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Abstract

From the principles of algebraic quantum field theory it follows that in low dimensions
particles are not necessarily bosons or fermions, but their statistics can in general be
governed by the braid group. Such particles are called anyons and their possible statistics
is intimately related to their localization properties and their covariance with respect
to rotations. This work is concerned with the explicit construction of quantum fields
with anyonic statistics which are localized in various different regions on two- and three-
dimensional Minkowski space, and we will analyze the connection between localization,
statistics and spin. The reason why this is considerably more difficult than for bosons
or fermions is the no-go theorem regarding free cone-localized anyons in d = 2 4+ 1. This
problem is approached in this work from different directions leaving out some of the
underlying assumptions one makes in the abstract algebraic quantum field theory. Despite
a similar no-go theorem for free local anyons, it is in two dimensions possible to construct
compactly localized quantum field nets with anyonic commutation relations for every mass
m > 0 and every statistics parameter by using the theory of loop groups and implementable
Bogoliubov transformations. This does not work in higher dimensions so in d =2 + 1 we
will first construct polarization free generators, which are only wedge-local, using a recent
work about multiplicative deformations of free quantum fields on the Fock space. By
generalizing this procedure to the charged case it is possible to extend the set of admissible
deformations and end up with fields satisfying anyonic commutation relations, which are
covariant w.r.t a Poincaré group representation with arbitrary real-valued spin. Another
approach, which further demonstrates the connection between localization, statistics and
spin of quantum field nets, is to focus first only on the rotational degrees of freedom and
construct field operators on the circle. Using again implementable multiplication operators
one can obtain a field net localized on intervals on the universal covering space of the circle.
These field operators then have anyonic commutation relations depending on the winding
number of the localization region and real-valued spin. By taking the tensor product with
a local covariant quantum field theory on R?*! it is possible to obtain an (interacting)
anyon-like field net in three dimensions which is localized in paths of cones and covariant

under translations and rotations.



Zusammenfassung

Aus den Prinzipien der algebraischen Quantenfeldtheorie folgt, dass Teilchen in niedri-
gen Dimensionen nicht notwendigerweise Bosonen oder Fermionen sein miissen, sondern
im Allgemeinen auch Zopfgruppen-Statistik aufweisen konnen. Solche Teilchen, die so-
genannten Anyonen, weisen einen engen Zusammenhang zwischen ihrer Statistik, ihrer
Lokalisierung und der Kovarianz beziiglich Rotationen auf. Diese Arbeit beschéftigt sich
mit der expliziten Konstruktion von Quantenfeldern mit anyonischer Statistik, die in unter-
schiedlichsten Gebieten auf dem zwei- und dreidimensionalen Minkowski-Raum lokalisiert
sind. Insbesondere wird in diesem Rahmen auch die Beziehung zwischen Lokalisierung,
Statistik und Spin der Quantenfelder analysiert. Der Grund fiir die Schwierigkeit solche
Felder zu konstruieren ist das No-Go Theorem beziiglich freier Kegel-lokalisierter Anyonen
in d = 2+ 1. Diese Problematik wird in der vorliegenden Arbeit von verschiedenen Seiten
angegangen indem diverse Annahmen, die der abstrakten algebraischen Formulierung zu
Grunde liegen, abgeschwécht werden. Trotz eines dhnlichen No-Go Theorems fiir freie
lokale Anyonen ist es in zwei Dimensionen moglich, fiir jede Masse m > 0 und jeden
Statistikparameter kompakt lokalisierte Quantenfelder mit anyonischen Vertauschungsre-
lationen zu definieren. Diese Konstruktion verwendet die Theorie der Loop Groups und
der implementierbaren Bogoliubov Transformationen und ist in héheren Dimensionen im
Allgemeinen nicht moglich. Daher werden in d = 2 4+ 1 unter Verwendung einer ak-
tuellen Arbeit iber multiplikative Deformationen von freien Quantenfeldern auf dem Fock-
raum zuerst polarisationsfreie Generatoren konstruiert, die lediglich in Keilen lokalisierbar
sind. Durch eine Verallgemeinerung dieser Methode auf geladene Felder ist es moglich,
die Menge der zuldssigen Deformationen zu erweitern und Feldoperatoren zu erhalten,
die anyonische Vertauschungsrelationen erfiillen und kovariant unter einer Darstellung der
Poincarégruppe mit beliebigem reellwertigen Spin sind. Ein weiterer Zugang, der unter An-
derem ebenfalls die Verbindung zwischen Lokalisierung, Statistik und Spin veranschaulicht,
besteht darin zuerst nur die Rotations-Freiheitsgrade zu betrachten und Feldoperatoren
auf dem Kreis zu konstruieren. Durch das erneute Verwenden von implementierbaren
Multiplikationsoperatoren ist es moéglich ein Feldnetz zu erhalten, das in Intervallen auf
dem universellen Uberlagerungsraum des Kreises lokalisiert ist. Die so konstruierten Fel-
doperatoren erfiillen anyonische Vertauschungsrelationen, die von der Windungszahl des
Lokalisierungsintervalls abhédngen, und kénnen einen reellwertigen Spin aufweisen. Durch
Bilden des Tensorprodukts mit einer lokalen kovarianten Quantenfeldtheorie auf R2?*!
ist es dann moglich ein (wechselwirkendes) anyonisches Feldnetz in drei Dimensionen zu
definieren, das in “Pfaden” von Kegeln lokalisiert und kovariant beziiglich Translationen

und Rotationen ist.
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. Introduction and Motivation

In quantum mechanics particles of the same kind are usually assumed to be indistinguish-
able from which it can then be deduced that the wave functions of n particles need to have
the same expectation values under relabelling of the individual particles. In three spatial
dimensions this leads to symmetric (bosons) or anti-symmetric (fermions) wave functions
corresponding to the two one-dimensional representations of the permutation group. This
is the concept of statistics in the context of quantum mechanics.

Leinaas and Myrheim were the first the realize that these arguments have to be mod-
ified in two dimensions and that there is the theoretical possibility of particles that are
neither bosons nor fermions [61]. The emergence of this new kind of particles can be
understood by the more complicated topological structure of the configuration space of
of n indistinguishable particles in two space dimensions. This is basically due to the fact
that exchanging two particles in a clockwise or counter clockwise direction corresponds
to topologically inequivalent operations (see also [71]). This should not be confused with
the concept of para-statistics corresponding to higher dimensional representations of the
permutation group (see e.g. the review [38] and references therein).

The statistics of n particles in low dimensions is then governed by the braid group B,
of n strands which is a non-abelian group with an infinite number of elements (in contrast
to the n! elements of the permutation group S,,). It is defined by its generating elements
01, ...,0n_1 which satisfy the relations

Ok Ok41 0k = Opt1 0k 0kr1 Tfork=1..n—2

(L1)

oL 0] = 0] 0y, if |k -1 > 2,

whereas the additional condition a,% = 1 would lead to the permutation group. An element

of B,, can be pictured as a braiding of n strands as illustrated in figure 1.1 for Bs.

K X

1 01 g

Figure 1.1.: Generators of Bs



The braid group with an indefinite number of strands will be denoted by B.,. These
properties make the braid group much more complicated than the permutation group and
a complete classification of its irreducible representations is still an open problem. In
many cases it is, however, sufficient to consider one-dimensional representations which are
characterized by a phase factor. Particles for which the statistics can be described by
such one-dimensional representations have been called “anyons” by Wilczek [93], whereas
in case the representation is non-abelian and higher dimensional the term “plektons” has
been introduced in [30,31]. In this work, however, we will only deal with abelian anyons.

Quantum mechanical models of anyons were analyzed first by Wilczek [93] and subse-
quently this generalization of the Bose/Fermi-alternative aroused great interest of physi-
cists. One of the reasons for this was the supposed relevance of anyons for many phenomena
in two-dimensional condensed matter physics, which are still only partly understood. In
particular, there have been several suggestions to explain the fractional quantum Hall
effect by models containing anyons (see e.g. [3,45,53]) and they were also supposed to
play a role in high temperature superconductivity [53,94]. More recently an application
of (quasi) particles with braid group statistics in topological quantum computation has
been suggested, using the fact that anyonic topological excitations are more stable with
respect to small perturbations than normal excitations [47,48].

In the 1980s Fredenhagen [27] and Frohlich and Marchetti [35] considered the possibility
of braid group statistics also in the context of algebraic quantum field theory (AQFT) in
low dimensions. It turns out though that in 241 dimensions charged fields with generalized
statistics cannot be localized in bounded regions but their localization regions need to
extend to infinity in some direction. This is connected to the fact that the manifold of
spacelike directions of three dimensional Minkowski space is not simply connected. The
simplest spacetime regions of this kind are spacelike cones (which will be defined more
precisely below) and it has been proved by Buchholz and Fredenhagen [9] that charged
states in quantum field theory with a mass gap can always be localized in such cones.
In this algebraic framework it was then also possible to prove several model independent
results like the PCT theorem [70], the Bisognano-Wichmann theorem [70] and especially
the spin-statistics theorem [69]. This theorem states that particles with anyonic statistics
also carry a spin that can take any real value in contrast to bosons or fermions where the
spin is always integer or half-integer (hence the name “any”ons because they can have
“any“ spin). Furthermore the concept of modular localization could be generalized to
anyons and plektons [68] (and therefore to representations of the Lorentz group El with
arbitrary spin) using again the non-trivial topology of the set of spacelike directions in
2+1 dimensions.

Despite all of these general results there are no well-defined explicit models of relativis-
tic anyons in three dimensional Minkowski space which are physically and mathematically

satisfying, especially from the viewpoint of algebraic quantum field theory. A well defined
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model complying with the basic axioms of relativistic quantum field theory would there-
fore be highly desirable, also because a non-relativistic quantum mechanical model should
be obtainable as the limit of an underlying relativistic theory. In the case of bosonic
or fermionic statistics the starting point for further non-trivial models is often a “free”
(Wightman) field, creating one-particle states from the vacuum, but unfortunately this is
impossible in the anyon case because of certain no-go theorems by Bros and Mund (see
section I1.2.3). This makes the rigorous construction of relativistic quantum fields with
anyonic statistics particularly difficult. In this thesis we shall describe and clarify some

old and new approaches in this direction.

The thesis is structured as follows. After recalling some basic principles of algebraic
quantum field theory in chapter II we will first give a precise definition of what we mean
by a relativistic covariant net of quantum fields with anyonic statistics. We will then see
how the dimension of the underlying space and the requirement of anyonic commutation
relations restrict the possible localization regions and the spin of these fields. At the
end the no-go theorems by Bros and Mund will be recapitulated and extended to local
quantum fields in 141 dimensions.

In chapter III the recently developed theory of wedge-local deformations of quantum
fields [57] will be generalized to charged fields on two and three dimensional Minkowski
space. It is then possible to arbitrarily change the commutation relations of the wedge-
local generators and to make them covariant under a representation for general real-valued
spin in 2+1 dimensions. For this to be possible one needs to generalize the localization
regions from wedges to so-called “paths of wedges”, depending additionally on some kind
of winding number. Furthermore the class of admissible deformation functions could be
enlarged for charged fields and the scattering states then also depend on the relative
winding number of the localization regions.

After the construction of wedge-local one-particle generators we will show in chapter
IV how local anyonic field nets can be constructed in 141 dimensions using the theory of
implementable Bogoliubov transformations. While in the massive case so-called disorder
operators on the Fock space can be used to change the commutation relations of the free
field net, one has to go to inequivalent representations for m = 0 and leave the Fock space.
It is then possible to explicitly construct a local covariant net of field algebras for every
mass m > 0 and every statistics parameter A € R. In accordance with the no-go theorem
in two dimensions the resulting field operators create vectors with arbitrary high particle
number from the vacuum.

Unfortunately the same procedure does not work in higher dimensions so to further
demonstrate the connection between localization, statistics and spin we will use the method
of implementable multiplication operators on the circle S to construct in chapter V a local

anyonic field net on the covering space :S'vl of the circle with arbitrary spin s € R. By tak-
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ing tensor products of this net with a local theory on three dimensional Minkowski space
one can then obtain a cone-local theory on R**! which still satisfies anyonic commutation

relations and is covariant with respect to a representation of the translations and rotations.

The publication [74] in “Letters in Mathematical Physics” is based on chapter III of
this thesis and a paper based on chapter V has also been submitted to the same journal
(see also [75]).

To summarize, the main results of this thesis are the following.

e The generalization of the theory of multiplicative deformations to charged fields in
141 and 2+1 dimensions, leading to the possibility of wedge-local polarization free

generators with anyonic commutation relations.

e The explicit and non-perturbative construction of local and covariant anyonic field

operators in d = 1 + 1 for every mass m > 0 and every statistics parameter A € R.

e The construction of a local quantum field net on the covering space of the circle
with an arbitrary real-valued spin and commutation relations depending on the rel-
ative winding number. By taking tensor products this also leads to a cone-localized

—_~—

E(2)-covariant net on R**! with anyonic commutation relations.



Il. General Properties of Relativistic Anyons

Before describing the different constructions of quantum field nets with anyonic features we
will analyze in this chapter some general properties that quantum field theories for anyons
have to satisfy. We will focus especially on the possible localization regions that allow for
non-standard commutation relations and how this affects the covariance with respect to
rotations. For the “smallest” possible localization regions there then follow certain no-go
theorems preventing the anyonic field operators from creating one-particle vectors from
the vacuum. For the sake of completeness we will first give a very brief overview of the
basic principles of algebraic quantum field theory needed to fully understand the concept

of statistics in relativistic local quantum physics.

11.1. Basic Principles of Algebraic Quantum Field Theory

The algebraic formulation of QFT [43,44] with its very clearly stated assumptions has
turned out quite successful in analyzing the general structure of relativistic local quantum
physics. There one focuses on the algebra of observables of a theory and in particular
on its local structure. More precisely the starting point is a net O — A(O) of von
Neumann algebras, index by bounded spacetime regions O. The algebras A(Q) are usually
considered to be in the (defining) vacuum representation m, i.e. they are algebras of
bounded operators acting on a Hilbert space Hy where there exists a unique Poincaré
invariant vacuum vector ). This net then has to satisfy the following physically motivated

assumptions.
e [sotony: O1 C Oy = A(Ol) C A(Oz)
e Locality: A(O1) C A(O9) if O1 C O}

e Poincaré Covariance: There is a unitary representation Uy of the Poincaré group
731 on Hg such that for g € 771

Uo(9)A(O)Us(g9)" = A(g - O),

where g-O denotes the Poincaré transformed region O. In addition the representation
has to satisfy the spectrum condition, i.e. the joint spectrum of the generators of

translations is contained in the closure of the forward light cone.

11
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Here O’ denotes the causal complement of a region @ and A’ is the commutant of A.
Furthermore the vacuum representation should be cyclic, i.e. Jpn A(O)Q is dense in Ho,
and irreducible meaning that (|, A(O))" = C - 1. Algebras for unbounded regions G can
then simply be defined as the von Neumann algebra generated by all local algebras A(O)
with O C G.

Apart from the vacuum representation one also wants to describe charged particles in
the theory, i.e. different superselection sectors. In the context of AQFT they arise as in-
equivalent irreducible representations of the observable algebra, where two representations
m, 7 on H, H are called equivalent if there exists a unitary V : H, — H, such that
7 =AdV on'. A superselection sector is then given by an equivalence class of irreducible
representations. To select only the physically relevant representations one needs additional
criteria. Usually one requires that there is a unitary representation U, of the Poincaré
group on H, such that AdU,; o = m o Ad Uy which also satisfies the spectrum condition
(this is the selection criterion of Borchers). Additionally every representation considered
should be localizable in some non-trivial! (convex) region C' on Minkowski space w.r.t to

the vacuum representation m, i.e.
la) = mlaw), YO CC. (IL1)

Originally in the DHR criterion [24,25] one required the representations to be localizable
in double cones O? but this was later generalized to cone-like regions in the massive case
by Buchholz and Fredenhagen [9] and recently also in the massless case by Buchholz and
Roberts [13].

To implement the concept of charge composition into this formalism one can now use the
fact that under some technical assumptions (Haag duality) every localizable representation

7 is equivalent to a representation on Hy of the form
T =T0°p,

where p is an endomorphism of the observable algebra. Since we took mg to be the
defining representation of the observable algebra one could just omit the symbol 7wy and
equivalently talk about endomorphisms instead of representations. Because of (II.1) this
endomorphism is also localized in the region C, i.e. p|qy = 1 for all O C C’. This
now allows for a composition of charged sectors because the composition p1ps := p1 0 p2 of
localized endomorphisms is again a localized endomorphism. Two of these endomorphisms
are called equivalent if there exists a unitary intertwiner V such that po = Vp; V* and these
equivalence classes of localizable endomorphisms now define our superselection sectors.

These intertwiners now allow us to define the statistics operator of a sector p localized in a

Non-trivial here means that C' should not be empty or the whole Minkowski space.
2A double cone © in n dimensions can be defined as the non-empty intersection of a forward and a

backward light cone.
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region C'. Consider for that purpose two “spectator morphisms” pi, ps which are localized
in spacelike separated regions C and Cs such that p, p; and ps are all equivalent. Then
p1 and py commute and there exist intertwiners V; between p and p; (so-called “charge

transporters”) which allow us to define the statistics operator ¢, according to
ep = p(V1)" V5 Vip(Va).

This is an intertwiner of p? with itself and it turns out to depend only on the sector (i.e.
the equivalence class of) p and possibly on the relative localization of C; w.r.t. Co. One

can now show that €, satisfies

€p p(gp) Ep = P(Ep) €p P(Ep)a and p2(5p) Ep = ¢&p P2(5p)7

which leads to the fact that or — pk_l(sp) yields a representation of the braid group
By. In four and higher dimensions it also follows that for localization in double cones
or spacelike cones the statistics operator additionally satisfies 5/2, = 1 which leads to a
representation of the permutation group and thus to Bose or Fermi statistics. In lower
dimensions — depending on the form of the localization regions — this does not necessarily
hold which is the reason for the occurrence of braid statistics (more detailed arguments

for anyonic statistics in low dimensions will be given in the next section).

By construction all admissible representations m = my o p of the observable algebra now
act on the same Hilbert space Hgy. So a vector ¥ € Hy determines a state on the algebra
A — (U, mop(A)¥) only if we also specify the representation p in which the observables
act. One is therefore led to consider pairs (p, V) € H, := {p} x Ho as elements of the
total Hilbert space H := » Hp. We can then consider the field bundle consisting of “gen-
eralized fields” F'(p, A), where A is an element of the observable algebra, which act on the

Hilbert space according to

F(p2, A) - (p1,¥) := (p1p2, ™ 0 p1(A) V).

The commutation relations of such fields are then governed by the statistics operator so
in the case of braid group statistics these charge carrying fields will also have plektonic
commutation relations.

I exists, one speaks of an Abelian

In the case where p is actually an automorphism,i.e. p~
sector which is the case for anyons in contrast to the more general case of plektons. The
statistics operator is then a multiple of the identity €, = w,-1 where w, € C is the statistics
phase. In the simplest case one can consider a charge structure with charges ¢ € Z so
after picking a reference morphism p one can reach all relevant sectors by applying p?.
The Hilbert space is then H = @,y Hq with charged vectors (¢, V) € Hy. We then have
a field algebra consisting of elements F'(c, A) which shift the charge of a vector by ¢ and
act on the Hilbert space according to F'(¢, A)(¢q, ¥) = (¢ + ¢, p?(A)¥). This can be seen as

the action of the observable A in the background charge ¢ and addition of the charge c.
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The aim of this work is now to directly construct such anyonic fields as well-defined
operators on a Hilbert space without considering first an observable algebra and its possible
representations (apart from the massless case in chapter IV). In the next section we will
therefore first specify in more detail what we mean by an anyonic field algebra and from
this general definition there already follow some restrictions on the possible localization

regions and the representation of the rotations.

11.2. Quantum Fields for Anyons

Although the algebraic formulation of quantum field theory is conceptually very clear and
rigorous and makes it possible to prove far-reaching theorems in vast generality, the stock
of models for concrete realizations of the general principles is rather limited. More explicit
examples of QFTs often focus on the direct construction of charge carrying fields or their
expectation values and later identify those elements which are in the observable algebra.

In 241 dimensions most of these approaches to obtain models with anyon-like features
start with a gauge theory action containing in addition a Higgs-like self-coupling A¢? with
a scalar field ¢ and a Chern-Simons term Log ~ A A dA with a gauge field A. This then
leads to vortex-like solutions which can carry fractional charge and magnetic flux under
the right conditions (see e.g. [4,16,35,37,60,64,87]). But there are also approaches where
electrically and magnetically charged string-like fields are constructed without using a
Chern-Simons term in the action [62]. These models have so far not been defined with
full mathematical rigor in the sense that they are only defined perturbatively or one
needs a lattice approximation to make them mathematically well-defined (see e.g. [33,35]
and references therein). Attempts to construct anyons directly on a lattice within the
framework of quantum spin systems also exist [47,48] and naturally have less problems
being mathematically rigorous. The more explicit constructions on three dimensional
Minkowski space, however, often lead to formal commutation relations which roughly look
like

B(w1)p(w) ~ eI =) g (19) (1),

where arg(z) denotes the angle of the vector z € R2. After smearing the point-fields with
test functions such commutation relations would lead to localization of the operators in
smeared out “double strings”, extending to infinity in two opposite directions, due to the
two jumps the sign-function of an angle-variable has. Starting from representations of
the Poincaré group and using infinite component fields a similar construction as for the
usual free fields with half-integer spin is also possible for fields with arbitrary spin in 2+1
dimensions [39,46].

In 141 dimensions massive quantum fields with anyon-like commutation relations are
often constructed using so-called disorder operators (see e.g. [72,73] for the general defi-

nition of a disorder operator) which basically act as a constant gauge transformation “on
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the right” and as another gauge transformation “on the left”. Constructions using similar
ideas can be found e.g. in [1,32,34,65,73,81,82,84]. The massless case is more complicated
and one needs a more extensive analysis of the current algebra [12,19] on R or on the circle

(see chapter IV for a more detailed treatment of the two dimensional case).

11.2.1. Anyonic Field Nets

In the following chapters we want to focus directly on the explicit and non-perturbative
construction of anyon field algebras, instead of taking the detour over an observable al-
gebra and its admissible representations. We want every step in the construction to be
mathematically well-defined without referring to some perturbation theory or lattice ap-
proximations and the focus will be on clear-cut localization and covariance properties of
the fields. For simplicity we therefor only consider abelian statistics with one U(1)-charge
q € Z. This is an attempt to contribute to building a “bridge” between the abstract
approach of AQFT having very transparent principles (where often no concrete examples
are known) and more explicit constructions of quantum fields which are sometimes math-
ematically and conceptually less rigorous. In the following we will give the definition of a
field net for anyons on two or three dimensional Minkowski space used in this work.

The net B ~ F(B) will be indexed by certain regions® B C R4*! which we choose
to be convex and causally complete? to exclude pathological cases where the localization
regions are e.g. not simply connected. The algebras F(B) then have to satisfy the following

minimal conditions.

e [sotony: For two regions Bj, By satisfying By C Bs also the respective algebras
satisfy F(B1) C F(B2).

e The algebras F(B) are x-algebras of operators acting on a Hilbert space H which is
the direct sum of Hilbert spaces H, for fixed charge g, i.e.

"=,

qEZ

Every F(B) contains elements F¢, which we simply call fields, carrying charge
¢ € 7 meaning that they change the charge of a Hilbert space vector by ¢, i.e.
FHy C Hyte-

e Covariance: On this Hilbert space there is a representation U of the universal cover-

ing group 751 of the Poincaré group 731 under which the net of algebras is covariant,

3We will see in the course of this section that this definition has to be slightly generalized in order to
allow for cone-localized anyons in d = 2 + 1.
4An open subset B of Minkowski space is called “causally complete” if it satisfies B” = B where B’

denotes the causal complement of the region B.
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i.e. fora € R4 and A € ENL there holds

Ula,N)F(B)U(a,A)* = F(AB + a),

where the action of A on a region B will be specified in the concrete examples below.
Furthermore this representation satisfies the spectrum condition meaning that the
generators of translations have joint spectrum in the (closure of the) forward light

cone V+.

e Locality and Statistics: For two spacelike separated regions Bi, Bs all fields
F{' € F(B;) and Fy? € F(Bs) satisfy commutation relations of the form

Flc1F202 _ eQﬂ'i/\ClCQN(Bl,BQ) FZCQFlcl’ (H.Z)

where the number A € R determines the statistics of the net and the integer
N(B1,Bs) € Z only depends on the localization regions but not the particular

algebra elements F|*, Fi?.

From isotony of the net it then immediately follows that N'(B, B1) = N (B, Be) if either
By C By or By C By. If the number NV(Bjy, By) is constant for all spacelike separated
localization regions By, By it obviously also follows that 2N = +1 which means that
anyonic statistics is only possible if the commutation relations of fields depend on their
relative localization properties. An important observation is now that the requirement of
isotony already highly restricts the possible dependence of the number A on the localiza-
tion regions. To realize this we first define the notion of a path of regions B by a finite
sequence (Bj, Ba, ..., By) where for every ¢ = 1,..., N — 1 there either holds B; C B;1 or
Bii1 C B; °.

Figure II.1.: Path of cones C = (C1,Cs,...,Cn_1,CN).

Now consider three localization regions B, By and Bs such that B; and By are spacelike

separated from B. Assume that there is a path B starting at B; with endpoint at B, such

5The definition of a path used here is not really useful for wedge regions because two wedges which are
rotated w.r.t. each other can not satisfy W1 C Wa or Wa C Wi. We will therefore later also introduce
a slightly different concept of paths for regions extending to infinity in some directions. For spacelike

cones these concepts will be equivalent.
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that all elements of Bys are still spacelike separated from B. It then follows immediately
from the isotony of the net that the number N (B, B;) is constant along the path so we

get in particular the following proposition.

Proposition IL.1. The number N in the commutation relations of fields satisfies
N(B, Bz) = N(B, By)

for all By, By C B’ for which there is a path connecting B, with B, staying entirely in the

spacelike complement of B.

Remark: Apart from these localization dependent commutation relations it is always
possible to change the relative commutation relations between two kinds of indepen-
dent charged fields. Consider e.g. two scalar fields ®;, ®» acting on the Hilbert space
‘H = H1 ® Ho which carry charges Q1 and ()2 respectively, i.e. ®; raises the charge of a
vector on H; by one. One can then simply redefine one of the fields (or both of them)

according to

A

Py = ¥ 2P,. AeR,

which leaves the commutation relations between fields of the same kind unchanged but

results in an additional phase factor in the relative commutation relations
(i)lq)g == 62m>\<1>2&)1.

Because of the possibility of this trivial redefinition we will not call such fields anyon fields
since in this sense the commutation relations between independent charged fields are ar-

bitrary.

From proposition II.1 and the definition of a field net there now follow some restric-
tions on possible localization regions and on the representation of the Poincaré group if

we want to have fields with anyonic commutation relations.

11.2.2. Localization and Covariance

We now first want to analyze the possible localization properties of anyons in d = 141 and
d = 2+ 1 dimensions. On two dimensional Minkowski space we see that even for compact
localization, i.e. the localization regions are double cones O, the causal complement of O
decomposes into two disjoint regions which we will call the “left” and the “right” spacelike
complement 07, O%. The commutation relations between two spacelike separated fields
can therefore depend on which of the two fields is localized to the left (or right) of the
other. This is a Poincaré invariant concept in 141 dimensions whereas in more dimensions

one can always perform a rotation around 7 interchanging the notions of left and right.
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Figure I1.2.: Causal complement of a double cone O.

So for d = 1 + 1 there is the possibility for this kind of left-right statistics where the
parameter A can take two values
: /
N(01,02) = sgn(01,02) = O c (@ :
-1 if O, C (0/2) R
depending on the relative localization of 07 w.r.t. Os.

A somewhat exceptional position in 141 dimensions is held by wedge regions because
they decompose into two distinct classes. Due to the missing rotations in the Lorentz
group the left wedges and right wedges are not connected by any (proper orthochronous)
Poincaré transformation but can only be transformed into each other by a reflection.
Only a left and a right wedge can be spacelike separated so they can obviously never
be connected by a path in the set of wedges. In this sense there are “left-fields” and
“right-fields” for wedge localized field algebras in 1+1 dimensions, allowing for anyon-like
commutation relations similar to the case where we have two independent fields carrying
different charges. We will see an example of this in section II1.3.1 about deformations on

two dimensional Minkowski space.

In three (and more) dimensions compact localization does not lead to the possibility of
anyonic commutation relations because there the causal complement O’ of a double cone is
connected. The same holds if the localization regions are spacelike cones where a spacelike

cone C' in n dimensions can be defined according to

C=a+ U 1O,
u>0
where a € R” is its apex and O is a double cone, which is spacelike separated from the
origin. For two given spacelike separated cones C' and C one can then reach every other
cone in the spacelike complement of C' by a path which starts at C; and stays inside C’.
This is true even in d = 2 + 1 dimensions and we will see that the fields therefore have to

carry an additional information in order to allow for anyonic commutation relations.
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Localization regions that would allow for localization dependent commutation relations
for the kind of field nets we are considering here are “tubes” in d = 2 + 1 or “thickened
branes” in more dimensions. These are localization regions that cut space into two halves
in the sense that their causal complement decomposes into two disjoint regions which then

leads to a similar situation as for double cones in d = 14 1. Such regions can be obtained

Z2

T

Figure 11.3.: Spatial projection of a wedge W, a tube T and a spacelike cone C ind =2+ 1

e.g. by smearing the edge of a wedge to get an open set and then taking the causal
completion and we will encounter an example of fields localized in tube-shaped regions in
section I11.3.3. However, such localization regions are still “too big” in the sense that if we
have two spacelike separated regions, a small rotation (or boost in the wrong direction)
of one of the tubes already destroys the spacelike separation. So the set of all possible
causally separated regions for a given tube is small in this sense. Moreover, Buchholz
and Fredenhagen [9] have shown that (under certain assumptions) charged particles can
always be localized in spacelike cones so this should be the “worst” localization one has
to consider.

As we have already argued before, localization in cones does not suffice for the pos-
sibility of anyonic commutation relations on three dimensional Minkowski space, so the
field algebras will need to carry an additional information. One of the possibilities (which
was originally considered in [9]) is to exclude a fixed reference direction ey from the set
of possible localization regions. This then leads again to a situation where the causal
complement of a spacelike cone C' has two disconnected regions in the sense that they
cannot be connected by a path of cones in C’ Ne. The disadvantage of this approach is
that at the end of every construction one has to make sure that all the relevant physical
properties are independent of the choice of eg.

A somewhat more elegant possibility is to consider the fields not to be simply localized
in cones in R2*! but to let the field net be indexed by paths of cones C [29]. In order to
give a precise definition of this localization concept we need to describe in more detail the

notion of a path of localization regions. As already shown a path of cones from Cy to C
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can be defined as a sequence of cones starting at Cy and ending at C' where for neighboring
elements one of them is always a subset of the other. Since we don’t want our fields to
depend on the explicit realization of such a path we introduce the notion of equivalence
classes which are defined by the homotopy of paths. This means that two paths of cones
are said to be equivalent if they have the same endpoints and result from each other by
a finite number of operations of either omitting a region C; or inserting a region Cj if the
resulting sequence is still a path. From now on we will denote such an equivalence class,
starting at a reference cone Cy and ending at C, by the symbol C (these concepts will be
explained in a bit more detail in chapter III). To define a net using these paths we also
need the notions of inclusion and spacelike separation which are defined in the following
natural way. We write C, c Cy if C; € Oy and the paths are equivalent and we say
that C; is spacelike separated from Cs if the respective endpoints C; and Cy are spacelike
separated.

There is also an alternative definition of paths of cones which is more suitable for the
generalization to wedges and to define the action of El on these paths. Consider the set
of spacelike directions H? := {e € R%e? = —1}, which is not simply connected in 241
dimensions. A generalized cone C' can then be defined as a pair

C=(C,e),
where C' C R?*! is an ordinary spacelike cone and € is a homotopy class of paths t + e(t)
in H? starting at a reference direction ey and ending at a point e in C. We say that a
direction e € H? lies in a cone C if C contains e as an asymptotic direction, i.e. there
exists a A € R such that de € C,Vo > A.

We can hence define a net of field algebras as indexed by such equivalence classes of
paths, C— F (C’), where a localization region C now carries the information of the wind-
ing number of the path in addition to the mere spacetime region C. Hence the fields can
be interpreted as being localized in a covering space and for a given C' the set of all paths
of cones which are spacelike to C' then decomposes again into disconnected components
labelled by the homotopy classes of paths. The number A in the commutation relations
between fields can now depend on the relative winding number of the respective local-
ization regions and it is this phenomenon which underlies the possibility of braid group
statistics in 2+1 dimensions [29]. The various notions introduced here will be described

in more detail also in chapter III.

Up to now we only used the requirement of isotony for the field algebra and the rather
general form of commutation relations for two fields and we didn’t need the covariance
with respect to some representation of the Poincaré group. We are going to specify these
representations in the concrete examples below and in section I11.3.2 we will see in partic-
ular how the universal covering of the Lorentz group acts on equivalence classes of paths

of cones. The only thing that we want to dwell on a bit more in this chapter is the rep-
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resentation of a rotation around an angle of 27 and its connection to the commutation
relations of fields. When working with the universal covering of the Lorentz group the
27 rotations, denoted simply by U(2) in the following, can be represented non-trivially.
From the general assumptions of algebraic quantum field theory it follows, however, that
on the one hand the observables should be invariant under 27 rotations and on the other
hand they should be represented irreducibly on a given sector H,. Due to Schur’s Lemma
this already restricts the possible representers U(27) to a mere phase factor which means
that for every sector with charge ¢ we will have a real number S, € R, the spin of the
sector q, such that

U(2r) = e 1. (I1.3)

qEZ

Further considerations in algebraic quantum field theory also show that the spins S,
additionally have to satisfy the condition S_;, = S;, which simply means that particles
have the same spin as their corresponding anti-particles [36,69]. Moreover, the fact that
the vacuum ) € Hj should be invariant under 27-rotation leads to Sy = 0.

Now we have seen that in d = 2 4+ 1 dimensions the commutation relations of fields
localized in spacelike separated paths of cones depend on the relative winding number
N (él, C’g) of the respective localization regions. Since such a winding number is defined by
the homotopy classes of the paths involved, we see that if we rotate one of the localization
regions around 27 the winding number changes by +1, depending on which of the cones
was rotated. This allows us to proof the following lemma showing the connection between

non-trivial behavior under 27 rotations and anyonic commutation relations.

Lemma I1.1. Assume we have a net of field algebras in d = 2 + 1, localized in paths of
cones as defined in this section and the representation of rotations around 27 is given by
(IL.3) with Sy satisfying S—_q = Sy and Sy = 0. Then the S, are quadratic in g, i.e.

Sy = s¢°, (I1.4)

where the constant s is connected to the statistics parameter by 2s = A and we will simply

call it the spin of the theory.

Proof. Consider fields @1, ®2 raising the charge by one which are localized in spacelike
separated cones C’l,ég. Rotating the first field around 27 leads to the commutation

relation
U(2m)®,U(27)* By = 27N (R2xCrC2) @, 17(270) B, U (270)*
_ eZﬂiAeQﬂiW(C’l,C’g)q)Q U(2m)®,U (27",
where Ag, denotes a rotation around 27 within the universal cover of the Lorentz group.

Using the shorthand notation Sg := ) S, P,, where P, is the projector onto #,, and the

fact that 27-rotations are represented according to U(27) = €2™@ we can write

U@2m)®,U((2n)* = & (dar1—5)
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which leads to the commutation relation

U(27)®,U (27)* &g = 12 (Sen1—5%) ¢,

— eQﬂi/\N(éhéz)q)Q (I)1€Q7T’i(SQ+1—SQ) €2Wi(3Q+2—25Q+1+SQ)

— e?ﬂiW(é1,é2)q)2 U(27T)@1U(27T)* e2Tri(SQ+272SQ+1+SQ)'
Comparing the two different expressions one concludes that S, has to satisfy
Sq+2 — 25q+1 + Sq = )\, \V/(] e Z.

Solving this equation in combination with the conditions Sy = 0,5_; = S; then leads to

the desired relation S; = %qQ =: sq°. 0

So we conclude that, although it seems possible at first sight to chose arbitrary spins S,
for every charged sector H,, the dependence on the charge g is already determined by the
form of the commutation relations (I1.2), leading to this kind of quadratic spin addition
rules (see also [28]). In addition one gets a kind of spin-statistics relation saying that the
2misQ?

real parameter s in U(27) = e is proportional to the statistics parameter A in the

2miMN which determines the commutation relations.

exchange phase e
In the coming chapters we will explicitly construct examples of field nets for anyons in two
and three dimensions with various localization regions and arbitrary statistics parameter
and spin. For fields with bosonic or fermionic commutation relations it is easy to write
down (even compactly localized) examples in every dimension because of the existence
of free Wightman fields for every half-integer spin. They are polarization free generators
(PFGs), i.e. they create single particle states from the vacuum, and are therefore given
by very simple expressions. For anyonic statistics this is not possible because of certain

no-go theorems concerning free anyon fields.

11.2.3. No-Go Theorems

The first no-go theorem for “free” relativistic anyons was proved by Mund in [67]. It states
that, under certain additional assumptions, there are no cone-localized polarization free
generators with anyonic statistics in 241 dimensions, where an algebra element ¢ € F(C)
is called polarization free if it creates a one-particle state from the vacuum. We call a
Hilbert space vector ¥ a “one-particle state” if its energy-momentum spectrum spec,, ¥ is

a subset of the upper mass shell
HY = {peRip*=m?p" >0}, m>0,

which is the lower boundary of the total energy-momentum spectrum spec(P) of the

theory, apart from the origin p = 0 corresponding to the vacuum. The energy-momentum



CHAPTER II. GENERAL PROPERTIES OF RELATIVISTIC ANYONS 23

spectrum of a vector U is defined as the set of points p € spec(P) such that for any
neighborhood V of p, the spectral projector Ey (P) does not map W to zero. The additional
assumptions needed are the Reeh-Schlieder property of the field net and a temperedness
condition for one-particle generators. A field net is said to satisfy the Reeh-Schlieder
property if the vacuum € is cyclic for every local algebra F(C) (if C' has a non-empty
interior) and the temperedness condition states that for spacelike separated polarization
free generators ¢1, ¢ the vector U(z)$2(2 is in the domain of ¢1 for every x € R? and the

function

z = || U (2) 20|

is locally integrable and has a polynomial bound for large x. From these assumptions it
then follows that the statistics of a field algebra containing such one-particle generators
has to be bosonic or fermionic.

This no-go theorem has been strengthened considerably in the recent work of Bros and
Mund [7] where they show that the two-particle scattering matrix for anyons always has
to be non-trivial. More precisely let m be a massive single particle representation with
braid group statistics, i.e. the sector 7w contains one-particle states, and 7 is the conjugate
sector. Then for any open sets of momenta Uy, Us, V1, Vo admitted by energy-momentum
conservation, i.e. (Uy + Usz) N (Vi + Vo) # 0, there is elastic two-particle scattering from
Uy x Uy into V4 X Vs in the channel 7 x 7 — 7 x 7 6.

From the work of Borchers et al. [6] it also follows that the existence of tempered wedge-
localized polarization free generators already implies that there are indeed such subsets
U;, V; for which there is no two-particle scattering. Together with the no-go theorem it
therefore follows in particular that even the existence of wedge-localized tempered polar-

ization free generators excludes anyonic statistics.

The ideas used in [67] to prove the non-existence of cone-localized PFGs for anyons in
2+1 dimensions can now also be used on two-dimensional Minkowski space to rule out
the possibility of compactly localized anyon fields which create one-particle states from
the vacuum. For this purpose consider a Wightman field ¢, satisfying the commutation

relations

DA ()oa(g) = e 22D ) (9)pa(f)

) 11.5
oA (F)di(g) = 29 93 (9)oa(f) (15)

if the test functions f and g have spacelike separated support where the factor e(f, g) = +1
in the exponential measures if the test function g is supported in the right or the left
spacelike complement of supp f. Similar to the situation in [67] we then get the following

proposition.

5 A more detailed treatment of single particle sectors with braid group statistics and the scattering theory

for them can also be found in [7].
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Proposition I1.2. Let ¢y be a Wightman field satisfying the commutation relations (I1.5)
for some A € R. If ¢y is tempered, satisfies the Reeh-Schlieder property and generates one-

particle vectors from the vacuum, then A € %, i.e. ¢ satisfies Bose- or Fermi statistics.

Sketch of Proof. The impossibility to construct fields satisfying the above requirements
follows from the same arguments as in the no-go theorem for string-localized free anyons
ind=2+11in [67]. First one uses the fact that only a multiple of €2 is added to the
commutation relations (IL.5) if one translates the localization regions, such that they are
2T

not spacelike separated any more. Introducing the abbreviation w := e and denoting

a translated test function by a,.(f) for z € R? one can show that

U(z)ox(f)U (=) 65(9)2 — w9 65(g) U () g (f)92
= 6z (1)) 03(9)2 — w9 ¢5(9)da ()2 (IL.6)
=Cg(x)Q.
To prove this relation one uses the aforementioned temperedness condition to show that

for two spacelike separated fields ¢; and ¢o the H-valued function

(z,y) = U(x)p U(—2) U(y)p2U(—y)L2

is a tempered distribution, whose Fourier transform has support contained in
(H,,UH) x H}

m»

butions '™ and F~ by

with supp}%E C Hi x H

where HZE denotes the upper/lower mass shell. Defining the distri-

one gets that

Fio(e,y) = (Q,U(2)01U(=2)U(y)p2U (—y)Q) - Q
SpecCp Ff:Q(xvy) - HnJ’rL + H%?

where specp U denotes the spectral support of ¥ w.r.t. the energy-momentum operators.
Using these spectral properties and the edge of the wedge theorem [90] then leads to
FfQ(m, 0) — wFQJfl(O,:c) = 0 which finally leads to equation (II.6). Moreover, the relation
(I1.6) extends from £ to the dense subspace F(supp f)' 2N F(supp g)'QNF(supp f +x)'Q,
where F(O) denotes the algebra generated by the fields localized in O. (For a more
detailed and mathematically rigorous formulation of these arguments see [67].)

In the next step we choose two test functions f and g such that f is localized to the left

of g. Then we know because of relation (II.6) that on a dense subspace we have
x(axf)Pa(9)" = w PA(9)" Palawf) + Cryg(x)
for all x € R2. On the other hand the commutation relations (IL.5) state that

P (aaf)Pr(9)" = w™ ' Pa(g) @l f),
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holds for all z such that a, f lies to the right of g. Combining these two equations we see
that

Or(9) @alazf) (W™ —w) = Cpy(2)

for all x where a,f is localized to the right of g. Now suppose that w? # 1 (i.e.
wl —w#0). Then ®,(g)*®x(ayf) is proportional to the identity when acting on the
vacuum vector and thus proportional to the identity on its whole domain of definition be-
cause the vacuum is a separating vector for the local algebras (which follows from the Reeh-
Schlieder property). Therefore ®,(g)*®y(a f) is invariant under Poincaré transformations
and together with locality this implies that the individual fields ®)(a, f) and ®)(g)* are
already proportional to the identity, which is inconsistent with anyonic commutation re-

lations. This shows that w? = 1, which corresponds to Bose- or Fermi-statistics. ]






I1l. Wedge Local Fields from Deformations’

The proofs for all the no-go theorem stated above always rest upon the assumption that
the fields are localizable either in compact regions in two dimensions or in spacelike cones
in three dimensions, because only then it is possible to have three of them mutually
spacelike separated. Therefore, in the next chapter we will try to construct field operators
with anyonic commutation relations which have weaker localization properties, namely
localization in wedges. For this purpose we will use the recent construction by Lechner [57]
to obtain wedge-localized polarization-free generators on the Fock space as a deformation
of a free Bose field. An operator is called “polarization-free” in this context if it creates
only single-particle states from the vacuum, i.e. vectors for which the energy-momentum
spectrum lies on the mass shell, which would not be possible for smaller localization

regions.

I11.1. Preliminaries: Wedge Local Deformation of Quantum
Field Theories

Although quantum field theory is one of the most successful theories in explaining observa-
tions in high energy physics, there are serious difficulties in the mathematical construction
of interacting theories. The rigorous non-perturbative construction of non-trivial models
is still one of the major challenges in mathematical physics. One of the more recent
approaches to gain further insight in this direction are deformations of quantum field the-
ories. In general a deformation of a quantum field is defined as a continuous one-parameter
family of new fields, where the original field is just a special case where the deformation
parameter is zero. The difficult task is to find such deformations that preserve essential
properties like the spectrum condition, Poincaré covariance and locality.

This relatively novel topic is of interest both from the point of view of mathematics as
well as physics. It was originally motivated by quantum field theory on noncommutative
(d-dimensional) Minkowski space [23,91], which is defined by non-commuting position
operators o, ...xq—1 satisfying [z,,2,] = iQu,, where @ is an anti-symmetric (d x d)-
matrix. Grosse and Lechner [41,42] were the first to consider free quantum fields ®¢ on
this space, which are defined by deforming the corresponding creation- and annihilation

operators a*(p) and a(p). The deformation manifests itself here in a modified algebraic

T Most of this chapter has been published in [74].
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structure of the operators, which can be expressed by the commutation relations

aj(p)agy(q) = e aj(q)ad (p). (ITL.1)

As expected in such a setting the deformed field then violates locality and covariance.
However, if one considers a whole family of fields ®¢, with @) ranging over a whole Lorentz
orbit of matrices, full Poincaré covariance and a weakened form of locality can be restored
[41]. As it turns out the fields are localized in wedge-shaped regions, which are defined as

Poincaré transforms of a standard right-wedge
Wg = {(x € RY) : 21 > |z}, (I11.2)

and appear in various contexts in quantum field theory, especially in the construction of
integrable models [54, 56,83,85]. A crucial property of these wedge regions is that they
are on the one hand large enough to make the explicit construction of observables local-
ized in W possible, and on the other hand small enough such that the causal structure
of Minkowski space can be completely described by such regions [92]. Furthermore the
wedge-localization can be used to apply scattering theory to the deformed model and it
has been shown that these simple ()-dependent fields lead to a non-trivial scattering ma-

trix of the form eP1@P2 and therefore describe an interacting quantum field theory [41].

Based on this idea Buchholz and Summers [15] generalized the concrete deformation of
the free field to the so-called warped convolutions of localized operators using a unitary
representation of the translation group. This deformation procedure does not rely on any
connection to non-commutative space-time and can be applied to any quantum field the-
ory in its vacuum representation and it can be shown that most of the results of Grosse and
Lechner [41] still hold in this generalized setting. In fact one obtains a Poincaré covariant,
wedge-localized quantum field theory with a non-trivial scattering matrix differing from
the original one by certain momentum dependent factors. The deformed operators in this

ansatz are defined by the convolution integral
Ag = /U(QP)AU(QP)_ldE(p) = (2m)~* / dpdz e U(Qp)AU(Qp)~U(x), (IIL3)

where A is an operator on a Hilbert space (from the original undeformed algebra), U a
unitary representation of R? with spectral measure dE and the anti-symmetric matrix
() denotes again the deformation parameter. The mathematically rigorous definition of
this oscillatory integral is a highly non-trivial task [11] and a generalization has recently
been analyzed by Lechner and Waldmann in [59]. In the course of this one can also study
locally non-commutative spaces, where the non-commutativity of the position operators

is restricted to small distances (of the order of the Planck length).
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Furthermore it has been discovered in [42] that there is a connection between the de-
formation of Wightman quantum field theories and a modified (“twisted”) tensor product
on the underlying algebra of test functions. Namely it becomes apparent that the above
deformation of the field operators ®¢(f) is equivalent to a deformed product on this
Borchers-Uhlmann algebra . containing f. Based on this conclusion and the fact that
the deformation of the fields manifests itself in the S-matrix, more general deformations
of the Borchers-Uhlmann algebra have been characterized by Lechner in [57]. They are
specified by a linear homeomorphism p of . with p(1) = 1, p(f*) = p(f)* and some
further conditions which ensure the consistency with wedge-locality. To simplify matters
only multiplicative deformations on momentum space pf(\f Jn = Pn fn have been considered
and if one requires in addition the compatibility of p with a certain (vacuum) state w on
& it is possible to go back to deformed quantum fields on a Hilbert space by using the
GNS construction. A family of such fields is again covariant, localized in wedge regions
and creates the same one-particle vectors from the vacuum.

A calculation of the scattering matrix also shows that there is still no particle produc-
tion in this theory, but the two-particle scattering function Se turns out to be a more
complicated function Ss(p;@Qp2) in contrast to the simple phase factor eP1@P2 occurring
for warped convolutions. In analogy to the formula for warped convolutions these de-
formations can also be described by an integral over the undeformed fields, where the
representation U(x) of the translations is getting replaced by a more general integral
kernel K(x), i.e.

D ~ /dpd:ﬁ e~ P (x)®U (—x) K (—Qp).

Deformations of this kind are particularly interesting with regard to integrable quantum
field theories in 141 dimensions (see e.g. [54, 56,83, 85]). Because, as it has also been
shown in [57], it is possible to describe a large class of integrable models on 1+1 dimen-
sional Minkowski space, namely those with a factorizing S-matrix satisfying S(0) = 1,
by a deformation of a free hermitian scalar Bose field on the (symmetric) Fock space (by
deforming free Fermi fields on an anti-symmetric Fock space, this procedure has recently
been generalized in [2] to include also models with S(0) = —1). The deformed creation-
and annihilation operators azg and ag then correspond precisely to the Zamolodchikov

creation/annihilation operators which satisfy commutation relations of the form
ab(61)al o (02) = Sa(01 — 02) a’ ,(62)al,(61), (IIL.4)

where 01, 05 are rapidity parameters (a more detailed definition can be found below) and

So is again the two-particle scattering function, used to define the deformation.

More precisely one considers multiplication operators

(Tr(QP)¥)(p1, -, pn) ~ [ [ R@Qp - p1)¥(p1, - n)



II1.1. WARPED CONVOLUTION OF NETS WITH BRAID STATISTICS 30

where @) is again an antisymmetric “deformation matrix” depending on a wedge W (see
also [41]). These operators are then used to deform the creation and annihilation operators
of the free field ®(f) = a*(fT) + a(fT) according to

arq(p) := a(p) Tr(Qp)

etc. Here f € .7 is a test function and f* denotes the restriction of its Fourier transform
to the upper mass shell. One can then show that under certain conditions on the func-
tions R the deformed fields ®r q(f) := afk o(f*) + arq(f) are still Poincaré covariant
Wightman fields which are no longer localizable in compact regions but they are localized
in wedges. In two dimensions, however, it is possible to show that the algebras for double
cones ! still satisfy the Reeh-Schlieder property if the S-matrix of the model fulfills some
kind of additional regularity condition [56].

In this work we want to generalize this procedure to a charged scalar field in low di-
mensions and we will see that in this case it is also possible to change the statistics of the
fields in such a way that they satisfy anyonic commutation relations. Hence we obtain in
this way anyonic fields which create single particle vectors from the vacuum and in this
sense they are as close to free fields as one can get in the case of braided commutation
relations. This is an interesting result because of the no-go theorem by Bros and Mund
and the reason why we can circumvent it is that in our case the algebras for regions smaller
than a wedge, e.g. spacelike cones, are “too small” in the sense that they don’t generate
a dense set in the Hilbert space when acting on the vacuum, i.e. they don’t satisfy the
Reeh-Schlieder property 2.

Before we give a detailed description of the deformation procedure, we will take a look at
the converse problem, namely how warped convolutions affect field nets with braid group

statistics.

111.2. Warped Convolution of Field Nets with Braid Group
Statistics

As already mentioned it has been shown in [11,15] how a local and covariant net
O — F(O), O adouble cone

of *-algebras (a “quantum field theory” in the sense of AQFT) can be deformed using

warped convolutions. This kind of deformations preserves certain properties of the theory

In d = 1+ 1 double cones are obtained by intersection of two opposite translated wedges.
2In other words one could see the no-go theorem as a proof that in our case the algebras for regions

smaller than a wedge can not satisfy Reeh-Schlieder.
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like covariance, the Reeh-Schlieder property or the modular data, whereas locality of the
net is changed to wedge-locality. We now want to apply this deformation scheme also
to field nets with braid group statistics and see if the statistics (or the charge structure)
of the fields is changed by it. This will include also theories with non-abelian anyons
so-called “plektons” and for this we first need to recall some concepts and definitions from

the theory of warped convolutions.

We assume the existence of a strongly continuous action U of the translation group R? on
some Hilbert space H with spectrum in the forward light cone V., acting on the elements
of our algebra according to ay(F) = U(x)FU(—z). Using the spectral projectors E of

this representation,

Ue) = [ dEG)e™.

and a skew-symmetric matrix @, i.e. pQq = —qQp,Vp, ¢ € R?, we can define the warped

convolution of suitable elements of our algebra by

Fq = /dE(p) agp(F).

(For the exact definition of this integral and its properties see again [11].)
Now to proof wedge-locality of the resulting deformed net one uses the following impor-
tant result. Let F,G be such that

[ap(F), a-q(G)] = 0
for all p, q in the spectrum of U. Then the deformed operators satisfy
[FQ, Gl = 0.

To see how this is related to wedge locality take elements A € F(O,), B € F(Oz) where
01 and O are spacelike separated, which means that A and B commute. Since the family
of wedges is causally separating for double cones, there exists in this case a wedge W such
that @1 € W and Oy C W/, where W’ denotes the causal complement of W. Now for

every W there is a skew-symmetric matrix @, s.t.
QV.cW, —-QVycW.

(In fact under certain requirements on the skew-symmetric matrices @ there is a 1-1

correspondence between the Q’s and wedges W, see [41].) In this case we also get

[an(A)7a_Qq(B)] =0 ) Vp,q € V—l—:

which then leads to
[Ag,B-qg] =0
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for this choice of A, B, Q. From these considerations one can then conclude that the de-
formed operators Ag, B_q are localized in O + W and O + W' respectively and the

deformed net is thus wedge-local (For a detailed treatment see again [11,15]).

Now we want to generalize this result to the case where the fields carry arbitrary charges,
are localized in infinitely extended spacelike cones C' and their statistics is governed by the
braid group. More precisely our algebra elements F' are localized in (equivalence classes
of) paths of spacelike cones C. Given two spacelike separated regions C, and Cs one can
define a winding number N (C’l, C’g) of Cy w.r.t. C; depending only on the equivalence
classes of C’l and C’g (its exact definition will not be needed here and can be found in
section I11.3.2).

It can then be shown that generically the fields satisfy commutation relations of the
following form (see e.g. [30,31]), which is more general then in the abelian case we are
considering in the rest of this work. For elements F, G, localized in spacelike separated
regions Cy,Cy, there exist fields F/ € F(Cy),G* € F(Ca) and numbers R;;(F,G,n) de-
pending only on the charge structure of the theory, the charges that F' and G carry and
on the winding number n = N(C}, Cy), such that

FG=) Ry(F,Gn)GF.
Z’Mj
The exact form of the exchange elements R can be calculated in a given theory but will
not be of importance here.
What’s more important is that also in the case of localization in two spacelike separated

cones C’l, Cs one can always find paths of wedges VV, W’ such that
01 C W s 02 C W/ s W’ = (W/,é/),

for some path € ending in W' (since a wedge is just a special case of a spacelike cone
with extremal opening angle the concept of a “path of wedges” is the same as for cones).
Note that an inclusion of the form C' C W not only means that ¢ C W but also that the
paths corresponding to C' and W are equivalent. This shows that for spacelike separated
F € F(Cy) and G € F(Cs) we can still find a matrix Q (corresponding to a wedge W
with C1y € W, Cy € W) such that

aQp(F)a-qq(G) = ZR@’(F, G,n) a—Qq(Gi)an(Fj)~
/[:7j
This is because the translation «, used in the definition of the deformation, does not
affect the winding number n or the charges of F' and G. Now in exactly the same way as
in [11,15] one can define deformed fields Fi, G and show that they satisfy
FQ G,Q = Z Rij(F, G, n) Gl_QFgg

i,J
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We have thus seen that the deformation preserves the commutation relations of the fields
also in the case of braid group statistics.

An important difference to the case of compact localization is that we cannot take any
matrix @ to deform an operator F' € F (é) but we have to make sure that the wedge
corresponding to @ satisfies C C W. So the set of admissible wedges (or equivalently
deformation matrices) which can be used to deform an algebra element is limited due to

its extended cone-localization.

I11.3. Construction of Wedge-Local Fields with Anyonic
Commutation Relations

We are now going to show how the multiplicative deformations of [57] can be generalized
to the charged case resulting in anyon-like commutation relations for the wedge-localized
polarization free generators. The deformations we are going to construct are defined on
the symmetric Fock space

H = Fs(H1) (I11.5)

over the doubled (i.e. “charged”) one-particle space H; := Hf ®H; . To allow for anyonic
commutation relations we will only consider Minkowski space with dimensions d =1+ 1

and d =1+ 2. In these two cases we will use as one particle Hilbert space

HE = L2(R?,dp) ~ L*(R,df), ford=1+1,

(I11.6)
HE = LA(R3, dp) , ford=2+1,

where du(p) = 6(p?> — m?)0(po)d?p denotes the Lorentz invariant measure on the mass
shell and we will only consider m > 0. In the two dimensional case we will work in the

rapidity parametrization where the rapidity 6 is connected to the momentum by
cosh(0)
0) = . 1.7
p(9) m<sinh(9)> ( )

As is well-known in our case the Hilbert space H is isomorphic to the tensor product
Fs(HT) ® Fs(Hy) and we will refer to the first tensor factor as the “particle space” and
to the second as the “anti-particle space”. Because of this tensor product structure we
will consider vectors of the form ¥, ® ¥,, which we denote by U]"* for simplicity. On this
doubled Fock space we now have a charge conjugation operator C, which simply exchanges

the two factors, and a charge operator () measuring the charge of a vector,

(C‘ll):ln(plv '--vpn—i-m) = \I,:Ln(pn‘i-lv oy Pm, P1, ""pn)’ (1118)

(QU)' (P15 o Prom) = (0 = )W (P, ooy Progm)-
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We also naturally have two sets of creation and annihilation operators, a,a* and b, b*,

which are defined according to

(@) (P o prsm) = Vi F 1 / 011(0) 20) U1 (0, P1s s P,
(b(go)‘l/);n(ply van-i-m) =vm+ 1/dlu’(p)90(p)q];n+l('“7papn+la H-’pn-‘rm)

and a*(p) = a(e)*, b*(p) = b(yp)*. Their distributional kernels satisfy the canonical

commutation relations 3

[aﬁ(p)v aﬁ(p/)] =0 3 [aﬁ(p)7 bﬁ(p/)] = 07
P =wpdlp—1), la(p),b"(®)] =0,

]
—~
S
~

s

*
—~

with w, = /p? +m?2. Also the corresponding charge conjugated relations hold, where
a and b are interchanged. Using these creation and annihilation operators one can then

define the free field and its charge conjugate,

(f7)+6(f1),

() = a’
b + alfH) = () = CB(f)C.

1119
(/) : )

Additionally we will have a unitary representation U(a, A) of the Poincaré group, which
will be defined later, together with an anti-unitary space-time reflection J acting in general

according to

(ST DLy s Prtm) = €PTUR(—pr, ooy —Pnrm). (I1.10)

Here ¢ = n — m denotes the charge, j has been (arbitrarily) chosen to be the reflection at
the zo axis, j(zo,z1,22) = (—x0, —21,22), and [ is an additional parameter which will be

specified below. In the rapidity parametrization in d = 1 + 1 this simplifies to

(J\I])Zl(eh s 9n+m) = eiﬁq \PZ’L(QL ey Hn—l—m)

111.3.1. Deformations in d =1+1
Following [57] a deformation on Fock space is defined by considering multiplication oper-
ators Tr(#) on Fy(HT) according to

(TR(0)T)n (01, ..., 0,) == ﬁ R(0 = 0,)0, (61, ..., 0,,), (IIL.11)
j=1

with a “deformation function” 6 +— R(0) which usually satisfies (among other proper-
ties concerning analyticity) R(§) = R(#)~! and R(—0) = R(f). Now the condition
R(—0) = R(6)~! would lead to R(0) = #+1 and as we will see later this would lead to

3Here and in the following a* always stands for either a* or a.
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Bose- or Fermi commutation relations. We are therefore going to omit the second condi-
tion and consider deformation functions satisfying only R(#) = R(6)~!.
This can now be generalized to the charged situation at hand and to anyonic statistics

as follows. On Fy(H{) ® Fs(H]) we define

Tr,(0) := €2 (Tr(0) @ T,(0)), (II1.12)

with functions R and r satisfying R(—0) = e R(f) and r(—0) = ¢*r() and three yet
undefined parameters u, v, p € R. Denoting the charge conjugation again by C and taking

B = 0 in the definition of the space-time reflection J the operator T'g , transforms according
to
CTry(0)C =T r(0), JTre(0)J =Try(0)" = e Tg(6).

This multiplication operator is now used to define deformed particle annihilation operators
ap,(0) :== a(0)Tr,(0) = €2 (ar(0) @ T,(0)), (IIL.13)

where ag(#) denotes the standard “Lechner deformed” operator on Fs(H{). The charge

conjugated operator b, (6) then turns out to be
br(0) := Cag,(0)C = b(0)T, r(0) = €% (T, (0) ® br(0)). (I1.14)

Using the transformation properties of Tr,(f) the space-time reflected operators

are Jagr,(0)J = e ap;(f) and the adjoint operators are of course defined as
ak,(0) == ap,(0)".

To determine the locality properties of the deformed fields we will need the com-
mutation relations between the various creation and annihilation operators and between

them and the operators Tr (). A straightforward calculation yields
a(0)Tr,(0") = R0 — 0)Tr,(0")a(0) , bO)Tr,(0') =10 —0)Tg,(6)b(0),
@ (O)Tip(0)) = RO — ) Trp(0)a"(0) , b (O) Ty () = r(6) — )" T, (0/)0(0).

This leads to the commutation relations

(I11.15)

The relations with a and b interchanged follow by charge conjugation and noting that the

constants p and v are defined by the functions R and r and satisfy u(R) = —pu(R). The

commutation relations for mixed creation and annihilation operators turn out to be

il

ap(0)as (0 = e a’s (0)ag,(0) + H P50 — 0)Tr - (0)2,
R7()*R,( ) rr(0)ar,(0) ( ) TR (0) (1I1.16)
Rv

bR (0)b% (07) = b ()b, (0) + € M~P§(0 — 0T, r(6)>.
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Note that the last term is different for the a’s and b’s if R # r! Using the trivial commu-

tation relations between a and b* we also get

R (0)b5 (0') = b, (0" ar.(0), (I11.17)
and the charge conjugated relation with a and b interchanged.
Having computed all the necessary relations of the creation and annihilation oper-

ators we can now define the deformed fields. For a test function f € .7(R?) we
define

P (f) = ak, (f7) + bR (F7),

) S - (IIL.18)
q)R,T(f) = bR,r(f ) + aR,T(f ) = C(I)R,T(f)c7
with f£(0) := 5= [ dPaf(£a)e P(0)  We also need the field for the reflected wedge
Cro(f) = TR ()] = ePafy (f7) + e b (FF), (I1L.19)

where the reflected test function o f is defined as (o f)(z) := f(—x).
A straightforward computation, using the aforementioned relations for the deformed cre-
ation and annihilation operators, then shows that for the fields to satisfy simple commu-

tation relations we need to set ¥ = —u,* which then leads to

Bp, (/)P (9) = e Br,(9) PR (f). (I11.20)

Next we want to calculate the commutation relations between ® (f) and &’}‘M(g) which

turn out to be
D ()P, (9) — €M B (9) PR (f) =
ip

(IT1.21)
e [ dog* () O)T(0)? - e

dof+(0)g (6)Tr(0)°.

For spacelike separated f and g with supp(g) to the left of supp(f) we want the right-hand
side of equation (III.21) to vanish; thus we need to set p = —£ such that e = e 2.

Then we can use the arguments in [54] to show that

(@R (/) PR, (9) — ¥ B (9) PR (/)TN (I1.22)

vanishes for all ¥ = ¥, ® ¥,, in the domain of definition of ® if the deformation
functions R and r are analytic in the strip S(0,7) :={z € C: 0 < Im(z) < 7}, bounded

and continuous on its closure and satisfy the “crossing relations”

RO +in)=r(), r(0+inr)=R(0). (I11.23)

4Note that if we would work with only one set of annihilation/creation operators on a single Fock space,

the condition e’ = ¢~ would lead to pu = k7w with k € 2Z + 1, i.e. to Bose- or Fermi statistics.
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These conditions then allow us to shift the integration in (I11.21) from 6 to 6 + i, because
of the known analyticity properties of f* and g*. For a more detailed argument see
again [54] or the proof of Proposition III.1.

We have therefore shown that if there is a wedge W such that supp(f) € W and
supp(g) C W' the fields satisfy

Pr(f) P, (9) = € B, (9) PR, (f)- (IT1.24)

To summarize our construction let us compare it with the neutral case studied in [57] by

writing down the input we need in both cases to define a deformation.

e In [57] a deformation was defined on the neutral bosonic Fock space by choosing

a function R : S(0,7) — C, which is analytic in S(0,7), bounded on S(0,7) and

satisfies

R(—z)=R(z)=R(z)™!, VzeR (I11.25)

and the crossing relation
R(im —z) =R(z), VzrelR. (IT1.26)

The most general class of such functions has been calculated in [55] and it turns out
that they are of the form

sinh £, — sinh
sinh £y, + sinh #

R(0) = e ] (IIL.27)
k
with some parameters a, {3} satisfying certain additional conditions, where the S

determine the zeroes of the function R.

e In the charged case at hand we now have two functions R and r, analytic in S(0, )
and bounded on its closure, which have to satisfy relations similar to (III.25) and
(II1.26), namely

e""R(—z) = R(x) = R(z)™', VzeR

. (IT1.28)
etr(—z) =r(z)=r()"!, VreR
and the crossing relation in this case turns out to be
R(ir —x) =r(z), VzeR. (I11.29)

Now of course one can always separate the phase factor et from the deformation
functions by defining R =: ¢'2 R and r =: e "2 R~. The functions RE then satisfy
the usual relations (II1.25) without the phase factors present. But the aforemen-

tioned conditions can be simplified further by noting that because of the analyticity
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of R and R~ the crossing relation (II1.29) can be used to define the function R~
in terms of RT by setting R~ (0) := R*(im — 0),V0 € S(0, ).

Therefore we are left with choosing a parameter 1 € R and a single deformation
function R : S(0,7) — C, satisfying

RY(—z)=R*(z)=R"(z)™, VzeR

(I11.30)
Rt (imr —xz) = Rt(in+z)=R"(in+2)"', VzeR

but not the crossing relation (II1.26)! So there is no condition relating the values of

R* on the upper boundary of S(0,7) to those on the real boundary.

It is now an interesting question if the class of admissible deformation functions is actually
larger in the charged case than in the neutral case and the answer to this question turns out
to be yes. To show that there really are functions F' : S(0, ) — C satisfying all of the above
requirements for our R-functions but not the crossing symmetry F(ir—x) = F(z),Vx € R,
consider the family of functions

efa — ik

Fy(z) := a=1—iw, welR,|w <1 (IT1.31)

Yea+ia’
They are clearly analytic in S(0,7) and a short calculation shows that for real x they also
satisfy Fy(—x) = Fy(x) = Fy(z)™" and Fy (it — ) = Fy,(it +x) = Fy(in + z)~!, but
the condition Fy,(im —x) = Fy,(x) is not satisfied (for w = 0 at least Fy(im — x) = —Fp(x)
still holds)!

So we could chose e.g. an arbitrary deformation function R from the neutral case and
define

RT(2) = Fy(2)R(2) , R (2) = Fu(im — 2)R(2). (IT1.32)

We believe that by taking products of functions F, for different parameters w one would
essentially obtain the most general class of deformation functions R but a rigorous proof

of this statement could not yet be formulated.

In the following we will see how these deformation functions for the charged fields
are related to the two-particle scattering matrix of our model. Because we are now only
interested in the momentum dependence of the S-matrix we set 4 = 0 which means that
the deformed fields commute if the test functions have the right support properties.
Because of the simple structure of our deformed fields and because everything is on-
shell in our setting the outgoing scattering states are of the form a”é?r( f+)a%f(g+)Q if
the Fourier transforms of f and g have compact support and supp(g) is to the left of
supp(f). (For the exact definition of the outgoing/incoming scattering states see section
II1.3.2) So because of T}.(6)2 = €2 the S-matrix for particle-particle (S,,) and antiparticle-

antiparticle (Suq) scattering is formally just R2. But in the charged case at hand we also
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have to consider states of the form af ,.(f7)b% .(g7)Q which basically look like

7

(ah, (f)0% (g7 (01,02) ~ (01 — 02) fT(01) g™ (02) + 7(02 — 01) f T (02)g™ (61).

)

Therefore the S-matrix for particle-antiparticle scattering (S,q) turns out to be 72. We

can summarize this by formally writing

Spp ~ Saa ~ R?,

2

(I11.33)
Spa ~ Sap ~ 7.

Recalling the relation () = R(0 + im) we see that R? evaluated at the lower boundary
of the strip (0, 7) determines the scattering between the same kind of particles while R?

at the upper boundary determines particle-antiparticle scattering.

In the next step we want to analyze the dependence on the additional parameter
. Setting u = 27\, A € R the deformed fields satisfy anyonic commutation relations in
the usual form, i.e.

DD = 2MOD | DD = 2D D. (I11.34)

In this case we can simplify the above deformation and rewrite it using the charge operator

(). For this purpose we take for simplicity a standard deformation function R satisfying

R(—0) = R(#) and define
R(0) = ¢™R(0)  r(0) = e ™ R(H). (I11.35)

The corresponding multiplication operator Tg.,.(0) = e "™2Tx(0) ® T,(f) can then be
written as

Tr,(0) = (Tr(0) ® Tr(0))e™Q~1/2), (I11.36)

Note that by explicitly using the charge operator @) in the deformation we see that we are
effectively using a different deformation function on every charge sector, i.e. Tg , depends
on the charge of the vector we are applying it to (albeit in a rather trivial manner in the
above example).

We can now again define the deformed fields according to

Pra(f) = AR (F 1) + bra(F1) = Br(f)e @2,
V() = Bpa(FH) + ara(F) = D (f)e™ @72,

and calculate the fields for the opposite wedge,

(I11.37)

JOr(a;f)] =Pz _\(f)-

Using the commutation relations

QORA(f) = PrA(/)Q+1), QPR ,\(f) =PRA(Q 1)
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between the fields and the charge operator it is now easy to check that the fields satisfy
Dra(f)Py () = P B (9)Bra(S).

PrA(N)Pr_s(9) = e 2™ 0 (9)PrAS),

if f and g have again the right support properties.

(I11.38)

Summing up we have seen that if we apply the deformations of [57] to a charged scalar
field, we can change the deformations using the charge operator to obtain wedge-localized
anyonic one-particle generators.

From the definition (II1.37) we also see that the one-particle states the fields create are

changed by a constant factor e~"™/2

and also the S-matrix elements get multiplied with
such exponential factors. Furthermore, the scattering states are no longer symmetric
under permutations but inherit the braided symmetry from the fields which create them

from the vacuum.

However, one could get the same result by choosing a deformation with g = 0 and
instead take a representation .Jy of the reflections with § = wlg, i.e.
oo
Jyi=e™C g = @ ™R, (I11.39)
g=—o0

where J is just the representation used before, acting as complex conjugation, and P, is
the projection onto the charge g Hilbert space. Because the charge of a vector is invariant
under Poincaré transformations this clearly still yields a representation of P..

Now take any wedge-localized charged bosonic field ¢ and define the field for the opposite
wedge as

¢ = JIrpJy. (I11.40)

A straightforward calculation then shows that these fields indeed satisfy commutation
relations of the form (II1.38). This construction is possible because we can choose a
different representation of the Lorentz group for every charge g due to the charge structure
of the Hilbert space. In this way it is possible to arbitrarily choose the commutation
relations of the wedge-local fields, which is similar to the case described in the introduction
with two different independent charged fields. Here we have “left” and “right” fields
(localized in left- and right-wedges) which can only be transformed into each other by a
reflection making them independent in this sense.

Hence we will now proceed to a more interesting construction, namely wedge-local fields

with anyonic statistics in d = 2 + 1.

111.3.2. Deformationsind =241

In the next step we will try to find a wedge-local deformation leading to braided commuta-

tion relations in d = 2+ 1. One of the reasons why this is considerably more complicated
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is the presence of the rotations (and boosts orthogonal to the edge of a wedge) in the
Lorentz group in three dimensions and therefore there are not only left- and right wedges
but a continuous family of possible directions of wedges. Moreover, it is known that for
the fields to have definite commutation relations they have to carry further information in
addition to the localization region. Therefore, we consider localization not only in wedges
but in so-called paths of wedges, containing as an additional information a kind of winding
number (for the definition of “paths of wedges” used in this chapter see e.g. also [68]). Just
as in the case of spacelike cones such paths of wedges can be denoted by W = (W, é) and
are defined by a wedge W and a homotopy class € of paths in the manifold of space-like
directions H3, starting at a reference direction ey and ending at a point inside the wedge.
To be concrete we chose ey as eg = (0,0, —1), which has the advantage that it is invariant
under the reflection j.

As in the two-dimensional case we will work on the charged Fock-space, where we now
have HF = L?(R?,du) with the measure on the mass shell du(p) = d*pd(p® — m?)6(po)

and for the sake of clarity we introduce the shorthand notation

Ut (p) ==V (p1, -y Putm),  With p = (p1, ..., Pnim)- (I11.41)

. . 1
Representation of the Covering Group of L

Because of the spin-statistics theorem in 2+1 dimensions [69] we want 27-rotations to act
non-trivially, i.e. U(2m) # £1. We therefore consider representations of the universal
covering of the Poincaré group 751, which is the semi-direct product of the translations
with the universal covering of the Lorentz group £~1 In three dimensions this group El
can be identified with the set

{(rw)lv€C vl <lLweR}, (I11.42)

with corresponding group multiplication (7y1,w1)(y2,w2) = (73, ws), which is given by [5,
p.594]

3 = (Y2 + e 2) (1 4 yge2) 7,
w3 = wy +ws —ilog [(1+y17ze "“?)(c.c.) 7.

Identifying elements of this group with homotopy classes A of paths t — A(t) € Cl starting
at the unit element and ending at A € 51 we can define the action of £~1 on paths of
wedges W = (W, é) according to AW = (AW, A- €), where A - € is the equivalence class
of the path t — A(t)e(t).

The translations act on the Fock-space in the usual way as (U(a)¥)(p) = €' ¥(p) and

they obviously do not change winding numbers of localization regions. Therefore we will
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be interested in the representation of the covering of the Lorentz group most of the time.
Because of the charge structure of our Fock-space, H = ©H,, we consider a representation
of 751 of the form U = ®U,. The observables of a theory should commute with rotations
around 27 and their restriction onto a subspace H, with fixed charge should be irreducible.
Therefore the 27-rotations act as a multiple of the identity on vectors with fixed charge,
ie.

U,(27) = ™% . 1, (I11.43)

where S, is called the spin of the sector with charge ¢ (determined only modulo 1). From
the general theory of superselection sectors one knows that the spin is the same for a sector
and its conjugate sector (see [36,69]), therefore we must have S; = S_;. When restricted
to the 1-(anti-) particle Hilbert space ”Hf we also want our representation of the Poincaré
group to be one of the well-known irreducible unitary representations for a spin o, defined

according to,
U (a, A)p) (p) = €7 XD p(Ap) (ITL44)

The factor Q(INX, p) is the Wigner-rotation, which can be expressed for A= (7v,w) according
to (see e.g. [68, Appendix B])

Q(A, p) = w—ilog [(1 — y(p)f_ye_w)(c.c)_l] —ilog [(1 + %ﬁ(j\_lp)> .(c.c)_l] .

It satisfies the cocycle relation

and for pure rotations 7 it simplifies to Q(7(w), p) = w.

Motivated by the above considerations we define the full representation U on H

according to
(U(a, N)T)™(p) := P e Ap)gm(A~1p), (IT1.46)
where we have introduced the notation

n+m

(A, p) : ZQ (A,pi) = D QA py). (I11.47)
j=n+1

From this we see that a 27-rotation acts on vectors of charge ¢ according to
Uq(27T) _ eQm’qsq 1 ; eQm’Sq 1,

leading to S; = ¢s4 which implies that s_; = —s,. Following lemma II.1 our choice for
54 is s = Aq with an unspecified parameter A € R and we will see that this choice allows

our deformed fields to have anyonic commutation relations.
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Restricting this representation to i then leads to

(U0, A)W)0(p) = e =1 2Rn gO(A=Lp) = cio URP GO (A~1p),
(U(a, [N\)\Ij)(l)(p) — eia.p e—isf1Q(/~\,p)\IJé(A—1p) _ ez‘a.p eiAQ(A’p)\I’(I)(A_lp)’

so we see that on Hp the representation really reduces to

Ua, A) [, = UV (a, &) © UN(q, A).

Extension to P,:
Given the proper orthochronous Poincaré group 731 one can obtain the proper Poincaré

group P by adjoining the reflection j at the xo-axis, which satisfies the relations
j2 =1 ) ]Al(t)j = Al(t) ) j’r‘(W)j = T(_w) ) j(aa 1)] = (] " a, 1)5 (11148)

(which then imply jAo(t)j = Aa(—t)), where Ay, Ao are boosts in the direction of the
x1,T9 axis respectively. This yields a disconnected group and its universal covering 75+

can be defined by adjoining an element j to 751 with the relations

52 =1, j(a7 (77(“}))]. = (] " a, (7? _w))' (111'49)

Defining by j - & the equivalence class w.r.t. j - W of the path t — j - e(t) the element j
acts on W according to
JWi=(-W,j-é), (IT1.50)

where j - € is still a path starting at the reference direction ey because we have chosen ey

invariant under j.

The Deformed Model

On the Hilbert space H we again define the free charged scalar field according to
O(f) =a*(f*) +b(f") with @ and b defined as in the previous chapter and

1 3 +iz-p
(2@3/2/ FI @y

This field is local and covariant with respect to the representation U only for A = 0. Now

f£p) =

we want to deform this field using multiplicative deformations such that the deformed field
@5, (f) is covariant with respect to U for an arbitrary A € R and localized in suppf + W,
where for simplicity we only consider wedges having the origin contained in their edge
because of translation covariance. Taking a W’ = (W’,&) with an arbitrary path &
ending in W’ and two test-functions f, g such that supp(f)+ W is causally separated from
supp(g) + W’ we want the fields to satisfy

@W(f)q)?;w(g) — ejFZwiAk(W,W’)q)%//(g)(I)W(f). (I11.51)
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The statistics factor only depends on the two wedges W, W’ and we will see that
it is related to the relative winding number N(W,W’) defined below according to
E(W,W') = —2N(W,W') — 1.

A general multiplication operator on # is of the form

(T (P)P)7' (p) == A" (0 ) 7 (p), (I11.52)

and such operators are now used to deform the creation and annihilation operators,

ayi (p) == Ty, (p)a(p) . ay, () == ay(p)" = a”(p) Ty, (p)" (IT153)
byi (p) == Cay (p)C = T3 (p)b(p) , bl (p) = by (p)™
The charge conjugated multiplication operator acts according to
(T3, (0)®)5' (p) = AL (p:2°) V7 (p), (IT1.54)

with p® = (Pnt1, s Pntms P1, s Pn). These definitions mean that for a one-particle vector

© the annihilation operator e.g. acts as

(4 (@) T)™(p) = Vi T 1 / a(p) PPV A (03 p) V0 ().

The deformed field is then defined as @, (f) = a*W(f+) + by (f) and we want it to be

covariant under P_TH i.e.

Ula, M)y ()U(a, A)7" = 7 (a0 (£)),
with (a(q,0)(f))(x) = f(A™!(z = a)).
Therefore also  the deformed annihilation operators have to  satisfy

U(a,f&)aw(go)U(a, A= azyir((a,n)(¢)) which leads to the following relation for

the deformation functions,

(I11.55)

—iAQ™(Ap)  —iA(g+D)QAp) gnm A —1 . A—1 N _ anmy .
e Pt pAW (A" p; A" p) _AAVV(p’B)' (ITI1.56)

The product structure of this covariance condition and the known deformation functions

in [57] now motivate the following ansatz,

n+m

A (psp) =, qHHu (p)R@Qp-p:) [[ ud () R@p-p)), (ITL.57)
j=n+1

where the functions u and R are defined in the following way.

e Risa “standard” deformation function in the sense of [57] as already described in the

two-dimensional case, i.e. it satisfies R(—a) = R(a) = R(a)~! and it has an analytic
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continuation into the upper half plane, continuous on its closure, to guarantee the
right commutation relations of the deformed fields for space-like separation. The
Q = Q(W) in the argument of R is a W dependent “deformation matrix”, which is
anti-symmetric w.r.t. the Lorentz inner product and its definition can be found e.g.
n [41,42]. Denoting by Ly a Lorentz transformation connecting W and W, i.e.
W = LwW, °, the matrix Q(W) is defined according to Q(W) = LwQoLy; where

Qo=+ k>0 (I11.58)

o = O
S O =
o O O

is the matrix belonging to the standard wedge Wj. This dependence on W of the
matrix () ensures the right covariance properties of the deformation functions and
it follows in particular that Q(W') = —Q(W).

e The functions u‘)}v are intertwiners for the representation U™ of Zi which have to

satisfy the relation

e—iAQ(A,p)u%/ (A~'p) = “Aw(p) (I11.59)

To find such functions u satisfying this condition we first define the path for the

standard wedge Wy = (Wo, é0) with Wy = {x € R® | 1 > |2o|} and & is a path

starting at eg and staying inside Wy. We then consider equation (II1.59) for Wo

and A = EW where EVV is a Lorentz transformation connecting W and Wy, i.e.
wW.

LWW We then get

uh(p) = e Uw ) A (L), (IIL.60)

which shows that the intertwiner for W is determined by the intertwiner u} := u’

for the standard wedge Wy. But this construction is not unique, because for every
I:W also EWAl(t) is a ENTF transformation nilapping Wy to W, because the boosts
A1 in 1-direction leave the standard wedge Wy invariant. To restore uniqueness the

functions ué‘ need to satisfy the consistency condition
up(p) = e~ MHUMOPB (A (—1)p). (IIL61)

To construct such functions we observe that, according to [68, Lemma C.1], the

IAQ(AL (t)

Wigner rotation factor e~ ) can be written as

UMD — o oA (=), (p) = B ()

This leads to the solution
uy(p) = f(p2) v(p)* (I11.63)

5Such a Ly always exists because the family of wedges has been defined as the orbit of Wy under ﬁl.
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for u{J\ where f is a yet undefined function of py and thus invariant un-

der z1-boosts.” One can now easily check that our intertwiner function
ué‘v(p) = e*i/\Q(EW’p)ué(L;p) satisfies the relation (II1.59).

Note that (apart from R which determines the momentum dependence of the S-
matrix) the deformation function A"ﬁ’/m is fixed by covariance up to the function
f(p2) which has to be chosen in such a way that the creation and annihilation oper-

ators satisfy the right commutation relations.

To calculate these relations we first need commutation relations between undeformed cre-
ation/annihilation operators and the deformation operators T};,. Acting on the charge ¢
Hilbert space we get e.g.
A ()g—1
T at)], = 52 (o
W
S0 tug, (0) T R@p 1) a@) Ty (p) =: By (o, p)a(p) Ty (p),
By, (p,p") ™ a* (") Ty (p)-

A () n) /
wP)R(@p-p )) a(p’) Ty (p)

q

I
S
1

Ty (p)a™(p')

(I11.64)

In the same way we can compute
Ty (p)b(p') = U%/(p)ulﬁi,(p’)flR(Qp ")) Ty, (p) = Cy (0,00 ) Ty (p). - (111.65)

All other relations now follow by charge conjugation and taking adjoints. Using these

commutation relations we now obtain

ayy (p)ay, (0) = Ty (p)a(p)le (P)a(¥) (I11.66)
= By (', )™ By (0 )ayy () ey (p).

Inserting the definition of B we get

upy, (0)ugy, (DRQY -p)  uy, (p) uly, (1)
N LB () — W W _ YW W
P ) B ) = o s DR Qe ) )y 0)

(I11.67)

where the last equation follows by using the relation R(—a) = R(a)~!. From the definition

of the u’s we see that

U>\~ D ; 7 7
v ®) = e_’)‘(Q(LW/:P)—Q(LW*p))uS (L‘_/T/l/p)ué‘ (L;le)fl, (II1.68)
UW(]?)
i \k(W, W)

and we are going to show that this term equals e~ with a k € Z, depending only

on the wedges W, W’ and not on the momenta p, p/'.

SNote that every function on the mass shell which is invariant under boosts in the 1-direction is a function

of p2.
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To calculate this expression we need to look more closely at the relation between iW
and IN/W/. First note that if W = Ly Wy then W’ = Ly W = Lyr(m)Wy. Lifting this
to paths of wedges we see that for every W’ there is an odd number k € 27 + 1 such
that W' = wa(kw)wo. This shows that every EW/ is of the form E’VV’ = iwf(kﬂ)Al (1),
where A; is a boost in z1 direction. Using the fact that the intertwiners do not depend
on the choice of this A;(¢) we obtain

_ e—iA(Q(iWF(kw),p)—Q(f,W,p)) 'LL())\ (T(—kﬂ')LI}/lp) u()]\ (L%}p) 71.

To calculate the exponential factor we need the cocycle relation (II1.45) of the Wigner

rotation, i.e.

QAN p) = Q(A, p) + QA A7 'p).
This leads to

Ly (k7). p) — ULy, p) = ALy, p) + QF(k), Lo p) — Ly, )

(IIL.69)
= Q(F(km), L‘;le) = km,

where k = k(W, W’) obviously only depends on the winding number of W’ w.r.t W.
Such a winding number N (C’l, C’g) can be defined for general causally separated spacelike

cones C; and Cy (see e.g. [7]) in the following way”. Let df be the angle one-form in some

fixed Lorentz frame, and for a path C' = (C,¢&) let 8(C) be the set of corresponding

“accumulated angles”, namely the interval

0(C) := {/ede ec é}. (I11.70)

Now given two paths C;, Cs with C; causally separated from Cs, one can define the relative

winding number N(Cy, Cy) of Co w.r.t. Cy to be the unique integer n such that

0(Cy) + 2mn < 0(Cy) < 0(Cy) + 2n(n +1). (I11.71)

Considering two wedges W and W’ one can now prove the following relation between
E(W,W’) and N(W, W’).

Lemma IIL.1. Let k(W,W’) and N(W,W') be defined as before. Then the relation
—k(W,W') =2N(W, W) +1 (I11.72)

holds.

"There are of course other equivalent definitions of a winding number for equivalence classes of paths,

but we will not need them here.
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Proof. As we have seen W’ = f/Wf(kﬁ)Wo, with W = EWWO, which shows that
O(W') = (W) + kx. Using this in the definition of the winding number leads to

O(W') 4+ 27N < (W) < §(W') + 27(N + 1)

= O(W) + kr + 27N < (W) < O(W) + kr + 2r(N + 1).

From this it follows that
k4+2N <0<k+2(N+1)

which immediately leads to —k = 2N + 1. O

Having established the relation between our k(W, W’) and the usual definition of the
S A
winding number N (W, W') we return to the calculation of Z‘Q’ ®)

. To determine the second
W (p)

factor in (II1.68) we need to compute the expression

ua\(r(—kw)p) _ ué‘(r(ﬂ)p)
g (p) uy(p)

where r(m) acts on p simply as r(7)(po, p1,p2) = (Po, —p1, —p2). Inserting the definition
of 1} and restricting the momentum p to the forward mass shell H}, leads via a straight-

forward calculation to

ug(r(m)p) f(=pa)o(r(m)p) f(=p2)(m — ips)

uy(p) e f)vl)  lgr ) (mAipe)

In order to guarantee the right commutation relations between our annihilation operators

we therefore have to choose a function f : R — C satisfying

f(=Q)(m —iq)
f(Q)(m +iC)

By studying the commutation relations between other creation and annihilation opera-

— 1. (I11.73)

tors (e.g. between ay, (p) and by, (p')) one realizes that f also has to satisfy f=f"11ie.

|f| = 1. Using such an f in the definition of u%, one then finally arrives at the desired

w
relation R
BrP) _ ek (IT1.74)
Uiy (p)
which leads to
aW(p)aW/ (p/) _ e—QWzAk(W,W’)aW, (p/)aw(p). (11175)
In exactly the same way one can calculate
a{f[/(p)b{f[//(p/) — 627ri)\k(W,W/)bW/ (P/)Gw(l?) (11176)

and the mixed commutation relations

ag, (p)asy, (p) = 2™V Wax (0 )ay (p) + wpd(p — p) Ty (0) Ty (p)7

( )b*~ ( N —27T’i>xk(W,W’)b*~ AN (11177)
p)by. (p) =e i () ay (p).

a

%z
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Again all the other commutation relations follow by charge conjugation and taking

adjoints.

Up to now we have only taken into account covariance under the proper orthochronous
group 751, but we also want our fields to have the correct transformation behavior under
reflections at the edge of the wedge. Taking the standard wedge Wy and the reflection j
at its edge we want the field to satisfy

Iy, () = @i (e(f)), (II1.78)

where again a;(f)(x) = f(jx) and J has been defined in (II1.10). According to (III.50)

the reflection j acts on Wy as

j-Wo=(=Wo,j-é) = F(—m)Wo.
A straightforward calculation then shows that for equation (II1.78) to hold we need
to set 3 = —2mA in the definition (IIL.10) and the intertwiners uy have to satisfy
u)(—jp) = uj)(p). Because of j - Wy = #(—n) - Wy this leads to

up(—jp) = ¢ usy ().
This equation can be fulfilled if and only if the function f, used in the definition of ua\,

satisfies f(—() = f(¢) in addition to the previous relation (II1.73). These two conditions

now lead to the solution %
m—1

= :I: —,
R
which is unique up to a sign. With this choice the deformed field @y, then satisfies (IIL.78)

with the space-time reflection J defined according to

(I11.79)

(JO)H(p) = e MW (—jp). (IT1.80)

Summing up our construction we have seen that we can deform the CCR~algebra of “free”
creation and annihilation operators in such a way that the deformed operators satisfy
anyonic commutation relations and the resulting field is covariant under a spin A repre-
sentation of 75+. This deformation was defined by simply using multiplication operators

n

(T, ()W) (p) = A%’/m (p;p)¥y'(p) which were chosen according to

n n+m
) cm) — oA A
A (pip) = up () [ [ w0 BR@Qp i) ] (o) R(@p - py),
=1 j=n+1
R ... arbitrary deformation function in the sense of [57],
upy (p) = e XM Plug (L -1p),
m — P2 Po+m —p1+1p2
B0 = (T2 ) )= P
Vm= + p3 Po +m —p1—1p2
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Having defined the deformation we can now state our main result, namely that the

deformed field satisfies anyonic commutation relations.

Proposition II1.1. Consider paths of wedges W, W' and test functions f,g such that
supp(f) + W C (supp(g) + W')". (IT1.81)

Then the deformed fields ®,(f) and ®y,,(g) satisfy the commutation relations

(N2 (9) = MWDy, () (f),
W (1@, (9) = TS () (f),
Proof. Using the above relations between the deformed creation and annihilation operators

one immediately sees that the deformed field @y, (f) = af; (f*) + by ( ) with itself

satisfies the commutation relation

o
(111.82)
)

O3 (/)i (g) = e MW (g)00 (f), (I11.83)

for arbitrary test functions f and g.

For the mixed commutation relations between @3, and <I>;}V we get

’

Oy ()5, (9) — MWD ()0 (f) =
/ dpu(p) (f “(p)gT(p) T, (P)TS, (0)* — fT(p)g™ (p) ™ MWWIT,, (p)Tw(p)*) :
To determine whether the right hand side vanishes for spacelike separated test functions we

have to calculate how the operators T% (p)T;, (p)* and Ty, (p) Ty (p)* act on an arbitrary

vector U, This leads to

(T3 (P) T (p) 03 () = gy (p) ™" ey, (p) = [T gy (pidusy, () B(Qp - pi)?
=1
n—+m .
T wy i, (o) R@p - py)?,
Jj=n+1

(T (DT 0 07 @) = Wy 7w )™ [T e, ()R- )
=1

n+m .

11 “%/(pa')uép,(l?j)R(Qp‘pjf.

j=n+1

2

One can see that the factors containing u*(p;) and u*(p;) are the same in both equations,
so they are not causing any trouble. The deformation function R has been chosen in such a

way that it has the right analytic properties, as in the two-dimensional case (cf. also [41]).
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The only nontrivial factors left which could still cause problems are u%/ (p)*q“u%/, (p)—att

and u{}il(p)qul uI)\?V' (p)4*l. But a straightforward calculation using the definition of u%/

leads to
A —q+1 —q+ —im Ak W,W~ N(—q+1 2miAk WN,W/ + A +1
uﬁ,(p) d u)‘~ ,(p) atl = g7t ( )(=g+1) = e ( )u’\ (p)q 1 uﬁ,, (p)q .

Inserting this into the commutation relation (II1.84) one arrives at

n

(24 (NP @) (p) = (T 0 ()0, (1)W) " (1) =

n+m n+m

/du(p) [f‘(p)sﬁ(p) I R@p-p)* - )9 () [] mﬂ (111.85)
i=1 1=1
. n n+m -
e RO TTul (pugy, (p) [ wy (pi)ud, (p) ¥ (p).
i=1 j=n+1

We now just have to show that the expression in the second line vanishes for all p; if the
test functions f and g have the right support properties (II1.81). Due to the covariance
of the field operators we have to consider this expression only for the standard wedge
Wy, i.e. @ = Qo and f, g localized in Wy, W respectively. Using ideas from the proof of

Proposition 3.4 in [41] one introduces new coordinates on the mass shell such that

m cosh 6

p=pO) = [ musiho | o [ duweo) = [ Sdbdpe op(0.p2)), (11180
P2

where m| = /m?2+ p%. Because f and g are assumed to have compact support their
Fourier transforms f and § are entire analytic functions. Moreover f~ (0 + i), p2) and
g7 (0 + i)\, p2) are bounded on the strip 0 < A < 7 (see again [41]) and the boundary

values are related by

f_(e + Z.ﬂ-ap2) = f+(‘9a _p2)7
g+(9 + iﬂ—ap2) = g_(97 _p2)a

where we used the obvious notation f*(6,p2) = f*(p(6,p2)). Furthermore, because & in
the definition of @) (II1.58) satisfies £ > 0 and all the momenta are on the mass shell, it
follows that

ho 0
Im(Qp(0 4 iX) - px) = Km g sin A c?s : p’f >0, for0< A<
sinh 6 Dy,
Therefore the functions z — R(Qp(z) - px)) are analytic on the strip S(0,7) and bounded
on its closure. This allows us to shift the 6 integration in the second line of (II1.85) from
R to R + 4w, which shows that the whole expression vanishes (See also [2] for a slightly

more detailed treatment of these concepts).
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We have thus shown that the deformed field satisfies the anyonic commutation relations

Oy, (/)i (g) = e 2PNV () (1),
O (F)PL,(9) = 2™V (9)D5(f),

gz

%l*

if the localization regions (supp(f)+W)"” and (supp(g)+W’)" are spacelike separated. [

Summing up the results we have constructed field operators ®;,(f) on the Hilbert space
Fo(L2(R3, dp)) ® Fs(L*(R3, d)) for every path of wedge W and test function f € .7 (R3).

This family satisfies the following properties:

i) The fields are polarization-free generators, i.e.

ii) Covariance under the representation (II1.46) of 751 holds, i.e.

Ula, )@y, (/)U(a, A)™" = @55 (agn) (f))-

iii) Under the representation J of the reflection at the xs-axis the field transforms ac-

cording to
JO5 ()T = B0 (0 (f):

iv) The fields are localized in wedge regions and satisfy anyonic commutation relations,

depending on the relative winding number of W and W, i.e.
By (), (g) = eFTAHVIIRE (g)0y (),
if supp(f) + W C (supp(g) + W’)".

Furthermore the Reeh-Schlieder property holds for wedges (because it holds for double
cones in the free undeformed case), but what’s more important is that it does not hold
for regions smaller than a wedge, e.g. for spacelike cones. This follows from the recent
work [7] by Bros and Mund, where they show (using results from [6]) that there can be no
polarization-free generators for anyons if the Reeh-Schlieder property holds for spacelike

cones.

Scattering States

We can now also define two-particle scattering states and their S-matrix by following the
approach for wedge-localized operators in [6]. For this purpose we choose f and ¢ in

such a way that f, g have non-overlapping compact support and supp f, supp g intersect
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the upper but not the lower mass shell. Furthermore, we use the notation p = (p%, p),
wp = \/P? + m? and define the velocity support T'(f) C R? of a test function and its time

evolution f; according to

L(f) = {(1,p/wp) : p € supp f},

3 i (0 . II1.87
ft(«T) = /dpf(p)el(p —wp)te—zp-x' ( )

Po

b1

Figure II1.1.: Velocity supports of the test functions f and g

It is well known in scattering theory that for large times ¢ the fields ®;, (f;) and @3, (g:)
are essentially localized in W +tI'(f) and W’ +tI'(g) respectively, because asymptotically
the support of f; is contained in ¢I'(f). Now if the velocity supports of f, g are such that
I'(f) — T'(g) € W these localization regions are spacelike separated for positive times ¢.
Therefore we can define outgoing two-particle scattering states as the limit

lim By (fi)0yp (90) = (F, )5 X (g, W), (I1L.88)

t—o00

and by using also @}"/V( f) we could similarly construct scattering states containing anti-
particles.

For the incoming scattering states we have to exchange W and W’ because for ¢ < 0
the localization regions W + ¢I'(g) and W’ + tT'(f) are spacelike separated. This leads to
the definition

lim By ()@ (g0) = (£, )5 <™ (g%, W) (I11.89)

t——00
To compute these limits we use that the supports of f, g do not intersect the lower mass
shell and that the time dependence of f; is trivial on the upper mass shell. Thus the

scattering states simplify to

(fH W4 x4 (g, W)

o T (I11.90)
(FE W) X (g7, W)y = afy, (fF)agy; (97)90
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Of course these vectors inherit the nontrivial commutation relations from the fields which

create them, leading e.g. to

(.]H_? W)—i— x Ut (g+7 W/)—l- = e_QFiAk(WVW/) (g+7 Wl)—l— x Ut (f+7 W)—i— (11191)

From (II1.90) the explicit form of the scattering states can be computed, namely

(5T X7 (g T)2) (1) = —= (Rl o0)g*(2) + (5 )

(N gt @) + o).

(I11.92)

(W) X (g, W) ) (prp2) =

where R and R’ are defined according to

R(pr.p2) = (w0 (p1)) 0, (02) i, (02) R(Qp1 - p2).

0 (pr.p2) = (1w, (1)), (p2) 2, (02) B(Q@n - p2).

Now by taking test functions f,g,h,k € Z(R3) such that T'(f) — I'(g9) € W and
I'(h) —T'(k) C W we can calculate the two-particle S-matrix leading to

<(f+a W)+ XOUt (g+> W/)Jrv (h+7 W/)Jr Xm (k.-l-’ W)+>

NP 111.93
= /d,u(pl)dﬂ(m) (GQMM(W’W)R(MQPQ)Q) f+(p1)9+(}72)h+(Pl)k+(p2)- ( )

Consequently we can see that the momentum dependence of the S-matrix is again deter-
mined by the square of the deformation function R? which in addition gets multiplied by
a phase factor depending only on the relative winding number of the localization regions.
Note that we would get the same result for anti-particle scattering because we used the
same deformation function on the particle- and the anti-particle space. Of course we could
also have written R and R~ as in the two-dimensional case, but it is presently unclear

to what extend these two functions could differ in d > 2.

11.3.3. R = 1: Localization in “Double Strings”

Instead of trying to generalize the construction and the respective deformation functions
further, we can consider in dimension d = 2 + 1 the special case of a trivial deformation
function R = 1 and thus only focus on the anyon-like properties of the resulting fields. In

this case the multiplication operator used in the deformation takes the simple form
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n n+m
(T () ) (p) = uy, () [ 0) T v () ¥ (p). (I11.94)
i=1 j=nt1

Because the intertwiner u%/ still appears in the definition of the field, it is still covariant
under the unitary representation U of the cover of the Lorentz group Cl for spin A € R.
What has changed are the localization properties of the field. To see this remember that
the wedge-locality of the deformed fields was essentially based on two ingredients: The
analyticity properties of the deformation function R (which plays no role here because we
consider R = 1) and the fact that the intertwiners were chosen in such a way that they

satisfy

where N(W,W’) = —1(k(W,W’) + 1) is the relative winding number of W with respect
to W’. Now such a relation also holds if we take, instead of W’, a wedge which differs
from W by an even number of 27 rotations. This is obvious because of the relation

A iATL ) A
u;:(gﬂn)ﬁ/(p) = 6271—1 " uW(p)

We therefore see that the intertwiner actually satisfies

— 22— = i Wy = F(km)WA , V€ Z. (IT1.95)
Ui, (p)

But this means that also the deformed fields satisfy

W (f)q)fi~ (9) = 6—27ri>\k(V~V1,V~V2) (1)337[/2 (g)q)Wl (f) (I11.96)
not only if Wy is spacelike separated from W, but also if the two wedges are “parallel”; as
long as the test functions f and g still have spacelike separated support.

These considerations show that the minimal localization region one can assign to the
operator ®;,(f) is a tube-like region which results from smearing the edge OW of W
with the function f (this can also be seen as a “smeared double string”, extending to
infinity in two opposite directions). More precisely, because a path of wedges W = (W, &)
also contains the information of a winding number, the fields are localized in “generalized
tubes” (or “paths of tubes”) T (f, W) which are specified by a test function f and a
generalized wedge W (or equivalently its edge). The following figure shows a sketch of

the tube region resulting from smearing the edge of W with the test function f.
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Figure II1.2.: Projections onto the xg-x1 and x1-x2 plane of the tube 7~'(f, W) around the edge OW
of the wedge W

So for the special case, where the deformation consists in only using the intertwiners u

W
for the definition of the multiplication operator 7};,, we obtain a field with the following

properties.

i) Covariance under the unitary representation U of 751 for arbitrary real spin A € R,

Ula, N @i (£)U(a, A) ™" = @55 (eva,n) ()
ii) The fields are localized in tube-shaped regions and for spacelike separated tubes
T(f1,W1) and T (f2, Wa) the fields satisfy anyonic commutation relations

Dy, (DY, (f2) = eFTAMIIGE (£)Dy, ().

iii) The fields are “free” in the sense that they create one-particle vectors from the
vacuum. Moreover they lead to a momentum independent scattering matrix, which

depends only on the relative winding number of localization regions.

Furthermore they of course still satisfy the Reeh-Schlieder property, now even for tube
regions.

Remarks: i) Although this “double-string”-localization is an improvement in the size
of localization regions, the set of possible tubes which are causally separated to a given
tube is still very much restricted because only tubes that are parallel can be spacelike
separated.

i1) Because the number k:(Wl, Wg) € 7 appearing in the commutation relations can now
be any integer, there are also fields which commute, namely those with vanishing relative
winding number. Only after rotating one of the fields around a multiple of 7 they show

their anyonic behavior.



CHAPTER I1II. WEDGE LOCAL FIELDS FROM DEFORMATIONS o7

111.4. Conclusion

The method of deforming a free hermitian scalar field to obtain new wedge-localized models
with non-trivial S-matrix, described in detail in [57], has been generalized to a charged
field on two- and three-dimensional Minkowski space. We have seen that working on a
charged Hilbert space enables us to change the statistics of the deformed fields and (at least
in two-dimensions) one can use a larger class of deformation functions in the definition
of the deformation. It is believed that they exhaust the class of possible deformation
functions in d = 1 4+ 1 but a proof could not yet be given. In d = 2 + 1 the fields are
localized in so-called paths of wedges, have non-trivial commutation relations depending
on the winding number of their localization regions and they are covariant with respect
to a representation of /31 with spin A € R.

The weakened localization in wedges instead of double cones or spacelike cones still
allows to define two-particle scattering states and the wedge-algebras generate dense sets
in ‘H from the vacuum. In the case where the deformation function is just a constant
it is possible to interpret the fields as being localized in generalized tubes, extending to
infinity in two opposite directions. However, nothing is known about algebras for smaller
spacetime regions like spacelike cones, except that they cannot satisfy the Reeh-Schlieder
property due to the recent work by Bros and Mund [7].

Another open question is if the deformation functions defined in (II1.32) are actually
the most general which are possible in this case. We currently also do not know if these
additional admissible functions can be generalized to the higher dimensional case.

In [57] the deformation was originally defined on the test function algebra (the so-called
Borchers-Uhlmann algebra) and a representation on Fock space was then introduced via
the GNS-construction. In the present work we defined the deformation on Fock space
from the outset and it would be interesting to know if one can understand it as the GNS
representation of a deformation of the underlying Borchers-Uhlmann algebra.

In addition one would like to generalize the deformation of a charged scalar field to
a situation with a multi-component field where different particle species and charges are
present, similar to the recent construction by Lechner and Schuetzenhofer [58]. In this
case the commutation relations might be governed not only by phase factors, but by more

general matrices yielding a non-abelian representation of the braid group.






IV. Compact Localization in 141
Dimensions

In the previous chapter we have shown that it is possible to use the approach of multiplica-
tive deformations of free fields to construct wedge-local polarization free generators which
have anyon-like features. But quantum fields describing anyons in the sense of AQFT
should have better localization properties, namely they should be localizable in compact
regions in d = 1 4+ 1 and spacelike cones in d = 2 4+ 1. However, the no-go theorems men-
tioned in the introduction tell us that such fields cannot be polarization free generators
but rather have to be fully interacting.

A relatively simple method to construct localized operators on a Fock space, which
generate vectors with arbitrary high particle number from the vacuum, is the approach
of implementable Bogoliubov transformations. This allows us to first construct certain
multiplication operators on a suitable one-particle position space and then implement
them on the physical Fock space. Finding such one-particle operators leading to anyon-
like implementers on the Fock space will be a significant simplification over the direct
construction of the right operators on the full physical Hilbert space. Since this procedure
is basically restricted to one spatial dimension we will focus on the 141 dimensional case
in this chapter. A treatment of fermion current algebras and Schwinger terms in 3+1
dimensions can be found e.g. in [50]. First we will briefly outline the theory of quasifree
second quantization [63] and implementable Bogoliubov transformations (using mainly the
notation from [49]) and then apply it to massive and massless theories to construct nets
of operator algebras showing anyonic features. It has originally been developed (and is
most of the time used) for fermions, i.e. on the anti-symmetric Fock space, but it can also
be done on an equal footing for bosons on the symmetric Fock space'. We will describe
both formulations here and use them in the massive case to construct operators on the
fermionic and bosonic Fock spaces. However, we will restrict ourselves to the fermionic
case for m = 0 and in later constructions regarding anyons on the circle and winding
numbers.

Explicit expressions and various proofs concerning Bogoliubov transformations in gen-
eral can be found e.g. in [18,40,49,78,80]. Multiplication operators on the position space
in the fermionic case are treated in more detail in [17,20-22] and the bosonic case is also

mentioned in [79,81]. Extensive treatments of loop groups are found in [76,86]. Imple-

' A supersymmetric formulation of the concepts is also possible [40].

59



IV.1. IMPLEMENTABLE BOGOLIUBOV TRANSFORMATIONS 60

mentable one-particle operators on the massive fermionic Fock space have also been used
in [1,82] to construct DHR endomorphisms with anyonic statistics. We will extend this
to the explicit construction of field algebras for anyons and we will furthermore also show

how the massless case can be treated.

IV.1. Mathematical Preliminaries: Implementable Bogoliubov
Transformations

In the following constructions we will always consider an (auxiliary) one-particle Hilbert

space which is a direct sum of two (particle and anti-particle) Hilbert spaces
Hy=H{ ®HT, (IV.1)

where the subspaces H ~ H; will be some L?-space, specified below in more detail. The
corresponding projections onto ’Hf and H] are denoted by Py and P_. In the concrete
cases below they will be the projections onto the positive and negative part of the spectrum
of a Dirac operator (or Klein-Gordon operator in the boson case). The full physical Hilbert
space will then be the fermionic (anti-symmetric) or bosonic (symmetric) Fock space over

this one-particle Hilbert space,
H = Fr/p(H1) ~ Fr/p(HT) @ Fr/p(HT), (IV.2)

where the subscripts F' and B denote the fermionic or bosonic case respectively. As is
well known this Fock space is unitarily equivalent to a (unsymmetrized) tensor product
of the particle- and anti-particle Hilbert spaces. Due to this tensor product structure we

can naturally define the charge operator @) as
Q=N-M, (IV.3)

where N is the particle number operator on the first tensor factor and M on the second
one. The projections onto vectors with (anti-)particle number less or equal to n will
be denoted by P,. For every ¢ = (¢*,¢~) € Hi we have creation and annihilation
operators for particles a*(¢™), a(p™) and anti-particles b* (o), (™), satisfying canonical

(anti-)commutation relations,

[a(e]),a*(3)]rm = {¢f 03) . [a5(e),ab(¢3)]rB =0, 4
[b(01 ), 0" (03 )lF/B = (P19 ) 5 [bﬁ(SDf)abﬁ(SOE)]F/B =0,
where [-,-]p denotes the anti-commutator and [-,-]p the commutator. In addition they

satisfy
a@N)=0(e")2=0, a(pN) =a*(¥"), ble) =0"(p), (IV.5)
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where 2 again denotes the unique vacuum vector which will be invariant under Poincaré

transformations. Due to the estimates (which hold trivially for fermions)
la* (@) Pall < (n+ D[], |6 (e7) Pl < (m + D)lle7], (IV.6)
the dense subspace of vectors with finite particle number
Dy :={ € Fpp(H1) | N <oo: (N + M)y < Ny} (IV.7)

provides a common invariant domain for all creation and annihilation operators. On this

subspace the free field can then be defined for every ¢ € H; according to

O(p) =a(0") +b(p7), () =b"(¢7) +alp) = 0(p)". (IV.8)

With this definition the field ® is linear in the one-particle vector ¢ € H; and it also

satisfies (anti-)commutation relations of the form

(D% (1), ®(02)]r/B = (P1, Kp/B 92)

IV.9
(1), B4 (o) = O, (1v-9)

where we introduced the matrix

KF/B = P+:|:P7 (IVlO)

1
which is just the identity in the fermionic case and (0 ) in the bosonic case.

Next consider a unitary operator U on the one-particle Hilbert space, which is di-
agonal w.r.t the decomposition Hf ® H, ie. it commutes with Py. Such unitaries
satisfying [U, Py] = 0 will be given e.g. by the representers of Poincaré group elements.

We define their second quantization by

LU):=T1(Uss)0T_(U_2), (IV.11)

where 'y is the usual second-quantization functor on the respective subspace, i.e.

Is(Uss) =P ®a/sUﬁ : (IV.12)
n=0

and @ /s denotes the n-fold anti-symmetric or symmetric tensor product. In particular it
follows that the second quantization of a constant phase factor e’ is f‘(e”) = "% where

Q is again the charge operator. With respect to the free field this operator then satisfies

D(U)®(o)D(U)* = ®(Ugp). (IV.13)

We therefore call the unitary operator f(U ) the implementer of U on the Fock space.
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For a general bounded operator V on H; a transformation of the form
D(p) — (Vo) (IV.14)

is called a Bogoliubov transformation if it leaves the commutation relations (IV.9) invari-

ant. This is the case if and only if the operator V satisfies
VKV*=V*KV =K | for K = Kp/p. (IV.15)

This means that in the fermionic case it simply has to be unitary and in the bosonic case
we call such an operator pseudo-unitary. For a diagonal operator U as before unitarity and
pseudo-unitarity are the same and so the interesting cases arise if we consider (pseudo-)
unitary operators which are not diagonal w.r.t Py. For them the following well-known
theorem holds, which dates back to the works of Shale and Stinespring [88,89]. The proofs
for the various theorems needed in the following and a more extensive treatment can be
found e.g. in [18,78,80].

Proposition IV.1. For a (pseudo-)unitary operator V on the one-particle Hilbert space
H1 a unitary implementer f‘(V) on the Fock space F,/(H1), satisfying

LV)e(p)[(V)* = &(Vep),
exists if and only if
Vig € By, (IV.16)

i.e. the off-diagonal components of V' are Hilbert-Schmidt operators.

These implementable Bogoliubov transformations form a group which we will denote
by Gr/p(H1). One immediately notices that, because of the definition of being an imple-
menter, they can only be defined up to an arbitrary constant phase factor. So in explicit
constructions one always has to specify a choice of phase. Another important fact (proved
in [18]) is that in the fermionic case the group Gp(H1) decomposes into disconnected com-
ponents, labelled by an integer ¢(V') which turns out to be the Fredholm index of V__,
ie.

q(V) :=dimker(V__) — dimker(V*_). (IV.17)

More importantly it can be shown that the implementer f‘(V) shifts the charge of a vector
exactly by the number ¢(V') (see also [22]), so by considering unitaries V' whose diagonal
components have non-vanishing kernels we can construct charge-shifting operators on the
Fock space.

In the boson case it already follows from pseudo-unitarity and the Hilbert-Schmidt
condition that the diagonal parts V14 have bounded inverses (as operators on Hf), SO
ker V__ = ker V*_ = () and therefore ¢(V) = 0. This is the crucial difference between the
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theory of bosonic- and fermionic Bogoliubov transformations. so in this sense there are
more Bogoliubov transformations for fermions than for bosons (which is one of the reasons
why we will only consider the fermionic case later). Moreover, denoting by Q%(?—[l) the set
of all unitaries V on H; such that V__ has a bounded inverse, there is even a one-to-one
correspondence between G%(H1) and Gp(H1) [49].

In [78] Ruijsenaars explicitly constructed the implementers T'(V) for V € Gg, V € G%
and V € Gp. Although these explicit expressions are not needed most of the time we will

state some of them here for the sake of completeness.

Consider first the case where kerV__ = kerV,, = (). For such a V we define its
conjugate Z according to [49,81]

Z++ = V++ - V+_V:EV_+, Z+_ = V+_V:,1,

(IV.18)
Z_ ==V V., Z__=Vh

This is a bounded operator with Hilbert-Schmidt off-diagonal elements. Now a unitary
operator on Fock space implementing the transformation V € Q%/B(Hl) can then be
defined by [81]

(V) := Ng/p(V) E(Z)

r
(IV.19)
E(Z):=:exp(Z4_a"b" + (Z4y — Py)a*aF (Z__ — P_)bb" F Z_,ba) :

where the upper sign again refers to the fermionic and the lower sign to the bosonic case.

Here : (...) : denotes normal ordering and Ng/g(V) is a normalization constant
Npp(V) = det (1 & (Z4-)*Z4_) T2, (IV.20)

where det(...) denotes the Fredholm determinant which is well defined here because Z4+

are Hilbert-Schmidt operators. Expressions of the form Aa*b are always short for
Aa™b := /d@dG’A(G, 6")a* (0)b(6), (IV.21)

where A(6,6") is the integral kernel of the operator A (which will always exist in the cases

we are going to consider). Acting on the vacuum vector {2 the implementer simplifies to
I(V)Q = Np/p(V) exp(Z4—a*b*)Q (IV.22)

which shows that f(V) creates vectors with arbitrary high particle number from the
vacuum meaning in particular that f‘(V) does not leave the domain Dy invariant. Fortu-
nately in [78] Ruijsenaars showed that there actually is a dense domain D e Fry s(H1)
(namely the maximal domain on which all creation and annihilation operators can be
defined) such that I'(V)D = D,VV € gl /> 50 in the following we will consider all the

expressions regarding implementers as being defined on this domain.
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Another interesting case (apart from V € GY%H;)) that we will encounter are op-
erators which raise or lower the charge by one. So consider V' € Gr(H;) such that
q(V) =1, ie.

ker(V__) = {Xe_ | A € C}, ker(V*_) =0, (Iv.23)

where e_ is a unit vector in H;. Setting ey := Ve_ € ’Hf the explicit form of the

implementer of V' turns out to be [22]

A~

D(V) = Ne(V) [a*(e0) Be(V) + E(Z)b(E=)] (1V.24)

which obviously raises the charge of a vector by one. Note that the definition of Z
contains the operator V! so we have to restrict it to ker(V__)" and set it equal to zero
on ker V__ to make the definition meaningful. For a more extensive treatment of this

case see again [78].

Next consider a bounded operator A on Hi, satisfying
KA'K = A, (IV.25)

i.e. it is self-adjoint in the fermion case and we call it pseudo-self-adjoint in the boson

case. Then the following proposition holds [22,40].

Proposition IV.2. For a (pseudo-)self-adjoint operator A the unitary operator e is in
Gr/p(H1) for all t € R if and only if

Ay € By, (IV.26)
i.e. its off-diagonal elements are Hilbert-Schmidt operators.

Such (pseudo-)self-adjoint operators form the Lie algebra gp p(H1) of the group
QF/B(Hl) and due to continuity in the parameter ¢ the operators e®4 have vanishing
Fredholm index g(e”4) = 0 and thus their implementers leave the charged sectors invari-
ant. Moreover there exists an essentially self-adjoint operator df(A) on the Fock space

such that the implementer can be written as
(eit4) = eitdl(4), (IV.27)

The phase choice for f(eitA) then fixes the arbitrary constant in the definition of df‘(A)
and the explicit form of d'(A) is [22,40]

dl(A) =dly(Ayy) —dU_(AT )+ A, _a*b* + A, ba. (IV.28)
With respect to the free field this operator then satisfies

[dT(A), ®(p)] = P(Ayp) , Vo € Hy. (IV.29)
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We can see now e.g. that the charge operator () is in this sense the “second quantization”

of the identity operator, namely
dl'(1) =dl(Py) —dl_(P.) = N — M = Q, (IV.30)

which is in accordance with the fact that I'(e?) = "% for v € R.

In explicit constructions it is important to be able to compute commutation rela-
tions between different implementers. This can be done by using the following lemma, for

which a proof can be found e.g. in [22,40,49].

Lemma IV.1. Consider A, B € gp/g(H1). Then their implementers satisfy commutation

relations of the form

[dT'(A),dl'(B)] = dI'([A, B]) — iS(A, B) - 1, (IV.31)
where S(A, B) is the so-called Schwinger-term,
S(A, B) = :l:’L.TT’(A,+B+, - B7+A+,). (IV32)

Remark:  In our convention S(A,B) is a real number, but often one calls
C(A,B) = —iS(A, B) the Schwinger-term, which is purely imaginary.
So we see that even if A and B commute their implementers do not necessarily commute

on the Fock space. In particular we get for [A, B] =0,
DD (e'B) = SABID (BT (e4). (IV.33)

The above relations provide the abstract current algebras for fermions and bosons.
The Schwinger-term obeys 2-cocycle relations making it a 2-cocycle of the Lie algebra
gr/B(H1) and the implementers df‘() provide a representation of a central extension of
gr/B(H1). Note that we have by construction (€2, dI'(A)§2) = 0 which is equivalent to a
phase choice such that (Q,(e/)Q) = 1.

Apart from the current algebra relations there is also an explicit formula for com-
mutation relations when one of the unitaries involved is a charge shift. The following

lemma has e.g. been proved in [22].

Lemma IV.2. Let V € Gp/p(H1) be a (pseudo-)unitary charge shift and A € gp p(H1)

a (pseudo-)self-adjoint operator. If A and V' commute, then their implementers satisfy
P (V) = HEWVIQATDOTWIN) Py (id), (IV.34)

In the concrete examples below we will need to be able to explicitly calculate such
commutation relations between implementers. In this context the following lemma is very
useful, which deals with operators creating one-particle vectors from the vacuum on Fock

space.
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Lemma IV.3. Unitaries V € Gp(H1) with q(V) =1, i.e. V is of the form (IV.23), which

in addition satisfy V_ = 0 create one-particle vectors from the vacuum, more precisely

N(V)Q=ey, withey=Ve_. (IV.35)
Proof. On the vacuum I'(V) acts as
D(V)Q = Np(V)a*(eg)e?+-40" Q.

From unitarity of V and the assumption that V_, = 0 it follows that V,_V*_ = 0.
Inserting 1 = V_!V__ into this equation and using that (also due to unitarity of V') there
holds V__V*_ = 1 we see that also V_. V! = 0, but this expression just equals Z,_ = 0.
Together with Z_, = —V_'V_, = 0 this shows that the off-diagonal elements of the
conjugate Z are zero, which also leads to Np(V) = 1. We therefore get

T(V)Q = a*(e0)Q = e,

completing the proof. O

One last result that will be needed in the constructions concerns the covariance of the
unitary implementers w.r.t. Poincaré transformations. As already mentioned they will
be represented by unitary operators which are diagonal w.r.t P+ and their implementers

leave the vacuum invariant, i.e. T'(U)Q = Q. In this case the following lemma holds.

Lemma IV.4. For V € Gp/p(H1) and a unitary U € Q%/B(’Hl) such that T(U)Q = Q
there holds

A

D(U)D(V)D(U)* = D(UVUY). (IV.36)
Proof. Because T(U)D(V)T'(U)* and T(UVU*) implement the same Bogoliubov transfor-
mation they have to be equal up to a phase, i.e. T(U)T(V)I(U)* = e"T(UVU*). But
by taking vacuum expectation values and using the assumption that f(U)Q = () one sees
that
Q, DT (V)D(U)*Q) = (A, T(V)Q) = e (Q,T({UVU*)Q).

But by definition I' has been chosen such that (Q,1(-)Q) = 1 which shows that also
e =1. O

From the uniqueness (up to a phase) of the implementers it follows that relations of the
form

DDV = OV UV) v.37)

DND(V) = le@V)-eVUI PV, for [U, V] =0, '

with a 2-cocycle o(:,-) have to hold for arbitrary unitaries U,V € Gp/p(H1). But

expressions for this cocycle can in general be complicated and will be calculated in the

concrete examples below if needed. Explicit expressions for various commutation relations

and cocycles can be found e.g. in [49].



CHAPTER IV. COMPACT LOCALIZATION IN 1+1 DIMENSIONS 67

IV.1.1. Multiplication operators

In the theory of a charged Dirac particle of mass m > 0 in d = 141 dimensions one usually
starts with a position space H; on which a Dirac Hamiltonian H acts. The operators Py
are then the projections onto the subspaces on which the spectrum of H is purely positive

or negative respectively. After Fourier transformation
F:Hy = L*(R,dz) ® L*(R, dx) — Hy := L*(R, dp) & L*(R, dp)

the Hamiltonian acts as multiplication with the hermitian matrix

H(p) = (p m) (IV.38)

m —p

and the momentum operator P simply multiplies with p - 1. This Hamiltonian satisfies
H? = wf) -1 where the energy is wj, := y/p? + m? which allows us to write the projections

Py as
1 H
P=- (]1 + (p)> : (IV.39)
2 wp

satisfying indeed P+ Py = P+ and P+ Pr = 0. One can then diagonalize this Hamiltonian
on a suitable one-particle space Hi = 7-[{“ @ H; with a unitary map W : H, — H, such

that
Hi=waw = (< ° adp— (P ). (IV.40)
0 —wp 0 —p

After diagonalization the Hamiltonian is positive on ”Hf and negative on H; . The second
quantization map dU'(H) = dI'y (H,,)—dl'_(H__) then corrects this leading to a positive

definite energy operator on the Fock space.

The same procedure can be done in the bosonic case for the Klein-Gordon Hamiltonian

. 0 1
p*+m* 0

satisfying also ﬁ% = wf) -1 and acting on the space L?(R, wpdp) ® L*(R, Z—i). Since
this does not provide a deeper insight into the topic and we won’t need the theory for
bosons in most of the work we will from now on restrict to the fermionic case. Explicit
expressions for the diagonalization map W (in the Fermi- and the Bose case) can be

found e.g. in [22,79,81].

Remark: For m = 0 the projectors in the fermionic case simplify to

_ [©(%p) 0
Pi_< . @(q:p))’ (IV.41)
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where © denotes the Heaviside function. They then commute with the Hamiltonian and
the two chiral components completely decouple. One can therefore restrict the attention
to one of the subspaces L?(RR) in many respects. On position space the components of Py
then equal the projections onto the Hardy spaces of functions holomorphic in the upper

or lower half-plane.

In the following we will consider operators which act as multiplication with a func-

tion on position space, i.e.
(Ag)(x) := a(z)p(z), @€ L*(R)?, (IV.42)

which then leads to a convolution operator A(ﬁ = a x ¢ on momentum space. This has
first of all the advantage that all of these operators commute, which will then allow us
to calculate commutation relations of the respective implementers. Secondly, although
such multiplication operators are simple to handle on the one-particle level, they can still
lead to highly non-trivial operators on the Fock space creating vectors with arbitrary high
particle number from the vacuum.

Using again the unitary operator VW we can then define the operator A on the proper

one-particle space Hp as

As we have seen in the previous section this leads to an implementable Bogoliubov trans-
formation if and only if A, and A_, are Hilbert-Schmidt operators. To check this we

have to calculate
|[Ay_||3 =Tr (A5 _A_}) =Tr (A*P{AP), (IV.43)

which leads to

Tr(A*PyAP_) « /dpdq a(p — q)|? tr Kﬂ n H(Q)) (1 B H(p)”

Wy Wp

~ + m?
x /dpdq a(p — q)|? <1 - pq) (IV.44)
Wp Wy

=/@W@F%@,

where ¢r denotes the matrix-trace and we have introduced

In(p) := /dq <1 - W) . (IV..45)

Wp+q Wy

Now it can be shown (see [22] for a similar calculation) that there is a constant C' such
that the function I,,,(p) satisfies

0<IL,(p) <Cl|p|, ¥Ym>D0. (IV.46)
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These considerations now allow us to identify a large class of multiplication operators

leading to implementable Bogoliubov transformations.

Lemma IV.5. If the function a corresponding to the multiplication operator A according
to (IV.42) is an element of the Sobolev space Hi(R) then the off-diagonal elements of A

are Hilbert-Schmidt operators.

Proof. The space Hi(R) consists of continuous L?-functions such that their derivative
is also L2 In Fourier space this condition means that [dp (p*> + 1) |&@(p)|* < oo which
immediately implies that [ dp [p||a(p)|* < oc. O

For real valued functions « the corresponding operator A is of course self-adjoint and

for such operators we can also explicitly calculate the Schwinger term S(A, B).

Lemma IV.6. For operators A=« -1,B = (-1, multiplying with real-valued functions
a, B, the Schwinger term S(A, B) vanishes.

Proof. According to lemma IV.1 the Schwinger term has the form
S(A, B) X T?"[A,+B+, — B7+A+,} X IHlTT'[A,+B+7] = ImTT’[AP+BP7]

Inserting the definition of the projectors Pi we get
> H H
Tr[AP,BP_] o /dpdq a(p—q)Bla—p)tr [(]1 + a@) (11 - ufp)ﬂ
q D

tr (H(P)H(Q))}

=/dpdqo7(p—q)/§(q—p) [2—

Now we see that the second factor containing the trace is real-valued and symmetric under
the exchange of p and ¢. Furthermore, because o and [ are real, their Fourier transforms
satisfy a(q — p) = a(p — ¢). This shows that the whole expression is a real number and
hence ImTr(A_yB;_) =0. O

Apart from the operators being diagonal on the position space we only needed that the

Hamiltonian satisfies ¢tr(H) = 0 so this result obviously also holds in the bosonic case.

The above lemmas hold for arbitrary mass m > 0 but there is still a significant
difference between the massive and the massless case if we look at the behavior for small

p. Namely for m > 0 the function I,,,(p) satisfies
I, (p) ~ cp?, for p* < m?, (Iv.47)
whereas for m = 0 the function Iy simplifies to
Io(p) o< |p| (IV.48)

for all p € R.
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Now consider a real-valued function « which looks like a smeared sign function, i.e.

a@»:/dy%Mx—wx@x

where x is a real-valued smooth function with compact support such that f drx(z) = 1.
This of course defines a self-adjoint multiplication operator on L?(R)? which, however,
is not an element of the Sobolev space Hi(R). The Fourier transform then looks like

a(p) ~ % X(p) and the integral in the Hilbert-Schmidt condition turns out to be

/@M@WMMz/W%@W@R

For m = 0 this clearly diverges because Iy(p) ~ |p| and we get an infrared singularity

at p = 0. But for m > 0 we know that I,,,(p) goes to zero quadratically thus cancelling
the divergence resulting in a finite integral. The multiplication operator corresponding
to this function therefore leads to an implementable Bogoliubov transformation e’
only in the massive case. This is the main reason for the difference we will encounter
in the construction of anyonic quantum fields in the massive and the massless case.
Because for m > 0 we will see that we can use these sign-functions to define “disorder
operators” which can then be used to construct field nets on the Fock space with arbitrary

commutation relations.

Apart from diagonal self-adjoint operators we also want to have operators leading

to charge shifts on the Fock space. For this purpose consider a non-diagonal multiplica-

v 0
() o

which is clearly unitary if v = e*f with a real-valued function f. Then the following lemma
holds, which can also be found in [22].

tion operator of the form

Lemma IV.7. If the function v satisfies
v—1¢e Hi(R) (IV.50)
then the corresponding operator V is in Gp(H1).

Proof. For the sake of simplicity (and because we will only need such operators in the
massless case) we only give the proof for m = 0 here. As we have seen in this case the
projectors simplify significantly and the integral kernel of the off-diagonal term turns out
to be
o(p—q)O(p)©(—q) O
Vi(p.q) = (P VP-)(p.q) = ( w=a) 0( 10t=9) 0)
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because d(p — q)O(p)O(—q) = 0. The Hilbert-Schmidt condition then takes the form
Tr(V Vi) o [ dpdalito - )POWO(-0)

Now define a function u according to u := v—1 such that ¥ = @++/27 §. This immediately

leads to
[ dvia 50 - DPOWO(-0) = [ dpdglatp -~ )FOwIO0)
— [ doplito)? <
because u = v — 1 € Hi(R). O
From the condition that v — 1 = ¥/ — 1 € H{(R) it follows in particular that
@ 51, for z — +oo,
which means that the function f has to satisfy
f(o0) = f(=00) = 2mn(f) (IV.51)

where n(f) € Z is usually called the “winding number” of the function f. So we see that
an operator of the form (IV.49) is only implementable if the function f has integer winding
number. The significance of this number now lies in the following lemma for which a proof

and a more detailed description can also be found in [22].

Lemma IV.8. Consider a unitary operator of the form

V:eifO
0 1

where f is a smooth real-valued function with integer winding number. Then the imple-

menter f(V) shifts the charge of a vector on Fock space exactly by the number

This holds for any mass m > 0 but since we will need such charge shifts only in the

massless case we will investigate them further in the chapter about m = 0.



IV.2. THE MASSIVE CASE: ORDER- AND DISORDER OPERATORS 72

IV.2. The Massive Case: Order- and Disorder Operators

In this section we are going to show how “kink functions” of the form
a~ [dysgn(z —y)x(y) can be used to construct disorder operators on the bosonic and
fermionic Fock space if the mass is positive. Multiplying them with free fields then leads
to a field algebra which is still localized in compact regions on 141 dimensional Minkowski
space and covariant under the same representation of the Poincaré group as the free field.
The only thing that gets changed by this procedure is the commutation relation of space-
like separated fields which is governed by a phase factor e*>™* depending only on which of
the two localization regions is to the left /right of the other. The constant A € R which we
will introduce can be an arbitrary real number so we can continuously interpolate between
bosonic and fermionic commutation relations.

The unsmeared operators that arise from pure sign functions have already been used
by Ruijsenaars in [81] in the context of integrable models, especially the fermionic and
bosonic Federbush model and the massless Thirring model. Because of the discontinuity
of the sign function the resulting operators are not implementable but in [81] it is shown
how they can still be considered as quadratic forms on the Fock space. Similar operators
have been used in [1] and [82] for the construction of DHR endomorphisms which generate
the charged sectors of the free Dirac field and exhibit braid group statistics. In this sense
the statistics of massive particles in d = 1+ 1 is arbitrary which is not the case for m = 0
because the respective operators are not implementable there.

Here we will pursue a similar idea and explicitly construct localized and covariant
field algebras which have anyonic commutation relations. The theory of implementable
Bogoliubov transformations allows us to make sure that every step is mathematically well
defined.

The theory of a massive charged boson or fermion on 141 dimensional Minkowski

space is most conveniently formulated on the one-particle Hilbert space
Hy := L*(R,d0) © L*(R,d0) = H © H| (IV.52)
where @ is the rapidity parameter, connected to the momentum on the mass shell through?
wp(0)\  (mcoshf
p(@) ) \msinh6 )’
One can now find a unitary map W : L?(R,dp)?> — H; which diagonalizes the Dirac
Hamiltonian (IV.38) such that

(He)*(0) = WHW™'9)*(0) = £mcosh(6) ¢ (6),
(P)™(6) = £msinh(d) ™ (0),

2Note that we use a slightly different notation here than in chapter III where p denoted the energy-

momentum on R'™! or R?™!, whereas in this chapter p € R is just the spatial momentum.
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where P is again the momentum operator and we will denote vectors in L?(R, dp)? by .

Motivated by [81] we can define this map according to

(W@)*(8) = > W(ab)as - &° (ap(6)),

B==%
(IV.53)
W) ) = 3 WH(p)as - " (89(p))
B—t
with 6(p) := arsinh(2) and the matrices
2 02
(IV.54)

o 1 (VEFP —vE=p
i \/iwp (\/Wp_p \/Wp+P>'

The same can be done for the Klein-Gordon Hamiltonian (IV.1.1) with a map
W L*(R,wpdp) ® L*(R, i—i) — M1 where the matrices W (#) and WT(p) have to be chosen

according to
W) = 1 ( m cosh 0 1) 7

V2 \=mcoshf 1 (1V.55)
1 (fwt —wt .
WT(P)—\@<]1) lp>-

The representation U; of the Poincaré group 771 on the one-particle Hilbert space H; is
then given by

(U1 (a, A)p)= () := Fil’wr@=alpO) (g )

cosh . sinh ,u) c R2 (IV.56)
, a .

here £ 5 A = Alp) =
v + () <sinh W coshpu

Consider now as in the previous section a bounded self-adjoint multiplication operator

on position space of the form

(flgb)(x) =a(x)p(x), with a(x) = sgn(z).

After Fourier transformation we get a convolution operator /1@ = \/%d * ¢ with

i) =-iy/27 (1),

where P (-) denotes the Cauchy principal value, i.e. the operator P (%) acts on a vector

1. , - 1. ]
][dqcp(p —q) = lim (/ dg—p(p —q) + / dq—p(p — Q)) :
q e—0 —00 q € q

» as
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Mapping this operator to our Hilbert space H; using W we still get a convolution operator

which in the fermionic case has the integral kernel

sinh(2)~!  —cosh(%)~1
Ar(0) = <WAW71)(9) - 21rz' <7)cosh}zgz))1 —P sir}:lrf(ge))l> (V-57)
2 2

and in the boson case this yields

1 P coth
Ap(0) (

" 2mi

In the following, if a statement does not depend on whether we are in the Bose- or Fermi
case, we will omit the indices F//B in the respective expressions. The fact that in both
cases the operator A is still a convolution operator on H; is due to the special form of
the function « and it also immediately shows that A is not implementable because the
off-diagonal elements cannot be Hilbert-Schmidt. Furthermore, by definition, the operator
A acts as =1 on vectors of the form ¢, ; = W, ;, if supp ¢y is in Ry and supp ¢; in R

and it satisfies the following properties.

Lemma IV.9. Let Uy be the representation (IV.56), A a Lorentz boost and a € R%. Then
A satisfies

i) [Ur(a)AU(a)*, A] =0, if a-a <0,
i) KA*K = A, i.e. Ap is self-adjoint and Ap is pseudo-self-adjoint.

Proof. Property i) holds because A is a convolution operator and a boost simply acts as a
shift in the rapidity. i) also follows immediately from the symmetry of cosh and the anti-
symmetry of sinh, tanh and coth. To show iii) we note that for a spacelike a € R? there
is a boost Ag projecting it onto the time zero plane, i.e. Aga = (0,ap). From covariance
w.r.t boosts i) it then follows that

[Ul(a)AUl(—a), A] = Ul(AO) [Ul(ao)AUl(—ao), A} U1 (AO)*

But for purely spatial ag the operator Uy (ag)AU;(—ap) is again a multiplication operator
on position space, multiplying with the translated function sgn(x — ap) and therefore it

commutes with the untranslated A. O

As we have seen in IV.1.1 we could now make the operator A implementable by simply
considering a smeared function instead of the discontinuous sgn. The implementer of
e would then lead to what we will call a disorder operator on Fock space which could
be used together with the free field to define a local covariant field net with anyonic

commutation relations. However, in the following we will formulate these operators and



CHAPTER IV. COMPACT LOCALIZATION IN 1+1 DIMENSIONS 75

their properties in a slightly different way which is more in line with the formulation

of chapter IIT and makes use of the concepts of the theory of modular localization [8,26,68].

To describe this in more detail consider first test functions from Schwartz space
Z(R?) and we will be interested in particular in test functions with compact support.
As we have already seen in chapter III one can then map every f € .#(RR?) to a vector in
‘H; through

fr + 1 2 i(aPwp (6)—alp(6))
fr— fB:= (f‘) , where f=(0) := 27r/d af(fa)e"® “r poy, (IV.59)

In the fermion case we will need an additional intertwiner in the definition of the map

f — fr such that the corresponding free field
Or(f) = ®(fr) = a"(f) +b(fr)
satisfies anti-commutation relations. Hence we define
fr(0) :==v(0)f5(0),  with v(9) :=?/? (IV.60)

Note that this intertwiner obviously has an analytic continuation to the entire complex

plane and it satisfies

v( — p) = e H20(0),
v(0 +im)? = —v(6)?, (IV.61)

which ensures the corresponding covariance and locality properties of the free Dirac field.

Defining an action « of 731 on the test functions by

(@) f)(a) == f(A"'(a - b)) (Iv.62)
one can easily compute that

(@) f) 5 = Ula, M) fs,

(@) f) p = 2 Ui(a, A) fr.

Now if we take test functions which have compact support, their localization properties
translate to the Hilbert space in the following way. For an f € .(R?) with support in
the standard right wedge Wi = {z € R? : 21 > |zo|} the definition of f* leads to the
fact that f*/f~ has an H;-valued analytic continuation into the strip S(—m,0)/S(0,7)

respectively, where we define
S(a,b):={z€C:a<Imz < b}.
This means e.g. that f~(0 + iu) is an analytic function for 0 < p < 7 and

O— f7(0+iun) € H1, Yupe (0,m).



IV.2. THE MASSIVE CASE: ORDER- AND DISORDER OPERATORS 76

In addition the boundary values in the Bose/Fermi case satisfy
50 F im) = f5(6),
fEO Fir) = FifE(0).
Similar results hold for supp f C Wi, = W, = —Wg with S(—x,0) and S(0, ) inter-

changed. Now we can use these analyticity properties of localized test functions to define

(IV.63)

a (modular) localization structure on the charged one-particle Hilbert space ;. Namely
we call a vector ¢ € H; localized in the right or left wedge Wgr, W, precisely if it satisfies
the above properties and the subset of wedge-localized vectors will be denoted by K(Wg)
or KK(Wp) respectively. Now remember that the operator A came from multiplication with
a sign-function on position space, i.e. it acts as +1 “on the right” and as —1 “on the
left”. This behavior translates to the Hilbert space Hi and its localization structure in

the following way.

Lemma IV.10. On vectors pr/;, € Hi localized in the right/left wedge in the sense

described in the previous paragraph the operator A acts according to

App/L = *9R/L-

Proof. We will give here a proof that does not rely on any position space arguments or
the map W but only on the analyticity properties of the integral kernel A(6 — ¢’) and the
localization structure on H;. First note that the Cauchy principal value can be rewritten

according to
1 1
P <> = lim —— + ind(p).

P e—0 p =+ ie
For the diagonal components of the integral kernel of A this implies

1 . —1
P sinh (Z) = lim sinh (0 iQ “) + 270 6(6),

e—0

cosh

and the same holds for coth = Py o Furthermore the functions cosh™! and tanh are

T

analytic in the strip S(—7, %) and have the boundary values

cosh™1(6 + %T) = Tisinh(6) !, tanh(6 + Z%) = coth(h).

We will demonstrate the proof only for Ap and g localized in Wg since the same reasoning
applies to the other cases as well. Using the above-mentioned relations we can then

calculate

(Aper) () = 5 [][ a6/ coth <9 ‘2 9/> (0 — / s (e - 9'> @R(Q,)}

—_— / )
- L [lim do’ (coth (HHE> +2mid (0 — 9’)) er(®)

21t |e—0 2

_ /da’ tanh (0 _2 9/> @1;(9’)}

1 _ 0 . _ 0
= ¢r(0) + — lim [ d¢’ [coth <69+28> ¢L(0) — tanh (9 5 o ) @ﬁ(@')]

271 e—=0 2
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Now remember that for ¢ g localized in the right wedge ¢ has an analytic continuation
into the strip S(0,m) and ¢ (6 4 i) — 0 for # — £oo. This means that we can shift the

integration in the last term under the integral from 6’ to 6’ + im — ie. This leads to

0—0 0—0 —i '
/d@’tanh( 5 >g0§(9') = li_r%/dﬁ'tanh( Zm—i_%) R0 + im — ie)

p— , )
= lim [ d#' coth (W) o0 —ic)

e—0

which cancels the second term in the above integral for ¢ — 0 and hence shows that indeed
(Appr)™ = +gojg. The same argument can be used for the component ¢ because of the
simple form of the operator Ap. O

We have seen that A acts as +1 on vectors which are localized in the standard right- or
left wedge in the sense explained above. By using the representation of the translations
we can now define for any a € R? operators A(a) := Uj(a)AU;(—a) which act as &1
with respect to any other translated wedge W, = Wgr + a. This family of operators is
covariant and local in the sense of Lemma IV.9 and by taking exponentials (%) e
would get what Ruijsenaars calls “classical field operators” in [81]. They could be made
implementable by considering a smoothed out sign function in the first place but we will
see that we can simply smear the operator A on the one-particle Hilbert space with a test
function on R? with compact support.

For this purpose consider a smooth real-valued function y € C$°(R?) with support in
a double cone O C R? and satisfying [ d?a x(a) = 1. Using this function we then define

the smeared operator A, according to
A, = / Pa(a) Ui (a) AU (—a). (IV.64)
A straightforward calculation using the definition of U; leads to the new integral kernel

(Ay)ap(01,02) = Aqp(01 — 02) X (aw(61) — Bw(B2), ap(61) — Bp(62)) (IV.65)

of the smeared operator. In two dimensions the causal complement of a double cone O
has two connected components, O, and O’ , which are wedge-shaped regions. So from the
definition (IV.64) one sees that A, acts as +1 on vectors localized in O, and as —1 in O
We therefore call O the localization region of the operator A, (whereas the unsmeared A
would be “pointlike localized”) and by using smearing functions with different supports

we obtain operators for different localization regions.
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Figure IV.1.: Action of A, in the causal complement of O O supp x

This family now satisfies the following important properties.

Lemma IV.11. For every x € C§°(R?) let A, be defined according to (IV.64). The family
X — A, then satisfies

i) Covariance:
Uy (av A)AXUI (av A)_l =A

X(a,A)X

A \ 18 localized in the Poincaré transformed double cone (a,A)-O if suppx C O.

*(a,A)

ii) Locality: [Ay,, Ay,] = 0 if suppx1 and suppxa are spacelike separated
iii) Ay is (pseudo-)self-adjoint, i.e. K(Ay)"K = A,
iv) Ay acts as +1/ — 1 on vectors localized in O /O, for suppx C O.

Proof. i) and iv) follow immediately from the definition (IV.64) and by using Lemma IV.9
together with the condition [ x = 1. 4i) The relation K(A,)*K = A, holds because K
commutes with U; and the smearing function y is real-valued. i) Locality can also be

proved by a straightforward calculation noting that
Ay, = [ @iy xa(e) xaly) Us(a) AU (-2)Us () AU (),

which equals A,,A,, if and only if (x — y)? < 0 for all z € supp(x1) and y € supp(x2),

because of Lemma IV.9. OJ

So we see that the smeared operators keep all the nice properties of the unsmeared
ones and next we are going to show that A, defines in fact an implementable Bogoliubov
transformation, because the smooth function y makes sure that the off-diagonal elements

are Hilbert-Schmidt operators.

Lemma IV.12. For every x € C§°(R?) the smeared operators A, are in g(H1), i.e. the
off-diagonal elements are Hilbert-Schmidt operators, (Ay)+—, (Ay)—+ € Ba(H1).
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Proof. i) To check the Hilbert-Schmidt condition for (A, )4_ we have to show that
(A 413 = [ dada| (4,101, 02)

= /d01d92 [X(w(01) + w(02), p(61) + p(02))]* [ A4 (61 — b2)* < 0.

In both the Fermi and the Bose case the function A, _ satisfies |[A,_(0)|?> < 1 so we can
only focus on the ¥ part. Because y € C§°(RR?) we know that y € .#(R?) and for Schwartz

functions the bound

~ 2 C
< -
holds for some ¢ € R. Using this we get
II(Ay) H2<c/d9d9 !
o=l = Y21 4 |sinh 0; + sinh 652 + | cosh 6 + cosh 6?2
1
< db1do .
- C/ 1eve cosh 61 + cosh 05
But the integral [ dxdym is just 72 which makes the whole expression finite and
completes the proof. O

Note that the above proof also works for Schwartz functions y € .#(R?) which do not
have compact support. Therefore for every test function x € .%(R?) the operator A, is a
bounded, (pseudo-)self-adjoint operator with Hilbert-Schmidt off-diagonal elements.

This allows us to define for every A € R the unitary operator
V) = e (IV.66)

which is then an implementable Bogoliubov transformation VXA € G(H1) and the properties
of A, regarding covariance and locality carry over to VX)‘. In particular for x € C§°(R?)

with support in O, it acts as the constant gauge transformation

et o, ¢ localized in O

Ve = (IV.67)

—iTA

e @, ¢ localized in O}

on vectors localized in the causal complement of O. We call such an operator a “one-
particle disorder operator” and its implementer on Fock space can be used to change the
commutation relations of the free Wightman field for bosons and fermions. For a test
function f € S(R?) these fields are defined according to

Cp/p(f) = (fr/B) = a”(ff)5) + 0(fr/5) (IV.68)
and they are covariant and local in the sense that

Ula, \)®p(f)U(a, A)~" = ®p(aan)f),
Ula, N)@p(f)U(a,A) ™ = e " 2dp(agaf), (IV.69)
(2% 5(f), @r/B(9)]F/B =0, for supp(f) C (supp(g))’,
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where U is just the second quantization of Uy, i.e. U = f(Ul). Because VXA € Gr/p(H1)

there exists a unitary implementer IA‘(V;) such that

D(VIO(frp) T (V)" = (V) fr/p).

If we now take functions f and x which are supported in spacelike separated regions,

ie. suppf C O C (suppx)’, the operator IA‘(VQ) satisfies

etimA Pp/p(f), if suppf C Of

LV)Rrp(NTV) =1
X X e~ imA Qp/p(f), if suppf C OF,

(IV.70)

which means that its adjoint action Adf’(VX)‘) is just the constant gauge transformation
e when restricted to fields localized in the right /left spacelike complement of O respec-
tively. The operator f(VQ) is therefore a “disorder operator” for the free field algebras
on the Hilbert space ‘H and it is localized in the double cone O (for the general notion of
disorder operators for nets of operator algebras see e.g. [72,73]).

In the next step we are going to use these operators to define fields satisfying anyonic
commutation relations, but we first need to make sure that the disorder operators actually
commute for spacelike separated localization regions. For this purpose we only need to
calculate the Schwinger term of the operators A, because we already know that the one-

particle operators VXA commute.

Lemma IV.13. For smearing functions x1, x2 which have spacelike separated supports

the Schwinger term S(Ay,, Ay,) vanishes.

Proof. Remembering that the Schwinger term for two operators A, B € g(#1) has been

defined according to
S(A, B) X T?"[A,+B+, — B7+A+,] o Im TT‘[A,+B+,L

we can write
S(Ay, Ay,) = / Pad?y X1 (2)x2(v)S(A(z), A(y)).

This expression is zero if the term S(A(x), A(y)) vanishes for every z,y € R? such that
(r — y)? < 0 because we assumed that y; and x2 have spacelike separated support. Now
by the same reasoning as in the proof of Lemma IV.9 there is a Poincaré transformation
leaving the trace invariant such that S(A(x), A(y)) = S(A(zo), A), where xg is a purely
spatial vector. But then A(xg) comes from an operator on position space multiplying with
a translated sign function and by lemma IV.6 we already know that the Schwinger term

vanishes for such operators. ]

Fixing the parameter A € R we can now define for every pair of test functions f and y

with support in a common double cone O a new composite field according to

(I);\’/B(fa X) == @r/p(f) f(VXA)- (IV.71)
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This definition is motivated by the following proposition regarding the statistics of space-

like separated fields.

Proposition IV.3. Consider functions fi,x1 € Z(R?) and fa,x2 € .7 (R?) with sup-
ports in O1 and Os respectively such that O1 and Qg are spacelike separated. The fields
1 = PN f1, x1) and By := ®(fo, x2) then satisfy

0y 0y = £”™EO12) ) @y (IV.72)

where the sign £1 depends on whether we started with a bosonic or fermionic field and

e(01,02) is defined for spacelike separated regions according to

+1, if O1 C (O2);

8(01,02) = ) .
-1, if O C (OQ)IR

(IV.73)

Proof. This follows immediately by commutativity of the operators f(VXA), the disorder
property (IV.70) and the (anti-)locality of the free Wightman field ®(f). O

In addition the field ®* is also covariant w.r.t. the representation U = I'(U3), i.e.

=
Q

2
4

(f;0U(a, )71 = @3 ((a,0) f+ ¥a,n)X) »

’ S rn (IV.74)
(fv X)U(CL, A) =e (I)F (a(a,A)f7 a(a,A)X) :

A
B
A
F

Z
&

By construction the operators ®* raise the charge of a Fock space vector by one and by

considering the conjugate field
(@) (f,x) = TV ()

we also get operators which can lower the charge. Moreover a straightforward calculation

shows that the field and its conjugate satisfy commutation relations of the form
D19y = e~ AOLO2) G (IV.75)
if @, is localized in O and @3 in Os.

Summing up we have seen that it is possible to define for every double cone operators
with anyonic statistics by “deforming” the massive free Klein-Gordon or Dirac field with
unitary disorder operators. The new fields are still compactly localized and the statistics

factor eT2mA

of two spacelike separated fields explicitly depends on which of the fields is
localized to the left or right of the other. This is characteristic for anyonic commutation
relations in two dimensions because only there the notion of a right or left spacelike

complement is a meaningful Poincaré invariant concept.
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IV.3. The Massless Case: Localized Morphisms

In the case m = 0 it is well known that the subspaces of positive and negative chirality (i.e.
the left and right movers) decouple for the free theories in d = 1 4+ 1 we are considering
here. In the Dirac case this is evident because there the Hamiltonian is simply a diagonal
matrix. The one-particle Hilbert space then splits into two subspaces that are invariant

under the Hamiltonian H and the projections Py. Furthermore the parametrization via

<L:9p((90))> B <ZZ> (IV.76)

for chirality +1 (i.e. on the Hilbert space for right moving particles) and

<c;p((99))> N (—eeee>’ (IV.77)

for chirality —1. As shown also in [81] mapping the multiplication operator

the rapidity takes the form

(A@)(x) = sgn(z)@(x) to the one-particle Hilbert space for zero mass leads to the same
operators Ap/p we defined in the previous chapter for m > 0. Without doing the explicit
calculation this is plausible because the integral kernels Ap,/p(0) depend only on the di-
mensionless parameter . However, as we have already seen in the introduction to this
chapter, considering a smeared sign function, which would lead to a disorder operator on
Fock space, does not result in an implementable Bogoliubov transformation if the mass
is equal to zero. Moreover, smearing the operator A on the one-particle space H; with
a two-dimensional test function x € S(R?) does also not help making the off-diagonal

elements Hilbert-Schmidt operators. This can be illustrated by considering the integral

1
1—1—2(6891 +6592)2

/d01d02 |)~<(w(01) +w(92),p(91) +p(02))|2 < c/d91d02

which clearly diverges for s = £1 in contrast to the massive case.

These considerations show that in the massless case we cannot change the statistics of
the free field algebras acting on the respective Fock spaces by simply adjoining disorder
operators to the free fields. So we will need a different strategy here and in the following
we are going to focus on the fermionic case only, so the operators in consideration will
be self-adjoint or unitary. Besides, we will first construct a chiral theory localized in
intervals on IR which is covariant under translations and dilations. After that we can
“glue together” two such theories to obtain a massless net of field algebras localized in
double cones on R'*! and covariant under the full Poincaré group in 1 + 1 dimensions.

This can be done in the following way.

First we note that double cones in R!'™' are in one-to-one correspondence with
pairs of intervals on R. This relationship is demonstrated in the following picture where

the double cone O 7 is defined through the intervals I; and I on the line.
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Figure IV.2.: Correspondence between two intervals and a double cone

Translated intervals I; + z1, I3 + z_ then lead to a translated double cone

O+ 1<"P‘c+ +x> c R,
2 Ty — T—

where x4+ := xg £ x1 are light-cone coordinates. In these coordinates the Minkowski scalar

product turns out to be

1
oyo — 21y = 5 (T4y- +-ys) (IV.78)
and in particular w]% — p? = pip— = 0 which means that on the light cone one of the

coordinates p1 or p_ vanishes.

Next we consider the matrix A, for a boost with boost-parameter p € R which is given

by
cosh 4 sinh p
A= . :
sinh ¢ cosh p

We can see that a boost acts on the light-cone coordinates according to

A, <p+ +p—> _ <e“p+ + e”p—>7
Py — P- etpy —eHp_

i.e. on p; and p_ it just acts as a dilation multiplying with e®™*. This shows in particular
that the dilated intervals I}, I, *, where I*# := ¢**I correspond to the boosted double
cone A, 01 2. So in order to recover a Poincaré covariant theory on R? we need two theories
on R which are covariant under translations and dilations. From the Poincaré group
relation U(A)U(a)U(A)* = U(Aa) for a € R? it then follows that these representations
need to satisfy

U()U(w)U(p)* = U (efw), pweR (IV.79)

where U¢ denotes the representation of the dilations and the representation of the trans-

lations is simply denoted by U.
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Now imagine one has such a local net of field algebras I — F(I) for anyons on the line
acting on a Hilbert space H, which is covariant with respect to a representation of the
translations and dilations. We can then simply define the theory on R!*! as the tensor

product of two theories on R according to

H =HOH,
U(ag,a1) :=Ul(a—/2) @ U(a4/2),
UN,) =T ) @ U (—p),
Z(012) := F(I) @ F(Ia),

(IV.80)

where O 2 is again the double cone corresponding to the intervals I; and Iy (see also [77]
for an analysis of the statistics of space-time fields as a product of light-cone fields). The
unitaries U then yield a representation of 771 and to get a physically relevant theory we
need to make sure that the generators of the translations on 7 have joint spectrum in
the forward light cone. In addition, to call the resulting theory “massless” this spectrum
should actually “fill up” the whole closure of the light cone V.

Figure 1V.3.: Spectrum of the generators of translations in a massless theory.

Furthermore the fields in .# inherit the statistics of the chiral algebras F in the following
sense. On a Hilbert space H = @&H, we will construct field operators F°(I) which change
the charge of a vector by the number ¢ € Z and are localized in the interval I C R. For
non-overlapping intervals I; and I, these operators will then satisfy commutation relations

of the form

o (Il)FCQ (IQ) — 6z'7r1/clcg 6(11,12)F02 (12)F01 (Il)a

where v € R is a real parameter determining the statistics of the net and ¢ = +1 is a sign
depending on the relative localization of the intervals I1, I>. An important observation now
is that for two double cones which are spacelike separated also the intervals corresponding

to them have to be non-overlapping.
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Figure IV.4.: Oy in the right spacelike complement of O1 and corresponding intervals

Consequently, for I1 NIy = J; NJy = (), we can define two fields acting on 7 according
to
®y = FO1 (1) @ F(Jy),
Dy := F2(Iy) @ F2(Jy),

localized in the spacelike separated double cones O and O, respectively. Their statistics

is then defined by the commutation relations of the fields F' in the sense that

(1)1(1)2 — eiﬁl/(b1b2*01€2)€(01,02)@2®1’

where the number ¢ again measures if Oy lies in the right or left spacelike complement of
0.

Summing up we have seen that we can define a Poincaré covariant massless theory for
anyons on 1+1 dimensional Minkowski space if we have given a translation and dilation
covariant field net on the line with non-negative generator of the translations. In the
following we are going to explain how such a net of operator algebras can be defined, us-

ing again the theory of loop groups [76,86] and implementable Bogoliubov transformations.

Our position space is L?(R,dz) and the Dirac operator on it is simply the genera-
tor of translations H = —i%. Fourier transformation® leads to a “diagonalization” of H

on the one-particle Hilbert space

Hi = L? (R, AW H @ HT, (IV.81)
p| P

where the projections P onto ’H{E are given by

(P=p)(p) = O(£p)@(p)- (Iv.82)

3Remember that we use the convention @(p) = \/% [ dzp(z)e™ P for the Fourier transformation.
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On H; we define a unitary representation of the translations U; and the dilations U

according to

(U1(w)@)(p) := e™"P(p), weR,
(Ui (1)@)(p) == ¢ (e"p), neR.

It can be seen immediately that this definition satisfies the requirement

(IV.83)

Ut () Uy (w) U (p)* = Uy (eFw),

and that the representations U; and Uld commute with the projectors Py. If we now

consider a multiplication operator

(Vo)(x) == v(x)p(x), (IV.84)

the Hilbert-Schmidt condition for the off-diagonal elements reads

Hv+n&x/mmMXMGemww—wF

=Ammmmﬁ

So by lemma IV.7 and the subsequent discussion we know that the operator V is an

(IV.85)

implementable unitary if v is of the form v(z) = ¢/(*) with a smooth real-valued function
f satisfying
f(00) = f(=00) = 2mq(f),

where the “winding number” ¢(f) has to be an integer. Besides, from lemma IV.8 we know
that the implementer f(eif )4 changes the charge of a Fock space vector by the number
q(f) [17,18,22]. Smooth functions « satisfying ¢(a) = 0, i.e. a(oc0) = a(—0o0) are then
elements of the Lie algebra gp(H1).

All these implementable multiplication operators obviously commute on the one-particle
level and in the simple setting we are working here it is now possible to explicitly calculate
the phase factors in the relations

~

D (e () = e 79) [ (e +9)),

o (IV..86)
= T(e)D(e) = 719 D ()1 (),

where the real number 5(f, g) := o(f,g9)—0o(g, f) is independent of the phase choice for the
implementers and determines their commutation relations. The cocycle ¢?(f9) however,
depends on this choice of phase factor and we won’t need its explicit form here. The only
relation which will be important in calculations is the 2-cocycle identity which amounts
to

o(f.9) + o (f +g,h) = o(f, g+ h) + (g, h) (1V.87)

4In the following we will always identify a multiplication operator with the function it multiplies with to

simplify the notation.
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and the fact that it is possible to choose the phases in such a way that o(f, f) = 0, which
we will always assume in the following. To calculate an explicit expression for &(f, g) for

arbitrary f and g we first examine the case «, 5 € g(H1).

Lemma IV.14. For a,f € g(H1), i.e. qg(a) = q(B) = 0, the number &(«, B) is just the

Schwinger term which takes the simple form

30.8) = 5 [ dr a@F@) = o [ dr(0@)f(e) - @p@). (V)

Proof. Using the definition &(«, 5) = iTr(a—4+f4+— —B—+ay_) of the Schwinger term from
lemma IV.1 and the projections (IV.82) we calculate

iTr(0 4By — Poyor— / dp/ dg (a(p ~ 0)8(a )~ Blp — 0)ila - p))
/ da | ap (a0)3(-) - Bp)a(-1)
= dpp( (#)B(-p) - Bp)a(-p))
S / Apa@)—p) = —5- [ do (@) DBC),
where we used [ dg f dpI(p) = [y° dppI(p) to get from the second line to the third.

Inverse Fourier transformation then leads to the simple expression in position space

e [ @@ @A) =5 [dea' @5

27
1
=1 | dz(a(@)f' (@) = o/(2)B(z))
™
where potential boundary terms vanish because g(«) = ¢(5) = 0. O

In the next step we will take a closer look at charge shifting operators. Consider for
this purpose the orthonormal basis {b,|n € Z} for L*(R, dx) with

bp(x) == \/17”5 1—1

where we call n the “standard kink” (see [22]). It can then be checked that the Fourier

transform of this basis satisfies

(@), n(z) := 7 + 2arctan(z), (IV.89)

- Ry, ifn>0
supp b, C ) (IV.90)
R_, ifn<0

so we can define an orthonormal basis e, for #; according to e,(p) := /|p| bn(p) such
tha‘cene’HIr forn >0 and e, € H] for n <0.
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If we now consider the multiplication operator V := €™ it can easily be seen that this
leads to an implementable Bogoliubov transformation because 7 is a smooth function with

q(n) = 1 and furthermore V acts as a shift operator for the basis b,, in the sense that
Vb, = bpy1.

This shows in particular that the component V_, vanishes and e_; € kerV__ so by
lemma IV.3 we know that the implementer f(ei”) creates the one-particle vector eg from
the vacuum. This now allows us to calculate the commutation relations between f(ei")
and an operator of the form I'(e’*) with a € g(#;) because lemma IV.2 tells us that
5(a,n) = (L), dl'(a)I'()Q) which in this case simplifies to

e
1+ 22

5(a,m) = (eo, aco) = i/d _ ;ﬂ/dasa(x)n'(x).

We are now ready to compute the exchange factor 5(f,g) for arbitrary implementable

functions f and g.

Lemma IV.15. For smooth real-valued functions f, g with q(f),q(g) € Z the phase factor
a(f,g) takes the form

1.9 = - | [ do (10 @) = 7 @) + £(-00)a(0) - floclg(-o0)] . (V.01)

Proof. First note that we can use the standard kink 7 to write the functions f,g as
f=q(f)n+ «aand g = q(g)n + B with some «, 5 € g(H1). Next we can use the linearity

of &, which already follows from the 2-cocycle identity of o, to write

5(f,9) = a(g)(a,n) — q(f)e(B,n) + o(a, B).

Now we already calculated each of these individual terms which leads us to

1

/ dz [o(z) (8'(2) + 20(9) (@) — Bx) (' (2) + 24(F)'@)]

and partial integration, [ dz a(z)n/(z) =2rf(—o0) — [ dzd/(z)n(x), then results in

3(£.9) == [ do o) (F@) + 4l (@) — al)a’(@n(a)] + 3/ (-o0)als)
o [ [B) (@) + a(f' @) — alF)F ()] ~ 59(-o)a(f)
1

i [ / dz (a(z) + q(f)n(z)) (B'(x) + g(g)n () + f(—00)g(c0)

—(term with f +» g and a < ﬁ).

Reinserting the definition of o and § then leads to the desired relation. O
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Remark: The various expressions e.g. for the Schwinger term or the Hilbert-Schmidt
condition do not depend on the choice of measure (\%pl in our case) because the splitting

of h; does not depend on it.

For the sake of simplicity we will in the following mostly work with functions which satisfy
f(—00) = 0, since a constant phase factor e/(=) = eionst is always implementable
trivially as f(ei'c‘m“) = etonstQ and can be factored out®. This means in particular
that 2mq(f) = f(co) and Lie algebra elements o € g(H1) then go to zero at infinity.
Additionally the term f(—o00)g(o0) — f(00)g(—00) in the expression for &(f,g) vanishes.

Now consider two implementable functions f; and fo which vary only in finite regions,
supp f; C I1 C R, supp f4 C I C R,

where I; and I are non-overlapping intervals in R, i.e. I; N Is = (. In this case the

exchange phase d(f1, f2) simplifies considerably, namely we get

o (f1, f2) = mquq2 sgn(f1, f2), (IV.92)

where sgn(fi, f2) = £1 is a sign depending on the relative location of the intervals I, I5.

This can be checked immediately by noting that

, , +27mqa f1(00), if I1 to the left of Iy
d B = .
/ z (f1(@)f3(x) — f (@) fal2) o o L e the it of

For the commutation relations of the implementers this then implies
D(e)D(e2) = (1) 22T (eV2)0 (1), (IV.93)

meaning that they either commute or anti-commute depending on the charges qi, g2 they
carry. We can therefore identify supp f’ as the “localization region” of an operator e
or f‘(eif ) respectively. So because only charge shifts with integer winding number are
implementable on the Fock space we can only end up with fermionic (or bosonic) field
nets, in contrast to the massive case where disorder operators could be defined for any

parameter A € R.

To obtain fields with anyonic commutation relations we now first want to "take a
step back” and look at the above construction from a more abstract algebraic point of
view. For functions a with g(a) = 0, i.e. a € g(H1), we know that their implementers

(') leave the vacuum Hilbert space

Ho = fa(H1)|Q:0 (IV.94)

® Another motivation for this is that in the vacuum representation, which we will consider below, the

i-const-Q

factor e’ is the identity so adding a constant to a function f does not change the implementer

in the vacuum sector.
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invariant. With the cocyle o(«, 3) from before we then get a representation of the Weyl al-
gebra on this vacuum Hilbert space. Using the fact that (a, ) = 0 if suppa Nsupp =0
we can again assign a localization region to every element of this algebra such that op-
erators with support in non-intersecting intervals commute. Together with the second-

quantized representation of the translations
Up(w) :== D(Uy(w)) , restricted to Ho

we have a local translation covariant net of algebras in the vacuum representation, which
we call our “observable algebras”. The algebra A(I) for a given interval I C R is then
generated by the elements I'(e®) for all o € g(H;) such that supp(e) C 1.

If we pretend for a moment that charge shifts f’(eif ) with non-integer winding number

q(f) were implementable, they would lead to relations of the form

=1
=

() I(e™) I(e) ,

_ ei&(a,f) fw(eia)
()" Uo(w) T(e) = D'V Up(w).

(IV.95)

>

The important observation now is that although the implementers f‘(eif ) do not exist
as unitary operators on the Fock space, the map a — &(a, f) € R is still defined for
every a € g(H;) as long as f is a smooth bounded function with well-defined limits
f(£o0) = limy—, 10 f(x). Motivated by this we can now define for every function f, which
is admissible in this sense, an automorphism py of our observable algebra on the vacuum

Hilbert space Hg by simply defining
pr(D(ei)) = @D (el (IV.96)

This can also be seen as defining a new representation of the algebra (see section I1.1) and
from the definition of & and the considerations about “localization regions” of functions

mentioned above it follows that
pr(T(e™)) =T(e"), if suppansupp f' =0,

which means that py simply acts as the identity on elements localized in the complement
of supp f’. We therefore say that the automorphism ps is localized in supp f’ and we
only want to consider morphisms which are localized in a finite interval. This kind of
localization concept for morphisms of nets of algebras (or representations equivalently)
has been introduced in the DHR theory of localized charges [24,25] and later extended
in [9] to non-compact localization regions. However, we are not interested here in the
whole algebraic structure and possible representations of the Weyl algebra but simply
utilize the general theory of AQFT as a guide to explicitly construct local field algebras

with anyonic statistics acting on a concrete Hilbert space.

In the next step we want to reduce the huge redundancy in this formalism by identifying
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those functions which lead to unitarily equivalent morphisms. For this purpose we
introduce the concept of intertwiners and we call two localized automorphisms p; and pg

unitarily equivalent if there exists an element V4 of a local observable algebra such that
Vig pr(B(€)V7, = pg(D(e)), Va € g(#a). (1V.97)

The following lemma then classifies the equivalence classes of all automorphisms of the
form IV.96.

Lemma IV.16. Two localized morphisms py and py are unitarily equivalent if and only
if the winding numbers of f and g coincide. In this case an intertwiner between py and

pg can be defined (up to an arbitrary phase factor) according to
Vig=TD(e=9). (IV.98)

Proof. If q(f) = q(g) then (f — g) € g(H1) so the one-particle operator e'(/=9) is clearly
implementable on the vacuum Hilbert space and it can easily be checked that V4 is indeed
a unitary intertwiner between py and pg.

On the other hand, if ¢(f) # ¢(g), assume that there exists a unitary operator V in

some local algebra such that
Veié(a’f)f(eia)v* = ew(a’g)f(em), Vo € g(H1) with compact support.

Taking the vacuum expectation value of this expression and using that (Q,T'(e!*)Q) = 1
this leads to
(Q, VT (e)V*Q) = eiol@g=1),

Now consider a smooth function o with compact support such that o”(x) = v € R for
|z| < 1 and the sequence of functions o (z) := o”(z/n) for n € IN. The algebra element
f(eio‘z) then commutes with every element localized in the interval (—n,n) so in the limit

n — oo it commutes with every local algebra. This means in particular that

(Q,VI(e)V* Q) — 1.

n—oo
But on the other hand we get
~ v 1 v / / v
olan,g=f) =2 1 | dwan(@) [d@) - (@] — Slale) —a()).

Since this works for every v € R a unitary intertwiner V' between py and p, can only exist
if q(f) = q(g)- O

We call such an equivalence class a “sector” of our theory and the family of sectors we

obtain in this way is thus labelled by the winding number ¢ € R.
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Inspired by the fictitious relations (IV.95) we can now in addition define for every

pf on Hp a unitary representation Uy of the translations according to

Us(w) == Y¢(w)Up(w) , Vw e R

‘ > IV.99
Y;(w) = eI (i), (IV.99)

where Y} evidently is an intertwiner between p; and the translated morphism pg, . The
additional phase factor e~*(/-fv) makes sure that U ¢ really is a representation of R and

it satisfies
Up(w)pp(L(e))Up(w)* = pp(D(e"*)).

Denoting by AdU the adjoint action of a unitary U this can also be written as

AdUysopy=psoAdU.

The object that is most interesting for our construction is the statistics operator e for
a sector py [24], which will later determine the commutation relations of charge carrying
fields. For its definition we first choose two admissible “spectator functions” hy and hy with
the same winding number as f (i.e. pp,,pn, and py are unitarily equivalent) and which
have non-intersecting localization regions. With the respective intertwiners V5, V¢ 5, one

can then define the statistics operator e(pp, , pn,) according to

e(pns pns) = P (Vin WVin Vi or(Vin,)- (IV.100)

In the simple setting we are working here one can now easily calculate this operator and

show that it is independent of the function f appearing in the above definition.

Lemma IV.17. Let hy and hy be admissible spectator functions with the same winding
number q(h1) = q(h2) = q € R, localized in non-intersecting intervals. The statistics
operator defined in equation (IV.100) then takes the form

5(Ph17ﬂh2) — ew(hl’hz) -1 = eiﬂ—qz sgn(hi;ha) 1.

Proof. Straightforward calculation using the definitions of p and V. 0

This shows that the statistics parameter only depends on the winding number g of the

sector in consideration and the relative localization of h1 and hs.

Up to now all the relevant representations are defined on the same Hilbert space
Ho and are inequivalent for different winding numbers. To obtain a net of field algebras
with fixed statistics defined on a separable Hilbert space we will from now on consider a

fixed reference morphism pp where the function h has winding number v € R. Sectors
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with higher charge ¢ € Z can then be reached by applying this morphism ¢ times, which
we write as pZ = pro---0pp. We then define a “physical Hilbert space” according to
q

12

H=EPH, Hy~Ho (IV.101)

qEZ
and we denote vectors in the sector with charge ¢ by (¢, ¥) where ¥ is an element of
Ho. On this Hilbert space we can now define a representation 7 of the observable algebra

acting on H, according to
m(T(e)(q, ) = (g, pf (T(*)) V), (IV.102)

On the total Hilbert space this is simply a direct sum of the representations pj for all

q € Z. In the same fashion we define a representation U of the translations by
U(w)(q, V) := (¢, Ugn(w) ¥), (IV.103)

where Uy, is just the representation defined in (IV.99).

Due to the direct sum structure the Hilbert spaces for fixed charge are invariant under
the representation m. Apart from the charge neutral observables we also want to have
elements which shift the charge of a vector. We therefore define on H for every ¢ € Z and

admissible function f with winding number v a field operator F¢(f) according to

P ) = (04 e (V5)Y).
where pf (Vij, .1) = elaco(Fh) P(eielf=h)),

C

(IV.104)

This definition is motivated by the reduced field bundle formalism which can be found for
example in [31]. Such an operator evidently shifts the charge of a vector by the number
¢ € Z and a straightforward calculation shows that the commutation relations of these

fields are governed by the statistics operator.

Lemma IV.18. Field operators F(f1) and F(fy) defined on H as in (IV.104) satisfy

commuitation relations of the form
F(fI)F(fz) = e r2oUnl) pe(f) e (fr),
which are independent of the reference morphism py,.

Proof. Acting on a vector (¢, ¥) € H, we get

FE )P (S)(0 %) = (a+ e+ 02,0 (Vi 1) (Visheara) ¥)

and for the operator acting on ¥ in this expression the definitions of V' and p lead to

p;]l+62 ( * )p;]Z (VCZh,CQfg) — ei(q+CQ)cl&(f1,h)eiqCQ&(fg,h) fw(eicl(flfh))fw(eim(fgfh)).

cih,c1fi
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By commuting the operators I'(e?1(/1=1) and T'(ei2(f2=1) and rearranging the phase

factors this equals

ei(qe26 (f2,h)+e1c26 (f1,h)+qe16(f1,h)) gicicad (fi—h, f2—h) f(ei02(f2—h))f(ei01(f1—h))

— gic1e26(f1,f2) gilgter)e2d(f2,h F( ica(fo— h)) eiqq&(fl,h)f‘(eiq(f1—h))

_ ei01025(f1,f2) p‘}IL+Cl ( cih Csz) P ( cih, c1f1) )

which completes the proof. O

This also shows that the localization region of a field operator is determined by the
function used in its definition. Namely, if we consider functions fi, fo with non-overlapping
localization regions, i.e. supp f{ Nsupp f4 =0 we can again use that fact that in this

situation

5(f1, f2) = m™sgn(f1, f2),

where v is the fixed winding number of the reference morphism in consideration. For the

field operators this then leads to
FeL(f1)F2(fy) = eFmracz pez(foyPer(fy), (IV.105)

where the sign depends on which of the operators is localized to the right of the other.
A short consideration also shows that the adjoint F(f)* of a field operator is simply given
by

Fe(f)* = F“(f) (IV.106)

so they are already included in the set of field operators with arbitrary charge ¢ € Z.
This construction then leads to a translation-covariant net of field algebras I — F(I)
localized in intervals on R where the statistics parameter of the net is determined by the

fixed winding number we chose at the beginning v = ~2.

There are still two things missing in this construction needed to obtain a local co-
variant massless net on R'*!. Namely, the positivity of the generator of translations and

a representation of the dilations. The first issue is addressed by the following proposition.

Proposition IV.4. The representation Uy, of R defined in (IV.99) has a positive gener-

ator for every charge q € Z. and every admissible reference function h.

Proof. Using the definition of Uy, and Yy, the generator turns out to be

. d
T, = Z%Uqh(w)‘

= ¢ / dx W' (2)? + qdD(R') + dI(p), (IV.107)

where df‘(p) is just the generator of the vacuum representation Uy. To show that this is
a positive operator for every h with winding number v € R we will first consider the case

h = nf, where § has winding number ¢(f) = 1 and n € Z. In this case we know that I'(e?)
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actually exists as an operator on Fock space, so on this larger Hilbert space we can split

up the representation Uy, to obtain

Ugn(w) = e~ 00 (0w) (eiano=) 1 (w)
= [(e ") T (") Up(w)
= T(e7 ") Up(w) T ('),
This shows that on the Fock space Uy, is unitarily equivalent to Uy and hence also the
respective generators are connected by the unitary f‘(e_iqnf) and hence positive. More

precisely
Ty = n* |If |3 + gndl(f) + dl'(p) > 0, VneZ.

Now because the terms ¢?n? ||f'||? and df(p) are always non-negative we get the inequality
nqdl(¥) = —n’¢||f'||* — dl'(p).
Using this estimate in the expression of T} for arbitrary h = v f,y € R then leads to
2.2/1¢/112 3 ool
Ty = ¢ |IF|I” + dl'(p) + qv dI'(F)
N ¥ Y o~
> ¢*|If|I* + dC(p) = —n*¢*|[f||* = — dlp

= @|IF|? (4% = 9n) +dl(p) (1 - %) :

This holds for every n € Z so by choosing n = —sign(vy) we see that the generator T is

indeed positive for every winding number v € R. O

Moreover, the minimum of the spectrum of 7, lies at zero, because on the vacuum
sector ¢ = 0 the generator is simply the second quantized generator of the one-particle
momentum operator p and the spectrum of dl'(p) is {p € R|p > 0}. This ensures that the
theory we will get on R'*! is really massless, because the joint spectrum of the generators

of space-time translations fills up the whole forward light cone.

In addition to the representation of translations we have also defined a representa-

tion of the dilations on the one particle Hilbert space according to

(U (1)@)(p) := & (e"p).

This representation obviously satisfies U (u1)U{ (12) = U{(u1 + p2) and on the vacuum
Hilbert space Hy it leads to a second quantized representation U¢(u) := ['(U¢(1)) satis-
fying

DT )T DUT ()" = L"), of(2) = a (e ).
Now because a function h and the “dilated” function A* obviously have the same winding

number the respective morphisms are equivalent and there is an intertwiner Vj, j» between
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pr and ppe. We can use this to implement the dilations on the charge ¢ Hilbert space in

the same way as the translations by defining

Ud(:u) (q7 \II) = (q’ Ughlll)

—iqg%o 2 -
Ugh(p) = e o CRID ("0 Ul )

(IV.108)

A short calculation then shows that this definition indeed satisfies property (IV.79) needed

to obtain a representation of the Poincaré group on R'*!.

Lemma IV.19. The representations defined by (IV.108) and (IV.99) satisfy

U (1) Ugn (W)U (1)* = Ugp (e"w), VY, p € R.

Proof. We first note that

With this in mind we compute

U (1) Uqn (w)Ugh (1)
= D( )G () e I D (90w =) Uy (w) g (= )T (e 90" )
— oo (hhw) (e =Ry T (gia((huw)* =hH)) (e =0a((h)erw—herw) ) T (etap)

_ efiq2[a(h,hw)fcr(h#7h,(hw)#7h#)+a((hw)ﬂ7h,(hw)#—heuw)] f\(eiq(heuw*h)) Uo(e”w)

— e_tiU(h’her) f(eiq(heﬂw_h)) Uo(e:u‘w) = Uqh(eﬂw)
which completes the proof. ]

With this last lemma we now have a net of field algebras on the line which satisfies all
the requirements needed to use it as a building block for a full massless Poincaré covariant

local theory for anyons on the two-dimensional Minkowski space.

1IV.4. Conclusion

As we have seen in the previous two sections, the theory of loop groups and implementable
Bogoliubov transformations allows one to define a net of operator algebras on the two-

dimensional Minkowski space which satisfies the following properties.

e Compact Localization: Field algebras are localized in (arbitrarily small) double cones:
O +— F(O). The algebras F(O) are generated by basic fields ®, ® which raise or

lower the charge by one.
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e (Covariance under the Poincaré group: There is a unitary representation U of 731
such that

Ua, NF(O)U(a,A)* = F(AO +a), acR:AecLl.

Spectrum condition: The spectrum of the generators of translations lies in the closure
of the forward light cone V.

e The fields have anyonic statistics, i.e. for spacelike separated O; and Oy the basic

fields from the respective algebras satisfy
O Dy = 6i7r1/sgn((91,(92) By P,
for some parameter v € R.

Such a construction is possible for every mass m > 0, i.e. for massive and massless
theories, and for all statistics parameters v € R. In contrast to the wedge local situation
of chapter III the (basic) fields here are not polarization free generators. This means that
the energy-momentum spectrum of the vectors created from the vacuum by ®, ®f does not
lie solely on the mass-shell H, (or the boundary of V't in the massless case). Moreover,
the whole construction is non-perturbative and every step is mathematically well-defined.

It would now be tempting to try this construction in one dimension higher, i.e. on
2+ 1 dimensional Minkowski space, but unfortunately multiplication operators on position
space do mot lead to implementable Bogoliubov transformations there. Maybe the more
algebraic approach that has been sketched in the massless case could be used to try a
similar construction with some explicit vacuum representation of a suitable observable
algebra.

In the next chapter we will therefore pursue a more modest strategy and use imple-
mentable multiplication operators on the circle to illustrate the connection between non-
trivial behavior under 27 rotations and localization of the fields on a kind of covering

space (i.e. dependence of the localization regions on some additional information).






V. Anyons and “Winding Number”'

As we have seen in the previous chapter, in d = 1+ 1 dimensions localized quantum fields
with anyonic commutation relations can be explicitly constructed using implementable Bo-
goliubov transformations on the one-particle space. In 241 dimensions, explicit construc-
tions of quantum fields with anyonic statistics usually carry electric charge and magnetic

flux and they often satisfy formal commutation relations of the form

(1) p(wa) ~ ™I (19) (),

where arg(z) denotes the angle of the vector x € R2. Smearing such ¢’s with compactly
localized test functions would then lead to localization of the operators in smeared out
“double strings”, extending to infinity in two opposite directions. Similar localization
regions have already been encountered in chapter II, in the case of deformations with
R = 1. However, to speak of “proper” anyons in the sense of algebraic quantum field
theory one would need field algebras localized in spacelike cones C, extending to infinity
only in a connected compact set of spacelike directions. More precisely, the localization
regions for anyons can be labelled by paths C' of such spacelike cones depending also on a
kind of winding number which determines the commutation relations of mutually spacelike
separated fields [9,29, 31, 36, 68](instead of heaving a mere sign-function in the exchange
phase). The spin statistics theorem for anyons [36,69] then forces these fields to transform
under a representation of the universal covering of the Poincaré group 731 with arbitrary
real-valued spin s € R.

It would be desirable to find an explicit construction for such cone-localized anyon fields
for any spin s in 2+ 1 dimensions. Unfortunately the no-go theorem by Bros and Mund [7]
states that there are no interaction-free fields for anyons. This also means that there are
no anyon fields which simply create single particle states from the vacuum [67]. This
makes the explicit non-perturbative construction of anyons very complicated.
It is, however, possible to circumvent this no-go theorem by considering fields which are
only localized in wedge regions in Minkowski space, as we have seen in chapter II. In this
case one can modify the method of multiplicative deformations, established in [42,57], to
obtain one-particle generators localized in so-called “paths of wedges” which have anyonic
commutation relations and are covariant w.r.t a representation of ﬁJr for spin s € R [74].

The no-go theorem now makes it very difficult to explicitly construct anyon fields in

d = 2+1 with sharper localization. To better understand the concepts of winding number,

t The work in this chapter has been submitted to “Letters in Mathematical Physics” (see also [75]).
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anyonic commutation relations and arbitrary spin and their connection, we will therefore
consider first the simplified case of anyon quantum fields on the circle. A similar construc-
tion using also the current algebra on the circle (see also [12]) can be found in [20, 21]
where, however, the phase factor appearing in the commutation relations is again gov-
erned by a sign-function. After smearing the point-fields this leads to localization in two
disconnected regions lying on opposite sides of the circle. Here we will modify this con-
struction in such a way that one obtains a compactly localized field algebra, covariant
under a representation of the (covering group of the) rotations with arbitrary spin and
with commutation relations depending on the relative winding number of the respective
localization regions.

By taking tensor products of these fields on the circle with local fields on R**! one
arrives at a rotation- and translation covariant cone-localized quantum field theory with
anyonic commutation relations. However, due to the simple tensor product structure,

covariance w.r.t boosts is lost in the construction.

V.1. Local Anyons on the Circle

Because the spin for anyons can be an arbitrary real number, rotations around multiples of
27 will act non-trivially on our fields. We will therefore consider the fields to be localized in
intervals I on the universal covering SNl of the circle with radius R = 1 (the generalization
to any R > 0 being straightforward). Our aim is to construct a net I—F (f ) of x-algebras
of operators acting on a Hilbert space H satisfying the following properties, which define

an anyonic field net on the circle:

i) Charge Sectors: The Hilbert space splits into a direct sum of Hilbert spaces for
fixed charge,
"=, (V.1)
qEeZ
and H( contains a unique vacuum vector 2. Moreover, there exist basic fields ® in
every local algebra F(I) that change the charge of a vector by 1, i.e. PH, C Hot1
and ®*H, C Hy—1.

ii) Isotony: The map I — F(I) preserves inclusions, i.e. F(I;) C F(L) if I C I.

iii) Covariance and Spin: The field algebras are covariant under a unitary represen-

—~—

tation U of the universal covering group of the rotations U(1) ~ R, i.e.
Uw)FU(w)* ¢ FI+w), weR. (V.2)

The vacuum vector is invariant under this representation, i.e. U(w)Q2 = Q. Further-
more 27 rotations act as
U2r) =) e™%p, (V.3)
qEZ
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where P, is the projector onto the charge ¢ subspace and S, € R is the spin of the
sector with charge ¢ (defined only modulo 1).

iv) (Twisted) Locality: Basic fields ®;, ®; localized in intervals I, Iy, whose projec-
tions Iy, Is onto the base space S1 do not intersect, satisfy commutation relations of

the form

Oy By — 4 e2mis(2N(I1,12)+1) Dy By (V.4)

Here s € R is a real parameter and N (I}, I) € Z is the relative winding number of

I w.r.t. I», which will be defined more explicitly below.

Remarks:

i) We allow in general for a + sign in equation (V.4) because as we will see in the subsequent
explicit construction we will arrive at commutation relations with an additional minus sign
in front of the exchange phase factor.

ii) Property iv) shows that the commutation relations will not be governed by a simple
two-valued sign-function of the localization points, but depend on the winding number of
two disjoint regions which makes sense because we work on the universal covering space
g{ of the circle.

iii) Due to Lemma II.1 from the introduction we know that (V.3) is basically the most
general representation of the 27-rotations possible. It has also been shown that S, has to

be quadratic in ¢ so we have

S0 = s, (V.5)

where s € R is the spin of the model.
It therefore suggests itself to define the representation of (7(1/) on the full Hilbert

space according to

U(w) = e Uy(w), (V.6)

where () is the charge operator, QH, = qH,, and Uy is some (27-periodic) representation
of U(1), defined naturally for real w as Up(w) = Up(w(mod 27)).

Our field algebra will be constructed on the charged (anti-symmetric) Fock space,
ie. on F(H1) = F(H{ ® H]) ~ F(H{) ® F(H;) with the usual charge operator and
corresponding decomposition into charged sectors. In this case the considerations of
section (IV.1) thus show that the representation (V.6) is not the second quantization of
some one-particle representation, where the phase would be linear in ¢, and we will have

to take care of this peculiarity in our construction of the fields.
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V.1.1. Construction of the Fields

The idea is to first construct auxiliary fields ® on the circle S ~ [0,27) by second
quantization of specific one-particle operators, which are covariant under the 27-periodic

representation Uy and thus still have the *

‘wrong” commutation relations. They are then
lifted to the covering space :S’vl by using the full representation U of the rotations. More

precisely we define for w € R,

P, = eist2 (i)w efistz _ 6isw(2Q71)(i)w,

. . (V.7)

®,, := Up(w)PoUp(w),
where @ is a field localized in an interval around the (arbitrary) reference direction 2 = 0.
By using the representation Uy we get auxiliary fields d,, localized in intervals around
r = &, where & denotes the projection of w € R onto the interval [0, 27)?.

One can see that the difference between ®,, and the final field ®,, is just the operator
ews(2Q-1) which will lead to an additional phase factor in the commutation relations of
the ®’s. The important thing is that these auxiliary fields ® will be defined in such a way
that for non-intersecting localization intervals they satisfy commutation relations of the

form

A A

(I)wl q)w2 — e—QiS[(wT—\UJQ)—ﬂ]:EiW (prz (i)wl, (V8)

which still depend explicitly on the relative distance of the respective localization regions.
As already stated in section V.1 our basic fields will raise the charge of a vector by one
and thus satisfy ®Q = (Q— 1)@. Using this relations and the definition of the fields @,

one can calculate that their commutation relations turn out to be
By, B,y = —Zisl1—w) (@)t ¢ @ (V.9)

Now remember that @ has been defined as w (mod 27), which means that there exists an
integer n(w) € Z such that
w=w+ 2mn(w). (V.10)

We call this n(w) the “winding number” of w and using its definition we can rewrite the

commutation relations according to
B, D, = —e2msnr—w)tll ¢ P (V.11)

For intervals fl, fg € §1 such that I; N Is = () the number n(w; — we) is constant for all
wi € .fl, woy € fg allowing us to define a relative winding number of .fl w.r.t. fg according
to

N(jl,jg) = n(wy —wy), for wy € I, wo € Is. (V.12)

Hence for fields localized in non-intersecting intervals we get exactly the desired commu-
tation relations (V.4).

!Note that because we chose our standard interval not to be symmetric around 0, & satisfies (:Z)) =2T—w.
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The interesting question that remains is how we can construct the auxiliary fields o,
such that they satisfy the right commutation relations (V.8). In the following we will
describe in more detail the explicit construction of these fields by using implementers of

certain Bogoliubov transformations.

Mathematical Preliminaries

Consider the Hilbert space of square integrable functions on the circle H; = L*(S;) which

can be seen as a kind of auxiliary one-particle space. Fourier transformation leads to the

equivalence?

Hy =~ 1(Z) ~ *(Ny) @ I>(IN) =: H| @ H], (V.13)

where, without loss of generality, we have chosen to include the zero-mode into the
first summand ’Hf On this Hilbert space we work with the usual representation of
SO(2) ~ U(1), namely

(Ur(w)e)(z) == p(z —w), (V.14)

which is diagonal in Fourier space, i.e.
(U1 (@)@)n = €™ Gn. (V.15)

The Fourier modes ¢,, and the inverse transformation are defined according to

1 2 ) 1 )
By = d —ian = — Y " 5, V.16
@ \/%/0 zp(z)e o(r) NG E Pne (V.16)

and to avoid complicating the notation we do not make a notational distinction between
the representation U; in x-space and in momentum-space. The projections Pi onto Hf

and H; are then defined according to

(Pr)(@) = o*@) = <= 3 @e™,
= (V.17)
(P-)(@) = (@) = 7= 3 pue™.

n<0

Over this one-particle space one can now take the anti-symmetrized Fock space
H = Fp(H1) ~ .FF(’HT) ® Fr(Hy)

and we will again use the implementers of certain Bogoliubov transformations to construct

charge-shifting field operators on this Hilbert space.

*Here INy denotes the non-negative integers and IN = INg \ {0}.
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An important requirement for being able to compute commutation relations on the Fock
space is that the one-particle operators commute. To ensure this we will again work only

with unitary multiplication operators on L?(S), i.e. operators of the form

(Vip)(z) = ¢/ @p(z) = (¢ o) (),

where we will use the same symbol for the operator on Hilbert space and the function with
which it multiplies. For such operators the following lemma characterizes a large class of

implementable Bogoliubov transformations on the circle [17].

Lemma V.1. For a smooth real-valued function o € C*°(S1,R) the multiplication op-
erator (ap)(x) = a(x)p(z) has Hilbert Schmidt off-diagonal elements and therefore
e € Gr(H1),Vt € R and q(e*®) = 0.

Proof. The off-diagonal elements of o by definition act according to

(PraP-p)(z) = (or—¢7)(x) = 5= 3 3 aue™,
n>0 k<0

so the Hilbert-Schmidt condition reads

Trf(oy ) ar ] =Trlapar Joc Y Y an kbrn= 33 |an il

n<0k>0 n<0 k>0
o
~ 12 ~ 12
-3 Sl = Yo <
k>0n<k n=1
which is fulfilled for smooth functions «. O

Just like in the massless case in the previous chapter using multiplication operators in
position space now allows us to explicitly compute a simple expression for the Schwinger
term [17].

Lemma V.2. Consider self-adjoint operators acting as multiplication with the smooth
(real-valued) functions a, 3 on L*(S1). Then the Schwinger term S(a, ) turns out to be

1

27 27
S.8) = 3 [ dra@@@) = & [ dr (@@p@) - @) (vas)

Proof. Similar to the proof of lemma V.1 one calculates

iTr(a—y By — Bqay) = i Z Z (dnfl Bi—n — Bt &l7n>

n<0 >0
i - - i~ (. = -
= % Z Z (an/@—n - Bna—n) = _g Z n (an/@—n - Bna—n>
>0 n<—1 n=1
) ~ 1 — -
- _ 5 - = /
5r D MnBn=—-> (o), 5n



CHAPTER V. ANYONS AND “WINDING NUMBER” 105

Inverse Fourier transform then leads to the simple expression in position space

1 — 1 [ 1 ,
—— Y (@)= | dwdyd (@)B(y) = Y e MY
2m " 2w Jo 2m
nez nez
1 2 1 2
=5 | dra@pe) = 47r/0 dz (a(2)f (z) — o/ (1)B(x))
where potential boundary terms cancel because of the continuity of o and 5. O

Construction of the Auxiliary Field

Apart from exponentials of smooth multiplication operators we also need unitaries with

non-vanishing Fredholm index. We therefore consider first of all the operator
(Vo)(x) = e p(), (V.19)

which is obviously unitary, but the function [0, 27) 5 = + z is not smooth on S; so Lemma

V.1 is not applicable here. However we still have the following result.

Proposition V.1. The unitary multiplication operator (V)(z) = ep(z) has the follow-

ing properties:
i) Its off-diagonal elements Vit are Hilbert-Schmidt.

it) The diagonal elements satisfy
kerV__ ={de_|A € R}, kerV'_ =kerVi; =10,

with e_(x) = \/%e*i‘” and (Ve_)(x) = ep(z) = \/%
Proof. Consider the basis {e, € Hi|n € Z} for Hy = L*(S1) where e, (z) = \/%76””7.

Then the operator V acts as a shift operator with respect to this basis, i.e. it satisfies
Ven=eéent+1-

Now because H{ is spanned by {e,|n > 0} and H; by {e,|n < 0} it is thus obvious that
e_ = e_q spans ker V__ and that ker V, = ().

This also immediately leads to V_ = 0 and ImV,_ = {\ep|\ € R} so Vi are evidently
Hilbert-Schmidt operators because they have finite range. O

This shows that such a V' is a suitable operator to obtain a simple charge shift on the

Fock space. One can also define rotated V’s according to

Vw = U1 (w)VUl(w)* = e*in. (V20)
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For the implementers this leads to
Up(w)D(V)Up(w)* = T (U1 (w) VU (w)*) = T(e™™V) = D(V)e ™€, (V.21)

(The definition e~*%'(V) would also be possible, which simply amounts to another choice
of phase factor for the implementer.) This simple relation now allows us to compute the
commutation relations of different charge shifting operators I'(V,,, ), T'(V,,,), which can in
general be a more involved task as we have seen in section IV.3. Using the charge shifting
property of V, i.e. VQ = (Q — 1)V, one immediately gets

LV )T (V) = e @172 D(V,, )T (Vi) (V.22)
These are not yet the right commutation relations we need for our auxiliary field so we

consider in addition an operator of the form
(€9 (@) i= e P(a), (V.23)

where a € C*°(S1,R) is a smooth real-valued function on the circle and A is some real
parameter. Lemma V.1 then tells us that this is an implementable unitary operator

allowing us to define the auxiliary field ) according to
D, = T(V,)[(e) = Up(w) T(V)I(e) Up(w)*, (V.24)

where «a, is again defined as o, (z) := a(z — w).

The simple form of the operator V and lemma IV.2 then allow us to compute the

relative commutation relations between V,, and e,

Lemma V.3. For all smooth real-valued functions o the commutation relations between

Vi and €% are independent of w',w and are of the form
f(eikaw)f\(vw/) — 6i)\const.fw(le)fw(ei>\aw)’ (V.25)
where const. only depends on the integral over .

Proof. Since the vector eg, which is created from the vacuum by f(V), is invariant under

rotations we get

~

(T'(Vo ), dI (0, )T (Vi )Q) = (eg, cuven) = (eg, v eg) = const.
]

These constant phase factors will therefore cancel out in the total commutation relations

between two ®’s which then turn out to be

(i)uq b, = e tw1 7w2)ei/\25(aw1 ,C0lwg ) (i)w2 (i)wl ) (V26)



CHAPTER V. ANYONS AND “WINDING NUMBER” 107

Comparing this with the relations of section V.1.1, which the auxiliary field has to satisfy,

we are now faced with the following problem:

Find a smooth real-valued function o on the circle and a parameter A € R for which the

Schwinger term S(a,,, Qu,) satisfies

o —

A28 (o, s Qo) — (W1 — w2) = —2s[(wy — wo) — 7] £, (V.27)
for suitable (w1 — wy).

For this purpose consider first the function  — Az on R for an abitrary real parameter
A. Similar to the shift operator V', multiplication with e** would lead to commutation
relations with exchange phase of the form e *@1—«2)  But the function ¢* is in
general not continuous on the circle and therefore it does not lead to an implementable
transformation. This problem can be solved by smearing it with a function x. € C§°(R)

with the following properties:

Xe
o suppx. = [—¢,¢] with0 <e < %
* Xe(—2) = xe(2) = Xe(2)
) fdwxs(x) - 1 -& 0 & X

Considering the 27-periodic function # = x (mod 27) on R one can use such a y. to

define a smooth function according to

o () = /]R dy (7~ 9)xe (), (v.28)

2r—-& 2n

which is still 27-periodic and thus defines a smooth func-
tion on the circle. An important feature of this function is that it is still linear in the

interval (e,27m — ¢), because for our choice of a symmetric x. there holds

/dy (= Y)xely) =z,

which means that most of the linear part of & is unchanged and only the jump disconti-
nuities get smeared.
For every real parameter A € R this af then defines an implementable unitary multipli-

cation operator according to

(€% p)(z) = e @p(). (V.29)
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It turns out that the Schwinger term for such operators has exactly the right form, namely

we have the following proposition.

Proposition V.2. For functions a®',a® with 0 < &; < 5,7 = 1,2 as defined in equation
(V.28) and wi,ws € R such that €1 + g2 < (wl/—\wg) < 27 — g1 — €9 the Schwinger term
satisfies

—

S(agt,al?) = (w; — we) — . (V.30)

w1 W

Proof. Evidently the Schwinger term is invariant under simultaneous rotation of ag) and

Qg2 so for simplicity we write w = w; — w9 and calculate

1

el 2y —
S(a), a )_27r

w

21
/ dz o ()(a™) (2).
0

For this we first need (o)’ which turns out to be
(@) (@) = [ dy G Dnw)
dz

= /dy (1 — QWZ (5(%’ -y — 27rk)> Xs(y)

keZ
=1- QWZXE(Z‘ —27k).
keZ
Note that, because of the support properties of x., for every x € R only one term in the

sum » ;. Xe(z — 27k) is nonzero. Hence one gets

2 1
S(a50%) = | draZ (@) (g = xeo) = v = 2)

T
£9 €1 P
—r= e [ty T 0 0 ),
—&9 —£1
by using the periodicity of ! and the fact that [dzafl(z) = 272 is independent of w

and x.,. To compute the remaining term we need to calculate integrals of the form

15
/ dz (¢ —z)xe(z), forceRande <é<2m—e.

—€

For this purpose remember that we can write (¢ — ) = (¢ — &) — 27n(c — z) and that
n(c—x) =n(c) for e < ¢ < (2mr —¢) and —¢ < x < e. Inserting this into the integral we

get,

/€ dz (¢ — z)xe(a) = /6 dz ((c — x) — 2mn(c)) xe(z) = ¢ — 2mn(c) = ¢.

—e —E&

€1

Using this in the expression for S(af},

a;?) one immediately arrives at

—~
~

S, a2)=m—(~w) =0 —.
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With this proposition equation (V.27) leads to the constraint
(@ — ) — = —28(@ — ) £ 7, (V.31)

for the parameters A and s. In order to get a solution for A we have to choose the minus
sign on the right side and for a fixed “spin” s this equation then restricts the parameter
A to

M =1-2s. (V.32)

Together with the requirement that the operator e**®" has to be unitary this also shows

that the parameter s has to satisfy s € (—o0, 3).

We can now summarize the construction in the following way: For every
w € R, 0 < e <7 and symmetric real-valued smearing function x. with supp x. C (—¢,¢)

one can construct field operators
B, [xe] = U(W)D(V)D(eP)U (w)* = ™G T(V,) T'(e79), (V.33)
which raise the charge by one and are localized in the interval
IF={zeS|lw—c<z<wt+elCS (V.34)

with width 2¢ centered around the point w € R. Together with the adjoint field ®,,[x.]*,
lowering the charge by one, these operators then generate a net of algebras on the space

:S’vl with anyonic statistics.

Lemma V.4. Consider field operators ®; = Py, [xe], @ = 1,2, which are localized in
mtervals 1:1 and 1:2 respectively. If the intervals are mon-intersecting, i.e. Iy N Iy = 0, the

fields satisfy anyonic commutation relations

@1 @2 — _627ri5(2N(I~1,I~2)+1) @2 @17
o (V.35)
@1 @; — —6727T,LS(2N(11712)+1) (I); (I)h

where N(fl, fg) is the relative winding number of I, with respect to I, defined in (V.12).

In addition the fields are covariant with respect to the unitary representation (V.6) of

,3). Taking

the polynomial algebra over such localized fields then defines the local field algebras F (f )

—~—

the universal covering of the rotations U(1) with real-valued spin s C (—o0

and we have therefore constructed a local, covariant quantum field net for anyons on the

circle, satisfying all the requirements defined at the beginning of the chapter.
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Special Cases

s=1/2:
For the maximal value s = % the relation \> = 1 — 2s leads to A = 0, which means the

Aas

operator e’ is the identity operator in this case. We are therefore left with only the

shift operator V' and the field is

NI

®, = 22V (V)@ = 12 1(V), (V.36)

which is just T'(V) times a constant phase factor which could also be omitted. This shows
that the fields for different w’s commute independently of w which is in accordance with

the fact that the exchange phase turns out to be

_627ris(2n+1) _em'(2n+1) - 1.

So we see that for s = 1 we get a bosonic field “® ~ (V) ~ I'(e®)” and because of its
simple form it creates one-particle vectors from the vacuum, namely

B0 =21 (V)Q = ez ey,
Moreover, taking into account that Zi+ = 0 for V_ = 0, the explicit form of f‘(V) (with
an appropriate choice of phase) turns out to be

A

D(V) = a*(eq)T (— Vs )T (<V20) + Dy (< Vi )0 (—V0)b(e0), (V.37)

which looks like a free field modified by the unitary operator I'y (= V44 )I'—(=V__).

s=0:
The case s = 0 leads via A2 = 1 — 25 to A = X—“ag
+1 and we will only consider the case A = —1.

As was already shown the function of is linear

in the interval (e,2m —¢) so for A\ = —1 the o > X

function z +— =+ Aa®(xz) = & — o°(z) vanishes for

e <z < 21 —e. Therefore e~ (*) is simply the

identity apart from a small interval of length 2¢
where its phase changes by the value 2.

A similar so-called “blip function” was used in [86] and [20,21] to approximate a step-
function on the circle. There it was shown that after taking an appropriate limit the

implementer of such a function converges to the free fermi field on the circle. Because of

—e2ms(2ntl) — 1 for s =0,

we will also get an anti-commuting field in our case, but it is unclear if the field converges

in some sense to a free fermi field if the smearing function y. tends to a delta function.
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Remark: As we have seen the construction leads to a commuting field for s = %
and an anti-commuting field for s = 0. However, we are working on a one-dimensional
space — the circle S or its universal covering :S'Vl respectively — so although we called
the parameter s the “spin” it really just labels a representation of the translations on Sy
or EI So one would not expect the usual kind of spin-statistics theorem to hold for s in

our case.

V.2. Cone-Localized Fields on R?

It would now be tempting to try the same construction in higher dimensions, e.g. on the
Hilbert space L?(IR?), to construct a string-local quantum field in two (space-)dimensions,
covariant under the Euclidean group E(2) or its universal cover E(\2/) respectively.
However, such direct attempts are facing serious difficulties concerning either covariance
or the Hilbert-Schmidt condition of the occurring operators, because the method of im-
plementing multiplication operators as Bogoliubov transformations is basically restricted
to one dimension. We will therefore try to circumvent these problems by considering

simply a tensor product of a local field on R? with the previously constructed circle-fields.

For this purpose consider for f € L?(RR?) the free field

U(f)=c"(f) +e(f), T =¥(f), (V.38)

on the anti-symmetric Fock space F,(L?(IR?)), where ¢ and c¢* are the usual annihilation

and creation operators on F,(L?(R?)). From the anti-commutation relations of ¢ and c*,

{c(f),c(g)} =0, {c(f),c*(g)} = <f7.g>7

if the test functions f and g are such that supp f Nsupp g = 0. In addition V¥ is covariant
with respect to to the second quantization of the pullback representation U of E(2) defined
on L?(R?) according to

(U@ w) )(F) = f(R(-w)(Z - a)), (V.39)

where R(w) is the usual rotation matrix acting on vectors in R2.

Now take as Hilbert space the tensor product

H = F (L*(R?)) ® Fo(L*(S1)), (V.40)
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——

with a representation of E(2) of the form
T(U(E,w)) ® T (U (w)). (V.41)

For every f € L?(IR?), admissible x. and w € R one can then define on this space the new
fields

Fulf, xel = 9(f) © Pulxe]- (V.42)

They of course inherit the anyonic commutation relations and are covariant under the
representation (V.41), where the translations only act on the first tensor factor (shifting
the support of the test function) and the rotations act on both. The motivation behind
this definition is that these field operators can be interpreted as being localized in conelike
regions on the two-dimensional plane. More specifically consider the following subset of
R2,

Clf. I] ==supp f + Ry | 71, C R?,3 (V.43)

REL,

where 77, € R? is a unit vector in the direction u, i.e.
ﬁu = R(_M)ﬁ()?

with a standard unit-vector 7ig, e.g. 7y = ((1)) This defines a cone-shaped region which
“starts” in supp f and extends to infinity in the set of directions given by I7. Since a
translation only acts on the test function f it shifts the whole cone, whereas a rotation
also changes the interval I corresponding to the asymptotic directions of the cone C|[f, I].
The interpretation of such cones as localization regions for the fields (V.42) is then possible
because of the following commutation relations, which result from the anti-commutativity

of the local field ¥ and the anyonic commutation relations of the circle field ®.

Proposition V.3. For compactly localized test functions f1, fo and intervals Iy = I} and

I, = ffg such that the corresponding cones do not intersect, i.e.
Clf1, 11 N Clfa, I2] = 0,
the fields Fy = F, [f1, Xe,] and Fy = F,,,[f2, Xe,] satisfy

L Fy = 62ms(2N(i1j2)+1) Py Fy,
' 1,1 (V.44)
g FQ* —_ 6—27rzs(2N(I1,12)+1) FQ* F.

Proof. From the definition (V.43) it is clear that if the cones C|[f1, I;] and C|fa, I2] are

disjoint then also the test function supports and intervals have to satisfy?

supp f1 Nsupp fo =0, and I; NIy = 0.

3Expressions of the form RO for O € R?,0 ¢ O are shorthand for {vr O| v € R,v > 0} C R
4Note that the converse is not true, namely there can be non-overlapping test functions and intervals

such that the corresponding cones actually have a (finite) overlap.
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But under this conditions we get that

(f1)¥(f2) = (=1)¥(f2)¥(f1), and
By [Xer] By [Xey] = (~1)2TSCNILEITD [y 10, [xe,].

The simple tensor product structure of the fields F,[f, x:] then leads to the asserted

commutation relations. OJ

Remark: In addition to the conelike localization regions C[f,I5] (V.43) (which are
obviously invariant under w — w + 27), the fields also depend on the winding number
n(w) of w, which determines the commutation relations. To account for this fact the fields
can be interpreted to be localized in “generalized cones” (or “paths of cones” as defined
in the introduction, see e.g. [68]) which are defined in the following way. A usual cone C
in two dimensions is determined by a point # € R? (its apex) and an interval I on the
circle, specifying the asymptotic directions contained in C. Hence one can denote a cone
by the pair C = (&, I), where the width of I determining the opening angle of C' should
be smaller than 7.

If we now allow for generalized intervals I on the universal covering Sy of the circle one

can define generalized cones C' as pairs
C=(xz1I), TeR%IcCS. (V.45)

After smearing in ¥ with a test function f we can obviously also define “smeared”
generalized cones as C = (f,I) = (supp f, I).

Figure V.1.: Non-intersecting generalized cones C(f1,1;) and C(fa, 1)

We can therefore construct again, for every generalized cone C, the polynomial algebra
F(C) of fields localized in C. This net C' +— F(C) then satisfies the same requirements
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for an anyonic field net as defined at the beginning of section V.1, with the obvious
generalizations that we replace intervals I with cones C' and covariance holds w.r.t. a

P —_~

representation of F(2) instead of just U(1).

Now this construction has an evident generalization to an arbitrary (interacting) field
algebra in the following way. Consider a local and covariant (bosonic or fermionic) field
net O +— F(O) on R'*2, indexed by double cones O C R'*2. Defining a generalized cone
on R? by C' = (O, 1) one can then define the corresponding algebra F(C) as

F(C) = F(O) @ F(I),

where F(I) is just the algebra of fields on the (covering of the) circle localized in I.
This leads again to a E@/)—covariant and twisted-local field net, localized in generalized
cones C' (defined by a double cone @ and an interval I) with winding-number dependent
commutation relations.

If the original net was interacting then also the new composite net has a nontrivial
scattering matrix. However, in the construction of the scattering states one has to take
into account the extended localization regions of the fields and the new S-matrix should

also depend on the relative winding number of the occurring fields (see e.g. [7,29,36]).

V.3. Conclusion

We have seen that it is possible to construct for every interval I on the universal covering of
the circle S a field algebra F (I), such that the resulting net I +— F(I) is covariant under
a representation of f]?lj for arbitrary real-valued spin. For non-intersecting intervals the
corresponding field algebras satisfy twisted commutation relations which only depend on
the relative winding number of the intervals. This is achieved by considering unitary im-
plementers of certain one-particle multiplication operators where the occurring Schwinger
term is used to change the commutation relations of the operators in the desired way. In
contrast to previous similar constructions this leads to a local quantum field theory for
anyons on the circle. Moreover, everything is defined explicitly and non-perturbatively on
the well known anti-symmetric Fock space and no taking of limits (or thereby leaving the
Fock space) is needed.

By taking tensor products of these “circle anyons” with any local covariant quantum field
theory one can obtain a cone-local theory with anyonic commutation relations. However,
potential boost-covariance of the original field theory is lost so this only leads to a non-
relativistic theory (covariant under m plus potential time translations). A construction
of a cone-local anyonic field net, which is covariant under the full Poincaré group in 1+ 2

dimensions would be desirable but unfortunately this cannot be achieved by the methods
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described here. The first problem is that the “trick” using an auxiliary (27-periodic)
field, which then gets lifted to a covering space, only works in this simple way for the
pure rotation group. For the covering of the full Lorentz group /31 one would get a
representation on Fock space of the form U(A) ~ eiSQQ(]\)Uo(A) where Q(A) is now an
operator on the Hilbert space instead of a mere constant w as for the group l/f(l/) (see
e.g. [68] or section II1.3.2 for a possible representation of ﬁl on the mass shell). Another
problem is that the method of considering multiplication operators on the one-particle
Hilbert space as implementable Bogoliubov transformations leads to problems concerning
the Hilbert-Schmidt property for theories in more than one dimension (see e.g. [50]).
Nevertheless, the above construction provides a simple example of a (cone-)local co-
variant — and possibly interacting — quantum field net which exhibits the main features
expected in a full 2 4+ 1 dimensional theory of anyons, namely the relation between non-
trivial behavior under 27-rotations and the dependence on some winding number of the

cone-shaped localization regions.






VI. Summary and Outlook

As we briefly sketched in the introduction, it follows from the principles of algebraic
quantum field theory that charged particles in low dimensions do not have to be bosons or
fermions, but their statistics is governed by the braid group. It has also been shown that in
2+1 dimensions the fields creating them from the vacuum have to be localized in so-called
paths of spacelike cones (or wedges) and the phase factor in their commutation relations
is determined by their relative winding number and a statistics parameter. Furthermore,
they are covariant w.r.t a representation of the Poincaré group with a real-valued spin
which is connected to the statistics parameter. However, there are no explicit well-defined
examples of such field operators which comply with all the conditions for an anyonic field
net in the sense of AQFT. The reason why such a construction is much more difficult
than for bosons or fermions is the no-go theorem by Bros and Mund stating that a theory
containing cone-localized anyons has to be fully interacting.

In this work we approached this problem from various directions by leaving out some
of the underlying assumptions one makes in the abstract algebraic theory. First of all —
despite a similar no-go theorem for free local anyons in d = 1 + 1 — on two-dimensional
Minkowski space it is possible to construct compactly localized quantum field nets with
anyonic commutation relations by using the theory of loop groups and implementable Bo-
goliubov transformations. This works for every mass m > 0 and every statistics parameter
A € R and the resulting field operators create vectors with arbitrary high particle number
from the vacuum. It has to be pointed out that several important features of 241 dimen-
sional anyons are missing in 141 dimensional models. There are no localization regions
extending to infinity, the localization on some kind of covering space is absent and there
is no rotational covariance with real-valued (non half-integer) spin.

In 241 dimensions one way to circumvent the no-go theorem is to consider field op-
erators which are only localizable in wedge-shaped regions (or more precisely “paths of
wedges”). A relatively recent and convenient method to construct such wedge local gener-
ators is based on multiplicative deformations on the Fock space developed by G. Lechner
in [57]. Generalizing this procedure to the charged case it is possible to choose the de-
formation functions in such a way that the resulting polarization free generators satisfy
anyonic commutation relations and are covariant under a Poincaré group representation
with arbitrary real-valued spin. By taking intersections of such wedge algebras one could
in principle obtain algebras localized in spacelike cones (or smaller regions) but from the

no-go theorem it follows that these algebras are too small in the sense that they cannot sat-
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isfy the Reeh-Schlieder condition. So this approach does not lead to cone-localized anyon
field algebras in the sense of algebraic quantum field theory but one obtains wedge-local
polarization free generators. Furthermore, it is possible to enlarge the class of admissible
deformations in the case of charged fields. In the special case where the standard defor-
mation function R is taken to be the identity the resulting polarization free generators
can be interpreted as being localized in tube-like regions extending to infinity in two op-
posite spacelike directions. Although this is an improvement in localization compared to
the wedges, the set of possible tubes which are spacelike separated to a given tube is still
rather restricted.

To further demonstrate the connection between localization, statistics and spin of
quantum field nets, in the last chapter we focused first only on the rotational degrees of
freedom by constructing anyonic field operators on the circle. Using again the method
of implementing multiplication operators as Bogoliubov transformations on the Fock
space one ends up with a compactly localized field net, which has anyonic commutation
relations and is covariant under a representation of U(1) ~ SO(2) (the “rotations”) for
arbitrary real-valued spin. More precisely, the field algebras are localized in intervals
on the universal covering space of the circle, which allows for the concept of relative
winding number of two non-intersecting intervals. By taking the tensor product with
a bosonic or fermionic local covariant quantum field theory on R?>*! one ends up with
a field net on R? which is localized in generalized spatial cones, has real-valued spin
and still satisfies anyonic commutation relations. However, the covariance under boosts

is lost by taking the tensor product so the resulting field net is not fully Poincaré covariant.

The various constructions mentioned in this work still leave a lot of open questions
to be analyzed further. It would for example be desirable to classify the most general
deformation functions possible in the charged case in 2+1 and 1+1 dimensions, just
like for the neutral bosonic case in [55]. Although the functions in equation (II1.32) are
believed to generate the most general class of deformations in 141 dimensions a conclusive
proof for this claim could not yet be found. In 241 dimensions the same function R has
been used on the particle and the anti-particle subspace for the sake of simplicity but it
seems a priori also possible to choose different functions in this case. Another interesting
question that could be asked is if it is possible to implement non-abelian statistics within
any of the above approaches. This would involve multi-component fields and the simple
commutation relations governed by a mere phase factor would have to be replaced by
more complicated exchange algebra relations (see e.g. [31]). Also the charge structure of
the theory would have to be more complicated and one cannot have a field algebra acting
on a Hilbert space of the form ®H,, with charge quantum numbers ¢q € Z.

Yet another possible generalization concerns the potential localization regions. Since we

restricted ourselves to convex (and causally complete) regions in the beginning the only
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relevant localization regions are basically double cones, spacelike cones and wedges. If
the condition of convexity is dropped one could also consider regions which are not simply
connected, like causally completed rings in d = 2+1, i.e. regions with a hole. A net of field
algebras indexed by such regions could then have a statistics operator that depends on
which of two regions is localized “inside” the other. This would be similar to considering
localization regions in d = 1 + 1 which are not connected allowing for more possibilities
of relative localization than just being to the left or right of another region. The phase
factor in the commutation relations of such field operators could then take more than two
different values.

A still unsolved problem is the construction of a fully Poincaré covariant cone-localized
anyonic field net on three dimensional Minkowski space satisfying ideally also the Reeh-
Schlieder condition. One would be tempted to generalize the method of using multiplica-
tion operators and the current algebra to higher dimensions but unfortunately they don’t
lead to implementable Bogoliubov transformations in d > 3. There are, however, works
concerning the current algebra and its cocycles in higher dimensions (see e.g. [50, 51, 66]
and references therein) and together with a more fundamental algebraic viewpoint this
could lead to a similar construction as for the massless case in d = 1 + 1. A possibility
would be to use ideas similar to the simple kinematic model in [9,10], where states contain-
ing gauge charges are defined which can only be localized in spatial cones due to Gauss’s
theorem. One would need to define an observable algebra, a suitable state determining the
vacuum representation and then find physically relevant transportable endomorphisms of
this algebra which are localized in spacelike cones and possibly lead to braid group statis-
tics. To make the construction more explicit a concrete realization of the Hilbert space
and the action of the algebras on it would then also be desirable. It is, however, unclear
how the dependence on a path of cones (needed for proper anyonic statistics) can arise in

such an approach.
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