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1 Introduction

We fix notation and give a list of some important definitions and results from complex
analysis, measure theory and the theory of partial differential operators before starting
the discussion on the dimension of Bergman spaces. Especially in the revision of
complex analysis and measure theory we skip the details, but we are more precise in
the discussion of fundamental solutions to certain partial differential operators.

1.1 Basic definitions and notation

The open disc in C" centered at a with radius & is denoted by D(a, h). A set Q C C"
is called domain, if it’s open and connected.

If Q C C" is some open set with respect to (w.r.t.) Lebesgue measure (denoted by d\),
we denote the set of all holomorphic functions on Q by H(f2), the space of compactly
supported smooth (N-times continuously differentiable) functions by C§°(Q) (CY (2))
and the space of N-times continuously differentiable functions by C™(Q). For simplicity
we write C'(Q) :== C°(Q), denoting the space of continuous functions on Q. Elements
of C§°(2) are called test functions.

If ¥ : Q — R is measurable w.r.t. Lebesgue measure, we frequently use weighted
L?-spaces. Put

N ={f:Q—C: f=0 almost everywhere w.r.t. Lebesgue measure}

and for 1 < p < oo we define the weighted L space by
PQ,0)={f: Q= C: /Q f(2)[Pe" Y@ dA(2) < 0o} /N

By definition, the L? spaces contains equivalence classes of functions. For simplicity
we write for a function f satisfying [, |f[Pe™YdA(z) < oo that f € L*(Q, V), instead
of [f]~ € LP(Q, V), which would be more precisely. We use the notation [f]. only
at some point, where it is absolutely essential. In many situations we have a look at
classical LP-spaces as well and write LP(Q) = LP(,0). We equip these spaces with
the following norms

1/p
Il = ([ 1FIFe @dre)

and we denote the classical norms by || f||zr@) = ||fllzr(00)- It is well known that
the spaces (LP(2, W), ||.||zr(0,u)) are Banach spaces for 1 < p < oo and even Hilbert
spaces if p = 2 (with inner product denoted by (.,.)r2(0w)). We won’t have a look at
the case p = oco. For more details see [E09, Kapitel VI, §2]. The space of p-integrable
(0, 1)-forms is denoted by Lg (2, V).

Sometimes it is useful to have a look at the space of p-integrable functions

LP(Q, W, loc) .= {f € LP(K,¥) : for all compact subsets K C Q}.
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and for simplicity we write L(€,loc) instead of L'(£2,0,loc).
We define the supremum of a bounded function f : Q2 — C by

[ flloc.2 = sup [ f(2)]-
2€Q

The set of distributions on R™ is denoted by D’'(R™), which contains the set of com-
pactly supported distributions £'(R™). The pairing of a distribution A and a func-
tion ¢ € C§°(R™) is denoted by (A, ¢). The convolution A * &, where A € D'(R") and
¢ € &'(R™), is defined by

(A&, f) = (Ma), (€(y), o(z +9))),

for every ¢ € C5°(R"). In fact, this is a generalization of the convolution of some Borel
measurable essentially bounded function f and g € L'(R"), i.e.

9% F(2) = [ F)glz = y)dz),
The support of a function (measure, distribution) f, is denoted by suppf.

The o-algebra of all Borel sets in C" (with norm topology) is denoted by B(C"). If not
otherwise specified the term 'measure’ denotes a positive Borel measure.

1.2 A collection of useful theorems

The below results are used several times in the following chapters. Most of them require
more work and therefore, we skip the details of the proofs.

1.2.1 Holomorphic functions
All of the stated theorems are classical results from complex analysis. If not otherwise
specified their proofs can be found in Hérmander’s book [H690/I, ch. 1 and 2].
Theorem 1.1 (Weierstrass). Let Q C C be open and {f,}5°, C H(QY). If there exists
a function f: 2 — C such that for every compact subset K of )

1fn = Flloo.c =0,

asn — oo, then f € H(Q). Furthermore, for every compact subset K of Q and k € N
we have

£ = P loec = 0,
as n — .
Proof. A proof can be found in |[Re92) p.195]. O

Theorem 1.2 (inhomogeneous Cauchy formula). Let Q be a bounded, open set in C,
such that bSY is piecewise C' and positively oriented. If u € C*(Q), then u can be
written in the following form

ou

u(z) = 217” (/m g‘(_g)zdu/ggﬁ_(idg/\dg) ,

for every z € Q.



1.2 A collection of useful theorems

The previous theorem can be applied to prove the following statement.

Theorem 1.3. Let Q2 C C be open. For every compact set K C ) and every open
neighborhood w C Q of K there are constants C; > 0 for j =0,1,2,... such that

ol
12 e < o

for every u € H().

Proof. Let u € H(2) and ¢ € C§°(w) such that ¢ = 1 in a neighborhood V' of K. Now
apply the inhomogeneous Cauchy formula to the function ¢u € C§°(w) and note that

(gbu) = u%. Thus, we get

1 ( [ u(§) G () 2

- — - d§+/wu(§)€_zd§/\d§)

9
9z

¢(z)u(z)
(1.1)

9¢
1 =(6) ,
/w . w(€) E27 g A dE.

" i £E—z
By construction we have that

inf [£—2]>0

few\V,zeK
and the function g—‘g is bounded on w\V. Thus, our claim holds true for j = 0. The
general situation follows by differentiating equality (1.1)). O

The previous proof can be adapted to gain the following result. We use the multi-index
notation: For a € N" we define

la =aq + -+ ay,

|al
0%u(z) : 0

C0M L Ozom

Theorem 1.4. Let Q2 be open in C". For every compact set K C ) and every open
neighborhood w of K there are constants C,, for all multi-indices o € N™ such that

10%ulloc, ke < Clallul[ L1 @),
for every u € H().

Idea of the Proof. Let u € H(S2). Like in Theorem [1.3] you have to choose a function
Y € C§°(w). Now focus on the function ¢u and apply the inhomogeneous Cauchy
formula. O

Another well known principle for holomorphic functions is the following maximum
principle (see [Re92) p.191])).

Theorem 1.5 (Maximum Principle). Let 2 be a domain in C and f € H(Q). If
20 € Q, take r > 0 such that D := D(zg,r) relatively compact in 2, then

|f (z0)| < || floc,bp-
Equality holds if and only if f is constant on ).
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A very important theorem is Montel’s theorem, which is a classical statement of com-
plex analysis. Before we can go into more details we have to describe the involved
topology.

Definition 1.6. Let Q be a domain in C. A family F C H(S?) is called bounded on
D C Q if there exists a positive number M (D) > 0, such that for every f € F we have

[fllo.0 < M(D).

The family F is called bounded if it is bounded on every compact subset of ).
We call the family F C H(Q2) normal, if every sequence {f,}52, C F contains a
subsequence { f, }72, converging uniformly on the compact subsets of Q@ to a function

feH(Q).

The above terms stem from the following metric defined on H(2): We take a countable
compact exhaustion {K,}52, of 2 and define a metric by

[e.o]

Z ||f g||OOKn

o 27+ = gllooka)

Q)fg

By Theorem the space (H(2),dyq)) is complete. (With the seminorms || f||,x,,
the space H((2) is a Fréchet space.)

This metric induces the topology of uniform convergence on compact subsets on H(£2).
The topology does not depend on the particular choice of the exhaustion.

Theorem 1.7 (Montel). Let Q2 be a domain in C. Every bounded family F C H(2) is
normal.

Proof. A proof can be found in [Re95l ch. 7, §1.]. ]

1.2.2 Compactly supported continuous functions

Each of the following results can be found in [Ra95].

Let X be a topological space. The set of all complex valued continuous compactly
supported functions is denoted by Cp(X). The norm ||.|| x defines a topology on
Co(X).

We will frequently use the following approximation lemma.

Lemma 1.8 (Approximation). Let Q2 be a domain in C, ¢ € Cy(Q2) and U a relatively
compact open subset of Q0 such that suppp C U. Then there exists {dn}tnen € C5°(£2)
such that suppp, C U for allm € N and ||¢ — énllcoa — 0 as n — oo. Moreover, if
¢ > 0, then the approzimating sequence {¢y,}nen can be chosen such that ¢, > 0 for
each n.

Proof. A proof can be found in [Ra95, ch. 3, p.72] and is based on a smoothing
argument. O

A Riesz representation theorem gives a connection between the dual space of Cy(X)
and special Borel measures.



1.3 Fundamental solutions and regularity

Definition 1.9 (Radon measure). A Borel measure p on a topological space X is called
a Radon measure, if n(K) < oo for every compact subset K of X.

A functional F' on Cy(X) is called positive if
F(¢) =0
for all ¢ € Cy(X) with ¢ > 0 on X.

Theorem 1.10 (Riesz). Let X be a locally compact metric space. If F' is a positive
linear fuctional on Cy(X), then there exists a unique Radon measure pv on X such that

F6) = [ o(z)dp(z),

for all ¢ € Cy(X).

Proof. A proof can be found in [Ra95, appendix 3, p.211]. ]

1.3 Fundamental solutions and regularity

In this section we collect some informative and worth knowing properties of funda-
mental solutions and special partial differential operators. The main result is that
any distributional solution to Au = 0 and g—g = 0 are indeed smooth functions. This
statement will be frequently used in the following chapters.

The represented definitions and theorems can be found in [H690/11, ch. 2-4].

Definition 1.11 (Linear partial differential operator). Let n > 1. An operator

P = Z a,0%,

aeNn?

where only finitely many (complex) constants a, are non-zero, is called a linear partial
differential operator.

Linear partial differential operators are defined on different spaces. We consider the
situation, when P : D'(Q) — D'(Q2), where Q denotes an open subset of R™.

Definition 1.12 (Fundamental solution). A distribution A € D'(R"™) is called a fun-
damental solution to the linear differential operator P if

PX = 0y,
where oy denotes the Dirac distribution at 0 (i.e. point evaluation at 0).

As we shall see later, fundamental solutions can be used to find ’arbitrary’ distributional
solutions of P. For now, we derive distributional solutions to the Laplace and the
Cauchy-Riemann operator.

For this purpose, we recall some consequences of the Gauss-Green theorem: Let U
be a bounded, open subset of R* s.t. bU is C'. If u,v € CY(U), j € {1,...,n} and
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v(z) = (1 (x),...,v(x)) denotes the outward pointing unit normal vector at = € bU
the following equalities hold true

/uxjvd)\: —/ U'ijd)\—’—/ uwov;dsS, (1.2)
U v bU

and

/U (mv - vAu) X = /b ) (u (gradolv) - v(gradu\u)> ds. (1.3)

Equality ([1.2) is called integration by parts formula. A proof can be found in [Ev10),
p.712].
We follow the lines of Hérmander [H690/11, p.80] to show the following result.

Theorem 1.13. Letn € N s.t. n > 2. The area of the unit sphere in R™ is denoted
by s(n). The function

_|z‘27n

(n—2)s(n) fo € Rn\{0}7

is a fundamental solution to the Laplace operator, i.e. Af = &y. Moreover, we have
that 0; f (x) = Of@) — _ % _ i the sense of distributions.

Oz s(n)|z|™

log |z| if T 2
f() ::{ w o FeeRA,

Proof. Take a test function ¢ € C5°(R™). The integration by parts formula (1.2]) gives
us

(0;f,¢) = =(f,0;¢) = —lim (2)0;p(x)dA(x)

e=0 Jiz|>e

= lim 0; f(x)p(x)dx + lim f(x)gb(x)ﬁds

=0 Jja|>e =0 JJz|=e ||

A short computation shows that

, T Ofeloge) ifn=2
lim z)p(z)—2dS = ’
e—0 J|z|=¢ f@)el )‘x| {O(e) if n=2,
as ¢ — 0. This proves that 0;f(x) = S(SW in the sense of distributions.

We note that Af(z) =0 for x € R"\{0} and thus, equality (1.3 implies

(A.6) = (f, AG) = lim <f<x>A¢<x> - ¢<x>Af<x>)dA<x>

e—0 |z|>e
. x
=t | (é(x)grad f () - f(w)gradd)(w)!m)ds-
One can check that the latter integral tends to 0 as ¢ — 0. By continuity of ¢ the
other term tends to ¢(0) as ¢ — 0. Hence we have shown that (Af, ¢) = (dy,¢). O

As a consequence of the previous theorem we can find a fundamental solution to the
Cauchy-Riemann operator (see [H690/11, p.81]).



1.3 Fundamental solutions and regularity

Corollary 1.14. The function f(z) = i for z € C\{0} is a fundamental solution to
P

5.

Proof. At first we note that A = 4%22. Thus by Theorem m

log | 2| _48 (010g|z|> 01

% =A or  0z\0z on GER

is satisfied in the sense of distributions. O]

Another nice property of fundamental solutions is the following: Let A be a fundamental
solution to the linear partial differential operator P and n € £&'(R"). The convolution
Ax 1 =mnx% \is well defined and one has

PAxn)=XxPn=P\xn=23dyxn=n. (1.4)
We recall the definition of the support of a distribution A € D'(2),
suppA = {z : A neighborhood V of z s.t. (\,¢) = 0 for all ¢ € D'(V)}.

Another kind of support is the so-called singular support, which consists of all points
x s.t. the distribution isn’t equal to a smooth function in a neighborhood of x. More
precisely: Let A € D'(Q2), then

sing suppA := {z : B neighborhood V' of x s.t. A|y is a smooth regular distribution}.

The fact that D'(R™) * C§°(R") € C*°(R"™), a well known property of convolution of
distributions (see [Ho90/II, p.88]), allows us to prove the following lemma (see [H690/11,
p.102-103)).

Lemma 1.15. Let \; € D'(R™) and Ay € E'(R™). Then
sing supp(A * Ag) C sing suppAy + sing suppAs.

Proof. Let x be a smooth cut-off-function s.t. x = 1 in a neighborhood of sing suppAs.
We define o := xAy € D'(R™) and 1 := (1 — x)A2 € C$°(R™) and note that

Ay = 09 + 1s.
As we have already stated, Ay x 7, € C°(R"™) and A * 0y is a C*°-function in
{x : x — suppos C R"\sing suppl; }.
This means that
sing supp ()\1 * )\2> = sing supp ()\1 % 09 + Ao % 772>
= sing supp()\l * 02)

C suppoy + sing suppA;
C suppy + sing suppA;.

We can take y s.t. x = 1 in a neighborhood arbitrarily close to sing suppXs. O]
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Now it’s quite easy to prove the following theorem (see [H690/11, p.110]).

Theorem 1.16. If the linear partial differential operator P has a fundamental solution
A with sing suppA = {0} and Q is an open set in R™, then

sing suppn = sing suppPn,

for every n € D'(9).

Proof. An immediate consequence of the definition of singular support is that
sing suppPn C sing suppn.

Let n € £'(?). Lemma and equation (1.4)) give us
sing suppn = sing suppA * Pn C sing suppPn.

This proves the claim for compactly supported distributions.
If n € D'(2), we take a compact exhaustion {K,,}5°_; of Q and a family {x,,}>_, of
smooth cut-off functions s.t. x..|x,, = 1 and note that
K,, Nsing suppPn = K,, N sing suppP(xm7)
= K,, N'sing suppxn
= K,, Nsing suppn,

for every m € N. This proves the claim. m

As next we recall a localization theorem for distributions. We use this result to prove
the claim on regularity of solutions to the Cauchy-Riemann operator and the Laplace
operator at the beginning of this section.

Theorem 1.17 (Localization of distributions). Let n,n2 € D'(Q2).

(i) If every x € Q has a neighborhood V,, s.t. nl‘v =0, then n, = 0.

(i) If every x €  has a neighborhood V,, s.t. m

v v then nmy = ns.

Proof. A proof of (i) can be found in [H690/II, p.41]. The second claim follows by
applying the first result to the distribution n; — ns. O

Now we are able to prove a regularity result for special distributions.

Lemma 1.18. Let n € D'(Q). If the singular support satisfies sing suppn = 0, then
there exists a function g € C*(§2) s.t. g =n in the sense of distributions.

Proof. By the definition of the singular support, for every x € €) there exists an open
neighborhood V,, and a smooth function g, € C*(V,) s.t.
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Let « # y such that z € V, NV, # (). Thus, we can find an open neighborhood U, of z
s.t. U, CV,NV,. For every ¢ € C§°(U,) we have

(9o, V) = (n,¥) = {9y, V),

which proves that [;; ¥(w)(g.(w) — g,(w))dA\(w) = 0 for every ¢ € Cg°(U;). By
continuity of g, and g, in U, we have that

gz(w) = gy(w)
for every w € U,.
Therefore, the function g defined by

9(2) = 92(2),
if z € V,,, is well defined and lies in C*°(€2). By Theorem and (|1.5)) we even have
that

n=4g

in the sense of distributions. O

The following regularity result for special partial differential operators applies to the
Cauchy-Riemann and Laplace operator.

Corollary 1.19. Let P : D'(Q) — D'(Q2) be a partial differential operator with funda-
mental solution A\ € D'(Q) satisfying sing suppA = {0} and g € C*(Q). If a distribu-
tion n € D'(Q) satisfies Pn = g, then there exists a function f € C*(Q) s.t. n= f in
the sense of distributions and Pf = g is satisfied in the classical sense.

Proof. By Theorem [1.16] we have

sing suppn = sing suppPn = sing suppg = (.

Thus we apply Lemma to find a function f € C*>(Q) s.t. 7 = f in the sense of
distributions. Since all derivatives of f are continuous Pf = ¢ holds in the classical
sense. =

We apply the previous corollary in the following way: Let P be a partial differential
operator satisfying the assumptions of Corollary [1.19] If we find a solution to the
inhomogeneous equation

Pf=g

(with smooth right hand side) in the sense of distributions, then we are able to find a
version which is a classical smooth solution.

Example 1.A. The previous theorem applies to the Cauchy-Riemann operator and
the Laplace operator. For example, if n; € D’(C) and 7y € D'(R™) satisfy

Im

=0
8? )
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A?]g = 0,

then one can find smooth versions of 7; and 7, solving the homogeneous Cauchy-
Riemann equation and Laplace equation.

In particular, if n; € L'(C,loc) and n, € L'(R", loc) (n > 2), then by the previous
corollary n; and 7, are equal to a smooth function except on a set of Lebesgue measure
Z€ero. ¢

A version of Corollary for the Cauchy-Riemann operator and the Laplace operator
can be found in [BG91, p.252, Prop. 3.6.5.].

10



2 Subharmonic functions and related
concepts

In this chapter we provide material on upper semicontinuous functions, subharmonic
functions, plurisubharmonic functions and topics related to logarithmic potential the-
ory. Among others, we prove the Riesz representation theorem for subharmonic func-
tions, which is based on Theorem and gives a connection between the theory of
subharmonic functions and (logarithmic) potentials. Finally, we introduce the term of
logarithmic capacity.

Most of the stated theorems can be found in [Co95 ch. 19], [H690/1, ch. 1 and 2],
[R86, ch. 4] and [Ra95l, ch. 2-5]. Nevertheless, these are well-known facts and can be
found in several other books.

2.1 Upper semicontinuous functions

This section only provides basic material on upper semicontinuous functions. If not
otherwise specified, {2 always denotes an open subset of C.

Definition 2.1 (Upper semicontinuous). A function u : Q — [—00, 00| is called upper
semicontinuous if for every s € R the set {z € Q : u(z) < s} is open.

A function u is called lower semicontinuous if —u is upper semicontinuous. It turns
out that a function is continuous if and only if it is lower and upper semicontinuous.

Lemma 2.2. A function u: Q — [—o00,00) is upper semicontinuous if and only if

limsup u(y) < u(z), (2.1)
Yy—x
for all x € Q).
Proof. This claim is an easy consequence of the definition. m

The following lemma (see [F99] p.40]) tells us that the infimum taken over an arbitrary
family of upper semicontinuous functions is again upper semicontinuous. This is an
interesting difference to families of continuous functions, where one can not expect that
the infimum is again continuous.

Lemma 2.3. Let I be an index-set and u; : 2 — [—00,00), for j € I, be a family of
upper semicontinuous functions. The function

U(z) = inf u;(2),

jel

1S Upper Semicontinuous.

11



2 Subharmonic functions and related concepts

Proof. Let s € R. Take zg € Q s.t. U(zp) < s. By definition of U we can find an index
J € Is.t. uj(z) < s. Since u; is upper semicontinuous we can find a neighborhood V,
of zy s.t.

U(z) <uj(z) <s,
for every z € V,,. This implies that {z € Q: U(z) < s} is open. O

In some situations we will need an approximation lemma by continuous functions. For
this purpose, we provide the following result, which can be found in [Co95, Thm. 3.6,
p.219].

Lemma 2.4. If u : Q — [—00,00) is upper semicontinuous and v < M < oo on
QQ, then there exists a decreasing sequence of continuous functions {f,}>2, on Q s.t.
fn < M and for every z € Q we have f,(z) \u(z) as n — 0.

Proof. W.l.o.g. we may assume that u is not identically —oo.
Define f,(2) == sup{u(y) — n|z —y| : y € Q}. Thus, by definition we have that

fa(2) 2 u(y) —nlz —y[ > uly) — (n+1)[z — |

for z,y € Q and n € N. This proves that f,(z) > foi1(2) > u(2).
Now we check, if f, is uniformly continuous. For this purpose, let ¢ > 0, n > 1
and z € ). The definition of f, tells us that there exists a point y € 2 such that

fn(2) <uly) —nlz -yl +e
If |x — z| < e, we have that |z — y| < e + |z — y| and hence,

fa(z) > uy) —nlz —y| > uly) —nlz —y| —ne > fu(2) — (n+ 1),

for |x — z| < e. A similar computation shows that f,(z) > f.(x) — (n + 1)e for
|z — x| < e. Hence, |fu(x) — fu(2)| < (n+ 1)e, whenever |z — x| < € and thus f, is
uniformly continuous.

Finally, we prove the claim of pointwise convergence. Fix z € 2 and € > 0. For this
purpose, we assume that u(z) > —oo. Since u is upper semicontinuous we can find a
d>0s.t. u(y) <u(z)+e for |z —y| < 0. Thus, for the same y we have

u(y) — nle — | < u(z) + <.
If |y — z| > 6, we have
u(y) —nlz —y| <u(y) —nd < M —né.

Choose ng s.t. for all n > ny we have M — nd < u(z) + €. Thus by definition of f,, we
have

u(z) < fo(2) < ul2) + e,

for n > ng.

Otherwise, if u(z) = —oco. We assume that limsup,,_,. fu(2) = a > —oo. Since,
{fn}22, is decreasing we have that a = lim,, o, f,(2). Fix e > 0. Thus, we can find ng
such that |f,,(z) —a| < € for all n > ny. By definition of f,, we can choose y,, such that

—e< fulz) —a<u(y,) —nlz—yu| +te—a < M—nlz—y,|+ec—a.

12



2.2 Subharmonic functions

Hence, we even have that 0 < n|z —y,| < M — a + 2¢ and so y, — z as n — 0o. Now
we can apply Lemma [2.2] and gain

—00 < a = limsup f,(z) < limsupu(y,) +& < u(z) +e = —o0,

n—oo n—oo
a contradiction. O

Another important question is if upper semicontinuous functions have upper bounds
on compact sets (see for instance [Ra95, Thm. 2.1.2; p.25]).

Lemma 2.5. Let u be an upper semicontinous function on §2 and let K be a compact
subset of Q). Then u is bounded above and attains its upper bound.

Proof. The increasing sequence of sets Q, = {z € Q : u(z) < n}, for n € N, form
an open cover of K. Therefore, there is nyp € N s.t. K C €2,,. This proves the first
claim. Let M := sup,cx u(z). By the definition of upper semicontinuity, we have that
for every n € N the sets {z € Q:u(z) < M — %} are open and cannot cover K (since
they don’t have a finite subcover). Hence, u(z) = M for at least one z € K. O

2.2 Subharmonic functions

Unless stated otherwise, in this section 2 denotes a domain in C with the associated
induced norm topology of C.

Definition 2.6. A function ¥ : Q — RU{—o0} is called subharmonic if the following
two properties are satisfied:

(i) ¥ is upper semicontinuous,

(ii) U satisfies the submean value property, i.e. for every a € Q there ezists a
number r, > 0 such that D(a,r,) € Q and

1 2 .
U(a) < 7/ v i0
(a) < 5 Jo (a+re™)ds,

for every 0 < r < r,.

An upper semicontinuous function ¥ is called strictly subharmonic if the inequality in
property (i) is strict.

We call a function h : Q — [—00, 00) harmonic if and only if & and —h are subharmonic.
Harmonic functions satisfy that

1
o

2 .
h(a) / h(a + re®)do), (2.2)
0
for r > 0 s.t. D(a,r) C Q. These are exactly the functions s.t. Ah = 0 (see [EvI10,
Thm. 2&3, p.25/26]). Equality (2.2)) is called mean value property.
By linearity of the integral, it’s easy to see that the addition of two subharmonic func-
tions is again subharmonic.

13



2 Subharmonic functions and related concepts

Let g € C(bD(0,1)). Sometimes it is quite useful to have a solution of the following
Dirichlet problem: Is there a function v : D(0,1) — R s.t.

u(z) = g(z) for z € bD(0,1),

Au=0  on D(0,1). (2:3)

Actually, we don’t want to prove existence of a function satisfying (2.3)), but we write
down the most important theorem. To solve (22.3]) we need the so-called Poisson kernel:

Definition 2.7. The function P,(0) : [0,00) x R — R defined by

P = — L=
1 = 21 cos(0) 4 12

1s called the Poisson kernel.

There are several other representations of the Poisson kernel (see for instance [CoT8|
p.256-257]). It’s easy to see that P,(6) is 2m-periodic in #. Another nice property is
that

! /W P.(6)d8 = 1.

2 J—r
A proof of this statement can be found in [CoT78|, p.257].

Theorem 2.8 (Poisson’s formula for the disc). Let g € C(bD(0,1)). The function

u:D(0,1)) = R defined by

u(re?) = 21 /7T P.(0 —t)g(re™)dt

T J—7

for 0 <r <1and0 <60 <2, and u(e?) = g(e) for 0 < 0 < 27, is continuous on
D(0,1) and is a solution of the Dirichlet problem (2.3)).

Proof. A proof can be found in [CoT78, p.257-258], or in [Ra95, p.8]. ]

There are several equivalent definitions of subharmonic functions. The following can
be found in [Co95, Thm. 4.5, p.221].

Theorem 2.9. If ¥ : Q — [—00,00) is upper semicontinuous, then the following
properties are equivalent:

(i) U is subharmonic.

(ii) Every compact subset K of Q has the following property: If h € C(K), har-
monic on K°, s.t. u<h on bK, then u < h on K.

(iii) Every closed disc D C Q has the following property: If h € C(D), harmonic
on D°, s.t. u<h onbD, then u <h on D.

14



2.2 Subharmonic functions

Proof. (i) == (ii). Let K be a compact subset of {2 and assume that h € C(K)
harmonic on K° with ¥ < h on bK. We put v := ¥ — h and therefore, we have to
check if w <0 on K.

Suppose that there is zp € K with u(zp) > ¢ > 0 and define A == {z € K : u(z) > ¢}.
By definition A is nonempty and compact (u is upper semicontinuous). Since,
bK NA=1(, we have that A C K°. Upper semicontinuity implies again, that there
exists a € A s.t. u(a) > u(z) for all z € A and thus for all z € K.

O denotes the connected component of K° s.t. the point a lies in O. Now we put
B:={z€ O :u(z) =u(a)}, which is a relatively closed nonempty subset of O. Take
w € Band r > 0s.t. D(w,r) C Q and thus, by connectedness, D(w,r) C O. For
0 < s <r we have

2 .
2mu(w) < / u(w + se'?)df < 2mu(a) = 2mu(w),
0

and hence,

/027r (u(a) —u(w + seia)) df = 0.

The integrand of the previous display is positive and thus we have that D(w,r) C B.
This proves that B is open and hence B = O.
If € bO C DK, then by Lemma [2.2] we have

0> u(z) > limsup u(z) = u(a) > 0,
2€0,z—x

a contradiction.

(11) = (d27). This implication is easy to see.

(14i) = (i). Suppose that D(a,r) C 2. Fix 0 < s < r. By Lemmawe can find
{fs}ee, C C(bD(a,s)) s.t. f2 N\ ¥ pointwise on bD(a,s). By Theorem we find
a function h; € C(D(a, s)) which is harmonic on D(a, s) and satisfies by |sp(a,s) = -
By property (iii) we have that ¥ < h? on D(a,s) and therefore, we use harmonicity
of h; to obtain

1 27 0
U(a) < B (a) = 7/ he (a + s1¢)db,

2w Jo

for s; < s. By Fatou’s lemma for s; * s we have

27

. 2m .
27¥(a) < / he (a4 se)df = / fi(a + se™)dd.
0

0

Finally, we apply the monotone convergence theorem to see that W satisfies the submean
value property. O]

Remark 2.A. Property (ii) of Theorem is called maximum principle for subhar-
monic functions.

Before we can prove a smoothing lemma, we have to provide a technical lemma first
(see [Co98, Thm. 4.9, p.223]).

15



2 Subharmonic functions and related concepts

Lemma 2.10. If V¥ s subharmonic on 0 and D(a,r) C Q, then
ST (a + rei?)dd \ 2m¥(a) as r N\, 0.

Proof. We use the same method as in the proof of Theorem [2.9] For 0 < s < r put
o(s) = o= [77 U(a+se?)df. We can find a sequence of continuous functions { £}, on
bD(a, s) (see Lemma [2.4) such that f3 \, ¥ pointwise on bD(a, s). Hence, we can find
functions hy, € C(D(a,s)) s.t. h} is harmonic on D(a, s) and b3 |sp,s) = f; (see The-
orem . Thus by subharmonicity we have h$ > W on D(a,s). Let 0 < s1 < sy <7
and use the mean value property for harmonic functions and Fatou’s lemma to see

1 2 ] 1 o ‘
o(s1) < 5= [ ita+sie)dd = b2 (@) < o [ hit(a+ sse)ad.

Hence, apply monotone convergence theorem to get o(s1) < o(ss).
By subharmonicity we have W(a) < o(s) and thus by Fatou’s lemma we have

1 2 .

U(a) < limo(s) < f/ lim sup U (a + se)df < U(a).
s\0 21 Jo AN

Therefore, the claim holds true. O

As previously mentioned, we are now able to prove a smoothing lemma (see for instance

[Co95l, Prop. 4.19, p.226]). For this purpose we need mollifiers. Let x € C§°(C) radial

symmetric, positive with [c x(z)d\(z) = 1 and suppx € D(0,1) (standard mollifier).
Then we define

X(2) =

-
for e > 0.

Lemma 2.11 (Smoothing). Let ¥ be a subharmonic function on Q and ¢ > 0. The
function W, = U x x° (called a mollification of V) has the following properties:

(1) V. € C>(C).

(i) If K is a compact subset of 2, then || — V. ||p1x) — 0 as e = 0.
(iii) V. is subharmonic on . = {z € Q : d(z,bQ) > €}.

(iv) For each z € Q we have that U .(z) N\  ¥(2) as e \ 0.

Proof. (i) and (i4) are standard results and for a proof we refer to [Ca95| ch. 18, Prop.
3.6, p.181] or [Ev10, appendix C, Thm. 7, p.714].
(7i1). Let z € . A change of variables argument gives us

V. (2) = /D oy W~ Ew)X(@)dAw). (2.4)

If r > 0, such that D(z,r) C ., we have by Fubini’s theorem, that

2 . 2m .
/ (2 4 re)do = / / U(z +re — cw)x(w)dA(2)do
0 0 D(0,1)
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2.2 Subharmonic functions

= [}y X0 /0 U(z + re? — cw)dfdA(w)

D(0,1

> o /D oy X0 — cw)dA(w) = 270 (z).

This proves the claim.
(iv). Let 0 < e < 4, for a fixed 0 > 0. Inequality (2.4) and Lemma gives

U (z) = /D oy Y = Ewx(w)dNw)
= /01 rx (1) /027r U(z — ee)dbdr
< /01 rx(r) /027T U(z — 6e)dOdr = Ws(2).

A similar computation (with help of Lemma and monotone convergence theorem)
shows that W.(z) \, ¥(z) as € \, 0. O

An application of the previous smoothing lemma is the following localization theorem
(see [Ca98, Cor. 4.22, p.227])).

Lemma 2.12. Ifu € L'(Q, loc) such that, whenever K is a compact subset of Q there
is a subharmonic function Vg on K with Vi = u a.e. w.r.t. Lebesque measure on K.
Then there is a subharmonic function ¥ on  s.t. u =V a.e. on 2.

Proof. Let u. be a mollification of u as in the previous lemma. Take a sufficiently
small 6 > 0 and let K be a compact subset of {z € Q : d(z,02) > 2§}. The set
K°:={z€Q:d(z,K) < §} is compact in . By assumption we know that u = ® a.e.
on K?, for a subharmonic function ®. By construction we have for z € K and € < §
that

us(z) = /Cu(w)xs(z —w)d\w) = / w(w)x®(z — w)d\(w)

€

= [ @)z = w)dr(w) = /C O (w) " (2 — w)dA(w) = Bo(2).
Therefore, we have that u.(z) — ®(z) as ¢ — 0 on K. Since K was arbitrary,
U(z) = lim. o u.(2) exits for all z € 2 (more precisely, if K’ C K are compact subsets
of Q, we have that Uk (z) = Vg, (2) on K. Now define ¥U(z) = Wg(z) for z € K,
which is well defined by the previous argument and satisfies W(z) = lim._,ou.(2) for
all z € Q). Locally ¥ satisfies the submean value property and Lemma , hence, ¥
is subharmonic. On the other hand . — w in L'(K) and passing to a subsequence
shows that v = ¥ a.e. on €. O

One of the most famous equivalent definitions for a C? function being subharmonic is
the following one:

Corollary 2.13. Let W € C*(Q). Then W is subharmonic if and only if A¥ > 0.

Proof. A proof can be found in [R86], Prop. 48, p.87]. We prove a more general result
later on. O]
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2 Subharmonic functions and related concepts

We will see that one can use Lemma to prove Corollary [2.13]

Example 2.B. If f(z) = (z —a1) - -+ - (2 — an)g(2), where g € H(C) and g has no
zeros on C, then z +— log|f(2)| is harmonic on C\{as,...,a,} and subharmonic on C.
Since

log | f(2)] = >_log |z — ax| + log |g(2)],
k=1

it suffices to show the claim for each term.
The function z > logl|g(z)| satisfies the assumptions of Corollary and
Alog|g(z)| = 0. Hence, this function is harmonic on C.

The functions z — log |z — ax| are upper semicontinuous and satisfy Alog|z —ax| =0
for z € C\{ax}. By Corollary this proves the first claim. Since the submean value
property is satisfied in a; the second claim follows immediately. ¢

The following example is an application of Jensen’s inequality.

Lemma 2.14 (Jensen’s inequality). Let X C R™ Borel measurable and p a probability
Borel measure on X, I CR an interval, f : X — I p-integrable and ¢ : I — R convez.
Then [y f(2)du(z) € I and

o ([ F@du=) < [ o(7)duC). (25)
Proof. A proof can be found in [E09, p.221]. O

Example 2.C. The function ¥ : z — max(0,log|z|) is subharmonic.

By definition W is continuous and therefore, we only have to check if the second property
of Definition is satisfied. We use Jensen’s inequality and subharmonicity of
z + log |z| (see Example to see that

1

2m ) 1 27 )
il 0 q0 > ( 7/ i ) >
27r/o U(a+re”)df > max | 0, 5 ) log |a +re”|df ) > V(a)

for appropriate » > 0 and therefore our claim holds true. ¢

As in the last example, it follows by Jensen’s inequality (2.5) that if ¥ : Q@ — R is
subharmonic and A : R — R is convex, then h o ¥ is again subharmonic, provided that
h o ¥ is upper semicontinuous.

Remark 2.D. By Corollary a function ¥ € C?*(Q) is harmonic if and only if
AV = 0. Furthermore, as we have seen in Theorem the Laplace-operator has a
fundamental solution with singular support {0} and therefore, by Corollary if a
distribution v € D'(2) satisfies Au = 0, then u can be considered to be a smooth
function. Hence, every distributional solution of the homogeneous Laplace equation is
a version of a classical solution and therefore a version of a harmonic function.

Sometimes it is quite useful to have an integrability statement (see [Ra95, Thm. 2.5.1,
p.39]).
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2.2 Subharmonic functions

Theorem 2.15. If ¥ : Q — [—00,00) is subharmonic and not identically —oco, then
W s locally integrable w.r.t. Lebesque measure.

Proof. 1t suffices to show that for every z € Q there exits a number r > 0 s.t.
/( [ ()ldrw) < oo (2.6)
D(z,r

The claim will then follow by a compactness argument.

Let us denote the set of z € (2 satisfying property by A and its complement by
B. We prove that A and B are open and ¥|g = —oo. The claim will then follow by
connectedness of (2 and the assumption that u is not identically —ooc.

If z€ A and r > 0 such that is satisfied, then it’s easy to see that D(z,r) C A.
This proves that A is open.

Let z € B and choose r > 0 s.t. D(z,2r) C Q. By definition of B we have that

/ 1 (w)|dA(w) = co.
D(z,r)
Take y € D(z,r) and put s(y) :=r + |z — y|. For z € D(z,r)

v —y| < |z —z|+ ]z -yl <r+|z—y|=s(y)

is satisfied and thus, we have D(z,7) C D(y,s(y)) € D(z,2r). On D(y,s(y)) the
function ¥ is upper bounded and therefore,

U(w)dA\(w) = —o0.
/D(y,S(y)) ( ) ( )

The submean value property of ¥ gives

1 p2r .
U(y) < — / U(y + he't)dt (2.7)
21 Jo
for 0 < h < s(y). Multiplying (2.7) by 27h and integrating over [0, s(y)] w.r.t. h gives
() < PO < [ W(w)dAw) = —o.
D(y,s(y))
Therefore, \IJ]D(W) = —o0. This proves that B is open and u|p = —o0. O

A consequence of the above theorem is that the set
Iy ={z€Q:V(z) = -0}

is of Lebesgue measure zero. We take a compact exhaustion {K,}>2; of {2 and by
Theorem 2.15 we note that

/. U()[AN(z) < oo,

and thus, for every n € N the set Iy N K, is of Lebesgue measure zero. By
o-subadditivity of the Lebesgue measure we even have that Iy = ;> (ly N K,,) is of
Lebesgue measure zero.

Since we have defined the term subharmonicity for a larger number of functions, it is
useful to have a similar statement to Corollary for all subharmonic functions.
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2 Subharmonic functions and related concepts

Definition 2.16. A distribution \ € D'(Q) is called positive if

(A, ¢) =0,
for every test function ¢ > 0.

Theorem 2.17. If U is subharmonic on 2 and not identically —oo in any component
of Q, then AV exists in the sense of distributions and we have

AU > 0. (2.8)

Proof. We follow the lines of [Co95, Thm. 5.6, p.231].

By Theorem we know that W is locally integrable and therefore can be interpreted
as distribution in D’(€2) and hence AW exists in the sense of distributions.

We have to show that [ U(z)A¢(2)dA(z) > 0, whenever ¢ is a positive test function
on ).

Let us fix a test function ¢ and choose a number rq € (0,d(suppg,b?)/2). Put
Q,, ={z € Q:d(z,suppg) < ro}. For arbitrary 0 < r < ry we have that for z € §,,
the set D(z,r) C Q and the submean value property implies

o [ wEoaNE) < [ o) [ Tz 4+ re?)dhd(2)

o Qg
2 .
- / U(2) / (= — re®)dOdA(2).
Q, 0
This gives us that

o< | ) (f 7 o(x — re?)do — 2m6(2)) dA(2) (2.9)

is satisfied. We can expand the function ¢ into a Taylor series and get with z = x + iy
2m < 2m 0.0(2) rcosf
IR 17 —_ _ T
/g ¢(z —ret)df /0 [¢(Z) ((%qﬁ(z)) (7" sin 9))

(e 2 () () e e

= 2m(2) + 2mr* Ad(2) + S (2, 1),

where S(z — 1) is the remainder term of the Taylor series expansion and

2 .
Si(z,r) = / S(z —re)dh.
0
By the definition of the term Si(z,7) there exists a constant C' > 0 such that
|S1(z,7)| < Cr? for all z € ,, and sufficiently small > 0. Inserting this into (2.9))

and dividing by r? gives

0< /Q () <2m¢(z) + 2 1(;’ ”) dX(2)
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2.2 Subharmonic functions

— o / W()AG()AA(:) + /Q T \If(z)%gr)dk(z).

0 r

For » — 0 the second integral vanishes and therefore, by definition of ry we have

/ U()AG()dA(Z) = /Q U(2)A(2)dA(2) > 0.

0

This proves the claim. O]

In the next section we will see that if W is a locally integrable function such that
AW > 0, then it is subharmonic. This will give us a proof of Corollary
The following result is based on [Ra95, Thm. 3.7.2, p.72].

Theorem 2.18. Let U : ) — [—00,00) be a subharmonic function not identically —oc.
Then AV exists in the sense of distributions and can be identified with a unique Radon
measure p on €.

Proof. By Theorem AV exists and satisfies AU > 0.
We show that for every relatively compact subset V' of €2 there exists a positive constant
C' such that

(A, 9)| < C|¢]o0 (2.10)

if ¢ € C3°(2) such that suppgp C V.
Let & € C§°(2) with 0 < ® <1 and ®|, = 1. By definition we have

_”¢||oo,Q(I) < Cb < H¢||OQQCI).
Positivity of AW gives
[P lloc2 (AT, B) < (AT, ¢) < ||¢]lccr(AT, D).

Put C == (AU, ®) and note that (2.10) is satisfied. Therefore, by Lemma [1.§ A¥ can
be extended to a positive linear functional F' on Cy(2) and by Theorem we can
find a positive Radon measure p such that

F(6) = [ ¢(z)dn(z).

for ¢ € Cy(Q2). By construction for ¢ € C§°(§2) we have

(A, 0) = F(¢) = [ #(z)du(2),

telling us that AV = p in the sense of distributions. Uniqueness in Theorem [1.10
shows that the measure p is unique. O]

The importance of the following result ([Ra95, Thm. 2.4.8, p.38]) will become clear
when we start studying basic properties of logarithmic potentials.

Theorem 2.19. Let u be a finite measure on 2 and U be an open subset of C. If the
function v : U x Q — [—00,00) salisfies the following three properties:

21



2 Subharmonic functions and related concepts

(i) v is measurable on U x €,

(i1) z — v(z,w) is subharmonic on U for every w € €,

(177) z ¥ sup,ecq v(z, w) is locally bounded from above on U.
Then the function ¥(z2) = [qv(z,w)du(w) is subharmonic on U.

Proof. We show that ¥ is subharmonic on each relatively compact subset D of €2. The
claim will then follow from Lemma 2.12

The third assumption tells us that z — sup,,cq v(z, w) is bounded above on D. There-
fore, w.l.o.g. we can assume that v < 0 on D x ). Hence, if z, — 2z in D, we have by
Fatou’s lemma and the second assumption that

limsup ¥(z,) < [ limsupv(z,, w)du(w)

n—00 Q n—oo

< /Qv(z,w)d,u(w) = U(z2).

Hence, by Lemma [2.2] ¥ is upper semicontinuous.
If D(z,r) C D, Fubini’s theorem gives

Lo 7R N i0
%/o U(z+re )dQ—/QQW/O v(z 4+ re”, w)didu(z)

> /Qv(z,w)du(z) =U(z),

telling us that W is indeed subharmonic. O

A representation theorem by Riesz (J[Ra95, Thm. 3.7.9, p.76]) tells us that every
subharmonic function can be written locally as a sum of a harmonic function and a
subharmonic function of the type occurring in the previous theorem. This theorem
requires knowledge on the theory of logarithmic potentials.

Theorem 2.20 (Riesz). Let 2 be a domain in C and ¥ : ) — [—00, 00) a subharmonic
function, not identically —oo. Then given a relatively compact open subset U of €2, we
can decompose ¥V as

1
U(z) = —/ log |z — w|du(w) + h(z)
2m Ju
a.e. w.r.t. Lebesque measure on U, where yp = Au|y and h is harmonic on U.

We proof this theorem in the following section. The above theorem shows another time
the connection of a subharmonic functions and its Laplacian and leads us to the term
of logarithmic potentials. This will be the task of the next section.

There is a slightly stronger version of the previous theorem, because one can get rid of
the claim that equality holds true only a.e. w.r.t. Lebesgue measure. We won’t need
this more general result.
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2.3 Logarithmic potentials

2.3 Logarithmic potentials

For a detailed introduction to the theory of (logarithmic) potentials in the plane we
refer to [Ra95l ch. 3, p.53—p.77]. If not otherwise mentioned, all of the following results
can be found in that book.

In what follows, p always denotes a compactly supported finite Borel measure on C.

Definition 2.21 (Potential). The function

1
Pu(z) = E/Clog |z — wldp(w)
is called the (logarithmic) potential of .

As you may have noticed, we can interpret P, as a convolution of distributions. There-
fore, we consider 5- log || to be in D’(C) and p to be in £'(C). Hence, we can convolute
these two distributions and gain

1
P.=—1 * (L.
alw og |z| *

Since 5-log |z| is the fundamental solution of the Laplacian in the plane (see Theorem
1.13]), we see that

AP, = Aflog|2] # 1) = (Ao log 2] = ) = dy .1 = .
Hence, we have proved the following corollary.
Corollary 2.22. If u is a compactly supported finite Borel measure on C then
AP, =
is satisfied in the sense of distributions.

An immediate consequence of this corollary is the following result.

Corollary 2.23. Let p; and ps be two compactly supported Borel measures. Further-
more let Q be an open subset of C and h : 0 — R be harmonic, such that

Pﬂl (Z) = PM2(Z) + h(Z),
for z € Q. Then AP, |a = APy,la.

Proof. The claim follows by linearity of the Laplace operator and the previous lemma.
m

Corollary tells us that the Laplacian of P, is positive. Unfortunately, this doesn’t

give us some information about subharmonicity of logarithmic potentials. We capture
this question in the following lemma.
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2 Subharmonic functions and related concepts

Lemma 2.24. The potential P, is subharmonic on C, even harmonic on C\suppp and
satisfies

Pu(z) = u(C)log(|2]) + O(|=[ ),
as |z| = oo.

Proof. Let K := suppu. Applying Theorem with v(z,w) = log|z —w| on C x K,
we have that P, is subharmonic on C. The same theorem with v(z, w) = —log(|z —w|)
on C\ K x K gives that —P,, is subharmonic on C\ K. Therefore, the first and the second
statement hold true.

If z # 0, we have

Pu(2) = n(©)log|z| + [ log

w
1——|d .
| dptuw

Since i has compact support, we have by Fatou’s lemma that

||
lim sup ||z] / log |1 — w’d,u(w)| <limsup [ |log (1 + ‘w|> du(w)
|z| =00 c z |z]s00 /C z
w\
< [ limsup|log (1 + ’D dp(w)
C |z|—o0 z
— [ wldp(w),
K
meaning that
w
log |1 — —| dp(w) = O(|z|™
[ 1og |t = duw) = 0(121 ),
as |z| — oo. O

As a consequence of the previous lemma, we have that logarithmic potentials are locally

integrable and finite a.e. w.r.t. Lebesgue measure. This will be used later on in
Theorem [(.11

Lemma 2.25. Let uy and us be subharmonic functions on a domain €2 in C, not
identically to —oo. If Auy; = Aus, then there exists a harmonic function h on Q such
that

uy(2) = us(2) + h(z)
for a.e. z € ).

Proof. Put hg = u; — us. Since hg is locally integrable and satisfies Ahy = 0, by
Remark and Example [[.A] there exists a harmonic function h s.t. hg = h a.e. on
Q). The function h satisfies the required property. O

Now we can prove Theorem [2.20]
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2.3 Logarithmic potentials

Proof of Theorem [2.20, Let p = A¥|y. By Theorem 1 is a compactly supported
Borel measure. Since, AP, = u we can apply Lemma to gain a harmonic function
h : U — R satisfying

U(z) =Pu(z) + h(z),
for a.e. z € U. O

The following result can be found in [Co95, Thm. 5.6, p.231]. It is the converse of
Theorem [2.17] and finally proves Corollary [2.13]

Theorem 2.26. If U is a locally integrable function on an open connected set 2 in C,
then the following conditions are equivalent.

(i) The function ¥ is equal to a subharmonic function a.e. w.r.t. Lebesgue mea-
sure on Q.

(i1) AW > 0 in the sense of distributions on €.

(iii) There is a positive measure p on §2 such that if B is a bounded open set with
B C Q and p|p = pp, then there is a harmonic function h on B such that

\PIB :PMB +h
a.e. on B.

Proof. Most of the work has already been done.

(i) = (i1). We can apply Theorem and get the claim.

(i1) == (i7i). Like in the proof of Theorem AV is a positive Radon measure and
therefore, a similar argument as in the proof of Theorem gives the claim.

(731) = (7). This is an immediate consequence of Lemma O

At the end of this section we derive the logarithmic potential of the Lebesgue measure
restricted to an open disc. For this purpose, we will need the following formula.

Lemma 2.27 (Jensen’s formula). Let f € H(Dg(0)), f(0) #0, 0 <r < R. We denote
the zeros of f in D,.(0) by aq,...,a, (multiple zeros being repeated). Then we have

PO TL - =eso (o [ lom st o)
1= exp (5 | log|f(re :
Proof. A proof can be found in [AT79, p.207]. ]

The following lemma gives us a representation of a logarithmic potential w.r.t. Lebesgue
measure restricted to a disc.

Lemma 2.28. If h > 0 and a € C, then

1 %logh+%(|z—al2—h2), if z € D(a, h),

— 1 — w|dA = 2.11
27T/D(a,h) og|z — wldA(w) {h;log]z—a|, if z¢ D(a,h). (211)
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2 Subharmonic functions and related concepts

Proof. We first study the case z € D(a,h). Hence we can write z = a + b and note
that |b] < h. We use polar coordinates to obtain

1 h 1 2 .

—/ log |z — w|dA\(w) = / —/ log |b — re™|de r dr.
27 JD(a,h) o 2m.Jo

We consider three cases to derive the integral with respect to ¢:

(i) |b] > 7 Since z +— log|z| is harmonic on C\{0} we can use the mean value
property for harmonic functions ([2.2)) to see that

1 2 .
7/ log [b — r¢*|dg = log [b].
2m Jo

(ii) |b] < r: This case is quite similar to the first one:

1 2m ) 1 2m .
7/ log|b — re'|dg = 7/ log |be™ — r|do
21 Jo 21 Jo

1 2 .
—/ log |r — be'®|d¢ = logr,
0

:27T

where we have used the mean value theorem for harmonic functions again.

(iii) |b] = 7: Since b = re® for some 6 € [0, 27| the function ¢ — log |b — ret?| has
a singularity at 6. But in this case we get

1 2 .
7/ log |rei® — bldg = log [b]
2m Jo

by using Jensen’s formula for harmonic functions.

Using these results it is easy to see, that

h 1 r2n " h2 1 ) )
/ —/ log|b—re®|d¢ r dr = —logh+ ~(|]z — a|* — h%),
0o 2mJo 2 4

which proves the first part of our claim.
If 2z ¢ D(a,h) we can directly apply the mean value property for harmonic functions
and easily get the claim. O

2.4 Energy, equilibrium measure and capacity

The following results can be found in [Ra95, ch. 3 and 5]. In Chapter 3| we will use the
term capacity to give a sufficient and necessary condition for a space of holomorphic
functions being non-trivial. The goal of this section is to provide the term capacity
and concepts, which are closely related to logarithmic potential theory.

Definition 2.29 (energy). For a compactly supported, finite Borel measure jn on C the
number

I(p) = 27r/(:77#(z)du(z),

is called the energy of .
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2.4 Energy, equilibrium measure and capacity

Example 2.E. The (normalized) Lebesgue measure restricted to an open disc has finite
energy.

Let h > 0 and a € C. If u denotes the Lebesgue measure restricted to D(a, h), we have
by Lemma [2.28

I(p) h2 1 ) ,
on = —1 Az —al®* =
o /D(&h) Pu(z)du(z) /D(a,h) ( 5 ogh + 4(‘,2 al h2) )d\(z)
hinm h3 hir
( 5 logh+ 5 —— )
Definition 2.30 (polar sets). A set E C C is called polar, if for every finite Borel

measure | # 0, compactly supported in E, satisfies
I(p) = —oo.

An easy consequence of the definition is that finite sets are polar. The proof of the
following theorem is more complicated (see [Ra95, p.56]).

Theorem 2.31. Let i be a finite, compactly supported Borel measure on C with finite
energy. Then p(E) = 0 for every Borel polar set.

Proof. Suppose that there exists a polar set E with u(E) > 0. Since every finite Borel
measure on C is regular (see [Ra95, Thm. A.2.2]), we can find a compact subset K
of £ s.t. u(K) > 0. Therefore, we can define a compactly supported non-zero Borel
measure by v = pu|g. Since p has finite energy, the set suppu contains more than two
points and thus, d := sup{|x —y| : x,y € suppu} > 0. By definition of v and d we have

[(u):/K/Klog
- [ fon

= I(p) — u(C)*logd + u(K)*logd > —oo.

z;“"dudu + u(K)?logd

Z;w‘dudﬂ + u(K)?logd

Hence, E cannot be polar. O
The following lemma is an easy consequence of the previous theorem.

Lemma 2.32. Fvery polar Borel set E C C has Lebesgue measure zero.

Proof. By Example , for every r > 0 the Lebesgue measure restricted to D(0,r) has
finite energy. Thus the previous theorem gives that £ N D(0,r) has Lebesgue measure
zero. The claim follows by the monotone convergence theorem. O]

We don’t need a deeper understanding of polar sets and therefore, we refer to [Ra95].

Based on the term of energy we can now define capacity of a subset of C.

Definition 2.33 ((logarithmic) capacity). Let Q be a subset of C. The set of all
compactly supported Borel probability measures on ) is denoted by MS(Q2). The number

Cap(Q) = sup '™ =exp( sup I(p))
HEMS(Q) HEMS(Q)

is called (logarithmic) capacity of €
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2 Subharmonic functions and related concepts

Example 2.F. (i) Finite sets have capacity zero.
(ii) Open sets have positive capacity. This can be seen by Example [2.E}
(iii) By definition polar sets have capacity zero.

It’s an easy consequence of the definition that, if Q; C €y, then Cap(£2;) < Cap(£2s).
The capacity satisfies some regularity assumptions.

Lemma 2.34 (inner regularity). Let ) be a subset of C, then
Cap(R?) = sup{ Cap(K) : K is a compact subset of 2}.

Proof. Let M = sup{Cap(K) : K is a compact subset of Q}. Since every compact
subset K of Q satisfies Cap(K) < Cap(f) it suffices to prove that M > Cap(€2).
Suppose M < Cap(2). Thus there exists ¢ > 0 and a measure p € MS(), s.t.

M < Cap(Q) —e < e/, Since K = suppp is a compact subset of 2, we have that
Cap(K) > e/ and therefore,

M < Cap(Q) —e < M,
a contradiction. O
Driven by the definition of capacity we introduce the term of equilibrium measure.

Definition 2.35 (equilibrium measure). Let K denote a compact subset of C. A
measure v € M$(K) satisfying

I(v)= sup I(p)
HEMS (K)

1s called an equilibrium measure for K.

It turns out, that every compact subset has an equilibrium measure (and thus, the
definition makes sense), but it may not be unique (consider finite sets). To prove
existence we need a kind of convergence on M§(K).

Definition 2.36 (weak*-convergence). Let K be a compact subset of C. A sequence
{pn 22, € MS(K) is weak®-convergent to p € MS(K) if for every f € C(K)

J F@dm (@) = [ fEduz)

as n — oco. We use the notation pi, SLMN L.
In our situation the following theorem will be quite useful.

Theorem 2.37. Let K be a compact subset of C. FEuvery sequence in M{(K) has a
weak*-convergent subsequence.

Proof. A proof can be found in [Ra95 p.216]. The idea is to use separability of C'(K)
and the Riesz-representation theorem [1.10] O
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2.4 Energy, equilibrium measure and capacity

We need another lemma to prove existence of equilibrium measures.

Lemma 2.38. If i, 5 p in MS(K), then limsup, . (1) < I(y).

Proof. For f,g € C(K) we have by definition of weak*-covergence, that

[ | F@g@)dun(2)dpnw) = [ [ f)g(w)du(=)du(w),

as n — oo. Since the set span[f(z)g(w) : f,g € C(K)] is dense in C(K x K) (by
Stone-Weierstral theorem; [He08|, p.63]), for every h(z,w) € C(K x K)

// (z,w)dpn (2)dp, (w —>// (z,w)dp(z)dp(w)

is satisfied. Define h,,(z,w) := max(log |z —w|, —m) € C(K x K) for every m € N and
note

limsup I (p,,) = lim sup 27r/ P, (2)dpn(z)
K

n—oo n—oo
< 2ntimsup [ [ (2 w0)dpn (1) djn(2)
n—00 KJK
= 27r/ / P (2, w)dp(w)dpu(z).
K JK
The claim follows by the monotone convergence theorem. O

With help of the previous lemma we can prove existence of equilibrium measures.
Theorem 2.39. Fvery compact set K has an equilibrium measure.

Proof. We define M = sup, ey (). Thus, we can find a sequence
{n 3, CTMG(K) st. I(w,) — M as n — oco. By Theorem we can pick a
subsequence i, , which has a weak*-limit » € M{(K). Lemma tells us that

I(v) > limsup I (u,, ) = M.

n—oo

Hence, v is an equilibrium measure of K. m

The previous theorem tells us that for a compact set K we can find a compactly
supported measure v such that

Cap(K) = '),

Another nice result is that if we have a compact set with positive capacity, then there
exists a potential which is bounded from below.

Theorem 2.40. Let K be a compact subset of C, and let v be an equilibrium measure
for K. Then P,(z) > I(v) for every z € C.

Proof. A proof can be found in [Ra95, p.60/61]. O

We use Lemma [2.34] to prove the following regularity result.

29



2 Subharmonic functions and related concepts

Lemma 2.41. Let {K,}°, be a decreasing sequence of compact subsets in C and
K =Ny, K,, then

Cap(K) = 1im Cap(K,,).
If {Q,}5°, is an increasing sequence of subsets in C and Q =32, Q,, then
Cap(2) = Jim Cap(,).
Proof. (i) By the definition of capacity we have that
Cap(K,) > Cap(K,4+1) > Cap(K), (2.12)

for every n € N. On the other hand, by Theorem [2.39] there exist equilibrium measures
pn for K, st. p, € M{(K,,) for every n > ng. Theorem and a diagonal
argument guarantee that we can pick a subsequence {,, }72,; which has a weak*-limit
1 € MS(K,) with suppp C K. Hence e/ < Cap(K). Applying Lemma m, gives

lim sup I (py, ) < I(p).
k—o00

Combining this with inequality (2.12)) implies
Cap(K) < limsup Cap(K,,) < Cap(K),
k—oo

proving the first claim.
(74) The same argument as above gives

Cap(€2,) < Cap(Q,41) < Cap(Q). (2.13)

Let K be an arbitrary compact subset of €2 and v an equilibrium measure of K. By
monotone convergence theorem we have that v(K N§2,) — v(K) =1 asn — co. Since
every finite Borel measure is regular (see for instance [Ra95, Thm. A.2.2]) we can find
compact subsets K,, C Q, N K st. K1 C Ky C K3 C ... and v(K,) — 1. Therefore,
w.l.o.g. we may assume that v(K,) > 0 and define

VKn C
o = B e ppe(,).

v(K,)
The energy of pu,, satisfies
1
Iom) = Sy /K /K log |2 — wllk, (=) 1k, (w)dv(w)dv(z) (2.14)
and by definition of capacity we have
Cap(Q,) > el ), (2.15)

Thus, by equality , monotone convergence and v(K,) — 1 as n — oo we have
dim I () = I(v).
The last equality and inequality tell us
lim inf Cap(£2,) > ') = Cap(K).
Since K was arbitrary, Lemma and inequality give
Cap(Q2) > lim inf Cap(£2,) > Cap(9Q2).
This completes the proof. O
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2.5 Related Topics: Green’s function, harmonic
measure and Robin constant

In this section we give an explicit definition of Green’s function, Robin constant and
harmonic measure, which are topics related to potential theory and subharmonic func-
tions. We note down a few lemmas and theorems, but don’t prove them. We focus on
results, which will be used in Section but don’t try to make out a list of the 'most
important’ theorems. The following definitions, results and their proofs can be found
in [Co95 ch. 19 and 21] and [Ra95) ch. 4].

The set C* denotes the extended complex plane C U {oco} and the boundary of a set
) C C* is defined by

b b2 if 2 is bounded,
T U {oo} if Q is unbounded,

where b§2 denotes the classical boundary in C. Let us start with a generalization of the
term "harmonicity’.

Definition 2.42 (harmonic at infinity). Let co €  C C*. A function ¥ : Q@ — R
is called harmonic at infinity if the function ¥(z~1) has an harmonic extension in a
neighborhood of zero.

Remark 2.G. More precisely, there exists a neighborhood V' of zero and a harmonic
function h : V — R s.t. h(z) = ¥(z7!) for all z € V\{0}. Since the function h is
continuous at zero, this implies that the following limit exists:

lim W(z) = lim U(z~ ') = lim h(2).

Z—00 z—0 z—0

Definition 2.43 (Green’s function). For an open subset Q C C* Green’s function
Gq : Q2 x Q — (—o00,00| is a function with the following properties:

(i) For every w € Q the function z — Gq(z,w) is harmonic on Q\{w} and
bounded outside each neighborhood of w.

(ii) Go(w,w) = oo and

1 O(1 =
GQ(Z, w) — Og |Z| + ( )’ w OO’
—log|z —w|+O(1), w # oo,
as z — w.
(iii) Ga(z,w) — 0 as z — 2y, for every zy € bso$) except on a polar set.

For a general subset of C* a Green’s function does not exist, but for many interesting
subsets of C* one can find a Green’s function.

Example 2.H. The function

Gpo,1y = log (2.16)

zZ—Ww

l—zw‘
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2 Subharmonic functions and related concepts

is a Green’s function for the open disc D(0,1).
Basic computations show that the properties (i) and (éi) of Definition are satisfied.
Property (iii) can be seen as follows: Let zg € bD(0,1) and note that

Gpon(z,w) =log |l — zw| —log |z — w| = log |Zy — 2Zw| — log |z — w|.
The claim follows, because the logarithm is continuous and |2y — w| # 0. ¢

Remark 2.1. Similar computations show that the functions

R? — 2w
G =log|5— 2.17
p(o,r) (2, w) = log Rz—w)| (2.17)
and
z|lw]? — R*w
GC*\D(O,R)(zaw) = log Rw(w—z)’ (2.18)

are indeed Green’s functions of the underlying open subset. Alternatively, we can use
the following property of Green’s function.

Lemma 2.44. Let ) and €y be open and connected subsets of C* such that Gq, and
Gq, exist. If there exists a holomorphic function h : 2y — C* which is one-to-one and
satisfies f(€o) = Qq, then

GQz <Z7 w) = GQl (h(z>7 h(w)>7
for every z,w € Q.
Proof. A proof can be found in [Co95, Prop. 9.2 (c), p.247]. ]

Thus we can use the Green’s function and the maps z — % and 2z — g to show
that and are Green’s functions of the associated underlying set.

At this point it is not totally clear under which conditions a Green’s function exists.
For our applications the following two results will be crucial.

Lemma 2.45. If the domain 2 C C* has a Green’s function Gq, then Gq is uniquely
determined.

Proof. A proof can be found in [Co95, Prop. 9.2 (a), p.247]. ]

Lemma 2.46. If an open set @ C C* doesn’t have a Green’s function, then C*\Q is
totally disconnected (i.e. the only connected components of C*\$ are the single points).

Proof. A proof can be found in [Co95| p.249]. O

This implies that if K is a compact set s.t. bK is a system of Jordan curves, then
C*\ K possesses a Green’s function.

Occasionally, it is quite useful to have more information than property (7i7) of Definition
about the limit behavior of Green’s function at the boundary of the defining set.
For this purpose we introduce the following term (for more information see [Ra95, ch.
4], or [CoT8, ch. 10.4] and [Co95, ch. 19.10]).
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Definition 2.47 (regular point). Let 2 be a open subset of C* and zy € booS2. If there
exists a neighborhood V' of zy s.t. one can find a strictly negative subharmonic function
b:VNQ — [—00,00) and lim,_,,, b(z) = 0, then zy is called reqular. Otherwise, the
point zy is called irreqular.

Remark 2.J. In [Ra95, Def. 4.1.4], the function b appearing in is called a barrier
at zp. As opposed to this, in the book [Co78] a barrier describes a family {b,},~¢ of
functions with the following properties:

(i) —b, is subharmonic on QN D(zy, ),
(i) lim,,,, b.(2) = 0 and lim,_,,, b.(z) = 1 for w € QN b(2g, 7).

Also the term of regular points in [Co95| is a little bit different compared to our
definition. The connection of these different approaches can be found in [Co95| ch.
19.10], where Theorem 10.1 and Proposition 10.4 are of particular interest.

For our applications we need the following theorem.

Theorem 2.48. Let ) be a domain in C* and zy € bsoS). If zy lies in a connected
component C of bo$2 s.t. {20} C C, then 2y is a regular point.

Proof. A proof can be found in [Ra93, p.92]. O]

There are several characterizations of regular (and irregular points) which can be found
in [Ra95l ch. 4.2], [Co95, ch. 19.10 and 21.6] and [HK76l ch. 2.6, p.61-63]. For our
purpose, Theorem will be good enough.

There is an interesting relationship between regular points and the limit behavior at
the boundary of a Green’s function.

Theorem 2.49. Let Q2 be a domain in C* s.t. Gq exists. If zg € bxS), then the
following statements are equivalent:

(i) zo is a regular point of Q.

(ii) For every w € 2 we have lim,_,,, Go(z,w) = 0.
Proof. A proof can be found in [Co95l p.328] and in [Ra95, p.111]. ]
An easy consequence of the previous theorems is the following lemma.

Corollary 2.50. Let K C C* be a compact set s.t. bK is a system of Jordan curves.
Then every point a € bK satisfies

lim Gea\ g (2, w) = 0, (2.19)

z—a

for every w € C*\ K.

Proof. We apply Theorem to see that each point lying in bK is a regular point
and Theorem to see that (2.19) is satisfied. O

Another related topic is the concept of harmonic measure.
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2 Subharmonic functions and related concepts

Lemma 2.51. Let Q@ C C* open, s.t. Gq exists. For every point a € Q and
u € Cr(bof)) = {[f : b2 — R, continuous} we define

@(a) == sup {¢(a) . ¢ is subharmonic on ), bounded from above and

limsup ¢(z) < u(y) for everyy € bOOQ}.

z—=Y

Then there exists a unique measure w, € MS(bo2) such that

/boog u(2)dw,(z) = t(a),

for every u € Cr(bof2).
Proof. A proof can be found in [Co95| p.301]. O

Definition 2.52 (harmonic measure). Let € satisfy the assumptions of Lemma m
The unique measure w, in Lemma |2.51] is called harmonic measure for Q at a.

In our applications we will need the following result, telling us that harmonic measures
are not concentrated at any single point, which lies on the boundary of the domain.

Lemma 2.53. Let ) satisfy the assumptions of Lemma |2.51. For every a € by$) and
y € Q we have wy({a}) = 0.

Proof. See for instance, [Co95l p.307]. ]

By the previous theorem, we can see that for an unbounded domain {2 containing the
point oo we have that w. ({oo}) = 0. Hence, the equality wa.(b€2) = weo(bof2) holds
true. If bQ2 is compact, we have that suppws, C b2 (boundary in C!) and therefore, we
can even define the logarithmic potential of w.

There is an interesting connection between the logarithmic potential P, and the
following constant.

Definition 2.54 (Robin constant). Let K be a compact subset of C. If the set C*\ K
has a Green’s function Ge\ g, then the constant

Z—00

R(K) := lim (GC*\K(z, o0) — log|z|>

is called Robin constant of K.

By Definition and Remark the Robin constant exists, and we note that by
Lemma the following equality holds true

R(K) = R(bK), (2.20)

if both constants are well defined. This is a consequence of the fact that for large z
Green’s function of K and bK coincide.
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Theorem 2.55. Let K be a compact subset of C s.t. Gee\g exists. Let W be the
component of C\K with oo € W. Then the logarithmic potential of the harmonic
measure weo for W at infinity satisfies

Genk(z,00) = R(K)  ifzeW,

P2 = {—R(K) 2,

and 27P,_(2) > —R(K) for every z € C.
Proof. Can be found in [Co95l p.314]. O

There is another interesting connection to the (positive) capacity of a compact set.

Lemma 2.56. If K has positive capacity and R(K) is well defined, then
Cap(K) > e R,

Proof. Let W be the connected component of C*\ K with co € W. Thus there exists a
harmonic measure we, for W and by Theorem we have that 27P,,_(z) > —R(K)
on C. Thus,

Cap(K) > eI(woo) — 627rfbK Puoo (2)dwoo (2) > S_R(K),

This proves the claim. O

Example 2.K. The robin constant of D(0,R) for a positive number R is equal to
—log R.
This is an easy consequence of Remark [2.], where we have seen that

: ‘

GC*\D(O,R)('Z? o0) = log R

Thus, by the definition of R(D(0, R)) it’s simple to verify the claim,

: |

R(D(0,R)) = lim [log I

—log \z|] = —log R.

For an application of the previous results see Section [3.2]

2.6 Plurisubharmonic functions

In this section we want to generalize the term of subharmonicity to subsets of C" for
n > 1. For our purpose, the following generalization is the right one.

Definition 2.57 (Plurisubharmonicity). Let © be open in C".
A function ¥ : Q@ — RU{—o0} is called plurisubharmonic if

(i) W is upper semicontinuous and
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2 Subharmonic functions and related concepts

(ii) for every a € Q and every w € C" the function A — V(a+\w) is subharmonic
on the set {\ € C:a+ \w € Q}.

The following theorems can be found in [H690/I, ch. 2] and |[R86, ch. 4].
In the first step we show, that there is a similar result for plurisubharmonic functions
as Corollary for subharmonic functions.

Corollary 2.58. Let Q2 be open in C* and ¥ € C%(Q). The function V is plurisubhar-
monic if and only if the Levi matriz

is positive semidefinite for every z € ().
Proof. Let w € C", a € 2 and A such that a + Aw € ). Then the following holds true
o? 0 oV

— 0 ) = — ) —

g T = 5R 2

= W My (qrruw)W-

(a + \w)wy,

Hence, by Corollary the right hand side is nonnegative if and only if A — ¥ (a+\w)
is subharmonic. O]

Example 2.L. The function ¥ : C?2 — R defined by
\I/(Zl, 22) = log(l + ’21|2‘22’2)

1s plurisubharmonic.
An easy computation shows that

1 2|? Ziz
M\I’(Zl,zz) = ( <| | .

L+ 2122 \a1Z2 |a]?

and therefore,

w1 _ |w1|2|22|2 + 21Z29WaW1 + Z120W W + |Zl|2|w2|2
Wy (14 |21[?|22/?)?
. W12 + Wa2|?

— > 0.
(14 [2]?]22[%)2 —

(Wla WZ)M\I!(zl,zz) (

Because ¥ € C?(C?) we can apply Corollary and get the claim. ¢
In higher dimensions Theorem looks as follows:

Theorem 2.59. Let Q C C" be connected. If ¥ : Q — RU{—o0} is plurisubharmonic
and not identicall —oo, then W € L'(Q, loc) and the set {z € Q : ¥(z) = —oo} is of
Lebesgue measure zero.

Proof. A proof can be found in [R86, Lemma 4.11, p.89] and is similar to the proof of
Lemma 2,15 O

36



2.6 Plurisubharmonic functions

Example 2.M. We show, that if ¥ : C" — RU{—00} is a plurisubharmonic function,
then

z — ¥(2) + max(0,log |z]) = ¥y(2)

s plurisubharmonic.

Actually, we only have to check if ¥, : z — max(0,log |z|) is plurisubharmonic. Since
P, is continuous, the function ¥y is upper semicontinuous. Hence, we have to check if
the second property of Definition [2.57] is satisfied. For this purpose let a,w € C" and
A € C. Since the function A\ — log|a + Aw| satisfies,

2
TN I
_ o 0 Ejoy wilag + dwy)

(2D la + Aw|?
_wPlal® = |(w, o)

=2 > 0,
la + Aw|* -

Alogla + Aw| =4 log |a + Aw|

it is subharmonic by Corollary [2.26] Hence, we note by Jensen’s inequality (2.5)) and
the previous display, that for zy € C and appropriate » > 0 we have

1 27 . 1 27 .
—/ Wo(zo + re?)df > max(0, —/ log|a + (20 + re)w|db
27 Jo 21 Jo
> max(0, log |a + zow|) = Yo(20).
This proves that the function ¥y is plurisubharmonic. ¢
In many situations the following approximation lemma will be quite helpful.

Theorem 2.60. Let ¢ > 0 be a radial symmetric test function, supported in D(0, 1)
such that

/n é(2)dA(z) = 1.
If U is plurisubharmonic in €2, it follows that
Vo(a) = [ Wl —e2)6(2)dA(2)
is again plurisubharmonic if ¢ < inf{|a — z| : z € Q°}. In addition V. is smooth and

U\, T if e \, 0.

Proof. A proof can be found in [H690/I, Thm. 2.6.3, p.45] and is similar to the proof
of Lemma 2111 O

In the following chapters we consider weighted Bergman spaces (see Section [3]) with a
subharmonic or plurisubharmonic weight function. For such spaces Theorem and
Corollary [2.58 are rather helpful.
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3 Spaces of holomorphic functions

Weighted and unweighted Bergman spaces are of highest interest in the following the-
orems. This chapter provides the basic definitions, nice results and some examples
of trivial and finite dimensional Bergman spaces. We prove a result due to Carleson,
which provides a necessary and sufficient condition for the unweighted Bergman space
under which it is non-trivial. For this purpose we use methods from Section and
2.0l

3.1 Bergman space

We introduce the following space of holomorphic functions (see [H12, p.2| and [Hi00),
p.325)):

Definition 3.1. Let Q be a domain in C". For a measurable function
U:Q — [—00,00) we define the the weighted Bergman space

AQ, W) = {f € H(Q) : /Q e~V dA(2) < oo}

with norm

M = ([ 1FGP axz)

As usual, we denote the space A%(€,0) by A?(Q) and call it (unweighted) Bergman
space.

Remark 3.A. Although, this space does only contain classical functions and no equiv-
alence classes of functions, we occasionally interpret A%(Q2, ¥) as a subset of L*(Q, ¥).
This is possible by using the following embedding:

L A%(Q, ) — L2(Q, 1),
f= 11~

which is in fact an isometric homomorphism (therefore, injective).

With help of this remark one easily checks that the space A2(2, ) is a vector space.
It turns out that it’s even a Hilbert space:

Theorem 3.2. The space A%(Q, V) is a Hilbert space.

Proof. The norm of A?(2, ¥) is induced by the following inner product

(fogbe = [ FgeVan(z).

39



3 Spaces of holomorphic functions

Hence we have to check if the space itself is complete. Let {f,}>2, be a Cauchy
sequence in A%(Q, V). If K is a compact subset of 2 and w an open and bounded
neighborhood of K in 2, then we see by using Cauchy-Schwarz inequality that

L1 sl < ([ 1 aberan) ([ o)

< |[[fx = fill a2, (/we‘ydk(z))m.

Using Theorem [1.3] one sees that {f,}52, is a Cauchy sequence in H(Q) as well and
therefore, we can find an entire function f such that f, — f as n — oo.

Interpreting {f,}°°, as a Cauchy sequence in L?(Q, ¥) gives a function f, € L*(Q, V)
such that f,, — f.. Hence there exists a subsequence f,, such that f, — f. pointwise
almost everywhere w.r.t. Lebesgue measure. This shows that f = f, and {f,}>2,
converges. O

Unfortunately the following lemma holds true.
Lemma 3.3. The space A*(C, h) is trivial for a harmonic weight h : C — R.

Proof. At first we show that A%(C) = {0}. Let f € A*(C). Hence, by Theorem [1.3| we
have that

21 < [ IFQFN),

for every z € C. Since z — f(2)? is an entire function, we have by Liouville’s Theorem
that f2 = ¢ for a constant ¢ € C. Square integrability gives that ¢ = 0 and therefore,
f=0.

If h is a harmonic weight function, then there exists a conjugate function k such that
g(2) = h(z) +ik(z) is entire. If f € A%(C,h), we have that the function f(z)eigéz> is

entire and satisfies

/C‘f(z)e%(z)m)\ / ‘f SRE

:/ 1£(2))Pe @ d\(2) < oo
c

(%)

By the previous step, we have that fe? = 0 and therefore, f = 0. O]

Therefore, we will focus on subharmonic or plurisubharmonic weight functions ¥ and
we are interested under which conditions the space A?(£2, ¥) is nontrivial. This will be
the task of the following chapters.

If Q = C" we will write down at least sufficient conditions on ¥ for A*(C", ¥) being of
infinite dimension.

Nevertheless, A?(C,¥) can be very small, even for a subharmonic, but not harmonic,
weight function W.

Lemma 3.4. The space A*(C,log(1+ |2|?)) is of dimension one.
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3.2 Unweighted Bergman spaces on unbounded domains

Proof. Let U(z) == log(1 + |2]?). Since,

oo 00
/ e VEdN(z) = 27?/ A arctan(r)’ =72,
C o 14172 0

the space A?(C, ) contains constants.
If f € A%(C, V) is not constant, then we can expand it into a power series,

o0
= Z 2",
k=0

with a,, € C and there exists at least one k£ > 0 such that a; # 0. For every R > 1 we
have

1
0 >\ flfecwn = [ A )
D(0,R)\D(0,1) |z|
Z T / / prtmei(n=m) ———dfdr
n,m=0 1+
00 ) R 7,2n+1

) . / d

WHZ:OM | 1 1472 "
> rlay 2 (log(1 + R?) — log(2)).

Hence, R — oo gives a contradiction. O

3.2 Unweighted Bergman spaces on unbounded
domains

In this section we discuss the space A?(Q) and show that under a special condition on
Q2 it’s a non-trivial space. We can even give a necessary and sufficient condition for
this type of Bergman space being non-trivial. For this purpose we follow the lines of
[C6T, ch. 6, p.73] and [Co95, p.347-351].

Theorem 3.5 (Carleson). Let 2 be a connected domain in C*, s.t. its complement
E is compact in C. The space A*(Y) contains non-trivial functions if and only if

Cap(E) > 0.

Remark 3.B. There is an interesting result by Wiegerinck. He proved that for a
domain © C C, the Bergman space A?(f2) is either trivial or of infinite dimension (see
[Wi84, Section 3]). This result closes the gap between Theorem and our main
purpose. In gerneral Wiegerinck’s result does not hold true for weigthed Bergman
spaces (Lemma [3.4] gives us a counter example).

In the same paper he showed that for every k£ > 0 there exists a domain (with certain
properties) in C? s.t. the associated Bergman space is k-dimensional.

Before we start proving Theorem we have to provide some technical results first.
Let us begin with the terms Jordan curve and Jordan system.
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3 Spaces of holomorphic functions

Definition 3.6 (Jordan curve and Jordan system). Let a < b be numbers in R. A
closed curve 7 : [a,b] — C is called Jordan curve, if v(t) = v(s) is equivalent to s =t
or|t—s|=0b—a.

A Jordan system is a collection of pairwise disjoint Jordan curves.

More information on Jordan curves can be found in [Co95 p.1-6]. A very important
result is the Jordan Curve Theorem, which is rather difficult to prove.

Theorem 3.7. Let v be a Jordan curve, then C\~y consists of two connected compo-
nents, an unbounded connected component and a bounded connected component.

Proof. A proof can be found in [W58, ch. 3]. O

Driven by the previous theorem, the bounded connected component of a Jordan curve
v is called the inside of v and is denoted by ins~.
For a Jordan curve v we define the index by

ind, (2) ! / do
.

" omi (-2

for = € C\y. It can be proven that z — ind,(z) is a function with values in Z. The
index of a Jordan system I' = {~;,...,v,} is defined by

indp(z) =) _ind,, (2),
k=1

for every z € C\I'. A Jordan system is called positive if the index indr is either 0 or 1.
The inside of a positive Jordan system is defined by

insI" :== {z € C\I" : indp(2) = 1}.
We use the following existence theorem for Jordan systems.

Theorem 3.8. Let (2 C C be open. For a compact subset E of ) there exists a smooth
positive Jordan system I' such that

E C insI’ C Q.
Proof. A proof can be found in [Co95] p.4]. O
For the sufficiency of Theorem we need another technical lemma.

Lemma 3.9. Let E be a compact subset of C with strictly positive capacity, i.e.
Cap(E) > 0. Then there exist compact subsets Ey, Ey of E with strictly positive ca-
pacity and By N Ey = .

Proof. Since E is compact and its capacity is strictly positive, there exits (see Theorem
2.39) an equilibrium measure v s.t.

—o0o < I(v) = sup I(p). (3.1)
HEMSE(E)
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3.2 Unweighted Bergman spaces on unbounded domains

Thus, we define the compact set K = suppr and note that 0 < Cap(K) = Cap(FE).
By Lemma there exists a compact set F; C K, s.t. Cap(E;) > 0. Now we define
the compactly supported measures

v =vlg and vy = V|gp\pg #0.
By construction we have that v = vy + v, and thus
—oco < I(v)=1(1n +1n) = 27T/E (73”1(2) + 731,2(2)>d(1/1 + 15)(2)
S [(Vl) + [(1/2) + 27TM1V2(K\E1) + 27TM21/1(E1),

where M; = max.cp Py, (2) and My == max,ep P,,(2) (see Lemma [2.5)). Thus

1) ](VQ)
1 = > —00,
<V2(K\E1)> (o (K\E1))?
proving that Cap(K\E;) > 0. Again by Lemma there exists a compact subset Fy
of K\ E; with positive capacity. ]

Remark 3.C. If F is a compact set of positive capacity, then there exists a compactly
supported measure s.t. its logarithmic potential is bounded from below. This can be
seen as follows: Again there exists an equilibrium measure satisfying inequality .
Thus, the claim is an easy consequence of Theorem [2.40

Theorem 3.10. Let QQ C C be open and (X, S, p) a measure space. If the function
f+Q x X — C satisfies

(1) [x |f(z,2)|du(zx) is finite for every z € Q,
(ii) for every x € X the f(.,x) : Q — C is holomorphic and

(iii) For every compact disc D C 0 there exists an integrable function
gp : X — [0,00], s.t. for every z € D we have |f(z,x)| < gp(x) for u almost
every r € X,

then the function F : Q — C defined by

s holomorphic and satisfies

oF on
T 0= [ T i,

for every z € Q.
Proof. A proof can be found in [E09, §5, Satz 5.8]. ]

We need another inequality to prove Theorem [3.5]
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3 Spaces of holomorphic functions

Lemma 3.11. There exists a constant C' € R such that for every zi,z, € D(0,1) we
have

1
[ PO o)
Do) |21 — 2|]z2 — 2] T |21 — 22|

Proof. W.l.o.g. we may assume that z; # z,. After applying some rotations we can
w.l.o.g. assume that z; = a, 20 = b, where a,b € R and a < b.
Letc:=b—a>0and w=z— 2

5 - A simple geometric argument shows that
Tc Tc a+b a+b 5¢
-
D(O,l)_D( 8>UD(b 8)U<D< . >\D< s 2))

= l)l U [)2 U 1)3.

Therefore, we have that
3

= I;.
/01 ]z—aHz—b\ Z/J \z—aHz b| Z !

J=1

We give appropriate upper bounds for the the integrals I, Io and I5.
If z € Dy we have

|z —allz = bl =]z —allz —a— (b—a)| > |z —al||z —a| — c| = [z — a|(c — |z — a]),
and hence,
Tc/8
I < dA(z) :277/ _rdr
Dy |z —al(c— |z —al) o r(c—r)

= 27r( —log(c — ) ZC/S) = 27r( — log (g) + log(c)>

= 27 log 8.
A similar inequality shows that
I, < 2mlog(8).

Before we estimate I3 from above we note that
_ —b) = -
(z—a)(z—0b) 5 + 5

(o o)

The reversed triangle inequality gives us
dA dA 3 d
o [ ) D)
Dy Jw? — & Dy Jw|?* = < 5¢/8 12 —

2 9 2 9 2
= 7 log (9—1) — 7 log (604> <7rlog9—7rlog<6c4>
log (%) — 271 (8) or1 <8>+21 !
—mlog | — | =2mlog | — | =27log ( = mlog | ——
&\ 64 &3¢ &\3 o —al)

the constant C' := 27 log (%) + 47 log(8) + mlog(9) satisfies our claim. O

+b +b
(= + )" -3

Since
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3.2 Unweighted Bergman spaces on unbounded domains

At this point we have provided enough material to prove the sufficiency of Theorem
3.5l We follow the lines of [CG7, ch. 6, p.73].

Sufficiency of Theorem[3.5. By Lemma [3.9] we can find compact subsets F; and Fs
of E such that Ey N Ey = () and both sets have positive capacity. Therefore, by
Remark , we can find probability measures p1; for j = 1,2, such that p;(E;) =1
and P, > M, for a finite constant M € R. Put u = p1 — p1o. We have a look at the
following function

dp (<)
EC—2z
We apply Lemma and note that df(z) = 0 for every z € Q and hence, f € H(Q).
Let us check whether f is non-trivial. For this purpose, by Theorem we can choose

a positively oriented piecewise C'-Jordan curve ~ s.t. E; is contained in insy and
E5 C E\insy, and note that by Fubini’s theorem

271m/7f(z) QWZ//EC—Z

= Linsy (€)dpu(€)

FE1UE5

= —pu(Er)
= —1.

f(z) =

Hence, we have to check, if f is square integrable. For this purpose, take a number
R > 1 such that £ C D(0,R/2). For z ¢ D(0, R) and ¢ € E we have

-T2

(9]

z o \?

and for every M € N

1
k"

i

We apply dominated convergence theorem and the fact that p(FE) = 0 to see that for
|z| > R the following representation holds true

00 = kd o] a
)= -3 Y i,ﬂﬁ“):g .

where a; == — [ (¥ 1du(¢). We note that |ay| < 2(R/2)F! for every k > 2.
For |z| > R?, we have for every M € N that

M — M
UG, | ar|” |an] L Jam]
n,mz:ZQ 2z kz::Q 2T 11222 |2|™ 4 Z 2™

4 & (R & (R/2)™!

= ‘Z|3Z R2(n-2) mz:; R2(m—1)
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3 Spaces of holomorphic functions

< Gu(R)

— |Z|3 Y

where C1(R) is a positive constant depending on R and the left hand side tends point-
wise to |f(2)]* as M — oo. Therefore, dominated convergence theorem gives

21 o~ i(k—m)

[ PG = 5w [ [T o

n,m=2

:Z|ak| /2 2h— pd

n=2
Z ’%‘2

“= (2n — 2) R(2n—2)

1 [2(R/2)"1\?
I — 2 RQ(n—l)

i(l)(n )
< < 0.
>~ \R

n

I
M

Hence, we have to check integrability for |z| < R% By definition we have

| = pa + o (3.2)

We use Fubini’s theorem and Lemma B.11] to see that

_ dp(Q) || [ du(<)
/D(O,RQ) FE)FdA) = /D(O R2) Q— z||JE (' — 2z

dlp|(¢) 1 dpl(¢)
/ (0,R?) / I¢ — Z‘ 1= Z’CD‘(Z')
1 !
[ o T E T N

<cum+ [ oL o) bl

Co(R) = [ (Pur(Q) + Pu()) il (0)
< Cy(R) — 4M < o0,

dA\(2)

for a positive constant Co(R). Hence, A?(2) contains at least one non-trivial function.
0

For the other direction of the proof we need some additional lemmas. The following
statement can be found in [Co95| p.345].

Lemma 3.12. Let R > 0. The function f is an element of the Bergman space
A%(C\D(0, R)) if and only if there exist complex numbers a,, such that

=> a2 ", (3.3)
n=0
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3.2 Unweighted Bergman spaces on unbounded domains

uniformly convergent on compact subsets of C\D(0, R) with ag = a; =0 and

2—2n

i|an|2R < 00
oy 2n — 2

Proof. Let f € A?(C\D(0,R). On D(0,+)\{0} we define the holomorphic function
g(2) = f(2). We can extend it into a Laurent series of the form

= Z 2",

neZ

(3.4)

uniformly convergent on compact subsets of D(0, )\{0} Let r > R. Apply the
transformation formula to the function z — ; and use uniform convergence to see

00 > £ (2)|2dA(2) >/ 9CIE 12
C\D(0,R) ~ Jp,\D0L) |z}

Nk / 23 ds (3.5)

neZ

=27 Z \an\z

n#l

/R
+ 27|a1|* log s
l/r

§2n—2 1/R

1/r

Thus, for n = 1, we have

o0 > |a1]2(10g(7") - log(R)).

Letting » — oo shows that a; = 0. For n < 0, we have 2n — 2 < 0 and thus, similar to
the previous case, a, = 0.

Therefore, g has a removable singularity at 0 and g(z) = >-°°, a,,2", uniformly conver-
gent on compact subsets of D(0, %) By definition, this means that

F0)=9) = S

uniformly convergent on compact subsets of C\D(0, R).
Similar to (3.5)) one sees that by uniform convergence and the monotone convergence
theorem

m>Amwuwwma

o

_ S iz dA(2)
C\D(0, R)nm—2
2w
—/ / Z ApnQyy, S —nmAl 7Z(n med@ds (36)
n,m=2

o0 1
— 2
_/R 27’(;‘&71‘ 521L7—1d8
=2 anQ/OO
Tl e

RQ 2n
-2

cds = 21 Z \an\Q
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3 Spaces of holomorphic functions

is satisfied. This proves the first direction.

Otherwise, if f is represented by it is a holomorphic function on C\D(0, R).
Similar to we use uniform convergence to interchange summation w.r.t. n and
integration w.r.t. 6 and note that f is square integrable. This proves the claim. O]

For the other direction of Theorem we use a version of the (complex) Stokes’
theorem. A proof can be found in [R86, p.117]. One can also use the real version of
Green’s formula (see [He06l p.557]) to prove the required version. In this situation one
only has to use that dz = dx + idy.

Theorem 3.13 (Green’s formula). Let I' be a system of smooth positive Jordan curves
and Q = insl'. Ifu € C(Q)NC'(Q) and 2% is integrable over €, then

/Fu(z)dz = 22’/Q agiz)d)\(z).

In addition we want to use the following remark on Section [2.5]

Remark 3.D. In the following theorem we apply the concepts presented in Section 2.5
as follows: Let K be a compact set in C s.t. bK is bounded by a system of (smooth)
Jordan curves. Thus the set C*\(C*\K) = K and C*\(C*\bK) = bK are not totally
disconnected and thus by Lemma C*\K and C*\bK have a Green’s function. By
Lemma the functions Gc-\ g and Gee\px coincide on the unbounded domain C*\ K
and therefore, we even have that R(K) = R(bK) (see equality (2.20)).

By Lemma the set C*\K has a harmonic measure w, and by Lemma m
SuUppws C K. Therefore, the logarithmic potential P,__ is well defined.

We follow the lines of [Co95l p.350-352], to prove the necessity of Theorem .

Necessity of Theorem[3.5. We assume that Cap(F) = 0 and show that A*(Q) = {0}.
For this purpose, let f € A%(Q). Since E is compact, we can find a positive number
R>0,s.t. FC D(0,R). By Lemma [3.12) we can find complex numbers a,, for n > 2
s.t.

f(z) =" a,z", for |z| > R,
n=2

uniformly convergent on compact subsets of C\ D(0, R). By assumption {2 is connected
and hence, it suffices to show that a, = 0 for every n. This will imply that f = 0 on
Q.

Let v be a smooth Jordan curve in C\D(0, R) and r > R s.t. v lies in D(0,7). If v
and bD(0,r) have the same orientation, we have

k k o k—n
Lf(z)z z bD(07r)f(z)z z n§:2 bD(Om)a z 2 = 27rag

Thus, it suffices to show that for k > 1 we have [ f(2)z"dz = 0, where T' denotes a
system of smooth Jordan curves with £ C insI'.
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3.2 Unweighted Bergman spaces on unbounded domains

For this purpose, let I' be a system of positively oriented smooth Jordan curves in
D(0, R)\E (see Theorem s.t. £ C insI' and C*\I" has finitely many connected
components. We define

K =T UinsI' and W :=C"\K.

Since K is bounded and bK is a system of smooth Jordan curves, Remark shows
that the Robin constant R(K') exists and it’s equal to R(bK). By the same remark
there exists a Green’s function GGy and a harmonic measure w,, for W at oo supported
in I'. We define the function

u(z) = —2nR(K) "Po(2) = —R(K) ™" /bK log |2 — w|dwse (w).

By Theorem [2.55| we can write

() = {1 ~R(K) 'Gw(z,00) iz W
1 if ¢ W.
By Corollary [2.50] we even have that u(z) = 1 for z ¢ W and therefore, it is continuous
on C* and harmonic on W.
Define U = {z : u(z) > 0} O K and note that U is open. We even have that U is
bounded: Let |z| > R+ 1. Note that d(T', z) > 1 and thus, |z —w|™' < 1 for all w € T..
This implies that

u(z) = —27R(K)~'P,(2) < 0.

Hence, U C D(0, R+ 1). For a small ¢ > 0 we choose for each connected component
of U exactly one smooth Jordan curve v from the level set {z : u(z) =1—¢} CUNW
s.t. the system I'. of the chosen Jordan curves satisfies I' C insl'; and I'. U DU is a
positive Jordan system. We note that the curves in bU must be positively oriented and
the curves in I'. must be negatively oriented.

Let

V. = ims(FE U bU)
Because uly = 0 and bV, = T'. U bU, we have for a holomorphic function A in a
neighborhood of W = C*\insI" that

[ ()=~ [ hz)de = - ! [ h)u(z)dz = —1; /Wg h)u(z)dz  (3.7)

. 1—¢Jr.

and by Green’s theorem [3.13] we get

i Ol h(z)u(z i u(z
/Fh(z)dz:—lig/vs ( ((;Z( )>d)\(z):—12_€/Eh(z)aai)d)\(z). (3.8)

Replacing h by % (and thus only holomorphic on a neighborhood of C*\insI'.) in ({3.7))
and use the same computation as in (3.8) to obtain

/rg??:(z)dzz 12—i5/1/8

2

%A dacz). (3.9)

@(z)
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3 Spaces of holomorphic functions

Let us fix k € C and f € A%(Q). We apply equality (3.8)), Cauchy-Schwarz inequality
and V. CU C D(0, R+ 1), and use equality (3.9)) to see that

2 2

4 Ju
’/szf(z)dz = m /VE z’“f(z)%(z)d)\(z)
4 ou |2
= u_g)g/v \Z’“f(Z)fdA(Z) /V - (2)| dA(2) (3.10)
2(R + 1)k 2 au
< Sa—g Ml [, 5, @)=
In the sense of distributions we have
ou, . 1 O(log|z| *wse) 1 1
_ 1 d
T T2R(K) = g dono ().

Since u is harmonic on W (hence C°(W)), we even have that the previous equality
holds true in the classical sense on W. Therefore, by Fubini’s theorem and I', C W

J, 5000 = i gt
-1 1
- R /F / ()

= 075 (= ()0

R(K)’

where we have used that each Jordan curve of I'. is negatively oriented and
Suppwss C I' Cinsl'.. Since € can be chosen arbitrarily small, the previous inequal-

ity and (3.10)) give

2

2m(R + 1)k
< 1 11Z2(0- (3.11)

+

k

d\ _—
[ <
We can now find compact sets K, satistying K,, O K,,41 and E = (>, K, s.t. bK,,

are smooth Jordan systems and C*\bK, has finitely many connected components. By
Lemma Lemma and the assumption that Cap(E) = 0 we have that

0= lim Cap(K,,) > lim e RUEm),

m—00

This implies that lim,, o R(K,,) = oo. Since the right hand side of (3.11]) remains
constant for the different Jordan curves bK,, we have that

2 2 2

=0.

= = lim
m—0o0

[Erene] = | [ A [ e

This proves the claim. ]
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4 Hormander’s theorem and some
consequences

In this chapter we state Hormander’s theorem in one variable and in several variables.
The key idea of proving this theorem is to show that the so-called basic estimates hold
true and then apply the Hahn-Banach’s theorem. Unfortunately in several variables
the basic estimates are very difficult to prove and therefore we won’t give a detailed
argument. In one dimension the situation is much easier.

4.1 Hormander’'s theorem in one variable

The idea of the proof can be found in Hérmander’s book [H607, p.248-251]. As usual
() denotes an open subset of C.
We have to provide a very important theorem of functional analysis first.

Theorem 4.1 (Hahn-Banach). Let E be a vector space over a field K, p a seminorm
on E and F' a linear subspace of E. If a linear functional \ on F' satisfies

IAN(z)| < p(x) forallz € F,
then there exists an extension A of X to the whole space E, such that
|A(z)| < p(x) forallxz € E.
Proof. A proof can be found in [He06], p.229]. ]

Let f € C°(QY), g = % and ¥ : Q — [—00,00) a smooth subharmonic weight function.
In this situation integration by parts (1.2)) gives

\I/(z)>

- 0 (p(z)e”
(9. 0) 20 = [ ()00 " anz) = - [ f(2) ( S SRR
for every ¢ € C§°(§2). For that reason we define the operator
—U(z2)
5¢(2) — e\p(z)a (¢<Z>€ ) _ 8¢(2) _ ¢(z> 8\11(2) (4.2)

0z 0z 0z

with domain C§°(2). Inserting this into equality (4.1)) implies

of

<£, ) 2,0 = (9, ) r2.w) = (f, 00) 2(0,0).-

The following lemma will be the key idea to prove Hérmander’s theorem.
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4 Hormander’s theorem and some consequences

Lemma 4.2. Let U be a strictly subharmonic smooth function on Q. If f € L*(£, loc),
then there exists a function u € L*(Q, V) such that 9% = f and

—‘I’(Z)

Jullsn < 1 [, 1P S )

provided that the right hand side is finite.

Proof. Let § : C5°(Q) C L*(Q,¥) — C°(Q) defined by (4.2). We note that the image
of § is a linear subspace of L?(Q2, ¥). For every ¢ € C5°(Q) we have

2)e"¥()
66100 = [ Waqa(z)wz)

— = [ a2 gy
- (% Yoo+ [ St v s

“VEGA(2 / 6(2)PAT(2)e " dA(2)

1
> / B(2)PAT(2)e Y DdA(2).
Q
Now we define a linear functional D : §(C§°(Q)) C L*(Q2, ¥) — C by

- [ @@ (),

for every ¢ € C5°(Q2). By Cauchy-Schwarz inequality and inequality (4.3)) we have

2

VA (2)

< [P i) [ [ PAT (e Dar:)

O
U(z)

Therefore, by the Hahn-Banach Theorem we can extend D to a linear functional
D" on L?*(Q, ¥) with norm lower equal than 2( [, | f|?e~Y/AWd))'/? and by the Riesz
theorem (for linear functionals on Hilbert spaces) we can find a function w € L*(Q, ¥)
such that

< 41139l132(0, /Q P g dA )

D'(h) = /Q h(2)u(z)e Y@ dA(2),

for every h € L*(Q, V) and

—\If(z

el <4 | 1F P g dA )
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4.1 Hérmander’s theorem in one variable

Therefore, for every ¢ € C§°(2) we even have

(£.667) = [ F(:06()e " DdA(z) = ~D(F0) = ~D'(39)

— /Q bo(2)u(z)e” Y@ dA(z) = — /Q a; u(z)dA(z)

9 (0e)
T )

- —(u,

(where (.,.) denotes the pairing of distributions) meaning that % = f in the sense of
distributions. O

Before we can prove the general Hormander L2-estimates we have to provide some
material about weak convergence. We need this type of convergence only for weighted
L?-spaces and hence, we only consider this special case. For more information see [E09,
Kapitel VI, §5.4] or [He06l Kapitel IV, p.186-189].

Definition 4.3 (weak L?-convergence). Let 2 be an open subset of C and
U:Q — [—00,00) a subharmonic weight. A sequence {f,}52, C L*(2,¥) converges
weakly to f € L*(Q, W) if

| £29@e " DdAE) — [ fegEe " DdA),

as n — oo, for every g € L*(Q, ).

It’s easy to see that every sequence converging in (L2 ||.|z2) is weakly convergent
and the limits coincide, but a weakly convergent sequence may not be convergent in

(L2, 11 z2)-
Remark 4.A. The proof of Hormander’s theorem requires the following results:

(i) Weak limits are unique.
Proof. This can be seen by contradiction. O]
(ii) Every bounded sequence in L?*(€2, ¥) has a weak convergent subsequence.

Proof. See [He06), p.187]. The claim can be shown by using a diagonal argument,
the Bolzano-Weierstrafl theorem in one dimension and the Hilbert space structure
of L2. O]

(iii) If the sequence {f,}°2, C L?(Q, ¥) converges weakly to f € L?(Q, ¥), then

/122w < liminf || £ ]| 220,0)-
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4 Hormander’s theorem and some consequences

Proof. By Cauchy-Schwarz inequality we have

L F ) FEear ()

and by definition

< | fullezw l fll 22,9

L £ FEE AN > 1 o

Thus, the claim follows immediately. O

(iv) If the weight function ¥ is continuous, then weak convergence implies con-
vergence in the sense of distributions.

Proof. By assumption e~V is locally integrable. Thus, C5°(Q2) C L*(Q, ¥). H

The general Hormander L2-estimates follow by the smoothing Lemma [2.11]

Theorem 4.4 (Hormander). Let ¥ be a subharmonic function on Q2. For f € L*(Q, V)
there exists a function u € L*(S, loc) such that 3% = f and

—\I/z

2
2 [ W G ) < I sy

Proof. At first we assume that U € CgO(Q). We put ®(z2) :== ¥(z) + 2log(1 + |z|*) and
note that
8

Hence, we have
e—d)(z) - e—@(z)(l + |Z|2)2 _ 6_\1,(2).
Ad(z) — 8 8
We can apply Lemma [4.2] to the weight ® and get the claim.
Now we consider the case U ¢ C§°(€2). Take a sequence of relatively compact sets €2,
increasing to ). By Lemma [2.11] we can find for every n € N a smooth subharmonic

function ¥, on €2, with ¥, \, ¥ on 2. By the previous step we can find a solution u,,
such that

7\Iln(z)

2/ |un(2) Wsz) < [ fllz2@w), (4.4)

for every n € N. Put ®,(z) = W, (z) + 2log(1 + |2|?). By Remark [4.A] (i) we can find
a subsequence uf{? converging weakly to u(™ in L?(Q,, ®,) for every n. Actually we

know by smoothness of ®, that u™ € L%(Q,loc). Since weak limits are unique and
Py < @, as well as Qy/,  Q we can define a function u € L*(,loc), s.t. u(”)

converges weakly to u in L*(Q,,®,) (define u(z) := u™ on ©, and note that by the
uniqueness of weak limits this function is well defined in L2(Q, loc)). Remark [£.A] (iv)
tells us that % = f on (). Finally inequality (4.4) and Remark (7i1) imply

2WalZae,, 00y < I 200

Letting n — oo, the claim follows by the monotone convergence theorem. O]
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4.2 Hérmander’s theorem in several variables

Remark 4.B. The previous theorem gives only a solution to the inhomogeneous
Cauchy-Riemann-equation in the sense of distribution. Nevertheless, it can be used to
find holomorphic functions. Since the Cauchy-Riemann operator has a fundamental
solution with singular support equal to {0} (see Corollary we can apply Corollary
to see that every distributional solution to % with smooth right hand side is in
fact a classical solution.

In example, if we have found a distribution satisfying 3 af = a¢ on C, where ¢ is some
known C'* function, then there exists a holomorphic Vers10n of f — ¢. Hence, for this
operator every weak solution can be considered to be a classical solution.

4.2 Hormander’'s theorem in several variables

The following theorems and proofs can be found in [H690/I, ch. 4] and in [H12, ch. 7).
We want to write them down only in the case of (0,1)-forms, but they hold true for
(p, q)-forms as well. More information can be found in [H12).

In several variables the following theorem replaces Lemma

Theorem 4.5. Let Q) be a smoothly bounded pseudoconvex domain in C" and ¥ : Q — R
be a real valued function in C*(Y) such that there exists a positive continuous function
c on ) satisfying

= " 0%U(z)
2 _ 2 < _
el = o) Yl < 3 G

for z € Qandw € C*. If g € L§,(Q, V) and 0g = 0, it follows that one can find
feL*(Q,V) with 0f = g and

/ f2eYdA < 2/ |g|2—d/\ (4.5)

provided that the right hand side is finite.

Proof. A proof can be found in [HI2, p.57-58]. Similar to the proof of Lemma [4.2] one
requires the Hahn-Banach theorem [4.T] and the inequality of Lemma [4.2]is replaced by
the so-called basic estimates. O

Our next aim is to show a very important theorem, which guarantees existence of a
solution to d-equation satisfying some special L?-inequality. The proof is quite similar
to the one-dimensional case. Weak convergence is defined as in Definition but now
we allow €) to be a subset of C". Remark still holds true for this generalization of
weak convergence.

Theorem 4.6 (Hormander). Let Q2 be a smoothly bounded pseudoconvez set in C" and
U any plurisubharmonic function in ). For every g € L%’I(Q, ) with Og = 0 there is

a solution u € L*(Q, loc) of the equation Ou = g such that
—\If(z

J, P e < [ la(a)Pe ¥ Oan), (4.6)
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4 Hormander’s theorem and some consequences

Proof. We split the proof into two steps. In the first step we assume that W satisfies a
special regularity condition. In the second step we use a approximation argument to
prove the general result.

U e C?*N): We can apply the previous Theorem to the function

U(z) + 2log(1 + |2]?), because

u 0? [ w1+ |27 — [ X5, wyZ]?)
—21og(1 =1 %
; 8 8 Og( +‘Z‘ ) = (1—}—]2\2)2
2|wl?
T ([

Put ¢(z) = (1+\z| )2 in Theorem H and therefore, gain a function v € L?*(£2,1loc) such
that Ou = g and ( is satisfied.

U ¢ C?(Q): By assumption there exists some plurisubharmonic function s € C*(€)
such that

Q. ={ze€Q:s(2) <r}

relatively compact in (2, for any » € R. By definition the open sets {2, are smoothly
bounded and pseudoconvex. We apply Theorem [2.60]to obtain plurisubharmonic func-
tions W, defined in €, (. such that U, \, ¥ and r(e) — oo if € = 0. The previous step
gives us a function u, e L*(Q,(), V.) such that du. = ¢ in Q) and

[, WP g e < [ la@Fe 00 < [l i)

r(e)

Since U, \, ¥ as € N\, 0 we can find a sufficiently small ¢y > 0 such that for arbitrary
r € R the following holds true

et 2 —U(z
/QT|U8<Z)| WCM(Z) S/QIQ(Z)I e YPdA(2).

Using Remark we obtain some subsequence wu.,; converging weakly to some
u € L*(Q,loc). Therefore, as g9 N\, 0 we have by monotone convergence theorem that

f\Il(z

S P e < [ o) e ),

Since 0 is a continuous operator on the space of distributions, we even have Ou = g. [
4.3 Applications of Hormander’s theorem

The next theorem will teach us how to apply Héormander’s theorem. All of the following
theorems and lemmas can be found in [H690/1, ch. 4].
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4.3 Applications of Hérmander’s theorem

Theorem 4.7. Let VU be a plurisubharmonic function in the pseudoconvexr open set
QCC" If2° € Q and eV is integrable in a neighborhood of 2° then one can find a
holomorphic function u in Q such that u(z") = 1 and

U(2)
/\ 1+|z| ) <o

Proof. We follow Hormander’s lines.
W.l.o.g. we can assume that 2° = 0 and by assumption we can find a polydisc

D={zeQ: |z <rj=1,...,n},
where e~V is integrable. For k = 0,1,...,n we define the sets
Qp ={2€Q:|z| <rforj>k}

At this point we note that = D, 2, = Q and Q; C Q1.

Claim: For every k =0,1,...,n there exists a holomorphic function u; in 2y such that
up(0) =1 and
276_\11@ d\ 00 4.7
< . .

We prove this claim by induction.

If kK =0, the function ug = 1 has the desired properties.

Assume that 0 < k£ < n and wug_; has already been constructed. Choose a function
¢ € C5°(C) such that suppg € D(0, 5), the restriction of ¢ to D(z, z) is equal to 1
and 0 < ¢ < 1. Define

up(z) = éd(zk)ur—1(2) — z1v(2),

where v is to be chosen in such a way that wu is holomorphic. Thus, we must prove
existence of v and therefore, have to solve

~ U0

v = ¢ = f.

Zk

Note that us_1(2)0¢(z;) = 0 on 2\, and hence, by induction hypothesis

e—\Il(z)

Jo VP ) < o

is satisfied. We can apply Theorem to the plurisubharmonic function
U(z) 4+ 3(k —1)log(1 + |2]*) and gain a function v satisfying

/ 0(2)2e" YO (1 + |2]2)%1dA(2) < oo
Qg
By definition of u; and induction hypothesis this shows that (4.7) holds true.

The construction of u, even shows that: u,(0) = u,—1(0) = --- = uo(0) = 1. This
proves the theorem. O
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4 Hormander’s theorem and some consequences

We can use Theorem [4.6/once more to prove the following theorem (see [H690/1, p.99]).

Theorem 4.8. Let U be a plurisubharmonic function in C* and define

67‘Il(z)
_dA(2) < oo}

Ay ={ueH(C):3IN €N s.t. /C|U(Z)|2<1+|Z|2>

Then the closure - w.r.t. to the topology of uniform convergence on compact subsets -
of Ay in H(C) contains all u € H(C) such that |u|*e™" is locally integrable and it is
equal to H(C) iff e™¥ is locally integrable.

Proof. Let h be an entire function such that |h|?2e=Y is locally integrable. Hence, we
must approximate h in D(0, R) for arbitrary R > 0 by functions in Ay.

For this purpose, choose a ¢ € C§°(C") such that ¢|p,r+1) = 1 and define k == ¢h.
For every |z| < R+ 1 we have that

f(z) = 0k(z) = h(2)0¢(z2) = 0,

where we have used, that h is an entire function. By construction we gain that f has
compact support. Let

U, (z) == ¥(z) + max (O,tlog ((R|j—| 1)>)

and note that these functions are plurisubharmonic (see Example [2.M|) and e~ ¥t — e~ ¥
pointwise as ¢ — co. By monotone convergence theorem we have

LIf@eaxz) - o,

as t — co. We apply Theorem to get functions ¢, satisfying dg; = f and
e~ Vi(2)
Lo ) = 0 (438)
as t — oo. By construction we even have that dg;(z) = 0 if |2] < R+ 1 and
e~ Vi(z)

(1+]z?)?
for a positive constant C, depending on R. Combining (4.8)) and (4.9) gives

AmmedmxagcAmwF dA(2) (4.9)

2d\ 0
@&mﬁma|<aa

as t — 0o. Theorem gives that g¢(z) — 0 uniformly on compact subsets in D(0, R)
as t — 0o0. By construction we even have

—¥(z)

/C|9t(z)|2w|2)2+t/2d)\(z) =

—U(2) —V(2)

€ €

= A / D)
/D(O,RH) 9:(2)] (14 [2]2)2+/2 (=) + C\D(0,R+1) 19:(2)] (14 |z[?)2H+t/2 (2)
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4.3 Applications of Hérmander’s theorem

e v (R+ 1>t€_\p(z)

< 2 d\

- /D(O,R+1) |gt(z (1 + ] \ / D(0,R+1) )l |21 (1 + [2[?)? )
e—\I’t 9 e_q’i(z) d}\

- D(0,R+1) |gt(z)| (1 + | | / D(0,R+1) gt Z)l (1 + |Z|2)2 <Z)

0
—_ <
= [0 G)P e < o0

thus, setting N := 2 4 ¢/2 we see that the functions k — g; lie in Ay. Hence the first
claim holds true.

The second claim can be easily seen from the first one: If e~V is locally integrable,
then by continuity also |u|?e~" is locally integrable for any u € H(C). The converse
holds true since 1 € H(C). O

In the previous theorems we have seen how to prove Hormander’s L%-estimate. We
have applied it in several theorems to make some ’arbitrary’ function holomorphic in
such a way, that special properties are satisfied. Exactly the same argument will be
seen in the following chapter (especially in the proof of Theorem another time.
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5 Under which conditions is the
weighted Bergman space of infinite
dimension?

In this chapter we derive sufficient conditions under which the weighted Bergman space
A%(C",¥) is of infinite dimension. In Section [5.1{ we focus on the case n = 1 and prove
a theorem due to Rozenblum and Shirokov, and establish a condition on the weight
function under which the Bergman space is finite dimensional. In Section [5.2] we have a
look at the higher dimensional case n > 1 and discuss a condition given by Shigekawa.
In the higher dimensional case, the discussed condition is not necessary for A%(C", ¥)
to be infinite dimensional. We compare the previous conditions in the last Section
and give some examples, where the weighted Bergman space is of infinite dimension,
but Shigekawa’s condition is not satisfied.

5.1 Weighted Bergman space in one variable

In this section we follow the lines of Rozenblum and Shirokov (see [RS06, Thm. 3.2,
p.144]) to prove the following theorem:

Theorem 5.1 (Rozenblum, Shirokov). If ¥ € C?(C,R) is a subharmonic function,
such that

/C AU(2)d\(z) = oo, (RS)

then A%(C, W) is infinite dimensional.

At the end of this section we give a sufficient condition for A%(C, ¥) to be finite dimen-
sional.

The proof of Theorem is quite long and therefore, we prepare some technical tools
in Section first.

5.1.1 First preparations

We provide some useful inequalities. These results are used later on in the proof of

Theorem (.11

Lemma 5.2. Let 0 < Ry < Ry. There exists a negative number M < 0 such that for
every w € D(0, Ry) and every z € C\D(0, Ry) the following inequality holds true

log |z —w| > M + log |z|. (5.1)
Proof. Let w € D(0, Ry) and z € C\D(0, R) be arbitrary. Since z # 0, we have

Zl — [w
log | — w] > log ("M"m)
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5 Under which conditions is the weighted Bergman space of infinite dimension?

R
> log (1 — R1> + log | z].
2

Therefore, the claim holds true for M = log (1 — %). O]
We will need another inequality at the end of Section [5.1.2]

Lemma 5.3. If |z| > \/v/2 4+ 1 we have

1 2
T S

oS TP (52)

Proof. The inequality follows directly by using some basic algebraic manipulation. [

After providing all these technical lemmas, we can start to prove Theorem [5.1]

5.1.2 Proof of Theorem

The main idea of the proof is to construct an arbitrary number of functions, f1, ..., f.,
say, contained in A%(C, ¥), in such a way, that there exist n points 21, ..., z, satisfying
fi(z) =0 for k < j and f;(z;) = 1. In fact, if they weren’t linearly independent, there
would be numbers aq,...,a,_1 in C such that

arfi+axfo+ -+ an1fu1 = fa
Inserting z; gives a; = 0. Repeating this argument for zs, ..., z,_1 shows that
ag=ay="--+-=a,_1 =0.
Therefore, the constructed functions will be linearly independent.

Remark 5.A. As we will see at the end of the proof, it suffices to show existence
of one of the functions, f, say. Existence for the other functions will follow in a
similar way. The strategy to find f,, is as follows: At first we have to make a clever
choice of the points z1,...,2,. We consider a test function ¢ such that ¢(zx) = 0
for k=1,...,n—1and ¢ = 1 in a small neighborhood of z,. Hérmander’s theorem
applied to the function g—g and slightly different weights U" (compared to ¥), and
Montel’s theorem [1.7] will tell us how to change the function ¢ in such a way that we
get the desired function f,,.

The following proof was given by Rozenblum and Shirokov in 2006. We exactly follow
their lines.

Proof of Theorem[5.1. . We split the proof into five steps.

Step 1: In the first step we only provide some notation and definitions of sets and
measures. The complex numbers z1, . .., z,, positive numbers Ry, ..., R,,d and subhar-
monic functions ¥y, Uy, Uy, fork =1,...,n and 0 < h < 6/2 will be introduced as well.

Let n > 0 be a number in N. The locally finite Borel measure induced by AW is
denoted by u. Thus, by (RS|) we can find a number R; > %\/ V2 + 1 such that

oo > MO = u(D(O,Rl)) > 46,
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5.1 Weighted Bergman space in one variable

and numbers R, > Rj_; for k = 2,...,n in such a way that

where Q= D(0, R)\D(0, Ry—1) for k =2,...,n and ; := D(0, Ry).

Now we define some compactly supported Borel measures on C and have a look at the
associated logarithmic potentials. This approach will give us subharmonic functions,
to which we apply Hormander’s theorem.

Define the first measure by

26

po(-) = g n- k),

and note that pg < p since ]%760 < 1. The logarithmic potential of pg is defined as

1
Wo(z) = Pry(z) = 5 | logz — wldpo(uw)

and therefore AW, = pg is satisfied, since pg is compactly supported (see Corollary
2.22)). We also have some information about the asymptotic behavior of ¥y at infinity.
In particular by dominated convergence theorem we get

13
W () ~ = logl4

for |z| large.
Let Uq(z) := ¥(z) — Uy(z) and define pg := AUy = AV — AWy =y — pp > 0, showing
that ¥, is again subharmonic and

00 > My, = puy () = p() — po() > 20,

for k=1,...,n.
Similarly to the construction of py we define

20
v(.) = E,ul(. NQ), fork=1,... n.

These measures satisfy

Ve < iy

and arguing as above, we obtain that the logarithmic potentials Uy := P,, of v have
asymptotic growth rate Uy ~ L2 log|z| as |z] — oo. Since Uy is finite almost everywhere
w.r.t. Lebesgue measure, we can take numbers 2z, € Q) for £ = 1,...,n such that
|Uk(2x)| < oco. Therefore, by construction we have z, # z if k # . We can also find
some small 6 > 0 such that

D(z,0) € %,

fork=1,...,n.
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5 Under which conditions is the weighted Bergman space of infinite dimension?

To prove the stated theorem we need another family of measures depending on . Let
0<h< g and define

Vi) i= s [ 1 e (w)dA(w)

By definition we have
V() = 13, () = 20. (5.3)
We denote the logarithmic potentials of v} ;, by Uy, = P, , and note that
Up () ~ 2 log 2] ~ Ui(:) (54)
for |z| large.

Step 2: For every 0 < h < §/2 the function

U() = W (2) + S ULale) ~ Uil2)

is subharmonic and satisfies the following inequality

20 log 2

U"(2) = Wa(2)] <

n, if |z| > 2R,, (5.5)

and there is a constant C1(0, Ry,), independent of h, such that,

UM(z) — Wi(2) > —2nCy(0, R,,), for |z| < 2R, and z ¢ LnJ D(z,9). (5.6)

k=1

Remark 5.B. As suggested in Remark [5.A] this step gives us a family of weight func-
tions U". In our situation these functions differ from the original weight function ¥
only in a harmless way. For large z this can be expected by statement . Actually,
U™ is comparable to the weight function ¥; = ¥ — W, but (since we want to apply Hor-
mander’s theorem only to compactly supported functions) by Lemma this doesn’t
matter. The lack of knowledge on the behavior of the functions U" — W in the discs
D(z, ) is concealed by a special choice of test functions.

An important part of this step is, that all of the appearing bounds for the difference
U" — W, do not depend on the small parameter h. This allows us to apply Montel’s
theorem [1.7]in Step 4.

A straight-forward computation shows that U" is again subharmonic. The following
argument illustrates that the function U" satisfies the inequality (5.5)) as well. In fact,
for z # 0 we have

Uin(2) = Un(2) = o= [ log 2 = wldlofy, — m)(w)

1 w
= o [ o8|l — ) w) + 5 [ tog |t = Lld(, — 1))

64



5.1 Weighted Bergman space in one variable

1 w ,
Soor /Q og 1= Zd(v, — i) ().

Since for |w| < R, and |z| > 2R,, the integrand satisfies

1
—log2 = log(1 — 5) <log|l — |E||
2

w
<log |l — —|
VA

mn

2R,

<log(1+ |2]) < log(1 + —2) < log 2,
y4

which means that |log|1 — %|| <log2 and therefore,

1 w
Uia() = U2)| < o [ flog 1= 21| v = ) w)
201log 2

log 2 ,
< 25 [ AW+ ) (w) = .

21 Jaoy, T

Hence, for |z| > 2R,, we have

201log 2
T

U (2) — Wi (2)] < n.

The next argument will give us a lower bound for U"(z) — ¥;(z) such that (5.6) is
satisfied. Let z € C such that |z| < 2R, and z ¢ D(zx,0). Hence, for w € D(zx, h) we
get

[z —wl = [z =2+ (2 —w)| 2 ||z = 2| = Jw — 2]
b (5.7)
> |z — 2| — |w — 2z >6—h2§>0,
and
|z —w| < |z| + |w| < 2R, + R, = 3R,,. (5.8)

After combining the inequalities ((5.7)) and (5.8)) and using monotonicity of log we get
)
log 5 < log|z — w| < log(3R.),
which in fact gives
)
llog |z — w]| < max(| log(§)\, |log(3R,,)|) = Co(6, Ry,).
One can apply the previous inequality to get

1 20
. < — — 1 —wl|| dA
VL) < g o a Nomle = wll dA(w) o

< Co0, )2 = 0y (5. Ry,
T
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5 Under which conditions is the weighted Bergman space of infinite dimension?

if |z| <2R,, and z ¢ D(zx, h). Another consequence of inequality (5.8)), where in fact
we have only used that w € {2, is the inequality

1 20

f/ log |2 = wldv(w) < 5 10g(3R,) < C1(6, Ra), (5.10)
21 Jay,

if |z| < 2R,. Combining the two inequalities (5.9)) and ([5.10)), shows that for |z| < 2R,

and z ¢ Up_; D(zg,0) one can establish the lower bound

Uk(z) =

U(2) i (U} 1(2) = Ui(z)) = —nC1(6, Ry) — nCi (6, Ry) = —2nC1(6, Ry),

where the constant C(d, R,) depends on ¢ and R,,, but not on h.

Step 3: Let ¢ € C§°(C) such that ¢|ps) = 0 for k < n and @|p.,s) = 1, as well
as suppp C D(0,2R,,) is satzsﬁed For every 0 < h < §/2 there exists a function
n . C — C such that 88% = 22 and a finite constant K > 0, independent of h, such

a*
that the inequalities
, e V0 ANz) < K 5.11
/Clgh(z)| W (Z)_ ) (5. )
/ . |gh(z)|26_‘1'1(z)d/\(z) < 220”/”(1 + (2R)**K, for R > 2R, (5.12)
R<|2|<2R
and
/ | (z)|2ﬂd/\(z) < 220/7 [ (5.13)
om0 |

are satisfied. Thus the integrals can be estimated from above by a constant, independent

of h.

As we have already seen, U" is a subharmonic function and hence we want to apply
Hérmander’s theorem (i.e. Theorem [4.€]) to solve the Cauchy-Riemann equation with
right hand side ‘?f We must guarantee that the function gd’ is an element of L*(C, U").
Let S == suppg\ Uy, D(zy, ), then we easily see by (5.6) that

[1228) pemvnran / 292 -MdA()

2nC1(8,Rn) /‘ ‘2 V@A (2)
< 2C1(8.Rn) max | | / YRR N (2) = K(6,n, R,),
ze

(5.14)

is satisfied. Because we are integrating over a compact set, we note that by subhar-
monicity of Wy and continuity of U the last integral must be bounded and therefore,
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5.1 Weighted Bergman space in one variable

% ¢ L*(C,U"). For simplicity we write K = K(3,n, R,), which is a finite number

mdependent of h. Hence, by Theorem |4.6 . we gain a function g;, in L?(C,loc) such that,

9gn __ 09
oz ~ 0z and

U (2)
/ l9n(2) 1 + |2|? )

where the last equality holds true by definition of ¢ and S. Combining the last line
and inequality (5.14]) gives

3¢

PO = [P o)

—Un(2)
2 € 7 <
Llon(2) 4 ) S KGRy

a uniform upper bound in h, which is in fact inequality (5.11)).
Inequality (5.5 shows that for every R > 2R,, we have

1 ~U(2)

1+ (2R)?)? AXz),

2 —‘I’l(z)d)\ < %n/ g €
Jrceal @O < 5 [ g s

which implies
[ g B OdN ) < 20714 2R

By using inequality ([5.5) another time the following inequality holds true

h
7\1’1( ) 20 log 2 eiU (2)

/Z|Z2Rn |gh(2>| Wd)\(z) <e = " /Z|22Rn |gh(z)lzmd>\(z)

~U"(2)
e
S 220n/7r/c |gh(Z) 2

L _d)\(z) < 2T
) =

Step 4: There exists a function f, € A*(C, W) such that

0, ifk ,
O

The previous arguments hold for every 0 < h < g. Therefore, we can define a family
of functions f, := ¢ — g,. By definition of g, we know that % = 0 in the sense of
distributions and hence, by Remark [£.B] w.l.o.g. we may assume that fj is an entire
function. If R > 2R,, we even conclude, that by Cauchy-Schwarz inequality and our
choice of supp¢ we have

1/2 1/2
/ faldA < ( / | fh|26_‘1’1d/\> ( / e%dA>
R<|Z|<2R R<|#|<2R R<|#|<2R

1/2

1/2
- ( / | gh|2e—“1’1dA> ( / e‘I’ld/\> ,
R<|Z|<2R R<|2|<2R

(5.15)
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5 Under which conditions is the weighted Bergman space of infinite dimension?

where the latter integral is finite since ¥y is subharmonic and therefore has a maximum
on compact sets. The first integral on the right hand side is finite as a consequence of
. All occurring bounds do not depend on h.

It follows from (5.15), that the family {fi}o<n<s2 is uniformly bounded in
LY(D(0,2R)\D(0, R)) on every annulus contained in R < |z| < 2R. Thus, by Theo-
rem (1.3| and Definition , the family is uniformly bounded in H(D(0,2R)\D(0, R))
and by the maximum principle, Theorem , we even have that {fj}och<a/e is uni-
formly bounded in H(D(0,2R)). Since R can be chosen arbitrarily large, {fi}o<n<s/2
is uniformly bounded in H(C). Let us pick a sequence h; s.t. by — 0 as | — oo and
note that by Montel’s theorem we can extract a subsequence of {f;, }7°, (w.lLo.g.
the sequence itself) s.t. f, converges to a function f in H(C) w.r.t. the topology of
uniform convergence on compact subsets of C.

Since ¢ doesn’t depend on h;, we have

ghl:¢_fhl_>¢_f::g

uniformly on compact sets for [ — oo.
We are now going to show, that g(z;) = 0 for every k = 1,...,n. As we have proved
in Lemma m the potentials Uy ;,(z) can be written in the form

%logfhL %(\z — 2z = k%), 2z € D(z,h),

5.16
Ylog |z — 2], z ¢ D(zy, h). (5.16)

Ullc,h(z) = {

If we assume that g(zx) # 0 there is some [y such that |gp,(2)] > ¢ > 0 for every
[ > ly and z € D(z, hy,), by uniform convergence. Using subharmonicity of ¥; and
the explicit formula of U}, (if j # k) we find a constant

Cy:= min (e Ve~ 2ok Uin)
ZED(Zkvh‘lO)
5.17)
. 1 (
min | e [[ ——57 | >0,
2€D(2k,hy) £k |Z - zj|

independent of h. Using formula ([5.16)) another time, we easily see that for z € D(z, h)
, 10
Upn(z) < ?log h, (5.18)
is satisfied and thus,
¢ V(@ > p-10/m (5.19)

if z € D(zy, h). By definition of U;, if j # k, we have for z € D(z, h) that

) 10log(4)
ezj;ék Uj(2) Z ezﬁfk Trg

_ glo(n—1)/m (5.20)
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5.1 Weighted Bergman space in one variable

We combine the inequalities ((5.11)), (5.17)), (5.20) and (5.19)) to obtain for [ > I, that

K(0,n, R,) 2/ g, (2) .

e_U]/g hl( ) Uk( ) Zj;ék Ujl"hl(z)ezj'#k U](Z)
= |gn, (2)

D(zi,h1) (14 ]2]?)?

Uk(2) g~ Vk, ()
> (0,100 1)/7 / AP e
= V2 Dk ) |ghl( )’ (1+ |Z|2)2 ( )

dA\(2)

C«Q510(n71)/7rhl—10/7r o U
> k() I\
> T o P AG)
- 02510(n—1)/7rhl10/7"€2/
- (1+ R2)? D(z,h1)
10(n—1)/m3—10/7 272 2
oDk R L B

> !/
ST emp = O

Uk(z)d/\<z)

(5.21)

where we have used the submean value property for the subharmonic function eV* in
the last estimate. Since 10/m > 2 and because C > 0 is independent of h; the last
term is unbounded as h; — 0. This is a contradiction to K < oo in equation (|5.14]).

Finally, since g(zx) = 0, the function f(z) = ¢(z) — g(z) satisfies

0, ifk<n,
f<z’“)_{1, if k= n.

It remains to show that f lies in the space A%(C,¥). By definition we have that
¥ =W, + ¥, and hence we can write

/ ’f ’2 —U( Z)d)\ / |f |2 —Uy(2)—Po(z) d/\( )
We can apply inequality (5.1]) to get by the definition of Wy

1
6_\1’0(2) = exp (—271-/ ].Og |Z - w|dp0(w)>

(5.1)
< C;;exp( 27rM0/ AW( )dwlog|z|) (5.22)

= Csexp(—13/mlog|z|) <

for a constant C3 > 0 and |z| > 2R,,. We split the A*(C, ¥)-norm of f into two parts

LGP ane = [P D) + [ ()P M OaA)

=T+ J
(5.23)
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5 Under which conditions is the weighted Bergman space of infinite dimension?

The first integral I is bounded since we are integrating over a compact set and the
integrand itself is continuous. The second integral can be handled as follows

(5.22)

w1
|f(2)Pe" )WdA(Z)

Uy (2)

2.
C\D(0,2R,,)

200, | e
= 2 Jevpo2rn) £2)] (14 ]2]?)?

—Uq(2)
= 2C L)
3 C\D(0.2R») |g(Z)| (1 + |Z|2)2 (2)

¢ dA(2)

e

(013
S 40322011/#]{

OOJ

where we have used the particular choice of supp¢ again.
Therefore, the constructed function f lies in A%(C,¥). Set f = f,..

Step 5: For arbitrary n in N there exist linearly independent functions fi,..., fn in
A%(C,W). Therefore, Theorem[5.1] holds true.

Since n was arbitrary in Step 1, we have already seen, how to construct the function f,.
The other functions f, for k& < n, are constructed in the same way, except of a slight
modification of Step 3. There one has to choose ¢ € C§°(C) such that ¢|p(.,s = 0 for

J < k and ¢|p(,.s) = 1. One can proceed as above to obtain the functions fi,..., f,
such that f;(z;) =01if j < k and f(2x) = 1. As mentioned at the beginning of Section
they are linearly independent. O

Attentive readers may have noticed that one can change the assumption ¥ € C?(C)
and the claim still holds true. We have used the C? assumption only in the inequalities
and . Hence, it would be enough to assume that e~V is locally integrable.
Otherwise we would not be able to guarantee that % and f lie in L*(Q2,¥). Unfor-
tunately this assumption is not true for all subharmonic functions. For example the
function z — log(|z|?) is subharmonic on C, but e~ '2l:* = ﬁ is not locally integrable

at zero.

Remark 5.C. One could obtain similar inequalities and subharmonic functions as
in Step 1 and Step 2 for a finite measure which is not compactly supported in the
plane, provided that the weight function is C?. For this purpose one has to choose
some sufficiently small constants (depending on n) instead of the constants 20, 26 and
46 appearing in Step 1. Nevertheless, the theorem does not hold true for this more
general situation. A counterexample would be the space A%(C,log(1 + |z]?)) = C (see
Example . The main problem is, that one also has to change the functions Uy ;, in
such a way that inequality would only be satisfied for a constant smaller than 2
(instead of 10/7) and therefore, we would not be able to derive at a contradiction with

help of inequality ([5.21]).
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5.1 Weighted Bergman space in one variable

5.1.3 Some notes

As we have seen in Lemma [3.4] there exist weighted Bergman spaces of finite dimension
as well. We can apply this lemma to find a larger number of finite dimensional weighted
Bergman spaces. Therefore, we adapt a method seen in Lemma [3.3|

For z € R we denote the unique m € Z s.t. m —1 <x <m by [z] and
[2]T = max(0, [z]).
Lemma 5.4. Let R > 0 and ¢ > 0. The space

ﬁ::H(C)ﬂ{f:/ (= )|2d)\()<oo}

C\D(O,R) |z|°

has dimension [§ —1]" and

span[l, z,... 2l -1 > 2
7;:{p [ ]

{0} c<2.
Proof. W.l.o.g. we assume that R > 1. The general result follows by continuity of the

integrand.
Let m € N, then

|22
/ d\(z) < o0
C\D(O,R) |z[¢

if and only if m < § — 1. Therefore, we have dim 7. > [§ — 1]*.
Let ¢ > 2. Hence, [f —1]1—-1>0. If f € 7., we can expand it into the following power
series

[5-11-1

f(z) = Z agz” + Z ar2” = f1(2) + fa(2),
~1]

with a; € C. The first step shows that f; € 7. and thus, f; € 7.. We can write,
fa(z) = 2157 4g(2),
for a g € H(C). Since 2[§ — 1] —¢>c—2 — ¢ = —2, we have for |z| > R
1
2[5—1]-c > -2 >

Therefore, g € A*(C,log(1 + |2[*). By Lemma (3.4 we know that g(z) = ajc_1) and by
the first step of the proof we even have that fy(z) = 0.
Assume that ¢ < 2 (equivalent to [§ — 1] — 1 < 0). Hence, we have for |z| > R, that
|z]¢ < |2]* and

1 1 1

> >
ES e S 1k

Therefore, if f € T., we again have that f € A*(C,log(1 + |z|?)) and so by Lemma
f(2) = a, for a a € C. By the first step of the proof we have that f(z) =a =0. O
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5 Under which conditions is the weighted Bergman space of infinite dimension?

Theorem 5.5. If ¥ is a subharmonic function such that
U(z) =27P, + h(z),

for a compactly supported positive measure p with ;1(C) < oo and a harmonic function
h:C — R. Then the space A?(C, V) is of finite dimension. Moreover,

wm@ﬁmgm)g(“f)—n+
The assumption of Theorem implies
/Aw@w@pﬂmn<m,
C

and hence, it is comparable to the assumption (RS]) of Theorem
Proof. Let R > 0 such that suppu € D(0, R). For |z| > 2R we have

21P,( /10g|z — w|dp(w)
w
—1 | loglt—=la
og |z|u(C) + o og |1 — —|dp(w) (5.24)
3
< log [2[p(C) + log 5 u(C).
Similarly to the proof of Lemma we can find a conjugate function k to h such that

g(z) = M is entire.
If fe AQ(C U), then inequality (5.24) gives

> e "d
00> fllecw > [ 7))

> elog%u(c)/ z 26 d\(z
> [ o P A
1
_ log 3u(C) —g(2) |2 d\(2).
¢ C\Dmml (2)e ||z|u<C> (2)

Since f(z)e 9*) € H(C) we have by Lemma that fe™9 € 7T, and therefore,
A*(C,0) C Tueye?
This proves the claim. O]

By the Riesz’s representation theorem, the previous theorem applies exactly to the
subharmonic functions ¥ such that AV has compact support.

5.2 Weighted Bergman space in several variables

In this section we prove a statement given by Shigekawa in 1990 (see [S91, Lemma 3.4,
p.278]). Nevertheless his proof is quite difficult and very long and therefore, we follow
the lines of Mehrabian (see [M08]) and Haslinger (see [H12]).
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5.2 Weighted Bergman space in several variables

Theorem 5.6 (Shigekawa). Let U : C* — R be a C™ function. If n denotes the lowest
eigenvalue of the Levi matriz

100 (2) = ( v >”

0207k ) ;1
and satisfies

lim _|2]*n(z) = oo, (S)

|z] =00
then the space A*(C", W) is of infinite dimension.

Before going into more details of the proof we have to provide a technical lemma
first. This lemma is used in the proof given by Shigekawa as well as in the proof of
Mehrabian, which is stated below.

Lemma 5.7. Let £ € C" and K > 0 and define g(z) = log(1 + K|z — &|?). Then for
each w € C" we have
K

K 2
(14 K|z —£J?)

< .
S Tr K-

slw[? <i8dg(w, w)(z)

Proof. We derive each component of the associated Levi matrix,
9*g g 9 Kz —&)
02,0% 0z; 1+ K|z —¢J?
KL+ K|z — ) = K22~ 6)(5 — )
(1+ K|z —¢[?)?
K

= K g (ol Kz =61 = Ko = 6005 = 6).

where d;, ; denotes the Kronecker-Delta. Hence, the Levi matrix is the sum of a multiple
of the identity and a hermitian matrix and thus, we have

K
(1+ K|z =)

i09g(w, w)(z) = 5 (L4 K|z = &P w]® = K|(w, 2 = &),

which implies by using Cauchy-Schwarz inequality that

K K
s = g rp gy (A Kle = el - Kol — &)
<00, < wl?
< ioBg(ww)(2) < gl
therefore, the claim holds true. u

After providing the above technical lemma, we now prove Shigekawa’s theorem. The
idea of the proof is to change the function ¥ in such a way, that it becomes strictly
plurisubharmonic. Then we apply Theorem to this new function and gain a non-
trivial entire function f such that fp € A%(C" e~¥) for infinitely many polynomials

D
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5 Under which conditions is the weighted Bergman space of infinite dimension?

Proof of Theorem[5.6 Assumption allows us to find a strictly positive constant K
such that

100V (w, w)(2) > —K|w|?,
for every z,w in C", and that i00¥(z) is strictly positive for large |z|. Let
ge(2) = log(1 + 4Kz — &]?),
and note that by Lemma we have that

4K
(1+4K]z —£?)

i00ge (w, w)(z) > 5 lw|?.

Therefore, for |z — £| < ﬁ, we have
i00ge (w, w)(z) > K|w|?.

Since i00¥ (w,w)(z) is negative at most on a compact set in C", there exist finitely
many points &;,...,&y in C" such that this compact set is covered by the balls
D(&, \/%) W.l.o.g. we may assume that M > 2 and therefore the function

\if(z) =U(z) + ]; gr(2)

is strictly plurisubharmonic, where gi(z) = gg, (2) for k =1,..., M. Let us denote the
lowest eigenvalue of 100V by 7. Therefore, by assumption (|S)) we again have that

lim |2|*7(z) = oo.
|z|—o00

Hence, for each N € N we find a number R > 0 such that

N+M+1
7 > 7 =
ii(z) > E

for every |z| > R. By construction we even have that 7 := inf{7(2) : |z] < R} > 0 and
Mo
=——>0.
"oV T M)
We define the function
P(z) == U(z) — (N + M) log(1 + &|z|?).

By definition we see that e~® is locally integrable and we will see that it is even strictly
plurisubharmonic. Notice that by Lemma [5.7| we have

(N+Mm>

03w w)(3) 2 o (i)~
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5.3 Examples

By definition of 7y we have for |z| < R that

~ _ N + M) 1
EUO—(N+M)K:U0—M:7]2(]>O

(N+ M)k
1+ k|z|?

(z) =

and for |z| > R we obtain

(N+ M)k _ N+M+1 N+M 1
1+ #l2| || E ||

which implies that & is strictly plurisubharmonic.
Thus, Theorem guarantees that there exists an entire function f with f(0) = 1 and

276_®(Z) d\ 00
/n |f(2)] A1 27 (z) < 0.
Now let N := N — 3n and get

LR+ ()Y " Ddr(z) =

H{c\/lzl(l + 4K|Z - €k|2) ’f(Z)P(l + ’z‘Q)Ne_q)(z)d/\<Z)

~ Jen (14 k|z]?)N+M
=:h(z)
< sup (h <
= Sélcg( (2) /Cn £ ()] T+ 2" (2) < oo,

since sup,eca{h(2)} < 0o, because the nominator and denominator are of the same
degree. Hence, fp € A%(C™ eY) for any polynomial p of degree lower than N. Because
N = N + 3n was arbitrary, we have shown the claim. O]

In the next section we will give examples, where it becomes clear that Shigekawa’s
condition is not necessary.

5.3 Examples

We begin with a comparison of the two conditions under which the weighted Bergman
space A?(C, V) is of infinite dimension. Finally, we give examples to illustrate that
Shigekawa’s condition fails to be necessary, in both the one dimensional and the higher
dimensional case.

5.3.1 Comparison between Rozenblum-Shirokov and Shigekawa

We assume that ¥ is a subharmonic C*°(C) function. We have seen two sufficient
conditions for A%(C, ¥) being of infinite dimension:

/C AU(2)dA(2) = oo (RS)
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5 Under which conditions is the weighted Bergman space of infinite dimension?

and

lim [z|?A¥(z) = oo. (S)

|z]—o0

Although, condition (S’) can be formulated in a more general setting for application
in higher dimensions (see Theorem [5.6)).

Remark 5.D. In one dimension it is easy to see that if condition is satisfied then

also (RS]) holds true:
By assumption (S’]) we can find a number R > 0, such that

|z]PA¥(z) > 1, for all |z| > R.
Therefore, combining subharmonicity of ¥ with the inequality (RS|) gives

|2 1

/C AU(2)dN(z) > EEAW(2)dN(z) > / Lpe)

~ Je\p(o,R) |2|? C\D(0,R)

The latter integral is unbounded and thus, condition (RS) is satisfied. ¢

We should note that even the condition

lim |z[*?A¥(z) > 0,

|z| =00
implies that (RS) is satisfied.

At this point one may assume that the two conditions are in fact equivalent, but this
is not true as the following example teaches us:

Example 5.E. We check if U(2) == (log(1 + |2]*))? satisfies condition or (RS).
Indeed, ¥ is subharmonic on C: Clearly, ¥ is a C?(C)-function and satisfies

2

AT(z) = 483(% (log(1 + [2%))’

g 0 log(1 + |2]*)2
o\ 0z 1422
2 2
(s R
(1+]22)?

Therefore, by Corollary the function ¥ is subharmonic.
We can insert this in and gain

(Ll R log (1t 2)
| 8 =& 5.25
v ( (1+[2P)? (5:29)

Thus the condition given by Shigekawa is not satisfied.
We prove that the condition by Rozenblum and Shirokov is satisfied. By inspecting

the proof of Remark we have already seen, that (5.25)) implies (RS)). Anyway, we
do it again: For every R > 0 the following inequality holds true
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5.3 Examples

Lavine) —/% /Ooor tfof(:jr ) drdo

B /°°s+log 1+5s)

1+ s)?

T Rl _Wlog(R)
1/ BT

ds

| \/

\%

Hence as R — oo we have seen that (RS]) is satisfied. ¢

This example proves that condition (RS]) is weaker and even in the plane Shigekawa’s
condition fails to be a necessary condition.

5.3.2 Shigekawas condition is not sharp

We have already seen, that the condition fails to be a necessary condition under
which A%(C, ¥) is infinite dimensional (for a special subharmonic function ¥). In this
section we give an example to show that even in the higher dimensional case Shigekawa’s
condition is not necessary. The below-mentioned example can be found in [H12l, p.62].

Example 5.F. We give an example in C* to see that condition mn Theorem 18
not necessary for A%(C% W) being of infinite dimension for special W. For this purpose
we have a look at the weight function W(zy, z9) = |21|*|22|* + |22|*.

An easy computation shows that the Levi matrix has the following form

2 JR—
100U (21, zp) = <|22| 1 )

21 |z A+ 4z

and therefore it has the following two eigenvalues

1
(e 2) = 5 <5|22|2 1zl = 9Lzl + 10]2 22 + yz1|4) ,

1
Mo, 2) = 5 <5|z2|2 + 2l + /912 + 1021 Pz + |21|4) .

We check if the assumption (|S)) is satisfied along the z;-axis and see that for the lowest
eigenvalue 7; we have

hm |zl| n1(z1,0) =0

lz1|—

and we have seen that condition is not satisfied.
Nevertheless, the space A?(C?, V) is of infinite dimension. We recognize that the func-
tions f(z1,22) = 25 lie in the space A%(C?, W) for every k € N, because

NPt Oae) = dx [ [F e rdriradr,
¢ o Jo
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5 Under which conditions is the weighted Bergman space of infinite dimension?

> 0 —r2p2 2 2k—1 —ri
=4r e "t2ryrydry | vy e 2dry
0 0

Y 2%—1_—rd
= 27r/ / e *dsry" e "2dry
o Jo

% k-1 _—rt
:27r/ ry e 2dry < oo
0

is satisfied. The functions f}, are linearly independent and therefore, the space A%(C?, W)
is of infinite dimension. ¢
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Appendix

Abstract

The aim of this thesis is to establish, discuss and compare different sufficient conditions
under which unweighted and weighted Bergman spaces are non-trivial or even infinite
dimensional. We focus on Bergman spaces of square integrable holomorphic functions
over unbounded domains in C and C”. In the unweighted case we give a sufficient and
necessary condition on the underlying set in C, under which the associated Bergman
space is non-trivial. Concerning weighted Bergman spaces we consider the defining sets
C and C" and impose different conditions on the weight function.

For convenience we first provide a list of technical tools from topics related to po-
tential theory, which are later applied to both the unweighted and weighted case.

In the first chapter we introduce a few definitions, give a short revision of important
theorems from complex analysis, measure theory and discuss some results on funda-
mental solutions of certain partial differential operators.

In the second chapter we establish (following [Ra95],][Co95],[H690/1] and [R86]) some
important properties of subharmonic functions, derive several characterizations of sub-
harmonicity and give some examples of subharmonic functions. Furthermore, we derive
some nice results from logarithmic potential theory and, among others, prove the Riesz
representation theorem for subharmonic functions, a connection between the theory of
subharmonic functions and (logarithmic) potential theory. Finally, we define some use-
ful terms related to potential theory, such as the logarithmic capacity of subsets in the
complex plane.

In the third chapter we state the definition of the most important objects of this
work: Bergman spaces. We derive a list of basic properties and give examples of trivial
and finite dimensional Bergman spaces. In the end we prove a theorem due to Carleson
(see [C6T] and [Co95]), which provides a necessary and sufficient condition under which
the unweighted Bergman space in one complex variable over an unbounded domain
is infinite dimensional. We will see that this is possible without using Hormander’s
L?-estimates or other existence theorems for solutions to the inhomogeneous Cauchy-
Riemann equation.

In the fourth chapter we derive (following [H690/1], [H507] and [H12]) Hérmander’s
L?-estimates in one dimension and give a sketch of the proof in higher dimensions. We
also give some applications.

In the last chapter we follow the lines of Rozenblum and Shirokov (see [RS06]) to give
a sufficient condition under which weighted Bergman spaces in the complex plane are
infinite dimensional. We also give a condition on the weight function, which causes the
associated Bergman space to be finite dimensional. Moreover, we establish a theorem
by Shigekawa (see [S91]), which even applies in higher dimensions. We compare the
two theorems and give an example of a weight function which satisfies the requirements
of Rozenblum and Shirokov, but does not fulfill the conditions of Shigekawa’s theorem.
To conclude we give another example which shows that Shigekawa’s condition fails to
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be necessary in higher dimensions as well.

Zusammenfassung

Das Ziel dieser Arbeit ist verschiedene hinreichende Bedingungen fiir ungewichtete
und gewichtete Bergmanrdume herzuleiten, zu erklaren und zu vergleichen, sodass
der betrachtete Bergmanraum von unendlicher Dimension oder zumindest nicht trivial
ist. Dazu beschranken wir uns auf Bergmanrdume quadratintegrierbarer holomorpher
Funktionen iiber unbeschrankten Gebieten in C oder C". Im ungewichteten Fall nennen
wir eine hinreichende und notwendige Bedingung an das zugrundeliegende Gebiet in
C, sodass der Bergmanraum nicht trivial ist. Im Vergleich dazu betrachten wir im
gewichteten Fall nur Bergmanrdume mit Grundmenge C oder C" und stellen in diesem
Fall verschiedene Bedingungen an das Gewicht.

Zunachst geben wir grundlegende Ergebnisse aus dem Bereich der Potentialtheorie
an, welche wir sowohl im ungewichteten als auch im gewichteten Fall anwenden.

Wir beginnen im ersten Kapitel mit grundsatzlichen Definitionen und wiederholen
grundlegende Ergebnisse aus dem Bereich der komplexen Analysis, Mafitheorie und
iiber Fundamentallésungen spezieller partieller Differentialoperatoren.

Im zweiten Kapitel gehen wir ([Ra95],[Co95],[H690/I] und [R86] folgend) néher auf
wichtige Eigenschaften von subharmonischen Funktionen ein, leiten einige Charakter-
isierungen des Begriffes der Subharmonizitat her und geben Beispiele fiir subharmonis-
che Funktionen an. Des Weiteren begriinden wir einige interessante Resultate aus dem
Bereich der logarithmischen Potentialtheorie und beweisen unter anderem den Darstel-
lungssatz von Riesz fiir subharmonische Funktionen, einer Verbindung der Theorie tiber
subharmonische Funktionen und der (logarithmischen) Potentialtheorie. Letztendlich
definieren wir wichtige Begriffe aus dem Bereich der logarithmischen Potentialtheorie,
wie beispielsweise die logarithmische Kapazitat von Teilmengen der komplexen Ebene.

Im dritten Kapitel beschaftigen wir uns mit dem wichtigsten Begriff dieser Ar-
beit: Bergmanrdumen. Wir leiten grundlegende Eigenschaften her und fiithren einige
Beispiele von trivialen und endlich dimensionalen Bergmanraumen an. Letztendlich be-
weisen wir einen Satz von Carleson (siehe [C67] und [Co95]), welcher eine hinreichende
und notwendige Bedingung liefert, sodass der ungewichtete Bergmanraum in einer kom-
plexen Verdnderlichen nicht trivial ist. Dazu werden weder die L2-Abschitzungen von
Hoérmander noch jegliche andere Losungen fiir die inhomogene Cauchy-Riemann Gle-
ichung benotigt.

Im vierten Kapitel beweisen wir ([H690/I], [H607] und [HI2] folgend) die
L2-Abschitzungen von Hérmander in einer Dimension und erkliren wie man diese auch
in hoheren Dimensionen herleiten kann. Auflerdem fithren wir einige Anwendungen an.

Im letzten Kapitel behandeln wir einen Satz von Rozenblum und Shirokov (siehe
[RS06]) und geben eine hinreichende Bedingung fiir den gewichteten Bergmanraum
in der komplexen Ebene an, sodass dieser von unendlicher Dimension ist. Auflerdem
wird eine hinreichende Bedingung fiir das Gewicht beschrieben, sodass der zugehorige
Bergmanraum nur von endlicher Dimension ist. Des Weiteren beweisen wir einen Satz
von Shigekawa (siche [S91]), welcher auch in héheren Dimensionen anwendbar ist.
Wir vergleichen die Siatze und geben ein Beispiel einer Gewichtsfunktion an, welche die
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Zusammenfassung

Voraussetzungen im Satz von Rozenblum und Shirokov erfiillt, jedoch den Bedingungen
im Satz von Shigekawa widerspricht. Abschlieflend fiihren wir ein weiteres Beispiel an,
welches verdeutlicht, dass die Bedingung von Shigekawa auch im hoéher dimensionalen
Fall nicht notwendig ist.
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