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Introduction

In this thesis, we study the C*-algebra generated by Toeplitz operators with continuous sym-
bols on the Bergman space over domains in C". The primary goal will be to analyze the situation
for bounded pseudoconvex Reinhardt domains in C2. In this introduction, we give a rough out-
line of the thesis.

Fix a bounded domain Q) C C". We denote by A%(Q) the vector space of square-integrable
holomorphic functions on Q. Thus, A?(Q) is a subspace of L?(Q)) and we will see that this is
a Hilbert space. We denote the orthogonal projection (the Bergman projection) by P: L?(Q) —
A%(Q). If My L2(Q) — L?(Q) denotes the multiplication operator with symbol f € L®(Q),
then Ty := PM¢| ()" A%2(Q) — A%(Q) is called the Toeplitz operator with symbol f. The basic
properties of the Bergman space and of Toeplitz operators can be found in sections 1.1 and 1.2,
respectively. The primary object of study in this thesis is the Toeplitz C*-algebra

T(Q):=C"({Tf: f € c()l),

which is the C*-subalgebra of the bounded linear operators . (A2(Q))) generated by the Toeplitz
operators with continuous symbols.

In section 1.4 we study the Toeplitz C*-algebra for (2 a bounded strictly pseudoconvex do-
main in C" with smooth boundary. The most important tool for this analysis is the solution to
the 9-Neumann problem, which is the generalization of the Cauchy-Riemann equations to sev-
eral complex variables. The crucial fact is that, under the assumptions on (2, the operator which
gives the solution to the d-equation with minimal L?-norm is compact. The main result about the
Toeplitz C*-algebra is then:

THEOREM ([Rae78, Theorem 3.1]). Let (O} C C" with n > 2 be a bounded, strictly pseudoconvex
domain with smooth (C*) boundary. The commutator ideal of T(Q) is precisely the ideal # (A?(Q)) of
compact operators on the Bergman space. Moreover, there is an isomorphism of C*-algebras

o T(Q) /A (AX(Q)) = C(aQ)
such that o(Ty + 2 (A%(Q))) = flaq forall f € C(QQ).

The main focus of this thesis will be to arrive at a similar result for the case when Q) is a
bounded pseudoconvex Reinhardt domain in C2. Thus, the assumptions of strict pseudoconvex-
ity and smoothness of the boundary are dropped, but () is now required to have some symmetry.
As we will see, the analysis for this case will get considerably more complicated, and it was car-
ried out by Salinas, Sheu and Upmeier in [SSU89] using, among others, results from Curto and
Muhly [CM85]. The idea is the following:

(i) Given ), a groupoid SGq is constructed which contains geometric information about Q).
This information will be in terms of the faces of the logarithmic base Aq, see below.
(i) It is shown that T(QQ) is isomorphic to (a subalgebra of) the groupoid C*-algebra of Gq,.
(iii) The groupoid C*-algebra is studied using their general theory while keeping track of the
geometric data encoded in Gq.
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iv INTRODUCTION

For this reason, chapter 2 deals with the general theory of groupoid C*-algebras, which was
developed by Renault in [Ren80]. A groupoid is a set G together with some algebraic structure,
namely an associative multiplication and a way to take the inverse of elements. In contrast to
groups, the multiplication of a groupoid may not be defined on the whole of G x G, so that we
may talk about composable pairs of elements. Associated to a groupoid is a special subset GO cg,
called the unit space, which is the set of elements that are their own inverse. The most important
examples of groupoids in these thesis will be obtained from actions of groups on sets, the so-called
transformation groupoids.

We will mostly consider groupoids which are locally compact. By this we mean that G has a
locally compact, second countable Hausdorff topology such that the multiplication and inversion
are continuous. In order to do analysis on locally compact groupoids, one introduces the notion
of a (left) Haar system, generalizing the Haar measure of groups, which is a system of (Radon)
measures p" on G, where u € G() runs through the unit space of G, that is continuous and left-
invariant in a certain sense. Using such a Haar system, one can introduce a convolution operation
on Cc(G), the space of continuous functions on G with compact support, defined by

(F8)(x) = [ gy ap'™y),

where d(x) := x~!x. Together with the involution f*(x) := f(x~1), the space C.(G) becomes an
involutive algebra and the norm

= max{ sup [[I71dt, sup [ 1f°]dpt}
ueG) 7C ueG 7 G
is compatible with these operations in the sense that ||f * g||; < ||f|/1l|gll; and || f*||r = ||f||; for
all f,¢ € C.(G). Using this structure, C.(G) can be equipped with a C*-norm (that is, a norm

satisfying | + £ = |f|P) by setting
| fllc+ G,y = sup{ll7r(f)| : 7w is a I-norm continuous representation of Cc(G)}

for f € Cc(G). The completion of C.(G) with respect to this norm is called the full groupoid C*-
algebra and is denoted by C*(G, ) or simply C*(G). There is also a reduced groupoid C*-algebra,
C:,4(G, 1), which is obtained by only considering certain special representations in the above
norm. Both have their advantages and it will turn out that they coincide for the groupoids we
will be interested in.

Having dealt with the generalities of the theory of groupoid C*-algebra, we move to chap-
ter 3 to apply these techniques to the study of the Toeplitz C*-algebra. The groupoid G, will be
obtained by studying the character space (that is, the set of non-zero complex-valued homomor-
phisms) of the C*-subalgebra D, of ¢*°(Z?) generated by the shifted weights

2P 2 /12 Pllzey, ifae Z2
0, ifa € 22\ 7%

(Tpx) (&) = {

for B € Z% and y € Z2, where z* := z{'z;>. The reason why these weights are relevant is the
following: by the assumptions on (), the monomials e, := z%/||z%||;2(q) form an orthonormal ba-
sis for A2(Q) and the Toeplitz operator with symbol zf has the form T e, = (||2*F|/]z%|| )eatp
with respect to this basis.

The character space Spec(Dq)) of D, carries geometric information about (): as a Reinhardt
domain, () is uniquely determined by its absolute domain, which is given by |Q| := {(|z1], |z2]) :
(z1,22) € Q} C R?. Consider the logarithmic base,

Aq = {(log(y1),log(y2)) : (y1,¥2) € [\ {0}}.
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As ) is pseudoconvex, the closure A := Aig C R?is necessarily convex and we can consider the
faces, that is, the convex subsets F of A which have the property that they contain the endpoints
of every line segment whose interior intersects F.
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The proper faces of A (that is, those which are not equal to A or @) are contained in the boundary of
A and, since we work in two dimensions, are either points or line segments. Each proper face of ()
gives rise to certain characters of D, and we will denote these by Spec,(Q)) C Spec(Dq). It will
turn out that the sets Spec,(Q)) decompose (parts of) the character space of Dq, in the same way
as the faces themselves decompose the boundary of A. Using this information and the general
theory of groupoid C*-algebra, the main result, Theorem 3.5.7, reads as the following:

THEOREM ([SSU89, Theorem 4.4]). The C*-algebra T(Q)) contains ideals
0CJ =4 CJrCd3:=C"(Sn) =T(Q)
such that .
33/32 = C(0:Q0) and 3p/31 = ;C*(90|Spec%(0))r

where F ranges over all one-dimensional faces of A and 9,Q) is the closure in C? of the set of all pairs
(se*, te¥) such that (s,t) € T? and {(x,y)} is a singleton face of A. Moreover,

C(M®X, uy/up €Qoruc {e,er}

C*($ 2 () =
(Q‘SPGCF(Q)) {Auz/m@%’ up/u; € R\ Q.

Here, u € R? is the outward pointing unit normal to F and ¢ is the C*-algebra of compact operators on
a separable infinite-dimensional Hilbert space. Finally, A, for irrational & € R is the irrational rotation
algebra.
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CHAPTER 1

Toeplitz operators

This chapter introduces an important class of linear operators defined on the Bergman space
A2(Q), which is the Hilbert space of holomorphic square integrable functions on an open subset
Q) of C". These so-called Toeplitz operators are defined by their symbol, which is a function in
L*(Q)). We will be specifically interested in the Toeplitz operators whose symbol is continuous
on O and we will study the C*-subalgebra of the algebra of bounded operators on A%(Q) which
they generate.

Also in this chapter, we will take a closer look at the Toeplitz C*-algebras of bounded domains
which are both strictly pseudoconvex and have smooth boundary, while the main chapter of this
thesis, chapter 3, will deal with the more complicated case of Toeplitz operators on bounded
pseudoconvex Reinhardt domains.

1.1. Bergman spaces

In this first section, we will look at the Bergman space of holomorphic functions on an open
subset (3 C C" which are square-integrable with respect to Lebesgue measure. This space has
several interesting properties, the most important one being its reproducing property. The Toeplitz
operators which we will study in the following sections will be bounded linear operators on the
Bergman space.

DEFINITION 1.1.1. We denote by O(Q2) the space of holomorphic functions on Q) with the
topology of uniform convergence on compact subsets of (). More precisely, this is the topology
on 0(Q)) induced by the seminorms f — sup, |f(z)| for K C Q) compact.

It is a basic fact that O(Q) is a Fréchet space (that is, a complete Hausdorff locally convex
topological vector space whose topology is generated by a countable family of seminorms). In
fact, 0(Q) is a closed subspace of the Fréchet space C(Q2) of continuous functions on Q) by the
Weierstrass convergence theorem.

DEFINITION 1.1.2. The Bergman space over Q) is the subspace of L?(Q) consisting of holomor-
phic functions,

A2(Q) :=L*(Q)NO(Q) = {f: Q@ — C: f is holomorphic and [, [f[>dA < oo},

where ) is the Lebesgue measure on C". We put on A%(Q) the topology (and inner product
(f,8) = | fgdA) inherited from L?(Q)).

By definition, the Bergman space is a subspace of L?((Q), even topologically. The next result
shows that A%(Q) is also continuously included in O(Q).

PROPOSITION 1.1.3. The inclusion of the Bergman space A%(Q)) into the Fréchet space O(Q) is
continuous, that is, for every compact subset K C Q there is c(K) > 0 such that for all f € A%(Q),

sup 1f (@) < (B fll 2 - (1.1.1)

1



2 1. TOEPLITZ OPERATORS

PROOE. If K C ) is compact, there exists r(K) > 0 such that B(z,7(K)) C Qforall z € K,
where B(z,7) is the open ball around z with radius r. Note that for any f € A%(Q), the real and
imaginary parts of f are harmonic. By the mean value property for harmonic functions and the
Cauchy-Schwarz inequality, we get

O = TEr T | o P4 < 2B R 2 iz sesin) < )l

for all z € K, where ¢(K) := A(B(z,7(K)))/? = A(B(0,7(K)))'/? depends only on K. [ |

COROLLARY 1.1.4. For any compact subset K C Q, the restriction map A%(Q) — C(K), f — flk
is a compact operator with respect to the L* norm on A%(Q) and the supremum norm on C(K).

PROOF. The statement follows from the Arzela-Ascoli theorem if we can show that the image
of the unit ball of A2(Q)) under the restriction map,

F = {fl: f € A2(Q) and [[f]l2(q) < 1} € C(K

is bounded and equicontinuous. Since K is compact, there is another compact subset L of ()
with K C L and d = dist(K,dL) > 0. Proposition 1.1.3 gives a number ¢(L) > 0 such that
sup,¢; |f(2)| < e(L)||fll2q) forall f € A2(Q). In particular, this shows that F is bounded. For
z,w € K such that |z — w| § d/2 we have [z,w] := {tz+ (1 —tHw : t € [0,1]} C L, since for
¢ € [z,w] we have d < dist(z,0L) < dist(z, ) + dist(,0L) < d/2 + dist(¢,dL), which implies
dist(¢,0L) > d/2. It follows that the the ball B,/, (&) around ¢ with radius d/2 is contained in L
and hence so is the polydisc P(¢, (4/2n,...,4/2n)), see Example 3.1.2. By the mean value theorem,
we get
)= f@)| < 2| sup [DF(E)
éelzw]

and the Cauchy estimates for the derivative of holomorphic functions (see [Ran86, Theorem 1.6])

give
1/2
<
azl ‘ ) -
2

n 1/2 n
pro= (L (550l ) =2( %1
<@ sp Jf@)< T supl£(Q)]

i=1 ayz
LEP(E,(d/2n,...,4/2n)) el

for ¢ € [z, w]. Altogether, we obtain

f(2) = f(w)| < |z = wlllfllr2(a

forall f € A%2(Q) and z,w € K with |z —w| < d / 2, which 1mmed1ately implies equicontinuity of
F. |

4n? c()

THEOREM 1.1.5. The Bergman space A?(Q) is a closed subspace of L*>(Q) and, in particular, a
Hilbert space.

PROOF. Let (fy),>1 be a sequence in A?(Q) which converges to g € L?(Q). Since A%2(Q) <
0(Q) is continuous by Proposition 1.1.3, we obtain the limit f, — h as n — co in O(Q)), with
h holomorphic on Q). By L2-convergence, there exists a subsequence of (f,), which converges
pointwise almost everywhere to g. Because the convergence in O(Q2) implies pointwise conver-
gence (everywhere) of that same subsequence, we conclude g = h almost everywhere, hence also
fn — hin L2(Q) and h € A%(Q). [ ]

DEFINITION 1.1.6. The Bergman projection P = P is the orthogonal projection of L?(Q)) onto
its closed subspace A%(Q)).



1.1. BERGMAN SPACES 3

By (1.1.1), the point evaluations ev,: A%(Q) — C, f — f(z), for z € Q) are continuous linear
functionals. Hence, by the Riesz representation theorem, there is a unique holomorphic function
k. € A%2(Q) with f(z) = (f, k) forall f € A%(Q).

DEFINITION 1.1.7. The function Kn: QO x Q — C, Ka(z,w) := k;(w) is called the Bergman
kernel for Q).

By construction, the Bergman kernel has the reproducing property for A%(Q), that is,

/ Ko(z,w) f(w) dA(w) (1.1.2)
for all f € A%(Q). More generally, we have
(Ph)(z) = (Ph,k.) = (h, Pk.) / Ko(z, w)h(w) dA(w)

for all h € L?(Q). Hilbert spaces of functions for which point evaluations are continuous are
called reproducing kernel Hilbert spaces. Note that by construction, the Bergman kernel is antiholo-
morphic in the second argument, since Kq(z,-) = k; € A?(Q). Moreover, by the reproducing
property (1.1.2),

Koz, @) = /Q Ko(w, YKoz, ) dA = / Ka(z 0, ) d\ = Ka(w,2) = Ka(w,2),

so the Bergman kernel is conjugate symmetric and therefore holomorphic in the first argument.
We record that the conjugate symmetry implies

(Ph)(z) = (h,Ka(z,-)) = (h,Ka(-2)) (1.1.3)
forallh € L2(Q)) and z € Q. Actually, these properties already fix the Bergman kernel completely:

PROPOSITION 1.1.8. Any function K: Q x Q — C that reproduces A%(Q), is conjugate symmetric
and such that K(-,w) € A?(Q) for every w € Q) must coincide with Kq,.

PROOF. We have
KQ(z,w):KQ(w,z):/Q( VKa(w, ) dA = /KQ 2, )d\ = K(zw) = K(zw). W

Finally, we will need the following result on the diagonal behavior of the Bergman kernel:

LEMMA 1.1.9. For every z € (), we have
Ka(z,2) = [IKa (. 2)[52(q) = sup{lf (2)* : f € A2(Q) and ||f]| y2(cr) < 1}-
In particular, since Q) is bounded, Kq(z,z) > 0 forall z € Q).
PROOF. By the reproducing property (1.1.2) and conjugate symmetry,
Ka(z,z) = (Ka(-2),Ka(z,")) = [IKa( 2) 52 (q
Next,

f(2)? = [{f.Ka(z DI < [ fIF2q)(Ka(z ). Ka(z ) = [ fIlh2q)Ka(z 2),
so Ka(z,z) > sup{|f(z)]*: f € A*(Q) and Hf||A2 ) < 1} Now if K(z,2) = [Ka (- 2) |52 ) =
then by Cauchy-Schwarz

f@] = [f, Kal2)] < Ifllazq) IKal 2) [ a2(q) = 0
for every f € A%(Q) and the claim holds trivially. If Kn(z,z) # 0, we can consider the function

n(C) = % which is in A?2(Q) and satisfies
Q\4,

IKa (- 2)ll a2
|17(Z)|2 = KQ(Z;Z) and H]’]”AQ(Q) = K—() =1.
a(z2)



4 1. TOEPLITZ OPERATORS

Finally, because ) is bounded, the constant function 1 is in A? (Q), so that Kn(z,z) > /\(Q)’2 >0
forall z € Q). |

1.2. Toeplitz operators on bounded domains

We are now ready to introduce the Toeplitz operators. Let (3 C C" be a bounded domain,
that is, ) is open and connected. Under this assumption, all multiplication operators M : L*(Q) —
L*(Q), M ¢h:= fh, with symbol f € L*(Q)) are bounded linear operators. For any Hilbert space
H, we will denote the C*-algebra of bounded linear operators on H by .2 (H), and we write
2 (H) for the algebra of compact operators on H.

DEFINITION 1.2.1. For f € L®(Q), the Toeplitz operator with symbol f is the operator on A?(Q))
defined by

Ty := PMy| 200 A*(Q) = A*(Q),
We also say that Ty is the compression of M to A%(Q).

Since, for f € L(Q)), the multiplication operator My is bounded (with operator norm equal
to || f]| 1=()) and the Bergman projection P is a contraction, we see that Ty is bounded with oper-
ator norm ||Tf|| < ||fHLoo(Q).

REMARK 1.2.2. By (1.1.2), we may view Ty as an integral operator,

(Tr9)(2) = [ Kalz)fpdd, g€ AQ)

REMARK 1.2.3. While we will only consider Toeplitz operators on the Bergman space, Toeplitz
operators are perhaps more commonly known on the Hardy space. Specifically, if T := S' is the
boundary of the unit disc in C, then the Hardy space H?(T) may be defined as the space of
square-integrable functions on T whose negative Fourier coefficients vanish. The Hardy space
is a closed subspace of L?(T) and if Q: L?(T) — H?(T) denotes the orthogonal projection, then
Ty 1= QM| () is called the Toeplitz operator with symbol f € L*(T). While the torus is
the best known case, it is also possible to consider Hardy spaces and Toeplitz operators on more
general and higher dimensional domains than the torus. We refer to [Upm96] for a survey.

DEFINITION 1.2.4. For f,¢ € L*(Q), the semi-commutator of the Toeplitz operators Ty and T
is the operator T¢ Ty — Tr, on AZ(Q)).

Note that for all f,g € L®(Q)), we can express the semi-commutator of the corresponding
Toeplitz operators as

TfTg — Trg = PMyPMg| p2(y) — PMfg| g2(0) = PMf(P — I) Mg 42(y).- (1.2.1)
LEMMA 1.2.5. Let H be a Hilbert space and K C H a closed subspace. If Q: H — K denotes the
orthogonal projection, then
(T|x)*=QT*: H— K and (QT|x)" = QT |x: K—K
for all operators T € £ (H).

The point of the Lemma is that the adjoints occurring are taken to be with respect to different
Hilbert spaces. For example, in (T|g)* we mean the adjoint operation from .#(H, K) to .Z(K, H),
where of course .2 (H, K) denotes the space of bounded linear operators from H to K.

PROOF. Fork € H and h € H, we have ((T|x)*h, k) = (h, T|xk) = (T*h,k) = (QT*h,k), so

(T|x)* = QT*. If k, k' € K, then (QTk, k') = (TQk, Qk') = (k, QT*QK’), so (QT|x)* = QT*Qlx =
QT*|k. ]
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Obviously, the map L®(Q) — Z(A%(Q)) given by f — Ty is linear. By Lemma 1.2.5, we see
that

Tf = (PMglp2(q))" = PMg| p2(q) = T (1.2.2)

forall f € L*(Q), hence f — Ty preserves the involutions. If ¢ € A*(Q) := L®(Q) N O(Q), we
have TyTy — Tf, = 0 by (1.2.1), since (P — I)Mp| g2(y) = 0. But of course, this rule will fail in the
case where ¢ is not holomorphic. Thus, the semi-commutators will in general be non-zero, and
the assignment f +— T is not an algebra homomorphism.

An interesting problem is the question of which symbols give rise to compact Toeplitz oper-
ators. For Toeplitz operators on the Hardy space over T, see Remark 1.2.3, this is the case if and
only if the symbol is trivial (meaning it vanishes almost everywhere), see for instance [Mur90,
Theorem 3.5.8]. The next result shows that this is certainly not the case for the Bergman space:

PROPOSITION 1.2.6. If f € C(Q) and f|yq, = 0, then Ty is a compact operator on A%(Q).

PROOF. We first consider the case where f is bounded and measurable but has compact sup-
port K := supp(f). The restriction to A%(Q)) of the multiplication operator My, on L2(Q)) with
the characteristic function xx can be written as My, | 42(y) = ik © px, where ix: C(K) — L2(Q) is
defined by

g(z), z€eK

ik(8)(2) = {0 ¢k

and pg: A?(Q) — C(K) is the restriction map. Obviously, ik is continuous and by Corollary 1.1.4,
pk is compact. Hence, M¢|2(q) = Mpylazia) = MMy |a2(qy) is also compact and so is the
Toeplitz operator Ty = PM¢| 42(y)-

Now let f € C(Q) satisfy flyn = 0. We exhaust Q by compact subsets K,;, m € IN, such
that K;, C K, . and QO = U,en K. Fix e > 0. Because f is uniformly continuous on the
compact set Q, we find 6 > 0 such that |f(z) — f(w)| < eif |z — w| < 6. Let M € N be such that
dist(Kp;,0Q) < 6. If m > M and z € Q\ Ky, then there is w € 9Q) such that |z — w| < § and
hence |f(z) — f(2)xk, (2)| = |f(2)| = |f(z) — f(w)| < e since f vanishes on dQ). This implies that

||f—fXK,,,||Loo(Q) <e¢ form> M.

But then || Ty — Try || 2(a2(q0)) < IIf = fXK llL() — 0 as m — oo and hence Ty is the operator
norm limit of compact operators and therefore itself compact. u

In Corollary 1.4.17 we will see that the converse also holds provided that ) is strictly pseu-
doconvex and with smooth boundary.

DEFINITION 1.2.7. The (Bergman-) Toeplitz C*-algebra over Q) is the C*-subalgebra of . (A?(Q))

generated by Toeplitz operators with symbols in C(Q2),
T(Q) :=C"({Ty: f € C(V}).

For an overview of the basics of C*-algebras, see Appendix C. Since T = id 42(y), where 1 is
the constant function on (), we see that T7(Q)) is a unital C*-algebra. The remainder of this thesis
will ultimately be devoted to studying the structure of this C*-algebra. The first observation is

that, instead of considering T for all f € C(Q)), the C*-algebra T(Q) is already generated by the
Toeplitz operators with monomial symbols:

PROPOSITION 1.2.8. For o € ZY, let Ty := Ty« be the Toeplitz operator with the monomial symbol
z%, where ZY = (Z>)" and z* := zy' -+ zy". Then the Toeplitz C*-algebra is generated by the T,

T(Q) = C*({Ty s € ZL}).
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PROOF. Let f € C(Q)). By the Stone-Weierstrass theorem, f is the uniform limit of functions
of the form z +— YX_, p;(z)g:(z) with p; and g; polynomials. It then follows that T is the operator

norm limit of the operators Z?:l T;I, T;, from which the claim follows. ]

We have already observed in Proposition 1.2.6 that certain Toeplitz operators are compact.

Our final goal for this section is to proof that all compact operators are contained in T(Q2). A
crucial ingredient for this is the following Proposition:

PROPOSITION 1.2.9. The identity representation T(Q) — £ (A%(Q)) of the Toeplitz C*-algebra is
irreducible.

PROOF. We have to show that if Q € £(A?(Q2)) is an orthogonal projection with QT = T,Q
forall f € C(QQ), then Q = 0 or Q = id 42((y), see Remark C.5.1. Let g := Q(c1), where ¢; denotes
the constant function 1 on Q. If 1,k € A%(Q), then

(g, k) = (hg, k) = (T8, k) = (T;Q(c1), k) =
= (QTi(c1), k) = (Qh, k) = (h, Qk) = (1, Ty Q(c1)) = (h,kg) = (3, Iik).
In particular, g — g is orthogonal to every function of the form z > Y, p;(z)g;(z) with p; and

g; polynomials. By the Stone-Weierstrass theorem and since C(Q) is dense in L?(Q)), we see that
g — g = 0. As g is a holomorphic function, this implies ¢ = ¢, for some a € R. If a # 0, then

g=Q(c1) =a'Q(ca) =a'Q*c1) =a'Q(cr) =a~'g = c1.
Thus, either g = 0 or ¢ = 1. Moreover,
Q(h) = Q(Ti(cr)) = TyQ(cr) = Tng

for all h € A%(Q), which shows that either Q = 0 (in case g = 0) or Q = id A2(q) (in case
g=1). ]

COROLLARY 1.2.10. For every bounded domain Q) C C", we have
A (A*(Q)) € Comm(T(Q)) C T(Q),

where Comm(T(Q))) is the commutator ideal of T(QY), that is, Comm(T(QY)) is the closed ideal of T(Q)
generated by commutators of elements of T(Q2).

PROOF. It follows from Proposition 1.2.9 and Theorem C.5.4 that .# (A%(Q)) C T(Q) if we
can produce a non-zero compact operator contained in T(Q2). Let zg € Q). From Lemma 1.1.9 we
obtain an open subset U C Q such that Kq(zp,z) > 0 forall z € U. Let f € C.(Q, [0,1]) be such
that supp(f) C U and f(zp) = 1, see Lemma A.2.3. By Proposition 1.2.6, Ty is compact since
flaa = 0 and using Remark 1.2.2, we get

(T41)(z0) :/QKQ(zO,z)f(z) dA(z) > 0

and hence Ty # 0, so H(A2(Q)) CT(Q).

Now let ¢: T(Q2) — C be any non-zero homomorphism. The restriction ¢| ;- (42(qy)) is a ho-
momorphism on the algebra of compact operators. The kernel of ¢| -(42(y)) is a closed ideal in
2 (A%(Q)), and any such ideal must be trivial, that is, either Pl a2y = 001 @l (a2 is
injective.! The latter case can be dismissed since then dim(A2(Q)) = 1 which is not possible as
A2(Q) contains the monomials as Q) is bounded.? Thus, .# (A%(Q))) C ker(¢) for every homo-
morphism ¢: T(Q) — C and hence .# (A?(Q)) C Comm(7T(Q)) follows from Lemma C.4.5. W

Un other words, the C *-algebra .# (H) is simple. We refer to [Mur90, Example 3.2.2] for a proof.
2 There are, however, unbounded domains for which the Bergman space is nontrivial and finite dimensional, see for
example [Wie84].
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1.3. Toeplitz operators and biholomorphisms

In this section, we investigate how Toeplitz operators and the Toeplitz C*-algebra transform
when changing the domain by a biholomorphism. For two bounded domains (2; and (), in C”,
we denote by

P L2(0y) — A%2(Qq) and  P2: [2(Q) — A%(())

the Bergman projections for ()1 and (), respectively. The corresponding Toeplitz operators will
be denoted by

Q) Q)
et = PUMy| oo,y and  Tg” := P2M| g2(q)

for f € L®(Q)q) and g € L®((),). To investigate the transformation behavior of Toeplitz operators
under biholomorphisms, we need the corresponding transformation formulas for the Bergman
kernels and projections, the proofs of which are taken from [Ran86].

For a holomorphic map F: )1 — ) and zy € (), we denote by F’(zy) the matrix represen-
tation (with respect to the standard basis) of the complex linear derivative DF(zp): C" — C" of F
at zg. Thus, F/(zp) is the matrix

oF JE.
2 (z0) - 5h(20)
F'(z0) = .
oF aE,
ﬁ(zo) 52 (20)

Viewing C" as R?", and writing z; = xj + iy for 1 < k < n, we may also consider the matrix
representation of DF(zg) with respect to the standard basis of IR*". We denote this real Jacobian
matrix by JrF(zo) and it is of course given by

(z0) FH(zo) - F(z0) F(zo)
IrF(z0) = : Lo :
3%(20) 3—5’;(-20) T STFZ(ZO) %(Zo)
The relation between the determinants of g F(z) and F/(z) is given by

detJrF(z) = |det F'(z)|? (1.3.1)

for all z € ()4, as can be seen by simple manipulations involving the Cauchy-Riemann equations,
see [Ran86, Lemma 1.2.1] for the details.

LEMMA 1.3.1. For any biholomorphism ¥ : (31 — )y, the map
Y L2((n) — L2(Qy), g+ (go¥)deto¥’
is unitary with inverse (¥%)~1 = (¥~1)%, and restricts to an unitary operator from A%(Q) to A%(Q;).

PROOF. By the transformation formula for integrals and (1.3.1),
| IsPar= [ lgo¥Pldetot’Par= [ |¥igPdn, (g€ LX)
o o} o}

we see that ¥# is an isometry which is obviously bijective, hence an isometric isomorphism from
L%(Q)) onto L?(Q);). Because (g o ¥) det ¥’ is holomorphic as soon as g is, ¥# maps A%((),) onto
A%(()). [ |

PROPOSITION 1.3.2. We have P o W% = W% o P2, More explicitly, for all g € L2(Q,),
PO ((go0¥)deto¥’) = (PP2(g) o ¥) det o’
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PROOF. We first derive the corresponding transformation formula for the Bergman kernels
Kq, and Kq,. By the reproducing property (1.1.2) of K, and the fact that ¥ is an isometry, we
have

(f, ¥ Ko, (w)) = (Y1), Ko, (w)) = (¥ ) (w) = F(¥ (w)) det(¥' (¥ (w)))
forall f € A%(Q) and w € (). Writing w = ¥(z) with z € Qy, this implies

f(2) = (£, ¥ Ko, (- ¥(2))) det(¥'(2)) = (f, det(¥'(-))Ka, (¥ ("), ¥(2))det(¥'()))

for all f € A%(();). Therefore, the function (,z) — det(¥(¢))Kn,(¥(7), ¥ (z))det(¥'(z)) has
the reproducing property, is conjugate symmetric and holomorphic in the first argument. By the
uniqueness of the Bergman kernel (Proposition 1.1.8), we therefore have

Ko, (8,z) = det(¥'({))Ka, (¥(£), ¥ (2))det(¥'(z)) (1.3.2)

forall,z € ().
Using this and (1.1.3), we get

PO1(¥ig)(2) = (¥'g,Ka, (- 2)) = (¥hg, ¥¥ (Ko, (-, ¥ (2))det(¥'(2))) =
= det(¥'(2))(g, K, (-, ¥(2))) = det(¥'(2)) PP(g) (¥ (2)) = ¥¥(P™(g))(2)
for all g € L2(Q);), as desired. [ |

THEOREM 1.3.3. The Toeplitz C*-algebra is a biholomorphic invariant. More precisely, if () and
Q) are two bounded domains such that there exists a biholomorphism ¥: (31 — )y, then the Toeplitz
C*-algebras T(Q)q) and T(Q) are isomorphic.

PROOF. Using Proposition 1.3.2, the Toeplitz operators on A%(();) can be written as

T2h = PR2(gh) = (¥9) P (gh) = (¥9) P (g0 ¥)¥Ph) = (¥F) T ¥ (133)
for every symbol ¢ € L®(0),) and all h € A%(Q)). The unitary operator ¥#: L2(Q) — L2(Qy)
gives rise to the isomorphism of C*-algebras

conjys: L(L2(M)) = L(LX(Q)), conjys(S) := ¥iS(¥?) L.

By (1.3.3), we have

. Q) Q
con]\P;(Tg 2) = Tgol‘I’

for every ¢ € C(Q)), so conjy: maps T((),) into T(Qy). Moreover, any f € C(();) is of the form
g oY for some g € C(Q)y) (simply take g = f o ¥ 1), so conjy: bijectively maps the generators of
T () onto those of T();) and hence restricts to the desired isomorphism. [ |

1.4. The Toeplitz C*-algebra of a strictly pseudoconvex domain

In this final section of this chapter, we will study the structure of the Toeplitz C*-algebra
for the case when () is a bounded strictly pseudoconvex domain with smooth boundary. The
assumption of pseudoconvexity allows us to use the results on the 0-Neumann problem as pre-
sented below. It will turn out that the Toeplitz C*-algebra has a relatively simple structure: its
commutator ideal is precisely the ideal % (A%(Q))) of compact operators on the Bergman space
(compare with Corollary 1.2.10) and the quotient C*-algebra T(Q)/.# (A%(Q)) is isomorphic to
C(0Q2), the algebra of continuous functions on the boundary of Q.
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1.4.1. The 0-Neumann problem. We now briefly introduce a (system of) partial differential
equations which is important in complex analysis and illustrate how it can be solved using tech-
niques from functional analysis. The following material can be found, for example, in [Str10] and
[Has14].

Let QO C C" be a bounded domain. We denote by &(P7) (Q) the space of smooth differential
(p,q)-forms on Q. Specializing to the case p = 0, any w € &(%9) can be uniquely decomposed as

w = Z Wi ... g df]'l VANEIRWAN dZ]-q (14.1)

1<j1 < <jg<n

with smooth functions wj, ;. : QO — C. Let | = (1,---/jq) € Nsatisfy 1 < j; < --- < j; <
n and denote the set of all such g-tuples by J;. Then we will write w;j for Wiy,..jg and dz/ for

dzj A --- A\Zj,. Using these conventions, (1.4.1) becomes w = Yjeg, W ]dE] . The expression
(w,m) =Y, / Wy dA,
jea, /0
with A being Lebesgue measure on C", defines an inner product on &4 (Q)) and we denote its
Hilbert space completion by L%O 0 (Q).

DEFINITION 1.4.1. For w € £(°9)(Q) a compactly supported smooth (0, g)-form, we set

= LG aw] - -
j=1Jed, 9%
and we denote by 9: dom(a) C L%O q)(Q) — L%O ] +1)(Q) its maximal distributional extension,

that is,

dom(9) = {w € L%o,q)(Q) (0w € L%O,q +1)(Q) in the sense of distributions}.

Because differential operators give continuous maps when extended to distributions, d is a closed,

densely defined operator on L%O 0 (Q).

REMARK 1.4.2. Since 9 is a closed operator, it has a Hilbert space adjoint
k. * 2 2
d": dom(9*) C L(o,q+1)(0) — L(o,q)(Q)'
with domain given by
dom(9*) = {n € L%O

7+1) (Q) : w ~ (dw, n) is a continuous linear functional on dom(9)}.

Moreover, again by closedness, ker(d: L?(Q) — L%O,l) (Q)) is a closed subspace of L?(Q), which

certainly contains the Bergman space A?(Q). Moreover, one can show that any distribution u
satisfying du = 0 is actually a holomorphic function, see [BG91, Section 3.6], which implies that
the kernel of @ on functions (that is, (0,0)-forms) is precisely the Bergman space.

The goal is to solve the inhomogeneous Cauchy-Riemann equations, namely

dw =1 (1.4.2)
2

(0,9+1
that is, 17 is d-closed. As it turns out, it is fruitful to consider the corresponding Laplacian,

O, = 99" + 39,

for giveny € L )(Q) Since 0> = 0, a necessary condition for solvability of (1.4.2) is 95 = 0,

defined on its natural domain

dom(0,;) = {w € dom(d) Ndom(9*) : dw € dom(d*) and d*w € dom(d)} C L%o,q)(Q)'
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Using tools from the theory of unbounded operators, one shows that []; is a positive self-adjoint
operator.

The idea now is to invert [; and use this inverse to construct solutions to (1.4.2). This problem
of inverting [, is known as the d-Neumann problem. Unfortunately, this is not possible in general
and requires us to make certain geometric assumptions on the domain .

DEFINITION 1.4.3. Anopenset U C C" is called pseudoconvex if there is a strictly plurisubhar-
monic function ¢ € C?(U,R) such that, for all ¢ € R, the set ¢~ !((—o0,c)) is relatively compact
in U. Such a function is called an exhaustion function for U.

Here, a C? function ¢: U — R is called strictly plurisubharmonic if

Ly(gt):= Y i (p)tife > 0
NG .7az,~82kp Ik
k=1
forallp € Uand all t € C", t # 0. There are several different conditions for an open set U C C"
to be pseudoconvex. If 9U is of class C2, then it can be shown that pseudoconvexity is equivalent
to Levi pseudoconvexity. This means that if r: U — R is a C? (global) defining function,’ then
Ly(r,t) > 0forallp € Uandallt € TS (oU), where T;: (oU) is the complex tangent space to U at
p € U, givenby those t € C" with Z;?Il %j (p)tj = 0. This condition is independent of the defining
function r. Another very important characterization is that a domain in C" is pseudoconvex if
and only if it is a domain of holomorphy. For the proofs of these statements and more, we refer to
textbooks on complex analysis in several variables, for example [Ran86] or [Kra01].

THEOREM 1.4.4. If ) C C" with n > 2 is a bounded pseudoconvex domain, then [1; has a bounded,
self-adjoint inverse Ny, called the 0-Neumann operator. Moreover,

ONyw = Nyp10w (g <n—1) and 9*Ngy = N,_19*y (9 > 2) (1.4.3)
forall w € dom(9) and 17 € dom(9*) and, if Py: L%o,q) (Q)) — ker(9) denotes the orthogonal projection,
Py-1ldom(3) = I — 9" Nyo. (1.4.4)

The proof of Theorem 1.4.4 relies on the existence of a constant C > 0 such that
lwl* < C([l9w]? + 0" w][*)

for all w € dom(d) N dom(0*). This basic estimate implies that [, is injective and has dense
range. The general theory of self-adjoint operators then implies that the Laplacian has a bounded
self-adjoint inverse. We also remark that N, is given by jj o j;, where j;: dom(d) Ndom(d*) —
L%O,q) (Q) is the embedding and dom(9) N dom(0*) is equipped with the inner product Q(w, 7) :=
(0w, 9n) + (9*w, d*1), which yields a Hilbert space by the above estimate.

REMARK 1.4.5. The operator from (1.4.4) can be uniquely extended to a bounded operator
on L%o,q)(ﬂ)' In fact, for w € dom(d) we have by (1.4.3) that 9*Ny;dw = 0*0N,_jw. Since w =
O;-1Nj-1w0 = 99*N, 1w + 0*9dN;_jw is an orthogonal decomposition, we have [0*N;ow|| =
[0*0N;w|| < [|w] for all w € dom(d), hence we can extend 9*N,0 to L%O,q_l) (Q2) and it follows
that

I—P, 1 =09*N;o (1.4.5)

as operators in % (L%

) (V).

3 By this we mean that U = {z € C" : r(z) < 0} and Dr(z) # 0 for all z € U. If U is bounded and with C2 boundary,
then such global defining functions always exist, see [Ran86, Lemma I1.2.6].
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COROLLARY 1.4.6. Let QO C C" with n > 2 be a bounded pseudoconvex domain. If . € ker(9,),
then 9*Ngn is the unique solution w to (1.4.2) such that w L ker(d). In other words, 9* Ny is the

solution with minimal L%O,qfl) (Q) norm.

PROOF. Indeed, since = %*Nqﬂ + 5*§Nq17, it remains to show that 5*5Nq17 = 0. But
9(0*9N,77) = o = 0 and im(9*) = ker(d)+, so 9*9N,7 € ker(d) Nker(d)*+ = {0}. [ |

DEFINITION 1.4.7. The operator S; := 5*Nq|ker(5)1 ker(d) N L% (Q) — L%

(0.9) 0,4-1) (Q) is called

the canonical solution operator 0.

REMARK 1.4.8. As the composition of a closed and a bounded operator, S; is again closed.

By the closed graph theorem, S, is therefore a bounded operator from the Hilbert space ker(d) N

L%OIQ 1) (Q) to L%O,q)(()).

We will now turn to the question of when the operators N, and S, are compact. This will be
important in the sequel as it will imply compactness of commutators of certain Toeplitz opera-
tors. The first result states that compactness of Nj is closely tied to compactness of the canonical
solution operators:

PROPOSITION 1.4.9. Let O C C" be a bounded pseudoconvex domain with n > 2. Then Ny is a
compact operator if and only if both Sq and S, 1 are.

While there seems to be no full characterization of compactness of N, in terms of properties
of Q) itself, there are some situations for which compactness has been shown.

DEFINITION 1.4.10. A bounded domain () C C" is called strictly pseudoconvex if there exists
a neighborhood U of 9Q) and a strictly plurisubharmonic function p: U - RwithQNU = {z €
U:p(z) < 0}.

PROPOSITION 1.4.11. If Q) is a bounded, strictly pseudoconvex domain in C" with C* boundary and

n > 2, then the 9-Neumann operator Ny is compact for all 1 < g < n.

The reason for Proposition 1.4.11 is that under those assumptions, (2 satisfies a more general
condition, namely Catlin’s property (P), which has been shown to imply compactness. For a
survey of these results, check [BS99] or [Str10].

1.4.2. The structure of the Toeplitz C*-algebra. We now return to the topic of Toeplitz opera-
tors. The first step is to show that the commutators of Toeplitz operators with continuous symbols
are compact. It is helpful to introduce the following class of operators, which are closely related
to the Toeplitz operators:

DEFINITION 1.4.12. For f € L*(Q)), the operator
Hy := (I = P)Mg| g2y A*(Q) — L*(Q)
is called the Hankel operator with symbol f.

LEMMA 1.4.13. For every f,g € L®(Q)), we have TTg — Tg,
PROOF. Using Lemma 1.2.5, we can compute Hy = (M| 42())* (I = P) = PM/7(I — P), hence
HiHy = PMJ7(I — P)Mg| 42(qy), which by (1.2.1) is precisely the semi-commutator T5Tg — Ty, of

= HjHj.

Toeplitz operators.

The next Proposition relates compactness of the Hankel operators to both compactness of
commutators of Toeplitz operators and the canonical solution operator to 9. It is a combination of
results from [SSU89, Lemma 1.2] and [Has08, Theorem 3].
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PROPOSITION 1.4.14. Let Q3 C C" be a bounded domain. Then the following statements are equiva-
lent:
(i) The Hankel operators Hz, are compact foralli € {1,...,n}.
(ii) The Hankel operators Hy are compact for all f € c(Q).
(iii) The semi-commutators T¢Ty — Ty are compact for all f, g € c(Q). B
(iv) The commutators [Ts, Tg] = T¢Tg — ToTy are compact for all f, g € C(QY).
(v) Foralli € {1,...,n}, the Toeplitz operators with symbol z; are essentially normal, that is, the
self-commutators [T7, T;,] are compact.*
If, in addition, n > 2 and Q) is pseudoconvex, then the above are also equivalent to
. o Y . 2
(vi) The operator S| 2@ = 0* N | 2, (@) 8 compact, where A (0,1)(0) denotes the space of
(0, 1)~forms with coefficients in A%(Q).
PROOF. By Lemma 1.4.13, we have
(T2, Tz) = T5, Ty, — Ty, Ty, = Tap, — Ty, Tz, = —Hz Ha,.

Consequently, the self-commutator [T, T,] is compact if and only if the Hankel operator Hz, is,
so (i) and (v) are equivalent. Next, suppose that Hz, is compact for all i € {1,...,n} and let

f € C(Q). Observe that

Hgy, = (I — P)M¢Mg| p2(0y) = (I — P)MgPMy| g2y +

+ (I = P)Mg(I — P)My| p2(y) = Hg Ty + (I — P)MgHj,  (14.6)

forg,h € L*(Q)). Taking ¢(z) = z; and h(z) = Zj, we see that Hz 7, is compact and the same holds
for Hze with 2% := (21)" - - - (z4)*" for a € ZY by induction. Moreover,

Hzlxzﬁ == szt Tzﬁ

for a, B € Z% with zP := (z1)P1 - - - (z,)Pr, which follows from (1.4.6) and the fact that the Hankel
operators with holomorphic symbol are zero. By the Stone-Weierstrass theorem, f can be uni-
formly approximated by linear combinations of z*zf, and using ||H £l < [IfllL= we conclude
that Hy is also compact. This shows that (i) implies (ii). That (ii) implies (iii) follows from
Lemma 1.4.13. If the semi-commutators T;Ty — T, are compact for all f,¢ € C (Q), then so
are the commutators
[Ty, Tg) = (TpTg — Trg) — (Tg Ty — Tgy).
Thus, (iii) implies (iv) and the step from (iv) to (v) is trivial since T = Tz,.
Now suppose that () is pseudoconvex. From (1.4.5), we know that

Hzh = (I —P)(z;h) = 0*N19(z;h) = 9* Ny (hdz;)
for all h € A?(Q). Therefore,
_ n
a*Nl(w) = ZHZ[.C()[
i=1

forallw = Y1 w;dz; € A%O 1) (Q)). We conclude that that the restriction of 9*Nj to A%O 1) (Q)is

compact if and only if all Hz, i € {1,...,n}, are. This shows that (i) and (vi) are equivalent. W

As the last ingredient before we can state the main result of this section, we need the fol-
lowing result from several complex variables, the proof of which can be found in [Ran86, Corol-
lary VI.1.14]. For K C C" compact, we denote by O(K) the space of functions which are defined
and holomorphic on some open neighborhood of K.

4Equivalently, the projections of the T, to the Calkin algebra .#(A%(Q2))/# (A%(Q2)) are normal, hence the term
“essentially normal.”
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LEMMA 1.4.15. Let Q C C" be a bounded, strictly pseudoconvex domain with C? boundary. Then

for every zg € Q) there exists a holomorphic function ¢ € O(Q) such that ¢(z9) = 1 and |¢p(w)| < 1
forallw € O\ {zo}. The function ¢ is called a holomorphic peaking function for zy on Q.

THEOREM 1.4.16 ([Rae78, Theorem 3.1]). Let (3 C C" with n > 2 be a bounded, strictly pseu-
doconvex domain with smooth (C*) boundary. The commutator ideal of T(Q)) is precisely the ideal
# (A%(Q))) of compact operators on the Bergman space. Moreover, there is an isomorphism of C*-algebras

o T(Q) /A (A2(Q)) S C(3Q)
such that o(Ty + 2 (A*(Q))) = flaq forall f € C(QQ).

PROOF. It follows from Corollary 1.2.10 that .# (A?(Q))) € Comm(T(Q)). By Propositions
1.4.11 and 1.4.9, the canonical solution operator S; to d is compact and Proposition 1.4.14 then
implies that Comm(T(Q)) C .# (A%(Q)) also holds. Now consider the map

T: C(Q) = T(Q)/ 4 (A*(Q)), [ n(Ty),

where 77: T(Q) — T(Q)/.# (A%(Q)) is the canonical projection. By Proposition 1.4.14, the semi-
commutators of Toeplitz operators are compact, so that T is a homomorphism of C*-algebras
which evidently is surjective. Let p: C(Q)) — C(9Q)) denote the restriction map, f — f|aq. Since
Ty is compact if f[n = 0 (see Proposition 1.2.6), we see that ker(p) C ker(7). Moreover, any
continuous function on d() may be extended to a continuous function on () by the Tietze exten-

sion theorem, so p is surjective. By Lemma C.4.2, T descends to a surjective C*-homomorphism
7: C(0Q) — T(Q)/# (A%(Q)) withT = Top.

fHTfJ \ VT
(@)

T(Q) —— T(Q)/ X (A*(Q))

It remains to show that 7 is injective, because then ¢ := 7! has the desired properties. Since
T = Top and p is surjective, the kernel of T is p(ker(7)). Thus, it suffices to show that, for f €
C(Q), compactness of Ty implies f |3 = 0. Suppose that Ty is compact but there is zg € 9Q with
f(zo) # 0. Since Q) is assumed to be strictly pseudoconvex with smooth boundary, there exists
a holomorphic function ¢ € O(Q) such that ¢(zg) = 1 and |p(w)| < 1forallw € Q\ {z} by
Lemma 1.4.15. Pick a countable neighborhood base {Uy, } nen of Q at zg. By adding small enough
constants to ¢, we obtain holomorphic functions ¢, € O(Q), m € IN, such that |¢(z9)| > 1 and
|m| < 1on Q\ Uy,. More precisely, set

1
Pm =@ +cm with cp:== sup (1—|¢(w)])>0.
weﬁ\Um

Then ¥, (z0) = 14 ¢ > 1and || < |@] + cm < 1 on Q\ Uy Next, choose natural numbers ky,
with the property that || < 1/m on Q\ Uy, and ||g5|| > 1, where we use the norm of L2(Q).
Put ¢y, := ko / ||1p,]§1’" ||. Given & > 0 and an open neighborhood U C Q) of zp, we find M > 1 such

that Uy C Uand|¢)]]§j\f| <eonQ\UC O\ Uy Then

sup |gm(w)| < sup [y (w)| <e
weO\U weO\U
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for m > M, so we see that ¢, — 0 uniformly on the complement of any open neighborhood of
zg. For 6 > 0 it follows that

ITr0m = F(z0) gl = IPUgm = fG0)ow) I < [l fgm = Fz0)gl? =
= [, U~ feoPlgnlar+ [ 1f = f()lgn] 2 <

<O+ |f = fz0)? sup |pm(w)|
weO\ Vs

where V5 := {z € Q : |f(z) — f(z0)| < ¢} and we have used that P¢,, = ¢;. Therefore,
Trom — f(20)pm as m — oo. Since ||@n || = 1, by the Banach-Alaoglu theorem and after possibly
passing to a subsequence, there is 7 € A%(Q) with ||| < 1 such that ¢, — 1 weakly. By
compactness, the image sequence under Ty converges in norm, T¢¢, — Tyn in AZ(Q)). This gives

(Tyn = F(o), ) = Tim (Tygm,h) = (£(z0) g, 1)) = lim (Tygm — F(z0) g ) = 0
for every h € A%(Q)), so Ty = f(z0)1. Using this, we get

|fzo)lll@m = nll = [1f (z0)@m — Tenll < 1f (z0) @ — Tg@mll + (| Tgpm — Tynl],

hence ||¢ — 17]] — 0 as m — oo since f(zp) # 0. As a consequence, we find that ||| = 1. But
a subsequence of (¢ ), has to converge pointwise almost everywhere to 7, meaning 7 = 0 in
A%(Q), a contradiction. [ ]

COROLLARY 1.4.17. Under the assumptions of Theorem 1.4.16, the Toeplitz operator T with f €

C(Q)) is compact if and only if f|yq = 0.
PROOF. This is just the injectivity of T together with Proposition 1.2.6. |

Let H and K be Hilbert spaces. We recall that a bounded linear operator T € .¢(H,K) is
called Fredholm if ker(T) C H is finite dimensional and the image im(T) has finite codimension
in K. The essential spectrum of an operator T € £ (H) is the set

Oess(T) := {A € C : T — A is not a Fredholm operator}.

The content of Atkinson’s theorem (see for instance [Mur90, Theorem 1.4.16]) is that an operator
S € Z(H) is Fredholm if and only if S + ¢ (H) is invertible in the Calkin algebra £ (H)/ ¢ (H).
Therefore, if 7: £ (H) — £ (H)/# (H) denotes the canonical projection, we have

Oess(T) = Oz(11) /.07y (70(T)). (1.4.7)

COROLLARY 1.4.18. Under the assumptions of Theorem 1.4.16, the Toeplitz operator Ty with f €
C(Q) has essential spectrum vess(Ty) = f(9Q). It follows that T is Fredholm if and only if f(z) # 0 for
all z € 0Q).

PROOF. Let H := A?(Q) and denote by 7w: .Z(H) — .#(H)/.# (H) the projection. Then by
Theorem 1.4.16 and (1.4.7),

ess(Tf) = 0wy (1) (0(Tf)) = 03() )2 (1) (7T(TF)) = 0c(an) (flaq) = f(9Q2)

since T(Q)/# (H) is a C*-subalgebra of .#(H)/.# (H) and we may calculate the spectrum of
n(Tr) € T(Q)/# (H) with respect to this subalgebra, see Proposition C.2.3. By the definition of
the essential spectrum, Ty is Fredholm if and only if, 0 & gess(Tf). By the above, this is equivalent
to f(z) # 0 forall z € 9Q). [ ]



NOTES FOR CHAPTER 1 15

Notes for chapter 1

The material from section 1.1 about Bergman spaces and the Bergman kernel function can
largely be found in [Kra01, Chapter 1.4] and [Ran86]. The same holds for the transformation laws
of P and K¢, from section 1.3. Corollary 1.1.4 is from [Upm96, Proposition 4.1.17].

With exception to Corollary 1.2.10, all results of section 1.2 are taken from [Upm96]. While
we are not aware of who first showed Corollary 1.2.10, it is proved in [SSU89, Theorem 1.4]
using some tools from multivariable operator theory (namely the Taylor joint spectrum), whereas
our proof relies on the diagonal behavior of the Bergman kernel in order to provide a non-zero
compact operator in J(Q)). The part of the proof concerning the commutator ideal was inspired
by [Con91, Lemma 12.9]. Another proof can be found in [Rae78] under the assumption that
Q) strictly pseudoconvex and with smooth boundary. It uses the fact that the commutators of
Toeplitz operators are then compact, see Proposition 1.4.14.

The treatment of the 9-Neumann problem is based on [Str10] and [Has14]. Corollary 1.4.18 is
from [Upm96, Corollary 4.1.30].






CHAPTER 2

Groupoid C*-algebras

In the previous chapter, we have seen that the Toeplitz C*-algebra for a bounded strictly
pseudoconvex domain ) in C" with smooth boundary has a very simple structure: the commu-
tators of Toeplitz operators (with continuous symbols) are all compact and the quotient algebra
T(Q)/# (A%(Q)) is isomorphic to C(dQ)). This was due to the fact that, under these assump-
tions, there exists a compact solution operator to a certain system of partial differential equations,
namely the d-equation, as well as holomorphic peaking functions for every boundary point. In
what follows, we will concentrate on the situation for Reinhardt domains, but we will waive the
assumption on strict pseudoconvexity and we will allow for domains with non-smooth bound-
ary. It turns out that the resulting Toeplitz C*-algebra has a much more complicated structure,
which we will probe by showing that it is isomorphic to a (subalgebra of a) C*-algebra associ-
ated to a groupoid that will be constructed from the domain (). The general theory of groupoid
C*-algebras will then allow us to make statements about the Toeplitz C*-algebra.

The application to Toeplitz operators will be done in chapter 3, while in the present chapter,
we will develop the basics of the theory of groupoids. In simple terms, a groupoid generalizes the
notion of a group, in the sense that it comes with multiplication and inversion maps, the difference
being that the multiplication need not be defined for every pair of elements. Moreover, a groupoid
is not required to have a unit element, although cancellation laws still apply. Consequently, the
usual group identities like associativity need only hold whenever they make sense in the groupoid
setting.

In order to do analysis on groupoids, we will introduce generalizations of Haar measures of
groups, the so-called Haar systems, which consist of an entire family of measures on the groupoid,
indexed by its unit space. This will make it possible to associate first a convolution algebra and
then C*-algebras to groupoids, similarly to the notion of a group C*-algebra.

2.1. Groupoids

We begin this chapter with a section on the more algebraic aspects of groupoids. Besides the
elementary definitions, a large portion of it will be devoted to the most important examples of
groupoids which will be of importance later on.

DEFINITION 2.1.1. A groupoid is a set G together with maps inv: G — G, x — x~!, and
G2 = G, (x,y) — xy, where G®@) is a subset of G x G, such that

() if (x,v), (v,2) € G, then (xy,z), (x,yz) € G? and (xy)z = x(yz),
(i) (x~1,x) € G@ forallx € Gand if (x,y) € G@, then x ' (xy) =y,
(i) (x,x~1) € G@ forall x € G and if (z,x) € G@, then (zx)x~! = z.

Property (i) is called the law of associativity and (ii), (iii) are called the left and right cancellation laws,
respectively. Elements of G(?) are called composable pairs, the map (x,y) — xy is the multiplication
or product map and inv: x — x~1 is the inversion.

We call G a locally compact groupoid if G is, in addition, a locally compact Hausdorff space
(see Appendix A) such that the multiplication and inversion maps are continuous. In addition,

17
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we will always assume locally compact groupoids to be second countable. Here, G(?) carries the
subspace topology with respect to G x G.

1

REMARK 2.1.2. Note that in (ii) and (iii), the expressions x ! (xy) and (zx)x~! are well-defined

by the associativity property (i).

Hence, groupoids can be seen as “generalized” groups, where the multiplication is replaced
by a map which is not necessarily everywhere defined and where there is no distinguished unit
element. Note that the inversion x — x~! is still defined on the whole groupoid.

PROPOSITION 2.1.3. Let G be a groupoid and x,y € G.
(i) We have (x~1)~1 = x.
(ii) If xy is defined (that is, (x,y) € G?)), then so is y~'x~ and the equation (xy)~' =y~ 'x
holds.

In particular, by (i), the inversion map is bijective. For a locally compact groupoid, it is therefore a homeo-
morphism.

PROOF. Using associativity and the cancellation laws, we calculate

()= () e ) = () e Lt ) =
Similarly, if xy is defined, then so is (xy) ! (xy), hence (xy) 'xyy ! is also defined (by associativ-
ity, because (y,y~!) € G®?). Since xyy ! = x, we can form xyy—'x~! and conclude
(xy) 7! = ()Tt = (ay) Thayy T =y

by canceling xy in the last step. |

REMARK 2.1.4. Alternatively, groupoids may be defined as small categories (that is, its objects

form a set and not a proper class) in which every morphism is invertible. In fact, if G is such a
category, let G be the disjoint union

G:= || Homg(ab),
a,bcOb(9)

where Ob(§) denotes the set of objects of § and Homg(a,b) is the set of morphisms from a to
b. Composition and inversion of morphisms then endows G with the structure of a groupoid as
in Definition 2.1.1. While this approach is easier to handle in some circumstances (for instance,
Proposition 2.1.3 becomes quite trivial), a treatment of Haar systems seems to favor the algebraic
definition above.

DEFINITION 2.1.5. Let G be a groupoid and x € G. The expressions
d(x):=x"'x and r(x):=xx"!
are called the domain (or source) and range (or target) of x, respectively. The set
GO .= d(G) = r(G)
is the unit space of G. Moreover, we set
G :=r*{u}), Gy:=d'({v}) and G!:=G"NG,.
LEMMA 2.1.6. We have G = {(x,y) € G x G : d(x) = r(y)} and

GO ={xeG:d(x)=x}={xeG:r(x) =x} (2.1.1)
={xeG:(x,x)eGPadx*=x} ={xeG:x 1 =x}. (21.2)

In particular, if G is a locally compact groupoid, then G and G©) are closed in G. Moreover, elements of
GO are units in the sense that if x,y € G and u € G'©) are such that xu = y or ux =y, then x = y.
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PROOF. If x and y are composable, then x~!(xy) = y and hence (x~!(xy))y~' = yy~ 1.

Since by associativity, both (x~1,xy) € G@ and (xy,y~') € G, we have x ((xy)y ') =
(x~1(xy))y~!, again by using associativity. But then

d(x) =x"lx=x"((xy)y ) = () =y =r(y).
Conversely, if d(x) = r(y), then (x x,y) € G? and since also (x,x 'x) € G®?), we get by
associativity that (x,y) = (x(xx),y) € G@.

Ifuc GO, thenu = xx~' = y 'y for some x,y € G. It follows that d(u) = u~'u =
y~lyxx~! = y~ly = u by the cancellation rule and similarly 7(u) = u. The converse inclusions
in (2.1.1) are self-evident.

Next, if u € G, then u = d(x) for some x € G. Hence, u~! = (x1x)~! = x1x =
d(x) = u and therefore also (#,u) = (u,u™') € G® and u? = u='u = d(u) = u. Conversely, if
(u,u) € G® and u? = u, then u~'u = u~uu = u, so u € G, This shows that G(¥) is the set of
idempotents. Similarly, u~! = u also implies u# € G(©) since then u~'u = uu = u. This concludes
the proof of (2.1.2).

Finally, if x,y € G and u € G(%) such that xu = y, then x = xuu~' = xu® = xu = y. The case
ux = y is treated similarly. |

1 2

LEMMA 2.1.7. The relation u ~ v : <= G # @ is an equivalence relation on G\%). Its equivalence
classes are called orbits and we denote the orbit of u € G'©) by [u]. Therefore, v € [u] if and only if there
exists x € G such that r(x) = u and d(x) = v. We have [u] = d(r ' ({u})) = r(d-1({u})).

PROOF. We have u € G! because r(u) = u = d(u) for all u € G by Lemma 2.1.6, so ~
is reflexive. Next, if x € G}, then x e G}, showing that ~ is symmetric. Finally, if x € G
and y € GY, then r(xy) = xyy 'x~! = r(x) = uand d(xy) = y~'x"lxy = d(y) = v, implying
xy € G}, which proves that ~ is also transitive, hence an equivalence relation.

Clearly, v € [u] is equivalent to the existence of x € r~!({u}) Nd~'({v}). If such an x
exists, then v = d(x) € d(r~'({u})), so [u] C d(r~'({u})). Conversely, if v € d(r~'({u})),
then there is x € ! ({u}) with v = d(x), so x € d"'({v}) Nr~1({u}). Therefore, we also have
[u] 2 d(r~1({u})). Similarly, one shows that [u] = r(d~1({u})). [ |

2.1.1. Groupoid homomorphisms. As with other algebraic objects, we can consider struc-
ture preserving maps between groupoids. As is expected, homomorphisms are required to com-
mute with the multiplications, although of course only if they make sense:

DEFINITION 2.1.8. Let G and H be groupoids. A map ¢: G — H is called a groupoid homo-
morphism if (x,y) € G implies that (¢(x), ¢(y)) € H?® and ¢(xy) = ¢(x)¢(y). A bijective
groupoid homomorphism is called a groupoid isomorphism.

If G and H are locally compact groupoids, we will require homomorphisms to be continuous
and isomorphisms to be homeomorphisms. A groupoid isomorphism which is also a homeomor-
phism will be called a groupoid homeomorphism.

REMARK 2.1.9. Note that in the category theory picture of Remark 2.1.4, a groupoid homo-
morphism ¢: G — H is nothing but a covariant functor.

PROPOSITION 2.1.10. Let G and H be groupoids and ¢: G — H a groupoid homomorphism.

(i) Ifu € GO, then (u) € H, so ¢ preserves the unit spaces.
(ii) Forall x € G, we have p(x~1) = @(x)~1.
(iii) We have dyjo ¢ = @ odg and ry o ¢ = ¢ o rg, where dyy and dg are the domain maps of H
and G, respectively, and similarly for the range maps ry and r¢.
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PROOF. If u € G0, then u? = u by Lemma 2.1.6. It follows that d(¢(u)) = ¢(u) '@(u?) =
() To(u)p(u) = ¢(u), so p(u) € H® by (2.1.1), which shows (i). Now let x € G. By the
homomorphism property, we have ¢(xx~!) = @(x)p(x~!), which implies ¢(x) Tp(xx~1) =
@(x) 1p(x)p(x~1) = @(x~1) by left cancellation. Since xx~! € G(©), we have g(xx~!) € H)
by (i) and so we can cancel ¢(xx~!) by Lemma 2.1.6 to obtain ¢(x) ! = ¢(x~1). This proves (ii).
Finally, we have dy(¢(x)) = ¢(x)1o(x) = ¢(x~'x) = ¢(dg(x)) and the same holds for the
range maps. n

2.1.2. Reductions and invariant subsets. Any groupoid may be “shrunk” in order to pro-
duce a new groupoid with prescribed unit space. This process is called reduction:

DEFINITION 2.1.11. For a groupoid G and a subset E of its unit space G(©), we set
Glg:=r Y E)nd Y(E) = {x € G:r(x) € Eand d(x) € E}
and call it the reduction of G by E.

PROPOSITION 2.1.12. Let G be a groupoid and E C GO). By restricting the product to G(?) N
(G|g x G|g) and the inversion to G|g, the reduction becomes a groupoid on its own. Moreover, its unit
space is (G|g)%) = E and for u € E we have (G|g)* = G* N G|g and (G|g)y = Gy N G|E.

PROOF. For the first part we only need to show that G| is closed under the algebraic oper-
ations, the cancellation rules and associativity then follow immediately. Let x,y € G N (G|g x
Glg). Thenr(xy) = xyy 'x ! = xx ! =r(x) € Eand d(xy) =y 'xx"ly =y 'y =d(y) € E
and hence xy € G|g. For x € G|g we obviously have r(x~1) = d(x) € Eand d(x~!) = r(x) € E,
so x !isalsoin G|g.

The source and range maps of G|g are just the restrictions of d and r to G|g. We have
(Glp)© = d(Glg) = d(r"Y(E)nd~Y(E)) C d(d'(E)) C E. Conversely, if x € E C G,
then d(x) = r(x) = x € Eby Lemma 2.1.6,s0 x € d(G|g) = (G|)(?). The remaining formulas are
easy to verify. |

REMARK 2.1.13. Note that, if E; C E; € G, then (G|g,)|g, = Glg,.

While any subset of the unit space of a groupoid can be used to reduce the original groupoid,
there is a family of subsets for which the reduction will turn out to be particularly useful. These
are the so-called invariant subsets.

DEFINITION 2.1.14. Let G be a groupoid. A subset E C G(©) of the unit space of G is called
invariant (under G, or G-invariant) if E = r(d~1(E)).

PROPOSITION 2.1.15. A subset E C G\ is G-invariant if and only if d=*(E) = r~'(E). In this
case,
Glg=r"YE)=d Y(E) aswellas (G|g)"=G" and (G|g)y = Gy
forall u € E. In particular, arbitrary unions and intersections of invariant sets are again invariant, as are
their complements (relative G(9)). Moreover,
GHN(GxGlp) € (Glp)® and 6PN (Glg x G) < (Glp)®

for any invariant subset E C G©). This means that elements of G| can only be composed with other
elements of G|f.

PROOF. If d"1(E) = r~(E), then r(d~1(E)) = r(r"1(E)) = E because r: G — G is sur-
jective, so E is invariant. Now assume that E is invariant. Clearly, G|z C d~!(E). By invari-
ance of E, we have r " (E) = r~1(r(d~(E))) 2 d~(E). Therefore, G| = r"'(E)nd~(E) 2
d~Y(E)nd~Y(E) = d~1(E), which shows G| = d~!(E). Next, we have

Glg=d Y(E)2d YE)ynr Y (E) = Glg,
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which implies d~!(E) = d~1(E) Nr~'(E) C r~}(E) and hence G|g = d~'(E) = r~!(E). Finally, if
u € E, then G* = r'({u}) C r"Y(E) = G|g, so (G|g)"* = G* N G|g = G* by Proposition 2.1.12,
and similarly for (G|g),. The statement about unions, intersections and complements now fol-

lows from the compatibility of the preimage with these operations.
If (x,y) € GP N (G x G|g), thend(x) = r(y) by Lemma 2.1.6,s0 x € d~*({r(y)}) Cd1(E) =
G|E. Therefore, (x,y) € G® N (G|g x G|g) = (G|g)?. The second statement is done analogously.
[ |

REMARK 2.1.16. It follows that any partition of G(%) into invariant sets gives rise to a partition
of G into disjoint groupoids. In particular, for every invariant set E C G(*) we have the disjoint
union G|g U G| GONE" As a sanity check, note that groups have only the trivial invariant subsets

G = {e} and @, which is consistent with the fact that groups can not be written as disjoint
unions of subgroups (every subgroup needs a unit element).

REMARK 2.1.17. Note that the G-invariant subsets are precisely the unions of orbits from
Lemma 2.1.7. Indeed, if u € G, then [u] = r(d~'({u})) = r(d~'([u])), so (unions of) orbits
are invariant. Conversely, if E C G(©) is invariant and u € E, then also [u] = r(d~'({u})) C
V(dil(E)) =E,soE = UuEE[u]'

2.1.3. Examples. We will now present some examples of groupoids which will be needed
in later sections of this thesis. While these examples are very basic, they will nevertheless be
sufficient for our purposes.

EXAMPLE 2.1.18 (Groups). Every group G is a groupoid with everywhere defined multipli-
cation (meaning G® = G x G) and unit space G(O) = {e}, where e is the identity element of the
group. It follows that G* = G, = G. O

EXAMPLE 2.1.19 (Cotrivial groupoids). Any set X can be made into a groupoid. Let G := X
and G := diag(X) := {(x,x) : x € X}, the diagonal of X x X. Multiplication and inversion are
defined by xx := x and x~! := x. One easily verifies that this construction gives a groupoid, the
cotrivial groupoid over X. For the cotrivial groupoid we have G(¥) = X and G* = {x} = G,. O

EXAMPLE 2.1.20 (Trivial groupoids). Given a set X, there is another way to obtain a groupoid
with unit space X. Take G := X x X and G? := {((x1,x2), (y1,¥2)) € GxG : x = y1}
with multiplication (x,y)(y,z) := (x,z) and inversion (x,y) ' := (y,x). This gives the trivial
(or matrix) groupoid over X. For this groupoid, we have r(x,y) = (x,x) and d(x,y) = (y,v).
Its unit space is G = {(x,x) : x € X}, the diagonal of X x X, as can be seen by using any
of the formulas from (2.1.1) or (2.1.2). We may therefore identity G with X itself. Moreover,
G =r1{x}) = {x} x Xand G, = d 1 ({x}) = X x {x}.

Now let E C X = G be a subset. We have r"1(E) = E x X and d"}(E) = X x E. The
reduction G| is therefore given by

(Xx X)|g=r"YE)nd Y(E) = E xE. (2.1.3)

It follows that the reduction of a trivial groupoid is again a trivial groupoid. Note that E is invari-
ant if and only if E x X = X x E which is the case if and only if E = X or E = @. O

EXAMPLE 2.1.21 (Equivalence relations). Let X be a set and R C X x X an equivalence re-
lation over X. Defining R := {((x1,y1), (x2,¥2)) € Rx R : y; = x5}, the set R becomes
a groupoid with composition (x1,y1)(y1,y2) := (x1,y2) and inverse (x,y)~! := (y,x). For
the special case R = X x X, we thus obtain the trivial groupoid over X. The other extreme
is R = diag(X), which gives rise (up to the identification of diag(X) with X) to the cotrivial
groupoid over X. O
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EXAMPLE 2.1.22 (Transformation groupoids). Let I' be a group acting on a set S from the
right by a: T — Aut(S), written as s - g := «(g)(s). We define the transformation groupoid (or
action groupoid) associated to this action in the following way: as a set, we let G := S x I'. The set
of composable pairs is

G® :={((s,g),(th)) € SxT:t=s5-g}

and the operations are given as

(5,8)(s-8) = (s,8h) and (5,8)7" = (s5-8,87").
It is elementary to check that this defines a groupoid which we will denote by S %, I' := G. The
domain and range maps of this groupoid are given by

d(s,8) = (s-8,871)(5,8) = (s:g,¢) and r(s,8) =(5,8)(s-8,87") = (s¢)-
If I is a second countable locally compact Hausdorff group, S a second countable locally compact
Hausdorff space and the action I' x S — § is continuous, then this evidently defines a locally
compact groupoid.
We note that the unit space G(?) of this groupoid may be identified with S by the mapping
(e,s) — s, where e is the unit in T, since

GO =¢(G) ={(s,e) :s € S} = 5. (2.1.4)
Foru = (s,e) € G we have
G =rY{u}) ={(t,h) €G: (te) = (s,e)} = {s} xT (2.1.5)
and similarly
Gu=d '({u})={(t,hy €G:(t-he)=(s,e)} ={(t,h) €G:t-h=s}. (2.1.6)
Now let E C S be a subset. Then the reduction of S %, I' to E is, as a set, given by
(SxuD)|g=r"YE)Nd Y(E) = {(t,h) € ExT:t-h € E}, 2.1.7)

where we have used (2.1.5) and (2.1.6).
We now take a look at invariant subsets of this groupoid. Let E C S
By (2.1.6), we have d"1(E) = {(t,h) € SxT :t-h € E}. Sincer: G — GO
(t,g) — t, we have
rd Y E)={teS:IeTwitht-hecE}={teS:(t-T)NE #Q}, (2.1.8)

where t - T denotes the orbit of t under I'. Evidently, r(d~1(E)) 2 E. If E C r(d~'(E)), then
any orbit that intersects E must fully belong to E. We conclude that the invariant subsets of G
are precisely the subsets of S which are unions of group orbits.! A consequence of this is that the
reduction of a transformation groupoid to an invariant subset is again a transformation groupoid,

(SxaT)|g=E T,

G0 be arbitrary.
S is just the map

o~
o~

alE

where «|g denotes the restricted action of T on E. O

EXAMPLE 2.1.23. Let I be a group, acting on itself by right translations p;,: I — T, p,(g) :=
gh, so we can form the transformation groupoid G x, G. Consider the map ¢: I' x I' — T' x T,
¢(g,h) :== (g,gh). Obviously, ¢ is bijective. We claim that ¢ establishes a groupoid isomorphism
between I' x, I and the trivial groupoid I' x I. Indeed, if ((g, ), (§',1')) € (T x,T)?), then ¢’ =

ghand (p(g,h), (g, 1)) = ((g,8h), (g, 8'H)) = ((8,gh), (gh,g'l")) € (T x I')2). Moreover,
p((gh)o (g H) = p(g, hh') = (g,8hh’) = (¢,gh)T(S", §'H') = ¢(g, ) Tep(g', 1),

1 This comes as no surprise as the group orbits are precisely the orbits in the groupoid sense as defined in
Lemma 2.1.7.
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where we denote by o the multiplication in the transformation groupoid, and by [ the operation
in the trivial groupoid for clarity. Therefore, ¢ is indeed a groupoid isomorphism. In the case of
a locally compact group, this is even a homeomorphism. Using (2.1.3) and Proposition 2.1.10, we
also see

(TxpT)|[g =EXE

for any subset E C T via the restriction of ¢ to (I' X, I')|g. Indeed, since do ¢ = ¢ od and
ro@ = ¢@or, wehave

(T D)|psger =d HEx {e}) N (E x {e}) = ¢ (T X )|y fe}))

Since ¢(E x {e}) = {(g,g) : § € E} is the diagonal, the claim follows after identifying the unit
spaces of both groupoids with I' in the usual way. O

DEFINITION 2.1.24 (Product of groupoids). Let G;, i € I be a family of groupoids. Then the

Cartesian product
G:=][G with G®.=T]c?
i€l i€l

and the componentwise operations is a groupoid, called the product of the G;. If I is countable
and all G; are second countable, locally compact Hausdorff spaces, then so is G when equipped
with the product topology. As usual, the product of finitely many groupoids Gy, ..., G, will be
denoted by G; x - - - X Gy.

EXAMPLE 2.1.25 (Trivial action groupoid). Let S be a set. If I is any group, then there is a
trivial action of I' on S, namely s- g := s forall s € S and g € I'. Moreover, the identity map
idgur: S Xgiv T = S x TI' is a groupoid isomorphism between the trivial action groupoid S Xy, I
and the product groupoid S x I', where S is the cotrivial groupoid over S and I’ is seen as a
groupoid. Indeed, if (s,g) and (¢, /) are composable in S Xyiy I, then t = s- ¢ = s and hence
(s,8)(s,h) = (s, gh), which is also the multiplication in the product groupoid. O

DEFINITION 2.1.26 (Disjoint union of groupoids). Let G;, i € I, be a family of groupoids. Then

the disjoint union
G:= |_| G; together with G®? .= |_| Gi(z)
i€l i€l

and the obvious multiplication and inversion is a groupoid, called the disjoint union of the G;.
Thus, two elements x and y of | J;c; G; are composable if and only if there exists i € I withx,y € G;
and xy is then the just product in G;. If I is countable and all G; are locally compact groupoids,
then so is G when equipped with the disjoint union topology. Here, the countability assumption
is necessary because we require locally compact groupoids to be second countable. The disjoint
union groupoid satisfies

GO =1](G)®, G"=(G)" and Gu=(G)u ifuc(G).
icl

EXAMPLE 2.1.27. Let G be a groupoid and suppose that E; € G, i € I, is partition of
G into invariant subsets, U;c; E; = G(9). Then G can, as a set, be identified with the disjoint
union | |;c; G|, (because the E; are pairwise disjoint and G|g, = d~1(E;) by Proposition 2.1.15).
Moreover, the evident map 1: G — | ;¢ G|, is a groupoid isomorphisms. Indeed, if (x,y) € G2,
then d(x) = r(y) € GO by Lemma 2.1.6 and there exists i € I such that d(x) = r(y) € E;. It
follows that x € d~!(E;) = G|, and y € r'(E;) = G|, by invariance of E;, see Proposition 2.1.15.
Therefore, (x,y) € G? N (G|g, x Glg,) = (G|g,)?, meaning x and y are composable in the
reduction G|g,. But then (1(x), (y)) € (Uies G|Ei)(2) and ((xy) = 1(x)u(y).
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If G is a locally compact groupoid and U; C G(), i € I, s a partition of G() into open invariant
subsets, then G is homeomorphic to the disjoint union | J;c; G|y, with its disjoint union topology.
Every G|y, is then clopen in G, hence a union of connected components. O

2.2. Analysis on groupoids: Haar systems

Let G be a locally compact groupoid. We seek to generalize the notion of the Haar measure
of groups to the groupoid setting. This generalization will be in the form of an entire family of
Radon measures on G, a Haar systen, parametrized by the unit space G(*) and with appropriate
continuity and invariance properties. For the basics on Radon measures, see Appendix A. We will
denote the set of Radon measures on G by M (G).

DEFINITION 2.2.1. A left Haar system for G is amap p: G(© — M, (G), u +— ", such that
(i) supp(p*) = G* forallu € G(),
(ii) for any fixed f € C¢(G), themap G 5 u + | fdy” €Cis Continuous, and
(iii) for all x € G and f € C.(G), we have [, f(xy) du®™ (y) = [, f( ) (y).
Similarly, a right Haar system for G is a map u: G0 — M+(G), U= Uy, such that
(i") supp(py) = Gy forallu € GO,
(ii") for any fixed f € Cc(G), themap G 3 u — [ fdptu € C is continuous, and
(iii’) forallx € Gand f € C.(G), wehave [ f(y) dpac)(y) = [ f(yx) dpy () (y)-
Property (iii) is called left-invariance, and property (iii’) is called right-invariance.

We note that the integrals in this definition make sense: for x € G we have supp( pix)y =
G4¥) = r=1(d(x)). For y € supp(p?™)) it follows that yy ! = x~x which by Lemma 2.1.6 means
that (x,y) € G® so that f(xy) as in the integral occurring in the left-invariance formula for a left
Haar system is defined. Similarly, one shows that the corresponding formula for the right Haar
system is consistent.

PROPOSITION 2.2.2. Given a left Haar system for G, the assignment p,, := inv,(u*), u € G, de-
fines a right Haar system for G, where inv (u*) is the image measure of u* under inv, see Example A.4.11.

PROOF OF PROPOSITION 2.2.2. Defining i, as above, we see that its support is supp(u,) =
inv(supp(u*)) = inv(G*). Since G* = rY(u) = {y € G : yy~' = u}, we have inv(G*) =
d~'(u) = Gy, implying supp(yy) = Gy, as required. Continuity is clear, since [ f du, is just
Jo foinvdu* and f oinv is again in C¢(G). Finally, for x € G and f € Cc(G),

/Gf(]/)d.”d /f i /f xy) ") dpt ) (y) =
—/fyxdﬂ /fyxdur W),

where we have used Proposition 2.1.3. |

REMARK 2.2.3. In contrast to the situation for groups, a Haar system on a locally compact
groupoid need not necessarily exist (and even if it does, it need not be unique). In fact, the ex-
istence of a Haar system forces the range and domain maps r,d : G — G(% to be open maps,
see Corollary 2.2.7 below. An example of a compact Hausdorff groupoid which does not admit
a Haar system (and for which » and d are not open) was given in [Sed86]. Some authors also
require locally compact groupoids to admit a Haar system by definition, for example [Pat99].

LEMMA 2.2.4. Let G be a locally compact groupoid with left Haar system wandlet x € G. Then
/ f(xy) dy / fly dy (2.2.1)
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continues to hold for all positive Borel-measurable functions f: G — R U {4oco} and for all u"™)-
integrable f: G — C.

PROOF. Consider first the case where f = xx is the characteristic function of a compact subset
K C X. Then K = ;> Uy for a sequence U, of open subsets® of X and taking f, € C(G,[0,1])
with fu[x = 1and fu|g\y, = 0, we have f, \, xk. Since |fu| < f1, the dominated convergence
theorem implies that (2.2.1) holds for xx. Any open subset of G is the countable union of compact
sets since the open subsets are again second countable, locally compact and Hausdorff, hence
have an exhaustion of compact subsets by Lemma A.3.1. It follows that (2.2.1) holds for x;; with
U C G open. Let

A:={A € B(G) : (2.2.1) holds for x4},

where B(G) denotes the Borel sets of G. By the above, A contains the open sets. Moreover,
Xc\Aa = XG — Xa forall A € A, hence A is closed under complements by linearity of (2.2.1). The
monotone convergence theorem then shows that A is a o-algebra, so that A = B(G).

Now the claim for the positive Borel functions follows since those are pointwise monotone
limits of simple functions. The case where f is integrable with respect to 1"*) follows by decom-
posing f = (f1 — f2) +i(f3 — f1) with positive Borel functions f;, 1 <i < 4. [ |

LEMMA 2.2.5. Let G be a locally compact groupoid with left Haar system y. For each f € C.(G), the
function G 3 u Jo fdu* € C has compact support. Moreover, the map

B Ce(G) = C(G), (F)w) = [ fap"
is continuous with respect to the inductive limit topologies (see Appendix B).

PROOF. Let f € C.(G) and set K := supp(f). Then r(K) is a compact subset of G(¥), and
if u € GO\ 7(K), then [, fdu* = fr,l({u})fd]i” = 0 because r~({u}) € r1(G¥\ r(K)) C
G \ K. This shows that supp(ji(f)) € r(K) is a compact subset of G(?).

To show continuity of ji, let f; be anetin C¢(G) such that f; — f uniformly for some f € C.(G)
and supp(f;) C K for some fixed compact subset K C G. Then supp(ji(f;)) C r(K) for all i. Let
§ € C:(G) be such that ¢ > xg, where xx is the characteristic function of K. We then have

@) =A< [ 1fi= flan < [ 1= flpdu’ < I1fi = flei)w),

so [|f#(fi) = H(f)lleo < [Ifi = flleol[##(¥)]|co and hence ji(fi) — Ji(f), which shows that ji is contin-
uous for the inductive limit topologies, see Remark B.3. |

REMARK 2.2.6. One can show that Lemma 2.2.5 continues to hold for Borel functions. More
precisely, if f: G — C is a bounded Borel function which vanishes outside a compact subset, then
7(f) is a bounded Borel function on G(), again vanishing outside some compact set. We refer to
[Pat99, Corollary 2.2.1] for a proof.

COROLLARY 2.2.7. Let G be a locally compact groupoid and suppose that G admits a left Haar system
pt. Then the maps r,d: G — G©) are open.

PROOF. Take U C G open, x € U and f € Cc(U, [0,1]) such that f(x) > 0. By Lemma 2.2.5,
we have ji(f) € Ce(G) and fi(f)(r(x)) = [, fdu'™) > 0as x € r-1({r(x)}) = supp(p™),
see also Remark A.4.5. Moreover, supp(ji(f)) C r(U) by examining the proof of Lemma 2.2.5.
It follows that r(U) contains the open neighborhood {u € G© : 7i(f)(u) > 0} of r(x) and is
therefore open. Since d = r o inv, the same conclusion holds for the domain map. u

218 other words, K is a G5 set, meaning a countable intersection of open sets. In a metric space, all closed sets are G4
and our groupoid G is metrizable by Theorem A.3.8.
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COROLLARY 2.2.8. If G is a locally compact groupoid with left Haar system y and E C G(©) is an
invariant subset, then also the interior G° and the closure G are invariant.

PROOF. By Proposition 2.1.15, E is invariant if and only if »~'(E) = d~1(E). It suffices to
note that ¥~ (E°) = ("}(E))° and r "' (E) = r~1(E) because r is continuous and open by Corol-
lary 2.2.7, and similarly for 4. |

2.2.1. Examples of Haar systems. We will now provide Haar systems for the various types
of groupoids that have been discussed in section 2.1.3.

EXAMPLE 2.2.9 (Locally compact groups). Let G be a locally compact (Hausdorff, second
countable) group and choose a left Haar measure y on G (this is unique up to a multiplicative
constant). Then evidently u® := yu defines a left Haar system on the groupoid G. O

EXAMPLE 2.2.10 (Cotrivial groupoids). If X is a locally compact, second countable Hausdorff
space and G the cotrivial groupoid over X, see Example 2.1.19, then G* = {x}, so the only Haar
systems are families of point masses, and we will always choose p* := J, for x € X. O

EXAMPLE 2.2.11 (Trivial groupoids). Let X be a locally compact space and consider the trivial
groupoid G = X x X over X, see Example 2.1.20. Take a measure v € M, (X) with supp(v) = X
and, for x € X = GO, get u* := dy x v, where Jy is the Dirac measure at x € X. Thisis a
Radon measure by Example A.4.8. Then y is a left Haar system for G. Indeed, supp(y*) =
{x} x supp(v) = G¥, so the measures have the right support. For f € C.(X x X), we have
Jxsx fau* = [y f(x,y) dv(y), which is continuous in x. Finally,

/Gf (o) (N ™D y) = | f(y) () d(sy x v)(x' )
= [ fly)avty) = f( Y)doex )y = [ ) dw ()
for x,y € X shows left invariance. O

EXAMPLE 2.2.12 (Transformation groupoids). Consider again a locally compact transforma-
tion groupoid S x4 G from Example 2.1.22 associated to a continuous group actiona: S x G — S,
s-g:=a(s,g). Choose a left Haar measure A on I and define

1= u) =5 x A, (2.2.2)

where J; is the Dirac measure at s € S. This is a Radon measure by Example A.4.8. Note that the
parameter s of the measures has values in S since we made the identification (2.1.4).

We claim that this defines a left Haar system on G. Clearly, the support of this measure is
{s} xT = G(®*) (see (2.1.5)), and the map (s,e) — [ [r f(t, ) dds(t = [ f(s,h)dA(h) is
continuous for fixed f € C.(G). Finally, forx = (s,g) € Gand f € CC(S X F)

/fxydy //f sgth))d)t()désg /fsghd)\()
:/rfs,h)d/\ //fthdA ) dos( /fthdyth /f Ydu' ™ (y),

where we have used left-invariance of A and, in the last step, that r(x) = (s, e). Unless otherwise
specified, we will always use this Haar system for transformation groupoids. O

2.2.2. Constructions. Finally, we will give some basic methods on how to construct new Haar
systems from existing ones. First, we wish to restrict Haar systems to the reduction of a groupoid.
Some care has to be taken here, as the reduction need not have a locally compact topology and
even if it does, the restriction of the Haar system may have the wrong support, see the example
in [MR82, 2.5].
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PROPOSITION 2.2.13. Let G be a locally compact groupoid, equipped with a left Haar system y, and
suppose that E C G0 is
(i) locally closed® and invariant, or
(ii) open.
Then the reduction G|g is a locally compact groupoid and w|g is a left Haar system for G|g, where
(#|e)" := u"|g), for u € E is the restricted measure, see Example A.4.7.

PROOEF. Our proof follows [Goe09, Proposition 5.17]. By Proposition 2.1.12, G| is a groupoid.
Because E is locally closed in both cases, there are subsets C,0 C G, with C closed and O open,
such that E = CN O, see Lemma A.1.1. It follows that G| = r'(E) = r~1(C)Nnr~1(0) is
the intersection of a closed and an open subset of G, so G| is a locally compact subspace of G
by Lemma A.1.2. In particular, we can restrict the measures u" to G|g, see Example A.4.7 for
the details on this restriction and on its support. We obtain supp(u*|g|,) C supp(u") N Glg =
G*NGlg = (G|g)" forallu € E.

By Proposition 2.1.15, we have supp(u*) = G" = (G|g)" in the case where E is invariant.
In particular, supp(p*) C G| and therefore supp(u*|g),) = supp(n) = G* = (G[g)", so g,
has the correct support. If E is open, then so is G|g and hence the support of the Radon measure
#'g|, issupp(u*) N Gle = G* N G[g = (G)", also as required.

Finally, take f € C.(G|g) and extend f to a function g in C.(G) by Corollary A.3.7. In the case
where E is invariant, we then have

G‘Efd(ﬂu|c|5) = /Gufd(ﬂu\qg) = /Gufd;l” = /ngy“. (2.2.3)

Now continuity and left-invariance follow from the corresponding properties of the Haar system
u. If E is open, then f can be extended to G by zero outside G|r and these properties also follow
automatically. |

EXAMPLE 2.2.14. Let G = S %, I' be a locally compact transformation groupoid and let E C
S 22 G0 be open or both locally closed and invariant. By Example 2.1.22, invariance means that
E is the union of I'-orbits. If y* = Js x A denotes the canonical Haar system from Example 2.2.12,
then Proposition 2.2.13 implies that G| is a locally compact groupoid with Haar system y|g. For
s € E, the support of (u|g)° = p°[g), is then

supp((p[e)*) = (Gle)* = {(s,8) : g € T'and s - g € E}
by using (2.1.7) and hence

dule) = | 5, 1) dA(h
Fdle = [ sk A
forall f € Cc(GJE). In the case where E is invariant, this of course equals ;. f(s, 1) dA(h). O

Next, we will transport Haar systems along groupoid homeomorphisms from one groupoid
to the other, and this construction will be compatible with reductions. This construction will be
important later on when we want to determine if the groupoid C*-algebras of two groupoids
coincide, provided that the groupoids themselves are already isomorphic.

DEFINITION 2.2.15. Let G and H be locally compact groupoids and suppose y is a left Haar
system on G. If ¢: G — H is a groupoid homeomorphism, then we define

(ge1)?(A) = u? (971 (A))

for allv € H® and all Borel sets A C H. We call ¢, the pushforward or image of u by ¢. In other
words, (¢.)? is the image measure ¢, (u¢ () on H, see Example A.4.11.

* We refer to section A.1 in the appendix for the basics on locally closed subsets.
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LEMMA 2.2.16. The pushforward ¢y of a left Haar system on G is a left Haar system on H. More-
over, if E C G0 is open or both locally closed and invariant, then g| ¢t Gle = Hyg) is a groupoid
homeomorphism and

(@lgip)+(ulE) = (@1l (k)
as left Haar systems on H| o(E)-

PROOF. We have supp((¢.11)?) = @(supp(u?  @)) = ¢(G? @) = H? for v € HO by
Proposition 2.1.10, so ¢,y has the right support. Concerning continuity,

[ f o @) = [ Flo) @)

is clearly continuous in v for fixed f € C.(H) by continuity of i and because f o ¢ € C.(G).
Finally, we verify left-invariance:

| Fen oy w) = [ fxoE)du W) (=) = [ flxp(z)a(u!e ")) =
= [ Fe@ W @) = [ flo@)aw? @) = [ f)don) @),

where we have used left-invariance of y and x¢(z) = ¢(¢~!(x)z) forz € supp(‘ud(Vl("))) which
holds since (¢~ (x),z) € G by Lemma 2.1.6 since z € GAle™ (),

Now let E € G be open or both locally closed and invariant. Then ¢(E) C H (0) also
has these properties, hence we have the Haar systems p|g and (¢«pt)|y(r) on Gle and Hlyg),
respectively, by Proposition 2.2.13. Note that ¢(G|g) = dﬁl((p(E)) N r;{l((p(E)) = H|y(g), so
¢lg|e: Gle — H|y(g) is a groupoid homeomorphism and we can form (¢[g|,)«(u|p). If v €
¢(E) = (H\(P(E))(O) and A C H|,) is any Borel set, then ¢ 1(A) C G| and

(9loip)- (1)) (A) = 1@, (97 (4) N Gg) =
=1 (7 (A) = (9ol p, (A) = (91l g())"(A)

is as claimed. n

Recall that, given any family of groupoids, we can form their disjoint union, see Defini-
tion 2.1.26. Similarly, given two groupoids G and H, the product G x H from Definition 2.1.24 is
again a groupoid. We now produce Haar systems for these constructions from Haar systems on
the original groupoids.

PROPOSITION 2.2.17 (Haar systems on the disjoint union of groupoids). Let G;, i € I, be a
countable family of locally compact groupoids with Haar systems y; and let G := | |;c; G; be the disjoint
union groupoid. Then G = | |;c; (G))© and

HU(A) == (1)"(ANG;) ifue G
for every Borel set A C G defines a left Haar system for G, which we will denote by U;c ;.

PROOF. Note that p* is the disjoint union measure U;cv;, see Example A.4.10, where v; =
if u € (G;) and v; = 0 otherwise. Therefore, supp(u*) = supp((y;)*) = (G;)* = G* for
ueGY.1f f € C.(G), then

(0) u _ N
G € wes [ fant = [ fa(u)
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is continuous for every i€ I and so the function GO — C, u Jo fdu* is continuous on the
disjoint union G = | J; IG Finally, forx € G; C G, wehaved(x) € Gi(o) and

LA ) = [ flo ey du) ™) = [ flo ) da)™ ) = [ F6)a )
since f|g, € Cc(G)). [ |

PROPOSITION 2.2.18 (Haar systems on the product of groupoids). Let G and G be locally com-
pact groupoids with Haar systems p and v, respectively. Then

uxv: (Gx H)O =GO x HO - M, (G x H), (uxv)®? =y x?
is a Haar system on the product groupoid G x H.

PROOF. The product measures satisfy supp(u* x v?) = supp(u*) x supp(v?), so that p x v
has the right support properties. Next, if f € Cc(G x H), then

fd(uwi //fxydv //fxydu” x) dv(y)

is continuous both in # and in v since x — [}, f(x,y) dv°(y) and y — [ f(x,y) du"(x) are con-
tinuous with compact support. Concerning left invariance,

() (w,2) d (< 0) ) (w0, 2) =
= [ [ floo,y) ante @) avn 0 @) = [ ] fw,2) dpret) ) avn ) z) =
= [ fw)aGx )™ o,z)

for (x,y) € G x H and we are done. |

2.3. Convolution algebras associated to locally compact groupoids

Fix a locally compact groupoid G and a left Haar system y on it. In this section, we wish to
equip the space C.(G) of all continuous complex-valued functions on G with compact support
with certain algebraic structures that are compatible with the Haar system.

DEFINITION 2.3.1. For f,g € C.(G) and x € G let

= [ Fengr D an' @) and £ (x) = .

We call f x g the convolution of f and g and f — f* the involution of C.(G). To emphasize the
dependence on the Haar system p, we shall also write C.(G, jt) for C.(G) together with these
operations.

REMARK 2.3.2. (i) Note that convolution may also be written as
/ Fg(ytx) dur ™ (y), (23.1)

since [ f(y)g(y~'x) dy fG xy) " 'x) du?™ (y) by left-invariance of u and the
fact that (xy) " 'x =y~ lx 1x =y by (1) of Proposmon 2.1.3.

(ii) The following principle will be convenient later: if F € C.(G x G), x € Gand u € G,
then

L LRy @ane = [ [ ey aem)an @) = [ [ ey an® e apt ).
(2.3.2)

Indeed, if x € supp(u*) = G*, then r(x) = u, showing the first equality. The second is just an
application of Fubini’s theorem and applying the same reasoning as in the first step.
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PROPOSITION 2.3.3. With convolution and the involution f — f*, the space Cc(G, u) is a *-algebra,
see Definition C.1.1.

PROOF. First, note that by the continuity assumptions on the Haar system and by continuity
of the source map d, the convolution f * g of two functions f,g € C.(G, i) is continuous on G.
For f,¢ € C.(G, u) we have that supp(f * g) is compact, since

supp(f *g) C {x € G : Iy € G such that f(xy) # 0and g(y~") # 0}
C {x € G: 3y € G*™ such that xy € supp(f) and y~* € supp(g)}
and for x and y as in the last line we have
=x(yy ") = (xy)y " € {wz: (w,2) € G N (supp(f) x supp(g))},
1

and the latter set is compact. Therefore, f * ¢ € C.(G, it). Moreover, supp(f*) = supp(f) ", so
Cc(G, u) is closed under these operations.
We now show that convolution is associative. Let f, g,h € C.(G, i) and compute for x € G

(f* (gxh))( /fxy (g # 1) (y~1) ™ ()
- /G/Gf xy)g(y 12)h(z ) dp' W (z) du™ (y)
:/G/Gf(xy)g(y’lz)h(zfl)dyr(z)(y) 4 (2)
:/G/Gf(xzy)g(yfl)h(zfl)dyd(z)(y) 249 (2)
= [ <R @) = () 4 ),

where we have used d(y~!) = r(y) in the second line, (2.3.2) in the third, left-invariance in the
fourth and finally d(z) = d(xz) in the fifth so that the inner integral equals (f * g)(xz).

Obviously f — f* is conjugate linear and involutive. Hence it remains to show that (f x ¢)* =
g x f*forall f,g € Cc(G, ). But

)= [FETgu D) = [ FWg ) de@ ) = 3"« ) ()
for all x € G by left-invariance. |

REMARK 2.3.4. Itis not hard to show (see [Ren80, II, Proposition 1.1] for the calculations) that
Cc(G, ) becomes a topological *-algebra with respect to the inductive limit topology in this way,
meaning that both convolution and involution are continuous with respect to this topology.

EXAMPLE 2.3.5. Let G = S X, I' be a locally compact transformation groupoid, see Exam-
ple 2.1.22, equipped with its canonical Haar system y from Example 2.2.12. Then for f,g €
Cc(G, u), their convolution is given by

(Fr8)(s:8) = [ [ £((s.8) (Mgt h,h™) dAh) doeg(t) = [ £(s,g)gs-gh ") dr(h)

because d(s,g) = s-g. If E C S is an open or both locally closed and invariant subset, then
Example 2.2.14 implies that the convolution on the reduction G| is given by

(Fr))= [ Fsshsls ghi)art)

forall f,g € Cc(G|E, u|g), where p|g is the Haar system from Proposition 2.2.13. O
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The Haar system allows us to define a norm on C¢(G, y) in the following way:

111 —maX{ sup / |fldu®, us;ép / |f|dﬂu}/ (2.3.3)

ueG(o

where we again set i, := inv, (u"), the image measure under the inversion (see Proposition 2.2.2).
Evidently, || - || is a seminorm on C.(G, u). If f € C.(G, i) is non-zero, then there is u € G(©) such
that f|c« # O (the sets G" form a partition of G), and therefore [ |f|du* # 0 since supp(u*) =
G". Alternatively, we may write (2.3.3) as

T =max{ sup [fll3ope S99 1 o }

ueGO) ueGO

DEFINITION 2.3.6. The completion of Cc(G, ) with respect to the [-norm is denoted by L!(G)
or LI(G, ).

PROPOSITION 2.3.7. The norm || - ||1 is a *-algebra norm on C.(G, ), thatis, || f * g|[1 < || fl1llg]l1
and || f*||;1 = ||f||1 forall f,g € Cc(G, ). In particular, convolution and involution extend to continuous
operations on L1 (G, i) which then becomes a Banach *-algebra.

PROOF. By (2.3.1), (2.3.2) and left-invariance, we have
Jursslant < [ 1f@)llst0ldwe (v) dp (1)
= [ L1 wlis )] a5 x) ap* ()
= LU [1g0)dp' (x) dn(v)

g(vilép/g )| di (x )/|f ) dp(y) < gl Al

forall f,g € Cc(G) and u € G(%). In the same way, one shows that [, |f * g|duu < |g|l]|f||; and
hence we have ||f * ¢|l1 < |If|l1]lgll; forall f,g € Cc(G, u).

Finally, the involution is isometric with respect to || - [|; since [ [f*|du" = [ |f oinv|du" =
Jc |fduy by the definition of the right Haar system u — . [ ]

LEMMA 2.3.8. The topology induced on C.(G, i) by the I-norm is coarser than the inductive limit
topology.

PROOF. We have to check that the identity map (Cc(G, #), Tind. 1imit) — (Ce(G, 1), || - ||1) is
continuous. Denoting by 7i: C¢(G, 1) — C.(G'?)) the continuous map ji(f)(u) := [ f du" from
Lemma 2.2.5, we have

111z = max {[Z( D) lleo 1L Dlleo}

so for anet f; € Cc(G, i) with f; — 0 in the inductive limit topology we also have |/fi||[; — 0
because the involution of Cc(G, jt) is also continuous for the inductive limit topology, see Re-
mark 2.3.4. u

The following technical Lemma will be useful later on. The proof is quite involved, so we will
only reference it.

LEMMA 2.3.9 (IMRW87, Corollary 2.11]). The algebra C.(G, i) has a two-sided approximate iden-
tity for the inductive limit topology. More precisely, there exists a net 1 — ¢, € Cc(G,u) such that
g, x f — fand f xe, — f in the inductive limit topology for every f € Cc(G, u).
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REMARK 2.3.10. The above result from [MRW87] applies to locally compact groupoids G with
paracompact unit space G(0). Since our groupoids are all assumed to be second countable, G(%) is
also second countable, locally compact (since it is closed in G, see Example A.1.3) and Hausdorff.
Proposition A.3.3 then implies that G() is paracompact. We point out that it has already been
shown in [Ren80, Proposition 1.9] that C.(G, u) has one-sided approximate identities, without
requiring GO to be paracompact.

2.4. The full and reduced groupoid C*-algebras

In the previous section, we have equipped the space C.(G) for a locally compact groupoid
G with Haar system p with algebraic operations and a norm such that the completion L!(G, u)
with respect to this norm is a Banach *-algebra. We now want to go one step further and obtain
C*-algebras from C(G), which allows us to use the tools of C*-algebra theory (see Appendix C)
in our applications.

2.4.1. The full groupoid C*-algebra. In this subsection, we will introduce the full groupoid
C*-algebra, while the next subsection will deal with the reduced groupoid C*-algebra. Both of
these C*-algebras have their pros and cons, and depending on the situation, one may be easier to
handle than the other.

DEFINITION 2.4.1. The (full) groupoid C*-algebra of G (with respect to the Haar system p),
denoted by C*(G) or C*(G, u), is the completion of C.(G, u) with respect to the universal norm

I fllcs(G,u) = sup{ll7r(f)|| : 7t is an I-norm continuous representation of Cc(G, i) }.

It will be shown in Proposition 2.4.18 below that this really defines a norm. Note that any
representation 7 of the *-algebra C.(G, #) which is I-norm continuous extends to a representation
of LI(G,u). Since this is a Banach *-algebra, we have ||7(f)|| < | f|; for all f € C.(G,u) by
Proposition C.2.2, so 7t is actually non-increasing for the I-norm.

REMARK 2.4.2. By Lemma 2.3.8, any representation of C.(G, u#) as above is also continuous
with respect to the inductive limit topology. Moreover, one can show that these representations
define the same norm as the universal norm, that is,

flles(e = sup (Al

where the supremum is taken over all representations of C.(G, #) which are continuous with
respect to the inductive limit topology. The proof of this fact is rather involved and can, for
example, be found in [Goe09, Corollary 4.20].

LEMMA 2.4.3. Let A bea C*-algebraand ¢: C.(G, i) — A be a *-homomorphism that is continuous
with respect to the inductive limit topology or the I-norm. Then [ (f)la < ||fllcegp) for all f €
Cc(G, ) and hence  extends to a *-homomorphism from C*(G, u) to A.

PROOF. The proof is an adaptation of [Wil07, Corollary 2.47]. If ¢ is continuous for the I-
norm on C¢(G, u), then also with respect to the inductive limit topology by Lemma 2.3.8. Let
L: A — Z(H) be a faithful (that is, injective) representation of A, see Proposition C.5.3. Then
Loy: Cc(G,u) — Z(H) is a representation of C.(G, i) which is continuous for the inductive
limit topology. Since injective *-homomorphisms between C*-algebras are isometries by Proposi-
tion C.3.8, we obtain

lp(Alla = ILAIN 2@ < 1fllccp
by applying Remark 2.4.2. [ |

LEMMA 2.4.4. If G is a locally compact groupoid with left Haar system p, then the topology on
Cc(G, u) as a subspace of C*(G, ) is coarser than the inductive limit topology.
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PROOF. This follows immediately from Lemma 2.3.8 and ||f||c-(g,) < [Iflli for all f €
Cc(G, u), which implies that the topology of C.(G, u) as a subspace of C*(G, u) is coarser than
its topology as a subspace of LI(G, ). [ |

We now investigate which isomorphisms of groupoids give rise to isomorphisms of the cor-
responding full groupoid C*-algebras. Corollary 2.4.7 below is the basis for all the examples that
will follow. Instead of directly proving it, we will find it as an immediate consequence of the next
Proposition. While it does not seem to be part of the standard literature, Proposition 2.4.5 is a
slightly more illustrative way of looking at this isomorphism, although the proof is virtually the
same as that of Corollary 2.4.7 and is based on [Wil07, Corollary 2.48].

PROPOSITION 2.4.5. Let G and H be locally compact groupoids, u a left Haar system on G and
¢: G — H a groupoid homeomorphism. Then the map

‘Pt: Cc(H) — Cc(G), (Pﬁ(f) =fog,

extends to an isomorphism of C*(H, ¢st) onto C*(G, ), where @y is the pushforward of u by ¢, see
Definition 2.2.15.

REMARK 2.4.6. It seems to be unknown whether all Haar systems on a fixed groupoid give
rise to isomorphic C*-algebras. If this were the case, then any groupoid homeomorphism between
locally compact groupoids with Haar systems would induce an isomorphism of the correspond-
ing C*-algebras by Proposition 2.4.5. What has been shown is that the C*-algebras corresponding
to different Haar systems are strongly Morita equivalent, see [MRW87, Theorem 2.8].

PROOF OF PROPOSITION 2.4.5. We first show that q)ﬁ: Cc(H, ¢spt) — Cc(G, ) is a *-homo-
morphism. Take f, ¢ € C.(H) and compute, using Proposition 2.1.10,

P (fxg)(x) = (fxg)(p(x)) = /Hf(CP(X)y)g(y’l) (@)1 00 (y) =
= /Gf(¢(xy))g(¢(y‘1)) du™ (y) = (¢*(f) * ¢*(8)) (x)

and

(@ (N)*(0) = () (x71) = flo(x™) = flp(x) 1) = f*((x)) = ¢*(f*)(x)
for all x € G. Evidently, ¢ is continuous for the inductive limit topologies. By Lemma 2.4.4,
¢! can be viewed as a continuous map from C.(H, ¢.#) to C*(G, 1) and by Lemma 2.4.3 we can
extend it to a *-homomorphism C*(H, g.1) — C*(G, ). In the same way, the inverse ¢! gives
rise to a *-homomorphism C*(G, 1) = C*(G, (¢~ 1)« (¢sn)) — C*(H, . u) which is inverse to this
extension of @ on a dense subspace, hence everywhere. |

COROLLARY 2.4.7 (IMR82, Proposition 2.10]). Let G and H be two locally compact groupoids,
equipped with left Haar systems y and v, respectively, and assume there is a groupoid homeomorphism
¢: G — H such that

| /G fopdt = /H F v (2.4.1)

forall f € Cc(H) and all u € GO, Then the C*-algebras C*(G, u) and C*(H,v) are isomorphic. If
E C G is open or both locally closed and invariant, then also C*(G|g, u|g) = C*(HlpE) Vlgp(E))-

PROOF. The condition (2.4.1) is just a restatement of v = @.p, so the first claim follows from
Proposition 2.4.5. If E C G is open or both locally closed and invariant, then ¢lgp: Gl —
H, ) is a groupoid homeomorphism and v|,) = (9|, )«(#|e) by Lemma 2.2.16. This shows
the second claim. |
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As the last result in this section, we will state (parts of) Renault’s Disintegration theorem for
representations of C¢(G, it). It will allow us to obtain representations of the full groupoid C*-
algebra starting from homomorphisms that need only satisfy relatively weak assumptions and
which are easy to verify.

THEOREM 2.4.8 (Renault’s Disintegration Theorem, [Ren87, Theorem 4.2]). Let G be a locally
compact groupoid with Haar system y and let (H, (-, -)) be a complex Hilbert space. Suppose that Hy is
a dense subspace of H and that ¥ is a homomorphism (that is, linear and multiplicative) from C.(G, u) to
the algebra of linear maps on Hy and such that

(i) the set {¥(f)h: f € Cc(G,u), h € Hy} is dense in H,
(ii) for every h,k € Hy, the map

Ce(Gp) =€, fro (Y ()1 K)

is continuous for the inductive limit topology, and
(iii) for every f € Cc(G, ) and h,k € Hy,

(Y k) = (b, (f)k)-
Then the linear maps ¥ (f) all extend to bounded operators ¥(f) on H and C.(G,u) — Z(H), f
Y(f) is an I-norm decreasing *-representation of Cc(G, ).

REMARK 2.4.9. Theorem 2.4.8 is actually only a part of what is known as Renault’s Disintegra-
tion Theorem in the literature. A representation of a locally compact groupoid with Haar system is
atriple (4, G x H, L), where y is a quasi-invariant measure on G(%) (see Definition 2.4.15 below)
and a Borel Hilbert bundle G() « H over G(),and L: G — Iso(G(©) x H) is a groupoid homomor-
phism from G into the isomorphism groupoid I1so(G?) x H). We refer to the literature, for example
[Muh97, Goe09, Pat99], for the details on groupoid representation theory. One can integrate such
a groupoid representation to a representation of Cc(G, j¢), in a way similar to how one integrates
covariant representations to obtain representations of the crossed product, see Example 2.6.4 be-
low. In fact, this theory generalizes to the setting of groupoid crossed products, accounts of which
can be found in [MWO08, Goe09]. The integrated form is then a representation of C.(G, j) on the
Hilbert space of square-integrable sections of the Hilbert bundle. Using this terminology, it can be
shown that the representation ¥ from Theorem 2.4.8 is unitarily equivalent to the integrated form
of such a groupoid representation, hence the name “Disintegration Theorem”. Because the proof
of the Disintegration Theorem uses—among other things—the theory of Borel Hilbert bundles,
we refer to [Muh97, Theorem 3.29] for a proof.

2.4.2. Special representations and the reduced groupoid C*-algebra. As announced, we
will now introduce another C*-algebra obtained from G and y, the reduced groupoid C*-algebra.
This C*-algebra will again be a completion of C.(G, i), but now with respect to a smaller norm
than that of the full groupoid C*-algebra.

For a positive Radon measure A on the unit space G(°), consider on C.(G) the positive linear
functional

oo [ LA aut () daw).

Note that this makes sense as u — [ fdu" is in C.(G) by Lemma 2.2.5. By the Riesz repre-
sentation theorem, there is a unique Radon measure A o ;1 on G representing it and we formally
write

_ u
)\oy_/G(o)‘u dA(u)

for this measure. We call A o i the measure induced by A, and we set (Ao u)~! := inv,(Aopu). If
there is no confusion as to which measure is meant, we will put v := A o y for brevity.
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REMARK 2.4.10. (i) It follows that

Jraneny = [ e ant(x) arw)

holds for all f € C.(G). By [Bou04, Theorem 1, V.24], this formula even remains valid for all
positive Borel-measurable and all (A o )-integrable functions f. See [Goe09, Proposition 3.109] for an
alternative proof. Note that

[racow = [ [ e anaro = [ [ e dux) dv),

so we may write (Ao u) 1 = [0 pu dA(u).

(ii) If A C Gisa (A o pu)-null set, then the above implies that A is y*-null for A-a.e. u € G,
Similarly, (A o ) "1(A) = 0 implies yy(A) = 0 for A-a.e. u € GO,

(iii) Let E € G be A-null. We argue that d~!(E) is a v~ !-null set, where v := A o y. Indeed,
we have

- /G<o> /G Xa-1(g) (%) dpu(x) dA (),

where x;-1(g) is the characteristic function of d"Y(E). If u € GO\ E, then Jo, Xa-1(py dpu =
fd*l({u})xd’l(E) du, = 0. Therefore, v~ 1(d~1(E)) = 0 since A(E) = 0. In the same way, one
shows that 7~ 1(E) is a v-null set.

(iv) If E € G© is a A-null set, then it follows from (iii) that the reduction G|z = d~(E) N
r~1(E) satisfies v(G|g) = v=*(G|g) = 0. In particular, if F := supp(A), then A(G() \ F) = 0, so
that v(G \ G|r) = 0. This shows that supp(v) C G|F, and similarly supp(v~!) C G|f.

PROPOSITION 2.4.11. For f, ¢ € Cc(G) and x € G, we define

(Ind(F)9)(3) 2= (Fx9)(x) = [ FGaply™) dp™™) (). 242)

Then Ind, (f) extends to a bounded operator on L2(G, (Ao u)~1) with ||[Ind, (f)|| < ||f||; forall f €
Cc(G). Moreover, f — Ind,(f) is a representation of C¢(G, u) on L2(G, (Ao u)1).

REMARK 2.4.12. By the Proposition, Ind, extends to a representation of both L!(G, 1) and
C*(G, ). We call Ind, the representation induced off the unit space by the measure A.

PROOF. Putv := A o y. We first show that Ind, (f) is bounded with respect to the L?(G,v~!)-
norm for all f € C.(G, u). For every ¢ € C.(G), we have

[maspeact< [ ([t anto) a -
= Lo L UG s et g dir ) () dp' ) @) dpt (x) dA ()
By (2.3.2), this equals
Lo o Ly L GG 209 ) i () die (2) dp () dA ()
and we can use Fubini’s theorem to exchange the order of integration. Using |¢(y~1)p(z71)| <

F(w 1>+ |9 (z71)|?) and noting that both terms contribute to the integrals in the same way,
we obtain

a9 o) < [ o [ [ FTIAGT 200 di (2) du () dp () dA ).
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We first consider the z-integral. Note that r(x) = u for x € G* = supp(¢"), hence

[ GG 20y ) (2) =
= 1w P @I @) < A )

by left-invariance. Now the x-integral contributes another factor || f||; since r(y) = u fory € G*
and

Lo V0l 2@ ) = ey 2 [ D™ @) < 7 )2

The remaining integral [ [qu [¢(y™")[*du” (y) dA(u) is precisely ”lpH%Z(G,v*])' Summarizing,
we have

nda (A T2ic,1y < IFIFINIT2 6,01

and density of C.(G) in L2(G,v™') (see Proposition A.4.12) shows that Ind,(f) extends to a
bounded operator on L?(G, v ') with norm ||Ind, ()| < | f|/;- Next,

Indy(f +g)p = (fxg) ¢ = f+ (g* ) = Indp(f)Inda(8)y

for f, ¢, 9 € Cc(G, i) by associativity of convolution and this continues to hold for ¢ € L2(G,v™1).
Finally, for ¢, ¢ € C.(G), we have

(Inda (£ 0) = [ [ F(Ge) Do) ™ ) v~ (x)
—/ / i F 0wy e 1) du™ (y) du* (x) dA (u)
= Joo Joo czf Fy gy Do) dp') (x) dp (y) dA(u)

= [ [ 9@ 7ol an'® ) dv(x) = (g, Indr (),
where we have used (2.3.2) to interchange the x and y integrals. This shows that Ind, (f*) =
Ind) (f)* and that Ind,, is a representation. [ ]

DEFINITION 2.4.13. The reduced groupoid C*-algebra of G (with respect to the Haar system p),
denoted by C; (G, i) or C,4(G), is the C*-completion of C.(G) with respect to the norm

1Nl

red

Gu = sup [Inda(F)ll 2r2cu 1)) (2.4.3)
AeM 4 (GO)

where A ranges over all positive Radon measures on G(©).

REMARK 2.4.14. As ||flc: (G < [Ifll1, the topology of Cc(G, pt) as a subspace of Cj,4(G, )
is coarser than the inductive limit topology, compare with Lemmas 2.3.8 and 2.4.4. In other words,
the inclusion C¢(G, i) < C= 4 (G, u) is continuous.

We now want to show that || - ||+ (G indeed defines a norm on C.(G, u). To this end, we

consider special measures on G(9). Recall that two measures (on the same measurable space) are
called equivalent if they are mutually absolutely continuous, meaning they have the same null
sets. We will denote this equivalence relation by ~.

DEFINITION 2.4.15. A Radon measure A € M (G(©) is called quasi-invariant if v and v~ are
equivalent measures, where v = [ #* dA(u) is the induced measure.
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The idea is to show that there exist “enough” quasi-invariant measures on G(). Let A €
M, (G©)) be a Radon measure. A calculation similar to that of Lemma 2.4.16 below then shows
that the image measure d.v, where v = [« u"dA(u) is the induced measure, gives rise to a
measure which satisfies (d,v) oy ~ ((d«v)ou)~!. A technical problem is that d.v need not be
Radon (which would be the case if d were a proper map, see Example A.4.11). To this end, we use
the process of saturation from [Ren80, p. 25]. Note that v is o-finite since G is assumed to be second
countable, hence o-compact by Lemma A.3.1. By Lemma A.4.14, v is equivalent to a finite Radon
measure V. The resulting image measure d..V is then also finite, hence Radon by Proposition A.4.6.
In the language of [Bou04], d..V is a quasi-image of v.

LEMMA 2.4.16. For every measure A € M (G(0)), the image measure d..v on G\©) under the domain
map d: G —> G is quasi-invariant, where V is a finite Radon measure on G withv ~ vand v =
Jco G W' dA(u) is the induced measure.

PROOF. We have to show that (d,V) o ~ ((d.¥)ou)~'. Let f := x4 for a Borel set A C
G and denote by & := dv/dv € L'(G,v) the Radon-Nikodym derivative. We can choose (a
representative of) i such that 0 < h(x) < oo for all x € G. Then

Jratavyon = [ [ e ano ) av(y)

_ /G ) /G /G F() dit () h(y) die® (y) dA (o)

B /G(O) /G /G Fly™")h(y) di™ (x) dp® (y) dA (o)

= o L LA 0 () du (x) dy () da o)

_/ //f x71y) " Dh(y) dp (y) du® (x) dA(0)
_/ /f h(xy) dp’™ (y) dv(x),

where we have used left-invariance and the fact that r(y) = v for y € supp(u°) = r~1({v}) and
Fubini’s theorem to interchange the order of the u integrals. Therefore, ((dsv) o y)( ) = 0if
and only if for v-almost every x and u?(*)-almost every y we have f(y~)h(xy) = 0. Because & is
positive everywhere, this is equivalent to f(y~!)h(x) = 0 for these x and y. But this is equivalent
to

0= [ [ FU D@ @) nmdvi) = [ fy™)d(d.5) 0 pw)
and we are done. -

LEMMA 2.4.17. For every u € GO there exists a quasi-invariant measure A on G(©) such that
[u] C supp(A), where [u] = d(r~({u})) is the orbit of u, see Lemma 2.1.7.

PROOF. Consider the Dirac measure &, and its induced measure [ co) M vdéy, (v ) ut.
application of Lemma 2.4.16 yields the quasi-invariant measure A := d* u", where " is a f1n1te
measure on G such that u* ~ u¥. By Example A.4.11, we get [u] = d(r~'({u})) = d(supp(u*)) =

d(supp(u*)) C supp(A). u

PROPOSITION 2.4.18. Both the reduced norm || - HC*d(GIH) and the universal norm || - ||+, are
C*-norms on Cc(G, u).

PROOE. It only remains to show thatif f € C.(G) with ”f”C*d(G,y) =0, then f = 0. The same

conclusion for the universal norm then follows from || - [|cx (g ,) < || - lc#(G,)- We first show that

recl
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ker(Ind,) = {f € C¢(G, 1) : f vanishes on supp(v)} for every quasi-invariant measure A on G(?,
where v := Ao . If flgpp() = 0, then (2.3.1) and (2.3.2) give

/G [Ind (f)§ldv < /G/G FWIE " x) dp @ (x) dv(y) = 0

and hence Ind, (f)¢ = 0 almost everywhere for v forall ¢ € C.(G), so f € ker(Ind, ). Conversely,
if Ind)(f) = 0, then f x¢, = 0in L?>(G,v~!) for a right approximate identity ¢, of C.(G, 1), see
Lemma 2.3.9. But then f = lim,(f *¢,) = 0in L?(G,v~!), so f = 0 on supp(v~!) = supp(v)
because A is quasi-invariant (equivalent measures have the same support).

Now let f € C.(G) be such that ”fHCr*ed(GfP’) = 0, so that f € ker(Ind,) for every quasi-
invariant measure A. Take x € G and let u := r(x). Pick a quasi-invariant measure A such
that [u] C supp(v), see Lemma 2.4.17. We have x € supp(v), for if ¢ € C.(G,[0,1]) satisfies
g(x) > 0, then ji(g): v — [0 gdu® is in C.(G)) by Lemma 2.2.5 and satisfies ji(g)(u) > 0,
because supp(") = G" and x € G". But then [.gdv = [« Ji(g)(v)dA(v) > 0 because u €
[u] C supp(A). This shows that x € supp(v) and hence f(x) = 0 by the above. [ ]

REMARK 2.4.19. Consider for u € G(©) the Dirac measure J, on G, Then the induced
measure is v 1= [ u¥déy(v) = p* and v~! = u,, and we may consider the representation
Ind, := Ind;, of Cc(G) on L2(G, uy) = L2(G,v™1). Explicitly,

Indu(F)9(x) = [ F)p ) dp' ) (x € G) 244

for f,¢ € C.(G) since d(x) = u for x € G, = supp(uu). The reduced norm || - ”C*d(G,y) may
alternatively be described using the representations Ind,,. In fact, it holds that
1fllcs Gy = sup Indu(f)ll 2(r2(G,,)  (f € Ce(G)) (2.4.5)
ueGO
The proof of this result can be found in [Pat99, Proposition 3.1.2], where it is shown that even

MInda(f)ll = sup |Indu(f)]| (2.4.6)
uesupp(A)

holds for all measures A € My (Q)). In particular, ||f{lc: (Gu) = [IndA(f)]| for measures A of
full support, so that the representation Ind, of C;,;(G, ) is faithful. By Lemma A.4.13, such
measures always exist. Note that (2.4.5) and (2.4.6) continue to hold for f € C; (G, u) by a
simple continuity argument.

As for the full groupoid C*-algebra, groupoid homeomorphisms induce isomorphisms be-
tween the reduced groupoid C*-algebras. In fact, we have literally the same result as for the full
algebra, see Proposition 2.4.5:

PROPOSITION 2.4.20. Let G and H be locally compact groupoids, y a left Haar system on G and
¢: G — H a groupoid homeomorphism. Then the map

9% Ce(H) = Ce(G), ¢%(f):=foo,
extends to an isomorphism of C,, (H, @«pt) onto C},, (G, i), where @y is the pushforward of p by @, see
Definition 2.2.15. Consequently, Corollary 2.4.7 continuous to hold for the reduced C*-algebras.

PROOF. For every u € G\, the map & — & o ¢ is an isomorphism from L?(H, (@) p(u)) to
L*(G, ) because

| @ologidm = [ elolDnlol ) dn'(x) =
—/ n(y= 1) d(p.p)? /Cvd Pith) p(u)
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holds for all &5 € L*(H, (¢«1) o(u))- Similarly as in the computation in Proposition 2.4.5, it
follows that

(Indg() (F)2) 0 9)(x) = [ FloxmEW ™) dl@un) ™™ (y) =

H
= [ o) ilolr) di' () = Indu (9 (N)E0 9)(x) (x € )
forall f € C.(H) and & € C.(H), hence also for ¢ € L?>(H, (@+1) p(u))- With (2.4.5), this implies

9" (Allcr e = sup [Ido(@* ()] r2(r, (o)) =

veH©)
= sup |Indu(f)ll.2r2(cu)) = Ifllcr, (Hpn)

ueGo) -

and ¢* extends to a *-isomorphism from C* ;(H, ¢.t) to Ci4 (G, ). |

2.4.3. Equality of the full and reduced groupoid C*-algebras. In what follows, we will be
interested in determining the C*-algebras of the most important types of groupoids. For some
applications, the full algebra will be easier to handle, while for others it might be advantageous
to determine the reduced groupoid C*-algebra. In order to reap the benefits of both worlds, it is
therefore useful to ask for conditions on the groupoid G such that C*(G) = C;(G). A general
condition for equality of the C*-algebras is that of amenability, the primary authority on which is
the book [ADRO00]. For this section, we will omit the proofs of most results, as they would be too
long to incorporate into this thesis.

DEFINITION 2.4.21 ([ADROO, Proposition 2.2.13]). A locally compact groupoid G with left
Haar system y is called (topologically) amenable if there exists a net (f,), in C.(G) with f, > 0 and
() [ fidu* < 1forallu € GO and alls,
(i) lim, [ f,dp" = 1 uniformly in u on compact subsets of G, and
(iii) lim, [ [fi(x"1y) = £i(y)| du"™ (y) = 0 uniformly in x on compact subsets of G.

THEOREM 2.4.22 ([ADROO, Proposition 6.1.8]). For any locally compact amenable groupoid G with
left Haar system i, we have ”fHC*d(G,H) = | fllce(gp) for all f € Ce(G, ). In particular,

C*(G, 1) = Creq (G, ).

REMARK 2.4.23. The above Definition 2.4.21 is not the original definition from [ADRO00], but
it is the one best suited for our purposes. There are also more general notions of amenability for
groupoids, for instance measurewise amenability which also generalizes to so-called Borel groupoids.
Theorem 2.4.22 continuous to hold for measurewise amenable locally compact groupoids.

One important observation is that amenability is preserved when taking reductions by nice
enough subsets of the unit space:

PROPOSITION 2.4.24 (JADROO, Proposition 5.1.1]). If G is a locally compact amenable groupoid
with left Haar system y and E C G(©) is open or both locally closed and invariant, then G|g with its Haar
system u|g from Proposition 2.2.13 is also amenable.

REMARK 2.4.25. We point out that in the statement of [ADRO00, Proposition 5.1.1], H is sup-
posed to be a locally closed subgroupoid of G such that 7|y, d|y are open maps onto H(). How-
ever, by our assumptions in Proposition 2.4.24, G| has a left Haar system so that the maps (g,
and d|g, are open by Corollary 2.2.7.

In our applications, we will be mostly interested in locally compact transformation groupoids.
For this, we will need the concept of an amenable group.
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DEFINITION 2.4.26. A locally compact group I' with left Haar measure A is called amenable if
there is a state m on the C*-algebra L®(T, A) (that is, a positive linear functional with m(1) = 1)
such that m(s - f) = m(f) forall f € L*(T,A) and all s € T, where (s - f)(t) := f(s~!t). The state
m is then called a left-invariant mean on I'.

EXAMPLE 2.4.27. All compact groups are amenable. Indeed, if we take A to be normalized,
then m: L®(I,A) — C, m(f) := [ fdA is a left-invariant mean. O

EXAMPLE 2.4.28. All locally compact abelian groups are amenable. We give a rough sketch
of the argument from [Wil07]. If G is abelian, then it is shown in [Gre69, Theorem 1.2.1] that
the discrete group G4, which is just G equipped with the discrete topology, is amenable. Thus,
there is a left-invariant mean on L®(G;) = ¢*°(G), and this mean restricts to a left-invariant mean
on the C*-subalgebra C,(G) of £°(G). (Here, functions in C,(G) are of course supposed to be
continuous with respect to the original topology of G.) Moreover, one can show that the existence
of a left-invariant mean on C,(G) already implies the existence of a mean on L*(G), see [Wil07,
Theorem A.13], so that G is amenable. O

As is the case for groupoids, there are many equivalent conditions for the amenability of a
group. The following one from [Wil07, Proposition A.16 (d)] is best suited for our next goal of
showing that the corresponding transformation groupoids are then amenable:

LEMMA 2.4.29. A locally compact group T is amenable if and only if there exists a net g, € Cc(T)
with g; > 0 such that
(i) [rgdA =1 forall i, and
(i) lim, [ |g.(s7) — g.(t)| dA(t) = O uniformly in s on compact subsets of T.

With this result, the following Proposition is now no surprise.

PROPOSITION 2.4.30. If G = X x4 I' is a locally compact transformation groupoid with amenable
group T, then G is an amenable groupoid with respect to its canonical Haar system p* := 0y x A, x € X,
where A is the Haar measure of I'. In particular,

C' (X xaT) = Croq(X 2 T).
PROOE. Let g, € C.(T), ¢ € J, be the net from Lemma 2.4.29. For every compact subset

K C X, let hg € C.(X,]0,1]) be such that hg|g = 1, see Lemma A.2.3. If X denotes the collection
of compact subsets of X, then we can make X x J into a directed set by letting

(Klrll) S (Kz, lz) if and OI’lly if Kl g K2 and 11 S l.

Put fig,y(x,t) := hi(x)g.(t). Then fg ) isanetin Cc(G) with fx ;) > 0and if Ko C X is compact,
then

@) ditw,9) = [ he(g(&)dAs) =1
for all x € Ky if K C X is compact with Ko C K. This shows limg ,y [ f(k,) d#* = 1 uniformly in
x on compact subsets of G(0) 2 X,

If L C G = X xT is compact, then pr, (L) and pr,(L) are both compact in X and T, respec-
tively, and

- Vi (D™ 0,90) = fig 9] a0 ) =
= [ V(e 875) = gy () [AA(S) = [ il Dgu(t™1s) = hic(x)ga(s) | AA(s) =
= [1t715) = () dA(s)
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for all (x,t) € Lif Kis such that pr; (L) - (pr,(L) U {e}) C K, because then hg(x - t) = hg(x) = 1.
By the assumptions on g,, this converges to zero uniformly for t € pr,(L). Thus, f(x ) also satisfies
the final requirement of Definition 2.4.21 and X x, I' is therefore amenable. |

While we will not make much use of it, the requirements of Definition 2.4.21 are very easy
to verify for the cotrivial and trivial groupoids, so that we mention them in the following two
examples:

EXAMPLE 2.4.31. Let X be a locally compact, second countable Hausdorff space and let G :=
X be the cotrivial groupoid over X, see Example 2.1.19. By Example 2.2.10, y* := Jy for x € X
is a left Haar system for G. For every compact subset K C X, let fx € C¢(X,[0,1]) be such that
fx |k = 1. Ordering the compact subsets of X by inclusion, we obtain a net in C.(X) which satisfies
all the requirements of Definition 2.4.21. In fact, [y [fk(x~'y) — fk(v)|déx(y) is even identically
zero because x~'x = x. Thus, G is amenable and C*(X, ) = Ck (X, ). O

EXAMPLE 2.4.32. Let X be a locally compact, second countable Hausdorff space and let G :=
X x X be the trivial groupoid over X, see Example 2.1.20. By Example 2.2.11, any Radon measure
v on X with supp(v) = X gives a left Haar system for G by y* := 6, x v for x € X. For every
compact subset K C X, let gx € C¢(X, [0,1]) be such that gx|x = 1 and put

x
fK: XxX—=C, fK(x,y) = giK( )gK(y)
gl 1 (x,)
If the compact subsets of X are ordered by inclusion, fx is a nonnegative net in C.(G) and while
we will omit the details, it is straightforward to verify that it satisfies the requirements of Defini-
tion 2.4.21, so that G is amenable and C* (X x X, u) = C} 4 (X x X, ). O

2.5. Invariant subsets and ideals

Suppose that G is a locally compact groupoid equipped with a left Haar system u. In this
section, we will associate ideals of C*(G, y) to open invariant subsets of the unit space GO, The
quotient of C*(G, u) by this ideal is then isomorphic to the groupoid C*-algebra of a suitable
reduction of G. The result will also allow us to describe the kernel of the representation Ind, of
C 4(G, u) induced by a measure A on G(¥), as defined in Proposition 2.4.11.

DEFINITION 2.5.1. For U C G(©) open and invariant we let Ex(U) be the closure in C*(G, p)
of the set

Le(U) :={f € Cc(G, p) : supp(f) € Glu},

where G|; is the reduction of G to U, see Definition 2.1.11, which we equip with the left Haar
system y|y; from Proposition 2.2.13.

LEMMA 2.5.2. For each open invariant subset U C G0, the set Ex(U) is a two-sided ideal in
C*(G, ).

PROOE. For f € I.(U) and g € Cc(G, u) we found in the proof of Proposition 2.3.3 that the
support of f * g is contained in

{zw : (z,w) € G®) N (supp(f) x supp(g))}.

By Proposition 2.1.15, this is a subset of (G|y;)(?) since supp(f) € G|y. Therefore, (z,w) € G|y x
G|y and since G|y is a groupoid, zw € G|. It follows that f * g € I.(U) and the same argument
can be used to show ¢ * f € I.(U). Moreover, I.(U) is *-invariant since x € G| implies x~! ¢
Glu, so f*(x) = f(x~1) = 01in this case. Thus, we have shown that I.(U) is an ideal in C.(G, u),
so the closure Ex(U) is an ideal in C*(G, pt). [ |




42 2. GROUPOID C*-ALGEBRAS

LetU C G be an open invariant subset. Consider the map

f(x), x€Glu

jo: Ce(Glu, plu) = Ce(G, ), jo(f)(x) = {0 x ¢ Glu

which extends functions by zero outside the open set G|i;. Then jj is a *-homomorphism. Indeed,
take f,g € CC(G|u) By Lemma 2.5.2 we know that jo(f) * jo(g) is zero outside G|y;. For x € G|y,
we have G = (G|;)*¥) = G|y by invariance of U and hence

GolF) +jo(@) () = [, jo(F) ()i @(ﬂ ap' ) (y)

= Jou 08 @™ ) = [ sy )™ () = (f +9)(x)

by using (2.2.3). We conclude that jo(f) * jo(g) = jo(f * ) and obviously jo(f*) = jo(f)*, so jo is
a *-homomorphism. Moreover, jj is clearly continuous for the inductive limit topologies, hence
extends to a *-homomorphism j: C*(G|y, it|u) — C*(G, u) by Lemmas 2.4.3 and 2.4.4.

Now let F C G be closed and invariant. Consider the restriction map

po: Ce(G ) = Ce(Gle ple),  fr= flg)

Then py is a *-homomorphism, forif f, ¢ € C¢(G) and x € G|, then again G4¥) = (G|¢)*™) C G|f
and

(o) *po(eN () = [ fla()slar, A @) = [ Flnsly ) a9 )

by (2.2.3), which is nothing but po(f * g)(x). It is also clear that po(f*) = po(f)*, so po is a
*-homomorphism which as above extends to a *-homomorphism p: C*(G, ) — C*(G|p, p|r)-

THEOREM 2.5.3. Let G be a locally compact groupoid with left Haar system . Suppose U € GO is
open and invariant and set F := G(©) \ U. Then we have the short exact sequence of C*-algebras

0= C*(Glu, klu) > C*(G,p) £ C(Gle, ulr) 0
Moreover, im(j) = ker(p) = Ex(U) and, in particular,
Ex(U) = C(Glu, plu) and  C*(G,p)/Bx(U) = C* (G|, u[F)-

PROOF. We adapt the proof of [Goe09, Theorem 5.22] to our situation, where the same re-
sult is shown for the groupoid crossed products. Note that jo maps Cc(Glu, p|g),) onto I.(U),
so we have im(j) = Ex(U) because *-homomorphisms between C*-algebras have closed range,
see Proposition C.4.4. We now want to show that j is isometric, hence an isomorphism onto its
image Ex(U). To this end, we will use Renault’s Disintegration Theorem, see Theorem 2.4.8. Take
a faithful, non-degenerate representation 71: C*(G|y) — -Z(H). These always exist by Proposi-
tion C.5.3. Let

Hy :=span({mt(g)h: g € Cc(Glu, plu), h € H})

and note that Hy is dense in H because 77 is non-degenerate. For f € C.(G)andh = Y/ | 7t(gi)h; €
Hy, we define

Y(F)h =) m((f = jo(8:)lg|, )i

M-

i=1

which makes sense since f * jo(g;) has support in G|; by Lemma 2.5.2.
We now show that ¥ is a well-defined homomorphism from C.(G) to the space of linear
operators on Hy. Evidently, ¥ is linear. Suppose that h = Y!' ; 1(g;)h; = 0. Let: — ¢, €
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Cc(G|u) be an approximating identity for the algebra C.(G|(;), see Lemma 2.3.9, which implies
that ¢, x g; — g; for the inductive limit topology. Then

n

Y(f)h = ; 7 ((f Xy, fo (e, * 8i)) |Gy, )i =

n
=lim ) 7(((f *jo(e)) * jo(8i))l gy, ) i = lim Y- 7 ((f * jo(e) gy, ) 7T(gi)hi = O
i=1 i=1
because 77 is a homomorphism and convolution as well as 77 and jj are continuous with respect
to the inductive limit topology, see Remark 2.3.4 and Lemma 2.4.4. In the second to last equality,
we have used that*

((f = jo(e)) * jo(gi) gy, = Go(f) * jo(8i)l gty = jo(fi * 81)lgl, = fi* &ir

where f, := (f *jo(e)lg), € Ce(Glu) satisfies jo(f.) = f *jo(e,). Therefore, ¥(f)h = 0 for all
f € Cc(G), which shows that ¥ is well-defined. Moreover, ¥ is multiplicative. Indeed, observe
first that

n

= LS 28) i) = 3w ((F (8 =it e )

i=1

and
() (¥(g iln o8 leiy ) = L (il
with &; := (g *jo(8i))lg|, € Cc(Glu). But from supp(g * jo(gi)) € Glu we get jo(gi) = & * jo(8i)
and therefore ¥ (f * g)h = ¥Y(f)(¥(g)h). Next, we have
F(o(Fh = Y. 7 (GolF) *jo(gi)) i) = 32 ol * &)l )y = 7(F) 3 7e(gidhs = (/)

1 i=1

I\
I
—_

for all f € Cc(G|u) because jo(f *g)lg|, = f* g and 7 is a homomorphism. This shows that
(¥ ojo)(f) = 7(f)|m, for f € Ce(Glu)-

We will now verify the requirements of the Disintegration Theorem. If 71(f)h € Hj with
f € Cc(Gly) and h € H, then the net ¢ — jo(¢,) satisfies

Y (jo(e) (7e(f)h) = (e * f)l — m(f)h,

so we have that Hy is contained in the closure of {¥(f)h : f € C.(G), h € Hp}, and the latter set
is therefore dense in H. Next,

(¥ () ((@)h), m(g"k) = (7 ((f *jo(8)) gy, )1 7(&)K)

for f € Cc(G) and this is continuous in f with respect to the inductive limit topology on C.(G)
because 77 and convolution are.” Therefore, f — (¥(f)x,y) is continuous for all pairs x,y € Hy,
because those are linear combinations of elements of the form 7(g)h. Finally, we consider

(F(F)((g)h), (g )k) = (((f * jo(8)) |Gy, ) 1 (8")K) = (h, w(((f *jo(8))lcu)" * &')k)-

4 What we really want here is that “the map of restricting to G|y is a *-homomorphism.” But of course, f|g|,, need
notbe in C.(G|y) for arbitrary f € C.(G), so this is not well-defined. However, the functions which we take the restriction
of have support in G|y, so this works out nicely and it just needs some extra care to make precise.

5 Also note that f *jo(g) has support contained in G|y and supp(f * jo(g)) is compact in G and hence also in G|y;.
From this it immediately follows that f — (f * jo(g))l¢|, is also continuous for the inductive limit topologies on Cc(G)
and C.(G|y). Indeed, if f, is a net with supp(f,) C K forall 1 and f, — f uniformly on G, then an argument similar to that
in Lemma 2.5.2 shows that supp(f; * jo(g)) € {wz : (w,z) € G® N (K x supp(g))}, a fixed compact subset of G|y, and
fi*jo(g) = f *jo(g) uniformly on G, hence also on G|y;.
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Now let f == (f * jo(8))lg|, € Ce(Glu) and f' := (f* *jo(¢))lg), € Ce(Glu)- Then jo(f) =

f*jo(g) and jo(F') = f* * jo(g') and we have
((F % jo(@)le) *8 = F* +8' = jo(F *Nlay = GoP)" *jo(8)lly =

= ((f*jo(&)" *jo (8Nl = Go(&*) * (f* #jo(8)) gy = jo(8" * gy =& * -
Therefore,

(¥(F)((g)h), (g )k) = (m(g)h, ((f* *jo(8' )y, ) k) = (m(g)h, ¥ (f)(7(8")k))
and the third and last requirement is also fulfilled.
By Theorem 2.4.8, ¥ extends to an [-norm bounded *-representation C.(G, u) — £ (H) and
to a representation ¥ of C*(G, u) on H by Lemma 2.4.3. Moreover, the identity ¥ o jo = 7(-) |,
now implies Yo j=rm,s0

1l Gl = IO = IFGENN < 15NN

and we obtain that j is isometric.

By Corollary A.3.5, pg is surjective and so is p as its image is closed. It remains to show that
ker(p) = im(j). Clearly, p o j|¢,(g|,) = 0, so that im(j) C ker(p). Conversely, we now show that
ker(p) € Ex(U) = im(j). Let ¢ be a faithful representation of C*(G, u)/Ex(U) and set L := f o 7,
where 71: C*(G, u) — C*(G, u)/Ex(U) is the canonical projection. Then ker(L) = Ex(U).

C*(G, 1) /Ex(U) - C*(Gle.ple)
m cGu~ P
N
Z(H)

Define Lr: C.(G|r) — Z(H) by Lr(p(f)) := L(f). We now verify that this is well-defined. Let
f,8 € Cc(G) such that p(f) = p(g) and let K¢ := {x € G : |f(x) — g(x)| > €} for ¢ > 0. Then K,
is a compact subset of G which is disjoint from G| because (f — g)||, = 0. Let W be a relatively
compact open neighborhood of K, with K, C W C G| and choose ¢, € Cc(G,[0,1]) such that

¢elk, = 1 and @e[g\w = 0. Then supp(¢e(f —g)) € Glu, so ¢e(f —g) € Ex(U) = ker(L).
Moreover,

sup |@e(x) (f(x) = g(x)) = (f(x) = g(x))| = sup(1 — @e(x))[ f(x) — g(x)| <&,
x€G xeG
so the sequence (¢1,,(f — g))n converges uniformly on G to f — ¢ and satisfies supp(¢1,,(f —
g)) € supp(f —g), so ¢1/4,(f —&) — f — g in the inductive limit topology. It follows that
f — g € Ex(U) and therefore L(f) = L(g), showing that Lr is well-defined.

Let f € Cc(G), v € C:= (r(supp(f)) Ud(supp(f))) N F and fix ¢ > 0. By the definition of a
Haar system, the function u — [ |f|dp" on G is continuous, so there is a relatively compact
open neighborhood O, of v such that

J e < Al +e= [ lp(B () +e < o)+

for all w € O,, where we have used (2.2.3) and the I-norm is the one on C.(G|f). Similarly, there
is a relatively compact open neighborhood V,, of v such that

/cmd"w = /G|f|dl*v+€§ lp(F)llr +e

for all w € V,. The family {O, NV, : v € C} is an open covering of the compact set C and
hence there is a finite subcover {O,, NV, : k € {1,...,N}} for some vy € Cand N € N. Put
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O := UN,(0y,NVy,) and let ¢ € C.(G),[0,1]) be such that |c = 1 and ¢lgono = 0. Let
g:=(gor)(¢od)f € C(G). Thenforv € G0,

. <lle(Nlli+e veO

/G|8|dl4 S/Gv\qv(f( x)) f(x)] dp® (x /|f x)| dp’( { 0, vg 0
and similarly

<lle(flli+e veO

[ Istdne < [ lo(@@e)f(x)ldpe(x) = 9(o) [ 1)l { 0, v¢0,

so inany case ||g[|1 < [lp(f)[l1 +e.

Note that L(g) = L(f). Indeed, ¢(r(G|r Nsupp(f))) = ¢(r(r~'(F) Nsupp(f))) < ¢(C) =
{1} and likewise ¢(d(G|r Nsupp(f))) C {1} because F is invariant, so g — f = 0 on G|r N

supp(f) and therefore also on the whole of G|r. Thus, g — f € I.(U) C Ex(U) and L(g) = L(f)
follows from ker(L) = Ex(U). This gives

ILEUNIN = ILHI = L@ < liglh < llgllr < llo(H)l: +e

and since & was arbitrary, we obtain that Lr is continuous with respect to the I-norm. It follows
that Lp extends to a representation of C*(G|p, u|r) and since Lr o p = L holds on the dense
subspace C.(G, u) € C*(G, u), it must hold everywhere, so ker(p) C ker(L) = Ex(U). [ |

THEOREM 2.5.4 ([MR82, Proposition 2.17]). Let G be a locally compact groupoid with left Haar
system y and suppose that G is amenable, see Definition 2.4.21. Let A be a Radon measure on G and
consider the representation Ind,: Cy(G, ) — L*(G,v™1) with v = Jow u* dA(u) from Proposi-
tion 2.4.11. Then

ker(Ind?\) = EX(U) = red(G|U'y|U)

where U is the largest open invariant subset of G(©) with A(U) =

REMARK 2.5.5. Note that this largest open invariant set from Theorem 2.5.4 really exists.
Indeed, if U, denotes the set of all open invariant V C G such that A(V) = 0, then U := JU,
is open and invariant, and because U is second countable, its open cover U, has a countable
subcover {U;};>1 € Uy, so that U = {J;>q U;. But then A(U ) < Y.i>1A(U;) = 0 and evidently U
is the largest set with this property. We also point out that G\ U contains the support of A.

PROOF. By the definition of the reduced norm, Ind, defines a representation of C (G, 1)
on L2(G,v71). If f € I.(U), then Ind)(f)& = f*¢ € I.(U) for & € C(G) by Lemma 2.5.2.
Since A(U) = 0, we have v~ (G|y) = 0 by (iv) of Remark 2.4.10, which means Ind, (f)¢ = 0 in
L?(G,v~1) and hence f € ker(Ind,). It follows that Ex(U) C ker(Ind,) and Ind, : C/4(G, ) —
Z(L2(G,v™1)) descends to a representation

Lt Cg (Glr, 1ilp) 2= Cla (G, o) /EX(U) — £(L3(G,u 1)

with F = G\ U, see Corollary C.4.3, where Crq(GlE, u|F) is isomorphic to C, (G, u) /Ex(U)
by Theorems 2.5.3 and 2.4.22 since G is amenable. Let

Ind)|,: Chog(Gle, ulr) = L(L*(Glg, (Mo plp) ™))

be the representation induced by the restricted measure A|r on (G|r)(?) = F, where A|r o pu|p =
Jru" ||y AA[F(u) is the induced measure. We now want to argue that L is really nothing but
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Ind, ... Note that (A|r o u|r) ! coincides with v—|g, since
Joy g8 ue) ™ = [ el dlule) (1) A () =
F

-/ / u Warw) = [ gdv' = [ gdwg,)

for all ¢ € Cc(G|r), where we have used (2.2.3) and the fact that supp(A) C F and supp(v—!) C
G|F by (iv) of Remark 2.4.10, see also Example A.4.7. Thus, Ind Alp 1s a representation on the
Hilbert space LZ(G\F,U_1|G|F). The restriction map L2(G,v~1) — LZ(G\F,V_1|G|F), & Clg is
surjective, so that the map

_ _ T C xX), xe& G F,
i 2((Gl v g,) = ZUAG V), (@) = | | Elr 1O
0, X §§ G|1:,
is injective. Now consider the following diagram, where 7t: C (G, u) — Ci4(G, 1) /Ex(U) is the
canonical projection, p is the isomorphism from Theorem 2.5.3, and Ind, : Crg(G,u)/Ex(U) —
Z(L%(G,v™1)) is the map induced by Ind, on the quotient.

P Cr4(Glr,

Croy (G, 1) /EX(U) «"— C4 (G, 1) L Z(L2(Glr, v g),))
w /
ind, Z(12(G,v7Y))

By construction of L, the left half of the diagram commutes. Indeed, Lo p = 1?.'1} implies Lop =
Lopom=Ind)om=Ind,. Now consider, for f,§ € Cc(G,u) and x € G,

Ind) |, (0(f))(Elg)(x), x € GlF
0, X € G‘u.

t(Ind,y . (0(£)))(E) (%) = {

We want to show that this equals Ind, (f)(¢)(x). For x € G|f, we have
Ind, (0(f))(Elg)p) (x / Flats wgley, (v d(p™ g, ) (v) =

[ FENE D) @) = [ fely™) dp'™ (y) = Inda (£)(@) (),

and G|y is a vnull set by (iv) of Remark 2.4.10, so that Ind,(f)(¢) = ¢(Indy,(p(f)))(¢) in
L%(G,v™!). This shows that ¢ o Ind,|, o p = Ind,. It follows that

tolndy |, cpom=iolnd) 0p=Ind) =Indyomn
and we can cancel 77 in this equation since it is surjective. Therefore,
Lo IndMF =Ind, oﬁ_l =

showing that the right half of the diagram also commutes. Thus, the whole diagram is commuta-
tive and it suffices to show that Ind, |, is injective, for then L is injective because : also is, and then
ker(Ind) ) = ker(p) = Ex(U) by Theorem 2.5.3, which is what we wanted to show.

Note that F is, by definition, the smallest closed invariant subset of G(©) such that supp(A) C
F. In particular, supp(A|r) = supp(A), see Example A.4.7, which implies that (G|f)©®) = F
is the smallest closed G|p-invariant subset containing supp(A|g). Therefore, we can assume for
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convenience and without loss of generality that G = G|r and U = @ and we have to show that
Ind, is injective. By (2.4.6), we have

Mndr(F)]| = sup [[Indu(f)]
uesupp(A)

forall f € C% (G, i), where Ind,, is the representation of C%,;(G, i) on L2(G, ) induced by the
measure J§,. Now let u,v € G belong to the same orbit, see Lemma 2.1.7. Then there exists
z € Gwithr(z) =uand d(z) = v. For f € C.(G), set

flxz), d(x) = u
0, d(x) # u.
Note that the product xz makes sense by Lemma 2.1.6 as d(x) =

[ UAHEU @ dpat) = [ flaz)glez)dm(x) = [ F0)300) deo(x)

for f, g € C.(G) by right-invariance of the right Haar system u +— y,, see Proposition 2.2.2. Thus,
U extends to a unitary operator from L?(G, ) to L2(G, yy ). Moreover,

(Uf)(x) := {

u = r(z). We have

(UoIndy(f))(&)(x) = Gvf(le/)é(l/_l)dﬂv(y) =
G FOy)§(y~"2) dp(y) = (Indo(f) o U)(E)(x)
for { € Cc(G) and x € Gy by left-invariance, which shows that Ind,, and Ind, are unitarily
equivalent. It follows that

||II1C1)\ (f) H = sup {HIl’ldu(f) ” ‘ue Uv€supp(/\) [U]} (25.1)

forall f € C},4(G, ). Clearly, the closure of S := Uyesupp(n)[0] is the smallest closed invariant

subset of G(%) containing supp(A), see Remark 2.1.17, so that G(©) = S. If now f € ker(Ind,),
then f € ker(Ind,) for all u € S by (2.5.1) and Lemma 2.5.6 below gives that f € ker(Ind,,) for all
u €S =GO, But then (2.4.6) gives ||fHC*d(G'V) = 0 and we are done. |

LEMMA 2.5.6. Let G be a locally compact groupoid with left Haar system p. If S C GO is any
subset, then

(ker(Ind,) : u € S} = ({ker(Ind,) : u € S},
where Indy: CLy (G, 1) — ZL(L*(G, ) is the representation induced by 5, see Remark 2.4.19.

PROOF. It is clear that the right hand side is contained in the left hand side, so it remains to
show that
({ker(Ind,) : u € S} C ker(Ind,) forallv € S.

Soletv € S and take ¢ € C.(G). Let (V;),>1 be a countable neighborhood base of v € G
with V,, open relatively compact and such that V,; C V,. We pick ¢, € C.(G®,[0,1]) with
¢n(Vyi1) = {1} and supp (@) C V.. Then &, := (¢, 0 d)¢& € C.(G) satisfies

(Indu(F)en &) = [ [ FGey)2n(y™)Enlx) dp () dpa(x) =

= /G/GF xY)u(r(y)) @n(d(x))E(y~H)E(x) du™ (y) dpw(x) = @u(u)*(Indy (F)E, €)

for all F € C¢(G). The function u — (Ind,(F)&, &) belongs to Cc(G?)). Indeed, for x € G, =
supp(uy) we have d(x) = u and hence

(indu (F)E, ) = [ [ FG)er) dn'™ @) 20 apux) = [ (P> e an' ()
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and the claim follows from Lemma 2.2.5. Therefore, given £ > 0, there exists N > 1 such that

[(Indw (F)¢, &) — (Indo(F)G, )| < ¢
foralln > N and u € Vj,. Choose u;,, € V,,;1 N S for every n. Then

[(Indy, (F)¢n, $n) — (Indo(F)E, )| < ¢

forallm > N and all F € C.(G) by combining the above estimates and since ¢, (1#,) = 1. By
continuity of the induced representations, this inequality remains valid for F € C},;(G, ). Now
take f € C (G, u) with f € ker(Ind,,) forallu € S. Then Ind,, (f* * f) = Indy, (f)*Indy, (f) =0
for all n > 1 and we obtain ||Ind,(f)&[|? = [{Ind,(f* * )& &)| < e for every ¢ > 0 and all
¢ € Cc(G). This shows that f € ker(Indy). [ |

REMARK 2.5.7. Lemma 2.5.6 shows that the two families {Ind, : # € S} and {Ind,, : u €
S} of representations of the C*-algebra Ci(G, i) are weakly equivalent, see [Dix77, p. 77] for
more details on this concept. In the proof we have constructed, to each positive form® w: F
(Ind,(F)¢, &) on C 4 (G, i), a sequence of positive forms associated to a representation in {Ind, :
u € S} such that w is the weak-* limit of this sequence. The final argument that this implies
f € ker(Ind,), provided Ind,(f) = 0 for all u € S, is then just [Dix77, Theorem 3.4.4, (ii)=-(i)].
The statement of Lemma 2.5.6 is found without proof in [MR82, Proof of Proposition 2.17] and
we have adapted the proof of [Pat99, Proposition 3.1.2] for the construction of the above sequence
of positive forms on C;, 4 (G, pt).

2.6. Examples

In this section, we will compute the groupoid C*-algebras of some of the types of groupoids
that have been introduced in the previous sections.

EXAMPLE 2.6.1 (The C*-algebra of a cotrivial groupoid). Let X be a locally compact, second
countable Hausdorff space and G the cotrivial groupoid over X as in Example 2.1.19. We will
equip G with the Haar system from Example 2.2.10, thatis, u* = Jy for x € X. For the convolution
product of f,g € C.(G, u) we get

(fxg)(x) = /Gf(xy)g(y_l) dpt™) (y) = fxd(x)gd(x) ") = f(x)g(x)

and the involution is just complex conjugation. Hence, C.(G, u) is just C.(X) with pointwise
multiplication and conjugation. Moreover, ||f||; = sup,.x |f(x)| is just the uniform norm, so
that L'(G, ) = Co(X). Since Co(X) is already a C*-algebra, there is a faithful, hence isometric,

representation of Co(X), so that || - [[c+(cu) = Il [l11(g ) = I - lcy(x) and therefore
CHG 1) = Craa (G, 1) = Co(X),
where we have used amenability of G, see Example 2.4.31. O

PROPOSITION 2.6.2 (The C*-algebra of a trivial groupoid, [Muh97, Proposition 2.37]). Let X
be a locally compact, second countable Hausdorff space and let G = X x X be the trivial groupoid over X,
see Example 2.1.20, equipped with a Radon measure v on X of full support. If u* := 6y x v for x € X is
the Haar system from Example 2.2.11, then

C*(G, ) = Cpoa (G, ) = 2 (L*(X,v)) (26.1)

is the C*-algebra of compact operators on L*(X,v).

6 In the terminology of [Dix77], this form is called associated to Ind,,.
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PROOF. The equality C*(G, u) = C;,4(G, i) follows from Example 2.4.32. We will show the
rest of the Proposition by using the reduced groupoid C*-algebra. For all u € G(©), we have G, =
X x {u}and py = (64 x v)~! = v x &y, so themap U: L?(G, uy) — L*(X,v), (Uyp)(x) := ¢(x,u)
is unitary and satisfies

(UIndu () (x) = [ F((x10)(0,2)) (2, 0) d(80 x v) (10,2)
= [ feUp@aE), (e cXxX)

hence all Ind,,, u € G(9), are unitarily equivalent to the representation

: Ce(G, ) = Z(L2(X,v)),  (7(f)g)(x) ¢=/Xf(x/2)<P(Z)dV(Z)/

and we therefore have | f|c: (6u) = I7(f)ll.2(12(x0))-

We now argue that the range of 7t is dense in the algebra # (L?(X,v)) of compact operators
on L?(X,v) for the operator norm, which then finishes the proof because 7t then induces an iso-
morphism C;,4(G, ) 5 im(7t) = #(L?(X,v)). Taking f(x,y) = g(x)h(y) for g,h € C.(X),
we have 7t(f)p(x) = g(x) th(y)(p(y) dv(y), so im(7r) contains the space of rank 1 operators,
hence im(7r) O #(L*(X,v)). Now letting f € C.(X x X) be arbitrary, we need to show that
7t(f) is a compact operator. The family A of functions of the form ¢ ® h: (x,y) — g(x)h(y) with
g, h € Cc(X) is a subalgebra of Cy(X x X) which separates the points of X x X as well as vanishes
nowhere (that is, for every (x,y) € X x X, thereis g,h € C.(X) such that g(x)h(y) # 0). There-
fore, by the Stone-Weierstrass theorem (for locally compact spaces, see [Fol99, Theorem 4.52]),
Co(X x X) is the uniform closure of A. It follows that there are sequences g,, h, € C.(X) with
gn ® hy — f uniformly on X x X.

Now for ¢ € L?(X,v) with l¢lli2(x) <1, we have

1/2
[ ) = s ) gl dvts) < ([ 159) = M) ) gl

by Holder’s inequality and therefore

2
7900 = el gl < [ ([ 1000) =~ guimtllpwl ) ) dvt) <

<N = 80 ® Ml T2y | T2,0) < 1f = 80 ® Mall 2y = 0

as n — oo since g, ® hy, — f also in L?(X x X,v x v). This implies 7(f,) — 7(f) in operator
norm, and since 77(f,) has rank 1, we see that 7t(f) is compact, so im(7t) C # (L?>(X,v)) because
the compact operators are closed in . (L?(X,v)). [ |

REMARK 2.6.3. One can also directly show that C*(G, u) = # (L?(X,v)), without invoking
amenability. The proof can be found in [Pat99, Theorem 3.1.2] and it uses the theory of groupoid
representations, which makes it quite a lot more involved than the above proof for the reduced
C*-algebra.

EXAMPLE 2.6.4 (The C*-algebra of a transformation groupoid). Let X x, I' be a locally com-
pact transformation groupoid, equipped with its canonical Haar system from Example 2.2.12.
Then

C*(X x4 T) 2 Co(X) x5 T (2.6.2)
is a crossed product, where I acts on Co(X) by &¢(¢) := ¢ o ag.

We will not make direct use of crossed products, so that we will only briefly describe what
they are and refer to [Wil07] for an extensive treatment. A C*-dynamical system is a triple (A, T, B),
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where A is a C*-algebra, T’ is a locally compact group, and : I' — Aut(A), s — s, is a con-
tinuous group homomorphism in the sense that, for eacha € A, the map I — A, s — Bs(a),
is continuous. Given a C*-dynamical system (A, T, B), the vector space C.(T, A) of continuous
A-valued functions on I with compact support can be made into a *-algebra by letting

(f*8)(s) = /rf(f)ﬁt(g(ffls))d?\(t) and  f*(s) := A(sT)Bs(f(s71)%), (2.6.3)

where A is a left Haar measure on I' and AT % ]RJr is the modular function, which is defined
by the requirement A(s) [; f(ts)dA(t) = [; f( ) forall f € C.(T) and s € T. Note that
some care has to be taken as the 1ntegra1 in (2.6. 3) is A Valued The operations from (2.6.3) satisfy

f* Il = Il and 1f gl < [Ifllallgll, where [[fllp1 = Jp [If(£)[[dA(f). Similarly as in
Lemma 2.3.8, the inductive limit topology on C (T, A) is finer than the topology induced by the

L'-norm.

The crossed product of (A,T, ) will be obtained by completing C.(T, A) with respect to a
norm which is obtained by certain representations, as was the case for the groupoid C*-algebras.
A covariant representation is a pair (p,U), where p: A — £ (H) is a representation and U: I —
% (H) is a unitary representation, meaning that U is a homomorphism to the set % (H) of unitary
operators on H and U is continuous for the strong operator topology on % (H), and such that

U(s)p(a)U(s) ™" = p(Bs(a))

foralla € Aands € I'. Note that both A and I are represented on the same Hilbert space H. Given
a covariant representation (p, U) of (A,T, B), one obtains a L'-norm decreasing *-representation
of Cc(T, A) by

(0 U)(F) = [ IUB A,

Finally, the crossed product A xgT of (A,T,p) is the completion of C.(T', A) with respect to the
norm

ILf]l := sup{]|(p x U)(f)|| : (o, U) is a covariant representation of (A,T,p)}.
One can show that every (non—degenerate) representation of A x4 I' is of the form p x U for some
covariant representation (p, U), and that
IfIl = sup{||(f)]|| : 7 is a L}-norm decreasing representation}

= sup{||7t(f)|| : 7 is continuous for the inductive limit topology},

which is similar to our definition of the full groupoid C*-algebra and to Remark 2.4.2.
Finally, we point out that the isomorphism from (2.6.2) is given by extending the map

12 Co(X X T) = Co(T,Co(X)), t(f)(s)(x) := A(s) "2 f(x,5),
see [Goe09, Propositions 4.4, 4.38] for a detailed argument. O
EXAMPLE 2.6.5 (Group C*-algebras). If I' is a locally compact (second countable Hausdorff)
group, then we may view I' as a groupoid with Haar system p® = A, where A is a left Haar

measure on I', see Examples 2.1.18 and 2.2.9. The convolution of C.(I') is given by the familiar
expression

)= [Fg(t 1) dAG).
The C*-algebra C*(T') := C*(F, y) is called the (full) group C*-algebra of T'. If {*} denotes the
one-pointed space, then there is groupoid homeomorphism {*} x I' = T, given by (*,g) — g.

7 For a nice introduction to the theory of vector-valued integration, especially in the context of C*-algebra, see
[Wilo7].
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If the transformation groupoid {*} x I is equipped with its canonical Haar system from Exam-
ple 2.2.12, then this isomorphism obviously satisfies the requirements of Corollary 2.4.7, so we
have

C*(N) = C*({#} xT) 2 Co({+}) x T =CxT

by invoking Example 2.6.4 and using that Co({*}) = C as C*-algebras in the obvious way. We
therefore obtain an alternative definition of C*(T') as a crossed product, which is used [Wil07].
As a special case, we will mention the situation for locally compact abelian groups. In this
case, one can extend the Fourier transform to an isomorphism from C*(T') to Cy(T), see [Wil07,
Proposition 3.1].% Here, T denotes the dual group (or character group) of T, meaning the set of
continuous group homomorphisms from T to the torus T. The topology on T is the one of uniform
convergence on compact subsets. For example, we have R 2 R, so C*(R) = Co(R), and Z = T,
so C*(Z) = Cy(T) = C(S!) since the unit circle S! C C is compact. O

EXAMPLE 2.6.6 (Irrational rotation algebras). Let 6 € [0,1] and consider the action a: Z x
T — T given by a(n)z := ¢*™"%z. The corresponding transformation groupoid C*-algebra

Ag := C* (T x,T) = Co(T) xz Z

is called the rational or irrational rotation algebra, depending on whether 6 is rational or irrational.
For irrational 6, the algebra Ay is the “universal C*-algebra” generated by isometries u, v such
that uv = ¢?™%vu. This means that whenever U and V are unitaries in .#(H) for a Hilbert space
H with UV = ¢V, then there exists a representation 71: Ag — .Z(H) such that 7(u) = U,
n(v) = V and 7 is an isomorphism of Ay onto C*(U, V), the C*-subalgebra of .#(H) generated
by U and V. For a proof, see [Wil07, Proposition 2.56]. A concrete realization of Ag as a subalgebra
of Z(L*(T)) is given by the unitaries U(f)(z) := zf(z) and V(f)(z) := f(e~2"%z).

The dependence of Ay on the parameter 6 is highly non-trivial. In fact, it holds that Ay = Ay if
and only if 6 = 0’ mod 1, see [Wil07, Remark 2.60] for further references and results. In [SSU89,
Proposition 4.2], it is shown that if 0 is irrational, then

A @ H = Co(R) x Z2,

where Z? acts on R by p - x := x + 10 — pip. This is done by showing that the crossed product
Co(IR) x Z? is isomorphic to the foliation C*-algebra C* () associated to the foliation of the torus
T by lines with slope 08 (the Kronecker foliation), and this foliation algebra is in turn isomorphic to
Ag ® H, see [Con82]. O

EXAMPLE 2.6.7. Let T be a locally compact group and let U C T be an open subset.” As in
Example 2.1.23, we consider the transformation groupoid I' 3, I" and the trivial groupoid I' x T
By Proposition 2.2.13, both G := (I' %, T)[y and H := (I' xI')|y = U x U are locally compact
groupoids which we equip with their canonical Haar systems y and v, respectively, see Examples
2.2.11 and 2.2.12, where we take the Haar measure A of G as the measure on G with full support.
From Example 2.1.23, we know that G and H are isomorphic via ¢: G — H, ¢(g,h) := (g,gh).
For every f € C.(H) and gp € I, we have

/ Fopdusod) /f 20, g0h) dA (I /f g0, h) dA () = / Fdv(sog0) — / Fdv9(soe),
H H
Now Corollary 2.4.7 implies that C*((I' x, T')[7) = C*((I' x T')[y) = C*(U x U). O
8 Note that this implies that T is precisely the character space of the C*-algebra C*(T').

9 We do not consider invariant sets here because the only invariant subsets for the trivial groupoid I' x I are I and
@, see Example 2.1.20.
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COROLLARY 2.6.8 (Stone-von Neumann theorem). Let I' be a locally compact, second countable
Hausdorff group and denote by pg: T — T for g € T the right translations, pg(h) := hg. Then

Co(T) 5T 2 C*(I' %, T) = C*(T x T) = . (L*(I)).

PROOF. This is immediate from Examples 2.6.4 and 2.6.7 and Proposition 2.6.2. |

EXAMPLE 2.6.9. Let G := X xpI'and H := Y xg I' be two locally compact transformation
groupoids, equipped with their canonical Haar systems u and v, respectively, see Example 2.2.12.
Let : X — Y be a homeomorphism such that (x - g) = ¢(x) - g forall x € X and g € I'. We say
that ¢ is I'-equivariant. Then the map

¢: G H, 9(xg):=(¥(x)g)

is an isomorphism of locally compact groupoids. Indeed, ¢ is obviously a homeomorphism and

if ((x,8), (y,h)) € G@, theny = x-gand ((x,2), (y,h)) = (x,gh). Therefore,
(9(x,8), 9y, 1) = ($(x),8), (p(x- 8), 1)) = ((¥(x),8), (Y(x) - g,h)) € H?

and

e(x, )y, h) = (p(x),8)(Y(y), h) = (¥(x),gh) = ¢(x,gh) = ¢((x,8)(y, ).

Moreover, ¢ fulfills the requirement of Corollary 2.4.7 since

| Foodnte) = [ fy(xo).g)d(g) = [ fav¥e) = [ payetos
forall f € Cc(H) and xo € X. We conclude that C*(X x, T') = C*(Y xg T). O

EXAMPLE 2.6.10. We now slightly generalize Example 2.6.9. Let G = X X, Tand H =Y xg T
be locally compact transformation groupoids. Let U C X be open, so that U x {e} is open in
X x {e} = G, We can then form the reduction G|;; = (X x, I')|y;, where we identify G(©) with
X as usual. Let p: U — Y be continuous and a homeomorphism onto its image, and such that

P(x-g) =1(x)-g forall (x,g) € UxTwithx-gel. (2.6.4)

The point is of course that we may not have an equivariant map available on the whole of X, as
was the case in Example 2.6.9. Then the map

¢:Glu—H, ¢(xg):=(y(x),g)

is a homeomorphism onto its image ¢(Glu) = H|y(y), see the proof of Lemma 2.2.16. As in
Example 2.6.9, ¢ is a groupoid homomorphism, so we have an isomorphism ¢: (X x,T')|y —
(Y xgT) |¢(u). Both groupoids come with canonical Haar systems, see Proposition 2.2.13, and the
same calculation as in Example 2.6.9 shows that

fo q)dy(x‘)'e) = / fdl/q’(xo'e)
H

G|u |¢»(u)

forall f € Cc(H|y(y) and all xg € G|y, so ¢ satisfies the requirements of Corollary 2.4.7, hence
induces an isomorphism C*((X x4 T)[u) = C*((Y xp T)[p(ur))-

In the case where E C G is locally closed and T-invariant, i|g is equivariant by (2.6.4), so
#(E) is also invariant and we have G|g = E %, I' and H|y) = ¢(E) X Bl T, where a|g and

,B|¢,( p) are the restricted actions. Moreover,
CH(X X T)[g) = CT(E X, T) = CT(P(E) Xy, T) = C((Y 25 T) ()
holds by Example 2.6.9. O
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EXAMPLE 2.6.11. Let X x4y I'be alocally compact trivial action groupoid, see Example 2.1.25.
We already know that the identity map idx ¢ is a groupoid homeomorphism from X X, I' to
the product groupoid X x I', where we view X as a cotrivial groupoid. The canonical Haar system
u* = 0y X A on X Xy I, where A is Haar measure on I', can also be viewed as the usual Haar
system on the product groupoid X x I', so we immediately see

C*(X Xy I[) 2 C*(X x T)
by using Proposition 2.4.5. O

Finally, we will determine the reduced C*-algebra of a disjoint union of groupoids (see Defi-
nition 2.1.26) as well as of a Cartesian product (see Definition 2.1.24). It turns out that the disjoint
union translates into the direct sum of the C*-algebras, and the Cartesian product groupoid gives
a tensor product of C*-algebras. These results seem to be taken as a given in the literature, and
are sometimes referenced for special cases, see [OPP10, p. 105] or [Upm91, Example 1.3]. We will
show them here for general locally compact groupoids and for the reduced C*-algebras. Keep in
mind that all our groupoids are assumed to be second countable, a fact that will be crucial in the
proof.

PROPOSITION 2.6.12 (C*-algebra of the disjoint union of groupoids). Let G;, i € I, be a count-
able family of locally compact groupoids with Haar systems y;. Then

)
Croq(UicrGi, Uicrpi) 2 ) Crog(Gi, i)

i€l
is the direct sum of the C*-algebras C?,; (G;, p;), see Example C.1.11, where U;c y; is the Haar system from
Proposition 2.2.17. On the level of functions, this isomorphism is given by 1: C.(Ujc1Gi) = Dic; Ce(Gi),
() = (fle)i

PROOF. We have remarked in Definition 2.1.26 that countable disjoint unions of locally com-

pact groupoids are again locally compact. We put G := U;c;G; and p := Ujc ;. By Remark 2.4.19,
there are faithful representations

@i :=Ind,, : Ciq(Gj, i) — .Z(LZ(Gi,vlfl)), where v; := /G(O) witdAi(u)

(0)

with Radon measures A; on G; " of full support. Similarly, the measure A := U;c;A; on GO =

Uie IGi(O) has full support, so that
Indy: Chy(G,pu) — L (L*(G,v1))

is a faithful representation, where v := [ p" dA(u) is the induced measure. Note that v is noth-
ing but U;cv; and vl =L v 1 The representations ¢; induce an injective *-homomorphism

o o o
=Y ¢it Y Chg(Giui) = Y. 2L(L*(G,v 1Y) — $(®i61 Lz(Gi,Vfl)),
iel el i€l
given by ¢((f;)i)((¢i)i) := (Indy (fi)C;)i, see Examples C.1.11 and C.1.12. The Hilbert space
L?(G,v 1) is canonically isomorphic to @;c; L2(G;, v;~ 1) via the unitary operator U(¢) := (& lc,)ir
and hence conj;: .Z(L2(G,v 1)) = Z(Dic; Lz(Gi,vlfl)), T — UTU!, is an isomorphism of
C*-algebras. Now consider the following diagram:

Ce(G) > Ciy (G, 1) —2 s im(Ind,y) —— Z(L(G,v 1))

J‘ T J/conju Nlconju
<

Dier Ce(Gi) — L2 Clag (Giy i) —2— im(@) ——— L(Dies LA(Giv; 1))
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Here, 1: Cc(G) — @je; Ce(G;) (algebraic direct sum) is the linear map «(f) := (f|g,);- For f,& €
C.(G), we have

(@((f)) e U)E = ¢((flc)i) Clg),) = (Indy, (fle) (Ele,))i-

If x € Gj, thend(x) € Gi(o) and hence
(nd\(ND)l,(x) = [ Fene M an'@ ) = [ flo, (el ) duf™ w),

which shows (Ind, (f)&)|g, = Indy,(flc,)(Elc,) € L*(G;, vfl). Therefore,
(p(e(f)) o )& = ((Indr(f)E)lc,)i = (U oIndx(f))E

and the diagram commutes. In particular, conj;; (im(Ind,)) € im(¢) and

((f) = (¢~ " o conjy; o Ind, ) (f)

for f € C¢(G). This immediately gives an extension of : to an injective *-homomorphism

o
& C:ed(G/ ‘H) — Z C:ed(Gir yl)
icl
Moreover, the algebraic direct sum @;c; Ciy(Gj, ;) is dense in Y7, C 4 (Gj, ;) and Ce(G;) is
dense in C,, (G;, ;) for all i € I, which implies that im(:) is a dense subspace of Y7 | Cx  (Gj, ;)
and hence that 7'is also surjective as its range is necessarily closed by Proposition C.4.4. |

COROLLARY 2.6.13. Let G be a locally compact groupoid with left Haar system . Suppose that
u; € GO, i € I, is a partition of G\) into open invariant subsets. Then

P
:ed(G/ “l/l) = ZC:ed(G|U,'/V|UI-)'
iel
PROOF. By Example 2.1.27, G = | |;c; G|y,. Without loss of generality, U; # @ for alli € I so
that I is at most countable. The canonical Haar system v := L;c(p|y;) on | ;c; G|y, is given by

vi(A) = (ulu)" (AN Glu) = p¥lg, (ANGly;) = p*(ANGlu,)

ifu € U;. Let j: |ic; G|y, — G denote the obvious map. For f € C.(G), the above implies

Ayt — dui) — dud )
/I_lieIG|uifO] ! /Gul.f . /Gf #

if u € U; C |lie; U; since supp(p/)) = GItW) = (G|ui)f(”) C G|y, By Propositions 2.4.20
and 2.6.12, we conclude

o
red (G 1) = Crog(UierGlu, v) 2 ) Croq(Glu, lu,)- u

i€l
PROPOSITION 2.6.14 (C*-algebra of a product of groupoids). Let Gy and G, be locally compact

groupoids with Haar systems yq and py, respectively. Then

Cred(G1 X Ga, 1 X p2) = Croq(G1, 1) ®4Croq (Ga, 12),

where @, denotes the spatial, or minimal, tensor product of C*-algebras and y X v is the Haar system
from Proposition 2.2.18. On the level of functions, the isomorphism is given by 1: Cc(G1) ® Cc(Gy) —

Ce(G1 x G2), 1(f ® g)(x,y) = f(x)8(y)
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PROOF. The proof is similar to that of Proposition 2.6.12. From Remark 2.4.19, we know that
(0)

any measure A; on G; with full support gives a faithful representation

@i :=1Ind),: Croq(Gi, pi) — X(Lz(Gi,vlfl)), where v; := /G(O) witdAi(u)

fori € {1,2}. By Theorem C.6.3 and the definition of the minimal tensor product, there exists a
faithful representation

@: Crog(G1, 1) ®:Clig (G, p2) — ZL(L*(Gr, vy M)RL*(Go 15 1))

such that ¢(f ® g) = Ind,, (f)&Indy, (g) for all f € Ci (G, 1) and g € Ck4(Gy, pi2). Because
the product measure A := Ay x Ay on (G1)(© x (G2)(©) = (G x G2)(© also has full support, we
similarly get a faithful representation

Indy: Ciog(Gi X G, iy X ) = ZL(L*(Gy x Gy, (Ao (1 x p2))™ 1)),

where Ao (1 X pp) = fclxcz(yi‘ x uy) dA(u,v) = vy x v, is the induced measure. From

Lo Sy = [ [y (x) ()

it follows that (v; x 12) ™! = v;! x v;'. By Example C.6.2, we have L?(Gy,v; QL2 (Gy, vy ') 2
xX)g

L2(Gy x Gy, vy ' x v5 1) via the map U which sends f ® g to U(f ® g)(x,y) = f(x)g(y). Con51der
the following diagram:

Ce(Gr) @ Ce(Ga) > Cly(G1)®4Cloy (Go) —=— im() ——— Z(L*(G1)RL*(Gy))

J‘ T JCOnj u :J{conj u
4

Ce(Gy X Ga) > Ciy (Gy X Ga) — 2 im(Ind)) —— Z(L2(Gy x Gy))

Forall f,¢ € C.(Gy) and g, 17 € Cc(Gp), we have

U(p(f®g)(C@n))(xy) = U(Incu1 (f)®1ndh< )(E@n)(xy) =
= Indy, ()(@) ()i, () 1)) = [ flxw)i(w ™) dpid ™ (w) [ gty s (z) =

= (f®g)((xry)(w12))u(é‘® ) ((w,2) ") d(pr x p2)™ ) (w,2),

Gy x

which shows U o ¢(f ® g) = Ind, (:(f ® §)) o U as operators on L2(Gy,v; 1) &L?(Gy, v, 1), so the
diagram commutes. In particular, conj;; (im(¢)) C im(Ind, ) and

((f®g) = (Ind;" o conjy; 0 9)(f @g)
forall f € C.(G;) and g € Cc(Gy). This gives an extension of ; to an injective *-homomorphism
Tt Creq(G1, 1) @4 Croq(Ga, H2) = Crog(Gr X Go, i1 X p2).

By Lemma B.4, im(1) is dense in C.(Gy X Gy) for the inductive limit topology, and the dense
inclusion C.(Gy x Gz) < Cr,4(Gy x Gy, 1 X pip) is continuous by Remark 2.4.14, so that im(1) is
also dense in C;, 4 (Gy x G, pq X p2). This shows that 7'is surjective. [ |
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Notes for chapter 2

The study of groupoid C*-algebras seems to have been initiated by Jean Renault, the primary
reference being the monograph [Ren80], on which large portions of our treatment is based. In
addition, we have used [Pat99], which gives a very detailed and modern account of the basics
of groupoid C*-algebras. The article [Bun06] provides a nice overview over the most important
examples and results concerning groupoid C*-algebras. If not otherwise specified, the results and
examples of this chapter are taken from one of these references, or are simple consequences of
statements therein. This is especially true for the first sections, which deal with the very basics of
groupoids and Haar systems.

We have found that he measure-theoretic foundations are particularly well detailed in [Pat99],
as Paterson doesn’t use Bourbaki’s theory of integration like Renault does. We also mention the
dissertation of Goeff Goehle, [Goe09], which describes the more general theory of groupoid crossed
products in very rich detail. Several of the proofs in this chapter have been adapted from there
for our special case of groupoid C*-algebras. In a similar manner, the book [Wil07] on (group)
crossed products (see Example 2.6.4) was also very helpful, as some proofs and concepts are easily
carried over to the groupoid setting.

Concerning the topological assumptions on locally compact groupoids, we have chosen to in-
clude second countability as a default since it makes the measure theoretical details a lot simpler,
see Appendix A. As mentioned above, the theory of groupoid C*-algebras originally used Radon
measures in the sense of Bourbaki, that is, as (positive) functionals on C.(G). We also mention
that it is sometimes useful to consider locally compact groupoids which are not Hausdorff. As
an example, this arises when studying groupoid associated to foliated manifolds, and while it
requires some additional work, it can be done, see for instance [Con82] or also [Pat99].



CHAPTER 3

Toeplitz C*-algebras for Reinhardt domains

The goal of this chapter is to describe the structure of the Toeplitz C*-algebra T(()) for a
bounded, pseudoconvex Reinhardt domain ) C C2. This is done by associating to () a groupoid
9q and showing that the groupoid C*-algebra is isomorphic to the C*-algebra generated by the
polar decompositions of certain Toeplitz operators, which contains T(Q)), see Theorem 3.5.4. In
order to probe the finer structure of the Toeplitz algebra in terms of a composition series, we will
apply the results on groupoid invariant subsets and associated ideals from section 2.5, and these
invariant subsets will be obtained by parametrizing the unit space of the groupoid Gq, by the faces
of the logarithmic base A as explained below.

This chapter is based on an article of Salinas, Sheu and Upmeier, [SSU89]. Along the way, we
will encounter results from [CM85] due to Curto and Mubhly.

3.1. Reinhardt domains

The domains that will be studied in the sequel are the Reinhardt domains. As the definition
shows, they possess a several variables version of circular symmetry:

DEFINITION 3.1.1. A domain () C C" is called a Reinhardt domain (or a polycircular domain)
if (z1,...,2n) € Q implies (z1t1,...,2nty) € Q for every (t1,...,t,) € T", where T := {z € C :
|z| = 1} is the unit circle.

EXAMPLE 3.1.2. Leta € C"and r = (rq,...,rn) withr; > 0for 1 <i < n. The set

P(a,r):={z€C":|z; —aj| <riforallk=1,...,n}
is called the (open) polydisc with multiradius 7, centered at a. The polydiscs P(0, r) with center 0 €
C" are evidently Reinhardt domains. We will denote the unit polydiscs by D" := P(0, (1,...,1)).
This is just the n-fold product of the open unit disc D. Note that P(a,7) C B(a,R) if Y.} ; 17 < R?
and B(a,R) C P(a,r) if R < minj<;<, r;, where B(a,R) := {z € C" : |z — a| < R} is the open ball
around a with radius R > 0. O

DEFINITION 3.1.3. A Reinhardt domain ) is called complete if, for every z € (), the polydisc
P(0, (|z1],---,|zn])) is also contained in Q). In particular, 0 € Q.

Thus, a complete Reinhardt domain is invariant not only under multiplication by elements of
the torus, but also by elements of the entire polydisc. A Reinhardt domain is uniquely determined
by its absolute domain

0] = 7(Q) CRY,
where R? := {(xy,...,x,) € R" : x; > 0,i =1,...,n} and 7: C" — RY is the map 7(z) :=
(|z1],.--,|zn|). This is really a domain (that is, open and connected) in R”, since the map 7 is
both open and continuous (hence its image is connected). For a subset S of C" (or R"), we set

S :={z=(z1,-..,21) €S:21 - zn #0} ={z€S:z; #0forallj=1,...,n}.
DEFINITION 3.1.4. A Reinhardt domain (3 C C" is called logarithmically convex (or, shortly,
log-convex) if
Aq = {(og|x1],...,1og [xn|) : (x1,...,x,) € O}

57



58 3. TOEPLITZ C*-ALGEBRAS FOR REINHARDT DOMAINS

is a convex subset of R". The set A is called the logarithmic base of ().

The next Theorem shows that the logarithmic base of a Reinhardt domain may be used to
check if it is a domain of holomorphy. We refer to [Nar71, p. 120] for a proof.

THEOREM 3.1.5. A Reinhardt domain containing the origin is a domain of holomorphy (equivalently:
pseudoconvex, see the discussion after Definition 1.4.3) if and only if it is logarithmically convex and
complete.

REMARK 3.1.6. Reinhardt domains in several variables play the same role as open discs in
the one-dimensional case regarding the convergence of power series. Given any power series
LueNy 22", its domain of convergence is a complete Reinhardt domain (which may be empty).
Moreover, if () is a complete, logarithmically convex Reinhardt domain, then there exists a power
series with domain of convergence precisely equal to (), see [Ran86, Theorem 3.28].

EXAMPLE 3.1.7. Let Q := P(0,1) C C" be the unit polydisc. Then || = [0,1)" and |Q*| =
(0,1)". Hence, the logarithmic base of () is Aq = (—o0,0)" which is convex, implying that the
polydisc is a domain of holomorphy. O

EXAMPLE 3.1.8. Forry,r; € (0,1) consider the (complete) Reinhardt domain
Q:=11(([0,71) x [0,1)) U ([0,1) x [0,72))) C CZ.

Then |QY¥| is simply U without its intersections with the coordinate axes, |(3*| = ((0,71) x (0,1)) U
((0,1) x (0,72)). Consequently, the logarithmic base of () is the non-convex set

Aq = ((—o0,logry) X (—00,0)) U ((—00,0) x (—00,logry)).

1
Ty i
1
log(r1)
0 1 1
Aqg 10g(1’2)

Hence, () is not a domain of holomorphy. On the other hand, by taking the convex hull of Aq,
we obtain the following pseudoconvex Reinhardt domain:

1
2
Q]
log(r1)
\ | 1
Ao log(r2)

In fact, this Reinhardt domain is a simple prototype of the domains which will be studied in the
rest of this chapter, and we will see that the Toeplitz C*-algebra of () depends very much on the
slope —log(r2)/ log(r1) of the line segment in dA, and whether this is irrational or not. O
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3.2. The algebra of shifted weights and its character space

Let O C C? be a bounded pseudoconvex Reinhardt domain. In this chapter, we will define an
auxiliary C*-algebra whose character space will be important in constructing the groupoid which
will allow us to analyze the structure of the Toeplitz C*-algebra.

For technical reasons, we require () to be normalized, that is, () C D?,
the unit bidisk, and V C Q, where V := {(z1,20) € D? : z;zp = 0}. In 1
other words, QNV; = D, where V; = {(z1,2z2) € C? : z; = 0}. Thus,

) has the same intersections with the coordinate axes as the bidisk and,

in particular, 0 € Q). By Theorem 3.1.5, we see that () is logarithmically fe]

convex and complete. Since (2 C D?, it follows that the logarithmic base

A, see Definition 3.1.4, is contained in 1R2<. Moreover, the boundary of

Aq is the image of a continuous curve which has the negative coordinate (0 1
axes as asymptotes since (1,0), (0,1) € 9|Q)].

Since our ultimate goal is to determine the Toeplitz C*-algebra T((}) up to isomorphism, these
requirements do not pose any restrictions as any bounded pseudoconvex Reinhardt domain may
be put into this form by rescaling variables. Indeed, if p; := sup{|z;|: z € V;} fori € {1,2},
then p; > 0 because () is open and contains 0, and by the scaling (z1,z2) — (z1/p1,22/p2) we
may assume p; = 1 for i = 1,2. Therefore, Q N V; = D and also QO C ID? because if there were
(z1,22) € Q with |z;] > 1, then by completeness we see that P(0, (|z1], |z2|)) € €, a contradiction
to p; = 1. Therefore, (2 is normalized. By Theorem 1.3.3, this does not change the isomorphism
class of the Toeplitz C*-algebra.

We will denote by Z> = Ny C Z the set of non-negative integers, and by Z. = IN C Z the
natural numbers. Similarly, we define Z< and Z. and we put Z% := (Z>)" C Z" and likewise
for Z~, Z< and Z.. The same notation will also be employed for the corresponding subsets of

R" Ifa = (nq,...,ay) € Z"and z = (2q,...,2,) € C", then we put z* := z‘i‘l~~~zﬁ”.

DEFINITION 3.2.1. For ¢ € ZZZ, let - be the function on Z? defined by

X (a) i= {”Z"‘””“m)/ F iy Heezs 621)
0, ifo € 27\ Z<.

The conceptual reason why these functions will play an important role is the following: In
Proposition D.1 it is shown that the monomials ex(z) = z%/||z"|| () with & € 72 form an
orthonormal basis for the Bergman space A%(Q)). With respect to this basis, the Toeplitz operator
Tp := T, with symbol zP for B € ,ZzZ satisfies

Z0+p ||z"‘+/3||
K 2 B o
In other words, the Toeplitz operator Tg is a weighted shift operator.

By the assumption that Q) is contained in ID?, we have |z¢%7| = |z*||z7| < |z*| and hence
X is bounded, meaning x,, € (*(Z?). For p € Z?, let 13: {®(Z?) — {*(Z?) be the translation
operator by S,

(tph)(a) := h(a — B). (3.2.2)
Evidently, 75 is a bounded, even isometric, linear operator on (% (Z?). Moreover, the mapping
B — T4 is a group homomorphism from Z? to Aut(¢*(Z?)), where the latter denotes the group
of (isometric) isomorphisms of £ (Z?). We say that Z? acts on ¢*°(Z?) by translations.

DEFINITION 3.2.2. The C*-subalgebra of /*(Z?) generated by the translates g,
Dq = C*({1xy : p€ 2%,y € ZL}),
will be called the C*-algebra of shifted weights associated to ().
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REMARK 3.2.3. The translation action (3.2.2) of Z2 on ¢®(Z?) restricts to an action on the
algebra of shifted weights, since D, is invariant under these translations as

Ta(TﬁX'y) = Ta+pXy
foralla,f € Z%>and v € ZZZ.

REMARK 3.2.4. In [CM85] and [SSU89], the C*-algebra D, is defined to be generated by the
functions Tpw; with B € Z?% and w; = Xe; fori € {1,...,n}, where ¢; is the i-th standard unit
vector of Z?. However, as also noted in those references, one may compute x, from the w;’s and
translations. In fact, X4 (®) = X1 (7' + &)xy (&) = ((T_y/Xxy)X4) (@) holds for all 7,7 € Z2
and « € Z? and allows to recursively compute x, from w;. Thus, the resulting C*-algebras are
identical.

Consider now, for functions f € ¢(Z?) and ¢ € ¢*(Z?), the convolution of f with g,

given by (f = g)(a) 1= Lgezz f(a — B)g(B) = Lpezz f(B)g(a — B). Then we have ||f gl <
Il fll1]lg]leo, showing that f * ¢ is bounded on Z?. Letting sy(a) := ZIﬁ\SNf(‘B)g(“ - B) =
Yip1<n f(B)(158) (a), we see
lsn(a) — ) < Y IfBlgla—pl<llglle Y. [f(B) =0
|BI>N |B|>N

as N — co. Therefore, we can approximate f * ¢ uniformly by linear combinations of the translates
T3¢ and, by taking ¢ = x,, we obtain an equivalent description of Dq:

Da=C"{f*xy: f€€1(22 WGZ 1.

Since (*(Z?) is commutative, so is its subalgebra D. We consider the character space, or
Gelfand spectrum, Spec(Dq,) of Dy, which will be important in the following analysis. Recall that
Spec(Dq) is the set of all characters of D¢, that is, the non-zero multiplicative linear functionals
Dn — C and we put on Spec(Dq)) the relative weak-* topology. Then Spec(Dq) is a locally
compact Hausdorff space and by the basic theory of commutative C*-algebras, D, is isomorphic
to Co(Spec(Dq)), see Theorem C.3.4. Note that D, is non-unital: any finite product and linear
combination of functions of the form 75, will be zero outside a set of the form o + ZZZ for some
Bo € Z?. Thus, the constant function 1, which is the unit of £*(Z?), is not the uniform limit of
such functions, and hence is not in the C*-algebra generated by them. Therefore, Spec(Dq)) is a
locally compact Hausdorff space which is not compact, see Proposition C.3.5.

Let w(a) be the evaluation functional on ¢®°(Z?) at « € Z?, that is,

wl(a): €°°(Zz) —=C, w(a)(ep):=¢a).

Then w(«a) restricts to a character on D), so we can regard w(a) as an element of Spec(Dq ). We
will sometimes write w, instead of w(a) when it is convenient to do so. By the following Lemma,
we may regard Z? as a dense subset of the character space of Dq,.

LEMMA 3.2.5 ((CM85, Lemma 2.1]). The mapping w: Z*> — Spec(Dq), a — w(a), is injective,
open, and its image is dense in Spec(Dq).

In other words, the algebra D C ¢*° (ZZ) separates the points of 72, that is, for every &y, €
Z? with ay # ay there exists ¢ € D such that ¢(a1) # @(az). Indeed, if ¢(a1) = @(ay) for all
¢ € Dq, then w(a1) = w(ay) on Dy, a contradiction to the Lemma.

PROOF. We first show injectivity. Let aq, a0 € Z? be such that w(a1)(¢) = w(az)(¢) for all
¢ € Dq. Taking ¢ = T, this means

Xy(w1 — B) = Xy (a2 — B)
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for all v € ZzZ and all B € Z2. Our first task is to replace 1 and &; in the above equality by
elements of N%: we find y#,v € N? and A € Z? (depending on <y and f) such that

1 —ay=pu—v and B=—-a1+ar—A=—pu+v-—A
Since a1 + v — y = ap, we have
Xy(ar+p—v+A) =xy(a1+ 1)
for all y € ZZZ and A € Z2. Substituting A = —a1 + v + A/, we see that

Xy(+A) = xy(v+ 1)

forall y € Z% and \' € Z2.

Now assume that &y # @y, which is equivalent to # # v. Suppose that y; < v; for some
ie{1,2} andset A’ :== —(p; +1)e¢;. Then x(p+ A’) = 0since (u + A'); < 0implies u + A" €
Z?*\ Z2 . But then also x, (v + A’) = 0 despite v + A’ being in Z2, a contradiction to the definition
of x,. Thus, «1 = ap and w is injective. N

To show density of Z? in Spec(Dq), let T'n,,: Do 5 Co(Spec(Dq)) be the Gelfand repre-
sentation, see Definition C.3.2. If w(Z?) # Spec(Dgq), then by Corollary A.2.5, there is f €
Co(Spec(Dq)) with f|,,z2) = 0but f # 0. Since the Gelfand representation is an isomorphism,

thereis 0 # ¢ € Do withT'p, (¢) = f. But then

¢(a) = w(a)(9) = Tp, (@) (w(@)) = flw(a)) =0

for all & € Z2, a contradiction to @ # 0.

It remains to verify that w: Z? — Spec(Dq) is an open map. Since Z? carries the discrete
topology, it suffices to show that the singleton {w ()} is open in Spec(Dq) for every a € Z2. By
the above, for p € Spec(Dq) \ {w(a)}, there exists a net 1 — a, € Z? such that w(a,) — p in
Spec(Dgq). Because Spec(Dq) \ {w(a)} is open in Spec(Dq ) (the character space is Hausdorff, so
singletons are closed), we eventually have o, € Z2\ {a}. Let »: Z?> — C denote the characteristic
function of the subset ZzZ C Z?. Note that ¢ € D(, because ¢ is just X(0,0) from (3.2.1). For B € 72
and ¢ := T — T (1,009 — Tat(01)¥ € Do, we have

+1, B=«u
Yu(B) = -1, Be(a+(1,1)+22,.
0, else.

It follows that I'p, (2) (0) = o(¥a) = lim, s («,) < 0 and we may therefore describe {w(«)} as

{w(a)} = {p € Spec(Dq) : Tp, (Ya)(p) > 0},
which is clearly open. [ |

Since we want to use Spec(Dq) later to construct a (transformation) groupoid, we need to
verify that its topology is second countable as we have made that assumption throughout chap-
ter 2.

COROLLARY 3.2.6. The character space Spec(Dq) of Dq, is separable and metrizable. In particular,
its topology is second countable.

PROOF. Lemma 3.2.5 shows that w(Z?) C Spec(Dgq) is a countable dense subset which
means that Spec(Dq,) is separable. Because the C*-algebra D, is generated by a countable num-
ber of elements (the 75x), we see that Dq, is a separable Banach space. By [Con90, Theorem V.5.1]
this is equivalent to the unit ball X of the dual space D" being weak-* metrizable. Since charac-
ters of C*-algebras are automatically continuous with operator norm bounded by one, we have
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Spec(Dqn) C X and so Spec(Dq,) is also metrizable. Finally, a metric space is second countable if
and only if it is separable. u

3.3. Faces and associated characters

As in the previous section, we consider a normalized Reinhardt domain (2 in C2. In the
above Lemma 3.2.5 we have identified w(Z?) as a dense subset of the character space Spec(Dq)
of Dq, the C*-algebra of shifted weights. In this section, we will identify additional members of
Spec(Dq) by associating certain characters of D, to the faces of the convex set Aq from Defini-
tion 3.1.4. In this way, geometric information of () gets encoded into Spec(Dg,) and, eventually,
into the groupoid that will be constructed in the next section.

Consider now the proper faces of the closed convex set

A:=Aq CR?

where Aq is the logarithmic base of () from Definition 3.1.4. For the basic definitions and proper-
ties related to faces of convex sets, see Appendix E. If F is a face of A, then we have the following
two possibilities:

(i) The face F is exposed, that is, F is the intersection of A with a supporting hyperplane, see
Definition E.8. In this case, there exists a unit vector u € R? such that

F:Fu:{xeA:x~u:supyeAy~u},

where v - w := vyw; + vow, for v,w € R? is the standard inner product on R?. In other words, u
is an outward pointing normal to F. While in the case dim (F) = 1 (hence F is a line segment) the
vector u is uniquely determined by the face, this does not necessarily have to be true for exposed
singleton faces. By our assumptions on (), see the discussion at the beginning of section 3.2, we
have that A C R% and its boundary has the negative coordinate axes as asymptotes, so that
ueR:andu € {el, ex} corresponds to the case where F is a segment of one of the coordinate
axes.

(ii) The face F is not exposed, implying that it is contained in a proper exposed face by Propo-
sition E.11. Note that non-exposed faces of A necessarily consist of single points for dimensional
reasons. More precisely, the non-exposed faces are the endpoints of line segments (that is, one-
dimensional faces).

(A) All faces are exposed sin-
gletons. Both virtual faces are
present, see Definition 3.3.5. All
faces have uniquely determined
outward unit vector u € R2.

(B) All faces are exposed, includ-
ing the two singletons. How-
ever, the unit vector u is not
uniquely determined for the sin-
gletons.
faces.

There are no virtual

() The point is non-exposed,
while all other points on the arc
are exposed. The virtual face F,,
is present.

A graphic illustrating several possibilities of the facial structure of the logarithmic
base of a bounded pseudoconvex Reinhardt domain.

For a vector u = (uy,up) € R? we define ut :=

1 .

dimensional (exposed) face. Then we have

F —cu C span(u

+)

(—up,uy). Now let F = F, be a one-

with ¢ =sup, (v u)
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since (p —cu)-u = 0forall p € F. If u € R%, then F must be compact and there are y—,y* €
span(ut) such that

F—cu=[y ,y"|={ycspan(ul):y” -ut <y-ut <y -ut} (3.3.1)

In other words, p* := y* + cu are the endpoints of the line segment F. If u = e;, then F C
{(y1,¥2) € R? : y; = 0}, in particular ¢ = 0, and F has to be an unbounded interval in this
coordinate axis. Thus, there is p* = (0, p, ) such that

F=((0,—00),p"] ={(0,y2) 92 < p5 }
Similarly, if u = e, then there is p~ = (p;,0) such that
F=((=,0),p ] ={(y1,0) :v1 < p1 },

where the notation has been chosen such that it resembles (3.3.1) since e%— = —eq. In other words,
the endpoint p™ is always the “counter-clockwise” one, as seen from the interior of A.

span(ul)\

DEFINITION 3.3.1. For any one-dimensional face F = F,, of A, we define its endpoint faces as

+ ]RZ — ]R2
o p [ weR ULy o L[] weRRU(e)
@, else @, else

so that the compact one-dimensional faces (those with u € IR%) have two endpoints 9+ F, while
the faces with u € {e1,e;} only have one endpoint. Note that 0+ F are faces of A by Lemma E.6.

We denote by R := R U {+00, —co} the extended real line and we put on it the usual topology
(the order topology). More precisely, a basis for the topology of R is given by the intervals (a, b),
[—o0,b) and (a,+o0] for all 4,b € R. Thus, R is a compact Hausdorff space. For a € 72, we
denote by ||a|| := \/(a1)? + (a2)? the Euclidean norm of a. The following Lemma shows that it
suffices to consider certain unbounded sequences in order to describe the closure clg(Z2 - ut) of
72 ut={a-ut:aeZ:}inR

LEMMA 3.3.2 ([SSU89, Lemma 3.1]). For any unit vector u € ]RZZ, we have

g(Z2 -ut) = {]}Lrglo(ak cut) € R:ay € Z2 satisfies ||a|| — oo and ﬁ — u}. (3.3.2)

Explicitly, if u € R% and letting x := up/uq > 0 be its slope, then

2 1 (I(p, )|t Z) U {+oo, —c0}, k= p/q € Quith p,q € N relatively prime
clﬁ(Z> U ) = —
R, k€ R\Q,
(33.3)

while for the other cases u = e; = (1,0) and u = e; = (0,1) we have

Ap(Z% -ef) =Z- U{+oo} and clg(Z2 -ey) =Z.U{—c0}. (3.3.4)
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PROOF. Consider first u € R2 and the case x := uy/u; = p/q € Q with p,q € N relatively
prime. Then v-ut = —vjuy + vou; forall v € R% We have 1 = u? +u3 = (upq/p)* +uj =
(u2/1)?||(p,q)|* and similarly, (u1/49)?||(p,q)||* = 1. This implies

q

V- ut = —vguy + valy = —011 s + Uolin 5 = (—vlp—i—vzq)||(p,q)||_1.

By relative primality of p and g, the Diophantine equation nq — mp = [ has, for everyl € Z, a
solution (m,n) € Z2. Therefore, any limit of & - u™, where (a;)x>1 is a sequence in Z2, has to
be of the form (||(p,q)||'Z) U {400, —c0}. We now show that these limits can be obtained with
sequences as in (3.3.2). Fix | € Z and set ay := (m,n) + k(q, p). Obviously, ||a|| — oo for k — oo,
and since ay - u = (m,n) -ut = ||(p,q)|| 71, we have (ay/||ay||) - u* — 0ask — co. This implies
ar/ ||agx]| — u. The infinite values are obtained by considering the sequences ,B]f = k(my, ny) +
k%(p,q), where (m,n.) is a solution of ng — mp = +1. Indeed, ﬁki cut = +|(p,q) ||k — Foo
and ,Bki/H,B,fH — u as k — oo as before.

If « € R\ Q, there are sequences (pi)x>1 and (i )x>1 of natural numbers such that py /g, —
k. Note that this implies that at least one of (py)r or (gx)x is unbounded, since if both were
bounded sequences, we would have subsequences converging to integers, in which case x would
be rational. Therefore, ||(px,qx)|| ! — 0 as k — oo. Fix a number s € R. Invoking the rational
case and the Archimedean property of the real numbers, we see that for every m € I, there is
kyn € N and [, € Z such that

1P G )1 < 5 < 1 (P 1) 7 (O +1),
and we choose m +— ky, to be increasing. Let (vt]f”) j>1 be a sequence as in (3.3.2) with limj(zx;ﬁ .
u') = ||(px,,, gk, )| *lm. For m > 1and & > 0, choose j, (increasing in ) such that
s = [ (P i, )|~ | < /2
and set B, := aj . Choosing M > 1 so large that (P Ghp) ||~ — 5| < €/2 for m > M, we see
that
B = 51 < |01 = [[(Proe ) | ] + [P )|~ o — 5] <

for m > M. Therefore, s = limy;—,c0(Bm - ™). Moreover, after discarding finitely many elements
of each of the sequences (oc]’-”)jzl, we may assume ||ocj’”m | > ||¢x]1m || for all m > 1 and hence ||Bm]|| >
||v¢]1m || = coas m — oo by construction. As in the rational case, this also forces B,/ ||Bm| — u.
The infinite values are again obtained in a way similar to the rational case.

For the remaining cases u = ¢;, i € {1,2}, the description (3.3.4) is trivial, and the argument

for (3.3.2) is also not difficult: for I € Z,, simply take ay := lel-L + ke;, so that |jag|| — oo and
wy - u = [ is constant. |

To any exposed face F of A we now want to assign functions ®;(F): Z2(F) — R>, where
i € {1,2} and 2(F) is a certain subset of R. We will verify in Lemma 3.3.6 below that these
definitions make sense.

DEFINITION 3.3.3. Let F = F, be an exposed face of A and with unit vector u € IRZZ. We
define

2(F) = dg(Z% -u™), (3.3.5)
see Lemma 3.3.2. Moreover, we specify functions ®;(F): Z(F) — R> fori € {1,2} as follows:
(i) If F = {p} is a singleton, put
®;(F)(s) := exp(2p;),

independent of the argument s.
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(i) If F is a line segment and u € R2, we set

 Je_cwep sy - ut +yi)) dy
@;(F)(s) := =E T epsy ) dy

with ¢ := supyeA(y -u) and

exp(2cu;), s€R, (3.3.6)

@i (F) (£00) = exp(2p;),
where p* are the endpoints of F, see the discussion above.

(iii) If F is a line segment with u = ey, then 2(F) = Z~ U {400} by (3.3.4) and we put

1, i=1
D;(F)(s) := { . o s> 1.
=1 exp(2p)), i=2
and
@;(F)(+o0) := exp(2p;"),

where p™ = (0, p; ) is the endpoint of F.
(iv) If F is a line segment with u = e;, then Z(F) = Z. U {—oc0} by (3.3.4) and we put

o 2p7), i=1
®;(F)(s) := { 51 exp(2py) ' s< -1
1, i=2
and
@;(F)(—00) := exp(2p; ),
where p~ = (p;,0) is the endpoint of F.
In(3.3.6), [r ., f(y)dy for f € C(F — cu) has to be understood as fyyjuuf f(tu') dt by parametriz-
ing F—cuas[y” -ut,y™ -ut] >t tut € span(ul), see (3.3.1).
REMARK 3.3.4. Observe that while it may happen that F does not fix u uniquely, this only

occurs in the case where F is a singleton. In this case, ®;(F)(s) is defined to be independent of s,
so this discrepancy does not matter for our considerations.

In addition to the faces contained in A, we are interested in the case where the boundary of
A does not intersect one or more of the coordinate axes. This behavior is described with what is
called “virtual faces” in [SSU89].

DEFINITION 3.3.5. If, for j € {1,2}, we have dA N span(ef—) = @, then the set

P__{«awn,jzl

Ej - .

{(~e0,0)}, j=2

is called the virtual face induced by e;. For the virtual faces, we define the functions

(Di(Fej): 2(F) = R, CDi(Fe]-)(S) = dij,

where 7(F) = clg(Z2 - ejL) is as in Lemma 3.3.2 and §;; is the Kronecker delta symbol.

LEMMA 3.3.6. For every exposed or virtual face F of A, the functions ®;(F), i = 1,2, are well-defined
and continuous on 9 (F).

PROOF. The claim is clear for the exposed singleton faces as well as for the virtual faces. Let
F = F, be a line segment with u € R%. First, note that the integrals from Definition 3.3.3 make
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sense since, in this case, F — cu is a compact line segment, see (3.3.1). Clearly, ®;(F) is continuous
on R. Also by (3.3.1), we have with u:- := (ul); that

+,uL

Y
/ exp(2(sy - ut + yi))dy = / exp(2t(s + uf)) dt,
F—cu yut

where we have parametrized F — cu by [y~ - ut,y* - ut] 3 t — tu’ as in Definition 3.3.3. Pro-
vided s # —ui", this equals

m(exp(Z(sf ut +y)) —exp(2(sy” - ut +y;)))
by using (y* - ut)ui = (yF - ub)(ut o)+ (yF u)(u-¢) =y* e = yl.i (note y* 1 u). Doing a
similar calculation for the integral in the denominator, we get
OA(F)(s) = —— exp(2(sy* - ut +yi+¢)) —exp(2(sy” - uj +y;))
s+ u; exp(2sy™ - ut) —exp(2sy~ - u't)

exp(2cu;) (3.3.7)

for s € R\ {0,—u;-}. Because of y~ -ut < y*-ul, the first term in both the numerator
and the denominator dominates as s — oo, while the second term wins for s — —co. Hence,
limg_y 400 ©;(F)(s) = exp(Z(y;—L +cuy)) = exp(pr) and ®;(F) is continuous on R and in particu-
laron 2(F) C R.

In the case u = ¢1, we have Z(F) C [1,c0] by Lemma 3.3.2, hence ®;(F) is defined on all of
2(F) and obviously continuous on [1,o0]. For u = e, we have Z(F) C [—co, —1] and ®;(F) is
continuous on this set. |

Before we can prove the main result of this section, we need some preparation about weak
convergence of (probability) measures. Recall that a sequence of positive Radon measures yj €
M, (X) on alocally compact Hausdorff space X is called weakly convergent to u € M4 (X) if

/deyk—>/xfdy (k — co) (33.8)

for all f € Cp(X), the space of bounded continuous (complex-valued) functions on X. Another
notion of convergence for measures is that of vague convergence, that is, yp — p if (3.3.8) holds
for all f € C.(X). Clearly, weak convergence is stronger than vague convergence. However,
for a sequence of probability measures converging to another probability measure, these notions
actually coincide, see for instance [Bau01, Corollary 30.9].

PROPOSITION 3.3.7 ([SSU89, Proposition 3.2]). Let F = F, be an exposed or virtual face of A and
let s € 2(F) with integer sequence (ay)renN as in (3.3.2). Then the weak-* limit

Yr(s) := lim w,,— 1)
exists in Spec(Dq) and is given on the generators of Dg, by

. J— . —_— . L
Yre(s)(tpw;) = {3/®1(F)(S B-ub), z_ /i | ZL ; 222 (3.3.9)

for every B € Z2, where w; = xe, fori € {1,2} is as defined in Remark 3.2.4. Moreover, the value 0 is
only possible for the cases u € {e1, ez }.

REMARK 3.3.8. In particular, the limit (3.3.9) only depends on the unit vector u and the num-
ber s € Z(F). Moreover, in the case where F does not determine u uniquely, F = {p} C Ais
necessarily a singleton and the possible vectors u all belong to R% , because if u € {e1,¢e;}, then ei-
ther F, is virtual or a line segment since the boundary of A has the coordinate axes as asymptotes.
Hence, only the first case in (3.3.9) will occur and thus Yr(s)(tsw;) = exp(p;) for alls € Z(F),
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which is independent of 1. We conclude that the limit ¥ (s) really depends on the face F and not
the vector u.

PROOF. Let 1 := (1,1). If u € R, then we have oy — B € Z2 for large enough k, since
otherwise u = limy(ay — B)/|lax|| € {e1,e2}. It follows that s — B - ut is always contained in
2(F) = clg(Z2 - ut). For u = e;, we have ay — B € Z2 for large k if and only if

(ap — B)-ut € Z% -ut =Z-. forall k large enough. (3.3.10)
Indeed, (ax — B) - ut = (ax — B)2 and (a; — B)1 is always positive for high k since 1 = (e); =
limy (ay — B)1/||ax|| and |jax| — oo. Moreover, (3.3.10) is equivalent to s — - u- € 2(F) =
Z- U {+o0} since Z- C R is discrete. The case u = e, is similar.

Summarizing, we haves — - ut € 2(F)ifand only ifay —1— B € Zz2 for sufficiently large
k and this is always the case if u € IR2>. Therefore, by definition, we have

[ 7o)

im
Fr(s) (Tpxe,) = Jim xe(ax =1 = p) = {hoee |29 1P| q)
0, s—B-ut ¢ 9(F)
and the second case can only occur if u € {e1,e;}. We now concentrate on the case s — - ut €
9(F). By using polar coordinates (see (D.2)), we have

, s—B-ut e 9(F)

= gy [y P
||z%—1= ﬁ“izn - fAez(“kfﬁ)»de _/A e

with the sequence of probability measures ji(A) == [, 2B *dx/ [, e2®=F)* dx on A. Note
that these measures make sense (at least for large k) since, as observed above, ay — p € Z2%
for sufficiently high k and A C ]R<, so x > e2(%=P)¥ is integrable over A. As the functions
x + €% are in C(A), the statement follows once we have verified that (i ); converges vaguely
to a probability measure y and computed this limit.

Again, we first consider the case u € R2 and we distinguish between the different types of
faces that may occur. Note that

K _Dék u ak~ul L

u- —u
ol ~ Tl " el

by the choice of the sequence a;. Since u and u" are linearly independent, this gives ay - u/ ||ay|| —
1and ay - ut/||ax|| — 0. Therefore,

ak~uL

0. (3.3.11)
Ny - U
CrAaM. If F = F, = {p} is a singleton face, then u = &,. It follows that Yr(s)(tsx,;) =
exp(p;), which agrees with (3.3.9).

PROOF. Letting ¢ = sup, ., (x-u), wehaveu-x < cforall x € A\ {p} by the definition of
F,. Take f € Cc(A,R). Letr € Rsatisfy r > f(p) and set U := {x € A : f(x) < r}. Since U is an
open neighborhood of p in A, there exists p > 0 such that u - x —c¢ < —2p for x € A\ U. Define a
function ¢: A — R by

Or(x) = u-x —c+ (ag - ut/ag-u)ut - x.

By (3.3.11), we can choose k large enough such that | (ay - u™/ay - u) ut - x| < p for x in the compact
set supp(f) \ U and hence

sup{¢i(x) : x € supp(f) \ U} < —p
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for large enough k. Since u - p — ¢ = 0, there is a compact neighborhood V' C A of p such that
inf{gy(x) 1 x € V} > —g

for all k large enough. We set Iy (x) := 2% (x—ct)g=2px — (2(ax1)(x)¢=26% \where we have used
that (ag - u)(u - x) + (a - u)(ut - x) = ag - x. Then

sup hk(x)/ inf hy(x) <e %P sup e_2ﬁ'x/ inf e 2P = ¢~ (1P C 5
xesupp(f)\U eV xesupp(f)\U eV

for some constant C > 0 since «y - u — co. Moreover,

Safhwdx [y fhdx Jag fhedx (e .

d = < < (e A (V)

where A is Lebesgue measure, and as this holds for every r > f(p), we see limsup,_,, [ fdux <
f(p). By replacing f with — f, we obtain

timint | fdu = ~limoup || ~fdu = ~(~f(p) = f(p)

and therefore limy_,o, [, f dux = f(p), showing that y. — J, vaguely. ¢

CLAIM. If F = F, with dim(F) = 1and s = oo for o € {+, —}, then = J,c, the Dirac mass
at the endpoint p7 of F. It follows that ¥ (+00) (1x,,) = exp(p; ), which agrees with (3.3.9).

PROOF. We treat the case s = +oo in detail, the case s = —co is similar. Take f € C.(A,R)
and let r > f(p*). Set U := {x € A : f(x) < r}. Then U is an open neighborhood of p* in
A, so there is & > 0 such that {p € aff(F) : u" - (p — p*) > —26} N A is contained in U.! Put
Es:=R<-u+{p € aff(F) : ut - (p — p™) < —6}. We have that E; N A is an open neighborhood
of F\ Uin A, so that (U U Es) N A is an open neighborhood of F. Because u - x = ¢ = supyeA(u -Y)
for x € F = F,, we get the existence of p > O such thatu -x —c < —2p forx € A\ (UUE;). Let
¢r: A — R be defined by

L +).

r(x) :=u-x—cH+ (ap-ut/ag-u)ut - (x—p

By (3.3.11), we can choose k large enough such that | (s - u /g - u) ut - (
compact set supp(f) \ (U U Es) and hence

sup{¢(x) : x € supp(f) \ (WU Es)} < —p

for large enough k. Since u - p™ — ¢ = 0, there is a compact neighborhood V C A of p™ such that

x—pt)| < pfor x in the

inf{¢y(x) : x € V} > —g

for large enough k. Let fi(x) := et (x—cu=(p"-u)ut) p=2p-x — p2(ax-1)¢(x)p=26x Then

sup hk(x)/ inf e (x) <
xesupp(f)\(UUE;s) *e
< e (acu)p sup e_zﬁ‘x/ inf e 2P = e~ C 0
xesupp(f)\(UUE,) eV

1 Note that u* - (p—p™) < 0for p € F and this expression decreases when moving from p™ to p~
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for a constant C > 0 since aj - u — o0. Moreover,

Ja fhxdx [y fhydx fsupp(f \(UUEs) fhk dx fEa fhydx
f dyy = < + <
hk dx hk dx I’lk dx hk dx
A u 14 E

f 20X p—2B-X 5
E;

< e AV I + o gy

where E := {tu+y : t <0, y € F}. It remains to calculate the two integrals in the last expression.
For the integral over E we parametrize F — cu by [y~ - u™,y* - u'] 3 T — tu’ to obtain

/ eszk-x672[3-x dx =
E

:/O / ez(akfﬁ)-(tu+y+cu) dydt:/o /y ' ez(akfﬁ)»(tququrTuL)det:
—o0 JF—cu y

—oo Jy—ul
2, —B)-u
_ et f) (0 )@t _ 2y w-p)ut).
(2(ax = B) - u) (2(ax = B) - u™)
Similarly, since E; = {tu +cu+tut : + <0, T € (—oo,y* - ut —5)}, we get

0 pytut-s
/ 20X o= 2B gy :/ /y T epr ket nit) g gy -
E§ —00 [ee]

_ (P 2 ) (ag— Bt

(2(ax = B) - u)(2(ax — B) - ut)
where we have used that ay - u~ — s = 400 by assumption so that the T-integral makes sense.
Therefore,

I flloo e~ 2@ B)u
— 2y~ —y*)ut)(aqg—p)-ut

[ Fne < r e @0 CAW) g

and as - 4 — +oo and &y - u' — oo, we obtain limsup,_,, [, fdux < f(p™). Again replacing

f by —f shows limi o [, fdux = f(p), s0 py — 6,+ vaguely. ¢

CLAIM. If F = F, withdim(F) = 1and s € R, then

/fpdy_fw exp(2(su” — p) -y) dy

Jrexp(2 SML B)-y)dy
for all ¢ € Cy(A). Shifting the domain of integration from F to F — cu and using -y = (B -
ubt)(y-ut) fory € F—cu L u, this gives

[ o= fra 9l 009 p )y ) o)y
pan= Jr exp2(s — B-ut)y-ul)exp(—2ch-u)dy

and this expression agrees with (3.3.9) after canceling the common factor exp(—2cp - u) and eval-
uating at ¢(x) = exp(2¢; - x).

PROOF. LetE:= {tu+y:t <0,y € F} and define gx: E — R by

Qe(x) :==exp(2(ap —£1) - u(u-x—c))

with ¢ € Z. Note thatif x = tu +y € E, then g, (x) = exp(2t(ay — £1) - u) because u - (tu +y) =
t+u-y—c=0asu-y = cby the definition of F,. Therefore,

/Egk(x) dx = / exp(2t(ay — £1) - dt/dy ock—él / Y
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for large enough k, since then (a — £1) - u > 0. Here, [; f(y) dy is to be understood as the integral

Jr—ou Sy +cu)dy for f € C(F).
We now show that for each f € C.(E ) it holds that

fE )dx fFf(y)dI/

lim - : (3.3.12)
k—o0 fE gk fF dy

The argument is similar to the proofs of the two previous Claims. First note that

/Ef<x>gk<x> dr= [ fpfc g dydi= [ SO0 [ flhuy)dydr

Putn(t) := [¢ f(tu+y)dy/ [r dy. Thenyy € C.(R<) and we have to show that
) dt
m f]R— = 5(0), (3.3.13)
k—o0 f]RS gk

where gi(t) := exp(2t(ay — ¢1) - u). Letr € Rwithr > 7(0) and set U := {t € R< : () < r}.
Then U is an open neighborhood of 0 in R<, hence there is p > 0 such that [—p,0] € U. We have

sup gk(t)/ inf  gx(t) < e—Pla—t1)-u _y
te(—o0,—p) te[—p/2,0]

as k — oo since a - u — oo. It follows that

Jr 77?" at < Sl '7~§k at " f(—oof—p)jgk at
Jro8kdt = [l Skt Jizor 8kt

and therefore lim sup;_, ., fR< 18k dt/ f]R grdt < n(0) as r > 7(0) was arbitrary. By replacing
f with —f and therefore 7 with —1, we obtain (3.3.13). Note that (3.3.12) is still valid for all
f € Cy(E) by the discussion prior to Proposition 3.3.7.

Next, let ¢: aff(F) \ F — R« be defined as follows: consider the line {tu +y : t € R} through
y € aff(F) \ F. There exists a unique value t, € R< such that t,u +y € dA and we set ¢(y) := t,.
Since the boundary of A is continuous, it follows that ¢ is also continuous. Moreover, we have
¢(y) > t whenever tu +y € A\ E with y € aff(F) (in this case, y ¢ F is automatically satisfied).

<7 P 2/ p) )

~o

1
_tylz/. ]{\ ut au
; S~ +

¢(y1)

o ~o_ aff(F)

~
~
~

/= tyz

:4’(]/2)

Thus, the graph of ¢ is the boundary of A (without F), “as seen by looking from aff(F).” We can
use this function ¢ to parametrize integrals over A \ E:

fA\Egk fA\Egk x) dx 2(a —£1) -
< = _ _
fA ) fE x fp ay /aff(F \P/ exp(2t(ay — (1)) dtdy =

1 8
- m /ff(P)\F exp(z‘l)(y)("‘k - El) . 1,[) dy - O
F a
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by dominated convergence as k — oo since ¢(y) < 0 on aff(F) \ F. Hence, for all ¢ € C,(A),

lim (fA pgkdx  [p (ngdx) ~ lim <fA\E Pgrdx [ ggrdx [ (pgkdx> _
Tads  Toad ) (s T e rad
_ lim <fA\E $grdx  Jepgidx fA\Egkdx>
a8 dx Jeskdx [, grdx
because | A\E 8k dx = Jx 8kdx — [ g dx. Combining this with (3.3.12), we have

k—o0

k—o0

i Ja28E4x _ Jp o(y) dy
m =
k—oo [ g dx Jrdy

for all ¢ € C(A). We now let £ > 0 be an integer such that (/1 - u)u + (a; - ut)ut — p € R for
large enough k which is possible since a; - u* — s € R. The functions

he(x) :=exp (2((£1- w)u + (a - ub)ut —B)-x) (x € A)

satisfy |hi(x)| < 1 by our choice of ¢ and because A C ]RZS. Moreover, hy — h uniformly on the
compact subsets of A, where

h(x) =exp (2((01-u)u+su* —B)-x). (x€A)
Let K C A be a compact neighborhood of F and pick € Cy(A) with ¢ > 0, |p = 0 and
17b|A\K = 1. Then
fA\K P8ihy dx fA\K P8k dx Savgedx  [rpdy
T ogdn | S el <l e = g =0
Ja8rdx S 8 dx Ja 8kdx Jrdy
for all ¢ € Cy(A) as k — oo, where we have used that || < 1. Moreover,

\s ol

Jx P8I dx B Jr (phdy‘ < Ilo| Jx 8kl —hldx | [y @gihdx _ Jr phdy oo
Ja grdx Jedy |~ Ja grdx Jagedx  [rdy
and therefore
i JAPSKdx e ggihedx _ Jp (y)h(y) dy
im 222" = — lim = .
k=oo [\ g dx k—oo [\ grdx [rdy

for every ¢ € Cy(A). Note that
Sk ()i (x) = exp2((ag — £1) - u(u-x —c) + (01~ u)(u - x) + (g - u™) (ut - x) — - x)
= exp2((ag-u)(u-x) + (ag - ub)(ut - x) —cay-u-+cll-u—p-x)
=exp2((ay — B) - x) exp2(c(£1 — ay) - u)
and so, by canceling the x-independent factors,

/ pduy = Ja ‘P(x)g2(zxrﬁ)<x dx Sx 98ihy dx B Sx 98khidx [ g dx . [eo(w)h(y)dy
A

[y Prady [ gehydx Sagkdx [, gihydx [rh(y)dy
for all ¢ € C,(A). Finally, for y € F we have u -y = ¢, so we can cancel the factor exp(2((¢1 -
u)(u-y))), showing the claim. ¢

This finishes the proof for u € R2. The cases u € {e1,e;} can be handled by similar methods.
More precisely, the virtual case can be handled as in the first claim, and the non-virtual case is
treated like the second and third claims, [SSU89, Proposition 3.2].

Thus, we have shown that the weak-* limit Yr(s) := limj_,o w,, 1 exists as a continuous
linear functional on D, since the closed unit ball in the dual of D, is weak-* closed (even weak-*
compact by the Banach-Alaoglu theorem). Clearly, ¥¢(s) is multiplicative as the w,, 1 are. More-
over, from its values (3.3.9) on the generators of Dq, it is clear that ¥¢(s) # 0 for all s € Z(F),
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simply because at least one of the functions ®;(F), i € {1,2}, is always positive, even for the
virtual faces. This shows that ¥r(s) is really a character of Dq,. |

LEMMA 3.3.9 ([SSU89, Lemma 3.3]). For any exposed or virtual face F, the map ¥p: Z(F) —
Spec(Dq) is continuous.

PROOF. Because Spec(Dq)) carries the weak-* topology and D, is generated by the elements
Tgw; with p € Z* and i € {1,2}, see Remark 3.2.4, it suffices to show that Z(F) 3 s —
¥r(s)(tgw;) € C is continuous for all B and i. For u € R%, we have

)(tpw;) = \/CID F)(s—B-ut)

by (3.3.9), so the statement follows from Lemma 3.3.6. If u = e;, then the second case in (3.3.9)
occurs when s < B, since Z(F) = Z- U {+oo} in this case. Again, Lemma 3.3.6 immediately
implies the assertion. The argument for the case u = e; is similar. |

LEMMA 3.3.10 (from the proof of [SSU89, Proposition 3.5]). Let F be an exposed (non-virtual)
face of A. Forany s € 2(F) NR there is p\!) = (pgl), pgl)) € relint(F) such that

¥r(s) (w;) = exp (p) (3.3.14)
fori € {1,2}, where relint(F) denotes the relative interior of F, see Definition E.2.

PROOF. We have Yr(s)(w;) = /P s) by (3.3.9) and (3.3.4), so the proof reduces to ver-
ifying the claim for the functlons D;(F ) If F = {p} is a singleton, then the statement is evident
from the definition of ®;(F): in this case, relint(F) = F and we may simply take p() = p. If
dim(F) =1and F = F, withu € ]Rz>, set

f(t) :=exp(2t(s+u)), and g(t) := exp(2ts)
L

fort € [y~ -ut,y* - ut], where y* are as in (3.3.1). By (3.3.7) and Cauchy’s mean value theorem,
there exists tg € (y~ - u®,y" - ul) such that

. s fyteub) —fly o) B
D;(F)(s) = S—l—uil gyt ult) =gy~ -ub) exp(2cu;) =
~s +Su# (Jg(gg; exp(2cu;) = exp(2(u; to + cu;)).  (33.15)

Since tout € relint(F) — cu, the vector p(i> = tout + cu belongs to relint(F) and satisfies (3.3.14).
Finally, for u = e, we have

®i(F)(s) =1=exp(0) and Dy(F)(s) =

s—SH exp(2py ) = eXPZ(log( ) +Pz)

foralls € Z(F) = Z- U {+o0}. Since log(5%1) < 0, we have (0,log(;37) + p; ) € relint(F). A
similar argument works for u = e;. u

COROLLARY 3.3.11. For any exposed or virtual face F of A and any s € P(F) there is p{¥) € F such

that Yr(s)(w;) = exp(pl ) fori € {1,2}, where in the virtual case we use the convention exp(—oo) :=
0.

PROOF. For F exposed and s € Z(F) N, the claim follows from Lemma 3.3.10, and if s =
+oo, then this is obvious from the definition of ®;(F). The case of a virtual face also is immediate
from the relevant definitions. |
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3.4. The groupoid associated to a Reinhardt domain

In Proposition 3.3.7, we have associated certain characters ¥r(s) € Spec(Dq) of the algebra
Dq to the exposed faces F of A := Aqn. The scope of the present section is to first associate to
) a groupoid, denoted by G, whose groupoid C*-algebra will help in determining the structure
of the Toeplitz C*-algebra T(Q2). We refer to chapter 2 for the details on groupoids and their
associated C*-algebras. The remainder of this section is then devoted to studying the unit space
of this groupoid. It turns out that this unit space admits a parametrization in terms of the sets
Y (s), which is the content of the main result of this section, Proposition 3.4.9.

LEMMA 3.4.1 ([SSU89, Lemma 4.1 (i)]). There is a constant C > 0 such that x., (&)% + xe, (a)? >
C?foralla € Z2.

PROOF. Assume that the claim does not hold, so there is a sequence (ay)i>1 in 72 with
|lak]| — oo and xe(ax —1) — 0 for k — coand i € {1,2}, where 1 := (1,1). After passing
to a subsequence, we may assume that (ay/||ax||)x converges to a unit vector u € R2 and that
ag - ut — s for some s € clg(Z2 - ut). This is because the spaces S' NR2 and clg(Z2 - u't)
both compact. Let F := F, be the corresponding exposed or virtual face of A. Then

are

0 = lim xe (2~ 1) = ¥£(s) = exp(p;”) (i=1,2)

for some pl)) € F by Corollary 3.3.11. But this is not possible even for the virtual faces, since in

(i)

that case exp(p; ') is zero only for one of i = 1,2 and not for both. |

Using this, we can take another look at the mapping w: Z? — Spec(Dq) from Lemma 3.2.5.
Recall that w(a) (@) = ¢(a) fora € Z? and ¢ € Dq.

PROPOSITION 3.4.2 (|[CM85, Lemma 2.3]). The closure of w(ZZZ) is a compact and open subset of
Spec(Dq). We define

Spec, (Q) := w(Z2).
REMARK 3.4.3. By Lemma 3.2.5, the restriction w\zé : Z2 — Spec, () is injective and

a homeomorphism onto its image, hence a dense embedding of ZZZ into Spec, ((2). Because
Spec, (Q) is compact by the Proposition, we may therefore view Spec, () as a compactification
of Z2.

PROOF. The proof is similar to that of Lemma 3.2.5. Consider the function ¢: Z> — C,
@(a) := Xe; (@)% + Xe, (2)?. Then we have ¢ € D and we may consider the Gelfand transform
T'p,(9) € Co(Spec(Dq)) of ¢. For any a € Z2, we have I'p, (¢)(w(a)) = w(a)(9) = ¢(a) >
C? > 0 by Lemma 3.4.1. Note that I'p_ (¢) > C? continues to hold on the closure Spec, (Q}) =
w(Z2).

We claim that p(¢p) = 0 holds for any character p € Spec(Dq) \ Spec, (Q). Indeed, by
Lemma 3.2.5, there is a net &, in Z? such that w(x,) — p in Spec(Dq). In particular, this means
p(@) = lim, ¢(x,). By our choice of p and because Spec(Dq) \ Spec, (Q)) is open, we see that
a, must eventually lie in Z2\ Z2. Since x.,(x) = 0 for « € Z\ Z2 by definition, this implies
p(¢) = 0. Therefore, - -

Specy () = {p € Spec(Da) : Tp, (¢)(p) = C*} = {p € Spec(Da) : Tn, (9)(p) > C*/2},

and we see that Spec , () is open (and obviously closed) in Spec(Dq, ). Moreover, since I'p, (¢) is
a function in Cy(Spec(Dq)), there must be a compact set K C Spec(Dq ) such that [Tp, (¢)(0)| <
C2/2 for p ¢ K. By the above, we see Spec, (Q2) C K, and hence Spec , (Q) is also compact. W
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Consider again the character space Spec(Dg) of the C*-algebra D, from Definition 3.2.2. By
Remark 3.2.3, D, is invariant under the translations 7, for « € Z?2. By duality, we get an action of
Z? on Spec(Dq,), defined by

@: Spec(Dq) x Z? — Spec(Dq), (w, &)+ wo T 4. (34.1)
We include the negative sign here so as to obtain the same action as in [SSU89].

DEFINITION 3.4.4. The groupoid G, associated to Q) is the reduction to Spec, (Q2) of the action
groupoid corresponding to (3.4.1), that is,

9a = (SPEC(DQ) ><I®Zz)|5pecA(Q) = {(P/“) € SpeCA(Q) xZ*: poT-n € SpeCA(Q)}/
see Example 2.1.22. Consequently, the unit space (G ) () of this groupoid is Spec, (Q2).

REMARK 3.4.5. The character space Spec(Dq) is a locally compact, second countable Haus-
dorff space by Corollary 3.2.6, so the groupoid G, satisfies all our assumptions on locally com-
pact groupoids from Definition 2.1.1. By Proposition 3.4.2, Spec, ({2) is an open subset of the unit
space Spec(Dq) of the transformation groupoid Spec(Dq) %@ Z2. Therefore, Proposition 2.2.13
implies that G is a locally compact groupoid with Haar system

uf = (6p x 0)|g,, P € Specy (Q),
where ¢ is the counting measure on Z2.

3.4.1. The unit space of §. In order to understand the groupoid G better, we will take a
closer look at its unit space Spec, (). The goal is to parametrize this unit space in terms of the
faces of the closed convex set A = Aq, where A is the logarithmic base of .

LEMMA 3.4.6. The subset w(ZZZ) C (90) 9 is open and invariant, in the sense of Definition 2.1.14.

PROOE. Set X := w(ZZZ). We know from Lemma 3.2.5 that X is open. Let r and d denote the
range and domain maps of G, respectively. Then r(p,a) = (p,a)(p,2) "' = (p,0) and d(p,a) =
(p-a,0) = (poT_40), see Example 2.1.22. Therefore,

r (X)) ={(o,0) €Sn:p€ X} ={(p,0) € XxZ*: poT_4 € Spec,(Q)} and
471(X) = {(p,) € S po T € X}
= {(p,&) € Spec, (Q) x Z*: poT_, € XN Spec, (Q) = X}.
If (0,a) € r"}(X), then p = w(B) for some B € Z?and po T_, = w(B+ &) € Spec, (). We show
that B+« € Z2, which then implies that (p,a) € d~(X). Assume that B+« ¢ Z2. Because
Spec, () = w(Z2), there is a sequence 7 € Z2 with w(B + a) = limy w(7y).> Evaluating at
X(0,0) from (3.2.1), which is just the characteristic function of ZZZ, this gives 0 = 1, which is absurd.
Therefore, r—1(X) C d~1(X).
Conversely, if (p,a) € d~*(X), then p o T_, = w(p) for some p € Z2, hence p = w(p) o Ty =

w(B — ). Since also p € Spec, (Q), the same argument as before shows that p —a € Z2, so
p € X and therefore d~(X) C r~!(X). Now Proposition 2.1.15 implies that X is invariant. |

DEFINITION 3.4.7. We set

Speci (Q) == Spec, (Q) \ w(Z2) = w(Z2) \ w(Z2)

2 Note that it suffices to consider sequences to describe this closure, because Spec(Dq) is first countable by Corol-
lary 3.2.6.
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and, for every exposed or virtual face F of A, we define

Specp(QY) := {¥Yr(s) : s € Z(F)} = im(¥r),
Specz(Q)) := {¥r(s) : s € Z(F) "R}, (34.2)

Spec?(Q) := Specy(Q) \ Spec(Q),
where ¥ (s) for s € Z(F) are the characters from Proposition 3.3.7. If G is a non-exposed face, it
must be the endpoint d,F of a line segment F, where o € {—, +}, see Definition 3.3.1. In this case,
we put
Spec; (Q) := Spec (Q) := {¥Yr(co0)} and SpecaG(Q) =Q. (3.4.3)
We equip all of these sets with the topology inherited from Spec(Dg,), that is, the relative weak-*
topology.

REMARK 3.4.8. (i) The sets Spec (Q2) for non-exposed G = {p} are well-defined, that is, they
are independent of the face F which contains G as an endpoint. Indeed, if two one-dimensional
faces F; and F, have G as an endpoint, say 0+F; = G = 0_F,, then

Y (+00) (Txe;) = \/exp(2pi) = Y, (—o0) (Tpxe;)

as claimed.

(ii) For any proper or virtual face F, the set Specy(Q2) is the image under the continuous (see
Lemma 3.3.9) map ¥r of a closed subset of the compact space R and is therefore compact itself.
Since Spec(Dq) is Hausdorff, Spec(Q) is also closed. Moreover, Specy(Q)) C Specp(Q) is a
dense subset as

Specp(Q) = Yr(Z(F) NR) = ¥r(clg(Z(F) NR)) = ¥r(Z(F)) = Specy (Q),

where we have used that Z(F) N R is dense in Z(F) for all faces F.

(iii) Note that for any non-virtual singleton face F, the sets Spec(Q)) and Specy (Q)) agree and
contain only one character. This is evident from the definition for the non-exposed faces, and the
exposed zero-dimensional faces must have u € R%, so ¥ (s) is independent of s € Z(F).

(iv) Let F = F, be the proper or virtual face with u = e;. We have

V@i(F)(s = p2), s> p2

0, s < B2

YE(s)(Txe;) = { foralls € 2(F) =Z- U{+oo}andi € {1,2}.
In particular, the set Specy(()) contains more than one character and differs from Spec,(Q2). Let
p € Spec?\(Q) be arbitrary. Then there is a sequence (a )y in ZZZ with ||ag|| — oo such that
p = limy wy, in the weak-* topology. In particular, p(Tgx,;) = limy xe, (ax — B) exists forall g € 7?
and i € {1,2}. By Lemma 3.4.1, there exists a constant C € (0,1) such that

(o) = p(TpXe1 ) + P(TpXer)* = Hm (X, (0 = B)* + Xea (a1 = B)?)

satisfies either 5(p) > C? or 75(p) = 0, depending on the asymptotic behavior of a;. Note that
the map Spec3 () — C, p — 74(p) is continuous for every B € Z?2 by the definition of the weak-*
topology. We claim that for the face F = F,, as above,

Speci((2) = | {p € Speci () 70 (0) = 0} = | {p € Spech (Q2) : (0, (0) < €21,
EGZZ [EZZ
(3.4.4)

and, in particular, Spec(Q) is open in Spec (Q2). Indeed, by the above description of ¥ (s), we
have

0,0 (Yr(s)) = () (T(0,00Xer)* + ¥ () (T(0,0)Xes)* = 0
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for £ > s. Conversely, let p € Spec), (Q)) satisfy T(0,¢)(p) = 0 for some ¢ € Z>. By Proposition 3.4.9
below, Spec () is the union of the sets Spec.(Q)) for the exposed and virtual faces G. Only the
characters associated to the faces F, with u € {ej, ey} can vanish at some of the generators of D
by Proposition 3.3.7. If p = Y, (s) € SpecFe2 (Q) for the proper or virtual face F,,, then

P(T(0,0)Xer) = 1) P2(Fey)(s) > 0

by (3.3.9), the definition of the functions ®,(F,,) and (0,¢) - u~ = —(0,¢) -e; = 0. But this is a
contradiction to 7o ¢)(0) = 0. Therefore, p € Specy(Q) and p cannot agree with ¥r(+o0) since
this character satisfies ¥ (+00) (7o) Xe;) > 0. We conclude that p € Specr(Q2) and (3.4.4) holds.
Similar considerations can be made for the virtual face F.,.

(v) We point out that in [SSU89], the sets Spec,(Q2) are only defined as in (3.4.2), which only
makes sense for the exposed and virtual faces. This seems to be a minor oversight, as Proposi-
tion 3.4.9 requires them to be defined also for the non-exposed faces. Our definition of Spec (Q)
for non-exposed G in (3.4.3) fixes this small discrepancy.

The next Proposition relates the sets of characters associated to the faces of the convex set A
as defined in Definition 3.4.7. The main statement is that Spec?\ (Q)) decomposes (up to exceptions
concerning the virtual faces) into contributions from the faces contained in dA in very much the
same way as 0A itself is built up from the proper faces of A. In this analogy, Specy(Q2) plays the
role of the relative interior of I, see Remark 3.4.10 below.

PROPOSITION 3.4.9 ([SSU89, Proposition 3.5]). The following relations hold between the sets from
Definition 3.4.7:

(i) We have
Spec) (Q) = U Specp(Q) = |J Speck(QU |J Specp(Q) (34.5)
FCA exposed or FCA proper F virtual
virtual face face face

where, in the second representation, all unions are disjoint.
(ii) If F is a one-dimensional face of A, then Specy(Q)) is an open subset of Spec?\(Q) and we have

Spec‘?_-(Q) = SpecaJ(Q) U Spec, (),

where o+ F are the endpoint faces of F, see Definition 3.3.1. Here, we put Specy(Q) := @ in
case F only has one endpoint.
(iii) For any virtual face F of A, the set Spec(QY) is open in Spec (Q0).

PROOEF. By definition, Spec?\(Q) is the set of characters in Spec(Dq) which are weak-* lim-
its p = limy w,, with integer sequence ay € Z2 satisfying ||ax|| — oo. Note that we may pass
to subsequences without changing the weak-* limit p. Let By = ax + (1,1) € Z2. The se-
quence B/ || Bx|| has values in the compact space R2 N S, hence there is a subsequence (without
loss of generality: the sequence itself) which converges to some u € R2 with |lu| = 1. Since
clg(Z2 - u't) is also compact, we may assume that fy - ul — s for some s € clg(Z2 - ut). This
implies that p = limy wg, _(11) = YF,(s) € Specg, (Q2). Conversely, any character in Spec(Q) is
by construction the weak-* limit of certain characters w,, _ (1) with |lag|| — oo. This shows the
first equality in (3.4.5).

Note that for one-dimensional faces F we have

Specy(Q)) = Specp (Q) U{¥r(s) :s € Z(F) \R} =
= Specy(Q2) U Spec, p(€2) USpec, (Q)) = Specp(Q) USpecy, (Q2) USpec; ((Q) (3.4.6)
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with disjoint unions. This is clear from (3.3.9) and the definition of ®;(F) as well as the definition
of Specai £(Q) in case one or both of 0+ F are non-exposed. Next, for any virtual face F, the set
Specy(Q2) has empty intersection with Spec; (Q2) for any proper face G of A since the characters
in Spec,(Q)) have zeros at one or both of w; and w,, which is not possible for the proper faces.
Thus, we have shown the second equality in (3.4.5), but it still remains to be shown that this is a
disjoint union.

Let 1 be the continuous function

p: Spech () + KL, (p) = (logp(wr), logp(wa)),

where we set log0 := —oco. (Note that o(w;) € [0,1] for any p € Spec (Q) since p is the weak-*
limit of suitable w,.) For any subset E C R”, let B(E) := pry(E) x pry(E) C R>.

By Lemma 3.3.10, 1 maps Specy(Q) into B(relint(F)) for any exposed face F of A. Note that
for all singleton faces (not necessarily exposed) we have B(relint(F)) = F. Hence, if G = 9, F
with o € {—,+} is a non-exposed (singleton) face of A, then (Spec(;(Q2)) = ¢p({¥r(coo)}) =
G = B(relint(G)). If F = F,; is a virtual face, then Y¢(s)(w;) = d;; for all s € Z(F) and hence
also 1p(Specp(Q))) = (Specp(Q))) = F = B(relint(F)) if we define relint(F) := F. Collecting the
above observations and using (i), we have a continuous map

p:Spech () = B:=  |J  Brelint(F)).

FCA proper or
virtual face

Moreover, we have Specy(Q) C ! (y(Speci(Q))) C ¢~ 1(B(relint(F))) for any proper or vir-
tual face F, and since the sets B(relint(F)) are disjoint, we see that Specy(Q) N Specy, (Q2) = @ for
distinct faces F, F’. This, together with (3.4.6), completes the proof of the second equality in (3.4.5).

Let F be a proper (non-virtual) face and p € ~!(B(relint(F))). Then p(w;) = exp(p;) for
some p; € relint(F) and all i € {1,2}. Note that p cannot be in Spec(Q2) for any virtual face
G since those characters always have zeros at one of either w; or w,, see Corollary 3.3.11. Thus,
by (i), we must have p € Specg () for some proper face G. By Lemma 3.3.10 (in case G is exposed)
and Definition 3.4.7 (in case G is non-exposed) there is g € relint(G) such that p(w;) = exp(q;),
i € {1,2}. Because the sets relint(G) are disjoint, we must have F = G and hence p € Spec(Q)).
This shows that

Specy (Q) = ¢! (B(relint(F))).

For a one-dimensional face F, the set B(relint(F)) is open in B, hence we deduce that Specy(Q)
is open in Spec?\ (Q)) from continuity of ¢. Finally, we have already shown in (iv) of Remark 3.4.8
that Spec}(Q) is also open in Spec), (Q)) for every virtual face F. This concludes the proof. [ |

REMARK 3.4.10. In the absence of virtual faces, and if we define Spec}, (Q)) := w(ZZZ) and
Specy (Q2) := Spec, (Q)) := @, we have
Specy () = |J Spec ()
FCA face

and the union is disjoint, where now F ranges over all faces of A, including A itself and @. One
should compare that to the decomposition of A into its faces, A = Jpc p face relint(F). Similarly,
for any one-dimensional face F, or—even more generally—any face F of A,

Specp(Q) = ) Specg(Q).
GCF face
This representation is similar to [Upm96, Proposition 3.4.27].

PROPOSITION 3.4.11 ([SSU89, Proposition 3.6]). For the one-dimensional and virtual faces, the
map Yr: P(F) — Specp(Q) is a homeomorphism.
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PROOF. It suffices to show that ¥r is injective. By compactness of Z(F) it then follows that
¥r is also open, hence a homeomorphism onto its image im(¥r) = Specy(Q)). Consider first
u € R% (so F = F, is non-virtual) and suppose t,s € Z(F) "R = clg(Z% - ult)NR, t # s, with
Yr(s) = ¥r(t) and write s = limy (ay - u™), see (3.3.2). By (3.3.9), this means

®;(F)(s—B-ut) =@;(t—B-u’) forall pecz?ic{1,2}
and hence
@;(F)(t—s—p-u') = Jlim &;(F)(t — (ax + ) ut) =
= lim ;(F)(s — (ax + B) - ) = @;(F)(s — (B-u' +5)) = ®i(F)(—p-u")

for all B € Z? and i € {1,2}. Without loss of generality, we may assume ¢ > s. Therefore, the
function ®;(F) is periodic with period t —s > 0. But by Definition 3.3.3 and Lemma 3.3.6, its
limits ®;(F)(£co) exist and are not equal, a contradiction to periodicity. Thus, t = s and ¥r is
injective on Z(F) NR (with values in Specy())). By Proposition 3.4.9, we have

Specy, () USpec, ¢(Q) = Specs, () USpecs () = Specy(Q) C {¥r(—c0), ¥r(+0)},

where the disjoint union on the left hand side contains (exactly) two elements. Thus, ¥r(—o0) #
YF(+00) and both values do not lie in Spec(Q2) = im(¥r|y(r)nr ), which shows that ¥ is injec-
tive on the whole of Z(F).

In the case of a proper face with u = e;, we have

— 1/2
(siﬁf}rl) exp(py) s> P2
0, s< B2
foralls € 2(F) = Z~ U {+o} and all B € Z?, see Proposition 3.3.7 and Definition 3.3.3, and

all these characters are obviously different. A similar argument can be made for u = e, and the
virtual faces. u

1, S>,82
01 SSﬁZ

Yr(s)(Tpwr) = { and  Yr(s)(tpw2) = {

3.5. The structure of the Toeplitz C*-algebra

The first step in describing the structure of the Toeplitz C*-algebra is to show that the C*-
algebra generated by the polar decomposition of the Toeplitz operators T, is isomorphic to the
groupoid C*-algebra associated to the groupoid 9 as defined in Definition 3.4.4. Before doing
that, we observe that

C*(Sa) = Crea(Sa)
by Propositions 2.4.30 and 2.4.24, because G, is the reduction of a locally compact transformation
groupoid with abelian (hence amenable, see Example 2.4.28) group, and the same holds for the
reductions of G by open or both locally closed and invariant subsets.

DEFINITION 3.5.1. We denote by W(Q)) the C*-subalgebra of . (62(222)) generated by the

operators
h(a — B), a—ﬁGZZZ

Up(h) (&) = {0, . pp7i

for B,y € Z2, where x, (x) = [|z*F7 120y / 12" | 2(r) are the weights from Definition 3.2.1.

and Wy (h):=x,h (he*(Z2),acZ?)

REMARK 3.5.2. Note that W, is a self-adjoint operator on ZZ(ZZZ) and that Upg is a partial
isometry, meaning that uﬁ|ker(ll/5) | is an isometry. Indeed, if {¢, : &« € Z2} denotes the standard
orthonormal basis of 62(222), then ker(Up) = span({ex:a — B & ZZZ}) and Uy is evidently an
isometry on the orthogonal complement.
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REMARK 3.5.3. We have already remarked after Definition 3.2.1 that the Toeplitz operator

Tp := T, with symbol 2P for p € Zz2 satisfies
Z0+p I ZA+p [
K 2 i 2

where {e, : « € ZZZ} is the orthonormal basis e, := z%//|z"||;2(y) of the Bergman space A%(Q),
see Proposition D.1. The choice of orthonormal basis induces an isomorphism A?(Q) = (2(Z2).
By the above, Ty corresponds to the operator UgWp via this isomorphism. Indeed, if &, fora € 222
again denotes the standard orthonormal basis of 2 (ZZ2 ), we have

o Jxpa = Blea(a’ = B), o' —peZi
(U/gW/gsa)(oc )= {0, else

forall &, &’ € Z2 and this is non-zero if and only if &’ = a + B, so that

UsWpea = xp(@)earp = (127P /112" earp.
Since this is evidently the polar decomposition of T, (up to the above isomorphism), we may

view W(Q)) as the C*-algebra generated by the polar decompositions of the Toeplitz operators
with symbol z,, « € Z2.

THEOREM 3.5.4 ((CM85, Theorem 2.5]). The C*-algebras W(Q)) and C;,4(Sq, 1) are isomorphic,
where Gq is the groupoid from Definition 3.4.4 and y is its canonical Haar system, see Remark 3.4.5.

PROOF. Let A := §,,() be the Dirac measure on Spec, (Q2) with pole the evaluation functional
w(0). Then the measure v := fSpecA(Q) 1P dA(p) on Gq is just u@©) = (dw(0) X 0)lg,, and its
support is {w(0)} x Z2, see Example 2.2.14, since w(0) -« = w(a) € Spec, (Q) precisely for
x € ZZZ. Hence, for every f € C.(Sq),

[ofav = [ fo0) e x)pa) = L f@(0)ots—a) = ¥ flwlx),—a),
90 Ja weZ? weZ?

B R (3.5.1)

which reveals that v~ ! is counting measure on the subset {(w(a), —a) : & € Z2} of Gq.
Consider the linear map V: L?(Gq,v™!) — (2(Z2) given by (V¢)(a) := ¢(w(a), —a) and
note that this is well-defined because v~ is just counting measure, see above. Moreover, V is
actually an isomorphism (that is, unitary), since it preserves the inner product by (3.5.1) and has

the inverse

9(B), if (0,a) = (w(B), —P) for some p € Z2
0, else

(V1) (o ) = {
for ¢ € KZ(ZZZ). Indeed, for all « € Zé, we have (V71Vy) (w(a), —a) = Vi(a) = p(w(a), —a)

and (VV~1g)(a) = (V"1p)(w(a), —a) = ¢(a).

Now let Indy = Ind(o): Cjoq(Sa 1) = & (L2(Sq,v™ 1)) be the representation induced off
the unit space by A, see Proposition 2.4.11 and (2.4.4). In the present case, this representation is
given by

(Indy (o) (F)9) (w (), —a) = 5 Flw (@), —a) (o, B)p((o, ) ") dn (p, B)
= ). flw),p—a)p(w(p),—p)

ﬁeZZ2
for f,i € Cc(Sa) and « € Z2 . The composition 77 := conjy, o Ind,,, (), where

conj,: Z(L*(Sn,v 1)) = L(3(22)), T— VIV,
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gives a representation of C%,; (S, pt) on (2 (22Z ), which takes the form

(m(H)g)(@) = ) flw(a),p—a)p(B)
BeZ2
for f € Cc(Sq), ¢ € (*(Z2) and w € Z2.
We now show that 7t establishes an 1somorphlsm from C4(Sq, 1) onto W(Q) C £ (3(Z2)).
For every § € ZZZ, the function Tg(p, a) := Jp,_, (Kronecker delta) for p € Spec, (Q2) and a i
belongs to C.(9n) because Spec, (Q2) is compact by Proposition 3.4.2. Moreover,

e = Y b o [P B a-peZ
("I = Ly po(8) {O, . ez

for all ¢ € (?(Z2 <) so that 71(Tg) = Ug. Similarly, the function Mg(p, &) := p(xp)dx0 is in Cc(Sq)
and satisfies
(m(Mp)o)(@) = ) w(a)(xp)dp—wo@(B) = xp(@)g(a) = Wp(p)(a),
B e7:

which shows that 71(Mg) = Wg and hence that im(7r) 2 W(Q). For the converse inclusion, it
suffices to show that the functions Tg and My generate a dense subalgebra of C,;(Sq). Using
Example 2.3.5, we first compute the convolution T, * Mg * T;. Let (p,7) € S and, for k € 72,
set A := {k' € Z* : p- (k+ k') € Spec, (Q)}. Thenif &, € Z2 and —& € A,, we have

(Tax Mg = T3)(0,7) = Y Talp,y+k) (Mg T3)(p- (v +k),—k)

ke Ay

=Y Y Tulov+R)Mglo- (y+k), —k+K)Tz(o-7,K)
keAy KeA_

=Y Y (o (v+K5)(XB)Sa,—y—kO—itk 005,k
k€A, KEA_;

=(p-(v— E))(X,B)éa,—“y-i-?i
_ {P (=) (xp) = p(Taxp) =T (Taxp)(p), v=a—n

0, else

where T'p,: Do — Co(Spec(Dq)) is the Gelfand representation. It follows that we can use &
to adjust the support of Ty * Mg * T;. The choice & := - + & then satisfies p- (y — @) = p-a €
Spec, (Q)) because a € Z2 and gives a function supported “at ”.

Since the functions Ta;(/g generate Dq by definition, their Gelfand transforms I'p, (Tax5) gen-
erate Co(Spec(Dq)). If f € Cc(9q) and 'y is fixed, then p — f(p,y) is a continuous function
on the compact subset pr; (S N (Spec, (Q) x {7})) of Spec(Dq). By the Tietze extension theo-
rem, it is therefore the restriction of a function in C.(Spec(Dgq)) and hence can be approximated
uniformly by functions of the form FDQ (TaXp), s0 that flg(spec, () x{y}) can be approximated
by functions of the form (T, * Mp x T} +uc)|90ﬂ(SpecA(Q)>< {+})- Now since Z? carries the discrete
topology, the support of f only intersects a finite number of sets of the form Spec, (0) x {v;}
for certain ; € Z2. By approximating each of the restrictions f]| SaN(Spec, (Q)x {;}) s above and
taking sums, we get a sequence of compactly supported functions which converge uniformly
to f on 9n. Moreover, the support of this sequence can obviously be chosen to be contained
in U;(9a N (Specy (Q) x {7i})), a fixed compact subset of §. This implies that the functions
Ty * Mg * T generate a dense subalgebra of C(9q ) for the inductive limit topology and hence the
Ty and Mg w1th w, B € Z2 also generate a dense *-subalgebra of C.(Sq ). Because the dense inclu-
sion Cc(Sn) — Cj, d(SQ) is continuous by Remark 2.4.14, we conclude that T, and M also gen-
erate a dense subalgebra of the groupoid C*-algebra. This finishes the proof of im(77) = W(Q).



3.5. THE STRUCTURE OF THE TOEPLITZ C*-ALGEBRA 81

It remains to show that 77 is injective. Let U C (Sq)(?) be an open invariant subset. Then
U = r(d~1(U)) by the definition of invariance, and by the computations of Lemma 3.4.6, this
means
U = {p € Spec, (Q) : Ja € Z?* such that po 7_, € U}.
Because U is open and w(Z2 ) is dense in Spec , (Q)) = (5q)©), there is ag € Z2 with w(ag) € U.
This implies w(0) € U, forif w(0) € U, then w(a) = w(0) 01—, ¢ U foralla € Z2,a contradiction
to the definition of ag. But this means that A(U) = J, () (U) =1 > 0, so that the largest open

invariant A-null subset of () is @. By Theorem 2.5.4, this implies ker(Ind,) = 0 and hence
that 77 is injective. [}

Thus, in order to understand W(Q) (and, ultimately, its subalgebra T(Q))), we are led to study
the (reduced) groupoid C*-algebra associated to the groupoid Gq.

THEOREM 3.5.5 ([SSU89, Theorem 4.3]). The C*-algebra W(QY) contains ideals
0C g =H(2(Z2)) Cd C 35 :=C*(Sa, 1) XW(Q) (3.5.2)
such that
5 o
33/ = C(; A xT?) and J2/31 =) C*(Salspec ()
F
where F ranges over all one-dimensional and virtual faces, Y% denotes the direct sum of C*-algebras, see
Example C.1.11, and where
o, A= {pe R : {p} is a singleton face of A or a virtual face}
is a closed, hence compact subspace of R>. Moreover,
. L CM e, uy/up€Qoruc{e,e}
C (9Q‘Spec§ (Q)) =
u Auz/m@e%/, Mz/u1€]R\Q.

Here, " is the C*-algebra of compact operators on a separable infinite-dimensional Hilbert space and A,
for irrational « € R is the irrational rotation algebra from Example 2.6.6.

PROOF. Note that 95 A really is closed in R’ since it is given by 0A \ Ug relint(F), where the

closure is in R~ and F runs through all one-dimensional faces. Define X := w(Zzz) C Spec, (Q2)
as well as

Xy = U Specz(Q)) and X := U Speci(u (J SpeclaD(Q).
F one-dimensional FCA proper F virtual
or virtual face singleton face face
Thus, up to exceptions regarding the virtual faces and setting Spec (Q?) := w(Z2) as in Re-

mark 3.4.10, X} is the union of the sets Specy(()), where F runs through the faces of codimension
k. By Proposition 3.4.9, we have Spec, () = Xy U X; U X, with disjoint unions.

CLAIM. The subset X, C Spec, (Q) = (Gq)(? is closed and invariant.

PROOF. Every character in X; is translation invariant, hence Xj is invariant for the transfor-
mation groupoid Spec, () %@ Z? and therefore also for S0 Let (ox )k be a sequence of charac-
ters in X, with pp — p for p € Spec, (Q2). Then for all k > 1, we have py = ¥y, (s¢) for points
pr € 95 A and sp € Z({pi}). Note that sy € {—oo, +oo} if {p;} is virtual by the definitions of
Spec‘?:(ﬂ) and Xjp, and that sy is of course not important for the proper singleton faces. For every
k, we have ¥,y (sx)(tpw;) = exp((px)i) for p € Z? and i € {1,2} by (3.3.9) (for the exposed

31 Gisa groupoid and E; C E; € G© with E; invariant for G, then d~'(E;) = r '(E;) and hence also
(d‘G‘EZ ) YHE1) = Glg, Nd"1(E1) = Glg, NrL(Ey) = (r|G\.52 )"Y(E1), so Ey is invariant for G|, see Proposition 2.1.15.
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and virtual faces) and Definition 3.4.7 (for the non-exposed faces). Thus, p(Tgw;) = exp(g;) with
q := limy py € 95 A and it follows thatp = ¥ {q1(8) € X, for some suitable s € Z({q}). Therefore,
X; is closed. ¢

By Lemma 3.4.6, X is an open invariant subset of (5q)(®) 2 Spec, (Q2), and the above Claim
shows that Xy U X; = Spec, (Q0) \ X; is also open and invariant. Therefore, we can form the
C*-algebras of the reductions,

d1:=C"(Salx,), 32:=C"(Salxux,) and 73:=C"(Sa)
which can be seen as closed ideals of C*(Gq) by Lemma 2.5.2 and Theorem 2.5.3. Moreover,

J2/31 = C*(Salx,) and Jd3/d2 = C*(9alx,)
also by Theorem 2.5.3.

CLAIM. Jy = ¢ ((2(Z2)).

PROOF. By the proof of Lemma 3.4.6, we have r~1(Xg) = {(p,&) € Xo x Z? : po1_4 € Xo}.
Since X is invariant by the same Lemma,

Salx, = (Xo) = {(p,a) € Xo x Z* : poT_y € Xo} = (w(Z?) ¥ Z?)|x,,

where @ is the action from (3.4.1) (restricted to w(Z?) x Z?) and the last equality is simply an
application of (2.1.7). The map w: Z?> — w(Z?) is a homeomorphism by Lemma 3.2.5 and it
satisfies

O(w(a),p) = w(w) ot p = w(a+p) = w(pp(a))
forall a, B € Z2, where p (&) := a + Bis (right) translation by . Therefore, w is a Z2-equivariant
homeomorphism and we have
= C*(@(Z2) 0 2)|x,) = C*((Z 3y 2)| ) = C*(Z2 x Z2) = H (((Z2)

by applying Examples 2.6.9 and 2.6.7 and Proposition 2.6.2. ¢

CLAIM. J3/3, = C(35 A x T?).

PROOF. By the same argument as in the proof of Lemma 3.4.6, we see

r1(Xy) = {(p,a) € X x Z* : poT_ € Spec, (Q)}.

As already mentioned, all characters in X; are translation invariant, so that G|x, = r 1(Xz) =
X, x Z? as a set. Moreover, the restriction of the action ® on X, is trivial, O(p,a) = p for all
a € Z% and p € Xp. Therefore, Gn|x, = Xp Xriv Z2 is the trivial action groupoid. Moreover,
X, is homeomorphic to 95 A: the map 9 A — X, p — ¥ {p}(8) is a bijection and continuous,*
because X; carries the weak-* topology and ¥, (tpw;) = exp(p;) depends continuously on p.
Compactness of 9] A implies that this map is even a homeomorphism. By Example 2.6.11 and
Proposition 2.6.14, we have

C*(Salx,) = C* (X2 x Z%) = Cy(X2) ® C*(Z?) = C(95 A) ® C(T?) = C(95 A x T?),

where we have used C*(Z2) = C(T?) (see Example 2.6.5). Also note that C(d5 A) and C(T?) are
nuclear C*-algebras, see Example C.6.9, so that there is only one possible tensor product. ¢

CLAIM. 32/31 = ¥ C*(Salspecy () is a C*-algebraic direct sum, see Example C.1.11, where
F ranges over the one-dimensional and virtual faces.

4Note that the dependence on s is of course artificial as ¥, (s) is independent of s for the proper singleton faces,

and only s = £co occurs in X; for the virtual faces, see also the above proof of closedness of X5.
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PROOF. By Proposition 3.4.9, the sets Specy((2) are open and pairwise disjoint in X for all
one-dimensional and virtual faces F of A. Moreover, the sets Spec(Q)) are translation invariant,
so that they are invariant subsets of the unit space (3 |x, )0 = X;. By Corollary 2.6.13,

D
32/81 = C*(Salx,) = Y C*(Salspecs ()
F

and the claim follows. ¢

It remains to study the groupoid C*-algebras C*(Snlspecs()) for the one-dimensional and
virtual faces F of A. By Proposition 3.4.11, there are homeomorphisms

X(F) ==Y
CLAIM. If F = F, with u € {eq,e,} is a one-dimensional or virtual face, then
C*<90|Spec;(0)> = ’%/(EZ(Z>)) ® C(T)

PROOF. Consider the case u = 1 and assume that F is non-virtual. We have Z(F) "R = Z-.
by Lemma 3.3.2. Define a right-action of Z? on Z by k - « := k + a3. Note that in the proof of
Proposition 3.4.11 we found that

2(r)nRr: Z2(F) NR — Specy(Q).

—By \1/2
(siﬁfj-l) exp(py) s> B2

0, s < B

1, S>,32
0, s<p2

X(F)(s)(tgwy) = { and x(F)(s)(tpw2) = {

foralls € Z~ and all B € Z?, which immediately gives x (F)(k-a) = x(F)(k) o T_4 forallk € Z~.
and a € Z? such thatk - a € Z-. Therefore, x (F) satisfies the requirements of Example 2.6.10 and
induces an isomorphism

C*(Salspecz () = C*((Spec(Da) X0 Z?)|specz () = C*((Z % Z%)|z.).
Now consider the map
0:Zx7* = (ZxZ)xZ, (ka)— ((ka),ar).

Then ¢ is a groupoid isomorphism from the transformation groupoid Z x Z? to the product
groupoid (Z x, Z) x Z, where Z acts on itself by right translation and the last Z factor is the
group Z as a groupoid. Indeed,

p((ka)(k-a,B)) = ok a+p) = ((kaz+ B2),a1 + f2) =
= ((k,a2)(k +az, B2), a1 + B1) = ((k,a2),a1)((k + a2, B2), B1) = @(k, &) p(k - o, B),

where some care has to be taken regarding which multiplications are meant. Moreover, it is
elementary to check that ¢ satisfies the requirements of Corollary 2.4.7, so that Corollary 2.4.7,
Proposition 2.6.14 and Example 2.6.7 imply

C*(Salspec(0) = C((Z % 2%)|7.) = C*((Z % Z)|z. x Z) = C(Z> x Z>) ® C*(Z),

~

where Z~. x Z- is the trivial groupoid over Z-. and C*(Z) = C(T) is the group C*-algebra, see
Example 2.6.5. Finally C*(Z~ x Z~) = % ({*>(Z-)) by Proposition 2.6.2 and this finishes the
claim.

The same analysis can be carried out in the same way for u = e, and also for the virtual faces,
as in this case the map x(F) is even simpler. ¢

Now let F = F, be a one-dimensional face with 1 € R2. As mentioned above, Spec}(Q) is
invariant under the Z2 action (3.4.1) on Spec(Dq,), because Specy (Q)) = ¥¢(2(F) NR) and

(¥r(s) 0 ) (Tp0r) = \/@(F)(s +a-ut — Brub) = ¥p(s +a-ub)(g5w)
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fors € 2(F)NR, B € Z?> and i € {1,2} by Proposition 3.3.7. It follows that Spec?(Q) is an
invariant subset of the unit space Spec, (Q2) of the groupoid G and therefore

90|Spec%(0) = Specj’_-(Q) Xe er

see Example 2.1.22. The above also immediately shows that x (F) is equivariant for the right action
sow:=s+a-ut of Z? on Z(F) NR. Therefore, by Examples 2.6.9 and 2.6.4,

C*(Snlspecs () = C*(Spec(Q) 10 Z%) = C*((2(F) NR) » Z*) = Co(2(F) NR) x Z2
is the crossed product of Co(Z(F) NR) by Z2.
CLAIM. If k := up/uy is rational, then C*(Solspecs () = A (2(Z)) ® C(T).

PROOF. By (3.3.3), we have Z(F)NR = ||(p,q)||~'Z, where x = p/q with p,q € N relatively
prime. Note that

q

w-ut = —aqUpy + g = *“1”15 +0€2M2? = (*“1P+062q)|\(79,q)|\_1-

It follows that the map ¢: Z(F)NR — Z, s — |(p,q)||s is equivariant for the right action
koa:=k—a;p+ axq of Z* on Z. Indeed,
p(soa) =l(pa)ll(s +a-u™) =/(p,g)lls — arp + a2q = p(s) 0.

By Example 2.6.9, C*((2(F) NR) x Z?) = C*(Z x Z?*). Now let a,b € N be such that bg — ap =
1. Then b(q, p) — p(a,b) = (1,0) and q(0,b) — a(0, p) = (0,1), which shows that {(a,b), (p,q)} is
a Z-basis of Z2. Moreover, ko (a,b) = k+ 1 and ko (p,q) = k. The change of basis ¢: Z2 — Z?2,
Haq,a2) == aq(a,b) + az(p, q) gives rise to the groupoid isomorphism

0: (ZxpZ) X Z — Z x 7%, o(kay,a) := (k O(a1,a2)),
where again p is right translation of Z on itself. This is indeed an isomorphism as

¢((k a1, a2)(k+ a1, 1, 2)) = @k, a1 + B1, a2 + B2) = (k, (a + B))
and
@k, a1, 2) p(k +ar, Br, B2) = (k, B(1, a2)) (k + a1, 9(B1, B2)) =
= (k O(ar, a2)) (ko 8(a1,42), 8(B1, B2)) = (k, B(a1,a1) + (1, f2)) = (k, d(a+ B))
and one easily verifies that this satisfies the assumptions of Corollary 2.4.7, so that
C(Z%2Z%) =2 C(Zx,Z)®C*(Z) = 4 ((*(Z)) ®C(T)

by Proposition 2.6.2 and Example 2.6.5, where we note that both .# (¢2(Z)) and C(T) are nuclear,
see Examples C.6.8 and C.6.9, so there is only one possible tensor product. ¢

CLAIM. If k := up/uy is irrational, then C*(Sa specy () = Ax ® A

PROOE. In this case Z(F) NR = R by (3.3.3). The homeomorphism : R — R, s — —ul_ls,
satisfies

Pson) =v(s+a-ut) = —ul_ls+zx (e, —1) = (s) +a-(x,—1).
But this means that ¢ is equivariant for the action from Example 2.6.6, so that
C*((2(F)NR) x Z%) = Cy(R) x Z2 = A, @K
is as claimed. ¢

The proof is now finished as all cases have been dealt with. |
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REMARK 3.5.6. The decomposition of W(Q)) from (3.5.2) is an example of a composition series.
For a general C*-algebra A, a composition series is an increasing family (J;)o<j<, of ideals of A
with & an ordinal and such that Jg = 0, J, = A, and if B < « is a limit ordinal, then J p=U B <p dp-
In the above case of the Toeplitz C*-algebra, « = 3 and the last condition is of course superfluous.
Composition series occur in the study of liminal and postliminal C*-algebras, see [Dix77].

Finally, we can use the result about W((Q2) to obtain a composition series for the Toeplitz
C*-algebra T7(Q):

THEOREM 3.5.7 ([SSU89, Theorem 4.4]). The Toeplitz C*-algebra T(Q) of a normalized, pseudo-
convex Reinhardt domain Q C C? has the composition series
0CH=xCJhCI=TQ)
such that .
33/02, = C(0,Q0) and /31 = ;C*(Sdspec;(n))r

where F ranges over all one-dimensional non-virtual faces of A and 9,Q) is the closure in C? of the set of
all pairs (se*, te¥) such that (s,t) € T? and {(x,y)} is a non-virtual singleton face of A. For explicit
expressions of C* (S0 |specs (2) ), see Theorem 3.5.5.

PROOF. We will only consider the case when no virtual faces are present, in which case we
will find W(Q) = T(Q). The full argument which includes the virtual case can be found in
[SSU89]. By the absence of virtual faces, there exists & € (0,1) such that the set Qs ; := {z € D? :
|z;| < 8} fori = 1,2 is contained in O, where ID? denotes the unit polydisc.

1

Y4Ve)

We have [2*14[2 > §2|2*|? for z € O\ ;; and

/ |Z‘B|2 d/\(Z) _ (27_[)11 / y2,31+1y2ﬁ2+1 dy _ 72 52Pi+2
Qi J1Qs,i] (B1+1)(B2+1)

forall B € Zz2 by (D.1). This implies

/ 1244 2 dA(2) + / 22 G (2) >
Qs O\Q;;

0%(wg 4+ 1) (&g +1) 2520+2 )
> ((a+e)1+1)((a+e)2+1) ((061+1)(oc2+1) +/Qb',i |z |2d)L(z)> >

52 52
> w2 — x2
> [ ParE) = Sl

and hence x, («) = [|z%"%]|/|]z*|| > 6/+/2 > 0, so that the multiplication operator W,, has a
bounded inverse. The same then holds true for Wy for all p € ZzZ by Remark 3.2.4. Now let
Tﬁ := UgWp. By Remark 3.5.3, T/g corresponds to the Toeplitz operator with symbol z# via the
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isomorphism A?(Q)) = (?(Z2 ), which implies that T = C*({Tﬁ : p € Z%}) is isomorphic to the
Toeplitz C*-algebra T(Q), see also Proposition 1.2.8. Because UgWj is the polar decomposition
of T/g, we have Wy = (TE "T/g)l/ 2 which is an element of T by the functional calculus, see Exam-

ple C.3.7. But then also Ug = TﬁWE 1 ¢ T and hence T(Q) = T = W(Q). The claim now follows

from Theorem 3.5.5 and by noting that 95 A x T? 2 9,Q) via the map ((x,y), (s,t)) — (se*, teV).
This settles the case when no virtual faces are present. |

We see that the Toeplitz C*-algebra depends on the facial structure of the logarithmic base
A. Moreover, this dependence is highly unstable, meaning that 7(Q2) changes heavily when only
slightly modifying the slopes of the faces. This is not only due to the contribution of each one-
dimensional face changing depending on whether its slope is rational or irrational, but also to the
fact that the irrational rotation algebra A,, /,,,, which occurs in the expression for C*(Sq \SPeC;(Q))
of a face with irrational slope, is almost never isomorphic to the rotation algebra for a different
slope, see Example 2.6.6.

EXAMPLE 3.5.8 ([SSU89, Corollary 4.6]). Let () be a normalized pseudoconvex Reinhardt
domain such that A = Aq contains no one-dimensional faces. (Note that this implies the existence
of both virtual faces.) From Theorem 3.5.7, we obtain J; = J», hence J, = J# and

T(Q)/ A = C(2Q)

because 9,Q) = dQ) in this case. Thus, T(Q) has the same structure as for the domains from
Theorem 1.4.16! Moreover, we see that the commutator ideal Comm(T(Q))) is contained in %,
since otherwise the quotient could not be commutative. By Proposition 1.4.14, this implies that
Sq| A2 () the restriction of the canonical solution operator to 0 to the space of (0, 1)-forms with

holomorphic coefficients, is compact. We refer to section 1.4.1 for the definitions of S; and J. O

REMARK 3.5.9. A description of the Toeplitz C*-algebra in terms of a composition series as
in Theorem 3.5.7 has also been given for domains other than the Reinhardt domains which were
considered in this thesis. As an example, Upmeier in [Upm84] has studied the case where () is
a bounded symmetric domain using Jordan algebras. The composition series for the Toeplitz C*-
algebra on the Hardy space there has a length depending on the rank of the symmetric domain.
We also recommend looking at [Upm96] for a collection of similar results.



APPENDIX A

Locally compact Hausdorff spaces

A topological space X is called locally compact if every point x € X has a compact neighbor-
hood, that is, there exists a compact set V C X and an open set U C X with x € U C K. Although
we do not require it in the definition of local compactness, we will mostly be interested in locally
compact Hausdorff spaces. For a Hausdorff spaces, local compactness is equivalent to every point
having a neighborhood base of relatively compact (equivalently: compact) subsets. Given x € X
and a neighborhood U of , there is even a relatively compact neighborhood V of x with V C U.

A.1. Locally closed subsets

A subset Y C X of a topological space X is called locally closed (in X) if every point of Y has
an open neighborhood U in X such that U N Y is closed in U.

LEMMA A.1.1. Let X be a topological space. A subset Y C X is locally closed if and only if there are
C,0 C X with C closed and O open, such that Y = C N O.

PROOF. If Y = CN O, then we can take U := O. It follows that U is an open neighborhood
of every point of Y and UNY = CNU is closed in U. Conversely, if Y is locally closed in X,
let U, C X be a neighborhood of y € Y such that U, NY is closed in U,. Set C := Y and
O :=Uyey Uy 2 Y. Then

cno=ynJu,=Jxnu)=Jx¥nu,)=yno=Y. [ |
yeYy yeYy yey

LEMMA A.1.2. Let X be a topological space and Y C X.

(i) If X is Hausdorff and if Y is locally compact, then Y is locally closed in X.
(ii) If X is locally compact and if Y is locally closed, then Y is locally compact.

In particular, in locally compact Hausdorff spaces, the locally closed subsets are precisely the locally compact
subspaces.

PROOF. Let X be Hausdorff and Y C X locally compact. For y € Y, let U C X be an open
neighborhood of y such that U N Y is relatively compact in Y and denote its closure in Y by K. It
follows that K is also compact in X and hence closed since X is Hausdorff. If x, isanetinUNY
with x, =& xin U and x € U, then also x € Y because UNY C K C Y and K is closed. Therefore,
UNYisclosed in U and Y is locally closed.

For the second assertion , let X be locally compact and Y C X locally closed. ThenY = CN O
for some C,0 C X with C closed and O open by Lemma A.1.1. Fixy € Y and let U C X be
a relatively compact neighborhood of y in X with U C O. Then UNC = UNY is an open
neighborhood of y in Y and cly(UNC) = cly(UNY) = cx(U)NY = clx(U) N C is compact,
where clx(-) and cly(-) denote the closure operations in X and Y, respectively. |

EXAMPLE A.1.3. If Y is open or closed in the topological space X, then Y is also locally closed
in X. Consequently, all closed (and all open) subspaces of a locally compact Hausdorff space are
themselves locally compact Hausdorff spaces. O

87
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A.2. Separation properties and partitions of unity

In the following, we will show that points in a locally compact Hausdorff space may be sep-
arated from closed subsets by functions. More precisely, we are dealing with completely regular
spaces:

DEFINITION A.2.1. A topological space X is called completely regular if one-pointed sets are
closed and if, for any point xy € X and any closed set F C X with xy ¢ F, there exists a continuous
function f: X — [0,1] such that f(xp) = 1and f|r = 0.

Thus, in a completely regular space, we can separate points from closed sets by continuous
functions. In particular, such spaces are regular, meaning that points can be separated by closed
sets by disjoint open sets. In a compact Hausdorff space, even more is true:

THEOREM A.2.2. Every compact Hausdorff space is normal, that is, singletons are closed and any
two disjoint closed sets can be separated by disjoint open sets.

For a proof, see for instance [Mun00, Theorem 32.3]. Urysohn’s lemma states that a topologi-
cal space X is normal if and only if for every closed subset F C X and every open subset U C X
with F C U, there exists a continuous function f: X — [0,1] with f[r = 1 and f|x\;; = 0. Equiv-
alently, any two disjoint closed subsets may be separated by a function. We next generalize this
result to the locally compact case. For a locally compact Hausdorff space, we denote by C.(X) the
space of continuous complex-valued functions on X with compact support.

LEMMA A.2.3 (Urysohn’s Lemma for locally compact spaces). Let X be a locally compact Haus-
dorff space, K C X compact and U C X open with K C U. Then there exists f € C.(X, [0,1]) such that
flk = 1and f|x\y = 0. In particular, every locally compact Hausdorff space is completely regular.

PROOF. Since X is Hausdorff, singletons are closed. By local compactness, we find a relatively
compact open neighborhood V of K such that V C U. Since V is both Hausdorff and compact,
there is, by Theorem A.2.2, a continuous function g: V — [0, 1] with ¢|x = 1 and 8lyy = 0. Now

define f: X — [0,1] by
 Jslx) ifxeV
flx) = {0 if x € X\ V.

It follows that f is well-defined and continuous. Moreover, f|x = glk = 1 and f|x\y = 0, as
required. |

COROLLARY A.2.4. Every locally compact Hausdorff space is completely regular.

PROOE. If xyp € X and F C X is closed with xy ¢ F, apply Lemma A.2.3 to K = {xp} and
u= X\ {XO}. |

We note that, in general, we cannot expect to be able to separate two arbitrary closed sets in
the non-compact case: there are spaces that are both locally compact and Hausdorff, but fail to be
normal, see [SS95].

COROLLARY A.2.5. Let X be a locally compact Hausdorff space and assume Y C X is not dense in
X, thatis, Y # X. Then there is f € C.(X) with f|y = 0but f # 0.

PROOF. Pick xg € X\ Y and let U C X be an open neighborhood of xg such that U is compact
and U C X \Y. By Corollary A.2.4, there is a continuous function f € C(X,[0,1]) such that
f(x0) = 1and f|x\y = 0. Since Y € X\ U C X\ U, we have f[y = 0. Moreover, supp(f) C U
shows that f has compact support. |
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We now turn to the existence of partitions of unity. A family A of subsets of a topological
space X is called locally finite if every x € X has a neighborhood which only intersects finitely
many elements of A. Recall that a topological space X is called paracompact if every open cover U
of X has a locally finite open refinement. This means that there is an open cover V which is locally
finite and such that for every V € V there exists U € U with V C U.

For a paracompact Hausdorff space X, there always exist partitions of unity subordinate to any
given indexed open cover {U; };c;. By this we mean a family ¢;: X — [0,1], i € I, of continuous
functions such that

(i) supp(¢;) € U;foralli € I,
(ii) {supp(¢;)}ies is locally finite, and
(iii) Y7 @i(x) =1forallx € X.

In Proposition A.3.3 below we will see that second countable, locally compact Hausdorff spaces
are paracompact, hence partitions of unity always exist.

However, a general locally compact Hausdorff space need not be paracompact. As an exam-
ple, we mention the ordinal space [0, w;), with w; the first uncountable ordinal and equipped
with the order topology, see [SS95, Counterexample 42]. If one restricts to finite coverings of a
compact subset with relatively compact open sets, then local compactness is enough to guarantee
existence of partitions of unity. The proof of this result can be found in [Wil07, Lemma 1.43].

PROPOSITION A.2.6. Let X be a (not necessarily Hausdorff) locally compact topological space and
K C X a compact subspace. If {U;}"_, is a finite cover of K with U; compact for all i € {1,...,n}, then
there exist functions ¢; € Cc(X, [0,1]) such that

(i) supp(¢i) < Ui,
(i) Yy @i(x) = 1forall x € K, and
(iii) Y 4 @i(x) < 1forall x ¢ K.

A.3. Second countability and paracompactness

If X is a second countable, locally compact Hausdorff space, then X has a countable base
of relatively compact open sets. Indeed, pick a countable base V of X and let U C X be open
and x € U. Then there exists a compact neighborhood K of x such that K C U and since V
is a base, thereis V. € Vwith x € V C K C U. It follows that V C K is compact, so that
{V € V: Visrelatively compact} is a countable base of relatively compact open subsets.

Every second countable, locally compact Hausdorff space X is o-compact. By this we mean
that there is a countable family of compact subspaces which cover X. In fact, slightly more is true:

LEMMA A.3.1. Let X be a second countable, locally compact Hausdorff space. Then there exists a
sequence (K;)i>1 of compact subsets K; C X such that X = ;o K; and K; C (Kj11)°. In particular, X
is o-compact.

PROOF. By our assumptions, X has a countable base {U;}$
sets. Set Ky := U and proceed by induction, assuming that Ky, ..., K, have already been con-
structed such that U; C K; fori = 1,...,n. Leti, > n+1besuchthatK, C U U---UU; and
put K41 := Uy U---UU;,. Then K1 is compact and satisfies (K,,+1)° 2 Uy U---UU;, D K,.
Because also Uy, 11 € K11, the constructed sequence (K;)*; covers X. ]

; of relatively compact open sub-

DEFINITION A.3.2. A sequence (K;)?°; of compact subsets of X as in Lemma A.3.1 is called
an exhaustion of X by compact subsets.

PROPOSITION A.3.3. Every second countable, locally compact Hausdorff space is paracompact.
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PROOF. LetUbe an open cover of X and let (K;);>1 be an exhaustion of X by compact subsets,
see Lemma A.3.1. Set A; := Kj; 1\ (K;)° and W; := (Kj12)° \ Kj_1 for j > 0, where Ky := K_1 :=
@. As a closed subset of K;, 1, we have that A; is compact and contained in the open set W;. For
x € Aj, let Uy € Ube such that x € Uy. Put Vy := Uy NW,. Then {Vy:x € A]-} is an open cover
of Aj and hence has a finite subcover V; of A;. It follows that V := (J;>( V; is an open cover of
X which refines U by construction. Moreover, V is locally finite which follows from the fact that
WiNnWy=0ifk g {j—2j—-1jj+1,j+2} |

COROLLARY A.3.4. Every second countable, locally compact Hausdorff space is normal.

PROOF. In fact, this is true for all paracompact Hausdorff spaces X: if F C U C X are such
that F is closed and U is open, then choosing a partition of unity subordinate to the open covering
{U, X'\ F} gives a continuous function ¢: X — [0, 1] with ¢[r = 1 and ¢[x\y; = 0. [ |

COROLLARY A.3.5. Let X be a second countable, locally compact Hausdorff space and F C X a
closed subset. If f € C.(F), then there exists a function § € C¢(X) such that g|p = f.

PROOF. Because X is normal by Corollary A.3.4, we can apply the Tietze extension theorem
to obtain a function § € C(X) such that g|r = f|r. Now let U C X be a relatively compact
neighborhood of supp(f) and let ¢ € C(X, [0,1]) be such that ¢[g,pp(s) = 1 and ¢|x\y = 0, see
Lemma A.2.3. Then g := ¢ ¢ has compact support and extends f. |

REMARK A.3.6. Corollary A.3.5 remains true after dropping the assumption of second count-
ability, see for instance [Goe09, Lemma 1.71]. We will be content with the above simpler version.

COROLLARY A.3.7. Let X be a second countable, locally compact Hausdorff space and Y C X a
locally closed subset. If f € Cc(Y), then there exists a function § € Cc(X) such that g|y = f.

PROOF. By Lemma A.1.1, Y is a closed subspace of an open subset O of X. Corollary A.3.5
furnishes an extension g € C.(O) of f which we can extend by zero outside O to a function in
Ce(X). [ ]

Finally, we mention that second countable, locally compact Hausdorff spaces are metrizable.
In fact, this continuous to hold for second countable regular spaces. A proof of this result can be
found in [Mun00, Theorem 34.1].

THEOREM A.3.8 (Urysohn metrization theorem). Every second countable regular space is metriz-
able.

A.4. Radon measures

Fix a locally compact Hausdorff space X and consider the space C.(X) of continuous complex-
valued functions on X. A linear functional ¢: C.(X) — C is called positive if ¢(f) > 0 for all
functions f > 0. Let y be a locally finite Borel measure on X, meaning that every point of X has a
neighborhood of finite measure. Because X is assumed to be locally compact, this is equivalent to
jt being finite on compact subsets. It follows that f — [, f du defines a positive linear functional
on C(X). The content of the Riesz representation theorem is that all such functionals arise in
this way, and the measures may be chosen to have certain regularity properties, that is, they are
Radon measures.

REMARK A.4.1. One can show that every positive linear functional on C.(X) is already con-
tinuous with respect to the inductive limit topology from Proposition B.1, see [Fol99, Proposi-
tion 7.1].
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DEFINITION A.4.2. A locally finite Borel measure y on X is called a Radon measure if y is outer
regular on Borel sets and inner regular on open sets. More precisely,

u(A) =inf{p(U) : U open with E C U} for all Borel A C X, and
u(U) = sup{pu(K) : K compact with K C U} for all open U C X.

The set of Radon measures on X will be denoted by M (X).

THEOREM A 4.3 (Riesz Representation Theorem for C.(X)). For any positive linear functional
¢: Cc(X) — C, there exists a uniquely determined Radon measure i on X such that

o) = [ fan forall f € Ce(x).

Moreover, this measure satisfies

u(U) =sup{e(f): f € Cc(X,[0,1]) with supp(f) C U}, and (A4.1)
u(K) = inf{g(f) : f € Ce(X), f = xx}
for all open subsets U C X and all compact K C X.

The measure y from Theorem A.4.3 is constructed by first defining y(U) for U C X open
by (A.4.1) and
w*(E) :=inf{u(U): U D E, U open}
for every subset E C X. One then shows that y* is an outer measure and every open set is p*
measurable, so that y := y*|3(x) is a Borel measure. We refer to [Fol99, Theorem 7.2] for the
details. Note that for two Radon measures to be equal it is sufficient that the integrals of functions
in C¢(X) agree.

REMARK A.4.4. There are different regularity requirements for Radon measures in the liter-
ature. For example, [Els05] requires them to be locally finite and inner regular on all measurable
sets. The point is that the Riesz Representation Theorem allows one to choose regularity of the
measures to a certain extent while still maintaining uniqueness, see also the discussion in [Bau01,
§29]. Moreover, any Radon measure y is actually inner regular on all of its o-finite sets, see [Fol99,
Proposition 7.5], so if X is o-compact, then y is both inner and outer regular on all Borel sets. In
particular, this is the case if X is second countable by Lemma A.3.1.

REMARK A.4.5. The support supp () of a Radon measure y on X is the set of all x € X such
that (U) > 0 for all open neighborhoods U of x. It is easy to verify that x € supp(y) if and only
if [ fdu > 0forall f € C(X,[0,1]) with f(x) > 0.

If X is second countable, then (X \ supp(y)) = 0. Indeed, for x ¢ supp(u) there is an
open neighborhood Uy of x with p(Uy) = 0. The sets Uy cover X \ supp(y) and since X is
second countable it is Lindelof, so there is a countable subcover {Uy, };>1, which implies p(X \
supp(p)) < Y1 #(Uy,) = 0 by o-subadditivity. In particular, we have

an = | d
/Xf e supp(#) fan
for all positive Borel or integrable f: X — C.

The next result states that local finiteness is already sufficient for a Borel measure to be Radon,
provided the space is nice enough. In particular, this will be true if X is second countable. For a
proof, see [Fol99, Theorem 7.8].

PROPOSITION A.4.6. Let X be a locally compact Hausdorff space such that every open subset of X is
o-compact. Then every locally finite Borel measure is regular, hence also Radon.



92 A.LOCALLY COMPACT HAUSDORFF SPACES

EXAMPLE A.4.7 (Restriction of Radon measures). Let X be a second countable, locally com-
pact Hausdorff space. One can restrict a Radon measure y to a locally closed subset Y C X: by
Lemma A.1.2, Y is itself locally compact and

ply(A) := p(A)
for every Borel measurable A C Y defines a measure on Y. Note that this is a Radon measure by
Proposition A.4.6 as it is finite on compacta. The Lebesgue integral with respect to y|y is given by

/deuly = /de%

for all nonnegative measurable or integrable f, where f is the extension of f to X by zero.

We have supp(p|y) C supp(u) NY. Indeed, if x € supp(ul|y), then obviously x € Y and
if U C X is an open neighborhood of x, then u(U) > p(UNY) = uly(UNY) > 0asUNY
is an open neighborhood of x in Y. We also point out that the converse inclusion does not hold
in general: let X = R, Y = {0} and p be Lebesgue measure on R. Then y|y = 0 and hence
supp (u|y) = @, but supp(u) NY = {0} # @.

If, however, Y is open in X, then supp(y|y) = supp(p) NY holds. Indeed, if x € supp(p) NY
and U C Y is an open neighborhood of x, then U is also open in X and p|y(U) = p(U) > 0, so
x € supp(ply).

Finally, if supp(p) C Y, then supp(p|y) = supp(u). For this it remains to show that supp(u)
is contained in supp(yu|y). Take x € supp(u) and let U C Y be an open neighborhood of x. Then
there is an open neighborhood V of x in X such that VNY = U. It follows that u|y(U) = p(U) =
w(VNY) = pu(V) > 0because u(X \ supp(yt)) = 0 by Remark A.4.5 and hence x € supp(uly). In

this case, we have
d = / d
./yf Ky Yf H

for all nonnegative measurable or integrable f. O

EXAMPLE A 4.8 (Products of Radon measures). If 4 and v are two o-finite Borel measures on
topological spaces X and Y, respectively, then general measure theory allows the construction of a
unique measure j X v on the product o-algebra B(X) ® B(Y) such that u x v(A x B) = u(A)u(B)
for all measurable A C X and B C Y. If X and Y are second countable, locally compact Hausdorff
spaces and p, v are Radon measures, then this product is again a Radon measure (note that the
measures are then o-finite, because X and Y are o-compact by Lemma A.3.1). To see this, note
that second countability implies B(X) ® B(Y) = B(X x Y), so that u x v is a Borel measure. By
Proposition A.4.6, it suffices to show that y x v is locally finite. But this is trivial, forif K C X x Y
is compact and pry: X X Y — X and pry: X x Y — Y denote the continuous projections, then
K C pry(K) x pry(K), so u x v(K) < pu(pry(K))v(pry(K)) < oo as both pry(K) and pry (K) are
compact. O

REMARK A.4.9. There is also a way to construct products of Radon measures if second count-
ability is not available. This product is obtained from f — [y [, f(x,y)du(x) dv(y), which can
be shown to be a positive linear functional on C.(X x Y). We will not need this construction as
we will always assume second countability in our applications and refer to [Fol99, 7 4].

EXAMPLE A.4.10 (Disjoint unions of Radon measures). Let X;, i € I, be a countable family
of second countable, locally compact Hausdorff spaces. Then the disjoint union X := | |;c; X; is
again second countable, locally compact and Hausdorff when equipped with the disjoint union
topology. This means that U C X is open if and only if U N X; C X; is open in X;. Now suppose
we are given Radon measures y; on X; forall i € I. Then

u(A) ==Y mi(ANX;)

iel
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is a Borel measure on X which will be denoted by U;cjp;. If K C X is compact, then K N X; for
only finitely many i € I, so that (K) < co. By Proposition A.4.6, j is therefore a Radon measure.
The support of u is | |;c; supp(y;) € X and the integral with respect to y satisfies

/deﬂ = E/Xif!x,»dm

i€l
for all nonnegative measurable or integrable f: X — C. O

EXAMPLE A 4.11 (Image measures). If (X,Xx) and (Y, Zy) are measurable spaces, 4 a mea-
sure on (X,Xx) and f: X — Y is measurable, then the image measure of j under f is the mea-
sure fip on Y with fiu(A) := u(f1(A)) for all A € Zy. The Lebesgue integrals then satisfy
Jy 8d(fup) = [y g o fdp for all positive extended real-valued measurable or f y-integrable g.

If X and Y are second countable, locally compact Hausdorff spaces, # a Radon measure on
X, and if f is continuous and proper (meaning preimages of compact sets under f are compact),
then f,u is Radon. Indeed, f.y is a Borel measure, and f.u(K) = u(f}(K)) < oo by properness
of f and Proposition A.4.6 then implies that f.y is a Radon measure. Again, there are ways
to construct Radon image measures without assuming second countability. We refer to [Bou04,
V, §6, 1].

Now let u be a Borel measure, not necessarily Radon. If f: X — Y is continuous, then
f(supp(p)) C supp(f«p). Indeed, take x € supp(y) and let U C Y be any open neighborhood
of f(x). Since f is continuous, there is an open neighborhood V C X of x such that V C f~1(U).

This implies f.ju(U) = u(f~1 (1)) = u(V) > 0,50 f(x) € supp(f.p). 0

PROPOSITION A.4.12. For a Radon measure y on a locally compact Hausdorff space X, the space
Cc(X) isdense in LP (X, u) forall p € [1,00).

PROOF. Itis sufficient to approximate characteristic functions x 4 for Borel sets A with u(A) <
o, since those are total in LP (X, ). We have remarked in Remark A.4.4 that y is inner regular on
o-finite sets, so given ¢ > 0, there is K C A compact and U O A open with u(U \ K) < e. Now
use Lemma A.2.3 to find ¢ € Cc(X,[0,1]) with ¢|x = 1 and ¢[x\; = 0. Then [[xa — @l1r(xu) <

u(U\ K)V/P < /P, which finishes the proof. [ |

LEMMA A.4.13. Let X be a second countable, locally compact Hausdorff space. Then there exists a
Radon measure on X with support equal to X.

PROOF. Let {Uj}2 ; be a countable basis for the topology of X. For every k > 1, there exists
fx € Cc(X,[0,1]) such that f; # 0 and supp(fx) € Ui. We may view f; as a normal element
of the C*-algebra Cy(X), and for such elements there always exist positive linear functionals ¢y
on Cy(X) with ||¢¢|| = 1 and such that || fx||e = |@k(fx)|, see [Mur90, Theorem 3.3.6]. By Theo-
rem A.4.3, there are Radon measures ji; on X with ¢, (8) = [y gdpy for all g € Cc(X). Now set
@(8) := L1k 2¢x(g)- Then ¢ is a positive linear functional on C.(X) and hence corresponds to
a Radon measure . If U C X is open, then there is kg > 1 with U, € U and hence

(W) = p(Ui) = @(fiy) = ko 9k (fiy) > 0,
where we have used (A.4.1). It follows that supp(y) = X and we are done. u

Recall that two measures (on the same measurable space) are called equivalent if they are
mutually absolutely continuous, meaning they have the same null sets.

LEMMA A.4.14. Let X be a o-compact, locally compact Hausdorff space. Then every o-finite Borel
measure on X is equivalent to a finite Radon measure.
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PROOF. Let y be a o-finite Borel measure on X. We may assume that y # 0. Since y is o-finite,
there is a sequence (A;),>1 of measurable subsets which cover X and such that j1(A,) < oo for
n > 1. Without loss of generality, we may assume A, C A, for all n. Puta, := 27"u(A,)"!
if u(Ay) > 1 and a, := 27" otherwise. Define v(A) := Y ,~1a,u(AN A,) for every Borel set
A C X. Then v is a Borel measure on X with v(X) < 1. If 1/_(A) =0, then y(AN A,) = 0 for
all n > 1 and by the continuity of measures from below, we get u(A) = lim, o (AN A,) = 0.
Therefore, v is equivalent to yi. By Proposition A.4.6 we see that v is Radon. |

REMARK A.4.15. Note that the essence of Lemma A.4.14 of course remains valid for arbitrary
o-finite measures, without assuming X to have any topology whatsoever.

Notes for Appendix A

The basics of locally compact (Hausdorff) spaces can be found in virtually any textbook on
general topology, for example [Mun00]. Lemmas A.1.1 and A.1.2 are found in [Bre93, 1.11.7] and
[Wil07, Lemma 1.25], respectively. The proof of Urysohn’s Lemma for locally compact spaces
(Lemma A.2.3) stems from [Wil07, Lemma 1.41]. Lemma A.3.1 and Proposition A.3.3 have been
taken from [Lee10], where they are Proposition 4.76 and Theorem 4.77. For the section on Radon
measures, we have used [Fol99, Chapter 7] and [Bau01] as general references. Lemma A.4.13 was
prompted by the need for faithful representations of the reduced groupoid C*-algebra of a locally
compact groupoid, see Propositions 2.6.12 and 2.6.14.



APPENDIX B

The inductive limit topology on C.(X, B)

Let X be a locally compact Hausdorff space and (B, || - ||z) a Banach space. In this thesis, we
frequently make use of the vector space C¢(X, B) of continuous functions f: X — B with compact
support supp(f). Our goal here is to equip this space with a suitable topology and to establish
conditions which enable us to check continuity of maps defined on C.(X, B). As usual, we write
C.(X) for C.(X,C).

For a compact subset K C X, let Cx(X, B) denote the continuous functions X — B with
compact support contained in K. Together with the supremum norm || f||x := sup,g [|f(x)] 5,
the space Cx (X, B) is a Banach space. Evidently, Cx (X, B) is a subspace of C.(X, B) and we denote
the inclusions by ik : Cx(X, B) — C.(X, B).

PROPOSITION B.1. Let X be a locally compact Hausdorff space and B a Banach space. There exists a
unique finest topology on Cc(X, B) such that

(i) Cc(X, B) is a locally convex vector space with this topology, and
(ii) the inclusions 1x: Cx(X, B) — C.(X, B) are continuous.
Moreover, this topology has the following universal property: for any other locally convex vector space F

and any linear map L: C.(X, B) — F, we have that L is continuous if and only if L o 1g: Cx(X,B) — F
is continuous for every compact subset K C X.

The proof can be found in [FD88, p. 138] (in the more general context of Banach bundles) or
taken as a special case of final structures with respect to families of locally convex vector spaces,
see [Kril4, Satz 3.3.2]. The locally convex structure is given by the seminorms p on C.(X, B) such
that p o 1x is a continuous seminorm on Cg (X, B).

DEFINITION B.2. The topology on C.(X, B) from Proposition B.1 is called the inductive limit
topology.
REMARK B.3. In the literature, the phrase “f; — f in the inductive limit topology” for a net
fi in Cc(X, B) is sometimes taken to mean that
(i) fi = f uniformly on X and
(ii) there is a compact subset K C X such that, eventually, supp(f;) C K.

Note that nets satisfying the above properties converge in the inductive limit topology, since they
converge in Cx (X, B) and the inclusion ig is continuous. The problem is that not all convergent
nets in C.(X, B) have this property [Wil07, Remark 1.86]. However, by the universal property
of the inductive limit topology, such nets are sufficient in order to describe continuity of maps
f: Cc(X,B) — F for locally convex vector spaces F. Even more, since the Cx (X, B) are Banach
spaces, it suffices to consider sequences with these properties.

LEMMA B.4. Let X, Y be locally compact Hausdorff spaces. Then
span({f ©@g: f € Cc(X), g € Ce(Y)}),
where (f ® §)(x,y) := f(x)g(y), is dense in Co(X x Y) for the inductive limit topology.
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PROOF. Let h € C(X x Y) and set K := supp(h). Fix a relatively compact neighborhood
W C X x Y of K. For every (x,y) € K and ¢ > 0 there are, by continuity of 4, relatively compact
neighborhoods U, € X and V;, C Y of x and y, respectively, such that | f(x,y) — f(z,w)| < & forall
(z,w) € Uy % Vy. If necessary, we shrink these neighborhoods so that Uy x V, C W. Because K is
compact, there are finitely many x1,...,xy € Xand yy,...,yny € Y with K C Uf\il Uy, x Vy,. Let
()N, and (y;)}; with ¢; € Cc(X,[0,1]) and ¢; € Cc(Y, [0,1]) be partitions of unity subordinate
to {Uy,}N and {V;,} N, respectively, see Proposition A.2.6. Put

N
he ==Y h(xi,yi) 9 @ Wi
i=1

Then g € C.(X x Y) and

.MZ
z

—_

N
h(x,y) = he(x,y)| < ) @i(x)i(y) [1(x,y) = hxi,yi)| < ) @i(x)¢iy)e < € ; ¢i(x) <e

1=

=l -

i=
because supp(¢; ® ;) C Uy, x Vj,. Moreover, supp(he) € W, which implies e — h in the
inductive limit topology as ¢ — 0. |



APPENDIX C
C*-algebras

In this chapter we give the needed background on some of the basics of the theory of C*-
algebras. The content of this appendix is as follows: in the first section, we will state the basic
definitions and look at the most important examples, as well as elementary constructions, such
as the direct sum of C*-algebras. After that, we will briefly look at the spectrum of elements and
then move on to the topic of commutative C*-algebras. There are also sections dealing with ideals
and representations, and the final section will be a short introduction on the tensor products of
C*-algebras.

If not stated otherwise, all our results are taken from [Mur90]. We will only be able to cover a
small selection of important results and most of them will be stated without proof. The interested
reader is referred to the literature for an in-depth treatment, for example [Dix77], [Mur90] or
[KR83].

C.1. Basic definitions and examples

By an algebra, we mean a vector space A together with a bilinear map A x A — A, (x,y) —
xy, called the multiplication, such that x(yz) = (xy)z for all x,y,z € A. In other words, the
multiplication is associative. Unless stated otherwise, we will always assume algebras to have C
as their ground field. An algebra A is called unital if it contains a (necessarily unique) element
1 € Asuchthat 1x = x1 = x forall x € A. If A is unital, then x € A is called invertible if there
exists y € A with xy = yx = 1, and we call x~! := y the (necessarily unique) inverse of x.

DEFINITION C.1.1. An algebra A together with a map *: A — A is called a *-algebra (or
involutive algebra) if, forall x,y € Aand A € C,
(@) (x+Ay)" =x"+Ay",
(i) ()" =x,
(iff) (xy)* = y*x*.
We say that A is unital if there is an element 1 € A such that x1 = 1x = x forall x € A. By a
*-subalgebra of A, we mean a linear subspace which is closed under multiplication and under the
involution. An element x € A is called self-adjoint if x* = x, normal if x*x = xx*, and if A is unital,
then x is called unitary if x*x = xx* = 1.

DEFINITION C.1.2. A normed algebra is an algebra A together with a norm || - || on A such that
llxy|l < ||x|||ly|| for all x,y € A. A Banach algebra is a complete normed algebra. A Banach algebra

with involution as in Definition C.1.1 is called a Banach *-algebra if || x*|| = ||x|| holds for all x € A.
A C*-algebra is an involutive Banach algebra A in which the C*-identity ||x*x|| = ||x||? holds for
every x € A.

DEFINITION C.1.3. Let A and B be involutive algebras. A *-homomorphism (or a homomorphism
of *-algebras) is a linear map ¢: A — B such that ¢(xy) = ¢(x)¢(y) and ¢(x*) = ¢(x)* for all
x,y € A.
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REMARK C.1.4. Note that for a C*-algebra, the involution is automatically isometric as ||x||?> =
[lx*x]| < ||x]|||x*||, so ||x]] < ||x*|| and applying this to x* shows the reverse inequality. In partic-
ular, every C*-algebra is a Banach *-algebra.

We will spend the rest of this introductory section on stating the most important examples
and elementary constructions.

ExAaMPLE C.1.5. For any topological space X, the space C,(X) of bounded complex-valued
continuous functions on X is a unital C*-algebra with pointwise complex conjugation as its invo-
lution and the norm || f{|e := sup,cx || f(x)]- O

EXAMPLE C.1.6. (i) Let X be a locally compact Hausdorff space. Then the space Cy(X) of
continuous complex-valued functions which vanish at infinity is a C*-subalgebra of C;,(X). Here,
a function f: X — C is said to vanish at infinity if, for every ¢ > 0, the set {x € X : |f(x)| > €} is
compact. Note that Cy(X) is unital if and only if X is compact.

(ii) If Aisa C*-algebra, then the space Cy(X, A) of A-valued continuous functions on X which
vanish at infinity is also a C*-algebra in the obvious way. O

ExXAMPLE C.1.7. Let H be a Hilbert space. The algebra . (H) of bounded linear operators on
H with composition as multiplication is a Banach algebra when equipped with the operator norm
IT|| := SUP |y <1 ITx||. The mapping T — T*, where T* is the adjoint of T, is an involution which
makes .Z(H) into a C*-algebra. The algebra .# (H) of compact operators is a C*-subalgebra of
Z(H). While .Z(H) always contains the identity operator as a unit, .# (H) only does so if H is
finite-dimensional. O

ExAMPLE C.1.8. If (X, X, jt) is a measure space, then L*(X, X, ) is a unital C*-algebra. Again,
complex conjugation serves as the involution and the norm of f € L*(X,X, u) is its essential
supremum | f|| (x5, ,,) = esssup [f]. O

EXAMPLE C.1.9. Let A be a C*-algebra. If S C A is any subset, then we denote by C*(S) the
smallest C*-subalgebra of A containing S and we call C*(S) the C*-algebra generated by S. In the
case where S = {x1,...,x,} is finite, we will also write C*(x1,...,x,) := C*(S). O

ExXAMPLE C.1.10. Let A be a *-algebra and suppose we are given a norm | - || on A such that
llxyl| < |lx|/lly]l and ||x*x|| = ||x||?> hold for all x,y € A. We call || - || a C*-norm on A. Note that
as a normed algebra, A can be uniquely completed to a Banach algebra A. Because the involution
is continuous with respect to || - ||, we can extend it to an involution on A, which then becomes a
C*-algebra, called the C*-completion of A. O

EXAMPLE C.1.11 (Direct sums and products). If A and B are *-algebras, then the direct sum
of vector space A @ B can be made into a *-algebra by defining the componentwise operations
(x,y)(x,y") = (xx,yy’) and (x,y)* := (x*,y*). In the case where A and B are C*-algebras, the
norm ||(x,y)|| := max{||x||,||y| } isa C*-norm on A & B and we call this C*-algebra the direct sum
of A and B.

If we wish to define the direct sum of infinitely many C*-algebras, things get more involved as
the algebraic direct sum will not be complete in general. Let A;, i € I, be any family of C*-algebras
and define .

[14: = { (x € [T 4 sup ] < eo}.

i€l iel i€l
We equip [T, A; with the componentwise operations and the C*-norm [|(x;);|| := sup;; [|x;]|-
One easily verifies that this is indeed a C*-algebra, called the (C*-algebraic) direct product of the A;.
Another way to obtain a C*-algebra is the (C*-algebraic) direct sum,

S
ZAi = {(xi)i S HA,' : ||Xl|| —0asi— OO},

iel iel
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where ||x;|| — 0 as i — oo has to be understood as i — ||x;|| belonging to Cy(I), where I is
equipped with the discrete topology. This is equivalent to requiring that for every ¢ > 0 there
are only finitely many i € I with ||x;|| > e. We equip the direct sum with the norm ||(x;);|| :=
sup;c; ||xi|| and this is again a C*-algebra. It follows that 2?2 ;A is a closed ideal in Hi [ Ai and
the algebraic direct sum is dense in Zj‘é 1 Ai (but in general not in the direct product). We will
reserve the notation @;c; A; for when we talk about the algebraic direct sum, that is, elements of
IL;er A; with only finitely many non-zero entries. Note that H??E 1 Ais Zi [ Ajand @jc; A; all agree
if I is finite.
If ¢;: A; — B; are *-homomorphisms, then they induce homomorphisms

&) ) D [S3) ) @
Hgﬂii HAl —)HBZ and Eq)ii ZAZ — ZBZ

icl el i€l iel i€l iel
by mapping (x;); to (¢;(x;));. This follows from the fact that *homomorphisms between C*-
algebras have operator norm || ¢;|| < 1, see Proposition C.2.2 below. O

EXAMPLE C.1.12. Let H;, i € I, be a family of Hilbert spaces. Then their Hilbert space direct

sum is

D= { () € TTHi: LI < o,

i€l i€l i€l
together with the inner product

((h)i, (ki)i) == ) _(hi, ).
i€l

One shows that this is again a Hilbert space. Now consider the C*-algebra A := Hi [ -Z(H;).
Then any element (T;); € A defines a bounded operator on @;¢; H; by

T((hi)i) := (Tihi)i
with operator norm [|T|| = sup,.; ||Tj|| and the assignment [T, Z(H;) — £ (®;c; H;) with
(T;); — T is an injective *-homomorphism. The operator T is then denoted by @;¢; T; and called
the direct sum of the operators T;, i € I. O

EXAMPLE C.1.13 (Unitization). For any algebra A over C, one obtains a unital algebra, called
the unitization of A, by taking the vector space A := A @ C with multiplication (x,A)(y, u) :=
(xy + Ay + ux, Ap). It is easily checked that A is a unital algebra with unit (0,1). If A has a norm,
then [|(x, A)[| 5 := ||x[[a + |A| defines a norm on the unitization. If A is a Banach algebra, then so
is A. In the case when A is a C*-algebra, one needs to be careful if A is to be a C*-algebra. For the
involution, one sets (x,A)* := (x*,A). In the case where A has no unit, the norm

G, DIz == sup {|(x + M)ylla:y € A, |lylla <1}

is a C*-norm on A which has the same values on A C A as || - || 4. If A already has unit 1 € A, it
might still be of use to consider the unitization, in which case

1, M)l 7 := max {{la+ A1]|, [|A]I}

isa C*-norm on A. O

C.2. The spectrum of an element

If A is a unital algebra, the spectrum of an element x € A is the set
oa(x) ;== {A € C: x — Aisnotinvertible}.

In the case where A is non-unital, we set o4 (x) := 0;(x), where A is the unitization of A from

Example C.1.13. The spectral radius of x € Aisra(x) := sup{|A| : A € o4(x)}. If it is clear from
the context which algebra A is meant, we will omit the subscripts in o4 and r 4.
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THEOREM C.2.1. If A is a Banach algebra and x € A, then o(x) is a compact, non-empty subset of
C. Moreover, r(x) = limy, e ||x"[|/" < ||x]|.

The following Proposition shows that *-homomorphisms are the “correct” notion of maps
between C*-algebras, as they are automatically continuous.

PROPOSITION C.2.2. Let A be a Banach *-algebra and B a C*-algebra. Then every *-homomorphism
¢: A — B has operator norm ||¢| < 1.

PROOE. We can always assume A and B to be unital and that ¢ satisfies ¢(1) = 1, since
otherwise we may consider ¢: A — B, ¢(x,A) := (¢(x),A). First note that if y is self-adjoint,

then r(y) = [ly|| since [|y*| = [ly||* and r(a) = limpseo [y" '/ = limyoeo Iy [[V/*" = [|y]|. For
x € Awehave o(¢(x)) C o(x) since ¢(x) is invertible as soon as x is (recall that ¢(1) = 1). But
then [|p(x)[|* = [lp(x*x) || = r((x*x)) < p(x*x) < [lx*x|| < [[x]]*. u

In applications, it is often easier to calculate the spectrum of some element x of a unital Banach
algebra with respect to some closed subalgebra B that contains x and the unit of A. Clearly, one
then has the inclusion 04 (x) C og(x). One can show that o (x) results from 04 (x) by filling some
of its holes, which are the bounded connected components of C \ 04 (x). In particular, if o4 (x) has
no holes, then op(x) = 04(x). If A is a C*-algebra, then the situation is a lot simpler:

PROPOSITION C.2.3. Let A be a unital C*-algebra and B be a C*-subalgebra which contains the unit
of A. Then for every x € A, we have 04(x) = op(x).

C.3. Commutative algebras and the Gelfand transform

Let A be a commutative Banach algebra. A character of A is a non-zero algebra homomor-
phism A — C. We denote the set of characters of A by Spec(A). One can show, see, that any
character ¢ € Spec(A) is automatically continuous with operator norm ||¢|| < 1. If Aisa C*-
algebra, then ¢ is even a *-homomorphism, ¢(x*) = ¢(x) for all x € A. In particular, we may
view Spec(A) as a subset of the dual space A* and we endow Spec(A) with the relative weak-*
topology. This means that a net 1 — ¢, in Spec(A) converges to ¢ € Spec(A) if and only if
¢.(x) = @(x) for all x € A. The resulting topological space is called the Gelfand spectrum or
character space of A.

PROPOSITION C.3.1. For any commutative Banach algebra A, the character space Spec(A) is a
locally compact Hausdorff space. Moreover, if A is unital, then Spec(A) is compact.

DEFINITION C.3.2. Let A be a commutative Banach algebra such that Spec(A) is non-empty.
The mapping
Ta: A= Co(Spec(4)), Ta(x)(9) := ¢(x)
is called the Gelfand representation. For x € A, we call T 4(x) € Co(Spec(A)) the Gelfand transform
of x.

Note that T'4(x) is continuous by the definition of the weak-* topology and if ¢ > 0, then
{p € Spec(A) : [T a(x)(p)| > €} is weak-* closed in the unit ball of A* and hence compact by the
Banach-Alaoglu theorem. Therefore, I' 4 (x) € Cy(Spec(A)).

THEOREM C.3.3. For any commutative Banach algebra A with Spec(A) # @, the Gelfand repre-
sentation T 4 is a norm-decreasing homomorphism. Moreover, r(x) = ||T 4 (x)||co and, if A is unital, then
o(x) =T a(x)(Spec(A)), whereas c(x) = T 4(x)(Spec(A)) U {0} for non-unital A.

THEOREM C.3.4 (Gelfand-Naimark). If A is a commutative C*-algebra, then the Gelfand represen-
tation T 4 is an isomorphism of C*-algebras.
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The Gelfand-Naimark theorem gives a complete description of all commutative C*-algebras:
any such algebra is of the form Cy(X) for some locally compact Hausdorff space. Moreover, the
C*-algebras Cy(X) and Cy(Y) are isomorphic if and only if X and Y are homeomorphic. This
motivates the term “non-commutative topology” for the study of C*-algebras.

Theorem C.3.4 together with the observation that Cy(X) is unital if and only if X is compact
gives the following stronger version of Proposition C.3.1 for C*-algebras:

PROPOSITION C.3.5. If A is a commutative C*-algebra," then the character space Spec(A) is compact
if and only if A has a unit.

Another important consequence of the Gelfand-Naimark theorem is the functional calculus.
Let A be a unital C*-algebra and x € A a normal element. If C*(1, x) denotes the C*-subalgebra
of A generated by x and the unit element of A, then C*(1,x) is clearly commutative and uni-
tal. By Theorem C.3.4, the Gelfand representation I'c+(q 4 is an isomorphism from C*(1,x) to
C(Spec(C*(1,x))). Consider now the Gelfand transform of x,

evy 1= [ce(1,4)(x): Spec(C*(L,x)) = C, evy(p) = @(x).

Then ev, is injective, because ¢1(x) = @p(x) implies ¢1(p(x, x*)) = @2(p(x, x*)) for all polyno-
mials p € C|z,Z] since ¢1, ¢, are *-homomorphisms as remarked above. Because {p(x,x*) : p €
C[z,z]} is dense in C*(1, x) by construction, we have ¢; = ¢,. Moreover,

o(x) = 0¢(spec(cr(1,2))) Ter(1,x) (X)) = im(Tev (1,4 (x)) = im(evy)

and ev, is continuous because the character space is equipped with the weak-* topology. Fi-
nally, since Spec(C*(1, x)) is compact it follows that evy: Spec(C*(1,x)) — o(x) is a homeomor-
phism and hence induces a *-isomorphism (evy)! of C(c(x)) onto C(Spec(C*(1,x))), given by

(evi)! () = f o v

DEFINITION C.3.6. Let A be a unital C*-algebra and x € A a normal element. The functional
calculus is the *-homomorphism ¢: C(o(x)) — A defined by the composition

(Ter(1,0)) o (evi)': Co(x)) = C*(1,x) C A.

It is the unique unit-preserving *-homomorphism from C(¢(x)) to A which maps id,(,) to x and
one usually writes f(x) instead of ¥( f) for continuous functions f: o(x) — C.

There is also a version of the functional calculus for C*-algebras without unit, which can be
derived by applying the above to the unitization. In this case, f(x) is defined for all normal x € A
and f € C(c(x)) with f(0) = 0.

EXAMPLE C.3.7. If x € A satisfies 0(x) C [0,00), then x is called positive. This is the case if
and only if x = y*y for some y € A. In this case, the functional calculus gives the existence of the
square root /x, which satisfies \/xy/x = x. Similarly, the absolute value |x| := v/x*x € A makes
sense for any element of a C*-algebra. O

As another application of the theory of commutative C*-algebras, we mention the following
sequel to Proposition C.2.2:

PROPOSITION C.3.8. Every injective *-homomorphism between C*-algebras is an isometry.

1 More generally, this holds for semisimple commutative Banach *-algebras. Here, a commutative Banach algebra A
is called semisimple if its radical rad(A) := MNpespec(a) ker(¢) is trivial. We refer to [Kan09, Corollary 3.2.3].
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C.4. Ideals and Quotients

Suppose that A is a normed algebra and I C A is a closed ideal. We only consider two-sided
ideals, meaning that x € I and y € A implies both xy € I and yx € I. Then the quotient algebra
A/I is again a normed algebra when equipped with the quotient norm ||x + I|| := infycq [|x + y||.
As usual, the multiplication on A/I'is (x + I)(y + I) := xy + I. If A is a Banach algebra, then so
isA/L

PROPOSITION C.4.1 (Quotients of C*-algebras). Let A be a C*-algebra and I C A a closed ideal.
Then I is self-adjoint, meaning that x € I implies x* € I, and the definition (a + I)* := a* + I makes the
Banach algebra A/ 1 into a C*-algebra.

LEMMA C4.2. Let A,B,C be C*-algebras and ¢: A — C, p: A — B be *-homomorphisms such
that ker(p) C ker(¢@) and p is surjective. Then there exists a unique *-homomorphism ¢: B — C such
that = g op.

PROOE. Define ¢: B — C by ¢(b) := ¢(a), where a € A is such that p(a) = b. Then ¢
is well-defined: if a; and a, are both in p~1({b}), then a; — a, € ker(p) C ker(¢) and hence
¢(a1) = @(a2). The algebraic properties of ¢ follow directly from those of ¢ and p. Regarding
uniqueness, suppose that ¥: B — C is another *-homomorphism such that ¢ = 1 o p. Then
1 o p = ¢ o p and uniqueness follows immediately from surjectivity of p. u

By the definition of the operations on the quotient, the canonical map : A — A/l is a
*-homomorphism. Applying Lemma C.4.2 to 7r, we obtain the universal property of the quotient
C*-algebra:

COROLLARY C.4.3. Let A be a C*-algebra and I C A be a closed ideal. If B is another C*-algebra
and ¢: A — B is a *homomorphism such that ¢|; = 0, then there exists a unique *-homomorphism
p: A/I — Bsuchthat g =por

PROPOSITION C.4.4. Any *-homomorphism between C*-algebras has closed range. In particular, the
image of any such homomorphism is again a C*-algebra.

PROOE. If ¢: A — B is such a homomorphism, then ¢ factors through I := ker(¢) to an
injective *-homomorphism ¢: A/I — B such that ¢ = ¢ o 7r. By Proposition C.3.8, i is isometric,
hence has closed image. But im(¢) = im(i) because 7 is surjective, so ¢ also has closed range.

[ |

Next, we study the commutator ideal Comm(A) of a C*-algebra A. By this we mean the closed
ideal generated by the elements of the form xy — yx for x,y € A. Note that the quotient C*-
algebra A/Comm(A) is commutative. The proof of the following result can be found in [Con91,
Lemma 12.2].

LEMMA C.4.5. Let A be a unital C*-algebra and denote by ® 4 the set of all nonzero homomorphisms
¢: A — C2 Then
Comm(A) = ({ker(¢) : ¢ € P4}
and P 4 can be identified with the character space of A/Comm/(A).

Finally, we mention that while not every C*-algebra has a unit, there always exist approximate
ones:

THEOREM C.4.6. Let A bea C*-algebra. Then there exists a net 1 — e, of positive elements of A such
that ||e,|| < 1 for all 1 and x = lim,(e,x) = lim,(xe,) for all x € A. Such a net is called a two-sided
approximate identity for A.

21f A were commutative, then ®4 would be the character space from section C.3.
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More generally, one can show that every left ideal L of a C*-algebra admits such an approxi-
mate identity, so that x = lim,(e,x) = lim,(xe,) holds for all x € L.

C.5. Representations

Let A be a *-algebra. A (*-)representation of A is a *-homomorphism p: A — £ (H) for some

Hilbert space H. Such a representation of A is called

— faithful if the homomorphism p is injective,

— non-degenerate if p(A)h = 0 implies h = 0, and

— irreducible if 0 and H are the only closed invariant subspaces for p.
Here, a subspace K C H is called invariant for p if p(A)K C K. The Hilbert space H is called the
representation space and we will sometimes denote representations by the pair (p, H). Two repre-
sentations (p, H) and (p’, H') of A are called unitarily equivalent if there exists a unitary operator
U: H — H’ such that Up(x) = p(x)U forall x € A.

REMARK C.5.1. (i) A representation (p, H) of A is non-degenerate if and only if p(A)H spans
a dense subspace of H. This follows from the fact that density of span(p(A)H) in H if and only
if (p(x)k,h) = 0 for all x € A and h,k € H implies h = 0. Since p is a *-homomorphism,
(p(x)k, k) = (k,p(x*)h), so that the above is equivalent to p(A)h = 0 forcing h = 0.

(ii) If (p, H) is a representation of A and if K C H is a closed invariant subspace, then we
obtain a representation px: A — .Z(K) by letting px(x) := p(x)|x-

(iii) For any representation (p, H) of A, the essential subspace

K := span(p(A)H)

is invariant, and the representation px is then non-degenerate. For this reason, not much is lost
when restricting considerations to the non-degenerate case.
(iv) Note that, by Proposition C.2.2, every faithful representation of a C*-algebra is isometric.
(v) A representation (p, H) of A is irreducible if and only if the only orthogonal projections
contained in the commutant

p(A) :={T € Z(H): Tp(x) = p(x)T forall x € A}

are 0 and I (the identity operator). This follows from the fact that if P is an orthogonal projection,
then P € p(A)’ if and only if im(P) is an invariant subspace for p.

The next results state that every C*-algebra can be realized as a C*-subalgebra of bounded
operators on a suitable Hilbert space. A state on a C*-algebra A is a linear functional 7: A — C
such that T(x*x) > 0 for all x € X (positivity) and ||t|| = 1. If A is a unital C*-algebra, this last
condition is equivalent to 7(1) = 1.

THEOREM C.5.2 (Gelfand-Naimark-Segal). If A is a C*-algebra and T a state on A, then there
exists a representation 1tr: A — £ (Hy) on a Hilbert space Hr, unique up to unitary equivalence, and a
unit vector ¢+ € H such that

T(x) = (7 ()¢, Gr)
for all x € A. Moreover, { is cyclic for the representation ¢, meaning that the set 1t (A)Gy is dense in
Hz. The representation (71, Hy) is called the GNS-representation associated to T.

The idea to Theorem C.5.2 is the following: given the state T, set I; := {x € A: T(x*x) = 0}.
This is a closed left ideal of A and one defines H+ to be the completion of A/ I; with respect to the
sesquilinear form (x + I,y + Ir) := T(y*x). The representation 77 : A — ¢ (H:) is then obtained
by left multiplication, 7t (x)(y + Ir) := xy + I.

PROPOSITION C.5.3. Every C*-algebra has a non-degenerate faithful representation.
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SKETCH OF PROOF. In fact, if S(A) denotes the set of states on A, then the direct sum H :=
@-es(a) Hr of Hilbert spaces and p: A — Z(H) with p(x) := @rcg(a) 7Tr(x) can be shown to
define a faithful representation, where (71, H¢) is as in Theorem C.5.2. The representation p is
called the universal representation of A.

Now let K C H be the essential subspace of p from Remark C.5.1, K := span(p(A)H). Then
pk is non-degenerate and if pg(x) = 0, then p(x)(p(y)h) = Oforally € Aand all h € H. Since
p(x)p(y) = p(xy) and p is faithful, this implies xy = 0 for all y € A. By using an approximate
identity for A, see Theorem C.4.6, we see that x = 0, so pk is also faithful. [ |

Concerning irreducible representations, we have the following relation with the compact op-
erators on the representation space:

THEOREM C.54. If p: A — Z(H) is an irreducible representation of a C*-algebra with p(A) N
H (H) # 0, then # (H) C p(A).

C.6. Tensor products

Given two C*-algebras A and B, we can view them as complex vector spaces and form their
algebraic tensor product A ® B. We recall that the algebraic tensor product of two (complex)
vector spaces V1, V; has the following universal property: given a bilinear map ¢: Vi x V, — W,
where W is another (complex) vector space, then there exists a unique linearmap ¢: Vi © Vo = W
such that ¢(v1 ® v2) = ¢@(vy,v2) for all v; € V; and v, € V. The tensor product Vi © V; is
uniquely determined by this universal property and is spanned by vectors of the form x ® y, with
xeViandy € V,.

Any two linear maps ¢: V; — Wy and ¢: Vo — W) give rise to a linear map

POP: ViOVs = W, W, (C.6.1)

such that 9 ©® P(x ® y) = ¢(x) ® P(y). This can be seen by applying the universal property to the
bilinear map V3 X Vo = W1 © Wy, (x,y) — ¢(x) @ ¢(y).

Returning to the case where A and B are C*-algebras, there is always a unique multiplication
on A®Bsothat (a®b)(a ®b') = aa’ @ bb' for all a,a’ € A and b,b’ € B. This can be seen by
considering the bilinear map y: A x B — hom(A ® B), u(a,b) := ¢4 ® (8, where hom(A ® B)
denotes the space of linear maps on A ® B and /4: A — A is multiplication on A with a from
the left and similarly for ¢ E : B — B. By the above universal property, there exists a unique linear
map ji: A® B — hom(A ® B) such that ji(a ® b) = (4 ® ¢8, meaning

fla@b)(a @b) =20 B)(d @) =ad @bV,
so Ji has the required property and it is easy to see that this is really a multiplication on A ® B.

Similarly, one shows that the involutions of A and B also give an involution on the algebraic
tensor product, uniquely determined by requiring (a ® b)* to agree with a* ® b*. Thus, A ® B
is made into a *-algebra, and for any two *-homomorphisms ¢: A; — By and ¢: Ay — By, the
induced map ¢ ® ¥ from (C.6.1) is a *-homomorphism.

If we want to make A © B into a C*-algebra, the only thing missing is a C*-norm with respect
to which A ® B is complete. This is where things get interesting, as there may be more than one
such normon A ® B.

REMARK C.6.1 (Hilbert space tensor product). If H and K are Hilbert spaces, then their alge-
braic tensor product H ® K carries a unique inner product with the property that (x @y, x' ® y') =
(x,y)(x',y') forall x,x’ € Hand all y, ¥’ € K. This also follows easily from the universal property
of the tensor product. The Hilbert space completion of H ® K with respect to this inner product
will be denoted by H®K. Moreover, for bounded operators S € .Z(H) and T € . (K), the linear
map S ® T from (C.6.1) extends to a bounded operator which we denote by S®T € £ (H&K).
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This construction satisfies (S®T)(S'®T’) = SS'&TT" and (SKT)* = S*&T* for T, T' € Z(H)
and S,5' € Z(K).

EXAMPLE C.6.2. If (X1, %1, #1) and (Xp, X, ji2) are o-finite measure spaces, then
L2(Xy, 1)L (Xo, t2) = LA(Xy X Xo, 1 X ),
see [KR83, Example 2.6.11]. In fact, the bilinear map

L?(X1, 1) % L2(Xp, p2) = L3(Xa x Xo, i1 X p2),  (f,8) = ((x,y) = f(x)g(x))

gives a linear map L2(Xy, p1) ® L2(Xo, o) — L?(Xq X Xo, 41 X po) which maps f ® g to (x,y) —
f(x)g(y) for f € L2(Xq, 1) and g € L?(Xp, 42) and one shows that this extends to the desired
isomorphism. O

THEOREM C.6.3. Let A and B be C*-algebras and ¢: A — Z(H), ¢: B — £ (K) two *-represen-
tations of A and B, respectively. Then there exists exactly one *-homomorphism t: A® B — Z(H&K)
with

m(a@b) = g(a)@y(b)
foralla € Aand b € B. If, in addition, ¢ and  are faithful, then so is .

SKETCH OF PROOF. Let ¢: A — Z(H&K) and ¢: B — Z(H®K) be defined by
¢(a) == @(a)®idg and P(b) := idy®yY(b).
Then @ and ¥ are *-homomorphism with commuting ranges, so that the bilinear map A x B —

Z(H&K), (a,b) — ¢(a)p(b), induces a *-homomorphism 7: A ® B — .Z(H&K) which maps
a®bto g(a)P(b) = ¢(a)@y(b) and one shows that this homomorphism is injective. |

We can use this result to show that there always is at least one C*-norm on the algebraic tensor
product. Let ¢: A — Z(H) and ¢: B — £ (K) be faithful representations, see Proposition C.5.3.
Then taking 77: A ® B — .2 (H&K) as in Theorem C.6.3, we define a C*-norm on A ® B by

el == [l ()],
called the spatial (or minimal) C*-norm, and we denote the associated C*-completion of A ® B by
A®+B, the spatial (or minimal) tensor product of A and B. By construction, 7t then extends to a
faithful representation of A®.B on H®K. One can show that the spatial norm is independent of
the faithful representations ¢ and .

PROPOSITION C.6.4. If A and B are C*-algebras and vy is a C*-norm on A © B, then y(a®b) <
la||||b|| foralla € Aandallb € B.

The Proposition immediately gives access to another C*-norm on the algebraic tensor product
A © B of two C*-algebras A, B. Letting I' be the set of all C*-norms on A ® B, we can form

llc]|max := sup{y(c): vy €T} (c€ A®B)

and call this the maximal C*-norm. Indeed, the supremum makes sense because I' is non-empty as
it contains the spatial norm, and ||¢||max is finite for all c € A ® B by Proposition C.6.4 since c is
the linear combination of elements of the form 2 ® b witha € A and b € B. The corresponding
completion will be denoted by A®maxB, the maximal tensor product of A and B, and it has the
following universal property:

THEOREM C.6.5. If p: A — Cand ¢: B — C are *~homomorphisms between C*-algebras such that
the image of ¢ commutes with the image of 1, then there exists a unique *-homomorphism 17: A®maxB —
C such that

(a@b) = ¢(a)p(b)
foralla € Aandb € B.
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REMARK C.6.6. By construction, || - ||max is the largest C*-norm on the algebraic tensor prod-
uct. It can be shown that the spatial norm is the least C*-norm, meaning it is dominated by every
other such norm, see [Mur90, Theorem 6.4.18].

DEFINITION C.6.7. A C*-algebra A is called nuclear if there is only one C*-norm on A ® B for
every other C*-algebra B. In this case, we will denote by A ® B the only possible C*-algebraic
tensor product of A and B.

EXAMPLE C.6.8. All finite-dimensional C*-algebras are nuclear and, more generally, the al-
gebra of compact operators on a Hilbert space is also nuclear. O

EXAMPLE C.6.9. By a result due to Takesaki, all commutative C*-algebras are nuclear, see
[Bla06, 11.9.4.4]. If A = Cy(X) is commutative, then A ® B = Cy(X, B) for every other C*-algebra
B. For commutative B = Cy(Y), we have Cyp(X) ® Co(Y) = Cop(X x Y). O



APPENDIX D

An orthonormal basis of the Bergman space

Let () be a bounded, logarithmically convex and complete Reinhardt domain in C". Thus,
Q) contains the origin and is pseudoconvex by Theorem 3.1.5. We now want to find a suitable
orthonormal basis of A%(Q)). By using polar coordinates, the integral of an integrable function f
on () can be expressed as

| far= @y /m| [ F49) v+ yud(s) dA(y) (D.1)

= (2n)" /AQ T.rn f(e¥s) e - ¥ du(s) dA(x), (D.2)

where y is the normalized Haar measure of the group T” (that is, arc length measure in every
component) and A is Lebesgue measure on R”. The details can be found in [Upm96, Proposi-
tion 1.4.24].

PROPOSITION D.1. The monomials z* = zi* - - - zy" with multiindices a € Z~, are pairwise orthog-
onal in L2(Q)) and span a dense subspace of A2(QY). In particular, the functions

ew =2/ |22 (@ € Z2) (D.3)
form an orthonormal basis of the Bergman space.

PROOF. Since () is bounded, all monomials are square-integrable. For & # B two multiindices
we have, using (D.1),

. n A g _
/ lez.B d)L(Z) — / / HS% Bj y‘?‘]‘f‘ﬁ]-‘rl dy(s) dA(y) —0
fo) J1o| JTn i1 ] )

since [ s;(j i ds; is zero for at least one j € {1,...,n} because « # . Moreover, this shows that

lza]|? = (270)" | |]/2”‘“ dA(y), (D.4)
Q
where 2« + 1 is understood to be the multiindex (2a1 +1,...,2a, + 1).
To show that the orthonormal system (D.3) is complete, it suffices to show that f € A%(Q)
and (f,e,) = 0 for all a € Z% implies f = 0. Since () is Reinhardt and contains the origin, f
admits a unique power series expansion

flz) =) az"= ) a“z!(o) Z* (zeQ)

n n
a€Ng a€ING

with convergence in the topology of O(()), meaning uniform convergence on compact subsets of
Q). Hence, using (D.1),

G2 = @ [ [ fs)s s aii) -
1 S - X 2y n « Y
— o [ [3 ) L rsane)| v adw) = @ [ aw )
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by the Cauchy integral formula for the derivatives of f. Therefore, (f,e,) = 0 implies a, = 0 and

hence f = 0. |

EXAMPLE D.2. We consider the one-dimensional case () = ID, the unit disc in C. Then we
can compute the integral (D.4) explicitly,

- 1

k2 _ 2k+1 47 (1)) — 2%+1 4, _ T

Z°||° =2m / dA(y) =2m / ay = —,

12 Jon? (v) L=

hence
& Jagl?

12 =m),
im0kt

for f € A%(D) with Taylor expansion f(z) = Y5>, axz*. O




APPENDIX E

Faces of convex sets

In this appendix chapter, we will study the faces of a convex subset A C IR”, that is, those
convex subsets F of A which have the property that they contain the endpoints of every line
segment whose interior intersects F. The goal is to merely give an introduction into the basic
concepts and definitions in order to supplement the geometric intuition, rather than to provide
an in-depth treatment. The following material is taken from [Sch93], and we refer to this reference
for more details on faces and convex sets in general.

DEFINITION E.1. For any non-empty subset S C R" let aff(S) be its affine hull. Thus, aff(S)
is the smallest affine subspace of R"” which contains S.

The affine hull of a subset S C IR” may be described as the set of affine combinations of points
in S,
aff(S) = {As1+ - + Ausy ;€5 A4 €ER, j=1,... ,nand Ay + -+ Ay = 1}.
Any affine subspace of A C R" is the affine hull of some finite number of affinely independent
points, say v, ...,v,41. The dimension of the resulting affine subspace A = aff({vy,...,v,41}) is

then, by definition, #, and this number only depends on A. If C C IR" is a convex subset, then its
dimension is dim (C) := dim (aff(C)).

DEFINITION E.2. For any subset S C R", we let relint(S) be the interior of S as a subset of
aff(S), where aff(S) is equipped with the subspace topology of R".
For any x,y € R", we define the closed line segment
v,y :={0x+(1—-0)y:0¢€0,1]}.
Similarly, the open and half-open line segments (x,y), (¥, y] and [x,y) are defined in the obvious

manner. Note that relint([x, y]) = (x,y).

DEFINITION E.3. A face of a convex subset A C IR" is a convex subset F C A with the property
thatx,y € Aand 6x+ (1 —0)y € F forsome 6 € (0,1) implies that x,y € F. Expressed differently,
aface F C A is a convex subset such that F N (x,y) # @ for some x,y € A implies x,y € F.

Since faces are convex by definition, any line segment in A with an interior point in F must
automatically be completely contained in F. Obviously, @ and A are faces of A, called the improper
faces of A, and all other faces are called proper.

EXAMPLE E4. The cube [0,1]® C RR? has, other than its improper faces, six two-dimensional
faces (the sides), eight zero-dimensional faces (the vertices), and twelve one-dimensional faces
(the edges). The closed ball B := {x € R® : |x| < 1} has only zero-dimensional proper faces. In
fact, every point in dB forms such a face. O

EXAMPLE E5. Let u € R" be a non-zero vector. Then u defines a face F, of A by
Fo={xeA:x-u :supyeAy~u}.

To see this, let x,y € A and 6 € (0,1) be such that 6x + (1 —0)y € F,. Hence, 6x - u+ (1 —0)y -
u = ¢, where c := sup, . z-u. If x ¢ F,ory ¢ F,thenx-u < cory-u < c and therefore

109
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Ox-u+ (1—06)y-u < c, acontradiction. Therefore, both x and y must belong to F,.. Obviously, F,
is convex. O

LEMMA E.6. If Fis a face of A and G is a face of F, then G is also a face of A.

PROOEF. Letx,y € A with6x+ (1 —6)y € G C A. Because F is a face of A, we have x,y € F,
and since G is a face of F, this implies x,y € G so that G is a face of A. [ |

LEMMA E.7. For any proper face F of A, we have F Nrelint(A) = @. In particular, open (in R")
convex sets do not have any proper faces.

PROOE. Let x € FNrelint(A) and pick y € A\ F (this is possible since F # A by assump-
tion). As x is in the relative interior of A and y € A, by convexity, there is z € A such that
x € relint([y, z]). But F is a face, so [y, z] C F, a contradiction to y ¢ F. [

Let H C R" be a hyperplane, that is, H is of the form H = H, := {x € R" : x-u = c} for
some non-zero # € R" and ¢ € R. Put differently, H is the preimage of a point under a non-zero
linear functional on R". We consider the two closed half-spaces HY := {x € R" : x-u > ¢} and
H ={x e R":x-u <c}of R" Let S C R" be a subset. We say that H supports S (at x) if
x € SN H and either S C H" or S C H. In this case, we call u a supporting vector of S at x. Note
that we may assume that S C H,, . by replacing u by —u and ¢ by —c if necessary. Moreover, if
§ is supported by H,,c and S C H, ., then necessarily ¢ = sup, sy - u. Indeed, ¢ > sup, gy - u
since S C H, . and x - u = c for every x € SN H. We set

Hys:={xeR":x-u=sup,gy-u}.

Note that F, as in Example E.5 is precisely A N H,, 5. These faces are of special importance and
hence they get their own name:

DEFINITION E.8. A face of A is called exposed if it is of the form H N A for a supporting
hyperplane H of A.

COROLLARY E.9. Any exposed face of a closed convex set is closed as the intersection of two closed
sets.

REMARK E.10. If F = AN H is an exposed face, then aff(F) C H since H contains F and is
affine. Moreover, F — cu C {u}* if F = F, and u is a unit vector, which follows from (x — cu) - u =
x-u—c=0forxeF wherec:=sup ,y-u.

PROPOSITION E.11. Every proper face of a convex set A C R" is contained in a proper exposed face
of A.

PROOE. By Lemma E.7, relint(F) Nrelint(A) C F Nrelint(A) = @, hence, by [Sch93, The-
orem 1.3.8], F and A can be properly separated, that is, there exists a hyperplane H such that
F C HY, A C H™ and F and A are not both contained in H. Since F C A, we necessarily also
have F C H, concluding that F C HN A =: F, the latter being an exposed face of A by definition.
Since F C H, we must have A C H and thus Fy # A, showing that F is proper. |
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Abstract

In this thesis, we study the C*-algebra generated by Toeplitz operators with continuous sym-
bols. The primary focus will be on Toeplitz operators defined on Bergman spaces over bounded
pseudoconvex Reinhardt domains Q) in C? and the goal is to describe the structure of the Toeplitz
C*-algebra T(Q)) in terms of a composition series. This analysis was done by Salinas, Sheu and
Upmeier in [SSU89] and it uses the theory of groupoid C*-algebras as pioneered by Renault in
[Ren80].

The most well known result on the structure of a Toeplitz C*-algebra is the case of Toeplitz
operators on the Hardy space over the circle S'. In this case, T(S') contains the ideal of compact
operators and the quotient is isomorphic to the C*-algebra of continuous functions on S!. In
chapter 1 we first take a closer look at Toeplitz operators on the Bergman space in general and
then concentrate on strictly pseudoconvex domains with smooth boundary. We will show that the
situation there is similar to the one of the Hardy space over S'. This is due to Raeburn, [Rae78].
The key ingredients here are methods from complex analysis, namely the theory of the d-equation.

The rest of the thesis is then devoted to the aforementioned case of (bounded) pseudoconvex
Reinhardt domains. Thus, we drop the assumptions on strict pseudoconvexity and smoothness of
the boundary, but we require () to have some symmetries by only considering Reinhardt domains.
As it turns out, the Toeplitz C*-algebra for these domains has a much richer structure which we
will be able to probe by associating to ) a locally compact groupoid whose unit space in a way
resembles the boundary geometry of (). The Toeplitz C*-algebra is shown to be isomorphic to a
(subalgebra of) the corresponding groupoid C*-algebra. In more concrete terms, the faces of the
logarithmic base Aq (a closed convex set in R?) give rise to invariant subsets of the unit space
of the groupoid and this parametrization by faces allows to give a composition series of T((2)
in terms of geometric data. For the one-dimensional faces, this data will be the slopes of these
faces and its contribution to the C*-algebra will depend heavily on whether its slope is rational or
irrational.

We will develop the theory of groupoid C*-algebras in chapter 2, with a focus on the results
and examples relevant to the analysis of T(Q)). In chapter 3, these results are put to use in deter-
mining the structure of the Toeplitz C*-algebra.

117






Zusammenfassung

In dieser Masterarbeit wird die von den Toeplitzoperatoren mit stetigem Symbol erzeugte
C*-Algebra untersucht. Der Hauptfokus ist dabei die Situation von Toeplitzoperatoren auf dem
Bergmanraum {iber einem beschrinkten pseudokonvexen Reinhardtgebiet Q) in C? und das Ziel
ist die Beschreibung der Toeplitz C*-Algebra T(Q)) durch eine Kompositionsreihe. Diese wurde
von Salinas, Sheu und Upmeier in [SSU89] durchgefiihrt und verwendet die Theorie der Grup-
poid C*-Algebren, welche von Renault in [Ren80] pioniert wurde.

Das wohl bekannteste Resultat iiber die Struktur von Toeplitz C*-Algebren is jenes fiir Toep-
litzoperatoren auf dem Hardyraum iiber dem Kreis S'. Hier enthalt T7(S') das Ideal der kompak-
ten Operatoren und der Quotient ist isomorph zur C*-Algebra der stetigen Funktionen auf S'. In
Kapitel 1 werden wir zuerst auf allgemeine Eigenschaften von Toeplitzoperatoren auf dem Berg-
manraum eingehen und uns im Anschluss auf streng pseudokonvexe Gebiete mit glattem Rand
konzentrieren. Wir werden zeigen dass die Situation hier dhnlich zu der vom Hardyraum iiber S*
ist. Dieses Resultat stammt von Raeburn, [Rae78]. The wichtigsten Zutaten fiir den Beweis sind
Methoden der komplexen Analysis, genauer: die Theorie des 9-Neumann Problems.

Der Rest der Masterarbeit befasst sich dann mit dem zuvor erwédhnten Fall von (beschrank-
ten) pseudokonvexen Reinhardtgebieten. Es werden also die Anforderungen an strenge Pseudo-
konvexitit und die Glattheit des Randes fallen gelassen, aber () muss nun ein Reinhardtgebiet
sein, also gewisse Symmetrien vorweisen. Es stellt sich heraus dass die Toeplitz C*-Algebra fiir
diese Gebiete eine viel reichhaltigere Struktur aufweist, welche wir untersuchen konnen, indem
wir () einen lokalkompakten Gruppoid zuordnen, dessen Einheitenraum die Randgeometrie von
) wiederspiegelt. Wir werden zeigen, dass die Toeplitz C*-Algebra isomorph zu (einer Teilalge-
bra der) zugehérigen Gruppoid C*-Algebra ist. Konkret geben die Gesichter der logarithmischen
Basis A (eine abgeschlossene konvexe Teilmenge von R?) Anlass zu invarianten Teilmengen
des Einheitenraums dieses Gruppoids und diese Parametrisierung durch die Gesichter erlaubt
die Konstruktion einer Kompositionsreihe von T(Q2) mittels geometrischer Information von Q).
Fiir die eindimensionalen Gesichter ist diese Information durch ihre Steigungen gegeben, und
der Beitrag zur C*-Algebra wird sehr davon abhéngig sein, ob diese Steigungen rational oder
irrational sind.

Wir werden in Kapitel 2 die Theorie der Gruppoid C*-Algebren entwickeln und uns dabei auf
jene Resultate und Beispiele konzentrieren, welche bei der Bestimmung von T(Q2) relevant sind.
In Kapitel 3 werden diese Resultate dann verwendet, um die Struktur der Toeplitz C*-Algebra zu
bestimmen.
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