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Introduction

Integer partitions are well-studied objects in the field of combinatorics and play a significant
role in representation theory. A partition of some positive integer n is a weakly increasing
sequence of positive integer, where the sum of all elements is equal to n. The number of
partitions of n is denoted by p (n).

A celebrated result is the Rogers-Ramanujan identity, stating the following remarkable fact:
Denote by a(n) the number of partitions of n, where all elements of the partition are 1 or 4
modulo 5, and denote by b(n) the number of partitions of n, where any two elements of the
partition differ by at least 2. Then a (n) = b(n). This was proved by Rogers and Ramanujan,
using power series manipulations. Up to this date, there is no combinatorial proof that shows
the implicit connection between those two objects (see for example [6]).

The goal of this thesis is to devise new concepts to prove partition identities like the Rogers
Ramanujan identity. The starting point is given by the observation that there is a one-to-one
correspondence between partitions of n and monomials of degree n of k [z1, ..., z,] graded via
deg (z;) = i. This allows us to consider partitions in an algebraic setting. In order to work
with partition identities, we will use factor rings of the polynomial ring. By breaking the factor
ring into several pieces, we will be able to encode the number of partitions into smaller factor
rings. Then, with some tools of commutative algebra (mostly free resolutions of the factor
ring), we are able to give formulas for the partition numbers, which can result in quick proofs
for partition identities.

For the Rogers-Ramanujan identity, the use of free resolutions is not enough to prove the
partition identity. However, we can at least show that the numbers a (n) fulfill the following
recursion formula:

a(n)=pmn)—pn-2)—pn-3)+pn-9)+pn-11)—...,

where the numbers in parentheses are exactly the numbers of the form @ We will also
show a new proof of a famous and well-known formula by Euler, stating that

0=pn)—pn-1)-pn-=2)+pn-5)+pn-7)—...,

where the numbers in parentheses are exactly the numbers of the form @
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Conventions

We will often denote rings by the letter R, while we denote fields by the letter k. If not
otherwise stated, all rings are assumed to be commutative with unity, so all ideals are two-
sided. We denote by N the set of positive integers, while Ny := N U {0}. We denote by [n]
the set {1,2,...,n}. If f(t) is a power series in the variable ¢, we denote by <tk> f(t) the
coefficient of t* in the power series expansion.



1 A brief summary of Grobner bases and free
modules

An advanced knowledge of Grobner basis theory is helpful, but not needed (see for example
[8],[10] or [13]).

1.1 Grébner basis theory on k [z, ..., z,)'

This section is meant to provide a quick overview. For a detailed analysis of the topic, as well

as all omitted proofs of the first section, the reader is adviced to consult [9]. For this section,
we suppose that R =k [x1,...,zy].

Definition 1.1. Let m = cz{" ... 23" be a monomial in R. A monomial vector (or monomial)
in R! is a vector me;, where e; is the i-th standard basis vector of Rt. We say that me; contains
the i-th standard basis vector of R.

The monomial z%; is said to be a multiple of z” ej if i = j and 2 is divisible by zB. If this is
the case, we say that x%e; is divisible by xﬁej.

Definition 1.2. If z%; and 2 e; are monomial vectors in R’, we define the least common
multiple lem of z%; and wﬁej to be

lem (xaei, :U*Bej) =0;; - lem <x°‘, xﬁ) €,
where 6; ; is the Kronecker delta.

Definition 1.3. A monomial order on R! is a total order < on the set of monomials of R!
with coefficient 1 satisfying

e < is a well-order.

e If 2%, and z°e; are monomials in R* with x%; < z°¢;, then z77%; < x7*Fe; holds for
all monomials 7 € R.

Every vector f € R' can be written as a sum of monomials, f = > 7_, ¢;m;, where m; are
monomials and ¢; # 0. Given a monomial order <, we can then order the monomials in this
expansion with respect to <.

Definition 1.4. The largest monomial in the above description that appears with respect to
< is called leading monomial LM< (f) of f. If m; is the leading monomial, we call ¢;m; the
leading term LT (f). If the monomial order is unambiguous, we will write LT (f).

Theorem 1.1. Let < be a monomial order on Rt. Let fi,...,fs € R' be an ordered tuple of
vectors. Then every f € R can be written as a sum

f=cafi+-+csfs+,



where ¢1,...,¢s € R, LT (¢;f;) < LT(f) and r =0 or r is a linear combination of monomials
of which none is divisible by any of LM (f1),...,LM(fs). The vector r is called the remainder
upon division.

Grobner bases

Definition 1.5. Let M be a submodule of R’ and < be a monomial order on R'. We define
LT (M) as the set of leading terms of all elements of M with respect to < and (LT (M)) as the

submodule the leading terms generate. A finite subset G = {g1,...,gs} of M is called Grébner
basis for M if (LT (M)) = (LT (¢1),...,LT (gs))-

The remainder r in Theorem 1.1 depends on the order of the f;. One can prove that if fi1,..., fn
is a Grobner basis, r is indeed independent of the order of the f;.

Definition 1.6. Let < be a monomial order on R, f, f1,..., fs € R' as above, and suppose
that fi,..., fs form a Grobner basis for M. We write f = r(f1,..., fs) if 7 is the (unique)
remainder upon division by fi,..., fs-

Grobner bases are of importance because they solve the module membership problem.
Theorem 1.2. Let G be a Grobner basis of M C R? with respect to a monomial order < on
R and f € R'. Then G generates M as a module and f € M if and only if f =0(G).
Existence of Grobner bases, Buchberger algorithm

Definition 1.7. Let < be a given monomial order on Rf, and let f,g € R!. Denote by

_ lem (LT (f),LT(g)) ,  lem (LT (f),LT (9))
S(f,g)— LT(f) o LT(g)

the S-vector of f and g. Note that S (f, g) = 0 if the leading terms of f and g contain different
standard basis vectors.

f g€ R

Theorem 1.3. (Buchberger criterion) A set G = {g1,...,9s} C R is a Grébner basis for the
module it generates if and only if S (gi, g;) =0(G) for all1 <i < j <s.

Theorem 1.4. (Buchberger algorithm) Let {gi,...,gs} be a subset of Rt and let M be the
module generated by gi....,gs.. Compute all remainders of the S-vectors S (g;, g;) upon divi-
sion by the set {g1,...,9s}. Add all nonzero remainders (in the sense of Theorem 1.1) to the
set {g1,...,9s} and continue with this process. This algorithm eventually stops, and the set
constructed in the last step is a Grobner basis for M.

Reduced and monic Grébner bases

Definition 1.8. A Grobuer basis {g1,...,¢gs} of M (with respect to some monomial order <)
is called reduced, if for all g; # gj, no monomial in g; is divisible by some LT (g;). It is called
monic if it is reduced and every leading coefficient LC (g;) is 1.

Theorem 1.5. Let M be a submodule of R'. There exists a reduced Grobner basis of M and
an unique monic Grobner basis of M.

Remark 1.1. Every Grobner basis can be transformed into a reduced Grobner basis by using
the division algorithm.



1.2 Free modules

The reader is assumed to know the notion of free modules. We will briefly introduce to the
topic and give a summary of all properties of free modules that we will be used later on. More
on free modules can be found in most books on algebra, see for example [7].

Definition 1.9. An R-module M is said to be a free module over R if it has an R-basis.
Lemma 1.1. Let M be a free R-module and n € N. Then

1. R™ is a free R-module.

2. If a basis of M consists of m elements, we have M = R™.

3. We have R™ = R™ if and only if m = n.

4. If M has a finite basis, every basis has the same cardinality.

Proof. Choose the standard basis e; = (0,...,0,1,0,..., O)T with 1 <7 < n, where 1 is in the
i-th row and 0 elsewhere. This is clearly a basis, which proves the first claim. For the second
claim, fix a basis. Define a homomorphism ¢ : M — R™, sending the i-th basis element of M
to the i-standard basis vector e; of R. This is clearly an isomorphism.

For the third claim, let m be a maximal ideal of R, then

(R/m)m = Rm/mRm = R/m ®@p R™ = R/m ®p R" = Rn/mR" = (R/m>n»

where ®p is the tensor product over R. Recall that, if k is a field, k™ is isomorphic to k™
if and only if m = n. Since R/m is a field, the claim follows. The last property follows
immediately. O

Definition 1.10. Let M be a free R-module. The number of elements of a basis of M is called
the rank of M.

Remark 1.2. Free modules are easy to handle, because every element has a unique represen-
tation of a (finite) sum of R-multiples of basis elements. If M is not free, the situation is in
general a lot harder. One can give a generating system for the module (in the worst case, the
module itself), but the generating system need not be linearly independent. In this case, the
relations between the generators are of big importance.



2 Graded Structures

2.1 Graded rings and modules

We closely follow [9] and [16] in this chapter.

Definition 2.1. Let R = (R,+,-) be a ring. R is called Z-graded (or graded) if abelian

subgroups {R; = (R;, +),i € Z} of (R, +) are given that satisfy R = €@ R; and are compatible
JEZ

with the ring multiplication, i.e. R, - R, C R4 holds for all m,n € Z. In this case, we call

an element r of R; homogeneous of degree i and write deg () = i. The zero element 0 € R is

assumed to be homogeneous of any degree.

Example 2.1. 1. Let S be a ring. The polynomial ring R = S [z1,...,x,] is graded via
deg (z;) = d; > 0, where

R; = (monomials of degree i in k [x1,...,z,]).

If S = k is a field, the graded pieces S; are k-vector spaces. Also note that if i < 0,
R; = 0. Graded rings that fulfil this condition are called Ng-graded.

2. Every ring R is trivially graded via R = Ry and R; = 0 if i # 0.

3. Let k be a field. The ring k [z] / (2?) is graded of the form k & kT with 72 = 0.

4. f R = @ R; and S = @ S; are graded rings, so is R x S. The homogeneous parts are
given b;fefhe R; x S;. UZTGhZerefore, if R is a graded ring, so is R* = R x --- x R.

5. Let R be a graded ring and S be a multiplicatively closed subset of homogeneous elements
of R. Then Rg, the localization of R over S, is a graded ring, where the graded parts
are given by

(Rs); = {g € Rg,r, s homogeneous in R, deg (r) —deg(s) = z} .

Proposition 2.1. Let R = @ R; be a graded ring. Then Ry is a subring of R and all
1€EZ
homogeneous parts R; are Ry-modules.

Proof. Consider 1 € R as a sum of homogeneous elements, i.e., 1 = >_ f;, where f; € R; and
1€EZ

only finitely many are nonzero. Then f; =1- f; = > fif; implies f; = f; - fo. Now
1€EZ
fo=1-fo=> fifo=>_ fi=1,
=/ =/
hence 1 € Ry. Since Ry - Ry C Ry, Ry is a subring of R. Furthermore, Ry - R; C R;, so R; is a
Ry-module. O



Definition 2.2. Let R = @ R; be a graded ring and M be an R-module. The module M is
1€EL
called a graded R-module if additive subgroups {M;, j € Z} of M exist that satisfy M = @ M;
JEZ
and are compatible with the module multiplication, i.e., R;M; C M;;; holds for all 7,5 € Z.
We call the elements of the graded part M; homogeneous of degree j.

Remark 2.1. If M = @ M; is a graded R-module (with R = @ R;), then M; is an Ry-module
jEz i€z
for all j € Z.

Example 2.2. 1. Every graded ring R is a graded R-module over itself.
2. If My, M5 are two graded R-modules, so is My x Mo.

3. Let M = @ M, be a graded R-module and n € Z an integer. Define the graded module
JEZ
M (n) as follows: M (n) is isomorphic to M as an R-module, but its graded pieces are
shifted, defined as M (n), = My4;. Then M (n) is a graded R-module.

Definition 2.3. Let M = @ M; be a graded R-module and N be a submodule of M. The
JEZ
submodule N is called a graded submodule if

N=NnM;.
JEZ

Remark 2.2. If N is a graded R-submodule of M, then NV is itself a graded R-module, because
R; (N N Mj) =R,NN RiMj CNN Mi-i—j'
The question arises which submodules of graded modules are graded themselves.

Proposition 2.2. Let M = @ M; be a graded R-module and let N be a submodule of M.
JEZL
The following are equivalent:

1. N is a graded submodule of M.
2. An element f € M is in N if and only if all homogeneous components of f are in N.
3. N has a system of homogeneous generators.

Proof. (1) = (2): Suppose that f € M, f = fi +- -+ fx, fi € Mg, is the unique way to

write f as sum of homogeneous elements. If f € N, then f = ) g; with g; € NN M;. By
€L

uniqueness of the decomposition in homogeneous elements, f; i giif1 <i<k and g =0

otherwise. Therefore, f; € N N My,, so f; € N.

(2)=Q): If fe N, f=fi+--+ fr is the (unique) homogeneous decomposition, we have

fi € Mg, NN, from which everything follows.

(2) = (3): The set of homogeneous elements (with respect to the graded module M) in N

fulfils the conditions.

(3) = (2): Let f € N and suppose that f = f; + -+ + fi is the unique decomposition in

homogeneous parts, where f; € My;. Suppose that S is a system of homogeneous generators



n
of N, then there exist r1,...,7, € R,s1,...,5, € S, s € M,,, satisfying f = > r;s;. Since

=1
R is graded, there exists a unique decomposition into homogeneous elements r; = » r; ; for
JET

1 <4 < n. Therefore

n

=Y s
i=1 jeZ
EM€i+j

By uniqueness, every f; is therefore a sum of the form ) ry;s;. Since sq,...,s, are elements
of N, then f; is forall 1 < j <k. O

Corollary 2.1. Let R be a graded ring and I be an ideal. The ideal I is graded (as submodule
of R) if and only if I is generated by homogeneous elements.

Proof. Put M = R in Proposition 2.2. O

Example 2.3. If R is a noetherian ring, R[z;...,z,] is noetherian by the Hilbert basis
theorem. This ring is also graded via the degree function, i.e., a function deg : {z1,...,z,} —
N, and the i-th graded piece is generated by all monomials of degree i. Graded ideals of
these rings are ideals, that are generated by homogeneous polynomials. Since R [x1,..., 2]
is noetherian, only a finite number of generators is needed. We therefore have a complete
classification of graded ideals of the polynomial ring in finitely many variables over a noetherian
ring.

Proposition 2.3. Let M = @ M; be a graded R-module and N = € N; be a graded sub-
JEZ. JEZ.
module. Then M/N is a graded R-module, where

(M/N> =My = MV(N nM;) = (Mi+N) .

i

Proof. If A;, i € Z are R-modules and B; are submodules of A; for each ¢, it is well known

that

(see for example [7] for a proof). This proves the condition on the direct sum.
To prove the compatibility with the module multiplication, note that

Ri- (Moy), = M Ny € Wi # Ny = (M)

holds for all 7,5 € Z. O

Definition 2.4. Let M = @ M; and N = @ N; be graded R-modules and f : M — N be
jez jez

an R-module homomorphism. The map f is graded of degree i, if f (M;) C N;y; holds for all

j € Z. Denote by Hom; (M, N) the set of all module homomorphisms M — N of degree i.

A homomorphism g : M — N is graded if an i € Z exists such that g € Hom; (M, N).

It is convenient to work with homomorphisms of degree 0. Indeed, we can transform any given
graded homomorphism to a homomorphism of degree 0:



Proposition 2.4. Let M, N be two graded R-modules. Suppose that f € Hom; (M,N), then
f € Homg (M (—i),N), where M (—i) is the graded R-module M shifted by i degrees.

Proof. Clearly, M (—i) is a graded module itself (see Example 2.2). Furthermore,
f(M(=i)) = f(M—;) € Ny,
so that f € Homg (M (—i), N). O

We will shortly discuss three important examples of graded homomorphisms, which appear
in graded free resolutions that we will encounter in Section 3. Let R be a graded ring and
consider R! as a graded R-module.

First, if A is an s x t-matrix € R*¥?, where all entries are homogeneous of degree d, A defines
a graded homomorphism ¢ : RY — R® of degree d via the matrix multiplication, i.e. f++ A- f.
We can shift R! to get a graded homomorphism ¢ : R (—d)" — R® of degree 0.

Second, if B is a s X t-matrix with entries in R, where the entries of the j-th column are all
homogeneous of the same degree d; for 1 < j <t¢, B induces a graded homomorphism

¢:R(—d1)® - ® R(—d;) — R®,

that is again given by multiplication with B. The homomorphism is of degree 0.
Third, given a s X t-matrix C' where all entries are homogeneous in R and the entry c¢;; is
homogeneous of degree d; —d} for 1 <i < sand 1 < j <, C induces a graded homomorphism

¢:R(—d1)®--®R(—dy) = R(—d}) @ ®R(—d,)

of degree 0. Clearly these matrices are useful to describe graded homomorphisms between free
modules.

Definition 2.5. Let R be a graded ring. An s x t-matrix C with entries in R is called a graded
matriz if there exist di,...,ds,d},...,d, € Z so that all entries ¢;; of C' are homogeneous of
degree d; — d} for all 1 <i<s,1<j<t.

By the above observation, graded matrices describe the graded homomorphisms between free
finitely generated R-modules.

Structure theorem for finitely generated graded modules

Our goal is to show that every finitely generated graded R-module is isomorphic with degree 0
to a quotient module M /M’ where M is a finite sum of shifted copies of R and M’ is a graded
submodule of M.

Proposition 2.5. Let M = @ M;,N = @ N; be graded R-modules and suppose that f €
JEL JEL

Hom; (M,N) for somei € Z. If m = my + --- 4+ my, is the homogeneous decomposition of m

in M, then f(m) = f(m1)+---+ f (mg) is the homogeneous decomposition of f(m) in N.

Proof. This is the logical conclusion of f being a graded homomorphism. O

Proposition 2.6. Let f : M — N be a graded homomorphism of R-modules. Then Ker(f) is
a graded submodule of M .



Proof. Suppose that m € Ker (f) has the unique decomposition m = mj + --- + my, into
homogeneous parts in M. Then 0 = f(m) = f(m1) + - -+ f (myg). The images f (m;) are
homogeneous in N for 1 < i < k, and therefore f (m;) = 0 for 1 < i < k, implying m; € Ker (f).
By Proposition 2.2, Ker (f) is graded. O

Remark 2.3. One can also show that the image of a graded homomorphism is a graded sub-
module.

Theorem 2.1. Let N = @ N; be a finitely generated graded R-module. Then there exists
JEZ

a graded isomorphism f : N — M/M' of degree 0, where M is a finite direct sum of shifted

copies of R and M’ is a graded submodule of M.

Proof. Choose a finite system {ni,...,n;} of homogeneous generators of N (this is possible
by Proposition 2.2), and suppose that n; € Ng, for 1 <i < k. Set

M :=R(—dy) & - & R(—dy).

As a finite direct sum of graded R-modules, M is a graded R-module. If 1 € R is the unity
element, then the element 1 € R (—d;) has degree d;, call it e; for 1 < j < k.

The map
f/:M%Nuf(ei):ni

is in Homg (M, N). Set M’ := Ker (f’), which is a graded submodule of M by Proposition 2.6.
The isomorphy follows from the homomorphism theorem for modules. O

10



3 Syzygies and free resolutions

In this chapter, we will develop the tools we need to state and prove Hilbert’s syzygy theorem
(see for example [10],[9]). For a computational aspect of free resolutions, see [12] or [14]. We
will closely follow [9)].

3.1 Syzygies

Since modules do not possess a basis in general, computations are not as easy as in vector
spaces. Indeed, by losing the linear independency, we also lose the uniqueness of the repre-
sentation of the elements of m as sum of generating elements. In the case that we have a

generating set {m;,i € I'} and two representations f = > rm; and g = > s;m;, we have
iel iel
f = g if and only if > (r; — s;) m; = 0, which does not imply r; = s; for i € I anymore.
el
Therefore it is natural to give the following definition.

Definition 3.1. Let M be an R-module and (my,...,m;) € Mt. A vector (r1,...,m¢) € R is
called a syzygy (or relation) of (my,...,my) if

r1m1+-~—i—rtmt:O.
Denote by Syz (myq,...,m;) the set of all syzygies of (mq,...,m;), that is,
Syz (mi,...,my) = {reRt:r1m1+-~-+Ttmt:0} C R

Proposition 3.1. Let M be an R-module and (my,...,m;) € Mt. Then Syz(my,...,ms) is
a submodule of R.

Proof. Trivial. O

Remark 3.1. Note that Syz (m1,...,m;) is the kernel of the map ¢ : Rt — M, e; — m;.

Let M be a finitely generated R-module over an noetherian ring R. We will prove in Proposition
4.2 that M is noetherian itself. Therefore, if R is noetherian, Syz (fi, ..., f;) € R! is finitely
generated.

Definition 3.2. Let R be a noetherian ring and M = (my,...,m;)p be a finitely generated
R-module. A presentation matriz for M is a matrix A with ¢ rows and a finite number of
columns so that the set of columns generate the syzygy-module Syz (my, ..., my).

Remark 3.2. A presentation matrix A € M;xs (R) of M induces an exact sequence
BAR S M0,

where 1 maps the i-th standard basis vector of R® to the i-th column of A and ¢ maps the
Jj-th standard basis vector e; of R’ to mj. We call this exact sequence a presentation.

11



Note that a presentation matrix is not unique and depends on the choice of generators. If M
is free, A = (0,...,0) € R! is a presentation matrix for M.

Proposition 3.2. Let A be a t X s-matriz with entries in R, and M be an R-module. If A is
a presentation matriz for M (with respect to some generating set), we have M = R'/ARS.

Proof. First, note that AR® is the submodule of R! generated by the columns of A. Sup-
pose that {ej,...,e;} is the standard basis of R'. Then R!'/AR® is generated by the set
{e1 + AR®,... e;+ AR’} and (r1,...,7:)" is in Syz(e; + AR®,...,e; + AR®) if and only if
rT is in the span of the columns of A. Hence, A is a presentation matrix for R'/AR*. One
can easily see that two modules that have the same presentation matrix are isomorphic (if
mi,...,mg and ni,...,n; are the generators of the modules, consider the natural map ¢, that

sends m; to n;. This is an isomorphism). Therefore, M = R'/AR®. O

The question is how to compute a presentation of a module. We will solve this problem if the
underlying ring R is the polynomial ring in finitely many variables.

3.1.1 Computing a presentation

For this section, we suppose that R is a polynomial ring k [x1, ..., x,] over a field k. Given ele-
ments myq, . .., m; of some R-module M, our goal is to find a presentation for Syz (my, ..., m;) C
R

Syzygies of monomial submodules

Definition 3.3. A submodule N of R! is called monomial, if it is generated by a set of
monomial vectors m;;e;.

Clearly, finding the syzygy module for the generators of a monomial submodule is a lot easier
than for any submodule.

Proposition 3.3. (Generalization of Dickson’s Lemma) Let N be a monomial submodule of
R! for some t € N. Then N is generated by a finite number of monomials.

Proof. Consider the submodules N; = N N Re; of N for 1 < ¢ <t. The N; are of the form I;e;
for some ideal of R. Since IV is monomial, so are the I;. Dickson’s Lemma tells us that finitely
many monomials suffice to generate each I;. If I; = (my1,...,m;;), then N is generated by the
set of all products m;je;. O

We will now compute the syzygy module for a monomial submodule.

Proposition 3.4. Let M be a monomial submodule of R®, that is generated by the monomial
vectors mi,...,m¢. Define for 1 <i < j <t,

I e I e
o i cm (mg, m;) e cm (mg, m;)

. 6]'.
m; mj

Then Syz(ma,...,my) = (04,1 <i < j < 1)p.

12



Proof. First, note that the o;; are indeed syzygies by trivial computation. Next, if a € R'is
an element of the syzygy module, we have Z a;m; = 0 in R!. Write this sum as Z fiei =0,

where e; is the i-th standard basis vector. ThlS implies f; =0 for 1 <1 <, so that without
loss of generality, we can restrict ourselves to the case of monomial vectors containing only the
standard basis vector ej.

Without loss of generality, suppose that m; = z%ey,...,m, = % e; and let b be a syzygy
T T
of my,--+. By definition, ) bjz*e; = 0, which implies ) bjz®* = 0. By comparison of
i=1 =1
coefficients, this is only possible if there exist ¢1,...,¢. € R and an « such that b; = ¢;x®™
T
and Y ¢; = 0. Therefore, b is of the form
i=1
b= (clxa_o‘l, .. ,crxa_ar) )
We have to prove that b € (05,1 <i < j <t)p. To prove this, write b as
r—1
b= o
m=1

where

m m

Om = O,...,O,chzno‘_am,—chma_am“,O,...,0

j=1 Jj=1
Clearly, o, € (04,1 <i < j <t)p. Hencebe (04,1 <i<j<t)p. O
Syzygies of arbitrary submodules
We still assume R = k [z1,...,2,]. Given an R-module M and some elements my,...,my of
M, our goal is now to find a generating set for the syzygy module of m1,..., mg. The idea is
simple - we want to lift syzygies of the leading terms to syzygies of the generators.
If G ={g1,...,9s} is a Grobner basis for the module it generates, the division algorithm gives

an equation of the form
gz, g] Z A5k Gk,

where LT (a;jr9x) < LT (S (94, 95))-
Furthermore, Buchberger algorithm is a way of detecting syzygies. One can easily see that
lem (LT (g:), LT (g5)) . lem (LT (i), LT (g;))
LT (g:) ' LT (g5) ’

is a syzygy of the leading terms of the gy. We want to construct a syzygy of {g1,...,9s} given
a syzygy on the leading terms with this knowledge.

Define a;; <= (aij1, - - - ,aijs)T € R® and m;; = lem (LT (g;) ,LT (g;)). We can lift the syzygy
from above by considering

07 lf ng e 07
SZ] :: mz ; mZ .. .
LT(gz)e’ LT(gJ) ej — a;j, otherwise.

13



Proposition 3.5. The vectors s;; defined above are indeed syzygies of {g1,...,9s}-

Proof. Let 1 <14 < j <s. If m;; =0, the claim holds trivially, so assume that m;; # 0. Then

(91 9)‘3“29‘ aa — gy i — g1Qi51 — * 0 — GsQij
g9 Ysg ) ’LLT (gz) jLT (g]) 1] s%)s
=S (giagj) — g1Gij1 — *+ — gsQijs = 0.

O]

Theorem 3.1. Let G = {g1,...,9s} C R' be a Grébner basis of the module it generates, with
respect to a monomial order > on RY.
Define an order >g on R’ by

o If LTS (x%g;) > LT- (xﬁgj), x%; >g 2%e;, or
o If LT- (2%g;) = LT~ (2Pg;) and i < j, a%e; >g 27e;.

Then >g is a monomial order on R® and the s;; form a Grébner basis of Syz(gi,...,gs) with
respect to >g.

Proof. First, <g is easily seen to be a monomial order, since < is. Furthermore, as s;; = —s;;,
we may assume ¢ < j. Define m;; = lem (LT (g;) ,LT (g;)). Now, since

(i) > (i)

and, because of the cancellation property of the leading terms of the S-vector,

T (L;‘n(z;)gz) > LT (S (g, 9;)) > LT (aijkgx)

for all 1 <14,j,k < s, we have
myij

LT (g:)

LT>g (Sij) = €;.
S
Let f = ) fie; € R® be a syzygy, let LT, (fie;) = mje; and let j be the unique number

=1
satisfying LT« (f) = mj e;. We have to prove that LT (f) is divisible by some LT, (s;;),
making the s;; a Grobner basis of the syzygy module. Define

S = {l:m;LT< (g;) = mLT< (q1)} .

By the definition of <g, we have S C {j,7 + 1,...,s}. Now, consider the element

5= E myey,

les

which is a syzygy on the set of the leading terms of the g; for [ € S, with respect to <, since f
is a syzygy on ¢g1,...,gs. By Proposition 3.4, s is in the submodule generated by the o;; with
i<jandi,j€S, soLT, (s)is divisible by some LT, (si;) = %ei.

By construction, LT, (f) = LT<, (s) and the s;; form a Grobner basis with respect to <g. [

14



Therefore, a Grobner basis of some module M contains enough information to find a presen-
tation for M.

For Hilbert’s syzygy theorem, we need an induction argument which will be contained in the
following lemma.

Lemma 3.1. Let G be a Grébner basis for the module it generates with respect to some mono-
mial order < on R!.

Rearrange the elements of G to a tuple G' = (g1,...,9s), so that whenever i < j and the leading

LM<(g:) > LM<(g))
ek lex e

terms LT< (g;) and LT< (g;) contain the same ey, we have
the lexicographic order on R satisfying x1 > -+ > xy,.

If the variables w1, ..., T, do not appear in the leading terms of G', then 1, ..., Tmy1 do not
appear in the leading terms of si; € Syz (g1, .. .,gs) with respect to <g.

, where lex is

Proof. 1t suffices to consider g;,g; € G’ where LT« (g;) ,LT< (g;) contain the same standard

basis vector and i < j. Then %ig") = xp' y; and %ig") = xp? 1y with a1 > ag and y;, y;
are monomials in Z;,49,...,2,. But then
_ lem (LT< (g4) ,LT< (g5))
LT, (si5) = ei
LT< (9i)
does not contain z1,...,Tm41. ]

3.2 Free resolutions and the Hilbert Syzygy Theorem

We already saw that, given a system of generators of some module M, we gain information
about M if we are also given the syzygy module of the generators. We know that, in certain
cases, the syzygy module is finitely generated. Choose a finite generating system of the syzygy
module. In order to understand the syzygy module, we also need the syzygies on the generators
of the syzygy module - these are the so called second syzygies. By iterating this process, we
will get a new module in each step, the i-th syzygy module. The question one has to ask is
easy: Does this process always stop, for any choice of generators? In general, the answer is no
and we will see shortly a counterexample. However, Hilbert proved that the above iteration
stops if M is a finitely generated k [x1, ..., z,]-module.

Remark 3.3. Suppose that M is an R-module, and M = (my,...,my) . Consider the homo-
morphism f; : Rt — M, given by fi(e;) = m; for 1 < i < t and linear extension. This is
clearly a surjective homomorphism, making the sequence

R o

t
exact. The kernel of fi is the set of all r € R! satisfying > 7m; = 0, so Ker(f1) =
i=1

Syz (mi,...,me).

Now, suppose that we want to extend this exact sequence to the left. Construct a homo-
morphism with the target R’ and image Ker (f1). If Syz(my,...,m;) = Ker(f1) is finitely
generated by s elements {ni,...,ns}, we can choose the homomorphism fy : R® — R! that
sends e; € R® to n; for 1 < i <s. The image fs (R?®) is by definition the first syzygy module,
such that we extended our exact sequence to

RS — R - M — 0.
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One can iterate this process to gain a (potentially infinitely long) exact sequence to the module
M with respect to a chosen system of generators - as long as the kernels of the homomorphisms
are finitely generated.

Note that if M is a finitely generated R-module and R is noetherian, the kernels of these
homomorphisms are finitely generated, and there exists an exact sequence as above. The
above computation of kernels is a free resolution of M.

Definition 3.4. Let M be an R-module. A free resolution of M is an exact sequence
= - —-M=0

of free finitely generated R-modules.
If for some [, we have Fj;; = 0 for all ¢ > 1 and F; # 0, we call the free resolution finite of
length [. We will often write

s BB AR BM o

In general, computing a free resolution of M is a non-trivial problem - there need not even
exist a finite free resolution of M.

Example 3.1. Let R = Z/6Z. We claim that there is no finite free resolution of the module
M = 27Z/6Z. Since M has one generator, we get an exact sequence

R— M —0,

where f1 : R — M is given by the multiplication with 2 and Ker (f;) = 3Z/6Z. We can extend
the above exact sequence to the sequence

R— R—M—0,

where fo : R — R is given by the multiplication with 3, such that Ker (f2) = 2Z/6Z. This
process of alternating kernels will not terminate. Hence there is no finite free resolution of M.

One now might ask for conditions an R-module M has to fulfil in order to possess a finite
free resolution. A celebrated theorem of Hilbert gives at least a sufficient condition for M to
possess a finite free resolution.

Theorem 3.2. (Hilbert’s Syzygy theorem) Let M be a finitely generated k [x1, . . ., x,]-module.
Then M has a finite free resolution of length < n.

Proof. Let {f1,..., fi,} be a generating set of M. As already seen, there is a sequence
¢ to d)
Fy = RS M — 0.

Choose a reduced Grébner basis Gy for Syz (fo, ..., fi,) € R, with respect to a monomial
order on R™ and rearrange the elements as in Lemma 3.1 to a to-tuple Qé). Now, with Theorem

3.1, choose a reduced Grobner basis G; for Syz (g{)) C Rl%I. None of the leading terms of Gy
will contain z1 by Lemma 3.1. We can now continue the sequence from above to a sequence

RI9 %3 RlGol 23 pto 28 pp .
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Continue with this process until the leading terms of the Grobner basis G; of Syz (Ql/_l) do
not contain any of the variables z1,...,z,. By Lemma 3.1, this has to happen for some [ < n.
Then the Grobner basis consists of products of nonzero constants times standard basis vectors
of Fj, showing that Syz (gg_l) is free as a module, since the generators only possess trivial
relations. This implies that we can extend the resolution with a zero to the left, i.e.

0— Fy — Fj_y — -+~ — RI91 % RIGol 2 pto %4 .

Since | < n < oo, this is a finite free resolution of M. O

3.3 Graded free resolutions

If the module that is to be resolved is graded, it is natural to ask for resolutions that respect
the grading.

Definition 3.5. Let R be a graded ring and M be a graded R-module. A graded free resolution
of M is an exact sequence

s BRABR A RN M0,

with F; free finitely generated graded R-modules, where the ¢; are graded of degree 0, such
that F; is a shifted free module R (—d;) @ --- @& R (—d,,) with m = rank (F;).
If for some [, Fyy; =0 for all i > 1 and F; # 0, we call the free resolution finite of length [.

Similar to the above question, one can naturally ask in which cases finite graded free resolutions
exist. Indeed, we can adapt the Hilbert Syzygy theorem to prove that every finitely generated
graded k[z1,...,z,]-module (with deg(x;) € N) has a finite graded free resolution. For the
remainder of this section, suppose that R is a polynomial ring in finitely many variables.

Lemma 3.2. Let M be a submodule of R for some t € N. The following are equivalent:
1. M is a graded submodule of R'.

2. A reduced Grébner basis of M consists of vectors of homogeneous polynomials, with the
addition that all components of each vector are of the same degree.

Proof. The second implication follows directly from Proposition 2.2 (since Grobner bases are
generating systems).

For the other direction, since M is graded, there exist homogeneous generators fi,..., fi, of
M. Apply the Buchberger algorithm to get a Grobner basis {g1,...,gn}. Note that, if f and g
are homogeneous, so is S (f, g). By applying the division algorithm we see that g1, ..., g, have
to be homogeneous. Reduce this Grobner basis - this is done by cancelling the leading terms
(with respect to a given monomial order), which is equivalent to taking linear combinations of
homogeneous vectors of the same degree. Hence, a reduced Grobner basis consists of vectors

of homogeneous elements of the same degree. O
Lemma 3.3. Suppose we are given di,...,d; integers, my,...,ms € R, where the elements
mi,..., Mg are vectors m; = (mil,...,mit)T (1 < i < s) of homogeneous polynomials that

satisfy deg(mi;) — dj = deg(mig) —dy for 1 <i<sand1 < j<k<t. Thenmy,...,ms are
homogeneous elements of F := R (d1) ®---® R (d¢) and (mq,...,ms) is a graded submodule of
F.
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Proof. 1t suffices to prove that mj is homogeneous in F. To prove this, suppose that m; =

(mi1,...,my) € R" where my; € R.; for 1 <j <t and
mlj € R (dj)cj'—dj =R (d]')deg(mlj)—dj :
Hence,
mi € (R(d)& - @R (dm))deg(mu)—dl ’
so that the m; are homogeneous. By Proposition 2.2, (my,...,m) is a graded submodule of
F. O

Theorem 3.3. (Hilbert syzygy theorem for graded modules) Let M be a finitely generated
graded k[x1, ..., x,]-module. Then there exists a finite graded free resolution of M of length
<n.

Proof. The proof is a slight modification of the proof of the Hilbert syzygy theorem. Since M
is a graded submodule of some R' (¢t € N), there is by Lemma 3.2 a reduced Grébner basis

{g1,...,9¢} of M where each element g; is a vector of homogeneous polynomials, all of which
have the same degree d;.

Now choose a reduced Grébner basis {my, ..., ms} € R? as in the proof of the syzygy theorem.
Since my, ..., ms € Syz(g1,...,9:), we have

mi1g1 + ... miugr = 0,

where m,, is the v-th entry of m, for 1 < u < s, 1 < v < t. Therefore, deg (mw) —d; =
deg (mg) —dy for 1 <i < sand 1 <j <k <t. This shows that

Syz (g1,---,9t) = (Mm1,...,mg)

is a graded submodule of R (d1) @ --- @ R (d¢). Now apply the proof of Theorem 3.2 to get a
finite graded free resolution of length at most n. O

Remark 3.4. In the algorithms of Theorem 3.2 and Theorem 3.3, one need not choose a Grobner
basis that is reduced in each step.
3.4 Minimal free resolutions and Betti numbers

By Hilbert’s syzygy theorem, every finitely generated k [z1, ..., x,]-module M has a finite free
resolution of length n or less. As in the proof of Theorem 3.2, choosing the Grébner basis for
the syzygy modules will have an impact on the resolution.

Definition 3.6. Let M be a finitely generated k [z1, ..., z,]-module, deg (z;) € N, and let
0—>Flﬂ--~—>FoﬁM—>O
be a graded free resolution of M. This resolution is minimal, if
¢i (Fi) C (z1,...,20) Fiq

holds for 1 <4 <[, that is, all nonzero entries of the graded matrices A; corresponding to ¢;
for 1 < i <[ have positive degree.

18



Theorem 3.4. Let M be a finitely generated k[z1,. .., xy]-module as above and

0F A SR8 M0
be a graded free resolution of M. The following are equivalent.

1. The above resolution is minimal.
2. For 1 <i<I, ¢; maps a standard basis of F; to a minimal generating system of Im (¢;).

3. In every step of the algorithm in the proof of Theorem 3.2, choose a minimal system of
generators of the kernel.

Proof. For some 1 <i <1, leteq,...,en be the standard basis of F;. Assume that the elements
oi(e1),...,¢;(em) do not form a minimal generating system of Im (¢;), so that one of these
can be expressed as a linear combination of the others. Without loss of generality, assume that
it is ¢; (e1). Then there are ro, ...,y € k[z1,...,2,] with

gi(er)= Y ridiles),

2<j<m

implying (1, —72,..., —Tm)T € Ker (¢;) = Im (¢;41). The columns of the graded matrix A;;
generate Im (¢;41). Since all nonzero entries of A;;1 have positive degree, the above vector
is not a linear combination of the columns of A;i1, which is a contradiction, thus the first
implication holds. The equivalence of the second and third claim follows from the exactness.

For the third implication, assume that the resolution is not minimal. Therefore, there exists
an i, 1 < i < [, satisfying ¢; (F;) € (z1,...,2n) Fi—1. By exactness, there is an element
feKer(pi—1)\ (x1,...,2) Fi—1. Let f1,..., fs be a minimal generating system of Ker (¢;_1).

S
After renumbering the elements fi, ..., fs, if necessary, there is a relation f = f1 — Y 7;f;

7j=2
with r; € k[z1,..., 2] for 2 < j <n. Since f € Ker (¢;j—1),

S
$i1 (f1) =) ridia (f).
j=2
This is a contradiction to the fact that we have chosen a minimal generating system for

Ker (¢i—2)- O

The notion of minimal free resolutions is therefore intuitive. By always picking a minimal
generating set of the kernels, we therefore guarantee a minimal free resolution. The natural
question is to which degree a minimal free resolution is unique.

Definition 3.7. Let M be a finitely generated graded k [z1, ..., x,]-module as above and let

@
0= F, 2. A R% M0

and .
O—>Gl2—l§---ﬂGoﬂM—>0

be two graded free resolutions of M. These resolutions are called isomorphic if there are graded
isomorphisms «; : F; — G; of degree 0 for ¢ > 0 such that 1y o ag = ¢p and a;_1 0 ¢; = ;0 5
holds for all 7 > 0.
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Theorem 3.5. Let M be a finitely generated graded k[z1, ..., x,]-module as above and let

0o F M. AR %Mo

and

0GB G M0
be two minimal graded free resolutions of M. Then the resolutions are isomorphic.

Proof. We start by constructing ag : Fy — Gg. Let eq,..., e, be a standard basis of Fj. For
1 <i < m, there is a g; € G such that ¢g(e;) = 1o (gi). Set ag(e;) = g;. This is clearly a
graded homomorphism of degree 0 which satisfies g 0 ag = ¢g. Construct Gy : Go — Fp in the
same manner, which satisfies ¢g o By = 9. We have to prove that o is an isomorphism.

We will first prove that 8y o ag : Fy — Fp is an isomorphism. Note that

¢o © (idg, — fo © ap) = 0.

Since Im (¢1) C (x1,...,2y,) Fo and (idg, — Bo © ap) C Im (¢1) by the above consideration and
exactness, f — By o ag (f) is an element of (x1,...,x,) Fy for all f € Fp.

In order to prove that By o ag is an isomorphism, it suffices to prove that Sgo g ‘(Fo)t: (Fo); —
(Fp), is an isomorphism for each ¢ > 0, where (Fp), is the t-th graded part of Fy. Since the
(Fp), are finite dimensional vector spaces, it suffices to prove that these maps are surjective.
We prove that these maps are surjective by induction. If ¢ = 0, 8y o ag = idp, follows
from the minimality of the resolution. Furthermore, if f € M;, we have f — 5y o ag(f) €

t—1
(x1,...,2,) @ M;, and since [y o ap ’(Fo)s: (Fy)s — (Fp), are isomorphisms for s < t, the
i=1

claim holds.

Therefore, By o o is an isomorphism, so that «q is injective. By a similar argument, ag o 8y :
Gy — Gy is an isomorphism, implying that «q is surjective, so aq is an isomorphism.

We will now prove that ap [ker(g,): Ker (¢o) — Ker (1)) is an isomorphism, induced by ap.
A simple computation shows that the map is well-defined. It is injective, since g is. If
g € Ker (1), choose f € Ker (¢g) with ap (f) = g. Since By (¢0 (f)) = %o (a0 (f)) =0 (g9) =0,
oo (f) =0, hence f € Ker (¢o), which guarantees surjectivity.

Note that

0= F, 2 B Ker (¢g) — 0

and .
0— G, i?--ogKer(wo)%()

are minimal resolutions of Ker (¢g) and Ker (1)) respectively. Considering the isomorphism
0 |Ker(po): Ker (¢o) — Ker (1hp), the above argumentation constructs a graded homomorphism
a1 @ F1 — Gy with ag |Ker(gy) ©¢1 = 1 0 a1. Again, a; induces an isomorphism Ker (¢1) —
Ker (11). Continuing inductively in this manner proves the statement. O

Betti numbers

If M is any finitely generated k [z1,...,z,]-module, M has a unique minimal free resolution,
up to isomorphy. Therefore, the ranks of the free modules in the minimal resolution contain a
lot of information on M.
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Definition 3.8. Let M be a finitely generated k [z1, ..., z,]-module and suppose that
05 R"— ... R% 5 M

is the minimal free resolution of M, up to isomorphy. The numbers b; = b; (M) for i € Ny are
called Betti numbers of M.

Remark 3.5. By Theorem 3.2, b; = 0 if i > n.

In the graded case, the free modules are shifted and contain more information than in the
non-graded case.

Definition 3.9. Let M be a finitely generated graded k[x1,...,z,]-module, deg(z;) € N.
Suppose that
O—+F—--—=F—=>M=20

is the minimal graded free resolution of M, where

R @R,

JEZ
The b; ; are called graded Betti numbers of M.

The information encoded in the Betti numbers will help us in later chapters.
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4 Tools of commutative algebra

4.1 Aspects of homological algebra

We will closely follow [15] and [16], as well as a short excerpt of [10].

Complexes and homologies of modules

Definition 4.1. A complex F over a ring R is a sequence of R-modules

]-":---—>Fn@>Fn_1—>~-—>FlﬂFo—>0,

where the ¢; are homomorphisms and ¢; o ¢;41 = 0 for all i € N. We set ¢y to be the zero
map Fy — 0. The collection of maps ¢ = {¢;,7 € Ny} is called the differential of F. We write
(F, ¢) for the complex F together with the differential ¢. If M is an R-module, the complex
(F, ) is a complex over M if there is a homomorphism Fy — M given. An element of Fj is
said to have homological degree 1.

Remark 4.1. Tt is common to define complexes to be infinite in both directions. Left complexes,
as above are sufficient for our studies (we set F; = 0 for i < 0).

Definition 4.2. The complex F is called graded if the modules F; are graded R-modules and
each homomorphism is graded of degree 0.

Definition 4.3. Let (F,¢) be a complex and ¢ € No. The i-th homology H; (F) of F is the
R-module Ker (¢;) /Im (¢i+1). An element of Ker (¢;) is called a cycle, an element of Im (¢;41)
a boundary. If M is an R-module, the complex F is called acyclic over M if H; (F) = 0 for
i >0 and Hy (F) = M. A complex F is ezact if H; (F) = 0 for all i € Ny.

Definition 4.4. Let (F,¢) and (G,%) be complexes of R-modules. A homomorphism of
complexes o : F — G is a family of homomorphisms «; : F; — G; (for i € Ny) satisfying
;—1 0 ¢; = ; o oy for all i € Np, making the following diagram is commutative for all n.

¢n ¢n—1

F, Fyq Fpg— ...

ani anll aan
Gn wn Gn_l "bnfl Gn_2 ¢n72 o

For graded complexes, the homomorphism « is called graded if all maps « : F; — G; are graded
of some degree m.

Proposition 4.1. Let (F,¢) and (G,v) be compleres of R-modules and o : F — G be a
homomorphism. Then «; (Ker(¢;)) C Ker(v;) and o; (Im(¢ir1)) € Im (1) hold for all
i € Np.
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Proof. Suppose that g € «; (Ker (¢;)) C Gj, so that thereis a f € Ker (¢;) C F; with g = «; (f).
Hence

Vi (9) =¥ (ai (f)) = ai—1(¢i (f)) = i1 (0) =0,
which proves the first inclusion. For the second inclusion, let g € a; (Im (¢;+1)) € G;. Then
there exists an f € Im (¢;41) with ¢ = «; (f) and an h € Fj; satisfying ¢;+1 (h) = f. Hence

g = @i (¢it1 (h)) = tit1 (i1 (h)) € Im (i),

which proves the second inclusion. ]

Therefore, every homomorphism of complexes a : F — G induces a collection of maps a; :
H; (F) — H; (G). It is called the induced map on homology.

Remark 4.2. Given three complexes A, B, C and two homomorphisms f : A—Bandg:B — C,
let f and g be the maps induced on homology. Then the induced maps on homology go f; :

H;(A) - H;(C) for i e N fulfil go f =go f.

Theorem 4.1. Let (A, «),(B,5),(C,7) be complezes, f: A— B and g : B — C homomor-
phisms of complexes. Suppose that B — Co is an epimorphism, Ag — By is a monomorphism
and A1 — By — C is exact. Then the sequence of induced maps on homology

Hy (A) 5 1 (8) % Hy ()
is exact, where f and § are the induced maps on homology.

Proof. Consider the following commutative diagram:

Ag -2 A s 402250
le fll’ foi
B, B2 By B1 By Bo 0

o ol

02 2 CI 71 CO Yo 0

By Remark 4.2, go f =go f. Since g; o f; : A1 — C is the zero map, Ker (o) is mapped to
Im (y2) by go f, so that go f; : Hy (A) — Hj (C) is the zero map. Thus go f is the zero map
and hence Im (f;) C Ker (g7).

For the other inclusion, let b € H; (B) such that g7 (b) = 0. Choose an element b; € Ker (51)
representing b. Hence, g7 (b) is represented by ¢; (b1) as an element in H; (C). Since g7 (b) =0,
g (b1) € Im(72), so that there exists a co € Cy such that gy (b1) = 72 (c2). Since g9 is an

epimorphism, there is a by € By with ca = g2 (b2). Hence

g1 (b1) = 72 (c2) =72 (92 (b2)) = g1 (B2 (b2))

and by — B2 (b2) € Ker (g1) = Im (f1), by the exactness of A; — B; — C;. Therefore, there is
an a1 € Ay such that by — B3 (be) = f1 (a1). We have

fo (a1 (a1)) = B1 (f1(a1)) = B1(b1) — B1 (B2 (b2)) =0,

and since fy is a monomorphism, a; € Ker (a1). Hence, a; represents an element a of Hy (A)
and f (a) is represented by f(a1) = by — B2 (ba). However, by and by — 627(b2) represent
the same element of H; (B), since B2 (b2) € Im(fB2). Hence f; (a) = b € Im(f;), such that
Ker (g;) CIm (f,) . O
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Definition 4.5. Let A, B,C be complexes and f : A — B, g : B — C be homomorphisms. The
sequence 0 -+ A — B — C — 0 is called ezxact if 0 - A; — B; — C; — 0 is an exact sequence
for each ¢ € Ny, where 0 is the zero complex, i.e. Fj = 0 for all j.

Corollary 4.1. Given complexes A,B,C, where 0 - A — B — C — 0 is exact, and

homomorphisms as above, f and g induce a family of short exact sequences of homology
H; (A) — H; (B) — H; (C) for each i € Ny.

The connecting homomorphism

As described in Corollary 4.1, exact sequences of complexes induce exact sequences in homol-
ogy. Surprisingly, one can construct a natural homomorphism A; : H; (C) — H;—1 (A), called
the connecting homomorphism.

Construction 4.1. Consider the following commutative diagram:
Ag — 2o 4, 2o A

f2l fli fol
B B B

B3 — > By —2s By ——= By

o o

3 Y2
O3 ——=Cy —— (1

We construct a homomorphism Ay : Hy (C) — Hj (A). Let ¢ be an element of Hy (C). Choose
a representative ¢y € Ker (72) for ¢. Since By — (Y is surjective, we can choose an element
by € By such that go (ba) = ca. Let by = B2 (ba), then

g1 (b1) = g1 (B2 (b2)) = 72 (92 (b2)) =2 (c2) = 0.

Hence b; € Ker (g1) = Im (f1), by exactness. Choose an element a; € A; such that f; (a1) = by.
We have that

fo(ai(a1)) = B1(f1(a1)) = B1(b1) = B1 (B2 (b2)) = 0.

Since fp is injective, it follows that a; € Ker («;). Hence, aj represents an element a of Hy (A).
Define A (¢) = a. This construction can be applied to find a homomorphism A; for all ¢ € N.

Theorem 4.2. The above construction is well-defined and defines a homomorphism H; (C) —

Hi—1 (A).

Proof. Suppose that in selecting a1, b1, ba, co in the above construction, we had made different
choices in selecting a}, b, b5, 5. Since co and ¢, both represent ¢, co — ¢, € Im (y3). Hence,
there exists a c3 € C3 with v3 (c3) = ca — ¢. Since g3 is surjective, there is a bs € B3 with
93 (bs) = ¢3. Then

g2 (b2 — by — B3 (b)) = c2 — ¢ — g2 (B3 (b3)) = c2 — ¢ — 3 (c3) = 0,
s0 by — b, — 33 (b3) € Ker (g2) = Im (f2). Choose as € Az with fs (az) = by — b, — B3 (b3). Then
f1 (a1 —a) — a2 (az)) = b1 — b} — fi (a2 (az)) = Ba (ba — by — f2 (a2)) = B2 (B3 (bs)) = 0.

The map f1 : Ay — Bj is injective, hence a; — a} — a2 (a2) = 0. Hence, a; and a) belong to
the same coset modulo Im (a2) and therefore represent the same element in homology. It is
trivial that A is an homomorphism. O
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Definition 4.6. Given an exact sequence of complexes, the connecting homomorphism is the
set of homomorphisms

A= {Az : Hi (C) — Hifl (.A)},
where the A; are given as in Construction 4.1.

Theorem 4.3. With the notation from above, the sequence

H(B) % 1) Hoy (45 1, (8B)

is a short exact sequence for all i € N, where A is the connecting homomorphism.

Proof. 1f b € H; (B), there is an element b; € Ker (f;) that represents b, such that g; (b) is
represented by g; (b;). Since 3; (b;) =0 = fi—1(0), A; (g; (b)) € H;—1 (A) is represented by the
zero element in A;_1, so that it is zero itself. Hence Im (g;) C Ker (4A;).

For the other inclusion, let ¢ € H; (C) with A; (¢) = 0 and define ¢;, b;, b;—1,a,—1 as it was
done in Construction 4.1 for ¢ = 2. Then a;—; € Im(«;). Choose an element a; € A; with
(67 (CLZ) = Qa;—1. Then

Bi (bi — fi(ai)) = bi—1 — Bi (fi (a:)) = b; — fi (a;) = 0.

Hence b; — f; (a;) € Ker (5;) and b; — f; (a;) represents an element b € H; (B). Then the element
g; (b) is represented by the element

gi (bi — fi(ai)) = gi (bi) = ci.

Threfore g; (b) = ¢, meaning that ¢ € Im (g;) and Ker (A;) C Im (g;). Hence the sequence is

exact at H; (C).
Let ¢ € H; (C) and construct ¢;,b;,b;—1,a;—1 in a similar way as in Construction 4.1. Then
fi1 (A () is represented by fi_1(a;—1) = bi—1 = B;i (b)) € Im(B;), by Construction 4.1.
Hence f;_; (A;(c)) = 0 and therefore Im (A;) C Ker (f;_).

On the other hand, let a € H;_1 (A) with f;_; (a) = 0. Let a;_1 € Ker (a;_1) represent a, then
fi_1 (a) is represented by fi_1 (a;—1). Since f,_4 (a) =0, fi_1 (ai—1) := bi_1 € Im (B;). Hence
there is a b; € B; with 3 (b;) = bj—1. Set ¢; = g; (b;). Then

i (¢i) = i (9i (b)) = gi—1 (Bi (b)) = gi—1 (b1) = gi—1 (fi-1 (@i-1)) = 0.

Hence ¢y represents an element ¢ of H; (C). By Construction 4.1, A; (¢) is represented by a;_1.
Therefore, a = A; (¢) € Im (4;), showing that the sequence is exact at H;_1 (A). O

Theorem 4.4. Let 0 - A — B — C — 0 be a exact sequence of complexes. There is an exact
sequence

S Hi(A) > Hy (B) = H; (C) 2 Hiy (A) — -+ — Ho (C) — 0,
called the long exact sequence in homology.

Proof. This follows immediately from Construction 4.1 of the connecting homomorphism and
Theorems 4.1 and 4.3. U
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The Koszul complex

We closely follow [10] and [16] for the rest of this section.

Definition 4.7. Let M be an R-module. The exterior algebra AM over M is the free algebra

PMeM®---® M modulo the ideal generated by all relations m@m = 0 and m@n+n®@m =
i>0

7 times
0 for all m,n € M. We write m A n for the product of two elements m,n € AM. The exterior
algebra is a graded algebra, where the graded part AFM of degree k is the R-module generated

by the products of exactly k elements of M. In this case A° = R.

Theorem 4.5. Let f1,..., fu € R, and M be a free module of rankn. In this case, N"T'M = 0.
Let eq,...,e, be a basis of M. Then the sequence of homomorphisms

0= A"M B AP I o s AT B AN S0

1s a complex, where the differential d is given by

i+1 =~
Z sz ejl/\"'/\eji/\"'/\ejk)u

M?r

d(ej, A+ Aejy)
z:l

where €, means the omission of ej,.

Proof. 1t is easy to see that d is well-defined. We have to prove that applying the differential
d twice is the zero map, i.e. d*> = 0. For all k£ with 1 < k < n, we have

k

d2(631/\ /\e]k)_dk 1(2 f]r(6]1 '”Agj\r/\"’/\ejk)>

r=1

I
™=

(=1 fiodp—1 ((ejy A== Neji A Aejy))
1

1
I

k k
=S Dl DD CD (e A AE A AE A k)
r=1 s=1,s%#r

where ej, A--- Aej A--- A€, A--- Aej, means that both indices j, and j, are deleted,
whether r < s or s < r. After expanding the above expression we will encounter the term
finfis (ejy Ao Nej A= Nej, - Nej,) twice. If jg is deleted first and j, afterwards, the
coefficient will be (—1 )T+S Otherwise, if j,. is deleted first, then j; drops one place, yielding
the coefficient (—1)" "~ ! Therefore, these terms cancel and the above is indeed a complex. [

Definition 4.8. The complex constructed in Theorem 4.5 is called the Koszul complexr of
fis--+, fn and denoted by K (f1,..., fn)-

Remark 4.3. If eq, ..., ey is a basis of R™, then the i-th graded part A’R™ of AR" is generated
by the elements ej, A --- Aej,, where j; < --- < j;. Hence, the rank of A*R" is (’Z) We can
therefore write the Koszul complex as

K(fi,....fn): 0 R— R RG") ... s RG) 5 R" 5 R0,
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The Koszul complex as a graded free resolution

Given elements f1,..., f, of R, the Koszul complex K (fi,..., fn) is in general not an exact
sequence. The question we now ask is which conditions on fi,..., f, have to be imposed in
order that

0—>R—>R"—>---—>R”—>R—>R/(f)—>0

is a free resolution of R/ (f). In general, the Koszul complex K (fi,..., f,) is not a free
resolution of R/ (f).

Lemma 4.1. Let (K (fi1,..., fn),d) be the Koszul complex of fi,...,fn € R and let 1 < j; <
Jo < -+ < jJr < n be natural numbers. Then

d (eh N Nej o N ejk) =d (ejl ARERRA ejk—l) N ejy, + (_1)k+1 Fix (6j1 ARRRNA ejk—l) .

Proof. Let e =ej, Aej, A---Nej, . Then
k
- L
d(enes) =3 (=1 fi(ej Aoes A& A Aegy)

+1 -~ k+1
:Z<_1)Z+ Jii (ejl/\"'/\ejiA"'/\ejk)+(_1) " Fix (ejl/\.“/\ejkfl)

O]

Lemma 4.2. Let fi,..., fn be elements of R. Then there is an exact sequence of complexes

0—>K(f1,...,fn_1)—)K(fl,...,fn)—>K(f1,...,fn_1)[—1] —)0,

where K (f1,..., fn—1)[—1]; = K (f1,..., fn=1);_1 is the Koszul complex shifted by degree 1.
The long sequence in homology induced by this exact sequence is

= Hi (K (f1s- 05 fa1)) = Hi (K (fi,-05 fn) =
_>I{i—1 (K(fl7"')fn—1)) éﬁ'I{i—l (K(f17"‘7fn—1)) e

The connecting homomorphism A; is given by multiplication with (—l)i+1 fn-
Proof. By Remark 4.3, K (f1,..., fn); = R(Tz‘b), K (fi, ... fam1); = R("7") and for the shifted
n—1 n n— n—1
complex K (fi,..., fo—1)[—1]; = R(ZD). Since R() = R(SY) &) R(ifl), the sequence is
exact at each i, which therefore yields a long sequence of homology by Theorem 4.3. To
compute the connecting homomorphism, we follow the construction from Theorem 4.2. Let
a € Hi_1 (K (f1,...,fa=1)) and choose a representative r € K (f1,..., fn=1);_1 for a. Let
s=rANe, € K(f1,..., fn); By Lemma 4.1, d(s) = d(r) A e, + (=1)"*! f,r. Note that
(—1)“’1 far € K(f1,..., fn1);_; and d(r) Ne, € K (f1,..., fa=1);_9 N en. Therefore, the

connecting homomorphism is given by multiplication with (—1)“’1 fn- O

Definition 4.9. Let M be an R-module. Elements fi,..., f, of R are called an M -reqular
sequence, if
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1. f1 is not a zerodivisor for M,

2. The image of f; 41 under the canonical map M — M/ (f1,..., fi;) M is not a zerodivisor
in M/ (f1,....,fi)Mforall1<i<n-—1,

3. M # (fiy..oy fn) M.
The ideal I = (f1,..., fn) of R is then called a complete intersection ideal.

Theorem 4.6. Let R be a graded ring, and let fi,..., fn be homogeneous elements of positive
degree. The following are equivalent.

1. The elements f1,..., fn are R-reqular sequence.
2. H; (K(fl,,fn)) =0 ZfZ > 0 and Hy (K(fl,,fn)) :R/(flafn)
Proof. We first prove that (1) implies (2). By construction, we have

HO(K(fla”'ufn)):R/(flv'-')fn)'

For the other homology modules, we use induction on n. If n = 1, the Koszul complex of
K(f1)is 0 — R — R — 0, where the map R — R is given by multiplication with f;. Then

Hi (K (f1)) = Ker (R — R) =0,

since f1 is not a zerodivisor of R. Suppose now that the claim holds for the sequence
fiy--+y fn—1. By Lemma 4.2 (with ¢ = 1), we get an exact sequence

0= H (K (f ) = p B

where A is given by multiplication with f,,. Since f, is not a zerodivisor of R/ (fi,..., fa—1),
it follows that Ker (A;) = 0. By the exactness of this sequence, H; (K (f1...,fn)) = 0. If
i > 1, there is an exact sequence

Hi (K (f1,-- o5 foe1) = Ha (K (f1, o000 fn) = Hict (K (f1,- 005 fam1))

so that H; (K (f1,...,fn)) =0.

We still have to prove that (2) implies (1). Assume that R/ (f1,...,fn) = 0, then R =
(f1,..., fn) R and by Nakayama’s lemma we have R = 0, which is a contradiction. Hence,
R/ (f1,--., fn) # 0. Furthermore, using again Lemma 4.2, there is an exact sequence

Hy (K (fiy ooy foct)) BH (K (Fry ey fact)) = Hy (K (Fry- e ).
By assumption, Hy (K (f1,..., fn)) =0, so that

Hi (K(f1,.--y fn-1)) = fuH1 (K (f1,-- -, fa-1)) -

Applying Nakayama’s lemma yields that Hy (K (fi,..., fn—1)) = 0. Hence, the induction
hypotheses shows that the elements fi,..., f,—1 are a R-regular sequence. Using once again
Lemma 4.2,

Hy (K (fiyee s f2)) = Ho (K (f1, -y fae1)) 23 Ho (K (fi, -+, fat1))
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is an exact sequence. However, H; (K (f1,..., fn)) =0 and

Ho (K (f1,---s fa-1)) =R/ (f1o-- -5 fam1),

so that f, is a regular R/ (f1,..., fn—1)-sequence, showing that fi,...,f, are a R-regular
sequence. O

Corollary 4.2. Let R be a ring and fi1,..., fn be an R-regular sequence of elements of R.
Then the Koszul complex

is a finite free resolution of R/ (f1,..., fn).
Definition 4.10. The above free resolution of R/ (f1,..., f,) is called the Koszul resolution.

Remark 4.4. One can prove that the construction of the Koszul complex is equivalent to
choosing a minimal generating set of the kernels as in Theorem 3.2. Therefore, a Koszul
resolution is a minimal free resolution in the sense of Definition 3.6.

Corollary 4.3. Let R be a graded ring and f1,..., fn be a R-reqular sequence of elements of
R, with deg(f;) = d;. A graded free resolution of R/ (f1,..., fn) is given by

O—)Fn—>"'_>F1_>F0_>R/(f1 fn)—>07

where ‘
7
re @ a(-ya)
1<j1<-<gi<n k=1
for1<i<n.
Proof. This follows immediately from Theorem 3.3 and Corollary 4.2. O

4.2 Chain conditions and additive functions

For the remainder of this section, we closely follow [4].

Length of a module

Definition 4.11. Let M be an R-module. A chain of submodules of M is a sequence of
submodules
0=M,C M, 1C---C My=M.

A composition series of M is a chain for which every factor M;_1/M; is simple (a module that
has no proper submodules). This is equivalent to the chain being maximal, so that no more
submodules can be inserted into the chains.

The reader is assumed to be familiar with chain conditions as well as the concepts of noetherian
rings and artinian rings. An introduction to these topics can be found in [4].
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Definition 4.12. Let M be an R-module and C be a chain My € M; € --- C M, of
submodules of M. Then n is called the length of C. The length of M, denoted by I (M) or
Ir (M) is defined to be the maximum length of any of its chains.

Remark 4.5. If M possesses a composition series, every composition series is of the same length,
and this length is equal to the length of the module. A proof is given in [4].

Theorem 4.7. Let M be a R-module. Then lp (M) < oo if and only if M is artinian and
noetherian.

Proof. 1f I (M) < oo, M has a composition series. Hence all chains of submodules of M are
of finite length. Therefore, M fulfils the ascending chain condition, and also the descending
chain condition.

On the other hand, if M is noetherian, there exists a maximal submodule of M. Call it
M; € M. Similarly, M; has a maximal submodule. Continuing in this fashion, we get a
chain of submodules, which must become stationary, since M is noetherian. Since we choose
maximal submodules in every step, this gives a composition series of finite length. O

Lemma 4.3. Let
0—>M1i>M2£>M3—>0

be an exact sequence of R-modules. Then
1. My is noetherian if and only if My and Ms are noetherian.
2. My is artinian if and only if My and Ms are artinian.

Proof. The map f embeds M; into My, so that M is noetherian/artinian. Since factor mod-
ules of noetherian/artinian modules are noetherian/artinian again, M3z = Ms/M; is noethe-
rian/artinian.

For the other direction, let N; C Ny C M be submodules of Ms. Suppose that f~! (Ny) =
f~1(N2) and g (N7) = g(N2). We shall prove that Ny = Ny. Let ny € No. There exists an
element n; € Nj such that g (n1) = g (ng). Therefore, ny —ngy € Ker (g) = Im (f) by exactness.
Hence there is an element m € M; with f (m) = ny —na. Therefore m € f=1(Ny) = f~1(IVy),
which implies n; — ngy € N7, so that no € N1, which proves the claim.

Since M; and M3 are noetherian/artinian, ascending/descending chains of Ma become station-
ary by the above consideration. O

Corollary 4.4. Let My,..., M, be R-modules.

n
1. If My, ..., M, are noetherian, so is @ M;.
i=1

n
2. If My, ..., M, are artinian, so is @ M;.
i=1
Proof. Proof by induction. If n = 1, this is trivial. Otherwise, observe that the following is an
exact sequence,
n n—1
0—>Mn—>@Mi—>@Mi—>O,
i=1 i=1

and use Lemma 4.3.
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Proposition 4.2. Let M be a finitely generated R-module.
1. If R is noetherian, so is M.
2. If R is artinian, so is M.

Proof. Since M is finitely generated, say by n elements, M is isomorphic to some factor module
R"/N, where N is a submodule of R™. Consider the exact sequence

0= N—-R"—- M —=0.

Since R is noetherian/artinian, so is R"™. By Lemma 4.3, M is noetherian/artinian. O

Corollary 4.5. Let R be an artinian ring and let M be a finitely generated R-module. Then
lr (M) < 00.

Proof. By Proposition 4.2, M is artinian. Since every artinian ring is noetherian, R is noethe-
rian, so that M is noetherian. By Theorem 4.7, [ (M) < oo. O

Lemma 4.4. Let M = @ M; be a finitely generated graded R-module where R = @ R; is an
JEZ i>0
No-graded noetherian ring. Then M, is a finitely generated Ro-module for all n € Z.

Proof. Since M is a finitely generated module over a noetherian ring, M is noetherian itself.
Consider the submodule of M generated by M, for some n € Z. Since M is noetherian, this

submodule is finitely generated, say by elements my,...,mi € M,. Thus, for any m € M,,

there exist ri,...,r; € R such that m = rymy + -+ + rpymg. Let 7, = > ry be the unique
1>0

decomposition of r; into homogeneous elements of R. If I > 0, r; - m; € M,4+;. Hence

m = 7riomi + -+ rLoMmg. ]

Corollary 4.6. Let M = € M; be a finitely generated graded R-module where R = @ R; is
JEL i>0

a noetherian graded ring and suppose that Ry is artinian. Then lg, (M,) < oo holds for all

n € Z.

Proof. The graded part M,, of M is a finitely generated module over an artinian ring so that
its length is finite by Corollary 4.5. O

Example 4.1. 1. Consider the polynomial ring R = k|[z1,...,x,]| with deg(x;) = d; > 0
for some d;. Then Ry = k is a field and hence artinian. Therefore, if M is a finitely
generated graded module over the polynomial ring & [z1,...,x,], the length of any ho-
mogeneous part of M is finite.

2. If R = (R, m) is a local ring, the associated graded ring, defined as

G(R)= @™ e

neNy

is itself a (nonnegatively) graded ring. In this case, G (R), = R/m is a field, so that the
above considerations also apply.
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Additive functions

We want to prove that the length of a module is an additive function on the category of finitely
generated modules over artinian rings.

Definition 4.13. Let Ry be an artinian ring and let 2 be the category of finitely generated
Ro-modules. A function A : 91 — Z is called additive, if it is additive over exact sequences,
that is, for any exact sequence

0—-L—->M—N—Q0,

we have A (L) + A (N) = A (M).

Proposition 4.3. Let A be an additive function on MM, and My, ..., M, € 9. Then
> OANDL) = A (@M) .
i=1 i=1

Proof. Proof by induction. If n = 1, this is trivial. Otherwise, consider the short exact
sequence

n n—1
0—>Mn—>@Mi—>@Mi—>O.
i=1 i=1

Since A is additive,

Proposition 4.4. Suppose that
0—->M —-My—---—M,—0

is an exact sequence of elements in M. Then

Proof. Let the maps be given by f; : M; — M;y1 for 1 < i <n-—1, fo : 0 = My, and
fn : M, — 0. By the exactness, Ker (f;) = Im (f;—1) := M/ for 1 <i < n. For 1 <i < n,
consider the short exact sequences

0— M — M; — M, — 0.
n .
Since A is additive, A (M;) = A (M])+ X (M/, ). Therefore, > (—1)" X (M;) is a telescopic sum
i=1
equal to 0. U

Theorem 4.8. Let Ry be an artinian ring. Then the length | : I — Z s an additive function.
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Proof. We have already shown in Corolarry 4.6 that [ is well defined. Suppose that

05 L5ME NS0

is a short exact sequence of finitely generated Rp-modules. We have to show that [ (M) =
[ (L) 41 (N). Suppose that the composition series of L and N are given by

L:LQDLlD"'DLZ(L):O,

N=NoDN1D--DNyn=0
Note that L;/L;y1 and Nj/Nj4q are simple. The map f: L — M is injective, therefore

(L) =f(Lo) D f(L1) DD f(Lypy) =0
is the composition series of f (L) = Im (f) = Ker (g). Since N = M /Ker (g), we have

N = g (NO)/KeT (g) 2~ o (O)/Ker (9) = Ker(g)

is a composition series for N (all composition series are of the same length). We therefore get
a longer chain of submodules

M=g"t (No) D g ! (N1)D---D g ! (N,l(N)) = Ker (g)
=TIm (f) = f(Lo) D f(L1) D -~ D f (Lyr)) =0.

We only have to prove that g~ (IV;) /g~ (IN;41) is simple for 1 <4 <1 (N) — 1. But

(g_l(AG)

g (i), ~ " Ker (9))/<gl (Newr) s, (g)).

g (Nig1) =

Factor modules of simple modules are simple, thus proving that the above series is indeed a
composition series of length [ (L) + 1 (N). O

Example 4.2. Let M = @ M; be a finitely generated graded k [z1,...,z,]-module. By
JEL
Theorem 3.3, there exists a finite graded free resolution

0O—=F,— - =F—>M-—=0
of M. The homomorphisms are graded, so there is for each j an exact sequence

0= (Fn); = -+ = (Fo); = M; = 0.

Since Ry = k is a field, all these graded pieces are finite dimensional k-vector spaces by
Corollary 4.6 and therefore

dim (M;) = i (~1)" dimp, ((Fi)j)

i=0
by Proposition 4.4. Since Fy, ..., F, are only shifted copies of R*, the dimension of M j can
be computed by computing dimensions of graded pieces of R.
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Rationality of the Poincaré series

The following can be found in every book covering Hilbert series (see for example [17] or [4]).
Assume for this section that R is an Ng-graded ring and M is a Ng-graded R-module.

We saw that the graded pieces M; of some finitely generated graded R-module M are of finite
length if M is finitely generated and Ry is artinian. It is therefore natural to keep note of the
growth of the numbers [ (M;) as j increases.

Definition 4.14. Let M be a finitely generated, nonnegatively graded R-module, where R is
noetherian and Ry is artinian. The Poincaré series of M is

HP (1) =Y 1(M)) ¥ € QJt]],
Jj=0

where ¢ is a variable. If Ry is a field, the M; are Rg-vector spaces, and [ (M;) = dimp, (M;).
Then the above series is called Hilbert series of M. It is denoted by HSys (¢). The well-defined
map

HF :No — Z
7 — dimk (Mz)
is called Hilbert function of M.
Theorem 4.9. (Hilbert-Serre) Let M be a finitely generated graded Ry [z1,...,x,]-module,

where the elements x1,...,x, are homogeneoeus elements of degree di,...,d, > 0 and Ry is
artinian. Then there exists a polynomial p (t) € Z [t] satisfying
p(t
HPy (1) = 77— ®) .

I (1 —t%)

i=1
Proof. The ring Ry [z1,...,zy] is Ng-graded. Since Ry is artinian, it is noetherian, and every
submodule of Ry [z1,...,2,] is finitely generated by Hilbert’s basis theorem. Note that Ry =
Ry [z1,...,2,] /Ro is a submodule. We prove the theorem by induction on the number I of

generators of R.

If | =0, R = Ry, so that each M; is an R-submodule of M, so only finitely many M; are not
0.

If I > 1, consider the multiplication with the last generator z; € Rg,. This is a graded

homomorphism f : M XM of degree d;. We obtain an exact sequence

0 — (Ker (f)) — My_q, — M, = Im(f), —0.

n—dy,
By Proposition 4.4,
(Ker (£)_g,) =1 (My-a,) +1(My) = 1(Im (f),,) = 0.

Multiplication by t" and summing over all n gives the identity

t%HPor(p) (£) — " HP py () + HPy (t) — HPyp(py () = 0.

Both Ker (f) and Im (f) are annihilated by x;. Hence, Ker (f) and Im (f) are finitely generated
Ry [z1,...,x_1]-modules. Applying the induction hypothesis to the above formula yields the
desired result. O
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Corollary 4.7. Let R = k[x1,...,z,] be graded via deg(x;) = d; > 0 for some d;.
1
HSg (t) = ——.
[T (1 —t4)
i=1

Proof. The [-th graded part R; of R is given by
R, = <$?1 .. .xlal,oqdl 4+ 4 opd; = l>k

Let p (t) be the numerator of the Hilbert series of R. Then

k

HSg (t) = H thdi — Z porditetogd, 1 )

i=1;>0 €Nk (1 — tdi)

i

.
Il
—

Therefore, p (t) = 1.
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5 Integer partitions and identities

5.1 Introduction

Integer partitions are a well-studied object in combinatorics and representation theory. We
will establish an algebraic description of integer partitions and use graded free resolutions to
prove identities on partition functions. Furthermore, recursion formulas for partition functions
can be conjectured with this machinery. For a more detailed introduction to the topic, the
reader is advised to consult [2].

Definition 5.1. Let n be a positive integer. A partition of n is a weakly increasing sequence
k
A= (A1,..., ) of positive integers satisfying >  A; = n. In this case, we write A - n. We call

i=1
Ai a part of A. Denote by p (n) the number of partitions of n. If n =0, set p (0) = 1.

We will want to restrict ourselves to partitions, where special conditions on the parts are
imposed.

Definition 5.2. Let I be a subset of N. By Part(/) we denote the set of integer partitions,
where all parts are in I, and we will write Part for Part(N). By p (I, n) we denote the number
of partitions A of n, where all parts of A\ are in I. Note that p (N, n) = p(n).

Lemma 5.1. Let n be a nonnegative integer, I be a subset of N, and suppose that i1, ..., 1
are the elements of I that are smaller than or equal to n, where i1 < ... < ix. The number of

k
solutions (ay,az,...,an) € N§ of Y. 41-ap=mnisp(I,n).
=1

Proof. Consider the map

k
{(a1,a2,...,ak) GNk,Zil-al :n} — Part (1),

=1

given by
(a1,a2,...,ap) i1+ -+ i1 +ia+ - +io+- -+ i+ + ik
~—_——

ay as ag

It is easy to see that this map is well-defined, and the image is the set of all partitions of n

with parts in I . The map to the image is clearly a bijection. O
Corollary 5.1. Let n be a positive integer. The number of solutions (a1,az,...,a,) € Ny, of
n

dYi-a;=mnisp(n).

i=1

Proof. Set I = [n] in Lemma 5.1. O
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Theorem 5.1. Let I C N be any subset. The generating function of Part (I) is given by

1
GFpary(1) (t) = H -

il

Proof. We have

1 . )
H(1—ti) :g(1+t’+t21+...)
-y ™

N

:Zp([,n)t”,

n>0

as an identity of formal power series. The last equality holds because of Lemma 5.1. O

Corollary 5.2. The generating function of Part is given by
1
GFpart (t) — H m

>0

Proof. Set I = N in Theorem 5.1. O

Associating polynomial rings to integer partitions

Remark 5.1. The fact that the Hilbert series of R = k [x1,...,x,], graded via deg (z;) = d;, is
given by

HSg (t) = 1—td). .. (1—tdn)’

shows that there is a connection between the polynomial ring R in n variables graded via
deg (x;) =i and integer partitions of n. Indeed, the truncated generating function of Part,

1
1—0)..1—tn)

satisfies

<tk> 1—1). .1. a—m P

for £k < n. It is therefore natural to consider R, factor rings, subrings and R-modules for a
description of partitions.

Remark 5.2. If J C N is an infinite subset, k[z;,j € J] is the polynomial ring in infinitely
many variables x;,j € J. Elements of this ring are polynomials, where each term is a finite
product of variables.

Proposition 5.1. Let J C N be some subset and R =k [x;,j € J], graded via deg(z;) = j for
j € J. Then the graded parts of R are finitely generated k-vector spaces, and

HSgr (t) = GFPart(J) (t) :
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Proof. Monomials % € R of degree n are products of variables x; with j < n,j € J. Clearly,
there are only finitely many monomials of a fixed degree n. If J is a finite subset, the claim
holds by Corollary 4.7 and Theorem 5.1. However, if J is not finite, there are p (I, n) monomials
of degree n in R, so the n-th graded part of R has dimension p (I,n). This proves the claim. [

Remark 5.3. Note that, when R = k [z1,...,z,] is graded via deg (x;) =i and R = @ R;, we
j=0
have
p(j) = dimy (R;)
for j < n, but in general,
p(j) # dimy, (R;) for j > n.
Corollary 5.3. Let R = k[x;,i € N|, graded via deg(z;) =1i. Then,
HSR (t) = GFparet (1),
and there is a bijection

{AEn}+— {2% a e N" deg(z*) =n}.

Proof. The first part is evident by setting J = N in Proposition 5.1. The bijection is given by

n

{z% a € N" deg (z%) =n} +— {xo‘,a EN”,ZZ'-OQ’ :n} +—— {AFn},
1=1

because of Corollary 5.1. O

Example 5.1. Under the above bijection, partitions of n = 5 correspond to the monomials
5.3 2 .2
Ty, 7T, T1T5, TIX3, T2x3, T124, T5 € Kk [21, ..., 25]

where the polynomial ring is graded via deg (z;) = i. The dimension of the fifth graded piece of
k[x1,xo, x3, x4, x5] is therefore 7. It is generated as a k-vector space by the above monomials.
Partitions of 5 with at most one part equal to 1 correspond under the above bijection to the
monomials

123, Tox3, w124, x5 € K [21,. .., 25].

These are the monomials of degree 5 that are not divisible by x2. Hence, the dimension of the
fifth graded piece of k [z1,...,25] / (2) is 4. It is generated (as k-vector space) by the classes
of the above monomials.
Partitions of 5, where consecutive parts differ by at least 2, correspond under the above bijection
to the monomials

124,25 € k[T1,..., 5] .

These are the monomials of degree 5 that are not divisible by any of x%, r1xT2, x%, xox3. Hence,

. klxi,...,x =
dlmk( [ ! 5]/($%,x1$27$§7$2x3)>5 =2
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5.2 Partition identities

Imposing additional properties on the parts of a partition, one may consider various partition
functions like the ones in Example 5.1. The goal is to use the algebraic interpretation of
partition functions and graded rings to detect a similiarity of these objects.

Graded free resolutions and partition identities

As already seen in Chapter 4, given a graded R-module M, a graded free resolution is suited
to compute the Hilbert series of M. Furthermore, if R = k[z1, ..., 2, with deg (z;) = 4, every
graded and finitely generated R-module has a finite free resolution by the Hilbert Syzygy
theorem (see Theorem 3.2). The next proposition shows how we can use this fact to prove
identities for partition functions.

Proposition 5.2. Let R = k|[z1,...,x,] be graded via deg(x;) > 0. Suppose that My, My are
two graded R-modules, and let F and G be graded free resolutions of My and Ms. Furthermore,
suppose that both F and G have the same finite length | and satisfy

F; = G;

as graded R-modules. Then
HSy, (t) = HShp, (t)

Proof. Using the formula for computing the Hilbert series via a graded free resolution, we get

l
HSM1 (t) :Z (_l)i HSFz (t)
=0
l
3 (1) HSa, (1)

i=0
=H S, (1)
O
Remark 5.4. Two graded k[x1,...,z,]-modules M, My may have the same Hilbert series

without being isomorphic. For example, the factor rings k[z]/ (23) with deg(z) = 1 and
kly,2]/ (y* yz, %) with deg (y) = 1 and deg (z) = 2 share the same Hilbert series (1 +t +t?),
but are not isomorphic, since the first is a principal ideal domain, while the second is not.

5.2.1 Examples for complete intersections

Corollary 5.4. Suppose that R = k [x1, ..., x,) is graded via deg(x;) = d; > 0. Let I and J be
ideals of R, both generated by | homogeneous elements {f1,..., fi} and {g1,...,9} that form
reqular sequences and satisfy deg(fr) = deg (ga(k)) for some permutation o. Then

HSpg(t)=HSg);(t).
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Proof. Since both I and J are generated by a R-regular sequence, the graded Koszul complexes
of R/I and R/J are already graded free resolutions. Suppose that F and G are minimal graded
free resolutions of R/I and R/J respectively. Then, for m <,

Fn= @ R{-)des(fi)
1<) <ig < <im <l j=1
Since deg (fx) = deg (gg(k)) for some o € oy,

@ R —ideg(fij)

1<) <ig < <im <l

1

@ R —ideg(gi].)

1< <ig < <im <l

Since {¢1,...,q} is R-regular, the right hand side is isomorphic (as a graded R-module) to
G, 80 Fp, =2 G, for all 0 < m < [. By Proposition 5.2, R/I and R/J share the same Hilbert
series. O

Proving partition identities with Corollary 5.4

As seen above, by describing partition functions via factor rings, where the ideals are generated
by regular sequences, we can compare their Hilbert series (and therefore sometimes show
equality of objects).

Corollary 5.5. Let n be a positive integer. The number of partitions \ of n where at most one
part is 1 (i.e., Ao > 1) is equal to the number of partitions of n where all parts are different
from 2.

Proof. Let R =k |[x1,...,x,]. First, partitions with at most one part equal to 1 correspond via
the above bijection to monomials that are not divisible by 2. Therefore, classes of monomials
that are not divisible by x? generate the graded parts of R/ (x%)

Second, partitions where all parts are different from 2 correspond to monomials that are not
divisible by x9. The monomials not divisible by zo generate the graded parts of R/ (x2). Both
ideals are generated by one element, which are R-regular sequences, and the degrees of the
generators are equal to 2. By Corollary 5.4, the Hilbert series coincide, proving the identity. [

Corollary 5.6. (Euler) Let n be a positive integer. The number of partitions of n into odd
parts is equal to the number of partitions of n into pairwise distinct parts.

Proof. Let R = k|[x1,...,x,] graded via deg (z;) = i. The factor ring corresponding to parti-
tions with odd parts only is

R/I:R/<

$2,$4,---,1‘2L3J>'

Furthermore, partitions into distinct parts correspond to monomials that are square-free in

the variables z,... ey (since deg (xf > n), therefore the corresponding factor ring is

. 31
given by

R/JIR/<2 2 2 )

The ideals I and J are both generated by R-regular sequences, that are equal in length and
degrees. By Corollary 5.4, the two partition functions are equal. O
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The last identity we will prove in this section is a part of Schur’s partition identity. The proof
is slightly more subtle than that of Euler’s identity.

Corollary 5.7. Let n be a positive integer. Denote by

A (n) = number of partitions of n where all parts are congruent to 1 or 5 modulo 6,
B (n) = number of partitions of n where all parts are distinct and are
congruent to 1 or 2 modulo 8

C' (n) = number of partitions of n where all parts are odd and no three parts are equal.
Then, A(n) = B(n) =C (n).
Proof. Let R = k|[x1,...,2,], be graded via deg (x;) = i. The factor ring corresponding to
partitions counted by A (n) is given by

R, _R
7T = (2 for i = 0,2,3,4(6),i < n)-
The degrees of the generators of the ideal are exactly the numbers 6m + [ with [ € {0,2, 3,4}
and 6m + [ < n. The factor ring corresponding to partitions counted by B (n) is given by
R, _R
/IQ - /(ﬂj‘gl',l‘? for 3t <n,2j <n,j= 1,2(3))‘

The degrees of the generators of I are

e the numbers 3i for 3i < n, i.e., the numbers smaller than or equal to n that are of the
form 6m or 6m + 3, and

e the numbers 25 with 25 < n and j = 1,2(3), i.e., the numbers smaller than or equal to
n that are of the form 6m + 2 or 6m + 4.

This proves A (n) = B(n). The factor ring corresponding to partitions counted by C'(n) is
given by

R, _R
7Ty = /(xg’iﬂ,xgj for 3(2i +1) <n,2j <n)
The degrees of the generators of I3 are

e the numbers 3 - (2i + 1) for 3(2¢ + 1) < n, i.e., the numbers smaller than or equal to n
of the form 6m + 3, and

e the numbers 2j for 2j < n, i.e., the numbers smaller than or equal to n of the form 6m
or 6m + 2 or 6m + 4.

This now proves that A (n) = B (n) = C (n) by Corollary 5.4.
0

Remark 5.5. 1. The Schur partition identity from above is only a part of what Schur proved.
We will get back to this identity and look at more partition functions that are counted

by A (n).

2. Corollary 5.4 is only suited to prove easy partition identities. We will soon see examples
where proofs are not as obvious. This is the case if the generators of the corresponding
ideals are not regular sequences.
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Encoding the number of parts in ideals

Not all partition identities can be described via factor rings of the polynomial ring as seen
above. For example, there is no way to encode the number of parts of a partition by an ideal
of the polynomial ring. However, it turns out that there is an interpretation of the number of
parts which uses two ideals.

Definition 5.3. Let A = (\1,..., Ax) be a partition of n. A Ferrers diagram for X is a graphical
representation of A as a pattern of boxes with k rows, where the (k — i + 1)-th row consists of
A; boxes.

Example 5.2. The Ferrers diagram for A = (1, 3,3,4,6) is given by the following diagram.

Definition 5.4. Let A\ = (A1,...,Ax) be a partition of n. The conjugate partition pu =
(f1,- -, pa,) to A is the partition corresponding to the reflected Ferrers diagram of .

Example 5.3. Consider the following Ferrers diagrams.

The transformation is given by the reflection about the line x +y = 0. The conjugate partition
to (1,3,3,4,6) is therefore (1,1,1,4,4,5).

Remark 5.6. The transition to the conjugate partition is clearly a bijection of the set of par-
titions of n to itself.

Lemma 5.2. Let n be a positive integer. The number of partitions of n with exactly | parts is
equal to the number of partitions of n where the biggest part is l.

Proof. The conjugate partition to a partition with exactly [ parts has biggest part [, and vice
versa. By the above remark we are finished. O

We will now show how the number of parts of a partition can be encoded as ideals. Partitions of
n where the biggest part is [ correspond to monomials of k [z, ..., x,] graded via deg (z;) =1
which are divisible by z;, but not divisible by z;41,...,2,. The dimension of the n-th graded
piece of

k[xl,...,xn]/(

$l+17-~-7$n> gk[xlv"'vxl]

is equal to the number of partitions of n with the biggest part being less or equal to [. The
dimension of the n-th graded piece of

k[xl;-.-)xn]/(xl7.'.’xn>gk[ml,...,xlfl]
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is equal to the number of partitions of n with biggest part less than [. Therefore, the difference

dim;, <k‘ [1,... ,xn]/(xlﬂ’ N ,fb“n)) — dimy (k: [xl,...,z:n]/(ml’ N ,mn))

is equal to the number of partitions of n with the biggest part being [. This is equivalent to
saying that

(k: [:z:1,.--7xn]/(zl+17,..,xn))/(k [xlv""x”}/(xz xn))

g(a:l,...,a:n)/(

Li4+1s-- - 7xn)

encodes the partitions of n where the biggest part is equal to [. This also describes the number
of partitions of n with exactly [ parts by Lemma 5.2.

5.2.2 Examples for non-complete intersections

As already seen in previous chapters, if ideals I corresponding to partition functions are com-
plete intersections, the graded free resolution of K [z1,...,x,] /I is easy to describe.

If the ideal is not a complete intersection, the Koszul complex is not a graded free resolution
- and the computation of a free resolution is much more tedious (Grobner basis computations
are needed). We will consider some examples where partition functions do not correspond to
complete intersections.

The Rogers-Ramanujan identities

The Rogers-Ramanujan identities are two identities on hypergeometric series which can be
interpreted as partition identities. The identities were discovered by Rogers in 1894. Like
many of the formulas he conjectured, Ramanujan found this identity by chance and discovered
Rogers proof in 1917. In 1919, they published together a second proof of the identities.

Theorem 5.2. (First Rogers-Ramanugjan identity) Let n be a positive integer. Denote by ai (n)
the number of partitions of n where all parts are congruent to 1 or 4 modulo 5 and by by (n)
the number of partitions of n where consecutive parts differ by at least 2. Then ay (n) = by (n).

Theorem 5.3. (Second Rogers-Ramanujan identity) Let n be a positive integer. Denote by
az (n) the number of partitions of n where all parts are congruent to 2 or 3 modulo 5 and by
by (n) the number of partitions of n, where consecutive parts differ by at least 2 and no part is
equal to 1. Then az (n) = b (n).

Proof. See for example [3]. O

We already saw that using graded free resolutions may result in almost trivial proofs for some
partition identities. However, this ansatz does not work as easily in the case of the Rogers-
Ramanujan identities. We will not be able to prove the Rogers-Ramanujan identities (yet)
with our method. However, we will see some applications of our method to the first identity.
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The first Rogers-Ramanujan identity

As shown in Corollary 5.3, partitions of n where all parts are congruent to 1 or 4 modulo 5
correspond to monomials without any variable x; with ¢ = 0,2, 3 (5). We are hence interested
in the factor ring

21 v ]/(xl for i <n,i=0,2,3(5))

Note that the numbers of the form 2i + 35 for i,j € No,i +j > 1,]i — j| < 1 are exactly the
numbers that are 0,2,3 mod 5.We can therefore rewrite the ideal as

($2i+3j,i,j 2051+]#O7 |Z_j| < 1)

This ideal is generated by a regular sequence, which will be helpful to find a recursion formula
for a; (n) in Theorem 5.11.

On the other hand, partitions of n where all parts differ by at least 2 correspond to squarefree
monomials without any occurence of x;x;+1 (see also Example 5.1). This corresponds (via the
bijection in Corollary 5.3 to the polynomial ring

k[:cl,...,xn]/(

zixj for i+ j <n,li —j| <1)

The ideal in this case is not a complete intersection, therefore the Koszul complex is not a
free resolution. Indeed, we know no way to give a precise explicit description of a graded free
resolution for all n (for fixed n, one can compute the graded free resolution with any computer
algebra program). However, note that in both ideals describing the different kinds of partitions,
we have the condition |i — j| < 1, which might help in proving the identities by using a free
resolution.

The second Rogers-Ramanujan identity

For the second identity, the corresponding ideals are given by
(x; for i <n,i=0,1,4(5)) and (x1,z;z; for i+j <n,|i—j| <1).

Again, the first ideal is generated by a regular sequence, while the other is not.

Gordon’s partition identity

Gordon published a generalization of the Rogers-Ramanujan identities (see [1] for a proof).
We will give the algebraic interpretation of it.

Theorem 5.4. (Gordon’s partition identity) Let n, i,k be positive integers. Denote by Ay ; (n)
the number of partitions of n where all parts are not congruent to 0, i or —i modulo 2k + 1,
and denote by By, ; (n) the number of partitions of n where

1. at most i — 1 parts are equal to 1,

2. two consecutive integers appear at most k — 1 times among the parts

Then Ay;(n) = By, (n).
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By taking £ = 2 and ¢ = 2, the first Rogers-Ramanujan identity is a special case. For
k = 2,i = 1, the second follows. The corresponding ideals for the Gordon identities are less
nice than the ideals for the Rogers-Ramanujan identities. They are given by

(xj, where j <n,j=0,i,—i(2k+ 1))
and '
(xll,x?a:?HJ <j<n-1l,p+q= k) :

The first ideal is again a complete intersection, while the second is not.

Schur’s Partition Theorem

Theorem 5.5. (Schur’s Partition Theorem) Define A(n),B (n),C (n) as in Corollary 5.7
and denote by D (n) the number of partitions of n, imposing the condition that any two parts
differ by at least 3, and the difference between multiples of three parts is at least 6. Then

A(n)=B(n)=C(n)=D(n).
The corresponding ideal for D (n) is given by
(ziwj, T3pT3(p1), i — J] < 2,0+ <n,3k+1<n).

Again, this ideal is not generated by a regular sequence, so that we cannot use the techniques
established above to prove this theorem.

5.2.3 Treating the case of non-complete intersections

Ideals that are not generated by a regular sequence are not as easy to handle as complete
intersections, as seen in the examples above. It might be that using graded free resolutions
in this case is not the appropriate way to prove partition identities. It may be necessary to
think of other graded structures than the polynomial ring which give a description for partition
identities in order to deal with this case. Chapter 6 serves the purpose of showing two further
strategies to work with these non-complete intersections without graded free resolutions.

Example 5.4. Consider the ring of power series k [|z1,. .., x,|], graded via deg (x;) = d; > 0.
The power series ring is not a graded ring as the polynomial ring, but we can write it as

klley, .., zall = [] Ri,
1€Np

where R; is the k-vector space spanned by all monomials of degree i. We therefore do not lose
information on the dimensions by replacing the polynomial ring with the power series ring.

Remark 5.7. A Noetherian local ring R is called a complete intersection, if its completion is of
the form S/ (f1,..., fn), where S is a regular local ring and fi,..., f, are a regular sequence.
It can be proven that localizations of complete intersections are complete intersections again.
Hence, it might also be helpful to use localizations to prove partition identities.
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5.3 Conjecturing and proving recursion formulas

Euler proved, as a direct consequence of his pentagonal number theorem, the formula

O=pn)—pn—-1)—pn—-2)+pn—-5)+pn—-"7T)+....

for the number p (n) of partitions of n, see also Theorem 5.11. For a translation of his original
proof, see for example [11]. We will show how graded free resolutions are suitable to conjecture
and detect such kind of formulas and show how graded free resolutions of ideals generated by
regular sequences are related to the inclusion-exclusion principle.

Prerequisities

Proposition 5.3. Let R =k [x1,...,x,] be the graded via deg (x;) = i, and I be a homogeneous
ideal. Let

}':0—>Fn—>~--—>F1—>F0—>R/I—>O
be a minimal graded free resolution of R/I, meaning that F; = € R (—p)“*, where the c;p

PEL
are the Betti numbers of I. Then

dimy, ((k[xl’“ x”/j) ) Zp (n—1) ) Cil-

1:0

3

Proof. By the additivity of dimension with respect to exact sequences,

iy ((B7) ) = (") HSm, (0

=({t") > (~1)"HSF, (¢)

i=0
— (") 3 (~1) HS gy gy ()
i=0 leZ
=" (1) (Z cig - HSp(_y (ﬂ)
=0 I€Z
=(t") (-1 (Z ciy - HSR (1) tl)
i=0 Iz
=2 (Deup(n-1)
i=0 l€Z
:Zp (TL - l) Z (_1) Cil
1=0 i=0
The last step holds since ¢;; =0if Il <0 and p(n—1) =0if [ > n. O

Therefore, the Betti numbers carry a lot of information that will lead to recursion formulas.
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Example 5.5. Suppose we are interested in aj (6) (see also 5.2). Let R = k[x1,...,x¢] be
graded via deg (z;) = i. We have I = (z9, 3, 25) and the graded free resolution of R/I is given
by
0= R(-10) > R(-5)® R(-7)® R(-8) —
—R(-2)® R(-3)®R(-5) - R— R/I — 0,

where we omit the description of the maps. Therefore cpg =c12 =c13=c15 =co5 =co7 =
c28 = 3,10 = 1 and ¢; j = 0 otherwise. Applying the above formula gives

a1 (6) =p (6)- ((-1)°) +p(@)- ((=1)") +p@)- ((=1") +p () ((-1)* + (-1)%)
=p(6) = p(4) ~p(3) =11 -5-3=3.

Lemma 5.3. Suppose that, in the setting from above, I is a homogeneous ideal generated by a
reqular sequence fi, ..., fm with deg(f;) =d; > 0. Then c;; can be interpreted as a number of
partitions X in exactly i parts, where the multiset of parts {\1,...,N\i} of X is a subset of the
multiset {dy,...,dm}.

Proof. The generators form a regular sequence. Hence,

1<ji<<gi<m l€Z

12

F;

that is, ¢;; is the number of ways to write | as an ordered sum of degrees of the f;. These
ordered sums are simply partitions of [ into exactly 7 parts, where the multiset of parts is a
subset of the multiset of degrees of f1,..., fm. O

Example 5.6. Let [ = (x1,...,2,) be an ideal of the polynomial ring R = k[z1,...,x,]
graded via deg(x;) = i. By 5.3, the graded Betti number ¢;; is equal to the number of
partitions of [ into exactly ¢ parts, where all parts are pairwise distinct.

5.3.1 A bijective proof of the pentagonal number theorem

In order to use Proposition 5.3 and Lemma 5.3 together with Example 5.6 to prove the partition
formula at the beginning of this chapter, we need Euler’s pentagonal number theorem. We
will give a combinatorial proof, which will also hint at a recurrence formula for the Rogers-
Ramanujan identities. This proof is due to Franklin (1881) (see [2] and [3].

Theorem 5.6. (Euler pentagonal number theorem) Let n be a positive integer. Denote by
X (n) the number of partitions of n into an even number of distinct parts, and denote by Y (n)
the number of partitions of n into an odd number of distinct parts. Then

1, if there is an even i such that n € {@7 @}
X (n) =Y (n)=9q —1, if there is an odd i such that n € {i(?’i;l)’ 1(31'2*1)}

0, otherwise.
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Remark 5.8. We will prove Theorem 5.6 by giving a sum-preserving function from the set
of partitions with even number of distinct parts to the set of partitions with odd number of
distinct parts which is almost a bijection. The partitions that are not targeted correspond to
the special cases described in Theorem 5.6.

Example 5.7. Let us try to find a natural bijective map for the case n = 10. Partitions of 10
with an even number of pairwise distinct parts are 1 +2+3+4,44+6,3+ 7,2+ 8,14+ 9. For
partitions of 10 with an odd number of pairwise distinct parts, we get 1+4+5,2+3+5,1+
3+6,74+241,10. As we wish to give a bijection, we might naturally think of either combining
two numbers of a partitions (therefore lowering the number of parts by 1), or separating a part
into two smaller parts (increasing the number of parts by 1). In both cases, we will change
from an odd number of parts to an even number of parts, and vice versa.

Let us start with the trivial partition 10. Since it has only one part, we will definitely want to
separate 10 into two parts. The primary candidate for this procedure is clearly 1 4 9.

On the other hand, given any partition A with k parts and A\; = 1, we might be tempted to
add 1 to the biggest part A\ of A, giving a partition X, where 1 and A\, are omitted, but the
biggest part A;_; is Ay + 1. This prescription is clearly sum preserving. By this description,
14 2+ 7 corresponds to 2 4+ 8, 1 4+ 3 + 6 corresponds to 34+ 7 and 1 + 4 + 5 corresponds to
446 and 1+ 2+ 3+ 4 corresponds to 2+ 3+ 5. For this case, the above considerations apply.
The proof below will show that this was the correct intuition.

Example 5.8. If n = 12, using the same prescription as in 5.7 also works, but the partition
3,4,5 of 12 has no partition that corresponds to it under the above observations. Recall from
5.6 that n = 12 is a special case, since it is of the form ¢ (3i — 1) /2.

Example 5.9. Let us finally consider the case n = 13. After using the prescription given in
Example 5.7, two partitions of 13 are left, they are 2+5+6 and 64+7. We want the prescription
to assign these two partitions together, which happens by merging 2+ 5 to 7, or vice versa, by
splitting 7 into 2 + 5. Note that, in the partition A = (2,5,6) of 13, the biggest A; = 2 parts
are a arithmetic sequence of difference 1. This will be enough to give the bijection, as shown
in the proof below.

Proof. Consider the following sets:

Seven (1) = {(Al,...,Ak) € N* & even, A <---<)\k,)\l—n},
Sodd (1) = {(Al,...,)\k) €Nk odd, Ay < --- <)\k,)\|—n},

S (1) = Seven () U Soaa (n), S = | S (n).

i>1

Clearly, S is a well-defined disjoint union of the S (n). A element of S (n) corresponds to a
partition of n with only distinct parts in the natural way via

()\1,...,)\k)<—>)\1+"'+)\k.

By the above notation, we have |Seven (n)] = X (n) and [Soqq (n)| =Y (n).
In order to prove the similarity of these two numbers, we define the following sets:
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Fven (1) = {(Al,...,)\k) €N k even, \p < --- < Ag,
A <k Aboasr = M — A FLAF ),

Foga (n) = {(Al,...,Ak) €NF kodd, A < --- < Ag,
A< koAbt = M — AL+ LA n),

F(n):Feven(n)UFodd(n)vF:UF(n)'
i>1

Elements A of F' are strictly increasing sequences, where the smallest part A; is smaller than
the number of elements and the biggest A\; parts form an arithmetic sequence with common
difference 1. For example, (3,6,7,8) € F, since the biggest \; = 3 parts are an arithmetic
sequence with common difference 1. Note that every element with A\; = 1 is an element of F
(see also Example 5.7). Furthermore set

Geven (1) = {(Al,...,kk) e NF keven, \j < --- < A\,

M >k+1or )‘k—min(k,)\l)+1 = A\ — min (k?, )\1) + 1, A n} s
Goad (1) = {(Al,...,)\k) €Nk kodd, Ay < - < Mg,

AM>k+1or Ak—min(k,)g)—&-l =\ —min (k,\) + 1L,AF n} ,

G (n) = Geven (n) U Goaa (n),G = J G (n).
i>1
Elements of G are strictly increasing sequencens, where the smallest part A; is either bigger
than the number of parts plus 1, or the biggest min (k, A1) parts are not an arithmetic sequence
with common difference 1. For example, (4,5,6,7) is neither in G, nor in F', but (5,6,7) € G.
Set

Viven (1) = {(Al,...,)\k)eNk,keven,)q < ---<)\k,)\1:k,>\k:2k—l,)\l—n}

k—1
(k,k+1,...,2k:—2,2k:—1),keven,Zk—i—i:n}
1=0

Voad (n) = {(Al,...,)\k)eNk,kodd,)\l < ---<)\k,)\1:k,)\k:2k—1,)\l—n}

k—1
(k,k+1,...,2k—2,2k—1),kodd,Zk—H’:n}
=0

V (1) = Veven (1) U Voaa (), V = | V (n).

i>1

Wven (7) = {(Al,...,Ak)ENk,keven,)\l < <A :k+1,)\k:2k,>\l—n}
k—1
= {(k+1,k+2,...,2k—1,2k),k even,Zk+1+i:n}
1=0
Woad (n) = {(Al,...,)\k)eNk,kodd,)\l < ---<Ak,A1:k+1,Ak:2k,Mn}
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k—1
::{%+1&+2V”ﬂk—L2@Jﬁﬂ¢§:k+i:n}
1=0
4%

W (n) = Weyen (n) U Woaq (n) , W = U W(n).
i>1
Elements of V' and W are arithmetic sequences with common difference 1, where the smallest
part is either equal to the number of parts or the number of parts plus 1. These sets will
correspond to the special cases, see also Example 5.8.
Step 1. We will first prove that

S(n)=Fn)UGn)UV (n)UW (n).
Let A= (\1,...,An) € S(n). We have to consider 4 cases:
LIEMN>k+t1, Aeq

2. If Ay =k + 1, we have two cases to consider.
o If \y =2k, e W.

o If Ay # 2k, the biggest k parts A\,_x+1,..., A\, are not an arithmetic sequence, so
that A € G.

3. If Ay = k, we also have two cases to consider.
e If \p=2k—-1,A€V.

o If A\ # 2k — 1, the biggest k parts A\y—g+1,..., A\, are not an arithmetic sequence,
so that A € G.

4. If \y < k, we have either A € F' (if the biggest \; parts are an arithmetic sequence with
difference 1) or A € G (if they are not).

It is easy to see that the above union is disjoint. Therefore,

Seven (n) = Fleven (n) U Geven (n) U Veven (n) U Weven (n)

and
Sodd (n) = Foad (n) U Goga (n) U Voad (n) U Woqa (n) -
Furthermore,
X (n) = |Feven (n)| 4 |Geven (n)] 4 |Veven (1) + [Weven (1)
and

Y (n) = [Foda (n)| + |Godd (n)] + [Voaa (n)[ + [Woda ()] -
Step 2. We will now prove that |Feyen (n)| = |Goad (n)| and |Foaq (n)| = |Geven ().
Consider the maps a: F' — G and 5 : G — F, defined as follows.
If A= (>\17-~7)\k) eF,
(0% ()\) = <)\27 ey )\k‘—)\p)‘k—)q-i-l? )\k—/\1+27 cee 7)‘167 )‘k: + 1) .
If,U,: (M17°"7/~’Lm) € G7

IB(M):(Taﬂla"'aum_Ta“'mumfl)a
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where 7 = min; {fim—i < pm — 1}

Step 2a. The maps « and [ are well-defined.

If A2 > k, « is clearly well-defined. Otherwise, we have to prove that the last Ay parts of « ()
are not in arithmetic progression with common difference 1. By definition, the last \; parts
are a arithmetic progression with common difference 1, but

Ak 1< Apoxg 12,

so that these \; parts are a maximal progression. Since Ay > A1, we are finished.

Proving that 3 is well-defined is more difficult. Let us first prove that r < m+41. If uy < m+1,
r < m+ 1, since r < uy by the definition of G. Otherwise, we have to consider two cases.
First, consider the case pu; > m + 1 and the m + 1 parts are in arithmetic progression with
common difference 1. Then

B(,ullv"'a,u’m) = (mnul _17/*L17"'7/'Lm—1)7

so that » = m. In the second case, the elements of 5 (u) are not in arithmetic progression, so
that » < m + 1 holds trivially.
By the minimality of r, the last r parts of 8 (u) are in arithmetic progression with common
difference 1, so that 8 (u) € F.

Step 2b. @ |p, 0 (n): Feven (1) = Godd (n) is well-defined.

Note that o and 3 are sum-preserving. « (\) omits Ay_y,+1 = \x — A1 + 1 and Aq, but adds
Me—x+1 + A1 = Ap + 1, so that « is sum-preserving. [ splits p,, into two summands g, —r
and 7 and is therefore sum-preserving.

Since a and f either add or subtract a part, a [g,,,(n) is well-defined, as well as a |g,,(n)

76 |Geven(n) and B |G0dd(n)'

Step 2¢. We prove that ao f =idp and o a = idg.
We first prove that a o f =idp. Let A = (A1,...,\x) € F and

CM()\) — (>\27 .. '))‘k—k1a>\k—)\1+17>‘k‘—/\1+27 .. '7)‘k7)\k + ]-) .

The last \; parts of a (\) are in arithmetic progression with common difference 1, but the last
A1 + 1 parts are not. Therefore, r = A\, and B (a(N\)) = (A1,..., Ak), so that o § = idp.
For Boa,let p= (p1,...,um) € G and

B(k) = (1 1y s Hm = Ty fom—rt 15 -+« s Pn—1) -

By the minimality of v, tm, — 7, fhm—r+1, - - - , hm—1 are 7 elements in arithmetic progression of
with common difference 1, such that the first entry of 5 (u), r, will be added to p,, — r. This
shows that §oa =idg.

Therefore, « = 7! and « and 8 are bijections.

Step 3. We compute |Veyen (1)], |Vodd (7)|, [Weven ()| and |[Woqq (n)].
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We have

k—1
|Veven (1) = {(kz,kz+1,...,2k¢—2,2k—1),k even,Zk%—i:nH

i=0
k—1
= {k even,2k+i :n}‘

1=0

k(3k—1
= {k even,(32):n}’.

In a similar manner, we get

3k 1)
[Weven (n)] = {k‘ even, WOkt 1) n}

!%dd(n)|:{kodd 3k—1 n}
fl

n

k: 1)
W (n)] = {k odd, FBE+D)

Step 4. Summarizing steps 1 to 3, we get
X (n) =Y (n) = [Feven (n)| + |Geven (n)] + [Veven (n)] + [Weven ()| —

— [Foad (n)] = |Goad (n)] — [Voaa (n)| — [Woaa (n)]
= [Veven (n)] 4 [Weven (n)| = [Voda ()| = [Woaa (1))

. . . i(3i4+1) i(3i—1
1, fFeNi=0(2):n¢€ ( 3 ), ( 5 )

— . . . i(3i41) i(3i—1
-1, ifFeNi=1(2):n¢€ ( > ) i« 5 )

0, otherwise.

d

Remark 5.9. Note that the generating function of the sequence of numbers (X (n) —Y (n)),,cy

is given by

[Ta-4).

i>1

The above theorem is therefore equivalent to the following identity of power series:

o0

[[a-6)=3 (i

>0 i=—00

This is a special case of the Jacobi triple product identity (see also Theorem 5.9).

5.3.2 Examples of recursion formulas

Recursion formula for partitions

Theorem 5.7. Let n be a positive integer and p (n) the number of partitions of n. Then

0=p(n)—pn—-1)—-pn-2)+pn-5+pn—-T7T—...,

where the general term is given by the numbers i (3i £1) /2.
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Proof. For a fixed number n € N consider the graded polynomial ring R = k [x1, ..., x,] with
deg (z;) = i. The factor ring R/I = R/ (x1,...,2,) = k is again graded, and the n-th graded
part is of dimension dqy,.

Consider now the minimal graded free resolution of R/I that is given by the Koszul complex.
The degrees of the generators of I are exactly the numbers 1,2,...,n. Therefore, by the con-
struction of the Koszul complex, the i-th R-module in the graded free resolution is isomorphic

to A
(2
ST (‘ Zﬂ*) = DR,
1<j1<--<5;<n r=1 leZ

where the ¢;; are the graded Betti numbers of I. By Lemma 5.3, ¢;; is the number of ways
to write [ as a sum of ¢ distinct positive numbers, that is, the number of partitions of [ into
exactly ¢ pairwise distinct parts (see also Example 5.6).

n .
Consider now the sum ) (—1)"¢;; which we want to compute. By the above argument, this is

i=0
for | < n the number of partitions of [ into an even number of distinct parts, minus the number

n .
of partitions of  into an odd number of distinct parts meaning that Y (=1)"¢;; =Y (I)—X (I).

iz
Now, using Proposition 5.3 with I = (z1,...,x,) and Theorem 5.6, we get
n n )
0= pn—0Y (1) cy
=0 =0

Recursion formula for the Euler identity

Remark 5.10. We already saw in Corollary 5.6 that the number d (n) of partitions of n into
distinct parts is equal to the number of partitions of n into odd parts only.

Theorem 5.8. Denote by d(n) the number of partitions of n into distinct parts. Then
dn)=pn)—pn—-2)—pn—-4)+pn—-10)+p(n—14)—...,
where the numbers in parentheses are exactly the numbers of the form i (3i £1).

Proof. Fix n and consider the polynomial ring R = k [z1, ..., x,], graded via deg (z;) = i, and
the ideal I = (x?, 27 < n), as in Corollary 5.6. The degrees of the generators of I are exactly

the even numbers smaller than or equal to n.
The i-th graded R-module of the minimal graded free resolution of R/I is by the construction
of the Koszul complex isomorphic to

D x (‘QZ]") = @r-n".
r=0

1< <-<Gi<g leZ
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where the d;; are the graded Betti numbers of I. By Lemma 5.3, d;; is the number of ways

to write [ as a sum of ¢ distinct even numbers. If [ is odd, d;; = 0. Otherwise, d;; is also

the number of ways to write % as a sum of distinct positive integers. Using the notation from

above, as well as Theorem 5.6, we get

n

dn)=>"pn-13 (~1)'dy
=0

=0

n

=> pn—2m)Y (~1)"diam
m=0

=0
=> p(n—2m) (Y (m)— X (m))
m=0

=p(n)—pn—-2)—pn—-4)+pn—-10)+p(n—14) —....

Rogers-Ramanujan identities

To prove a similar result for the Rogers-Ramanujan identities, we will not use a bijective
correspondence as in Theorem 5.6, but instead power series computations.

Theorem 5.9. (Jacobi Triple Product identity) Let z,q be variables. Then we have the fol-
lowing identity of power series:

H (1 _ q2n) (1 + Zq2n_1) (1 + z—lqzn—l) _ Zznqrﬂ.

nez
Proof. See [3]. O

Corollary 5.8. Ift is a variable, the following identity of power series holds:

[T =) (=) (L=t = 37 (1 e
n21 neZ
Proof. Set q = t3 and 2 = —t2 in Theorem 5.9. -

Theorem 5.10. Let n be a positive integer. Denote by Wi (n) the number of partitions of
n into an even number of distinct parts that are all congruent to 0, 2 or 3 modulo 5, and
denote by Wy (n) the number of partitions of n into an odd number of distinct parts that are
all congruent to 0, 2 or 3 modulo 5. Then

1, if there is an even i such that n € {i(sz;_l), i(5i2_1)
Wi (n) —Wa(n) = —1, if there is an odd i such that n € {%, @}

0, otherwise.

Proof. Note that the generating function of the sequence (W1 (n) — W2 (n)),, oy is given by

[[Ta-) -2 1-7).

n>1

The rest follows from Corollary 5.8. O
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Theorem 5.11. Let n be a positive integer. Then

ai(n) =pn)—pn—-2)—pn-3)+pn—-9)+pn—-11)—...,

where the numbers in parentheses are exactly the numbers of the form @
Proof. Fix n and consider the polynomial ring R = k [z1, ..., x,], graded via deg (z;) = i, and
the ideal I = (24,7 < n,i=0,2,3(5)). The i-th graded R-module of the minimal graded free
resolution of R/I is by the construction of the Koszul complex isomorphic to

S (‘Zf’*> =@r0.

1<j1<-<ji<n leZ
J1,--,J:=0,2,3(5)

Therefore, e;; is the number of ways to write [ as a sum of 7 distinct numbers that are congruent
to 0,2 or 3 modulo 5. By Proposition 5.3 and Theorem 5.10,

aj (n) = Zp (n—1) Z (—1)" eiy
=0 1=0
= ZP (n—10) (Wa(l) = Wi (1))
=0

=p(n)—pn—-2)—pn—-3)+pn—-9+pn—-11)—....
]

Remark 5.11. A similar argument also gives a recursion formula for the second identity of
Rogers and Ramanujan.

az(n)=pn)—pn—-1)—pn—-4)+pn—-"7+pn—-13)—....

The numbers in parentheses are exactly the numbers of the form @

Remark 5.12. Computing the free resolution for the b; (n) also gives a recursion formula - but it
is much more tedious to compute it. We cannot conclude that the outcome of the computation
of the graded free resolution gives the same recursion formula, although we abstractly know
that the by (n) also fulfil the formula.

Remark 5.13. The examples above give enough insight to conjecture the following identity.
Let A ; (n) be defined as in Theorem 5.4. Then

A (n)=p(n)+ Z (=)™ p <n— m((2k+1)m ; (2k+1— 22)))

m>1

+Z(—1)mp<n—m((2k+1)m+(2k+1_2i))>.

2
m>1

5.4 Two further strategies to prove partition identities

Our goal is to show two more strategies that can be used to prove partition identities.

95



5.4.1 Strategy 2 - Hilbert series of leading term ideals

Our goal is to show that, under some assumptions, Hilbert series computations of ideals in the
polynomial ring can be reduced to computations of the Hilbert series on the leading terms of
the ideal, with respect to a monomial order. In general, if we choose two different monomial
orders, the ideal generated by the leading terms will not be equal, but they will have the same
Hilbert series.

Definition 5.5. Let > be a monomial order on the monomials of k [z1,...,z,], graded via
deg (x;) = d; > 0. We say that > is a graded monomial order if

la| >y |B] = 2@ > 2P,

Theorem 5.12. Suppose that k[xy,...,xz,] is graded via deg(z;) = d; > 0 and let I be a
homogeneous ideal of k[x1,...,x,]. Furthermore, let > be a graded monomial order on the
monomials k [x1,...,x,]. Then

HS[ (t) = HSLT>(I) (t) .

Proof. Since I is homogeneous, it is graded, and the m-th graded piece of I, which consists of
the elements of I of degree m, is a k-vector space. Also, the m-th graded piece of (LT (1)),
is a k-vector space. We have to prove that these two vector spaces are of the same dimension
for all m € Z. This is trivial for m < 0, so assume m > 1.

Fix m. Consider I<,,, the k-vector space of all elements of I of degree less than or equal to m.
The leading terms of elements of I<,, are all of degree m or less. Since there are only finitely
many monomials of degree m or less, there exist fi,..., f; € I<,, that satisfy

{LMs (f), f € I<m} = {LM> (f1),...,LMs (fy)}.

We can assume that there are no multiples in the latter and that they are ordered by LM< (f;) >
LM (f;) for 1 <i < j <t. We claim that fi,..., f; are a k-vector space basis for I<,.

First, consider a linear combination a1 f1 + -+ + a;fy = 0 with aq,...,a, € k. Suppose that
there is a a; # 0, and let 7 be the smallest ¢ satisfying a; # 0. Then a; - LT> (f;) will not
cancel by the minimality of ¢, so that the linear combination is not 0. Therefore, f1,..., f; are
k-linearly independent.

Next, suppose that (f1,..., fn) € I<m. Pick f € I<p\ (f1,..., fn) with LMy (f) minimal.
Then there is an index 4, 1 < i < n, such that LM< (f) = LM (f;). Hence, there is an element
A € k such that LTs (f) = ALTs (fi), so LMs (f — Afi) < LMs (f). By the minimality of
LM (f), we get f—\fi € (f1,..., fn) and therefore f € (f1,..., fn), contradiction. Therefore,
fi,..., fn are a k-basis of I<y,.

We still have to show that dim <(LT> (I))Sm>k = t. We claim that LM (f1),...,LMs (f) are

a vector space basis for (LT (I))_,,. By the same argumentation as above, they are k-linearly
independent. Furthermore, notice that

(LM (f1),-- -, LMs (fy)) = (LMs (f) , f € I<m)
(LM (f), f € I,deg (LM (f)) <m)
= (LT (1))

<m*
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The second equality holds since > is graded and therefore deg (f) = deg (LT (f)). The last
equality holds since an element of a monomial ideal is in the ideal if and only if all terms of the
element are in the ideal. Therefore, LM< (f1),...,LMsx (f,) are a k-vector space basis. Since

m
dimgI<,, = Z dimy I,
j=0
the claim follows by induction. O

Strategy 2. The strategy for proving partition identities A; and A, with this theorem is as
follows.

1. For some partition identity and a fixed integer n, find the ideals Ji, Js, corresponding to
the partitions A; and Ay (as shown in Section 5.1).

2. Find an ideal I C k[z1,...,z,] and two graded monomial orders <i, <s, so that
(LT<, (I)) = Jy and (LT, (1)) = Jo.
3. Applying Theorem 5.12 yields that the n-th graded piece of J; is of the same dimension
as the n-th graded piece of Jo, which shows the partition identity for n.

Revisiting Eulers identity

We will use the strategy discussed above to give a second proof of Euler’s identity (see Corollary
5.6).

Proof. Fix n € N. Consider the ideal I = (mf + 294,21 < n) of klxi1,...,zy], graded via
deg (x;) =1i. Let <1 be the deglex order and <9 be the degrevlex order. Then

LT, (I) = {2},2i <n}

and
LT<2 (I) = {1'21', 21 < TL} .

It is easy to prove that these equalities are true. Clearly, these two sets are minimal generating
sets of the ideal of leading terms they generate, and those ideals are exactly the ideals in
Corollary 5.6. O

Revisiting the Rogers-Ramanujan identities
One may ask whether this strategy gives an obvious proof for the Rogers-Ramanujan identities.

Unfortunately, the author has not found any suitable ideal and monomial orders up to date.

Question. For a fixed n, are there an ideal I of k[x1,...,x,] and graded monomial orders
<1, <9, so that
(LT<, (1)) = (24,1 <n,i1=0,2,3(5))

and
(LT, (I)) = (wixj,i+j < n,|i —j| <1)?
1

If yes, this proves that aj (n) = by (n) by the above consideration.
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5.4.2 Strategy 3 - Formula of Stillman and Bayer

Stillman and Bayer gave in [5] a formula to compute the Hilbert series of any monomial ideal
in a recursive manner. This is the algorithm that the computer algebra system Macaulay uses
to compute Hilbert series for monomial ideals. We review their result:

Lemma 5.4. Let J be a monomial ideal of R = k[x1,...,x,] and let x be a monomial in R.
Then
SN (@) = (@) (J: (%),

where (J : (z%)) is the ideal quotient.

Proof. 1f f € J N (), there is an element r € R with f =7 - 2. Since f € J, r € (J: (z%))
by definition. Therefore, f € (z®) - (J: (x)). If f € (%) - (J: (z%)), f = x%s for some
s € (J:(z%)). Therefore, f € J, so that f € J N (z%). O

Remark 5.14. Recall that if R is a graded polynomial ring over a field k and I is a homogeneous
ideal, the Hilbert series of R/I is rational by Theorem 4.9.

Definition 5.6. Let I be a homogeneous ideal of R = k [z1,...,z,]. We denote by n (I) the
numerator of the Hilbert series of R/I (before the cancelling of fractions).

Theorem 5.13. Let I, J be monomial ideals of R = k [x1, ..., x|, graded via deg (z;) = d; > 0,
and let x* ¢ J be such that I = (J,z*). Then

1. n(z®) =1 -t
2. n(JN(x®) =1 —tled ol (72 (2)),
3. n(I)=n(J)—teln(J: (z2).

Proof. For the first formula, we have to count the monomials in R/ (z®), that is, the monomials
in R that don’t belong to (z®). The generating function for the degrees of monomials of R is

given by
1

n

[ -

i=1
by Corollary 4.7. The dimension of the m-th graded piece of (%) is equal to the dimension of
Ry, —ja) (¢ is responsible for the shift), so that

tlel

(1 — tdi)
=1

3

counts monomials in (z®). Subtracting now gives the desired equality.
For the second formula, we are consider the monomials of R/ TN (z%) These can be split into

two groups: Those, that are outside of (z) (which was counted in (1)), and those that are in
(z®), but not in J. By Lemma 5.4,

Y raey ="V 0wy = (B @)

—le]

o8



Monomials in the latter are counted by ¢® . n (J : (z%)). Adding the numerators of the two
groups, the identity is proven.
By (1) and (2), we have

n(I)=n(J)+nx*) —n(JN(x*))
=n (J) —tlln (J : (z2)).
This proves the last formula. O

For our purposes, we will be interested in quotients of monomial ideals. Computing these is
an easy exercise.

Proposition 5.4. Let I = (my,...,mg) be a monomial ideal and m be a monomial in
klxi,...,2n]. Then
mi mg
I:m= (—,...,—),
m m
where%:mforlgigk.

Proof. We have

I m={fecklry,...,xn),f-gel forallge(m)}
={f€klzr,....2n], f-me I}
={fekrr,....;xn], f-me(my,...,mg)}

:{fék?[iﬂl,---,xn]?fe (m”%)}

m m
mi my
The second to last equality holds since
s k s
m € (my,...,mg)<3Ir,..., 1 € R: fm= rim; = ri - ged (m, m;) —
f (my k) 1 k / ZZ; i ; i - ged ( z)m

S
e
{:)Eltl,...,tkER:f:Ztiﬁ
=1

&fe (ﬁ,...,%).

m m

Note that m divides r;m; for 1 <1 < k in the above argumentation, since m is monomial. [
We finally want to prove a statement on the numerator of the Hilbert series.

Proposition 5.5. Let m,n be positive integers, m < n, let I be a homogeneous ideal of
R=k[x1,...,zp], graded via deg(x;) = d; > 0 for some d;.Suppose that

p(t)
[T (1— %)

J=1

HSp, () =
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for some polynomial p (t) € Z[t]. Let S be the polynomial ring k[x1,...,Tm,...,Ty], graded
via deg(xz;) = d; for 1 <i < m and deg(x;) = d; > 0 for some d; with m < i <n. Then

p ()

HSs, (t)=—"-""—.
>/ n

Jj=1

In particular, the numerator of the Hilbert series of R/I is the same as the numerator of S/IS,

so it does not depend on the number of variables of the polynomial ring.

Proof. Tt suffices to prove the assertion for n = m + 1. The rest follows by induction.
We have to count monomials in 1.5. Monomials in I.S of degree d correspond to monomials in
I that are of degree d, d — dip+1,d — 2dim+1,. . . . Therefore,

HSS/IS (t) :HSR/[ (t) + tdm+1 . HSR/[ (t) + t2dm+1 . HSR/[ (t) + ...
1

__p®)
m+-1

(1 )

=1

O
Revisiting Euler’s identity again
The above considerations give another easy proof of the Euler partition identity.
Proof. Consider for some fixed m € N the polynomial ring R = k|[x1,...,zy] graded via

deg (z;) =i and let I = (z2;,2i < m). Monomials of degree n in R/I correspond to partitions
of n without even parts, for 1 < n < m. Therefore,

H (1 _ tQi)

1 1<2i<m
HS t) = . = == .
LA IR IR R V(D
1<2i<m—1 1<i<m

by Theorem 5.1. Hence,

Revisiting the Rogers-Ramanujan identities

Our goal is to compute n(I) and n(J) for the ideals corresponding to the first Rogers-
Ramanujan identity. Fix some integer m and suppose that the Rogers-Ramanujan identities
hold for all numbers smaller than m. Recall that we used the ideals

I = (24,i=0,2,3(5),i < m)

and
Im = (25,0 <i+j <m,li—j| <1),
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considered in the polynomial ring & [z1, ..., x,,]| graded via deg (x;) = i. We need to show that
") (In) = (") n (Jm) -

In Theorem 5.1, we proved that n (I) = I1 (1 —¢"). It is not as easy to give a formula
i=0,2,3(5),i<m

for n(Jy,), but the formula of Stillman and Bayer (see Theorem 5.13) gives the following

recursive formulas, by using also Proposition 5.5 and Proposition 5.4:

If m =20+ 1 is odd and division by x;z;4+1, we get

n (Jm) =n ('%%7 s 7x127 xlxl-‘rl)
=n (:v%, .. ,:Ul2) —t"-n ($%, .. ,CL‘l2_2,£El_1, xl)
—n (Jp_1) — t™ (1 - t’) (1 - tH) 10 (Jmeg) .

If m = 21 is even, we get two different formulas, either by dividing by z;_1x; or by CL'IQ Dividing
by x;_1x;, we get

n(Jy) =n(23,...,27)
=n (:1:%, . ,x?,l, :1312) — "1 (1‘%, e xlz,B, Ti_9, T]_1, xl)

— (1 — ™) 0 (Jg) — ™1 (1 - tl—Q) (1 - tl—l) (1 - tl> n (Jg) -
Dividing by xl2 leads another formula, which can be computed similarly:

n(Jy) =n(23,...,27)
=n (ac%, e ,:Ul_lxl) —t"-n (x%, R xl?,Q,xl_l)

=n (Jp_) — ™ (1 - tl—l) 1 (Jpd).

Although these recursion formulas look promising, the author was not able to prove that
"™ n (L) = (t"™)n (Jy) using these recursive formulas. However, they might at least give
some insight on a (future) combinatorial proof of the Rogers-Ramanujan identities.
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Summary

In this thesis, we study the concept of graded free resolutions, which will be used to give alge-
braic proofs of identities for integer partitions.
Chapters 1-4 serve the purpose to settle all algebraic preparation which allows us to work with
integer partitions in Chapter 5.
In Chapter 1, we will recall the concept of a Grdbner basis on k [z, ... ,xn]t and state all
important theorems.
In Chapter 2, we introduce graded rings, graded modules, graded submodules and homomor-
phisms of graded modules. We show some elementary properties of these objects. Finally, we
prove the structure theorem for finitely generated graded modules.
In Chapter 3, we give the definition of a syzygy module of a generating system of a module and
find (under certain conditions) a generating system for the syzygy module by using Grébner
bases and the Buchberger algorithm. Afterwards, we introduce free resolutions of modules,
which are exact sequences

o> ) = Fy - M — 0,

where the F; are free R-modules and prove Hilbert’s Syzygy Theorem with the help of Grobner
bases, which states that, under certain conditions, there is a free resolution of M of finite
length. We then consider free resolutions of graded modules and find out in which sense a free
resolution can be called minimal.

In Chapter 4, we continue with our preparations and concentrate on homological algebra and
chain conditions. We first consider complexes and homologies and construct the connecting
homomorphism and introduce the long exact sequence in homology. We then construct the
Koszul complex and show that the Koszul complex is a free resolution of a module in certain
cases. Lastly, we will give conditions on which the graded parts of a module M are finitely
dimensional, which allows us to define the Hilbert series of certain modules. We then prove
the rationality of the Hilbert series.

In Chapter 5, we use the preparations from Chapters 1-4 and apply them to integer partitions.
We will first introduce the reader to the topic and then give a bijection, showing the connecting
of integer partitions to monomials in a polynomial ring. We then prove some partition identities
by computing graded free resolutions and consider cases where the computation of a graded
free resolution is not suited as proof. Then we show how graded free resolutions can be used
to find recursion formulas for partition numbers. We will prove Euler’s pentagonal number
theorem combinatorially and deduce Euler’s formula from this. We then also prove a recursion
formula for the Rogers-Ramanujan identities.

Lastly, we show two more strategies to prove partition identities. We first show that Hilbert
series of ideals are equal to the Hilbert series of the leading term ideal, and finally see a recursive
formula to compute the Hilbert series as introduced by Stillman and Bayer.
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Zusammenfassung

In dieser Arbeit besprechen wir graduierte freie Auflésungen, mit welchen es uns moglich sein
wird, algebraische Beweise fiir Identitaten zu Zahlpartitionen zu geben.
Die Kapitel 1-4 dienen zur Vorbereitung und Zusammenfassung der algebraischen Vorausset-
zungen, die wir schlussendlich in Kapitel 5 verwenden werden.
In Kapitel 1 wiederholen wir das Konzept von Grébner-Basen fur k [z, .. ., xn]t und besprechen
alle wichtigen Satze und Informationen.
In Kapitel 2 werden graduierte Ringe, graduierte Moduln, graduierte Untermoduln und graduierte
Homomorphismen eingefithrt. Wir beweisen elementare Eigenschaften dieser Objekte. Let-
ztlich beweisen wir den Struktursatz fiir endlich erzeugte graduierte Moduln.
In Kapitel 3 beginnen wir mit der Definition des Relationsmoduls eines Erzeugendensystems
eines Moduls und geben (unter bestimmten Voraussetzungen an den Modul) ein Erzeugen-
densystem fiir den Relationenmodul an, indem wir die Theorie der Grébner-Basen und den
Buchberger-Algorithmus verwenden. Danach besprechen wir freie Auflésungen von Moduln,
also exakte Sequenzen

o> Fy — Fy—> M — 0,

wobei the F; freie R-Moduln sind, und beweisen Hilbert’s Syzygiensatz mit der Hilfe von
Grobner-Basen. Danach betrachten wir freie Aufldsungen von graduierten Moduln und be-
sprechen, in welchem Sinn man von einer minimalen freien Auflésung sprechen kann.

In Kapitel 4 besprechen wir weitere algebraische Vorbereitungen und besprechen vor allem
wichtige Sétze der homologischen Algebra und Kettenbedingungen. WIr betrachten zuerst
Komplexe und Homologien und konstruieren den Verbindungshomomorphismus und zeigen
the lange exakte Folge der Homologien. Danach konstruieren wir den Koszul-Komplex und
beweisen, dass der Koszul-Komplex unter bestimmten Bedingungen als freie Auflosung verwen-
det werden kann. Letztlich werden wir Bedingungen angeben, unter welchen die graduierten
Teile eines graduierten Modulss endlichdimensional sind, womit wir Hilbertreihen definieren
konnen. Wir beweisen danach die Rationalitét der Hilbertreihe.

In Kapitel 5 verwenden wir alle Vorbereitungen der Kapitel 1-4 und wenden sie auf Zahlparti-
tionen an. Zuerst geben wir eine kurze Einfiihrung in das Gebiet der Zahlpartitionen und geben
eine Bijektion an, die eine Verbindung zwischen Zahlpartitionen und Monomen in einem Poly-
nomring aufzeigt. Wir beweisen danach Identitdten von Zahlpartitionen, indem wir graduierte
freie Auflésungen berechnen und zeigen auch Identitdten, bei denen freie Auflésungen nicht
reichen, um sie zu beweisen. Danach zeigen wir, dass man mit graduierten freien Auflésungen
auch rekursive Formeln fiir das Berechnen von Partitionszahlen verwenden kann. Wir beweisen
den Pentagonalsatz von Euler und werden daraus die Formel von Euler folgern. Danach be-
weisen wir auch noch eine Rekursion fiir die Rogers-Ramanujan Identitaten.

Schlussendlich besprechen wir zwei weitere Strategien, um Partitionsidentititen zu beweisen.
Wir zeigen zuerst dass die Hilbertreihe eines Ideals der Hilbertreihe des Ideals der Leitterme
entspricht, und besprechen danach noch eine rekursive Formel von Stillman und Bayer, welche
das Berechnen der Hilbertreihe erlaubt.
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