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Abstract

Gossip or epidemic algorithms are communication protocols based on randomized

information exchange in nodes’ neighborhoods. Thanks to the randomized communi-

cation they are very flexible with respect to the underlying hardware infrastructure,

they can operate on arbitrary topologies and tolerate various types of failures. Mo-

reover, they have the ability to trade invested cost for final accuracy, which may

lead to significant cost reductions. The natural target systems are loosely coupled

decentralized distributed systems, such as P2P networks or sensor networks. So far,

gossip-based algorithms have been utilized mostly for simple operations, such as ag-

gregation (summation or averaging), information spreading or estimating size of a

network.

The main focus of this thesis is on design and investigation of truly distributed

matrix algorithms based on gossip-style data aggregation algorithms. Due to the

specific properties of highly distributed loosely coupled systems, traditional parallel

algorithmic approaches (designed for tightly coupled systems like shared-memory

systems or multicore architectures) have important drawbacks, such as strong as-

sumptions on static and known topology, reliable components and full synchroniza-

tion of nodes. Hence, there is a need to design fully distributed algorithms for which

these assumptions can be relaxed.

In particular, we focus on distributed Gram-Schmidt orthogonalization for com-

puting a QR factorization, and on distributed orthogonal iteration for computing

the principal eigenpairs of a matrix. We also show how distributed QR factorization

can be used for solving a linear regression problem over distributed data. Concrete

motivating applications for distributed orthogonalization arise, for example, in tele-

communications for various computations in mobile and wireless sensor networks. An

example is distributed sphere decoding , a distributed algorithm allowing a group of

receiving nodes to cooperate while decoding a signal sent by a group of transmitters.

Distributed orthogonalization is also an important building block for more complex

distributed algorithms, such as distributed least squares solvers, eigensolvers, etc.

The need for distributed computation of eigenvalues and eigenvectors may also
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arise in network analysis. Some crucial properties of a graph, such as how well the

graph is connected, can be determined by computing eigenvalues of the Laplacian

matrix of the graph. Information about the connectivity of a graph can be found

from the second smallest eigenvalue which is called the algebraic connectivity of a

graph. In practice this can be applied, e.g., for detecting bottlenecks in computer

networks or for analyzing relationships in social networks.

We first introduce a gossip-based distributed algorithm for Gram-Schmidt ortho-

gonalization and we show experimentally as well as theoretically that the distributed

algorithm preserves the numerical properties of the classical centralized algorithm.

Moreover, we experimentally observe the influence of the level of synchronization

between the nodes on the accuracy of the result. Although our algorithm requires

some cooperation between nodes, very weak synchronization strategy based only on

local information is sufficient for achieving accurate results.

Then, we investigate distributed orthogonal iteration as an illustrative example

of using QR factorization as a building block. Apart from investigating numerical

accuracy and convergence, we illustrate how accuracy-performance trade-offs can

lead to significant reduction of communication cost. Moreover, using gossip-based

building blocks substantially improves the robustness and fault tolerance compared

to existing approaches.

Last but not least, we discuss first steps towards MPI implementations of the

gossip-based algorithms for parallel computers in an effort to estimate runtime over-

head of the distributed algorithms. We present first results of several runtime com-

parisons to standard parallel approaches, such as MPI Allreduce or PBLAS routine

pdgemv commonly used in ScaLAPACK.



Zussamenfassung

Gossip1 bzw. epidemische Algorithmen sind Kommunikationsprotokolle in welchen

Knoten ausschließlich mit zufällig bestimmten unmittelbaren Nachbarn Nachrichten

austauschen. Aufgrund ihrer randomisierten Kommunikation sind diese Algorith-

men äußerst flexibel bzgl. der zu Grunde liegenden Hardwareinfrastruktur, sowie der

Netzwerktopologie. Darüber hinaus können sie vielerlei Fehler wie z. B. den Verlust

von Nachrichten tolerieren und die erzielte Genauigkeit kann mit dem Gesamtauf-

wand abgewogen werden. Gossip-basierte Algorithmen wurden bisher hauptsächlich

für elementare Operationen wie Aggregationen (Summation oder Durchschnittsbil-

dung) bzw. allgemeiner, zur Verbreitung von Information in Netzwerken eingesetzt.

Entsprechend stellen sich dezentrale verteilte Systeme wie P2P- oder Sensornetz-

werke als natürliche Zielplatformen dar.

Das Hauptaugenmerk dieser Arbeit liegt auf der Entwicklung und Untersuchung

von verteilten Matrixalgorithmen welche auf gossip-basierten Aggregationsalgorith-

men beruhen. Insbesondere untersuchen wir einen verteilten Gram-Schmidt Ortho-

gonalisierungsprozess zur Berechnung von QR Faktorisierungen und eine verteile

Orthogonale Iteration zur Berechnung der dominierenden Eigenpaare einer Matrix.

Darüber hinaus zeigen wir, wie mit Hilfe einer verteilten QR Faktorisierung lineare

Regressionsprobleme über verteilten (Mess-)Daten gelöst werden können.

Aufgrund der Spezifika dezentraler verteilter Systeme ist es nicht bzw. nur sehr

schwer möglich existierende Algorithmen aus der parallelen Datenverarbeitung di-

rekt zu übernehmen, da diese an Regularitätsanforderungen gebunden sind, die ver-

teilte Systeme nicht erfüllen. Daher ist es eine Notwendigkeit spezifische (verteilte)

Algorithmen für derartige dezentrale Systeme zu entwickeln.

Nebst der Entwicklung verteilter Algorithmen zeigen wir auch einige potenti-

elle Anwendungen dieser auf. Eine Anwendung der verteilten Orthogonalisierung

stammend aus der Telekommunikation ist distributed sphere decoding . Dabei wird

einer Gruppe von Empfängern, durch einen verteilten Algorithmus, die Kooperati-

on während des Dekodierens von Signalen einer Gruppe von Sendern ermöglicht.

1engl. Klatsch, Plauderei, Gemunkel
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Anwendungen der verteilten Orthogonalen Iteration finden sich unter anderem in

der Netzwerkanalyse, wo z. B. mittels spezifischer Eigenwerte und Eigenvektoren

Aussagen über die Konnektivität des Netzwerks getroffen werden können.

Zunächst führen wir in dieser Arbeit einen gossip-basierten verteilen Gram-

Schmidt Orthogonalisierungsprozess ein und zeigen theoretisch sowie experimentell,

dass dieser die numerischen Eigenschaften der klassischen Variante erhält. Darüber

hinaus untersuchen wir experimentell in wie weit sich die Synchronisation zwischen

den Knoten auf die Genauigkeit der berechneten Resultate auswirkt. Obwohl die

Knoten klarerweise untereinander kooperieren müssen, sind nur einfachste lokale

Synchronisationsmechanismen von Nöten, um genaue Ergebnisse zu liefern.

Darauf aufbauend untersuchen wir eine verteilte Orthogonale Iteration als An-

wendungsbeispiel der verteilten QR Faktorisierung. Neben Untersuchungen zur Kon-

vergenz und numerischen Genauigkeit, illustrieren wir auch wie Genauigkeit und

Aufwand zur Reduzierung der Kommunikationskosten gegeneinander abgewogen

werden können. Zusätzlich liefert der Einsatz von gossip-basierten Elementarope-

rationen auch substantiell robustere bzw. fehlertolerante Algorithmen (im Vergleich

zu existierenden Methoden).

Abschließend präsentieren wir erste Schritte in Richtung einer MPI Implementie-

rung der untersuchten gossip-basierten Algorithmen für Parallelrechner. Diese Unter-

suchungen dienen zur Quantifizierung des Mehraufwands den verteilte Algorithmen

mit sich bringen. Konkret präsentieren wir erste Vergleiche mit etablierten parallelen

Routinen wie MPI Allreduce bzw. der PBLAS Routine pdgemv die in ScaLAPACK

Verwendung findet.
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Chapter 1

Introduction

Gossiping is a very natural way of communicating and information spreading in

everyday life. If somebody gets a piece of information, he or she will very likely

share it with a friend or a colleague, once there is an opportunity. The key aspect

of gossiping is that in most cases the “communication partner” is not chosen inten-

tionally, but the piece of information is transmitted to a first person for whom the

information may be relevant. One could argue about the moral aspects of gossiping,

but it has to be admitted that it is a very powerful method of information spreading.

The principle of gossiping has been utilized as the communication paradigm in

various simple applications in signal processing in decentralized networks. But all

kinds of mobile devices, such as mobile phones, laptops or netbooks, are becoming

more and more computationally powerful and thus also networks built by connecting

such devices have a potential for executing complex computations. Existing algo-

rithms, such as various parallel algorithms or the centralized approach using a fusion

center, have severe disadvantages in many scenarios for computations over such dis-

tributed systems, such as little flexibility with respect to the underlying hardware

infrastructure or unbalanced load on the nodes. This causes increased interest in

designing distributed algorithms which would be suited for decentralized distributed

network and exploit their properties.

Question naturally arising in this context are: Can a simple tool like gossiping

be used for more complex and organized computations over distributed systems?

And if yes, does it bring any advantages over alternative approaches?

Distributed vs. Parallel Algorithms

The usage of the term “distributed” varies in the literature and it is often used

interchangeably with the term “parallel”. As we also explained in our publications

(see Section 1.6), to avoid misunderstanding it is necessary to clarify right at the
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beginning what exactly we mean by “distributed algorithm” and how we distinguish

it from a “parallel algorithm”.

We call parallel algorithms the algorithms developed primarily for “classical”

parallel computers (comprising shared-memory systems, tightly coupled distributed

computers, multicore architectures, etc.). Target systems for parallel algorithms

are characterized by a static and usually regular topology (e. g., a processor grid)

known in all nodes and reliable, relatively fast and cheap wired communication. The

data distribution is usually chosen to bring the best parallel performance (e. g., 2D

block-cyclic as in ScaLAPACK (Blackford et al., 1997)). Moreover, algorithms

executed over parallel computers usually rely on synchronization of processes which

can be guaranteed, either in terms of access to shared-memory or in terms of com-

munication points. As a consequence, parallel algorithms can use fixed deterministic

communication schedules in the way which optimized their performance.

In contrast, we use the term distributed algorithm for the algorithms which are

designed for loosely coupled decentralized systems. The initial data of distributed al-

gorithms, such as measurements, is usually generated directly in the nodes. Nodes in

distributed algorithms usually do not have any global information about the topology

and communicate only with their direct neighbors, which provides greater flexibility

with respect to the hardware infrastructure compared to parallel algorithms.

Communication between nodes may be unreliable or noisy and therefore, re-

silience against link failures or bit-flip is for distributed algorithms more important

property than for parallel algorithms. Furthermore, a desired property of a dis-

tributed algorithm is that it does not require global synchronization of the nodes,

because synchronizing a loosely coupled system is usually more challenging than it

is in parallel systems.

More generally speaking, distributed algorithms are useful in all computations

over distributed computing systems where (i) the nodes do not have complete in-

formation about the system, but only local information about their neighborhood,

and/or (ii) the system is not static, but may change dynamically (e. g., due to

hardware failures, mobile nodes, etc.).

Main Goals of the Thesis

This thesis deals with the design and analysis of novel distributed matrix algorithms

which are characterized by communication schedules where each node exchanges in-

formation only with randomly selected nearest neighbors. In particular, we address

questions related to design of distributed QR factorization, and its applications

in more complex numerical linear algebra algorithms, such as eigensolvers or dis-

tributed least-square solvers.
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Above all, we want to investigate if distributed algorithms based on flexible com-

munication schedule only with nearest neighbors brings any advantages in terms of

higher fault tolerance and/or less synchronization of nodes than existing approaches

and what is the additional cost for such properties.

Apart from that we investigate if the considered distributed matrix algorithms

preserve known properties, such as numerical stability or convergence speed, of their

sequential counterparts. We are particularly interested in the numerical accuracy of

the distributed algorithms and the aspects influencing the accuracy of the delivered

results. Moreover, the thesis aims to answer questions related to scalability with

increasing number of nodes and problem size and to their communication cost. Last

but not least, the comparison of the distributed algorithms with the alternative

approaches, such as parallel algorithms, is of interest.

1.1 Motivation

The standard way of executing computations in decentralized systems, such as P2P

networks, wireless sensor networks, mobile ad hoc networks, etc., is the fusion center

approach. Locally stored values from all nodes in the distributed system are collected

at one of the nodes, commonly called the fusion center, which computes the desired

result locally, and distributes it back to the respective nodes. However, this approach

may have significant drawbacks when applied in a distributed system. First of all,

it may be infeasible to collect the data from all nodes at the fusion center due

to technical constraints (e. g., when no single node can store the entire input data

because of limited memory capacity) or due to security issues, if it is undesirable to

collect all data into one storage location. Moreover, collecting the data at the fusion

center may cause overhead because of potential congestion around the fusion center

(Khan et al., 2013). In addition, such a centralized computation leads to highly

unbalanced energy consumption across nodes and global knowledge of the network

for routing information must be available in order to collect all data at a single

node and to redistribute the result. Last but not least, the centralized approach

introduces a highly vulnerable point to the system, because it collects the data from

the entire network. If the fusion center fails, none of the nodes can get the result,

unless all remaining nodes agree on a new fusion center and send their data there.

Also classical parallel algorithms designed for systems like multicore architec-

tures or shared-memory systems have major drawbacks when executed over decen-

tralized loosely coupled systems, because of substantial differences in the underlying

hardware infrastructure. Among others, nodes in distributed systems have usually

limited local resources in terms of storage, computational capabilities and energy
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(stored in batteries). Due to potential limitations of local storage together with lim-

ited capacity of communication links, exchanging large messages between nodes does

not have to be the best strategy, as it is a well established rule of thumb in parallel

computing. Moreover, the initial data distribution for distributed matrix algorithms,

such as measurements generated directly in the nodes, is mainly determined by the

application and cannot be chosen to optimize the performance.

In addition, various outlooks on the development of large-scale parallel systems

(e. g., Cappello et al. (2009); Varela et al. (2010); Dongarra (2012)) indicate that high

performance computing (HPC) systems may significantly change in some aspects.

With growing size of the high performance computer systems their overall reliability

is decreasing, the systems may change dynamically over time due to frequent failures

and also synchronization of the nodes may become very difficult. Consequently,

the existing parallel approaches will probably not be sufficient for the anticipated

extreme-scale HPC systems of the future and some of the attractive properties of

distributed algorithms for loosely coupled systems may become relevant also for

large-scale multicore systems or for cloud infrastructures.

1.2 Methodology

The basic idea we pursue in this thesis is to investigate the utilization a special class

of simple network communication network protocols called gossip (or epidemic) algo-

rithms for developing truly distributed algorithms for matrix computations. Gossip

algorithms are decentralized iterative algorithms where in each round every node

chooses (a) random partner(s) to exchange information with. Due to their random-

ized communication schedule they are much more flexible and robust with respect

to the hardware infrastructure than classical parallel approaches. They do not make

any assumptions about specific connections between nodes, thus they work on ar-

bitrary (connected) topologies with potential changes during runtime. No global

knowledge of the topology is needed, because the algorithms operate based on lo-

cal knowledge in individual nodes. Moreover, because algorithms with randomized

information exchange do not assume reliable communication channels, they have a

big potential for delivering accurate results despite dynamic network changes and

consequently achieve high fault tolerance. Due to their decentralized structure,

gossiping-style algorithms do not introduce a single point of failure and they achieve

good scalability with the number of nodes. Furthermore, they allow for trading off

achieved numerical accuracy against communication cost by gradually adapting the

intensity and regularity of interaction with other nodes. This is very attractive in

situations where the application does not need result in double precision, but ap-
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proximate intermediate results are of interest. Last but not least, simple gossip-style

protocols do not assume synchronization across nodes.

In order to analyze the behavior of the distributed algorithms developed in this

thesis we consider the following metrics. We investigate the numerical accuracy

of the results influenced by several aspects, such as varying target accuracy of the

building blocks or message losses. Furthermore, we evaluate the communication cost

in terms of the number of messages sent as well as the total amount of data sent

during the computation, and we study their scaling behavior with increasing problem

and network size. We do not measure communication cost purely experimentally,

but we quantify in based on analytical counts. We assume that the algorithms run

across a physical topology, where each neighbor is reachable in one hop. Thus,

sending an information to a neighbor we count as one message.

To evaluate quantitatively the important metrics for this dissertation project

we use mainly analytical modeling and simulation methodology. For verifying the

analytical bounds and theoretical results we simulate the distributed algorithms

in Matlab. Although Matlab is a very suitable tool for observing numerical

accuracy or convergence behavior of the algorithms even in the presence of message

loss, certain aspects, such as the impact of the level of synchronization, cannot

be investigated. Thus, we also implement several algorithms in the ns-31 network

simulator. To compare our newly developed distributed approaches with state-of-

the-art parallel algorithms we implement them in MPI and we provide runtime

comparisons based on execution on parallel machines.

1.3 Scientific Challenges

Gossip-based matrix algorithms and their properties have hardly been investigated

in the literature so far. Therefore, first of all we address questions related to the uti-

lization of gossip algorithm as building blocks for distributed matrix algorithms, such

as: Which of the attractive properties of simple gossip-based aggregation algorithms

are inherited also by more complex distributed matrix algorithms and to what ex-

tent? How does the numerical accuracy of the classical sequential matrix algorithms

change when the centralized summations are replaced by a randomized distributed

gossip-based algorithm? What is the level of process synchronization needed in the

gossip-based matrix algorithms in order to compute accurate results? What types

of failures can be tolerated by gossip-based algorithms? Furthermore, we target one

of the remarkable aspects of gossip-based algorithms, namely their ability to adjust

invested cost to the final accuracy achieved: In which scenarios the newly developed

1http://www.nsnam.org/

http://www.nsnam.org/
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distributed matrix algorithms benefit from the accuracy-performance trade-offs?

Additionally, it is to be expected that for the versatility and flexibility of the re-

sulting distributed matrix algorithms additional cost in terms of number of messages

sent or overall runtime has to be invested. Besides analytical comparison of the dis-

tributed algorithms to existing parallel approaches in terms of communication cost,

we also focus on implementations of gossip-based algorithms in MPI in order to com-

pare them to their parallel counterparts in terms of runtime. Because the two types

of algorithms originate from substantially different contexts, it is not straightforward

how to implement in MPI such algorithms with randomized information exchange.

In particular, we target questions related to MPI implementations, such as: How to

implement efficient gossip-based aggregation without calling global synchronization

barriers? How to accomplish randomized information exchange between processes?

How to terminate the computation with randomized communication schedule?

1.4 Application Scenarios

To illustrate some real world scenarios where distributed algorithms for matrix com-

putations are beneficial, we discuss a couple of concrete applications for decentralized

systems.

Distributed Sphere Decoding

As the motivating application for a distributed orthogonalization of a set of vec-

tors we mention the distributed sphere decoding method (see Dumard and Riegler

(2009)), which is used in cooperative transceiver design in telecommunication. It

is a distributed algorithm allowing a group of receiving nodes to cooperate while

decoding a received signal.

Centralized sphere decoding is used in multiple-input multiple-output (MIMO)

communication systems that employ multiple antennas at the transmitter and re-

ceiver side for decoding a received signal. The communication system can be de-

scribed as

y = Hx+ z, (1.1)

where the complex channel matrix H ∈ Cn×n, describing how good the quality of

the channels from each transmitter to each receiver is, has elements drawn from

complex standard normal distribution and z(i) ∼ CN (0, σ2n) denotes additive com-

plex white Gaussian noise with elements distributed according to a complex normal

distribution. The transmit vector x ∈ An has elements drawn from a finite alphabet

A with |A| elements and vector y ∈ Cn denotes the noisy received vector. Sphere
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decoding allows for solving the maximum likelihood problem

x̂ = argmin
d∈An

‖y −Hd‖2

efficiently. For more details on the sphere decoding algorithm see Burg et al. (2005).

In order to use the advantages of MIMO communications for wireless sensor

networks, the receiving node can use the help of nearby sensors (Ozgur et al., 2007)

in order to jointly decode the signal sent by a group of transmitters. Dumard and

Riegler (2009) formulated a distributed sphere decoding algorithm based on solving

the maximum likelihood problem Equation (1.1) in a distributed way. The first part

of their algorithm is a distributed QR factorization of the channel matrix H, which

is initially distributed row-wise across the sensors.

Network Analysis, Localization

Motivating eigenvalue problems in a distributed setup arise in various types of net-

work analyses, as important information about properties of the network structure

can be obtained from the spectral analysis of the network (Fiedler, 1973) and from

the Laplacian matrix of the graph (Chung, 1997). A network analysis can be used

for example for finding potential performance-limiting bottlenecks when designing

a computer network to detect connections and relationships between members in a

social network (see Kempe and McSherry (2008) and the references therein). In the

context of web search engines eigenvalues can be used for ranking webpages accord-

ing to relevancy for a searched term (Page et al., 1998). An illustrative example

showing how a distributed eigensolver can be used for network analysis is shown

in Chapter 6.

Another application for a distributed eigensolver is a method called multidimen-

sional scaling for computing accurate positioning of sensors in indoor environments

described by Korada et al. (2011). This method uses the fact that the positions of

the sensors can be obtained by computing three principal eigenvectors of a matrix

containing measurements of pairwise distances between the sensors in the network.

Distributed Least-Squares Problems

Various applications based on computing a least-squares problem in a distributed

way arise in sensor and computer networks. One example is tomography imaging

applied to seismography, where is a need for a distributed least-squares method, as

shown by Shi et al. (2013).

Another potential application context for a distributed gossip-based least-square
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solver is data mining and machine learning. In many scenarios, the data used as

input for data mining applications are often generated or collected directly in the

participating nodes, but due to privacy reasons cannot be collected at a single node

(e. g., Ormandi et al. (2013)). We focus on a distributed regression problem, which

is suited for continuous output values. Each node computes a function fitting the

best the currently available data in the whole network, and then it uses locally

the calculated function for evaluating new incoming data. One of the methods for

computing a linear function describing the dependencies in the input data is solving

a linear least-squares problem in a distributed way. A concrete example is shown in

Chapter 7.

1.5 Notation

Throughout this thesis we follow certain notational conventions. The number of

nodes or processors in a system we denote as N or P . By dl and d̄ we understand

the degree of node l and the average node degree of a network, respectively, and

Nl stands for the neighborhood of node l. The neighbors of a node l are all nodes

reachable from node l in one hop. Small letters n, k and m are used for number of

rows or columns of a matrix or a vector.

For describing matrix algorithms or operations on matrices we usually use Mat-

lab notation, where V (i, :) denotes ith row and V (:, i) denotes ith column of a

matrix V . If it is needed, we distinguish an (exact) matrix V from its numerical

approximation V̂ computed by an algorithm. By λi(V ) we denote the ith eigenvalue

of a matrix V , where the eigenvalues are be sorted decreasingly in absolute value.

Sometimes, the matrix V is omitted and we use only notation λi. For the condition

number of a matrix V we use κ(V ).

We use the notation i ∈ [a :s :b] for an integer i chosen from a set of numbers

i ∈ {a, a + s, a + 2s, . . . , b}. The middle parameter s is omitted in the case where

s = 1. The operation i ⊕ j stands for element-wise XOR of binary representations

of i and j. Machine epsilon, also called machine precision or unit roundoff, we

denote by εmach. We usually assume computations in double precision floating-point

arithmetic, where εmach = 2−53, i. e., εmach ≈ 2 · 10−16.

1.6 Synopsis and Overview of Own Publications

In the first part of the thesis we review relevant theoretical background. In Chap-

ter 2 the basics of prototypical sequential matrix algorithms are reviewed, such as

QR factorization or orthogonal iteration. Chapter 3 gives an overview of the related
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work including a summary of existing parallel and distributed approaches towards

matrix computation. Moreover, we review gossip-based distributed data aggregation

algorithms, which are important building blocks of the new distributed matrix com-

putations. The first part of the thesis ends with Chapter 4, which summarizes the

assumptions common for all introduced distributed algorithms and the simulation

setup, which was used for analyzing the algorithms.

The new gossip-based distributed algorithms, dmGS for QR factorization and

dOI for orthogonal iteration, are introduced and analyzed in Chapter 5 and in

Chapter 6, respectively. A case study on utilizing the distributed QR factoriza-

tion for solving a least-squares problem appearing in linear regression is presented

in Chapter 7. Chapter 8 discusses the issues arising in implementation of gossip-

based algorithms in MPI and shows first runtime comparisons to parallel algorithms.

Chapter 9 concludes the thesis, summarizes the main results and outlines future

work. Description of MPI terms and routines needed in Chapter 8 is summarized in

Appendix A

The results presented in this thesis have appeared in several conference publi-

cations and journal papers. In Straková et al. (2011), we presented and analyzed

the distributed QR factorization dmGS. A thorough comparison of the gossip-based

orthogonalization to an alternative approach based on consensus is currently un-

der revision in Sluciak et al. (2013). Preliminary results of the comparison of was

provided in Sluciak et al. (2012). A new version of dmGS improved in terms of com-

munication cost together with novel distributed eigensolver dOI based on orthog-

onal iteration including a distributed matrix-matrix multiplication were published

in Straková and Gansterer (2013).

Besides an existing gossip-based data aggregation algorithm (push-sum, Kempe

et al. (2003)), we also employ two recently developed fault tolerant distributed ag-

gregation algorithms as a building block for distributed matrix computations. The

push-flow algorithm has been analyzed in Gansterer et al. (2013), where we also

discuss resilience of distributed QR factorization against node failures. First results

introducing the behavior of the push-flow algorithm have been given in Gansterer

et al. (2011). The push-cancel-flow algorithms, an improved version of push-flow,

has been presented in Niederbrucker et al. (2012). The influence of the choice of the

algorithm on the fault tolerant properties of dOI were discussed in Straková et al.

(2013). Moreover, the overview of gossip-based distributed matrix algorithms was

presented in Straková and Gansterer (2012).
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Part I

Theoretical Background
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Chapter 2

Prototypical Matrix Algorithms

All distributed matrix algorithms developed and analyzed in this thesis are based

on well known sequential linear algebra algorithms. In this chapter we review the

matrix algorithms relevant for the subsequent chapters.

2.1 QR Factorization

Computing QR factorization of a matrix V ∈ Rn×k, means finding a matrix Q

with orthonormal columns and an upper-triangular matrix R, such that V = QR.

We can compute either a full QR factorization with Q ∈ Rn×n and R ∈ Rn×k

or a thin QR factorization (Golub and Van Loan, 1996), sometimes also called

reduced QR factorization with rectangular Q ∈ Rn×k and a square matrix R ∈ Rk×k.
Throughout this thesis we focus on computing thin QR factorization by methods

based on Gram-Schmidt orthogonalization. Another commonly used method for

computing QR factorization is an approach based on Householder transformations

(Golub and Van Loan, 1996).

The structure of classical Gram-Schmidt orthogonalization (cGS ) for computing

QR factorization is summarized in Algorithm 1 on page 34. One column of the

matrix Q and one column of the matrix R are computed in each iteration. However,

the process is numerically unstable and loss of orthogonality among the computed

columns of Q may occur. Therefore, an improvement called modified Gram-Schmidt

orthogonalization (mGS ) has been introduced (see Golub and Van Loan (1996)),

summarized in Algorithm 2 on page 35. In each iteration one column of the matrix

Q and one row of the matrix R are computed. As the only difference in the structure

of the two Gram-Schmidt orthogonalizations is the order of the computations, in

exact arithmetic both would compute the same results. However, in finite precision

the modified Gram-Schmidt is numerically more stable (Golub and Van Loan, 1996).
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Algorithm 1 Classical Gram-Schmidt Orthogonalization

Input: V ∈ Rn×k, n ≥ k
Output: Q ∈ Rn×k with orthonormal columns, upper triangular R ∈ Rk×k

1: R(1, 1)← ‖V (:, 1)‖2
2: Q(:, 1)← V (:, 1)/R(1, 1)

3: for i = 2 to n do

4: R(1 : i− 1, i)← Q(:, 1: i− 1)TV (:, i)

5: z ← V (:, i)−Q(:, 1: i− 1)R(1 : i− 1, i)

6: R(i, i)← ‖z‖2
7: Q(:, i)← z/R(i, i)

8: end for

Both Gram-Schmidt orthogonalization processes require 2nk2 flops for comput-

ing the QR factorization of an n× k matrix. The Householder-based method needs

2nk2 − 2k3/3 flops to find Q in factored form and another 2nk2 − 2k3/3 flops to

explicitly compute the first k columns of Q (Golub and Van Loan, 1996; Trefethen

and Bau, 1997). The matrix Q̂ produced by the modified Gram-Schmidt satisfies

(Golub and Van Loan, 1996, § 5.2.9)

Q̂HQ̂ = I + EMGS , ‖EMGS‖2 ≈ εmachκ(V ),

whereas for the Householder approach we have (Björck and Golub, 1967)

Q̂HQ̂ = I + EH , ‖EH‖2 ≈ εmach,

where εmach is the machine precision and κ(V ) is the condition number of the input

matrix V . In terms of numerical properties, the Householder based orthogonalization

tends to have a slight advantage over the modified Gram-Schmidt. However, in terms

of operation count Gram-Schmidt orthogonalization is about twice as efficient as the

Householder based approach.

2.2 Orthogonal Iteration

The orthogonal iteration (OI) algorithm (Trefethen and Bau, 1997; Golub and

Van Loan, 1996), sometimes also called subspace or simultaneous iteration, is a

method for computing k principal eigenvectors and eigenvalues of an input matrix

A ∈ Rn×n. This iterative eigensolver, summarized in Algorithm 3 on page 35, starts

with a given matrix A ∈ Rn×n and an arbitrary matrix Q0 ∈ Rn×k. Each iteration

of the eigensolver consists of two steps – matrix-matrix multiplication Vi = AQi

(Line 3 in Algorithm 3) and a reduced QR factorization Vi = Qi+1Ri+1 (Line 4 in
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Algorithm 2 Modified Gram-Schmidt Orthogonalization

Input: V ∈ Rn×k, n ≥ k
Output: Q ∈ Rn×k with orthonormal columns, upper triangular R ∈ Rk×k

1: for i = 1 to n do

2: R(i, i)← ‖V (:, i)‖2
3: Q(:, i)← V (:, i)/R(i, i)

4: for j = i+ 1 to n do

5: R(i, j)← Q(:, i)TV (:, j)

6: V (:, j)← V (:, j)−Q(:, i)R(i, j)

7: end for

8: end for

Algorithm 3), where Vi ∈ Rn×k, n ≥ k, Qi ∈ Rn×k has orthogonal columns and

Ri ∈ Rk×k is upper triangular for each i.

It can be shown (e. g., Trefethen and Bau (1997)), that the columns of the

matrices Qi in Algorithm 3 converge to the k extreme eigenvectors of A and that

the diagonal elements of the matrices Ri converge to the corresponding k eigenvalues

of A under the assumption that the leading k + 1 eigenvalues of the matrix A are

distinct in absolute value, i. e., |λ1| > |λ2| > ... > |λk| > |λk+1| ≥ ... ≥ |λn|. The

convergence speed of the eigenvectors Qi corresponds to the maximum ratio between

the computed eigenvalues max1≤i≤k|λi+1|/|λi|.

Algorithm 3 Orthogonal Iteration (OI)

Input: A ∈ Rn×n, arbitrary Q0 ∈ Rn×k, number of iterations t
Output: eigenvectors Qt ∈ Rn×k, eigenvalues diag(Rt), Rt ∈ Rk×k

1: i = 0;
2: repeat
3: [Vi] = AQi
4: [Qi+1, Ri+1] = qr(Vi)
5: i = i+ 1;
6: until i == t

2.3 Linear Regression using Least-Squares Solvers

The general purpose of linear regression is to model the relationship between several

independent (explanatory) variables xi, 1 ≤ i ≤ k and one dependent (output)

variable y. When a linear regression is used, it is anticipated that the dependent

variable can be well expressed as a linear combination of the explanatory variables.

Having a set of n observations of the k independent variables X ∈ Rn×k and for

every observation the corresponding output variable y ∈ Rn, we are interested in
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coefficients w expressing the dependencies between X and y:

y = Xw + ε,

where ε is “noise” capturing potential additional factors in the relationship between

explanatory and output variables, e. g., measurement errors. When new observations

of the independent variables are obtained, the linear model computed by linear

regression can be used for predicting the output variables y corresponding to the

new observations.

There are several methods how to estimate the parameters w in linear regression.

In particular, we focus on computing linear models based on a linear least-squares

solver, a method approximating a solution of an overdetermined system of linear

equations. We consider an overdetermined system Xw = y with X ∈ Rn×k, k � n

and y ∈ Rn, where X consists in our case of n observations of the k independent

variables and the corresponding output variables y. The goal is to compute a linear

model ŵ, which fits “best” to the provided data X and y. More concretely, we

search for a solution ŵ, where ŵ = argminw(‖y −Xw‖2).
In the following we focus on two possible solutions of a least-square problem,

namely computing normal equations and utilizing QR factorization (Golub and

Van Loan, 1996). Computing normal equations means to form a system of equations

(XTX)w = XT y,

which has only one solution, assuming that the columns of X are linearly indepen-

dent. The unique solution ŵ gives the optimal parameters of the linear model for

the given least-squares problem. We refer to this algorithm as LS-NE.

Another approach utilizes QR factorization, which we call LS-QR. First it fac-

torizes the input matrix X = QR and subsequently, it solves a system of linear

equations with upper-triangular matrix R

Rw = QT y,

yielding the desired parameters ŵ as the unique solution of the linear system.

2.4 Graph Partitioning by Fiedler Vector

Many interesting properties of a network can be obtained by spectral analysis of the

underlying graph structure. A widely used operation in network theory is graph par-

titioning, where the goal is to divide the underlying system into two (well-connected)
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components so that the number of edges between the two components is small and

both components are balanced in terms of the number of nodes. Finding such a cut

in a graph can be used, for example, in social networks for finding communities or

in the design of computer networks for finding a bottleneck in the communication

over the network (Kempe and McSherry, 2008).

One possible method how to partition a graph is to analyze the spectrum of its

Laplacian matrix. The Laplacian matrix L ∈ RN×N of a graph G with N nodes is

defined as L = D−A, where D is the degree matrix and A is the adjacency matrix

of the graph G. The degree matrix D is a diagonal matrix containing the degree

of the nodes on the diagonal, i. e., D(i, i) = di for 1 ≤ i ≤ N . Consequently, the

elements of the Laplacian matrix L are

L(i, j) =


di, if i = j

−1, if i 6= j and nodes i and j are neighbors

0, otherwise.

To the second smallest eigenvalue of the Laplacian matrix it is usually referred

as “Fiedler value” or “algebraic connectivity” and the corresponding eigenvector is

commonly called “Fiedler vector”.

Fiedler (1973, 1975) presented a method for graph partitioning, which divides

the nodes in two components based on the signs of the elements in the Fiedler vector

of the Laplacian matrix. The partitioning obtained can be shown to be a “good”

partitioning of a graph (cf. (Pothen et al., 1990, §2) and the references therein),

i. e., the resulting graph components have similar number of nodes and the number

of edges between them is small. A case study illustrating how to partition a graph

in a distributed way we present in Section 6.4.1.



38 CHAPTER 2. PROTOTYPICAL MATRIX ALGORITHMS



Chapter 3

Related Work and

State-of-the-Art

Before introducing new distributed algorithms, we summarize what has been done

in parallel and distributed computing so far. Besides reviewing parallel algorithms

for matrix computation, we also discuss the state-of-the-art methods for tolerating

failures in parallel systems.

In distributed computing we focus in particular on existing gossip-based ap-

proaches. We also describe in detail several distributed data aggregation algorithms,

which are important building blocks for distributed matrix computations presented

in this thesis. Furthermore, we also introduce distributed algorithms based on con-

sensus and we explain the difference from gossip-based distributed algorithms.

3.1 Parallel Algorithms

Parallel algorithms developed for target systems such as high-performance parallel

computers have been studied in the literature extensively. Parallel linear algebra

algorithms relevant for this thesis, such as eigensolvers, have been implemented

mainly as a part of state-of-the-art software libraries, such as ScaLapack (Blackford

et al., 1997), a high-performance library for parallel distributed machines or a linear

algebra library for scalable multi-core machines called Plasma (Agullo et al., 2009).

In particular, for the context of this thesis parallel algorithms for computing QR

factorization (see Section 2.1) are of interest. The parallel algorithm in ScaLa-

pack uses a block-partitioned approach, where the input matrix is distributed over

processes in a 2-D block cyclic way and each block is processed separately. The

algorithm for QR factorization implemented in Plasma called tile QR factoriza-

tion (Buttari et al., 2008) provides good scalability for multicore architectures. The

39
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input matrix is divided into small square tiles instead of rectangular panels, as in

the block algorithms. Such approach achieves much finer granularity than the block

approach and thus it is better suited for multicore architectures (Hadri et al., 2010).

To the latest developments certainly belong so called “communication avoiding”

parallel algorithms. Demmel et al. (2012) introduced “Communication avoiding QR

factorization” called CAQR, which is optimal (up to polylogarithmic factors) in

terms of communication cost, and provided comparisons with parallel mGS (mod-

ified Gram-Schmidt orthogonalization reviewed in Section 2.1). The CAQR algo-

rithm performs the factorization of a panel (block-columns) in parallel. The authors

designed an algorithm called TSQR for computing the QR factorization of tall and

skinny matrices (rectangular n × k matrices, where n � k) which is used for fac-

torizing the panels. The panels themselves are divided into domains (block rows),

that are factorized independently and merged using a binary tree strategy. An en-

hanced tile QR algorithm, combining the good scalability of the tile QR algorithm

and performing orthogonalization of the individual tiles in parallel, as in CAQR,

has been presented in Hadri et al. (2010). In Solomonik and Demmel (2011) 2.5D

communication avoiding matrix-matrix multiplication has been introduced.

Fault Tolerant Methods in HPC

There are several approaches which are used nowadays on parallel computers for

failure recovery. An entirely hardware-based approach is to execute the identical

computation more times in parallel. The classical example is triple modular redun-

dancy (Engelmann et al., 2009), where three identical systems are run in parallel

and the results are determined by a two-out-of-three voting. Due to resource and

energy constraints, this approach cannot cope with the challenges raised by future

extreme scale systems.

A widely used fault tolerance paradigm for applications in HPC systems is check-

point/restart (C/R), where the system state is regularly saved to a stable storage.

When a failure happens and the computation cannot continue, it restarts the com-

putation from the last saved checkpoint. Several variants of checkpointing have

been introduced (Egwutuoha et al., 2013). They differ in aspects such as how the

checkpointing interval (Daly, 2006) is determined, e. g., coordinated checkpointing

(Buntinas et al., 2008) and uncoordinated checkpointing (Guermouche et al., 2011),

or to what kind of storage is the data stored, e. g., diskless checkpointing (Plank

et al., 1998). The major drawback of C/R approaches is the overhead introduced by

the expensive disk I/O and consequently, for extreme-scale systems this approach

will likely be unusable (Varela et al., 2010). Another property shared by C/R meth-

ods is that they require information about occurring failures, for two reasons. The
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C/R mechanism has to determine the length of the interval between two checkpoints,

which depends on the frequency of failures. Second, the system has to be informed

about occurring failures such that the recovery procedures can be launched. Conse-

quently, unreported soft errors like bit-flips are not tolerated by purely C/R-based

solutions and require a more sophisticated logic, e. g., at the algorithmic level.

More recent approaches incorporate redundancy at the message passing level,

i. e., in MPI libraries, such as RedMPI introduced in (Fiala et al., 2012). However,

such approaches focus only on communication correctness, i. e., the correctness of

the messages sent over MPI.

A different technique targeting the need of soft error resilience in the context of

matrix operations is algorithm-based fault tolerance or ABFT (Huang and Abraham,

1984). In contrast to the previous mechanisms, ABFT focuses on failure recovery

on the algorithmic level. Soft error resilience is achieved by extending the input

matrices by checksums and by adapting the algorithms such that these checksums

are updated correctly. Consequently, the checksums are used for detecting and

recovering from soft errors. The original ABFT work (Huang and Abraham, 1984)

was restricted to a single soft error and matrix-matrix multiplication. Later work

extended the principal concept to handle more failures (Anfinson and Luk, 1988)

and to integrate it with matrix factorizations (Luk and Park, 1988).

3.2 Distributed Algorithms

In contrast to parallel computing, much less work exists in the literature on dis-

tributed algorithms as introduced in Section 1. In fact, many publications about

“distributed” algorithms make assumptions which are closer to what we call “paral-

lel” algorithms. For example, several approaches towards “distributed” algorithms

for wireless sensor networks have been introduces in Abdelhak et al. (2010, 2011).

However, the assumptions used are all data initially centralized at a single node, spe-

cific roles assigned to individual nodes (distributing node, annihilating node, etc.)

and a fixed communication schedule.

A different distributed approach called “local algorithms”, introduced e. g., by

Hasemann et al. (2012) or Suomela (2013), has several similar aspects in common

with the algorithm designed in this thesis, namely proceeding in rounds and com-

munication with nearest neighbors. However, the essential differences to distributed

algorithms which we introduce are that the local algorithms require synchronized

rounds and deterministic communication schedules.
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3.2.1 Overview of Gossip-Based Algorithms

The most relevant literature for our context is such, which discusses utilizing ran-

domized algorithms, especially algorithms based on gossiping (see Section 1.2). In

classical gossip-based approaches nodes communicate with one of their closest neigh-

bors, which is randomly chosen (Boyd et al., 2006). However, several protocols with

modified communication schedules have been investigated, such as selecting the part-

ners from the whole network regardless of the distance (Dimakis et al., 2008) or the

nodes broadcast a message to all neighbors at once (Aysal et al., 2009).

Simple gossip-based algorithms are being due to their attractive properties used

in many in-network computations, e. g., in distributed signal processing (Dimakis

et al., 2010). Utilizing communication protocols based on gossiping has been inves-

tigated only for rather simple operations so far, such as information dissemination

(rumor mongering), matching a query (Demers et al., 1988), summation and averag-

ing (Kempe et al., 2003), finding rank of nodes (Montresor et al., 2008), estimating

the size of a network (Kostoulas et al., 2005), clock synchronization (Iwanicki et al.,

2006) or load balancing (Franceschelli et al., 2007).

The group of simple gossip-based algorithms essential for this thesis are simple

protocols for computing an aggregate, in our case a sum or an average, of values

distributed over a network. Throughout this thesis we denote an algorithm which

computes an aggregate of numbers in a distributed and decentralized way, as dis-

tributed data aggregation algorithm (DDAA). The most important and most widely

used gossip-based DDAA is push-sum (Kempe et al., 2003), an algorithm for com-

puting the sum or average of scalars distributed over nodes. Recently developed

fault-tolerant versions of the push-sum algorithm are called push-flow (Gansterer

et al., 2013) and push-cancel-flow (Niederbrucker et al., 2012) and both have been

extensively studied and compared in Niederbrucker and Gansterer (2013).

To the best of our knowledge, utilizing gossiping for constructing more complex

algorithms, e. g., numerical linear algebra algorithms, has been investigated in the

literature rarely. A few algorithms for data mining and machine learning have been

introduced, such as data classification (Eyal et al., 2010) or creating a linear model

over fully distributed data (Ormandi et al., 2013).

A distributed gossip-based QR factorization relevant for the context considered

in this thesis has been introduced by Dumard and Riegler (2009). Their algorithm

is based on classical Gram-Schmidt orthogonalization and they used it as the first

part of a distributed sphere decoding algorithm reviewed in Section 1.4. However,

Dumard and Riegler (2009) have investigated their algorithm under very restrictive

assumptions. They considered only square input matrices with dimension equal to
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the number of nodes in the network over a fully connected topology. Moreover, in

the simulations presented in the paper they assumed that one node broadcasts its

local estimate to the remaining nodes after each distributed summation. This makes

the algorithm converge faster in terms of the factorization error, but a determin-

istic broadcasting after each push-sum would be expensive and impractical in real

networks and the algorithm would lose its advantages gained from the randomized

communication in push-sum.

Recently, several eigensolvers based on gossiping have been introduced. A dis-

tributed power iteration has been presented in Jelasity et al. (2007) and a dis-

tributed orthogonal iteration method in the sense defined in this paper was pro-

posed by Kempe and McSherry (2008). We review the latter approach in detail

in Section 3.2.4. Both gossip-based eigensolver are designed for the special case

of computing the principal eigenvector(s) of the adjacency matrix of the underly-

ing system. Moreover, they do not utilize exclusively randomized communication

schedules, which may lead to several drawbacks, as shown in Section 6.3.

A different distributed eigensolver based on power iteration has been introduced

by Korada et al. (2011). Their method is based on creating a sequence of different

sparsifications of the input matrix, which means that several selected (non-zero)

elements of the input matrix are set to zero. On the one hand, running the algorithm

on a sparse matrix reduces significantly the communication cost per one round of

the algorithm. On the other hand, it causes that the eigenvectors are not computed

in full precision, but only approximated (Korada et al., 2011).

3.2.2 The Push-Sum Algorithm

The push-sum algorithm introduced by Kempe et al. (2003) is a simple gossip al-

gorithm for computing an approximation of the average or the sum of values in a

distributed way. Algorithm 4 on page 44 summarizes the push-sum algorithm for

computing the average of values x ∈ RN distributed over N nodes. The input of

every node l (Lines 2 and 3 in Algorithm 4) consists of the initial value x(l) and a

scalar weight w(l), determining the type of aggregation. In every round, all nodes

send their local data (the local value v(l) and the weight w(l)) divided by two to a

randomly chosen node (Lines 6 and 7 in Algorithm 4). Subsequently, all received

data (Line 8 in Algorithm 4) are summed up with the local data of the receiver

(Lines 9 and 10 in Algorithm 4). The final estimate in node l is computed as the

local value v(l) divided by the local weight w(l) (Line 12 in Algorithm 4).

If each node l initializes w(l) = 1, as in Algorithm 4, push-sum estimates in

every node the average of the initial values. A sum is computed, if the weights are

initialized in one of the following ways. If the number of nodes N is known in each
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Algorithm 4 The Push-Sum Algorithm

Input: number of nodes N and one value x(l) in every node l

Output: estimate s(l) of
∑N

l=1 x(l)/N in every node l

1: in each node l do

2: w(l)← 1

3: v(l)← x(l)

4: loop

5: Choose randomly a target node t

6: Send (v(l)/2, w(l)/2) to node t

7: Receive {(v̂(r), ŵ(r))}r
8: v(l)←

∑
r v̂(r) + v(l)/2

9: w(l)←
∑

r ŵ(r) + w(l)/2

10: end loop

11: s(l) = v(l)
w(l) the estimate of the average in node l

12: end

node, the initial weights are set to 1/N . However, if the number of nodes N is

large, the weight 1/N is small and this may cause numerical inaccuracies. A second

possibility is to set the weight w(l) = 1 in one node l and in the rest of the nodes

the weight is set to zero. Clearly, for the latter approach there is no need to know

the size of the network in the nodes, but the nodes have to agree on which of them

sets the local weight to 1.

Convergence behavior

Kempe et al. (2003) analyzed the behavior of the push-sum algorithm and proved the

following theorem (under the assumption that each node can directly communicate

with every other node in the network):

Theorem 3.2.1. With probability of at least (1 − δ) there is a number of rounds

i0 = O(logN + log 1
ε + log 1

δ ), such that for all number of rounds i ≥ i0 in all nodes

l the estimate of the average satisfies:

1

|
∑

j x(j)|

∣∣∣∣∣∣ vi(l)wi(l)
− 1

N

∑
j

x(j)

∣∣∣∣∣∣ ≤ ε
∑

j |x(j)|
|
∑

j x(j)|
, (3.1)

where vi(l) and wi(l) is the local data of node l in round i. This theorem says that

the estimates of the average computed by push-sum converge to the true average

in every node and that the relative error is bounded by ε after certain number of

rounds i0. If the relative error of the estimate is bounded by ε in all nodes, we say

that push-sum computed an ε-accurate estimate of the true aggregate. We refer to

ε as to the “target accuracy” of the push-sum algorithm.
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The drawback of push-sum is that its correctness relies on the so-called mass

conservation (cf. Kempe et al. (2003)), which means that the global mass of the

initial data has to be preserved during the whole computation. In other words, the

equality
∑N

l=1 x(l) =
∑N

l=1 vi(l) and
∑N

l=1w(l) = N has to be preserved in each

round i of the push-sum algorithm, assuming that initially w(l) = 1, ∀l. Obviously,

any kind of failure, where data gets loss, such as a message loss or a node failure,

violates mass conservation. Thus, the push-sum algorithm cannot guarantee correct

results in the presence of such failures.

Influence of the Topology

The convergence proof by Kempe et al. (2003) states that the asymptotic num-

ber of rounds needed for computing an ε-accurate estimate of the true aggregate is

O(logN + log ε−1). This results holds for situations where each node can commu-

nicate directly with every other node in the network, which is equivalent to a fully

connected network. Distributed systems may have implemented an overlay mecha-

nism for emulating the fully connected network. Consequently, in such systems each

node can communicate with every other node on a higher level, e. g., due to routing

over the network, on an arbitrary underlying topology. However, we are interested in

physical topologies of the systems, where each node communicates only with physi-

cal neighbors in the network, i. e., each node communicates only with nodes, which

they can reach directly (in one hop). The only exception is executing the distributed

algorithms on parallel machines (see Chapter 8), where we investigate the behavior

of the computations on “virtual” topologies, where the communication partners are

chosen regardless on the physical location in the system.

Clearly, the speed of spreading information across a network depends on its

topology and thus, also the convergence speed of the distributed data aggregation

algorithms is influenced by the underlying infrastructure. The hardware topology

will be rarely a fully connected network, especially for large number of nodes. Boyd

et al. (2006) provided a convergence analysis for simple distributed averaging algo-

rithms, which communicate only with nearest neighbors. The analysis is focused on

simple algorithms for computing an average (without using scalar weights), but it

can be extended to more complex algorithms, such as push-sum. In the following

we review the analysis as presented by Boyd et al. (2006).

In general, we can formally represent a round of a distributed averaging algorithm

as a linear iteration of the form:

xi+1 = Cixi,
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where xi is the data in all nodes at round i and Ci is a doubly stochastic matrix

describing the communication between the nodes in the round i. In particular,

when Ci(b, a) 6= 0, node a sends in round i a message containing Ci(a, b)xi(a) to

node b, where xi(a) is a local value in node a in round i. The matrices Ci can

be viewed as random matrices drawn from a fixed distribution determined by the

specific algorithm under investigation. Consequently, we can study the expected

value CE = E[Ci]. The important property of the matrix CE is that it reflects the

underlying network topology, because CE(a, b) 6= 0 if and only if nodes a and b are

neighbors. Based on CE , Boyd et al. (2006) derived an asymptotic bound of

O
(

logN + log ε−1

1− λ2

)
on the number of rounds required to compute an ε-accurate estimate. This bound

holds with high probability and λ1 and λ2 denote the two largest eigenvalues of CE .

Since the matrix CE is doubly stochastic, its largest eigenvalue λ1 = 1 (Boyd et al.,

2006). Roughly speaking, the distance between the two eigenvalues expresses the

connectivity of the underlying graph and thus, the larger the difference 1− λ2, the

better connected the network. More precisely, the connectivity of a graph can be

measured in several expansion properties and the value (1 − λ2) is related to the

spectral expansion (Hoory et al., 2006).

In this thesis, we are interested especially in well-connected graphs, where the

distributed algorithms, such as push-sum, converge in O(logN + log ε−1) rounds to

an ε-accurate estimate. In such graphs the difference (1 − λ2) is sufficiently large

and it can be treated as constant. From Kempe et al. (2003) we know that this

holds for a fully connected network. Similarly as Boyd et al. (2006) discussed the

“good connectivity” of expander graphs, it can also be shown for hypercubes that

(1− λ2) is sufficiently far away from zero. Thus, also hypercube can be treated as a

well-connected topology where distributed data aggregation algorithms compute an

ε-accurate estimate of the true aggregate in O(logN + log ε−1) rounds. Note also

that a prerequisite of a topology for fast information spreading is a short diameter.

Termination Criteria

Although Theorem 3.2.1 on page 44 proven by Kempe et al. (2003) says that the

approximation in every node converges to the correct estimate, it does not give any

instructions for detecting the convergence locally in individual nodes. In most of the

algorithms utilizing push-sum (e. g., Dumard and Riegler (2009)) the gossip-based

aggregation is terminated after a fixed number of rounds. Kempe and McSherry

(2008) designed a local convergence criteria for stopping the DDAA in their dis-
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tributed orthogonal iteration once the estimate is ε-accurate. However, the suggested

termination procedure requires regular computation of a minimum and a maximum

of values across all nodes. Consequently, this stopping criterion may be used for

evaluation and testing purposes, but for practical use it is not suitable due to a big

communication cost overhead. Although for distributed algorithms it is essential

that the nodes can locally decide if their current estimate is accurate enough, local

detection, which is usable in practice, remains an open research problem.

3.2.3 Fault Tolerant Gossip-Based DDAAs

As mentioned, the push-sum algorithm requires mass conservation for delivering

correct results and thus, it does not tolerate any data loss (Section 3.2.2). Several

new gossip-based aggregation algorithms improving the fault tolerant properties of

push-sum have been developed (e. g., Eyal et al. (2012)). The most recent ones are

the push-flow and the push-cancel-flow algorithms, introduced in Gansterer et al.

(2013) and Niederbrucker et al. (2012), respectively. The main advantage of those

two algorithms is that they preserve the good properties of the push-sum algorithm,

such as logarithmic scaling of rounds with increasing number of nodes on well-

connected networks (see Section 3.2.2). The three DDAAs, push-sum, push-flow

and push-cancel-flow are equivalent in failure-free environments.

The basic idea behind the push-flow algorithm (see Algorithm 5 on page 48)

is to utilize the graph theoretical flow concept in order to guarantee fault tolerant

message exchange. Each node l keeps for every neighbor j a flow variable f(l, j),

which captures the data “flowing” from node l to its neighbor j. By introducing

those flow variables, the global mass conservation necessary in push-sum translates

into a local flow conservation f(l, j) = −f(j, l), which is easier to test and preserve.

Due to this modification, the push-flow tolerates certain kinds of permanent link

and node failures as well as silent errors like message loss or bit-flips.

Several practical drawbacks of the push-flow algorithm, e. g., in terms of numeri-

cal accuracy, were observed and summarized in Niederbrucker and Gansterer (2013).

As a result, a new improved version, the push-cancel-flow algorithm (Niederbrucker

et al., 2012) has been introduced. It is an extension of the push-flow algorithm im-

proving the numerical accuracy and computational efficiency (when system failures

occur). The main modification compared to push-flow is that the flow variables

converge also to the target aggregate instead to an arbitrary value. For all details

about the push-cancel-flow algorithm see Niederbrucker et al. (2012).
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Algorithm 5 The Push-Flow Algorithm

Input: Local initial data x(l) and local weight w(l) in each node l

Output: Estimate of
∑

k x(k)/
∑

k w(k) in each node l

1: in each node l do

2: v(l, :)← (x(l), w(l))

3: for each j ∈ Nl
4: f(l, j)← (0, 0)

5: end

6: loop

7: for each received pair f(j, l)

8: f(l, j)← −f(j, l)

9: end

10: t← choose a random neighbor t ∈ Nl
11: s(l, :)← v(l, :)−

∑
j∈Nl

f(l, j)

12: f(l, t)← f(l, t) + s(l, :)./2

13: send f(l, t) to node t

14: end loop

15: s(l, 1)/s(l, 2) the estimate of the average in node l

16: end

3.2.4 Distributed Orthogonal Iteration by Kempe and McSherry

Kempe and McSherry (2008) introduced a distributed eigensolver based on orthog-

onal iteration (see Section 2.2). Throughout this thesis we denote this distributed

algorithm as KOI. The KOI algorithm is designed for computing k principal eigen-

vectors of the (weighted) adjacency matrix A ∈ Rn×n of the underlying network

with N = n nodes. KOI assumes both matrices A ∈ Rn×n and Qi ∈ Rn×k initially

distributed row-wise across the nodes in every iteration i. The KOI algorithm is

summarized in Algorithm 6 on page 49, where steps highlighted in red are processed

in a distributed way, the rest is computed locally in nodes.

The first step of KOI, a matrix-matrix multiplication (Line 4 in Algorithm 6),

uses the assumption that the input matrix is the (weighted) adjacency matrix of the

underlying network, i. e., A(j, l) = 0, whenever j and l are not adjacent. In order to

compute the row Vi(:, l) = A(:, l) ·Qi in iteration i, each node l needs to obtain all

rows Qi(:, j), where A(j, l) 6= 0. If the input matrix A is the (weighted) adjacency

matrix of the underlying network, each node l needs to gather exactly the rows of Qi,

which are stored in its direct neighbors (Line 3 in Algorithm 6). Therefore, if only

communication with nearest neighbors is allowed, KOI works only for matrices with

a structure corresponding to the adjacency matrices of the underlying system. As a

result of the deterministic communication schedule, the matrix product Vi = AQi in
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each iteration i is computed in full precision, but each node needs to communicate

with all neighbors in order to complete the computation.

Algorithm 6 Distributed Orthogonal Iteration KOI

Input: A ∈ Rn×n, arbitrary Q0 ∈ Rn×k, number of iterations t

Output: Eigenvectors Qt ∈ Rn×k, eigenvalues diag(Rt), Rt ∈ Rk×k

Data Distribution: A, all Qi and Vi distributed row-wise for all i

1: i = 0;

2: repeat (in each node l)

3: receive Q(j, :) from each j ∈ N(l)

4: [Vi(l, :)] = A(l, :) ·Qi
5: S(l) = V T

i (l, :) · Vi(l, :)
6: K

(l)
i = DDAA-KOI(S(j)) (consensus-based distributed sum)

7: K
(l)
i = (R

(l)
i )TR

(l)
i (Cholesky factorization)

8: Qi+1(l, :) = Vi(l, :) · (R(l)
i )−1 (linear solver)

9: i = i+ 1;

10: until i == t

The next steps of the KOI algorithm are designed in order to sidestep the QR

factorization algorithm, because a distributed QR factorization algorithm was not

available to the authors. Instead, the QR factorization is replaced with a mathe-

matically equivalent sequence of a local outer product of vectors (Line 5 in Algo-

rithm 6), distributed summing of matrices (Line 6 in Algorithm 6), local Cholesky

factorization (Line 7 in Algorithm 6) and local solving of a linear system (Line 8 in

Algorithm 6). The distributed summing of matrices in KOI is also done by utilizing

a DDAA, for which the authors also use the term “push-sum” algorithm. However,

in our understanding their approach actually uses a form of consensus algorithm,

because of the following key property. Nodes in the DDAA used in KOI (Line 6 in

Algorithm 6) do not communicate only with a single randomly chosen neighbor, but

with all neighbors at once, which besides availability of connections to all neighbors

at all times also requires synchronization across nodes (Section 3.2.5). We denote

this DDAA algorithm used in KOI as DDAA-KOI.

3.2.5 Consensus-Based Algorithms

A different group of distributed data aggregation algorithms are approaches based on

average consensus (Olfati-Saber et al., 2007). Similarly to the push-sum algorithm,

the goal of the consensus algorithm is to compute in each node l an approximation

of the average
∑N

l=1 x(l)/N of the initial data x ∈ RN distributed across N nodes.

Consensus-based algorithms also work in rounds and iteratively refine the local es-

timates. The main difference from the gossip-based approaches is that the nodes
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communicate with all neighbors in each round and thus, this algorithm requires full

synchronization of nodes in order to deliver correct results (Denantes et al., 2008).

In this thesis we distinguish between two versions of consensus, namely static

and dynamic average consensus. In the static consensus, the initial data in the nodes

x0 = x to be summed up stay for the whole computation constant. Consequently,

also the true aggregate does not change during the computation. In every round i

of the static consensus, each node l receive one message from every direct neighbors

b ∈ Nl and updates its local status using the received data according to the following

equation:

xi+1(l) = W (l, l)xi(b) +
∑
b∈Nl

W (l, b)xi(b),

where xi(l) is the current estimate in node l in round i and W ∈ RN×N is a double

stochastic weight matrix representing the connections in the network. The concrete

selection of the weight matrix essentially influences the convergence of the algo-

rithm (Olfati-Saber et al., 2007; Denantes et al., 2008). From a global point of view,

the updating equation can be rewritten as:

xi+1 = Wxi.

It has been shown (Olfati-Saber et al., 2007) that the estimate in every node l

converges to the average of the initial data, i. .e,

lim
i→∞

xi(l) = 1/N
N∑
b=1

x0(b)

in every node l.

In contrast to the static average consensus, the input of the dynamic average

consensus is varying during the computation. The discrete dynamic consensus has

been defined and analyzed in Sluciak et al. (2012). Analogously to static consensus,

also in dynamic consensus each node follows an updating equation in every round i:

xi+1 = W [xi + ∆si+1],

where si+1 ∈ RN is a bounded input signal with x0 = s0 and time differences

∆si+1 = si+1 − si. For the weight matrix W applies the same as in the case of the

static average consensus. The estimates xi(l) in every node l converge to the average

s̄i of the signal si, i. .e.,

lim
i→∞

(xi − s̄i) = 0.



Chapter 4

Basic Setup

First, we discuss the basic idea of constructing distributed matrix algorithms and the

data distribution we consider in the thesis, because the initial data distribution is an

essential part of constructing distributed and parallel algorithms. Furthermore, we

describe simulation setup which we used for investigating the distributed algorithms

in practice, for example the stopping criteria implemented in the simulations and

the failure models used for studying the fault tolerance of the algorithms.

Another important aspect of distributed algorithms is the type of communica-

tion in the underlying hardware system: point-to-point communication between two

nodes or broadcasting to all neighbors. Among loosely coupled distributed systems

we easily find both types of communication. For us, the type of communication is

important mainly for analyzing the algorithms in terms of number of messages sent.

4.1 Construction of Distributed Matrix Algorithms

All distributed matrix algorithms developed in this thesis are based on gossip-based

distributed data aggregation algorithms (see Section 3.2.1). The important property

of the matrix algorithms is that the nodes communicate only during the DDAAs

and therefore, all communication between the nodes is flexible, which brings sev-

eral advantages over existing approaches with (partially) deterministic information

exchange (see Chapter 6). We explain how to compute the 2-norm of a vector and

the dot product of two vectors in a distributed way using simple gossip-based data

aggregation algorithms. This principle has been also utilized by Dumard and Riegler

(2009) in distributed sphere decoding.

Distributed data aggregation algorithms can be seen as distributed versions of all-

to-all reduction operations, in particular for summing or for averaging the elements

of a long vector distributed over many nodes. Consequently, distributed versions
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of basically all types of Blas operations can potentially be constructed based on

DDAAs. We describe the following principle for a general DDAA, but through-

out this thesis we focus especially on gossip-based DDAAs, such as the push-sum

algorithm (see Section 3.2.2).

The 2-norm of a vector a ∈ RN is defined as follows:

‖a‖2 =

√√√√ N∑
l=1

a(l)2.

Assume that each element a(l) of the vector a is stored in a different node l and

that the goal is to compute the 2-norm of the vector a in a distributed way. First,

each node l computes square of the element a(l) locally (Line 2 in Algorithm 7).

Then, the system computes an approximation s(l) of the sum
∑N

l=1 a(l)2 in each

node l using a distributed aggregation algorithm (Line 3 in Algorithm 7). Finally,

by locally computing a square root of the value s(l), each node l obtains an estimate

dn(l) of the desired 2-norm (Line 4 in Algorithm 7).

Algorithm 7 Distributed Computing of the 2-Norm

Input: Number of nodes N , an element a(l) in every node l
Output: Estimate dn(l) of ‖a‖2 in every node l

1: in each node l do

2: x(l) = a(l)2 . . . local

3: s(l) = DDAA(x) . . . distributed

4: dn(l) =
√
s(l) . . . local

5: end for

The dot product of two vectors a ∈ RN and b ∈ RN is defined as follows:

aT b =

N∑
l=1

a(l)b(l).

Analogously to the 2-norm, we assume that the vectors are distributed element-wise

across the network, i. e., each node l contains the corresponding elements a(l) and b(l)

of the two input vectors, and the network computes the dot product in a distributed

way (see Algorithm 8 on page 53). In the first step, a scalar product x(l) = a(l)b(l) is

computed locally in nodes (Line 2 in Algorithm 8). Then an approximation dp(l) of

the dot product is obtained in every node l (Line 3 in Algorithm 8) by a distributed

algorithm summing the values x(l) over the network.

For the approach, where each node stores stores one element of the input vector

x(l) and the goal is to compute the sum of all elements of vector x ∈ RN across
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Algorithm 8 Distributed Computing of the Dot Product

Input: Number of nodes N , vector elements a(l) and b(l) in every node l
Output: Estimate dp(l) of aT b in every node l

1: in each node l do

2: x(l) = a(l)b(l) . . . local

3: dp(l) = DDAA(x) . . . distributed

4: end for

N nodes, we use the term scalar distributed aggregation algorithms. For the push-

sum algorithm, which is the main building block considered in this research project,

it means that all exchanged messages contain one scalar value x(l) and one scalar

weight w(l) (see Section 3.2.2). However, we also have to consider different scenarios.

First of all we look at the size of the messages exchanged. For constructing dis-

tributed matrix algorithms we also utilize a vector DDAA, where each node l stores a

vector v(l) ∈ Rk and the goal is to compute the element-wise sum s =
∑N

l=1 v
(l), s ∈

Rk of all vectors v(l) across the network. Note that vector DDAA computes the same

result as scalar DDAAs run k-times on every element of the vectors separately. In

the vector push-sum algorithm the messages exchanged contain a vector of length k

and a scalar weight. Analogously, also a matrix DDAA can be constructed, where

the DDAA sums matrices stored in nodes element-wise across a network.

Another situation we have to take into considerations is where the number of

nodes N is smaller than the number of elements in the input vector. Let’s have

a closer look at a simple situation a vector v ∈ Rn is distributed over N N < n

nodes. Thus, a node in the network may store more then one element of the input

vector x ∈ Rn. The goal is to compute the sum s =
∑n

i=1 x(i) by a single call of

a DDAA. First, each node l locally computes the sum
∑lrl

i=l1
v(i) of all rl locally

stored values x(l1), ..., x(lrl). Subsequently, a data aggregation algorithm computes

a sum of the local partial sums. After the DDAA has finished, each node holds an

approximation of the sum s of all elements of the vector x ∈ Rn. Since each node

sends one message with one value and one scalar weight in every round regardless if

N = n or N < n, the number of messages for a single call of a DDAA over a fixed

topology is the same in both cases. However, more values per node may increase

the amount of local computation and therefore the runtime, and bigger capacity of

the local memory to store the input data is required.
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4.2 Data Distribution

The initial distribution of the input data is a relevant aspect which determines the

overall performance of a distributed algorithm, e. g., in terms of communication

cost or scalability. Since this thesis deals with distributed matrix algorithms, we

discuss data distribution of vectors and matrices. Parallel algorithms are usually

implemented for a certain data distribution which optimizes the performance of the

particular algorithm. The concrete data distribution depends on the implementa-

tion, but very common is a two-dimensional block-cyclic data distribution, used for

instance in ScaLAPACK (Blackford et al. (1997)).

In contrast to parallel algorithms, the data in distributed algorithms are usually

generated directly in nodes prior to the computation. The input data in decen-

tralized loosely-coupled networks, such as sensor networks or P2P networks, often

consists of knowledge about the nearest neighbors or of measurements from the en-

vironment. The data stored in nodes may be, for instance, the corresponding rows

of a (weighted) adjacency matrix or of a channel matrix (see Dumard and Riegler

(2009)), or measurements and observations used, e. g., in various data mining tasks.

In most cases, the data stored locally in nodes represents blocks of entire rows or

columns of a global matrix, which is the input of a distributed matrix algorithm.

As a consequence, all of the distributed algorithms developed and analyzed in this

thesis assume row-wise or column-wise distribution of the input matrix V ∈ Rn×k

across N nodes, where N ≤ n if the matrix is distributed row-wise or N ≤ k in

case of a column-wise distributed matrix. We do not explicitly discuss the situation

when N > n (or N > k), because in that case the number of nodes participating on

the computation can be reduced to N ′ = n < N (or N ′ = k < N). In the following,

we discuss only situation where the matrix V is distributed row-wise. The same

arguments as presented below can be applied also for a situation when the input

matrix V ∈ Rn×k is distributed column-wise.

Although the distributed approaches work for the general case N ≤ n, in many

concrete applications, e. g., working on the adjacency matrices of the network, it

holds that every node stores one row or one column of V . As a consequence and

also for the sake of clarity, we usually introduce a new distributed algorithm for the

situation where n = N and thus each node l contains exactly one row V (l, :) of the

input matrix V ∈ Rn×k.

Situations, where each node stores more rows or columns of the input matrix may

appear, for instance, in various data mining applications, where each node contains

several sets of observations, measurements or evaluations. Although the number of

messages sent in a DDAA is the same regardless if n = N or n < N , we showed in
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Section 4.1, for a distributed matrix computation the situation may be slightly more

complicated. If the number of DDAAs executed during a matrix algorithm depends

on the size of the input problem, the number of messages is not the same for the cases

where n = N or n < N . And even if the number of messages odes not change, the size

of the messages may increase with the problem size. The concrete communication

cost and scalability is analyzed for each introduced distributed algorithm separately.

Although we usually present the newly developed distributed matrix algorithms

for the case when n = N , it is important to point out that all of them for a general

case when N ≤ n. We implemented distributed algorithms for the case when N < n

and we show experimental results for such situations.

4.3 Simulation Setup

Although we present the distributed matrix algorithms with a general DDAA as

a building block, for investigating them theoretically as well as experimentally we

usually employ the push-sum algorithm (Section 3.2.2). If not stated otherwise, the

elements of the input vectors and matrices are generated randomly with uniform

distribution from the interval [0, 1].

We utilize Matlab for investigating the influence of various aspects, such as

the target accuracy ε of the instances of the DDAA, various kinds of failures and

the underlying topology of the network on the final accuracy. The simulations in

Matlab are implemented in synchronous rounds, although full synchronization of

rounds in push-sum is not required (Bertsekas and Tsitsiklis, 1989).

To investigate the impact of asynchrony, we provide simulation results from a

network-based simulator called ns-3. In order to compare distributed algorithms to

existing parallel approaches in terms of runtime, we implement gossip-based algo-

rithms also in MPI. Below we summarize the simulation setup for Matlab simula-

tions. For the details on MPI implementations and experiments, see Chapter 8.

4.3.1 Considered Topologies

In order to investigate the behavior of distributed algorithms over different network

topologies, each distributed algorithm receives at input either the adjacency matrix

corresponding to the investigated topology or the list of neighbors of every node.

We consider the following network topologies:

(i) Fully connected topology, where each node is connected with every other node

in the network. In other words, from each node is every other node in the network

directly reachable by sending one message.
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(ii) Hypercube topology with N = 2h, h ∈ N nodes. In this topology each node l

has exactly h neighbors which can be computed as l ⊕ 2i, with 1 ≤ i ≤ h = log2N ,

where ⊕ denotes the binary XOR.

(iii) Random or random geometric topology, which corresponds to a model of a

wireless sensor network. Each node is randomly deployed on the unit square and it

is connected to all nodes in a given radius ρ (communication range).

(iv) Random regular topology with the degree d, where each node is connected

to randomly selected d nodes from the network.

4.3.2 Termination Conditions

Although the gossip-based DDAAs, such as push-sum, refine the approximations

iteratively, efficient convergence criterion determining the accuracy of the current

estimate locally in nodes remains an open research question (Section 3.2.2).

In our simulations of the distributed algorithms we assume for testing purposes

that each node has locally available the true aggregate of the distributed values prior

to the computation. Each DDAA is called with an input parameter ε determining

the target accuracy of the approximation. In every round, all nodes check the current

error of their local estimate relatively to the true result and when the estimate is ε-

accurate in all nodes, the computation stops. To avoid infinite loops, if the algorithm

does not converge or does not reach ε, we also use an additional input parameter

MAX ROUNDS determining the maximum number of rounds to be executed. We set

the maximum number of rounds in the simulations high enough so that it does not

influence the achieved accuracy of the instance of the DDAA. In other words, if a

target accuracy is set to ε = 10−15 and the algorithm computes a result with error

10−10, it is not caused by an insufficient number of rounds, but by inferior numerical

properties of the simulated algorithm.

4.3.3 Types of Failures

As summarized in Section 3.1, failures can be handled at different levels. We are

interested in recovering from any type of failures purely on the algorithmic level,

e. g., investigating the utilization of self-healing algorithms, such as push-flow and

push-cancel-flow (Section 3.2.3).

When investigating resilience of an algorithm, it is important to specify the types

of failures, which may happen during the computation. In this thesis we follow the

classification of failure types, which we established in Gansterer et al. (2013). The

types of failures are ordered according to increasing difficulty for recovering from

them at the algorithmic level.
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1. Reported temporary unavailability of links/nodes

2. Unreported (silent) loss or corruption of a message

3. Reported permanent node or link failures

4. Unreported (silent) corruption of local data (e. g., bit flip)

5. Unreported (silent) permanent node failures

Under reported failures we mean such events, which are signaled to the affected

nodes immediately, e. g., to all neighbors of a failed node. In contrast, no node

is explicitly informed about a unreported or silent failure and thus it cannot be

assumed that the nodes are aware of those failures. Failures which are reported but

with a delay we treat as unreported, because in the meanwhile the status in the

network has changed.

For investigating the resilience properties of distributed algorithms in the pres-

ence of failures, we introduce a failure rate p determining the probability that a

communication link or a transmission of a message fails. Before sending every mes-

sage it is decided, independently on the other transmissions, if a failure occurred

with probability p or the message was successfully delivered and processed by the

receiving node.

Permanent node failures, reported or unreported, are very difficult to handle even

by a self-healing algorithm, because loss of data during a computation always changes

the result. If there are no special mechanisms for dealing with the node failures,

the original data stored locally in the failed node is irretrievably lost. However, we

have to distinguish several scenarios. In distributed algorithms which exclude the

lost data from the final result and which are expected to deliver an approximation

corresponding only to the values in the remaining nodes, is the situation rather

easy. Especially because no back-up of the local data is needed and we only have to

assure that the distributed algorithm dynamically adjusts to the new values stored

across the nodes and converges to the new result. A more difficult situation comes

when the original data of all nodes has to be aggregated. In this case no input data

must be lost and thus, redundancy of the initial data stored in the system has to be

introduced, which is discussed in Section 5.5.2.

4.4 Point-to-point Communication vs. Broadcasting

There are essential differences between systems using point-to-point communication

and those using broadcasting especially for analyzing the communication cost. In
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systems with point-to-point communication, every node needs to send one message

to every neighbor, whereas in systems with broadcasting, one message is enough to

reach all neighbors at once.

Distributed algorithms, which were designed primarily for wireless networks us-

ing broadcasting, are usually based on consensus algorithms (see Section 3.2.5). In

consensus-based algorithms the nodes do not choose one neighbor to send informa-

tion to, but they broadcast their current status to all nodes within a certain com-

munication range. It is assumed that the nodes know the number of its neighbors,

because the weight matrixW used for updating the local statuses is built accordingly.

The main limitation of consensus-based algorithms is that a full synchronization of

the nodes is required in order to compute a correct result (see Olfati-Saber et al.

(2007); Denantes et al. (2008)).

In contrast, gossip-based algorithms (Section 3.2.1) are better suited for applica-

tions in networks with point-to-point communication due to the choice of communi-

cation partners. However, in Aysal et al. (2009) an algorithm called “broadcast gos-

sip” has been introduced. Instead of selecting one communication partner, the nodes

in each round broadcast messages to all neighbors. In contrast to the consensus-

based algorithms, the nodes do not assume any knowledge about the number of

neighbors. More precisely, node l broadcasts in round i its current value xi(l) to all

nodes p in a certain communication range. All receivers p update their status after

receiving the message according the following formula:

xi+1(p) = γxi(p) + (1− γ)xi(p),

where γ ∈ (0, 1) is a so called “mixing parameter”. According to Aysal et al. (2009),

the best option is to choose γ = 0.5. Due to the missing knowledge of the number

of neighbors, the estimates obtained through broadcast gossip converge to the true

aggregate of the initial values in expectation, as shown in Aysal et al. (2009). In

other words, the output of the distributed algorithm can be viewed as a random

variable, where the expected value is the desired aggregate. However, the accuracy

of the concrete output of the algorithm is not guaranteed, since this random variable

has a non-zero variance (Aysal et al., 2009).

We implemented the broadcast gossip algorithm in Matlab and investigated the

accuracy of the estimates ŝ of the true sum s =
∑N

i=1 x(i), where a vector x ∈ R128

is distributed across a hypercube with N = 27 nodes. Although the local estimates

computed in all nodes by the algorithm converge eventually to the same value, as

illustrated in Figure 4.1 on page 59, the final accuracy of the estimates computed

by the wireless gossip is too low for a practical use (see Figure 4.2 on page 59).
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Figure 4.1: Standard deviation of estimates computed by the broadcast gossip algorithm
with different mixing parameters γ. The simulations computed an estimate
ŝ of the sum s of values of a random vector x ∈ R128 over a hypercube with
N = 27 nodes. The figure shows results averaged over 50 different random
vectors x.

To conclude, the broadcast gossip algorithm is intended for systems which allow

for broadcasting, but it does not guarantee accurate results. Therefore, this concept

is not suitable for our distributed algorithms, since we are interested in computations

in high accuracy and thus we focus on developing gossip-based algorithms with point-

to-point communication.
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Figure 4.2: Relative error of results computed by the push-sum algorithm and by the
broadcast gossip algorithm with different mixing parameters γ. The simu-
lations computed an estimate ŝ of the sum s of values of a random vector
x ∈ R128 over a hypercube with N = 27 nodes. The figure shows results
averaged over 50 different random vectors x.
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Part II

New Distributed Algorithms
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Chapter 5

Distributed QR Factorization

In this chapter we discuss the potential of gossip-based algorithms for computing

QR factorization in a distributed manner. We introduce a new distributed algo-

rithm dmGS based on modified Gram-Schmidt orthogonalization and we provide

a comprehensive analysis of various aspects of dmGS, such as numerical accuracy,

scalability with increasing network and problem size and convergence behavior for

varying degrees of synchronization. Furthermore, we also compare dmGS to parallel

state-of-the-art algorithms and to distributed QR factorization based on consensus.

The results summarized in this chapter appeared in several publications. First

version of the dmGS algorithm based on push-sum has been presented and analyzed

Straková et al. (2011), where also an analytical comparison to parallel algorithms

has been provided (see Section 5.4). An improved version of the dmGS algorithm

in terms of scalability (see Section 5.3) was described in Straková and Gansterer

(2013). In Gansterer et al. (2011) and Gansterer et al. (2013) we developed a robust

version of dmGS tolerating node failures (see Section 5.5). In Section 5.7 we provide

a comparison to a consensus-based distributed QR factorization, which we developed

and analyzed in a joint publication Sluciak et al. (2012) with project partners. The

related work relevant for this chapter can be found in Chapter 3.

5.1 Distributed QR Factorization dmGS

We consider the problem of computing QR factorization of a matrix V ∈ Rn×k,
n ≥ k, where the input matrix V is assumed to be initially distributed row-wise

amongN nodes of a decentralized distributed system (as discussed in Section 4.2). In

particular, we are interested in modified Gram-Schmidt orthogonalization computing

the thin QR factorization of V , i. e., finding a matrix Q ∈ Rn×k with orthonormal

columns and an upper-triangular matrix R ∈ Rk×k, such that V = QR. The goal is
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to design and analyze QR factorization which proceeds in a distributed decentralized

way and is based exclusively on randomized communication schedules.

The new distributed modified Gram-Schmidt orthogonalization algorithm dmGS

is presented in the right part of Algorithm 9 on page 65. On the left side we can

see sequential modified Gram-Schmidt orthogonalization (Section 2.1) to illustrate

how the distributed algorithm was constructed. The sums marked in red color were

replaced by a distributed data aggregation algorithm, once in the dot product (Lines

8-9 Algorithm 9) and once in the 2-norm (Lines 2-5 in Algorithm 9) (cf. Section 4.1).

Note that nodes in dmGS communicate and exchange information only during the

calls of the DDAA (Lines 4 and 11 in Algorithm 9). The rest of the algorithm

contains only computation on local data in individual nodes.

The dmGS algorithm is described in Algorithm 9 for the special case when n = N

and thus each node stores exactly one row of the input matrix V . Note that this

assumption is not required and that the algorithm works for a general situation

N ≤ n. If the input matrix has more rows than the number of nodes in the network,

each node l stores rl ≥ 1 consecutive rows of the matrix V . Before every distributed

summation in computing the 2-norm (Line 3 and 9 in Algorithm 9) and before

computing the dot product (Line 9 in Algorithm 9), each node l locally computes a

sum x(l) =
∑rl

t=1 V (lt, i)
2 and x(l) =

∑rl
t=1Q(lt, i)V (lt, j), respectively. The rest of

dmGS stays unchanged.

Since each node computes the rows of Q corresponding to the local rows of A

(Line 5 in Algorithm 9), the output matrix Q is distributed also row-wise across the

network. The second output matrix R is distributed column-wise over nodes 1 to

k, if dmGS proceeds as described in Algorithm 9. Nevertheless, during dmGS each

node automatically computes an estimate of every element of the matrix R (Lines 4

and 9 in Algorithm 9). Thus, if required by the application and if the local storage

is large enough, each node l can keep an estimate R(l) of the entire matrix R by

skipping Lines 6 and 11 in Algorithm 9.

Analogously, distributed classical Gram-Schmidt orthogonalization based exclu-

sively on gossip-based DDAAs and using point-to-point communication can be built

(Dumard and Riegler (2009)). Throughout this chapter we denote a fully distributed

QR factorization based on classical Gram-Schmidt orthogonalization as dcGS.

5.2 Numerical Accuracy

In this section we address the question of preserving numerical properties of mod-

ified Gram-Schmidt orthogonalization in a distributed setup. Although analysis

of numerical properties of the Gram-Schmidt orthogonalization method have been
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Algorithm 9 Modified Gram-Schmidt Orthogonalization (mGS) and
Distributed QR Factorization (dmGS)

Input: V ∈ Rn×k, n ≥ k (in dmGS matrix V distributed row-wise)

Output: Q ∈ Rn×k, R ∈ Rk×k (in dmGS matrix Q distributed row-wise,

matrix R distributed column-wise)

1: for i← 1 to k do

2: x(l)← V (l, i)2

3: s←
∑n

l=1x(l)

4: R(i, i)←
√
s

5: Q(:, i)← V (:, i)/R(i, i)

6:

7: for j ← i+ 1 to k do

8: x(l)← Q(l, i)V (l, j)

9: R(i, j)←
∑n

l=1x(l)

10: V (:, j)← V (:, j)−Q(:, i)R(i, j)

11:

12: end for

13: end for

1: for i← 1 to k do (in node l)

2: x(l)← V (l, i)2

3: s(l)← DDAA(x)

4: Rl(i, i)←
√
s(l)

5: Q(l, i)← V (l, i)/Rl(i, i)

6: if l 6= i delete Rl(i, i)

7: for j ← i+ 1 to k do

8: x(l)← Q(l, i)V (l, j)

9: Rl(i, j)← DDAA(x)

10: V (l, j)← V (l, j) − Q(l, i)Rl(i, j)

11: if l 6= j delete Rl(i, j)

12: end for

13: end for

provided extensively for the sequential case (Golub and Van Loan, 1996; Higham,

2002), we are interested in studying the impact of replacing several operations by

their distributed counterparts.

For investigating the behavior of the algorithms we use two metrics: the relative

factorization error ‖V −QR‖2/‖V ‖2 and the orthogonality ‖I−QTQ‖2 of the matrix

Q, where I denotes the identity matrix. If not stated otherwise, distributed matrix

algorithms use push-sum as the basic building block. In the simulations, gossip-

based data aggregation algorithms terminate after reaching the target accuracy ε,

or executing the maximum number of rounds, as described in Section 4.3.2.

5.2.1 Numerical Stability of dmGS vs. dcGS

In theory, modified Gram-Schmidt orthogonalization has much better numerical

properties than classical Gram-Schmidt orthogonalization (Higham, 2002, Section

19.8), both approaches are reviewed in Section 2.1. This fact motivated us to in-

vestigate distributed modified Gram-Schmidt orthogonalization in contrast to the

existing distributed classical Gram-Schmidt orthogonalization introduced by Du-

mard and Riegler (2009). However, this effort is justified only if the properties

of both Gram-Schmidt orthogonalization methods are also preserved in their dis-

tributed versions.
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Figure 5.1: Factorization error of results computed by distributed classical (dcGS) and
distributed modified (dmGS) Gram-Schmidt orthogonalization factorizing a
matrix V 640×640, κ(V ) = 2, 43 · 104 over fully connected networks with N
nodes.

We compared the dmGS and dcGS algorithms for varying number of nodes N

factorizing a matrix V ∈ R640×640 over a fully connected topology with the target

accuracy ε = 10−15 of the push-sum algorithm. As we can see in Figure 5.1, fac-

torization error of the matrices Q̂ and R̂ computed by dcGS and dmGS is almost

identical for both approaches. In contrast, the final orthogonality of the matrix

Q̂ computed by dmGS is substantially better compared to the result delivered by

dcGS. In Figure 5.2 we see that the achieved orthogonality differs by more than two

orders of magnitude for different network sizes for a matrix with a condition number

of order 104.
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Figure 5.2: Orthogonality of Q̂ computed by distributed classical (dcGS) and distributed
modified (dmGS) Gram-Schmidt orthogonalization factorizing a matrix V ∈
R640×640, κ(V ) = 2, 43 · 104 over fully connected networks with N nodes.
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More extensive testing of the influence of the condition number on the final

results computed by dcGS and dmGS are presented at the end of this chapter in

Section 5.7.1, where the methods are also compared to consensus-based approaches.

All simulation results indicate that the distributed Gram-Schmidt orthogonalization

algorithms behave in compliance with the theory for sequential algorithms..

5.2.2 Choice of the DDAA

So far, we studied only behavior of distributed algorithms based on the push-sum

algorithm. Because later in this thesis we also employ fault-tolerant gossip-based

DDAAs (see Section 3.2.3), in this section we address the questions related to impact

of the concrete DDAA on the final accuracy of the distributed matrix algorithm built

on top of it. We compare the numerical accuracy of the distributed QR factoriza-

tion dmGS when employing the push-sum algorithm (PS), the push-flow algorithm

(PF) and the push-cancel-flow algorithm (PCF). The respective distributed modified

Gram-Schmidt orthogonalization algorithms are denoted by dmGS(PS), dmGS(PF)

and dmGS(PCF).

We simulated dmGS when factorizing a random matrix V ∈ R2048×32 over a

hypercube with N = 2h, h = 5, . . . , 11 nodes. Every DDAA runs as long as the local

estimates do not reach the target accuracy ε = 10−15 or the maximum number of

rounds has not been executed (Section 4.3.2). In Figure 5.3 on page 68 we notice

that dmGS(PF) delivers a significantly worse result in terms of the factorization

error ‖V − Q̂R̂‖2/‖V ‖2 than the other two variants, dmGS(PS) and dmGS(PCF).

The influence of the choice of the DDAA on the orthogonality ‖I − Q̂T Q̂‖2 is very

similar, as plotted in Figure 5.4 on page 69.

This observations can be explained by the inferior numerical properties of push-

flow compared to the other two versions, which has been discussed in Niederbrucker

et al. (2012) and Niederbrucker and Gansterer (2013). The push-cancel-flow algo-

rithm has been developed to preserve the resilient properties of the push-flow, but

to improve numerical properties. Obviously, the numerical properties of the DDAA

translates into the distributed matrix algorithms built on top of them, which is

discussed in the next section with respect to theory.

5.2.3 Theoretical Analysis of Numerical Accuracy

The dmGS algorithm summarized on the right side of Algorithm 9 on page 65 origi-

nates from the modified Gram-Schmidt orthogonalization, where several summations

were replaced by its distributed variants. The essential question is, whether such

a change in the modified Gram-Schmidt orthogonalization method influences the
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Figure 5.3: Factorization error of results computed by distributed QR factorization
(dmGS) using push-sum (PS), push-flow (PF) and push-cancel-flow (PCF)
factorizing a random matrix V ∈ R2048×32 over a hypercube with N nodes
and with accuracy ε = 10−15 of DDAAs.

numerical stability of the distributed QR factorization. Our goal is to show that the

final accuracy of the result delivered by dmGS is of the same order of magnitude

as the inner accuracy ε set in the utilized distributed aggregation algorithm. The

theoretical analysis of the error introduced by modified Gram-Schmidt orthogonal-

ization in finite precision arithmetic can be found in the standard literature. The

theorem essential for analyzing dmGS can be found in (Higham, 2002, Section 19.8):

Theorem 5.2.1. Suppose the mGS method is applied to V ∈ Rn×k of rank k,

yielding computed matrices Q̂ ∈ Rn×k and R̂ ∈ Rk×k. Then there are constants

ci ≡ ci(n, k) such that

V + ∆V1 = Q̂R̂, ‖∆V1‖2 ≤ c1 εmach ‖V ‖2, (5.1)

‖Q̂T Q̂− I‖2 ≤ c2 εmach κ2(V ) +O((εmach κ2(V ))2), (5.2)

where εmach is the machine precision.

Theorem 5.2.1 says that the modified Gram-Schmidt orthogonalization method

is backward stable in terms of the relative factorization error and forward stable in

terms of orthogonality of the matrix Q. In other words, the factorization error is of

the same order as εmach and the computed solution Q̂R̂ is in fact an exact factoriza-

tion of a slightly perturbed input matrix V . In contrast to the factorization error,

orthogonality of Q also depends on the condition number κ(V ) of the input matrix

V . The proof of this theorem given in Higham (2002) first establishes a connec-

tion between the Householder QR factorization (see Section 2.1) and the modified
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Figure 5.4: Orthogonality of Q̂ computed by distributed QR factorization (dmGS) using
push-sum (PS), push-flow (PF) and push-cancel-flow (PCF) factorizing a ran-
dom matrix V ∈ R2048×32 over a hypercube with N nodes and with accuracy
ε = 10−15 of DDAAs.

Gram-Schmidt orthogonalization method showing that both methods are mathe-

matically and numerically equivalent. Then, using this key fact, the error bounds of

the modified Gram-Schmidt orthogonalization are derived from the analysis of QR

factorization based on Householder reflectors.

We are interested in the final accuracy of the results computed by dmGS, when

all instances of the DDAA during the computation deliver an ε-accurate estimate

with ε ≥ εmach and local computations in nodes are executed in accuracy εmach.

Let’s consider for a while weaker assumptions, when all computations in dmGS,

distributed as well as local, are carried out in working precision ε ≥ εmach. This

algorithm we denote by dmGS(ε). Using the theoretical bound Equation (5.1) on the

factorization error we can conclude that dmGS(ε) computes matrices Q̂ and R̂ with

relative factorization error bounded by the working accuracy ε. Similarly, using the

second bound Equation (5.2), we get an analogous statement for the orthogonality

of the matrix Q̂ computed by dmGS(ε), which is also influenced by the condition

number κ(V ) of the input matrix V .

We can conclude that the factorization error as well as the orthogonality of the

matrix Q̂ computed by dmGS(ε) is bounded by ε if all DDAAs and the local com-

putations are computed in accuracy ε ≥ εmach. Obviously, the derived error bounds

hold also for the situation we consider throughout this thesis, namely that only the

DDAAs are computed in accuracy ε, but the local computations are carried out in

full accuracy εmach. Not only the simulations, but also the theoretical analysis con-

firmed that if all instances of DDAA deliver ε-accurate results of the true aggregates,

then the final accuracy of the result computed by dmGS is also of the order of ε.
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5.3 Scalability

Many potential applications of distributed algorithms are on large-scale computers or

social networks, or maybe even future large-scale high-performance computers. For

such systems the key question to answer is how the algorithms scale with increasing

problem or system size. Consequently, we analyze the scalability of dmGS with

respect to the increasing number of nodes N , as well as the increasing size of the

input matrix V ∈ Rn×k.

5.3.1 Scaling with System Size

Distributed aggregation algorithms are the only places in dmGS where the nodes

communicate with each other (Lines 3 and 9 in Algorithm 9 on page 65), and thus

dmGS scales with increasing number of nodes like the called DDAA.

Figure 5.5 illustrates the scaling behavior of push-sum on a fully connected net-

work and a hypercube, as simulated by Matlab . The plot shows the number of

rounds executed by push-sum for summing N numbers over N nodes with target

accuracy ε = 10−15. The nodes N = 2h, 3 ≤ h ≤ 12 are organized either in a fully

connected network or in a hypercube of dimension h (Section 4.3.1).
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Figure 5.5: Scalability of the push-sum algorithm with increasing number of nodes N of
a fully connected network and over a hypercube compared to the theoretical
asymptotic bound.

In Section 3.2.2 we summarized the influence of the topology on the asymptotic

number of rounds needed by push-sum for computing an ε-accurate estimate. The

important result shows that for many important well-connected topologies the num-

ber of rounds scales logarithmically with the increasing number of nodes N for a

fixed final accuracy ε.
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From the figure we see that both topologies scale in compliance with the the-

oretical asymptotic bound (black dashed line). Due to the better connectivity of

the fully connected network, the information spreads faster and the push-sum needs

fewer rounds to converge than the distributed summation over a hypercube.

5.3.2 Scaling with Problem Size

Next, we investigate how the distributed modified Gram-Schmidt orthogonalization

dmGS scales with increasing problem size for fixed number of nodes N . If n >

N , nodes have to store more than one row of the input matrix V ∈ Rn×k. This

influences the amount of local computation in each node, since before each DDAA

the corresponding elements have to be summed up (see Section 4.2). Because the

number of DDAA called in the dmGS algorithm is k(k + 1)/2 (see right side of

Algorithm 9 on page 65), the communication cost is not influenced by the number

n of rows of the matrix V . I. e., number of messages sent as well as the amount of

data stay the same for increasing n when the number of nodes N is fixed. Moreover,

as shown in Figure 5.6, storing several rows in one node may even slightly increase

the convergence speed of the factorization error. The more rows stored locally, the

bigger parts of the distributed summations are computed locally in nodes in floating-

point arithmetic, which may result in more accurate output than the distributed

summation with target accuracy ε.
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Figure 5.6: Scalability of dmGS with increasing number of rows n for matrix V ∈ Rn×25

over a random network with N = 25 nodes and diameter 4.

Increasing the number of columns k has a much bigger influence on the per-

formance of dmGS, because the number of calls of a DDAA k(k + 1)/2 increases

quadratically with increasing k. This translates to quadratically higher cost invested

during DDAA, such as communication cost (a detailed analysis of communication
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cost follows in Section 5.4). Clearly, high number of calls of DDAA is a limiting

factor of dmGS for achieving good scalability with growing k.

Trading Bandwidth for Latency

We improve the scalability of dmGS with the number of columns k of the input

matrix V by reducing the number of the distributed aggregation algorithms called.

The new version of dmGS shown in Algorithm 10 on page 73, which we call vdmGS ,

is built by replacing several calls of a scalar DDAA by one call of a vector DDAA.

We replace the original inner for-loop computing column-elements of the matrix Q

(Lines 7-12 in Algorithm 9 on page 65) by one call of a vector DDAA exchanging

messages of size O(k) (Line 8 in Algorithm 10).

This modification, which is well known, e. g., under the term “message coa-

lescing” for MPI codes, does not have any influence on the numerical accuracy or

convergence of the distributed algorithm and is suitable if bandwidth can be traded

for latency. In vdmGS the total number of DDAAs executed (scalar and vector) is

2k− 1, which leads to much better scalability with growing number of columns k of

the matrix V compared to dmGS.

In order to illustrate the improved scalability of vdmGS, we implemented both

algorithms in the ns-3 network simulator. Both algorithms executed the same num-

ber of rounds and achieved the same accuracy ε of the results. Figure 5.7 shows the

comparison of dmGS and vdmGS in terms of the total number of messages sent and

the results confirm the better scalability of vdmGS in terms of number of messages

sent compared to dmGS with growing number of columns k.
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Figure 5.7: Number of messages sent per node by dmGS and vdmGS for growing number
of columns k of a matrix V 100×k over a fully connected topology with N = 100
nodes.
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Algorithm 10 Distributed QR Factorization with vector DDAA (vdmGS)

Input: matrix V ∈ Rn×k, n ≥ k,

distributed row-wise over N nodes

Output: Q ∈ Rn×k, R ∈ Rk×k,
Q distributed row-wise, R distributed column-wise

1: for i← 1 to k do (in each node l do)

2: x(l)← V (l, i)2

3: s(l)← DDAA(x)

4: Rl(i, i)←
√
s(l)

5: Q(l, i)← V (l, i)/Rl(i, i)

6: if l 6= i delete Rl(i, i)

7: X(l, 1 : k − i)← Q(l, i).∗A(l, i+ 1 : k)

8: Rl(i, i+ 1 : k)← vector DDAA(X)

9: V (l, i+ 1 : k)← V (l, i+ 1 : k) − Q(l, i)Rl(i, i+ 1 : k)

10: if l 6= j ← i+ 1 : k delete Rl(i, j)

11: end for

5.4 Comparison with Parallel Algorithms

Although distributed and parallel algorithms are designed for systems with differ-

ent assumptions (Section 1.1), it is interesting to compare the invested cost of both

approaches. We compare both distributed QR factorization algorithms, dmGS and

vdmGS using push-sum, with state-of-the-art parallel algorithms for QR factor-

ization (see Section 3.1), namely parallel mGS and with parallel CAQR, which is

optimal in terms of communication cost (up to the polylogarithmic factors).

The comparisons are provided in terms of number of floating-point operations,

local memory requirements and communication cost along the critical path for al-

gorithms applied to a rectangular matrix V ∈ Rn×k distributed over N nodes or P

processors. The critical path is the longest path in a graph capturing the dependen-

cies between individual steps in the computation. Since all of the nodes in dmGS

and vdmGS proceed in parallel in rounds with the same structure, all paths in the

graph have the same length. Consequently, the cost along the critical path in dmGS

and vdmGS are equal to the cost per a single node.

For simplicity, we assume that the push-sum algorithms in dmGS and vdmGS

proceeds in synchronized rounds and that in each round every node sends exactly

one message which is not required in practice. We have to emphasize that this com-

parison has to be interpreted carefully, since these different types of algorithms are

designed for very different target systems and are based on very different assump-

tions on properties of the target hardware and on the initial data distribution.
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5.4.1 Operation Count

In both variants of the distributed QR factorization algorithm, each node l prepares

a message before every push-sum by locally summing up rl = O(n/N) elements,

N ≤ n, where dmGS sums up scalars and vdmGS works on vectors of length at

most k. While dmGS executes push-sum in total k(k + 1)/2-times, vdmGS calls

only (2k − 1) push-sum algorithms. As a consequence, the total asymptotic flop

count is the same for both variants, namely O(k2 logN + k2n/N) floating-point

operations. According to Demmel et al. (2012), parallel mGS performs 2nk2/P and

parallel CAQR performs 2k3/3 + 2k2n/P operations along the critical path. I. e.,

asymptotically, parallel mGS has the lowest flop count of the three methods and the

count of dmGS and vdmGS is a little lower than the one of parallel CAQR (for fixed

P = N).

5.4.2 Local Memory Requirements

For a general case N ≤ n, in dmGS and vdmGS each node l needs to store rl =

O(n/N) rows of matrix V , rl rows of matrix Q, and k of the nodes need to store

one column of matrix R, each of them of length k. This leads to local memory

requirements of Θ(rlk) = Θ(nk/N). According to Demmel et al. (2012), parallel

CAQR needs Θ(nk/P ) memory space per processor. This shows that asymptotically

CAQR and the distributed algorithms have the same local memory requirements.

The situation is different, if dmGS or vdmGS keeps in each node an estimate

of the entire matrix R. Then the local memory cost is higher, namely Θ(rlk
2) =

Θ(nk2/N). However, in many situations the input matrix V is a tall-and-skinny

matrix, where n � k, and thus the increase in the local memory requirements is

acceptable.

5.4.3 Communication Cost

For comparing the communication cost of the algorithms we use the size of messages,

the number of messages and amount of data sent along the critical path. The number

of messages C sent per node in both dmGS and vdmGS can be modeled as

C = P ·R ·M

where P is the number of executed push-sum algorithms, R is the number of rounds

per push-sum and M is the number of messages sent during a round of push-sum.

From the structure of push-sum (Algorithm 4 on page 44), we can see that in each

round every node sends exactly one message. Therefore, in our case M = 1.
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The number R of rounds per push-sum depends mostly on the underlying topol-

ogy and on the accuracy parameter ε. As discussed in Section 3.2.2, for well-

connected topologies, the push-sum algorithm converges in logarithmic time with

respect to the size of the system for fixed accuracy ε. Consequently, in our commu-

nication cost analysis we consider R = O(logN).

The number P of the executed aggregation algorithms during the distributed

QR factorization depends on the concrete version used. Because in dmGS it is

P = k(k + 1)/2, the number of messages sent per node is:

CdmGS =
k(k + 1)

2
·R · 1 = O(k2 · logN)

In dmGS, each message has a constant size (two numbers), regardless of the size of

the network or the size of the problem. Therefore, the amount of data transmitted

is asymptotically the same as the number of messages sent.

In contrast, vdmGS calls push-sum only P = 2k− 1 times. Thus, the number of

messages sent by each node in vdmGS is

CvdmGS = (2k − 1) ·R · 1 = O(k · logN),

which is asymptotically a factor O(k) less than indmGS. Size of the messages in

vector push-sum varies from 2 to k, so it scales linearly with the increasing number

of columns k. The amount of data sent per node in vdmGS is asymptotically the

same as for dmGS, namely

DdmGS = DvdmGS = O(k2 · logN).

In Demmel et al. (2012), the exact leading terms of the communication cost for

parallel mGS and for parallel CAQR are presented. For the sake of simplicity, we

show only the corresponding asymptotic bounds on the number of messages sent

and on the amount of data sent. Parallel mGS sends

CmGS = O(k log(P ))

messages along the critical path and

DmGS = O(k2 log(P ))

words when factorizing a matrix V ∈ Rn×k over P processors. Consequently, the av-

erage message size DmGS/CmGS = k/4 increases linearly with increasing k, similarly

to vdmGS.
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To complete the overview, parallel CAQR sends

CCAQR = O(·
√
kP/n · log2(nP/k) · log(P

√
nP/k))

messages and

DCAQR = O(
√
nk3/P · logP − 1/4 ·

√
k5/(nP ) · log(kP/n))

words along the critical path.

Let’s now compare the methods for a special case of a square matrix V n×n over

N nodes (or processors), which is also summarized in Table 5.1. We get that CAQR

needs O(
√
N log3(N)) messages and O(n2 log(N)/(

√
N)) words along the critical

path for factorizing a square matrix over N processors. When comparing the number

of data sent, we see that that dmGS as well as vdmGS sends asymptotically the same

amount of data along the critical path as parallel mGS and by a factor
√
N more

than parallel CAQR.

Operation count # words # messages

mGS O(n3/N) O(n2 logN) O(n2 logN)

CAQR O(n3) O(n2 logN/
√
N) O(

√
N log3(N))

dmGS O(n2(logN + n/N)) O(n2 log(N)) O(n2 log(N))

vdmGS O(n2(logN + n/N)) O(n2 log(N)) O(n log(N))

Table 5.1: Comparison of gossip-based distributed QR factorization with parallel algo-
rithms for a square input matrix V n×n over N nodes (or processors).

When comparing the number of messages sent, there is a bigger difference be-

tween the methods due to different size of messages in the methods. Asymptoti-

cally, parallel mGS sends by a factor n fewer messages along the critical path than

dmGS, and the communication-optimal CAQR algorithm sends even by a factor

n2/(
√
N log2(N)) fewer messages than dmGS. This shows that dmGS would not

be competitive in terms of communication cost when executed on standard tar-

get systems for parallel algorithms. However, distributed QR factorization vdmGS

is, thanks to its improved scalability, comparable to parallel mGS in terms of the

number of messages sent and only by a factor n/(
√
N log2(N)) worse than CAQR.

For a general case of a rectangular matrix V ∈ Rn×k, where k < n, it is not so

easy to see directly from the formulas how CAQR and the methods based on modified

Gram-Schmidt orthogonalization compare in terms of communication cost. In order

to illustrate the principal dependency of the methods on the varying parameters n, k

and P , we plot the ratios of the asymptotic cost for vdmGS and CAQR.

The following results show the ratio of the asymptotic cost CvdmGS/CCAQR for
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the number of messages and DvdmGS/DCAQR for the amount of data. Because

we compare only asymptotic cost, the results has to be interpreted carefully. The

presented plots do not give any concrete numbers when the one method is better

or worse than the other one. Instead, they illustrate the changes in the relation of

the communication cost of the methods with increasing network size and problem

size. The darker the color in the figure, the smaller is the ratio CvdmGS/CCAQR or

DvdmGS/DCAQR and vice versa. We investigate the ratios for fixed number of rows

n = 10000 and for n being a function of k.

The left part of Figure 5.8 shows the ratio of asymptotic bounds of the number of

messages sent for n = 10000. We see a clear influence of the number of columns k on

the result, since the more columns of the input matrix has, the more advantageous

is parallel CAQR compared to vdmGS and mGS. Moreover, the figure indicates that

the comparison of the methods depends linearly on the ratio k/P . In the right part

of Figure 5.8, where n = k · P , we can observe a similar influence of the increasing

number of columns k on the comparison of the two methods as in the case where

n = 10000. However, in this second scenario the relation of the asymptotic cost in

terms of number of messages is not linearly dependent on the ratio k/P .

Figure 5.8: Ratios of the asymptotic number of messages sent CvdmGS/CCAQR showing
the relation of vdmGS and CAQR depending on the increasing number of
processors P and the number of columns k of the input matrix. On the left
side, the number of rows n = 10000 is constant, on the right side n = kP .
The darker the color, the closer the two methods are in terms of number of
messages sent.

The comparison of the amount of data sent illustrates different dependencies on

the parameters k and P . As shown in the left part Figure 5.9, for fixed n = 10000

vdmGS has the lowest communication cost compared to CAQR for a very small

number of processors P and increasing the number of columns k, or for a tall-and-
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Figure 5.9: Ratios of the asymptotic amount of data sent DvdmGS/DCAQR showing the
relation of vdmGS and CAQR depending on the increasing number of proces-
sors P and the number of columns k of the input matrix. On the left side, the
number of rows n = 10000 is constant, on the right side n = 100k. The darker
the color, the closer the two methods are in terms of amount of data sent.

skinny matrix factorized across increasing number of processors P .

If we set n = k · P , the amount of data of CAQR are the asymptotically the

same as for vdmGS, since

O(
√
kPk3/P · logP −

√
k5/(kP 2) · log(

√
kP/kP )) = O(k2 · logP ).

I. e., for the situation n = k · P the ratio of the amount of data sent is constant for

all k and P . Therefore, the right part of Figure 5.9 shows the comparison when the

ratio between n and k stays constant, namely n = 100k. For this scenario, the more

processors P , the better CAQR is in terms of amount of data exchanged compared

to the methods based on mGS, regardless of the size of the matrix.

5.5 Fault Tolerance Properties

In the potential target systems of distributed algorithms, different types of failures

may occur (see Section 4.3.3). Failures of communication links or of message losses

are more likely to occur in loosely coupled distributed systems, such as sensor net-

works. In contrast, for high-performance parallel computers, resilience of algorithms

against node failures is more crucial due to the increasing size and complexity of the

machines.

In this chapter we investigate the potential of gossip-based QR factorization for

handling different kinds of failures. First, we illustrate the limitations of dmGS
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based on the push-sum algorithm in the presence of unreported message loss and

outline possible solutions. Then, we discuss the impact of node failures on dmGS

and we present a new more robust version rdmGS designed for systems where node

failures occur.

5.5.1 Unreported Message Loss

Each unreported message loss, which happens during the push-sum algorithm, causes

violation of the overall mass conservation in the system (see Section 3.2.2), which

may lead to incorrect results. To illustrate the behavior of the dmGS algorithm

in the presence of silent message loss, we investigate the factorization error and

orthogonality of results returned by dmGS for factorizing a matrix V ∈ R32×32 with

κ(V ) = 279 over a hypercube with N = 25 nodes. For every message sent it is

independently decided with probability p, if the message transmission fails.

The impact of message losses on the relative factorization error of matrices com-

puted by dmGS with push-sum is shown in Figure 5.10. We can notice that the

increasing probability p of message loss causes slower convergence, but it does not

influence the accuracy. This is due to the structure of dmGS originating from the

modified Gram-Schmidt orthogonalization (see Algorithm 9 on page 65).
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Figure 5.10: Relative factorization error of the results computed by dmGS factorizing a
matrix V ∈ R32×32 over a network with a hypercube topology and 25 nodes
in the presence of unreported message loss with different probabilities p.

Matrix R computed by dmGS is always upper-triangular regardless of the reli-

ability p of the transmissions, because every element of R is initialized to zero and

the elements R(i, j), i < j are never changed. The elements R(i, j), i ≥ j, are di-

rectly computed by the DDAAs (Line 4 and 9 in Algorithm 9). The elements of the

matrix Q are computed in such a way that the equality V = QR holds, so matrices

Q and R are always a factorization of V , regardless of the values in the matrix R.
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Thus, losing messages may slow down the convergence, but the accuracy of the final

factorization error is not influenced by wrong results computed by push-sum.

The fact that the push-sum algorithm does not deliver correct results in the

presence of message loss has an impact on the orthonormality of the columns of Q,

because the incorrect sum delivered by push-sum is used for computing the elements

of the matrix Q (Line 5 in Algorithm 9). As a result, the columns of Q are not

orthonormal to each other, as can be seen in Figure 5.11 (dotted lines). To prevent

the loss of orthogonality of the matrix Q we have to either avoid losing messages or

to recover from the mass loss after a failure.

Since the push-sum algorithm does not have the ability to naturally recover

from a mass loss (see Section 3.2.1), the mass has to be preserved throughout the

whole computation, in order to deliver correct results. Let’s investigate one of the

simplest strategies, where each message is sent several times to ensure that it will be

received with a high probability. Figure 5.11 shows the orthogonality of Q delivered

by dmGS, where each messages was sent exactly once (dotted lines), compared to

dmGS transmitting each message several times (solid lines). The concrete number of

transmissions of each message was 12 times for failure rate 20%, 10 times for failure

rate 10% and 6 times for failure rate 5%. As we can see, sending each message

several times leads to achiving good orthogonality of the computed matrix Q̂ even

for different failure rates.
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Figure 5.11: Orthogonality of Q̂ computed by dmGS factorizing a matrix V ∈ R32×32

over a network with a hypercube topology and 25 nodes in the presence of
unreported message loss with different probabilities p.

Although the resending strategy for preventing mass loss is easy to carry out, it

has several disadvantages, which makes it unattractive for a practical use. First of

all, the concrete number of retransmissions of each message has to be determined.

Since we assume each event of sending a message to be independent of the other
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transmissions, we can calculate the concrete number of retransmissions r needed for

a probability p of a message loss using the following inequality

pr ≤ m,

where m is the probability that a message is lost. For example, for a network with

the rate of message loss p = 10% we want to reduce the probability that a message

gets lost to m = 10−10. Thus, from the expression 0.1r ≤ 10−10 we compute that

each message has to be retransmitted at least 10 times. To be able to compute

the concrete number r we have to know the failure rate p of each transmission in

advance.

Obviously, in the situation where there is a temporary breakdown of a commu-

nication link in the system, no message can be sent over it, and retransmissions will

not help to achieve a good orthogonality of Q. Last but not least, the presented

strategy introduces a communication overhead regardless of whether a failure has

occurred or not. It is usually preferable that additional cost is proportional to the

number of failures occurred.

A better and more efficient solution is to base the dmGS algorithm on a DDAA

which can naturally recover from a silent message loss, such as push-flow of push-

cancel-flow. Using such self-healing distributed aggregation algorithm as the build-

ing block for distributed matrix computation and its influence on the performance

in the presence of failures is discussed in Section 6.7.

5.5.2 Node Failures

Computing orthogonalization of the columns of a matrix V distributed over a net-

work is a prototypical example where the loss of original data, e. g., resulting from a

permanent node failure, cannot be tolerated. Distributed modified Gram-Schmidt

orthogonalization assumes that the input matrix V and also the computed matrix

Q are distributed row-wise over the N nodes. If a node permanently fails during

the execution of dmGS, the locally stored part of the input matrix V together with

the so far computed part of Q is irretrievably lost. As a consequence, it becomes

impossible to orthogonalize all original columns of V .

We illustrate how resilience of dmGS against permanent node failures can be

improved by introducing redundancy in storing the initial data. In this section, we

present the robust dmGS algorithm (rdmGS ) published in Gansterer et al. (2013),

which produces a complete and accurate QR factorization of V in most of the sce-

narios where one or several nodes fail permanently during the computation.
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The rdmGS Algorithm

The pivotal idea of the robust algorithm rdmGS is to maintain redundant copies

of all nodes’ relevant local data at more than one active node at all times. By

construction, dmGS automatically computes an estimate of the whole matrix R at

all nodes of the system (see Section 5.1). Thus, no specific measures are needed

for backing up data of R. However, the matrices V and Q are distributed across

the system and thus an explicit replication of the data across the system has to be

introduced.

Every node y is responsible for a subset of entire rows of the initial matrix V

and for the computed parts of the corresponding rows of Q, which we denote as

y’s primary data. Each node y may also act as a backup node for the primary

data of one or more other nodes in the system. Such data, which are redundantly

stored in node y, is called node y’s backup data. A simple example of a starting

data distribution of the rdmGS algorithm is drawn in Figure 5.12. Each of the three

nodes x, y, z stores one row of the input matrix V ∈ R3×3 as its primary data, and

another row of V as backup for another node from the network. We call node x,

which backs up node y’s data, y’s guardian, and y in turn x’s protégé.

V (1, :)

V (2, :)

V (2, :)

V (3, :)

V (3, :)

V (1, :)

primary data

backup data

y’s guardian

y’s protégé

x

z

y

Figure 5.12: Scheme illustrating the principle of storing data across nodes in rdmGS.

At all times, r − 1 backup copies of node l’s primary data are stored in r − 1

distinct other active nodes which act as backup nodes for node l. The parameter

r is a measure of resilience as well as of overhead of the rdmGS algorithm. Larger

r allows for tolerating more simultaneous node failures, albeit at higher cost. The

structure of the algorithm rdmGS is outlined in Algorithm 11 on page 83, where Pl

and Bl denote the set of global indices of rows of V and Q, which are primary data

on node l and backup data on node l, respectively.

We discuss the case when n = N and each node stores exactly one primary row
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Algorithm 11 Robust Distributed QR Factorization (rdmGS)

Input: V ∈ Rn×k

Output: Q ∈ Rn×k, R ∈ Rk×k

1: for i← 1 to k do (in node l)

2: . . . check for node failures, update Pl and Bl . . .

3: x(l)←
∑

p∈Pl
V (p, i)2

4: s(l)← DDAA(x)

5: Rl(i, i)←
√
s(l)

6: for each p ∈ Pl do

7: Q(p, i)← V (p, i)/Rl(i, i)

8: end for

9: for each b ∈ Bl do

10: Q(b, i)← A(b, i)/Rl(i, i)

11: end for

12: for j ← i+ 1 to k do

13: . . . check for node failures, update Pl and Bl . . .

14: x(l)←
∑

p∈Pl
Q(p, i)V (p, j)

15: Rl(i, j)← DDAA(x)

16: for each p ∈ Pl do

17: V (p, j)← V (p, j)−Q(p, i)Rl(i, j)

18: end for

19: for each b ∈ Bl do

20: V (b, j)← V (b, j)−Q(b, i)Rl(i, j)

21: end for

22: end for

23: end for

at the beginning, although the algorithm works for a general n ≥ N situation. We

assume that each node l starts with one row V (l, :), which is its primary data, and

r−1 additional rows of V, which is the back-up data for other nodes in the network.

However, those numbers may change over the time because of node failures. In the

process of local computation, each node updates the primary data (Lines 7 and 17

in Algorithm 11), as well as all local backup data (Lines 10 and 20 in Algorithm 11).

Each execution of a DDAA in rdmGS is preceded by a fail-checking phase (Lines

2 and 13 in Algorithm 11), where every node l checks whether all of its protégés

and its guardians are alive. If yes, node l proceeds with the algorithm. If no, the

following steps are taken, depending on the concrete situation:

(i) A protégé p of node l has failed, which means that node l backs up the data

for p. In this case, node l takes over the primary responsibility for p’s primary data

and selects another active node g to replace itself as guardian, which will from now

on back up the primary data of the failed node p. As a result, again r copies of the

primary data of the failed node l exist in the system.

(ii) A guardian g of node l has failed, which means that node l has lost one of
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its r − 1 backups. In this case, node l selects another active node, a new guardian

g, and sends the primary data to it for backup. As a result, again r copies of the

data exist in the system.

If more nodes have failed, the rdmGS takes one of the actions for each of the

failed nodes. However, it may happen that the algorithm ends in a situation where

it cannot continue or it cannot deliver correct results due to several failed nodes.

These scenarios are described later in this section.

Upon termination, all remaining nodes in the system consider only its primary

data as part of the final result, i. e., the final matrix Q is built from the primary

data in all alive nodes at the end of the rdmGS algorithm.

Scope and Limitations of rdmGS

So far we discussed checking the node failures only before each call of the DDAA.

However, in reality the rdmGS algorithm spends most of its time in the distributed

summation. As explained in Section 3.2.2, the push-sum algorithm does not tolerate

any data loss and if mass conservation is violated, it delivers incorrect results. Thus,

if the push-sum algorithm is used, the nodes have to fail neatly . In practice it means

that a node, before it fails (e. g., before it runs out of battery), sends its current

estimate relevant for the ongoing push-sum to another node, usually a neighbor, to

avoid violation of mass conservation. However, it does not have to send out all of

its data and search for a new backup node, because this is done in the fail-checking

phase.

To summarize, the rdmGS algorithm operates successfully under the following

assumptions:

(i) The topology of the system stays connected despite all occurring node failures.

(ii) A reliable and efficient mechanism is available for determining whether a

node (usually in the neighborhood) is alive (active) or not.

(iii) In case of permanent failures nodes fail neatly , if the DDAA does not tolerate

node failures I. e., if a node fails within the execution of push-sum, this failure has to

be reported immediately, and the failing node l has to send some of its local values

to one of its neighbors in order to ensure mass conservation.

There are three scenarios of node failures which rdmGS cannot recover from:

(i) If the network gets disconnected, a correct result cannot be computed even

if none of the nodes fails.

(ii) If a node l and all its r− 1 guardians fail permanently before at least one of

these failures is detected, then rows of V and Q are lost and cannot be recovered.

(iii) If a node l fails permanently after passing the fail-checks of all of its r − 1

guardians, but before starting the next aggregation process. In this scenario mass
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conservation is violated because l’s primary data is not used within that aggregation

process and l’s guardians are not aware of it.

Note that the probability for these scenarios can be reduced by increasing the

overhead in terms of fail-checking frequency. Moreover, the resilience properties of

the distributed orthogonalization method depend also on the choice of the DDAA.

Using the push-flow or push-cancel-flow (see Section 3.2.3) as the underlying ag-

gregation algorithm for rdmGS allows for recovering from mass loss caused by link

failures and thus increases the resilience of rdmGS to these types of failures. How-

ever, such modification helps only in the presence of link failures and message loss.

Even when a self-healing DDAA is used, the rdmGS algorithm still needs to preserve

the local values of a permanently failed node and thus, the nodes have to fail neatly.

To improve the scalability of rdmGS, a version build on vdmGS (Section 5.3) can

be constructed.

Node Management

So far, we have not discussed how the guardians and protégés are chosen, if a node

fails. Many strategies can be suggested for managing the nodes and it may signif-

icantly influence the performance of the rdmGS algorithm. The following aspects

should be taken into account, when designing the node management strategy in

rdmGS.

First of all, the selection process should follow the objective of balancing the load

across the active nodes. Since all nodes update the values of the primary as well as

of the backup data, the more data they store, the more local computation they have

to execute. Furthermore, the selection process has an impact on the distribution of

the data among guardians and protégés and on the cost related to it. For instance, if

primary data of node l is backed up always partially across several nodes, restoring

the primary data when node l fails is naturally more complicated compared to the

situation, when always the entire primary data of l are stored in one node. If a failed

node has more guardians, a mechanism has to be established which determines, who

takes the responsibility for the primary data of the failed node.

However, the choice of the most effective scheme essentially depends on the

concrete topology, properties of the system and particular preferences. In some

situations it is more efficient to choose one of the neighbors to store the back-up

data in order to avoid complex routing across the network. In contrast, if there is a

high probability that with a node also its neighborhood fails, the algorithm should

back up the data at a more remote node. Consequently, we omit recommending any

concrete suggestions in this thesis, because a lot of details play an important role in

designing a concrete scenario.
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Simulation Results

To illustrate the properties of rdmGS, we developed a simulation model based on

push-sum in the ns-3 network simulator. Simulation results are shown for orthog-

onalizing a matrix V ∈ R512×32 on a wired network with a hypercube topology on

N = 29 nodes and with r = 2 (i. e., each node has one guardian). The times until

failure of a node are exponentially distributed with mean λ = 15 [s], and nodes fail

neatly in the push-sum algorithm.

The termination criterion for the push-sum algorithm is in this case the pre-

scribed number of rounds tmax to be executed, tmax ∈ [300:50:600]. For every value

of tmax we ran 100 simulations in total. In our simulations the initial setup evenly

distributes the rows of V over all nodes in the system and cyclically sets up guardian

nodes, i. e., the guardian of node l is node (l − 1) mod N , so that there is exactly

one guardian and one protégé for every node. If the guardian (l− 1) of node l fails,

node l searches for a next active node in the row, i. e., the first active from nodes

l − 2, l − 3, . . . as the new guardian.

Every simulation yields a relative factorization error and orthogonality, a count

of failed nodes and two flags. One flag indicates whether a full result could be

achieved and the other, whether the network stayed connected. The flag “no full

result” refers to scenarios where a node and its backup node both failed between

checks for node failures (within the call of push-sum), which causes the complete

loss of information and thus no full result can be delivered.

Figure 5.13 on page 87 shows the relative factorization error ‖V − Q̂R̂‖2/‖V ‖2
of matrices Q̂ and R̂ computed by rdmGS. We observe that for small tmax, low

accuracy of push-sum leads to low accuracy of rdmGS and the more rounds per

push-sum were executed, the more accurate the factorization is, as expected. The

larger the number of rounds tmax, the longer the rdmGS algorithm runs, and thus,

the higher chance that such a node failure constellations occurs, which rdmGS cannot

recover from. Moreover, the longer rdmGS runs, the more nodes fail and thus, the

higher probability that the network gets disconnected. Consequently, the fraction of

simulation runs where rdmGS does not produce the full result due to node failures or

disconnected network tends to grow with tmax. In Figure 5.14 on page 87, we observe

analogous behavior of the orthogonality of the matrix Q̂ computed by rdmGS.

From simulation results shown in Figure 5.13 and Figure 5.14 we can conclude

that there is a certain range of tmax where factorization accuracy and orthogonality

achieved by rdmGS are excellent and in most cases the rdmGS algorithm recovers

from node failures (90% - 95%). For the simulation setup considered in this thesis

this range is around tmax = 550.
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Figure 5.13: Relative factorization error of matrices computed by rdmGS for λ = 15 [s]
over a hypercube topology with N = 29 nodes. For every value of tmax

rounds, 100 simulations were run.
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Figure 5.14: Orthogonality of matrix Q computed by rdmGS for λ = 15 [s] over a hyper-
cube topology with N = 29 nodes. For every value of tmax, 100 simulations
were run.

Figure 5.15 on page 88 depicts the average number of failed nodes for each value

of tmax. As expected, the more rounds per push-sum, the longer the algorithm runs

and the more nodes fail. In our settings between 50 and 150 of the 512 nodes failed

per simulation run and on average 94.95 nodes over all values of tmax. Figure 5.16

on page 88 shows the distribution of the number of failed nodes depending on the

maximum number of rounds tmax per push-sum.

5.6 Synchronization Issues

Distributed algorithms with low synchronization requirements are gaining attention

in many application areas. In tightly coupled computers with massive parallelism,

ensuring synchronization between nodes becomes more and more challenging with

increasing size of the systems. In loosely-coupled distributed systems, such as (wire-

less) sensor networks or mobile ad-hoc networks, full global synchronization of com-
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Figure 5.15: Average number of node failures per simulation for λ = 15 [s] and varying
tmax. The black line depicts the number 94.95, which is the number of failed
nodes averaged over all simulation runs and all tmax.

Figure 5.16: Distribution of node failures in rdmGS for λ = 15 [s] and varying tmax.

putation across nodes can be very challenging in terms of good scalability and energy

efficiency (Simeone et al., 2008). But it is important to point out that in the context

of wireless sensor networks the main focus is on clock synchronization or synchro-

nization to a physical media for transmission, which has been extensively address

in the literature (e. g., Leng and Wu (2011); Yang et al. (2012); Awerbuch (1985);

Peleg and Ullman (1987); van Greunen and Rabaey (2003)). In contrast, we focus

exclusively on synchronization on the algorithmic level. The goal is to effectively

control the progress of a distributed algorithm in individual nodes, in the ideal case

without using global synchronization barriers, in such a way that a correct result is

computed with possibly lowest communication cost.

In this section, we investigate how much the nodes need to coordinate their local

computation during orthogonalizing a matrix using the dmGS algorithm, regardless
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of the underlying hardware properties. Due to the flexibility their communication

schedules, gossip-based DDAAs appear very attractive for systems, where ensuring

synchronization of processes is difficult. However, in more complex algorithms such

as dmGS, which comprise multiple calls of distributed data aggregation algorithms

in sequence, the situation is different. Even if the DDAA is resilient to asynchrony, it

does not necessarily hold for a sequence of such building blocks. We discuss potential

problems, which may occur during dmGS if the nodes proceed independently of each

other, and we introduce several synchronization strategies.

Our goal is to identify a strategy for delivering results in full accuracy with as

few synchronization points in the algorithm as possible. We use the terms “synchro-

nization point” or “global barrier” for a spot in the computation, where each node

waits until every other node in the network has reached this spot before proceeding

further. It is analogous for example to the MPI routine called MPI Barrier (see

Appendix A).

As explained in Section 5.1, in dmGS nodes exchange messages only during the

distributed aggregation algorithm. If the DDAAs are globally synchronized, which

means that all nodes start and finish every instance of DDAA jointly, the messages

circulating in the network at one moment belong always to the same instance of

the distributed aggregation algorithm. However, if all nodes call and finish the

DDAA independently, messages exchanged in the network at a certain time may

correspond to different instances of the DDAA. In this case, we extend each message

by adding an identifier of the call of a DDAA denoted as ddaaID. Because dmGS

executes always the same number of DDAAs in the same order, the identifier ddaaID

guarantees that nodes can assign received messages to the right call of the DDAA. If

node l receives a message, it compares the ddaaID contained in the received message

(ddaaIDrec) with the ddaaID of its local computation (ddaaIDloc), and performs the

following steps accordingly:

(i) If (ddaaIDrec < ddaaIDloc), node l cannot use the received data anymore,

because it is already further in the computation than the neighbor who sent the

message. Thus the received message is discarded.

(ii) If (ddaaIDrec > ddaaIDloc), the message comes from a neighbor who is ahead

in the computation compared to node l. The message is stored and used later, when

node l reaches the corresponding instance of the DDAA.

(iii) If (ddaaIDrec = ddaaIDloc), node l immediately uses the received value for

updating its current local status.
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5.6.1 Synchronization Strategies

The dmGS algorithm consists of a sequence of local computations in nodes and

distributed data aggregation algorithms proceeding in rounds (see Algorithm 9 on

page 65). Due to this granularity we have several possibilities where to place synchro-

nization barriers into dmGS. We explore and compare the following synchronization

strategies:

(S3) Fully synchronized (Algorithm 12): a global barrier is placed before each round

in every instance of the DDAA. All nodes proceed to the next same round in the

distributed summation only if all nodes in the network have finished the current

round and are ready to continue.

Algorithm 12 (S3) Fully synchronized

Input: V ∈ Rn×k, n ≥ k, V distributed row-wise over N nodes

Output: Q ∈ Rn×k, R ∈ Rk×k

1: for i = 1 to k do

2: local computation in nodes

3: global barrier

4: DDAA with global barrier before every round

5: local computation in nodes

6: for j = i+ 1 to k do

7: local computation in nodes

8: global barrier

9: DDAA with global barrier before every round

10: local computation in nodes

11: end for

12: end for

(S2) DDAAs synchronized (Algorithm 13): a global barrier is placed before each

instance of the DDAA, but the individual rounds within one DDAA are not syn-

chronized across the nodes.

Algorithm 13 (S2) DDAAs synchronized

Input: V ∈ Rn×k, n ≥ k, V distributed row-wise over N nodes

Output: Q ∈ Rn×k, R ∈ Rk×k

1: for i = 1 to k do

2: local computation in nodes

3: global barrier

4: DDAA without synchronization of rounds

5: local computation in nodes

6: for j = i+ 1 to k do

7: local computation in nodes

8: global barrier

9: DDAA without synchronization of rounds

10: local computation in nodes

11: end for

12: end for
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(S1) Wait for a neighbor (Algorithm 14): a node stops refining its current estimate

in the DDAA as soon as it receives a message with a higher ddaaID than is its

local value, which means that at least one of its neighbors is further ahead in the

computation. If a node does not receive any message with a higher ddaaID, it

continues with the current instance of DDAA until the stopping criterion is satisfied.

(S0) Fully asynchronous: nodes proceed completely independently of each other

without coordinating the calls of a DDAA or the rounds withing a DDAA. They use

only the ddaaID number to assign a received value to the correct computation.

Algorithm 14 (S1) Wait for a neighbor

Input: V ∈ Rn×k, n ≥ k, V distributed row-wise over N nodes

Output: Q ∈ Rn×k, R ∈ Rk×k

1: for i = 1 to k do

2: local computation in nodes

3: DDAA terminating based on progress of neighbors

4: local computation in nodes

5: for j = i+ 1 to k do

6: local computation in nodes

7: DDAA terminating based on progress of neighbors

8: local computation in nodes

9: end for

10: end for

5.6.2 Communication Cost of Synchronization Strategies

Strategies (S3) and (S2) require global synchronization barriers, which causes some

communication overhead in practice. Especially (S3) with a global barrier before

each round in every DDAA is very strongly synchronized, but may be also expensive

in terms of communication cost. The strategy (S1) does not use any barriers, but

only adjusts the computation according to the received messages, so it does not

introduce any additional cost for synchronization. An important question is if some

of the partially asynchronous strategies have lower overall communication cost than

the completely synchronized (S3).

The cost of the synchronization strategies (S2) and (S3) depends crucially on the

concrete implementation of the global barrier. There are several methods how to

implement a synchronization barrier across a system with different communication

cost (Hoefler et al., 2004). For simplicity, we assume that each node sends exactly

one message in a synchronization barrier, which is a coarse lower bound for the

communication cost. The total number of messages sent in dmGS can be calculated

as:

C = P ·R ·M + S,
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where P is the number of calls of the DDAA, R is the number of rounds per DDAA,

M is the number of messages sent per round and S is the total number of messages

spent on synchronization. In this thesis we assume that in every round of a DDAA,

each node sends one message, therefore M = N .

Because each global barrier means at least N messages, the synchronization

strategy (S3) using a global barrier before each round of the DDAA has the total

communication cost

CS3 ≥ P ·RS3 ·N + P ·RS3 ·N = 2 · P ·RS3 ·N.

The synchronization strategy (S2) uses a global barrier only before each call of

the DDAA. Thus, the total communication cost of (S2) is

CS2 ≥ P ·RS2 ·N + P ·N = P · (RS3 + 1) ·N.

The last synchronization strategy (S1) does not use any synchronization barrier,

therefore S = 0 and the total number of messages sent is

CS1 ≥ P ·RS1 ·N.

Clearly, if we want to compare the individual strategies in terms of communica-

tion cost and decide which of them is the least expensive, we have to focus especially

on the concrete number of rounds executed in the DDAAs. From the communication

cost summarized above we get that CS3 ≥ CS2 ≥ CS1 if 2RS3 ≥ RS3 + 1 ≥ RS1.

This is experimentally investigated in the next section.

5.6.3 Simulation Results

We compare dmGS based on push-sum with the three synchronization strategies (S1)

- (S3) in terms of convergence speed, final accuracy achieved and communication

cost. In order to investigate the influence of different levels of synchronization on

dmGS, we implemented all variants in a simulator based on ns-3. To study the

impact of asynchrony we use a simple model of different timesteps between rounds in

each node. The timestep for each node is generated from an exponential distribution

with mean β = 1. In the simulations, all nodes start executing dmGS at the same

time.

We evaluate dmGS applied to a square matrix V ∈ RN×N with elements ran-

domly generated from a uniform distribution. The matrix V is distributed row-wise

over a random topology with N = 25 nodes and diameter 4. As termination crite-

rion for push-sum we use the prescribed maximum number of rounds. Note that in



5.6. SYNCHRONIZATION ISSUES 93

strategies (S2) and (S3), each DDAA executes always exactly the given number of

rounds, whereas in the strategy (S1) some of the nodes terminate before executing

the maximum number of rounds.

Simulations showed that the fully asynchronous strategy (S0) does not always

deliver correct results. Even if the nodes can assign the received information to

the correct instance of the push-sum algorithm, individual nodes drift apart in the

computation and thus they receive less and less information they need from their

neighbors. Either a node is too fast and all other nodes are far behind in the

computation, or a node is too slow and cannot get any messages from other nodes

corresponding to its instance of the push-sum.

Figure 5.17 shows that all strategies reach the same order of accuracy in terms

of the orthogonality of the computed matrix Q. However, the executed number of

rounds in the push-sum for reaching the highest accuracy differs. We see that the

strategy (S3) (fully synchronized dmGS) needs about RS3 = 320 rounds per push-

sum, whereas the other two strategies need around 100 rounds more to achieve the

final accuracy. This concrete numbers of rounds obtained from the simulations we

use for comparing the communication cost for this example.
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Figure 5.17: Orthogonality of Q̂ computed by dmGS using push-sum with different syn-
chronization strategies across a random network with N = 25 nodes and
diameter 4.

Figure 5.18 on page 94 presents simulation results comparing all investigated

synchronization strategies in terms of the number of messages sent per node for

achieving a certain level of orthogonality of the computed matrix Q. First of all,

we see that the fully synchronized strategy (S3) has much higher communication

cost than the other strategies. In our case studies RS3 = 320 and RS1 = 420

(see Figure 5.17), therefore CS1/CS3 = RS1/2RS3 < 1. Second, we see in Figure 5.18

that the final communication cost of (S1) and (S2) in our case study is comparable,
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Figure 5.18: Number of messages per node in dmGS using push-sum for achieving a certain
orthogonality level of Q̂ with different synchronization strategies across a
random network with N = 25 nodes and diameter 4.

because CS1/CS2 = RS1/(RS2+1) ≈ 1 and the strategy (S2) executed approximately

the same number of rounds to converge as (S1) (see Figure 5.17).

In the strategy (S1) it is not guaranteed that all nodes execute the same instance

of DDAA at every moment. Thus, some received messages may have to be discarded,

if the receiver is already ahead in the computation. According to the simulation

results, on average (over all calls of the DDAA) (S1) discarded 0,5% of all messages

if the maximum number of rounds was set to 500. With the maximum number of

rounds set to 100, (S1) discarded 2% of all messages.

Simulation showed that a very weakly synchronized variant (S1) of dmGS, which

uses only local information from neighbors, delivers the same level of accuracy as

the fully synchronized dmGS. The synchronization strategy (S1), where the nodes

decide about their progress based only on their neighborhood, appears to be also ad-

vantageous in terms of communication cost. Consequently, it seems to be suited for

decentralized systems, where global synchronization is very expensive or impossible.

Note that we used a coarse lower bound for estimating the cost for a synchro-

nization barrier and in real scenarios, the communication cost a global barrier and

consequently, for (S3) and (S2), may be higher. Although simplified, this coarse

analysis serves for giving a general picture of the aspects influencing the communi-

cation cost of the different synchronization strategies. The same conclusions can be

used also for vdmGS (Section 5.3). The improved orthogonalization vdmGS differs

from dmGS in the number P of DDAAs executed, but the number P does not play

a role in the final comparison in terms of communication cost.
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5.7 Comparison with Consensus-Based Approaches

A potential drawback of the distributed gossip-based orthogonalization algorithm

dmGS (Section 5.1) is its fixed algorithmic structure computing the matrix Q column

by column (in sequence). Although the communication schedules in DDAAs are

flexible, the orthogonalization algorithm itself is organized in fixed for-loops (see

Lines 1 and 7 in Algorithm 9 on page 65) which compute one column of Q after

another. This means that computation of the ith column of Q is not started until

the (i− 1)th column of Q is finished.

In a failure-free system, such fixed structure may not bring any disadvantages.

But if the computation of dmGS gets interrupted, for instance due to a temporary

disconnection of the network, the dmGS algorithm cannot provide an estimate of

the entire matrices Q and R, but only of their parts (rows and columns) computed

before the breakdown. Note that the same problems remain also in the vdmGS

algorithm.

In Sluciak et al. (2012) we presented dc-cGS , a consensus-based distributed clas-

sical Gram-Schmidt orthogonalization. Like gossip-based algorithms, dc-cGS pro-

ceed in a decentralized way without a fusion center and assumes only local communi-

cation between neighboring nodes without global knowledge about the topology. In

contrast to dmGS, the dc-cGS algorithm approximates all elements of both matrices

Q and R simultaneously and as the algorithm proceeds, the values at all nodes are

refined iteratively and approximate the exact values of the complete matrices Q and

R. Consequently, dc-cGS can deliver an estimate of whole result, both matrices Q

and R at any moment of the computation.

In order to estimate the full result at once, dc-cGS needs to be based on classical

Gram-Schmidt orthogonalization, which is numerically less stable than the mGS. As

shown in Section 2.1, in modified Gram-Schmidt orthogonalization the input matrix

V gets updated after each computed column of Q. Because the input matrix V

depends on the previously computed columns, it cannot be used for delivering the

full result at once. Due to the fact that the classical Gram-Schmidt method works

all the time with the same input matrix V , it could be used for designing the new

algorithm estimating all elements of the new orthogonal basis simultaneously.

Another difference from dmGS is the considered distributed aggregation algo-

rithm. The dc-cGS algorithm is based on a dynamic consensus algorithm (see

Section 3.2.5), which is designed for processing dynamic time-varying signals. In

our case, the time-varying input are the refined approximations of the 2-norm and

the dot product needed in the Gram-Schmidt orthogonalization for computing the

matrices Q and R.
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The dc-cGS algorithm has the same input and output matrices as dmGS, namely

matrix V ∈ Rn×k as input and it returns matrices Q ∈ Rn×k and R ∈ Rk×k. The

matrices V and Q are distributed row-wise across the network, meaning that each

node stores block of rows of the matrix V , corresponding rows of the matrix Q and

an estimate of the entire matrix R. In case where n > N , more rows must be

stored at the node and each node sums the data locally before broadcasting to its

neighbors, analogously to gossip-based approaches (Section 4.2).

Although using dynamic consensus as the underlying algorithm makes it possi-

ble to deliver an approximation of the the QR factorization at any moment, dc-cGS

suffers from different disadvantages than dmGS. First, drawback of dc-cGS is the

requirement of synchronously working nodes, originating from the consensus algo-

rithm, which communicates with all neighbors at once, instead of choosing one ran-

dom communication partner. Second, the algorithm is based on the classical Gram-

Schmidt orthogonalization, it is substantially less numerically stable compared to

dmGS, as illustrated in the next section.

Simulation Setup

We compare the dmGS algorithm with push-sum, which is based on the modi-

fied Gram-Schmidt orthogonalization and several methods based on classical Gram-

Schmidt orthogonalization: dcGS based on the push-sum algorithm, dc-cGS utilizing

dynamic consensus and also the algorithm denoted as sc-cGS using static consen-

sus (Section 3.2.5). For comparisons in terms of communication cost we used the

vectorized versions of the gossip-based QR factorization — vdmGS.

We compare the distributed algorithms for QR factorization in terms of two

aspects:

(i) the influence of the condition number κ(V ) of the input matrix V on the

orthogonality of the computed matrix Q̂.

(ii) the communication cost in terms of the number of messages as well as the

amount of data sent.

5.7.1 Numerical Stability

As mentioned earlier, the classical Gram-Schmidt orthogonalization process has

worse numerical properties than the modified Gram-Schmidt method (see e. g., Tre-

fethen and Bau (1997) or Golub and Van Loan (1996)). In cases where the input

matrix V has a high condition number κ(V ), the computed vectors Q̂ can be far

from orthogonal even when computed in a high precision.

Presented results showing the influence of the condition number κ(V ) of the
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input matrix V ∈ R300×100 on the final accuracy are based on Matlab simulations.

The four investigated algorithms factorized the input matrix over a fully connected

network with N = 30 nodes, each of them storing 10 rows of the input matrix. The

values shown are averages of results for ten different matrices for each condition

number.

Figure 5.19 depicts the dependency of the orthogonality of the matrix Q on the

condition number of the input matrix V . With growing condition number of the

input matrix the orthogonality of the matrix Q is decreasing. Note that all methods

based on classical Gram-Schmidt method achieve significantly worse results than

dmGS based on modified Gram-Schmidt orthogonalization, which is in compliance

with the theory.
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Figure 5.19: Influence of the condition number κ(V ) of the matrix V ∈ R300×100 on the
orthogonality of Q̂ computed by different distributed QR factorization algo-
rithms over a fully connected network with N = 30 nodes. Averaged over 10
matrices for each condition number.

5.7.2 Communication Cost

Analytically quantifying communication cost of a distributed algorithm essentially

depends on the type of the communication considered, namely point-to-point com-

munication or broadcasting (see Section 4.4). Distributed QR factorization based

on gossiping communicates with one neighbor in round of the DDAA and thus

its communication cost is always the same regardless of the type of the commu-

nication. In contrast, dc-cGS and sc-cGS communicate with all neighbors in each

round. Consequently, if broadcasting is possible, only one message is required to

reach all neighbors. In point-to-point communication, every node needs one mes-

sage for each neighbor in every round, which makes the overall communication cost

much higher compared to wireless systems. This is the only section in this thesis
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where we provide communication analysis assuming broadcasting and not point-to-

point communication, because dynamic consensus is developed mostly for wireless

networks.

The presented figures compare the number of messages and amount of data

sent for all four distributed QR factorization methods when factorizing a matrix

V ∈ R300×100 over a regular graph with N = 30 and node degrees d = 5. We

can observe that the gossip-based approaches exchange, in general, less data (Fig-

ure 5.20), but since their message size is much smaller than in dc-cGS, they send

more messages in wireless networks, as can be seen in Figure 5.21 on page 99. Simu-

lation confirmed these conclusions also for other topologies, such as fully connected

or random geometric topologies.
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Figure 5.20: Amount of data sent per node in different distributed QR factorization algo-
rithms factorizing a matrix V ∈ R300×100 over a regular graph with N = 30
and node degree d = 5.

In wireless sensor networks it is in general more efficient to transmit as few

messages as possible, because the energy consumption in a wireless sensor network

is mostly influenced by the number of transmissions (Rost and Fettweis, 2010).

Consequently, dc-cGS seems to be the most suitable method for wireless sensor

networks in terms of energy consumption. The big drawback of dc-cGS is its pure

numerical properties. In Figure 5.20 as well as in Figure 5.21 we can notice that

the matrices computed by dc-cGS are significantly less accurate compared to the

other methods. The reasons for such behavior have to be investigated in detail in

the future.

The topology of the network has an impact on the communication cost of all

the methods. In particular, it influences the number of iterations Isc and Idc needed

for convergence in static and dynamic consensus, respectively, and the number of

rounds R needed for convergence of push-sum in the gossip-based approaches. The
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Figure 5.21: Number of messages sent per node in different distributed QR factorization
algorithms factorizing a matrix V ∈ R300×100 over a regular graph with
N = 30 and node degree d = 5.

theoretical comparison of the communication cost of all distributed QR methods for

a general rectangular matrix V ∈ Rn×k is summarized in Table 5.2.

# messages sent # words sent Local memory re-
quirements

dc-cGS N · Idc N · Idc · k
2+5k
2 O(nk/N + k2)

sc-cGS N · Isc · (k+1)k
2 N · Isc · (k+1)k

2 O(nk/N+k2)

vdcGS N ·R · (2k − 1) N ·R · k2+5k−2
2 O(nk/N)

vdmGS N ·R · (2k − 1) N ·R · k2+5k−2
2 O(nk/N)

Table 5.2: Comparison of different distributed algorithms in a wireless system when fac-
torizing a matrix V ∈ Rn×k. The number of iterations of consensus-based
approaches and the number of rounds for gossip-based algorithm is denoted by
Isc or Idc and R, respectively.

5.8 Summary of the Chapter

As the title indicates, this chapter focused on design and analysis of distributed

algorithms for computing a QR factorization. We introduced dmGS in Section 5.1,

a distributed QR factorization based on modified Gram-Schmidt orthogonalization

utilizing gossip-based aggregation algorithms as building blocks. Any communica-

tion in dmGS is based exclusively on randomized information exchange and thus it

offers many attractive properties.

First, we illustrated in Section 5.2 that the numerical properties and stability

of the sequential algorithms are preserved also in the distributed versions, when
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the sums are replaced by distributed aggregation algorithms. Consequently, dmGS

has better numerical behavior in terms of orthogonality of the matrix Q than dis-

tributed classical Gram-Schmidt orthogonalization. We also showed, experimentally

as well as theoretically that the final numerical accuracy of dmGS corresponds to

the accuracy of the executed distributed summation. As a consequence, the numer-

ical properties of the used DDAA directly translate to the higher level operations.

Therefore, distributed matrix algorithms based on the push-flow algorithm, which

has inferior numerical properties, deliver substantially less accurate results than dis-

tributed algorithms based on push-sum or on push-cancel-flow with much better

numerical properties.

The push-sum algorithm does not tolerate any unreported failures, as illustrated

in Section 5.5.1. We have shown that dmGS with push-sum experiences a significant

loss in orthogonality of the matrix Q when messages are lost during the computation.

Moreover, we discussed the behavior of dmGS in the presence of permanent node

failures in Section 5.5.2 and we presented a modified version rdmGS , which can

tolerate even several permanent node failures thanks to introducing redundancy of

the original input data across the network.

The dmGS algorithm consists of a sequence of local computations and distributed

summations accomplished by a distributed data aggregation algorithm. Because the

nodes communicate only within the DDAA, the whole orthogonalization algorithm

scales with the increasing number of nodes N like the used distributed data aggre-

gation algorithm. The most limiting factor of dmGS in terms of scalability is the

growing number of columns k. Thus, in Section 5.3 we suggested a modification of

dmGS called vdmGS , where we replaced several calls of a scalar DDAA by one call

of its vector version. This modification does not have any influence on the numer-

ical accuracy or convergence behavior of the distributed orthogonalization, but it

substantially improves the scalability of dmGS with increasing number of columns

k in terms of the number of messages sent.

Although parallel and distributed algorithms work under different assumptions,

we compared the communication requirements of dmGS with existing state-of-the-

art parallel algorithms in Section 5.4. The communication-optimal CAQR par-

allel algorithm has the lowest communication cost requirements, by a factor of

n/(
√
N/ log2(N)) lower than vdmGS. But vdmGS has comparable communication

cost to parallel mGS in terms of messages sent as well as amount of data sent.

Gossip-based DDAAs, such as push-sum, are known for working in asynchronous

networks. However, in an algorithm comprising several calls of a gossip-based

DDAA, such as the dmGS algorithm, the situation is different. We suggest and

investigate several synchronization strategies, which differ in the number of synchro-



5.8. SUMMARY OF THE CHAPTER 101

nization points required. Simulations presented in Section 5.6 showed that already

a very weakly synchronized strategy delivered full results in high accuracy. Because

it uses only information from neighbors, it is very suitable for decentralized sys-

tems where global synchronization would be too challenging. Nevertheless, it has to

be investigated, how this strategy behaves with increasing number of nodes in the

network.

In Section 5.7, we reviewed a different approach to distributed QR factoriza-

tion, namely the distributed algorithm dc-cGS utilizing dynamic consensus, and we

compared it to gossip-based distributed algorithms. The main advantage of this

approach is its ability to estimate the entire matrix Q at once, in contrast to dmGS,

which computes the matrix Q column by column. Although dc-cGS sends a low

number of messages compared to other distributed QR factorization algorithms, it

has very weak numerical properties. The exact reasons for the inaccurate results

have to be studied in the future.
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Chapter 6

Distributed Orthogonal

Iteration

We introduce and analyze a distributed eigensolver dOI based on orthogonal itera-

tion using the gossip-based dmGS algorithm introduced in Chapter 5 as a building

block. Orthogonal iteration (see Section 2.2) is a simple algorithm for computing the

k principal eigenpairs of a matrix A ∈ Rn×n and it is a good prototypical example

of a matrix algorithm building on QR factorization. Thus, we can nicely illustrate

the properties and the challenges of designing a more complex matrix distributed

algorithm based on gossiping. In particular, we illustrate how accuracy-performance

trade-offs in gossip-based data aggregation algorithms can lead to a substantial re-

duction in communication cost of the dOI algorithm.

This chapter mostly builds on two publications, namely Straková and Gansterer

(2013) introducing the dOI algorithm and analyzing it in terms of numerical accu-

racy and communication cost, and Straková et al. (2013), where the fault tolerance

properties and the convergence behavior of dOI have been investigated. The fault-

tolerant DDAAs push-flow and push-cancel-flow were introduced in Gansterer et al.

(2013) and Niederbrucker et al. (2012), respectively.

First of all, we discuss how to design a distributed matrix-matrix multiplication

for dOI, an important (missing) building block for constructing a flexible and fault

tolerant distributed orthogonal iteration dOI. Then, we analyze the new dOI algo-

rithm in terms of numerical accuracy and communication cost and we discuss its

convergence properties. Furthermore, we illustrate the important advantages of dOI

over the existing distributed orthogonal iteration by Kempe and McSherry (2008),

which we call KOI . The last part of this chapter is dedicated to discussing properties

of dOI in the presence of failures.

103
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6.1 Towards Highly Flexible and Resilient dOI

The orthogonal iteration algorithm consists of two parts, as described in Algorithm 3

on page 35: matrix-matrix multiplication and QR factorization. Kempe and McSh-

erry (2008) replaced QR factorization in their distributed orthogonal iteration by

a mathematically equivalent sequence of a distributed summation and locally com-

puted matrix operations, such as Cholesky factorization and solving a linear system

(see Algorithm 6 on page 49). Consequently, a preliminary version towards our

new distributed orthogonal iteration dOI is established by replacing this sequence

of operations in KOI (Lines 5-8 in Algorithm 6) by the gossip-based distributed QR

factorization dmGS (Section 5.1). This can be done directly, as the data distribu-

tion in KOI and the one expected by dmGS fits perfectly; both matrices V and Q

are distributed row-wise across the network. The main advantage of using dmGS

is avoiding complex computations in nodes. Especially in simple sensor networks it

cannot be assumed that the nodes can (efficiently) compute Cholesky factorization

or solve a linear systems on matrices.

However, the matrix-matrix multiplication with exclusively deterministic com-

munication schedules, which is the same as in KOI, prevents the whole algorithm

from benefiting from the properties of gossip-based algorithms, such as flexibility and

potential for high resilience. Moreover, due to this particular matrix-matrix multi-

plication the resulting orthogonal iteration works only for input matrices which have

the structure of the adjacency matrix of the underlying network, if communication

only with nearest neighbors is allowed (see Section 3.2.4).

As a consequence, if we want to achieve high flexibility and fault tolerance of the

distributed orthogonal iteration algorithm, we have to develop a flexible distributed

algorithm for matrix-matrix multiplication.

6.2 Distributed Matrix-Matrix Multiplication

It is important to point out that in this thesis we focus on developing a distributed

algorithm for matrix-matrix multiplication in the specific context of the gossip-based

distributed orthogonal iteration using dmGS for distributed QR factorization. This

context determines especially the data distribution of the input and output matrices.

Any distributed matrix-matrix multiplication algorithm in the context of dOI needs

a row-wise or column-wise distributed matrix A and a row-wise distributed matrix

Q as input. It produces a matrix V = AQ also distributed row-wise, which is then

used as input for the distributed QR factorization dmGS.

We describe three gossip-based approaches for a special case of multiplying two
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matrices A ∈ Rn×n and Q ∈ Rn×k across N nodes. All three approaches work

for multiplying general rectangular matrices A ∈ Rn×m and Q ∈ Rm×k, but the

special case with square matrix A is relevant for the distributed orthogonal iteration

presented in the second part of this chapter.

Similarly to reducing the communication cost of dmGS by employing the vector

push-sum in Section 5.3, we apply the principle of trading bandwidth for latency also

to the distributed matrix-matrix multiplication. As a result, all three variants have

the same asymptotic communication cost in terms of the total amount of data sent,

but they differ in the size and number of messages sent. The concrete communication

cost is provided for distributed algorithms using push-sum.

6.2.1 The dmmm Algorithm

The first version of distributed matrix-matrix multiplication called dmmm was intro-

duced in Straková et al. (2013). It is based on local computations of an outer product

followed by a distributed summation of matrices. The starting data distribution is

column-wise for the matrix A ∈ Rn×n and row-wise for the matrix Q ∈ Rn×k across

N nodes.

Algorithm 15 shows the dmmm algorithm for the case where n = N . Each node l

locally computes an outer product of the column A(:, l) and the corresponding row

Q(l, :), resulting in a local matrix X(l) ∈ RN×k, where

X(l)(i, j) = A(i, l)Q(l, j), 1 ≤ i ≤ N, 1 ≤ j ≤ k,

as written in Line 2 in Algorithm 15. Subsequently, a data aggregation algorithm

for summing matrices is called (Line 3 in Algorithm 15) to sum up all local outer

products X(l), 1 ≤ l ≤ N in a distributed way to produce an approximation of the

result V (l) ∈ RN×k,

V (l)(i, j) = X(1)(i, j) + ...+X(N)(i, j) = A(i, 1)Q(1, j) + ...+A(i,N)Q(N, j),

in every node l for 1 ≤ i ≤ N and 1 ≤ j ≤ k.

Algorithm 15 Distributed Matrix-Matrix Multiplication (dmmm)

Input: A ∈ RN×N , Q ∈ RN×k, A distributed column-wise, Q distributed row-wise

Output: V (l) ∈ RN×k in each node l

1: in each node l do:

2: X(l) ← A(:, i) ·Q(i, :)

3: V (l) ← matrix DDAA(X)
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If n > N , nodes may store several columns of A ∈ Rn×n and the corresponding

rows of Q ∈ Rn×k. Before calling the DDAA, every node computes the outer product

(Line 2 in Algorithm 15) of every locally stored column of A and the corresponding

row of Q, and sums all resulting matrices. More precisely, assume that a node

l stores nl columns A(:, l1), ..., A(:, lnl
) and nl rows Q(l1, :), ..., Q(lnl

, :). Then the

input matrix X(l) for the distributed summation (Line 3 in Algorithm 15) is locally

computed as

X(l) =

nl∑
j=1

A(:, lj)Q(lj , :).

Note that dmmm computes in each node l an estimate V (l) of the entire matrix

V , although only the lth row is needed later in the orthogonal iteration process as

input for the dmGS algorithm (or several rows, ifN < n). It introduces an additional

overhead, but this redundancy improves the robustness of the algorithm since the

data is naturally replicated across nodes. Thus losing data from nodes would not

be critical for proceeding in the computation. Due to its structure with only a

single call of the DDAA, dmmm is able to deliver an estimate of the entire matrix

V in every round and in every node. If the dmmm algorithm gets (temporarily)

interrupted, every node can continue with the currently computed local estimate of

the whole matrix V , if reduced accuracy is acceptable.

Communication Cost of dmmm

The dmmm algorithm using push-sum sends the same number of messages regardless

of whether N = n or N < n, because every node passes one matrix to the data

aggregation algorithm in both situation. In contrast, the total amount of data

differs, because the size of the matrix X(l) ∈ Rn×k, sent by each node l, depends on

the size of the input matrix Q ∈ Rn×k. The push-sum algorithm is called only once

during dmmm and it executes R rounds in total. In every round, each node l sends

one message of size nk+1, which contains a matrix X(l) ∈ Rn×k and a scalar weight.

Obviously, the size of the messages exchanged in dmmm grows with increasing size

n of the matrix A and the number k of computed eigenvectors. For large input

matrices A and many computed eigenpairs, the matrices X ∈ Rn×k may become

too big to be stored locally. Furthermore, also exchanging such large messages may

cause technical problems due to their sheer size. On the other hand, dmmm has low

communication cost in terms of numbers of messages sent compared to the other

gossip-based approaches, which is summarized in Table 6.1 on page 111.

To summarize, the dmmm algorithm is designed for situations, where matrices

of size n × k can be stored locally and also exchanged efficiently over the network.
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In particular, the dmmm algorithm is well suited for matrix-vector multiplication,

where the size of messages is reduced to n× 1.

Numerical Accuracy of dmmm

Analogously to the error analysis of distributed QR factorization provided in Sec-

tion 5.2.3, we analyze the numerical accuracy of the distributed matrix-matrix mul-

tiplication dmmm. We use an existing error analysis of an algorithm multiplying

two matrices A ∈ Rn×m and B ∈ Rm×k, when computing the product C = AB with

machine epsilon εmach. The normwise forward error bound on the error of matrix

C ∈ Rn×k is given in (Higham, 2002, Section 3.5):

‖C − Ĉ‖p ≤ γk‖A‖p‖B‖p, p = 1,∞, F γk = kεmach/(1− kεmach), (6.1)

where Ĉ(:, j) = (A+ ∆Aj)B(:, j), |∆Aj | ≤ γk|A|.
Obviously, if we set the working accuracy εw of the DDAA equal to εmach and

we assume that also other computations are carried out in precision εw = εmach, the

bound on the error in the computed matrix Ĉ in Equation (6.1) applies also to the

dmmm algorithm.

We study the numerical properties also experimentally. In particular, the impact

of the choice of the DDAA on the final relative accuracy of dmmm. Figure 6.1 shows

the accuracy ‖V̂ −AQ‖∞/‖AQ‖∞ for computing the distributed matrix product of

two randomly generated matrices A ∈ R1024×1024 and Q ∈ R1024×32 over a hypercube

with N = 2h, h = 5, .., 8 nodes and target accuracy ε = 10−15 of the DDAAs.
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Figure 6.1: Numerical accuracy of results computed by distributed matrix-matrix multi-
plications (dmmm) using push-sum (PS), push-flow (PF) and push-cancel-flow
(PCF) multiplying random matrices A ∈ R1024×1024 and Q ∈ R1024×32 over a
hypercube with N nodes and with accuracy ε = 10−15 of DDAAs.
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Similarly to dmGS in Section 5.2.2, dmmm using push-cancel-flow is basically

as accurate as dmmm using push-sum, whereas the result computed by dmmm with

push-flow is more than one order of magnitude worse and the quality even slightly

decreases with increasing N . Thus, we further omit detailed investigation of matrix

algorithms based on the push-flow algorithm.

6.2.2 The Scalar dmmm Algorithm (sdmmm)

In contrast to dmmm, which exchanges as large messages as possible, the second ap-

proach called scalar dmmm (sdmmm) sends the smallest possible messages. Whereas

in dmmm each node l computes the whole matrix V (l) at once by a single call of a

matrix DDAA, sdmmm computes the output matrix V = AQ element by element

in two nested for-loops, where a scalar DDAA is called nk times in total. The data

distribution is the same as for dmmm, namely the matrix A distributed column-wise

and the matrix Q distributed row-wise.

Algorithm 16 summarizes the sdmmm algorithm for a scenario where every node

stores one column of A and the corresponding row of Q, i. e., n = N . Before each call

of the DDAA, every node l computes a scalar product xl(i, j) of the corresponding

elements A(i, l) and Q(l, j) (Line 4 in Algorithm 16), which are then summed up

across all nodes, resulting in one element V (l)(i, j) of the final matrix V (l), where:

V (l)(i, j) = x1(i, j) + ...+ xN (i, j) = A(i, 1)Q(1, j) + ...+A(i,N)Q(N, j).

Algorithm 16 Scalar Distributed Matrix-Matrix Multiplication (sdmmm)

Input: A ∈ RN×N , Q ∈ RN×k, A distributed column-wise, Q distributed row-wise

Output: V (l) ∈ RN×k in each node l or

V ∈ RN×k distributed row-wise

1: in each node l do:

2: for i = 1, .., N

3: for j ← 1, .., k

4: x(l) = A(i, l) ·Q(l, j)

5: V (l)(i, j)← DDAA(x)

6: endfor

7: endfor

The distributed data aggregation algorithm estimates each element of V in all

nodes, and therefore, each node computes an approximation of the whole matrix V ,

as in dmmm. However, because the elements of V are computed one at a time, each

node l can potentially store only those elements which are part of the lth row of V

and immediately delete every V (l)(i, j), where i 6= l. Thus, in contrast to dmmm,
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the nodes do not necessarily need a local storage of size n× k.

If N < n, every node computes and sums the scalar product (Line 4 in Algo-

rithm 16) for all locally stored elements of a column of A and of a row of Q. If

a node l stores nl columns A(:, l1), ..., A(:, lnl
) and nl rows Q(l1, :), ..., Q(lnl

, :), the

input x(l) for the DDAA (Line 5 in Algorithm 16) is computed locally for each

1 ≤ i ≤ N, 1 ≤ j ≤ k as

x(l) =

nl∑
b=1

A(i, b)Q(b, j).

Communication Cost of sdmmm

As discussed above, the scalar DDAA in sdmmm is called nk times in order to sum

x(l) for all 1 ≤ i ≤ n and for 1 ≤ j ≤ k across all nodes l. Note that all instances of

the DDAA are independent and could be called simultaneously.

For multiplying the matrix A ∈ Rn×n with the matrix Q ∈ Rn×k by sdmmm

using push-sum, each node sends nkR messages, where R is the number of rounds

per push-sum. The messages have a constant size, because every message from node

l contains a scalar x(l) and a scalar weight for the push-sum algorithm. Therefore,

the number of messages sent by sdmmm is asymptotically the same as the amount

of data, namely O(nkR) per node.

On the one hand, the large number of messages sent in sdmmm may be inefficient

in wireless sensor networks, since the energy consumption usually corresponds to the

number of messages sent. On the other hand, for nodes with low storage capacities

it may be infeasible to store and send large messages, which may be required in

dmmm. For such situations, sdmmm offers a good solution.

6.2.3 The Vector dmmm Algorithm (vdmmm)

The vdmmm algorithm (shown in Algorithm 17 on page 110) represents a compro-

mise between sdmmm and dmmm in terms of size and number of messages sent.

In contrast to the previous two approaches, it assumes the input matrix A to be

distributed row-wise across the nodes. Moreover, vdmmm does not exchange in-

termediate products of A and Q (Line 2 in Algorithm 15 on page 105 and Line 4

in Algorithm 16 on page 108), but it simply replicates the matrix Q in its original

form across the network and nodes compute the products with the elements of A

locally.

The goal of the vdmmm algorithm is to compute in each node l a product of the

locally stored row A(l, :) and the whole matrix Q, in order to compute the lth row of

the result V (l, :) = A(l, :)·Q. In vdmmm, the vector DDAA emulates a broadcasting

algorithm (see Line 5 in Algorithm 17), which spreads the rows of the matrixQ across
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the network. When a node b wants to broadcast its row Q(i, :) to the rest of the

nodes by calling a distributed summation algorithm, it sets the input vector X ∈ Rk

for the DDAA to the row of the matrix Q to be broadcasted (Line 3 in Algorithm 17).

The rest of the nodes in the network initialize the vector X to a vector of zeros (Line

4 in Algorithm 17). Then, by calling a distributed aggregation algorithm, each node

l computes an estimate Q̃(l)(i, :) = Q(i, :)+(0, ..., 0)+ ...+(0, ..., 0) of the row Q(i, :).

The computed estimate Q̃(l)(i, :) is used for locally updating the row V (l, :) of

the matrix V in each node l:

V (l, :) = V (l, :) +A(l, i)Q̃(l)(i, :), for l = 1, ..., N.

As a result, each node l holds an estimate of the lth row of V ∈ Rn×k after n steps.

Note that in contrast to dmmm and sdmmm, in vdmmm each node computes only

those elements which are required in the node as input for dmGS. However, every

node receives during vdmmm enough information to compute locally an approxima-

tion of the complete matrix V, if needed.

Algorithm 17
Vector Distributed Matrix-Matrix Multiplication (vdmmm)

Input: A ∈ RN×N , Q ∈ RN×k, both A and Q distributed row-wise

Output: V ∈ RN×k, V distributed row-wise

1: in each node l do:

2: for i = 1, .., N

3: if (i = l) X(i, :) = Q(i, :)

4: else X(i, :)← (0, ..., 0)

5: Q̃(l)(i, :)← vector DDAA(X)

6: V (l, :)← V (l, :) +A(l, i)Q̃(l)(i, :)

7: endfor

Communication Cost of vdmmm

One vector DDAA is called for broadcasting each row of Q ∈ Rn×k, so vdmmm

calls the distributed aggregation algorithm n times in total. In vdmmm with push-

sum, each of the DDAAs executes R rounds with exchanging messages of size k+ 1.

Consequently, the number of messages per node is nR and the amount of data sent

per node is nR(k + 1), which is asymptotically the same as in the previous two

approaches.
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6.2.4 Comparison of Communication Cost

Table 6.1 shows the trade-offs between the number and size of messages per node in

the distributed approaches based on push-sum multiplying two matrices A ∈ Rn×n

and Q ∈ Rn×k distributed over N nodes. Note that the concrete number of rounds

R of the push-sum algorithm crucially depends on the underlying system’s size and

topology, and on the required accuracy level (cf. Section 3.2.2).

# calls of # messages size of message total amount of data
push-sum sent per node (in real numbers) sent per node

dmmm 1 R nk + 1 (nk + 1)R

sdmmm nk nkR 2 2nkR

vdmmm n nR k + 1 (k + 1)nR

Table 6.1: Communication cost of algorithms for distributed matrix-matrix multiplication
using push-sum multiplying matrices A ∈ Rn×n and Q ∈ Rn×k.

Communication Cost of 2.5D Matrix-Matrix Multiplication

Communication avoiding 2.5D matrix-matrix multiplication algorithm, which we

denote as CAMM , has been introduced by Solomonik and Demmel (2011). The

algorithm assumes the input matrices A ∈ Rn×n and B ∈ Rn×n distributed on

a processor grid of shape (P/c)1/2 × (P/c)1/2 × c. The authors presented how

the algorithm takes advantage of any amount of extra memory. In particular, if

c ∈ {1, 2, . . . , bP 1/3c} copies of the input matrices A and B are distributed over P

processors, the number of messages sent is CCAMM = O(
√
P/c3 + log c) and the

total amount of data transfered is DCAMM = O(n2/
√
cP ). Both values express

communication cost along the critical path. Consequently, the more copies of the

input data can be stored in the system, the fewer messages and data has to be

communicated.

For comparison with the distributed algorithms we assume c = 1, i. e., only one

copy of the data is distributed across the system, which is also known as Cannon’s

algorithm. In this special case, CCAMM = O(
√
P ) and DCAMM = O(n2/

√
P ).

We know that the dmmm algorithm sends Cdmmm = R messages and Ddmmm =

(n2 + 1)R amount of data for multiplying two square matrices of size n × n across

P nodes. Number of rounds R per push-sum depends essentially on the underlying

topology, but in every scenario the dmmm algorithm exchanges R
√
P times more

data than CAMM with c = 1.
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6.3 The dOI Algorithm

The new dOI algorithm for computing k principal eigenpairs of a matrix A ∈ Rn×n

was introduced in Straková et al. (2013). Its basic idea to replace the original matrix

computations by their distributed fully randomized versions. The structure of dOI

is shown in the right part of Algorithm 18, next to sequential orthogonal iteration.

The parts highlighted in red (Lines 3 and 4 in Algorithm 18) denote distributed

gossip-based matrix algorithms, namely distributed matrix-matrix multiplication

and distributed QR factorization. The dOI algorithm can use any of the designed

variants of the distributed matrix algorithms, namely dmmm, sdmmm and vdmmm

for distributed matrix-matrix multiplication and dmGS or vdmGS for distributed

QR factorization. If not stated otherwise, we assume dOI based on dmmm and

vdmGS. The input matrix A is distributed row-wise or column-wise, depending on

the version of matrix-matrix multiplication (Section 6.2). The matrices Qi and Vi

are distributed row-wise in each iteration i.

Because our dOI algorithm uses only randomized communication, it differs from

the existing distributed orthogonal iteration KOI designed by Kempe and McSherry

(2008) in several aspects. KOI is specifically designed for computing eigenpairs of

adjacency matrices, so it does not achieve the same flexibility with respect to the

underlying hardware as dOI, it cannot tolerate any kinds of failures, as shown in

Section 6.7 at the end of this chapter and it cannot exploit the accuracy-performance

trade-offs offered by gossiping.

Algorithm 18
Orthogonal Iteration and Distributed Orthogonal Iteration (dOI)

Input: A ∈ Rn×n, arbitrary Q0 ∈ Rn×k, number of iterations t
Output: eigenvectors Qt ∈ Rn×k, eigenvalues diag(Rt), Rt ∈ Rk×k

1: i = 0;
2: repeat
3: [Vi]← A ·Qi
4: [Qi+1, Ri+1]← qr(Vi)
5: i← i+ 1
6: until i = t

1: i = 0;
2: repeat
3: [Vi]← dmmm(A,Qi)
4: [Qi+1, Ri+1]← vdmGS(Vi)
5: i← i+ 1
6: until i = t

We illustrate many properties of the dOI algorithm as well as the compari-

son to the existing approach KOI by simulation results obtained from Matlab.

For comparisons to KOI, we use adjacency matrices of various underlying topolo-

gies (see Section 4.3.1). For investigating the behavior of dOI, we used random

symmetric matrices A ∈ Rn×n with elements from the interval [−100, 100], if not
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stated otherwise. The first six eigenvalues of each input matrix of dOI satisfy

|λ1| > |λ2| > |λ3| > |λ4| > |λ5| > |λ6| to guarantee that the orthogonal iteration

converges, since in our experiments we do not compute more than k = 5 eigenpairs.

The matrix Q0 is initialized with the first k unit vectors of size n and dOI always

runs for a prescribed number t of iterations. The data aggregation algorithms are

terminated as soon as the estimates in all nodes reach the target accuracy ε = 10−15

or the maximum number of rounds (cf. Section 4.3.2). In the following, “DP-OI”

denotes classical sequential orthogonal iteration in double precision floating-point

arithmetic.

6.4 Numerical Accuracy and Flexibility

We evaluate several metrics describing convergence behavior of dOI with increasing

number of iterations. We measure the relative error of the computed eigenvectors

‖Q − Q̂‖∞/‖Q‖∞, and the ith residual ‖AQ̂(:, i) − λ̂iQ̂(:, i)‖∞/‖A‖∞, where λ̂i is

the eigenvalue corresponding to the computed eigenvector Q̂(:, i).

Random Matrix over a Hypercube

First we study convergence behavior of dOI using push-sum, when the five principal

eigenpairs of a random symmetric matrix A ∈ R64×64 are computed over a hyper-

cube with N = 26 nodes. The ratios among the first six eigenvalues are similar,

between |λ6|/|λ5| = 0.828 and |λ2|/|λ1| = 0.898. Figure 6.2 on page 114 plots the

relative error of the five principal eigenvectors together with the expected conver-

gence rate, the maximal ratio (|λ2|/|λ1|)i (cf. Section 2.2) with increasing number i

of iterations. As can be seen, all of the eigenvectors converge with the same speed

as the maximal ratio or even faster, which corresponds to the theoretical analysis

of sequential orthogonal iteration. Figure 6.3 on page 114 compares the first and

the fifth eigenpair in terms of the accuracy of the residual computed by dOI and by

sequential orthogonalization. We observe that the residual decreases identically for

both methods with increasing number of iterations.

The Adjacency Matrix of a Geometric Topology

Next, we compute by dOI the five principal eigenpairs of the adjacency matrix A25

of a random geometric graph G25, which is depicted in Figure 6.4 on page 115. The

graph G25 has N = 25 nodes, the average node degree d̄ = 7.12, the maximum

node degree dmax = 10 and the minimum node degree dmin = 4. It potentially

models a small mobile or sensor network, where nodes can reach neighbors in a
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Figure 6.2: Convergence speed of the first five eigenvectors computed by dOI and the
expected convergence speed of the eigenvectors of a matrix A ∈ R64×64 over a
hypercube with N = 29 nodes with ε = 10−15.
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Figure 6.3: Convergence speed of the residuals of the first and fifth eigenpair computed
by dOI with ε = 10−15 of DDAAs and orthogonal iteration in double precision
(DP-OI).

communication range ρ = 0.4, and the topology is rather irregular, compared ,e. g.,

to hypercubes. The first six eigenvalues of A25 are λ1 = 7.73, λ2 = 6.85, λ3 = 4.09,

λ4 = −2.4, λ5 = −2.63 and λ6 = −2.82, which leads to the ratios |λ2|/|λ1| = 0.887,

|λ3|/|λ2| = 0.5965, |λ4|/|λ3| = 0.689, |λ5|/|λ4| = 0.9352 and |λ6|/|λ5| = 0.9095.

Figure 6.5 on page 115 shows the first five ratios (|λj+1|/|λj |)i, 1 ≤ j ≤ 5 with

increasing iterations i and convergence of the fourth eigenvector corresponding to

the maximal ratio of eigenvalues |λ5|/|λ4| = 0.9352. As can be seen, the convergence

speed of the fourth eigenvector corresponds to the rate of the maximal ratio. The

other four eigenvectors, which are not shown in the figure, converge with the same

speed or faster.
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Figure 6.4: Topology of the random geometric network G25 with N = 25 and ρ = 0.4.
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Figure 6.5: Convergence speed of the fourth eigenvector computed by dOI with ε = 10−15

and by centralized orthogonal iteration plotted next to all ratios of the eigen-
values for an adjacency matrix A25 ∈ R25×25 of the random geometric graph
G25 with N = 25 nodes.

To summarize, all simulations (e. g., Figure 6.3 or Figure 6.5) confirmed that

if the target accuracy in the push-sum algorithm is set to ε = 10−15, dOI behaves

identically to the centralized orthogonal iteration computed in double precision in

terms of the convergence speed of eigenvectors and residual, and that it preserves

the convergence properties known from theory (Section 2.2).
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6.4.1 Case Study: Graph Partitioning

Distributed orthogonal iteration can be used for example for graph partitioning

(Kempe and McSherry, 2008) in various network analyses. We show how the dOI

algorithm can be used in practice for finding a cut in a graph according to the

signs of elements of the Fiedler vector, as described in Section 2.4. Concretely, by

using dOI with push-sum we partition a random graph G12 with N = 12 nodes and

random geometric topology with ρ = 0.37. In Figure 6.6 showing G12 we see that

the maximal node degree is d7 = d9 = 6 and the minimal degree is d12 = 2. We

assume that each node knows its neighbors, the number of nodes N = 12 and the

maximal node degree dmax = 6 in the network.

First of all, each node l locally computes the corresponding row of the Laplacian

matrix of the underlying graph L(l, :) = D(l, :)−A(l, :) locally without any additional

communication. Every node l knows a row A(l, :) of the adjacency matrix A and as

a consequence, it can construct locally the row D(l, :) = (0, . . . , 0, dl, 0, . . . , 0)), with

the node degree dl on the lth position in the vector.

The orthogonal iteration method computes eigenvectors corresponding to eigen-

values which are the largest in absolute value, and dOI preserves this property.

However, we need to compute the eigenvector corresponding to the second smallest

eigenvalue of L. To compute the eigenpairs corresponding to the smallest eigenvalues

by dOI, we have to slightly modify the matrix L.
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Figure 6.6: Topology of the random geometric network G12 with N = 12 and ρ = 0.37.

We use that the Laplacian matrix is positive-semidefinite, i. e., λi(L) ≥ 0 for

1 ≤ i ≤ N . Thus, shifting the original Laplacian matrix Ls = L − µI leads to
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a matrix Ls with eigenpairs λi(Ls) = (λi(L) − µ,Q(:, l)) for 1 ≤ i ≤ N (Golub

and Van Loan (1996)). If the shift µ is large enough, concretely if µ ≥ λ1(L),

where λ1(L) is the largest eigenvalue of L, we reverse the order of the eigenvalues

in absolute value. Therefore, dOI with k = 2 and input matrix Ls with µ ≥ λ1(L)

computes the eigenvectors corresponding to the two largest eigenvalues of Ls in

absolute value, which are in fact the two smallest eigevalues of the matrix L. Since

the eigenvectors of Ls are identical to the eigenvectors of L, there is no need to

modify the computed eigenvectors. If the original eigenvalues are needed, every

node computes λi(L) = λi(Ls) + µ, 1 ≤ i ≤ k.

One detail to be clarified is how to set µ so that µ ≥ λ1(L). Because the

considered graph is undirected, the adjacency matrix A and consequently also L are

symmetric. For a symmetric matrix L we know that ‖L‖2 = λ1(L) and ‖L‖1 = ‖L‖∞
(Golub and Van Loan, 1996). From computing the Laplacian matrix L = D − A,

we get the following bound:

‖L‖1 = ‖L‖∞ = ‖A−D‖∞ ≤ ‖A‖∞ + ‖D‖∞ ≤ 2dmax,

where dmax is the maximal degree in the network.

Using ‖L‖2 ≤
√
‖L‖1‖L‖∞ (Golub and Van Loan, 1996, Corollary 2.3.2), we get

λ1(L) = ‖L‖2 ≤
√
‖L‖1‖L‖∞ =

√
2dmax2dmax = 2dmax

as the upper bound on the largest eigenvalue of L and consequently, an estimate for

the shift µ of the matrix L. If the maximal node degree is not known in all nodes

locally, we can use 2dmax ≤ 2(N − 1) to estimate µ.

Since we assume that in our case study dmax is known in all nodes, we shift L

by µ = 2dmax = 12 to compute the smallest eigenvalues of L. Each node l computes

locally Ls(l, :) = L(l, :)− 12el, where el is a vector of zeros with 1 at the lth place.

Then, dOI with k = 2 returns λ1(Ls) = −12, λ2(Ls) = −11.3421, which are the

smallest eigenvalues of L shifted by µ = 12. We are especially interested in the

eigenvector corresponding to λ2(Ls) + 12 = λ11(L), which has the elements

Q̂(:, 2) = (−0.40,−0.35,−0.35,−0.24,−0.19, 0.04, 0.04, 0.13, 0.24, 0.21, 0.39, 0.47)T .

Clearly, the first five elements Q(1 :5, 2) of the eigenvector have an opposite sign

compared to the elements Q(6 :12, 2) in the rest of the eigenvector. As a result, the

first component of the graph consists of nodes 1, 2, 3, 4, 5 and the second consists of

nodes 6, 7, 8, 9, 10, 11, 12. The cut between the two components computed by dOI is

led between nodes 4,5 and 6,7, as shown in Figure 6.7.
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Figure 6.7: Cut in the graph G12 computed by dOI using the Fiedler vector.

Note that eigenvectors Q computed by dOI are distributed row-wise across the

nodes, which means that every node contains its element of the eigenvector corre-

sponding to the Fiedler value. Consequently, every node can decide immediately

after dOI, to which of the components it belongs and also, comparing its value with

the values of its neighbors, it can find out which connection links to the neighbors

are in the cut.

6.4.2 Adaptive Algorithm adOI

Also in the case of dOI we are interested in the influence of the accuracy ε of the

instances of a DDAA on the accuracy of the computed eigenpairs. Figure 6.8 on

page 119 shows the convergence behavior of dOI based on push-sum for computing

five eigenpairs of a random matrix A ∈ R512×512 over a hypercube with N = 29

nodes, where the target accuracy ε of the distributed summation varies. First of

all, the final accuracy of the residuals is about the same order of magnitude as the

target accuracy ε of push-sum. Second aspect, which can be observed, is the that

convergence speed of dOI remains the same despite different values of ε.

These observations motivate for starting the computation in low accuracy and

making it more precise in later iterations. This seems especially attractive for gossip-

based algorithms due to their ability to adjust invested cost to final accuracy of the

result. The lower target accuracy ε in the DDAA, the fewer rounds are executed and

thus, the fewer messages are exchanged.Note that KOI cannot exploit such trade-offs

because of the deterministic matrix-matrix multiplication.
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Figure 6.8: Numerical accuracy of dOI with various accuracy levels ε of DDAAs and DP-OI
over a hypercube with N = 29 nodes with input matrix A ∈ R512×512.

This trade-off is utilized in an adaptive dOI (adOI ), which starts with a work-

ing accuracy εw = 10−1 of the DDAA and then gradually decreases εw to achieve

eventually a high accuracy of the DDAA and therefore, also a high accuracy of the

computed eigenpairs. We suggest two ways of deciding when to make the distributed

computations more accurate.

The first strategy, denoted as adOI-IT , starts with εw = 10−1 and in regular in-

tervals after every s iterations changes the working accuracy to εw = εw · 10−1 until

εw = 10−16. The interval s between adjusting the accuracy influences the conver-

gence speed and as a result also the communication cost of adOI-IT. In Figure 6.9

on page 120 we compare the convergence speed of adOI-IT with s = 10, 20, and

30, when computing the first five eigenpairs of an input matrix A ∈ R64×64 over a

hypercube with N = 26 nodes. We see that adOI-IT achieves the fastest conver-

gence speed for s = 10 and s = 20 iterations. If we decrease εw every 30 iterations,

adOI-IT also eventually achieves the same high accuracy of the final result as the

other approaches, but it needs more iterations to converge.

The simulations indicate that if s > t/15, the convergence of adOI-IT is delayed.

Thus, for determining an interval s where adOI-IT converges fast, the number of

iterations t to converge has to be known. To overcome this drawback, we investigate

a second approach adOI-RES , which adapts εw according to the accuracy of the

computed data. It computes in each iteration i the current error of the residual

eres = max
j=1,...,k

‖AQ̂i(:, j)− λ̂jQ̂i(:, j)‖∞/‖A‖∞,

and if log10(eres) ≤ log10(εw), adOI-RES changes εw = εw · 10−1. Otherwise, it

continues the computation without change. The idea behind adOI-RES is that it
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Figure 6.9: Convergence speed of adOI-IT with different intervals s for increasing the
working accuracy when computing k = 5 eigenpairs of a random matrix A ∈
R64×64 over a hypercube with N = 26 nodes.

always changes εw in the moment where it is needed, i. e., when the residual reached

the working accuracy.

Obviously, adOI-RES relies on the fact that the residuals always reach the ac-

curacy εw set in the distributed aggregation algorithm. Although the simulations

indicate that this holds, it is not trivial to prove this theoretically, as discussed

in Section 6.6. To guarantee that the adaptive strategy computes highly accurate

results, the two adaptive approaches can be also combined. Apart from checking

the accuracy of the residuals, the algorithm can set a maximal number of iterations

after which the working accuracy will be increased regardless of the progress in the

residuals.

Simulation results illustrating the convergence behavior of adOI-IT with s = 22

and adOI-RES are shown in Figure 6.10 on page 121 and compared to dOI with

ε = 10−15 in every iteration. We can see that all approaches achieve the same

accuracy with similar convergence speed. However, the figure does not reflect the

communication cost, which is discussed in detail in Section 6.5.

6.5 Communication Cost and Scalability

We presented several variants of gossip-based orthogonal iteration and we compared

them in terms of convergence speed and numerical accuracy of the delivered re-

sult. The simulations in the previous sections showed that all approaches calculate

eigenpairs with similar (small) error, but an interesting and important aspect is com-

munication cost of the individual variants needed for achieving the accuracy. We

investigate dOI and adaptive dOI in terms of the number of messages sent as well as
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Figure 6.10: Convergence speed of adOI-IT and adOI-RES gradually adjusting the inner
accuracy ε compared to dOI with ε = 10−15 computing k = 5 eigenpairs of a
random matrix A ∈ R64×64 over a hypercube with N = 26 nodes.

the total amount of data (real numbers) sent for computing k principal eigenpairs

of an input matrix A ∈ Rn×n. Moreover, we compare the gossip-based approaches

to KOI.

6.5.1 Comparison of KOI and dOI

During the matrix-matrix multiplication in KOI (Line 3 in Algorithm 6 on page 49),

each node sends one row of the matrix Q to all neighbors, which leads to dl messages

of size k per node l, where dl is the degree of node l. In the second part of KOI the

nodes communicate only within a consensus-based distributed summation of k × k
matrices (Line 6 in Algorithm 6). DDAA-KOI proceeds in RCN rounds and every

node communicates with all neighbors in every round. The total number MK of

messages sent per iteration of KOI can be expressed as MK = 2|E| + RCN · 2|E|,
where |E| is the number of edges (undirected links) in the network and the number

of messages sent per node l is M l
K = dl + RCN · dl. The total amount of data per

iteration of KOI is (2|E| · k + N · RCN · 2|E| · (k2 + 1)). The complete overview of

the communication cost of KOI is given in Table 6.2.

Communication cost of KOI

Messages sent per node l M l
K dl +RCN · dl

Messages sent in total MK 2|E|+RCN ·N · 2|E|
Data sent per node l Dl

K dl · k +RCN · dl · (k2 + 1)

Data sent in total DK 2|E| · k +N ·RCN · 2|E| · (k2 + 1)

Table 6.2: Communication cost per one iteration of KOI.
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For the communication cost comparison we assume that dOI uses the most ef-

ficient building blocks in terms of the number of messages sent, namely the dmmm

(see Algorithm 15 on page 105) and the vdmGS (see Algorithm 10 on page 73) algo-

rithm, both based on push-sum. The communication cost of dmmm is summarized

in Table 6.1 on page 111 and of vdmGS in Table 5.1 on page 76. Adding the cost

of the individual building blocks together, we get the total communication cost of

dOI and communication cost per node in dOI, all provided in Table 6.3, where RPS

denotes the number of rounds per push-sum.

The communication cost of both methods depends on several parameters, but

the most important is the underlying topology, which has an impact on the number

of nodes N , number of edges |E|, the degree dl of node l, and also on the number of

rounds RCN and RPS of the DDAAs to converge. The better connected the network

is, the fewer rounds a DDAA needs to converge but the more connections |E| usually

are in the network.

Communication cost of dOI

Messages sent per node M l
D RPS +RPS · (2k − 1)

Messages sent in total MD RPS ·N +RPS ·N · (2k − 1)

Data sent per node Dl
D RPS · (nk + 1) +RPS · (k

2+5k−2)
2

Data sent in total DD RPS · (nk + 1) ·N +N ·RDA · (k
2+5k−2)

2

Table 6.3: Communication cost per one iteration of dOI with dmmm and vdmGS.

For the special case of a fully connected network with N nodes Wwe have MK =

N(N − 1) + 1 ·N(N − 1), because |E| = N(N − 1) and RCN = 1, since in one round

of DDAA-KOI each node exchanges information with every other node. For dOI the

communication cost per iteration is MD = N · O(logN + log 1/ε) + N · O(logN +

log 1/ε) · (2k − 1), because RPS = O(logN + log 1/ε) for achieving accuracy level ε

(see Section 3.2.2). The concrete number of messages sent depends on the size of the

network, but we can see that with increasing number of nodes N for fixed k, dOI

scales better than KOI, which was also confirmed by simulations (see Figure 6.11).

If the underlying topology is a hypercube with N = 2h nodes and |E| = 2h−1 · h
edges, we know that RCN = RPS = O(logN + log 1/ε) (see Section 3.2.2). Conse-

quently, we get the total number of messages MK = O(logN) · 2h · h of KOI and

for dOI we have MD = O(logN) · 2h · 2k. If we compute a fixed (small) number of

eigenvectors k, then KOI scales worse with the increasing number of nodes compared

to dOI. However, for computing all k = N = 2h eigenvectors, KOI has scales better

in terms of the total number of messages sent than dOI.

In many scenarios for different topologies the simulations show that dOI sends
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Figure 6.11: Number of messages per node in dOI(10−15) relatively to KOI for computing
five eigenpairs of the adjacency matrix A ∈ RN×N of fully connected networks
with N nodes.

fewer messages than KOI. For example on a random graph with N = 20 nodes or on

a regular graph with N = 500 nodes (Figure 6.12 on page 125). However, due to the

different impact of the concrete topology on the cost of KOI and dOI, it is difficult

to make a general statement. Moreover, we see that also the number of computed

eigenvectors k influences the comparison. In KOI, k determines only the size of the

messages in DDAA-KOI, but not the actual number of messages. In contrast, in

dOI the number of messages grows linearly with increasing number of eigenvectors

k, because the cost of dmGS depends on the number of columns of the input matrix.

Therefore, it is to be expected that for computing a large number of eigenvectors k

close to n, KOI will to scale better than dOI with increasing size of the network.

However, orthogonal iteration is usually used for finding only the first few principal

k � n eigenvectors and it is not expected that it will be used for computing all n

eigenvectors of the input matrix.

6.5.2 Communication Cost of adOI

Next, we show that the adaptive strategy adOI may significantly reduce the overall

communication cost compared to the dOI algorithm. We know that the number of

rounds executed during a distributed data aggregation algorithm is proportional to

the final accuracy ε. Thus, every DDAA in lower accuracy requires less commu-

nication than the DDAA in double precision on the same network. Naturally, the

more underlying DDAAs need to produce the result only in low accuracy, the less

communication we have to invest in total.

Suppose that the goal of distributed orthogonal iteration is to compute the eigen-

pairs in target accuracy ε = 10−e, e ∈ N. The number of messages sent per node of
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dOI running for t iterations is

CdOI = t · P · C(ε),

where P is the number of push-sum algorithms and C(ε) is the number of messages

needed per node in one push-sum for computing ε-accurate estimates. The adOI

calls the same number P of push-sum algorithms per iteration as dOI, but the

working accuracy εw in push-sum is changing. We focus on analyzing adOI-IT,

where the accuracy εw is changed in regular intervals s = t/e, where t is the number

of iterations needed by dOI to deliver ε-accurate residuals with ε = 10−e. The

number of messages sent per node in t iterations of adOI-IT with s = t/e is

CadOI−IT = t/e · P · C(10−1) + · · ·+ t/e · P · C(10−e) = t · P ·
e∑
i=1

C(10−i).

Consequently, we get
CadOI−IT
CdOI(10−e)

=

∑e
i=1C(10−i)

e · C(10−e)
.

For well-connected networks, such as a fully connected topology or a hypercube,

each node needs C(ε) = O(logN+log 1/ε) rounds and the same number of messages

sent per node in order to achieve the accuracy level ε. It follows that

CadOI−IT
CdOI(10−e)

=

∑e
i=1C1(log10N + log10 1/10−i + C2)

e · C1(log10N + log10 1/10−e + C2)
=

1 + · · ·+ e

e · e
=

1 + e

2e
,

where C1, C2 ∈ R are the same constants for both approaches, since the underlying

topology is fixed and the same DDAA is used in dOI and in adOI-IT. We see that

due to the ability of push-sum to adjust the invested cost proportionally to the final

accuracy, adOI-IT needs fewer messages than dOI(ε) if ε ≤ 10−2. Moreover, the

higher the final accuracy, the bigger is the advantage of adOI-IT. Suppose that the

target accuracy of dOI(ε) is ε = 10−7. Then, the adaptive strategy adOI-IT sends

8/14 = 0.571 of the messages required by dOI(10−7). Similarly, if ε = 10−15, the

ratio of the number of messages sent by adOI-IT to number of messages sent by

dOI(10−15) is 16/30 = 0.533.

So far we compared the communication cost of adOI to dOI(ε), where the DDAAs

compute ε-accurate estimates and ε is also the target accuracy of dOI. An interesting

comparison is also to dOI(10−15), which is also shown in simulations. In this case

we have
CadOI−IT
CdOI

=

∑e
i=1C(10−i)

e · C(10−15)
.

Consequently, compared to dOI in full accuracy, adaptive strategy computing the
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result in until ε = 10−7 reduces the number of messages to
CadOI−IT

CdOI
= 28/105 = 0.26.

In Figure 6.12 the number of messages of dOI and adOI-IT are plotted relatively

to KOI for computing two eigenpairs of an adjacency matrix considering two different

scenarios. First, we investigate a randomly generated network with N = 20 nodes

and the average node degree d̄ = 7, 2, which corresponds to a small sensor network.

From the relative comparison we can see that dOI needs about 3/4 of the messages

sent by KOI and adaptive dOI at most 2/5. The second comparison shows the

communication cost over a random regular graph with N = 500 nodes, where each

node has a degree d = 40. For this scenario dOI needs about 3/10 of the messages

sent by KOI and adaptive dOI only slightly more than 1/10.

adaptive dOI / KOI, random regular graph N = 500
dOI(10−15) / KOI, random regular graph N = 500

adaptive dOI / KOI, random graph N = 20
dOI(10−15) / KOI, random graph N = 20
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Figure 6.12: Number of messages per node in dOI(10−15) relatively to KOI computing two
eigenpairs of the adjacency matrix of a random regular graph with N = 500
and d = 40 and of a random graph with N = 15 and d̄ = 7.2.

Figure 6.13 on page 126 depicts the relative number of corresponding to the sim-

ulations shown in Figure 6.10 on page 121 comparing the convergence behavior of

the two adaptive strategies adOI-IT and adOI-RES. For both adaptive algorithms

the number of messages is plotted relatively to dOI computing five eigenpairs of a

matrix A ∈ R64×64 on a hypercube with N = 26 nodes. Clearly, the adaptive strate-

gies send substantially fewer messages than dOI with full accuracy. For computing

a result in double precision both versions of adOI require about half of the messages

compared to the dOI algorithm.

For adOI-IT, we illustrated in Figure 6.9 on page 120 that the interval s has an

impact on the convergence speed. However, it also influences the number of messages

sent. Simulation results indicate that the most efficient in terms of communication

cost is to choose s = t/e, where t is the number of iterations needed by DP-OI to

converge and ε = 10−e is the target accuracy. Figure 6.14 illustrates that the lowest

number of messages is sent by adOI-IT with s = 300/15 = 20, where t = 300 is the
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Figure 6.13: Number of messages per node in adOI-IT and adOI-RES relatively to dOI(ε =
10−15) computing k = 5 eigenpairs of an input matrix A ∈ R64×64 over a
hypercube with N = 26 nodes.
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Figure 6.14: Number of messages sent per node in adOI-IT with different interval s for
increasing the working accuracy level when computing k = 5 eigenpairs of a
random matrix A ∈ R64×64 over a hypercube with N = 26 nodes.

number of iteration needed by DP-OI to compute results in accuracy ε = 10−15. If

s < t/e, adOI-IT does not exploit fully its adaptivity and sends more messages and

intervals longer than t/e delay the convergence of adOI-IT (see Figure 6.9) and do

not reduce the communication cost significantly.

Communication Cost of Graph Partitioning

Next, we discuss communication cost of the case study presented in Section 6.4.1,

where we partitioned the graph G12 (Figure 6.6 on page 116) by computing the

Fiedler vector, and compare it to the communication cost of KOI. In this situation
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the input matrix Ls has the structure of an adjacency matrix, so the KOI algorithm

can also be applied. Figure 6.15 shows the communication cost relatively to the

number of messages sent by KOI. For solving this task even the dOI algorithm itself

has slightly lower communication cost than KOI, but when any of the adOI algo-

rithms is applied, the number of messages sent is substantially reduced. Note that

particularly in this application only the sign of the elements in the Fiedler vector are

of interest and thus, only one correct decimal place of the elements of the eigenvector

is enough to be calculated by the distributed algorithm. Consequently, the adaptive

strategies can set ε = 10−1 and thus reduce substantially the communication cost.
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Figure 6.15: Number of messages in adOI-IT, adOI-RES and of dOI with ε = 10−15 rela-
tively to KOI computing a graph partitioning of a random geometric graph
with N = 12 nodes using Fiedler vector.

6.6 Convergence Behavior of dOI

Convergence analysis of the classical sequential orthogonal iteration procedure in

exact arithmetic can be found in the standard literature, e. g., in Golub and Van Loan

(1996) or Trefethen and Bau (1997). However, we are interested in the behavior

of dOI in floating-point arithmetic with finite precision and in understanding the

influence of the accuracy ε of the DDAA on the final error. Analogously to how we

discussed the accuracy of distributed QR factorization in Section 5.2.3.

Kempe and McSherry (2008) provided a convergence analysis of their distributed

orthogonal iteration KOI (Algorithm 6 on page 49). Note that the KOI algorithm

uses a distributed aggregation algorithm DDAA-KOI for summing matrices (Line 6

in Algorithm 6), where each node communicates with all neighbors in each round.

In the following summary of the proof by Kempe and McSherry (2008) we change

notation of several variables so that it corresponds to the notation used in this thesis.
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6.6.1 Convergence Proof by Kempe and McSherry

Before proving the convergence of KOI, Kempe and McSherry (2008) provided an

analysis of DDAA-KOI, which says that after executing O(τmix log ε−1) rounds,

DDAA-KOI computes an ε-accurate estimate of the true aggregate, where τmix is

the mixing time of the underlying Markov chain. Roughly speaking, the mixing time

is the time needed for an arbitrary starting vector to come is close to the stationary

distribution π of the Markov chain (Levin et al., 2006). One can see the process

of spreading information over a network by a distributed algorithm as a stochastic

process, which can be modeled by a Markov chain. Thus, the mixing time of the

underlying Markov chain is one way how to express and study the convergence speed

of a distributed aggregation algorithm.

The key theorem of the convergence proof from Kempe and McSherry (2008)

states the following: Let λ1, λ2, . . . be the eigenvalues of a matrix A ∈ Rn×n, such

that |λ1| ≥ |λ2| ≥ . . . . Assuming that DDAA-KOI executes Ω(tτmix · log(‖A‖2kc/δ))
rounds, where k is the number of eigenvectors to be computed, ‖R−1‖2 is consistently

less than c, δ = 2kc‖A‖2(ε1/4t) and ε is the target accuracy of DDAA-KOI. Then

after t iterations of KOI it holds that

‖PQ − PQ̂‖2 ≤ O(|λk+1/λk|t · n) + 3δ4t, (6.2)

where PQ = QQT denotes the projection onto the space spanned by the top k

eigenvectors of A and PQ̂ = Q̂Q̂T denotes the projection onto the space spanned by

the top k eigenvectors of A computed by KOI after t iterations. The matrix Q is an

orthonormal matrix and Q̂ is a slightly perturbed matrix computed by KOI.

Kempe and McSherry (2008) structured the proof of this theorem in several steps.

First, they showed that if Q is orthonormal and Q̂ is a slightly perturbed matrix

which fulfills ‖Q − Q̂‖F + δk ≤ (2‖A‖2‖R−1‖2)−3, the error of the eigenvectors

introduced by one iteration of KOI is bounded by:

‖Q′ − Q̂′‖F ≤
√
k(2‖A‖2‖R−1‖2)4(‖Q− Q̂‖F + δk), (6.3)

where Q′ and Q̂′ are the results of one iteration of DP-OI applied on Q and one

iteration of KOI applied on Q̂, respectively.

Then, using the error introduced by one iteration (Equation (6.3)) and substitut-

ing ε = (δ/(2kc‖A‖2))4t they derived that the total error introduced by t iterations

of KOI is:

εk ·
t−1∑
i=0

(
√
k(2‖A‖2‖R−1‖2)4)i = O(εk · (

√
k(2‖A‖2‖R−1‖2)4)t).
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Using the assumption that ‖R−1‖2 ≤ c in each iteration, Kempe and McSherry

(2008) showed that ‖Q− Q̂‖F is bounded by δ4t after t iterations. Consequently, for

the bound on the projection it holds that

‖PQ − PQ̂‖F = ‖QQT − Q̂Q̂T ‖F ≤ (‖Q‖2 + ‖Q̂‖2)‖Q− Q̂‖F .

Because (‖Q‖2 + ‖Q̂‖2) ≤ 3, as shown in Kempe and McSherry (2008), the bound

‖Q − Q̂‖F ≤ δ4t and orthogonal iteration itself introduces an error bounded by

O(|λk+1/λk|t · n) (Kempe and McSherry, 2008; Golub and Van Loan, 1996), the

final bound in Equation (6.2) is proven.

The estimates computed by DDAA-KOI with Ω(tτmix · log(‖A‖2kc/ε)) rounds

reach an accuracy ε = (δ/(8k‖A‖2c))t, where t is the number of the current iteration

of KOI. For δ < 1/3 the right hand side of Equation (6.2) goes to zero with t →
∞. Moreover, from ‖A‖2 ≈ ‖R‖2 and κ(R) = ‖R‖2‖R−1‖2 ≥ 1 we get that 1 ≤
‖A‖2‖R−1‖2 ≤ ‖A‖2c. As a consequence, the target accuracy ε = (δ/(8k‖A‖2c))t of

the DDAA-KOI goes to zero with t→∞.

Although it is not stated explicitly, the convergence proof by Kempe and McSh-

erry (2008) applies only in exact arithmetic. The issue in the convergence analysis is

that the iteration number t of KOI is at the same time a parameter of the number of

rounds required for DDAA-KOI. With growing number of iterations t, the required

accuracy of the DDAA-KOI increases. As a result, DDAA-KOI has to return the

aggregates in higher than double precision for all t larger than some t0.

For a concrete example, when k = 5 eigenvectors of a matrix are computed,

‖A‖2 = c = 10 and δ = 1/4, we see that in the first iteration t = 1 of KOI the target

accuracy of DDAA-KOI is ε = 1/(4 · 8 · 10 · 10) = 6.25 · 10−5, and already in the

fifth iteration t = 5 the accuracy of DDAA-KOI is of the order of 10−25. Note that

for larger norms of A and R−1 it gets rapidly worse. Therefore, the convergence

analysis by Kempe and McSherry (2008) doest not give any answer for standard

floating-point arithmetic with the computations carried out only in finite precision.

6.6.2 An Alternative Approach

Although a convergence proof along the lines of the proof by Kempe and McSherry

(2008) would confirm that the dOI algorithm also converges for exact arithmetic,

we are interested in the behavior for standard floating-point arithmetic. To the

best of our knowledge, there is no convergence analysis of orthogonal iteration in

floating-point arithmetic in the literature, which would describe the influence of the

limited precision of the computations on the final error. From the error analyses

summarized in Section 5.2.3 and Section 6.2 we know that the results computed
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by the gossip-based building blocks dmmm and vdmGS are bounded by the target

accuracy ε of the DDAA. However, analyzing the error of orthogonal iteration when

the matrix Q̂i is perturbed slightly at each iteration i is not a trivial problem and

it is out of the scope of this thesis.

The desired convergence analysis for orthogonal iteration in floating-point arith-

metic would show the following: If the first k eigenvalues of matrix A ∈ Rn×n fulfill

|λ1| > ... > |λk| > |λk+1| ≥ |λk+2|... ≥ |λn|, the principal k eigenvectors of A are

computed by orthogonal iteration (Algorithm 3 on page 35) in t iterations and all

computations are carried in precision εw, then the final error of the computed eigen-

vectors Q̂ is also bounded by εw times a mildly growing function p(n) of the problem

dimension n, i. e.,

‖Q̂t(:, i)−Q(:, i)‖ = O(p(n)εw). (6.4)

Assuming that a proof of the bound in Equation (6.4) exists, we could conclude

that if all computations are carried in accuracy εw, in particular, if all DDAAs

compute εw-accurate estimates, dOI computes its results also in accuracy εw. Fur-

thermore, it would justify the idea behind the adaptive strategy adOI-RES, where

εw is decreased once the residual is εw-accurate. Such an error analysis would prove

that the accuracy of the residuals always reaches the working accuracy εw. Although

we do not have a theoretical proof, all experimental observations indicate that the

final accuracy of the result computed by dOI corresponds to the accuracy level ε of

the distributed summation.

6.7 Fault Tolerance Properties

Beyond the advantages of dOI discussed so far, it is potentially also more fault tol-

erant than the existing orthogonal iteration KOI. Both gossip-based building blocks

of the dOI algorithm use only DDAAs with randomized communication schedules,

which is the key property for achieving high flexibility and resilience against failures.

The key aspect of fault tolerance properties of a gossip-based matrix algorithm is

the resilience of the used DDAA. We present simulation results comparing the fault

tolerance of dOI based on the push-sum algorithm (dOI(PS)), dOI based on the

push-cancel-flow algorithm (dOI(PCF)) and the KOI algorithm designed by Kempe

and McSherry (2008). All distributed algorithms are investigated in the presence of

the following two types of failure (see Section 4.3.3):

(i) reported temporary unavailability of links or nodes

(ii) silent (unreported) loss of messages.



6.7. FAULT TOLERANCE PROPERTIES 131

6.7.1 Reported Unavailability of Links/Nodes

With respect to reported failures, dOI benefits from the absence of any determinis-

tic communication schedule between nodes, regardless of the concrete gossip-based

DDAA used. If a neighbor or a communication link to a neighbor is temporary

unavailable and this fact is known to the nodes, any of the remaining available

communication partners of the node can be chosen, since the selection of the com-

munication partner is not fixed. If a reported permanent link failure occurs, the

algorithm communicates with the remaining neighbors. The final accuracy achieved

is not influenced in any of the cases, under the assumption that the network stays

connected. However, permanent failures of connections in the network change the

topology of the network, which may influence the convergence speed of the DDAA

and consequently of the whole dOI algorithm.

In this section, we investigate the convergence behavior of KOI and dOI(PS) in

the presence of reported temporary link failures when computing five eigenpairs of

the adjacency matrix A ∈ R150×150 of a random geometric graph with N = 150

nodes and an average node degree d̄ = 20. For each message transmission it is

independently decided, if the communication link failed (with probability p) or not.

As shown in the upper part of Figure 6.16 on page 132, for KOI even reported

message losses lead to a severe loss of accuracy. Due to the fixed communication

schedule of the matrix-matrix multiplication in KOI each node has to exchange in-

formation with all neighbors. Thus, it cannot adapt even to a known temporary

change in the network. If a message cannot be delivered, the matrix-matrix multi-

plication delivers an incorrect result which substantially influences the final result

of the distributed eigensolver.

In contrast to KOI, dOI has fully randomized communication schedules, which

makes it possible to react to changes in the network during computation. The lower

part of Figure 6.16 shows the convergence behavior of dOI with push-sum under the

same conditions as for KOI, i. e., the same underlying graph as well as the input

matrix and transmission failure probability p. As we can see, dOI(PS) achieves full

accuracy also in the presence of reported link failures.

Nevertheless, the concrete behavior in the presence of failures also depends on

the frequency of the failures. In Figure 6.16, in every iteration at least one failure

occurs and thus, the KOI algorithm never converges. If only a few link failures

happen during the computation, even KOI may compute results in full accuracy,

as shown in Figure 6.17 on page 133. In both algorithms, in dOI with push-sum

and in KOI in this case, only two reported failures happened - in the 100th and

in the 300th iteration, always during the distributed matrix-matrix multiplication.



132 CHAPTER 6. DISTRIBUTED ORTHOGONAL ITERATION

KOI, no failures
KOI, p = 0.10
KOI, p = 0.25
KOI, p = 0.50

# iterations

m
a
x
i=

1
,.
..
,5
‖
A
Q̂
(:
,i
)
−
λ̂
i
Q̂
(:
,i
)‖

∞
/
‖
A
‖
∞

400350300250200150100500

10
0

10
−2

10
−4

10
−6

10
−8

10
−10

10
−12

10
−14

10
−16

dOI(PS), no failures
dOI(PS), p = 0.10
dOI(PS), p = 0.25
dOI(PS), p = 0.50

# iterations

m
a
x
i=

1
,.
..
,5
‖
A
Q̂
(:
,i
)
−
λ̂
i
Q̂
(:
,i
)‖

∞
/
‖
A
‖
∞

400350300250200150100500

10
0

10
−2

10
−4

10
−6

10
−8

10
−10

10
−12

10
−14

10
−16

Figure 6.16: Numerical accuracy of results computed by KOI (top) and by dOI with push-
sum (bottom) computing k = 5 eigenpairs of an adjacency matrix of a random
geometric graph with N = 150 nodes, an average node degree d̄ = 20 in the
presence of reported links failures with failure probability p and with accuracy
ε = 10−15 for DDAA.

Obviously, a failure in matrix-matrix multiplication in KOI causes a big loss of

accuracy in the computed result and the computation has to be almost restarted from

the beginning. Because the input matrix Q for orthogonal iteration can be arbitrary,

KOI again starts refining the estimate and converges eventually to full accuracy if

failures do not happen frequently. However, its convergence is substantially delayed.

As expected, the reported unavailability of communication links does not influence

the convergence speed of dOI with push-sum.

6.7.2 Silent Message Loss

Although distributed algorithms based on push-sum can tolerate known link failures

thanks to their flexible communication schedule, in practice we cannot expect that
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Figure 6.17: Convergence behavior of KOI and dOI in the presence of two reported link
failures in the 100th and 300th iteration computing k = 5 eigenpairs of the
adjacency matrix A ∈ RN×N of a random graph with N = 150 and an average
node degree d̄ = 20.

all changes in decentralized distributed systems can be monitored and (immediately)

reported. An unreported link failure and a subsequent message loss is more difficult

to deal with. It usually introduces a (temporary) error from which the system

has to recover without actual knowledge that the failure has happened. As shown

in Section 5.5.1, push-sum and distributed algorithms built on top of it are not able to

handle such unreported failures. In order to make the dOI algorithm resilient against

silent message loss, we use the push-cancel-flow (Section 3.2.1) as the underlying data

aggregation algorithm.

Figure 6.18 on page 134 shows the comparison of dOI(PS) and dOI(PCF) in

the presence of silent message loss. The figure depicts results for computing k = 5

eigenpairs of an input matrix A ∈ R1024×1024 over a hypercube with N = 26 nodes,

where each message transmission failed with probability p. We clearly see that in

contrast to dOI with push-sum, dOI using push-cancel-flow can deliver full accuracy

despite unreported message loss. The price to be paid for these superior resilience

properties is higher communication cost (see Figure 6.19 on page 135). The more

failures occur, the more rounds are needed in each push-cancel-flow to recover and

to converge to the target accuracy. Thus also the overall communication cost of

dOI increases with higher failure probability p. Nevertheless, dOI with push-cancel-

flow achieves the best fault tolerance properties of all fully distributed orthogonal

iteration algorithms.
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Figure 6.18: Numerical accuracy of results computed by dOI with push-sum (top) and
dOI with push-cancel-flow (bottom) computing k = 5 eigenpairs of a random
matrix A ∈ R1024×1024 over a hypercube with N = 64 nodes in the presence
of silent message loss with the failure probability p of each message and with
accuracy ε = 10−15 in the DDAAs.

6.8 Summary of the Chapter

This chapter focused especially on illustrating how gossip-based matrix algorithms

can be used as building blocks for a distributed eigensolver. In order to construct

a distributed orthogonal iteration based exclusively on gossiping, in Section 6.2

we designed three different approaches to computing a multiplication of matrices

A ∈ Rn×n and Q ∈ Rn×k distributed row-wise or column-wise, which differ in

the number and size of messages sent. Distributed matrix multiplication based

exclusively on randomized communication schedules is a necessary building block

for designing flexible and highly fault tolerant distributed orthogonal iteration.

Then, we introduced dOI in Section 6.3, a distributed eigensolver originating

from orthogonal iteration and utilizing gossip-based matrix-matrix multiplication
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Figure 6.19: Number of messages per node in dOI with push-cancel-flow (PCF) comput-
ing k = 5 eigenpairs of a random matrix A ∈ R1024×1024 over a hypercube
with N = 64 nodes in the presence of silent message loss with the failure
probability p of each message and with accuracy ε = 10−15 for DDAA.

and distributed QR factorization. The main advantage of this concept is the preser-

vation of all attractive properties of gossip-based algorithms in the resulting algo-

rithm, such as potential for accuracy-performance trade-offs or high robustness.

We studied the numerical accuracy and convergence behavior of the distributed

eigensolver, experimentally in Section 6.4 as well as theoretically in Section 6.6. We

observed that dOI preserves the numerical properties of the sequential orthogonal

iteration computed in double precision and also that the behavior of dOI in terms of

convergence speed of the computed eigenpairs corresponds to the theoretical anal-

ysis. Moreover, we illustrated in a case study, how dOI can be used in practice for

constructing graph partitioning by computing the Fiedler vector of the Laplacian

matrix of the graph. The dOI algorithm is very suitable for such computations,

because the nodes have locally all information they need and only low accuracy of

the result is sufficient, which may lead to substantial reductions of communication

cost.

Investigating the influence of the accuracy ε of the DDAA on the convergence of

dOI led to the conclusion that lower accuracy of the distributed summation causes

lower accuracy of the overall result, but does not have any impact on the convergence

speed. In Section 6.4.2 we introduced an adaptive version adOI, which starts with

low accuracy and makes the algorithm more accurate with the increasing number

of executed iterations. Such an approach may achieve the same convergence speed

as dOI with full accuracy, but it reduces the communication cost of the whole dis-

tributed eigensolver at least twice, as discussed in Section 6.5. However, it has to be

investigated what is the best strategy for locally adjusting the accuracy of DDAAs.
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Although it is not trivial to compare the communication cost of dOI and KOI

in general due to the complex influence of the underlying topology and number of

computed eigenvectors, simulations confirmed that dOI requires in many situations

fewer messages to be sent than KOI (Section 6.5). Moreover, dOI has much better

resilience properties than KOI due to the absence of deterministic communication

schedules. Although the push-sum algorithm does not provide explicit fault tolerance

mechanisms, it can tolerate known failures during the computation thanks to its

randomized communication schedules. As a result, the dOI eigensolver based on

push-sum delivers results in full accuracy even if reported link occur frequently in

contrast to KOI, where every message loss means a severe loss in accuracy in the

output of the iteration. However, if the communication links are unavailable only

rarely, KOI may also compute the results in full accuracy, but its convergence is

delayed.

The push-sum algorithm and consequently also the dOI(PS) algorithm are not

able to recover from unreported message loss, because of the violation of mass con-

servation. By replacing all push-sum algorithms by push-cancel-flow algorithms in

dOI, we achieve superior fault tolerance properties of the eigensolver and we il-

lustrated that the dOI(PCF) is “self-healing” even in the presence of many silent

message losses, as illustrated in Section 6.7.



Chapter 7

Illustrative Case Study:

Distributed Linear Regression

Linear regression is a particular form of regression analysis, a statistical technique for

calculating a function which describes the relationship in input data (Section 2.3).

We focus on investigating a distributed method for linear regression based on the

distributed solution of a linear least-squares problem. Note that the purpose of this

chapter is not to give a comprehensive overview and comparison of truly distributed

methods used in data mining. The following case study on distributed gossip-based

linear regression rather sketches an application scenario of the gossip-based dis-

tributed building blocks developed in this thesis.

7.1 Distributed Linear Least-Squares Solver

We consider a situation, where d independent variables x1, . . . , xd are observed and

for each observed d-tuple there is a corresponding output variable y depending on the

observations. Each d-tuple of observations together with its corresponding output

value we denote as “instance”. For the following computation we assume in total n

sets of observations X ∈ Rn×d distributed row-wise over a system consisting of N ≤
n nodes. In this context, a node can be a sensor node storing local measurements or

a computer storing a part of a database related to persons or to products. Collecting

the entire data matrix at a single node for centrally solving the least squares problem

may be often impossible, due to the insufficient memory capacity in one node to

store all possible data or due to privacy reasons, when all the data must not be

collected at a central location. We introduce a gossip-based algorithm dLS based on

a sequential algorithm for solving least-squares problems by using QR factorization

(see Section 2.3).

137
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The input data for the dLS algorithm is a matrix X ∈ Rn×d, n > d containing

n observations of (x1, . . . , xd) and a vector y ∈ Rn containing the output values

corresponding to the n observations. The input for a linear least-squares solver is

in most scenarios an overdetermined system X with n� d.

The dLS algorithm, presented in Algorithm 19, approximates a solution w ∈ Rd

of the overdetermined system Xw = y in a distributed way. The matrix X is

distributed row-wise across the participating nodes, since each d-tuple is stored

in one node together with the output value. The algorithm does not require any

knowledge about the global topology of the network and it does not assume any

specific connections between the nodes. The only two assumptions are that each

node knows its neighbors and the total number of nodes N .

As the first step, nodes orthogonalize the columns of the matrix X by execut-

ing distributed QR factorization algorithm (Line 2 in Algorithm 19). We utilize

the distributed QR factorization vdmGS introduced in Section 5.3. As described

in Section 5.3, vdmGS assumes the input matrix distributed row-wise and deliv-

ers a row-wise distributed matrix Q ∈ Rn×d and an estimate of the entire matrix

R ∈ Rd×d in every node.

The next step of the dLS algorithm is to multiply y by the transposed matrix

QT in order to get a linear system Rw = QT y, using equations X = QR and

QTQ = I. In our distributed setup it simply means that every row Q(l, :) stored in

node l becomes a column QT (:, l) of the transposed matrix (Line 3 in Algorithm 19).

As a result, we get a matrix QT distributed column-wise across the nodes without

executing any additional steps or introducing communication cost overhead.

Algorithm 19 Distributed Least-Squares Solver (dLS)

Input: X ∈ Rn×d and y ∈ Rn distributed row-wise over N nodes

Output: w(l) ∈ Rd in every node l

1: in each node l do:

2: [Q(l, :), R(l)]← vdmGS(X)

3: QT (:, l)← Q(l, :)

4: z(l) ← dmmm(QT , y)

5: w(l) ← solve R(l)w = z(l) by backward substitution

Next, the distributed matrix-matrix multiplication dmmm (see Section 6.2) is

called to multiply the column-wise distributed matrix QT with vector y in order to

get z = QT y, where z ∈ Rd (see Line 4 in Algorithm 19). The distributed matrix-

matrix multiplication dmmm can be applied directly in our situation, because the

matrix QT as well as the vector y are distributed as dmmm requires.

After dmmm has finished, every node l contains locally an approximation of
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the product z(l) ∈ Rd, because the dmmm algorithm computes an estimate of the

entire product in all nodes. As shown in Line 5 in Algorithm 19, the last step is to

locally solve in each node l a linear system R(l)w = z(l) by a backward substitution,

since R(l) is upper-triangular. As a result, every node l computes its own local

approximation w(l) of the solution w of the original least-squares problem.

A big advantage of this particular application of gossip-based methods is the

reasonable size of messages exchanged between nodes. During the QR factorization

of the matrix X ∈ Rn×d, the largest message exchanged has a size d, if we use

vdmGS. The dmmm algorithm may exchange very large messages in some scenarios,

as explained in Section 6.2. However, it is well-suited for computing matrix-vector

products. When multiplying a matrix QT ∈ Rd×n with a vector y ∈ Rn using

the distributed algorithm dmmm, all messages exchanged between nodes are of size

d+1. Since the input for a linear least-squares solver is most likely an overdetermined

system where n � d, it is very unlikely that sending messages of size d causes any

technical problems.

7.2 Simulation Results

In order to study the accuracy of the dLS algorithm when creating a linear regression

model, we first present results of dLS performing on artificially generated input data,

which fulfill given requirements. Afterwards, we illustrate the conclusions on a data

set downloaded from UCI1.

Analogously to the other distributed gossip-based algorithms, the target accuracy

ε of the called DDAA has to be specified. We compare the results computed by the

dLS algorithm using the push-sum algorithm with ε = 10−1, 10−2, . . . , 10−16 to the

solution computed by a centralized approach using the QR factorization (LS-QR)

and to approach computing normal equations (LS-NE) (see Section 2.3). Note that

the centralized approaches do not depend on the accuracy ε.

For simplicity, let us assume that N = n. Thus, every node l contains one d-

tuple X(l, :) of the observed variables and the corresponding output variable y(l).

Moreover, the simulations assume a fully connected topology as the underlying net-

work. However, these assumptions are not required and the dLS algorithm works

for arbitrary topologies with more than one row per node.

For testing purposes we always divide the original data set X ∈ Rn×d and y ∈
Rn into two parts. Randomly selected n/2 observations Xm ∈ R(n/2)×d and the

corresponding output values ym ∈ R(n/2) are used for creating the model by calling

a linear least-squares solver. The second part of the data, Xe ∈ R(n/2)×d and

1see http://archive.ics.uci.edu/ml/datasets.html

http://archive.ics.uci.edu/ml/datasets.html
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ye ∈ R(n/2) serves for evaluating the model created on the first part of the original

data set. In order to test and compare the computed linear models we quantify

the relative error ‖ŷe − ye‖∞/‖ye‖∞, where ŷe = Xeŵ and ŵ ∈ Rd is a solution

calculated by one of the least-squares solvers. Concretely,

edLS = ‖ŷe − ye‖∞/‖ye‖∞ = ‖XewdLS − ye‖∞/‖ye‖∞

is the relative prediction error of the linear model computed by dLS when applied

on the input data Xe and ye. The dLS algorithm computes in every node l a local

estimate of the solution w
(l)
dLS , but for our evaluations we use the approximation of

the model computed in node l = 1, i. e., wdLS = w
(1)
dLS . Analogously, eNE denotes

the relative error of the model calculated by centralized normal equations. When

evaluating the calculated models, we also quantify the difference |eNE − edLS | be-

tween the relative error computed by the normal equations eNE and the relative

error computed by the dLS algorithm edLS .

Synthetic Test Case

First, we start with two simple synthetic examples with one variable x and output

variable y, where the relation between them is described by x = y + τ . In the first

scenario we randomly generated |τ | ≤ 10−11, so the data is very well described by

x = y. The second data set was generated with the parameter |τ | ≤ 10−1. As

illustrated in Figure 7.1, for the first data set with |τ | ≤ 10−1 is the function x = y

much better fit than for the latter one.
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Figure 7.1: Two data sets generated to fulfill x = y+τ , where |τ | ≤ 10−1 and |τ | ≤ 10−11.

For each of the two situations (|τ | ≤ 10−11 and |τ | ≤ 10−1) we generated 500

couples (x, y+ τ), from which 250 randomly chosen instances were used for creating
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the linear model and the remaining half was used for evaluating the model. In

the first situation with |τ | ≤ 10−11, the linear regression model x = y describes

the data very well and consequently, both centralized linear least-squares methods

calculate a model which predicts the values ye very precisely, as can be observed in

Figure 7.2. The quality of the model computed by dLS decreases with increasing

value of the parameter ε determining the target accuracy of the DDAAs. Because

the models calculated by the centralized methods are very precise, the difference

between the accuracy of the predictions computed by centralized methods and dLS

are noticeable already for ε ≥ 10−10. As a consequence, dLS has to compute the

distributed summation with rather high accuracy to return as precise result as the

centralized methods. The black line in Figure 7.2 depicts the difference |eNE−edLS |,
which nicely illustrates how the difference in the quality of the predictions calculated

by the two methods corresponds to the target accuracy ε set in dLS.
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Figure 7.2: Prediction errors of estimates computed by dLS and by centralized approaches
based on QR factorization (LS-QR) and normal equations (LS-NE) applied on
a data set with |τ | ≤ 10−11. The black line depicts the difference between
result computed by dLS and by centralized normal equations.

In the second scenario with |τ | ≤ 10−1 the situation is different, because a linear

function does not describe the dependency between x and y as precisely as in the

first case. As a consequence, linear models computed by centralized methods are

not as precise as in the previous case, as can be observed in Figure 7.3 on page 142.

Although the difference |eNE − edLS | between the relative errors of predictions by

both computed models behaves analogously as in Figure 7.2, the difference in eval-

uating new data by the two models is not noticeable until ε = 10−3 in the dLS

algorithm. As a result, the dLS algorithm does not have to compute everything up

to high accuracy but in such scenario it can reduce the overall communication cost

by computing every distributed summation only to lower accuracy, e. g., ε = 10−4.
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Figure 7.3: Prediction errors of estimates computed by dLS and by centralized approaches
based on QR factorization (LS-QR) and normal equations (LS-NE) applied on
a data set with |τ | ≤ 10−1. The black line depicts the difference between result
computed by dLS and by centralized normal equations.

Real World Case

As a second example we present the performance of the dLS algorithm on the data set

“Concrete Compressive Strength”2 from UCI storing values related to concrete com-

pressive strength. The data set contains d = 8 independent variables, the amount

of seven ingredients such as water or cement in the concrete mixture and its age in

days. The output value is the compressive strength of the mixture depending on

the independent variables. In total, the data set contains n = 1030 instances, from

which we use 515 for creating a model and the rest for evaluating the model.

Analogously to the previous simulations, in Figure 7.4 on page 143 we plotted the

quality of the model calculated by dLS compared to a model delivered by centralized

approaches. We can see that due to the relatively high prediction error of the

centralized approaches, the difference between the predictions computed by dLS

and centralized methods starts to be significant when ε ≥ 10−1. Consequently, the

dLS algorithm can compute all distributed summations in very low accuracy without

changing the quality of the resulting model compared to the centralized approaches.

Such accuracy-performance trade-offs bring several advantages compared to dLS

with high target accuracy ε such as significantly reducing communication cost.

7.3 Summary of the Chapter

We illustrated on a short case study how distributed gossip-based algorithms can be

used for distributed solving of a linear least-squares problem arising in the context of

2http://archive.ics.uci.edu/ml/datasets/Concrete+Compressive+Strength

http://archive.ics.uci.edu/ml/datasets/Concrete+Compressive+Strength
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Figure 7.4: Prediction errors of estimates computed by dLS and by centralized approaches
based on QR factorization (LS-QR) and normal equations (LS-NE) applied
on a real data set containing variables describing types of concrete and its
compressive strength. The black line depicts the difference between result
computed by dLS and by centralized normal equations.

linear regression. We considered a situation where the input data for the algorithm

is distributed row-wise across nodes in a network. Every participating node stores

local knowledge of several independent observations and on them depending output

values. The main goal of the participating nodes is to calculate a linear regression

model using all data in the network without collecting the data at a single node.

We introduced the distributed algorithm dLS built on previously developed

gossip-based QR factorization vdmGS and matrix-matrix multiplication dmmm.

Besides properties common for gossip-based matrix algorithms, such as no need

of knowledge of the global topology or no assumptions on particular connections,

we also identified several reasons why the distributed gossip-based algorithm is par-

ticularly suitable for this scenario.

First of all, in a data mining context one expects the original data to be dis-

tributed across nodes and usually the individual nodes do not want to centralize

the data, e. g., because of technical or privacy reasons. Furthermore, the data is

naturally distributed row-wise across nodes which is the desired data distribution

for the gossip-based building blocks developed in this thesis. In this context it is

also very likely that every node stores more than one observation and thus more

rows of the input matrix which is also easy to handle by the introduced gossip-based

algorithms. Another positive aspect of the dLS algorithm is that it computes an

approximation of the regression model in all nodes. As a result, after the algorithm

is finished, every node can evaluate new incoming observations independently of the

other nodes with the locally computed model.
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We simulated the dLS algorithm for three different scenarios and compared the

calculated model to the result computed by two centralized methods. The simula-

tion results confirmed that the better the input data can be expressed by a linear

function, the more precise are the predictions of the calculated model, and thus

the higher accuracy is needed by the DDAAs in dLS in order to return results

similar to the centralized computation. However, in real world scenarios it is not

to be expected that a linear function fits the input data perfectly. Consequently,

target accuracy ε lower than double precision will often be sufficient for the data

aggregation algorithms called during the dLS algorithms which significantly reduces

communication cost and thus runtime compared to computing a solution in double

precision. The disadvantage of the dLS algorithm is that it is not known in advance

which accuracy ε of the dLS algorithm will be sufficient, and thus it is difficult to

exploit the property of trading final accuracy of the result for invested cost without

any prior knowledge or experience.

Nevertheless, the illustrative case study served for a giving a brief insight into

an application utilizing the attractive properties of the gossip-based algorithms.

Comprehensive and detailed analyses of different approaches to distributed least

squares as well as comparisons to existing distributed approaches for linear regression

is a scope of future work.



Chapter 8

Towards MPI Implementation

of Gossip-Based Algorithms

In order to investigate the performance of gossip-based algorithms in terms of run-

time on a classical parallel machine, we provide first insights into how they can

be implemented in MPI. We chose the message passing interface (MPI), because

it is a standard environment for developing parallel programs for high-performance

computers providing the interface for exchanging messages between processes. The

MPI background needed for this chapter, such as the description of routines, is

summarized in Appendix A.

First, we discuss difficulties when implementing gossip-based algorithms in MPI

and we present several variants of possible implementation strategies of the push-

sum algorithm (see Section 3.2.2). Then, we present first runtime comparisons of

the push-sum algorithm with a standard parallel approach MPI Allreduce and we

investigate scaling behavior in MPI with growing number of processes and increas-

ing size of messages. The collective communication operation MPI Allreduce is a

frequently used routine for computing an aggregation (e. g., sum or average) of val-

ues distributed over several processes and it delivers the result to all participating

processes. Obviously, the push-sum algorithm can be considered a distributed coun-

terpart of the parallel reduction MPI Allreduce. Moreover, according to theory,

the push-sum algorithm and parallel reduction algorithms scale similarly with the

increasing size of the system (Thakur et al., 2005). We also compare a gossip-based

matrix-vector multiplication to a PBLAS routine called pdgemv used commonly in

ScaLAPACK (see Blackford et al. (1997)).

Note that in the previous chapters we considered the distributed data for a gossip-

based algorithms to be distributed across nodes, because the primary target systems

are loosely-coupled systems, such as sensor networks. However, in the context of

145
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parallel computers the term “node” has a different meaning. Thus, in this chapter

we use the terminology common for HPC computing. The important entity for a

distributed algorithm on a parallel machine is a process, since the initial data for the

routine is distributed across N processes, regardless of the number of the physical

nodes in the machine.

8.1 Motivation

The properties of future extreme-scale computers are predicted to be different from

parallel computers used nowadays. It is anticipated that due to the extreme number

of components, the mean time between failures will be much shorter than on today’s

systems, and system failures will occur several times a day (see Cappello et al.

(2009)). As a consequence, handling different kinds of failures is expected to become

one of the essential aspects of algorithms designed for future parallel systems.

In today’s parallel computers, failures in the systems or in the computations are

handled mainly by mechanisms which do not change the underlying algorithm, such

as checkpoint/restart (C/R) or redundant executions of the computation (see Sec-

tion 3.1). However, current mechanisms very likely become insufficient for future sys-

tems because of their poor scalability with the growing number of nodes (see Riesen

et al. (2012), Varela et al. (2010)). In addition, the extreme-scale systems will be

difficult to synchronize globally across nodes and processes. As a result, there is

a need for either essentially modifying the current mechanisms and improve their

scalability, or investigating brand new approaches.

Based on the research presented in the previous chapters we see that gossip-based

algorithms offer several properties which may be attractive also for future large-scale

systems. They have a big potential for high fault tolerance and also they do not

need full synchronization across processes. However, it has to be investigated first,

how gossip-based distributed algorithms behave on high-performance machines in

terms of runtime and scalability.

8.2 Experimental Setup

We used two parallel machines for running experiments to get the first insights

into the performance of the gossip-based algorithms. For experiments on a small

number of processes we used a cluster at Georgia Institute of Technology called Jinx1,

where OpenMPI 1.4.3 is installed. The second machine we used for experiments

1http://support.cc.gatech.edu/facilities/instructional-labs/jinx-cluster
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is the NERSC’S Cray XE6 called Hopper2, a high performance parallel computer

consisting of in total 6384 nodes, each with 24 cores. The MPI version used on this

computer is Cray MPICH2. For each experiment we reserved enough resources so

that the number of processes was smaller than the number of cores reserved. At

Jinx we ran jobs with at most 96 processes, because the maximum number of nodes

reserved is eight, each with two six-core processors. At Hopper each node has 24

cores and thus, for N processes always the smallest number d of nodes was reserved,

where N ≤ 24d.

All MPI experiments are run on N processes. Each process gets a vector

local data ∈ Rk+1 as the input, where the first element local data[0] is ini-

tialized by the scalar weight (Section 3.2.2) and the remaining k elements contain

the values of every process to be summed up by push-sum. If we run a scalar push-

sum (Section 4.1), i. e., k = 1, the input vector local data stores two numbers:

the scalar weight and the scalar value, which contributes to the final sum across

the processes. In the case of a vector or matrix push-sum, k is initialized to the

number of elements in the vector or matrix to be summed up. Apart from the initial

data, each process gets a target accuracy ε, the true aggregate of the initial data

true result, and auxiliary parameters MAX ROUNDS and MAX SENT MSG for terminat-

ing the processes, which is explained in detail in Section 8.4. The output in every

process is a vector local sum ∈ Rk, where every element local sum[i], 1 ≤ i ≤ k

of the output is an approximation of the sum
∑N

p=1 local data(p)[i+1] across all

processes p.

We do not consider any special mapping of the processes on particular cores in

the system. However, to investigate the influence of connectivity of the processes

on the runtime of the algorithms, we implement two virtual topologies. In the first

scenario, the experiments are run over a virtual fully connected network, where every

process can communicate with every other participating process. The processes are

perfectly connected and the information is spread very fast among the participating

processes. As an alternative, we execute the push-sum algorithm over a virtual

hypercube with N = 2h nodes. The h neighbors of each node p are easily computed

by taking the binary representation of the number p and changing exactly one bit,

e. g., by computing binary XOR of p and any power of two smaller than 2h. I. e.,

every process p communicates exclusively with processes p ⊕ 2i, with 0 ≤ i < h =

log2N , where ⊕ is the binary XOR. As a consequence, the hypercube topology

substantially decreases the size of the neighborhood of each process compared to the

fully connected network, while preserving a good connectivity between the processes

for fast spreading of information. Note that in both scenarios the topology is given by

2http://www.nersc.gov/users/computational-systems/hopper/
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the selection of communication partners in the algorithm and it is not connected to

the underlying hardware infrastructure. Throughout this chapter, by “neighbors” of

process p we understand the processes which send messages to and receive messages

from process p regardless of the physical layout.

In our implementations the processes exchange messages serving different pur-

poses. In order to distinguish between them, every message contains one of the three

following tags stating the purpose of the message:

1. TAG DATA — messages containing data for updating a process’ local data

2. TAG ACK — acknowledgment messages

3. TAG TERM — messages signaling that the sender is ready to terminate

8.3 Implementation of Push-Sum in MPI

The structure of the push-sum algorithm for computing a sum or average of dis-

tributed values has been reviewed in Algorithm 4 on page 44. Because the principle

of gossiping does not target high performance systems, implementing distributed

gossip-based algorithms for a parallel machine is a complex topic and it is not

straightforward how to accomplish the communication and data exchange between

the processes in an MPI implementation of push-sum. Due to the randomized and

asynchronous communication schedules, the processes do not know when and from

whom they receive a message. This causes, among others, difficulties in deciding

when and how to terminate the processes so that no unprocessed message remains

in the system. To solve this issue, each process p proceeds in two phases in our MPI

implementations of the gossip-based algorithms.

In the first computation phase, process p executes the push-sum algorithm, which

means sending and receiving messages and updating its local data. When conver-

gence criteria are met, process p enters the second termination phase, where it is

ready to terminate and does not modify its local data anymore. When all processes

which may exchange data with process p also have entered the second phase, process

p terminates. In this section we present several variants of MPI implementations of

the computational phase of the push-sum algorithm. The solutions for termination

of the processes are discussed in Section 8.4.

Although the push-sum algorithm does not require full synchronization of all

processes in order to achieve the target accuracy, if several processes send out their

information and terminate before the other processes even start sending, nobody in

the network can compute a correct result. Therefore, the implementations in MPI

require a certain coordination of the processes. Also in terms of runtime, the desired
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property of the push-sum implementations in MPI is that all participating processes

make progress in the computation with similar speed.

The ultimate solution is to implement push-sum with fully synchronized rounds

by using, e. g., MPI Barrier. This means that every node sends a message, processes

receives messages and waits for all other nodes before proceeding further. The

advantage of this approach is that all processes progress in the computation with the

same speed and thus, it is also easy to terminate all processes at the same time after

a given number of rounds executed. However, such implementation introduces large

additional communication overhead, because every barrier is of similar complexity

as one call of MPI Allreduce (see Hoefler et al. (2004) for barriers and Thakur

et al. (2005) for parallel reductions) and it does not exploit one of the strengths and

attractive properties of the push-sum algorithm, namely that it does not require

the rounds to be synchronized across all processes. As a consequence, we do not

consider this implementation in this thesis. We introduce several implementation

variants which avoid the usage of global barriers.

Version 1 - “PS-WIN”

The PS-WIN implementation (shown in Algorithm 20 on page 150) of push-sum

in MPI uses one-sided communication between the processes. Before computing

the sum, all participating processes call MPI Win create to establish a “window”,

a part of memory which is accessible to other participating processes (Line 1 in

Algorithm 20). The value in this window is initialized with the local data of the

process. Sending a message during the computation is accomplished in the following

way: First, process p chooses randomly a target process t (Line 3 in Algorithm 20)

and locks exclusively the window of process t by MPI Win lock (Line 4 in Algo-

rithm 20). Then, process p adds half of its local data to the values stored in the

window of the target process t by MPI Accumulate (Lines 5 and 6 in Algorithm 20)

and unlocks the window by MPI Win unlock (Line 7 in Algorithm 20). This sequence

corresponds to one round of the push-sum algorithm in process p. For receiving a

message there is no action required from the processes, because the information is

directly stored to their memory window.

The main advantage of this implementation is one-sided communication, because

after destroying the window of a process by MPI Win free (Line 9 in Algorithm 20),

no other process can access the window. Consequently, the remaining processes

cannot send information to nodes which have already finished and no pending mes-

sages are left after all processes have terminated. On the other hand, it does not

correspond to the original design of the push-sum algorithm, because of the shared-

memory “window” to which the access is synchronized by using locks.
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Algorithm 20 PS-WIN

Input: local data ∈ Rk+1, convergence parameters ε and MAX ROUNDS

number of processes N

Output: local sum ∈ Rk

1: initialize memory window win by MPI Win create()

2: while (not converged)

3: choose target t

4: lock win of t by MPI Win lock()

5: local data ← local data/2

6: add local data to t’s window by MPI Accumulate()

7: unlock win of t by MPI Win unlock()

8: if ((ERROR ≤ ε) || (rounds > MAX ROUNDS))

9: destroy win by MPI Win free()

10: converged

11: end if

12: end while

13: for i = 1 : k

14: local sum[i-1] ← N · local data[i]/local data[0]

15: end for

16: ... termination ...

Version 2 - “PS-ACK”

In the second implementation of the push-sum algorithm in MPI described in

Algorithm 21 on page 151, each process has to actively receive a sent message.

This communication by the means of sending and receiving messages we call two-

sided communication. Thus, one round in process p consists of two steps. First,

process p sends a message with TAG DATA to a randomly chosen process t using

the blocking routine MPI Send() (Lines 2 and 3 in Algorithm 21). The message

contains data for updating the local status of process t. Then, process p keeps

receiving messages. If a message with TAG DATA is received, process p updates its

local data and sends an acknowledgment TAG ACK to the sender of the message

(Lines 8 and 9 in Algorithm 21). Once process p receives an acknowledgment for a

message it sent earlier, it continues to the next round.

In contrast to PS-WIN, this implementation of the push-sum algorithm does not

need any initialization phase of shared-memory windows. However, due to acknowl-

edgment messages, which have to be delivered to the target processes, this approach

works only on systems with reliable communication. Moreover, the acknowledgment

messages introduce additional overhead in terms of communication cost, since the

PS-ACK implementation sends twice as many messages than necessary for achieving

the target accuracy.



8.3. IMPLEMENTATION OF PUSH-SUM IN MPI 151

Algorithm 21 PS-ACK

Input: local data ∈ Rk+1, convergence parameters ε and MAX ROUNDS

number of processes N

Output: local sum ∈ Rk

1: while (not converged)

2: local data ← local data/2

3: send local data to randomly chosen process t

4: while (not next round)

5: wait for receiving a message msg

6: case msg.tag

7: TAG DATA:

8: local data ← local data + msg.data

9: send TAG ACK to msg.source

10: if (ERROR ≤ ε) converged

11: TAG ACK:

12: next round

13: if (rounds > MAX ROUNDS) converged

14: TAG TERM:

15: term count++

16: if (term count == neighbors) converged

17: end while

18: end while

19: for i = 1 : k

20: local sum[i-1] ← N · local data[i]/local data[0]

21: end for

22: ... termination ...

Version 3 - “PS-PUP”

The third version of implementation of push-sum in MPI called PS-PUP (shown

in Algorithm 22 on page 152) improves PS-ACK by utilizing acknowledgments

for transmitting local data which can be used in the receiving process for mak-

ing progress in the computation. Whenever a process p sends an acknowledgment

message, it includes its local data in the same way as when sending a data mes-

sage (Lines 8 and 9 in Algorithm 22). Consequently, in PS-PUP processes always

mutually exchange their local data (so called “push-pull” approach). Although this

implementation needs less rounds to converge then the version PS-ACK with empty

acknowledgments, PS-PUP is rather an implementation of a push-pull algorithm

with mutual information exchange, instead of push-sum.
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Algorithm 22 PS-PUP

Input: local data ∈ Rk+1, convergence parameters ε and MAX ROUNDS

number of processes N

Output: local sum∈ Rk

1: while (not converged)

2: local data ← local data/2

3: send local data to randomly chosen process t

4: while (not next round)

5: wait for receiving a message msg

6: case msg.tag

7: TAG DATA:

8: local data ← local data + msg.data

9: send TAG ACK with local data to msg.source

10: if (ERROR ≤ ε) converged

11: TAG ACK:

12: local data ← local data + msg.data

13: next round

14: if (rounds > MAX ROUNDS) converged

15: TAG TERM:

16: term count++

17: if (term count == neighbors) converged

18: end while

19: end while

20: for i = 1 : k

21: local sum[i-1] ← N · local data[i]/local data[0]

22: end for

23: ... termination ...

Version 4 - “PS-ASY”

The motivation for the last version PS-ASY shown in Algorithm 23 on page 153

is to overcome the drawbacks of the previous implementations, namely initializing

the memory window and sending acknowledgment messages, but to preserve the

asynchronicity of the push-sum algorithm. The basic idea pursued in this imple-

mentation is to keep always N messages in the computation, where N is the number

of participating processes. In theory, this condition would be preserved in synchro-

nized rounds, because every process sends at the beginning of each round exactly

one message, regardless of how many messages it has received. However, since we

want to design an asynchronous implementation, we have to preserve the number

of messages in the system by other means. In PS-ASY, every process begins the

computation by sending one message to a randomly chosen neighbor (Line 1 in Al-

gorithm 23) and waits for incoming messages from other processes. Note that N
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Algorithm 23 PS-ASY

Input: local data ∈ Rk+1, convergence parameters ε and MAX SEND MSG

number of processes N

Output: local sum ∈ Rk

1: send local data to randomly chosen process p

2: while (not converged)

3: recv msg ← 0

4: wait for receiving a message msg

5: do

6: recv msg++

7: local data ← local data + msg.data

8: while (a message msg to receive)

9: local data ← local data/(recv msg + 1)

10: for (i = 1 : recv msg)

11: choose target t

12: send local data to t

13: end for

14: if ((ERROR ≤ ε) || (sent messsages > MAX SENT MSG)) converged

15: end while

16: for i = 1 : k

17: local sum[i-1] ← N · local data[i]/local data[0]

18: end for

19: ... termination ...

messages in total are sent at the beginning of the computation. As soon as a process

receives a message, it updates its local data (Line 7 in Algorithm 23) and checks

for another received message. After processing all currently received messages, the

process chooses a random neighbor for every message received in this round (Lines

10-11 in Algorithm 23), sends a message to the selected neighbors (Line 12 in Algo-

rithm 23) and waits for next messages. Since the computation was started with N

messages and for each received message, one message is sent, the number of messages

in the computation is always equal to N .

8.4 Termination of Gossip-Based Algorithms in MPI

An important part of push-sum implementations is termination of all processes.

The following objectives should be met. First, we require that the approximation

local sum in every node reaches the target accuracy ε. Second, no pending messages

should be left after all processes terminated. Obviously, the second aspect is not

relevant for PS-WIN due to one-sided communication. In the three implementations
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using two-sided communication the nodes do not know when the last message will

be sent to them due to the randomized and asynchronous communication. Con-

sequently, if processes terminate independently of the others, it may happen that

they finish before receiving and processing all messages, which is undesirable in MPI

codes. Furthermore, the situation when a process terminates and stops contribut-

ing to the computation without sending its local status to another process can be

compared to a process failure. Such a situation causes the remaining active nodes

to converge to an incorrect value. Thus, it is needed that all processes terminate at

the same time.

As mentioned, in all presented MPI implementations, processes work in two

phases, computation and termination. If process p has finished the first phase and it

is ready to terminate, it sends a message with the tag TAG TERM to all of its neighbors

and stops refining its local estimate. Process p stops refining its local estimate and

enters the termination phase when at least one of the following conditions holds:

1. The local estimate is accurate enough:

(ERROR ≤ ε)

2. The maximum number of messages/rounds has been sent/executed:

(send msg > MAX SENT MSG) or (rounds > MAX ROUNDS)

3. One of its neighbors entered the termination phase:

(msg.tag == TAG TERM)

After entering the termination phase, process p keeps receiving messages. Once it

receives a message with TAG TERM from all of its neighbors, it terminates. Since

a message with TAG TERM is always the last message sent by a process and only

nearest neighbor communication happens, a node can terminate once it has received

the termination message from every neighbor and no pending messages are left in

the computation.

In the MPI experiments we use the same convergence criterion as in our Matlab

simulations (Section 4.3.2), namely evaluating the relative error of the local estimate

in every process compared to the correct result combined with the maximum number

of rounds. We provide every process with the true result at the beginning of the

computation. Once the local relative error compared to the correct result is less or

equal to ε, the process stops refining the output and enters the termination phase.

Every process also counts the number of rounds or equivalently the number of sent

messages containing data. Once these numbers exceed the maximal value given as

an input parameter (MAX ROUNDS or MAX MSG SENT) in a process, the process enters

the termination phase.
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Obviously, terminating a process by comparing the estimate to a true result

is a theoretical solution and it serves for the experiments and investigation of the

algorithms. In practice, it is not to be expected that the true result is available in any

of the processes. A possibility how to solve the situation, when we cannot provide

the processes with the correct result, is to use the idea of the convergence proof of

push-sum presented in Kempe et al. (2003). Before starting the push-sum algorithm,

every process p appends to its local data an additional contribution vector of length

equal to the number of processes N . This vector has 1 on the pth position and zeros

otherwise. Clearly, the sum of contribution vectors across all processes is equal to the

vector of all ones. Thus, the correct result of the sum of all contribution vectors is a

priori known in all processes. Since those vectors are sent and updated together with

the local data, each process can compute the relative error of the current estimate

of the local data compared to the desired sum by computing the relative error of the

contribution vectors compared to the vector of all ones. Although this solution does

not require any global knowledge, it introduces an overhead in terms of the amount

of data exchanged. Because the overhead is proportional to the number of processes

N , it is more suitable for situations where the size of the data k is (much) larger

than the number of processes.

Apart from checking the relative error ε, a process also stops the computation

of the estimate as soon as it receives the first message with TAG TERM signaling that

its neighbor has entered the termination phase. When several processes carry on

refining the local estimate whereas other processes have entered the termination

phase and do not contribute to the computation anymore, the network behaves as

if it is disconnected and the active processes converge to a wrong value.

Clearly, it is possible that a process receives a message with TAG TERM and stops

the computation before its local estimate has reached the target accuracy ε. To

guarantee that all processes have ε-accurate estimate at the end, we can utilize

the TAG TERM messages for spreading out the accurate results. A node, which has

entered the termination phase because its local sum is ε-accurate, includes the final

estimate in the TAG TERM messages sent to its neighbors. Once a neighbor receives

the first TAG TERM message, it uses the value included in the message as the local

estimate of the true aggregate. We assume that the maximal number of rounds is

set high enough so that at least one process can compute an accurate local estimate.

As a result, at the end of the execution of the algorithm all nodes contain a local

estimate which is ε-accurate. Note that this solution introduces overhead in terms

of amount of data exchanged, since every termination messages contains the whole

local estimate, which is of size k.
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8.5 Runtime Comparisons

In this section we provide runtime comparisons of the individual implementations

of push-sum in MPI (Section 8.3) to each other and also to the standard routine

MPI Allreduce. If not stated otherwise, the accuracy of the push-sum algorithm was

set to ε = 10−15. We focus on investigating the scaling behavior of the implemen-

tations with increasing number of processes N and message size k. We also explore

how the scaling behavior changes with different virtual connectivity of the processes,

namely fully connected and hypercube. Last but not least, we compute a matrix-

vector product by distributed algorithm dmmm (see Algorithm 15 on page 105) and

we compare it to PBLAS routines pdgemm and pdgemv. For all processes we measure

the time needed for both phases, the computation as well as the termination. The

presented figures show the maximal time over all N processes.

8.5.1 Distributed All-to-All Reduction

First of all, we investigate the runtime of all four push-sum implementations in MPI

on the Jinx cluster for summing numbers distributed across processes. Figure 8.1 on

page 157 shows the runtime of gossip-based approaches averaged over 20 runs. We

see that PS-WIN using one-sided communication is the slowest of all the methods.

As expected, PS-ACK sending empty acknowledgment messages is slower than PS-

PUP including local data into the acknowledgments. Note that all implementations

show similar scaling behavior with the number of processes as the MPI routine.

Figure 8.2 on page 157 shows the slow-down factors of the gossip-based algorithms

compared to MPI Allreduce. The slowest variant PS-WIN is on average about 20

times slower, the fastest implementations PS-PUP and PS-ASY are about 5-10 times

slower than MPI Allreduce.

Scaling behavior with number of processes

Let’s observe the influence of the virtual connectivity of processes on the scalability

behavior of PS-WIN and PS-ASY with increasing number of processes N . We

investigate PS-WIN only for the fully connected case, because MPI Win create()

establishes a window accessible to all remaining processes. For PS-ASY we study

the situation where every process can communicate with every other process (PS-

ASY(FC)) as well as the situation where the processes are organized into a virtual

hypercube (PS-ASY(HC)). We omit investigating the versions PS-ACK and PS-

PUP, because due to sending acknowledgments, their design does not correspond to

the original push-sum algorithm and they did not outperform PS-ASY in terms of

runtime.
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Figure 8.1: Runtime of all four implementations of push-sum in MPI and of
MPI Allreduce summing elements of a random vector x ∈ RN across N pro-
cesses on Jinx. Averaged over 20 runs.
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Figure 8.2: Slow-down factors of all four implementations of push-sum in MPI compared
to MPI Allreduce summing elements of a random vector x ∈ RN across N
processes on Jinx. Averaged over 20 runs.

From theory we know that the push-sum algorithm computes ε-accurate esti-

mates over hypercube as over a fully connected network in asymptotically the same

number of rounds (Section 3.2.2). The Matlab simulations presented in Figure 5.5

on page 70 indicated that the more connected network, the faster convergence of the

push-sum algorithm, since it converges slightly slower over hypercube compared to

a fully connected network.

In MPI the situation is different, because different aspects have an impact on the

overall runtime. In the first phase of PS-ASY, every process is waiting for receiving

a message from any neighbor. Consequently, for a fully connected network, MPI has

to detect incoming messages from all (N − 1) remaining processes, which is likely

to be slower than listening to only h = log2N neighbors, as it is in the case of the
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virtual hypercube. Moreover, during the termination phase, every process sends a

message to every other process, which means all-to-all communication in the fully

connected network.

The resulting runtimes obtained from Hopper are plotted in Figure 8.3. Al-

though PS-WIN seemed to be the slowest implementation when running on a small

number of processes on Jinx, for larger numbers of processes it outperforms the vari-

ant PS-ASY(FC). Moreover, the simulations confirmed the expectations that PS-

ASY(FC) scales much worse than PS-ASY(HC) with communication corresponding

to a hypercube topology, which is the opposite observation compared to the Mat-

lab simulations. Reducing the number of neighbors but keeping good connectivity

of the graph makes the distributed summation based on gossiping scale very well

with increasing number of processes. Further in this section we concentrate only on

the PS-ASY(HC) on hypercube.

The slow-down factors compared to MPI Allreduce are plotted in Figure 8.4 on

page 159. In contrast to the comparisons on Jinx, on Hopper are all gossip-based

methods much slower than the MPI routine.
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Figure 8.3: Runtime comparison of PS-WIN to PS-ASY(FC) over a fully connected net-
work and PS-ASY(HC) on hypercube summing elements of a random vector
x ∈ RN across N processes on Hopper.

Scaling behavior with increasing message size

Another aspect we investigate for push-sum implementations in MPI is their scaling

behavior with increasing message size k. This is relevant, for instance, because of

the potential utilization of push-sum in more complex algorithms, where not only

its scalar version, but also vector or matrix versions (Section 4.1) are of interest.

As can be observed in Figure 8.5 on page 159, the runtime of both explored push-

sum implementations PS-WIN and PS-ASY(HC) hardly changes with increasing
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Figure 8.4: Slow-down of PS-WIN, PS-ASY(FC) over a fully connected network and PS-
ASY(HC) over hypercube compared to MPI Allreduce summing elements of
a random vector x ∈ RN across N processes on Hopper.

message size k. Nevertheless, it is to be expected that with further increasing size

of messages, the methods will eventually slow down due to internal dividing of the

MPI messages into several packets. The exact message size depends on the concrete

system and on the communication protocol used.
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Figure 8.5: Runtime of PS-WIN and PS-ASY(HC) over hypercube summing elements of a
random vector x ∈ RN across N processes on Hopper with increasing message
size k.

8.5.2 Matrix-Vector Multiplication

In the last part we investigate the gossip-based algorithm dmmm introduced in

Section 6.2 compared to PBLAS routines pdgemv and pdgemm. We present results

for multiplying a matrix A ∈ Rn×n and a vector V ∈ Rn. In dmmm we used two

implementations of the push-sum algorithm, PS-WIN and PS-ASY(HC).
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First, we compare the methods in terms of runtime when computing a matrix-

vector multiplication with input data A ∈ RN×N and V ∈ RN over N processes.

The target accuracy ε of the push-sum called in the dmmm was set to 10−14. The

results plotted in Figure 8.6 indicate that the gossip-based method based on PS-

ASY(HC) scales better with the increasing number of processes than the dmmm

based on PS-WIN. The corresponding slow-down factors compared to pdgemv are

shown in Figure 8.7 on page 161. As can be observed, dmmm using the PS-ASY(HC)

implementation is about 2-3 times slower than pdgemv. Moreover, runtime of pdgemm

designed for computing matrix-matrix multiplications is comparable to the parallel

routine pdgemv for matrix-vector multiplication.
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Figure 8.6: Runtime of distributed matrix-matrix multiplication dmmm based on PS-WIN
and PS-ASY(HC) and of pdgemm and pdgemv multiplying a square matrix
A ∈ RN×N by a vector V ∈ RN over N processes on Hopper.

The comparison presented in Figure 8.8 on page 161 depicts the scalability of

both gossip-based matrix-vector multiplications with increasing problem size n when

the number of processes N stays fixed. The runtime is plotted relatively to the

runtime of the routine pdgemv. We ran all three routines for N = 64 processes for

multiplying A ∈ Rn×n and V ∈ Rn with n = 64, 128, 256, 512, 960 being multiples of

64. Similarly to the previous experiments with push-sum, also for this matrix-vector

multiplication the gossip-based methods scale well with increasing messages size.

8.6 Summary of the Chapter

Although gossip-based algorithms are originally intended for distributed systems,

they might be useful also in future parallel computing. The goal of this chapter was

to answer first questions related to implementation of gossip-based algorithms in

MPI and to the behavior of the MPI implementations on parallel machines in terms
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Figure 8.7: Slow-down factors of distributed matrix-matrix multiplication dmmm based
on PS-WIN and PS-ASY(HC), and of pdgemm compared to parallel matrix-
vector multiplication pdgemv multiplying a square matrix A ∈ RN×N by a
vector V ∈ RN over N processes on Hopper.
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Figure 8.8: Slow-down factors of distributed matrix-matrix multiplication dmmm based
on PS-WIN and PS-ASY(HC) relatively to pdgemv with increasing problem
size n across N = 64 processes on Hopper.

of runtime and scalability.

Since the target systems for the push-sum algorithm are different from parallel

computers, it is not straightforward how to implement it in MPI in order to preserve

its asynchronicity and randomized communication schedule without leaving pending

messages after the termination. We discussed several implementations of the push-

sum algorithm in MPI, with different pros and cons.

An advantage of the implementation using one-sided communication is that pro-

cesses can finish their computation without any danger of leaving unprocessed mes-

sages. However, the processes have to synchronize their access to shared-memory

windows, which does not completely correspond to the idea of the push-sum algo-
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rithm, where the processes send messages independently of each other.

Implementations using message passing communication do not need shared-

memory windows, but they have to terminate all processes so that no pending

messages between the processes are left. We introduced an implementation solu-

tion of terminating the processes, where each processes waits for all its neighbors to

reach a termination phase in order to finish.

We considered two virtual topologies of the MPI processes and we studied their

influence on scalability. In theory, we know that the more connected the graph, the

better the convergence speed of push-sum. Therefore, if the underlying topology is

fully connected so that every process can communicate directly to every other, push-

sum converges faster than on any other topology. However, on parallel machines

the situation is different. In a fully connected topology every process constantly

listens to all other processes in order to receive a message. Therefore, the resulting

implementation scales worse with increasing number of processes compared to the

experiments run over a virtual hypercube, where the neighborhood of each node is

substantially smaller.

First experiments showed that gossip-based algorithms may have the potential to

run on parallel machines with preserving their attractive properties, such as no global

synchronization requirements. We presented several experimental results showing

the behavior of different push-sum implementations and of distributed matrix-vector

multiplication based on push-sum. The concrete slow-down factors of the distributed

algorithms compared to MPI Allreduce and pdgemv depend on the machine, on the

MPI implementations of push-sum used and on the virtual topology of the processes.

Although first results on Jinx indicated that PS-ASY is the fastest method being

about 5-10 times slower than MPI Allreduce, the comparison to MPI Allreduce

on Hopper showed slow-down factors of the fastest implementation of about 1000.

Experiments on Hopper also showed that PS-ASY on fully connected topology scales

worse than PS-WIN and that PS-ASY ran on virtual hypercube has much better

scaling behavior both of the methods, which is also in contrast to observations made

in Matlab . The runtime comparisons of matrix-vector multiplication indicated

that the gossip-based algorithms on parallel machines may be only 2-3 times slower

than pdgemv.

Several fundamental questions still remain open, especially how to efficiently

terminate the participating processes without leaving unprocessed messages and how

to locally detect convergence of the estimates without knowing the true aggregate.

Once those issues are solved theoretically as well as for practical usage, the next steps

are to implement an effective push-sum for parallel computers and subsequently

distributed matrix algorithms based on the new effective implementation.
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Summary and Conclusions

Gossip-based algorithms have been so far utilized for rather simple computations,

but their attractive properties, such as flexibility and good scalability, motivate a

deeper investigation of their behavior in practice as underlying principle for future

flexible, asynchronous and resilient numerical matrix algorithms. In this thesis we

provided an extensive discussion and analysis of prototypical distributed matrix ap-

proaches constructed on top of gossip-based distributed data aggregation algorithms

(DDAAs), which are algorithms allowing for a decentralized computation an aggre-

gate, such as sum or average, across a network. A well known gossip-based algorithm

of this kind is the push-sum algorithm.

The major contribution of this thesis is the development and analysis of proto-

typical distributed matrix algorithms based on gossiping. We presented the dmGS

algorithm, a gossip-based modified Gram-Schmidt orthogonalization for computing

a QR factorization of a general rectangular matrix distributed over a loosely coupled

decentralized system. The second algorithm we investigated in detail is a gossip-

based eigensolver dOI based on orthogonal iteration, which comprises a distributed

matrix-matrix multiplication and the dmGS algorithm. Based on the analysis and

presented simulation results we can conclude that the presented distributed gossip-

based matrix algorithms preserve properties of existing sequential numerical linear

algorithms, such as numerical accuracy and convergence speed, if the DDAAs com-

pute the results in double precision.

The key aspect of all distributed matrix algorithms developed in this thesis is

that all communication between nodes is randomized and flexible. The absence of

any operation with a deterministic communication schedule in all building blocks

leads to many attractive properties. An existing distributed orthogonal iteration

designed by Kempe and McSherry (2008) is partially based on a DDAA, but it also

contains a distributed computation with deterministic schedules. Consequently, it

163
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cannot take advantage of any of the attractive properties, such as flexibility, fault

tolerance or communication cost reduction through accuracy-performance trade-offs.

Thanks to the ability of gossip-based algorithms for accuracy-performance trade-

offs, the overall invested cost can be significantly reduced, which we illustrated

on dOI. The lower the target accuracy ε of the DDAA, the lower also the final

accuracy of the results computed by distributed matrix algorithms, but also the

lower the invested cost. Because dOI works in iterations and calls a DDAA work-

ing in rounds, the resulting inner-outer structure allows for a perfect utilization of

accuracy-performance trade-offs. By gradually adjusting the accuracy of the DDAA

to the progress in dOI, the overall communication cost can be reduced by at least a

factor of two.

Another advantage of the push-sum algorithm is its good scalability with the

number of nodes on well-connected networks, which is also inherited by the dis-

tributed algorithms built on top of it. With increasing problem size is the situation

slightly more difficult and depends on the concrete algorithm. We illustrated how

distributed gossip-based algorithms can trade off the message size for the number

of the messages, and thus they can adapt to the needs of the concrete underlying

system. If the priority is to send as few messages as possible, a vector version or

a matrix version of a DDAA can be employed to increase the size of the message

and decrease the overall count. The concrete examples are three versions of dis-

tributed matrix-matrix multiplication or a version of dmGS called vdmGS, which

exchanges fewer (but larger) messages than dmGS. Thanks to the modification, the

vdmGS algorithm is comparable to parallel mGS in terms of communication cost.

Nevertheless, the communication-optimal CAQR algorithm outperforms all meth-

ods based on modified Gram-Schmidt in terms of number of messages as well as the

amount data sent. For the special case of a square matrix V ∈ Rn×n distributed

over N nodes, vdmGS sends by a factor
√
N more real numbers and by a factor of

n/(
√
Nlog2N) more messages than CAQR.

In general, distributed matrix algorithm based on push-sum tolerate reported

link failures thanks to their flexible communication schedules. However, since push-

sum requires preservation of the global mass in the system during the whole com-

putation, it does not tolerate any silent failures, such as message losses. In contrast,

distributed algorithms using a self-healing gossip-based DDAA, such as push-cancel-

flow, deliver an accurate result even in the presence of numerous messages losses.

Delivering an accurate result in the presence of node failures is in general more chal-

lenging than tolerating link failures due to the loss of initial data. If all of the input

data has to be included in the final result, distributed algorithms have to back-up

the initial data due to the whole process in order to deliver a correct result, as we
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illustrated by the rdmGS algorithm.

Apart from comparing the distributed gossip-based algorithms to their parallel

counterparts, we also focus on distributed alternatives, such as consensus-based

approaches. A main difference of gossip-based DDAAs compared to consensus-based

algorithms is that they do not require global synchronization of every round across

the network, as we illustrated by a dmGS algorithm with a very weak synchronization

strategy (at the algorithmic level) achieving full accuracy. However, a distributed

QR factorization based on dynamic consensus has several advantages over gossip-

based DDAA, especially the ability to compute an estimate of entire result in every

round.

The introduced distributed gossip-based algorithms can be used thanks to their

versatility also for constructing other distributed algorithms, e. g., distributed least-

squares solvers. As we illustrated in a short case study, a distributed linear least-

squares solver based on dmGS can be utilized for computing a linear regression

model. Such an approach is attractive for various data mining tasks over P2P or

social networks with initially distributed data.

Although gossip-based algorithms are originally targeted for systems such as P2P

networks or sensor networks, due to anticipated changes in the large-scale parallel

high-performance computers, they may offer an interesting solution for future HPC

systems. We presented several possible implementation variants of the push-sum

algorithm in MPI and we compared in terms of runtime. Comparisons to the stan-

dard parallel reduction operation MPI Allreduce showed a slow-down of the factor

10 on a small machine and around a factor 1000 on a large machine. In contrast,

a gossip-based matrix-matrix algorithm compared to the PBLAS routines pdgemm

and pdgemv was only about 2-3 times slower. An important aspect revealed by the

experiments on high-performance computers is that the runtime of the push-sum

algorithm in MPI is influenced by the connectivity of the processes in the opposite

way than in theory. In theory, the push-sum algorithm converges faster on a fully

connected topology than on a hypercube. In MPI implementations, computations

where each process can communicate with every other process scale much worse with

increasing number of processes than executions over a virtual hypercube.

Future Work

To the best of our knowledge, this is the first comprehensive overview and analysis

of distributed matrix algorithms based on the principle of gossiping. Consequently,

many aspects outlined in this thesis have to be addressed in greater detail. These

include, for example, a complex investigation of synchronization strategies of gossip-

based algorithms or designing an adaptive dOI with adjustments based on local
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criteria. In terms of theoretical analysis, comparisons to centralized approaches

or a complete convergence proof of dOI in floating-point arithmetic are missing.

Moreover, the inferior numerical properties observed in distributed QR factorization

based on dynamic consensus have not been explained yet.

The research presented in this thesis can be also further extended by changing

the communication pattern of the underlying DDAA and studying its influence. For

example, one can study the changes when each node communicates with d > 1 com-

munication partners in every round. Furthermore, a concept preserving the attrac-

tive properties of gossiping together with exploiting the posibility of broadcasting

will be needed.

Last but not least, further investigation of gossip-based algorithms on HPC ma-

chines is needed, such as comparison to parallel approaches in terms of flop count

or peak performance, comparison to state-of-the-art fault tolerant approaches or

investigating implementations based on lower level alternatives to MPI, e. g., plain

socket communication.



Appendix A

Background on MPI

The following descriptions and definitions of routines and terms used in Chapter 8

can be found in the MPI-2.2 standard1. We focus on a high level overview of the

functionality of the routines. The full details including descriptions of all input and

output parameters are given in the MPI standard.

Terminology

Collective communication — It is defined as communication that involves a group

or groups of processes.

Nonblocking — Nonblocking procedure may return before the operation completes

and before the user is allowed to reuse resources (such as buffers) specified in the

call.

Blocking — Return from a blocking procedure indicates that the user is allowed to

reuse resources specified in the call.

One-sided communications — Defines communication routines that can be com-

pleted by a single process. These include shared-memory operations (put/get) and

remote accumulate operations.

MPI Routines

MPI ALLREDUCE — Global reduction operations such as sum, maximum, minimum,

etc., where the result is returned to all members of a group. MPI requires that all

processes participating in these operations receive identical results.

1http://www.mpi-forum.org/docs/
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MPI BARRIER — Barrier synchronization across all members of a group blocks the

caller until all group members have called it. The call returns at any process only

after all group members have entered the call.

MPI WIN CREATE — Creates an MPI Window object for one-sided communication.

The initialization operation allows each process in a group to specify a “window” in

its memory that is made accessible to accesses by remote processes.

MPI SEND — Performs a blocking send.

MPI ISEND — Performs a nonblocking send.

MPI RECV — Performs a blocking receive.

MPI IRECV — Performs a nonblocking receive.

MPI WIN LOCK(rank, win,...) — Starts an remote-memory-access (RMA) epoch.

Only the window at the process with rank rank can be accessed by RMA operations

on window win during that epoch. Locks are used to protect accesses to the locked

target window effected by RMA calls issued between the lock and unlock call, and

to protect local load/store accesses to a locked local window executed between the

lock and unlock call.

MPI WIN UNLOCK(rank, win) — Completes an RMA (remote-memory-access) ac-

cess epoch started by a call to MPI WIN LOCK(win,...). RMA operations issued

during this period will have completed both at the origin and at the target when

the call returns.

MPI WIN FREE(win,...) — Frees the window object win and returns a null handle

(equal to MPI WIN NULL).

MPI ACCUMULATE(target, win, op, ...) — Accumulates the contents of the ori-

gin buffer to the buffer in the target window specified by target and win, using

the operation op. For example, if op is MPI SUM, each element of the origin buffer is

added to the corresponding element in the target, replacing the former value in the

target.
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