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Abstract

The relativistic theory of elasticity is developed and its formulations as given
by Carter and Quintana [4] and by Beig and Schmidt [3] are compared. Then,
the nonrelativistic limit is performed, and the resulting non-relativistic elas-
ticity theory is investigated. Linear perturbations are also considered in this
case, especially the so-called trivial displacements, that are special perturba-
tions whichs satisfy the equations of motion trivially. Finally, the eigenmodes
of a self-gravitating sphere are calculated in the non-relativistic case as an ex-
ample.

Zusammenfassung

Die relativistische Elastizitatstheorie wird entwickelt und ihre Formulierungen
von Carter und Quintana [4] und von Beig und Schmidt [3] werden verglichen.
Dann wird der nichtrelativistische Limes durchgefiihrt, und die resultierende
nicht-relativistische Elastizitdtstheorie untersucht. Lineare Stérungen werden
auch in diesem Fall betrachtet, insbesondere die sogenannten trivialen Stérungen,
das sind spezielle Storungen, die die Bewegungsgleichungen trivial erfiillen.
Als abschlieflendes Beispiel werden die Eigenmoden einer selbst-gravitierenden
Kugel im nichtrelativistischen Fall ausgerechnet.
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Chapter 1

Introduction

The theory of elasticity is one of the oldest fields of theoretical physics; it was
developed back in the 17th century by Bernoulli, Cauchy and Euler, to name
just a few. Here also roots the concept of tensors that is so central to relativity.
A mathematically clean presentation of the nonrelativistic theory can be found
in the textbook by Marsden and Hughes [13].

When special and general relativity emerged in 1905 and 1915, this meant of
course a program to formulate every physical theory in a relativistic version, so
also a relativistic elasticity theory (sometimes called relasticity for short) was
needed, and indeed such a theory was presented pretty fast by Herglotz in 1911
[8] (covering the special relativistic case) and Nordstrém in 1916 [15] (already
for the general-relativistic background). The following years, the field was quiet,
since perfect fluids seemed sufficient as matter model in general relativity. It
was as late as 1973 that Carter and Quintana renewed interest in relasticity [4].
One of the main goals of this thesis is to compare their approach with more
recent work by Kijowski and Magli [11, 12] and Beig and Schmidt [3].

Apart from the obvious theoretical interest in relativistic elasticity as a build-
ing block to complete relativistic physics, there is also practical use in astro-
physics: we know nowadays that neutron stars have a solid crust [16].

The structure of this thesis is as following: in the chapters 2 and 3, the rela-
tivistic elasticity theory is developed. We first view the kinematical framework,
introducing the body manifold B and the basic fields f4 as mappings from the
spacetime to the points of the body occupying it. Then, the dynamics of the
theory is developed: we view relativistic elasticity as a Lagrangian field the-
ory, with the energy density of the material as the Lagrange density. It turns
out that the covariant divergence freeness condition for the energy momentum
tensor is equivalent to the Lagrange equations of motion for this theory.

In chapter 4, we discuss how the relativistic equations of motion can be
linearized using perturbation formalism. Eulerian and Lagrangian variations
are introduced and their connection is discussed.

In chapter 5, the non-relativistic limit is performed (via % — 0) on the La-
grange density. This yields the Lagrange density for the nonrelativistic version
of elastodynamics.

This theory is examined further in chapter 6, where we first discuss the
kinematical framework in the nonrelativistic case and then derive the equations
of motion from the action principle. Finally, we also discuss the linearization of

7



8 CHAPTER 1. INTRODUCTION

these equations via perturbation theory. We then discuss special perturbations
that satisfy the linearized equations of motions trivilly: firstly, ones that are
generated by Killing vector fields on the body manifold B for homogeneous and
isotropic materials. These are related to the so-called trivial displacements in
the literature (see e.g. [7]). Secondly, there is a similar result for perturbations
generated by Killing vector fields on Newtonian space §. This is because the
Lagrange density (and hence also the equations of motion) are invariant under
Euclidean motions (which are generated by the Killing vector fields). Finally, we
use the theory developed so far to calculate the eigenmodes of a self-gravitating
elastic sphere, a problem that goes back to Cauchy, who solved this in the case
without gravity back in 1829.

There is also an appendix, in which some mathematical results are threated
shortly which may not be familiar to everyone (at least they were not familiar
to me while writing this thesis).

Finally, some words on the conventions used: lowercase greek letters (u,v,
A,...) denote spacetime indices, capital latin letters (A, B,C,...) denote in-
dices for the body manifold. Lowercase latin letters (i, j, k,...) denote general
indices, as they are for example used in general mathematical statements that
are independent of the dimension. The spacetime metric g, is assumed to be
of signature (—, 4, +,+).



Chapter 2

Kinematics

2.1 Configuration

All descriptions of elastic bodies make - at least implicitly - use of a 3-dimensional
body manifold B, which can be thought of as the abstract collection of all points
(“molecules”) in the considered continuous medium. Some authors assume B to
be equipped with a positive-definite metric v4p, which describes the distances
in the body in relaxed state. Since it is possible, however, to formulate large
parts of the theory without a body metric, we will try to do so; we will only
assume the body manifold B to be equipped with a volume form Qpc, that
describes the particle density in the body.

Let (M, g,..) be a general-relativistic spacetime with a metric g,,,,. Let M’ C
M be the open subset of the space-time through which the elastic body passes.
Then the configuration of the elastic body is completely specified through a
smooth mapping

f+M = B (2.1)

et A at)

that assings points in the body manifold (“molecules” of the body) to given
spacetime-points. We call a given f4(x*) configuration for short as well. Since
the coordinate system on the body manifold doesn’t necessarily change when
changing spacetime coordinates, the f4 transform as three scalar fields, i.e.:

Lef = €9, (2.3)

and of course V, f 4= Oy f4 as well. The same will be true for all other objects
that only carry body manifold indices A, B, C, ... as well.

This is the so-called space-time description, which is somehow more natu-
ral in the relativistic setting. In non-relativistic elastodynamics the material
description is used more frequently; here mappings ¢ : B — M are used to
describe the elastic body, which are inverse to the configuration f# in an ap-
propiate sense.

The inverse image f~1(X*) of a given point X4 € B is supposed to be a
timelike curve in M’; these are the world-lines of the “molecules”. This means
(by the implicit function theorem) that the deformation gradient fA,M = 8MfA

9



10 CHAPTER 2. KINEMATICS

must have full rank everywhere:

rg(f4,) =3 (2.4)

and that the null space of f4, u is timelike with respect to the spacetime metric.

Of course the world lines of the “molecules” must not intersect and fill the
whole M’ (formally speaking the inverse images of all points in BB form a timelike
congruence). This enables us to define a 4-velocity field u*, which is the uniquely
given vector field that is everywhere:

e orthogonal to the deformation gradient: fA,# ut =0
e normalised: g,,u"u” = —1 and
e future-pointing.

The rank condition on the deformation gradient is of course equivalent
to the condition that f#4,,(z) is an isomorphism between [u#]t = {v* €
Ty M|vtg,u” = 0} (the subspace orthogonal to u#) and T'y(,)B.

2.2 Strain

The strain is defined the following way:
]’LAB = an,u, g;LUfBW (25)

Note that this is no push-forward of the spacetime metric (although it looks
similar), since f# is not a diffeomorphism. Thats why h“4® in general is not a
tensor field on B, since it still depends on the spacetime coordinates xz*.

The strain is obviously a symmetric matrix in each spacetime point. Further-
more, it is even positive definite, since the deformation gradients fA,M project
out the timelike (negative) parts of the spacetime metric, and leave behind only
the positive definite rest. Because of the full-rank condition of the deformation
gradient fA, s also hAB has rank three.

Since K48 is symmetric and positive definite, it is “almost” (apart from the
fact that it depends on spacetime points) a metric on . As such, it describes
the distances of neighbouring points in B in their local rest frame in spacetime.

Also, the positive definitness of h4Z is the reason that there exists an inverse,
which is denoted by h 45, that is of course symmetric and positive definite too.

Next, we would like to define a corresponding tensor h,, (note that this is
not the same h,,, as the one used by Kijowski and Magli [11, 12]!). This can be
done in two equivalent ways:

h;w = Gu T UpUy = anu wa has (26)

To show the equivalence of both definitions, we first note that both are sym-
metric. So it is sufficient to contract one index on both sides with a basis of
TM. We use our standard basis u* and f* for that purpose. The former is
obviously annihilated by both, the latter gives f?,, on both sides:

(g;w "’Uuuu)fia)\ g)\# = fiu/ +fi7u utu, = fiw (27)
anuwa hABJMMg)\H = hAzhABfBaV:fzw (28)
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In other words, h*, = g"*hy, annihilates u# and leaves its orthogonal subspace
(spanned by the f%) untouched, so it is the orthogonal projection operator to
the tangent subspace orthogonal to u*, i.e. h*\h*, = h*,. This can also be
shown directly by calculation using both definitions:

REARY, = (6% 4 uPun) (6, + utuy) = 6%, + utu, = h*, (2.9)
h#AhAu = guphpx\gAghUV = g#pfA’p fBM hABg)\UfcaU fDW = (210)
glt,l)fA’p hBChABfDaV hCD = gHPfA’p hABfB7l/ = hﬂl/(211>

The orthogonality of the projection operator h*, is of course equivalent with
the symmetry of h,,.

Since hap is positive definite, and f#,, is an isomorphism between [u#]* and
Tt(2)B, hyu acts as a positive definite metric on [u#]*. Also an inverse h#** =
" hy,gP” can be defined that satisfies h**hy, = h#, because of the projection
operator property (h*, is of course the identity on [u#]*.). For orthogonal
spacetime tensors (i.e. such for which all contractions with u# vanish) h*” and
h,. can be used instead of g and g, for raising and lowering of indices.

Because f#,, is an isomorphism between [u#]* and T t(x)B, we can also
define an inverse fa* that satisfies

fAufst = o5 ( =hp) (212)
fatfh, = h (2.13)

using A5 this can be explicitely written down as

fat =hapf?. g (2.14)
because
fAufs = fAuhsef., g™t = hpehC =03 (2.15)
fA'quﬂ/ - hABfBa)\ g)\#fAﬂ/ = hukg%u = hl; (216)
Finally, we note that
hAB = fAuL hHVfBW (217)

since fA,M u* = 0. This means that there is a 1-1 mapping between the h48s
and h*Vs.
Finally, we calculate the partial derivatives of R4 for further use:

OhAB _+A B
agu,t/ - f HY f v
onB (2.18)
(’)fic' = 6é'6ﬁwa g“" + 5g6KfA,V g“” — 5éfBH =+ 5ng,u _ 25(CAfB)H
sA

2.3 Matter current and particle density

With the help of the volume form Q2450 on B, we can give an explicit formula
for u#: we define w,, 5 as the pull-back of 4pc to M:

w=f*Q (2.19)

Wpvp = fA7u fBW fcm Qapc (220)
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and use the Hodge operator to define J* (we use —% per convention, to make
the coordinate formulae more beautiful):

J = —xw (2.21)

T= M, = AL (B Qe (222)
Per definition, wy,» is orthogonal to u* (i.e. wy,au* = 0), since fA,H ut =0
identically. In consequence, .JJ* is proportional to u*, since f, wJ* =0, because
et fA L fB | fc,p fD,M is the determinant of a 4 x 4 matrix with two identical
columns. Without loss of generality, we can assume that J* is future-pointing,
otherwise we could simply change the orientation of Q 50 on B, i.e. replace
Qapc by —Qagce. In other words, we want f4 to be orientation-preserving.
Furthermore we note that J* is conserved:

VuJh =08 = —xdxJ =sdw=*df"Q=*f"dd =0 (2.23)

since the volume form €2 on B is closed. For people who don’t like differential
forms, we also give a coordinate-based proof:

1 1
vlt‘]H = vlt(geul//\pww‘ﬂ) = gelw)\pvlt(fA;VfB;AfC;PQABC) =

1
= geuVAp(fA;V;,ufB;)\fC;pQABC + fA;ufB;A;,qu;pQABC+ (224)
fA;ufB;)\fC;p;uQABC + fA;ufB;AfC;pQABC,Df;g) =0

The first equality holds because V,e"**? = 0; the second one, because e#*? fA;l,; w=
0, since the covariant derivative is torsion free and f4., fZ.\f¢.,Qapc,p 2., =
0 because et fA  fB | fC. o f;ﬁ’ is a vanishing determinant again (see explana-
tion after equation (2.22)).

The conservation of J* justifies the definition of a particle density n > 0
(since both u#* and J* are future-pointing) by

JH = nut. (2.25)

Next we would like to derive an explicit formula for n = /—J#J,,. For this,
the strain will already be very useful:

1 1 IS
2 —J'LLJH = —§€#VAPWV/\p§6MV//\/p/WU Ap =

n

11 1
7761/ P Apt 7wy>\pwu)\p —

31317V Ne 3!

1 ’ ’ ’ !’ !’ !
= ggw g AL P O Qapefr o B fC o Qapror =
1

— 3 hAA,hBB/hCC/QABCQA/B/C/ _ dgt(hAB)

,wyxpw”

(2.26)

The indices in the calculation above can be read as “abstract indices”; the
determinant relative to a volume form is an invariant geometric concept. If we
introduce coordinates, we can rewrite the volume form the following way:

%QABC(X)dXAdXBdXC = QX)dX' NdX? A dX3 (2.27)
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Then we get

_ _ Q(f(=))
n = Q(f(x))Vdet hAB = T (2.28)

Where det now denotes the standart determinant of the matrix h4% in a given
basis. This shows that n is the ratio of the materials volume form Q 4p¢c to the
metric volue form generated by hap.

So the particle number density n as a function only depends on the strain
hAB (or equivalently hp of course) and the configuration (via the volume form
of the body) that is given as an explicit formula. By plugging the equations
(2.22), (2.25) and (2.26) together, we even get an explicit formula for u.

By differentiating n? = detq(h4?) with respect to h“? using (7.1) from the
appendix, we get QanL’% = detq(h*B)hep (since hep is symmetric) or (after
reinserting n? = detq(h4?) and renaming indices):

on 1

Using gzzi = —hA°RBP (see (7.1.3) in the appendix) and the chain rule
B;?ZD = 0225 gzzi we further get (after renaming indices):
0 1
B _ppAB (2.30)
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Chapter 3

Dynamics

3.1 The Lagrangian

The dynamics is given by an action principle. As Lagrangian density we use
the rest-frame energy density p (which is of course non-negative), just as it is in
relativistic hydrodynamics, too. This is viewed as function of our field variables,
the configuration f4(z*), its derivatives, the configuration gradient f4,, (z*)
and the spacetime location z* - but we assume that the dependency on
is only implicitely via the spacetime metric g,, (). So our action looks the
following:

Salf*] = /M o(f.01:9)y/— det(g) d'x (3.1)

3.1.1 Basic assumption and consequences

o(f,0f; g) is assumed to be covariant under spacetime diffeomorphisms, i.e. that
it transforms as scalar for a given configuration. Mathematically, this means

Lep(x”) = €"0up(fA ("), [ () gro () (3-2)

for arbitrary vector fields £#(z”) on M. But on the other hand, L¢p can be
written as

0 0 %)
Lep = 5ralell™) + gL ) + 5 Le(e™) (3.3)

By writing out both expressions, we get the following equation:

aaj%f“@ff‘ + 8?£W€”8ﬂf‘4,y JraifA 19,9 =
= %ﬁuaﬂff& + 3f£,y (E D, fA L +(0u €M) £, )+ (3.4)
+335A (£"0ug" = (9u€") 9" = (8™ g™)
This yields:
3?5W (D) 4= Za(zﬁA (9,€")g" (3.5)

15
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Since &# is arbitrary, we get:

dp

A
=2— 3.6
orr, = R (30
or (after pulling down one index):
Ip A Ip
Zogn T Ingpa 7

Since the left hand side of this equation is obviously symmetric, we conclude
that the right hand side must be symmetric in ¢ and v, too. By contracting the
last equation with u*, we get as another corollary:

op

From this we conclude that
p(XA fA 05 9") = p(XA, A5 0" +ulu’) = p(XA, f4,0,0)  (3.9)

since p(X4, f4,, ;9" + sutu”) does not depend on s € R:

d A rA v v 8p v
gp(X S gt sutu”) = Wu“u =0 (3.10)
because of equation (3.8). Inserting s = 0 and s = 1 yields the claim (3.9).
Equation (2.17) tells us that A4 contains the same information as h*¥,

so we can write p = (X4, f4,,,hAB(f4,,,9")) as function. Inserting o in
equation (3.6) yields (using (2.18))

p . do do OnBC
afA”jf ’M:(afA,V+8thafA’V)f ’H:
0o oo .
= WfA)H +2WfA7M fB7)\g>\ (311)
8p v do 8hAB v oo A B v
agnd T TonAB g 9 T nasd Ty
so we get

0o
oA Fhu=0 (3.12)

Using the full-rank condition of f4, p (or, more explicitely, by multiplying with
fB"), we see that o doesn’t depend on the deformation gradient explicitely, so

p=p(X4, 04P) (3.13)

Doing the calculation (3.11) again with p(X4, h4B) (i.e. using that c'?J?Tpm =0),
we regain equation (3.6). This means that (3.2), (3.6) and (3.13) are equivalent.

There is also a “physicist’s proof” for (3.13): we view the deformation gra-
dient as three vectors 9, f*,0,f2,0,f3. The only way of forming scalars out
of this vectors are their six different scalar products. But these are just the
components of hA5.



3.1. THE LAGRANGIAN 17

Because p is just a function of X4 and h4%, and we already know that the

same is true for the particle density n, we are now able to decompose p in the
following way:
p=ne (3.14)

e is called stored energy function and of course just depends on X4 and hB as
well. It is the total rest frame energy per particle.

3.1.2 Euler-Lagrange equations

In Lagrangian field theory we have generally an action S[¢?] depending on some
fields ¢° in the following form:

S[qsi]:/Mc(a;ﬂwi,xﬂ) d4m:/M£(¢i,v¢i7m“)\/—det(g) d*z  (3.15)

Here we use the following notation for the Lagrangian density: £ = £1/— det (9),
where £ is a scalar and L is a scalar density.
Then the Euler-Lagrange Equations have the following form:

oL oL
72 (5,) =0 .

which is generally equivalent to the following equation (see e.g. [17], chapter
11.3, page 189):
oL oL
— V|l =——— ] =0 (3.17)
O¢* a (8(VH¢’)>
Now we go back to relativistic elasticity theory (£ = p, ¢ = f4, V,¢' =
Oy fA, since the f4 transform as scalars). Here this equivalence is especially easy
to see, since our fields f# transform as scalars under spacetime diffeomorphisms.

First, we finally write down our equations of motion, the Euler - Lagrange
equations of the action principle (3.1):

—det(g)afLA — 0, ( —det(g)a((;i%) =0 (3.18)

By simply dividing by /— det(g) we get:

P 1 dp _
IR — fdet(g)a” ( —det(g)a(aqu)) =0 (3.19)

which obviously transforms as a covector on B. But this is the same as

p Ip _
77w () 0 .

by the standart identity V,v* = ———09, (/—det(g) v*) for the diver-
133 det(g) f
/= dot(g)

gence.
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3.2 Energy-Momentum tensor

3.2.1 Definition

In General Relativity, there are two possible ways to define an Energy-Momentum
tensor: on the one hand, there is the Hilbert Energy-Momentum tensor, that is
the source term in the Einstein field equations (as result from the Hilbert action
principle) and therefore symmetric by birth:

T o_ 08

2
e \/— det(g) 09" (z)

Which yields in our case (the Lagrangian just depends on the fields, their first
derivatives and the metric):

(3.21)

dp
agp,u

Ty =2 — PGuv (3.22)

On the other hand there is the canonical Energy-Momentum tensor that is
familiar from special relativity:

9 .
T = v —pot 3.23
v 8fA,u f ) p v ( )
after pulling down one index we get:
dp
T#u = fAvu gukw — PYuv (324)

which is surprisingly identical with the symmetric Energy-Momentum tensor
(3.22) because auf equation (3.7)!

3.2.2 Divergence

Next, we calculate the divergence of T# using (3.23):

v, T", =V, (”an1“> —O,p = (vuap> (D, f M)+

A0 f4) (D, 1)
ap A ap A ap A 8p 2
+ W(Vu(auf ) — W(a”f ) — W&,&,f - 89/\;781/9 P

(3.25)

The first and the third term together are the Euler - Lagrange equation in the
form (3.20) multiplied with f4,,, the other terms cancel out: in the last term
we use 9,9 = — (F)‘Wg"” + I‘pwg)“’), which is true because g**., = 0, and
equation (3.6):

ap A 8/) A o Ao ap oA
_agApaI/g b= 8g>‘p (F vad P4 Fpuag ) = 2ag>\pgp I',, =
9 (3.26)
fAv)\ F/\VG'

T afA,
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Next, we write out the covariant derivative in the second term of (3.25) using
Christoffel symbols and get the following:
dp ap

50,77 VO ) = g,y Qo0 ~ TRl a) - 321)

Indeed, the two Christoffel symbol terms cancel out because I'*,,, = FA(,,U)7 and
the two second-order partial derivatives cancel out because 0,0, = 0(,05). So
we get as final result:

0
Vili = (V“ (a@pfA)) - aﬁA) I (3.28)

So we see the Energy-Momentum Tensor is conserved on-shell. Another impor-
tant observation is that V,T%,u” = 0 identically.

3.2.3 Stress tensors

We know that
Tu” = —puy, (3.29)

according to (3.8) and (3.22). This suggests that it is possible to rewrite T}, in
the form
Ty = puyty, + Py, (3.30)

where the Cauchy stress tensor P, is symmetric and orthogonal to u*. Indeed,
we get it in that form if we insert g,, = h,, — u,u, in (3.22):

9p

T = puyu, + 25)9‘“’ — phuw (3.31)
) 5
_ P
P, = 26g“” pPhuy (3.32)

The form (3.30) of the Energy-Momentum Tensor also justifies the interpretation
of our Lagrangian p as the total energy density in the materials rest frame.
To get another nice form of P, we use (3.14)

o O o o e 1
dghv — Ohm nah”” + Gah/“’ = nahl“’ + 2ph,w (3.33)
to get
Oe
Puy =200 (3.34)

This can be further rewritten as

hAB
86 =2n 86 a = nTABfAy;L ,fBaV (335)

Puv = 205,00 OhAB phiv

where

Oe

TAB ‘— 2W (336)

is the second Piola-Kirchhoff stress tensor, which is symmetric by definition.
This is again (similar to the strain hsap) not a tensor on the body manifold,
because it is a function on the spacetime M, not B.



20 CHAPTER 3. DYNAMICS

For completeness we also mention the first Piola-Kirchhoff stress tensor o* 4:

Oe
Bpi= —— 3.37
g A 6fA " ( )
This is connected to T4p via the chain rule in the following way:
e de OnBC
a-iu‘A = = = TABfBIL (338)
oft,.  ORBCOfA,,
This also shows o# 4u, = 0.
3.2.4 Stress tensor decomposition, Hydrodynamics
We define a new quantity n4” conformal to h*® according to
nAB — n72/3hAB (339)
It obviously satisfies the constraint
dgt(nAB) =1 (3.40)

because of (2.26). That’s why {n,n“Z} contains the same information about
the strain as h48: n denotes how much the material is compressed and n48
contains the information about the deformation aside from the compression.

We now express the Cauchy stress tensor using n and nA5:

P _on de " ﬁ on L de OnP B
m T o on Ohw — Onre Ohrv | (3.41)
Oe Oe 1 Oe )
2 Y s Ap
" g 20 (ahw 3R h””)
Here we have used
on 1
= §”hul/ (3.42)
Oe de ORN? Oe o
- - /3 3.43
o ol g ok (3.43)
o 2 —5/3 on Ap —2/35Asp _
8hHV = 7377, W}l + n 5/1'5V = (344)
_ 1
=n23 (5355 - 3hWhAp) (3.45)
This shows we can decompose the stress tensor into the isotropic pressure p:
1 Oe ap
=-P, W =n?— =n-2 — A4
P=3%n “on "on "’ (3.46)

which is directly related to the particle density n, and a trace-free anisotropic
tensor m,, = P,, —ph,,. The pressure is also equivalent to the familiar expres-
sion from Thermodynamics:

OU _ 0 0con _ 50

P="5v = ov = Vanav " on (3.47)
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Now we can also see that relativistic Hydrodynamics is just the special case of
our theory in which the Lagrangian only depends on n, but not on 7,,. Then
the Energy-Momentum tensor takes the familiar form

Ty = puptiy + phyw = (p + p) wptty + pguw (3.48)

and as the equations of motion we can use T*”.,, = 0 because of (3.28).

3.2.5 Carter-Quintana equation of motion

Carter and Quintana [4] use T#”,, = 0 as equation of motion, which is equivalent
to our Euler-Lagrange equations, as we have already seen in subsection 3.2.2
(more generally, they use T"¥,,, = f#, where the force density f# is due to other
fields like the electromagnetic field, but we aren’t interested in external forces).
More precisely, they use the spatial projection, because u,T"",, = 0 identically,
as we have already seen too. Nevertheless, we want to prove it again in the
Carter-Quintana way. In this calculation, we will use the following trick twice:

P*y, =0 (3.49)
(P )., =0 (3.50)
P‘uy;,\uy = —leuy;)\ (351)

Now we can decompose the divergence of the pressure tensor in a part propor-
tional to u* and a part orthogonal to it:

P, = P””;)\h)‘,, — P’“’;,\uAuV =
= P \h*,h*, — PV b jutu, + PP uy ot = (3.52)
= P“V;Ahkuh“g + Pg)‘ug;AU” + P’“’uy;)\u)‘

Now we write down the divergence of the energy-momentum tensor, already in
decomposed form:

T, = (p+ pb + P7*0,5) u + (pu? + P* i, + P7 zh b)) (3.53)

where 0, 1= u(,.\) and 0 = g""0,, = h*"0,,,.

The part proportional to w* in (3.53) automatically vanishes because of
P, = Qaiﬁv — phy, (equation (3.32)). The orthogonal part of (3.53) can be
rewritten as

(ph!™ + P )4, = —D, P* (3.54)

Here D,, denotes the Levi-Civita connection specified by the metric h,,. It can
be expressed by
DT\ =h, W ch\™ ...V, T, . (3.55)

It is obvious that D,, is linear, satisfies the Leibnitz rule and is torsion free.
Compatiblity with the metric h,, can be seen as following:

Duhos = hyPh "™V phor = 0P hy BT (o ptir + tgtir,,) = 0 (3.56)

For the special case of the ideal fluid (P*” = Ph*") this yields the well-
known relativistic Euler equation:

(p+ P)ur = —h"9,P (3.57)
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3.2.6 Recovering B and f4

When one uses u* as field variable evolving with the Carter-Quintana equation
of motion (3.54), the question is how the full setup including the body manifold
B and the configuration mappings f4 can be restored. One possibility is to

define new fields el(f), which form a basis of the orthogonal space to u* (i.e.

eff)u“ = 0 and will be identified with the configuration gradient f“, later on,
and also use the strain tensor h4Z as an independent field. So the fields of the

theory become

{u"(z), el (x), h ()} (3.58)
which have to satisfy the constraints
wru? g, = —1 (3.59)
eut =0 (3.60)
o (V[uef,?) =0 (3.61)

The last of these equations means that the exterior derivative of the el(f )

lated on one time-like slice vanishes.

Next, we need to find equations of motions for our fields (3.58). To get one
(4)
m

, calcu-
for e;,’, we remark that we have the equation
Lofy =V A’ + fAV,u" =0 (3.62)

from our original formulation, which follows immediately from V, ( f Al,u”) =0
and fA;W = fA;l,M; rewritten in our new terms, this becomes

u”V,,eff) = -V, u” (3.63)

This is the wanted equation of motion for the eg). Using it, we can show that
the constraint (3.60) propagates:

u’V, (eff)u") = — DUV u” + el(f)u"vl,u“ =0 (3.64)
Using (3.63) in the other direction on V,,(u”e,(f)), we get

A\ (u“eff)) = (V,u") efj) + u“Vyeff) = —ulV,el) + u“Vuel(f) =0 (3.65)

or, in short

u'V el =0 (3.66)
Using Cartan’s magic formula we see

L Vjey) =0 (3.67)

which means that the constraint (3.61) propagates and the eﬁf) become closed
one-forms on the whole space-time M, which is necessary for them to be gradi-
ents of functions f4.

The definition of the strain tensor becomes in current terms

h¥ga = eg)el(,j)g”” (3.68)
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From this, we can get an equation of motion for h* by differentiating it with
respect to uV and inserting (3.63), which yields

UtV h = —2e( eIV HyY) (3.69)

The equation of motion for u* is given by V,T*" = 0, as usual; the three

independent equations can be projected out by contraction with e,(f), and the
stress tensor is given by

Py (W) = e e 75 (WM (3.70)
with the second Piola-Kirchhoff stress tensor given by

Oe(hFY)
Ohii

7ij (W) = 2n(h*) (3.71)
as usual. So in sum the equation of motion takes the following form in the
current terms

eE\i)gP‘)‘VV (P(hkl)u#uu + 63)69)7}'3’(}1]“)) =0 (3.72)

In sum, the equations (3.72), (3.63) and (3.69) taken together form a complete
set of equations of motion for the fields (3.58) satisfying the constraints (3.59)-
(3.61).

To restore the body manifold from a solution of this equation system, one
has to introduce a coordinate system of the form (¢,z") on M such that u*9, =
0¢. The body manifold B can then be defined as the quotient of M by the

equivalence relation defined by the flowlines. Because the e,(f ) are closed one-

forms, the f4 can be defined via o ft = e,(f).

3.3 Relativistic Elasticity as gauge theory

Kijowski and Magli have pointed out in [12] that the two different approaches for
an equations of motion for relativistic elasticity theory can be seen gauge-type
theory. In their approach, u* is seen as the basic field, and the f4s are the gauge
potentials. To see this more nicely, they introduce a material metric v, on the
spacetime that describes distances between body points in their rest frame in
the relaxed state (i.e. if their corresponding small portion of the body had been
extracted and relaxed). Therefore 7, has to be symmetric, orthogonal to u*
(Yuu” = 0) and positive semidefinite, i.e. +,, has the signature (0,+,+,+).
This means that v,, has 9 independent parameters.

If a 7y, is given, we can easily restore u* from it; we simply define it as the
unique timelike, future oriented, normalized vector that is annihilated by 7.

There are further kinematical conditions that are imposed on 7, : the ma-
terial metric is “frozen” in the material; mathematically this means that its Lie
derivative with respect to u* has to vanish:

LoV =0 (3.73)

Because u* is a function of v, this condition can be considered as imposed on
Y alone.
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The 10 equations (3.73) are not independent; they satisy the following 4
equations identically

Loy = Lo (W) — Y Lyut =0 (3.74)

This means there are only 6 independent conditions in (3.73), which reduces
the number of independent functions in v, to 3. Now both +v,, and u* have
the same number of degrees of freedom, which means that they are equivalent.
They can be both viewed as fundamental fields of our theory.

The condition (3.73) is purely kinematical; its analog in Electrodynamics
would be the homogeneous Maxwell equations. And similar to Electrodynamics,
we can introduce a potential, and define the basic field of the theory in terms of
the potential in a way that satisfies the kinematical conditions identically. Here
the potentials become the mappings to the material space (which is assumed to
be equipped with a material metric G4p), and the field v, is defined as the
pull-back of G 4 under f4:

V(@) = fA (@) fP o (2)G ap(f(2)) (3.75)

This way (3.73) is satisfied identically

‘Cu'yp,l/ = u)\’)/;u/,)\ + '7)\1/“)\,;1 + ,YN/\UAJJ =u’ (7uu7/\ — T, — ’Yu/\,u) =
=uNGapcfONfAufB + GapfhnfB +GapfufBox
—Gan,cfCuf Py — Gapf*\ifPy — Gapf\fPuu

—Ga,cfCufufPr = Gapftw P — GapftufPa) =0

because the second term cancels with the fifth and the third one with the last; all
other vanish due to f4\u* = 0. Thus, (3.73) is analogue to the homogeneous
Maxwell equations Fj,,.yy = 0, which also become identities when using the
potential A,,.

The whole theory is obviously invariant under coordinate changes on the
material space, which therefore take the role of gauge transformations, so the
fields f4 can be regarded as gauge potentials for the elasticity field Y (o1,
equivalently, the velocity field u*).

(3.76)

3.4 Isotropic materials - Eigenvalue and eigen-
vector formalism

In the case where the body manifold B has certain symmetries, the elastic
problem simplifies. Firstly, if the stored energy function e only depends on the
strain A4, but not directly on the configuration f4, the material is said to be
homogeneous.

If one has a metric G4 on the body, one can further define what an isotropic
material is: here we demand that the stored energy function only depends on
hAB via its invariants (which can be expressed as hABGAB, hABhCDGBCGAD,
detq hB, for example). Another way of choosing invariants of the strain tensor
taken from [9] is to view the quantity

k“l/ = 9”)\%1} = h”)\%\u (377)
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where 7, is the pull-back of the material metric G 4p, like in the last section
(cf. equation (3.75)). k*, is obviously flowline orthogonal and can therefore be
diagonalized with respect to the positive-definite metric h,, within the three-
dimensional space orthogonal to u*. As usual, we get a orthonormal basis e!' of
eigenvectors (eigenvectors to different eigenvalues are orthogonal automatically,
and eigenvectors to the same eigenvalue can be choosen orthogonal). Because
both h#** and 7>\,, are positive definite, all eigenvalues are positive, and we can
write them as n?; these can be seen as linear particle densities along the principal
directions, Wthh are given by the eigenvectors e!’. This interpretation is also
supported by the fact that we also have

det k", = det (PG pc) = det hAB = n? (3.78)

because € is the metric volume element belonging to G 4 g, so the particle density
n can be written as the product of the linear particle densities n;:

n = ninans (3.79)

Also the stress tensor becomes diagonal when using the basis ef':

Oe de Ok*, 0 .\ o
B = 20 g =251, ahﬂw - 2"%,,5(#%%[) = (330
20 27y ak“) 2”2” CipCi(v Zew 56 j) = (3.81)
= 2nZn €inCiy— Oe an, Znnl el €iv (3.82)
H a a H
So the stress tensor can be written in diagonal form
3
Py =Y pieiuei (3.83)
i=1
with
> Oe
= e 3.84
;nn on, (3.84)

The p; are called the principal pressures.
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Chapter 4

Perturbation Formalism

4.1 Material (Lagrangian) description

Until now we have worked with the Space-Time (Eulerian) description of Re-
lasticity, which means that we have used the mappings f4 from M to B. This
is the more natural way in the relativistic setting. In the Material description,
we use time-dependant mappings F? from B to M, which involves choosing a
foliation on M.

We're only introducing some basic facts of the Lagrangian picture that are
useful when working with perturbations; a more throughout description can be
found in [18].

So let’s assume there exists a foliation of our space-time M by spacelike
hypersurfaces, i.e. M = I x X, where I C R and ¥ is a three dimensional
spacelike manifold. By assumption, f AJ is a full-rank 3 x 3-matrix. This means
that the configuration is a diffeomorphism between 3; and B for each instant
of time t. So we can define an inverse F(¢, X?) (called deformation) for each
t that satisfies

A, Fi(t, XB)) x4 (4.1)
Fi(t, fAt,a?)) = a (4.2)

One must not forget that this definition is dependant on the choice of folia-
tion M = I x 3. We call the Fi(t, X?) the deformation and its derivative
F' 4(t, XP) the deformation gradient. Obviously, we have

fAF s = 6p (4.3)
Flaft; = 6 (4.4)

Furthermore, if we differentiate equation (4.1) with respect to ¢, we get
A4 A =0 (45)

Since the 4-velocity u* is per definiton anihilated by f4 u» this means that the
vector field

o (t,20)0), = O + Fi(t, fA(t,2))0; (4.6)

is proportional to u*, but not necessarily normalized (v#v, # —1 in general).

27
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4.2 Perturbation theory

This treatment is based on [6].

When doing perturbation theory, one assumes that the configuration of the
system one is interested in is always nearby an equilibrium configuration which is
known. To make that more formal, one introduces a family of solutions indexed
by a parameter A in a smooth way:

Q) = {9 (A), w*(A), p(A), Pun(A), - } (4.7)

where Q(0) is the equilibrium solution. Now we compare Q(0) with the pertubed
variables Q(A) in first order in A:

52 = £ Q=0 (4.

These so-called Eulerian perturbations (denoted with §) are constructed by
comparing the @s in the corresponding points of spacetime (so dz* = 0). In
regions filled with matter, one can additionally define Lagrangian pertubations
AQ. Here the quantities ) belonging to the same particle are compared, i.e as
measured by an observer swimming with the matter.

For that purpose, one uses that inside the matter a family of diffeomorphisms
®, is uniquely given that maps the particle trajectories of Q(0) to the ones of
Q()), which is given by @y (z*) = (¢, Fi(t, f&!(2*)). The generating vector field
M () = §PH () = AzxH (the "Lagrangian displacement) can be seen as the
vector connecting the unpertubed particle coordinates with the pertubed ones.
More explicitely, &# is given by:

(6, X4) = SR X (4.9
€0 =n'(t, f'(t,27))0; (4.10)

Now we can define the Lagrangian perturbations AQ:

AQ = 5 (#3° Q) oo = (5+£0)Q (4.11)

The problem with the Eulerian perturbations is that they contain an gauge
degree of freedom because one can match different points of the perturbed and
unperturbed spacestimes, whereas the Lagrangian perturbations are uniquely
determined (up to a replacement &* — £# + fut, where f is an arbitrary scalar
field) and therefore often preferred. To fix that last degree of freedom, one can
restrict the timelike part of £/, for example by the requirement §#u,, = 0.

4.2.1 Perturbing v*
We calculate the perturbation of the quantity v* defined in section 4.1:
(6vH)0, (5v%)(t, x)0; (4.12)
(6v)(t,a?) = SF'(t, fA(ta7)) + Floa (b, f(t,27)0f A (ta?)  (4.13)

Perturbing equation (4.1), we get:
SfA = —fA0F! (4.14)
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Inserting that in (4.13) and using the definition of 1’ yields:

St a) = (P )) — B (1 F( ) (2 8, £ 0)) 4.15)
it £A () = 05 (018, £(8,2) (8 (8, 2) (4.16)

This is equivalent to —L¢v, as can be seen by the following calculation:

— (Lev) = —[€,0] = [0,€] = 3, + 0", £79;] =
i i fA o ¢ 5.0 - 5.0 (4.17)
= (i + ' afA 0056 — o) 0 = (if — §0,0") 0

because v/ 0;&¢ = vin' 4f4; =

ni7AfA, so we get

ot = = vt = —(Lev)H
Avt = Sut + (Lev) =0

. . -1/2
Using that, we can now now calculte Au* using u# = (fgw\v”vk) oM

1 - 1
Au = = (—gao' o) Agav o ot = S Aguyurutut (4.20)
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Chapter 5

Non-relativistic Limit

We conduct the non-relativistic limit directly in the action principle, like in [3]
and [18] (a similar treatment for the special relativistic case can also be found
in [17]). To get convergence, we have to multiply the action principle (3.1) with
%; to get the nonrelativistic Lagrangian in the standard form, we also have to
take the negative of it:

Sulf4 =1 /Mn(fA,hAB)E(fAﬁAB) —det(g) d'z (5.1)

Cc

Now we develop all items of the Lagrangian density in power series in % We
start with n. To get an appropriate expression for the strain, we use the ADM
decomposition of the metric (see e.g. [14]):

guvdatde” = —N%dt? + g\ (da' + Y'dt) (dz’ + Y7 dt) (5.2)
v 1 i 2 ij

Here gg) is the inverse to gg’)i
inverse metric, but gg’) — Y;;] is. Inserting the ADM representation of the

inverse metric in the definition of the relativistic strain tensor yields

note that this is not the spatial part of the

i _ L iy 1Y 2 _
WP =127 (g(g’)) B N2YZYJ) - ﬁfAfB + Wf(’qifB)Yz (5.4)

We now use fA = —fA4,F = —fA,V? (equation (4.5)) and get

o Yiyd  vivi oy Gyd)
AB _ A B
After introducing the abbreviations
. 1 . .
wr o= —(V'4+Y" 5.6
) 59
w4 = AW (5.7)
A = 1P (e) (5.8)
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the strain can be written as
hAB = AB _ AW E (5.9)

The Determinant of A4% in this decomposition can be calculated using Sylvester’s
determinant theorem

n® = det (k7 — WAW?) = det (k' (65 — kepWPWF)) = (5.10)
= det (K"7) (1= WAW P kap) (5.11)

Obviously, the inverse of k4% is given by
kap = FiAFjBQE?) (5.12)

If we insert that, we finally get for n

n= /dgt kAB\ /1 — WiWig,; (5.13)

The volume element takes the following form in the ADM formalism
—det g, d'z = N \/det g\ dt d*x (5.14)

This is because g°° = W cofactorgg (see equation (7.4)), and we have g% =
(3)

—ﬁ and cofactorgy = det 9i;"- For N we have the following formula:

N =cexpU/c? (5.15)

where U is the Newtonian gravitational potential, and the factor ¢ comes from

dz® = cdt. This can be expanded in a Taylor series in 1 immediately:

N:c<1+g+0(cl4)> (5.16)

Now, as a first step to the non-relativistic limit, we choose a foliation with
Y? = 0. Then gg’) becomes the spatial part of the inverse metric, and k4%
becomes the non-relativistic version of the strain tensor. For W? we get

VeV 1
so equation (5.9) implies that
1
hAB = k48 1 0O (02) (5.18)

Therefore, the first term r := \/detg k4P in equation (5.13) is the nonrelativis-
tic expression for the particle number density, and the factor /1 — WiWig;;
can be interpreted as relativistic correction. x can be seen as the ratio between
the pulled back volume form from the body and the induced metric volume form
on the spacelike hypersurfaces

LIk uaBe(f(x) = keiji() (5.19)
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This can be seen by multiplying this equation with itself and summing over the
space indices, which gives back the orginial term for k.
Using (5.17), the relativistic correction term can be developed in a power

series in 1/c:
/ P V2 1

Finally, we need to split the stored energy function in the rest energy and the
potential energy change caused by deformations to get a finite limit.

e(h1P) = mc® + e(hP) (5.21)

m denotes the mass per particle; we will assume it to be constant. Since h4E

is equal to k48 up to Terms O (C%), the same is true for e(h45):

c2

e(h*B) = mc® + e(k*P) + O ( ! ) (5.22)

Putting all this together, we get:

A v? 1 2 AB 1
M
U 1 s
1+C—2+(9 I Vdetg;;dtd’r =
2
z/ /ﬁ(—mc2—|—m;/—e(k:AB)—mU—|—(9<012>> V/det g;; dt d*x
M

(5.23)

The term proportional to mc? does not converge; nevertheless it doesn’t con-
tribute to the equations of motion and can therefore be discarded. So we get as
our action principle for nonrelativistic elasticity theory:

Surlf?] = /M . (’”2‘/2 — e(kAB) - mU) dt d*x (5.24)

The total action of the system can be obtained by adding the gravitational action
SG[9uv] to the matter action Syr[f4, g, ]; it is well-known that the former is
given basically by the scalar curvature R of the metric g,,:

C4
Sclgwl = 165 /M Ry/—det(g,,) d'x (5.25)

We multiply this with —2 as well and get in the Newtonian limit (see [2]):

Sa[U] = _ﬁ /M QU US dt dPx (5.26)

where the gravitation is described by the Newtonian potential U. Similar to the
relativistic case, one can add up the gravitational action and the matter action
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to get a variational principle for the whole system

S[fA U] = /Adtd3x (5.27)
A = Agn+Aezast+Apot+Agm (5.28)

Apin = %pviv-j(&j (5.29)
Aetast = —ne (5.30)
Apor = —pU (5.31)
Agrav = —#&U@U&” (5.32)

Note that we have already renamed the non-relativistic particle density x to
n here, and that we have introduced the abbreviation p = mn, as is usual in
non-relativistic elasticity.



Chapter 6

Non-relativistic theory

6.1 Kinematics

Newtonian physics lives on Euclidean space S, which is essentially R? endowed
with the standard metric. So the configuration is a time dependant function
f:S — B, the deformation ¢ : B — S is its inverse (of course time dependant
as well), i.e. fog=1ids and ¢o f=ids-1(z).

For the derivatives of the configuration and the deformation we use the short
notation fAH = 8MfA and ¢’ 4 = 044", where u = 0,1,2,3 and f4y = f4 means
the time derivative. Obviously, f4; and ¢4 are inverse matrices:

fAi(t7$)¢jA(tvf(t7x)) = 53 (61)
Pt 6(t, X)9'5(1, X) = 0 (6.2)

From differentiating (6.1) we get the useful identities
O (¢'a) = acth=—0"BfPd A
Op (f4) = fruwdlh=—f*¢cuf

The nonrelatvistic strain tensor is defined via (this is the limit of the K45 from
the last section)
HAP = 4,69 P, (6.5)

and its inverse is given by
Hap = ¢"'46;;¢" 5 (6.6)
H 4p is often called the right Cauchy-Green tensor in the classic elasticity lit-
erature.
The velocity field v*9,, = 9; + v'0; is defined via
At = A4 At =0 (6.7)
From (6.7) we get an explicit formula for v*:

vt =—¢'af! (6.8)
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On the other hand, differentiating f4 (¢, #(t, X)) = X“ with respect to t yields
FA 6, X)) + [ (1, X) =0 (6.9)

so we get another formula for v’ by comparing this with (6.7):

v'(t,) = ¢'(t, f(t, 7)) (6.10)
As in the relativistic case (5.19), the particle density is defined by the relation
FASP 191 Qape(f (@) = n(@)ein(@) (6.11)

which results in

=/ AB
n dgt H (6.12)

If we are using Cartesian coordinates in flat space, this reduces to
n = det f4; (6.13)
From that immediately follows for the derivation of n (compare equation (7.1))

on

ofA, = no' 4 (6.14)

As already mentiond at the end of the last section, it is common in non-
relativistic elastodynamics to denote the mass density p. it is given by

p=nm (6.15)

where m is the mass of a single particle, which we will assume to be constant.
Do not confuse this with the energy density p in the relativistic case!
As in the relativistic theory, we can form a conserved current out of the
particle density. We have
Oy (nvt) =0 (6.16)

because

Oy (nv*) = v*oun +nopt = v“ngi)iAwa +nopt = fnqSiAfA#@iv“ +ndv' =0
(6.17)
Further on, we have the similar equation

di (ng*a) = %f’gmﬁu +n0;0' 4 =nd’ pfPii0'a +ndig'a =0  (6.18)
J

because gbjBfBij @' 4 = —0;¢" 4, as can be seen by differentiating equation (6.1).
Since p and n just differ by the constant factor m, these equations are also true
if one replaces n with p.

The stress tensor is defined via a stored energy function e = e(f4, HAB),
First we have the second Piola-Kirchhoff tensor

Oe

from which we get the Cauchy stress tensor by

Tij = anifBjTAB (620)
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Again, those definitions are completely analogous to the relativistic case. Fur-
ther on, the quantity , §
TA' = TLTABfBjél] (6.21)

will be useful later on in the variational process, because

OJe de OHBC 1 B,y 1
577, = amne oA, — 3 e ST = (6.22)

The connection of 74° to the Cauchy stress is obviously given by 7,7 = f4;747.

Note that our definition of the stress tensor differs by a minus sign to the one
more commonly used in non-relativistic elasticity literature. This is because the
Lagrangian description is more frequently used in classical elasticity, so Hap
(see equation (6.6)) is the more common form of the strain tensor, and then the
natural definition for the stress tensor is

Oe
OH4p

2 (6.23)

which differs by a factor of —HacHpp (see equation (7.14)) from our definition
(6.19).

6.2 Dynamics
The equations of motion are obtained by varying the action (5.27). Variation

with respect to U yields the poisson equation (only Ag.q, contains 9;U, and U
is only in Apey):

OA OA 1 iy

Z_ I N Y CL) - 24
5@ v Ing 00U P =0 (6-24)
0;0'U = 4nGp (6.25)

Variation of Ay, = 3pv;0° yields

8Akin 6Ak1n 6Ak:zn 6Ak:zn i
0 - =0 — 0 =-0 Hos 6.26
NafA# 3fA tafA + kafAk t(pv¢A)+ ( )
1 ) .

+0k <2P¢kAU2 - PviWAékaB) (6.27)
where we have used v' = —¢' 4 f# and g;ﬁi = —¢' 40" 5 (see equation (7.14)).

If we further plug 9, (pv*) = 0 and 0Oy (quk A) = 0 into that expression, we get

, 1 ,

— poy (Ui(;SlA) + §p¢kAakU2 - pvk(‘?k (vigzblA) = (6.28)

— pid'a — pvidta — pvid* an [P + pd* avid' p fP (6.29)
— pv*u; ko 4 — pvF bt ap £ (6.30)

The second and the fourth terms cancel, and the third and the sixth term vanish
because of fA#v“ = 0; the remains can be combined into

—pvH 0, 09" A (6.31)
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When varying A¢jqs¢, we need to take some more care: m is only defined on
f~1(B) (strictly speaking, we should multiply it with the appropiate character-
istic function x s-1(gy). This will give us some boundary condition:

Ae as Ae as
5 / Actast dt d*z = / Octast 5 pa | Octast s en gy s — (6,32
H(B) —1(B)

afA ofA;

_ /f . 8/(;}1;% S+ 0, <66A;ffft 5fA) o, 68A;f:jt 54 dt e = (6.33)
N / ) (ag;lft —0i aé\ fl:t) SfA dt dx + (6.34)

/afl(B) aaA;l:;t nidfA dt >A (6.35)

so we get (using (6.18)) the following contribution to the Euler equations

6Aelast 8Aelast _a.(_ j _ l j & _
Oy arA, afA —8]( ng’ a€ n—TA +n8fA = (6.36)
, Oe 0
= -—ng¢’ 4 ( foBJ+aHB02kaﬂfcl6kl> 87’A +naf6A =
(6.37)

= ¢ A" fPry — ;77 = —¢ 40, (fPimE?) = 6" a7 (6.38)
plus the boundary condition

OAecias , 1
aflAitm\af_l(B) = (—n(;ser - nnq—Al) nilof-1(s) = 0 (6.39)

n vanishes on the boundary anyways, that’s why we only need to keep the second
term; after multiplication with —f4; we get the final form of the boundary
condition

Tijnj|af—1(3) =0 (6.40)

The normal covector n; on df~1(B) can be expressed as the pull-back of a
normal covector n4 on 0B:

ni(t,a®) = fAt 2 )na(f2 (8 2")) (6.41)
Finally, the variation of A, contributes

oA . ,

ig7a, = 0 (p8'aU) = —ps'a0U (6.42)

where we have used (6.18) for the second equality. putting all this together, we
get , . .
—pvH 0, vt 4 — 05T @' a4 — pd' 40U =0 (6.43)

or, after multiplication with —f4,0* (and renaming the index afterwards):
pv Ot + 07 + pd'U =0 (6.44)

This equation, together with the boundary condition (6.40) and the Poisson
equation (6.25) fully determines nonrelativistic elastodynamics coupled to grav-

ity.
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6.3 Variations

If we apply the perturbation formalism to the equations of motion derived in
the last section, we get

5p881; + pag: + §pvj8j7)i =+ p&)jﬁjvi + pvjajavi + BjéTij + 5paZU + pal(SU -0
(6.45)
V26U = 4nGép (6.46)

To perturb the boundary condition (6.40), it is more convenient to transform it
to the body manifold:

79 (t, X)) [t X))na(X)|os = 0 (6.47)
applying the perturbation formalism to this equation gives
(57’iijinA + Tij,kéqﬁkainA + Tij(SfAinA + Tiijik5¢knA) los =0 (6.48)

where everything is understood to be evaluated at the same points as in (6.47).
For ¢* we use the relationship

5¢F = —¢"po [P (6.49)

which is a direct consequence of applying the perturbation operator § to the
identity ¢*(f(x)) = x*. Now inserting (6.49) to (6.47) yields

(677 fAina — 7Y k@ OB fAma + 796 fAma — 7Y f 0" 50 fPna) [os = 0

(6.50)
From perturbing the definitions (6.15), (6.5), (6.19)) and (6.20) we get
5p = mon = ma?ﬁidf“i — mng’ A6 f4; (6.51)
SHAB = 6467 5, 4 f4695fP; =26 A, fP) ;69 (6.52)
0%¢
07ap = 2orapomep 0 + a0 f¢ (6.53)
6tij = onfrifPiman +nofA B itan + nf 6 fBimap + nftifP i6man
(6.54)
To get an expression for Jv*, we use the defining equation for v# (6.7), and get
SfA 0k + fA 50" =0 (6.55)
which implies
00’ = — @ 40 fA WM = — A fA — @ A0 F A0 (6.56)
The generating vector field of a perturbation is given by
&t ) = 6¢'(t, f(t,2)) = =4 alt, f(t,2))0f(t, ) (6.57)

where the second equality comes from perturbing f4(t, (t, X)) = X4. Using
that, we can verify the formula

Av' = §v' + Lev' = ¢ (6.58)
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from Friedman and Schutz [7]: we simply add (6.56) to the Lie derivative
Lev' = 00" — 019,68 =
=~ A0 A B + 0 A PO fA I A0 = (6.59)
= —0'abf* = S an PSS + 0 ad A 0
and get the same expression as from differentiating (6.57)
§ = =4 abf* — ' apfPOfA — ¢l ad S (6.60)

The reason that the result in the non-relativistic case is different to the relativis-
tic result (Av* = 0, (4.19)) is that the four-dimensional Lie derivative (4.17)
differs from the three-dimensional Lie derivative (6.59).

Finally, we note that another way to write (6.58) is

vt = (0p + L) & (6.61)

Similarly to the above, we also see dp = —0; (pgi):

, , 9 . .
_az (pgl) — ¢ZA6anfngJz —p (_87( (¢ZA) 5fA _ ¢1A6fAi) —
j
= p¢ pfPid a0 ft — pd' g fP i AS A + pd A fA = Op

When working with variations around a static configuration, one can use the
portion of S occupied by matter as body manifold. This means the unperturbed
f4 become the identity and we therefore also have

A, =62
¢'a =04

Then, the relation of §f4 and the displacement vector £* (6.57) simplifies to

(6.62)

(6.63)

A_ _sAgj
o =0t (6.64)
(5fA' — _5A€j )

2 7 \

Thus, we can express the variation of the strain tensor (6.52) via the displace-

ment vector field &°
— 58P (£ + )

This expression is sometimes called the infinitesimal strain tensor. In a similar
way, the variations of the Cauchy stress tensor (6.54) becomes

6755 = =0k (n€") 668 rap — o " i6PTap — 0P EN jTan+
1~
+ndtoP (QCABCDa,S 5P (€81 4 ¢bk) — TAB,Caggk> -
= _6k§k7'ij - Tkjfk,i - Tz‘kﬁk,j - C’ijszk’l - Tij,kék = (6.66)

=- <T¢j5kl + Thjdu + Tkl + éijlcl) § — 7y hE" =

k1l Kk
= —Cijr&™" — T k€
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where we have used the abbreviations

0%¢

Capcp = Agpapamon (6.67)
Ciju = ”5545;351?51[)62300 (6.68)
Cijit = Cijt + TijOrt + Trju + il (6.69)

C'ABCD is called the elasticity tensor.

6.3.1 Perturbations generated by a Killing field on B

We want to show that the following perturbed quantities satisfy the perturbed
equations of motion (6.45), (6.46) identically:

5fA(tx) = ni(f(t,@)) (6.70)
sU(tz) = 0 (6.71)

Here n? is a Killing vector field on the body manifold B that is tangential to
0B, i.e.
’I7A7”I,A|55 =0 (6.72)

Further we assume the body to be homogeneous and isotropic. For a fluid it is
already sufficient to assume that n* 4 = 0.

The first step in proving the claim is to show that all perturbed quantities
that enter the perturbed equations of motion (6.45), (6.46) vanish. First, we
get through simple calculations:

6fA;L — nA,BfBu (673)
5p = mng'an® pfPi =mnn? pok =0 (6.74)

5Ui _ _d)iA(SfAHUU — _qﬁiAnAnyB#Up’ =0 (675)
SHAP = e f987 fP 5+ fAi0 P o 95 = (6.76)
= 0t cHP 4P cHC (6.77)

We have not yet used that n* is a Killing vector, only that it is divergence free
(for dp = 0). This already yields the result for the perfect fluid, since in this
case we have ép = 0 with ép = 0, and thus also 67% = 0.

To extend the result to an isotropic solid, we look at the perturbations of the
invariants of the strain. They vanish as well, where we now have to explicitely

use 74,8 = N[A,B]
SHA 4 = SHAP 54 = (UA,CHCB + UB,CHAC) 0aB =
=np,cH P +nacHA =0
§ (HApHP 4) =26 HPHPspcdap =

= 2 (A gHEE 1 0P gHAP) HOPp0bap =
=2 (np, e H¥Popc HYP + e, pH* 5 4p HP) =0

§ (HApHPcHC 4) = 36H*PHPH S50 ppiap =
= 3 (A GHOP + 0P HAC) HOP HEF 506 ppiap =
= 6npcHPopcHPSppHFY =0

(6.78)
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The assumption that the body is homogeneous and isotropic means that the
stored energy function € only depends on the invariants of the strain. Thus, we
can rewrite the second Piola-Kirchhoff stress tensor as

3

de 0q,
TaB =2 g, TP (6.79)

a=1

where the g, (a = 1,2, 3) are the invariants of H4Z. Consequently, we get

3
86 A B 3qa
Tij ZQTL; Tqaf if jHAB (6.80)
For the variations of the first part of this expression we get:

e 0%¢
) = dqp =0 6.81
(aqa ) aQaaqb o ( )

because dg, = 0 (equation (6.78)).
If we use ¢, = tr ((HABdgc)a) as the simplest choice for the invariants (like
we have already done above in (6.78)), we get

9q
za5 = 0ap (6.82)
0
5 = 20acH Pdpp (6.83)
0
5 = 30acH PSppH" Srp (6.84)

so the second part of (6.80) can be expressed via the pull-back of the body
metric Yij = fAifBj(SABZ

94, a
FAfE; 7[AB — adir (8%15) (6.85)

The variation of v;; vanishes:
6vij = 0f i fB0ap + 017 j0ap =
=0t cfifPi0an + A" o f0an = (6.86)
=np.cf%ifPi +nacttif€i=0
and with it (69+;;)” for all a as well. Thus, we get the desired result

To finish the proof of the claim, we also have to show that the perturbed
boundary condition (6.50) is identically satisfied by the perturbations (6.70).
To do so, we insert the perturbed quantities (6.70) and (6.73) into (6.50) and
get

(670 gt — 79 1" 0P fAma + 790 5P ina — 79 fA 0  EnPna) los =0
(6.88)



6.3. VARIATIONS 43

The first term vanishes, since 7% = 0. The third term can be rewritten using
the Gauss equation, because both 2 and 7% fB; are tangential to 9B by the
assumption (6.72) and the unperturbed boundary condition (6.47); we can work
with an arbitrary extension of n4 to an open neignbourhood of 955.

0 Bnat? B los = =19 B na glos = 7 B np alos (6.89)

The first equality comes from applying 7% fB;0p to the orthogonality condition

(6.72), the second one is the Gauss equation. Finally, we exchange the role of
the summation indices A and B in the said term. Thus, (6.88) becomes

(=7 1" P fAma — 79 fAd  5nPra — 77 fAinasn®) los =0 (6.90)

This is automatically satisfied, since this is the same as we get when applying
—nBp to the unperturbed boundary condition (6.47).
The perturbations (6.70) are equal to the ”trivial displacements“ used in [7]:

E'(t,x) = 60" (t, f(t,x)) = —¢ a(t, f(t,2))n" (f(¢,2)) (6.91)

Thus we see £ is just minus the pull-back of 7*:
§0; = —f* (n0a) (6.92)

The operator (0; + £,) applied to a pull-back vanishes identically (this is an-
other way to show dv’ = 0, according to equation (6.61)). Here is the explicit
calculation for vectors:

O+ Lo) ¢ alt, f(t,2)nA (f(t,2) = ¢ an™ + @' anfP0* + o' an® 5fP+
+0l ¢t ap fB i + it an? pfE ; — ¢tantv'; =0
(6.93)

The second and forth and third and fifth term cancel because of (6.7) and
vl ;= ¢'pfP; because of (6.8), so the first and the sixth term cancel as well.
For one-forms, the calculation looks like this:

(O + Lo) fAit, 2)malf(t2) = fhina+ fAinasf® + 07 fAmat (6.94)

+o fAmapfPi+ fAmav’ i =0
Again, because of (6.7) the second and fourth term cancel; the remaining terms
vanish, as one can see by differentiating (6.7).

Divergence free vector fields are corresponding to closed two-forms by Hodge
duality, which again correspond to exterior derivatives of one-forms by the
Poincaré lemma. In index notation, the exterior derivative of a one-form (4
is given by d;4(p), and its corresponding vector field is given by

n® = Q9 = Q1P 0aCs (6.95)
If that is pulled back to S, this yields
. 1 ..
n' = —Q7k0;¢ (6.96)

which is (up to a constant factor of 1) just the formula given in [7]. Also, as a
pull-back (¥, = f* ((*04) satisfies equation (6.94).
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6.3.2 Perturbations generated by a Killing field on &

We want to show that the following perturbed quantities satisfy the perturbed
equations identically:

5fY = Left =g (6.97)
U = LU=U;¢ (6.98)

where ¢! is a Killing vector field on the Galileian (Euclidean) space S.
In this case we get for the other perturbed quantities:

5fA = fAE 4 8 = Lefh (6.99)
5fA = fAE = LefA (6.100)
bp = mnd'A0f = mneia (fAijfj + fAjEjJ) = (6.101)

— e = e (6.102)

' = =g A fA = @ Al = (6.103)
= —¢'af M€ — ¢ af R — P af el o7 = (6.104)

= Paftl k=& =08 =& T = Lo (6.105)

SHAP = (fRne® + f2583) 69 155 + 14307 (F2 0" + 21" ;) (8:106)
= HAB gk A fB, (€M7 4 &iF) = HAB ek = £ HAB (6.107)

6748 = %T;j 51 + 38;2 SHOP = %gi = LerAP (6.108)
otij = 0 (anifBjTAB) = L¢Tij (6.109)

In equation (6.103) we have used —fA - fApv? = fA507 &, which follows from
differentiating the defining equation of v* (6.7). Also note that with (6.109),
a similar equality holds for the contravariant stress tensor, i.e. 79 = LgTij,
because L¢6% = 0 by the assumption that £ is a Killing vector field.

We first show that the perturbed Poisson equation (6.46) follows from the
unperturbed one (6.25) by applying L¢ to it. Since we already know that dp =
Lep, we just have to show a similar equation for 6U:

V20U = V? (U:&") = (VPU) & + 20,36 + U V¢ = Le (VPU)  (6.110)

Here, the last two terms in the decomposition of the Laplace operator vanish
since €' is a Killing vector, i.e. &7 = ¢lhJ] and second derivations of a Killing
vector fields are proportional to the Riemann curvature and therefore vanish in
flat space. So indeed the Poisson equation (6.46) is satisfied with the unper-
turbed one (6.25).
Similarly, applying L¢ to the unperturbed equation of motion (6.44) yields
the equation of motion for the perturbations (6.45):
X3
Le (v0,07) = Le <E;; + vjajvi) =
o 6£§’Ui
ot
B ov’
ot

+ L (vj) Ojvt + v Le (8jvi) = (6.111)

+ (5vj8jvi + vjajévi
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because Lie derivatives and time derivatives commute and
Le (0;0°) = o jpt" + 0" €k 5 — ok 560y =
= 0" €% + v k" 5 — 0k GE =Ry = (6.112)
= 0; (v' " =€ k) = 0; (Lev') = 9;00°
Also
Le (9;7) =199 ju€" — 7 ;€0 ) = 05 (Lem™) = 05 (77) (6.113)
since
0; (Le) = 0 (79 &8 — 78 — 70T }) =
= Tij7k]‘fk + Tij7kfk7k — Tkj)jgi,k — Tkjfi)kj— (6.114)
— 7RG = TR g =T R — M e,
The fourth and the sixth term vanish, since they contain second derivations of

the Killing vector field, and the second and the fifth term cancel out.
Also for the gradient of U, the perturbation and the differentiation commute:

Le (0U) =U" ;60 —UIE ; =U ;¢ + U =
=0 (U;¢) =0'U

To finish the proof of the claim, we still need to show that also the perturbed
boundary condition (6.50) are identically satisfied. To do so, we insert the
perturbations (6.97), 79 = Le79 = 79 1 &8 — ¢ 7M — ¢ 7k and §f4; =

LefA = fAngk + fA€F; and get
(7 k& — € ™ — &0 7)) fAima — 79 4 8* p 21 fAmat
+79 (fARER + AR ) na — 7Y b BB na)|os = 0
In this equation, the third term vanishes with the unperturbed boundary con-
dition (6.40), i.e. 7% f4;n4 = 0; the remaining terms cancel in pairs (the first
with the fourth, the second with the sixth and the fifth with the seventh), so
indeed with the perturbations (6.97) the perturbed boundary condition (6.50)

is identically satisfied.

From a more general point of view the fact that the perturbations (6.97)

identically satisfy the perturbed equations (6.45), (6.46) follows from the invari-
ance of the Lagrange function (5.27) under Euclidean motions o : § — S.

Llo* f4,0"U)(x) = L[f4,U](o(2)) (6.117)

This is true since under Euclidean motions the quantities of the theory behave
as following:

(6.115)

(6.116)

(6.118)
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because the derivatives o ; of Euclidean motions are orthogonal matrices, that
leave the Euclidean metric d;; invariant. Thus, all parts of the Lagrangian
behave as scalars under Euclidean motions as well.

With the Lagrangian, also the equations of motion F[f4,U] is invariant
under o:

FIfHU]=0= Flo* f4,0"U] = 0 (6.119)

Let’s view an one-parametric family of Euclidean motions o) now. If we differ-
entiate (6.119) with respect to the parameter A and set it to zero afterwards,
we get

SF[LefA, LU =0 (6.120)

where ¢% is the Killing vector field generating o and the perturbed equations
0F are understood to be evaluated at the fixed solution of the unperturbed
equation.

6.4 Self-gravitating isotropic sphere

As an example, we view the radial oscillations of a self-gravitating isotropic
sphere with radius a and constant density p. This problem (in the case without
gravity) was first solved by Cauchy in 1829; we follow the treatment of [5].

We first look at the static background solution: since we assume it to be a
sphere with constant density p, the gravitational field strength g(r) = U’(r) can
be immediately written down:

4m
gy =13 Gp?"3 forr <a (6.121)
%”G’p‘r% for r > a

Thus, the Newtonian potential U is given by

Gp(y —3) forr<
Uy =42°° ( 272 ) forr<a (6.122)
f%’eraT for r > a

where the integration constant was chosen so that U is continuous at r = a.
Further we assume that the background configuration we are perturbing
around is hydrostatic, i.e. that the unperturbed stress is simply determined by
the pressure p: ‘
7.0 = pé] (6.123)
Then, the equation of motion (6.44) for the background configuration reduces

to
Oip + po;U =0 (6.124)

This integrates to
4
p(r) = ng2 (a®> —1?) /2 (6.125)

where we have chosen the integration constant so that p(a) = 0.
A constitutive relation that is compatible with this assumptions is

G(HAB7fA) — %p (HAB _ (SAB) Sap + %C’ABCD (HAB _ 5AB) (HCD _ 5CD)
(6.126)
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with

~ 1 2
Capcp = 1 <(/‘6 —gh- P) daBdcp + (1 —p) (6acdsp + 5AD5BC))

(6.127)
where p = p(v/fAfBdap) is given by relation (6.125) with v/ f4 fBd4p inserted
for r (i.e. (6.126) is not homogeneous), and x and A are constants. Note
that here we have made use of the considerable freedom one has in choosing
a constitutive relation. The first order term in H4Z was chosen to give the
hydrostatic pressure (6.125), while the second order term was chosen in such
a way that we get the particularly simple stress-strain relation (6.136) with a
constant tensor Cjjx; (equation (6.130)). This choice was made in accordance
with the literature (i.e. [5]), but cannot be fully justified from the theory. Also,
we have neglected terms of higher orders than two.

The Ansatz (6.126) gives

Oe
TAB — 2W|HAB=6AB = péAB (6128)

which of course reproduces the hydrostatic form of the Caucy stress tensor
(6.123), and
46726| —C
SHABYECD HAas—sae = CABcD (6.129)

which leads to
2
Cijr = (fﬁ - 3”) 0ij0rt + 1 (0indj1 + di1djk) (6.130)

according to equation (6.69). Again, we have identified the body manifold B
with f~%(B), as described in section 6.3. In particular, with f4; = 4, we also
have n = 1, so the constant density p is simply given by the mass per particle
m.

Now that we have set up the background solution, we can view perturbations
around it. First we look at equation (6.45), the main equation of motion; since
we are perturbing around a static solution, i.e. v = 0, it simplifies considerably:

65’02'

P ot + denj + 5,08@[] + p@zéU =0 (6131)

Since we are going to use spherical coordinates, we now use V or semicolons to
denote the affine connection of S. Another simplification due to v* = 0 is

Svt = Av' = ¢ (6.132)
For the stress tensor we use (6.66)
61 = —Cf €Mt — 7,9 16" (6.133)

Because of the assumption that the background solution is hydrostatic, the
second term in (6.133) reduces to

79 168 = p €*o? (6.134)
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To express p j, we use equation (6.124); inserting this in (6.131) yields

9%¢;
P o

— V; (CI ™) + 85 (p€7U ;) + 6pdiU + pdisU = 0 (6.135)
For C;7 1,65, we use the isotropic constitutive relation (6.130)

Cil et = (n - ;u) ViR + 1 (Vi€ + 8V l6™) (6.136)
which gives

; . 2 ) .
V; (Cug™) = <"i - 3N) ki 4 1 (&4 + 0kl im0 ) =
X (6.137)
= (H + 3u) i + pV26i

where of course entered that Newtonian (=Euclidean) space is flat and deriva-
tives therefore can be exchanged.
We apply a separational ansatz to (6.135)

EH(z* 1) = € (") expiwt (6.138)
This just results in the replacement of the first term in (6.135) by —w?p¢?
—w?pe = V; (CI ™) + 8; (p€U ;) + 6pd,U + pdisU = 0 (6.139)

This way, we have turned the problem into an eigenvalue problem; we are search-
ing for the eigenfunctions £(x*) to the corresponding eigenfrequencies w.
In the perturbed Poisson equation (6.46), we can express dp using (6.62) to
get 4 '
V;V'6U = —4nGV; (p€') (6.140)

The equation of motion (6.139) and the Poisson equation (6.140) still need
to be supplemented by the boundary condition (6.48):

(677 fAma + 78 1w fAma + 770 f 4 na — 7 fA 5k 6 fPna) |og = 0
(6.141)
Also this simplifys considerably because perturbing around a hydrostatic state.
Firstly, the unperturbed hydrostatic stress tensor 7;/ vanishes on 013, so ony the
first two terms in (6.141) remain. Using (6.133) this becomes

Cil€'njlr—q =0 (6.142)

with the normal vector

n;da? = dr (6.143)

Here again the identification of B with the portion of S occupied by the unper-

turbed configuration comes into play; 0B is then obviously given by r = a.
Next, we apply the simplifying assumption that the perturbations should be

spherical symmetric, i.e. the displacement vector and dU are given by

5U = sU(r) (6.144)
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It is noteworthy that by the restriction to spherical symmetric perturbations,
we eliminate the possibility of trivial displacements as discussed in section
6.3.1. This is because the only Killing vector fields on a spherical symmet-
ric and bounded manifold B are the ones generating rotations (i.e. given by
nA(X) = e*BnpX¢ for a fixed np determining the rotational axis), which
are not spherically symmetric themself, since the choice of an axis breaks the
symmetry.

Using (6.144), £7U ; simplifies to {g and therefore we insert 9; (p&/U ;) dz* =
—d0pgdr + p€g rdr into (6.139), where we have used the expression (6.62) for dp.
The first term in this expression just cancels with the fourth term in (6.139).
For the second one we get p€g,, = %Gp% after using 6.121.

Using the spherical symmetry assumption, the Poisson equation (6.140) be-
comes L 8 L 8

25 (r’6U,) = —47TGT—25 (r?pé) (6.145)

This can be readily integrated once, which gives
0U ,dr = —4nGp&dr (6.146)

Here, the integration constant was set to zero since both U and £ have to
vanish at the origin because of the symmetry assumption. Combining all this
into (6.139) yields

—pw?&dr — V; (Cf 1) da’ — %”Gp?gdr -0 (6.147)

The expression (6.137) for V, (Cijklfk;l) can be evaluated in spherical co-
ordinates by standard formulas of vector analysis (dashes are used to denote
derivatives with respect to r):

; : 0 &[0 0
i J — ! > = —
gy @ dr £ar®dr+r(89®d9+a¢®d¢> (6.148)
2
= ¢ (6.149)
k i " 2 / 2 2 %
Cimida’ = |+ = 58 ) dr =V §de (6.150)
so we get
j k;l i 4 7 2 / 2
V; (C &) da'* = Kt gp 3 +;5 _725 dr (6.151)

Therefore, only the r component of our eigenvalue equation (6.147) is nontrivial
and gives the wanted equation for £

4 2 2 8
2 2¢ _
—pw<E — (/i + 3u> <§” + ;5/ - 7"25) — ng,o £E=0 (6.152)
which can be rewritten as

o2y (vQ _ 2> £=0 (6.153)
r T
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using the abbreviation
) 5 8 4\
Y =plw+ ng'Gp K+ il (6.154)

Equation (6.153) is (up to a rescaling x = ~r) just the spherical Bessel equation
of degree 1, so we get as solution the rescaled spherical Bessel function ji:

sin(yr)  cos(yr) (6.155)

€)= ilm) = Ty — o

The boundary condition (6.142) becomes

0 = (r=20) (¢ + 26@) + 200 - (6.156)
= (w30 (€@ 26@)) - Leta) (6.157)

after inserting equation (6.136) for C;7 ;€% and using the vector calculus rela-
tions (6.149) and (6.148). If we further insert the solution (6.155), we get:

1 a 4
t(ya) = — — — - 6.158
cot(va) Yo 1 (H + 3u> gl (6.158)

This equation is satisfied for certain discrete 7’s, which in turn gives the eigen-
frequencies w as they are inserted into equation (6.154).
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Appendix

7.1 Some mathematical formulae

7.1.1 Derivative of the determinant

For the determinant det (A) of a matrix A, the following formula holds:

Odet(A) _1
——— =det(A)(A™) 1
This can be seen by writing the determinant using the Laplace expansion for-
mula:

det(A) = ZA”C” = ZAijCij (72)
i J

Here the C;; are the so-called cofactors given by Ci; = (—1)" M;; (M,j; M;;
are the minors of A, i.e. the determinants of the submatrices one gets after
removing the ith row and jth column form A. Differentiating (7.2) one gets:

A det(A)

o1, ~Cu (7.3)

Then, by expressing the C;; from the inverse matrix formula

-1 — 1 ..
(A )i = MCN (7.4)

one gets exactly (7.1).
For a matrix that depends on some variable z (for example a second-order
tensor field), we get by the chain rule

0 det(A) 0 det(A) 8AU 1 8147]
= = A)(ATH) :
oz P e L GG F (7.5)
In the special case of the metric tensor this means:
dg yag v
o ~ 99" o 76

o1
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7.1.2 Divergence

The divergence of a vector field is given as:
div (v') = Vo' =o'y (7.7)

Written out explicitely in components, this is v*,; = v’ ;4 I'%;;07. The expression
I'";; can be simplified using (7.6):

ik

ik
i g g
;= 5 (Grij + Grji — 9ijk) = > (ki + 29j,) =

_tome 109 _Olyg_ 10yg
2 Q29 290xi Oxd g Ox'

(7.8)

Now we insert this in (7.7) and get:

o' 1 0yg ; 1 i
50 T Tiow U T ﬁa’ (Vgv') (7.9)

’Ul;i = ’UZ’Z' + injv] =

so we get as final result:
div (vf) = ;gai (vav') (7.10)

Without proof we note that this is also the same as the codifferential of the
one-form associated with v’:

div (v*) = 6 (gi;07) (7.11)

7.1.3 Derivation of the inverse matrix

We consider a matrix hap with inverse h45, i.e.
WP hpp = 64 (7.12)

8hAB

and want to calculate ho-
CD

respect to hop and get:

For that purpose we differenciate (7.12) with

OWAE

hr +hAE6C60) = 0 (7.13)
Ohcp

Multiplication with A*B yields:

6hAB
= _pACyD)B 7.14
Ohcp (7.14)

by exchanging the role of upper and lower indices this can be rewritten as:

Ohap
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