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Numeri
al Solutions of Partial Di�erential EquationsUsing a Hydrodynami
 Supernova ModelMi
hael KennMay 31, 2014Abstra
tThis thesis deals with how to solve nonlinear partial di�erential equations numeri
ally.For a supernova model, I examine the 
ompressible hydrodynami
 Euler equations with non-
ontinuous initial 
onditions. I 
ompare highly sophisti
ated di�erential s
hemes and 
ombinethem with smoothing te
hniques to repress os
illations. The 
omputational results are 
om-pared with theoreti
al models where possible. After having established a reliable framework,the e�e
ts of di�erent initial 
onditions, heat 
ondu
tion, arti�
ial vis
osity and the like arestudied.Prefa
eIn re
ent years te
hniques using numeri
al s
hemes for solving nonlinear hyperboli
 PDEs haveimproved vastly. There are many di�erent approa
hes to repressing os
illations, whi
h are a dire
t
onsequen
e of using higher-order s
hemes. Problems in
luding non-
ontinuous initial 
onditions,in
lusion of sour
e terms due to 
ylindri
al or spheri
al symmetry or physi
al e�e
ts su
h as heat
ondu
tion or vis
osity, 
an be atta
ked extensively with a pool of appropriate methods. However,not all methods are suitable for 
ertain models, for example a supernova simulation, and it is noteasy to know whi
h method may be the best to start with.For the una
quainted student, dealing with the many possible te
hniques 
an be irritating at a�rst glan
e. Even though there is a large amount of literature that deals with all kinds of spe
ial
ases, it is hard to de
ide whi
h approa
h will be the most su

essful for a parti
ular problem.I found myself in this position when I �rst started investigating various di�erential s
hemes tosolve 
ompressible hydrodynami
 Euler equations (a set of highly nonlinear PDEs) to simulate theexpansion of supernova remnants. While studying the literature, I found some pres
ribed solutions[2℄. Had it only been only about produ
ing a hydrodynami
 
ode to run some simulations, one
ould have taken the easier way, i.e. taking the present suggestion as a bla
k box.However to a
quire a deeper understanding of the matter I knew I had to take the hard way. Ide
ided to understand why 
ertain approa
hes are superior than others and why some methods fail.The underlying obje
tive of this thesis therefore is to develop an in-depth insight into numeri
alsimulations of �ows in astrophysi
s rather then to use a pre-de�ned solution.3



The goal of this thesis is to give a 
omprehensive summary of all issues required for an understand-ing of a simple supernova simulation. Chapter 1 gives a short overview of my strategy. Chapter2 is a 
rash 
ourse in astrophysi
s, 
overing the Euler equations, the expansion of supernova rem-nants (SNR), sho
k waves and the Rankine-Hugoniot 
onditions, the 
omposition of the interstellarmedium (ISM) and so on. Chapter 3 gives an introdu
tion to the theory of numeri
al solutionsto hyperboli
 PDEs. I will introdu
e a large number of di�erential s
hemes and inspe
t them ona sample-model, where exa
t solutions are available in 
hapter 4. Chapter 5 �nally deals withthe supernova model. Features su
h as heat 
ondu
tion, vis
osity and turbulen
es are investigatedand 
ompared to predi
tions based on astrophysi
al 
onsiderations. Chapter 6 gives prospe
ts forpossible further investigations. Appendix A gives a brief program do
umentation.At this point I would like to express my gratitude towards two persons for their extensive andvaluable support during the entire time I worked on this thesis. I am extremely grateful to Prof.Neumann of the Department of Computational Physi
s at the University of Vienna, who took thetime for weekly meetings with me to work through 
omplex issues and always delivered the rightideas whenever I did not know the way forward. The other person is my wife Ritu, who not onlymade it possible for me to return to a
ademi
s and pursue my passion, but also spent a 
onsiderableamount of time to proof-read my thesis.
Mi
hael KennVienna, May 2014
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1 Introdu
tionThis 
hapter explains the reason for the 
hosen way to develop a suitable framework forastrophysi
al simulations. The single steps are introdu
ed individually and dependen
ies areidenti�ed. There is a strong fo
us on variety and reliability of the applied methods rather thanusing a ready-to-use solution.1.1 Work�owWe should be aware that the �nal goal is to develop a framework to solve a set of (a) highly nonlinearPDEs with (b) possibly non-
ontinuous initial 
onditions under (
) di�
ult boundary 
onditionsusing (d) 
ertain geometri
 
onstraints (e.g. spheri
al symmetry). It is therefore reasonable to breakdown the whole issue into small steps.1.1.1 Physi
al issuesFirst of all it is ne
essary to identify the underlying physi
s. In the 
ase of a supernova explosion,as we will see in 
hapter 2, it is a good approa
h to distinguish between the following states:Initial state: We assume a self-similar expansion in a short initial phase (e.g. 200 years), forwhi
h we need to 
hose a �xed initial density pro�le. An initial value problem with 
onstant initial
onditions ex
ept one dis
ontinuity is 
alled a Riemann problem (RP). In the 
ase of the Eulerequations in one linear dimension the Riemann problem 
an be solved analyti
ally (e.g. [21℄). Wewill take advantage of this and 
he
k our numeri
al s
hemes with these well known solutions. Onlythen we will expand to spheri
al symmetry and 
hoose parti
ular, non-
onstant initial pro�les fordensity, pressure and energy.Adiabati
 expansion: The �rst stage of the simulation is purely pressure driven and adiabati
.No heat 
ondu
tion or energy loss has to be 
onsidered. The la
k of a 
ooling fun
tion simpli�esthe set of equations 
onsiderably. Theoreti
al predi
tions 
an be used for 
he
king the quality ofthe model. At this point we will introdu
e the 
on
ept of arti�
ial vis
osity and adjust the modelparameters to mat
h the theoreti
al predi
tions.Heat 
ondu
tion: As we have a simple but a

urate model, we will now introdu
e perturbationterms. This will primarily be a 
ooling fun
tion modeling the e�e
t of heat 
ondu
tion and vis
osity.The Euler equations for momentum 
onservation then turn into the Navier�Stokes equations ([21℄,p17), whi
h are, as is well-known, hard to ta
kle.
5



1.1.2 Numeri
al issuesThere are as many di�erent optimal solutions as there are problems. Even when it be
omes 
learwhi
h type of di�erential s
heme might be the best �t, parameter tuning 
an still be very 
um-bersome in a high-dimensional parameter spa
e. To �nd a suitable s
heme my approa
h is simpleelimination. I start with approximately 15 di�erential s
hemes, apply them to the Euler equationsand 
hallenge them by 
ontinuously adding new requirements.There are a few major hurdles to master:Riemann problem without boundary 
onditions: The di�erential s
heme must, of 
ourse,solve the one-dimensional, linear Riemann problem with su�
ient a

ura
y. First order s
hemessu
h as the Godunov s
heme are sorted out at this point.Spheri
al symmetry: Spheri
al (and 
ylindri
al) symmetry 
an be implemented by adding asour
e term (this will be dis
ussed in 
hapter 3). Some di�erential s
hemes are very sensitivetowards the origin and therefore inappli
able for supernova simulations. In any 
ase, mu
h 
aremust be taken while handling the boundary at the origin.Supernova features: A major problem in the implementation of the supernova model is a largerange of magnitudes for the parameters. The radial velo
ity, espe
ially at the beginning, is veryhigh and there is a tremendous in
rease in pressure at the expanding shell. Numeri
al os
illations
an easily lead to negative pressure or negative internal energy, whi
h is not only non-physi
al,but will in most 
ases also 
ause the divergen
e of the s
heme. Se
ond order s
hemes not takingadvantage of total variation diminishing (TVD) te
hniques will not pass this point.Extensions of the model: Finally heat 
ondu
tion, vis
osity (and possibly turbulen
e) has tobe 
onsidered to provide a good model. Not all of the remaining s
hemes 
an deal with theserequirements in a su�
ient way and here a �nal 
hoi
e is made.1.1.3 S
ienti�
 issuesThe main obje
tive of this work is to 
hoose an appropriate framework to be used for furtherinvestigations. The material at hand should be a stepping stone to give up spheri
al symmetry andswit
h to a 
omprehensive three-dimensional model. With this extended model physi
al pro
esseswhi
h 
ould not be 
overed here 
an be studied.
6



2 Astrophysi
al ba
kgroundThis 
hapter gives an overview of the astrophysi
s required to understand the expansion ofsupernova remnants (SNR). I will begin with the Euler equations for 
ompressible �uids. Afterthat I will dis
uss properties of sho
k waves, in
luding the Rankine-Hugoniot 
onditions, whi
hdes
ribe the 
onta
t dis
ontinuity 
aused by an in�nitesimally thin sho
k wave. There will bean introdu
tion to the interstellar medium (ISM), 
overing the heating and 
ooling pro
esses,whi
h are essential for the energy loss of the SNR. A major part will be the di�erent phases ofthe expansion of the SNR. These are very important as here we obtain theoreti
al informationwhi
h should mat
h with the numeri
al model.2.1 Euler equationsDepending on the author's area of expertise, the Euler equations may be written in a number ofways. A 
lassi
al approa
h is that of Landau & Lifs
hitz [9℄, where the Euler equations des
ribethe behaviour of ideal �uids. In astrophysi
s, the Euler equations 
hara
terize the motion and
onservation of matter as outlined by S
hneider [14℄. A problem-spe
i�
 transformation of theEuler equations is used in the paper of Sedov [15℄, whi
h is advantageous for the derivation of anexa
t blast solution. Last but not least, a formulation useful for numeri
al 
al
ulations is given byToro [21℄. This 
hapter attempts to 
ompile all approa
hes above into a 
omprehensive des
ription.2.1.1 Formulation of the Euler equationsThe Euler equations are a system of hyperboli
 partial di�erential equations to des
ribe 
ompress-ible, invis
id �ows. One popular way to formulate them is in 
onservative form
∂tρ+ ~∇(ρv) = 0 (2.1)

∂t(ρv) + ~∇((ρv)v + pI) = 0 (2.2)
∂tǫ+ ~∇(ǫv + pv) = 0 (2.3)where

• ρ is the mass density of the �uid
• v = (v1, v2, v3) is the velo
ity ve
tor of the �uid
• ǫ is the total spe
i�
 energy density of the �uid
• p is the pressureThe term 
onservative implies that the equations (2.1)-(2.3) written in integral form des
ribe 
on-servation of mass, momentum and energy. The notation of energy is not unique in the literatureand here I will use the following 
onventions to avoid ambiguities:7



total energy density ǫ = ρ(1
2v

2 + U) = ρEinternal energy density u = ρUtotal spe
i�
 energy E = 1
2v

2 + U = T + Uspe
i�
 internal energy U = ǫ
ρ
− 1

2v
2spe
i�
 kineti
 energy T = 1

2v
2It is important to understand that equations (2.1)-(2.3) form a set of 1 + n + 1 = 5 equations inthe six variables ρ, v1, v2, v3, ǫ and p, where n = 3 is the number of spatial dimensions. An equationof state (EOS) p = p(ρ, ǫ) whi
h 
orrelates the pressure p to the spe
i�
 volume v = 1

ρ
und thetotal energy density ǫ is required in addition. The ISM is a very thin medium and we 
an thereforeassume the EOS for an ideal gas

p = (γ − 1)ρU = (γ − 1)(ǫ − 1

2
ρv2) (2.4)

ǫ =
p

γ − 1
+

1

2
ρv2 (2.5)with γ being the adiabati
 index (heat 
apa
ity ratio).The Euler equations 
an also be formulated in ve
tor form as

∂tu + ~∇f(u) = 0, u =





ρ
ρv
ǫ



 , f(u) =





ρv
(ρv)v + pI
(ǫ+ p)v



 (2.6)Equation (2.6) represents the 
onservative form of the Euler equations and we will refer to the set
u = (ρ, ρv, ǫ) as the 
onservable variables with respe
t to mass, momentum and energy.Another alternative formulation of the Euler equations � under the assumption of an ideal gas � isgiven by

∂tw + F (w)~∇w = 0, w =





ρ
v

p



 , F (w) =





v ρ 0
0 v

1
ρ

0 a2ρ v



 (2.7)where a =
√

γp
ρ
is the adiabati
 sound speed. The se
ond 
omponent of (2.7) should be read as

∂tv + (v · ~∇)v = −∇p
ρ

(2.8)and the third 
omponent of (2.7) together with (2.4) 
an be also written as
∂t(ρU) + ~∇(ρUv) = −p~∇v (2.9)Equation (2.7) is 
alled the non-
onservative form of the Euler equations, and the set w = (ρ,v, p)is 
alled the primitive variables. Another formulation of the third equation under the assumptionof an ideal gas whi
h is 
ommon in the literature [15℄[16℄[29℄ is
∂t(

p

ργ
) + v · ~∇(

p

ργ
) = 0 (2.10)8



For su�
iently smooth initial 
onditions it is irrelevant whether to work with the 
onservative or thenon-
onservative formulation. In 
ase of dis
ontinuities this is not the fa
t any more. In a supernovamodel we have to deal with sho
k waves, whi
h are 
hara
terized by nearly abrupt 
hanges in thephysi
al quantities. Thus great 
are has to be taken when forwarding primitive variables numeri
ally.An example illustrating that the 
onservative and the non-
onservative formulation of a set of PDEs
an give di�erent solutions is given by [21℄ for the 
ase of the shallow water equation.The eigenvalues of ∂f(u)
∂u

or F (w) are λ1,2 = v ± a and λ3,4,5 = v = |v|. All λi are real, and F (w)
an be diagonalized. In one dimension this is F = P · J · P−1 with
P =





1 1
a2

1
a2

0 − 1
aρ

− 1
aρ

0 1 1



 J =





v 0 0
0 v − a 0
0 0 v + a



 P−1 =





1 0 − 1
a2

0 −aρ
2

1
2

0 aρ
2

1
2



 (2.11)The real eigenvalues with linear independent eigenve
tors make the Euler equations a set of hyper-boli
 PDEs [23℄.2.1.2 Extending the Euler equationsThe Euler equations are the basis of the model for the expansion of a supernova. They re�e
t the�ux of a 
ompressible ideal gas with respe
t to pressure and energy.However, the solutions of a system of hyperboli
 PDEs are generally waves. If the set of equationsis nonlinear, those wave fun
tions are likely to break down at a 
ertain point. In the 
ase of asupernova expansion sho
k waves are formed, whi
h result in dis
ontinuities. The properties ofsho
k waves will be dis
ussed in 
hapter 2.2.In reality physi
al quantities are never dis
ontinuous. In the 
ase of the Euler equations, vis
osityis responsible for smoothing out the solutions. Roughly speaking, one has to add some terms to themomentum equation (2.2).
∂t(ρv) + ~∇((ρv)v + pI) = ~∇ · Π + f (2.12)Without going into details, Π is a tensor of se
ond rank 
alled the vis
ous stress tensor, and fsums up all kinds of external spe
i�
 for
es a
ting on the �uid. The resulting equation is 
alledthe Navier�Stokes equation. Unfortunately, solving the Navier�Stokes equation 
an be extremelydi�
ult. Even making predi
tions regarding its general behaviour 
an be very 
hallenging1.In 
hapter 5.6 we will introdu
e arti�
ial vis
osity by adding a term proportional to ρ∂v

∂r
|∂v
∂r
| to thepressure p. Although this idea was originally suggested by [2℄ for a Lagrangian approa
h, it is nowa 
ommon te
hnique for all kinds of PDEs.Another extension of the Euler equations is required due to heat 
ondu
tion. We will see in 
hapter2.3 that after a relatively short adiabati
 expansion, 
ooling of the SNR is initiated. Cooling isa 
onsequen
e of parti
le 
ollisions and is therefore proportional to n2 with n = ρ

µmH being theparti
le density, µ the average mole
ular weight and mH the mass of a hydrogen nu
leus, i.e. aproton.1It is one of the seven famous millennium problems and a solution is worth US$ 1,000,000 [1℄.9
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Figure 1: Cooling fun
tion: the e�e
t of 
ooling in
reases by two orders of magnitude during the
ool-down between 107 K and 105 K. This is mainly 
aused by the presen
e of 
arbon and oxygen.The 
ooling fun
tion Λ(T ) des
ribes the radiative loss of a low-density astrophysi
al plasma. Thedata for �gure 1 is taken from [18℄ and ni
ely illustrates the temperature dependen
y due to disso-
iation, re
ombination and radiation. Sin
e 
ooling a�e
ts energy, the third Euler equation has tobe modi�ed to
∂tǫ+ ~∇(ǫv + pv) = −n2Λ(T ) (2.13)where

d

dt

(

3

2
nkBT

)

=
d

dt
(ρU) = −n2Λ(T ) = −L(T ) (2.14)and U = 1

γ−1
p
ρ
is the spe
i�
 internal energy for an ideal gas. L(T ) des
ribes the total e�e
t of
ooling. How to implement this for a supernova is dis
ussed for the snowplow phase in 
hapter 2.5.
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2.1.3 One dimensional Euler equations for di�erent geometriesIn one dimension the Euler equations redu
e to a set of 3 equations. In the following r will be thespatial variable, pointing out the rudimentary symmetry of the supernova model. Equation (2.6)
an be simpli�ed to
∂tu + ∂rf(u) = −α

r
s(u) (2.15)with

u =





ρ
ρv
ǫ



 f(u) =





ρv
ρv2 + p
(ǫ+ p)v



 s(u) =





ρv
ρv2

(ǫ+ p)v



 (2.16)The parameter α 
hara
terizes the geometry of the problem, where α = 0 is the planar 
ase, α = 1is the 
ase of 
ylindri
al symmetry and α = 2 is the 
ase of spheri
al symmetry. The term −α
r
s(u)is 
alled the sour
e term.In the planar 
ase (α = 0) the Euler equations 
an also be written in a quasi-linear form

∂tu +
∂f(u)

∂u
∂xu = 0, u =





u1

u2

u3



 =





ρ
ρv
ǫ



 , f(u) =







u2
3−γ

2
u2
2

u1
+ (γ − 1)u3

−γ−1
2

u3
2

u2
1

+ γ u2u3
u1






(2.17)Equation (2.17) is the starting point for several numeri
al s
hemes.2.1.4 Euler equations and supernovaConsider now the Euler equations in spheri
al symmetry to simulate the expansion of SNRs. Thedi�erent eigenvalues v and v±a of the Euler equations 
orrespond to di�erent wave fronts. Be
auseof the non-linearity of the problem the propagation speeds of these wave fronts are not ne
essarilyproportional to the eigenvalues. There are only three di�erent possible types of wave fronts [21℄

• sho
k waves
• 
onta
t waves
• rarefa
tion wavesThe eigenvalue v 
orresponds to a 
onta
t wave, but the eigenvalues v ± a 
an prin
ipally result inany wave. In a supernova simulation we have a large initial amount of kineti
 energy and therefore

a ≪ v. This is why both eigenvalues v ± a are asso
iated with sho
k waves, the reverse sho
k foreigenvalue v − a and the shell for v + a. Remember that a denotes as usually the adiabati
 speedof sound. 11



2.2 Sho
k wavesSho
k waves are a very 
ommon phenomenon in astrophysi
s and therefore part of any introdu
tionto this �eld of knowledge. I refer to the s
ript of Dor� [26℄.At a supernova explosion, the velo
ity of the expansion v is initially 2�3 orders of magnitude largerthan the adiabati
 speed of sound a =
√

γp
ρ
. This prevents the propagating waves from adaptingto the medium. A thin sho
k front where the physi
al quantities 
hange abruptly, is formed.There are two types of sho
k waves to distinguish

• stationary sho
k waves
• propagating sho
k wavesAn example of stationary sho
k waves is solar winds. The shell formed by a supernova explosionon the other hand is a propagating 
ompression sho
k. Density, pressure, temperature and energyinitially in
rease, but the propagation velo
ity of the sho
k front de
reases 
ontinuously. We willformalize and estimate this de
eleration in 
hapter 2.3.Based on the assumption that no work is done, so that the pro
ess is purely adiabati
, the Rankine-Hugoniot 
onditions 
an be derived. In the rest frame of the sho
k wave, these 
an be written[26℄[27℄ as

ρL vL = ρR vR (2.18)
ρL v

2
L + pL = ρR v

2
R + pR (2.19)

ǫL +
pL

ρL
+
v2
L

2
= ǫR +

pR

ρR
+
v2
R

2
(2.20)Here ρK, pK, ǫK, vK denote mass density, pressure, total spe
i�
 internal energy and velo
ity ofthe �uid left (L) and right (R) of the sho
k front. Similar to the Euler equations, (2.18) embodies
onservation of mass, (2.19) 
onservation of momentum and (2.20) 
onservation of energy. Withinthe framework of this thesis, L will always be the side 
ontaining the origin and thus the interior ofthe supernova and R will be the side of the ISM.With some 
al
ulations [27℄ one 
an derive the 
ompression ratio, whi
h is the ratio between themass density behind the sho
k and the mass density in front of the sho
k.

ρbehind

ρfront
=
ρshell

ρISM
=
γ + 1

γ − 1
(2.21)For a monoatomi
 gas γ = 5

3 and the 
ompression ratio is 4:1, for a diatomi
 gas γ = 7
5 and the
ompression ratio is 6:1. In the 
ase of a supernova we are dealing with a hot, monoatomi
 gas, andthe 
ompression ratio is therefore 4:1.2.3 Supernova explosionSupernovae are extremely �er
e events whi
h release extremely large amounts of energy to theinterstellar medium (ISM). They are responsible for a variety of astrophysi
al pro
esses su
h as the12




reation of heavy elements and, more importantly, are essential for stellar evolution. The explosionitself happens within a fra
tion of a se
ond. For studying the development of supernova remnantsone has to know that approximately 1044 Joule (whi
h is as mu
h energy as our sun produ
es in7 billion years) are released in a moment, followed by an almost spheri
ally symmetri
, self-similarexpansion over a few hundred years. All the released energy is of kineti
 nature and the reason foran initial velo
ity of the eje
ta of as mu
h as 5000 km/s or more.Basi
ally, there are two types of supernovae. Type Ia supernovae are 
aused by 
arbon de�agrationin white dwarfs in binary systems. There is an upper mass limit for white dwarfs, the Chandrasekharlimit whi
h is approximately 1.44M⊙. By attra
ting mass from its binary, usually a red giant, thewhite dwarf gains mass and (
ounter-intuitively) the radius de
reases. When the Chandrasekharlimit is rea
hed, the radius be
omes in�nitesimally small, the star 
ollapses and results in a giganti
explosion. Sin
e the Chandrasekhar limit is in prin
iple always the same, the released energy isnearly the same for all type Ia supernovae. This fa
t is utilized for 
al
ulating a

urate distan
esof distant obje
ts2.Supernovae of type II3 are triggered by the 
ollapse of the 
ore of massive stars in HII-regions4, theorigin of most stars. Depending on their mass they leave a neutron star or a bla
k hole behind. Atypi
al number for mass eje
ted by su
h a supernova is 3M⊙ upwards. Massive main sequen
e stars(OB-asso
iations) have a short lifetime not ex
eeding a few million years. A type II supernova istherefore likely to o

ur 
lose to the birthpla
e of the star, thus in a HII region.In the present simulation we will fo
us our attention on type II supernovae. We will assume thehot environment of an HII region and investigate the intera
tion with the surrounding medium. In
hapter 2.4, we will dis
uss the properties of this neighborhood. The expansion of the supernovaremnants will be explained in 
hapter 2.5.2.4 Interstellar medium, HII regionsThe physi
al 
onditions in the vi
inity of the supernova play a major role. It is therefore absolutelyne
essary to know the nature and the physi
al pro
esses of the ISM in a HII region.A typi
al HII region has an extension of 100�1000 p
 and is the birthpla
e of most stars. It 
ontainsplenty of young, hot, blue stars. While most of a HII region 
onsists of hot, ionized hydrogen, everynow and then lo
al mole
ular 
ondensations develop, 
ool down� 
ollapse and form new stars.The ISM is, in simplest approximation, a two-phase model [6℄ with a 
old phase at T = 80K and awarm phase at T = 8000K. The reasons for this are found in the equilibrium between the heatingand 
ooling pro
esses and the se
ond law of thermodynami
s [27℄. A third phase 
onsists of theslowly 
ooling SNRs, a very hot, thin gas at temperatures > 106 K. This phase is not in equilibriumwith either of the other two phases and is nourished by 
onstant new supernova explosions.2The a

elerating expansion of the universe was 
orroborated with this method [33℄, Nobel Prize Physi
s 2011.3There are numerous sub-
lassi�
ations.4HII is a an a
ronym for singly ionized hydrogen, where H stands as usual for hydrogen and one less than theroman number indi
ates how often the atom is ionized. Thus, HI stands for neutral hydrogen. Similarly, FeVI standsfor �vefold ionized iron. 13



During the life span of an HII region of a few hundred Myrs, thousands of stars are born. Of theseonly the extremely massive OB-asso
iations are of interest to us. The average lifetime of an OB-asso
iation strongly depends on its mass and is between 0.5Myrs for 40M⊙ O-stars and 100Myrsfor 5M⊙ B-stars. The very massive O-stars are rare and therefore, for an OB-asso
iation one 
anreasonably assume a life span of approximately τ = 50Myrs. Based on observations it is estimatedthat during a period τ about N=30�50 supernova explosions [27℄ o

ur. This results in an averagepower LSN produ
ed by supernovae of
LSN =

N · 1044W

τ
≈ 2 · 1030W (2.22)This is four magnitudes higher then the luminosity of our sun L⊙ = 3.8 · 1026 W and one of thereasons for the warm phase at temperatures around 8000K. The temperature is an importantparameter in the model be
ause it is proportional to the internal pressure p and the energy density

ρU .
p = nkBT =

ρ

µmH
kBT (2.23)The other important parameter in (2.23) is the number density n of the environment. More signif-i
antly, in the hot phase, the number density is a

ording to [7℄ somewhere between n = 0.25 /cm3and n = 0.37 /cm3. In order to study the intera
tion between the ISM and a SNR, our later modelwill be based on a parti
le density of n = 1/cm3.The 
old phase pre
edes the gravitational 
ollapse that happens prior to star birth. In the 
oldphase, at T = 80K, the parti
le density a

ording to [7℄ is typi
ally n = 42 /cm3. We will see laterthat this density is almost one order of magnitude higher than the density of the SNR after theinitial free expansion of a few hundred years. For these reasons we will not 
onsider the 
old phasein our models.Finally µ is the mean mole
ular weight. For a fully ionized gas 
ontaining only hydrogen and heliumthis is

µ =
4 −X

3(X + 1)
=

Y + 3

3(2 − Y )
(2.24)where X is the mass fra
tion of hydrogen and Y = 1−X is the mass fra
tion of helium respe
tively.Using X = 0.75 /Y = 0.25 this gives µ = 13

21 ≈ 0.62.2.5 Supernova remnants (SNR)The evolution of SNRs and their intera
tion with the ISM are essential for our supernova model.In the following pages we derive a 
onstru
t for the theoreti
al des
ription of this pro
ess. These�ndings are used to 
ontrol and ultimately to �ne-tune the numeri
al simulations.There are four major stages during the expansion of a supernova:
• initial phase: free expansion 14



• Sedov-Taylor phase: adiabati
 expansion
• snowplow phase: radiative heat 
ondu
tion of the shell
• �nal phase: 
ooling of the interior of the supernova and mixture with the ISMTo make 
al
ulations easier we introdu
e a set of dimensionless quantities.

M∗ =
M

M⊙
R∗ =

R

pc
t∗ =

t

104 yrs

n∗ =
n

106 /m3
ρ∗ = 0.0247µn∗ E∗

SN =
ESN

1044 J
= 5258.398−1 M∗R∗2

t∗2Here ESN is the total released energy by the supernova explosion.Free expansion: The sweep-up radius Rs is de�ned as the radius, where the displa
ed mass ofthe ISM be
omes equal to the mass of the supernova eje
ta M .
M

!
=

4π

3
ρISMR

3
s =

4π

3

n

µmH
R3

s (2.25)
=⇒ R∗

s = 2.130 × 3

√

M∗

µn∗
(2.26)The total energy ESN of the supernova is 
onverted into kineti
 energy and the initial velo
ity vSNof the eje
ta is therefore approximately

vSN =

√

2ESN

M
(2.27)During the free expansion, the position R(t) = vSNt of the sho
k wave in
reases almost linearly.This phase lasts until the sweep-up time ts = Rs/vSN, when the sho
k wave rea
hes the sweep-upradius Rs. Using (2.26) and (2.27) this gives

t∗s = 0.0208M∗ 5
6 (µn∗)−

1
3 E∗

SN
− 1

2 (2.28)with typi
al values of a few hundred years.Our supernova model starts at some point during the free expansion. From then on the behaviourof the SNR is 
hara
terized by the solution of the Euler equations. Be
ause of the high velo
ity ofthe eje
ta, a sho
k wave is formed immediately. The smallest eigenvalue of the Euler equations isresponsible for a reverse sho
k, whi
h starts travelling inwards and is a well known phenomenon.Choosing proper initial 
onditions is not a trivial task. We will pursue two di�erent ways. The�rst one is derived from a rough estimate of the density pro�le and will be explained below. These
ond one is more sophisti
ated and uses the exa
t blast wave solution given by [16℄. While the�rst approa
h provides some freedom in the parameters, the se
ond one is restri
tive and will beoutlined separately in 
hapter 3.4. 15



For the simpler approa
h we assume a self-similar expansion in a linear velo
ity �eld for the regionbetween the origin and the shell
v =

r

t
=
∂r

∂t
(2.29)To satisfy the �rst Euler equation in spheri
al 
oordinates

∂tρ+
1

r2
∂r(r

2vρ) = 0 (2.30)one uses the ansatz [28℄
ρ(r, t) = ρ(v, t) =

A

t3
e
− v

v0 (2.31)where the 
onstants A and v0 are determined by mass and energy 
onservation.
4π

∫ ∞

0
ρr2 dr = M 4π

∫ ∞

0

ρv2

2
r2dr = E

A =
M

8π
v−3
0 v0 =

√

E

6MThis leads to an initial density pro�le
ρ(r, t) =

6
3
2

8π
M

5
2 E− 3

2 t−3 e
−

q

6M
E

r
t (2.32)At this initial point, we assume the sho
k wave already to be at position r0. The position r0 shouldbe far enough from the origin to avoid numeri
al problems, but 
lose enough to des
ribe pro
essessu
h as the reverse sho
k. The starting time t0 of the simulation is 
onsequently at

t0 =
r0
vSN

(2.33)A reasonable number for r0 
ould be 0.5 pc and t0 
ould be roughly 80 years after the blast.Another essential initial ingredient is the pressure distribution. While the pressure p of the ISM infront of the sho
k wave is expli
itly given by the density ρfront = ρISM and the temperature TISM ofthe ISM
p =

ρISMkBTISM

µmH
(2.34)the situation behind the sho
k wave needs some further 
onsiderations. One way is to use theRankine-Hugoniot equations (2.18) and (2.19) and the 
ompression ration (2.21). We negle
t thepressure pISM = pR ≪ pL in front of the sho
k, use vR = v = dr

dt
for the velo
ity of the sho
k waveand set ρR = ρISM for the density of the ISM. Taking all this into a

ount one gets

pL = pbehind =
2ρISM(dr

dt
)2

γ + 1
(2.35)for the pressure behind the sho
k. Unfortunately this is only the pressure 
lose behind the sho
kwave and does not give any further information about the full pressure pro�le towards the origin.16



For the approa
h des
ribed here it is su�
ient to use a pie
ewise 
onstant pressure pro�le
pinit =

{

pL = pbehind r ≤ r0

pR = pISM r > r0
(2.36)The simulations will show that a reasonable pressure pro�le develops immediately. However, in
hapter 3.4 an exa
t blast wave solution for more a

urate simulations will be given.Sedov-Taylor phase: As soon as the mass of the supernova be
omes negligible 
ompared to thedispla
ed mass of the ISM, a mainly pressure-driven adiabati
 blast wave phase starts. We willagain start with a simple approximation and refer to the exa
t self-similar solution as given in [19℄in 
hapter 3.4. Lu
kily this simpler approa
h gives an almost 
orre
t result.Assume that all 
olle
ted matter from the ISM at time t is lo
ated in a very thin shell at a distan
e

r(t) from the origin. This assumption makes sense as 
an be seen by the following argument:let δr be the radial size of the shell, ρbehind the density immediately behind the sho
k wave and
ρfront = ρISM the density of the ISM in front of the sho
k wave. Using (2.21) one estimates thespreading of the shell for an ideal monoatomi
 gas (γ = 5

3) by
4πr2δrρbehind =

4π

3
r3 ρfront (2.37)

δr =
ρfront

ρbehind
· r
3

=
γ − 1

γ + 1
· r
3

=
r

12
(2.38)So the extent of the sho
k wave is relatively small 
ompared to the expansion radius. In our roughapproximation we 
onsider δr to be in�nitesimally small. The pressure in the shell must 
ompensatethe expanding matter and therefore

4πr(t)2p(r(t)) =
d

dt
(M(t)v(t)) =

d

dt

(

4π

3
r(t)3ρISM

dr(t)

dt

) (2.39)Finally we substitute p(t)
(γ − 1)ESN = p(t)V (t) =

4π

3
r(t)3p(t) (2.40)and use the ansatz

r(t) = A · tα (2.41)whi
h leads to
r(t) =

(

75(γ − 1)ESN

8πρfront

)
1
5

· t 2
5 (2.42)Rewriting (2.42) in dimensionless form gives

r∗ = 14.473 · 5

√

(γ − 1)E∗t∗2

µn∗
(2.43)17



Equation (2.43) will be one essential 
riterion to 
he
k and �ne-tune the supernova model. Theexa
t self-similar solution in 
hapter 3.4 using γ = 5
3 and µ = 13

21 is bigger by just about 0.3%.
r∗ = 14.7421 · 5

√

E∗t∗2

n∗
(2.44)Obviously, this formula makes sense only for t∗ > t∗s .There is one more essential issue to be addressed. After the linear expansion, the further outspreadof the SNR obeys the Euler equations. In 
hapter 2.1 we have learned that there are three eigenso-lutions 
orresponding to the three eigenvalues v and v± a. The eigensolution with eigenvalue v− ais responsible for a reverse sho
k, whi
h initially runs inwards and heats up the interior of the SNR.This reverse sho
k 
an be observed in the simulations in 
hapter 5. However, some pre
autions haveto be taken sin
e this reverse sho
k 
an travel ba
k to the origin, where the 
oordinate singularity
auses numeri
al problems.Snowplow-phase: In the beginning the temperatures in the shell are extremely high. While theinterior of the SNRs 
ontinues to expand adiabati
ally, the shell starts to 
ool-down. Figure 1shows ni
ely how the e�
ien
y of 
ooling in
reases rapidly at temperatures below 106 K. At thesetemperatures the 
ooling follows approximately [6℄

Λ(T ) ∝
√

1

T
(2.45)Before the shell enters the phase of radiative 
ooling, the temperature in it 
an be estimated by theideal gas equation, (2.35) and (2.42).

p =
n

V
kBT =

ρbehind

mHµ
kBT =

γ+1
γ−1ρISM

mHµ
kBT =

2ρISMv
2
shell

γ + 1
(2.46)

kBT =
2(γ − 1)mHµ

(γ + 1)2
·
(

75(γ − 1)ESN

8πρISM

) 2
5

· 4

25
t−

6
5 (2.47)

T (t∗) = 4640496 ·
(

E∗
SN

n∗

) 2
5

· t∗−
6
5 K (2.48)Here vshell = dr/dt is the propagation velo
ity of the sho
k front and we have used γ = 5

3 and
µ = 13

21 as before. Therefore, after about 30000�40000 years the temperature of the shell has fallenbelow 106 K and 
ooling is well under way.In [27℄ there is a derivation for the time tcool where the age of the supernova tdyn is about the sameas the average 
ooling time tc, whi
h is approximately the internal energy ǫ divided by the average
ooling rate L.
tdyn ≈ tc ≈

ǫ

L
=

ǫ

n2Λ(T )
(2.49)

18



The result, however, is dependent on the proportionality 
onstant in (2.45) and I shall therefore
on�ne myself to quoting the result
t∗cool ≈ 2.13 · n∗−

4
7E∗

SN

3
14 (2.50)

r∗shell(t
∗
cool) ≈ 20 · n∗−

3
7E∗

SN

2
7 (2.51)The point in time t∗cool is to an extent of interest to us be
ause here a slowing of the propagationvelo
ity takes pla
e, whi
h is observed in the model simulations. As mentioned above, the interiorof the SNRs 
ontinues to expand adiabati
ally for quite some time, i.e.

pV γ ≡ const (2.52)The ram�pressure pram = p is proportional to the square of the propagation velo
ity vshell and,therefore, for γ = 5
3

ṙ2r5 ≡ const (2.53)
r(t) = rshell(tcool)

(

t

tcool

)
2
7 (2.54)For the simulations the 
ooling fun
tion needs to be in
orporated into the Euler equations. This isdone by adding the 
ooling fun
tion to the energy equation

∂tǫ+ ~∇(ǫv + pv) = −
(

ρ

µmH)2

Λ(T (ρ, p)) (2.55)with
T (ρ, p) =

µmH
kB

· p
ρ

(2.56)Final stage: The expansion of the SNR will last until its expansion velo
ity be
omes 
omparablewith the typi
al velo
ity of the ISM. This will be after a few Myrs. A supernova explosion is usuallynot an isolated event, but happens in a HII region, where thousands of stars are born within ashort period. The sho
k fronts of adja
ent supernovae will meet and the assumption of spheri
alsymmetry will get lost. Through the 
ollision of SNRs, regions of higher density will develop andalternate with regions of lower density. These are the 
onditions required for further star generation.The 
onsequen
e for our model is that at this point we have to give up spheri
al symmetry in thedi�erential s
hemes.
19



2.5.1 Summary of parametersThe following table gives typi
al values for the parameters.parameter typi
al values des
ription
ESN 1044 J energy released by SN
M 3M⊙ total mass of eje
ta
vSN 5789 km/s average initial velo
ity of eje
ta
γ 5

3 adiabati
 index for monoatomi
 gas
X 0.75 mass fra
tion hydrogen in ISM
Y 0.25 mass fra
tion helium in ISM
µ 13

21 ≈ 0.62 mean mole
ular weight
n 1/cm3 parti
le number density of ISM

ρISM 1.035 · 10−21 kg/m3 mass density of ISM
TISM 10000K temperature of ISM

ts 610 years sweep-up time
Rs 3.6 pc sweep-up radius
tcool 21300 years time when 
ooling be
omes relevant
Rcool 20 pc position of shell when 
ooling be
omes relevant
Tcool 2 · 106 K temperature of shell when 
ooling be
omes relevant
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3 Mathemati
al ba
kgroundThis 
hapter 
overs mathemati
al and numeri
al issues. It starts with general notes on nu-meri
ally solving PDEs, su
h as the monotoni
ity preserving 
onditions given by Godunov. TheRiemann problem of solving the Euler equations with one initial dis
ontinuity and otherwise
onstant initial values will be introdu
ed. The exa
t solution of the Riemann problem is not onlyrequired for a number of di�erential s
hemes, but is also a useful tool for verifying numeri
al so-lutions. There is a long list of di�erential s
hemes introdu
ed and advantages and disadvantagesare outlined. To get plausible initial 
onditions shortly after the blast, two self-similar solutionsfor a pun
tual explosion as proposed by Taylor and Sedov are given.3.1 Solving PDEs numeri
allySolving systems of nonlinear partial di�erential equations numeri
ally is not easy! Even 
ompara-tively simple problems, su
h as the invis
id Burgers' equation ∂tu + u∂xu = 0, immediately revealthe full range of problems that might o

ur. It is naive to presume that a

ura
y 
an be gainedby �ner dis
retization. A better �t due to smaller distan
es between the nodes will be more than
ompensated by the need for shorter time steps. As already mentioned in 
hapter 2.1.1 even the for-mulation of the problem 
an be essential. Using a set of 
onservative rather than non-
onservativequantities gives di�erent solutions in the 
ase of non-
ontinuous initial values (see 
ounterexamplein [21℄).The original obje
tive of this thesis was to �nd out whi
h s
heme should be used for whi
h problem.Before possible approa
hes are introdu
ed in 
hapter 3.3, some prerequisites are required.All numeri
al PDEs dis
ussed here have the 
ommon form
u

(n+1)
i =

jR
∑

j=−jL

bju
(n)
i+j (3.1)where the index i is the spatial 
omponent and (n) indi
ates the n-th iteration in time. It is obviousthat the bj depend on the �neness of the spatial grid ∆x as well as on the time step ∆t. We talkabout a monotone s
heme if all the 
oe�
ients bj ≥ 0.In 1959, Godunov proved the following fundamental theorem [21℄:Theorem 1 Monotone s
hemes are of �rst order only.This is bad news sin
e non-monotone s
hemes tend to produ
e os
illations over time. So the naturalproblem is to diminish these os
illations by 
al
ulating the bj in an adequate way.In the following we assume that the system of PDEs to be solved has the one-dimensional form

∂tu(t, x) + ∂xf(u(t, x)) = g(u(t, x)) (3.2)21



The Euler equations are pre
isely of this form. The term g(u) is sometimes 
alled sour
e termand 
an either originate from the geometry of the problem or from additional terms su
h as heat
ondu
tion or vis
osity. In any 
ase, g(u) only depends on u but not on its derivatives.With this, the problem 
an be split into a homogeneous and an inhomogeneous part, whi
h haveto be solved separately. For the homogeneous part ∂tu + ∂xf(u) = 0 numeri
al s
hemes are used,whi
h in prin
iple follow the pattern
u

(n+1)
i = u

(n)
i − ∆t

∆x

(

fi+ 1
2
− fi− 1

2

) (3.3)The f are �uxes. Half-indi
es indi
ate that these �uxes are 
al
ulated between the grid points5.Several de
ades of resear
h has given us suitable te
hniques to estimate these �uxes appropriately.On
e the homogeneous part is done and u is forwarded by one time step ∆t, an ordinary di�erentialequation is left
du(n+1)

dt
= g(u(n+1)) (3.4)This ODE 
an be forwarded by simple Runge�Kutta methods or other suitable algorithms.Not every 
onsistent di�erential s
heme is numeri
ally stable. In 1947 the Hungarian mathemati
ianVon Neumann developed a framework for linear problems, known as Von Neumann stability analysis,to de
ide, whether a s
heme is stable or not. The basi
 idea is, to de
ompose numeri
al errors intoFourier modes. If the (absolute value) of an eigenvalue of one of these modes ex
eeds unity, thes
heme will be
ome unstable after a �nite time. It is important to understand (,) that this analysisdeals with the e�e
ts of numeri
al errors rather than errors 
aused by dis
retization. For the Eulerequations, stability analysis for the di�erent s
hemes is substan
e for extensive further investigations.Here an easier way is adopted. The stability of the various di�erential s
hemes is explored by somesimple test 
ases des
ribed in 
hapter 4. The useful s
hemes are then applied on the Euler equationsand the unstable ones are dis
arded.Basi
ally, there are four fundamental properties of numeri
al s
hemes [21℄

• 
onsisten
y
• stability
• a

ura
y
• 
onvergen
eConsisten
y means that e�e
tively the 
orre
t system of PDEs is solved, i.e. the di�erential s
hemeapproximates the original set of equations. That this is not ne
essarily always the 
ase is shown bythe 
ounterexample for the Du Fort-Frankel-s
heme applied to the heat equation given in [31℄(p64).The stability of a s
heme is established, if its fundamental 
onvergen
e behavior is not a�e
ted by5A
tually the ve
torial �uxes are lo
ated on integer 
oordinates while the s
alar values are positioned somewherebetween. For �nite volume methods this is usually at the mass 
enter of the volume.22



rounding errors, independent from the numeri
al quality. On the other hand, a

ura
y des
ribesthe di�eren
e between the exa
t and the numeri
al solution. It is de�ned [21℄(p417) as the leadingterm in the lo
al trun
ation error. Convergen
e is hard to prove. At least for linear systems theLax equivalen
e theorem states for well-posed problemsTheorem 2 In linear systems 
onsisten
y and stability is equivalent with 
onvergen
e.Sin
e 
onsisten
y is easy to see, in the linear 
ase one only has to ensure that a given s
heme isstable to 
onverge.Many di�erential s
hemes require solving a 
ountless number of isolated Riemann problems. There-fore we will give a short dis
ussion of the Riemann problem in 
hapter 3.2 before we advan
e tonumeri
al s
hemes in 
hapter 3.3.3.2 Riemann problemA Riemann problem is an initial value problem with 
onstant initial values, ex
ept for a hypersurfa
ewhere there is a dis
ontinuity. Riemann problems are ubiquitous and des
ribe phenomena su
h assho
k waves or rarefa
tion waves. It is surprising at �rst sight that for the one-dimensional Eulerequations (whi
h are hyperboli
 and nonlinear), exa
t solutions of the Riemann problem 
an be
onstru
ted. However, in pra
ti
e, solutions are approximated by so-
alled Riemann solvers. Alarge number of su
h numeri
al Riemann solvers are given in [21℄. The only Riemann solver thatwill be tou
hed upon is the one by Roe [13℄, whi
h is quite 
ommon in hydrodynami
 simulationsand �nds its appli
ation e.g. in the simulations of [17℄ or [32℄.In a very simple approximation even the supernova model 
an be assumed to be a Riemann problem.The initial point of the shell r0 marks the dis
ontinuity, and the total mass of the eje
ta is uniformlydistributed within the shell.
ρL =

3M

4πr30
ρR = ρISM initial density

vL =

√

2ESN

M
vR = 0 initial velo
ity

pL =
2ρISMv

2
L

γ + 1
pR = nISMkBTISM initial pressureSu
h initial 
onditions are only a very rough approximation. However, after a 
ouple of timesteps the general pattern of the solution be
omes similar to more a

urate models. Here we haveto presuppose spheri
al symmetry, and unfortunately there is no exa
t solution of the Riemannproblem in this 
ase.In this thesis, the exa
t solution of the Riemann problem is exploited in two 
omplementary ways:1. As a sub-tool for numeri
al s
hemes:due to dis
retization, the physi
al quantities during a simulation 
an be 
onsidered as pie
ewise23




onstant within a range with dis
ontinuities between the �nite volumes. Many numeri
als
hemes therefore require su

essively the solutions of a large number of Riemann problems.For every time step and spatial point a Riemann problem is solved and the individual resultsare 
ompiled to an overall solution.2. As an instrument to verify numeri
al results:the exa
t solution of a Riemann problem is one way to verify numeri
al s
hemes. We willlater use the exa
t solution of a plane, one-dimensional Riemann problem and 
ompare it todi�erent simulation results.3.2.1 Exa
t solution of the Riemann problem for the one-dimensional plane EulerequationsThe Riemann problem is stated as the solution of the Euler equations with 
onstant initial 
onditionsex
ept one dis
ontinuity. We will 
onsider the planar one-dimensional 
ase6, thus
∂tu + ~∇f(u) = 0, u =





ρ
ρv
ǫ



 , f(u) =





ρv
ρv2 + p
(ǫ+ p)v



 (3.5)with initial 
onditions
u(x, 0) =

















































ρL

ρLvL
1
2ρLv

2
L + pL

γ−1






(x < x0)







ρR

ρRvR
1
2ρRv

2
R + pR

γ−1






(x > x0)

(3.6)
and EOS

p = (γ − 1)(ǫ − 1

2
ρv2) (3.7)Note that we are solving the 
onservative form of the Euler equations for u = (ρ, ρv, ǫ) usingthe non-
onservative variables w = (ρ, v, p). As already outlined in 
hapter 2.1.1 there are threeeigenvalues λ1 = v− a, λ2 = v and λ3 = v+ a ea
h 
orresponding to a nonlinear wave front. Thesewaves split the (x− t)-plane into the 4 se
tions I, III, IV and VI as illustrated in �gure 2.The wave front between III and IV is always a 
onta
t dis
ontinuity. There is a sudden step in thedensity ρ, but velo
ity v and pressure p remain 
onstant. The other two waves asso
iated with theeigenvalues v±a 
an either be sho
k waves or rarefa
tions. In �gure 2, the left wave is a rarefa
tionand the right wave is a sho
k wave, but it is also possible that both are sho
k waves or both arerarefa
tions. In the 
ase of a rarefa
tion, the (x−t)-plane is further divided, taking into a

ount theexpansion of the rarefa
tion. Here II is the spread of the rarefa
tion, while V is the in�nitesimallysmall width of the sho
k wave and 
an be ignored.6The spheri
ally symmetri
 
ase involves a sour
e term and 
an not be treated so easily.24
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Figure 2: The wave fronts 
orresponding to the three eigenvalues split the (x− t)-plane into up tosix domains. At the border between III and IV the density ρ takes a step, but the velo
ity v andthe pressure p remain 
onstant.Con
erning supernovae, sho
k waves are far more important than rarefa
tions. Moreover, sho
kwave solutions are slightly easier sin
e one has to treat one 
ase less, namely the expansion of therarefa
tion. The following 
hapter 3.2.2 outlines the exa
t approa
h for both 
ases and gives thefull solution for sho
k waves expli
itly.3.2.2 Sho
k wave solutionThere are two 
onditions for the o

urren
e of sho
k waves [21℄, whi
h are
λ(uR) < σ < λ(uL) (3.8)

f(uR) − f(uL) = (uR − uL)σ (3.9)Here λ denotes the eigenvalue, σ the propagation speed of the wave and the ve
tor f(u) is givenin equation (3.5). The �rst 
ondition is the Lax entropy 
ondition whi
h manifests the 
ompres-25



sive 
hara
ter of the wave while the se
ond 
ondition gives the Rankine-Hugoniot equations whentransforming into the rest frame of the wave, thus σ = 0 and v′L = vL − σ, v′R = vR − σ.
ρLv

′
L = ρRv

′
R (3.10)

ρL(v′L)2 + pL = ρR(v′R)2 + pR (3.11)
γ

γ − 1

pL

ρL
+

1

2
(v′L)2 =

γ

γ − 1

pR

ρR
+

1

2
(v′R)2 (3.12)In equations (3.8)-(3.12) the indi
es L and R stand for left and right, respe
tively, of a parti
ularsho
k wave.Let us now 
onsider the Riemann problem with a two sho
k wave solution. The indi
es L and R nowrefer to the regions left of the left sho
k wave and right of the right sho
k wave. From 
onditions(3.8)-(3.12) it 
an be shown that any analyti
 solution will have 
onstant pressure p∗ and 
onstantvelo
ity v∗ between the two sho
k waves. Let for K ∈ {L,R} be

PK(p, ρK) =

√

2(p − pK)2

ρK[γ(p+ pK) + (p− pK)]
(3.13)Then p∗ is impli
it given by the root of the equation

PL(p∗, ρL) + PR(p∗, ρR) = uL − uR (3.14)and the velo
ity v∗ is given by
v∗ =

vL + vR
2

+
PR(p∗, ρR) − PL(p∗, ρL)

2
(3.15)Between the left and the right sho
k wave there is a 
onta
t wave separating the area between thetwo sho
k waves into III and IV.

ρIII = ρL
γ(p∗ + pL) + (p∗ − pL)

γ(p∗ + pL) − (p∗ − pL)
ρIV = ρR

γ(p∗ + pR) + (p∗ − pR)

γ(p∗ + pR) − (p∗ − pR)

vIII = v∗ vIV = v∗

pIII = p∗ pIV = p∗The propagation velo
ity of the left and the right sho
k waves are
σL = vL −

√

γ(p∗ + pL) + (p∗ − pL)

2ρL
(3.16)

σR = vR +

√

γ(p∗ + pR) + (p∗ − pR)

2ρR
(3.17)Taking advantage of the 
onstant propagation speeds of the waves a similarity solution for x
t

anbe given immediately

ρ(t, x) =























ρI = ρL x/t ≤ σL

ρIII σL ≤ x/t ≤ v∗

ρIV v∗ ≤ x/t ≤ σR

ρIV = ρR σR ≤ x/t

(3.18)26



For strong sho
k waves, the speed of sound a is negligible 
ompared to the propagation speeds σLand σR

a =

√

γp

ρ
=
√

(γ − 1)γU =

√

γkBT

µH
≪ σK (3.19)and one 
an see 
learly that for this nonlinear system of PDEs the eigenvalues v ± a are not thepropagation speeds σK of the waves.3.2.3 Rarefa
tion solutionThe rarefa
tion solution is also based on p∗ and v∗, but is slightly more 
ompli
ated. Some di�er-ential s
hemes require the propagation velo
ities σ for all kind of waves. These are given in 
hapter3.3.9. For the full set of formulas we refer to [21℄.3.3 Di�erential s
hemesIn this 
hapter an overview of 
ommon di�erential s
hemes is given. All di�erential s
hemes apply toa set of homogeneous PDEs. If an additional non-homogeneous term is given, �rst the homogeneoussystem is forwarded and then the inhomogeneous part is treated as an ordinary di�erential equation.PDEs with sour
e terms depending on derivatives su
h as the Navier�Stokes equations will not be
overed here, although there are possibilities to approximate quantities su
h as vis
osity.All di�erential s
hemes listed here follow the generi
 form

u
(n+1)
i = u

(n)
i − ∆t

∆x

(

fi+ 1
2
− fi− 1

2

) (3.20)where the ve
torial and s
alar quantities build a staggered grid. Fluxes with upper time-indi
essu
h as f
(n)
i = f

(n)
i (u

(n)
i ) are auxiliary quantities, while �uxes without these su
h as f

method
i+ 1

2

are �nalestimates to be used in (3.20).3.3.1 Lax�Friedri
hs s
heme
f
LF
i+ 1

2
=

1

2

(

f
(n)
i + f

(n)
i+1

)

− ∆x

2∆t

(

u
(n)
i+1 − u

(n)
i

) (3.21)In this parti
ular s
heme forwarding u turns out to be simple
u

(n+1)
i =

1

2
(u

(n)
i+1 + u

(n)
i−1) −

∆t

2∆x

(

f
(n)
i+1 − f

(n)
i−1

) (3.22)For 
omplex systems the numeri
al solutions are not very smooth and therefore the Lax�Friedri
hss
heme is only used rarely. 27



3.3.2 Lax�Wendro��Ri
htmyer
u

(n+ 1
2
)

i+ 1
2

=
1

2

(

u
(n)
i + u

(n)
i+1

)

− ∆t

2∆x

(

f
(n)
i+1 − f

(n)
i

) (3.23)
f
LWR
i+ 1

2
= f

(n+ 1
2
)

i+ 1
2

(3.24)This s
heme is of se
ond-order a

ura
y in spa
e and time. The drawba
k of its simpli
ity is astrong tenden
y to produ
e os
illations.3.3.3 First-order 
entred s
heme (FORCE)
f
FORCE
i+ 1

2

=
1

2

(

f
LF
i+ 1

2

+ f
LWR
i+ 1

2

) (3.25)Here the �uxes are averaged over the �uxes of Lax�Friedri
hs and Lax�Wendro��Ri
htmyer. Thiss
heme la
ks a

ura
y but is easy to implement and still useful for a large 
lass of hyperboli
 PDEswith smooth solutions.3.3.4 Lax�Wendro��Ma
Corma
kThis s
heme is a Lax�Wendro� type s
heme.
u
∗
i = u

(n)
j − ∆t

∆x

(

f
(n)
i+1 − f

(n)
i

) (3.26)
f
LWMC
i+ 1

2
=

1

2

(

f
(n)
i+1 + f

∗
i

) (3.27)In the linear 
ase it be
omes equivalent to the Lax�Wendro��Ri
htmeyr s
heme.3.3.5 Godunov s
hemeLet u
(RP)

i+ 1
2

(x
t
) be the solution7 of the Riemann problem RP(u

(n)
i ,u

(n)
i+1). The approximated �ux isits solution at x = 0.

f
GOD
i+ 1

2
= f

(

u
(RP)

i+ 1
2

(0)

) (3.28)Here the 
al
ulation of the �uxes are 
onsidered as separated Riemann-problems. This s
heme is amonotone s
heme and therefore only �rst-order a

urate.7Sin
e this is a self-similarity solution it is su�
ient to use the argument x
t
.

28



3.3.6 Roe s
hemeThis s
heme was �rst introdu
ed by Roe [13℄ in 1981 and is one of the most powerful s
hemestoday. It is a generalization of the Godunov s
heme in the sense that the equations are again
onsidered pie
ewise as Riemann problems. The basi
 idea behind the Roe s
heme is that the non-linear hyperboli
 equations are �rst linearized. As for the Riemann problem, an exa
t solution forthe linear hyperboli
 equations in general is known. Better performan
e is a
hieved at the 
ost ofgreater 
omplexity.Roe's approa
h is to quasi-linearize ∂tu + ~∇f(u) = 0 in the form ∂tu + A~∇u = 0 and give a goodestimate for A(uL,uR). He postulated three 
onditions for his matrix A(uL,uR):1. A(uL,uR) has only real eigenvalues with linear independent eigenve
tors. This is to ensurethat the linearized equations are still hyperboli
.2. A(uL,uR) · (uR − uL) = f(uR) − f(uL). This is to ensure 
onservation of quantities.3. A(uL,uR) → ∂f(u)
∂u

as uR → uL. This is to ensure 
onsisten
y.Remember that u = (ρ, ρv, ǫ) and that p = (γ − 1)(ǫ − 1
2ρv

2). It is furthermore 
onvenient to usethe total spe
i�
 enthalpy h = ǫ+p
ρ

and the adiabati
 speed of sound a =
√

γp
ρ
.We de�ne the Roe-averages as

v̄ =

√
ρLvL +

√
ρRvR√

ρL +
√
ρR

=

√

ρ
(n)
i v

(n)
i +

√

ρ
(n)
i+1v

(n)
i+1

√

ρ
(n)
i +

√

ρ
(n)
i+1

(3.29)
h̄ =

√
ρLhL +

√
ρRhR√

ρL +
√
ρR

=

√

ρ
(n)
i h

(n)
i +

√

ρ
(n)
i+1h

(n)
i+1

√

ρ
(n)
i +

√

ρ
(n)
i+1

(3.30)
ā =

√

(γ − 1)

(

h̄− v̄2

2

) (3.31)
ρ̄ =

√
ρLρR =

√

ρ
(n)
i ρ

(n)
i+1 (3.32)For the Euler equations as given in (2.1)-(2.3) the matrix A(uL,uR) is uniquely determined by Roe'spostulated requirements:

A(uL,uR) =





0 1 0
γ−3

2 v̄2 (3 − γ)v̄ γ − 1
γ−3
2 v̄3 − v̄h̄ h̄− (γ − 1)v̄2 γv̄



 (3.33)The eigenvalues of A(uL,uR) are
λ =





v̄ − ā
v̄

v̄ + ā



 (3.34)29



and the 
orresponding matrix of eigenve
tors is
R =





1 1 1
v̄ − ā v̄ v̄ + ā

h̄− v̄ā v̄2

2 h̄+ v̄ā



 (3.35)We de�ne a di�eren
e ve
tor
d =

1

ā2





1
2 (∆p− āρ̄∆v)
ā2∆ρ− ∆p

1
2 (∆p+ āρ̄∆v)



 (3.36)with ∆ρ = ρR − ρL, ∆v = vR − vL and ∆p = pR − pL as usual and �nally multiply ea
h 
omponentwith the absolute value of the 
orresponding eigenvalue.
d
∗ =





|λ1|d1

|λ2|d2

|λ3|d3



 (3.37)The 
orre
ted Roe-�ux for the Roe s
heme reads
f
ROE
i+ 1

2
=

1

2

(

f
(n)
i+1 + f

(n)
i

)

− 1

2
R · d∗ (3.38)3.3.7 Steger�Warming s
hemeA s
heme similar to the Roe s
heme but easier to implement is the Steger�Warming s
heme. Thiss
heme splits the �ux into a positive and a negative part by testing the signatures of the eigenvaluesof ∂f(u)

∂u
. Let

R(u) =





1 1 1
v − a v v + a

h− va v2

2 h+ va



 (3.39)with total spe
i�
 enthalpy h = ǫ+p
ρ

and the ve
tor of eigenvalues λ = (v − a, v, v + a)T . We nowdistinguish between the positive and the negative eigenvalues by de�ning
λ± =

1

2
(λ± |λ|) (3.40)We further de�ne two ve
tors d

± by
d
±(u) =

ρ

2γ





λ±1
2(γ − 1)λ±2

λ±3



 (3.41)and the separated �uxes by
f
± = R · d± (3.42)The Steger�Warming �ux reads

f
SW
i+ 1

2
= f

+(n)
i + f

−(n)
i+1 (3.43)30



3.3.8 Van-Leer s
hemeAs in the Steger�Warming s
heme the �ux ve
tor is split in an upper and a lower part
f
± = ±ρa

4

(

1 ± v

a

)2







1

±2a
γ

(1 ± γ−1
2

v
a
)

2a2

γ2−1
(1 ± γ−1

2
v
a
)2






(3.44)and the Van Leer �ux is

f
VL
i+ 1

2
= f

+(n)
i + f

−(n)
i+1 (3.45)3.3.9 Weighted average �ux (WAF) s
hemeLet u

(RP)

i+ 1
2

(x
t
) be the solution of the Riemann problem RP(u

(n)
i ,u

(n)
i+1) as explained in 
hapter 3.2.Remember that there are three waves partitioning the solution domain into four regions. In addition,the left and/or right wave might be a rarefa
tion wave, whi
h further partitions the solution. Thisgives from left to right up to six regions for ea
h of whi
h the solution u

(RP)

i+ 1
2

(x
t
) 
an be 
al
ulatedwith arbitrary pre
ision. We will denote the boundaries between these regions by ω = 1, 2, 3, 4, 5and note that in the 
ase of a left (right) sho
k wave the boundaries 1 and 2 (4 and 5) overlap.Let σ(ω) be the propagation velo
ities of ω (see 
hapter 3.2)

σ(1) =

{

vL − aL

√

p∗

pL

γ+1
2γ

+ γ−1
2γ

sho
k wave
vL − aL rarefa
tion wave (3.46)

σ(2) =







σ(1) sho
k wave
vL − aL

(

p∗

pL

)
γ−1
2γ rarefa
tion wave (3.47)

σ(3) = v∗ (3.48)
σ(4) =







σ(5) sho
k wave
vR + aR

(

p∗

pR

)
γ−1
2γ rarefa
tion wave (3.49)

σ(5) =

{

vR + aR

√

p∗

pR

γ+1
2γ

+ γ−1
2γ

sho
k wave
vR + aR rarefa
tion wave (3.50)with p∗ and v∗ from the solution given in 
hapter 3.2 and a =

√

γp
ρ
the adiabati
 speed of sound asusually. The Courant number c(ω) for ea
h of these velo
ities is de�ned by

c(ω) =
∆t

∆x
σ(ω) (3.51)For a quantity q, let ∆(ω)q be the step that q takes at ω, thus e.g. ∆(ω)

f = f
(ω)
R − f

(ω)
L . The weightedaverage �ux then reads as follows

f
(WAF)

i+ 1
2

=
1

2

(

f
(n)
i + f

(n)
i+1

)

− 1

2

∑

ω

c
(ω)

i+ 1
2

∆(ω)
f
(RP)

i+ 1
2

(3.52)31



A small variation is possible by averaging the non-
onservative set w = (ρ, v, p) instead of the �uxes
w

(WAF)

i+ 1
2

=
1

2

(

w
(n)
i + w

(n)
i+1

)

− 1

2

∑

ω

c
(ω)

i+ 1
2

∆(ω)
w

(RP)

i+ 1
2

(3.53)
f
(WAF)

i+ 1
2

= f(w
(TVD)

i+ 1
2

) (3.54)3.3.10 Total variation diminishing (TVD)Non-monotoni
 s
hemes will sooner or later 
ause os
illations in the solutions. TVD-s
hemes atta
kthis problem by ensuring that the total variation of the numeri
al solution within a 
ell is notin
reasing. This 
an be a

omplished with so-
alled �ux limiter fun
tions. In the following a TVDmethod for the WAF s
heme is des
ribed together with some possible �ux limiters.Let again ∆(ω)q be the step that q takes at ω, thus q(ω)
R − q

(ω)
L . For q = ρ(RP) we de�ne the �owparameter r(ω) by

r
(ω)

i+ 1
2

= r
(ω)

i+ 1
2
,ρ

=























∆(ω)q
i+3

2

∆(ω)q
i+1

2

=
∆(ω)ρ

(RP)

i+ 3
2

∆(ω)ρ
(RP)

i+ 1
2

for c(ω) < 0

∆(ω)q
i−1

2

∆(ω)q
i+ 1

2

=
∆(ω)ρ

(RP)

i− 1
2

∆(ω)ρ
(RP)

i+1
2

for c(ω) > 0

(3.55)Alternatively, one 
an also 
hoose q = ǫ(RP) to get r(ω)

i+ 1
2
,ǫ
. The �ow parameter r(ω), together with theCourant number c(ω) introdu
ed in 
hapter 3.3.9 serves as an input for WAV �ux limiter fun
tions

φ(r, c). This su�
es for the 
al
ulation of the TVD �ux
f
(TVD)

i+ 1
2

=
1

2

(

f
(n)
i + f

(n)
i+1

)

− 1

2

∑

ω

sign(c
(ω)

i+ 1
2

)φ(r
(ω)

i+ 1
2

, c
(ω)

i+ 1
2

)∆(ω)
f
(RP)

i+ 1
2

(3.56)As for the WAF-s
heme, a small variation is possible by averaging the non-
onservative set w =
(ρ, v, p) instead of the �uxes

w
(TVD)

i+ 1
2

=
1

2

(

w
(n)
i + w

(n)
i+1

)

− 1

2

∑

ω

sign(c
(ω)

i+ 1
2

)φ(r
(ω)

i+ 1
2

, c
(ω)

i+ 1
2

)∆(ω)
w

(RP)

i+ 1
2

(3.57)
f
(TVD)

i+ 1
2

= f(w
(TVD)

i+ 1
2

) (3.58)Note that by repla
ing the term sign(c
(ω)

i+ 1
2

)φ(r
(ω)

i+ 1
2

, c
(ω)

i+ 1
2

) in the equations (3.56) or (3.57) by c(ω)

i+ 1
2one obtains the simpler WAF-s
heme from above.The WAV �ux limiter fun
tions φ(r, c) are 
orrelated with 
onventional �ux limiters ψ(r) via

φ(r, c) = 1 − (1 − |c|)ψ(r) (3.59)There is a minimum of 15 feasible �ux limiters ψ(r) with many listed in [21℄. Two 
ommonly usedexamples are SUPERBEE (sa) and van Leer (vl).
ψsa(r) = max [0,min (2r, 1) ,min (r, 2)] (3.60)
ψvl(r) =

r + |r|
1 + |r| (3.61)32



A
ronym S
heme VariationLF Lax�Friedri
hsLW-R Lax�Wendro� Ri
htmeyrLW-MC Lax�Wendro� Ma
Corma
kFORCE First-Order Centred S
hemeGOD GodunovROE RoeSW Steger�WarmingVL van LeerWAF-F Weighted average �ux �ux f averagedWAF-W Weighted average �ux w averagedTVD-F-SA Total variation diminishing �ux f averaged, SUPERBEE limiterTVD-F-VL Total variation diminishing �ux f averaged, van Leer limiterTVD-W-SA Total variation diminishing w averaged, SUPERBEE limiterTVD-W-VL Total variation diminishing w averaged, van Leer limiterTable 1: List of s
hemes under investigation. The TVD-s
hemes are based on the WAF approa
h.3.3.11 Other s
hemesThere is a long list of additional s
hemes in
luding:
• Monotone upstream-
entred s
hemes for 
onservation laws (MUSCL)
• Osher s
heme
• Kurganov and Tadmor 
entral s
heme
• Liou-Ste�en adve
tion upstream splitting method (AUSM) s
heme.and probably many others. From this list, the MUSCL s
hemes are probably the most relevantones. There is a large number of variations of MUSCL s
hemes. The most 
ommon is the MUSCL-Han
o
k Method (MHM), whi
h is exhaustively explained in [21℄. It is a rather 
omplex three stepse
ond-order a

urate s
heme and promises ex
ellent performan
e for further investigations.Table 1 gives a summary of the s
hemes introdu
ed here.3.4 Self-similar solutionThe self-similar solution of an intense explosion was 
omprehensively dis
ussed in 1959 by Sedovin the �rst edition of [16℄. His work is based on the textbook of Landau & Lifs
hitz about FluidMe
hani
s [9℄ and develops solutions for a 
lass of exponentially de
reasing initial density distribu-tions. Nevertheless, a solution was already given in 1950 by Taylor [19℄[20℄ in the 
ontext of nu
learbomb blasts, but has not been adapted for supernovae.33



The derivation of the exa
t self-similarity solution is 
umbersome and needs a lot of work. Anex
ellent summary of the results is given by [29℄, but even this 
overs about 16 pages. I willtherefore sti
k to two spe
ial 
ases, the one with 
onstant initial density distribution and the onewith exponentially de
reasing distribution with exponent ω = −1.5 and will give solutions for them.In both 
ases I assume an ideal monoatomi
 gas with γ = 5
3 .Fortunately, with a given initial density distribution

ρ0 = Ar−ω (3.62)together with the energy of the blast E∗ the solution is already uniquely determined. We will 
hoosethe 
onstant A 
onsistent with the massM∗ of the supernova and the density ρISM of the interstellarmedium.The exponent ω 
annot be 
hosen arbitrarily, and a
tually many values will 
ause problems su
h asin�nite mass, va
uum solutions or other singularities. We note that ω < 2 will work for γ = 5
3 andrefer for details to [29℄.The solution at some time t will usually have the parameterized form r(λ), v(λ), ρ(λ), p(λ), where

λ = 0 
orresponds to the origin and λ = 1 
orresponds to the shell of the sho
k wave. Neitherarguments λ > 1 nor λ < 0 make sense.Sin
e our major obje
tive of deriving an exa
t self-similarity solution is to get useful initial valuesfor the simulation of the Sedov-Taylor phase we have to depart from the 
ommon approa
h. We willinitially give the position of the shell rshell and evaluate the time t0 at whi
h the shell is at rshell.The other physi
al quantities will follow from this. However, this is not a trivial task and requiresthe use of the Rankine-Hugoniot equations as well as the numeri
al evaluation of two integrals,where, on top of everything, at least one has an in�nite value at one limit of integration.3.4.1 Constant initial densityThe solution for 
onstant initial density ρ0 ≡ A and spe
i�ed blast energy E∗ is given by
r(λ)

rshell
= λ

2
13 ·
(

13 − 3λ

10

)− 82
195

·
(

λ+ 4

5

)− 2
5 (3.63)

v(λ)

vbehind
= λ

2
13 ·
(

13 − 3λ

10

)− 82
195

·
(

λ+ 4

5

)
3
5 (3.64)

ρ(λ)

ρbehind
= λ

9
13 ·
(

13 − 3λ

10

)
82
13

·
(

8 − 3λ

5

)−6 (3.65)
p(λ)

pbehind
=

(

13 − 3λ

10

) 82
15

·
(

λ+ 4

5

) 6
5

·
(

8 − 3λ

5

)−5 (3.66)with
rshell =

(

E∗

αA

) 1
5

· t 2
5 , vbehind =

3

10

(

E∗

αA

) 1
5

· t− 3
5 , ρbehind = 4A, pbehind =

3

25
A

(

E∗

αA

) 2
5

· t− 6
534



and
α = 0.4935901495825678645 . . . (3.67)Cal
ulation of α is tri
ky and 
an only be done numeri
ally. Detailed instru
tions are given e.g. in[29℄. This solution ful�lls the Euler equations (2.1)-(2.3)8. Figure 3 illustrates the full self-similaritysolution for a 
onstant initial density distribution.
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r*Figure 3: λ-normalized self-similarity solution with density ρ∗, expansion velo
ity behind the shell
v∗ and pressure p∗ for a 
onstant initial density distribution ρ∗ISM = 0.0153 at t∗0 = 0.0295. Theshell is 
urrently lo
ated at r∗ = 3.604[pc].In some of the simulations in 
hapter 5 we will use this solution as initial 
ondition at t0. Weassume that the total mass within rshell at t0 is M∗ = 3 and that the mass is equally distributedwith density ρISM = 1cm−3. So there is no initial dis
ontinuity in the density ρ. The blast energy8If the reader is as keen on verifying the solution as the author, he will have to use dr

dt
=

2
5

r
t
,

dv
dt

= −

3
5

v
t
,

dρ

dt
= 0.With this one 
an rewrite the partial time derivatives as ∂ρ

∂t
= −

∂ρ

∂r
2
5

r
t
and ∂v

∂t
= −

3
5

v
t
−

∂v
∂r

2
5

r
t
. A good symboli
al
al
ulation software is extremely helpful.
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r*Figure 4: λ-normalized self-similarity solution with density ρ∗, expansion velo
ity behind the shell v∗and pressure p∗ for an exponentially de
reasing initial density distribution (ω = −1.5) at t∗0 = 0.0245.The shell is 
urrently lo
ated at r∗ = 2.860[pc].should be E = 1044 J. This gives initial values at t0 (t4 = 104 years):
t∗0 = 0.0295497 [t4 ] (∼= 295 years) (3.68)

r∗shell = 3.60396 [pc] (∼= 11.75 light-years) (3.69)
v∗behind = 36.5888 [pc/t4] (∼= 3578 km/s) (3.70)
ρ∗behind = 0.0612224 [M⊙/pc3] (∼= 4.5 kg/volume of earth) (3.71)
p∗behind = 27.3203 [M⊙/(t

2
4 pc)] (∼= 0.018µPa) (3.72)3.4.2 De
reasing initial densityAlternatively we now 
onsider an exponentially de
reasing initial density pro�le

ρ0(r) =

{

Ar−1.5 if r ≤ rshell

ρISM if r > rshell

(3.73)36



where
A =

√

3MρISM

8π
and rshell = 3

√

3M

8πρISM
(3.74)follow from the 
ondition of a 
ontinuous density fun
tion and a total mass M within rshell. In this
ase, the self-similarity solution for spe
i�ed blast energy E∗ is given by

r(λ)

rshell
= λ

4
11 ·
(

11 − 6λ

5

)− 139
231

·
(

λ+ 4

5

)− 4
7 (3.75)

v(λ)

vbehind
= λ

4
11 ·
(

11 − 6λ

5

)− 139
231

·
(

λ+ 4

5

)
3
7 (3.76)

ρ(λ)

ρbehind
= λ

3
11 ·
(

11 − 6λ

5

)− 417
77

·
(

λ+ 4

5

) 6
7

·
(

8 − 3λ

5

)4 (3.77)
p(λ)

pbehind
=

(

11 − 6λ

5

)− 139
21

·
(

λ+ 4

5

) 12
7

·
(

8 − 3λ

5

)5 (3.78)with
rshell =

(

E∗

αA

)2
7

· t 4
7 , vbehind =

3

7

(

E∗

αA

) 2
7

· t− 3
7 , ρbehind = 4A, pbehind =

3

49
A

(

E∗

αA

) 4
7

· t− 6
7and

α = 1.07901668981107738115 . . . (3.79)Using again M∗ = 3, E = 1044 J and ρISM = 1cm−3 this gives
t∗0 = 0.0245173 [t4 ] (∼= 245 years) (3.80)

r∗shell = 2.86012 [pc] (∼= 9.33 light-years) (3.81)
v∗behind = 49.9959 [pc/t4] (∼= 4889 km/s) (3.82)
ρ∗behind = 0.0612224 [M⊙/pc3] (∼= 4.5 kg/volume of earth) (3.83)
p∗behind = 51.0103 [M⊙/(t

2
4 pc)] (∼= 0.033µPa) (3.84)This solution is illustrated in �gure 4.
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4 A test 
ase for numeri
al s
hemesThis 
hapter deals with a simple test 
ase to study and verify the di�erential s
hemes intro-du
ed in 
hapter 3.3. This test 
ase will also have the fun
tion of a sieve to eliminate methodsthat are not usable for the Euler equations and hen
e for the supernova model.4.1 Challenging the s
hemesIt was a deliberate de
ision to in
lude this 
hapter in this thesis sin
e more fundamental astro-physi
al questions su
h as instabilities (e.g. Kelvin-Helmholtz instability), 
omposition of the ISM,metalli
ity, agglomeration (e.g. 
ollision of waves) and so on are only tou
hed upon very perfun
-torily. The de
isive fa
tor was the 
omplexity of the supernova model. Without several years ofexperien
e in this �eld, it is hard to judge and interpret the results. There are many stumblingblo
ks and things 
an and will go wrong during the �rst few attempts. Many failures are not evenapparent and will 
ause subsequent errors. Before starting with 
omplex supernovae simulations wewill therefore insert some general investigations on di�erential s
hemes.The model under investigation is the simple Riemann problem
ρL = 1 ρR = 0.125 initial density
vL = 0 vR = 0 initial velo
ity
pL = 1 pR = 0.1 initial pressureThe exa
t solution is known and the quality of the results 
an therefore be quanti�ed easily. Inthis model N = 1001 equidistant spatial points in the interval [−1, 1] are used with the initialdis
ontinuity at the origin, thus ∆x = 0.02. We will fo
us our interest to the numeri
al solution at

t = 0.5. For all 14 s
hemes in table 1 the Courant-Friedri
hs-Lewy number (see 
hapter 4.2) is setto CFL = 0.99.In �gure 5 and 6, solutions for density ρ, velo
ity v, pressure p and spe
i�
 internal energy ǫ and somezooms for 
riti
al ranges are plotted. It is interesting to observe that, as an e�e
t of 
onservation,the os
illations for ρ, p and ǫ follow the same pattern. Basi
ally we 
an observe two trends:
• smooth solutions with poor a

ura
y
• os
illating solutions with high a

ura
yTo quantify the quality of the solution, we introdu
e an error measure εα and apply it to thedi�erent density solutions. Let ∆ρi be the di�eren
e between the 
al
ulated and the exa
t solutionat position i ∈ {0, 1, . . . N − 1}. We de�ne

ε(α)
ρ =

{

α

√

P

|∆ρi|α

N
α <∞

max(∆ρi) α = ∞
(4.1)39
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ations of solutions for the test 
ase of a simple Riemann problem.S
heme Nǫ
(1)
ρ Nǫ

(2)
ρ Nǫ

(∞)
ρ problemLF 9.339 20.640 129.476 not smooth, 
urledLW-R 2.223 9.713 143.920 heavy os
illationsLW-MC 2.273 9.883 140.222 heavy os
illationsFORCE 6.114 16.612 125.237 low a

ura
yGOD 4.205 13.825 121.416 low a

ura
yROE 4.219 13.785 122.363 os
illationsSW 5.740 15.811 131.276 os
illationsVL 4.623 14.167 125.896 othersWAF-F 2.134 9.728 140.633 os
illationsWAF-W 2.120 9.700 146.688 os
illationsTVD-F-SA 0.511 5.304 129.605 
omplexTVD-F-VL 0.911 7.082 129.716 
omplexTVD-W-SA 0.591 4.530 110.865 
omplexTVD-W-VL 0.990 6.521 118.375 
omplexTable 2: Quality of di�erent s
hemes for the test 
ase of a simple Riemann problem. The fa
tor Nis used to get 
onvenient numbers. 41
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positionFigure 7: A very 
lose magni�
ation of the test 
ase solution for TVD-F-SA. The os
illations areredu
ed by using the 
omplex approa
h introdu
ed in 
hapter 3.3.10.Findings: Let us summarize the results from this test 
ase of a simple Riemann problem. TheLF-solution is the jagged line in �gure 5 and is neither a

urate nor smooth. LW-R, LW-MC andboth WAF variations are a

urate but su�er heavy os
illations at the dis
ontinuities. Sin
e we willhave to deal with sho
k waves in the supernova model, these s
hemes are not useful here. FORCEand GOD are of �rst order in a

ura
y only, whi
h results in di�usion of the sho
k wave soon. VLand ROE provide ni
e results for this test 
ase, but still 
reate os
illations. Unfortunately it turnedout that VL as given in 
hapter 3.3.8 breaks down in the spheri
al symmetri
 
ase and we willdrop it here without any further dis
ussion. Con
erning TVD s
hemes, the SUPERBEE limiter isslightly superior to the Van Leer limiter and for the sake of simpli
ity we will only use the formerfrom now on. For all s
hemes, the numbers ǫ(∞)
ρ are a�e
ted by round-o�s at the dis
ontinuitiesand are not very meaningful. So there is not mu
h di�eren
e between weighting f or w. We willonly use the weighted �ux from now on.The 
on
lusion is to pursue only three s
hemes:

• First-order 
entred s
heme (FORCE)representing the 
lass of low a

ura
y, smooth solutions (CI)
• Roe-s
heme (ROE)representing the 
lass of high a

ura
y, os
illating solutions (CII)
• Total variation diminishing weighted average �ux s
heme with SUPERBEE limiter (TVD-F-SA)representing the 
lass of high a

ura
y solutions with repressed os
illations (CIII)Figure 7 demonstrates the high quality of TVD-F-SA, whi
h will be favoured among the threes
hemes.
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4.2 Courant-Friedri
hs-Lewy 
onditionThe physi
al propagation speed must never ex
eed the numeri
al propagation speed on the grid,thus vmax ≤ ∆x
∆t

. For a �xed grid size, the time step ∆t is 
al
ulated by ∆t = CFL · ∆x
vmax

with
CFL ≤ 1. We have 
hosen CFL = 0.99 in the previous test 
ase. That the CFL-parameter is ofimportan
e 
an be seen by the example of the LW-MC s
heme, where CFL ≤ 0.98 
auses signi�
antdeviations as illustrated in �gure 8. For ROE, SW and TVD-F-SA there is little in�uen
e of the
CFL-parameter, ex
ept the duration of the simulation, of 
ourse.
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hemes hardlydepend on the CFL-parameter.
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5 Supernova modelsAfter all the groundwork in the previous 
hapters, it's time to start with the main obje
tives.Simulations will be 
arried out for all phases of the supernova. They will use di�erent initial
onditions, implement heat 
ondu
tion, vis
osity, et
. The simulation results will be 
ontrastedwith the theoreti
al predi
tions made earlier. This 
hapter will also 
over numeri
al issuesrelated to spheri
ally symmetry su
h as appropriate dis
retization and the e�e
t of higher-ordermethods. Nevertheless a framework will be setup at �rst.5.1 Setup and nomen
latureIn the theory of di�erential equations, problems often 
an be s
aled arbitrarily. For the presentmodel it is therefore bene�
ial to �x some parameters a priori. In all subsequent tests an eje
tedmass by the supernova of three sun masses, an explosion energy of 1044 Joule and a density of oneparti
le per square 
entimetre is taken. It is furthermore assumed that heat 
ondu
tion be
omesrelevant after about tcool = 21300 years. tcool will also be the time limit of all simulations dealingwith the Sedov-Taylor phase only. All tests will be performed assuming the equation of stateof an ideal monoatomi
 gas with adiabati
 index γ = 5
3 and a mean mole
ular weight µ = 13

21following from a hydrogen/helium mass ration of 3:1 and zero metalli
ity (Z = 0). For simpli
ity,dimensionless quantities as introdu
ed in 
hapter 2.5 are used.
[L] = 1pc = 3.086 · 1016m unit of length
[T ] = 10000 a = 3.156 · 1011s unit of time

[M ] = 1M⊙ = 1.989 · 1030kg unit of massTherefore we have a �xed set of parameters as follows:�xed parameter value des
ription
ESN 1044 J energy released by SN
M∗ 3 total mass of eje
ta
ρ∗ISM 0.0153 mass density of ISM
v∗ISM 0 ISM at rest

γ 5
3 adiabati
 index for monoatomi
 gas

µ 13
21 mean mole
ular weight

TISM 10000K temperature of ISM
t∗cool 2.13 end of Sedov-Taylor phasetime when heat 
ondu
tion be
omes relevantEvery simulation starts at time t0. This is when the sho
k front is at position r0. The initial
onditions behind the sho
k wave at r0 are denoted by ρ0(r), v0(r), et
., while the quantities infront of the sho
k wave are labelled by ρISM(r), vISM(r), et
.We distinguish between di�erent types of initial 
onditions.45



• Sedov initial 
onditions:The Sedov solution of the blast as given in 
hapter 3.4 serves as initial 
ondition for thesimulation. We di�erentiate between the solution in a medium with 
onstant (ω = 0) density(SED0) and the solution in a medium with exponentially falling density (ω = −1.5) in radialdire
tion (SED15). In any 
ase, the original density distribution of the medium before theblast is 
ontinuous. This is a very restri
tive 
ondition and, with the given parameters from
hapter 5.1, the initial position of the sho
k wave r∗0 and the initial time t∗0 are already fullydetermined. The Sedov initial 
onditions are useful for long-term simulations.
• Riemann-like initial 
onditions:For the Sedov initial 
onditions, the initial position of the sho
k wave r∗0 is too far from theorigin to observe early e�e
ts su
h as the reverse sho
k. It is therefore ne
essary to give upthe 
ondition of an originally 
ontinuous density. The best way to do so is to �x r∗0, res
alethe Sedov solution from above to the range between the origin and r∗0 and allow a step in thedensity at r∗0. The s
aling fa
tor λ is given by

λ =
r
∗(RIE)
0

r
∗(SED)
0

(5.1)and the appropriate initial time, velo
ity, density and pressure for the sho
k front at r∗(RIE)
0in the 
ase ω = 0 (RIE0) are

t
∗(RIE)
0 = λt

∗(SED)
0 ρ

∗(RIE)
0 (r

∗(RIE)
0 ) = λ−3ρ

∗(SED)
0 (r

∗(SED)
0 ) (5.2)

v
∗(RIE)
0 = v

∗(SED)
0 p

∗(RIE)
0 (r

∗(RIE)
0 ) = λ−3p

∗(SED)
0 (r

∗(SED)
0 ) (5.3)In the up
oming simulations r(RIE)

0 = 0.5 pc will be used.
• Spe
i�
 density pro�les:It is not ne
essarily required to start with a pre
al
ulated blast solution. Another way is toinitially �x the density pro�le. If this pro�le is meaningful, the simulation will adjust theother parameters a

ordingly. One interesting pro�le is illustrated in [27℄ on page 35, wherethe density is small at the origin (r = 0) and at the shell (r = r0), while the peak in betweenis larger by 6�7 magnitudes.Here we will adapt the pro�le given in equation (2.32). We additionally require� that all the eje
ted mass M∗ = 3 is within r0� that the initial velo
ity �eld v0(r) =

√

2E
M

r
r0

for r ≤ r0 is linear and v(r) = 0 for r > r0� that at the beginning, 
ontinuity is given at r0, thus ρ0(r0) = ρISMThis gives the uniquely determined initial density pro�le (IDP)
ρ∗0(r

∗) =

{

10.7993 · e−4.4267·r∗ r∗ ≤ r∗0
0.01531 r∗ > r∗0

(5.4)with r∗0 = 1.4817 and t∗0 = 0.0250. 46



5.2 Sour
e termAll te
hniques applied here belong to the 
ategory of so-
alled �nite volume methods. These havethe 
onvenient property that all types of 
onservation equations maybe lo
ally treated 
orre
tly.The entire solution domain of the model is split by a grid into small 
ells ∆V . The homogeneousPDE
∂

∂t
u(t, x) + ~∇ · f(u(t, x)) = 0 (5.5)after applying Gauss's divergen
e theorem reads

∫

∆V

∂

∂t
u dV +

∫

∂∆V

f(u) · n dS = 0 (5.6)This is exa
tly the idea behind these methods, namely that the temporal 
hanges within the �nitevolumes ∆V are 
al
ulated due to �ows through the surfa
es ∂∆V en
losing the volumes. Forthe spheri
ally symmetri
 
ase, these 
ells are naturally spheri
al shells and parameterized radiallyin only one dimension. In the implementation presented here, the boundaries between the 
ellsare exa
tly the integer multiples of the spatial dis
retization ∆x, i.e., the �uxes fk+ 1
2
are lo
atedexa
tly at the points x = k∆x. The point xk, representing the interior of the 
ell [(k− 1)∆x, k∆x],is lo
ated somewhere between xL = (k− 1)∆x and xR = k∆x. S
alar quantities su
h as density ρkand pressure pk are de�ned at xk, as shown in �gure 9.We have seen in 
hapter 2.1.3 and 
hapter 3.1 how the geometry of the problem 
an be representedby sour
e terms s(u). In the 
ase of spheri
al symmetry, the 
al
ulation splits into two steps, whi
hare1. Use a suitable di�erential s
heme to estimate the �uxes f between the 
ells. The general formfor forwarding the s
alars u within the 
ells always have the form

u
(n+1)
k = u

(n)
k − ∆t

∆x

(

fk+ 1
2
− fk− 1

2

) (5.7)The exa
t position of xk is irrelevant for the 
al
ulation of the �uxes fk− 1
2
and fk+ 1

2
.2. Forward the resultant ODE with suitable methods su
h as Runge�Kutta

du(n+1)

dt
= g(u(n+1)) = −2

x
s(u(n+1)) (5.8)Equation (5.8) requires to de�ne the positions of the xk. In the planar 
ase the obvious 
hoi
eis

x
(M)
k = (k − 1

2
)∆x (5.9)but for the spheri
ally symmetri
 
ase the 
enter of mass

x
(C)
k =

3

√

x3
L + x3

R

2
(5.10)with xL = (k − 1)∆x and xR = k∆x seems to be more 
onsistent.47
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Figure 9: Setup � the �uxes f are lo
ated on integer multiples of the spatial resolution ∆x. Thearrows indi
ate dire
tion and amount of the �ow. The s
alar 
omponents of u are the values ofthe unknowns in the 
ell [(k − 1)∆x, k∆x] and are not asso
iated with a parti
ular position. To
al
ulate the �uxes f no xk need to be spe
i�ed. To 
al
ulate the sour
e term g(u) a 
onsistent
hoi
e for the xk has to be made.5.2.1 Runge�KuttaTo evaluate the e�e
ts of higher-order methods for the ODE 
aused by the sour
e term, a �rst ordersimulation, a third order Runge�Kutta simulation and a fourth order Runge�Kutta simulation are
ompared with ea
h other. Setup parameters are given in table 3.�rst order Runge�Kutta third order Runge�Kutta fourth order
k1 = g(u) k1 = g(u) k1 = g(u)

k2 = g(u + ∆t
2 k1) k2 = g(u + ∆t

2 k1)

k3 = g(u − ∆t k1 + 2∆t k2) k3 = g(u + ∆t
2 k2))

k4 = g(u + ∆t
2 k3))

u → u + ∆t k1 u → u + ∆t
6 (k1 + 4k2 + k3) u → u + ∆t

6 (k1 + 2k2 + 2k3 + k4)

g(uk) = − 2

x
(C)
k

s(uk) (5.11)48



Parameter Valueinitial 
ondition SED0s
heme ROE, TVD-F-SAN 3000
dx∗ 0.01
t∗0 0.0295

t∗final 2.1295support points 
enter of mass (C)Table 3: Setup for evaluating the method to forward the sour
e term.All tests performed in the framework of this thesis have shown that the in�uen
e of the method toforward the sour
e term is negligible 
ompared to the e�e
ts of the di�erential s
hemes to forwardthe homogeneous PDE.5.2.2 Support pointsWe 
ompare two identi
al simulations ex
ept for the support points xk whi
h are lo
ated at
xk =

{

(k − 1
2 )∆x 
ase (M)

3

√

(k−1)3+k3

2 ∆x = (k − 1
2 + 1

4k
+ 1

8k2 + 5
24k3 + . . . )∆x 
ase (C) (5.12)Parameter Valueinitial 
ondition SED0s
heme TVD-F-SAN 3000

dx∗ 0.01
t∗0 0.0295

t∗final 2.1295ODE method Runge�Kutta fourth orderAgain, all tests performed have shown that the e�e
ts of this parameterisation are negligible. Inthis parti
ular 
ase, the maximum deviation at t∗final is
|ρ∗(M) − ρ∗(C)|

4ρ∗ISM

< 0.0001 (5.13)We are going to use the method where the 
ell's 
enter of mass is taken for xk, sin
e this approa
his probably more 
onsistent.
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5.3 Initial 
onditionsWe will now 
ompare the initial 
onditions SED0, SED15, RIE0 and IDP for the s
hemes FORCE,ROE and TVD-F-SA. The parameters used are those introdu
ed in 
hapter 5.1. The ODE isforwarded by third order Runge�Kutta with support points x(C)
k . The results at t∗final = t∗cool = 2.13are 
ompared. The durations of the individual simulations are 
onsequently t∗final − t∗0.SED0 SED15 RIE0 IDPN 3000 3000 3000 3000

dx∗ 0.01 0.01 0.01 0.01
t∗0 0.0295 0.0245 0.0041 0.0250

t∗final 2.13 2.13 2.13 2.13
r∗0 3.605 2.865 0.495 1.485

ρ∗0(r
∗
0) 0.06152 0.06171 20.3671 0.01531

v∗0(r
∗
0) 36.6188 50.0988 35.8636 58.9408

p∗0(r
∗
0) 27.4101 51.4862 9461.23 40.2415It is now time to use the theoreti
al predi
tions from 
hapter 2.5. The density of the sho
k waveis expe
ted to be γ+1

γ−1ρISM = 4 ρISM. A

ording to equation (2.44) its position at t∗ = t∗cool = 2.13should be at about r∗ = 19.95. The simulations dis
ussed above produ
e the following results:
r∗ SED0 SED15 RIE0 IDPFORCE 20.09 19.98 20.54 16.40ROE 19.99 20.01 20.28 16.40TVD-F-SA 20.04 20.06 20.12 16.57

ρ∗/4 ρ∗ISM SED0 SED15 RIE0 IDPFORCE 0.699 0.885 0.828 0.923ROE 0.948 0.956 0.946 0.944TVD-F-SA 0.977 0.978 0.976 0.971Figures 10 and 11 illustrate the �ndings in a 
ompa
t way. For all four initial 
onditions (SED0,SED15, RIE0, IDP), a simulation with ea
h s
heme (FORCE, ROE, TVD-F-SA) was performed.The 
urves are overlaid for 
omparison (9 
urves for SED0, SED15, RIE0 in �gure 10, 3 
urves forIDP in �gure 11). For ea
h quantity (density, velo
ity, pressure, internal energy), the position ofthe sho
k wave was enlarged to resolve the individual simulation results. The previously dis
ussedproperties of the various di�erential s
hemes 
an be observed again. In 
ase of RIE0 and IDP initial
onditions we �nd artifa
ts, whi
h will be the topi
 of the next 
hapter.
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al solutions at t∗ = 2.13 for SED0, SED15 and RIE0 initial 
onditions forFORCE, ROE and TVD-F-SA s
hemes (9 
urves). The four bottom panels are magni�
ations ofthe four panels in the upper half of the �gure. The bump in the RIE0 initial 
ondition 
ase is dueto a reverse sho
k and will be dealt with in the next 
hapter.51
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Figure 11: Numeri
al solutions at t∗ = 2.13 for the IPD initial 
ondition.The 
on
lusions are:
• As an e�e
t of di�usion, in all simulations the sho
k wave propagates slightly too fast. TheIDP initial 
onditions are apparently not appli
able for the theoreti
al model.
• The TVD-F-SA s
heme gives best results for shape and amplitude of the sho
k wave. TheFORCE s
heme is ina

urate and the sho
k wave dissolves 
onsiderably.It should be mentioned that the low densities 
lose to the origin have to be treated 
arefully inany s
enario, even though they have hardly any impa
t on the system beyond r0. All simulationsdes
ribed above enfor
e a minimum density of ρmin = 10−6 ρISM. It has been veri�ed that thismodi�
ation has no e�e
t on the propagation of the sho
k wave.Also, the reverse sho
k has to be suppressed before it rea
hes the origin to avoid ambiguities. This
an be done, for example, by not allowing negative velo
ities 
lose to the origin.5.4 Reverse sho
kTo observe a signi�
ant reverse sho
k, a s
heme of high order is required. We will therefore useonly the TVD-F-SA s
heme with third order Runge�Kutta for the inhomogeneous term, and the52




enters of mass as support points of the �nite volumes. For SED0 and SED15 the initial positionof the sho
k wave r∗0 is too far from the origin to observe the reverse sho
k. For RIE0 the initialposition of the sho
k wave is at r0 = 0.495 pc and the reverse sho
k 
an be observed. Figure 12shows density and velo
ity between t∗ = 0.2 and t∗ = 2.0. The jagged graphs of the velo
ities revealthat the system be
omes 
haoti
 in the domain of the reverse sho
k after a while. Fortunately thepropagating sho
k wave is in no 
ausal dependen
e on this.
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k at a number of equally spa
ed points in time between t∗ = 0.2 and t∗ = 2.0for RIE0 initial 
onditions.The existen
e of the reverse sho
k is an established fa
t. However, with the resolution used here,we 
annot mirror all fa
ets of a supernova exa
tly. In parti
ular, the simulation of the reverse sho
kshould be seen as a proof of existen
e rather than an exa
t 
opy of reality. We have seen thatthe IDP initial 
onditions des
ribe the supernova model only with reservations. For studying thereverse sho
k, however, this setup exhibits ni
e results, as shown in �gure 13. A variation of thesetup by using equation (2.32) is illustrated in �gure 14. Here the reverse sho
k a

elerates untilthe simulation breaks down numeri
ally in a region around the origin at about t∗ = 0.48.
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k at a number of equally spa
ed points in time for t∗ = 0.1, 0.2, . . . , 1.0 for avariation of IDP initial 
onditions using equation (2.32). The reverse sho
k hits the origin at about
t∗ = 0.48.5.5 Heat 
ondu
tionAdmittedly the analysis of the reverse sho
k has been a rather qualitative dis
ussion. By 
ontrast,heat 
ondu
tion should be easier to handle. The e�e
ts of 
ooling are only relevant in regions farfrom the origin and it is not ne
essary to a

ount for the 
ollision of waves.Cooling is a�e
ted by a heat 
ondu
tion term in the energy equation as already introdu
ed inequation (2.13). As in the 
ase of the sour
e term, the homogeneous Euler equations are treated�rst. After that, using the new values for u, the ODE

dǫ(n+1)

dt
= −

(

ρ(n+1)

µmH )2

Λ(T (ρ(n+1), p(n+1))) (5.14)
T (ρ(n+1), p(n+1)) =

µmH
kB

· p
(n+1)

ρ(n+1)
(5.15)has to be forwarded in time.As 
an be seen in �gure 2, in the relevant temperature range the 
ooling fun
tion Λ(T ) varies bytwo orders of magnitude. The 
onsequen
e is that at approximately 300000K large gradients in theinternal energy ǫ emerge whi
h result in non-physi
al densities behind the sho
k wave. This problem
an be atta
ked by a �ner grid. However, this is not feasible sin
e 
al
ulation time in
reases at leastquadrati
ally with grid size.The alternative way to pro
eed (at least within this framework) is to limit the gradient.

dǫ

dt
= −min

(

βǫ, n2Λ
) (5.16)This is justi�ed by the fa
t that the 
ooling maximum at log10 T/K = 5.5 is, among other things,
aused by the presen
e of the elements C and O. Sin
e we have assumed metalli
ity Z = 0, these54



two elements do not appear in the present model and the appropriate 
ooling should be lower inthis range.Using the SED0 initial 
onditions from 
hapter 5.1 on a grid with resolution ∆x∗ = 0.01 for allvalues of β in the interval [0.25, 0.75] the numeri
al problem vanishes; otherwise β < 0.25 
ausesthe sho
k front to di�use and β > 0.75 
annot resolve the wave 
orre
tly. We will pro
eed with
β = 0.5 knowing that results for any other value 0.25 ≤ β ≤ 0.75 do not di�er substantially.The simulation output is not very surprising. The propagation speed of the sho
k front slows downat a faster rate than in the solution without heat 
ondu
tion (see table 4) and the density withinthe wave piles up. Figure 15 shows the solution for TVD-F-SA for t∗ = 5, 10, . . . , 50. The widthof the sho
k front is diminished signi�
antly and as a 
onsequen
e the density ρ∗cool is up to 20times larger than the density maximum without 
ooling (ρ∗ ≈ 0.06). It is interesting to observe thetemperature minimum behind the front whi
h is 
aused by the strong 
ooling at around 300000K.Finally we 
ompare the position of the sho
k front with the predi
tions made in 
hapter 2.5, wherewe dedu
ed the exponential 
orrelation between the a
tual simulation time t∗ and the position r∗of the sho
k front

r∗ ∝ t∗α (5.17)with α = 2
5 in the 
ase without 
ooling and α = 2

7 in the 
ase when 
ooling is applied. These resultsare summarized in table 4. In both 
ases, the sho
k front in the simulation moves slightly fasterthan expe
ted. This 
an be explained by a dissipative me
hanism in Godunov-type s
hemes [25℄.
t∗ simulation predi
tion error simulation predi
tion error
ooling NO YES5 28.28 28.06 +0.77% 26.08 25.52 +2.19%10 37.31 37.03 +0.75% 32.42 31.11 +4.21%15 43.92 43.55 +0.85% 36.89 34.93 +5.60%20 49.32 48.86 +0.94% 40.36 37.93 +6.42%25 53.99 53.42 +1.06% 43.12 40.42 +6.67%30 58.14 57.47 +1.17% 45.42 42.58 +6.66%35 61.92 61.12 +1.31% 47.42 44.50 +6.56%40 65.40 64.47 +1.44% 49.22 46.23 +6.46%45 68.65 67.58 +1.58% 50.80 47.81 +6.25%50 71.70 70.49 +1.71% 52.23 49.28 +6.00%Table 4: Position of the sho
k front at t∗ with and without 
ooling � simulations versus predi
tionsbased on astrophysi
al 
onsiderations done in 
hapter 2.5. The TVD-F-SA s
heme with SED0 initial
onditions is used on a grid with resolution ∆x∗ = 0.01.
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5.6 Arti�
ial vis
ositySimulations of sho
k waves o

asionally require the in
lusion of arti�
ial vis
osity for damping theos
illations introdu
ed by the numeri
al s
heme. One sophisti
ated way is given in [2℄ by adaptingthe se
ond Euler equation (momentum equation) using equation (2.12) as basis. Unfortunately thisapproa
h 
annot be implemented straightforwardly for most s
hemes in
luding ROE and TVD, butneeds extensive modi�
ations.We follow a simpler idea suggested in 1967 by Ri
htmyer & Morton [12℄ (p313). Here a vis
osity-liketerm q is added to the pressure. This gives the modi�ed Euler equations
∂tρ = −~∇(ρv) (5.18)

∂t(ρv) = −~∇((ρv)v + (p+ q)I) (5.19)
∂tǫ = −~∇(ǫv + (p+ q)v) (5.20)
q =

{

l2ρ
(

∂v
∂r

)2 ∂v
∂r
< 0, [l] = L

0 ∂v
∂r

≥ 0
(5.21)where l is a parameter of dimension length, whi
h has to be 
hosen adequately. This approa
hstill needs 
onsiderable adaption in the weighting of the quantities for the 
omplex TVD-s
hemes,but works �ne for most other s
hemes dis
ussed in this thesis. For most of the initial 
onditions
onsidered here, the initial value of ∂v

∂r
at the sho
k front is in�nite. With de
reasing ∆x thenumeri
al estimate be
omes very large. Therefore, just like for the 
ooling term n2Λ, q also needsto be limited

qlim = min(q, βp) (5.22)Trial simulations suggest β = 0.5 as reasonable value when using l2 = 0.5. Figure 17 shows thee�e
t of adding the vis
osity term q for the ROE-s
heme. The improvement of numeri
al stabilityis obtained at the pri
e of blurring the wave front.Arti�
ial vis
osity is indisputably a powerful tool in �uid dynami
s. Yet for the supernova simulationit seems to be advantageous to invest into the 
omplexity of the s
heme rather than into thisextension.
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6 A roadmap for the futureThis last 
hapter starts with a brief summary of what has been a
hieved. What follows is avariety of themes that promise a wide range of possible a
tivities for the future.Summary: Let us summarize what has happened so far.First of all we started by 
omparing various numeri
al methods for solving nonlinear systems ofdi�erential equations. We realized that higher-order methods improve the a

ura
y of the solution,but at the same time 
ause problems su
h as os
illations. To 
ountera
t this behaviour we dis
usseda group of di�erential s
hemes based on the prin
iple of total variation diminishing. The so-
alled�ux limiter fun
tions with �ow parameter arguments are used to smooth out numeri
al artifa
ts inthe solution.To test these di�erential s
hemes we set up an astrophysi
al model 
ase, namely the propagation ofa supernova. In its simplest form it involves the spheri
ally symmetri
 solution of the homogeneousEuler equations after a point blast. We 
on�rmed our simulation results with the idealized modelsolutions and simultaneously enhan
ed the methodology. Spe
ial attention was given to the sour
eterm, an inhomogeneous term in the Euler equations whi
h o

urs due to the spheri
al symmetry.The next step 
onsequently was the extension of the model. We investigated di�erent initial 
on-ditions, examined the reverse sho
k after the free expansion and simulated heat 
ondu
tion byinserting a 
ooling term. However, we realized that with the given relatively simple model thelimits of what is possible are rea
hed very qui
kly.Perspe
tives: I see this thesis as only a humble beginning of a 
omplete des
ription of a super-nova. How do we go on from here?A �rst step on the roadmap is 
ertainly the relaxation of spheri
al symmetry. This is ne
essary tosimulate the instabilities o

urring near the sho
k front. It will furthermore allow us to deal withinhomogeneities in the ISM, su
h as 
hanging density due to e.g. mole
ular 
louds. Of parti
ularinterest should be the 
ollision of two supernova fronts. The resulting mass 
on
entrations areknown to be a prerequisite for new star formation.Another important issue whi
h has been negle
ted so far is the initial phase just after the blast.What all simulations within this thesis have in 
ommon is that they start in the late stage of the freeexpansion phase. A 
omprehensive model would also need to 
onsider the very early stage, whereparti
le intera
tions require an alternative approa
h to the Euler equations. With su
h modi�
ationsit should be possible to introdu
e metalli
ity into the model as well.Also on the methodologi
al side there are many interesting questions. It might be advantageous touse a Lagrangian des
ription by tra
king the motion of the �uid parti
les, rather than the presentEuler des
ription where �uid properties are fun
tions of spa
e and time. Parti
ularly a smoothedparti
le hydrodynami
s (SPH) model seems to be promising. Large simulations with more features59



use mu
h �ner grids, whi
h are only feasible with extensive performan
e optimization. In fa
t, thisis an area of resear
h by itself.Final words: I would like to 
on
lude this work with a 
omparison. For me, the pro
ess ofstudying the subje
t of supernovae has been similar to that of learning a piano pie
e. In both 
ases,one spends 
onsiderable amount of time until there is an initial understanding and satisfa
tion. Thework is then put away for a while, so it 
an be taken up again after some time to look at it from adi�erent angle. In the pro
ess of writing this thesis this happened to me at least three times, andea
h time I gained a new perspe
tive. This was extremely bene�
ial in improving my understandingof the subje
t and 
onsequently the quality of the result. I hope to be able to pi
k up some of theopen issues during my future a
ademi
 pursuits.Addendum: A sophisti
ated perspe
tive for the future using the te
hniques outlined in this thesisis simulating the 
ollision of two supernova sho
k fronts. This 
auses the agglomeration of densityas required for new star formation.
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rease. Page 61, lower half: At t∗ = 0.35 the pressure in the interiorof the supernova remnants has formed new sho
k waves, whi
h are pushed ba
k by the density atthe point of 
ollision. 60
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A Program do
umentationThe sour
e 
ode for the supernova simulations is written in FORTRAN. Program parameters areassigned in C-style via the 
ommand line. The following table gives an overview of the inputparameters.A.1 ParametersParameter=default des
riptions
heme=13 de�nes the s
heme to be used= 1 . . . exa
t Riemann solver= 2 . . . Lax�Friedri
hs (LF)= 3 . . . Lax�Wendro� Ri
htmeyr (LW-R)= 4 . . . Godunov (GOD)= 5 . . . First-Order Centred S
heme (FORCE)= 6 . . . van Leer= 7 . . . Steger�Warming (SW)= 8 . . . Roe (ROE)= 9 . . .Ma
Corma
k (LW-MC)= 11 . . .WAF, �ux averaged= 12 . . .WAF, w averaged= 13 . . .WAF TVD, �ux averaged= 14 . . .WAF TVD, w averaged= 15 . . .MUSCLinit=4 de�nes initial 
ondition= 1 . . . Sedov, 
onstant density (SED0)= 2 . . . Sedov, exp.de
reasing density (SED15)= 3 . . . Riemann-like, 
onstant density (RIE0)= 5 . . . de
reasing 
ont. density pro�le (IDP)= 6 . . . equation (2.32)= 11 . . . the test 
ase from 
hapter 4n=3000 number of spatial pointsdx=0.01 length interval ∆xt=2.1 total run time in 104 yearssym=2 de�nes geometry= 0 . . . planar= 1 . . . 
ylindri
al symmetry= 2 . . . spheri
al symmetrylimiter=1 limiter fun
tion= 0 . . . no limiter fun
tion= 1 . . . SUPERBEE limiter= 2 . . . Van Leer limiter= 3 . . . Van Albada limiterm=3.0 mass of supernova in M⊙63



Parameter=default des
riptionCFL=0.99 Courant-Friedri
hs-Lewy numberRK=4 Runge�Kutta for sour
e term= 0, 1 . . . no Runge�Kutta, �rst order= 3 . . . Runge�Kutta third order= 4 . . . Runge�Kutta fourth order
ool=1 
ooling= 0 . . . 
ooling o�= 1 . . . 
ooling onv=3 verbose parameter, de�nes amount of output= 1 . . . �nal result only= 3 . . . �rst and last state= 4 . . . states in prede�ned time-intervalls= 5 . . . every stateout=1.0 time interval between output of intermediate results= 0.0 . . . no output of intermediate results
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C ZusammenfassungDie hier vorliegende Arbeit behandelt das numeris
he Lösen von ni
htlinearen partiellen Di�e-rentialglei
hungssystemen. Am Beispiel einer Supernovaexplosion werden vers
hiedene Lösungs-ansätze mit astrophysikalis
hen Modellen vergli
hen und optimiert. Die besten Verfahren werdendana
h verwendet, um einfa
he Fragestellungen wie beispielsweise die Kühlung oder die Ausbrei-tungsges
hwindigkeit der S
ho
kwelle für vers
hiedene Anfangsbedingungen zu studieren.Zunä
hst wird ein hydrodynamis
hes Modell für die Ausbreitung der Reste na
h einer Supernova-explosion bes
hrieben. Die zugrundeliegenden Glei
hungen sind dabei die Euler�Glei
hungen. Diesewerden um inhomogene Terme erweitert, die Kühlung, Viskosität und derglei
hen bes
hreiben.Dur
h die riesige Menge an freigesetzter Energie entsteht eine S
ho
kwelle, die bei ihrer Ausbrei-tung ins interstellare Medium mehrere Phasen dur
hläuft. Diese Phasen werden astrophysikalis
hbes
hrieben und mathematis
h formuliert.Im mathematis
h-numeris
hen Teil wird zunä
hst kurz auf die Theorie der partiellen Di�erentialglei-
hungen eingegangen. Dabei werden Konsistenz, Stabilität, Genauigkeit und Konvergenz erörtert.Es werden exakte Lösungen sowohl für das Riemann-Problem also au
h für das Sedov-Problemeiner punktförmigen Explosion bes
hrieben. Im Kernteil werden dann 13 vers
hiedene Di�erenzen-s
hemen miteinander vergli
hen. Es stellt si
h heraus, dass mit steigender Genauigkeit der Trendzu Oszillationen in der Lösung zunimmt. Als eine mögli
he Methode, dieses Problem zu beheben,wird das Prinzip der totalen Variationsminimierung (total variation diminishing) eingeführt. Dabeiwerden sogenannte �ux limiter-Funktionen verwendet, deren Argumente �ow parameter sind unddie eine Glättung der Lösungen bewirken.Es folgt eine Vielzahl an Supernovasimulationen. Die homogenen Euler�Glei
hungen werden mit ver-s
hiedenen Typen von Di�erenzens
hemen gelöst, und es wird auf die vers
hiedenen Eigens
haftender Lösungen eingegangen. Für die inhomogenen Terme werden Runge�Kutta Verfahren ver-s
hiedener Ordnung miteinander vergli
hen. Ebenso werden vers
hiedene Positionen der Stützstellenfür diese Verfahren getestet. Da die Simulationen erst unmittelbar na
h der Phase der freien Expan-sion starten, also erst ein paar hundert Jahre na
h der Explosion, wird speziell den vers
hiedenenmögli
hen Anfangsbedingungen besondere Aufmerksamkeit ges
henkt. Was folgt sind Untersu
hun-gen zum reverse sho
k unmittelbar na
h der freien Expansion, zur Kühlung der S
ho
kfront, zurAusbreitungsges
hwindigkeit und s
hlieÿli
h no
h die Einführung einer künstli
hen Viskosität alszusätzli
her Parameter.Die Arbeit s
hlieÿt mit einer Zusammenfassung und einem Ausbli
k auf notwendige Modeller-weiterungen, die in einer Folgearbeit behandelt werden könnten.
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