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1 Introduction

The apparent incompatibility of quantum physics and the theory of relativity has
been the source of an immense amount of theoretical research over the past decades.
The search for a quantum theory of gravitation (a result of intrinsic properties of
spacetime itself) is one main research interest. The concept of causality (a con-
sequence of a finite signaling speed) and quantum mechanics have also been of
interest from very early on.

The famous argument between Einstein and Bohr about the completeness of quan-
tum mechanics, see [1, 2|, was due to the apparent instantaneous action at a dis-
tance in entangled quantum systems. The violation of Bell’s inequalities, quantum
teleportation and (especially delayed choice) entanglement swapping, [3, 4, 5] all
seem to evade the constraints of causality in some way. One can, however, not
make use of this, for example use entanglement to send signals faster than at the
speed of light. The seemingly instantaneous action at a distance in the effects
mentioned above, however, is an interpretational problem. It can be resolved, if
one regards quantum theory as the knowledge of the observer rather than a de-
scription of the actual system.

A situation in which the finite signaling speed should in fact be observable in a
quantum scenario was first considered by E. Fermi in 1932 [6]. While Fermi’s
initial (approximative) calculations produced the expected result, they were con-
tradicted later [7]. A correct description of Fermi’s two atom scenario, i.e. one
which does respect causality, remained an open problem for quite a long time, see
for example [8, 9].

A different kind of approach to quantum theory and causality was the application
of quantum information theory to causal structures. For example David Deutsch,
[10], found a quantum theoretical description of closed timelike curves. Causal
structures containing such curves are possible solutions of Einstein’s equations
but, classically, are excluded for logical reasons. When describing them quantum
mechanically, however, the classical logical paradoxa do not appear. The quantum
effects postulated by this model are very different from standard quantum me-
chanics, for example they include nonlinear evolution or the possibility of cloning
quantum systems, but logically consistent.

Another, rather recent, quantum mechanical consideration of causal structures
by O. Oreshkov, F.Costa and C. Brukner led to an even more striking discovery,
namely the fact that signaling quantum correlations can be incompatible with the
concept of a global causal structure [11]. The most general quantum correlations
between two closed laboratories, in which quantum mechanics is valid, can be de-
scribed by so called processes. A causal inequality gives an upper bound for a
probability associated with a certain communication task. The inequality cannot
be violated if the agents in this task are embedded in a causal structure. There



are, however, processes that yield probabilities, which exceed this upper bound
and are therefore not compatible with the concept of a global causal structure.
This is similar to Bell’s inequalities, which give an upper bound for a combination
of expectation values and cannot be violated if the respective quantities are com-
patible with the idea of local realism.

In this thesis semiquantum correlations will be analyzed in terms of their com-
patibility with a global causal structure, making use of the formalism derived in
[11]. It is structured as follows.

Chapter 2 gives a brief overview of the formalism of standard quantum mechanics,
see 2.1, and the concept of quantum signaling via quantum channels. The classifi-
cation of quantum channels as semiquantum, more precisely classical-quantum and
quantum-classical, is introduced in chapter 2.2. As discussed in chapter 2.3, which
is about the operational approach to quantum mechanics, these classifications can
be extended to quantum correlations in general. Semiquantum correlations lie be-
tween classical and (truly) quantum ones, since one of the two correlated parties
can be described classically, while the other one is quantum. Since it sets the
framework for the analysis that follows, the contents of the original paper [11] are
presented in detail in chapter 3. Processes between two closed laboratories can
be represented by bilinear functions of completely positive, trace mon increasing
maps and can be represented by process matrices, see 3.2. The possibility to vio-
late the causal inequality is linked to a property of process matrices called causal
separability. If the two laboratories are related via a causally separable process,
they cannot violate the causal inequality regardless of their local operations and
communication strategies. One important result of [11] is that all processes be-
tween two classical laboratories are causally separable and therefore compatible
with a global causal structure. The proof of that is presented in detail in 3.4. In
chapter 4 the different cases of semiquantum correlations are analyzed. At first
correlations between two semiquantum laboratories are considered, see 4.1 - 4.3.
Semiquantum laboratories can be realized by limiting the operations the exper-
imenters can perform. In a classical-quantum laboratory the input states have
to be measured with a fized set of orthogonal projectors, while the output states
are arbitrary. An experimenter in a quantum-classical laboratory, on the other
hand, can measure the input with any positive operator-valued measure, but has
to prepare compatible outputs, which means all output states have to commute.
Furthermore the correlations between one classical and one quantum laboratory
are also semiquantum. Finally a semiquantum laboratory and a classical one can
be semiquantum or classically correlated. All these scenarios are considered in
4.4. A summary and discussion of the results obtained is presented in chapter 5.
It turns out that the information gained from the input determines, whether the



process matrices of interest are causally separable. If this information is (quasi)
classical in both laboratories, the two agents cannot violate the causal inequality.
Even correlations between a classical and g-c laboratory are not causally separable
in general. In fact the example in [11] proofs that the causal inequality can indeed
be violated in that case. It is therefore doubtful whether signaling correlations,
that are incompatible with a global causal structure, are a quantum effect.

2 Basic Notations and Concepts

2.1 Quantum Formalism

The facts in this chapter can be found in any standard textbook about quantum
mechanics and quantum information, for example [12, 13] , and are mentioned
here mainly to clarify the notation used during the rest of this thesis.

A quantum state p can be expressed as an element of the space of hermitian,
linear operators on some Hilbert space H

p € L(H)
satisfying the following conditions:
p =0 (1)
Trp) = 1 2)
Tr(pp) < 1 (3)

If Tr(pp’) = 1 the state is pure, which means it can be written as p = ) ()|
with some [¢) € H. If, however, Tr(pp’) < 1 the state is said to be mired and
p =2 pilti)(¥il, with [¢;) € H, 0 <p; <land ) ;p; =1

In the case of a finite dimensional system, with dim(H) = d, this corresponds
to positive semidefinite d X d- matrices with unit trace. Hence p is also called
density matriz or density operator.

One way of writing p is in terms of an orthonormal basis (ONB) of H.:

d
p= Z pijli) (4|
; W= (4)
with  [¢) =Y ¢ili) VoeH and (i|j) =4
i=1



Another convenient expression for p is in the Hilbert-Schmidt-basis {o;}, where
i=0...d%> =1, 0p = 14xq and o;, for i > 0, are the infinitesimal generators of
su(d). This means that Tr(o;) = 0 and Tr(o;0;) = d d;; for i, 5 > 0.

d2—1

i=0
where 2; € R and Y, 27 < 1.

Observables of a quantum system are also hermitian, linear operators on the
Hilbert space H.
Ae L(H)

Possible measurement results of the observable are elements of the spectrum of A.
In the finite dimensional case, which will be considered from now on, the ob-
servables are self adjoint d x d - matrices and their spectra are the sets of their
eigenvalues, {a;}. The eigenvectors of an observable, Al|i) = a;|i), form an ONB
of H. The spectral decomposition of A is therefore given by

d
A=Y aliji (6)

where the |i)(i| are a complete set of orthogonal projectors, which means they
satisfy

1=1

> iyl = 1, (7)
1)l Gl = dil) (il (8)

The probability of measuring a non degenerate eigenvalue a; of observable A in a
state p is given by

Bpla;) = Te(l5)(Glp) = Glold) = pij- (9)

A single measurement of observable A on a quantum system p giving the result a;
projects the system onto the corresponding eigenstate |j):

— 2 )] = 15 (1ol (T (10)

P result: a; Pp(aj)



When performing measurement series on identical systems the measurement results
a; occur with the respective probabilities P; = p;;. The expectation value of A in
the state p is therefore

(A), = Tr(Ap) = Z Qipii (11)

and the statistical dispersion of measurements is given by the standard deviation

A4, = \[(42), — (A)2 = /Te(A2p) — Te(Ap)2. (12)

From this probabilistic point of view it is clear that equations (1) and (2) express
the facts that probabilities should be non negative and the probability of the quan-
tum system to be observed at all should be unity.

The time evolution of a quantum system is given by the von-Neumann-equation

9p
iht = [H, 13
o = () (13)
where H is the Hamiltonian of the system. Generally this leads to some unitary
operator U(t) € L°(H), where L°(H) is the space of linear operators on H. The
state of the system at a time ¢ > 0 arises from the state of the system at time

t = 0 in the following way:

p(t) = U()p(0)U(2) (14)
If the Hamiltonian is time independent, the unitary operator of the time evolution

is given by U(t) = exp (—itH).

A more general type of measurement involving combinations with ancilla systems
and unitary transformations of the joint system is described by positive operator-
valued measures, POVM’s.

A POVM is any complete set of positive operators {M;}, depending on possible
measurement results i,

M; = ElE; ; ZMz‘Z]l (15)

such that the following properties are satisfied:

e The probability of measuring result ¢ on a system p is

P,(i) = Tr (EmEJ) . (16)



e After measuring result 7 the system is in the state

1
— _EypE! . 17
P,(2) a7

The measurement of an observable A, as described above, is then a special case of a
POVM-measurement, where the operators M; in (15) are the orthogonal projectors
from the spectral decomposition, F; = |i)(i|. Such measurements are therefore also
called projective measurements.

2.2 Signaling and Quantum Channels

A signal is the transfer of information from a sender to a receiver, which allows
the establishment of correlations between events that would otherwise be uncorre-
lated. If the sender and the receiver can each freely choose some random variable,
creating statistical correlations between these random variables can be regarded
as the definition of signaling.

In quantum mechanics information is transmitted from a sender to a receiver via
quantum channels, see [14, 15] for a nice overview. A quantum channel transforms
the input state (of the sender) to the output state (of the receiver).

If one accounts for noise by considering interaction with the environment, figure 1
depicts a quantum channel. While some input state p;, € H4 is sent through the
channel it interacts with the environment p, € H¥. This process is described by a
unitary transformation on the joint system. After that the output state po, € H”
emerges from the channel. The environment is then in state p;, which might even
be an element of a different Hilbert space HY', because of the interaction with
the transmitted system. The output state can be computed using decoherence
formalism, see for example [16],

Pout = TrF (U/Om & peUT> s (18)

where Trp(-) = >, (f] - |f) is the partial trace, with {|f)} an ONB of the Hilbert

space of the environment H! after signal transmission. This can be written in
terms of Kraus-operators [17] as follows:

Pout = Z szij (19)

Kraus-operators are maps from the input- to the output-space, K : H4 — HP,
satisfying the relation

Y KK =1" (20)



They are not unique since

D HUpim @ p UM f) =D Kypink|
i i

they depend on the choice of basis for H¥". Especially if H¥ = H' and p. = |e) (e,
they are given by Ky = (f|Ule). This, of course, does not introduce any ambi-
guity to pou. Note that the operators E; in (15) are Kraus-operators as well and
decoherence can be regarded as a special case of measurements where the ancilla
system is the environment and H* = HB.

In general a quantum channel can be identified with (19). It is a map from the
input Hilbert space the the output Hilbert space, CAP : L(HA) — L(HP), which
satisfies the following conditions:

e Linearity:
Since a channel should be able to transform mixed states in accordance with
standard quantum mechanics. That is, if p;, = >, Pipi, pour should be given

by C (32, Pipi) = >, PiC(pi).

e Preservation of the trace:
As a channel maps (normalized) states into (normalized) states, it is required
that Tr (pin) = Tr (C(pin) = pout) = 1.

e Complete positivity:
A linear map from states to states should, of course, be positive. Complete
positivity of the map C follows from the requirement that one should be able
to regard the input state as part of a larger system p € H4 ®@ H%, where only
the subsystem p;, = Trr(p) is affected by the channel. Thus C ® Z* should
still be a positive map for arbitrary dimensions of H%.

One kind of quantum channels, which will be of special importance in this thesis,
was discussed and classified by Holevo [18]. They are of the form

Clp) = 3w Tr (Mip) (21)

where pj are quantum states and {M;} is a POVM.

Such channels are called (quasi) classical, if the POVM consists of orthogonal
projectors My, = |k)(k|, with {|k)} an ONB, and all the p; commute, [p;, p;] = 0.
A quasi classical quantum channel is equivalent to a classical information channel
mapping classical letters {k} to classical probability distributions {P;}, where
P = »_; Puili) (3| for all k. If My, = |k)(k| but the pj, are arbitrary, the channel is

10
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Figure 1: A quantum channel can be regarded as a unitary transformation of the input
state pi, € L(HA) and the environment p. € L(HF) leading to an output
state pout € L(HP), while the environment is changed to py € L(HT). It
is assumed without loss of generality that the environment is initially in a
pure state. This is possible since one can always purify a mixed state pe miz
using an ancilla system p, € L(H%), that does not interact with p;,, such
that pemiz = Trr(le)(e]) and U = U’ @ 17,

called classical-quantum (c-q). Such a channel corresponds to a map of a classical
input alphabet to quantum states, C : k — pi. If, however, p, = |k)(k| while
the M), are arbitrary, the channel is called quantum-classical (q-c). In this case,

the channel is equivalent to a map from quantum states p, to classical probability
distributions on letters {k}, P(k) = Tr(Myp).

2.3 Operational Concepts

A very practical approach to quantum mechanics is the operational one. There
the main objects of interest are the possible transformations and measurements of
quantum systems, while the state of the system is associated with some preparation
procedure. The latter is significant, because the correct probabilities for possible
measurements can be deduced from it.

On the one hand this provides a unified formulation of all possible operations ex-
perimenters can perform on a quantum system [19], as well as quantum channels,
when retaining the Hilbert space representation of states, see for example [20]. All
possible operations, like quantum channels, can be regarded as transformations
from states to states. Analyzing these transformations provides a new view on the
behavior of quantum systems and the correlations between them.

On the other hand the operational approach has also lead to new insights con-
cerning the foundations of quantum mechanics. In [21, 22] quantum physics is
considered as a probability theory, which can be derived from simple axioms. The
authors start from a general experiment consisting of preparation, transformation

11



and measurement. The quantum state is a minimal set of probabilities, from which
the probabilities of all possible measurements can be deduced. In each of the ap-
proaches [21, 22] one applies 5 axioms and arrives at the probability theory implied
by the trace formula (9) and the representation of quantum mechanics discussed
in 2.1.

The concept of a quantum instrument was introduced by E. B. Davis and J. T.
Lewis [19] as a generalization of observables and operations. A quantum instru-
ment or quantum operation is a completely positive, trace non-increasing (CP)
map between an input space £(H*X') and an output space £(H*?), which might
depend on a set of measurement outcomes {j}.

MF LR — L(HY?) (22)
For an input state p € £(H**) this map can be written as

dx, dx,

M) = > Bl )
k=1

where the Ej; : H** — HX* are maps satisfying EjkE]Tk < 1%, Note that
M (p) € L(H*?) is the (not necessarily normalized) state after the operation has
been performed.

Hence, the probability of a certain outcome j is given by

P(M¥) =Tr (M(p)) . (24)

Moreover summing over all possible outcomes should give a completely positive,
trace preserving (CPTP) map, which means that ; Eji are Kraus-operators, and

Y EREl, =1
ik

The probability of a CPTP- map should be unity
p (Z M ) =1
J

since this is the probability of observing any outcome at all.

Comparing (23) to (17) and (19) shows that the formalism of generalized mea-
surements described by POVM’s as well as quantum channels are captured in this
description. It is, however, more general since the possibility of D, EjkEka < 1%

12



allows for the description of filtering operations, where Tr (M}X (p)) < 1.

CP- maps given by (22) are related to positive semidefinite matrices MJX X2 ¢
L(HXT @ HX2) via the Choi-Jamiolkowski isomorphism [23, 24]

M = (T ME (joty@ ) =3 (lnGle MY (Gh)" (25)

ij

where 7 is the identity map and |®*) = > |i) ® i) is an unnormalized, maximally
entangled state in HX1 @ H*' with {|i)} being some ONB of H*X'. The transpo-
sition was introduced in [11] for convenience.

In this thesis, operations where a measurement with state |¢;) is performed and
a state |¢9) is prepared, will be of special importance. From (25) it is easy to see
that such an operation is described by the following CJ- matrix, if the ONB {])}
of HX1 is chosen to be real (|i)T = (i|),

M =37 (Ji) (o M (i)()" =

= Y Livil ® (@nlid(ilon)™ - [d2) (" ¥ =
’ (26)

= S IGIo i) i1 © ga(gal” ¥ =
= |o1)(01]" ® [d2)(da]" .

Note, that by no means all operations can be written that way. The CJ- matrices
of unitary transformations (and combinations of them), for example, are not of
the form (26).

Moreover the CJ- matrix of a CPTP- map, MX = Zj ./\/IJX, is characterized by

TI"Q(MX1X2> _ ]1X1
since Tr (M (|3)(j])) = Tr (|é) (7).

The originally defined CJ-matrix, (25) without the transposition, corresponds to
a bipartite quantum state. Moreover, collections of quantum instruments can be
regarded as quantum channels. The Choi-Jamiolkowski isomorphism is, therefore,
also referred to as channel-state duality. As discussed in [25] properties of quan-
tum channels and properties of bipartite quantum states are directly related via
the isomorphism (25). For example, all channels of the form (21) are entanglement
breaking, which means that C(p) is separable for all p, see [26]. The CJ-matrices
corresponding to such channels have the structure of separable states.

13



Moreover the classification of channels as (quasi) classical, classical-quantum
and quantum classical in 2.2 can be transferred to correlations between quantum
states. Two quantum systems A and B are said to be (quasi) classically (classical-
quantum, quantum-classically) correlated if the channel equivalent to their bipar-
tite quantum state is (quasi) classical (classical-quantum, quantum classical).
This definition of classical, c-q and g-c¢ correlations turns out to be equivalent to
the one proposed by S. Luo [27]. While most correlation measures based on quan-
tum entropy and mutual information (see [28]) define all correlations that are not
due to entanglement as classical, for example [29], this classification is purely via
the effect of measurements. It can also be formulated in terms of quantum discord,
as introduced by H. Ollivier and W.H. Zurek [30].

A classical bipartite state p, with reduced states p* = Trg(p) = >, P#|i)(i| and
pB = Tra(p) = D P?|5)(jl, is of the following form:

p= ZPUIMA ® |7)(j® (27)

Here {|i)} and {|j)} are ONB’s of H* and H® and {P;} are classical joint
probabilities such that the probabilities for the subsystems are the respective
marginals, >, P; = P and ), P = P?. For a classical state there exists a
combined measurement of A and B, which leaves the system undisturbed, namely

M ={|i){(i|* @ |5)(j|P}, where {|i)} and {|j)} are the same ONB’s as in (27) .

p =2 3 G @ LGP © ) GI7 =

Such states have zero quantum discord with respect to both subsystems A and
B. Analogously a classical-quantum state is one with zero quantum discord with
respect to subsystem A, but not B. This means that there exists a local measure-
ment on A, which does not perturb the overall state. A c-q state is of the form

p=Y Pl @ . (28)

A quantum-classical state has zero quantum discord with respect to subsystem B
and is given by
A \ /B
p=>_plePliil" (29)
]

(Classical-quantum and quantum-classical states, channels and quantum instru-
ments in general are classical in one subsystem in the sense that some local mea-
surement on that subsystem can be carried out without perturbing the overall
state. They are therefore called semiquantum.

14



3 Quantum Correlations with no Causal Order

In their paper [11] O. Oreshkov et. al. address the question, whether local validity
of quantum mechanics and a global causal structure, such as spacetime, are always
compatible with each other.

Considering signaling correlations between two closed laboratories, where locally
standard quantum mechanics is valid, they derive a causal inequality for a certain
kind of communication task between these laboratories. This inequality cannot be
violated, if one assumes the two laboratories to be embedded in a global causal
structure.

Starting from an operational approach, they arrive at a formalism of bilinear func-
tions of positive semidefinite matrices via the Choi-Jamiolkowski isomorphism.
This introduces so called process matrices, which can be analyzed in terms of com-
patibility with a global causal structure. A certain class of process matrices called
causally separable can never violate the causal inequality. While it can be shown
that classical operations always lead to causally separable processes, for quantum
mechanical operations one can find process matrices that wviolate the causal in-
equality. This suggests that there are quantum mechanical correlations that are
not compatible with the concept of a global causal structure and that the latter
might emerge during the transition from quantum to classical behavior.

3.1 Causal Structure and Causal Inequality

Two events in spacetime, A and B, are always related in one of the following ways:
e B is in the future light cone of A
e A is in the future light cone of B
e A and B are spacelike separated

In the first case, event A can in principle cause event B, in the second case, B
can cause A and in the third case the two events cannot (causally) influence one
another. Spacetime is therefore called a causal structure.

A more general definition of a causal structure uses the concept of signaling, see 2.2:
"A causal structure ... is a set of event locations equipped with a partial order
= that defines the possible directions of signaling.” (O. Oreshkov, F. Costa, C.
Brukner, 2012)

If the sender and receiver of the signal, A and B, are embedded in a causal struc-
ture, exactly one of the following statements is true.

15



e A can send a signal to B
e B can send a signal to A

e A and B cannot send signals to each other

This is equivalent with the three relations in the beginning of this section, if A or
B are point events in spacetime. Then A < B means that A is in the causal past of
(and therefore can send a signal to) B, and vice versa for B < A. The case where
signaling between A and B is not possible (A and B are spacelike separated) will
be denoted A A% B.

A closed laboratory can receive a physical system (input) and send a physical
system (output), but is otherwise isolated. If two such laboratories (A and B) are
embedded in a causal structure, A’s output can be correlated with B’s input, if
and only if A < B. The existence of a global causal structure therefore puts cer-
tain restrictions on the communication between two laboratories, A and B, which
can be used to formulate a causal inequality, when considering the following kind
of communication task.
Let each laboratory receive its input, corresponding to spacetime events A; and
By, and then obtain a random bit, a and b. Moreover they each produce a guess
of the bit obtained in the other laboratory, which will be denoted by z for A and
y for B. One party (say B) has to obtain another random bit ¢’, which determines
whether the guess of A’s is of interest (b’ = 0) or that of B ()’ = 1). The events of
sending the output system will be denoted A, and Bs.
In this setup the probability of success is defined as

Pope = % (P(z = b = 0) + Py = alif = 1)) (30)
where P(i = k|b') is the conditional probability of guess ¢ correctly stating bit k
given bit b'.
There is an upper bound to this expression, if one makes the following assumptions:

1. A and B, and therefore all events in the communication task, are embedded
in a causal structure.
This particularly means that P(A; < By)+P(B; < A1)+ P(A; 24 By) =1,
as described in the beginning of this chapter.

2. The three random bits a,b and b’ are chosen freely and therefore can only
be correlated with events in their causal future.
Together with the first assumption this implies that a, b and b’ are indepen-
dent of each other and independent of the causal relations between A; and
By (e.g. P(A; X B1b) = P(A; X By))

16



3. The two laboratories are closed, which means that events happening in A
(B) can be correlated with events in B (A; e.g. bit b), if the latter happen
in the causal past of the input entering A (B; e.g. b < Ay).

The probability of success can then be written as follows:
1 / 1 /
1 1

+(gmxzmvzmmf%Bn+§My:d%=hmf%B@ﬁ%&ﬁiBﬁ
(31)

One finds that for Ay < By P(z = bjt/ = 0;A; < By) = 3, and for B; =< 4,
P(y = alt/ = 1;B; X Ay) = 5. In the case of 4y A% By P(z = bt = 0; A £%#
Bi) = P(y = alt/ = 1; Ay A% B;) = 1, see supplementary information of [11] for
more details.

This gives the causal inequality

1 1
Piee = (Z + EP(y = a|b’ =1; A < Bl)) P(A1 = Bl)

)H&jAﬂ (32)

4 G T i) P(A, 24 B)) <

which cannot be violated, if two closed laboratories A and B are embedded in a
definite global causal structure and can choose the bits a,b and b freely.

3.2 Processes and Process Matrices

If two closed laboratories A and B, as in 3.1, are described by standard quantum
mechanics, their in- and outputs are quantum systems. These are related via quan-
tum operations (22) performed in the laboratories. Figure 2 shows a schematic
picture of the situation considered. From an operational point of view a labora-
tory s all the operations that can be performed in it. This means that a closed
laboratory is fully described by it’s set of possible quantum instruments {M:X }
with X = A, B.

Correlations between two laboratories depend on the joint probabilities of pairs of

17



outcomes 4, j denoted as P(M;', MP). A list {P(M*, M?)} of such joint proba-
bilities from which the probabilities of all other possible pairs of outcomes can be
determined is called a process.

According to [21, 22] probabilities for outcomes have to be linear functions of the
states involved. By similar argument probabilities of such transformations should
be linear functions of the transformations. This implies that the probabilities
P(M}, MP) have to be bilinear functions of the CJ-matrices (25) corresponding
to M and M% and can therefore be written as

P(Mt, MP) = Tr (WAA2B8: (A2 g pPrP2Y) (33)

where WAA2B1B2 ¢ (A4 @ HA2 @ HBY @ HP2) is called a process matriz. Tt
is assumed that probabilities are non negative even when the parties share non-
signaling resources (e.g. entangled inputs). This implies that process matrices
have to be positive semidefinite:

W ABiIB2 > (34)

Moreover two CPTP- maps should, of course, give unit probability for any valid
process matrix.

Tr[WA1AzBle<MA1A2 ® MBlBQ))] -1
VMAA2 VBB > 0 Try (MA142) = 141, Try(MP1P2) = 151, (35)

The normalization is such that Tr(W41425182) = q \ dp. .

According to (33) process matrices correlate the input- and output-spaces of the
two laboratories A and B and can be characterized by that. The type of an ex-
pression in W#4142B182 gives the spaces on which W41425182 does act non-trivially
and, therefore, defines which spaces are correlated. For example an expression
14 @ W42B1 @ 152 correlates the output of A with the input of B. It is called an
Ay Bi-type term and can be interpreted as a quantum channel from A to B.
From now on 1 will be omitted in the tensor products to shorten the expressions.
As shown in the supplementary information of [11] any valid process matrix, ful-
filling (34) and (35) is of the form

WA1A231B2 — y ld (]1 + UBjA + O,AjB + O,AﬁﬁB) (36)
AL WB,
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where

B=<A § A B § A B B
g — = 01J0—11®0-]2+ d13k021®aj1®0—k2

ij>0 ijk>0
A<B ._ LA By B Ay Ao By
o = E eij 0;° @0t + E fijk 0" ® 0, ® oy, (37)
ij>0 ijk>0
A44B A B A B
oA%? ::E aziaz-l—i-g yiai1+§ gij 0; " ®0;"
i>0 i>0 ij>0

and ¢;;, dijk, €ij, fijis Tis Vi, 95 € R. Illustrations of the different summands are de-

picted in figure 3.

_—

XL

A
b

o LN NI

of | W | )=

B

T

Y

—

/H?‘h\/ S HB

Figure 2: Two laboratories A and B are described by maps from the input Hilbert
space, HX1 with X = A, B, and output Hilbert space, HX? with X = A, B.
They perform the following communication task. A and B obtain random bits
a, b and guesses x, y of the other’s bit. B’s additional bit &’ determines whose
guess is of interest. If the two laboratories are embedded in a global causal
structure, they can correctly guess the other parties bit with a probability of
Poyee < %. Picture taken from [11], altered.

The term B34

is compatible with A being in the causal future of B and de-

scribes quantum channels and quantum channels with memory from B to A. This

is reflected in the fact that the summands in o

B=4 correlate the output of B with

either the input of A alone, or with both inputs.
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Similarly ¢4=® describes quantum channels, with or without memory, from A to
B and can be understood as B being in the causal future of A .

The term o4#78 corresponds to non signaling correlations between A and B and
does not require one to be in the causal future of the other. The first two sum-
mands in (37) are independent input states of the two laboratories, while the last
expression corresponds to a shared input of A and B. Note that this last term
contains all correlations involving entanglement, which are non signaling.

There are also types of expressions that do not appear in process matrices. One
example are A; A;-type terms of the general form ) . 50 Mg 0;41 ®O’;~42, which would
correlate the output of A with its input. Such a correlation can be interpreted as a
causal loop, which is logically problematic. Other non-appearing terms and their
possible interpretations are shown in figure 4.

Note that the possible terms in (37) are a consequence of the conditions (34) and
(35) alone, yet there are no expressions appearing that would directly lead to log-
ical contradictions. Local loops, for example, can be interpreted as information
channels back in time, which represent a version of the famous grandfather paradox
[10]. Such expressions are excluded by these conditions, which are requirements
derived solely from the assumption that locally standard quantum mechanics is
valid.

B%A A, B, A, A, B,
A, B, AB
AtB LR A, B, A, B, B,
Causal Channels with
order States Channels memory
7| |
T 3 B,
A Mgyt B .
1

Figure 3: Expressions generally appearing in a process matrix W41428182 - The type
of an expression gives the spaces which are correlated by it (e.g. 14 ®
WA2B1 @ 152 is an Ay Bj-type expression). Below each type interpretations
and illustrations for each type are given; taken from [11].

The communication task considered in the derivation of the causal inequality in
3.1 requires the agents in the laboratories, Alice and Bob, to obtain random bits
a,b and b' and make guesses z and y. The quantum operations M and /\/l;3 of
interest therefore have to depend on those bits and guesses. The input states can
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be used to obtain x,y, while information about a, b can be encoded in the output
states, which are sent to the other laboratory. Bit ¢’ will determine the particu-
lar protocol applied in laboratory B. The probabilities necessary to calculate the
probability of success are given by equation (33).

A,, B,, A,B, A A, BB, A, A, B,, A,B,B, A,A,B,B,

Channels with

=] lection Local |
ostselectio ocal loops local loops

Global loops

||| |@

T 1 )

Figure 4: Types of expressions not appearing in a process matrix W#41428182 Below

each type possible interpretations and their illustrations are given; taken from
[11].

From (37) and the interpretations of these expressions it is clear that process
matrices containing no ¢=5- terms, which will be denoted as W4%5 are always
compatible with a global causal structure. All such process matrices agree with
the concept that A cannot signal to B. This can be understood as B being in the
spacetime complement of the future light cone of A. Hence all process matrices
WAZB are compatible with a global causal structure. Thus, they cannot be ex-
pected to violate the causal inequality for any pair of CP-maps.

The same is, of course, true for process matrices W5%4, which contain no o5=4-
terms. Moreover any probabilistic mixture of such process matrices is compatible
with a global causal structure as well. A process matrix is of that form

where p € [0, 1] is called causally separable and can never yield probabilities which
violate the causal inequality.

3.3 Violation of the Causal Inequality

In [11] an example for the violation of the causal inequality is presented for the
case of the inputs and outputs of both laboratories being qubits. This means that
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LHM) = L(HA2) = L(HP) = L(HP?) = span{l,0,,0,,0.}, where o; are the
Pauli matrices.

Consider the following strategy: Alice measures her input qubit in the z-basis
making her guess depending on the outcome, with z = 0 for |z, ) and x = 1 for
|z_). She then obtains her random bit a, encodes it in the z-basis (a = 0 <> |2+),
a =1+ |z—)) and sends it away.

The CJ- matrix of this operation is given by:

MAA = 2 (14 (10 )™ @ (1+ (—1)0) " (39)
Bob, on the other hand, obtains his bits b,0' and does the following: If ¢’ = 1
he measures his input in z-basis to receive full information about Alice’s bit. His
guess is then y = 0 for |z;) and y = 1 for |z_) and the output state p he prepares is
arbitrary, since Alice’s guess is not of importance in this case. If, however, i’ = 0,
Bob measures his input in the z-basis and encodes his other random bit b in the
z-basis depending on the measurement outcome. If the result is |z, ), b is encoded
by b =0 <> |z4) and b = 1 <> |z_). But, if he measures |x_), he encodes b by
b=0+< |z_) and b =1 <> |z4). These operations correspond to the CJ- matrix

Myl = ¥ MPPe 4 (0 & 1) Mg P (40)
where @ is the sum modulo 2 and

1
MPP =5 (14 (1)) @ g

1
Mleg _ ZL (]l + (_1)y0.$)31 ® (]l + (_1)b+yaz>B2 .

For the two CP-maps (39) and (40) the process matrix

WA _ L (1A1A23132 F (R @ oM ol @ 052)) (41)

4 V2

violates the causal inequality, since

P(y:a|b/:1):%<1+ (_j/);+a> < 2_|_4\/§
and
_1)&+b
Pe=a =0 =3 (1+ 577 <27

which gives a probability of success of

1
Poyee = 3 (P(x =0 =0)+ P(y=alt) =1)) <
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This example shows that general signaling correlations between two closed labo-
ratories, which are described by standard quantum mechanics, are not compatible
with the concept of a definite global causal structure.

3.4 Classical Processes

One part of the supplementary information of [11] is the proof that for any classical
process the process matrices of interest can be written as (38) and are therefore
causally separable and compatible with a global causal structure. As this proof
will be of crucial importance when considering semiquantum processes, see 4, it
will be discussed in detail here.

Analogous to (21) a collection of classical instruments acts on an input state
p as follows:

MX(p) = Zﬁi Tr(|i) (il p) (43)

with {|7)} being some ONB of the input Hilbert space H*' and [p;, p»] = 0. This
means the density matrices p are jointly diagonalizable and (43) can be written as

MX(p) =Y P(li)|k) (k] Tr(li) (il p)- (44)
ki

where { P(k|i)} are classical conditional probabilities for the output k given input
7. This can be understood as measuring the input with a certain complete set of
orthogonal projectors, which corresponds to a fized measurement basis. For each
measurement |i)(i| a certain state p; is prepared as output. The fact that the dif-
ferent reprepared states all commute ensures that the output can be understood
in terms of classical probabilities. One may speak of a fized output repreparation
basis. In general the mapping |i)(i| — p; between the input measurement and the
preparation of the output (and the probabilities P(k|i)) will also depend on the
measurement result j.

Classical operations are, therefore, characterized by CJ-matrices which are all
diagonal in a so called pointer basis, compare (26) and (44)

MY =7 MF 1 @ k) (k| (45)
ki

where X, denote the input and output spaces of the closed laboratories (X =
A,B), and M}* = P(k, j|i) is then the conditional probability of the result j being
measured and output state k being prepared, when the input state is 2. A labo-
ratory will be called classical if all the operations performed in it are classical, i.e.
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given by (45).

In the case of qubits, say spm-%-particles, the input spin is always measured along
direction 7 and, therefore, |i) = |n), where oz|n) = A\,|n), with Ay = +1 and
o7 = Y, n;0;. Moreover |k) = |r), with oX|r) = \.|r) and Ax = £1, which means
the output is spin-polarized along direction 7, o = >, 10;.

One is interested in bilinear functions of MiAlA2 @M JBlBQ given by (33). Since the
trace is basis independent one can calculate it in the basis {]i){i'|" ® |j)(j'|** ®
|k)(K'|/Pr @ |1)(I'|P2}, which is a combination of the two pointer bases of A and B:

Ty (WA1A23132 (M;hz‘b ® MbBlB2)) _

- 46
~Tr (WAlA?BlB?-ZM;ﬂM# |z'><z'|A1®|j><j|A2®|k><k|31®|Z><Z|B2) 1o
ijkl

In this basis a general process matrix is of the form

WAABE = B wggwen )1 © 1)1 @ KR @ 41

it jj’!
kK1

Restricting the possible CP-maps of the two laboratories to classical transforma-
tions, however, will limit the possible correlations in (46). This can be expressed
in terms of effective process matrices Wy, which have to fulfill:

Tr (W 0 MEME i) © 1) (1 © [k (k1P @ |z><u32) -
ijkl (47)

! iq N A\ /| Ag 1 o
~ Ty (Weff'ZMaJMfl i) (M @ 7)1 @ k) (kP @ |l><l!B>

ijkl

The left hand side can be calculated straight forwardly

TI‘ ( E wi’i”j’j”k’k"l’l” M;j Mécl PP

ii'd" 45"
kE KT
) @G @ 15 ) @ 1K) (KR (R @ |1 <l”|l><l\32> =
—— —— ~—— ~——
=0;11; =5j//j =013, =01,
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= s MIME T (0061 ©15) 1% W) (k% @ 1) 117 ) =

il j5'

kK1

= wsyuen MM G5 G B Q0) = 3 S MIME = (g
N

]Z;k.‘zi]l/ 76 il 76‘7]/ :5kk/ :6”/ ivjvkvl

where w;ji; = wiijkru. From this it is easy to see that

Wes = Y wigali) (i1 @ [7) (142 @ [k) (k| @ 1) (1] (49)
igkl

gives the same expression for the trace as (48):
Tr <Weff D MIMF G @ )G © k) (kP @ |l><l|32> =
ijikl

— Ty (Zwi,j,k,l, MIMF 5036508100 1012 @ [ G2 @ |KY (| @ u'><z\Bz> _

e
= wi MIME T (Ji) G @ )G @ 1) (K™ @ [115) = D wi MP M
15kl ijkl

(50)

This means that in the case of classical operations it is sufficient to consider process
matrices that are diagonal in the combined pointer basis. Such process matrices
(and processes) will also be called classical, since they correlate two classical lab-
oratories. Generally, a process matrix is of the form

1

= (1 4 oB#4 4 o425) (51)

WA1A231B2
da,dp,

where 0824 and 04#8 are not unique since terms of 04%2%5 may be contained in
any one of the two. Let )\; be the eigenvalues of 6524 4 g425 . Since WA1A42515
is positive semidefinite (1 + A; > 0 Vi) and o574 + 0478 is traceless (Tr(oB74 +
ocAEB) = S\, = 0)), the minimal eigenvalue \o lies between —1 and 0 (A €
[—1,0]).

25



One can therefore define

gAABL . — )\ 4 B4
K;AlBlBZ — O.AyﬁB (52)
giving
WALA2B1B2 _ ((1 + )\O)]l + kA1A2B1 + IQAlBlBQ) (53)
da,dp,
where 414281 4 A1 B1B2 > 0, since any eigenvalue /\(/iAlAQBl—i—/iAlBlBQ) of gAr42B1 4
rkA1B1B2 fylfills )\(/{AlAZBl + /{AlBlBQ) =—X+XN> =X+ X =0.
A1A2Bq

The effective process matrices can, of course, also be written as in (53) with &
and k415182 heing diagonal in the combined pointer basis.

Let then m; (i, j, k, 1) be the eigenvalues of k414251 and my (i, 5, k, 1) that of k415152,
For every pair (i, k), define

mi(l, k) = mlln {ml(i>j7 k, l)} = min {ml(ivjv k>}
» g » y . (54)
o(i k) = min {mo(i, 7, k, 1)} = min {mo(i, k,1)}.

s

m

Since k414281 and k415182 act trivially on By, and As, my(i, 7, k,1) do not de-
pend on [ and ms(i, 4, k,1) do not depend on j. This allows the following con-
struction of two positive semidefinite matrices 414251 and ®41P1P2 guch that
rAA2BL g ABIB: — pAiAeBr L pAiBiB2 - For simplicity the notation ky = k41425
and ko = k418182 will be used from now on.

For a given (i,k) the minimal eigenvalue of k1 + ko is mf(i, k) + mb(i, k) and
since Ky + Ko is positive semidefinfite

m (i, k) +ml(i, k) > 0. (55)

Either both m/ and m), are larger than zero or one of them is negative.

1. If mi(i, k) > 0 and m4(i, k) > 0 one does not modify k; and ky for this pair
(i, k).
2. If m|(i, k) < 0 one modifies k; and k9, defining
Ky = k1 —m) (i, k)]i) ] © 14 @ |k) (k|P @ 172
Kb = R+ m (i, k) ) (i1 @ 174 @ [k) (k[P @ 172

and, thus, leaving x1 + ko unchanged. The eigenvalues of these operators are
then

(56)

m(ky) = ma(i, j, k) —my(i, k) > mi(i, k) —mi(i,k) =0
and
m(ky) = ma(i, k, 1) +mi(i, k) > mh(i, k) +m}(i, k) > 0.
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3. If on the other hand m/(i, k) < 0 one defines

Ky o= ky A+ mb(i, k)| (] © 142 @ k) (k] @ 172

57
Kb = Ky — mb(i, k)|i) (i]" © 142 @ |k) (k|P' @ 172 (57)

instead, giving eigenvalues

m(ky) = m(i, j, k) +my(i, k) > my(i, k) +ms(i, k) > 0
and
m(ky) = ma(i, k, 1) — my(i, k) > mh(i, k) — mb(i, k) = 0.

Repeating step 1. 2. or 3. for all (i, k), one arrives at two matrices &, and Rq such
that
K}1+I€QZE1+EQZO and E120,E220.

The process matrix can therefore be written as

1
Weff — (pA1A2Bl + pAlBlBQ)
da,dp,

(58)
with  pM4280 . —(1 4 N1 +7, >0 and p"PP2.=%7, >0

Since pA142B1 contains only terms of the type A < B and A 4% B and is positive
semidefinite the following expression is a valid process matrix of the B £ A-form
described in 3.2.

WBAA — da,dsp, . A1AXBy
- Tr(ph)
Moreover
WAﬁB _ dAQdB2 . AlBlBQ
 Tr(phiBiB)

is also a valid process matrix containing only B < A- and A A% B-terms. As for
any process matrix Tr(W) = d,dp, one gets

Tr(pAlAQBl) Tr(pAlBlBg) .
dadaydpdp,  dada,dpds,

Hence in the case of classical operations, Wy can be written as

W =pWBA 4 (1 — p)WA2P
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and is therefore causally separable.

In this proof one constructs W5H%4 and W4%8 from the general form of a pro-
cess matrix. To be able to do that in the way described above some conditions
have to be fulfilled. Note that any process matrix W can always be written as in
(53) with k1 and k5 given by (52) and k1 + k2 > 0.

The question whether some W is causally separable is equivalent to the question
whether the positive semidefinite sum of the x; and k5 can be written as a sum of
two positive semidefinite matrices K; > 0 and k5 > 0 such that

K1+ Ko = K1 + Ro.

This is generally not the case if k; and ko are given by (52) but otherwise arbi-
trary, i.e. hermitian matrices consisting of the respective expressions in (37). The
following conditions, however, allow the construction described above.

Since k1 and ko should eventually lead to process matrices W5#4 and WA2E | the
only freedom one has in modifying them, is by adding and subtracting expressions

X=> kAt @1® @Bl @1, (59)

2
where A; and B; are hermitian matrices, such that xy + k3 is left unchanged. These
manipulations have to change the eigenvalues of k; and ks in a systematic way.

In order to be able to do that the eigenvalues m(-) of k1, ko and k; + Ko have to
fulfill

m(k1 + ko) = my(K1) + ma(ka), (60)

which is the case, if and only if x; and kg commute.
[:‘il, /12] =0. (61)
Furthermore the X-terms, given by (59), have to commute with both these terms,

[Iil,X] = [KQ,X] = 0, (62)

since only then does one get
m(k;) =m; £ ANX) fori=1,2 (63)

where A\(X) are the eigenvalues of X given by (59) and & are the modified x;,
1 = 1,2. Another important requirement for the construction above, assuming
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(60) is fulfilled, is that the minimization over the sum of the eigenvalues m; + my
is achieved by minimizing over m; and msy separately.

min{m(k1 + r2)} = min{my + ma} = min{m, } + min{mse} >0 (64)

which is the case, if the joint eigenvectors of k; and ko are product states on the
space HA @ HA2 @ HP @ HP2, see later (chapter 4.1).

Only if the three requirements (61), (62) and (64) are fulfilled the manipulations
(56) or (57) will systematically create positive eigenvalues for the modified oper-
ators k) and k}. Altogether (61), (62) and (64) are sufficient conditions for the
proof of causal separability described earlier in this section to work. To see that
they are by no means necessary, consider a causally separable process matrix with
o-terms generally given by (37):

WA1A2B1B2 — pWBﬁA + (1 _ p)WAﬁB —

1—
P (]l—i—aij—i—alAﬁ%B)—i——p (1+0235A+a;47ﬁ]3>:

" da,dp, da,dp,
A<B B=<A ALY4B A4+ B (65)
= L+poi="+(1—=ploy="+poy """ + (1 —p)oy
dAldBl N—— \ - N ~— P
—oA<B —oB=A _ AAYB
1 BAA | _A#B
da,dp,
Since [kq, ko] o [07=F, ¢6234] it will not vanish in general. For the simple coun-
terexample, considering qubits,
it =eo2 0ol + fotwot el | o =colh @ol @ol®
and afﬁB = afﬁB =0.
The commutator in (61) is given by
[l{la HQ] = [_/\O]l _’_pgij: (1 - p) 0-2BjA] =
= (p—p°) (ce oM @ o2 o,,0,]P @B+ cf (0., 0. @02 ® 052)
# 0.
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The relation (64) is not fulfilled, since m(k1 + K2) # my + my for non-commuting
k1 and ko, Moreover any X of the form (59) would have to consist of matrices A;
and B; that commute with both o, and ¢, in order to fulfill (62). This is the case,
if and only if A; oc 1 and B; o< 1 Vi, j, leaving only trivial X-terms, which cannot
modify k; and k. So none of the sufficient conditions is fulfilled although

1
da,dp,

A=<B

WA (p(L+07=7) + (1 = p)(L + 0y*"))

was chosen to be causally separable to begin with.

4 Semiquantum Processes and Causal Separability

In this chapter semiquantum processes, which describe semiquantum correlations
between two closed laboratories, will be analyzed.

Since laboratories are sets of quantum instruments, they can, analogous to to
quantum channels and bipartite states, see 2.2 and 2.3, be classified as classical-
quantum and quantum-classical. The processes for two semiquantum laboratories
are then also called semiquantum. One may also regard processes, which correlate
a truly quantum to a classical laboratory as semiquantum since the correlations
in this case are semiquantum as well. Finally, the correlations between a classical
and a semiquantum laboratory are either classical or semiquantum and will be
considered in the end of this chapter.

The limitation of possible correlations between the two laboratories can, as in the
classical case, be expressed in terms of an effective process matriz Wey; charac-
terizing semiquantum processes. These will then be analyzed in terms of causal
separability.

A c¢-q operation is characterized by a CJ- matrix

M¥ =3 Piln)n) (n]¥ © X7 (66)

where P(i|n) is the (classical) probability of result i being measured, if the input
is n, and X; is some hermitian matrix depending on the measurement result .
Any laboratory in which only operations like (66) are performed, is therefore also
called classical-quantum. It corresponds to a laboratory, where the input state
is always measured in a fixed measurement basis. 1f, for example, the input and
output of the laboratory are spin—%—particles, the spin is always measured along
the same direction.
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Q)-c operation, on the other hand, have CJ- matrices of the following form

MY =% X @ P(rfi)r) (r (67)

r

where again X; is some hermitian matrix and P(r|i) is the probability of output
r given the measurement result . The term quantum-classical, again, describes
the whole laboratory, if only operations as in (67) are possible. In a g-c laboratory
all the possible output states commute with one another. In the case of spin-
%—particles this means that the output states are spin polarized along a fixed
direction.

4.1 Classical-Quantum Laboratories

If both laboratories, A and B, are c-q, see figure 5, the inputs in each of them
are measured in a fixed basis. The corresponding CP-maps are represented by the
following kind of tensor product of CJ-matrices

M2 0 MPP = 37 Puln) (| @ AL © Pufm) (m|™ © B, (68)

nm

The dependance of the operations on the measurement results is given by the
probabilities P, = P(i|n) and P,, = P(m|j), but will no longer be stated explicitly,
since only the general structure of operations, which is the same for all 7 and j,
is of interest. Tensor products, which contain diagonal matrices in at least one of
the subspaces, will further be referred to as partially diagonal.

Figure 5: Correlations between two classical-quantum laboratories. The input mea-
surements are quasi classical, while the outputs are arbitrary quantum states.
All possible signaling channels are quantum-classical. Picture taken from [11],
altered.

31



Consider the basis {|n)(n/| @ i) (i'|12 @ |m)(m/|P' @ |5)(j|'P?}, where {]i)*?} and
{|7)B2} are arbitrary ONB’s of HA2 and HP2, while {|n)} and {|m)} are those
ONB’s of the input spaces, out of which the orthogonal projectors in (66) are
composed.

The effective process matrices of interest have to fulfill the following equation:

T | W37 Paladnl™ @ aueli) 01 @ Pl (ml™ @ by )71 | =

’I’Lll

mjj’
(69)
2 T P, 1 As P, Bi o p. By
=Tr [ Wers - Y Paln)(nl™ ® i) (i'|* @ Polm)(m|™ @ by|5) (5|
£
From that one can find W, like in 3.4:
Tr ( Z Wy n! kk!m/m/! 11! Pn (0774 Pm bjj’ o
m
k'l
/ " Ay 12\ /21| As / " B, IV \/:B2\ __
- [nf) (" n) (0|7t @ |k) (K[0) (@7 @ [m”) {m"|m) (m[™* @ [1) (I']5) (7| ) =
— —— —— ——
:6 N :6k),7, :Jm//m :61/]
= D Wit Patis Pubiy Tr () (0 @ R} & ) (m]® @ |1 (7 ) =
nn'/mm’k
i’ 55’1
== Z Wn!nkim/mlj Pn Qi Pm bjj/ <n|n/> <7’/’k <m‘m/> <]l‘l> =
—— N ——
nn/mm'k =8 =0y =0t =01,
i’ 55’1 J
= Z Wnni'immg'j Pn Q1 Pm bjj'
nii’
mgj’
(70)
With wi{lf mjjt ‘= Wnnii'mmgj's the effective process matrices are given by
Wepp =Y wpton) (n]™ @ [0) ()% @ [m)(m|® @ |5) (5'|* (71)

nii,
mjj
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since

Tr | Wepp - Y Paln)(n]™ @ aili) (/142 @ Po|m)(m|” @ by |5) (1% | =
mis

=Tr ( E wzflgk’m’ll’ Pn Qi Pm b]]/ 5n/n5k,/i5m/m5l/j Ce

n,n’ k,k’
m,m/’ Il

0,4,5,5"
(72)
)l @ [ (2 @ fm ) (m] P @ Il><J’|BQ> =

= wtll s P i P by (nl) (i) (mlm') (]1) =

~ S N ——
TT:IIZ:;‘Z]/ :5nn’ :5i/k :6mm/ :6]"1
= E Wnni'immg'j P, aiy Py, bjj’-
nis’
mjj’

Like the respective tensor product of the CJ- matrices the effective process matrix
is partially diagonal in the basis {|n)(n/|** @ |i){i'|*2 @ |m) (m'|P* @ |5) (j|"P2}. One
can now analyze W.ss given by (71) in terms of causal separability. As the bases
of H*2 and HP2 were arbitrary consider W, in the basis { |n)(n/|" ® 0> ®
Im)(m’|® ® 0% }. In that case the terms defined in (37) are

o530 =3 cui Iny (M @ 072 + 3 dui In) (0| @ [ (m|™* @ o

nmai

ou” =D em ol @ m)ml® Y fuim )M @ 0 @ Im) (| (73

nim

A B 1 1 1 1
o =S )M Y g ) (P Y g [0) (0] @ m) (]

where the sums are taken over ¢,j = 1... df(z —landn,m=1...dx,,with X =
A, B. For such W,s¢ one can start from the following definitions

fif;fQBl = /iiff ==Xl + U:ﬁB + Zym |m) (m| P
m

(74)

Refp P = Ry = oen Y wn [)(lM ) gum ) (0] ® [m) (m] ™
n

n,m
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where \g is the minimal eigenvalue of x,; + 2.

In order to check whether one can modify ], and xZ;; to arrive at &};; > 0 and
RZpp > 0 such that B, + 2y p = kgpp+ Ripp, one has to verify the conditions (61),
(62) and (64).

First note that the commutator of s}, and xZ;; vanishes:

[kt kips] == Xo [ k2] + D eim [0 @ |m)(m|®, v2;/]

m

) foim () @ 0 @ [m)(m|™, k2]

nim

+ Zym Um> <m’Bla ’%gff} =0
m
To see this, consider each type of commutator separately:

1 [1,k%] =0

2. [fm)(mlP k2] = 3 ey [Jm) (mlP, ') (| @ 0]
n'j

d . B1 / 11Aq / 1 B1 B2

-|-Z s (M) (m] P ') (0| @ [m') (m |7+ @ 077

n/m/j

+ Yz [lm){m] ™, ) (' |]

n

+ D G [Im) (m[ P, ) (| @ [y (| ] =

n/m/

— Z ey (1) (0 [M @ S [m) (|71 @ 072
n'm’j

—[) (1|1 @ S|y (|t @ 07?)

+ Zgn/m, (‘n/><n/|A1 ® 5mm,|m><m/|31 . |n/><n/’A1 ® 5m,m‘m/> <m|Bl) =0

3. [of @ |m)(ml® wZp] =D cws [0 @ |m)(ml™ n) (0| @ 07]

n'j

+ Z -y [0242 ® |m){(m|P, |n) (0| @ |m/) (m!|P* @ afﬂ

n'm’j
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e a0 @ Im)(m|P ) (0[]
+ 37 G [0 @ [m) ] P2 0) (0| @ [ | P1] =

n’'m/’

=) oy (I | @ 072 @ Sy [m) (m' [P @ 072

n'm’j

=Y (M © 07 @ |y (] @ 0])

+ ) G (I0) (0 |[M @ 0 @ Sy |y (m [P

—|nY ([N @ 0 ® 5m/m|m’><m|31) =0
[|n) (n|* ® 0242 ® |m)(m|", ffgff] =

= e [In) (0™ ® 072 @ [m) (m| P, [y (0| @ 072
n'j
+ Y g [In) (0 @ 02 @ [m) (m] ™, ) (| @ [ ) (1Pt @ 0]

n'm’j

+3 " a [In) (0] @ 072 © m) (m) ™, |0 (']
+ 3 gu [I) (M @ 072 @ [m) (m) P, |0y (0|1 @ [ (m'|P1] =
= e G|y (0| @ 072 @ Im)(m[* @072 ...

n'j

oo = Bl) (] ® 0 @ fm) (] © 0))

+ Z dn/m’j (5nn’|n> <n,|A1 ® 0242 ® 5mm’|m> <m/|Bl ® O—]'BQ ce
n/m’j

o =G0 Y (0] @ 672 @ G| ) (| @ 5 72)

+ ) T (G|} (01N @ 072 @ [m) (|t = 6,0} (0] © 0% © [m) (m| ™)
+ 5" Gumt (B I (012 © 0712 © By ) (%1 .

oo =0 (0| @ 02 @ S |m) ([P = 0
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Secondly, since Iiéf s and Iizf s> like Weypr, are partially diagonal, one might modify
them using X-terms of the form

Xy = [0} (0] @ 142 @ [m) (m|P @ 152 (75)

analogous to the case of classical operations. It is easy to see that [k £t Xnm)) =

[Kes s Xmamy] = =Ao [T, [n) (n|* @ [m) (m| "]

> i [0 @ ') (|71, In) 4 @ ) m|P1]

+ Y S [0} (011 © 012 @ ) (1P [) (] @ [m) ()]

n'im/

+ Xy [l (|7, ) (0] @ ) (m || =

=" i Ormn) (0™ @ 02 @ Jm/)(m|® = S |n) (0| @ 02 @ ) (m/|P)
+ D Fuims (BunGmnl ) (0| @ 072 @ /Y m]P ..

n'im/’

_5nn’ mm”n> <n/‘A1 ® UiA2 ® |m> <m/|Bl)

D e O} (1|4 @ ) (I = el ) (0| @ ) | 1) = 0

/

and
(525 Xnam)] = ch [y (0| @ 072, [n) (n|** @ |m)(m|P']
) dys [I0) (0| @ () ([P @ 02, |n) (0| @ [m) (m] ]

+ 3 @ [0 1) (] @ [m) (m] ]

+ D gua [0 (0|1 @ [y (|1 ) (M © [m) (m|P1] = 0.

This means that there exists an ONB of joint eigenvectors {[¢)™")} of X (nm), #¢sf
and k2 ;. Let {|i)®]7)®|k)®|l)} be some ONB of HM' @HA2@HP @1 . Since the
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X(n,m) are orthogonal projectors they have only eigenvalues 0 and 1. Moreover, a
joint eigenvector [¢™™) of X my, kiipp and w2, With X ) [00™™) = [¢p™™) fulfills
X mny[p™™) = 0 for (n',m') # (n,m). Consider now such an eigenvector |¢™"):

X 0"™) =Xnmy Y _ cinali)™ @ )" @ [k) P @ |1)
ijkl

= Zcijkz|n><n|73>A1 ® 1) @ |m)(m[k)® @ |1)P?

ijkl

= Z Cojman) ™ @ [7)2 @ [m)Pr @ |1) 2
(76)

—Zcm L@ 1) @ k)P @ 1)
ijkl

= | = GimM @ i)™ © [m)™ @ |1

gl

Note that for a given pair (n,m) there have to be da,d4, linearly independent
eigenvectors [¢)™™) of X(, ) with eigenvalue 1.

"Giff|1/’n’m> = ( Aol +Ueff +Zym’ Im/)( ’B1> ™)

== ol™™) + Y e M) @ oyl)™ @ )P (' |m) w|1)
——

im’jl g
+ Z C;'l Forime [0Y2 (0 |n) @03|5) 2 @ |m/)BY (m|m) ®|1)72
n'm/’ N——" N——
Zjl :677,’71 :6m/m

+ 3 iyl @ ) @ [m) P (! |m) @ 1)
——

jlml :5m/m
=Y Gilmt e <(—>\0 R ICILEDY fmmai> ) & [m) ™ @ |1y
gl R i ‘ .
:A(n,m)
=my Y ) @ [5)4 @ [m)™ @ |1)P:
5l

(77)
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Kopfl™™) = < Z?AJern ) (1 4 o ) (0 @ Im'><m'lBl> ™)

= drcwa )M @ )" @ [m)P (m|m) @oi|1) 2
——

n’ijl =5, 1.
+Z iy Anrimy 1) A1< 'In) @[5)*2 @ |m')Pt (m'|m) @o;]1)™
——
o _5, =6yt
+Y dyaln)™ {n) @1)* @ [m') ™ @ 1)
jln’ 571,”
+Zgnm /)™ ( In>®IJ>A2®IM>BI (m/|m) 1)
——
_5n,n =51tm
=S it @)% @ jm)P @ <<gn,m + )+ cnioi+ Y dnim0i> Uk
jl R i g _
::B(n,m)
= my Y A @ i) @ m)? @ [y

il
Together (77) and (78) are equivalent to

A% o (z ¢ iy u>Bz) o S 0 1
jl jl
and

14 @ B2, (Z iy @ |l>32> = by ) uli) ™ @ 1)

jl j
which means the joint eigenvectors [¢)™™) of Xy, k2 s and /@-gf s are of the form

) = )™ @ |a)®2 @ [m)™ @ |b)P2, (79)

where A(nym)|a>A2 = a(n,m)|a)A2 and B(n7m)|b>32 = l_)(n,m)|b>32.
Since all summands appearing in their definitions are hermitian matrices, so are
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Anm) and By, m). Hence there are d4, orthogonal eigenvectors |a) and dp, orthog-
onal eigenvectors |b), giving d4,da, linearly independent [¢)™™) for a given pair
(n,m), as required.

Repeating this for all possible pairs (n,m) one arrives at an ONB of joint eigen-
vectors [¢™"™) in which s}, kZ2;; and all X(, ., are diagonal. The eigenvalues
mi(n,a,m,b) and may(n,a,m,b) of miff and mgff therefore add up to give the
eigenvalues of r! st /fgf f» as required in (60). Furthermore the ¢™™ are product
vectors and one can therefore apply the same argument as in the classical case
concerning the minimal eigenvalues. Namely, since m4(n, a, m,b) does not depend
on b and msy(n,a, m,b) does not depend on a, the minimal eigenvalue for a given
pair (n,m) is again

W;Libn{ml(n, a,m) + ma(n,m,b)} =

. . , , (80)
= mjn{ml(n, a,m)} + mbm{mg(n, m,b)} = mj(n,m)+miy(n,m) >0

All the necessary conditions for the construction in 3.4 are fulfilled and one can,
like in the case of classical processes, modify /iéf 7 and /igff by adding and sub-

tracting the necessary X, -terms for every (n,m).

This will ultimately lead to Eéf ;> 0and ng s > 0 such that

1
(L4 X)L +Fepy +Fpy) = (phrAeBr  plibrb) —

Werr =
ff da,dp,

da,dp,
(81)

= pWBH 4+ (1 — p)WAEE,

analogous to the classical case, compare (58) .

This means that correlations between two classical-quantum laboratories are also
always compatible with a global causal structure. In the case of fixed input mea-
surement bases, the signaling correlations between the laboratories are quantum-
classical. Nevertheless they cannot violate the causal inequality (32).

4.2 Quantum-Classical Laboratories

Two g-c¢ laboratories, see figure 6, correspond to the output states of each being
prepared in the same basis in all operations. Generally one is interested in process
matrices acting on tensor products

M @ MPP2 =N " AN @ Polr)(r|™ @ B @ Pfs)(s|™. (82)

T8
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classical-quantum

Figure 6: Correlations between two quantum-classical laboratories. The input mea-
surements are arbitrary, while the output states of each laboratory commute.
All possible signaling channels are classical-quantum. Picture taken from
[11], altered.

Again, one can determine the effective process matrices for this limitation of CP-
maps. The trace is calculated in the basis {|i) (i’ |1 @|r) (r'| 2@ |5) (§'|Pr®@|s) (s'| P2},
where {|i)41} and {|j)P'} are arbitrary ONB’s of H4t and HP.

Tr ( E Wik r'rlrs' s Q! PT‘ bjj’ Ps s

rr/r’ss's!

i 5 Rk 1
R R @ ) () (e @ (0 UG @ 1) <S"|S><8|BQ) =
:6]6,1 :57‘//7‘ :5l/] :58115
= Zwkir”rljs’s Qg3 Pr bjj’ Ps 5i’k5rr’5j’l5ss’ = Zwii’rrjj’ss Qg Pr bj’j Ps
rr'k mz’/
i )
i jj
With w;ffjj,s = Wigrrjjiss, the effective process matrices are of the form
Wepp = Y wigl s 0@ @ [r)(r*2 @ ) (1% @ |s)(s]™, (84)
7,0
8,9,3

which in the basis {o/" ® |r)(r'|*? @ Ufl ® |s)(s'|P2} consist of the following o -
terms:
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5‘?1 Zcis ot @ |s)(s| + Zdijs ot ® U]Bl ® |s) (s

AP = Zem P @l +3 " fuy o @) [ @0 (85)

E

7/"_]

o =S+ o+ S ool

To see whether the construction in 3.4 works for such effective process matrices,
consider the commutators between these terms.

1. [ B=<A O'A-<B} _ ch [0_2{41 ® |S>< |Bg ?f;B}

Oeff +0cff
+ Y dys o @0t @ [s)(s|?,0077] £ 0
ijs

in general. The first sum contains the following expressions

(o @ 15) (51, 0l57) = 3 ens [0 @ Is) (51, In) (1 @ ]

+ Y fim [0 @ 1s) (572,07 @ [r)(r]*2 @ 0] =

jrk
= fimk ool @) {rI @ o @ s)(s|™
grk

while the commutators in the second sum give

ot @0 @ |s)(sl™,07%] = D eni [0 @ 07 @ Is) (sl ) (™ @ 0]
rk

+ Y e [0 @]t @ s)(s], 0t @ ) (r| 2 ® o] =
krl
=S e o @ ) (2 @ o, 01" © |s) (5[

+ ka,,l ((jia,fl ® |r)(r|A2 ® ajalBl ®oPr @ |s)(s|P2 ...
krl

— oo @ ) @ oo @ 0B @ |s><s|B2) _
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= Den ol @It 0000 @) oI

n Z 2fzrl |A2 [Uj,Ul]Bl ® |S><S|B2 df:“j [g ]Al ® | ><r|A2 X |S><8|32

+ Z 21 frl Z NikenBjim + %mVljm)Ufl ® UJBI ® |7"><7"|A2 ® Uﬁl ® ’5><5|327
krl

where 7;j; and v;;; are the totally antisymmetric and ~;;; and f;;;, are the totally
symmetric structure constants of su(dy,) and su(dg, ).
Altogether one gets

[ er;Aa :};B Zczs fjrk O'Z,O']] ! & |T><T|A2 ® O'kBl X |S><S|B2
zgk

+ Y digs (erp 07 @ [r)(r]*2 @ [0, 0] @ ) (5] ...
ijkl

rsnm

2

+ d—firl\rﬂrlAQ ® [Oj,UZ]Bl ® |3)<3|B2 .
Aq
2

R d_fkrj[gia Uk]Al & |7"><7”|A2 ® |3><3|32 ce
B1

< 20 frrt it Bjim + VeinVijm) o7 @ 07 @ |r)(r]42 @ o7t @ ) (s|72) # 0

2. |oli eli] -> ot @ 1s) (5172, 02274

£ Y dy [0 © 0% © Js) el 054

ijs

Consider, again, the types of commutators in the two sums separately:
BA*A A
o @ Js) (sl 07| = > el @161 o]
+ >y [0 @ s)(s]2, 0] +Zg]k @ ls)sP o @ o] =
J

=Y zslov, 03] @ Js) (s + Zgjk [, 03] ® 03> @ [ 5) (5]
j

ik
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and

o @ P @ ls) (sl 07| = D [ @ o @ |s) (5|, o]

k
+Zyk [o ®aBl ® |s) (s, 07 +ng1 - ®UJB1 ® |s)(s|?, 01 @ 0] =
=S w oot @0 @ s) 132+Zyw 05, 0% @ |s) (5]

+ Zgak(w;:“ ® 001" ® [s) (5] = akaf‘l ® o0 @ |s)(sI%).
kl

Therefore, in general, this commutator does not vanish, either.

o5 T = D e (wilon o5 @ [s) (51 + ganlon, o5 @ 02 @ |s)(s|2)

ijsk
> digs (wx [0, 0n ™ @ 07 @ 1) (517 + e 0 @ g, 0] @ [s) (5] ..

ks
2 B B 2 A B
ct ——gkilog, 0] 7t @ |s)(s]7 + ——galoi, 0k @ [s){s|7* . ..
da, dp,
iy Z 2411 (Niken Bijim + ’Ykml/z]'m)ﬂfl ® Uﬁl ® |S><5’BQ) # 0

The last commutator one has to consider is
A=<B Bﬁ}éA A BﬁiA
3. [ Ocff +0cfs ] Zem “7” % @ o o }

P ot @ )l @ P o lf

2,7,
with
et @l o] = 3 a [l e o o
+ Yy (I @0 0] +Zg]k Wri2@olt ot @] =

=y I e ai,aj1Bl+Zgjk 3,051 @ |r) (|42 ® ot
. 2
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and

[afh ® r)(r|* @ of fﬁﬂ} Zxk M@ )| @olt o]
+Zyk Ml e, +ngz Mo e ot @] =
= Zxk i, 01N @ |r)(r|* @ 0351 + Zyk o @ [r)(r|*2 @ [0}, o] "

k k

+ Zgl,k (aiafl @ (|2 @ o;0P — oo @ ) (r2 @0 Ufh)
kl
Altogether this gives
BAYA
oIl = e (s I 1 © (03,0l + g o, o) @ I |2 @ 0)
rijk

£ 37 firg (0 [, o) @ )2 @ 02 g 07 @ ) (1] @ [, )

Kl
2 A2 Bl 2 Al A2
gl ol @ Loy, o™ + gl ol @ ) ol
Al Bl
s E 201,01 (Niken Bjim + ’Vkinl/ljm)o';?l ® |7’><7’\A2 ® Uﬁl> #0

Since none of JE;;A, USﬁB and afﬁ 74 commute, neither will any s}, and x7; one

can define. This means that (61) is not satisfied and one cannot construct Eéf f
and 77 to arrive at an expression for Wess as in (58).

Process matrices describing correlations between two ¢-c¢ laboratories can, there-
fore, not be shown to be causally separable by means of the construction described
in 3.4. In general they will not be and therefore it should be possible for two g-c
laboratories, which communicate via c-q channels, to violate the causal inequality.

4.3 A Classical-Quantum and a Quantum-Classical Laboratory

The third possible combination of two semiquantum laboratories is one c-q (say
A) and one g-c laboratory (B), see figure 7. This means that in A the input is
always measured in the same basis, while in B the output state is prepared in the
same basis every time. The products of the CJ- matrices of interest are all of the
following form:

M2 @ MPP = " Pln)(n]™ @ Af* @ B @ Ps)(s|™  (86)
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quantum

Figure 7: Correlations between a c-q (A) and a g-c laboratory (B). The input mea-
surements in A are quasi classical, while the outputs are arbitrary quantum
states. In B the input measurements are arbitrary, while all output states
commute. Possible signaling channels are either truly quantum (from A to
B) or quasi classical (from B to A). Picture taken from [11], altered.

This time, the effective process matrices W, s are calculated in the basis {|n)(n/[*'®
D12 @ [)(7% @ [s)(s'|P2}, where {[i)*2} and {|j)} are, again, arbitrary
ONB’s of HA1 and HP2.

Tr ( E Wn/n! kK11 s’ s Pn Qg bjj’ Ps cee

nn/nl/sslsll

i 55 kk 1

'y () (] @ (k) (K]0 (14 @ |0 (5GP @ 1) <S”!S>(8\BQ> =
—— —— ~——

——
:(sn//n :616/1 :6l/j :651/5
= wankayes Patibiy Pe () (@18) (1) (5]5)
e N N -~
'n?"L//lC:S/S/ :671,11/ :62"16 =0 i’l :655’
1’55’1 J
= Z Wnnii'jj'ss P, ay; bj’j P,
nii’
sjj’
(87)
For wz{f its = Wnniitjj'ss this gives effective process matrices
Werp = Z wild ) (nlM @ |02 @ 1) (517 @ |s) (5], (88)
n,z,z
8,0.5

which in the basis {|n)(n/|* ® 0/ ® Ufl ® |s)(s'|P2} consist of the following o -
terms:
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oy = Zcm 1) (41 [8) (5152 + 3 dusy [n) (0] © 0Pt ® |3) (5|2

nis

oo = Zem 02 @07 + Y fuiy In) (0| @0 @] (89)

nij

A4S B
ol an ) {nf +Z% o; +ng ) (" @
The commutators between these terms are
B<A _A<B A=<B
L [ efj‘ ) efj“ } _chs [|n><n|Al ® |S>< |B27 ef; ]

+ D duis [[n) (0" @ 0P @ [s) (5™, 0777

with o
[In)(n ™ @ [s)(s1™, 0077 = D iy [In)(nl™ @ |s) (5™, 072 © 07"
i,J
+ > f [In)(nl™ @ [s) (s, ) (0| @ 072 @ 071] = 0
n',i,j
but

[In){nl ™ @ of* @ |s)(s1™, 0077] = D e [In) (n]™ @ 0 @ 1) (s, 07 @ 0]
ik

+ > fwgn [In) (M @ 0P @ [s) (5], In) (0|1 @ 02 @ 0] =
n',j.k

=D (eje+ faga) )0 © 072 @ [0, 04] @ |s) (s
7,k

Therefore, in general, one gets

[oP7 ol Z is (€51 + fagi) In) (0] @ 072 @ [07,04]% @ [s) (5] # 0
e

for the first commutator. Moreover,
BAFA A
2 [of T = e Il @ 13 (s, T
BAFA
£ s [InMnl @ 0P @ 1) (5|, 077

nis
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Again

1) (n @ |s)(s]™, 07| = an/ [In)(nl™ @ |s)(s]™, ) ' |]
+ 2 i [Iny{nl® @ [s)(s), BI}

+ Y g [IM) (0l @ ]s) (5|, () (0| @ 07'] =0,

n'i
but

1) (n @ o @ |s) (512, 0177 | = Z 2o [0} @ o @ [s) (|7, 0 (/| ]
30 [l 00 © s,

+ > gwi [In) ([ @ 07 @ |s) (%2, In') (0| @ 0] =

n'j

= Z(yj + gng) ) (0| @[04, 0] @ |s) (|2,

which means that

e o] = 2 ot 0 9n) Il @ [l @ ) (sl £

sj

Finally, the third commutator is
B=<A _B##A A B, _B##A
3. [Ueff’ Tefs ] Zew [Uf@"jl’%ff ]

3 s [ 0 o

nij
with
o6 oo 2] = S o 0]+ S o oo
k
+Zgnk [0 @ o, |n><n|A1 ® o] =
= Zyka *® o, 0% +Zgnk In)(n|" ® 0/ ® [0, 0]

k
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and

)l @ o2 @ a2, T | = 3w [In) (0 @ 02 @ o ') (]
+ Zyk [|n)<n|A1 ® (TZAQ ® Ufl,aflﬂj
k
+ 3 g [ (0™ @ 0 @ 0Pt )| @ o] =
'k
= (e + gur) ) (0| @ 072 @ [0, 04] .
k

So altogether this gives

[U:ﬁBa af}fcﬂ] = eij (o @ [05,0% + gurln) (0] ® 072 @ [0, 0] )
nijk
+ 3 Fuig Wk + gus) In) (M ® 072 @ [0, 047 £ 0,
ik
(90)

which means that, like in 4.2, none of the o.ss-terms, and therefore none of the
possible Iiéf 5 and I{zf > commute and Wesr, again, will not be causally separable
in general.
Note that quantum channels between a c-q (A) and a g-c laboratory (B) are either
truly quantum, if they are from A to B, or classical, if they are from B to A. Using
these two types of communication together, two laboratories should also be able
to wviolate the causal inequality.

4.4 Other Semiquantum Correlations

Semiquantum correlations also arise between a classical laboratory and a truly
quantum or even a semiquantum one, see figure 8. In the latter situations the
correlations are either classical or semiquantum. All these cases will be discussed
here.

The combination of a classical laboratory (say A) and a truly quantum one (B)
can be realized by fixing input measurement and output repreparation bases in A,
while in B both are arbitrary. The respective combinations of CJ- matrices have
the following structure

MM @ MPB =N B )t @ ) ([ @ AR @ BB (91)
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classical-quantum

Figure 8: Correlations between a quasi classical laboratory (A) and a quantum one (B).

In A the input measurements and the prepared outputs are quasi classical,
while in B both are arbitrary. Possible signaling channels are either classical-
quantum (from A to B) or quantum-classical (from B to A). Picture taken
from [11], altered.

and lead to effective process matrices

Wess = Y wraggln) (nl ' @ [r)(r*2 @ [0) (' @ 1) (') (92)

mz
rjj’

These W,y consist of the following terms:

er;A Zcm- In)(n|" @ o + dej In)(n|" @ o' ® af"’

nij

:ﬁB 26” Wr|t ® ol + me (n|™ @ |r)y(r|*? @ o (93)
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Also these three terms do not commute with one another

(0554, 02535 = 3 duiglenn + furi) [0} (0] @ 1) (|2 @ [0, 00)P @ 072 £ 0
nrijk
B A 1 5
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which again means that one cannot deduce that W,y is causally separable in gen-
eral.

Processes for two semiquantum laboratories are only compatible with a global
causal structure if the two laboratories are classical-quantum, with g-c¢ signaling
between them. If the input measurement bases are fixed in both laboratories,
every quantum system A and B receive appears classical. This means that any
information they gain from the other laboratory is (seemingly) classical. In that
case no violation of the causal inequality is possible.

classical

Figure 9: Correlations between a quasi classical (A) and a classical-quantum laboratory
(B). While in A both input measurement and output preparation are quasi
classical, in B only the input measurement basis is fixed. Possible signaling
channels are either classical (from A to B) or quantum-classical (from B to
A). Picture taken from [11], altered.

To see that for all the other cases a violation of the causal inequality is indeed pos-
sible, consider correlations between a classical laboratory (A) and a semiquantum
one (B).

If B is c-q, see figure 9, the effective process matrices of interest are, of course,
causally separable. This case lies between the purely classical case and that of two
c-q laboratories. It means that in equation (79) |a) = |r), where ol |r) = P,|r)
and the construction of &}, and &;; can be carried out as described in 3.4. If,
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classical-quantum

Figure 10: Correlations between a quasi classical (A) and a quantum-classical labora-
tory (B). While in A both input measurement and output preparation are
quasi classical, in B only the prepared output states commute. Possible
signaling channels are either classical-quantum (from A to B) or classical
(from B to A). Picture taken from [11], altered.

however, B is g-c, see figure 10, the effective process matrices are

Weps = an sl (] @ |r) (|2 @ [0 (7 @ [s)(s] 2 (94)
with wZ{fi,S = Wpprriirss- Lhey consist of o,y p-terms.
o7 = 2w I @ N1 £ D i Innl* © 0 ©15) (o1
ol = Zem Yr|*2 @ ot + Zf:: Y(n|M @ [r) (r|* @ o (95)
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giving the following commutation relations.
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Even if one laboratory is (quasi) classical and the other only quantum-classical,
which means that signaling correlations are either classical or c-q, W cannot be
shown to be causally separable. Moreover, the example WAt428152 in (41) of a
process, that actually violates the causal inequality, is exactly of the form (94) when
considered in the basis {|2) (/| @ |2) (2|2 @ 0P ®|2) (2|72}, with o, |4 2) = £|2).
The (quasi) classical operations in A can be regarded as a special case of both a
c-q and a g-c laboratory. Hence WA142B182 also shows that correlations between
two q-c laboratories, see 4.2, and between a c-q and a g-c laboratory, 4.3, are
incompatible with the concept of a global causal structure.

5 Conclusion

The most general quantum correlations between two closed laboratories are not
compatible with the concept of a global causal structure in which they are embed-
ded. If, however, the laboratories, and therefore the correlations between them,
are classical, communication between them always respects the constraints of a
background causal structure. A closed quantum laboratory corresponds to a set
of CP- maps from the input Hilbert space to the output Hilbert space. A (quasi)
classical laboratory can then be regarded as a special case, where the input states
are measured with a fixed, complete set of orthogonal projectors and all possible
output states commute with one another. If only one of these two properties is
fulfilled, the laboratory is semiquantum. Semiquantum correlations, therefore, lie
in between classical and quantum ones. In a c-q laboratory the input measure-
ments can be described classically while the output states are arbitrary, when in
a g-c¢ laboratory the input measurements are arbitrary while all possible outputs
commute. Correlations between two closed laboratories can always be understood
in terms of a global causal structure, only if the information gained from the inputs
can be described classically. This is the case if the laboratories are quasi classi-
cal or c-q. Note that this provides an outside view of the laboratories, which is
useful when considering correlations between them. The inside of the laboratories
is, per definition, described by quantum mechanics. Therefore experimenters can
still observe quantum behavior, even in a quasi classical laboratory. They can,
for example, use the quantum states after the input measurement, subject it to
some non trivial time evolution and observe a violation of a Leggett inequality, [31].

The fact that two c-q laboratories are unable to violate the causal inequality seems
to agree with the original conjecture that compatibility with a global causal struc-
ture arises with classicality. Restricting A and B to c-q operations limits the
information they can receive from the other laboratory to classical information. It
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is therefore not surprising that their success in the task of guessing events in the
other laboratory does not exceed the classical limit. The example WA1425152 ip
(41), however, raises serious doubts about the quantum character of correlations
being responsible for possible incompatibility with a global causal structure. There
are no truly quantum signaling correlations between a classical and a g-c labora-
tory. Actually, in the case of three or more parties purely classical laboratories can
be correlated in ways that are not compatible with a global causal structure, see
[32]. Indefinite causal structures, like the ones described by WA42B182 - do not de-
pend on quantum correlations to be observed. Hence definite causal structures like
spacetime are not an effect of a quantum-to-classical transition as first proposed.
Still, the quantum theoretical description allows for these exotic causal structures.
The question of how they might be observed motivates to further investigate the
respective formalisms.

Generally, the quantum informational approach to causality might give rise to new
approaches to a unification of quantum physics and the theory of relativity. Hope-
fully the formulation in terms of correlations and processes will further contribute
to that. Moreover causality considerations could lead to further insights (and new
formulations) of quantum physics itself, see for example [33]. It is currently one of
the most promising (and, in my opinion, interesting) fields of theoretical research.
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Abstract

The existence of a definite global spacetime is usually regarded as a fundamental
feature of nature. Also in relativistic quantum mechanics or quantum gravity this
is always the case. Considering causal structures more generally and assuming
local validity of standard quantum mechanics, however, allows for indefinite global
causal structures. While locally everything can be understood as happening in
spacetime, globally things like superpositions of different causal structures might
exist, making such a notion impossible.

A causal structure can be defined in terms of signaling. If two parties A and B are
embedded in a definite global causal structure, signaling between them is at most
unidirectional. This means that either A can signal to B or B can signal to A or
they cannot signal to one another. This fact can be expressed via a certain com-
munication task between two closed laboratories, which are described by standard
quantum mechanics. There is an upper bound to the probability of successfully
performing this task, if one assumes a definite global causal structure. A quantum
theoretical description, however, allows for higher success probabilities than this
upper bound. The laboratories correspond to the possible quantum operations
that can be performed in them. Correlations between them are described by so
called processes from which the probabilities of interest can be calculated. When
restricting the operations in the laboratories to (quasi) classical ones, the correla-
tions between them can again be understood in terms of a definite global causal
structure. One might, therefore, suggest that a definite global causal structure is
an effect of the quantum-to-classical-transition, since in the quantum case indefi-
nite global causal structures are possible.

To better understand this, semiquantum laboratories and correlations are consid-
ered in this thesis. In general, semiquantum objects consist of two subparts (e.g.
input and output system), one of which can be understood classically. They are
an in-between case of classical and quantum objects. It turns out that compati-
bility with the concept of a definite global causal structure is always given when
the information gained from the input is (quasi) classical. Otherwise indefinite
global causal structures are always possible. This is the case even for one classical
laboratory and another one, where the output can be described classically. There
are no truly quantum signaling correlations between two such laboratories. Yet
they can perform the communication task mentioned above with a success that
cannot be reached in a definite global causal structure, like spacetime. Apparently
it is not the quantum character of the correlations that allows for an observation
of indefinite causal structures. It has been found recently that between more than
two parties, such causal structures are (in principle) observable, even if all these
parties are classical. It is therefore rather unlikely, that the existence of a definite
global causal structure should be an effect of a quantum-to-classical transition.
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Zusammenfassung

Die Existenz einer eindeutigen globalen Raumzeit wird allgemein als fundamen-
tale Natureigenschaft betrachtet, so auch im Bereich der relativistischen Quan-
tenphysik und Quantengravitation. Betrachtet man jedoch kausale Strukturen
allgemeiner und setzt nur lokale Giiltigkeit der Quantenphysik voraus, kann man
Situationen beschreiben, in denen die globale kausale Struktur nicht eindeutig ist.
Obwohl Vorgange lokal als Ereignisse in einer Raumzeit verstanden werden konnen,
sind global unbestimmte kausale Strukturen, wie Superpositionen, denkbar.

Eine kausale Struktur kann man mittels der Moglichkeit Signale zu senden definieren.
Sind zwei Parteien A uns B Teil einer globalen kausalen Struktur kann ein Signal in
maximal eine Richtung gesendet werden. Das bedeutet, dass entweder A ein Signal
zu B senden kann oder umgekehrt oder die beiden kein Signal an den jeweils an-
deren schicken konnen. Dieser Umstand kann in Form einer gemeinsamen Aufgabe,
zu deren Losung Agenten in zwei Labors A und B kommunizieren miissen, aus-
gedriickt werden. Die Wahrscheinlichkeit, die entsprechende Aufgabe erfolgreich zu
erfiillen, ist nach oben hin beschrankt, wenn A und B in einer eindeutigen kausalen
Struktur eingebettet sind. In einer quantenphysikalischen Beschreibung ergeben
sich jedoch teilweise hohere Erfolgswahrscheinlichkeiten, als die erwahnte Schranke
erlauben wiirde. Die Labors entsprechen moglichen Quantenoperationen, die Kor-
relationen zwischen den Labors werden durch sogenannte Prozesse, mit deren Hilfe
man die Wahrscheinlichkeiten von Interesse berechnen kann, beschrieben. Limi-
tiert man die Operationen in den Labors auf (quasi)klassische, ergibt sich allerd-
ings immer die Moglichkeit der Beschreibung durch eine eindeutige globale kausale
Struktur. Man kénnte annehmen, dass Letztere eben keine fundamentale Eigen-
schaft ist, sondern vielmehr ein Effekt des Ubergangs von quantenphysikalisch zu
klassisch, da im Fall von Quantenkorrelationen auch unbestimmte kausale Struk-
turen moglich sind.

Um dies besser zu verstehen, werden in dieser Arbeit Semiquanten-Labors und
-Korrelationen betrachtet. Ein Semiquanten-System besteht aus zwei Teilen, von
denen einer klassisch, der andere quantenmechanisch beschrieben werden kann
(z.B. Eingangs- und Ausgangszustand eines Quantenkanals). Eine Beschreibung
durch eine eindeutige globale kausale Struktur ist immer dann moglich, wenn die
Information, die in den Labors aus den Inputs gewonnen wird, (quasi) klassisch
ist. Anderenfalls konnen unbestimmte globale kausale Strukturen auftreten, sogar
im Fall eines quasi klassischen Labors und einem, in dem der Output klassisch
beschrieben werden kann. Obwohl zwischen zwei solchen Labors keine echte Quan-
tenkommunikation stattfindet, kénnen sie im Fall einer unbestimmten globalen
kausalen Struktur die oben erwéhnte Aufgabe erfolgreicher 16sen, als es der Fall
ware, wenn die Labors Teil einer eindeutigen Raumzeit waren. Es ist daher an-
scheinend nicht der Quantencharakter der Korrelationen zwischen den Labors, der
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eine Beobachtung einer unbestimmten kausalen Struktur ermoglicht. Im Fall von
mehr als zwei Labors ist es (prinzipiell) sogar méglich solche kausalen Strukturen
zu beobachten, wenn alle beteiligten Labors klassisch sind. Das Auftreten unbes-
timmter globaler kausaler Strukturen ist daher wohl kein Effekt des Ubergangs
von quantenphysikalisch zu klassisch.
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