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1 Introduction

The study of stability in triangulated categories was initiated by Bridgeland [4]
based on a proposal of M.R. Douglas. The majority of the activity since then
has focused on categories of algebro-geometric origin, see e.g. [2] [5 [6], [16], 21].
For symplectic manifolds, on the other hand, conjectural ideas relating spe-
cial Lagrangians and mean curvature flow to algebraic notions of stability have
been around for some time, see Thomas [30], Thomas—Yau [31], and more re-
cently Joyce [15], motivating the study of stability conditions on Fukaya-type
categories. Significant work in this direction is due to Bridgeland-Smith [8]
and Smith [28], and we will explain the relation to their results below. In the
present paper we verify Bridgeland’s axioms in the lowest dimensional case, that
of surfaces. Let us explain what we mean by that.



Consider a compact Riemann surface C' with quadratic differential 2 which
is holomorphic and non-vanishing on the complement C' = C'\ S of a finite set
S. Near points of S we require 2 to be meromorphic or else of the form

ef @ g(2)dz? (1.1)

with f, g meromorphic and f having a pole at 0. There is a natural flat metric,
||, on C, and the metric completion, F, of C adds a finite number of conical-
type singularities.

Associated with (C, Q) is a Fukaya-type A.o-category A which depends only
on topological data: The genus of C, the number and types of singularities of
Q, and the monodromy of 2. An elementary definition of this category will be
given in the main text below. Very roughly, its objects are curves in C. In
particular, all finite-length geodesics in F' give objects in A. The main result of
this work is the following (Theorem in the main text).

Theorem. Let (C,Q) be a Riemann surface with quadratic differential as above,
so that Q2 has no higher order poles, A the associated Fukaya Ao -category. Then
the collection of all objects in the triangulated category H°(A) corresponding to
smooth geodesics with local system satisfy the axioms of a stability condition.

This is a consequence of a striking interplay between the geometry of flat
surfaces, the properties of Fukaya categories, and the definition of a stability
condition, summarized in the following table.

Flat geometry Stability condition
finite smooth geodesic stable object
broken geodesic Harder-Narasimhan tower
angle phase
period map H; — C central charge Ky — C

These correspondences played a guiding role in [9].

In the process of proving our main theorem we also establish a number of
results on Fukaya categories of (non-closed) surfaces which have, to our knowl-
edge, not appeared in this generality, including:

e Classification of objects (Theorem [3.3)),

e Description by quivers with relations (Subsection ,
e Regularity properties (Corollary ,

e Computation of Ky (Theorem [5.1)).

Quadratic differential are also found to give stability conditions on triangu-
lated categories in the work of Bridgeland—Smith [§], who furthermore identify
the relevant moduli spaces. However, there is essentially no overlap between [§]
and the present work for the following reasons. First, the categories considered
in [8] are CY3, and indeed turn out to be subcategories of Fukaya categories of



quasi-projective 3-folds [28]. The CY3 property is also required in the definition
of “categorical” Donaldson—Thomas invariants [I8]. In contrast, the Fukaya cat-
egory of a surface is never CY3. Second, the quadratic differentials in [§] are
required to have simple zeros and at least one pole, which is of higher order at
a generic point in the moduli space. The case of higher order poles is somewhat
degenerate from our perspective, as one does not get a stability condition on the
full Fukaya category, but only on a subcategory. More recently, an extension of
the results of Bridgeland—Smith to certain polynomial quadratic differentials on
C was carried out in [I4 [7].

Let us describe the structure of the paper. The purpose of Section [2] is to
give an elementary definition of the Fukaya category of a surface with boundary.
We do this by associating an explicitly defined As.-category F4 to a suitable
collection A of arcs, and then showing that the category of twisted complexes
F = Tw(Fa) is independent of the choice of arcs. In Section [3| we solve a tame
classification problem which allows us to prove geometricity — that objects in
F come from curves with local system. While also of independent interest, this
result is essential in our strategy of verifying the axioms of a stability condition.
In Section [ we recall some facts about quadratic differentials and flat surfaces.
What is new here is the analysis of the exponential-type singularities (|1.1)).
Finally, in Section [5] we are ready to state and prove the main result, after
recalling Bridgeland’s definition and a computation of Kj.
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and Maxim Kontsevich as thesis advisors. They have made my studies a very
stimulating and enjoyable experience and provided invaluable guidance through-
out. The idea that quadratic differentials with exponential-type singularities can
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also thank Mohammed Abouzaid, Denis Auroux, Tom Bridgeland, Igor Burban,
Tobias Dyckerhoff, Alexander Efimov, Alexander Goncharov, Dominic Joyce,
Mikhail Kapranov, Gabriel Kerr, Andrew Neitzke, Tony Pantev, Yan Soibel-
man, Pawel Sosna, and Zachary Sylvan for discussions relating to this thesis.
I have received financial support through the FWF grant P24572-N25, and an
ERC GEMIS grant, both of Ludmil Katzarkov. Last but not least, part of the
work was done while I enjoyed the hospitality and perfect working conditions
at the THES.

2 A, -structures from arc systems on surfaces

The main goal of this section is to give an elementary definition of the partially
wrapped Fukaya category of a surface. We start by reviewing the notion of grad-
ing, adapted to the case of surfaces in Subsection In the second subsection
we define a class of surfaces with corners and marked boundary and explain how
they can be encoded combinatorially through ribbon graphs with grading. In
Subsection [2.3| we construct a minimal A..-category Fa(S, M, Q) depending on
a collection of arcs A. Twisted complexes over A..-categories are reviewed in
Subsection 2.4l The considerations in Subsection .5 then allow us to define an
Aso-category F(S, M, Q) which is independent of the choice of arcs. The last
subsection discusses the relation between localization and removing boundary
arcs.



2.1 Grading of surfaces and curves

A generalization of the discussion in this subsection to symplectic manifolds
with compatible almost complex structure and Lagrangian submanifolds is due
idependently to Kontsevich and Seidel [17, [26].

For a real vector bundle V' we denote by P(V) its projectivization. A grad-
ing of a smooth oriented surface S is a section €2 of the projectivized tangent
bundle, i.e.

QeT(S,P(TS)).

The pair (5, Q) is a graded surface. A morphism of graded surfaces (S1,Q;) —

(S2,Q0) is a pair (f, f) where
e f:S5] — S5 is an orientation preserving local diffeomorphism,
o f eIl (T(S1,P(TS)), f*Qa, ).

Here we use the notation Iy (X, x,y) for the set of homotopy classes of paths
from x to y in a space X. Composition is given by

(f. /) o(9.9) = (fog.(g°f)-7) (2.1)

where « - 8 denotes concatenation of paths. Every graded surface S has a shift
automorphism given by the pair (idg, o) where o restricts, for every x € S, to
the generator of 71 (P(7,S)) given by the orientation of S (i.e. the path which
rotates a line counterclockwise by an angle of 7). Anticipating the connection
with triangulated categories, we write this automorphism as [1] and its powers
as [n].

Next, we consider immersed curves in graded surfaces. A graded curve in
a graded surface (S,12) is a triple (I, ¢, ¢) where

e [ is a 1-manifold, possibly disconnected and with boundary,
e ¢: ] — S is an immersion,
o ¢ c Il (I(I,c*P(TS)), c*, ¢).

In other words, ¢ is given by a homotopy class of paths in P(T,)S) from the
subspace given by the grading to the tangent space of the curve, varying con-
tinuously with ¢ € I. The pushforward of a graded curve as above by a graded

morphism (f, f) is given by (I, f o ¢, (¢*f) - &).
A point of transverse intersection of a pair (I1,¢1,¢1), (I2,ca, &) of graded
curves determines an integer as follows. Suppose t; € I; with

Cl(tl) = Cz(tg) =pEc S, él(tl) 7& éQ(tQ) € P(TPS) (22)
We have homotopy classes of paths in P(T,S)

1. 51(t1) from Q(p) to él(tl),

2. 52(t2) from Q(p) to ég(t2),



3. k from é;(t1) to éa(t2) given by counterclockwise rotation in 7,5 by an
angle < 7.

Define the intersection index of ¢1,co at p
ip(Cl,Cg) :El(tl) 'H'Eg(tg)_l S Wl(P(TpS)) = 7. (23)

More precisely, this notation is correct only if ¢1,co pass through p exactly once,
in particular if ¢; are in general position, otherwise the index may depend on
the t; as well. We note that

ip(cr, c2) +ip(cz,c1) =1 (2.4)

and
ip(cilm], cao[n]) = ip(c1, c2) +m —n. (2.5)
Another observation which will be used repeatedly, is that if graded curves

X and Y intersect in p with 4,(X,Y) = 1, then we may perform a kind of
smoothing near p which produces again a grade curve (see Figure [1f).

Y

Figure 1: Smoothing an intersection with i,(X,Y") = 1.

2.2 Surfaces with marked boundary

A marked surface is an oriented surface with corners together with a closed
subset M C 0S5 of the boundary (union of 0- and 1-strata) such that the point-
set topological boundary of M in 0S5 is the set of corners of S, and each com-
ponent of 95 contains a point of M. In particular, if S is compact than each
component of 05 is either a circle which belongs entirely to M or a sequence of
intervals which alternately belong to M and its complement.

A boundary arc is the closure of a component of 95\ M. An internal
arc in a marked surface S is an embedded interval intersecting 0.5 precisely in
the endpoints, which should lie in the interior of M, and also not isotopic to a
boundary arc or a path in M. An arc is one of the above. An arc system in
(S, M) is a collection of pairwise disjoint and non-isotopic arcs. The arc system
is full if it includes all the boundary arcs and cuts the surface into contractible,
relatively compact components (polygons).

Am map of marked surfaces f : (S1, M1) — (S2, Ms) is an orientation pre-
serving immersion with f(M;) C My mapping boundary arcs of Sy to disjoint
non-isotopic arcs in S5. The condition insures that a full arc system in Se which
includes all the images of boundary arcs under f can be lifted to a full arc system
on S7. It is however not closed under composition in general.



Combinatorial description: graded ribbon graphs

Let (S, M, Q) be a graded marked surface and A a full system of graded arcs
on it. Such a collection of arcs is dual to a graph on S having an edge for each
element of A and an n-valent vertex for each 2n-gon cut out by A (see Figure .
By definition, a half-edge is an edge with orientation pointing towards a vertex of

Figure 2: Full system of arcs in a marked surface and dual ribbon graph
(dashed).

the graph (but not a boundary arc). Since the graph is embedded in an oriented
surface, there is a clockwise cyclic order on the set of half-edges pointing towards
a given vertex (i.e. the graph has the structure of a ribbon graph). Moreover,
for any half-edge h the grading determines an integer d(h) as follows. Let o(h)
be the half edge following h in the cyclic order. Then h,o(h) correspond to a
pair of arcs a, § in A. Let ¢ : [0,1] = M be the embedded curve which starts on
«, ends on 3, follows the boundary with S to the right, and bounds the polygon
corresponding to the vertex that h,o(h) point to. Also choose an arbitrary
grading on c. Then

d(h) = ic(O) (av C) - Z'c(l) (57 C) (26)
is independent of the choice of grading on c.

The combinatorial data determined by a full system of graded arcs has the
structure of a graded ribbon graph, which is given by

e X — the set of half-edges

o X C X — the subset of internal edges.

o 7: Xint — Xint — a fixed-point-free involution.
e 0: X — X — a bijection with finite orbits

e d: X — Z — the grading, satistying for any orbit v € X/o:

> d(e) = [v] -2 (2.7)

ecv

The complement Xyt := X \ Xint is the set of external edges. The set of edges
is Xext U Xint/7. The set of vertices is X/o. The wvalency of a vertex v € X/o
is |v|, the size of the orbit. One generally assumes that all vertices have valency
> 3.



Conversely, a marked graded surface with full system of arcs may be con-
structed from any graded ribbon graph. In particular, the surface may be re-
covered from an associated graded ribbon graph, up to graded diffeomorphism.
This is a convenient way to specify compact graded marked surface by a finite
amount of data.

A morphism of graded ribbon graphs
(X, Xint,0x,7x,dx) = (Y, Yin, 0y, 7y, dy) (2.8)
is a function f : X — Y compatible with all the structure, so
f(Xint) C Yint, Joox =oyof, Jorx =Tyof, dx =dyof (2.9)

Note that we do not require that f(Xext) C Yoxt in general, and call f a cov-
ering if it has this property. It follows from (2.7) that f preserves valency.

2.3 Minimal A -category of an arc system

Fix from now on a field of scalars K. In this subsection we assign a strictly
unital, minimal A.-category over K to any system of graded arcs in a graded
marked surface. Let us first recall the relevant notions. For more on the A,
language, see e.g. [27], [19].

An A.-category, A, consists of a set Ob(.A) of objects, for each pair X, Y €
Ob(A) a Z-graded vector space Hom(X,Y), and structure maps

p" s Hom(X,_1,X,,) ® -+ ® Hom(Xo, X1) = Hom(Xo, X,,)[2 — 7]

for each n > 1, satisfying the A.-relations

Z (*U”alemHlal”/iiHJrk(am sy Gt ,uj(an—i; ey Qg1), Ay -y 01) =0
i+j+k=n
(2.10)
where ||a|| = |a| — 1 is the reduced degree.

An A.-category A is strictly unital if for every object X thereisa 1x €
Hom’ (X, X) such that

pr(lx) =0 (2.11)
p?(a,1x) = (=D (1y,a) = a, a € Hom(X,Y) (2.12)
pF(. . 1x,...)=0for k>3 (2.13)

Strictly unital A.-categories with pu* = 0 for k& > 3 correspond to small dg-
categories with

da = (~1)"t (@), ab=(~1)"u2(ab). (2.14)

Indeed, in this case the first three A.o-relations correspond to d?> = 0, the
Leibniz rule, and associativity of the product.

Suppose now that (S, M, Q) is a graded marked surface with system of graded
arcs A. We define a strictly unital A,.-category Fa(S, M, Q) with u! =0 (c.f.
[3] for a similar approach in the context of dimers).



e Objects: The set of arc in A.

e Morphisms: A boundary path is a non-constant path in M which
follows the reverse orientation of the boundary (i.e. the surface lies to the
right). Given arcs X and Y, a basis of morphisms from X to Y is given
by boundary paths, up to reparameterization, starting at an endpoint of
X and ending at an endpoint of Y, as well as the identity morphism if
X =Y. The degree of a boundary path a from p to ¢ joining arcs X and
Y is by definition

la] = ip(X,a) —ig(Y,a) (2.15)

for arbitrary grading of a.

e Composition: Let a,b be boundary paths defining morphisms from X to
Y and Y to Z respectively. If a and b are composable then (—1)1%lu2(b, a) =
a - b, otherwise p%(b,a) = 0.

e Higher operations: Consider a marked surface (5’, M’) which is topo-
logically a closed disk with M’ having n > 3 components. Let aq,...,a,
be the distinct boundary paths (components of M’) ending in boundary
arcs in clockwise order. Given a map f : (S, M’') — (S, M) sending all
boundary arcs of (S’, M) to arcs in A we get a sequence foay,..., foa, of
boundary paths in (S, M), and call any such sequence a disk sequence.

We define higher A..-operations so that if aq,...,a, is a disk sequence
then
(s - .. arb) = (1)1 (2.16)

for basis morphisms b with a1b # 0, and
w(ban,...,a1) ="b (2.17)

for paths b with ba,, # 0, and p™ vanishes on all sequences of paths not of
the above forms. The lemma below ensures that this is really well-defined.

Lemma 2.1. For a sequence of composable basis morphisms a,,...,a1 there
is at most one factorization a; = a}b with af,as,...,a, a disk sequence. If
such a factorization exists with b not an identity, then there is no factorization
an = ca,, with ay,...,an_1,al, a disk sequence and ¢ not an identity. The dual
statement also holds.

Proof. To see the first statement note that if we have such a factorization and
«; is the arc on which a; ends, then the concatenation a} - a1 ---a, -y, is a
null-homotopic loop. Hence, b must be homotopic (relative endpoints) to the
concatenation aj -y - - - ay - @, and is thus uniquely determined as a morphism.

For the second statement, assume such a factorization exists. Then ¢ = b be
the same argument as before, but b and a,, end at a different endpoints of «,,,
contradicting a,, = ca,,. O

Proposition 2.1. With the structure defined above, Fa(S, M,Q) is a strictly
unital Ao -category.



Proof. Let ay,...,a; be a composable sequence of morphisms corresponding
boundary paths. The claim is that the A,.-equation holds. Forn =1,2,3
there is nothing to prove, so we may assume n > 4. The following types of non-
zero terms cancel pairwise, ignoring signs for the moment:

w2 (i (an, . . ., a1b), c)
:u’i(an7 BERE) a27u2(a1b7 C))

M2(G7Mi(bcm s 761))
,ui(,u2(a'a bcn)a Cn—1,--- ;Cl)

p’i(aia ceey aj—i-lap’k(ajbk', e bl)a Aj—1y--- 7alc)
/Li+k72(ai, . ,(ljbk, N ,/Jz(bl, aj,l),aj,g, ey alc)
/j/i(a/ia EERE) a/j+17/1/k(bk?a ERE) blaj)a Aj—15--- ,CllC)
/’(‘i+k_2(a/ia ERRE) a/j+27/j/2<aj+17 bk)a B bla‘j,a’j—h s 70‘16)

as well as variants of the previous two with ¢ on the other side, and

1 (ai, ... az, @ (arbej, cj_1, ... c1))

1 (i (ai, ., az, a1bey), ¢jon, -y c1))

All non-zero terms which can appear must indeed belong to one of the above
pairs. To check that the signs are in fact opposite, one uses that

D ail = -2 (2.18)
for any disk sequence aq, ..., a,. O]

There are two special cases for which the above description needs to be
somewhat amended, as disks also contribute to u2. The first is that of a square,
in which the two boundary arcs are isotopic. They represent the same object X,
which has End(X) = K. The second case is when S is a cylinder and M = 9S.
Up to isotopy there is again only one arc, and the corresponding object X has
End(X) = K[2*!], with the degree of z depending on €.

Next, consider a map of graded marked surfaces f : (S1, M1,Q1) — (S, M2, Q9)
and arc systems A; in S; such that f maps graded arcs in A; to graded arcs in As.
Then f induces a strict Ao-functor f, from Fu, (S1, M1, Q1) to Fa,(S2, Ma, Qs).
This just follows from the following fact: Suppose we have an immersed disk D
in S whose boundary consists of arcs and boundary curves, then if 9D lifts to
S1, so does D.

2.4 Twisted complexes

We briefly recall the construction of the category of twisted complexes, Tw.A,
over an A,-category A. Twisted complexes can be thought of as formal vector
bundles with flat connection.



The first step is to form addZ.4 whose objects are formal sums of tensor
products of the form

V= P wxex (2.19)
XecObA

with Vx finite-dimensional graded vector spaces, zero for all but finitely many
X. Morphism spaces are defined by

Hom(V @ X, W ®Y) = Hom(V,W) ® Hom(X,Y) (2.20)
and additivity. When extending the p* a Koszul sign gets introduced:
1P (o @ ag, ..., ¢1 @ ay) = (=1)2i<i 9illlasllg oo @k (ag, ... a1) (2.21)

Note that addZ.A has a natural shift functor and formal finite direct sums.
Strictly speaking, Ob(addZ.A) is not a set, but since the category of finite-
dimensional vector spaces is essentially small, this is a non-issue.

An object in TwA is given by a pair (V,d) with V € addZA and ¢ €
Hom'(V, V). The first condition is that there is a direct sum decomposition of
V (i.e. of @ Vx as an Ob.A x Z-graded vector space) so that § is strictly upper
triangular. This ensures that p*(d,...,8) = 0 for k big, so that the second
condition, which is

> uk6,..8)=0 (2.22)

k>1

makes sense. Morphism spaces are just
Hom((V,6), (W, €)) = Hom(V, W) (2.23)

and the structure maps are

k _ § k+no+...+
1% (a'k7"'aa1)_ K "o nk((skv'"76k7a'k7"~7a1760a"'760)
n ng >0
052 k ng times no times
(2.24)

where a; € Hom((V;—1,6;-1), (V;,0;)). Again, this sum is actually finite by our
requirement on the ¢;.

The main fact we need about Tw.A is that its homotopy category, H(Tw.A),
is triangulated. When we write Ko(Tw.A), we always mean the Ky-group of this
triangulated category.

2.5 DMorita invariance

Consider the simplest case when (S, M, Q) is a graded marked surface which
is topologically a disk and M has n > 3 components, and A is the arc system
containing exactly the boundary arcs, with some arbitrary grading. The A.o-
category F4(S, M, Q) has objects Ey, k € Z/n, and morphisms ay, : By, — Ej41
of some degrees |ax| € Z with >_ |ax| = n — 2 which, together with the identity
morphisms, form a basis of all morphisms. The only non-zero A..-terms come
from strict unitality and

,u"(ak_,_n_l, ey ak) = 1Ek' (225)
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See also [22] for a discussion of these categories.

We make a simple observation which will be essential in what follows. Namely,
that the twisted complex

By =5 Bulllaal] — .. == By aflas]l + .. + lan—sl]
is isomorphic to E,[—|a,|], the inverse isomorphisms being given by a,_; and
ayp,. In other words, n—1 of the boundary arcs already generate all of Tw(F4 (S, M, 2)).
By functoriality, the same holds for the images of these arcs under some map
of graded marked surfaces (S, M, Q) — (S’, M’, Q') as long as no other arc has
the same image as E,,.

What we take away from the previous paragraph is that when A and B are
full arc systems in a general graded marked surface (S, M, ) with A included
in B, then the functor F4 (S, M, Q) — Fp(S, M, Q) induces a quasi-equivalence
of A,,-categories

Tw(Fa(S, M,Q)) — Tw(Fg(S, M,Q)). (2.26)

Furthermore, it is clear that we also get an equivalence as above (in fact an
isomorphism) in the case when the two arc systems differ just by grading. Con-
sider the set A of full arc systems up to isotopy on (S, M), partially ordered
by inclusion. If we view A as a category in the usual way, then the arguments
above show that we get a functor A — TwF4(S, M, Q) from A to the category
of strictly unital A, categories and quasi-equivalences. From contractability of
the classifying space |A| of full arc systems or ribbon graphs (see [12, 13]), it
now follows that the various categories TwF (S, M, Q) are canonically quasi-
isomorphic, and we will denote any one of them by F(S, M, ).

Remark. A Z/2-graded version of the category F (S, M, Q) was defined by Dyckerhoff—
Kapranov [10] using dg-categories and homotopical algebra methods.

2.6 Localization

We begin by recalling a version Drinfeld’s construction for strictly unital A..-
categories, studied in detail in [20]. Let A be a strictly unital A..-category over
a field K and E € Ob(A). It will be convenient to use the notation A(X,Y") for
Hom(X,Y) in this subsection. We will define the quotient category A/E = B
of A by E, which will again be a strictly unital Ay.-category. Informally, B is
obtained by freely adjoining a morphism ¢ € B~1(E, E) with pu!(¢) = 1. Set

B(X,Y) =AX,Y)®
o [AE )oK e | AE E) K1) | © AX,E)

n>0

(2.27)
as a graded vector space. Write generators of the summand
AE,Y)9K[1] @ (AE, E) @ K[1))®"? @ A(X, E)
as

Ap ... QA1

11



with a, € A(E,Y), a1 € A(X,E), and a; € A(E, E) for 2 <i <n—1, then

lan -+ ay| = |an| + ...+ |ar] —n+1 (2.28)
lan .- a1 = lanll + - . + llas]. (2.29)

Structure maps are given by

W @Qny oo Oy 41y e ey Opy e Q1) =
Z (=)llanlittllaly, i (@, apgr) ak - .car (2.30)
i+j+k=n,
JHk>n,_1
k<ni
where 0 = ng < ny < ...<n,, r>1. All this generalizes in a straightforward

manner to quotients by full subcategories £ C A.

We return to the setting of surfaces with marked boundary where we consider
the following modification. If (S, M) is a marked surface and E a boundary arc,
we get a new pair (S', M’) by adding F to the marked points and smoothing
the two corners on which E ends. We do not quite get a morphism (S, M) —
(S, M), since E would need to map to an arc which isotopic to a path in
M'’. For this reason we allow such arcs, which we call null, in this subsection.
The definition of the A,.-category of a system of arcs works as before with the
following small change: The category is no longer minimal, and the definition
of p' is modeled on the one for the higher p?. This means that the boundary
path which is isotopic to a null arc E is a disk-sequence of length 1 and has
differential the identity morphisms of that arc.

Proposition 2.2. Let A be an arc system on (S, M, Q) including the boundary
arc E. By the modification as above we get (S, M', Q) with arc system A’
containing a null arc. Then there is a natural equivalence of A -categories

Fa(S,M,Q)/E = Fa(S', M ) (2.31)
under Fa(S, M, ).
Proof. Comparing definitions, one notices an evident strict A..-functor
G:Fa (S M Q) — Fa(S,M,Q)/E (2.32)

compatible with the functors from F4(S, M, Q). It is obtained by factoring a
boundary path in M’ into its pieces which are alternately contained in M and E.
The functor G is not an isomorphism of A, -categories, but becomes one once
we drop F from both the target and the source category. By general properties,
E € H*(Fa(S,M,Q)/E) is a zero-object, and it is easily seen that the same is
true in H*(Fa/ (S", M',€)), implying that G is a quasi-equivalence. O

3 Tameness and geometricity

The main result of this section is that equivalence classes of objects in F (.S, M, §2)
correspond to certain graded curves with local system in S. We refer to this
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phenomenon as geometricity, and it implies that the classification of objects in
F(S,M,Q) is a tame problem in representation theory.

The purpose of the first subsection is to show that certain admissible curves
correspond to objects in F(S, M,Q). In Subsection we discuss a class of
quivers with relations which describe Fukaya categories of surfaces in many
cases. The next subsection, which forms the heart of the proof, is concerned
with linear representations of combinatorial structures called nets. We study
twisted complexes over graded linear categories satisfying a nilpotence property
in Subsection [3:4] The results of these subsections are applied in the final one
to prove the classification.

3.1 Twisted complexes from curves

Fix a graded marked surface (S, M, Q) and a ground field K. An immersed curve
c in S is unobstructed if it does not bound an immersed teardrop, which is
a map from the closed disk D to the surface which takes 0D to ¢ and which
is a smooth immersion at every point except one point of 9D (see Figure [3)).
An admissible curve is an unobstructed graded curve c¢ such that one of the

Figure 3: Curve bounding a teardrop.
following holds:

1. The domain of cis S, the image of c is disjoint from 95, and c represents
a primitive class in 7 (.5).

2. The domain of ¢ is [0,1], ¢ intersects 95 transversely in M and only in
the endpoints, and ¢ is not homotopic relative endpoints to a path in M.

Suppose that S is compact so that we have a category F(S, M, ), well defined
up to canonical equivalence. The purpose of this subsection is to show that
an admissible curve together with a local system of finite dimensional K-vector
spaces (on its domain) gives an equivalence class of objects in F (S, M, Q).

First, in the case when S is topologically a disk any admissible curve c is a
graded arc. Thus we can find a full arc system A which includes ¢, so that c is
an object of F4 (S, M,Q) by definition. The isomorphism class of that object is
clearly well-defined in F(S, M, Q) independently of the arc system.

Returning to the case of general S, we will first deal with admissible curves
¢ which have domain [0,1]. For any such ¢ we can find a (S’, M’,Q’) which
is of disk-type and with a map f to (S, M, Q) so that ¢ is the image of an
admissible curve ¢ under f. To see this, consider the universal cover S of S
and lift a full arc system A on S to A on S. Lift ¢ to ¢ on S and take as S a
closed disk which is cut out by arcs in A and which contains ¢é. Now, ¢ gives an
equivalence class of objects in F(S’, M’ ), and the image under the functor

13



F(S', M, Q') = F(S,M,Q) is independent of the choice of (S’, M’, ). This
follows from the fact that if we have S’, S” as above, then the maps S’ — S,
S — 8 both factor through a third S”" — S as can be seen by looking at the
universal cover again.

Suppose now instead that ¢ is an admissible curve with domain S' and
local system V of finite-dimensional vector spaces on it. We will follow the
same strategy as before and assume first that (S, M) is of annular type, i.e.
topologically a compact annulus with corners on each boundary component.
Choose a cyclic sequence of disjoint non-isotopic arcs X;, i € Z/n so that at
least one connects the two components of 35S and such that every component
of M contains either exactly two endpoints of the arcs, belonging X;, X;,1 for
some i, or none of the endpoints (see Figure [4). Thus we get a sequence a;,

Figure 4: Example of allowed sequence of arcs (dashed).

1 € Z/n of distinct boundary paths so that a; connects endpoints of X;, X; 1.
If we follow Xg,ag, X1,a1,... we get a path which after suitable smoothing
near the intersection points becomes a simple closed loop isotopic to c. It is
possible to choose grading and a local systems on X;, a;, so that the smoothed
path is isotopic to ¢ as a graded curve with local system. As a result, each a;
will be morphism of degree 1 either from X; to X;y; or in the other direction.
Further we get a vector space V; of sections of over X; and parallel transport
T; : V; = Vi1 along a;. Consider the twisted complex

(Priex.Y 1 @a) (3.1)

where the signs are determined by the direction of the morphisms a;. This is
the object of F(S, M, Q) we assign to c.

Lemma 3.1. The equivalence class of the twisted complex constructed depends
only on the isotopy class of the graded curve ¢ with local system.

Proof. We claim first that we can replace X1,...,X,,_1 be a single arc Y with
the pair Xg,Y giving an isomorphic twisted complex. Indeed, cutting S along
Xo we get a surface of disk type (S’, M’,Q) in which the sequence of arcs
Xi,...,X,_1 concatenates to a single graded arc Y. The corresponding iso-
morphism of twisted complexes formed from Xi,...,X,_1 and Y respectively
was established in Subsection [2.5] and the claimed isomorphism of twisted com-
plexes formed from Xg,..., X, _1 and Xy, Y follows.
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We have reduced the problem to the case of two arcs. Any two pairs of arcs
satisfying our requirements are related by Dehn twists (automorphisms) of S. It
is clear that the isotopy class of c¢ is invariant under Dehn twists. To finish the
proof we need to show that the twisted complex associated with c is invariant
under the induced autoequivalence, up to isomorphism. This can be checked by
direct computation, or by using the equivalence

HO(Tw(Fx, (S, M,9Q))) = D"(P') (3:2)
under which X, Y correspond to O,0(1)[—1], the Dehn-twist to ®O0(1), and
the twisted complex assigned to ¢ to a torsion sheaf. O

We have excluded above the case when one or both boundary components
are entirely contained in M. These cases can be handled fairly easily directly,
or alternatively by the localization construction of the previous section. The
case of general (S, M, ) is handled by finding maps from surfaces of annular
type. Here the argument uses the annular covering associated with ¢ instead of
the universal covering.

3.2 Graded quivers with quadratic monomial relations

To set up some notation, a graded quiver () with quadratic monomial
relations is given by

e )y — set of vertices

Q1 — set of arrows

0y, 01 : Q1 — Qo — source and target maps

|.| : @1 — Z — grading of arrows

R C Q1 xg, @1 — quadratic monomial relations, i.e. a collection of pairs
of composable arrows

Given a ground field K we may form the path category KQ = KQ/R, which is
a graded linear category with set of objects Qo and basis of morphisms given
by paths of arrows not containing any of the relations.

Let (S,M,Q) be a graded marked surface, compact for simplicity. Note
first that if A is any arc system on S, then the graded category obtained from
Fa(S, M,Q) by forgetting the higher 1* is of the form K@ for some graded
quiver with quadratic monomial relations. Namely, take as arrows the boundary
paths which start and end at arcs of A but do not cross any other endpoints, and
quadratic relations coming from composable arrows which do not correspond to
composable paths. When do the higher A, operations of F4(S, M, Q) actually
vanish? This will be the case if the system of arcs A has the following property:
Any disk cut out by A is bounded by a boundary arc of S which does not belong
to A. We call such systems of arcs formal. Thus, under this condition, the
category F (S, M, ) is of the form KQ for some graded quiver with quadratic
monomial relations ). Call a formal system of arcs full if it cuts S into disks
each of which has exactly a single boundary arc (of itself) not belonging to
A. For a full formal system of arcs A the category Tw(Fa(S, M, (2)) is quasi-
equivalent to F (S, M, €2).
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Lemma 3.2. Let (S,M,Q) be a graded marked surface with S compact and
connected. If S # M, i.e. S has boundary arcs, then it has a full formal
system of arcs.

Proof. This follows from the fact that we can find a system of arcs on (S, M)
which cuts S into a single disk, the boundary of which must include all boundary
arcs of S. This in turn is seen from the dual ribbon graph. If it has more than
one vertex we can contract some edges to reduce the number of vertices to one
eventually. O

We say a graded quiver with relations is of type F1 if it arises as above
from a full formal system of arcs. It is not difficult to see that a graded quiver
with quadratic monomial relations is of type F1 if and only if

1. There are no cycles ay,...,an, n > 1, with a;a,41 = 0 for all i € Z/n.
2. Each vertex has at most two incoming and outgoing arrows.

3. Let a,b # ¢ be arrows. If ab,ac are defined, then ab = 0 or ac = 0, but
not both. If ba, ca are defined, then ba = 0 or ca = 0, but not both.

Resolution of the diagonal

Let Q be a graded quiver with quadratic monomial relations. In this subsection
it will be convenient to let A = KQ/R denote the path algebra instead of the
path category. Denote the constant path at the vertex i by e;. There is a

splitting of A
A= 4e;;, A=Ped (3.3)
1€Qo i€Qo
as a left (resp. right) module over A.
Define A°? @ A-modules

M, = @ Aegyar ® €8ya, 4, n>1 (3.4)

..o €Q1
(ai,aiy1)ER

1€Qo

connected by maps f, : M, — M,_1 such that for ¢ ® b in the (aq,...,ap)-
component of M,

fala®b) =ac; @b+ (—1)"a® apd (3.6)
and fo: Mo — A, fo(a®b) = ab.
Proposition 3.1. The sequence of bimodules

f2 f1

M, M, My —2 A 0 (3.7)

s exact.
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Proof. For a® b € M, in the (a1, ..., q,)-component we have

fac1(fala®b)) =
a1 @b+ (—1)" taa; @ anb + (—1)"aa1 @ apb — a ® oy, 1a,b
=0
hence f,,_1 0 f, =0.
It remains to show that Ker(f,,) C Im(fn+1). An element z € M, is uniquely

written as
T = Z Z a® bal,...,ama (38)

ay,...,an€Q1 o path,7#0 in A
(s,00i41)ER =09y

with by, ... a,,o almost all zero. For = # 0 define
l(z) = max{l(a) | bay,....an,a # 0} (3.9)

where [(«) is the length (i.e. number of arrows) of the path a. Observe that by
definition of f,,, for every x # 0 there is a y € M,, with

l(ly) =0, x—y € Im(fpt1)- (3.10)
Suppose now x € M,, with I(z) = 0, so we can write
= Z €dpas D bay,.. - (3.11)
(o ,10’6;1’1 )ZR
The projection of f,(x) to the ay,..., a,_1-component is
Z @ ® baar,.any T (=1)" Z €dpar ® a0 1,0-  (3.12)
a€Q1 ae@Q1
(e,a1)ER (an—1,0)ER
Therefore, f,(z) = 0 implies by, ..o, =0 for all aq,...,0n € Q1, (o, aiq1) €
R, so x = 0, which completes the proof. O

Proposition 3.2. Let Q be a graded quiver with quadratic monomial relations,
A =KQ/R its path algebra.

1. Suppose there are no cyclic paths oy -+ a, in Q with (q;,ai41) € R,
i € Z/n, then A is homologically smooth.

2. Suppose there are no cyclic paths ay---«a, in Q with (o, ;1) € R,
i € Z/n, then A is proper.

Proof. 1. Under the stated condition on cyclic paths, we see that M,, = 0 for
n > 0, hence A is perfect as an A°P ® A-module.

2. The condition implies that only finitely many paths are non-zero in A, so
A has finite rank over K. O

We apply these results to graded linear models of F(S, M, ). In this case,
the first condition of Proposition [3.2] is always satisfied, while the second is
satisfied if S has no boundary components without corners.

Corollary 3.1. Let (S,M,Q) be a graded marked surface without boundary
components diffeomorphic to S*, then F(S, M,) is homologically smooth and
proper.
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3.3 Representations of nets

In this subsection we classify representations of certain combinatorial structures,
called nets, based on ideas in the work of Nazarova—Roiter [23] on a class of tame
linear algebra problems. We will later use this result to derive the classification
of objects in Fukaya categories of surfaces with boundary.

A net is a quadruple X = (4, «, B, 3) where

e A is a finite set,

e « is a fixed-point-free involution on A,

e B is a finite set with partition B = | |, , B; into totally ordered sets,

e [ is a fixed-point-free involution on Dom(8) C B.

A morphism of nets f : (A4, «, B,8) — (A',o/, B’, §’) is given by maps f1 : A —
A’, fo : B — B’ such that

fica=a'ofi (3.13)

f2(Domp3) C Domfp’ (3.14)

f2(B\ Domp) C B"\ Domp’ (3.15)
f2|pomp © 8= B"© f2|poms (3.16)

f2(Bi) C B'y,(;) and fa|p, is increasing (3.17)

The height of a net X = (A, «, B, 3) is defined as
h(X) = max | Bi]. (3.18)

Nets of height 1 are disjoint unions of the following types of nets:

e +% s 0 A e +% 5 0 b, . o ° (3.19)

° ° ° ° ° (3.20)
\i/?

where we have indicated elements of A = B by dots and the action of «, 8 by
arrows. In both cases |A| > 2.

and

A representation of a net (A, a, B, §) is given by

e a finite-dimensional vector space V with a direct sum decomposition

V=P V.

€A/

e for each i € A an increasing exhaustive filtration {F;}jep, on V; (i.e.
]Sk - Fj CFkaFmaxB,i :‘/z)a
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e isomorphisms
®i g,V — grap)V, i € Dom(B)

with ¢g(;) = ¢i_1. Here gr,V = F;/F; is the associated graded.

Representations of a net form a linear category with morphisms (V, F;, ¢;) —
(W, Gy, ;) being linear maps f : V — W such that f(F;) C G; and

gr,V gT—"f> gr,W

Jfﬁi l"[)i
8rg).f
gV — grgW

commutes for all i € Dom(8). We note that the category of representations
of a net as in is the category of finite dimensional vector spaces, while
for we get the category of finite dimensional representations of Z (up to
equivalence).

Given a morphism of nets f = (f1, f2) : X = (4,a,B,8) - X' = (A", ', B, 3')
with fo injective on each B;, there is an induced pushforward functor f, on
the corresponding categories of representations. If V= (V| F;, ¢;) is a represen-
tation of X, then we produce a representation f.V =W = (W,G;,v;) of X’
with W =V as vector spaces and

W= @ Vi Jed/d (3.21)
€A/, f1(1)=]
G = @ Fy, where k = max{r € B; | fa(r) <1} (3.22)
i€ALEB)

for which we have
g W= € eV (3.23)
i€B, f2(i)=j
so that we can define
b= P o (3.24)
i€B, f2(i)=j

If fy fails to be injective on some B;’s, then one can still define f.V given
additional choices on V' (i.e. in a non-functorial way). Namely, for each i € A
and j € B} ;) N Dom(B’) with

(falB) " () = {1,...,n}, n>2 (3.25)

choose a splitting of the inclusions F1V C ... C F,,V. This gives us an isomor-
phism
grVo...ogr,VEFEV/F,V=g,W (3.26)

allowing us to define 9; as direct sums of 11 & ... @ 1, for various ¢. Different
choices of splittings give isomorphic f.V.

Theorem 3.1. Let X be a net, V a representation of X. Then there is a net
X' of height 1, a morphism [ : X' — X, and representation V' of X' such that
LV =V.
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As a preliminary to the proof of the theorem, we discuss diagrams

A
XY
B
of parallel surjective linear maps between finite dimensional vector spaces. First,

we have two increasing filtrations on X:

AT'0OCAT'BATIOC AT'BATIBAT 0 ...c AT (BAT Yo c ...

N————
=:F}
(3.27)
B'0c B 'AB'0c B'AB7'AB '0cC...c B'(AB )" o ...
N——
=:Gy
(3.28)

They necessarily stabilize with Fo, = F, Goo = Gy for N big. In general,
these filtrations are not exhaustive, but

Fro = Goo. (3.29)

Furthermore, there are inverse isomorphisms

B-1!
Mij &= M; 141
A'B

for i >0, 7 > 1, where

F; ﬂGj
(Fi—l n G]) + (Fz N Gj_l)

M;; = (3.30)

for 4,5 > 1. In particular,

e Ker(B) has an exhaustive filtration F' N Ker(B) with associated graded
pieces M; 1,

e Ker(A) has an exhaustive filtration G N Ker(A) with associated graded
pieces My j,

e there are isomorphisms M; 1 — My ;.

We proceed with the proof of the theorem.

Proof. Let (V,{F;}, ¢;) be a representation of a net X = (A4, a, B, 3). The proof
is by induction over
Z dim V; (3.31)
|Bi|>2
for all nets simultaneously. If h(X) = 1 we are done, so let us assume that
h(X) > 2. We can also assume, by passing to subsets of A and the B;, that all
associated graded gr;V are non-zero and all B; are non-empty.
Let r € A with |B,| = h(X). Let n = max B, and find the unique k € B,
such that
Fap+Fen GV, FetFop =V, (3.32)
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Set X1 = Fep + Fep,, Xo = Fi, N (F<i + F<,,) and consider the refinements of
the two filtrations of V;.:

...cF.,cXiCF,=V,, ...CF.,CXsCFyC... (3.33)
Note that the identity map induces an isomorphism of associated graded

which follows from the general isomorphism theorem S/(SNT) = (S+T)/T.
Case S(k) # n.

e If n € Dom(8), B(n) € B,, can refine the filtration on V,, to
. CFepn) C X3 C Fgm) C ...

where X3 is the preimage of ¢, (X1/F<,) under the quotient map Fg(,) —

e Similarly, if k € Dom(5), 8(k) € By, can refine the filtration on V), to
CF<5(k) C Xy CFB(k) C...

where X} is the preimage of ¢ (X2/F<y) under the quotient map Fp;y —
grﬁ(k)X

We construct a modified net X’ = (A’, o/, B, 8") with
A= AU{L,2}, a(1) =2, dla=a (3.35)

and Bf = {1}, B, = {2}. Moreover, if n € Domf we insert an element “3”
into B just before S(n) with 8/(1) = 3, and similarly if ¥ € Domf we insert
an element “4” before 8(k) with 8'(2) = 4. Note that the new elements of B
correspond to the additional pieces of the filtrations described above. There is
a morphism of nets f: X’ — X with 1 = n, 2+— k, 3 — B(n), 4 — 5(k).

V' determines a representation V' = (V' F;, ;) of X’ with
w:‘/Q/:Fn/Xlng/AXé; V’r{:V/

(03

o =X1 (3.36)

where we suppress the canonical isomorphism F,/X; & Fj, /X, from now on.
The filtrations on V,/ are obtained from those on V, by restriction, and the
filtrations containing F3, Fy by refinement. The isomorphisms ), ¥, ¥1, o
and their inverses are induced by ¢,, ¢r and their inverses respectively. We
claim that f,V’ is isomorphic to V. Choose complements

Xi/Fep ®Yr =gr,V (3.37)
If n € Domg, then the choice of Y7 is equivalent to a choice of complement of

X3/Fpm) C 8rg(n)V, and similarly for ¥5. We use these complements in the
definition of f,V".
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We claim that we can find a U C F}, such that

F,, — gr,,V induces an isomorphism U — Y; (3.39)
F}, — gr,.V induces an isomorphism U — Y3 3.40)

Namely, choose a U C Fj, with
Xo®U = Fy, (3.41)

such that (3.40) holds. We also have a direct sum X; & U = V,., but (3.39) may
fail. However, we can ensure (3.39) after shearing U in the directions of F.y,

which does not affect ([3.40)).

The choice of U gives an identification
Vi=XieU=X®(F,/X1)=V,eV/ (3.42)

which we use to define the isomorphism V' — f,V’. Compatibility with fil-
trations follows from U C F}, and compatibility with ¢,, ¢, since they are
block-diagonal with respect to the chosen splittings of associated graded.

Case B(k) = n. We have a diagram of parallel surjections:

gr,V LLEN F./Xy

e =

ar,V % F./X,

By the discussion preceding the proof we get first of all a pair of non-exhaustive
filtrations

0=GoCGi C...CGp, 0=HyCH,C...CH,=Gp, (3.43)

of gr,,V, where G; = Ker(p;) and H; = ¢,,*(Ker(p2)). For the associated double
graded M;;, 1 < 14,7, i +j < m+ 1, we have isomorphisms M;; — M; 1 ;-1
induced by ¢,,. Further, we have restricted filtrations on Ker(py ), Ker(py) lifting
to refinements of the filtrations on V,.:

...CF<n:X1’()CX1’1C...CXl’m:X1CFn (344)
...CF<]€:X2’0CX271C...CXQ’m:XQCFkC... (345)

with
X1,/ X121 = My, Xo,i/Xo i1 = M (3.46)

We construct a modified net X' = (4, o/, B, 3’) with

A= AU{1,2YU{(l,i,f) |1ef{1,2},i>2,j>2i+j<m+1} (347
d()=2, (1,0 = (247, dla=a (3.48)

By={1}, By={2}, B;;={lij} (3.49)

B. = (B \{n))U{(1,1,1) < (1,1,2) <... < (1,1,m)} (3.50)

Bl = (Bapy \ {k) U{(2,1,1) < (2,2,1) < ... < (2,m,1)} (3.51)
g)=2  B1ij+1)=(2i+1,75), i>1,j>1i+j<m (3.52)
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where in B! (resp. B(’l(r)) the new elements replace n (resp. k) in the total
order. There is a morphism of nets f : X’ — X with 1,(1,4,5) — n, and
2,(2,4,7) — k.

Let G be the preimage of G, = H,, under the projection F, — gr,V. V
determines a representation V' = (V' F;,¢;) of X’ with

Vrl =Xy, V1/ = Fn/Gv Vl/u = Mg, (353)

the restrictions of the filtrations (3.44) to X1, and 1, ;,; induced by ¢,,. We
claim that f,V”’ is isomorphic to V. Choose a complement Y to G C F,, with
Y C F}. Further, let Y7 1,...,Y1,n C gr,V with

Xl,j/F<n = Yl,l b...P Yl,j (354)
and define Y1 ; = ¢, (Yi j41). We get Y;; = M;; and
G/Xi1= P Vi (3.55)
i,j>2
i+j<m+1

Also we can use the X ; and X;; in the definition of f.V’. Choose a comple-
ment Z to X; C G with Z C Fy, allowing us to lift Y; ; to Z; ; C Fj. Combining
the various splittings we obtain an isomorphism

X0 F/e P M-V (3.56)
i5>2
itj<m41
which we use to identify f,V’ with V. O

Call a net as in a cycle. Note that for any cycle and any n > 2 there is
a morphism from another cycle which is n : 1, i.e. an n-fold “covering”. These,
and isomorphisms, are the only morphisms between connected nets of height 1.
We use this to formulate a strengthening of the previous theorem.

Theorem 3.2. Let X be a net, V an indecomposable representation of X. Then
there exists a connected net X' of height 1, a morphism f : X' — X which does
not factor through a covering, and an indecomposable representation V' of X’
such that V' =V . Moreover, for any triple X", f", V" with these properties
there is an isomorphism of nets g : X' — X" over X such that g, V' = V",

Proof. Existence follows from Theorem |3.1, which gives us X', f, V', with
SV = V. Since V is indecomposable, V' must be as well, and can only be
supported on a single component of X’ so we can take X’ to be connected. If f
factors through some covering, we just push V' forward along it.

For uniqueness, consider the inductive procedure in the proof of Theorem [3:1}
After choosing a total order on A, the output X’, f, V' depends, up to isomor-
phism, only on the isomorphism class of V. Moreover, if V is of the form f,V’
for some connected net of height 1, f : X’ — X not factoring through a cover-
ing, and V' indecomposable, then the output of the procedure applied to V is
isomorphic to the same (X', f, V). O

In applications of this theorem below it will be natural to consider nets which

are not finite (only individual B; are). Still, all our results extend to this case,
as finite dimensional representations are supported on a finite subnet.
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3.4 Minimal twisted complexes

Let A be a graded linear category which is augmented in the sense that there
are splittings
AX)Y)=A(X,Y) D A.(X,Y) (3.57)

such that A.(X,Y) is Klx for X =Y and zero otherwise, and A,.(X,Y) are
closed under composition. We view .4, as a non-unital category with the same
objects as A. Assume for the rest of the subsection that A, is nilpotent in
the sense that there exists an integer N > 0 such that any composition of N
morphisms vanishes. Recall that a functor F' is said to reflect isomorphisms if
f is invertible whenever F(f) is.

Lemma 3.3. The functor T : addZ(A) — addZ(A.) induced by the augmenta-
tion reflects isomorphisms.

Proof. Let M, N € addZ(A) and ¢ : M — N such that T'(¢) = ¢ is an isomor-
phism. Thus we have graded vector spaces M (X), N(X) for each X € Ob(A),
and components of ¢

¢x €Hom(M (X), N(X)) ® (Hom(M(X), N(X)) ® A.(X, X))
dxy € Hom(M(X),N(Y))® A.(X,Y), X#Y

Let ¢y be the component of ¢x in Hom(M(X), N(X)). By assumption, the

$ are isomorphisms. Composing ¢ with the morphism ¢ = with components
—1 —
oy , we may assume that M(X) = N(X) and all ¢ are identity morphisms.

Thus,
¢p=1-ecEnd" (M), V=0 (3.58)

which clearly has an inverse. O

A two-sided twisted complex over A is given by a pair (M,d) with M €
Ob(addZA) and § € End'(M) with 62 = 0. We say that (M,4) is minimal
if the image 0 of  under the functor addZA — addZA,. vanishes, i.e. ¢ has
components in (the degree 1 part of)

Hom(M(X), M(Y)) ® A (X, Y). (3.59)

Proposition 3.3. 1. Every twisted complex A € TwA is isomorphic to a
direct sum A = A,, @ A, with A,, minimal and A. contractible.

2. Any homotopy equivalence between minimal twisted complexes is an iso-
morphism.

Proof. 1. Let (M, d) be a twisted complex over A, (M, ) its image in Tw(A,).
By semisimplicity of A, (M, d) is isomorphic to a direct sum B.® B,,, where B,
is contractible and B,, has trivial differential. Therefore, (M, d) is isomorphic
to a twisted complex of the form

011 012 613
Ko K[-1®L, [ 1x + 021 622 03
031 032 033
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with Eij = 0. Using elementary row and column operations (automorphisms of
K @ K[—1] @ L) one reduces the matrix to the form

0 0 O
g 0 0
0 0 6

with 87, = 0, thus providing the direct sum decomposition.

2. Suppose (M, M) and (N, §%) are minimal twisted complexes, f : M — N
and g : N — M closed morphisms of degree 0, G : M — M and H : N — N
morphisms of degree —1 such that

Iy —gf =6MG+GsM,  In—fg=6"H+ HsY. (3.60)

Using minimality, gf = 15, and fg = 1y, i.e. f,g are inverse isomorphisms.
Hence, the claim follows from the previous lemma. O

3.5 Classification of objects

We are now ready to state and prove the main result of this section.

Theorem 3.3. Let (S, M,Q) be a compact graded marked surface, then the
construction of Subsection |3.1] sets up a bijection between isomorphism classes
of indecomposable objects in HO(F (S, M,Q)) and isotopy classes of admissible
curves with indecomposable local system.

Proof. Let Q be a graded quiver with quadratic monomial relations of type
F1, i.e. associated with some systems of arcs A on a compact graded marked
surface (S, M, ). The graded linear category K@ has a natural augmentation
with (K@), generated by non-identity paths. Assume that sufficiently long
paths are zero in K@, equivalently that no components of M are diffeomorphic
to S1, so that (KQ), is nilpotent and we can apply the results of the previous
subsection.

Consider first the case when @ is of the form
@ {— @&— ---&— o (361)

without relations and arbitrary grading. Let us number the vertices from left
to right by {1,...,n} and let a; denote the arrow from ¢ 4+ 1 to 4. A mini-
mal twisted complex over K@ is then given by finite-dimensional graded vector
spaces Vi,...,V,, and for 1 <1i < j <n a linear map

0i5 1 V; = Vi, deg(d;5) = deg(ey) + ... +deg(ej—1) — 1 (3.62)

such that the matrix § = (§;;) has square zero.

Consider the direct sum

n
V=V. (3.63)
i=1
which has the filtration

icvieW,c...cVie...aV,. (3.64)
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The endomorphism ¢ gives a three-step filtration
Imé C Kerd C V (3.65)

and an isomorphism of associated graded V/Kerd = Imd. We find that we have
a representation of the net

({1,2) x Z,(12) x id, ({1,...,n} U {1,2,3}) x Z, (13) x id) (3.66)

with total order so that (i,k + d(oy) — 1) < (i + 1,k) on {1,...,n} x Z and
(I,n) < (2,n) < (3,n) on {1,2,3} x Z. In fact, we get an embedding of the
category of minimal twisted complexes into the category of representations of

the above net as a full subcategory. We do not get an equivalence of categories,
since we only consider ¢ which decrease the filtration ([3.64]).

Turn now to the case of general Q. Let D be the set of maximal non-zero
paths in K@Q. Then for each element of D there is a sub-quiver of ¢ which
is of the simple form above, and @ is obtained from their disjoint union by
identifying some pairs of vertices. The corresponding net is now given by

A=Dx{1,2} xZ
a=id x (12) x id
B=({(v,d) e QoxD|vond}U(Dx{1,2,3})) x Z=: ByU B,

d(a) — 1) < (9p(a),n) and (d,1,n) < (d,2,n) < (d,3,n). Further,
B = (rU(id x (13)) x id) (3.70)

where 7 sends a pair (v,d1) € Qo x D with v on dy,ds € D, dy # da to (v,ds).
There is a fully-faithful functor from the category of minimal twisted complexes
over @ to the category of representations of (A, «, B, 3). Theorem gives us
a classification of indecomposable minimal twisted complexes over K@, equiva-
lently isomorphism classes in H(F (S, M, )) by Proposition Following the
definitions, one identifies isotopy classes of admissible curves with local system
with morphisms from nets of height 1 with indecomposable representation. Of
course, nets of the type (3.19) (resp. (3.20])) correspond to admissible curves
with domain [0, 1] (resp. S!).

It remains to deal with the case when M has components diffeomorphic to
St. Let (S', M’, Q') be the surface obtained by adding two corners and a bound-
ary arc on each such component of M. Then H°(F(S, M,Q)) is a localization
of the triangulated category HO(F(S’, M’,€Y')), and the localization functor is
essentially surjective. Moreover, if the images of E, F € H°(F(S, M,Q)) cor-
responding to admissible curves become isomorphic under localization, then

E and F differ by extensions by boundary arcs, so map to isotopic curves in
(S, M, Q). O
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4 Flat metrics on surfaces

The focus of this section are quadratic differentials on Riemann surfaces and
the associated flat metrics. In Subsection we define a class of quadratic
differentials on open Riemann surfaces with at worst exponential singularities
at infinity. The local behavior of the associated flat metric is reviewed in Sub-
section In the following subsection we discuss some facts about geodesics
on flat surfaces. The last subsection is concerned with the period map defined
on cycles with certain twisted coefficients.

4.1 Riemann surfaces with Calabi—Yau structure
A CY-structure on a Riemann surface X is given by a holomorphic section
Q € I(X, (24)%2) (4.1)

which is everywhere non-vanishing. Sections of (Qﬁgo)@2 are called quadratic
differentials.

A CY-structure determines a flat Riemannian metric || and a horizontal
foliation of vectors v € T, X with Q(v,v) > 0. The charts which give local
isometries with the Euclidean plane are the indefinite integrals

f:XDU=C, f(z)z/zx/ﬁ (4.2)

where U is simply connected, p € U. Conversely, a topological surface with
flat Riemannian metric with monodromy contained in {1, —1} together with a
choice of line in the tangent space at some point in each connected component
determines a complex structure and a non-vanishing quadratic differential on
X.

Since a compact surface can only have a CY-structure if it is the torus,
we will mostly consider open surfaces. In this case it is necessary to impose
some conditions on the behavior at infinity. First, let us call a transcendental
singularity of a quadratic differential of the form

ef@g(2)dz?, f, g meromorphic (4.3)

in some local coordinate z, an exponential-type singularity. We say that
a Riemann surface X with CY-structure 2 is tame at infinity if there is a
compact Riemann surface X with meromorphic quadratic differential Q, defined
away from a finite set of points where it as has exponential-type singularities,
and a finite set S C X so that there is an isomorphism

(X, Q) = (X \ S, lx5)- (4.4)

Note that S necessarily includes the zeros, poles, and exponential-type singu-
larities of €2, but we allow it to contain additional points as well.
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Grading on surfaces with CY-structure

Let S be a Riemann surface with non-vanishing holomorphic quadratic differ-
ential Q € T'(S,(T*9)®?), i.e. a CY-structure. Recall that the holomorphic
and real tangent bundles may be identified, and we associate to 2 the unique
section of P(T'S) on which ) is real and positive (i.e. the horizontal foliation).
Moreover, we have an identification of P(7T'S) with the bundle with constant
fiber C* /R~ = U(1) under which the section simply corresponds to 1 € U(1).
For an immersed curve a : [ — S a grading is defined by a function ¢ : I — R

such that
Q(a(t), a(t)) € Rege? M, (4.5)

The corresponding path a*Q ~» ¢ is given by

s 2 52 0,1] (4.6)

under the identification as above. Note that if « is geodesic if and only if ¢ is
locally constant.

Suppose we have curves ai, as with grading given by real-valued functions
@1, P2 intersecting transversely in p € S. Then the intersection index is simply

ip(on, a2) = [¢1(p) — ¢2(p)] - (4.7)

4.2 Local flat geometry

The flat metric on a complexes surfaces with CY-structure is in general not
complete, and its metric completion not a smooth Riemannian manifold. In the
case of CY-structures tame at infinity the completion adds only a finite number
of points, which are all singularities of conical type, as we will explain in this
subsection. Lets us consider the various special points of a quadratic differential

®.

e Zero of order n: We can find a local coordinate with ¢ = 2"dz?. Near the
zero, the metric case a conical point with cone angle (n + 2)m.

e First order pole: We can find a local coordinate with ¢ = % Near the
pole, the metric case a conical point with cone angle 7.

e Second order pole: We can find a local coordinate with ¢ = “g—f for
some a € C*. A neighborhood is isometric to a semi-infinite cylinder, in
particular contains infinite area.

e Pole of odd order n > 3: We can find a local coordinate with ¢ = dz*

P
The metric is smooth with infinite area.

e Pole of even order n > 4: We can find a local coordinate with
1
Y= ( + a2> dz?
FAls z

for some a € C. The metric is smooth with infinite area.
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e FExponential-type singularity: We can find a local coordinate with

for some n > 1 and meromorphic f. The completed metric has n infinite-
angle singularities, and infinite area.

The claims are easily verified in all cases except the last (transcendental)
one, c.f. [29]. The case of exponential-type singularities will be analyzed in
detail in the following.

Exponential-type singularities

Lemma 4.1. Let a > 1, A > 0, then there is a C = C(\) such that
o0
/ (a+ t)’\e_tdt < Ce®/?,
0
Proof. By change of variables s = a + ¢,
/ (a+t) e tdt = e / st %ds (4.8)
0 a

Find C' > 0 such that s*e=* < C/2e~%/2 for s > 0, then

ea/ ste 5ds < 026 / e=%/? (4.9)
= (Ce?/? (4.10)
O

Lemma 4.2. Let p> 1, /2 <e<m, A= {rei® |r>p,|¢| <e} CC, h(z) a
smooth function on A such that for some C1,Co > 0,A € R

C1)z)* < h(z) < Cylz? (4.11)
Then the completion of A with respect to the metric
(e Be@p(2))?|dz|? (4.12)
has a single additional point.

Proof. 1. Define n(z) = (max{1, |[Im(z)|})*e () then for sufficiently small
€ > 0, the boundary of {n > €} in A is given by the curve

Re(z) = Alog (max{1, |Im(2)|}) — log(e). (4.13)

Moreover, for distinct values of €, these curves have positive distance with re-
spect to the Euclidean metric.

2. We claim that e R°(*)](2) is bounded below on {n > ¢} for any ¢ > 0.
By assumption,
e Re@n(2) > O]z e R, (4.14)
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Case A > 0: For |Im(z)| > 1 we have

Cilz]*e ) > ¢ [Im(z) P e Re(2) (4.15)
= C1n(z) (4.16)
> Che (4.17)
Case A\ < 0:
A
CilzPe R > ¢ (|Re(z)|e‘Re(z)/>‘ + |Im(z)\e_Re(Z)/’\) (4.18)

The first term is bounded above, as Re(z) is bounded above by —log(e), the
second term is bounded above by /2.

3. We claim that for every € > 0, the set {n > €} is complete with respect to
the metric g = (e‘Re(z)h(z))2 |dz|?, thus any Cauchy sequence z; € A without
limit must satisfy n(z;) — 0. Namely, we have g > Cgeyc1 on {n > €/2} be the
previous step, and the boundary curves {n = ¢}, {n = £/2} have some positive

distance 9, so
d(z1,22) > Cmin {|z1 — 22|, 20} (4.19)

for z1,29 € {n > e}. Hence, any sequence which is Cauchy with respect to g is
Cauchy for the standard metric.

4. We claim that diam{n < e} - 0ase — 0. Assume 1 > ¢ > 0 is
sufficiently small so that {n < e} contains no z with Re(z) < 0, [Im(z)| < p,
then for z € {n < e} the path a(t) = z+t, t € [0,00) is contained in {n < e}.
We compute the length of «,

l(a) = /0 h e Re@=th (2 4 1)dt (4.20)
< Oy /Ooo e Re@ =t o p it =: CoI (4.21)

Case A > 0:
I< /OOO (\Re(z) + t|emRe@+0)/A 4 |Im(z)|e_(Re(Z)+t)/’\))\ dt (4.22)

As n(z) < g, Re(z) > —log(e) > 0, the first summand is bounded above by
(—log(e) +t) et/ *et/* and the second by '/}~ so

I< g/oo(1 —log(e) +t)*e "t (4.23)
0

Together with the previous lemma we get I < 2Cee(!~198(¢)/2 = 2(', /ez which
goes to 0 for € — 0.

Case A <0:

1

IN

/ " e Rela) -t (max{1, [Im(2)|})* dt (4.24)
0
n(z)

<e (4.25)

30



To prove the claim, it remains to show that for different values of z1, zo, the
corresponding horizontal curves starting at z1, 2o have vanishing distance. Let
B(t) =x+it,t e [ylay2]a T > p, then

Y2
1(B) = / e~ *h(x + it)dt (4.26)
y
1 v2 Tr—r 00
< Cge_”’/ |z 4 it| dt Z=25 0 (4.27)
Y1
Which completes the proof of the lemma. O

Theorem 4.1. Let B
p=e" 2Mg(2)dz? (4.28)

with n € Zsq, m € 7Z, g holomorphic, non-vanishing on a neighborhood U of
0€C. Let
D={0<|z|<r}CU (4.29)

then the completion of D with respect to |¢| has n additional points, which are
oo-angle singularities.

Proof. After a change of coordinates w = €™/ /z, ¢ is of the form
¢ = e " h(w)dw? (4.30)

with A meromorphic in a neighborhood of co. Let B = D! and fix € € (3,1).
Define sectors

2rk
V, = {w € B |arg(w) — 2% | < ”6} (4.31)
n n
and their complement
n—1
A=B\J V. (4.32)
k=0

Then for z = re'® € A we find cos(ng) < cos(re) < 0, hence
o] = e 3 | 22| > C|dz|? (4.33)

for some C' > 0. Since the sets V; have positive distance with respect to the
standard metric, this shows that every Cauchy sequence in B without limit is
eventually contained in one of the Vj.

On V;, we perform a change of coordinates u = w", so

o = e 2 f(u)du? (4.34)
and there are C'1, Cy > 0 with
— 1
Ciul* < VIF)] < Calu, 2= T (4.35)

where m = ordoh. Applying the previous lemma, the first part of the theorem
follows.

By the first part of the proof,
B=:BU{ai,...,a,} (4.36)
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is a complete metric space. Let a = ay, the we must show that a is an co-angle
singularity of B.

As Vj is simply connected, we may choose a holomorphic f : V}, — C with
(df)? = . Choose r > 0 such that Dj,(0) C Vi. Then for any path a in D3,
with endpoint 21,z € D}(0) we compute

£2)~ sl = | [ \/a‘ < [VH (437)

hence
|f(2z2) = f(z1)] < d(z1, 22) (4.38)

so that f extends to a continuous map on Vj, U {a}.

Without loss of generality, f(a) = 0. We claim that f restricts to a covering
D;(a) — D;(0). By (4.38), the image of D;(a) under f is contained in D,.(0).
The radius of injectivity at z € D}(a) is 11 = d(z, a). It cannot be larger, as the
singular point a would have to be contained in any disk of radius > r; centered
at z, and it cannot be smaller by completeness of B, and since any geodesic
may be extended until it hits a or leaves Da,.(a). We conclude that D, (z) is
mapped isometrically to D, (f(z)) by f, and thus ry = |f(2)|. This shows that
f restricts to a covering D} (a) — Dx(0).

From the proof of the lemma, it follows that a admits a fundamental system
of neighborhoods W with the property that W\ {a} is simply-connected. Thus
Dz (a) must be simply connected, and f : D(a) — D#(0) is a universal covering,.

O

4.3 Geodesics

A geodesic in a metric space is a curve which is locally length minimizing. In
the case of a complete flat surface with conical singularities

F:F‘smU}?sg

where Fyp, is the set of smooth points and Fy, is the set of singular points, all
geodesics are piece-wise smooth. In this section we describe their local behavior
as well as the maximal geodesics of finite length.

Local behavior

First, near smooth points p € Fyy, F admits a Euclidean chart ¢ : U — R2,
and geodesics are the preimages of straight lines in R2.

Let us consider the case of a conical singularity p € Fy, with finite cone
angle p. Any ray starting at the conical point is a geodesic. Moreover, the
concatenation of two such rays will be a geodesic iff the angles between them,
measured on both sides, are > . In particular, if p < 27 no geodesic can pass
through the conical point, and if p > 27 there are many ways of extending
a geodesic past the conical point. The case of an infinite-angle singularity is
similar, except that there is only one (arbitrarily large) angle between any two
rays.
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By an unbroken geodesic (or smooth geodesic) we understand a geodesic
on F' such that whenever it passes through a conical point the incoming and
outgoing rays form an angle equal to w. This is equivalent to saying that we can
locally approximate by geodesics in Fy,. A broken geodesic is by definition
a geodesic which is not smooth, so it passes through a conical point such that
the incoming and outgoing rays form only angles > .

Figure 5: A broken geodesic passing through a conical point. We think of the
surface as covering the plane with a branch cut along the dashed line.

Finite geodesics

Consider a maximal geodesic ¢ in Fy;, of finite length, there are two possibilities:

1. Saddle connections: c converges in both directions to some points p, q €
Fy, possibly p = q.

2. Closed geodesics: c is a map from S'. Let us exclude multiple covers.
The geodesics in the isotopy class of ¢ foliate a cylinder, possibly of infinite
height or bounded by saddle connections.

4.4 Homology and period map

Let (S, ) be a graded surface. For each x € S there is a Z/2-torsor of orienta-
tions of Q(x), together giving a local system #++/Q of Z/2-torsors on S. There
is a corresponding local system of abelian groups Z+v/€, which is the natural
choice of coefficients when assigning homology classes to graded curves.

For a graded marked surface (S, M, Q) consider homology with twisted co-

efficients
T = Hy(S, M;ZVQ). (4.39)

T" is easily computed in the case when S is compact and connected by finding
an explicit CW-decomposition. Let g = g(S) be the genus of S, m = |mo(M)]
the number of components of M, and n the number of components of 95 which
are not entirely contained in M. If n > 0, i.e. 35S # M, then

[ = 729~ 2tmtn, (4.40)

If 05 = M, i.e. all components of M are diffeomorphic to S', then I' depends
on Q. If £1/Q is a trivial local system, i.e. Q has a global square root, then

I = z29-2tm (4.41)

otherwise
[ =2729-1m x 7./2. (4.42)

33



Given a surface with CY-structure (C,2) which is tame at infinity, we as-
sociate to it a surface with marked boundary (S, M) embedded in C so that
C'\ S is a disjoint union of annuli around each singularity of €2, and so that
the component of 95 around a meromorphic singularity of €2 is diffeomorphic
to S! and the component of 35 around an exponential type singularity of
has corners and a bijection of the components of M on it with the infinite angle
singularities.

In terms of the flat surface F' = Fj,, U Fy, determined by (C, 2) we can write
I = H\(F, Fyy; ZVQ). (4.43)

Suppose « is a closed singular 1-chain with values in Z+/Q which is geodesic
near Fy,. Then the integral

/a Va (4.44)

is a well defined complex number. Since v/Q is closed, it depends only on the
class of o in I" and so we get a map

Z:T>C (4.45)

called the period map.

5 Stability conditions determined by flat met-
rics

The connection between flat geometry and stability conditions is the subject
of this final section. We begin by reviewing Bridgeland’s axioms in Subsec-
tion [5.1] In Subsection we then compute K of Fukaya categories of open
surfaces in terms of singular homology. This allows us to state our main result
in Subsection the proof of which occupies the remainder of this section.

5.1 Bridgeland’s axioms for stability

Fix a triangulated category C and a homomorphism cl : Ko(C) — I to a finitely
generated abelian group I'. A stability condition (c.f. [4], [I§]) on C is given
by

e for each ¢ € R a full additive subcategory C? C C of semistable objects
of phase ¢, and

e an additive map Z : I' — C, the central charge.
This data has to satisfy the following axioms.

1. C?[1] = cot?

2. If E€C?, F €C?, ¢ > ¢, then Hom(E, F) = 0.
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3. Every E € C has a Harder—Narasimhan decomposition: A tower of

triangles
OZE()*}El FE,1.—FE,=F
A A,

with 0 # A; € C% and ¢1 > ¢o > ... > Py
4. If 0 # E € C? then Z(E) := Z(cl([E])) € Rsge™?.

5. The support property: For some norm ||.|| on T ® R and C > 0 we have
an estimate
Il(E)| < ClZ(E) (5.1)

for E € C®.

The main result of [4] (see also [18]) is that the set Stab(C,T") of all stability
conditions on a triangulated category C has the structure of a complex manifold
of dimension rk(T") (if it is non-empty), so that the projection

Stab(C,T') — Hom(T", C)

becomes a complex analytic local homeomorphism.

5.2 K, and singular homology

In order to define the central charge as the period map, we need to relate K
of the Fukaya category to singular homology. The precise statement is the
following.

Theorem 5.1. Let (S, M) be a compact graded marked surface, then there is a
natural isomorphism of abelian groups

Ko(F(S, M,Q)) = Hy(S, M; ZVQ).

Proof. Choose a full system A of graded arcs on (S, M). Each arc defines a class
in H = H,(S, M;7Z+/Q). From cellular homology it follows that H is the group
generated by these arcs and with relations of the form £X; +... £ X,, =0
where X1, ..., X, are the arcs bounding a disk cut out by A. Correspondingly,
it is also clear that the arcs in A generate

K = Ko(F(S, M, Q)) = Ko(Tw(Fa(S, M,Q))) (5.2)

and satisfy the same relations, which follows from the observation in Subsec-
tion By construction we get a surjective homomorphism H — K which is
independent of the choice of arcs and natural with respect to maps of graded
marked surfaces. It remains to show that no additional relations are needed to
present K.

Suppose first that M has no components diffeomorphic to S'. Choosing a
formal collection A of arcs, we can present F(S, M, Q) as the category Tw(KQ)
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of twisted complex over the path category of a graded quiver ) with quadratic
monomial relations. Note that H is freely generated by A, so we need to verify
that K is freely generated by the vertices Qg of Q. One way to see this is by using
the explicit resolution of the diagonal of K@), showing that, as a bimodule, K@) is
a repeated cone of Yoneda bimodules. As a consequence, Tw(KQ) = Perf(KQ),
and an inverse of the map

79 — Ko(Perf(KQ)) (5.3)

sending a vertex to the corresponding simple module, is induced by the dimen-
sion vector of a module.

For a general (S, M, Q) there is a (S’, M’, Q') obtained by adding two corners
to each component of 95 diffeomorphic to S*. Let N denote set of boundary
arcs of (S’, M) created in this process, and N the corresponding full triangu-
lated subcategory of HO(F(S’,M’,Q))) generated by N. Each arc in N has
endomorphism algebra of the form K[z]/2z? with |z| € Z, so N is a product of
categories of the form H°(Tw(K[z]/2?)). We get a commutative diagram

ZN ——— H\(S'\ M, ZVQY) —— H(S,M,ZV/Q) —— 0

| | | 5

KoN) —— Ko(F(S',M", Q")) —— Ko(F(S,M,Q)) —— 0

where we use Proposition [2.2] to get the bottom row. We claim that the rows
are exact. For the top row this is just the exact sequence of a triple. For the
bottom row this uses the fact that A is idempotent complete, thus a thick
subcategory so that Proposition 3.1 in [I1I] can be applied. Since the left and
middle horizontal maps are isomorphisms, so is the right one. O

5.3 Statement of main theorem

We now have all the ingredients needed for the precise formulation of our main
result.

Theorem 5.2. Let (C, ) be a Riemann surface with CY-structure (non-compact,
tame at infinity without higher order poles), (S, M) the corresponding surface

with marked boundary. Define subcategories C® < HY(F(S,M,Q)) so that

isomorphism classes of indecomposable objects correspond to unbroken graded

geodesics of phase ¢ with indecomposable local system, and let

Z - Ko(F(S,M,Q)) = H\(S,M;ZVQ) — C
be the period map. Then this data satisfies the axioms of a stability condition.

Remark. When C' is compact, then necessarily g(C) = 1. In this case one can use
homological mirror symmetry for elliptic curves [25] and Atiyah’s classification
[1] to derive a version of Theorem where K is replaced by the numerical
K-group Kuum = Z2.
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Remark. There are possibly two ways to extend the result to the case of higher
order poles. Either one restricts to a full subcategory of F(S, M, Q) with objects
corresponding to admissible curves which avoid the higher order poles, or one
defines a type of limiting stability where Z is allows to become infinite.
Remark. Let us emphasize that we put no restrictions on the ground field K
of F(S,M,Q). In fact this category is defined over any ring, but for example
Perf(Z) does not admit stability conditions.

5.4 Support property

Let (C,) be an open Riemann surface with CY-structure coming from a
quadratic differential without higher order poles, and let (S, M) be the cor-
responding marked surface. We have as before

L =H(S,M;ZVQ), Tr=T®zR=H/S,MRVQ) (5.5)

Proposition 5.1. There is a norm ||.|| on Tr, C > 0 such that for v € T the
class of a finite geodesic on (C,Q) there is an estimate

17l < C1Z(7)] (5.6)
where Z : T' — C is the period map.

Proof. We do first the case without exponential type singularities, so that M =
dS. The locally constant sheaf Rv/€ is given by flat sections of a flat line bundle
with metric for which we use the same notation. By Poincaré duality

I = Hy(S,05; RVQ)* (5.7)
= H'(S,05;RVQ) (5.8)
= Hjp(S;RVQ)* (5.9)
= H:(S;RVQ). (5.10)

Choose compactly supported forms wy, . . . , w,, representing a basis of H(S; R\/ﬁ)
Define a norm on I'g by

I = Z |[wi] ()] (5.11)

and set

€= loille (5.12)

where the norm is taken with respect to the flat metric. Let a be a finite
geodesic on (C, Q) with class v € ', then

() =1Z(7)] (5.13)
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where I(«) is the length. Thus

Il = 3 ]2 (5.14)

-3 /awi
= Zl(a)”‘*}iuoo (5.16)

=iz (5.17)

(5.15)

In the case of exponential type singularities some modifications are needed.
First, we consider forms which are supported on the complement of a neighbor-
hood of the singularities of the flat metric. Second, we use the fact that all finite
geodesics are contained in a compact subset K of the completed flat surface,

see Proposition [5.2 below, and take ||w;|k [|so in (5.12). O

Proposition 5.2. Let (C,€) be a Riemann surface with CY-structure tame at
infinity, F' the metric completion of C. Then there exists a compact K C F
such that all finite geodesics on F are contained in K.

Proof. Choose K so that its boundary is a union of (possibly broken) geodesics
connecting consecutive co-angle singularities corresponding to the same expo-
nential singularity of Q. Each component of F'\ K is simply connected and has
a boundary (in F') which is a sequence of saddle connections meeting in angles
> m. Thus, no geodesic can pass through 0K twice, so any finite geodesic must
be contained in K. O

5.5 A, (disk type)

In this subsection we consider the case when C' = C, C = CP! and 2 has a
single exponential-type singularity at co. It is not difficult to see that in fact

Q(z) = PP dz?, zeC (5.18)

with P a polynomial of some degree n + 1. The corresponding marked surface
(S, M) is of type A, i.e. topologically a disk with M having n+ 1 components.
We have as before a candidate for a stability condition on F(S, M, Q).

We first check that Hom(A, B) = 0 for ¢(A) > ¢(B). Note that it suffices
to do this for A, B stable, so that they correspond to graded arcs. We consider
the various cases.

1. If A and B differ only by a grading shift, the claim follows from Ext<°(A, A)
0.

2. If A and B are disjoint, then Hom(A, B) = 0.

3. If A and B intersect in a smooth point p of the surface, then Ext(A, B) is
concentrated in degree

ip(A, B) = [¢(A) — ¢(B)] (5.19)
so ¢(A) > #(B) implies Ext’(A, B) = 0.
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4. If A and B meet in an oo-angle singularity p in an angle ¢ > 0, then

ip(4, B) = 6(4) ~ 6(B) + £ (5:20)
and Ext(A, B) is either concentrated in degree i,(A, B) or zero, depending

on the order in which they meet p.

Next we check the HN-property. It suffices to do this for indecomposable
objects X. By the classification, X corresponds to a graded arc a connecting
two oo-angle singularities. A geodesic representative of « is a concatenation
of graded saddle connections «y, ..., ax corresponding to objects X1,..., X, in
F(S,M,Q). Let

01> ...> P (5.21)

be the distinct phases of the «; (generically, I = k). For 1 < i <[ there is a
semistable G; given by a twisted complex

ai- @ x. (522)

(Xj)=d:

where §; has non-zero coefficients corresponding to the singular points where
the geodesic representative of « passes through without changing phase equal
to ¢;. Also,

X=|Epx;s (5.23)
J

where § has non-zero coefficients corresponding to all the singular points the
geodesic representative passes through (i.e. where a; meets «;y1). Note that
this really gives morphisms of degree 1 since the concatenation of the saddle
connections smooths to a graded curve. To show that the twisted complex
representation of X in terms of the G; is a HN-tower, we need to check that
components of § increase phase. For this we use that fact that the concatenation
of the «; is a geodesic, and so a;, a; 41 necessarily meet at a singular point in
an angle ¢ > m, thus ¢ > 7 if the phase jumps. The corresponding morphism,
without loss of generality from X; to X; 1, has degree 1, and so

1= 0(X) ~ 9(Xin) + 2 (524

which implies ¢(X;) < ¢(Xit1)-

We can bootstrap the above analysis to the case of general surfaces, as long
as only admissible curves with domain [0, 1] are involved. The first claim is that
Hom(A, B) = 0 for a pair of graded saddle connections A, B with ¢(A) > ¢(B).
To see this, pass to the universal cover C of (C,Q), which is a flat surface

with only oo-angle singularities. Lift A, B to curves A, B on C, graded with
$(A) = ¢(A), ¢(B) = ¢(B). We have

Hom(A, B) = @ Hom(ﬁ,gé) (5.25)
gem(C)
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and hence it suffices to prove the claim for C. But any two saddle connections
are objects in some category coming from a surface of disk-type, and so our
previous arguments can be applied.

Second, we claim that the HN property holds for admissible curves ¢ with
domain [0, 1]. To see this, lift ¢ to a graded curve ¢ in the universal cover. We
work in the category generated by all the saddle connections in a geodesic repre-
sentative of ¢. It corresponds to some surface of disk-type in the universal cover.
We get a HN-tower for ¢ in this category and push it forward to F(S, M, Q) to
get a tower for ¢ in that category.

Moduli spaces

When (S, M, Q) is of disk-type the category F(S, M, Q) has only finitely many
indecomposables up to shift, allowing an easy classification of t-structures. The
following is not used in the proof of Theorem

Theorem 5.3. Let (S, M,Q) be a graded marked surface of disk-type, n+ 1 =
M| >3, T = HF(S,M,Q)), then

Stab(T)/Aut(T) = {eP<z>d22 | deg P =1+ 1} /Aut(C) (5.26)

= {e" e w2 )z (5.27)
as complex orbifolds.

The case n = 2 of this theorem is contained in [7]. Our proof uses a classifi-
cation result of R. Nevanlinna [24].

Proof. The category T has, up to shift, only finitely many indecomposable
objects. This implies that any t-structure on 7T is Artinian, i.e. objects in
its heart are all of finite length. Moreover, as Ko(7) = Z", the heart of any
bounded t-structure on T has exactly n simple objects up to isomorphism. In
particular, any central charge Z : Ko(7 ) — C sending these simple objects to

H_={re"|r>0,¢€ (0,7} (5.28)

defines a stability condition on 7 and all stability conditions are obtained in
this way.

Let us classify t-structures on 7. Suppose A C T is the heart of a bounded
t-structure with simple objects Si,...,S5,. The S; correspond to graded arcs
in (S, M, Q) for which we use the same symbols. By general properties of t-

structures,
Ext=<%(S;, S;) = 0, i (5.29)

which implies that Sy,...,S, form an arc system A. It is easily verified that
A is formal, and conversely that any full formal system of graded arcs satis-
fying (5.29)) gives precisely the simple objects in a bounded t-structure on 7.

We have already seen that a quadratic differential Q = eP(*)dz? gives a
stability condition on 7. What are the simple objects in the associated t-
structure, A? To answer this, consider the horizontal foliation of 2. There
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8 5

Figure 6: Types of full formal systems of graded arcs (dotted lines) in the case
n = 3. The positive integers k, ! indicate degrees of morphisms.

are three types of leaves: Those which do not converge in F in either direction
(infinite leaves), those which converge to a point in Fy, in one direction, and
those which converge to a point in Fi, in both directions, i.e. saddle connections.
The latter two types are called convergent. From the local structure of the flat
metric we see that there is a Z-torsor of convergent leaves starting at any oo-
angle singularity, cutting F' into strips. The saddle connections which do not
cross a convergent leaf correspond to the simple objects in A.

Assume now that no central charges lie on R, which can always be achieved
after rotating phases by a small amount. The flat surface can then be described
as being glued along convergent trajectories from rectangular pieces of the form
R x [0, h] for each simple object S;, where h = ImZ(S;), and an infinite number
of rectangular pieces of the form R x [0, 00). This description makes it clear how
to construct a simply connected flat surface with n+1 infinity-angle singularities
from any stability condition on 7. However, it is not obvious that such a flat
surface comes from a pair (C, e”(*)dz?). This follows from results of Nevanlinna
in [24].

To complete the proof one must show that Aut(7) coincides with graded
automorphisms of (S, M) up to isotopy. This follows from the classifications of
indecomposables in 7 and that any autoequivalence of 7 which acts trivially
on objects is naturally isomorphic to the identity. O

In order to study the wall and chamber structure on Stab(7)/Aut(7) one
can consider the convex hull K of the (n + 1) singularities. It is a union of 1-
dimensional pieces which are straight lines and 2-dimensional pieces which are
polygons, possibly non-convex and non-planar. Figure |7] gives some examples
for n = 3.

8 » A

Figure 7: Possible topologies of K when n = 4 for a generic stability condition.
Note that the number of stable objects up to shift is 6, 5, 4, 3 respectively.
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5.6 A, (annular type)

We turn to the case C' = C*, with 2 having exponential singularities at 0 and
0o, and so that the unit circle S' C C* is gradable. Then € is of the form

L dz?
Q= el )72 (5.30)

with P a Laurent polynomial with poles of orders m and n at 0 and oo respec-
tively. The associated marked surface (S, M) is an topologically an annulus with
m and n marked boundary intervals on the two components of 35 respectively.

First we check that Hom(A, B) = 0 for stable A, B with ¢(A) > ¢(B). It
remains to consider the cases when either A or B, or both, are closed geodesics
with simple local system. We omit computations of Ext*(A, B) for specific
twisted complexes A, B, which can be done directly or by relating F (S, M, Q)
to Floer-theoretic or B-model definitions.

1. If A and B both correspond to loops with simple local system, then
they either differ by a shift or else are orthogonal, i.e. Ext*(A,B) =
Ext*(B, A) = 0. In the first case it suffices to note that Ext<°(A4, A) = 0
since A lies in an abelian category.

2. If one of A or B is a geodesic loop and the other a saddle connection
tending in both directions to the same exponential singularity of €2, then
A and B are orthogonal.

3. If one of A or B is a geodesic loop and the other a saddle connections
tending towards both singularities of €2, then A and B intersect in a unique
point p and Ext*(A, B) is concentrated in degree i,(A, B) = [¢#(A) —
P(B)].

By passing to the annular covering we see, as in the case of two saddle connec-
tions, that the statement is true for general (C, () when at least one of A or B
is a saddle connection.

There is, up to isotopy and grading, a unique admissible curve ¢ with domain
St on (S, M, Q). We need to check that HN-towers exist for the corresponding
indecomposable objects X. If (X, C) has a geodesic loop (necessarily isotopic
to ¢), then X is semistable, so we are done. If not, then ¢ has a geodesic rep-
resentative which is a concatenation of saddle connections. The corresponding
collection of arcs satisfies the properties we required when assigning a twisted
complex to ¢. The same argument as in the A,, case shows that this twisted
complex gives a HN-tower for X. Again, passing to the annular covering, we
find that HN-towers exist for objects corresponding to admissible curves with
local system and domain S* on general (C, ). Since all isomorphism classes of
indecomposable objects in H°(F (S, M,)) come from admissible curves, this
completes the proof of the HN-property.
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5.7 The general case

Let (C,Q) be a general Riemann surface with CY-structure, (S, M) the associ-
ated marked surface. To finish the proof of Theorem [5.2] we need to show that
for two objects A, B € H(F(S, M,)) corresponding to closed geodesics a, 3
with local systems and ¢(A) > ¢(B) we have Hom(A, B) = 0. We may also
assume that « and S are non-isotopic as simple closed curves.

Let Z denote the flat cylinder foliated by closed geodesics isotopic to a.
Since € is assumed to not have any second-order poles, Z has finite height with
singular points on each boundary component, see Figure The other loop g

/4.
11

/.
1

Figure 8: The cylinder Z, cut along a dotted line, closed geodesics «, 3, saddle
connections S;, arcs F;.

can cross Z any number of times, but does so always with the same slope. The
we can represent B as an extension of graded saddle connections with local
systems S;, which are contained in Z and connect the two components of its
boundary, and arcs E; which are disjoint from the interior of Z. Moreover, these
saddle connections can be chosen so that ¢(S;) < ¢(B). Namely, there is an
isotopy moving f to the concatenation of the S; and E;, and it should move any
point of intersection with 0Z so that Z lies to the right. From what we have
shown in the annular case, it follows that Hom(A, S;) = 0 for all i. Further, A
is orthogonal to any E;, so Hom(A, B) = 0 follows. This completes the proof of
Theorem
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Zusammenfasssung auf Deutsch

Die Untersuchung von Stabilitdt in triangulierten Kategorien wurde, basierend
auf Ideen des Physikers M.R. Douglas, von Bridgeland eingeleitet [4]. Seitdem
beschiéftigt sich die Mehrheit der Arbeiten in diesem Gebiet mit Kategorien
algebraisch-geometrischen Ursprungs, siehe z.B. [2 B [6], 16, 2T]. Andererseits
wird im Zusammenhang mit symplektischen Mannigfaltigkeiten schon langer
eine Verbindung zwischen speziellen lagrangeschen Untermannigfaltigkeiten und
dem Fluss entlang mittlerer Krimmung mit algebraischen Konzepten von Sta-
bilitdt vermutet, siche Thomas [30], Thomas—Yau [31], aktualisiert in Joyce [15].
Dies motiviert die Untersuchung von Stabilitdtsbedingungen auf Fukayakat-
egorien. In dieser Arbeit bestéitigen wir die Axiome von Bridgeland in der
niedrigst moglichen Dimension, der von Flachen.

Im Detail bedeutet dies Folgendes. Gegeben sei eine riemannsche Fliache
C' mit quadratischem Differential  welches auf dem Komplement C = C'\ S
einer endlichen Menge S holomorph und nirgends verschwindend ist. Weiters
nehmen wir an, dass sich 2 in den Punkten S entweder meromorph fortsetzen
lasst, oder eine transzendente Singularitdt der Form

ef @ g(2)dz?

besitzt, wobei f und g meromorph sind und 0 eine Polstelle von f ist. Der Ab-
solutwert des Differentials, |€2], definiert eine flache Metrik auf C'. Die metrische
Vervollstiandigung F' von C' besitzt zusétzlich eine endliche Anzahl von konis-
chen Punkten.

Das Paar (C,) bestimmt eine A,-Kategorie A vom Fukaya-Typ welche
nur von topologischen Eigenschaften abhéngt: dem Geschlecht von C, der An-
zahl und Arten von Singularitdten von €2, und der Monodromie von . Grob
gesprochen sind die Objekte von A Kurven in C. Insbesondere lassen sich
Geodéten in F' mit endlicher Lange als Objekte von A verstehen. Das Haup-
tresultat dieser Arbeit ist das folgende Theorem.

Theorem. Sei (C,Q)) wie oben ein quadratisches Differential ohne Polstellen
héherer Ordnung, und A die assoziierte Fukayakategorie. Dann bestimmt die
Menge der Objekte in der triangulierten Kategorie H°(A) welche zu ungebroch-
enen Geoddten gehoren eine Stabilititsbedingung auf dieser Kategorie.

Die Arbeit ist inhaltlich folgendermaflen aufgebaut. Ziel des ersten Ab-
schnittes ist, es eine elementare Definition der Fukayakategorie einer Fliache mit
Rand zu geben. Dafiir wird jedem geeigneten System von Schnitten A eine
explizit gegebene A.-Kategorie F4 zugeordnet und anschlieBend gezeigt, dass
die assoziierte Kategorie von Komplexen F = Tw(F4) unabhéngig von der
Wahl von A ist. Im Abschnitt [3] 16sen wir ein zahmes Klassifikationsproblem
welches die Geometrizitdt von Objekten in F impliziert. Dieses Resultat ist
wesentlich fiir den Beweis des Haupttheorems, ist aber auch unabhéngig davon
von Interesse in der Darstellungstheorie. Im Abschnitt [4]fassen wir einige Eigen-
schaften von quadratischen Differentialen und Flachen mit konischen Punkten
zusammen, wobei besonders die Singularititen vom exponentiellen Typ im De-
tail behandelt werden. Schlussendlich erfolgt im Abschnitt [5] eine Berechnung
der relevanten Ko-Gruppe sowie der Beweis des Haupttheorems.
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