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Preface

In this thesis, I present my research in the area of mathematical population genetics
conducted during my graduate studies in Mathematics. This work focuses mainly on the
joint effects of the evolutionary forces selection, recombination, and migration on ge-
netic architecture, on local adaptation, and on differentiation. Throughout this thesis, we
study a subdivided population with two linked diallelic loci under locally heterogeneous
selection.

This thesis is structured into three parts, each corresponding to a published or sub-
mitted paper:

In the first part (The effects of linkage and gene flow on local adaptation: a two-locus
continent-island model) we study a continent-island model, which is the easiest scenario
for describing population subdivision. We assume that selection is genic and time is
continuous.

In the second part (The consequences of gene flow for local adaptation and differenti-
ation: a two-locus two-deme model) we extend the scenario in our first work and study a
population inhabiting two demes connected by migration in both directions. Analogous
to the first part of this thesis, we assume genic selection and continuous time.

In the last part (The consequences of dominance and gene flow for local adaptation
and differentiation at two linked loci), we introduce several generalizations: We admit
dominance and assume discrete and nonoverlapping generations. We consider a popula-
tion subdivided into two demes, which exchange migrants in both directions.

In the subsequent introduction, we motivate and relate the considered scenarios in
more detail and discuss several implications of the work presented in this thesis.

In accordance with the formal criteria of a cumulative dissertation, each paper is fol-
lowed by a separate section containing information about the status of submission (as of
September 2013) and my personal contribution. All papers share a common bibliogra-
phy at the end of this thesis.
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Introduction

The research presented in this thesis focuses on the interplay of the evolutionary
forces selection, recombination, and migration, and their joint effects on genetic archi-
tecture, on local adaptation, and on differentiation in subdivided populations. Although
previous work studied each evolutionary force separately in great detail, their interaction
is far from being well understood. Understanding how selection and gene flow simulta-
neously shape multilocus variation is essential for a correct interpretation of genetic data
obtained from geographically structured populations. With the work presented in this
thesis, we try to shape our intuition about these complicated interactions using compre-
hensive mathematical models.

Recent years showed some advances in the study of the interaction of gene flow, se-
lection and linkage. Population structure may cause linkage disequilibrium between the
loci even under genic selection, i.e., in the absence of epistasis and dominance, making
the analysis of the models incorporating these forces challenging. In panmictic popula-
tions, linkage disequilibrium occurs if and only if there is epistasis. Due to the increased
complexity by considering several evolutionary forces simultaneously, the theory of mul-
tilocus migration-selection models focuses on limiting or special cases. These include
weak or strong migration (Biirger 2009a, b) or the Levene model (Nagylaki 2009; Biirger
2009c, 2010; Barton 2010). In all of these cases, linkage disequilibrium is weak or ab-
sent.

Several one-locus migration-selection models investigate the effect of dominance on
the maintenance of polymorphisms (Prout, 1968; Nagylaki and Lou, 2001, 2007; Nagy-
laki 2009; Peischl 2010). In these models dominance is intermediate, which is of partic-
ular interest as it is common in nature and as stable polymorphisms can be maintained in
structured populations. With panmixia, stable polymorphisms are admissible if and only
if alleles exhibit overdominance. As dominance leads to substantial mathematical com-
plications, only few multilocus migration-selection models investigate the evolutionary
consequences of dominance (Biirger 2009a, b, c, 2010; Nagylaki 2009; Chasnov 2012).

In our work we incorporate linkage, gene flow, and selection (in particular domi-
nance) and investigate models where high levels of linkage disequilibrium may be main-
tained. Beside determining the equilibrium and stability structure of the investigated



4 INTRODUCTION

models, we try to shed light on several important questions: What genetic architectures
can be expected to evolve under various forms of spatially heterogeneous selection?
What are the consequences for genetic variation at linked neutral sites? What are the
consequences of the genetic architecture on the degree of local adaptation and of differ-
entiation achieved for a given amount of gene flow?

To this aim, we assume the simplest setting of mulitlocus dynamics, where we con-
sider two arbitrarily linked diallelic loci (A and B) under selection. The alleles are de-
noted by A; and A,, and by B; and B, at locus A and B, respectively. Throughout this
thesis we ignore epistasis, mutation and drift. In general, we assume an infinitely large
population subdivided into two demes connected by migration. Alleles A; and By, and
A, and B, are favored in deme 1 and deme 2, respectively.

Throughout this work we use deterministic models. These are either systems of
ordinary differential or difference equations. Our analysis is based on mathematical
techniques such as local stability analysis and perturbation theory.

The effects of linkage and gene flow on local adaptation: a two-locus continent-
island model. In this part of the thesis (published; see Biirger and Akerman, 2011), we
investigate a continent-island model. We assume that there is gene flow only from deme
2 (continent) to deme 1 (island), and that the specialist A,B; is fixed on the continent.
We need to keep track only of the genetic constitution on the island, which simplifies
the analysis significantly. We also assume absence of dominance and consider a model
in continuous time. These simplifications (which are generalized in the two subsequent
papers) allow a complete and explicit description of the equilibrium configuration (and of
their stability for large sets of the parameter space). We present all possible equilibrium
configurations as functions of the migration rate, and we determine how these depend
on linkage. We determine the parameter sets explicitly which admit a stable multilocus
polymorphism on the island.

We demonstrate that under maladaptive gene flow, weakly beneficial mutants linked
to a locus under selection-migration balance can invade successfully provided linkage is
sufficiently tight. This implies the emergence of clusters of beneficial alleles in popula-
tions subject to maladaptive gene flow.

Linkage may act as a strong barrier to maladaptive gene flow: Compared to two
independent loci (i.e., ignoring linkage disequilibrium), linkage increases the critical
migration rate below which a multilocus polymorphism is admissible. We determine
the amount of linkage disequilibrium exhibited at the two-locus polymorphism. To this
aim, we compute two measures of linkage disequilibrium: the classical measure from

population genetics, D (= x;x4 — X»X3), and a measure used for statistical purposes, 1>
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(the squared correlation in allelic state). We study local adaptation by computing the
migration load at the multilocus polymorphism. Finally, we consider a neutral locus
located between the loci under selection and derive the effective migration rate at the

neutral locus explicitly.

The consequences of gene flow for local adaptation and differentiation: a two-
locus two-deme model. In this part (published; see Akerman and Biirger, 2013), we
consider a population inhabiting two demes where migrants are exchanged in both di-
rections. As in our first paper, selection is genic and time is assumed continuous. Thus,
the continent-island model considered in our first work is included here as a special case.

Admitting gene flow in both directions increases the complexity of the model sub-
stantially, so that equilibria cannot be calculated explicitly in general. Instead, we derive
the equilibrium and stability structure for several important special cases (weak, strong,
highly asymmetric, and super-symmetric migration, no or weak recombination, indepen-
dent or strongly recombining loci, and absence of genotype-environment interaction) and
weak or strong recombination.

We introduce a new multilocus fixation index (F ?T), which we use to measure the
effect of linkage and gene flow on local adaptation and on differentiation. We investigate
how the invasion conditions for a mutant of small effect that is beneficial in one deme but
disadvantageous in the other deme depends on the migration pattern, where we assume
that the mutant is linked to a polymorphic locus which is in selection-migration balance.
We extend the model of the neutral locus linked to loci A and B introduced in our first
paper by migration in both directions, and compute the effective migration rate at the

neutral locus.

The consequences of dominance and gene flow for local adaptation and differ-
entiation at two linked loci. In the third part of this thesis (Akerman, submitted), we
generalize the models treated in the first and second paper by admitting intermediate
dominance and assuming discrete and nonoverlapping generations.

The equilibrium and stability structure is obtained for the special cases of weak mi-
gration and of weak selection. Assuming sufficiently weak selection, weak recombina-
tion, and weak one-way migration, we obtain the continent-island model with dominance
in continuous time. For this model we investigate weak migration, independent loci, and
complete linkage, where we derive the possible equilibrium structure and the bifurcation
patterns as functions of the migration rate. We show that the equilibrium and stability
structure maintained in the population depends crucially on the degree of dominance, in
particular if linkage is loose. One explanation may be that strong recombination facili-

tates the formation of heterozygotes, where dominance becomes evident only.
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We determine how D and 72, and the amount of local adaptation (measured by the
migration load) depend on the degree of dominance and on the amount of linkage. We
study the strength of barriers to gene flow at neutral sites linked to the selected loci by
deriving an explicit approximation for the effective migration rate at a linked neutral
site and determine its dependence on linkage and dominance. As another application,
we investigate a quantitative trait subject to diversifying selection and determine the
amount of differentiation under maladaptive gene flow. To this aim, we compute three
different measures of differentiation: (i) Fg7, which is Fgr averaged over the two loci,
(i) F ?T, a multilocus Fgr introduced in our second paper, and (iii) Qs7, which measures
differentiation of the trait. Using these, we determine the effects of dominance and

linkage on the differentiation of the measured trait and of the genotypes.

Synopsis and Outlook. Our results suggest the emergence of clusters of beneficial
alleles in populations subject to maladaptive gene flow if epistasis is absent (Biirger and
Akerman, 2011). This should be in particular the case if migration between the two
demes is asymmetric, as in the continent-island model (Akerman and Biirger, 2013).
These analytical findings complement the conclusion drawn by Yeaman and Whitlock
(2011), who performed a simulation study on the evolution of genetic architecture when
two populations connected by migration experience stabilizing selection on a polygenic
trait towards different optima.

We extended the effective migration rate at a neutral site linked to one locus under
selection (introduced by Petry, 1983; Bengtsson, 1985; Barton and Bengtsson, 1986) to
two linked loci under selection. We proved that the effective migration rate at neutral
sites crucially depends on the degree of dominance exhibited by the loci under selection.
If the locally adaptive alleles are recessive or exhibit no dominance, the linked loci under
selection act as strong barriers to neutral gene flow. If the locally adaptive alleles are
dominant, the effective migration rate is not reduced significantly below the actual one
(Biirger and Akerman, 2011; Akerman and Biirger, 2013; Akerman, submitted).

For a population inhabiting two demes interchanging migrants, we proved that a
monomorphism is globally asymptotically stable and all variation is lost if it experi-
ences sufficiently strong gene flow (Akerman and Biirger, 2013). If the migration rates
are asymmetric or symmetric, a specialist (A;B; or A,B;) or generalist (A;B, or A;B))
becomes fixed, respectively. For several informative special cases, we determined the
maximum migration rate below which a stable, two-locus polymorphic equilibrium is
maintained, and the minimum migration rate above which the population is monomor-

phic. We showed that for large sets of the parameter space, tighter linkage increases the



INTRODUCTION 7

maximum migration rate below which a stable, two-locus polymorphic equilibrium is
maintained.

If migration is weak, tighter linkage elevates the amount of local adaptation. For
the continent-island model we showed that for arbitrary intermediate dominance or ab-
sence of dominance, the migration load is about twice as high if recombination is strong
compared to tight linkage (Biirger and Akerman, 2011; Akerman, submitted). We ex-
pect the highest amount of local adaptation if linkage is tight and if the island alleles are
completely dominant. Our results suggest that reduced recombination will be favored
in populations subject to (sufficiently weak) maladaptive gene flow. An efficient mech-
anism in suppressing recombination among a set of genes is provided by chromosome
inversions (Kirkpatrick and Barton, 2006). Assuming genic selection, we derived an
explicit approximation of the invasion rate of an inversion capturing two adaptive alle-
les (Biirger and Akerman, 2011). If migration is strong and migration occurs in both
directions, the migration load may be minimized at intermediate recombination rates
(Akerman and Biirger, 2013).

For the continent-island model, we obtained simple and informative formulas for
the linkage disequilibrium measures D and r*, which reveal their different behavior with

respect to migration and to dominance. Whereas r?

is a monotone decreasing function of
the migration rate, D is maximized at intermediate migration rates (Biirger and Akerman,
2011). If the island alleles are dominant, we expect elevated levels of D and reduced
levels of 7* (i.e., the correlation between the alleles decreases). Independently of the
degree of dominance, tighter linkage leads to increased levels of D and r* (Akerman,
submitted).

Our results show that Qg7 and Fsp (measured by Fgr or F ?T) may show a different
behavior with respect to linkage and to dominance. We proved that for sufficiently weak
migration, tighter linkage elevates the levels of genetic differentiation (measured by Fgr
and F ?T). Differentiation of the trait (measured by Qg7) is independent of the strength
of linkage (up to first order of the migration rate); cf. Akerman, submitted. If migration
is sufficiently strong, differentiation may be minimized at intermediate recombination
rates (Akerman and Biirger, 2013).

Our results may lay the basis for further investigations, which we briefly discuss in
the subsequent paragraphs.

We studied the invasion of beneficial mutants linked to established adaptive alleles in
an infinitely large population subject to maladaptive gene flow. This lays the foundations
for deriving the probability of invasion in a population of finite size (for details, we refer
to Aeschbacher and Biirger; unpublished manuscript). For finite populations, the genetic

background on which the beneficial mutant appears must be taken into account. It is
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worthwhile to study also the actual amount and pattern of diversity at neutral sites linked
to selected loci in finite populations.

Further work will have to incorporate epistasis. This was done by Bank et al.
(2012) who studied the evolution of genetic incompatibilities assuming a continent-
island model. Their model could be extended by other patterns of population structure.
This should help shape our intuition on the evolution of recombination, as the actual
pattern of gene flow, and the form of selection and epistasis determine if recombination
between loci is favored or not: Our results suggest that, in the absence of epistasis, re-
duced recombination between selected loci is favored, except when migration rates are
sufficiently symmetric and high (Akerman and Biirger, 2013). Certain forms of epistasis
may favor high recombination in structured populations more easily (Pylkov et al. 1998;
Lenormand and Otto, 2000; Bank et al. 2012).



The effects of linkage and gene flow on local adaptation: a two-locus

continent-island model

R. BURGER, A. AKERMAN

ABSTRACT. Population subdivision and migration are generally considered to be important
causes of linkage disequilibrium (LD). We explore the combined effects of recombination and
gene flow on the amount of LD, the maintenance of polymorphism, and the degree of local adap-
tation in a subdivided population by analyzing a diploid, deterministic continent-island model
with genic selection on two linked loci (i.e., no dominance or epistasis). For this simple model,
we characterize explicitly all possible equilibrium configurations. Simple and intuitive approx-
imations for many quantities of interest are obtained in limiting cases, such as weak migration,
weak selection, weak or strong recombination. For instance, we derive explicit expressions for
the measures D (= pap — papg) and r* (the squared correlation in allelic state) of LD. They
depend in qualitatively different ways on the migration rate. Remarkably high values of r* are
maintained between weakly linked loci, especially if gene flow is low. We determine how the
maximum amount of gene flow that admits preservation of the locally adapted haplotype, hence
of polymorphism at both loci, depends on recombination rate and selection coefficients. We
also investigate the evolution of differentiation by examining the invasion of beneficial mutants
of small effect that are linked to an already present, locally adapted allele. Mutants of much
smaller effect can invade successfully than predicted by naive single-locus theory provided they
are at least weakly linked. Finally, the influence of linkage on the degree of local adaptation,
the migration load, and the effective migration rate at a neutral locus is explored. We discuss
possible consequences for the evolution of genetic architecture, in particular, for the emergence
of clusters of tightly linked, slightly beneficial mutations and the evolution of recombination and

chromosome inversions.

1. Introduction

Evolution in geographically structured populations is governed by two potentially
conflicting forces: selection for improved local adaptation may be opposed by migration
and concomitant maladaptive gene flow. For one-locus models, both general theory as
well as the study of numerous particular models have provided considerable insight into
the evolutionary consequences of this interaction (reviewed by Karlin 1982, Lenormand
2002, Nagylaki and Lou 2008).
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Frequently, however, selection acts on multiple loci which may be linked. For this
situation much less is known. The recently developed multilocus theory for the evolution
in subdivided populations focuses mainly on limiting or special cases, such as weak or
strong migration (Biirger 2009a,b) or the Levene model (Nagylaki 2009, Biirger 2009c,
2010), in which LD is weak or absent. The applications treated there concern primarily
conditions for the maintenance of multilocus polymorphism.

The main goal of this paper is to explore and quantify the role of selection on linked
loci for local adaptation in the presence of maladaptive gene flow. To this aim, we study
a diploid continent-island model with genic selection (i.e., no dominance or epistasis)
acting on two recombining loci. Continent-island models seem to be the simplest sce-
nario to investigate this topic, and they have been justified by and applied in studies of
local adaptation in natural populations (e.g., King and Lawson 1995). A key role in
our analysis will be played by the (LD) generated by the interaction of selection and
migration.

Population subdivision and admixture are known to be important agents in generat-
ing LD (Charlesworth and Charlesworth 2010), and recent studies revealed high levels of
LD in geographically structured species as well as substantial differences among species
and subpopulations (e.g., Remington et al. 2001, Conrad et al. 2006, Cutter et al. 2006,
Hernandez et al. 2007). However, analytical estimates for the expected amount of LD
have been obtained mainly for neutral loci. In particular, the expectation and variance
of measures of pairwise LD, such as D(= pap — paps) or r* (the squared correlation in
allelic state), have been derived for various island models (Ohta 1982, McVean 2002,
Wakeley and Lessard 2003, De and Durrett 2007). Such estimates are particularly useful
in testing hypotheses about neutral evolution (Nordborg and Tavaré 2002, Slatkin 2008).

For large subdivided populations in which selection and migration are the dominating
forces, little quantitative information is available on the extent of LD. Li and Nei (1974)
and Christiansen and Feldman (1975) investigated a two-deme model with symmetric
migration and genic selection on two dialellic loci. They showed that for weak migra-
tion an equilibrium exhibiting LD exists. Li and Nei also provided numerical examples
showing that considerable LD can be maintained. Slatkin (1975) studied gene flow and
selection on two linked loci in a cline. He found that substantial LD is maintained if
the recombination rate is of the same order of magnitude as the selection coefficients
or smaller. In addition to studying the influence of linkage among multiple loci on the
width of a cline, Barton (1983) derived a weak-migration approximation for the allele
frequencies and the linkage disequilibria in a two-deme model with heterozygote in-
feriority at finitely many equivalent loci. Spichtig and Kawecki (2004) observed high
levels of LD in a model of antagonistic directional selection on a quantitative trait in two
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demes. However, in general, their fitness functions induce epistasis and dominance, and
the dependence of LD on the degree of epistasis was not reported.

For our model, we can quantify explicitly the role of linkage in generating LD and
in maintaining genetic polymorphism and local adaptation in the presence of gene flow.
On the island, locally adapted alleles A; and B; may occur at two linked loci. Evolu-
tion occurs in continuous time and we ignore dominance and epistasis. Thus, the model
also describes selection on haploids. All immigrants from the continent carry the (mal-
adapted) haplotype A,B,. Mutation and random drift are ignored. Our parameters are
the selection coeflicients at the two loci, the recombination rate, and the migration rate.
Section 2 contains a detailed description of the model.

In Section 3, the complete equilibrium and stability structure is derived. Below a
critical migration rate, which can be determined explicitly and depends strongly on the
recombination rate and the selection coeflicients, there is a unique, stable, fully polymor-
phic equilibrium. If recombination is approximately as strong as selection, an additional,
unstable fully polymorphic equilibrium can exist. In this case, the stable polymorphic
equilibrium is simultaneously stable with a boundary equilibrium.

In Section 4, we consider various applications. (i) We derive simple and intuitive
approximations for the stable, fully polymorphic equilibrium for several limiting cases.
(i1) We obtain explicit conditions for the maintenance of both locally adapted alleles in
the presence of gene flow. These reveal the role of linkage, and illustrate how it interacts
with migration and selection in maintaining polymorphism. (iii) From an explicit ana-
lytical formula for the measure D of LD at the stable fully polymorphic equilibrium, we
derive simple and informative approximations for D and ? in important limiting cases.
Interestingly, D and r* show qualitatively different dependence on the migration rate. In
particular, > may be high for a large range of parameters. (iv) Assuming that a locally
adapted allele (B)) is in migration-selection balance on the island, we study the invasion
condition for and the final frequency of a linked beneficial mutation of smaller effect
(Ay). In the absence of LD, only mutations can invade whose selective advantage ex-
ceeds the immigration rate of the maladapted (continental) allele. We show that mutants
having a much smaller effect than the immigration rate can invade if they are sufficiently
(but not extremely) tightly linked to the already polymorphic locus. Such an invasion
always entails an increase of By; the tighter the linkage, the higher this increase. (v)
We derive explicit formulas for the migration load and examine how the load and the
degree of local adaptation depend on the parameters of the model. (vi) We derive an

approximation for the effective migration rate at a linked neutral marker locus.
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In Section 5, we summarize and discuss these results. In particular, we elaborate on
their consequences for the evolution of the genetic architecture, such as linkage groups

or chromosome inversions, in the presence of gene flow.

2. The model

We extend the classical continent-island model (Haldane 1930, Nagylaki 1992) to
two loci. We consider a sexually reproducing population of monoecious diploid individ-
uals in which two diallelic loci are under selection. On the continent, the alleles A, and
B, are fixed. On the island, the alleles A; and B, are selectively favored. We call them
the island alleles, and A, and B, the continental alleles. We ignore mutation and random
genetic drift and employ a deterministic continuous-time model to describe evolution
on the island. We assume one-way migration from the continent to the island at rate
m > 0. Thus, all immigrants on the island are of haplotype A,B,;. The recombination
rate between the two loci is denoted by p > 0.

The population can be described in terms of xj, x;, x3, X4, the frequencies of the
four gametes A B, A1B,, A>B;, A,B; on the island. The state space is the probability
simplex S4 = {(xl, X2, X3,%4) - x; > 0 and Z?zl X = 1}. Its vertices correspond to the
monomorphic states at which one of the gametes has frequency 1. The edges connecting
the states x4, = 1 and x3 = 1, or x4, = 1 and x, = 1, correspond to the marginal single-
locus systems in which the island allele A, or By, respectively, is absent.

We assume absence of dominance and of epistasis, hence genic selection, and assign
the Malthusian parameters 1 and —1e to the alleles A; and A, and 1f and —1B to B,
and B,. The resulting fitness matrix for the genotypes reads

BiBy BB, BB
AlA a+p a a-p
AA; B 0 -8 | (2.1)
AA -+ —-a -—-a-p
Assuming continuous time, standard population genetics modeling (e.g. Biirger 2000,

Chap. II.1) yields the following system of differential equations for the evolution of ga-
mete frequencies on the island:

X1 = xi[a(xs + x4) + B(x2 + x4)] — pD — mxy (2.2a)
X = xpla(xs + x4) — B(x + x3)] + pD — mx;, (2.2b)
X3 = x3[—a(x) + x2) + B(x3 + x4)] + pD — mxs, (2.2¢)

X4 = xa[—a(x; + x2) = B(x; + x3)] = pD + m(1 — x3), (2.2d)
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where D = x;x4 — x,x3 denotes the classical measure of LD.
For our purposes, it is convenient to describe the population composition by the
frequencies p = x; + x, and g = x; + x3 of the alleles A; and B, and by the LD measure

D. The gamete frequencies are calculated from p, g, and D by
x1=pg+D, x=p(l-q)-D, x3=q(1-p)=D, x4=1-p)A-q)+D. (2.3)
The constraints x; > 0 (i = 1,2, 3,4) and Z?zl x; = 1 transform into 0 < p,g < 1 and
—min{pg, (1 - p)(1 —g)} <D <min{p(1 —¢g),(1 - p)g} . (2.4)

It follows that p, g, and D evolve according to

d
p=""=ap(l-p)-mp+pD, 2.5
d
q==1=pg(l~q)~mqg+aD, (2.5b)
. dD
D = o = [a(1 - 2p) + B(1 = 2¢9)]1D + m(pg — D) — pD. (2.5¢)

We note that by rescaling time, for instance to units of p or m (provided p or m is pos-
itive), the number of independent parameters can be reduced by one (i.e., to a/p, B/p,
m/p or to a/m, B/m, p/m, respectively). We refrain from doing so because in our appli-
cations it will be illuminating to use either p or m as an independent parameter.

We have also studied the corresponding discrete-time model which allows for strong
evolutionary forces and converges to the continuous-time model in the limit of weak se-
lection, recombination, and migration. It yields more complicated expressions for most
quantities of interest and, therefore, is less amenable to an explicit analysis. Qualita-

tively, however, it appears to give analogous results.

3. Equilibrium structure and stability

To present all possible equilibrium and stability configurations, it is most instructive
to describe the equilibrium and stability properties as functions of the migration rate
m. Thus, we use m as a bifurcation parameter. We treat the boundary equilibria first,
then the internal, fully polymorphic equilibria. Section 3.3 contains the main results. In
Section 3.4, we prove global stability results for a number of special cases. The results
derived below provide the basis for the applications treated in Section 4.

Throughout, we posit without loss of generality that selection on the B-locus is at

least as strong as on the A-locus, i.e.,
O<a<pB. 3.1)

Therefore, we call A and B the minor and major locus, respectively.
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3.1. Boundary equilibria.
Monomorphic equilibria. (i) The state E; at which both island alleles are fixed,

Ei: p=1, g=1, D=0, (3.2)

is an equilibrium if and only if m = 0. In this case, it is globally asymptotically stable
(in the sense that it attracts all solutions with the property that both island alleles are
initially present; see Section 3.4). If m = 0, there also exist the three other monomorphic
equilibria. They are unstable and will not be needed.

(i1) The equilibrium Ec, at which both continental alleles are fixed, exists always:

A

Ec: p=0, §=0, D=0. (3.3)

A linear stability analysis yields the eigenvalues @ —m, 8—m, and a+—p—m. Therefore,
Ec is asymptotically stable if and only if m > max (B, mc), where

mec=a+B-p. (3.4)

Thus, if linkage is sufficiently tight (o < @), the continental haplotype can become fixed
if the critical migration rate m is exceeded. It will be proved in Section 3.4 that Ec is
globally asymptotically stable if m > a + 8, independently of p.

Single-locus polymorphisms. There may exist two single-locus polymorphisms.

(1) If 0 < m < a, there exists the equilibrium

En : ﬁ:1—§, §g=0, D=0, (3.5)

at which the A-locus is polymorphic and the B-locus is fixed for the continental allele B,.
As m — a, E5 approaches Ec. Although E, is globally attracting within its one-locus
marginal system whenever it is admissible (Nagylaki 1975; Nagylaki 1992, p. 128-132),
it is always unstable with respect to the full two-locus system. The latter statement

follows because the eigenvalues are

A=m-a and A’i:%(Zﬁ—a—pi \/(a+p)2—4mp). (3.6)

Since admissibility of E requires m < @, we infer immediately that

V@ +p)? —4mp>|a-p|>0.

Hence, all eigenvalues are real and a simple calculation invoking @ < S shows that
2> 0.
It follows that E4 is not hyperbolic (i.e., no eigenvalue has vanishing real part) if and

only if m = m,, where
mA:ﬁ(l—é:g). (3.7)
e,
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This observation will be of importance below. If m = m,, we have p = W,
which is in (0, 1) if and only if P
B—a<p<p, (3.8)
1e.,if and only if 0 < my < a.
(i1) If 0 < m < B, there exists the equilibrium
Eg: p=0, 9:1—%, D=0, (3.9)

at which the B-locus is polymorphic and the A-locus is fixed for the continental allele
A,. As m — (3, Eg approaches Ec. If Eg is admissible, it is globally attracting within its

one-locus marginal system. Moreover, the eigenvalues are

AB=m-p and 22=1(2a-B-p+\B+p)?—4mp). (3.10)

Because Eg is admissible only if m < 8, we infer immediately that

VB +p)?—4mp = |B—pl20.

Hence, all eigenvalues are real. A simple calculation shows that this implies A% < 0.
Finally, we find that A2 < 0 if and only if m > mg, where

ﬁ—a)
A

and /l]f_ = 0 if m = mg. We note that @ < mg holds always, and mg < g is fulfilled if and

mB:a(1+ (3.11)

only if
a < min(p, 8) . (3.12)

Thus, we have shown that Eg is asymptotically stable if and only if

mg <m<p, (3.13)

B—a)p-a)

, and
Bp

and Eg is hyperbolic except when m = mg. If m = mg, then § =
g € (0, 1) if and only if (3.12) holds, i.e., if and only if mg < S.
No recombination. If p = 0, there is the following boundary equilibrium at which

only the two gametes A, B; and A, B, are present:

m .\ m m
Eoy: p=¢g=1-——, D= 1- . 3.14
0 p=9 a+p a+ﬁ( a+,8) ( )

The equilibrium E, is admissible (and polymorphic) if and only if 0 < m < a + . (3.14)
shows that E) — Ejif m — 0, and Ey — Ec if m — a + 8. Because the eigenvalues
are —a, —f3, and —a — 8 + m, E, is asymptotically stable whenever it is admissible. If,
initially, only the two gametes A, B; and A, B, are present, single-locus theory (Nagylaki
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1992, p. 128-132) implies convergence to E;. We shall prove global convergence from

arbitrary initial conditions in Section 3.4.

3.2. Internal equilibria. We assume p > 0. Somewhat unexpectedly, the internal
equilibria can be calculated explicitly. This is shown by substituting the value D obtained
from solving p = 0 (2.5a) into the right-hand side of (2.5c), which remains linear in g.
Now, solving D = 0 for g, substituting the solution into the right-hand side of (2.5b) and
solving the resulting quadratic equation in p yields the following coordinates for fully

polymorphic equilibria:
pi:é[ﬁ2—a2+6ap—p2—4mpi(a—ﬁ+p)k], (3.15a)
Qi:%[a/2—,82+6,6’p—p2—4mpi(ﬁ—a+p)R], (3.15b)
D = oz =B=pia+=-pia—p+pl@+p+p TR
—dmp(a* + B + p* — 2a8 — 2ap — 2Bp) — 8m2p2} , (3.15¢)
where

R= (@+pB+p)>-8mp. (3.15d)

We call these equilibria E; and E_. The calculations show that no other internal equilib-
rium can exist. It is straightforward to show that E, converges to E; if m — 0 and E,
converges to Eg as p — 0.

Our first task is to determine when the equilibria E, and E_ are biologically feasible,
1.e., in the state space S4. Obviously, the equilibria can exist only if the root R is real,

which is the case if and only if m < m*, where
. _(a+B+p)
m = -———-—.
8p
We have E, = E_ if and only if m = m*. The following proposition states the admissi-

(3.16)

bility conditions for the fully polymorphic equilibria.

ProposiTioN 3.1. (a) E, is an admissible internal equilibrium if and only if one of the

following three, mutually exclusive conditions is satisfied:

0 < p < min(a, %(a +p) and 0<m<mc, (3.17a)
Ha+B) <p<3a-B and O<m<m", (3.17b)
max(a,3a—-B)<p and 0<m<mg. (3.17¢)

Therefore, the equilibrium E, is admissible whenever m is positive and below a critical

value.
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(b) E_ is an admissible internal equilibrium if and only if
1 x
B<2a and z(@+PB)<p<a and mc<m<m, (3.18a)
or

B<2a and a<p<3a—-B and mg<m<m". (3.18b)

Therefore, the equilibrium E_ is never admissible if m is below or above a critical value.
It is also not admissible if B > 2q, i.e., if the locus effects differ by more than a factor of
two.

The tedious proof is given in Appendix A.1. The cases in Proposition 3.1(a), as well
as those in (b), are indeed mutually exclusive and cover the whole parameter range for p

because of the following simple observation:

B >2a if and only if %(a +B)>a>3a-4, (3.19a)
B =2a if and only if %(a +p)=a=3a-2, (3.19b)
B < 2a if and only if %(oz +p)<a<3a-p. (3.19¢)

Therefore,

%(0/+,8) if p<2a,
a if B>2a,

min(a, %(af +p)) = (3.20a)

3a—-B if B<2a,
max(a,3a —fB) = (3.20b)
a if B>2a.

Now we briefly describe the bifurcation patterns underlying Proposition 3.1. If
(3.17a) applies, then E, leaves the state space through Ec as m increases above mi.
If (3.17c) applies, then E, leaves the state space through Eg as m increases above mg.
The condition (3.17b) can be satisfied only if 8 < 2a. In this case, E_ coexists with E,.
Then E_ enters the state space through E¢ (if (3.18a) holds) or through Eg (if (3.18b)
holds). As m increases further and approaches m* from below, E, and E_ merge and
get extinguished at m = m*. In Figure 1, the possible equilibrium configurations and
bifurcation patterns for @ < 8 are displayed as a function of m.

We note that neither E, nor E_ can leave or enter the state space through E,. This
is easy to understand because B is the major locus and E, exists only if m < «, hence
m < . Therefore, whenever E, exists, selection on locus B is strong enough to increase
the frequency g of B; near E, (as is reflected by the fact that the eigenvalue A% at E, is

always positive). Hence, no admissible equilibrium can be arbitrarily close to E,.
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It remains to explore the stability properties of the internal equilibria. Apparently,
and also supported by numerical results, the equilibrium E, is asymptotically stable
whenever it exists, and E_ is always unstable. We could prove the following: (i) E, is
globally asymptotically stable if m is small (Section 3.4) or if p is small (Section 3.4).
(i1) E, is asymptotically stable if p is large (Appendix A.2) or if m is close to (and below)
a bifurcation value of E, (Appendix A.2). (iii) E_ is unstable if m is close to (and above)
a bifurcation value of E_ (Appendix A.2). As shown by diagrams (b), (d), (e), and (f)
of Figure 1 (which are based on these results), E, may be simultaneously stable with
either Eg or Ec for sufficiently large migration rates, intermediate recombination rates,
and similar locus effects. The above results support our conjecture that E, is globally
asymptotically stable whenever it is the only fully polymorphic equilibrium. In Section

3.4, we will prove that E¢ is globally asymptotically stable if m > a + .

3.3. Main results. We now formulate our main theorem from which most further
conclusions will be derived. It is an immediate consequence of the above results about

existence and stability of equilibria.

THEOREM 3.2. Let @ < B. Then all possible equilibrium configurations, displayed as

functions of the migration rate, are given by the schematic bifurcation diagrams (a) —

(g) of Figure 1.
Diagram (a) applies if and only if

B>2a and p<a (3.21a)

or
B<2a and p<i+p). (3.21b)

Diagram (b) applies if and only if
B<2a and Ya+PB)<p<a. (3.22)

Diagram (c) applies if and only if
B>2a and p=«. (3.23)

Diagram (d) applies if and only if
B<2a and p=c«. (3.24)

Diagram (e) applies if and only if
B<2a and a<p<3B-a-2V2BB-a). (3.25)
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Diagram (f) applies if and only if
B<2a and 3B-a-2V2\BB-a)<p<3a-p. (3.26)

Diagram (g) applies if and only if
B=>2a and p>«a (3.27a)

or
B<2a and p>3a-p. (3.27b)

As a brief guide to these results and Figure 1, we note that, by (3.19), diagrams (a)

2
3

diagram (g) applies if (3.17c) holds, which is satisfied whenever p > 2. Thus, diagrams

or (c) of Figure 1 apply if (3.17a) holds. This is the case whenever p < za. Similarly,
(a) or (g) apply whenever linkage is sufficiently tight or sufficiently weak, respectively.
If @ and B are fixed and 8 > 2a, then for increasing p the diagrams (a), (c), and (g) apply
in this order. If 8 < 2a, then for increasing p diagrams apply in the order (a), (b), (d), (e),
(f), and (g). Diagrams (b), (d), (e), (f) are covered by (3.17b). We distinguished cases
(e) and (f) because E, can be simultaneously stable with Eg or Ec in (e), but only with
Eg in (f).

The following arguments offer an explanation why qualitatively different equilibrium
configurations can occur for 8 > 2« and 8 < 2a. Ata = %,8, the order of fitnesses of
diploid genotypes changes. If § > 2« (i.e., the selection coefficients are very different),
the three genotypes of highest fitness are those composed by the two gametes A; B, and
AyBy. If B < 2« (i.e., similar locus effects), the three genotypes of highest fitness are
AB{/ABy, AiB|/A;B;, and A|B|/AB,. Hence, A, experiences a higher (relative) fit-
ness advantage than in the other case and, by symmetry, A, a higher fitness disadvantage.
Recombination between the island and the continental haplotype always produces both
gametes A,B; and A B,. If § < 2@, moderately strong recombination can maintain the
fully polymorphic equilibrium even if one of the boundary equilibria Eg or Ec is already
(locally) stable. In addition, if S is given, the overall strength of selection increases with
increasing «, thus facilitating the maintenance of polymorphism in the presence of gene
flow.

Since the case @ = 8 of equivalent loci is degenerate, we formulate it separately.

THEOREM 3.3. Let « = B. Then all possible equilibrium configurations, displayed as
functions of the migration rate, are given by the schematic bifurcation diagrams (a) —
(d) of Figure 2.

Diagram (a) applies if and only if

(3.28)

he)
INA

SIS
Q
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FiGure 1. Bifurcation diagrams for the case @ < B. Diagrams (a) - (g) rep-
resent all possible equilibrium configurations, corresponding to the cases (a) -
(g) in Theorem 3.2. Each diagram displays the possible equilibria as a func-
tion of the migration rate m. Each line indicates one equilibrium. The lines
are drawn such that intersections occur if and only if the corresponding equi-
libria bifurcate. Solid lines represent asymptotically stable equilibria, dashed
lines unstable equilibria. Equilibria are shown if and only if they are admis-
sible. (The curves in this diagrams can be produced by using the function

fm) = NE(m) + 3(%3(m) = 22(m) = \/ﬁ(m)c?(m) + D(m) + 3(q(m) — p(m)).
For optimal visibility, diagrams have been drawn for different parameter choices
and on different scales.)
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a) b)

0 a= m 0 a=f

FiGure 2. Bifurcation diagrams for the case & = 8. Diagrams (a) — (d) represent
all possible equilibrium configurations, corresponding to the cases (a) — (d) listed
in Theorem 3.3. Note that in this case we have ma = mp = @ = . Everything
else is as in Figure 1.

Diagram (b) applies if and only if

2
sa<p<a. (3.29)

Diagram (c) applies if and only if
a<p<la. (3.30)

Diagram (d) applies if and only if
p>2a. (3.31)
Because my = mp = @ = B holds in Theorem 3.3, E, and Eg bifurcate through Ec
simultaneously. Hence, coexistence of E, and E_ occurs if and only if %a < p < 2a

and max(a, 2a — p) < m < m*. Using (A.13) and (3.18), it is straightforward to show

that the interval (of values m) of coexistence of E, and E_ is maximized if @ = p. Then,
m* = %a.
3.4. Global convergence results. Here, we prove global convergence results for

some limiting cases.
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m = 0. We show that E; is globally asymptotically stable. For additive fitnesses,
mean fitness increases strictly monotonically in time, except at equilibria (Ewens 1969).
In our special case, mean (Malthusian) fitness on the island is given by w = a(2p —
1) + B(2g — 1) which is maximized at E;. Employing the well-known inequality D >
— \/p(l — p)q(1 — g), we obtain

i =2ap + 264 2 2 (a\p( = p) - fa(l - 9)) 20, (3.32)

where w = 0 holds only at equilibrium. Because the only equilibria are the four monomor

phic states, and E; is the only stable equilibrium, all trajectories such that initially both
alleles are present converge to E; (Theorem 6.4 and Corollary 6.5 in LaSalle 1976). This
conclusion can also be deduced from Theorem 3 of Karlin and Feldman (1970).

Small m. We prove global convergence to E, if m is sufficiently small. The proof
follows immediately from Theorem 5.4 in Biirger (2009a), which is a general global per-
turbation result for weak migration. This applies here because, for m = 0, all equilibria
(which are exactly the four monomorphic states) are hyperbolic, E; is globally asymp-
totically stable (Section 3.4), and E, is the perturbation of E; if m is small. We note that
the results by Karlin and McGregor (1972) imply only asymptotic stability.

Large m. We demonstrate global convergence to Ec if m > a + 5. Because D <

p(1 — g) holds always, we obtain from (2.5a)

p<pla+B-m—-ap—-pq) <0, (3.33)

and p = 0 if and only if p = 0. Analogously, D < g(1 — p) implies ¢ < 0 with equality
if and only if ¢ = 0. Thus, we have two global Lyapunov functions, and all trajectories
must converge to p = g = 0, i.e., to Ec (LaSalle 1976).

p = 0. We prove that E, is globally asymptotically stable whenever it exists (i.e., if
0 < m < a + ). Asymptotic stability follows immediately from the eigenvalues, which
are given by —a, —3, and m — (@ + 8). We prove global convergence to E, if initially the
island haplotype A B, is present, i.e., if x; > 0. (Note that x;(¢) = O for every ¢t > O if
x1(0) = 0.) We observe that

(ﬁ) E— (3.349)
X1
and .
(&) - . (3.35)
X1

Thus, we infer that the w-limit of every trajectory with x; > 0 is contained in the invariant
edge x, = x3 = 0 (LaSalle 1976). On this edge, single-locus theory guarantees global
convergence to E.
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If, initially, x; = 0 and x3 > 0O, then (x,/x3) = (@ — B)x,x3 < 0 (provided a # ) and
convergence to Eg occurs whenever it is admissible; otherwise, all trajectories converge
to Ec. Of course, if x; = x3 = 0 holds initially, then all trajectories converge to E5 (if it
is admissible) or to Ec. The simple case a = S is left to the reader.

We note that for p = 0, the dynamics (2.2) has the global Lyapunov function

1
V =V(xy, X2, X3, X4) = Ev_v +mlnxy. (3.36)

This follows immediately from equations (2.13) - (2.16) on p. 103 in Biirger (2000) be-
cause, if p = 0, the system (2.2) is formally equivalent to a one-locus selection-mutation
model with four alleles and so-called house-of-cards mutation. To see this, set all muta-
tion rates to types 1, 2, and 3 (gametes A;B;, A B,, A;B;) zero, and assume that each of
types 1, 2, and 3 mutates to type 4 (A,B;) at rate m. Therefore (p. 103 in Biirger 2000),
(2.2) 1s a generalized gradient system.

Small p. We prove global convergence of all trajectories to E, if p is sufficiently
small and m < mc. The crucial point is that the results in Section 3.4 imply that, if
p = 0, the chain-recurrent points of (2.2) are exactly the equilibria (see Lemma 2.2 in
Nagylaki et al. 1999). The only possible equilibria are E», Eg, and Ec, and they are
hyperbolic if p is small (except when m = @ or m = ). As a consequence, the proof of
Theorem 2.3 in Nagylaki et al. (1999) applies unaltered and yields global convergence to
E, for sufficiently small p. Asymptotic (local) stability of E, can also be inferred from
Theorem 4.4 of Karlin and McGregor (1972).

4. Applications

We now treat a number of applications. We begin by deriving simple approximations
for the stable fully polymorphic equilibrium E, in several limiting cases. Then we dis-
cuss the potential of maintaining both loci polymorphic on the island. Next, we explore
the LD that is maintained by calculating and approximating the measures D and 2. We
continue by studying the invasion of a new beneficial mutation of small effect which is
linked to a locus that is maintained polymorphic on the island by migration-selection
balance. Then we investigate the degree of local adaptation and the migration load. Fi-
nally, we compute an approximation for the effective migration rate at a neutral locus
that is linked to both selected loci.

4.1. Limiting cases. The following limiting cases are highly instructive and will
be used in the applications treated below. In each case, we give the coordinates of the
stable internal equilibrium E,. They are readily deduced from equations (3.15) by using

a formula manipulation program, such as Mathematica.
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Weak migration. We assume that migration is much weaker than selection and re-

combination, i.e., m < min(a, p). Then E, is given by

Ao B 2 PB—a—p) 3

pr=1 a(l a+,8+p)+ma(a+,8+p)3+0(m)’ (4.1a)
DL PR P R v

e Ly T R v et 10
A m B , af(a +B) + p(a® + af + %) + p*(a + B) 3

b S a+B+p " af(a + B+ p)? + Otm?), (41c)

where the second-order terms will be needed to derive the series expansion of the LD

measure r>. We note that for equivalent loci (@ = 8), the first-order terms can be obtained

from Barton’s (1983) weak-migration approximation (8) for multiple equivalent loci.
Tight linkage. If we assume that recombination is much weaker than selection and

migration, i.e., p < min(a, m), then E, is given by

O é_ m é_ )
pe=1 a+pB (@+p)?|a a/+,8(a/ 1)+0(p), (4.22)
s _ . .m pm | m (a 5
g. =1 a+B @+pr|B a+ﬁ(,8 1) + O(p?), (4.2b)
o Y— (1— ~ ) (4.2¢)

a+p a+pf

pom m m B «a )
_(a/+ﬁ)2 1_a+ﬁ(1_a+ﬁ)(2_a_ﬁ) + O(p?). (4.2d)

It is a straightforward exercise to show that this is admissible if m < mc + O(p?).
Strong recombination. If recombination is strong relative to selection and migration,
i.e., p > max(B, m), then the internal equilibrium E, is given by

m mpB—-m

pr=l-—+—"——+0(p), (4.3a)
a p «
m mao—m
jo=1-——+— 0™, 4.3b
q ﬁ+;> 7 +0(™) (4.3b)
="M -2
D+_p(1 aM1 ﬁ)+0@ ). (4.3¢)

To leading order in 1/p, this equilibrium is admissible if
m< mg. (4.4)

In the limit p — oo, this condition simplifies to m < @. Obviously, D, — 0 asm/p — 0
or m/a — 1. (4.3) may be called the quasi-linkage equilibrium approximation.
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4.2. Maintenance of polymorphism. The above results admit some worthwhile
conclusions about the maintenance of polymorphism at two linked loci. It is well known
that at an isolated single locus, i.e., if LD is ignored, a polymorphism is maintained on
the island if and only if 0 < m < s, where the fitnesses of the three genotypes are 1 —, 1,
and 1 + s (Haldane 1930, Nagylaki 1975). Naive application of this result to our model
would imply that both loci can be maintained polymorphic only if m < min(a,S) = a.
However, as we show below, the effects of linkage, even if weak, cannot be ignored.
Our analysis is simplified by the facts that (i) E, is the only stable equilibrium at which
the island haplotype, hence a polymorphism at both loci, is maintained, and (i1) E, is
(apparently) asymptotically stable whenever it exists.

If (3.27) holds (Figure 1g), which is always the case if recombination is at least twice

as strong as selection on the minor locus, the full polymorphism E, is maintained if
m < mg. 4.5)

As (3.11) shows, we have @ < mg < Bif p > a (and @ < ), where the upper bound
mpg tends to @ as p — oo, and mp tends to 8 as p — . Therefore, if recombination is
not much stronger than selection on the minor locus, a fully polymorphic equilibrium
can be maintained for considerably higher migration rates than predicted by single-locus
theory, namely up to values of m that are only slightly smaller than £.
If linkage is tight, i.e., if p < min(a, m), then a two-locus polymorphism is main-
tained if (Section 4.1)
m < me + 0(p?). (4.6)

In the limit p — 0, this yields m < a + 3, the bound obtained from a diallelic one-locus
model if the alleles are identified with the non-recombining haplotypes A; B, and A, B;.

For moderately strong linkage and if the effects of the two loci are similar, poly-
morphism at both loci can be maintained for migration rates higher than max(g, mc).
This occurs if and only if diagrams (b), (d), or (e) of Figure 1 apply (corresponding
to the conditions (3.22), (3.24), or (3.25)), or if diagrams (b) or (c) of Figure 2 apply
(corresponding to conditions (3.29) or (3.30)). Then the polymorphic equilibrium E,
is simultaneously stable with the equilibrium E¢ at which the continental haplotype is
fixed. Although, in general, this range of parameters is not large, it becomes signifi-
cant for loci of approximately equal effects. As noted above, this range is maximized if
a =B = p. Then mg = mc = B and a full polymorphism is maintained if m < m* = %ﬁ.

In summary, polymorphism at both loci can be maintained for higher migration rates
than expected from simple one-locus considerations. Once m > a+f, migration is strong
enough to fix the continental haplotype independently of linkage and initial conditions
(Section 3.4).
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4.3. Linkage disequilibrium. The amount of LD maintained by migration-selection
balance on the island can be computed readily because we have the explicit expression
(3.15c) for the measure D of LD maintained at E,. We also know that this is the only
fully polymorphic equilibrium that can be stable. In Appendix A.3 it is proved that the
measure D is always positive at E,. Thus, the interaction of nonepistatic selection on the
island and immigration from the continent generates positive LD.

For statistical purposes, the following measure of LD is often used (e.g., Nordborg
and Tavaré 2002, Slatkin 2008):

P = D .
p(=p)q(l —q)
It can be interpreted as the squared correlation in allelic state between the two loci. A

“4.7)

general, though complicated, expression for 7% can be obtained directly from (3.15). We
investigate D and r? analytically for limiting cases and numerically otherwise.

We start by examining weak migration, i.e., m < min(a,p). At the polymorphic
equilibrium E,, we obtain from equations (4.1)

A

+

_ 2
_a+ﬁ+p+0(m) (4.8)

and, by series expansion (for which the second-order terms in equations (4.1) are needed),

o_ o  mpll@ +B+pla+p)]
(@+p)B+p) (a+pPB+pa+p+p)

Notably, #* does not vanish as m — 0. In fact, 7 is a decreasing function of both p and

+0m?). (4.9)

m. It decays rapidly as a function of p, and very slowly as a function of m if p is small.
Thus, for tightly linked loci, #2 is close to its maximum value one. Even if selection
and recombination are of comparable strength, 7 may assume relatively high values if
migration is weak. This is illustrated by Figure 3b, in which 8/p = 2 is assumed, and by
the following examples. If p = «, the leading order term in (4.9) becomes 5/(2(a + ),
which is between 3 (if @ = 0) and § (if @ = ). The leading-order term in (4.9) is small
if @/p is small, and very small if 8/p is small. If @ = S, the expression (4.8) is also
obtained from Barton’s (1983) weak-migration approximation (8b); cf. Section 4.1.

For weak recombination, i.e., if p < min(a, m), we obtain from Section 4.1 the
expansion
a+pf +p? @ +2a°B + 2o + B — m(a* + °)

aff a’f(a + p)

where the first-order term is independent of m. Setting 8 = na, we observe that 72 =

P=1-p + 00, (4.10)

1 — (1 + 1/n)p/a + O(p*). Thus, for small p, 7 decreases from unity at a linear rate
between 1/a and 2/a.
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In the limit of large p, we obtain from Section 4.1 that #* decays quadratically in p:

ﬁ:“””m?_m)+0@4y (4.11)

This approximation requires m < . Obviously, we have #* — 0 as m — a.
Figure 3 displays D, and 7 as functions of m/p for various parameter combinations.

2 show such different behavior if considered as

It seems remarkable that D and 7
functions of m. Whereas D always assumes its maximum at intermediate migration
rates, the squared correlation #* always decreases as m increases. The latter fact is clearly
indicated by the approximations (4.9) and (4.11).

That #* tends to a positive value (as opposed to zero) as m — 0 follows from its
definition because, as shown by (4.8), at migration-selection balance D is of order m and,
of course, the frequencies of both continental alleles are of order m. That D is of order m,
and not smaller, follows because immigration of the continental haplotype increases the
rate of change of D by m(pg— D) = mpq+o(m) = m+o(m), whereas the contributions of
selection and recombination are proportional to D, hence of order m only if D = O(m);
see (2.5¢). A more intuitive explanation is that for arbitrarily weak migration and tight
linkage, the population exists predominantly of A;B; and A,B, haplotypes because the
other haplotypes are produced only at the small rate p. The stronger selection on A, B, is
insufficient to decrease the frequency of A, B, to values below those of the recombinant
haplotypes. Clearly, this leads to a high correlation in allelic state.

We note without proof that Lewontin’s (1964) measure D’ = D/ max(p(1 — q), q(1 —
p)) behaves qualitatively similar to r = V2. In summary, migration may be a very

efficient agent in inducing quite strong LD, even if selection is genic and weak.

4.4. Invasion of a linked beneficial mutation. In accordance with the general model,
immigrants from the continent are of gametic type A,B,. Let us assume that at locus B a
locally adapted allele, By, is segregating at migration-selection balance on the island. By
single-locus theory, this requires 8 > m. The corresponding equilibrium in our model is
Eg. Now suppose that on the island a favorable mutant, A, occurs at the linked locus A.
Because our model is deterministic, the mutant can invade if and only if Eg is unstable.
By (3.13) this is the case if and only if

0 < m < min(mg, B). (4.12)

Mutants of effect @ > m can invade for every recombination rate p (which is consistent
with the fact @ < mg). In addition, mutants of effect @ > p can invade for every migration

rate m < 8 because this implies m < 8 < mg, hence (4.12). This reflects the intuition
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FiGure 3. Linkage disequilibrium at the stable two-locus polymorphism. Re-
spectively, diagrams (a) and (b) display the measures D and 7 of LD as a func-
tion of m/p. D is calculated from (3.15¢) (D = D,) and r? from D and (4.7).
We note that D and r? are represented in terms of the compound parameters a/p,
B/p, and m/p, which determine the model and all derived quantities uniquely. In
both figures, 5/p = 2 is assumed and « is as indicated in the legend. Diagram (b)
might give the impression that LD decreases with decreasing recombination rate
p. This, however, is not the case (e.g., (4.9)) because the compound parameters
a/p, B/p, and m/p are used. Hence, a decrease in p implies a decrease in @ and

B.

Scaled migration rate, m/p
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FiGURE 4. Regions of invasion of mutants of small effect. The shaded regions
display the scaled fitness advantage a/m admitting invasion of a mutant linked to
a beneficial allele that is in migration-selection balance on the island. The curves
are obtained from (4.13) and show ayi,/m as a function of p/m for different
values of §/m. As explained in the main text, mutants of effect @ > max(m, p)
can invade whenever m < 8 (black region).

that sufficiently strong linkage leads to reinforcement between the loci, thereby enabling
invasion of A;.
However, condition (4.12) implies that even mutants of effect « < min(m, p) can

invade. Indeed, straightforward rearrangement shows that m < mg holds if and only if

> Qpin = %(,B+p— \/(,8+p)2—4mp) . (4.13)

Hence, @, is the minimum selective advantage required for invasion. Figure 4 displays
the dependence of a,, on p and m.
If p < B, the condition (4.13) for the invasion of A; becomes approximately
a>m b R
B

where the right hand side is much smaller than m. The invasion condition (4.13) can also

(4.14)

be rewritten as

p<Mz%, (4.15)

m-—aoa m
where the approximation holds if @ <« m. Thus, for given effect «, (4.15) puts an upper

bound on the recombination rate that permits invasion.
After invasion of A, the asymptotically stable equilibrium E, is approached. Be-
cause g, > 1 — m/pB if Ep is unstable (Appendix A.3), the frequencies of both island
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FiGURE 5. Frequencies of island alleles after invasion of a new mutant. The
solid lines show the frequencies p, and g, of the island alleles reached at the
equilibrium E;, (3.15), after invasion of a mutant (A;) of small effect @. The
frequency of A; decreases faster as a function of p/m and vanishes if p/m is
such that equality is attained in (4.13). The dashed lines signify the equilibrium
frequency ¢ = 1 — m/f of By before invasion of A;. The selection coefficients
are @ = 0.8m and 8 = 1.5m. Qualitatively similar graphs are obtained for other
choices of selection coeflicients.

alleles increase. This is demonstrated by Figure 5, in which the frequencies of the alle-
les before and after invasion are displayed as functions of p/m.

Not surprisingly, the largest increase occurs if the new mutant is completely linked
(o = 0). Then the frequencies of both island alleles increase to 1 — m/(a + ) because
Ey is the (unique) stable equilibrium. The figure shows that the frequencies of the island
alleles at the polymorphic equilibrium decrease with increasing recombination rate, and
this is proved in Appendix A.3. Figure 5 demonstrates that the invasion of a tightly
linked mutant of smaller effect can elevate the frequency of the previously present island
allele (B) considerably. In the displayed example, if p/m is small, the frequency of B
is pushed above 50%. Thus, B; becomes more frequent than the continental allele B;.

4.5. Local adaptation and migration load. Local adaptation is impossible if gene
flow is so strong that the equilibrium E, at which the continental haplotype is fixed, is
globally asymptotically stable. By Theorem 3.2, this is the case if

o < min(a, %(a/ +p) and m>mc, (4.16)
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orif

o > min(a, %(a +B)) and m > max(B,m"). 4.17)
Because the mean (Malthusian) fitness on the island is w = a(2p — 1) + S(2g — 1), the
mean fitness at Ec is w = —a — 8, whereas in the absence of gene flow (at Ey) it is
w=a+p.

However, local adaptation may already be severely reduced if gene flow is strong
enough to eradicate the island haplotype A;B; (but not the island allele B;). Then the
single-locus polymorphism Eg is asymptotically stable. By Theorem 3.2, this occurs if

p>max(a,3a¢—pF) and mp<m<pf (4.18)

holds, but also if (3.25) or (3.26) are satisfied and mg < m < § (Figure 1). The mean
fitness at Eg isw = 8 — a — 2m.

If gene flow is sufficiently weak to maintain both alleles in the population, the degree
of local adaptation can be measured by the migration load, by the frequencies of the
island alleles, or by the frequency of the island haplotype.

First, we briefly investigate the migration load at the fully polymorphic equilibrium
E.. Because p, and g, are decreasing functions of m and of p (Appendix A.3), the same

1s true for mean fitness. For the mean fitness at E, , we obtain

v:v:%(oz+,8—p—4m+ \/(a+ﬁ+p)2—8mp) (4.19a)
_ _ P 2
=a+p 2m(1 +—a+ﬁ+p)+0(m ), (4.19b)

where the approximation holds for weak migration (Section 4.1). Thus, the migration
load increases from (approximately) 2m for completely linked loci to 4m for independent
loci. Simple approximations for other limiting cases are readily derived from Section
4.1.

For weak gene flow, the frequencies of the island alleles are given by (4.1). From
(4.1) and (2.3), the following first-order approximation in m is obtained for the frequency

of the island haplotype:
af + p(a + )
afla@+p+p)

This, as well as (4.1), is accurate for a fairly large range of parameters. Remarkably,

Xpg=1l-—m

(4.20)

if p = 0, the linear approximations for the allele and gamete frequencies give the exact
solutions, i.e., the equilibrium values at E,. Therefore, (4.1) and (4.20) provide highly
accurate approximations if p < min(ea, %(a+,8)) andm < %mc. Figure 6 displays the exact

value and the weak-migration approximation of £, ; for various parameter combinations.
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FIGURE 6. Frequency of the island haplotype A;B; as a function of the migra-
tion rate for various parameter combinations. The exact value of & ; is displayed
by black lines, the corresponding approximation (4.20) by gray lines of the same
line type. Dashing indicates different recombination rates, as given in the leg-
ends. The selection coeflicients are @ = 0.05 and 5 = 0.2.

As this figure shows, (4.20) is also very accurate if p > min(a, %(af + ) and m < %mB.
In general, (4.20) provides a useful approximation if %, ; > %

Finally, we explore the case when the island alleles are maintained at frequencies
greater than %, so that they are more frequent than the alternative continental alleles, and
when the island haplotype has a frequency greater than % As is suggested by Figures 5
and 6, and proved in Appendix A.3, the frequencies of both island alleles at the stable
fully polymorphic equilibrium E, increase with increasing linkage and are maximized
if p = 0. A rough estimate for the maximum value m that guarantees that %, ; > % 1s

obtained from (4.20):
__apl@+f+p) 21
2(aB +pla@+p)’ '

For small p, the following slightly more accurate approximation for the critical value
of m is obtained directly from the tight-linkage approximation (4.2):

2
)y = %(a+ﬂ)—p%. (4.22)

m

D=

Here, the error (i.e., |fc+,1 — %|) is 30%/(aB) + O(p*). If p > min(a, 1 (e + B)), the approxi-
mation (4.22) fails, and (4.21) is more accurate.
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We treat two examples. If p = @ = S, we compute from (3.15) that both island
alleles are more frequent than the respective continental alleles if m < 8/ V2 ~ 0.7078,
and £, > 3 if m < (1 =273 = 2%)B ~ 0.534B. The approximation (4.21) produces
m < %,8

In the extreme case that LD is negligible, i.e., if selection is very weak relative to
recombination, the more advantageous allele (B)) has a frequency greater than % if m<
%ﬁ. Both island alleles are more frequent than the respective continental alleles if m <
%a. The island haplotype frequency exceeds % if m < %(0/ + 8- \/m). If @ =B,
this gives m < (1 = 1/ \/5),8 ~ 0.2933. From (4.21), one obtains af/(2(a + B)) and i,B,
respectively.

In summary, these results show that the linkage disequilibria generated by at least
moderately tight linkage improve local adaptation much more than would occur under

linkage equilibrium.

4.6. Effective migration rate. The concept of the effective migration rate was in-
troduced as a measure of gene flow at a neutral marker locus because the flow of alleles
may be impeded or enhanced by linkage to selected loci (Bengtsson 1985, Barton and
Bengtsson 1986). Recently, Kobayashi et al. (2008) proposed a precise definition of the
effective migration rate for quite general models and derived approximate formulas that
facilitate the computation of the effective migration rate under a variety of scenarios.

Here, we calculate the effective migration rate for a neutral locus that is linked to
the two selected loci based on a continuous-time variant of the treatments of Bengtsson
(1985), Barton and Bengtsson (1986), and Kobayashi et al. (2008). Since we assume
one-way migration, the rate of change of allele frequency at an isolated neutral locus is
n = —mn + mn., where n = n(t) denotes the (relative) frequency of the allele N; on the
island and n,. is the (constant) fraction of alleles N; on the continent. Thus, the fraction
of alternative alleles at the neutral locus on the continent, subsumed under N,, is 1 — n,.
In this simple scenario, the migration rate satisfies

A () =no)

- n.—n@  n@)-n,

(4.23)

for every ¢ > 0. Thus, m determines the rate of approach to equilibrium and —m can be
interpreted as the leading eigenvalue of the (one-dimensional) Jacobian at equilibrium.
If the neutral locus is linked to one or more selected loci, the right side of (4.23) is no
longer constant because evolution at the neutral locus will depend on allele frequencies
at the selected loci and on the linkage disequilibria. If the selected loci are in equilibrium,
the asymptotic rate of convergence of n(t) can be defined by the leading eigenvalue Ay

of the Jacobian of the system that describes evolution of the frequency of N; and the
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corresponding linkage disequilibria. Therefore, we define the effective migration rate as
meg = —Ay (cf. Bengtsson 1985, Kobayashi et al. 2008). We explicate this approach
below.

It is straightforward to derive the differential equations for the gamete frequencies.
We order the gametes as A NB;, A{N1B,, AN By, A;NB,, AN, By, AiN,B;, A;N, By,
A,N,B,, and denote their frequencies by yy,...,ys, respectively. The rates of change
caused by selection and immigration are immediately obtained from (2.2) because the
locus N is neutral. We denote the recombination rate between loci A and N by p; and
that between N and B by p,. Because our model is continuous in time, in the absence of

interference we have p = p; + p,. The rate of change of A;N;B; due to recombination is

. (rec) __

yi o ==pibn(d = p)=yipl —p2i(1 = q@) — 291, (4.24)

and analogous expressions are obtained for the other gametes. The total rate of change
is the sum of those caused by selection, migration, and recombination. The changes due
to selection and migration follow immediately from (2.2).

As above, for our purposes it is more convenient to work with allele frequencies and
linkage disequilibria. Let Dsg, Day, and Dyp denote the linkage disequilibria between
the indicated pairs of loci, and let Dyyp = y; — pqn — pDyg — gDan — nD 4p denote the
three-way linkage disequilibrium.

Of course, the equations for the change of p, ¢, and D4p are given by (2.5). The

allele frequency at the neutral locus evolves according to
n=ml(n.—n)(p+q—pq)— Dan(1 = q) — Dyp(1 — p) + Danpl + @Dy + BDyp, (4.25)
and the equations for the linkage disequilibria involving the neutral locus are

Day = —lp1 + m(1 — p+ pq) — a(1 = 2p)|Day + mp(1 — p)Dyp

+m(n, —n)pDag + (B — mp)Danp + m(n. —n)p(p + g — pq), (4.26a)
Dyg = —[p2 + m(l —q + pg) — B(1 —2q)|Dyp + mq(l — q)Dyn
+m(n. —n)gDpp + (@ — mq)Dayp + m(n. —n)q(p + q — pq) , (4.26b)

Dyng = mpg(n. —n)(p + q — pq) + mg[1 — (1 — @)p]lDsy + mp[1 — (1 — p)q]1Dy5
—m(n. —n)(p + q)Dap — [p + m(1 — pq) — a(1 - 2p) — B(1 — 2q)|1Dang
+m(n. — n)D3 + [m(1 = q) = 2a]DapDay + [m(1 — p) = 2B1DapDys
—mDupDang . (4.26¢)

This system has an (asymptotically stable) equilibrium such that the selected loci
are at the equilibrium E, (3.15), and n = n. and Day = Dyg = Danp = 0 hold. We
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denote this equilibrium by EiN). We use the order p, g, Dag, n, Day, Dyg, Danp for
the allele frequencies and linkage disequilibria. With the help of Mathematica, it is
straightforward to show that the Jacobian at the equilibrium E'" has the block structure

(I 0
J—(O JN). 4.27)

Here, Jg is the Jacobian approximating convergence of (p, g, D4p) to E., and Jy is that
approximating convergence of (1, Day, Dyg, Dang) to (n., 0,0, 0):

-m a B m
m(a—f+p)
7o = m _a_p1+a+—ﬁ+p 0 ,B—m (428)
+6+
_ m(B—a+p) m(a—ﬁ+pt)l e —a—B—0+ 2m(a+B+2p)
m a+p+p a+p+p a ﬁ p a+f+p

The rate of convergence to equilibrium at the neutral locus is determined by the
leading eigenvalue of Jy. In the limit of weak migration, the following approximation

for this leading eigenvalue is deduced (as can be checked easily with Mathematica):

P1P2

2
Ay = m(p1 TP + O(m”). (4.29)
Since we define the effective migration rate as m.g = —Ay, we obtain the approximation
-1 -1
Meg = M P10 = m(l + g) (1 + ﬁ) . (4.30)
(o1 + )2 + B) o1 02

This shows that the factor by which the effective migration rate is reduced relative to
the actual migration rate, meg/m, is the product of the factors resulting from linkage to
a single selected locus (cf. Petry 1983). Bengtsson (1985) called m.g/m the gene-flow
factor. It is a measure of the penetrability of a genetic barrier.

We note that also approximations for the other eigenvalues can be derived. As a con-
sequence, asymptotic stability of this equilibrium has been shown for weak migration.

A simple calculation yields that m.g is maximized at the recombination rate

-1
o :p[l + ,/i((g—ig] , 431)

o _2aBtplatftp) - VaB(a +p)B + p)
o (@+B+p)

is the corresponding maximum value of m.g. In the simple case a = 8, we obtain p] = %p

and

(4.32)

and )
, 1Y

Mg = mm . (433)
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Gene-flow factor, mgu/m

FiGure 7. Gene-flow factor. The lines in the figure display the gene-flow factor
meg/m (4.30) as a function of p;/p for 8 = 2a and p; + p» = p. The lines from
top to bottom are for a/p = 1/100, V10/100, 1/10, V10/10, 1, and V10. The
gene-flow factor is maximized at pj/p which is given by (4.31). For the given
parameters, these values are between 0.415 and 0.484 (from top to bottom).

Therefore, the effective migration rate is massively reduced unless p is much larger than
2a = 2. For instance, if p = a, it is reduced to at least é of m. Figure 7 displays the

gene-flow factor for various parameter combinations.

5. Discussion

For a diploid two-locus continent-island model with genic selection on two loci,
we investigated the combined effects of gene flow and linkage on the maintenance of
polymorphism, the amount of LD, the degree of local adaptation, and the fate of newly
arising slightly beneficial mutations that would be eliminated by gene flow in the ab-
sence of LD. Such a model appears to be an appropriate choice for studying evolution
in a derived (island) population that experiences altered environmental conditions and
maladaptive gene flow from the ancestral (continental) population.

Our prime analytical achievement (Theorem 3.2 and Figure 1) is the complete char-
acterization of all equilibrium configurations. In particular, equations (3.15) provide
explicit analytical formulas for the feasible fully polymorphic equilibria, and equations
(3.17) and (3.18) give their admissibility conditions. From these results, simple and
informative approximations are derived for the measures D and r? of LD and for the

migration load, as well as simple criteria for the invasion of slightly beneficial mutants
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and expressions for their final frequency. In the following we discuss the implications

on a number of biological issues.

5.1. Maintenance of genetic variation. Theorem 3.2 and the concomitant evalu-
ation of the potential for the maintenance of polymorphism show that both selectively
favored alleles can be maintained in the population for higher levels of gene flow than
would be concluded by ignoring LD. Under the assumption of independent loci, both loci
can be maintained polymorphic if and only if the migration rate is less than the smaller
of the selection coeflicients (m < «). The actual upper bounds are given by equations
(3.17a) - (3.17¢c), which show that, essentially, three scenarios have to be distinguished:
low, intermediate, and strong recombination. In the first case, the approximate condition
m < a + B — p (4.6) is obtained, in the last case, the upper bound, (4.5) and (3.11), is
between a and 3.

The case of moderately strong linkage is more complicated, although the upper
bound is always m* (3.16). Interestingly, if the selection coefficients of the alleles differ
by a factor of less than two and if the recombination rate is about as large as the selection
coefficient at the minor locus, two fully polymorphic equilibria (E, and E_) may exist,
one stable, the other unstable (Figure 1, diagrams (b), (d), (e), (f); see the discussion
above Theorem 3.3). Then the stable fully polymorphic equilibrium E, coexists with a
stable boundary equilibrium (either Eg or E¢).

This bistable situation occurs for migration rates slightly below the maximum rate
that admits coexistence of island and continental alleles at both loci. Which equilibrium
is approached depends on the initial conditions. If, initially the island haplotype (A, B))
prevails, then the fully polymorphic equilibrium E, is approached. If, initially, the island
haplotype is rare, then recombination breaks up this haplotype sufficiently quickly so
that it is lost and, depending on the parameters, the continental haplotype A, B, becomes

fixed or the single-locus polymorphism Eg, at which A; is fixed, is approached.

5.2. Linkage disequilibrium under gene flow. In large panmictic populations, LD
can be maintained only if there is epistasis. This changes in spatially structured popula-
tions. Li and Nei (1974), Christiansen and Feldman (1975), and Slatkin (1975) demon-
strated that nonepistatic selection can maintain LD within local subpopulations. For
sufficiently weak migration between two demes, so that each subpopulation is close to
fixation, Barton (1983) derived a simple recursion for the linkage disequilibria of arbi-
trary order among a finite set of equivalent loci carrying a deleterious mutant. For our
continent-island model we were able to derive the explicit analytical formula (3.15¢) for

the amount of LD maintained under migration-selection balance. It holds for arbitrary
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relative strength of selection, recombination, and migration, and admits simple approxi-
mations in several limiting cases (eqs. (4.8) - (4.11) and Section 4.1).

Our results show that the measure D of LD is maximized at intermediate migration
rates, whereas the measure 72 is a monotone decreasing function of the migration rate m
(Figure 3). As shown by (4.9) and explained at the end of Section 4.3, r* decays very
slowly as a function of m if p is small.

Both D and r? decay slowly as functions of p if p is small (egs. (4.8) — (4.10)), but
faster for large p (4.11). For instance, if the recombination rate is equal to the larger of
the two selection coefficients (o = 8), then D is reduced by less than 50% of its maximum

value attained at p = 0. The measure r>

is somewhat more sensitive to changes in p, but
even for loci of equal effects and p = @ = 3, r? is reduced only by a factor of % relative
to the case p = 0. Thus, LD is high if the recombination rate is of the same order of

magnitude as the larger of the selection coefficients.

5.3. Consequences for linked neutral variation. The results above provide infor-
mation about the LD to be expected among selected loci but not about the consequences
for linked neutral variation. Therefore, we performed a preliminary analysis of a model
with a third neutral locus that is located between the two selected loci. It shows that,
at least for weak migration, linkage equilibrium between the neutral locus and the se-
lected loci will be established. For weak migration, we derived the simple formula (4.30)
for the so-called effective migration rate (Bengtsson 1985, Barton and Bengtsson 1986,
Kobayashi et al. 2008). This is a measure for the strength of gene flow at a neutral lo-
cus embedded in a selected background. From this formula and Figure 7, the extent of
impediment of gene flow caused by linked selected loci becomes apparent. The formula
shows that the linked loci contribute multiplicatively to the reduction in migration rate
and thereby build an efficient barrier to neutral gene flow. A detailed study of the effects
on linked neutral variation will have to examine the effects of random genetic drift and

is an interesting topic for future research.

5.4. Dominance. Our analysis is based on the assumption of genic selection be-
cause this is the simplest case and almost all inference methods of selection are based on
it. However, we also briefly investigated the influence of dominance (results not shown).
In short, small deviations from no dominance lead to the same qualitative model be-
havior. If both island alleles are partially dominant, a two-locus polymorphism can be
maintained for higher migration rates, whereas the opposite is true if they are partially

recessive. For weak migration, to leading order in m, the equilibrium values p.,, 4., and
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D, at the fully polymorphic equilibrium are obtained from equations (4.1) by the sub-
stitutions @« — a(1 — ) and g — B(1 — o), where a¥} and fo (-1 < ¥#,0 < 1) are the
selection coefficients of the single-locus genotypes A;A; and B B, respectively.

If the island alleles are completely dominant (¢ = o = 1), the maximum migration
rate admitting polymorphism is about twice as high as without dominance. If the island
alleles are highly or completely recessive, the equilibrium structure of the model is much
more complicated because at least four fully polymorphic equilibria can coexist. This
occurs for weak migration and strong recombination. In view of the fact that in the one-
locus model, two polymorphic equilibria can coexist if the island allele is sufficiently
strongly recessive (Nagylaki 1992, Chap. 6.1), this is not too surprising, but the model
behavior could become more complicated at higher migration rates (as it is the case for

genic selection).

5.5. Local adaptation. The present model enables us to study several aspects of
local adaptation in the presence of gene flow. Simple measures of the degree of local
adaptation are the migration load and the frequencies of the island alleles or the island
haplotype. The effects of linkage on the migration load are relatively straightforward.
If gene flow is low, so that the island haplotype is maintained at appreciable frequency,
eq. (4.19) shows that the load is twice as high for very strong recombination as for no
recombination. This is easy to understand because recombination predominantly breaks
up the well adapted island haplotype if it is frequent. Tighter linkage always increases
the frequency of the island alleles and of the island haplotype; see Figures 5 and 6,
Appendix A.3, and eq. (4.20).

Simple instructive approximations are derived for the maximum rate of gene flow
such that the frequency of the island haplotype exceeds %; e.g. (4.21). Figure 6 illustrates
the finding that, in the presence of gene flow, already moderately strong linkage enhances
the degree of local adaptation substantially. Thus, although gene flow diminishes local
adaptation, linkage among advantageous genes may reduce the adverse effects of gene
flow considerably in comparison to conclusions from single-locus models (Lenormand
2002).

For a given rate m of gene flow, and disregarding LD, a mutant can invade in our
deterministic model if and only if its selective advantage exceeds m. The present anal-
ysis demonstrates that mutants of much smaller effect can invade successfully provided
they occur close to a locus at which an advantageous allele is segregating in migration-
selection balance (which requires a selective advantage greater than m). This may be
interpreted as a form of hitch-hiking. Equations (4.13), (4.14), and (4.15) provide simple

explicit estimates on the relation between linkage and the selective advantage required
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for invasion. Figure 4 documents the extent to which linkage decreases the minimum se-
lective advantage that admits invasion. In addition, invasion of a linked mutant of small
effect increases the frequency of the already previously present island allele at the major
locus (Figure 5). It would be a challenging, though worthwhile, enterprise to derive the
probability of invasion in a population of finite size. Then it will matter whether the
allele A, occurs on a B; or B, background.

5.6. Evolution of genetic architecture. We showed that weakly advantageous alle-
les can invade if and only if they are sufficiently tightly linked to an already segregating
mutant of large effect. This suggests that long-term evolution under continued gene flow
should lead to the emergence of clusters, or linkage groups, of locally adapted alleles.
A similar conclusion was drawn recently by Yeaman and Whitlock (2011), who per-
formed a simulation study on the evolution of genetic architecture when two populations
connected by migration experience stabilizing selection on a polygenic trait towards
different optima. Griswold (2006) investigated a model similar to that of Yeaman and
Whitlock, but (mainly) with divergent directional selection. He explored the distribution
of allelic effects but presented no information about linkage relations among loci causing
phenotypic differentiation.

Our model can also be interpreted in terms of selection on a quantitative trait if the
two loci contribute additively to the trait, i.e., without epistasis and dominance, and if
on the island linear directional selection acts on the trait (cf. Biirger 2010). Therefore,
clusters, or linkage groups, of adaptive loci can also evolve under directional selection.
Our results not only support the main finding of Yeaman and Whitlock (2011), but they
provide quantitative relations between the selective advantage and the degree of linkage
to the major locus required for invasion and, hence, the emergence of such clusters (egs.
(4.13) - (4.15), Figure 4). It would be worthwhile to study the generality of the hypothe-
sis that evolution in spatially structured populations leads to the emergence of clustered
genetic architectures. For frequency-dependent disruptive selection, similar hypothe-
ses have been raised (Kopp and Hermisson 2006, van Doorn and Dieckmann 2006),
but slightly different model assumptions may lead to deviating conclusions (Schneider
2007). For a discussion of the evidence from and the consequences for QTL analysis,
we refer to Yeaman and Whitlock (2011); see also Griswold (2006).

The expression (4.19) shows that the mean fitness at the polymorphic equilibrium
increases with decreasing recombination rate between the selected loci. This suggests
that reduced recombination rates will be evolutionarily favored in populations subject to
new selective challenges but suffering from gene flow through maladapted individuals.

As shown by Lenormand and Otto (2000), recombination can also be favored in spatially
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structured populations, and predicting whether increased or decreased recombination is
evolutionary advantageous requires detailed information on the pattern and intensity of
migration as well as on the variability of selection across environments.

An efficient mechanism in suppressing recombination among a set of genes is pro-
vided by chromosome inversions. Indeed, Kirkpatrick and Barton (2006) suggested that
chromosome inversions that capture locally adapted alleles should spread in a popula-
tion exposed to gene flow by maladapted genotypes. Their arguments are based on the
calculation of the invasion rate of such an inversion using a continent-island framework
similar to ours. Their derivation assumed weak migration and strong recombination, and
either multiplicative effects among a set of loci in a haploid population or additive effects
in a diploid population. Below, we show that the true invasion rate may be higher than
their approximation suggests.

In our continuous-time model, the invasion rate of the inversion is y = X;/x;, which
is calculated from (2.2a) by omitting the term pD and evaluating at the fully polymorphic
equilibrium E,. The result is

. R 1
y=a(l-p)+B(1-qg,)—m= Z(a+ﬁ+p— V@ +B+pP—8mp).  (5.1)
If migration is weak, the invasion rate is approximated by
mp R
Yapp = T B+p pL+ (5.2)

This is a highly accurate approximation if m is small or if p is either much smaller
or much larger than both selection coefficients. If p is approximately as large as the
selection coefficients and if the migration rate is not much smaller than the maximum
migration rate under which the island haplotype (with recombination) can be maintained,
then y,,, may underestimate the actual fitness gain y substantially. For instance, if p =
a=Fandm =m" = %,8 (which, as we showed below Theorem 3.3, is the maximum
migration rate), then (5.2) predicts yup, = %,8, whereas the precise value is y = %,8.
Similarly, if p = @ = B/n, n > 2, and m = mg = f3, then (5.2) predicts y,,, = an/(n + 2),
whereas the exact rate is y = . Again, the approximation (5.2) may underestimate the
true value up to a factor of two.

We also note that the gain in mean fitness resulting from the establishment of a chro-
mosomal inversion capturing the locally advantageous alleles is twice the invasion rate
v. This follows because the (mean) fitness after the inversion has spread is & +8—2m (in-
dependently of the recombination rate between the loci since the subpopulation carrying
the inversion is fixed for the island alleles); hence, the fitness gain can be approximated
bya+5—-2m— w, where w is evaluated at E,, and (4.19a) yields the result.
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For two loci of equal effects, .y, s (after correcting for haploidy and a misprint)
equivalent to equation (3) in Kirkpatrick and Barton (2006), who assumed strong re-
combination. From the above arguments, we conclude that if recombination rates are
of the same order of magnitude as the selective coefficients and migration is moderately
strong (such that the island genotype is maintained), the simple approximation y,,, may
underestimate the true invasion rate by up to a factor of two. Therefore, chromosome
inversions may spread even if they capture relatively tightly linked, locally adapted al-
leles. Thus, this mechanism may be even more general and efficient than suggested by
Kirkpatrick and Barton (2006).
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A. Appendix

In this appendix we prove some of the results stated in the main text.

A.1. Proof of Proposition 3.1. As stated in the main text, we explore admissibility
of E, and E_ as functions of m, i.e., we use m as a bifurcation parameter. We begin with
E,. Because E, = E; if m = 0 and E; is hyperbolic and globally asymptotically stable
if m = 0 (Section 3.4), a general global perturbation result for multilocus selection-
migration models (Biirger 2009a, Theorem 5.4) implies that E, moves into the interior
of the state space as m increases from zero, and it remains globally asymptotically stable
for small values of m (Section 3.4).

By continuity, as m increases further, E, remains in the state space until it leaves it
through one of the three boundary equilibria, E5, Eg, or Ec, which may occur if that
equilibrium is not hyperbolic, or E, ceases to exist, which may occur at m = m*. In the

latter case, we have E, = E_ and

1

pe=1e—Cp-a=-PBa-F-p), (A.1a)
ap
1

s = 1e—CBp—a =BG -a—p). (A.1b)
ap

. 1

D, =—-0Bp-a-pBa-B-p)3B-a—-—p)a+p+p). (A.lc)

= 256a8p°
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If m = 0, then E_ is given by

1
= Sapg P HP - a+B-p)B-a-p). (A.2a)
afp
1
Yo=c—@B+p-a)a+B-p)a+B+p), (A.2b)
8app
1
3= —8—(a +B-p)B—a-p)a+B+p), (A.2¢)
afp
1
fa4= “Sapg P HP DB -a-p)a+f+p). (A.2d)
afp

It is easy to show that this equilibrium is never in the simplex. Therefore, as m increases,
E_ can enter the simplex only through one of the three boundary equilibria E,, Eg, or
Ec.

From now on, we assume m > 0. Straightforward calculations show that

(@) E; = E,4 if and only if

m=my and p>3B-a; (A.3)

(B) E_ = E, if and only if
m=my and p<3B-a; (A4)

(y) E; = Eg if and only if
m=mg and p>3a-p; (A.5)

(0) E_ = Ep if and only if
m=mg and p<3a-p; (A.6)

(e) E, = Ec if and only if
m=mc and p<i(@+p); (A7)

(¢) E_ = Ec if and only if
m=mc and p>i(a@+p). (A.8)

It remains to determine the admissible parameter ranges for which these cases can
occur, i.e., when the respective equilibria (Ea, Eg, E¢) are admissible.

Case (@) cannot occur because the condition p > 38—« in (A.3) is incompatible with
the condition p < g required for E, to be admissible; cf. (3.8).

Case () occurs if and only

B-a<p<minB3B-ap); (A.9)
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cf. (3.8). By series expansion of E_ at m = my, it is straightforward to show that E_
passes through Ea at m = my, but does not enter the interior of the simplex S 4.

Case () occurs if and only if
max(a,3a —B) <p; (A.10)

cf. (3.12). By series expansion of E, at m = mg, it is straightforward to show that E.
leaves the simplex through Eg as m increases above mg.

Case (0) occurs if and only
a<p<3a-0; (A.11)

cf. (3.12). Obviously, this case requires 5 < 2a. By series expansion of E_ at m = mg, it
is straightforward to show that, in this case, E_ enters the simplex through Eg at m = mg.
Case (¢) occurs if and only if

la+p<p<a+p (A.12)

because mc > 0 is required. In this case, series expansion shows that E_ enters the
simplex through E¢ as m increases above mc if and only if p < @. By (3.19), %(a +p) <
p < a is feasible if and only if 8 < 2a.

The most delicate case is (¢). E, does not necessarily leave the simplex when m
increases above m¢ (and p < %(a/ + () holds). The reason is that, by (y), E, leaves the
simplex through Ep as m increases above myg if (A.10) holds. To explore the possible
behaviors, according to (3.19) we distinguish three major cases.

(1) If B > 2 and p < max(a, 3a — B), (3.19a) yields max(a,3a - B) = a < %(a + ).
Hence, E, leaves the simplex through Ec. If 8 > 2« and p > max(a,3a - ) = «,
then, by (y), E, leaves the simplex through Eg as m increases above mg. As m increases
further and if p < %(a + ), then, consistent with (€), E, passes through Ec at m = mc,
but without entering the interior of the state space.

(ii) If B = 2a, then E, leaves the simplex through Ec if p < %(af +06) = a,and E,
leaves the simplex through Eg if p > 30 — 8 = @. Atp = @, we have m = mpg = m¢c =
m"=2aand E, = Eg = Ec.

(1) If B < 2a and p < %(a + f3), then E, leaves the simplex through E because, by
(A.9) and (3.19¢), case (y) cannot occur. If 8 < 2a and p > 3a — 3, then (€) cannot occur
and E, leaves the simplex through Eg. To treat the remaining case %(a +0) < p < 3a-p,
in which neither (y) nor (€) can occur, we note that

_ 2
m*:mc+(a+ﬁ 30
8p

mc (A.13a)
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and

_ 2
. +(/3+p 3a) S

m’ = mg 5 mgp (A.13b)

hold always.

It follows that E, is admissible if and only if 0 < m < m*, and coexistence of E, and
E_ occurs if and only if (3.18a) or (3.18b) holds.

There are a number of degenerate cases. If 8 = 2« and p = @, then m* = m¢c = mg,
and we have E, = E_ = Eg = Ec if m = m*. If p = 3a — 3, then m* = mg, and we have
E,=E_=Egifm=mg. Ifp = %(a + ), then m* = mc, and we have E, = E_ = E¢ if
m = mc.

If @ = B, then my = mg = @ = B. Therefore, Eg (and also E,) is always hyperbolic
except when Eg = Ec. Hence, no internal equilibrium can leave or enter the simplex
through Eg.

Thus, we have established the admissibility conditions of the internal equilibria.

A.2. Asymptotic stability of internal equilibria. Although we can prove that real
eigenvalues of the Jacobian of E, are always negative, this is insufficient to conclude
asymptotic stability of E, because we have not been able to exclude the possibility of
complex, non-real eigenvalues. In the following we prove that E, is asymptotically
stable near the possible bifurcation points. Then we prove asymptotic stability of E, for
strong recombination, and instability of E_ near the bifurcation points.

Asymptotic stability of E, near bifurcation points. If E, = Eg, the eigenvalues are
0,-(B - 2a + p),—(B— a)p — a)/p. By (3.17c), the second and third are negative.
Therefore, this is also the case if m = mp — €, where € > 0. Because the characteristic
polynomial at E, has the leading coefficient —1 and assumes the value (8—a)(a@—p)e < 0
at x = 0 if m = mpg — €, also the first eigenvalue is negative.

If E;, = Ec, the eigenvalues are 0,p — a,p — 8. By (3.17a), the second and third
are negative. Therefore, this is also the case if m = mc — €, where € > 0. Because
the characteristic polynomial has the leading coefficient —1 and assumes the value (o —
p)p—P)e < 0atx=0if m = mc — €, also the first eigenvalue is negative.

If E, = E_, the characteristic polynomial is of the form —xP(x)/(32p), where

P(x) = 32px* = 4[(a + B)* — 6p(a + B) + p*1x + 32aB8p — (@ + B+ p)°. (A.14)

Because the discriminant of P(x) can be written as

1—16 648 - @)’0” + (@ + B+ p)’Bp — = p)*| > 0, (A.15)



46 A TWO-LOCUS CONTINENT-ISLAND MODEL

the zeros of P are real. They are negative because (a + 8)> — 6p(a + B) + p* < 0 if
3-+V10< (@+pB)/p<3+ V10 and, as we show below,

32app - (@+B+p)’ >0 if Ha+p) <p<3a-pB; (A.16)

cf. (3.17b). By setting @ = ap, B = bp, and rearranging, (A.16) combined with (3.1)
becomes
32ab—(a+b+1)7° >0 if %(b +1)<a<min(,3-b). (A.17)

We note that the constraints on a and b imply % <ac< % and % < b < 2. Itiseasy to

check that we can write

32ab—(a+b+ 1) = %(b + 12 = b)2b — 1)+ Qa— L(b + 1)), (A.18)

where Q(x) = {x[16(4b — b* — 1) = 12(b + 1)x — 3 |. The first term on the right-hand
side of (A.18) is positive because % < b < 2. Straightforward calculations show that
Ox)>0if0 < x < %(Zb — 1). This proves (A.17), hence (A.16), because 0 < x <
%(Zb — 1) is equivalent to %(b + 1) < a < b. Therefore, E, (and E_) have two negative
eigenvalues if m is slightly smaller than m"*.

It remains to show that the third eigenvalue of E, is also negative. As in the cases
above, this follows because the characteristic polynomial has a negative leading coeffi-
cient and assumes the value — Ve(3p — a — B)Ba — B — p)(3B —a — p)/(16 \/Z) < 0at
x=0ifm=m"-eand e > 0.

Asymptotic stability of E, if p is large. In the limiting case p — oo, the linkage-

equilibrium manifold is globally attracting and the dynamics on D = 0 is given by

d

p="T=apl-p)-mp. (A19)
d

g="=pa(l-q)-mg. (A.19b)

Then it is immediate that if m < @ < B, the equilibrium p = 1 —m/a, g = 1 — m/B is
globally asymptotically stable. Therefore, Proposition 5.1 in Biirger (2009a) shows that
the perturbed equilibrium, which is given by (4.3), is asymptotically stable.

Instability of E_. 1If E_ = Eg, the eigenvalues are 0, —(8—-2a+p), —(B—a)(p—a)/p. By
(3.18b), the second and third are negative. Therefore, this is also the case if m = mp + €,
where € > 0. Because the characteristic polynomial at E_ has the leading coefficient —1
and assumes the value (8 — a)(p — @)e > 0 if m = mp + €, the first eigenvalue is positive.

If E_ = Ec, the eigenvalues are 0,p — a,p — 5. By (3.18a), the second and third
are negative. Therefore, this is also the case if m = mc + €, where € > 0. Because
the characteristic polynomial has the leading coefficient —1 and assumes the value (o —
P)(B —p)e > 0if m = mc + €, the first eigenvalue is positive.
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Instability of E_ if m = m* — € follows immediately from the above proof of stability

of E, if m=m"—e.

A.3. Further properties of the fully polymorphic equilibria.

Linkage disequilibrium. We prove that D > 0 at E, and E_. If m is small, then
(4.1¢) shows that D, > 0. A straightforward calculation shows that D., considered as a
function of m has the possible zeros 0, ma, mg, and mc, where m = 0 is always a zero.

For the others, we have

D, =0atm=my ifand only if p > 38—, (A.20a)

D, = 0atm = mg if and only if p > 3a — 88, (A.20D)
and

D, =0atm = mc if and only if p < 1(a@ + ). (A.20c)

Now we distinguish the five nondegenerate cases of Theorem 3.2, i.e., those corre-
sponding to diagrams (a), (b), (e), (f), and (g) in Figure 1, and keep (3.19) in mind.

If (3.21a) applies, then we have ma < 0 < mc < mg; hence, D, >0if0<m < me.

If (3.21b) applies, then 0 < mc and we may have 0 < ma,mg < mc. However,
(A.20a) and (A.20b) show that m, and mp are no zeros. Thus, D, >0if0<m < me.

If (3.22), (3.25), or (3.26) applies, i.e., if 8 < 2a and %(a + ) < p < 3a — B, then
(A.20) shows D, has no zeros except m = 0. Hence, D, is positive if 0 < m < m*.

If (3.27a) applies and p < B — @, then my < 0 < mg < mc. If p > B — a, then
o> %(a/ + f3), and D, cannot vanish at mc. If, in addition, p < 3B - «a, then D, can also
not vanish at mp. If p > 38 — @, then mc < 0 < mg < mu. In both cases, D, is positive
if 0 <m < mg.

If (3.27b) applies, then p > %(a + f3), so that mc cannot be a zero. If %(af +8)<p<
38 — a, then m, can also not be a zero. p > 38 — a, then p > a + 8, hence my > mg.
Thus, in both cases, we have shown that D, is positive if 0 < m < mg.

We leave the simple cases (3.23) and (3.24) to the reader.

Monotonicity properties. (i) We prove that p, and g, are strictly decreasing func-
tions of p if E, leaves the state space through Eg at m = mg. Straightforward differenti-

ation produces

0p.
8a2p2R% — (B -t +pH)a+B+p—R) —dmp(B—a+p) (A21)
and 5
86°%0°R % = (@®+p* =) a+B+p—R) —dmp(a+p—p), (A22)

where R is given by (3.15d). Then dp,/0p = 0G,/0p = 0if m =0, 0p,/dp = 0ift m =
m, = BB —a*+p*)/(B-a+p)*,and 84, /dp = 0if m = m_ = a(a®+p*~f*)/(a+p—P).
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There are no other zeros and dp, /dp < 0 if and only if 0 < m < m,, and 83, /dp < O if

and only if 0 < m < m_. A simple calculation shows that
. _ (B-a)p-a)
dp  p*p-3a+p)

if p > 3a — B. Hence, dp,/dp < 0 if max(a,3a — ) < p and 0 < m < mg, and our

(A.23)

assertion about p, follows from (3.17c) and (3.27). Similarly,
04. _ _ B-o)
o pBlp-3a+p)
yields that g, is decreasing in p if E, leaves the state space through Eg.

(A.24)

(i) Analogous calculations and arguments demonstrate that p, and g, are both de-
creasing in p if E, leaves the simplex through Ec.

Thus, tighter linkage leads to a higher frequency of both island alleles. Their fre-
quencies are maximized if the loci are completely linked.

(111) Finally, we show that B; increases after invasion of Ay, i.e., g, > 1 — m/B if

(4.13), or equivalently, m < mg holds. We can write

g+ — (1 =m/B) = [A+ (B —a+p)R]/(8Bp), (A.25)

where A = a? — (B + p)* + 4mp and R is given by (3.15d). If A > 0, we are finished. If
A < 0, a simple calculation shows that (8 — a + p)*R> > A? if and only if m < mg, which

proves the assertion.

B. Erratum

Equations (4.25), (4.26), and (4.28) in Biirger and Akerman (2011) contain errors
which we correct below. We point out that neither the main result of that section, formula
(4.30) for the effective migration rate, nor any other results in the paper are affected by

these errors.

Instead of (4.25), the allele frequency at the neutral locus evolves according to
n=aDsy +ﬁDNB + I’H(I’lc — 71) (Bl)

Instead of (4.26), the equations for the rate of change of the linkage disequilibria involv-

ing the neutral locus should read
Day = —p1Day + a(1 = 2p)Dpy + BDsnp — mDpy — mp(n. —n), (B.2a)
DNB = —p2Dng + (1 —2q)Dyp + @Dy — mDyg — mg(n. — n), (B.2b)
Dang = —pDanp + [a(1 = 2p) + B(1 = 2q)1Danp — 2Dsp(@Day + BDy5)
—m(Danp — pDyp — qDan) + m(pgq — Dap)(n. — n). (B.2¢)
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2m(a+B+2p)

Finally, the fourth column, (m,8 - m,a&« —m,—-a - —p + v

), of the Jacobian

matrix Jy given in equation (4.28) must be replaced by (0,8, ¢, —a — 8 —p + "ﬁ’:Tﬁim .
We thank Dr. Simon Aeschbacher for pointing out the errors.
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The consequences of gene flow for local adaptation and

differentiation: a two-locus two-deme model

A. AKERMAN, R. BURGER

ABSTRACT. We consider a population subdivided into two demes connected by migration in
which selection acts in opposite direction. We explore the effects of recombination and migration
on the maintenance of multilocus polymorphism, on local adaptation, and on differentiation by
employing a deterministic model with genic selection on two linked diallelic loci (i.e., no domi-
nance or epistasis). For the following cases, we characterize explicitly the possible equilibrium
configurations: weak, strong, highly asymmetric, and super-symmetric migration, no or weak
recombination, and independent or strongly recombining loci. For independent loci (linkage
equilibrium) and for completely linked loci, we derive the possible bifurcation patterns as func-
tions of the total migration rate, assuming all other parameters are fixed but arbitrary. For these
and other cases, we determine analytically the maximum migration rate below which a stable
Sfully polymorphic equilibrium exists. In this case, differentiation and local adaptation are main-
tained. Their degree is quantified by a new multilocus version of Fst and by the migration load,
respectively. In addition, we investigate the invasion conditions of locally beneficial mutants and
show that linkage to a locus that is already in migration-selection balance facilitates invasion.
Hence, loci of much smaller effect can invade than predicted by one-locus theory if linkage is
sufficiently tight. We study how this minimum amount of linkage admitting invasion depends on
the migration pattern. This suggests the emergence of clusters of locally beneficial mutations,
which may form ‘genomic islands of divergence’. Finally, the influence of linkage and two-way
migration on the effective migration rate at a linked neutral locus is explored. Numerical work

complements our analytical results.

1. Introduction

Migration in a geographically structured population may have opposing effects on
the genetic composition of that population and, hence, on its evolutionary potential. On
the one hand, gene flow caused by migration may be so strong that it not only limits
but hinders local adaptation by swamping the whole population with a genotype that has
high fitness in only one or a few demes. On the other hand, if migration is sufficiently
weak, gene flow may replenish local populations with genetic variation and contribute to
future adaptation. In this case, locally adapted genotypes may coexist in the population

51
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and maintain high levels of genetic variation as well as differentiation between subpop-
ulations. For reviews of the corresponding, well developed one-locus theory, see Karlin
(1982), Lenormand (2002), and Nagylaki and Lou (2008).

If selection acts on more than one locus, additional questions arise immediately. For
instance, what are the consequences of the genetic architecture, such as linkage between
loci, relative magnitude of locus effects or epistasis, on the degree of local adaptation and
of differentiation achieved for a given amount of gene flow? What are the consequences
for genetic variation at linked neutral sites? What genetic architectures can be expected
to evolve under various forms of spatially heterogeneous selection?

For selection acting on multiple loci, the available theory is much less well developed
than for a single locus. One of the main reasons is that the interaction of migration and
selection, even if the latter is nonepistatic, leads to linkage disequilibrium (LD) between
loci (Li and Nei 1974, Christiansen and Feldman 1975, Slatkin 1975, Barton 1983). LD
causes substantial, often insurmountable, complications in the analysis of multilocus
models. Therefore, many multilocus studies are primarily numerical and focus on quite
specific situations or problems. For instance, Spichtig and Kawecki (2004) investigated
numerically the influence of the number of loci and of epistasis on the degree of poly-
morphism if selection acts antagonistically in two demes. Yeaman and Whitlock (2011)
showed that concentrated genetic architecture, i.e., clusters of linked, locally beneficial
alleles, evolve if stabilizing selection acts on a trait such that the fitness optima in two
demes differ.

Linkage disequilibrium is also essential for the evolution of recombination. The
evolution of recombination in heterogeneous environments has been studied by a number
of authors (e.g., Charlesworth and Charlesworth 1979, Pylkov et al. 1998, Lenormand
and Otto 2000), and the results depend strongly on the kind of variability of selection
across environments, the magnitude of migration, and the sign and strength of epistasis.

Recent years have seen some advances in developing general theory for multilocus
migration-selection models. The focus of this work was on the properties of the evolu-
tionary dynamics and the conditions for the maintenance of multilocus polymorphism in
limiting or special cases, such as weak or strong migration (Biirger, 2009a,b), or in the
Levene model (Nagylaki 2009; Biirger 2009¢c, 2010; Barton 2010; Chasnov 2012). This
progress was facilitated by the fact that in each case, LD is weak or absent.

Using a continent-island-model framework, Biirger and Akerman (2011) and Bank
et al. (2012) analyzed the effects of gene flow on local adaptation, differentiation, the
emergence of Dobzhansky-Muller incompatibilities, and the maintenance of polymor-
phism at two linked diallelic loci. They obtained analytical characterizations of the pos-

sible equilibrium configurations and bifurcation patterns for wide ranges of parameter
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combinations. In these models, typically high LD is maintained. In particular, explicit
formulas were derived for the maximum migration rate below which a fully polymorphic
equilibrium can be maintained, as well as for the minimum migration rate above which
the island is swamped by the continental haplotype.

Here, we explore the robustness of some of these results by admitting arbitrary (for-
ward and backward) migration between two demes. This generalization leads to sub-
stantial mathematical complications, but also to new biological insight. Because our
focus is on the consequences of gene flow for local adaptation and differentiation, we
assume divergent selection among the demes, i.e., alleles A; and B, are favored in deme
1, and A, and B, are favored in deme 2. The loci may recombine at an arbitrary rate.
By ignoring epistasis and dominance, we assume genic selection. Mutation and random
drift are neglected. Because we assume evolution in continuous time, our model also
describes selection on haploids.

The model is set up in Section 2. In Section 3, we derive the equilibrium and sta-
bility structure for several important special cases. These include weak, strong, highly
asymmetric, and super-symmetric migration, no or weak recombination, independent or
strongly recombining loci, and absence of genotype-environment interaction. In Section
4, we study the dependence of the equilibrium and stability patterns on the total mi-
gration rate while keeping the ratio of migration rates, the recombination rate, and the
selection coefficients constant (but arbitrary). In particular, we derive the possible bifur-
cation patterns for the cases of independent loci (linkage equilibrium) and for completely
linked loci. With the help of perturbation theory, we obtain the equilibrium and stability
configurations for weak or strong migration, highly asymmetric migration, and weak or
strong recombination. For these cases, we determine the maximum migration rate below
which a stable, fully polymorphic equilibrium is maintained, and the minimum migra-
tion rate above which the population is monomorphic. Numerical work complements
our analytical results.

The next four sections are devoted to applications of the theory developed in Sections
3 and 4. In Section 5 and 6, we use the migration load and a new, genuine multilocus,
fixation index (F'sr), respectively, to quantify the dependence of local adaptation and of
differentiation on various parameters, especially, on the migration and the recombination
rate. In Section 7, we investigate the invasion conditions for a mutant of small effect (A;)
that is beneficial in one deme but disadvantageous in the other deme. We assume that
the mutant is linked to a polymorphic locus which is in selection-migration balance. We
show that linkage between the loci facilitates invasion. Therefore, in such a scenario,
clusters of locally adapted alleles are expected to emerge (cf. Yeaman and Whitlock

2011, Biirger and Akerman 2011). In Section 8, we study the strength of barriers to gene
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flow at neutral sites linked to the selected loci by deriving an explicit approximation
for the effective migration rate at a linked neutral site. Our results are summarized and

discussed in Section 9. Several purely technical proofs are relegated to the Appendix.

2. The model

We consider a sexually reproducing population of monoecious, diploid individuals
that is subdivided into two demes connected by genotype-independent migration. Within
each deme, there is random mating. We assume that two diallelic loci are under genic
selection, i.e., there is no dominance or epistasis, and different alleles are favored in
different demes. We assume soft selection, i.e., population regulation occurs within
each deme. We ignore random genetic drift and mutation and employ a deterministic
continuous-time model to describe evolution. A continuous-time model is obtained from
the corresponding discrete-time model in the limit of weak evolutionary forces (here,
selection, recombination, and migration).

We denote the rate at which individuals in deme 1 (deme 2) are replaced by immi-
grants from the other deme by m; > 0 (m, > 0). Then m = m; + m, is the total migration
rate. The recombination rate between the two loci is designated by p > 0.

Alleles at locus A are denoted by A; and A,, at locus B by By and B,. We posit that
A, and B, are favored in deme 1, whereas A, and B, are favored in deme 2. In deme
k (k = 1,2), we assign the Malthusian parameters 1a; and —1a; to A; and A, and 18
and —% « to By and B,. Because we assume absence of dominance and of epistasis, the

resulting fitness matrix for the genotypes reads

BB, BB, BB
AA [ e +Be o ar— B
AlA, B 0 —Br | (2.1)
AAs \ —a + B —ax  —a — Bk
By relabeling alleles, we can assume without loss of generality @; > 0 > a; and
B1 > 0 > B,. Hence, A;B; and A,B, may be called the locally adapted haplotypes in
deme 1 and deme 2, respectively. By relabeling loci, we can assume 5, > ;. We define

0 = a1 — axp. (2.2)

By exchanging demes, i.e., by the transformation &; = —a; and B, = —f (where k*
denotes the deme # k), or by exchanging loci, i.e., by the transformation &, = S, and
By = ay, we can further assume 6 > 0 without loss of generality, cf. Appendix A.1.

The fitness matrix (2.1) is also obtained if the two loci contribute additively to a

quantitative trait that is under linear directional selection in each deme (Biirger 2009c).
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Then 6 = 0 if the genotypic values are deme independent, i.e., if there is no genotype-
environment interaction on the trait level.

Because in the case 6§ = 0 degenerate features can occur, it will be treated sepa-
rately (Sections 3.9 and 3.10). Therefore, unless stated otherwise, we always impose the
following assumptions on our parameters:

g >O>a’2 andﬂ1 >0>ﬁ2, (2321)

and
b1 > ay, (2.3b)

and
6> 0. (2.3¢)

From (2.3a) and (2.3c), we infer
ﬁ2<a2=>a1 <ﬁ1. (24)

Therefore, locus A is under weaker selection than locus B in both demes, i.e., || < |Bl
for k = 1,2, if and only if 8, < @, holds.

The population can be described by the gamete frequencies in each of the demes.
We denote the frequencies of the four possible gametes A1B;, A1B,, A,B;, and A,B,
in deme k by x4, X24, X34, and x4y. Then the state space is S4 X S4, where S4 =
{(xl,xz,x3,x4) : x; > 0and Z?:l X = 1} is the simplex.

The following differential equations for the evolution of gamete frequencies in deme
k can be derived straightforwardly:

Xik = o7 = Xik(Wik = W) — 0ip Dy + my(Xi e — Xig)- (2.5)
Here the marginal fitness w;; of gamete i and the mean fitness wy in deme k are calculated
from (2.1), 7y = 4 = —=p = =13 = 1, and Dy = X1xX4x — Xo4X3y 18 the linkage-
disequilibrium (LD) measure. We note that D, > 0 corresponds to an excess of the
locally adapted haplotypes in deme k. The equations (2.5) also describe the dynamics of
a haploid population if in deme k we assign the fitnesses ay, —ay, Br, =B« to the alleles
Ay, Ay, By, B,, respectively.

Instead of gamete frequencies it is often more convenient to work with allele fre-
quencies and the LD measures D;. We write py = x1x + X2 and g = x14 + x3 for the
frequencies of A; and B, in deme k. Then the gamete frequencies x;; are calculated from

the Pk> qk» and Dk by

X1k = prqr + Dx, Xox = pr(1 = qi) — Dy, (2.6a)
X3 = (1= p)gr = Dy Xap = (1 = pe)(1 —qi) + Dy (2.6b)
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The constraints x;; > 0 and 2?21 xix = 1L fori =1,2,3,4, and k = 1,2 transform into

0 < pi,gx < 1 and —min {pqy, (1 — p)(1 = g} < D < min{pi(1 = go), (1 = p)gid. It
follows that py, gx, and Dy evolve according to

Pr = axpi(l = p) + BiDi + my(pie = pi)s (2.7a)
gk = Brgi(l — qi) + Dy + mi(qie — qio), (2.7b)
Dy = [an(1 = 2pp) + Bi(1 = 2q) — p] D

+my [(Dy- — D) + (P — p)(qe — qi)] - (2.7¢)

We emphasize that, because we are treating a continuous-time model, the parameters
0, my, i, and B, are rates (of recombination, migration, growth), whence they can be
arbitrarily large. Their magnitude is determined by the time scale. By rescaling time, for
instance to units of p or m, the number of independent parameters could be reduced by

one without changing the equilibrium properties.

3. Equilibria and their stability

We distinguish three types of equilibria: (1) monomorphic equilibria (ME), (i1) single-
locus polymorphisms (SLPs), and (iii) full (two-locus) polymorphisms (FPs). The first
two types are boundary equilibria, whereas FPs are internal equilibria (except when
p = 0). The stability properties of the ME and the coordinates and conditions for admis-
sibility of the SLPs can be derived explicitly. However, the stability conditions for the
SLPs and the conditions for existence or stability of FPs could be derived only for a num-
ber of limiting cases. These include strong recombination, weak or no recombination,

weak, strong, or highly asymmetric migration.

3.1. Existence of boundary equilibria. The four ME, corresponding to fixation of
one of the gametes, exist always. Their coordinates are as follows:

M; (A\B, fixed): pr=1, =1, D=0 fork=1,2,
M, (A\B, fixed): pe=1, g =0, D=0 fork=1,2,
M; (4,8, fixed): pe=0, ge=1, Dy =0 fork=1,2,
Ms (A2B; fixed):  pr=0, g =0, Dy =0 fork=1,2,
where a ” signifies an equilibrium. There are up to four SLPs, one in each marginal one-

locus system. We denote the SLPs where B; or B, is fixed by Pa; or Pa,, respectively,

and the SLPs where A; or A, is fixed by Pg; or Pg,. Their coordinates and the conditions
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for their admissibility can be calculated explicitly (Eyland 1971). We define

oo =% and 7= 2, G.1)
(o7 Br

By (2.3a), we have
O'1>O>O'2 and T1>0>T2. (32)

In addition, it is easy to show that the assumptions (2.3) imply:
o1+02,20 =2 11+ <0 + 0y, (3.3a)
or+0,<0 = 11+1,<0. (33b)

If locus B is fixed (for B; or B,), the equilibrium allele frequencies at locus A are

1 1
P=5(1-20+ Vi-dowon). pr=5(1-20m-VI-doon). (G4

If locus A is fixed, the equilibrium allele frequencies at locus B are given by

PB=t(1-20+\T—drm), #=i(1-20-T-dnm). G5

2 2
Thus, the four SLPs have the following coordinates:

Par: pr=p% p2=p3. 1=3=1. Di=D, =0, (3.62)
Paz: pr=p% p2=p3. §1=4=0. Dy =D, =0, (3.6b)
Pei: Pi=pr=141=4 =35, Di=D, =0, (3.6¢)
Pso: p1=p2=0,41=47 ¢2=45 D1 =D, =0, (3.6d)
The equilibria P ; and Pa; are admissible if and only if
loy + o < 1, (3.7)
and the equilibria Pg; and Pg, are admissible if and only if
IT1 + 72| < 1. (3.8)

The SLPs leave the state space through one of their ‘neighboring” ME if |0 + 07| or
|ty + 75| increases above 1. In particular, we find

o1+ 0> J, -1 = PA,] - M] and PA,2 - Mz, (393)
o1+0,T1 & Pa; — M;and Par, = My, (3.9b)
T+ T2 l, " PB,I e M1 and PB,Z - M3, (39C)

T+ T2 T 1 — PB,I - M2 and PB,Z - M4. (39(1)
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M
oP
PA,l. B,2
o .M2
A
@ p— 0
Ml. PB,l .
F *Pa2
'*pﬁ() ’
o]
Fo ¥
My

FiGure 1. Location of equilibria. In terms of gamete frequencies, the state
space is S4 X S4, where each S4 corresponds to one deme. This figure shows
(schematically) the location in S4 of all boundary equilibria and of the stable
internal equilibrium F. F converges to F, if p — oo and to Fg if p — 0. The LE
manifold is indicated by hatching.

Throughout, we use | to indicated convergence from above and 7 to indicate convergence
from below. Figure 1 illustrates the location of the possible equilibria.

The SLPs are asymptotically stable within their marginal one-locus system if and
only if they are admissible. Then they are also globally asymptotically stable within
their marginal system (Eyland 1971). (We use globally stable in the sense that at least
all trajectories from the interior of the designated set converge to the equilibrium.) The
reader may notice that (3.7) and (3.8) are precisely the conditions for maintaining a
protected polymorphism at locus A and B, respectively.

3.2. Stability of monomorphic equilibria. At each monomorphic equilibrium, the
characteristic polynomial factors into three quadratic polynomials. Two of them deter-
mine stability with respect to the marginal one-locus systems, whereas the third deter-
mines stability with respect to the interior of the state space. The stability properties of

the monomorphic equilibria are as follows. The proof is given in Appendix A.2.
ProposriTion 3.1. M, is asymptotically stable if
ortor<-land7t +1, < -1 (3.10)
and one of the following conditions hold

0 > min{-az, —B>) (3.11a)
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or
o < min{—y, —Ba} and my > — L FPLEPTMN@ + 5> ¥ 0) (3.11b)
ar+Bi+p

M, is always unstable.

Mjs is asymptotically stable if
ort+oy>landt +1, < —1. (3.12)
M, is asymptotically stable if
ortoy>landt+1,>1 (3.13)
and one of the following conditions hold
0> a (3.14a)

or
(@1 +B1—p—m)(az+ B2 —p)

a+pi—p
If one of the inequalities in (3.10), (3.12), or (3.13), or one of the inequalities for m,

p < ay and m, > (3.14b)

in (3.11b) or (3.14b) is reversed, the respective equilibrium is unstable.

If we assumed 6 < 0, then M3 would always be unstable and M, would be stable if
or+toy<-land 7| +71, > 1.

The above result shows that each of M;, Ms, or M4 can be stable, but never simulta-
neously. For sufficiently loose linkage, the stability of a ME is determined solely by its
stability within the two marginal one-locus systems in which it occurs. Stability of Mj is
independent of the recombination rate. For given migration rates, the equilibria M; and
M, may be stable for high recombination rates but unstable for low ones. For a low total
migration rate (m; + m;), no ME is stable. For a sufficiently high total migration rate,
there is a globally asymptotically stable ME (Section 4.5).

3.3. Stability of single-locus polymorphisms. As already mentioned, a single-locus
polymorphism is globally attracting within its marginal one-locus system whenever it is
admissible. Although the coordinates of the SLPs are given explicitly, the conditions for
stability within the full, six-dimensional system on S4 X §4 are uninformative because
the four eigenvalues that determine stability transversal to the marginal one-locus system
are solutions of a complicated quartic equation.

In the following we treat several limiting cases in which the conditions for stability

of the SLPs and for existence and stability of FPs can be obtained explicitly.

3.4. Weak migration. The equilibrium and stability structure for weak migration

can be deduced from the model with no migration by perturbation theory. In the absence
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of migration (m; = m, = 0), the two subpopulations evolve independently. Because
selection is nonepistatic and there is no dominance, in each deme the fittest haplotype
becomes eventually fixed. In fact, mean fitness is nondecreasing (Ewens 1969). Our
assumptions about fitness, i.e., (2.1) and (2.3a), imply that in deme 1 the equilibrium
with py = g; = 1 and Dy =0is globally attracting, and in deme 2 the equilibrium with
P> = §» = 0and D, = 0 is globally attracting. Therefore, in the combined system, i.e.,
on S4 X Sy, but still with m; = m, = 0, the (unique) globally attracting equilibrium is
given by

pr=@i=1, pp=0=0, Dy=D,=0. (3.15)
All other equilibria are on the boundary and unstable.

Because, generically, all equilibria in the system without migration are hyperbolic
and it is a gradient system (Shahshahani 1979; Biirger 2000, p. 42), Theorem 5.4 in
Biirger (2009a) applies and shows that the perturbation F of the equilibrium (3.15) is
globally asymptotically stable for sufficiently small migration rates m; and m,. Boundary
equilibria remain unstable for sufficiently small migration rates. It is straightforward to
calculate the coordinates of the perturbed equilibrium to leading order in m; and m,.

They are given by
+ + R
ﬁlzl_ﬂu, @lzl_ﬂﬁl—p, D]:L, (3.16a)
@y +pi+p Brai+pi+p a+pBi+p
M _pre oM pB o p Mg
—wmp - =B —Brp—ar =P p—ar—[

Therefore, we conclude

ProrosiTioN 3.2. For sufficiently weak migration, there is a unique, globally attract-
ing, fully polymorphic equilibrium F. To leading order in my and my, its coordinates are
given by (3.16).

Proposition 3.2 remains valid if the assumptions (2.3b) and (2.3c) are dropped. Apart
from the obvious fact that migration reduces differences between subpopulations, the
above approximations show that the lower the recombination rate, the smaller is this re-
duction. Thus, for given (small) migration rates, differentiation between subpopulations
is always enhanced by reduced recombination. Linkage disequilibria within subpopula-

tions are always positive.

3.5. Linkage equilibrium. If recombination is so strong relative to selection and
migration that linkage equilibrium (LE) can be assumed, i.e., if /1—) maxy- 2|l |Bkl, mx} —

0, the dynamics (2.7) simplifies to

p1=aipi(1 = p1) +mi(pr—p1), (3.17a)
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P2 = aspa(l = pr) + my(pr — pa), (3.17b)
g1 =B —q1) +mi(q2 — q1), (3.17¢)
G2 = Boqa(1 — q2) + my(q1 — q2) , (3.17d)

which is defined on [0, 1]*.

In (3.17), the differential equations for the two loci are decoupled, i.e., (3.17a) and
(3.17b) as well as (3.17c) and (3.17d) form closed systems. Thus, the dynamics of the
full system is a Cartesian product of the two one-locus dynamics. Therefore, in addition
to the ME and to the SLPs determined above, the following internal equilibrium, denoted
by F., may exist

Y= PY =P V=4 4 =2 (3.18)
where the pf and ¢ are given by (3.4) and (3.5), respectively. No other internal equilib-
rium can exist. This equilibrium is admissible if and only if (3.7) and (3.8) are satisfied,
i.e., if and only if all four SLPs are admissible.

Because in the one-locus model the FP is globally asymptotically stable (hence, it
attracts all trajectories from the interior of the state space) whenever it is admissible
(Eyland 1971; Hadeler and Glas 1983, Theorem 2; Nagylaki and Lou 2008, Section
4.3.2), and because the full dynamics is the Cartesian product of the one-locus dynam-
ics, the fully polymorphic equilibrium F, is globally asymptotically stable whenever it
is admissible. Similarly, we conclude that a boundary equilibrium is globally asymp-

totically stable whenever it is asymptotically stable in the full system. These results in

combination with those in Sections 3.1 and 3.2 yield the following proposition.

ProposiTioN 3.3. Assume (3.17). Then a globally asymptotically stable equilibrium
exists always. This equilibrium is internal, hence equals F, (3.18), if and only if (3.7)
and (3.8) hold. It is a SLP if one of (3.7) or (3.8) is violated, and a ME if both (3.7)and
(3.8) are violated.

If, by variation of parameters, the internal equilibrium leaves (or enters) the state

space, generically, it does so through one of the SLPs. The precise conditions are:

Fo 2 Pa1 &= 11+1l-land|o|+0s <1, (3.19a)
Fe — Pa2 does not occur, (3.19b)
Fo o Pg1 & o1+0m | -land|ri+1 <1, (3.19¢)
Fo 2 Pgr & o1+0yTland|r) +1 < 1. (3.194d)

When, upon leaving the state space, F., collides with a boundary equilibrium (SLP or

ME), the respective boundary equilibrium becomes globally asymptotically stable.
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We note that F, — Pa, does not occur because it requires 7, + 7, T 1 and o + 0| <
1, which is impossible by (3.3). We leave the simple determination of the conditions for
bifurcations of F, with one of the ME to the interested reader.

Proposition 3.3 can be extended straightforwardly to an arbitrary number of loci be-
cause the dynamics at each locus is independent of that at the other loci. This decoupling
of loci occurs because there is no epistasis.

3.6. Strong recombination: quasi-linkage equilibrium. If recombination is strong,
aregular perturbation analysis of the internal equilibrium F, of (3.17) can be performed.
The allele frequencies and linkage disequilibria can be calculated to order 1/p. Formally,
we set

m =m/p (k=1,2), (3.20)

keep o7 and 7, constant, and let p — co. Then, we obtain

g1 0B —B) + BVl —4oion

h = P& + —0)+ 0(p?), (3.21a)
pl pl p m ql qZ ) (p
- +a; V1 -4
gi=gp+ DROEDEA N ZIND )0, (21b)
P V1 =477,
ra m A 0O A 0O A0 A0 —
D = 71(191 - )@Y - 65) + 0 ™), (3.21¢)

and analogous formulas hold for the second deme. Because LD is of order 1/p, this
approximation may be called the quasi-linkage equilibrium approximation of the fully
polymorphic equilibrium (Kimura 1965, Turelli and Barton 1990, Nagylaki et al. 1999).
We note that LD is positive in both demes and increases with increasing differentiation
between the demes, increasing migration, or decreasing recombination.

Proposition 5.1 in Biirger (2009a) shows that in every small neighborhood of an equi-
librium of the model with LE (3.17), there is one equilibrium of the perturbed system,
and it has the same stability properties as the unperturbed equilibrium. Because of the
simple structure of (3.17), a stronger result can be obtained. In an isolated one-locus
system on [0, 1]? (e.g., (3.17a) and (3.17b)), every trajectory from the interior converges
to the unique asymptotically stable equilibrium (Section 3.5), and the chain-recurrent
points (Conley 1978) are the equilibria. Therefore, the same holds for the LE dynamics
(3.17), and the regular global perturbation result of Nagylaki et al. (1999) (the proof of
their Theorem 2.3) applies for large p. Hence the dynamical behavior with strong re-
combination is qualitatively the same as that under LE. We conclude that for sufficiently
strong recombination every asymptotically stable equilibrium is globally asymptotically
stable.
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3.7. No recombination. Let recombination be absent, i.e., p = 0. Then, effectively,
we have a one-locus model in which the four alleles correspond to the four gametes A, By,
A1B;, A,By, A>B,. In deme k, they have the selection coeflicients %(ak + B), %(ak - B,
%(—ak + Bi), —%(ak + Bi), respectively. According to Theorem 2.4 of Nagylaki and Lou
(2001), generically, no more than two gametes can be present at an equilibrium. We will
prove a stronger result and characterize all possible equilibria and their local stability.

Because p = 0, there may be a polymorphic equilibrium at which only the gametes
A By and A, B, are present. We call it F( and set

my
K = a B (k=1,2). (3.22)

Then one-locus theory (Section 3.1) informs us that F, is admissible if and only if

|k + Kko| < 1. (3.23)

Its coordinates are given by

1= %(1 — 2K+ V1 —4K1K2) ) (3.24a)
1
13(2) = 51(2) ) (1 — 2Kk — 1 - 4K1K2) s (3.24b)

DY =p(1-pp) (k=1,2), (3.24¢)

where p¥ = g0 = %), %), = 2}, = 0,and £}, = 1 -1, (k = 1,2). Within the
subsystem in which only the gametes A;B; and A,B, are present, F( is asymptotically

stable whenever it is admissible. One-locus theory implies that

Ki+tKk | -1 = Fy— M, (3.25a)
K1 + K> T ] = F() - M4. (325b)

A simple application of Corollary 3.9 of Nagylaki and Lou (2007) shows that the
gamete A; B, will always be lost (to apply their result, recall assumptions (2.3) and use
V2 =723 =0, m"T'ﬁ] <7y < #fﬁz, Y24 = 1 —51). This strengthens the result in Section
3.2 that M, is always unstable. Thus, we are left with the analysis of the tri-gametic
system consisting of A; By, A;B, and A,B;. (If 8 < 0, then gamete A, B is lost.)

In Appendix A.3 it is proved that F, is the only equilibrium at which both loci are
polymorphic except when

mymy = m (3.26)

holds, where
it = —a i Balar + By + ) /67 (3.27)
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If (3.26) holds, then there is a line of internal equilibria connecting Fy with P4 ; or Pg»
(or M3); see Appendix A.3.
We find that F,, is asymptotically stable if

mymy < m, (3.28)

and unstable if the inequality is reversed (Appendix A.4). For sufficiently small migra-
tion rates, Proposition 3.2 implies that Fy = F and F is globally asymptotically stable.
If the inequality in (3.28) is reversed, Fy may or may not be admissible.

Of course, if F( is asymptotically stable, then the equilibria M; and M, are unstable;
cf. (3.25). The following argument shows that M; cannot be simultaneously stable with
Fo. We rewrite (3.28) as

KKy > —‘“";f Pr —(U?;’_zf;;)z . (3.29)
Because
K=o+, (3.30)
(3.29) becomes
(172 — 01> + (0 + 1) (02 +12) < 0. (3.31)

Since M; is asymptotically stable if (3.12) holds and because, as is easy to show, (3.12)
and (3.31) are incompatible, the assertion follows. It can also be shown from (3.12) and
(3.31) that M5 cannot become stable when F loses its stability except in the degenerate
case wheno; +o0y =1land 7 + 7, = —1.

In our tri-gametic system, P ; and Pg are the only possible SLPs. They may exist
simultaneously with F if (3.28) holds, i.e., if F is stable, but not otherwise (Appendix
A.5). If (3.28) holds, both are unstable (if admissible). Pa; or Pg, have an eigenvalue
0 if and only if (3.26) holds or if they leave or enter the state space through a ME. In
Appendix A.S5 it is shown that P4 ; is asymptotically stable if and only if

Ti+17,<-1 and |0y + 05| <1 and mim, > mn, (3.32)
and Pg, is asymptotically stable if and only if
l<oy+0, and |11 + 12l <1 and mym, > . (333)

Hence, if m;m, increases above 77, the SLP that is admissible becomes asymptotically
stable. Upon collision of the stable SLP with one of the adjacent ME, the corresponding
ME becomes stable and remains so for all higher migration rates. We summarize these

findings as follows:
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Proposition 3.4. Except in the degenerate case when (3.26) holds, only equilibria
with at most two gametes present exist. If (3.23) is satisfied, the equilibrium F given
by (3.24) is admissible. If, in addition, (3.28) is fulfilled, then F is asymptotically sta-
ble. For sufficiently small migration rates, it is globally asymptotically stable. If Fy is
unstable or not admissible, then one of the ME (M, Ms, My) or one of the SLPs (Pa,
Pg») is asymptotically stable. If (3.26) holds, then there is a line of equilibria with three

gametes present.

The proposition shows that, except for the nongeneric case when (3.26) holds, there
is always precisely one stable equilibrium point. Numerical results support the conjec-
ture that the stable equilibrium is globally asymptotically stable. Bifurcation patterns as
functions of m are derived in Section 4.8.

In addition to Fy, there exists a second FP on the edge connecting M, and M;. Al-
though its coordinates can be calculated easily, it is not of interest here as it is unstable
for every choice of selection and migration parameters. This unstable equilibrium leaves

the state space under small perturbations, i.e., if p > 0.

3.8. Highly asymmetric migration. All special cases treated above suggest that
there always exists a globally asymptotically stable equilibrium. This, however, is gen-
erally not true as was demonstrated by the analysis of the two-locus continent-island
(CI) model in Biirger and Akerman (2011). There, all possible bifurcation patterns were
derived and it was shown that the fully polymorphic equilibrium can be simultaneously
stable with a boundary equilibrium. For highly asymmetric migration rates, the equilib-
rium and stability structure can be obtained by a perturbation analysis of this CI model.

Therefore, we first summarize the most relevant features of the analysis in Biirger and
Akerman (2011). Because in that analysis the haplotype A;B; is fixed on the continent
(here, deme 2) and there is no back migration (m, = 0), it is sufficient to treat the
dynamics on the island (here, deme 1) where immigration of A,B, occurs at rate m;.
Thus, the state space is S 4.

It was shown that up to two internal (fully polymorphic) equilibria, denoted by E.
and E_, may exist. Only one (E. ) can be stable. Two SLPs, E5 and Eg, may exist. At Ea,
locus A is polymorphic and allele B, is fixed; at Eg, locus B is polymorphic and allele A,
is fixed. Ea (Eg) is admissible if and only if m; < a; (m; < ;). Ea is always unstable.
Finally, there always exists the monomorphic equilibrium E¢ at which the haplotype
A, B; is fixed on the island. The equilibrium coordinates of all equilibria were obtained
explicitly. In addition, it was proved (see also Bank et al. 2012, Supporting Information,
Theorem S.4) that precisely the following two types of bifurcation patterns can occur:

Type 1. There exists a critical migration rate m*® > 0 such that:
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e If 0 < m; < m®, a unique internal equilibrium, E,, exists. It is asymptotically
stable and, presumably, globally asymptotically stable.

o At m; = m®, E, leaves the state space through a boundary equilibrium (Eg or
Ec) by an exchange-of-stability bifurcation.

e If m; > m®, a boundary equilibrium (Eg or E¢) is asymptotically stable and,
presumably, globally stable.

Type 2. There exist critical migration rates m° and m® satisfying m* > m® > 0 such
that:

e If 0 < m; < m®, there is a unique internal equilibrium (E.). It is asymptotically
stable and, presumably, globally stable.

e Atm; = m°, an unstable equilibrium (E_) enters the state space by an exchange-
of-stability bifurcation with a boundary equilibrium (Eg or E¢).

o If m° < m; < m®, there are two internal equilibria, one asymptotically stable
(E,), the other unstable (E_), and one of the boundary equilibria (Eg or Eg) is
asymptotically stable.

e At m; = m®, the two internal equilibria merge and annihilate each other by a
saddle-node bifurcation.

e If m; > m®, a boundary equilibrium (Eg or E¢) is asymptotically stable and,

presumably, globally stable.

For sufficiently large migration rates (m > m*® > m*®), Ec is globally asymptotically
stable in both cases. Bifurcation patterns of Type 2 occur only if the recombination rate
is intermediate, i.e., if p is about as large as a;.

By imbedding the CI model into the two-deme dynamics, (2.5) or (2.7), perturba-
tion theory can be applied to obtain analogous results for highly asymmetric migration,
i.e., for sufficiently small m,/m; (Karlin and McGregor 1972). This is so because all
equilibria in the CI model are hyperbolic except when collisions between equilibria oc-
cur (Biirger and Akerman 2011). Since the coordinates of the internal equilibria E, and
E_ were derived, the perturbed equilibrium frequencies can be obtained. Because they
are too complicated to be informative, we do not present them. The perturbation of E,,
denoted by F, is asymptotically stable. As E_ is internal, it cannot be lost by a small
perturbation. Also the boundary equilibria and their stability properties are preserved
under small perturbations. In particular, E¢ gives rise to My, and the SLPs Ep and Eg
give rise to Pa, and Pg,, respectively,

If recombination is intermediate, (at least) under highly asymmetric two-way mi-
gration, one stable and one unstable FP can coexist. In this case the stable FP, F, is

simultaneously stable with either M, or Pg,. Although there is precisely one (perturbed)
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equilibrium in a small neighborhood of every equilibrium of the CI model, we can not

exclude that other internal equilibria or limit sets are generated by perturbation.

3.9. The case 6 = 0. The analyses in the previous sections are based on the assump-
tions (2.3), in particular, on 8 > 0. However, many of the results obtained above remain
valid if 8 = 0. Here, we point out the necessary adjustments.

Without loss of generality, we can assume

lag| < |Bil fork =1,2 (3.34)

in addition to @ = 0 and (2.3a). Then we observe that

0'1+O'2:&(T1+T2)ZT1+T2 and K1+ Ky = ’32
(%3 @ + B

Therefore, either

(T] + T2) <T1+ T (335)

O<ki+rvr<Ti+T L01+0, (3.36a)
or

O>ki+K>T1+T =201+ 0> (3.36b)
or

Kitky=T1+T,=01+0,=0 (3.36¢)

applies, where equality in (3.36a) and (3.36b) holds if @, = B, (k = 1,2). In addition,
K1+K2:O — T1+T2:0 — 0']+O'2:O. (337)

With these preliminaries, we can treat the changes required in the above propositions
if 6 =0.

From (3.36) we infer that, in Proposition 3.1, not only M, but also M is always
unstable. In addition, if 0 > 7; + 7, > 0 + 0, then M, is asymptotically stable for
sufficiently strong migration, whereas M, is stable for sufficiently strong migration if
0 <71+ 71 <0+ 07 holds.

As already noted, Proposition 3.2 remains valid independently of the value of 6.

In Proposition 3.3, the only SLPs through which the internal equilibrium F., can
leave the state space are Pg; and Pg; see (3.19c) and (3.19d). The reason is that, except
when o + 0, = 0 (and (3.37) applies), Pa; and Pa, are only admissible if Pg; and
Pg, are. Thus, the locus under weaker selection always becomes monomorphic at lower

rates of gene flow than the locus under stronger selection.
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If p = 0 (Proposition 3.4), Fy is asymptotically stable whenever it is admissible
because m — oo as 8 — 0; see (3.28). In addition, (3.36) implies that F, persists
stronger gene flow than the SLPs, which are always unstable; see (3.32) and (3.33).

In the highly symmetric case of (3.36¢), SLPs cannot be lost. Thus, F, is always
admissible and globally stable, cf. Proposition 3.3. If p = 0, (3.37) implies that F exists
always (and is stable). In the next section we show that in this highly symmetric case the
FP is always admissible for arbitrary recombination rates.

3.10. The super-symmetric case. In many, especially ecological, applications highly
symmetric migration-selection models are studied. Frequently made assumptions are
that the migration rates between the demes are identical (m; = m,), selection in deme 2
mirrors that in deme 1 (o, = —a-), and the loci are equivalent (a; = B¢). Thus, 8 = 0
and (3.36¢) holds, which we assume now.

Conditions (3.7) and (3.8) imply that all four SLPs are admissible. Hence, all monomor-
phisms are unstable. In addition, it can be proved that all SLPs are unstable (Appendix
A.6). If migration is weak, a globally asymptotically stable, fully polymorphic equilib-
rium (F) exists (Proposition 3.2).

Because every boundary equilibrium is hyperbolic for every parameter choice, the
index theorem of Hofbauer (1990) can be applied. Since none of the boundary equi-
libria is saturated, it follows that an internal equilibrium with index 1 exists. For small
migration rates, this is F because it is unique. Since the boundary equilibria are al-
ways hyperbolic, no internal equilibrium can leave the state space through the boundary.
However, we cannot exclude that the internal equilibrium undergoes a pitchfork or a
Hopf bifurcation. Numerical results support the conjecture that the internal equilibrium
is unique and globally attracting, independently of the strength of migration. This is a

very special feature of this super-symmetric case; cf. Proposition 4.3.

3.11. General case. Because a satisfactory analysis for general parameter choices
seems out of reach, we performed extensive numerical work to determine the possible
equilibrium structures. In no case did we find more complicated equilibrium structures
than indicated above, i.e., apparently there are never more than two internal equilibria. If
there is one internal equilibrium, it appears to be globally asymptotically stable. If there
are two internal equilibria, then one is unstable and the other is simultaneously stable
with one boundary equilibrium (as in the CI model). Apparently, two internal equilibria
occur only for sufficiently asymmetric migration rates and only if the recombination rate
is of similar magnitude as the selective coefficients.

A glance at the dynamical equations (2.7) reveals that an internal equilibrium can be

in LE only if p; = p, or g; = ¢,. From (3.18), (3.4) and (3.5), we find that this can occur
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only if |0y + 03| = 1 or |ty + 15| = 1, 1.e., for a boundary equilibrium. Thus, internal
equilibria always exhibit LD.

For low migration rates as well as for high recombination rates, there is a unique,
fully polymorphic equilibrium which is globally asymptotically stable and exhibits posi-
tive LD (Sections 3.4 or 3.6). We denote the (presumably unique) asymptotically stable,
fully polymorphic equilibrium by F. If migration is weak, or recombination is weak, or
recombination is strong, we have proved that F is unique. Useful approximations are
available for weak migration or strong recombination; see (3.16) or (3.21). Finally, for
sufficiently high migration rates one of the monomorphic equilibria is globally asymp-

totically stable.

4. Bifurcation patterns and maintenance of polymorphism

Here we study how genetic variation and polymorphism depend on the strength and
pattern of migration. In particular, we are interested in determining how the maximum
migration rate that permits genetic polymorphism depends on the other parameters. For
this end, we explore properties of our model, such as the possible bifurcation patterns,
as functions of the total migration rate m. We do this by assuming that a4, a,, 81, 82 , P,

and the migration ratio
m

1
¢=—, (4.1)
m

where m > 0 and O < ¢ < 1, are constant. The values ¢ = 0 and ¢ = 1 correspond
to one-way migration, as in the CI model. If ¢ = % migration between the demes is
symmetric, an assumption made in many studies of migration-selection models. Fixing
¢ and treating m as the only migration parameter corresponds to the migration scheme

introduced by Deakin (1966).

4.1. Important quantities. We define several important quantities that will be needed

to describe our results and summarize the relevant relations between them. Let

ot = al‘i‘az, (4.22)
¢° = ﬁlﬁ_] 5 (4.2b)
Fo _ a + By

o= a+B1— (a2 +B2) (4.2¢)
~AB a’lﬁl(a'Z _182)

_ , 4.2d
O B @ - By — asalar — B (20
(PAB _ a’lﬂl (a/2 +ﬁ2) (426)

~aifi(ar + o) — aafalar + Br)
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¢M1 _ a1(Br + p)a; + 1 +p) (4.2f)

a1(Ba + p)ay + i +p) — B +p)az+ B2 +p)

Mi Bi(az + p)ai + B1 + p) (429)
Bi(ay + p)a; +B1 + p) — Balar + p)az + B2 +p) '
_ Bi(az — p)a; + B —p)
Bilas — p)ay + Bi — p) — Balar — p)az + B2 —p)’
(Z)lvu _ a1(Br —p)ay + 1 —p) ’ (4.2i)
(B —p)a; + B —p) — 2By —p)az + B2 —p)
AF ai(a) +B1)2a; + B) .
- 42
T @ + B)Ras + Bo) — aa(as + B2 + B *-2)
BF Bilar +Bi)(ay +2B5)
0= , 4.2k
¢ Bilay + Bi)(as + 262) — Palas + Bo)(ay + 2B1) (42k)

ASS]

M (4.2h)

and
A a1
_ , 43
" a; — ¢(a; — ay) (4.32)
B :81,32
_ , 4.3b
" B — ¢(B1 — B2) (+:3b)
mFo = (a1 +B1)(a2 + o) ’ (4.30)
ay + B — ¢lay + B —ar = B)
M= —(a1 +Bi +p)az + B> +p) , (4.3d)
ar+B1+p—¢lar +B1 —azy— )
M= (1 +B1 — p)az + B2 — p) , (4.3¢)
ay+ 1 —p—@la; + 1 —ar— )
.1 [—aiafifa(ar + Bi)(as + )
= _ . 4.3f
" 9\/ o(1—¢) *3D

We set m» = 0o, mB® = oo, and m™ = 0 if ¢ = ¢P, ¢ = ¢B, and ¢ = ¢, respectively.
Similarly, we set m* = 0 if 6 =0,¢ =0,0r ¢ = 1.

A

The quantities m”, mB, and m™ yield the bounds for the intervals of total migration

rates m in which the SLPs at A, B, and the polymorphic equilibrium Fy, respectively, are

admissible:
“l<oj+oy<l —1<£A<1, (4.4a)
m
-l<t+1<1l —1<ﬂB<1, (4.4b)
m
<kt <]l = —l<—— <1, (4.4¢)
m 0

Here, the left and the right inequalities correspond, and we have

mh >0 = ¢>¢", (4.5a)
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mt>0 = ¢>¢° (4.5b)
mo>0 = ¢> . (4.5¢)
From (2.3), we obtain
mh£0, mP£0, m#0, m >0, (4.6)
a <mh < ay, ,BZSmBSﬂl, a/2+,BZSmF°Sa]+ﬁ1. 4.7

The quantities m™M and m™* occur in the stability conditions of the monomorphic
equilibria M; and M, (Proposition 4.1), and m* determines the range of stability of F;
see (4.56). They satisfy

—( +B1+p)<mM <~ +Br+p), @ +Bo—p<mM<a +B—-p. (4.8)

B mFo, and mM+ assume their minima if ¢ = 0 and their maxima if

We note that m”, m
¢ = 1, whereas mM' assumes its minimum or maximum at ¢ = 1 or ¢ = 0, respectively.
m”* is a convex function of ¢, and symmetric around its minimum ¢ = 1/2.

The definitions of (several of) the quantities ¢* are motivated by the following rela-

tions:

m*=mP = ¢=¢"Candm” <0, (4.9a)
mt = -m?P = ¢=¢"®andm” >0, (4.9b)
mM = —m” = ¢ =¢" and m* <0, (4.9¢)
mM = —-mP = ¢=¢" and m® <0, (4.9d)
m =m" = ¢=¢" andm™ >0, (4.9¢)
m =mP = ¢=¢" andm® >0, (4.9f)
m=-mP = ¢=¢>0andm® <0, (4.99)
-mP =mt = ¢=¢"andm” >0, (4.9h)

where we have
mo=mM = - pM — p=0. (4.10)

The following relations apply to m™:

mh=-mP =m" = ¢=¢"5, (4.11a)
m*=m =m" = ¢ =", (4.11b)
—m® =-m =m* = ¢=9¢", (4.11c)

where we derived (4.11b) and (4.11c) from (4.9¢) and (4.9f) using (4.10).



72 A TWO-LOCUS TWO-DEME MODEL

In the following, we summarize the most important inequalities between the quanti-

ties ¢*:

0 < ¢ < pF0 < p"B < BP0 < 9B < 1, (4.12)
Br<a, & 0<¢®<oh, (4.13)
PO < g0 < B, (4.14)

They can be derived straightforwardly from their definitions and our general assumption
(2.3). Finally, if p = 0 and 6 = «;a» — 3,3, the following relations hold:

0<pM < <" <p0 < B < B < B <M <1 = 6<0, (4.15)
0<pM < <" < "B <0 < @B < B <M <1 = 6>0, (4.15b)

and
"B < oM if B, < . (4.15¢)

Additional relations that are needed only in the proofs may be found in Appendix
A7.

4.2. Admissibility of SLPs. We begin by expressing the conditions for admissibil-
ity of the SLPs in terms of the total migration rate m and the migration ratio ¢. Since,
by (3.7), (3.8), and (4.4), every SLP is admissible if m is sufficiently small and leaves
the state space at a uniquely defined critical migration rate, it is sufficient to determine
this critical rate and the monomorphism through which it leaves the state space. Using
(4.3a), (4.3b), (4.5), and (4.4), we infer from (3.9) that

¢<¢*andm 1 -m" & Pp; — M;and Pa, — My, (4.16a)
¢>¢"andm T m* & Pa; — Msand Pa, — My, (4.16b)
p<¢®andm 1 -m® & Pg; — M, and Pg, — Ms, (4.16¢)
¢>¢®andm T mP < Pg; — M,andPg, — M,. (4.16d)

A In particular, no SLP is admissible if
m > max{|m®|, |m®|}. (4.17)
We observe that locus A is polymorphic and locus B is monomorphic if and only if
Im®| < m < |m". (4.18)
If B, < a», we infer from (A.18c) and (A.18d) that (4.18) holds if and only if

¢*® < ¢ < ¢"°. (4.19)
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Therefore, (2.4) implies that if locus A is under weaker selection than locus B in both
demes (|8« > |axl), then there is a range of values ¢ and m such that locus A is poly-
morphic whereas B is monomorphic. This is in contrast to the CI model or highly asym-
metric migration rates or 6 = 0, where it is always the locus under weaker selection that
first loses its polymorphism while m increases. This is a pure one-locus result and a
consequence of the classical condition for a protected polymorphism, e.g., (3.7). With
two-way migration, a locus with alleles of small and similar (absolute) effects in the
demes (@; ~ —a;) may be maintained polymorphic for higher migration rates than a

locus with alleles of large and very different (absolute) effects.

4.3. Stability of monomorphic equilibria. Here, we reformulate the stability con-
ditions of the ME derived in Section 3.2 in terms of m and ¢.

ProrosiTION 4.1. M, is asymptotically stable if
¢ < o™ and m > max{-m", —-m®, mM1}. (4.20)

M, is always unstable.

Ms is asymptotically stable if

o < ¢ < ¢ and m > max{m”, —-m®}. (4.21)
M, is asymptotically stable if
¢ > ¢B and m > max{m”, m®, m"+}. (4.22)

If in these conditions one inequality is reversed, the corresponding equilibrium is

unstable.

Proor. We prove only that the statement about M is equivalent to that in Proposition
3.1. The others follow analogously or are immediate.

From Proposition 3.1 and (4.3a), (4.3b), (4.3d), and (4.4), we infer immediately that
M, is asymptotically stable if and only if

1< and 1< —— (4.23)
—m -m
and
m > m". (4.24)

The possible inequalities between —m”, —m®, and mM' are given in (A.32) and (A.33).
By (4.5a), (4.5b), and (4.12), it follows that (4.23) is feasible if and only if ¢ < ¢*. Thus
if ¢ > ¢*, M, is unstable. Therefore, (4.23) and (4.24) are equivalent to (4.20). |
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ReMARK 4.2. (i) We have max{—m", —-mB, mM1} = mM! in (4.20) if and only if

¢ < min{¢™', M} and p < —a, and B, < @y, or (4.25a)
¢ < o™ and p < =B, and B > a. (4.25b)

(i) We have max{m”, mB, mM+} = mM+ in (4.22) if and only if

¢>¢™ and p < a;. (4.26)

(iii) An internal equilibrium in LD can leave or enter the state space through M; or
M, only if m = mM or m = mM¢, respectively. If (4.25) or (4.26) holds, then M, or My,

respectively, become asymptotically stable by the bifurcation.

Proor oF REMARK 4.2. If 5, > a», statement (1) is an immediate consequence of
(A.32a) and (A.32b) because ¢ < ¢* implies 0 < min{-m”*, —-m®}. If B, < a,, then
(A.32a), (A.32b), and (A.32c) show that max{-m”, —mB,mM} = mM if (a) p < ™
(A.23) and ¢"B < ¢ < oM or (b) p < pM and ¢ < #*® or (c) P < p < —a, and ¢ < M1,
where pM!' < —a, by (A.26a). Invoking (A.31), we can combine conditions (a), (b), and
(c) to obtain (4.25a).

Statement (ii) follows directly from (A.18f) and (A.35a).

Statement (iii) follows by observing that only internal equilibria in LD will depend
on p, the factor #3 (A.4) in the characteristic polynomial at M, is the only one that depends

My

on p, and 3 gives rise to an eigenvalue zero if and only if m = m"'. An analogous

argument holds for M,. O

The asymmetry between (4.25) and (4.26) results from the fact that a; < B is as-
sumed, whereas 8, < @, or B, > a; is possible. The reader may recall the comments
made below Proposition 3.1. In addition, we note that if the fitness parameters and p
and ¢ are fixed, a stable ME remains stable if m is increased. This is not necessarily so
if m and ¢ are varied simultaneously. For related phenomena in the one-locus case, see
Karlin (1982) and Nagylaki (2012). In Section 4.5, we will prove global convergence to
one of the asymptotically stable ME if m is sufficiently large.

4.4. Weak migration. We recall from Proposition 3.2 that for sufficiently weak mi-
gration, there is a fully polymorphic equilibrium, it is globally asymptotically stable, and
exhibits positive LD in both demes.

4.5. Strong migration.

ProrosriTion 4.3. For sufficiently large m, one of the monomorphic equilibria My, M3,
or My is globally attracting. This equilibrium is My, Ms, or My if ¢ < ¢P, ¢* < ¢ < ¢B,
or ¢B < ¢, respectively.
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Proor. The proof is based on the perturbation results about the strong-migration limit
in Section 4.2 of Biirger (2009a). The strong-migration limit is obtained if
maxy-i 2|l |Bkl, p}/m — 0. In this limit, the demes become homogeneous and the

system of differential equations (2.7) converges to a system, where in each deme

p=ap(l - p)+pD, (4.27a)
q =pq(1 —q) +aD, (4.27b)
D =[a(l =2p) +B(1 -2q) —p] D (4.27¢)

holds with Pr=pP2=p,q1 =qg2=4(, D1 = D2 =D. Here,
a=(l-¢)a+¢a; and B = (1 - )81 + ¢ (4.28)

are the spatially averaged selection coefficients and averaging is performed with respect
to the Perron-Frobenius eigenvector (1 — ¢, ¢) of the migration matrix (see Section 4.2
in Biirger (2009a) for a much more general treatment starting with a multilocus model
in discrete time). Therefore, Proposition 4.10 in Biirger (2009a) applies and, provided
m 1is sufficiently large, all trajectories of (2.7) converge to a manifold on which the allele
frequencies and the linkage disequilibria in both demes are nearly identical. In addi-
tion, in the neighborhood of each hyperbolic equilibrium of (4.27) there is exactly one
equilibrium of (2.7), and it has the same stability.

In the present case, the conclusion of Proposition 4.10 in Biirger (2009a) can be
considerably strengthened. Because the system (4.27) describes evolution in an ordinary
two-locus model under genic selection, the ME representing the gamete of highest fitness
is globally asymptotically stable. In fact, (4.27) is also a generalized gradient system for
which Lemma 2.2 of Nagylaki et al. (1999) holds. Therefore, the analog of statement (c)
in Theorem 4.3 of Biirger (2009a) applies and yields global convergence to the unique
stable equilibrium.

Finally, it is an easy exercise to show that, in the strong-migration limit, i.e., with
fitnesses averaged according to (4.28), gamete A B;, A,B;, or A,B, has highest fitness
if ¢ < ¢P, ¢* < ¢ < ¢B, or ¢ > ¢B, respectively. Since there is no dominance, the
corresponding ME is the unique stable equilibrium. O

4.6. Linkage equilibrium. We shall establish all possible equilibrium configura-
tions and their dependence on the parameters under LE. In Figure 2, the equilibrium
configurations are displayed as schematic bifurcation diagrams with the total migration
rate m as the bifurcation parameter. In Theorem 4.4, we assign to each diagram its

pertinent parameter combinations.
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In order to have only one bifurcation diagram covering cases that can be obtained
from each other by simple symmetry considerations but are structurally equivalent oth-
erwise, we use the sub- and superscripts X, and Y in the labels of Figure 2. For an

efficient presentation of the results, we define

Px = Pg1, Py =Pas, Mi=M,, m* = -m®, m" = —mh, (L1)
Px = Pai, Py =Pg;, Mi=M,, m* = —-m?, m" = —m®, (L2)
Px = Pai, Py = Pga, Mi=Ms, m* =mh, m" = —m®, (L3)
Px = Pgs, Py = Pat, Mi=Ms, m* = —m®, m" = mh, (L4)

Px = Pgs, Py = Pas, Mi =My, m* =m®, m" = mh. (L5)

THEOREM 4.4. Assume LE, i.e., (3.17). Figure 2 shows all possible bifurcation dia-
grams that involve bifurcations with equilibria that can be stable for some m given the
other parameters.

A. Diagram (a) in Figure 2 occurs generically. It occurs if and only if one of the following

cases applies:

¢ < ¢"® and B, < a, and (L1) (4.29)

or
B < ¢ < o™ and B> < @, and (L2) (4.30)

or
¢ < ¢ and a, < B, and (L2) (4.31)

or
P < ¢ < "B and (L3) (4.32)

or
"B < ¢ < ¢® and (L4) (4.33)

or
#® < ¢ and (L5). (4.34)

B. The following two diagrams occur only if the parameters satisfy particular relations.

Diagram (b) in Figure 2 applies if one of the following two cases holds:
¢ = ¢"® and B> < a, and (L1) (4.35)

or

¢ = ¢"® and (L4). (4.36)

Diagram (c) in Figure 2 applies if one of the following two cases holds:

o= gbA and Px = Pa, and m' = -m® 4.37)
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FiGure 2. Bifurcation diagrams for LE. Diagrams (a)-(c) display the equilib-
rium configurations listed in Theorem 4.4. Each line indicates one admissible
equilibrium as a function of the total migration rate m. Only equilibria are shown
that can be stable or are involved in a bifurcation with an equilibrium that can
be stable. Lines are drawn such that intersections occur if and only if the corre-
sponding equilibria collide. Solid lines represent asymptotically stable equilib-
ria, dashed lines unstable equilibria. The meaning of the superscripts X and Y is
given in (L1) — (L5).

b
a2>57 \
CL;)a%C—)a—)b—)a—)C—)a
az<fs

FiGure 3. Order in which the bifurcation diagrams of Figure 2 occur as ¢ in-
creases from O to 1.

or
¢ = ¢B and Py = Pg, and m' = mh. (4.38)

C. Figure 3 shows the order in which the bifurcation diagrams of Figure 2 arise if ¢ is
increased from 0 to 1.
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Proor. We prove parts A and B simultaneously, essentially by rewriting the condi-
tions in Proposition 3.3 on admissibility and stability of the equilibria in terms of m, m”,
and mB (4.3).

From (3.19) and (4.4), we infer easily:

Fo = Pani &= m?T-mPand0 < —-mP < |m?", (4.39a)
Fe — Pa> does not occur, (4.39b)
Fo = Psi & m1-m"and0 < -m" < —m®, (4.39¢)
Fo = Psy = mTmtand0 < mh < |m®|, (4.39d)
Fo oM, & m1-m"=-mPand0<-mh=-mP, (4.39¢)
FooM; &= mTm"=-mPand0<mh =-m®, (4.39f)
Fo - M, orF., — M, do not occur. (4.39¢2)

Invoking the relations (A.18), we can rewrite conditions (4.39a), (4.39¢)-(4.39f) in the
form

Fo = Pay &= m 7T -mP and either

< ¢"Bifar, <B, or ¢" < < "®if B, <z, (4.40a)
Fo 2 Pgy &= m?T-m"andf, < @, and ¢ < ¢"°, (4.40b)
Fo— Pgy & m1Tm"and ¢ > ¢, (4.40c)
Fo > M, & m1-m"=-mPandpB, <a,and ¢ = "B, (4.404d)
Fo > My = m1mh=-mPand¢=¢"" (4.40e)

We conclude immediately that (4.40b) applies in case (4.29) (Part A), (4.40d) in case
(4.35) (Part B), and (4.40¢e) in case (4.36) (Part B). From (4.12) and (4.13) we conclude
that (4.40a) applies in the following cases: (4.30)-(4.32) (Part A), or (4.37) (Part B).
Analogously we conclude that (4.40c) applies in the following cases: (4.33), (4.34) (Part
A), or (4.38) (Part B).

From Proposition 3.3 and (4.16) we obtain:

Pa, is globally asymptotically stable <= -m® <m < [m"|, (441a)
Pg, is globally asymptotically stable = -m” <m < —m®, (4.41b)
Pg. is globally asymptotically stable <= m”* <m < |[m®|. (4.41c)

As m — max{|m”|, |mB|}, the stable SLP leaves the state space according to (4.16), which

gives precisely the cases corresponding to diagrams (a) and (c). If ¢ = ¢* (m? = ),
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Pa1 is always admissible, cf. (4.37). If ¢ = ¢® (mP = o), Pg, is always admissible, cf.
(4.38).
A ME is globally asymptotically stable and only if

m > max{|m®|, |mB|}. (4.42)

By Proposition 4.1 and Remark 4.2 this equilibrium is M, if ¢ < ¢* (cases (4.29)-(4.31),
(4.35)), or M3 if ¢* < ¢ < ¢B (cases (4.32), (4.33), (4.36)), or M, if ¢B < ¢ (4.34). O

The bifurcations of equilibria that cannot be stable can be derived easily from Sec-
tions 4.2 and 4.3 and the above theorem by noting that these are boundary equilibria and
corresponding pairs of SLPs are admissible for the same parameters; see (3.7) and (3.8).

Inclusion of these bifurcations would require the introduction of subcases.

CoroLLARY 4.5. Under the assumption of LE, the maximum migration rate, below

which a stable two-locus polymorphism exists, is given by

m®. = min{|m"|, |m®|}. (4.43)

The corollary is a simple consequence of Proposition 3.3 and (4.40).

4.7. Strong recombination: quasi-linkage equilibrium. We recall from Section
3.6 that for sufficiently strong recombination, global convergence to the unique stable
equilibrium occurs. From the coordinates (3.21) of the perturbed internal equilibrium,
which is in quasi-linkage equilibrium, approximations could be derived for the critical
migration rates at which the internal equilibrium collides with a boundary equilibrium
and leaves the state space. It is not difficult to check with Mathematica that for large p,
F collides with Pg if m = mf,,,(Pg2) + O(p~?), where

(mh)? [51 B ] ¢ 1-9¢ 4¢(1 — ¢)
P (P S Po-"20 - - _ — A2 7 T
mmax( B,2) m 0 a, ¢ 0’2( ¢) [ﬁ] ,82 \/(I’I’l ) ﬁ1ﬁ2
(4.44)

We note that nh,,(Pg2) > 0 if and only if ¢ > @B, as is expected from (4.40c). Closer

examination of (4.44) reveals that both nh,,, (Pg») > m” and mf,,(Pg,) < m* may hold.

Thus, the fully polymorphic equilibrium may be maintained for higher or lower mi-

gration rates than in the case of LE. This does not conform with the intuitive expecta-

(9]

tion that for reduced recombination, mh,,(Pg2) > m,.

should hold because the locally
adapted haplotypes (A, By in deme k) are less frequently broken apart. However, numer-

o]
max

ical evaluation of (4.44) shows that nh,,(Pg2) < m, occurs only for about 3% of the

admissible parameter combinations and if it holds, n7,,,(Pg>) is only very slightly less

than m,,,, (results not shown). If p is about as large as the largest selection coeflicient
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or smaller, m,, increases with decreasing p. Expressions analogous to (4.44) can be

obtained for collisions of F with the other equilibria.

4.8. No recombination. Our aim is to establish all possible equilibrium configura-
tions and their dependence on the parameters if recombination is absent. In Figure 4,
the equilibrium configurations are displayed as schematic bifurcation diagrams with the
total migration rate m as the bifurcation parameter. In Theorem 4.6, we assign to each
diagram its pertinent parameter combinations.

In order to have only one bifurcation diagram covering cases that can be obtained
from each other by simple symmetry considerations but are structurally equivalent oth-
erwise, we use the sub- and superscripts X and Y in the labels of Figure 4. For an efficient

presentation of the results, we define

Px = Pa1, Py =Pga, Mi =My, m* = |mA|, m’ = |mB|, (RI)
Px = Pga, Py = Pat, Mi= My, m* = |mP|, m" = |m", (R2)
Px = Pa1, Py = Paa, Mi= My, m* = |mh, m" = |m®|, (R3)
Px = Pga, Py = Pa1, Mi=My, m* = |mB|, m’ = |mA|, (R4)
Px = Pai, Mi=M;, m* = |mh, (R17)

Px = Pga, Mi =My, m* =|m®|, (R2%)

Px = Pa1, Py = Pay, m* = |mh, m" = m®|, (R3%)

Px = Pga, Py = Pay, m* = [m®|, m" = |m". (R4%)

THEOREM 4.6. Let p = 0. Figure 4 shows all possible bifurcation diagrams that
involve bifurcations with equilibria that can be stable for some m given the other pa-
rameters.

A. The following diagrams occur for an open set of parameters:

(1) Diagram (a) in Figure 4 applies if one of the following two cases holds:

0<¢ <o and (R1") (4.45a)
or
oM < ¢ < 1 and (R2"). (4.45b)
(2) Diagram (c) in Figure 4 applies if one of the following two cases holds:
oM < ¢ < " and (R1”) (4.46a)
or
#® < ¢ < o™ and (R2"). (4.46b)

(3) Diagram (e) in Figure 4 applies if one of the following two cases holds:
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o < ¢ < ¢"0 and (R4) (4.47a)

or
%0 < ¢ < ¢ and (R3). (4.47b)

(4) Diagram (g) in Figure 4 applies if one of the following four cases holds:

¢ < ¢ < min{g™, $*®} and (R4) (4.48a)

or
o7 < ¢ < 9" and R2) (4.48b)

or
¢"® < ¢ < ¢™ and R1) (4.48¢)

or
max{¢™, ¢"°} < ¢ < ¢°7 and (R3). (4.48d)

B. The following diagrams are degenerate, i.e., occur only if the parameters
satisfy particular relations.

(5) Diagram (b) in Figure 4 applies if one of the following two cases holds:

¢ = ¢" and R1") (4.492)
or
¢ = ¢" and (R2"). (4.49b)
(6) Diagram (d) in Figure 4 applies if one of the following two cases holds:
¢ = ¢" and R1") (4.50a)
or
¢ = ¢° and (R2"). (4.50b)
(7) Diagram (f) in Figure 4 applies if one of the following two cases holds:
¢ = ¢"" and (R2) (4.51a)
or
¢ = ¢°7 and (R1). (4.51b)

(8) Diagram (h) in Figure 4 applies if
¢=¢" =g (4.52)

(9) Diagram (i) in Figure 4 applies if one of the following two cases holds:
¢ = ¢ > ¢"° and R3"). (4.53a)
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or
¢ =¢" < 9" and (R4’) (4.53b)
(10) Diagram (j) in Figure 4 applies if one of the following two cases holds:
¢ = ¢ < ¢ and M; = M, (4.54a)
or
¢ = ¢"° > ¢™ and M; = M. (4.54b)

C. Figure 5 shows the order in which the bifurcation diagrams of Figure 4 arise if ¢

is increased from 0 to 1.

Proor. We prove parts A and B simultaneously and derive the statements about ad-
missibility and stability of the equilibria by rewriting the conditions in Section 3.7 in
terms of m, m*, mB, m™, and m* (4.3). These critical migration rates satisfy the relations
given in (4.9), (4.11), (A.19) and (A.37).

We start by treating the bifurcations and stability of Fy. Using (4.5¢) and (4.4c), we

infer from (3.25):

FooM & m?-m™ and ¢ < ¢™, (4.55a)
Foo M, & m7Tm™ and ¢ > ¢™. (4.55b)

From (4.15) we conclude that (4.55a) applies precisely in the following cases: (4.45a),
(4.46a), (4.47a), (4.48a), (4.48c) (Part A), or (4.49a), (4.50a), (4.51a), (4.54a) (Part B).
Similarly, (4.55b) applies in precisely the following cases: (4.45b), (4.46b), (4.47b),
(4.48Db), (4.48d) (Part A) or (4.49b), (4.50b), (4.51b), (4.54b) (Part B). F, is admissible
for every m > 0 if and only if ¢ = ¢™, which corresponds to the remaining three cases
(4.52) and (4.53b), (4.53a).

Condition (3.26), which determines when F( changes stability, is equivalent to m =
m*. Therefore, Proposition 3.4 and the definitions of m™ and m* imply that F is asymp-

totically stable if and only if either

0<m<|m™ <m (4.56a)
or
0<m<m" <|m| (4.56b)
holds, where
0<mPl<m" = ¢<o™ or ¢ > ™, (4.57a)

0<m' <m™ = oM <¢p<op™. (4.57b)
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Ficure 4. Bifurcation diagrams for p = 0. Diagrams (a) — (j) represent all
equilibrium and stability configurations listed in Theorem 4.6. Each diagram
displays the possible equilibria as a function of the total migration rate m. Each
line indicates one admissible equilibrium, drawn if and only if it is admissible.
Only equilibria are shown that can be stable or are involved in a bifurcation
with an equilibrium that can be stable. Lines are drawn such that intersections
occur if and only if the corresponding equilibria collide. Solid lines represent
asymptotically stable equilibria, dashed lines unstable equilibria.
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FiGURE 5. Order in which the bifurcation diagrams of Figure 4 occur as ¢ in-
creases from O to 1.

If (4.56a) applies, according to (4.55), Fy leaves the state space at m = —m™ or

m = m"™ and exchanges stability with the respective monomorphism. By (4.57a), this
occurs in the cases (4.45) or (4.49) of the theorem.

If (4.56b) applies, F loses stability at m = m* and, generically, either P5; or Pg,
is asymptotically stable if m > m* (see below). F, remains admissible up to m = |[m™|,
when it collides with M; or M. By (4.15) and (4.57b), this occurs in the cases (4.46) —
(4.48), (4.50), (4.51), (4.53), and (4.54).

Finally, if ¢ = ¢"® (cases (4.52) and (4.54) in the theorem), M; becomes stable. This
follows from the statement below (3.31) together with (4.11a).

Next, we treat the bifurcations of the SLPs. The SLPs are admissible in intervals
of the form 0 < m < |m* or 0 < m < |mP| and leave the state space upon collision
with a ME (Section 4.2). From (3.32) we conclude by simple calculations that P is
asymptotically stable if and only if

m* <m < |mP| and oM < ¢ < ¢"®, (4.58)

as is the case in (4.46a), (4.47a), (4.48a) (if min{¢", ¢"B} = $"B), and (4.48b), as well as
in (4.50a), (4.51a), and (4.53Db).
From (3.33), we conclude that Pg is asymptotically stable if and only if

m* <m < |mB| and ¢"® < ¢ < o™, (4.59)

as is the case in (4.46b), (4.47b), (4.48¢c), and (4.48d) (if max{¢™, ¢"B} = ¢"B), as well
as in (4.50b), (4.51b), and (4.53a).
It remains to study the stability of the ME. For p = 0, we infer from Section 4.1 and
Proposition 4.1:
m>-mM and ¢ <™, or

M, is asymptotically stable = (4.60a)
m>-m? and M < ¢ < PN,

M; is asymptotically stable <= m > max{|m”"|,|m®|} and ¢" < ¢ < #®, (4.60b)
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, _ {m>mB and ¢® < ¢ < o™i, or
M, is asymptotically stable <= (4.60c)
m>mM and oM™ < ¢.
In conjunction with the above results on Fy and the SLPs, this shows that, except in the
degenerate cases (4.49), (4.50), (4.52), and (4.54), a ME becomes stable through a trans-
critical bifurcation with either F¢, Pa 1, or Pg,. In particular, M; becomes asymptotically
stable for large m if (4.45a), (4.46a), or (4.49a) applies, M3 becomes asymptotically sta-
ble if one of (4.47), (4.48), (4.51), (4.52), (4.53), or (4.54) applies, and M, becomes
asymptotically stable if (4.45b), (4.46b), or (4.49b) applies. If ¢ = ¢" or ¢ = ¢® (4.50),
then Pa; or Pg,, respectively, is admissible and asymptotically stable for every m, and
every ME is unstable. This finishes the proof of parts A and B.
Part C of Theorem 4.6 follows immediately from parts A and B by applying the
relations in (4.15). |

This theorem demonstrates that, for given selection parameters, the equilibrium struc-
ture, hence also the evolutionary dynamics, depends strongly on the degree ¢ of asym-
metry of the migration rates. However, it is also important to note (and maybe counter
intuitive) that for symmetric migration (¢ = 1/2) any of the ten possible bifurcation
diagrams may apply, simply by choosing the selection parameters accordingly.

The bifurcations of equilibria that cannot be stable can be derived easily from Sec-
tions 4.2, 4.3, 3.7, and the above theorem by noting that these are boundary equilibria
and corresponding pairs of SLPs are admissible for the same parameters. Inclusion of
these bifurcations would require the introduction of subcases. In particular, Pa»,, Pg,
and M, are always unstable because gamete A;B, is eventually lost. We observe from
(A.20) and (A.38) that at most one pair of SLPs can be admissible if F is either unstable
or not admissible. If this is the case, then one of these SLPs is asymptotically stable
(Figure 4).

CoroLLARY 4.7. If p = 0O, the maximum migration rate, below which a stable two-

locus polymorphism exists, is given by

m® = min{lm"|, m"}. (4.61)

The corollary follows from the arguments surrounding (4.56) and (4.57).

4.9. Weak recombination. If m # m*, a regular perturbation analysis of Fy yields
the coordinates of a fully polymorphic (internal) equilibrium to leading order in p. This
equilibrium, F, is asymptotically stable (Karlin and McGregor 1972). We denote the
first-order approximation of F by F,. Therefore, we have F = F,+o(p) and F, = Fo+O(p)
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as p — 0. Because the coordinates of F, are much too complicated to be informative,
we refrain from presenting them.

For sufficiently small p, the following properties of F, (hence, of F) can be inferred
from Proposition 4.1, Remark 4.2, and Theorem 4.6, Part A.1:

F,> M, < m?m" and¢ < o™, (4.62a)

F,> M, & m7m"and¢"™ <. (4.62b)

The above perturbation analysis can not be used to investigate the properties of the
internal equilibrium F for given small positive p when m is varied in the proximity of m*.

Therefore, we performed numerical calculations to study the fate of F when p is small
and fixed, and m increases. It suggests the following:

F—Pai & m1m,and " < ¢ < ¢"®, (4.63a)
FoM; & mlm'=m"=-mPand ¢ = ¢"°, (4.63b)
F—Pg, & m7Tmyand¢™® < ¢ <™, (4.63¢)

where m, and mj are close to m". Thus, if p is small, F stays close to F( as m increases
from O until a value close to m* is reached. Then, within a very short interval of m, F
moves ‘quickly’ along the manifold given by (A.8) and (A.11) to one of the boundary
equilibria (Pa 1, P2, or M3) on the ‘opposite’ side of the state space, where it exchanges
stability upon collision with the respective equilibrium (at n1,, mg, or m*). F appears to
be asymptotically stable whenever it is admissible.

If one of the cases in (4.62) applies, then Fy can be maintained for higher migration
rates than F because m™' and mM* are decreasing functions in p. Numerical investiga-
tions support the conjecture that F, can be maintained for higher migration rates than
F whenever recombination is weak but positive. Thus, when recombination is weak,
decreasing p increases the maximum migration rate below which a stable, fully poly-

morphic equilibrium can be maintained.

4.10. Highly asymmetric migration. As already discussed in Section 3.8, by in-
troducing weak back migration (i.e., ¢ close to 0 or 1) to the CI model, every equilib-
rium in the CI model gives rise to a unique equilibrium in a small neighborhood. This
(perturbed) equilibrium has the same stability as the unperturbed. For weak or strong
recombination, we can strengthen this conclusion. Because the CI model withp = 0is a
generalized gradient system (Biirger and Akerman 2011, Section 3.4.4) and the LE dy-
namics (3.17) has a globally asymptotically stable equilibrium (Theorem 4.4), the proof
of Theorem 2.3 of Nagylaki et al. (1999) applies and shows that in both cases the global
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dynamics remains qualitatively unchanged under small perturbations. In particular, no
new equilibria or limit sets are generated by a small perturbation.

Therefore, if p is sufficiently small and ¢ is sufficiently close to O or 1, we infer from
Section 3.8 and Theorem 2 in Biirger and Akerman (2011) that the following bifurcation
pattern applies (where i = 1 or 4):

e If 0 < m < m™, a unique internal equilibrium, F, exists. It is globally asymp-
totically stable.

e At m = mMi, F leaves the state space through the ME M; by an exchange-of-
stability bifurcation.

o If m > mM, M; is globally asymptotically stable.

This pattern is displayed in diagram (a) of Figure 4, where F( needs to be substituted
by F. We conjecture that it applies whenever p is sufficiently small and either ¢ < ¢
or ¢ > ¢M+ holds. The bounds ¢ and ¢™* follow from Remark 4.2 because ¢! is
not needed if p is sufficiently small; see (A.32b). However, the upper bounds for p
given in Remark 4.2 are, in general, too large to guarantee the above bifurcation pattern.
This is known from the CI model in which the monomorphic equilibrium (M;) may
be simultaneously stable with the internal equilibrium F because an unstable internal
equilibrium enters the state space at m = m™ through M;. If ¢ = 1, this may occur if
%(al + B1) < p < 3a; — B, ctf. (4.65b). For ¢ # 0 or ¢ # 1, we have not been able to
determine the upper bound for p below which F indeed leaves the state space through
M;.

Now we treat large p. Proposition 4.1 and Remark 4.2 show that if p > max{—-a,, -3},
then M, is asymptotically stable if and only if ¢ < ¢* and m > max{-m”, —m®}, and if
p > ay, then M, is asymptotically stable if and only if ¢ > ¢® and m > max{m”*, mB}.

If, in addition to p being sufficiently large, ¢ is small or large, then Theorem 4.4
implies that the internal equilibrium (F) leaves the state space through P4 ;, Pg, or Pgy.
The respective conditions are small perturbations of those given in (4.40a), (4.40b), of
(4.40c), respectively. Combining theses conditions with those for the stability of the
ME and observing (4.12) and (4.13), we conclude that the following bifurcation pattern
applies if one of the conditions (a) @, < 8, and ¢ < ¢*, or (b) B, < @, and ¢ < B, or

(c) ¢ > ¢® holds approximately:

e If 0 < m < m®, a unique internal equilibrium, F, exists. It is asymptotically
stable.

o Atm = m®, F leaves the state space through a SLP by an exchange-of-stability
bifurcation.

o If m* < m < m**, this SLP is asymptotically stable.
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o If m > m**, then a ME is asymptotically stable.

If (a) holds, then m* ~ —mP and the SLP and the ME are Pa1 and My, respectively; if
(b) holds, then m* ~ —m* and the SLP and the ME are Pg; and M, respectively; if (c)
holds, then m* ~ m”" and the SLP and the ME are Pg, and M,, respectively. Finally,

m** = max{—m”, —mB} in (a) and (b), and m** = max{m?, m®} in (c).

4.11. Maintenance of polymorphism. As already noted in Section 3.11, for gen-
eral parameters the equilibrium configurations could not be determined analytically. To
explore the potential of spatially heterogeneous selection in maintaining genetic vari-
ation in the presence of gene flow, we investigate the maximum total migration rate,
Mmax, that admits a stable, fully polymorphic equilibrium. We have already shown that

(o9

Mmax = M, holds in the LE approximation (Corollary 4.5), and mp,, = m®__holds if

p = 0 (Corollary 4.7). From (A.20) and (A.38) we conclude that

00 <m0

mmax - max?

(4.64)

where, as is not difficult to show, equality holds if and only if ¢ = ¢"B.
For the CI model with ¢ = 1, Proposition 1 in Biirger and Akerman (2011) yields

@ +B1 —p if 0 < p < minfay, (e +B1)}, (4.65a)
2
) @HEBEAT e 1 B) < p < 3 - B, (4.65b)
Mmax = 8p
a (1 + i 0/1) if max{a;,3a; — B1} < p. (4.65¢)
P

In this case, the fully polymorphic equilibrium is globally asymptotically stable if (4.65a)
or (4.65¢) apply, but only locally stable if (4.65b) and m is close to m,,x. A formula anal-
ogous to (4.65), but with —a, and —f, instead of @; and S;, holds if ¢ = 0.

In general, we have no explicit formula for m,,. However, extensive numerical

work, as well as (4.65) and the considerations in Section 4.9 suggest that

My, < M (4.66)

max

holds always. This is illustrated by Figure 6, which displays the dependence of mi,,x on
the migration ratio ¢ (Figures 6a and 6¢) and on the recombination rate p (Figures 6b and
6d) for two selection regimes. In Figures 6a and 6b, locus B is under stronger selection
in both demes. In Figures 6¢ and 6d, each locus is under stronger selection in one deme.

o0 0
max and Mpax

In Figures 6a and 6¢, m are shown as functions of ¢. The inequality

(o)

0
o and m

max

(4.64) is a conspicuous feature in both cases. Also the shapes of m are

(o)

conspicuous. The following properties are easy to prove: m,.,, is not differentiable at
¢ = ¢"® and ¢ = #"B, and m®_, is not differentiable at ¢ = o™ and ¢ = ™. m>

max max



4. BIFURCATION PATTERNS AND MAINTENANCE OF POLYMORPHISM 89

0

and m®__ are piecewise convex functions in ¢. If ¢ < oM, m®

max

increases in ¢; if

oM < ¢, md,, decreases in ¢; if o™ < ¢ < oM, ml,  assumes its minimum at 1

1 M1 l M4 0 1 1 1 M1 M4 (o]
provided ¢™ < 5 < ¢**. Therefore, m,,, attains its maximum at ™' or ¢™. my,

increases if ¢ < ¢*® and decreases if ¢ > ¢*B. It assumes its maximum at ¢*B.

0

© =m?  holdsif ¢ = $*B. Numerical work suggests that indeed mpay =

me = m®_ holds independently of p if ¢ = ¢*B. If = 0, then ¢* = @B = ¢"B = g0

max max

Notably, m = m

and m® = m?__ if ¢ = ¢"B. The latter condition is equivalent to (3.36¢). Therefore, the
analysis in Section 3.10 applies and shows that an internal equilibrium, which presum-
ably is globally asymptotically stable, exists always.

Figures 6b and 6d illustrate the effect of recombination on m,,x for different values
of ¢. In all cases investigated, m,,x decreased monotonically with increasing p. These

0 00
max — Mmax SETVES

findings support the conjecture that (4.66) is always valid. Therefore, m
as a useful estimate for the sensitivity of mp,, to variation in p. We can prove that
m® —m® is maximized at ¢ = oM, or at ¢ = ¢™, or at ¢ = 0if B, < a>.

max max

(o]
max

Although we proved that my,,x < m,... can occur (Section 4.7), all numerical exam-

(o)
max

ples showed that m,,,x is only very slightly smaller than m.  in this case (results not
shown). Therefore, our results suggest that the cases of LE (infinitely strong recombi-
nation) and of no recombination ‘essentially’ bracket the range of parameters for which
both loci can be maintained polymorphic.

As Figures 6a and 6¢ show, the range of values ¢ for which the equilibrium structure
can be expected to be similar to the CI model, i.e., ¢ < min{¢"!, $"B} or ¢ > ¢™* (Section
4.10), can vary considerably.

Finally, we infer from Proposition 4.1 that none of the ME is stable if m < max{|m?”|, |m®B|}.
Hence, in this case at least one locus is maintained polymorphic. By contrast, we have
shown in Section 4.2 that no SLP is admissible if m > max{|m”|, |m®|}. However, as
demonstrated by our results for p = 0, an internal equilibrium may be asymptotically

stable if max{[m?|, [mB|} < m < m°

max-*

These results suggest that no genetic variability
can be maintained if
m > max{|m”|, |mB|, m°_}. (4.67)

This bound is best possible if p = 0. For sufficiently large p, the corresponding bound is

max{[m?|, |m®|}.
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5. Migration load and local adaptation

Here, we briefly investigate some properties of the migration load of the subpopu-
lations and of the total population. We use these migration loads as simple measures
for local adaptation (but see Blanquart et al. 2012). Mean fitness in deme k is given by
wr = ax(2pr — 1) + Br(2qx — 1), with its maximum at @, + ;. Therefore, the migration
loads in demes 1 and 2, defined as the deviation of w; from its maximum, are given by

Ly =2(ai(1 =p)+pi(1 —¢qy)) and L, =2(-azp> — f2q2). (5.1

Assuming that the subpopulations are of equal size, we define the load of the total pop-
ulation by L = 3(L; + L»).

If migration is weak, we can calculate the migration load in each deme at the fully
polymorphic equilibrium F (Proposition 3.2) to leading order in m; and m,. For deme 1,

we obtain
a+B1+2p

ar+pi+p’
and an analogous formula holds for deme 2. Obviously, the migration load increases

L] ~ 2m1 (52)

with increasing migration rates m; or m,, hence with m, in each of the demes and in
the total population. Simple calculations show that each of the loads also increases with
increasing recombination rate p if migration is weak.

In general, however, the load in each deme does not always increase with increasing
m. The reason is that for sufficiently strong migration, generically, first one locus, then
one of the haplotypes becomes fixed (Proposition 4.3). If this is either A; By or A, B,, then
the load in the corresponding deme will vanish for high migration rates, whereas that in
the other deme will be very high. In such a case, the load of the total population may also
decrease with increasing m. This occurs for large migration rates (not far below m,,y)
and it can occur for completely linked loci as well as for loci in LE. In the CI model, the
load always increases with the migration rate (Biirger and Akerman 2011)

Finally, although L is increasing in p if migration is weak, this is not necessarily so if
migration is strong. By using a grid of parameter combinations, we showed numerically
that in about 0.34% of more than 10° combinations of @, a»,81,8,, m, and ¢, the total

load L at the equilibrium F, is lower than that at F, (results not shown). Again, this

[
max

occurs for high migration rates, not far below the value m:" at which F, leaves the state
space. Then a population maintained fully polymorphic by tight linkage may have a
higher total load than a population in which fixation of a locus or a haplotype is facilitated
by high recombination. In all such cases, selection in one deme was (considerably)
stronger than in the other, and in more than 70% of the cases, a specialist haplotype

became fixed at very high migration rates. In summary, under a wide range of conditions
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in this model, reduced recombination is favored, but there are instances where increased
recombination is favored (cf. Pylkov et al. 1998; Lenormand and Otto 2000).

6. Fst and differentiation

The most commonly used measure for quantifying differentiation in spatially struc-
tured populations is Fgr. For diallelic loci, Fst can be defined as Fsr = ;/(alrf’;)), where
Var(p) is the variance of the allele frequencies in the total population and p is the allele

frequency averaged over the demes. Estimators of multilocus Fgy are usually defined
as weighted averages of one-locus Fgr estimators (e.g., Weir and Cockerham 1984,
Leviyang and Hamilton, 2011). Here, we extend Nagylaki’s (1998) approach and de-
fine a genuine multilocus version of Fgr that measures the covariance of the frequencies
of (multilocus) haplotypes. We restrict attention to the diallelic two-locus case, but the
extension to multiple multiallelic loci is evident. A general multilocus theory of fixation
indices will be developed elsewhere.

Let ¢, denote the proportion of the population in deme k, so that )}, ¢, = 1. Then the
frequency of haplotype i in the entire population is X; = }; cxX;x. Because our subpop-
ulations are randomly mating, the frequency of genotype ij in the entire population is
given by X;x; = >, ¢ XX ;. Following egs. (6a) and (6b) in Nagylaki (1998), we define
Fsr;; as a standardized measure of the covariance of the frequencies of haplotypes i and
J:

2 = &+ Feruk(l - %), (6.1a)

ij = (1 - FST’,']'))_C,')_CJ'. (61b)

The multilocus, or haplotype, heterozygosity in the entire population can be defined as
hs = )% = ) (% - x), (6.2)
i,ji#] i
where }}; runs over all haplotypes. If the entire population were panmictic, its multilocus
heterozygosity would be

hy = Z 71— ). (6.3)

1

Thus, 1 — hr is the probability that two gametes chosen at random from the entire popu-
lation are the same haplotype.
Following eq. (32) in Nagylaki (1998), we define Fsr by

1
Fsr = . Z X(1 = x)Fsri. (6.4)

i
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Then Fgt can be written as

hs 2. Var(x;)
FST = 1 e
hr 2 %1 = X)

in direct generalization of the classical formula given above.

(6.5)

We focus on the dependence of the equilibrium value of Fgt on the migration pa-
rameters m and ¢ and on the recombination rate p. Because we obtained the coordinates
of the stable, fully polymorphic equilibrium equilibrium F explicitly only in special or
limiting cases, explicit formulas for Fgy can be derived only in these cases. For instance,

if migration is weak, we obtain from (3.16) that, to leading order in m,
¢ afit(@+Bp 1-¢af—(ar+f)p
¢ a1fi(ay + B +p) i apram+pr—p)|

Here, Fsr increases with decreasing p, and decreases with increasing m. Thus, stronger

FST =1-m (66)

linkage leads to increased differentiation if migration is weak.

Figure 7 illustrates for two selection scenarios how Fgr, evaluated at the stable, fully
polymorphic equilibrium F, depends on the total migration rate m and the recombination
rate p. In diagrams (a) and (c) of Figure 7, it is assumed that locus B is under stronger
selection than locus A in both demes. It shows that Fsy usually declines with increasing
migration rate. However, there are a few instances, where Fsr increases if m is slightly
below the migration rate at which the fully polymorphic equilibrium loses admissibility.
In diagrams (a) and (c) of Figure 7, differentiation between the populations experiences
the fastest decline for weak migration (relative to the selection parameters), whereas this
is not necessarily so in diagrams (b) and (d). There, Fst may experience its strongest
decrease if migration is strong.

Figure 7 also shows that at large migration rates, Fst may increase if the recombi-
nation rate increases, i.e., Fisr is not minimized under linkage equilibrium. However,
this occurs only for large recombination rates, i.e., larger than the largest selection co-
efficient. This is compatible with the finding in Section 4.11 that at high recombination
rates, my,x may (slightly) increase in p, and the finding in Section 5 that the load L may
decrease with increasing m. We note that this ‘aberrant’ behavior of my,x, L, and Fgr
does not necessarily occur for the same parameter combinations. Among more than 10°
parameter combinations of a, a,, 81, 82, m, and ¢, we found no instance where Fgy eval-
uated at the equilibrium F, was higher than that at F, (results not shown). Importantly,
if recombination is weak or migration is weak then Fst apparently always increases with

tighter linkage.
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Comparison of our multilocus Fsr with averages of single-locus Fgr values showed
that the multilocus Fgsr declines somwehat faster at small migration rates than the av-
eraged single-locus Fgr. For large parameter regions, the qualitative behavior of these
measures of differentiation is the same. Differences occur only for a subset of selection
coeflicients at high migration rates and high recombination rates. Finally, we mention
that our multilocus Fgr is a sensitive measure of differentiation only if the effective num-
ber of haplotypes is low. This parallels the well known fact that the classical Fgr is a
sensitive measure of differentiation only if the effective number of alleles is low (e.g.,
Nagylaki 1998, 2011). Thus, our multilocus Fsr may be most useful if applied to short

sequences of DNA. A thorough and more general study is in preparation.
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7. Invasion of a locally beneficial mutant

Differentiation between subpopulations can be increased by the invasion of mutants
that establish a stable polymorphism at their locus. Therefore, we consider a locus (A) at
which a new mutant A arises that is advantageous relative to the wild type A, in deme 1,
but disadvantageous in deme 2. In terms of our model, we assume a; > 0 > «,. If locus
A is isolated, this mutant can invade and become established in a stable polymorphism
if and only if |0y + 05| < 1; cf. (3.7) and (3.9). Using m and ¢, this condition can be
rewritten as

m < [m", (7.1)

see (4.3a) and (4.4a), or

TR g < T g (72)
We restrict attention to the case ¢ > ¢* (4.2a) when the influx of the deleterious allele
A, into deme 1 is sufficiently strong such that A, is protected. (The case ¢ < ¢* is sym-
metric and more suitable to study invasion of A, under influx into deme 2 of A; which
is deleterious there.) Then the mutant A, can invade if any of the following equivalent

conditions hold:
A

m<m”, (7.3a)
@r,me _om
N (=) T mja (7.3
or
¢ < ¢ < Piny (7.3¢)

where ¢;,, > 1 if and only if m < «;. Thus, A can always invade if m < ;. For the
CI model (¢ = 1), each of the conditions in (7.3) simplifies to the well known invasion
condition m < «; (Haldane 1930). The conditions (7.3) show that invasion is facilitated
whenever back migration is increased, either by keeping m; constant and increasing m,,
or by fixing m and decreasing ¢.

For the CI model it was proved that invasion of a locally beneficial mutant is always
facilitated by increased linkage to a locus in migration-selection balance (Biirger and
Akerman 2011). In fact, mutants of arbitrarily small effect can invade provided they
are sufficiently tightly linked to this polymorphic locus which may be considered as the
background in which the new mutant appears.

Here, we investigate whether this is also the case with two-way migration. Thus,
we assume that locus B is in migration-selection balance (which requires that analogs of
(7.3) are satisfied for §; and ;) and a locally beneficial mutant A; arises at the linked
locus A. Hence, the model in Section 2 applies and we assume (2.3).
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FiGure 8. Invasion properties of locally beneficial alleles. In a, the maximum
recombination rate between loci A and B, below which invasion of A; can occur,

is displayed as a function of ¢. The parameters @ = —ap = 0.1, 8; = =26, = 2,

and m = 1 are fixed. Therefore, ¢A = % and ¢ipy = 0.55. In b, the minimum

selective advantage a; required for invasion of A; is shown as a function of p
for different values of ¢. The parameters ar, = —-0.1,8; = =26, =2, and m = 1
are fixed.

Because we are mainly interested in the invasion properties of mutants of small ef-
fect, we assume that locus B is under stronger selection than A, i.e., |ax| < |B¢| in deme
k = 1,2. Before the mutant A; arises, the population is at the equilibrium Pg, (where
|71 + 72| < 1 must hold for admissibility; see Section 3). A, can invade if Pg is unstable.
Since the eigenvalues determining external stability are zeros of a complicated quartic
equations, the stability of Pg, cannot be determined analytically. We expect that the

new stable equilibrium that will be reached is the fully polymorphic equilibrium F. For
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the CI model, this was be proved in (Biirger and Akerman 2011). For the case of LE, it
follows from Theorem 4.4.

Figure 8 displays typical results about the invasion of the mutant A;. In Figure 8a,
the maximum recombination rate admitting invasion, denoted by pp.x, is shown as a
function of ¢. In the shaded region, A; can invade. If ¢ < ¢;,y = 0.55, (7.3c) implies
that A; can always invade. If ¢ > ¢;,,, there exists pn.x < oo, such that A; can invade
only if p < pmax, 1.€., if A; is sufficiently tightly linked to locus B. In Figure 8b, the
minimum selection coefficient @ necessary for invasion of A; is shown as a function of
p/m for various values of ¢. These values are obtained by computing when the leading
eigenvalue that determines external stability of Pg, equals zero.

We conclude that, as in the CI model, mutants of arbitrarily small effect can in-
vade provided they are sufficiently tightly linked to a locus that is already maintained in
migration-selection balance. In addition, as shown by both panels in Figure 8, increas-
ingly symmetric migration facilitates the invasion and establishment of locally beneficial
alleles.

8. The effective migration rate at a linked neutral site

Linkage to loci under selection may impede or enhance gene flow at a neutral marker
locus. In the first case, linkage may act as a barrier to gene flow. This was shown
by the work of Petry (1983), Bengtsson (1985), Barton and Bengtsson (1986), and
Charlesworth et al. (1997), who developed and studied the concept of the effective mi-
gration rate as a measure of the ‘effective’ gene flow at a neutral site. More recently,
the effective migration rate was studied for CI models with selection on a single locus
in a class-structured population (Kobayashi et al. 2008) or with selection on two linked
loci (Biirger and Akerman 2011). Fusco and Uyenoyama (2011) investigated the con-
sequences of a selectively maintained polymorphism on the rate of introgression at a
linked neutral site under symmetric migration between two demes.

Here, we derive an explicit expression for the effective migration rate at a neutral
locus (N) that is located between the two selected loci, A and B. Recombination between
locus A (B) and the neutral locus occurs with rate pan (ong) such that p = pan+pons. Thus,
only one crossover event occurs in a sufficiently small time interval. We assume that pay
and pyg are positive, i.e., the neutral locus is not completely linked to a selected site. We
consider two variants at the neutral locus, N; and N,, each with arbitrary, positive initial
frequency in at least one deme. The frequency of N; in deme k(= 1, 2) is denoted by .
We model evolution at the three loci by a system of 7 X 2 ordinary differential equations
for the allele frequencies and linkage disequilibria (py, p2, g1, 92, D?B, DQB, ny, Ny, D’?N,
DQN, D'l\'B, D?B, D?NB, DQNB). We refrain from presenting the equations for the allele
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frequencies at the neutral locus and the associated linkage disequilibria because they are
a straightforward extension of those in Section 4.6 of Biirger and Akerman (2011).
Obviously, the equilibrium allele frequencies at the neutral locus are the same in each

deme and given by the initial allele frequencies averaged over the two demes:

myn;(0) N mn,(0)

(8.1)

n=mp=n=
m m

The equilibrium frequencies at the two selected loci are independent of the neutral locus
andz&, thus, the same as in the two-locus model treated above. The linkage disequilibria
involving the neutral locus (DN, D}®, and D{"®) are zero at equilibrium. By (8.1), there
is a one-dimensional manifold of equilibria resulting from the absence of selection at the
neutral locus.

We assume that parameters are such that the fully polymorphic equilibrium F is
admissible and globally asymptotically stable. Using the above order for the allele fre-
quencies and linkage equilibria, the Jacobian at the equilibrium F has block structure,

(Js 0
J—(O JN), (8.2)

where Js is the Jacobian describing convergence of (pi, p2, g1, g2, D2, D4®) to F, and
Jy is the Jacobian describing convergence of (111, np, D™, DN, DNB, DI DANB DINB) 1o
(n,7,0,0,0,0,0,0).

Because zero is the leading eigenvalue of Jy, the rate of convergence to equilibrium
at the neutral locus is determined by the second largest eigenvalue of Jy, which we
denote by Ay. We define the effective (total) migration rate by mes = —Ay (Bengtsson
1986, Kobayashi et al. 2008, Biirger and Akerman 2011). It can be checked that under

weak migration, i.e., to leading order in m; and m,, one obtains

PANPONB +m PANONB
1 2
(oan + a1)(pns + B1) (oaN — @2)(pnB — B2)

(a Mathematica notebook is available on request). If the neutral site is linked only to one

Meft = _/1N =m (83)

selected locus (e.g., because 8; = 5, = 0), then

et = mlPA:l)Tal * mzPAﬁA—Naz (8.4
is obtained. Thus, two linked selected loci act as a much stronger barrier to gene flow
than a single selected locus, especially if the recombination rate between the two loci
is not much larger than the selective coefficients. In Figure 9, the approximation (8.3)
of the effective migration rate my is displayed as a function of m for various parameter
combinations and compared with the exact value obtained by numerical evaluation of

An.



100 A TWO-LOCUS TWO-DEME MODEL

w 0020 | — and ® pan/p=1/50 .

5 [

Sﬁ --- and ®* pan/p=1/10 y

L + -
§ 0015 F| - — and v pan/p=1/2 v RS

. .

Qo v -7

T 0010 v

Y0} [ - o
3 . et
£ o005 Y- o---27"

g [

3

&=

=

0.00 0.02 0.04 0.06 0.08 0.10

Total migration rate, m

FIGURE 9. The effective migration rate meg as a function of m for @) = —a; =
0.1, 1 = —B> = 02, ¢ = 3, and p = 0.2. Recall that p = pan + png. Lines
show the weak-migration approximation of mes (8.3). Symbols give the exact
numerical value of mes = —Ay.

We note that me is (approximately) the sum of the two effective one-way migra-
tion rates (Biirger and Akerman 2011) and closely related to Kobayashi and Telschow’s
(2011) effective recombination rate. Our result complements their explicit example on
two-locus incompatibilities. We refer to their paper for the discussion of the relation of
this concept of an effective migration rate to that of Bengtsson (1985) and for applica-

tions in the context of speciation theory.

9. Discussion

The purpose of this investigation was to improve our understanding of how genetic
architecture, in particular recombination and locus effects, as well as the pattern and
amount of migration determine polymorphism, local adaptation, and differentiation in a
subdivided population inhabiting a heterogeneous environment. For simplicity, we re-
stricted attention to two linked, diallelic loci and to migration between two demes. The
study of diversifying selection in just two demes may also shape our intuition about cli-
nal variation if the two subpopulations are from different ends of the cline. If alleles
are beneficial in only one environment and detrimental in the other, local adaptation of
subpopulations and differentiation between them can be obtained only if a (multilocus)
polymorphism is maintained. Therefore, most of our mathematical results focus on ex-

istence and stability of polymorphic equilibria and on the dependence of the equilibrium
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configurations on the model parameters (migration rates, selection coefficients, recom-
bination rate).

The model is introduced in Section 2. Sections 3 and 4 are devoted to the derivation
of the possible equilibrium configurations and bifurcation patterns. They contain our
main mathematical results. Explicit analytical results about existence and stability of
equilibria were obtained for several limiting or special cases and are complemented by
numerical work.

The conditions for admissibility of all single-locus polymorphisms (SLPs) are given
in Section 3.1, those for asymptotic stability of the monomorphic equilibria (ME) in
Proposition 3.1 in Section 3.2. The stability of SLPs could not generally be determined
(Section 3.3). Weak migration is treated by perturbation methods in Section 3.4. For
sufficiently weak migration, there exists a globally attracting fully polymorphic equilib-
rium, F (Proposition 3.2). Its approximate coordinates are given by (3.16).

The complete equilibrium and stability structure could be derived under the assump-
tion of linkage equilibrium (Section 3.5). The unique, fully polymorphic equilibrium
F = F. is admissible and globally attracting if and only if all four SLPs are admissible.
Otherwise, one boundary equilibrium (SLP or ME) is globally asymptotically stable
(Proposition 3.3). These results extend straightforwardly to an arbitrary number of dial-
lelic loci. Based on these results, nonlinear perturbation theory establishes the existence
of a globally stable, fully polymorphic equilibrium in a perturbed parameter range if
recombination is sufficiently strong (Section 3.6). This equilibrium is in quasi-linkage
equilibrium and given by (3.21).

Also for completely linked loci all equilibria and their local stability properties could
be derived (Section 3.7). In this case, the fully polymorphic equilibrium F, (3.24) may
lose stability while it is admissible (3.28). At this threshold a boundary equilibrium
becomes stable by a ‘jump bifurcation’ (Proposition 3.4). In general, however, more
complicated equilibrium patterns than determined by Propositions 3.3 and 3.4 can occur,
in particular, multiple stable equilibria.

In Section 3.8, we apply perturbation theory to infer the equilibrium properties un-
der highly asymmetric migration from those derived for the continent-island model in
Biirger and Akerman (2011) and Bank et al. (2012). There, a stable (F) and an unsta-
ble fully polymorphic equilibrium may exist if recombination is intermediate, and F is
simultaneously stable with a boundary equilibrium. In general (Section 3.11), we can-
not exclude the existence of more than two internal equilibria or complicated dynamical
behavior. Numerical searches produced no such instances. What can be shown easily

is that, if p < oo, any fully polymorphic equilibrium exhibits LD. In all cases, where
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an internal equilibrium was calculated (numerically or analytically), it exhibited positive
LD.

In the super-symmetric case, in which selection in deme 2 mirrors that in deme 1 and
migration is symmetric, an assumption made in several applications, a fully polymorphic
equilibrium exists always and, presumably, is stable (Section 3.10). This is a highly
degenerate situation because if 6 # 0, only a monomorphic equilibrium can be stable for
sufficiently large migration rates (Proposition 4.3). If 6 = 0 (Section 3.9), then a fully
polymorphic equilibrium can exist for arbitrarily large migration rates if ¢ = ¢"® (see
also Section 4.11).

Whereas in Section 3 the focus was on the efficient presentation of the existence and
stability results of equilibria, in Section 4 these results are used to derive the possible
bifurcation patterns with the total migration rate m as the bifurcation parameter. All
possible bifurcation patterns could be derived under the assumption of LE (Theorem 4.4,
Figures 2 and 3), and under the assumption of complete linkage (Theorem 4.6, Figures 4
and 5). The latter case is considerably more complex. Interestingly, in each case, every
bifurcation pattern can occur for every ratio ¢ = my /m of migration rates by choosing the
selection coefficients appropriately. Hence, the assumption of symmetric migration does
not yield simpler equilibrium configurations than general migration if arbitrary selection
coeflicients are admitted.

In each of these cases (LE or p = 0), we determined the maximum migration rate

Mpmax admitting an asymptotically stable, fully polymorphic equilibrium (Corollaries 4.5

0
max

(m>,) for LE, i.e., m®, < m® . Although for strong recombination, niy,, can be very

max max — max-*

and 4.7). The maximum migration rate m_ . for p = 0 always exceeds or equals that

[e)
max

slightly smaller than m..  (Section 4.7), in the vast majority of investigated cases, Myax

is bracketed by m®, and m®_ (Figure 6, Section 4.11).

Proposition 4.3 demonstrates that a ME is globally attracting if migration is suffi-
ciently strong (except in the degenerate case noted above). If we interpret the equilibria
M, and Mj; as fixation of a generalist (A;B, and A,B; are haplotypes of intermediate
fitness), and M; and M, as fixation of a specialist (A;B; and A, B, are the locally adapted
haplotypes), then depending on the sign of 8 one of the generalists becomes fixed for
high m if ¢ is intermediate (i.e., ¢ < ¢ < ¢Bif 0 > 0, ¢® < ¢ < ¢ if < 0; but note
that, depending on the selection coefficients, both ¢* and ¢B can be arbitrarily close to 0
or 1.). The critical value m as well as ¢” and ¢® are independent of p. Otherwise, one of
the specialists becomes fixed for large m.

The fact that a generalist becomes fixed for strong migration is a distinct feature of
(balanced) two-way migration: in the CI model or if migration is sufficiently asymmetric

(¢ < ¢" or ¢ > ¢B if & > 0), one of the specialist haplotypes swamps the populations
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and becomes fixed. Another difference between highly asymmetric and more symmetric
migration patterns is that in the first case, it is always the locus under weaker selection
that first loses its polymorphism while m increases, whereas this not necessarily so in the
latter case (see Section 4.2 and Theorem 4.6, cases A3 and A4).

In summary, we determined quantitatively when the following three evolutionarily
stable states discussed by Kawecki and Ebert (2004) occur: (i) existence of a single
specialist optimally adapted to one deme and poorly to the other, (ii) existence of a
single generalist type which has higher average fitness in the whole population than than
any of the specialists, and (ii1) existence of a set of specialists each adapted to its deme,
1.e., coexistence in a polymorphism. Local adaptation and differentiation occur only in
case (iii).

In Section 5, we used the migration load in each deme to quantify the degree of local
adaptation. In Section 6 we introduced a new multilocus version of Fgr to measure dif-
ferentiation. If migration is weak, then local adaptation and differentiation decrease with
increasing migration rate and increase with increasing linkage between the loci (Figure
7). In particular, for given (small) migration rate, local adaptation and differentiation
are maximized if the fitness effects are concentrated on a single locus (corresponding
to p = 0 in our model). However, as discussed in Section 5, for high migration rates,
the migration load of the total population can decrease with increasing recombination or
migration rate. Similarly, at high recombination and migration rates, Fsy can increase
with increasing migration or recombination rate. Thus, for given, relatively high migra-
tion rate, Fst may be minimized at intermediate recombination rates. Apparently, it is
always maximized in the absence of recombination.

In Section 7, we investigated the conditions for invasion of locally beneficial mu-
tants. At an isolated locus, such a mutant can invade and become established in a
migration-selection equilibrium if and only if its advantage exceeds a threshold that in-
creases with the immigration rate of the wild type; see (7.3b). If, however, this mutant
occurs at a locus that is linked to a locus that is already in migration-selection balance,
then its invasion is facilitated, i.e., its local selective advantage can be smaller (Figure
8b). Equivalently, for given selection coefficients and total migration rate, the minimum
recombination rate needed for invasion increases if ¢, or the influx of the (deleterious)
wild type relative to the efflux of the new mutant, increases (Figure 8a). For the extreme
case of one-way migration from a ‘continental’ population to an ‘island’ population that
is adapting to a new environment, Biirger and Akerman (2011) proved that invasion
of a locally beneficial mutant is always facilitated by increased linkage to a locus in

migration-selection balance.
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Thus, our results complement the numerical finding by Yeaman and Whitlock (2011)
for a multilocus quantitative-genetic model that clusters of locally adaptive mutations,
or concentrated genetic architectures, build up in spatially structured populations with
opposing selection pressures in two demes. Because tighter linkage is required for in-
vasion under increasingly asymmetric migration rates, more concentrated architectures
and a greater advantage for recombination-reducing mechanisms (such as chromosome
inversions) should be expected for highly asymmetric migration. In finite populations,
invasion of new mutants occurs only with a certain probability, and genetic drift may
erase polymorphism. Numerical work, supported by analytical methods, has already
shed some light on the dependence of the probability of establishment of new, locally
adaptive mutations on the recombination rate and other factors (Yeaman and Otto 2011,
Feder et al. 2012). Analytical work on the role of genetic drift and finite population size
on these issues is in progress.

Our results also show that, in the absence of epistasis and under the present form
of balancing selection, reduced recombination between selected loci is favored, except
when migration rates are sufficiently symmetric and high (Section 5). Selection induc-
ing certain forms of epistasis may favor high recombination in structured populations
more easily (Pylkov et al. 1998; Lenormand and Otto, 2000; Bank et al. 2012). There-
fore, general predictions about the emergence of clusters of locally adaptive mutations
in regions of reduced recombination, or of genomic islands of speciation (Wu and Ting
2004) or of differentiation (Feder et al. 2012), can not be made in the absence of detailed
information about epistasis and the spatial pattern of selection and migration. At least
in the absence of epistasis, the most favorable situation for the emergence of such clus-
ters should occur in populations that are adapting to a new environment, still receiving
maladaptive gene flow but sending out only very few or no migrants (corresponding to a
continent-island model).

In Section 8, we derived the approximation (8.3) for the effective migration rate at
a linked neutral locus that is located between the selected loci. This approximation is
simply the sum of the two effective migration rates under one-way migration (Biirger
and Akerman, 2011). Because in the present model, polymorphism at the selected loci
is maintained by balancing selection, the effective migration rate may be greatly reduced
compared with the actual migration rate (see Figure 9). Thus, strong barriers against
gene flow may build up at such neutral sites and enhance (neutral) differentiation (see
Charlesworth and Charlesworth 2010, Chap. 8.3). Future work will have to study the

actual amount and pattern of neutral diversity at such sites in finite populations.
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A. Appendix

A.1. Sufficiency of the assumptions (2.3). By relabeling alleles, we can assume

without loss of generality (2.3a). Generically, one of the following nine parameter sets

applies:
0>0, a; <p;, and a, > B, (A.1a)
0>0, a; <p;, and a; < fs, (A.1b)
60>0, a; =B, and a; < B, (A.1c)
0<0, a; >, and @, < B, (A.1d)
0<0, a; >pB;, and a; > B, (A.le)
0<0, a; <B;, and a, > B,. (A.1f)

In addition, there are the following three parameter sets:

0= O, a < ,81 and ay > Bz, (Alg)
0= O, ) = ,31 and ar = ﬁg, (Alh)
6=0, o >ﬁ1 and (0%) <,82. (All)

The sets (A.1a) — (A.11) yield the complete parameter space of the selection coefficients.

We show that the parameter sets (A.lc) — (A.1f) can be derived from (A.la) and
(A.1b) by simple transformations. Let f denote the exchange of loci, i.e., f(ay) = Bk
and f(By) = ax, and g the exchange of demes, i.e., g(y) = —ay- and g(B;) = —Lr. We
observe that sign(f(6)) = sign(g(#)) = —sign(f) and

(Ala) D (A1d) 5 (A1) 5 (ALID), (A.2a)
(A.1b) 5 (A.le) (A.2b)

hold. Therefore, (2.3) is sufficient to describe the (generic) parameter region where
6 # 0. Since

(A.1g) 5 (A10), (A3)

(3.34) is sufficient to describe the degenerate cases 6 = 0.
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A.2. Proof of Proposition 3.1. At each monomorphic equilibrium, the characteris-
tic polynomial factors into three quadratic polynomials, P(1) = t;(A)t,(A)t3(1). Two of
them, #,(1) and £,(1), determine stability with respect to the adjacent marginal one-locus
systems. The corresponding conditions are already known from one-locus theory. The
third, #;(1), determines stability with respect to the interior of the state space.

In the following, we derive the stability conditions (3.10) and (3.11) for M;. Those
for M, can be deduced analogously or by symmetry considerations by taking into account
that (2.3b) implies min{a, 81} = @,. The stability analysis of M, and M3 is much simpler
and left to the reader.

For My, it is straightforward to show that
H) = 2+ [a1(1 +0) + ax(1 + o)A+ ajax(1 + oy + 02), (A.4a)
L) = 2+ [Bi(l+11) +Bo(l + )]+ BiBa(l + 71 + T2), (A.4Db)
13(0) = 22+ (a1 + @2 + B1 + Bo + 20 + my +my)A
+(a/1 +ﬁ1 + my +p)(a/2 +Bz + my +p) —myms. (A4C)
Because 1{(1) > 0 for every 4, 11(0) = (1 + o) + (1 +0) > 0if 0, < ~1,1(0) > 0
if and only if o + 0, < —1, and min,{z;(1)} < 0, we conclude that the two eigenvalues
emanating from ¢, are negative if and only if
(o] +O'2<—1. (ASa)
Analogously, the two eigenvalues emanating from #, are negative if and only if

T+ 1< -1, (A.5b)

and those originating from #; are negative if and only if
(a8 +m+p)az+ B +p)

a1 +Bi+p '
Conditions (A.5a) and (A.5b) yield (3.10).

Concerning (A.5c), we observe that it is always satisfied if p > —(a, + 5,) because

(A.5¢)

my >

then the right-hand side is negative. Next we show, that (A.5c) is also satisfied if p >
—a,. Because the right-hand side of (A.5c) is strictly monotone decreasing in p, it is
sufficient to prove that (A.5c) holds if p = —a,. Then simple rearrangement of (A.5c)
leads to the condition

my(ay + 1 — @) a1 +fi—ax+m

BB Bi

<0, (A.6)



A. APPENDIX 107

which can be rewritten as

a —a

T +T+ 1+ (1+1)<0. (A.7)

1
This is satisfied if (A.5b) holds because this also implies 1 +7, < 0. One shows similarly
that (A.5c) is satisfied if p > —f3,. Therefore, we have proved that M, is asymptotically
stable if (3.10) and (3.11) hold.

A.3. Calculation of equilibria with two polymorphic loci if p = 0. As shown in
the main text, by Corollary 3.9 of Nagylaki and Lou (2007) it is sufficient to assume that
A1 B, is absent, which implies Dy = pi(1 — gx) and p; < g;. Setting p = 0, we find from
the equations p; = 0 and ¢; = 0 (2.7) that

p2 = pilmy — a (1 = py) = B1(1 — q)l/my, (A.8a)
g =1-00-q)(m +aip +Big1)/m (A.8b)

holds at equilibrium. Substituting (A.8) into p, and ¢,, we obtain at equilibrium,

0= Pl[gl(l?l, 6]1) - a/%a/zpf —,B%ﬁzq?]/m%, (A.9a)
0=(1-q)lgAp1,q1) — Parp: - BiBagqi1/m?, (A.9b)

where g, and g, are quadratic polynomials in (p;, g;). The obvious substitution results

in the equilibrium condition

0 = araa(ar +BOpT + BBl + B)gi + (@1 + BBy + aaB)pig:
+ [mi(a12az + o) + @afr) — (a1 + )@ + ai(@z + B2))]p
+ [m(Ba(@r + 2B2) + axfy) — BifBa(ar + Bi)lg
+my[m (@ + Ba2) + ma(ay + P1) — (@1 + Bi)(az + B2)]. (A.10a)

It is easy to check that F( always fulfills this condition and it is the only solution satis-
fying 0 < p; = g¢; < 1. Hence, unless there is curve (p;, q;) of solutions of (A.10) that
passes through F( and through either a point on p; = O with0 < g; < lorong; =1
with 0 < p; < 1, Fy is the unique admissible solution of (A.10).

Because Fj has an eigenvalue O only if either (3.26) is satisfied or if |k; + k| = 1
(which occurs if and only if F( collides with either M; or M,), F is the only equilibrium
with both loci polymorphic, except when (3.26) is satisfied. In the latter case, a line of
equilibria exists, as we show now.

We calculate m, from (3.26) and substitute into (A.10). The right-hand side factor-

izes into two linear terms. Only one of them gives rise to admissible equilibria and, in
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fact, yields the manifold:
_ 0B — 1) —mi] — aiBi(@s + Ba)

a19

pi (A.11)

where 0 < ¢; < 1. The allele frequencies in the other deme are obtained from (A.S8). It
is straightforward to check that not only Fy, but also the equilibria P»; and Pg lie on
this manifold. In terms of the gamete frequencies, this manifold is a straight line.

A.4. Stability of F(. In this section we derive the stability of F.
As A1 B; is lost if p = 0 and (2.3) hold, it is sufficient to consider the dynamics (2.5)
in S5 X 3. In this case, the characteristic polynomial at F( factors into two quadratic

polynomials, P(1) = t;(4)t,(1). These are given by

1) =% + [(01 +B1—aa—B) VI —kikp — (my + mz)] A
+ (@1 + B2 +B) |1 + (k1 — k)T = Kike, (A.122)

1
H(d) =A% + 3 [011 +a, =B =P+ (a1 —ar+ B —B2) V1 _KIKZ]/l
1
) [—a1Ba(1 + VT = k1K) — i (1 = V1= kika)]. (A.12b)

The polynomial #; determines the stability with respect to the (effectively one-locus)
system where only ’alleles’ A; By and A, B, are present. It is convex with #,(0) > 0 if and
only if |k; + k»| < 1 (where the equalities correspond), i.e., whenever F( is admissible,
cf. (3.23). If [k + k5| < 1, t'l(O) > ( and ¢, attains a negative value at its minimum (as
can be shown easily). Therefore, all eigenvalues emanating from ¢, are real and negative
whenever F, is admissible.

The polynomial #, determines stability with respect to the interior of S3 X §3. It is

convex and attains its minimum at

1
Anin = 7 [(@1 + 2 = €2 = B)(1 = VT~ k)] (A.13)

where A, < 0 by (2.3a) and (3.22). As £(Amin) < 0, the eigenvalues emanating from ¢,
are real. As

1L(0)>0 = mm, <, (A.14)
where the equalities correspond and 7 is defined in (3.27), and because t’z(O) > 0, we

conclude that the two eigenvalues emanating from #, are negative if and only if (3.28)
holds.

A.S. Stability of SLPs under p = 0. For p = 0 it is sufficient to study the dynamics
(2.5)in S35 X §3. SLPs where %, > 0 (k = 1,2), i.e., Pa, and Pg, are unstable. It

remains to study the stability of Pa; and Pg.
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We present the analysis for Pa ; in detail, as results for Pg, follow analogously.
At Pa; the characteristic polynomial factors into two quadratic polynomials, P(1) =
11 (D)t (), given by

1) =2 + a1 (V1= 40105 - o) - aa(V1 = 4o + o) | A

+CY]CZ2[(O']—0'2)\/1—40'10'2—(1—40'10'2)], (AlSa)
1) :/12+%[2ﬁ1 +28, + a1(1 = V1 -doi0) + e (1 + V1 -4doy09)| 2
1
*3 [51(,32 + @) + Bolar +B1) + 01 - 0'102]~ (A.15b)

t; determines stability with respect to the one-locus system where B; is fixed. #;(0) = 0
if and only if |0y + 0| = 1, i.e., whenever Pp; collides with a ME according to (3.9a)
and (3.9b). Whenever |o| + 0| < 1, 1.e., Pa; is admissible (3.7), #;(0) > 0 and t'1 ) > 0.
As t'l/ (1) > 0 for every 4, t; attains a minimum, where it is straightforward to show that
takes a negative value at its minimum. Thus, all eigenvalues emanating from ¢, are real
and negative whenever P, ; is admissible.

1, determines stability with respect to the interior of S3 X §3. £,(0) > 0, if and only if
mymy > in, cf. (3.27), where the equalities correspond. Whenever m;m, > m, t’z(()) > 0.
As t'2' (1) > 0 for every 4, 1, attains a minimum, where it is straightforward to show that #,
takes a negative value at its minimum. Thus, all eigenvalues emanating from ¢, are real
and negative whenever m;m, > m holds. Otherwise, at least one eigenvalue is positive.

Combining the results obtained for #; and 1, it follows that P is asymptotically
stable if and only if

-l<oi+oy<land mm, >m (A.16)

hold. We note that m;m, > 7 is equivalent to (017, — 0,71)* < —(0 + 71)(0 + T2), and
our general assumption (2.3) implies 7y < o and 017, — 0,7 < 0. Using these relations
we can show with the help of Mathematica that (A.16) is incompatible with —1 < 71 +7,.

Consequently, Pg, is not admissible if P, ; is asymptotically stable.

A.6. The super-symmetric case. We prove that in the super-symmetric case of Sec-
tion 3.10, all SLPs are unstable.

We assume symmetric migration rates (m; = m, = m), equivalent loci (o = Bx = a),
and selection in deme 2 mirrors that in deme 1 (@ = —ay-). Thus, 6 = 0. Equilibria may
collide (thus leave or enter the state space) if and only if at least one of their eigenvalues is
zero. Eigenvalues are zeros of the characteristic polynomial, which has the form P(1) =
ceAS+- -+ A+co. If zero is an eigenvalue at an equilibrium, i.e., P(0) = 0, the constant

term ¢y must vanish. In the super-symmetric case every characteristic polynomials at an
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SLP has the same constant term
co = —a’p (2a2 Va? + m? + m(3m — p) Va? + m? — (a* + m*)(3m — p)) . (A.17)

One can show that ¢y = 0 is impossible if m > 0.

A.7. Important quantities and relations. The following section complements Sec-
tion 4.1. Here, we derive all relations of ¢* (4.2) and m* (4.3) needed in Sections 4.2 to
4.8 and in the proofs of the theorems there.

Using (4.9a), (4.9b), (4.5a), (4.5b), (4.12) and (4.13), we derive all possible inequal-

ities between m” and m®:

0<mh<mP = ¢®<g, (A.18a)

0<-mt<-mP = @ >p,and ¢ < B, (A.18b)
0<—mP < —mh {a2<ﬁ2 and ¢ < ¢, or (A.18¢)

@, > B, and ¢"B < ¢ < ¢P,
0<-mP<mh = ¢*<op<ep® (A.18d)
0<mh <-mP = ¢"®<op<p® (A.18¢)
where

0<mP<mh, 0<—-m" <mB, and 0 < m® < —m" are infeasible. (A.18f)

Using (4.6), (4.5), and (4.12)-(4.15) we obtain the following inequalities for m*:

O<m' <-m" = ¢Mp=0)<ep<p™, (A.19a)
0<-m<m" = ¢<oM(p=0), (A.19b)
O<m <m" = ¢ <p<ep™(p=0), (A.19¢)
0<m™ <m" = ¢M(p=0) <y, (A.19d)
0<m' <-m" &= ¢M(p=0)<¢<o, (A.19¢)
0<m' <-mP & ¢"®<op<¢® (A.19f)
0<m' <mh = ¢ <p<p® (A.19g)
O<m' <mP = ¢®<p<o(p=0), (A.19h)
0<-mt<m’ = ¢<¢™Mp=0), (A.19i)
0<-mP<m’ = ¢<¢"® (A.19j)
0<mh<m’ = ¢"B<o, (A.19k)
0<mP<m’ & ¢Mp=0)<d¢. (A.19])
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From (4.12), (4.13), (A.18), and (A.19¢) — (A.191) we infer
min{|m”|, |mB|} < m". (A.20)

Next, we derive the relations between m™ and m” or mP needed in the proof of
Theorem 4.6. As their derivation is lengthy, the reader may wish to skip the proof and
go immediately to the results given by (A.37) and (A.38).

B

Our approach to derive the possible relations between m™ and m” or m® is as follows:

First, we derive all relevant relations of ¢* (4.2) for arbitrary recombination p. We use
these relations to determine the required relations between m”*, m®, mM' and mM* for
arbitrary p. By setting p = 0 in the results obtained and by the equivalence given in
(4.10), the possible relations between m™ and m” or m® follow immediately.

By definition, the values ¢, ¢B, ¢, "B, p*B, pAF0_ and ¢B 0 (4.2) are independent
of the recombination rate p. Their relations under (2.3) are given in (4.12), (4.13), and
(4.14).

The values g™, g™, g™+, and ™ (4.2) depend on p, and we analyze this dependence
in the following. The conditions which determine the admissibility of " and M (i =
1,4) are:

0<oM <l = 0<p<-Brorp>—-ar—ps, (A.21a)
0<M<l = 0<p<-aorp>—-ar—ps, (A.21b)
0<p™ <1 = 0<p<ajorp>a+p, (A.21c)
0<d <1 = 0<p<pPiorp>ar+ps, (A.21d)
with the relations
0<p<—B = 0<o" <¢”, (A.22a)
O<p<a = ¢®<o™ <. (A.22b)

To determine further relations of oM, oM, oM+ and ¢™, we define the following critical

recombination rates:

oM = afi(ar + B1) — a1far(ar + B)

20
4 V(@Bi(ar + i) — a1ﬁ2(0219+ B2))? — 462 (arp3) + 621,32)’ (A232)
0@ + @) + aoff] — aif;
- 26
V0@ + @) + @} — )2 - 402@afy + (@2 + o)
N (A.23b)

20 ’
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oM = a1Bo(ay + fa) — axfi(az + By)

260
N V(@ iBa(a; + o) — a’zﬁl(aée"‘ B1))? — 462 (ar31 + 0’1[32), (A23¢)
e OB+ + @i — a3f
pe= 20
VOB + o) + 3y — a3a)? — 46%aspy + Bolas + 1)
N . (A23d)

26
Next, we determine the admissibility of p* and p* defined in (A.23). Therefore, we
partition the selection parameters satisfying (2.3) and 8, > @, according to

a1B(Br — ay)
ﬂz > ) + IB] (a] +ﬁ] —Bz) > (A24a)
and BB — )
a 10202 — @
ay + ﬁ] (al +IBI —IBZ) >ﬁ2 > as. (A24b)

Analogously, the selection parameters satisfying (2.3) and 8, > «a; can be partitioned

according to
a1 (a) — @)

+ >
Bolay —az — Br)

B> a; ay (A.25a)

and ( )
a @y —ay

a + > B > «a. A.25b

: Bala) —ar — B) b : ( )

Using these partitions, we obtain that p* and p* satisfy the following relations (as can be
checked with Mathematica):

Mo <~ < B, = B <a, (A.262)
M<pM=—ar=-p = p=m, (A.26b)
B <M < —a, < p™ < —, — B, & (A.24a) holds, (A.26¢)
M < B, <—a,<p" < -, -8, & (A.24b)holds, (A.26d)
a, <M < B <p™ <a,+B8 < (A.25a)holds, (A.26¢)
M<a <B<p™<a+B8 = (A.25b)holds. (A.26f)
As p > 0 and (2.3) hold, we obtain that
gl =M = p=-ay-porp=p", (A.27a)
=" = PP=g" = p=p", (A.27b)

Pt =" = p=p", (A.27¢)
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and
oM =M = p=a,+p orp=p", (A.28a)
¢° =" = p=p", (A.28b)
where
¢A = ¢M‘ and ¢B = ¢M4 are infeasible. (A.28¢)

We derive the following relations additinal to (A.22a) and (A.22b), using (A.26) and
(A.27):

0<M <9 = M <p<-ay, (A.292)
<M<l = 0<p<p™, (A.29b)
and

<M<l = pM<p<p, (A.30a)
0<dM™ <¢p® = 0<p<p™, (A.30D)

and by recalling (4.13):
B <M < ¢ = PBr<a,and0<p<pM, (A.31a)
0<oMM <" = B <a,and p™ <p < —a,. (A.31b)

Now we derived all relations between ¢* necessary to deduce the relevant relations be-

tween mM' (m™+) and m*, m®.

First, we note that under (2.3), m™ > 0if ¢ < ¢* and m™* > 0 if ¢® < ¢.

In the following, we derive all possible relations between m”*, mB, and mM

where
we assume that ¢ < ¢* (otherwise M, is unstable, cf. Proposition 4.1, and m™' is not of
particular interest). By (4.5a), (4.5b), (4.12), (4.13), (A.22a), (A.27), (A.29), and (A.31),
we obtain that

B A M

O0<-m"<-m<m —

<aandp < p™ and B <@ < oM, or
B> 2 pP<p Iy p<¢ (A.32a)
Br>a,andp < —B, and ¢ < oM,

0<-mh<-mP<mM =

By <y and p<pt and ¢ <@ or (A.32b)
2 2 - .
oM <p<-a, and ¢ < M,

A

0<-mt=-mP<mM & B,<a, and p <pM and ¢ = "8, (A.32¢)
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and

0<-mP <™ < - =

Br<a,andp <pM and oM < ¢ < ¢*, or
Br<arand pM < p < pM and oM < ¢ < M, or
(A24a) and p < =3, and o™ < ¢ < ¢*,0r
(A24a)and — B, <p <M and ¢ < ¢*,or
(A.24a) and pM < p < —a, and ¢ < M, or
(A24b)and p < p™M and M < ¢ < ¢*, or
(A24b)and pM < p < =B, and M < ¢ < M or
(A24b)and — B, <p < —a, and ¢ < ¢V,

0<-m"<m" <-mP =

oM <p<—a, and M < ¢ < oM or
B2 < @y and
—a, <p<—B, and ¢ < ¢,

0<mM < -m® < - =

B <aryand pM < p < p" and ¢ < ¢ < @*, or
Br < arand pM < p and @B < ¢ < ¢P, or

Br>arand pM < p < —B, and g™ < ¢ < ¢*, or

Br>a,and — B, <p and ¢ < ¢*, or

0<m" < - < -mP =

oM <p < =B, and oM < ¢ < ¢"B, 0r
B2 < @, and .

—B, <p and ¢ < ¢"B.
From (A.18f) it follows that

0 < —m? < =m® < mM" occurs never if B = as,

Mi < —mP occurs never if 8, > @,

0<-m"<m
0 <m™M < —m" < —mP occurs never if Br > .

A B

(A.33a)

(A.33b)

(A.33¢)

(A.33d)

(A.34a)
(A.34b)
(A.34¢)

To derive all possible relations between m”, m°, and mM we assume ¢ > (/)B (cf.
Proposition 4.1). By (4.5a), (4.5b), (4.12), (4.13), (A.22b), (A.28), and (A.30), we obtain

that

0<mt<mP<m™ = p<a; and o™ < ¢,

(A.35a)
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O0<m <M <P =

(A25a) and p < @; and ¢ < ¢ < ™, or
(A25a)and @) < p < p™ and ¢B < ¢, or
(A.25a) and pM < p < B; and ™M < ¢, or

(A.35b)
(A.25b) and p < p™* and ¢B < ¢ < o™, or
(A.25b)and p™ < p < @) and g™ < ¢ < o™+, Or
(A.25b)and a; < p <B; and g™ < ¢,
0<m™ <mh <mP =
{,5'\"4 <p<p and ¢B < ¢ < "™, or (A.350)
B <p and ¢B < ¢.
From (A.18f) it follows that
0 <m® <m® <m™ occurs never if @, < Bi, (A.36a)
0 <m® <m™ <m? occurs never if «a; < Bi, (A.36b)
0 <m" <mP <mh occurs never if o, < Bi. (A.36¢)

If ¢ < ¢" or ¢ > ¢B, the relations involving m™, m* and m® follow immediately by
(4.10), i.e., by setting p = 0 in the relevant formulas in (A.32)-(A.35). The remaining
cases where ¢* < ¢ < @B can be calculated easily using 0 =a — B152, (4.5), (4.15),
and (A.18). Then, all admissible relations are:

Fo

0<-mt<-mP<-m" & a,>p and ¢ < @, (A.37a)

ay > B, and ¢*P < ¢ < o™, or
0<—mP < —mb < -t e |27 F AN IT<O<I (A.37b)
@, < B and ¢ < g™,
0<mh <-mP<-m" & 6>0 and ¢"® < ¢ < g™, (A.37¢)
<0 and ¢ < ¢ < @™, or
0<-mP<mh<-m" = { ¢ b<¢ (A.37d)
6>0 and ¢ < ¢ < ¢"B,
<0 and ¢"B < ¢ < ¢80 or
0<mh<-mP<mh = {_ pr<p<e (A.37¢)
6>0 and ¢M < ¢ < ¢,
0<-mP<mh<m™ — 0<0 and ¢™ < ¢ < ¢"®, (A.37f)
0<mh<mP<m™ = ¢Mp=0) <o, (A.37g)
0<-mP<—-mh<-m" = ¢Mp=0)<¢<o, (A.37h)
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0<-mP<—-m <mh = o¢"<¢<p, (A.37i)
0<mh <m™ <-mP = ¢ <¢p<¢® (A.37))
0<mh<m™<mP = ¢B<¢<o™M(p=0). (A.37k)

Because other strict inequalities between m”, mB, and m™ do not occur, we infer

min{|n?|, [mB|} < [m™|. (A.38)
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The consequences of dominance and gene flow for local adaptation

and differentiation at two linked loci

A. AKERMAN

ABSTRACT.  We study a population subdivided into two demes connected by migration in
which selection acts in opposite directions. We assume two linked diallelic loci with intermediate
dominance (i.e., no over- or underdominance) but no epistasis. Generations are discrete and
nonoverlapping. We explore the effects of dominance, recombination, and migration on multilo-
cus polymorphism, local adaptation, and differentiation. For weak migration, as well as for weak
selection, we derive the equilibrium and stability configuration explicitly. As a special case, we
analyze a continent-island model in continuous time (CI model). For the CI model we obtain
the equilibrium and stability configuration explicitly for weak migration, for independent loci,
and for complete linkage. For independent loci we obtain the possible bifurcation pattern as a
Jfunction of the migration rate. This pattern depends strongly on the degree of dominance. We
determine the effects of dominance, linkage, and migration on the amount of linkage disequilib-
rium (LD) and on local adaptation. We obtain explicit formulas of D (= x1x4 — x2x3) and r*
(the squared correlation in allelic state), and show that dominant island alleles increase D and
decrease r?. Local adaptation is elevated by dominant island alleles. In addition, we investigate
the effective migration rate at a linked neutral locus and show that linkage to highly dominant
island alleles does not decrease the effective migration rate significantly below the actual one.
Finally, we study differentiation of a quantitative trait subject to diversifying selection. We obtain

explicit expressions for Qs and two types of Fsr at equilibrium.

1. Introduction

Despite extensive treatment in the literature, the interplay of the evolutionary forces
selection, recombination, and migration is far from being well understood. When it
comes to local adaptation and its conceptual issues, the examination of these interactions
is inevitable (Lenormand, 2002; Kawecki and Ebert, 2004). Also, the exploding amount
of data obtained by genome-wide sequencing of individuals from different geographical
regions cannot be assessed properly without comprehending the effects of selection and
migration on multilocus variation and the effects of genetic architecture (Charlesworth
et al., 1997; Nordborg and Tavaré, 2002; Slatkin, 2008).

117
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For one-locus models, both general theory and the study of numerous particular mod-
els have provided considerable insight into the evolutionary consequences of the inter-
action between migration and selection (reviewed by Karlin, 1982; Lenormand, 2002;
Nagylaki and Lou, 2008). Several one-locus models incorporating selection and migra-
tion investigate the effect of dominance on the maintenance of polymorphisms (Prout,
1968; Nagylaki and Lou, 2001, 2007; Nagylaki 2009; Peischl 2010). In these mod-
els dominance is intermediate. In structured populations, intermediate dominance is of
particular interest as stable polymorphisms can be maintained. With panmixia, stable
polymorphisms are admissible if and only if alleles exhibit overdominance.

Recent years showed some progress in the study of the joint evolutionary effect of
migration, selection and linkage. Due to the increased complexity by considering several
evolutionary forces simultaneously, the theory of multilocus migration-selection models
focuses on limiting or special cases. These include weak or strong migration (Biirger
2009a, b) or the Levene model (Nagylaki 2009; Biirger 2009c, 2010; Barton 2010). In
all of these cases, linkage disequilibrium (LD) is weak or absent.

Recently, simple but informative migration models have been studied where high
levels of LD may be maintained. These include the continent-island model (Biirger and
Akerman, 2011; henceforth cited as BA11) and the two-deme model with forward and
backward migration (Akerman and Biirger, 2013) where genic selection is assumed (i.e.,
absence of dominance and epistasis). Ignoring dominance, Bank et al. (2012) investi-
gated the continent-island model with epistasis. In these works, the effects of gene flow
on local adaptation, on differentiation, and on the maintenance of polymorphism at two
linked diallelic loci in the absence of dominance were investigated. They obtained ana-
lytical characterizations of the possible equilibrium configurations and bifurcation pat-
terns for wide ranges of parameter combinations. In particular, explicit formulas were
derived for the maximum migration rate below which a fully polymorphic equilibrium
can be maintained.

Only few multilocus migration-selection models investigate the evolutionary con-
sequences of dominance, as it leads to substantial mathematical complications (Biirger
2009a, b, c, 2010; Nagylaki 2009; Chasnov 2012). With this work, we want to shape our
intuition about the interplay of migration and linkage on multilocus variation exhibiting
dominance. The main goal of this paper is to explore and quantify the role of inter-
mediate dominance on linked loci for local adaptation in the presence of maladaptive
gene flow. For simplicity, we study a population inhabiting two demes interchanging
migrants. We consider two diallelic loci A and B, where alleles A; and B; are favored in
deme 1 and alleles A, and B, are favored in deme 2. Recombination between the loci is

arbitrary. We assume that dominance is intermediate (no over- or underdominance) and
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assume absence of epistasis. Mutation and random drift are neglected. Generations are
discrete and nonoverlapping.

We introduce the model in Section 2. In Section 3, we derive the equilibrium and
stability structure for two important special cases: weak migration and weak selection.
In Section 4, we study the limiting case where selection, recombination, and migration
are weak, and where migration is in one direction only. Under these assumptions, the
continuous-time continent-island model (CI model) is obtained from the discrete-time
two-deme model. For the CI model, we investigate several special cases: weak migra-
tion, independent loci (linkage equilibrium; LE), and complete linkage. For these cases,
we derive the possible equilibrium structure and the bifurcation patterns. We show that
the equilibrium and stability structure maintained in the population depends crucially
on the degree of dominance, in particular if linkage is loose. One explanation may be
that strong recombination facilitates the formation of heterozygotes, where dominance
becomes evident only. We relegate several purely technical proofs of results derived in
Sections 3 and 4 to the Appendix.

In Section 5 we treat several applications of the results obtained in Sections 3 and 4.

In Section 5.1 we investigate how two widely used measures of LD, D and r, depend
on the amount of dominance and on linkage. We show that D is elevated and 7 is reduced
if the locally adaptive alleles are dominant. In Section 5.2, we use the migration load to
quantify the dependence of local adaptation on the recombination rate and the degree of
dominance. Our analysis shows that elevated levels of local adaptation are to be expected
if the locally adaptive alleles are dominant.

In Section 5.3, we study the strength of barriers to gene flow at neutral sites linked
to the selected loci by deriving an explicit approximation for the effective migration rate
at a linked neutral site. We show that gene flow at the neutral locus experiences the
strongest barrier if the locally adaptive alleles are recessive or if there is no dominance.
If the locally adaptive alleles are completely dominant, linkage has (almost) no effect on
the effective migration rate and gene flow at the neutral locus is not significantly reduced.

In Section 5.4, we investigate a quantitative trait subject to diversifying selection.
Our main focus lies on determining the amount of differentiation under maladaptive gene
flow. To this aim, we analyze three different measures of differentiation known from the
literature: (i) Fg7, which is Fgr averaged over the two loci, (ii) F é‘T,
introduced in Akerman and Biirger (2013), and (iii) Qs7, which measures differentiation

a multilocus Fgr

of the trait. We derive informative explicit approximations of these measures and their
relations. Using these, we determine the effect of the parameters, especially dominance

and linkage, on the differentiation of the measured trait and of the genotypes.
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2. The model

In the following we introduce the discrete-time two-deme migration-selection model
for two diallelic loci. Throughout the paper we ignore mutation, stochastic effects, and
epistasis. The population is assumed to be diploid, monoecious, and infinitely large.
Generations are discrete and nonoverlapping. The population is subdivided into two dis-
crete demes (throughout denoted by k& = 1, 2) wherein random mating occurs. Therefore,
offspring are in Hardy-Weinberg proportions.

Alleles are denoted by A, A, at locus A and by Bj, B, at locus B. The frequencies
of the four gametes A B, A1 B,, A2B,, and A,B, in deme k = 1,2 are designated by x4,
X2k, X34, and x4y, respectively. For every deme the state space is given by the probability
simplex S4, where S4 = {(x], X2, X3,%4) . x; =0 and Z?zl X; = 1}. The complete state
space is S4 X S 4.

As we neglect epistasis we can assign fitness to each locus independently of the other
locus. Assuming absence of position effects, the fitness matrix in deme k = 1,2 is given
by

B 1B 1 B le BZBZ
AlA 1+Clk+bk 1+ ay + ovby 1+ak—bk
AAry | 1 +har+by 1 +Nha+obe 1+ — by ) (21)
ArA, 1—a;+ by 1 —a + oy 1—a,— by
where a; # 0 and b, # O are the selection coefficients at locus A and locus B in deme
k = 1,2, respectively. Dominance coeflicients are denoted by J; and o and fulfill
|0 <1 and |o| <1 (k=1,2), (2.2)
i.e., we ignore over- and underdominance. There is no dominance if
Mh=0,=0 fork=1,2, (2.3)
and there is deme-independent degree of dominance (DIDID) if
Hh=th=9 and o =0,=0; 2.4)
see Nagylaki (2009). For definiteness
lai] + 1bil < 1 (2.5)

is assumed. Without loss of generality, we assume

ar>0>a and b1 >0> bz. (26)
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Let r € [0, %] denote the recombination probability between the two loci, where r = 0
corresponds to complete linkage and r = % to free recombination. The probability that
an individual in deme 1 (deme 2) immigrated from deme 2 (deme 1) is denoted by m
(my). We assume 0 < my < 5 fork = 1,2,

We denote the marginal fitness of gamete i = 1, 2, 3,4 and the mean fitness in deme
k=1,2by W;; and W,, respectively. Let Wisr = 1 + Sy + 0B in deme k = 1,2 and
m =n4 = -y = —n3 = 1. Then the frequency of gamete i = 1,2,3,4 indeme k = 1,2

after selection and recombination (x,) and after migration (x;. ) 1s given by

Xij Wik — nirDiWiay
9

Xy = e (2.7a)
and
x;’l = (1 =myp)x;; + mx;, and x;’z = myx;; + (1 —my)x;,, (2.7b)
where
Dy = X1 X4k — X204 X3k (2.8)

is the measure of LD in deme k = 1,2. If D;, = 0 (k = 1,2), we speak of LE.
Instead of gamete frequencies it is often more convenient to use the allele frequencies
of A; and By,

Pk = Xip+ X2 and  qp = X4 + X34, (2.9)

respectively, and the measure D, of LD in deme k = 1,2. Then the gamete frequencies

X;x are obtained from py, gx, and Dy by
X1k = Prqk + Dy, ok = pr(l = q) — Dy, (2.10a)
X3k = (1= pgr — Di, X = (1 = p)(1 = qi) + Dy (2.10b)
The constraints x;; > 0 and Z?:l xix =1fori=1,2,3,4, and k = 1,2 transform into
0<pr<land 0<g <1 (2.11a)
and
—min {piqy, (1 — p)(1 = g} < Dy < min{p(1 — gi), (1 = pi)gu} - (2.11b)
The mean fitness is given by
Wi =1 —ar(1 = 2p = 2pi(1 = p)9) = Bl = 2q1 = 2qu(1 = qi)os). (2.12)

Applying the transformations in (2.10) to x7, given in (2.7a), the allele frequencies

of A; and B in deme k = 1, 2 after selection and recombination are

Dp = x”[,k + xzk and ¢q; = x’f’k + X;,k, (2.13a)
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and the measure of LD in deme k = 1, 2 after selection and recombination is
Di; = X\ Xy — X1 X3 (2.13b)

The allele frequencies and LD in deme k = 1, 2 after migration are

py = —m)p; +mp;,  p,=mp;+ (1 -m)p;, (2.14a)
g, = (L=m)g; +mq;, g, =mg; + (1 —my)gs, (2.14b)
D\ = (1 = m)D;} + mDy + mi(1 = m)(p} — p3)(q} — 45). (2.14c)
D) = myD} + (1 = my)Djy + my(1 — my)(p} — p3)(q; — 4), (2.14d)

where the equations for D;{ were derived in Li and Nei (1974).

3. Equilibria

Equilibria of (2.14) satisfy p, = px, ¢, = qi. and D, = Dy for k = 1,2. Three types
of equilibria can be characterized: (i) monomorphisms, (ii) single-locus polymorphisms,
and (iii) two-locus (full) polymorphisms. Monomorphisms and single-locus polymor-
phisms are in LE, i.e., they are located at the boundary of the state space where Dy, = 0
for k = 1,2. At a monomorphism both loci are fixed for one allele throughout the pop-
ulation. Single-locus polymorphisms are defined as polymorphisms where at one locus
one allele is fixed and at the other locus two alleles are segregating. Full polymorphisms
are equilibria where all alleles are present with positive frequency.

There are four monomorphisms, which are given by

M, (A\B; fixed): pr=1, ge=1, D=0 for k=1,2, (3.1a)
M, (AiB, fixed): pe=1, =0, Dy=0 for k=1,2, (3.1b)
M; (AyB, fixed) :  pr =0, g =1, ﬁk =0 for k=1,2, (3.1¢)
M, (AsB, fixed):  pr=0, g =0, Dy =0 for k=1,2, (3.1d)

where a ” signifies an equilibrium.

On the marginal one-locus systems, the stability of the monomorphisms is known
from the theory of protected polymorphisms (Maynard-Smith 1970; Bulmer 1972; Nagy-
laki 1992). If a (single-locus) polymorphism is protected, the two neighboring monomor-
phisms are unstable. The local stability of the monomorphisms with respect to the in-
terior of the state space can be derived, but the explicit formulas of the eigenvalues
pointing inwards the state space (which depend on the recombination probability r) are
complicated and uninformative. We refrain from presenting them.

If there is migration in both directions between the demes and if dominance is absent

(2.3), the equilibrium frequencies of the single-locus polymorphisms can be calculated
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explicitly (formulas not shown). In this case, generically, at most one single-locus poly-
morphism is admissible at each one-locus system.

If there is arbitrary dominance, the explicit frequencies at the single-locus polymor-
phisms and at the full polymorphisms cannot be calculated, as this would require solving
polynomial equations of order higher than three. In the following sections, we study
several informative special cases where we derive the possible equilibrium and stability
structure explicitly. We investigate the limiting case of weak migration in Section 3.1,
and of weak selection in Section 3.2, respectively. In Section 4 we analyze a continuous-
time continent-island model (CI model) with dominance. This system can be obtained
from the discrete-time model (2.7) if selection, recombination, and migration are weak
and migration is in one direction only. We study the CI model for weak migration (Sec-
tion 4.3), for LE (Section 4.4), for complete linkage (Section 4.5), and for completely
dominant island alleles (Section 4.6).

The maximum number of admissible full polymorphisms derived by the subsequent
analysis and encountered in numerical simulations which supplement our analysis (de-

tails not shown) was four.

3.1. Weak migration. In the absence of migration, m; = m, = 0, the dynamics in
the two demes are decoupled. If there is intermediate or complete dominance (2.2), the
fittest haplotype is fixed in the respective deme. Considering the two demes together, the
globally asymptotically stable equilibrium in the absence of migration is given by

Fo : ﬁ] :él =1, ﬁ2:€[2:o, D] :DZZO- (3.2)

Fo is globally asymptotically stable as mean fitness increases in every deme if fitnesses
are additive (Ewens, 1969). The eigenvalues at F( are given by

1+191(11+b1 F 1+Cl]+0'1b1 F 1+191611+O'1b1
A= — 0 1 oL " =1 - , 3.3
! 1+a +b; 2 1+a;+b; s == l+a +b -3)
1+ %ar— by F 1—(12+0'2b2 F 1+ %hay + 02by
Ao=—— 22 2 qfo_Z 227 7P B o (1- . 34
4 1—a2—b2 3 1—(12—[?2 6 ( r) l—az—bz ( )

All eigenvalues are real and positive. From the assumptions (2.2) and 0 < r < %, the
relations /150 # 1 and /16F° # 1 follow. Fy is hyperbolic (i.e., no eigenvalue lies on the unit

circle) if and only if the dominance coefficients satisfy
H#1 oror#1 or % #-1or op #—1. 3.5)

Beside F (3.2), other equilibria are admissible if m; = m, = 0: The monomorphisms
M; (i=1,2,3,4) (3.1), eight single-locus polymorphisms, and three other (unstable) full
polymorphisms exist; see Appendix A.l for details. The monomorphisms and the single-

locus polymorphisms are unstable with respect to the complete state space. The unstable
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full polymorphisms are located at the boundary of S 4XS 4 in LE. Under complete linkage,
r = 0, and in the absence of migration an unstable full polymorphism in LD may be
admissible (not shown). It is located on the boundary connecting x,; = 1 (A, B, fixed)
and x3; = 1 (A, B, fixed) for deme k = 1, 2. This full polymorphism is not of interest, as
it leaves the state space under positive migration rates. If » > 0, equilibria in LD are not
admissible (see Biirger 2000, Section II.1).

If dominance coeflicients satisfy

1< <1 and —-1<o0r<1 fordeme k=1,2, (3.6)

generically, all equilibria are hyperbolic in the absence of migration (not shown). For
sufficiently weak migration, Theorem 5.4 in Biirger (2009a) guarantees that the perturba-
tion of F( for small m; > 0 and m, > 0 is admissible in a sufficiently small neighborhood
of the unperturbed equilibrium F,. Moreover, its stability is preserved, i.e., it is globally
asymptotically stable. We note that the results by Karlin and McGregor (1972) imply
only asymptotic stability.

A straightforward calculation using series expansion gives the equilibrium, which
we denote by Fy,, up to first order in m; and m;:

n 1+a1+b1 a1(1—01)+r(1+191a1+0'1b1)
pr=1-m , (3.7a)
a1(1 —191) a](l —191) +b1(1 —O']) + I’(l + %ay +O'1b1)
" 1+a1+b1 b1(1—0'1)+l"(1+191611+0'1b1)
Gg=1-m , (3.7b)
bl(l - 0'1) Cl](l - 191) + bl(l - 0'1) + l"(l + 191(11 + O'lbl)
A 1+Cll +b1
= , 3.7
L =0 + bi(l— o) + (1 + dyay + o1by) (37¢)
" 1- a — b2 —az(l + 192) + I"(l + 192612 + O'sz)
P2 = nip . (37(1)
—612(1 + 192) —612(1 + 192) - b2(1 + 0'2) + I"(l + 192612 + O'sz)
n 1—a2—b2 —b2(1+0'2)+r(1+192a2+0'2b2)
G = my ; (3.7¢)
—bz(l + 0'2) —612(1 + ’02) - b2(1 + 0'2) + r(l + 192612 + O'zbz)
- 1—a,—b
D, = 4 =% (3.7f)

g —ay(1 + %) = ba(1 + ) + r(1 + Dhas + 02bs)’
If dominance coefficients satisfy (3.6), Fp, is unique, i.e., the three unstable full poly-
morphisms that exist if m; = m, = 0 leave the state space if m; > 0 and m, > 0 are
sufficiently small. The proof is given in Appendix A.1. If dominance coeflicients sat-
isfy 4y = -1, 0y = -1, 9, = 1, or 0, = 1, the weak-migration approximation (3.7)
of the asymptotically stable full polymorphism F, applies, but F,, may not be unique:
Whenever |th| = 1, || = 1, || = 1, or o] = 1, there exist boundary equilibria of the
dynamics (2.7) in the absence of migration which are not hyperbolic if m; = m, = 0.
Under weak migration, these equilibria may give rise to additional full polymorphisms

(details not shown).
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By (3.7), it follows that up to first order in m,, m, the allele frequencies p; and g; and
the measure D; of LD in deme k& = 1,2 at F, depend only on the amount of selection
(and dominance) in deme k.

From our assumptions on the selection coefficients (2.5) and (2.6), and on the domi-
nance coefficients (2.2) it follows that F, exhibits positive LD. Tighter linkage leads to
larger LD and elevates the equilibrium frequency of the locally adaptive alleles within
the respective deme because

oD, oD,

= < 0, == < 0, and (3.8a)
0p, 04, op> 04>
o < 0, o < 0, e 0, > 0. (3.8b)

Next, we study how the equilibrium frequencies and the amount of LD at F,, depend
on the degree of dominance. It can easily be checked that
op op 0q 0q
a_lz;,t<0’ a%’;w, a—g’;<o, a%’;w for k=1,2. (3.92)
This means that if for example in deme 1 the locally adaptive allele A, is partially dom-
inant, i.e., 0 < 9, < 1, the frequency of A, in deme 1, 1 — py, is elevated compared to
the case where dominance at locus A is absent. The reason is that in this case the fitness

of heterozygotes is similar to the fitness of the adapted genotype and A, is masked in

heterozygotes.
Moreover, A . . .
g—§j>0, ‘;%>O, 68—11;22<0, %<O, (3.9b)
such that in deme 1
% >0 for i=2,3,4, and @ <0 (3.9¢)
o oh
hold, and in deme 2
0%;n . 0%4,
—= <0 for i=1,2,3, and = > 0. (3.9d)

0, 0%,

Analogous relations to (3.9¢) or (3.9d) hold for o} or o, respectively. It follows from

(3.9b) that partially dominant adaptive alleles (i.e.,0 <, < 1,0 <0 <1, -1 <1, <0,

or —1 < 0, < 0 hold) elevate the amount of LD in their respective deme. By (3.9c) and

(3.9d), this elevation mainly results from an increase of the frequency of the maladapted,
homozygote haplotype (i.e., X4 in deme 1 or %4, in deme 2).

Completely dominant adaptive alleles. Note that if (3.5) would not hold, i.e., ¥ =1,

oy =1,% = -1, or 0, = —1, some denominators in (3.7) would be zero. In this case,

the approximation (3.7) of F, is not admissible. In the following, we briefly analyze a
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special case where dominance coefficients satisfy
19120'1:—192:—0'2:1. (310)

In this case, F( (3.2) is not hyperbolic; cf. (3.5). Assuming a positive recombination
probability (0 < r < %) and (3.10), we obtain the approximation of Fn, by performing a
nonregular perturbation of F, for weak migration. It is given by

l+a;+b l+a+b)(d—-a,—-b b
pr=1- \/ml# 4 \/mlmz( arb)d=dr=by) i (b gy,
2a, —2aa, 2r N a;

. l+a +b \/ I+a,+b)(1—ar—b) my [a
1= iy — O m mo4 G
o \/ Top, TN —2b1b, TR

my

D, =—, (3.11¢c)
r
[— 1+a +b)1-a,—b b
By = \/mz—“2 2 \/mlmz( atb)da=by) _ma [ba g
—2a, —2aa, 2r N ay
n 1 —az—bz \/ (1 + a; +b1)(1 —az—bz) my a,
= ST L 311
42 \/m2 Db, o\ “2bib, 2r \ b, (3.11e)
h, =" (3.11f)
r

Interestingly, the amount of LD in deme k = 1,2 is independent of selection up to first
order in my. Provided that r > 0, the formulas of D, in (3.11) are equal to those of D, in
(3.7) if the dominance coefficients satisfy (3.10).

If linkage is tight (r = 0), Fy, is approximated by

1+a;+ b A
A:A:I—wf — ., D; =p(1 - py), 3.12
P1=q m 2(a, + by) 1= pi( P1) ( a)
1—612-[72 A
A:A: O D:Al—A. 312b
P2=q> ‘/mz—Z(a2+b2) h = Pl D2) ( )

At this equilibrium, %, = %34 = 0 (k = 1,2) and strong LD is maintained.

In summary, if dominance coefficients satisfy (3.10), Fp, is approximated by (3.11)
if r > 0 or by (3.12) if r = 0, respectively. From arguments in the paragraph below
formula (3.7) it follows that if (3.10) holds, F,, may not be the only admissible full
polymorphism. This contrasts the case where dominance coeflicients satisfy (3.6): In
this case Fp, is unique.

3.2. Weak selection. Biirger (2009a, Section 4.1) showed that if selection is suffi-
ciently weak relative to migration and recombination, the discrete-time dynamics (2.7)
can be approximated by a system of ordinary differential equations for the allele fre-

quencies in LE averaged over the demes. This continuous-time system is much easier to
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study. Generically, equilibria of the discrete-time model can be obtained by perturbing
the equilibria of the continuous-time system. In the following, we derive this system for
our model.

For the following, we assume that selection is weak relative to migration and recom-

bination, i.e., we can rewrite the selection coefficients as
ar=€a; and by=¢B; fork=1,2 (3.13)

where € > 0 is sufficiently small and @; > 0 > @, and B; > 0 > f,, such that
max{|ag|, |br|} < min{my, r}.

We define the ratio
ny

= ) 3.14
¢ mp +mp ( )

where (1 —¢, ¢) is the maximal left eigenvector of the backward migration matrix (which
has the diagonal elements 1 — m; and 1 — m,). We assume that migration occurs in both
directions, i.e., 0 < ¢ < 1. Using ¢, we define the averaged allele frequencies by

p=U=¢)p1+¢p, and g=(-¢)q + Pq>. (3.15)
The averaged selection coeflicients are given by
a=(-¢)a,+¢a, and B=(1-¢)B + @B, (3.16)

and the average effects of the heterozygotes by
da = (1 - ¢y + ¢hay and of = (1 - $)o 1B + poaph. (3.17)

If there is no dominance at locus A, we obtain da = 0, and if there is DIDID at locus A
(P =¥, =), then Ja = da (analogously for locus B).

For our subsequent analysis we assume (w.l.o.g.) that @ > 0 and 8 > 0 (we treat the
degenerate cases @ = 0 and 8 = 0 separately in the end of this section). We rewrite the
averaged Malthusian fitnesses of AjA, AjA,, and A,A; (i.e., @, Ja, and —a)as 0, —hpsa,

and —sp via the transformation

¥ —
sa=2a and hp= ——o (3.18a)
2a
Using an analogous argument for locus B, we define
- B-op
sg =26 and hg = —. 3.18b
B =28 B % ( )

The parameters ha and hg determine the degree of dominance at locus A and B, respec-

tively. There is (on average) intermediate dominance at locus A if and only if 0 < hp < 1,

1

5 corresponds to absence of dominance, and 0 < hp < % or % <hy<1to

where hp =
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partial dominance or recessiveness, respectively. (On average) overdominance at locus A
corresponds to sp < 0, and (on average) underdominance to 1 < ha. Analogous formulas
(hg instead of hp) apply for locus B.

The weak-selection limit is given by a system of two decoupled ordinary differential
equations for the averaged allele frequencies:

. dp

5= d_’; = p(1 = p)sa[l = ha — p(1 = 2hp)], (3.19a)

. dg _ _

§=— =40 — s [1 — hg — (1 - 2hg)], (3.19b)
D, =D, = 0. (3.19¢)

It can be obtained from the dynamics (2.14) if (3.13) holds and € — 0. The system
obtained in (3.19) is on [0, 1]> and much easier to study than the full system (2.7) on
S4 %X §4. Note that the dynamics in (3.19) is decoupled, i.e., the loci can be studied
independently. For each one-locus system, generically, we can apply results from the
well-developed theory of a diallelic locus exhibiting dominance in a panmictic popula-
tion, which applies to each of (3.19a) and (3.19b) (e.g.; Biirger 2000, Section 1.9.3). In
the following, we derive all possible equilibrium and stability configurations of (3.19) by
the Cartesian product of the dynamics at the two independent loci A and B. Therefore,
in the absence of epistasis this approach can be extended to more than two loci.

Define
—% 1 - hA — 1 - hB

= d = .
P =T M 1 T T T,
For the following, we summarize the results from Biirger (2000, Section 1.9.3), which

(3.20)

are relevant to our subsequent analysis: At locus A, no polymorphism is admissible if
and only if 0 < ha < 1 holds. In this case p = 1 is globally asymptotically stable
and p = 0 is unstable (as we assumed @ > 0). If there is overdominance at locus
A, ie., ha < 0 holds, there exists a unique polymorphism at locus A given by p =
p*. It is globally asymptotically stable and p = 1 and p = O are unstable. If there
is underdominance at locus A, i.e., iy > 1 holds, the unique polymorphism p = p* is
admissible but unstable. Both p = 1 and p = 0 are stable. Analogous results apply to
locus B, where the polymorphism is given by ¢ = g* if admissible (the details are left to
the reader).

The Cartesian product of the equilibria derived separately for the two loci yield the
equilibria of the complete system (3.19). We define the admissible single-locus poly-

morphisms at locus A by
PA -
Py

(3.21a)
(3.21b)

a1y
Il
S|
o
=
Q> QD
1]
f—

T
1
o
=
Il
=
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and at locus B by
P2: p=1landg=7", (3.22a)
PS: p=0andg=7", (3.22b)

where p* and g* are defined in (3.20). A unique full polymorphism may be admissible.

Its equilibrium frequency is given by
F: p=p" and =7 . (3.23)

As (3.19) is a Cartesian product of two one-locus systems, it follows that F (3.23) is glob-
ally asymptotically stable if and only if both loci exhibit overdominance (see arguments
below equation (3.20)). Global stability follows from the following argument: Biirger
(2009a) showed that the dynamics (3.19) is a Svirezhev-Shashahani gradient with a po-
tential function which increases strictly along nonconstant solutions of (3.19). In our
model, we define the potential function V by

V= p(1 - p)sa [l —ha— p(1 = 2ha)]" +3(1 - §)s3 [1 — hg — g(1 = 2hg)]> = 0. (3.24)

Thus, complicated dynamical behavior of (3.19) does not occur. Whenever only one
equilibrium is asymptotically stable (and the others are unstable), it is globally stable.
The following proposition is an immediate consequence of one-locus theory, as the
equilibrium and stability configuration of the full system (3.19) is derived from the Carte-
sian product of the equilibrium and stability structure at two independent, panmictic

one-locus systems with dominance:

ProposiTion 3.1. Assume (3.19) holds. The following equilibrium and stability struc-

ture of (3.19) can be distinguished according to the degree of dominance:

(i) Average overdominance at both loci: F is admissible and globally asymptoti-
cally stable. The monomorphisms and all single-locus polymorphisms are ad-
missible and unstable.

(i1) Average overdominance at one locus, average underdominance at the second
locus: F is admissible and unstable. All single-locus polymorphisms are admis-
sible. The two single-locus polymorphisms where the locus exhibiting overdom-
inance is segregating are asymptotically stable. The two remaining single-locus
polymorphisms and the monomorphisms are unstable.

(iii) Average underdominance at both loci: F and the four single-locus polymor-
phisms are admissible and unstable. All monomorphisms are locally asymptot-

ically stable.
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(iv) Average overdominance at one locus, on average intermediate or no dominance
at the second locus: F is not admissible. Two single-locus polymorphisms
where the locus exhibiting overdominance is segregating are admissible. One
single-locus polymorphism is globally asymptotically stable, one is unstable.
The monomorphisms are unstable.

(v) Average underdominance at one locus, on average intermediate or no domi-
nance at the second locus: F is not admissible. Two single-locus polymor-
phisms where the locus exhibiting underdominance is segregating are admis-
sible and both are unstable. Two monomorphisms are locally asymptotically
stable, two monomorphisms are unstable.

(vi) On average intermediate or no dominance at both loci: F and the single-locus
polymorphisms are not admissible. One monomorphism is globally asymptoti-

cally stable, all other monomorphisms are unstable.

We note that the cases (ii), (iii), (v) correspond to bistability. In cases (i), (iv), and (vi)

there exists a unique globally asymptotic stable equilibrium.

All equilibria of (3.19) are hyperbolic if @ # 0 and 8 # 0. In this generic case,
Theorem 4.3 in Biirger (2009a) applies. Provided selection is weak relative to recom-
bination and migration, Theorem 4.3 in Biirger (2009a) guarantees the existence of one
equilibrium of the discrete-time model (2.7) in a sufficiently small neighborhood of an
equilibrium derived in (3.19), with the same local stability behavior.

Case (vi) of Theorem 3.1 shows that in the absence of dominance or under average
intermediate dominance at both loci (including DIDID (2.4)), no polymorphisms can
be maintained and one monomorphism is globally asymptotically stable. This result
corresponds to Proposition 2.6 in Biirger (2009b), where he showed that for multiple loci
with two or more alleles under genic selection, generically, one globally asymptotically
stable monomorphism exists.

Finally, we treat the degenerate case where there is (on average) no dominance and no
selection at least at one locus, i.e., @ = 0 or 8 = 0 holds. If @ = 0 (3 = 0) holds, then the
transformation yielding /a (hg) (3.18) is not admissible (division by zero) and our results
obtained above do not hold. We leave the detailed analysis of the degenerate system
on [0, 1]* to the interested reader and summarize the relevant results in the subsequent
paragraph.

If either @ = 0 or B = 0 holds, no full polymorphism is maintained. If both @ = 0

and 8 = 0 hold, the following scenarios are possible: (i) If both 9 # 0 and o8 # 0, one

1
2

only if Ja > 0 and 0B > 0. It is unstable otherwise. (i) If da = 0 or o8 = 0, there

full polymorphism is admissible. It is given by p = g = 1 and it is globally stable if and
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exists a manifold of full polymorphisms. In this case, no equilibrium is hyperbolic and

Theorem 4.3 in Biirger (2009a) does not apply.

4. Continent-island model

If migration is in one direction only, i.e., if either m; = 0 or m, = 0 holds, the
continent-island model (CI model) is obtained. For the following, we assume that m, = 0
in (2.14). In the CI model, maladapted individuals from a continent (corresponding to
deme 2, where the alleles A, and B, are fixed) migrate to an island (deme 1) where the
locally adaptive alleles A; and B, are established. As one needs to keep track only of
the frequencies on the island (deme 1), the CI model is much easier to study. The state
space is S 4. For simplicity, we omit the index for deme 1, i.e., a = a, etc.

For one diallelic locus with dominance and discrete, nonoverlapping generations,
the CI model was analyzed by Nagylaki (1992, Section 6.1). Nagylaki derived the pos-
sible equilibrium and stability structure explicitly. He showed that up to two (one-locus)
polymorphisms are admissible.

In our model, Nagylaki’s results apply to the marginal one-locus systems. It is easy
to show that single-locus polymorphisms are admissible only on the marginal one-locus
systems where A is fixed and locus B is polymorphic, or B, is fixed and locus A is poly-
morphic, respectively. In total, up to four single-locus polymorphisms may be admissi-
ble. Stability of the single-locus polymorphisms within their one-locus system follows
directly from Nagylaki (1992). The stability with respect to the interior of S 4 is difficult
to derive. Also, the equilibrium frequency of full polymorphisms cannot be calculated
explicitly, as this would require solving polynomial equations of high order.

In the following, we study an informative special case, where we assume that se-
lection, recombination, and migration are weak. Under this assumption, we rescale the
selection coeflicients as in (3.13), the recombination probability, and the migration rate
as

r=e€p 4.1)

and
m = em, 4.2)

with € > 0 sufficiently small, m > 0 and the recombination rate p > 0.

If (3.13), (4.1), and (4.2) hold, the continuous-time CI model is obtained from the
discrete-time CI model (with m, = 0 and p, = ¢, = D, = 0in (2.14)) if € — 0. Its
dynamics is given by

d
p="L = ap( = p)1+ 81 = 2p)) + BD(1 + (1 - 2) — mp, 430
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d
q= d—(f =Bq(1 — ¢)(1 + (1 = 2¢9)) + aD(1 + ¥(1 - 2p)) — mq, (4.3b)
. dD

D =—==Dla(1-2p)(1 +8(1 = 2p)) + (1 = 2q)(1 + (1 - 2q))]

—pD + m(pqg — D). (4.3¢)

Because we are treating a continuous-time model, the parameters «, 3, p, and m are rates
(of growth, recombination, and migration), whence they can be arbitrarily large. Their
magnitude is determined by the time scale. By rescaling time, for instance to units of p
or m, the number of independent parameters could be reduced by one without changing
the equilibrium properties. We refrain from doing so because in our applications it will
be illuminating to use either p or m as an independent parameter.

Instead of the dynamics (4.3) of the allele frequencies p, ¢ and the measure D of LD,
the dynamics of the gamete frequencies x; (i = 1,2,3,4) can be used. It is given by
formula (A.8) in the Appendix and needed in the proof of Theorem 4.2 below.

The dynamics (4.3) is much easier to study than to the discrete-time model, and
several explicit results can be derived. The continuous-time CI model for one diallelic
locus exhibiting (arbitrary) dominance is fully understood; see Nagylaki (1975) for the
explicit derivation of the possible equilibrium and stability configurations. Recently,
several results were obtained for the dynamics at two recombining loci in the continuous-
time CI model under genic selection (BA11) and under epistasis (Bank et al., 2012).

In the following sections, we derive approximations of the equilibrium frequencies at
the full polymorphism under weak migration (Section 4.3) and the explicit equilibrium
frequencies of the full polymorphisms under LE (Section 4.4), and complete linkage
(Section 4.5), respectively.

For the following we define some critical migration rates which will be needed in the
subsequent sections:

mt = a(l + ), (4.42)
m? = (1 + o), (4.4b)
A a(l — 9)?
= 4.4
m2 87.9 4 ( C)
5 Bl-o)
= 4.4d
nt, 8o ( )
m" =a(1+9) +B(1 +0) —p. (4.4e)
The following relations apply:
my >0 and m® >0 always, (4.5a)

my >0 e -1<9<0, (4.5b)
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m >0 & -1<0<0, (4.5¢)
mM >0 & 0<p<a(l+9)+B(1+0). (4.5d)

The relations between the critical migration rates defined in (4.4) are derived in Appen-
dix A.3.

4.1. The monomorphic equilibrium. There exists one monomorphic equilibrium
of (4.3), given by

M: p=0, g=0, D=0. (4.6)
The eigenvalues at M are real and given by
al+¥)-m, BA+PH-m al+PH+p(1+0)—p—m. 4.7
Then,
M is asymptotically stable < m > max{m’?, m?, m'), 4.8)

where m?, mf, and mM satisfy the relations given in (A.11). M is not hyperbolic (i.e., no

A
1°

In the following, we prove global convergence to M if m > 2(a + ) for arbitrary

eigenvalue is zero) if and only if m = m®, m = m®, or m = mM holds.

dominance. Our proof is analogous to that for the continuous-time CI model with genic

selection (in Section 3.4.3 of BA11). Biirger and Akerman proved that if ¢ = o = 0, the

monomorphic equilibrium on the island is globally asymptotically stable if m > a + 5.
Because 0 < 1 +9(1 -2p) <20r0<1+0(1 -2¢g) <2holdby -1 <# < 1or

—1 < o < 1, respectively, and as D < p(1 — g), we obtain from (4.3) that

p<pl2(a+p)—m—2ap+pg] <0 (4.9)

if m > 2(a + ) with equality if and only if p = 0. A similar argument using D < g(1 —p)
follows for ¢. Thus, there exist two global Lyapunov functions, and all trajectories must
converge to M (LaSalle, 1976). If the island alleles are completely dominant (¢ = o = 1)
and recombination is tight (o = 0) the bound 2(« + B) is best possible as it is equal to
mM; cf. (4.8) and (A.11c) and (A.111).

4.2. The single-locus polymorphisms. Up to four single-locus polymorphisms of
(4.3) are admissible. Their equilibrium frequencies and their stability within the one-
locus system is known from one-locus theory; see equation (25) and the paragraph below
in Nagylaki (1975). Using the notation

1+39+ /(1 —9)2+ 8

L = ‘. 4.10
D+ 19 (4.10a)
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1430+ /(1 -0)?+ 81

q: = p. ! , (4.10b)
the equilibrium frequencies of the four single-locus polymorphisms are given by

Ear: p=p., §=0, D=0, (4.11a)

Eax: p=p. §=0, D=0, (4.11b)

Eg,: p=0, g=q., D=0, (4.11c)

Ego: p=0, g=gq., D=0. (4.114d)

Ea1 and Ea; are located on the edge of the LE manifold connecting x, = 1 (A; B, fixed)
and x; = 1 (A;B; fixed), and Eg; and Eg;, are located on the edge of the LE manifold
connecting x3 = 1 (A;B; fixed) and x4 = 1 (A, B, fixed).

Ea. is in the state space if and only if one of the following two conditions holds

1
-3s¥<1 and 0<m<mh, or (4.12a)
1
-l<¥<-3 and 0<m<mb. (4.12b)
Ea_ is in the state space if and only if
1
-l<d#<-3 and m < m < mh (4.13)
holds, where
Enx=M &= m=m. (4.14)

If (4.13) holds, Ea; and Ea, are simultaneously admissible. For increasing migration

Ea.1 and Ex leave the state space according to the following relations:

—%sﬁ<1 and m1m} & Ea; = M, (4.152)
-1<9< —% and m 1 my & Ea; — En,. (4.15b)
Eg, is in the state space if and only if one of the following two conditions holds
—%S0'<1 and 0 <m<m, or (4.16a)
—1<0'<—% and 0 <m < mb. (4.16b)

Eg is in the state space if and only if

1
-1 <0'<—§ and m} <m<md (4.17)
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holds, where

Egr=M &= m=mb (4.18)
Eg.1 and Eg leave the state space according to the following relations:
1
-3so<1 and mim? < Eg; — M, (4.192)
1
-l<o< -3 and m1m? < Eg, — Eg.,. (4.19b)

The stability of the single-locus polymorphisms with respect to their one-locus system
follows immediately from Nagylaki (1975). Within their respective one-locus systems,
Ea1 and Eg; are asymptotically stable whenever admissible. Ep, and Eg, are always
unstable.

Although the eigenvalues at the single-locus polymorphisms with respect to the com-
plete state space S4 can be determined explicitly, the general stability conditions are too
complicated and not informative. We refrain from presenting them and derive their sta-

bility only in the special cases below.

4.3. Weak migration. In this section, we assume that migration is weak relative to
selection and recombination, i.e., m < min{a, 5, p}. From similar arguments as in Sec-
tion 3.1 and from Appendix A.4 it follows that, generically, a unique, globally asymp-
totically stable full polymorphism F, exists if

-l1<d¥d<1land -1<o<1 (4.20)

hold. Up to first order in m, its coordinates are given by

Hh=1-— m a(l-9)+p
Pt a(l - a(l-NH+p(1-0)+p’ (4.21a)
A1 m ﬁ(l — O') +p
=1 BAl-)a(l-NH+pA-0)+p’ (4.21b)
D= 5 421¢)

al-PH+p(l-0)+p
In the absence of dominance ( = o = 0), the approximation given in (4.21) was ob-
tained in BA11 or can be derived from Barton (1983) if selection acts equally strong on
both loci, i.e., @ = 6.
If p = 0, a second full polymorphism may exist on the edge x; = x4, = 0if m = 0. It
is unstable and leaves the state space for positive migration rates (details not shown).
Note that the equations in (4.21) are not admissible if # = 1 or o = 1, i.e., if the
island alleles are completely dominant. If ¢ = —1 or o0 = -1, F, is admissible and
asymptotically stable (with its approximation given in (4.21)), but it is not unique in

general. Up to two additional full polymorphisms (if either # = —1 or o0 = —1) or up
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to three additional full polymorphisms (if # = oo = —1) may enter the state space under
weak migration; see Appendix A.4.

By (4.21) it follows that F, exhibits positive LD, where tighter linkage leads to
increased levels of D. Tighter linkage also increases the equilibrium frequencies of A;
and By, p and g, respectively.

The following relations with respect to dominance hold:

op op 0g 0q
- —_— — <0, — 4.22
a0 % 0% 5<% 5% <0 (4.222)
)] D
— — 422
55 >0, . >0, ( b)
0% 0% 0Xx; 0X; .
% <0, % <0, % >0, and 99 >0 for i=2,3,4. (422C)

By (4.22b), D increases monotonically with increasing dominance of the island alleles.
The special case where the island alleles are completely dominant (3 = o = 1)
is treated separately in Section 4.6. The weak-migration approximation of F, for this

special case in derived therein.

4.4. Linkage equilibrium. If recombination is strong relative to selection and mi-
gration, p > max{a, 3, m}, the dynamics in (4.3) can be approximated by a dynamical

system in LE given by

p=ap(l - p)1+91 -2p)) —mp, (4.23a)
q=pq(1 —g)(1 + (1 -2q)) —mgq, (4.23b)
D =0. (4.23¢)

This is a system on [0, 1]%. Due to absence of epistasis the system in (4.23) is decoupled
and the dynamics for locus A and locus B can be studied separately. The continuous-
time CI dynamics of a diallelic locus exhibiting dominance is fully understood (Nagy-
laki, 1975). The dynamics of the full system (4.23) is then obtained from the Cartesian
product of the dynamics at locus A and B.

Beside the monomorphism and the four single-locus polymorphism, up to four full

polymorphisms may exist. Their equilibrium frequencies are given by

Fi: p=p-, §g=q-, (4.24a)
F.: p=p., §G=gq., (4.24b)
Fs: p=ps, G=q_, (4.24¢)

Fa: D=pes q=q., (4.24d)
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where p. and g. are defined in (4.10), and

F, is admissible <= (4.12) and (4.16) hold, (4.25a)
F, is admissible <= (4.12) and (4.17) hold, (4.25b)
F; is admissible <= (4.13) and (4.16) hold, (4.25¢)
F, is admissible <= (4.13) and (4.17) hold. (4.25d)

As Fy is the Cartesian product of two asymptotically stable equilibria of the respective
single-locus dynamics, it follows that

F, is asymptotically stable whenever admissible. (4.26)
From a similar argument it follows that
F; (i = 2,3,4) is unstable whenever admissible. 4.27)

In the following theorem, we present all qualitatively possible equilibrium and stabil-
ity configurations of (4.23) derived as a Cartesian product of two independent one-locus
dynamics. For an efficient subsequent presentation of our results, we define

1+0

§1 = m, (4283)
¢ (1 -o0)

L= ;—El _(;;2, (4.28b)

4= —819—(11 jg)z, (4.28¢)

where dominance is intermediate such that (4.20) holds, and we assume w.l.0.g. that
0<a</{p. (4.29)

The remaining case @ > ;8 > 0 can be obtained by exchanging the loci, i.e., by the

transformation o < B, ¢ & o, Ep; < Epg etc.

THeOREM 4.1. Assume (4.23) and (4.29) hold. Figure 1 shows all possible bifurca-
tion diagrams which occur for an open set of parameters («, 8,9, o, p), where m is the

bifurcation parameter.

(i) Diagram (a) in Figure I applies if and only if
1 1
—§<ﬁ<1 and —§<0'<1 (4.30)

hold.
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(11) Diagram (b) in Figure 1 applies if and only if
1 1
-1 <ﬁ<—§ and —§<0'<1 and 0<a<@Gp

hold.
(ii1) Diagram (c) in Figure 1 applies if and only if

1 1
—1<ﬂ<—§ and —§<0'<1 and G <a</{p
hold.
(iv) Diagram (d) in Figure 1 applies if and only if
1 1
—§<19<1 and —1<O'<—§
hold.
(v) Diagram (e) in Figure 1 applies if and only if
1 1
-1 <19<—§ and —l<0'<—§ and 0<a<Gp
hold.
(vi) Diagram (f) in Figure 1 applies if and only if either
1
—1<0'SI9<—§ and §f < a < {p,

or
1
—1<19<0'<—§ and G <a <O

hold.
(vii) Diagram (g) in Figure 1 applies if and only if

1
—1<19<0'<—§ and OB <a<f

hold.

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

Proor. Assume (4.23) holds. As the dynamics at locus A and locus B in (4.23) is
decoupled, the equilibrium frequencies of (4.23) and their stability are obtained straight-

forwardly from the Cartesian product of the respective single-locus equilibria known

from Nagylaki (1975). The derivation of the relations of the critical migration rates

at which equilibria collide (as shown in Figure 1) and of the conditions on the selection

and dominance coefficients determining the different scenarios in Theorem 4.1 is lengthy

(but straightforward). We have therefore relegated this to Appendix A.S.

O
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FiGure 1. Bifurcation diagrams for the CI model under linkage equilibrium.
Diagrams (a)—(g) represent all possible equilibrium configurations, correspond-
ing to the cases (i)—(vii) in Theorem 4.1. Each diagram displays the possible
equilibria as a function of the migration rate m. Each line indicates one equi-
librium. The lines are drawn such that intersections of lines occur if and only if
the corresponding equilibria bifurcate (note that the gray lines in diagrams (c),
(f), and (g) intersect only at their origin and their end). Solid lines represent
asymptotically stable equilibria, dashed lines unstable equilibria. Equilibria are
shown if and only if they are admissible.

139
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Note that case (i) in Theorem 4.1 is the only case where only one equilibrium is
asymptotically stable at a fixed but arbitrary migration rate. In all other cases, if migra-
tion is intermediate two equilibria (cases (ii)-cases (iv) of Theorem 4.1) or four equilibria
(cases (v) and (vi) of Theorem 4.1) are asymptotically stable.

The case where dominance is absent (¢} = o = 0) corresponds to case (i) in Theorem
4.1. This special case was already derived for the CI model with genic selection in BA11.
Whereas in the absence of dominance only one, simple bifurcation scenario occurs in the
limiting case of LE (or sufficiently strong recombination) (see diagram (a) of Figure 1),
this is in general not the case if alleles exhibit dominance (see diagrams (b)—(g) of Figure
1).

Theorem 4.1 shows that the bifurcation pattern for the continuous-time CI model
under LE (4.23) depends significantly on the degree of dominance. The effect of dom-
inance becomes evident only in heterozygotes. The stronger recombination, the more
likely it is that heterozygotes are produced. Thus it is not surprising that under LE we
observe several bifurcation patterns if the two loci exhibit dominance in comparison to
no dominance.

Theorem 4.1 presents all possible bifurcation patterns for generic selection rates and
dominance coeflicients. We refrain from presenting the nongeneric cases as they are not

needed here.

4.5. No recombination. In the following section we study the dynamics of the CI
model in the special case of complete linkage. For this aim we set p = 0 in (4.3).
For the subsequent presentation of our results, and assuming (o + o) # 0, it will
be useful to define
@ _ a(l +39) +p(1 +30)

P 4(ad + Bo) (4.38a)
N \/(oz(l + 39) + B(1 + 30))? — 8(a? + Bo)(a(l + 39) + B(1 + 307) — m)
- 4(a? + o) ’
(4.38b)
@ _ al2ad9(1+9) + plo -9+ 2d0)] + \/02,82(0' + %)% + 8aBom(a? + Bo)
$r = 4adad + Bo) ’
(4.38¢)

@ _ B2Bo(1 +0)+a(@ - o +200)] + \/02,82(0' + %)% + 8a¥Bom(a + Bo)
b= = 4Bo(ad + Bor) '

(4.38d)

The following theorem describes the possible equilibrium and stability configura-

tions under complete linkage:
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THEOREM 4.2. Assume (4.3) with p = 0 holds, and dominance coefficients satisfy
(4.20).

(1) In the generic case

att+ po # 0, (4.39)
up to four full polymorphisms are admissible. Their equilibrium frequencies
are

Foi: p=g=¢", D=pl-p), (4.40a)
Foot p=q=¢". D=p01-p), (4.40b)
Foa: p=¢", =9, D=-pg, (4.40c)
Foat p=¢. 4=¢. D=-pg. (4.40d)

F,.1 is asymptotically stable whenever admissible, whereas F,; (i = 2,3,4) are
unstable. If admissible, F,, is either globally asymptotically stable or simul-
taneously asymptotically stable with M. In the subsequent proof, we derive the
parameter sets explicitly that determine these two scenarios.

(i1) In the degenerate case

ad + Bo =0, (4.41)
up to two full polymorphisms are admissible. Their equilibrium frequencies are
~ m A
F p=g=1- D=p-p 4.42
plt P=q Py p(l = p), (4.42a)
- 1 2m 1 1 2m B A
F p=—|1+— , g==|{1-——-—], D=-pq. 4.42b
p2: P 2( a-p 19) 1 2( a— a/ﬂ) pg- « )

|~:p,1 is globally asymptotically stable whenever admissible, whereas |Ep,2 is un-
stable.

In both cases, the full polymorphisms are located on the boundary of S 4, thus no internal
full polymorphism exists. Moreover, M is globally asymptotically stable if migration is
sufficiently large.

Proor. In the first part of the proof, we derive some general properties which hold in
both cases of the theorem.

M is asymptotically stable if and only if (4.8) holds. It follows from the relations
of the critical migration rates m?, mf, and m™ derived in (A.11c) and (A.11f) in the
Appendix that under complete linkage (o = 0), M is asymptotically stable if and only if
m > mM, where mM is defined in (4.4e). Global stability for sufficiently strong migration

follows from the arguments surrounding equation (4.9).
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Although the eigenvalues at the single-locus polymorphisms can be determined ex-
plicitly, their formulas are complicated in most of the cases. Instead, we derive the

following result about convergence in the interior of S4: Given x; > 0, we obtain that

d (2) _ —ﬁle + o (1 = 2(x; + x3)) <0, (4.43a)
dt X1 X1

1 1-2
d (ﬁ) AL U Gl IR Y (4.43b)
dr \ x X

where the inequalities in (4.43) follow from (xi, x», x3, X4) € S4, and because 1 + ¥(1 —
2(x; +x3)) > 0and 1 + o(1 — 2(x; + x3)) > 0 if (4.20) holds. Equality in (4.43) holds if
and only if x, = 0 (4.43a), or x3 = 0 (4.43b), respectively. Thus, we infer that the w-limit
of every trajectory with x; > 0 is contained in the invariant edge x, = x3 = 0 (LaSalle,
1976). On this edge, single-locus theory applies, where A;B; and A,B, correspond to
‘alleles’ at a diallelic locus as p = 0. From the arguments above it follows that all
single-locus polymorphisms are unstable whenever admissible.

In the following, we derive the equilibrium and stability configuration for the nonde-
generate case (i), 1.e., assume (4.39) holds. In this case, up to four full polymorphisms
may exist, with their equilibrium frequencies given in (4.40). The derivation of their
equilibrium frequencies is technical and therefore relegated to Appendix A.6. There, we
also show that no internal full polymorphism exists, i.e., equilibria where 0 < X; < 1 for
i =1,2,3,4 are not admissible. All full polymorphisms are on the boundary of S4. F,;
and F,, are on the edge x, = x3 = 0 of §4, and F,, 3 and F, 4 are on the boundary x; = 0
of §4. If admissible, F,; and F,, exhibit positive LD, and F, 3 and F, 4 exhibit negative
LD. If migration is weak, F, | is given by (4.21) up to first order in m, i.e., F,; = Fn.

Assuming ¢ # —%, we define

‘s = _%, (4.44)
and decompose the set (4.20) into:
—%<ﬂ<1and —%£0'<1, (4.45a)
<P<land —l<o<-3 ad a2ip (4.45b)
—%<ﬂ<1 and —1<0'<—% and a < {s5p, (4.45¢)
—1<19<—% and —%<0'<1 and «a < {56, (4.454)

1 1
—1<19<—§ and —§<0'<1 and a > {0, (4.45¢)
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-1 <0<—% and —1<0'§—%. (4.45F)

By symmetry, the case ¥ = —% can be obtained analogously to the considerations above

and is left to the interested reader (assume o # —%). Assuming (4.39), we define
. (a1 -9+ B0 -0))
m'=— .
8(a? + o)

F,.1 is admissible if and only if one of the following two conditions holds:

(4.46)

m<mM and either (4.45a) or (4.45b) or (4.45d) holds, or (4.47a)
m < m" and either (4.45¢c) or (4.45¢) or (4.45f) holds. (4.470b)

F,2 is admissible if and only if
mM < m <m* andeither (4.45c) or (4.45e) or (4.45f) holds, (4.48)

where F,, = M if and only if m = mM. If one of the cases (4.45a), (4.45b), or (4.45d)
holds,

Foi > M = m7m" (4.49)

If one of the cases (4.45¢), (4.45e), or (4.45f) holds,
Fp,l i Fp’z — m T m". (450)

From one-locus theory it follows that F,; is asymptotically stable within the system
where only A, B, and A,B, are present (x, = x3 = 0), and F, is always unstable. Thus,
if one of the cases in (4.45) holds, F,; is globally asymptotically if m < mM (where the
argument of global stability follows from (4.43)). Therefore, if one of the cases (4.45a),
(4.45b), or (4.45d) holds, F,; is globally asymptotically stable whenever admissible. If
one of the cases (4.45c), (4.45e), or (4.45f) holds, F,; is simultaneously asymptotically
stable with M if mM < m < m*.

Although the conditions for admissibility of F,3 and F,4 can be derived explicitly,
they are of complicated form and not so informative, as F,3 and F, 4 are unstable (with
respect to S 4) whenever admissible. We refrain from presenting their explicit admissi-
bility conditions.

In the final part of the proof, we consider the degenerate case where (4.41) holds. We
leave the derivation of the possible equilibria to the interested reader as it is similar to
that for case (4.39), which is presented in Appendix A.6. Up to two full polymorphisms
are admissible, given by F,; and F,, in (4.42a) and (4.42b), respectively.

The equilibrium frequency at F b1 18 equivalent to the equilibrium frequency at the
full polymorphism maintained in the continuous-time CI model with genic selection (i.e.,
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¥ = o = 0) under complete linkage; see equation (3.14) in BA11. F,; is located on the
edge x, = x3 = 0 of §4. It is admissible if and only if

m<a+p, 4.51)

where @ + 8 = mM if (4.41) holds. The eigenvalues at F,; are real and given by

a+p-2m —,B—a/ﬁa+'8_2m (4.52)
+8 a+p '

Whenever F »,1 18 admissible (4.51), it is asymptotically stable (details not shown). There-

—-a—F-m, -—a+at

fore, it is globally asymptotically stable whenever admissible (see arguments below for-
mula (4.43)).

F 2 1s located on the surface x; = 0 of §4. It is unstable whenever admissible. We
refrain from presenting the admissibility conditions of £, as these are not of interested
to our analysis. If dominance is absent (# = o = 0), a case which is included in (4.41),

F 2 1s not admissible. In this case, F 1 1s unique; see also Theorem 2 in BA11. ]

Theorem 4.2 shows that the effect of dominance on the stability and on the (sig-
nificant) bifurcation pattern of the dynamics (4.3) for completely linked loci is not as
pronounced as in the case of LE; cf. Theorem 4.1. An explanation for this might be that
heterozygotes cannot be formed by recombination if the loci are completely linked, and

that the effects of dominance are evident in heterozygotes only.

4.6. Completely dominant island alleles. In the following section we briefly ana-
lyze the CI model with completely dominant island alleles, i.e., ¥ = o = 1.

In Section 4.3, we derived an approximation of the full polymorphism Fy under
weak migration under the condition that both 1 < ¢ < 1 and 1 < o < 1 hold. Note
that if 9 = o = 1, the denominators in (4.21) are zero, thus the approximation is not
admissible in this case. Assuming ¢ = o = 1, a nonregular perturbation of the globally
asymptotically stable equilibrium under no migration, (p = § = 1 and D = 0), gives the

following weak-migration approximation of the equilibrium frequencies:

_1—,/2a Zp\/j 1/ (3,8+2p+6\/_)+0(m) (4.53a)
\/; Zp\/%—% \/;(3a+2p+6\/_)+0(m) (4.53b)

;_p_ (\/_+ VB)(p + 2 +JaB) + O(m?), (4.53¢)

(higher order terms are needed in several applications of Section 5.3). The approxima-

tion (4.53) is valid if and only if p > 0, i.e., if linkage is not complete.
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From arguments in Appendix A.4 it follows that F, is not necessarily unique: If
¥ = o = 1 holds, up to two additional full polymorphisms may enter the state space
under weak migration. In the following we show that at least in the limiting case of LE,
Fm is unique for sufficiently weak migration. For complete linkage and sufficiently weak
migration, we show that Fp, is not unique.

The derivations of the equilibria under LE and under complete linkage in Sections
4.4 and 4.5 remain valid if ¢ = o = 1.

Under LE, if both % — 1 and o — 1, the full polymorphism F; (4.24a) becomes

B o

(cf. also p — oo in (4.53)). Case (i) in Theorem 4.1 can easily be extended to the case
where ¢ = o = 1. Therefore, F| (4.54) is globally stable whenever admissible, i.e.,
if and only if m < 2min{a,B}. As F; is the only admissible full polymorphism (see
diagram (a) of Figure 1) it follows that F; = F, if migration is weak, and F, is unique.

Under complete linkage and if # — 1 and oo — 1 hold, the equilibrium F,; (4.40a)
is given by

A a1 m A m _ m
Foi: p=qg=1 ‘,—2(a/+,8)’ D= 2(a+,8)(1 2(01+B))' (4.55)

The argument in (4.47a) can easily be extended to ¢ = o = 1, ie., F,; is globally

asymptotically stable whenever admissible, i.e., if and only if m < 2(a + ) =
If migration is weak, F,; is not the only admissible full polymorphism. In this case,
F,.1 = Fm is simultaneously admissible with the unstable full polymorphism F, 3 (4.40c)

(details not shown).

5. Applications

5.1. Linkage disequilibrium. In the following, we study the effect of dominance
and linkage on the amount of LD in the continuous-time CI model of Section 4. We
measure LD by D = x;x; — x,x3 (as already used above) or by 7, which is used for
statistical purposes (e.g., Nordborg and Tavaré, 2002; Slatkin, 2008):

2 _ D?
- p(l=p)gl-q)
The latter can be interpreted as the squared correlation in allelic state between the two

(5.1)

loci.
Biirger and Akerman (2011) showed that in the continuous-time CI model without

dominance (¢ = o = 0), * and D show a different behavior with respect to migration .

2

If migration is weak, D increases with increasing migration rate whereas r~ is monotone
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decreasing in m (see their Figure 3). In the following, we examine if these results extend
to the CI model with dominance. To this aim, we analyze D and 7 exhibited at the full
polymorphism F, if migration is weak.

From the approximations (4.21c) and (4.53c), and from the assumptions on the pa-
rameters it follows that the amount of LD measured by D at F, increases with increasing
migration rate m (provided migration is sufficiently weak), for arbitrary degree of domi-
nance. Next, we calculate r* at Fp,.

Intermediate dominance. First, we assume —1 < ¥ < 1 and -1 < o < 1. We assume
that migration is weak and approximate F, up to second order in m (details not shown;
the approximation up to first order in m is given in (4.21)). We use this approximation
to obtain the weak-migration approximation of 7 at Fp,:

2 _ a(l =3B - o) B mp .
[a(1 =) +pl[B(L-0)+p] (1= =)l =)+ pPP[B( - o) + p]?
ap(1 = 9)*(1 = 3a)[a(l =) + pl + fp(1 = 0)*(1 = 3NB( - o) + p]
( a(l -9 +p(l-0)+p
ac(1 —9) + 31 — o) + plo(1 =) + (1 — 0)]
a(l-NH+p(l-0)+p '

=2a(1 =)pA - o0) 5.2)

By setting ¥ = o = 0, we obtain 7 as given by equation (4.9) in BA11 for no domi-
nance. The equation (5.2) for arbitrary dominance is of complicated form. With the help
of Mathematica we can show that if —1 < < 0 and —1 < o < 0, then #* is monotoni-
cally decreasing in m. If % <?¥ < 1and % < o < 1, then #? is monotonically increasing
in m. If ¢ and o satisfy other relations than stated above, the effect of gene flow on 7
depends heavily on the strength of selection and on the relation between recombination
and selection. Although the conditions that determine when #* is monotonically increas-
ing in m can be derived explicitly we refrain from presenting them as these are of very
complicated form and we do not gain much insight from them.

In the subsequent paragraph, we study the effect of linkage and dominance on D and

#2. Tighter linkage increases both D (4.21¢c) and # (5.2), as

) 22
(9_ <0 and aL < 0. (5.3)
op op

From (5.2) we also derive that

aAZ aAZ
% <0 and é <0. (5.4)

Note that by (4.22b), dominance has opposite effects on # and D: Whereas dominant
island alleles increase the amount of LD measured by D, they decrease the level of #2.
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The lower #* the less statistically associated are the alleles. If the island alleles are
partially dominant (i.e., 0 < ¢ < 1 or 0 < o < 1 hold), the fitness of heterozygotes
is similar to that of adapted homozygotes and the frequency of maladapted haplotypes
increases; cf. (4.22c). Therefore, the adaptive alleles are expected to be associated to
maladaptive alleles more often compared to the case where at least one island allele is
recessive. This may be one explanation why we expect decreased levels of 7 if the island
alleles are dominant.

We illustrate the effects of linkage and the distinct effect of dominance on 72 and D in
Figure 2 by comparing #* and D at F, for different dominance coefficients as functions
of the recombination rate p.

Completely dominant island alleles. If the island alleles are completely dominant
(¢ = o = 1), we use the approximation (4.53) of F, to obtain the approximate r* at F,
for p > 0. It is given by

7 =2m

(5.5)

Consequently, 7 increases with increasing m. Reduced recombination has a much more
pronounced effect on 7 than increased selection has. Equation (5.5) shows that with

completely dominant island alleles, #* decreases remarkably rapidly as p increases.

5.2. Local adaptation and migration load. In this section, we study the joint ef-
fects of migration, recombination, and dominance on local adaptation. Immigration of
maladapted individuals may severely reduce the mean fitness of a population. This re-
duction is defined as the migration load. We use the migration load as a measure of local
adaptation. For simplicity, we consider one-way migration only, i.e., the CI model.

In the continuous-time CI model (4.3), the mean fitness on the island is given by

w=aRp+2p(1-p)y-1)+pR2qg+2q( —-qg)o—1). (5.6)

Mean fitness is maximized or minimized if the island haplotype (p = § = 1 and D = 0)
or the continental type (p = § = 0 and D = 0), respectively, is fixed on the island.
Intermediate dominance. If migration is sufficiently weak and dominance parame-
ters satisfy —1 < ¢ < 1 and -1 < 0 < 1, (4.21) approximates the asymptotically stable
full polymorphism F,. Inserting its coordinates into (5.6), we obtain the mean fitness at

Fm by series expansion. It is given by

a _ 1Y% 2
w=a+p zm(1+a(l—ﬂ)+,8(l—0')+p)+0(m ). (5.7)

In the absence of dominance (¥ = o = 0), equation (5.7) was obtained in BA11; see their
equation (4.19b). By ‘g—ﬁ < 0 it follows that tighter linkage facilitates local adaptation.
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FiGURE 2. The amount of LD exhibited at the fully polymorphic equilibrium
Fm in the CI model (4.3). In diagram (a) and (b) we present the LD measure
#2 and D at Fp, as a function of p, respectively. The lines in diagram (a) show
the approximation (5.2) of 7#2. The squares, triangles, and circles correspond to
values of 7> which were obtained numerically from (4.3). The lines in diagram
(b) show the approximation (4.21c) of D. The squares, triangles, and circles
correspond to values of D which were obtained numerically from (4.3). In both
diagrams we assume o = 268 = 1, m = 0.01, and = 0. The solid line and the
squares correspond to ¢ = % (dominant island alleles). The dashed line and the
triangles correspond to ¢+ = 0 (no dominance). The dotted line and the circles
correspond to ¥ = —% (recessive island alleles).
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Under LE, mean fitness (5.7) at the asymptotically stable full polymorphism F;
(4.24a) simplifies to
w=a+8-4m+Om?). (5.8a)

For complete linkage, mean fitness (5.7) at the asymptotically stable full polymorphism
F,1 (4.40a) simplifies to
W =a+p-2m+0m?). (5.8b)

The approximations of the mean fitness given in (5.8a) and (5.8b) correspond to the
exact mean fitnesses at equilibrium in the absence of dominance under LE or complete
linkage, respectively; see paragraph below formula (4.19b) in BA11. Thusif -1 <9 < 1
and —1 < o < 1 hold, (intermediate) dominance has no effect on the mean fitness on the
island up to first order in m if there is LE or complete linkage.
Completely dominant island alleles. For completely dominant island alleles (% =
o = 1) and if p > 0, we derive the mean fitness at F,, using the approximation (4.53). It
is given by
mN2m

p (Va + ) + O(m>). (5.9)

The migration load increases with increasing recombination rate p. In the limit of LE
(0 — o), the mean fitness at F; (4.54) is

W=a+B8-2m+

w=a+p-2m. (5.10a)
Under complete linkage (o = 0), the mean fitness at F, | (4.55) is
w=a+p-m. (5.10b)

The equations for the mean fitness given in (5.10) are exact, as we derived the exact
equilibrium frequencies in these two limiting cases.

From comparison of equations (5.8) — (5.10) it follows that local adaptation is best
if linkage is tight (0 = 0) and if the adaptive island alleles are completely dominant
F=0=1).

We note that for complete linkage such that, effectively, the dynamics (4.3) describes
the evolution of one locus with four ‘alleles’, the load introduced by migration is of
similar form to that introduced by mutation: Assume that only mutations of one type
appear, for our particular case, only the deleterious mutant A,B, arises on the island
with a sufficiently weak mutation rate v > 0. Then the introduced mutation load is
approximately equal to the load that is introduced under weak migration if v = m. This
follows from comparing (5.8b) with the mutation load introduced by A,B, if there is
intermediate dominance (then, the mutation load is 2v), and from comparing (5.10b)
with the load introduced if the island alleles are completely dominant (or equivalently,
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if the mutant ‘allele’ A, B, is completely recessive) which is given by v; see Section 3 in
Biirger (2000).

In addition to the analogy of the mutation and migration load we observe that the
equilibrium frequencies at the full polymorphism contain square roots of the ratio be-
tween the migration rate and the selection coefficient if } = o = 1; see equations (4.53)—
(4.55). Similarly, in the continuous-time mutation-selection model the frequency of the
completely recessive maladaptive mutant allele is the square root of the ratio between

the mutation rate and the selection coefficient.

5.3. Effective migration rate. In this section, we consider a neutral locus, N, lo-
cated between the two loci under selection, A and B. Recently, the effective migra-
tion rate at the neutral locus (introduced by Petry, 1983; Bengtsson, 1985; Barton and
Bengtsson, 1986) was studied for the continuous-time CI model (BA11), and for the
continuous-time two-deme model (Akerman and Biirger, 2013) for genic selection. Here,
we derive an explicit expression for the effective migration rate at the neutral locus N for
the continuous-time CI model with dominance.

Recombination between locus A (B) and the neutral locus occurs with rate p; (o)
such that p = p; + p,. Thus, only one crossover event occurs in a sufficiently small time
interval. We assume that p; and p, are positive, i.e., the neutral locus is not completely
linked to a selected site. We consider two variants at the neutral locus, N; and N,, where
we denote the frequency of N; on the island by »n and on the continent by #,.

We model evolution at the three loci by a system of seven ordinary differential equa-
tions for the allele frequencies and linkage disequilibria (p, ¢, Dag, 1, Dan, Dng,> Dang)-
The equations for the change of p, ¢, and Dag are given by (4.3). The equations for the
allele frequencies at the neutral locus and the associated linkage disequilibria are given
in equations (A.32) in the Appendix. The system has an equilibrium with n = n. and
Dan = Dng = Dang = 0. If migration is weak, the population is maintained at Fp,. At

this globally stable full polymorphism, the Jacobian has block structure,

(Js 0
J—(O JN]’ (5.11)

where Js is the Jacobian describing convergence of (p, g, Dag) to Fr, (4.21), and Jy is
the Jacobian describing convergence of (n, Dan, Dng, Dang) to (n, 0,0, 0).

The rate of convergence to equilibrium at the neutral locus is determined by the
leading eigenvalue of Jy. In the limit of weak migration, we derived an approximation
for this leading eigenvalue Ay (details not shown; a Mathematica notebook is available
on request). We define the effective migration rate by m.s = —Ay (Bengtsson, 1985;
Kobayashi et al., 2008).
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Intermediate dominance. First, we assume —1 < ¢ < 1 and —1 < o < 1. Then,
using the approximation (4.21) of F,, we obtain that up to first order in m the effective
migration rate under weak migration is given by
m P1 P2 .

p1+a(l =9 p,+p(1 -0)
In the absence of dominance (2.3), equation (5.12) has been derived in BA11. Equation
(5.12) shows that if the island alleles are recessive (=1 < # < 0 and —1 < o < 0), the
largest reduction of the effective migration rate occurs.

Completely dominant island alleles. In the limit ¢ T 1 and o T 1, (5.12) is not

Mefy =

(5.12)

admissible because the weak-migration approximation (4.21) of Fy, is not admissible. If
we use the weak-migration approximation (4.53) of F, for completely dominant island

alleles (# = o = 1) to derive the effective migration rate, we obtain

meﬁ:m—m\/%(ﬁ+ﬁ). (5.13)
P1 P2

As we assume weak migration, m < {a, 3, p(= p1 + p2)}, up to first order in m, meg * m
holds. Thus if both island alleles are completely dominant, we do not expect a significant
effect of linkage on the effective migration rate of a linked neutral marker allele.

5.4. Differentiation of a quantitative trait. In this section we investigate a quanti-
tative trait that is subject to directional selection. We study how differentiation is affected
by dominance and by linkage if the population inhabits two demes and migrants are ex-
changed at a sufficiently small rate. For this aim, we compare three different measures
of differentiation used in the literature (Qg7 and two measures of Fgr).

The trait is determined by two diallelic, nonepistatic loci. The genotypic values (also
called allelic effects) of the alleles Ay, A,, B;, and B, are —%yl, %71, —%yz, and %72,
respectively, where y, and vy, are positive and fixed.

The coeflicients of dominance are denoted as ¢ and o for deme k = 1,2, where
(2.2) holds. If ¥, = ¢ and oy = o for k = 1,2, there is no genotype-environment
interaction (or DIDID). The matrix Gy of genotypic values in deme k = 1,2 is given by

BlBl Ble BZBZ
AlAL | —v1i—7m —Y1 = OkY2 Y1+
AlAy | =hyr =y, —hyir—owy2 Iy +y2 | (5.14)

ArA, Yi— Y2 Yi— OkY2 Y1ty
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Gijx 1s the genotypic value of a genotype formed by gametes i and j (i, j € {1,2,3,4}) in

deme k = 1,2. Without loss of generality, we normalize the allelic effects such that

Yit+y2=1 (5.15)

Let s, be the selection coefficient in deme k& = 1,2 acting on the quantitative trait. We
assume without loss of generality that s; > 0 > s, and for definiteness |s;|] < 1 for

k = 1,2. The relationship between fitness and genotypic value is given by
Wiik = 1 = 851Gk, (5.16)

1.e., ar = SiY1, by = sy, fork =1,21in (2.1). Using (5.16), we obtain that the dynamics
of the alleles and LD determining the trait in the two demes is given by (2.14).

Next, we introduce three different measures of differentiation known from the litera-
ture that we will use in our subsequent analysis.

Estimators of multilocus Fs7 are usually defined as weighted averages of one-locus
Fgr estimators (e.g., Weir and Cockerham 1984; Leviyang and Hamilton, 2011). In our

two-locus model, we denote this measure by

_ 1

Fsr =5 (Fa, + Fép). (5.17)
Var(p)
p(1-p)
ogously for FZ, with ¢ instead of p). Using the migration ratio ¢ (3.14), the allele

where F' ?T = is the classical differentiation measure at the diallelic locus A (anal-
frequencies are averaged according to p = (1 — ¢)p; + ¢p, (for simplicity, we assume
that deme proportions ¢y, ¢, are equal to the migration ratios, i.e., c; = 1 —¢ and ¢, = ¢).

In Akerman and Biirger (2013), a new multilocus measure of Fg7 was defined as
a two-locus extension of a fixation index defined by Nagylaki (1998). It is a genuine
multilocus version of Fg7 that measures the covariance of the frequencies of (multilocus)

haplotypes. In our diallelic model, it is given by

1
X = _— 7. _ T X
FST—ZZ_)_CI_(I_)_C[)Zx,(l X)F, (5.18)
where v
ar(x;
Pt = si-5) 5.19
ST %1 - %) (5.19)

fori = 1,2,3,4. The mean frequency X; of the haplotype i is obtained by averaging
according to X; = (1 — ¢)x;1 + Pxin.
In many applications, Qg7 is used as a measure of differentiation of a quantitative
trait (Lande 1992; Spitze 1993). It is given by
Varz(G)
~ Var/(G) + 2Varg(G)’

Osr (5.20)
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Varg (G) is the average genotypic variance within demes, and Varz(G) is the genotypic
variance among subpopulations (the subscript S denotes subpopulation and 7' denotes

total population). Using ¢ (3.14), these are given by

Varg (G) = (1 — ¢)Var(G) + ¢Var(G,), and (5.21a)
_ —\2 — —\2 — — \2
Vary(G) = (1 — ¢) (G1 - G) +6 (G2 - G) =(1-¢)¢ (G1 - Gz) : (5.21b)
where
Gy = Z GijiXi kX (5.22a)
ij
Var(Gy) = ) (Gije = GO xiacxi (5.22)

Lj
is the mean genotypic value and the genetic variance within deme k = 1, 2, respectively,
and
G = (1 -¢)G, + ¢G, (5.22¢)
is the average genotypic value of the metapopulation. Explicitly, the mean genotypic

value in deme k = 1,2 is given by

G =v1[1 = 2pc(1 + (1 = p)] + 72 [1 = 2qx(1 + o (1 — q))]. (5.23)

The genetic variance within deme k = 1,2, Var(Gy), was derived by Avery and Hill
(1978). It can be decomposed into an additive and a dominance component of the vari-
ance, Var,qq(Gy) and Vargo,(Gy). The additive variance itself can be decomposed into
the independent contributions of the two loci and an interaction part due to linkage dis-

equilibrium:
Var,aa(Gy) = 2y pi(1 = pi) + 2y5qi(1 = qi) + 4y1y2Dx. (5.24)

The part due to dominance is of more complicated form:

Vargom(Gr) = 210 pi(1 = p[2(1 = 2py) + (1 = 2pi(1 = p)]
+ 2y500qi(1 — qI2(1 = 2g3) + ok (1 = 2qi(1 — g1))]
+ 4y172 Di[ (1 = 2pi) + o (1 = 2qi) + Do (1 = 2p)(1 = 2q1) + 2Dy )].
(5.25)

» X
Whenever Fsr, Fg;,

ferentiation or of no differentiation, respectively.

or Qg7 attain the value one or zero we speak of complete dif-

In the following, we present explicit formulas for F3 ., Fgr, and Qg7 at the full poly-

morphism under weak migration F, (a Mathematica notebook with detailed derivations
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is available on request). For an easier presentation of our results, we define the total
migration rate by m = m; + m, such that ¢ = m;/m in (3.14).

Intermediate dominance. 1f dominance coeflicients satisfy (2.2) and (3.5), the full
polymorphism Fp, is admissible for weak migration with approximate equilibrium fre-
quencies given in (3.7). It is unique and globally asymptotically stable if (3.6) holds.

If total migration m is sufficiently weak, F§, at Fy, is given by,

FA zl—ﬁ( 1+ s s1y1(1 =) + r(1 + s1dyy1 + s101y2)
yi\si(l =) si(1 =dyyr —ory2) + r(1 + 51ty + s101y2)
1 =5 s2y1(1 +92) — r(1 + s2thyy1 + $202y2) ) (5.26)
so(1 +32) —s2(1 + Doyr + o2y2) + (1 + 520271 + $20272)

The formula for F ET is of similar form, which by (5.17) together with (5.26) yields the

approximation of Fg7 up to first order in m

Fyy zl—i( 1+ s siy1i(l =) + r(1 + s19yy1 + s101y2)
2y1 \si(1 =) s1(1 = dyyr —ory2) + r(1 + sidhyr + s101y2)
1 -5 s2y1(1 + ) — r(1 + s2thyy1 + $20272) )
s2(1 + 1) —s2(1 + Doy + 02y2) + (1 + sty + 520272)
_ﬂ( L+ s s1y2(1 —op) + r(1 + s191y1 + s101y2)
2y \si(l —oy) si(1 =Fyyr —ory2) + r(1 + sidyyr + s101y2)
1 -5 $2y2(1 + 02) = r(1 + s2thhyy1 + $202y2) ) (5.27)
$2(1 4+ 02) =s2(1 + Doy1 + 02y2) + (1 + s2thay1 + $20272)

Recall the definition of Fi, (5.18). Under sufficiently weak migration, Fy, at F, is
approximately given by

XM ( 1+ s
ST yiy2 \s1(1 =9)(1 - o))

siyiy2(l =9 — o) + r(1 = vy — ory2)( + 519y + s101y2)
si(l = dyr —orya) + r(1 + s19y1 + s10172)
N (1—-92) .
—5,(1 +9)( + o)
=s27172(1 + )1 + 02) + r(1 + Py + o2y2)(1 + s20y1 + 520272)
=52(1 + thyr + 02y2) + r(1 + s2092y1 + $20272)

) . (5.28)

Both Fy7 and F §T increase with decreasing recombination probability r, i.e., for fixed sy,
i, o, my (k = 1,2) and fixed allelic effects y;,y, = 1 — 1, differentiation is maximized
under complete linkage (» = 0) und minimized under free recombination (r = 1/2).

Under sufficiently weak migration, the difference F§, — Fr is approximately given by

_mr ( 1+ (I =y — o) + 51ty + s101y2)
2viva \si(1 =)A= o1) s1(1 =y —ory2) + r(1 + s1dy1 + s101y2)
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I -5 (1 + hy1 + o2y2)(1 + D02y + $202Y2) )
—5o(1 + o)1 + %) —s2(1 + Ohy1 + o2y2) + r(1 + s290y1 + 520272))
(5.29)

As the term in bracket is positive, F§, < Fsr if and only if r > 0 (with the largest
difference obtained if » = 1/2). In the absence of dominance (Jy = o = 0 fork = 1, 2),

the difference is given by

_ mr 1+ 1-s, )
FX —For~— ( + , (5.30)
SToST 2y1y2 \s1(r +51)  —s52(r — 52)
and
FY ~1- ((r +syy)d+s1) (= say1y)(d - Sz))‘ (5.31)
Y172 si(r+ s1) —52(r — $2)
Under complete linkage (r = 0), (5.29) yields Fy, = Fsr and (5.28) produces
_ 1 1
F§T:FST~1—m(2+———). (5.32)
S1 52

In this special case, Fy,(= Fsr) is independent of the magnitude of allelic effects.
If » = 0 and under dominance such that (3.5) holds, we obtain

_ 1 1 1 1
Fip=Fsr~1- 1+—]+ 1-—]|. (533
ST ST m|:1—191’)/1—0'1’)/2( Sl) 1+’}/1192+’}/20'2( Sz):| ( )

Next, we investigate the effects of selection and of dominance on F é‘T and Fgr.

For simplicity, we assume that only one locus exhibits dominance (locus A). Setting
oy = 0 = 0 in the respective formulas of Fgy (5.27) and F§, (5.28), we obtain that
independent of the degree of dominance ¥ (k = 1,2), both Fgr and F ?T increase with
increasing selection strength s; (and —s, respectively). As expected, stronger diversify-
ing selection leads to increased population differentiation.

Dominance has qualitatively equal effects on F§, and Fs7: With the help of Mathe-
matica it is easy to show that if ©#; and 1}, are varied independently,

8F§T OF st aF?r OF 7
—— <0 and 0, and —— >0 and 0 5.34
pre <0 an 99, < an 99, >0 an 99, > ( )

hold for fixed but arbitrary selection coeflicients and recombination probabilities. This

implies that locally adaptive recessive alleles (i.e., A; indeme 1 if ¥; < 0 and A, in deme
2 if ¥, > 0) may elevate population differentiation (measured by Fy, and Fsr).

Diagram (a) of Figure 3 shows one representative example of the effect of dominance
on Fgr and FY, in which we assume ¢, = —,. By (5.34), both Fs7 and F5, decrease
with increasing ;. Population differentiation (measured by Fg; or F ?T) is largest if
= =-1.



156 THE CONSEQUENCES OF DOMINANCE

If there is DIDID, i.e., 3 =9, = 9, F ?T and Fgr are not monotone in ©}. Numerical
calculations suggest that Fy, and Fsr are always concave with respect to ¢, with their
maximum at intermediate values of . Unfortunately, no general proof is available.

In diagram (b) of Figure 3 we assume DIDID (¢}, = 1},) and illustrate the effect of the
degree of dominance on F ?T and Fg7. Due to the symmetry assumptions on selection,
F¥, and Fr attain their maximum at ¢, = ¢, = 0.

Subsequently, we investigate the effects of linkage, selection, and dominance on the
third differentiation measure, Qs 7, defined in (5.20). Under sufficiently weak migration,

Osr at Fp, is given by

1 1
Ost =1 —-m|(1 -y —7’20'1)(1 + S_1) + (I +y19, + 720'2)(1 - S_z)] (5.35)

From (5.35), we note that under sufficiently weak migration, Qg7 is independent of the
recombination probability 7 up to first order in m. Supplemental numerical investigations
(not shown) confirm that Qg7 is not very sensitive to varying recombination probabilities
if migration is weak. However, in contrast to Fgr and F ;‘T (see above), Os7(r = 0) <
Qs7(r = 1/2) may occur (though the difference is very small).

By our assumption on the selection coefficients and allelic effects, the term in brack-
ets in (5.35) is positive, and it increases with increasing selection strength |s;| (k = 1,2).
Thus, the stronger selection the more trait differentiation occurs.

If 9, and &, vary independently, the effect of dominance on Qg is given by

a{,f;f >0 and 8(?;;

(analogous formulas hold for locus B with oy and o7,). Thus, differentiation Qg7 of the

<0 (5.36)

trait is elevated if the locally adaptive alleles are dominant compared with the case where
the adaptive alleles are recessive (e.g., trait differentiation will be larger if A; is dominant
indeme 1, ¢; > 0, and if A, is dominant in deme 2, ¥, < 0).

Dominance may have opposite effects on the differentiation of the population (mea-

sured by difference in haplotypes, Fy, or alleles, Fs7) and on the differentiation of the

T’
trait (measured by Qgr). This is illustrated by diagram (a) of Figure 3 which assumes

# = —%,. There, Qgr increases in ©};, whereas both F ?T and Fgr decrease; cf. (5.34)
and (5.36).
If there is DIDID, we obtain that
0
BT ) e 51> =5, (5.37)

o
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In diagram (b) of Figure 3, where DIDID is assumed (}; = ), Qs7 1s independent
of the degree of dominance because s; = —s; in our example. We note also that under
DIDID, Qs may show a different dependence on dominance than F ?T and Fgr.

We obtain that Qs = Fi, = Fsr if and only if linkage is complete (r = 0) and
dominance is absent (¢, = o = 0 for k = 1,2); cf. (5.33) and (5.35). The explicit
formula is given in (5.32). In the absence of dominance (¥, = o = 0 for k = 1,2) it

follows from 61;%( L < (0and 6';% < 0, and from Qg7 being independent of r (5.35) that
F{, < Fsr < Qsr (5.38)

under sufficiently weak migration, where equality holds if and only if » = 0.

With dominance, (5.38) does not hold in general. We investigated several numerical
examples, which showed that Qg7 < F ?T or Qs7 < Fgr may hold (one example is shown
in diagram (a) of Figure 3, where Q57 < Fy, < For if 9 = =9, < _41'1)' In Figure 3, the
relation given in (5.38) is observed if ¥, = 0 (= ¥, and 07y = 0, = 0).

In summary, the measures of population differentiation Fs7 and F§, (based on dif-
ferences in alleles or haplotypes) show a qualitatively different behavior with respect to
dominance than Qg7 (which measures differentiation with respect to the trait).

Completely dominant locally adaptive alleles. If the locally adaptive alleles are com-
pletely dominant in their respective deme (3.10), the approximation (3.11) or (3.12) of
Fm applies instead of (3.7) if r > 0 or r = 0, respectively. We will use these approx-
imations in the following to obtain Fgr, F ?T, and Qg7 assuming dominance satisfies
(3.10).

If (3.10), we obtain for r > 0 the following approximation for F§:

1 1 1+ 1 —s
FX ~1- T( ) ! = 5.39
N T W (Ve T - -
and for r = O:
X _q_ [m 1+ 5 1-35,
For = ‘\/2[\/ 50 \/—S2(1—¢>) (40

Thus if r = 0, F§, is independent of the allelic effects yy,y, up to first oder in /m.

Independently of the recombination probability, we obtain that if dominance coefficients
satisfy (3.10) then

I%Tz%(1+F§), (5.41)

holds, such that F§, < Fsr. We note that if r > 0, F§, and F7 are independent of the
recombination probability up to first order in /m.
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FiGure 3. Differentiation of a quantitative trait. Diagrams (a) and (b) show F’ ?T,
Fgr, and Qg7 at Fy, in the two-deme model (2.7) as functions of the dominance
coefficient ¢. In both diagrams we assume s; = —sp = 0.1, y; = y» = %,
m = 0.001, ¢ = %, and o = 0, = 0. Diagram (a) corresponds to the case where
%1 = —t. Diagram (b) corresponds to the case where #; = ¥, (DIDID). In
both diagrams, the solid line, the dashed line, and the dotted line correspond to
the approximation of Qg7 given in (5.35), of Fgr given in (5.27), and of F ?T
given in (5.28), respectively. Squares, triangles, and circles correspond to values
of Qs7, Fs7,and F ?T at Fp,, respectively. They are obtained by calculating the
internal equilibrium numerically from (2.7).

Qs at Fp, is given by

1 1
erzl—m(2+———).

§1 $2

(5.42)
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Qs 1s independent of the recombination probability r and of the allelic effects y,,y, up
to first order in m. Interestingly, the value of Qg7 assumed at Fp, for complete dominance
(3.10) is equal to the value of Qg7 at F,, assumed if dominance is absent (up to first order
in m); cf. (5.35) with ¥, =0y =t =0, =0.

6. Discussion

The purpose of our analysis was to determine the combined effects of gene flow,
linkage, and dominance on the maintenance of polymorphism, on the amount of LD,
and on the degree of local adaptation and of differentiation in a subdivided population
inhabiting a heterogeneous environment. To this aim, we studied a diallelic two-locus
two-deme model with dominance but no epistasis.

The first part of our analysis focused on the existence and the stability of polymor-
phic equilibria and on the dependence of the equilibrium configurations on migration,
selection, dominance, and recombination. From these results, we derived for the CI
model informative approximations for the LD measures D and r?, the migration load,
and the effective migration rate of a linked neutral marker locus. We also studied dif-
ferentiation at a quantitative trait where migrants are exchanged between two demes in
which selection acts in opposite directions. We derived informative approximations of
and relations between Qg7 and two different measures of Fg.

In Section 2, we introduced the two-deme selection-migration model for two linked
diallelic loci exhibiting intermediate dominance, given in (2.7). We assumed discrete
and nonoverlapping generations, and ignored epistasis and drift.

In Section 3.1 we assumed that migration is weak. We derived the approximate co-
ordinates (3.7) of the asymptotically stable full polymorphism Fp, under the assumption
that dominance is intermediate such that (2.2) and (3.5) hold. We showed that, generi-
cally, Fr, is unique and globally asymptotically stable if dominance coefficients satisfy
(3.6). Using (3.7), we analyzed how local allele frequencies, the amount of LD, and
the frequency of haplotypes at F,, depend on the degree of dominance; see (3.9). Up to
first order in the migration rates m; and m,, the approximation of the equilibrium fre-
quencies and LD (3.7) can be studied separately for each deme. Our results show that
if the locally adaptive alleles are dominant within their respective deme, the equilibrium
frequencies of the locally adaptive alleles, as well as the equilibrium frequency of the
adaptive haplotype is reduced in that deme, whereas the measure of LD in that deme is
elevated; cf. (3.9). By (3.8), tighter linkage leads to elevated levels of LD and increases
the equilibrium frequency of the locally adaptive alleles within each deme.

We studied the weak-migration dynamics of (2.7) for the special case that the locally

adaptive alleles are completely dominant in their respective deme (3.10) in Section 3.1.
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The approximation (3.11) of F, reveals that if the recombination probability is nonneg-
ative, the measure of LD is independent of selection up to first order in the migration
rate my, (for deme k = 1, 2) and is approximately the ratio between immigration rate and
recombination probability.

In Section 3.2, we analyzed the dynamics (2.7) under weak selection. In this case, the
dynamics are approximated by the Cartesian product of two independent loci exhibiting
dominance. This system is given in (3.19). This approach can be extended to an arbitrary
number of diallelic loci provided epistasis is absent. We derived all possible stability
and equilibrium configurations explicitly. In total, six distinct, nondegenerate scenarios
can be distinguished; see Proposition 3.1. Only in one generic scenario (where there
is average overdominance at both loci) or in the degenerate case of super-symmetric
demes, a unique, fully polymorphic equilibrium can be maintained in the population.
We identified two scenarios where there exists a unique but unstable full polymorphism,
and three remaining cases where no full polymorphism is admissible. Whenever at least
one locus exhibits average underdominance (which applies to three of the six possible
nondegenerate cases), the dynamics (3.19) shows bistability, i.e., up to four boundary
equilibria may be simultaneously asymptotically stable.

In Section 4 we derived the continuous-time continent-island model (CI model) in
(4.3) from the discrete-time two-deme migration-selection model (2.7) in the limit of
weak selection, weak recombination, and weak migration. Recently, several results were
derived for the CI model under genic selection (BA11), and under epistasis in the absence
of dominance (Bank et al, 2012). In BA11 the complete equilibrium structure at two re-
combining diallelic loci in the absence of dominance was derived explicitly for arbitrary
strength of selection, recombination, and immigration from the continent. Their results
show that tight linkage may act as a strong barrier to maladaptive gene flow. More-
over, they showed that more complicated dynamical behavior (including bistability) may
occur if recombination is intermediate (with respect to selection). In contrast to inter-
mediate recombination, in the limiting case of LE or of complete linkage, qualitatively
simple bifurcation pattern ( where the migration rate m is the bifurcation parameter) are
obtained; see Figure 1 in BAI11. We complemented their results under no dominance
(¢ = o = 0) by admitting intermediate dominance (2.2) and by deriving the possible
equilibrium and stability patterns in the limiting cases of weak migration (Section 4.3),
LE (Section 4.4), and complete linkage (Section 4.5).

We derived the approximation (4.21) of the full polymorphism F, for weak migra-
tion. We showed that linkage increases the frequency of the island alleles and the amount

of LD. LD is also elevated if the island alleles are dominant.
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The dynamics in the absence of dominance and under LE exhibits a single bifurcation
pattern with respect to the bifurcation parameter m: Three critical migration rates m°,
m®, and m° exist (which can be calculated explicitly) such that m° < m®* < m°. A
unique, globally asymptotically stable full polymorphism is admissible if and only if
migration satisfies m < m°. If m° < m < m®, the full polymorphism is not admissible
and a single-locus polymorphism is globally asymptotically stable. If m > m°, no island
allele is maintained. Our results suggest that the degree of dominance has a large effect
on the possible equilibrium and stability behavior of the dynamics (4.3) under strong
recombination. We identified seven qualitatively different bifurcation patterns for the
special case of LE in Theorem 4.1 and Figure 1 for intermediate dominance, i.e., -1 <
¥ < 1and -1 < o < 1. If the dominance coefficients satisfy (4.30), i.e., if the island
alleles are dominant or not ‘too much’ recessive, the bifurcation diagram is qualitatively
the same as that under no dominance; see diagram (g) of Figure 1 in BA11 and digram
(a) of Figure 1. Whenever the island alleles are sufficiently recessive, the bifurcation
diagrams reveal complicated behavior and bistability; see diagrams (b)—(g) of Figure 1.
If the island alleles are sufficiently recessive such that either diagram (f) or diagram (g) of
Figure 1 applies, four equilibria are simultaneously stable at intermediate migration rates
m: one full polymorphism, two single-locus polymorphisms, and the monomorphism.

In Section 4.5, we derived the possible equilibrium and stability configurations of
the dynamics (4.3) for complete linkage. In Theorem 4.2, we showed that no internal
full polymorphisms exist and that all internal haplotype frequencies converge to the edge
X, = x3 = 0, so that only the specialist haplotypes A, B; and A, B, remain in the popula-
tion. We determined the possible equilibrium and stability configurations on this edge,
which are qualitatively similar to one diallelic locus exhibiting dominance: If the ‘allele’
A1 B, is dominant, weakly recessive, or if dominance is absent, the full polymorphism is
unique on the edge x, = x3 = 0, and globally asymptotically stable whenever admissible,
ie.,if m < mM (with mM given in (4.5d)). If the ‘allele’ A, B, is sufficiently recessive, one
full polymorphism is admissible on the edge x, = x3 = 0if m < mM. It WM < m < m*
(with m* given in (4.46)), two full polymorphism are admissible, and one full polymor-
phism is simultaneously asymptotically stable with the monomorphism. The second
full polymorphism is unstable. The monomorphism is globally asymptotically stable for
sufficiently strong migration.

Compared to the results for no dominance in BA11, our results from Section 4.4
and Section 4.5 show that dominance may increase the number of qualitatively different
equilibrium and stability configurations in the two limiting cases of LE or complete
linkage. Under complete linkage, the number of different bifurcation scenarios with

respect to the degree of dominance is seven, and under LE is two (if only bifurcations
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of the asymptotically stable equilibria are considered and unstable ones are neglected).
An explanation why dominance elevates the number of bifurcation scenarios for the
dynamics in particular under strong recombination may be that recombination facilitates
the formation of heterozygotes, in which the effects of dominance become evident only.

Another distinct feature of the CI model with dominance is that bistability may oc-
cur (at least) under LE or complete linkage if migration is intermediate. This is not the
case in the CI model with genic selection. There, bistability occurs if and only if re-
combination is intermediate (i.e., of similar strength as selection). Whereas in the CI
model with genic selection at most two equilibria are simultaneously asymptotically sta-
ble, up to four equilibria may be simultaneously asymptotically stable if the loci exhibit
dominance. In particular, this occurs if the island alleles are sufficiently recessive; see
Theorem 4.1.

In Section 4.6, we briefly discussed the CI model with completely dominant island
alleles (4 = o = 1). We derived the approximate coordinates of the full polymorphism
under weak migration (4.53), and the explicit coordinates of the full polymorphism un-
der LE (4.54) and under complete linkage (4.55). In all cases, the coordinates depend
on the square root of the ratio between migration rate and selection coefficients. This
is similar to mutation-selection models with completely recessive deleterious mutants,
where the equilibrium frequency at the polymorphism depends on the square root of the
ratio between mutation rate and selection coeflicient.

Section 5 was devoted to various applications.

In Section 5.1, we studied the amount of LD exhibited at the full polymorphism
under weak migration F, in the CI model. We compared two measures of LD: The
classical population-genetic measure D (= x;x4 — X,x3), and r? (5.1) which is often used
for statistical purposes. Increased levels of ¢ (or o) result in an increased D, whereas
r? decreases; see Figure 2. We showed that independently of the degree of dominance,
D increases monotonically with increasing migration. In contrast, the measure * may
increase or decrease with increasing m. This depends strongly on the values of @ and o
Both D and r? increase with increasing linkage.

In Section 5.2, we analyzed the effects of dominance and linkage on population
adaptation on the island. To this aim, we calculated explicitly the load on the island in-
troduced by immigration from the continent of the maladaptive type (A, B,) if the island
population is maintained at the globally asymptotically stable full polymorphism under
weak migration Fp,. We derived equation (5.7) for the migration load for -1 < ¢ < 1
and —1 < o < 1, and equation (5.9) for completely dominant island alleles (+ = o = 1).
Our results suggest that independently of the degree of dominance, the migration load is

twice as high if the two loci are in LE compared to the case where the loci are completely
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linked (up to first order in m); cf. (5.8) and (5.10). If recombination is intermediate, mi-
gration load increases with decreasing ¢ or 0. Reduced adaptation is expected if the
adaptive island alleles are recessive. In general, migration load decreases with decreas-
ing recombination rate p. The smallest decay in mean fitness is expected if the island
alleles are completely dominant (¢ = o = 1) and completely linked (o = 0). In this case,
the migration load is approximately the migration rate m; see (5.10b).

In Section 5.3, we derived the approximation (5.12) for the effective migration rate,
meg, at a linked neutral locus that is located between two selected loci exhibiting dom-
inance in the continuous-time CI model. Our results extend the approximation of the
effective migration rate derived in BA11 for the absence of dominance. We proved that
gene flow at neutral sites may be severely reduced if the island alleles are recessive or
if dominance is absent (¢ < 0, o < 0). Dominant island alleles (¢ > 0, o > 0) act
as much weaker barriers to neutral gene flow than recessive island alleles or as alleles
in the absence of dominance. In the limiting case of completely dominant island alle-
les (4 = 1, o = 1), we proved that m.g ~ m, i.e., linkage to loci where the adaptive
island alleles are completely dominant does not alter the migration rate at neutral sites
significantly. Thus, neutral differentiation and effective gene flow at neutral sites heavily
depend on the dominance pattern exhibited at the selected loci. Future work will have to
study the actual amount and pattern of neutral diversity at such sites in finite populations.
Although our analysis of the effective migration rate at a linked marker locus is confined
to a continuous-time CI model, we expect an extension to a two deme-model (with weak
migration in both directions) to be straightforward and of similar form as already derived
by Akerman and Biirger (2013).

In Section 5.4, we studied the evolution of a quantitative trait determined by two
diallelic loci exhibiting dominance. We used the discrete-time two-deme model (2.7)
and assumed that migration between the two demes is sufficiently weak, such that the
(generically unique) globally asymptotically stable full polymorphism F, is maintained
in the population with approximate equilibrium frequencies given in (3.7). Our anal-
ysis focused on determining the amount of differentiation in the population. To this
aim, we used and compared three distinct measures of differentiation: (i) Fg7 averaged
over the two loci, denoted by Fgr (5.17), and measuring differentiation of alleles in the
population, (ii) A multilocus version of Fgr, denoted by Fg . (5.18), which measures dif-
ferentiation of haplotypes in the population, (iii) Qg7 (5.20), a measure of differentiation
of the quantitative trait. For sufficiently weak migration, we derived approximations for
Fsr (5.27), F¥, (5.28), and Qs (5.35) at F,. Our results demonstrate that Fy, and Fsr
show qualitatively the same behavior with respect to selection, recombination, and the



164 THE CONSEQUENCES OF DOMINANCE

degree of dominance. Elevated values of Fy, and Fgr are expected if the locally adap-
tive alleles are recessive in their respective deme; see (5.34). This is in contrast to Qs7,
which decreases with increasing recessiveness of the locally adaptive alleles (and vice
versa); see (5.36). Fgr, F §T, and Qg7 all increase with decreasing recombination or with
increasing strength of selection on the trait. In the absence of dominance, we derived the
relation between all three measures in (5.38). In the presence of dominance, (5.38) does
not hold in general. Whereas we proved that F§, < Fs7 holds for arbitrary dominance
(under weak migration), numerical investigations complementing our explicit analysis
showed that Qg7 < Fgy and Qs < F ?T may occur. In addition, we derived approxi-
mations of F ?T, Fsr, and Qg7 for completely dominant island alleles (4 = o = 1) in

equations (5.39)—(5.42).
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A. Appendix

A.1. Two-deme model: Weak migration. In the absence of migration (m; = m, =
0) and if considering the complete state space S4 X S4 there exist four full polymor-
phisms. Beside F( defined in (3.2), the three remaining full polymorphisms (located on

the boundary of S4 X §4) are given by:

Fo?: p1=¢1=0, pr=g=1, D =D,=0, (A.la)
Fo: pr=g=1, g1=p=0, Di=D,=0, (A.1b)
Fo¥: p1=¢:=0, gi=p=1, D =D,=0. (A.1c)

All Fo? (i = 2,3,4) are unstable and generically hyperbolic. We show this for Fy®

explicitly, the remaining cases are left to the interested reader.

(@)

If kK = 1,2 the eigenvalues at F,'~ are given by

e/ s 1+ dhay — 1 + Shay +
Al’k:ak—o-"'gk, /12,1(=M, Ao =(1-7r) 37" O'kﬁk‘

1 —ar =B 1 —ax—Br
All eigenvalues are positive. Fo® is hyperbolic if and only if 9 # -1, 0 # 1 (k = 1,2),

a(1+3)+p1(d+01) 1 @) ;
v (£3)-AsA;p > 1and Ay > 1, Fg” is unstable.

(A.2)

orr #
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In the following we assume that (2.2) holds. Then F; is globally asymptotically
stable. Provided all equilibria are hyperbolic (which is generically the case, but is not
shown here), Theorem 5.4 in Biirger (2009a) can be applied. According to this theo-
rem, unstable full polymorphisms located on the boundary of S4 X S4 if m; = my =0
may leave the state space under small perturbations by positive migration. This is in-
deed the case for Fy® (i = 2,3,4). For F,® we show this explicitly, the remaining full
polymorphisms are left to the interested reader.

If migration is weak, the perturbation of Fy® up to order m; and m, is given by

. (I —a; -4 r(l + hay + o) —a (1 + )
p1=-m , (A.3a)
a (I +¢) r(l +hay +0161) —ai(1 +) = Bi(l +0)
i = (I —a;-p1) r(l + hay +o1B1) = Bi(l + 01) (A.3b)
| =—m ’ :
Bi(l+oy) r(l +tha; +0o18) —a(1 +d) —pi(l +07)
. 1 — ar —
Dy =m d-ai Ay , (A.3c)
r(l + %o +oB) —a(1 +9) -1 +0y)
n 1+a2 +ﬁ2 r(1+192a2+0'2,6’2)+a2(1—192)
pr=1-m , (A.3d)
@ (1 =) r(1 +thas + 02f,) + ax(1 =) + Bo(1 — 02)
N l+ax+p, r(1 +thay + 0ofr) + Bo(l — 02)
qr = 1 — ny , (A3C)
Bo(l —02) r(1 + has + 02f2) + ar(1 = 9,) + Bo(1 — 02)
. 1
Dy =my taotp . (A.3)
r(1 +thay + 02f:) + ax(1 = 9,) + Bo(1 — 02)
At this equilibrium, the constraint in (2.11b) in deme 1 is approximately
—min{0,1 - p; -G} =0 < D; <min{p,q} (A.4)

if migration is sufficiently weak, where by (A.3b) the following relation holds:

N a1(1+191)+,81(1+0'1)
D 0 . A5
1 >0 &= r> T s (A.5)

From (A.3a) and (A.3b) we note that

A 1+%a + O-Iﬁl
py =D |1 — , A.6
P1 1( r o (1+ ) (A.6)
and obtain the following relation if D; > 0:
1+
P1>0 = r< a1( ) (A.7)

l+01a1+0'1,81'

This is a contradiction to (A.5). Thus, the perturbation of Fy® is not in the state space.
In the absence of migration, there exist eight single-locus polymorphisms. It can be
shown that four single-locus polymorphisms are admissible under weak migration (one

single-locus polymorphism at each marginal one-locus system). The remaining four
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single-locus polymorphisms leave the state space under small perturbations. The details

are not shown here and are left to the interested reader.

A.2. CI model: gamete dynamics. In Section 4, the dynamics in the continent-
island model of the allele frequencies p, g and the measure of LD D is given in (4.3).
For some derivations (e.g., in the proof of Theorem 4.2) it is more convenient to work
with gamete frequencies x; (i = 1,2,3,4). Using the transformation (2.10) (where we
omit the subscript k for the deme, as we keep track of the island types only), the dynamics

(4.3) can be rewritten as

X = % = axi(x3 + x)[1 + 1 — 2(x1 + x2))] (A.8a)
+ Bxi1(x + x)[1 + o (1 = 2(x1 + x3))] — pD — mxy, (A.8b)
Xy = % = axy(x3 + xg)[1 + (1 — 2(x1 + x2))] (A.8¢)
= Bxa(x1 + x3)[1 + o(1 = 2(x1 + x3))] + pD — mx,, (A.8d)
X3 = % = —ax3(x; + x)[1 + (1 = 2(x; + x))] (A.8e)
+ Bx3(x3 + x)[1 + o (1 = 2(x1 + x3))] + pD — mx3, (A.8f)
d
X4 = % = —CYX4(X1 + XZ)[l + 19(1 - 2(X1 + XZ))] (Agg)
— Bxs(x; + x3)[1 + o(1 = 2(x1 + x3))] — pD + m(1 — xy). (A.8h)

It is a system of ordinary differential equations where (x, x,, x3, x4) € S4. In the absence
of dominance ¢ = o = 0, (A.8) was derived in BA11.

A.3. CI model: important quantities. In the following section we derive several
useful relations between the critical migration rates mf, m4, m®, m5, and m" defined in
(4.4). These are needed in the proofs of Theorem 4.1 and Theorem 4.2, respectively.

Recall the definitions of £; (i = 1,2, 3) given in (4.28) and define

(1-0)
=\ A9
4= 8ol ) (A9
The critical migration rates mf, m®, m%, and m5 satisfy the following relations (which

are independent of the recombination rate p): Forany -1 <#¢# <land -1 <o <1,
0<mt <mP &= 0<a<{p, (A.10a)
0<ml<ml & 0<¢B<a. (A.10b)

If -1 <¥ < -} and —1 < o < 1 hold, the following relations hold:

0<mt <mh <md = a<4p, (A.10c)



0<mt <mP <m

0<mP<mf <m
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A

2

A

2

— GF<a<{p, (A.10d)
= {B<a (A.10e)

If —% <¥?<land-1<o0o< —% hold, the following relations hold:

0<mt <mf <mb = a<ip, (A.10f)

0<mP<mf <md = OB<a<iyp, (A.10g)

0<mP <mb<m

A

1

= 4B<a. (A.10h)

If -1 <¥ < —1and -1 < o < —1 hold, the following relations hold:

0 <mh <mh <mf <mb

0<mf<mf <mh<md

0 <mh <m? <mb <m)
0<m?P <mb <mf <mh

0<m?P <mp <mb < mh

A

A

1717

A

= a<4p, (A.101)
eithero <& and B <a < B, or
¥ <o and 4B < a < OHPB, (A.109)
¥ <o and HB < a < B, (A.10k)
Lf < a, (A.101)
either o < ¢ and B < a < B, or

P <o and {18 < a < {p. (A.10m)

The critical migration rates m?, m®, and mM satisfy the following relations (which depend

on the recombination rate p):

0<mM<mf <mb

0 <mp <mM<m®
0 <mh <mf <mM
0<mM<m® <mf
0<m?®<mM<mf

0<m?<m <mM

—
—
—
—

—

—

O<a<@ifandB(l+o0)<p<all +9)+p(01+0),
(A.11a)
O<a<gBand a(l +3) <p <Bl+0), (A.11b)
O<a<@ifand0 <p <a(l+19), (A.11c)
O<@if<aanda(l+3) <p<a(l+3)+p(01+0),
(A.11d)
O<B<aandB(l+0)<p<a(l+3), (A.1le)
O0<gif<aand0<p<pB(1+0). (A.11f)

A.4. CI model: Weak migration. If m = 0 in (4.3), beside the globally asymptot-

ically stable monomorphism p = § = 1,D = 0 (we denote it in the following by M™)

and the unstable monomorphism M (4.6) there exist two unstable ME given by

p=1,4=0,D=0, and (A.12)

0
g=1,D=0. (A.13)
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In the absence of migration, the eigenvalues at M") are
—a(l-9), -pl-0), -p-al-9-p1-0). (A.14)

In this case, M) is not hyperbolic if and only if # = 1,oro = 1,orp=0and ¥ = o = 1.
The eigenvalues at M@ if m = 0 are

—-a(l1-9), pA+o), —-p-ald-73)+p1+0), (A.15)

where M? is not hyperbolic if and only if # = 1, or o0 = =1, or p = —a(1 =) +B(1 + 7).
The eigenvalues at M® if m = 0 are

a(l+9), -B(l-0), —p+a(l+3)—-p(1-0), (A.16)

such that M® is not hyperbolic if and only if # = —1,or o = 1, or p = a(1 +9)—B(1 - ).

The eigenvalues at M if m = 0 are
a(l+9), B(l+o0), —p+a(l+)+p1+o0), (A.17)

such that M is not hyperbolic if and only if # = —1,0or 0 = -1, orp = a(1 +3)+ (1 +0).

If dominance coefficients satisfy —1 < ¢ < 1 and —1 < o < 1, generically, F, (4.21)
is the only full polymorphism entering the state space under weak migration. In the
nongeneric cases where recombination is such that a monomorphism is not hyperbolic,
an additional full polymorphism may enter the state space under weak migration.

In the following we treat the remaining cases where |} = |o| = 1. If only one
locus is completely recessive, up to two three full polymorphisms may enter the state
space under weak migration: Fp, (4.21), one full polymorphism via M and either one full
polymorphism which is a perturbation of M® if ¢ = —1 or one full polymorphism which
is a perturbation of M® if o = —1. If both island alleles are recessive (¢ = o = —1),
beside Fp, up to three additional full polymorphism may enter the state space under weak
migration. If one locus is completely dominant, beside F,, (approximated by (4.53) if
p > 0 or by (4.55) if p = 0, respectively) up to one additional full polymorphisms may
enter the state space (if = 1 or o = 1 it is a perturbation of M® or M®, respectively).
If 9 = o = 1, in total up to three full polymorphisms may enter the state space under

weak migration.

A.5. CI model: Details of the proof of Theorem 4.1. In the following section, we
complement the proof of Theorem 4.1. We assume that the two loci are in LE and that
the dynamics are given by (4.23). As the dynamics at locus A and locus B in (4.23) are
decoupled, the results in Theorem 4.1 are obtained straightforwardly from the Cartesian

product of the respective single-locus dynamics known from Nagylaki (1975).
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For sufficiently weak migration, only F; (4.24a) is admissible. Up to first order in m,
itis given by (4.21). For sufficiently strong migration, F; for i = 2, 3,4 (4.24), may enter
the state space. This occurs according to the following conditions given in equations
(A.18):

F, = Ea, if and only if one of the following two conditions holds:

1 1
-3sf?<land —l<o<-—7 and m = mf <m}, or (A.18a)
1 1
—l<f¥<-zand -l<o<-— and m = m? < mb. (A.18b)
F; = Eg, if and only if one of the following two conditions holds:
—1<19<—§ and —§§0'<1andm:m1<m1,or (A.18¢c)
1 1
—l<d<-zand -l<o<-3 and m = m} < m5. (A.184d)

F, = Eap if and only if

1 1
“l<®#<-3and -1<o<-3 and mh <mf <mh and m=mP.  (A.18e)

F, = Eg if and only if

1 1
-l<¥#<-3and -1<o<-7 and m® <mp <m5 and m=ml.  (A.18f)
F, = M if and only if
1 1
“l<#<-zand —1<o<-3 and m = m} = mf. (A.18g)

The following relations (A.19) describe the possible cases in which F; leaves the
state space via collision with a boundary equilibrium:
Fi1 — Ea, if and only if one of the following two cases holds:

1 1
—§Sﬁ<1and —§§0<1andm?<m/1\ and m T m?, or (A.19a)
—1<ﬁ<—1 and —1<<r<1ande<mA and m T mB (A.19b)
3 3~ 1 2 1 .
F, — Eg, holds if and only if one of the following two cases holds:
1 1
—§Sﬁ<1and —§§a<1andm?<m? and m T m}, or (A.19¢)
1 1
—3<¥<land —l<o<-—z and m} <mS and m 1 m}. (A.19d)

F1 — Mif and only if one of the following conditions holds:

1 1
-3<?<1 and —§SU<1anmem/f:m?,or (A.19¢)
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1 1 A B
—§Sﬁ<land —1<0'<—§ and m T m{ = m,, or (A.19f)

1 1
—l<¥<-3 and —§§0'<1anmem§‘:m'13. (A.19¢g)

F, never leaves the state space via Ep; or Eg.
Also, F, and F; may leave the state space via collision with a boundary equilibrium.
This occurs in the following cases:

F, — Egy if and only if

1 1
—3<¥<land -l<o<- and m® <m® <m5 and m 1 mf. (A.20a)

F3; — Ea_ if and only if

1 1
-1 <#<-3 and —gga<1andm?<m?<m§ and m T mf. (A.20b)

The following relations (A.21) describe the possible cases in which internal equilib-
ria collide and annihilate each other:
F; — F, if and only if one of the following two conditions holds:

1 1

—3<?¥<land -l<o<— and m5 <m? and m T m8, or (A.21a)
_ _1 _ _l B A B

I <d< and —-1<o0< 3 and m, <m, and m T m;. (A.21b)

F, — F; if and only if one of the following two conditions holds:

—1<ﬂ<—% and —%30'<landm§<m'13 and m T m%, or (A.2lc)
Sl<f<-2 and —l<0'<—% and m5 <m5 and m 1 m). (A.21d)
F, — F, if and only if
-1<d< —% and -1<o< —% and max{m},m?) <mh <mS and m 1 mj.

(A.2le)
F, — F; if and only if

-1<d< —% and -1<o< —% and max{m},m?) <m5 <my and m 1 m5.
(A.211)
If -1 <9 < —-}and -1 < o < —f and m5 = m} hold, all internal equilibria F;
(i = 1,2,3,4) collide and annihilate each other at m T mj = m5.
The stability of the equilibria of the full system (4.23) is obtained as a Cartesian
product of the stability of the equilibria in the two single-locus system derived in Nagy-
laki (1975). Whenever equilibria are admissible, they have real eigenvalues. As already

stated in (4.26), F, is asymptotically stable whenever admissible. The remaining full
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polymorphisms F; (i = 2,3,4) are always unstable; cf. (4.27). Ea; is asymptotically

stable if and only if one of the following relations holds:

1
3 <®¥<1 and m? <m<m}, or (A.22a)

1
-1<9< -3 and m} <m < mh, (A.22b)

where —1 < o < 1 is arbitrary. Analogously, Eg; is asymptotically stable if and only if

one of the following relations holds:

1
-3<o<land mh <m<m?, or (A.23a)

1
-l<o< -3 and m/f <m<m§, (A.23b)

where —1 < 9 < 1 is arbitrary. As Ea, and Eg, arise from the Cartesian product
of unstable equilibria in the one-locus model, they are always unstable within the full
dynamics (4.23). From (4.8) and (4.5d) it follows that M is asymptotically stable if and
only if
m > max{my, m?}. (A.24)

Now we have all ingredients to finish the proof. In the following, we assume w.l.0.g.
that (4.29) holds. Then, by (A.10a) we need to consider the case m’l* < m? only.

Under the assumption of (4.29), by (A.24) and (A.10a) it follows that

M is asymptotically stable <= m > m®. (A.25)

Assume —% < ¥ < 1and —% < 0 < 1 hold. Ea; and Eg; are admissible if and
only if (4.12a) and (4.16a) holds, respectively. By (4.13) and (4.17), Ea, and Eg, are
not admissible. By (4.25), F, is the only full polymorphism that may be admissible in
this case. Applying (4.29) and (A.10a) to (4.15a) and (A.19c) it follows that F; — Eg;
and Ep; » Mifm 7T m{\. By (A.23a), at collision, F; exchanges stability with Eg ;. Eg
leaves the state space viaMif m T m?; cf. (4.19a). By (A.25), it exchanges stability with
M. This gives (4.30) in case (i) of Theorem 4.1 and diagram (a) of Figure 1.

The remaining cases of Theorem 4.1 can be derived similarly. As their derivation
is lengthy and as it mainly consists of combing the relations given in (A.10) with the

results given in this proof above, we leave them to the interested reader.

A.6. CI model: Details of the proof of Theorem 4.2. In the following section, we

complement the proof of Theorem 4.2 and derive the admissible full polymorphisms of
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the continuous-time CI model in the absence of recombination, p = 0. The correspond-
ing equations are obtained by setting p = 0 in (A.8):

X1 = xp [a(xs + x)(1 + 31 = 2(x1 + x2))) (A.26a)
+B(x2 + x)(1 + oo(1 = 2(x1 + x3))) — m], (A.26b)
Xy = X [a(x3 + x4)(1 + F(1 = 2(x; + x3))) (A.26¢)
+B(x1 + x3)(1 + (1 = 2(xp + x4))) — m], (A.26d)
X3 = x3 [a(x; + x2)(1 + F(1 = 2(x3 + x4))) (A.26e)
+B(xz + x)(1 + o (1 = 2(x1 + x3))) — m], (A.26f)

where x4 = —(X1 + X, + X3).

First we show that internal equilibria of (A.26) do not exist. Therefore, we set x4 =
1 —x; —x,—x31n (A.26) and assume that 0 < x; < 1 forall i = 1,2, 3,4. Then, equilibria
of (A.26) satisfy

a(xs + xg)[1 + M1 —2(x; + x2))] + B(x2 + x)[1 + (1 = 2(x1 + x3))] —m =0,

(A.27a)
a(xs + x)[1 + 31 = 2(x; + x3))] + B(x1 + x3)[1 + 0(1 = 2(x2 + x4))] —m =0,

(A.27b)
a(x; + x)[1 + (1 —2(x3 + x4))] + B(xz + x)[1 + 0(1 —2(x1 + x3))] —m = 0.

(A.27¢)

By expressing m from equation (A.27a) and inserting it into (A.27b) and (A.27c¢), these
two equations transform into:

=Bl + ol =2(x + x3))] = 0, (A.28a)
-1 +9(1 = 2(x; + x2))] = 0. (A.28b)

Solving this system of equations yields the manifold

1 1 1 1
22:5(”5—2;21) and x3:§(1+;—25c1), (A.29)

where x; € [0,1] and X, = 1 — X; — X, — X3. Reinserting this solution into (A.27) we
obtain that this manifold is a solution of (A.27) if and only if m = 0. Moreover, this
solution is not in S4. We leave this simple derivation to the interested reader. Thus we
showed that solutions of (A.26) are not internal.

In the following we derive the full polymorphism on the boundary of S 4.

Setting x; = 0, we obtain from (A.26) the two full polymorphisms F, 3 (4.40c) and
F,4 (4.40d).
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Setting x, = 0, (A.26) yields the full polymorphism F,; (4.40a) and F,, (4.40c), and
two solutions

o B -o@-9) VBP (B = o) + 8mor) R
3 = 1=

4092 ’ 209

which are not in § 4 if the dominance coeflicients satisfy (4.20).

(A.30)

Setting x3 = 0, (A.26) yields the full polymorphism F,; and F, >, and two solutions

o ar(c-92-0) = Jact(a(l -P?+8m¥) |  1+o0o
£, = 4;1/902 . &= (A31)

20
which are not in § 4 if the dominance coeflicients satisfy (4.20).

No equilibria exist on the surface x4 = 0.

A.7. The dynamics at a linked neutral locus. In Section 5.3, we derive the effec-
tive migration rate at a neutral locus N linked to the loci under selection. Recombination
between locus A (B) and N occurs with rate p; (p,), such that p = p; + p; is the recombi-
nation rate between locus A and B. Evolution at the three loci is described by a system of
seven ordinary differential equations for the allele frequencies and linkage disequilibria
(p, q, Dag, n, Dan, Dngs Dang)- The equations for the change of p, ¢, and Dpg are given
by (4.3). The allele frequency of N, at the neutral locus evolves according to

n=a(l +39(1 -2p))Dan + (1 + o(1 —2q))Dns + m(n, —n), (A.32a)

where n. denotes the frequency of allele N; within immigrants. The rates of change of
LD involving the neutral locus are given by

Dan = — p1Dan + @(1 = 2p)(1 + 9(1 = 2p))Dan + B(1 + (1 — 2¢))Dans

—mp(n; —n), (A.32b)
Dng = — p2Dng + B(1 = 2¢)(1 + o(1 = 29))Dng + a(1 + 9(1 - 2¢))Dang
— mg(n. — n), (A.32¢)

Dang = — pDang + [a(1 = 2p)(1 = 9(1 = 2p)) + B(1 = 2q)(1 + o(1 = 2¢))]Dang
= 2[a(l + 9(1 = 2p))Dan + B(1 + o7(1 = 2g))DnglDas
— m(Dang — pDng — gDan) + m(pq — Dag)(ne — n). (A.324d)
Genic selection is obtained if ¢+ = o = 0, a case studied in BA11. The equations
describing evolution at the neutral locus therein, i.e., equations (4.25), (4.26), and (4.28),
contain errors. Instead of their equations (4.25) and (4.26), the correct dynamics are

obtained from (A.32) with © = o = 0. We point out that formula (4.30) in BA11 for the

effective migration rate is not affected by these errors.
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Zusammenfassung in deutscher Sprache

In dieser Dissertation prisentiere ich meine wissenschaftliche Arbeit im Bereich der
mathematischen Populationsgenetik, welche im Rahmen meines Doktoratsstudiums der
Mathematik durchgefiihrt wurde. Dabei steht das Zusammenspiel der evolutiondren
Krifte Selektion, Rekombination und Migration sowie deren gemeinsame Wirkung auf
die genetische Konstitution, auf das Ausmalf} der lokalen Anpassung und auf den Grad
der Differenzierung einer Population im Vordergrund. Alle hier priasentierten Arbeiten
behandeln eine geografisch strukturierte Population mit zwei gekoppelten Genorten und
jeweils zwei Allelen. Diese Genorte sind lokal unterschiedlicher Selektion ausgesetzt,
wobei wir Interaktionen zwischen den Genorten (Epistasie) vernachldssigen.

Diese Dissertation besteht aus drei Abschnitten. Jeder Abschnitt entspricht einem pub-
lizierten oder eingereichten Manuskript (Stand September 2013).

Im ersten Teil (The effects of linkage and gene flow on local adaptation: a two-locus
continent-island model) nehmen wir ein Kontinent-Insel-Modell an. Dies ist das ein-
fachste Szenario um die evolutionidre Dynamik einer geografisch strukturierten Popu-
lation zu studieren. Aus Griinden der Vereinfachung ignorieren wir in dieser Arbeit
Dominanz und studieren ein zeitlich kontinuierliches Modell.

Im zweiten Teil (The consequences of gene flow for local adaptation and differentiation:
a two-locus two-deme model) erweitern wir das Modell der ersten Arbeit indem wir eine
Population betrachten die zwei Deme bevolkert. Diese sind durch Genfluss in beide
Richtungen verbunden. Wie in der ersten Arbeit ist dieses Modell in kontinuierlicher
Zeit und ignoriert Dominanz.

Im letzten Teil (The consequences of dominance and gene flow for local adaptation and
differentiation at two linked loci) verallgemeinern wir einige Annahmen der ersten und
zweiten Arbeit: Wir lassen Dominanz zu und gehen von diskreten, nicht iiberlappenden
Generationen aus.

In der Einleitung motivieren und beschreiben wir die betrachteten Modelle und deren
Zusammenhinge genauer. Dort diskutieren wir auch mogliche Konsequenzen welche
sich aus den drei Arbeiten ableiten lassen.

Wie es die formalen Richtlinien einer kumulativen Dissertation erfordern, ist am Ende

jeder Arbeit ein separater Abschnitt beigefiigt welcher den Status der Einreichung (mit
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Stand September 2013) und meine personliche Leistung dokumentiert. Eine gemein-

same Bibliographie aller drei Arbeiten befindet sich am Ende dieser Dissertation.
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