ provable
  φñ φ unprovable
   φñ  φ provable
 pφ_ ψq ô p φ^ ψq provable
 pφ^ ψq ñ p φ_ ψq unprovable
 pφ^ ψq ð p φ_ ψq provable
φñ pψ ñ φq provable

An important instrument of constructive mathematics that we already men-
tioned in the introduction, are Brouwerian counterexamples. In general
they are reductions of theorems of classical mathematics to non-constructive
statements, so called principles of omniscience:
The simplest statement for which the law of excluded middle fails, due to
the requirement of an infinite search to prove it, is a statement A of the
form:

(1.1) A � Dn P N : an � 1

where pakqk¥0 is a binary sequence. Such a statement is called to be a sim-
ply existential statement. A _  A is called the limited principle of
omniscience (LPO). It is equivalent to the halting problem as well as to
the trichotomy law of the real numbers.
Let P and Q be simply existential statements then the statement  pP ^
Qq ñ p P _ Qq is called the lesser limited principle of omniscience
(LLPO) and the statement  P _  P is called the weak limited princi-
ple of omniscience(WLPO).
It is a simple exercise to show that LPO implies WLPO and WLPO implies
LLPO. LLPO is equivalent to the statement that for every real number r
either r ¥ 0 or r ¤ 0. All these principles lack an intuitionistic proof and are
provably false if we assume Church’s thesis, as explained in the next section.

The assertion   A ñ A for a simply existential statement A is called
Markov’s principle and is accepted by some constructivists, but it consti-
tutes an infinite search that will terminate without giving information about
when it terminates and is therefore also rejected by some constructivist.

The book [10] and the article [9] are a good recommendation for anybody
who is interested and would like to read further into these topics.
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1.2 Schools of constructive mathematics

As stated previously all objects in constructive mathematics are fundamen-
tally algorithms, therefore the mathematics one develops is dependent on
our notion of what an algorithm is. In his book ”Foundations of constructive
analysis” Errett Bishop reconstructed a major part of analysis in a construc-
tive manner. He did not specify how an algorithm or a finite routine, as he
called it, should look like and therefore did not restrict himself to a partic-
ular notion of an algorithm (primitive recursive, recursive, C++ programs,
etc.) nor did he assume any additional principles. The result was a con-
structive version of mathematics that is consistent not only with classical
mathematics, but also with the Russian school of constructive mathematics
founded by Andry Andreyevich Markov Jr. and the Intuitionistic school of
constructive mathematics founded by Luitzen Egbertus Jan Brouwer.

The consistency with classical mathematics and the other schools is a great
advantage. It is not only more appealing for classical mathematicians, but
you can also view the other constructivist schools and classical mathematics
as different models of Bishop-style constructive mathematics.

The Russian school assumes Markov’s principle and the Church-Turing-
thesis, that every function that can be computed is recursive. The resulting
mathematics is very different from classical mathematics, for example every
function on R is pointwise continuous. The Heine-Borel theorem is provably
false together with all the principles mentioned above and all classical the-
orems that fail due to strong Brouwerian counterexamples.

The Intuitionistic school assumes the fan-theorem and the principle of
continuous choice, but leaves the notion of algorithm open just like Bishop
did. The result is again a very different kind of mathematics. As in the
Russian school every function is pointwise continuous, but in contrast the
Heine-Borel theorem is true and there is a Brouwerian counterexample of
Markov’s principle, that uses Brouwers idea of the creating subject[10].

Classical mathematics is Bishop-style mathematics with the additional as-
sumption of the law of excluded middle.

There is no example of a discontinuous computable function on R, but there
are discontinuous functions on R in classical mathematics. This is a conse-
quence of the failure of trichotomy of the real line. Take for example the
characteristic function of the compact interval r0, 1s. If we get close to zero
we encounter the problem that we cannot decide whether we are smaller or
bigger or equal to zero, given only a finite part of the decimal expansion or
of the Cauchy sequence. If we know for example a finite part of the digital
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expansion of a real number and so far all the digits were 0, we still don’t
know if the next unknown digit will be different from 0.

To motivate further: Let ω be a computable function from NN to N then the
algorithm of ω can only ever see a finite part of the input sequence x, and
has to base its decision on which value to put out entirely on a finite part
of the sequence. Keep in mind that ω should be defined everywhere, so for
example a LPO-tester is no such function. Since the part of the sequence
x P NN ω is not ”aware” of does not play any role for the value ωpxq, ω is
continuous with respect to the metric ppx, yq � inf t2�n : xn � ynu: See [10].

This section was inspired by Douglas Bridges’s and Fred Richman’s book
[10], which is a great source for anybody interested in a comparison between
the different schools of constructive mathematics.

1.3 Sets, functions and real numbers

As long as we are only concerned with finite objects, like integers or rational
numbers, the constructive theory coincides with the classical one, but as
soon as we start to talk about infinite objects, like for example sequences, in
other words do analysis, huge differences occur. Before we start constructing
the set of real numbers, we need to define a few terms.

A set is defined by explaining what has to be done to construct an ele-
ment of the set and what has to be done to show that two elements of the
set are equal. That means each set comes equipped with a specific equiv-
alence relation, called the equality of the set. A function f : A Ñ B is an
algorithm that accepts elements of A as input and produces elements of B
as output, such that x � y implies fpxq � fpyq.

A real number x is a rational Cauchy-sequence pxnqn¥1. Therefore there
exists an auxiliary sequence pNnqn¥1 of positive integers, called the Cauchy
modulus of pxnqn¥1, such that for all n ¥ 1 and for all k,m ¥ Nn

|xk�xm|   1
n . Two real numbers x, y are said to be equal if |xn�yn| nÑ8Ñ 0.

Once again there has to exist an algorithm pN̂nqn¥1, such that if m ¡ N̂n

then |xm � ym| ¤ 1
n . In general such an algorithm is called a modulus of

convergence.

The arithmetic operations p�,�, �, {q as well as the max- and min-function
and the absolute value are defined point wise on the sequences (e.g.: pxnq¥1�
pynqn¥1 � pxn � ynqn¥1) and the relations ¤ and   are defined as follows:
Let x and y be real numbers then we say x   y if there exists a positive
rational number r and integer K such that yn�xn ¡ r for all n ¥ K. We say
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x ¤ y if x ¡ y is impossible, therefore it implies a contradiction (e.g. 0 � 1).

Let x and y be real numbers, then  px ¥ yq does not imply that x   y,
since we do not have double negation elimination, but of course x   y im-
plies  px ¥ yq. As a consequence  px � yq does not imply that there exists
an integer n such that |xk � yk| ¥ 1

n for all sufficiently large k ¥ 1.
Therefore the concept of the inequality collapses, as for many classical con-
cepts in constructive mathematics, into a strong and a weak constructive
concept. First the so called denial inequality, which is just the negation of
the equality  px � yq, and secondly the relation � defined by the existence
of an integer n such that |x� y| ¥ 1

n .

Proposition 1.1. Let x, y, z, t P R. Then the following properties hold true:

1. x   y, x � z and y � t ùñ z   t

2. x ¤ y, x � z and y � t ùñ z ¤ t

3. x   y ùñ x ¤ y

4. x   y and y ¤ z ùñ x   z

5. x ¤ y and y ¤ z ùñ x ¤ z

6. x ¤ y and z   t ùñ x� z   y � t
7. x ¤ y and z ¤ t ùñ x� z ¤ y � t
8. x ¡ 0 and y ¡ 0 ùñ xy ¡ 0

9. x ¤ 0 and y ¤ 0 ùñ xy ¤ 0

10. x ¤ y and y ¤ y ùñ x � y

11. |x| ¥ 0

12. |x� y| ¤ |x| � |y|
[1].

Now it is time to provide constructive counterparts to some non con-
structive theorems. Let us start with the trichotomy law: The idea behind
the constructive counterpart is, that since the problem we face with the
trichotomy law is that we cannot inspect the real line arbitrarily close, or
in other words with infinite accuracy, in a finite amount of time, we just
have to do it with finite accuracy. More precisely given an accuracy ε ¡ 0
we can decide whether y   x or x � ε   y   x � ε or x   y. A shorter
version of this statement is that if x   y and z P R then either x   z or z   y.
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Another very important principle of classical analysis that fails construc-
tively, since it does imply LPO, is the least-upper bound principle. Before
we can give a constructive counterpart to this theorem we first need to give
an appropriate definition of the supremum of a subset of the real numbers.

Definition 1.1. Let A be a subset of R and s be a real number. Then we
call s the supremum of A (supA) if there exists a sequence psnqn¥0, such
that lim sn � s and s is an upper bound of A, therefore x ¤ s@x P A. The
infimum is defined analogously.

The constructive least upper bound principle is a consequence of the
constructive counterpart of the trichotomy law, which is rather obvious from
its form.

Theorem 1.2. (Constructive least upper bound principle): Let A be a non-
void set of real numbers bounded from above. Then the least upper bound
supA exists iff for each x   y either y is an upper bound of A or there exists
an element z P A such that x   z [1].

Contrary to what many classical mathematicians believe completeness is
a constructive concept and is freely applied in constructive mathematics and
of course the set of real numbers is complete and uncountable, since Can-
tor’s proof is constructive. What may come as a surprise to some people is
that not every subset of the positive integers is countable. The set of Gödel
numbers n that code for a program that does not halt at the input n is such
an example. Therefore the fact that the set of all algorithms is countable
through Gödel numbering, which implies that the algorithms that code for
real numbers are representable as a subset of the positive integers, does not
imply that the real numbers are countable, and so there is no contradiction.

The major part of this section was inspired by Errett Bishop’s and Dou-
glas Bridges’s book [1] and also by [10]. I would recommend both of them
for anybody interested in the constructive theory of the real line.

1.4 Metric spaces and continuity

Most terms of general topology as for example compactness defined through
open coverings or through sequences can not be applied in constructive
mathematics, as we have already seen in the introduction with Bolzano-
Weierstrass. The simple compact interval r0, 1s would not be compact ac-
cording to both definitions. Indeed one can find a Brouwerian counterex-
ample in [10] to the open covering version of compactness. Therefore, con-
structive analysis starts at the point of metric spaces rather than general
topological spaces.
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This chapter gives an introduction into the constructive theory of metric
spaces. Terms like located sets and metric complements will be introduced
as well as all theorems on metric spaces that are relevant to this thesis, like
the constructive Riesz representation theorem and the characterization of
finite dimensional normed linear spaces.

Definition 1.3. Let S be a set and d a non-negative real function on S�S.
Then pS, dq is called a metric space iff

1. dpx, yq � 0 ô x � y

2. dpx, yq � dpy, xq
3. dpx, zq ¤ dpx, yq � dpy, zq

for all x, y, z P S. A metric space comes equipped with the inequality �
defined by x � y iff dpx, yq ¡ 0 for x, y P S.

Definition 1.4. Let S be a metric space, x P S and r ¡ 0 a real number.
Then we define the open ball centered at x with radius r by

(1.2) Brpxq � tz P S : |z|   ru
and the unit ball of S by BS.

Definition 1.5. Let S be a metric space. Then S is totally bounded iff
there exists a finite sequence pxkqnk�1 � S such that S � �n

k�1Bεpxkq for
each positive real number ε.

A metric space is compact iff it is complete, therefore every Cauchy
sequence has a limit in the space, and totally bounded, which is for metric
spaces classically equivalent to the definition via open coverings.

A uniformly continuous function f : A Ñ B between two metric spaces
pA, dq, pB, d̂q is a function that admits a modulus of continuity ω : R� Ñ R�,
that assigns to each positive real number ε a positive real number ωpεq such
that d̂pfpxq, fpyqq   ε for arbitrary x, y P A whenever dpx, yq   ωpεq. Since
the theorem of Heine-Cantor fails constructively Bishop defined continuous
functions on compact metric spaces as uniformly continuous to gain a rich
enough theory. We shall adopt this definition and denote the space of these
functions by CpA,Bq and as in classical mathematics if B is also complete
this space is a Banach-space with respect to the uniform norm.

Definition 1.6. Let S be a metric space then S is locally compact iff every
bounded subset A of S is contained in a compact subset T pAq of S.

Definition 1.7. Let f : S Ñ T be a function between a locally compact met-
ric space S and an arbitrary metric space T . Then f is called continuous
if it is uniformly continuous on every compact subset of S.
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Now we come to one of the most important concepts of constructive
analysis, the concept of locatedness of a subset of a metric space. Since
the least upper bound principle fails constructively, we have to distinguish
between subsets that have a distance to every point in the the metric space
and those which do not admit this property.

Definition 1.8. Let T be a subset of a metric space pS, dq. Then T is called
located if the distance dpx, T q � inf

yPT
dpx, yq exists for every point x P S.

If the space is normed with norm |.|, we denote the distance by |x � T |.
Additionally for any r ¡ 0 we define the ball around the located set T by

BrpT q � tx P S : |x� T |   ru
There is an important connection between totally bounded and located

subsets of a metric space.

Proposition 1.2. Let pX, dq be a metric space and S � X be a totally
bounded subset of X, then S is located in X. In particular if X � R the
supremum and the infimum of S exists [1].

Classically the image of a compact set under a continuous mapping is
always compact. In Russian constructive mathematics there exists a coun-
terexample of a continuous function on r0, 1s that has the set p0, 1q as its
image. Therefore, we can only verify the following statement:

Theorem 1.9. Let f : A Ñ B be a uniformly continuous function from a
totally bounded metric space A into a metric space B then the image of A
under f is totally bounded [1].

Using this and the fact that every compact subset of the real numbers
admits a supremum and an infimum [1, Corollary 4.4 p.38], we can conclude
that continuous real functions on a compact metric space admit a supremum
and an infimum. Furthermore since a metric is Lipschitz-continuous in each
of its two coordinates, a totally bounded subset of a metric space is located.

A consequence of the failure of the law of double negation elimination is
that we have to replace notions based on a negation with stronger affirma-
tive notions, as Bishop called them. One example we have already seen is
the inequality and another one is the metric complement, as opposed to the
set theoretic complement.

Definition 1.10. Let T be a located subset of a metric space pS, dq. Then the
set of all elements x of S with dpx, T q ¡ 0 is called the metric complement
of T denoted by T c.

Another important notion that has multiple constructive versions, is
injectivity. There is weak injectivity or a one-one, which means fpxq �

9



fpyq implies that x � y, and strong injectivity, meaning that x � y
implies fpxq � fpyq in each case for every x, y in the domain of f . In
classical mathematics the infimum and the supremum of a continuous real
valued function on a compact set is always attained. This does not hold in
constructive mathematics and therefore, there is a third version of injectivity
namely hyperinjectivity.

Definition 1.11. Let f : A Ñ B be a function from a metric space pA, dq
into a metric space pB, d̂q. Then f is called hyperinjective if for each pair
of compact subsets S, T of A with dpA,Bq � inf

xPA,yPB
dpx, yq ¡ 0 there exists

a positive real number r such that d̂pfpxq, fpyqq ¥ r for all x P S and y P T .

Since we already defined the notion of locatedness and the notion of the
metric complement, we can ask the question whether or not the metric com-
plement of a located subset of a metric space is also located. The answer
is negative, which forces us to embrace the notion of colocatedness, the
locatedness of the metric complement.

We will also need a uniform notion corresponding to the notion of a home-
omorphism later in this thesis.

Definition 1.12. Let pS, dq and pT, d̂q be metric spaces then a uniformly
continuous bijection that admits an uniformly continuous inverse, is called
a metric equivalence.

The notion of a set A being compactly contained in an open set B can
classically be stated as A is compact and A � B. Constructively there
exists a Brouwerian counterexample of a subset A of R2 that is compactly
contained in an open subset B according to the classical definition, but
there is no r ¡ 0 such that BrpAq � B. Therefore, the constructive notion
of compactly contained is chosen to be:

Definition 1.13. Let B be an open subset of a metric space X and A be
a totally bounded subset of X. Then A is compactly contained in B
(A �� B) iff there exits a δ ¡ 0 such that BδpAq � B.

Definition 1.14. A function f P Ck0 pΩq, where Ω is an open subset of Rn,
iff f is k-times continuously differentiable and there exists a compact subset
Kf compactly contained in Ω such that fpxq � 0 for all x P Kc

f .

We will end this section with some constructive theory of normed vector
spaces and in particular of Hilbert spaces, that will be important in the rest
of this thesis.

Definition 1.15. Let ψ : X Ñ Y be a linear map between normed vector
spaces pX, ||.||Xq, pY, ||.||Y q. Then we say that ψ is normable if its operator-
norm ||ψ||8 � supvPX,||v||X�1 ||φpvq||Y exists.

10



Remark 1.16. Every linear map on a finite dimensional normed vector
space is normable, but in general not every bounded linear functional between
normed vector spaces is normable, not even between Hilbert spaces. The
normability of a linear functional is equivalent to the locatedness of the kernel
of the functional [10].

Theorem 1.17. (Constructive Riesz representation theorem): Let H be a
Hilbert space and φ be a bounded linear functional on H. Then φ is normable
iff there exists an element u P H, such that

(1.3) φpvq � xu, vyH
for every v P H [2].

At last consider the following theorem on the connection between local
compactness and finite dimensionality of a normed vector space.

Theorem 1.18. Let V be a normed vector space. Then the following prop-
erties of V are equivalent:

1. V is locally compact.

2. BV is totally bounded.

3. V is finite dimensional.

[10].

There is a lot more to say about the constructive theory of metric spaces
and [1] and [10] are again a good recommendation for further reading.

1.5 Integration-theory

As mentioned in the previous sections, there are no examples of discontin-
uous functions in constructive mathematics, and if we follow Brouwer or
Markov we can even show that all functions are pointwise continuous. Clas-
sically one uses simple functions to approximate measurable functions and
defines the integral of a measurable function over the limit of a monotone
sequence of simple functions. Simple functions are linear combinations of
indicator functions of intervals, which of course are discontinuous. At this
point we see that in order to do meaningful Integration theory we have to
let go of the concept of functions defined everywhere, but consider partial
functions instead. Integration-theory becomes the theory of partial func-
tions on certain nice subsets of Rn.

For the purpose of this thesis we only need to consider integrals of con-
tinuous functions and sets admitting a continuous boundary. Therefore the
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Riemann integral is sufficient for the most part and the constructive theory
of the Riemann integral is pretty much the same as the classical. Would we
on the other hand consider Lebesgue integrals and general integration the-
ory we would have to change a lot, since classically measure theory is built
on abstract set theory, whose constructive content in the words of Errett
Bishop is problematic.

For example we cannot show that an arbitrary set has a complement, since
the complement is defined through a negation and in general there is no
way to turn this into a constructive definition of a set. The problem can be
illustrated a little by the following example: The complement of the set of
positive real numbers R� is the set of non-positive real numbers R0�, but
the complement of this set does not coincide with the positive real numbers,
since we do not have double negation elimination. Also there is no known
constructive definition of the complement of R0� and the union of the posi-
tive and the non-positive real numbers does not coincide with the set of real
numbers, since we do not have trichotomy. As a consequence we have to
consider so called complemented sets. These are pairs pA,Bq of subsets of
a given set X, that comes equipped with an inequality �, such that x � y
for all x P A and y P B[1].

Another important example is a result found in [10, Theorem 4.1 p. 60],
which states that for every positive ε there exists a sequence of bounded
open intervals pIkqk¥1 in R such that R � �

k¥1 Ik and
°n
i�1 |Ik|   ε for all

positive integers n. Classically this would imply that R has measure zero,
but the sums do not converge since we do not have Heine-Borel. We just
have to be more careful and demand the convergence of our sums if we want
to show that a set is measurable.

The only thing we really need from general integration theory is the no-
tion of an integrable sets. These are the sets we can integrate on and at
one or two occasions we need to show that a given set is integrable. The
following definitions are due to Brouwer and you can find them in [14].

Definition 1.19. Let a   b be real numbers and K � pa, bq or K � ra, bq
or K � pa, bs or K � ra, bs. Then we denote K by xa, by.
Definition 1.20. Let a1, ..., an, b1, ...bn P R such that ai   bi for 1 ¤ i ¤ n.
Then we define the content λ by

(1.4) λp
n¡
k�1

xak, bkyq �
n¹
k�1

pbk � akq

We can of course, as we learned in our measure theory course, extend
the function λ on finite unions, complements and intersections of intervals
and then extend and define a measure as we do in the next definition.
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Definition 1.21. Let O be an open subset of Rn. Then O is integrable iff
there exists a sequence of intervals pIkqk¥1 such that

(1.5) O �
8¤
k�1

Ik and lim
s
λp

s¤
k�1

Ikq exists.

1A compact set is integrable if its metric complement is integrable and an
arbitrary set X is integrable iff for every ε ¡ there exists an integrable open
set Oε and an integrable compact set Cε, such that Cε � X � Oε and λpOεq�
λpCεq   ε. The measure of the open set O is defined as λpOq � lims

�s
k�1 Ik

and the measure of a general set X is defined as λpXq � limk O 1
k

.

Sometimes we will write |X| instead of λpXq, if it makes an expression
easier to digest. We do not need to define Lp spaces as spaces of partial
functions as it is usually done, since we do not need general results of Lp

spaces in this thesis.

Definition 1.22. Let X be an integrable subset of Rn and p ¡ 0. Then we
define the space LppXq as the metric completion of CpXq with respect to the
norm ||.||LppXq defined by ||f ||LppXq �

³
X |f |pdλ for each f P CpXq.

It can be shown that each element f P LppXq has a representation as
a partial function f̂ on X, such that |f̂ |p admits a constructive Lebesgue
integral.

For further reading on the topic of constructive integration theory the book
of Errett Bishop and Henry Cheng [13] as well as [1] and the doctoral thesis
of Bas Spitters [14] can be recommended.

1Here existence means that the sum either converges in R or it converges to 8.
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Chapter 2

The constructive Dirichlet
problem

This chapter is a short summary of the work done on the Dirichlet problem
for the Poisson equation in constructive mathematics. The main sources are
Wang’s thesis [4], the work of Bridges and Wang on this topic ([5],[6],[7])
and the latest work of Bridges and McKubre [8].

In the first section of this chapter some classical methods for proving the
existence of solutions to the Dirichlet problem will be examined construc-
tively. Each of them will fail to work in a constructive context due to the
essentially non- constructive theorems they rely on [4]. After this a Brouw-
erian counterexample for the existence of solutions of the Dirichlet problem
to arbitrary boundary conditions on arbitrary bounded integrable domains
will be given [8]. The last section deals with necessary and sufficient condi-
tions for the existence of solutions of the Dirichlet problem.

Let us start by defining the Sobolev space we are going to operate in and
stating an inequality on that space, that will be widely used in the rest of
this thesis:

Definition 2.1. Let Ω be an integrable open set. Then we define the Sobolev
space H1

0 pΩq as the metric completion of the space C1
0 pΩq with respect to the

norm ||.||H1
0 pΩq defined by ||v||H1

0 pΩq �
³
Ω |∇v|2dλ for each v P C1

0 pΩq.
Lemma 2.2. (Poincaré’s inequality): Let Ω be a bounded domain. Then
there exists a positive constant Cp, such that for each v P H1

0 pΩq

(2.1) ||v||L2pΩq ¤ Cp||v||H1
0 pΩq

[4].

.
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2.1 Classical methods

The Dirichlet problem can be stated in two different, but under certain
conditions equivalent forms [4]1:

Given Ω be an open, integrable subset of Rn and f P L2pΩq, find a function
u such that

(2.2)

#
�∆u � f in Ω

u � 0 on BΩ .

Given f P CpBΩq, find a function u such that

(2.3)

#
�∆u � 0 in Ω

u � f on BΩ .

The weak formulation of the former problem is: Find u P H1
0 pΩq such that

(2.4) xu, vyH1
0 pΩq �

»
Ω
∇u∇vdλ �

»
Ω
fvdλ for all v P H1

0 pΩq.

In this thesis we will only be concerned with the weak formulation of the
Dirichlet problem and from here on if we talk about the Dirichlet problem
we refer to this formulation.

The first approach is an application of Hilbert space theory, more pre-
cisely Riesz’s representation theorem, which is a corollary of the projec-
tion theorem. This is a very basic theorem in functional analysis, probably
the first theorem most of us have learned in their first functional analysis
course. The approach goes as follows: Consider the bounded linear func-
tional φpvq � ³

Ω fvdλ on the Hilbert space H1
0 pΩq. The Riesz representa-

tion theorem implies that there exists a representation u P H1
0 pΩq of φ (i.e.

xu, vyH1
0 pΩq � φpvq for all v P H1

0 pΩq).

The reason for which this approach fails constructively is that in the proof of
the projection theorem the least upper bound principle is applied to find the
distance of an arbitrary element to a closed linear subspace of the Hilbert
space. Constructively we need to show that the closed linear subspace un-
der consideration is located, which is in the proof of Riesz representation
theorem the kernel of the bounded linear functional φ. As we already know
the locatedness of the kernel of a non-zero bounded linear functional on a
normed linear space is equivalent to the normability of the bounded linear
functional [10, Proposition 5.3 p.36]. Therefore we would additionally have
to show that φ is normable.

1More on this topic is available in [11]
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The second approach is based on an equivalent formulation of the Dirichlet
problem: Find the minimum u P H1

0 pΩq of the functional

(2.5) Jpvq �
»

Ω
p|∇v|2 � 2fvqdλ

in H1
0 pΩq. The least upper bound principle implies that infvPH1

0 pΩq Jpvq
exists. And a few little arguments reveal that the infimum’s sequence is
bounded therefore we can impose the weak sequential compactness of Hilbert
spaces and show that a minimum actually exists. Alternatively one can even
show [4, Corollary 4 p.23] that the infimum’s sequence is weakly Cauchy,
and use the weak completeness in Hilbert spaces to show that a minimum
is attained.

This approach fails for two reasons, first we don’t know whether the infi-
mum actually exists, therefore we don’t get a infimum’s sequence. Secondly
the weak sequential compactness fails constructively. The alternative also
doesn’t work since weak completeness of a Hilbert space also fails construc-
tively.

2.2 A Brouwerian Counterexample

The assumption that every bounded integrable open subset Ω of Rn admits
solutions for the Dirichlet problem 2.4 with arbitrary boundary conditions
together with Markov’s principle implies LPO [8, Theorem 4]. Therefore
there is no general algorithm for solving the Dirichlet problem. The proof
of this statement goes as follows:

Let pxkqk¥1 be a binary sequence. Use this sequence to define a sequence
pΩnqn¥0 of domains in R2: Let n be a positive integer, then define define
Ωn � B1p0q if xk � 0 for all k   n, and if there exists a k   n such that
xk � 1 let Ωn � B1p0qzB 1

n
p0q. Finally define Ω � �

n¥1 Ωn.

Proposition 2.1. The set Ω defined above is totally bounded and integrable
[8].

Proof. First we show that Ω is totally bounded: We already know that B1p0q
and for every positive integer n B1p0qzB 1

n
p0q is totally bounded. Now let k

be a positive integer. We now construct a finite 1
k approximation of Ω: If for

all j ¤ 2k xk � 0, we just take a finite 1
k approximation of n B1p0qzB 1

2k
p0q

and unite it with a finite 1
k approximation of

 
x P R2 : |x| � 1

2k

( p� Ωq to
yield our desired finite 1

k approximation of Ω. On the other hand if there
exists a positive integer j ¤ 2k such that xk � 1 we just take an 1

k approxi-
mation of n B1p0qzB 1

2k
p0q.
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Now we show that Ω is integrable: The sequence pInqn¥1, where for each
positive integer n In � |Ωn| if xk � 0 for all k ¤ n and In � |Ωk| if there
exits an k ¤ n such that xk � 1, is a Cauchy sequence and converges to a
limit I. Corollary 2.17 in chapter 6 of [4] implies that Ω is integrable and
has measure I.

Proposition 2.2. If every Dirichlet problem on a bounded integrable open
subset of R2 admits a solution and Markov’s principle holds then LPO holds
[8].

Proof. Markov’s principle implies |x| ¡ 0 for all x P BΩ, since p0, 0q R BΩ
and therefore |x| � 0 is false or equivalently @n P N : |x| ¤ 1

n is false which
implies Dn P N : |x| ¡ 1

n . As a result the function logp|x|q is well defined
and uniformly continuous on BΩ2.

Consider now the Dirichlet problem (2.2) on Ω with the boundary con-
dition u � logp|.|q on BΩ. Our assumption says that there is a function u
admitting the desired properties. If there exists a natural number n such
that xn � 1 then u � logp|x|q, since this is the fundamental solution of the
laplacian on R2, if on the other hand xn � 0 for all natural numbers n then
u � 0. Choose x P Ω such that |x| � 3

4 , then since logp|x|q   �0.27, choose
a rational approximation r of |upxq| with an accuracy of 1

100 . If |upxq| ¡ 0
u � logp|x|q on the other hand if |upxq|   0.27 u � 0 and we have a method
to decide whether or not there exists a 1 in the sequence pxnqn¥1. The
sequence was arbitrary therefore LPO holds.

Theorem 4 in [8] also states the counter direction of the implication
in Proposition 2.2 and at the end of the paper there is also a Brouwerian
counterexample that does not require Markov’s principle, but only shows an
equivalence with WLPO instead of LPO.

2.3 Different paths to a solution

One of the main results of Wang’s thesis was a theorem that showed that
there are a lot of constructively equivalent conditions to the Dirichlet prob-
lem that can therefore be used to solve it. A detailed proof of the theorem
can be found in Wang’s thesis [4] or in [7].

Before we can state the theorem a few definitions and some general infor-
mation about constructive analysis are necessary. First of all the dual space
of a Banach space is not a Banach space, since a bounded linear functional
does not need to be normable. The Dual space is a so called quasi-normed
linear space, but since I don’t want to get into detail about this issue I’ll
just refer anybody who is interested to [1]. We can equip the Dual space

2The whole argument for the uniform continuity is available in [8].
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with a norm, that introduces a topology, that is at least stronger than the
weak*-topology:

Definition 2.3. Let X be a separable normed linear space with norm ||.||,
and pxnqn¥1 a dense sequence in X then one can define a norm called the
corresponding double norm for each φ in the Dual space X� by

(2.6) |||φ||| �
8̧

n�1

2�n
|φpxnq|

1� ||xn||

for every φ P X� [1].

The topology introduced by the double norm is in general dependent
on the sequence pxnqn¥1, but if we consider bounded subsets of X� the
double norms corresponding to different dense sequences result in the same
topology. In the next theorem we will regard the unit ball of H1

0 pΩq as a
subset of its Dual space using the embedding j : H1

0 pΩq Ñ H1
0 pΩq� resulting

from extending by continuity the embedding i : C1
0 pΩq Ñ C1

0 pΩq� defined
by i : v ÞÑ pf ÞÑ ivpfq �

³
Ω fvdλq. Denote by v̂ the Fourier transform of the

extension by zero on the whole Rn of an element v P C1
0 pΩq.

Theorem 2.4. The following conditions on a bounded, open integrable sub-
set Ω of Rn are equivalent [7, Theorem 1]:

1. For each ζ P Rn the special Dirichlet problem:

(2.7)

#
�∆u � eiζ. in Ω

u � 0 on BΩ

possess a solution.

2. For each ζ P Rn the linear mapping S : jpBH1
0 pΩqq Ñ R defined by

S : jv ÞÑ v̂pζq is uniformly continuous with respect to the double norm.

3. The set
!
v P C1

0 pΩq : ||v||H1
0 pΩq ¤ 1

)
is totally bounded with respect to

the L2pΩq-norm.

4. For each f P L2pΩq the Dirichlet problem (2.4) has a solution.

5. For each R ¡ 0 such that Ω �� BRp0q the space H1
0 pΩq is located

in H1
0 pBRp0qq. Here H1

0 pΩq is regarded as a subset of H1
0 pBRp0qq by

extending each function in H1
0 pΩq by zero.

This thesis is aimed to prove the third of these conditions, which is just
the Rellich Kondrachov theorem. The rest of this thesis will be devoted to
proving this statement for a special class of domains and since this will be
our goal, let us examine the implication (3)ñ(4) in more detail:
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Proof. (3)ñ (4)
Let f P L2pΩq. We define a linear functional φf : L2pΩq Ñ R by φf pvq �³
Ω fvdλ for each v P L2pΩq. It immediately follows by the Cauchy Schwarz

inequality that this is a bounded linear functional on L2pΩq, but if we wish
to employ the constructive Riesz representation theorem on H1

0 pΩq we need
to establish that the functional is even normable as a function on H1

0 pΩq.
We need to compute the norm sup||v||L2pΩq¤1 |φf pvq| and in order to do that

we have to show that |φf |pBH1
0
q fulfills the requirements of the constructive

least upper bound principle (1.1).
We will do this by showing that |φf |pBH1

0
q is totally bounded, which implies

the requirements of (1.1) by [1, chapter 2, corollary 4.4].
Let ε ¡ 0 and use assumption (3) to choose a finite ε

||f ||L2pΩq
approximation

of BH1
0 pΩq with respect to the L2pΩq-norm denoted by pviqNi�1.

Let x P |φf |pBH1
0
q then there exists a v P BH1

0
such that |φf |pvq � x and a

vk such that ||vk � v||L2pΩq   ε
||f ||L2pΩq

.

Finally we get after estimating

|x� |φf |pvkq| � ||φf |pvq � |φf |pvkq| ¤ |φf pvq � φf pvkq|
� |φf pv � vkq| ¤ ||f ||L2pΩq||v � vk||L2pΩq   ε

that p|φf |pviqq|Ni�1 is indeed an ε approximation of |φf |pBH1
0
q.

Since ε ¡ 0 was arbitrary it follows that |φf |pBH1
0
q is totally bounded.

Therefore φf is normable and we can use the constructive Riesz repre-
sentation theorem (1.14) and show that there exits u P H1

0 pΩq such that
xu, vyH1

0 pΩq � φf pvq for all v P H1
0 pΩq.
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Chapter 3

Domains

This chapter deals with properties of nonempty integrable, open subsets
(domains) of an Rn, in particular with the properties allowing the main
proof of this thesis to work. After introducing the remaining necessary
properties and exploring some immediate consequences, the emphasis of
this chapter will be not only to give some definitions, but also to prove that
a big class of domains will admit these properties.

The first important properties, which are classically always fulfilled are the
property that domains can be approximated by compact sets from within
in measure and metric and a property called coherence that classically is so
trivial that the notion doesn’t even have a name in classical mathematics.

Definition 3.1. Let Ω be a bounded colocated domain. Then the family
pAεqε¡0 of totally bounded, integrable open subsets of Ω approximates Ω
internally if Aε �� Ω for each ε ¡ 0, |ΩzAε| ¤ ε and Ω � BεpAεq.
Denote by δ the algorithm producing a positive real number δpxq for every
positive real number x, such that BδpxqpAxq � Ω1.

Definition 3.2. Let Ω be a colocated domain, then Ω is called coherent, if
every x P Rn with |x� Ωc| ¡ 0 is already an element of Ω.

Coherence is related to the fact that the trichotomy law of the real line
fails to hold in constructive mathematics:

Proposition 3.1. Let Ω be a colocated and located domain, then Ω is co-
herent iff for every ε ¡ 0 Rn � Ωc YBεpBΩq Y Ω.

Proof. (ñ) Let ε ¡ 0 and x P Rn then either |x � Ω| ¡ 0 or |x � Ω|   ε,
therefore in the former case x P Ωc and in the latter case x P BεpBΩq. We
also have either |x � Ωc| ¡ 0 or |x � Ωc|   ε, which in the former case
together with coherence implies x P Ω and in the latter case x P BεpBΩq.

1This is in accordance with the definition of the notion of compactly contained.
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(ð) Let x P Rn, such that |x� Ωc| ¡ 0 then by assumption we are able
to decide whether x belongs to Ω, Ωc or B|x�Ωc|pBΩq. The last two cases
can be eliminated since they lead to a contradiction.

Remark 3.3. It is easy to show that locatedness and colocatedness of a
domain imply that the boundary is non-empty, and also that the resulting
boundary is located.

The next important property is the constriction property, which is
the main property that will be applied in the next chapter. It simply says
that the domain can be shrank into itself and then inflated back again into its
original form, with arbitrary small differences both in measure and metric.

Definition 3.4. Let Ω be a coherent and colocated domain approximated
internally by sets pAεqε¡0, also coherent and colocated, then Ω admits the
constriction property if there exists a corresponding family of diffeomor-
phisms φε : Aε Ñ Ω, such that:

(3.1) |φεpxq � x|   ε

(3.2) λpx� yq � φεpyq � φεpxq ùñ x � y

(3.3) |Dφεpxq � id|8   ε

for every x, y P Aε with |x� y|   ε and λ ¥ 02.

Remark 3.5. If Ω admits the constriction property, there exists a map
γ : R� Ñ R�, such that |1 � |detDφε||   γpεq and |detpId � tpDφε �
Idqq|�1   1 � γpεq for all t P r0, 1s with γpεq εÑ0Ñ 0, since the determinant
is uniformly continuous on bounded subsets of the normed vector space of
Rn-endomorphisms.

Proposition 3.2. Let Ω be a domain that admits the constriction prop-
erty. Then for each ε ¡ 0 the functions φε are metric equivalences. As a
consequence φε and φ�1

ε are hyperinjective and their extensions map their
respective boundaries onto each other.

Proof. Let ν ¡ 0 and x, y P Aν then by the fundamental theorem of calculus
we get that φν is Lipschitz-continuous:

|φνpxq � φνpyq| � |
» 1

0
Dφνpyt� xp1� tqqpy � xqdt| ¤ p1� νq|y � x|

and we see that we can use the same argument to show this for φ�1
ν .

2|.|8 denotes the operator-norm with respect to the euclidean norm.
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Let S and T be totally bounded subsets of Aν with |S � T | ¡ 0 then
since φ�1

ν is uniformly continuous we can use its modulus of continuity ω to
conclude:

|φνpSq � φνpT q|   ωp|S � T |q ñ |S � T |   |S � T |

which further implies

|φνpSq � φνpT q| ¥ ωp|S � T |q

The proof for φ�1
v works analogously.

Let now x P BAν . Then there exists a Cauchy-sequence pxkqk¥0 in Aν
that converges to x, such that |xk � Acν | converges to 0 with modulus of
convergence N 3. Furthermore this sequence is eventually bounded away
from every y P Aν :
Let y P Aν , ε ¡ 0, such that |y � Acν | ¡ ε, then we get that for all k ¥
N|y�Acν |�ε |xk� y| ¥ ε since if we assume |xk� y|   ε we get a contradiction

|Acν � xk|   |Acν � y| � ε ¤ |Acν � xk| � |xk � y| � ε   |Acν � xk|

The uniform continuity of φν implies that pφνpxkqqk¥0 is a Cauchy-sequence

in Ω. Let z P Ω then
!
xn : n ¥ N|φ�1

ν pzq�Acν |�ε
)

and
 
φ�1
v pzq

(
are totally

bounded and as we already know bounded away from each other. Hyperin-
jectivity now implies that there exists r ¡ 0 such that |φνpxnq � z| ¡ r for
all n ¥ N|φ�1

ν pzq�Acν |�ε.
Therefore pφεpxkqqk¥0 converges to an element of BΩ. As before the proof
for φ�1

ε works analogously.

Remark 3.6. In general the hyperinjectivity of an injective map f is equiv-
alent to the uniform continuity of the inverse [1, p. 126] .

Definition 3.7. Let pxiqKi�1 be a finite sequence in Rn such that 1 ¤ K ¤
n�1 and such that the vectors xi�x1 for 2 ¤ i ¤ K are linearly independent
(i.e.: if

°K
i�2 |ci| ¡ 0 then |°K

i�2 cixi| ¡ 0) then the closed convex hull S
of txi : 1 ¤ i ¤ Ku is called a pK � 1q-simplex and pxiqKi�1 are called the
vertices of the simplex.

Additionally each simplex has an orientation peipSqqK�1
i�1 given by a basis

of the orthogonal complement of span tx2 � x1, ..., xK � x1u.
Two simplices S1, S2 with a common face F have the same orientation if
there exists a linear map U , with detU ¡ 0, and a vertex x0 of F such
that F � x0 � tx� x0 : x P F u is invariant under U and UpS1q � S2 and
UpekpS1qq � ekpS2q for all 1 ¤ k ¤ K � 1.

3We defined the modulus of convergence only for positive integers, but if ε ¡ 0 we have
a positive integer n, such that ε ¡ 1

n
.
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Moreover the convex hull of every subset of txi : 1 ¤ i ¤ Ku with pK � 1q
elements is also a pK � 1q-simplex and is called a face of S. A simplex is
uniform if the distances |xi � xj | for i � j are all equal.

Definition 3.8. Let pSiqMi�1 be a finite sequence of n-simplices of diameter
less than h ¡ 0 and V be the finite set of all their vertices, such that the
intersection of two simplices sk, sm is either empty, or a s-simplex (s   n)
with vertices that also are vertices of sk and sm. Then for each colocated

open Ω � Rn with distance of Ωc less than h to the boundary of
�M
i�1 si the

pair pV, psiqMi�1q is called a mesh of meshsize h of Ω and the si’s are called
elements of the mesh. The mesh is called uniform if the si’s are uniform
simplices.

As an alternative to simplices higher dimensional rectangles (i.e. A is a
rectangle iff there exists an affine map φ, such that φ is a bijection between
r0, 1sn and A) could be used to form a mesh.

There is one last definition before one can show the existence of uniform
meshes for an important class of domains:

Definition 3.9. Let Ω be as before, then Ω admits the uniform interior
sphere condition iff there exists a positive real number r � rpBΩq such that
for every x P BΩ there exists an Mpxq P Ω such that BrpMpxqq � Ω and
x P BrpMpxqq. If additionally Ωc admits a uniform interior sphere condition
we say that Ω admits the twin tangent ball condition and we denote the
center of outer ball by M�pxq and the center of inner ball by M�pxq [4, p.
109].

Proposition 3.3. Let Ω be a bounded colocated subset of Rn that admits
the uniform interior sphere condition. Then there exists a family pChqh¡0

of arbitrary fine uniform meshes.

Proof. Assume that Ω � BRp0q. Let h ¡ 0 and psiqNhi�1 be a mesh of meshsize

h   2rpBΩq
6 of BRp0q. Then for each vertex x of the mesh either |x�Ωc|   h

9

or |x� Ωc| ¡ 0. Delete all simplices that have vertices with |x� Ωc|   h
9 .

It is easy to see that for each x0 P BΩ there exists a vertex of a remaining
simplex at a distance less than h away from x0 and that the result is a h-
mesh of Ω:(see Figure 3.1) Let x0 P BΩ, z � x0� Mpx0q�x0

|Mpx0q�x0|
2
3h and choose a

vertex x of the mesh, such that |x� z| ¤ minMh
i�1 |xi � z| � h

9 , where pxiqMh
i�1

is the finite sequence of vertices of the mesh. Since minMh
i�1 |xi� z| has to be

smaller than 2h
9 we can conclude that |x� z|   h

3 and therefore there exits

a ball of radius 2h
9 around x contained in B 5

9
hpzq. This implies that there
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is an element of the mesh contained in the latter ball and it is less than h
away from x0.

Figure 3.1:
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There is not a lot to start with if we want to talk about differentiable
manifolds. At least it seems like there hasn’t been done much in this field
by constructive mathematicians. Let’s start by defining a simple kind of
differentiable manifold.

Definition 3.10. Let S be the unit sphere of the n-dimensional euclidean
space Rn and φ be a homeomorphism. Then K � φpSq is called a Jordan-
manifold. If additionally K is a C1-manifold with an inside normal func-
tion n : K Ñ Rn and a positive real number rpKq, such that φ̂ : BrpKqpSq Ñ
BrpKqpKq defined by φ̂pxq � φp x|x|q�p1�|x|qnpφp x|x|qq is a Ck-Diffeomorphism,
therefore it is k-times continuously differentiable with a k-times continuously
differentiable inverse, then we call K a Ck-Jordan manifold.

A Ck-Jordan domain Ω is a nonempty bounded open subset of Rn, such
that BΩ is a Ck-Jordan manifold and for every x P BΩ, x � λnpxq P Ω and
x � λnpxq P Ωc for all 0   λ   rpBΩq. Additionally assume that if x P Ω
and if we can connect y P Rn and x by a straight line s that is bounded away
from BΩ then y P Ω.4

4Constructive sets can have holes that lack a boundary, therefore this condition is
important.
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Lemma 3.11. Let Ω be a Ck-Jordan domain, then BΩ is a Ck-submanifold
and BΩ coincides with the topological boundary of Ω.

Proof. Let x P BΩ, then since S is a Ck-submanifold of Rn and any Ck-
parametrization ψ of S around φ�1pxq can be composed with φ̂ to yield a
Ck-parametrization of BΩ at x.

Denote the topological boundary of Ω by K. It is easy to see that
BΩ � K, for the other inclusion let x P K, then there exist sequences
pxnqn¥0 � Ω and pynqn¥0 � Ωc such that limxn � lim yn � x.

The function α � 1� |φ̂�1| yields a positive value for elements of Ω and
a negative value for elements of Ωc and is continuous. So we can conclude
that αpxq � 0 since αpxnq ¡ h and αpynq   h for all n ¥ 1. Therefore
x � φ̂pφ̂�1pxqq � φpφ̂�1pxqq P BΩ.

Definition 3.12. Let Ω be Ck-Jordan domain then the function. Then

the function η : BrpBΩqpBΩq Ñ BΩ defined by ηpxq � φp φ̂�1pxq
|φ̂�1pxq|q for x P

BrpBΩqpBΩq is called the surface projection.

Lemma 3.13. Let Ω be a Ck-Jordan domain (k ¡ 1), then Ω is coherent,
totally bounded and colocated.

Proof. Let x P Rn, then construct the real number |x � Ωc|: Let n be a
positive integer then if |x�BΩ|   1

n choose |x�Ωc|n � 1
n , on the other hand

if |x � BΩ| ¡ 1
n�1 choose minprpBΩq, 1

n�1q ¡ ε ¡ 0 and y P B|x�BΩ|� ε
2
pxq

such that ε
2   |y � ηpyq|   ε (see Figure 3.2).

Figure 3.2:
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Then, since y� ηpyq is perpendicular to the tangent space of BΩ at ηpyq
y�ηpyq and npηpyqq are parallel and xnpηpyqq, y�ηpyqy is either bigger than
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� ε
4 or smaller than ε

4 . In the former case x is outside of Ωc and therefore
we have to choose |x�Ωc|k � |x�BΩ| for all k ¥ n and in the latter case x
is inside of Ωc and therefore we choose |x� Ωc|k � 0 for all k ¥ n. It’s not
hard to see that |x�Ωc| is a real number. Later in this proof the coherence
will imply that in the former case x is indeed in Ω.

We have not yet shown that Ω is colocated, since we have not given a
sequence pxnqn¥0 � Ωc such that |x � xn| Ñ |x � Ωc|, we have only shown
that there is a sequence psnqn¥0 in BΩ such that |sn � x| Ñ |x � BΩ|. By
the twin tangent ball condition we can just modify psnqn¥0 according to the
construction of |x � Ωc| and therefore we have to consider the three cases
we encountered.
In the first case choose xn � sn �minprpBΩq, 1

2nqnpsnq, in the second case
choose xk � sn � minprpBΩq, 1

2k qnpskq for all k ¥ n and in the third case
choose xk � x for all k ¥ n.
By the same argument one can show that Ω is located, therefore since Ω �
BRp0q for some positive R ¡ 0, we can conclude by Proposition 4.5 [1, p.
95] that Ω is totally bounded.
Now we show that Ω is coherent: Let x P Rn be such that |x�Ωc| ¡ 0 then
the ball B|x�Ωc|� rpBΩq

2

pxq contains an element

y P tz P Rn : 0   |z � Ωc|   rpBΩqu. The definition of a Jordan domain
implies, that we can write y � ηpyq � λnpηpyqq for some constant λ. From
our assumption we can conclude, that λ ¡ 0 since we can decide whether
λ ¡ 0 or λ   0 because |λ| ¡ 0 and λ   0 would imply |y � Ωc| � 0.
Therefore y P Ω by definition and as a consequence of that and again the
definition of a Jordan domain x P Ω.

Proposition 3.4. Let Ω be a Ck-Jordan domain (k ¥ 1) that admits the
twin-tangent ball condition, then for each x P BrpBΩqpBΩq with |x�BΩ| ¡ 0:

(3.4) |ηpxq � x| � |x� BΩ| and |x� z| ¡ |x� BΩ|

for each z P BΩ.

Proof. Let x P BrpBΩqpBΩq. Then obviously |x�ηpxq| ¥ |x�BΩ| and lemma
3.13 enables us to decide whether x P Ω or x P Ωc.
Without loss of generality assume x P Ω and observe that M�pηpxqq � ηpxq
as well as x � ηpxq are perpendicular to the tangent space of BΩ at ηpxq.
Therefore B|x�BΩ|pxq � BrpBΩqpM�pxqq � Ω, which immediately implies the
desired result.

Lemma 3.14. Let Ω be a Ck-Jordan domain (k ¥ 1), admitting the twin
tangent ball condition, then the open subset Ωh � tx P Ω : |x� Ωc| ¡ hu
for 0   h   rpBΩq is a Ck Jordan domain, admitting a twin tangent ball
condition.
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Proof. First of all set φBΩh � φ � hn � φ, which is a homeomorphism with
inverse φ�1

BΩh
� φ�1 � η. If we choose rpBΩhq � rpBΩq � h and nBΩh � n � η

we get for every x P BrpBΩhqpSq that

φ̂BΩhpxq � φBΩhp
x

|x| q � p1� |x|qnBΩhpφBΩhp
x

|x| qq � φ̂pxq � hnpφp x|x| qq

which shows that φ̂BΩh : BrpBΩhqpSq Ñ BrpBΩhqpBΩhq is a Ck-Diffeomorphism

and we conclude that Ωh is a Ck-Jordan domain.
We can choose rpΩhq such that for each x P BΩh the ball BrpΩhqpx �

rpΩhqnpxqq is contained in Ωh and the ball BrpΩhqpx�rpΩhqnpxqq is contained

in Ωc
h: Let x P BΩh, r0 � minph, rpBΩq�h

2 q and y� P Br0px� r0npηpxqqq then
if we assume that |y� � ηpy�q|   h we get that:

r0 � h � |x� r0npηpxqq � ηpxq|
  |x� r0npηpxqq � ηpy�q|
¤ |x� r0npηpxqq � y�| � |y� � ηpy�q|
  r0 � h

which is a contradiction, therefore |y� � ηpy�q| ¥ h and if we choose rpΩhq
slightly smaller than r0 the corresponding ball is inside Ωh.

If we assume |y� � ηpy�q| ¡ h we get an analogous contradiction:

h   |y� � ηpy�q|   |y� � ηpxq|
¤ |y� � px� r0npηpxqqq| � |x� r0npηpxqq � ηpxq|
  r0 � ph� r0q � h

and therefore Ωh admits the twin tangent ball condition.

Theorem 3.15. Let Ω be a Ck-Jordan domain (k ¥ 1) then Ω admits the
constriction property.

Proof. Let minp1, rpBΩq
2 q ¡ h ¡ 0 and h

2 ¡ ε ¡ 0. We first define a diffeo-
morphism fε : tx P Rn : 1� h   |x|   1� νu Ñ tx P Rn : 1� h   |x|   1u,
such that U �  

x P Rn : 1� h   |x|   1� h
2

(
is invariant under fε, where ν

is a positive real number that will be chosen later:
Let g : r0.hs Ñ r1 � ν

2 , 1s be a monotone continuously differentiable map

that restricted to p0, h2 q is 1, gphq � 1� ν
2 and g1 ¤ ν then define

fεpxq � p1� hq x|x| � p|x| � p1� hqqgp|x| � 1� hq x|x|
which is continuously differentiable and has a continuously differentiable
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inverse and leaves U invariant. We can calculate the differential Dfε:

Dfεpxq � p1� h|x| � p1� 1� h
|x| qgp|x| � 1� hqqId

� p1� hqpgp|x| � 1� hq � 1q
|x| A

� p|x| � p1� hqqg1p|x| � 1� hqA

where the matrix A is defined by:

A �

�������
x2

1
|x|2

x1x2
|x|2 . . . x1xn

|x|2
x2x1
|x|2

x2
2

|x|2 . . . x2xn
|x|2

...
...

. . .
...

xnx1
|x|2 . . . xnxn�1

|x|2
x2
n

|x|2

�������
At this point we define Aε � tx P Ω : |x� Ωc| ¡ νu and ψε by transporting
the function fε on Aε by setting ψε � φ̂ � fε � φ̂�1 on tz P Aε : |z � Ωc|   hu
and by setting it equal to the identity on tx P Ω : |x� Ωc| ¡ hu.
We can extend by continuity using lemma 3.7 in [1, p. 91] on the whole
Aε since we have already defined the function on a located subset and its
metric compliment in Aε and therefore on a dense subset of Aε.
We get immediately that this is a diffeomorphism and that since:

|fεpxq � x|   ν

2

for each x P tx P Rn : 1� h   |x|   1� νu, if we choose ν   2ωpεq, where ω
is the modulus of continuity of φ̂, we get for each z P Aε:

|ψεpzq � z|   ε

Next we show that |Id�Dψε|8   ε:

|Id�Dψε|8 � |Id�Dφ̂ �Dfε �Dφ̂�1|8
¤ |Dφ̂|8|Dφ̂�1|8|Id�Dfε|8

We get the following estimate for the last factor, using the properties of g
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to get our desired estimates:

|Id�Dfε|8 ¤ |1� p1� h|x| � p1� 1� h
|x| qgp|x| � 1� hqq|looooooooooooooooooooooooooomooooooooooooooooooooooooooon

 ν

� |p1� hqpgp|x| � 1� hq � 1q
|x| |loooooooooooooooooomoooooooooooooooooon
 ν

|A|8

� |p|x| � p1� hqqg1p|x| � 1� hqloooooooooooooooooomoooooooooooooooooon
 hν

|A|8

If we choose ν   εminp1, infxPBhpSq
1

|Dφ̂|8|Dφ̂�1|8p1�p1�hq|A|8qpxqq
5 we get the

desired result.
It remains to show that the family pAεqh¡ε¡0 of subsets of Ω has the

properties we want it to have: By lemma 3.12 we get that they are Ck-
Jordan domains admitting the twin tangent ball condition, which together
with lemma 3.11 implies that they are colocated, totally bounded and co-
herent. The integrability of Ω and Aε follows since we can using substitution
estimate:

»
ΩzAε

1dλ �
»
φ̂pt1�ν |x| 1uq

1dλ �
»
pt1�ν |x| 1u

|det φ̂|dλ

¤ Cnν sup
xPBhpSq

|det φ̂|   ε

The last term can be chosen small enough if we additionally choose ν  
pCn supxPBhpSq |det φ̂|q�1, where Cn is a real number only dependent on the
dimension of the domain Ω.
The family of subsets pAεqε¡0 together with the family pψεqε¡0 of diffeomor-
phisms fulfill the requirements of the constriction property for Ω.

Theorem 3.16. Let Ω be a totally bounded, coherent, colocated and star-
shaped domain then Ω admits the constriction property.

Proof. Let x0 P Ω a center of Ω, ε ¡ 0 and R be a bound of Ω � x0. If we
define our diffeomorphisms by φ�1

ε pxq � x0�p1� ε
Rqpx�x0q, and our inter-

nally approximating family of subsets of Ω by Aε � φ�1
ε pΩq, we immediately

get our desired properties, since φε is only translating and scaling.

5The infimum exists, since Dφ̂ and Dφ̂�1 are uniformly continuous by assumption on
every compact subset of BrpBΩqpBΩq.
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The initial plan was to show the constriction property for piecewise lin-
early bounded domains, but all attempts became very technical, and I de-
cided to define a nice class of domains for whom the construction goes pretty
easy and whose properties I suspect are admitted by a big class of familiar
domains.
The proof of Theorem 3.11 can of course be extended to domains, whose
boundary is the union of finitely many well separated Ck-Jordan manifolds
(k ¡ 1).

3.1 Open problems

There are a few questions that I couldn’t answer in this thesis because at
some point I felt that I had to stop, since every time I answered a question
more questions arose. So here are some of the questions I would like to
answer or to have answered:

1. Do surface projections exist for general C1-domains, admitting a twin
tangent ball condition?

2. Is every manifold that is Ck�1-diffeomorphic to the sphere a Ck-Jordan
manifold?

3. Does every C1-Jordan manifold admit the twin tangent ball condition?
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Chapter 4

Rellich Compactness

This chapter is devoted to the Rellich-Kondrachov Theorem, which states
the total boundedness of the H1

0 pΩq-unit-ball with respect to the L2pΩq-
norm under certain assumptions on the boundary. As mentioned in the
chapter ”The constructive Dirichlet problem” Michael(Yuchuan) Wang has
shown in his doctoral thesis [4] that this statement is equivalent to the exis-
tence of solutions of the Dirichlet problem for arbitrary L2-functions as an
inhomogeneity.
The main result of this chapter is the proof of this theorem for bounded
domains that admit the constriction property and a family of arbitrary fine
meshes. The proof is mainly inspired by the one found in Prof. Haslinger’s
lecture notes [3]. Although a lot of the details have changed the main idea
of using a mollifier and then proving the total boundedness for the set of
mollified functions remained.

The main differences lie in the final step where in the original proof Arzelá-
Ascoli’s theorem is used to show the existence of an ε-approximation of the
set of mollified elements of BH1

0
.

First of all the application of Arzelá-Ascoli’s theorem has constructively
much stronger requirements, than in the classical case that are not as ob-
viously fulfilled and secondly we wouldn’t get an ε-approximation within
BH1

0
since the method provides no tool to control the H1

0 pΩq-norm and fix
the boundary condition. The reason for this additional properties will be
discussed in the Appendix.

The structure of the proof is as follows: In order to prove some estimates
involving mollification, the functions are extended on the whole Rn to cir-
cumvent any possible problem with this approach. After we established that
we can control the L2pΩq-norm as well as the H1

0 pΩq-norm of the mollified
functions and of their interpolations we use the functions φε as pullbacks and
prove that we can control the L2pΩq-norm and H1

0 pΩq-norm of the pulled
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back functions. Now that we are on Aε we can mollify such that the bound-
ary condition does not get violated and we keep the H1

0 pΩq-norm under our
control. Interpolation, multiplication by a constant close to one and the
total boundedness of balls in finite dimensional normed-vector-spaces (The-
orem 1.16) yields the final result.

As a preparation of the proof a few lemmas are necessary.

Lemma 4.1. Let Ω be a colocated and coherent domain, then for each f P
C1

0 pΩq there is a function F P C1
0 pRnq extending f on the whole space by 0

i.e: F |Ω � f , F |Ωc � 0.

Proof. Let f P C1
0 pΩq, therefore there exists a compact support D of f and

δpDq ¡ 0, such that BδpDq � Ω, and let y P Rn. Then either |y � Ωc| ¡ 0
or |y � Ωc|   δpDq. In the former case it follows since Ω is coherent that
y P Ω and we can set F pyq � fpyq. In the latter case y P Dc and we can set
F pyq � 0. Therefore F is a function on Rn and F is obviously continuously
differentiable.

In the following lemmas we will use lemma 4.1 implicitly:

Lemma 4.2. Let Ω be as in lemma 4.1 and u P C1
0 pΩq then

(4.1) ||up.� hq � u||L2pRnq ¤ |h|||u||H1
0 pΩq

Proof. [3][p. 35]: Let x P Ω and h P Rn. Starting at the fundamental
theorem of calculus:

upx� hq � upxq �
» 1

0
∇upx� thqhdt

Integrating the square of the expression and estimating yield the result:»
Rn
|upx� hq � upxq|2dλpxq Jensen¤ |h|2

»
Rn

» 1

0
|∇upx� thq|2dtdλpxq

Fubini� |h|2
» 1

0

»
Rn
|∇upx� thq|2dλpxqdt

� |h|2||u||2H1
0 pΩq

Remark 4.3. By a similar argument one can prove the Poincaré inequality
||u� 1

|Ω|
³
Ω udλ||L2pΩq ¤ 2R||u||H1

0 pΩq for domains contained in a ball of radius
R.

Using (3.2) of the definition of the constriction property, we can show a
similar result:
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Lemma 4.4. Let Ω be a domain satisfying the constriction property, h ¡ 0
and u P H1

0 pΩq and h ¡ 0. Then the following estimate holds true:

(4.2)

»
Ah

|upφhpxqq � upxq|2dλpxq ¤ h2p1� γphqq||u||2H1
0 pΩq

Proof. Let u P H1
0 pΩq and h ¡ 0. We again start at the fundamental

theorem of calculus:

upφhpxqq � upxq �
» 1

0
∇upx� tpφhpxq � xqqpφhpxq � xqdt

Just as in the previous lemma we use Jensen’s inequality and Fubini’s the-
orem: »

Ah

|upφhpxqq � upxq|2dλpxq

¤

» 1

0

»
Ah

|∇upx� tpφhpxq � xqq|2|pφhpxq � xq|2dλpxqdt

Now we use (3.1) of the definition of the constriction property:

¤ h2

» 1

0

»
Ah

|∇upx� tpφhpxq � xqq|2dλpxqdt

Next we expand by |detpId � tpDφhpxq � Idqq| and used the fact that |detpId �
tpDφhpxq � Idqq|�1   1� γphq.

¤ h2p1� γphqq

» 1

0

»
Ah

∇upx� tpφhpxq � xqq|2|detpId� tpDφhpxq � Idqq|dλpxqdt

Finally we can use substitution, since the map x ÞÑ x� tpφhpxq � xq is injective as
a consequence of (3.2) in the definition of the constriction property.

¤ h2p1� γphqq

» 1

0

»
Ω

|∇upxq|2dλpxqdt � h2p1� γphqq||u||2H1
0 pΩq

Definition 4.5. Let χ P C1
0 pRnq, such that χ ¥ 0,

³
Rn χdλ � 1 and

χ|RnzBRn � 0. Then we call the family of functions pχδqδ¡0 defined for

each δ ¡ 0 and each x P Rn by χδpxq � χpx
δ
q

δn a mollifier.

Lemma 4.6. Let Ω be as in lemma 4.1, δ ¡ 0, χδ be a mollifier and
u P C1

0 pΩq then

(4.3) ||χδ � u� u||L2pRnq ¤ δ||u||H1
0 pΩq
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Proof. [3] [p. 29-35] : Let u P C1
0 pΩq

||χδ � u� u||2L2pRnq �
»
Rn
p
»
Rn
χδpx� yqpupyq � upxqqdλpyqq2dλpxq

Jensen¤
»
Rn

»
Rn
χδpx� yqpupyq � upxqq2dλpyqdλpxq

Subst. & Fubini�
»
Rn
χδpyq

»
Rn
pupx� yq � upxqq2dλpxqdλpyq

Lemma 4.2�
»
Rn
χδpyq|y|2||u||2H1

0 pΩqdλpyq ¤ δ2||u||2H1
0 pΩq

Remark 4.7. Let Ω be a colocated domain, then BδpΩq, where δ ¡ 0, is not
necessarily located.
It is easy to construct a Brouwerian counterexample, such that if the former
statement is provable, LPO would hold: Take for example an annulus A with
inner radius r. If BδpAq would be colocated for all δ ¡ 0 we would have a
method to decide whether δ ¤ r or δ ¡ r.

Lemma 4.8. Let Ω and χδ be as in lemma 4.1, then for any u P C1
0 pΩq the

following estimate holds true:

(4.4) ||χδ � u||H1
0 pRnq ¤ ||u||H1

0 pΩq

Proof. Let u P C1
0 pΩq

||χδ � u||2H1
0 pRnq �

»
Rn
p∇x

»
Rn
χδpx� yqupyqdλpyqq2dλpxq

Subst.�
»
Rn
p
»
Rn
χδpyq∇xupx� yqdλpyqq2dλpxq

Subst.�
»
Rn
p
»
Rn
χδpx� yq∇yupyqdλpyqq2dλpxq

Jensen¤
»
Rn

»
Rn
χδpx� yqp∇upyqq2dλpyqdλpxq

Fubini�
»
Rn

»
BδpΩq

χδpx� yqdλpxqp∇upyqq2dλpyq

�
»
Rn
p∇upyqq2dλpyq � ||u||2H1

0 pΩq

Definition 4.9. Let Ch be a mesh of a domain Ω with meshsize h. Then
the interpolation operator corresponding to the mesh is given by Ihpuq �°Mh
i�1 upxiqφi for u P CpΩq, where φi are the Lagrangian-shape-functions.
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Remark 4.10. The Lagrangian-shape-functions on Ω corresponding to the
mesh Ch can be constructed on ΩXQ the same way as in the classical case
and then extended on the whole Ω by Lemma 3.7 in [1, p. 91].

Lemma 4.11. Let Ω be an open subset of Rn, with a corresponding mesh Ch
of meshsize h ¡ 0, ε ¡ 0 and f P C1pΩq. Denote the modulus of continuity
of ∇f by ω. Then if h   ωpεq, |∇pIhpfq � fq|2   ε1.

Proof. Let ε ¡ 0, ν ¡ 0 a constant to be chosen later in this proof and
h   ωpνq. Start at an arbitrary element K of the mesh and without loss of
generality assume that it is a right simplex.
Let x0 be the vertex of K adjacent to the right-angle, xk be an arbitrary
vertex of K distinct from x0. The mean-value-theorem yields

fpxkq � fpx0q �

» 1

0

∇fpx0t� xkp1� tqqpxk � x0qdt

Consider the orthonormal basis peiqni�1 of Rn defined ek � xk�x0

|xk�x0| .

For each x P K we get that for the component of ∇fpxq in the direction ek
the estimate:

|fpxkq � fpx0q �∇fpxqpxk � x0q| � |

» 1

0

p∇fpxq �∇fpxkt� x0p1� tqqqpxk � x0qdt|

¤ ν|xk � x0|

This immediately implies that for the component of ∇Ihpfq in the direction
ek on K we get:

|∇fpxqek �∇Ihpfqek| ¤ ν

which further implies:

|∇fpxq �∇Ihpfqpxq|2 ¤
?
nν

for each x P Ω. So we get our desired result if we choose ν � ε?
n

Lemma 4.12. Let ε ¡ 0 and Ω be as in lemma 4.1, with the additional
property that there exists a family of arbitrary fine meshes pCqqq¡0 of Ω.
Furthermore let A �� Ω be open, R ¡ 0 such that Ω � BRp0q and δ ¡ 0
such that BδpAq � Ω. Then there exists a meshsize h ¡ 0 admitting the
following estimates:

(4.5) ||Ihpχδ � uq � χδ � u||L2pΩq ¤ ε||u||H1
0 pΩq

(4.6) ||Ihpχδ � uq � χδ � u||H1
0 pΩq

¤ ε||u||H1
0 pΩq

for every u P C1
0 pΩq, with a support contained in A.

1Where |.|2 is the standard euclidean norm on Rn.
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Proof. Let ε ¡ 0, u P C1
0 pΩq, with a support contained in A, and

h   minpωp ε
|BRp0q|Cp q, ω̂p

ε
|BRp0q|Cp qq, where ω is the modulus of continuity of

χδ, pω is the modulus of continuity of ∇χδ and Cp is the Poincaré constant
of Ω.

First we estimate using the continuity of χδ and a little trick to get in-
equality (4.5):

||Ihpχδ � uq � χδ � u||
2
L2pΩq �

�

»
Ω

pp
Mḩ

i�1

»
A

χδpxi � yqupyqdλpyqφipxqq �

»
A

χδpx� yqupyqdλpyqq2dλpxq

�

»
Ω

p

»
A

p
Mḩ

i�1

pχδpxi � yqφipxqq � χδpx� yqqupyqdλpyqq2dλpxq

pos. & cont.
¤

»
Ω

p

»
A

p
ε

|BRp0q|Cp
qupyqdλpyqq2dλpxq

Jensen
¤

»
Ω

1dλ|Ω|p
ε

|BRp0q|Cp
q2||u||2L2pΩq � ε2

||u||2L2pΩq

C2
p

Poincaré
¤ ε2||u||2H1

0 pΩq
.

Second we do as in the previous estimate, but this time use the continuity
of ∇χδ and lemma 4.11 to arrive at inequality (4.6):

||Ihpχδ � uq�χδ � u||
2
H1

0 pBδpΩqq

�

»
Ω

p

»
A

∇xp
Mḩ

i�1

pχδpxi � yqφipxqq � χδpx� yqqupyqdλpyqq2dλpxq

¤

»
Ω

1dλpxq|Ω|p
ε

|BRp0q|Cp
q2||u||2L2pΩq � ε2

||u||2L2pΩq

C2
p

¤ ε2||u||2H1
0 pΩq

.

Lemma 4.13. Let ε ¡ 0, Ω be as in lemma 4.1 that additionally admits
the constriction property. Then for each h ¡ 0 and u P C1

0 pΩq we get that
u � φh P C1

0 pAhq and

(4.7) ||u � φh||2H1
0 pΩq ¤

p1� hq2
1� γphq ||u||

2
H1

0 pΩq

Additionally there exists q ¡ 0 such that

(4.8) ||u � φq � u||L2pΩq   ε||u||H1
0 pΩq

Proof. Let u P C1
0 pΩq, h ¡ 0 and s ¡ 0 such that BspF q � Ω, where F is

a compact support of u. The constriction property entails the total bound-
edness of Ω and therefore we can assume that there is a R ¡ 0 such that
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Ω � BRp0q. The set C �  
x P Ω : |x� Ωc| ¤ s

2

(
is totally bounded by [1,

Theorem 4.9 p.98] since Ω is totally bounded and |x�Ωc| is uniformly con-
tinuous. Obviously the distance between C and F is bigger than s

2 .
φ�1
h is hyperinjective by Proposition 3.2 and therefore there is an r ¡ 0 such

that the images of F and C under φ�1
h are a distance of r apart from each

other. By Proposition 3.2 the extension of φh on Ω maps BAh onto BΩ.
Therefore every ball with origin in Ah that intersects Ach contains a point of
φ�1
h pCq. As a result we get that for any given point x P φ�1

h pF q |x�Ach| ¥ r,
which implies that u � φh P C1

0 pAhq.

Before we can show (4.7) we need to estimate:

||u � φh||2H1
0 pΩq �

»
Ah

|∇upφhpxqq|2dλpxq
constr. p.¤

»
Ah

|∇upφhpxqq|2p|detDφh|pxq � γphqqdλpxq

�
»
Ah

|∇upφhpxqq|2|detDφh|pxqdλpxq

� γphq
»
Ah

|∇upφhpxqq|2dλpxq

After a little rearrangement of the terms we get:

||u � φh||2H1
0 pΩqp1� γphqq ¤

»
Ah

|∇upφhpxqq|2|detDφh|pxqdλpxq

Finally we use the constriction property and substitution to get our desired
result:»

Ah

|∇upφhpxqq|2|detDφh|pxqdλpxq �

�
»
Ah

|DφTε pxq∇upφhpxqq|2|detDφh|pxqdλpxq

¤
»
Ah

|Dφh|28pxq|∇upφhpxqq|2|detDφh|pxqdλpxq
constr. p.¤

»
Ah

p1� hq2|∇upφhpxqq|2|detDφh|pxqdλpxq
subst.¤

»
Ω
p1� hq2|∇upxq|2|dλpxq

To show (4.8) we start by studying the behavior of u at the boundary using
an estimate from ([3][p. 35]). For this purpose let p ¡ 0 and denote the
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Poincaré constant of Ω by Cp:

||u||L2pΩzAhq ¤||u� χp � u||L2pRnq � p
»

ΩzAh
|χp � u|2dλpxqq1{2

lemma 4.6 & C.S.¤ p||u||H1
0 pΩq � ||χp||L2pRnq||u||L2pΩq

Poincaré & pos.¤ p||u||H1
0 pΩq � Cp||χp||8||u||H1

0 pΩq|ΩzAh|
1{2

As we will see in the next estimate we have to choose p and q ¡ 0 such
that the above estimate is smaller than ε?

2
. Therefore we choose p   ε

2
?

2
,

q   minpp ε
2
?

2Cp||χp||8 q
2, ε

2
?

2
q and such that γpqq   1. Keep in mind that

|ΩzAh|   h. Next we extend u � φq by lemma 4.1 on the whole Ω by zero
and estimate using lemma 4.2 to arrive at inequality (4.7):

||u � φq � u||2L2pΩq �
»
Aq

|upφqpxqq � upxq|2dλpxq �
»

ΩzAq
|upxq|2dλpxq

constr. p. & lemma 4.4  q2p1� γpqqqloooomoooon
¤2

||u||2H1
0 pΩq �

ε2

2
||u||2H1

0 pΩq   ε2||u||2H1
0 pΩq

Theorem 4.14. (Rellich-Compactness): Let Ω be a domain that admits the
constriction property and a family of arbitrary fine meshes pChqh¡0 then the
unit ball BH1

0 pΩq is totally bounded with respect to the L2pΩq-norm.

Proof. Let ε be a positive real number. In the first step we choose q ¡ 0 by
Lemma 4.13 such that the set

A �
!
u � φq : u P C1

0 pΩq XBH1
0 pΩq

)
is an ε

12 -approximation w.r.t. the L2pΩq-norm of BH1
0 pΩq and such that if we

adjust for the increase in H1
0 pΩq-norm, resulting form pulling the functions

of C1
0 pΩq XBH1

0 pΩq back on Aq, by forming the set

B �
#a

1� γpqq
1� q u : u P A

+

B becomes a ε
12 - approximation of A w.r.t. the L2pΩq-norm.

The elements of B are now contained in C1
0 pAqq and have a H1

0 pAqq-norm
smaller equal 1. Therefore if we choose c   minpδp ε6q, ε6 , qq by lemma 4.6 the
set

C � tu � χc : u P Bu
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forms a ε
6 -approximation of B w.r.t the L2pΩq-norm and is still contained

in C1
0 pAq�cq. Additionally we know by lemma 4.8 that this procedure is

H1
0 pΩq-norm decreasing.

Now we can use lemma 4.12 to find a mesh Ch such that the set

D � tIhpuq : u P Cu

is an ε
12 -approximation of C. Next we have to adjust for to increase in

H1
0 pΩq-norm, acquired through interpolation. This is done by forming an
ε

12 -approximation of D w.r.t. the L2pΩq-norm:

E �
"

1

1� ε
12

u : u P D
*

.

E is contained the unit ball of the finite element space Vh, endowed with
the H1

0 pΩq-norm and forms an ε
2 -approximation of BH1

0 pΩq X C1
0 pΩq w.r.t

the L2pΩq-norm. We now use the total boundedness of unit balls of finite
dimensional normed linear spaces (Theorem 1.16) for Vh to choose a finite
ε
4 -approximation of BVh , which together with the fact that BC1

0 pΩq is dense

in BH1
0 pΩq with respect to the H1

0 pΩq-norm and a little application of the
Poincaré-inequality concludes the proof.

Not all domains that have weak solutions of the Dirichlet problem for an
arbitrary L2-function as an inhomogeneity, admit the constriction property.
At least domains with holes of diameter zero must be excluded. The result
of this thesis can, by virtue of Theorem 7 in [8], still be used to prove the
existence of solutions of the Dirichlet problem for a wider range of domains.

There is already a proof by Yuen-Kwok-Chan [12] for the existence of Green’s
functions for domains defined by a continuous function f : Rn Ñ R that ex-
ceeds all bounds for |x| Ñ 8, and all, but countably many a P R, by
tx P Rn : fpxq   au.
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Chapter 5

Appendix

5.1 Interpolation estimates

Originally the goal of this thesis was to find an interpolation operator, there-
fore a projection onto a finite-element space Vh, where h ¡ 0 denotes the
meshsize of the corresponding mesh, fulfilling the following properties:

(5.1) ||P puq � u||L2pΩq ¤ Ch||u||H1
0 pΩq

(5.2) ||P puq||H1
0 pΩq ¤ ||u||H1

0 pΩq

for all u P H1
0 pΩq in order to prove Rellich-Compactness. The first esti-

mate seems to be sufficient, and there are operators that fulfill this estimate
together with

(5.3) ||P puq||H1
0 pΩq ¤ C||u||H1

0 pΩq

for C ¡ 1, but even that is only sufficient to prove that there is an ε-

approximation pxiqnpεqi�1 with respect to L2pΩq for every ε ¡ 0 in H1
0 pΩq but

not in BH1
0 pΩq. This is classically equivalent to total-boundedness, but not

constructively, since we would have to decide for every 1 ¤ i ¤ npεq whether
Bεpxiq intersects BH1

0 pΩq or not.

The first two candidates that came to mind were the orthogonal Projec-
tion onto Vh with respect to the L2pΩq-norm and the H1

0 pΩq-norm. Each
one had one of the desired properties1, but not the other one.

In the classical proof of the interpolation estimates a kind of local esti-
mate of the form ||Ipfq||L2pKq ¤ C||f ||L2pKq is used. This local estimate is
possible for the L2-Projection, but not for the H1

0 -Projection. I did not find

1That the L2pΩq-projection admits the first property will be shown later.
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a method to prove interpolation estimate (5.1) for the H1
0 -projection and in

the case of the L2-Projection I did not find a method for proving (5.2). In
the end I gave up and found the proof now presented in this thesis, but I
don’t want it to be all for nothing so I here present some interpolation es-
timates of the kind of (5.1) for a Quasi-Interpolation operators that admits
a form of local estimates. This method can of course be generalized for all
Quasi-Interpolation operators admitting this kind of local estimate.

As I found out later, this approach is a Clément type Quasi-Interpolation
operator.
A problem, I faced, was that the classical Interpolation estimates, require
the use of Sobolev embeddings, hence I had to assume u P HkpΩq for k ¡ n

2 ,
in order for the Interpolation operators to be well defined and continuous
from Hk to Hm for m P t0, 1u and k ¥ m.

The idea is to approximate the evaluation functionals in the interpolation
operator by functional defined as follows

(5.4) φεipfq :� 1

|Bεpxiq|
»
Bεpxiq

fpxqdλpxq

which are L2pΩq continuous since:

(5.5) |φεipfq|
C.S.¤ ||f ||L2pBεpxiqq

d
1

|Bεpxiq| � Cε�
n
2 ||f ||L2pBεpxiqq

Now define a quasi-interpolation operator by

(5.6) P pfq :�
Mḩ

i�1

φghi pfqψi

where pxiqMh
i�1 are the vertices of a given mesh Ch and ψi are the Lagrangian

shape functions with nodes located at the mesh vertices. For simplicity of
arguments we assume the uniformity of the mesh.

More in general one could choose φεipfq �
³
Rn χεpxi � yqfpyqdλpyq, where

χε is mollifier. Which lead me to the final form of the proof of the Rellich-
Compactness Theorem.

Let K be an element of the mesh Ch, then

||P pfq||2L2pKq � xP pfq, P pfqyL2pKq � x
Mḩ

i�1

χghi pfqψi,
Mḩ

j�1

χghj pfqψjyL2pKq

�
ņ

i�1

ņ

j�1

χghsi pfqχghsj pfqxψsi , ψsjyL2pKq
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Here psiqni�1 is the finite sequence of vertices of K and for the following
estimate consider that xψi, ψjyL2pKq ¤ Ĉhn for all 1 ¤ i, j ¤Mh.

¤
ņ

i�1

ņ

j�1

||f ||L2pBghpxiqqCpghq
�n
2 ||f ||L2ppBghpxjqqCpghq

�n
2 Ĉhn

� C�g�nn2||f ||2L2pσpKqq

where σpKq is a covering of ΩX�n
k�1Bghpxskq by elements of the mesh Ch.

Finally the desired interpolation estimates are a consequence of the affine
function preserving property of P :

||P pfq � f ||2L2pΩq �
¸
KPCh

||P pfq � f ||2L2pKq

�
¸
KPCh

||P pf �
³
σpKq fdλ

σpKq q � pf �
³
σpKq fdλ

σpKq q||2L2pKq

¤ 2pC�g�nn2 � 1q
¸
KPCh

||f �
³
σpKq fdλ

σpKq ||2L2pσpKqq

¤ 8pC�g�nn2 � 1qh2n2
¸
KPCh

||f ||2H1
0 pσpKqq � Cnh

2||f ||2H1
0 pΩq

5.2 An Open problem

I want to conclude this thesis with an open problems, that I consider to be
important for the development of effective theory of the Dirichlet problem,
since it is used to prove error estimates in numerical mathematics.

What is the constructive status of the classical elliptic regularity
results?

The argument, due to Nirenberg, used to prove elliptic regularity results
found in Brezis’s book is the following: One wishes to show that a function
f P L2pΩq has a weak derivative along xi. To do so one first shows that
there exists a C ¡ 0 such that for arbitrary h ¡ 0 the L2pΩq-norm of the

difference quotient fpx�heiq�fpxq
h is bounded by C. Therefore the set of all

this difference quotients is bounded, and we can use the weak sequential
compactness of bounded subset of Hilbert spaces to show that there is a
sub-sequence weakly converging to a limit g. It can be shown that this limit
g is a weak derivative in the direction xi.

The problem with this argument is again the use of the weak sequential
compactness of bounded subsets of Hilbert spaces.

I hope to be able to do some work about this problem in the future.
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