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Zusammenfassung

Diese Arbeit beschiftigt sich mit Existenz- und Eindeutigkeitsresultaten fiir
lineare hyperbolische partielle Differentialgleichungen zweiter Ord-
nung auf Lorentzmannigfaltigkeiten. Der Hauptteil eines strikt hyperbo-
lischen Differentialoperators zweiter Ordnung kann als Laplace-Beltrami-
Operator einer Lorentzmetrik geschrieben werden. Daher ist die Verwen-
dung von Methoden der Lorentzgeometrie in der Existenztheorie fiir die-
se Art von Differentialgleichungen naheliegend. Der geometrische Stand-
punkt gestattet eine elegante Formulierung der Energieabschdtzungen im
Rahmen der Sobolevraume, indem Energietensoren verwendet werden. In-
teresse fiir diese Verfahren kam in jiingster Zeit auf, da Problemstellungen
aus der allgemeinen Relativitdtstheorie und der mathematischen Geophy-
sik eine Verallgemeinerung fiir den Fall von Koeffizienten niedriger Regu-
laritat erfordern.
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Abstract

This thesis deals with existence and uniqueness results for linear hyper-
bolic partial differential equations of second order on Lorentzian mani-
folds. The principal part of a linear strictly hyperbolic operator of second
order may be written as the Laplace-Beltrami operator of some Lorentzian
metric, thus it is natural to use methods of Lorentzian geometry in the ex-
istence theory for this class of PDEs. This geometric viewpoint allows an
elegant formulation of the energy estimates in the framework of Sobolev
spaces by the use of energy tensors. Recent interest in these techniques
arises from generalizations to the case of coefficients of low regularity mo-
tivated by applications in general relativity and mathematical geophysics.






There is a theory which states

that if ever anyone discovers exactly

what the Universe is for and why it is here,

it will instantly disappear and be replaced

by something even more bizarre and inexplicable.
There is another theory which states

that this has already happened.

Douglas Adams
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arbeitspldne. Sein Angebot eine Diplomarbeit bei der Forschungsgruppe
DIANA (Differential Algebras and Nonlinear Analysis) am Institut fiir Ma-
thematik zu schreiben war einerseits verlockend, andererseits war ich wie-
der skeptisch, wollte ich doch ,eigentlich Physiker werden”. Jedoch be-
suchte ich auf seinen Hinweis im nédchsten Wintersemester das DIANA-
Seminar und entschloff mich meine Diplomarbeit unter seiner Betreuung
zu beginnen. Das Themengebiet der Distributionen und verallgemeiner-
ten Funktionen erwies sich als interessant und bot zudem die Moglichkeit
Verkniipfungen mit physikalischen Problemen herzustellen. Auch die Per-
spektive eventuell in Folge an einer Dissertation auf diesem Gebiet weiter-
zuarbeiten war sicherlich ein Anreiz. Nicht unwesentlich zu meiner Ent-
scheidung hat aber die nette Aufnahme bei der DIANA-Forschungsgruppe
beigetragen.

Nun ist einige Zeit vergangen und viele Definitionen, Satze und Be-
weise spédter kann ich diese Arbeit als abgeschlossen betrachten. Allen vor-
an mochte ich hier meinen Eltern, Annemarie und Gerhard Hanel, danken,
die mich ber Jahre hinweg untersttzt haben und damit meine Studien er-
moglicht haben. Ebenso gilt mein besonderer Dank meiner Taufpatin Ma-
rianne Hainisch und meiner Firmpatin Cornelia Hainisch fiir ihre langjah-
rige Unterstiitzung und ihr Vertrauen in meine Fahigkeiten.
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legin am Institut, die mittlerweile zu einer guten Freundin geworden ist.
Sehr hdufig , mufste” sie sich meine (nicht nur) mathematischen Probleme
anhoren, was in vielen Fillen im wahrsten Sinne des Wortes in einer Dis-
kussion iiber Gott und die Welt endete — natiirlich nicht ohne, daf sie einen
Losungsvorschlag fiir das urspriingliche Problem parat hatte.
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master thesis and offered me the possibility of writing a thesis at the depart-
ment of mathematics in collaboration with the DIANA (Differential Alge-
bras and Nonlinear Analysis) research group. On one hand, this proposal
was very tempting. On the other hand, I was a little bit sceptical since up to
that point I had wanted to become a physicist. However, in the next winter
term I visited the DIANA-seminar and decided to start with a diploma the-
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1 Introduction

This thesis is concerned with existence and uniqueness results for linear hy-
perbolic partial differential equations of second order on Lorentzian mani-
folds.
The prototype of a second order hyperbolic equation is the wave equa-
tion, i.e.,
Ou = (—0740%, ++++0x)u=0

for a function u on R'*"". The wave operator [J can be seen as the Laplace-
Beltrami operator of the Minkowski metric g = diag(—1,1,..., 1) on
R, that is we may write

0= i gikaiak,
i,k=0

where we follow the usual convention that dg = 0y and dJy = 9,, for
1 < k < nand g* denotes the inverse metric. More general, every linear
strictly hyperbolic operator of second order may be written as the Laplace-
Beltrami operator for some Lorentzian metric plus lower order terms (for
details, see [Hor94], section 24.1).

Having said this, it seems natural to use methods of Lorentzian geom-
etry and also general relativity in the existence theory of this class of PDEs
and indeed this has been done in the literature (e.g. [Fri75], [HE73], chapter
7) and this will also be the viewpoint of this work.

On the other hand the (classical) existence theory of hyperbolic PDEs
to a large extend is formulated in terms of Sobolev spaces and based upon
energy estimates; see e.g. [Hor94], [Hor97], [Sog95].

The advantage of the geometric view point is that energy estimates—
especially in the case of higher order energies and tensorial as opposed
to scalar equations—can be written in an elegant way using the notion of
energy-tensors (cf. subsection 5.2.1); their key property being the dominant
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energy condition (cf. definition 5.2.2) which implies the key estimate—the
divergence theorem (proposition 5.2.5).

The aim of this work is to provide a self-contained account on the ex-
istence theory of linear second order hyperbolic PDEs on Lorentzian man-
ifolds from a geometrical viewpoint. In some more detail we provide a full
proof of two existence and uniqueness theorems in Sobolev spaces based
upon the exposition in [HE73], chapter 7. Moreover, we also provide a
self-contained discussion of the prerequisites used throughout this work,
in particular, basic notions from pseudo-Riemannian geometry, Sobolev
spaces on manifolds and general relativity. Before giving a more detailed
description of the content of this work we will, however, discuss some
sources for the recent strong interest in the topic of this thesis which goes
beyond the mere fact that it is an interesting piece of classical mathematics.

If we want to use a single catch phrase for our sources of interest
this should be more or less “the wave equations on singular space times”,
meaning the study of the Laplace-Beltrami operator on Lorentzian mani-
folds with a metric of low differentiability. Technically speaking the result-
ing equations have coefficients of low regularity and recalling the fact that
we are interested not only in classical (i.e., twice differentiable) solutions
we find ourselves immediately in the realm of multiplication of distribu-
tions, which of course is a delicate matter. The interest into this kind of
equations itself has at least two roots in applications; the first one being
general relativity the second one mathematical geophysics.

In general relativity the notion of a singularity is a very sophisticated
one (cf. [Wal84], section 9.1). In short, the famous singularity theorems
by Stephen Hawking and George Ellis ([HE73], section 8.2) classify many
physically reasonable space times as singular in the sense that they are
geodesically incomplete. A long standing problem is to relate singulari-
ties to a disruption of the evolution of Einstein’s equations. One approach
to this problem—put forward by Chris Clarke in [Cla96]—leads to the con-
cept of generalized hyperbolicity. A space time is called generalized hyper-
bolic (referring to the classical concept of global hyperbolicity, cf. [Wal84],
section 8.3) if the Cauchy problem for the wave equation is well posed in a
certain weak sense (see [Cla98]).
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In mathematical geophysics one is interested in modelling the travel of
sound waves through the earth where again one ends up with hyperbolic
equations with coefficients of low regularity, modelling the varying sound
speed in different layers within the earth’s upper crust, see e.g. [BS95] and
literature cited therein.

Recent progress in dealing with such equations has been achieved us-
ing the theory of algebras of generalized functions in the sense of Jean-
Frangois Colombeau (see [Co0l92]) by James Vickers and Jonathan Wilson in
[VWO0O0]. In particular, they proved existence and uniqueness of solutions
to the wave equation on conic space times in a suitable space of generalized
functions. These space times possess a metric which is locally bounded but
not continuous and were studied in the context of non-linear generalized
functions in [CVW96]. Even more recently the result of Vickers and Wilson
has been generalized to a class of static singular metrics (modelled again by
generalized functions in the sense of Colombeau) in the course of a Ph.D.
thesis at the Faculty of Mathematics, University of Vienna, by Eberhard
Mayerhofer ([May06]).

For an overview on the recent development in the context of geo-
physics see [HAHO04].

With this thesis we hope to provide a solid introduction into the tech-
niques which were used and generalized in the above mentioned recent
results.

This work is organized in the following way: Chapters two and three
are designed to provide the mathematical prerequisites for this thesis. In
chapter two we give an introduction into aspects of differential geometry
used later, in particular pseudo-Riemannian geometry. In the third chapter
we develop some aspects of the theory of Sobolev spaces, especially the
Sobolev imbedding theorem (compare [Ada75], chapter 5) on manifolds.
Chapter four gives a short introduction into a few concepts from general
relativity.

The main part of this work is chapter five where we prove existence
and uniqueness results for hyperbolic PDEs based on [HE73], proposition
7.4.7. We define the energy tensor and prove the dominant energy condi-
tion, which is vital for the divergence theorem. Then we prove the energy
estimates using this theorem and an application of the Sobolev imbedding
theorem. Uniqueness of solutions is a direct consequence of the energy es-
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timates. Finally, we use these estimates to prove the existence result via
an approximation procedure using the weak compactness theorem. For
convenience of the reader several lengthy calculations are shifted to ap-
pendices A and B.



2 Elements of Differential Geometry

In this work we are dealing with hyperbolic second order PDEs on Loren-
tzian manifolds. To set up a coherent notation we review some basic con-
cepts from differential geometry, in particular manifolds, vector bundles, ten-
sor fields, differential forms, and Riemannian resp. Lorentzian geometry. Our
main references on differential geometry are [Kun06], [Kri05], [O'N83], and
[Spi99]. On the contrary to most books we consider the case of C"-functions
and tensor fields.

2.1 Manifolds and Charts

2.1.1. DEFINITION (Charts): Let M be a set. A chart or coordinate system
(¢, V) on M is a bijective map from V C M to an open subset U C R".
Two charts (@1, V1) and (¢, V2) are called C™-related if ¢1(V3 N V,) and
¢2(V1 N V,) are open sets in R” and if

g0 97! p1(ViNVa) — g2(ViN V)
is a C"-diffeomorphism.

2.1.2. DEFINITION (Atlases): A C™-atlas of a set M is a family of pairwise
related charts A = {(¢a, Vi)|la € A} such that M = Uyep Voo Two at-
lases A1, A are called equivalent if 4; U A, is again an atlas. We call an
equivalence class of such atlases a C"'-structure on M

2.1.3. DEFINITION (Manifolds): A C"-manifold is a set M together with
a C™-structure on M.

2.1.4. DEFINITION (Paracompact spaces): A topological space is paracom-
pact if every open cover admits an open locally finite refinement.
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Most of the time we consider C*-manifolds and additionally suppose them
to be Hausdorff and paracompact (where we use the topology induced by
the charts). Whenever we call M a manifold these assumptions are in effect.

2.1.5. DEFINITION: Let M be a C"-manifold (m € N U {co}).

(i) A function f : M — R is said to be in CK(M), (k < m) if fop~lis
k-times continuously differentiable for all charts (¢, U).

(ii) Analogously we say a function ¢ : M — N with N a C'-manifold
is in CK(M, N) (k < min{m,I})if ¢ o ¢ o ¢~ ! is k-times continuously
differentiable for all charts ¢ in M and all charts ¢ in N.

2.2 Vectors and Tangent Spaces

We will generally be interested not only in scalar functions but also in vec-
tor valued or tensorial objects. The basic notion underlying these concepts
is the tangent space to M.

2.2.1. DEFINITION: Let M be a manifold, p € M and cj,¢; : I — M con-
tinuously differentiable curves with ¢1(0) = c2(0) = p. Those curves are
called tangential at p if (o c1)’(0) = (Y ocp)’'(0) for a chart (¢, V) around p.
An equivalence relation on C!(I, M) is defined by ¢; ~ c; if c; is tangential
to cz at p. We denote the equivalence class by [c],.

Indeed this definition is independent of the chart.

2.2.2. DEFINITION (Tangent space): The tangent space T, M of a manifold
M at p is defined by

T,M := {[c],|c € C'(I, M) with c(0) = p}.
The elements [c], € T,M are called tangent vectors.
For a tangent vector we also write for short v or X, instead of [c].

2.2.3. DEFINITION (Differential map): Let M, N be m- resp. n-dimensio-
nal manifolds and let ¢ : M — N be at least C!. For each p € M the func-
tion Ty : TyM — Ty, N (or sometimes denoted as d¢,) sending [c], to
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[¢ o c|g(p) is called the differential or tangent map of ¢ at p. In local coordi-
nates we have for a chart ¢ = (x1,...,x,) of Mand achart ¢ = (y1,...,Yn)
of N with transition functions ¢}, := ¢ oo ¢~'

oy, )
(%%
T,0(v —E o*
P(P( ) T oxH ayl/

#(p) '

One now easily shows that T, M is a vector space and that it is isomorphic
to the space of derivations on C" (M) at p, i.e. there exists a linear bijective
map identifying vectors and derivations:

2.2.4. PROPOSITION: Let M be an n-dimensional manifold, p € M, and
(¢, V) a chart around p. The linear structure on T, M induced by the bijec-
tivemap T, : T,M — T,¢(V) = R" is independent of the chosen chart.

For a proof see e.g. 2.4.11 in [Kun06].

2.2.5. DEFINITION (Derivations at a point): For any natural number m a
mapping 9 : C"(M) — R is called C"-derivation at p € M if

(i) o(f +ag) = 9(f) +ad(g) (Linearity),
(i) 9(fg) =9(f)g(p) + f(p)a(g) (Leibniz rule),

forallx € Rand f,g € C"(M). The vector space of C"-derivations at p is
denoted by Der,(C™ (M), R).

2.2.6. THEOREM: Writing d,(f) := Tpf(v) the map

A :T,M — Der,(C"(M),R)

UV —0,

is a linear isomorphism.

We follow exactly the proof for the smooth case given in 2.4.13 of [Kun06].
Thus a tangent vector defines a map from C™ (M) into the real num-
bers, denoted by X, f for X, € T,M and f € C™(M). In local coordinates
(¢, V) with ¢ = (x!,...,x") we have
n u af

Xpf = Y. Xp 50
p=1 p
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2.3 Vector Bundles and Sections
2.3.1. DEFINITION (Vector bundles): A vector bundle of fibre dimension
n’ € N is a triple (E, M, 7t), where E and M are manifolds such that

(i) 7w : E — M is a smooth surjective map,

(ii) Vp € M the fibres E, := 7t~ (p) are n’-dimensional vector spaces, and

(iii) Vp € M there exists an open neighbourhood U C M and a diffeo-
morphism @ : U x R" — 7~'(U), which is fibrewise linear for all
points p € U, i. e. @, := ®(p,-) € L(R", E,), such that the following
diagram commutes:

P

U x R"

The diffeomorphism @ is called a local trivialization, E is called total space,
and M base space. For any chart (¢, U) of M we call the mapping

¥ = (¢ x idge) o @1 7Y (U) —yp(U) x R
z —=((p),v) with p = 71(z)

a vector bundle chart over 1.

2.3.2. DEFINITION (Tangent bundle): We define the tangent bundle of a
manifold to be the disjoint union of the tangent spaces, i.e.

T™M:= | | T,M:= | {p} x T,M. (2.1)
peM peM

The following theorem from [Kri05], section 25.6 shows that by choosing
the tangent spaces T, M as fibres we obtain a vector bundle.

2.3.3. THEOREM: The tangent bundle (TM, M, it) of a manifold M is in-
deed a vector bundle.

2.3.4. DEFINITION (Sections): A section of a vector bundle (E, M, i) is a
map s : M — E that satisfies 1 os = idp;. The space of C™-sections is
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denoted by I'""(M, E), for smooth sections we drop the index m. One can
easily show that I'" (M, E) is a module over C" (M) and a vector space over
R. The elements of I'"(M,TM) are called C™-vector fields and assign to
each point p € M a tangent vector. The subspace of smooth vector fields,
I'(M, TM), will be denoted by X(M).

By replacing the tangent spaces with their duals T, M, called cotangent
spaces, one obtains the cotangent bundle T* M. The sections I'"" (M, T*M) are
called one-forms or covector fields and assign to each point p € M a linear
functional on T, M. Similarly as above we denote by X*(M) the space of

smooth one-forms.

2.3.5. DEFINITION (Tensor product): Let (E, M, 1) and (F, M, 715) be ve-
ctor bundles. We define the tensor product of E and F to be

EQF:= || (E,®F)
peEM

with the following local trivializations
EQF ._ p»E F . qn'n"
LT = o @ @f : R"™ — E, @ F,,
where R""" = R" ® R"". Here n’ and n" denote the dimensions of the
corresponding fibres.

We can now define tensor fields of order (I, k).

2.3.6. DEFINITION (Tensor fields): The spaces I'""(M, T.M), where

TiM := (glgl) TM) ® (éT*M) ,

are defined to be the I-times contravariant and k-times covariant tensor fields
over M or for short (I, k)-tensor fields. Again these spaces are modules
over C" (M) and vector spaces over R. The space of smooth fields will be
denoted by 7,'(M).

Hence an (I, k)-tensor field is a map that assigns to each point p € M a
multilinear map from /-times T, M and k-times T, M into the real numbers.

The well known pointwise operations + and ® extend obviously to
operations on the tensor fields. Additionally there is the contraction mapping
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from I'" (M, T, M) to T™ (M, Tf{’_llM). More precisely we have by section 2.6
in [O'N83]:

2.3.7. LEMMA (Contraction): There exists a unique C™ (M)-linear function
C: I'"(M,TIM) — C™(M), called (1,1)-contraction, such that we have
C(X®w) = w(X) forall X € I"(M, TjM) and w € T™ (M, TIM).

This operation can be generalized to tensors of higher order by shifting
the operation of contraction to the arguments of the tensor field. Suppose
T € T"(M, Tf(M) For arbitrary fixed one-forms w!,.. ., w1 and vector
fields X3, ..., X;_1 the function

(w,X)—T(w',...,w,..., 0, X, X, ..., Xe1),

where w is inserted at the j position and X is inserted at the i position,
isa (1,1) tensor field. Applying the (1,1) contraction to this field yields a
real-valued function denoted by

Q) (@,... @™, X, Xiy).

Obviously CZ:T is C"(M)-multilinear in its arguments, hence a field in
(M, Tf(__ll) called the contraction of T over j and i.

2.3.8. DEFINITION (Differential map): For m € N and ¢ € C"(M, N) we
define the differential map by

T¢: TM —TN
(p.0) —=(9(p), Tpp(v)),

where T,¢ was defined in 2.2.3.

Among all tensor fields the totally antisymmetric covariant fields or dif-
ferential forms are of particular interest. Therefore we define the so called
exterior product of a vector bundle.

2.3.9. DEFINITION (Exterior product): Let (E, M, 1) be a vector bundle.
We define the k-fold exterior product of E to be

A'E:= | | A'E, = L5,(E*,R)
peEM



2.4. Differentiation on Manifolds 11

with local trivializations

k

k ~ n

ONE = A (@F): A'R" = RW — AFE,,
j=1

where LK (E*,R) denotes the space of k-linear alternating functionals on
the space E*.

2.3.10. DEFINITION (Differential forms): Elements of I'"*(M, A*T* M) are
called m-times differentiable k-forms. These spaces are C" (M )-modules and
R-vector spaces. By QF(M) := T'(M, AFT*M) we denote the smooth sec-
tions of A*T*M.

Thus a k-form is a map that assigns to each point p € M an alternating
k-linear map from T, M into the real numbers.

2.4 Differentiation on Manifolds

Like in Euclidean space we want to differentiate functions and tensor fields

on a manifold. We therefore introduce C"-derivations, exterior derivatives

and tensor derivations. Most properties will be similar to the smooth case.
The following proposition characterizes vector fields of class C" 1.

2.4.1. PROPOSITION: For a vector field X on M the following are equiva-
lent:

1. X: M — TMisC"™ 1, ie XisaC" l-section of TM.
2. Forall f € C™(M) the mapping Xf : p — Xpf : M — RisC" 1.

3. Forall charts (¢, V), = (x!,...,x") we have that for the local repre-
sentation

all X' are in C"~ (V).
The proof is a straight-forward generalization of 2.5.9 in [Kun06].

2.4.2. DEFINITION (Derivations): Let V be a module over the commuta-

tive A-Algebra B. A mapping 6 : B — V is called an A-Derivation of B in
V if
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(i) ¢ is A-linear

(i) Vb,c € Bwehave é(bc) = cd(b) + bd(c).
We are now interested in the case A = R, B = C"(M),and V = C""}(M).

2.4.3. DEFINITION: We call an R-linear map D : C"(M) — C" (M) a
C™-derivation if it satisfies the Leibniz rule

D(fg) = fD(g) +¢D(f)-
The space of C™-derivations is denoted by Der(C"(M),C"~}(M)).
In theorem 2.2.6 we proved isomorphy between Der,(C™ (M), R) and T, M.
For X € I""1(M, TM) and each p € M the vector X, is a C"-derivation at

p. The mapping f +— Xf where Xf is p — X,(f) is therefore linear in f
and obeys the Leibniz rule, since

(X(f£))(p) = Xp(fg) = Xp(f)g(p) + f(P)Xp(g) = (X(f)g + fX(g))(p)-

Hence X is a derivation on C"(M).
The reverse direction will be concluded from the next theorem.

2.4.4. THEOREM:
Der(C™(M),C" Y(M)) = T" 1 (M, TM)

Proof: T"~Y(M,TM) C Der(C™(M),C™1(M)) by proposition 2.4.1.2 and
the observations above. Conversely, let D € Der(C™(M),C" 1(M)) be
given. For p € M the mapping
C"(M) —-R
f=(D())(p)

is a derivation at p. Linearity is obvious, Leibniz’ rule follows by

D(fg)(p) = (D(f)g+ fD(g))(p) = (D(f)(p)g(p) + f(p)D(g)(p))-

By theorem 2.2.6 there exists exactly one X, € T,M with X,,(f) = D(f)(p).
Thus p — X, is a vector field on M with X(f) = D(f)Vf € C"(M). By
24.1.2itisC" L.

qg. e d.
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2.4.5. DEFINITION (Tensor derivation): A C™-tensor derivation D on a C*-
manifold M is a set of R-linear functions

D =D : I"™(M, TiM) — "™ 1(M, TLM)
such that for any C™-tensor fields S and T:
(1) D(S®T) =DS®T + S ® DT,
(2) for any contraction C{ the following diagram commutes:

D;
I™(M, TiM)

rm=1(M, TLM)

cl C]
Dl—l
(M, T M) —— L 1 (M, T M)

i.e. differentiation and contraction commute. For short we write
[D,C]S =0(S € T™(M, TLM).

For the special case I = k = 0 the mapping DJ is a derivation on
I'"(M, T9M) = C™(M), so there exists a unique vector field V such that
Df = Vfforall f € C"(M).

Since contraction and derivation commute by definition, one can
achieve a formula for D of an arbitrary tensor field in terms of D applied
only to functions and vector fields (see e.g. [O'N83], sec. 2.13). Thus we
have the following corollary:

2.4.6. COROLLARY: If tensor derivations D and D, agree on functions in
C™(M) and vector fields in I (M, T: M), then D; = D,.

This can be used to construct tensor derivations just by giving D} and D},
(see also [O’N83], sec. 2.15).

2.4.7. THEOREM: Given a vector field Y € T"~1(M,TM) and an R-linear
function § : T™ (M, TM) — I'"~1(M, TM) with

S(fX) = (YF)X + f6(X) Vf € C™(M),X € T"™(M, TM).

Then there exists a unique tensor derivation D on M and such that
D) =Y :C"(M) — C" (M) and D} = 6.
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2.4.8. DEFINITION (Exterior derivative): Let f € C"(M) (m € IN). Then
df : M —T'M
p—=Tpf

is called exterior derivative or for short differential of f.

2.4.9. REMARK: Obviously df is an (m — 1)-times differentiable one-form.
Moreover, for every vector field X € I"~1(M, TM) one has df(X) = Xf.

The exterior derivative can be extended to operate on any differentiable
k-form. This situation is covered by the following theorem.

2.4.10. THEOREM: On a manifold M for every U C M there exists a unique
family of maps

df(U) : (M, A*T* M) — T~ (M, A1 T*M) ¥m € N,
denoted by d, such that

(i) d is R-linear and satisfies the Leibniz rule for the exterior product, i.e.
for differential forms w € T"™(M, A*T*M) and v € T" (M, A'T*M) we
have

d(wAv) =dwAv+ (=1)w Ady,

(ii) for f € C™(M) we have that df agrees with the differential from defi-
nition 2.4.8,

(iii) form > 2 we haved? := dod = 0, and

(iv) for U,V openin M, U C V and w € IT"™(V, AkT*V) the following
diagram commutes:

lu

"(V, A*T*V) (U, AFT*U)

d d

I*mfl(vl AkJrlT*V) erfl(u’ Ak+1T*u)

A proof for the C*-case can be found in [Kun06], 2.7.22. The C"-case can
easily be derived.
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2.5 Riemannian and Lorentzian Manifolds

We now define Riemannian and Lorentzian manifolds, thus we need to
introduce metric tensor fields.

To begin with, we recall that a symmetric bilinear form on a vector space
V over R is an R-bilinear function b : V x V — R such that for all
v,w € V : b(v,w) = b(w,v). The index v of b is the dimension of the
largest subspace W C V such that b|w«w is negative definite. It is easy to
see that 0 < v < dim V and v = 0 if and only if b is positive definite.

2.5.1. DEFINITION (Metric tensor fields): A metric tensor field g on a man-
ifold M is a symmetric nondegenerate (0, 2)-tensor field of constant index.
Here the expression nondegenerate means that X — g¢(X,-) is a bijective
map from I'(M, TM) to T'(M, T*M). Such a tensor field is called a Rieman-
nian metric if g is positive definite. For dim M > 2 and index v = 1 we call
the metric Lorentzian.

The pair (M, g) of a manifold and a Riemannian metric is a Riemannian
manifold, if g is a Lorentzian metric we call (M, ) a Lorentzian manifold.
In coordinates we denote g by g, and its inverse by g*f.

We now introduce the concept of linear connections. Our definition
is slightly different from [O’N83], sec. 3.9 and 3.11, since we consider the
C%-case.

2.5.2. DEFINITION (Connections): A linear connection of order m € IN on
a smooth manifold M is a function

VT YM, TM) x T™(M, TM) — T~ Y(M, TM)
such that
(V1) VxYisC" 1(M)-linear in X,
(V2) VxYisR-linearinY,
(V3) Vx(fY) = (Xf)Y + fVxY for f € C"(M).

For the connection V we call VY the covariant derivative of Y with respect
to X.
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2.5.3. THEOREM (Levi-Civita connection): Let (M, g) be a Riemannian or
Lorentzian manifold where g is at least C1. Then there exists a unique con-
nection V such that

(V4) In any coordinate system (V, ) the Christoffel symbols I} g, defined by
Vo (9y) = Lo I3, 0u satisty Iy, = I

(V5) Zg(X,Y) = g(VzX,Y) +g(X,VzY),

forall Z € T°(M,TM) and X,Y € T'(M,TM). V is called the Levi-Civita

connection of M and it is locally given by

Y™ )
VxY:= Y ( ﬁa 7 +rmxﬂw> e (2.2)
B,y
where 5 3 3
1 8y | 985 98By
o _ * 2 g _
T =718 { oxf T xT o | @3)

Note that in the C*-case one would write for (V4)
[X,Y] = VxY — VyX,

where [X, Y] denotes the Lie bracket of two vector fields. This is not possi-
ble here since the bracket operation would reduce the differentiation order
of any involved vector field (C"-derivations are not an algebra!), i.e. X and
Y had to be at least C!, in contrary to definition 2.5.2 which was chosen
such that the covariant derivatives on functions agree with the derivations.

Proof: We split the proof into two parts: At first we prove local existence
and uniqueness, then we extend the construction onto the whole manifold.

1. Let (V,¢) be a chart on M with ¢ = (x!,...,x"). Obviously, (V1) is
satisfied by (2.2), so is (V2). To prove (V3) we write

V() = § (X500 + X)) %
aB,y

d

y"
Pog + fIg, X w) i

=) (Xﬂ 9 yo + fxXP3

wpBy
of Y* 0
—Zxﬁ —+f Z <Xﬁ +rmxﬁw> e

:(Xf)Y+fVXY.
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Hence V is locally a connection.

Assuming (V4) and (V5) to be true, we now derive formula (2.3),
thus deriving a local expression for the Levi-Civita connection. In-
deed the left hand side of (V5) reads

=)L 5. gﬁvxﬁXU

B,y
_ Spy oXxP Y
_az ( ox® ZEXPYT +gﬁvza ox® Y7 _i_ngﬂXﬁ oxx |-
Bry
(2.4)

Similarly the right hand side is

g(VZX,Y) +g(X, V2Y) = E oy (Zaax +FﬁZ“Xﬁ> Y7
«,B,7,0 ox*

,0Y°
+ Y g5ﬁ< B + 17 Z“W) XF.

«,B,7,0
(2.5)

By combining (2.4) and (2.5) one observes that the terms containing
partial derivatives of X and Y cancel. Hence (V5) yields

9
Y SEIZaXPYT = T (g0, T2 XPYT + g TS, ZXPYT). (26)
B,y a,B,v,0

Since (2.6) holds for arbitrary continuous Z and differentiable X, Y
one has

g o
axﬁvy N ;(&WF v+ 80pTy) = Dyap + Tpary
Taking a cyclic sum we find using (V4)

98py n 087 98up
ax*  oxP  Jx7

= 2@ up,
from which we obtain (2.3) by applying the inverse metric.

2. We show that the locally defined connection gives a global object. We
explicitly check the behaviour under coordinate transformations. We
have the relations

X = ZX"‘ ()5 ZXA )=z



18

Chapter 2: Elements of Ditferential Geometry

and

Zaxa (B () X¥ (xF (51)).

For convenience of the reader from now on we drop the coordinate
dependence in the component functions. Thus we set

i aY®
I e A

Observe that

o [oxh 92zt o ox! 9Y*
Zaxﬁ Zﬁ(&x“ > ;<8x58x"‘ ax«axﬁ>'

4

Hence we obtain

vxYt =Y )b xpye OF Z 0T 1y xby
Y oxP dxPox® oxx Py

—EX” FT Zxﬁ Y xﬁa - Z o armxﬁw. (2.7)

Inserting the expression for the usual transformation law of the Chris-
toffel symbols (see e.g. [Ibe95], section 4.2.4) into (2.7) yields

axﬁax"‘

VxY* = Zxﬂ——z XPy®

oz ax FA XBYY XBY?
+MZ Wzﬁrm +Z ﬁav XPy
_oY? I
=Y X'+ Y XM
uv
T
and we are done.
qg. e d.

Theorem 2.4.7 justifies the following definition.

2.5.4. DEFINITION (Covariant derivative): Let Y € I"~!(M,TM) on a
Riemannian or Lorentzian manifold M. The Levi-Civita covariant derivative

Vy is the unique tensor derivation on M such that

Vyf=Yf VfecCm(M)
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and VyX is the Levi-Civita covariant derivative for all X € I'""(M, TM).

2.5.5. DEFINITION (Covariant differential): The covariant differential of a
tensor field A € I'™(M,T,M) is the tensor field VA € T (M, T, ;M)
such that

(VA) (..., Xy, .., X, V) = (Vv A) (W), ..., 0, X, ., X
forall V, X; € T Y(M,TM) and w; € T 1 (M, T*M).

In the case | = k = 0 we have that the covariant differential coincides with
the total differential df.

2.5.6. NOTATION (Abstract indices): When convenient we will denote
tensor fields on M using the abstract index notation by Roger Penrose (see
e.g. [PR84], chapter 2.2, pp. 76-91): A tensor field will be written T [
with Latin indices not to be understood as components but just indicating
the order of the field, e.g. a contraction mapping of a tensor field is denoted

by

For calculations in a given coordinate system, we use Greek indices denot-
ing the tensor components, i.e.

n

W1 KU
Z T Vi Koo P ®

a=1

2.6 Integration on Manifolds

In this section we give some basic definitions concerning integration on
manifolds. Let us start with the definition of orientability.

2.6.1. DEFINITION (Orientability): A smooth manifold of dimension n
will be called orientable if there exists an orientable atlas .4, i.e. for
A = {(¢a, Va)} we have that det(D(¢p o ¢, '))(x) is positive for all
x € ¢u(Va N Vp) Va, B.

Note that not every manifold is orientable (e.g. the Mobius strip). For an
oriented manifold M and a positively oriented chart let w be a compactly
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supported n-form, such that supp w C U, where (¢, U) is a chart on M. We

/w:: / P w(x)d"x.
u p(U)

Here ¢.w denotes the pull-back of w.

set

2.6.2. DEFINITION (Integral): Let w be a compactly supported n-form and
let x, be alocally finite partition of unity subordinate to the charts (¢, V,).

Then
/w = Z/Xaw-
M * v,

Moreover, [,,w is independent of the charts and the partition of unity.

Our next task is the integration of vector fields on submanifolds N C M of
codimension 1. It is required that M is a Riemannian or Lorentzian mani-
fold a with metric. Its action is denoted by (-, -). Now, let dv be the metric
volume form on M and let do be the volume form on N. Moreover, denote
by v the positively oriented unit normal vector field on N, i.e. ifey, ..., e,_1
is a positively oriented basis of T,N, we have det(vp,ey,...,e,-1) > 0 for
all p € N. Then one has

do = do|y = 1, do,

where (xw = w(X,-,...). For any vector field X on M one obtains (see
[Kri05], chapter 48)
1xdv = (X,v) doon N.

We set doy, := v, do and call this the vector valued volume element on N.

Now we give the following definition.

2.6.3. DEFINITION (Integration over vector fields): Let v, N, dv, and do
as above. Then for any vector field X we define

o _ _ [ xv 4o,
I\ZX. /Lxdv /(X,v) do A/X doy,

N N
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3 Sobolev Spaces

3.1 Basics of Sobolev Spaces

Since we are interested in differential equations whose coefficient functions
and solutions are of low regularity, we have to define appropriate spaces of
functions. Our approach uses the theory of Sobolev spaces. On Euclidean
spaces a comprehensive introduction into this topic is given in [Ada75].
The situation on manifolds is covered by the books of Aubin and Hebey
([Aub82],[Heb99]).

3.1.1. REMARK: Note that on any manifold M we may construct a com-
plete Riemannian metric. Indeed we cover M by charts and “glue” the
pullback of the Euclidean metric by means of a subordinate C*-partition of
unity to obtain a Riemannian metric, of course depending on the covering
and the partition. Then by the theorem of Nomizu and Ozeki [NO61] there
exists a conformally equivalent complete Riemannian metric on M.

3.1.2. DEFINITION: Let (M, e) be a Riemannian manifold. For a real val-
ued function f € C" (M) we define

ID"F|:=(Vpy -V f Ve, - - Vg fel11 . ePnin)'/2
(" (D", D" f)) ",

where V denotes covariant differentiation with respect to e, D denotes
V... Vp, and e* denotese® -+ @e®@e* ® -+ - ®e.

I-times k-times

In particular, we have

ID°f| = |£1,ID'f| = |V = \/e(V£, V) = \/VifVi.
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3.1.3. DEFINITION (Sobolev Norms I): Let a Riemannian manifold (M, e)
be given withm € INgand R > p > 1. We set

A
O Il = ( [ 17 a0(e)) for 1 € o,
M

(i) " (M) := {f € C"(M)|¥1 < j < m, [DIfsqag) < oo}, and
(i) |
oy = (]20 D710 " @)
for f € C™P(M).

3.1.4. REMARK: Alternatively, one could use the equivalent norms

m .
||f”;/\/’"rP(M) = Z 1D fllLr ()
j=0

or
£ s oy = max IDF

We may regard C"F (M) as the space of functions, where f and its deriva-
tives until m™-order are in L¥ (M).

Now we are ready to define the Sobolev spaces W"* (M) as follows:

3.1.5. DEFINITION (Sobolev spaces I): Let (M, e) be a Riemannian man-
ifold, the Sobolev spaces W™ (M) are the completion of C"™F (M) with re-
spect to the norms defined in (3.1). For p = 2 we write H" (M).

The spaces W," (M) consist of all distributions u € D’(M) such that
fu e WP(M) for all f € D(M). We equip W™ (M) with the topology
defined by the family of semi-norms u — || fu(l,ymppp)- See also [CP82],
pp- 98-104.

Since the W™ P-spaces are complete and normed by definition, they are
Banach spaces. W,/ (M) are Fréchet spaces, see remark 3.1.10. H" (M) are
Hilbert spaces equipped with the scalar product

(£, 90 =Y [ (DIf, Dig) do(e)

]OM
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This construction may be easily generalized to tensor fields on Lorentzian

manifolds in the following way:

3.1.6. DEFINITION: Let (M, g) be a Lorentzian manifold. Denote by e a
Riemannian metric on M (see remark 3.1.1) and let T € T™(M, TL(M)).
Then for m € INy) we define the norm

m P l] ll 7. 11
ID"T| ==(Vy, ...V, T VLV, T
1
ey - eimehh ek ‘ermrm) 3

_ (el,(erk)* (Dm T, D" T))]/z
where V denotes covariant differentiation with respect to g.

3.1.7. DEFINITION (Sobolev norms II): Let M, g, ¢, and T be as above. For

non-negative integers m and real p > 1 we define
@ [T o1 </ |T|P do(e > for T € I°(M, TLM),

(i) 7™ (L, kM) :={T € T"(M,TiM)|V1 < j < m, [[DIT||pppnm < o},
and

(iii)
1/P
ITlmrinn (2 IDITI, e ) 52)
j=0

for T € T™P(1,k, M).

3.1.8. REMARK: Recall that |D/T]| in this context does refer to the covari-
ant derivative with respect to ¢ not e. On compact manifolds this does not
affect the following definition of Sobolev spaces, since two derivatives on
M only differ by the Christoffel symbols I}, which are bounded on com-
pact sets. Moreover, we achieve independence of e for compact manifolds
([Aub82], theorem 2.20).

This motivates

3.1.9. DEFINITION (Sobolev spaces II): Let (M, g) be a Lorentzian mani-
fold and let e be a Riemannian metric. The Sobolev spaces W"? (1, k, M) are
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the completion of 77 (1,k, M) with respect to the norms defined in (3.2).
For p = 2 we shall write H" (I, k, M).

The spaces Wf:f (1,k, M) consist of all distributional tensor fields such
that fT € W™P(1,k, M) forall f € D(M).

Again the VW"P-spaces are Banach spaces and H" is a Hilbert space. See

the following remark concerning the W, -spaces.

3.1.10. REMARK (Wlngép via projective limit): It is also possible to charac-
terize the W, -spaces as a projective limit. Choose (K;); a countable, ex-
hausting sequence of compact sets for M, i. e. K; C K? ; and M C ;e Ki.
Then let WP (K?) be the Sobolev space of type (m,p) over K?. We de-
fine W," (M) together with the projections 7i; : W,/ (M) — W™ (K?)
to be the projective limit of (W7 (K} ), 7r;;), where 71;; denote the restric-
tions 77;; : WP (K]O) — WM"P(K?) fori < j,i. e. the following diagram
commutes foralli,j € N,i <t

W (K?) W (K;)

In fact W, (M) is therefore a subspace of [];c; W™ (K?) such that

iel

Wied (M) = {(fz')i e[V (k)

VI <k, i (fi) = fz} -

One can show since the sequence (K;); is countable that W,"" (M) is a met-
ric space. Furthermore the space W,/ (M) is a Fréchet space since we have
each W (K?) complete.

3.1.11. DEFINITION: For N an imbedded submanifold with compact clo-
sure in M we denote the differential operator tangential to N with V resp.
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D/ for j € Np. Therefore we have

1
/p
Tlhsesiss = (5151 40)

Additionally we define for elements in W"?(I, k, M) with existing restric-
tion in N, denoting this space by W"?(1,k, N < M),

1
/p
ITlhussissan = (5 10Tl a)

Clearly we obtain

ITme @jeny < T llyme 1 n<) - 3.3)

It is obvious that for any N € M submanifold of M with dim N = dim M
we have V = V.

3.2 Some Fundamental Results on Sobolev Spaces

3.2.1. REMARK: Note that it suffices to prove most results in this section
for functions instead of tensor fields, since we have that YW P-sections are
smooth sections with WW"P-coefficients (see e.g. [SIm90], ex. 2.1.11), i.e.

H"™(1,k,N) = H"™(N) ¢~ T (N).

In the following we prove three auxiliary results which will be essential in
the proof of the main result; they can be found in [HE73], sec. 7.4, unfortu-
nately without proof.

From now on let N C M be a relatively compact submanifold of di-
mension n with differentiable boundary, where M is equipped with a Lo-
rentzian metric ¢ and a Riemannian metric e.

3.2.2. LEMMA: Let U; (1 < i < L) be a finite covering of N and let x; be
a partition of unity subordinate to U;. Then we have for any function f in
H™(N)—without loss of generality the same applies to H" (N < M)—that

Y X f llamy < CLOm+1) || fllpgn
1
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Proof: The statement follows from a short calculation. We start with

L Il = 2 (X [ 1006 dete >)

S;(IZO / (ki (,i)|Dl-’<xi||Dkf|)2do—<e>);.

Now since {x;} is a partition of unity |x;| < 1and (})|D'¥x;| is bounded
by a constant C greater than 1, therefore we have

L sl <2 (32 [ € 2|Dkf| ? 4ote )

i ION

(¥ ( ZID"fI " doe )

=05 k=

I 3

SCLI;;(N/(Z 1) kgo kafy2da(e)>
1 2 1

by(Z ) <(I+1)) 4

k=0
1

a(f (1+1) Z/kafyzda >

k=05

—et (L 0+ 0 1o )%

1=0

<
o

S

1

—ct(Lm+ Dy )

1

<CL(m + 1) || fll g

3

Il
o

Hence the claim follows. qg. e d.

3.2.3. LEMMA: LetT € H"(l,k,N), for 2m > n there exists some constant
Py depending on N, e, and g such that

IT] < Pu{| Tl gy -

ie.
H™(1,k,N) — Cp(l,k,N).
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Proof: Let U; be a finite covering of N with appropriate charts (¢;, U;) for
(1 <i<L).Lety,;beacompactly supported partition of unity subordinate
to U;. By remark 3.2.1 it is sufficient to consider the scalar case. Hence let
f be a function in H™(N). By the Rellich-Kondrachov theorem ([Ada75],
theorem 6.2) we have on ¢;(U;) that

(xif) o @7 )| < POI(xf) © 97 e (gucuy)-

Since ¢, g and Vg are bounded on supp );, we obtain

Xif L <P/ 16S oy Vi
=P (i) || Xifllypnc) Vi

Since {x;} is a partition of unity it follows that
1=
< 2 |Xif]
< (max P'(i Z 126 3 vy
Application of lemma 3.2.2 immediately gives the final result
1< Prl fllpgme)
with P := CL(m + 1) max; P'(i). g e d.
3.2.4. COROLLARY: For2m > n as in lemma 3.2.3, and j € IN we have
H"™(1,k,N) C Cl(Lk, N)

or
IDIT| < Pi(j) T W gm0 -

This is a direct consequence of lemma 3.2.3 applied to DIT.

3.2.5. COROLLARY: If [|T|[3m(; s <) €Xists for a T in lemma 3.2.3 we ob-
viously have a constant Py (j) such that

IDIT| < Py(G) T llpgmes 1<) -
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Apply lemma 3.2.3 to D/T. The result follows from inequality (3.3).

3.2.6. LEMMA: LetT € H"(l,k, N) and suppose2m < nand2 <r <
or2 <r < o if 2m = n. Then there exists a constant K depending on N, e,

an

and g such that
171 do(e) < K| Tlgngen
N

Proof: Tt is sufficient to prove the scalar case, hence f € H"(N). So let U;
be a finite covering of N with appropriate charts (¢;, U;), (1 <i < L). Let
Xi be a compactly supported partition of unity subordinate to U;. By the
Sobolev imbedding theorem ([Ada75], thm. 5.4, cases A and B), one has on
¢i(Ui)

[xif o (Pfl||Lr(goi(u,~)) < K(@)[[xif o @fl\’Hm(goi(ui))-
By the boundedness of ¢, g, and Vg on supp x; we obtain

IXif ey <K @O1Xif gy Vi
=K' () 1 f llem () Vi

Moreover, since {x;} is a partition of unity we get
£l :H;Xif L(N)
< ; 126 vy
= Z 126 ey

< (maxK'(i Z 126 3 (v

Using lemma 3.2.2 the final result

AN oy < KA om vy

with K := (CL(m + 1) max; K'(i))" follows and we are done. g. e d.

3.2.7. COROLLARY: Assuming the conditions of lemma 3.2.6 forany j € IN
we obtain

[ 10T do(e) < RG) I Tlgnosagn
N
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Proof: Apply lemma 3.2.6 to the tensor field D/ T. This yields

15TV dote) <RG) DTl
N

<KDIT Wm0
g.e d.

3.2.8. COROLLARY: If ||T||3pmsj(;  n<a) €Xists for a T in lemma 3.2.6 we
have constants K(j) such that for all j € N

/|DfT|rdv(e) < KG) N Tl g 5 <) -
N

Proof: Application of lemma 3.2.6 to D/'T and inequality (3.3) gives
[ 1DTY dote) <KG) DTy
N

SKGDIT s 1, 5=y

and we are done. q. e d.

3.2.9. LEMMA:

(i) LetS € H'(I,k,N)and T € H*(I',k',N). Ifs < t+u—2,s <t and
s < u then there exists a constant P, depending on N, e, and g such
that

1S @ Tllpgs ooy < P2 S Mg iy [T g oy
holds.

(ii) Moreover, if 2m > n, we have
1S @ Tllygn (i Ny < PollSHaon i ny N Tlagn i ny - (3:4)
Proof:

(i) Again we only have to consider the scalar case. Thus the statement
follows from a theorem in [Cla93], section 4.3.1.

(ii) The proof is a manifold version of theorem 5.23 in [Ada75]. To show

(3.4), it is sufficient to prove

/|Dj(5 © T) P dv(e) < Ki||SI3mapny | TIm@pyy 35
N
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for j < mand Kj depending on N, ¢, and g, since then

m .
18 Tlerinicen) = L [ 1D/(S @ T)P doe)
f:ON

m
2 2
< Y K IS 101y I T g vy -
=0

Let us assume for the moment that S € 7/'(N). By a similar argument
it follows using Leibniz” product rule that it is sufficient to have for
i<j<m

=i ~j—i 2 2
[ 1D @ DT doe) < K S o 1Ty 36)
N

where K; ; depends on N, ¢, and g.

Corollary 3.2.7 entails for each natural number i < m a positive
constant K(i) = K(i, N, g, e) such that forany W € H"(l,k,N)

[ IDWI dofe) < K Wl e
N

holds, assumed that2(m —i) <nand2 <r < % (or2<r<o
if 2(m — i) = n), or

ID'W| < K(i) W g 11,30 (3.8)
assuming 2(m — i) > n as in corollary 3.2.4.

To prove (3.6) let i’ be the largest integer such that 2(m —i') > n.
Since 2m > n by assumption, we have thati > 0. Now we distinguish

several cases.
(@) i. Ifi <7, then2(m —1i) > n,so
20 o Ty—iT2 68 N2 (a2 ~j—im2
[ @D TRdo(e) < [ K 1S m ) DT dofe)
N

N
. 2 ~
<K@ ISl3empn DT, NI

. 2 2
<K (1S5 (1 3y I T om0 )

ii. Similarly if j — i < i’, we have

L 68 ) )
[ 108 & DT dote) < K(G = 118 gnuin) 1T sy
N
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(b) Now ifi > i" and j — i > 7/, then we clearly have i > i’ + 1 and
j—i>17+1suchthatn >2(m—i)and n > 2(m — j+1i). Thus

2em=j) ,_2m
n

n—2(m—i) +n—Z(m—j-l-i) 9
n n n
Hence we find r, 7 € RT with 1/, + 1/, = 1 so that
2n 2n
_—, 2<2/ —.
n—2(m—1i - r<n—2(m—]—|—z)
Applying Holder’s inequality and (3.7) we get

2<2r<

/ IDiS@DI~IT|? do(e)
N

= </ DS dv(e)y/r (/ DT dv(e)>1/r/
N N

11 LN,
<K@ IKG = D17 1S gt 1T ey

which completes the proof of inequality (3.5) for S € 7,/(N) and
T e H"(I',K',N).

If S € H™(l,k,N), then by the definition of the Sobolev spaces there
exists a sequence S, of T/(N) tensor fields converging to S in
H™(1,k,N). Then by the above argument S,, ® T is a Cauchy sequence
in H"(1+1',k+ k', N) and therefore converging to an element W of
that space. Since 2m > n we may assume that S and T are continuous
and bounded on N, hence

W =S & Tl 2gsp s n) <MW = Su @ Tlliagar prw ny
+1(Sn = S) ® Tllt2gsr s Ny
<{IW =80 @ Tlli24 ki v
F N T e r,ny 150 = Sllczqpny
—0 asn — oo.

So we have W = S ® T is L?-integrable and W = S @ T in the sense of
distributions. Therefore W = S® T in H" (I + ',k + k', N) and

1S & Tllpgmsrr iy = IWlgom i e wy
<limsup [[Sn @ Tll3gm 1 ka0,

n—oo

= IS, N3 n) 1T Nl g oy -
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This completes the proof of part (ii).

g.e. d.

3.2.10. COROLLARY: IfS € H"(l,k,N < M)and T € H"(I',k', N < M),
we have for 2m > n a constant Py depending on N, e, and g such that

1S @ Tllpgn (1 s, N<at) < Po 1S pgm i n<ay 1T 2 o <y -

This is proven analogously to lemma 3.2.9. Instead of the corollaries 3.2.7
and 3.2.4 use 3.2.8 resp. 3.2.5.

3.2.11. LEMMA: Let T € H"i(I,k,N), N’ C N be a smooth submanifo]d
of dimension n'. Suppose either2m < n,n—2m < n’ < n,and 2 <

n— 2m
or2m = nand1 < n’ < n. Then for each n' and j there exists a positive

constant P5(j,n’) such that

1Ty pnry < PsGon) I Tllpgomqpn -

Proof: Itis sufficient to prove the scalar case, hence let f € H/*"(N). Let U;
be a finite covering of N with appropriate charts (¢;, U;), (1 <i < L). Let x;
be a compactly supported partition of unity subordinate to U;. By [Ada75],
theorem 5.4, cases A and B we have on ¢;(U;)

1 © @7 g guun ) < Pslin i n)IXif 0 @7 lagmsi gy ui)-

Since e, g, and V¢ are bounded on supp ); we have

1xif unnry <3 i n)xif llgnsiquy)
=P3(i, ], ”/)HXz’fHHmH(N)

Furthermore, we have that {;} is a partition of unity. Thus we obtain
1A 7y =|| ;XifHHf(N’)
< Z 1 f 4 ()
i
= E ||7(ifHHf(umN')

<(max Py(i, j,n Z HleHH"’*f
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By application of lemma 3.2.2 this yields
£l vy < B3, )N flggmei vy
with P;(j,n) := CL(m +j + 1) max; P}(i, j,n’). g e d.

3.2.12. COROLLARY: In fact in lemma 3.2.11—if the restriction exists—for

eachi € INg we have the stronger estimate

Tyt ponr <y < P3(i10") (1T lpgiom gy -

Proof: For convenience of the reader, in this proof we write Difor the differ-
entials on N. Set j = 0 in lemma 3.2.11. This yields for the field D T

ID" T2y < P00 ) ID Tllagniny < P50, 1) Tl g0y

Summing up, we obtain the final result

i ) -
T g ajenr<ny = 2 1D Tliaany < [1Ps (0, n) | Tl pgem iy
=0

by defining P5(i,n’) := |i|P;(0, n’). g. e d.
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4 Some Concepts from General Relativity

The differential equations we are interested in are hyperbolic ones, i.e.
where the differential operator is derived from a Lorentzian metric. Since
Lorentz geometry is deeply connected to the theory of relativity, we have
to introduce some relativistic ideas concerning causality. For further study
we refer to the books of O’Neill [O’N83] and Wald [Wal84].

A main concept in relativistic physics is the trichotomy of a vector
space with a Lorentzian scalar product. Here we consider the tangent space

of a Lorentzian manifold.

4.1.1. DEFINITION: On a Lorentzian manifold (M, g) a tangent vector
v € TyM is called

e spacelike if g(v,v) > 0orv =0,
e nullif g(v,v) =0and v # 0,
e timelike if ¢(v,v) < 0.

The terms non-timelike and non-spacelike /causal refer to the corresponding
relations with > and <.

This definition can be extended to vector fields requiring that it holds for
any point p.

4.1.2. DEFINITION: On a Lorentzian manifold (M, g) a curve ¢y : [ — M,
where I C R is an arbitrary open interval, is spacelike, timelike or null if
for its tangent vector field j(s) the relations of definition 4.1.1 hold for all
sel.

In a similar way we can define those properties for hypersurfaces.
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4.1.3. DEFINITION: On a Lorentzian manifold (M,g) a hypersurface is
spacelike, timelike or null if its normal vector field v is timelike, spacelike

or null respectively.

For Lorentzian manifolds the concept of time-orientability is important.
Thus let us start with the following definition.

4.1.4. DEFINITION (Time cone): Let p € M, where (M, g) is a Lorentzian
manifold. We define for timelike u € T, M the set

Cp(u) := {v € T,M timelike|g(u,v) < 0},

called time cone of T, M containing u.

The opposite time cone is
Cp(—u) = —C(u) = {v € T,M timelike|g(u,v) > 0}.

We call the set C(u) of all causal vectors v with ¢(u,v) < 0 the causal cone
containing u.

Let T be a function on M assigning to each point a time cone C,. The
map T is smooth if for each p € M there exists a smooth vector field X on a
neighbourhood U of p with X, € C, Vg € U.

4.1.5. DEFINITION (Time orientability): If for a Lorentzian manifold M
there exists a smooth function T as above, called time orientation, then M is
said to be time-orientable.

4.1.6. LEMMA: A Lorentzian manifold M is time-orientable if and only if
there exists a smooth timelike vector field X.

For a proof see section 5.32 in [O’N83].
The time orientation of M is called the future and its negative is called
the past. Thus we have

4.1.7. DEFINITION (Future-directed):

1. A vector v € T,M is called future-directed if it is in the future causal

cone.

2. A curve is called future-directed if all its tangent vectors are future-
directed.
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By replacing future with past in this definition one obtains past-directed
vectors and curves.

4.1.8. DEFINITION (Causality relations): We define the following causal-
ity relations on M. If p,q € M, then

(1) p < qif there is a future-directed timelike curve in M from p to g,

(2) p < g if there is a future-directed non-spacelike curve in M from p to gq.

(B) p<gifeitherp<gorp=gq.

4.1.9. DEFINITION (Chronological and causal future): For H C M we set
I"(H) :={q € M|3p € H: p < g}, the chronological future,

and
JT(H) :={q € M|3p € H: p < q}, the causal future.

Furthermore, the chronological resp. causal future of H with respect to
U C M is defined by

I"(HU):={qeU|FpeH:p<q}

and
JP(H,U):={geU|Fpe H:p<gq}

The chronological and causal past I~ resp. ]~ are defined analogously by
replacing p < gand p < gby g < presp. g < p.

4.1.10. DEFINITION: A set H C M is said to be achronal if for all p,q € H,

p&Lq.

4.1.11. DEFINITION (Extendible curves): We call a continuous curve
from (so,s1) to M extendible provided that there exists a continuous exten-
sion ¥ : (so,s1] — M, otherwise 7y will be called inextendible. Then q = y(s1)
is called an endpoint of vy. Obviously one may cover the left end of the in-
terval in the same way.

4.1.12. DEFINITION (Cauchy development): For an achronal set H we
call a region Dt (H) the future Cauchy development or domain of dependence
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of H if it is the set of all points p € M such that every past-inextendible
non-spacelike curve through p intersects H. The past Cauchy development

is defined analogously.

Here the expression past-inextendible means past-directed and inextendible.
The last proposition in this section covers the construction of a Rie-

mannian metric from a Lorentzian one.

4.1.13. PROPOSITION: Let (M, g) be a Lorentzian manifold, X be a time-
like unit vector field, and let X* denote the corresponding one-form with

respect to g. Then
e =X"®X" — %g(X, X)g (4.1)

is a Riemannian metric.

For a proof see [O'N83], sec. 5.36.
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5 Existence and Uniqueness Theorems

5.1 The Main Theorems

We are now in a position to state two theorems on existence and unique-
ness of solutions to hyperbolic second order partial differential equations
on Lorentzian manifolds. The first theorem uses less strict conditions on
the tensor fields but holds only for manifolds of dimension n < 4, whereas
the second theorem due to more restrictive conditions is valid for any di-

mension.

5.1.1. REMARK: Note that if not stated otherwise throughout the follow-
ing sections covariant derivatives are taken with respect to the Lorentzian
metric g, scalar products are to be understood with respect to the Lorentz-
ian metric A and norms of tensor fields refer to the Riemannian metric e.
Moreover, the concepts of timelike, spacelike and null vectors generally re-
fer to the metric A. We shall write g-derivative, e-norm, or A-timelike.

We consider the following initial value problem: Let (M, g) be a Lorentzian
manifold, let A be a Lorentz metric and furthermore, let B, C, and F be
tensor fields on M. We are interested in solutions T of

F— ab i1...il llql...qki1...i1
L(T) :=A"V,V,T ]-1”'].k+B P prid

ql...qkil...il p1---pP1 . l]ll
+C propiige L e =

Vanl---qu

1k

(5.1)

Let U C M open and relatively compact with C!-boundary and let 1 be a
smooth function on a neighbourhood of U with timelike gradient. We set

H(t) := {plh(p) = t}

and
U, :=unlyH(t).

t>0
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H(t)

H(0)

Figure 5.1: The set U

Since U is relatively compact, one has that ¢ is bounded by some constant
t1. We specify initial conditions as follows

i1y

R i) a R
j]...jk’H(O)mu-%— - TO ]l]k VﬂT j1...jku ‘H(O)ﬂu+ - Tl

1o
(5.2)
where Ty, T; are tensor fields of indicated type and u is any C3t%_vector

field non-tangential to H(0). This scenario is illustrated in figure 5.1.

5.1.2. NOTATION: We denote functions and tensor fields on a set U with
Lipschitz continuous (m — 1) derivative by C"~ (U) resp. I~ (U, T U).

5.1.3. THEOREM: Let M, U, H(t) as above, « € Ny, dimM < 4 and the
metric g € I°™*(M, TOM). Assume that

(1) oU N U is achronal with respect to A (causality),

(2) A€ H**(2,0,Uy),
Be H¥*(k+1+1,14+kU,),
C € H¥*%(I + k,I + k, U, (regularity of the coefficients),

(3) To € H***(I,k, H(0) nU),
Ty € H3**(I,k, H(0) N U),
u € T3%(M, TM) (regularity of the initial data), and

(4) F € H>™%(1,k, U, ) (regularity of the right hand side).
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Then there exists a unique solution T € H***(1,k,U,) of (5.1) with initial
data (5.2).

Here the norms ||-{|yym( 1,1y on the Sobolev spaces H™ (I, k, U) are de-
fined via a Riemannian metrice € '~ (M, TM).

Since theorem 5.1.3 deals only with manifolds of dimension less or equal to
4, we phrase a second theorem for higher dimensions. In order to establish
the necessary estimates we require the tensor fields to be in appropriate
Sobolev spaces of higher order.

5.1.4. THEOREM: Let M, U, H(t), « € N as above, dimM = n, and
g € I*%(M, TIM). Assume that

(1) oU N U is achronal with respect to A (causality).

@ Aerlilre2 01,
BeHlE 11,14 kuy),
CeHlil+1a (I4+k,1+k Uy ) (regularity of the coefficients),

(3) To € H'™(I,k, H(0) nU),
Th € H*(l,k, H(0) N U),
u € I'*(M, TM) (regularity of the initial data), and

(4) F € H*(l,k, U, ) (regularity of the right hand side).

Then there exists a unique solution T & H1+"‘(Z, k,U) of (5.1) with initial
data (5.2). Again the norms || ||y, s,y on the Sobolev spaces H" (I, k, U)
are defined via a Riemannian metrice € T~ (M, TOM).

5.2 Energy Estimates

The proof of theorem 5.1.3 will be split up into several independent results.
In the beginning we show some energy inequalities as well as the unique-
ness part. The final result then follows from approximating the coefficients
and initial data by analytic tensor fields.

5.2.1 Zero-Order Energy Estimate

We start with a proposition covering the zero-order energy inequality. By
abuse of notation (see definition 3.1.11) we write H"(l,k, H(t) < Uy) in-
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stead of H™(I,k, H(t) N Uy < Uy)

5.2.1. PROPOSITION: Let M, U, H(t), e as in theorem 5.1.3, let the Lo-
rentzian metric g € I'>~ (M, TIM), and h a C?>-function on a neighbourhood
of U with A-timelike g-gradient. If condition (1) from 5.1.3 and additionally

(2’) there exists some Q1 > 0 such that on U,
ANV h < —Q
and
A" wawy, > Qre™wawy,

almost everywhere for any continuous one form w which satisfies
A"V hwy, =0, and

(2”) there exists some Q; such that on U,

A < Q2 |DA|<Q: [B| <Q: [C|< Q;almosteverywhere,

hold, then we have some positive constant P, (depending on U, e, g, Q1,
and Qy) such that for all solutions T of (5.1) and Vt < t; we obtain

Tl 1 mey<us) < Pafl Tl o mioy<usy + IE 2@t (5.3)

where
ui)y=un |J H().

o<t <t

To prove proposition 5.2.1 we show a result on the energy tensor

1 . .
Sab . { <AaCAbd B ZAabACd> chllwll]'l.u]'k vdTmmpl%w'ik

_%AabTﬁ..,ilhmjk Ther } e]’lql---jquhplmim[ (5.4)
which helps to establish an estimate for ||T||51 ;i py 1)<y, ) In terms of its
values on the initial surface, some integral over the derivative of the energy
tensor V;5%, and the mean value of Tl 200 11y <u, ) OVver all ¥ € [0,
Furthermore, we prove an estimate for V,S" which allows us to rephrase
this inequality in terms of the tensor field F. By a Gronwall argument we
will finally conclude (5.3).
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jlql...]'k...qk'

; . has to be understood as
1P1---pi

Note that in this context e
R ReFReR Qe

k-times I-times

5.2.2. DEFINITION (The dominant energy condition): A tensor field S on
a Lorentzian manifold (M, A) is said to satisfy the dominant energy condition,
if

(1) Sabwﬂwb Z O/

(i) S?w, is non-spacelike.

for all timelike one-forms w.

5.2.3. LEMMA: Define the energy tensor on U by (5.4) with A, g, e, and
T as in proposition 5.2.1. Then S satisfies the dominant energy condition
5.2.2 (with respect to A).

5.2.4. DEFINITION: We will divide S’ into the quantities

i1P1-~~i1P1

1 o o
Sgh = <A”0Abd _ 2AﬂbAcd> VCTll---lzhmjk vdTplmpqumqk /191 Ikk

and

1Aale'1...l'Z' ' Tplpl ejlql...jqu

gab = —— . .
: 2 J1e-Jk q1---qk iypr..pr”

We split the proof into five parts. Part 1 will show that $”w, is non-
spacelike, part 2 will prove that S%w,w, > 0, which means—assuming
that part 1 is proven—that $”w, has the same orientation as —«w"’. Part
3 and 4 prove the respective statements for Si°. In the fifth part we will
gather the results of parts 1-4 and prove the lemma.

Proof of lemma 5.2.3:
1. CLAIM: 57w, is non-spacelike, i. e. $"w, 5w Ay < 0.

As one can easily see

P 1 o o
ab cd _ ab 11...17 P1---Pi 7191+ Jk9k
S (daS wCAbd _EA (UaT ]1]k T q1---qk e ilpl-uilpl
. cd 11...1; P1---P1 7191 Tk Gk
A wCT J1-Jk T q_lq_ke] Tlﬁl-u_lﬁlAbd
1
= A" A Apgwaw | TP

1
:XA“CwawC|T]2.
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The above expression is even strictly less than zero for T # 0, since wj, is
timelike. O

2. CLAIM: $%w,wy, > 0.

A straight forward calculation leads to

1 p1--pi eh‘hm]'qu

5 1 .
ab __ *opab iq...0
SPw,wy = 2A wawpT i 01k Pt

= — 2 A%y TP 20,
since w, is timelike. O
3. CLAIM: S%w, is non-spacelike, i.e. Sgbwasgl_’ngb;, <0.
Similar to part 1 we find for scalar T that
Stw, =A"CAYY TV, Tw, — %A”bACdVCTVdTwa

1
=w V. TAYV,T — Ewacdvci[’v,,,T

1
ApStw, =wV TAFAMV T — Ewab,;ACdVCTVdT
1
=WV TV;T — Ewl—,ACdVCTVdT

~ 1
A8 w, St ws = (wCVCTVET — 2wEACdVCTVdT)

: (wva AV ST — ;w?’A“fngvd-T)
=WV Tw 'V TAY¥V; TV ;T

1 _

— Eded-TwCVC—TACdVCTVdT
1 _ -

— EwCVCTWbV;,TACdVgTVd—T

1 _ =
+ Ew;]waCdVCTVdTACdVC—TVJT

1 -
:ngwb(AcdchvdT)z >0, (5.5)

because the sum of the first three terms of (5.5) is zero and the last one is

greater or equal to zero, since w is timelike.
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To show the general case where T is a tensor field, we choose an
orthonormal basis with respect to the metric e. Therefore in such coordi-

nates

ssf =Y. (A”Aﬁfs - ;A"‘ﬁAW) v, T, ST,

K,
Vi, Vg

~ ¥ Lawpren,

vl
Vi,eeesVk

H1--Hi
1.--Vk T Vy...Vg®

We apply equation (5.5) on Soaﬁm...yl

Vi Wa WP forall uy, ..., up,v1, ..., v
fixed. By (5.5) we know that all the Solxﬁ - 11,1_“1,,cupé have the same time

orientation as —wP. Therefore we finally obtain that

o o U
Soﬁwa — Z SO ﬁ]’ll # Vl_ul/lwp(
Wil

V1o Vk

is non-spacelike, since the sum of non-spacelike vectors of the same time
orientation is indeed non-spacelike. O

CLAIM: Sw,wy > 0.

We conclude that

Sgbwuwb — Acdchhmlz_ . vdTmmplql...q PULEES/ZL

J1--Jk k

i1pr..-i1pr’

where A = (A"AY — 1A% A w,wy,. This expression is greater or

Fcd j1-Jkq---qk o P : .
equal to zero because A“e iy.iipy...p, 18 Riemannian by proposi

tion 4.1.13. O

. We know from part 1-4 that S5 and Sgb w, have the same time orien-

tation (more precisely the time orientation of —w”) since they are non-
spacelike and their scalar product with w, (timelike) is non-negative.
Again by an argument similar to that one in the third part the tensor
Sy, = Sgba)a + S, has the same orientation too and as a matter of
fact S w, must be non-spacelike.

This completes the proof and thus we know that S? satisfies the dominant

energy condition. g. e d.

Within the proof of proposition 5.2.1 we need a divergence theorem to es-

timate the energy tensor. Thus let us consider a situation with h € C?(M),
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(

K

H(t)
(dK), K@)
(0K),

Figure 5.2: The set K

H(t')

whose gradient with respect to g is everywhere A-timelike. Such a func-
tion does indeed exist provided that the space time M does not violate
causality. Consider a connected compact set K, whose boundary consists
of three parts. A part (dK); where the normal form v is non-spacelike with
respect to A and A(v, Vh) > 0, a part (dK), where the normal form is non-
spacelike with respect to A and A(v, Vi) < 0, and a part (dK)3 which may
be empty. Here we have chosen v such that A(v, X) is positive for all vector
fields X pointing out of K. Let H(#') denote the surface h(p) = ' and K(¢)
the part of K for which h(p) < t'. Note that the derivative operator V is
taken with respect to g. For an illustration see figure 5.2.

For typ < t such that KN H(T) = @ V71 < typ we now establish the inequality

/ SV, hdoy(g) < — / 5V, hdoy(2)
H(t)NK K(t)N(9K)

+P/ / 5V, oy (g) dt’

to H(#)NK

+ / / V,5% doy(g) d¥ (5.6)
to H(#')NK
(see [HE73], lemma 4.7) which holds for any symmetric (2,0) tensor field
S vanishing on (dK)3. As an application we will show that any symmet-
ric and divergence free (2,0)-tensor field vanishes everywhere on K if it
vanishes on (dK)3 and the initial surface (9K);.

5.2.5. PROPOSITION (Divergence Theorem): Let K be as above then there
exists some positive constant P such that for any energy tensor S satisfy-
ing the dominant energy condition 5.2.2 and vanishing on (9K)3 inequality
(5.6) holds, where do,(g) denotes the surface element induced by g.
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Proof: We consider the volume integral (dv(g) is the volume element in-

duced by g)
I(t) = /Vb(S”quh) do(g) = [ $%V,Vahdo(g) + / VSV, do(g).
K(t) K(t) K(t)

(5.7)
We can transform (5.7) into a surface integral over 0K (t) by using Stokes’
theorem. Hence

I(t) = / STV h doy(g).
aK(H)

The boundary of K(t) consists of K(t) N 9K and K N H(t). Since S is zero
on (0K)3 the integral is given by

I(t) = / 5,0 doy(g) + / 5%, doy (g)

K(H(3K),; K(HA(3K)s
n / STV h doy(g).
KNH(t)

By the dominant energy condition, definition 5.2.2, S*’V } is a non-space-
like vector with respect to A and S ,hVyh > 0. On (0Ky) we have
1, Vyh A% < 0. Since the scalar product of two non-spacelike vectors with
opposite direction is non negative SV, hv;, > 0 on (9K) holds. We con-
clude that

/ SV, hdoy(g) = / S%V hvy, do(g) > 0.
K(t)N(9K)2 K(H)N(9K),

Thus

/ 5TV, hdoy(g) < — / SV, hdoy(g)
KNH(t) K(HA(3K ),

+ [ (S"V,V,h 4 V8%V, k) do(g).  (5.8)
K(b)

Since K is a compact set there exists an upper bound to the components of
VVih in any orthonormal basis whose timelike vector is in the direction
of V,;h. Hence by the dominant energy condition we have some P > 0 such
that on K

SV, Vh < PSV WV .
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We now decompose the volume integral over K(t) into a surface integral
over H(#') N K followed by an integral with respect to #':

/ (PSTHN iV ph + V, 5V 1) do(g)
0

_ / / (PS®Vyh + V,5%) dou(g)dt.  (5.9)
to H(')NK
Combining (5.8) and (5.9) and since 5% is symmetric, we have

/ SV, hdoy(g) < — / 5V 1 doy(g)
KNH(t) K(£)N(9K)x

+P/ / 5V hdoy (g) dt!
to H(#')NK

+ / / V.5 doy(g) d¥

fo H(¥')NK

which proves the lemma stated above. g.e d.

5.2.6. COROLLARY (The conservation theorem): Let the tensor S (for S
and K as in the lemma above) be zero on (dK)s3 as well as on the initial
surface (0K); and let its divergence be zero (i. e. V,S™ = 0), then S is zero
anywhere on K.

Proof: Let

x(t) == / SN, hV,hdo(g)

K(t)
- / / 5V, hdoy(g) dt’ > 0. (5.10)
to H('
Hence
‘:1’:: / SV, hdoy(g). (5.11)
H(H)NK

If we insert (5.10) and (5.11) into inequality (5.6), we obtain

t
%g— / S“bvuhdab(g)+Px+/ / V5" doy(g) dt'.

dt
(0K)1 to H(¥')NK
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The first term on the right hand side vanishes because S = 0 on (dK);
and the last term vanishes because V,5% = 0. Thus % < Px and as a

consequence
t
x(t) <P / x(s) ds.
to
By Gronwall’s lemma (see corollary 6.2 in [Ama83]) we have
x(t) <0

which proves the assertion since S satisfies the dominant energy condition
g.e. d.

For the remaining part of this chapter we shall omit the tensor order
when denoting Sobolev norms, e.g. H"(N) = H"(I,k,N).

Proof of proposition 5.2.1: To begin with, we form the energy tensor S (see
equation (5.4)). By applying lemma 5.2.3 we know that S obeys the domi-
nant energy condition with respect to the metric A. We can easily see that
there exists a constant Q4 such that

S iV, h <| A2 Dh|[DT|? + |A||Dh|?| T2
<Qu(|T]* +|DTJ?)

holds on U, since |Dh| is bounded on compact sets and since A is bounded
by assumption. Moreover we have that

. 1
Acd = (AacAbd _ 2AabAcd> Vahvbh
is a Riemannian metric by proposition 4.1.13. Now it follows that

Subvahvbh > ACdVCTilmil- ] vdTp]mplql...qk e/l‘hwjk‘ik

Ql 2
e + 7‘T|

i1P1~-~ilPl

by assumption (2’). Furthermore,
SN hVyh > C|DT|? + %m?—

since on Uy we have Cie(¢, &) < A(, &) < Cpe(E, €) for any positive con-
stants Cy, C; and any vector field ¢. Summing up we have that

Q4(IT|* + |DT|?) < S™V,hVyh < Qu(|T* + [DT]).  (5.12)
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We are now ready to apply lemma 5.2.5, taking U, as the compact region
K and using the volume element resp. the surface element induced by g as
well as the covariant derivative with respect to g. Thus

/ 5TV hdoy(g) < — / 5%V h doy(g)

H(t)NU H(0)NU 4
t

+ / (PS™V ol + V,5™) doy (¢) dF,
0 H(t")NU,
(5.13)

where P is a positive constant. To exploit (5.13) we rewrite the volume on
H(t) resp. on H(0) in order to produce a term proportional to V,h. Note
first that V1 is parallel to v, on H(t) but antiparallel to v, on H(0), since
in lemma 5.2.5 we have used the outward pointing unit vector field. Hence
we write Vi = fy, with 0 < f € C®(H(t)) resp. 0 > f € C*(H(0)). Now
we introduce

So we obtain

/ STV hVh do(g) < / SN iV h o (g)

H(t)nU + H(o)ﬁU+

+ / / (PSPl + V5™V, 1 do(g) dF,
0 H(t")nU,
(5.14)

Furthermore, we have that e and g are continuous, thus there exist positive
constants Qs and Qg such that on U

Qsdo(e) < do(g) < Qedo(e) (5.15)

holds. Then by inserting (5.12) into (5.14) and using do(e) instead of d&(g),
we have, since S% is symmetric, some Q7 such that

t
I <t <2 1Ty + | 1T B, 9
0

t
vf VbS“bVahda(e)dt’}. (5.16)

0 H()NU+
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Now we would like to obtain an estimate for the divergence term V,S5%.
Therefore we calculate

1
VaS™ =V, { (AacAbd - zAabACd> Ve Zlh Jx VT gy,

1 abrpit...q P1---P1 191 Jkfk
2A T T ¢ . (5.17a)
bd b pcd i1..00 p1.--p
+{<A”CA A” AC)VTl ’]1 ]kVTl I‘h A
L yabir.iy p1-- Pl 191+ ik
2A T Ji- ]kT 1Ak Vee apr-iipr (5.17b)

Since we aim at an estimate in ||-||,,1, we are not interested to improve ex-
pressions containing T and VT. Moreover, A and the derivative of e are
essentially bounded on U. As a consequence we may skip further evalu-
ation of line (5.17b) and only deal with line (5.17a). Our goal is then to get
rid of D?T by using the partial differential equation (5.1). We have that

(5.17a):{Vu <A“CAbd—;A“bACd> VTt (5.18a)

Ji---jk
* (AMAM N ;AabACd> Vo(VeT L VaT" Py ) (5.18b)
—%V AT ll]l J e pl‘h Ak (5.18¢)
_%Aabv (T T ..qk)} (5.18d)
i (5.18¢)

1np1---4pi

Again we just need to consider line (5.18b), since it is the only term with
second order derivatives of T. All expressions containing V A are bounded
almost everywhere on U ;.

_ bd ik p1---p
(5.18b) =(A™ ANV VT 5 VaT" Py,
+ AacAbdchllmll‘ VavdTplmplql..ﬂk )ehqlw]quilpl...ilpl
1
Z(AabAcdv vc 11 11]1 i VdTpl Pl "

ab pcd iq...0) P11 191---jkqk
+ A" A VCT jl-njkvavdT ql...qk)e] i1p1..-01p;°
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Hence by the symmetry of A we obtain

(5.18b) =(A AN, VT VT

+ AacAbdeTllmlzjlmjk vavdTplmplql...qk )e]1q1~~-]k%

— S(ATANNVT Y VaVaT Y

+ AabAcdeTilnizjlmjk vavdTplmplql...qk )e]1q1'~~]k‘7k

i1P1~~~ilPl

i1P1~~~ilP1'

191k K . i i
Furthermore we know that ¢/ iipr..iip, 18 Pairwise symmetric in jr, gy,
(1 <r <k)resp. is, ps, (1 <s <), such that we have

(5.18b) =(A" AV, V T, VTP

bd i...0 p1..-p
+ AT AN T VTP

ab pcd 1. p1---pi J191-jkqk
R A A VCT ]1]k vdvdT ‘11~-‘1k )6
—(AANTVT VT
ac Abd llll P1---Pi
+ A"A ch j VanT q1--qk

_Aac pAbd i1...0] p1---P1 jlql~--jqu
ATA VCT ]1]kvdVaT ql-~~‘1k)e i1py...i1p;

9k

ip1--i1p)

1.k

and by Ricci’s identity

k
p1---P1 _ p1---Pi1 u
[Vd/ Vﬂ]T q--qe — Z T Q1 Gr—1Uqr41--- Gk R qrda

r=1

1
. Z TP1Ps-1UPs1--
q
s=1

RPs

1k uda

we obtain

ac qbd 1.0} p1---p1 J191-- ik
A A VCT ]1]}( Vdng qlqke ilpl“‘ilpl

__aac pAbd i1...0] p1---P1 .lqlm]'qu
=ACANV T VYT o0 @ i
k

ac abd i1...01 P1---Pi u J191 -k
+ ATATV. T J1e-Jk Z T 071~~~0/r—1wir+1~--qu qrdae i1p1--dipr

r=1

1 . .
E TP1~~~ps—1uPs+1~~~P1 J191---Jkqk
q
s=1

_pac pAbd i1...0] Ps
AT A T R ipripr?

]1~~~jk e

1--qk uda
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where R denotes the Riemannian curvature tensor. Finally, this yields

(180) =AM (AT,

k

ac 11...0] P1--PI u

—ATV.T JieJk Z T qre--Gr-1Uqr41---Gk R qrda
r=1

!

ac iq..0] P1---Ps—1UPs+1---Pi Ps

+ATV.T JieJk ZT g R uda)'
s=1

By the partial differential equation (5.1) we have

ac i1...0] _ ﬂ]_1.4.]_ki]...l'1 11...0
A VﬂvCT Jik B 71...71j1...]'kv”T 1Tk
_ T1--Jki1 -0 11...0; i1...0p
c Ao L e TE g 0419)
We substitute (5.19) into line (5.18b) and obtain
_1q1--jkqk p1---pi
(5.18b) = ilpl...ilplvdT g1---qk
_Abd a]’l...]’kil...il 17...0
< A™B T1~~-Tzfl~~~]'kvaT Ti--Jk
N bd ]_lu-jkil"jl 11...0] bd 1.1
A™C s L e TATETT

k

bd rac il...i] p1---p1 u

— ATA VCT J1-Jk Z T q1~~‘77—1”qr+1-~~‘1kR grda
r=1

1

bd pac i1...4] P1---Ps—1UPs+1---Pi Ps

+ AMATV. T jl...ijT grogi R uda>-
s=1

The coefficients A, B, C in line (5.18b) are all essentially bounded on U ; by
assumption (2”) in proposition 5.2.1. Furthermore, the curvature tensor R
consisting of first and second order derivatives of g is essentially bounded
on U, since g is C?>~ and Vh is bounded on U since & is C? on a neigh-
bourhood of U.

Therefore we have some Qg such that
VpS™Vah < Qs(|F* 4+ |T|> + DT|?) onU,. (5.20)

Recall that the expression |ab| can always be estimated by % (4 + b?). Using
estimate (5.20) we see that in (5.16) we can absorb everything but the term
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involving F into fot I TH%{l( H( dt’, hence we obtain

t)<Uy)
1T a1 <. SQ9<||T”311<H<0><U+>
t
+/||T\]${1(H(t,)<u+)dt/+ HFHiz(u(t))> (5.21)
0

with a positive constant Q9. We now define

x(t) := HTH%—[l(H(t)<U+)'
Thus
t
(5.21) ) N, 2
x(t) < Qol T3 k() <ury) +/x(t)dt + 12 ey
0
t
< ofv+ [xt)ar,
0
where

y(t) = HTH%{l(H(oHu” + HFHiZ(u(t))- (5.22)
By Gronwall’s lemma (see e. g. corollary 6.2 in [Ama83]) we obtain
x(£) < Qoy(t) eh @
Then for all t < #; it follows that x(t) < Qqoy(t), i. e.
||T”%{1(H(t)<u+) SQlo{HTH%{l(H(OHm) + HFH%Z(u(t))}

<QuollI Tl 0y <uy + IE N2 ucey
+ 2| Tl (s (0y<un) IF llz ey 3

Extracting the root of the last inequality (both sides are positive) yields
some Py such that

1Tl m<usy < PallIT I3 o) <uyy + IE N2y 3 (5.23)
thereby concluding the proof of proposition 5.2.1. g.e d.

5.2.7. THEOREM (Uniqueness of solutions): Let A be a C!~ Lorentz met-
ricon M and let B, C, and F be locally bounded. Furthermore, let H C M be
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a spacelike, acausal hypersurface with respect to A. Thenif V. C D*(H, A),
the solution on V of the linear equation (5.1) is uniquely determined by its
values and the values of its first derivativeson HN ]~ (V, A).

Proof: Suppose T1 and T, were solutions of (5.1),i. e. L(T;) = F (i € {1,2}),
with the same initial values and first derivatives on H(0) N U. Since the
differential equation is linear we have L(T; — T») = 0 and by inequality
(5.3) we obtain

1T — Tollso m<usy < PallTh — Tl (m(0)<u, )-

Now || Ty — Tal411(r1(0)<u, ) = 0by assumption and the left hand side is non-
negative. Therefore Ty = T, on U, almost everywhere. By proposition
6.6.7 in [HE73] D*(H, A) is of the form H x R. For g € V we obtain by
proposition 6.6.6 in [HE73] that ]~ (q) N J*(H) is compact and thus may be
taken for U q. e. d.

5.2.2 Higher Order Energy Estimates

What we have left out until now are the energy estimates of higher order
that we need to prove the main theorem. Those shall be covered in this

section.

5.2.8. PROPOSITION: Let M, U, H(t), and h be defined as in theorem 5.1.3
such that H(0) N U has a smooth boundary. Let g be a Lorentzian C°**
metric on U, where &« € Ny, and let e be a Riemannian C'~ metric. Then
if conditions (1) and (2’) of proposition 5.2.1 hold and additionally,

(3) there is some Q3 such that
[Allpaeay < Qs IIBllapraqu,) < Qs [ICllrgraqu,) < Qs
where A, B, and C are tensor fields in an appropriate space on U, we have

Tl a0 rry<us) < Poad I Tl peeeecmry<uy) + I Elrreque } (5.24)

for any solution T of (5.1).

Proof: For now let « = 0. In proposition 5.2.1 we proved an estimate for
IT,H(0) N Uy|l;- Now we will prove an analogous result for the next
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higher differentiation order of T. Therefore we form the energy tensor for
VT,ie.

1 . .
Sﬁlb = { <AaCAbd - 2AabACd> V.V, Tllml[]&..-]'k vdvfl TP1~-~qu1mqk

ipr--ipr

1 o o
_ 2t pab iy.d) p1---pi e1f1j191--Jkdk
2A Ve, T [ VaT 011 } e

One can see that we aim at a similar result to equation (5.12). From a longer
calculation, which can be found in appendix A.1, it follows that

vasab == { VavaE] Tilmiljlmjk Vdvjfl TP1~~~qu]mqk

ity

k
i1...i1 u p1---pP1
- Z vflT R jydﬂvcvelT q1---Gk
r=1

il...il u p1---pP1
- VuT 1ok R fldquvfl T q1---qk

+ Zl Vfl Tll.“u...l]jlek Rl,,udavcv61 Tpl...plq]mqk }
r=

AuCAbdeE]f]j]ql”'jquilpl...l'lpl 1+ g (5.25)

where

i 1 -
§h = {Va (AMAW — 2A”bAC”’> VeV T VaVa T

ab 0.0 p1--p1 e1f1191---jk
Va(A"V, T i VaT fll~~-'7k)}e iip1--aip1

+

1 . .
bd b pcd V.V \VAAV/
(AMA a EA” A > crea T llh---jk dVf ™ pl‘71~--‘1k

N = —— N =

ab ih..d) p1.-Pi e1f11q1---jkqx
ATV, T i vflT q1---Gk } Ve ipr-ipr

Our goal is to remove third order differentials of T in V,S% by using the
partial differential equation (5.1). Therefore we interchange the highest or-
der derivatives in (5.25), which yields

o o k o

11...1] . 11...1] _ 11...1] U,
VQVCV(;IT ]l]k - vel vavCT ]1]k Zl VCT jl.‘.ll...ij Jrée1a
r=

o / . .
o 11...1] u 11...U...10] i
ViT J1--Jk Ricera + Z; VT 1ok R 1
r=

k o ! . . .
- Z1 va(Tllmllf1~~~u~--]'k Rufrfflc) * 21 Va(Tll"'”"-lljlmjk eruelc)' (5.26)
r= r=
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Calculating the derivative of equation (5.1) gives

ac i1...0] o i1...0p o ac i1...0p
A"V, V,V.T [ =V, F [ Ve A"V, V. T [
o agy...Jxi1...q 11...01
B Tl---lel---jkvel VaT Ji--Jk
o agy...Jxi..0 11...0]
velB Tl...lel...jkvaT J1---Ji

i Jkl1eed 7y..]]
_C]l Jkt1 -1 v€1T1 L

ERETIRY: Tk

o v61 Cfl...jkil,..il Tfl...T[_ . (5'27)

1Tk T1--Jk

On combining equations (5.25), (5.27), and (5.26), VQSQ’}’ reads

R :{vdv AT (VelFil“'iljlmjk — Vo, AV, V T

afy .. Jxi1 -4 7.7
— B Ve, VaTT

1. dpf1 -k T1--Tk
_ agy...Jxl1..qp 11...01 .
Ve'1 B 7. T 1 Jk vaT Ji--Jk (1)
_ J1ee-Jki1 -0 T1...T[_ B
c T1~--Z_Ij1-~~jkvgl T Tk
o ]_]...]_ki1...il 11...01 s
VE1 C T]...fljl...jkT ]_1]_k> (11)

k .
+ A% (_ Z vfl Tllml]jl,..u..,jk RujrduVCvfl Tplmpl'hn-qk
r=1
i1...0 P1---pP
= VT R VeV Ty
l
TERTIN i i pP1---P
+ Z; vfl T l[h...jk R’ wdaVeVer T ' 10/1~~~”/k>
r=
p1..p : .
11...1
+ AaCVdelT ! lql...qk <_ 2 VCT ! ’j1...u...jk Rujrela
r=1

B 1.y "
VMT R ceia

J1-Jk
! ) . ) k o
11...U...1 1y 11...1 u
+ Z;chl l]‘l.”].kR ueia 1Vﬂ<T1 l]'lmu_..]lkR j731C)
r= r=
+ 1 va(Tll...u...lljlmjk Rz,uglc)> }
r=
AV +88. (5.28)

11Pl~-~i1}’71

By assumption (3) of proposition 5.2.8 and corollary 3.2.5 we have that A,
VA, B, and C are bounded in L2 on U, aswell as R, VR, ¢, and Ve. Thus
we have to look more closely at expressions involving VB and VC. We
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define by I(VB) the integral of (i) over H(#') N U. Now

|I(VB) | S / |Abdvgl Ba]_1~..]_ki1..,il vqul...l_[_ )

H(tNU

FRRU) RN

p1.-pi e1f1j1q1--Jkqk
vdvflT ql---le i1P1~~~iIPl| da(e)

Estimating the bounded expressions A and e it is apperent that there exists

a constant Qy, such that
1(VB) <Qi [ IDB|IDT|[D*T|do(e)
H(t)nU4
<& / (ID2T|? + [DBJ2|DT[?) do(e).
H(t")NU 4

Furthermore, we have, setting s = 0 and t = u = 1 in corollary 3.2.10(i),

2
| IDBRIDTEdo(e) = [DB @ DT|(pyyou,
H(¥)NU+
<P} ||DBJ} P
=42 HY(H(H)<Uy) HI(H(H)<Uy)
<P?|
—+2

2 2
1Bll3em@y<un 1T e me)<u,) -

Corollary 3.2.12 and assumption (3) entail

1Bl (meen<us) < P3lIBllysu, ) < PsQs. (5.29)

Now we perform the same calculation for (ii). Thus

bd T1-e-Jki1--0
VO < [ ANV b T
H(t)NU

ViV, Tpl...pqumqk ee1f1]1‘11..-]k%ilmmilpl| do(e). (5.30)
For a constant Q) the expression |I(VC)| is less or equal to
1(VC)|<Qi [ IDC|ITIIDAT  doe)

H(¥)NU+

/
<& [ (DTP 4 DCPITP) doe)
H(t)nU
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and by corollary 3.2.10(i)
/ IDCI2|TPde(e) = |DC & T, H(¥') N UL ||
H(#)NU+
<P |DC|3 I3
<P rHE)<u) I ey <uy)
512 2 2
<P 1€ mey<u 1T e @) <u,) -

Hence by application of corollary 3.2.12 under assertion (3)

ICe )<y < P3lICHIew. ) < P5Qs. (5.31)

follows. Finally we obtained bounds for VB and VC.
We now continue formulating (5.12) for Sy, i.e. for constants Q) and

Q4
Q4(|D*T]? + |DTJ?) < S4PV,hVph < Qs(|D?T]> + [DTP).  (5.32)

This last estimate is in fact true since S(T) was defined for arbitrary tensor
fields T of any order. Thus S,,(T) = S(T’) where T' := V"T forall m € IN.
Hence statements previously made for S are also true for S,,. Application
of lemma 5.2.5 on (5.32) yields

[ (PTR 4 pTR)dcte) <05( [ (DPTR 4 IDTR) dete)
H(H)NT H(0)NU

t
+/ / (ID*T|? + [DT|?) do(e) 4
0 H(rNU,

t
+ / / Vb%bvahda(e)dt’).
0 H(r"NU,
(5.33)

From what has been previously said about V,S% (boundedness of coeffi-
cients, inequalities (5.29), (5.31), symmetry of S1), one has

t

t
[ ] wstvaacear <05 [ (1TBew-u.)
0

H(t")NU 0

+ / ]DF\ZdU(e)>dt’}.

H¥)NU+
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Together with (5.33) we have

[ (DPTR+ TR o) <Qs{ [ (DPTR+ DT dote)

H(tH)NU+ H(O0)NU+

t
+/HTH%—{2(H(H)<U+) dt’ + / |DF|2dU(€)>-
0 ulr)
(5.34)

Since fH(th+ IT|?do(e) = HT”iZ(H(t)mm) we have
[ ITRdo(e) < 1T agu-u.)
H(tH)NU+

and by proposition 5.2.1

| 1T dote) < 2PH{IT o0y, + IF e -
H(t)NU

Adding the last estimate to inequality (5.34), we obtain
2 2
T3 m)<u, ) <Qe <HT||H2(H(O)<U+)

t
+/HT”$—{2(H(t’)<U+) dt’ + HFH%-{l(u(t)))' (5.35)
0

Similarly as in 5.21 we obtain by Gronwall’s lemma and by extracting the
root that there exists a Q7 > 0 such that

1Tl my<uyy < QUT @m0 <y + 1l we))- (5.36)

We now calculate the divergence of the energy tensor S, for the second
order derivatives of T. This yields (by appendix A.1)

vﬂsgb = {AacvﬂVCVEZVﬁ Tilmiljl...jk Vdvfzvfl Tp]mp[bh-nﬂk

- Vqul Tllmll]'l,..]'k Rufzdav(fvlfz vé’l Tplmplql...qk

- sz vuTh.“le]...jk Rufldava€2 vffl Tplmp[qlv..qk
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Z . . .
N Z‘{ A% T”mumll]'l..-]'k RlruclaVCVEZ Ve, Tplmpl‘h---%) }
r=

bd ,e1fie2 faj1q1- ik &b
AT i1p1---ip1 + 52'

Moreover, by interchanging the indices of V,V .V, V,, T . according

J1d
to (A.4) and then by inserting the result of equation (A.3) for m = 2, we

obtain an analogous expression to (5.28), i.e. where the order of deriva-
tives on T has been reduced by 1. Note that the curvature tensor R and its
derivatives up to order 2 are bounded by assumption, as well as A, VA, B,
and C. Integrating over V,S% yields (where Q form now on denotes an
arbitrary positive constant)

t
/ / V.SVt do(e) dF
0 H(t)NU4

t
<@/ | {IDPFIDT|+ D?4|[DT|D°T)|
0 H(t)NU
+ |D?B||DT||D*T| 4 |D2C||T||D*T| + |DA||D*T||D°T|
+ |DB||D?T||D*T| + ||DC||DT||D*T)|
+ (bd. expr. in |A|, DA, |B|,|C|,|R]|,|DR|,|D?*R|)} do(e) dt’
t
SQ/ / {ID’T|* + [D*F]? + [D*A]*|D*T|? + |D*BJ*|DT|?
0 H()NU+
+ |D*CJ?|T|* + |DB|?|D*T|? + |DC|*|DT|?
+ (bd. expr. in |A|, [DAJ,|B|,|C|,|R|,|DR],|D?*R|)} do(e) dt'.

In appendix B.1 one can find the estimates for each non bounded term.
Thus we obtain in total

t t
/ / V,52V,tdo(e) df’ < Q / 1T 1Ry <ty E-
0 H(t)NU+ 0

Following the proof for S; we easily get analogously to (5.12) for positive
constants Q and Q’

Q(|D*T)? + |D?T|?) < S5V ,hV,h < Q(|D3T|? + |D*T?),
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and

[ (DPTR TRy doe) <o [ (DTR+ PP dete)
H(H)NU4 H(0)NU

t
+ / 1T 5 ey <,y &
0
+ / ID?F|? dv(e)).
u)
Adding inequality (5.23) to the last result and some other positive expres-
sions on the right side we have

1T ot <t SQ(HTH#(H(()RUH

t
2
+ 1T Bormier ) & + 1Pl )
0
Using again the Gronwall argument one obtains

1Tl iy <usy < QUITIem©)<usy T IFl22 i) (5.37)

Finally, we proof the result for S3. Similarly to the previous case

t
/ / V.SPV,tdo(e) d’
0 H(#)nU

t
gQ/ / {ID*TP? + D°F]? + [D*A2|DT|2
0 H()nU,
+ |D*BP|DT|* + [D*CP*|T|* + |D*A[*|DT|* + [D*B|*|D*T|?
+ |D*C*|DT|? + |DB]*|D*T|? + |DC|?|D*T|?
+ (bd. expr. in |A|, |DA|, |B|,|C|,|R|, |DR|, |D*R|, D°R|)}
do(e)dt

holds. According to the calculations in appendix B.2 we have

t t
[ Vestitdoedt <Q [+ BEDIT e w) 4,
0 H(t)nU, 0
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1
where 1(t) = (| A sy <) 1Bl <ur) + 1€ a0y <)) Now
since all the components of l are square integrable [ itself is square inte-
grable. Hence we have analogously to 547

[ (TRt dc <0 [ (DUTR+ IDTR)dete)
H(tH)NnU4 H(0)NnU4
t

[+ BEO) Ty,
0

+ / \D3F]2dv(e)>.

ut)

Using inequality (5.36) this yields

||T||H4 H=<U,) <Q< ||TH%-[4(H(0)-<U+) + HFH%@(u(t))

t

[ A4 PED T Beguer-ary )

0

By Gronwall’s lemma we obtain the result
2 12 / /
||THH4 D<) < Q(HT“H4 0=<u,) + HFHH3( )efo QUI+(¢))dt

Since the function / is square integrable and 1 is locally square integrable
the exponent can be estimated by a constant depending only on the rela-
tively compact set U.. Therefore

1T s e <y < QUITIR oy <ur ) + IF s uey)

and as before

IT st <) < QUIT sy <uyy T IIF e uey))- (5.38)

The final result

1Tl e mey<uy) < QUITIpsea(roy<uyy + IF 2 eu))-

for « > 0 follows immediately by applying the proof of (5.38) to higher
orders of differentiation. The occurring integrals contain expressions with
higher derivatives but can be estimated in the same way according to the

more restrictive assumptions. g. e d.
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5.2.9. COROLLARY: For any C*>™ vector field u on H(0) which is non-
tangential to H(0) there exist constants P, and P;, such that

Tl pgsarrery <y < Poad I Tllpsaqroy) + 1VuTlpsrem)) + 1Flporeuy}
(5.39)
and

1T ey ) < PrafliTllpgsaraoy) + I VaTllppramo)) + IF e,y b
(5.40)

Proof: Let—without loss of generality—U, be covered by a chart (¢, V)
with ¢ = (t,xF) = (x°,xF') = (xP). Then equation (5.1) reads

”i:l Amaisz“'m + ni:l gPTL-Tki iTﬁl...ﬁl_ )
Pt dxPoxT V1. Vg 5 o P fvi--Ve 5 5B 7.7
Ia% VZ
n—1 L o
4 _Z_ CVl“.kal'..Wﬁl...ﬁzm.‘.vkTmmylﬁl...vk _Fyl y,ﬁ "
e

and after separating the time derivatives and using Schwartz’ theorem we

have
A()Oa Tﬂl -Hi _Fﬂl -Hi . Z A,B’y 82 TV1-~~I"Z
a V1...Vg V1.V - axﬁax,y V1.V
0>
_ ﬁ; AP0 ey p TH ;411/1“”
n—1 Bin..7 0 o
+ BPVL- Vit p e, VO RN U
R ~ M1 Hgv1.. Vg axﬁ V1...Vg
;zlsl',]./.l.:}i}'fo
+ CVl - Hlﬂl ~-ﬁ1V1---VkTﬁlwﬁlﬁl---ﬂk‘
o

Thus iteratively we may express second and higher order derivatives of T
out of the surface H(0) by F and its derivatives, by V, T, and by derivatives
of T in H(0). Condition (3) in proposition 5.2.8 and corollary 3.2.12 give

Al #3(m(0)<u,) < P3Qs3

Bl (m(0)<u,) < P3Qs

HC||H2(H(O)<LI+) < P3Qs3

IFll72m0)<u,) < P3llFllaeu,)-
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Hence, we come to the conclusion that there exists a constant Q such that

IT lpgsa 0y <z ) SQNT gm0y, )

+ I VuTll3pamo)nu, ) + IFll2eea )

which proves inequality (5.39). Since t < #; < co by the compactness of U
(5.40) immediately follows and we are done.
g.e. d.

5.3 Proofs of The Theorems

In order to prove the main theorem we need two more theorems—the Cau-
chy-Kovalevskaya theorem and the weak compactness theorem)—which can be
found in [Eva98].

5.3.1. THEOREM (Cauchy-Kovalevskaya): Let us assume some real ana-
Iytic functions bj : R™ x R""! — M"™ " for (1 < j < n—1) and
¢ : R" x R""! — R™. Then there exists r > 0 and a real analytic func-
tion 2u(0)
— u &
"= ; a7

where « € N" and x € R", solving the boundary value problem

n—1
Qi = Y bj(u, x)ju + c(u,x') for ||| < r
j=1

u=0for ||x'|| < x, =0.
where x" denotes (x1,...,%,-1).

REMARK: In fact we only need this theorem on Euclidean spaces, since it
will be applied only locally on analytic charts of the manifold M.

5.3.2. THEOREM (Weak compactness): Let X be a reflexive Banach space
and suppose the sequence (uy);>; € X is bounded. Then there exists a
subsequence (uk].)]f"’zl of (ux)i2y and u € X such that uy;, — u. Here —

denotes weak convergence.

Proof of theorem 5.1.3: In a first step we prove the theorem for analytic func-
tions. Therefore suppose that A, B, C, F, u, and g are analytic functions in
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local coordinates on a chart (V,(t = x%x%)) (1 < i < n—1). Further-
more take the initial data T = Ty and V, T = Tj to be analytic functions
on (H(0) N'V,x'). Using equation (5.1) we can calculate the derivatives
adTi, ., 9o T, L, agT’““"”Vl,,,vk etc. out of H(0) in terms of Tj
and Ty in H(0). As a consequence we are allowed to expand T into a
power series of the coordinates about the origin p € V. By the Cauchy-
Kovalevskaya theorem 5.3.1 this series will converge in a ball B,(p) C V
(r > 0) and gives a solution to the initial value problem. From the C*-atlas
A on M we now select an analytic subatlas .A’, cover H(0) N U with co-
ordinate neighbourhoods B,(p;) (j € IN) from A’ (this is always possible
since U is compact), and in each B, ( pj) construct a solution as before. Thus
we obtain a solution on a set U(1;) for some 71 > 0 and repeat the process
using H(7) as initial surface. Theorem 5.3.1 guarantees the independence
of the convergence time intervals from the initial data and the solution can
be extended to the whole of U, using only a finite number of steps. The
existence for the analytic case is now proven.

In the second step we shall obtain solutions for the function spaces
stated in the theorem, thus let (A,,),, be a sequence of analytic fields con-
verging strongly to A in H*™(2,0,U,), i.e. limpy—co |A— Anllgry — O.
Let (for all sequences assumed analytic) (B, ), converge strongly to B in
H3 (1 + k+ 1,1+ k,U,), let (Cy)m converge strongly to the field C in
H3 % (k + 1,1 + k,U;) and let finally (F,), converge strongly to F in
H3*%(1,k, U). Moreover, the sequences (Tyu)m and (Ty ), on H(0) N U
shall converge strongly to the fields Ty and Ty in H*"%(I,k, H(0) N U) resp.
H3*%(I,k +1,H(0) N U). Due to the first part for each m € IN there ex-
ists an analytic solution to equation (5.1) with the initial values T,,, = To
and V,T,, = Ty,,. From corollary 5.2.9 we can follow that ||T,,, Uy ||, is
bounded as m — co. By theorem 5.3.2 there exists a field T € HA (I,k, Uy)
and a subsequence T, of T, such that for all 5, 0 < g < 4 4 a, the weak
limit of DT, exists and equals DPT.

Finally, since A;,;, B;,, and C,;, converge strongly to A, B, and C in ap-
propriate Sobolev spaces we have

sup|A—Au| — 0, sup|B—By| —0, and sup|C—Cy| — 0. (541)
u, u, u.,

By line (5.41) L,s(T,,») — L(T). On the other side L,/ (T,/) = F,y and
F,y — F strongly, so L(T) = F. Furthermore, on H(0) N U we obtain anal-
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ogously T,y — T and V,T,;, — V,T, which have to be equal to Tp and
T respectively. We can now conclude that T is a solution of the differen-
tial equation (5.1) with the given initial conditions. Uniqueness follows by
theorem 5.2.7 and since each T, satisfies the estimate (5.24) it will also be
satisfied by T, thereby concluding the proof of the main theorem. . e. d.

Proof of theorem 5.1.4: The proof for the n-dimensional case is very similar
to that one above. In fact one calculates V,S% as before. It can be easily
seen that all the terms are bounded due to the more restrictive differentia-
bility conditions. Thus one obtains immediately the estimate

IT, H(t) N U [ y1 < Pa([IT, HO) O U [| g + IF UE[,)

for all « € INj.

Everything else follows analogously from the Cauchy-Kovalevskaya
theorem and the weak compactness theorem. Uniqueness is proven as in
theorem 5.2.7. qg. e d.
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A On Higher Order Energy Tensors

In proposition 5.2.8 we need energy tensors for derivatives of T. This chap-
ter contains three lengthy calculations for these energy tensors.

A.1 Divergence of The Energy-Tensor

The calculation is similar to that one in the proof of proposition 5.2.1, equa-
tion (5.17). Let g and A be Lorentzian metrics on M and e be a Riemannian
metric on M. V denotes the covariant derivative with respect to g. We
define the energy tensor for the m™-order derivative of a tensor field T as

follows
1 .
Seb = { <A“CAW — ZA”bACd> VeVe, - Vo T

VaVi, .. . VTP o

1 1o
_EAa vem s V5’1 Tll lljl...jk me e Vfl Tpl plqlmqk }
eﬁfl---&nﬁnil%---ikﬂk

i1p]...i1p['

Thus for the divergence of S,, we obtain

1 o
Vasfnb =V, { (Alchbd - zAabACd> VeVe, ... Ve Tllm”]'l---]'k

vdem - Vfl Tp]"'p[qlmqk

1 b iy...0 p1.--p
_EAQ v€m PR v€lT1 ljl---jk me P VflT 1 Iql"'qk

ELS1em fmji ik ‘
11 Pl ...l[pl
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1 . .
ac pAbd ab pcd 1.1
+ { (A A% — EA A > VeV, ...V T ljl...jk
VaVy, ... VTP o

1 . - prp
—5 AV, Vo T LV VT ’ql-~~"k}

e1f1--em fnj11--jkqk
Ve ipr--irpr

As one can see this yields

V5% = {A“A"dvavcvem VT VeV VAT g

Ji-jk
(A.la)
+ ACAYN Vg, VT VeV, Vo T
(A.1b)
1 o
— SATANNNV N, Vo T ViV, VAT
(A.1c)
1 o
_EAﬂbACdvﬂvdvfm Vi Tplmplql--ﬂk VeVe, - Ve TZlmZIhm]'k }
(A.1d)
661f1me’nfmjlql.“jquilpl,_jlp] + §z1/ (A].e)
where
~ 1 1.0
an _ {Va <AaCAbd _ 2AabAcd> vcvem o ve] Tllmll]'l,_,jk

Vdem - Vfl TP1~~~qu1mqk

1 . .
_Eva (AabVEm o e Vel Tll.“ll]'lu'jk me o e vfl Tplplqlqk) }

eE1f1---enlfinjlql"'jqu
i p1--ipi

X .
N .
+ { (A“CA — S ATAC > VeVe, - Ve TV

VaVy, ... VTP o
1 pip
—S A Ve oo Ve TV Vi . VT lql...qk}

e1f1-emfm1q1- ek
vﬁe i1p1..-ip;°
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By symmetry of A in line (A.lc) and symmetry of e, we have

VaSiy =(A“AMNV VeV, . Ve T V¥V VT

Jh
(A.2a)
+ATCANNY VgV, VT 4 VeV, . Ve T z111 ik
(A.2b)
— AabACdvuvdvfm e vfl Tplmpl'hu-qk VeVe, - Ve Tilmil]'lw]'k)
(A.2¢)
eelfl---emfmjlql---jqu_ 4 551 (AZd)

npi.-p;

After renaming the indices a2 < d, we interchange the derivatives V, and
V4 in line (A.2c), hence

V,8% = {A“CVaVCVem...VelT“ ”h W VaVe, VAT

( Z vfm . v Tll 11 J1ee ek u]'rdaVCng te Vfl Tplmplq]...qk

— AQC Z me “e v Vf Tll Zl ufrduVCng “ee Vgl Tpl“‘plqlﬂ.qk

r=1

r=1

bd e1f1--emfmj1q1-jkqk &b
A e ilplmilpl + S

[ .
LA Z me o Vf Tu...u...z, erudgvcvem . vel TPy..qulmqk) }

holds.

A.2 Derivatives of The Differential Equation

In this section we give an expression for the m'" derivative of equation (5.1).
We have

ac iy...0 o
Ve, Ve, (AV, VT, )=V -

ll‘h i1 p1- Pz
- vﬁ’m “‘vf«’l( P1---Pif1-- ]ngT Qk)

ql“'qkil"-il P1---Pi
- vem e vel (C plth]kT ’11‘7k)

ve Flll...l'l‘
° 1

en - -
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Thus
AV o Ve VoV T =V, Vo F
ac i 11
- Vem o e VglA v v T 1 ]1 ]k
_ Z y 1—[ {1=ri) A“CH(V NV, V. T ”h i
k=0 reCk, i=1 j=1
m
] 1"1 aql...qkil. Z[ rj i1...0,
_kzo ch H P Jkﬂ(w) Vel
re =
o 1 i)\ g1 -Gkt 0 - iy..0
i 1o Gki1-e-0] 1]
o Z Z H )C P1--Pij1-- ]kH(v )T Jiefi” (A.3)
k=0reCk, i=1 j=1

where Ck, .= {r € {0,1}""| 2", r; = k}, i.e. the set of combinations without
repetition.
A.3 Ricci’s Identity for Higher Order Derivatives

Let ¢ be a symmetric Lorentzian metric with associated covariant deriva-
tive V, then the following generalization of the Ricci identity holds.

vem e vel vav Tll 11]1 ]k _ve"l T ngv velv Tllmlljl'-'jk
+ Z v‘?m . VEZ Vc ll .l’jl,..u..,jk Rujr‘elu)

+ Vem t Vﬁz(v Tll 11]1 ]k RuCL’]lZ)

_ Z vem . vez V Tl]"'u"'ll Rir

ik “31“)

=ViVe, ... Vo, VT

J1-eUee i Jrema

k o
+) Ve,V VT R
=1

m—1
+ Z vem—l "'Vu...ve]vCTll Jdp Ru
r=1

]1 ]k erema

+ ng71 “ee vEl Vu Tll ll RM

]1 ]k cepa

l .
— Z vem—l e Velv Tll"'“'“ll Rir

J1- ]k ueya
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k
+ Z vem(vem—Z v v TZ] Zl]l...lL..]k Rujrenz—la)
m—2

+ Z V(gm (ng72 ... vu ... vel chll.ulel.njk Ruere”«lfla)

ilmil u
+ Vem (vem 2" Ve] vuT ]1]k R Cem—lu)

TARRTIN i
- Z vem vem 2 ve] VCT j1. ]kR uey, 14 +

k .
Z m * 62 V Tll lln...u...]k Rujrela) + VE’m ttt v (v Tll 11]1 ]k R]cela)
1

Zl e - - vez(VCTll...u...lljlm]'k erugla)
r=

o ! ‘ . ,
_ 11...1] 11...U...11 1
—VaVchm oo Vng ]1]k - 21 vd(v€n171 oo Vng ]1]k R Vl'wmc)
r=

J1--Jk €rémC

m—1 .
+ V. ( Y Ve, Viu...Ve T R
r=1

k
11 Z[ u
+ Zl va—l T T J1e Uk R jrenzc>
r=

k .
:I: o + E Vanm ttt VEZ(Tllmll‘ j Rujr@lC)

J1--UeJk
r=1

I ) . .
o Z ViVe, ... VEz(Tllmumll' i eruelc)

1]k
= Ji-]

k .
_'_ Z v€m71 . e vKl chll---Z[ Ru

Uk jrenza
r=1

m—1
" ; Ve, 1 Vyu... Ve Ve T llh Jk Ruerema

i1...0] u
+ Vgn171 “ e Vgl VuT ]l]k R cema

! . .
Q1. hod i
- Z vem—l s Vq V.T ! Ij]._,]'k Rzruema
=1

k . .
:I: .. -|- vem oo vez (Z VCTll-..lljlmumij ]yela + V T11 l,]l ]k RuC61a>
r=1

o Z Ve, - Ve CTllmumllh Jk Riruelu) (A4)
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B Estimates on The Coefficients

B.1 Inequalities for The Second Order Energy Tensor

In this section we provide some estimates on vasgb . We have by Appendix
A.1 and equation (5.1)

vasgb :[VCZVEIFZ.]WZ‘[]'l---]‘k VaVpVy Tplmplfir--ﬂlk

B V"ZvelAaCV“VCTHMil]&..j vdvfzvﬁTplmplfh A

o agy...Jkiy. g 11...0]
Ve, Ve, B .01 ]kv T 7Tk vdvfzvfl fh Ak
T1-Jki1 -0 11...0]
o ng Velc 7T 1 Jk T Ji--Jk Vdez vfl "71 L3
i1...0] P1---P1
_ VezvquT 1o vdeZVf] T q1--Gx

B bd e1freaf2j1q1--jkdk
(etc., etc.)|A™e I

+ (terms of lower order).

Thus (where Q > 0 denotes an arbitrary constant which is subject to change

from line to line)

t
/ / V,5% do(e) dt’ < Q/ / {|D2F||D*T| + [D?A||DT||D?T|
0 H(#)NU+ 0 H(#)NU4+

+ [D?B||DT||D3T| + |D*C||T||D*T| + |DA||D’T||D*T|

+ |DB||D*T||D?T| + |DC||DT||D’T|

+ (terms of lower order) } do(e) dt’

t
<@/ [ {DTP+|D*F?+|D*APID*TP + |D*B|DTI
0 H(#)nU,
+ [D?’C]|T|*> + |DB[*|D*T|* + |DC|*|DT?
+ (lower order) } do(e) dt’
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We now deal with every single term involving one of the coefficients A, B,
or C. Hence we obtain:

)

; t
| | IDPARIDTRde(e)dr = [[|D*B @ DT, H() Ny d
2 _ 0

H(#)NU.

t
Lemma 3.2.9 gQ/ D24, H(¢) N U ||} DT, H(¥') nu |3 a¥
0

t

</

0

AHE) N U3 || T, HE) N U |3

T, H(t') N U | d

t
Lemma 3.2.11 SQ/ | A, U+H421‘
0

t

</

0

T, H(t) N U | d

)

; t
/ / ID2BJ?|DT[2 do(e) dt’=/HDZB®DT,H(t’)ﬂU+H§ d
0 H()nl, 0

t
< [ B DT HE) UL a
0

B, H(t') N U |3 |DT, H(¥') n U~ || dt’

t
Lemma 3.2.9 §Q/ ‘
0

SQ/\
0
t

Lemma 3.2.11 gQ/ 1B, U3 |
0

SQ/t\
0

B, H(t) NUL|[>| T, H(t') n U |

T, H(t') N U dt’

T, H(t') N U | d



74 Appendix B: Estimates on The Coefficients

(3) Analogously to (2) we get

t t
/ / ID2C||T2 do(e) d’ < Q/ T, H(t) nu |2 .
0 ] 0

t
IDB|2D2T|2 do(e) dt = / DB @ DT, H(¥') N U, ||} d
H(#)NU 0

t
Lemma 3.2.9 <Q [ |[DB, H(#) N U [} [D*T, H() N U [
0
t

<Q/|

0

B, H(t) N UL ||| T, H(t') N U > dF’

T, H(t') N U | df

t
Lemma 3.2.11 §Q/ |B, U+H§‘
0

t

<Q/|

0

T, H(t') N U | df

(5) Asin (4) we have

T,H(#) N U, |; dt'.

t‘ X t
2 2 !
0/ / IDCI2[DT?| do(e) dF < QO/\

H(t')NU

B.2 Inequalities for The Third Order Energy Tensor

By a similar calculation as in the previous subsection we obtain for V,55”

that
¢

t
/ / VSVt do(e) df’ < Q/ / (|ID*TP + |D*FP2
0 H(#)NU;+ 0 H(#)NU
+|D’APPID*T|* + |D’B*|DT|* + [D’C*|T|* + [D*A*|D°T|?
+ |D?B|?|D?T|* + |D*C|*|DT|?
+ |DB*|D*T|? 4 |DC|?|D?T|? + (lower order) } do(e) dt'.

In detail this yields:
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)

t t
/ / ID}APD?T|? do(e) dF’ :/|]D3A®D2T,H(t’)ﬁu+H(2) d
0 0

H(#)nl,
t
Lemma 329 <Q [ [|D*4, H(¥) U | [D2T, H(#) U [} ar
0
t

<Q/|

0

AHE) N U3 ||T H(E) N U |5

)

; t
/ / ID’B[*[DT|*do(e) dt’ = / ID*B® DT, H(t') N U, ||, 4’
0 0

H(t)NU

t
SQ/ |B®DT|)3 dt’
0
t

Lemma 329 <Q [ |
0

gQ/t\
0

T, H(t') N U | d

B,H(t')nUy|||

(3) Following the calculation of (2) we obtain

t
/ / ID2APDPT|? do(e) dF’
0

H(t)nU
t
< / |
0

CH(Y) N UL |5 ||T, H() N U | dt'.

t/

B, H(t) N U |3 |DT, H(¥') N U-||> dF’
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(4)

; t
[ | IDPapDTRdct)dt = [ [DPA@ DT, HEE) N UL d
0 _ 0

H(#)NU.

t
Lemma 3.2.9 gQ/ DA, H(#') N U, ||; [|D3T, H(#) nUL ||; d
0

t

<0/

0

AHE)NUL| || T HE) U |5

T, H(t) N U |; dt’

t
Lemma 3.2.11 gQ/ |A, Uy 3]
0

t

<0/

0

T,H(t') N UL ||; dt’

©)

; t
| | IDPBPIDTPdc(e)ar = [ |[D*B o DPT, H(E) N UL g af
0 - 0

H(#)N.,

t
Lemma 3.2.9 gQ/ |B@ DT, H(¥') N U, [ dF’
0

t

<0/

0
t

<0/

0

B,H(¥) U, |3 |D*T, H() nu, |5 at'

B, H(t) NU.|>|| T, H(t') n U |5 d

T, H(t') N U |3 d

t
Lemma 3.2.11 gQ/HB, u, |3 |
0

s@j\
0

T, H(t') N U |3 d¢’

(6) Analogous to (5)

t

t
22 2 /
/ / ID2CI2DT|? do(e) dt gQO/\

0 H(t)NU;

T, H(t') N UL |3 dt'.
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7)
¢ t
/ /“ {DBF[ﬁTﬁda@)dﬂ:i/HDBééD&Rfﬂy)mLhﬂédy
0 H(¥)nU, 0
t
Lmnma&l9§£{/HDR}HHNWU+MHD&RPMVNWU+Mcw
0

t

<Q/|

0

B, H(t) N UL ||| T, H(t') N U |; dF’

T, H(t') N U |3 df

t
Lemma 3.2.11 §Q/ | B, U+H§‘
0

t

<Q/|

0

T, H(t') N U |3 d

(8) In a similar way as in (7) we have

T, H(t') N U3 dt'.

t t
/ / IDCPD2T2 do(e) dF' < Q/\
0 | 0

H(#)nU.

All other expressions are of order VA, A, B, or C and therefore bounded
by assumption (3) of proposition 5.2.1 (which follows from assumption (4)

of proposition 5.2.8).
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