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”
The words. Why did they have to exist? Without them, there wouldn’t be any of this.“

Markus Zusak, The Book Thief



Preface

In 1912, Max Dehn proposed three “fundamental problems for infinite discontinuous groups”
in (5), exhibiting their importance not just for the theory of abstract infinite groups, but also
for geometry. Among these three was what he called the “Identitätsproblem”, now known as
the “word problem”: Given a group by means of a finite collection of generators and finitely
many defining relations between them (i.e., relations such that any relation holding between
them is a consequence of these), decide algorithmically in a finite number of computation
steps whether an element of the group, given in terms of the specified generators, represents
the identity element of the group or not.
This was still before the introduction of a formal concept of “algorithm” such as Turing
machines by Alan Turing in (17) in 1936, meaning that there were no formal foundations
for showing the nonexistence of algorithms for certain tasks. In 1955 then, Pyotr Novikov
succeeded in finding an instance of the word problem as described above for which such an
algorithm cannot exist; see (13). Boone found a different proof just three years later, see (3).
The main focus of this thesis lies on this result, in modern language the existence of a “finitely
presented group with undecidable word problem”. However, we will not follow Novikov’s or
Boone’s proof, but instead use a proof found by Valiev, published in (18) and also described
in Lyndon’s and Schupp’s book (10), which can be seen as a fundament for big parts of this
thesis.
Still, there is a lot of preliminary work to do. Since we assume some basic knowledge in group
theory, but not in recursion theory, we will develop it by means of Turing machines from
the scratch in the first chapter, “Recursion-Theoretic Foundations”. The “highlight” of this
chapter is the undecidability of the halting problem.
Valiev’s proof also makes use of an astonishing and deep theorem by Matiyasevich relating
number theory and recursion theory: Any recursively enumerable set of integers is Diophan-
tine! This will be the topic of the second chapter, “Number-Theoretic Foundations”. We also
develop the theory there from the scratch, but instead of giving Matiyasevich’s original proof
of Diophantineness of the sequence of Fibonacci numbers with even index, we follow the one
from his book (11), which is already a refined version of it, avoiding use of the preliminary
work by Julia Robinson. The “highlight” of that chapter, apart from Matiyasevich’s theorem,
of course, is the undecidability of Hilbert’s Tenth Problem.
We also need quite a few results and methods from so-called combinatorial group theory, the
study of groups by means of generators and relations, presented in the third chapter, “Group-
Theoretic Foundations”. We formalize the idea of treating groups this way by means of the
concept of a “group presentation” and consider groups constructed from given ones by certain
manipulations on their presentations (more precisely, HNN extensions and free products with
and without amalgamation). As a “highlight” of this chapter, we shall finally be able to
formally define the notion of “word problem” as well as “generalized word problem”.
The fourth chapter, “Undecidability of the Word Problem”, is devoted not only to the con-
struction of finite group presentations with undecidable word problem, but also to yet another
deep theorem, this time relating recursion theory and group theory, the so-called Higman Em-
bedding Theorem. The proof of it, building up on Valiev’s Principal Lemma, can be seen as
the “highlight” of this chapter.
Finally, in the fifth chapter, “Decidability of the Word Problem”, we will be dealing with a
selection of two classes of groups which are known to have decidable word problem - one-
relator groups and hyperbolic groups. Whereas showing this for the first type of groups just
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continues the combinatorial methods from the third chapter, the definition of the second
type of groups already is essentially geometric, leading us into geometric group theory. The
“highlight” of this final chapter are the stochastic results due to Gromov stating, intuitively,
that “almost all” finite group presentations have decidable word problem.
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1 Recursion-Theoretic Foundations

In this chapter, we develop the recursion-theoretic concepts and results which are needed
later. Readers familiar with recursion theory probably only need to skim through in order to
learn the notation used in this thesis.

1.1 Formal Foundations

We denote by N (or alternatively, depending on the context, ω or ℵ0) the set of all natural
numbers, i.e., the smallest limit ordinal (in particular, 0 P N). In order to define the notions
of “relation” and “function” formally, we use Kuratowski’s definition of an ordered pair, i.e.:
xx, yy :� ttxu, tx, yuu. Then, for a function f , let dompfq :� tx | Dy : xx, yy P fu denote the
domain and ranpfq :� ty | Dx : xx, yy P fu the range of f . For sets A,B the so-called set
power BA denotes the set of all functions f : A Ñ B. In particular, for an arbitrary set A
and a natural number k P ω, the set power Ak denotes the set of all k-tuples pa0, . . . , ak�1q
over A, that is, functions with domain k � t0, . . . , k� 1u and range a subset of A. Note that
also pairs written with round brackets are tuples in this sense, as opposed to the Kuratowski
pairs xx, yy.
The reason why we rather want to view tuples as functions with domain a natural number
is because this makes it formally easy to view each set as an “alphabet”: For any set X, let
X� :�

�
nPω

Xn denote the so-called set of words or strings over X (and note that X0 � tHu

by definition; H is also called the empty word (over any X)). We then identify each x P X
with the corresponding 1-tuple tx0, xyu P X�. It is easy to see that words over X possess
“unique readability”, i.e.: For any w P X�, there exists a unique n P ω (namely the domain of
w) and unique x0, . . . , xn�1 P X such that w � px0, . . . , xn�1q. Furthermore, we define con-
catenation of words over X as a binary operation � : pX�q2 Ñ X�, pw1, w2q ÞÑ �pw1, w2q :�
w1w2, where dompw1w2q � dompw1q � dompw2q (addition of ordinals or natural numbers),

and for k P dompw1q � dompw2q: pw1w2qpkq :�

"
w1pkq, if k P dompw1q

w2pk � dompw1qq else
. By

the identification of elements of X with 1-tuples described above, we can then write a word
px0, . . . , xn�1q over X also as x0 � � �xn�1. The structure pX�, �,Hq is, as is readily checked, a
monoid, but we will not deal with the properties of this monoid before the third chapter.
Moreover, a directed graph (or digraph) is, at least in this chapter, understood to be a
pair Γ � pV,Eq, where E � V 2. The elements of V are called vertices, those of E edges
of Γ. For each e P E, we denote by ιpeq the first entry of the pair e, called initial vertex
of e, and by τpeq the second entry, called terminal vertex of e. A digraph pV,Eq is called
finite if and only if V is finite. A (directed) path in Γ is a sequence p P E�YEω such that
for all n P ω with n � 1 P domppq: τpppnqq � ιpppn � 1qq. For p �� H, we further denote by
ιppq :� ιppp0qq the initial vertex of p, and, if also domppq   ω, by τppq :� τpppdomppq � 1qq
the terminal vertex of p. Furthermore, by definition, every vertex of Γ is considered an
initial and a terminal vertex of the “empty path” H.
For digraphs Γ1 � pV1, E1q,Γ2 � pV2, E2q, an isomorphism between Γ1 and Γ2 is a
bijection ϕ : V1 Ñ V2 such that for all v, w P V1: pv, wq P E1 ô pϕpvq, ϕpwqq P E2. Of course,
Γ1 and Γ2 are called isomorphic if and only if there exists an isomorphism between them.
For composition of Turing machines, we will also consider rooted labeled digraphs. These
are tuples pV,E, λV , λE , vq such that pV,Eq is a digraph, λX is a function with domain X for
X P tV,Eu and v P V . When ranpλXq � ΛX forX P tV,Eu, we also call the digraph pΛV ,ΛEq-
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labeled. v is called the distinguished vertex. A rooted labeled digraph pV,E, λV , λE , vq is
called finite if and only if the underlying digraph pV,Eq is finite. A rooted labeled digraph is
called folded if and only if for all edges e1, e2 P E with ιpe1q � ιpe2q, we have the implication
λEpe1q � λEpe2q ñ e1 � e2 (i.e., there are no different edges sharing a common intial vertex
and carrying the same label).
Finally, we shall use the following notations: For a function f and a set M , we denote
by f æ M :� txx, yy P f | x P Mu the restriction of f to M . If ~f � pf0, . . . , fk�1q
is a k-tuple of functions with common domain D, and ~x � px0, . . . , xk�1q P Dk, we let
~fp~xq :� pf0px0q, . . . , fk�1pxk�1qq. A function f from a subset of some set X to a set Y is
called a partial function from X to Y , and we write f : X 99K Y .

1.2 Basic Turing Machine Recursion Theory

This section is based on (8) and (12). First, we shall describe the heuristic idea behind the
concept of a “Turing machine” in order to motivate the formal definition given afterward.
A (heuristic) Turing machine is a device operating on finitely many so-called “work tapes”.
We imagine these as linear and in both directions infinite (of course, this is an idealization of
the practical situation) arrays of so-called “cells”, which are the smallest parts of work tapes
carrying a full piece of information. The information on a work tape comes from printing
symbols from a given finite alphabet on it (one symbol per cell); for convenience, we assume
that there are no empty (i.e, not imprinted) cells on a work tape, but instead, we distinguish
one symbol � of X as the “empty” (or “improper”) symbol (in particular, we assume that all
alphabets used are nonempty) and set X0 :� Xzt�u.
The work tapes may (and usually will) be imprinted before applying the Turing machine, but
always such that almost all cells are imprinted with �. The machine has so-called “heads”
(one per work tape) that are placed over certain cells at the beginning and, at each step, read
the imprinting of the cell over which they currently are.
Furthermore, a Turing machine can take different “states” in the course of its operations on
the work tapes. What exactly the machine does at each step is not only determined by what
the heads read, but also by the state the machine is in (however, these are all the influential
parameters). The “active” part of each work step then consists firstly in a possible change of
the imprinting of the cells at the current head positions, secondly in moving the heads (each
head can either remain where it is or be moved one cell to the left or to the right), and thirdly
in changing the machine state.
Of course, the machine must already be in some state after “booting up”; since it should be
a completely deterministic device, this state must always be the same, and it is called the
“start state” of the machine. Moreover, there is always another distinguished state, distinct
from the start state, which is called the “halting state”. Once the machine reaches this state,
it immediately stops.
After all these heuristic observations, let us now give the formal definition. For this, we
identify a (heuristic) Turing machine with its so-called “rules table” (which one could compare
with the source code of modern computer programs), which consists of all clauses what to do
in each possible situation.

Definition 1.2.1. Let X be a finite alphabet, m � |X|, S � N finite, with l � |S| ¥ 2 and
k P N,k ¥ 1. A Turing machine over X with k work tapes and set of states S
(shortly: pX, k, Sq-TM) is an ppl � 1qmk � 5q-matrix A of the form
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,

where S � ts1, . . . , slu, X
k � tÝÑx1, . . . ,ÝÝÑxmku and ÝÑyj

piq P Xk,
ÝÑ
tj
piq
P t�1, 0, 1u, s

piq
j P S for

i � 1, . . . , l� 1 and j � 1, . . . ,mk. The elements of S are called states of A, s1 is called the
start state, sl the halting state of A.

Remark 1.2.2. As indicated earlier, the rows of a (formal) Turing machine are to be understood

as clauses. The row
�
si ÝÑxj ÝÑyj

piq ÝÑ
tj
piq

s
piq
j

	
is to be read as: In state si, and when the

heads read the tuple ÝÑxj , change the imprinting of the head cells to the tuple ÝÑyj
piq, then

move the heads according to the tuple
ÝÑ
tj
piq

(0 meaning “no movement”, �1 “one cell to the

right” and �1 “one cell to the left”), and finally, change the state to s
piq
j . The start state is

distinguished by the fact that it is the first state mentioned in the matrix and the halting
state by its nonappearance in the first column of the matrix. Of course, we also do not need
to specifiy any clauses for what to do in the halting state as the machine immediately stops
when reaching it anyway.

Example 1.2.3. Let X � tx1, . . . , xmu with |X| � m be a finite alphabet, k P N, k ¥ 1 and
j P t1, . . . , ku. We now define three very simple, but important types of Turing machines, the
so-called elementary Turing machines:

(1) r
pjq
X , the so-called elementary right machine over X on tape j; it has states 0,1

and 2, where 0 is the start and 2 the halting state. The first mk rows of r
pjq
X are of the

form

�
�����������

0 ~w ~w

�
�����������

0
...
0
�1
0
...
0

�
����������


1

�
����������


, where ~w runs over all the elements of Xk and the �1 in the

vector in the second to last column is its j-th entry. The last mk rows are of the form�
��1 ~w ~w

�
��

0
...
0

�
�
 2

�
�
, where again, ~w runs over the words in Xk.
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(2) l
pjq
X , the elementary left machine over X on tape j is defined analogously, replacing

�1 by �1 in the vector in the second-to-last column in the first mk rows.
(3) Let x P X. The elementary printing machine over X with respect to x on tape

j, in symbols p
pj,xq
X , has states 0 and 1, with 0 the start and 1 the halting state. Its mk rows

are of the form

�
�����������

0

�
��
y1
...
yk

�
�


�
�����������

y1
...

yj�1

x
yj�1

...
yk

�
����������


�
��

0
...
0

�
�
 1

�
����������


, where y1, . . . , yk P X.

Two remarks about that:
Firstly, all three types of Turing machines are, strictly speaking, not well-defined this way, but
only after choosing a linear order on Xk. However, it is clear that all the different matrices
one can get this way are in some sense “equivalent” - see the next Definition 1.2.4.

Secondly, it is, from a heuristic point of view, easy to see what these machines “do”: r
pjq
X

(resp. l
pjq
X ), from any start configuration, just performs a single move to the right (resp. left)

on the j-th work tape without moving the other heads or changing the imprinting on any of
the work tapes. After that, it has one additional work step, where it does nothing at all and
then stops; we defined it this way, not letting it stop right after the first work step, because
this version is more useful in compositions (see Definition 1.2.8). The elementary printing

machine p
pj,xq
X just prints the symbol x on the j-th tape start configuration cell, changes

nothing on the other tapes, does not move its heads and immediately halts.
However, so far, these are all only heuristic observations, since on the formal level, we have
only defined what a Turing machine “is”, and not what it “does”. Let us do this right now.

Definition 1.2.4. Let X be a finite alphabet, S � N finite with |S| ¥ 2 and k P N with k ¥ 1.
(1) An pX, k, Sq-configuration is a triple ps,~j, ~αq, where s P S,~j P Zk, ~α P pXZqk. We
denote the set of all pX, k, Sq-configurations by CpX,k,Sq.
For the rest of this definition, let A be an pX, k, Sq-TM.
(2) Let ps1,

ÝÑ
j1 ,ÝÑα1q, ps2,

ÝÑ
j2 ,ÝÑα2q be pX, k, Sq-configurations. We call ps2,

ÝÑ
j2 ,ÝÑα2q the successor

configuration of ps1,
ÝÑ
j1 ,ÝÑα1q under A, in symbols ps1,

ÝÑ
j1 ,ÝÑα1qΣAps2,

ÝÑ
j2 ,ÝÑα2q, if and only if

A contains the row
�
s1

ÝÑα1p
ÝÑ
j1 q ~y ~t s2

�
, where ÝÑα1 æ pZkzt

ÝÑ
j1uq � ÝÑα2 æ pZkzt

ÝÑ
j1uq and

ÝÑα2p
ÝÑ
j1 q � ~y, as well as

ÝÑ
j2 �

ÝÑ
j1 � ~t.

(3) The configuration graph of A (with respect to S) is the digraph pCpX,k,Sq,ΣAq. If also
S1 � N finite with |S1| ¥ 2, then A and an pX, k, S1q-TM A1 are called equivalent if and only
if there exists a bijection f : S Ñ S1 mapping the start (resp. halting) state of A to the start
(resp. halting) state of A1 such that the map ϕf : CpX,k,Sq Ñ CpX,k,S1q, ps,~j, ~αq ÞÑ pfpsq,~j, ~αq
is an isomorphism between the configuration graphs of A and A1 (with respect to S and S1

respectively). A partial run of A is a nonempty directed path in the configuration graph of
A, and a (complete) run of A is a partial run of A whose initial vertex has as first entry
the start state of A, and which is either infinite or, if it is finite, whose terminal vertex has
as first entry the halting state of A.
For the last two parts of the definition, let w � x1 � � �xn P X

�
0 .

(4) The start configuration of A on w is the following pX, k, Sq-configuration ps,~j, ~αq: s
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is the start state of A, ~j � p0, . . . , 0q, α0piq �

"
xi, if i P t1, . . . , nu
� else

and αrpiq � � for all

r P t1, . . . , k � 1u and all i P Z. The (complete) run of A on w is then defined as the
(uniquely determined) run of A whose initial vertex is the start configuration of A on w.
(5) If the run of A on w is a finite path, we say that A halts on (input) w, and in this
case, the output of A on w is defined as pαkp1q, . . . , αkpm0qq, where m0 � maxtm P N |
@i P t1, . . . ,mu : αkpiq �� �u.

Remark 1.2.5. (1) Configurations are to be understood as “snapshots” during the runs of
Turing machines; ps,~j, ~αq represents the situation where the Turing machine is in state s, the
heads are on the positions given by the tuple ~j and the work tapes have the imprintings given
by the tuple of functions (assignments) ~α.
(2) With notation as in point (3) of Definition 1.2.4, it is easy to see that A and A1 are
equivalent if and only if there exists a bijection f : S Ñ S1 such that the matrix A1 arises
from A by replacing each row

�
s ~x ~y ~t s1

�
by
�
fpsq ~x ~y ~t fps1q

�
(note that the

configuration graph of A has an edge between ps0,
ÝÑ
j0 ,ÝÑα0q and ps2,

ÝÑ
j1 ,ÝÑα1q if and only if A

contains the row
�
s0

ÝÑα0p
ÝÑ
j0 q ÝÑα1p

ÝÑ
j0 q

ÝÑ
j1 �

ÝÑ
j0 s1

�
).

(3) Point (4) of Definition 1.2.4 fixes the standard start configuration for working with different
inputs. See also the next Definition 1.2.6.
(4) m0 in point (5) of Definition 1.2.4 is well-defined, since the set over which the maximum
is taken is on the one hand nonempty (as 0 is an element) and on the other hand bounded
by the path length of the run of A on w.

Definition 1.2.6. Let X be a finite alphabet such that 0, 1 P X0. A partial function f :
X�

0 99K X�
0 is called (Turing-)computable if and only if there exists a finite subset S � N

with |S| ¥ 2, a number k P N with k ¥ 1 and an pX, k, Sq-TM A which computes f , i.e.: A
halts on all inputs, and on inputs w P X�

0 zdompfq, the output of A is 0, and else, the output
is the concatenation 1 � fpwq.

Example 1.2.7. Let X be the finite alphabet t�, 0, 1u. We show that the “turn around”
function f : X�

0 Ñ X�
0 , y1 � � � yn ÞÑ yn � � � y1, is computable. By definition, we have to specify

a finite subset S � N with |S| ¥ 2, a number k P N with k ¥ 1 and an pX, k, Sq-TM A which
halts on every input y1 � � � yn P X

�
0 , with output 1yn � � � y1. We set k :� 2 and S :� t0, 1, 2, 3u;

for better readability, we set s0 :� 0, sr :� 1, sl :� 2, s1 :� 3.
Now we need to write down a suitable matrix A. In order to simplify notation, we make
the following convention: When defining Turing machines which shall compute some partial
function, we are allowed to omit rows which stand for clauses concerning situations which do
not occur in any of the runs of the machine on all possible inputs. Also, we want to have
more freedom when it comes to the ordering of the rows, writing them down in a different
order than the standard one when this is more intuitive. In this example, even under these
omissions, all states different from the halting state are mentioned in the first column, but
one should be aware that this need not happen, in which case one needs to specify the halting
state separately.
Coming back to our example: It is easy to see that the Turing machine A specified below
does what we want: First, it moves both heads one step to the right. If the input is empty,
the second head just prints 1 and the machine halts immediately. Otherwise, the first head
goes to the right end of the input, moving as long as it reads a proper symbol, and the second
head keeps printing 1 on cell number 1 of the second tape. When the first head has reached
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the end of the input, it starts moving to the left again, “telling” the second head the input
symbols in inverse order which are then printed one after another on the second tape. After
this, the machine halts.

A :�

�
������������������������������������

s0

�
�
�


 �
�
�


 �
�1
�1



sr

sr

�
�
�


 �
�
1


 �
0
0



s1

sr

�
0
�


 �
0
1


 �
�1
0



sr

sr

�
1
�


 �
1
1


 �
�1
0



sr

sr

�
0
1


 �
0
1


 �
�1
0



sr

sr

�
1
1


 �
1
1


 �
�1
0



sr

sr

�
�
1


 �
�
1


 �
�1
�1



sl

sl

�
0
�


 �
0
0


 �
�1
�1



sl

sl

�
1
�


 �
1
1


 �
�1
�1



sl

sl

�
�
�


 �
�
�


 �
0
0



s1

�
�����������������������������������


.

Next, we will talk about composition of Turing machines, which allows us to “build” a larger
Turing machine out of several small ones, all of which fulfill different purposes in the con-
struction. As an example, consider the following question: What if, when defining the notion
of “computable partial function” (see Definition 1.2.6), we had not worked with a standard
start configuration, but instead, demanded that there exist, for S, k suitable, an pX, k, Sq-TM
A such that whenever we print some input w P X�

0 ztHu somewhere on the first work tape of
A, and we place the first head of A anywhere on the first work tape (and the others at their
“usual positions”, i.e., cell number 0 on the corresponding tape) before starting the run of A,
it will always halt with output either 0 (in case w R dompfq) or 1 � fpwq? Let us call partial
functions f for which this holds strongly (Turing-)computable (note that this definition
is not standard).
Of course, formally the notion of “strongly computable” is stronger than “computable”, but
it will turn out that it really is not. The idea how to see this is to build, out of a Turing
machine A computing some partial function f , a bigger Turing machine which first runs a
“search routine” to find the nonempty input on the first work tape, get into the standard
start configuration and then just run A. This already is an easy example of composition of
Turing machines, for which we now give the official definition, following the intuitive idea of
a “flow-chart” for Turing machines:

Definition 1.2.8. Let X be a finite alphabet, k P N, k ¥ 1, and let A be a finite set such
that for each A P A, there exists a finite S � N with |S| ¥ 2 such that A is an pX, k, Sq-TM.
(1) A flow-chart over A is a finite folded rooted pA, Xkq-labeled digraph.
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(2) Let F � pV,E, λV , λE , vq be a flow-chart over A. Fix any linear order   on V such that v
is the smallest vertex. Then the Turing machine with respect to F (and  ), in symbols
TF , is defined as follows:

TF �

�
����
A1

A2
...
An

�
���
,

where n � |V |, and Ai is a Turing machine obtained from the i-th (with respect to  ) vertex
vi P V as follows: For j � 1, . . . , n, let σj be the cardinality of the set of states of λV pvjq,
and let A1i :� λV pviq. In order to obtain Ai from A1i, first replace each occurrence of the k-th
state of A1i (where we take the states of A1i to be ordered as they appear in the first column,
with the halting state the largest/last state) by σ1� . . .�σi�1�k, for k � 1, . . . , σi, giving the
matrix A2i . Then, in A2i , replace in each row

�
s ~x ~y ~t σ1 � . . .� σi

�
ending in the “new

halting state” the last entry either by σ1 � � � � � σr�1 � 1 if one of the edges of F with initial
vertex vi carries the label ~y, where r P t1, . . . , nu is such that vr is the terminal vertex of the
uniquely determined edge with initial vertex vi and label ~y, or else replace it by σ1 � � � � � σn.
The matrix obtained after all these transformations is Ai.

Remark 1.2.9. (1) With notation as in Definition 1.2.8, we now explain how TF , viewed as an
pX, k, t1, . . . , σnuztσ1, σ1�σ2, . . . , σ1�� � ��σn�1uq-TM, works: Its complete runs always start
like a complete run of the machine λV pvq, the label of the distinguished vertex. However,
whenever λV pvq would halt, it is checked whether any of the edges of F with intial vertex v
are labeled with the tuple printed in the last work step before halting. If so, then TF does
not halt, but instead switches to the initial state of the machine labeling the terminal vertex
of this uniquely determined edge, and goes on, repeating the same checking procedure for the
new vertex before halting, and so on. If the result of the check is negative once, then TF halts
immediately.
(2) Note that it would not be enough just to assume w.l.o.g. that all the sets of states of
the members of A are pairwise disjoint and skip the “state relabeling process”, since the
flow-chart may contain several copies of the same machine, making it necessary to even take
disjoint copies of one and the same machine (which is basically what we do when forming the
machines A1i).
The power of this concept lies in its easy visualizability. We make the following conventions
for drawing flow-charts: Before drawing, the alphabet X should always be fixed. We do not
draw the vertices, but instead we write down names for the labels (so one Turing machine
may appear at different positions in the drawing). The edges are, as usually, visualized by
arrows with their labels noted next to them, but with the following additional rules for ease
of notation:
(1) Whenever for some vertices v, v1 P V , for all x P X there is an edge e P E with ιpeq �
v, τpeq � v1 and λEpeq � x, in our visualization we only draw a single arrow without a label
between the corresponding machine names. If there always is such an edge except for one
particular x0 P X, then we also draw a single arrow, with label “�� x0”.
(2) We may also just place several machine names next to each other, in a horizontal align-
ment, without any arrows, like: A1 � � �An. The meaning of this is defined recursively via
A1A2 � � �An :� A1 Ñ pA2 � � �Anq. Sometimes, we shall also write An for A � � �A (with n
“factors”).

7



(3) The machine representing the distinguished vertex will always be the leftmost in the
drawing.

Example 1.2.10. This can be viewed as a continuation of Example 1.2.3. Now having the
simple yet powerful concept of composition of Turing machines, we can build more complicated
Turing machines out of the elementary ones. For ease of notation, let us fix the alphabet X

as well as the number k of work tapes and j P t1, . . . , ku, and write r for r
pjq
X and l for l

pjq
X as

well as px for p
pj,xq
X . We also leave out the references to the fixed parameters in the defined

names.
(1) The (big) right machine R moves the head to the first blank to the right of the
consecutive sequence of (properly) imprinted cells into which it is placed at the beginning,
and always at least one cell to the right:

r

�� �

(2) Analogously for the (big) left machine L, replacing r by l.
(3) Let w � x1 � � �xn P X

�. The (big) printing machine w.r.t. w, πw, is defined by the
following flow-chart: px1rpx2r � � � pxn .
(4) The right search machine ρ searches for imprinted cells to the right of its start position
and halts on the first such cell (if there is none, then it does not halt):

r

�

(5) Analogously for the left search machine λ, replacing r by l.
(6) Fix any x P X0. The search machine (w.r.t. x) S halts on an imprinted cell (if there
is none, it does not halt). In contrast to the left and right search machine, it will change the
imprinting of the work tape in the course of its run, but at the end, the imprinting will be
the same as in the start configuration; the symbol x is used as a marker during the run to
show the boundary of the section of the work tape scanned so far:

ρp�λ

r pxl pxρp�r pxλp�l

λp�ρ

�

�� �

�

�� �

�

�

�� �

As a consequence:

Proposition 1.2.11. Let X be a finite alphabet with 0, 1 P X0, f : X�
0 99K X�

0 . Then f is
computable if and only if f is strongly computable.

Proof. “ð” is clear by definition, so we only show “ñ”. Let A be a Turing machine over X
computing f . Consider the left machine L and the search machine S operating on the first
work tape. Then SLA strongly computes f : First, on any nonempty input w P X�

0 , S halts
on some cell imprinted with one of the symbols of w (because these are the only properly
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imprinted cells on the tape). Then L moves the head to the first blank to the left of it,
i.e., cell number 0, and the machine switches to the start state of A, so we are in the usual
start configuration of A on the given input, and an application of A will produce the desired
output.

From now on, instead of giving precise definitions of Turing machines used in our proofs, we
will rather describe their functionality as explicitly as possible. From the formal point of view,
these “proofs” should be viewed rather as extensive hints for “real” proofs, which would take
too much space to write down. However, we encourage every reader sceptical about some
part of such a proof to think about it with pencil and paper until they are convinced of the
full formalizability of our argument. Furthermore, we will use the word “routine” to denote
a Turing machine when viewed as a functional part of a bigger machine (by composition).
We now define the other two important and characteristic notions of recursion theory, beside
computability:

Definition 1.2.12. Let X be a finite alphabet containing the proper symbols 0 and 1.
(1) A subset Q � X�

0 is called a (decision) problem.
Now let Q � X�

0 be a problem.
(2) Q is called (Turing-)recursively enumerable if and only if Q � ranpfq for some
computable f : X�

0 99K X�
0 .

(3) Q is called (Turing)-recursive or (Turing-)decidable if and only if both Q and X�
0 zQ

are recursively enumerable.

First note that in point (2) of Definition 1.2.12, we could replace the “f : X�
0 99K X�

0 ” by
“f : X�

0 Ñ X�
0 ”, and we would only lose Q � H:

Proposition 1.2.13. Let X be a finite alphabet with 0, 1 P X0, H �� Q � X�
0 a problem. If

Q is recursively enumerable, then there exists a computable g : X�
0 Ñ X�

0 with ranpgq � Q.

Proof. Let f be a partial function X�
0 99K X�

0 such that Q � ranpfq, and let A be a Turing
machine over X computing f . Fix w0 P Q, and let g :� f Y txw,w0y | w P X�

0 zdompfqu.
Then g : X�

0 Ñ X�
0 and ranpgq � ranpfq � Q. It remains to show that g is computable.

First, we show that we can assume w.l.o.g. that A always halts with the last head (corre-
sponding to the “output tape”) on cell number 0. If this is not the case, replace A by another
Turing machine A1 with one more work tape (and more states) than A, which works as follows:
On the “old” work tapes and in one of the “old” states, A1 operates just as A, also changing
to the same old states, as long as they are different from A’s halting state. On the new work
tape, A1 prints any proper symbol x on cell number 0 in its first work step, never changes the
imprinting of the tape afterward, and always performs the same head movements as in the
output tape, so the new head and the “output head” are always at the same position. Then,
as soon as A would halt, A1 instead switches to one of its new states, and starts running the
standard search routine on the new tape with the output head following the movements of
the new head, both eventually getting back to cell number 0 on their respective tape (since
this is the only properly imprinted cell on the new tape). After this, A1 halts, and exactly at
the desired position, concluding the proof of this “w.l.o.g.”-claim.
Now, assuming that A halts as desired, it is easy to check that the following Turing machine

computes g: Ar 0
ÝÑ π1�w0 , where, of course, r and π1�w0 denote the corresponding standard

routines for the output tape.
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The “w.l.o.g.” argument in the proof of Proposition 1.2.13 is useful in many other situations
as well. For example:

Proposition 1.2.14. Let X be a finite alphabet with 0, 1 P X0, f, g : X�
0 99K X�

0 computable.
Then the composition g � f is computable.

Proof. Note that by definition, dompg � fq � f�1pdompgqq � dompfq. Let A be a Turing
machine over X with k work tapes computing f , and B one with l work tapes computing g,
w.l.o.g. assume that A always halts with the output head at position 0. We now describe a
Turing machine M with k � l work tapes computing g � f . On any input, M first simulates
A on its first k work tapes. When A would halt, M moves the head on its k-th work tape
one cell to the right and reads the imprinting there. If the imprinting is 0 (i.e., the input
was not even an element of dompfq), it just moves the head on its last work tape one step to
the right, prints 0 there and halts. Otherwise it moves both the head on the k-th and on the
pk � 1q-th work tape one step to the right, then prints the “output” on the k-th work tape
with the first bit deleted on the pk � 1q-th work tape and moves the head on this tape back
to position 0 (by an application of L). After that, it simulates B on its last l work tapes and
then halts.

Definition 1.2.12 has the advantage of being easy to formulate, assuming the notion of com-
putability is known. However, it might not be clear why these concepts are called like that;
for this, we will need a characterization with “enumeration algorithms” and “decision algo-
rithms”:

Definition 1.2.15. Let X be a finite alphabet with 0, 1 P X0, Q � X�
0 a problem.

(1) An enumeration machine for Q is a Turing machine A whose output head cannot
move to the left and such that there exists a sequence pwnqnPω enumerating Q (i.e., for each
w P Q, there exists an n P ω such that w � wn) and such that A on the empty input does
not halt, but for each N P ω there exists an m0 P N such that after m ¥ m0 work steps of A
on the empty input, the beginning of the imprinting of the positive section of the output tape
of A reads as w0 � w1 � w2 � � �wN , with the head on the output tape being to the right of the
imprinting of wN .
(2) A decision machine for Q is a Turing machine computing the characteristic function
of Q in X�

0 .

Theorem 1.2.16. Let X be a finite alphabet with 0, 1 P X0, Q � X�
0 a problem.

(1) If Q �� H, then Q is recursively enumerable if and only if there exists an enumeration
machine for Q.
(2) Q is decidable if and only if there exists a decision machine for Q.

Before proving Theorem 1.2.16, we need several lemmata, the first of which is a strengthening
of the “w.l.o.g.” observation from the proof of Proposition 1.2.13:

Lemma 1.2.17. Let X be a finite alphabet, A a Turing machine over X. Then there exists
a Turing machine B over X with at least two work tapes such that for all w P X�

0 : A halts
on w if and only if B halts on w, in which case the outputs of A and B on w are the same,
and in the halting configuration of B on any input, all heads are at position 0 and the only
imprintings on the tapes are the original input on the input tape and the output on the output
tape; we say that B halts nicely.
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Proof. First, we may assume w.l.o.g. that the input and the output tape of A are distinct,
since otherwise, A has only one tape, so just add another tape onto which, at the very
beginning, we “copy” the input, then let both heads return to position 0 and finally simulate
A on both tapes simultaneously.
The idea to construct B is similar to how we proved the “w.l.o.g.” in Proposition 1.2.13.
There, we used one additional “finding back” tape assigned to the output tape so that, in
the end, we would find back to cell 0 on the output tape. Now, we will use one such “finding
back” tape for each original tape of A. But this will not be enough, because we also claim
that, after having simulated A on an input w on which A halts, our machine B will “clean
up”, i.e., delete everything it imprinted except for the output on the output tape. For this,
we will need to mark how far from cell 0 we got in each direction during the run. So we add
two additional tapes, the “left boundary” and the “right boundary” tape. Also, note that the
original input may be (partially) deleted during the run of A, so we add one last tape, the
“memory” tape.
In the very first work step of B, any proper symbol x is imprinted on cell number 0 on each
of the “auxiliary” tapes different from the “memory” tape (i.e., the “finding back” tapes and
the “boundary” tapes), and then the input is copied to the “memory” tape by moving the
input and the input memory head. After that, both these heads return to position 0, and the
machine starts simulating A on w on the non-auxiliary tapes.
During this, the “finding back” heads follow the movements of the head they are assigned to,
and the “left boundary” head always moves one cell to the left, whereas the “right boundary”
head keeps moving to the right. The memory head stays where it is.
If A does not halt on w, then of course the simulation does not halt either, so B does not halt.
However, if A halts on w, then after the simulation of A, B first moves all its heads except
for the two boundary heads and the memory head back to position 0 on their corresponding
tape. Then, A starts the “left cleaning routine”: It keeps moving all non-boundary and non-
memory heads to the left, replacing any proper symbol occurring by �, while moving the left
boundary head to the right and the keeping the right boundary and the memory head where
they are. This goes on until the left boundary head reaches position 0. Note that also the
“finding back” heads again move along with the A heads. Now the tapes are all “cleaned
up” at the negative positions, so B lets its “A heads” and the “finding back” heads return to
position 0.
Of course, the “right cleaning routine” will be similar, but one needs to make sure the output
is not deleted on the output tape, which is not a problem. Finally, when all heads have
returned to position 0, the input is copied from the memory tape back to the input tape
deleting the memory tape’s imprinting, moving the input, the memory, and the “finding
back” head assigned to the input tape repeatedly to the right. Then the three heads are
moved back to position 0, all markers x on the auxiliary tapes are deleted, and B halts.

The proof of the next lemma is not difficult, and we leave it as an exercise:

Lemma 1.2.18. Let X be a finite alphabet with 0, 1 P X0,   a linear order on X0. Let
� denote the lexicographical order on X�

0 induced by  ; note that � is a well-order of type
ω, so in particular, each w P X�

0 has a unique successor under �. Then the functions
Σ : X�

0 Ñ X�
0 , assigning to each word in X�

0 its successor under �, and ν : X�
0 Ñ X�

0 ,
assigning to each word w P X�

0 the word 1npwq, where npwq is defined recursively via npHq � 0
and npΣpwqq � npwq � 1, are computable.
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Proof of Theorem 1.2.16. For (1), “ñ”:
By Proposition 1.2.13, there exists a computable f : X�

0 Ñ X�
0 such that ranpfq � Q. Fix a

nicely halting Turing machine A on X computing f , say with k work tapes. Also, fix a linear
order   on X0 and a nicely halting Turing machine O, say with l work tapes, computing Σ
as in Lemma 1.2.18. We now build out of A and O an enumeration machine E for Q.
E has k � l work tapes, with the first k work tapes corresponding to the work tapes of A,
the first and the k� 1-th to k� l� 1-th work tape corresponding to O’s work tapes, and the
last work tape being the “enumeration tape”. On any input, E starts by simulating A on the
corresponding tapes. After that, the output of A with the first bit (1) removed is copied to
the enumeration tape. Then the head on the enumeration tape moves one more step to the
right, and the output on the k-th tape is deleted, with the output head returning to position
0.
After this, E simulates O on the corresponding tapes, and after the simulation is finished,
copies the output on its second-to-last tape (the successor of the input) to its first tape,
overwriting the original input and also deleting the output on the second-to-last tape and
moving all heads except for the enumeration head back to position 0. After that, E simulates
A with the increased input again, and so on. Note that during all these work steps, the
enumeration head does not move to the left.
Now, since H is the �-smallest element of X�

0 , on it as input, E will successively enumerate
all elements of ranpfq on its enumeration tape.
For (1), “ð”:
Fix an enumeration machine E for Q with k work tapes, as well as a nicely halting Turing
machine O computing ν as in Lemma 1.2.18, with l work tapes. We now describe how to
build a Turing machine A with k � l � 3 work tapes computing some function f : X�

0 Ñ X�
0

with ranpfq � Q.
The first l work tapes of A correspond to those of O, the next k tapes to those of E. We
also add two “finding back” tapes whose functionality we will describe later as well as a new
output tape.
The idea is: For any w P X�

0 , fpwq should be the npwq-th word listed by E, with n as in
Lemma 1.2.18. So, on any input w, A first runs O on its first l work tapes to get a chain of
1’s serving as a “counter”.
After this, it prints a marker x on cell number 0 on the first “finding back” tape, and starts
running E on tapes l � 1 to l � k. The two “finding back” heads follow the head on the
pl � kq-th tape. After each work step of E, A interrupts, marks the current position of the
pl � kq-th tape’s head by x on the second “finding back” tape, and moves the head on the
pl� kq-th tape as well as its two “finding back” heads back to position 0. Then it reads what
E has printed so far, counting by moving the head on the l-th tape along the chain of 1’s.
Note that the last word on the enumeration tape of E may only have been imprinted partially
yet, so only words followed by �y, where y is any proper symbol, count. Anyway, if the number
of listed words is not large enough yet, the counter head moves back to the beginning, and
via the second “finding back” head, the pl � kq-th head and the two “finding back” heads
return to where the output head of E was after its last work step. Then the marker on the
second “finding back” tape is deleted, and A lets E carry out its next work step.
Finally, when enough words have been listed by E, A copies the corresponding word from the
list, preceded by one bit 1, to its output tape, and halts.
For (2), first observe that this equivalence is clear when Q P tH, X�

0 u, so we can focus on
nonempty problems Q with nonempty complement in X�

0 .
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For (2), “ñ”:
This is similar to the proof of (1), “ð” we just gave: If Q is decidable, then by the already
established equivalence (1), there exist enumeration machines E1 and E2 for Q and X�

0 zQ
respectively. Place the two machines atop of each other, add two “finding back” tapes for
each output tape of the Ei, and one input tape at the very beginning as well as one output
tape at the very end. Alternately, run E1 and E2 for one work step and check whether the
input already appears in one of the lists. It must eventually appear in precisely one of them,
and then A answers accordingly.
For (2), “ð”:
Fix nicely halting Turing machines A computing the characteristic function of Q in X�

0 , say
with k work tapes, and B, computing Σ as in Lemma 1.2.18, say with l work tapes. W.l.o.g.,
we only show how to produce an enumeration machine E for Q.
E is obtained by placing A and B atop of each other, identifying their input tapes and adding
a new “enumeration” tape at the end (so E has k � l work tapes).
On any input w, E first runs A to get either 10 or 11 as output, depending on whether w R Q
or w P Q. In the first case, some fixed string w0 P Q is printed on the enumeration tape,
whereas in the second case, the input is printed there. In both cases, the output 10 or 11 is
deleted, and B is run to get the next input to check, but on the pk � lq-th tape, so it will be
copied to the first tape, overwriting the input there and deleting the content of the pk� lq-th
tape simultaneously. Then this process starts anew. Clearly, E is an enumeration machine
for Q.

The following proposition gives another characterization of recursively enumerable sets which
we will use in the proof of Matiyasevich’s Theorem. We leave the proof as an exercise; note
that before doing this exercise, you may find it useful to take a look at Example 1.3.13:

Proposition 1.2.19. Let X be a finite alphabet with 0, 1 P X0, Q � X�
0 a problem. Then

Q is recursively enumerable if and only if there exists a Turing machine over X that halts
precisely on those inputs from X�

0 which are in Q.

We end this subchapter with an important concept for deriving the (un-)decidability of some
set of words from the according property of another:

Definition 1.2.20. Let X,Y be finite alphabets, Q1 � X and Q2 � Y . A function f : X�
0 Ñ

Y �
0 is called a reduction from Q1 to Q2 if and only if:

(1) f is computable as a partial function pX Y Y q�0 99K pX Y Y q�0 and
(2) @w P X�

0 : w P Q1 ô fpwq P Q2.

The following lemma illustrates the idea behind reductions; we leave its proof as an exercise
in constructing Turing machines ( you may use Lemma 1.3.3 from the next subchapter in
your argumentation):

Lemma 1.2.21. Let X,Y be finite alphabets with 0, 1 P X0 X Y0, Q1 � X0, Q2 � Y0, and
suppose there exists a reduction from Q1 to Q2. Then: If Q2 is decidable, so is Q1.

Of course, for us, the contraposition of the statement from Lemma 1.2.21 will be important:
Reducing from an undecidable set gives another undecidable set.
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1.3 Universal Turing Machines and Undecidability

Our goal in this subchapter, which is also based on (8) and (12), with the proof of Theorem
1.3.12 inspired by the one of Theorem 7.5 in (10) on page 219, is to show that for any
finite alphabet X with 0, 1 P X0, there exists a recursively enumerable, but not recursive
subset Q � X�

0 . Note that the existence of not recursive subsets alone follows from a simple
cardinality argument, since there are 2ℵ0 many subsets of X�

0 altogether, but only ℵ0 of them
are recursive. However, since there are also only ℵ0 many recursively enumerable subsets, we
cannot apply this argument here.
Actually, we first need the existence of so-called “universal Turing machines”. For this pur-
pose, it is useful to know that, if we are only concerned with computation power (not effi-
ciency), we can restrict ourselves to 1-tape Turing machines:

Theorem 1.3.1. Let X be a finite alphabet, A a Turing machine over X. Then there exists
a Turing machine B over X with only one work tape such that for any input w P X�

0 , A halts
on w if and only if B does, in which case the outputs of A and B on w are the same and B
halts nicely, i.e., on cell number 0 and with the output the only imprinting on the work tape.

Remark 1.3.2. Note that before Theorem 1.3.1, we had only defined the notion of “halting
nicely” for Turing machines with at least two work tapes, so this completes the definition for
all Turing machines.

As for Theorem 1.2.16, we will do some of the proof work outside of the actual proof by
proving a lemma:

Lemma 1.3.3. Let X,Y be finite alphabets with X � Y and 0, 1 P X0. Furthermore, let A
be a one-tape Turing machine over Y such that for all w P X�

0 : If A halts on input w, then
the output is in X�

0 . Then there exists a nicely halting one-tape Turing machine B over X
such that for all w P X�

0 , B halts on w if and only if A does so, with the same output as A.

Proof. Since, in order to build B, we have less symbols at our disposal, we will need to do
some encoding. First, say |X| � m0 and |Y | � m1. Note that m0 ¥ 3, so we can choose
k P N, k ¥ 2, so big that pm0 � 1qk�1 ¥ m1.
Now we want to encode all symbols from Y (� as well) into pk � 1q-tuples of symbols from
X such that none of these tuples contains �. This is possible by the choice of k; fix such an
encoding. The actual encoding on tape will be by strings of length k, where the first k � 1
entries form one of the encodings we just fixed, and the last bit is either 0 or 1, depending
on whether the string stands for the imprinting of cell number 0 or another cell. We need
this to “find back” at the end (note that our standard “trick” of finding back does not work
here, since we are not allowed to add other tapes). We think of the cells of B’s work tape as
grouped together such that the imprinting of cells number pn � 1q � k � 1, . . . , n � k encodes
the imprinting of cell number n on the tape of A during the simulation of A by B.
We now describe what B does on any input w P X�

0 . First, B prints the encoding for � plus
last bit 0 on its cells number �k � 1, . . . , 0, returning then to cell number 0. Now note that
the input w is handed over to B in unencoded form, so we cannot start with the simulation
right away, but need to make B encode the input first.
First, B checks whether w is empty or not by looking at cell number 1. If w � H, then B
returns to cell 0 and starts the simulation described later immediately. Otherwise, it deletes
the first symbol of the input, memorizing it by changing to a certain state, goes to the end of
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the input, passes over one �, and then prints the encoding for the imprinting of the symbol
it memorized (with 1 as the last bit, since this will stand for the imprinting of cell 1). It
continues to encode the original input, going back and forth. Note that as long as the original
input has not been deleted completely, the space to the left of the encoding string will always
be of the form x�, where x is a proper symbol (the last original input symbol), and afterward
of the form ��, making it possible for B to recognize when this routine is finished.
Now the input has been printed in encoded form, but there is a big gap of blanks between it
and cell number 0, so B next must move the encoded input repeatedly to the left until its first
symbol is at position 1. For this, it applies the so-called left translation routine, which,
when started two cells to the left from a string W of proper symbols separated by a blank on
each side, will move W one step to the left and halt at the new � to the right of W . It is given
by the following flow-chart, where X � t�, x1, . . . , xm0�1u and T is the trivial machine,
which goes from the start state straight to the halting state without doing anything; it was
added here only to make the drawing nicer:

l

p�lpx1

r2
... T

p�lpxm0�2

p�lpxm0�1

�

x1

xm0�2

xm0�1

How does B know when to stop moving the encoded input string to the left? For this, after
each application of the left translation routine, B will start moving its head to the left, keeping
track of how many steps modulo k it took. After its first step to the left (stepping on the
last bit of the encoding), it will check every k steps whether the imprinting is 1 (meaning it
is still on the string and needs to keep moving), 0 (meaning the string has been moved where
it should be and the routine can stop) or � (meaning it has reached the end of the encoding
and needs to apply the translation routine again).
After all this, the simulation of A can finally start. How this is carried out should be clear
by now, but we note one thing: Whenever B steps over the section of the tape it has worked
on so far (which it can recognize by reading �; this is why we wanted no encoding to contain
�), it will always imprint these next k cells with some encoding. This way, the entire tape
section worked on so far will always be covered by proper symbols.
Now, after the end of the simulation in case of an input w that A halts on, B still needs
to “clean up” and reconvert the output into its usual form. First, it goes to the left end of
the work section (which is easy by the remark in the last paragraph). Then it starts moving
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right again, keeping track of how many steps modulo k it took and deleting everything that
it passes over, looking at the imprinting of the “relevant” cells (i.e., the cells at the end of
each k-block) to eventually know when it has reached cell number 0. The cells at negative
positions are all “cleaned up” by then, but we leave the symbol 0 in cell number 0 standing
for the moment in order to find back there.
Next, the head passes over the output. It will know it is at the first cell after the output when
it either reads � (in case the end of the output is already the right end of the work section)
or the encoding for �. In the second case, it “cleans up” to the right of the output before
starting to reconvert the output, whereas in the first case, it starts with the reconversion right
away.
As for this final routine, it should suffice to mention that the first cell to the right of the
encoded output will be marked by any proper symbol, and then the head returns to cell
number 0 to reconvert the output from the left to the right. The machine will know when
the reconversion is complete since the right marker cell will be the only imprinted cell left
from the string to be reconverted, but k ¥ 2. Finally, B returns its head to the left end of
the properly imprinted cells, i.e., cell number 0, deletes the 0 there, and halts.

Remark 1.3.4. Note that also the case Y � X in Lemma 1.3.3 gives an interesting result:
We cannot only w.l.o.g. assume “nice halting” for multi-tape Turing machines, but also for
one-tape machines.

Proof of Theorem 1.3.1. By Lemma 1.3.3, it is sufficient to find a one-tape Turing machine B
as required, but over a bigger finite alphabet Y and which does not need to halt nicely. The
idea is: Fuse all work tapes of A into a single work tape, making up for the fact that each cell
now stands for a tuple of cells with a tuple of imprintings by using more symbols. However,
there is another obstacle to overcome: There is only one head now, but the heads of A need
not always be at the same position.
Let k be the number of work tapes of A and m0 � |X|. We then fix any superset Y of X with
|Y | � 2k�1 �mk

0 � 1. We view Y0 as partitioned into 2 � 2k clusters of mk
0 symbols, where each

subset of the set of heads of A corresponds to precisely two clusters. This enables us to use
the proper symbols of Y not only to denote entire k-tuples of symbols of X, but also which
heads are currently at that position, and we always have a second symbol with this meaning,
which we only use for cell number 0 (again, for “finding back”).
With these ideas for the construction of B given, we leave the details as an exercise; as a hint:
The construction is actually quite similar to the one in the proof of Lemma 1.3.3. During the
simulation of A, make sure in each work step simulation, the positions of the heads of A are
visited one after another to “do their work”. At the end, B must reconvert at least the output
and the first blank after it cell-wise, throwing away the information about the imprinting of
the cells of the other tapes at these positions.

Universal Turing machines are Turing machines which can simulate any Turing machine; by
Lemma 1.3.3 and Theorem 1.3.1, we do not really lose the “universality” when we restrict
ourselves to single-tape machines over the alphabet t�, 0, 1u. So, we want a Turing machine
(n.n. single-tape, but this can then always be achieved by Theorem 1.3.1) which, given
a description of a single-tape machine over t�, 0, 1u, a configuration of this machine and a
natural number k, computes the k-th configuration of the described machine after the given
one. The construction of such a machine itself is not difficult, once we have suitably formalized
the problem, which involves some work.
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First, it looks as if we are not only handing over one input to the universal machine, but three
inputs at once. Formally, however, by our definition, Turing machines only accept one string
as input. We could generalize this definition by allowing several strings to be printed on the
input tape, each separated by one �. But we can also just define the following:

Definition 1.3.5. Let X be a finite alphabet with 0, 1 P X0.
(1) For each k P N, k ¥ 1 and w P X�

0 , let wpkq denote w with each letter x replaced by xk

(e.g., 01p2q � 0011).
(2) For w1, . . . , wn P X

�
0 , the encoding n-tuple of w1, . . . , wn is defined as rw1, . . . , wns :�

w
p2q
1 01w

p2q
2 01 � � �w

p2q
n .

As an easy exercise:

Proposition 1.3.6. Let X be a finite alphabet with 0, 1 P X0.
(1) Encoding tuples over X possess unique readability, i.e.: For any v P X�

0 such that v is
an encoding tuple over X, there exists a unique n P N and unique w1, . . . , wn P X

�
0 such that

v � rw1, . . . , wns.
(2) The partial functions λ : X�

0 99K X�
0 assigning to each encoding tuple the string 1l, l the

size of the tuple (i.e., the number of components) and πk : X�
0 99K X�

0 for k P N, k ¥ 1,
assigning to each encoding tuple of size at least k its k-th component, are computable.

So, instead of handing over several separated strings as input, we form their encoding tuple,
which is a single string, and hand this over as input. By Proposition 1.3.6, the machine can
always split it up into its components.
Now, there remains the question how to encode single-tape Turing machines, configurations
and natural numbers as strings over t0, 1u. As for natural numbers, we choose the standard
binary representation, where e.g., 5 is coded as 101, and 0 as itself. We write binpnq for
the binary representation of n.
As for Turing machines A: We first choose encodings for A’s states and the three move types
�1, 0 and �1 as strings over t0, 1u. We encode all states of A, which are literally natural
numbers, by their binary representation, and the move �1 by 01, the move 0 by 00 and the
move �1 by 10. Also, since we do not want to use the improper symbol � in the encoding, we
use encodings for each occurrence of one of the letters �, 0 and 1 in the matrix: � is encoded
by 00, 0 by 10 and 1 by 11.
Then we can just encode the matrix that A literally is rowwise as a large tuple; we do not
need to form a “tuple of tuples”, since we know that these matrices always have five columns,
so as long as the universal machine keeps track of at which entry modulo 5 it is, it will know
the column number. Note however, that by our Definition 1.2.1, the halting state of A may
never be mentioned at all in the whole matrix; for completeness, we add it as the very last
entry of the tuple, regardless of whether it is mentioned or not. So, just to check: When A
has s different states, then it will be encoded by a tuple of size 15 � ps � 1q � 1, which we
denote by xAy and call the Gödelization of A.
As for configurations: Note that these are not essentially finitistic objects by definition.
However, since the input for the universal machine includes a bound k on the number of work
steps to be carried out, it suffices to encode a section of length 2k � 1 on the work tape,
where the initial head position is in the middle. On the one hand, we do not want to use
the improper symbol � to encode empty cells in the configuration, on the other hand, we
also want to mark the current head position (together with the imprinting of the cell) in the
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encoding, so we use three bits per cell to be encoded and write 000 for “�, no head”, 010 for
“0, no head”, 011 for “1, no head”, and the same with the first bit changed to 1 for the cell
carrying the head.
So, the “official definition” is as follows: A configuration encoding of dimension k over
S, where S � N is finite, is a string of the form rbinpsq, ts, where s P S and t is some
concatenation of 2k � 1 strings each of the form 000, 010, 011, 100, 110 and 111, where one
of the last three strings appears precisely once in the concatenation, and the other two do
not appear at all. If the string with first bit 1 appears precisely in the middle, the encoding
is called centered.
Fix k P N, k ¥ 1. Note that to each configuration encoding of dimension k over S, we can
assign a real configuration over S in a canonical way, where the head position is cell 0 and
the cells of distance more than k from it are all empty. Conversely, for each configuration
over S and each n P Z such that the head of the configuration is at one of the positions
tn � k, n � k � 1, . . . , n � ku, we can assign in a canonical way a configuration encoding of
dimension k representing the tape section from cells n� k to n� k under this configuration.
We can now finally define:

Definition 1.3.7. Let X :� t�, 0, 1u.
(1) The partial function S : X�

0 99K X�
0 , called the universal single-tape simulation

function, is defined as follows: Its domain is the set of all strings of the form rxAy, binpkq, cs,
where A is a single-tape Turing machine with state set S � N over X, k P N and c a centered
configuration encoding of dimension k over S. S maps such a string to c1, where c1 is the
canonical configuration encoding of dimension k over S representing the tape cells number
�k to k of the k-th successor configuration under A of the canonical configuration over S
associated to c.
(2) A universal single-tape Turing machine is any single-tape Turing machine over X
computing the universal single-tape simulation function.

We will use the following two lemmata, the proof of which is left as an exercise, in the proof
of the existence of universal single-tape Turing machines:

Lemma 1.3.8. The domain of S as in Definition 1.3.7(1) is decidable.

Lemma 1.3.9. Let X :� t�, 0, 1u. The partial function f : X�
0 99K X�

0 , mapping each string
of the form binpnq for some n P N to the string 1n, is computable.

Theorem 1.3.10. There exists a universal single-tape Turing machine.

Proof. Note that by Theorem 1.3.1, it suffices to construct any Turing machine U (n.n. single-
tape) over the alphabet t�, 0, 1u computing S as in Definition 1.3.7(1).
But this is easy, using three tapes, where the second one is referred to as the “counter tape”.
At the very beginning, U checks whether the input is in the domain of S, which is possible
by Lemma 1.3.8. To be more precise: The input is copied to the output tape, and then any
nicely halting one-tape routine computing the characteristic function of dompSq is run on
that tape. The result is either 10 or 11. In the first case, this string is replaced by a single 0,
and U halts. In the second case, all two bits are deleted, a 1 is imprinted on cell number 1
on the output tape, and U goes on as follows:
It moves the input head to the second entry binpkq of the triple rA,binpkq, cs and prints it
starting at cell number 1 on the counter tape. Then it runs a single-tape nicely halting routine
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computing the function f from Lemma 1.3.8 on the counter tape, deleting the first bit 1 of
the output 1k�1 and moving it one cell to the left by an application of the left translation
routine afterward. Then the counter head moves to the end of the now imprinted string 1k.
After this, the last entry c from the input is printed on the output tape, starting at cell
number 2. Now U starts simulating the work of A on the configuration encoding on the
output tape, searching the input for the unique matching assignment and, after each work
step simulation, moving the counter head one step to the left. Should the halting state of
A be reached before the counter head has arrived at the first blank cell (which can also be
checked after each step by looking at the very last entry of xAy), no further manipulations on
the output tape are carried out, and U halts immediately.

Remark 1.3.11. Our Definition 1.3.7(2) is not the most general possible. Assuming w.l.o.g.
that the alphabets used by Turing machines are all finite subsets of N, we can encode all
letters used by any Turing machine by their binary representations. Tuples formed with
these letters can be encoded by encoding tuples. Then it is not difficult to define canonical
encodings for all Turing machines and configurations (not just single-tape ones) as words over
t0, 1u. Analogously to Theorem 1.3.10, one can prove the existence of a single-tape Turing
machine over t�, 0, 1u simulating any other Turing machine; see (8), pp.203ff., for a proof of
at least this statement with “any other Turing machine” replaced by the weaker “any other
single-tape Turing machine (n.n. over t�, 0, 1u)”. We will not need any of the more general
results in this thesis, though.

Our final theorem in this subchapter, as already mentioned at the beginning:

Theorem 1.3.12. Let X be a finite alphabet with 0, 1 P X0. Then there exists a recursively
enumerable but not recursive subset Q � X�

0 .

Note that this is the first negative computability result that we will prove in this thesis. It is
a source for many other algorithmic undecidability instances; for example, in Chapter 4, we
will be able to build from this finite group presentations with undecidable word problem.
Before proving Theorem 1.3.12 with the help of Theorem 1.3.10, we need an important in-
gredient:

Example 1.3.13. We endow the set N2 with the following relation �: px1, y1q� px2, y2q if and
only if x1�y1   x2�y2_px1�y1 � x2�y2^x1 ¡ x2q. It is easy to check that � is a well-order
of type ω on N2 (via which N2 is enumerated “diagonalwise”). Let ϕ : ω Ñ N2 be the unique
order isomorphism. For example, tϕp0q, . . . , ϕp4qu � tp0, 0q, p1, 0q, p1, 1q, p2, 0q, p2, 1qu.
Now, consider the three-tape TM D given by the flow-chart depicted at the end of this example
(the exponents in brackets denote the tape where the corresponding routine is run, and � in
the triples stands for an arbitrary symbol).
It is readily checked that D, on an input of the form 1n, n P N, halts with the second and
third head at nonnegative positions x and y respectively, where ϕpnq � px, yq, and with the
imprinting of the second and third tape being 1k�1 and 1l�1 respectively, where k and l are
respectively the maximum first and second coordinate among the pairs ϕp0q, . . . , ϕpnq. We
call D the diagonal machine.
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Finally, another lemma, which is immediate from Lemma 1.3.8:

Lemma 1.3.14. Let X :� t�, 0, 1u. Then the set of all Gödelizations of single-tape Turing
machines over X is a decidable and thus recursively enumerable subset of X�

0 .

Proof of Theorem 1.3.12. Let Q :� txAy | A is a single-tape TM over t�, 0, 1u halting on
xAy with output 0u � t0, 1u� � X�

0 . We claim that Q is recursively enumerable, but not
recursive.
First, suppose Q was recursive. By Theorems 1.2.16 and 1.3.1 as well as Lemma 1.3.3, we
can fix a single-tape Turing machine A over t�, 0, 1u computing the characteristic function of
Q in X�

0 . From A, we easily get a single-tape TM B over t�, 0, 1u such that on any input
w P X�

0 , B outputs 1 if and only if w P Q, and 0 otherwise.

But then we have the following equivalence: xBy P Q
Def. of Q
ðùùùùñ B halts on xBy with output

0
Choice of B
ðùùùùùñ xBy R Q, a contradiction.

It remains to show that Q is recursively enumerable. The idea is as follows: Find a Turing
machine M which, for each single-tape Turing machine A over t�, 0, 1u and each k P N,
eventually checks whether A halts on xAy within at most k steps with output 0 and, if then
so, lists xAy. Obviously, we will need a nicely halting universal single-tape Turing machine U
here, and we will use the diagonal routine D from Example 1.3.13 to go through all cases to
check in an appropriate order. By Lemma 1.3.14, we can also fix an enumeration machine E
for the set of all Gödelizations of one-tape Turing machines over t�, 0, 1u.
We get M by placing D, E, two “finding back” tapes for the enumeration tape of E as in the
proof of “(1),ð” of Theorem 1.2.16, U and one final tape, the enumeration tape of M, atop
of each other.
The very first tape of M (i.e., the first tape of D) serves as a counter tape. It will be imprinted
with a string of 1’s to which, after each check as described above is complete, another 1 is
added at the end. In the beginning this tape is empty (recall that we need to control the
behavior of M on the empty input), i.e., imprinted with the string 10.
The checking steps of M go as follows: First, D is run to get, on the second tape, the number
(according to the list created by E) of the Turing machine A to be checked and, on the third
tape, the number of steps to be checked for (deleting the 1s to the right of the two positions
to find back). It is then checked (with the help of the first finding back tape) whether E has
already imprinted enough Gödelizations on its enumeration tape. If not, then with the help
of the second finding back tape, E is run for another step and the check is repeated.
Once this check is passed, an according input is printed on the tape of U, the strings of 1s
on the second and third tape of D are deleted, and then U is run. If it is accepting (i.e.,
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the output starts with 1), it is checked together with the imprinting on E’s enumeration tape
whether the halting state in the configuration encoding was reached and, if so, whether the
output is 0. If in at least one of these two checks, the answer is “no”, the imprinting on the
U tape is deleted immediately, the counter on the very first tape is raised by 1, and the next
check is initiated.
Otherwise, the imprinting of the U tape is deleted as well, but before raising the counter
and going on to the next step, the according Gödelization from the enumeration tape of E is
copied to the enumeration tape of M.

The proof of Theorem 1.3.12 also shows that the set of all encoding pairs rxAy, ws, where A is
a single-tape TM over t0, 1, �u halting on w P t0, 1u� is undecidable; this set is known as the
halting problem. To see that it is undecidable, just note that if we could decide the halting
problem algorithmically, we could also easily decide the set Q from the proof; given any input,
first check whether it is a Gödelization of a single-tape Turing machine over t0, 1, �u; if not,
reject. Else check, using the decidability of the halting problem, whether the Turing machine
encoded by the input halts on its own Gödelization; if not, reject. Else simulate the machine
using a universal Turing machine until it halts and check whether the output is 0. If not,
reject, else accept.

1.4 One-sided tape Turing machines

This is a different, but “equivalent” notion of Turing machines that will make notation (more
precisely: the coding of configurations) in the proof of Matiyasevich’s Theorem 2.1.4 a bit
easier; since we now already assume some familiarity with the formalism behind Turing ma-
chines, we do not give the full formal definition, but rather describe the intuition, following
the exposition in (11) and (12).
A Turing machine with one-sided tapes is defined similarly to the Turing machines that
we have worked with so far, but the work tapes are not infinite in both directions, but have a
left end. Thus cells on a work tape now do not correspond to integers, but to natural numbers.
The leftmost cell of such a work tape carries a special symbol, which we will always denote
by §, and which tells the machine that it must not move the corresponding head further to
the left when it is over that cell. Of course, § must never be overwritten by another symbol,
and it must not be printed on cells different from cell number 0.
If A is a Turing machine with one-sided tapes, and x � x1 � � �xn an input for A, then the
start configuration of A on x is the configuration where all heads are on cell number 0,
the imprinting of the first tape reads §x1 � � �xn � � � � , and the imprinting of any other work
tape reads § � � � � . If A halts on x, then the output of A on x is defined to be y1 � � � ym,
where y0y1 � � � denotes the imprinting of the last work tape in the halting configuration, and
m is the biggest natural number such that y1, . . . , ym are all distinct from �.
Again, we can view each such Turing machine as computing some partial function X�

0 99K X�
0 ,

where X is the alphabet used. It is then not difficult to show that this notion of computability
coincides with the one induced by “two-sided” Turing machines that we developed in detail:
To “simulate” a one-sided Turing machine by a two-sided one, just let the two-sided machine
at its very first work step print a special symbol on all cells number 0 standing for the § of the
one-sided machine and then let it do what the one-sided machine does. At the end, we need to
move the last head to the left until we reach cell number 0 and delete the special symbol there
(otherwise, it would be counted as part of the output of the two-sided machine), then halt.
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Conversely, to simulate a two-sided Turing machine with k tapes by a one-sided one, we take
a one-sided Turing machine with 2k tapes, two for each work tape of the two-sided machine.
The cells with positive indices on the first tape of each such pair of tapes corresponds to
the ones with natural number indices of the tape of the two-sided machine, and the cells
with positive indices on the second tape to the cells with negative integer indices. During
the “simulation”, one of the two heads will always be resting on cell number 0 so that the
one-sided machine knows whether the corresponding head of the two-sided machine is in the
positive or negative part of the tape. This is important, because when the “negative” head is
to be moved, the directions “left” and “right” from the two-sided machine must be inversed.
In the end, when the two-sided machine would halt, the one-sided simulator still needs to
paste the contents of the last two tapes together to give the appropriate output, then halt.
All the other basic notions of recursion theory, such as decidability and recursive enumerability
can also be defined analogously to the corresponding notions for two-sided Turing machines
and are equivalent to them. We leave the details as an exercise for readers who want to
practice recursion theory.

1.5 The Church-Turing Thesis

We have now arrived at the end of this first chapter on recursion theory. Even readers not
familiar with Turing machines before will by now at least have developed some “feeling” of
what can be done with Turing machines. The purpose of Turing’s definition was to give
a formalization of the intuitive concept of an algorithm, meaning a process in which some
result is “calculated” from a finite amount of data without using any creative power, that
is, “mechanically”. But has he really succeeded in doing so? Does a notion such as that of
Turing computability capture the intuitive notion of computability?
Of course, this is a philosophical question not accessible to formal mathematical treatment,
because one of the two notions that are to be compared is not a formal one. Therefore, any
formulation of a positive or negative answer to such a question can never be a mathematical
theorem, but it is still of some worth. The common belief is that the answer to the above
question is to be “yes”:

Thesis 1.5.1. (Church-Turing Thesis)
Let X be a finite nonempty alphabet with 0, 1 P X0. Then a partial function f : X�

0 99K X�
0

is computable in the intuitive sense if and only if f is (Turing) computable.

Note that this equivalence also implies the equivalence of all other basic recursion-theoretic
notions introduced so far with their intuitive counterparts by the standard definitions or
characterizations.
If one is not yet convinced of the “truth” of the Church-Turing Thesis, one can proceed
to further explore the power of the formal definition by comparing it not just with slight
modifications as we did in the last section, but with completely different formalizations. For
example, the formal concept of a register machine is closer to the functionality of today’s
computers, machines closely related to the notion of “algorithmic feasability” (even more so
if one idealizes by ignoring any restrictions on time and memory). It can be shown that the
notions of Turing-computability and that of computability by a register machine coincide (see,
e.g., (16)), which provides evidence that anything which can be computed by a computer can
also be computed by a Turing machine.
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This will not be part of this thesis, though. We stop at this point and will henceforward
feel free to refer to the Church-Turing Thesis in proves of computability, decidability, etc. to
make things a bit easier. We will only see the technical details of Turing machines once more
when we give a rigorous proof of the “interesting” direction of Matiyasevich’s Theorem 2.1.4
(whereas the other direction will be clear by the Church-Turing Thesis).
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2 Number-Theoretic Foundations

2.1 Introduction and most elementary properties

In this chapter, based on (11), we study a certain property of sets of tuples of integers:

Definition 2.1.1. Let n P N, n ¥ 1. A subset S � Zn is called Diophantine if and only if
it is “enumerated by a polynomial”, more precisely: There exist m P N and a polynomial P �
P pX1, . . . , Xn, Y1, . . . , Ymq with integer coefficients such that for all tuples pa1, . . . , anq P Zn:
pa1, . . . , anq P S ô Db1, . . . , bm P Z : P pa1, . . . , an, b1, . . . , bmq � 0. The variables X1, . . . , Xn

are also called the element parameters, and Y1, . . . , Ym the proper variables. A polyno-
mial whose set of variables is disjointly decomposed into a set of element parameters and a
set of proper variables is also called a Diophantine family.

Example 2.1.2. Let n � 1. Then the set S � Z of even numbers is Diophantine; a possible
choice for a Diophantine family witnessing this is P pX1, Y1q � X1 � 2Y1.

We want to establish a connection with Turing machines. For this, first note that we can
code integer numbers as strings over t0, 1u; for example, we can code each natural number n
by r0,binpnqs, and a negative integer of the form �n by r1, binpnqs; then subsets of Z become
decision problems. However, also Zn with n ¡ 1 can be coded into t0, 1u�, due to the following
proposition:

Proposition 2.1.3. The function Cantor : N2 Ñ N, pa, bq ÞÑ pa�bq2�3a�b
2 , is a bijection.

Proof. Consider the enumeration of type ω of N2 that lists its elements primarily by the sum
of the two components and secondarily by the first entry, in each case in increasing order
(i.e., the enumeration goes like this: p0, 0q, p1, 0q, p0, 1q, p0, 2q, p1, 1q, p2, 0q, . . .). To prove the
proposition, it suffices to show that Cantorpa, bq is the rank of pa, bq in this enumeration. But
this is easy: First, note that there are 1 � 2 � � � � � pa � bq � 1

2pa � bqpa � b � 1q pairs with
smaller entry sum that are listed before pa, bq. Since the enumeration secondarily goes by
the first entry (in increasing order), the rank of pa, bq therefore is 1

2pa � bqpa � b � 1q � a �
pa�bq2�a�b�2a

2 � pa�bq2�3a�b
2 , as we wanted to show.

This allows us not only to effectively code N2 into N, but also Nn, by recursively defining func-
tions Cantorn : Nd Ñ N by Cantor1 � idN and Cantorn�1pa1, . . . , an�1q � Cantornpa1, . . . ,
an�1,Cantorpan, an�1qq. Finally, this allows us to encode Zn into t0, 1u� by letting the en-
coding of pa1, . . . , anq be rε1, . . . , εn,binpCantornp|a1|, . . . , |ad|qqs, where εi is either 0 or 1
depending on whether ai is nonnegative or negative.
Thus it makes sense to ask whether a subset of Zn is decidable, recursively enumerable, etc.
Our goal for this section is to prove the following astonishing and deep theorem:

Theorem 2.1.4. (Matiyasevich, 1970)
A subset S � Zn is Diophantine if and only if S (or, more precisely, its encoding into t0, 1u�)
is recursively enumerable.

This theorem establishes a link between recursion theory and number theory; it has a number
of interesting consequences (like the undecidability of Hilberts’s 10th Problem, to which we
will come back later) and also proves useful in showing the existence of finitely presented
groups with undecidable word problem. Actually, as we will see, it also serves to prove the
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so-called Higman Embedding Theorem establishing itself a link between recursion theory and
group theory and from which the existence of such groups almost trivially follows.
Note that the implication “ñ” in Theorem 2.1.4 can be proved by specifying an appropriate
enumeration machine, the basic idea of which is simple, systematically going through all cases
to check in a diagonal fashion; we omit the proof here, but it certainly is a good exercise in
recursion theory to at least think of some details of the implementation of this.
However, we are not yet ready to prove the “ð” from Theorem 2.1.4. Before we can do so,
we need to do some of the work that preceded the theorem historically and successively prove
more and more powerful properties of the concept of Diophantineness. We start with some
elementary observations.
First of all, we will consider a modified notion of Diophantineness, where the coefficients of the
polynomial may still be arbitrary integers, but the bi range only over N. We argue that this
notion is equivalent to the one from Definition 2.1.1. First, let S � Zn be Diophantine in the
sense of Definition 2.1.1. We need to find a polynomial QpX1, . . . , Xn, Z1, . . . , Zlq such that for
all pa1, . . . , anq P Zn:pa1, . . . , anq P S ô Dc1, . . . , cl P N : Qpa1, . . . , an, c1, . . . , clq � 0. To do
so, fix P pX1, . . . , Xn, Y1, . . . , Ymq witnessing Diophantineness in the original sense. Then set
l :� 2m and let QpX1, . . . , Xn, Z1, . . . , Z2mq :� P pX1, . . . , Xn, Z1 � Z2, Z3 � Z4, . . . , Z2m�1 �
Z2mq. Fix pa1, . . . , anq P Zn. It is clear that if Qpa1, . . . , an, Z1, . . . , Z2mq has a root in N2m,
then P pa1, . . . , an, Y1, . . . , Ymq has one in Zm. But the converse is true as well, since every
integer can be expressed as the difference of two appropriate natural numbers. This proves
the one direction.
For the other, we need the following theorem from number theory:

Theorem 2.1.5. Any natural number can be expressed as the sum of four perfect squares
(not necessarily all positive).

Proof. Let M denote the set of all natural numbers that can be expressed as a sum of four
perfect squares. By the Euler identity

px2
1�x

2
2�x

2
3�x

2
4qpy

2
1�y

2
2�y

2
3�y

2
4q � px1y1�x2y2�x3y3�x4y4q

2�px1y2�x2y1�x3y4�x4y3q
2�

px1y3 � x3y1 � x2y4 � x4y2q
2 � px1y4 � x4y1 � x2y3 � x3y2q

2,

it is clear that M is a submonoid of pN, �q containing 0 and 2. Thus, it suffices to show the
statement for odd primes. So fix an odd prime p. We will first show that some multiple a � p
of p with 0   a   p is in M . If we knew that a � 1, we would be done. So to finish the proof,
we will show in a second step that if some multiple a � p of p with 1   a   p is in M , then we
can find a smaller factor a1, 0   a1   a, such that a1 � p is in M .
For the first step, note that since Z{pZ is a field and thus for each α P Z{pZ, the solu-
tions of the quadratic equation X2 � α2 are precisely α and �α, none of the p�1

2 numbers

02, 12, . . . , pp�1
2 q

2 are congruent modulo p. Thus, also none of the p�1
2 numbers �1� 02,�1�

12, . . . ,�1� pp�1
2 q

2 are congruent modulo p. But together, these are p� 1 numbers, so some
number from the first list must be congruent to some number from the second list, i.e., there
are integers x1, x2 P t0, . . . ,

p�1
2 u and a such that x2

1 � x
2
2 � 12 � 02 � x2

1 � x
2
2 � 1 � a � p, and

it is clear that 0   a   p. This concludes the first part of the proof.
For the second step, assume x2

1 � x2
2 � x2

3 � x2
4 � a � p for some integer a with 1   a   p.

Let y1, . . . , y4 be such that yi � xipmod aq and �a
2   yi ¤

a
2 . Taking the equation modulo

a yields y2
1 � y2

2 � y2
3 � y2

4 � a1 � a for some integer a. By choice of the yi, it is clear that
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a1 ¤ a, and if a1 � a, then y1 � y2 � y3 � y4 �
a
2 . But then there are integers ki such

that xi �
2ki�1

2 a, plugging this into the representation of a � p as a sum of four squares and
observing that any sum of the squares of four odd numbers is divisible by 4, we get a | p, a
contradiction to 1   a   p; thus a1   a. Similarly, if a1 � 0, then y1 � y2 � y3 � y4 � 0 and
again, we get that a | p, a contradiction. So it is now clear that 0   a1   a. Now multiplying
the two equations and using the Euler identity once more, we get a representation of a2a1p
as a sum of four squares, and by our choice of the yi, the four squares are all divisible by a2.
Hence, dividing the equation by a2 yields a representation of a1p as a sum of four squares, as
desired.

Now assume that for some S � Zn, there is a polynomial QpX1, . . . , Xn, Z1, . . . , Zlq such
that for all pa1, . . . , anq P Zn: pa1, . . . , anq P S ô Dc1, . . . , cl P N : Qpa1, . . . , an, c1, . . . , clq �
0. We need to specify a polynomial P pX1, . . . , Xn, Y1, . . . , Ymq as in Definition 2.1.1. Now
by Theorem 2.1.5, for all pa1, . . . , anq P Zn, the polynomial Qpa1, . . . , an, Z1, . . . , Zlq has
a root in Nl if and only if the system of Diophantine equations, consisting of the equation
Qpa1, . . . , an, y1, . . . , ylq � 0 and l additional equations yi � z2

i,1�z
2
i,2�z

2
i,3�z

2
i,4 for i � 1, . . . , l

has a solution in Z5l. But we can convert any parametrized system of Diophantine equations,
say with equations Pipa1, . . . , ar, w1, . . . , wkq � 0 for i � 1, . . . , s (where the parameters and
variables specified need not appear in all of the equations), into a single Diophantine equation

that is solvable if and only if the system is solvable, namely
s°
i�1

Pipa1, . . . , ar, w1, . . . , wkq
2 � 0.

This concludes the proof that the two notions of Diophantineness are equivalent.
The method just used also shows that finite intersections of Diophantine sets are Diophantine
(note that if the sets of proper variables of the Diophantine families involved are not pairwise
disjoint, then we first need to make them), and by forming products, we see that finite unions
of Diophantine sets are Diophantine as well. If we view Diophantine sets as defined by some
formulas, then this translates as the fact that if we have already verified that two relations are
Diophantine, say described by formulas ϕ and ψ, then the relations described by ϕ^ ψ and
ϕ _ ψ also are Diophantine. Furthermore, if ϕpx1, . . . , xnq describes a Diophantine relation
among n integer numbers, then Dxi : ϕpx1, . . . , xnq with i P t1, . . . , nu describes one among
n� 1 integers (where xi becomes a new parameter).
However, complements of Diophantine sets are in general not Diophantine, although it will
still take some time before we can show this. For the present, we just need to remember
that we cannot use  or @ carelessly in showing that a certain relation is Diophantine using
relations we already know to be, but must always argue separately for Diophantineness then.
It also turns out to be fruitful to call a partial function F : Zn 99K Z Diophantine if and only
if the graph of F , i.e., the set tpx1, . . . , xn, yq P Zn�1 | ppx1, . . . , xnq, yq P F u, is Diophantine.
Then, in arguing that a certain relation or function is Diophantine, in the formulas that
appear we can also use Diophantine terms, which are a generalization of variables in the
following sense: Any variable and any integer number is a Diophantine term, and when
t1, . . . , tk are Diophantine terms and f is a symbol standing for a k-ary Diophantine function,
then also fpt1, . . . , tkq is a Diophantine term. Whenever we use an expression of this form,
we implicitly assume that the variables are chosen so that the tuple of the values of t1, . . . , tk
lies in the domain of f , which is a Diophantine condition by the Diophantineness of f . If one
needed to break such a metaargument down to a formal argument that the set in question is
Diophantine, one could rewrite the entire Diophantine formula by an appropriate recursion
over its complexity into a single Diophantine polynomial witnessing Diophantineness of the
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condition; for this, one would have to introduce new variables to represent the values of terms
that appear.
In what follows, we will always, unless stated otherwise, assume that the existentially quanti-
fied variables of polynomials witnessing Diophantineness range over N. The element param-
eters will be denoted by Xi, and the proper variables of the polynomials by Yj . We will now
start to build our “library” of Diophantine sets and functions.
Of course, equality is a Diophantine relation, but inequality as well, as witnessed by pX1 �
X2q

2 � pY1 � 1q. The relation ¤ is Diophantine, witnessed by Y1 �X1 �X2. Therefore,   is
Diophantine as well, since a   bô a ¤ b^ a �� b. It now follows immediately that if R � Zd
is Diophantine, then so is RX Nd.
Divisibility is Diophantine, too, because one can consider X1Y1 � X2 (here, one should let
the existential quantifiers range over Z, to get divisibility on all of Z, although we will only
need it on N). Now for n, q P Z with q ¥ 1, let rempn, qq denote the remainder of division
of n by q. Then since for natural r, we have r � rempn, qq ô r   q ^ q | n � r, we get that
the function rem is Diophantine. This gives us that nondivisibility is Diophantine, because
d - a ô pd � 0 ^ a �� 0q _ rempa, |d|q ¡ 0 (and clearly, by what we have already shown, the
absolute value is a Diophantine function).
We also get that the integer part function Z � Nzt0u Ñ Z, pn, qq ÞÑ n div q :� tnq u, is Dio-
phantine, because b � n div q ô bq � rempn, qq � n, and that congruence with respect to
a positive modulus is Diophantine: a � b pmod mq ô rempa,mq � rempb,mq. Finally, the
greatest common divisor (and hence also the least common multiple) function is Diophantine:
d � gcdpa, bq ô ab �� 0^ d ¡ 0^ d | a^ d | b^ Dx, y P Zrd � ax� bys.

2.2 Matiyasevich’s result about exponentiation

In this section, we will present a modified version of Matiyasevich’s original proof of the
following theorem:

Theorem 2.2.1. (“Exponentiation is Diophantine”)
The set tpa, b, cq P N3 | a � bcu is Diophantine.

Obviously, the difficulty here is that there is no bound on the size of the exponent c. This result
will be the “key” to Matiyasevich’s theorem, and many other nontrivial results eventually
leading to its proof will follow rather easily from it. To motivate the proof, we note that
already before Matiysevich’s breakthrough, earlier works by Julia Robinson had shown that
in order to prove Theorem 2.2.1, it would be sufficient to prove the existence of a Diophantine
binary relation R � N2 of exponential growth, i.e., such that for all a, b P N : pa, bq P
R ñ b   aa and for all k P N, there exist a, b P N with pa, bq P R such that b ¡ ak. It
is not difficult to see that the relation tpa, bq P N2 | b � ϕ2au, where ϕn denotes the n-th
Fibonacci number, is of exponential growth, and Matiyasevich succeeded in showing that it is
Diophantine. Following the outline in (11), we will however not consider Fibonacci numbers,
but the following second-order recurrent sequences:

Definition 2.2.2. Let b P N, b ¥ 2. The special sequence with respect to b is the following
recursively defined sequence pαbpnqqnPN: αbp0q � 0, αbp1q � 1, αbpn� 2q � bαbpn� 1q�αbpnq.

Note that all these sequences are strictly increasing. They are in some sense “closer” to
the first-order recurrent sequences pβbpnqqnPN defining exponentiation, i.e., with βbp0q �
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1, βbpn � 1q � bβbpnq than the Fibonacci sequence. One could say that the two sequences
“asymptotically behave the same”, an idea formalized by the following proposition:

Proposition 2.2.3. (1) Let b P N, b ¥ 2. Then for all n P N: pb� 1qn ¤ αbpn� 1q ¤ bn.

(2) Let b, c P N. Then bc � lim
xÑ8

αbx�4pc�1q
αxpc�1q , and bc � αbx�4pc � 1q div αxpc � 1q for x �

16pc� 1qαb�4pc� 1q.
(3) If tpa, b, cq P N3 | b ¥ 4^ a � αbpcqu is Diophantine, then Theorem 2.2.1 holds.

Proof. For (1): For fixed b, this is an easy induction on n using the recursive definition of
αbpnq.
For (2): We will focus on proving the second statement (because only it is interesting from
the point of view of Diophantineness), but taking a close look at the bounds we give will also

show that the first statement holds. First note that by (1), we have
αbx�4pc�1q
αxpc�1q ¥ p bx�3

x qc ¥ bc

for x ¥ 2. Now distinguish the two cases b � 0 and b ¡ 0.

If b � 0 and also c � 0, then clearly
αbx�4pc�1q
αxpc�1q � 1, which fits together with 00 � 1. If b � 0

and c ¡ 0, then for x ¡ 5:
αbx�4pc�1q
αxpc�1q ¤ 4c

px�1qc   p
5

x�1q
c ¤ 1, which fits together with 0c � 0.

Now consider the case b ¡ 0. The subcase c � 0 is as for b � 0, so suppose c ¡ 0. Let
x ¥ 16c. Then it is not difficult to show that 1

1� 8c
x

¤ p1 � 16c
x q and that p1 � 4

xq
c ¤ 1

p1� 4
x
qc

,

and this gives us the following chain of inequalities:
αbx�4pc�1q
αxpc�1q ¤ p bx�4

x�1 q
c ¤ p bx�4b

x�1 q
c �

p1� 4
x
qc

p1� 1
x
qc
bc ¤ bc

p1� 1
x
qcp1� 4

x
qc
¤ bc

p1� 4
x
q2c
¤ bc

1� 8c
x

¤ bcp1 � 16c
x q, where the second-to-last inequality

is an application of Bernoulli’s inequality. For the statement about the integer quotient to
hold, we want the last bound to be smaller than bc � 1, that is, we want bc 16c

x   1, which is
equivalent to x ¡ bc16c. This is certainly satisfied if we choose x as specified, and this choice
for x also covers the necessary conditions on x of the other cases.
For (3): This is immediate from the second statement in (2).

So the main idea behind the proof of Proposition 2.2.3 is to rewrite a statement about asymp-
totic behavior of the special sequences into a statement about integer quotients, which is of
Diophantine character. Our goal thus is to show the “if” in Proposition 2.2.3(3). Before
we can do so, we need to better understand the special sequences by proving some results
about them. We start by noting that the second-order recurrence in Definition 2.2.2 can be
rewritten into a first-order recurrence of matrices:

Lemma 2.2.4. Let b P N, b ¥ 2. For n P N define Abpnq :�

�
αbpn� 1q �αbpnq
αbpnq �αbpn� 1q




(where αbp�1q is understood to be �1, which fits into the recursion) and Ξb :�

�
b �1
1 0



.

Then Abp0q � I2 and Abpn � 1q � AbpnqΞb for n P N, so that Abpnq � Ξnb . In particular,
detpAbpnqq � 1 so that for all n P N, the members αbpnq and αbpn� 1q of the special sequence
with respect to b are coprime.

Proof. This is immediate from Definition 2.2.2.

Actually, the relation one gets by writing detpAbpnqq � 1 out explicitly (and replacing αbpn�1q
by b �αbpnq�αbpn�1q) characterizes successive members of the special sequence with respect
to b in the following sense:
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Lemma 2.2.5. Let b P N, b ¥ 2. For all x, y P N, the following are equivalent:
(1) x2 � bxy � y2 � 1^ y   x.
(2) Dn P N : py � αbpnq ^ x � αbpn� 1qq.
In particular, the set tpa, bq P N2 | b ¥ 2^ Dn P N : ra � αbpnqsu is Diophantine.

Proof. “(2)ñ(1)” is immediate from the fact that detpAbpnqq � 1.
“(1)ñ(2)”: By induction on y. If y � 0, then x � 1, and we can (and must) choose n � 0.
Now assume the statement has already been shown for all smaller values of y. We expect
x, y to be members of the special sequence with respect to b, so we try to “descend down the

recursion”: Note that by � y   by � y2

x   by � 1
x �

y2

x � x � by � 1�y2

x ¤ by. Let x1 :� y

and y1 :� by � x (note that y1 ¥ 0 because by ¥ by � 1�y2

x � x). Then easy computations
show that x2

1� bx1y1� y
2
1 � 1, so by the induction hypothesis, there is n1 P N such that x1 �

αbpn1�1q, y1 � αbpn1q. But by the way x1 and y1 were defined, this means that for n � n1�1,
we must have x � αbpn� 1q, y � αbpnq, q.e.d. The “in particular” follows immediately, since
now we know that this set coincides with tpa, bq P N2 | b ¥ 2^ Dx : rx2 � abx� a2 � 1su.

We need two more arithmetic properties of the special sequences in the form of the following
two lemmata:

Lemma 2.2.6. Let b1, b2, q P N with b1, b2 ¥ 2 and q ¥ 1. Then if b1 � b2pmod qq, then
also for all n P N: αb1pnq � αb2pnqpmod qq. Noting that α2pnq � n for all n P N, we have in
particular that for all b P N, b ¥ 3: αbpnq � npmod b� 2q.

Proof. This is clear by induction on n.

Lemma 2.2.7. Let b, k,m P N with b ¥ 2. Then: α2
bpkq | αbpmq ñ k | m^ αbpkq | m.

Proof. Let b, k,m accord the assumption. We first show that k | m, so write m � kl�n with
0 ¤ n   k. Then we have:�

αbpm� 1q �αbpmq
αbpmq �αbpm� 1q



� Abpmq � Ξmb � Ξnb pΞ

k
b q
l � AbpnqA

l
bpkq �

�
αbpn� 1q �αbpnq
αbpnq �αbpn� 1q


�
αbpk � 1q �αbpkq
αbpkq �αbpk � 1q


l
.

Considering this identity modulo αbpkq, we get αbpmq � αbpnqα
l
bpk � 1q pmod αbpkqq. Since

αbpkq | αbpmq and αbpkq, αbpk � 1q are coprime, this gives us αbpkq | αbpnq. But n   k, so
αbpnq   αbpkq, and this is possible only if n � 0, i.e., k | m.

Now we get Abpmq � Albpkq � pαbpkqΞb � αbpk � 1qI2q
l �

l°
i�0
p�1ql�i

�
l
i

�
αibpkqα

l�i
b pk � 1qΞib.

Considering the identity modulo α2
bpkq, we get the congruence αbpmq � p�1ql�1lαbpkqα

l�1
b pk�

1q pmod α2
bpkqq. Again, since α2

bpkq | αbpmq, we get α2
bpkq | p�1ql�1lαbpkqα

l�1
b pk�1q and thus,

dividing both sides by αbpkq and using that αbpk� 1q, αbpkq are coprime: αbpkq | l. But l | m,
so we are done.

We are now almost ready to prove:

Theorem 2.2.8. The set tpa, b, cq P N3 | b ¥ 4^ a � αbpcqu is Diophantine.

29



One last preparatory remark before we begin the proof: For technical reasons, the proof will
not use the usual remainder function rem introduced in the last subsection, but the function
arem, giving the so-called absolutely least remainder: arempn, qq � �npmod qq ^ 0 ¤
arempn, qq ¤ q

2 . It is also a Diophantine function: r � arempn, qq ô 2r ¤ q^pq | pn� rq_ q |
pn� rqq.

Proof of Theorem 2.2.8. We show that a triple pa, b, cq P N3 belongs to the set if and only
if the following system of Diophantine conditions is satisfiable with appropriate choices of
r, s, t, u, v, w, x, y:
(1) b ¥ 4,
(2) u2 � but� t2 � 1,
(3) s2 � bsr � r2 � 1,
(4) r   s,
(5) u2 | s,
(6) v � bs� 2r,
(7) w � b pmod vq,
(8) w � 2 pmod uq,
(9) w ¡ 2,
(10) x2 � wxy � y2 � 1,
(11) 2a   u,
(12) a � arempx, vq,
(13) c � arempx, uq.
Of course, each of these conditions has a special role. Conditions (2), (3) and (10) serve to
introduce in each case two variables as certain successive special sequence values; (4) is an
addendum to (3) to additionally control which of the two is the bigger one. Because of this,
v introduced by (6) is of a special form that will cause some matrix to reduce in a special
way modulo v, see below. Also, note that x and y are values of the special sequence with
respect to w (although we need (9) to ensure this), as opposed to u, t, s, r. In view of this and
Lemma 2.2.6, conditions (7) and (8) are there to enforce certain helpful congruences between
them. Condition (5) will be helpful in view of Lemma 2.2.7, and (12) and (13) (together with
(11)) will establish a connection between what was introduced by the other conditions and
a and c. This the rough idea for showing that satisfiability of this system implies that the
triple pa, b, cq is an element of the specified set. One problem when looking for an appropriate
system always is that the conditions, although implying what they should, may be too strong
so that one cannot establish the converse implication. But luckily, this is not the case here.
Let us first prove that if (1)-(13) are satisfied, then a � αbpcq. By Lemma 2.2.5, (1)^(2)
implies that u � αbpkq for some k, and (1)^(3)^(4) implies that for some positive m, s �
αbpmq, r � αbpm � 1q. Now by Lemma 2.2.7 and (5), we get that u | m. By the recursive
definition of αbpnq and (6), we get v � bαbpmq � 2αbpm � 1q � αbpm � 1q � αbpm � 1q.
(9)^(10) gives us x � αwpnq for some n. Now we can use Lemma 2.2.6 together with (7)^(8)
to get x � αbpnq pmod vq as well as x � n pmod uq. Writing n � 2lm � j with j ¤ m and
using Lemma 2.2.4, we have Abpnq � pAbpmq

2qlAbpjq
�1. Now by the value of v, Abpmq ��

αbpm� 1q �αbpmq
αbpmq �αbpm� 1q



� �

�
�αbpm� 1q αbpmq
�αbpmq αbpm� 1q



� �pAbpmqq

�1 pmod vq, where

the last equality holds because detpAbpmqq � 1. This gives us Abpnq � �Abpjq
�1 pmod vq,

where all four combinations of the signs are possible. By comparing the left down corners of
the matrices, we obtain αbpnq � �αbpjq pmod vq. Now 2αbpjq ¤ 2αbpmq ¤ pb � 2qαbpmq  
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bαbpmq � 2αbpm� 1q � v, so that by (12), a � arempx, vq � arempαbpnq, vq � αbpjq (now the
role of arem becomes clear; we use it to eliminate the signs). Combining this with (11) gives
us 2j ¤ 2αbpjq � 2a   u, so that by (13): c � arempx, uq � arempn, uq � j, where the last
equality holds because n � �j pmod mq and u | m. Thus a � αbpcq, which is what we wanted
to show.
Now we show the converse. So assume a, b, c satisfy b ¥ 4 ^ a � αbpcq; we need to show
that (2)-(13) are satisfiable with appropriately chosen r, s, t, u, v, w, x, y and let ourselves be
guided by the proof of the converse implication.
First, select k large enough so that αbpkq ¡ 2a and αbpkq is odd (this is possible because two
successive members of the special sequence with respect to b are coprime); set u :� αbpkq so
that (11) will be valid. Then set t :� αbpk � 1q, and by Lemma 2.2.5, (2) will be satisfied.
Next let m :� uk and set s :� αbpmq, r :� αbpm� 1q. Then (3) and (4) hold.
Also, by the proof of Lemma 2.2.7, s � αbpukq � p�1qu�1uαbpkqα

u�1
b pk � 1q � 0 pmod u2q,

where the last congruence holds by choice of u. Therefore, condition (5) is valid as well.
Now let v :� bs � 2r so that (6) holds (note that clearly v ¥ 0). In order to take care of
(7)-(9), it suffices to show that u and v are coprime (since then we can apply the Chinese
Remainder Theorem to get w accordingly). So let d | u and d | v. Then by (5), d | s, and
then by (6), d | 2r. But by choice of u, d is odd, so d | r. By (3), s and r are coprime, whence
d � 1, so u and v are indeed coprime.
For (10), just let x :� αwpcq, y :� αwpc � 1q. Now all that remains are conditions (12) and
(13). By (7) and Lemma 2.2.6, x � αwpcq � αbpcq � a pmod vq. But also, v � bs � 2r ¡
2αbpmq ¥ 2m � 2uk ¥ 2u ¡ 4a ¥ 2a. Therefore, (12) is valid. Finally, by definition of x and
Lemma 2.2.6 again, x � c pmod w � 2q, so by (8) x � c pmod uq, and 2c ¤ 2αbpcq � 2a   u
by (11), whence (13) holds as well, and the proof is complete.

Proof of Theorem 2.2.1. Clear by Proposition 2.2.3(3) and Theorem 2.2.8.

2.3 Coding, the factorial function and primes

Recall the Cantor coding function from the first section of this chapter. The fact that it is a
polynomial with “almost integer” coefficients makes the components of the inverse function
Diophantine; more precisely, for fixed n,m P Nzt0u, the function Elemn,m sending c P N to the
m-th element of the n-tuple whose Cantor number is c is Diophantine, since for all a, c P N: a �
Elemn,mpcq ô Dx1, . . . , xm�1, xm�1, . . . , xn P Nr22nCantornpx1, . . . , xm�1, a, xm�1, . . . , xnq �
22ncs, where the factor 22n is used to make the coefficients integer.
However, it is not clear why Elemn,mpcq is Diophantine in all three arguments n,m, c. We
need a method to deal with tuples of indefinite length. One example of this would be Gödel
coding, which works with the Chinese remainder theorem to code the entries of a tuple of
natural numbers as remainders of the division of one number a by several modules bi that can
be chosen so that bi only depends on one number b and the index i (for the details, see (11),
pp. 42f.). Then for Gödel coding, it is not difficult to show that the corresponding element
function, here denoted by GElem, is Diophantine in all its arguments.
Gödel coding has, however, another disadvantage: It is difficult to show that the codings of
natural operations on tuples (such as concatenation) by corresponding operations on Gödel
codes are Diophantine. Thus, the coding of our choice will still be something different, namely
positional coding, i.e., coding with cipher representations of numbers.
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Our codes will be triples; applying Cantor3 to them would yield numbers as codes. Let a
tuple pa1, . . . , anq P Nn be given. For each b P N such that b ¡ ai for all i (so we can view the
ai as ciphers with respect to the base b), the first idea is to code pa1, . . . , anq by the number
a �

°n
k�1 akb

k�1. This, however, would not be injective because some ai at the end can be 0.
So the complete coding information is given by the number a (called the cipher of the code),
the base b and the length c, put together in a triple pa, b, cq. Now not all triples are such
positional codes, but the property of being one is Diophantine: For all a, b, c P N, we have:
Codepa, b, cq ô b ¥ 2^ a   bc.
First, we note that also for positional coding, the function Elem mapping a triple pa, b, dq
to the d-th element of any tuple coded by pa, b, cq for some appropriate c is Diophantine:
e � Elempa, b, dq ô Dx, y, zrd � z � 1^ a � xbd � ebz � y ^ e   b^ y   bzs (note that to see
that this is Diophantine, we need Theorem 2.2.1).
Before we show, as promised, Diophantineness of the codings of “natural” operations, we need
the following lemma:

Lemma 2.3.1. (1) The functions N2 Ñ N, pn,mq ÞÑ
�
n
m

�
, and NÑ N, n ÞÑ n!, are Diophan-

tine.
(2) The set P of prime numbers is Diophantine.

Proof. For (1): Note that by the binomial theorem, ppb� 1qn, b, n� 1q is a code of the tuple
p
�
n
0

�
,
�
n
1

�
, . . . ,

�
n
n

�
q for all b P N such that

�
n
k

�
  b for all k P t0, . . . , nu; since

°n
k�0

�
n
k

�
� 2n,

this will certainly be true for b � 2n � 1. Hence, for all c, n,m P N, we have: c �
�
n
m

�
ô c �

Elempp2n � 2qn, 2n � 1,m� 1q so that the first function is Diophantine.
To see that the factorial function is Diophantine, we use the identity

�
n
m

�
� n!

m!pn�mq! to get:

m! �
n!�

n
m

�
pn�mq!

�
npn� 1q � � � pn�m� 1q�

n
m

� �
nm�
n
m

�p1� 1

n
q � � � p1�

m� 1

n
q.

Now view m as fixed and divide both sides by p1� 1
nq � � � p1�

m�1
n q. Then the LHS obviously

converges to m! for nÑ 8, and so does the RHS. We just showed: limnÑ8
nm

pnmq
� m!. Since

for large enough n all of the numbers p1 � k
nq for k � 1, . . . ,m � 1 are positive, but smaller

than 1, this convergence is from above, so that as in the proof of Proposition 2.2.3, we get
m! � nm div

�
n
m

�
for “large enough” n; we show that n � p2mqm�2 does the job for large

enough m, then we are done. First, note that 1
1� k

n

� 1 � k
n�k for all k � 1, . . . ,m � 1 as

long as m � 1   n, which is certainly true for this choice of n. Thus our goal is to show
that m!p1 � 1

n�1qp1 �
2

n�2q � � � p1 �
m�1

n�m�1q   m! � 1 for this n. Note that the factors after

m! are increasing, so that we can bound this number from above by m!p1� m�1
n�m�1q

m�1, and

we want to show that this is smaller than m! � 1. Note that m!p1 � m�1
n�m�1q

m�1 � m!p1 �°m�1
k�1

�
m�1
k

�
p m�1
n�m�1q

kq ¤ m!p1� pm� 1q2m�1 m�1
n�m�1q, and this will be smaller than m!� 1 if

and only if m!2m�1 pm�1q2

n�m�1   1, that is, m!   n�m�1
2m�1pm�1q2

� p2mqm�2�pm�1q
2m�1pm�1q2

. But apparently,

at least for big enough m the RHS is strictly bigger than p2mqm�1

2m�1pm�1q2
� 4 � m

m�1

pm�1q2
¡ 4 �mm�1,

and it is clear that this is bigger than m!.
For (2) This follows from (1) by noting that for all n P N, n being prime is equivalent to
gcdpn, pn� 1q!q � 1.
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As a side remark, we now get the existence of a polynomial with integer coefficients whose
nonnegative values on nonnegative integer arguments are precisely the prime numbers, by
applying this proposition to S � P:

Proposition 2.3.2. Let S � N be Diophantine. Then there is a polynomial P pX0, . . . , Xmq
with integer coefficients such that for all px0, . . . , xmq P Nm�1: If P px0, . . . , xmq ¥ 0, then
P px0, . . . , xmq P S, and all elements of S have a preimage in Nm�1 under P .

Proof. Let DpX1, Y1, . . . , Ymq be a polynomial witnessing (modified) Diophantineness of S.
We define P pX0, . . . , Xmq :� pX0 � 1qp1 � D2pX0, . . . , Xmqq � 1. First, suppose that for
some px0, . . . , xmq P N, the value a :� P px0, . . . , xmq ¥ 0. This means a � 1 � px0 � 1qp1 �
D2px0, . . . , xmqq, so that Dpx0, . . . , xmq � 0 and a � x0 follows, whence Dpa, x1, . . . , xmq � 0
and a P S. Conversely, if a P S, then there exist x1, . . . , xm P N such that Dpa, x1, . . . , xmq �
0. Setting x0 :� a, we see that P px0, . . . , xmq � a.

Diophantineness of P is one of the facts that we need to show Diophantineness of certain
operations on codes; the other is the following theorem from elementary number theory:

Theorem 2.3.3. (Kummer, 1852)
Let p be a prime number, νp the p-adic valuation on Q (so for a P Z, νppaq is the exponent
of p in the decomposition of a into prime power factors). Then for all n,m P N, νpp

�
m�n
m

�
q

is equal to the number of carries that occur when adding m and n in their p-ary cipher
representations.

Proof. We have that νpp
�
m�n
m

�
q � νpppm � nq!q � νppm!q � νppn!q. Now it is not difficult

to see that for any a P N, the following holds: νppa!q �
°
k¥1 a div pk. This gives us

νpp
�
m�n
m

�
q �

°
k¥1 ppm� nq div pk �m div pk � n div pkq. Now note that for a P N, a div pk

can be obtained by “cutting off” the first k ciphers of the p-ary representation of a. Thus,
the k-th summand in the last sum is 0 when there is no carry from the k-th digit (the
digit corresponding to the power bk�1) and 1 otherwise. This proves the statement of the
theorem.

Now we are finally ready to prove:

Theorem 2.3.4. The following relations are all Diophantine:
(1) Equalpa1, b1, c1, a2, b2, c2q, which holds if and only if the triples pa1, b1, c1q and pa2, b2, c2q
are positional codes of the same tuple.
(2) NotGreaterpa1, b1, a2, b2q :ô @k P Nzt0urElempa1, b1, kq ¤ Elempa2, b2, kqs.
(3) Smallpa, b, c, eq :ô Codepa, b, cq ^ @k P Nzt0urElempa, b, kq ¤ es.
(4) Concatpa, b, c, a1, b1, c1, a2, b2, c2q, which holds if and only if the triples pa, b, cq, pa1, b1, c1q,
pa2, b2, c2q are positional codes and the tuple coded by pa, b, cq is the concatenation of the tuples
coded by pa1, b1, c1q and pa2, b2, c2q.

Proof. We first consider the following auxiliary relation PNotGreaterpa1, a2, bq :ô b P P ^
NotGreaterpa1, b, a2, bq. A clever application of Kummer’s Theorem 2.3.3 helps us here: If b is
a prime, then NotGreaterpa1, b, a2, bq holds if and only if there occur no carries when adding
a2�a1 and a1 in their p-ary representations, whence PNotGreaterpa1, a2, bq ô b P P^b -

�
a2
a1

�
,

so by what we already know, PNotGreater is Diophantine.
We next show that the auxiliary relation PSmallpa, b, c, eq :ô b P P ^ Smallpa, b, c, eq is
Diophantine. Indeed, this is easy, using Diophantineness of PNotGreater and of the following
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partial function Repeatpp, q, rq, defined for all p, q, r P N with p   q: Repeatpp, q, rq :� p q
r�1
q�1 .

Then: PSmallpa, b, c, eq ô b P P^ re ¥ b_ PNotGreaterpa,Repeatpe, b, cq, bqs.
Now suppose we have two bases b1   b2, and the positional code pa2, b2, cq of some tuple such
that all entries of the tuple happen to be even smaller than b1. So we have a2 �

°c
k�1 ζkb

k�1
2 ,

and all ζk P t0, . . . , b1 � 1u. The tuple pζ1, . . . , ζcq also has a coding with respect to the base
b1, namely a1 �

°c
k�1 ζkb

k�1
1 , and we see that a1 � a2 pmod b2�b1q (“first condition”) as well

as a1   bc1 (“second condition”). Thus if b2 is so large that bc1   b2 � b1, then a1 is uniquely
determined by the two conditions.
Now consider the following auxiliary relation: Eqpa1, b1, c1, a2, b2, c2q :ô Codepa1, b1, c1q ^
c1 � c2^PSmallpa2, b2, c2, b1�1q^bc11 �b1   b2^a1 � a2 pmod b2�b1q. Then clearly, Eq is Dio-
phantine, and by the above observations Eqpa1, b1, c1, a2, b2, c2q ñ Equalpa1, b1, c1, a2, b2, c2q.
The converse is not true because b2 need not be a prime when Equalpa1, b1, c1, a2, b2, c2q
holds, but we can then “link” the two triples by a third triple where the base is a large
enough prime. This gives us Equalpa1, b1, c1, a2, b2, c2q ô Dx, y, z P NrEqpa1, b1, c1, x, y, zq ^
Eqpa2, b2, c2, x, y, zqs, so Equal is Diophantine.
The other statements are now easy: NotGreaterpa1, b1, a2, b2q ô Dx1, x2, y, z P NrEqualpa1, b1,
z, x1, y, zq ^ Equalpa2, b2, z, x2, y, zq ^ PNotGreaterpx1, x2, yqs (for “ñ”, let y be any prime
bigger than both b1 and b2, z so big that ai   bzi for i � 1, 2 and xi the cipher of the
positional code with respect to the base y of the tuple coded by pai, bi, zq). Similarly,
Smallpa, b, c, eq ô Dx, y P NrEqualpa, b, c, x, y, cq ^ PSmallpx, y, c, eqs. Finally, note that
Concatpa, b, c, a1, b1, c1, a2, b2, c2q ô Dx1, x2 P NrEqualpa1, b1, c1, x1, b, c1q^Equalpa2, b2, c2, x2,
b, c2q ^ a � x2b

c1 � x1 ^ c � c1 � c2s (here, the idea is that concatenation on positional codes
is easy when they are both with respect to the same base).

To conclude this subsection about coding, we note that for a fixed base b and any function
F : t0, 1, . . . , b � 1um Ñ t0, 1, . . . , b � 1u, the partial function F rbspa1, . . . , am, cq defined
whenever all pai, b, cq are positional codes for i � 1, . . . ,m yielding the cipher of the c-tuple
pF pa1,1, . . . , am,1q, . . . , F pa1,c, . . . , am,cqq, where ai is the cipher of the tuple pai,1, . . . , ai,cq, is
Diophantine.
For this, we introduce bm “characteristic tuples” phk1,...,km,1, . . . , hk1,...,km,cq for all k1, . . . , km P
t0, 1, . . . , b � 1u, where hk1,...,km,i is defined to be 1 if a1,i � k1 ^ . . . ^ am,i � km and 0
otherwise. For pk1, . . . , kmq P t0, 1, . . . , b� 1um let hk1,...,km be the cipher of the characteristic
tuple phk1,...,km,1, . . . , hk1,...,km,cq with respect to the base b. Then the following three identities
hold for these ciphers and characterize them among all bm-tuples of natural numbers:
(1) ai �

°
kiPt0,...,b�1u

ki �
°

k1,...,ki�1,ki�1,...,kmPt0,...,b�1u

hk1,...,km for i � 1, . . . ,m.

(2)
°

k1,...,kmPt0,...,b�1u

hk1,...,km � Repeatp1, b, cq.

(3) Ortnormbphk1,...,km , hl1,...,lm , cq for all distinct tuples pk1, . . . , kmq, pl1, . . . , lmq P t0, . . . , b�
1um,
where Ortnormbpa1, a2, cq is the orthonormality relation meaning that pa1, b, cq and pa2, b, cq
are positional codes of tuples whose entries are 0 or 1 and who never both have 1 at the
same position. This relation is Diophantine (we leave it to the reader as an exercise to find a
Diophantine representation using results from this subsection). To see the Diophantineness
of F rbspa1, . . . , am, cq, just note that the cipher of pF pa1,1, . . . , am,1q, . . . , F pa1,c, . . . , am,cqq is°
pk1,...,kmqPt0,...,b�1um

F pk1, . . . , kmqhk1,...,km .
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2.4 Universal Diophantine equations

Just as there exist universal Turing machines which can simulate any Turing machine, in
this section we will show that there are universal Diophantine equations that describe all
Diophantine sets of a fixed dimension at once:

Definition 2.4.1. (1) A Diophantine family with code parameters is a polynomial U
with integer coefficients whose variables are partitioned into three sets: the element param-
eters X1, . . . , Xn, the code parameters K1, . . . ,Kl and the proper variables Z1, . . . , Zw.
(2) A Diophantine family with code parameters with notation as in (1) is called a universal
Diophantine family (of n element parameters) if and only if the following holds: For
all Diophantine families DpX1, . . . , Xn, Y1, . . . , Ymq with n parameters, there exist natural
numbers kD1 , . . . , k

D
l such that the Diophantine set described by D coincides with the one

described by the specification UpX1, . . . , Xn, k
D
1 , . . . , k

D
l , Z1, . . . , Zwq, where the Xi are viewed

as element parameters and the Zr as proper variables.

Before we continue, we note that to show the existence of a universal Diophantine family
with n element parameters, it suffices to find one for the Diophantine subsets of Nn (which
is what we will actually do here), i.e., one such that the condition of Definition 2.4.1(2)
holds, but where the “Diophantine set described by D” is understood as the intersection
of the Diophantine subset of Zn described by D in the “usual” sense (actually, already the
“modified” version where the proper variables existentially range over N to make things easier)
with Nn. We leave the proof of this as an exercise; the main idea is that one can encode any
Diophantine subset of Zn by a tuple of 2n Diophantine subsets of Nn by fixing the sign in
each component and taking absolute values.
The next proposition simplifies the proof of existence a little bit:

Proposition 2.4.2. (1) Let n P N. If there exists a universal Diophantine family UpX1, . . . ,
Xn,K1, . . . ,Kl, Z1, . . . , Zwq, then there also exists one with precisely one code parameter.
(2) If there exists a universal Diophantine family UpX,K,Z1, . . . , Zwq with one element pa-
rameter, one code parameter and w proper variables, then for each n P N, there exists a
universal Diophantine family UnpX1, . . . , Xn,K, Z1, . . . , Zwq with n element parameters, one
code parameter and also w proper variables.

Proof. For (1): The idea is: Since Cantor coding uses polynomials as coding functions
we can use it to code the l code parameters into a single one. Formally, we replace U
by U2pX1, . . . , Xn,K1, . . . ,Kl, Z1, . . . , Zwq � pK � 22lCantorlpK1, . . . ,Klqq

2 and now view
K1, . . . ,Kl as proper variables and K as the only code parameter.
For (2): Now we apply Cantor coding to the element parameters to reduce to the case
n � 1. More precisely, if U is as specified, then set UnpX1, . . . , Xn,K, Z1, . . . , Zwq :�
Up22nCantorpX1, . . . , Xnq,K, Z1, . . . , Zwq. We need to argue why Un is universal in n element
parameters. So let DpX1, . . . , Xn, Y1, . . . , Ymq be any Diophantine family in n parameters.
Now the polynomial D2pX1, . . . , Xn, Y1, . . . , Ymq � pX � 22nCantornpX1, . . . , Xnqq

2 witnesses
that the image of the set D of n-tuples described by D under Cantor coding is a Diophantine
subset of N, and so there is a constant k P N such that UpX, k, Z1, . . . , Zwq describes this
subset. Now for any a1, . . . , an P N, by definition Unpa1, . . . , an, k, Z1, . . . , Zwq has a root in
Nw if and only if 22nCantornpa1, . . . , anq is the 22n-fold of the Cantor number of some element
in D, i.e., if and only if pa1, . . . , anq P D.
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Thus we can restrict ourselves to the case n � 1. The idea is simple: We will code Diophan-
tine families DpX,Y1, . . . , Ymq with one element parameter X by six-tuples pb, cl, cr, d, e, fq
and potential solutions of the corresponding equations by quintuples pd, e, f, g, hq of natural
numbers. Then UpX, b, cl, cr, d, e, f, Z1, Z2, Z3, . . . , Zwq � 0 will say: “The polynomial ob-
tained from the family DpX,Y1, . . . , Ymq coded by pb, cl, cr, d, e, fq by plugging in X for the
element parameter has the number coded as a potential root by pd, e, f, Z1, Z2q as a root.”.
Universality of U is then clear, but first we must be careful about how we implement these
two codings so that everything works.
We first talk about the coding of Diophantine families DpX,Y1, . . . , Xmq. The numbers d, e, f
are easily explained: d is any number larger than the total degree of D, and e � m is the
number of proper variables. f is only introduced for notational convenience and is defined via
f :�

°e
k�1 2d

k
(this could be omitted because this defining equality is a Diophantine condition

as the reader could show as an exercise; we will not need this fact here though). The triple
pd, e, fq, which is part of the coding of the Diophantine family, is called the family’s format.
So far, we have done very well in simplifying the situation by reducing the range of certain
quantors from Z to N, but there is one thing that we do not want to change: The coefficients
of the Diophantine families to be considered can and shall be arbitrary integers. Still, we
only want to use natural numbers in the coding, so we write DpX,Y1, . . . , Ymq as a difference
ClpX,Y1, . . . , Ymq�CrpX,Y1, . . . , Ymq, where Cl and Cr have coefficients in N; the numbers b
as well as cl and cr will now be obtained from ClpX,Y1, . . . , Ymq and CrpX,Y1, . . . , Ymq respec-
tively through some general method to obtain code numbers b and c from some polynomial
CpX,Y1, . . . , Ymq with natural coefficients.
Basically, c is just an encoding for the tuple of coefficients of C via positional coding with
respect to an appropriate base b. However, for technical reasons that will reveal themselves
later, the entries of the tuple are not just the coefficients of C themselves, but multiplied with
certain factors. For the positional coding to work, we demand that b ¡ d! � maxtci0,...,im |
i0, . . . , im P N^ i0 � � � � � im   du, where ci0,...,im denotes the coefficient of Xi0Y i1

1 � � �Y im
m in

C. c is then defined via c :�
°

i0�����im d

i0! � � � im!pd� 1� � � � � imq!ci0,...,imb
dm�1�i0d0�����imdm .

If all the numbers fit together as described, the quintuple pb, c, d, e, fq is called a code of
the polynomial CpX,Y1, . . . , Ymq, and if both pb, cl, d, e, fq and pb, cr, d, e, fq are codes for
polynomials with natural coefficients ClpX,Y1, . . . , Ymq and CrpX,Y1, . . . , Ymq respectively
such that Cl�Cr � D, then pb, cl, cr, d, e, fq is called an extended code of DpX,Y1, . . . , Ymq,
and it is clear that every Diophantine family with one element parameter has an extended
code.
As for the coding of potential roots of DpX,Y1, . . . , Ymq, three of the five numbers used for
the code actually depend on the family (not the potential root itself) and have already been
defined above, namely d, e and f . For pd, e, f, g, hq to be a code for a potential root, we again
use positional coding with g as the base and h as the cipher; for the coding to work, we
demand that g ¡ maxt1, x1, . . . , xmu and h is then defined to be

°m
k�1 xkg

dk .
If we knew that Formatpd, e, fq is Diophantine, we could now also see that the relation
SCodepd, e, f, g, hq holding if and only if pd, e, fq is a format of an appropriate Diophan-
tine family (with one element parameter) and pd, e, f, g, hq is a code for a potential root of the
same family (or any family with the same format) is Diophantine, but this is not necessary.
Instead, we will define a relation SCodpd, e, f, g, hq which clearly is Diophantine and coincides
with SCodepd, e, f, g, hq if Formatpd, e, fq holds; this will be sufficient for our purposes.
To see that the following definition of SCod does the job, just observe that if Formatpd, e, fq
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holds, then the 1s in the 2-ary representation of f with respect to the base 2 are at precisely the
same positions where the xi are supposed to be in the g-ary representation of h if pd, e, f, g, hq
is to be a code for a potential root. Now, just set SCodpd, e, f, g, hq :ô Dt P NrEqualpf, 2, de�
1, t, g, de � 1q ^NotGreaterph, g, pg � 1qt, gqs.
Using the precise definitions of the two codings to be used, we can now show:

Theorem 2.4.3. There exists a Diophantine relation Solutionpa, b, cl, cr, d, e, f, g, hq of nine
natural arguments such that whenever pb, cl, cr, d, e, fq is an extended code of a Diophantine
family DpX,Y1, . . . , Ymq with one element parameter, the existence of natural numbers g, h
such that Solutionpa, b, cl, cr, d, e, f, g, hq holds is equivalent to Dpa, Y1, . . . , Ymq having a root
in Nm.

Proof. The idea is that we can compute the value of a family DpX,Y1, . . . , Ymq on an argument
pa, y1, . . . , ymq just from an extended code pb, cl, cr, d, e, fq for D, a code pd, e, f, g, hq for
py1, . . . , ymq as a potential root and the parameter value a without doing any decoding.
For this, let w ¡ d2pe�1q � ad � b � d! � he (note that this condition is Diophantine by what
we already know), and first assume that we are dealing with a family CpX,Y1, . . . , Ymq with
natural coefficients. Pass from the codes pb, c, d, e, fq of C and pd, e, f, g, hq of py1, . . . , ymq as
a potential root to codes pw, s, d, e, fq and pd, e, f, w, tq of C and py1, . . . , ymq again, but with
respect to the new common base w (note that this transformation of codes is a Diophantine
operation, by Diophantineness of Equal).
The value Cpa, y1, . . . , ymq is the corresponding linear combination of the monomial val-
ues ai0yi11 � � � y

im
m with the coefficients of C as scalars. To get a first approximation to

this, we consider the number p1 � aw � tqd�1 � p1 � awd
0
� y1w

d1 � � � � � ymw
dmqd�1 �°

i0�����im d

�
d�1

i0,...,im

�
ai0yi11 � � � y

im
m wi0d

0�����imdm . Now we already have all the monomial val-

ues coded here, but with “wrong” coefficients. To fix this, we multiply this number by
s �

°
i0�����im d

i0! � � � im!pd� 1� i0 � � � � � imq!ci0,...,imw
dm�1�i0d0�����imdm , where ci0,...,im is

the coefficient of Xi0Y i1
1 � � �Y im

m in C. Combining terms with the same power of w, we obtain

a representation p1� aw � tqd�1s �
°2dm�1�1
k�0 Ckw

k.
Now, note two things: First, by the choice of w, it is bigger than any of the Ck (because�

d�1
i0,...,im

�
ai0yi11 � � � y

im
m ¤ d! �ad �he and i0! � � � im!pd�1� i0�� � �� imq!ci0,...,im ¤ d!maxtci0,...,im |

i0 � � � � � im   du   b, and both sums have less than de�1 summands) so that we can now
view the Ck as positionally coded with respect to the base w in this product.
Second, it is not difficult to see that

Cde�1 �
¸

i0�����im d

�
d� 1

i0, . . . , im



i0! � � � im!pd� 1� i0 � � � � � imq!ci0,...,ima

i0yi11 � � � y
im
m �

pd� 1q!Cpa, y1, . . . , ymq,

and therefore, we can read off the value Cpa, y1, . . . , ymq as Elempp1�aw�tqd�1s,w,de�1�1q
pd�1q! .

Now, supposing we have written DpX,Y1, . . . , Ymq as ClpX,Y1, . . . , Ymq � CrpX,Y1, . . . , Ymq,
note that Dpa, y1, . . . , ymq � 0 if and only if Clpa, y1, . . . , ymq � Crpa, y1, . . . , ymq. There-
fore, the following definition of Solution does the job: Solutionpa, b, cl, cr, d, e, f, g, hq :ô
SCodpd, e, f, g, hq^Dsl, sr, t, w P Nrw ¡ d2pe�1q �ad �b �d! �he^Equalpcl, b, d

e�1�1, sl, w, d
e�1�

1q ^ Equalpcr, b, d
e�1 � 1, sr, w, d

e�1 � 1q ^ Equalph, g, de � 1, t, w, de � 1q ^ Elempp1� aw �
tqd�1sl, w, d

e�1 � 1q � Elempp1� aw � tqd�1sr, w, d
e�1 � 1qs.
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Corollary 2.4.4. There exists w P N such that for all n P N there exists a universal Diophan-
tine family UpX1, . . . , Xn,K, Z1, . . . , Zwq with n element parameters, one code parameter and
w proper variables.

Proof. By Proposition 2.4.2, it suffices to find a universal Diophantine family UpX,K1, . . . ,Kl,
Z1, . . . , Zwq with one element parameter and l code parameters. For this, just set l :� 6 and let
UpX,K1, . . . ,K6, Z1, Z2, Z3, . . . , Zwq witness Diophantineness of the 9-ary relation Solution,
with X,K1, . . . ,K6, Z1, Z2 as element parameters. We view U as a Diophantine family with
one element parameter X, 6 code parameters K1, . . . ,K6 and w proper variables Z1, . . . , Zw.
Then it is not difficult to see the universality of U by Theorem 2.4.3; the six code parameters
corresponding to a given Diophantine family DpX,Y1, . . . , Ymq with one element parameter
are, in that order, the entries pb, cl, cr, d, e, fq of any extended code of D.

Note that by our construction, we have not directly constructed the value for the code pa-
rameter in an injective way from a Diophantine subset of N, but from a Diophantine family
defining this subset. Hence our construction gives rise to a coding not just of Diophantine
subsets of N but even of Diophantine families with one element parameter as natural numbers,
by transforming U from the proof of Corollary 2.4.4 into a universal family U0 with just one
code parameter as in the proof of Proposition 2.4.2. Now looking carefully through this proof
again, we see that not every natural number is assumed as a code value, but only numbers
divisible by 226 . But this is not a problem, for if k is not divisible by 226 , we simply view it
as a code of the family U0pX, k, Z1, . . . , Zwq; then for all k P N, the family coded by k defines
the same Diophantine set as U0pX, k, Z1, . . . , Zwq, which is the only property that we want.
Now this coding in turn gives rise to a coding of parameter-free Diophantine polynomials
P pY1, . . . , Ymq, because we can view each such polynomial as an evaluation Dp0, Y1, . . . , Ymq
of a Diophantine family with one element parameter evaluated at 0 and call k P N a code of
P if and only if k is a code of DpX,Y1, . . . , Ymq as explained in the last paragraph.
Let us now shortly digress on Hilbert’s Tenth Problem. We have already talked about coding
integers as strings over t0, 1u, and one can also define a coding of polynomials with integer
coefficients as strings over this alphabet. Apart from the fact that the coding should be
such that it is decidable whether a string is a code of some polynomial or not, it should
have the following property: There exists a Turing machine that rejects inputs which are not
binary representations of natural numbers, and on input binpkq, computes the string code of
the parameter-free Diophantine polynomial coded in the above sense by k. It is possible to
specify such a string encoding of polynomials; actually, any “reasonable” encoding will do.
This property ensures that a set of string codes of parameter-free polynomials is recursively
enumerable if and only if the set of string codes of natural number codes of such polynomials
is recursively enumerable.
Now Hilbert’s Tenth Problem consists of precisely those string codes of parameter-free Dio-
phantine polynomials that have a root. We now show:

Proposition 2.4.5. (1) The set H0 of all natural numbers encoding parameter-free Dio-
phantine polynomials with a root is a Diophantine subset of N whose complement is not
Diophantine.
(2) Matiyasevich’s Theorem 2.1.4 implies that Hilbert’s Tenth Problem is undecidable.

Proof. (2) is immediate from (1) using the observations above about our string codes for
polynomials and referring to 1.2.12.
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For (1): Consider the universal Diophantine equation U0pX,K,Z1, . . . , Zwq with one element
parameter described above, and for k P N denote by Dk the Diophantine set defined by
UpX, k, Z1, . . . , Zwq, which coincides with the set defined by the Diophantine family associated
to the code k. We first show that the set H :� tk P N | k R Dku is not Diophantine. Assume
otherwise. Then we can fix k0 P N such that H � Dk0 . But then we get the equivalence
k0 P Hô k0 R H, a contradiction.
To show that the set H0 is Diophantine, consider the polynomial U1pX,Y1, . . . , Ywq :�
U0p0, X, Y1, . . . , Ywq and note that the Diophantine family U1pX,Y1, . . . , Ywq with one ele-
ment parameter X witnesses Diophantineness of H0.
It remains to show that NzH0 is not Diophantine. For this, note that H1 :� NzH � tk P
N | k P Dku is Diophantine, witnessed by UpX,X, Y1, . . . , Ywq. Now we will “reduce H1 to
H0 in a Diophantine way”. Consider any k P N. In order to decide whether k P H1, we can
first compute from k a code Kpkq for the parameter-free polynomial U0pk, k, Y1, . . . , Ywq; then
k P H1 ô Kpkq P H0, or k P H ô Kpkq P NzH0. Now if K is a Diophantine function of
one argument, then assuming NzH0 is Diophantine, we would get that H is Diophantine, a
contradiction.
Thus our goal is to find K as above such that it is Diophantine. For this, we need to go
through our construction of universal Diophantine equations once again to see that actually
we can let Kpkq be Kpk, kq for some Diophantine polynomial KpX,Y q of two variables.
Indeed, consider for any p, q P N the specification Wp,qpY1, . . . , Ywq :� Upp, q, Y1, . . . , Ywq.
First, we construct an extended code pb, cl, cr, d, e, fq for this polynomial. The values of d, e, f
are constants that do not depend on p, q at all. We carry out the representation as a difference
of two polynomials with natural coefficients not for the single Wp,q, but just once for U and
then specialize. This will give us values for the coefficients cl,i0,...,im , cr,i0,...,im as polynomials
in p, q with natural number coefficients. Then we can express an appropriate value for b
(i.e, such that b ¡ d!maxptcl,i0,...,im | i0 � � � � � im   du Y tcr,i0,...,im | i0 � � � � � im   duq)
as a polynomial in p, q and then express the ciphers cl, cr as polynomials in p, q. Finally,
we just apply the polynomial 226Cantor6 to the tuple pbpp, qq, clpp, qq, crpp, qq, d, e, fq to get
Kpp, qq.

2.5 Proof of Matiyasevich’s theorem

We have now developed enough theory to finally prove (the “interesting” direction of) Matiya-
sevich’s Theorem 2.1.4. First note that throughout this section we will work with one-sided
Turing machines as introduced in the second-to-last section of Chapter 1 for some notational
convenience (the reason will become clear soon).
Now for coding purposes, it will be convenient to associate natural numbers with the symbols
from our alphabet such that � gets associated with 0; we fix the coding by additionally
associating the number 1 to the symbol 0, 2 to the symbol 1 and 3 to the marker §; so the
alphabet over which we are working is X � t�, §, 0, 1u. Finally, for another ease of notation,
we will not work with the “economic” version of string encoding of numbers introduced
as a motivation (or explanation) of Matiyasevich’s theorem, but with a version of unary
encoding; that is, for n P N, we represent n itself by the string 001n, and, for n ¡ 0, the
negative number �n by 101n. We leave it as an exercise to show that this change of codes
gives an equivalent formulation of Theorem 2.1.4.
The biggest part of the work for the proof will be put into three lemmata beforehand.
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Lemma 2.5.1. (“Reduction to the natural number case”)
Assume that for all n P N, n ¥ 1, and all subsets S � Nn, if the set of strings consisting of
the canonical codes of elements of S is recursively enumerable, then S is Diophantine. Then
Theorem 2.1.4 holds.

Proof Sketch. This is basically the same idea at which we hinted for the exercise to reduce
the proof of existence of universal Diophantine equations to the natural number case; note
that it is easy to combine the 2n enumeration machines for the (string codes of) subsets of Nn
that stand for the entire set S into an enumeration machine for the (string code of) S.

So we only need to take care of the natural number case. For the rest of this section, we fix a
subset S � Nn such that the set S̃ of string codes of elements of S is recursively enumerable.
By Proposition 1.2.19, we can fix a Turing machine A, w.l.o.g. single-tape, such that A halts
on some input x P t0, 1u� if and only if x P S̃. Also w.l.o.g. we can assume that the set of
states of A is t1, 2, . . . , su for some s P N, s ¥ 3.
We will first show that we can view transition from one configuration of A to the successor
as a Diophantine function. For this, we need to code configurations by tuples of natural
numbers. Set β :� s � 1; this will be a fixed base for positional coding. We call pp, tq P N2

a configuration code if and only if rempt, βq � 3 and there exists some c P N such that
Smallpt, β, c, 3q and p � i � βk for some i P t1, . . . , su and k P N, k   c, hold.
The intuition behind this is that p (like “position”) with respect to the base β encodes a tuple
of the form p0, . . . , 0, i, 0, . . . , 0q where the position of i in the tuple is also the position of the
head on the tape for the configuration to be encoded and i the state of the configuration,
whereas t (like “tape”) with respect to β encodes a tuple of the numbers associated with the
tape contents of the configuration starting from cell number 0 (which necessarily carries the
symbol § � 3) such that all symbols that come after the last symbol listed in the tuple are
�. Note that each configuration of A has infinitely many codes. We can now formulate and
prove:

Lemma 2.5.2. (“Diophantine simulation of a single step of A”)
There exist Diophantine functions NextP,NextT of two arguments such that whenever pp, tq is
a configuration code (for the fixed Turing machine A), then pNextPpp, tq,NextTpp, tqq is a code
for the successor of the configuration coded by pp, tq, where we view any halting configuration
of A as its own successor.

Proof. We first define from A three Diophantine functions A,D,Q that describe the different
aspects of the transition from one configuration of A to its successor. If 1 ¤ i ¤ s and
0 ¤ j ¤ 3, then Api, jq is defined to be the symbol that A prints when reading the symbol
associated to j in state i; else Api, jq :� j. Dpi, jq is defined similarly, but describing in the
“meaningful” case the direction of the motion of the head. Finally, again in the “meaningful”
case, Qpi, jq is the state that A changes into when reading j in state i.
Using our technique of extending Diophantine functions to tuples, it is easy to see the existence
of a Diophantine function NextT as desired because we can get a tuple encoding the tape
contents of the successor configuration of the one coded by pp, tq by applying the function
A to the corresponding entries of the tuples coded by p and t, whence we can define t1 �
NextTpp, tq :ô Dw P Nrt1 � Arβspp, t, wqs.
The existence proof for NextP is similar, but a bit more involved because the k-th entry of
a tuple encoding the head position and state of the successor configuration of the one coded
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by pp, tq does not only depend on the k-th entries of the tuples coded by p and t, but also on
their pk � 1q-th and pk � 1q-th entries.
For c P tp, tu, set cl :� cβ, cr :� c div β. Note that the first entry of any tuple coded by cl is
0, whereas its k-th entry, for k ¥ 2, is the pk� 1q-th entry of any sufficiently long tuple coded
by c, and similarly the last entry of any tuple coded by cr, say of length m, is 0, and its k-th
entry for k   m is the pk � 1q-th entry of any sufficiently long tuple coded by c.
Now we can define a Diophantine function DQ of six natural arguments as follows:

DQpil, i, ir, jl, j, jrq :�

$''&
''%

Qpil, jlq if il ¡ 0, i � ir � 0 and Dpil, jlq � 1,
Qpi, jq if il � 0, i ¡ 0, ir � 0 and Dpi, jq � 0,
Qpir, jrq if il � i � 0, ir ¡ 0 and Dpir, jrq � �1,

0 otherwise

and the function DQ allows us to finally define NextP by: p1 � NextPpp, tq :ô Dw P Nrp1 �
DQrβsppβ, p, p div β, tβ, t, t div βq.

Now that we have the Diophantine functions NextP and NextT at our disposal, we define
three-argument functions AfterP and AfterT in a simultaneous recursion via

AfterPp0, p, tq :� p,AfterTp0, p, tq :� t,

AfterPpk � 1, p, tq :� NextPpAfterPpk, p, tq,AfterTpk, p, tqq,

AfterTpk, p, tq :� NextTpAfterPpk, p, tq,AfterTpk, p, tq.

It is clear that if pp, tq is a code for a configuration of A, then pAfterPpk, p, tq,AfterTpk, p, tqq
is a code for the k-th successor of this configuration. We are almost done with the proof of
Matiyasevich’s theorem once we have established:

Lemma 2.5.3. (“Diophantine simulation of several steps of A”)
The functions AfterP and AfterT are Diophantine.

Proof. We consider the following system of Diophantine conditions with element parameters
p, t, k and proper variables l, pL, tL, pM , tM , pR, tR, p

1, t1 (which we will motivate in an instant):
(1) p   βl�k�1,
(2) t   βl�k�1,
(3) p1   βl�1,
(4) t1   βl�1,
(5) pR � NextPppL, tLq,
(6) tR � NextTppL, tLq,
(7) ConcatppL, β, kl, p, β, l, pM , β, pk � 1qlq,
(8) ConcatptL, β, kl, t, β, l, tM , β, pk � 1qlq,
(9) ConcatppR, β, kl, pM , β, pk � 1ql, p1, β, lq,
(10) ConcatptR, β, kl, tM , β, pk � 1ql, t1, β, lq.
We will show that for all p, t, k P N, if pp, tq is a configuration code, then this system has a
solution in its proper variables, all solutions are uniquely determined by the value of l, and for
each solution p1 � AfterPpp, t, kq and t1 � AfterTpp, t, kq; from all this, the Diophantineness
of AfterP and AfterT immediately follows.
The proof of existence of a solution also serves to motivate the ideas behind the system. For
fixed p, t, k, we consider all the intermediate configurations ppi, tiq for i � 0, . . . , k, where
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pp0, t0q � pp, tq, ppi�1, ti�1q � pNextPppi, tiq,NextTppi, tiqq. Set p1 :� pk, t
1 :� tk. Choose l so

big that (1) and (2) hold.
Condition (1) means that in the configuration coded by pp, tq, at most the first l� k� 1 cells
of the tape can carry a proper symbol, and (2) that the head is also resting on one of the
first l � k � 1 cells. After the following k work steps, at most k more cells can be filled, and
the head can only move this many steps, which immediately gives (3) and (4) by our choice
of p1 and t1. Note, however, that this inequality not only holds of p1 and t1, but of all pi and
ti, whence we can view l as the length of tuples coding the intermediate configurations.
Now we define pL (resp. tL) as the cipher of the code of the concatenation of the tuples of
length l coded by the first k ciphers pi (resp. ti) with respect to the base β, and analogously
with R instead of L, replacing the word “first” by “last”. ppL, tLq and ppR, tRq are to be
viewed as codes of “superconfigurations”, that is, configurations of a “supermachine” whose
one work tape has k parts, separated by cells marked with § and which has a head on each
of the parts to carry out k work steps of A at once.
The nice thing is that our definitions of the functions NextP and NextT also “work correctly”
on codes of superconfigurations, giving us (5) and (6). For (7)-(10), we simply define pM and
tM as the “common part” of the two superconfigurations, i.e., pM is the cipher for the code
with respect to the base β of the tuples (of length l) coded by p1, . . . , pk�1, and analogously
for tM ; then these last relations are clear by definition. Note that clearly, for the solution
specified, p1 � AfterPpk, p, tq and t1 � AfterTpk, p, tq.
So all that remains is to show uniqueness of solutions given a fixed value of l (and still,
assuming that pp, tq is a configuration code). For this, note that by (7) and (8), the first l
entries of the tuples coded by ppL, β, klq and ptL, β, klq are uniquely determined. Now by (5)
and (6), we can basically just pass from these tuples to the ones coded by ppR, β, klq and
ptR, β, klq; however, note that in order to know the first m entries of any tuple coded by the
cipher NextPpp0, t0q for some p0, t0 P N, one needs to know the first m � 1 entries of any
tuples coded by p0 and t0 respectively, so for the moment, we only get that the first l � 1
entries of the tuples coded by ppL, β, klq and ppR, β, klq are uniquely determined. But by
(9) and (10), these coincide with the first l � 1 entries of the tuples the codes of which are
ppM , β, pk � 1qlq and ptM , β, pk � 1qlq respectively, and by another application of (7) and (8),
we get that even the first 2l � 1 entries of the tuples with codes ppL, β, klq and ptL, β, klq are
uniquely determined.
Inductively continuing this argument, we see that eventually, we can establish that all entries
of the tuples with one of the codes ppL, β, klq, ptL, β, klq, ppM , β, pk�1qlq, ptM , β, pk�1qlq and all
except possibly the last of the entries of the tuples positionally coded by ppR, β, klq, ptR, β, klq,
pp1, β, lq, pt1, β, lq are uniquely determined; but by (3) and (4), this last entry must be 0, whence
we are done.

Proof of Theorem 2.1.4. Let i0, i1 P t1, . . . , su be the start and halting state of A. Note
that the Diophantine condition Dk, r P NrElempAfterPpk, p, tq, β, rq � i1s holds for some
configuration code pp, tq if and only if A eventually halts after reaching the configuration
coded by pp, tq.
To get a Diophantine representation of S, all that is left to do is to adequately spec-
ify values for p and t in terms of the entries of n-tuples of natural numbers (since we
are interested in whether A halts on the start configurations of the corresponding string
codes). It is clear that in this case p � i0, and that, setting a :� 2a1 � � � � � 2an �
4n � 1 (a is the number of cells needed to print the string code of pa1, . . . , anq, which
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in this case is just the concatenation of the string codes of a1, . . . , an, on the work tape):
The tuple positionally coded by pt, β, aq is the concatenation of the tuples whose codes are
p3, β, 1q, p0, β, 4q, pRepeatp1, β, 2a1q, β, 2a1q, . . . , p0, β, 4q, pRepeatp1, β, 2anq, β, 2anq in this or-
der. Note that we can write this down as a Diophantine condition because n is fixed.
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3 Group-Theoretic Foundations

This chapter, just as the preceding two, is devoted to the discussion of basic concepts which we
will need later. After having developed a formal notion of “algorithm” and its most important
properties as well as a deep theorem relating recursion theory and number theory, we now
turn to the algebraic methods and results involved in proving the undecidability of the word
problem.

3.1 Free monoids and group presentations

This section is based on (2). Recall from Chapter 1.1 that we can view any set X as an
alphabet. We already stated that the set X� of all words over X together with the binary
operation of “concatenation” forms a monoid; it is called the free monoid over X. In this
section, we will see that it is in some sense the most general monoid generated by X and
how we can use it to get the most general groups generated by X under certain relations. Of
course, we need to define formally what this should even mean.

Definition 3.1.1. Let X be an alphabet.
(1) A monoid relator over X is just a word over X, i.e., an element of X�.
(2) A monoid relation over X is an ordered pair of monoid relators over X; when viewing
pv, wq P pX�q2 as a monoid relation, we shall write “v � w” instead of pv, wq.

These concepts correspond to the syntax of the simple formal language which we want to
develop to talk about relations in monoids. As for the semantic level, in order to be able
to say whether a monoid relation over X holds or not, we first need to specify what the
“variables” stand for:

Definition 3.1.2. Let M be a monoid, X an alphabet.
(1) An assignment for X in M is just a function α : X ÑM .
(2) For any monoid relator w P X� and assignment α : X Ñ M , define the value of w
under α, denoted valαpwq, recursively by: valαpHq :� 1M , and else, writing w �� H as
w � w1x, x P X, valαpwq :� valαpw

1q � αpxq.
(3) Let v � w be a monoid relation over X, α : X ÑM an assignment. We say that M under
α satisfies the relation v � w, in symbols M |ùα v � w, if and only if valαpvq � valαpwq.

The following result, known as the universal property of free monoids, is now immediate:

Proposition 3.1.3. Let M be a monoid, X an alphabet, α : X Ñ M an assignment. Then
there exists exactly one monoid homomorphism f : X� ÑM such that f æ X � α.

Proof. It is not difficult to check that valα is a monoid homomorphism X� Ñ M extending
α. Uniqueness is clear because the homomorphism is specified on a generating subset.

We also have the following easy result:

Proposition 3.1.4. Let M,M 1 be monoids, f : M Ñ M 1 a monoid homomorphism, X an
alphabet and α : X Ñ M an assignment. Then for any monoid relation v � w over X, the
following implication holds: M |ùα v � w ñM 1 |ùf�α v � w.

Proof. Let v � x1 � � �xn, w � y1 � � � ym. Then M |ùα v � w means αpx1q � � �αpxnq �
αpy1q � � �αpymq. Now just apply f to both sides.
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In words, the statement of Proposition 3.1.4 can be roughly rephrased as “Homomorphisms
transfer relations.”; one can prove in the framework of universal algebra an according state-
ment for any algebraic structure. Thus, the image of any algebraic structure under a homo-
morphism can only become “more special” in the sense that the elements corresponding to
the images of elements of a generating subset of the domain satisfy even more relations.
Together with Proposition 3.1.3, this gives the “generality” of free monoids mentioned at the
beginning: Any relation satisfied by the elements of the canonical generating subset X of X�

must be satisfied by any monoid M under any assignment α : X ÑM . In fact, the relations
satisfied by X� are only the trivial ones of the form v � v for v P X�. Of course, this property
determines X� up to isomorphism:

Proposition 3.1.5. Let M be a monoid, X � M such that for any monoid M 1 and any
assignment α : X Ñ M 1 there exists exactly one homomorphism f : M Ñ M 1 extending α.
Then there exists an isomorphism X� ÑM extending idX on X.

Proof. We can view idX both as an assignment X Ñ X� and X Ñ M . Using the universal
property of M and X� respectively, we get homomorphisms f : X� Ñ M and g : M Ñ X�

both extending idX on X. We want to show that f and g are inverse isomorphisms; for this
purpose, we consider the concatenations f �g : M ÑM and g�f : X� Ñ X�. The restrictions
to X of both of these concatenations is idX , but again by the universal property of M and
X� respectively, in each case there can only be one homomorphism with this property, and
idM and idX� respectively is one. Hence, f � g � idM and g � f � idX� , and we are done.

We next want to adapt these ideas to groups. The first thing we need to modify is the formal
language, since we also want to be able to talk formally about inversion. However, since for
any group G and any x1, . . . , xn P G, we have px1 � � �xnq

�1 � x�1
n � � �x�1

1 , we do not lose
any “expressiveness” by only considering concatenations of symbols and “formal inverses” of
symbols:

Definition 3.1.6. (1) Let X be an alphabet, X�1 a disjoint copy of X, i.e., a set Y
disjoint from X together with a bijection i : X Ñ Y . We call the elements of X�1 the
formal inverses of the elements of X; instead of ipxq, we write x�1.
From now on, we assume that we have given a set X together with a disjoint copy X�1 of X,
and we view X YX�1 as an alphabet.
(2) A group relator over X is just a word over X YX�1.
(3) A group relation over X is an ordered pair of group relators; again, instead of pv, wq,
we rather write “v � w”.
Now let G be any group.
(4) An assignment for X in G is just a function α : X Ñ G.
(5) For any assignment α : X Ñ G and word w P pX Y X�1q�, we define the value of w
under α, denote valαpwq, by valαpHq :� 1G, and else, writing w � w1xε with x P X and
ε P t1,�1u, valαpwq :� valαpw

1q � αpxqε.
(6) Let v � w be a group relation over X, α : X Ñ G an assignment. We say that G under
α satisfies the relation v � w, in symbols G |ùα v � w, if and only if valαpvq � valαpwq.

Note that for any set X, there exists a disjoint copy of X; one can, for instance, first identify
the elements x of X with tx0, xyu as we did before and then set x�1 :� tx1, xyu for any
x P X. Of course, when viewing X YX�1 as an alphabet, x P X would then correspond to
tx0, tx0, xyuyu and x�1 to tx0, tx1, xyuyu.
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Now the set pX Y X�1q� basically contains all we need to form the free group over X, but
it is not a group itself, since x and x�1 are always viewed just as two different unrelated
letters, and xx�1 is, as a word of length 2, different from the identity element. To change this
situation, we need to identify elements of pX YX�1q� in a certain manner:

Definition 3.1.7. (1) Let M be a monoid. A monoid congruence on M is an equivalence
relation � on M such that for all a, a1, b, b1 PM : a � a1 ^ b � b1 ñ ab � a1b1.
(2) Let G be a group. A group congruence on G is just a monoid congruence on G.

Note that group congruences also commute with inversion, since for any a, b P G, whenever
a � b, it follows that a�1 � a�1 �1G � a�1bb�1 � a�1ab�1 � 1G � b

�1 � b�1. Again, one could
define a notion of “congruence” for any algebraic structure, but we only need it for these
two cases. The reason to study congruences and not just equivalence relations on algebraic
structures is the following proposition, which is immediate from Definition 3.1.7:

Proposition 3.1.8. (1) Let M be a monoid, � an equivalence relation on M . Then � is a
monoid congruence on M if and only if the following binary operation � on the quotient set
M{� is well-defined: rms� � rm

1s� :� rm �m1s�. In this case, the quotient set endowed with
this binary operation is again a monoid called the quotient monoid of M by �, and the
canonical map π : M ÑM{�, x ÞÑ rxs�, is a monoid homomorphism.
(2) Like (1), but replacing every occurrence of the word “monoid” by “group”.

Actually, for group congruences, we have the following correspondence theorem, the (easy)
proof of which is left as a strongly recommended exercise for readers unfamiliar with the
result:

Theorem 3.1.9. Let G be a group, CpGq the set of all group congruences on G and N pGq
the set of all normal subgroups of G. Consider the maps ν : CpGq Ñ N pGq, C ÞÑ r1GsC ,
where rgsC denotes the equivalence class of g P G under C, and κ : N pGq Ñ CpGq, given
by @g, g1 P G : xg, g1y P κpNq ô g�1g1 P N for N P N pGq (where the brackets denote the
Kuratowski pair). Then:
(1) The maps ν and κ are inverse bijections.
(2) Let � be a group congruence on G, and make the quotient set G{� into a group as in
Proposition 3.1.8. Then pG{�q � pG{νp�qq via rgs� ÞÑ g � νp�q for g P G.

So, group congruences are really just another way of describing normal subgroups.
Returning to our original problem of identifying certain elements of pXYX�1q�, consider the
following definition:

Definition 3.1.10. Let X be an alphabet, v, w P pXYX�1q�. v and w are called congruent,
in symbols v � w, if and only if there exists a finite sequence pv1, . . . , vnq of elements of
pX Y X�1q� such that that v1 � v, vn � w and for all i P t1, . . . , n � 1u, vi�1 arises from
vi from a so-called trivial transformation, i.e., by insertion or deletion of a successive
substring of the form xx�1 or x�1x for x P X.

So, if, for example, X � tx, yu, then xyxx�1y�1 � x, with pxyxx�1y�1, xyy�1, xq a finite
sequence witnessing this congruence. Now it is not difficult to prove the following:

Proposition 3.1.11. Let X be an alphabet, � as in Definition 3.1.10. Then � is a monoid
congruence on pX Y X�1q�, and the corresponding quotient monoid is a group G satisfying
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the following property: For any group H and any map f : X Ñ H, there exists exactly one
homomorphism of groups f : G Ñ H such that f � ι � f , where ι : X Ñ G is the restriction
of the canonical projection π : pX YX�1q� Ñ G to X.

Proof. It is routine to check that � is a congruence on pX YX�1q� so that the quotient will
at least be a monoid. But, of course, the inverse of rxε11 � � �x

εn
n s� is given by rx�εnn � � �x�ε11 s�.

To show the universal property, fix a group H and a map f : X Ñ H. Define a map
g : X YX�1 Ñ H extending f by setting gpx�1q :� fpxq�1 for x P X. Then by the universal
property of free monoids, g extends to a homomorphism of monoids g : pX Y X�1q� Ñ H.
We now want to define a homomorphism f : GÑ H by setting fprws�q :� rgpwqs�. It will be
clear that f is a homomorphism of groups once we have verified that it is even well-defined.
So suppose we have two words w,w1 P pX Y X�1q� such that w � w1. We need to show:
gpwq � gpw1q. But w1 arises from w by a series of trivial transformations (see Definition
3.1.10), so by an easy induction on the length of the series, we get the desired conclusion.
Uniqueness of the homomorphism is clear again.

The group G � pX YX�1q�{� is called the free group over X, denoted F pXq. Just like
the free monoids for the class of all monoids, the free groups are the most general groups in
the class of all groups, and are determined up to isomorphism by their universal property.
Note that by choosing, for any fixed group H, a generating subset X � H, we can write H
as a homomorphic image of a free group (namely F pXq) by Proposition 3.1.11; so any group
is a quotient of a free group. The kernel of the corresponding epimorphism then contains
precisely those equivalence classes of words of pX YX�1q� whose value in H is 1H , i.e., the
equivalence classes of relators r such that the relation r � 1 holds in H (here, we are writing
1 instead of H). Conversely, given an alphabet X and a set R of group relators over X, we
can always construct the most general group generated by X under the relations r � 1 for
r P R as a quotient of F pXq:

Proposition 3.1.12. Let X be an alphabet, R � pX Y X�1q�. Set G :� F pXq{xxπpRqyy,
where π : pX Y X�1q� Ñ F pXq is the canonical projection and xxSyy for S � G is the
normal subgroup of G generated by S. Also, consider the assignment α : X Ñ G given as the
composition of the canonical epimorphism F pXq Ñ G with the restriction of π to X. Then
G |ùα r � 1 for all r P R. Also, G satisfies the following universal property: For any group
H and any assignment f : X Ñ H such that H |ùf r � 1 for all r P R, there exists exactly
one homomorphism f : GÑ H such that f � α � f .

Proof. Let r P R. Then, G |ùα r � 1 just means that πprq is mapped to the identity in G
by applying the canonical map F pXq Ñ G. But this is true by construction, since G is the
quotient of F pXq by the normal subgroup generated by πpRq of which πprq is an element.
For the universal property, fix a group H and an assignment f as in the assumptions. Then by
the universal property of free groups, we first get a homomorphism rf : F pXq Ñ H extending
f on the canonical image of X in F pXq. But the assumption H |ùf r � 1 for all r P R can be

translated to πprq P kerp rfq for all r P R, whence xxπpRqyy � kerp rfq, so that rf factors through
G, giving us a homomorphism f : GÑ H as desired. Again, uniqueness is clear.

We now define some notation:

Definition 3.1.13. Let X be an alphabet, R � pX Y X�1q�. Then xX | Ry is shorthand
for F pXq{xxπpRqyy as in Proposition 3.1.12. We speak of the group presentation with
generators x for x P X and relators r for r P R.
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Sometimes, instead of displaying the right half of a group presentation as a set of relators,
it is more convenient to write its elements as group relations; since any group relation can
be expressed by saying that a certain group relator represents the identity, this gives an
equivalent notion of “group presentation”.

Example 3.1.14. (1) xX | Hy is the free group over X.
(2) xx | xny for n P N is Cn � Z{nZ (note that F ptxuq � Z).
(3) xx, y | x2, y3, xyx�1y�1y � xx, y | x2 � y3 � 1, xy � yxy is C2 � C3.

The following proposition gives an alternative construction of xX | Ry; we leave its proof as
an exercise:

Proposition 3.1.15. Let X be an alphabet, R � pX Y X�1q�. Define a relation � on
pX Y X�1q� by v � w if and only if w arises from v by a finite sequence of so-called R-
admissible transformations; these are trivial transformations as in Definition 3.1.10 as
well as insertions or deletions of substrings of the form r for any r P R. Then � is a monoid
congruence on pX Y X�1q�, and the corresponding quotient monoid is a group G satisfying
all the relations r � 1 for r P R under the assignment f : X Ñ G given by the restriction of
the canonical map pX YX�1q� Ñ G to X; furthermore, the homomorphism f : xX | Ry Ñ G
obtained from f via the universal property of xX | Ry is an isomorphism.

3.2 The word problem for countable presentations

We continue with another section based on (2). Suppose we are given a group presentation
xX | Ry and a relator w P pX Y X�1q� and asked to determine whether w represents the
identity in the presentation or not; alternatively, using Proposition 3.1.15, whether w can be
transformed toH by a finite number of R-admissible transformations. Note that this amounts
to being able to decide for any two relators v, w P pX Y X�1q� whether they represent the
same element of the group presented, since this is equivalent to v�1w representing the identity.
We can always answer this question in finite time for the exemplary presentations given in
Example 3.1.14; for (2) and (3), this is very easy, and for (1), we refer to:

Proposition 3.2.1. Let X be an alphabet. A word w P pX Y X�1q� is called trivially
reduced if and only if it does not contain a substring of the form xx�1 or x�1x for some
x P X. A word w is called a trivially reduced form of v if and only if w is trivially reduced
and v � w in the sense of Definition 3.1.10. Then the following hold:
(1) Every word v P pX YX�1q� has exactly one trivially reduced form, denoted by v.
(2) For any v P pX YX�1q�: F pXq |ùπ v � 1 if and only if v � H, where π is the restriction
of the canonical map pX YX�1q� Ñ F pXq to X.

Proof. (2) follows from (1), since F pXq |ùπ v � 1 by construction of F pXq just means that v
can be transformed to H by a finite sequence of trivial transformations.
For (1): First note that existence of trivially reduced forms is easy: If v P pX YX�1q� is not
trivially reduced itself, just keep deleting substrings of the form xx�1 or x�1x until the word
you get is reduced (formally, we would proceed by induction on the length of v).
Now assume w1 and w2 are both trivially reduced forms of v. We need to show w1 � w2.
First note that in particular w1 � w2, so w2 arises from w1 by a finite sequence of trivial
transformations which we shall call henceforth a derivation of w2 from w1. Now observe
that whenever in such a derivation a deletion step directly precedes an insertion step, we
can “swap” the two steps; for example, we can replace any part of the derivation of the
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form pu1xx
�1u2u3, u1u2u3, u1u2yy

�1u3q by pu1xx
�1u2u3, u1xx

�1u2yy
�1u3, u1u2yy

�1u3q and
the resulting finite sequence of words will still be a derivation of w2 from w1; the other cases
to be considered are treated similarly; should the insertion happen at the same spot as the
deletion, just insert the corresponding string right next to the string to be deleted afterward.
Repeatedly applying these replacements, we get a derivation of w2 from w1 which first only
consists of insertions and then only of deletions. So w1 and w2 are both trivially reduced
forms of the longest word v1 appearing in this derivation and obtainable from v1 by a finite
sequence of deletions only.
Thus it suffices to show that we cannot arrive at two different trivially reduced words from
any word v by using only deletions. This is proved by induction on the length of v. If v
itself is reduced, this is trivial, also giving the induction base. Now assume the assertion has
already been proved for all words of smaller length than v. Let w1 and w2 be trivially reduced
and obtained from v by applying only deletions. There are two cases:
Case 1: The first deletions “overlap”, i.e., v is of the form u1xyzu2 (x, y, z being symbols,
i.e., either letters from X or formal inverses of letters), and w.l.o.g. in the first step of the
derivation of w1 from v, the substring xy is deleted whereas in the first step of the derivation
of w2, yz is deleted. But then for some letter t P X, either xy � tt�1 ^ yz � t�1t or
xy � t�1t^ yz � tt�1; in both cases, the words obtained after the first deletion step in both
derivations are the same! We can now conclude using the induction hypothesis.
Case 2: The first deletions do not overlap. Then v is w.l.o.g. of the form u1xx

�1u2yy
�1u3,

and w.l.o.g. in the first step of the derivation of w1, xx�1 is deleted whereas in the other
derivation, for the first step yy�1 is deleted. But then u1u2u3 can be obtained from the word
after the first deletion step in both derivations (denoted v1 and v2 respectively) with one
deletion, and so any reduced form of it obtained using only deletions will be a reduced form
of both v1 and v2 obtained this way. By the induction hypothesis, we get w1 � u1u2u3 (since
both are reduced forms of v1 obtained by a sequence of deletions) and w2 � u1u2u3. Hence
w1 � w2, as desired.

From Proposition 3.2.1, it follows that for any group G and any subset X � G, the subgroup
of G generated by X is canonically isomorphic (via the homomorphism from F pXq obtained
by the universal property) to F pXq if and only if no nontrivial reduced word w over XYX�1

becomes 1G when interpreted in G. In this case, we call X a free basis for the subgroup
generated by it.
Also by this proposition, we can effectively decide whether a given word v over X Y X�1

represents the identity in F pXq or not, by making trivial deletions in v until we reach a trivially
reduced word and check if it is empty or not. So, supposing X is countable (otherwise, there
are too many words for an encoding), we can encode words over XYX�1 in some “reasonable”
form (see for instance the next definition) as inputs for a Turing machine which then carries
out these work steps to decide whether the word represents the identity in F pXq or not. We
now make the following general definition:

Definition 3.2.2. Let X be a countable alphabet, R � pX YX�1q�, and fix some well-order
� of type α ¤ ω on X.
(1) Let ψ denote the unique order isomorphism X Ñ α, and define an injection ϕ� : pX Y
X�1q� Ñ t0, 1u� by xε11 � � �x

εn
n ÞÑ rδ1binpψpx1qq, . . . , δnbinpψpxnqqs, where δk is defined to be

0 if εk � 1 and 1 otherwise. ϕ� is called the word Gödelization function under �, its
values are the Gödelizations of words under �.
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(2) The word problem for the presentation xX | Ry w.r.t. �, denoted WPX,R,�, is the
set of all word Gödelizations under � which represent the identity in xX | Ry.

Our observations from above show that WPX,H,� is decidable for any countable X and any
well-order � onX. However, in general, this is not independent of the choice of �; for example,
take any countably infinite X and fix a well-order �0 on X, giving us an enumeration of its
elements as xn, n P N. Now define R :� txnn | n P Nu. We shall see later that xX | Ry is a
so-called free product, and by the normal form theorem for free products, for any n, k P N,
we have that xkn � 1 in xX | Ry if and only if n | k. From this, it is not difficult to see that
for any two well-orders �1,�2 on X with �1 �� �2, we have WPX,R,�1 �� WPX,R,�2 , giving
us 2ℵ0 “different word problems” for this presentation. But there are only ℵ0 many Turing
machines overall, so not all WPX,R,� for � a well-order on X can be decidable.
However, we shall only be interested in presentations xX | Ry with |X|   ℵ0, and it is easy
to see that for these, the decidability of the word problem is independent of the choice of the
well-order � (because for any two well-orders �1 and �2 on X, there is a Turing machine
“translating” Gödelizations with respect to �1 into the corresponding Gödelizations with
respect to �2). Thus, henceforward we shall only speak of the “decidability of the word
problem of the presentation xX | Ry”.
Actually, we can loosen up our mode of speech in the case |X|   ℵ0 even more, according to
the next proposition:

Proposition 3.2.3. Let X,Y be finite alphabets, R1 � pX YX
�1q�, R2 � pY Y Y

�1q� such
that xX | R1y � xY | R2y. Then the word problem of xX | R1y is decidable if and only if the
word problem of xY | R2y is decidable.

Proof. By symmetry, it suffices to show one direction of this equivalence. So assume that the
word problem of xX | R1y is decidable. Fix well-orders �X and �Y on X and Y respectively.
Now fix a Turing machine A deciding WPX,R,�X

, and fix an isomorphism f : xY | R2y Ñ
xX | R1y. Now, since Y is finite, f is “computable” in the sense that given any word over
Y YY �1, we can effectively compute a word over XYX�1 representing the image in xX | R1y
under f of the element represented by the given word in xY | R2y; just “store”, for any
symbol t P Y YY �1, a word over X YX�1 representing the image of the element represented
by t (this needs finitely many states). The machine B “computing f” first prints 1 as the
very first output bit and then just reads its input symbolwise and concatenates stored values
accordingly to form the rest of the output. But then the function really computed by B (in
the sense of Definition 1.2.6) is a reduction of WPY,R2,�Y

to WPX,R1,�X
.

By Proposition 3.2.3, we can define (un-)decidability of the word problem as an abstract
property of finitely generated groups, by saying that a finitely generated groupG has decidable
word problem if and only if for some (and thus, for any) finite generating subset X of G and
well-order � on X, WPX,kerπ,� is decidable, where π denotes the canonical epimorphism
π : pX YX�1q� Ñ G.
Note that presentations even of finitely generated groups with decidable word problem can
have undecidable word problem if they use infinitely many generators and a “pathological”
set of relators. For example, fix any recursively enumerable but not recursive subset S � N
(see Theorem 1.3.12) and note that by the observations from the beginning of this section
and the mode of speech just introduced in the last paragraph, the free group F px, yq over
2 generators has decidable word problem. However, the following is a presentation of this
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group which has undecidable word problem (because S can be reduced to it): xx, y, zn pn P
Nq | x�1zn pn P Sq, y

�1zn pn P NzSqy.
However, there are also far less “pathological” presentations with undecidable word problem.
Among the most harmless presentations are certainly the finite ones, where a presentation
xX | Ry is called finite if and only if both X and R are finite; this is even stronger than just
demanding X to be finite and R to be recursive (so one cannot “pull a trick” like the one
in the last paragraph). And yet, there are finite presentations (and thus, finitely generated
groups) with undecidable word problem, but this is far less trivial. Before we can discuss how
to prove this, we need some more concepts from combinatorial group theory, introduced in
the next few sections.

3.3 HNN extensions

This section (and the next one) is based on (10). HNN stands for “Higman-Neumann-
Neumann”, the names of the three mathematicians who introduced this notion in 1949.
Suppose we are given a group G, two isomorphic subgroups A,B ¤ G and an isomorphism
ϕ : A Ñ B. Then ϕ is not necessarily the restriction of the conjugation by some element
of G to A, but we can construct a bigger group, called the HNN extension of G w.r.t.
A, B and ϕ and denoted G�pϕq, in which this is the case. Actually, its definition is rather
self-suggesting:

Definition 3.3.1. Let G be a group, A,B ¤ G, ϕ : A Ñ B an isomorphism. Then G�pϕq is
defined as xG, t | t�1atϕpaq�1pa P Aqy. In this construction, G is called the base of the HNN
extension, t is called the stable letter and A,B are the associated subgroups.

Note that the notation used in Definition 3.3.1 is not completely precise; what we mean
is that we take any presentation of G, add another generator t and, for any a P A (or,
equivalently, just for the elements a of some generating subset of A), choose words wa and
va over the generators of the presentation of G and their formal inverses representing a and
ϕpaq respectively and add the relator t�1watv

�1
a , where v�1

a is the formal inverse of the word
va (write down the word in the reverse order and change the sign of all exponents). We leave
it as an exercise to show that all presentations obtained in this way are isomorphic.
All the desired properties from the motivation before Definition 3.3.1 are clear by construction
except for the fact that G canonically embeds into G�pϕq. This actually is not so trivial, and
we shall show it by means of the so-called normal form theorem for HNN extensions, reducing
the syntax of HNN extensions to the syntax of the base group (so from a logical viewpoint,
we shall be doing proof theory for the formal system given by HNN presentations). Let us
first define the important notions:

Definition 3.3.2. Let G be a group, A,B ¤ G, ϕ : AÑ B an isomorphism, t a stable letter.
(1) A finite sequence pg0, t

ε1 , g1, . . . , t
εn , gnq with n ¥ 0, gi P G and εj P t1,�1u is called HNN

reduced if and only if it does not contain a successive subsequence of the form pt�1, gi, tq with
gi P A or pt, gj , t

�1q for gj P B.
(2) Fix a set of representatives A of the right cosets of A and B of the right cosets of B in G
respectively such that 1G P AX B. A finite sequence pg0, t

ε1 , g1, . . . , t
εn , gnq as in (1) is called

an HNN normal form w.r.t. A and B if and only if εi � �1 ñ gi P A, εi � 1 ñ gi P B
and the sequence does not contain a successive subsequence of the form ptε, 1, t�εq.
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The idea behind these two concepts is that any element of the corresponding HNN extension
has a reduced representation (this is easy) from which one can read whether the element is the
identity in the extension or not. However, reduced representations are not unique since, e.g.,
any normal form is a reduced sequence (because otherwise, the existence of a subsequence
pt�1, a, tq with a P A together with the first of the two implications from Definition 3.3.2(2)
gives a � 1G, a contradiction to the last property demanded, and similarly for the other case),
but different choices for A and B give different normal forms. However, when fixing A and
B, then normal forms become canonical reduced form representations, with each element of
the HNN extension having precisely one representation by a normal form:

Theorem 3.3.3. (Normal Form Theorem for HNN Extensions)
Let G be a group, A,B ¤ G, ϕ : AÑ B an isomorphism. Then:
(1) G canonically embeds into G�pϕq. If pg0, t

ε1 , g1, . . . , t
εn , gnq is some sequence such that the

product of its entries is the identity in G�pϕq and n ¥ 1, then the sequence is not reduced.
(2) Fix sets A and B of right coset representatives as in Definition 3.3.2. Then for every
element w of G�pϕq, there is exactly one normal form w.r.t. A and B such that w is the
product of the entries of this normal form.

Proof. Let us first make more explicit what (1) and (2) mean in the strictly formal sense. Fix
a presentation G � xX | Ry, and note that by Proposition 3.2.1, F pXq canonically embeds
into F pX Y ttuq by the (well-defined) map ι sending rws�1 ÞÑ rws�2 , where �1 is the trivial
word congruence on pX Y X�1q� and �2 the one on pX Y X�1 Y tt, t�1uq�. Further note
that we have canonical epimorphisms π : F pXq Ñ G and π1 : F pX Y ttuq Ñ G�pϕq. But
ιpkerpπqq � kerpπ1q, since all the defining relators of the presentation of G also appear in
the presentation of G�pϕq. Thus, we get a canonical homomorphism β : G Ñ G�pϕq sending
πpwq ÞÑ π1pιpwqq, and the first claim in (1) is that β is an embedding. So the gi in the
sequences to be discussed literally are elements of G, and when we compute which element
in G�pϕq is denoted by the sequence, we use their images under β (together with the images
of the symbols t and t�1 under π1).
We first prove that (2) implies (1), so we will only have to show (2) afterward. First, since for
any g P G, the 1-tuple pgq is a normal form, it is clear that β needs to be injective if (2) holds.
For the second statement, note that we can tranform every reduced form into a normal form
w.r.t. A and B representing the same element in the HNN extension by working “from the
right to the left”; if n � 0, there is nothing to show, and otherwise, first look at gn. If εn � �1,
then we want to replace gn by g1n P A; so write gn � ang

1
n, where an P A and g1n P A. The

defining relators t�1atϕpaq�1, a P A, give the relations t�1a � ϕpaqt�1 for a P A, so viewing
this as “quasi-commuting relations”, we can “swap” an with the preceding t�1 by turning it
into ϕpanq. The case εn � 1 is treated analogously. Now the end of our reduced form already
“looks like” a normal form, and continuing inductively, we can turn the entire reduced form
into a normal form with the same number of symbols t, t�1 and even the same sequence of
exponents εi; note that the last property in the definition of “normal form” will also never be
violated in the sequence we construct as long as we start with a reduced sequence (e.g., in a
subsequence pt�1, gi, tq, by reducedness gi will never be in A, but since the symbol afterward
is t, what we bring together with gi by an application of a quasi-commuting relation is an
element of A, so the representative from A that will take the place of gi in the normal form
that we construct is different from 1G; the other case is treated analogously). Now, assuming
we have a sequence like in the assumption of the second part of (1) and it is reduced, then

52



applying this procedure gives us a normal form of the same length which represents 1G�pϕq .
But p1Gq is also a normal form representing this element, contradicting our assumption (2).
Now we show (2), i.e., uniqueness of normal form representations. We do this using a stan-
dard argument introduced by Artin and van der Waerden, letting the group for which we
want to show a normal form theorem act on the set of normal forms by “simulation of left
multiplication”. So, let N � NA,B be the set of all normal forms w.r.t. A and B. We now
define a homomorphism ψ : G�pϕq Ñ SN . Since G�pϕq is a quotient of F pX Y ttuq, we shall
first define a homomorphism Ψ : F pX Yttuq Ñ SN and gain ψ by factoring Ψ through G�pϕq.
By the universal property of free groups, in order to define Ψ, just define it on the generating
set X Y ttu, and it will be no problem to extend this mapping information to a homomor-
phism on the free group. The situation we shall have in the end is depicted by the following
commutative diagram:

X F pXq G

X Y ttu F pX Y ttuq G�pϕq

SN

ι1

idX

ι2

π

ι β

π1

Ψ ψ

For x P X, define Ψpι2pxqq by Ψpι2pxqqpg0, t
ε1 , . . . , tεn , gnq :� pπpxqg0, t

ε1 , . . . , tεn , gnq; it
is clear that Ψpι2pxqq P SN , with the inverse permutation given by pg0, t

ε1 , . . . , tεn , gnq ÞÑ
pπpxq�1g0, t

ε1 , . . . , tεn , gnq.
The definition of Ψpι2ptqq is a bit more involved. Let pg0, t

ε1 , . . . , tεn , gnq be a normal form. If
ε1 � �1 and g0 P B, then define Ψpι2ptqqpg0, t

ε1 , . . . , tεn , gnq :� pϕ�1pg0qg1, t
ε2 , g2, . . . , t

εn , gnq,
thus “making the necessary reduction”. Otherwise write g0 � bg10 with b P B and g10 P B, and
define Ψpι2ptqqpg0, t

ε1 , . . . , tεn , gnq :� pϕ�1pbq, t, g10, t
ε1 , g1, . . . , t

εn , gnq.
First, we should check that Ψpι2ptqq is a permutation of N . To do this, we explicitly write
down the inverse permutation called Ψ1pι2ptqq and check that it is inverse to Ψpι2ptqq. The
definition of Ψ1pι2ptqq is dual to the one of Ψpι2ptqq; let pg0, t

ε1 , . . . , tεn , gnq be a normal form. If
ε1 � 1 and g0 P A, then “make the necessary reduction” setting Ψ1pι2ptqqpg0, t

ε1 , . . . , tεn , gnq :�
pϕpg0qg1, t

ε2 , g2, . . . , t
εn , gnq. Otherwise, write g0 � ag10 with a P A and g10 P A and set

Ψ1pι2ptqqpg0, t
ε1 , . . . , tεn , gnq :� pϕpaq, t�1, g10, t

ε1 , . . . , tεn , gnq.
Now we need to verify that Ψ1pι2ptqq � Ψpι2ptqq � Ψpι2ptqq � Ψ1pι2ptqq � idN . However, we
shall only show Ψ1pι2ptqq �Ψpι2ptqq � idN , for the other statement can be treated completely
analogously. So, let pg0, t

ε1 , . . . , tεn , gnq P N . There are two cases to be considered. First
assume that the first case in the definition of Ψpι2ptqq applies. So g0 P B and ε1 � �1, and
an application of Ψpι2ptqq transforms the normal form into pϕ�1pg0qg1, t

ε2 , g2, . . . , t
εn , gnq.

Now we cannot have ε2 � 1 and g1 P A simultaneously (since then the original normal
form would have contained a subsequence of the form pt�1, 1, tq), so the second case in the
definition of Ψ1pι2ptqq applies, and after applying Ψ1pι2ptqq, we get (noting that g1 P A)
pϕpϕ�1pg0qq, t

�1, g1, . . . , t
εn , gnq, i.e., the original normal form. In the other case, an applica-

tion of Ψpι2ptqq to the normal form gives pϕ�1pbq, t, g10, t
ε1 , . . . , tεn , gnq, where g0 � bg10 with

b P B and g10 P B. Now it is clear that the first case in the definition of Ψ1pι2ptqq applies to
this normal form, so after applying Ψ1pι2ptqq, we get pϕpϕ�1pbqqg10, t

ε1 , g1, . . . , t
εn , gnq, which
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again is just the original normal form.
Now extend this mapping information to a homomorphism Ψ : F pX Y ttuq Ñ SN . In order
to show that Ψ factors through G�pϕq, one first shows that for all w P F pXq with πpwq � 1G,
Ψpιpwqq � idN , which is clear by the definition of Ψ, and then, using similar case distinctions
as above, that for all w P F pXq with πpwq P B, Ψpιpwqq � Ψpt�1q � Ψpιpvqq � Ψptq, where v
is any element in the preimage of ϕ�1pπpwqq under π. Thus indeed kerpπ1q � kerpΨq, and we
obtain ψ : G�pϕq Ñ SN by factoring Ψ through G�pϕq.
What is ψ good for, considering our original intent to show uniqueness of normal form rep-
resentations? Fix any normal form pg0, t

ε1 , . . . , tεn , gnq. Now it is not difficult to see that the
permutation ψpβpg0qπ

1ptqε1 � � �π1ptqεnβpgnqqmaps the normal form p1Gq to pg0, t
ε1 , . . . , tεn , gnq,

showing that the canonical assignment of elements of G�pϕq to normal forms must be injective,
which is just what we wanted.

In the existence proof of finite group presentations with undecidable word problem, we shall
mainly be interested in a certain type of HNN extensions:

Definition 3.3.4. Let G be a group, H ¤ G. Then G�pidHq is called the special HNN
extension of G w.r.t. H.

We will see why these are important for us in an instant. First, we need another definition
generalizing the notion of “word problem”:

Definition 3.3.5. Let X be a countable alphabet, R,S � pX YX�1q�, and fix a well-order
� on X. Then the generalized word problem for the presentation xX | Ry w.r.t. S
and �, denoted GWPX,R,S,�, is the set of all word Gödelizations under � which represent
members of the subgroup generated by the elements represented by the words in S.

Obviously, WPX,R,� � GWPX,R,H,�. Again, one can show that in the case of finitely
generated groups, the decidability of the generalized word problem does not depend on
the exact choice of presentation (as long as we always use finitely many generators), well-
order, and, of course, not on the choice of the “generating subset” S. More precisely: If
ϕ : xX | Ry Ñ xY | Sy is an isomorphism of groups, |X Y Y |   ℵ0, �X a well-order on
X, �Y one on Y , A � pX Y X�1q�, and B � pY Y Y �1q� such that the elements of the
second presentation represented by the words in B generate the subgroup which is the image
of the subgroup “generated by A” under ϕ, then GWPX,R,A,�X

is decidable if and only if
GWPY,S,B,�Y

is decidable.
Now special HNN extensions allow us to reduce generalized word problems to word problems:

Lemma 3.3.6. (Our raison d’être for special HNN extensions)
Let G be a group, H ¤ G. Then for all g P G ¤ G�pidHq, denoting the stable letter of the
HNN extension by t: t�1gt � g ô g P H. In particular, if G is finitely generated and the
generalized word problem w.r.t. H in G is undecidable, then the word problem in the finitely
generated group G�pidHq is undecidable.

Proof. The “ð” direction of the equivalence is clear. Suppose conversely that g P GzH. Then
pg�1, t�1, g, tq is a reduced sequence and thus by Theorem 3.3.3(1), we have g�1t�1gt �� 1 in
G�pidHq.
For the “in particular”, note first that clearly, if G is finitely generated, so is G�pidHq. Now
by the above equivalence, fixing a presentation G � xX | Ry with |X|   ℵ0, the map
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pX Y X�1q� Ñ pX Y X�1 Y tt, t�1uq� given by w ÞÑ w�1t�1wt (or actually, more precisely
the corresponding map of word Gödelizations) is a reduction of the generalized word problem
w.r.t. H in G to the word problem in G�pidHq.

3.4 Free products with and without amalgamation

We begin with the following lemma:

Lemma 3.4.1. Let pGiqiPI be a family of groups. Fix two families of presentations pxXi |
RiyqiPI , pxYi | SiyqiPI , w.l.o.g. Xi X Xj � H � Yi X Yj for i �� j, such that for all i P I:
xXi | Riy � Gi � xYi | Siy. Then x

�
iPI
Xi |

�
iPI
Riy � x

�
iPI
Yi |

�
iPI
Siy.

Proof. Fix isomorphisms ψi : xXi | Riy Ñ xYi | Siy, i P I. Define a homomorphism
ϕ : F p

�
iPI
Xiq Ñ x

�
iPI
Yi |

�
iPI
Siy on generators by sending x P Xi to the element represented

by some word which represents ψipxq in xYi | Siy. It is easy to check that xx
�
iPI
Riyy � kerpϕq

so that ϕ factors to a homomorphism ψ : x
�
iPI
Xi |

�
iPI
Riy Ñ x

�
iPI
Yi |

�
iPI
Siy. Using the in-

verses ψ�1
i of the given isomorphisms ψi, one can analogously construct a homomorphism

ψ�1 in the other direction, and it is easy to check that they are inverse; e.g., for x P Xi:

ψ�1pψpxqq � ψ�1pwpy
piq
1 , . . . , y

piq
m qq � wpv

piq
1 , . . . , v

piq
m q, where w is a word over Yi representing

ψipxq, and v
piq
j is a word over Xi representing ψ�1

i py
piq
j q. Thus, in xXi | Riy, this word rep-

resents wpψ�1
i py

piq
1 q, . . . , ψ

�1
i py

piq
m qq � ψ�1

i pwpy
piq
1 , . . . , y

piq
m qq � ψ�1

i pψipxqq � x. But since all

relators from Ri are also among the relators of x
�
iPI
Xi |

�
iPI
Riy, the relation wpv

piq
1 , . . . , v

piq
m q � x

also holds there, so ψ�1 � ψ is identical on generators and thus identical as a whole. Analo-
gously, one shows ψ � ψ�1 � id.

This enables us to make the following definition:

Definition 3.4.2. Let pGiqiPI be a family of groups, with presentations Gi � xXi | Riy,
w.l.o.g. Xi pairwise disjoint. Then the group �iPIGi :� x

�
iPI
Xi |

�
iPI
Riy is called the free

product of the Gi, i P I.

In the proof of Lemma 3.4.1, we combined the different isomorphisms ψi starting on the
single Gi to one big isomorphism ψ on the free product. However, the isomorphism property
was only used to construct the big inverse isomorphism from the small inverse isomorphisms;
the argument of combining works even when the ψi are just homomorphisms, giving us the
so-called universal property of free products:

Proposition 3.4.3. Let pGiqiPI be a family of groups, G a group, and for i P I, let ϕi :
Gi Ñ G be a homomorphism. Also, consider the canonical homomorphisms ιi : Gi Ñ �iPIGi,
i P I. Then there exists exactly one homomorphism ϕ : �iPIGi Ñ G such that for all i P I:
ϕ � ιi � ϕi.

Letting G :�
±
iPI Gi with the ϕi the canonical embeddings, we get that all ιi must be

injective, so all Gi embed canonically into �iPIGi. Intuitively, the free product of the Gi is
the most general group generated by the Gi as subgroups. This should already give us an
idea how normal forms for elements of free products look like:
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Definition 3.4.4. Let pGiqiPI be a family of groups, w.l.o.g. all Gi disjoint as sets. A finite
sequence pg1, . . . , gnq, n ¥ 0, such that for all k � 1, . . . , n there exists an ik P I such that
gk P Gikzt1u and neighboring elements are not from the same Gi is called free product
reduced or also a free product normal form.

We can now formulate and prove the normal form theorem for free products:

Theorem 3.4.5. Let pGiqiPI be a family of groups. Then:
(1) If pg1, . . . , gnq, n ¡ 0, is a reduced sequence, then g1 � � � gn �� 1 in �iPIGi.
(2) Every element of the free product �iPIGi has a unique normal form representation.

Proof. The proof is very similar in spirit to the one of Theorem 3.3.3, but will be much
shorter because we leave most of it as an exercise to readers who now want to try proving
a normal form theorem themselves and because for ease of notation we will not spell out all
identifications that we make explicitly any more.
Again, we shall use the implication “(2)ñ(1)”, which is immediate considering the convention
that the empty normal form represents the identity element.
For (2), first observe that existence of normal form representations is clear, considering the
fact that the canonical images of the Gi by definition generate the free product. Now define
the action of �iPIGi on the set N by combining actions of the single Gi on N via the universal
property. The action of Gi on N is defined as follows as a homomorphism ϕi : Gi Ñ SN : Fix
g P Gi. If g � 1, then of course let ϕipgq :� idN . Else, let pg1, . . . , gnq be a normal form, and

define ϕipgqppg1, . . . , gnqq :�

$&
%

pg, g1, . . . , gnq if g1 R Gi
pgg1, g2, . . . , gnq if g1 P Giztg

�1u
pg2, . . . , gnq if g1 � g�1

.

Now first check that this really defines a permutation of N (what will be the inverse permu-
tation?) and that this assignment is a homomorphism. Now combine the ϕi, i P I to a single
action ϕ of the free product on N . Conclude as in the proof of Theorem 3.3.3.

Finally, we turn to free products with amalgamation, a construction generalizing free prod-
ucts. First, we define:

Definition 3.4.6. Let pGiqiPI be a family of groups, A a group. A group amalgam of the
family pGiqiPI over A is a family pαiqiPI of monomorphisms αi : AÑ Gi.

So in a group amalgam, A can be considered a subgroup of all the Gi, i P I, but it is also
important which subgroup of Gi is viewed as A, since we now want to “glue” the Gi along
the different copies of A:

Definition 3.4.7. Let pGiqiPI be a family of groups, pαiqiPI an amalgam of the Gi over A.
Then the free product of the Gi amalgamated over A via the αi is defined to be the

quotient �
pαiq
iPI Gi :� �iPIGi{xxαipaq

�1αjpaq | a P A, i, j P Iyy.

Obviously, for A � t1u, �
pαiq
iPI Gi � �iPIGi. We want to understand free products with

amalgamation better by proving a normal form theorem for them as well. First, the definition:

Definition 3.4.8. Let pGiqiPI be a family of groups, w.l.o.g. all Gi pairwise disjoint, pαiqiPI
an amalgam of the Gi over A.
(1) A finite sequence pc1, . . . , cnq, n ¥ 0, is called amalgam reduced if and only if each ck
is in one of the factors Gi, consecutive ck are from different factors, and if n ¡ 1, none of
the ck is in one of the images of A under the homomorphism αi, whereas if n � 1, c1 �� 1.

56



(2) For each i P I, choose a set Ai of right coset representatives of αipAq in Gi such that
1Gi P Ai. Then a finite sequence pa, g1, . . . , gnq, n ¥ 0, is called an amalgam normal form
w.r.t. the Ai if and only if a P A, each gk is in one of the Aizt1Giu, and neighboring gk
come from different factors.

Now we can prove:

Theorem 3.4.9. (Normal Form Theorem for Free Products with Amalgamation)
Let pGiqiPI be a family of groups, w.l.o.g. all Gi pairwise disjoint, pαiqiPI an amalgam of the
Gi over A, Ai a set of right coset representatives of αipAq in Gi such that 1Gi P Ai, i P I.

(1) If pc1, . . . , cnq, n ¥ 1, is a reduced sequence, then in �
pαiq
iPI Gi: c1 � � � cn �� 1. In particular,

the Gi embed canonically into �
pαiq
iPI Gi.

(2) Each element of �
pαiq
iPI Gi has a unique normal form representation.

Proof. The proof is also very similar to the one of Theorem 3.3.3, so we only present the
rough ideas and leave the rest as an exercise.
First observe that “(2)ñ(1)” by transforming each reduced form pc1, . . . , cnq into a normal
form pa, g1, . . . , gnq representing the same element by “working from the right to the left”,
using the fact that elements in the different copies of A can be “shifted” from one factor to
any other by the relations added in Definition 3.4.7.
So it remains to show (2). First note that existence of normal form representations is again
easy, using the existence of reduced form representations (which is clear) and the method
to transform reduced forms into normal forms hinted at in the last paragraph. To show
uniqueness, define an action of the amalgamated product on the set N of normal forms; the
action will be obtained by factoring an action of the free product of the Gi on N , so just
define the actions of the single Gi on N by “simulation of left multiplication”; more precisely:
For g P Gi and a normal form pa, g1, . . . , gnq, first write, in Gi, gαipaq � αipa

1qg1 with a1 P A
and g1 P Ai. In case g1 P Gi, also write g1g1 � αipa

2qg11 with a2 P A and g11 P Ai. Now

define g � pa, g1, . . . , gnq :�

$''&
''%

pa1, g1, g1, . . . , gnq, if g1 R Gi and g1 �� 1Gi ,
pa1, g1, . . . , gnq if g1 R Gi and g1 � 1Gi ,

pa1a2, g11, g2, . . . , gnq, if g1 P Gi and g11 �� 1Gi ,
pa1a2, g2, . . . , gnq else

, and check that

this definition “works” (i.e., ascertain that the rest of the proof can be carried out in analogy
to the one of Theorem 3.3.3).

We note that the special case of amalgamated free products with two factors in Theorem
3.4.9 can be reduced to the normal form theorem for HNN extensions (see the proof in (10)
on p.187), but in order to apply this idea in the general case, more general types of HNN
extensions would be necessary: Let G, a subgroup H ¤ G and a family pHiqiPI of subgroups
of G all isomorphic to H be given; further assume that explicit isomorphisms αi : H Ñ Hi

are given. Then it is possible to construct an extension of G in which for each i P I, there is
an element ti such that αi is the restriction of conjugation by ti to H. We will not need this
generalization in this thesis, though.

3.5 Nielsen-reducedness

This concept, which falls into the big area of cancellation theory, is a sufficient property for
a set of elements of some free group F pXq to be a free basis for the subgroup they generate.
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We call U � F pXq inverseless if and only if for each u P U , the formal inverse u�1 R U . In
particular, no inverseless U can contain the empty word 1.

Definition 3.5.1. Let X be an alphabet, U � F pXq inverseless such that for all v1, v2, v3 P
U�1, represented as reduced words over X, the following hold (where, for an element v P
F pXq, |v| denotes the length of the reduced form representation of v as a word over XYX�1):
(1) v2 �� v�1

1 ñ |v1v2| ¥ maxt|v1|, |v2|u,
(2) v2 �� v�1

1 ^ v3 �� v�1
2 ñ |v1v2v3| ¡ |v1| � |v2| � |v3|.

Then U is called Nielsen-reduced.

Some remarks about this definition: Condition (1) says that in any product of two elements
of U�1 that are not inverse to each other, at most half as many pairs xx�1 or x�1x as there
are symbols in the shorter one of the two words must be cancelled to obtain the reduced form.
Also, according to (2), whenever three elements v1, v2, v3 P U

�1 such that v2 is not inverse to
v1 and v3 not to v2 are concatenated, when passing to the reduced form the middle word v2

will never be fully cancelled.

Proposition 3.5.2. Let X be an alphabet, U � F pXq Nielsen-reduced. Then for each u P
U�1, represented as a reduced word over X YX�1, there are words apuq,mpuq P pX YX�1q�

with mpuq �� 1 such that u � apuqmpuqapu�1q�1 in pX Y X�1q� and such that in each
product w � u1 � � �ut with t ¥ 0, ui P U

�1 and ui�1 �� u�1
i , no symbols in the middle parts

mpu1q, . . . ,mputq are cancelled when passing to the reduced form of w. In particular, |w| ¥ t,
and hence U is a free basis for xUyF pXq.

Proof. For u P U�1, apuq is defined as the longest initial segment of u such that there exists
v P U�1, v �� u�1, such that in passing to the reduced form of vu, apuq is cancelled. Note
that apu�1q�1 is a terminal segment of u, and by (2), |apuq| � |apu�1q�1|   |u|, so that the
middle segment mpuq with u � apuqmpuqapu�1q�1 is well-defined and non-empty.
Now consider w as above, and let w1 be the reduced form of w. Then by definition, in passing
from w to w1, the symbols from the mpuiq, i � 1, . . . , t, are never cancelled, q.e.d. The “In
particular” clearly follows from the first statement.

3.6 An embedding theorem

Combinatorial group theory has provided a number of interesting embedding theorems. We
will need the following, proved by Higman, Neumann and Neumann in 1949:

Theorem 3.6.1. Any countable group C can be embedded into a two-generator group G such
that if C is recursively presented (i.e., C has a presentation of the form xX | Ry where X
is finite and R � pX Y X�1q� is recursively enumerable), then so is G (with respect to the
two generators).

Proof. Fix a presentation C � xc1, c2, . . . | s1, . . .y of C with countably many generators. Set
F :� C �F pa, bq. Then it is not difficult to see that the set U :� tb�nabn | n P Nu � F pa, bq is
Nielsen-reduced and hence a free basis for the subgroup of F pa, bq that it generates. Similarly,
the set tbuY tcna

�nban | n P N, n ¥ 1u is a free basis for the subgroup of F that it generates,
because the image of this set under the projection π : F Ñ F pa, bq sending a ÞÑ a, b ÞÑ b, ci ÞÑ
1 for all i is Nielsen-reduced.
It follows that the group G :� xF, t | t�1at � b, t�1b�iabit � cia

�ibai, i ¥ 1y is an HNN
extension of F , whence C embeds into G. Also, G is clearly generated by a and t. Note
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that the above definition of G actually is an abbreviation for a presentation whose set of
generators is tcn | n P N, n ¥ 1u Y ttu. From this, it is clear that if the presentation of C
which we fixed has a finite number of generators and a recursively enumerable set of relators,
then so does the presentation of G by which we defined it, and also the one where we remove
the superfluous generators b and c1, . . . , cn, replacing each occurrence of one of them in the
relations by a fixed corresponding word over a, t, a�1, t�1.
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4 Undecidability of the Word Problem

4.1 The Higman Embedding Theorem

This chapter is based on (10); as announced earlier, we will not only establish the existence
of finitely presented groups with undecidable word problem, but also prove a powerful result
which has many interesting consequences:

Theorem 4.1.1. (Higman Embedding Theorem)
Let G be a finitely generated group. The following are equivalent:
(1) G can be embedded into some finitely presented group.
(2) G is recursively presented.

Just as in the case of Matiyasevich’s Theorem, one direction of this equivalence, although
maybe not completely obvious, is not difficult to see: If a finitely generated group G embeds
into a finitely presented group H, say with generators x1, . . . , xn and relators r1, . . . , rm, then
one can write the finitely many generators of G as words over x1, . . . , xn, x

�1
1 , . . . , x�1

n . Then
one can systematically consider all the elements of the normal subgroup of F px1, . . . , xnq
generated by r1, . . . , rm as well as the elements of F px1, . . . , xnq obtained by all possible
concatenations of the words that represent the generators of G and the formal inverses of
these words. Whenever two of these coincide (as elements of F px1, . . . , xnq), one has found a
relator for the generators of G, and it is clear that all relators for the generators of G can be
obtained this way. However, by the way we described this “algorithm” to find the relators, it
is clear that the set they form is recursively enumerable (invoking the Church-Turing-Thesis).
This shows “(1)ñ(2)” in Theorem 4.1.1.
Thus, again, we are left with only one “interesting” direction whose proof requires more work.
Luckily, we already have Matiyasevich’s Theorem at our disposal, which will help us a lot
here.

4.2 Benignity and the Higman Rope Trick

The following concept was introduced by Higman to reduce the proof of his embedding the-
orem to showing a certain statement about normal subgroups of free groups:

Definition 4.2.1. Let G be a finitely generated group, H ¤ G. H is called benign in G if
and only if the special HNN extension GH embeds into a finitely presented group.

The next lemma, which can be considered as the raison d’être for benignity, actually only
makes use of a consequence of benignity, namely: If H is benign in G, then the free product
with amalgamation G �H G embeds into a finitely presented group. This is true because GH
contains a copy of G �H G, namely the subgroup L generated by G and its conjugate t�1Gt;
to see this, first observe that clearly, by the HNN relations of GH , the elements of the form
h and t�1ht for h P H in the two copies are identified so that xG, t�1GtyGH

certainly is a
quotient of G �H G, i.e., we have a canonical epimorphism ϕ : G �H GÑ xG, t�1GtyGH

. But
this epimorphism also has trivial kernel; for this, fix sets A1,A2 of right coset representatives
of H in G (viewed each as being a subset of one of the two factors of the free product with
amalgamation) that each contain 1H . Then any nontrivial element G�HG can be represented
by a nonempty amalgam normal form ph, g1, . . . , gnq, where h P H and the gi are nontrivial
representatives alternatingly from A1 and A2 (where g1 may be in either of them). But now we
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see that the image of this element under ϕ has a nontrivial HNN normal form representation,
namely either phg1, t

�1, g2, t, g3, . . .q (in case g1 P A1) or ph, t�1, g1, t, g2, t
�1, g3, t, . . .q (in case

g1 P A2), so it is also nontrivial. Now Lemma 4.2.2 shows that in order to prove the Higman
Embedding Theorem, it suffices to show that recursively enumerable (normal) subgroups of
a free group are benign in that free group:

Lemma 4.2.2. (The Higman Rope Trick)
Let F be a finitely presented group, R � F benign in F . Then F {R embeds into a finitely
presented group.

Proof. Fix a finite presentation xX | Sy for F , set L :� F �RF , where F is an isomorphic copy
of F with all letters “barred” and let H be a finitely presented group into which L embeds.
Fix a third isomorphic copy F̃ of F , where all letters are “tilded”. For the “rope trick”, we
consider the homomorphism ϕ : LÑ F̃ {R̃ defined on the first factor F by w ÞÑ w̃ and on the
second factor F by w ÞÑ 1. Note that ϕ is well-defined because the two definitions agree on
the copies of R. Now form the group H � F̃ {R̃ and observe that L embeds in two ways into
this group, namely by the map l ÞÑ pl, 1q and by l ÞÑ pl, ϕplqq. Hence one can form the HNN
extension K :� xH � F̃ {R̃, s | s�1pl, 1qs � pl, ϕplqq, l P Ly. Clearly, F̃ {R̃ embeds into K, so
we are done once we have shown that K is finitely presented.
Now, a priori, to present K, apart from the stable letter s, we need the generators and relators
from a finite presentation of H where w.l.o.g. we can assume that the generators x, x (x P X)
for L are included, the “tilded” generators x̃ for x P X, with the finitely many relators for
F̃ , the (possibly infinitely many) relators from R̃, the finitely many commutation relators
between the generators of H and F̃ and finally the HNN relators of the form s�1ls � l �Φplq,
where l runs through the finite set X YX of generators of the subgroup L ¤ H and Φplq is
the “canonical” representation of ϕplq as a word over the generators, i.e., Φplq � l̃ if l P X
and Φplq � 1 if l P X. Hence it suffices to show that the relators from R̃ already follow from
the other relators specified.
So let w̃ P R̃. We need to derive the triviality of w̃. On the one hand, sws�1 � ww̃ from the
first type of HNN relators added. On the other hand, since all relations that hold in F �R F
must also follow from the relations between the generators of H, we have w � w, but also
s � w � s�1 � w from the second type of HNN relators. Comparing the two results, w̃ � 1
follows.

So in order to prove the Higman Embedding Theorem, we should come to better understand
the concept of benignity; the following lemma summarizes some key facts:

Lemma 4.2.3. Let G be a finitely generated group embedding into some finitely presented
group. Then the following hold:
(1) Every finitely generated subgroup of G is benign in G.
(2) If H,K ¤ G are benign in G, then so are H XK and xH YKyG.

Proof. For (1): Let M be a finitely presented group into which G embeds. Then by the normal
form theorem for HNN extensions, GH embeds into MH , which is also a finitely presented
group.
For (2): Suppose GH embeds into M and GK into N , where M and N are finitely presented
groups; form the free product with amalgamation P :� M �G N and note that P is still
finitely presented. By an application of the normal form theorem for free products with
amalgamation, we also get that P contains a copy of GH �G GK , and this latter group has a
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presentation of the form xG,G, t, s | t�1ht � h ph P Hq , s�1ks � k pk P Kq , g � g pg P Gqy �
xG, t, s | t�1ht � h ph P Hq , s�1ks � k pk P Kqy. Now either by the more general theory of
HNN extensions with several stable letters hinted at before or simply by viewing this group
as obtained from G via two successive special HNN extensions, we get a natural notion of
“stable letter reduction” and “reduced form” for this presentation, and an element will be in
G if and only if in any sequence representing it we can eventually delete all occurrences of
the stable letters s, t and their inverses by single reduction steps.
We can now show that P (or even the subgroup of P generated by G, t and s which we just
discussed) contains a copy of GHXK � xG, u | u�1gu � g pg P Gqy - namely the subgroup
generated by G and the element ptsq2. For this, first observe that conjugation by u fixes all
elements from H XK so that this subgroup is a quotient of GHXK . But the corresponding
canonical epimorphism also has trivial kernel; just take a nontrivial element from GHXK ,
represented by a nontrivial HNN reduced form, say pg0, u

ε1 , g1, . . . , u
εn , gnq. Then under the

canonical epimorphism, this element will be mapped to an element of xG, t, syP represented by
the (not necessarily reduced) sequence pg0, x

ε1
ε1 , y

ε1
ε1 , x

ε1
ε1 , y

ε1
ε1 , g1, . . . , x

εn
εn , y

εn
εn , x

εn
εn , y

εn
εn , gnq, where

x1 :� y�1 :� t and x�1 :� y1 :� s. Now since we started with a reduced sequence in the sense
of the special HNN extension GHXK , it is not difficult to see that when performing stable
letter reductions (with respect to s and t, of course) on this sequence to obtain a reduced
representation of the image, in each of the four-letter blocks obtained from the occurrences
of u and u�1, the two central symbols will never be cancelled. But then by Britton’s Lemma,
this image is also nontrivial, q.e.d.
To show benignity of xH YKyG in G, we claim that xH YKyG � xs

�1Gs, t�1GtyP X G so
that by what we already know, xH YKyG is benign in P and hence in G.
The inclusion “�” for the equality which we want to show is clear; for the other, assume we
are given an element of xs�1Gs, t�1GtyP XG. Then this element is a product of elements of
the form t�1gt and s�1g1s, g, g1 P G, and because it also in G, there is a sequence of stable
letter reduction steps that eventually removes all stable letter occurrences (without changing
the other entries of the sequence). But by an easy induction on the number of factors of such
a product, we see that the product of the elements of G appearing between the stable letters,
which coincides with the element itself, is in xH YKyG, q.e.d.

4.3 Valiev’s principal lemma and finitely presented groups with undecid-
able word problem

Recall that our final goal is to show that recursively enumerable subgroups of finitely generated
free groups are benign. In this section, we follow a proof by Valiev of a special case of this
statement, from which with some extra work (see the next section) one can derive the general
case:

Lemma 4.3.1. (Principal Lemma, Valiev 1968)
Let S � Z be recursively enumerable. Then the subgroup of F pa0, b0, c0q generated by elements
of the form an0b0c

n
0 with n P S is benign in F pa0, b0, c0q.

Proof. By Matiyasevich’s Theorem, fix a polynomial P pX0, . . . , Xtq such that for all z0 P Z:
z0 P S ô Dz1, . . . , zt P ZrP pz0, . . . , ztq � 0s. Note that by proceeding recursively over the
construction of P pX0, . . . , Xtq as a term in the signature Z Y t�, �u and introducing new
variables, we can transform the above equivalence to one of the form z0 P S ô Dz1, . . . , zm P
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Z : Mpz0, . . . , zmq, where Mpz0, . . . , zmq is a conjunction of atomic formulas over this signa-
ture, which are each of one of the forms Xi � c (with c P Z an integer constant), Xi � Xj ,
Xi �Xj � Xk (with i, j, k distinct) or Xl � Xi �Xj (with 0   l   i   j ¤ m; this restriction,
which can be achieved by keeping the indices of the variables of P and successively increasing
indices in the variables newly introduced when “working through” the monomials one after
another, is for technical reasons that will reveal themselves later).
Having split up the polynomial characterization for z0 to be in S into many “small parts”, we
now argue how this reduces the statement to the assertion that certain special subgroups of
the free group F :� F pa0, b0, c0, . . . , am, bm, cmq are benign. For this, associate to each tuple
pz0, . . . , zmq P Zm�1 a “code word” wpz0,...,zmq P F via

wpz0,...,zmq :� c�zmm b�1
m a�zmm � � � c�z11 b�1

1 a�z11 az00 b0c
z0
0 a

z1
1 b1c

z1
1 � � � a

zm
m bmc

zm
m .

The “right way” to look at this definition is the following: The code words wpz0,...,zmq consist
of a “sensible” middle part az00 b0c

z0
0 that is “protected” by the rest of the word, split up

into an initial segment and a terminal segment that coat it. Guided by this intuition, it is
not difficult to see that the set U :� twpz0,...,zmq | pz0, . . . , zmq P Zm�1u is Nielsen-reduced.
Also, setting AM :� xwpz0,...,zmq | Mpz0, . . . , zmqyF , we have xaz00 b0c

z0
0 | z0 P SyF pa0,b0,c0q �

xAM, a1, b1, c1, . . . , am, bm, cmyF X xa0, b0, c0yF ; to see “�”, just observe that in any concate-
nation of the specified generators of the RHS and their inverses, the word over the generators
a0, b0, c0 and their inverses that we get by ignoring all other generators appearing represents
an element of the LHS and that this property is not destroyed by reductions. So by Lemma
4.2.3, we are done once we have shown that AM is benign in F .
But this task, as announced just before, can be split up into many “small tasks”: For each
elementary formula Γ mentioned in M, set AΓ :� xwpz0,...,zmq | Γpz0, . . . , zmqyF . Then if M
is precisely the conjunction of Γ1, . . . ,Γp, we have AM �

�p
i�1AΓi , where “�” is trivial,

and “�” holds because U is a free subset of F . Hence another application of Lemma 4.2.3
shows that we only need to prove benignity in F of the special subgroups AΓ, where Γ is an
elementary formula.
The strategy for showing that all AΓ are benign is as follows: First, we construct a finitely
presented group M that contains F , and then associate to each Γ a finitely generated subgroup
LΓ ¤ M such that LΓ X F � AΓ. Then we will be done by one last application of Lemma
4.2.3. M will be an HNN extension (with several stable letters) of an HNN extension F � of
F . We make this construction to allow us to manipulate code words with conjugation by the
stable letters introduced in the process so that LΓ, although finitely generated, will contain
all code words corresponding to Γ because we are able to get all these infinitely many code
words from just one by according manipulations. To be more precise, we want stable letters
t0, . . . , tm and pj,l for 0   l   j ¤ m such that t�1

i wpz0,...,zmqti � wpz0,...,zi�1,zi�1,zi�1,...,zmq and

p�1
j,l wpz0,...,zmqpj,l � wpz10,...,z1mq with z1l � zl � zj and z1s � zs for s �� l.

We first form F � by adding new generators t0, . . . , tm and for i � 0, . . . ,m the defining
relations t�1

i biti � aibici and rti, xs � 1 for all generators x of F distinct from bi. Since under
conjugation by ti, the canonical free set of generators of F is mapped to another free set of
generators (to see this, one can either show combinatorially that whenever x1, . . . , xn is a
free basis for the subgroup generated then x1x2, x2, . . . , xn and x2x1, x2, . . . , xn are as well,
or that free groups are residually finite, whence finitely generated free groups are Hopfian,
from which it follows that any n-element generating subset of a free group over n symbols is
a free basis for this group) it is clear that F � is an HNN extension of F with stable letters
t0, . . . , tm.
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Now for M itself, we add to F � new generators pj,l for 0   l   j ¤ m and, for each pair pj, lq
that satisfies these inequalities, the defining relations p�1

j,l cjpj,l � tlcj as well as rpj,l, xs � 1,
where x runs through all generators of F distinct from cj and for x � tl. We now argue
that M is an HNN extension of F � by showing that conjugation with pj,l restricts to an
automorphism of the subgroup xF, tlyM , which corresponds to the HNN extension of F using
the single stable letter tl and the HNN relations for tl included among the HNN relations for
F �.
For this, observe that clearly, the endomorphism ϕj,l of the free group El :� F � F ptlq
sending cj to tlcj and all other canonical generators to themselves is an automorphism of
El. We compose ϕj,l and ϕ�1

j,l with the canonical epimorphism π : El Ñ xF, tlyM and show
that the compositions factor through the normal subgroup of El generated by the defining
relators of xF, tlyM as an HNN extension of F as just described above; then clearly, the two
endomorphisms of xF, tlyM we obtain correspond to the restriction of the conjugation with
pj,l and p�1

j,l respectively and are inverse to each other, giving the desired result. Now note
that defining relators which do not contain cj are no problem at all. The only defining relator
which does contain cj is t�1

l cjtlc
�1
j , and this is sent to t�1

l � tlcj � tl � c
�1
j t�1

l � 1 by π � ϕj,l

(note that cj and tl commute in xF, tlyM ) and to t�1
l � t�1

l cj � tl � c
�1
j tl � 1 by π � ϕ�1

j,l .
That the desired relations for manipulating code words by conjugation with stable letters
hold follows from easy computations and is left as an exercise (note that you will need the
technical restriction from the � case when verifying the second type of manipulation relation).
But now we are almost done; as announced, we associate to each elementary formula Γ a
finitely generated subgroup LΓ of M ; more precisely:
(1) We associate to Xi � c the subgroup Lci :� xwp0,...,0,c,0,...,0q, ts, s �� iyM , where in the index
of w, c is the i-th entry of the tuple.
(2) We associate to Xi � Xj the subgroup L�i,j :� xwp0,...,0q, tsps �� i, jq, titjyM .

(3) We associate to Xi �Xj � Xk the subgroup L�i,j,k :� xwp0,...,0q, tsps �� i, j, kq, titk, tjtkyM .
(4) We associate to Xi �Xj � Xl the subgroup L�i,j,l :� xwp0,...,0q, tsps �� i, j, lq, tipj,l, tjpi,lyM .
With these definitions of the different types of LΓ, it is not difficult to see that AΓ � LΓXF .
The converse inclusion follows from an application of Britton’s Lemma: Assume that an
element u P LΓ is also contained in F . Then we must be able to transform it into a word
w P F by stable letter reductions. We begin this process with a product of the specified
generators in which the index tuple of each code word that appears satisfies Γ. When we
make stable letter reductions with respect to a single stable letter added in the definition to
the generators of LΓ (such as ts for s �� i, j in case (2)), the corresponding reductions do not
destroy this property of index tuples. And when the reduction is with respect to a stable
letter that we only added as part of a two-factor product to the generators (such as ti in titj
in case (2)), then after this reduction, we can immediately also reduce with respect to its
“partner”, and this “double-reduction” as a whole does not destroy the property. Hence the
word w P F into which we can transform u is a product of generators of AΓ and hence in AΓ,
q.e.d.

As a “side-product”, we now obtain:

Corollary 4.3.2. There exists a finitely presented group G with undecidable word problem.

Proof. Fix a recursively enumerable, but not recursive set S of natural numbers. Such a
set exists by Proposition 2.4.5 and Theorem 2.1.4; alternatively, one can invoke Theorem
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1.3.12 and use some (in both directions) effectively computable bijection between the set of
all strings and the set of string codes of natural numbers.
Set U :� tasbcs | s P Su � F pa, b, cq �: K. The generalized word problem with respect to
B :� xUyK in K cannot be decidable, because s ÞÑ asbcs is a reduction from S to it, since
tasbcs | s P Nu � K is Nielsen-reduced and thus free. Hence by Lemma 3.3.6, the word
problem in KB cannot be decidable. But by Lemma 4.3.1, B is benign in K, i.e., KB embeds
into some finitely presented group G � xX | Ry, |X YR|   ℵ0, say via ι.
Now fix a presentation xY | R1y of KB with |Y |   ℵ0. For each y P Y , fix a representation
wpyq of ιpyq as a word over the generators from X and their formal inverses. Then the map
pY Y Y �1q� Ñ pX Y X�1q�, yε11 � � � y

εn
n ÞÑ wpy1q

ε1 � � �wpynq
εn , is a reduction from the word

problem in KB to the word problem in G. Hence the latter cannot be decidable.

4.4 Proof of the Higman Embedding Theorem

First note that by Theorem 3.6.1, it suffices to show that recursively enumberable subgroups
N of L � F pa, bq are benign in L. We assign to each w P L, represented by a reduced word,
a code number γpwq P N, in the following way: By definition, γpHq :� 0. For nonempty
reduced words w, γpwq is defined to be the number whose 10-ary representation is obtained
by replacing in w each symbol a by 1, b by 2, a�1 by 3 and b�1 by 4. Observe that this
assignment w ÞÑ γpwq is effectively computable in both directions; that is, there are Turing
machines A and B such that A on any input x first decides whether x is the string code of
some word w P L and if so, computes the string code of γpwq, whereas B on x decides whether
x is the string code of γpwq for some w P L and if so, outputs the string code of w.
The code numbers γpwq serve to define for each w P L a code word gw P F pa, b, c, d, e, hq �: F
via gw :� whcγpwqdeγpwq. Note that tgw | w P Lu is a Nielsen-reduced subset of F (more
specifically, the parts phcγpwqdqε are never touched in the reduction process) and hence freely
generates G :� xgw | w P LyF .
Now suppose that N ¤ L is recursively enumerable. In particular, N has a recursively
enumerable generating subset X. Now setting Y :� xh, a, b, cidei, i P γpXqyF (where the set
of generators specified is Nielsen-reduced, although we will not need this fact) and observing
that the reduced form (as an element of F pa, b, c, d, e, hq) of any element of Y has the property
that any power of c whose exponent is not of the form �γpxq for some x P X appearing in
it is surrounded by occurrences of d and d�1 (in either order), we obtain that G X Y is
the subgroup generated by all code words gx with x P X. Consequently, we get: N �
xG X Y, h, c, d, eyF X xa, byF . By Lemma 4.2.3 and Lemma 4.3.1, Y is benign in F so that if
we are able to show that G is benign in F as well, we will be done by Lemma 4.2.3.
To show this, just as in the proof of Lemma 4.3.1, we will form an HNN extension F � of F
where the HNN relations will allow us to manipulate the code words gw in F � by appropriate
stable letter conjugations. We introduce for each symbol λ P ta�1, b�1u a stable letter tλ, and
the defining relations t�1

λ htλ � λh, rtλ, as � rtλ, bs � 1, t�1
λ ctλ � c10, t�1

λ etλ � e10, t�1
λ dtλ �

cγpλqdeγpλq. Note that the image of the free generating subset ta, b, c, d, e, hu of F is still free
in F , whence F � really is an HNN extension of F .
From the defining relations for F �, it is readily checked that the following two statements are
valid:
(1) If w � λ1 � � �λn is a (reduced) word over ta, b, a�1, b�1u, then t�1

λn
� � � t�1

λ1
hdtλ1 � � � tλn � gw.

(2) If the (reduced) word w over ta, b, a�1, b�1u ends in the letter λ, say w � uλ, then
tλgwt

�1
λ � gu.
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We claim that G � xhd, ta, ta�1 , tb, tb�1yF� XF , from which benignity of G in F � and thus in
F immediately follows. The inclusion “�” is clear by (1).
For the other inclusion, suppose that an element T of xhd, ta, ta�1 , tb, tb�1yF� , written as a
freely reduced word over hd and the tλ, is contained in F . Then there must be a sequence
T � T0, T1, . . . , Tm such that for i � 0, . . . ,m � 1, Ti�1 is obtained from Ti by a single
stable letter reduction in the sense of the HNN extension F � of F , and Tm does not contain
any stable letters. We claim (and are done once we have proved) that for i � 0, . . . ,m, the
following holds: If z is a subword of Ti appearing between successive stable letter occurrences,
then z P G.
We show the claim by induction on i. For i � 0, this is clear, since hd P G. For the inductive
step, note that by (2), reductions of the form t�1

λ ztλ are no problem (we are only manipulating
the code words to represent words that have one more letter at the end). However, we do
need to justify why reductions of the form tλzt

�1
λ do not lead out of G.

So suppose z P G; write z � gε1w1
� � � gεnwn

reduced over the gw. Recall that when we freely

reduce this product, the subwords phcγpwiqdqεi will not be touched by the various cancellation
steps, which allows us to still read off the code words (and their exponents) from the original
product representation of z from its freely reduced form.
Now if z P Cλ, where Cλ is the subgroup of F associated with tλ, z is a reduced word in
the free generators a, b, c10, cγpλqdeγpλq, e10, λh and their formal inverses, which implies that
we can write z in reduced form as a word of the form z � y1c

n1y2 � � � ykc
nkyk�1, where the yi

are reduced words over a, b, d, e, h and their formal inverses, all yi except the very first and
very last are nonempty and each of the ni is congruent to 0 or �γpλq modulo 10; we do so
by joining together powers of c and e from neighboring factors and noting that this already
gives the normal form of z in the sense of F viewed as a free product of six free groups each
over a single generator. From this, it is also clear that none of the yi contains a successive
subword of the form hd (because each occurrence of d in the reduced form is surrounded by
nontrivial powers of c and e).
But this shows that none of the wi from above can be empty or end in a letter different from
λ. Hence conjugation by t�1

λ just transforms z into another product of code words, q.e.d.
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5 Decidability of the word problem

We end this thesis with some notable results on classes of (presentations of) groups whose
word problem is decidable. In particular, a theorem of Gromov about hyperbolic groups may
be seen as an interesting antithesis to what we have dealt with so far.

5.1 One-relator groups

We begin with a classical result due to Magnus on one-relator groups, i.e., groups that
have a presentation of the form xX | ry, where r is a single relator. The source for this section
is (10). The methods introduced by Magnus serve not only to show decidability of the word
problem in one-relator groups, but many other important theorems about these groups; we
shall illustrate it in detail by means of the following result:

Theorem 5.1.1. (The Freiheitssatz)
Let G � xX | ry be a one-relator group with r cyclically reduced (see the remark right after-
ward). Then if L is a subset of the set of generators such that at least one of the generators
that appear in r is not in L, then L is a free basis for M :� xLyG.

A remark on terminology: A reduced word w P pX YX�1q� is called cyclically reduced if
and only if the first and last letter of w are not inverse to each other. Note that each reduced
word w can be brought into a cyclically reduced form by appropriate conjugations; this form
is in general not unique, but there are only finitely many cyclically reduced forms for each
reduced word and they are all of the same length.
Also, for an element w P F pXq and x P X, we denote by σxpwq the sum of the exponents of
the occurrences of x�1 in w (note that this is well-defined in terms of the representatives of
the congruence class that w literally is) and call this number the x-balance of w.

Proof of Theorem 5.1.1. It suffices to show the statement for L such that |XzL| � 1, where
the one generator omitted is mentioned in r. The proof is by induction on the length of r. If
r is a power of a generator, say r � xn with n P Zzt0u, then G � pZ{nZq � F pXztxuq, and
the statement is clear. Hence we can assume that at least two generators, say t and b, are
mentioned in r.
We now make a case distinction that is characteristic for the proofs following Magnus’s
method. For the first case, let us assume that for some generator appearing in r, say t,
we have σtprq � 0. In this case, we will be able to display G as an HNN extension of another
one-relator group whose defining relator s in cyclically reduced form is shorter than r.
W.l.o.g., r starts with b�1. The idea is that, in this case and in F pXq, r is an element of the
normal subgroup generated by the generators different from t. To make this idea formal, for
i P Z, and x P Xzttu, set xi :� tixt�i P F pXq. We can then, in F pXq, write r as a cyclically
reduced word s on the various xi, by replacing each occurrence of some letter x P Xzttu by
xi for i the sum of the exponents of occurrences of t before this occurrence of x (using the
fact that σtprq � 0 so this rewriting will work out even in the end). Note that s is shorter
than r because its length coincides with the number of letters different from t and t�1 in r.
By assumption, b occurs in r, so we can let µ and m denote the minimum and maximum
of all the subscripts of b that are used in the rewriting process; by our “W.l.o.g.” from the
beginning of this paragraph, µ ¤ 0 and m ¥ 0.
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To show that G is indeed an HNN extension as asserted, we consider the group G� given by
the following presentation:

G� � xt, bµ, . . . , bm, xipx P Xztt, bu, i P Zq | s � 1, tbjt
�1 � bj�1pj � µ, . . . ,m� 1q,

txit
�1 � xi�1px P Xztt, bu, i P Zqy.

We claim that G� is isomorphic to G.
Consider the homomorphism ϕ : GÑ G� defined by t ÞÑ t, x ÞÑ x0px P Xzttuq (which is well-
defined because the word r is mapped to the word s) and the homomorphism η : G� Ñ G
defined by t ÞÑ t, xi ÞÑ tixt�ipx P Xzttuq (which is also well-defined; the rewriting process
from before shows that the relator s is mapped to 1G, and preservation of the other relations
is trivial). But one easily verifies that ϕ and η are inverse, proving G � G�.
Now set H :� xbµ, . . . , bm, xipx P Xzttu, i P Zq | s � 1y, and A :� xbµ, . . . , bm�1, xipx P
Xztt, bu, i P ZqyH , B :� xbµ�1, . . . , bm, xipx P Xztt, bu, i P ZqyH . From the induction hy-
pothesis, it is clear that A and B are freely generated by the indicated generators so that
conjugation by t in G� indeed restricts to an isomorphism AÑ B, and G is an HNN extension
of H.
To end the proof in the first case, distinguish two subcases, depending on whether the gener-
ator omitted by L is t or some other generator, w.l.o.g. b.
For the first subcase, note that the elements x P L under the isomorphism GÑ G� turn into
x0, and that s contains at least one occurrence of xi for some x P L and i P Zzt0u so that by
the induction hypothesis, L is free in H and hence in G.
For the second subcase, let w be some nontrivial reduced word over L. It is clear that w �� 1
in G if σtpwq �� 0. But if σtpwq � 0, the rewriting process that we used in passing from r
to s can also be applied to w, writing it as a reduced nontrivial word w� over J � txi | x P
Xztt, bu, i P Zu. Since J omits all bi for i P Z, by the induction hypothesis w� �� 1 in H and
hence in G. This concludes the proof of the theorem in the first case.
In the second case, for all generators x mentioned in r, we have σxprq �� 0. t is no longer
distinguished from b by a special assumption (we only still assume that both are mentioned
in r) so that w.l.o.g., we can assume that L � Xzttu. We set α :� σtprq and β :� σbprq. We
reduce to the first case by considering, for two letters x, y R X, the group C :� xpXztt, buq Y
tx, yu | r1y, where r1 is obtained from r by replacing each occurrence of t by yx�β and of b
by xα. Then by construction, we can define a homomorphism Ψ : G Ñ C by t ÞÑ yx�β, b ÞÑ
xα, c ÞÑ c pc P Xztt, buq.
Now note that σxpr

1q � 0 and σypr
1q � α �� 0, properties that do not change under reductions.

So first cyclically reduce r1 such that the result starts with an occurrence of y or y�1 and
then apply the rewriting process with x in place of t and y in place of b to r1 to the cyclically
reduced form to obtain a word s over the generators of the form yi and ci for i P Z and
c P Xztt, bu which certainly is shorter than r. Hence we can apply the induction hypothesis
to get as before (viewing C as an HNN extension of a one-relator group with relator s) that
pXztb, tuqY txu is free in C (note that this argumentation even works when x does not occur
in the cyclically reduced form of r1). It follows that also pXztb, tuq Y txαu is free in C. But
Ψ maps L elementwise onto this set so that L must be free in G, q.e.d.

Now that we have the Freiheitssatz at our disposal, we can “recycle” parts of its proof to turn
them into general methods for dealing with one-relator groups:
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Lemma 5.1.2. Let X be an alphabet with |X| ¥ 2, G � xX | ry a one-relator group with
cylically reduced r starting with an occurrence of b�1 for some generator b and such that
for some generator t �� b, σtprq � 0. Let s be the result of applying the rewriting procedure
described in the proof of Theorem 5.1.1 with stable letter t to r. Let µ and m be the minimum
and maximum subscript of b in s; note that µ ¤ 0 and m ¥ 0. Then G is the HNN extension
of the one-relator group H � xbµ, . . . , bm, xi px P Xztt, bu, i P Zq | s � 1y with respect to
the isomorphism A Ñ B of the subgroups A :� xbµ, . . . , bm�1, xi px P Xztt, bu, i P ZqyH
and B :� xbµ�1, . . . , bm, xi px P Xztt, bu, i P ZqyH given by bj ÞÑ bj�1 and xi ÞÑ xi�1 for
j � µ, . . . ,m� 1 and x P Xztt, bu, i P Z. Also, s starts with b0, and if t or t�1 was mentioned
in r, then the length of s is shorter than that of r and at least one of the subscripts of symbols
occurring in s is different from 0.

Proof. This is almost literally the same proof as the part of the proof of Theorem 5.1.1 until G
was exhibited as an HNN extension, except that when the induction hypothesis is invoked in
order to show that this really is an HNN extension, here we invoke Theorem 5.1.1 instead.

The beginning of the proof for the second case also turns into a lemma, but we can show even
a bit more than what we did there:

Lemma 5.1.3. Let X be an alphabet with |X| ¥ 2, G � xX | ry a one-relator group with r
cyclically reduced such that r contains at least two generators and such that for each generator
c P X that appears in r, we have σcprq �� 0. Fix two letters x, y R X as well as two generators
t, b appearing in r, set α :� σtprq and β :� σbprq and let r1 be the result of replacing in r each
occurrence of t by yx�β and of b by xα. Then G embeds into C :� xpXztt, buq Y tx, yu | r1y
via the homomorphism Ψ defined by t ÞÑ yx�β, b ÞÑ xα, c ÞÑ c pc P Xztt, buq. Furthermore,
note that σxpr

1q � 0, σypr
1q � α �� 0 and let s be the word obtained by cyclically reducing r1,

cyclically shifting the letters of the cyclically reduced form so that it starts with an occurrence of
y or y�1 and then applying the rewriting process with stable letter x to r1; observe that s starts
with an occurrence of y�1

0 and that the length of s is shorter than that of r. Consequently, by
an application of Lemma 5.1.2 we can exhibit C as an HNN extension of a one-relator group
whose defining relator is shorter than that of G.

Proof. This is also all clear by the proof of Theorem 5.1.1 except for the claim that Ψ is
injective. To see this, observe that by Theorem 5.1.1, b is of infinite order in G, whence
the group C 1 :� xX Y txu | r, b � xαy is the free product of G and F pxq, amalgamating
b � xα. But C 1 is isomorphic to C via t ÞÑ yx�β, b ÞÑ xα, x ÞÑ x, c ÞÑ c pc P Xztt, buq
because one can transform the two presentations into one another by a finite sequence of
so-called Tietze transformations (which do not change the isomorphism type of the group
presented) as follows: For passing from C 1 to C, add a new generator y and the relation
t � yx�β, then delete the generators t and b, replacing their occurrences in r by yx�β and
xα respectively. Now the claim follows from the normal form theorem for free products with
amalgamation (more precisely, the fact that the canonical maps from the factors into the
product are embeddings).

We can now formulate and prove a theorem which includes decidability of the word problem
for one-relator presentations with a countable set of generators as a special case:

Theorem 5.1.4. Let X be a countable alphabet, � a well-order of X with typep�q ¤ ω,
r P pX YX�1q� cyclically reduced, and consider the one-relator presentation xX | ry. Let K
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be a subgroup of the group presented, given by a recursive (with respect to the enumeration of X
induced by �) subset L � X as a generating subset for K. Then GWPX,r,L,� :� GWPX,tru,L,�
is decidable.

Proof. By induction on |r|. If r is a power of a generator, say r � cn, n P Zzt0u, then
G � pZ{nZq �F pXztcuq, and we can effectively bring a word w P pX YX�1q� into its normal
form with respect to this free product representation; by the normal form theorem for free
products, w P K if and only if each factor from the normal form representation only consists
of letters from L, which can be effectively checked using the recursiveness of L.
Hence we can assume that r contains at least two different generators. We make the charac-
teristic case distinction.
First, assume that for some generator occurring in r, say t, σtprq � 0. As in Lemma 5.1.2,
maybe replacing r by an appropriate conjugate (if r starts with t�1), we can exhibit G as an
HNN extension G � xH, t | t�1At � By of a one-relator group H with shorter defining relator;
note that there are several “natural” choices for a well-order on the generators of this new
presentation such that a set of generators from X is recursive if and only if its image among
the new generators is recursive and such that the generating sets for A and B are recursive.
Hence the induction hypothesis applies to A and B in H; since the isomorphism from G to
this HNN extension is also effectively computable, we can algorithmically decide the word
problem in G by first computing, from a word w P pX YX�1q�, a representation of w in the
HNN extension, then effectively performing stable letter reductions using decidability of the
generalized word problem with respect to the generating subsets of A and B in H and then
checking if the reduced form is empty or not.
There are two subcases to distinguish. First, denote by R the set of all generators from X
that occur in r and assume that R � L. Then since G is the free product of xR | ry with
F pXzRq and using the decidability of the word problem in G, we can effectively compute for
each w P pX Y X�1q� its normal form representation with respect to this free product, say
w � w1 � � �wn. By the normal form theorem for free products, w P K if and only if each
wi P xLXpXzRqyG for each wi from the second factor F pXzRq. But LXpXzRq is a recursive
subset of the generators of F pXzRq and hence we can effectively check these conditions.
In the second subcase, R � L. We distinguish two subsubcases. First assume that the stable
letter t is omitted by L. Then, identifying all symbols c P Xzttu with c0, we see that under the
isomorphism between G and the HNN extension of H, L is a subset of the set of generators
of H. Hence the generalized word problem with respect to K in H is decidable. Now given
any word w P pX YX�1q�, in order to algorithmically decide whether w P K, first compute a
representation of w in the HNN extension and effectively perform all stable letter reductions.
By Britton’s Lemma, if the reduced form still contains occurrences of t or t�1, we can reject.
Else, we can apply the algorithm that checks for elements of H whether they are in K and
answer accordingly.
Finally, for the second subsubcase, assume that L contains the stable letter t (but omits some
other generator from R). Let b be a generator from R that is not in L. W.l.o.g., we can
assume that b is the generator with bounded subscript range from the construction (i.e., r
starts with b�1). Now suppose we are given an element of G as a word w P pXYX�1q�. Note
that since t P L, w P K if and only if w1 :� wt�α P K, where α :� σtpwq. Of course, the aim
of this definition is to ensure that σtpw1q � 0.
Now suppose for a moment that w1 P K. Then there also exists a representation of w1 as
a b-free word. Although we cannot assume that there is an algorithm that decides whether
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there exists such a representation and, if so, outputs one (since such an algorithm would
in particular decide the generalized word problem with respect to K), we can in theory fix
one such representation if it exists and imagine all stable letter reductions carried out on
the representation of this word in the HNN extension. Observe that the result is a t-free
word since we can always perform reductions as long as there are occurrences of t and/or t�1

(because the t-balance is 0 and the letter with bounded subscript range does not appear).
Hence in case w1 P K, it possesses in the HNN extension a t-free reduced form, which may
not be algorithmically computable. However, by Britton’s Lemma, this implies when carrying
out the stable letter directions directly on the HNN representation of the word w1, we must
also end up with a t-free word!
This gives us the following algorithm for deciding whether w1 P K: Compute the HNN
representation of w1 and effectively perform all stable letter reductions. If the reduced form
w�1 that you obtain is not t-free, reject. Else, effectively check whether w�1 P K

� :� xci pc P
Xztt, bu, i P ZqyH , which is possible by the induction hypothesis. If the answer is “yes”, accept,
else reject. This completes the proof of the first case of the characteristic case distinction.
We are thus left with the second case, that is, all generators that occur in r have non-zero
balance. Observe that since Ψ : GÑ C is a computable embedding and the HNN extension
C, just as G in the first case, has decidable word problem, G also has decidable word problem.
Hence the subcase R � L works just as in the first case, and it remains to treat the subcase
R � L. Since t is not distinguished by a special property from b (or any other generator
occurring in r) any more, assume w.l.o.g. that t R L. But then the generators from L map
under Ψ to powers of elements of the set L1 :� pXztt, buq Y txu. By the Freiheitssatz, this is
a free subset of C (because y occurs in r), whence the generalized word problem with respect
to K in K 1 :� xL1yC is decidable. But as in the first case, the generalized word problem with
respect to K 1 in C is also decidable; piecing together the two statements, we obtain that the
generalized word problem with respect to K, as embedded by Ψ, in C is decidable. Since Ψ
is computable, we obtain the desired result.

5.2 Hyperbolic groups

This concept was introduced by Gromov in the 1980s. It falls into the vast area of geometric
group theory, where groups are viewed as metric spaces to allow for the use of geometric
methods in group theory. Of course, since this would very well serve as a topic for a thesis in
its own right, we can only illustrate the main ideas. Also, recall that our point of interest in
this thesis lies in the word problem, whence we will sketch just as much theory as is needed to
understand the statement of the theorem of Gromov hinted at at the beginning of the chapter.
As sources for this section up to the decidability of the word problem in hyperbolic groups,
the Internet text (9) (where interested readers will find many futher references) as well as
course notes from (1) were used. The author’s attention for the stochastic considerations due
to Gromov was raised by the Internet source (19).
First of all, how can we consider a group as a metric space?

Definition 5.2.1. Let G be a group, S � G a generating subset. For g P G, define |g|S as
the minimal n P N such that there exists a representation of g as a product of n elements of
S or inverses of elements of S. The word metric with respect to S on G is defined as
the function dS : G2 Ñ N, pg1, g2q ÞÑ dpg1, g2q :� |g�1

1 g2|S.

It is easy to see that dS really is a metric on the set G. This metric takes values in the
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discrete subset N of R, but we can view it as a restriction of a “continuous” metric on a
bigger set as follows: Define the Cayley graph of G with respect to S, denoted ΓpG,Sq,
as the (undirected) graph with G as the set of vertices such that for all g1, g2 P G, ΓpG,Sq
contains precisely one edge between g1 and g2 if and only if g�1

1 g2 P S or g�1
2 g1 P S, and

otherwise no edge. Then it is not difficult to see that the distance in the path-metric between
two elements g1 and g2 of G, viewed as vertices of ΓpG,Sq, is exactly dSpg1, g2q. Now we can
associate with the abstract graph ΓpG,Sq a path-connected metric space which corresponds to
ΓpG,Sq “as a whole”, by taking for each edge e of ΓpG,Sq a copy of the compact unit interval
r0, 1s and gluing the copies at endpoints appropriately, defining a metric on the resulting set
in the most obvious way to fit the intention.
Of course, the metric space pG, dSq and the metric space just constructed (which we will,
by abuse of notation, also denote by ΓpG,Sq) cannot be isometric (because the set of values
taken by the according metrics are different), but they look “similar from a distance”. To
make this more precise, we define:

Definition 5.2.2. Let pX, dXq and pY, dY q be metric spaces, K ¥ 1 and L ¥ 0 real constants.
(1) A pK,Lq-quasi-isometric embedding of X into Y is a map f : X Ñ Y such that for
all x1, x2 P X: K�1 � dY pfpx1q, fpx2qq � L ¤ dXpx1, x2q ¤ K � dY pfpx1q, fpx2qq � L.
(2) A subset D � Y is called L-dense in Y if and only if for each y P Y , there exists some
d P D such that dY pd, yq ¤ L.
(3) A pK,Lq-quasi-isometric embedding of X into Y whose image is L-dense in Y is called a
pK,Lq-quasi-isometry between X and Y . X and Y are called quasi-isometric if and only
if there exists a quasi-isometry between X and Y .

For example, the map G Ñ ΓpG,Sq, mapping g P G to the point of ΓpG,Sq corresponding
to the vertex g of the abstract graph ΓpG,Sq, is a p1, 0q-quasi-isometric embedding (that is,
an isometric embedding in the usual sense) and even a p1, 1

2q-quasi-isometry. Hence up to
quasi-isometry, the metric spaces G and ΓpG,Sq are the same. Furthermore, we can show:

Proposition 5.2.3. Let G be a group, S1, S2 two finite generating subsets of G. Then pG, dS1q
and pG, dS2q are quasi-isometric.

Proof. Of course, the map of which we want to show that it is a quasi-isometry is the identity
map on G. We will be able to take L � 0. For the multiplicative constant K, set m1 :�
maxt|s1|S2 | s1 P S1u, m2 :� maxt|s2|S1 | s2 P S2u, and K :� maxtm1,m2u. Then it is clear
that for all g P G, we have |g|S1 ¤ K � |g|S2 and |g|S2 ¤ K � |g|S1 , whence K�1 � |g|S2 ¤ |g|S1 ¤
K � |g|S2 . Looking at the definition of “word metric”, we see that we are done.

Of course, the statement of Proposition 5.2.3 is not true when at least one of S1 and S2 is
allowed to be infinite. For example, setting S1 :� G, dS1 turns into the discrete metric on G.
In particular, pG, dS1q is bounded. However, any finitely generated infinite group G, when
viewed as a metric space with respect to some finite generating set S2, is unbounded, and it
is clear that a bounded and an unbounded metric space cannot be quasi-isometric.
For the definition of hyperbolic groups, we first define what a hyperbolic metric space is; this
concept itself builds up on the following definition:

Definition 5.2.4. Let pX, dq be a metric space.
(1) A geodesic in X is a quasi-isometric embedding of a real compact interval into X.
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(2) For a, b P R with a ¥ b and γ : ra, bs Ñ X a geodesic in X, γpaq and γpbq are called its
endpoints. We also say that γ is from γpaq to γpbq.
(3) pX, dq is called geodesic if and only if for all x, y P X, there is a geodesic from x to y in
X.

Note that for pX, dq to be geodesic, geodesics from x to y need not be unique. For exam-
ple, every connected graph, viewed as a path-connected metric space as described above, is
geodesic, with geodesics between vertices corresponding to shortest paths connecting them,
and shortest paths are in general not unique (consider a cycle of even length). Trees are ex-
amples of graphs where the corresponding path-connected metric space has a unique geodesic
between every two points.
One can also consider the standard examples of geometry such as the Euclidean plane E2

or the hyperbolic plane H2. Both are geodesic metric spaces, but there are of course also
crucial differences. One of them is that in H2, all triangles formed by choosing three different
points and for each of the three pairs of points a geodesic between them (so-called geodesic
triangles) are “thin”, in the sense that for all geodesic triangles in H2, each of the three sides
of the triangle is contained in the closed 1-neighborhood of the union of the other two; now
this directly generalizes as:

Definition 5.2.5. Let pX, dq be a geodesic metric space.
(1) For δ ¥ 0, a geodesic triangle in X is called δ-thin if and only if each of the three sides
of the triangle is contained in the closed δ-neighborhood of the union of the other two.
(2) pX, dq is called δ-hyperbolic for some constant δ ¥ 0 if and only if all geodesic triangles
in X are δ-thin, and hyperbolic if and only if it is δ-hyperbolic for some δ ¥ 0.

Clearly, E2 is not hyperbolic, whereas trees are 0-hyperbolic. Also, all bounded metric spaces
trivially are hyperbolic.
The following lemma, the proof of which is quite technical and can be found in (19), states
that hyperbolicity is a “coarse” property of metric spaces, i.e., one that is preserved not just
under isometry, but even under quasi-isometry:

Lemma 5.2.6. Let pX, dXq and pY, dY q be quasi-isometric geodesic metric spaces. Then X
is hyperbolic if and only if Y is hyperbolic.

We now define:

Definition 5.2.7. A finitely generated group G is called hyperbolic if and only if for some
(and hence, by Lemma 5.2.6 and Proposition 5.2.3, any) finite generating subset S of G,
ΓpG,Sq is a hyperbolic metric space.

That trees are hyperbolic translates as “free groups are hyperbolic” and that bounded metric
spaces are as “finite groups are hyperbolic”.
Of course, an at first glance “unconventional” definition like this (why just study this prop-
erty?) draws its life from the consequences provable. It is clear by the character of the
definition that proofs working with it will use geometric methods. As a first example, we
show:

Theorem 5.2.8. All hyperbolic groups are finitely presented.
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Proof. Let G be a hyperbolic group, and fix a finite generating subset S of G. Note that
we can obtain a presentation for G by taking for each element g P G a letter xg and adding
the “multiplication table relations” xgh � xg � xh. Since we are interested in finding a finite
presentation for G, we cannot take this presentation directly, but try to approximate it
by finite presentations. For n P Nzt0u, we set Xn :� txg | g P G, |g|n ¤ nu and Rn :�
txghx

�1
g x�1

h | g, h P Xn, gh P Xnu. Now let Gn :� xXn | Rny, and note that we have canonical
homomorphisms ϕn : Gn Ñ Gn�1, giving us a direct system of finitely presented groups with
underlying directed poset pNzt0u,¤q whose direct limit clearly is G.
Also, observe that all the canonical homomorphisms even are surjective, since the generators
from Xn�1zXn are made superfluous in Gn�1 by corresponding multiplication table relations
which express them (in various ways) as products of two of the “old” generators.
So far, this is a general construction that works for every finitely generated group G. We
will now use the hyperbolicity of G to show that for sufficiently large N , ϕN actually is an
isomorphism, so that G � GN for any of these N , and we will be done. “Sufficiently large”
more precisely means N ¥ 2ptδu� 1q, where δ ¥ 0 is such that G is δ-hyperbolic.
So fix such an N . We first remove the generators lying in XN�1zXN from the presentation
xXN�1 | RN�1y by a finite sequence of Tietze transformations, as follows: Choose (you do not
need AC for this, because there are only finitely many choices to make) for each g P G with
xg P XN�1zXN , a canonical splitting g � g1g2, where xg1 , xg2 P XN , |g|S � |g1|S � |g2|S
and |g1|S , |g2|S ¡ δ (note that there is an according relation giving us the splitting). Now
delete the generator xg and replace any of its occurrences in any of the relations from RN�1

by xg1xg2 . Continue until all “new” generators are deleted.
We now have a presentation of GN�1 in terms of only the generators from XN , and the
corresponding set of relations is a superset of RN . Now if we can show that any of the
other relations (which were obtained by substituting canonical splittings into relations from
RN�1zRN ) already follow from the relations in RN , we are done. So consider any relation
xg � xhxk from RN�1zRN . At least one of g, h, k is not in the closed N -ball of 1G. Note that
the relations from RN allow us to identify the letter standing for 1G (since 1G is the only
idempotent in G) and hence also, for each x P XN , which letter stands for the inverse element.
Hence the relation xg � xhxk is equivalent under RN to xh � xgxk�1 in case xk P XN and to
xk � xh�1xg in case xh P XN . We distinguish two cases:
First, assume that precisely one of g, h, k is not in the closed N -ball of 1G. By the observations
from the last paragraph, we can w.l.o.g. in this case even assume that xg R XN , and xh, xk P
XN . Note that the canonical splitting g � g1g2 gives us a geodesic joining 1G and g which is
split into two parts by the point P . Consider the triangle ∆ in ΓpG,Sq with vertices 1G, h
and g such that the side joining 1G and g is this geodesic, and 1G and h are joined by any
path of length |h|S , and h and g by any path of length |k|S . Since G is δ-hyperbolic, there is
a point Q on one of the two other sides of ∆ which is at distance at most δ from P . Then any
geodesic joining P and Q together with any geodesic joining Q with the vertex of ∆ opposite
to the edge of Q divide ∆ into three smaller triangles. It is not difficult to see that any of
the sides of these three triangles have length at most N , so that they correspond to three
relations from RN which together imply xg � xhxk.
In the second case, at least two of g, h, k have distance more than N to 1G; w.l.o.g., we assume
that these are k and g. We consider the same triangle ∆ as in the first case, with the same
splitting point P and point Q. Note that now, Q cannot coincide with the point h because
otherwise, we could travel “fast” (in distance less than N � 1) from h to g, contradicting the
fact that the path corresponding to k also joins these two points, has length N � 1 and is
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geodesic. Now it may be that Q lies on a side of length N � 1, in which case it gives us a
(possibly non-canonical) proper splitting of h or k. In any case, the relation corresponding to
the splitting induced by Q is one that we are allowed to assume (possibly needing to invoke
the first case). Next, divide ∆ into three smaller triangles as before. Now one of the sides of
these may have length N �1, but all other certainly have length at most N , so that the three
relations given by the triangles are ones that we may assume, and we are done.

The converse of Theorem 5.2.8 is easily seen to be false; for example, the finitely presented
group Z2 is not hyperbolic. However, Gromov’s Theorem on hyperbolicity in randomly chosen
finitely presented groups states that it is “almost” correct.
We now turn to the word problem in hyperbolic groups. Again, the proof builds up on
geometric ideas. In elementary differential geometry courses, one learns that (assuming for
simplicity that we live on a totally flat surface) as far as area is concerned, when a farmer has
to decide for the best form for a piece of pasture for their cattle to be bounded by a fence of
a given length, the solution is a circle:

Theorem 5.2.9. (Isoperimetric Inequality for the Euclidean plane)
Let C be a smooth simply closed curve in E2. Denote by LpCq the length of C and by ApCq

the area of the domain bounded by C. Then ApCq ¤ LpCq2

4π , and equality is assumed precisely
when C is a circle line.

There also is a corresponding theorem in the hyperbolic case:

Theorem 5.2.10. (Isoperimetric Inequality for the Hyperbolic plane)
Let C be a smooth simply closed curve in H2, LpCq and ApCq as in Theorem 5.2.9. Then
ApCq ¤ LpCq, and equality is assumed precisely when C is a (hyperbolic) circle line.

So in the hyperbolic case, the upper bound for ApCq is linear in LpCq. This idea carries over
to groups as well. Let G be a finitely presented group, and fix a finite presentation xX | Ry
for G. Recall that the set of all relators that hold in G is precisely the normal subgroup of
F pXq generated by R. Hence every such relator w is a product of conjugates of elements of
R and their inverses. The minimal number of such factors required to represent w is called
the area of w, denoted Areapwq. There is a reason for this nomenclature; first, we define:

Definition 5.2.11. Let P � xX | Ry be a finite group presentation. A van Kampen
diagram over P consists of:
(1) A simply connected, finite 2-dimensional CW complex M embedded into the plane.
(2) An orientation of each 1-cell of M .
(3) A labeling function that assigns to each 1-cell of M a label in X such that for each 2-cell,
the label read from the boundary of the cell from some starting point in some direction is an
element of R, where each 1-cell of the boundary labeled with x contributes x to the boundary
label when read in orientation direction and x�1 otherwise.

Those unfamiliar with CW complexes may think of van Kampen diagrams as embeddings
of finite, planar, directed, connected, X-labeled graphs into the plane R2 without crossings
of edges and such that edges which do not lie on any (chordless) cycle in the graph are not
drawn inside one of the domains surrounded by a chordless cycle (if such a drawing is not
possible, then the graph does not represent a CW complex). The 0-cells of the complex
correspond to the vertices of the graph, the 1-cells to the edges and the 2-cells to the domains
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bounded by chordless cycles of the graph. Note that the complement of M in the plane also
has a boundary which corresponds to some closed path in this graph. Its label, which is
only defined up to cyclic permutation and formal inversion, is called the boundary label of
M . The following lemma, which we give without proof, is the raison d’être for van Kampen
diagrams:

Lemma 5.2.12. Let P � xX | Ry be a finite presentation of the group G. Then for all
w P F pXq, there exists a van Kampen diagram over P whose boundary label, viewed as an
element of F pXq, equals w if and only if w � 1 in G, in which case Areapwq is the minimum
number of 2-cells in such a van Kampen diagram.

Fix a finite group presentation P � xX | Ry. Then we can assign to this presentation
a function fP : N Ñ N via n ÞÑ maxtAreapwq | w P F pXq, w � 1 in G, |w| ¤ nu. fP
is called the Dehn function (or isoperimetric function) for P. Note that fP really
depends on P and not just on the abstract group which is presented by P (in contrast to, for
instance, the decidability of the word problem). However, the Dehn functions for different
finite presentations of one group are “roughly the same”:

Lemma 5.2.13. Let P and Q be finite presentations of the same group G. Then there are
A,B,C P N such that for all n P N, fPpnq ¤ A � fQpBnq � Cn.

Proof. Let w be a reduced word over the generators from P and their formal inverses of length
l ¤ n which is the identity in G. We need to appropriately bound AreaPpwq. Fix once and
for all a representation of each generator from P as a word over the generators from Q and
their formal inverses (denoting by B the maximum length of such a representation) and vice
versa. Denote by A the maximum area of one of the words obtained by replacing in a defining
relator from Q each occurrence of each generator by the according fixed representation over
P.
We can associate to each generator x from P a “blown-up” version wx of x obtained by first
replacing x by the corresponding word over the generators from Q and then replacing in
this word each occurrence of any generator x1 from Q by the corresponding word over the
generators from P. Since wx and x denote the same element of G, Areapwxx

�1q is well-defined;
let C be the maximum among the values Areapwxx

�1q, where x ranges over the generators
from P.
Now by substituting the representations of the generators from P over Q into w and perform-
ing reductions if necessary, we obtain a representation w̃ of the element of G represented by
w in terms of the generators from Q which has length at most B � l ¤ B � n. Fix a represen-
tation of w̃ as a product of AreaQpw̃q conjugates of the defining relators from Q; these are
at most fQpBnq factors. Replacing the occurrences of the generators from Q in this word by
their representations over P, we get a representation (in the free group over the generators
of P) of the blown-up version of w (i.e., if w � xε11 � � �x

εn
n , of the word wε1x1 � � �w

εn
xn) as some

product of at most fQpBnq conjugates of words which represent 1G. By choice of A, we can
write each of these words as a product of at most A conjugates of the defining relations from
P. Hence, we have found a representation of the blown-up version of w as a product of at
most A � fQpBnq conjugates of defining relators. In order to pass from this representation
to an according representation of w itself, by choice of C, we can add a certain number,
bounded by Cn, of conjugates of defining relators from P (observe that, as is easy to see,
Areapwε1x1 � � �w

εn
xnpx

ε1
1 � � �x

εn
n q

�1q ¤ Areapwε1x1x
�ε1
1 q � � � � �Areapwεnxnx

�εn
n q).
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In particular, if one of the Dehn functions corresponding to the finite presentations of some
group G can be bounded above by a linear function, then this is true for all of them. This
motivates:

Definition 5.2.14. Let G be a finitely presented group. We say that G has a linear isoperi-
metric inequality if and only if for some (hence, any) finite presentation of G, the corre-
sponding Dehn function can be bounded above by a linear function.

Using geometric methods, one can show:

Theorem 5.2.15. Let G be a finitely presented group. The following are equivalent:
(1) G is hyperbolic.
(2) G has a linear isoperimetric inequality.

Corollary 5.2.16. Any hyperbolic group has decidable word problem.

Proof Sketch. Let G be a hyperbolic group, and by Theorem 5.2.8, fix a finite presentation
P � xX | Ry of G. By Theorem 5.2.15, fix a linear function f : N Ñ N such that for all
n P N, we have fPpnq ¤ fpnq. An algorithm deciding the word problem for P works as
follows: Given some input w P pX YX�1q�, it makes reductions in w until it has found the
reduced form w. Then it computes fpnq, where n is the length of the reduced word w. To
make the proof complete, one would now have to show that there are only finitely many van
Kampen diagrams over P of a given area and boundary length (if w � 1 in G, there is a van
Kampen diagram over P whose boundary label in pX YX�1q� is w; one can obtain such a
diagram from any whose boundary label is a word equal to w in F pXq without changing the
area by appropriate manipulations) and that there is an effective way to check the (hence
finitely many) relevant cases.

We close this thesis with some stochastic considerations due to Gromov himself; see also (6)
(the beginning of section 0.2(A) on p.78), (7) and, for a survey article, (14).
For the rest of this text, we fix the number of generators m P N. The historically first model
for studying random groups was the following:

Definition 5.2.17. (The few-relator model)
Fix k, l P N, and let Rk,l be the set of all group presentations of the form xx1, . . . , xm |
r1, . . . , rky, where r1, . . . , rk are reduced words over the xi and their inverses of length at most
l. Observe that Rk,l is finite. We say that some property of (finite) group presentations
occurs with overwhelming probability in presentations with k relators if and only if
the ratio of members of Rk,l that have this property tends to 1 as lÑ8.

The key to showing that a finitely presented group is hyperbolic with overwhelming probability
in the sense of Definition 5.2.17 lies in small cancellation theory, which already existed before
the introduction of hyperbolic groups by Gromov (see (10)):

Definition 5.2.18. Let R be a subset of F px1, . . . , xmq, its elements represented as reduced
words.
(1) R is called symmetrized if and only if the elements of R are cyclically reduced, and for
each r P R, all cyclically reduced conjugates of r and of r�1 also belong to R.
(2) If R is symmetrized, and r1, r2 P R are distinct and of the form r1 � bc1, r2 � bc2 in
ptx1, . . . , xm, x

�1
1 , . . . , x�1

m uq
�, where b, c1, c2 are words over the xi and their inverses, then b

is called a piece relative to R.
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(3) Let λ ¡ 0, R � F px1, . . . , xmq symmetrized. We say that the presentation xx1, . . . , xm | Ry
is C 1pλq if and only if for all r P R and all pieces b relative to R such that r � bc for some
word c in the free monoid over the xi and their inverses, then |b|   λ|r|.
(4) For λ ¡ 0, a finitely presented group is called C 1pλq if and only if it has a finite presentation
which is C 1pλq.

Obviously, pieces are subwords that can be cancelled by appropriately multiplying noninverse
elements of R; the small cancellation hypothesis C 1pλq for “small” λ states that pieces are
not long, so we can never cancel much as long as we keep concatenating elements of R. It is
not difficult to see:

Proposition 5.2.19. For R � F px1, . . . , xmq, let Rsymm denote the symmetrization of
R, i.e., the subset of F px1, . . . , xmq obtained by replacing each element of R by one of its
cyclically reduced forms and then closing under inverses and cyclically reduced conjugates. For
any presentation P � xx1, . . . , xm | r1, . . . , rky, we call the presentation obtained by replacing
R � tr1, . . . , rku by its symmetrization the symmetrization of P (note that this is another
presentation of the same group). Then for every λ ¡ 0 and every k P N, with overwhelming
probability the symmetrization of a finite presentation with k relators is C 1pλq.

However, one can also show:

Theorem 5.2.20. Let G be a C 1p1
6q finitely presented group. Then G is hyperbolic.

As a consequence, we now obtain:

Corollary 5.2.21. For any k P N, the following are valid:
(1) Presentations with k relators represent hyperbolic groups with overwhelming probability.
(2) Presentations with k relators have decidable word problem with overwhelming probability.

Proof. (1) follows immediately from Proposition 5.2.19 and Theorem 5.2.20, and (2) from (1)
by Corollary 5.2.16.

Note that the finitely presented groups with undecidable word problem which we have con-
structed in Chapter 4 have enormously big finite presentations. In view of this and Corollary
5.2.21, one may believe that all finite presentations with undecidable word problem must be
“monsters” which one may find very difficult to write down explicitly. However, this is not
the case; in 1986, Collins gave an example of a finite group presentation with 10 generators
and 27 relators which has undecidable word problem and can be written down in a few lines,
see (4) and note that there is a misprint in the group presentation there; the correct version
of the presentation can be found in (15).
We conclude by noting that there are other models for random finitely presented groups, like
the density model dependent on a parameter d with 0 ¤ d ¤ 1 also introduced by Gromov;
much more on these can be found in (14).
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Zusammenfassung

Diese Masterarbeit behandelt das Wortproblem für Gruppen; in drei einleitenden Ka-
piteln werden der Reihe nach die rekursionstheoretischen (Turing-Maschinen), zahlentheo-
retischen (Satz von Matiyasevich über Diophantizität und rekursive Aufzählbarkeit) sowie
gruppentheoretischen (kombinatorische Gruppentheorie) Grundlagen für die Konstrukti-
on endlicher Gruppenpräsentationen mit unentscheidbarem Wortproblem entwickelt. Im
vierten Kapitel wird mit Hilfe dieser Grundlagen nicht nur diese Konstruktion besprochen,
sondern auch der Einbettungssatz von Higman bewiesen. Das zur Abrundung dienende
fünfte Kapitel bespricht zwei Klassen von Gruppen mit entscheidbarem Wortproblem,
nämlich Ein-Relator-Gruppen und hyperbolische Gruppen.

Abstract

This Master’s thesis deals with the word problem for groups; in three preliminary chap-
ters, we successively develop the recursion-theoretic (Turing machines), number-theoretic
(Matiyasevich’s Theorem on Diophantineness and recursive enumerability) and group-
theoretic (combinatorial group theory) foundations for the construction of finite group
presentations with undecidable word problem. In the fourth chapter we discuss not only
this construction by means of these foundations, but also prove the Higman Embedding
Theorem. The fifth chapter, which serves to round off the thesis, discusses two classes of
groups with decidable word problem, namely one-relator groups and hyperbolic groups.
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